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Abstract

In order to operate solid oxide fuel cell (SOFC) systems, it is necessary to investigate 

dynamic characteristics of SOFC through modeling and simulations. In this thesis, 

SOFC dynamics is presented in the form of non-linear state-space model (SSM). 

Performance and responses of SOFC are investigated through simulations. This thesis 

consists of four stages in solving the problems of interest.

First we investigate how fuel enters the cell surface and produces electricity. 

Dynamics led by diffusion process and inherent impedance is investigated and modeled. 

Dynamic correlations between parameters in the primary flow and in the immediate 

vicinity of the triple phase boundary (tpb) are considered in the form of transfer 

function as well as ordinary differential equation (ODE). A new equivalent circuit that 

can emulate both internal and external dynamic characteristics of SOFC is proposed 

to represent the effect of inherent resistance and double layer capacitance. Through 

simulations, a phenomenon of slow response of voltage in current interrupt experiment 

is explained.

In the second stage, we consider transport processes from the cell surroundings 

to a finite volume of tubular SOFC composite, such as internal reforming/shifting 

reaction, fluid transport, and heat transfer. Combined with dynamics developed 

from the first stage, a detailed SSM with 28 states is developed. Mole fractions, 

temperatures, flow velocities etc. are investigated and dynamically modeled through 

mass/energy/momentum balance. Dynamic responses of each physical variable to step
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changes of inlet variables as well as load changes are investigated through simulations.

In the third stage, the dynamic model for the finite volume of tubular SOFC is 

expanded to a one-dimensional (1-D) dynamic model, in the form of non-linear SSM. 

With known total current demand, the dynamic current density distribution is developed 

by solving the equivalent circuit. Non-flowing solid phase variables are dynamically 

modeled. Dynamics of the flowing phase variables and their distributions are developed 

in the form of partial differential equations (PDEs).

Aiming to solve the distributed parameter problem approximately, an innovative 

analytical solution for a 1-D reacting gas flow problem is developed. The solution 

is applied to the 1-D dynamic model of SOFC. The developed model can reduce 

computations while maintain reasonable precision. The explicit solution makes the 

1-D dynamic model more applicable for further control studies. Dynamic performance 

and parameter distributions of SOFC are investigated through simulations.

Finally, with the aim for simpler control application, an 2nd order nonlinear 

lumped parameter SSM is built. Input-output parameters of the SOFC stack are 

analyzed. Faster processes are approximated by their steady state solutions. Solid 

phase temperatures are modeled by dynamic equations owing to their slow response and 

dominant role played in SOFC dynamic responses. Simulations show that the lumped 

model can reasonably approximate dynamics of the SOFC shown by the detailed model.
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Nomenclature

Nomenclature

A area (m2)

A a anode side flow channel cross section area (m2)

Ac cathode side flow channel cross section area (m2)

«h2o activity of water vapor

aH2 activity of hydrogen

ao2 activity of oxygen

c concentration (mol m-3 )

Cct charge transfer capacity (F)

Cp specific heat at constant pressure (J mol-1 K-1 )

cv specific heat at constant volume (J mol-1 K 1)

D diffusion coefficient (m2 s-1 )

D hydraulic diameter (m)

dV volume of an element control volume (m3)

E voltage (V)

Ei\a,u anode reaction activation energy (J mol” 1)

■Eact,c cathode reaction activation energy (J mol-1)

E h radiation energy emitted by black body(J)

E e electrical energy (J)

E v activation energy of reforming reaction (J mol-1 )

F Faraday’s constant (=  96487 C mol-1 )

f friction factor
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Fa force acting on anode side fluid body (N)

Fc- 1 view factor from cell tube to injection tube

Fc force acting on cathode side fluid body (N)

Ag f  Gibbs free energy released (J mol-1 )

AH  reaction heat (J mol-1 )

H  enthalpy of formation (J mol-1 )

h convection heat transfer coefficient (W m-2 K-1 )

I  current (A)

i current density (A m-2 )

io exchange current density (A m -2 )

// limit current density(A m-2 )

j  diffusion flux (jumol s-1 m -2 )

J r reaction rate at reaction sites (/imol s-1 )

Js consumption rate flowing into the outer surface of diffusion layer
(jtimol s-1 )

K  reaction rate coefficient

k conductivity (W m2 K-1 )

/a thickness of anode diffusion layer (m)

lc thickness of cathode diffusion layer (m)

IrcX length of charge transfer resistance (m)

Ir0 length of pure ohmic resistance (m)

M  mole mass (g mol- 1)

m mass (g)

h mole flow rate (mol s- 1)

N  mole number (mol)

AP pressure gradient (atm)

P pressure (atm)

P° standard pressure (atm)
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^h2o

ptpb

q

R

Ra

^load

R 0

Rnd

rr 

f s

S

T

%t

V

Vout

Greek Letters

e porosity

Vact activation loss (V)

M viscosity(Pa s)

(Zvf) diffusional volumes

1 mole fraction

P density (kg m“ 3)

Pcct specific capacitance of charge transfer capacitance (F m” 2)

PRa specific resistance of charge transfer resistance (£2 m 1)

PR0 specific resistance of pure Ohmic resistance (£2 m” 1)

O Stefan-Boltzmann constant (=  5.6697 x 10” 8 W m” 2 K”4)

vapor pressure of the steam at the temperature considered (atm)

partial pressure in gas bulk (atm)

partial pressure in the immediate vicinity of tpbs (atm)

heat flux (J s” 1 m” 2)

gas constant (— 82.05 x 10” 6 J mol” 1 K” 1)

charge transfer resistance (£2)

load resistance (£2)

ohmic resistance (£2)

radiation heat transfer resistance

reforming reaction rate (mol s " 1 m”2)

shifting reaction rate (mol s” 1 m” 2)

Laplace operator 

temperature (K) 

average fuel cell potential (V) 

voltage (V)

fuel cell voltage out (V)
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T shear stress (Pa)

T tortuosity

^ space constant

Superscripts 

0 

b

gen 

in 

out 

r

s

tpb

Subscripts

0 inner surface of injection tube

1 outer surface of injection tube

12 binary diffusion

2 inner surface of cell tube

3 outer surface of cell tube

a anode

act activation

c cathode

cell cell tube

cond conduction

conv convection

et charge transfer

eff effective

eq equilibrium

f fluid

at standard pressure

gas flow bulk

generation

inlet

outlet

flow at the reaction site

flow at the upper surface of diffusion layer

triple phase boundary
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H2 O water vapor

H2  hydrogen

1 fuel ingredients

j air ingredients

k Knudsen

load load

N2 nitrogen

0 2 oxygen

o ohmic

out output

r reforming reaction

rad radiation

ref reforming reaction

s shifting reaction

t inside injection tube

w wall
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Introduction

An overview of this work is provided in this chapter. The motivation of first principle 

dynamic modeling of Solid Oxide Fuel Cell (SOFC) is introduced. The principle of 
fuel cell technologies is briefly explained. The development of the SOFC modeling 
is reviewed through published literatures. The objective and the methodology are 
highlighted, followed by the outline of the thesis.

1.1 Motivation

Fuel cell is a highly efficient power generation technology. It directly converts 

chemical energy into electrical energy without the traditional combustion —> heat —> 
kinetic —> electrical process. Solid oxide fuel cell (SOFC) is identified as one of the 
most likely fuel cell technology that will capture the most significant market in the 
future. Considerable amount of research and development work has been devoted 
to investigating SOFC system, making the SOFC system closer to the commercial 
application. However, before SOFC system can be marketed as a distributed power 
source, the dynamic operation problem, namely control problem must be resolved.

1
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Sec. 1.2 Fuel cells 2

Thus, dynamic modeling of SOFC is a necessary first step towards this direction.

Although numerous modeling work has been done, study on dynamic characteristics 
of SOFC is relatively sparse and incomprehensive. So the goal of this study is:

1. Investigate physical processes that affect the dynamic properties of SOFC;

2. Describe these processes through some appropriate mathematical models;

3. Investigate dynamic characteristics of SOFC through simulations.

1.2 Fuel cells

Electrochemical fuel cells convert fuel directly to electricity. Their modular nature, 

coupled with their ability to generate electricity cleanly and efficiently, makes them 
attractive for a wide variety of applications. There are six different types of fuel cells 
that have received varying degrees of development:

•  Alkaline fuel cell (AFC)

• Proton exchange membrane fuel cell (PEMFC)

•  Direct methanol fuel cell (DMFC)

•  Phosphoric acid fuel cell (PAFC)

•  Molten carbonate fuel cell (MCFC)

•  Solid oxide fuel cell (SOFC)

Recently, the low temperature proton exchange membrane fuel cell (PEMFC) and the
high temperature solid oxide fuel cell (SOFC) have been identified as the likely fuel
cell technologies that will capture the most significant market in the future.

The basic principle of a typical hydrogen SOFC is shown in Fig. 1.1. The chemical 
reactions inside the cell that are directly involved in the production of electricity are:

At anode tpb: H2 +  O2

At cathode tpb: - 0 2 +  2e

>H20  +  2e"
7 0 .1)

>o2~
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Figure 1.1: Principle of solid oxide fuel cell

At the anode of the SOFC, the hydrogen gas reacts with oxygen ions migrated from 
the electrolyte, to form water and release electrons. At the cathode, oxygen ionizes 

with electrons and creates O2- ions. O2 ions are transported to anode though the 
electrolyte. Electrons produced at the anode flow though an external electrical circuit 
and reach the cathode. These reactions therefore both proceed continuously, and supply 
electricity to the external circuit. Usually, SOFC works at a high temperature, in the 
range of 800 — 1000°C, to reach the electrolyte’s ionic conductivity requirement.

SOFC stacks have different geometric configurations, but can be generally classified 
into two categories: planer and tubular. The tubular SOFC appears to be more 
promising. The most advanced configurations are integrated planar-tubular SOFC (IP- 
SOFC) design of Rolls-Royce and the integrated tubular-planar SOFC of Siemens- 
Westinghouse. The recent tubular design of Siemens-Westinghouse is shown in Fig. 1.2. 
The arrangement of the air-electrode-support (AES) tube can be found in Fig. 1.3.

A large amount of literature about SOFC has been published . Most of the work has 
focused  on investigating electrochem ical characteristics, such as reaction m echanism s, 

state-of-the-art cell components, new materials, etc. Modeling of SOFC performance 
is also an important step in investigating the properties of SOFC.
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Figure 1.2: Tubular SOFC stack developed by Simens-Westinghouse [Fuel Cell Hand 
Book]
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1.3 Literature review

1.3.1 Steady-state modeling

Modeling of SOFC may be classified according to specific SOFC geometry since the 
geometry of SOFC affects its performance greatly. Early mathematical modeling of 
tubular SOFC was performed by Dunbar (1983) and Wepfer and Woolsey (1985). 

Debendetti and Vayenas (1983) were among the first researchers who modeled planar 
SOFC. These authors developed 2-D models, which approximate the cell stack as a 

set of unit cells operating as continuously stirred tank reactors (CSTR). Heat and mass 
balances are made on the unit cells. For the monolithic cell, a 2-D model was developed 
by Ahmed et al. (1991) following a similar approach as the unit cell approximation 
described previously.

Limited by manufacturing technologies for monolithic planar SOFCs, the tubular 

SOFC becomes one of the few practicable designs (Larminie and Dicks, 2003), and 
most of research interests were turned to tubular SOFC.

Campanari (2001) presented a thermodynamic model of a tubular SOFC stack, with 
natural gas feed, plus internal reforming of hydrocarbons and internal air preheating. 
Li and Chyu (2003) modeled and analyzed the heat and species transport processes 
including reforming process in a tubular SOFC that works in a cell stack, using the 2-D 
finite element method. In their modeling work, they considered the heat generated by 
the SOFC cell in a great detail. While Campanari and Iora’s (2004) work emphasized 
more on activation loss in an 1-D finite element model and analyzed the parameter 
sensitivity.

Varying from simple to detail, these modeling approaches gradually combined mass 
transport, heat transfer, cell polarizations, and internal reforming etc. The steady-state 
performance of SOFC becomes clearer with increased details of the models. However, 
the dynamic properties of SOFC can not be revealed from these studies.

1.3.2 Inherent impedance

One important source that affects the dynamic behavior of fuel cell is the inherent 
impedance. The inherent impedance of fuel cell is well studied via electrochemical 
impedance spectroscopy (EIS) method. Now the EIS test has already become one of
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the standard methods in investigating the electrochemical properties of fuel cells.

The inherent impedance includes the ohmic resistance, grain boundary resistance, 

reaction resistance, and the double layer charge transfer capacitance. It is usually 

modeled as an equivalent circuit. Macdonald (1987) introduced the EIS method in 
a great detail including some methods of identification of the inherent impedance 

parameters. A more accurate method to determine the double layer capacitance was 
proposed by Berthier et al. (1995).

By testing EIS at different operating points, Wagner et al. (1998) experimentally 

studied the inherent impedance of SOFC and PEMFC in detail. From the Bode plot 
of EIS, the behavior of diffusion and the effect of the double layer capacitance were 
observed and approximated by an equivalent circuit.

The inherent impedance is also related to the electrochemical reactions, and the 
investigation of the reaction characteristics is therefore an important subject. Holtappels 
et al. (2001) analyzed the electrochemical characterization of SOFC anode, including 
the Ohmic resistance, and the polarization resistance. While Jdrgensen and Mogensen 
(2001) studied the electrochemical properties of SOFC cathode, Mitterdorfer and 
Gauckler (1999«) investigated the dynamic reaction kinetics of SOFC as well as the 
dynamic charge transfer properties. They also developed methods for identification of 
the reaction mechanism of SOFC (Mitterdorfer and Gauckler, 1999b; Mitterdorfer and 
Gauckler, 1999c).

By means of the equivalent approximation of inherent impedance, the electrical 
characteristics of fuel cell may be simplified as equivalent RC circuits. So the effect 
of inherent impedance on voltage and current dynamic behavior is similar to an RC  
filter.

1.3.3 Dynamic modeling

In order to investigate dynamic characteristics of SOFC, some dynamic modeling 
work and simulations have been performed in the molecular scale (Yamamura et 
al., 1999; Perumal et al., 2002). However such micro dynamic models are not suitable 

for macro applications.

Early macro dynamic modeling of SOFC was performed by Achenbach (1994; 
1995). He examined the transient cell voltage performance of a cross flow planar SOFC

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 1.3 Literature review 7

cell due to the temperature changes and the perturbations in current density. In his study, 
the SOFC is an electrode-supported, direct internal reforming planar SOFC.

Other modeling efforts reveal some discrepancies between zero-, one-, and two- 

dimensional modeling. Domergue et al. (1998) and Lukas et al. (1999) have likewise 
proceeded to model dynamic MCFC performance using lumped models. Models 

proposed in (Liese, 1999) and (Gemmen, 2000) have demonstrated some success with 
a one-dimensional methodology on MCFC and SOFC. Because the reforming/shifting 

reaction in MCFC is similar to that of SOFC, their research is applicable to SOFC 
development.

The dynamic model given by Padulles et al. (2000) included the species dynamics 
in stack-level the first time. Zhu and Tomsovic (2001) adopted the model of Padulles 
et al. (2 0 0 0 ) for analyzing the load-following performance of micro-turbines and fuel 
cells. Based on their efforts, Sedghisigarchi and Feliachi (2004) combined Achenbach’s 

(1994) heat transfer dynamics and Padulles et a/.’s (2000) species dynamics together 
and simulated the dynamic responses. Only the lumped dynamic behavior of species 
along the fuel/air channel was considered in these models. Besides heat transfer 
dynamics, Xue et al. (2005) and Gemmen and Johnson (2005) considered mass transfer 

dynamics induced by flowing process in their models. Furthermore, Iora et al. (2005) 
included species dynamics caused by internal reforming/shifting reaction in their 

model. However, none of these models incorporate the dynamics of diffusion processes, 
inherent impedance, and the dynamic relations between flow and heat transfer.

Although several dynamic models of SOFC were proposed with different 
complexity, they are not sufficient to capture the dynamic characteristics of SOFC. 
The dynamic models proposed in (Achenbach, 1994; Achenbach, 1995; Padulles et 
al., 2000; Zhu and Tomsovic, 2001; Sedghisigarchi and Feliachi, 2004) aimed to 
solve control problems but the models are too coarse to capture the essential dynamic 
properties. The models developed by Xue et al. (2005), Gemmen and Johnson 
(2005), and Iora et al. (2005) considered more details but their emphasis are more 
on mechanism investigation not on dynamics. By considering parameter distributions, 
these distributed dynamic models are computationally expensive and not suitable for 
control applications.

Aiming to fill these gaps, this investigation started from the study of the dynamic 
effects led by diffusion and inherent impedance (Qi et al., 2005). The dynamic 
effects ranged from fluid dynamics, mass and heat transfer, to the diffusion and the
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electrochemical conversion were investigated next (Qi et al., 2006). The distributed 

1-D dynamic model was solved by developing an approximated analytical solution for 
the 1-D reacting gas flow (Qi et al., 2007a); the resulting distributed dynamic model 

is computational more efficient and more suitable for control applications. Based on 
the understanding of the dynamic characteristics of SOFC, a lower order state space 
model of SOFC that can capture the key dynamic characteristics of SOFC was specially 
developed for simpler control applications (Qi et al., 2001b).

In the system level, with the understanding of dynamic properties of SOFC through 
modeling, recent investigations of SOFC system level dynamics have focused on 
modeling subsystems of SOFC by accounting the lumped parametric mass and energy 
balance (Stiller et al., 2006; Wachter et al., 2006; Murshed et al., 2007; Kandepu 
et al., 2007). Considering mass and energy balances, dynamic models developed in 
these literatures can basically capture the main dynamic characteristics. Therefore, 
the control strategy and controller development based on these models are meaningful. 
But the internal reforming/shifting reaction is usually not considered; thus these models 
have significant deviations from actual SOFC operations.

1.4 Objective

Fuel cell is an energy conversion device. It converts chemical energy of H2 , O2 etc. to 
electricity. The problem we will consider is how fuel and air inputs dynamically affect 
the electricity energy outputs and temperature distributions in the cell.

In order to control the stack operations, one needs to know not only the static 
relations between inputs and outputs, but also the dynamic relations. The objectives 
of this research are to investigate the dynamic relations between fuel and air input flow 
rates, temperatures, pressures, electricity energy outputs and cell temperatures etc.

In addition, as a tradeoff between the lumped model that has larger error and detailed 
distributed model that has larger computation demand, an approximate analytical 
solution for the distributed dynamic model is developed. The objectives can be 
summarized below:

• Modeling the dynamics of SOFC;

•  Simulations and investigations of dynamic properties;
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Figure 1.3: Mass transport to reaction sites and control volumes for a SOFC tube

•  Approximate analytical solution for 1-D dynamic model;

• Development of control relevant state space models.

1.5 Approach

1.5.1 Methodology

From the entrance, fuel and air must pass through three stages to reach the reaction sites 
in each cell tube: 1 ) flow from entrance to flow bulk upon tubes; 2 ) pass through tubes; 
3) diffuse from flow bulk to reaction sites; as shown in Fig. 1.3.

Input flow rates are controllable and diffusions determine the electricity output 
directly. The flow bulk upon the tube connects the input flows and diffusions. These 
three stages affect each other. The modeling of SOFC is divided into four main phases 
at different levels of complexity:

1. Modeling the behavior of diffusion and the behavior of electrochemical reaction 
in the control volume V I, as shown in Fig. 1.3.

2. Modeling the heat transfer dynamics in the same control volume V I.

3. Modeling the dynamic mass transport and heat transfer in gas flow in control 
volume V 2 \
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Figure 1.5: Schematic input/output of each phase modeling

4. Combining and then expanding the models for the control volume VI and V2 

into the 1-D mass/energy balance dynamic model along the z-axis.

The flow chart of the different phases of modeling is shown in Fig. 1.4. The schematic 
input/output of each model is shown in Fig. 1.5.

1.5.2 Tools

To handle the transient behaviors, one of the most important mathematical tools is 
the Laplace transform. It can convert models from time domain to frequency domain, 
and convert the partial differential equations (PDE) to ordinary differential equations 
(ODE).

To develop and solve equations, a useful software is Maple, which can perform 
symbolic calculations and is particularly useful for computations related to Laplace 
operator. The main simulation platform for the dynamic models is Matlab.
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1.6 Outline

The thesis is divided into 6  chapters including this chapter according to different 

research phases. Chapter 2 to 5 provide details in each of the four phases of model 
developments. This thesis has been written in the format in accordance with the rules 

and regulations of the Faculty of Graduate Studies and Research, University of Alberta. 

Some chapters have been published in journals and conference proceedings. In order 
to link the different chapters, there is some overlap and redundancy of material. This 
has been done to ensure completeness and cohesiveness of the thesis material and help 
the reader understand the material easily. A summary of each chapter follows:

1. Dynamic effects led by diffusion and inherent impedance are modeled and 
investigated through simulations in Chapter 2.

2. Chapter 3 models the dynamics induced by mass/heat/momentum transport 
processes. Dynamic properties are investigated through simulations.

3. The dynamic model is expanded to a 1-D dynamic model in chapter 4. An 

approximate analytical solution to 1-D reacting gas flow problem is developed 
and applied to the dynamic 1-D SOFC model.

4. A low order dynamic model developed for control application is discussed in 
Chapter 5.

5. Chapter 6  concludes the thesis with a summary of main contributions and future 
work.

Due to proprietary reasons, SOFC manufacturers do not provide experiment data or 
the provided data are incomplete, especially the dynamic data. Thus experiment data 
rarely appear in the literature. In fact, the experiment studies have indicated that the 

repeatability o f SOFC data is low at this stage o f SOFC development. This thesis has 
thus em p lo yed  va lid a tio n  f o r  the  d eve lo p ed  m o d e ls  w h en ever  it is fe a s ib le  a n d  a s the  

best as we can. All validations are performed in accordance with common practice in 
SOFC literature.

This research aims to exploring and understanding the complex dynamic behavior o f  
SOFC, by considering underlying first-principle mechanisms. Thus calibrating a model 
to fit experiment data is not within the scope o f  this thesis.
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The Effect of Diffusion and Inherent 
Impedance

With the aim of dynamic simulation and control, a cell-level nonlinear state-space 
dynamic model of SOFC based on physical principles is built. It demonstrates that 
reactant diffusion processes from gas flow bulks to triple phase boundaries (tpb) play 

an important role in the dynamic behaviors of SOFC. The simulation shows that under 
certain condition, the effect of the double layer capacitance may be neglected. The 
phenomenon of slow rise of voltage in current interrupt experiment may be explained 
by the dynamic behaviors of partial pressures in the vicinity immediately above tpbs. 
A new equivalent circuit is proposed. Based on the new equivalence circuit, the 
phenomenon of current overshoot is predicted. 1 

keywords:
SOFC, dynamic modeling, simulation, diffusion, impedance

*A version o f  this chapter was published in the Journal o f  Power Sources, 150(2005), 32-47

12

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 2.1 Introduction 13

2.1 Introduction

SOFC is a type of fuel cells identified as the likely fuel cell technologies that will 

capture the most significant market in the future. SOFC uses a special solid oxide 
cermet (mostly yttria-stabilized zirconia YSZ) as the electrolyte and usually works 

at a high temperature, in the range of 800 — 1000°C to reach the electrolyte’s ionic 
conductivity requirement. A large amount of literature has been published about 
SOFCs as well as other fuel cells. Most of the work has focused on investigating 

static electrochemical characteristics, such as reaction mechanisms, state-of-the-art cell 
components, new materials, etc. For the purpose of dynamic simulation and control, 
the dynamic characteristics of fuel cell must be understood. In this chapter, a dynamic 

model of SOFC at cell-level is proposed to investigate the dynamic properties of fuel 
cells.

Early macro dynamic modeling of SOFC was performed by Achenbach (1994; 
1995). He examined the transient cell voltage performance of a cross flow planar SOFC 
cell due to the temperature changes and the perturbations in current density.

The dynamic model given by Padulles et al. (2000) included the species dynamics 
on stack-level the first time. Zhu and Tomsovic (2001) adopted Padulles et al.'s 
(2 0 0 0 ) model for analyzing the load-following performance of micro turbines and fuel 
cells. Sedghisigarchi and Feliachi (2004) combined Achenbach’s (1994) heat transfer 
dynamics and Padulles et al.'s (2000) species dynamics, and simulated dynamic 
responses of SOFC. However, in these models, only lumped dynamic behavior of 
species along the fuel/air channel is considered. The processes of species transport 
from flow bulk to triple-phase-boundary {tpb) have not been considered.

The model proposed in this chapter is a cell-level species dynamic model. It lies 
between micro and macro scale. Because behavior of stack is determined by that 
of cells, the cell-level model is a building block for a stack-level model. Dynamic 
behaviors of voltage, current, gas consumption rates controlled by different load and 
partial pressures are demonstrated through simulations.

The remainder of this chapter is organized as follows: the principle of SOFC is 
discussed in section 2. The dynamic modeling is discussed in Section 3. Relational 
parameters are shown in Section 4. Simulation results and analysis are given in Section 
5, followed by conclusions in Section 6 .
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Figure 2.1: Principle of solid oxide fuel cell

2.2 Fuel cell principles

A typical H2 — H2 0 ,Ni[YSZ|Pt,C>2 fuel cell is shown in Fig.2 .1 . The chemical 
reactions inside the cell that are directly involved in the production of electricity are:

At anode tpb: 

At cathode tpb:

H2 +  0 2“ -^H 20  +  2e“ 

^ 0 2 +  2 e“ —>0 2_
(2 .1)

2.2.1 Voltage output

In the ideal situation (reversible), electrical work is equal to the Gibbs free energy 
released Ag f, i.e.

A gf  = -2 F E  (2.2)

The electromotive force (EMF) or reversible open circuit voltage E  of the hydrogen 
fuel cell is given as:

E  = z M i
2 F

(2.3)

where F  is Faraday constant.

Partial pressures or gas concentrations affect EMF through the Nemst equation
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(Larminie and Dicks, 2003):

o R T (  «h2 • \
E — E  +  —  In I (2.4)

2 F  ^  aH2o y

where «h2> ao2 and oh2o are activities. If gases behave as ideal gases, the activities are:

Ptt2 Po2 Pw2o
° h 2 ~  p 0  ’ a °2  ~  pO ’ a H 2 o  —  o

h2o

where pu2, po2, and pu2o are reactant partial pressures, P° is the standard pressure, 

Pjj2o is the vapour pressure of the steam at the temperature concerned. E  is also called 
Nemst voltage. If P° =  /  ̂  0  =  1, the equation can be simplified to:

n R T ( Pn2Po2 ,
E = E + ~ = ;\n \ — | (2.5)

2 ^  I Fh2o

Irreversibilities reduce the cell’s voltage. They are mainly activation loss, ohmic 
loss and concentration loss. The voltage is usually modeled in the steady state form 
(Larminie and Dicks, 2003):

V = E - i R m ~ A \n ( j - ^ j  - £ l n ^ l - - 0  (2.6)

where i is the current produced by the cell. Rm is the inherent resistance of the fuel 
cell. «o is the exchange current, an important parameter of weighting the activity of 
catalyst reaction. i[ is the limiting current, at which the fuel is used up at a rate equal 
to its maximum supply rate. A and B  are coefficients. The second term in the equation 
represents the ohmic loss; the third term is activation loss and the fourth term represents 
the concentration loss.

