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- ABSTRACT .

“Using the | technigues  of ~enrcse s conformal

compactification of space-time, local differem}1a? géometfuc
— -

methods.  and a few necessary andAisuff1C\ent; basic

assﬁmptions on the local ‘asymptotic structure of space-time

e

and 1ts future null boundary J, we present a éenera‘*zeo,
Newmén—Unti¥type asymptot{c series solution for thé’ R-emanr
tensdh~ cpmponents. spin coefficients. metric varféblesj and
fhe covariant and‘contraVariant mekric tensor components for
the conformally rescaled space M and the physical 55aEe Q.
‘T@ otmtain these-solutions, we solved a non-redundant subset
of fhe"NéQman-Penrose equations [3] which is refqrmﬁlated
into a system'of non-lineér partial differential‘ quations
[9]. These. equations are " in pringiple.equfvalent to the_3
Einsteiﬁ graQitét{ona] fﬁéld equations. The so]utjoné are
first obtaiﬁed in the conformdlly rescated space M which is
ajffzomonphic to the physical space M. The manifolds M ang”ﬁ
ihaVe» the‘appropriate causal structurée and are'as§umed to be
‘@non-AOmpact,rparallefizablé and admit spinor structhe iH
the’ sense of Geroch [13]. Using Penrose’s conformal
éescalgng technique, the solutions in thé_unphysica} space M
are transcribed into‘ the physical ' space f& in terms of
certain freely speéifiablé compotients of the Riemann tensor

\

(which constitute the analytic initial data) and certain

*

.”}pOUndqry‘valués of the- Newhaanenrose variables on the
l conformal boundary. The sqlutionsflapply to all local

asymptotically flat space-times ﬁnqluding an arbitrary, -

A
K -



8

1solated self-gravitating system 1n. a . co-ordinate system
thsed on a geodes#c. twist-free, expanding null congruence .
"he time evolytion equations are clearly exhibited fén the
subset .of the initial data which do not allow arbitrary time
dependence. The curvatu:e function Piu.{.{! which détermines
tHe Riemannian curvature of the 2-surfaces of intersection
of the u=u, fconst] hypersurfaceé and the /Iocal conformai
boundary 3 is teft completely arbitrary. In particular. the
- Bondi-type co-ordinate coﬁstraint P,u =0 was not imposed.
Invo&ing the theorems of Friedrich [10,11,12],  the
convefgence of the NU-type asymplolic series can be

plausibly established for initial data which are assumed

analytic.
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Chapter !

INTRODUCTION

e t:m?%'a"ext' 8 Eiretein’s trnecr f zrevitatiot
anZ Iiner-mewr.c tnenr.es -f gravity, (T 1< Zelieves trat |
counZed souUrfe, e.3. @& L.nary nectrorn star looa 2.5t R
jenerates a cCurveD sgactetire woLliln, at .arfse Zis artes (oo
Tne  sourcCe peciTyes Tore and TIire MimALwsK gl Tre

1
grav.tat.ona. raZiagt.cn enittec fron such  ar Lsclates
dg:stripution ¢f matter Yas been cne -f the mcst  nteres:iing
chysica: phenoména tCo zoth exper.:menta..s:s and

*

theoreticlians: The exper.mentallsts hcpe *C make Zirec
measurements of changes .o gravitational curvatyre due ¢
propagaticn of dis:urbanges emanat.ng from *the Dbouncecd
sources; and at the same time, thecret:ic.ans search for
cloged form analytic solutions to the fi:eld eguation “which
will represent a dynamic asymptotically flat space.

Although a mathematically rigorous study ©of the near
zone of the bounded sources 1is a formidaple taéx Cue :¢
extremely high field curvatures, substantial progress has

been made over the years in the study of the asymptct:ic

: a

region. It 1s known that gravitational waves from a

spatially 1solated matter distribution 'pfo;aga:é mainliy
algng future-directed outgoing null geodesitg in space-time.
Hence ﬁhe investigation -of gravitationali waves far from
theilr materiql sources requires an investigation of the

structure of space-time asymptotically along such null

geodesics. The first successful investigations of this kind

hY
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~€re TaZe aLt.t Twl Cecactes &3l I 317 ar Zer .t &z
Metzrer () fcr axially svmmetric fielfs, anZ v Sa-ns Z
2T Tnhe gerera. Case. [N Zartifulér, Bocncdils worxk les - Tne
T€3.1:23T1C0 tnat grevitat.onal waves Tarrv  Tass  ant o tn.g

v

Tass at  retarcec t.imes, <erfreases TInitinilally Lo e
presence of radiat.cn. Saths' geel.n; trecres Zes-r.rez . --e
asyrTptotic Dbenaevicur i zZerteln TiTgarents Zf o tie me-o -,
the connect:on anc  the Riemann curvature ternsoc, a.:cnz

cutgoing null geodes:cs.

Abouyt two decades ago, Newmarn and Penrose [3] exrtendes

{
al
Q
Q.
(-
[}
J
Yol

the pioneering work of Bondi.et al and Sachs, Dy 0%

~

’.f\"\ 3o e
~1Cns o

This lec tc great simplification in the egua

)
»
)

(2

1n the analysis of the asymptotic structure of gravitaticnal
fields. The explicit description of the NP formalism :s
giveh in chapter three. The NP formalism has often been used
successfully to find new exact solution to the E;nsteir
field equations, both in the vacuum and electrovac. caée.
Shor%ly.after 1ts introdu:tién, the NP"fotmalism was used 5y
Newman ani(Unti (41 to 1nvestxgaté the asymptot1ﬁ behaviour
cf the mJt*xc andfthe Splﬂ coefficients for asymptotically
flat vacuum solutfons. Th{su.was later extended +- the
Einstein-Maxwell case 5y \Kozarzewski [(S). The next majcr
advance in the study of gravitatioﬁai fields was by Penrose
(6,7), who introduced the concept ' of conformal infinity.

Penrose's conformal approach to the asymptotic structure of

fields and spacetime, provid a geometric reformulation of

o



TLe asyTITiiiC llétress Tondit.oin Zives Lo L3l crarte -
L]

Bcnd: el al and  Satns Comining the NP forraiist wLtn
Pe~rnse’ g ~on bl rmal Terchr g ue Ludwina fa’ oreserte” a

elarirate .nvestisat. o ~f the sravitatisral fle.s  t- an

aroitrary  sLurte as rezards tne &SYTLDULtIT Ienav.lour S tre
TelrlT onl Rierand tensIr TompLirerts. Bot o this was 3oce s
cc-orditete  syeter (o, i, L, { ) in o whizrotre foses ~0D
‘Wwn.oh cescrines the Fiera; T.rveture of  u=u rcorss RS

*
cf  futore null nfininty J ., 2Ues nct evcive In TiTe, 7 oan
° N

atlempt, NOt on.y 'O Investigate the asymptotic DETSTLCV‘
Out tC cenerate new exact (clcse form) sclutions, Ludw.3 [9)
refiormulated the NP guat:ions (which are egu.valen-, i
rinciple, to *hne E:nstein fi:eld dguaticons: ‘((, e reducecd
set of non-linear partial cd.{ferential eguations.

4 The aim .of this present research is to wuse this
restructured system of nmon-linear partial differertial

equations as & starting pocint, and systematically derive a
"gemeralized" asymptotic _solution to the Einstein field
dl‘ . . . i N
eduations in a co-ordinate system based on a geodesic,

twist-free expanding null congruence. The co-ordinate system

used is such that the co-ordinate constraint P, =0 is not

assumed. The techniques-:used, include Penrose's <ccnforma.
!
rescaling technique and a modified concept co¢f locail

asymptotic flatness. No other simplifying assumptions are

made. The system of non-linear equations is first solved in

4

a conformally rescaled (unphysical) space M. bue o the

non-linearities associated with these restructured



a\

r

ecuations; T 1S Nt possizle  with:in  tne scope i otns
research, tc ceri:we the scluticns I Clcsel  fcorm .

L)
general. " The modect “gpurpose  of  this work s - cenerate
"generalized"” Newman-Unti tvpe asympiotic solut.:sns <o the
* »
Einstein f1elc eguations, &T a point ne.ghbourniod of the
+

conlicrma. opcundGery of future null o nfinits ) The sTLut i<
25 first  presentec . in & conficrma..y resce.<Cd space M Lo
terms’ of s8me .freely specifiatble :n:itial darta pet . as  an
asymptotif powet series in {1 . Here, 1s the confcrmal

: - ; L
/factom as well as a member of the co-ordinate «chnar: x =(u,
AA. L .{ ] defined inM. Using Pearose's conforma. rescai:ng,

the solutions are then transcribed into the physica. space M

(in terms cf an alternate set of freely specifiable initia.
data) as generalized Newman-Unti type asymptotic power

A
series. 1I1n M, rather than using the conformal<factor {} as

»

one of the co-ordinates, a radial co-ordinate r is used

which is an atfine 'parameter along the .u=u,(const)

hypersurfaces. If analyﬁic data are assumed, the generalized
H . ~

NU-type expansions ‘obtained give, in fact, the first few

. 3 ‘
terms of a convergent power series [10 i\ 12 ]. It should be

e . , _
present results are valid for real

A 5

noted that the

space-times pyt could be‘*géneralized to cbmplexified spaces
H L d ’ ‘ . - .

with minor changes. ~

-

'n,r ‘, . - ® Y . ) ) ’
3ﬁe’ma1n new features»emerglngufrom this current work
. S ‘ Ty
include: ) ‘ 7.
s » N ‘ E .
1. An’ approach which js much mote systematic and involves
16‘ < o ) ’v‘ - .‘ I< 4 N N ) .
,g{ only ,a necessary and sufficient * subset - of. the

o




Newmnharn-Penrs ecuations. Tnis subset s ezoiva.ent, e

Y
RO

Srincig.ae, 17 the Zinsteln l.e.C eZuat.:Zns. Solot. S
these nIn-_.near Cart.a. ciflerent ia. ec.et.ns  are
p'eseﬁté: 1o terms -of certain freely spec.fiable
functions c&l.ed the lnitial data Trese .n.t.e. Zata
are C.ecri erxhibitez oo the confcormaell escoLen
fenghesicel space as we.. ag the phvs:ca. éga:n

2. A presentat.:on ci a "generalizecd” NU-type asyTpict:ic
sc.ution to the field eguations for an arbitrary

gravitational system, :n a co-ordiante system which s
much more general than previously used. In part:icular,
the constraint P,u =0 1s not assumed. Th:s leads <:o
additional valuable terms in the soclutiorns.

3. An elaborate solution scheme for the restructured NP
equations f(or eguivalently the field eguations) 1is
presented 1in both the conformally rescaled (unphysical)
space as well as ‘the physical space .. In a number of
cases, the NU-type asymptotic power serieseare augmented
to }nclude more terms ﬁﬂan in previoys work. These extra

high “orders could be of use in gravitational wave study

and detection in which case there is a need to correlate
4

N

experimental .measurements with theoretically computed

values of the asymptotic Riemannian tensor components.

