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Abstract

Technicalcomputingisacornerstoneof modernscientiicpractice. Withintechnicalcom-

puting,the matrix-vector(MV)framework,composedof MValgebraand MVsoftware,

dominatesthedisciplineinrepresentingand manipulatinglinear mappingsappliedtovec-

tors. Indeed,prominenttechnicalcomputingpackages,e.g., MATLAB,revolvearound

the MVframework. Applying ThomasS. Kuhn’stheoryofparadigms,the MVframe-

workistechnicalcomputing’sparadigm. One maythenreasonablyaskwhetherthe MV

paradigmimposessigniicantrestrictionsontechnicalcomputing’spractice. Thisques-

tion maybeansweredbysynthesisingtheliteratureonwidespreadanddisparateresearch

efortsonframeworksbeyondthe MVparadigm. Twocategoriesofanomalouspractice

emerge,namelyspeciallinear mappings,i.e.,high-dimensionalandentrywiselinear map-

pings,and mappingsbeyondlinear,i.e.,polynomialand multilinear mappings. Totackle

theseanomalies,aframeworkfornumerictensors(NTs),i.e.,high-dimensionaldatain-

vestedwitharithmeticoperations,proveswell-equipped. TheproposedNTframeworkuses

anNTalgebrathatexploitsandextendsthestoriedEinsteinnotation,oferingunmatched

capabilities,e.g.,N-dimensionaloperators,associativity,commutativity,entrywiseprod-

ucts,andlinearinvertibility,complementedbydistinctease-of-use. Thisexpressivenessis

comprehensivelysupportedbyinnovativeNTsoftware,embodiedbyopen-sourceC++and

MATLABlibraries. Noveltiesincludealatticedatastructure,whichcanexecuteorinvert

anyNTproduct,ofanydimensions,usingoptimisedalgorithms. RegardingsparseNTcom-

putations,whichareessentialtoaddressthecurseofdimensionality,thesoftwaretakesnew

approachesfordatastorage,rearrangement,and multiplication. Moreover,thesoftware

performscompetitivelyonrepresentativebenchmarks,matchingorsurpassingleadingcom-

petitors,includingthe MATLABTensorToolbox, NumPy,FTensor,andBlitz++, while

providinga moregeneralsetofarithmeticoperations. Toillustratethesecontributions,

twooriginalproblemsfromcomputervisionaresolvedusingtheNTframework. These-

lectedexemplars,concerningimagesegmentationanddepth-mapestimation,involvehigh-

dimensionaldiferentialoperators,linkingthemtothepartial-diferentialequationsfound
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incountlessotherdisciplines. ReturningtoKuhn,thecontributionsofthisthesis,literature

reviewincluded,help makeacasethattechnicalcomputingisexperiencingarevisionary

period. Assuch,theNTframework,withitsexpressivealgebraandinnovativesoftware,

representsatimelyandsigniicantcontributiontotheevolutionoftechnicalcomputing’s

paradigm.
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Preface

Chapter6highlightsthreeexemplarsofthenumerictensorframework. Portionsofthe

chaptertextandigureshavebeenpreviouslypublishedasfollows:

❼A.P.Harrison,N.Birkbeck,and M.Sofka,“IntellEditS:IntelligentLearning-Based

EditorofSegmentations,”inMedicalImageComputingandComputer-AssistedInter-

vention- MICCAI2013,ser.LectureNotesinComputerScience,K. Mori,I.Sakuma,

Y.Sato,C.Barillot,andN.Navab,Eds.SpringerBerlinHeidelberg,2013,vol.8151,

pp.235-242;

❼A. P. Harrisonand D.Joseph,“MaximumLikelihood Estimationof Depth Maps

Using PhotometricStereo,” IEEE Transactionson Pattern Analysisand Machine

Intelligence,vol.34,no.7,pp.1368-1380,2012;

❼A.P. Harrisonand D.Joseph,“Depth-Mapand AlbedoEstimation withSuperior

Information-TheoreticPerformance,”inImageProcessing: MachineVisionApplica-

tionsVIII,ser.ProceedingsoftheSPIE,E.Y.LamandK.S.Niel,Eds.SPIE,2015,

vol.9405,pp.94050C-94050C15.

Forallpublishedcontributions,Iwasresponsibleforthemanuscriptcomposition,writ-

ing,andediting,as wellasthesoftwaredevelopment,datacollection,anddataanaly-

sis. FortheIntellEditSpaper,N.Birkbeckcontributedtowardsoftwaredevelopment,and

manuscriptcompositionandediting. M.Sofkawasthesupervisoryauthorandcontributed

toconceptformation, manuscriptcompositionandediting,anddataanalysis. Forthe

depth-mapestimationpapers, D.Joseph wasthesupervisoryauthorandcontributedto

conceptformation, manuscriptcompositionandediting,anddataanalysis.
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Chapter1

AParadigmExamined

Theadvancementoftechnicalcomputing’sroleinscienceandengineeringcanfollowmany

diferentavenues,includingimprovingthecapacitiesofcurrentmodesoftheoryandpractice.

Butanyseriousexaminationofthestateoftechnicalcomputingshouldalsobewillingto

investigatethefundamentalandperhapsunspokenassumptions,rules,and methodologies

employedinthediscipline. Doingsorequiressteppingbackandleveragingtheinsightsof

thosewhooferseriouscommentaryonthenatureofscienceanditsdevelopment.Thishelps

tobringintoreliefthestructureoftechnicalcomputing. Aproperstudyofthediscipline’s

structureentailsanexaminationofanomalies,orlimitations,aidingtheinvestigatorto

hazardhowtheieldcould,andarguablyshould,progress.

1.1 ScientiicParadigms

Thefocusofthisworkisoncriticallyexaminingsomefundamentalsoftechnicalcomputing,

withthepurposeofoutliningpromisingworkandideasthatruncountertotheestablished

modeoftheoryandpractice. Todoso,wedrawupontheviewsofThomasS.Kuhnand

hisnotionofparadigms,usingthemtodiscusstechnicalcomputingandhowititswithin

thelargerscientiicandengineeringworld.

1.1.1 Kuhn’s Thesis

ThomasS.Kuhn’sbook,TheStructureofScientiicRevolutions[1],hereaftercalledStruc-

ture,hasarguablyhadthegreatestinluenceoutofanyothertractonthecurrentunder-

standingofscientiicprogress.EvenwithoutacceptingKuhn’sviewsonincommensurability

andworldchange,ashasbeendonebyhiscritics[2,3],hisseminalworkprovidesinvaluable

analysisonhowscienceispractised. Mostimportantly, Kuhn’sexplanationofparadigms

illuminateshowscientiiccommunitieselevatecertainquestionsasprioritiestosolve,while

overlookingorevendisregardingothers.

Kuhnalsodiferentiatedbetweentwo modesofscience. Thetypical modehecalled

normalscience,whichessentiallysetsouttosolve,clarify,orimprovesolutionstoscientiic

1
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questionsthecommunityhasdeemedimportant.Theatypicalmodehecalledextraordinary

science;however,wepreferthetermrevisionaryscience. This modecanbeconsidereda

periodoftransitiontriggeredbysomeformofscientiictensionorcrisis,whichcausesprac-

titionerstoquestionsomeoftheirpreviouslyacceptedassumptionsandtenets. Asthiscrisis

isresolved,newscientiicquestionsbegintosupplanttheoldones. Thesenewquestions

areaccompaniedbynewtheories,techniques,instruments,andexperimental methods.

Accordingto Kuhn’searly writings,periodsofnormalsciencearedeinedby what

typeofexemplarproblemsareusedtoillustratethetheoryandpracticeofthediscipline.

Kuhnviewedexemplarsasthefundamentalmeansbywhichscientiiccommunitiescoalesce

aroundasetofquestionstosolve. Whenacrisisoccurs,itisresolvedthroughascientiic

revolution,wherebynewexemplarsarechosenasrepresentativeofthediscipline’s modeof

practice. Whiletheseviewsenjoyedlongstandingimpact,Kuhnlateramendedhisthinking

ofscientiicpracticeandchangeforseveralreasons.Theseareworthoutliningastheymake

clearinwhatsenseweuseKuhn’sterminologyforourownpurposes.

Forone,as Kuhnhimselfadmits,hisuseofthe word“paradigm”inStructurewas

ambiguousandengenderedconfusion[4].Inadditiontousingthewordparadigminthe

samesenseasexemplar,Kuhnemployedanothermoregeneralmeaningofparadigm,which

hedeinedas“disciplinary matrix”[4]. Adisciplinary matrixincludesallthetechniques,

instruments,theories,questions,andexemplarsthatascientiiccommunityemploysinits

practice. Webelievethislatterdeinitionismoreinlinewithcurrentpopularunderstanding

ofthe meaningofparadigm. Asaresult,despite Kuhn’slaterpreference,weintendthe

readertounderstanddisciplinary matrixwhenwerefertoparadigm.

Inadditiontochangessurroundingthedeinitionsofexemplarvs.paradigm,theroleof

theformerunderwentanimportantamendment. Kuhndeemphasisedtheroleofexemplars

byrevisinghisdeinitionofscientiicrevolutionstomeanchangesinlexiconortaxonomy[5].

Bytaxonomy, Kuhnreferstohowascientiicdisciplinecategorisesobjects,theories,and

phenomena. Thus,taxonomy,andnotexemplars,assumedthe mantleofdeiningthe

boundsandlimitsofascientiicdiscipline. Withadiferenttaxonomyinplace,crucial

aspectsofscientiicpractice,includingwhatquestionsareimportanttoanswer,fallinto

place.Exemplarsthenplayadiminished,albeitstillfoundational,rolewithinaparadigm.

Ainalimportantamendmentby Kuhnisrelatedtotheconceptofscientiicchange

expressedasrevolution. Forone,boththegraphicterminologyanddramatichistorical

examples Kuhnusedtoillustratehispointcanobscurehisoft-repeatedassertionthat

paradigmshiftsmaybeslowmovingprocessesconinedtoasmallcommunityofspecialists.

As well, Kuhn’slater writingsoutlinedanotherimportantresponsetoscientiiccrises—

thatofscientiicspecialisation[5].Inthistypeofresponse,onlyasubsetofthescientiic

disciplineinquestionadoptsanewtaxonomy.Evenso,anewlexiconisstilladoptedbya

groupofscientists, meaningthatregardlessofhowacrisisisresolved,taxonomicchanges,

along withcorrespondingparadigmchanges, willresult. Thus,forbothnotationaland
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deinitionalreasons,wepreferparadigmshiftoverrevolution,wheretheformercanreferto

theresultsofbothrevolutionsandspecialisations.

Kuhn’sreexaminationofscientiicstructureandchangewerecrucialinaddressinglogical

andhistoricalproblemsinStructure. Nevertheless,theimplicationsof Kuhn’sarguments

topracticingscientistshaveremainedremarkablyconstant. Byilluminatingthesocialas-

pectsofscientiicpractice,Kuhn’sworkcanguidepractitionerstowardcriticallyexamining

theirowndisciplines.Inparticular,Kuhn’sworksemphasisethatoneshouldexaminethe

questionsadisciplinedeemsappropriateandalsowhatitconsidersanomalousbasedonits

taxonomy.ThisfocusistheresultofKuhn’sinsightthatparadigmshiftsarenotnecessarily

predicatedonsolvingexistingunansweredquestions,rathertheyarepredicatedonpresent-

ingnewimportantquestionstoconsider, whichoftenarisebyre-categorisinganomalies

intheoldlexiconaskernelsinthenewone. Aswell,anewparadigm mustoferenough

promisethatthesenewquestionscanbeanswered.Importantly,since Kuhndisavowed

thecumulativeviewofscientiicprogress,this meansthatindividualpractitioners must

choosetoadoptadiferentparadigm,elevatingtheinluenceofpersuasiontowardefecting

change. Thus,practitionersmustalsobeconvincedthatthesenewquestionsaresigniicant

andworthpursuing.

Consequently,ifonewishestoadvocateforachangeoftheoryandpractice,one must

identifytheprevailingparadigmordisciplinarymatrix,andjustasimportantlyitsanoma-

lies. Theseanomalies mustbeshowntohaveseriousimpact,andtheirresolution must

beshowntopromisesigniicantbeneit.Finally,anewdisciplinary matrix,orcomponents

thereof, mustbeshowntohavegreatpromiseintacklingtheseanomalies.

1.1.2 ThirdPillarofScience

Computingcontinuestoexertanincreasinglygreaterroleinscienceandengineering,which

hasledtothecreationofnewieldsandtermsandalsotheredeinitionofoldones.Some

ofthesetermsincludenumerical methods,numericalanalysis,applied mathematics,com-

putationalscienceandengineering(CSE),andofcourse,thesubjectofthiswork,technical

computing. Thesetermsareusedindiferent mannersandtheirexactdeinitionsand

boundariesarenotsettled. Toavoidconfusion,weoferourownviewsontheseieldsand

theirplaceintoday’sscienceandengineeringcommunity.

Theubiquityofcomputersinscienceandengineeringhasprogressedtoapointwherea

newieldcalledCSEhasemergedattheforefrontofscientiicpolicy.Ina2005USReport

totheExecutive[6],thePresident’sInformationTechnologyAdvisoryCommittee(PITAC)

deinedCSEas“arapidlygrowing multidisciplinaryieldthatusesadvancedcomputing

capabilitiestounderstandandsolvecomplexproblems.” ThePITACreportwasmotivated

bytheincreasingimportanceofCSEinallrealmsofscience,spurringthecommitteeto

labelCSEasthe“thirdpillarofscience,”alongsidetheoryandexperimentation.

ThePITAC’sdeinitionofCSEisverybroad,asthecommitteeincludedalgorithmsand
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Figure1.1: Venndiagramoftechnicalcomputing. Technicalcomputingemploysthecon-
cepts,theory,andtechniquesofapplied mathematicsandnumerical methods.

modelling,advancedcomputerinfrastructure,andtheinformationtechnologyexpertiseto

manageandoptimisesaidinfrastructure[6]. Wedeinetechnicalcomputingasembodying

theirstelementofthePITAC’sdeinition,i.e.,algorithmsand modellingforthepurposes

ofCSE. Weusethetermtechnicalcomputinginsteadofscientiiccomputingaswefeel

industrialapplicationsdeservetheirplacealongsidetheirscientiiccounterparts,andthe

termtechnicalencompassesbothtypesofapplications. Thisrelectsthelargecontribution

ofindustrialgiants,likeIBM,towardthedevelopmentofcomputing[7]andalsothefactthat

industrialandengineeringapplicationsaremajordriversinadvancingtechnicalcomputing.

Examiningthealgorithmicandmodellingpurviewoftechnicalcomputingmoreclosely,

weviewthedisciplineasencompassingallofnumericalmethodsandpartsofappliedmath-

ematics. Theformerfocusesondevelopingandapplyingalgorithmsinaenvironmentthat

isinherentlyfacedwithapproximationerrors,initeresources,andnoisydatainput. This

describestheenvironmentandchallengesthattechnicalcomputing mustoperateunder.

Equallyimportanttoalgorithms,especiallyinascientiicorengineeringsetting,one must

havethe mathematicaltoolsand methodsto modelandsolveproblems. Thus,thetools

and methodsofapplied mathematicsrepresentanintegralaspectoftechnicalcomputing.

Technicalcomputingalsoencompassesotheraspectsofcomputingnotfoundinapplied

mathornumericalmethods,suchasprogrammaticcontrolstructures,graphicaluserinter-

faces(GUIs),optimisationtechniques,and memory management. Thegeneral makeupof

technicalcomputingisdepictedinFigure1.1.

Theprominenceofcomputinginscienceandengineeringhasnotbeenwelcomedinall

quarters.Forinstance,whenCSEwasstillanemergingtrend,theinluentialappliedmath-

ematicianClifordTruesdelloferedaviewpointencapsulatedbythetitle,“TheComputer:

RuinofScienceandThreatto Mankind”[8]. WhileTruesdell’sessaycanvergeintothe

polemic(inoneparagraph,heappliesa metaphorcomparingthecomingpredominanceof

computersinsciencetothe Third Reich),hedoesprovideavaluableandprescientcri-
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tiqueofCSE.Inparticular, Truesdellwarnsthatcomputerspresentagreattemptation

towardblindlyapplyingandacceptingcomputationaltechniquestoproblems. Severalof

thesewarningsareechoedin morerecentpublications.Forinstance,a2010articleinNa-

tureprovidesa modernaccountofproblemsarisingduetotheuseofCSEbyscientists

lackinginrequisiteexpertise[9]. Manyofthesedangersareacceptedandrecognisedby

proponentsofCSE,whothemselvesemphasisetheimportanceofbothcomputationaland

domainexpertiseinordertoavoidthedangerouspitfallsTruesdell mentions[6,10,11,12].

Astheimportanceof CSEincreases,thereisanimpetustoadvancethetoolsand

techniquesusedinthediscipline.Sincetechnicalcomputingrepresentsamajorcomponent

ofapushtowardbetterandmoreintelligentuseofcomputinginscienceandengineering,the

continuedefortmustincludeexamininghowproblemsaremodelledandsolvednumerically.

ThisalignswellwiththePITAC’sobservationthat:

“...ourpreoccupation withpeakperformanceandcomputinghardware,vital

thoughtheyare, masksthedeeplytroublingrealitythatthe mostserioustech-

nicalproblemsincomputationalsciencelieinsoftware,usability,andtrained

personnel.”[6].

IfonetakesconcernslikeTruesdell’sseriously,thenoneacceptsthattechnicalcomputing

practitionersshouldbecontinuallyonguardagainsttheblindapplicationoftheirart.

Thus,criticalexaminationsoftheieldshouldbeconsideredimportantactivitiesinthe

advancementoftechnicalcomputing’sroleinscienceandengineering. Kuhn’scommentaries

onscientiicprogresscanprovidevaluableinsightsforsuchanexamination. Butirst,it

isessentialtoaddresswhether Kuhn’sviewsapplytocomputing. Thisisimportant,as

Kuhn’s writingstypicallyfocusedonthephysicalsciences[13],anddonotspeciically

discusscomputing.

MirroringKuhnhimself,authorsincomputinghaveusedthewordparadigmindiferent

andambiguousways.Insomeinstances,authorsusethewordparadigmsomewhatcasually,

withoutrelatingtheiruseto Kuhn’sconceptionsofexemplars,world-view,ortaxonomy.

Forinstance,programmingstylesandpracticeshavebeenlabelledparadigmswithlittle

tonoreferencetowhetheranyofthecriteriaofbeingaparadigmare met,cf.Tsai[14]

andColburn[15,16]. However,Floydprovidesalaudableexceptiontothis,usingKuhn’s

writingstoexaminehow“programmingparadigms”propagateandafecthowpractitioners

viewcomputerscienceproblems[17].

Outsideofprogrammingpractice,authorshaveidentiiedseveralparadigmswithincom-

puting.Forinstance,TedreandSutinenhaveoutlinedthestored-programparadigmasthe

majordeiningcharacteristicof moderncomputing[18]. DenningandFreemanofertheir

modernand moregeneralnotionofcomputing’sparadigmbasedoninformationprocess-

ing[19],whichalignswellwithColburn’stakeoncomputerscienceprogressingfromdata

processingtoamoreinformation-orientedapproach[15].Finally,Tedrepointsoutthatthe

master-apprenticerelationshipcommonincomputerscienceepitomisestheuseofexemplar
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asatoolforknowledgetranslation[20].

Authorshavealsousedparadigmstoframethedebateonwhethercomputerscience

isabranchof mathematics[15,16,21]. Thisframingisinformativeasitafectsone’s

viewpointontheroleofcomputerscienceandwhichquestionstopursue.Forinstance,the

pursuitofformalveriicationtoolsloomslargetothosethatsubscribetothemathematical

paradigmofcomputerscience[15,16,21,22],butitislargelyaneglectedquestiontothose

thatdonot. Moreover,thedebatesbetweenpractitioners withinthe mathematicalor

non-mathematicalparadigmhaveoftentimesbeenacrimonious,e.g.,thecausticback-and-

forthbetweenFetzerandtheformalveriicationcommunity[23],indicatingthatparadigms

incomputerscience,justas withotherdisciplines,comeimbued withthepassionsand

investmentsofitsadherents.

Apartfromtheidentiicationofparadigmsincomputing,itisalsousefultopointout

instanceswherenewdevelopmentswere metwithresistance,butultimatelyledtoafun-

damentalchangeinpractice. Doingsosuggeststhatprogressincomputingisnotalways

cumulative,justaswiththescientiicdisciplinesof Kuhn’sfocus. Foranearlyexample,

inthe1940s mostcomputing machineswereelectro-mechanicalandthedominantvoices

intheieldopposedtheirstfully-electroniccomputer[18]. Asevidencedbythearchitec-

tureofmoderncomputers,eventuallypractitionerscompletelyacceptedthefully-electronic

architecture. AlaterexampleintermsofsoftwarecanbefoundinBackus’reminiscences

oftheresistanceorindiferenceof machine-codeprogrammerstowardthedevelopmentof

algebraicprogramminglanguageslikeFORTRAN[24].Contrastthiswithtoday’sprogram-

mingpractices,whereitisnowcommontoprogram microcontrollerswithoutresortingto

assemblylanguages.

Inaddition,itisimportanttohighlightthatprogressincomputing,justaswiththe

largerscientiicworld,canoftenpivotonthehumanelementand mayrelyonelementsof

persuasion.Forinstance,whendiscussingFORTRAN,KnuthandPardodescribethearrival

of“alanguagedescriptionthatwascarefullywrittenandbeautifullytypeset,neatlybound

withaglossycover”,asa majorirstinthehistoryofprogrammingandanimportant

agentofchange[25]. Narrowingthefocustotechnicalcomputing, Parlettassertsthat

Wilkinson’sundeniableimpacttotechnicalcomputing wasdueinpartonhisabilityto

makeerroranalysisaccessibleandinteresting[26]. Theseexamplesindicatethat Kuhn’s

insightsarecapableofshiningalightonthestructureofcomputing-focuseddisciplines,

whichincludestechnicalcomputing.

1.2 HistoryandStructure

Kuhn’sinsightsintoscientiicprogressderivedfromhischosenpracticeofexaminingsci-

entiichistoryandderivingconclusionsfromthisstudy[5]. Wheninvestigatingtechnical

computing,itshistoryalsoprovidesinsights.Inparticular,thedevelopmentoftechnical

computinghelpsilluminatetwofeaturesthathaveservedascornerstoneswithintechnical
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computing’sdisciplinary matrix—algebraandsoftware. Thisrecognitionleadstothear-

gumentthat matrix-vector(MV)algebraandsoftwareconstituteaparadigmintechnical

computingtoday.

1.2.1 AlgebraandSoftware

Formalismandconstructivismtakeonprominentroleswithinpracticalapplicationsofmath-

ematics. Technicalcomputingisnoexception,andweidentifyalgebraandsoftwareasthe

technicalcomputingembodimentsofformalismandconstructivism,respectively.Theverac-

ityofthisdescriptioncanberevealedthroughabriefexaminationoftechnicalcomputing’s

history.

Unlike more moderntimes,wherecomputersenjoyubiquityininnumerableenduses,

from mission-criticaltosocial-mediaapplications,theearlyhistoryofcomputingisessen-

tiallysynonymous withtheearlyhistoryoftechnicalcomputing[27]. The US Army’s

demandforfasterballisticcalculationsspurredtheirstfully-electronic Turing-complete

computer[18]. Theneedtonumericallysolvephysicalproblemsthatdidnotlendthem-

selvestoclosed-formsolutions,e.g.,turbulentlow,local weatherpredictions,and most

(in)famouslyphysicalproblemsrelatedtotheatomicbomb,encouragedfurtherdevelop-

mentofcomputing[28].

Thenotionofcomputabilitywasatopicborneoutoftheconstructivistschoolofmath-

ematics. Thosewithinthisschoolonlyacceptmathematicalobjectsthattheycanlogically

construct[29].Eventhoughtheirworkfocusedonlogicandcommencedpriortotheadvent

ofcomputers,emergingfromtheconstructivistcampwerehugelyinluentialigures,such

asG̈odel,Turing,andChurch,whocontributedtoefortsindeiningcomputatabilityand

formalisingtheconceptofalgorithms[29,30].Thesediscussionsonthenatureofalgorithms

andcomputabilitywereparticularlyinluentialintherealmofcomputerscience.

Despitetheimpactofheroicconstructivistigurestothedevelopmentofcomputer

science,todayconstructivistsremainsmallinnumber[29,30,31]. Gurevicharguesthat

constructivistscreatedtheirowntypeofpure mathematics,losingsightoftheimportant

questionsofeiciencyandfeasibility[31]. Orinotherwords,constructivistswerenot“suf-

icientlyconstructive”[31]. Thisechoesargumentsofthosewhoholdtheengineeringview

ofcomputerscience,asopposedtothe mathematicalorscientiicview,thatpracticaland

tangibleresultsarethereasonsforthediscipline’sextraordinaryimpact[32].Erikssonetal.

havedeemedcomputerscienceandnumericalanalysistheinheritorsoftheconstructivist

tradition[30].

Thesediscussionsontheimpactof mathematicalconstructivismonearlycomputing

relecttwodiferentrecurrentandsymbioticthreadsincomputing. First,istheneedto

formalisecomputingalgorithmsforthepurposesof“expressiveness,programreadability,

andalgorithmprovability”[33].Second,one musthavea meanstoconstructivelyperform

thealgorithmusinginitecomputationsthatarefeasibleandpractical[31].Thesetwoneeds
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canbecalledformalismandconstructivism.

May,themathematicalhistorian,hasdescribedthetwoneedsofformalismandconstruc-

tivismasbeingpartofalarger mathematicaltradition,statingthat“therearetwogreat

traditionsin mathematics:thescientiictraditionandthetechnologicaltradition, mathe-

maticalscienceand mathematicaltechnology”[34]. Mayarguesthatthedevelopmentof

mathematicaltechnologyhasbeenignoredbyscholars. Maycontinuesbycontendingthat

thecomputerhasnowturned mathematicaltechnologyintoarecogniseddiscipline. Ulam

echoesthissentiment, maintainingthatthedevelopmentofcomputerswas madepossible

bythe mergingofformallogicalsystemsandtechnologicaldevelopment[28].

A major milestoneintheevolutionofprogrammingwastheirstalgebraiccompiler.

Programmingnowhada much more mathematicallavour. Thiswas metwithindiference

atthetime,buttheefortsculminatedinthedevelopmentoftheFORTRANlanguage[24].

FORTRANwasdevelopedtoskirtthecommontradeofatthetimebetweeneasycoding

andeicientprograms. Itsnotation wasdesignedtobe mathematicalandindependent

of machines.Interestingly,itistheirsttoallowvariablenameslongerthanoneletter,

breaking mathematicalconvention[25],butillustratingtheunavoidablefactthat mathe-

maticaltechnologyoftenhasneedsseparatefromthoseof mathematicalscience. Control

statements,whichpredatedFORTRAN,areanotherprominentexampleofthis. However,

despite making“programminganactivityakininrigourandbeautytothatofproving

mathematicaltheorems”[35],theseso-calledalgebraiclanguagesonlygainedacceptance

afterdemonstratingperformancecomparabletothestatusquooflow-levelassemblylan-

guages[24].

Thus,formalismandconstructivismeachplaytheirowncrucialroleintheprogressof

computingtechnology.Today,inthelargercomputerscienceworldthathasbrokenfreefrom

theconinesoftechnicalcomputing,formalisms,i.e.,programminglanguagesandcoding

idioms,arestillthesubjectofpassionatedebate,asthechoiceafectspracticalaspectssuch

asprogrammingeiciency,computationaleiciency,readability,and maintainability. Of

course,constructivismcontinuestoplayadominantroleincomputerscience,aswitnessed,

forinstance,bythehugeefortsundertakentooptimisecompiledprograms,parallelise

areasofbottleneck,andvectorise machinecode. The modernstateofcomputerscience

synchroniseswellwithDenningandFreeman’sviewofcomputing’sparadigmconsistingof

“expressionsthatdowork”[19].

Returningtotechnicalcomputing,whiletheseconsiderationsalsoapply,thediscipline

mustalso meettheneedsofscientiicandengineeringproblems. As mentionedinSec-

tion1.1.2,technicalcomputingcomprisesboth modellingandalgorithms, whicharead-

dressedbyformalismandconstructivism,respectively. Thus,technicalcomputingprovides

itsownuniquecontextfortheinterplaybetweenformalismandconstructivism. Relecting

thisuniqueinterplay,withintechnicalcomputingalgebraandsoftwaretakeontheroleof

formalismandconstructivism,respectively. Atechnicalcomputingalgebrashouldalign

8



✐

✐

“monograph” —2016/1/25 —12:13 —page9 — #25
✐

✐

✐

✐

✐

✐

wellwiththescientiicnotationusedtomodeltheproblem(s)underquestion. Thealgebra

shouldalsobeconceptuallyeicient,i.e.,requires minimumtimeandefortforapracti-

tionertoconceptualiseaproblemandexpressitssolution. However,itshouldalsofoster

programmingeiciency,i.e.,requiresminimumcodingtime,efort,andchanceoferror. As

well,thesupportingsoftwaremustbeableexecutetheoperationsdemandedbythealgebra

withlarge-scaleandnumericdata.Issueslikeeiciency,numericalstability,andsensitivity

afectthefeasibilityandreliabilityoftheimplementation.

ThecrosstalkbetweenformalismandconstructivismissopotentthatÅhlanderetal.ad-

vocatechoosingtechnicalcomputingmathematicalabstractionsthroughthelensofsoftware

engineeringconsiderations[36]. ThisargumentisechoedbyErikssonetal.,atChalmers

UniversityofTechnology,andEstep,atColoradoState University, whoarguethatcon-

structivismandformalisminformeachother[30,37,38].Theseresearchersusethemetaphor

“bodyandsoul”todescribethe makeupofapplied math—formalismrepresentsthesoul

whileconstructivismservesasthebody. Weadoptthesame metaphorindescribingthe

makeupoftechnicalcomputing,whereformalismandconstructivism manifestasalgebra

andsoftware,respectively.

Establishingtheroleofalgebraandsoftwareprovidesavaluablesteppingstonefrom

Kuhn’sworktotechnicalcomputing. Thisisimportantbecause Kuhnneverspeciically

addressedcomputing[13].InStructure,Kuhnemphasisedtheroleoftheories,instrumen-

tation,laws,andapplicationswithinaparadigm[1]. Fromthisnomenclature,ananalogy

canbe madefrom Kuhn’sterminologyoftheoryandinstrumentationtoErikssonetal.’s

terminologyofformalismandconstructivism,respectively. Theanalogycanbeextended

toalsodescribealgebraandsoftwarewithintechnicalcomputing.

WhileallowingustolinkKuhn’sterminologytotechnicalcomputing,thisanalogydoes

revealanimportantdiferencefromStructure. Kuhnmostlyfocusedontheoreticaltraditions

ofscienceandseemedtoviewtheoryasplayingaprimaryrole withinaparadigm[13].

However,this maynotbeanaccurateviewforinstrumental-heavydomainsliketechnical

computing.Inparticular, wedonotviewsoftwareassubordinatetoalgebrawithinthe

discipline. Non-theoreticalinnovations,e.g.,improvedalgorithms,playanenormousrole

intheprogressionofthediscipline.IfweuseKuhn’sterminology,this meansthatwithin

technicalcomputingweexplicitlyplaceinstrumentation,e.g.,software,onanequalfooting

withtheory,e.g.,algebra. Thisexplicitdesignationisanimportantdistinctionfromthe

descriptionofsciencefoundwithinStructure.

1.2.2 Matrix-VectorParadigm

Whendiscussingthepartnershipbetweenalgebraandsoftware,thecombinedsolutionmay

becalledaframework. Since,practitionersuseaframeworktocastscientiicproblems

ina mathematicallanguageandperformcomputations withinthatcontext,iftechnical

computinghasaparadigmthenitwillbeidentiiedbyansweringwhetherpractitionershave
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predominantlychosenoneframework. Withthisin mind,anexaminationoftheimpactof

MValgebraandsoftware,fromtechnicalcomputing’sformativeyearstoitspresentstate,

revealsthecrucialrolethe MVframeworkexerts.

Underscoringtheformativeroleofthe MVframework,thepublicationofvonNeumann

andGoldstine’s1947paper[39],“NumericalInvertingof MatricesofHighOrder”,isoften

creditedasthestartingpointof modernnumericalanalysis[26]. As Goldstineputit,

“Oneoftheirstand mostlikelytopicstobediscussed[duringtheearlyyearsoftechnical

computing]wasthesolutionoflargesystemsoflinearequations,sincetheyarisealmost

everywhereinnumericalwork”[40].

Manyoftheinitialpushes weretowardfastandeicientsoftwaresfor MVcompu-

tations. Oneoftheirstefortstoproducereliableandreusable mathematicalsoftware

routineswasBellTelephoneLaboratories’Numerical MathematicsProgramLibrary [41].

Itsinitialsubmissionfocusedonakey MVproblem,providingcodetoproduceeigenvalues

ofnonsymmetric matrices[42].Inthe mid1970’sLINPACKandEISPACKwerearguably

thesuccessorsofthiswork[43],oferingreliableandfast MVcomputationsthatformed

thecoreto manytechnicalcomputingapplications.Equallyimpactful,thelow-levelBLAS

subroutinesfor MVmultiplicationshavebeenthebedrockforinnumerablecomputingrou-

tines.Inthe1990’s,LAPACKemergedontothescene,efectivelysupplantingLINPACK

andEISPACK[44].

Alongwithpushestowardbetter MVsoftware,practitionerswerealsoconsciouslythink-

ingofthebeneitsofintegrating mathematicalalgebraintoprogrammingpractice[25]. As

earlyasthe1950s,pioneersoftheprogrammingartwerepushingforthis.Infact,Backus

andHerrickevenadvocatedfor matrix-multiplication-likeoperationsinprogramminglan-

guages,butinterestinglychosetoexpressitusingsummations:“togoastepfurther[the

programmer]wouldliketowrite
∑

aij·bjkinsteadofthefairlyinvolvedsetofinstructions

correspondingtothisexpression”[45]. Modernlanguagesthatsupportoperatoroverload-

ing,e.g.,C++,havebeenabletoprovideanenvironmentthatsupports MValgebra,with

underlyingroutineshiddentothesoftwareuser.

BackusandHerrick’sforwardthinkingevenwentsofarastoexpressthewishthat,one

day,“aprogrammer mightnotbeconsideredtoounreasonableifhewerewillingonlyto

producetheformulasforthenumericalsolutionofhisproblemandperhapsaplanshowing

howthedatawastobemovedfromonestoragehierarchytoanotherandthendemandthat

the machineproducetheresultsforhisproblem”[45]. Arguably,theadventofveryhigh-

levellanguagesfortechnicalcomputing,suchas MATLAB,havecomeclosetofulillingthis

vision.Such moderncomputationalpackageshaveembedded MVcapabilitieswithintheir

keydatatypes. Thisallowsimplementationstobeprogrammedusingthenaturallanguage

ofawidevarietyofproblems,expeditingtheprocessoftransformingtheoryintopractice,

asthecodingprocessresemblesthesymbolicformulationtoagreatdegree. Aswell,given

soundunderlyingroutines,itallowsscientistsandengineerstoemploytechnical-computing
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techniqueswithoutbeingexpertsinthehighlyspecialisedieldof MVcomputations. This

reducesimplementationerrors. Theinluenceof MATLABhasgrowntothepointwhere

itcanboastofoverone millionusers[46],leadingsomeauthorsto maintainitisthe most

popularcomputingenvironmentfortechnicalcomputing[47,48].

As MATLAB,andtechnical-computingsoftwareslikeit,continuetosolidifytheirplace

intheield,theimportanceofthe MVframeworkhasonlyincreased.Infact,theabilities

andpopularityofthe MVframeworkhaveevenledauthorstoreframe wellknownand

establishedtechniques. Forinstance,theSocietyforIndustrialand Applied Mathemat-

ics(SIAM)haspublishedbooksthatreframetheFastFourierTransform[49]andgraph

algorithms[50]using MValgebra. Muchofthe motivationbehindrecastingthesetech-

niquesliesintheubiquityandexpressivepowerof MVformalism. However,constructivist

considerationsalsoapply. Forinstance,employingthe MVframeworkto modelandsolve

graphalgorithmproblemswasonly madepracticalbytheadventofeicientsparse matrix

computationsanddatastructures[51]. Thus,boththealgebraicandsoftwarecomponents

ofthe MVframeworkare majorplayersintechnicalcomputingtoday.

Inviewingtheinluenceofthe MVframeworkandtheevolutionofitsuseintechnical

computing,itisalsostrikingtoconsiderhow muchhasremainedconstant.Inhis1967

surveyoftheroleoflinearalgebraintechnicalcomputing, George E.Forsythe makes

severalstatementsthatcouldhavebeensaidtoday. Hisviewsonthepredominantuseof

MValgebrafor modellingscientiicandengineeringequationsstillringstrue. Aswell,his

statementthatthe“theamountofliteratureon matrixcomputationsisstaggering”has

onlybecome moreaccurate. Mostimportantly,Forsythe’ssurveyoutlinedthecrucial(and

sometimesunrecognised)role MVsoftwareillsinitspartnershipwith MValgebra[52].

Duetotheinluenceofthe MVframework,itisvalidtoaskwhetheritdeinestechnical

computing’sparadigm. Forcertain,the MVframeworkremainsalinchpininthedisci-

plinary matrixoftechnicalcomputing. However,the MVframeworkplaysanevengreater

rolethanthat. Sinceitisthedominant meansby whichpractitioners modelandsolve

problems,the MVframeworkiskeyindeiningwhatsortofscientiicquestionstechnical

computingcantackle,i.e.,linear mappingsappliedtovectors1.Indoingso,italsodeines

theanomaliestechnicalcomputingfacestoday,i.e.,phenomenanoteasyorimpossibleto

incorporatewithinthe MVframework. Assuch,the MVframeworkplaysacrucialrolein

deiningthetaxonomyoftechnicalcomputing.Thus,eventhoughtechnicalcomputingcon-

tainscomponentsoutsidethe MVframework,e.g.,programmaticcontrolstructures,GUIs,

anddatainput/output,welabelthecurrentparadigmintechnicalcomputingastheMV

paradigm.

1Oneapparentexceptionarethewell-wornlinearalgebrafactorisations,whicharesolutionstoquadratic
equations,e.g., QR,LU,andSVD. However,thepurposeofthesefactorisationsisstilltocharacteriseor
manipulatelinear mappings.
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1.3 Anomaly Categories

Kuhn’sviewwasthatanyscientiicparadigmfacesanomalies.Indeed,the MVparadigm

facesanumberofthem, which weconsidersigniicant. Thesecanbeidentiiedbyirst

startingfromthe MVparadigm’sbastionofstrength. As Rauhalanotes,“thetoolsof

linearalgebrahavebeencenteredinsolvingforalinearsystem... wheretheparameters...

andobservedvaluesareonlyone-dimensionalvectors”[53].Inshort,withtheexceptionof

bilinearorquadraticforms, MValgebraislargelyusedtosolveequationsthatarisefroma

basiclinear mapping:

y=Ax, (1.1)

wherebothxandyareone-dimensionalvectors. Nonetheless,the MVparadigm’snarrow

butpowerfulfocus worksagainstit whenoneconfrontsequationsthatarisefromother

mappings. Keyareasoutsideitsstrengthsincludecertaintypesoflinear mappings, e.g.,

N-degree(N-dimensional)2andentrywisemappings,andmappingsbeyondthelineartype,

e.g.,polynomialand multilinear mappings.

1.3.1 SpecialLinear Mappings

MValgebra’snaturalstrengthsincludeitsabilityto modellinearrelationships. However,

importanttypesoflinearrelationshipsfalloutsideitsnaturalscope. TheseincludeN-

degreeandentrywisemappings.Bothcategoriesoflinearmappingsplaysigniicantrolesin

technicalcomputing.

Forinstance,high-degreestructuresnaturallyarisewhenrepresentinginthediscretedo-

mainphysicalphenomenathatnaturallyoccuroveraspaceoftwoormoredimensions[54].

MValgebracannotnaturallyrepresentthird-degreeorhigherphenomena. Evenwhenthe

phenomenainquestionisonlysecond-degree,representingallpossiblelinear mappingsof

suchphenomenarequiresafourth-degreestructure.Imageprocessingandcomputervision

provideexcellentexamplesofthis,aspractitionersareofteninterestedinsolvinglinear

systemsappliedtosecondorthird-degreedata,e.g.,depth-mapestimation[55]orimage

segmentation[56].

AsÅhlandernotes,“Multidimensionalarraysareusedextensivelyinscientiiccomput-

ing”[54]. Evenintroductorybooksonnumerical methods,cf.Chapter10ofHeath[47],

Chapter29ofChapraandCanale[57],andChapter9ofSchillingandHarris[58],discuss

howtoconstructlinear mappingsofsecond-degreepartial-diferentialequation(PDE)do-

mains. Hencethereisaneedfor methodsthatcanhandle N-degreedata,evenwhenone

isonlyinterestedinworkingwithlinear mappings.

Inordertocontinueworkingwithinthe MVparadigm,practitionersemployvectori-

sationoperations,whichlattenanN-degreestructureintoairst-degreeone. Prominent

2OurreasoningforthisterminologyisgiveninSection2.1.6.
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Figure1.2: Entrywisenatureofimage masking.Image maskingrepresentsoneof many
commonprogrammaticoperationsthatareinherentlyentrywise. The maskshownisgen-
eratedusingGrady’srandom-walker method[56].

usesofsuchoperationsincludecastingthehigh-degreelinearPDEs mentionedaboveinto

the MVparadigm. VectorizationpossessesstronglinkswithKroneckeralgebra[59],which

imparttensorproductoperationsto MValgebra. WhiletheKroneckerproductcanbeused

todescribebilinearoperators,itcanalsobeusedtoconstructalinearoperatoractingupon

alattenedsecond-degreetensor,ashighlightedbyseveralauthors[53,60,61,62]. When

workingwithinthe MVparadigm,latteningN-degreedataisnecessarybecause“Thetech-

niqueoftransferringtothevectordomaininordertooperateonthetwo-dimensionaldata...

istheonlywayinKroneckeralgebratorepresentallthepossiblelinearoperationsofanim-

age”[60].Inadditiontoimages,mappingsofanyotherN-degreestructurecanbeincluded

withinthisstatement,e.g.,linearhigh-degreePDEsandhigh-degreediferentials.