2.2.2 Current output

Neglecting the transit dynamics of the reactions, the relation between current and 
reactions can be expressed as (Larminie and Dicks, 2003):

/ =  2FJ\^2 =  I F J ^ o  =  4FJq2 (2.7)

where superscript r represents the fuel consumption or water vapor production rate at 
tpbs.
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The maximum current that a cell can output is limited by several factors.

First, current output is limited by reaction rates and the area where reactions take 
place. In most cases, reactions are fast in anode. However, because cathode reaction 
is slow (Mitterdorfer and Gauckler, 1999c), current output is limited by the maximum 
ion production rate.

Second, current output is controlled by voltage and load impedance.

Third, maximum current is limited by ionic conductivity of electrolyte. It follows 
Ohm’s law. The limitation resistance usually merged into the inherent impedance. In 

normal operating ranges, the reactions usually do not reach the limits mentioned before. 
Thus the current is determined mainly by Ohm’s law.

The fourth one is reactant supply rates. In cell-level, they are controlled by 

concentration gradients between tpbs and gas flow bulks. When the current output 
increases, the hydrogen and oxygen concentrations at tpbs decrease to create larger 
concentration gradients. Once one of them decreases to zero, the supply rate reaches its 
maximum. Current can not be increased anymore, and it is the maximum current fuel 
cell can provide.

2.2.3 Dynamic process of fuel cell

When fuel gases are fed to cell, they must flow through the gas boundary layers, porous 
support layers and porous electrodes to tpbs, where reactions take place. Neglecting 
the reaction dynamics, these mass transport processes are the main dynamic sources 
of the fuel cells operated under the isothermal condition. The dynamics of fuel cell 
including rate determination steps etc. may be expressed by transfer function block 
diagram, shown in Fig.2.2.

Another important source that affects fuel cell’s dynamic behavior is its inherent 
impedance. Fuel cell including SOFC’s inherent impedance is well studied via 
electrochemical impedance spectroscopy (EIS) method (Macdonald, 1987; Mogensen 
and Skaarup, 1996; Wagner et al., 1998; Jprgensen et al., 1999; Barbucci et al., 2002; 
Holtappels et al., 2001; Jprgensen and Mogensen, 2001). They can be simplified as 
equivalent RC circuits. So the effect of inherent impedance to voltage and current 
dynamic behavior is similar to a RC filter.
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Figure 2.2: Schematic block diagram of fuel cell
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Figure 2.3: Definition of finite volume in different SOFC cells

2.3 Modeling approach

2.3.1 Assumptions

1. An elemental volume of H2 — H2 0 ,Ni|YSZ|LSM, air cell (Wagner et al., 1998). 
The definition of the elemental volume in different SOFC cells is shown in 
Fig.2.3.

2. Cell’s external load is a pure resistance.

3. Temperature is constant and uniform throughout the elemental volume.

4. Gas partial pressures in flow bulks surrounding the elemental volume are 
uniform.

2.3.2 I/O variables

The aim of the model to be developed is to describe the external characteristics. So 
input variables are related to inputs of SOFC. Output variables are cell’s power outputs, 
such as voltage, current etc.

The first input variable is the external load. Under the normal operating conditions, it 
is external load that determines the current output i and so affects the reaction. Different 

load impedance affects the output properties in different way. In order to investigate the
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Table 2.1: Input and output variables

Inputs

^load Load Resistance

Ph2 Partial pressure of hydrogen in anode gas bulk

Po7 Partial pressure of oxygen in cathode gas bulk

Pb 7o Partial pressure of water vapor in anode gas bulk

Outputs

Vout Voltage output of SOFC cell

i Current output of SOFC cell

Pn? Hydrogen consumption rate of SOFC cell

U2
Oxygen consumption rate of SOFC cell

Isj h7o Hydrogen consumption rate of SOFC cell

basic dynamic behavior of the current output, load impedance is assumed to be a pure 
resistance R\oa(i in the model.

Other input variables are partial pressures of reactants in gas bulks. They affect the 

reactant supplies and reaction rates directly. For a single cell under normal operating 
condition, reactant concentrations or partial pressures affect the diffusion processes and 

the Gibbs free energy, and thus the voltage. Therefore, other input variables are 

phHi0, and p°Q2-

Output variables of the model include potential difference exerted on the load 
resistance, Pout* current flow through the load resistance, i, H2 and O2 consumption 
rates, J^2, Jq2, and water production rate Jfl2Q-

2.3.3 Diffusion

The path of mass transport from the flow bulk to the reaction site involves two stages: 
First, from the flow bulk to the cell surface layer. Second, through the porous electrode 

to reaction sites (Campanari and Iora, 2004). In the first stage, mass flux diffuses 
through the boundary layer to the cell surface. In the second stage, mass flux diffuses 
inside the porous electrode. In all these two stages, diffusion is the main means of mass 
transport.

One of the most widely used diffusion models is Fick’s law:

dC
j  = - D

dx
(2 .8)
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The mass transport equation can be written as:

dC d 2C
< 2 ' 9 )

where C is mass concentration, D  diffusion coefficient, A  diffusion cross-sectional area, 
and x  diffusion depth as defined in Fig.2.1.

Fick’s law shows that concentration is dependent on diffusion thickness. In order 

to get the concentrations at tpbs, one usually applies the finite element method 
(Mitterdorfer and Gauckler, 1999a; Bieberle and Gauckler, 2000; Chan et al., 2001; 

Chan and Xia, 2001; Chan et al., 2004). However, by means of Laplace transform, the 
analytical dynamic relations can be expressed in the form of transfer functions without 
involving spatial variables.

Developing mass transport transfer function

Perform Laplace’s transform on Eqn.2.9 to convert the partial differential equation to 
the ordinary differential equation (Wayland, 1957):

d2C(s) s

Boundary conditions are:

dx2 D
C (.t)= 0  (2.10)

c»(j) — C(s)
dx |A“ U (2 .1 1 )

X=l

Solving Eqn.2.10 yields:

Cb(s) + ^ M e x p ( - y / ^ l )  r j
c (s)(x ) =  — / / T , u — /— 7 ^ n exp^V n*) 

e x p ( V 5 0  +  exP ( - V s / ) " D

s
exp(—J —x) (2 .1 2 )

exP ( \ / 5 0 + exP ( - \ / j 0  V D  

Assume that the gases are ideal gases and the flow area is A. At tpbs where x  = 0, the 
partial pressure in the vicinity of tpb is:

tpb/ X =  exp(V^ / ) - e x p ( - v ^ / )  1 R T
U  e M V f ‘) + ° x p ( - V V ) V D s A U

pb (s) (2.13)
exP ( V I O + exp ( ~ y / f l )
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On the surface of the diffusion layer, mass flow rate is 7s =  A D ^ \ x=p The dynamic 
relation is:

J  ^  exP ( v l i / ) +  exP ( - \ / p ) /  ^

+  e x p ( 2.14)
exp ( V 5 0 + e xp ( - \ / P )  r t

Approximating mass transport transfer function

Taylor’s expansions of e x p (y ^ /)  and exp(— at z e r 0  w 'th respect to and 
— \ / J 7  respectively are:

I ------------------ I--  1 ? /---/--
/  /  s  * /  5  , 1 ■S ,?  1 s l  ,4  1 ^  ,4  ^  I s ,

£> '  y D 2D  6 D \ 24 D2 VV D

. - / 3 + 4 i i / 4 + c 7 , / I
D \l D ' 2 D  6 0 J + 24D 2 +  V V ®

Substituting them into Eqn.2.13 and 2.14, and neglecting higher order term yield:

p tpb (,v) =  Gjp7r(.v) +  Gppp b (,v)

7s(s) =  Gjj7r(s) +  Gpjph(s)

where:
r  ~ b  ~  RT  _  i

.  i 2  / 4  ^  a  ? ° P P

(2.15)

l +  2Ls +  _/4 2 A ’ pp 1 +  i i ^ + _ il^s2 ’
1 ^  2D ^  24D2 r 2D ^  24D2

r 1 r =^JJ ;2 /4 o 5i +  i i 5  +  _ ^ s2 ’ ~ pj 1 +  i i 5  +  ^ 2 ^ r ’
1 ^  2DS ^  24D2 +  2Da ^  24D2

p tpb is partial pressure in the vicinity of tpbs, pb partial pressure in gas bulks, 7s gas flow
into the outer surface of porous material, 7r gas consumption or water production rate
at tpbs, I layer thickness, A cell area, D  effective diffusion coefficient, R  gas constant,
and T  temperature. So dynamic behavior of partial pressures in the vicinity of tpbs
and gas flows at electrode surface can be determined uniquely by the behaviors of gas
consumption rate and bulk pressure without relying on concentration distribution along
the diffusion path.

In this dynamics description, only two parameters are involved. The first one is the 
thickness of the diffusion layer /. It depends on flow velocity, and can be calculated 
according to fluid mechanics. The second parameter is diffusion coefficient D. It can 
be calculated from correlation equations (Welty et al., 1984).
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Diffusion coefficient

In porous materials, the effective diffusion coefficient is adjusted by (Welty et 
al., 1984):

Deff= - D  (2.16)
T

where e is porosity, T tortuosity of porous materials, and D total diffusion coefficient.

Considering the Knudsen diffusion, the total diffusion coefficient is (Welty et 
al., 1984):

lD = k + k  (217)
where £> 12 is binary diffusion coefficient, and D^ is Knudsen diffusion coefficient. If 
pores are large enough, Knudsen diffusion can be neglected (Welty et al., 1984).

The binary diffusion coefficient D \2 is modeled by the Fuller’s correlation (Welty et 
a l,  1984):

)—2ri-75 (  1 , 1 '\ 0 ' 51 . 0 1 3  x 1 0  r  +
d \2  =  ; ; V ^ (2.18)

(£ v«)i +  (Ev0 l

where T  is the temperature, M\ and M2 are the mole mass of gas 1 and gas 2, (Zv,-)j 
and (SVj) 2 are the diffusional volumes of gas 1 and gas 2 respectively, and P is the total 
pressure. Good agreement between the Fuller’s correlation and measurements has been 
reported in (Solheim, 1992).

2.3.4 Voltage

As described before, fuel cell’s voltage output is affected by gas partial pressures and 
is reduced by concentration loss, activation loss and ohmic loss. The dynamic behavior 
of the voltage is also affected by these factors.

In fact, because reactions take place at tpbs, it is partial pressures in the vicinity of 
tpbs  that affect the EMF. The m ore appropriate expression o f  N em st equation should  

be:
/  tpb tpb \

f A > o 2E = E° + —  In 
IF

\
tpb

P\\2o
(2.19)

where p[r̂ ,  Pq2 , and p ^ q are partial pressures in the vicinity of tpbs.
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The H2 IO 2 consumptions lead to their concentration reductions in the vicinity of 
tpbs. The voltage drop caused by this kind of concentration reductions is named as 
concentration loss in the literature and is usually corrected by a static concentration 
loss term.

The activation loss is the potential consumed to overcome the activation energy 
barrier. It is normally described by the Butler-Volmer correlation (Chan et al., 2001):

, w F  T\act■ I I n  n F f ]  act 1I = 10 i  exp ((5 R T  ) - e x p - ( 1 - 18) - RT
(2.20)

where /3 is the transfer coefficient and Iq the exchange current. The transfer coefficient 
is usually taken as 0.5 for the fuel cell application (Chan et al., 2001).

When j3 =  0.5, the activation loss can be solved from Eqn.2.20:

2R T  . , (  i
t]act,a =  —^TslnhnF  V 2 / 0  a ,

2RT , )  '  (2-21)
t?act,c =  — ^ S t n h

nF  \2/o,c

The exchange currents depend on the activation energy, temperature, and partial 
pressures. They can be calculated as (Campanari and Iora, 2004):

io,a =  7 x 10yA j  exp

i0)C =  7 x 109A (p g ^ j  exp

where £ ’act,a» ^act,c are anode and cathode activation energy respectively. 

Compensating the activation loss, the irreversible voltage is:

(2.22)

E  =  E° + ^  In
tpb ^tpb 2

— t?act,a — t]act,c (2.23)
Ph2 Po2

\
tpb

Pn2 o2 F

with E°  =  1.273 — 2.7645 x 10“ 4 7’ (Campanari and Iora, 2004).

2.3.5 Inherent impedance

When current flows through the inherent impedance, voltage is reduced. The voltage 
drop is called Ohmic loss. The dynamic characteristics of the inherent impedance also 
affect the dynamic voltage behavior of the fuel cell.
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Zi,inherent Cdla die

Figure 2.4: Equivalent circuit of inherent impedance

Inherent impedance of SOFC is complex. Basically, it consists of two charge 

capacitance processes and three resistance processes: anode charge double layer 
capacitance, cathode charge double layer capacitance, ohmic resistance, grain boundary 

resistances and electrode reaction resistances. Because their dynamic behaviors are 

similar to R C  circuits, the inherent impedance is usually modeled as equivalent R C  

circuits. A typical equivalent circuit to inherent impedance is shown in Fig.2.4. Here 
R c is the resistance of electrolyte, R d and R c represent the ohmic and grain boundary 
resistances of anode and cathode, R cVd and R ctc represent the charge transfer resistances 

respectively, and Cdia and Cdic represent the charge double layer capacitors between 
anode, cathode and electrolyte.

2.3.6 Equivalent circuit

Theoretically, impedance spectra plane plot indicates two semicircles for the impedance 
shown in Fig.2.4 (Macdonald, 1987). In SOFC, neglecting diffusion impedance, these 
two semicircles are merged to one distorted semicircle (Wagner et a l ,  1998). This 
means that the whole inherent impedance can be approximated by one R C  unit. In 
another aspect, potential difference is produced between tpbs, inside the two metal 
electrode layers, as shown in Fig.2.1. That means voltage fluctuation due to potential 
change is smoothed by the double layer capacitance. So a reasonable equivalent circuit 

of a SOFC cell is shown in Fig.2.5, where R 0 is the total ohmic resistance in the inherent 
impedance, R ct is the total charge transfer resistance, and Cct is the approximated charge 
transfer capacitance. These three parameters can be identified from impedance spectral 
plan plot (Macdonald, 1987) or Bode plot (Wagner et al., 1998).

This equivalent circuit is different from the one shown in (Larminie and Dicks, 
2003), where the ideal battery is connected in serial with a R C  pair. That equivalent 
circuit shows derivative effect on battery potential change. The derivative phenomenon 
on fuel cell has not been observed and reported in literature. The model shown in
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out load

Figure 2.5: Equivalent circuit of a single fuel cell

Fig.2.5 is an integral circuit. It smooths the voltage output, and appears to be more 
reasonable.

The dynamic behavior of the voltage output based on the equivalent circuit is 
therefore determined by:

1 1 1

Vct ~  r  r  E  ~  r  r  ^ct -  r - 1^ 'C t '- 'C t  ^ C t C - c t  O c t

K m t —  i R o  

Vet
(2.24)

R o  "T ^ lo ad

2.3.7 Model in the state space form

Converting the transfer function form of dynamic relations shown in Eqn.2.15 to 
differential equation form, the dynamic behaviors can be shown as:

Hydrogen consumption rate:

Ju2 — ~ ^ h 2 — +  h\Jft2 +  ^ 3 ^ ;P h 2 >

and partial pressure in the vicinity of anode tpb:

..tpb
P i

r  tpb  , -tpb i R T  Tr ^  R T  jr
-h\Pu2 ~ h2Pu2 - ^ 4 — 7]' h 2 h A

(2.25)

(2.26)

2 4 D hwhere hi — —pr^, ^ 2  =
120 ,Pi 2402

h4 = 240h2
R

Oxygen consumption rate:

IsJo2 - ° i J b 2 ~  ° 2 J q 2 +  ° ^ b 2 +  °3 ̂ P ho 2)

and partial pressure in the vicinity of cathode tpb:

..tpb
Po2

tpb .tpb R T  jr  4  R T  j r I,
-(PPo2 -  ° 2  Po2 -  ° ^ J0 2 -  J - J J02 +0\Po 2

(2.27)

(2.28)
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24D i 1 2 0 0?
where o \  =  o 2 =  — j r x , 03 =  — w ^ ,  0 4

lc Lc lc

Water vapor production rate:

24 D , 2 4 D 02

H ’

^H20  — ” w 1^H20 _  w2^H20  +  vD</h20  +  w3 ^ P h 20) 

and partial pressure in the vicinity of anode tpb:

(2.29)

-tpb  tpb .tpb R T  _ 4  / ? J ’ .
Ph20  =  ~ wlPu20  ~  wm \20  -  w4— /h 20 h  A

^h2o +  wiPh2o (2.30)

where w1 =  ^ 2 2  „  -  l ^ o 24w h2o  24D h o
^ 2  =  —72^, >V3 =  — 3 ^-, W4 = — j r - .

la lrt ln ln

First order derivative of an input variable can be approximated by (Seborg et 
al., 1989):

(2.31)

in the differential equation form:

n —Ku — v 

v = K 2u - K v
(2.32)

where v is a intermediate variable. K is the approximation factor, usually greater than 
10.

Define the input vector as:

u ^load Pu2 Po2 Ph2o\ (2.33)

output vector as:

y = T /  :  JS  TS TS
Vout t ^H 2 0 2 H20 (2.34)

Introduce intermediate variables Vh 2 , Vq 2 , Vh 2o > Vr  and define states as:

x — [Vct J'h2 Jfi2 Vh2 J'o2 Jq2 Vo2 Jb
tp b  . tpb  tpb  . tpb  tp b  .tpb

h  ^h2o ^h2o

V h2o  P h T  P h2 P o7  P o7  P h7 o  p £ o  v r ]  ( 2 .3 5 )

Combine Eqs.23-32, the state-space model is given by:

Status:

KcrCn 1 Cct U\ +Knc t '-c t
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±2 =X3

X3 h\X2  /Z2X3 d- h \ 2 p l(, ; 1^  “I- fl$ jfj* {Ku.2 X4 )

X4  =  K 2U2 — Kx4 

x5 =  x6

X6 =  - O i X 5 - 0 2 X 6  +  O i 2j L I^ ^ ^ + 0 3 ^ ( ^ M 3 - X 7 )

X7  =  K 2U 2 ~  K x -7

xg =  x9

i 9 =  +  +W3^ ( ^ W4_ Xl0)

ry
xio =  K  U4 — Kx 10

xi 1 = X i2

X I2 =  - / Z l X i  1 -  A2X 12 -  h 4
R T  1 *1

R T ± J _  
X la  2F

x\
u\ ~\~Rq

A 2F  u \+ R 0

(.Ku\ - X 17 )*1
(«1 + fl0)2 +  &1M2

* 1 3  =  * 1 4

X14 “ 01*13 — 0 2 X14 — O4
R T  1 Xj

E L I A .
A lc  4F

xi
u i+ R 0 (u \+ R o )2

A  4F  u\ + R a

(KUl- x l7) +  0 1 M3

■*15 =  * 1 6

*16 - W j x 15 -  W2X 16 . . .  R T  1 [ -X i
W 4 A IF  \  u i+ R 0

R T  4  1 
‘ X la  2F

.xi
U]

x\ (Km - x n ) +  Wj«4
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*17 =  K 2u\ — Kx  17 .

Outputs:

y\ k h V 1

y2
_  X,

u\ -\-Rq

y3 — x 2

y4 = X5
ys =  * 8

or in a compact form:
x =  /(x ,u )

(2.36)
y  =  g ( x , u )

2.4 Parameters

This state space model involves several parameters. Numerical values and their sources 
are listed in Table 2.2. These are default parameters for the simulation. In the validation 

of the model, using the available data in the literature we will compare with in the 
following simulations.

2.5 Simulation results

Simulation is done according to the developed state-space model. Steady state and 
transient behaviors of SOFC at different inputs and disturbances are investigated 
through the simulation.

2.5.1 Steady state output and model validation

Direct dynamic data that is useful for the validation of the developed model are not 
available in the literature. We will therefore validate the model according to the 
static experiment results shown in (Wagner et al., 1998) and (Tsai and Barnett, 1997) 
respectively.
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Table 2.2: Parameters used in simulation
Symbol Unit Description Source

4 = 1 [mm] Thickness of anode diffusion 
layer

V-I plot (Tsai and 
Bamett, 1997)

4  =  1 [mm] Thickness of cathode diffusion 
layer

V-I plot (Tsai and 
Bamett, 1997)

A — 1 [cm2] Fuel cell effective area V-I plot (Tsai and 
Bamett, 1997)

C\oIIo [Ohm] Charge transfer resistance EIS test (Wagner et al., 
1998)

* 0 = 0 . 1 [Ohm] Ohmic resistance EIS test (Wagner et al., 
1998)

C =  300 m Charge transfer capacitance EIS test (Wagner et al., 
1998)

oT—HII [kJ/mol] Anode activation energy (Campanari and Iora, 
2004)

74c La — 1 2 0 [kJ/mol] Cathode activation energy (Campanari and Iora, 
2004)

II O Porosity (Welty etal., 1984)

t =  4 Tortuosity (Welly et al., 1984)

M s
' II o Diffusional volume (Welty et al., 1984)

(ZVi)H2o =  12.7 Diffusional volume (Welty et al, 1984)

(LVi)o2 =  1 6 6 Diffusional volume (Welty et al., 1984)

= 17-9 Diffusional volume (Welty et al., 1984)

T  =  1223 [K] Work temperature (Wagner et al., 1998)

Ph2 =  0-97 [atm] Input partial pressure (Wagner et al., 1998)

7>air =  1 [atm] Cathode pressure (Wagner et al., 1998)

=  ° - 0 3 [atm] Input partial pressure (Wagner et al., 1998)
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Experiment V-I plot of Tsai and Bamett 
—— Simulated V-I plot and activation loss
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Figure 2.6: Comparison of simulated and experiment V-I plot

Wagner et al. (1998) investigated the effect of diffusion of SOFC, and the dynamic 
properties are shown by EIS Bode p lo t. Given 3% humidified H2 , pure O2 and infinite 

large load resistance f?ioad» at 1223K, the simulated steady state OCV is 1117mV. This 
is in a good agreement with measured OCV of 1114mV shown in (Wagner et al. , 1998) 
under the same condition. Because Wagner et al. did not present the thickness of 
diffusion layers, the experiment V-I plot can not be used to verify the dynamic model.

The comparison of the simulated steady state V-I outputs and the experiment result 
of Tsai and Bamett (1997) is shown in Fig.2.6.

Tsai and Bamett (1997) did not give the thickness of the diffusion layer directly. 
When i reaches the limiting current density //, at which the gas supply rate is maximum, 
thickness of the diffusion layer can be calculated by the relation:

it = 4FJro2 =  4FAD0l Cb/Z °  (2.37)

Using Eqn.2.37, the thickness is calculated as lc =  1.26 x 10_3 [mj. Because anode 
diffusion does not contribute to the limitation, the thickness in anode can not be 
calculated. /a is assumed same as lc in the simulation. The inherent resistance read 
from the EIS test of (Tsai and Bamett, 1997) is R0 =  0.16[Q] and Rct =  0.16[O] at
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1123K

The V-I plot shows that the simulated result is overall in agreement with the 
experiment data with some error. A main reason for the error is the unavoidable model 
parameter error used in the simulation. They are collected from different sources and 
are dispersed in a wide range in different literatures.

2.5.2 Step responses due to i?ioad steP changes

When load resistance has step changes, current will change immediately according to 
Ohm’s law. Voltage drop on the pure ohmic inherent resistance R0 also changes at 

once. The result is an immediate rise of Vout. For the reason of charge transfer capacity, 
voltage drop on the charge transfer resistance Rct changes slowly. Vout then rises slowly 

to the final value (Larminie and Dicks, 2003). But the fast initial response and slower 
response following the fast initial response as shown in Fig.2.7a can not be explained 
by the above discussion.

For the specific SOFC investigated by Wagner et al., the charge transfer capacity 
is around several hundred micro Farads (Wagner et al., 1998). The charge transfer 
resistance is around 1 Ohm. So the time constant is less than 1 millisecond. The effect 
of charge transfer capacity can not be distinguished from the immediate rise of voltage. 
The fast initial response in Fig.2.7a is actually the summation of the changes of voltage 
drop on R0 and Rct.

The slower response following the fast initial response is caused by the slow changes 
of concentration at the vicinity of tpbs. When JT changes simultaneously with current 
change, p tpb changes at a slow rate. The behaviors are determined by Eqn.2.26, 
Eqn.2.28 and Eqn.2.30. Thus, according to Nemst relation, E  responses slowly to 
the new value. Assume the diffusion thickness /a =  /c =  1mm, simulated time constant 
of the slower voltage response is around 0.02 second. It is in good agreement with the 

experiment results shown in (Wagner et al. , 1998). In which, a concentration impedance 
from 10Hz is observed in the EIS test Bode plot. The time constant is identified as 0.018 
second.

The voltage output step response is similar to the current interrupt test result shown 
in (Larminie and Dicks, 2003), where the dynamic behavior of Vout is explained only 
by the charge transfer resistance and capacitance. Contributions from concentration 
changes in the vicinity of tpbs are not noticed. The simulation results show that it
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Figure 2.7: Step Responses of SOFC, when load resistance changes

is concentration changes in the vicinity of tpbs that are the main reason for the slow 
voltage rise behavior.

A noticeable phenomenon from the simulation is the step response of the current 

output, as shown in Fig.2.7b. It shows a significant overshoot when load resistance 
steps. The reason for such phenomenon is the charge transfer capacity. Some 
energy stored in the capacitance released suddenly when the balance is broken. 
The phenomenon is not reported in other literatures. It needs to be confirmed by 
experiments. The slow response of the current is mainly caused by the slow response 
of the voltage output. The result shows that the dynamic behavior of the current output 
is dependent on the properties of the load impedance.

Reactant consumption rates at diffusion layer surface respond at a slow rate, as 
shown in Fig.2.7c,d,e. Time constant of oxygen is different from that of hydrogen and 
water. This different response processes lead to different behaviors of reactant partial 
pressures in a fuel cell stack and in turn affect the electrical power output. The different
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Figure 2.8: Step Responses of SOFC, when hydrogen pressure changes

transient responses will also lead to the change of pressure difference between anode 
side and cathode side. The reason for these slow dynamic responses is the existence 

of the diffusion layers. The diffusion layer plays a role like a buffer, which damps the 
response of fuel transportation to tpbs.