<

ty -
Fiinally a word on notation. In- this presentation,

careted quantities refer to the physical space  while those

without carets refer to the conformally rescaled space .
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Chapter 2

SPINOR %ETRAD ANALYSIS AND THE HOMOMORPH!SM

- Stincr airz Tetral c.zenré
— ~ - PO - - -y~ & ~ - —~ B TN - e - -
Sgc.ncr enz tetrgz [drme..sts Sorce Cre =
£ e N 3 - PN > -~ - < . c e s a - c -~ P - e s
Taniewor . s} b “ | (&3 pos - [N F T .3 C it ¢
Tompared 10 Tne eji.iva.ent ternscrial forma..sno. Zither e
- - £ -~ ~ - - - —_ ~ - -
sgincr fLrme.isST. CI the nNu.. tetraZz tecnnigue Car ve used .
€ T iaem -~ N
fcrmaiism, name . " he

deriving vet ancther eguivalent
Newman-Fenrcse forma.:sm [3]. As shown by Geroch [13], every
non-compact Riemannian manifold which carries a giobal fieid
>f orientecd crthonormal tetrads, admits a spinor structure.
The spinor gauge group SL(2,C) 1is a two-toc-one covering
homomorphism of the oriented orthonormal tetrad gauge group
01(1,3). This group SL(2,C) of unimodular two by two linear
fransformations acts on a 2-complex dimensional space called
the spinor space. The eliements of this space are the
b
one-index spinors. Any particular choice of basis in the
spinor space is called a spinor dyad. The spinor space S has
three ., other associated spaces; namely, the dual space é‘;
the complex conjugate space S and the duél complgx conjugate
space §f. The spinor dyads associated with the spaces S, S*;
S and S are labelled respectively as (a\,\f), A Oa, ),
(6‘,3&), and <6;[ih>. The spinors in the dual space ¢ are

associated with those in S by means of the Levi-Civita

(L.C.] symbols defined by



(3
€ = EAB = R
\—‘ O -
AN
A
Let tne spincrs § and &4 pelcn;. resrectiuvel <o trne
- - * o~ N P -~ N
asscciatec spaces S anc S . Then, via the L.J. svirlls -rnese
Sp.nors are re.atec fccorcing o
A aB A €
g = E §6 " ge - g 'AB
- A -
Simi.iarly, the relation  between q anc. WA .o Tnels
repective associated spaces S and S ) is described oy the
express:ons:
. A A
A . r\ = Y‘\ €a S D
r] = € rle ? 8 AB ARV

>

Hencefortn, capitai indices refer tc spinors and run from
to 1. Lower case letters refer ts tetrad 1ncices and rgige
5

from 0 to 3. The L.C. symbols are skew-symmetric and hence
the order in expressions 2.02 and 2.03 is very important. In
particular, the order can be reversed according to the
following relation: ,

) e A

gqqk = gﬂeaaqe = = WAGABE = —'qﬁg 2.04
This implies in particular that§A§A=gD fcr any spinor Eg. IE

1s readily seen that in terms of the dyéds, the L.C, symbcls

are given by:

ooee = 2 N
€as . = 2 Qalgy
e = 2 ptA@® 2.05

€as = 2 Orala
8
The two ‘dimensional Kronecker delta Sg'is related to the LC

symbol through the relation: €a2 = S:



t0

he Usua. v a8l TIlITe.izat.l s Taxe I Te
A.. other nnher orolucis are lZent.ifal.y egya. toozer?
we  sna.. DLW Z1STUSS A STLNTIS Tar o lLlneel ot “L:‘
tetrazZs. Given anv Lorentiian manifloLd M : S possitle ot

dﬁef;ne & TWITTI-Cne DITIToILnLST )
f o
- sL(2,¢) —» O.(4,3)
uncer this hComOmorphism, 1T .S pOSsiDie TC asscci:ate .w.th
each spincr dyad, a unigue normed nu.ii tetrad (k0 ,m T )

accorging to the folliyzng scheme:

{
>
[N

.08
—a . \§OA
where the vectors of the null tetrad are related to the
‘orthonormal basis (T% X, Y® Z) thréugh the’ expressions:
@ . (T s )

VE(Te- )

m (e x 0) o 2.09
o= yY(xe -0

?

it

ﬂq

a

The corresponaing inner product relatiéns for the null
vectors (k ,n ,m ,m ), follow from those of’the spinor dyad
(6\,1h). WOrking'them out, using the definitidbns 2.07 and
2.08, we obtain the following expressions.

ko n? = = megm = 1 2.10

All other inner products vanish identically. For tHe

orthonormal basis (Tf Xf Yf f), the non-vanishing 1inner



prcducts are given by
— L ey AL
. = L.qA_ 1‘.‘( % -
£, .in acdditicn, we relate the C-uariant  ant  coottavar.an-
. y 3 v
meuriT tensors regcectively Tl tne L.C. symbcols
Jab = EReCae
8 A8 -
Sﬂb = E_A E - .
then, we oota:n the fclicwing relat.cr Leswee- Tne Tl
tetrac anc the CoOVariant ancé CoOntravar.iant metrCis Ternsirs
Jab = 2 k@;“b) 2 mg my,
gqs - 2 \agh — 2 mm®
2.20 Sp.nor and tetrad gauce transfcrmations
In the previous subsectiorn, we mentioned that <-he”
mapping N
&Z SL(Q,Q‘*’ O+(\,3)
is a two-to-one homomprphism. We shall <continue the

discussion more explicitly in this subsection and <ccnsider
the effects of this homomorphism cn the null tetrad. We
shall éhbw that it induces a Lorentz transformation and
perserve the ﬁetric. In the spinor space S, we define the

complex linear transformation:
7 A
' 0H - ¢ B S0

W ¥ 6 R 2.14

where the matrix A=c;%) 1s an element of the group SL(2,C)

“r
34

and «p , ¥ ,% are complex scalars which satisfy .the

-

condition «5-BY =1



&

For X%0, -%e oo A€ SL ., tar e «xr.ttec as a rrtoaLoe
2! tnree fompat.lzle Tatr.ces Dt the foro
Q O
A =
-1
O X O
K\@: . -
¢ I\
[r
A =
4 |
a2 0 \
y 3 .
Written exp.iiCitlv, the corplex linear transfcrmat.on 2.4

)
!
/b\\‘ R a O y )
UDZ: ) A
LR O 1
N N a 2 o)
U@ o v o\ o™
! I / 2.17
RS R ERY
; A'\\ ) ‘ /& N
UD'{O | N f\ ® . 2.18
. \\ 1A f O \/ 1
\ . :
where a =,a,€* with a, and 4 being real guantities while b

and ¢ are complex scalars. o
fhe transformation LO® corresponds to a boost f{an drdinary
Lorentz transformation) in the k - n plané and a gpatial
rotation in the m - m blane. The transformation L@ :s a
one-(complex) parameter null rotation about k and leaves the
spinor On and the null wvector «k invariéht. The
transformation L@){s a one-(complex) parameter null rotation

about the wvector N and leaves the spinor and the nu®l

vector N invariant. Since the transformations LO®, L@ and



rTesusts 17 the Coming chapiers, 1t .S apgrogr.ate . fistoss
tnem explicitiy. Let Us DeT.i IV CornsilerinI tne actior AN
z 5n the null  vectLrs v, o, T, = TnZer D, e
wrensfcrm acceriing Tl the express.ins
a
Y ar KN\ .
’/k \ a; © EY o é
j o, N
\nQ O Q; ﬂq
e\ _ué o . . L. %z
/ M g T O\ iy
/ : S N ‘
L —a ! ' + L@/ ‘
! Q —
My 0o e g%
We shall show that 2.79a corresponds 0 a bocst :n the k-n
LY
\

plane, while 2.19b represents a spatia. rotation in the -m-m

piane: 1f we se:<¥=0 in 2.'9b and invoke the reliaticn 2.06,
we arrive at the following trarsformat .c;r resy.ts:
- : q Qo
)T Lﬁ ok
- B . § ) >
e V2 (5=~ a5%) T° 4 E_:;G@T
: A, —ay) 2.20
) : &
- X
r -7
‘ .
The above results 2.20 can be recast into the form:
Tq . (‘ —V’")‘V"(Tqi»\lzq)
' Y4 q
T —( ) (2 *VT) ] C 2.2

Xﬂ SN X
,A_hq ‘ .
Y _
\p/ro\{:ded we set v o= (at-“?)/(«i*qol)

The results of 2.2 depic\:t a Lorentz boost in the. k-n

plane. 1If we now set a,=1"in expression 2.19 ahd invoke the
¢ p

relation 2.09, we arrive at the following transformation



eg.atiins
a-
Q
X Siwab X
Cos2¢ Y
Te Sl
7'
This 1S @& rfLtatioir 1 e -7 Z.are .
et Uus next 2.1STUSS  exTliTitl. e elfec- : ne
compi:ex .L:near transfcormat.ion - Cn othe nul.l tesrad K
m, M. The regu:red :ransfc¥maticn €XLress.ons -arn Le worked
cut by wusing  the relat:on 2.08 and Z. 7. We arrive at -he
B R
fcllowing transformation rekatifné for the tetrad vectcrs:
q q e
2 7 k
Q a
m > Ck + mq
po oL —_ —_
m SN ck?® 4 ™2 2.23
’ Q —_ —a - La
L T s cmaeem *—CCk
Thus: {2 represents a one-{(complex) parameter null rcration
By 24
about k
Finaily for =the complex linear :ransfcri¥ation B, the
null tetrad vectors transform in a manner similar tc¢ <hat
for

and n and (m and m)

are interchanged; n remains

The results are presented as follows:

n e ————
m® —
CS .
kK

ne
m* 4+ b
F\q + an

kg

+bom? + bm '+ bbn?

the transformation L®. But in this case, the roles of k

invariant.

2.24

Thus L3 represents a one-(complex) parameter null rotation
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<.ay STincr arz Tetred fa.~.lis
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ST TnLs suZsect il e Sn&é.. ZiSsTuss  Zriefll. e

asgects i sp.nor and tetrald Ca.Ttu.US ehat <... rte ~e-essar
20 agpiization 1o oLater cnagters

let Vaa Cencte an intrinsic Clirectiina. ToivETIaTt
der.vat.ve «Cef:ned c<n & pseucdc-Riemarniar man:‘fc.2 M. G.oen
suitabiy smocth spinor f.elds (QA,§W€A,‘€;\‘ cn otnhe man.fclz
M, we may define the action of Vaa, Dy demanc:ng +that no:
only shculd 1t satisfy Le:ibnitz' rule and iilnear:ity, ac*t on

scaiars fields as a gradient, be tors:on-free and preserve
the metric, but that it shouid annihilate the 8pinors €ag
and €3¢ as well. The action of Vaa on the spinor fields are

given by the expression [i4 ]

A A 8

\/7% S PP S P

s Y A T@

vc'c A. = §7cc +* 'ﬁci:g
- - E. . _ T8 . 2.25
Vee8s = Sace - T%e8s 2

Veela = §MC'C - rfceig

A ‘ :
The symbol Tace_ denotes the spinor affine connection. It

,_‘.
(O]

cr

1s

>

defined wuniquely by requirements thathé.eaa =Vee€ag =0

also possible to introduce in ™M an eguivdlent covariant

o]
(84
v
wn

derivativ'e Vq whigh acts on vector and tensor fields.
defined uniquely by the requirement thatvqg=0, where g 1s
the metric. We nov; proceed to expand VAi\ and, equival“ently,
Vq in terms of the spinor basis (O, L) and the null tetrad

(k, n, m, m), repectively. If the components of VA;\ and VQ

-



A = nqu - \A.‘_k“ VAQ
_ LA LI
D = VA = o"0%" Vaa
% = m“vq ¢ = o* ‘ikv‘\“ e
—_— _.q —.
res © Iel_lrel exparcliloc VAA an o VCl I ! Oa
la ana Kq - Na Mq _&\Q cecre-r a sre Toeee - -
Ic.icwing express:ans
Vaa = 0a0a A + 1alaD —O0ala s —1a0a &
A - Ka A + fal — Ma®& —Ma § 2.265
We sha.. nrow Dbriefly mention other aspects cf covarian-t
differentiat:on such as those inwvolving the components of
the Riemann tenscr ?\qbca . LexWagcp .\ . and ‘bae&b be tne
irreduc:blie parts of the Riemann tensor RQBCA under l1oca.

*
SL(2,C) or O,(1,3). Then Q\Q\,CA can be written eXplicitiy in

the form (7]

Rabed

Waecp€ap €ep * €re€cpYWapcp

M 7—’\{€aceab €ag€op eaaﬁcpe;\beéé}
* eﬂ&cbi\éeébﬁ' Ecn¢p\g¢x'> €Eag a7
where, Wagcp . bpaep are the slpinors form which the Weyl
tensor (Cabcd) and the trace-free Ricc! :enns’or ‘(qu)
constructed, repectively. -

Cabed = Waecp€an€ih +- €ne€cp Wag id 2.28

Eabed /= €nedbepaBEid * EcpdagedCag C2.23
where Cabed denotes the Weyl conformal curvature ‘tensolr and

Eq\:qlis defined 1in expression 3,02, page 1'9. Also, the

curvature scalar N=Nis given by A =R/24.
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Chapter :

‘o THE NEWMAN-PENROSE FORMALISM

an o et ge GS o Lac LLET
Tnenres loa. dna. s s ¢ IravLtat L G, <
STt LT Ioallen o lTe Ll SLe &L o exatt s
Zinsteln [le. 2 ec_LeT.ins, and .o nomerslg S
LToLTnerl asgects Ll o TLurveC space-t . me fle Do

fcrmaelism

We ccns.der a pseudo-Riemannian $-sgac
Lorentzian s:gnature [+ - - -]. Intc this spa
null tetrad vectors ‘x, o, m, T cr, egu.va.

rt

dyad basis (O,l) 1s introduged. ! 1s alway
introduce such a null tetrad liocally.
exi:stence of a null tetrad is egquivalent to ¢t
a global orthonormal tetrad. As pointed ou:
giobal tetrad exists :f and only 1f the space
non-compact), admits a spinocr structure. The

for the spinor dyad basis and the null tetrad

given in the previcus chapter.