Whilesomeauthors[63]consider Kroneckeralgebrapartofthe MVparadigm,the

formerisnotvery wellknownoutsideofstatisticsandeconometrics[64]. Shouldone

consider Kroneckeralgebrapartofthe MVparadigm,itistypicallyusedto work with

second-degree,andnotN-degree,data. Eveninthiscase,data mustbelattenedintoa

diferentform. TheneedforalgebraandsoftwarethatcannaturallyworkwithN-degree

linear mappingshasledauthors[53,60,61,65,66,67,68]todevelopandadvocatefortools

andtechniquesoutsideofthe MVparadigm.

AlongsidetheissueofN-degreelinear mappings,anotherimportantcategoryoflinear

mappingsnottraditionallysupportedbythe MVparadigmareentrywiseoperations.Such

operationsholdaparticularlycrucialroleinimagingprocessingandcomputervision,as

thedatais madeupofindividualpixelscomposinganaggregatewhole. This meansthat

entrywiseoperationsareoftenexecuted,eitheraloneorincombinationwithimage,row,or

column-wiseoperations. Forexample,asFig.1.2illustrates,applyinganimage maskisa

purelyentrywiseoperation.

Entrywiseproductsarewellusedin manyotherieldsandintechnicalcomputingin

general. Forinstance, MATLABsupportsentrywise multiplicationwithits.*operation.

However,theoperationisnotformalisedwithin MValgebra.Entrywiseoperationscanalso

befoundintensorcalculus[69]orapplicationsthatusetensornotation[68,70].n-aryinner

products,whichChapter3willshowhaslinkswithentrywiseproducts,haveappearedin
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Table1.1:FrequencyofentrywiseandN-degreeoperationsin MATLABtoolboxes. An
analysisscanned30MATLABtoolboxes(2014arelease)forarithmeticoperationsthatfall
outsideofthetraditional MVparadigm. Fullycommentedlineswereexcludedfromthe
analysis.

Operation Frequency

Alllines 4469192
Arithmeticlines 1633594

repmat 5246
(:) 14899
.* 12280
.\or./ 10466
diagorspdiag 8205
permuteoripermute 726
reshape 3993
kron 279

Subtotal 56094
%Arithmeticlines 3.4%

worksonanalyticaldynamics[69],geophysics[71],andsignalprocessing[72].

Duetotheirutilityandprevalence,entrywiseoperationshavebeenintroducedasexten-

sionstoMValgebra[73].Suchspecialisedoperationsareoftenincludedwithdescriptions

ofKroneckeralgebra,whichisdiscussedabove. Thus,whethertheseoperationsarepart

oftheMVparadigmisquestionable.Inanycase,suchoperationsdonotallgeneraliseto

N-degreestructures.Inaddition,apartfrom.*,whichisconstructivelysimilarbutnot

identicaltotheHadamardproduct,theseoperationsarenotsupportedinmajortechnical

computingpackages[73].

Multiplyingvectorsormatricesbyadiagonalmatrixisanothermeanstoincorporate

entrywiseproductswithintheMVparadigm. Whilecommon,diagonalmatrixmultiplica-

tioncanonlyefectaspeciictypeofentrywiseproduct,i.e.,entrywisemultiplicationofa

vector,andreliesonembeddingairst-degreestructureintoasecond-degreeone.Thus,the

structureofirst-degreedatamustbealteredinordertoitentrywiseproductswithinthe

MVparadigm.

TofurtherunderscoretheroleofN-degreeandentrywisemappingsintechnicalcomput-

ingtoday,onecaninvestigatehowfrequentlyarithmeticoperationsoutsideofthestandard

viewoftheMVparadigmareusedinatechnicalcomputingcontext.Agoodsampleofthis

canbefoundbyexaminingtheMATLABtoolboxesforoccurrencesofN-degreeandentry-

wiseoperations.Table1.1presentssuchananalysis,usingtheMATLAB2014arelease.As

thetabledemonstrates,theseoperationsplayasigniicantrole,beinginvolvedin3.4%of

allarithmeticstatements.Consequently,thereareimportantandwell-usedarithmeticop-

erationsintechnicalcomputingthattheMVparadigmdoesnotsupport.Theroleofthese
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ax=b

Trivial

Ax=b

Gaussianelimination*

a0+a1x...+anxn=0

Companionmatrix

Nonlinearand

Non-Polynomial

Polynomial

Linear

Univariate Multivariate

f(x)=0
Root-findingmethods

f(x)=0

Newton’smethod*

Noconsensus

*andderivatives

Table1.2: Techniquestosolvevariouscategoriesofequations. Forthe mostpart,the
technicalcomputingparadigmisinagreementonhowpractitionersshouldformulateand
solvethediferentcases. Theexceptiontothisruleare multivariatepolynomialequations.

operationsisfurther magniiedwhenconsideringtheconsiderablescientiicandindustrial

end-userbaseof MATLAB.Asaconsequence,Table1.1supportsthenotionthatN-degree

andentrywiselinear mappingsrepresentsigniicantanomaliestothe MVparadigm.

1.3.2 BeyondLinear Mappings

Thereisalargeswathof mathematicalrelationsbeyondlinear mappings. Someofthese

mappingspossessaglobalstructurethatcanbeusedinsolvingequationsorindatadecom-

position. Weconsiderpolynomialsystemsandtensordecompositioninparticular,which

canbeseenasoccupyingthenextlevelincomplexitybeyondlinearequations.

PolynomialSystems

Whenconsideringthecategoriesofequationsthataretackledbytechnicalcomputing,they

aretypicallyclassiiedby whethertheequationsareunivariateor multivariateandalso

whethertheequationsarelinearornonlinear. Table1.2illustratesthisvisually,depicting

thecategoriesofequationsandalsothecommonapproachestowardtheirsolution.

Thecategorisationofequationsinto‘linear’and‘nonlinear’isquitebroad,reminding

usofthe wellknownbutunattributedquote: “Classiicationof mathematicalproblems

aslinearandnonlinearislikeclassiicationoftheUniverseasbananasandnon-bananas.”

Polynomialequations,inparticular,areanimportantsubclassofnonlinearequations.

AsshowninTable1.2,univariatepolynomialequationscanboastoftheirownspecialised

meansofsolution,whichareclassicallyperformedusingcompanionmatrices.Stetterargues

thatthisexceptionistheonecasewhere“algebraandnumericalanalysisjoinedranksto

developeicientandreliableblack-boxsoftwareforthe—necessarilyapproximate—solution
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ofthistask”[74]. However,when movingtothe multivariatecase,thereremainsnostan-

dardwaytoformulateandsolvesystemsofpolynomialequationsnumerically.Thenumeric

caveattothisstatementisimportanttoemphasise,ascomputationalalgebrahasdeveloped

powerful Gr̈obnerbasis methods[75]towardcharacterisingandsolvingpolynomialequa-

tions. Yet,asStetternotes,the methodsofcomputationalalgebraarenotequippedby

themselvestorobustlyandnumericallysolvesystemsofpolynomialequationswhoseinputs

areinexact. Nonetheless,polynomialequationspossesstheirownglobalstructure,whichis

somethingcomputationalalgebradoestacklehead-on[74].

Inatechnicalcomputingcontext,numericalsystemsofpolynomialequationsaretackled

indiferent ways. Acommonapproachistosimplyapplystandardnonlinear methods,

determiningalocalsolutiongivenagood-enoughinitialguess.Solvingpolynomialequations

this wayisepistemologicallyequivalenttolumpingpolynomialequationstogether with

moregeneralnonlinearequations. Forengineersandscientists wishingtoconsiderthe

specialstructureofpolynomialequations,thereisstillnoconsensus.Practicalapplications

maybesolvedusingoneor moreof Newton’s methods,homotopy,exclusion,eliminant,

or Gr̈obner methods[76]. ThisstatehasledresearcherslikeStetter[74],examiningthe

successofnumericallinearalgebra,topushfornumericvariantsofcomputationalalgebraic

methodsofsolvingpolynomialequations.Infact,theDefenseAdvancedResearchProjects

AgencyintheUShasincludedthefollowingintheirlistof mathematicalchallenges[77]:

“BeyondConvexOptimization: Canlinearalgebrabereplacedbyalgebraicgeometryina

systematicway?”Tous,wereadsystematictoincludenumericandstableimplementations

fortechnicalcomputingapplications.

Sincetheonlyclassofpolynomials,outsideoflinearones,that MValgebracan model

arequadraticorbilinearforms,i.e.,xAx= borxAy= b,thecurrentparadigmisnot

equippedtonaturallyhandlethisimportantproblem. Thechallengesthe MVparadigm

faceswithpolynomialsarefurtherunderscoredbytheknownconnectionbetweenhomoge-

nouspolynomialsandsymmetrictensors[78,79,80,81],whichsuggeststructureoutsideof

matricesandvectorsareneededforthisproblem. Moreover,asStetternotes,thenumeric

constructivismforsolvingsuchproblemsrequiresconsiderablefurtherdevelopment[74].

InStetter’sanalysisoftheieldheremarksthat,“mostsurprisingly—thischallengeofpi-

oneeringa‘numericalnonlinearalgebra’remainedpracticallyunnoticedbythemanyyoung

mathematicianshungryforsuccess,evenbythoseworkingintheimmediateneighborhood

oftheglaringwhitespot”[74]. Wedisagreeinonerespect. Thisisnotsurprisingwhen

consideringtheieldthroughKuhn’sviewpoints.Infact,Stetter’sobservationitsKuhn’s

modelverywell,wherephenomenadeemedanomalousinaparadigmarenotincludedin

thequestions“worthasking,”lending weighttotheargumentofpolynomialsystemsas

anomaliesinthecurrenttechnicalcomputingparadigm.
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Tensor Decomposition

Matrices, whicharesecond-degreeconstructs,enjoyalegionof matureand well-known

decompositions. However,whenconsideringhigh-degreedata,thedecompositionoptions

arenotsoclearcutandare much morediicultproblems[82]. Theieldthatfocuseson

suchproblemsiscalledtensordecomposition. Despitehavingitsoriginsinthe1920s,tensor

decompositionisatopicthathasonlyreceivedwidespreadattentioninrecentyears[83].

Whilethetermtensorisused,inactualitytheieldisconcernedwiththedecompositionof

generalhigh-degreedata,which mayor maynotsatisfytheconditionsofbeingatensorin

the mathematicalorphysicalsense[84].

Tensordecompositionhasapplicationsin manydomains,includingsignalprocessing,

graphanalysis,neuroscience,computationalbiology,computergraphics,andcomputervi-

sion,amongstothers[82,83]. Muchofthebeneitsandpromiseoftensordecomposition

tiesinwithitsabilitytoprovideanaturalcontextformultilinearmappings[80,83,84]. Ad-

ditionally,tensordecompositioncanbeviewedasahigh-degreegeneralisationofsingular

valuedecomposition(SVD)[81]. RelectingonthehugeimpactofSVDgivesasenseofthe

promisebehindtensordecomposition.Forthisreason,tensordecompositionisincreasingly

solidifyingitsplace withintechnicalcomputing. Underscoringthis,thelatesteditionof

GolubandVanLoan’sveryinluentialbook, MatrixComputations,nowincludessections

devotedtothistopic[85].

However,likesystemsofpolynomialequations,thereare manyfundamentalandopen

questionswithintensordecomposition. Forinstance,thereareseveraldiferentdecompo-

sitionoptions. Thetwo mostprominentoptionsarecanonical-polyadic(CP)andTucker

decomposition,whichproviderank-Randorthogonaldecompositions,respectively[83].In

contrast,theSVDprovidesbothqualities,suggestingthatageneralisationtohigher-degrees

isnotclearcut. Moreover,thereisalsonouniversallyreliable meanstocomputeCPand

low-rank Tuckerdecompositions.Instead,currentapproachesaretypicallyvariationsof

optimisationapproaches,e.g.,thealternatingleastsquares(ALS)algorithm,whoseinal

solutiondependsoninitialconditionsandotherfactors.

BecausetensordecompositionisconcernedwithN-degreedata,the MVframeworkis

notingeneralequippedtorepresentsuchdata, mappings,oranyfactorizationsappliedto

them. AsRichardA.Harshman,oneofthepioneersoftheield,putit,“Asingletwo-way

array(i.e.,a matrix)cannotdirectlyrepresentathree-way‘cubical’arrayofdata,norcan

anysumof matrixproductsdirectlyproduceathree-waylatentstructuralobject”[86].

Hence,fromthe MVparadigm’svantagepoint,tensordecompositionremainsanomalous.

Unlessotheralgebrasandsoftwaresgainwidespreadacceptancebeyondresearchersfocused

ontensordecomposition,theconsequencesofthisieldbeinganomalouswillbegintoloom

largeoverthedisciplineoftechnicalcomputing.
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1.4 Summary

Technicalcomputingplaysacrucialroleinscienceandengineeringtoday,tothepoint

wheresomelabel CSEthethirdpillarofscience. Sincetechnicalcomputingplayssuch

alargerole within CSE,itiscriticalthatitscapabilitiesarecontinuallyexamined. By

usingtheterminologyandinsightsof Kuhn’sseminalwork,Structure,wearguethatthe

dominant MValgebraandsoftware,whichwecallthe MVframework,representsaparadigm

intechnicalcomputing.

Oneofthekeyobservationsof Kuhn’s workisthatparadigmspossessataxonomy,

bywhichcertainphenomenaactasthelinchpinofthescientiictheoryandpracticeand

otherphenomenaactasanomalies.Identifyingbothsetsofphenomenaiskeyinoutlining

thestrengths,butalsolimitations,ofthecurrentparadigm. Thischapteroutlinedseveral

anomaliesfacingthecurrent MVparadigm. Broadlyspeaking,theycanbecategorisedas

specialisedlinear mappings,i.e.,N-degreeandentrywiseproducts,andspeciicnonlinear

mappings, i.e.,polynomialand multilinear mappings. Bothtypesofanomaliesareplaying

anincreasinglyimportantroleinCSE.

Kuhnalsopointedoutthataspractitionersincreasinglystrivetopursuescientiicques-

tionstouchinguponaparadigm’sanomalies,theywillemployworkaroundscommensurate

withtheexistingtaxonomyortheywilldeveloptechniquesandtoolsthatimplychangesto

thetaxonomy. Theseefortswilloftenbedisparate.Inthecontextoftechnicalcomputing,

this meansalterationsrelatedtothedominantalgebraandsoftware. Aswewilldiscussin

Chapter2,thisisindeedthecaseintechnicalcomputing,asresearchersandpractitioners

havedevelopedorarguedforahostofdiferentalgebraandsoftwaretotackletheanomalies

outlinedinthischapter.
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Chapter2

A Growing Crowd

Milgram etal.famouslydemonstratedhowthesizeofacrowdlookingupfromastreet

cornerinluencesthelikelihoodthatpassersbywilljoinin[87]. Giventhat Kuhn’swrit-

ingsemphasisethesocialaspectofscientiicprogress, weuse Milgrametal.’scrowdas

metaphorforthoseengagedinrevisionaryscience.Likethecrowdatthestreetcorner,as

greaternumbersofresearchersandpractitionerslookbeyondanestablishedparadigm,the

likelihoodthatotherscientistsandengineerswilljointhisefortwillonlyincrease.

Focusingontechnicalcomputing,thereisahealthybodyofresearchersemployingand

oftenadvocatingforscientiicalgebraorsoftwarethatliebeyondthe matrix-vector(MV)

paradigm. Theseresearcherscomefrombackgroundsthatincludenumericalanalysis[54,

67],applied mathematics[88,89,90],computationalchemistry[91,92,93,94,95],image

processing[60],computervision[96,97,98],systemsandcontroltheory[65,99],signal

processing[66,72,80,100],physics[101],geodesy[53,61,62],econometrics[64,102,103,104],

databaseandinformationsystems[105],psychometrics[86]andstatistics[84,106,107].

Exemplarsrepresentcrucialillustrativeandpersuasiveelementswithinthisbodyofwork.

Inourview,thereisagrowingcrowd.Byreviewingitsefortsandarguments,weartic-

ulatethesalientcharacteristicsthatalternativealgebras,software,andrelatedexemplars,

encapsulate.Indoingso,numerictensors(NTs)areidentiiedasanintegralconceptthat

binds manyoftheseefortstogether. Thisinsight mouldsandinformsourownefortsat

contributingtothisgrowingcrowd.

2.1 Algebraic Characteristics

Practitionershaveintroducedoradvocatedforvariousalgebrasoutsideoftraditional MV

algebra. Howfarresearchersventureoutsideof MValgebracanrangefromscientistswho

onlyuseotheralgebraswhentheirneed(ortaste)dictates,toothers,likePapastavridis,

whocontendthat“[matrixalgebra]isnotadaily workingtoolfortheexplorationand

masteryofnewandruggedterrain”[69].

Kroneckeralgebrarepresentsamajorplayerintechnicalcomputingformalismsdiferent

thantraditional MValgebra. Thealgebrafurnishes MVformalismwithadirectortensor
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productandtypicallyoperatesintandemwithvectorisingoperations,whichlatten matri-

cesintovectors[59]. Practitionershaveemployed Kroneckeralgebrainsignalprocessing,

imageprocessing, mechanics,quantumtheory,statisticsandeconometrics[63,108,109].

Apartfromformalisingtheconceptsofdirectproducts,practitionersextend MValgebra

inotherways.Inparticular,notionsofentrywiseproductshavebeenappliedintheform

of Hadamardand Khatri-Raoproducts. LikeLiuand Trenkler[73], wegrouptheseen-

trywise matrixproductstogetherwithKroneckeralgebra,usingourownlabelofextended

matrix-vector(EMV)algebra.

Otheralgebrasdepart morecompletelyfrom MVformalism. Then-modeproductno-

tation,whichworksdirectlywithN-degreeconstructs,representsapopularexampleand

isoftenusedinthetensordecompositionield[81,83,110]. Eld́enandSavasintroduceda

similarnotation[111],whichhasalsoseenuse,cf.Lim’schapter[84]intheHandbookof

LinearAlgebra. Foroperationscommonintensordecomposition,e.g., multiplyingaten-

sorwitha matrix,thealgebrasuppliesdedicatednotationthatusesnumeralstodesignate

whichNTindexisundergoinganinnerproduct.Less-prevalentconventionsexisttoexpress

generaltensor-times-tensorproducts[97,98,112],againusingnumerals,e.g.,inBaderand

Kolda’sconvention[112]{1,3;4,2}wouldspecifythattheirstandthirdindices mustbe

contractedtogetherwiththefourthandsecondindicesoftheirstandsecondoperands,

respectively. Welabelthisaugmentedversionn-mode+ notation.

Practitionersfromotherieldshaveintroducedalgebraswithsimilarcharacteristics. R-

matrixnotation[53,61,62],whichwasarticulatedforgeodesyapplications,representsone

prominentexample.Predatingn-modeproductnotation,itsalgebraexpressesproductsin

asimilar mannerusingnumericaldesignations. SuzukiandShimizu’sarrayalgebra[65],

introducedforthepurposesofsystemsandcontrol,providesanotherexamplethatofersa

similarsetofcharacteristicsandabilitiesasn-modeproductnotation.

Einsteinnotationrepresentstheinalhigh-degreealgebra. Enjoyingdeeprootsin

physics,thenotationcanboastofanenviablepedigreewithalongandfruitfulhistory[69].

Thenotationcanbegroupedwithinthelargercategoryofindexnotations,whichinclude

Tait’sarrayalgebra[113]andAntzoulatosandSawchuck’shypermatrixalgebra[60],which

apartfromaestheticsareveryclosetoEinsteinnotation. Weomitmodernindex-freenota-

tionsfortensorcalculusfromconsideration,asourfocusisontechnicalcomputingalgebras

fornumerichigh-degreedata. Forinterestedreaders,Papastavridisprovidesanexcellent

andlivelysummaryofthevirtuesofindicialnotationoverindex-freenotationforconcrete

scienceandengineeringapplications[69].

Thealgebrasadvocatedbydiferentresearchersembodyvariousalgebraiccharacteristics

thathaveprovenbeneicial. ThesearesummarisedinTable2.1.Indescribinganalgebra,

authorsoftenciteitscapabilitiesvis-̀a-visthecharacteristicsinTable2.1.Therationaleand

beneitsbehindsuchalgebraiccharacteristicsareoutlinedbelowunderneaththeirspeciic

subheadings. Withthesealgebrasintroduced,theargumentsadvocatingthebeneitsof
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Table2.1: Comparingthecapabilitiesofformalismsalternativeto MValgebra. A‘ ’
and‘ ’designatesupportedandpartiallysupportedcapabilities,respectively.

Formalism N-
Degree

Associative Commutative Entry-Wise Linearly
Invertible

EMValgebra[73,108]
n-mode+ [112]
R-MatrixNotation[114]
ArrayAlgebra[65]
EinsteinNotation[69]

NTAlgebra

thecharacteristicsoutlinedinTable2.1canbesummarisedandsomeunifyingconcepts

discussed.

2.1.1 N-degree

MValgebraisunabletonaturallyrepresentN-degreelinearmappingsandmultilinearmap-

pingsoutsideofbilinearforms.TheintroductionofKroneckerproductsandvectorisation

operationsblursthisboundarysomewhatas,inprinciple,thesetwooperationsprovidea

meanstoincorporatemultilinearandN-degreelinearmappingsintothe MVframework.

Nonetheless,proponentsofotheralgebras,suchasR-matrixnotation[61,62],arrayalge-

bra[65],Einsteinnotation[60,86],andn-modenotation[81,84],havearguedforamore

completedeparturefromMVformalismtowardanalgebrathatcanmorenaturallyrepresent

N-degreedatastructuresandinnerandouterproductsbetweenthem.

Manyoftheseargumentsrestuponthecomplexitiesinvolvedwhencastinghigh-degree

problemsintothe MVdomain.Forinstance,bothKroneckerproductsandvectorisation

operationsrequiresettlingonalexicographicorder.Includinglexicographicconsiderations

withinanalgebraelevatesaconsiderationnormallyconinedtoconstructivismintothe

realmofformalism. Thiscanincreasetheburdensuponanalgebra. Forinstance,while

thereareonlytwowaystolexicographicallyvectoriseamatrix,i.e.,roworcolumn-major,

inthegeneralN-degreecasethereareN!vectorisingoptions.

Evenwhendatastructuresareconinedtosecond-degree,mappingsbetweenthemcan

produceimportantlexicographicconfusion.Asanextremeexample,EiseleandMasonfeltit

necessarytodescribe24diferentmeanstorepresentthedirectproductoftwomatrices[115].

TheKroneckerproductitselfhastwodiferentdeinitions—thecommonrepresentationseen

inVanLoan’spaper[108]aswellasRegaliaandMitra’srepresentation[116].Inaddition,

therearecompetingviewsonhowtobestlexicographicallylayoutthepartialderivatives

ofvectorormatrix-valuedfunctions[117].

Authorsfromsignalprocessing[66],systemsandcontrol[65,113],imageprocessing[60],

andnumericalmethods[54,67,68]haveexplicitlymadeacaseagainstcastingN-degreeprob-

lemsintotheMVdomain,describingsomeoftherequisiteidentities,rearrangements,and
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manipulationsas“troublesome”[65],“cumbersome”[60],and“awkward”[54]. Harshman

andHong[118],aftersummarisingthe manyconventionsandcomplicationsintensorde-

compositionthataccruefromcastingmultilinearmodelsintothe MVframework,notesuch

complicationscanbeavoided“ifoneiswillingtoabandon matrixnotation”[118]. Thus,

forapplicationsandieldsthatexpressmappingsoutsideof MV’snaturalpurview,thereis

anacuteneedforalgebrasthatcaninnatelyworkwithN-degreedataand mappings.

Asnoted,EMValgebra,withitsintimateconnectionswiththeKroneckerproductand

vectorisations,canrepresentN-degreedataand mappings,butnotinanatural manner.

R-matrixnotationlimitsitselfto matrices multipliedontohigh-degreeconstructs,similar

tothe multilinearproductdescribedbyLim[84]. Forthisreason,Rauhala,whoinvented

R-matrixnotation,hasseencausetoemploya morenaturalN-degreealgebrawhen mod-

ellinghigh-orderderivatives[114]. Alltheotherfeaturedalgebrasaredesignedtonaturally

accommodateN-degreedatastructuresand mappings,allowingthemtostraightforwardly

represent multilinearandhigh-degreelinear mappings.

2.1.2 Associative

Associativityisafundamentalcharacteristicthateasesalgebraic manipulation. Theas-

sociativityof matrixproductsisaclassicexample,providing MValgebrawithgroup-like

algebraicproperties. As Meyerputsit,withoutassociativityusing MValgebrawouldbe

“unbearable”[119]. Constructivereasonsalsointrude,asassociativityallowsanimplemen-

tationtochoosehowexactlytobreakupexpressionsintoseparatebinaryoperations.Thus,

asoftwareimplementationisfreetochoosethe mosteicientoption.

EMValgebraexhibitssomeassociativecapabilities.Forinstance,aKroneckerproduct

isassociativewithotherKroneckerproducts. However,byremainingwithinthe MVframe-

work,howthealgebrausesindicesistightlygoverned,i.e.,columnandrowindicesoftheleft

andrightoperand,respectively,alwaysundergoaninnerproductwithinastandardmatrix

product. Asaresult,mixturesofdiferentproductsarenotalwaysassociative. Asanexam-

ple, matrixproductsandKroneckerproductsdonotassociate. Thisspeciicinstancewas

highlightedbySnay[61]inhisadvocationofR-matrixalgebra,whichisassociativeforthat

case.Snayarguesthatkeyeicienciesarebetterrevealedwithanassociativeframework.

Nonetheless,R-matrixnotationisnotcompletelyassociativeinothersituations.

Thealgebraof n-mode+ productsisalsonoteasilyassociative,asassociating may

requireswitchingthenumericaldesignationofinner-productindices. Thisishighlightedby

SuzukiandShimizu,whosearrayalgebrafollowssimilarlawsasn-mode+ products. The

authorsoutlinethenotationalupdatesrequiredtoassociate,statingthat“theassociative

lawforarraymultiplicationisnotsosimpleasthatforthematrixmultiplication”[65].The

requisitenotationalupdatesinvolvedinassociatingcomplicatesfurtherwhenmorethanone

operandisinvolved,astheramiicationsofswitchingnumericindexdesignationscascades

throughouttheentirealgebraicexpression.Forthisreason,n-mode+ andarrayalgebraare
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onlygivenonecheckmarkforassociativity.

Thevariationof n-modeproductnotationusedby Brazelletal.[120]isuniquein

thatitisassociative. However,associativitycomesatthecostofrestrictingthetypesof

productsthatcanbeexpressed,e.g.,innerproductindices mustbepositionedattheend

andbeginningoftheleftandrightoperands,respectively.Incontrast,like MValgebra,

associativityisabedrockforEinsteinnotation,tothepointwherepractitionerswillprohibit

certaintypesofoperationsiftheydobreakassociativity[54].Inaddition,Einsteinnotation

canremainassociativewithoutimposingrestrictionsonthetypesofproductsitcanexpress.

2.1.3 Commutative

Unlikeassociativity,commutativityisacharacteristicnotenjoyedby MValgebra. The

restrictionsimposedbynon-commutativityareoftenhighlightedbychampionsofEinstein

notation,whichiscompletelycommutative. Toprovideaparticularlypugnaciousquote,

Papastavridiswritesthat“whatevercosmeticoraestheticadvantagesthat[MV]notation

mayhave,theyarefaroutweighedbythe mercilessstraightjacketof noncommutativity

[emphasisoriginal]”[69]. Witha morepositiveviewpointof MValgebra(and moreinline

withours), Åhlander[54]and Harshman[86]alsobothhighlightcommutativityintheir

promotionofEinsteinnotation.

Infact,commutativityhasprovenimportantenoughthatpractitionersofnon-commutative

algebrashavedevelopedcommutationoperatorsorexpoundedoninstanceswheretheirfor-

malismdoescommute. Asanexampleofacommutationoperator,Kroneckerproductscan

commute,providedonepre-andpost-multipliestheexpressionwitha“perfectshule”ma-

trix[108].Foranexampleofshowcasingisolatedinstances,bothEld́enandSavas[111]and

Blaha[62]highlightthelimitedcaseswheretheiralgebrasdocommute,drawingattention

toensuingalgebraicbeneits. Nonetheless,theiralgebrasdonotcommuteingeneral.

Whencitingthebeneitsofcommutativity,authorsoftenhighlighttheaccompanying

algebraicconveniences. Yet,therearealsoimportantreasonsrelatedtohow we write

ortypeset mathematicalnotation. Becausenotationisarrangedonaline,a mathematical

symbolcanonlybeadjoinedbyothersymbolsonitsleftorright. Hence,non-commutativity

isoftenacceptablefor MVnotation,asa matrixcanonlypre-orpost-multiplyanyway.

However,foranalgebradesignedtoexpressN-degreerelationships,e.g.,atrilinearmapping,

noteveryoperatorcanadjoinitsoperand. Commutativity,combinedwithassociativity,

allowspractitionerstorearrange,group,andsubstitutealgebraicelementsasneeded.

Thiscanalsoaidcomputations,asitiseasiertomodifytheorderofexecution,allowing

for moreeicientoptionstobediscoveredandchosen. Foracompellingexampleofthese

beneits,the Tensor ContractionEngine(TCE)usesassociativityandcommutativityto

optimisetheorderofexecutionofEinstein-notationexpressionsinvolvingtenstohundreds

ofterms[91].

Ingeneralmostofthedescribedalgebrasdonotcommuteeasily.Forn-mode+ products,
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R-matrixnotation,andSuzukiandShimizu’sarrayalgebra,commutingissimilartoasso-

ciating,inthatthenumericalinnerproductdesignationsmustbeupdated,andifnecessary

cascadedthroughouttheentireexpressioninquestion. Andlikeassociating,thishindersthe

commutingaction. ThesediicultiesarealsorelectedinBaderandKolda’scarefulexpla-

nationofn-mode+ algebra’scommutationrules[112]outsideofthecoren-modeproduct.

Incontrast,Einsteinnotationisuniqueinitscompletesupportforcommutativity.

2.1.4 Entrywise

Supportingthenotionofentrywiseproductsrepresentsanotherimportantthrustinthe

developmentofalgebraiccharacteristicsnotembodiedby MVformalism.Tothisend,EMV

algebrahasservedasanimportantstandardbearerinthispush. Byprovidingaformal

frameworkforentrywiseproducts,EMValgebrasatisiesimportantexpressiveneeds. As

LiuandTrenklernote,entrywise matrixproductshavebeenreceivingincreasedattention

inseveralields[73],relectingtheusefulnessofthesetypesofoperations.

Infact,thereisareoccurringneedforentrywiseproductsoroperationsingeneral.

Forinstance,inhis monographonlinearstructures, MagnusdevotesspacetoHadamard

products,diagonalselection matrices,andotherrelatedoperations[121]. Tensordecom-

positionalsohasneedforentrywiseoperations,particularyinitscanonical-polyadic(CP)

decompositionsorderivativesthereof. Thisneedissigniicantenoughforpractitionersto

useexpressionsoutsideofn-modeproducts.Forinstance,inKoldaandBader’sreview[83],

theCPdecompositionisexpressedusingeither matricisationsandKhatri-Raoproductsor

byusingexplicitsummationsymbols.

Tensorcalculusoccasionallyrequiresentrywiseproducts[69],requiringvariousworkarounds

fromconventionalEinsteinnotation.Themorerecentieldofcomputationalchemistryalso

needsentrywiseextensionstoEinsteinnotation[94,95].Someconventionsaretodistinguish,

byaparenthesis[69],anunderline[68],anassignment[54,60,67,94,95],orasubscripted

parenthesis[70],theindiceswhosesummationissuppressed.

Therepeated manifestationofentrywiseproductswithinthesevariedalgebrasindicate

thatthesetypesofoperationsillanimportantneed. Formalisingentrywiseproductsare

thusanimportantinitiativeinadvancingtechnicalcomputing’sexpressivecapabilities.

2.1.5 LinearlyInvertible

Inversion,eitherexplicitorimplicitthroughthesolutionofequations,representsabedrock

of MValgebra.Infact,thenotionofdeterminantswasstudiedandappliedtothesolu-

tionoflinearequationslongbeforeArthurCayleyformalised matrix multiplication[119].

Relectingthis,linearinversionisa majorfacetwithintechnicalcomputing. As mentioned

inSection1.2.2,thestartingpointof modernnumericalanalysisis markedasthepublica-

tionofvonNeumannandGoldstine’spaper[39],“NumericalInvertingof MatricesofHigh

Order”. ThisprominentfocusoninversionisalsosharedbyEMValgebra. AsvanLoan
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notes,oneofthemostwell-knownusesoftheKroneckerproductliesinsolvingtheSylvester

matrixequation[108]. Aswell,Lev-Ari’sexpositionofthebeneitsofcertainEMValgebra

operationsrestsoneicientlysolvingasetofentrywiselinearequations[72].

ProponentsofotherN-degreealgebrashavealsoemphasisedaspectsregardinginver-

sion.Forinstance,Snay’sdescriptionofR-matrixnotationconcentratesontheeiciencies

gainedinsolvingaspeciichigh-degreelinearequationvs. Kroneckeralgebra[61].Suzuki

andShimizu’sexpositionofarrayalgebraalsofocusesonsolvinghigh-degreelinear map-

pings,articulatingsomeimportantqualitativediferencescomparedto MVequations[65].

Inthecontextoftensordecomposition, Brazelletal.[120]and Braman[122]havealso

discussedinversionanddecompositions,respectively,ofhigh-degreelinear mappings.Iter-

ative methodstosolvethefourth-degreelinear mappingsdiscussedbyBrazelletal.were

alsoearlierdiscussedby Otto[68]andÅhlanderand Otto[67]inthecontextofEinstein

notation.ProponentsofEinsteinnotation,likeHarshman,havenotedthatinversionis“an

areaforfurtherdevelopment”[86],callingforfurtherconsolidationandarticulation.

Thesedevelopmentssuggestthatlinearinversionoccupiesaprominentroleintheminds

ofpractitionersofthesedisparatealgebras. Forthisreason,shouldanalgebralackclear

notationandrulesforsolvingequations,itswidespreadadoptionwouldlikelybehampered.

2.1.6 Uniication– NT Algebra

Table2.1summarisesthecapabilitiesofseveraldiferentalgebrasoutsideof MVformalism.

Inreviewingtheliteratureonalternativealgebras,arecurringthreadepitomises muchof

thework,namelytheneedtodescribeN-degreedataand mappings. Eventhenominally

independentcharacteristicsofassociativityandcommutativityareafectedbythis,asthese

algebraicfeaturesbecomeeven moreimportantonceoneentersintoanN-degreecontext.

Theneedforexplicitdescriptionofentrywiseproductsisalso made moreacuteinanN-

degreecontextasoneislessabletoresorttothesimplediagonal-matrixstrategiesseen

inthe MVparadigm. Finally,linearinvertibilityalsoits withinthisargument,asitis

thecomplexitiessurroundingN-degreelinearinversionthat motivatesselectdiscussionon

alternativealgebras. Thus,N-degreedataprovidesanimportantlinkingconceptbetween

theneedsofthe manydiferentfeaturedformalisms.

Unsurprisingly,thereisnoconsensuson whatnametogive N-degreedata. When

advancingthecaseforthenumericalandsymbolicanalysisofhigh-degreestructures,au-

thorsusetermssuchasarrays[61,62,123],tensors[68,80,83,112,124], multidimensional

arrays[54],multi-wayorN-wayarrays[83,112,124],multidimensionalmatrices[88,99],and

hypermatrices[60,65].

Iftherewerenohistoricalcontextinplay,wewouldopttousenoneoftheaboveterms,

forthefollowingreasons. Matricesarewellknowntoengineersandscientists,whichlends

familiaritytotheterms multidimensional matricesandhypermatrices. However, matrices

implyrigidnon-commutativerules, whicharguesagainsttheirusetodescribeN-degree
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dataandoperations. Moreover,duethe multi-deinitionaluseofdimensionality,wherein

someworksitindicatesthenumberofindicesneededtospecifyacomponentandinothers

itreferstothesizeorrangeofindices,usingtheadjective multidimensionaltodescribe

N-degreedataisproblematic. Toavoidthisconfusion, weopttouse“degree”forthe

formerdeinitionand“dimensionality”forthelatter,aligningourselveswithtensorcalcu-

lusterminology1. Theadjective multi-wayisnotwell-recognisedoutsideofpsychometric,

chemometric,andcertaintensordecompositionliterature. Whiletensorscanberepresented

byN-degreedatastructures,notallsuchdatastructuresaretensors[54].Inaddition,N-

degreedatastructuresareperfectlycapableofdescribingphysicalphenomenaoutsideof

tensors. Withnoadjective,arrayisagoodcandidate,asitavoids muchofthedeinitional

baggageassociatedwithotherterms. However,inthecontextofprogramming,adiscipline

highlyrelevanttotechnicalcomputing,thetermarrayiswidelyusedtodescribeadata

structurethatisnotnecessarilynumerical. Forthesereasons,ouridealterm wouldbe

multi-indexarrays,todescribe N-degreedata.

Nonetheless,todaytheterm“tensor”isubiquitouslyusedtodescribeN-degreedata,

regardless whetheritisorisnotageometrictensor[84]. Asthisis moreorlessafait

accompli,weoptnottoquarrelwiththisconvention. However,weusethetermnumeric

tensor(NT)todescribesuchdata,emphasisingthatthesalientcharacteristicconsistsof

numericN-degreedatainvestedwithasetofarithmeticoperations,andde-emphasising

anygeometricconsiderations.

Whiletheconceptofan NT,asthefundamentaldatastructure,canlinktogether

diferentresearchefortsassociatedwithalternativealgebras,anevenstrongerlinkcanbe

forgedbyaformalismableto meetalltheiralgebraicneeds, meaningsatisfyingallthe

characteristicsin Table2.1. Therearelikelyseveraldiferentavenuestopursuetoward

developingsuchanalgebra.In Chapter3 wedetailan NTalgebrabuiltofofEinstein

notationthatactsasapowerfulformalismbeyond MValgebra. Aswillbediscussedinthe

chapter,therearegoodreasonstobaseanNTalgebraofofEinsteinnotation. Thelast

rowofTable2.1illustratesNTalgebra’sexpressivecapabilitiescomparedtothefeatured

algebras. BecauseitembodiesallthecharacteristicsoutlinedinTable2.1,theNTalgebra

wedevelopprovidesafoundationforanNTframeworkaspiringtotacklehead-oncertain

ofthe MVparadigm’sanomalies.

2.2 Software Characteristics

AsdiscussedinChapter1,softwareactsasapartnertoalgebrainatechnicalcomputing

framework. Thus,shouldanNTalgebrabeconsideredadesirabledevelopment,itisalso

importanttoarticulatedesiredcharacteristicsfor NTsoftware. Efectiveguidancecan

1“Order”isanotheracceptedtermtodescribethenumberofindices. However,whendiscussingsparse
NTs,“order” willfrequentlybeusedtodiscusshownon-zerodataisarranged,similartotherow-or
column-majororderfoundin MVsoftware.Forthisreason,weavoid“order”aswell.

26



✐

✐

“monograph” —2016/1/25 —12:13 —page27 — #43
✐

✐

✐

✐

✐

✐

befoundbyexaminingcurrentefortstodevelopsoftwarelibrariestailoredtosupport

expressionsandcomputationsdemandedbyalgebrasdiferentfrom MValgebra. Aswell,

bysurveyingcurrentsoftwareeforts,insightcanbegainedonhowwellNT-algebraicneeds

are metalready. TogetherwithanNTalgebra,acompatibleNTsoftwarewoulddeinean

NTframework.

Wefocusonlibrariesdesignedfornumericcomputationsinvolvinghigh-degreedata. As

aresult,weomitdiscussionofAProgrammingLanguage(APL)andderivatives,whichuse

generalisedandpossiblyheterogeneous multidimensionalarraysastheircentraldatatype.

WhileAPLhasinluencedsubsequenttechnicalcomputinglanguages, e.g., MATLAB[46],

thelanguageallowsarraystobecollectionsofanydatatype,andevenotherarrays,meaning

itsfocusisnotnumericcalculations.

Ofthesoftwarelibrariesfeaturedinthissurvey, mostsupport N-degreedataandop-

erations. AnimportantexceptionisSteebandShi’sKroneckerclasses(SSKC),whichisa

C++libraryimplementingKroneckeralgebraoperations.

Manyofthe N-degreelibrariesfocusspeciicallyonminimisingabstractionpenaltiesas

muchaspossible. AprominentexampleisBlitz++[125],atrailblazinglibrarythathas

pushedtheabstractioncapabilitiesoftheC++languageitself[126]. AlthoughBlitz++is

designedtobeageneralarraymanipulationlibrary,itprovidespartialsupportforEinstein

notation. Followingupon Blitz++’ssuccess, FTensor[101]furtheroptimised Einstein

notationexpressionsinC++.LikeBlitz++,FTensorhasalsobeencitedasadrivingforce

behindC++’sabstractioncapabilities[126].LTensor[127]isasimilarlibrarytoFTensor,

butofersbettersupportforlarge-dimensiondatathanFTensor.

OthersoftwarelibrariesalsosupportEinsteinnotation,butplace morefocusontech-

niquesforlarge-dimensionproblems,particularlypartial-diferentialequations(PDEs).Two

prominentexamplesaretheEinSum[54,67]andPOOMA[128]libraries,bothimplemented

inC++. Relectingtheirfocusonlarge-dimensionproblems,bothlibrariesofersupport

foreicientdescriptionofstenciloperators,e.g.,initediferences.

Theieldofcomputationalchemistryprovidesanadditionalimportantthrustinsup-

portinglarge-dimensionEinstein-notationcalculations. Duetothe massivecomputational

burdenofthechemistrycalculations,researchershavedevelopedsolutionsfor massively-

parallelanddistributed-memoryenvironments,whichincludetheTCE[91,92,93]andthe

CyclopsTensorFramework(CTF)[95]. TheTCEisalsoabletoautomaticallygenerate

optimisedlow-levelFORTRANloopsgivenhighlycomplexEinstein-notationexpressions

with manyoperands,revealinganotherimportantthrustofhigh-degreesoftwareresearch.