2.5.3 Reactant partial pressure disturbances

Partial pressure disturbances in gas bulk lead to electrical power output fluctuation and 
change the reaction rate. Step responses due to hydrogen, air, and water vapor pressures 
are shown in Fig.2.8, Fig.2.9, and Fig.2.10 respectively. Simulation results show that 
influences from pressure disturbances in gas bulks on voltage and current are relatively 
small. That is because the electrical power output is controlled mainly by reaction and 
load resistance, and the existence of the buffer effect of the diffusion layer.
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Figure 2.9: Step Responses of SOFC, when air pressure changes
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Figure 2.10: Step Responses of SOFC, when steam pressure in anode gas changes
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Figure 2.11: Step Responses of SOFC, when it enters concentration loss range

2.5.4 Effect of concentration loss

When load resistance moves to a small value, it leads SOFC to enter the concentration 
loss dominant region, the dynamic behaviors of SOFC is considerably different from 
that in ohmic loss range, as shown in Fig.2.11. The transient response processes behave 
a high order dynamics.

Simulation result shows that in the air fuelled SOFC, it is the oxygen supply that 
is the main resource of the concentration loss. Because oxygen fraction in air is only 
around 21%. Oxygen supply also plays the main role in the dynamic behavior of SOFC, 
since its diffusion coefficient is smaller than that of hydrogen and water.
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Figure 2.12: Effect of diffusion layer thickness on step responses of SOFC

2.5.5 Effect of diffusion layers

Simulation result shows that the thickness of the diffusion layer has strong effect 

on properties of SOFC. With the increasing of the thickness, time constants of the 
dynamics increase. The resistance from diffusion also increases. The effect is shown 
in Fig.2.12

Diffusion layers in fuel cell consist of not only electrode layer, but also boundary 
layer. The thicknesses are affected by the status of flow bulks, especially the flow 
velocity. So the thicknesses of diffusion layers may vary within a large range.

2.5.6 Effect of temperature

Given different temperatures, the simulation shows that compared to its effect on 
SOFC’s dynamics, temperature has larger effect on the voltage output, as shown in
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Figure 2.13: Effect of temperature on step responses of SOFC

Fig.2.13.

Temperature affects the Gibb’s free energy Ag f, and thus Nemst voltage. It also 
affects the conductivity of electrolyte, electrodes and connectors. Simulation shows 
that the effect of temperature on Gibb’s free energy and the Nemst voltage is much 
larger than on other factors.

As shown in Fig.2.13, the effect of temperature on the transient property of the 
diffusion response is negligible.

2.6 Conclusion

A dynamic model of solid oxide fuel cell (SOFC) with a focus on the diffusion process 
at cell-level is derived in the chapter. The species dynamics is built in the form of 
state-space model. Dynamic properties of SOFC are shown through simulations. It
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demonstrates that diffusion processes in porous layers play an important role in the 
dynamic behavior of SOFC. They affect concentrations in the vicinity of triple phase 
boundary (tpb), and thus the electrical properties.

Simulation shows that it is the dynamic behavior of partial pressures in the vicinity 
of tpb?, contribute more to the slow rise of voltage in the step response test and 

current interrupt experiment, not the charge transfer capacitance. Based on the 

equivalent circuit of SOFC, the phenomenon of current overshoot is observed through 
the simulation. Given different diffusion thicknesses, it is found that the voltage output 

and dynamic behavior of gas consumption rates are affected greatly by the thicknesses 
of the diffusion layers. Simulations also indicates that temperature has large effect on 
the voltage output.
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The effect of transport dynamics

A first principles dynamic model for a finite volume of cell is built in the form 
of a nonlinear state-space model to investigate dynamic behaviors of tubular SOFC. 
Dynamic effects induced by diffusions, inherent impedance, fluid dynamics, heat 

exchange and direct internal reforming/shifting (DIR) reactions are all considered. Cell 
temperature, ingredient mole fractions etc. are the state variables and their dynamics 
are investigated. Dynamic responses of each variable when the external load changes 
are simulated. Simulation results show that fuel flow, inlet pressure and temperature 
have significant effects on the dynamic performance of SOFC. Further it is shown 

that, compared to other inlet flow properties, cathode side air inlet temperature has the 
most significant effect on SOFC solid phase temperature and performance. Compared 
with inlet pressures and temperatures, the effect of flow velocity is not significant. 
Simulation also indicates that the transient response of SOFC is controlled mainly by 
the dynamics of cell temperature owing to its large heat capacity.1 
keywords'.
SOFC, dynamic modeling, simulation, heat transfer, mass transfer, reforming/shifting

*A version o f  this chapter was published in the Chemical Engineering Science, 61(2006), 6057-6076
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3.1 Introduction

SOFC works at high temperature, in the range of 800 — 1000°C to reach the required 
high electrolyte ionic conductivity. The high temperature means that feed gases such as 
natural gas can be used directly, or “internally reformed” within the fuel cell, without 

the need for a separate unit. It also means that SOFC’s exhaust gases and heat can be 
recycled, leading to a higher energy conversion efficiency. Considerable amounts of 
research and development work have been devoted to SOFC, making the SOFC close 

to wide commercial applications. For the purpose of dynamic control and simulation, 

the dynamic characteristics of SOFC must be understood and modeled.

Besides lumped parameter approaches (Achenbach, 1994; Achenbach, 1995; 
Padulles et a l ,  2000; Zhu and Tomsovic, 2001; Sedghisigarchi and Feliachi, 2004), 
Xue et al. (2005) and Gemmen and Johnson (2005) considered more detailed mass 
transfer dynamics induced by flow processes. Iora et al. (2005) included species 
dynamics caused by internal reforming/shifting reactions. However, none of these 
models considered the dynamics led by fluid dynamics and consequent energy and 

mass transfer, as well as the dynamics of diffusion and inherent impedance.

In this chapter, we will develop a model to simulate the mass /energy /momentum 
transport dynamics including the internal reforming/shifting reactions for tubular 
SOFC. When combined with the dynamic models developed in Chapter 2, the model 
developed in this chapter forms a nonlinear state-space model with 28 states. Dynamic 

behaviors of SOFC will then be investigated and demonstrated through simulations.

Fuel cell processes are complex and involve almost all transport phenomena such as 
mass, energy and momentum. How these transport processes interact, especially how 
they dynamically affect each other and which process plays the dominant role, have 
not yet been fully elucidated. The main objective of this work is to investigate these 
interactions, with the objective of enhancing understanding of the macroscopic dynamic 
performance of the fuel cell. To this end, the approach we have taken is to focus on a 
finite volume of SOFC. This volume can be chosen to be sufficiently small so that the 
properties within this volume can be considered uniform. By doing so, we can neglect 
the effect of geometry and focus on chemical process. Modeling a finite slice of SOFC 
must be achieved first to enable development of a model for comprehensive fuel cell 
dynamics. The work described here thus provides a foundation for further development 
of the complete dynamic model in which we will consider the effect of geometry.
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Fuel

H 2

Air

Air

Figure 3.1: Tubular SOFC design of Siemens-Westinghouse

The remainder of this chapter is organized as follows: Analysis and modeling of 
dynamics are discussed in section 2. The nonlinear state-space model is derived 
in section 3. Dynamic behaviors through simulation are studied in section 4, and 
conclusions are presented in section 5.

3.2 Modeling of SOFC

3.2.1 Introduction to tubular SOFC

The strength and durability of materials limit the mechanical properties of SOFC 
component materials. Consequently, the practical and successful SOFC developed by 
Siemens-Westinghouse is tubular in design. Their SOFC stack consists of hundreds 
of similar cell tube composites. Each composite consists of two tubes, cell tube and 
injection tube, as shown in Fig.3.1.

The outer tube is the SOFC cell. It is an air-electrode-support (AES) tube, onto 
which the electrolyte is deposited, followed by the anode. The inner tube is the air 
injection and guidance tube, made of alumina, from which, pre-heated air injected
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CV2 CV1

CV3 V CV4 CV5

Figure 3.2: Definition of control volumes

into the bottom of the cell tube flows over the cathode surface of cell through the gap 
between the injection tube and cell tube. Fuel gas flows over the anode surface through 
the gaps among cell composites.

3.2.2 Modeling assumptions

In this chapter we will investigate dynamic effect of mass transfer and energy transfer 

on cell voltage and focus on a finite volume of the cell. The dimensions of the fuel cell 
slice are selected to be small enough so that properties such as temperature, pressure 
can be assumed uniform.

The slice is divided into five control volumes as shown in Fig.3.2. Control volume 
1 (CV1) encloses the cell tube slice, CV2 the fuel flow in the anode side flow channel, 
CV3 the air flow in the cathode side air flow channel, CV4 the injection tube, and CV5 
the air flow inside the injection tube.

Li and Chyu’s (2003) numerical simulation shows that inside each control volume 
the property gradients such as pressure, temperature are not significant, and so the 
following assumptions can be made:

1. Flow velocities are the average velocity along radius direction.

2. Partial pressures, temperatures and flow velocities in each control volumes are 
uniform, whether in the axial direction or in the radial direction.
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Figure 3.3: Mass and energy balance on CV1

3. Outlet partial pressures, temperatures, and velocities are equal to the pressures, 
temperatures and velocities inside the control volume.

4. Specific properties such as conductivities, heat capacities, viscosities, and 
densities etc. are uniform in each control volumes.

5. The external load is pure resistance.

3.2.3 Modeling for CV1

CV1 encloses the SOFC cell tube slice, anode, cathode, electrolyte and inter-connector. 
Fuel and oxygen diffuse across control surfaces and enter the control volume. Through 
electrochemical reactions, part of the chemical energy converts to electrical energy 
and supplies the external demand, while the other part is converted to heat energy and 
released to the surroundings of the control volume, as shown in Fig.3.3, according to 
the laws of mass and energy conservation.
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Electricity conversion dynamics

Chemical energy is converted to electrical energy through electrochemical reactions. 
Conversion of hydrogen:

H2 +  0 2~ -^H 20  +  2e“
1 „ o (3-1)
- 0 2 +  2e“ —+0

Conversion of CO:
CO +  0 2“ -^ C 0 2 + 2 e “

o  r \2  W- 0 2 +  2e~ -^O 2-
2

Continuous electrons flow is necessary to maintain continuous electricity output. That 

is, reactants are consumed continuously and have to be replenished continuously from 
surroundings. Therefore, fuel cell’s porous electrode layers, inherent impedance and 
the double layer capacity all affect the behaviors of the voltage Lout, the current i, and 
the reactant flows, J f , diffusing into electrodes.

Diffusion

Given boundary conditions and the thickness of the diffusion layer /, the dynamic 
correlations among the partial pressures in the immediate vicinity of the triple phase 
boundary (tpb) p tpb, in the main flow body p°, mass consumption rate measured at the 
control surface 7s, and at the reaction site Jr can be described and modeled in the form 
of transfer functions developed in Chapter 2:

Plph(s) = G]pf { s )  +  Gw p°{s) 

f f( s )  = G j]J r(s) + GplPh(s)

where:
ST  _ 1fy _ ____ E> O   fy ______________

Jp _  l + f f s + J f f s 2 A  ’ PP_ l+ P _ s + f i £ :1 ^  2Da ^  241? 1 ^ 2 D a ^ 24 D j

r  1 r  lsG j j  -   ------- -2---------- -4— GpJl + f f s + P s2 ' pJ i + f f s + j f f s2 R T '
2D 24D2 2D 24Z?

and 5 is the Laplace operator. The correlations can then be converted to time dependent
ordinary differential equations (ODE) as shown in Chapter 2.

Electromotive Force (EMF)

Fuel cell voltage output is affected by gas partial pressures and is reduced by 
concentration loss, activation loss and ohmic loss. The dynamic behavior of the voltage 
is also affected by these factors.
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Because reactions take place at tpbs, it is partial pressures in the vicinity of tpbs 
that affect the electromotive force (EMF). The appropriate expression of the Nemst 
equation is (Qi et a l, 2005):

£  =  E° +  —  In 
IF

(  tpb tpb 2 \
Ph> o2

tpb
y  ^ h 2o  J

(3.4)

Activation loss can be evaluated from the Butler-Yolmer correlation using the partial 
pressures in the immediate vicinity of tpb (Qi et al., 2005).

Impedance

Based on the equivalent circuit approximation of the intrinsic impedance, the 

dynamic behavior of the voltage output can then be determined by (Qi et al., 2005):

1 1 1
Vet — d r  E  ~  r> r  V* -  j r i

A c t'- 'C t /VctC-ct C-ct

Vout = V ct- i R 0 (3.5)
Vct

i = -------------
Rq +  ̂ load

Heat transfer dynamics

Through the electrochemical reaction, Gibbs free energy is converted to electrical 
energy and the balance of the enthalpy of formation is released as reaction heat. 
Simultaneously, part of electrical energy is consumed by the SOFC’s inherent 
resistance and converted to heat. Due to temperature differences between CV1 and its 
surroundings, heat is exchanged through forced convection, radiation and conduction, 
etc. The electrical energy is exported to the external load.

Therefore, in accord with the 1st law of thermodynamics, the internal energy 
accumulation rate in CV1 can be written as:

dT
mce||Cpccll ^ ,J i  Hi Ee <?conv,a <?conv,c <7rad ~~ <7ref (3.6)

where X JfHi is the summation of enthalpies flowing in and out of the control volume, 
Ee is electrical power that the control volume supplies to external load, gConv,a and
<7conv,c are heat flow exchanged through convection with anode and cathode side flow
respectively, qr<K\ is heat flow exchanged through radiation, and qrcf is heat adsorbed by 
the reforming reaction, which will be discussed in the next section.
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Enthalpy

The effect of pressure on the enthalpy of formation for a ideal gas can be neglected 
(Smith and Ness, 1987). However temperature has a significant effect, as shown using 
the model in Appendix II.

If only hydrogen is involved in the anode electrochemical reaction, the enthalpies of 
formation flow in and out of the control volume are given by:

Y , JfHi =  - V ^ k e i  + Jb2Ho2 \Tak +^H2o^H2o |rCei, (3.7)

where Jfl2, Jq2 and are mass flow rates flowing into CV1.

Electrical power

The electrical power output of the SOFC slice is given by:

V2,
Ee = V 0 ut/ =  - ^  (3.8)

*Moad

Conduction

Heat flow exchanged through conduction is given by(Welty et al., 1984):

dTrpU
<7cond =  -kcellA— —  (3.9)

dz

where kccu is thermal conductivity of SOFC slice, A  is the cross-section area of the 
slice, and Tcen is the temperature.

For a tubular design, the present simulation shows that kce}\ and Aceu are much 
smaller than the heat transfer efficiency of forced convection and radiation, qCOnd is less 
than one tenth of qCOIW or <?racj, and so the net conductive loss for the control volume 
is relatively minor. The effect of qCOnd can be neglected in this model, as is consistent 
with prior models (Rao, 2001).

Convection

Because fuel gas and air flow through the surface of the SOFC slice, forced 
convection becomes an important heat transfer means, and is expressed as (Welty et 
al., 1984):

<?conv =  hA(Tw — 7f) (3.10)

where h is the heat transfer coefficient, A is the area of the SOFC slice, Tw is the 
temperature of the solid wall, and 7f is the temperature of the fluid.
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The heat transfer coefficient h depends on a number of properties of the flow bulk. 
It can be calculated by empirical correlations using the dimensionless Nusselt Number 
Nu, Reynolds Number Re and Prandtl Number Pr. The Nusselt Number is defined as 
(Welty et a l,  1984):

M)f
Nu = ~  (3.11)

kf
where Df is hydraulic diameter of the flow bulk, kf is thermal conductivity of the flow 
bulk, and h is the heat transfer coefficient. These three numbers are interrelated (Welty 
et al., 1984):

Laminar flow : Nu =  0.332p A  Re?
, (3-12)

Turbulent flow : Nu  =  0.023/V’R<?°'8

Thus the heat transfer coefficient can be determined by:

h =  N u —  (3.13)
Df

For the SOFC slice that we have considered, there are two independent convective 
processes, one at the anode and one at the cathode. For the designed inlet parameters 
shown in Table.A-1, the Reynolds numbers are 66 and 287 for the respective 
compartments, so flow is laminar in each volume.

Substituting for the Reynolds number and Prandtl number, the heat transfer 
coefficients can be calculated as:

* =  0 . 3 3 2 <3-M)

Consequently, heat exchange flows through forced convection are:

<?conv,a = f J  U{ue'Pfi' A  2 A(TCC\] -  7fuel) 
V •‘'■'fuel /

9c„„„c =  / c ( ~ f ) I A2 (Tce„ - r , ir)

( 3 .1 5 )

where: i i
2j   q 332^uel [ ^ ’T'ciFfuci | 3 f T>aMfue) \

Da \  kfue\ J  \  /tfuel /
I 1

y   q 332 ̂ air I ^v,airMair ) 3 ( DcMa[r ' 2
Dc \  ^air /  \  M;
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Change of fuel mixture composition due to the direct internal reforming and shift 
reactions (DIR) changes properties such as heat transfer coefficients. The parameters 
are thus weighted averages of those for each component:

f̂uel =  5 > / ,  Cv,fuel =  Z/Cy.i; ffi'uel — Xif^i• f̂fucl =  (3.16)

where % is the mole fraction and i represents the species H2 , H2 O, CH4 , CO, and CO2 .

Radiation

Radiation is an important heat exchange mechanism in SOFC, because the cell 

operates at high temperature. The radiation heat flow is proportional to T4. The 
radiation flux emitted by a real body at absolute temperature T is (Welty et al., 1984):

q =  eEb =  e o T 4 (3.17)

where e is emissivity of the real body, which lies between zero and unity, and cr is the
Stefan-Boltzmann constant.

Neighboring tubes in the tubular SOFC stack have the same dimensions and 
arrangements of cell tubes in the stack are symmetric. Hence we can assume that 
their surface temperatures are essentially similar, so the net radiation heat flow transfer 
between outer surfaces (anode side) of cells is close to zero. Fuel and air are almost 
transparent; therefore the radiation absorbed by fuel/air flows can be neglected. The 
main radiation heat flow takes place between the cell tube and the alumina air injection 
tube. The net radiation heat flow between the cell tube and the injection tube is given 

by (Welty et al. , 1984):
(3.18)

•Krad

RrdC\ is radiation heat transfer resistance and can be calculated as (Welty et al., 1984):

+ 4 -  +  (3.19)
£cell r  c—t f-tube ^ 1

where ecen and etube are emissivity of the cell and the injection tube respectively, Fc_t 
is view factor from the cell to the injection tube, and A \, A j are outer surface area of 
the injection tube and inner surface area of the cell respectively.

The view factor from surface Aj to A2 is expressed as (Welty et al., 1984)

I f f  cos 01 cos 0 2  ,
FAi- a 2 =  —  /  /  ------4 -----1 -d A 1dA l (3.20)

A] Jai Ja2 nr1
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dAi

Figure 3.4: Definition of view factor

where A\ ,42 are area of surface 1 and 2, and other parameters are as shown in Fig.3.4.

For the tubular SOFC design, the view factor from the inner surface of the cell to the 
outer surface of the injection tube can be determined by (Perry et a t,  1997):

v  outer , lengthFc- t — ------- when----------> (3.21)
rc, inner r c. inner

Substituting Eqn.3.7,3.8,3.15,3.18 into Eqn.3.6, we get the model which describes 
the dynamics of SOFC cell temperature:

dT
«cellC piCell—  — ^H2^H2 |7fUei +  ̂ 02 ̂ 0 217air +  ̂ H20 ^ H 20 1 Tce„ -

- / a  ( Mf̂ el) 2A (rce„ -  7 f u e l )

V,out
R load

-fc

^rad

A 1(TM - T Ar)
^*air /

'•^2(^eii — t̂ube) — *hef

(3.22)

3.2.4 Modeling for CV2

CV2 encloses fuel gas in the fuel flow channel, as shown in Fig.3.5. Pre-reformed 
gas mixture flows into CV2 and continues the reforming and shift reactions with the 
catalytic aid of the Ni component of the anode. Meanwhile H2 and H2 O diffuse across 
the control surface.
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Figure 3.5: Mass and energy balance on CV2 

Reforming and shift reaction

Reforming and shift reactions generate H2 and CO from methane and steam: 

Reforming : CH4  +  H2 O 3 H2 +  CO
(3.23)

S h ift: CO +  H20  ^  H2 +  C 0 2

Based on the methane consumption rate, the reforming rate is experimentally 
determined by (Ahmed and Foger, 2000):

rr = - r c h4 =  r̂PcH4PH2ocxP (-^^) (3-24)

where K x is the rate coefficient, Er is activation energy, and a ,  /3 are order coefficients 
for methane and steam respectively.

The shifting reaction is usually considered to be fast (Campanari and Iora, 2004). 
The equilibrium constant depends on the temperature (Campanari and Iora, 2004):

Pco2Pn2 _  _  (4276  
PcoPn2o

^eq =  l i  t  : =  exp -  3.961 } (3.25)

In order to establish the mass balance equation, we need to know the shift reaction 
rate. In the absence of reliable electrochemical kinetic data on oxidation of CO on 
SOFC anode, it is reasonable to make the approximation by neglecting its effect on the
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shift reaction rate. R3,6 The approximated rate equation is:

rs =  K j p c o P u 2o  ~  K ~pco2pu2 (3.26)

where Kj~ and K~ are the forward and reverse reaction rate coefficients respectively. 
When it reaches equilibrium, rs =  0, so we have

K +
Keq =  (3.27)

and the reaction rate is:

rs =  K ~ K eqp co P H 2o  -  K ;  p c o 2Ph2 (3.28)

When the rate coefficient Ks is large, the shift reaction is much faster than the other 
reactions, with known equilibrium constant Keq, the shift reaction rate can then be 
written as:

rs =  K s (K eqp c o P n 2o  ~  P c o 2 Pu2) (3 -29)

Taking a value for Ks =  100, numerical simulation shows that the shift reaction rate 
will be almost 10 times the rate of the reforming reaction.

Mass transfer dynamics

Pre-reformed fuel is a mixture of C H 4 , steam, H 2, CO and C O 2. Dynamic behaviors of 
each species in the control volume can be modeled using the law of mass conservation:

^  =  n|n - n ° ut+ n f n (3.30)dt 1 1 1

where n-n and n°ut are the flow rates of species entering and exiting the control volume 
respectively, and hfen is the species generation rate inside the control volume.

The rate of mass flowing in the control volume can be expressed by the explicit gas
parameters:

pm
"!n = A. ^ f r “M n (3-3i)

fuel

where A a is the cross section area of the anode fuel channel, /  f"el, 7}̂ d and mJ"c1 are the 

upstream pressure, temperature, and velocity of the fuel flow body respectively, and %i 
is the mole fraction of each species.
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The rate of mass flowing out the control volume is:

(3.32)

where Ni is mole number of each species inside the control volume, and dVd is the 
volume of the anode fuel channel within the control volume.

The rate of mass generation includes not only those materials consumed or produced 
by internal reforming and shift reactions, but also those due to mass flux diffusion 

leaving CV2, such as 7 ^ ,  Jq2 and J^2q, which participate in electrochemical reactions 

within CV1.

The rate of CH4  accumulation within the control volume is given by:

where Arr is the methane consumption rate through the reforming reaction, as shown 
by Eqn.3.24.

For steam, in addition to the flow in and out of the control volume, consumption due 
to reforming and shift reactions, the SOFC’s electrochemical reaction also produces 
H2 O flow entering the control volume:

where —7^ 0  is the steam flow leaving the anode surface and entering the control 
volume, arising from the electrochemical reaction shown in Eqn.3.1, and rs is the 
consumption rate of steam through the shift reaction .

Reforming and shift reactions produce H2 , at rates of 3 rT and rs respectively. It is 
consumed by the electrochemical reaction to produce electricity:

CO is produced by the reforming reaction and consumed by the shift reaction. When 
CO is not involved in the electrochemical reaction, the mass conservation equation is:

Mfuel^CH4 (3.33)

dN\i2o
dt MfuciZH 2o  ~  A ,

Mfuel — 7f[2 +  3Arr +  rs< eiXu2 - A

« % d X co -A (3.36)
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The dynamic model for CO2 is:

dNC0 2 . f^fucl in in „ N C02   =  A a— Mf|„iXrcu -----  Mfuel +  r s  (3.37)
d t  R T fud 2 dV a

However, CO is involved in the electrochemical reaction. As shown by Eqn.3.3, 
JqQ and Pqq are determined by partial pressure of CO at the flow body p \:Q and the 
electrochemical consumption rate at tpb Jqq- H o w  CO and H2 compete at tpb is not 
clear when only the total current output is given. As an approximate solution we have 

assumed that the consumption rates JqQ and 7 ^  are given by the following equations:

= —%co—/S) js = — Xth js (3.38)
X c o  + %h2 Xco  + X h2

Eqn.3.35,3.36,3.37 can then be amended according to Eqn.3.38, to include 
consideration of the electrochemical reaction of CO.

Heat transfer dynamics

The fuel gas temperature is affected by several factors: reforming and shift reactions, 
internal energy carried by the flow body, and heat transferred from its surroundings, 
etc.

Because the flow velocity is not high, it is reasonable to assume that insignificant 
kinetic energy is converted to internal energy. The energy balance for CV2 then 
becomes:

d(Z (N iCVti)Tfus]) _
 Jt =  Hi ) -  2 > <  Bi) (3.39)

-/h 2^ H 2 / h 2O ^ H 20  h aA ( 7fuci 7cell) T  ref

where:
pin

£ (« ! " « ;”) = A , - M - < 1X t o N n)
fuel

/  \  n i H i)  — A a Mfue]

The first four terms on the right hand side of Eqn.3.39 are the energy carried by mass 
flows. The fifth term is the heat flow exchanged with the cell tube by convection when 
fuel flow passes through the cell tube surface. The last term represents the heat flow 
supplied from the cell tube to satisfy the heating requirement of the reforming reaction.
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The reforming reaction is endothermal. Extra heat energy must be supplied to 
maintain the reaction. The internal reforming reaction takes place on the surface of 
anode, using Ni as catalyst. Because the heat conduction coefficient of Ni is much 

larger than that of the gas mixtures, we can assume that the necessary heat flow qref is 
supplied by the SOFC cell, and not from decrease of the fuel gas’s internal energy. It 

can be modeled as:

where rr is reforming reaction rate, and AH  =  ( 3 / / h 2 +  Hco — Hqh4 — # h 2o) i s  the 
reaction heat.

The shift reaction is exothermal. Compared with the reforming reaction heat, the 
amount of shift reaction heat is minor and mainly leads to an increase of the internal 
energy of the fuel mixture. In Eqn.3.39, the shift reaction heat is implied in the inlet 
and outlet enthalpy difference.

Momentum balance

Fuel flow velocity determines the space time in the fuel channel and thus fuel usage. It 
affects the heat transfer coefficient as shown in Eqn.3.14 and hence temperatures. On 
the other hand, it is manipulable, and also affected by reactions, mass transfer, density 
change etc. Dynamic behaviors of flow velocities can be modeled by the momentum 
conservation law:

The first two terms of the right hand side of Eqn.3.41 are the momentum rate flowing 
in and out of the control volume. The third term is the momentum out-flow rate 
resulting from H2 participation in the electrochemical reaction. We have assumed that 
the axial velocity of the electrochemical reaction product H2 O, which diffuses into the 
control volume, is zero; hence the corresponding momentum is zero. The last term 
represents the summation of forces acting on the flow body.

qTef = ArTAH\Tfuel (3.40)

d(Y(NiM i)utue])
dt X 1 “  X^r Xue l  -  Jh2M*2“fuel + X Fu (3'41>

where

jyrrm jLav/v
fuel

2
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In the axial direction, there are two kinds of force acting on the flow body: the 

upstream pressure gradient, which is the force source that keeps the flow moving, and 
the shear stress along the channel wall that has an effect in the reverse direction. The 

forces acting on the flow body in CV2 are expressed as:

The pressure gradient APd can be approximately determined using Poiseuille’s Law 

(Young et al., 1996). The wall shear stress Tw can be calculated from the friction factor

In a specific channel, fR e  is constant for laminar flow, for which the values are 
known (Perry et al., 1997). For turbulent flow, surface roughness affects the value of 
/ ,  which can be calculated from surface roughness and Reynolds number (Perry et 
a l,  1997).