3.017 The Newman-Penrose variables

v

In this subsecticn, we shall discuss
definitions. of the Newman-Penrose variables.
.quantities comprise the following:

1. the spin coefficients

Lsefl -
el o s
oo SR -
e Lt et 5
et we i
an-Pe~r.se 4D

(L
+
¥

s pgposs:t.e

o1
)

Globa..ly,

ot
®

he ex:sterce of

earl:er, sSucn a

explicitly rhe

These geometric
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Thi1s subsectign wili. be
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able
4
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S.
vitec‘ e the cdiscuss:on cof g
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variables (1)4,~- (3}, while the metric var.ac.es =»...

.. Ce
( . 5
cons.dered in the suybsecrt:ion 2.3C. ‘
-
Let Us now consider the SPIN COEFFICIENTS. ip +he NP

formalism, the role of the Christoffe. symbois is takern cver
¢

by the twelve guantities cglled the spin coefficients. These

/ s

fcligws (either in

)

complex scalar fynctions are defined as

N

terms of the dyad or, eguivalently, in terms of the tetrad).

K = éADOA = m* P kg "Oc
P s OASOA -2 m g Ka
o = OAS,O“ - A mQ'% kQ
T = O AOF\ = mq VAN Kq
A | d
i e = 0 D, - ‘/l(ﬂ“Dkq* a q>
« - o'l = Y2(0F ke + e Em,)
B. = 9" g = V2 (n® & kg + ™ Amg)
. A
% = 0O Al = Vo (" AKa +m? M)
At = 1ADlA = “Q'D:;\q
A = V% = g,
Vel - s,

= \.AA\'P\ 3 = |’\‘l A—"—‘q

< <z
"

3.01
)Letus next discuss the NP representation of the Weyl

and Ricci curvature spinors and_tensors. The Riemann tensor
§ s

&

£



e

rerms cf the Weyl ST.InC Yagcd Turvature $Ca.a ara we
Ricci spincti 'Qagha @ CF eZuive.ent. Tolerms Clolne wey
tenscr Caped ', race {ree RicCC 1enscI Salp ' ans  Iorve -
sca:ar (R These CeCCmpoSIIiCnS are exniLitec as ! L iwS
P\Qb‘-é = Cabed + Baped + \./‘lKgoc%bdlgodgbc)P\
EOB(A = \/i(gacgbd”gbc%QA"god S\oc fgbdggc>
Sab = Rab = Va4 9% R . T
Recall expression 2.27 given by: R
RObcA = Waggbei\gehb * eAQECDWAéC,D
+ AN (€aceanCapery ~ Cag€opCatal)
“3.03

. + EﬂB&cDAéecb * QCD§Ae¢p%Ag

In the NP formalism, the components 6f the Weyl tensor or
equivalently, the Weyl spinor are represented by the five
complex scalars [\, .\, \9\/2 Wy W, ], defined in terms of

Riemann tensor components as follows:

* Y = \YAQC-D OA 06 o O» = -Cqbc&\(qmb‘xc"‘é
. ’d <
Wt Waap 0N 00 = ~labg ATk md .
. [-Y & - _C —.a bk"-ma .
Y, = Yagp0 OV o = abcd M7 N
‘ —a"b ¢ d
. Yy o= WA&CDO“}QIC ID = - Qubcam n° K '\A 3.'04
—a _b=cd
v, = Yo TV = - Cabd ™inmi

Let us consider the trace-free part of the Ricci tensor or,

egquivalently, Ricci spinor, next. It is defined by {3 )



Al

@s\eée = - ‘/2KR0‘b_ /4 SR
anc Ccetermined Iy SIxX COMp.ex-va.u€ed sta.a:s [Qm ,@Ol @bl
Ql,dpnj fanc wtne.r Complex ConcuZates WnLInL are Ce =
fo..0ows, n oterms -f t:ie Rieman tensIr Tomionents
B A B=-A_g a, b
@00 - §ABQ%O O © % = "‘\(1 Rub\‘\ \\
A B—a— .
&Po‘ = @RBAQO 070 1% = -V Bipkt b
- L. A BTATE
Q)”‘ - q%‘e"‘go "l = —\/1 Ra\;mamb
;o . oP®5hTe - _
cb\l‘ - ¢ﬁ6“60 Vo *\A+Rab(K%®+Vﬁ‘mb>
. AR BT ATR _ .
¢|1 = dP;\ai\B G717 yQRnb A% mP
. AR B TATE o~ | @b
¢11 = qjmamas1 At® = /2 Baba®n
¢\0 = d)o‘ ’ C¥10 = \?01
Y 2.C5
d)m - Q\l
The Ricci scalar R is represented by N=N . R/24.
3.20 Geometric considerations: (the Optical Scalars) -
In this subsection, we shall investigate the

geometrical meaning of some of the spin coefficienté.‘?@rst

null hypersurface, null

geodesics anc affine parametrization.

must satisfy the condition
ab
373U 9 u

where symbols g

the denote

a . . . . ,
vector k 1s null if it satisfi

es the conditions

of all, we Shall discuss briefly the following. concepts:

geodesic, congruence -of null
A null hypersurface.
O 3.06
partial differentiation. A
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30‘0\‘1,‘0 B \(q .\'K - .
"N = a
A CetZes.T 1S & Turve WnlSe tarzert C.rec:’ S LuIa..ell
- P, .- PR 2 | - - Qa Qa
crlgpadates ¢ P AT el D Te cove N = x 7 W
- - o~~~ - . - * q &
tence ecto B = ax z wnere < G ariire
rarameter), 1s a Zeosdes. foani ) £ .

A' Dr dr
where D Dr .s the ahsc.icute (Le:ibr -z Zerina” = A atilie
parameter 1S a guantity which can be ntooducel ¢n eaus

seodes:ic such that the geodesic assume the preferred form
PREES s
—— = O ST
Dr dr
An affine parameter .:s preserved by a .l:near (ransformatiorn.

A congruence of curves 1s a 3-parameter fam: { curves of

-
O

’e
i3
-

which exac:ly one passes throuch each pcint S
space-time recion under consideration. A null geodes:c :is
a

(

a . N a .
thus a curve x = x (r) with nulli tangent vector k = dx /dr

satisfying the condit:ion:

Q
D & g .08
D Ar -
We then define a congruence cf il gecdes:ics as  a

3-parameter family cf null geodesics c¢cf{ which exac:ly one
passes through each point of the space-time region under
consideration. The eqguations c¢f +he <congruence may be
written 1in the form:

S CHY 3,10
Here the parameters yp label the d:fferent curves of the
congruence, and r is an affine parameter alorfg each curve.

We shall now consider the geometrical properties of

some of the spin coefficents. Most of the spin coefficients



carn De Clver usel.. Jelrelricae. lntergretat.its o TS
CisCussicn, ©uClh emwgnas.s w... De gltacnec t. inree sofa.a:
flelds callec the CPTICAL SCALARS These srta.ars are
conmstructec Icrm the covariant cerivat.ive <f o the null ve-s--
ka. The optical scalars cheracter.ze the Jecmelrite.
properties o0 the null cegdesic CCngruence . wn.-n “ne ~o..
vectcor field kq 1S tancen: we Sha.. nCow C2.SI.8Ss The

geometrica. groperzies of The o°p
aicngs.de other sp:n cce The ccvariant der:ivative

of the null tetrad (vectcr) kg :s giver by the express.cn:

Koo = (6 kaky + (ex®)k n, —(a+B)Kam,
- (TJ*B)\’\QRJ ?mqkb - T maky
- I‘mqﬂb - K;anb + Evﬂamb
Y O mgmy * P mam, + P Mamy
It follows immediately (on contracting 3.11 with k® and
using the prescribed tetrad normalization) that
kq;b\‘b = Dkq = (E*E)kQ—KV-“_q-— —K—mq" CH
It we set =0, then the fieid of null tetrad (vector) K,
;ill be tangent t§ a null geodesic congruence. The geodesics
can be affinely parametrized, if under the Lorentz
transformation U, we make € +€ =0, Thus when K= € +€ =0, it

follows that DKQ=O. It can be shown further that when the

conditions
Dk, =oO
Dn, =0
Dmg =0
O
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results: v :
W = & ~ € = c —- & = At = <
inoparticular, i otne noll tesrad o SL.oT,m S Care-..e...
propacatec 1N the Kg direct.icn, the spin cceff.cients K, T
€ ~ - PRI I3 ’~ R - PO
van:sh  1centic a.. 1L we substiture e LT Citil
K= €+«€ =C .ntc tne express:on 3 , ard sKew-Symmetrize - he

resu.t, we arrive at the follcwinc express.cn:

ki%b] = _(;Qﬂ—r>kla;%]_(**g—?>ktamm

and hence:
Neajeskay = (p=P) mamy gy 305
Thus 1t car be deduced form 3.15 that the congruence cf nul.l
geodesics will be hypersurface orthogonal (i.e. proportional
to the gradient of an arbitrary scalar functionA u) 1f and
only if,O—P =0. This implfes that kg and u are related by

the expression
Ko

for some constant of proportionality S(x*). It can be shown

1}

S Vu 3,16

(usifdg 3.14) that S the congruence will be equal to the
gradient field of u if, in addition to P~ =0, we have the
condition S
;‘i-(?:—"f = O @ .

) 3.]‘7
We shall now define the OPTICAL SCALARS. These guantities
are a subset of the spin™ coefficients and describe the

expansion, twist and shear of the null geodesic congruence

to which k, 1is tangent. The expressions for the optical



SCe.a&rs are exniz.veZ as fol . ws: 3
Q -\
— {
Expansicn 'or divercence © 1k = - (27P)
(- Q\\yk
.- et T b A (0 —0o
Tw.s TUul . C ctat il w 1KL%b]k 3 = = /
r 1\)‘1 X
~ = . . . _a X (. —-\2 -
Shear ‘cr distortianiol —11K(abﬂﬂ e E}K,Q f: (&) =
If the concruence s changel to  that for which the ~oll
vectors CTnsSTitLle a tancen: ector flelzZ, the r-les -f
tne sgin goeffic.ent K € ‘t,f> cc &~ T a%te cawen ~uer
repectively, by -V, -(%+X) 1 -\, and -T

3.30 The Metric variables

We shall mdw discuss the mesric variables. I~ order ¢

&

do so, we need a co-ordinate system and the definition of
.

certain parameters. Let sfu L, L ,L ] be & 1ioca:

co-ordinate chart such that u=u,(constant) Labeils a

of null hypersurface,{l is a parameter along the

congruence
null geodesic generators of these hypersurfaces and b +Z,
((-Z), ,label these generators. The basis of the tangent
space T, (M) O}‘“ is given b;:
9 . z {2_ »9  , 9 ,Q_J 3.9
9Ix* du 3Nl B 3L ) ~

intrinsic directional, covariant derivative

The operators

~

XL=[D,£;,8 .S ] are tangent vectors to}ﬂ and can be expanded .