Libtensorrepresentsanotherexample withincomputationalchemistry, whichfocuseson

optimisedblockNTcomputationsonshared-memoryarchitectures[94].

Researchershavealsodesignedsoftwaresfordynamiclanguages. Agoodexampleis

NumPy[129], whichisageneralpurposetechnicalcomputinglibraryimplementedin

PythonthatalsoprovidesexcellentsupportforEinsteinnotation. The MATLAB Ten-

27



✐

✐

“monograph” —2016/1/25 —12:13 —page28 — #44
✐

✐

✐

✐

✐

✐

Table2.2:Comparingthecapabilitiesofalternativesoftwaresolutionsforhigh-degreealge-
bra.A‘ ’and‘’designatesupportedandpartiallysupportedcapabilities,respectively.

Comprehensiveness* Sparse
Support

Programming
Eiciency

Computational
Eiciency

SSKC[130]
Blitz++[125]
FTensor[101]
LTensor[127]
EinSum[54,67]
POOMA[128]
TCE[91]
CTF[95]
Libtensor[94]
NumPy[129]
MTT[112,124]

LibNT
NTToolbox

*w.r.t.supportforN-degreedata,entrywiseproducts,andlinearinversion

sorToolbox(MTT)[112,124],ahighlyinluentiallibrary,isaMATLABlibraryproviding

comprehensivesupportfortensordecompositionoperations.Aspartofthis,MTTsupplies

routinesimplementingn-mode+notationandKhatri-Raoproducts.

TosupportNTalgebra,wefocusonfoursoftwarecharacteristics,illustratedinTable2.2.

Itshouldbenotedthatthetabledoesnotincludetwoqualitiesthatareregularlyemphasised

incomputationalchemistry: massively-parallelcomputationsandsupportforsymmetric

andanti-symmetricNTs.Asouraimistoirstbreakgroundongeneral-purposesoftware

supportingtheNT-algebraicneedsofTable2.1,wedonotinvestigateparallelandsymmetric

computationswithinthisthesis.Nonetheless,parallelandsymmetriccomputationsarean

importantaspectoffutureworkthatwediscussinmoredetailinChapter7.

ReturningtothefourcharacteristicsofTable2.2,thecapabilitiesofthesesoftware

librarieswithregardtothesecharacteristicscandifer markedlyfromeachother. An

explanationoftheimportanceofthesecapabilitiestoNTsoftwareareoutlinedbelow,

alongwithsummariesofthefunctionalityofthefeaturedlibrariesbasedonthesefactors.

2.2.1 Comprehensiveness

Comprehensivenessreferstohowwellasoftwarelibrarysatisiestheneedsofalgebraicop-

erationsforhigh-degreedata,whichareoutlinedinTable2.1. Outofthese,thefocusis

onsupportforN-degreedataandoperations,entrywiseoperations,andlinearinvertibil-

ity.Associativityandcommutativityremainimportant,butthosecharacteristicsaremore

speciictoalgebra,lyingsomewhatorthogonaltosoftwareconsiderations.

Inusingthiscriterion,weacknowledgethatweareoftenassessingsoftwarelibraries

oncapabilitiesthatcanlieoutsidedesignerintent.Forinstance,SSKC,whichisdesigned

tosupportKroneckeralgebra,shouldnotbeexpectedtofullysupportfeaturesoutsideof

itsformalistscope.Itshouldalsobenotedthatmanylibrariescanboastofvariedand
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importantcapabilitiesnotlistedinTable2.1. Assuch,judgingthatasoftwaredoesnot

comprehensivelysupportNTalgebraisnotnecessarilyacriticismoftheimplementationper

se.Instead,ourexaminationoftheliteratureconcludesthatthecapabilitiesinTable2.1are

importantintackling MVparadigmanomalies,andwearesurveyingtheieldtoexamine

inwhatwaythesecapabilitiesarealready metbythestateoftheart.

Whenconsidering N-degreedataandoperations,softwarelibrarydesignershaveempha-

sisedthedesignchoicesnecessarytoofercompletesupport. Forinstance,whenoutlining

theircompleteN-degreesupport,theauthorsof MTTemphasisethatalgorithmsanddata

structuresoften mustdiferfromtheircommon MVcounterparts. TheauthorsofEinSum

dothesame,discussinghow C++expressiontemplatesallowonetosupportthe more

numerous mappingoptionsinN-degreespace. NumPy’sdesignhasalsobeencarefully

tailoredtosupportN-degreedata,operations,andindexing[131]. TheTCE,CTF,and

LibtensorpackagesalsooferN-degreesupport,whichiscrucialforcomputationalchemistry

calculations.

Otherlibrariesfocus moreheavilyonoferingzeroorclose-to-zeroabstractionpenal-

ties,sometimesatthecostofonlyprovidingpartialsupportforN-degreeoperations. For

instance,thedesignersofbothFTensorandLTensor manuallycodedthediferentindex

matchingsbetweenbinaryaddition,subtraction,and multiplicationoperations,limiting

thelibrariestogeneralsecondandfourth-degreeoperations,respectively. Blitz++and

POOMAacceptsomedegreeofabstractionpenalties,butstillonlyallowupto11-and

7-orderdata,respectively. Theselimitssuicefor manyapplications. Finally,byfocusing

onKroneckeralgebra,SSKCsdonotsupportN-degreeoperations.

InadditiontoN-degreeoperations,entrywiseoperationshavealsobeenthefocusof

certainsoftwareoferings. TheEinSumauthorsdevotespacetodiscussinghowentrywise

operationscanberigourouslysupportedinEinsteinnotationbyusingasummationsuppres-

sionscheme. NumPy,CTF,TCE,andLibtensoralsoofersupportforentrywiseproducts

usingasimilarscheme. MTTprovidespartialsupportforentrywiseproductsbyfurnishing

operationsto matricisehigh-degreedata, whichcanthenbesuppliedtoits Khatri-Rao

productroutines.

Inversionalsoenjoysvariedsupportamongconstructivisms.SSKCofersinversionby

virtueofremainingwithinthe MVframework. NumPyisuniqueinprovidinglinearsolving

routinesdirectlyinhigh-degreespace. However,NumPydoesnotallowfullfreedomforhow

indicescanbe matchedtogetherintheexpressiontoinvert. MTTofersimplicitsupport

forinversionthroughits matricisationroutines.Inversiondoesnotoccupyaplaceinthe

otherfeaturedsoftwarelibraries.

2.2.2 SparseSupport

The“curseofdimensionality”,coinedbyBellman[132],referstothefactthatasthenumber

ofdimensionsincreases,thevolumeofahypercubegrowsexponentially. OfrelevancetoNT
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Figure2.1:SparsitypatternoftheO(h2)Laplacianstencil.Iftherangeofeachindexisn,
theillfactorforirst,second,andthird-degreedomainsis3/n,5/n2,and7/n3,respectively.

dataandoperations,this meansthatworkingwithdensedataquicklybecomesinfeasible

asthedegreeincreases.Providedtheunderlyingdatahasmostlyzero-valuedentries,using

asparserepresentationisonewaytoovercomethisproblem.

Eveniftheunderlyingdataisnotsparse,oftentheoperationsperformedonitare

sparse. Forinstance,adenselinear mappingofann×nimagetoanothern×nimage

wouldrequireanoperatorhavingn4elements. However,in manycases mappingsarelocal

innature,forestallingtheneedfordenserepresentation. Forinstance,inite-diference

(FD)approximationstopartialderivativesaretypicallyonlydeinedusingtheimmediate

neighboursofthelocationinquestion.

AprominentexampleistheLaplacianoperator,whichistypicallyapproximatedbyan

O(h2)FDscheme. AsFigure2.1demonstrates,ifN isthedomaindegree,theLaplacian

stencilconsumes1+2N non-zeroentries. Thus,sincethenumberofnon-zerosincreases

linearly,thesparsityofsuchoperatorsincreasesexponentially withdegree. Thesecon-

siderationsarealsojustasapplicable,ifnot moreso,for mappingsbeyondlinear. For

instance,polynomialsystemsareoftenextraordinarilysparse[74]. Thismeansthatproper

andreliablesparsesupportishighlyimportantforhigh-degreeoperations.

DespitetheimportanceofsparsityforNTdata,itisnotcommonlysupported. MTT

representsanimportantexception,asitsdevelopershavedevotedconsiderableefortto-

wardadvancingtheunderstandingofhowtotreatsparseNTdata[124]. Astheauthors

explain, manyofthestrategiesappropriateforsparse MVdatanolongerholdinhigh-

degreecontexts. Theseobservationsemphasisethatcomputationaltechniquesdesignedfor

thesecond-degreeenvironmentof MVconstructivismsdonotalwaysgeneralise.

Libtensor’sblock-tensordatarepresentationisabletoavoidexplicitlystoringnon-zero

blocks. However,because metadataforeachnonzeroblockstill mustbestored,thisrepre-

sentationisnotdesignedforhighly-sparseNTs.Blitz++,POOMA,andEinSumhavealso

contributedtothestateofsparsehigh-degreedatabyprovidingmeanstoimplicitlydescribe

bandedhigh-degreeoperators,e.g.,theLaplacianstencilillustratedinFig.2.1. Apartfrom

theseinstances, mostsoftwarelibrariesfocuspredominantlyondensecalculations.
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2.2.3 ProgrammingEiciency

Inhistakeonmodernprogramming,JohnOusterhout,thecreatoroftheTclscriptinglan-

guage,arguesthatprogrammingtaskscanberoughlydividedintocreatingcomputationally-

heavyalgorithmiccomponentsorwritingapplicationsthatplugandgluesaidcomponents

together[133]. Fortasksinthelattercamp,anyheavycomputationalburdenisalready

oloadedtopre-existingcomponents,leadingOusterhouttoarguethatprogrammingei-

ciency,i.e.,howquicklycanprogrammerscreatequalitysoftware,isparamount. Ousterhout

arguesthat muchofprogrammingtaskstodaycanbecharacterisedasgluingandsystems

integrationratherthanalgorithmicordata-structuredevelopment.

Asaieldpractisedandadvancedbybothendusersandcomputingexperts,technical

computinghasafootirmlyplantedinbothcamps. Nonetheless, muchoftheieldcon-

sistsofpluggingtogethergold-standardalgorithms,e.g., MATLABprogramsessentially

gluetogethercomponentsfromLAPACKandotherhighly-optimisedalgorithms. Thisis

particularlytrueforscientistsandengineers withintheapplicationdomain,leadingau-

thorstoelevateprogrammingeiciencytoaprimaryconsiderationwithintechnicalcom-

puting[134,135]. Thisemphasisonprogrammingeiciencycanbeseenaspartofalarger

trendingeneral-purposeprogramming[133,136]. WhendiscussinganNTframework,the

unavoidableoperationalcomplexitythataccompanies working withN-degreedata,i.e.,

thediferentwaysthatindicesbetweenoperandscan match-up,placesitsownimpetuson

programmingeiciency,asitbecomeseven moreincumbentto minimiseimplementation

barriers.

Programmingeiciencycanberealisedindiferentways. Oneimportant meansisthe

structureofthelanguagechosenfordevelopment. Morespeciically,dynamicorscript-

inglanguagescanoferanenvironmentparticularyamenabletoprogrammingeiciency.

Suchlanguagesareoftencharacterisedbyinterpreters,dynamictype-checking,automatic

memory management,and/orcommand-lineinterfaces.Intherealmofgeneral-purpose

programming,thefrequentpriorityplacedonprogrammingeiciencyhasbeencitedas

thedrivingforcebehindtheincreasingpopularityofsuchlanguages[133,136]. Thear-

gumentthatdynamiclanguagesleadtoprogrammingeiciencyisstrengthenedbycase

studies[133]andempiricalevidence[137].Intherealmoftechnicalcomputing,authors

haveechoedtheseassertions,arguingthatdynamiclanguages,accompaniedby mature

graphicaluserinterface(GUI)toolsandinteractiveenvironments,leadtoprogramming

eiciency[135,138]. TheseauthorsincludetheoriginalauthorofNumPy[134]. Theim-

portanceofprogrammingeiciencytotechnicalcomputingisalsosupportedbyanalytics

onlanguagepopularity. ForinstanceRedMonk’s2014Q1analysis[139]andtheTIOBE’s

softwarepopularityindex[140]bothdemonstrate MATLAB’sincreasingpopularityover

theyears,nowplacinginthetop20forboth metrics.

Thedemandsoftechnicalcomputingimposeanother meanstowardprogrammingei-

ciencythatisnotalwaysencounteredingeneral-purposeprogramming. Namely,intechnical
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computinghowfaithfullyasoftwaresupportsanalgebrasigniicantlyimpactsprogramming

eiciency. Thisisanimportantfactor,asitafectshoweasilyasolutiononpapercanbe

translatedtoanimplementationonacomputer. Whengeneral-purposecomputingdoes

encountersimilarneeds,itisframedasrequiringadomain-speciiclanguage(DSL).In

short,a DSLisaprogramminglanguagethatofersnotationandexpressivepowerfora

speciicproblemdomain[141]. Asvan Deursenetal.note,“DSLsallowsolutionstobe

expressedintheidiomandatthelevelofabstractionoftheproblemdomain.Consequently,

domainexpertsthemselvescanunderstand,validate, modify,andoftenevendevelopDSL

programs”[141]. Thisdescriptionisespeciallyaptfortechnicalcomputing,wherethedi-

rectsupportof MValgebrainpackageslike MATLABactsasaDSL,afordingscientists

andengineersgreateropportunitytodeveloptheirowncomputationalsolutionsandeasing

programmingburdens.

Forthesereasons,inexaminingprogrammingeiciencyofthefeaturedsoftwarelibraries,

theassessmentinTable2.2isbaseduponwhetherthesoftwareprovidesadynamic-language

interfaceandalsowhetheritofersaDSLforitsassociatedalgebra. Usingthiscriteria,all

ofthefeaturedconstructivismsdoofersomeformofaDSL. Nonetheless,thetranslation

efortbetweenasoftwarelibrary’sassociatedalgebraanditsofered DSLcanvary. For

instance, MTTandSSKCoferfree-functioninterfaces,whichdifersigniicantlyfromtheir

modelledalgebrasandintroduceobstaclestowardcomposinglargerexpressions. When

consideringwhetherthefeaturedsoftwarelibrariesoferadynamiclanguageinterface,only

twolanguages,NumPyand MTT, meetthatcriterion. Allotherlibrariesrequireusinga

compiledlanguage.

2.2.4 ComputationalEiciency

Byitsnature,technicalcomputingreliesuponcomputationallyintensivenumerical meth-

ods. Forthisreason,technicalcomputingcanbesusceptibletodebilitatingbottlenecks,

makingcomputationaleiciencyaprimaryconcern. Aswell,becauseoftheirpotentially

largesizesandcomplex mappingpossibilities, NTspossesstheirownparticularbrandof

computationalcomplexity.Importantfactorsincomputationaleiciencyincludewhethera

softwarelibraryemploysgold-standardalgorithmsandwhetheritminimisescomputational

overhead. Oftentimesthelatterfactorisatcrosspurposeswithprogrammingeiciency,

whiletheformerisnot.

AsnotedinSection2.2.3,technicalcomputing’spracticeinvolvesboththedevelopment

ofcomputationally-intensivealgorithmsandthegluingtogetherofsuchcomponents. Asad-

vocatesofscriptingintechnicalcomputingargue[134,135,138],aslongashighly-optimised

implementationsofalgorithmically-intensivecomponentsareused,gluingtogethercom-

ponentsusingdynamiclanguagesdoesnotalwayssigniicantlyimpactcomputationalei-

ciency. Forthisreason,a majorfactorincomputationaleiciencyiswhetheraconstruc-

tivismemploysgold-standardalgorithmsandroutines,suchasLAPACKandBLAS.
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Whileheavily-optimisedalgorithmiccomponentscanbeleveragedbyall mannersof

softwareimplementations,theoverheadingluingtogethersaidroutinescansigniicantly

difer. Evenadvocatesofscriptinglanguagesintechnicalcomputingdoadmitthat,come

deployment,thedemandsofcomputationaleiciencycan makeitnecessarytousecom-

piledlanguagestoreduceoverhead[138]. Despiteefortsatreducingthisoverhead,e.g.,

thevectorisationtechniquesin MATLAB,avoidingconstructslikeexplicitloopsorother

heavilyinterpretedstatementsisnotalwayspossible. Yet,overheadisnotonlyafeature

ofscriptinglanguages. Evenwhenoneusescompiledlanguages,designchoicescanseri-

ouslydrivedowncomputationaleiciency. Forinstance,inC++dynamicpolymorphism,

orclasses withvirtualfunctions,canproducehighlysigniicantbottlenecks[142]. Asa

result,regardlessoftheimplementationlanguage, minimisingoverheadremainsanimpor-

tantaspectofcomputationaleiciency,andconstitutesoursecondcriterioninassessing

computationaleiciency. Itshouldbenotedthatadynamiclanguageimplementation,

whichcannotavoidthisoverhead,representsoneofourprogrammingeiciencycriteria. As

aresult,computationaleiciencycanconlictwithprogrammingeiciency,relectingthe

commonlyencounteredtensionbetweenprogrammingandcomputationaleiciencyinmore

general-purposeprogramming.

Whenconsideringwhethersoftwarelibrariesarebuiltuponwell-optimisedalgorithms,

mostofthefeaturedexamplesusesuchcomponents.ImportantexceptionsincludeFTensor

andLTensor. However,theselibrariesareprimarilydesignedforaseriesofsmall-dimension

tensoroperations. Forsuchscenarios,theirlazyandin-placeevaluationschemescanpro-

duceexcellentcomputationaleiciency. Thus,theyarenotconsideredineicient,withthe

importantcaveatthattheirefortsatcomputationaleiciencydonotalwaysapplytomore

generalsituations. Ontheotherhand,EinSumandSSKC, whichare meanttobeused

withlarge-dimensiondatastructures,donotuseoptimisedlinearalgebranumerical meth-

ods. Dependingonthenumberofoperandswithinanexpression,NumPywillalsoforego

usingoptimisednumericalroutines. Allotherfeaturedconstructivismsusehighlyoptimised

numerical methods.

Apartfromgold-standardalgorithms,theothercriterionislevelofoverhead. Asboth

MTTandNumPyaredynamic-languageimplementationstheyareunabletoavoidimpacts

onruntimeperformancefortasksthatcannotbeoloadedtocompiled-languagecompo-

nents. Examiningcompiled-languageimplementations,EinSumdoescomewithoverhead

throughitsuseofdynamicpolymorphismtoresolvedataaccesscallsduringinner/outer

product multiplications. As multiplicationcaninvolvefrequentdataaccess,theoverhead

causedbynumerousvirtualtablelookupscanseriouslyimpactperformance[142].

TheTCE, CTF,andLibtensorlibrariesforcomputationalchemistryalsocomewith

relativelyhigh-levelsofoverhead,butthisisduetotheirneedtodistributemassivelylarge

computationsacrossdiferentnodesandcores. Thus,forthedimensionalitiestheyare

designedfor,theiroverheadaddsto,ratherthandetractsfrom,computationaleiciency.
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For mostcompiled-languagelibraries,greatefortswere madetoreduceorevenelim-

inateabstractionpenalties.Infact,theauthorsofbothFTensorandBlitz++havepio-

neeredtemplate metaprogramming(TMP)techniquesfortheexpresspurposeofreducing

oreveneliminatingabstractionoverhead. TheseefortshaveimpactedthelargerC++pro-

grammingcommunity[126],attestingtotheimportanceofcomputationaleiciencywhen

implementingNTsoftware.

2.2.5 Uniication– NTSoftware

Fromsurveyingthestateofsoftwarelibrariesoutsidethe MVparadigm,itisclearthat

bothprogrammingeiciencyandcomputationaleiciencyeachplayimportantroles. Asa

result,inordertoeasetheacceptanceofNTframeworksdistinctfromthe MVparadigm,

supportingsoftwareshouldnotneglecttheneedsofthoseseekinghighprogrammingef-

iciencyorthosewishingforhighcomputationaleiciency. However,fullysatisfyingone

criterionoften meansthatsomeaspectoftheotherisnotfullyrealised. Thus,tosatisfy

bothneeds,anNTsoftwaresuiteshouldbebuiltofofacommoncoreofroutines,andofer

achoiceofinterfacesthateitherbiastowardprogrammingorcomputationaleiciency.

Ofcourse,aninterfaceshouldstillattempttosimultaneouslysatisfybothneedsasmuch

aspossible. Alongthoselines,theC++languageprovidesanexcellentfoundationfortech-

nicalcomputingsoftware. AsAbrahamandGurtovoyoutline,C++providesanexcellent

hostlanguagetoimplementtheconstructivismofall mannersofformalisms[126].Itin-

herentlysupportsobject-orientedprogramming(OOP)withstatic-typechecking, meaning

operationsandrelationshipscanbeexplicitlycontrolledanddeinedinatype-safeandef-

icient manner.Inaddition,C++supports48diferentoperators[126],allofwhichcan

beoverloaded. Finally,thesefeaturesarecomplementedbyexcellentgenericprogram-

ming(GP)capabilities[126,143].

Thelow-overheadabstractioncapabilitiesofC++makeitanexcellentenvironmentfor

thedevelopmentofdomain-speciicembeddedlanguages(DSELs), whichare DSLsbuilt

ontopofastandardhostlanguage. Theseabstractionabilitiesalsoengenderhighlevels

ofprogrammingeiciency,asaformalismcanbefaithfullyreproducedinaprogramming

environment,allowingapractitionertoconceptualiseandprogramhersolutionideaswith

minimaltranslationalburdens. ThesereasonshaveallowedexistingC++DSELsfor MV

andhigh-degreedatastructurestolourish. TheseincludeArmadillo[144]andEigen[145]

fortheformerandBlitz++[125,142]andFTensor[101,146]forthelatter.

Despitetheseenviableabstractioncapabilities,thecompiledandstatic-typingnature

of C++ meansthatprogrammingeiciencycannotalwaysreachthelevelfound within

dynamic-languageimplementations. Fortunately,anycoreC++algorithmicroutinescan

beinterfacedtodynamiclanguages. Forinstance, MATLABprovidesits MEXinterface

andPythonenjoysa myriadofitsownC++interfaces,e.g.,Boost.Python[147]. Acon-

structivismoferingbothcompiled-languageanddynamic-languageinterfacesallowspracti-
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tionersthemselvestousetheirownprogrammingvs.computationaleiciencycost-beneit

analysis. Aswell,shouldapractitionerwishtotranslateadynamic-languageprototypeto

anative-languagedeployment,havingsimilarstylesofinterfaceshelpstoreduceprogram-

mingefort.Finally,sincebothinterfaceswouldusethesamealgorithmicroutines,worries

relatedtodiferencesinnumericalstability,convergence,orperformanceare minimised.

TheseargumentshaveshapedthedevelopmentofLibNTandNTToolbox,whichrep-

resentourownNTsoftwareoferingsforC++and MATLAB,respectively. Bothlibraries

aredesignedtosupporttheNTalgebrawedevelop,whichasSection2.1.6explainedisan

extendedformofEinsteinnotation. However,theyeachplaceadiferentemphasisonpro-

grammaticvs.computationaleiciency.Forinstance,primarilyfocusingoncomputational

eiciency,LibNTprovidesanativeDSELinterfacetoNTalgebra,incorporatinginnovative

high-performancealgorithmsanddatastructuresforN-degree,entrywise,andinversion

operations. Aswell,LibNTplacesheavyemphasisonsparsedatastructuresandcomputa-

tionsappropriateforhigh-degreedata. NTToolbox,ontheotherhand,ofersa MATLAB

interfacetoLibNT’sfundamentalcomputingroutines. LikeLibNT, NTToolboxofersa

DSELforNTalgebra,butimplementedwithintheinterpretedenvironmentof MATLAB.

Byplacingdiferentemphasesoncomputationalandprogrammaticeiciency,LibNT

andNTToolboxcomplementeachother. Assuch,theyrepresentanefectiveembodiment

ofthekeyprinciplesidentiiedasimportantfor NTsoftware, makingthemaproductive

contributortoanNTframework. TheseNTsoftwarelibrarieswillbediscussedindetailin

Chapters4and5.

2.3 Exemplar Categories

Kuhnnotedthatanomaliesinaparadigmcanactascatalystingalvanizingpractitioners

intoperformingrevisionaryscience[1]. Thesuccessfultreatment,or morefrequentlythe

promiseofsuccessfultreatment,oftheseanomaliesservesasmotivationtowardtheadoption

oftools,techniques,andtheoriesoutsidetheacceptedparadigm.Theseanomaliesmaythen

serveasexemplarsforanewparadigm. Assuch,exemplarsareconcreteembodimentsof

certainprinciples,enablingthemtodeineandshapescientiicpractice. Kuhnemphasised

thatthesuccessfulredeinitionofananomalytoanexemplarisdependantonwhetherthis

taxonomicchangefostersenoughnewproblems,pregnant withpotential,forascientiic

disciplinetopursue. Thepersuasiveroleofnewandpromisingquestionsisrelectiveofthe

roleanddesireofscientiststoactasinvestigators.

Unsurprisingly,forthoseadvocatingtechnicalcomputingalgebraandsoftwareoutside

the MVparadigm,exemplarshaveservedascrucialpersuasivetools. Liketheidentiied

anomalies,thetwobroadcategoriesthattheseexemplarsoftenfallintoareeitherspecial

linear mappingsor mappingsbeyondlinear. NTsareakeyelementofbothexemplar

categories.
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2.3.1 SpecialLinear Mappings

Kuhnobservedthatanomaliesareaconstantrealityforanyparadigm. Anomaliesmayarise

duetothediscoveryofnewfacts,butjustasoftenasnot,“theproblemsthatareresponsible

fortheanomalousdataarenotnecessarilynewproblemsthataroseafterconsensusbutmay

havebeenpresentallalong”[148]. OrinKuhn’swords,insomecasesanomalies“without

apparentfundamentalimportancemayevokeacrisisiftheapplicationsthatitinhibitshave

aparticularpracticalimportance”[1]. Thisdescriptionappliesverywelltotheproblemof

high-degreelinearandentrywise mappings. Usinglatteningoperationsfortheformerand

diagonal matricesforthelatter,itisinprinciplepossibletoframesuchlinear mappings

usingthe MVparadigm. However,suchanapproachcanbeburdened withsigniicant

complexities,suferfromineiciencies,andmayevenhidesolutionavenues.Thedetriments

inoverlookingtheanomalousnatureofsuchmappingsmoveinlockstepwiththesigniicance

oftheirapplications.

Researchershaveusedexemplarstohighlightcertainbeneitsthatalternativealgebra

andsoftwareoferforspeciallinear mappings. Practicalconcernsrepresentaprominent

themebehind muchofthiswork. Forinstance,SuzukiandShimizu[65]andAntzoulatos

andSawchuck[60]arguethattheirnaturalN-degreealgebraseasestheimplementation

ofhigh-degreelinearoperatorsinsystems-and-controlandimageprocessingapplications,

respectively.Intermsofentrywiseoperations,LiuandTrenkler[73]showcaseseveralin-

stanceswherelinearregressionandcovarianceproblemsgainfromtheexplicitentrywise

productsofEMValgebra. Ofparticularnote,theauthorsshowhowexplicitentrywise

productoperationscanreveal moreeicientsolutions. Asanotherexample,researchers

withincomputationalchemistryhaveused majorquantumchemistry modelstohighlight

howfullyassociativeandcommutativeN-degreealgebrascanhelpderive massivegains

incomputationaleiciency[91]. Moreover,thepursuitofsolutionstoquantumchemistry

exemplarproblemshavedriveninnovationsinsymmetricrepresentation[94,95],amongst

otheradvancementswithinhigh-degreesoftware.

Manyofthesamepracticalconcernsdriveworkondiferentialoperatorsappliedtohigh-

degreedomains. Theseareanimportantsetofexemplars,astheyareacorecomponent

ofhigh-degreePDEs,whichinturnactasthecoreelementsof myriadscientiic models.

Inaddition,asexplainedinSection2.2.2, when manifestedasFDoperators,orother

approximations,diferentialoperatorsexhibithighsparsity, makingthempracticalevenin

high-degreecontexts.Thishasbeenwell-recognisedintheliterature.Forinstance,̊Ahlander

and Otto maintainthatEinsteinnotationavoidssigniicantproblemsarisingwhenusing

the MVparadigmtoimplementandprogramhigh-degreeinite-diferenceoperators[67].

DiferentialoperatorsarealsospeciicallyhighlightedbythedevelopersofPOOMA[128]

asa motivatingreasonforprospectiveuserstousetheirlibrary.

Seekingarigourousmeanstoexpressderivativesofhigh-degreefunctionsalsomotivates

muchworkonalternativeframeworks.Inthe MVparadigm,suchsituationsarereferred
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toasvectoror matrix-valuedfunctions,andtheinvolvedderivativesarereferredtoas

Jacobiansor Hessians, wheretheformerisactuallyalinear map. Systemsandcontrol

provides many motivatingexamples,e.g.,“Moderncontroltheoryisbasedonthevector-

matrixtheory... Henceitisoftennecessarytodiferentiatevectors(matrices)withrespect

tovectors(matrices)”[65].SuzukiandShimizucitethediicultiesofperformingdiferential

calculusinthe MVparadigmtomotivatethedevelopmentoftheirarrayalgebra[65]. Milov

alsodiscussesthisneedforthepurposesofsensitivityanalysis[99],callingforgreaterrigour

andformalisation,whichhedevelopsinhismultidimensionalmatrixconcepts.Theneedfor

derivativesofmatrix-valuedfunctionsisalsoacuteformanyofthestatisticalmethodsused

byeconometricians[63,117],whichpartly motivatestheield’suseofKroneckeralgebra.

Rauhalaalsocitesderivativesofhigh-degreefunctionsascrucialforoptimisingnonlinear

functionsingeodesyandphotogrammetry[114].Infact,optimisationproblemsingeneral

oftenrequirederivatives. Algebraiccomplicationsandconfusioncanincreasedrastically

witheachincreaseindegree, makingtheexpressionofderivativesaparticularlyprominent

concern.

Anotherrecurringdiscussioninvolvesthefrequentneedtoperformdecompositionsto

makeintractableproblemstractable. Researchersnotethatthesesituationsoftenarise

amongsthigh-degreelinear mappings,wherethecurseofdimensionalitycanquicklybal-

loonaproblem’scomputationaland memorydemands.Inthesecases,researchersargue

thatalgebraandsoftwaredesignedtohandlehigh-degreedataandmappingscanrevealde-

compositionstrategiesthatwouldotherwisebewellhidden. Forexample,Rauhala,Snay,

andBlahamotivateR-matrixnotationbydemonstratinghowcertainhigh-degreelinearand

leastsquaressystemscanbedecomposedintoseparable mappings,stressingthatseeking

outsuchopportunitiescanproduce massivecomputationalsavings[53,61,62,114]. The

needtoactivelyseekoutseparablehigh-degreesolutionswas morerecentlyhighlightedby

Belykinand Mohlenkamp[89],wheretheauthorsadvocateworkingwithapproximate,but

separable,linearmappings.SeparabilityisalsoafrequentmotivatorforKroneckeralgebra.

Infact,theSylvesterequation,whichisoneof Kroneckeralgebra’s mostcommonexem-

plars[108],canbeframedasaseparablelinearsystem.Speciicapplicationsofthesecited

workshaveincludedinterpolationandsignalprocessingtransforms[53,114],regression[61],

andphysics-based mappings[89].

Thus,chosenexemplarsintheliteratureoftenemphasiseoneor moreofthechallenges

inimplementingspeciallinearmappings,theneedforrigourousderivativeexpressions,and

theimportanceinexecutingseparability. Thesecharacteristicshaveproventhemselves

signiicantenoughtospurpursuitsofalternativeframeworksintechnicalcomputing. What

isimportanttonoteisthatNTsplayasigniicantroleinallsuchmotivations. Tobemore

speciic,thesetopicsareconcernedwithseekingoutoptimalmeanstoexpress,manipulate,

andcomputewith mappingsappliedtoNTs.

Tothisend,weshowcaseimportantexemplars,drawnfromtheauthor’scomputervi-
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sionwork,thataredrivenbyhigh-degreediferential mappings. Theexemplarsarebased

ontwocomputervisionproblems,calledinteractiveimagesegmentationanddepth-map

estimation. Asthediferential mappingsexhibitanisotropicproperties,entrywiseproducts

alsocomeintoplay,providinganexcellentvenuetoillustrateboththechallengesinvolved

fromremainingwiththe MVparadigmandalsothebeneitsaccruedfromemployingan

NTframework. Usingdiferential mappingslinksourexpositiontoPDEs,connectingthe

exemplarstotheworkofpractitionersin manyotherields. Dependingontheexemplar,

optimisationisinvolved, meaningderivativesofhigh-degreefunctionscomeintoplay. Ad-

ditionally, wehighlightseparability,butoftheseparablenonlinearleastsquares(SNLS)

kind[149],animportanttypeofseparabilitythathasnotyetreceivedas muchattention

fromadvocatesofhigh-degreeframeworks. Finally,sparsityplaysacrucialroleinallthe

exemplars,alongwithotherconceptssuchaslinearNTinversion. Thus,interactiveimage

segmentationanddepth-mapestimationserveasanexcellentsourceofexemplarsforspe-

ciallinear mappings. Chapter6isdevotedtothesecomputervisionexemplars,outlining

howanNTframeworkisparticularlywellsuitedtothemandsimilarexemplarsinvolving

high-degreediferentialoperators.

2.3.2 BeyondLinear Mappings

Kuhnwrotethat“Tobeacceptedasaparadigmatheory mustseembetterthanitscom-

petitors,butitneednot,andinfactneverdoes,explainallthefactswithwhichitcanbe

confronted”[1]. Continuingonthistheme, Kuhnemphasisedthatasuccessfulparadigm

mustbe“suicientlyopen-endedtoleaveallsortsofproblemsfortheredeinedgroupof

practitionerstosolve”[1]. Inother words,paradigmsdonotonlyoferasetofsolved

exemplars,theyalsooferupabodyofexemplarproblems.

Forinstance,the MVparadigm,byitsverynature,helpsdelineatewhattypeofexpres-

sionsaredesirabletocompute.Thisdeinedthequestionsinvestigatedearlyonintechnical

computing,e.g.,howtostablyandnumericallyinvertamatrix[39],andcontinuestodeine

researchpursuitstoday. However,the MVparadigmisillequippedtonaturallyrepresent

majoropenproblemsintechnicalcomputingthatinvolvemappingsbeyondlinear. Here,we

focusondecomposinghigh-degreedataandnumericalapproachestosolveand manipulate

multilinearandpolynomialsystems.

Theirstproblemisthefocusofthetensordecompositionield. Astheieldisexplicitly

concernedwithNTdata,theneedforalternativeframeworksisacute.Sincenon-symmetric

NTsnaturallydescribe multilinear mappings,theieldisindeedconcernedwith mappings

beyondlinearanditsliteratureoftenelucidatesthislink. Symmetric NTs,inturn,are

bijectivelyrelatedtohomogeneouspolynomials,whicharealsobeyondlinear.

Fromtheoutset,exemplarshavedriventhepursuitofdecompositionsofhigh-degree

data,asitwasresearchersfromtheapplication-drivenieldsofpsychometricsandchemo-

metricsthatpioneered muchofthetheoryandalgorithms[83]. Totackletheseexem-
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plars,researchershavedevelopedalgebraandsoftwaretonaturallyrepresent NTdata.

Theseefortsoccupyavaluedplace withintheield. Requiringcapabilitiesoutsidethe

MVparadigm,researchershaveproposed n-modenotationandvariants[83,110,111],n-

mode+ notation[97,98,112], EMValgebra[83,118],and Einsteinnotation[86]asfor-

malisms. Tensordecompositionresearchershavealsotrail-blazednewapproachestocom-

putewithhigh-degreedata. Forinstance,practitionershaveemphasisedthatsparsecom-

putationsforhigh-degreedata musttakeadiferentapproachthanthosefoundwithinthe

MVparadigm[124,150,151,152].Similarargumentshavebeenarticulatedforsymmetric

representationsofhigh-degreedata[153].

Assuch,theproblemofdecomposinghigh-degreedatadrivesagreatdealofworkbe-

yondthe MVparadigm.Likethesingularvaluedecomposition(SVD)decomposition,tensor

decompositionimpactscountlessields.Interestintheieldhasexplodedinrecentyears,

andcurrentlytensordecompositionplaysanenormousrolewithintechnicalcomputing[83].

Relectingthisimportance,throughoutourdescriptionofNTalgebraandsoftwarewefre-

quentlyfocusonCPtensordecompositionasanexemplar,highlightingitsuniquealgebraic

andsoftwarechallenges.

Incontrasttothepopularfocusontensordecomposition,thequestionofsolvingand

manipulating multilinearandpolynomialsystemsdoesnotenjoythesamedegreeofat-

tention withintechnicalcomputing. Weviewthisasanimportantgap withintechnical

computing,asinprinciplean NTframeworkcanrepresent multilinearandpolynomial

mappingsnaturally,expandingtheboundsofwhatsortofoperationsonecouldcomputeor

wishestocompute.LikeStetter[74],webelieveanumericalapproachtosolvingpolynomial

systemstobea“noman’sland”,orwewouldsaymajoranomaly,intechnicalcomputing’s

stateoftheart. Wealsoincludemultilinearsystemswithinthisanomaly. Consideringthat

technicalcomputingcatersbothtoitsownspecialistsbutalsotodomainexpertswishingto

applyitstechniquesandtools,theproblemcannotbejudgedfullyresolveduntilanynew

knowledgeisframedinaformpalatableforthegeneralscienceandengineeringcommunity.

Bynaturallyexpressingandcomputingbothpolynomialandmultilinearoperations,anNT

frameworkcannotbuthelpincreasethescopeoftechnicalcomputinginvestigations. This

motivationisdistinctfromtheobjectiveofsolvingexistingproblemsbetter.

Whileweviewthisasanimportantexemplartopursue,itfallsoutsidethescopeofthis

thesis. However,wereturntothisargumentintheconclusion,wherewearguethatfuture

workshouldarticulatethelinksbetweenhigh-degreeframeworksandsystemsofmultilinear

andpolynomialequations. Becausetheycannaturallyrepresentsuchequations,we make

thecasethathigh-degreeframeworks,likethe NTframework,canplayacrucialrolein

expandingtheboundsoftechnicalcomputingtoincludethesecrucialexemplarproblems.

Shouldthishappen,thetaxonomyoftechnicalcomputingwouldbeirrecoverablyaltered.
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2.4 Summary

Agrowingcrowdofresearchersareinvestigatingalgebrasandsoftwarebeyondthe MV

paradigm,encapsulatingavarietyofdesiredalgebraicandcomputationalcapabilitiesand

characteristics. Exemplarsfeatureprominentlyin manyoftheseeforts,servingasimpor-

tantillustrativeandpersuasiveapplications. Fromthissurveyofalgebras,software,and

exemplars,NTsareidentiiedasarecurringtheme. Theviewpoints,techniques,andtools

oferedbythereviewedresearchinformsourowncontributionstothisgrowingcrowd.

Thealgebrassurveyedinthischaptersatisfyoneormoreofthefollowingattributes:N-

degree,associativity,commutativity,entrywise,andlinearlyinvertible. Eachoftheseplay

importantrolesinapplicationsandresearchpursuits. Broadlyspeaking,thedemandto

expressN-degreedataand mappingsampliiestheneedforthesealgebraicconsiderations.

Wearguedthatanalgebraalternativeto MValgebrashouldembodyallsuchcharacteristics,

increasingitsimpactandrelevancetothedisparateieldsadvocatingalternativeformalisms.

Chapter3detailstheNTalgebrawedevelop,discussingitsexpressivecapabilities.

AfteridentifyingNTsasaunifyingconceptforalternativealgebras,thechapterthen

investigatedthecharacteristicsimportantforanyNTsoftware. AsapartnertoanNTalge-

brainatechnicalcomputingframework,anNTsoftwarelibrarymustsupportallformalist

characteristicsoutlinedabove. Aswell,tohelpcircumventthe“curseofdimensionality”,

oftenpresentinanNTcontext,eicientrepresentationandcomputationsofsparsedataisof

particularimportance. Finally,bothprogrammingandcomputationaleiciencyrepresent

crucial,ifoccasionallyconlicting,considerations.Thisassayofconstructivistdevelopments

shapesourownNTsoftwarework. OutlinedinChapters4and5,ourownNTsoftware,

calledLibNTandNTToolbox,isdesignedto meetthecomputationaldemandsofaframe-

workbeyondthe MVparadigm.

Kuhn maintains,asalsoevidencedbytheworkofthoseadvancingalternativestothe

MVparadigm,thatexemplarsarefundamentalinarticulatingthepromiselurkingbeyond

theboundariesofascientiicdiscipline. Asthischapteremphasised,twoexemplarcat-

egoriesepitomisepushesfortechnicalcomputingframeworksdiferentthanthe MVone.

WefocusTheseexemplarcategoriesarefurtherarticulatedwithinthisthesis.Fortheirst

category,i.e.,speciallinearmappings,weidentifytwoprominentcomputervisionproblems

toshowcasehowanNTframeworkcanmeetdemandsfrequentlyraisedbysuchmappings.

TheseexemplarsarepursuedinChapter6.Forthesecondcategory,i.e.,mappingsbeyond

linear,wefrequentlyhighlightCPtensordecompositionthroughoutourelucidationofNT

algebraandsoftware. Finally,articulatingthelinksbetweenNTframeworksandpolyno-

mial/multlinearsystemsofequationsremainsanimportantaspectoffutureworkthatwe

discussfurtherinChapter7.