Because no boundary condition is considered in the finite volume model, we have 
assumed that the forces acting on fuel gas are at equilibrium, 'LFd =  0, when performing 
the simulation.

3.2.5 Modeling for other control volumes 

Modeling for CV3

CV3 encloses the air flow in the cathode side channel as shown in Fig.3.6. In this 
control volume some O2 leaves the flow body, diffuses into the cathode reaction site, 
and participates in the electrochemical reaction. No reaction product enters this control 
volume.

Mass transfer dynamics

We have approximated that air flow consists only of N2 and O2 . N2  is not involved 
in the electrochemical reaction, its behavior is affected only by the flow, and it can be 
modeled as:

where A c is the cross section area of the cathode flow channel, dVc the volume and 

(1 — Xo, ) the inlet mole fraction of N2 .

— AaAPa A rw,a (3.42)

/ (3.43)

(3.44)
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—  -Is02, H q2, M a il

^ c o n v , c

Figure 3.6: Mass and energy balance on CV3

For O2 the mass balance equation is:

^ ° 2  _  A ^ a i r  y i n  in  _  a . _  is  r o

dt mr a'r ° 2 (3‘45)
air c

where Jq2 represents O2  consumed in the electrochemical reaction.

Heat transfer dynamics

The flow body also exchanges heat with the cell tube and injection tube and can be 
modeled by the following equation:

d ( Y , ( N j C vj ) T ajr) ^air in rrin a Z N / 7 / air jS „

*  - A ^ t U^ ' ~ A c ~ d v T Uai’ ~ J^ H o ‘ ( 3 .4 6 )

— hcA 2 (T&\r ”?cejj) — hcA | (Fair — ^tube)

where hc is the cathode side heat transfer coefficient, A 2 and A\ the inner surface area 
of the cell tube and the outer surface area of the injection tube respectively.

Because enthalpies of air, N2 , and O2 are very similar, we do not distinguish between 
them in this model.

Momentum balance

Similar to the anode side, the dynamics of the cathode side flow velocity is modeled
as:

l i M N j M j M  =  A  ^  x j M j y g  -  A c  £ (  y / M y ) - 4
d t  CR T m £ u ^ J  J > air j y  air ( 3 .4 7 )

air '  '

7o2̂ f02Mair +  ^ .F c
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Figure 3.7: Energy balance on CY4

where M j  is the mole mass of N2 or O2 and XFC =  A CA P C — (Aj + A 2 )Tw.a is the sum of 
the forces acting on the air flow.

Modeling for CV4

CV4 includes the solid injection tube, as shown in Fig.3.7. It is a heat transfer medium. 
The tube exchanges heat with the cathode side air flow as well as the air flow inside 
the injection tube. The tube also exchanges heat energy with the inner surface of the 
cell tube through radiation. The dynamic behavior of the injection tube temperature is 
modeled as:

hiA()(TUfyc 7jnj)

where hx is the convection heat transfer coefficient inside the injection tube, which can 
be expressed as:

^ l(^ c e ll  ^tubc) ^cA  | ( 7JL,hc Tajr)mtubeCp,tube
rad

where
^air (  Cy.airdair \ 3 ( DxMa;r
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^ c o n v . t

Figure 3.8: Energy balance on CV5

Modeling for CV5

CV5 encloses the air flow in the injection tube, as shown in Fig.3.8. No reaction and 
no other mass transfer takes place in this control volume. Flowever heat is exchanges 
with the injection tube. The temperature dynamics can be modeled by:

d T' * p^y
A W C W - p  =  - / / inj)M!"r - M o(7 jnj -  r tubc) (3.49)

inj

where A t is the cross section area of the inner injection tube flow channel.

3.3 State-space model

A state-space model is an assembly of dynamic equations for the state variables for a 
process. State variables are a set of variables essential for completely describing the 
internal state (or condition) of a process. State-space models constitute a well-known 
class of models describing dynamic systems, especially multi-input and multi-output 
systems. It is widely used in the area of modeling, control, and simulation. In this 
section, the dynamic model of SOFC is described in the form of a nonlinear state-space 
model.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 3.3 State-space model 60

Table 3.1: Input and output variables

Input variables Output variables

A  load Tout 5 /out

p in  p in  ..in  
fuel’ fue l’ fuel F fu cl; /fu e l*  Mair

/win /win /win /win /win
ACH 4 ’ A H ?’ a C O ’ a CO? Xch4, Xh2o , Xh2> Xc o , Xco2
p in  p in  ..in  /win 

air’ air’ air & O? /a ir ;  /air? Mair; X0 2
p in  p in  ..in  
^  in i’ in i’ inj P \uj; / in j ;  ^inj

3.3.1 Input/Output variables

For the SOFC slice that we have considered, input variables are related to physical inlet 
parameters. Any perturbations in the input variables will change the internal states of 
the process.

The first input variable is the external load impedance. Under normal operating 
conditions, The external load determines the current output and thus also the 
electrochemical reactions and mass and heat transfer. To simplify the solution, the 

external load is assumed to be a pure resistance /?ioad-

The second group of input variables includes the inlet fuel flow parameters: pressure 
P,!"el, temperature 7j'une|, and flow velocity M^el. Although the inlet mole fraction of each 
species in the fuel flow cannot be manipulated, variation in these parameters can affect 
the performance of SOFC. Thus inlet mole fractions are also defined as input variables.

The third group of input variables are the inlet air flow parameters in the cathode 
side flow channel: pressure PJfr> temperature 7 ^ , flow velocity u'J]r and mole fraction 

of oxygen Xo2-

The last group of input variables are injection air flow pressure P ^ ,  temperature 7 ^ , 

and velocity mA.

Output variables are the voltage Tout* current i and other variables related to the 
physical parameters of the outlet flows, corresponding to those at the inlet, as shown in 
Table 1.
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3.3.2 Non-linear state-space model

We define the input vector u and output vector y as follows:

u ^load p in
fuel

'7'* in 
•'fuel 'fu e l

v m in v in m
X c h 4 x h 2o  Xu? Xco Xco?

r “  um1  a i r  W-l air air Xo?
p in
Mnj

T* m
inj mJ T (3.50)

y = [K)ut i -Pfuel Tfuel “ fuel XCH4 Xh20 XH2 XCO XC02

Pair T.m  Majr %o2 ^mj înj

Eliminating the intermediate variables Vh2, Vo2, Vh2o from the model derived in 
Chapter 2 and define a state vector:

• t pb t pb  • t pb r ji r ji r j t  r ji rj-x
Po2 Pn20  Pn20  ^  ce^ ^tube ^fuel ^air -Mnj 

Â CH4 Mt20  Mt2 Nco Nco? Nn 2 No2 Wfuel “ a i rT  (3.52)

Minj] r  (3.51)

By substituting Eqn.3.24,3.29 into Eqn.3.33-3.37 and substituting Eqn.3.24, 3.40 
into Eqn.3.22 and 3.39, combining the dynamics of electricity conversion shown in 
Chapter 2, and rearranging Eqn.3.22, 3.33-3.37, 3.39, 3.41 and 3.44-3.49, the state 
space model can be expressed as:

States:
r , —_1_e ____1_r , ___!__ *1_
A1 ~  RcxC* R cx C cx 1 Cct u \+ R 0

X 2  = X 3

i s  =  - h xx 2 - h 2X 3 + h x  ±  ^  +  h  4  ( x 22 +  f ^ n )

M  =  -*5

X 5 =  - O l X 4  -  0 2X 5 +  Oj j p  ^  +  0 3  ( x 2 6  +  ~ i i s )

x6 = x 7
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X7  =  - W , x 6  -  W2 X7  +  W 1 ±  ( i 2 l +  ^ X 1 7

xg : X9

X9  h \ x % / 12X9  / ? 4  f 5 27? k j+ /J 0 *22X17
R

Rx  15 4 1 
A l a l F

xi xi
u \+ R 0 (u i+R 0)2 (Ku\ — X1 4 )

xio " Xj 1

i l l  =  - O \ X i 0 - O 2X U  - ° 4 - ^ 4 7 f ^ ^ + 0 1 ^ X 2 6 X 1 8
Rx  i s 4  1 

A l c 4 F
xi xi

u \ + R 0 (u] + /f0 ) 2
(.Ku\ — X1 4)

X |2 X 13

X13 =  -W 1X12 -  W2Xi3 -  W4 #*15 1 -x \

# * 1 5  4  1 
A l a l F

xi +u \+ R 0 (u \+ R 0)2

A 2F  u\ + R 0 

— (Kll\ —X 1 4 )

+  wi 3v^2lXl7

X14 = K  U \—K xi4

X I5 mCe]]Cp.cel!

“ / a  (X27 dy

* 2 # H 2 + X 4 / / 0 2  +  * 6 # H 20
«i

(“ 1 +#0)-X 22X]
v 2 4  \  2
. 2 , 2 0 1 A ( x ] 5  - X 1 7 ) - / c (X 2 8 ' ^ f - j 2 A 2 ( x | 5  — X ib )

(7
r̂adA M 5 - X\ 6) - A K r ( « g u ) “  ( ^ )  e x p ( - X ; _ )  A / / r

*16 t̂ubê p.tube ^ A 2(x|5 - x j 6) - / c  fx 2 8 ^ ^ )  2A i(x i6 -x i8)r̂ad

^o(xi6 X1 9 )

*17 — ^54
1

SafaA.-)
" 9 / „ . u i n \  a  iM ix iH i)A aj ^ u 4 Y 5 (uiHln) - A ax27- dv.

~ f a  ( X27 ) ‘ A ( x n  -  X 1 5 ) -  X2 H u 2 ~  X6 H h 20

+AK, (  * 2 0 # * 1 7  \  a  (  x 2 \ R x \ 7 \ ^  ,

\  dVa )  \  dV,a ; exP A H r -x n  l2 o (* A 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 3.3 State-space model 63

*18 X25 ix}Cvj)
\26 Y.

A c^ u n H £ T- A cx2S^ H azRun dVn alr -x4H o2

- / c ( .*28 2 (A2(*18 -*15) + A i (X18 -*16)) - * 1SS Itix jC vj)

* 1 9

*20

*21

Ml4̂Vt
*w15 ^v,aircv

— A d f l Rxn tiRu3u4u5 A aX27dya AKr 20dvJ 7 Ĵ (  2̂ 17)  exp  ̂

A&Rû u4u6 -^a*27^fr -A.Kr (*2^y*17)  (  2dv* 17)  exp ( “ ^ 7 )

—AK< exp 4276
x \ i

•dV;a V dVa J \  dVa J
1 q^t 'I x23Rxn x2\Rxn _  X24RX17 x22Rxn 
yQlJ dVa dVa dVn dVn ' * 6

* 2 2  — Aa p.?, U4U7 A 4X77 Ju 3AKrX22 P

lRu3

+AK&

( m R x ii\a ( X2ifo17\
V dva y rfva ;

n f  4276 2  n (r i ’\ x23R x n  X2iR x17 *24  f a n  x22Rx]7
exP I ~̂ YT ~  -j y t ) 1 1 7fv„— m.----- ~dv,— dvr~

dVa exp ( - & )
~ * 2

*23 - A  A l  - -^a d . . .

-A K , [e x p  -  3.961)  ^

Rx  17

* 2 4 A a p , l  M4 M9 ^ a * 2 7l Ru3

+AKS exp ( ^ g 6 - 3 .9 6 l ) x23Rx\l X2\Rx \7 _  X2aRx \i  X22Rx \7 
dVa dVa dK, d \4

* 2 5  = ^ c | ~ M 1 2 ( 1 - M 1 3 ) - A c* 2 8
■*25
dVc

* 2 6  = ^ c ^ " M 1 2 M 1 3 - A c* 2 8 ^ f - * 4

* 2 7

+AaA/a ATWja -̂ 27 2 j2 0  i ^ i^ i) ]

* 2 8  = E25W )
Ac | r r  ( ( 1  -M ]3 )Mn2 +mi3 Mo2 )m^2 - A c ^ ^ 8

-X 4 M q 2X28 + A cAPc -  (A l + A 2 ) t w, c - * 2 8 X 2 5 ( * /M ;-)]
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Outputs:

y\ =  —̂ rw-x j u\ +Ro

yi — x\
U\ +/?o

'L20x‘Rx 17 
~  dVa

= x n

—  X 2 1

ye II

yi II

&

y% II

yg ii A

yio II

yn _  'LllxjRxis
~  dVc

yn = *18
yn =  *28

yu _  -*26

J15 =  W]4 —

>16 =  *19

y n — Ml6
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Figure 3.9: Comparison of voltage response trends to load step changes 

or, in a compact form:
x =  / (x ,  u) 

y =  g(x,u)
(3.53)

3.4 Simulations

According to the nonlinear state space model developed in section 3, a Simulink 
model has been developed using MATLAB. Dynamic behaviors of SOFC in response 
to different input disturbances were investigated through simulations via their step 
responses.

Input variables and parameters are shown in Appendix I.
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3.4.1 Model validation

Fig. 3.9 is a comparison of the simulated voltage transient response trends due to the 
same load step using models proposed by different researchers, for similar parameters. 

Only results derived from those models that considered the cell’s temperature dynamics 
are shown. The dynamic trend from our model is consistent with those from prior 
models. In our model, however, we have considered not only mass, heat, and 

momentum transfer and internal reforming and shift reactions, but also the heat source 
of the reforming reaction. The simulated steady state voltage from our model is lower 

than that calculated by others, because additional heat is absorbed by the reforming 
reaction, and consequently the cell temperature is lower.

3.4.2 Step responses due to 7?ioacj step changes

Step response tests are widely used in investigating process dynamic properties. The 
method can reveal key process dynamic parameters such as time constant, gain, time 
delay etc. Step responses of Vjoad> b Tccn, Pfuei, 7fuei, «fuei and species mole fractions 
etc. due to i?ioad step changes are shown in Fig.3.10 and Fig.3.11.

When load resistance /?ioad was stepped up the current had an abrupt change followed 
by a slow change with a time constant of around 0 . 2  second due to the diffusion and 
double layer capacitance effect, as described in Chapter 2 .

There was a second slow response for all variables, with a time constant around 
200s, in addition to the fast response. This was caused mainly by the slow temperature 

dynamics. When 7?ioad was stepped down, the current consumed by the inherent 
resistant increased and therefore released more heat to the cell. Heat capacity of solid 
cell materials is large, so the temperature responses were slow, as shown in Fig.3.10c.

Step change in R \0a(j also affected properties of fuel flow, shown in Fig.3.10d, e 

and f. When the current changed, changes of 7 ^  and 7 ^  in the fuel channel, led to 
changes in their mole fractions. The shift reaction took place in the reverse direction 
to maintain the equilibrium. The responses of mole fractions of H2 , H2 O, CO and 
CO2 are shown in Fig.3.1 lb , c, d and e. The process is endothermic, so the fuel 
temperature dropped quickly. However, because hot H2 O entered the control volume, 
the temperature increased again, as shown in Fig.3.10e. Changes of temperature and 
concentration of H2 O led to the changes in total pressure and concentration of CH4  as
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Figure 3.10: Step responses of SOFC slice, when /?ioad changes
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shown in Fig.3.10d and Fig.3.1 la  respectively.

In CV2 more H2 left the control volume into the anode and more H2 O diffused 
back to the control volume when P ]oad stepped and more current required. Therefore, 

more H2  was replaced by H2 O and this resulted in mass increase from the inlet to the 
outlet along the fuel flow direction. According to the momentum balance law, the flow 
velocity decreased as shown in Fig. 1 Of.

The slow increase in cell temperature dominated the whole heat transfer dynamics 
and had an effect on almost all variables.

Responses of other state variables were similar. All were controlled mainly by the 
temperature dynamics of the solid phase of the cell. It was also shown that the inherent 
resistance had a large effect on the dynamic behavior of the fuel cell. Heat capacity 
of SOFC is an intrinsic property, while the inherent resistance can be changed through 
proper system design.

3.4.3 Effect of fuel input

Step responses due to step changes in inlet Pfue|, 7fuej and m1uci were simulated and were 
compared in Fig.3.12 and Fig.3.13.

When fuel inlet pressure Pfuei was stepped up, the concentration of inlet CH4  

and H2 O increased immediately. Then the reforming reaction proceeded faster and 
absorbed more heat from the cell. The temperature of the cell thus decreased as shown 
in Fig.3.12c. It also produced H2  faster, and the concentration of H2 then increased and 
led to the changes in voltage Vout. Since the external load did not change, the current i 
changed with Vout, as shown in Fig.3.12a and b.

The effects of stepping up inlet fuel pressure Pfue| on other properties are shown in 

Fig.3.12d, e and f  and in Fig.3.13. Effects of Pfuci step change on other properties were 
not as significant, except the effect on the total pressure in CV2 and the mole fraction 
of H2 , as discussed above.

Step increase of inlet temperature 7fuei led to a faster reforming reaction. More heat 
was absorbed from the cell to support the reforming reaction, so the cell temperature 
decreased. The step increase of 7fUC] also changed the equilibrium constant of the 
shift reaction. The concentration of H2 decreased and that of H2 O increased. So V0ut 
decreased and so did current i. Changing of the equilibrium point of the shift reaction
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Figure 3.12: SOFC step responses, when fuel input P, T, u stepped respectively
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also led to a slight decrease in the total pressure Pfuei. Step response behaviors of the 
variables are shown in Fig.3.12 and Fig.3.13

Step increase of fuel flow velocity Wfuei also affected the performance of SOFC. It 

increased the heat transfer coefficient ha, so more heat was transferred to fuel flow from 
the cell. The cell temperature then decreased, as did Vout and i. The effects of t/fuei on 
Pfuei and 7fuei were minor, as were the impacts on other flow properties, as shown in 
Fig.3.12 and Fig.3.13.

The effects of fuel inlet flow properties on state variables are compared in Fig.3.12 

and Fig.3.13, based on an approximately 5% step up. It was shown that inlet pressure 

Pfuei and temperature 7fuei had greater effects on the electrical power output. The effect 
of the disturbance in flow velocity Wfuei was relatively small and slow. It was observed 
that increase of inlet fuel temperature decreased the voltage output. This was due to the 
increase of inlet fuel temperature, which led to the reverse shift reaction, which resulted 
in decrease of hydrogen partial pressure and thus also voltage output. In addition, 
increase of the inlet fuel temperature also accelerated the reform reaction, which in turn 
absorbed more heat and led to reduction of the cell temperature and thus the voltage. 

Therefore it is important that Tfuei be optimized to achieve best performance.

3.4.4 Effect of air input

The effects of cathode side air flow parameters on the performance of SOFC were also 
investigated through step response tests by stepping Pa;r, r a;r and Ma;r.

When the inlet pressure of cathode side air flow Pa;r was stepped up, the 
concentration of O2 in cathode side channel increased. Through diffusion processes as 
shown in the previous chapter, the result was the increase of fuel cell voltage Vout and 
consequently also current i. Because the mole fraction of O2 in air was at most 21%, 
increases of Fout and i were not significant, as shown in Fig.3.14a and b. Therefore extra 
heat released from inherent resistance was minor, and had almost no effect on anode 
side fuel properties.

The temperature of the air flow had a significant effect on the dynamic performance, 
as shown in Fig.3.14 and Fig.3.15. Increase of Tan affected the cell temperature directly. 
More heat flowed into the fuel body and increased its temperature rfuei, and thus 
increased the pressure Pfut\ and the equilibrium point of the shift reaction. Shifting 
of equilibrium affected the mole fractions of H2 , CO2 , H2 O and CO. F0ut increased
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because the effect of temperature on voltage was larger than the effect of the shift 
reaction equilibrium point.

Step change of flow velocity uajr mainly affected the heat transfer coefficient hc, so 
that heat flowing from air to the cell also increased. The cell temperature increased 
slightly, but there was almost no effect on other properties.

Effects of Pair, r ajr and uajr on the dynamic performance of SOFC are compared in 

Fig.3.14 and Fig.3.15. The cathode side air inlet temperature had the most significant 
effect on SOFC solid phase temperature and performance, whether in dynamic or in 
steady state, when compared to other inlet flow properties.

3.5 Conclusions

A dynamic model for a finite volume of solid oxide fuel cell (SOFC) with a 
focus on the transport processes has been developed. Dynamics from diffusion 
processes, inherent impedance, flow processes, heat exchange processes, internal 
reforming/shifting processes have been considered simultaneously and are modeled in 
the form of nonlinear state-space equations. Transport phenomena such as diffusion, 

forced convection, radiation etc. that take place in the operation of SOFC have been 
investigated and modeled. Cell temperature, ingredient mole fractions etc. are the state 
variables and their dynamic behaviors were simulated.

The dynamic performance due to step changes in input variables has been 
investigated through simulations. Dynamic behaviors of each variable when the 
external load resistance steps were simulated. Fuel flow inlet pressure and temperature 
have large effects on the dynamic performance of SOFC, especially on its temperature 
response. It was also shown that cathode side air inlet temperature has the most 
significant effect on SOFC solid phase temperature and performance when compared to 
other inlet flow properties. Compared with inlet pressures and temperatures, the effect 

of flow velocity is not significant. Simulation also indicated that the transient response 
of SOFC was mainly controlled by the temperature dynamics.
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1 -D Dynamic Model and Approximated 
Analytical Solution

A first principle 1-D dynamic model for a tubular SOFC stack is developed. As a by
product of this development, an approximated analytical solution to 1-D reacting gas 
flow problem is presented. The solution is applied to the dynamic 1-D SOFC model 
and converts the model to the form of nonlinear state-space equations. Compared 
to numerical solutions, the proposed method can significantly save requirements 
in computation and thus facilitate dynamic simulations and control applications. 
Distributed dynamic relations between current density and electromotive force (EMF) 

are developed. The problem is solved by simultaneously considering diffusion, inherent 
impedance, primary flow, heat transfer, and internal reforming/shifting reaction. 

Dynamic responses of the interested variables when external current, fuel and air inlet 
streams are perturbed by step changes are investigated through simulations. 1 

keywords:
SOFC, distributed model, dynamic model, analytical solution, reacting gas flow 

'A  version o f  this chapter was submitted to AICHE Journal, 2007
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4.1 Introduction

With recent significant progress of SOFC prototype stacks, dynamic operation and 
control problems become increasingly important and, as a result, dynamic properties 

of SOFC stack need to be investigated. Advanced SOFC system configurations also 
need better understanding of SOFC dynamic characteristics to ensure system stability 
and operatability.

Dynamic modeling of SOFC originated from the lumped parameter assumptions 
(Achenbach, 1994; Achenbach, 1995; Padulles et a l,  2000; Zhu and Tomsovic, 2001; 
Sedghisigarchi and Feliachi, 2004). Lumped models have limitation to presenting 
complete SOFC dynamics and are unable to capture dynamic distributions that 
physically exist in fuel cells.

For more accurate dynamic description, distributed dynamic models need to be 
considered. Li and Chyu (2003) investigated a distributed model by establishing a 
steady state 2-D model. Xue et al. (2005) and Gemmen and Johnson (2005) considered 
1-D mass transfer dynamics induced by flow processes. Iora et al. (2005) included 

internal reforming/shifting reactions in their 1-D dynamic model.

With these efforts, mechanisms that affect dynamic properties of SOFC have been 
better understood. However, many problems remain open and some important factors 
have not been considered in the literature, such as processes through which reactants 
transport from primary flow to reaction sites, the dynamics led by inherent impedance, 

and the dynamic effect of heat transfer. Although the previously developed 1-D models 
are also in the form of dynamic models, dynamic properties have not been their focus 
and solutions are in numerical form.

To build a suitable model that is useful for dynamic simulation and control, our 
work started by examining the dynamics induced by diffusion and inherent impedance 
(Qi et al., 2005). Then in a finite volume of SOFC, we modeled dynamic effects 
from surroundings to the cell through transport dynamics, such as fluid dynamics, 
reforming/shifting reaction, heat transfer etc. (Qi et al., 2006). Dynamic mechanisms 
were analyzed and dynamic properties of the finite volume were investigated through 
simulations.

In this chapter, we will extend our previous dynamic model from the finite volume to 
a complete tubular SOFC, considering dynamics distributions such as current density,
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temperature, and mole fractions etc. along the flow direction. The resultant 1-D 
dynamic model consists of a set of partial differential equations (PDEs) dependent on 
both time and axial position.

However, a complex 1-D dynamic model described by a set of PDEs is not suitable 
for general control applications. In a typical on-line control application, PDEs may 

need to be solved in every control interval. The distributed dynamic model developed 
may have heavy computation demands and may not be suitable for on-line applications. 
In addition, the PDE form of the model creates more complexity in control design. The 
common practice to convert PDEs to ODEs is through numerical discretization. But 
this will result in a very large set of ODEs. For example, numerical simulation of 1- 

D model developed by Iora et al. (2005) needs to solve 12,500 nonlinear equations 
simultaneously.

Instead of relying on numerical solutions, we will consider a novel approach to 
solving the 1-D problem with considerably less requirements in computations as 
discussed next.

An 1-D dynamic model of a physical system is usually shown as:

dVi dh\(v)
dt dz

dv2 _  dh2(v) 
dt dz

dvn dhn(v)

+ / i ( v )

+ fi(v)

+  / n ( v )dt dz

Obviously the analytical solution of the above PEDs is most desirable for the purpose 
of control applications or even for dynamic simulations. But it is very difficult, if not 

impossible, to solve the nonlinear non-homogeneous PDE array explicitly. Instead, we 
will find an approximated analytical solution and then convert the 1-D model into the 

ODE form of:
dv i

=  g i(v ,z )dt 
dv2

=  g2 (V,z)dt (4.1)

- d T = s "{v ' z)
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where v* represents physical variables, v =  [vi V2 • • • vn]', and z is the location along 
the flow direction.

This solution is attractive in the sense that simple substitution of position z into 
the model results in dynamic description at corresponding point. It does not need to 

integrate all PDEs all way from entry to exit in order to get the dynamics at point z\ 
thus the proposed strategy can significantly reduce computation efforts. These ordinary 
differential equations (ODEs) form a nonlinear state space model (SSM) as function of 

z.

In this chapter, we will derive an approximated analytical solution for general 1-D 
reacting gas flow problem. The result is then applied to fuel and air flow in the SOFC 
stack and forms an analytical 1-D dynamic nonlinear state space model.