: ]
in terms of the above basis. n X we define

/r ] D = Q x(%
® x‘l

At the point g i

b

]

N
wk:qnw

g = &;(%;‘l 3,20
A\ = A Q%&‘)p

where 1 € [0, 1, 2, 3]. If we parallelly propagate (Q+Z) and
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we sh&l. f:nZ trhas
v = DL = © o
Thls Llies ther LG oz ot hanie aLina e “n_ce- SO
ceccesic ccngruencte. Since K, 1S tasen o D€ tne sralie- ¢
a sca.ar f.e.2 o, we {:nZ tne f-licwin: s.implifiTacx S
AN = n? —%u = ha\,ga = Y
5w = m* un = mo\‘a = <
R - W Vu ™ok - O 1Ll
- a
Du - K vqu = kg = O
It follows from conditicons 3.2° and .22, that exgress.ins
3.2C become
L)
U = Q Yol
Py 33 “ 2
- 9 - - he b -
% = \)—a—n baé as
R O G - S £ : ;
% = 30 '05 BZ .23
kS EY wa
VAN = 9 + d 2 v é_ r 4 =
u 5L - 3L 3t
Relabeiling the <coefficients 1n eguations 3.23 ancd calling
them £,w ,§ ,El S, Ez ,E\ .U, X, X respectively, we have
the following eguations
3 =52
9N .
S = W +€_,\3. € 9
35 3L ¢
- ) s+ 2 O*ve 3
< = w2 €, 3 g‘al 3.24
. 3 U2 4+ XYL X2
= 2 o = -
AN Ju an 5+ %3t
Here, the function f and U are real, while X, § ,§ , w are

complex-valued. We recall that the directional derivative
operators D, %, %,/ are also expressible in terms of the

null tetrad vectors (k, n, m, m ), according to the

4
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D - %Y
O = n® Vg
< A L oos
g = m® Vg

Hente tnhe null tetrald veItIis Ign e exfresses oo \
K = (0 R N O )
n° - ( RV o x )
m? z (o, w , 5 &8 ) . ' 2. 26
P = (o w 8, %, )

HencefortA, the functions ¢, U ,w W, §, 'E.' §;'Ex L XX

shall be referred :o as METRIC VARIABLES. They are related
. to ghe space-time metric (line e.emen:)ds” in M
following expressions:
i = 9L ®2 ., = g d@dxb
where 3“\: lk(a“b)—lm(qﬁ\b) is the contravariant metric tensor

whcse 1nverse gives the co-variant metric tensor 8be The
. A ab , 4
explicit evaluation of 9 and Jap in terms of <+he metric

variables is reserved qu chapter seven.

3.40 The Newman-Penrose eguations

The Newman-Penrose equations can be divided i

o
t
O
(g
jog
"
34
1]

classes: .
- .
(i) a) The commutator .equationg
b) The metric equations
(i1) The "Ricci identities"

(1i1) The "Bianchi identities”

r
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EQUATICNS. We start with the NP commutator eguas

eguat ions

substitute for the d:ffefential cperatcrs Us.na

epressions of
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[N S

3.29; and fina..y rep.ace ®, :n -urn Ly

2

Trese
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Tie
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LlE

the METRIC

28,
tne

[~

eac:n

set " x"={u, (0L ,L ,L ). We need :hese me>r:-

equatiocns only with the following s:mplifications:

¥ =

, T-(a~8) = ©
o

P

" - = O

z =

Thus the metric equations 1n the spacé}“\are as Ic.lows:

JARY =
Dw =
DX =

- \\%E ‘
vE o -

1

sU -Dw
Sw - fw

1"

AF +Tw + Tw —§(XrY) M,
8§+ ow - T4 ™
TE, *+ TE, B
c§ v 33 m
g+ PS5 N
(p-4+%)w + 3@ - Me
(B-0w + (Z-p)3 (31 My
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formulation 1s given by the eg

atri:ons:
) PRl
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. c _ .
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Explicit evaluation of 2.31 or eqguivalently 3.32,
possible contractions with null tetrad vectors

dyads repectively vyields the NP version of

.dentity. The Riccl icentities are given by the expressi

(3]

Dp -5x = (Q‘;rd‘) +(e43)p ~kt -k(3+p-1) + P,
Do -8k = (p+p)T + (3¢ CET (17 43 300+ g,
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Final.y .et us brietly discuss +the B.anch: .dentities  gs
represented 1n the NP f{crmal:sm. They are g.ven by: .
Blavred, o = O 3.33

The eqguivalent spinor representation :s g.ven by:
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The spin coefficient formulation of the "Bianchi :dentities”

1l

need not be considered separatedly since 1t can be obtained
from the "Ricci identitites” as compatibility requirements.
That means, taking certain combinations of (0,0,% ,% -
derivatives of the "Ricci identities” produces the "Bianchi
1dentities”. Equivalently, taking all possible contractions
of the tensor version of the Bianchﬁ identity 3.33 with all
null tetrad vectors [or eguivalently taking all possible
contractions of 3.34 with all spinor dyads] yields the NP

version of this identity. The explicit egquations are given

by Pirani [16].
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Ricci tensor components
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Chapter 4 "

THE CONFORMAL TECHNIQUE

wiern tne Z.instelrn Zravitat:icna. fielld thel s apg..ed
O
Tl ar sciatec SeAf-E &VIT3LINC SLurTe tnere S g nees f o
concegtua. frarmew.rh [or Computing Zas.c phyvsical partaneters
such as mass, stiress-energy Survature  of spacer ive
Sravitet:icne. raciletion and  gravitaticng. ONLTIDLLes  af
points located 10 the asviptoti:c reg.or of the sour-e. The
computation of these . phvsical p;oper::es LnveLue
integraticns over 2-dimensional space-like surfaces. =~
order to take :intoc account most of the gravitational effects
' s
~

produced by the source, these 2-surfaces must be chosen <o
lie at 1nfirnitv. Let us consider theAquestion of choice of
ittegration sﬁrface. This problem arises 1n all classical
theories based on a non-Abelian gauge group, which in tbis
case 1s the Lorentz group acting in the tangent space at
each point in the manifold. We have already stated that the
2-surfaces should lie at infinity. Now, space-like infinity
is not a good candidate if we wish to discuss the dynamic
evolution of the source. Thisl is so because the mass defined
'at space-like infinity includes the energy contained 1in
incoming and outgo%ng radiation, -and this remains constant.
We therefore choose the smooth 2-surfaces of integration to
lie at null 1infinity. These’ two—su}facé% are va;iously
called cuts, or cross-sections. Each cut defines a wunique
outgdiﬁg hypersurface, genefated by null rays whi;h leave 1t

-

orthogonally and enter the interior of The the space-time.

S 33
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scurces mMusSt  reZulre  an  analrysis i the grricto_rewm -f
{ z s

Space-time asympiclicas:y  3.00C  SUCh  null zeccesice ~ e
Shaii now  Ll0Cn at  the ccrcert oI onLl. 1t N S
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.10 The concep: of cenformal nuil :nfinityv ard asvimpto: -
Ll

flatness.,

and asymptotic flatness

Uei

introduced by Penrose [6 ]. With the aid of Penrose’s

,J
rt
1%

The concept of null infin:

- -
tecnnl

V9]
\Q

are the main entities of the ccnforma. resca.1n

conformal techniques, the asymptotic behaviour of such

guantitles as the components of the metric tenscr (covariant
. -

and contravariant), the Riemann tensor, and the spin

coefficients can be determined in a sultable frame 1in

>

space-time. Let us now discyss explicitly the concept of -
conformal null infinity.

Let (™M, 9 ) be an orientable, Hausddrff, C™ space-time

. -~ ). ) . . Loy . . .
manifold, eguipped with a regular suitebly smooth Lorentzian

£

covariant metric ) -
A A A ‘\D'
9 = 3. dx®dx :
of . signature [+ - - - ]. If the topological structure of

(M,9) is suitable, it is possible to adjoin more
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I2.71"sSets T otnLs spaTer.me . TRIs tat o ne Zone T SUTrd o
that the resu.ting resla.el TeiriI T extends smoothly o
these new CLintTs. we ther. forn wnat .S referrec - as the
.- . N ~ 00
UNPHYSICAL spete (M, 9 1, Let {1 e g s..tab.e smo th 7
anc evervwhere oositive sca.ar functLior Jefined r c e
~ ~
ohvsica. spacte -t Lme (M 3 . This function, now CaLiel tte
PO
CONFORMAL FACTLR, car 2e smcecthle ey-endes .o M 9 T.toLs
. X A oA
zerc-vaiuec a: the extre points affixed to (20,9 Ths
DY s shat < h .- ooint g P~ | R rh R
implies that, the extra point .ocated in the unghvs:cal
- N ~ A
space-time ¢ g ) are a: infinaty he boundary cf (M a4

as constituted by *these extra -points is called CONFROMAL

T

"INFINITY, denoted by the symbol). For gicba! reguirements on

4

an asymptotica.ly £flat space-time, we reqguire that ‘the

>

conformal boundary be :hé disjoint un@on of two subserts,
namely past null infinity ()-) and future nuil (J)7) each of
topology S xﬁK . Although, time-like and space-like
geodesics, fields of non-zero rest mass, and gravitational
interactions _are NOT‘invariaQt under conformal rescalinags,
many important physicai quantities, are --  such as null
geodesics, null hYperSurféces, electromagnetic interactions
and zero rest mass freé fields. The main advantage of the
conformal rescaling technigue s that it makes possible a

»

very convenient and co-ordinate free definition of

-

asymptotic flatness 1n general relativity.
Let -us now present a detailed discussion of the concept

of asymptotic flatness. There are several interesting

approaches to the GLOBAL and LOCAL conditions of _asymptotic

’
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N
flatress v omeny o aut < TLLZ.To o Ferrose T ZoE-1T B
hl N . - r —‘ - — s ~ —_— = I, — -
1, Ashterxar anc Jrevw i, rers.ces ., Newma cro Toz
i 1%]. But we sna.. imic tne  [resert  ZisT_Ss.Trn oo SR
- - - —~ £ N o -~ - - e - .
LOTAL €oncitiins D0 @symptotLic {latness Wil are “elescer
o 8L~ . € e - Aot cacan e n “hece ~
and suffi.c. ent {or the TurTent researc These ..Tax
—~ S " é - -
CCnNallIoOnNS are &s follows
Cons.ger Qoo LrLentaL.e Loo-TomLacs ZLena .arl
Y
4-cimens:cnay men:fcid which 1S encowec with a Lorerntco:an
rs _ _ _1 ~ . N . N - "
metric cf signature [+ . TC this physiceé. sgace T lme
J 5 v

we shall attach a future crientec conforma: becundary and

define a conformal factor and a diffeomorphism
.A
.o o W
where M is the rescaied (unphysical manifold equipped with
LN n A
metric g. Then the physical space-time (™M 9 ) is said to be
locally asymptotically flat when the following conditions
are satisfied:
AF 1,
The conformally rescaled covariant metric tensor 3,}

1s related to the physical covariant metric tensor

through the expression:

A - )
Yap = S 94, , 4.0
AF2.

The conformal factor {1 és a positive real-valued
A
scalar function defined on M . On the conformal
*
boundary ) . we have the following conditions for

Q
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Q ~~

=0, Van+ 0. W)= C
\ >

Thus YLA 1s non-zero and null on .

‘

AF3.
The conformally rescaled Weyl tensor ( Caved )
. . ~
vanishes on the conformal boundary Y.

AF4.

The conformally rescaled Ricci tensor (Rav) remains

w

-
finite and smooth on 3.

——

The conditions AF1 and AF2 are weak and do not reguire
+ :
the conformal boundary 3 to have complete generators. These

conditions are satisfied by a class of stationary spacetimes

inc%uding Schwarzschild, Kerr and certain Weyl solutions.
$) 5

Also, there exist several physically lnteresting
non-stationary spacetimes such as: the Robinson-Trautman

solutions, the C-metric, and the Vaidya radiating metric

which satisfy these conditions.

4.20 The application of the conformal rescaling techniques

to Tensor and Spinox fields.