Returningtoouranalogyof Milgram etal.’sfamousexperiment,thecrowdofre-

searcherswenoticed, whowerelookingatalgebras,software,andexemplarsbeyondthe

MVparadigm,waslargeenoughtomotivateourowninvestigations.Examiningtheirwork
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helpsuscraftourowncontributions,meaningwenowconsiderourselvespartofthisgrowing

crowd. NTsserveasaunifyingconceptfor muchoftheseresearcheforts.Forthisreason,

articulatingthefeatures,capabilities,considerations,andbeneitsofNTsservesasafocal

pointforourownwork.Inthefollowingchapters,wewillfocusonourowncontributions,

whichcanbesummarisedasintroducingaspeciicNTframework,composedofanalgebra

andsoftware,andusingittoadvanceselectedexemplars.
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Chapter3

ExtendingEinstein Notation

WebeginthischapterbymakingthecasethatexploitingEinsteinnotationleadstoasolid

foundationforannumerictensor(NT)algebra. Thisargumentis madeconcretethrough

theintroductionofanNTalgebranotationthatextendsEinsteinnotation. Afterwards,we

outlinetheadvantagesofNTalgebraintacklingthreeexemplars,contrastingitwithother

high-degreealgebras.

Whilethealgebraoutlinedinthischapterdifersconsiderablyfrommatrix-vector(MV)

algebra,taughtto mostcomputerengineersandscientists,theformalismdoesnotdiscard

theconceptsof matricesandvectors.Infact, MValgebraoccupiesavaluedplacewithin

NTalgebra,relectingourbeliefthattheconsiderablestrengthsoftheformershouldbe

leveragedintheappropriatecircumstances. Moreover,NTalgebrabuildsuponaheavybody

ofpriorwork.Forinstance,NTalgebraisdeeplyrootedinindexorEinsteinnotation,which

isexcellentlyoutlinedbyPapastavridis[69]. Manyofthenotationsandidentities,suchas

entrywiseproducts,thatmakeNTalgebrauniquefromtypicalEinsteinnotationhasalready

beenoutlinedbyJoseph[123]andtoalesserextentbyBarr[70]. However,thenotationof

vectorand matrixNTsandconceptssurroundingthesolutionoflinearNTequationsstill

require moredevelopment. Aswell,importantaspects,includingdiferentiation,nonlinear

functions,andfactoringoutcommonterms,havenotreceivedtreatment withinan NT

algebracontext.

Thischapterbothreviewsalreadydeveloped materialandillsinsomeoftheafore-

mentionedgaps. Inperformingtheformer,thechapteralsoprovides manyofitsown

justiicationsandexplanations.

3.1 Einstein Notation

Section2.1identiiedivealgebraiccharacteristicsconsideredimportantforalgebraicwork

beyondthe MVparadigm.Thesectionarguedthatanalgebraalternativeto MVformalism

shouldembodyallthesecharacteristics.Sincenoprospectivealgebraintheliteraturemeets

thiscriterion,noneofthemqualify, motivatingthedevelopmentofthe NTalgebra we

develop. Nonetheless,an NTalgebrashoulduseaspectsofthesealternativealgebrasas
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foundation,allowingittoleveragetheirconsiderablebeneicialqualities. Alongthoselines,

theNTalgebraweoutlineisbuiltofofEinsteinnotation,whichalreadyenjoysenviable

expressivecapacities.

SeveralofEinsteinnotation’squalitiesserveto makeitanexcellentfoundationforan

NTalgebra. AsÅhlanderargues,theEinsteinsummationofEinsteinnotationofersagreat

dealofversatility,asitcanrepresentanycombinationofinnerandouterproducts[54],which

meansitcanrepresentall manneroflinear,bilinear,or multilinearoperations. Becauseof

Einsteinnotation’sassociativeandcommutativeproducts,accompanyingthiscapabilityis

afundamentaleaseofalgebraic manipulation. Moreover,Einsteinnotationisamendable

toextensionsthatallowittofullysupportentrywiseproductsandinversions.

Incontrast,itisnotsoclearhowtoextendsomeoftheotherfeaturedformalismswithout

fundamentallyalteringtheir makeup. Forinstance,byremaininginthe MVframework,

thereisnonatural meanstogenerallycommuteproductsorexpressN-degree mappings

usingextendedmatrix-vector(EMV)algebra.Similarly,itisnotclearhowtoextendsome

oftheotherfeaturedalgebraswithoutalteringthementirely. Asanexample,developinga

fullyassociativeandcommutativeframeworkforn-mode+ notation,R-matrixnotation,or

arrayalgebrawouldrequireabandoningthevery meansbywhichsuchformalismsspecify

inner-productindices. Thiscanrestricttheirapplications.

TheargumentssupportingEinsteinnotationarestrengthenedbyconsiderationsoutside

ofthoselistedinTable2.1.Forone,Einsteinnotationenjoysacompactnessinnotation.For

example,inEinsteinnotationanNT’sdegreeisimplicityspeciiedbythenumberofindices.

Incomparison,n-mode+ productnotationrequiresadditionalnotational markers,ortasks

thereaderwithrememberingthedegreeofeachNTinquestion. Additionally,Einsteinno-

tationexpressesproductswithanalmostspartanamountofsymbology.Thiscontrastswith

someotheralgebras. Asanexample,Lev-Ari’s[72]demonstrationoftheusefulnessofEMV

algebrarelieson5and4separateoperatorsandidentities,respectively. Thesesymbolic

burdensare magniiedbynotationaldiferencesintheliterature. ForinstanceSteeband

Hardy[109],LiuandTrenkler[73],andLev-Ari[72]eachprovidediferentnotationsforthe

Hadamardproduct. Thissituationis mirroredinotheroperations,e.g., Magnus[121]and

Lev-Ari[72]employdiferingnotationsfordiagonalselection. Compoundingthisproblem,

extrasymbolsrequiredbyotheralgebrasarenotalwaysalphanumeric. Becausestandard

keyboardsdonotsupportmanysymbolsoutsideofalphanumericones,notationalcompact-

nesseasesthetransitionalburdenofimplementingasolutiononacomputer.Sincesoftware

playssuchanimportantroleintechnicalcomputing,thisconsiderationloomslarge.

Apartfromitsminimalsymbology,authorshavealsonotedthatEinsteinnotationaligns

wellwiththinkingintermsofcomputation.Forinstance,PollockarguesthatEinsteinno-

tationstronglyresemblestheprogrammingpracticeofindexedloops[154]. Thisisechoed

by Vetter[66]. McCullaghoutlinesthe meritsofthiscomputationalfocusforstatistics

applications[107].ÅhlanderarguesthatEinsteinnotationenjoysbothacompactnessand
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aresemblancetothenaturallanguageoftheproblem,minimisingprogrammingerrors[54].

Thisstronglinklikelyexplainswhyevenin1954BackusandHerrickusedanindexnota-

tionasanexampleofhowprogrammerscouldonedayemployanalgebradirectlywithin

code[45].

Einsteinnotation’sappealisbroadenoughthatpractitionersofsomeoftheotherfea-

turedalgebrashaveadvocatedforitsuse. Forinstance, Pollock,a majorigureinthe

econometricsield,assertsthatidentitiesseeninKroneckeralgebracanbediicult,arguing

thatanindex-basednotationcanbetterrevealkeyresults[64,154]. Asanotherexample,

Vetter,whopublishedpapersdescribingandemploying Kroneckeralgebra[155,156],has

alsoadvocatedforanindex-basednotationincertaincontexts[66].Intheieldoftensor

decomposition, Harshman,oneoftheield’spioneers[83],publishedworkadvocatingfor

Einsteinnotation[86]overthecommonlyusedstretchorslice-wise matricisationsseenin

hisield.Intheirexplanationofn-modenotation,evendeLauthauweretal.concedethat

Einsteinnotationisthe most“versatile”[81] meanstoexpress multilinearoperations.

TheutilityofEinsteinnotationhasledpractitionersfromdisparateields,suchascom-

putergraphics[70],statistics[107],econometrics[154],psychometrics[86],numericalmeth-

ods[54,67,68],computationalchemistry[91,92,93,94,95],imageprocessing[60],systems

andcontrol[113],andsignalprocessing[66]topromoteitsusewithintheirownields. As

such,Einsteinnotationenjoysabroadappealthatisnotalwaysenjoyedbyotheralgebras.

Consideredtogether withitsexcellentalgebraiccharacteristics,suchasassociativity,

commutativity,andcompactness,thevirtuesof Einsteinnotationconspireto makean

excellentcasetowarditsuseforapplicationsbeyondthenaturalpurviewof MValgebra.

Nonetheless,as Table2.1 makesclear, Einsteinnotationlackskeyconventionsonhow

itexpressesentrywiseproductsandinversions. ByextendingEinsteinnotation,onecan

formaliseapowerfulandversatileNTalgebra.

3.2 Extensions

WhiletheNTalgebrawedescribedoesbuildofofEinsteinnotation,noteveryconceptin

thenotation’sarsenalisemployed. TheoriginsofEinsteinnotationlieintensorcalculus,

which meansthatitsnotationcanbeoverlycomplexfor manyapplicationsoutsideof

physicsordynamics. TraditionalEinsteinnotationexpressessummationusinganinner

productbyrepeatedindices—butonemustlieintheupperindexorcontravariantposition,

andone mustlieinthelowerorcovariantposition. Whilecovariantandcontravariant

indicesarefundamentalintensorcalculus,notallapplicationsofNTsrequiretheconcept

ofcontravarianceandcovariance.Thus,thisworkusesasimplersingle-index-typenotation,

similartothatadvocatedbychampionsofCartesiantensors[70,157,158,159]. Bydefault

allindiceslieinthelowerposition.

ElementsinthisconventionarecalledNTs.ScalarNTs,N-degreecollectionsofscalar

values,representthesimplestelementsinthealgebra. Restrictingattentionfornowtothe
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scalarcase,anNTai
d
isindexedbyasequenceofnaturalnumbers,i={i1,i2,...iN}.The

rangeofeachindexisspeciiedbythedimensionsequenced={d1,d2,...dN}.Thedegree

ofaisN,whilethedimensionalityofaistheproductofeachofitsindexdimensions,
∏N
k=1dk,whichcanalsobedenoteddim(a).

Contextoftenallowsanarraytobeexpressedasai,suppressingdimensions.Depending

oncontext,indicescanberepresentedbythesequencei,asinai,orbyindividualindices,

asinaijk.Operationsarespeciiedbasedonhowoperandindicesmatchup.Forinstance,

NTscanbeaddedorsubtractedentrywiseprovidedmatchingindiceshavethesamerange:

cijk
M×P×R

= akij
P×M×R

+ bjki
N×P×R

. (3.1)

ThesetofallNTsofacertaindimensionsequencecanconstituteavectorspacewithrespect

toentrywiseadditionandscalarmultiplication[78].

ThefollowingsubsectionsarededicatedtooutliningsomeofthesalientaspectsofNT

algebra,whichincludemultiplication,unaryoperations,linearinversion,diferentiation,

andinallyvectorandmatrixNTs.

3.2.1 Multiplication

NTalgebracanrepresentinner,outer,andalsoentrywiseproductsacrossarbitraryindices.

Thissectionwillirstoutlinethemorewell-knowninnerandouterproductnotation.After-

wards,thenotationandsomeimplicationsfortheaccommodationofentrywiseproductsare

discussed,includinghowtoexpressternaryorhigherinnerproducts,whichcanbecalled

n-aryinnerproducts.ThesubsectionconcludeswithadiscussionoffactoringNTproducts

overadditionandsubtraction.

Restrictingattentiontoirst-degreeNTsfornow,aninnerproduct,y,betweentwo

NTsaiandxi,eachofdimensionn,isthesummationoftheproductsofallcorresponding

elements:

y=

n∑

i=1

aixi. (3.2)

Einsteinnotationusesarepeatedindextorepresentaninnerproduct,wherethedimen-

sionalityisunderstoodfromthecontext:

y=aixi. (3.3)

Einsteinnotationalsoprovidesaconciseconventionforouterproducts.Anouterprod-

uct,yij,ofaiandxj,withdimensions{M,N},isdeinedastheorderedproductofall
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possiblecombinationsofelementswithinthetwoNTs1:

yij=

⎛

⎜
⎜
⎜
⎝

a1x1 a1x2 ... a1xN
a2x1 a2x2 ... a2xN
...

...
...

...
aMx1 aMx2 ... aMxN

⎞

⎟
⎟
⎟
⎠
. (3.4)

Einsteinnotationsimplyusesdiferingindicestorepresentanouterproduct,whereagain

thedimensionalityisunderstoodfromthecontext:

yij=aixj. (3.5)

Theanaloguesinclassic MValgebraoftheinnerproductandouterproductoftwo

vectors,aandb,arewellknown:

c=aTb, (3.6)

C=abT. (3.7)

ForgeneralN-degreeNTs,Einsteinnotationcanexpressanycombinationofouterand

innerproducts.Thus,anylinearmapping,L:Rdim(x)→Rdim(y)canberepresentedbythe

product:

yi=aijxj. (3.8)

Einsteinnotationcanbereadilyextendedtosupportentrywise,i.e.,element-wise,prod-

ucts.Thisoperationcanoccasionallybefoundintensorcalculus,whereitisdescribedas

summationsuppression[69].Someconventionsaretodistinguish,byaparenthesis[69,123],

anunderline[68],orasubscriptedparenthesis[70],theindiceswhosesummationissup-

pressed.

Usingtheunderlineconvention,theentrywiseproductoftwoirst-degreeNTsis:

yi=aixi. (3.9)

Underlinescorrespondingtoexecutedentrywiseproductsareunderstoodtoberemoved

afteraproductgroupinghasbeenexecuted.Productgroupingsareseparatedbyaddition,

subtraction,orparentheses,e.g.,thefollowingexpressionsareequivalent:

yi=aixibi=(aixi)bi. (3.10)

Anotherconventiontosupportentrywiseproductsisbasedonassignment[54,95],

wherebyallrepeatedindicesareassumedtobeentrywiseproductsunlesstheydonot

appearontheleft-handsideofanassignment.Thisimplicitschememeanproductsaream-

biguouswithoutassignments,makingitburdensometoperformsubstitutionsortoparse

longexpressions.Forthisreason,wepreferexplicitlydesignatingentrywiseproducts.

1(3.4)displaystheelementsofyijusingthestandardrow/column matrixconvention,butthisisan
arbitrarylayoutchoicethatisnotapartofNTalgebra.

46



✐

✐

“monograph” —2016/1/25 —12:13 —page47 — #63
✐

✐

✐

✐

✐

✐

Therearebothsymbolicandcomputationaladvantagesofincorporatinganentrywise

product. Withoutit,artiicialconstructsmustbeused.Forexample,considerthefollowing

expressionwhichincorporatesanentrywiseproductbetweentwoirst-degreeNTs:

ci=aibi+ai. (3.11)

Withoutanentrywiseproductnotation,theexpressionin(3.11)wouldhavetoberepre-

sentedbycomposingoneoftheoperandsintoadiagonalsecond-degreeNT:

ci=̃aijbj+ai, (3.12)

wherẽaijisasecond-degreeNTwithentriesinitsmaindiagonalconsistingofelementsof

ai:

ãij=

⎛

⎜
⎜
⎜
⎜
⎝

a1 0 ... 0

0 a2 ...
...

... ...
... 0

0 ... 0 an

⎞

⎟
⎟
⎟
⎟
⎠
. (3.13)

Awell-knownexampleofsuchaconstructioninMValgebraisthediagonalmatrixseenin

singularvaluedecomposition(SVD)computations.

Onekeyproblemwiththeformulationin(3.12)isthattwodiferentconstructionsof

thesameunderlyingvaluesareused.Inaddition,in(3.11)allelementsareindexedby

i,whichcorrectlyrepresentsthatintheexpressionallelementscorrespondtothesame

index. However,in(3.12),adiferentindexisusedforb,whichisanartiicialdistinction

introducedinordertorepresententrywiseproductsusingacombinationofinnerandouter

products.Finally,transformingairst-degreeNTintoan‘equivalent’second-degreeNTin

ordertoprovideentrywiseoperationsisanunnaturalrepresentationoftheunderlyingdata.

Inaddition,thereisanimportantcomputationalrationaleinusingentrywiseproducts.

Assumingthedimensionofaandbisn,theentrywiseproductin(3.9)shouldconsumeO(n)

arithmeticoperations.Incontrast,usingtheconstructionin(3.13)toexecutetheproduct

isO(n2)incomputationalcomplexityifdenseNTsareused.Ifasparseimplementationis

usedthenthecomputationalcomplexitywouldremainO(n)ineithercase.However,sparse

representationsareaccompaniedbyoverhead,whichaddstothecomputationalcostevenif

theorderofcomplexityremainsO(n).Thesecomputationaldiferencesaremagniiedwhen

high-degreeNTsareconsidered.

Entrywiseproductsholdanimportantrelationshiptosummationsovermorethantwo

indices,suchasternaryinnerproducts:

aibici≡

n∑

i=1

aibici. (3.14)

Whilenotalwaysframedas n-aryinnerproducts,operationslike(3.14)arekeyoperations

forcanonical-polyadic(CP)decomposition,e.g.,equation(3.1)ofKoldaandBader[83];lin-

earestimationproblems,e.g.,example(4.3)ofLiuandTrenkler[73];diferentialgeometry,
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e.g.,equation(3)ofBolton[71];supportvectormachines,e.g.,equation(14)ofBurges[160];

andtensoroptimisationmethods,e.g.,equation(3.6)ofSchnabelandFrank[161].Tradi-

tionaltensorcalculusalsoencountersthisneed[69].

Suchproductsarechallengingtoworkwith,astheybreakassociativity[123].Forin-

stance,thefollowingtwoexpressionsarenotequivalenttoeachother,noraretheyequivalent

to(3.14):

ai(bici)̸=(aibi)ci. (3.15)

Forthisreason,manyEinstein-notationconventionsforbidasummationovermorethanone

indexormakespecialnotationalexceptions[54]. Theassignmentconventionforimplicit

entrywiseproducts[54]alsoallowsn-aryinnerproducts,butnotinawaythatenablesthem

tobebrokenintoasequenceofbinaryoperations,whichisoftendesirableforsubsequent

implementationsonacomputer.Thisconventionwouldalsomakeparenthesesmeaningless

in(3.15),whichdespite̊Ahlander’sassertions[54],doesbreakassociativity.

Explicitentrywiseproductscanexpressn-aryinnerproductsand,combinedwitha

simpleassociationidentity,canretainassociativity[123].Inshort,givenaternaryinner

product,suchas(3.14),isolatingoperandscanbeaccomplishedusing:

aibici=(aibi)ci=ai(bici)=(aici)bi. (3.16)

Withtheentrywiseproductdeined,anNTproductcanconsistofanycombinationof

N-degreeinner,entrywise,andouterproducts.

As mentioned,Einsteinnotation,andthusNTalgebra,isstronglyassociatedwith

computation[107].Supportingthis,thecomputationalcomplexityofanyproductofdense

NTs,e.g.,

yi=aijkxjℓi, (3.17)

canbereadbysimplymultiplyingtherangesofeachdistinctindex.Iftherangeofeach

indexin(3.17)isN,thenthecomplexityoftheproductisN4. Thiscanbeextendedto

morecomplicatedexpressionsinvolvingmanyoperands,furtherillustratingNTalgebra’s

ainityforcomputation.

LikeMValgebra,NTmultiplicationdistributesoveraddition.NTalgebraexpressions

canalsobedecomposedusingcommonfactors,providedtheindicesinthecommonarray

aremultipliedinidenticalmanners,e.g.,suchasthefollowingexpressions:

aijkxkj+bℓijxℓj=(aijk+bkij)xkj, (3.18)

wheretheindexℓhasbeenchangedtokontherighthandside,sincebotharedummy

indiceswhosesymbolscanbechanged.

Iftheindicesofthecommonarrayarenot multipliedinthesame mannerineach

subexpression,thiscanbeduetooneoracombinationofthreepossibilities. Table3.1
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Table3.1:FactoringoutcommonNTterms. Tofactoroutcommontermsbetweenex-
pressions,thetypeofNTproductmustbeidentical. Whentheyarenotidenticalcommon
termscanstillbefactoredusingthreerules.

Scenario Solution Example

Anindex undergoes an
outerproductinonesubex-
pressionandaninnerprod-
uctinanother.

Changetheouterproduct
toaninnerproduct by
multiplyingbyaKronecker
deltaarray(e.g.,δi′i).

ajxi+bijkxk

=ajxkδki+bijkxk

=ajδkixk+bijkxk

=(ajδki+bijk)xk.

Anindex undergoes an
entrywiseproductinone
subexpressionandaninner
productinanother.

Changetheentrywiseprod-
ucttoaninnerproductby
multiplyingbyaKronecker
deltaarray(e.g.,δi′i).

aixi+bijxj

=(ajxj)δji+bijxj

=(ajδji)xj+bijxj

=(ajδji+bij)xj.

Anindex undergoes an
outerproductinonesubex-
pressionandanentrywise
productinanother.

Changetheouterproduct
toanentrywiseproductby
multiplyingbyaunitarray
(e.g.,1i).

ajxi+bjixi

=ajxi1i+bjixi

=aj1ixi+bjixi

=(aj1i+bji)xi.

outlineseachscenarioandtheapproachtofactorsuchexpressions. Alloftheproiled

scenariosrelyontheKroneckerdeltaNT,i.e.,δij,whichisdeinedas:

δii′=

{
1, i=i′

0, otherwise
. (3.19)

Justaswithidentitymatricesin MValgebra,KroneckerdeltaNTsserveafundamental

purposeinNTalgebra.TheirstscenariohasalsobeendescribedwithintheMVparadigm

byBrewer[162],whoalsoprovidesaneicient meanstosolveananalogoussystemof

equationsinvolvingsecond-degreeparametersandindependentvariables.

3.2.2 UnaryOperations

AswithMValgebraandtensorcalculus,NTalgebraaccommodatesunaryoperations.One

commonsuchoperationiscontraction,whichisthesummationofcorrespondingelements

acrosstwoNTindices:

b=aii≡a11+a22+...ann. (3.20)

ThisoperationcanalsobeexpressedasabinaryoperationusingtheKroneckerdeltaNT:

b=aii=aii′δii′. (3.21)

InMValgebra,theequivalenttocontractionisthetraceoperation,expressedastrace(A)

inMATLAB.However,unliketrace,contractioncanbeappliedtoarbitraryindicesofNTs

ofarbitrarydegree.
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Whilecontractionalsoholdsanimportantplaceintensorcalculus,theabilitytorepre-

sententrywiseproductsprovidesNTalgebrawithanadditionalunaryoperation.Joseph

coinedthetermattractiontodescribetheoperation[123].Restrictingattentiontoasecond-

degreeNT,attractionisdeinedasselectingthediagonalelementsfromtwoindicesinthe

NT.InMATLABnotation,thiscorrespondstotheoperationdiag(A).Despiteitsuseful-

ness,thisisnotawell-recognisedoperationwithinstandardMValgebra,butithasbeen

treatedwithinEMV[72,102,103,121].Thisextensionexpressesattractionusingamatrix

productbetweenaverylargeandsparseselection matrixandavectorisedformofthe

matrixorbyusinganon-algebraicoperationsimilartodiag(A).

Usingtheentrywise-productunderlinesymbol,theunaryoperationofattractioncanbe

representedas:

bi=aii. (3.22)

TheattractionoperationgeneralisestoanN-degreeNT,andcanalsobeeasilycombined

withthemorefamiliarunarycontractionoperation:

bjk=aijikk. (3.23)

Aswiththecontractionoperator,attractioncanbeexpressedasabinaryoperation:

bi=aii=aii′δii′. (3.24)

Explicitlyaccommodatingentrywiseoperationsavoidshavingtousethenon-intuitive

selectionmatricesseeninEMValgebraanddoesnotrequirelatteningsecond-degreedata.

Moreover,unliketheEMValgebraapproach,whichisdiiculttogeneralisetohigherde-

grees,attractioncanbeappliedacrossNTsofarbitrarydegree.

Theoperationsofcontractionandattractioncanalsobeusedtoprovidearelationship

betweenouterproductsandinnerorentrywiseproducts[123].Anouterproductfollowed

bycontractionisequivalenttoaninnerproduct,whilefollowinganouterproductwith

attractionisequivalenttoanentrywiseproduct. Thiscanbeexpressedusingbinaryop-

erations,whichhasalreadybeendemonstratedaboveintheexplanationonhowtofactor

outcommonterms.

3.2.3 SolutionofLinearEquations

AnNTproductcanrepresentasinglelinearmappingor,ifentrywiseproductsareinvolved,

itcanrepresentasequenceoflinearmappings. Like MValgebra,invertingtheselinear

mappingsisafundamentalconcept.UnlikeMValgebra,theremaybemultipleinversesfor

anarbitraryNT,asanNTonitsowndoesnotdeineauniquelinearmapping[65,86,123].

IfonewishestodenotetheinverseofanNT,onemustalsospecifywhichlinearmapping

itrepresents. Omittingentrywiseproductsfromconsideration,anNTrepresentsalinear

mappingbygroupingonesubsequenceofindicesasdummyindices,andtheremainingas
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Table3.2:LinearmappingsandinverserepresentationsusingNTalgebra. Allexamples
assumenocollinearityinthelinearmappings.

Example NTProduct Solvingforx InverseRepresentation

1 aijkℓxkℓ=yij xkℓ=a
−1
ijkℓyij

a−1ijkℓ=δii′δjj′/ai′j′kℓ
a−1ijkℓ=δkk′δℓℓ′/aijk′ℓ′

2 aijkℓxjℓ=yik xjℓ=a
−1
ijkℓyik

a−1ijkℓ=δii′δkk′/ai′jk′ℓ
a−1ijkℓ=δjj′δℓℓ′/aij′kℓ′

3 aijkxjk=yi xjk=a
−1
ijkyi

a−1ijk=δi′i/ai′jk
a−1ijk=δjj′δkk′/aij′k′

4 aijxij=yij xij=a
−1
ijyij a−1ij=1ij/aij

5 aijkxjk=yik xjk=a
−1
ijkyik

a−1ijk=δii′1k/ai′jk
a−1ijk=δjj′1k/aij′k

freeindices.Likematrixinverses,acompositionofanNTandoneofitsinversesresultsin

anidentitymapping.Thisremainstrueiftherolesofdummyandfreeindicesarereversed.

Thisisillustratedbythefollowingexpressions:

a−1ij′aijxj=δj′jxj=xj′, (3.25)

a−1i′jaijxi=δi′ixi=xi′. (3.26)

Here,theidentitymappingisrepresentedbytheKroneckerdeltaNT.In(3.25)and(3.26),

thedummyindicesswitch,diferingfromMValgebra,whichtypicallyrestrictssecond,or

columnindices,toactassummationindices2.Asaresult,therearetwopossibleidentities,

i.e.,δj′jandδi′i,eventhoughthereisonlyonepossiblewaytodividetwoindicesintotwo

propersubsequences.

Inthehigh-degreecase,therecanbemorethanonewaytocreatetwopropersubse-

quences,soinversesmustberepresentedbyspecifyingacorrespondingidentitymapping.

However,likethesecond-degreecase,therearetwopossible,andequivalent,identitymap-

pingsforeachspeciiedinverse. Thesenotationalissuescanbeavoidediftheinverseis

speciiedinthecontextofasolutionofequations,whichremovesallambiguity.

Table3.2illustratesthis,providingseveralhigh-degreeexamples.Theirsttwoexamples

2Anexceptionispost-multiplication,buteveninthiscaseitiscommonlyperformedusingatransposed
matrix,e.g.,SVDorLyapunovequations.
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illustratediferentmappingsandinverserepresentationsoriginatingfromthesamefourth-

degreeNT.Asisalsodemonstrated,thecontextofasolutionofequationsimplicitlyspeciies

thedivisionbetweendummyandfreeindices. Thethirdexampledemonstratesthatan

inversemaybeexecutedacrossanasymmetricsequenceofindices.Forthistohappen,the

dimensionalityofthetwosubsequencesmustbeidenticaland,likethesymmetriccase,there

mustbenocollinearity.Thefourthexampleintroducestheidentitymappingforentrywise

products—anNTofallones,i.e.,1ij. Astheexamplealsoillustrates,shouldalinear

mappingonlyconsistofentrywiseproductsthereisonlyonepossibleidentitymapping.

Theifthexampledemonstratesascenarioinvolvingallthreetypesofproducts.

NTalgebraalsosupports Moore-Penrose(MP)inversesforthesolutionofoverand

under-determinedsetsoflinearequations[63].LikeNTinverses,whenpossibleitisbetter

torepresentthe MPinverseaspartofanexpression. Assumingoneofthesubsequences

isfully-ranked,thiscanbeeasilydone,asinMValgebra,byreplacingthe−1superscript

witha+symbol.

The MPinversecanalsoberepresentedinisolation. UnlikeNTinverses,theroles

ofdummyandfreeindicesarenotsotriviallyreversedbecausetheyareentangledwith

mattersofunderorover-determinedness.InsteadofthetwopossibilitiesseeninTable3.2,

theKroneckerdeltaarraysshouldonlycorrespondtothefully-rankedindices.Incases

whereneithersubsequenceisfully-ranked,the MPinversecanberealisedusingsingular

valuedecomposition[63],butadiferingrepresentationwouldberequired.

3.2.4 SymbolicDiferentiation

Diferentiatingexpressionsisanimportantconceptforworkinvolvinghigh-degreedata.

Forinstance,gradientsareacommonelementwithintensordecompositionalgorithms[83].

Matrixcalculus[63],thesettingofmuchofEMValgebra,isconcernedwithderivatives

ofvector-ormatrix-valuedfunctions.DiferentiationusingNTalgebracloselyalignswith

Einsteinnotationconventions,exceptthatentrywiseproductscancomeintoplayandcoor-

dinatebasisvectorsareoftennotnecessarysincethedataistypicallynumericratherthan

geometric.

Considerairst-degreeNT,xi. Thederivativeofeachelementofxiwithrespectto

everyelementinthesameNTcanbeexpressedas:

∂xi
∂xi′

=δii′. (3.27)

Notethatunderthisconvention,theindexlabel,i.e.,i′,mustbespeciiedinthepartial

derivative. Thisconventionreadilygeneralisestohigh-degreeNTs,asinthefollowing

example:

∂xij
∂xi′j′

=δii′δjj′. (3.28)
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Table3.3:PartialderivativesofNTexpressions.

Expression Derivative

ykℓij=akℓxij
∂ykℓij
∂xi′j′

=akℓδii′δjj′

ykj=akixij
∂ykj
∂xi′j′

=aki′δjj′

yij=aijxij
∂yij
∂xi′j′

=aijδii′δjj′

y=aijxij
∂y

∂xi′j′
=ai′j′

Suchaconventionisusefulwhentakingderivativesofexpressionsthatincludeanouter,

entrywise,orinnerproductofanarray.Table3.3providesexamplesofpartialderivativesof

high-degreeNTexpressions.Intheexamplesinvolvinganentrywiseproduct,corresponding

indicesintheKroneckerdeltaarrayarealsounderlined.

ManyoftheexpressionsinTable3.3areunavailableintraditional matrixalgebra,

particularlythoseincorporatinghigh-degreeNTsorentrywiseproducts.Thiscanbeprob-

lematicformanyformulations,suchasTaylorseries,thatrequirepartial-derivatives.Even

whenworkingwithlower-degreedata,suchasvector-valuedfunctions,MValgebracannot

naturallyrepresentanyTaylorpolynomialsbeyondthelinearterm.

Forcertainexpressions,suchasthelastrowofTable3.3,theuseofadiferentindex,

i.e.,i′insteadofi,mayseemneedless. However,theirimportancebecomesclearwhen

theyareincorporatedintolargerexpressions. Agoodexampleofthisiscomputingthe

sum-squarederror(SSE)ofalinearregressionestimate. Usingairst-degreesystemfor

simplicity’ssake,thiscanbeexpressedas:

SSE=(bi−aijxj)(bi−aijxj). (3.29)

Usingtheproductruleincalculus,thepartialderivativeoftheSSEwithrespecttoxℓis:

∂SSE

∂xℓ
=(aijδjℓ)(bi−aijxj)+(bi−aijxj)(aijδjℓ), (3.30)

=2(aijδjℓ)(bi−aijxj), (3.31)

=2aiℓ(bi−aijxj), (3.32)

Theexpressionsin(3.63)and(3.66)correspondtothewell-knownMValgebraexpressions:

SSE=(b−Ax)T(b−Ax), (3.33)

∂SSE

∂x
=2AT(b−Ax). (3.34)

Byexplicitlydenotingthepartialderivativeindex,whichisdiferentthantheoriginal

expressionindex,productsbetweenidentically-valuedNTs,i.e.,aij,canbecorrectlyeval-
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uated. Thisbookkeepingisparticularlyimportantwhenworkingwithexpressionsincor-

poratingN-degreeNTs,asproperlymatchingupindicesinthesecasesisnottrivialand

conventionalMValgebradoesnotprovideitsownversion.

3.2.5 NonlinearFunctions

Nonlinearfunctionsserveimportantrolesinscientiiccomputing. Forthisreason, MV

algebrasupportsnotationfornonlinearfunctions,e.g.,matrix-valuedfunctions.Analogous

notationisalsoimportantforNTalgebra.Thisworkwillassumenonlinearfunctionsact

onNTsentrywise,e.g.,

f(xk)=
√
xk, (3.35)

wherethesquarerootoperationactsentrywiseonxk.

TakingthederivativeofnonlinearNTfunctionsisverysimilartotakingthederivative

oflinearNTfunctions.Toseethis,irstconsiderthepartialdiferentiationofairst-degree

NTwithitself,

∂xi
∂xi′
. (3.36)

InSection3.2.4,thisderivativewasevaluatedas

δii′. (3.37)

Inactuality,thederivativecouldbeevaluatedas

1iδii′, (3.38)

whichisequivalentto(3.37). Whennonlinearfunctionscomeintoplay,ageneralisationof

theformulationin(3.38)canbeused,e.g.,

∂
√
xi

∂xi′
=
1

2
(xi)

−1
2δii′, (3.39)

where1ihasbeenreplacedby
1
2(xi)

−1
2.Ascanbeseen,duetotheentrywisenatureofthe

non-linearfunctionstreatedhere,entrywiseproductsplayakeyroleindiferentiation.

Table3.4illustratesexamplesonhowtoevaluatethepartialderivativeoflargerNT

expressionsthatincorporatenon-linearfunctionsandlinearinner,entrywise,orouterprod-

ucts.Ascanbeseenbycomparisontherulesareverysimilartotheirlinearanalogues.

3.2.6 Vectorand MatrixNTs

SofarattentionhasbeenfocusedonscalarNTs. However,equallyvalidarevectorand

matrixNTs,whicharedenotedusinglower-caseandupper-caseboldfaceromanletters,

respectively.Examplesofeacharegivenbelow:

aNij, (3.40)

AM×Nij , (3.41)
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Table3.4:LinearandnonlinearNTexpressionsandtheirpartialderivatives.

Scenario Expression PartialDerivative

InnerProduct
aijxj

∂aijxj
∂xj′

=aij(1jδjj′)=aijδjj′=aij′

aij
√
xj

∂aij
√
xj

∂xj′
=
1

2
aij(x

−1
2
j δjj′)=

1

2
aij′x

−1
2

j′

EntrywiseProduct
aijxj

∂aijxj

∂xj′
=aij1jδjj′=aijδjj′

aij
√xj

∂aij
√xj

∂xj′
=
1

2
aijx

−1
2
j δjj′

OuterProduct
aixj

∂aixj
∂xj′

=ai1jδjj′=aiδjj′

ai
√
xj

∂ai
√
xj

∂xj′
=
1

2
aix
−1
2
j δjj′

wherethedimensionsoftherowandcolumnindices,nottobeconfusedwiththeNTindices,

aregivenassuperscripts.Theconventionofcolumnvectorsareusedforthiswork,butit

isequallypossibletousearow-vectorconvention.Forthepurposesofthiswork,MVNTs

arekepthomogenous,meaningeachMVwithintheNThasthesamedimensions.Context

oftenallowsthesuperscriptstobedropped.

SuchNTsfollowthesamerulesastheirscalarcousins,withthecaveatthatarithmetic

operationsperformedontheelementsmustfollowstandardMValgebrarules.Forinstance,

inthefollowingproduct,

CM×Nijℓ =AM×Pikℓ B
P×N
kjℓ , (3.42)

inadditiontotheconstraintthatthekandℓindicesineachoperandholdthesamerange,

theproductbetweenmatricesofAikℓandBkjℓmustbelegal,i.e.,thenumberofcolumns

ofAikℓmustequalthenumberofrowsofBkjℓ. UnlessthematrixNTsaresquare,the

commutedversion,

Cijℓ=B
P×N
kjℓ A

M×P
ikℓ , (3.43)

isnotlegal,andtypicallynotequivalent,meaningthatmatrixNTsdonotsharethesame

care-freecommutativityofscalarNTs. AnalogousimplicationsapplywithvectorNTsor

mixturesofthetwo.

Beingabletoexpress MVNTsmeansthatusingNTalgebradoesinnowaybarthe

useofMValgebrawhensuitable.Thus,whenappropriatethebeneitsofMValgebra,e.g.,

minimalbookkeeping,notationalsimplicity,andotherconveniences,canbeenjoyed.

ToreallybeabletouseMValgebra,NTalgebra,oramixtureofthetwowheneverone

wishes,amappingbetweenscalarNTsandMVNTsisneeded.Thekeytothesemappings
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arevectorbasisarrays,denotedeNi
N

,whichisanorderedsequenceofthestandard-basis

vectorsforℜN:

eNi
N
=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1
0
...
0
0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

,

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0
1
...
0
0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

,...

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0
0
...
1
0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

,

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0
0
...
0
1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

. (3.44)

Theundersetandsuperscriptisusuallysuppressedforei.

Focusingmomentarilyonvectors,onecanmapanyscalarNTtoavectorNTusingei:

aij=aijkek, (3.45)

=
(
aij1 ... aijN

)T
. (3.46)

Thereversemappingisexpressedas,

aijk=e
T
kaij. (3.47)

Thebasisvectorscanalsomapmorethanoneindexintoavectorandbackagain:

ai=aijkejk, (3.48)

aijk=e
T
jkai. (3.49)

IfM andNrepresenttherangeofjandkrespectively,thenthebasisvectorsarecomposed

ofthestandardbasisforℜP,whereP=M×N.Individualvectorswithinejkareordered

usinganyvalid,butixed,lexicographicalorderingofjandk.Eachvectorwithinaiisa

‘lattened’representationofaijk.

VectorNTsenjoyimportantnotationalconveniences,suchasthecapabilitytoconcate-

nate. Forexample,in MValgebra,onecancombinetwovectorsintoathirdusingthe

simpleexpressionc=
(
aTbT

)T
.Twovector-valuedNTscanbesimilarlycombined,

cij=
(
aTij b

T
ij

)T
, (3.50)

=
(
aij1 ... aijM bij1 ... bijN

)T
, (3.51)

whereM andNdenotethesizeofthevectorsinaijandbijrespectively.

MappingsbetweenscalarNTsandtheirmatrix-valuedcousinsfollowthesameprocess

asvectorNTs,exceptthattwobasisvectorNTsareneeded,oneforrowindicesandone

forthecolumnindices:

Aij=aijkℓeke
T
ℓ, (3.52)

Aij=

⎛

⎜
⎝

aij11 ... aij1N
...

...
...

aijM1 ... aijMN

⎞

⎟
⎠. (3.53)
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Thereversemappingisexpressedas,

aijkℓ=e
T
kAijeℓ. (3.54)

Analogousto(3.48)and(3.49),basisNTscanalsomapmorethanoneindextothe

rowsorcolumns.Aswell,matrixNTscanalsobeconcatenatedtogetherprovidedmatrix

dimensionsappropriatelymatch,e.g.,

Eij=

⎛

⎝
AM×Nij BM×Pij

CQ×Nij DQ×Pij

⎞

⎠. (3.55)

3.3 SelectedExemplars

TheextensionstoEinsteinnotationdiscussedintheprevioussectionprofersalgebraic

capabilitieskeytoseveralexemplars.InChapter6,themeritsofNTalgebravis-̀a-vis

prominentcomputervisionexemplars,fallingunderthecategoryofspeciallinearmappings,

areexaminedindetail. Tobroadenthescopeofthisdiscussionbeyondcomputervision,

thissectiondiscussesthreeadditionalimportantexemplars.

Section3.3.1beginsthisexpositionbyfocusingontensordecomposition,animportant

exemplarfallingwithinthemappingsbeyondlinearcategoryandatopicthathasemerged

asamajorresearchfocusintechnicalcomputing[83]. ThisisfollowedbySection3.3.2,

whichhighlightsthediicultiessurroundingparameterestimationinvolvingentrywiseprod-

ucts,andtheopportunitiesforNTalgebratostakeaclaimforsuchexemplars. Finally,

Section3.3.3discussesseparablenonlinearleastsquares(SNLS),amajortechniqueinop-

timisationthatinvolveshigh-degreedata,andonethatisfeaturedintheauthor’sown

computervisionwork[163,164].

3.3.1 TensorDecomposition

Tensordecompositionprovidesinstructiveinstanceswhereentrywiseproducts,n-aryinner

products,linearinversion,anddiferentiationallplayarole.Thiscanbeseenbyconsidering

therepresentationandthecomputationofhigh-degreeversionsoftheSVD.

Asmentioned,entrywiseproductsandternaryinnerproductsariseofteninMValgebra,

butintheformofdiagonalmatrices.TheSVDisprobablythemostwell-knownexample,

whichisexpressedcommonlyas

A=UΣVT, (3.56)

whereΣisunderstoodtobediagonal.AternaryinnerproductcanexpresstheSVDwithout

embeddingthesingularvalueswithinamatrix,

aik=σjuijvkj. (3.57)
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ThebeneitsofframingSVDusingNTalgebramanifestmoststronglywhengeneralising

(3.57)tohigherdegrees,whereittakesontheformofCPdecomposition,oneofthetwo

majorformsoftensordecompositions[83]. Forinstance,theexpressionin(3.57)canbe

easilyextendedtothird-degreedata:

aikℓ=σjuijvkjwℓj. (3.58)

Intensordecompositionliterature,(3.58)isoftenexpressedbylatteninghigh-degree

dataintomatricesinordertouseKhatri-Raomatrixproductsorbyusingexplicitsumma-

tionsymbols[83]. Theformerapproachremovesthedatafromitsnaturaldomain,while

thelatterapproachdoesnotlenditselfwelltoalgebraicmanipulation.Aswillbeoutlined,

withtheentrywiseproductandtheassociationidentityinhand,n-aryproductsarereadily

manipulatedalgebraically,allowingpractitionerstoexploreeicienciesorderivesolutions

toNTproblems. Moreover,unliketheKhatri-Raomatricisationapproach,thesebeneits

canbeextendedtoexpressionsotherthan(3.58).