The remainder of this chapter is organized as follows: 1-D dynamic models of 
SOFC are discussed in section 2. The approximated analytical solution for a general 

reacting gas flow problem is derived in section 3. The result is applied to SOFC and 
the nonlinear state space model is shown in section 4. Distributed dynamics is studied 

through simulation in section 5, and conclusions are presented in section 6 .

4.2 1-D dynamic modeling of SOFC

4.2.1 Brief introduction to tubular SOFC

Mechanical properties of electrode and electrolyte materials limit the strength and 
durability of SOFC. Significant efforts on SOFC structure have been made to 
circumvent this problem. Tubular or similar design can significantly increase cell 

strength. The tubular SOFC developed by Siemens-Westinghouse, shown in Fig.4.1, 
is one of the most practical and successful designs. The other merit of this design is 
that it does not need to seal, and consequently avoids the difficult sealing problem.

The SOFC stack consists of hundreds of cell composites. Each composite consists 
of two tubes, SOFC cell and alumina air injection tube. The cell is an air-electrode- 
support (AES) tube, onto which the electrolyte is deposited, followed by the anode in 
the outer surface. Fuel gas is injected from the close end of composites and flows over 
anode surface through channels formed by composites. Pre-heated air is injected from 
the injection tube to the bottom of the cell, then turning around and flowing over the
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Tail Gas
Manifold SOFC

Fuel Air

Injection
tube

Figure 4.1: Tubular SOFC stack design of Siemens-Westinghouse

cathode surface through the gap between the cell and the injection tube.

Reactants diffuse away from primary flows, pass through porous electrodes, and 
reach reaction sites, where they participate in the electrochemical reaction and produce 
current. The electromotive force (EMF) is established between the anode and the 
cathode reaction sites, as shown in Fig.4.2.

4.2.2 Electricity 

Electromotive force (EMF)

The electromotive force (EMF) in the SOFC is established through electrochemical 
reactions:

H2  +  O2- —̂H20  +  2e_

—0 2 +  2 e —>0 2

or
C 0  +  0 2“ -^ C 0 2 +  2e“

^ 0 2 +  2 e“ -> 0 2“
2

It is affected by temperature T  and reactant partial pressures in the immediate vicinity 
of triple phase boundary {tpb) p tpb. In addition, the EMF is also reduced by activation
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Figure 4.2: Secondary flows of reactant and electrochemical reactions

loss r/act:

n RTE = E° +  In
2 F

(  tpb tpb 2 ^
Ph2 Po2

\
tpb

p n2o
V ac I (4.2)

7

The activation loss Vact is determined by current density, exchange current density 
and partial pressures in the immediate vicinity of tpb.

The distribution of the EMF dynamics is thus determined by distributions of factors 
as discussed above.

Voltage

The intrinsic impedance of the SOFC affects the voltage output when there is an 
external current demand. For a finite volume of SOFC, the effect has been modeled 
by an equivalent circuit (Qi et a l,  2005), as shown in Fig.4.3. The equivalent circuit 
can capture the dynamic response of the voltage not only to external current change but 
also to internal EMF change.

The dynamic behavior of the local voltage can then be modeled through the
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O

T o

Figure 4.3: Equivalent circuit of local intrinsic impedance

equivalent circuit (Qi et at., 2005):

P C c t

1

(4.3)

where i is the local current density, p/^ct and p /?0 are specific resistances of charge 

transfer and pure Ohmic resistance respectively, pcct is the specific charge transfer 
capacitance, and l^ci and Irq are the thicknesses of the charge transfer and pure ohmic 
resistance layer respectively.

Current density

Current density distribution is determined by the total current demand I  and the 
distribution of EMF. Their relations need to be developed.

A local EMF in a section (a finite volume) has minor effects on the EMF of 
the neighboring sections; thus they can be assumed to be independent. The tube 
can be consequently seen as a combination of N  independent sections in terms of 
EMF. Therefore the equivalent circuit for the whole tube is a combination of several 
equivalent local circuits, as shown in Fig.4.4.

The voltage output Tout measured on the inter-connector beam can be assumed 
uniform due to its large electrical conductivity. So for the equivalent circuits, we have 
the following relations:

Vct,l -R o ,lh  =  Kt,2 ~  R0,2h  

Vet, 2  -  R o ,ih  =  Vct , 3  -  R o .ih
(4.4)

Vct,N—1 — ^ o , N - l f N - l  =  Vct;N — R o,n In
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0,2 ■o,N

ct,3 c t,N

•ct,l •ct,3 •ct,N

Figure 4.4: Equivalent circuit of SOFC tube

There are totally N  — I equations for the N  unknown sub-currents /,

The total current output I  equals to the external load demand, so the current in each 

sections must satisfy the condition:

I  = I\ + h  H I-^n (4.5)

Solving linear equations expressed in Eqn.4.4 and Eqn.4.5, we can get the solutions 
of They are functions of I, R0j  and VcU. Assuming that R0j  are same and N  —» /,
then converge to the local current and can be expressed as local current density:

Vc t - V e t  , /l = ------:----- h
P rJ r0 2 nr3L

where Vct is the average potential of the whole tube and L  the length of the tube.

(4.6)

4.2.3 Diffusion

Reactants must be transported from primary flows to reaction sites to participate in 
the electrochemical reaction as shown in Fig.4.2. This is done by diffusion. Dynamic 
behaviors of reactants in the immediate vicinity of the tpb and that in the primary flow 
body are related through the diffusion process.

The dynamic relations among the concentrations in the immediate vicinity of the tpb, 
Ctpb, in the primary flow body, Cb, the reactant flux entering the cell surface, / ,  and the 
reactant flux consumed at the reaction site, f ,  can be modeled in the form of transfer
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functions (Qi et al., 2005):

C ^h(s) = G }Cf ( s )  + GccCb(s) 

f ( s )  =G-}j f ( S)+ G c£ h(s)
(4.7)

where:

D 6D2S 1

l + i l e + - J i ^ c 2 
1 ^  2D* ^  24D7

and D  is the diffusion coefficient, / the thickness of the diffusion layer, and s the Laplace 
operator.

The reactant consumption rates at reaction sites f  are directly related to the current 
density i (Larminie and Dicks, 2003):

where F  is the Faraday constant.

Applying the transfer function model to H2 , H2 O and O2 respectively, and 
performing inverse Laplace transform, the species dynamics led by diffusion can be 
converted to ordinary differential equations (ODE).

So dynamic models for H2 , H2 O and O2 fluxes entering cell surfaces are:

/ =  2 F fU2 = - 2 F f H 20 =  4 F f 02 (4.8)

./h 2 — - * i / h 2 ~ h2f l h + h \ - - i  + h£ H2

fo 2 ~  ~ ° ] Jb2 ~  ° 2fo 2 +  ^  ' * +  °iC o2

f i h o  —  / h 2o  — vv2 . /h 2o  ~ w \ ^ r r , '  i +  w £ \ l0 (4.11)

(4.10)

(4.9)

The partial pressures in the immediate vicinity of tpbs are:

i + h P n■i + h i p ^  (4.12)

i + °\P o■i + °\P o 2 (4.13)

• •I IS IS  lis ts  - lis ts  .
Pu2Q = ~ w IPh20  -  w2Ph2Q +  vv4 i + w \p U20 (4.14)
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where la and lc are anode and cathode side diffusion layer thickness respectively; 
coefficients h \ ^ ,  o \ ^  and w \ ^ 4 are functions of diffusion coefficients and diffusion 
thicknesses. Details can be found in (Qi et a l,  2005).

We assume that diffusions only occur in the radial direction, as shown in Fig.4.2, 
so neighboring diffusion processes along the z direction are independent. The global 
distribution along the tube depends on the distribution of current density i and 

distributions of concentrations in the flow Cb, as shown by the diffusion model in 
Eqn.4.7.

4.2.4 Solid Phase Temperature 

Cell Temperature

The electrochemical reaction and the consequent energy conversion occur inside the 

SOFC cell, which affect the cell temperature. The cell also exchanges heat with the 
surrounding flow bodies due to their temperature differences, and they affect each other. 
Our previous investigation has shown that the cell temperature dynamics dominates the 
dynamics of the SOFC (Qi et al., 2006).

The cell is in solid phase, and it exchanges energy with surroundings along the radial 

directions, as shown in Fig.4.2. In addition, due to the temperature gradient along the 
SOFC tube, there is conduction heat transfer. But as analyzed in (Qi et al., 2006), 
the conductivity of SOFC and the cross section area are small, so the heat flow along 
axial direction is small compared to that along radius direction. Consequently, dynamic 
effects due to the conduction along the axial direction can be neglected. We can 
consequently assume that the neighboring heat transfer processes in the solid phase 
SOFC cell are non-interacting. The cell temperature can then be modeled locally 
through the energy conservation law, as we did for the diffusion process.

The energy sources for the electrical power are enthalpies that are carried by 
reactants. They can be expressed as:

X  f i Hi =  17iuel +  jb 2Ho21 Tm +  2 h2o ^ h 2o I rcell (4.15)

where , j s0 i and Q are mass fluxes entering the cell, H\\2, Hq2 and //h 2o 
are enthalpy of formations of each reactant. For ideal gases, the enthalpy of 
formation depends on temperature, and can be approximated by 1 st order polynomial 

of temperature, as shown in table A-7.
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Through the electrochemical reaction, the Gibbs free energy is converted to electrical 
energy. Part of the energy is supplied to the external load, and the leftover is consumed 
by the intrinsic resistance and converted to heat energy, which heats the cell. The 
balance of the enthalpy of formation is released as reaction heat. Local electrical energy 

that leaves the cell is:

Ee = Pout * =  (Pet -  Pr(J r 0 ■ i)i (4.16)

where P r 0  and / r 0  are the specific resistance and the thickness of pure ohmic resistance 
respectively.

Due to temperature differences, heat fluxes transfer between the cell and gases by 
means of forced convection is:

Qconw — ha(Tce\\ — 7fUel) +  hc(Tce{\ — Tan) (4.17)

where h-d and hd are anode and cathode side heat transfer coefficients respectively. They 
depend on gas property and velocity etc., and can be modeled through the Reynolds 
number Re, Nusselt Number Nu, and Prandtl Number Pr.

SOFC works at high temperature, and the heat transfer effect through radiation is 
thus significant. In the SOFC stack, we assume that temperatures of each cell are 

same, but the injection tube temperature and the cell temperature can be different. So 
the radiation mainly occurs between the cell and the injection tube in the SOFC cell 
composite:

«n* =  / - ( £ , , ( 4 . 1 8 )
^rad

where cr is the Stefan-Boltzman constant, and Rra<j is the radiation heat transfer 
resistance. It depends on the view factor and emissivity of the cell and the tube.

In addition, the cell also supplies heat to the fuel channel reforming reaction, and the 
heat flux is:

<7ref =  rref' EHKf (4.19)

where rref is the reforming reaction rate and A//ref the reaction heat (Qi et al., 2006).

According to the first law of thermodynamics, the energy balance in the cell is:

dpct\\Cp  ,cel]7cell V  /S rr  c  (A n m~T — y , Ji Eli ~  Ee — C/com ~~ <7rad ~~ Prci (4.20)at

With consideration of geometry in Eqn.4.15,4.16,4.17,4.18 and 4.19, and 
substituting them into the energy conservation equation, Eqn.4.20, the local dynamics
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of the cell temperature can be modeled as:

dTct\\   1 1 |
dt PcellCpcell y3

+  — • Jb2Ho2!rair +  j\\2oH\[2o Ircell -  (Vet -  PrJ r0 • 0* ^  2 i)

- W e i l  -  rfue,) -  1  ■ M ^ n  -  T„ir) -  r- l  ■ - 5 - p i ,  -  7 ^ )
O  O  n-rad

r e f ' A //re f]

where pceii and Cp.Cell are the density and the heat capacity of the cell respectively, r2
2 _  2

and r3 are inner and outer radius of the cell, and 

Injection fube Temperature

Heat transfer in the injection tube is similar to that in the cell, and its temperature can 
also be modeled locally. The injection tube is a passive component in the heat transfer 

process. It exchanges heat with air flows through forced convection and is heated by 
the cell through radiation. The dynamics thus can be modeled following the similar 

procedure shown above:

^^tube   1 1  j

d t  PtubeCp.tube r ] ^  2 2 )

~ he ( Tmbe ?air) ' ^t(^iube Tjnj) +  „  (^cell ^tube)]
r l  r  I ^ ra d

where ptube and C^tube are the density and the heat capacity of the injection tube 
respectively, ro and r\ are inner and outer radius of the injection tube respectively, 
and r; =  ^ i

4.2.5 Fuel Flow

In the tubular SOFC stack that we consider, fuel gas is pre-reformed methane, 
consisting of CH4 , H4 O, H2 , CO, and CO2 . It is injected from the close end side of 
the composite, flowing through gaps among SOFC tubes, as shown in Fig.4.1. The tail 
gas passes through the gap on the right side and then leaves the stack.

The mixture undergoes reforming/shifting reactions in the fuel channel. Meanwhile, 
by means of diffusion, H2 and H2 O transport in and out the cell to participate in the 
electrochemical reaction.
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In the fuel channel, the fuel temperature, velocity and species concentrations etc. are 
distributed along the flow channel, because of mass, heat and momentum exchange 
through secondary flow and the reforming/shifting reaction. Gas phase parameter 
distributions affect solid phase variables. The dynamics of fuel flow can be described 

by 1-D equation of continuity, the equation of energy and the equation of motion.

At z  =  0, we assume that physical states such as pressure, temperature, velocity and 
mole fractions are equal to that of the corresponding properties at the fuel inlet.

Reforming and shifting reactions

Reforming and shifting reactions generate H2 , CO and CO2 from methane and steam: 

Reforming : CH4  +  H2 O ^  3 H2 +  CO

Based on the methane consumption rate, the reforming rate is experimentally 
determined by (Ahmed and Foger, 2000):

where Kr is the rate coefficient, Er is activation energy, and a , j3 are order coefficients 
for methane and steam respectively.

The shifting reaction rate is approximated by (Qi et al., 2006):

where Ks is the rate coefficient.

Concentrations

Accounting mass balances in a finite volume of fuel flow (Qi et al. , 2006), and taking 
the limit as the width of the control volume approaches zero, we can get the species 
dynamics in the primary flow.

The CH4  is consumed only by the reforming reaction, and its concentration dynamics 
is then modeled as:

S h ift: c o + h 2 o ^ h 2 + c o 2

(4.23)

3.961 I -PCO 2PH2 ] (4.24)

dCcn4 _  _ d _  
dt dz

1
M fuelCcH4 -  ■ 0-ef (4.25)
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where r* — ^ r - r i  is geometry fitness parameter and Wfuei the fuel velocity.

Reforming and shifting reactions consume H2 O, and the electrochemical reaction 
produces H2 O flux entering the primary flow. Its concentration dynamics is:

d C u 2o  _  d ^  1 1 1 ,s ,A
~  ^ z ufue\Cu20  r* -rref ^  ' Cft ^  ’ J h 20  ( 4 .2 6 )

where — jfj2 0  is the steam flux leaving the anode surface and entering the primary flow.

H2 is produced by reforming and shifting reactions, at the rate of 3rref and rsft 

respectively. It is also consumed by the electrochemical reaction. Its dynamic model 

is:
d C n ? ^  1 1 1 - S

=  - ^ r MfuelQi2 +  3 • —  • rref+  —  • rsft -  —  • ( 4 . 2 7 )

where /|j2 is the hydrogen flux leaving the primary flow.

CO is produced by the reforming reaction and consumed by the shifting reaction. 
It is assumed that CO does not participate in the electrochemical reaction. So its 

concentration dynamics is:

dCCo _  d 1 1
— MfuelMZO * rref * ' *sft ( 4 .2 8 )dt dz r* r*

Qi et al. (2 0 0 6 )  has discussed the case when CO participates in the electrochemical 
reaction.

CO2 is produced by the shifting reaction:

— =  - ^ MfuelCc0 2 +  • rsft ( 4 .2 9 )

Fuel temperature

The fuel gas is a mixture of five different species. Their inherent properties are different. 
But each specie has same temperature. The temperature is affected by several factors: 
reforming and shifting reaction heats, enthalpies that are carried by reactant fluxes, and 
heat transferred from its surroundings, etc. The effect of kinetic energy can be neglected 
due to low velocity and low density.

Reforming reaction is an endothermal process. The fuel gas must be heated to 
maintain the reforming reaction. For the internal reforming/shifting design, the fuel 
flow is heated by the SOFC cell. That is, extra heat flux from the SOFC cell is injected 
to the fuel flow.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 4.2 1-D dynamic modeling of SOFC 87

So the temperature dynamics can be modeled through the energy balance:

Jt ( X ( Q C , , )  • 7fllel)  =  -  ^  (ufue, XiQH;))

-  7  • /h 2# h 2 -  ^  • ./h20 ^H 20  (4 -3°)

“ JT ’ ^a(7fuel Fce|i) -f- — • rref • A H ref

where Q  are concentrations of each species in the fuel gas, Cpj  their specific heats 
at constant pressure, Hi enthalpy of formations, and r* =  the geometry fitness
parameter.

Fuel velocity

The flow velocity determines space time in the fuel channel and affects the heat 
transfer coefficient; thus it is the dominant factor that affects concentrations and the 
temperature.

In the fuel channel, the reforming/shifting reactions and the electrochemical reaction 
induce pressure gradient. The pressure gradient significantly affects forces acting on the 
primary flow and consequently the velocity. Due to the electrochemical reaction, some 
H2 in the fuel flow is converted to H2 O through secondary flow. The density of the 
mixture thus changes which leads to the velocity change. In the fuel channel, the effect 
of friction is minor and may be neglected because the viscosity of fuel is small.

Dynamic behaviors of flow velocities can be modeled through the momentum 
conservation law:

d d
3 7  I ' y ' j C j M i )  • Mfuel] =  — -5 -  (X ( C j M j  ■ M|'uei ) )

az  (4.31)
1 -s d p f
* ‘ ./h 234H2 Mfuel

fuel
r * 2-1UC1 ^

where M,- are mole masses of each species. Fuel gas can be assumed as ideal gas, and 
we have:

Fiuci =  y . Q R T tuci

4.2.6 Air Flow

Air is injected from the injection tube as shown in Fig.4.1. It is injected to the bottom 
of the cell tube, then turns around and goes through the gap formed by the cell and the
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injection tube. So air flow is divided into two sections. In the cathode channel, air is 
co-flow with fuel. O2 diffuses into the cathode and is reduced to oxygen ion. In the 

injection channel, air is counter-flow relative to the fuel flow. No reaction or secondary 
flow occurs.

Boundary conditions for the air flow in the cathode channel at z =  0 equal to that of 
the air flows out of the injection tube. For the air flow in the injection tube at z  =  L, 

boundary conditions are determined by the inlet air pressure, temperature and velocity.

Cathode channel air flow

We assume that air consists of N2 and O2  only. N2 is not involved in any reactions, and 
only O2 diffuses out of the primary flow to participate in the electrochemical reaction. 
So the species dynamics is:

where r\  =  is the geometry adjustment parameter, uAlt the air velocity in the 
cathode channel, and /q 2 the mass flux that enters the cell and is consumed by the 
electrochemical reaction.

The air flow exchanges heat with the cell tube and the injection tube respectively. Its 
temperature dynamics can be modeled by the following equation:

where C j  are concentrations of N2 and O2 , Cpj  their specific heat, H j  their enthalpy 
of formations, and hc the cathode side heat transfer coefficient which is affected by the 
velocity (Qi et al., 2006).

The velocity dynamics of the cathode side air is:

and

(4.32)

(4.33)

(4.34)

where Mj  are mole masses of N2 and O2 respectively, and the pressure is:

Fair =  y.Q FTair
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Injection channel air flow

In the injection tube, except for the primary flow, the air flow only exchanges heat with 

the tube; no other transport processes occur. The flow direction is opposite to the axial 
direction, as shown in Fig.4.1. In the 1-D modeling, the location of the air flow in the 

injection channel is represented by y  instead of z. They have the relation y = L — z.

So we are only interested in the temperature dynamics for the air flow in the injection 
tube. Species concentrations and the velocity are assumed to be the same as that at the 
inlet. The temperature can then be modeled by:

/-'in f  ^^inj   ^ j j j  dHafr r§  ̂ ^   ̂ ^  oc\
'-a ir -/? ,a ir  ’ ^  — Maix ^ a ir '  ^  ' “ tv-'inj 7 tube;

where C;“r is the air concentration at the inlet, Cp .d\r the air specific heat at constant 
pressure, u'"r the input velocity, Hair the enthalpy of formation of air, and the heat 

transfer coefficient, which is affected by the velocity (Qi et al., 2006).

4.3 Approximate analytical solution

An 1-D dynamic model is usually solved through numerical methods. Numerical 

integration techniques such as finite element method are often adopted to find the 
solution. The fundamental approach of numerical methods is discretization of the 
continuous model. With smaller integration intervals, more accurate solution will 
be expected. For a complex system such as SOFC, over twenty variables have 
to be modeled in the form of nonlinear, non-homogeneous PDEs. If employing 
numerical methods, a large number of equations due to the discretization must be solved 
simultaneously (Iora et al., 2005). This results in heavy computations. Therefore, 
numerical methods may not be suitable for certain real time applications, such as 
control applications.

In control applications, to meet on-line computation requirement, the system model 
is often simplified. Fast dynamics is approximated by steady state solution (Iora 
et al., 2005); non-dominant dynamic variables are neglected (Padulles et al., 2000); 
distributed parameter system is lumped to give a set of ordinary differential equations 
(Qi et a l ,  2007b). The objective is to reduce the computation requirement. However, 
these simplifications unavoidably induce large model errors.
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Usually, an analytical solution can satisfy both speed and precision requirements. 
But it is very difficult, if not impossible, to find exact analytical solutions for those 
nonlinear, non-homogeneous and coupled PDEs such as the 1-D dynamic model of 
SOFC. In this section, aiming at solving the 1-D reacting gas flow problem, we attempt 
to develop an approximated analytical solution that can balance the speed and precision 
requirements.

4.3.1 Problem description

Analysis in the previous section has shown that model of the SOFC mainly consists 

of two parts: the non-flowing phase part and the flowing phase part. Parameter 
distributions of non-flowing phase also depend on that of the flowing phase. In the 
SOFC stack that we are considering, the flowing phase consists of three primary flow 
bodies: they are fuel flow, air flow in the cathode channel and, air flow in the injection 
tube. The fuel flow is the most representative one, and it is used as an example for the 
1-D reacting gas flow problem in the following development.

Within the primary flow, the mixed gases are reacting. So concentrations of each 
species are not constant along the flow channel and the total concentration is affected 
by the reaction. Simultaneously, the primary flow exchanges heat with the wall of the 
flow channel. The change of the gas phase temperature thus leads to pressure change. 
The pressure gradient induced by the reaction and the temperature significantly affects 
the primary flow velocity. Through the secondary flow, H2 in the primary flow body 
gradually changes to H2 O. The density of the mixture is thus changed. This in turn 
affects the primary flow velocity.

A flow body can be described by three distributed variables: concentrations, energy 
and velocity. Their dynamic behaviors can be modeled by several PDEs, as shown by 
Eqn.4.25,4.26,4.27,4.28,4.29, 4.30, and 4.31. In general, the dynamic 1-D model for 
a reacting gas flow can be written as:

:pT = - ^ - { u C H )  + &
(4.37)

dt
CMu =  - ~ ( C M u 2) -  ^

dz dz
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where C is the total concentration, u the velocity, H  =  a + bT  enthalpy of formation, T  

the temperature, and sS , S3, c€  combinations of non-homogeneous terms, respectively.

Strict analytical solution for this model is beyond our scope. We shall derive an 
approximate solution in the form of Eqn.4.1.

4.3.2 Assumptions

As we have analyzed before, the 1-D reacting gas flow has the following characteristics:

•  Reaction leading to total mole number change;

•  Heat exchange leading to temperature change;

•  Momentum change;

•  Constant flow area;

• Frictionless;

•  Velocity lower than 0.3 Mach.

Gas phase fluid body is compressible, especially considering gas phase dynamics. 
However, when the flow velocity is lower than 0.3 Mach, compared with the motion 
of the flow bulk, the effect lead by compressibility can be neglected and gas flow can 
be assumed incompressible (Zucker and Biblarz, 2002). That is, for the gas phase 
fluid, its pressure can be assumed uniform along the flow channel if we neglect the 
friction. Numerical simulations from the detailed model shown by Eqn.4.37 support 
this assumption (Iora et al., 2005). So, according to the law of mass conservation, the 
velocity is distributed due to the mole number change led by the reaction. In this case, 
the velocity is mainly determined by the continuity. The effect of momentum change 
is minor and may be neglected. Gas dynamics also shows that the dynamic response 
of velocity to inlet disturbance is very fast. The state changes only occur within a very 
thin layer named shock wave. The shock wave moves fast, in the sonic speed (Zucker 
and Biblarz, 2002). So, with the condition that the flow channel is not long, the velocity 
dynamics can be neglected. Therefore, in order to develop the analytical solution, we 
make the following assumptions:

•  Gas phase flow is incompressible;
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•  Pressure along the flow channel is uniform;

•  Velocity is distributed due to reaction;

•  The effect of density change can be neglected;

•  Velocity dynamics can be neglected.

4.3.3 Approximated analytical solution

Velocity

Since velocity is the dominant variable of the fluid and it is considered at steady state, 
the key to obtaining an approximate analytical solution starts from the solution of the 
velocity.

For the fuel flow, continuity equations are shown in Eqn.4.25, 4.26, 4.27, 4.28 and 
Eqn.4.29. Dividing them by the total concentration C, concentrations of each species 
can be converted to their mole fractions:

dXcw4 _  d ^  1 1

dt ~  dz fus]XCU4 r* ' C rrcf
d x u 20  _  d 1 1  1 1  1 1 .s

dt ~  d z UfueaU2°  r * ' c rref r * ' c rsft r * ' c Jli2°
dxw2 d 1 3  1 1  1 1 ,s

— 3 “ MfuelXH 2 +  ~  ' T ffre f +  —  • ~ r sft — —  • — J n 2dt dz 2 r* C r* C r* C * 
d x co  d 1 1  1 1

~ d T  = ~ Y z UfmlXco +  r * ' c rref~  7* ‘ c rsft
dXC0 2 _  d 1 1

dt ~ ^M̂C02+r,-crsft

Summing them up yields:

d xr d ^  1 2  1 1 . 1 1 . '
fa 2 _,Xi ~  -  f a Ufue] ZjXi  +  pr ' ^ rre f-  ' ^ J u 20  “  “ T ’ (4.38)

Note obvious identities:

v- , d l  n d \  nX * = l ;  ^ = 0 ; and - = 0

For SOFC, we have j sHi =  —7 h2q-
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Substituting these equations into Eqn.4.38 and rearranging gives:

dufae\ 1 2

=  f  ' c rref
B.C.

“ fuel =  “ fuel i at Z =  0  (4 ‘3 9 )

C =  Cin; atz  =  0

rref =  K eh  at Z =  0

This result shows that the velocity distribution depends on the reaction rate in SOFC 
anode fuel flow.