In this subsection, we shall use the Penrose conformal
rescaling technique to work out the transformation laws for
tensor and spinor functions under the dif feomorphism

A .
%: M- M . A1l tensor and spinor fields will be assumed
. . cq s C“’
to be of differentiability class .
A
Let Vaix be the pseudo-Riemannian connection defined on

A

R .
m_and‘determined unjquely by the metric 9 . Similarly let



VAA be the

corresponding

38

: : 5 ~
connect:on def:ned on & and

determined uniguely by the metric g. The transformation laws

(properties)

for

t he

metric, the dyad. the Lev:-Civ:ita
symbols and the connection Vai are given by the following
expressions [3]
o = 14t
LA 4.03
80‘0 = ._4(1 %Qb
~ A VA A
Oq = Ca O = IO
1a = Jlua 18 = A
tag = 'ﬂegg €aa = SL tag 4.04
L e eAb L o pab
Vanr X = Vau X
8 i 4.05;
"Here X is any arbitrary smooth scalar field. Now, for the
A A
spinor fields (% ,¢, 1.0, we have the following

transformation laws:[%)

‘Ah EB
Vaa e
Vaa ne

Vai M6 -

The components of Vp\& i.e. D, A ,r‘g

scalar fields, transform

1]

"

6“‘&6 S S S Ao}

"\ihage - e Vea L 4.06
Veine * €t 9, g

szr]i- N4 SC° Vas N

, 5

according to:

, when acting on

*
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We shall now present the explicit relat:on between the Ricci
-~y

tensors fHhav [ 954] 1n W and Roy { 9av) in M

We start with
the definition of the Riemann tensor g:ven by
V.T.ve = & cavk
ngb\/g - e Ya Yc - cab 4
4.08.
We then perform all thefnecessary contractions with vectors,

and invcke the following relation

A

. . g L L©
vﬁkb - vﬂk\) - ’lﬂ KKQV\D)Q_ gl JC\\’)\( VCQ
4.09
We then perform the covariant differentiations, followed by

the following specifications:

Pan = 5 Ray - & B3y
Pado = 3 Bab — \L).&g“b / 4.10

After some Téhggsi calculations, we arrive at the desired

conformal rescaling’expression given by:

.Pub = PQb - ﬂ:‘ VQVbﬂ— * ‘L)"Sl_lgab %':A(Vc nxvd ﬂ) 4.1

The <curvature i1information not contained in P
A

equivalently, in Rab is exhibited by the

0\) OI',

conformal

curvature -tensor - .
A A oo "P[q%b]
C = R T Y P o4y 4.12
which transforms according to the law:
AQ‘D . 1 ab i
cry = AT Cu 4.13

A

The tensor P,, contains the same information as the Ricci
A
tensor Rob . The quantities Tgy, 9w , V5L, VoV L all remain

» ¥
finite and continous on the conformal boundary ) . The
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’@Aeﬁg arz trace N wnose trarnsfocratiin lass - de
Tesla.n.nC o arie resTec s =AY
/;\O§“e&g - QQ}ASAQ*VGVDQ_“/H-%Q&;‘Z (Q .S
where &ABP\Q - l/Lr P%qb_— Pﬂb T.0at
end i N = PN = /4N V0 x 2 T )TN
A A

where N = ‘/I*R +. =

4.03 Conformal rescali:ng techrigcue and the Newnman-Pe~rnse
L
(NP)-variables.
in this subsection, we shal. discuss the exg.:.c:t

conformal rescaling expressions for the spin coeffic.ents,
ftor the components of the Wey. and Ricci tensor
Let us begin with the spin coefficients. The conforma.
rescaling expresgions for the spin coefficients can ©te
obtained by using the following procedure:
We start with the definitions of the spin ccefficients in M
and similarly in M\ (using the spinor formulaticn, since :t
1s much easler to work with than the equivalen: null. rte-rad
approach). We then sinvoke the transformation laws for the
spinor dyad as given by 4.05. The covariant differentiatioﬁs
:gpére Arelated by means of the transformation laws stated in
A4.O6. Finally we simplify the results using the definitions
of the directional derivatives D, A , § ,'§ in M a%d the
careted versions in K’\\’\ . We obtain the following results for

conformal rescéling of the spin coefficients under the

. A
diffeomorphism C¥t MM
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W - O x - = aib T € = s+ &

Iy " N ,\. Y

g = ﬂ? A = A vz oLLlowv

~ 2 ¢ 3 ; - PR

p = Q\O* U\ﬂﬂ) ' RO— Q(\\ * D lnal,

— . A /1( T N -
~ — : . = a -+ nh \
1 - Q( M%\(\Q/ =< VX © q/
:\\

~ —_— Y

y - y — A\r\ﬂ = X~ mﬂ
LeT US new Cer.ve the confilrmal resCa.lnd exiIess. oo Totne
comgcenents I the RICCT: tenscr. We start w.tn the ronformal
transficrmaticn  law for the trace-free R.cC: Sp.ncr. we -her
contracs @AGAB a.ternately wilth all the poss:i:tle gproducts
ct ‘c, © , 1 ., U J ancd invoke the transformat.sn .aws ‘for
tne sgincr dyads and the der:vative Cperator. We Simpl.ifiy
results wus:ng the definitions of the spin coefficients and

A

the components of the Ricci tensor in M and M . Finally, we
simplify the results further Ly 1nvoking the following

previously estabiished co-crdinate spe

90 = ¢ SQL = A QL
DL = DL = O [Ye!

w

—_

1l

» . .
The conformal rescaling expression for

W

cifications:

.l')

’

the components of the

A
fecmorphism ¢ M - ™

trace-free Ricci tensor under the- di

are then found to be:
.‘A ) 3 - —_— —
¥, = Q%4 + Q[DE-(e+E) + kw + kwl
@o\ = O"J‘.*o\ + O-II-DW '?‘f + (€ —6)\,0 * KUX

kN

@n

r (pre+)ul

=0y, + Qlsw-2f +(&-p)w + o u)
=0, +4QlDy+ sw-Pi-

TW+(B-a-THw
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S.Tllerly, us.Tu o Tne transellrTat.on law f Tt rale T
R.CTCT1 tenscor AN Sivern v eguat:iin =7 enZ Ls.o; 0 tre
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gcrocedure ;ﬁ“pﬂde cribed, we arrive at the reLatiin:
i’ gt — - - - —
A= QR +fU0-wo ~ 40080 -Du-ptaax
- — - € . -
+ (M B-)w, v (P -€-€) ] PR
y
Finaily, by a similar procedure, we derive =*he c-nfirma.

rescaling expressions for components cf the wWey. tensor. we
start with the transformation law fcr the wey. sgi:nc: Given

by: .
-2
\VABCD = Q \*/‘\SCD

«

We then contract ;%ecn , alternately using ail the possib.e
products of (0,8 ,1,1 ). We simplify results using :he
transférmation laws for the spinor dyads and invoke the
definitions of the components of the Weyl tensor in FY and
&. Then the desired conformal rescaling expressions for the
components of the Weyl tensor under the differomorphism

A
d:m = M are found tc be as follows:

QQ, =’£1}\¥° ."Q\ = Cls“« ‘;a = fll‘yz
v, = (v, L= Y,
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CHOICTE OF A PREFERREZ FRAME

Tl Tharte e Slo il TS0 Lse et oL - -
LG . TaL. FTEAME 0 e N L IR S U
. Tle LTter: fote sl e M A erT frarte slers

: o ser Cotour suattities ane ! o dvel o tertrol s e
cortormal fartoril, a oo iditete Tnatt, oattoe .ot 2o

the  CCo-LIclnates. Thnese Ilanilities @re S ose.yv e atel .
that, cenera.l.y any ~hancze elfieced e “ias
avicmat:cally 1ncduce Cchanges .0 the other three. Tie meTrne: s
0f the FRAME w.l1. be discussed expglic.tly .7 “he s.c-eed.nq
subsection cf this chapter. 11 1S apgropgriate now 1o sTate
*hat the funct.or defines the curvature -° the -s_:fa-e

.

of intersection o¢f the u=contant hypersurfaces w.tn tne

conformal boundary 3?. The choxcé of a frame :s non-unigue
and we w.:ll choose certa.:n "preferred” frames. The freed:cnm
left 1n the choice of such a frame is caliled the gerera.:.zed
Newman-Unt1 freedom (1o be diécussed La;er’. Edch Z:ifferent
choice cf frame (accompan:ed bty the apprcopriate change .n
the freely spacifiable data) will in general, change the
k-direction and lead o a different tube of the séme space,
-- a tube that does, hcwever, end on the same ne.ghpourhosgd
A {*
of the same point of as the originat tube. Giobally <the
new frame expresses the same spacetime 1n a frame based or, a

different congruence - of twist-free and expanding null

-

geodesics. We shall begin the frame set-up by considering

the choice of the conformal factor and the dyad/tetrad. Our

43
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¢onstruct  a
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geodesics arriving at this“eighbourhood from the <choosen
..h ) h * )
xk-direction. For this piece of spagetime, our local ) 1S

. +
future null finity. Assume *hat on this 3 . the conformal
£y N

- R
facter and the ccnform%%ly re'scaled (unphysigal) Weyl
, AC : '

tenscr (Cgped ! vanish identically and the unphysical Ricci

tensor (Rab) remains regular and finite; and in addi

e

10n,

Vhflis a8 non-zero null vector. On our local 5* ., we efine

.

d
“’ N . jﬁ-
the null vector n to be jangent to the generators of and
s -

defined by the expression:

ﬂa = ‘VQQ 31" l .  04

or equivalently, using spinors, wé have Cot

»
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the Zenera..izecd NewrTan-Untl rougp. Le- T Lilerl] 2.5 .8%
tne corfcrmal factoril, We can Zeduce frin o tne coccsi-ng o6
iocal asymprtcot.c flatness that the <c-onforral face-r (1 .S
U€. ANy WO pOssi:ble ~ho.ces a~d are re.a“ecz oy
Q = Q 5.02
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O
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O
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3
[+Y)
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(&4
O
(
D
Q
(o]
&}

<
O

everywhere on W, including
N ‘\\ .
null iMfinity. Thus a new choice 5f{), .eads o

preferred frame in which

~

J
(V)]
J

n = €>‘WQ’J’ L 5.

discussion of the conformal factor is reserve

(9N
rn
O
”

subsections. Let us now analyse the geometrica.

.. Co * . .
properties of the gegerators of 3 as deduced from the n

a

null geodesic congruence. When we apply the conditions of AF

2 to the trace-free part of the Ricci tensor'RQb we arr.ve

. ' . @ . . . AT
at the following result, which is valid on 3

V«Vbﬂ . ‘/; SachV%l “ 5.04

. . . +
-The conditions 5.01 and 5.Q4 imply that the generators of $
are shear-free, ° twist-free but not necessarily

divergenceless. These <conclusions are deduced from the
® .
Fd
following analysis: The shear, twist, and divergence of the
&
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\
ceneratirs Cf are cefinesd  cesgezt:ively o tn
expressrons: '
. 1,-\‘)/1
T\ Ne b Qa
(xx)> = \/l([n(a,b) _ (0% a) )
r

'\(y—.}]) {ﬂta‘,b] “a;b}yl

()AA—?) n°.

)

Qa

N
“n

Now, the genera: expression for The covar.ant
differeMtiation of the tangent vector o
"

i€ given oy

Lo

+

‘);qkb“ XRQF%'JXAR°mb‘*ﬁ.Raﬂb
(?5*75)r\q\<b + (C‘(*E)ﬂqmb -+ (&_*3)0076 5.06ea

, _'(E*Z>“anb . _/“{\\\\
Restricting

: +
equation 5.06a to the ccnformal boundary J and
using the expressions

Na | = — VQ ﬂ l )
VAV RV VAL "

. ) }* ’
the following result on

“Yad Kan, ¥ naky = mam-men Ly e
| ~ L s.06

It iollows -{from quations 5,05

&
conformal bouaaa:y :
X = \V]

and 5.06, that on the

::(‘rp :K ?-:O
e = SA = —(\6-*_‘&) = —\/L;.VCVCQ_



Hence the gheear A A ani tne talst U Moo s Tre
N )
ceneratirs c an.s Zentil&..y DUt The ZSiverger Ce
AVAVE ‘
civer v =V VY] car ool a7 1SN DV &t GaDprTorTiate  Lnrle
L ]
cf the confiormal fa:'\/rn.

We shail. TwWoouSe e TonS.deral.le amount ¢ lreecor _
nave 1o the chcoice o0f frame towards fLrther sinTliTat.ln. wWe
Gefine T v bhe & ToSsitive Jdefifice gsoalar F i e s ~- -
cel.ne ~C e ¢ pCSsSilive Jellmite Za.a LonT T Lon T Lk

jﬁ
IS B N . - o~ —~ . -~ - Y-
confcormal boundary . Thern we periorm these Twe “perat.cns
L.