Thealternatingleastsquares(ALS)algorithm,aworkhorseintensordecomposition[83],

showcaseshown-aryinnerproductscanbemanipulatedwithinNTalgebra.Inthethird-

degreecase,theALSalgorithmaimstocomputeuij,vkj,wℓj,andσj.Itdoessoby

alternatelysolvingforeachofthefactorswhilekeepingtheothersconstant.Forinstance,

tosolveforuij,onecaneasilyisolatethefactor,

aikℓ=uij(vkjwℓj), (3.59)

whereσjhasbeenabsorbedwithinthefactors.Solvingforuijisstraightforward:

uij=(vkjwℓj)
+aikℓ. (3.60)

Similarly,linearleast-squaressolutionsfortheotherfactorscanbeformulated:

vkj=(uijwℓj)
+aikℓ, (3.61)

wℓj=(uijvkj)
+aikℓ. (3.62)

TheALSalgorithmalternatesbetweenexecutingthethreelinearleast-squaressolutions

above. Oncethealgorithmconverges,theσjfactorcanbecomputedbynormalizingthe

threesecond-degreefactors[83].

Whilethisisalgebraicallycorrect,therearemoreeicientmeanstoarriveatthesame

solution. TheNTdiferentiationnotation,alongwiththeassociatedbookkeeping,can

revealsucheiciencies.Toseethis,thethird-degreeALSalgorithminCPdecomposition

canbeframedasminimisingthefollowingexpression:

SSE=(aikℓ−uijvkjwℓj)(aikℓ−uijvkjwℓj), (3.63)

=(aikℓ−uij(vkjwℓj))(aikℓ−uij(vkjwℓj)). (3.64)
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Asmentioned,theALSalgorithmminimises(3.64)byalternatingbetweensolvingforone

ofthethreeNTfactorswhilekeepingtheremainingconstant,e.g.,solvingforuijtakesthe

followingform:

∂SSE

∂ui′j′
=−2(δii′δjj′(vkjwkj))(aikℓ−uij(vkjwℓj)), (3.65)

=−2vkj′wℓj′(ai′kℓ−ui′j(vkjwℓj)). (3.66)

Setting(3.66)tozeroandsolvingforui′jleadsto,

vkj′wℓj′(vkjwℓj)ui′j=vkj′wℓj′ai′kℓ, (3.67)

((vkj′vkj)(wℓj′wℓj))ui′j=vkj′ai′kℓwℓj′, (3.68)

ui′j=((vkj′vkj)(wℓj′wℓj))
+(vkj′ai′kℓwℓj′), (3.69)

wheretherearrangementontheleft-handsidein(3.68)producesthecommonlyusediden-

titytoeicientlycalculatethepseudo-inverseoftheKhatri-Raoproductoftwoormore

matricesasanaturalmatterofcourse.SeeKoldaandBaderformoredetailsontheap-

plicationofthisidentitytoCPdecomposition[83]. Thisresultisproducedbyusingthe

associativityandcommutativityofNTalgebratorearrangeoperandssothatinnerproducts

areexecutedwithhigherprioritythanentrywiseorouterproducts.Thiscanbecontrasted

withLev-Ari’s3-pageproofusingKhatri-Raoproducts[72]thatinvolvestheauxiliaryop-

erationsofvectorisation,selectionmatrices,diagonalextractions,andrequisiteidentities

involvingtheseoperations.Thecontrastbetweenthetwoapproachesisdealtwithinmore

detailinthenextsubsection.

3.3.2 ParameterEstimation

AsLiuandTrenkler[73]note,entrywiseproductshavebeenreceivingincreasedatten-

tioninseveralields.AsMValgebraisnotinherentlyequippedtoaccommodateentrywise

products,thesetypesofoperationsareintroducedwithinEMValgebra.Despitenotableap-

plications,EMValgebrahasnotenjoyedwidespreadadoptionintechnicalcomputingpack-

ages[73].SomeoftheseextendedoperationsincludegeneralisedKroneckerproducts[116],

Katri-Raoproducts[162],andHadamardproducts[73].However,eachoperationrequiresa

dedicatedsymbol,whichcomplicatesthealgebraandmakesitdiiculttomanipulate.Al-

gebraically,commutingorassociatingtheseproductsofteninvolvesnonintuitiveidentities.

Thefollowingexampleprovidesagoodcomparisonbetweentherespectivestrengthsof

EMValgebraandNTalgebra.IthassimilarattributestotheALSalgorithmdescribed

intheprevioussubsection,butitsmotivationstemsfromspeciallinearmappingsandnot

mappingsbeyondlinear.

AsdescribedbyLiuandTrenkler[73],Lev-Ari[72]outlinesascenarioinantennasignal

processingwherescatteringcoeicientsmustbeestimatedfromobservations.Thisproblem

canbeexpressedusingNTalgebraandaternaryinnerproduct:

hij=aikxkbjk, (3.70)
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wherexkrepresentsthesetofcoeicientstoestimate.Assumingthesystemisfullyranked

forthekindex,thiscanbesolvedusingtheassociationidentityof(3.16):

(aikbjk)xk=hij, (3.71)

xk=(aikbjk)
+hij. (3.72)

Thispseudo-inverseisverysimilartothosefoundintheALStechniqueexplainedinSec-

tion3.3.1. LiketheALStechnique,eicienciescanbegained.InSection3.3.1these

eicienciesweregainedbydiferentiatingtheSSE.Theycanalsoberevealedbyexpanding

theexpressionfortheMPinverse:

xk=(aikbjkaiℓbjℓ)
−1(aiℓbjℓhij), (3.73)

xk=((aikaiℓ)(bjkbjℓ))
−1(aiℓhijbjℓ). (3.74)

Asmentionedintheprevioussubsection,Lev-Ariarrivesatanidenticalsolution,but

doessousingEMValgebraoperations[72].Thisinvolvesusing5and4separateoperators

andidentitiesrespectively. Aswell,theirst-degreedataisrepresentedbyembeddingit

withina matrix. Havingtoremembertheseextraoperations,andtheiraccompanying

identitiesplacesadditionalburdensontheresearcher. Makingmattersworse,thereseems

tobenoagreementonsymbology. Lev-Ari[72]andLiuandTrenkler[73]usediferent

symbolstorepresentthesameoperationsintheirexpositionofthesamesolution.

WhentheproblemisformulatedusingNTalgebra,theonlyidentityrequiredisthe

associationidentity—allotheroperationslownaturallyfromthealgebra,includingrear-

rangingoperands.Tocontrastthetwoapproaches,thesolutionprovidedbyLev-Ari[72]is

givenbelow.Here,⊗,⊙,and◦representtheKronecker,Khatri-Rao,andHadamardmatrix

products,respectively.Thetwoothersymbolsusedarethevecandvecdoperations,which

serveaslatteninganddiagonalselectionoperations,respectively.Thedeinitionsofthese

operationsaregivenbyLiuandTrenkler[73].Evenwithoutknowingthedeinitions,the

followingderivationprovidesinsightintothecomplexityofEMVcomparedtoNTalgebra:

AXBT=H, (3.75)

vec(AXBT)=vec(H), (3.76)

(B⊗A)vec(X)=vec(H), (3.77)

(B⊙A)vecd(X)=vec(H), (3.78)

vecd(X)=[(B⊙A)T(B⊙A)]−1(B⊙A)Tvec(H), (3.79)

vecd(X)=[(BT◦B)(AT◦A)]−1(B⊙A)Tvec(H), (3.80)

vecd(X)=[(BT◦B)(AT◦A)]−1vecd(ATHB). (3.81)

ThisexampledemonstratesthatNTalgebracanprovideasimplerandmorenatural

formalismevenwhenonlysecond-degreeNTsandirst-degreeparameterscomeintoplay.

Moreover,theEMValgebraapproachislesseicient,asitrequiresmatrixproductstobe

60



✐

✐

“monograph” —2016/1/25 —12:13 —page61 — #77
✐

✐

✐

✐

✐

✐

computed,followedbydiagonalselection,whichinvolvesextracomputationthatislater

discarded. NTalgebracanalsonaturallyaccommodatehigh-degreedata,acharacteristic

notsharedbyEMValgebra.

3.3.3 SeparableNonlinearLeastSquares

SNLSproblemsareacategoryofproblemsthatdescribesmodelswhereonesetofparam-

eters,x,expressesalinearrelationshipprovidedanothersetofparameters,z,isknown.

Moreformally,themodelcanbeexpressedas:

y=A(z)x, (3.82)

whereA(z)istypicallyover-determined.Aleast-squaresformulationcanbeusedtodeter-

minetheparametersthatbestitthemodel:

min
x,z
||r(x,z)||2, (3.83)

r(x,z)=y−A(z)x. (3.84)

However,ifzisknown,xcanbecalculatedusingA(z)+y. Thisfactcanbeusedto

reducethenumberofparameterstobeestimated. First,denotetheprojectionoperator

ontothecolumnspaceofA(z)byP(z)=A(z)A(z)+.ThecomplementofP(z)isP(z)⊥=

I−P(z). Usingtheseformulations, GolubandPereyra[165]provedin1973thatthe

followingresidualisequivalenttominimising(3.83):

min
z
||r2(z)||

2, (3.85)

r2(z)=P(z)
⊥y. (3.86)

Thus,theproblemisreducedtoindingonlythenonlinearparameterszanddetermining

thelinearparametersxafterthefact. AsGolubandPereyrasubsequentlynoteina

retrospective,thisobservationcanleadtofasterconvergencetosolutionsandbetterabilities

toavoidlocal minima[149]. Forthisreason,theSNLStechniquehasbeenappliedto

legionsofapplications,includingtheauthor’sworkonimagealignment[163]anddepth-

mapestimation[164].

Inordertosolveforz,manynonlinearoptimisationmethodsrequiretheJacobianof

(3.86),whichinvolvesthederivativeoftheprojectionoperator,whichwillproduceathird-

degreeNTdependantonz.Thisisnottrivialtoformulate,astheprojectionoperatoris

partlycomposedofaninverse. GolubandPereyrademonstratedhowtoformulatethis

derivative[165],butusedamatrixnotationthathidthethird-degreedatafromthereader,

relyingonthereadertounderstandexactlywherethethird-degreedatacomesintoplay

andonhowtomultiplyitwithirstandsecond-degreedata. GolubandPereyrafreely

acknowledgethecontext-speciicnatureoftheirnotationandjustifyitsusebasedonrelative

simplicity. However,itisinstructivetoformulatetheproblemusingNTalgebra. This
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hastheaddedadvantageofbeingeasilyextensibletohigh-degreeparameters,e.g.,those

encounteredinelectronicimagingorotherhigh-degreedomains.AsChapter6willoutline,

generalisingtheSNLSapproachtohigh-degreedomainsisparticularlyusefulfordepth-map

estimation,amongstotherapplications.

Tostart,onemustexpresstheJacobianof(3.86)usingNTalgebra.Letaij,a
+
ij,zℓ,

yi,pij,andp
⊥
ijdenotetheNTequivalentsofA,A

+,z,y,P,andP⊥,respectively,where

dependenciesonzℓhavebeendroppedforsimplicity. Notethattheprojectionoperators

aresymmetricandidempotent,i.e.,pij=pjiandpij=pikpkj.

Thecruxofformulatingthederivativeliesinacleverreformulationthatavoidsexplicitly

takingthederivativeofaninverse.First,notethefollowingrelationship:

∂p⊥ij
∂zℓ
=−
∂pij
∂zℓ
, (3.87)

whichtakesadvantageofthefactthatthederivativeoftheconstant-valuedKroneckerdelta

NT,oridentitymatrixwhenusingthe MVparadigm,iszero. Usingtheidempotenceof

projectionoperatorsandtheproductrule,thepartialderivativeofpijcanbeexpressedas

∂pij
∂zℓ
=
∂pikpkj
∂zℓ

, (3.88)

=
∂pik
∂zℓ
pkj+pik

∂pkj
∂zℓ
. (3.89)

Onitsownthisdoesnotseemhelpful. ButwhenexpressingtheJacobianofaija

relationshipto(3.89)canbederived.Again,usingthepropertiesoftheprojectionoperator,

notethataij=pikakj. Thus,thepartialderivativeofaijwithrespecttozℓleadstothe

followingsetofexpressions:

∂aij
∂zℓ
=
∂pikakj
∂zℓ

, (3.90)

=
∂pik
∂zℓ
akj+pik

∂akj
∂zℓ
. (3.91)

Rearranging(3.91)leadsto

∂pik
∂zℓ
akj=

∂aij
∂zℓ
−pik

∂akj
∂zℓ
, (3.92)

=p⊥ik
∂akj
∂zℓ
. (3.93)

Theexpressionin(3.93)canbemultipliedonbothsideswitha+jm,resultingin

∂pik
∂zℓ
akja

+
jm=p

⊥
ik

∂akj
∂zℓ
a+jm, (3.94)

∂pik
∂zℓ
pkm=p

⊥
ik

∂akj
∂zℓ
a+jm. (3.95)

Withtheaboveexpressioninhand,onecanturntoformulatingthederivativeof pij.
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Theirsttermof(3.89)correspondsto(3.95). Thesecondtermof(3.89)canalsobe

formulated,butbyobservingthatthesymmetryofpijanditsderivativemeansthatit

issimplyapermutedversionoftheirstterm,wherethepositionsofiandjhavebeen

reversed. Thisleadstoacompleteexpressionforthepartialderivativeoftheprojection

operator:

∂pij
∂zℓ
=p⊥ik

∂akm
∂zℓ
a+mj+p

⊥
jk

∂akm
∂zℓ
a+mi. (3.96)

With(3.96)inhand,thepartialderivativeofthereducedresidualscanbereformulated,

allowingtheseparablerepresentationtobeemployedwithingradient-basedoptimisational-

gorithms.InGolubandPereyra’sexposition,thesymmetryisexpressedusingatranspose

operatorthatthereadermustknowonlyappliestothe“slices”ofthepartialderivativeof

akm. Unlikethecontext-speciicnotationusedintheseminalpaper[165],thederivation

ofthisresultherecanalsobeextendedtoincorporatehigh-degreeoperandsandentry-

wiseproducts,whichwillproveusefulforthedepth-mapestimationproblemdiscussedin

Chapter6.

3.4 Summary

Theneedtoperformarithmeticuponhigh-degreedataisawide-rangingneed,arisingin

myriadscientiicdisciplines.However,existingalgebrasforhigh-degreedatadonotsatisfy

thedisparaterequirementsexpressedbythisbodyofwork.Viewingauniversalformalism

asapositivedevelopment,weoutlineanNTalgebra,groundedinEinsteinnotation,whose

capabilitiesimbueitwithaunifyingcapacityforworkuponhigh-degreedata.

NTalgebrasupportscommutativeandassociativeinner,entrywise,andouterproducts

acrossarbitraryindicesofN-degreedata. Withanassociationidentityinhand,NTalgebra

alsoprovidesanassociativeframeworkforn-aryinnerproducts,anoperationcrucialto

manyapplications,butnottypicallydealtwithhead-onbypreviousalgebras.Completing

thepicture,NTalgebraalsosupportslinearinversionofNTequations. Asoutlinedby

Chapter2,thesecapabilitiesarenecessaryfeaturesforauniversalalgebraforhigh-degree

data.

Thesecapabilitiesareroundedoutbyunaryoperations,includingtheentrywiseana-

logueofcontractioncalledattraction.Diferentiation,non-linearfunctions,andvectorand

matrixNTsarealsosupported,yieldinganalgebrawithsingularexpressibility.Threeex-

emplars,drawnfromCPtensordecomposition,linearparameterestimation,andtheSNLS

formulation,showcasetheabilitiesofNTalgebrawithinvariedandimpactfulsettings.

NTalgebrarepresentsanimportantstepforwardtowardtheprospectofauniversal

technicalcomputingframeworkforhigh-degreedata—onethatwouldunitedivergentwork

beyondtheMVparadigm.Yet,thesealgebraicinnovationsareorphanedwithoutsupporting

software. NTalgebra,andotherhigh-degreealgebras,maydescribeoperationswewould

liketoperform,butNTsoftware,andkindredcontributions,mustaimtoexpandthescope
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ofwhatoperationswecanperform.Sincecomputationalapproachesforhigh-degreedata

arestillbeingestablished,developingsoftwareforNTalgebrarequiresitsowninnovations.

TherichtopicofNTsoftwareisexploredinthefollowingtwochapters.
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Chapter4

A DenseFoundation

Toperformnumerictensor(NT)operationsforhigh-degreeapplications,softwarelibraries

mustbeavailablefortheformalismofNTalgebra. Thisistheirstoftwochapterswhich

overviewthe NTsoftwaredesignedtoprovidethisfunctionality. AshighlightedinSec-

tion2.2.5,thissoftwareiscomposedoftwocomponents. Theirst,calledLibNT,isaC++

librarythatencompassesthehigh-performancealgorithmickernelsneededfor NTcom-

putations.Inaddition,LibNTisdesignedtosupport NTalgebraprogrammaticallyina

compiled-languageenvironment. Thesecondcomponent,calledNTToolboxisa MATLAB

interfacetoLibNT’sfastNTalgorithms,oferingalexibleinterpretedlanguageenviron-

mentforNTcomputations. Bothlibrariesareopensourceandsharedonline1. Relecting

theirgreattranslationalimportance,theselibrariesarelicensedusingthehighlypermissive

three-clauseBSDlicense[166]. Moreover,thelibrariesaredocumentedusingDoxygen[167]

andareaccompaniedbyextensiveunittests.

WeirstprovideanoutlineonhowLibNTand NTToolboxsupportandimplement

NTalgebra. Followingthiswedelveintothedesignchoicesandimplementationdetails

ofthedensealgorithmsforNTcomputations. Finallyweprovidebenchmarkscomparing

theperformanceofLibNTandNTToolbox’sdensealgorithmstothoseofotherhigh-degree

softwarepackages.Sincethehigh-performancealgorithmsareimplementedusingLibNT’s

C++code,forsimplicitywhendiscussingthesekernelswewillrefertothemasbeingpart

ofLibNT,withtheunderstandingthatNTToolboxofersaninterfacetotheseroutines.

4.1 NTSoftware Overview

ThefollowingsectionsprovideanoverviewofLibNTand NTToolbox. Section4.1.1be-

ginsbydiscussingthedesignprinciplesguidingthedevelopmentoftheselibraries. Sec-

tion4.1.2thendiscusseshowtoconstructivelyrepresentanyNTproduct. Thisisfollowed

bySection4.1.3whichdiscusseshowLibNTandNTToolboxresolveandcheckNTalgebra

expressions.

1https://github.com/extragoya/LibNT
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4.1.1 DesignPrinciples

Initsoutlineofsoftwareforhigh-degreedata,Section2.2explainedthatimportantqualities

arecomprehensivesupportforNTalgebra,supportforsparsedata,andprogrammingand

computationaleiciency. BothLibNTandNTToolboxoferfullcomprehensivesupportof

NTalgebraandsparseNTs. However,completelysatisfyingprogrammaticandcomputa-

tionaleiciencysimultaneouslyisnotalwayspossible.Thus,whenfacedbetweenthechoice

ofthetwo,LibNTandNTToolboxtakeoppositepaths,leaningtowardcomputationaland

programmingeiciency,respectively. Yet,whenconsideredtogether,thetwolibrariescom-

binetooferasuiteof NTsoftwarethatallowsuserstoprioritiseforprogrammaticor

computationaleiciencyastheirneedsdemand.

ThedesignprinciplesusedtoimplementLibNTandNTToolboxfollowfromtheirre-

spectiveemphasesoncomputationalorprogrammaticeiciency. Thesearedetailedbelow.

LibNT

Whenfacedwiththechoicebetweenprogrammaticeiciencyandcomputationaleiciency,

LibNTisdesignedtoleantowardthelatterconsideration. Nonetheless,LibNTisstill

meanttoprovideaneasy-to-useprogrammaticenvironmentforNTalgebra.BecauseC++

isalanguage withenormousbreadth,thereare manydesignchoicestowardimplement-

ingalibraryfor NTcomputations.InLibNT’scase, wechoosetoemploybothgeneric

programming(GP)andobject-orientedprogramming(OOP),whicharetwoprogramming

idiomsthatcansometimesconlict,astheyaretypicallyconnectedwithstaticanddynamic

polymorphism,respectively[126].Theformerisassociatedwithtemplatesandfastrunning

timeswhilethelatterisa much morerigididiom,wherefunctionsareconstrainedtoonly

operateonacertainsetofclassesorsub-classes.

Fornumericallibrariesrun-timespeedisoftenparamount. AsLibNTfallsintothis

category,itcannotafordthevirtuallook-uptimesoftraditional OOPinheritanceand

whenpossibleiterrsonusingthecompile-timeresolutioncapabilitiesofGP. Nonetheless,

NTsareaccompaniedbyspeciicalgebraicandcomputationalstructures,whoseneedfor

operations,inheritancestructures,andoverloadsets makethemamenabletocertainOOP

concepts.

Aprogrammingidiomthatofersanexcellent mixof OOPand GPfunctionalityis

thecuriouslyreoccurringtemplatepattern(CRTP)[126]. A moredescriptive,yetless-

used,nameforthisidiomistheparametricsubclasspattern(PSCP),atermcoinedbythe

makersofBoost’sPhoenixlibrary[168]. ThestaticinheritanceusedinthePSCPisoften

contrastedwiththevirtualfunctionsseenin OOP,asitofers much(butnotall)ofthe

samedispatchingcapabilitiesbutwithoutthesamecoststoeiciency. Asinheritanceis

thecornerstoneofthePSCP,theidiomprovidesanexplicitstructure,whichisdesirable

forimplementing NTclasses withspeciicoperations. Forthesereasons,all NTclasses

withinLibNTaredesignedtofollowthePSCPidiom,mirroringtherouteofotherfastand
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successfulnumericallibraries[144,145].

Tofurtherdecreaserunningtimeas muchaspossible,LibNTresolvesthegrammarof

NTalgebraduringcompiletimeusingtemplate metaprogramming(TMP).InefectTMP

cancommandeerstandardcompilerstocheckNTexpressionsandperformstaticdispatches.

ThisallowsC++toactasadomain-speciicembeddedlanguage(DSEL)forNTalgebra.

Thesetechniqueshavehelpedothernumericallibrarieswithcomplexgrammars matchthe

run-timespeedsofhand-writtencodeseeninFORTRAN-stylescientiiccomputingrou-

tines[101,126].Importantly,TMPallowsprogrammingeiciencytoremainhighwithout

sacriicingcomputationaleiciency,allowinguserstoprogramdirectlyusingNTalgebra.

Inadditiontotheseadvancedprogrammingtechniques,LibNTalsoemploysmanynew

featuresoftheC++11standard. Forinstance,unlike manyother NTlibraries,thereis

noupperlimittoNTdegree.Implementingalibrarygeneralenoughtohandlearbitrary

degreesduringcompiletime, withtheaccompanyingarbitrarynumberofindicesinthe

NTalgebragrammar,requiredusingvariadictemplates, whichareafeatureuniqueto

theC++11standard. ThisandotherfeaturesofthestandardhasallowedC++toenjoya

generalisabilityuniqueamongstatically-typedlanguages,whichservesitwellforsupporting

NTalgebra.

WhileLibNTiskeptasself-containedaspossible,itdoesrelyonothercodebases.

Forinstance,itsTMPcapabilitieswereimplementedusingBoost’s metaprogrammingli-

brary[169]. Aswell,LibNTisheavilyrelianton matrix-computationroutinesinorderto

implementcertainNToperations.Forthesecases,LibNTusestheEigen[145]library. To

easebarrierstoadoption,LibNTfollowsaheader-onlyprincipleinitsownC++codebase.

Thisalsoextendstothelibrariesitdependson,asonlytheheader-onlycomponentsofboth

BoostandEigenare mandatory.

NTToolbox

WhileC++isapowerful,portable,andaccessiblelanguage,itisnotalwaysthemostcon-

venientchoiceforprototypingandotherscientiicapplications. Actingasanenvironment

forNTcomputationswithinthe MATLABenvironment,NTToolboxisdesignedtoembody

programmingeiciency.

NTToolboxuses MATLAB’s OOPcapabilitiestorepresentNTsandtheiroperations.

UnlikeLibNT,allaspectsofan NT,includingitsdegree,datatype,anditssparsityare

resolveddynamicallyatruntime. Toeaseprogrammingburdens,all NTexpressionsare

supportedusingstringprocessing. Correctnessischeckedatruntime. Thus,as muchas

possible,theburdenstoprogramusingNTalgebraareremoved. Nonetheless,thesefeatures

meandispatchingisperformeddynamically,whichaddstoruntimecosts.

Evenso,theseabstractionpenaltiesareoftenverysmallcomparedtothecostsofac-

tuallyperformingNTcomputations. Tokeepcomputationaleiciencyashighaspossible,

NTToolboxalwaysreliesheavilyon MEXinterfacestoLibNT’sC++algorithmickernels.

67



✐

✐

“monograph” —2016/1/25 —12:13 —page68 — #84
✐

✐

✐

✐

✐

✐

aijghbghrs⇔AB
A=aijgheije

T
ij B=bghrseghe

T
rs

A=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

a1111 ... a11N1 a1112 ... a11NN
...

...
...

...
...

...
aN111 ... aN1N1 aN112 ... aN1NN
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⎥
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⎥
⎥
⎥
⎦

Figure4.1: Mappinginnerandouterproductstoamatrixproduct.Thisiguredepictsone
possiblemappingoftheNTproductaijghbghrstotheproductoftwomatrices.Endusers
neednotknowtheexactmapping.HeretherangeisassumedtobeNforallindicesofaand
b.AlsodepictedarethealgebraicmappingstomatrixNTsasdescribedinSection3.2.6.

Thus,eventhoughNTToolboxleanstowardprogrammingeiciency,itstillofersahighly

computationallyeicientenvironmentforNTcomputations.

4.1.2 LatticeProducts

Withthegeneraldesignprincipleselucidated,thecomputationalstrategiesbehindtheNT

librariescanbeexplored.Forinstance,executingorinvertingNTproductsisacoreaspect

ofanylibraryaimingtosupportNTcomputations.NTproductsalsoepitomisemanyofthe

challengesinherentinNTcomputations,astheycanconsistofanycombinationofinner,

entrywise,andouterproductsexecutedacrossoperandsofarbitrarydegree. Moreover,tobe

efective,anNTsoftwareshouldexecuteNTproductswithhigheiciency.Thissubsection

outlinesaconstructiveplatform,calledthelatticedatastructure,thatprovidesameansto

quicklyexecuteorinvertanyNTproduct.

AbinaryNTproductcanbeboileddowntoasequenceoflinearmappingsovermultiple

indices. Entrywiseproductsdeinemultiplelinearmappings,whichinturnaredeined

bythe makeupofinnerandouterproducts. Matrixproductsarethetypicalsymbolic

representationsoflinearmappings[170].

Anyinner/outerproductcombinationcanbemappedtoamatrixproduct[112].Fig-

ure4.1depictsonepossiblemappingofanNTproductconsistingonlyofinnerandouter

products.Astheiguredemonstrates,theindicesofaandbundergoinganinnerproduct

aremappedtothecolumnsandrowsofthematricesAandB,respectively.Theremaining

indicesundergoinganouterproductaremappedtotherowsandcolumnsofAandB,

respectively. Mappinginnerandouterproductstomatrixproductsisapowerfulapproach,

asitprovidesareadymeanstoexploitestablishedandgold-standardalgorithmsformatrix

computations.

Ananalogousmappingwhenentrywiseproductscomeintoplayisnotaswellrecog-

nised.Insuchscenarios,anyNTproductcanbemappedtoasequenceofmatrixproducts,

whichJosephcallsalattice[123].Indicesundergoinganentrywiseproductaremappedto
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cikℓ=aijℓbjkℓ

⇕
Cℓ=AℓBℓ

⇕
C=A∗B

Aℓ=aijℓeie
T
j Bℓ=bjkℓeje

T
k cikℓ=eT

iCℓek

Figure4.2: Mappinginner,entrywise,andouterproductstoalatticeproduct. Thisigure
depictsonepossible mappingoftheproductoftwothird-degree NTs:aijℓbjkℓ. Eachset
ofinnerandouterproducts mustalsousea mapping,analogoustotheoneusedinFig-
ure4.1. Alsodepictedarethe mappingsto matrixNTsusingtheconventiondescribedin
Section3.2.6.

correspondtothedepthortabsofthelattice. Thenumberoftabs mustbethesamefor

eachoperandandthesame multiplicationrulesusedin matrix-vector(MV)algebraapply.

Figure4.2depictsthemappingofaproductoftwoNTsintoasequenceofmatrixproducts.

Figure4.2alsodemonstratesthatlatticemappingscanbeframedasmappingscalarNTs

to matrixNTs. Nonetheless,latticesdiferfromgeneral matrixNTs,inthattheydonot

possessarbitraryNTindicesthatallowavarietyofoperations.Instead,theypossessrows,

columns,andtabs, whichfollowtightlyconstrainedbehaviour. Forinstance,theirthird

indexcanonlybe multipliedentrywise. Forthisreason,latticesaredenotedsymbolically

usingcalligraphicscript,whichhelpsdiferentiatethemfromthemorefree-wheelingmatrix

NTs.Thisalsohelpsemphasisethatlatticesareentitiesdesignedforapurelyconstructivist

role,beingimplementedinsoftwareasadatatypediferentthanNTs.Examplesofbinary

latticeoperationsaresummarisedinTable4.1.

AsTable4.1illustrates,inadditiontoprovidinganequivalentconstructivistrepresen-

tationforNTmultiplication,latticesplayanequivalentrolewhenitcomestosolvinglinear

NTequations.Sincefastandeicientmatrixcomputationsenjoyalongpedigree,mapping

anyNTproductintoalatticeproductallowstheseamlessintegrationofgold-standard MV

algorithms. Moreover,tabscanbemultipliedindependently,providingaparallelframework

foranygeneralentrywiseproduct. Thus,thelatticeformsacoredatatypeforbothLibNT
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Table4.1:Latticeoperationsandprerequisites. Dimensionprerequisitesarespeciiedby
thedimensionsequences.

Operation RequirementsoneachtabofA

C
M×N×P

= A
M×N×P

+ B
M×N×P

A
M×N×P

= A
M×N×P

+ B
M×N×P

C
M×Q×P

= A
M×N×P

∗ B
N×Q×P

C
M×N×P

=( A
M×M×P

)−1 ∗ B
M×N×P

Non-singular

C
Q×N×P

=( A
M×Q×P

)+ ∗ B
M×N×P

Fullycolumn-ranked

andNTToolbox,actingascornerstoneforNTcomputations.

FordenseNTs,mappingtoalatticeisaccomplishedbypermutingdatatokeepmem-

oryaccessesacrossinnerproductscontiguous. Oncedone,fastdensematrixroutinescan

executeorinverttheproduct.BothlibrariesusetheEigenlibrary’s[145]routinesforthis

purpose. Performingthesameoperationeicientlyinthesparsecaseismorecomplex,

whichisatopicexploredinChapter5.

4.1.3 SupportingNTAlgebra

ToseamlesslysupportNTalgebra,NTsoftwareshouldemulateascloseaspossiblethe

writtennotation.ThecapabilitiesofLibNTandNTToolboxinsupportingNTalgebracan

bebestshowcasedusinganexemplar. Withanexemplarpresented,themechanicsbywhich

thelibrariessupporttheunary,binary,andassignmentoperationsofNTalgebracanbe

explained.

Thealternatingleastsquares(ALS)algorithm,featuredinSection3.3.1forcanonical-

polyadic(CP)tensordecomposition,providesanexcellentexemplartodemonstrateLibNT

andNTToolbox’scapabilities.Forinstance,(3.69)combinesentrywiseproductsandpseudo-

inversestogether.Theexpressioninquestionisrepeatedhere:

ui′m=((vkj′vkm)(wℓj′wℓm))
+(vkj′ai′kℓwℓj′). (4.1)

FocusingonLibNTfornowandsupposingthedimensionsofaikℓaren1×n2×n3and

thenumberoffactorsintheCPdecompositionr,Figure4.3depictshow(3.69)wouldbe

expressed.

InapracticalapplicationthecodesnippetofFigure4.3wouldbeacomponentofalarger

routine. Evenso,theexampleillustratesseveralimportantfacets.Forone,sinceLibNT

usesTMPtocheckthevalidityofNTexpressions,thematchingsbetweenNTindicesare

examinedatcompile-time.SinceTMPcanonlydiferentiatebetweentypes,andnotvalues,

eachdeclaredindexmustbeadiferenttype.TheNTINDEXmacrofulillsthispurpose.

Intermsofalgebraicexpressions,LibNTfaithfullyrepresentsNTalgebra,withsmallbut

importantvariations.First,exclamationpoints,insteadofunderlines,designateentrywise
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1 DenseNT<double,3>a(n1,n2,n3); //could also be sparse
2 DenseNT<double,2>y,u,v(n2,r),w(n3,r);
3 NTINDEX i; NTINDEX j;
4 NTINDEX k; NTINDEX l;
5 //initialise values ofa,v,w
6 y(j,m)=(v(k,!j)*v(k,!m))*(w(l,!j)*w(l,!m));
7 u(i,m)=y(j,m)|~(w(k,!j)*a(i,k,l)*v(l,!j));

Figure4.3: LibNTcodeforexecutingCPtensordecompositionoperations. Thecode
snippetprovidesaprogrammaticimplementationof(3.69).Syntaxerrorsaredetectedat
compilation.

1 DenseNT a(n1,n2,n3); //could also be sparse
2 DenseNT a(n1,n2,n3),v(n2,r),w(n3,r),y,u;
3 //initialise values ofa,v,w
4 y(’j,m’)=(v(’k,!j’)*v(’k,!m’))*(w(’l,!j’)*w(’l,!m’));
5 u(’i,m’)=y(’j,m’)\~(w(’k,!j’)*a(’i,k,l’)*v(’l,!j’));

Figure4.4:NTToolboxcodeforexecutingCPtensordecompositionoperations.Thecode
snippetprovidesaprogrammaticimplementationof(3.69).Syntaxerrorsaredetectedat
runtime.

products.Second,similartoMATLAB’sbackslashoperator,the|operator,whichisthe

closestC++-supportedoperatortotheformer,isusedtoperformaninversionorpseudo-

inversiondependingonthedimensionalityanddeterminednessofthelinearmappingbeing

inverted.

Theinalimportantalterationconcernsn-aryinnerproducts.UnlikeNTalgebra,LibNT

onlysupportsbinaryoperations.Thus,toexecuteann-aryinnerproduct,theassociation

identityshouldbeusedtobreakitupintobinaryoperations. However,asdiscussedin

Section3.2.1,NTalgebrausesanimplicitconventionwherebysurroundinganexecuted

entrywiseproductwithparenthesesremovesthecorrespondingunderlines,enablingthe

expressionofn-aryinnerproducts. SincetheC++languagedoesnotprovideameans

todetectwhenexpressionsaresurroundedbyparentheses,anexplicitconventionisused

instead,wherebythẽ operatorremovesanyunderlinesfromanyexecutedentrywiseprod-

uctswithinaparenthesis.ThelastlineofFigure4.3depictsthisoperation.Theexpression

resolutioncapabilitiesofLibNTareintelligentenoughtoalsohandlesituationswherean

indexmaybeunderlinedbutnotusedinanentrywiseproduct,suchas:

x(j,k)=~(a(!i,!!j,!k)∗b(!i,!!j))∗c(i,!j,!k),

wheretheexclamationpointforkisnotremovedwithintheparenthesisbecauseitwasnot

involvedintheentrywiseproductexecutedtherein.

AsFigure4.4demonstrates,NTToolboxprovidessimilarfunctionality,exceptinthe

MATLABinterpretedenvironment.Asdemonstrated,thecodeisverysimilartoLibNT’s

version,exceptthatstringprocessingisusedtoresolveNTexpressions.Usingstringpro-

cessingmeansthatunlikeLibNT,nodeclarationofNTindicesisneededwithinNTToolbox
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a(!i,j,j,k,i)
idpredicate fullpredicate
!i j j k i

!i · ✗ ✗ ✗ ✓
j · · ✓ ✗ ✗
j · · · ✗ ✗
k · · · · ✗
i · · · · ·

!i j j k i

!i · ✗ ✗ ✗ ✗
j · · ✓ ✗ ✗
j · · · ✗ ✗
k · · · · ✗
i · · · · ·

(a) (b)

a(!i,j,k)*x(j,l,i)
idpredicate fullpredicate
!i j k

j ✗ ✓ ✗
l ✗ ✗ ✗
i ✓ ✗ ✗

!i j k

j ✗ ✓ ✗
l ✗ ✗ ✗
i ✗ ✗ ✗

(c) (d)

Figure4.5:Exampleauto-sequenceandcross-sequencechecksofNTexpressions.(a)and
(b)depictanauto-sequencecheckwhile(c)an(d)depictacross-sequencecheck.Example
originatingNTexpressionsforeachisalsoillustrated.Theleftcolumndepictsthechecks
usingtheidpredicatewhiletherightusesthefullpredicate.A✓denotesamatch,while
an✗denotesnomatch.

.Inaddition,the\operatorisusedtoperformthesolutionoflinearequations.

Whileimportanttoconsider,theslightalterationstoNTalgebranecessaryforLibNT

andNTToolbox’sfunctionalitydonotseriouslyaltertheirabilitytoreplicatetheformalism.

Expressionresolutionforbothlibrariesispoweredbyanidenticalsetofrules.Howthese

rulesareimplementeddodifer.InLibNT’scase,TMPresolvesexpressions.AsTMPisa

statelessandfunctionallanguage,recursionisfundamentaltoLibNT’sgrammarchecking.

Ontheotherhand,NTToolboxusesthecomparativelysimplerapproachofstringprocess-

ing,whichcanbeperformedprocedurallyatruntime.Thesedistinctionswillnotbedwelled

uponhere. Regardlessofanydiferencesinimplementation,thetwolibrariesrelyonthe

samesetofrulesforresolvingNTexpressions.Thesearedetailedbelow.Anycodesnippets

willbedrawnfromLibNT.

UnaryOperations

WheneveranNTdatatypeissubscriptedbyNTindices,theirststepistoalwayscheck

andperformanyexpressedunaryoperations.Apartfromresolvinganyunaryoperations,

thisalsoactsastheirstlevelofcheckingNTexpressionlegalityforanysubsequentbinary

operations.Anauto-sequencecheck,wheretheindicesofanoperandarematchedagainst

eachother,powersthegrammarcheckingrulesofunaryoperations.

Figure4.5(a)and(b)demonstrateanauto-sequencecheckusingtwodiferenttypesof

predicates. Theirst,calledtheidpredicate,onlyexaminestheindexletterwhendeter-

miningamatch,ignoringanyexclamationmarks. Thesecond,calledthefullpredicate,
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considersboththeindexletterandnumberofexclamationswhendeclaringa match.

Thesetwotypesofauto-sequencechecksareperformedtoirstconirmthatiftwoindices

sharethesameletter,theyalsoalsosharethesamenumberofexclamation marks.Ifthis

ruleisviolated,thecodewillnotcompileinLibNT’scaseandC++11’sstd::assertis

usedtoprovidea meaningfulcompilationerror message.InNTToolbox’scase,aruntime

errorwilltriggerifthecodeisrun.

Aftertheexpressionlegalityisconirmed,asecondcheckobservesifacontractionand/or

attractionisexpressed. Ifso,anycorrespondingunaryexpressionsareexecuted. For

instancethefollowingexpression,

a(!i,j,j,k,!i),

willexecuteacontractionandattractionacrossthejandiindices,respectively. Thiswill

produceasecond-degree NTindexedbyiandk. Sinceanewindexsequencehasbeen

calculated,theexpressioncanbechainedtogetherwithotherexpressionstocreatealarger

NTequation,e.g.,

a(!i,j,j,k,!i)∗b(i,l),

Binary Operations

BinaryoperationsbetweentwoNTscaninvolveany mannerof matchingbetweenoperand

indices. Across-sequencecheckbetweenindexsequencesoftwooperandsisusedtoresolve

binaryoperations.Figure4.5(c)and(d)depictanexamplecross-sequencecheckusingthe

idandfullpredicates,respectively.

Binaryexpressionsfallintotwomajorcategories—simplerentrywiseoperations,suchas

additionandsubtraction,andmoreinvolvedoperations,suchasmultiplicationandsolution

ofequations. Theformercategorycanbedenotedasabelianoperations,whichisaterm

drawnfromabstractalgebrathatreferstooperations,suchasadditionandsubtraction,

thatarecommutativebutnotdistributive.

Forthesetypesofoperations,theexpressionlegalityischeckedbyensuringthatevery

indexismatchedwithanotherindex.Inaddition,eachindexmusthavethesamenumberof

exclamationpoints.Legalityisveriiedusingacross-sequencecheckwiththefullpredicate.

SomelegalandillegalLibNTexpressionsaregivenbelow.

a(i,j,k)+b(j,k,i);\\willcompile,

a(i,j,k)+b(j,!k,i);\\willnotcompile,

a(i,j,!k)+b(j,k,i);\\willnotcompile,

a(!i,j,k)+b(!i,k,l);\\willnotcompile,

a(i,j,k,l)+b(j,k,i);\\willnotcompile.
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InstancesthatdonotcompileunderLibNTwillreportaruntimeerrorunderNTToolbox.

Sinceabelianoperationscanalsoexpressare-orderingofindexsequencesbetweenthetwo

operands,expressionresolutionalsocomputesthere-orderingoftheright-operandindices

withrespecttotheleftoperand’s.

Therulesformultiplicationandthesolutionofequationsdiferfromabelianoperations.

Inthesecases,expressionchecking musttreatentrywiseproductindicesdiferentthan

indiceswithoutexclamationmarks. Across-sequencecheckusesthefullpredicatetoverify

thatthebinaryexpressionfollowstworules:astandardindexcanhavenoneorone match

whereasanentrywiseindex must matchuponce. Standardindicesthathavea match

correspondtoinner-productindices,otherwisetheyareouter-productindices.