Since the distribution of rKf and the total concentration C are affected by other 

variables and are not constants, direct integration of Wfuei is not possible. The 
velocity at location z can be integrated approximately from Eqn.4.39, using different 
approximation methods such as the Trapezoidal approximation, according to pre
knowledge of the rref profile.

With the approximated solution for steady state velocity at location z, we avoid the 
need of the equation of momentum balance.

Decoupling

Due to the terms of concentrations, the temperature and the velocity affect each other. 

For a gas flow, the equation of continuity, the equation of energy, and the equation of 
motion are coupled, as shown by Eqn. 4.37. They should be decoupled in order to find 
the analytical solution.

Physically, although reactions and the mass transfer within secondary flow affect 
concentrations of each species, they are dominated by the primary flow itself. That 
is, the equation of continuity is dominated by the term So in solving the
continuity equation, we can assume that other factors such as temperature are constant.

For the energy equation, the temperature is dominated by flow velocity and energy 
exchanges. The change of concentration actually only has minor effects on the dynamic 
response process. It does not affect the terminal temperature value. So concentration in 
the energy equation can be seen as constant.

With these two assumptions and the velocity equation developed previously, the 
equation of continuity and the equation of energy can be resolved independently. This
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is the principle behind decoupling in the following derivation.

Approximate Analytical Solution

In general, the 1-D dynamic reacting gas flow model can be simplified to the form of:

d v  d v  ,
- r -  =  —a ■ u ■ — -------b - v  — c;
dt dz

B.C.

v =  v in at z =  0 ; (4-40>

We approximate velocity profile by : 

u = A  + B - z

where v is the interested physical variable, u the velocity, and a, b, c, A  and B 
coefficients.

Performing Laplace transform to the PDE in terms of time t, it can be converted to 
an ODE:

d v  ,
sv  =  —a ■ u ■ — b - v  — c,

dz
u = A + B - z ;

B.C.

v =  v in at z =  0

where s is the Laplace operator.

The ODE shown in Eqn.4.41 can be analytically solved:

(4.41)

b+ s
(  B \  aB

sv =  — bv  — c +  [(& +  s)v m +  c] • ( 1 + — - z )  (4.42)

Neglecting the effect of inlet transient process and performing inverse Laplace 
transform, the result can then be transferred to ODE with respect to time t again:

d v  ■ ■ (  B \
— -̂ = - b v - c + ( b v m + c ) - ( l  + - z j  (4.43)

This is the approximated analytical solution for 1-D dynamic reacting gas flow problem. 
Actually, many gas phase reactors in chemical engineering have similar characteristics. 
This result may be applicable.
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4.3.4 Validation

The method and the approximated analytical solution of the reacting gas flow problem 

is partially tested on a simple example, by comparing the approximated steady state 
distribution with the exact solution.

Suppose that the process model is: 

d v  d v
-zr- — - l u -  — 1 • v — 1 um =  vm =  1 at z =  0
dt dz

Assuming that the reaction rate only depends on the position:

The profile of r is similar to that of reforming reaction rate in the tubular SOFC.

So the explicit analytical solutions of the velocity and the physical variable 
distributions are:

v =  2 ■ exp[— ̂ z -  ^ ln ( l +  2z)\ -  1 

Adopting the approximated solution proposed above, the distributions are solved as:

u = uin + ^ ( d n + r) -z

v  = - l + 2 - [ ^ { l + r ) - z + l } {̂ )

The exact solutions and the approximated solutions are compared in Fig.4.5. It 
is shown that the approximated distribution matches the actual one reasonably well. 
The approximated velocity distribution does have some error due to the Trapezoidal 
approximation. For a specific application, other more appropriate approximations 
should be developed according to possible velocity distribution. This may need several 
iterations between approximations and validations.

4.3.5 Application to SOFC

Numerical simulations show that the profile of rref under the given condition is 
exponential like, so first order approximation of the velocity u as shown in Eqn.4.40 
will lead large error when z increases. A more accurate approximation needs to be 
developed.
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Figure 4.5: Comparison of the approximated analytical solutions of velocity and 
physical variable distributions and the exact analytical solutions.
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Reforming rate and velocity

Assume that the distribution of rref can be approximated by

rref =  /jne x p ( - | )  (4.44)

we need to find the space constant %.

The reforming reaction rate Eqn.4.23 shows that rKf is proportional to and may
be approximated by Kpcn4 for the sake of possible analytical solution. Substituting 
this approximation into the steady state equation of continuity and rearranging it to the 
form of mole fraction g e t :

d K
T z UXau = ~ 7 c

Obviously, the space constant of Xcn4 is:

w*ch4 =  - - ^ Z c h 4 (4.45)

r*Cum
Z = (4-46)

.̂in
where K  =  ■P f~. It equals to the space constant of rref.

%c h 4

So the steady state velocity can be analytically integrated from the rref approximation 
Eqn.4.44:

" =  »in +  ^ i" M | - e x p(- | )J (4.47)

Analytical solution

Therefore, the reacting gas flow problem in SOFC can be concluded as:

d v  d  . .
-7T- =  - — u v + b (z )  + c; 
dt dz

« = A + R - [ l - e x p ( - | ) ] ;  (44g)

B.C.

v =  v in at z =  0 ;

Converting the PDE to a ODE by performing Laplace transform in terms of time t:

dv  .du . , . .
u ■■—  + ( - - +  s) ■ v  = b(z) + c 

dz dz
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It can be rearranged as:

, . d v  ,du . dv  , . .
(u + sz)- —  +  (—  + j ) -  V - S Z - —  = b ( z ) + c  

dz dz dz

The position z in the axial coordinate is independent of time t, so sz equals to zero and 
the term sz ■ ^  can be removed from the equation, and the ODE can then be arranged 
as:

/  s  dva\(z )—  + ao{z)v = b(z) + c (4.49)
dz

with ~̂za\ (z) =  oq(z). This linear ODE can be analytically solved. With known 
n=  - ^ r ref, the solution is:

^  - u v +  • [1 - e x p ( - |) ]  + (4.50)

Application

Applying the solution shown by Egn.4.50 to the SOFC fuel flow, distributed dynamic 
models of specie mole fractions are:

d%CH4 1 ^^fuel f t in ,,in in c n / ^ / a c u~ a T ~  = ■Xcu4 + ufuerXcH4 - r Kf ^ -  [1 -e x p (-- jr)]}  (4.51)
fuel 9

dXH20   ̂ ^^fuel r . in in in t  r-i / Z \i
~J~t = 3 T ' ' { - MfuelZH20  +  Kfuel ' X h 20  -  ^ref' €  * [I ~  e x p ( - ^ ) ]

fuel 9 (4.52)
+  ( - » ' s f t - J H 2o ) - z }

 ̂ -^ f̂uel r i in in i o in c ri { ^ m
~ 7 T = 7 '  ^  +  “ fuel • * h 2 +  3 4 f  ‘ t, ■ [1 -  e x p ( - v ) ]

al r fuel 9 (4.53)
+  (rsft ~  3 h 2o )  ’ z }

^%CO 1 ^^fuel r i in in i in c d /  ̂M
= F ' “f t T  ’ “ ' “  rr' f ' "  ?  (4.54)

-  ŝft • z}

d%C0 2 1 RTfuC\ in in i , ,  c o
=  7  • • { - “fuel • XC0 2 +  M fuel ’ Zcf)2 +  ŝft ‘ Z> (4-55)

fuel

where z is the location.
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The distributed dynamic model of temperature is:

“  A  ' ( ° h 2 +  i>H27 t e l )  -  Aa • W « i  -  Tcell)
«» r  <-p,fuel ■'fuei (

~~ ./h 20  • ( flH20  +  ^ H 20 T c e ll)  +  ( , /h 2 • (« H 2 +  ^ H 2 7foe l)
(4.56)

+  ha ■ (7fifei — Tcc|i) +  ifi2o • (aH20  +  ^H20 ^cell)

1 i?Tfuel ./h2^ii2 +  h.d
exp(-----------:---------   z)

r* Tf"el Mfuel Xibi

The velocity distribution of fuel flow is given by Eqn.4.47.

Applying the solution to the cathode side air flow, the distributed dynamic model of
O2 mole fraction is:

t /??:= f
— (1 ~ X o 2) fo 2 +  0  — Xo2) jo 2

d%o2   1 T7)yr
dt ~  r%' Ph.

T.  ̂ (4 -5 7 )
1 R  2 air

'~rb T*.+Ta i

^  ~~ 2 rf ' Pb wb ’ ^ air +  7air')'/(S)2' ^  air 1 ,air

where P bir =  Pa"r, ubw — and T br — T\nj|z=o are air flow parameters at the close
end of the tube.

The distributed dynamic temperature model is:

^ ■ {  -  (he + - h c)T^r -  (-/icTcel, +  -/Zc7Iube) 
dt r\CPMx Tabir [ n  r2

+  [(he +  hc)T bn + (—hcTcei\ H /JcTtube)]' (4.58)
r2 r2

1 R . K , , -2 -5 ^
f1 2r* Ph. Uh. ^ air +  T'â  ',%°2  ' ^

■b , -r . \  ,'S ,„ i 7* + 7*
2

The velocity distribution is:

Mair =  Mair ~  ; r j  ' (T ^r +  Tajr) • ./q 2 • Z ( 4 .5 9 )
2 air

We are also interested in the temperature of air flow inside the injection tube:

<77jn; 2  tf7ini f , •
=  _  ■KT'">+ h' Tu>*+ (/,‘7^ -  h< ̂  > ■

° "  1 (4.60)
2 R ht

e x P [ - -  • W T b T  • r ~ T m  • ( L ~ z )]r2 Pmum bmrL air air dir
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Figure 4.6: Comparison of numerically simulated and the approximate analytical 
solution of steady state reforming reaction rate and fuel velocity profiles.
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Figure 4.7: Comparison of numerically simulated and the approximate analytical 
solution of isothermal steady state species mole fraction profiles. Parameters: I  =  
200A, PfUei =  la tm , 7fuei =  923K, n“ e, =  0.927m/s
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Steady state simulation

The approximate analytical solution of steady state fuel gas profiles and numerical 
simulations are compared under the isothermal condition, as shown in Fig.4.6 and 

Fig.4.7 respectively. Lines with cross mark in Fig.4.6 and Fig.4.7 are numerically 

simulated profiles, from Eqn. 4.25,4.26,4.27,4.28, and 4.29. Solid lines are analytical 
solution results, directly from Eqn.4.51, 4.52, 4.53, 4.54, and 4.52. Simulation shows 
that the approximate solution Eqn.4.50 has good precision for this application.

It also shows in Fig.4.7 that under same input condition, variable profiles of the 

developed model are consistent with Campanari and Iora’s (2004) numerical simulation 
results. The difference between the proposed simulations and Campanari and Iora’s 
(2004) results is mainly induced by the effect of temperature gradient to the equilibrium 
of the shifting reaction.

Assembling dynamic models for each physical variables shown above, the dynamic 
model at any location of the SOFC stack can be described in the form of a nonlinear 
state-space model.

For the SOFC stack we are considering, physical variables that can be manipulated 

at the entrance are designated as inputs. Their perturbations affect the dynamic 
performance of the SOFC stack. Intermediate variables are designated as state 
variables. The electrical output of the stack is the output variable, and other interested 
variables that can be measured can also be designed as model output. The location z in 
the stack and other variables such as mole fractions in the inlet flow are considered as 
parameters

So the input vector u is defined as:

4.4 State-space model

(4.61)

where /  is the total external current load demand.

The output vector is:

(4.62)
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The state vector is defined as:

Y  —  V iS I s  P  is is n t p b  n t p bx — vct J h2 J h 2 Jo2 J o 2 /h 2o  7h2o  P[\2 P\\2 P o 2

Po2 PhhO P\i20 VI ^cell ?tube Î'uel ^air ^inj

Zcn4 Xh2o  Xh, Xco  Xco2 Xo2]T (4.63)

where V/ is the intermediate variable to approximate the derivative of the current input 
(Qi et al., 2005).

A second order process:
d2v

can be expressed by two first order processes:

d v
~ r  = v  dt

* = / < v )

Applying this method to models shown by Eqn.4.9, 4.10, 4.11, 4.12, 4.13 and 4.14, 
and combining electrical model Eqn.4.3, physical models shown by Eqn.4.21, 4.22, 
4.56, 4.58, 4.60, 4.51, 4.52, 4.53, 4.54, 4.55 and 4.57, the state space model can be 
expressed as:

States:
1 ^ 1  1 mixj =  E ------------x i

PrPc PrPc Pc 2nr^L
±2 - X i

X3 =  - h \ x 2 -  h 2x 3 +  h i - ~  Ul +  h 3 - —  (u2x 22 +  m2x 2 2 )
2 F 2nr3L Rx\2

M  = X 5

1 Ml 1 / . x
X5  =  -O J X 4  -  o 2 x 5 +  o \  —  2 ^ 1  +  ° 3 ( M 5X2 5  +  M5 X2 5 )

x 6 — x7
1 —Ml  1 , . .

X l  =  -  Wjx6 -  W2 X7  +  W\ —   -------- -- +  W3  ------ (m2X2 1 +  U2 X 2 1 )
2F 2nr3L Rx\q

Xg = X 9

R x  15 Mi  4/2*15 ^ M]
x9 =  - n \x % - h 2x v - h 4 - — - - ----- T + h \u 2x22-  t ~ x u )2F 2nr3L /a 2F 2%r3L
x i o  =  *11

P x i 5 u\  4 P x ]5 K u \  .
*11 — - O i x i o - O 2x n  - 04 - — - - ------   +  o i « 5X25 -  7 - - r 7r ( x ------ r  — * 14)___________________________4F  2nr3L _______lc 4F 2%r3L______
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*12 —  *13

X 1 3  =  - W \ X \ 2  -  W2X 13 -  w 4 -̂
*15 "Ml 
2F 2nrj,L

4 .
W' U2X2 ' - T , ^ F {2 ^ L +XU)

0 ^ 1
X 1 4  =  ^  X------ - K x  14

27rr3L

*15 =

*16

1 1

*3 Peel I Cp.cel I

r2
*2 (Ph2 +  ^h2*17) +  —x^(ao2 +  &o2* i8 )

+ ^ 6 («H20  +  ̂ H20^17) * 1  2 KryL h '^ X ' 5 ~ Xl?) ~  ~ M X15 “ xib)
r2 cr 
r3 Prad

1 1

(xf5 ~ x j 6) -  rrcfA//r

4*1 PtubcCp tube
''O,

-/lc(*16-*18)------fct(*16-*l9) +  r>
*1 n  ^radr 2  ( 4 s - 4 > )

i i Rx  17 r
*17 =  — 7 ;-----------------5 ~ * 2 (« H 2 +  0 H 2* 1 7 j - * 6 ( « H 20  +  ^ H 20 * 1 7 )

r  *-77,fuel u2 L

/ l a ( *  1 7  - X 1 5 ) +  [x2(flH2 + ^ H 2 « 3 ) + * a ( « 3  ~ * 1 5 )  +  * 6 (« H 20  +  £ h 20 * 1 5 ) ] ' 
1 Rx  17 X2 Z?H2+/*aexp
r M2 Wfuel 1.20  x ib i

* 1  8
1 1 f

r*  r* O /I

+

1
n n

(/?C +  — /lc)*18 -  (~hcXl5 + —hcx  16)
' 2 w/7?air

Y\ r\
(hc +  — hc)x 1 9 ^ = 0  +  (~hcx  15 +  —hcx i6) 

n  r2

r2

1 R  / I

T *18
^191^=0+^18

1 ~  * rn *41*19 x= 0  1 * 1 8 ) <■ 
L 2 M5 r2 —r\ J

>

*19
2 1 Rx  19 f

< -  /ztx i9 +  /itx i6 +  {htu6 -  /itx i6)

exp

r0 Cp ,air m5
r 2 R ht

* 2 0  =

r2 m5 m7 Z?air 

1 Rx 17

xi9- (L -z )

r* m2
Mfuel*20  +  m4Z cH 4 rref ̂ l-e x p (- -= -)

* 2 1
1 PX| 7 

r* U2
-Mfuel*21 +  m4X h 20  ^ref1̂ l-e x p (- -= -)
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* 2 2
1 Rx 17 f
r u2 j  ~Wfuel*22 +  u4Xr2 +  3 C ' ^ l - e x p ( —- ) +  (^sft-* 2 ) ’Z

*23 =
1 R x \ j  f

r* u2 Mfuel*23 4" ll*\XcQ +  ^gf<^ l - e x p ( —=-) -  *sft • z

1 Rx 17 r in 1
*24 =  ~  ~  ^ —M(ilc|*24 4~ u4Xco2 ^  rs ft ' Z jr* u2

*25 1 ^ 1 8  |  _ ( !  - x 25 ) * 4 + ( 1  -  X o ? ) * 4 ’
r 2 M5 I  

1
1

2 r2 u5 ^ u7
(* 1 9 lz=0 4“*18)*4  ’ Z

-2 , *18
U 9lz=0+X18

Outputs:

7 1  =
1 / 1  | . , U \
- ( x , | ;=0 + x , U ) - P r o/ r „ ^

7 2  = * i 7 k = L

}'3 =  M4 +  2 X c u 4ll4
, / ^*n|z=L C f  n! — exp( — --------

r*u 2 m4 Xch4

74 = * 1 8 |z = L

75 =  J— r U T -  —  —  (* 1 9 |z = o 4 -* 1 8 )z = l)* 4 |z = L -^
2 W5

76 =  *22|z=L

77 — *23 |z=L

78 = * 2 5 1z=L

Where:
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E  =  1 .273-2 .7645 x l 0 - 4x 15 +  ^ ^  In**15
y x n2 F

R x 15 ■ , _ i   sinh

R x  15 . , _ i  — —  sinh

U\
2nr^L

1 0 9 (xgxi2 )exp7  x Rx  15 I

U]
2wr̂ L

7 x l 0 9 ( x 10) ° '2 5 e x p ( - ^

Mfuel — M4 4- 2-Xq h 4U4 I _ e x p | - 5 5 I X S _ . L 
r+ M 2 u a l L

r*w2

R x\i M4^CH 4

' ‘ref Er(u2^20)a (u2X2 \ f exp
R x n J

C f  = A ’r ( « 2 Z S |4) 0 t e f f 2o ) P « p /?M3

rsft =  ^ s « 2
[ /  4276 \
X2 3X21 e x p  3961 -X22*24
  W 17 J

or, in a compact form:
x =  /(x ,u ,z )

(4.64)
y =  g(x,u ,z)

4.5 Simulations

A Simulink model of the tubular SOFC with analytical solution for the 1-D dynamic 
reacting gas flow problem has been developed according to the state space equations. 
Dynamic behaviors and parameter distributions of SOFC were simulated through the 
model. The SOFC model parameters are listed in Table A-2. Gas phase parameters 
can be found in (Qi et al., 2006). Default input conditions for simulation are shown in 
Table A -l. Perturbations of input variables are relative to these default settings.
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Figure 4.8: Vct profile and step response, when /  step changes from 100 to 150 Amp at 
1 0 0  second.

4.5.1 Step responses due to current demand changes

Step response tests can effectively reveal process dynamic parameters such as time 
constant, gain, time delay etc. In fact, the industrial model predictive control often 

uses step response as the model. Step responses and distributed profiles of voltage, 
temperatures, and species mole fractions etc. due to the step change in current demand 
I  are shown in Fig.4.8, Fig.4.9, and Fig.4.10 respectively.

When external load current demand I  was stepped up, diffusion processes and the 
intrinsic impedance prevented the immediate jump of voltage, and the time constant of 
the consequent dynamic response is around 0 . 2  seconds.

Because more current was consumed by the inherent resistance, the cell is therefore 
heated and its temperature is increased gradually as shown by Fig.4.9. The response 
time constant is around 1000 seconds due to its large heat capacity. The behavior of 
cell temperature consequently dominates behavior of other temperatures.

Step change of current I  changes the secondary reactant fluxes y'fj2, j h 2Q, and 
y'o . They consequently affect composition distributions, as shown by Fig.4.10. Step
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Figure 4.9: Profiles and step responses of temperatures, when I  step changes from 100 
to 150 Amp at 100 second.
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Figure 4.10: Profiles and step responses of species fractions, when I  step changes from 
100 to 150 Amp at 100 second.
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Figure 4.11: Vct profile and step response, when P™ic] step changes from 1 to 2 atm at 
1 0 0  second.

responses are shown in this figure. Obviously, their responses are dominated by the 
response of cell temperature.

Because air input rate is very high, the decrease of oxygen mole fraction due to the 
electrochemical reaction is minor. The profile is almost a flat line. So the cathode side 
oxygen step response and profile are not shown in the figures.

4.5.2 Effect of fuel inlet

Pressure

Step responses of the SOFC stack due to the step in fuel inlet pressure P^"el are shown 
in Fig.4.11, Fig.4.12, and Fig.4.13.

When fuel inlet pressure P^”el was stepped up, concentration of CH4  increased 
immediately. So the reforming reaction rate increased and more H2 was produced. 
The voltage Vct then increased as shown in Fig.4.11. Consequently, more heat was 
absorbed from the cell tube and its temperature decreased. Profiles and step responses 
of other temperatures are shown in Fig.4.12. Profile and step responses of fuel species
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Figure 4.12: Profiles and step responses of temperatures, when P£el step changes from 
1 to 2  atm at 1 0 0  second.
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Figure 4.13: Profiles and step responses of species fractions, when step changes 
from 1 to 2  atm at 1 0 0  second.
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Figure 4.14: Vct profile and step response, when 7}̂ el step changes from 823 to 923 K 
at 1 0 0  second.

are shown in Fig.4.13.

Temperature

Effects of step change in fuel inlet temperature Tf“el are shown in Fig.4.14, Fig.4.15, 
and Fig.4.16.

When fuel inlet temperature 7^el was stepped up, concentration of CH4  increased 
immediately. So the reforming reaction rate increased and more H2 was produced. The 
voltage Vct then increased as shown in Fig.4.11. Consequently, more heat was absorbed 

from the cell tube and its temperature decreased.

Velocity

Effects of step change in fuel inlet velocity uj-”e] are shown in Fig.4.17, Fig.4.18, and 

Fig.4.19.

Step change of fuel inlet velocity wj?el changes the heat transfer coefficient ha. So 
heat is transferred from cell to fuel. Therefore it affects temperatures as shown in
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Figure 4.15: Profiles and step responses of temperatures, when 7^” , step changes from 
823 to 923 K at 100 second.
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Figure 4.16: Profiles and step responses of species fractions, when 7^nel step changes 
from 823 to 923 K at 100 second.
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Figure 4.17: Vct profile and step response, when Wf"e] step changes from 0.927 to 1.927 
m/s at 1 0 0  second.
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Figure 4.18: Profiles and step responses of temperatures, when n^el step changes from 
0.927 to 1.927 m/s at 100 second.
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Figure 4.19: Profiles and step responses of species fractions, when M^ej step changes 
from 0.927 to 1.927 m/s at 100 second.

Fig.4.18. The change of velocity directly affects species profiles as shown in Fig.4.19.

4.5.3 Effect of air inlet

Pressure

The step change of the air pressure affects the oxygen concentration, and as a result 
affects the voltage, cell temperature, and consequently other variable distributions, as 
shown in Fig.4.20, Fig.4.21,and Fig.4.22.

Temperature

The air inlet temperature step change affects the heating conditions of the the SOFC 
stack. Therefore, all other variables are affected. These effects are shown in Fig.4.23, 
Fig.4.24, and Fig.4.25 respectively.
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Figure 4.20: profile and step response, when P^r step changes from 1 to 2 atm at
1 0 0  second.
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Figure 4.21: Profiles and step responses of temperatures, when P f̂r step changes from 
1 to 2  atm at 1 0 0  second.
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Figure 4.22: Profiles and step responses of species fractions, when P^r step changes 
from 1 to 2  atm at 1 0 0  second.
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Figure 4.23: Vct profile and step response, when F'" step changes from 1104 to 1184 K 
at 1 0 0  second.
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Figure 4.24: Profiles and step responses of temperatures, when step changes from 
1104 to 1184 K at 100 second.
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Figure 4.26: Vct profile and step response, when step changes from 7.79 to 23.37 
m/s at 1 0 0  second.

Velocity

The air inlet velocity step change affects the heat transfer coefficient and therefore 
affects temperature profiles of the injection tube, cell and gas phase temperatures. Air 

flow rate can be designed changing in a large range of scope, due to its low cost, to 
recondition the temperature distributions along the cell tube. The effects due to air inlet 
flow rate step change are shown in Fig.4.26, Fig.4.27, and Fig.4.28.

4.6 Conclusions

An 1-D dynamic model for a tubular solid oxide fuel cell (SOFC) stack has been 
developed. Distributed dynamic relations of current density and electromotive force 
(EMF) have been developed. Solid phases non-flowing parameters dynamics have been 
investigated. Distributed dynamics of flowing phases such as fuel and air flow has been 
addressed by simultaneously considering diffusion, inherent impedance, primary flow, 
heat transfer, and internal reforming/shifting reactions. They are modeled in the form
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Figure 4.27: Profiles and step responses of temperatures, when w™r step changes from 
7.79 to 23.37 m/s at 100 second.
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Figure 4.28: Profiles and step responses of species fractions, when u'^r step changes 
from 7.79 to 23.37 m/s at 100 second.
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of partial differential equations (PDEs).

An approximated analytical solution for 1-D dynamic reacting gas flow problem 
has been proposed. It has been applied to the 1-D SOFC model and analytically 

solved velocity, mole fraction and temperature distributions for primary flows. PDEs in 
the 1-D dynamic model is then converted to ordinary differential equations (ODEs). 
Combined with the dynamic models for non-flowing parameters, the 1-D dynamic 
model for the tubular SOFC has been presented in the form of nonlinear state-space 
equations.

Dynamic performances and parameter distributions have been investigated through 
simulated step responses of the SOFC stack to changes of external current demand, and 
fuel and air input parameters respectively. They are investigated along the whole length 
of the tube and the results are presented in this chapter.
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5

Low-Order State Space Model

To facilitate control study of fuel cells, a low-order nonlinear state space model of 
the tubular SOFC stack is built in this chapter based on the first-principles. Input- 
output parameters of the SOFC stack are analyzed. Input variables are fuel and air 
upstream pressures. The voltage output of the SOFC stack and the cell temperature 
are model outputs. Other variables such as current demand and the fuel and air 
inlet temperatures are considered as disturbances. Faster processes such as reforming 
reaction, shifting reaction, and mass transfers are considered but modeled at steady 
state. Temperature response is modeled by dynamic equations owing to its slow 
response and dominant role played in SOFC dynamic performance. Dynamics of 
the SOFC stack is investigated through simulations and compared with more detailed 
models available in the literature. 1 

keywords:
SOFC, dynamic modeling, simulation, diffusion, impedance

'A  version o f  this chapter was submitted to the Journal o f Process control, 2007
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5.1 Introduction

Considerable amount of research and development work has been devoted to 
investigating SOFC system, making the SOFC system closer to the commercial 
application. The most likely market of SOFC is for the distributed power generation. 
However, before SOFC system can be marketed as a distributed power source, 
the dynamic operation problem, namely control problem under distributed power 

generation environment must be resolved. Dynamic modeling of SOFC is a necessary 
first step towards this direction.