-- (T, followed by T,

T,: Rescale the metric w:ith

conformal factor © = Q@

T.: Perform the spinor transfcrmation -
A . ok
> /e o\, 9\
> " ‘ :
W o o' /\* ) .

where & = Qo Q‘Q?‘

We can solve the following eguations

il
ﬂ

S{n(Qa))
AL (QR)}

H
x
wn
O
5]

*
on 3 for the parameters a, and ¢. We <can show that tyo
. . 3“’ . =
expressions of 5.08 are compatible on by taking the § SYA
mixed derivatives and using the NP equations R,, and the
resutls of 5.07, in addition to the fact that the unphysical
Weyl spinor WagcD and its dyad frame components vanish on

+ : . . :
Y. By using the results’ of the transformation LO, in

addition to the results of conformal transformation of the



e
(@3]

NP var.ab:eS, we cCan Zecute “hat the Trev.io_s) estanlisheys
>

retrac conditions

'S a = —VQQQ
— A = A =T V = ® 48 = O

7/

rema:n invariant under the ogerat:cns T. and T.. we .a.s.o
find ot X, B Y, anz VY are given iy the express <

A = -8 = S\nQ

X = ““/23‘ :A\QQ s <

A d
The- -next strategy .s tc explore and exglo:t all trne
. S ‘ . .
remaining freedom In the choice of the spincy dyad (O, )

) * : A .
as a field on ) . The spinor O and hence the tetrad wvector

Q

. +
k 1s pinned down to some -extent as a field on j oy

reguiring that

4

Im p = O

, _

T = 0O 5.10
r ) .

That this can be done, follows from the transformation laws
for p and T under the Lorentz transformation L® (discussed

-

earlief in chapter 3.00). This leads to the eguations
lm {Eb - 2bx —p} = O
. T+ 2by=40b = O 5.

+
That the two eguations of 5.11 are compatible on S ig seeh

e
i

by working'out the mixed derivatives
s{ab -t -2by} =oO e
A{lm(—éE—'lbo( -P)} = O 5.12

. and applyihg the NP gemmutator equations. The imqginary part

of P is now zere on j+. The real part can.ﬁade to vanish

identically in M by means of conformal rescaling. This is
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s.bh-ect o = i on )
.20 Chaoize i co-orIirate svsLern

o0 this subselt.cC we SNaa s 2.SI2usSS TOw
ano.her e.ement i wne f{rawe, nagesy The Cl-Crc.

.
Let x, € V" ang consider a ne:gnbourhcod o

re

goint  of this ne.ghbhourhood, a nuil geodes:c emanates

~he 1nter.or

of M\ 1n the «

oV

irect:cn, of cu

"
b

We now extend our dyad tc the interior po:ints of

4

. ~ A AR ~
propagating the dyad chosen ¢on 3 parailely alcn

Ias
r
(8]
32}
(24

geodesics. As a conseguence, the spin coefficients X, W

¢ vanish 1dentically.

Proposition:

This. null geodesic congruence is
hypersurface orthogonal. In fact,
ko 1s equal to the gradient of some

d
function, say u. (1.e. kq=VLM ).

Proof: Since X,€ ,TU vanish identically, the NP

1S given by

Dp = T g,

The real and

respgctively

imaginary parts of egquation  5.14

by

( D(p+p) = PP 7 250 + Lé,,
D(p-7) = (p+pAP~—P)

But in M\, we have p+f=0, thus D(P -£ )=0 which

hnf is constant

equati

are

means -

on R,

Sk

jiven

5.15

516

that

along the tube of null geodesics -1n X (in



n

o

d? = - cc 5 -
Co hd
NOow, as cecucec (0rm "ne grevicus chagp er, *ne .. ec
Kq +S €Qua. tc the grac:ent fc a sca.ar functiln say o Ltl
X = €& 4+ € = QO _
PL—r = O
&1’ - = O - ‘A
p -1 .8
R . - - ~N
It remains *o show thart: A rp —~-T = O : .
From the NP eguations R,, R, and R, we deduce “ha-*:
D(O«+B~T>) = o« +B~T) 5.°%
N
- . . . . .. . .. )"
Hence & + 3 -T =0 in since 1%t vanishes identical.iy ¢n .

Hence k= V;u . This completes the proof.

N

We now discuss how to set up the co-ordinate system and

choose the curvature function E’. We start from the <+he

©
-

neighbourhood of a point X, € J* on the conformal.bounaary
Jﬁ We consider a tube of null geodesics arriving at this
neighbourhood from the cboseh ko, ~direction. For this piecg
of space-time (to be constructed), ouf‘j+ is future "nul}
infinity". We propagate the tetrad pafallely along the null
geodesics and consequently X =\ =€ =0 identicaliq: The
geodesics of ﬁ\ arriv{ng aé this neighbourhood from thé‘ka
direction were shown to be hypersurface orthogonal énd kq
"was shown to be given by the expression ‘kq=V&u. The

co-ordinatization is done as follows: We choose wu. as the

first co-ordinate. Now, each null ° hypersurface
3K S
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“foo ToinETant e tne  TInlorTéa.  LIonfax . Loa W
surface. we TniTse Iie  suUT! c-suriacte anc  irntTocule  the
co-ordinate L, L 0 2an it We then extend this c--criifate
— v
carr Lk tL o the entire oy <demancing that the temans
‘ ‘ \* {+
Tonstant a.Lng tne gcenerators ot D4s means tnat onos
AL = A6 =0 < -a
The co-crdinates 1u, b L oca useZ T spec.iyv Tnhe Carameter
P, which Cetermines tne curvature <f the 2-surtaces fo.roed

- +
by the intersecticn ¢f u=u, hypersurfaces and J. wWe sha..
prefer to leave P (u, L, L) an arbitrary function of (4,
L, L) as in [4 ). Further discussion on wilil. come later..
We further extend (L, () into ail of M by imposing the
censtraint that they remain constant along the nu.. geocdesic
congruence. This implies that
DL = DL = O in M 5.20
. . L
We have now defined a co-ordipate system x =[u,() , & ,{ ]
everywhere along the tube of null geodesics arriving at the
. . j+ , _ . . .
neighbourhood of the point x, € . (in the kg, direction), 1if
we choose the conformal factor {1 as the remaining
co-ordinate. This is feasible, at least in a neighbourhood
J", since on ¥
Qf , Since on we have

DO V. o= - KN, = - 5.2

As stated in a previous section, the metric variables

consist Of the set [f,w ,E‘,El, X andU ). The variables f
and }) are real-valued scalar functions while the rest of the
set i.e. (w ,§ ,§, ) are complex-valued scalar functions. All

the metric .Qariables and all the other NP variables {(i.e.



v

domponents <f the Riemann tersir agrd tne spin oo eif s lents
are assumec 1T e ana.yt.C anc rec..arc nothe ~onfilrta.
factor We shall now ZisTuss the ~urvature fon-c - T
,
mcre explicitly. we Cefine ¥ as follows
- “ AT c
Pl LL)y = -\ g\ on 3 Ll
The <chcice <cf (6, L Joon Tne U=, nrrersorliate o
arbitrary; but .f we cnocse L L sucn o tnas

Fog)
=
I
@)
0
3
——
+
«n
t
S

- . “ 4 Ss - -+
then the metr:c wvariable El will wvanish 1dentica..y oo
and we f1nd that:
+
i E = o 8 = §\—a on 3
. 2 ) ag B .
S.d4n
At this juncture, it 1s possible tc establish 3 re.at.con

between the functions Q and P mentioned in the choice o©f

FRAME. This can be done as follows: Ipvoke the NP commutator
hequations.aod replace the scalar function & alternateiy by
Ehe co-ordinates L,Z subject to the conditions:

S8 = -2P(uw,L,T), 5 =0 . '

We arrive at the following expressions

5 \a (P/Q")
g_\ﬁ"( P/ QL)
A\n.(?!Q‘) - 0

>

O

O

.25

wn

This leads to the deduc¢tion that:
) L
P - C(L)Q - 5.26

The function c¢(({) can )be put to unity by means of the

-
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f
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{1
t
0
lad
) a4
=
Ty
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o
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w
)
1

foilower Fecull that meiiic var.ables (D w L £, U are
Sefli:ned as tne couefficierts of +tne relaticrs
. L9
D o= ¥ 50
_ e 9
% = \A)_é + £ 2 -+~ gx—-
30 3t 50
g = w a *Ela * E‘.’a__
30, ol AL
' Ju 30 24 CXS

The values of the metric variables on the conformal boundary

*
' are obtained by subjecting the above equations tc the

“

following specifications on 3*
(i) 50 = A Q
(i) AL = AL
(iii) VO = -\
(iv) &L = O

The <condit:ion

O

i

O

5.28

5.28 (1-1iv) have all been discussed earlier.
* . *. ‘ . .

Thus on the conformal boundary 3 , the metric variables take

the following values. : N

= O

€y = -2 P(w,bl) 5.29

"
Q

N
1]



The zeros s.gper-SsToLDct 1S Lsel ¢ Senlte trne taoo & =
ar.abtb.e :s eva.catel - " menTellotn, e UA:?‘ Ioer NE
variab.e B on 3’ s denctes nv 3°. As ctated eagrlie: 2 .4
regu.ar anc éna.viLic sl en Jar pe exfarZel ¢S &t ll-serie
1. any desiref Criers
B - & 4+ g0 . 8Y0N « 802
- B(f\-l) f‘\—‘ + C (\ Qﬂ> -
The metr.ic wvar.at.e ! ~an e spec.f.lei firtrhe N
following eguations:
Va¥ 0 = Ve 3w VWV
| (
= 9
1 5 (L v
where Dk =0
INEG § 5.31a
We discover that D1=0 which implies *hat the function f mus:
have the form
(= -y« 5270 0% & 0(9‘7 5.31b
.
5.30 The generalized Newman-Unti freedom
We shall now discuss the generalized Newman-Un«i

freedom. In the previous subsection we stated tha; the term
FRAME refers to a set of four, comprising a <co-ordinate
system, conformal factor, curvature function P(u,é ,Z ) and
dyad/tetrad systemiall tied together in the way described.
We shall now discuss the asymptotic forms of the finite

transformations which preserve all the relations derived
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on

— - - . - - - - rS P - P B -
LT P ~ “ & lleleile Claerle LlLese
sransficrmat . 3 aGre e eTertc I The zZenera. .zl NewTa .
~ . - -~ - P . . N - - —
DRI e {ree; Let . e C e a Treflerres trane
LS TaL.el tle LerelaL el Newngl s ieess O A - :
the cCenerca..cel NU SICUl w... ~Lanae trie frame - & tle
e 1Y WLl LT enera.l e the LI Tat e G0 S e -
N —m e - B A= T Flgme m 0 v R e mg o~ e . P -
o~ ~ - [y - .y P——t - - < . - & (o) — - - PN, (Y - a
S ! I, — ~ o Lo RN L e . N =
G I SO e Cenera.izec NU SICUL o aTts LITd..w ant we oo
}4’
noU o require the generators of T2 be cocmplete, nour 20 we
reguire comp.ete CICSS-Sect.lCns
[ N . R ) € ‘ "
Wwe shall now discuss hcw tc change from one "preferred
£~ * A -} - v - A L M s he e )
frame to another. ez x =(u, (L , , J De “he .ocal

re
o8}

co-crd:ina

rr

e chart c¢f cre such frame on a rei.ghkbcurhcod ¢f
+ 4 ‘ -’
. 14 '
point x,€ X . Ler x' =[uv ,Q0,{.{ ) be another. I can be

shown that they must be related by

: G(w, 6. 0) + o(Q) ‘

/ ‘ é/( L) 1\1\ C)(fl) 5 3¢
e (L r OO

il

A
(L~ =
where © =G,y and G 1s an arbitrary smooth function., This
=change in co—ordinates and conformal factor must be
accompanied by a boost (with parameter a) in the k%n plane

0of the <retrad and a spatial rotation (with paramesertﬁ) in
. bl

the m-m plane subject to the conditions:

kS

S = Q,

U . _'L.\¢
Pt = ePP e
CHR

This must be followed immediately by a null rotation of the



wE Tlw LIesent o ¢ el suma Te o a - 7 &
The melrll valrlialL.es, soLirn-roetliisiente ToTLrern e ol T e
F.emann tenscr and  tne ~_ruato_re - Pl L :
each preferrec {rame, which 1S LiiZ_e LD Tt e ewre