Providedtheexpressionpassedthecheck,there-orderingofindicesusedininner,outer,

andentrywiseproductsiscalculatedforeachoperand. Thesearethenusedtolatteneach

NTintoalattice. Afterexecutionofthemultiplicationorsolutionofequations,theresulting

latticeisexpandedbackintoanNTandreturnedalongwithanewindexsequence. For

instance,thefollowingexpression:

a(i,!j,k)∗b(k,l,!j),

willreturnanNTparameterisedbyanindexsequenceofi,l,!j.

Assignment

AssignmentinNTexpressions mayinvolveare-orderingofindices. Takeforinstancethe

followingexpression:

a(i,j,k)=b(j,k,i);,

whichinvolvesare-orderingofallindices. Thus,inexecutingassignment,the matching

betweenindexsequencesoneachsideoftheequalsign mustbeexamined.

Similartoabelianoperations,across-sequencecheckexaminesexpressionlegalityby

ensuringthateveryindexoftheleftoperandismatchedwithanindexoftherightoperand.

However,inassignment’scaseonlytheidpredicateisused,meaningtheoccurrenceofexcla-

mationmarksisignoredinmatchingindices.Someinvalidandvalidassignmentexpressions

arelistedbelow:

a(i,j,k)=b(j,k,i);\\willcompile,

a(i,j,k)=b(j,!k,i);\\willcompile,

a(i,j,!k)=b(j,k,i);\\willcompile,

a(!i,j,k)=b(!i,k,l);\\willnotcompile,

a(i,j,k,l)=b(j,k,i);\\willnotcompile.

Likeabelianoperations,akeycomponentofthematchingconsistsofcalculatingtheordering

oftheright-operandindiceswhen matchedtotheleft-operandindices.
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4.2 DenseAlgorithms

DenseNTsarerepresentedusingacontiguousarrayofdataelements,whichalsoallows

random-access.Aixedlexicographicalorderwaschosenwheredataelementsarearrayed

withthemostsigniicantindexasthelastindex,followedbythesecond-lastindexandso

on.Forasecond-degreeNTthislexicographicalorderisequivalenttocolumn-majororder

inmatrices.Thespeedofmultiplerandomaccessesisdependantonthecontiguityofthe

dataelementsbeingaccessed,whichislargelydependantonwhichindicesvarybetween

consecutivedataaccesses.LatticemultiplicationandthesolutionoflinearNTequations

areperformedusingEigen’sroutines[145].

Thissectiondetailssomeadditionalconsiderationsthathelpspeeduptheexecutionof

denseNTcomputations.RelectingLibNT’sfocusonspeed,theseimprovementshavebeen

implementedtherein.Several,butnotall,ofthesameenhancementscouldbeextendedto

NTToolbox,butthisisanaspectoffuturework.

First,Section4.2.1explainshowLibNTperformsabelianoperationswithoutcreating

extratemporaries.ThisisfollowedbySection4.2.2,whichoutlineshowLibNTpermutes

densedatabasedonanindexrearrangementorshule.Section4.2.3discusseshowindex

re-orderingcalculationscanbeavoided. Finally,Section4.2.4brielyoutlinesinstances

whereanNTproductneednotbeexecutedusingalatticeproduct.

4.2.1 AbelianOperations

C++isaneagerprogramminglanguage,whichmeansthatexpressionsareevaluatedim-

mediately.Asaresult,n-aryexpressionscomposedofmanyoperandsmayproducealarge

numberoftemporaryobjects.Forinstance,inaneagerlanguagethefollowingexpression,

y(i)=a(i)+b(i)+c(i), (4.2)

producesairsttemporary,theresultofa(i)+b(i),whichisthenaddedtoc(i),creating

anothertemporary.Thisresultsintwoseparatelooptraversalsovertheindexrangeofi,

inadditiontoanyaddedmemoryconsumedbythetemporaries.

Ifonewascoding(4.2)byhand,themosteicientimplementationwouldbetoloop

throughallNTssimultaneously,andperformaternaryadditionacrosseachofthethree

operands,assigningtheresulttoy(i). Thisnotonlysavesonmemorycosts,butitalso

meansthatonlyonetraversalthroughtheelementsisneededratherthanthetwotraversals

neededintheeagerscheme.Thislatterbeneitalsoenjoystheaddedadvantageofreducing

cachemissesshouldtheNTsinquestionbesmallenough.

Expressiontemplatesprovideameanstorealisethebeneitsofhand-codingexpressions

like(4.2). Bycombiningstaticdispatchwithlazyevaluation,expressiontemplatesoften

producecodethatiscomparabletoorevenfasterthanhand-codedsolutions[101,127,142].

Whileexpressiontemplatesmeanonecanavoidhand-codingeverypossiblen-aryoperation,

usingthemstillrequirescodingeverypossiblebinaryexpression. Whenusingindicial
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notation,e.g.,EinsteinorNTalgebra,thismeanscodingeverypossibleindexmatching

foreverytypeofarithmeticoperation.ForN-degreeoperands,thereareN!possibleindex

matchingsjustforabelianoperationsalone,aquicklyunworkablenumber. Thisperhaps

explainswhyFTensorandLTensor,twoexpression-templatelibrariesforhigh-degreedata,

onlysupportgeneralNTsuptodegreetwo[101]andfour[127]2,respectively. Blitz++,

whichsupportshigh-degreeEinsteinnotation,evaluatesexpressionseagerly.

WhileitispossibletouseC++11’sincrediblylexible std::functionobjecttoper-

formlazyevaluation,thiswouldbeaccompaniedbyvirtualfunctioncalls,whichareto

beavoidedforrepeatedcallsinnumericallibraries[142]. Forthisreason,LibNTdoes

notevaluateabelian,oranyotheroperations,lazily. ThismeansLibNTwouldperform

twolooptraversalstoevaluate(4.2).Nonetheless,eventhoughiteschewslazyevaluation,

LibNTstillmanagestoavoidcreatingunnecessarytemporaries.Forinstanceinevaluating

(4.2),LibNTirstcreatesatemporaryNTthatholdstheresultofa(i)+b(i).Afterwards,

whenc(i)isaddedtothetemporaryNT,LibNTwillrecogniseitstemporarynatureand

changethe+operationtoa+=one. Uponassignmenttoy(i)std::movesemanticsare

employed,avoidinganeedlesscopy. Thus,LibNTavoidscreatinganyextratemporary

memorylocationswhenperformingabelianoperations.

Thisprocessisinvisibletotheuserandisdispatchedstaticallyduringcompilation,

meaningthisoverheaddoesnotimpactruntimes.Intermsofexecutiontime,avoiding

additionalmemoryprovidessigniicantboostsinruntimespeed,especiallywhenNTsare

oflargedimensionality.

4.2.2 DensePermutations

PermutationofdataelementsbasedonanindexshulerepresentsakeyoperationinLibNT

thatunderliesmanydensearithmeticoperations.ForN-degreedata,thesepermutations

canbeconsideredgeneralisationsofthefamiliartranspositionoperationintheMVframe-

work.Oneoperationthatfrequentlyrequirespermutationsisassignment.Forinstance,the

followingexpressionillustratesathird-degreeassignmentrequiringapermutation,

bjik=aijk. (4.3)

SincethecontentsofaijkarebeingwrittentoanewNT,(4.3)isbestexecutedusingan

out-of-placepermutation,providedaijkisnotatemporaryobject.

Ontheotherhand,ifaijkisdesignatedastemporary,e.g.,anrvaluereferenceinC++11,

thenanin-placepermutationcouldalsobeagoodoption. Thiscanoccurfrequently,as

theexecutionofNTarithmeticexpressions,especiallyn-aryoneswithmanyoperands,

willproducetemporaryobjectsthatoftenmustbesubsequentlypermutatedbeforebeing

assignedorusedinsubsequentoperations.

2Althoughwewereunabletocompilecertainthirdorfourth-degreeexpressionswiththeLTensorcode
base.
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Inthe MVparadigm,permutationsarelimitedtothefamiliartwo-indextransposition.

Eventhebestin-placetranspositionalgorithmscannot matchtheout-of-placeversionsin

runningtime[171],relegatingin-placetranspositiontoonlythosesituationswherememory

useisabsolutelyparamount. However,whenworkingwithintheN-degreecontextofthe

NTframework,pinningdownthe meritsofin-placevs. out-of-placepermutationsisnot

soblack-and-white,asrunningtimesareafectedbytheNTdegree,absolutesizesofindex

ranges,relativesizesofindexranges,andthespeciicpermutationinquestion.

Verylimitedworkonin-placehigh-degreepermutationscanbefoundintheliterature.

Forinstance, Ding[172]discussedanin-placepermutationalgorithmfor NTs,butthe

postedresultsonlyconsideredoneparticularpermutationofthird-degree NTs. Forthis

reason,therelativespeedsbetweenthetwooptionsremainsvery muchunclearand more

experimentsareneededtogainabetterpictureofthe meritsofin-placevs.out-of-place

densepermutations.

Tohelpillinthispicture,anin-placepermutationalgorithm wasimplementedin

LibNT.Theroutineisbasedonthevacancy-trackingcyclesalgorithmofDing[172]along

withtheimprovementsuggestedinSec.III AofJieetal.’swork[173].Inthesimplest

version,abitarrayisusedtokeeptrackofwhichdatalocationshavebeentouchedornot.

Variousauthorshavepublished meanstoavoidthestorageofthisbitarray[171,172,174],

butwhenimplementednoneofthesewereableto matchtherunningtimeswhenthebit

arrayisincluded.Forthisreason,LibNTtakesthebit-arrayapproach,alongwithitsadded

memoryconsumption.

Experimentsperformedpermutationsonthird,fourth,andifth-degreeNTs. Therun-

ningtimesofin-placevs.out-of-placepermutationsfordiferentdimensionalitiesareplotted

inFigure4.6.Forthespeciicdimensionalities,degrees,andpermutationsinquestion,the

resultsindicatethatin-placepermutationcanpostrunningtimescompetitivewithitsout-

of-placeversion. Thus,LibNToptsforin-placepermutationsoftemporarydenseNTsof

third-degreeorhigher,becauseruntimecomparesfavourablywiththeout-of-placeversions

andthereisnoextra memoryconsumption.

TheseresultsonlyshedlightonasliveronthediferentpermutationpossibilitiesLibNT

mayencounter,andmoreworkisneededtocharacterisetherelativemeritsofeachpermu-

tationtype. Thisshouldincludeapproachesfoundwithincomputationalchemistry,where

tuned[93]and multi-threaded[95]approachestodensepermutationshavebeenshown

toyieldsigniicantperformancegains. Similarstrategiesshouldbeexploredforthe NT

software.

4.2.3 AvoidingIndex Calculations

LibNTcansupportany mannerof matchingbetweenindicesforanyofthesupported

arithmeticoperationsorassignments.Forinstance,intheexpression,

c(i,j,k)=a(k,i,j)+b(j,k,i),
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Figure4.6: Comparisonofout-of-placevs.in-placepermutationtimes. Theratioofin-
placetoout-of-placepermutationsofthesameNTisplottedforincreasingdimensionalities,
wheretheexecutedpermutationisindicatedinthelegend.10trialswereperformedat
diferentdimensionalitieswithtrendlinesindicatingmedianvalues.Dimensionalitieswere
dim=n×2n×3n,dim=3n×2n×3n×n,anddim=2n×n×2n×3n×nforthethird,
fourth,andifth-degreeNTresults,respectively.Thex-axisplotsthedimvalues.

eachelementofb(j,k,i)mustbeaddedtoamatchingelementina(k,i,j)whoselo-

cationisbasedonhowoperandindicesmatchup. Asimilarprocessisinvolvedwiththe

resultingassignment. Thisnecessarymatchinginvolvescalculatingequivalentindexloca-

tions,whichmayconsumesigniicantcomputationalcyclesrelativetothearithmeticor

assignmentoperationinquestion.

Nevertheless,someNTcalculationsdonotexpressanindexshule,suchasthefollowing:

c(i,j,k)=a(i,j,k)+b(i,j,k).

LibNTisintelligentenoughtorecognisesuchsituationsatcompiletimeandwillstatically

dispatchtospecialisedandsimpleroperationswhenneeded.Forinstance,iftheNTsare

densetheadditionoperationwillsimplyaddtheelementsofbtoawithoutanyindexcalcu-

lations. Dispatchingatcompile-timecanprovidesigniicantboostsforlow-dimensionality

dense-NTcalculationswheretheimpactofanyruntimeoverheadisdisproportionatelylarge.

Similarly,whenmappingNTstolattices,LibNTwillstaticallydetectcaseswheredata

permutationscanbeavoided.InthesecasesLibNTwillwraptheexistingNTdatawitha

latticedatastructureanduseitdirectlywithinalatticeproductorinversion.

4.2.4 SpecialProducts

Computationaland/ormemorycostsaccompanytheprocessofmappingNTstolattices.

FordenseNTs,themappingcaninvolveasigniicantamountofdatapermutation. The
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associatedcostsareusuallyjustiiedastherearrangementofdataelementsensureshigh

memorylocalityduringtheexecutionofaninnerproduct.

However, whenonlyouterorentrywiseproductsareinvolvedthecostsofthelattice

mappingbecomehardertojustify. Forinstance,fordenseNTsapureouterproductcan

simplybecomputedby multiplyingeveryelementinoneNTwitheveryotherelementin

thesecondNT. Thus,ifonlyouterproductsareinvolvedNTindicesneednotbe matched

togetherandthereisnoneedtoplacedataelementsinsomespeciicorder.Infact,while

notaddressedhere,thesameconclusionappliesforsparseNTs,exceptonlythenon-zeros

ofthetwoNTsneedbe multiplied.

Whenentrywiseproductscomeintoplay,withorwithoutouterproducts,denseNTscan

bemultipliedbysimplyusingtherandom-accessabilityofcontiguousdatatomultiplyNT

elementswiththesameentrywiseproductindices. Thus,whenanNTproductexpresses

noinnerproducts,thereisnoneedto mapdense NTstolattices. LibNTdetectsthese

instancesatcompiletimeandstaticallydispatchestoa multiplicationroutinespecialised

toonlyhandleentrywiseandouterproducts.

4.3 DensePerformance

TogaugetheefectivenessofLibNTandNTToolbox,wemeasuretheirperformanceagainst

otherleadinghigh-degreelibraries. Wefocusonpubliclyaccessibleimplementationsthat

haveafocusonarithmeticcalculationswithhigh-degreedata[101,112,124,125,127,175].

Wealsodonotcompareagainstcomputationalchemistrypackagesdesignedfor massively

parallelsystems,e.g.,theTensorContractionEngine(TCE)[91,92,93]andtheCyclops

TensorFramework(CTF)[95],ormany-coreshared-memorysolutions,e.g.,Libtensor[94].

Itshouldbenotedthatalltheselibraries,benchmarkedornot,oferrichfunctional-

ityoutsidethatofpurehigh-degreearithmetic, muchof whichistrailblazing. Thefact

thattheselibrariesfocusondiferentdomainsdemonstratesthewidespreadutilityofhigh-

performanceNTarithmetic. AssuchweviewLibNTandNTToolboxascomplementaryto

theseeforts.

Thetopicofsmall-dimensionalitycomputationsisexploredirst,afocusofNTcomputa-

tionalworkthatplacesheavyemphasisonreducingruntimeabstractionpenalties[101,125,

127]. Thisisfollowedby moregeneralisedbenchmarksincorporatingentrywiseproducts

neededinCPtensordecomposition.Sincethedatainvolvedcanrangefromsmall-tolarge-

dimensionalityNTs,thelatterbenchmarksmeasureperformanceacrossawidespectrumof

conditions. DetailsonthetestplatformandcompilercanbefoundinAppendixB.

4.3.1 Small-Dimensionality Benchmarks

Fastsmall-dimensionalityNTcomputationsareimportantforgeneralrelativity[101],computer-

graphics[70],andcomputationalmechanics[127].Insmall-dimensionalitysettings,reducing

abstractionpenaltiesisparamount,astheirrelativeimpactonperformancecanbehigh.
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ItisforthesereasonsthatthedevelopersoflibrarieslikeBlitz++[125],FTensor[101],

andLTensor[127]haveexpendedconsiderableeforttowardusingC++TMPtosupport

Einsteinnotationwithlittletonoruntimeabstractionpenalties.SinceLibNTalsoaimsto

supportitsNTalgebrawith minimalruntimeabstractionpenalties,comparisontoleading

small-dimensionalitylibrariesareilluminating. Oncethecapabilitiesoftheselibrariesare

explained,twobenchmarks measuretheircomparativeperformance.

FTensorisapowerfullibraryprimarilyfocusedonphysicscomputationsandhasbeen

laudedforitsabilityto matchhand-craftedcodespeeds whilestillprovidingalexible

Einstein-notationinterface[126]. Toachievetheseimpressiverunningtimes,FTensoreval-

uateseveryoperationlazily. UniquelyFTensorrequiresuserstospecifydimensionality

atcompiletime. ThislatteraspectallowsFTensortotakeadvantageofloopunrolling

optimisations. Unfortunately,thisalso meansthatonecanquicklyreachthetemplatein-

stantiationdepthofthecompiler,restrictingFTensor’susetoonlysmalldimensionality

NTs. Aswell,FTensorusesexpressiontemplatesforeachdiferentmatchingofindicesthat

itsupports.Sincethenumberofpossibleindexmatchingsincreasesfactoriallywithdegree,

onlygeneral NTsuptoseconddegreearesupported. Theselimitationsarenotactually

negativesforthephysicsapplicationsFTensor wasdesignedfor,buttheydorestrictits

applicabilitytoothertypesofproblems.

Providingamoregeneralinterface,LTensorrelaxessomeoftherestrictionsofFTensor,

byprovidingdynamicallysizedNTsinadditiontostatically-sizedversions.LikeFTensor,

LTensorevaluatesexpressionslazilyandusesexpressiontemplatestoaccountforevery

possibleindexmatching. Astheauthorsnote,thisrequiredconsiderableamountof“tedious

work”[127]. Despitetheauthors’claimstosupportuptofourth-degreeNTs,duringtesting

wewereunabletosuccessfullycompileexpressionsthatincludedNTsgreaterthansecond

degree.

Actingasthe mostgeneralofthethreelibraries,Blitz++isconsideredanexemplarin

eicientdensearraycalculations,trail-blazing manyoftheTMPandexpressiontemplate

techniquesthatnowseeprevalentuse[126]. Blitz++supportsEinsteinnotation,except

thatitdoesnotallowindicesontheleft-handsideofexpressionsandrequiresafreefunction

calltoperforminnerproducts. UnlikeFTensorandLTensor,Blitz++supportsentrywise

products. Aswell,Blitz++evaluatesallEinsteinnotationexpressionseagerly,avoidingthe

limitationsonNTdegreeseeninFTensorandLTensor.

Allthreeofthedetailedlibrariesimplement multiplicationbyaccessing NTelements

withoutpermutingthedata. ThisisincontrasttoLibNT, whichphysicallypermutes

dataintolatticeor matrixform. Sinceextremelyfastsmall-dimensionalitycomputations

areanimportantdriverforhigh-degreecomputations,itisimportantto measureLibNT’s

performancecomparedtotheselibraries. Theprimaryoverlappingfunctionalityofthe

citedlibraries withLibNTareaddition/subtractionandinner/outerproducts. Forthis

reason,benchmarksonlyconsistedofthoseoperations. Toisolatediferencesinoperation
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Figure4.7:Benchmarksforsmall-dimensionalityadditionandsubtraction.Testsexecuted
theexpressionin(4.4).AlldimensionalitieswerealwaysN×N.Theratioofrunningtimes
ofLibNTtoeachlibraryisplotted,wherethebottomaxisdenotesNandthetopx-axis
displaysthenumberoftrialsforeachN.

performance,eachoftheseoperationcategoriesweretestedindependently,minimisingthe

efectofconfoundingfactors.SinceFTensoronlysupportsgeneralNTsuptoseconddegree

andwewerealsounabletocompilethirdorfourth-degreeLTensorcode,benchmarksonly

consistofoperationsonsecond-degreedata. Aswell,sinceBlitz++doesnotsupport

Einsteinnotationontheleft-handsideofequations,operationswerechosenthatdidnot

involveapermutationduringassignment.

Theirstbenchmarkfocusesonaddition/subtractionofsecond-degreeNTs.Speciically,

giventhreeoperands,xij,yij,andnij,thefollowingexpressioniscalculated:

nij=yij−xij−yij−xji+yji−xij−yji−xji, (4.4)

where(4.4)includesallpossiblematchingofindicesbetweenyijandxij,highlightingper-

formancewhendatamustbeaccessedinanon-contiguousmanner.Thisexpressionplaysto

manyofthestrengthsofFTensorandLTensor,astheselibrariesusemanuallyprogrammed

expressiontemplatesforeachofthediferentindexmatchings,avoidinganyruntimecalcu-

lationsofpermutedindexofsets.Then-aryexpressionof(4.4)isalsohighlyamenableto

thelazyevaluationschemeofthetwolibraries,whichcancalculatetheentireexpression

usingonlyonelooptraversalandnotemporaries.

Testsexecuted(4.4)N×N denseNTswithincreasingvaluesofN. Sincerunning

timesforasingleexecutionof(4.4)atthelowestdimensionalitiescanbesmallerthan

theresolutionofC++’stimers,therunningtimeforrepeatedexecutionswasmeasured.

Figure4.7illustratestherunningtimesofthethreelibrariescomparedtoLibNTforvalues

ofN rangingfrom2to2048. Unsurprisingly,LTensorandBlitz++highlyoutperform

LibNTatlowerdimensionalities,astheindexmatchingcalculationsthatLibNTexecutes

arerelativelymoreexpensiveatsuchlowdimensionalities.Surprisingly,FTensordidnot
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performwellatanydimensionality.Thismaystemfromthetestplatformandcompilerwe

used,whichmaynotbefavourabletoFTensor’scompletestaticunrollingofloops.However,

withoutathoroughinvestigationofFTensor’scompletecodebaseandassemblyoutputthis

speculationcannotbeconirmed.SinceFTensorusesstaticallydeineddimensionalities,

thetemplateinstantiationdepthlimitwasreachedfairlyearlyonatN=32.

Athigherdimensionalitiesthecomputationalcostsbegintobedominatedbytheactual

arithmeticoperations,mitigatingthecostofLibNT’scalculationofpermutedindexof-

sets.Somewhatsurprisingly,despiteitseagerevaluationschemeBlitz++isabletoalmost

matchLTensor’sperformancethroughouttheentirebenchmark. Blitz++’sperformance

becomeslesssurprisingwhenconsideringtheconsiderableefortsandexpertisethedevel-

opersappliedinoptimisingthelibraryfordiferentplatforms,includingissuesrelatedto

memoryalignmentandvectorisedcode.Thisisalsorelectedintheneedtoconigureand

buildBlitz++,optimisingthelibraryfordiferentplatforms. Thisisincontrasttothe

header-onlyprincipleofLibNT,LTensor,andFTensor.

IntermsofLibNT’sperformance,themostimportantconclusionstodrawarethat

despiteusingabenchmarkhighlyfavouringtheotherlibraries,LibNTcanstillperform

competitively.Infact,atdimensionalitiesof8×8,LibNT’sperformancebeginstobecome

competitivewiththatofBlitz++andLTensor. Eventually,LibNTmatchesorexceeds

theothertwolibrariesinruntimeperformance.LibNTrealisesthisperformance,despite

oferingamoregeneral-purposeenvironmentforcalculationswithhigh-degreedatawitha

greatersetofoperationsandbettersupportforlarge-scaleoperations.

Thesecondbenchmarkfocusesoninnerandouterproductsbyevaluatingthefollowing

expressionswithdenseNTs:

nik=yijxjk, (4.5)

nik=yijxkj, (4.6)

nik=yjixjk, (4.7)

nik=yjixkj, (4.8)

wherethediferentindexplacementstesttheperformanceofthelibrariesinperforming

innerproductsinconcertwithindexpermutations. Likethepreviousbenchmark,NT

dimensionalitieswereN×N,andperformancetestedspeedforincreasingvaluesofN.

Figure4.8depictstheresultsofthisbenchmark. Astheiguredemonstrates,allthree

competitorlibrariesoutperformLibNTatsmallNTdimensionalities,withtheexceptionof

Blitz++attheverysmallestdimensionality.Asexpected,FTensorandLTensorperformed

bestwithsmallNTs,relectingtheadvantageofavoidingpermutationsandsimplyaccessing

datanon-contiguouslyatlowdimensionalities. However,athigherdimensionalitiesthese

librariesarequicklyoutmatchedbyLibNT.Thisperformancedropofislikelytheresult

ofgreaternumbersofcachemissesfromnon-contiguousdataaccessduringinnerproducts.

AsBlitz++alsoaccessesdatanon-contiguouslyitsperformancecloselymatchesthatof
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Figure4.8:Benchmarksforsmall-dimensionalityinnerandouterproducts.Testsexecuted
theexpressionsfrom(4.5)to(4.8).DimensionalityofallNTsisalwaysN×N.Theratio
ofrunningtimesofLibNTtoeachlibraryisplotted,wherethebottomaxisdenotesNand
thetopx-axisdisplaysthenumberoftrialsforeachN.

LTensor,exceptatlowdimensionalitieswhereBlitz++’scalculationsofindexpermutation

ofsetstakesagreatertollonexecutionspeed.

Ingeneral,permutingdatabeforehandhelpsincreaselocalityfortherepeatedelement

accessesinvolvedinaninnerproduct,butasseeninFigure4.8atlowdimensionalitiesthe

costofpermutationwilloutweighanybeneits. Hence,fortheverylowestofdimension-

alities,accessingdatanon-contiguouslyisbest. Nonetheless,bythetimedimensionalities

havereached32×32to64×64,thebeneitsofpermutationbegintobearfruit. Atthe

highestdimensionalitiesof512×512LibNToutperformsbothLTensorandBlitz++by

almostafactorof8.Theseresultsindicatethatdimensionalitiesneedonlyreach32×32

beforeLibNTbecomescompetitive,andverysoonafterwardsLibNTfaroutpacestheother

libraries.Consequently,dimensionalitiesneednotreachhighmagnitudesbeforeLibNTcan

begintocompetewithoroutperformtheseleadinglibraries.

4.3.2 GeneralisedBenchmarks

Whileblazingfastsmall-dimensionalitycomputationsremainimportant,inactualitypracti-

calcalculationswithhigh-degreedatacanrunthegamutfromsmall-tolarge-dimensionalities.

Formanyofthesecases,inparticularlarge-dimensionalitycomputations,runtimeabstrac-

tionpenaltiescanbelessofaconcern. Moreover,manyapplications,e.g.,tensordecompo-

sition,requireoperationsoutsideofthesecond-degreeinnerandouterproductsofFTensor

andLTensor.Thus,itisimportanttocharacteriseperformanceofmoregeneralisedoper-

ationsthatveerintothedomainoflarge-scalecomputationsandentrywiseproducts. We

beginbyoutliningthreeleadingslibrariesdesignedtosupportgeneralisedNToperations

andcontrastthemwithLibNTandNTToolbox.Afterwards,wedetailabenchmark,drawn
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fromCPdecomposition,thatmeasuresperformanceinexecutinggeneralisedNToperations.

Intermsoflibrariesthatcansupportgeneralisedlarge-scaleoperations,Blitz++,pro-

iledintheprevioussubsectionforsmall-dimensionalitycomputations,isaprominentex-

ample[125]. Asnoted,Blitz++’sEinstein-notationfunctionalitysupportsdenseinnerand

entrywiseproducts, withthelatterexecutedbydefault. Free-functioncallsarerequired

toperforminnerproducts. Thelibrarydoesnotsupportassignmentsorinversionsusing

Einsteinnotation.

Movingtointerpretedsolutions,NumPy[175]oferssimilarEinsteinnotationfunction-

alityasBlitz++,butforthePythonenvironment. NumPyofersafree-functionEinstein-

notationinterfacethatsupportsentrywiseproductsusingtheassignmentconventiondis-

cussedinSection3.2.1.Italsoprovidesfullsupportforadditionsandsubtractions,butonly

limitedsupportforlinearinversion. Aswell,NumPystrivestoavoidallocationoftempo-

rary memory,implementingn-aryexpressionsusingonelargecomputation. However,this

canproduceitsownslowdowns,andinourexperienceNumPycoderunsfasterwhencode

is manuallybrokenline-by-lineintobinaryexpressions, whichcanoftenbeinconvenient

andverbose.

UnlikeLibNTandNTToolbox,NumPyandBlitz++donotmapNTproductstolattice

products.Insteadtheyaccessdatawithoutpermutes. AsoutlinedinSection4.3.1,this

strategycanbefastforsmall-dimensionalityNTs. However,byforegoingtheuseofgold-

standardmatrix-multiplicationroutinesandnotensuringdatacontiguity,performancewith

large-dimensionalityNTs maysuferasaresult.

The MATLAB Tensor Toolbox(MTT)[112,124]isanotherinterpretedsolution,de-

signedtosupportn-mode+ notationinthe MATLABenvironment. Assuch,itdoesofer

routinesforgeneralinnerandouterproductsacrossNTindices. However,thesecomein

theformofbinaryfree-functioncalls, meaning multi-operandexpressions mustberealised

usingnestedfunctioncallsormustbebrokenintoseparatecodelines,whichcanbeverbose

anddiiculttoparse. Nonetheless,the MTT mapsits NTproductsto matrixproducts,

leveraging MATLAB’sLAPACKroutinesandresultinginfastexecutiontimesforinner

andouterproducts. However,the MTTonlyprovideslimitedsupportforentrywiseprod-

ucts,intheformofpureentrywiseproductsand Khatri-Raoproductsoflattened NTs.

TheprovidedKhatri-Raoimplementationsarefast,butrelyonspecialisedimplementations

thatdonotgeneralise. Aswell,the MTTdoesnotsupportlinearinversionandgeneralNT

additionandsubtraction.

Thus,ingeneralNumPyand,toalesserextent,Blitz++provideagreaterand more

lexiblesetofNTalgebraicoperationsthanthe MTT,butwithoutexploitinggold-standard

matrixcomputationalgorithms. The MTT,ontheotherhand,reliesheavilyontried-and-

tested matrixcomputationalgorithms,butonlyofersalimitedsetofoperationsoutside

ofinnerandouterNTproducts. TheNTsoftwarewedescribe,withlatticeproductsform-

ingitscomputationalbackbone,aimstoprovidethe MTT’shighcomputationaleiciency
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whileoferinganenvironmentforgeneral-purposeNTarithmeticevenmorecompletethan

NumPy.

Agoodwaytogaugesuccessinthisregardistomeasureperformanceinexecuting

functionalitycorrespondingtotheMTT’sspecialisedcode.Ideally,performanceshouldbe

asgood,orbetter,thanthe MTT. However,thisperformancewouldberealisedusing

thegeneral-purposelatticedatastructure,whichcanexecuteNTproductsoutsideofany

specialisedroutine.Tothisend,thefollowingcomputations,foundwithinthethird-degree

CPdecomposition,provideexcellentbenchmarks:

aikℓuijvkj, (4.9)

aikℓuijwℓj, (4.10)

aikℓvkjwℓj. (4.11)

LikeLibNTandNTToolbox,Blitz++andNumPycanexecute(4.9)-(4.11)algebraically.

TheMTT,ontheotherhand,employsitsspecialisedandnon-algebraicmttkrproutineto

executeeachof(4.9)-(4.11).Eicientmeanstoexecutethisroutine,whichstandsformatri-

cisedtensortimesKhatri-Raoproduct,isacommontopicwithinthetensordecomposition

ield[176,177].

ComparingtheperformanceofBlitz++andLibNTinexecutingthisbenchmarkallows

theimpactofusinglatticestobemeasured.Thepotentialconfoundingissuesofruntime

abstractionpenaltiesshouldnotbeanissue,sincebothlibrariesusesimilarTMPstrategies

tosupporttheiralgebras. Therunningtimetoperform(4.9)-(4.11)wasmeasuredusing

dimensionsofN×N×NforaikℓandN×5foreachsecond-degreeNTfactor.Thiswas

performedforvaluesofNrangingfrom50to300andrepeated10timesforeachvalueof

N.

Figure4.9(a)depictstheresultofthisbenchmark.Astheigureillustrates,atalldimen-

sionalitiesLibNToutperformsBlitz++.AsNincreases,theperformancegapincreases,to

thepointofLibNTrunningover10timesfasterthanBlitz++,demonstratingthemerits

ofusingthelatticeasthecorecomputationaldatastructureforNTproducts.

Usingthesameexperimentalsetup,butwithNvaluesrangingashighas500,exper-

imentsmeasuredtheperformanceofNTToolboxvsthe MTTandNumPyinexecuting

(4.9)-(4.11). ToensuregoodspeedforNumPy,thecodewasbrokenintoonebinaryex-

pressionperline.Figure4.9(b)depictstheseresults.Astheigureillustrates,atlowvalues

ofN,NumPy’simplementation,whichdoesnotpermutedata,isabletomatch MTT’s

hand-craftedmttkrproutine.However,asNincreases,themeritsofexploitingfastmatrix-

multiplicationalgorithmsbegintotell,withtheMTTeventuallyperformingover3seconds

faster.

FocusingonNTToolbox,itmatchesorexceedstheperformanceoftheMTTatalmost

allvaluesofN.TheexceptionisatlowvaluesofN,whereproilingrevealsthetimespent

isdominatedby MATLAB’sbuilt-instring-matchingfunctionsforparsingNTalgebra.
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Figure4.9: Benchmarksfor multiplicationsneededfordenseCPtensordecomposition.
Testsexecutedtheexpressionsin(4.9)-(4.11). Trendlinesrepresentmedianof10trials
anderrorbarsdesignatequartiles.(a)depictsperformanceofLibNTvsBlitz++while(b)
depictsNTToolboxvstheMTTandNumPy.

Supportingthisassessment,LibNT,whichhasalmostnoruntimeabstractionpenaltiesand

usesthesamelattice-productalgorithms,executesatthehighestspeedatlowvaluesofN.

However,onceruntimebecomesdominatedbytheactualNTproductswithinthemttkrp

operation,theadvantagesofthelatticeproductbegintomanifest,eventuallyoutperforming

the MTTbyroughly35%.Importantly,unlikethe MTT’shand-craftedfunctions,these

capabilitiescanbeextendedtoanyNTalgebraicoperation.

Theseresultsdemonstratethatarmedwiththelatticedatastructure,LibNTandNT-

Toolboxcaneicientlyexecuteawide-rangeofNTalgebraicexpressions,whilematching

theperformanceofmorespecialisedandnon-generalisableroutines. Thus,theseresults

bolsterthecaseforusingthelatticeasacorecomputationalplatformforNTproducts.

4.4 Summary

Apowerfulandefectivesoftwareformsthebodyofanyefectiveframeworkwithintechnical

computing.Relectingthis,NTsoftwareisacentralthrustwithinthedevelopmentofthe

NTframework.ThischapteristheirstoftwodevotedtoNTsoftware,providingadense

foundationforcomputingNTalgebraoperations. TheLibNTandNTToolboxlibraries

areintroduced,whichareopen-sourcelibrariesforNTalgebraimplementedinC++and

MATLAB,respectively.

WeirstprovideageneraloverviewoftheNTsoftwarelibraries.Tostart,weoutlinethe

designprinciplesanimatingLibNTandNTToolbox,whichbothoferaenvironmentwhere

userscanprogramdirectlyusingNTalgebra.LibNTisdesignedtobeascomputationally

eicientaspossible,relectedinitsuseofGP,TMP,andthePSCPidiomtominimisethe
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runtimeoverheadneededtoresolve NTalgebraicexpressions. NTToolbox,ontheother

hand,isdesignedtobeasprogrammaticallyeicientaspossible,resolving NTalgebraic

expressionsentirelyatruntime.

Eventhoughbothlibrariesbalanceprogrammingandcomputationaleiciencydifer-

ently,theyusethesamecorekernels. The mostprominentof whichisthelatticedata

structure, whichprovidesacomputationalplatformtoeicientlyexecuteorinvertany

combinationofinner,entrywise,andouterproductsbetweenN-degreeNTs.Importantly,

thelatticedatastructureprovidesareadymeanstointerfacetotried-and-tested MVcom-

putationalalgorithms. Apartfromthelatticedatastructure,bothlibrariesalsosharethe

samerulesforcheckingNTalgebragrammar,providingaconsistentandalmostseamless

interfacetoNTalgebra.

ThesegeneralprinciplesaremadeconcretethroughasuiteofdenseNTalgorithms. We

detailstrategiestoreducesuperluous memoryconsumptioninn-aryexpressionsandshed

lightonthemeritsofin-placevs.out-of-placedensepermutations. Aswell,weoutlinehow

LibNTcandiscovereicienciesatcompiletimetoavoidunnecessaryindexcalculationsand

needlesspermutations.

TwobenchmarksdemonstratetheexcellentperformanceofLibNTand NTToolbox.

First,small-dimensionalitybenchmarkstestLibNT’ssuccessinreducingabstractionpenal-

tiescomparedtotheleadingBlitz++,FTensor,andLTensorC++libraries. Resultshigh-

lightLibNT’scompetitivenesstotheselibraries,whichisrealiseddespiteoferingagreater

setofarithmeticoperations. Second,generalisedbenchmarksillustratethe meritsofthe

latticedatastructureinexecutingsmall-tolarge-scale NTproducts. Thesetestsreveal

thatLibNTandNTToolbox,whichrelyonthelatticedatastructure,oferahighlygeneral

environmentforNTcomputationsatspeedscompetitivetoorexceedingthatofBlitz++,

the MTT,andNumPy.

Theprinciples,algorithms,anddatastructuresoutlinedinthischapterformasolid

foundationforanNTsoftwareimplementation. Embodiedbytheopen-sourceimplemen-

tationsofLibNTandNTToolbox,NTsoftwareservesasanintegralcomponentoftheNT

framework.ExpandingthescopeoftheNTsoftwarefurthercantakeseveralforms.Inthe

nextchapterwefocusononesuchimportantelaboration,discussingthetopicofsparseNT

computations.
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Chapter5

ExploitingSparsity

Eicientsparse-matrixdatastructuresandalgorithmshavehadanunquestionablymassive

impactontheieldoftechnicalcomputing. Thisisduetoanincreasinglygreaterneed

to work withlargedatasets. AsSection2.2.2highlights,“thecurseofdimensionality”

magniiesthisneedwithinnumerictensor(NT)contexts. Thus,justaswasdonewith

matrix-vector(MV)computations,sparseNTdatastructuresandalgorithmscanprovide

practitionerswiththetoolstotackleotherwiseintractablelarge-scaleproblems.Forthese

reasons,efectivesparsedatastructuresandalgorithmsformanessentialcomponentofthe

NTframework. While manyoftheprinciplesbehindsparse-matrixcomputationscanbe

employedinasparseNTcontext,coredatastructuresandalgorithmsstillmustbetailored

forthisuniqueanddemandingsetting.

Apartfrom workintolow-parametricrepresentations[89,178,179,180]andimplicit

representationsofhigh-degreeoperators[54,67,128],researchershavealsofocusedonhow

toexplicitlyrepresentsparseNTs[124,150,151,152,176,177,181]. Tensordecomposition

drivesagreatdealofthiswork[124,150,151,152,176,177],butapplicationsinvolvinghigh-

degreelinearoperators[54,67,128]andhigh-degreepartialderivatives[181]alsoseeneed

forsparse NTs. Additionally,theknownlinkbetweensymmetric NTsandpolynomial

equations[78]introducesfurtherimpetusforsparse NTcomputations. Consideringthe

high-sparsityofreal-worldpolynomialequations[74],ifNTsareusedto manipulatesuch

equations,eicientsparsealgorithmswillbeneeded(likelyalongwithsymmetric-speciic

optimisations[153]).

ThetopicofdatastructuresandalgorithmsforgeneralsparseNToperationshasbeen

broachedpreviouslybyBaderand Kolda[124]aspartoftheir MATLABTensorToolbox

(MTT). Yet,sincethe MTTdoesnotprovidehigh-performancekernelsofitsown[153],

thereisconsiderableopportunitytofurtherdevelopthestateofsparseNTcomputations.

AsBaderandKoldathemselvesnote,continueddevelopmentofsparse-tensorcomputations

iswelcome[124].

Withthisvisionin mind, wedetailasetofcorekernelsforsparsecomputationsfor

the NTframework. SharingBaderand Kolda’s[124]designphilosophyofnotfavouring
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anyparticularindexoveranother,weoutlinealexibledatastructurethatisrelatedto,

butdiferentfrom,theoneseenintheMTT.Thislexibilitycomesatthecostofheavily

relyingonsortsandpermutes.Forthisreason,wedescribehigh-performancerearrangement

algorithmsspeciicallytailoredforsparseNTs,beneitingallsparseNTcomputationsas

awhole.Finally,weoutlineamultiplicationpoly-algorithmthatcanefectivelycompute

theproductsbetweenanyNTsexhibitinganymannerofhyper-sparsity. Otheraspectsof

sparseNTcomputationsaredetailedinAppendixA.Detailedbenchmarksdemonstrate

thehighperformanceofthesealgorithms,whichareembodiedwithinLibNT.NTToolbox

ofersaMATLABinterfacetoLibNT’sC++algorithms.Assuchwewilldiscussthekernels

asbelongingtoLibNT,withtheunderstandingthatNTToolboxalsohasaccesstothem.

DetailsonthetestplatformandcompilercanbefoundinAppendixB.

5.1 DataRepresentation

ThissectionirstoutlinesconsiderationsforsparseNTrepresentation,highlightingthe

dataformatusedinLibNT.Afterwards,comparativeresultsdemonstratethedataformat’s

efectiveness.

5.1.1 Concepts

SparseMVcomputationsrelyoncompressedformats[182,183],e.g.,thecompressedsparse-

column(CSC)format,whichallowseicientcolumn-centredoperationsattheexpenseof

ineicientrow-centredoperations. Thecompressedsparse-row(CSR)formatisidentical,

withtherolesofrowsandcolumnsswitched.However,BaderandKolda[124]convincingly

argueagainstcompressedformatsforNTs,pointingoutthatitrequirescategorisingan

index,orsetofindices,diferentlyfromothers,whichbecomeslessmeaningfulasthedegree

ofanNTincreases.