Dynamic modeling of SOFC has been relatively sparse in the literature. Some 
researchers proposed lumped parameter models which are suitable for control 
implementation (Achenbach, 1994; Achenbach, 1995; Padulles et al., 2000; Zhu and 
Tomsovic, 2001; Sedghisigarchi and Feliachi, 2004; Murshed et al., 2007). However, 
without the detailed analysis of mass/energy transport, these lumped models may not 
be sufficient to describe the SOFC dynamics.

Fuel cell process is a complex chemical and electrochemical process. Mass /energy 
/momentum transports are all involved in this process. These dynamic processes 
affect each other as well as the macroscopic performance of the fuel cell. The static 
mechanism model of Li and Chyu (2003), and analysis of Campanari and Iora (2004) 
showed more details of fuel cell process. Our previous work in Chapter 2 and 3 modeled 
the detailed dynamic relations with reforming/shifting reactions, mass transfer, heat 
transfer and fluid dynamics that occur in a finite volume of SOFC cell.

Unlike models that are used for simulation and analysis, a model that used for control 
requires that the model can describe not only the dynamic response of the system, but 
also the explicit input/output relations. It also requires that the system order is relatively 
low to be suitable for control design. Thus, the target model should be relatively simple 
but can capture dominant dynamics of the cell stack. Built upon our previous detailed 
modeling work, a second order lumped model for a tubular SOFC stack is presented 
in this chapter. This low-order dynamic model is not a model simply reduced from 
our previously established high-order models by a model reduction technique, but is a 
lumped model directly derived from first principles by considering all mechanisms.

The remainder of this chapter is organized as follows: a brief introduction to SOFC 
technology is discussed in section 2. Fast responses of transport phenomena are 
considered at steady state and slow temperature responses are considered dynamically
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Figure 5.1: Principle of Solid Oxide Fuel Cell

in Section 3 in detail. The nonlinear state space model is derived in Section 4. Model 
validation and simulations are given in Section 5, followed by conclusions in Section 
6.

5.2 Introduction to SOFC

5.2.1 Fuel cell principles revisit

Solid oxide fuel cell (SOFC) converts chemical energy to electrical energy through 
electrochemical reactions. They include:

Conversion of H2 :

Conversion of CO:

H2  +  0 2 ^ H 20  +  2e“

i o 2 + 2 e - ^ -  ^
2

C 0  +  0 2~ —>C02 +  2e“

1 2  <5 '2 >- 0 2 + 2 e_ ^ 0 2“

As shown in Fig. 5.1, the electrons flow through the external circuit forms current. The 
current and the reactant consumption rates have the simple relations as (Larminie and
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Dicks, 2003):

/  =  2FJ&2 = 2 f ^ 20 =  4 F ^ 2 (5.3)

where superscript r represents the reaction sites, F is the Faraday constant which is the 
charges carried by one mole of electrons, , and Jq2 are the consumption rate of 

H2 , production rate of H2 O, and the consumption rate of O2 respectively.

The potential difference between anode and cathode reaction sites due to the release 
of Gibbs free energy (Larminie and Dicks, 2003) produces the electromotive force 
(EMF). It drives the flow of electrons. The EMF is affected by temperature and reactant 
activities and is usually modeled by the Nemst equation (Larminie and Dicks, 2003):

where «h2, « o 2 ancl aH2o  are activities.

Fuel cell voltage output comes from the EMF. By computing the reactant partial 
pressures in the immediate vicinity of the reaction sites, the detailed dynamic model of 
fuel cell voltage output was derived in Chapter 2.

When the external load is connected, due to the existence of current, the voltage 
output of the SOFC stack is reduced by activation loss, Ohmic loss and concentration 
losses, (Larminie and Dicks, 2003). The static voltage output is usually modeled by 
(Larminie and Dicks, 2003):

where i is the current produced by the cell, Rm the intrinsic resistance of the fuel cell, 
io the exchange current, and /; the limiting current, at which the fuel is used up at a rate 
equal to its maximum supply rate. A and B are coefficients. The first term in the RHS 
of the equation is the EMF. The second term represents the voltage drop on the intrinsic 
resistance. The third term is the voltage drop that drives the electrochemical reactions. 
The last term represents the voltage drop due to the concentration drop at the reaction 
sites.

5.2.2 Logic correlations of physical effects

From the fuel and air inlets to the electrical output, the fuel cell energy conversion 
process is complex. Mass/energy/momentum transfer processes and conversions occur

(5.4)

(5.5)
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Figure 5.2: Schematic logic correlations of fuel cell process

simultaneously in the SOFC stack. These processes and physical factors such as 
pressure, temperature etc. affect each other. Their logic relations are schematically 
shown in Fig. 5.2.

In fuel and air flow channels, inlet pressures and exit pressures determine their 
flow rates. These flows are called primary flow, and they affect the heat exchange 
process inside the stack and thus the cell temperature, as shown in Fig. 5.2. On 
the other hand, the external load determines the current that the SOFC produces, 
and consequently consumption rates of reactants due to the electrochemical reaction. 
Pressures and partial pressures of each species are then determined by primary flow 
rates and consumption rates together, as shown in Fig. 5.2. Voltage output that the 
SOFC stack can produce is affected by reactant partial pressures and the temperature. 
It will then affect the current output as shown in Fig. 5.2.

5.2.3 Limitations to power output

The first factor that restricts the electrical power output is reactant supply rates. 
Limitations due to the primary flow can be neglected. Reactants in the flow channel 
must pass through porous electrodes to reach reaction sites. The processes are 
controlled by concentration gradients between tpbs and the primary gas flow bulks. 
This process limits the reactant supply rates. When the current output increases, 
hydrogen and oxygen concentrations at tpbs decrease to create larger concentration 
gradients. Once one of them decreases to zero, the supply rate reaches its maximum.
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At this point current can not be increased further, and it is the maximum current that 
the fuel cell can provide. Under this condition, the voltage drops to zero as described 
by Nemst equation.

Second, when reactant supply rates are sufficient, reaction rates and the the available 

reaction sites where reactions occur will limit the current production. In most cases, 
reactions are fast in anode. However, because cathode reaction is slow (Mitterdorfer 
and Gauckler, 1999c), current output is also limited by the maximum ion production 
rate.

Third, in most common situation, that is, fuel cell works at the point at which both 

reactants supply rates and reaction rate are sufficient, current output is controlled by 
voltage and external load impedance. In this case, current is the common factor that 
determines electrochemical reactions and diffusions, as shown in Fig.5.5, in the cell 
section.

Fourth, current is limited by the ionic conductivity of electrolyte and the internal 
resistance. They obey Ohm’s law, and are usually considered together as the inherent 

resistance. When the voltage drop over the inherent resistance is equal to the potential 
that the fuel cell produces, the voltage output decreases to zero. In normal operating 
ranges, the reactions do not reach the limits mentioned before. Thus the current is 
determined mainly by the Ohm’s law.

5.2.4 Planar and tubular design

A SOFC stack is composed of a number of SOFC cells to produce a high voltage output. 
In designing SOFC stack and cells, there are many factors that need to be considered, 
such as gas delivering, thermal stresses, mechanical strength, inherent resistance, seal 
materials etc. There are two types of SOFC structure design, namely planar design and 
tubular design, as shown in Fig.5.3 and in Fig.5.4 respectively.

One of the most important advantages of the tubular design is that it does not need 
the seal to separate fuel and air flow. Another advantage is that the tubular shape can 
improve the strength of the cell. The tubular shape can also improve the gas delivering 
property. This kind of design is suitable for stationary and large scale power generation 
applications.

The most significant advantage of planar SOFC design is its lower inherent
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Figure 5.4: Planar design of SOFC stack and cell
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resistance. It is more suitable for mobile and low power applications.

5.3 Lumped model of SOFC stack

Being a distributed power generator, SOFC stack can only run under proper control 
with the consideration of several factors. The first factor to be considered for the 

control is the safety in the dynamic operation. Working at high temperature, the 
pressure difference between anode and cathode as well as the cell temperature must 

be maintained within some limits. The second factor to be considered is that the DC 
voltage output of the stack must be stabilized to reduce its disturbance to the power 
conditioner. The third factor that should be considered is the efficiency. Inlet flow 
should be operated appropriately according to the load demand to optimize the fuel 
utilization.

5.3.1 Physical processes

The detailed fuel cell processes are expressed by a block diagram, as shown in Fig. 5.5.

Inlet fuel and air flows are described by states such as pressure, temperature, velocity, 
enthalpies and compositions. With known boundary conditions at the exit, the primary 
mass flow rates are determined by the inlet properties and the geometry of the stack. 
The secondary flow occurs along the flow channel due to the consumption of reactants 
that flow from main flow body to the reaction sites. If the fuel is syngas, in the anode 
flow channel there are also reforming/shiting reactions. Those reactions change the 
compositions of the fuel gas. All these factors together determine the total fuel pressure 
as well as partial pressures of each ingredients in the flow channel. The processes are 
shown by the stack/channel section in Fig.5.5

Partial pressures in the primary flow body and the current output determine diffusion 
processes as well as the partial pressures in the immediate vicinity of the reaction sites. 
The correlations are shown in the cell section in Fig.5.5 . Diffusion processes form 
the secondary flows. Partial pressures in the immediate vicinity of the reaction sites 
determine the EMF and the electrochemical reaction rates.

Accompanied with the mass flow and reactions, there are also energy transports. The
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main energy form that is carried by mass flows is enthalpy. Reactants diffuse into cell 

to participate in the electrochemical reaction and then release energy. The Gibbs free 

energy is converted to electrical energy and the balance of the enthalpy of formation 

is released as reaction heat. Part of electrical energy supplies to the external load, and 
part of energy is consumed by the intrinsic resistance and converted to heat.

Due to the temperature differences, the cell exchanges heat with surrounding fuel 

and air, and consequently transports heat from the cell to the surrounding flows. 
Temperatures of surrounding flows in turn affect heat transfer processes and the 
temperature of the cell. The cell also supplies heat to the reforming reaction. The 
energy flow and conversion processes are shown in Fig.5.5, in the stack/channel section.

5.3.2 Model assumptions

The lumped SOFC stack model has the following assumptions:

•  Fuel supplied to the SOFC stack is pre-reformed methane and air;

•  exit of the SOFC stack is open; consequently pressure at the exit is 1 atm;

• fuel temperatures, pressures, flow velocities are uniform in the flow channel;

•  all cells of the stack have the same temperatures;

•  voltages of each cell are same;

•  cells in the stack are connected in series electronically;

•  CO does not involve in the electrochemical reaction;

•  no disturbances in terms of heat transfer from the surrounding to the stack.

5.3.3 I/O variables

The objective of the dynamic SOFC stack model is mainly for control applications. 
Only those external, explicit, measurable and operable physical parameters are 
designated as I/O variables.
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Input variables

Inputs of the SOFC stack are fuel/air flows. The properties o f inlet flows are determined 
by their pressures, temperatures, flow rates, and compositions.

Output of the SOFC stack is electrical power. It is determined by the voltage and 
current. Voltage is related to the fuel pressures and current is related to the fuel flow 

rates. In order to operate the stack to satisfy the load demand, one needs to regulate the 
fuel/air pressures in the stack and their flow rates.

Because of the assumption that the exit of the stack is open, the exit pressure is fixed, 
and pressures in stack and flow rates are all determined by the inlet pressures F^e], Fj"r 
and the flow resistances. So Ff"e] and F '” are selected as the input variables of the 
model.

Operation of the exit orifice of SOFC stack as proposed in (Padulles et al., 2000) 
can also regulate the in-stack pressures and flow rates. This strategy however has two 
main weaknesses: First, the tail gas pressure will fluctuate and it is not suitable to send 
the tail gas to the turbine engine. Second, it requires relatively higher inlet pressures to 
warrant the sufficient operation range.

Output variables

As mentioned above, the output of the SOFC stack is electrical power. It can be defined 
by voltage V and current I. V  is an important variable that should be controlled and 
kept stable. It is one of the output variables of the model.

In the general operating range, current I  is determined by V and load of the stack. 
External load is often not manipulated.

Due to internal resistance, the cell temperature Fcen is higher than that of its 
surroundings. It affects the performance of SOFC stack significantly. Too high Fcen will 

lead to malfunction of the stack. Therefore, r cen must also be controlled and monitored. 
It is the second output variable of the model.

Disturbances

Current output /  is determined by voltage and load impedance. However, load 
impedance of the power distribution network may not be measured or manipulated.
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Table 5.1: I/O variables of the model
Inputs Outputs Disturbance

Cel latm l 
C r  (atmJ

V  [volt] 

Tcdi [K]

I  [amp]

It means that the current output of the stack /  can not be manipulated through the 
operation of the stack. On the other hand, current /  determines the electrochemical 

reaction rates, and in turn the performance of the stack. So I  is defined as a disturbance 
variable of the model.

Fluctuations of inlet flow temperatures Tf̂ el, all affect the performance of the 

stack. But they can not be manipulated and therefore also designated as disturbances 
for the model. Fuel compositions X\n are system parameters.

The I/O variables of the lumped SOFC stack model are listed in Table 5.1.

Through the electrochemical reaction shown by Eqn.5.1, EMF of the fuel cell is 
established between anode and cathode reaction sites. It is the source of fuel cell 
voltage output. To simplify the problem as well as consider the actual operating range 
of SOFC during dynamic operations, we can neglect the effect of activation loss and 
concentration loss in the model, focusing on the effect of pressure, temperature and 
internal resistance. The voltage output of the SOFC stack can then be modelled as:

where N  is the number of cells and can be assigned as N  =  1 without loss of generality, 
E ° =  1 .273-2 .7645  x 1(T4  Tct\\ is the EMF at standard condition, p\\2,po2 and p\\2o 
are partial pressures of reactants, and Rm is the intrinsic resistance of the fuel cell.

Dynamic responses of Vout is thus affected by current /, temperature Tce|| and partial 
pressures pu2, Pvuo and po2.

Tout is also dynamically affected by diffusion processes and double layer capacitance 
(Qi et al., 2005). Their effects are shown by the Ohmic loss and the concentration 
loss respectively. The responses due to the diffusion process and the double layer

5.3.4 Voltage

(5.6)
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capacitance are fast, in the time scale of 10 2 and 10 1 seconds. Thus dynamics of 
these two sources can be neglected and we can focus on their steady state processes.

5.3.5 Partial pressures

In flow channels of the SOFC stack, partial pressures of reactants are affected by 

temperatures, the fluid dynamics, reforming/shifting reactions and electrochemical 
reactions, etc. Simulation shows that the dynamic responses of partial pressures 
induced by fluid dynamics, reforming/shifting reactions and the electrochemical 
reactions are fast, at the time scale of 10 2 — 10° seconds (Qi et al., 2006). So the 

dynamics can also be neglected and we can focus on the steady state process of the 
reactant partial pressures.

Reforming/shifting reactions play an important role in determination of the 

composition of fuel gas. They generate H2 and CO from methane and steam:

Reforming : CH4  +  H2 O ^  3 H2 +  CO
(5.7)

Shifting : CO +  H20  ^  H2 +  C 0 2

When fuel flows into the anode channel, with the catalytic aid of Ni in anode and 
heat from the cell, the reforming and the shifting reactions start. Along the flow 
direction, methane is consumed gradually and produces hydrogen H2 . The steady state 
composition profile can be found in (Campanari and Iora, 2004).

The reforming reaction rate depends on fuel temperature (Ahmed and Foger, 2000) 
and is usually faster than the flow velocity. This means CH4  is completely reacted 
inside the stack. In the stack, steam H2 O is consumed by the reforming and shifting 
reactions. Simultaneously, the electrochemical reaction produces steam. The reforming 
and shifting reactions produce hydrogen H2 . It is then consumed by the electrochemical 
reaction. The consumption rate is determined by current demand I  as shown by Eqn.5.3.

In the stack, the partial pressure of each component can be calculated from mass 
conservation law following the procedures shown in (Qi et al., 2006). At steady state, 
the moles of each components left in the flow channel can be calculated by subtracting 
the moles that are consumed from the initial moles. The partial pressures of each 
species are then determined by the moles that are left in the flow channels, as listed 
in Table 5.2.

In Table 5.2, A is the moles consumed due to shifting reaction, and <2rue| and <2air are
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Table 5.2: Variation of species in the SOFC stack from the inlet to the outlet
Initial Reformed Shifted Reacted Residue

c h 4
p in  ^ in  

fuelACH 4
_ p i n  v in 

fuel ACH 4 - 0 - 0 0

h 2o p in  ^rin 
r fuelAH20

_ p i n
fuelACH4 - A + 2 F R T ^ Q fuel P h 2o

h 2
p m  ^ in

fuel A H 2
. o p m  v in 

fuelACH4 +A 2 F R T ^ Qfue] P h 2

CO p in  ^/in 
fuelACO

_L p in  v in 
fuel>vCH4 -A - 0 Pco

co2 p in  v m
fuel^C O ? - 0 +A - 0 PC o2

o2 pbot/y in
air ^ 0 2 - 0 - 0

~ ^ R T a , r i r
Po2

the volumetric flow rate of fuel and air respectively.

The final composition is determined by the shifting reaction, which is considered 
to reach the equilibrium at a very fast rate. The equilibrium constant depends on fuel 
temperature and is defined as (Ahmed and Foger, 2000):

„ Pco2Pn2 (4276  QOA1\Ke q = ----- *— =  exp —------- 3.961 (5.8)
P c o P h2o  V •‘ fuel /

The consumed mole due to shifting reaction A can then be resolved from Eqn.5.8:

^  K Sq { a \ - \ - a 2 Q-4
=  2 ( £ e q - l )

4____ ;___________  (5,9)
y / [ K e q ( a \  +  « 3 )  +  a 2 +  « 4 ]2 -  4 ( ^ eq ~  l ) ( ^ e q « l« 3  “  « 2 « 4 )

where:

2 ( ^ - 1 )

I  ^Tfuel
« l = ^ u e l Z H 20 - ^ C H 4 +

« 2 = ^ une,ZH2 + 3 ^ unei^ H 4 -

2F  (2fuel 

J_R1fuel

4 2 F  C|l|C| 

« 3 = ^ une, ^ n0 + 4 ne l^H 4 

« 4 = 4 neÎ 0 2

So the in-stack partial pressures p h 2o> P h 2 . P C o  and pco2 can be calculated from the 
input variable P/"c], disturbances I, 7}™, and initial compositions X cw^ %h20 ' Xnr  X co  

andXco2-
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Figure 5.6: Fuel and air flow channels in the tubular SOFC stack 

5.3.6 Flow rates

Fuel and air flow rates are determined by three main factors: the upstream pressure, the 

down stream pressure and the flow resistance. Assuming that the exit pressure is fixed 
to 1 atm, flow rates are then determined by inlet pressures and the flow resistances.

Fuel flow rate

Usually, fuel velocities are in the range of 1 m/s to 10 m/s. So the residence time for 
the SOFC stack is in the time scale of 0.1 to 1 second (Gemmen and Johnson, 2005). 
Compared with the slow solid phase temperature response, the response of flow process 
is fast. In addition, because fuel and air flows are compressible fluid, disturbances on 
the fluid lead to a short wave moving at the sonic speed. So we need only to consider 
the steady state flow process, and the transit process can be neglected.

In the fuel flow channel as shown in Fig.5.6, at steady state, force balance on the fuel 
fluid is given as:

t„ M l2 x n L = lP fuel- P f £ l ) ( A - x ) r \  (5.10)
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where TW;fuei is the wall shear stress, r3 the radius of the outer cell tube, and L  the length 
of the flow channel.

Therefore,
( 4 - * ) ^  101325(/t,-Pri)

,fuel =  — n ------------------- L -------------- <5-‘ 0

For laminar flow in a specific channel, the product of friction factor /  and Reynolds 
number Re is fixed. The fuel channel, which has a shape shown in Fig.5.6, may be 
approximated by that of square duct: /R e  =  56.91 (John and Haberman, 1988).

According to the definition of /  and Re, we have:

p » h = S M 1  (5 1 2 )
%pu2 jtt

4 ( 4 - 7 r ) ^  .
where Dh =  —  -------   is the hydraulic diameter of the fuel channel.

2 Kr3

Solving the fuel velocity Wfue] from Eqn.5.12 and substituting the result into 
Eqn.5.11, the volumetric flow rate is given as:

a,d = = (4 ■- rcy} ■ - A - ■ 5 ^
56.91 ^Mfuei

-  101325 8(4 ^ 7r)3r3 1 /pin  pexit\
~  1 0 1 3 2 5  56.91 j U f u e ,  ( P f " "  Pfud)

Air flow rate

Unlike fuel flow, air is injected into the bottom of a SOFC cell tube through an alumina 
injection tube first. Then flow passes through the cathode flow channel -  the gap 
between the injection tube and the cell tube, as shown in Fig.5.6.

The air flow velocity can be as high as 10 m/s. So we only need to consider the 
steady state flow.

Simulation from detailed models has shown that the flow is laminar (Qi et al., 2006) 
whether inside the injection tube or inside the cathode flow channel. So in the injection 
tube we have /R e  =  64. Following the similar procedure the air flow rate in the 
injection tube can be derived as:

e g  =  101325. ~  ■ (/jp  -  f f f )  (5.14)
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where Pai°l is the air pressure at the bottom of the cell tube. It is also the inlet pressure 
of the cathode flow channel, tq is the inner radius of the injection tube.

Cathode flow channel is an annulus channel. The air flow rate is:

<2air =  101325 • ^  • —  • ( P a7  -  (5.15)

where

nr* 1 f  pbo t
~8L Pair

I •‘ air

- r4 ■
(4 - t ) 2

r \ ln(ir2 A l)
r2 and r\ are the inner radius of the cell tube and outer radius of the injection tube 
respectively.

Air flow in the injection tube and in the cathode channel is continuous so the flow 
rates are same:

Gair =  !2S (5.17)

Substituting Eqn.5.14 and Eqn.5.15 into Eqn.5.17 and solving the resultant equation, 
the air pressure at the bottom of the cell tube is:

r A p in  r * pex it

r &  =  0 ' " V  " r (5.18)
r0 + r

5.3.7 Temperatures

In the SOFC stack, there are five different temperatures affecting each other. They 
are gas phase fuel temperature 7fuei, air temperature in the injection tube T ^ ,  air 
temperature in the cathode channel T&;r, solid phase cell tube temperature Tcc\\, and 
the temperature of the injection tube r tut,e.

Gas phase temperatures

Because fuel and air flow at speeds ranging from 1 m/s to 10 m/s, their temperature 
responses to load change, velocity fluctuation and solid phase temperature changes are 
all minor. Specific heats of fuel and air are relatively small, and the response time is 
small, in the time scale of 10” 1 seconds. So we assume that temperatures of gases 
inside the stack are the same as their inlet temperatures:

71__ _7-in
-*fuel — -‘ fuel

(5.19)rT1 '     ’T'lU
-*air * ajr ^air

rrinj
air

Detailed simulations in Chapter 3 support these approximations.
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Solid phase temperatures

Due to large specific heats, time scales of temperature responses of the solid cell tube 
and the injection tube are in the order of 102 seconds (Qi et a t,  2006). Analysis shows 

that it is solid phase temperature especially the cell temperature 7 êu that dominates the 
transit response of the SOFC (Qi et al., 2006). Therefore temperatures of the cell and 
the injection tube need to be modelled dynamically.

Consider the cell tube as a control volume. Energy flow in and out the control volume 
can be summarized the following terms::

1. chemical energy carried by reactants JH, where /  is mass flow that enters the 
cell, and H  is the enthalpy of formation ;

2 . electrical energy supplied to external load F0utf i

3. heat flow that the cell tube exchanging with its surroundings through convection 
M ( r w -  7f), where h is the heat transfer coefficient;

4. net heat exchange flow through radiation between the cell and the injection tube 
^ A ( T ĉ n — 7^be), where RrA(\ is the radiation heat transfer resistance;

5. heat flow absorbed by the reforming reaction r re| A//, where rref is the reforming 
reaction rate, AH  the reaction heat.

According to the energy conservation law, the internal energy change of the control 
volume is given by:

m ce]]C PjCcn- ~ p  =  —  • H H 2| 7fuel +  —  - f l o j r *  -  - H \ \ 2o \tcM 

- F ou r /

ha ■ 2nrj,L ■ (7^eil f̂uei) ■ 2 jzr2L  • (7^eu ?air) ^  20)

~ ArKrPCHtp HiO exp [ - - ^ r ^ j  ^ \ n rJ

The injection tube is only an internal media in the heat transfer process. But due 
to its high specific heat, it affects the temperature of the cell. The injection tube
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accepts heat energy from the cell tube through radiation and exchanges heat flow with 
its surroundings through forced convection:

dTm] _  (J 2 n r L̂  _ ( r 4 (i _  t A ^
(5.21)

mini C;m j i n j
l n J 'dt f?rad

hc ■ 2n rxL  • (7 -nj -  r a ir) -  / i t • 2nr()L ■ (7 ]nj -  r a ir)

5.4 Nonlinear state-space model

Define the input vector u:

the disturbance vector d:

U =  [u\ u2]r  = p in  p in
fuel air (5.22)

d = [ d j  d2 d3f  = T rr\X\ 7-in
1 ■'fuel 'air

the output vector y:

and the state vector x:

y = [yi y i Y  — [Pout Tceiif

X — [x\ X2 ] — [Tcell înj]

(5.23)

(5.24)

(5.25)

Substituting Eqn.5.13, 5.15 and 5.18 into the expression in Table.5.2, then 
substituting the partial pressures from Table.5.2 into the voltage expression in Eqn.5.6, 
the nonlinear state-space model of the SOFC stack is:

States:

x\

x 2

+  xHo2-H n 2o)dimcellOp,jCell 2 F  

E° +  ^-X ]ln (
PH2P02 ■ Rmd\

2 F  ‘ ^  pn2o

—ha ■ 2nr3L ■ (x\ — d2) — hc ■ 2%r2L  • (xj — d3)

~ArKvx\a+li) • ZcH4 a )(H2o /j ‘ exP ( —^T d 2 ) ' AH^

dx

Er

 ^ ----- { ■—  ■ 2 nr2L ■ (xj - x \)  -  2 tiL - (hcrx +  htr0) ■ (x2 -  d3) 1
/WjnjTp jnj f  / ' rad J

Outputs:
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where:

Hm 0.9959 x 104 +  30.73J2

Hq2 = -1 .2290  x 1 0 4  +  3 5 . 1 2 ^ 3

Hn2o =  -25 .790  x 104  +  42.47d2

=  1 .273 -2 .7645”4xi

R d\d2
( X $ 2  +  3 ^ )  +  A  -  1 -0 9 5 5  x  1 0 - 3  2 F

R lMue\L d \d2
wi (^h2o — ^ ch4) — A-i-1.0955 x 10 -32F  p e x it

•» A i o l

0 . 2  lr;
-2 .5 1 3 2  x 10Po2 4 F

AH  =  -20 .73  x 104  -  19.41d2

10350\ 0.12 x 10“ 3
=  2.94 x 10 5expin

or, in a compact form:
x =  / (x ,u ,d )

y =  g(x,u,d)

This model, in SIMULINK format, is available at:

w w w . u a l b e r t a . c a / ^ b h u a n g / r e s e a r c h / r e s e a r c h . h t m

(5.26)
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Figure 5.7: Compare of stack voltage response trends to current demand step change

5.5 Simulation

5.5.1 Validation

The SOFC stack parameters are given in Table A-2. Cells are simply electrically 
connected in series to form the stack. We shall just investigate the performance of a 
single cell without loss of generality.