(_(;\‘*‘8) = O and Cb + co = C S e

O

.
identicaily :n™M. On the conformal boundary ) the metr.c
variables U, X,w ,§7_ and the unphysical Wey. spinor \*‘/Aegb

comporents van.sh, as dc all the sp:n coeff:c.ents byt

possibly O, , 8 ¥ andj‘. In addition,

%% = \/2 EO\QP = —8

2§ = ~ ¥ = 4P

7 . . o . j*‘
andp(u,é , L) is an arbitrary reall positive function on .
Also we have the following results

&o = -1 &M: &
£ = - 2p(w,L,0)
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Solu

validity of

ts asymptoti:c flatness
Befcre = we descr.be the
he- field

rs
.

system of NP

eguations. The eguations at cur disposal are:

(1) The metric eguations 7M,-Mw)

(ii) The "Ricci identities” (8, -Rg)

4, . .. ’ . . . . . .
(i11) The transformation equations for the Riccl

.
tensor under the conforma. rescailing (L;r\xw

7

will include not only the local s$pacetime metric via

a

)

o

5

5

A complete solution t§ the e@uations listed in (1)-(iii)

-
-
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Te L. Jal.arn.es ot 2.5 Tle sU L Toueltn e te L
TTTpCrernts J{ lnhe H.enma Te s L These 5o Lt EI e N
ot all ttained r Tne Lioinveltel Sspece - SSLT el e
the Lntecret.Lcs Technigee : elolvanent Tle Fe 5 e
confcocrmal tecnnisue The sToLlutiLnsg L f:e LTrRvs.Tal sta o= Y
n

are trhen trenscr.irec Lnto tne ghys.cal S;a‘é AL TerTs :
ar o a.ternate  set ! lreely specifiaznle fo-ce oo Lm o -
constitute the approgriate (o:t.:a. Zaca se- ~e sha.. first
present the refcrmulat:ion sonete f.r the NP eguat:ors
6.10 The Ludw.g reformuiaticn scheme for *he ND ecuatlon

The NP eguations fcomprising the me:ric ezuart.ons
"Ricc: 1dentities”, "Bianch: 1dentities”, anéd c¢conforma.

rescaiing expressions for the NP variables) conta.r a number
of fedundant equations which must be discarded when seeking
an efficient and systematic method for generating solutions
to the Einstein fleld equations. Ludwig (9] devised an
elegant technique for reformulating the NP eguations intc a
vcompact system of necessary wand sufficient non-linear
differential equations. The bénefx s from this approach
include the following:
. All redundant subsets of the metric equations - and the
"Ricci identities” are consequently eliminated. ‘

2. It enables a systematic derivation of known exact

solutions such as Schwarzchild, Vaidya and,
Robinson-Trautmann: it also makes possible the
[ 4

generation of asymptotic solutions from which we can
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N e R € e PR < - gard & oy
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e Ow  give a deta..ed Zdescript:io i tne reformilact.c
— ol — ~
procedure for the space M. The relevant expressions  a-s Jur

Jispcsa. are the metr:c eguations (M -Mo the Rizc:

- R " ‘ _ . ) 1 .. N

1gentities "R,-R..); the expli:c.:t sStructure for s he

ectional covariant derivative operator SQ\: 2,5 .6 .00,

Q
‘.
o

thee conformal rescaling eguations for the components gf the
Riemann tensor and the tetrad conditions:

K= T 2€¢€ =P =% = O T =(x~+3)
Let us start with the procedure for the metric variables and

their complex conjugates. From the radial metric equaticns,

we derive the following system of differential equations:

-

E\ ) () §‘ ' v
Ly 'éaﬂ ('_ \ = §-\ / ” _ \\f
\gl / o O \\gl/ -

and 1ts complex conjugate

. /g‘\:g_\/00~<
)

/
i
0 g o 0

g

jo
_/'

Y221
~

eV
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T w 0 § W
! - _ - _a_k _( >
L, 2 w : = ﬁ‘ c an © - \/: w
tan 7 28707 2¢ o o 1T
T 20 S ¢
-1 = ~
2 ates O O
2y . 2%
R
i —_
¢ as ~ ¢ ?_f
b S5t X
'Z = — -
y 24 *gaw +§ 8¢-+lv*ag 25._§fﬂ2§~§1§h§}
°! o7 . ot 3L B 3¢ X8
’1&\0"’&\3_;6’1’&1?__6‘ * 9\0—{?__;_\ hs ag) —'g|9&\‘§_gla\n§}‘
TR X4 T . 51
where & = § E — & g ‘
L3023 x 2 (5. T8) 2 X = (554 1E
50 ( 2t \) , gﬂ & (T §lﬁ- T é\)
U /df - .
SIS NARPRSNG Y A
YK* / \ - /
\ 20w SR ALK

+&_\ /‘L’w fTuJ -+ A&’

\’l&:ﬂ* 26X —6xX 288 + ATT—I12A~ (\V~’U\> K\r*l!\)

where /. A - U_a,n,(w+1f\) w, + 2N —U/§)oE

The equations L,-L, can now be solved, 1n principle, for the

metric variables (§, §, ,',c;‘ ,él), (w,%), (X,X), and U,
repectively. The soluticns are obtained in in terms of t.imé
freogy specifiable data set. D,: f£,0 , N, &, , “and the

19 - N -+
boundary conditions on future ¢onformal null infinity 7. we

‘can also obtain solutiont for (T,T) wusing ‘equation L,.

Similarly - the equation L, can be solved for (¥%¥,¥). We shall
now derive expressions for the other spin coefficients using
the non-radial metric equations. The spin coefficientd [

B, ‘6‘,5‘ ,V ,X ] and their complex conjugates are defined in

(

this scheme by the following expressions:

*
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Ls a- B - e R (B 5E) - E (B, 58 )

Le v §-ng;_-iu ﬁ';(} *5‘E)*-Aw}

M

"

L3 A = g_I{L;(%X*A§1>“E1(§;<*A§\)}<i*,>
Lg% = 5 {50 -Fwas w@-3)- (8-}
Loy m = g (B —af) - 6 (sx -4

TR (s —a8) - lex =&)Y}
Lo

C2(3-1) =~y v STLE(6X =08 E (50
- (BX - a8 + & (Ex- 08}

where E = E‘_E\ —Elil

Next, using a non-redundant subset of <+<he “"R.cc:
identities”™ (R, - R,,), the R‘icci Tenscr components are
defined in the reformulation scheme by the following

~
expressions and their complex conjugates:
\—\\ . #)00 = —c o
Lia 0 &, = ¥ -6 —c(g-32a)
L o &, = 3N +88 + 6X =3xxX —p P
- _ —a - — . —_— —_
\_\U, . #11 - S\;_A‘)A —’3‘ —)\X-J‘(gﬂ-d)—\)(’(—BB—d}
Lis = &, = T -Ac —pr —t(T+p-2) ~o(¥-37)
L\Qijbn = %6—45ﬁ—yT-*wu-ﬁ(6—5+y>~o(k

&m = :bo\ ck’,_\ 27{?1 C%10 = _gPol

\

Similarly, using the remaining non-redundant subset of
the Ricci identities, we obtain the following definitions

for the components of the Weyl tensor.
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We alsc neecd the conformal vescali:ng expressions - -

the Riemann tensor components under
A
d - X - m

Using the tetrad condition K=“=E=O,f7=P=O and T-(«+8)=

the ciffeomcrghism,

C, we

obtain the reguired conformal rescaling expressions from the

results discussed i1n chapter four.
A\ -3
2 - «’ooﬂ = Qd}oo*’ DE’
laa c\>°\ Q_l =.0 q>0\ + Jw
*

wa:&mjy‘:;§l§u+5w~&§+(&—3%0¢CYU
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L 29 . QQ = Clw\¥ Ck\ = Cl?\ﬁ \*g = f1?\*&
Lrorwy 20w v =

The corresponding results for thee¢ spin coefficients are

given explicitly in chapter four while those for the metric

B
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ar.ar.es wil. De W Tael | TLnprenensite. e ex-:
chagpte oSinc the refl.rmulated eguat.ions L. o-- L we
Drincip.e, Cbltain sc.iuticns for the Einste:n f.eld eguat.:crs
anc hencTe ConsTruct @ plece Ul o tunphvsiZal! space time |
“he ne:gnbourhovcs i e point O tne conformal Leundars
The INVORING the Counicrmel restaling expression for the
ccmponents of the  Rieman tenscr  anc  uite e.eva NP
variables subject to the Lorentz Gauge tnvar.ant

transformations LY, U and UJ, w~e transcr.be the sc.ut.ons
in  the unphysical space M into the physical space &. These
solutions, at this 1instance, are in terms cf the freely
. o - Q

specifiable initial data set D,:§ ,o ,@o\,h\ dnd P. However,
there are at least two problems to be resolved. First, the
freeiy specifiable date set D, are variables 1in the
unphysical space M not(%. Second, and most 1mportantly the
Ricci tensor of the spacetime generated with data set D,,
has no specific property. Furthermore, if we impose certain:
constraints on these free data, such as the wvacuum
conditions, they cease to be freely specifiable and ' satisfy
some complicated 'constraint eguations. We shall rectify
these drawbacks by re-expressing this, free data set D, in
. » )

terms of an alternate free data set D, of well-behave;
functions involving the components of the physical Ricci
tensor. However, there still remains the major di€ficulty.

It is seemingly impossible, in deneral, tc generate closed

x

form solutions to all the non-linear systems of differential

equations. Nevertheless, we can generate generalized



Newman-Unt: type asympiotit exoansion st.utiins I The

: : . \r .
f:eld eguations .n the ne:gnoourhocd of a ccint x, €& J : ang
thern transcribe resulls :ntc the phys.ca.l Space Nt ola
th:s, W& assume  ane.yt:il:ily and regular:ity ol eaz: NE
variabie 1n terms cf the conforma. fac-cr (1. Thern fir  eacrh
NP var:iable, we simply substitute a power series :n (L i~-c
the reformulated eguetions. We then scive for +he expansion

coefficlents to a high enough order. These resu.:s initially
A
obtained inM, are then transcribed into M in terms c¢f an
alternate, appropriate, freely speci:fiab.e init:ia. data se:
D.. The final Newman-Unti type asymptotic expansion solut:on
A -
in miﬁa given in terms of a parameter r instead of{l. This r
1s an affine parameter along the null geodesics 1n the

usconstant hypersurfaces. The explicit choice of r will bpe

discussed in the next chapter.
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Chapter

GENERALIZED ASYMPTQTIC SOLUTIONS TO THE EINSTEIN FIELD

"EQUATIONS:

the prev.ius Chagpler, we C.Sslusses  Inprenens.vely

the tecnnigues recuited fcor  sclving  the restructured NP
e
2QuUatiCcnNs @l Cul C.SpCSa.. we Sha.l. nNOw USe these terhnis_es
°

to generate genera.:zed Newman-Unt:i-tyge asyngtot L
expansions which are scluticns ¢ the Einste: fieic
: ’ s
eguat:ons. The solutions are initially obta:ped ":n the

*scaled spaceM and then transcribed into ‘the chvsical
A . . - .

space M . The co-ordinate system ~in ™M is based on a

twist-free, - expanding null geodesic <congruence whi.e <-he

corresponding co-crdinate system in the resca.ed space M s

aostwist-free, non-expanding null geodesic <congruence as

described in chapter five.