TheseargumentsarebolsteredbyconsideringtheoperationalcomplexityofNTcompu-

tations,i.e.,theenormousnumberofwaysthatNTindicescanmatchupdiferentlyforthe

samearithmeticoperation.Forinstance,enumeratingallpossibleinner/outerproductpos-

sibilitiesbetweentwoN-degreeNTsrequirescalculatingallpossiblepartialpermutations

oftheNindices.Partialpermutations[184]canbecalculatedusing,

P=
N∑

i=0

i!

(
N

i

)2
, (5.1)

whichgrowsfactoriallywithdegree.Thesameigurecanbeusedtocalculatethenumber

ofentrywise/outerproducts.

Whenmovingtotheinner/intercase,enumeratingallproductsentailsanevenlarger

sum,asbothtypesofproductsrequireamatchingofindices.Thisnumbercanbeexpressed
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Figure5.1: NumberofpossibleNTproductsvs.degree. Thisiguregraphsthenumber
ofdiferentpossiblemultiplicationsbetweentwoN-degreetensors,assumingindexranges
matchupappropriatelyforinnerproducts.Therateofgrowthisfactorial.

as,

P=

N∑

i=0

i!

(
n

i

)2
(N−i)!, (5.2)

whereiwouldrepresentthenumberofindicesundergoinganinner(entrywise)productand

thetrailingfactorialwouldaccountforthepossibleentrywise(inner)productpermutations

oftheremainingindices.Consideringallthreeproductstogethermeansneedingtoenumer-

ateallpossiblepartialpermutationsofanyinter(entrywise)productindicesleftoverafter

theirstinner(entrywise)productpartialpermutationhasbeenaccountedfor,

P=

N∑

i=0

i∑

j=0

i!

(
n

i

)2
j!

(
N−i

j

)2
. (5.3)

Thissumismuchlargerthaneventheinner/entrywiseintercase.

Figure5.1visuallyillustratesthescaleofthisrateofgrowth,withthenumberofpos-

sibilitiesofinner/outer,inner/entrywise,andinner/entrywise/outerproductsat5degrees

totalling1546,3840,and19091respectively.Similarconclusionsaredrawnwhenconsid-

eringadditionandsubtraction,asthenumberofpossiblesuchoperationsalsoincreases

factoriallywithdegree,

P=N!. (5.4)

Thisoperationalcomplexityindicatesthatgeneral-purposedatastructuresforsparse

NTsshouldbeaslexibleaspossible,meaningtheyshouldnotfavouranyparticularindex

overanother.Aseachdiferentindexmatchingrequiresaparticularlexicographicalorder,

datastructuresshouldbeamenabletochanginglexicographicalorders.Evenso,severalau-

thorshaveadaptedthecompressedapproachtoworkwithNTs[150,151,152,181].Typically,
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Table5.1:TheCOandLCOsparseformats.Examplezero-basedindices,froma4×4×4
sparseNTwithalexicographicalorderof{0,1,2},illustratesthetwoformats. TheCO
formatusesanexpandedlistofindexvalueswhereastheLCOformatusesanLIscheme.

COIndices: {1,0,0} {2,0,1} {0,1,1} {3,2,2} {1,0,3} {2,2,3}

LCOIndices: 1 18 20 43 49 58

theseapproachesembedCSC-orCSR-typestructureswithinahigh-degreescheme[150,181]

orlattenanNTintoacompressed-formatmatrix[151,152].Thesesolutionswouldstrug-

gletoaccommodatetheoperationalcomplexityinherentingeneral-purposecomputations.

Compressionschemeswouldneedtobere-computedortherewouldhavetobediferent

codeimplementationsdependingonwhattasksareperformedonwhatindices.Thesetwo

approachesbecomelessviablewitheachincreaseindegree. Thisisnottosaythatcom-

pressedformatsforNTshavenoplace,butgeneral-purposeNTcomputationsshouldrely

ondiferentdatastructures.

BaderandKoldamakethecaseforconcurrentandsimplelistsofnon-zerodataandindex

values. Whenanoperationdemandsadiferentlexicographicalorderare-sortorpermute

isrequired. Thus,noindicesarefavouredoverothersintermsofoperationaleiciency.

Thiscomesatthecostofrelyingheavilyonrearrangements,i.e.,sortsorpermutes. As

well,sincenon-zerodataisnotindexedinanyway,non-compressedformatsrelyheavily

oncomparisonsbetweenindexvalues.

Thecoordinate(CO)andlinearisedcoordinate(LCO)sparseformatsarethetwomain

non-compressedchoicesthatstoretheirnon-zerosusingstraightforwardlists. TheCO

formatstoresexpandedindices,i.e.,foranN-degreetensoreachoftheNnon-zeroindices.

Incontrast,theLCOformatstoreslinearisedindices(LIs),i.e.,Nindicesrepresentedby

asingleintegervalue.Forinstance,thezero-basedLIsforathird-degreeNT,aijk,canbe

calculatedusing

LI=i+ni(j+njk), (5.5)

wheren(.)denotestherangeofthecorrespondingindex.Suchalexicographicalorderplaces

greatestsigniicanceonthethirdindex,followedbythesecondandirstindices,whichwe

designatenumericallyas{0,1,2}. Anypermutationofthe{0,1,2}sequenceisalsovalid,

andthisschemeistriviallyextendedtohigherdegrees.Table5.1illustratesthediferences

betweenthetwoformats. Ofnoteisthatthesparseformatsareidenticalforirst-degree

NTs.

Bothformatsrelyonalexicographicalordertoarrangenon-zerovalues.FortheCO

format,{0,1,2}indicatesthatwhencomparingvalues,thethirdindexmustbeconsidered

irst,followedbythesecondandirstindices. Alteringthelexicographicalorderrequires

changingthesequenceinwhichexpandedindicesarecompared.Incontrast,fortheLCO

format,thelexicographicalordergovernsthelinearisationschemeusedtocomputeindex

values.AlteringthelexicographicalorderrequiresrecomputingtheLIs.Astraightforward
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integercomparisonthensuicestocompareindices.

Baderand KoldaoptfortheCOsparseformatfortheir MTTlibrary[124]. TheCO

formathasalsobeenusedbyParkhillandHead-Gordonforsparsecomputationalchemistry

calculations[185]. WhileBaderandKoldadonotspeciicallydiscusstheLCOformat,they

do mentionconcernswithlinearisationschemesingeneral,arguingthatLIs mayoverlow

integerdatatypes. However,theirjustiicationusesanexampleconsistingof32-bitprecision

integers[124],whichisincreasinglyout-datedconsideringthecurrentprevalenceof64-bit

computers. Aswell,forcaseswhereLIsdoexceedstandardintegerlimits,high-precision

libraries[186,187]oferfastandeicientvery-largeintegerdatatypes. Forthisreason,we

donotviewintegeroverlowissuesadecidingfactorinchoosingbetween COandLCO

formats.

Nevertheless,weplaceimportanceoncertainotherfactors. Forinstance,comparedto

theCOformat,theLCOformatismorememoryeicientforNTdegreesgreaterthanone.

Moreover,thereisanincreasedcostoffundamentaloperationswhenusingtheCOformat.

Forinstance,comparisonoperationsintheCOformatrequiresuptoN individualnumerical

comparisonsforanN-degreetensor. Apartfromtheincreasedcomplexity,theincreased

memoryrequirementsdegradelocalitybetweenconsecutivenon-zeroindices,resultingin

morecache misses, whichcanbethedecidingfactorinsortingperformance[188]. This

alsoimpactsarithmeticoperations. Theseconsiderationsalladduptothe COformat

placinggreaterdemandsonmemorybandwidth,whichisoftenthelimitingfactorinmodern

computerarchitectures[189].

Ontheotherhand,fortheLCOformatchangingthelexicographicalordernecessitates

recomputingLIvalues.Incontrast,the COformatneedstoonlyalterthesequencein

whichexpandedindicesarecompared. Thus,putting memorystoragerequirementsaside,

choosingbetweenthetwocancomedowntocomparingtheimpactofincreasedcomparison,

read,andwritecostsoftheCOformatvs.theO(nnz)LIre-computationstepoftheLCO

format. Thiscanbejudgedusingbenchmarktests.

5.1.2 Results

Sincerearrangementsofnon-zerodataformsalinchpinofbothdataformats,theircom-

parativesortingperformancecanrevealadvantagesanddisadvantages. Asrecomputing

LIs mustoftenbeperformedpriortorearrangingLCOdata,thiscost mustalsoconsid-

ered. Ifexecutednaively,recomputingLIscanbeveryexpensiveasitrequiresinteger

division. However,usingfastdivisionlibraries,e.g.,libdivide[190],canhelp mitigatethis

cost. AppendixA.1detailssomeadditionalstrategiestoreducethecostofre-computing

LIs.

Tocomparethetwoformats,tests measuredtherunning-timetosorttheindicesofa

fourth-degreesparseNTstoredintheCOandLCOformats. Asintegerdivisionoperations

areextraordinarilyfast whendivisorsareapoweroftwo,indexranges werechosento
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Figure5.2:SortingtimesoftheLCOandCOsparseformats. Afourth-degreeN×N×
N×N NT,withN =210−1and5N2non-zeroswasrepresentedinthetwoformats
andsorted. Experimentsalsomeasuredthetimetakentosortandre-computeLIvalues
whentheNTwaslattenedtolesserdegrees.Alltestsusedthesameintrospectivesorting
algorithm[191].Experimentswererun10timesandmedianvaluesareshown.

be210−1toavoidprovidingtheLCOformatwithanunfairadvantage. Tomaximise

memorylocality,theCOformatdidnotstoreexpandedindicesinseparatearrays(asdone

bytheMTT),rathertheformatusedasinglelargearrayandpackedtheexpandedindices

consecutivelyoneaftereachotheringroupsoffour. TojudgetheimpactofNTdegrees,

thesameindiceswerealso“lattened”intoirst-,second-,andthird-degreeLCOandCO

formats.ThustheimpactofincreasingNTdegree,withitsincreaseddemandsonmemory

bandwidthandLIcomputations,wasmeasuredunderidenticalconditions. Alltestsused

thesameintrospectivesortingalgorithm[191],whichwasalsotailoredtosortCOindices.

Figure5.2outlinestheresultsofthisexperiment. Asthetabledemonstrates,recom-

putingLIvaluescomeswithanon-trivialrunning-timecost,whichincreaseswithdegree.

However,thecostofsortingtheCOformatincreasesatamuchgreaterrate,meaningthat

evenwithanLIrecomputationstepincluded,sortingLCOindicesisstillmuchfasterthan

sortingsecond-degreeorhigherCOindices.TheseresultsindicatethattheLCOformatis

betterabletomanagethedemandsofincreasingNTdegrees.Coupledwiththefactthat

theLCOformatusesmuchlessmemoryathighdegrees,theseperformancemetricsleadus

toprefertheLCOsparseformatovertheCOformat.

5.2 RearrangementAlgorithms

Asnoted,oneofthemajorconsequencesofoptingforanon-compressedsparseformatisa

heavydemandonrearrangingnon-zerodata.TheoperationalcomplexityofNToperations

makesitlikelythatasparseNT’slexicographicalorderwouldbealteredatsomepointinits

lifetime,makingrearrangementsafrequentirststepinmanyNToperations.Consequently,
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fastandeicientsparseNTcomputationscanhingeonthealgorithmicchoices madefor

theseoperations.

Whendiscussingrearrangementstherearetwoprimarycategories. Theirstcategory

issortingunsortednon-zerodataintoadesiredlexicographicalorder. Forinstance,the

creationofasparseNTorinsertionofnon-zerodatacouldproduceanunsortedNT. The

secondcategoryisre-sortingalreadysorteddataintoadiferentlexicographicalorder.In

the MVparadigmsuchtasksarecalledtransposition.InanNTcontextwecallsuchtasks

permutations. DespiteresidinginsimpleLCOlists,sortednon-zerospossessstructure,

whichcanbeexploited,callingfordedicatedroutinesdiferentthangeneral-purposesorting.

5.2.1 Sorting

InasparseNTcontext,general-purposesortingalgorithmsarewell-equippedtotacklesort-

ingNTs. However,unlikemanygeneralsortingtasks,whensortingLIs,anotherarray,i.e.,

thedataarray,mustbesortedalongsideit.LibNT’sapproach,ensuringfastandoptimised

execution,isuseexistingandefectivesortingalgorithms,butadaptthemtoswapormove

thedataarraybasedonhowtheLIarrayissorted.Sincesortingplayssuchanintegralrole

forthesparseLCOformat,testingthecapabilitiesofdiferentalgorithmsisanimportant

investmenttowarddevelopingeicientsoftware. Whilethereisanalmostoverwhelming

amountofliteratureonsortingtechniques,benchmarksandtestsinvolvingcaseswherea

secondarrayissortedbasedontheirstarealmostnonexistent. Asthedemandson mem-

orybandwidtharediferentthantypicalsortingapplications,itisimportanttogaugehow

sortingalgorithmsfareunderasparseNTsetting.

Wetestedandadaptedseveraldiferentalgorithms. Theleadingcomparison-based

sortingalgorithmsthatweretestedincludethehighlyprominentintrospectivesort[191]

and Timsort[192]algorithms. Integersortingalgorithms werealsotested,includinga

least-signiicantdigit(LSD)radixsort[193]andanin-placeversionof most-signiicant

digit(MSD)radixsort[194]thatusesnoextra memory. Allofthetestedalgorithmswere

adaptedtosorttheLCOdataarrayalongsideany movementsoftheLCOLIarray.In

addition,efortwastakentooptimisetheirimplementations,includingusinghybridand

adaptiveapproaches,inordertoachievefastrunningtimes. Moredetailsontheconsidered

algorithmscanbefoundinAppendixA.2.

Twodiferenttypesoftests wereperformed. Theirsttypeoftest,depictedinFig-

ure5.3(a), measuresthesortingtimeonarandomly-generatedNT matchingtheill-factor

ofafourth-degreeLaplacianoperator,e.g.,onethatcanactonanimage. TheLaplacian

operator’sillfactordecreasesquadraticallywithdimensionality,providingahighly-sparse

testsetting. Whileitisimportantto measureperformanceinhighly-sparsesettings,it

isalsoworthwhiletotestundersettingswheresparsitydoesnotgrowquadraticallywith

dimensionality. Alongthoselines,Figure5.3(b)depictssortingtimesoffourth-degreeNTs

with5%illfactors.
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Figure5.3:Comparisonofdiferentsortingalgorithms.Benchmarksmeasuredtheperfor-
mancetosortsparsefourth-degreeNTs.(a)and(b)depictresultsfromrandomlygenerated
N×N×N×NsparseNTs,withaillfactorofafourth-degreeLaplaciananda5%ill
factor,respectively.TestswererunonincreasingvaluesofNandrepeated10times.Trend
linesrepresentmedianvaluesanderrorbarsrepresentquartiles.

Astheiguremakesclear,bothradixsortsbeatoutthetwocomparisonsortsina

highly-sparsesetting,posting2to4timesfasterspeedsformostoftherangeofdimen-

sionalities. Theseresultsaremorestrikingwhenconsideringthatthebenchmarksetup

isdirectlyunfavourabletoradixsorts. Sinceafourth-degreeLaplacian’sillfactorde-

creasesquadratically,themaximummagnitudeoftheLIvaluesincreasesatanquadratic

ratecomparedtothenumberofnon-zeros(NNZ). SincethenumberofO(nnz)passes

radixsortmustperformisproportionaltothemagnitudeoftheLIs,theseresultsindicate

thatradixsortcanperformextremelywelleveninthedemandingsettingofhighly-sparse

NTs.SimilarresultswereproducedwhenthealgorithmsweretestedonsparseNTswith

5%illfactor,withtheradixsortsoutperformingtheircomparisoncounterpartsbyhighly

signiicantmargins.

Apartfromillustratingthehigh-performanceofradixsorts,theseresultsdemonstrate

thesigniicantimpactofalgorithmchoiceinsortingsparseNTs.Dependingonthechoice

ofalgorithm,sortingtimesvarybyfactorsofroughly2to4,whichisofhighconsequence

whenconsideringtheimportanceofrearrangementoperationstosparseNTcomputations.

IntermsofwhethertheLSDorMSDvariantispreferable,thelattergenerallyoutperformed

theformer,particularlyatvery-largevaluesofN. Moreover,theMSDversionusedhereis

inplace.Forthesereasons,LibNTusesMSDradixsortasitssortroutineforsparseNTs.
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5.2.2 Permuting

Apartfromsorting,permutingalreadysorteddataintoanewlexicographicalorderis

another majorrearrangementtask. DuetotheoperationalcomplexityhighlightedinSec-

tion5.1,datapermutationisafrequentrequirementwithinNTcomputations,especiallyif

thesameNTisusedforaseriesofdiferentoperations. Whilepermutationoperationsare

taskedwiththesamegoalassorting,i.e.,rearrangingdataintoadesiredlexicographical

order,theirstartingpointsdifer. Bytakingadvantageoftheexistingstructureofalready

sortednon-zerodata,faster meanstopermutationcanberealised. Thesespeedupscanbe

quantiiedusingbenchmarks.

Optimising Rearrangement

WhenpermutingdatatheirststepistorecomputetheLIsintothenewlexicographical

order. Thescaleofthesubsequentrearrangementtaskhingesontherelationshipbetween

thestartingandendinglexicographicalorders.Forinstance,intuitivelyitshouldbesimpler

topermutesparseNTdatafromthe{0,1,2,3,4}lexicographicalordertothe{1,0,2,3,4}

lexicographicalorderthanitwouldbetopermuteittothe{4,3,2,1,0}lexicographicalor-

der.Thisintuitionstemsfromthefactthatregardlessofthestarting-endinglexicographical

orders,newLIvalueswillalwaysbearrayedinsortedsublists. Thecharacteristicsofthese

sublistscanbeexploited,takingadvantageofanyeicienciesthataspeciicpermutation

mayoferup.

Apermutationessentiallydivides NTindicesintotwosets—thosethatrequirerear-

rangingandthosethatdonot. Figure5.4illustrateshowthiscanbedetermined, with

athird-degreeNTaijkandanexamplepermutation. Thetopoftheigureillustratesthe

bipartitegraphofthestartingandendingarrangementsofi,j,k.Becausetheiindexcrosses

anindexthatoriginallyhadahighersigniicance,i.e.,j,thenewLIs mustberearranged

accordingtotheiindex. Wecallsuchindicesrearrangementindices. Theothertwoindices

donotmeetthiscriterionandthus,thenewLIsdonotneedtoberearrangedaccordingto

jandk. Theseindiceswecallrestingindices.

Categorisingtheindicesthiswaybreaksthepermutationtaskintoarecursivehierar-

chyofsteps. Forinstance,workingfromhighest-to-lowestsigniicanceofthenewLIsin

Figure5.4’sexample,kisarestingindex. Asaresult,rearrangementsneednotconsider

k, meaningregionswherekisconstantcaneachbeindependentlysorted. Eachofthese

independentregionscanthenbestablysortedbasedsolelyontheiindex,whichisarear-

rangementindex.Stabilitymeanstheoriginalrelativeorderingisusedtobreaktiesbetween

equalvalues. Thenextrestingindexjisalsotheinalindex,sothereisno moreworkto

do. However,ifjwasnottheinalindex,thentheprocesswouldhavetocontinue,where

eachsub-regionwherejisconstantwouldbeindependentlysorted. Thisprocesscanbe

generalisedtoarbitrarydegreesandstarting/endinglexicographicalorders. Animportant

aspecttonoteisthattheinalindexisalwaysarestingindex.
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Newlexicographicalorder: {1,0,2}
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Re-computeLIsinnewlexicographicalorder

OriginalLIs:
i+10(j+3k)

NewUnsortedLIs:
j+3(i+10k)
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NewSortedLIs:
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Figure5.4:Illustrationofsparse NTpermutation. Usinga10×3×2third-degree NT,
aijk,theiguredepictstheoriginalandnewLIscorrespondingtostartingandending
lexicographicalordersof{0,1,2}and{1,0,2},respectively. Inthisparticularcase,the
indexofhighestsigniicanceinthenewLIs,i.e.,k,isarestingindex,soregionswherekis
constantcanbesortedindependently.Eachsuchindependentregionmustbestablysorted
basedontheindexofsecond-highestsigniicance,i.e.,therearrangementindexi. Theinal
restingindexjcanbeignored.
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ReturningtoFigure5.4’sexample,identifyingregionsinthenewLIswherekisconstant

canbedonebyintegerdividingLIsbynjni=30.SeparatingtheLIvaluesintoindependent

partsbeneitsallsortingalgorithms.Forcomparisonsorts,theasymptoticbounds maybe

lowered. However,forradixsorts,withineachregionofconstantk,eachLIcanbeexamined

modulo30,reducingthemaximumpossibleintegermagnitudetoaccommodate. Depending

ontheradixdigitsize,thiscanreducethekeylength,therebyreducingthenumberofpasses

aradixsortneedperform. Moreover,whensortingeachindependentregionofconstantk,

theLIsmodulo30needonlybestablysortedusingtherearrangementindexi.ThuseachLI

modulo30canbereducedevenfurtherbyintegerdividingby nj=3.Inthegeneralcase,

thisaggressiveshavingofofirrelevantportionsoftheLIscandrasticallyreducethekey

lengthforradixsorts,signiicantlyreducingthenumberofpassesthesort mustperform.

AsSection5.2.1demonstrated,radixsortis well-equippedtosortsparseLCOdata.

However,keymodiicationsareneededtotailorittotakeadvantageofthedistinctnatureof

sparseNTpermutations.LibNTincludessuchanalgorithm,calledradixpermutation(RP).

Givenastartingandendinglexicographicalorder,apreprocessingstepdetermineswhich

indicesarerearrangementorrestingindices.TheRProutinethenemploysastable,butnot

inplace,variantofthe MSDradixsortalgorithm.Sinceshavingofirrelevantportionsofthe

LIsreliesonintegerdivision,libdivide[190]isusedtotominimiseslowdowns. Nonetheless,

evenwhenusingafastinteger-divisionlibrary,shavingofLIscomeswithacomputational

cost,whichcanonlybejustiiedifthenumberofradixsortpassescanbereduced. This

istypicallythecasewhenboththeNNZand magnitudeofreductionsinLI magnitudeare

large. Takingthisintoaccount,LibNT’sRPalgorithmisadaptiveandwillswitchtothe

standard MSDradixsortofSection5.2.1dependingonconditions.

TherearetheoreticallyinterestingimplicationsofpermutingsparseNTdatathisway.

AsSedgewickexplains,radixsortsareoftensublinearintheinformationcontentofthe

keysbeingsorted[193], meaningtheycanoftenarrangedatawithoutexaminingeverybit.

However,thisisonlyanaverage-caseresultbasedonrandomconditions. Yet,inthecontext

ofsparse-NTpermutations,byalwayshavingatleastoneindexarestingindex,itisalways

possibletopermutewithoutexaminingeverybitintheLIs. Whetherthesetheoreticalgains

translatetopracticalonesisa matterrevealedbybenchmarks.

Results

Tests measuredthepermutationperformanceofRPusingfourth-degreeNTssharingthe

samecharacteristicsasthoseusedinSection5.2.1. Theperformancewascomparedagainst

the MSDradixsortalgorithmdescribedinSection5.2.1. Whileotheralgorithmswerealso

tested,includingthosewellsuitedtosortingalreadysortedsublists,e.g.,naturalmergesort,

onlythe MSDradixsortalgorithmprovedcompetitiveto RP. Figure5.5outlinesthe

performanceofthesealgorithmsusingall4!−1=23permutationsofafourth-degreeNT.

Astheiguredemonstrates,atthe mediancase, RPperformsalmostidenticallywith
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Figure5.5:SparseNTpermutationbenchmarkresults. UsingthesameschemeasFig-
ure5.3,(a)and(b)depictthetimetakentopermuteN×N×N×Nfourth-degreeLapla-
cianand5%illfactorNTs,respectively. All23possiblepermutationswereperformed,
withtrendlinesdisplayingmedianrunningtimesanderrorbarsrepresentingminimumand
maximumvalues.

MSDradixsort,indicatingthatcertainpermutationsdonotprovidemuchopportunityfor

furtheroptimisation.Ontheotherhand,certainpermutationsdoprovidesuchopportuni-

ties,withtheRPalgorithmrunningatsigniicantlyfasterspeeds.Itshouldbenotedthat

RPoccasionallyranslightlyslowerthanMSDradixsortdependingonthepermutationand

sparsitycharacteristicsinquestion.Futureworkcanisolateandremovetheseinstances.

Evenso,consideringthattheMSDradixsortalreadyrepresentsoneofthefastestmeans

tosortLCOdata,theimprovementsdemonstratedbyRPattesttothevalueofusing

specialisedpermutationalgorithms. ThehighlydemandingsettingofNTcomputations

makesitnecessarytoexploitwhatevereicienciesareofered. TheRPalgorithmisa

successfulembodimentofthisprinciple.Itisexpectedthatthesegainswouldonlyincrease

withhigherdegrees,largerillfactors,andgreaterNNZs. Moreover,sincerearrangements

areafrequentrequirementinsparseNTcomputations,theimprovementsgarneredhere

willenhancethespeedandusabilityofallsparseNTcomputations.

5.2.3 LazyApproach

Theabovetwosubsectionsdetailedthecarefuldevelopmentofalgorithmicapproachesto

bothsortingandpermuting,withtheaimofminimisingtheirimpactonsparseNTarith-

meticoperations.However,thebestmeanstominimisetheimpactofsortingandpermuting

istoavoidperformingthemaltogetherwhenpossible.Tothisend,LibNTtakesalazyap-

proach,e.g.,onlyoptingtosortunsorteddatawhennecessary. Assomeoperationsdo

notrequiresorteddata,e.g.,apureouterproduct[124],alazysortingapproachcanavoid

costlyandsuperluousrearrangements.
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Table5.2:Possiblelexicographicalordersafteranassignment.Thistableillustratespossible
outputlexicographicalordersstemmingfromasparseakij=bijkassignmentoperation.The
resultdependsontheinputlexicographicalorderandtheindexpermutationfrom{i,j,k}
to{k,i,j}.Onlythreeofthe3!possibleinput-outputlexicographicalordersareshown.

bijklexicographicalorder akijlexicographicalorder

{0,1,2} {1,2,0}
{2,1,0} {0,2,1}
{1,2,0} {2,0,1}

Inasimilarveintosorting,alexibleapproachtopermutingcanproducegainsin

sparsecomputationtime. Forinstance,onecanreduceneedlesscomputationsbybeing

agnosticaboutlexicographicalorder,i.e.,notrestrictingLIstoacertainlexicographical

order.Underthisscheme,sparseNToperandscanmanifestanylegallexicographicalorder.

Thisdoesaddtobookkeepingasarithmeticoperationsmusttakeintoaccountbothof

theoperands’lexicographicalordersandalsohowtheirNTindicesmatchup. Table5.2

illustratesthisforanexampleassignmentoperation.Byallowinganylegallexicographical

order,simplecopiesandanappropriatedesignationofthenewlexicographicalordersuice

foranysparseNTassignments. Thisappliesevenforassignments,likethatofTable5.2,

nominallyinvolvingapermutation. Theextrabookkeepinginvolvedisjustiiedbythe

avoidanceofpermutationsandLIre-computations.Similarconsiderationsapplyforother

arithmeticoperationslikeadditionandsubtraction. AppendixA.3discusseshowLibNT

minimisessortingandpermutationforsuchoperations.

5.3 Multiplication

MultiplyingtwosparseNTstogetherepitomisestheuniquedemandsofsparseNTcompu-

tations.AsoutlinedinSection4.1.2anyNTmultiplication,involvinginner,entrywise,and

outerproducts,canberepresentedasalatticeproduct,i.e.,asequenceofmatrixproducts.

Thus,sparse-matrixproductsplayafundamentalroleinexecutingsparse-NTproducts.

However,sparseNTsoftenexhibithyper-sparsity. Typicallyraisedinan MVcon-

text,hyper-sparsityreferstomatriceswherethenumbersofrowsandcolumnsexceedthe

NNZ[195,196].AppliedtoanNTcontext,thismeaningimpliesadimensionthatexceeds

theNNZ. Whilecomparativelyrareinlinearalgebra,graphalgorithmapplications,which

seeusesforNTs[197],encounterhyper-sparsityfrequently[195,196].

Inaddition,evenwhenNTsarenothyper-sparseontheirown,theycanexhibithyper-

sparsitywhentheyaremappedtolatticesduring multiplication. Forinstance,asFig-

ure5.6(a)demonstrates,latteningapurelydiagonalNTcanproduceindex-sparsematrices,

meaningbothrowandcolumnrangesexceedtheNNZ.Inaddition,asFigure5.6(b)and

(c)demonstrate,latteningoperationscanalsoproducerow-andcolumn-sparsematrices,

oftenmanifestingasvery-tallandvery-widematrices,respectively,inwhichonlyoneofthe
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Figure5.6:Hyper-sparsityofamatricisedNT.Afourth-degreediagonalNTaijkℓ,meaning
all-zeroexceptforwheni=j=k=ℓ,canproducehyper-sparsematriceswhenlattened:
(a)depictsthehyper-sparsitypattenwhena10×10×10×10diagonalNTismatricisedso
thattwoofitsindicesaremappedtorowswhiletheremainingaremappedtocolumns;(b)
depictsthesameNT,exceptthatisitmatricisedbymappingoneindextorows,whilethe
remainingaremappedtocolumns;(c)depictsthesameas(b)exceptthattheroleofrows
andcolumnsarereversed.Thetwoiguresof(b)and(c)depictcolumn-androw-sparsity,
respectively,while(a)depictsindex-sparsity.

dimensionsexceedstheNNZ. Thus,anyroutineexecutingsparseNTproductsmustbe

abletohandlehyper-sparsity.

Hyper-sparsityisnotwell-handledbytypicaltechniquesfoundwithintheMVparadigm.

Weaddressthesediicultiesbydevelopinganefectivemultiplicationpoly-algorithmde-

signedtohandleoperandsexhibitinganymannerofhyper-sparsity. Weirstoverviewthe

poly-algorithm,followedbyadescriptionofthespeciicapproachesusedtohandlethe

diferenttypesofhyper-sparsitythatNToperandsmanifest.

5.3.1 Poly-Algorithm

ToestablishtheworkingsandmotivationbehindthesparseNTmultiplicationpoly-algorithm,

weirstprovideanoverviewofitsoperation.Inaddition,weintroducenotationnecessary

tounderstandthepoly-algorithmandthediferentsub-algorithmsitdispatchesto.Follow-

ingthisweprovidedetailsonthesyntheticdatasetusedtocharacterisethesub-algorithms

usedbythepoly-algorithm.

Overview

Sparse-NTmultiplicationcanbeexecutedinthreesteps:

1.mapsparse-NTLCOdatatolatticeformusingapermuteorsort;

2.converteachLCOlatticetabtoanappropriatemultiplicationdatatype(MDT),e.g.,

CSC,andmultiply;

3.maplatticebacktoasparseNT.
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Table5.3: Multiplicationpossibilitiesbasedonsparsecharacteristicsofoperands. Table
entriesindicatethesub-algorithmLibNTemploys,alongwiththesubsectionnumberde-
scribingit,foreachsparse-characteristiccombination.

❍❍❍
❍❍A
B Sparse Row-Sparse Column-Sparse Index-Sparse

Sparse
CSC/CSR

(Section5.3.2)
CSC

(Section5.3.2)
CSC

(Section5.3.2)
CSC

(Section5.3.2)

Column-Sparse
CSR

(Section5.3.2)
DCSC/DCSR
(Section5.3.3)

DCSC
(Section5.3.3)

DCSC
(Section5.3.3)

Row-Sparse
CSR

(Section5.3.2)
DCSR

(Section5.3.3)
CSCNA/CSRNA

(Section5.3.4)
CSCNA

(Section5.3.4)

Index-Sparse
CSR

(Section5.3.2)
DCSR

(Section5.3.3)
CSRNA

(Section5.3.4)
SOP

(Section5.3.5)

Thisissimilartotheschemeusedbythe MTT. However,the MTTusesthesame MDTand

algorithmregardlessofwhetheroperandsarehyper-sparseornot.Tohandlehyper-sparsity,

the MTTexcisesall-zerocolumnsandrowsbeforeperformingstandardCSCmultiplication.

Thisexcisionisanexpensiveoperationrequiringextrasortsandadditionalbookkeeping,

butisnecessarybecausetheCSCalgorithmisnotequippedtohandlehyper-sparsity[195,

196].

Analternativeistoavoidthecostofexcisingrowsandcolumnsandinsteademploy

algorithmsthatcannaturallyhandlehyper-sparsity. Thesewillnaturallyrequiretheirown

respective MDTs. ThisisnotadisadvantageinsparseNTcontextswhereconversionsto

the MDT musthappenanyway. Thus,thereisconsiderablefreedominchoosingthe mul-

tiplicationalgorithmandits MDT. Thisfreedomisnotenjoyedwithinthe MVparadigm,

inwhich matrices,onceconstructed,aretypicallylockedintoasingledatatypeandlex-

icographicalorder. Theextralexibility meansthatapoly-algorithmcanbeanefective

approach,asitthereisnodetriment,and manybeneits,indispatchingtospeciic mul-

tiplicationsub-algorithmsand MDTsdependingonwhetherthelattenedNTsaresparse,

row-sparse,column-sparse,orindex-sparse.

Table5.3outlinesthe16diferentpossiblesparsitycombinations.Inaddition,itdetails

thealgorithmicchoicesusedbyLibNT.Twoconsiderationsanimatedthesechoices. The

primaryconsiderationwasonensuring memoryuseandrunningtimewerenotdependant

onanyhyper-sparsedimensionsizes. AsBulu̧cand Gilbert[195,196] warn,algorithms,

e.g.,theCSC,whoserunningtimeand memoryusedependonthedimensionalitiesofthe

matrixcanconsumeinordinateamountsof memoryorexhibitimpracticalrunningtimes

underhyper-sparseconditions. Withtheirstconsiderationsatisied,thesecondgoalwas

togainthefastestrunningtimeand/orthelowest memoryuse. Unlike MVcomputations,

performancemetricsofsparse-NTmultiplicationmustincludethecostofconvertingtothe

MDT. ThespeciicalgorithmsarediscussedindetailwithinSections5.3.2to5.3.5.
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Table5.4: Notationusedtodescribe multiplicationpoly-algorithm.

FirstOperand A SecondOperand B

RowsandColumnsofA m andk RowsandColumnsofB kandn

NumberofColumnsofA with
oneor morenon-zeros

nzcA
NumberofRowsofB withone

or morenon-zeros
nzrB

Notation

Indescribingthediferent multiplicationsub-algorithms,wewilluseasetofcommonno-

tationoutlinedinTable5.4.Sincethepresenceofentrywiseproductsonly meansthatthe

sametypeofproductisrepeated,itdoesnotchangethebasicapproachofsparse-NTmul-

tiplication. Thus,forsimplicityonlyinner/outerproductswillbeconsidered,explaining

whytheirstandsecondoperandsofTable5.4are matrices,andnotlattices. Apartfrom

thenotationofTable5.4,wewilluseftorefertothenumberofloating-pointoperations

ina multiplication,whichisthesameforallalgorithms.C willdenotethe matrixproduct

ofA andB. To maketheexpositionsimpler,wewillfocus mostlyoncolumn-by-column

versionsofthealgorithms,e.g.,CSC. Assuch,f(i)willdenotethenumberofloating-point

operationstocomputetheithcolumnofC andnnzC(i)willdenotetheresultingNNZof

thecolumn. LibNTtestsforhyper-sparsityby measuringtheratioofNNZtothedimen-

sioninquestion. Forexample,therow-sparsityofA canbetestedby measuringwhether

m/nnzA >1.

Dataset

Datasetsusedfortestingcanconsistofreal-worldexamplesorsyntheticdatasets,thelatter

ofwhichareparameterisedand/orrandomlygenerated. Whileauthorshaveusedreal-world

networksrepresentedassparse NTstocharacterisedecompositiontechniques[198,199],

thesedatasetsdonotconsistofmanyexamples.Thus,tocharacterisesparse-multiplication

algorithmsunderdiferentconditions,e.g., NNZs,hyper-sparsities,anddimensionsizes,

thisworkusesasyntheticdataset.

Thedatasetconsistsofathird-degreeNTgeneralisationoftheR-MATrecursivegraph

model[200],whichcancontrolfordimensionsize,illfactor,andillpattern.Intheoriginal

R-MATmodel,therecursivebaseedgeprobabilitys(BEPs)arespeciiedforeachquadrant.

Togeneralisetoathird-degreeR-TENSOR,theBEPs mustbespeciiedforeachoctant.

Table5.5outlinestheprobabilitiesusedforthiswork.Thesymbolrijkwillbeusedtodenote

R-TENSORs. R-TENSORscan manifestcolumn-orrow-sparsitydependingontheirill

factorandhowtheyare multiplied. Moreover, R-TENSORscanalsopresentcomplete

index-sparsity.
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Table5.5:Syntheticdatasetusedtotestthesparse multiplicationpoly-algorithm. Tests
usedadatasetconsistingoftheR-TENSORmodel,whoseBEParegivenwiththeiroctant
speciiedinparentheses. Toaddvariabilityintoexperimenttrials,theprobabilitieswere
adjustedbyadditivevaluesdrawnfromauniformdistributionof[−.1.1]andrenormalised
sothattheyallsumto1.

Octant: (1,1,1) (1,1,2) (1,2,1) (1,2,2) (2,1,1) (2,1,2) (2,2,1) (2,2,2)

BEP: .3 .5/6 .5/6 .5/6 .5/6 .5/6 .5/6 .2

Figure5.7:Threediferentcolumn-by-column MDTsandalgorithms. Acolumn-by-column
algorithmonlyneedrepresenttheleftoperand,i.e.,A,usingthe MDT. Underneatheach
MDTlabel,thedensearraysusedtoindexcolumnsof Aaredepicted. Redandblueentries
inA andB,respectively,correspondtoentriesneededtocomputetheirstcolumnofthe
resulting matrix. Thedatastructuresusedtocollectentriesoftheirstcolumnarealso
illustrated.

5.3.2 RegularSparsity

Thestandardcolumn-by-columnCSCalgorithmisatried-and-testedalgorithmthatenjoys

widespreaduse.Toensurefastexecution,theCSCalgorithmreliesonadense,sizek,singly-

compressedindexarraytoquicklyaccesscolumns. Moreover,adense,sizem,accumulator

arrayisusedtoquicklycollectnon-zerosaseachcolumnofC isconstructed. Similar

considerationsapplyfortheCSRalgorithm,withtherolesofcolumnsandrowsreversed.

Davis[182]andBulu̧cetal.[183]provideexcellentdescriptionsofthesealgorithms.

Figure5.7includesavisualdepictionofthehowtheCSCalgorithmwouldcompute

theirstcolumnofC duringitscolumn-by-columnrun,illustratingthedenseindexand

accumulatorarrays. Denseindexingassuresfastindexingofcolumns,whiletheaccumu-

latorensurescontributionstonon-zeroentriescanbequicklyaddedtogether. Thesalient

characteristicsoftheCSCalgorithm,alongwithothercolumn-by-columnalgorithms,can

befoundinTable5.6. Theinalsummationtermintheruntimeoriginatesfromtheneed

tosorteachcolumnofCaftereachisconstructed.Importantly,bothruntimeandmemory
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Table5.6:Asymptoticcharacteristicsofthecolumn-by-columnmultiplicationalgorithms.
RuntimesincludethecosttoconverttotheMDTfromcolumn-majorLCOdata. Memory
useonlyincludestemporarydatastructuresusedformultiplication.

Algorithm
Sparse

Accumulator
Column
Indexing

Runtime MemoryUse

CSC yes
singly-

compressed
O(m+k+nnzA+nnzB+f+∑n

innzC(i)lognnzC(i))
O(m+k)

DCSC yes
doubly-
compressed

O(m+nnzA +nnzB+f+∑n
innzC(i)lognnzC(i))

O(m+nzcA)

CSCNA no
singly-

compressed
O(k+nnzA +nnzB+∑n

if(i)logf(i))
O(maxf(i)+k)

usearedependantuponthedimensionalityofA,precludingitsusewhenAexhibitsany

hyper-sparsity.

SincethetraditionalCSCandCSRalgorithmsaretried-and-testedforstandardsparse

contexts,LibNToptsforthesealgorithmswhenbothoperandspresentnohyper-sparsity.

LibNTgainsadditionaleiciencybyconvertingonlyoneofthematricestocompressed

form. Forinstance,theCSCalgorithmonlyrequiresfastindexingofthecolumnsofA,

meaningitsuicesifBissimplystoredincolumn-majorLCOformat.

Unlikethe MVcontext,thepoly-algorithmcanchoosebetweenthetwoformatson-

the-ly.TheruntimetheCSCandCSRalgorithmsisalmostidentical,exceptfortheinal

summationterm,wherethelattermustsorteachrowofCinsteadofeachcolumn.Assuming

somewhatuniformdistributionofnon-zerosacrossrowsandcolumns,theruntimeforthe

sortshouldbesmallerifthetaskisbrokenintoagreaternumberofpieces.Thus,LibNT

optsfortheCSCformatwhenn>m,otherwiseitchoosesCSR.

Finally,byavoidingconvertingoneofthematricestocompressedform,theapplicability

ofthestandardalgorithmscanbeextendedtogreaternumbersofcases.Forinstance,as

longasAhasnohyper-sparsity,thestandardCSCalgorithmcanbeapplied,regardless

whetherBisrow-,column-,orindex-sparse.Thus,theCSCandCSRalgorithmscanbe

employedbeyondthesparse-sparsecase,explainingtheirstcolumnandrowofTable5.3.