The simulated trend of voltage dynamic response for current step change from 300 

to 500A is compared with other simulation results available in the literature, as shown 
in Fig.5.7. Hall and Colclaser’s (1999) model only considered the dynamics led by 
temperature. Padulles et al. (2000) assumed that the SOFC stack is a choked system and 
no temperature dynamics was considered. Sedghisigarchi and Feliachi (2004) assumed 
that the stack is a choked system and considered the temperature dynamics .Their 
voltage trend is similar to ours. Iora et al. (2005) gave more detailed 1-D numerical 
model. They also considered the effects of fluid dynamics, reforming/shifting reactions, 
heat transfer etc.
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For the reason of lacking experimental and simulated results of dynamic response to 
fuel/air inlet fluctuations, the trend of the simulated voltage response is compared with 
the simulation results from the detailed model shown in Chapter 3. It is shown that the 
dynamics responses due to inlet and disturbance fluctuations are consistent with that of 
detailed model.

5.5.2 Step response to inputs

The dynamic operation properties of the SOFC stack have been investigated through 
simulation.

As shown in Fig.5.8, when fuel upstream pressure P^el is stepped from 1.0008 to 
1.0016atm, the flow rate of syngas fuel is increased about twice at once. This means 
that more CH4  is converted into H2 in the stack. The partial pressure of hydrogen /?h2 

is increased. Thus the voltage output Fout increases quickly. But more heat is extracted 
from the cell to support the reforming reaction; thus the cell temperature Tcen slightly 
decreases gradually due to its large heat capacity. This results in a slight decrease of 

Voul, synchronized with the response of 7 êii -

Similar to the effect of fuel inlet pressure increase, when air upstream pressure P^T 
is stepped from 1 . 0 1  to 1 .0 2 atm, oxygen partial pressure po2 in the stack and the air 
flow rate in the channel increase, so does the voltage output Fout- The step responses 
are shown in Fig.5.9.

Simulations show that the step of u\ has immediate and significant effect to y i . Its 
effect on yi is however minor and slow, similar to a first order response, with the time 
constant of around 150 seconds. The effects of U2 are similar to that of u\.

5.5.3 Step responses to disturbance

The response of the stack due to the disturbances coming from power demand and the 
inlet fuel and air temperatures have also been investigated through simulations.

When the external current demand I  is stepped from 300 to 500 Amp, the response 
of the stack is shown in Fig.5.10. It is seen that the response of yi to the step change of 
d\ is immediate and significant. d\ has also a great effect on y%. The step response of 

is similar to a first order response with the time constant of around 150 seconds due 
to the large heat capacity of the cell tube.
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Figure 5.8: Step response of outputs due to u\, the fuel inlet pressure P^ cl, stepped 
from 1.0008 to 1.0016 atm
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Figure 5.10: Step response of outputs due to d \ , the external current demand /, stepped 
from 300 to 500 amp

Due to the increase of / ,  the voltage drop on the intrinsic resistance of the cell 
increases immediately and more hydrogen H2 and oxygen O2 are consumed. So pn 2 

and po 2 decrease and p\\2o  increases. The result is a decrease of VDut in a short period. 
The energy consumed by the intrinsic resistance increases with the increase of I. That 
part of energy heats the cell and consequently Tcen increases. So Vout is recovered 
slightly with the increase of Tceii after the initial sudden drop.

When the fuel inlet temperature 7J ê] is stepped from 823 to 873K, the direct result 
is the reverse of the shift reaction equilibrium, and the partial pressure of hydrogen p \ \2 

decreases. So the voltage output V0ut decreases immediately. Meanwhile, increasing 
of j decreases the temperature difference between the fuel and the cell. Tcc\\ then 
increases with the time constant of around 150 seconds. Step responses of y\ and y>2 

due to the step change of d.2 are shown in Fig.5.11.

The effect of air inlet temperature disturbance TV is more direct and significant. 
When steps from 1104 to 1154K, it heats the cell. So r cen increases gradually, and 
the voltage output F0ut increases with Tcen, as shown in Fig.5.12.

Simulation shows that both >'1 and y i respond to the step change of J 3 significantly
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and is similar to first order responses with time constant of around 150 seconds.

All the simulated dynamic responses to the inlet parameters shown above, including 
input variables and disturbances, are consistent with those simulated results from the 
detailed 28th order SOFC model shown in Chapter 3. It means that the second order 
lumped model can indeed capture the main dynamic characteristics of the SOFC stack.

5.6 Conclusion

A control relevant lumped 2nd order dynamic model for a tubular solid oxide fuel 
cell (SOFC) stack has been built. Input-output variables and control objectives of the 

SOFC stack were analyzed. Fuel and air upstream pressures were designated as the 
control variables. The SOFC stack can be operated by manipulating the fuel and air 
upstream pressure. The voltage output of the SOFC stack and the cell temperature were 
designated as outputs of the model. Variables that can not be directly manipulated such 
as current demand, the fuel and air inlet temperatures were considered as disturbance. 
Fast processes such as reforming and shift reactions, flow processes, mass transfer 
processes etc. have been considered at steady states. Owing to that the response of 
cell temperature is slow and plays a dominate role in the performance of the SOFC 
stack, its dynamic modeling was studied in details.

The dynamic operational properties of the SOFC stack have been investigated 
through simulations. It is shown that operation of fuel or air inlet pressure has 
immediate effects on the stack voltage output but leads to minor change of the cell 
temperature. Disturbance coming from the external power demand has great effects on 
the cell temperature and then the voltage. Disturbances of fuel or air inlet temperature 
also have significant effects on the performance of the SOFC stack.

The dynamic performance simulated from the 2nd order state space model is 
consistent with that from the more detailed model. It is shown that the second order 
lumped model proposed in this chapter can capture the main dynamic characteristics of 
the SOFC stack and thus can be used to represent the SOFC stack for controller design.
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Conclusions and recommendations

This chapter lists the contributions of this thesis and the directions identified for future 
research.

6.1 Concluding remarks

The main contributions of this thesis are the development of the first principle dynamic 
model of the solid oxide fuel cell (SOFC), the simulation of the dynamic response 
characteristics of SOFC, and the development of the approximate analytical solution 
for 1-D reacting gas flow problem. Specific contributions include:

1. A brief overview of SOFC modeling approaches. Through literature review it 
is found that dynamic processes that occur inside a SOFC have not been well 
understood, dynamic characteristics of SOFC have not been well described, and 
existing models have been insufficient to capture the essential dynamic properties 
of SOFC. A project consisting of four phases is planed to fill these gaps.

2. A presentation of a block diagram with a conceptual interpretation for

147
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the complicated dynamic physical processes that occur in SOFC, including 

electrochemical reactions, transport processes, limitations to power production, 
and their interactions.

3. Development of dynamic relations of concentrations and mass fluxes between 
primary flow and triple phase boundary (tpb), in the form of transfer function. 
Dynamics led by diffusion is investigated through simulation.

4. Development of a new equivalent circuit for the inherent impedance of SOFC. 
The circuit can capture the performance of SOFC led not only by external current 

demand but also by the internal electromotive force (EMF) fluctuation.

5. The adjustment to the Nemst equation and the Butler-Volmer correlation, by 

using the concentrations at tpb directly. With this modification, in the calculation 
of EMF, the concentration loss therefore does not need to be considered.

6 . A new physical explanation for the result of Current Interrupt Experiment, by 
comparing the dynamic effects led by diffusion and inherent impedance. It is 
found that the slower response of the voltage, with the time constant being in the 
order of 0.1 seconds, is led by diffusion. The reasonable quantity of the double 
layer capacitance is several hundreds of jUF, not several F. The dynamic effect that 
led by the double layer capacitance is therefore in the order of 0 . 0 0 1  seconds.

7. A relative comprehensive dynamic model SOFC dynamics, in the form of 
state-space model. Dynamics led by internal reforming/shifting reaction, heat 
transfer, mass transfer, momentum balance, diffusion, impedance, convection, 

and radiation are considered. The model can be applied in control applications 
and it can also be used in detailed investigating of dynamic properties, parameter 
sensitivities, and operation properties of SOFC. It is programmed as a Simulink 
model, and can simulate the performance of SOFC under different input 
conditions.

8 . Investigation of dynamic characteristics of SOFC through simulation, by step 
changing input parameters such as external load, fuel/air pressure, temperature 
and velocity etc, and comparing the responses. Simulation shows that the fuel 
pressure and temperature have large effects on the dynamic performance of 
SOFC, owing to the internal Reforming/Shifting reaction. It is also shown that
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the air temperature has the most significant effect on SOFC temperature and thus 
the overall performance of SOFC.

9. Development of a relation between current density distribution, total current 
demand and local EMF, by solving a developed equivalent circuit for the SOFC 

tube. The current density distribution along the cell tube therefore can be 
predicted from the measurable total current demand.

10. Development of a 1-D dynamic model for a tubular SOFC. The dynamics of 
the overall SOFC tube including the distributions of each physical variable and 
distributed dynamics can then be simulated through the 1-D dynamics model.

11. An analytical solution and a method to solve the 1-D reacting gas flow problem. 

The solution converts the 1-D dynamic model from the form of coupled partial 
differential equations to the form of ordinary differential equations. The 
method has a reasonable precision and can significantly reduce the computation 
requirements. It can be applied to a wide range of control and simulation studies.

12. An 1-D dynamic of SOFC in the form of state-space model. Using the analytical 
solution of the 1-D reacting gas flow problem developed, the 1-D SOFC dynamic 

model is converted from partial differential equations to a state-space model and 
coded in Simulink. The established Simulink model can simulate distributed 
dynamic performance of the overall SOFC tube in a high speed.

13. Investigation of parameter distributions and dynamic performances of a tubular 
SOFC, through simulating step responses to inlet variable changes. The 
distributed dynamic response of SOFC including electromotive, temperatures, 
and species mole fractions are shown in 3-D figures. It is found that dynamics and 
distributions of SOFC are dominated by the cell temperature. It is also found that 
the existence of the injection tube and thus the air flow turning around process 
actually dim the effect of air temperature and if air flow rate can change in an 
relatively large range, 2 to 3 times, the air flow rate can significantly affect the 
cell temperature distribution.

14. A low order lumped parameter model suitable for control application, by 
simplifying fast processes with steady state. Control variables, manipulable 
variables, and disturbances are also analyzed. The model can capture the key 
dynamics that is shown by the detailed model.
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6.2 Recommendations for future work

First principle dynamic modeling of SOFC is a relatively new and active research 
area. It is an essential part of the development of SOFC technology, particularly for 
solving the control problem. The ultimate objective is to develop a feasible and reliable 
SOFC technology as an alternative new energy. It is a long-term and challenging 

interdisciplinary research. The results presented in this thesis address some of the 

problems. Many problems remain that need to be investigated and solved in the future:

1. According to a specific SOFC geometry design, the effect of radiation heat that is 
absorbed by fuel and air flow needs to be considered in the model. The effect due 

to the tail gas combustion and the consequent heat transfer from the combustion 
camber to the stack need to be included and investigated. For a SOFC stack, 

the effect of heat lost from the stack to the surroundings and the consequent 
temperature gradient inside the stack need to be modeled and investigated.

2. The dynamic model needs to be experimentally calibrated, directly or indirectly. 
Because properties of SOFC are in the development and direct experimental 
calibration is difficult, some indirect methods can be developed and adopted to 
verify the model.

3. Dynamic properties of SOFC need to be investigated in more detail. In this 
thesis, the dynamic characteristics of SOFC investigated through simulating 
step responses to a single input variable change. Only part of the dynamic 

characteristics can be found through this method. In order to grasp the 
comprehensive dynamic property of SOFC, other methods such as frequency 
domain analysis can be introduced in the investigation.

4. Sensitivity of performance to the parameters and mechanism should be analyzed 
and investigated for the purpose of system design.

5. In order to fit current control techniques, under the condition of maintaining the 
main dynamic characteristics of SOFC, the model can be further simplified.

6 . Controllability of SOFC should be analyzed and combined in the system 
configuration. Control strategies for the operation of SOFC stack and system 
can be developed in advance.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Sec. 6.2 Recommendations for future work 151

7. Specific control problems such as control of temperature gradient inside the stack 
and fuel utilization need to be balanced and solved.

8 . Other subsystems of a SOFC hybrid system should be investigated and modeled.

Other than these control related problems, in the development of SOFC technology 
there are still bottleneck challenges that a researcher with process control and chemical 
engineering background could contribute to:

•  Modeling and optimization of composite electrode. A composite electrode 
can significantly increase the length of tpb and decrease the contact resistance, 
therefore greatly improve the performance of SOFC.

• Innovative stack design can also significantly improve the performance of SOFC. 
A proper stack design can decrease the cost, improve the durability, and increase 
the current density. It may also avoid some bottleneck challenges such as sealing 
problem, temperature gradient problem and the consequent thermal stress and 
durability problem.

•  Advanced system configuration. Considering the balance of plant (BoP), an 

advanced system configuration can improve the stability and controllability of 
the system and thus can greatly increase the efficiency and decrease the operation 
cost.
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Appendix

A-I. Parameters

Input conditions of simulation are shown in Table.A-1.

Table A -l: Simulation input conditions

Symbol Description Data source

-^load =  4[Q] External load resistance

fload =  200 [A] External load current demand

pin
fuel =  1 [atm] Fuel flow inlet pressure

(Campanari and 
Iora, 2004)

■pin
fiiel =  823 [K] Fuel flow inlet temperature

(Campanari and 
Iora, 2004)

u in
fuel =  0.927 [m/s] Fuel flow inlet velocity (Campanari and 

Iora, 2004)

v in
ACH4 =  0.173 Inlet mole fraction of CH4

(Campanari and 
Iora, 2004)

a h 2o =  0.284 Inlet mole fraction of H2 O
(Campanari and 
Iora, 2004)

=  0.258 Inlet mole fraction of H2
(Campanari and 
Iora, 2004)

v in
ACO =  0.057 Inlet mole fraction of CO

(Campanari and 
Iora, 2004)

v in
Aco2 =  0.228 Inlet mole fraction of CO2

(Campanari and 
Iora, 2004)

p in
air =  1 [atm] Cathode side air flow inlet pressure

(Campanari and 
Iora, 2004)

p in
air =  1104 [K] Cathode side air flow inlet temperature

(Campanari and 
Iora, 2004)
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n"?air =  7.79 [m/s] Cathode side air flow inlet velocity
(Campanari and 
Iora, 2004)

v in A O2 =  0 . 2 1 Inlet mole fraction of O2

p in
inj =  1 [atm] Injection air flow inlet pressure

(Campanari and 
Iora, 2004)

p in
inj =  1104 [K] Injection air flow inlet temperature

(Campanari and 
Iora, 2004)

iy!n.
mj =  12.08 [m/s] Injection air flow inlet velocity

(Campanari and 
Iora, 2004)

Parameters of SOFC are shown in Table.A-2.

Table A-2: Model parameters

Symbol Description Source
Geometry parameters

A =  1 [cm2] Area of an finite piece of cell

L =  1.5[m] Cell length (Campanari and 
Iora, 2004)

r-i = 11  x 1 0 “ 3 [m] Radius of outer cell tube (Campanari and 
Iora, 2004)

n =  8 . 6 6  x 1 0 “ 3 [m] Radius of inner cell tube (Campanari and 
Iora, 2004)

n =  6  x 1 0 ~ 3 [m] Radius of outer Injection tube (Campanari and 
Iora, 2004)

ro =  5 x  10" 3 [m] Radius of inner injection tube (Campanari and 
Iora, 2004)

la =  0 .1  x 1 0 " 3 [m] Thickness of anode (Campanari and 
Iora, 2004)

lc =  2 .2 1  x 1 0 “ 3 [m] Thickness of cathode (Campanari and 
Iora, 2004)

le =  0.04 x 10- 3  [m] Thickness of electrolyte (Campanari and 
Iora, 2004)

F c - t = 0.69 View factor: cell to injection 
tube

(Perry et 
at, 1997)

Properties o f solid materials

Pcell =  4592 [kg/m3] Entire density of SOFC cell (Hall, 1997)
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=  740 [J /(kgK )]

=  2.0 [W/(mK)]

=  0.9

=  2.98 x 10“5e x p ( - - g )  [Om] 

=  2.94 x 10_5exp (^ = p ) [Qm] 

=  8.11 x 10“ 5ex p (fg |)  [Om]

=  3900 [kg/m3]

=  976.8 +  0.24097 [J/(kgK)]

=  3 1 .8 6 -0 .0 3 7 0 6 7  

+  1.317 x 10“57 2 [W/(mK)]

=  0.4

Reforming and shifting 

Kr =  8542

Ks =  100

Ex =  95 [KJ/mol]

a  =  0.85

j3 =  -0 .3 5

Entire specific heat of SOFC cell 

Entire conductivity of anode

Emissivity of cell inner surface 

Specific resistivity of anode 

Specific resistivity of electrolyte 

Specific resistivity of cathode 

Density of injection tube 

Specific heat of injection tube 

Conductivity of injection tube

Emissivity of cell inner surface

Reforming reaction rate 
coefficient

Shift reaction rate coefficient 

Activation of reforming reaction

order coefficient of reforming

order coefficient of reforming

C/?, cell 

^cell

£cell

Pa

Pe

Pc

Ptube

Cp, tube 

^tube

£cell

Lumped Heat transfer 

hA =  8.744 [W/(m2 K)]

hc =  63.83 [W/(m2 K)]

ht =79.57 [W/(m2 K)]

tfrad =  4.69

Anode side convection heat 
transfer coefficient
Cathode side convection heat 
transfer coefficient
Convection heat transfer 
coefficient in injection tube 
Radiation heat transfer 
resistance

(Hall, 1997)
(Campanari and 
Iora, 2004)

(Hall, 1997)

(Bessette, 1994)

(Bessette, 1994)

(Bessette, 1994)

(Hall, 1997)

(Hall, 1997)

(Hall, 1997)

(Hall, 1997)

(Ahmed and 
Foger, 2000)

(Ahmed and 
Foger, 2000)
(Ahmed and 
Foger, 2000)
(Ahmed and 
Foger, 2000)

(Qi et al., 2006) 

(Qi et al., 2006) 

(Qi et al., 2006) 

(Qi et al., 2006)
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Table A-3: Inherent property parameters of gas ingredients

Gas
Mole Mass 

M
[kg/kmol]

Critical 
temperature Tc 

[K]

Critical pressure 
PdP a]

Data source

c h 4 16 191 4.59 x 106 (Perry et al., 1997)

h 2o 18 647 21.94 x lO 6 (Perry et al., 1997)

h 2 2 33 1.32 x 106 (Perry et al., 1997)

CO 28 133 3.49 x 106 (Perry et al., 1997)

co2 44 304 7.39 x 106 (Perry et al., 1997)

n2 28 126.7 3.39 x 106 (Perry et a l ,  1997)

0 2 32 155 5.02 x 106 (Perry et al., 1997)

Air 29 132 3.79 x 106 (Perry et al., 1997)

A-II. Gas properties

Fuel gas consists of different components, each having their own properties. Different 
fractions lead to different composite properties of fuel gas. Because mole fractions 
are changed by the reforming and shift reaction and fuel cell reaction, the components 
fractions are time dependent. Thus we need to know those properties for each ingredient 
and calculate the properties of fuel gas using weighted averages.

Specific heat data Cp of each ingredient are taken from (Perry et al., 1997) (Chapter 
2, Table.2-198). Because in the SOFC application, we have assumed that fuel gas and 

air flow within fixed volumes, and what we need is the specific heat at constant volume 
Cv, calculated according to (Cengel and Boles, 1994):

Cv = Cp - R  (A .l)

where R  is the universal gas constant.

In the SOFC working temperature range 700-1500K, the specific heats of each gas 
component is approximated by first or second order polynomials of temperature, as 
listed in Table. A-4. The maximum relative errors of the approximation are also listed.

Gas viscosity at low pressure can be estimated by the method of Reichenberg (Perry 

et al., 1997) (Chapter 2, Eqn.2-103):

_  ATr
** ~  [ i+ o .3 6 rr ( r r - i ) ]V 6  (A-2)
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Table A-4: Approximation of specific heat of gas ingredients between 700-1500K

Gas Approximation Unit Max.
Error

Original data 
source

CH4 Cv,ch4 =  1515 +  83.477 -  0.02053T2 [J /  (kmolK) 0.08% (Perry et al., 
1997)

h 2o Cv,h2o -  2.075 x 104 +  12.157 [J /  (kmolK) 0.48% (Perry et al., 
1997)

h 2 Cv,h2 -  1.829 x 1 0 4 + 3.7197 [J /  (kmolK) 0.9% (Perry et al., 
1997)

CO Cv,CO=  1-966 x 1 0 4 +  5.019T [J /  (kmolK) 1.35% (Perry et al., 
1997)

co2 Cv,co2 =23690+ 31.017-8.875 x 10“ 3 7 2 [J /  (kmolK) 0.16% (Perry et al., 
1997)

n2 Cv, n 2 = 1.910 x 1 0 4 + 5.1267 [J /  (kmolK) 1 .1 1 % (Perry et al, 
1997)

0 2 CVih2 =  2 .2 0 1  x 1 0 4 +  4.9367 [J /  (kmolK) 1.49% (Perry et al, 
1997)

Air CViair =  1.948 x 104 +  4.9367 [J/(kmolK) 1 .1 2 % (Perry et al., 
1997)

For inorganic gases:

A =  1.6104 x 10 -10 M l/2Pr13
, 1/6

(A. 3)

where Tr = y ,  Pr = y  are the reduced temperature and pressure, Tc and Pc are the 
critical temperature and pressure, and M  is the molar mass, listed in Table.A-3.

Within the temperature range of 700-1500K, calculated gas viscosities and 
temperature distributions are approximated by first order polynomials of temperature, 
as listed in Table. A-5

Thermal conductivity can be estimated as in (Perry et al., 1997) (Chapter 2, Eqn.2- 
128):

ju (  2 9 2 8 . 8 \
k = j ^  ( l.3 0 C v+  14644.0------— J (A.4)

Thermal conductivity of methane can be estimated by (Perry et al ,  1997) (Chapter 2, 

Eqn.2-125):
/C „ \

(A.5)k =  10“ 7( 14.527> -  5 .14)2/3
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Table A-5: Approximation of viscosity of gas ingredients between 700-1500K

Gas Approximation Unit Max.
Error

Original data 
source

c h 4 jtic^ =  9.177 x 10~6 +  1.755 x 10~8r [Pa • s] 1.56% (Perry et al ,  
1997)

h 2o Mh2o =  4.567 x 10 -6 +  2.209 x  10^8r [Pa - s] 2.22% (Perry et al., 
1997)

h 2 jUh2 = 6 .162  x 10“ 6 + 1.145 x 10~8J [Pa • s] 1.26%
(Perry et a l, 
1997)

CO P c o  = 1-399 x 10“ 5 +  2.582 x 10“ 8r [Pa • s] 1.39%
(Perry et a l,  
1997)

co2 jUco2 =  1.273 x 10“ 5 +  2.822 x 10“ 8r [Pa - s] 1.98%
(Perry et a l ,  
1997)

n 2 IIn2 =  1-435 x 10"5 + 2.642 x 10” 8T [Pa • s] 1.36% (Perry et a l, 
1997)

02 jttH2 =  1-668 x 10” 5+  3.108 x 10“ 8r [Pa - s] 1.45%
(Perry et a l, 
1997)

Air /lair =  1.514 x 10“ 5 +  2.793 x 10“ 8r [Pa • s] 1.39%
(Perry et a l, 
1997)

where

101325
V Pc

y / 3
(A.6)

Between 700K and 1500K, thermal conductivities are approximated using first order 
polynomials of temperature, as listed in Table.A-6:

The enthalpies of formation at different temperatures can be calculated using (Smith 
and Ness, 1987) (Chapter 4, Eqn.4.1):

H | r = H  | 2 9 8 . 1 5  +  fT CPdT ( A ‘ 7 )7 2 9 8 .1 5

# h2 |298.15 =  0[J/mol], Hq2I2 9 8 .1 5  =  0[J/mol] and 77h 2o |298.15 =  —24 1 827[J/mol] 
(Larminie and Dicks, 2003).

The first order polynomials of temperature approximations are listed in Table.A-7
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Table A-6: Approximation of Thermal conductivity of gases between 700-1500K

Gas Approximation Unit Max.
Error

Orig. Data 
Source

CH4 &ch4 =  -0 .04446 +  2.093 x 10~4+ [W/(mK)) 0.41% (Perry et al., 
1997)

h 2o ku20  =  -0 .01450 +  9.782 x 10~5+ [W/(mK)] 0.61% (Perry et al., 
1997)

H 2 *h2 =  0.08525 +  2.964 x 10“4+ |W/(mK)] 0 .2 2 % (Perry et al., 
1997)

CO kco =  0.01275 +  5.384 x 10“ 5+ [W/(mK)] 1.42% (Perry et al., 
1997)

C 0 2 kCo2 =  0.005485 +  6.272 x 10~5+ (W/(mK)] 2.36%
(Perry et al., 
1997)

n 2 kNl =  0.01258 +  5.444 x 10~5+ (W/(mK)] 1.18%
(Perry et al., 
1997)

0 2 kHl =  0.01569 +  5.690 x 10“4+ (W/(mK)] 0.79% (Perry et al., 
1997)

Air Jfeair  =  0.01329 +  5.539 x 10~5+ (W/(mK)l 1.25%
(Perry et al., 
1997)

Table A-7: Approximation of enthalpy of formation between 700-1500K

Gas Approximation Unit Max.
Error Orig. Data Source

CH4 7/ch4 = -10.081 x 1 0 4  +  62.12T [J/mol] 17.3% (Perry et al., 1997)

h 2o H h 2o  = -25 .790  x  104  +  42.47T [J/mol] 0.26% (Perry et al., 1997)

h 2 H h 2 = ~-0.9959 x 104  +  30 .73r [J/mol] 1.48% (Perry et al., 1997)

CO Hc 0 =  --12.150 x 104  +  3 1 .8 ir [J/mol] 0.37% (Perry et al., 1997)

C 0 2 H c o 2 = -41 .700  x 104  +  50.89+ [J/mol] 0.25% (Perry et al., 1997)

n 2 77n2 =  --1.059 x 104  +  31.40+ [J /  mol] 1.73% (Perry et al., 1997)

o2 H o 2 = -1.2290 x 104  + 35.12+ [J/mol] 2.17% (Perry et al., 1997)

Air Hair =  - -1.0947 x 104  + 32.50+ [J/mol] 2.43% (Perry et al., 1997)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.