7.10 Solution 1n the rescaled space M

.’In this subsection we shall present expressions for ali
NP wvariables including the covariant and cqntravariant
metric tensors in the rescaled space M. The main Advantages
derived from the derivation of the solution in the
‘unphysical space M (before their ultimaté transcription 1nto
the physical space ﬁ), include the following:
1. Iﬁ the unphysical space M, there are simplifying fréme
‘ conditions such as .the vanishing of the expansion

parameter (ﬁ ) along the null congruence. This condition

~and others simplify the - cumbersome differential

- 65
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3. It alsc allcws a svstematic ferivat:-or anzZ’iranscr.ot. Lo

>

~ 3- N > & L . -l - g e e =
AT Cur  Cispcsal  are the refcrmyulates ot lirea: 2ellia.
£ -~ -
d:fferential eguations fcr the ND ar.ables we ne
- A

substitute {1 “serles expans.cns
the restructured eguations L.--L,, and sclve for the (NP
variable) coefficients to a suitable order. initially tne
soiutions in M are obtained in terms of the free data sers
D.:(f,o , 4, ,N ,P ). We then use the ccnformal :escaiing‘
eguations for thq Ricci tensor (i.e. eguation L,,-l,.,) T
derive an alternate set of apprppriaie free data D,

¢

This free data set D, .is specified as

follows
A n : . —_—
(1) &+ &, ,‘tksl"' @11 as functions of (u,0 ,L,‘>>

(i) ¥, e as functions of _( u,L,-L)
_ ) A (3)
(111)\'\/0 *Olﬂ Q qDOO
as functions of (fl L, L)
A ) ' -
(iv) Q\o.\*’ v Y as functions of (Q,L)
The results in-'the rescaled (unphysical) space M ang
: A .
cohsequently the physical space M are re-written using the
N ®

differential operator éalled ‘é (edth). .This _technique

4 . -
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Any well.-behavecd functicon q def:.:nec on

which under Lorentz transform L behaves as

is said to have spin welight S . The operatcrs 3 and D are
then deiined as fol.ows:
) "5') = —%oq — 25_"—‘0')
3N = —é"q‘v 2sX°n | 7.03

Qhere N 1s any spin weight g fungtion. The operators 3 and %
have the property cf raising and lowering, respectively, the
spin weights by unity. In particular, the guantities éq énd
%Q have respectively the spin weights S+1 and S-1. The
commutation relation for the edth operators is given by the
expression: |

’ (33— %) = asq”bré\n? 7.04
After a somewhat lengthy calculation in which we use all the
lp;evi0usly enumerated techniques, we obtain.a solution in
for NP variables and theAcovariant and contravariant metric
tensors, 1in - terms of the free éata set D,. We alsc use the

following abbreviations: ) 8 : .
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We shall now pPresent solutions for the unphysica? spaae-time

LY

2 . . ' T L . . . 3 e
metric.ds?. The unphysical metTric is given in the rescaled

. 3
space N by the relation:™ - * .

. C e b -
L ds 2 a2 @3 = de ®d
> =9 3% Bxb Jap %20

. 2w ' .
Since 80\) = il,,k(qnb) — A “’\(a "M : - o

the contravariant metric tensor SQ\D has. the fpllowing

a8 i
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first analyse th
A

Su.table in the physical space M. Since null hypersurfaces,

and null geodesics rema.n .nvar.ant unagaer cznfcroa.

resca.:ng, we {ind that the cc-crdinates 'u, &, ' ocar  oe
. ' i

used 1n M as well as 1n M. But instead of {}, we in:roduce &

new co-ordinate ¥ which we define as an affine parameter
along“the null geodesics in the u=const. hypersurfaces. Thus
our co-ordinates in M are related to .those in M by the

expressions:

O = O(c,uw, . 1)

Y = :A 3 Lv = L
L = L | ‘ ’ 7.10

where the function, (r, u, {, L) is yet to be specified. In

particula%jﬂthe form of the functidn {2(r, u, o, L) is
determined’by solving the equafion: o

I3 . .

N2 ’ S
P :Ie} = Q*¢ . e
r o 7.1

Since we are interested in asymptotic expansion-type

- i
S

solutions ™M is mgre convenient thatfl be obtained &% a

series in the affine parameter r. We find that

L d

Q = 2 B3y L o(c8) ¢ 7.12

. ‘ . p R
where we have elimipated the coefficient of r° by a suitable =

L a

4
choice of origin of affine parameter:

_f';—a e R(u,LZ)



z c “a.ryse  the a svsten See : TS
- ~ A
suitabie. we Jiscover that the tetrac ~onditions Ko T iE o
€Mare not directly sat:sfied s:nce T does ncs wvanish after
the conformal rescg.ling
a - A A
O = ﬂ O
sl
a
IA = 1 - i
- X : . A A . X "R A .
This, the spin frame [O , U ] assoc.:ated w.th [O, U] unde
< .
conformal rescaling s not suitable However, 1§ e
accompany ;;;.conformal rescaling by a null —rotvtaticn about
the tetra vector ¥a (= 0Oa0a) with parameter ¢ obtained by
solving
DC = Ww o - .
s ! [
' A/ "/A
then (wlth respec* to ‘the new frame (O 1% 1), we now
maintain the desired tetrad conditions *
A L A
) Kez W = €. = O 7.15
The explicit analytlc torm of ¢ is obtained by solvxng 7.14.,

We obtain the followlng result
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Wwe shall ncw work out the transicrmation exg
A
metric variables from ™M +c M nder & conf
4
and a null rotation  abour Ko - we cbta.n
resu.ts:
N e —_
w = w T C
. A _ ﬂ—‘ﬁ’-‘(W'—g\a Q—*gl@‘“ﬁj
2L oL
Al I =,
— A _ =
U = —CC 4 cw > Cw * U
1, N :
’ - —\ P,
u = 757U -920-X30-%30])
A ) oM 2t
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¥ \ !
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Ay A
gl TLE El‘
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v f 2. 2
AT A A _-1
; X = X +cg + cf
?& 5' A *
X

%

v

hl

é&h deriving the above expressions for the metric variables,

v

we use

A

the

erators 1n

D o=

following relations between the differential

M and &:
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the primes will from now on be dropped for convenience.

Similarly, the relation between the rest of the NP variables

A .
. . A . . A
in M relative to (o, \*] and those in X relative to o,

U} can be. worked out using the transformation relatlons

worked out in chapter three We now present the (generglized
Newman-Unti-type) asymétotic expansféﬁ solutions to the
field equations: (In effect, we are transcribing the
solutions 1in the unphysical space W into the physxcal space

A

m using the techniqgues just élSCUSSEd)

metric variables - )

B maret —elaneds & 3“ e BT )
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The ‘results obtained by transcribing the spin coefficients

from the unphysical space M to the physical space M\ are as

follows:

spin coefficients:

A —0o—o _—12 g = A ol
A = & r7 A TA Ty Y_ —'\Tf ®oo T+ \o \°\04
+ ido A\:ll r~3 < DQV“*)
A Y
’é - -—:o\" \ _c_o‘xor__ ~ (‘_ _%.\V\\)_ —-o\ra\l

A . Y ) | s A8y
P = - r* "'[ \0'0\ * Qtao Xr - ';’_ oo © ! *'TO(__S)
A _..' 3 T Y ’\t)l -3 Y‘ L—\Vh) N o;("
.r-\ - E_H_ééoo lwl, v i _3 o +b°~ '
. 3 o mAW AW % A(5) " S " -
- ?-.- o 2 \00 - %Q?o 90° — % ¢03 * Jj’aékoi l + O(\"-
) Py © o
A - | l - \
o = 0'°r'1 +'[ \o-o\lo- “+ 0"°¢°° - .L\_yo )} “

~

R °¢o°1r v ot

P \. -
Y R LA LA s
. td\b w‘m _:q,\") _5';\(%) A ?3 Q(:?, 4+ .‘Li« ’5 Q‘

23 4RIt « o)

. l:

A
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The solution for the Riemann tensor (ie. Weyd and Ricci

tensor) components under this scheme is as follows:

Weyl _tensor components

o

W - & -3
W, = wleT® o+ ‘«’;ﬂ Bl O(f )

A ® AG) N
w¥ooo= \\"v“ﬁri'b(bm-‘\- B v, +‘-\—¢3°°'50-

+ i -3?\»\ - ‘é&‘g) 1\,-5 N Ogr—b>

A AW —aw) A
Y, = W, r? o [’aw -402%,,+ . 4N

o * ‘Q&\:) ~ & q,‘l‘; .Xr"“' + O(r _5>'.

—4(|) ~(3) .~ A
G e 3L R 33 e
¥ o(r™")
A e  aeed® L rma -
R e R S TN e i T

v o(?)

s . o ”
L

" Ricci tensor compcnents:
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o= & it s+ 0(e7Y)
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Q\’L = Q\’L \'~~ * O(F >
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The frequ-spgcifiable data set D, given bf expression 7.01,
the abbrevfations stated in equatigns 7.05 as well éé the
u-developdﬁni (time depenaeng) equation for the fregly
specifiable components of the  Riemann tensor given by
egquations 7.06, are applicable both in the unphysical - space

N . . .
M end the physical space M. We shall now present solutions
Aab S
-for the contravariant metric . tensor 9 . in the physical
A - .- b
space M\ . In order to do SO, we may use ﬂ'e'conformal

'réscaling expression: . » ’
rabo \) . )
v = Y : 7.19

But ‘we must aqcompéﬁgﬁithe conformal rescaling with a
_co-ordinate transfo}mapiqh: . ’ ‘ ’

cT : [u, hl,Zl*——i (u,n, (.0 - 7.20
Thus,  the required trahscriptiéq focrmela  feor vhe

. ‘3" «,
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contravariant metric tensor 1s given by:

Aqlb/ \ ! 4 o
3 = L7 B¢t 2xe gt

3x? Axb . 7.2

An eguivalent but less glamourous way 1s to use the equation

7.07 with some modifjcations: In particular 1f we set fa=1

-

A
and replace the metric variables by their values in W |,

we
shall obtain the following component eguations for %Qb
'\,o «*loa ~o3 ~ ’
o . o
9 = = 9 = O 9 = 1
A/‘\ ‘A., AT A Rl\l L4 ’ A/_:’ _A_’ Ny
=2l u-ww) 37 = X~ LE-wg
N A, N Al N Ar 2 :
12 ' 23 ’
37 = —258§ 3% = —Lg & +6 8 |
/ Al A/ Ay
3 —h1 33 o A
3° = 9 3 = 3
. . | g
L |

The primes will be dropped.-

‘1f we use either 7.21 or 7.22, we obtain the following

-

solutions for the contravariant metric tensor components in.
N ’ ,

the physical space W
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. AL
The covariant metric tensor in the physical space | 1s
obtained Sy using the relation:

A

Sq/b’ = ﬂfl 'a_vf Bxb ~qu
3;0/ raxb' 7.23

L3

Equivalently, we can " obtain the . components of 3;g by

inverting the matrix

-

n . (9 ¥ o o
( SQb - \0 u T A A \
) ‘g : 31 93 <
A2 %13 /

q
:‘. O 91‘ %
o- §

We obtain the following results:

covariant metric tensor components
A A(3) 2y . (*)

Yoo = 1‘*\\ + lyo‘r’ + (. %ﬁ?“ DA SV U T o
RS S A AR SIS ¥ N

A
+ L ) o .
T 8o ®. v Tlem3
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The space-time metric (or line element) ds* is therefore
i gévén by - ) ’
AR /
. s o
¢ . y .
Az A : A , A \
e A = "goo Auéu + 1 So\ Au&r + 18013\*413
. _ . ' ca ¢
‘ 4 29 dudT + 311%@(&4, v 29,4147
* &3 A —
N .333‘3'4.4L
' 7-15.

. ,
where. the components' of 9., are as given by the -expressions

of 7.24.
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’ CONCLUDING REMARKS
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appearing in the free data set

of the stress-energy tensor.Q, ;

The current’ generalized NU-type asymptct:c sclution

.

applies to all arbitrary sources whose fields show Sachs’
. . :
"peeling-off" property -- €.9. the Weyl curvature tensor

.decays according to the relation

=5+n . ' -
o O(r‘ > ) . where N € (o1 1243 “)
The resultsvapply to those fields of arbitrary spi?s'Such as

v

vecter . fields (photons!, spincr fields (neutrincst, and
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®, - As above, we define RQQ;=2“\a:cE> (- by Inoacdition

we make the defintion
) ~ —
: cb\\ = 2 Q\ 6?\
where is the onliy non-vanishing component ci the electric
field.. .
| " (
it we complexify~) . we can Obtain COmpie€X space-times
. : _
in the same manner that real space-times are obtained. The
generalized NU-type asymptotic solutions will lpok formally
the same as 1in the re%lcase preéented )p this research. But
NP variables which are '“eal in the real space-time Dbecome
complgx and variables which are comﬁlex conjugates become
independent ubon complexification. Notationally, the Dbar

5ver such a variable 1s replaced by a tilde . Thus it 1s

A
possible to modify our current results in the real space M

i

such as to apply to complex space as well.
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