5.3.3 WideTimesTall

Hyper-sparsitychallengestheCSC/CSRalgorithmsintwomanners.Theirstcorresponds

tocaseswhereusingsingly-compressedindexarraysarenolongertenable.Forinstance,

shouldtwoN×N×NcubicR-TENSORSbemultipliedusing

r
(1)
ijkr

(2)
ℓjk, (5.6)

theleftandrightoperandswouldbemappedtovery-wideandvery-tallmatrices,respec-

tively.Inthiscase,theCSCandCSRdatatypeswouldrequireasizeN2densearrayto

indexthecolumnsandrowsofAandB,respectively. Consequently,whennnz<<N2

usingtheCSCorCSRdatatypesisprohibitiveorevenintractable.
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AsolutionisoferedbyBulu̧candGilbert[195],whointroducedthedoubly-compressed

sparse-column(DCSC)anddoubly-compressedsparse-row(DCSR)formats. Originally

usedasa meanstotacklethefullyindex-sparsecase,thesedatastructuresarejustas

applicablewhenfacedwithcolumn-sparsityorrow-sparsity. Figure5.7depictstheDCSC

format,wheretwo-stageindexingreplacesthesimplerCSCcolumnindexing. Apartfrom

thischange,thesamecolumn-by-columnapproachto multiplicationcanbeemployed. As

Table5.6highlights,theDCSCformat’sdoubly-compressedschemeremovesruntimeand

memory-usedependanceonk.Thus,thecolumn-by-columnDCSCmultiplicationalgorithm

canbeexecutedevenwhenA iscolumn-sparse.Similarly,therow-by-rowDCSRalgorithm

canhandlecaseswhenB exhibitsrowsparsity. Yet,despiteenjoyingidenticalasymptotic

runningtimesastheirCSC/CSRcounterparts,bothoptionscomeatthecostofadditional

memoryaccesses,whichcanproduceadecisivedegreeofslowdown.

Nonetheless,undertherightsituations,optingforthedoubly-compresseddatastruc-

turesoverthesingly-compressedversionscanavoidpossiblycatastrophiclevelsof memory

use. Aswell,evenwhenkitscomfortablywithinmemorycapacities,thedoubly-compressed

schemecanstillproducehighlysigniicantspeedups.Todemonstratethis,experimentsused

theCSCandDCSCalgorithmstocompute(5.6). ThetestsusedcubicR-TENSORsgen-

eratedwithNNZsrangingfrom4e5to1e6inincrementsof1e5. Column-androw-sparsity

ofA andB respectively,rangedfrom1,i.e.,nohyper-sparsity,to500,i.e.,1non-zero

per500columnsorrows,inlog10-scaleincrements. Thiswasperformed3timesforeach

NNZ/hyper-sparsitycombination.Finally,twodiferenttypesofrunswereperformed. The

irstrunusedtwodiferent R-TENSORs within(5.6)andthesecondusedthesame R-

TENSORforeachoperand.

TheresultsaredepictedinFigure5.8(a)usingascatterplotbasedonhyper-sparsity.

Astheiguredemonstrates,theperformanceoftheDCSCalgorithmcomparedtotheCSC

algorithmishighlydependantonhyper-sparsity,i.e.,thecolumn-androw-sparsityofA

andB respectively. Ahyper-sparsityvalueof10separatesthepointatwhichtheDCSC

algorithmoutperformsthelatter. Ashyper-sparsityincreases,theDCSCalgorithm’srun-

ningtimeisonaverageroughly20timesfasterthantheCSCapproach,demonstratinga

tremendousamountofspeedup.

ForthepurposesofLibNT’spoly-algorithm,thelibraryoptsforthe DCSCor DCSR

algorithmswhenevercolumn-sparsityandrow-sparsityofA andBexceeds3. Whilelower

thanthethresholdindicatedbyFigure5.8(a),thissatisiestheprimaryconsiderationof

keepingmemoryusereasonablyclosetotheNNZs.LibNTusesthesamecriteriaexplained

inSection5.3.2tochoosebetweentheDCSCandDCSRvariants. Aswell,andindicated

in Table5.3,LibNTusesthe DCSCalgorithm wheneverA iscolumn-sparseandforall

casesofB,exceptwhenthelatterpresentsnohyper-sparsity. Thereverseholdstruefor

theDCSRalgorithm.
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Figure5.8:Benchmarksofthesub-algorithmsforsparseNTmultiplication.(a)graphsthe
ratioofrunning-timesoftheCSCvs.theDCSCalgorithmunderdiferentlevelsofcolumn-
androw-sparsityofAandB,respectively.(b)graphstheratiooftheCSCvs.theCSCNA
algorithmsunderdiferentlevelsofrow-andcolumn-sparsityofAandB,respectively.(c)
graphstheratiooftheCSCandCombBLASalgorithmstoLibNT’sSOPalgorithmunder
diferentlevelsofindex-sparsity.

5.3.4 TallTimes Wide

Section5.3.3outlinedamultiplicationstrategytohandlecaseswhenusingthedenseCSC

andCSRindexingarraysbecomesuntenable,i.e.,whenmultiplyingavery-widematrix

withavery-tallone.Intheoppositescenario,i.e.,multiplyingavery-tallmatrixwitha

very-wideone,thedenseindexingoftheCSCandCSRdatastructuresposesnoproblems

anditistheaccumulatorarraythatcanbecomeuntenable. Forexample,thissituation

wouldmanifestshouldtwoR-TENSORsbemultipliedusing

r
(1)
ijkr

(2)
ℓmk. (5.7)

Inthissituation,thestandardCSCandCSRalgorithmscanbemodiiedtoforegotheac-

cumulatorarray,resultinginthecompressedsparse-columnno-accumulator(CSCNA)and

compressedsparse-rowno-accumulator(CSRNA)algorithms,respectively. AsFigure5.7

illustrates,inthecolumn-by-columncase,jettisoningtheaccumulatorarraymeansthat

aseachcolumnofAisconstructedthenon-zerosarenotcollectedandsummedtogether

inonestep.Insteadforeachcolumni,f(i)valuesarecomputedandstoredinasimple

LCOlist. Thesef(i)valuesmustthenbesortedandanydatavalueswiththesamerow

indexarethensummedtogether. AsTable5.6indicates,thisresultsinincreasedsorting

burdens,butcomesatthebeneitofnothavingmemoryuseandruntimebedependanton

thepotentiallyhugenumberofrowsofA.

AswiththeDCSCalgorithm,improvementscanbegarneredevenwhenhyper-sparse

dimensionsitcomfortablyinmemory. Totestthis,theR-TENSORexperimentsinSec-

tion5.3.3wererepeated,exceptthat(5.7)wascomputed. Aswell,NNZsrangedfrom
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Figure5.9: Theouter-product multiplicationalgorithm. Usingthesameexample matrix
asFigure5.7,thetopoftheiguredemonstrateshowtheouter-productalgorithmwould
multiplyeachcolumnof A witheachrowofB.Below,theSOPalgorithmusedbyLibNT
tosumeachofthekrank-1 matricesisillustrated.

1e5to3e5inincrementsof5e4. Apartfromthischange,allothertestsettingswerekept

identical.Figure5.8(b)depictstheresultsofthistest,graphingtheratioofrunningtimes

oftheCSCalgorithmtotheCSCNAalgorithmunderdiferentlevelsofrow-andcolumn-

sparsityofA andB,respectively. Astheiguredemonstrates,apartfromsomeoutliers

atlow-levelsofhyper-sparsity,theCSCNAalgorithmisableto matchorexceedtheCSC

algorithm. Athyper-sparsityvaluesofroughly3orhighertheCSCNAalgorithmbegins

toexhibitfasterexecutionspeedsthantheCSCalgorithm,eventuallyrunningonaverage

6timesfaster. Nonetheless,inisolatedinstancestheCSCNAalgorithmperformedconsid-

erablyworse. Characterisingwhenthesesituationsoccurisanimportantareaforfurther

investigation. Evenso,astheCSCNAalgorithmpostsexcellentperformanceforthefar

majorityoftrialsandavoidshaving memoryuseandruntimedependon m,LibNTopts

fortheCSCNAapproachwheneverrow-andcolumn-sparsityofA andB,respectively,is

greaterthan3.

Asbefore,LibNTusesthesamecriteriaexplainedinSection5.3.2tochoosebetweenthe

CSCNAandCSRNAvariants. LibNTalsooptsfortheCSCNAalgorithmwheneverA is

row-sparseandBisindex-sparsewhiletheCSRNAischosenwheneverBiscolumn-sparse

andA isindex-sparse.

5.3.5 IndexSparsity

TheinalcasetoconsideriswhenbothA andBareindex-sparse.Bulu̧candGilbert[195,

196]havedemonstratedthattheouter-productapproachisafastand memoryeicient

optionforthisscenario. Underthisapproach,A andB mustbesortedindiferentlexico-

graphicalorders—column-androw-major,respectively. AsthetopofFigure5.9demon-

strates,eachcolumnofA is multiplied witheachrowofB,producingk m×nrank-1

matrices. Toproducetheinalresult,theserank-1 matrices mustbesummedtogether.

Underanindex-sparsesetting,bothnzcA andnzrB areeachlessthank. Aswell,notall
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non-zerocolumnsofA havea matchingnon-zerorowofB. Thus,thenumberofrank-1

matricestosumtogetherisalwayslessthan kandoftenlessthan min(nzcA,nzrB).

Diferentouter-productalgorithmswilldiferinhowtheintermediaterank-1 matrices

aresummedtogether. AspartoftheirCombBLASlibrary, Bulu̧cand Gilbertusetheir

DCSCand DCSRformatsincombination withaheap-likedatastructureto mergethe

rank-1 matrices[196]. Designedtoactasacomponentoftheirlarge-scaleparallel matrix

multiplicationalgorithm, Bulu̧cand Gilbert’s motivatingproblemhasdiferentdemands

thanthosestemmingfromsparseNTs.Forinstance,theauthorscorrectlydidnotaccount

forthetimetoconstructdoubly-compressedmatricesintheirperformancemetrics,because

theirparallelalgorithmamortisesthesecostsacrosssub-tasks.Incontrast,theconversion

coststothe MDT mustbeconsideredinasparse-NTsetting.

Asaresult,approacheswithminimalconversioncostsshouldalsobeconsidered. Asthe

bottomofFigure5.9illustrates,oneapproach,whichwecallthesimpleouter-product(SOP)

algorithm,istosimplyconcatenatealltheintermediaterank-1 matricestogetherintoa

lengthfLCOdata-structure. ThisLCOarraycanthenbesortedbasedontheLIs,with

duplicateentriesbeingsummedtogether. ThedownsideistheO(f) memoryuseanda

O(flogf)sort,whichdominatesthecomplexity. However,unlikeinregularsparsesettings,

fcanoftenbesmallcomparedtotheNNZofA andB. Moreover,theratioofftothe

nnzC oftheinalresultcanalsobecloseto1,meaningstrategiestoeicientlyaddduplicate

entriesdonotalwaysjustifytheiroverhead.

Theseconclusionsareborneout when multiplying R-TENSORsusingaverysimilar

setupastheexperimentsinSection5.3.3. However,insteadofcubicR-TENSORs,M ×

N×N NTsareusedinstead,whereM =N2. Thus,whenlatteningtheR-TENSORsto

compute(5.6),theresultingmatricesexhibitsquaredimensionsizesofN2×N2,providing

appropriateconditionstovarytherow-andcolumn-sparsitytogether. Additionally,the

NNZsvariedfrom5e4to1e5inincrementsof1e4andthetimetakenfortheCSC,SOP,

andCombBLAS’[201]C++index-sparsealgorithm,includingsetupcosts,was measured.

Allotherconditionswerekeptthesame.

TheresultsofthistestaredepictedinFigure5.8(c). Astheiguredemonstrates,the

SOPalgorithmoutperformedtheCSCalgorithmatlevelsofindex-sparsitygreaterthan6,

withtheperformancegapincreasingtoroughly35timesfasterexecutionatthehighestlevels

ofindex-sparsity. Thisemphasisesthevalueofusingspecialisedalgorithmsinindex-sparse

scenarios.ComparedtotheCombBLASalgorithm,theSOPoutperformeditonaverageby

afactorof2atalllevelsofindex-sparsity,demonstratingthevalueofasimpliiedapproach

insparseNTsettings. However,inseveralinstancestheCombBLASoutperformedtheSOP

algorithm,indicatingthatcertainscenarioscallforamoresophisticatedmergingapproach.

Furtherworkshouldfocusonidentifyingthesescenariosapriori.Evenso,theSOPexecuted

thefastest,bysigniicant margins,onalmostalltestinstances.

Asaresult,LibNToptsfortheSOPalgorithmwheneverbothAandBareindex-sparse.
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Forthepurposesofsatisfyingtheprimaryconsiderationofavoidinghighlyexcessivememory

use,theSOPalgorithmisappliedwheneverbothrow-andcolumn-sparsityexceed3.

5.4 ComparativePerformance

Sofar,this workhashighlightedthecomparativeperformanceofdiferentalgorithmic

choices. Whathasnotbeendiscussedistheimpactofusingsuchhigh-performancekernels

inageneralsparse-NTsetting. Tounearthsomeofthesigniicanceofusingthiswork’s

techniques,wecomparetheperformanceofthe MTTwithNTToolbox’s MATLABroutines,

withthelatterconsistingof MATLABclassesemploying MEXinterfacestoLibNT’sC++

algorithms.

Atthetimeofwriting,the MTTrepresentstheonlyothersoftwarelibrarysupporting

general-purposesparse-NToperations. Relectingthedesigners’intent,the MTT’sfocus

ontensordecompositionendowsit withasuiteofroutinesanddatastructuresthatgo

beyondbasicarithmeticoperations. Withregardtosparsearithmeticoperations,itdoes

notsupportgeneralisedentrywiseproducts,solutionsofequations,addition-subtraction

witharbitraryindex matchings,andoperationsbetweendenseandsparsedata.

Incomparingruntimeperformance,thequestionshouldbeaddressed whetheritis

fairtocomparethe MTT’scode with NTToolbox,asthelatterreliesonLibNT’s C++

code. First,thedevelopersofthe MTT madesuccessfulefortstooloadfunctionality

onto MATLAB’sbuilt-inandcompiledsubroutines, minimisingthenumberofcommands

executedby MATLAB’sinterpreter.Evenso, minimisationisnotthesameaselimination,

andinterpretedcommandscouldstillhamperperformancetovaryingdegrees. However,this

doesnotinvalidatecomparisonswith NTToolbox,asittouchesuponthepointsbrought

upby Ousterhout[133],anddiscussedinSections2.2.3and2.2.4,onprogrammingvs.

computationaleiciency. As Ousterhoutargued,programmingtasksaretypicallyeither

computationallyheavyalgorithmicdevelopmentorpluggingandgluingtheseoptimised

algorithmstogether. Alongtheselines,ifthe MATLABinterpreteriscausingsigniicant

slowdowns,thenthisisanargumentforoloadingcertaintaskstoacompiled-language

implementation. ThisistheapproachtakenbyNTToolbox.

Twodiferenttypesoftestswereperformed. Theirstbenchmarkedtheperformance

ofLibNTinperforming NTproductscrucialforcanonical-polyadic(CP)decomposition.

The MTT’sspecialisedroutinestocomputetheseproductsformacoreofitssparseCP

decompositionroutines. Theirstbenchmarktouchesuponahighlyimportantapplication,

butdoesnotrevealanyinsightsintotheimpactofLibNT’sstrategiesforhandlinghyper-

sparsity. Asecondbenchmarkfocusesspeciicallyonthis matter, withanemphasison

hyper-sparse multiplicationcombinedwithpermutations.
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5.4.1 SparseTensorDecomposition

Whilethe MTTdoesnotexplicitlysupportentrywisemultiplicationacrossarbitraryin-

dices,speciicinstancesofthesetypesofproductsstillplayanimportantroleintensor

decomposition.ForinstancetheKhatri-Raoproductisacrucialkernelintheclassicalter-

natingleastsquares(ALS)algorithmforCPdecomposition[83]andremainsanimportant

operationinmorerecentCPdecompositionstrategies[202].

InthelanguageofNTformalism,theKhatri-Raoproductisexpressedas

aijk=uikvjk. (5.8)

AsalsodetailedinthedensebenchmarksofSection4.3.2,theKhatri-Raoproductisimpor-

tantenoughfortensordecompositionapplicationsthattheMTTofersdedicatedroutinesto

multiplytheproductin(5.8)withanothertensor,withoutformingtheKhatri-Raoproduct

explicitly.InNTalgebra,thisisexpressedas

ŵℓk=xijℓuikvjk, (5.9)

andintheMTTlibraryaspeciicfunction,mttkrp,executestheentiretyof(5.9)givenan

N-degreetensorandN−1appropriatelysizedmatrices.

Sincethe MTTsuppliesaspeciicfunctiondesignedtoeicientlyexecute(5.9),itis

worthwhiletomeasurehowNTToolboxfaresusingitsgeneralNTproductroutines. To

recaptheALSalgorithmforthereader,xijℓrepresentsthesparseNTtobedecomposed,

whereasuikandvjkandwℓkrepresentthecurrentestimatesofthethreedensefactor

matricesthealgorithmisattemptingtocompute.Thehataccentonŵℓkin(5.9)relects

thefactthatfurtherprocessingisrequiredbeforeobtainingtheupdatedwℓkestimate.The

alternatingaspectofALScomesfromthefactthatthealgorithmcyclesthrougheachfactor

matrix,estimatingit,whileleavingtheothertwoconstant. Thus,foreachiteration,the

algorithmcomputes(5.9)plusthefollowingtwocalculations:

v̂jk=xijℓuikwℓk, (5.10)

ûik=xijℓvjkwℓk. (5.11)

Basedonproiling,computingthesethreeequationsconsumesroughly75%oftherunning

timewhencallingMTT’sCPALSalgorithm.

TocomparetheperformanceofNTToolboxvs.theMTTincomputingtheseKhatri-

Rao-typeproducts,N×N×N sparseNTswererandomlygeneratedusingthe MTT’s

createproblemfunction.ThisfunctionconstructsarandomlygeneratedsparseNTcor-

respondingtoadesiredillfactorandnumberofCPfactors.OncethesparseNTwasgen-

erated,theexperimentusedMTT’screateguessfunctiontogeneratethreeinitialdense

factormatrices.Thenthetimerequiredtocompute(5.9),(5.10),and(5.11)wasmeasured.

Thiswasrepeatedfordiferenttensorsizes,illfactors,andnumberofCPfactors.
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Figure5.10: BenchmarksforperformingsparseKhatri-Rao-typeproducts. Third-degree
sparsetensorswithcubicsizeswererandomlygeneratedusingtheMTT’screateproblem
function.TheratiooftheMTT’srunningtimetoNTToolbox’sincomputing(5.9),(5.10),
and(5.11)isgraphedfordiferentdimensionalitiesandtheindicatedsparsityillfactorand
CPfactors.Foreachtensorsize,illfactor,andCPfactornumber,10trailswereperformed.
Trendlinesdepictmedianratiosanderrorbarsrepresentquartiles.

TheresultsofthisexperimentaregraphedinFigure5.10. Ascanbeseen,NTTool-

boxproducedmuchfasterrunningtimesthanthe MTT. Forallexperimentconditions,

NTToolbox’srelativeperformanceimprovedasthesizeoftheCPproblemincreased. As

well,asthenumberofCPfactorsandillfactorincreased,theperformancegapbetween

NTToolboxandtheMTTgrewtoalmostafactorof5.ConsideringthatNTToolboxexe-

cuteditscomputationsusingitsownbasicfunctions,andnotaspecialisedfunctionlikethe

MTT,theseresultsdemonstratethatthesparsedesignprinciplesoutlinedinthischapter

cansigniicantlybeneittensordecompositionapplications.

5.4.2 Hyper-Sparse Multiplication

TheCPdecompositionexamplehighlightedperformanceimprovementsonanimportant

high-degreeexemplar. However,thehyper-sparsepoly-algorithmdidnotcomeintoplay.

Aswell,anysparsepermutationswereofathird-degreeNT,whichdoesgivetheRPalgo-

rithmthebestopportunitytoshowcaseitsperformanceimprovements. Tohelpmeasure

theimpactoftheseinnovations,asecondbenchmarkfocusesspeciicallyonhyper-sparse

multiplication.

Threefourth-degreeN×N×N×N NTswerecreatedusingthe MTT’ssptenrand

routine,witha5%illfactor. ThesethreeNTswerethenmultipliedusingthefollowing
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Figure5.11:Benchmarksforhyper-sparseproducts.TheperformanceofNTToolboxand
theMTTinexecuting(5.12),anexpressionincorporatingpermutationsandcolumn-and
row-sparsematrixmultiplications,wasmeasuredusingincreasingsizesofN. Trendlines
depictmedianvaluesanderrorbarsrepresentquartiles.

expression:

(aijkℓbpmnk)cnplr, (5.12)

whichrequiresbothpermutationsandthemultiplicationofhighlycolumn-androw-sparse

matrices1. Assuch,(5.12)iswell-suitedtohighlighttheimpactofthepermutational-

gorithmandmultiplicationpoly-algorithmdiscussedinthiswork. Therunningtimeto

execute(5.12)wasmeasuredacrossdiferentvaluesofN.

AsFigure5.11demonstrates,NTToolboxoutperformstheMTTbyvery-widemargins,

runningatminimum4.5timesfaster. AtthehighestvalueofN thismarginincreases,

withNTToolboxcompletingthetaskatroughly3.8swhiletheMTTrequiresroughly58s.

Theseperformancegapsarelargeenoughtomeanthediferencebetweenpracticaland

non-practicalrunning-times.

Theseresultshighlighttheimportanceofhigh-performancekernelsevenunderproto-

typingsettings.Aswell,theyconirmthattheprinciplesanimatingtheRPalgorithmand

themultiplicationpoly-algorithmcanacceleratesparseNTcomputations.Forthisreason,

theyrepresentimportantadvancementstothestateoftheart.

5.5 Summary

Asmeanstoovercomethecurseofdimensionality,sparsecomputationsplayapivotalrole

forhigh-degreecomputations.Forthisreason,sparsedatastructuresandalgorithmsplaya

1ToexecuteusingtheMTT,(5.12)wastranslatedinton-mode+ notation.
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centralrolewithintheNTsoftwareoftheNTframework. Alongwiththe MTT[112,124],

LibNTandNTToolboxstandaloneinoferingageneral-purposeenvironmentforsparseNT

computations.TheNTsoftwareisdiferentiatedbyseveralnovelhigh-performancekernels,

implementedas C++routines withinLibNT. NTToolboxinterfacestothesealgorithms

through MATLAB. Whileresearchershavepublishedhigh-performancearithmeticalgo-

rithmstacklingspeciictasks[176,177,181],LibNT’shigh-performanceroutinesaretailored

forgeneral-purposesparse NTarithmetic, meaningaddition,subtraction, multiplication,

andthesolutionofequationsincorporatingdense,sparse,ordense/spaseNT mixtures.

WefocusonthreecoreaspectsofLibNT’ssparsefunctionality. First,likeBaderand

Kolda[124],webelieveagenerallibraryshouldnotplaceanaprioriprecedenceoncertain

NTindicesoverothers. However,wearguefortheLCOformatoverBaderandKolda’sCO

format,basedonitsfastersortingperformanceandlower memoryconsumption.

Secondly,weemphasisetheimportanceofhigh-performancerearrangementalgorithms

whenusinglist-likedatastructuresliketheCOandLCOformats. Suchalgorithmsare

necessarytorealiseahigh-performancesparseNTlibrary. Weoutlinetheimpactofusing

radixsort,whichisspecialisedtosortintegerdatatypes,over moregeneral-purposesort-

ingalgorithms. Aswell,wearetheirsttooutlinehowtherearrangementtaskfacedby

permutationscanbeoptimisedbyexploitingthestructureinherentinpermuteddata. The

resultingalgorithmcanrearrangedatafasterthanthebestsortingoption,underscoringthe

importanceofemployingroutinestailoredforsparseNTs.

Finally,weaddressthetopicofsparse-times-sparseNT multiplication,whichfacesdif-

icultiesdistinctfromthosefoundwithinthe MVparadigm.Inparticular,ageneralNT

librarycouldencounteranycombinationofsparse,index-sparse,column-sparse,orrow-

sparsedata,whichalldemandtheirownspecialisedapproaches. Apartfromhighlighting

thisuniquecharacteristic,wealsooutlinedamultiplicationpoly-algorithmthatcanchoose

appropriatealgorithmsaccordingly. Thispoly-algorithmensuresthatexcessive memory

useisavoided,apotentiallycatastrophicevent. Moreover,thepoly-algorithmproduces

highly-signiicantreductionsinrunningtimeoverthecommonCSC/CSRapproach. While

the MTTcanalsohandlehyper-sparsity,itsone-size-its-allalgorithmdoesnotexploitthe

verydistinctfeaturesofthediferentsparsitytypes.

Comparedtothe MTT,theoutlinedkernelscontributedtoconsiderableimprovements

inrunningtimeonbenchmarksfocusingonarithmeticoperationsstemmingfromCPde-

compositionandhyper-sparse multiplication. Theseperformancegainsdemonstratethe

valueoftheoutlinedhigh-performancekernels,whicharetailoredtotheuniquechallenges

ofsparse NTcomputations. Allofthediscussedhigh-performancekernelsareaccessible

throughLibNTandNTToolbox,actingasabackbonetotheNTframework. However,as

withanyinnovationsregardingNTcomputations,weviewthesesparsekernelsasacon-

tributiontothegeneralieldofhigh-degreesoftware. Assuch,thedatastructuresand

algorithmsdescribedhere,orvariantsthereof,arealso wellsuitedtoanyotherpackage
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incorporatingsparseNTs. Thus,thesekernelsrepresentanimportantcontributiontothe

burgeoningieldofNTsoftware.

InconcertwithNTalgebraandthedensesoftwarefoundation,thesesparseinnovations

helpcompletethe NTframework. Withthe NTframeworkdescribed,exemplarprob-

lemscanbetackled,illuminatingaspectsoftechnicalcomputingpracticebeyondthe MV

paradigm. Thisisthefocusofthefollowingchapter.
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Chapter6

Diferential Operators

Speciallinearmappings,typiiedbyhigh-degreelinearmappingsandentrywiseproducts,are

anexemplarcategorynotwell-handledbythe matrix-vector(MV)paradigm.Incontrast,

anumerictensor(NT)frameworkeasilyexpressesandcomputessuch mappings. Diferen-

tialoperatorsarearecurringsourceofspeciallinear mappings. Appliedtogriddeddata,

e.g.,animage,oftenaspartofapartial-diferentialequation(PDE),diferentialoperators

commonlytaketheformofinite-diference(FD)operators.Theneedforefectivesolutions

forhigh-degreediferentialoperatorshasdrivenagreatdealofworkonhigh-degreealgebra

andsoftware.ThisincludestheEinSum[54,67]andPOOMA[128]softwarelibraries,which

provideimplicitrepresentationsofcommonhigh-degreeFDoperations. Complementaryto

theseeforts,theNTsoftwareusesexplicitsparserepresentations,whicharenecessaryin

ordertoconstructlinearsystemswhichmustbelatersolved.Thewidespreadneedforhigh-

degreediferentialoperatorsmeanstheyareanexcellentsourceofexemplarsthatshowcase

the meritsoftheNTframework.

Thischapterillustratesthreediferential-operatorexemplarstakenfromtwocomputer

visionproblems,calledinteractiveimagesegmentationanddepth-mapestimation. To-

gether,theseexemplarsinvolvehigh-degreemappings,entrywiseproducts,linearinversion,

non-linearfunctions,separablerepresentation,anddiferentiation,capturing manyofthe

featureshighlightedincurrentpushesforframeworksbeyondthe MVparadigm. Moreover,

thechapteremphasisesaspectsnoteasilyimplementedusingthe MVparadigm. Asthe

exemplarscanbeframedasPDEs,thedemonstratedbeneitsarerelevantto manyields

outsideofcomputervision.

Theselectedexemplarshavealsobeenimportantaspectsoftheauthor’sworkincom-

putervision,havingbeenfeaturedinthreediferentpublications[55,164,203].Theinherent

challengesofworkingonsuchexemplarshasmotivatedmuchoftheNTframework’sdevel-

opment. Thisinluencegoesbothways,astheNTframeworkhasimpactedtheapproach

usedtotackletheseproblems,e.g.,theauthor’slatestworkondepth-mapestimation,which

incorporatesahigh-degreegeneralisationofseparablenonlinearleastsquares(SNLS). This

aligns with Kuhn’sassertionthattheneedtoaddressanomaliesstemmingfromimpor-
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tantproblemsmotivatesthepursuitofmodels,tools,andtechniquesbeyondascientiic

paradigm. Moreover,whentheseanomaliesareviewedaskeycomponentsofnewexemplars,

theycanbegintodemarcatethepossibilitiesandboundariesofanalternativeparadigm.

ThechapterbeginswithadiscussionontheimportanceandchallengesofFDoperators

inhigh-degreedomains,suchasimageprocessingandcomputervision. Afterwards,the

chapteroutlineshowtheNTframeworkcanbeneitrandomwalker(RW)segmentation,a

prominentimagesegmentationalgorithm.Thisisfollowedupbyadiscussiononhowthe

NTframework’scapabilitiescanaiddepth-mapestimationproblems.

6.1 Finite-DiferenceOperators

Diferentialoperatorsareabedrockofscientiicandengineeringmodelling.Themostno-

tablemanifestationofdiferentialoperatorsiswithinPDEs,whoseimportancetoscientiic

andengineeringpracticeishardtooverstate. PDEsarejustascrucialforimagepro-

cessingandcomputervision,wheretechniques,suchasdepth-mapestimation[55],image-

segmentation[56,204],denoising[205],andimageenhancement[204,206,207],arefrequently

castasPDEs.

Indigitalimaging,whichistypicallycharacterisedbygriddedpixels,diferentialoper-

atorsfrequentlytakeontheformofFDoperators. ApartfromPDEs,FDoperatorsare

alsousefulforcomputingimagegradients,e.g.,forthepurposesofedge-detection[208],

opticallow[209],orobject-recognitionfeatures[210]. WhetherusedforPDEsorother

purposes,asFigure6.1emphasises,FDoperatorsmustmeetthechallengesinherentwithin

high-degreedata.

Forinstance,indigitalimaging,itisoftenofinteresttoexplicitlyformulatetheFD

operatoractinguponanimage.IfappliedaspartofaPDE,theFDoperatorcanbeusedas

partofadesignmatrix.IfthisisdoneusingMValgebra,thedigitalimagemustbelattened

intoavector.TheFDoperatormustthenbecreatedusingthesamelexicographicalorder,

whichtypicallyinvolvesusingalargeofsettoindexrowsorcolumns. Thisprocessis

burdensomeanderrorprone[67]. Digitalimagingisnotuniqueinneedingtoworkwith

FDoperatorsappliedtohigh-degreedomains,aswitnessedbythediscussionoflattening

schemesinprominenttextsonnumericalmethodsandtechnicalcomputing[47,57,58].

Inonedegree,ontheotherhand,FDmatrixoperatorsarerelativelyeasytoconstruct.

Forexample,shouldO(h2)centraldiferencingberequired,theFDmatrixcanbecon-

structedusing

D=
1

2

⎧
⎨

⎩

⎛

⎝
0 0 0
−I 0 0
0 0 0

⎞

⎠+

⎛

⎝
0 0 0
0 0 I
0 0 0

⎞

⎠+

⎛

⎝
−3 4 −1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 −1 4 −3

⎞

⎠

⎫
⎬

⎭
,(6.1)

wheretheirstandlastrowsofDareilledusingO(h2)forwardandbackward-diferencing

operators.Each0isasub-matrixofappropriatedimensions.
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(a) (b)

Figure6.1:Thehigh-degreenatureofimagingposeschallengesforFDoperators.Natural
imagesare2Dor3Difcolouristakenintoaccount,e.g.,(a). Medicalimagesareoften
3D,e.g.,theCTscanin(b). Whenatimeseriesistaken,medicalimagescanevenbe4D.
VolumerenderedusingtheMedicalImagingInteractionToolkit[211].

Unlike MValgebra,NTalgebracanjustaseasilyexpressFDoperatorsforhigher

degrees. First,theD operatorshouldbeconvertedtoasecond-degreeNT,i.e.,dii′=

eTiDei′,designedtooperateonirst-degreedata.InNTalgebra,thisoperatorcanbeeasily

appliedtoanyoftheindicesofanNT.Forinstance,ifa3Dimageisrepresentedusinga

third-degreeNT,Iijk,thenthethreepossiblegradientscanberepresentedas

Iyijk=d
y
ii′Ii′jk, (6.2)

Ixijk=d
x
jj′Iij′k, (6.3)

Izijk=d
z
kk′Iijk′, (6.4)

wheretherangesofindicesundergoinganinnerproductareassumedtomatch.

Itmayalsobedesiredtocombinegradientvaluestogether,e.g.,

fijk=I
y
ijk+I

x
ijk+I

z
ijk, (6.5)

=dyii′Ii′jk+d
x
jj′Iij′k+d

z
kk′Iijk′. (6.6)

While(6.6)isanunlikelyformulation,versionsverysimilartoit,e.g.,incorporatingsecond-

orderderivatives,arecommonwhenproblemsareformulatedasPoissonorLaplacianPDEs.

ToisolateIijk,theassociativityanddistributivityofNTproductsoveradditioncanbeused.

Forinstance,usingthefactoringrulesofTable3.1,(6.6)canbereexpressedas

fijk=d
y
ii′δjj′δkk′Ii′j′k′+d

x
jj′δii′δkk′Ii′j′k′+d

z
kk′δii′δjj′Ii′j′k′, (6.7)
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(a) (b)

Figure6.2:Foregroundandbackgroundlabellingfor2DRWimagesegmentation.Inter-
activesegmentationrequiresthattheuserdesignatesasetofforegroundandbackground
seedlabels.Inthiscase,theuserhaspainted(a)withredandgreenbrushstrokestolabel
selectedpixelsasforegroundandbackground,respectively.Interactivesegmentationalgo-
rithmsthenpropagateseedlabelstotheentireimage,resultinginamaskedimage,e.g.,
(b). ThesegmentationinthisexamplewasperformedusingtheRWalgorithm,executed
usingNTToolbox.

wheretheright-handsidecanbecollectedtogethertoformadesignNT:

aijki′j′k′=d
y
ii′δjj′δkk′+d

x
jj′δii′δkk′+d

z
kk′δii′δjj′, (6.8)

formingahigh-degreelinearsystemtosolve:

fijk=aijki′j′k′Ii′j′k′. (6.9)

Doingthesameinthe MVparadigmrequireslatteningoperationsbasedonthelex-

icographicalorder. Moreover,asSections6.2and6.3willdemonstrate,FDoperatorsfor

computer-visionproblemsmustoftenworkinconcertwithentrywiseproducts,non-linear

functions,andlinearinversionofhigh-degreeequations,posingadditionalchallenges.These

canbemetbytheNTframework.

6.2 Random WalkerImageSegmentation

Imagesegmentationisoneofthefundamentalaimsofcomputervisionandmedical-imaging

analysis[212].Roughlyspeaking,thegoalofimagesegmentationistoisolateregion(s)of

interestfroma2Dor3Dimage.Interactiveimagesegmentationisamajorapproachto

thisproblem,wheretheresultisguidedbyuserinput.Figure6.2(a)illustratesacommon

manifestationofinteractiveimagesegmentationwherevirtualbrushstrokesdesignatesets

ofseedpoints. Theseseedpointsspecifyforegroundandbackgroundregions. Basedon

theseseedpoints,thesegmentationalgorithmpropagatestheseed-pointlabellingtoall

unseededpixelsorvoxelsintheimage.Figure6.2(b)depictsanexampleofhowtheseed-

pointlabellinginFigure6.2(a)couldbepropagated. Morethantwolabeltypesarealso

possible.
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Figure6.3: Atleastfourindicesarerequiredfor2DRWsegmentation. Ainitybetween
neighbouringpixelsiscalculatedusingimagegradients,pijandqij. Basedontheseed
pointsandtheseainities,alabellingpotential,φkℓ,iscalculated. Thispotentialcanbe
thresholdedtoproduceasegmentationmask. Dependingonhowtheseed-pointconstraints
areincorporated,aifthindex,i.e.,m,couldindextheseededpixels. Anotherindexwhich
isnotshown,wouldindextheunseededpixels.

TheRWalgorithm[56]isoneofthe mostpopularandinluentialapproachestointer-

activeimagesegmentation.Pertinenttothisdiscussion,theRWalgorithmreliesheavilyon

high-degreediferentialoperators,thechallengesofwhichtheNTframeworkcanaddress.

WeomitexplainingtheRWalgorithmusingthe MVparadigm,assuchanexpositioncan

befoundinGrady’soriginalpaper[56].

Section6.2.1beginsbydescribingtheRWformulationusingNTalgebra.Thisisfollowed

bySection6.2.2, whichoutlineshowthe RWcanbesolved. Afterwards,Section6.2.3

outlinessomeimportantextensionstotheRWalgorithmthatareeasilyaccommodatedby

theNTframeworkbutwhichchallengetheMVparadigmevenfurther.Finally,Section6.2.4

contraststhecomputationalandprogrammingeiciencyofMVparadigmvs. NTframework

implementationsoftheRWalgorithm.

6.2.1 Formulation

As Gradyexplainsinhisoriginalpaper,the RWalgorithmcanbe motivatedthrough

severalanalogies,includingdifusionequationsandcircuitanalysis[56]. Regardlessofhow

itis motivated,theformulationboilsdowntodeterminingapixellabellingthat minimises

diferencesacrossneighbouringandsimilarpixels. AsFigure6.3illustrates,inthe2D

segmentationcasetheRWalgorithmmustcontendwithatleastfourindices. Moreover,as

willbeshown,entrywiseproductsplayanimportantrole. Thus,the MVparadigmisnot

naturallyequippedto modelthisimage-segmentationtask.

Toseethis,considerirstthattheRWalgorithmattemptstodeterminealabellingfor

allpixelsorvoxelsinanimage.Ina2Dsettingφkℓdesignatesthelabelling,whichisasoft

loating-pointvaluedlabellingoftencalledthepotential.InthecaseofFigure6.2(a)user-

deinedvirtualbrushstrokesdesignatesetsofseedpoints,SfandSb,thatareconstrained

tobeintheforegroundandbackground,respectively.Topropagatetheseed-pointlabelling
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totherestoftheimage,anaturalapproachistomakeiteasiertopropagatelabelswhen

neighbouringpixelsarealikeandharderwhenneighbouringpixelsaredissimilar.

Thereare manywaystocomputepixelsimilarity,butthe mostcommonistouse

intensitydiferencesbetweenneighbours,e.g.,Grady’suseofaGaussiankernel[56].Using

a4-connectedgrid,intensitydiferencescanbecomputedusingthe2Danaloguesofthe

gradientcalculationsin(6.2)-(6.4).Thexandygradientscanberepresentedaspijandqij

respectively. ThesegradientscanbeincorporatedintoaGaussiankerneltoproducetwo

setsofsimilarityweights,

wxij=exp

(
−pij
β

)

, (6.10)

wyij=exp

(
−qij
β

)

, (6.11)

whereβisanalgorithmparameter.

Eachweightvalueisusedtopenaliseanydiferencesinpotentialvaluesacrossneigh-

bouringpixels,wherepenaltyvaluesaregreatestforneighbouringpixelsofsimilarintensity.

Thegoalthenistominimisethepenalties.Thistaskcanbeformulatedasdeterminingthe

labellingpotentialthatminimisesthefollowingenergyfunctional:

f(φ)=(dyii′φi′j)(d
y
ii′φi′j)w

y
ij+(d

x
jj′φij′)(d

x
jj′φij′)w

x
ij, (6.12)

=(dyii′φi′j)(d
y
ii′φi′jw

y
ij)+(d

x
jj′φij′)(d

x
jj′φij′w

x
ij), (6.13)

s.t.

{
φij=1,{i,j}∈Sf
φij=0,{i,j}∈Sf

, (6.14)

wheredxijandd
y
ijdenoteone-dimensionalFDoperatorswithappropriatedimensionsfor

thexandydirections,respectively.Thisformulationcanbeunderstoodasminimisingthe

weightedsquareddiferencebetweenpixellabels.

Theformulationin(6.12)expressesaternaryinnerproductbetweentheFDoperators

andtheweightings,resultinginananisotropicLaplacianoperator.Thesubsequentexpres-

sionin(6.13)usestheassociationidentitytoisolateoneoftheφoperands.Intheoriginal

formulation,Gradydescribedtheseproductsasaweightedinnerproduct,whichresultedin

acombinatorialLaplacianmatrix.Todescribetheenergytermof(6.12)Gradypredomi-

nantlyusedMVnotation,butresortedtoamixofdiagonalmatrices,implicitvectorisations,

andisolatedinstancesofEinsteinnotation.Incontrast,(6.12)expressesalloperationsal-

gebraically.Additionally,(6.12)canbeeasilyextendedto3ormoredimensions.
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6.2.2 Solution

Withtheenergyfunctionalconstructed,solvingfortheenergypotentialrequiresindingits

minimum.Thisrequirestakingthederivativeoff(φ)withrespecttoφk′ℓ′,

1

2

∂f(φ)

∂φk′ℓ′
=(dyii′δi′k′δjℓ′)(d

y
ii′φi′jw

y
ij)+(d

x
jj′δik′δj′ℓ′)(d

x
jj′φij′w

x
ij), (6.15)

=dyik′(d
y
ii′w

y
ijδjℓ′)φi′j+d

x
jℓ′(d

x
jj′w

x
ijδik′)φij′, (6.16)

=dyik′(d
y
ikw

y
iℓδℓℓ′)φkℓ+d

x
jℓ′(d

x
jℓw

x
kjδkk′)φkℓ, (6.17)

=ak′ℓ′kℓφkℓ, (6.18)

wheretheassociationidentitywasusedin(6.16)toisolateφ.In(6.17),thedummyindices

forφwerechangedtokandℓ,aligningwithFigure6.3’sconventions.TheNTak′ℓ′kℓ,de-

inedby(6.17)and(6.18),formsthecombinatorialLaplacianoperatordiscussedbyGrady.

Thenextstepconsistsofsettingtheproductin(6.18)tozero,formingaLaplacian-like

ellipticPDE,andsolvingtheresultingequationforφkℓ.However,suchaproblemisunder-

determinedwithoutconstraints. Theseedvaluesillthisrole,actingasnon-boundary

Dirichletconstraints.

Thereareseveralmeanstoincorporatetheseed-valueconstraints.Oneapproach,used

byGrady[56],reducestheproblemsizebydecomposingthelabellingpotentialsintoun-

seededandseededcomponents.Forinstance,asequenceofseedlabelscanbeplacedinto

theirrespectivepixelcoordinatesviaaselectionNT:

φskℓ=π
s
kℓmsm, (6.19)

wheresmdenotesthelistofknownseedlabelsthatareeither0or1valued,φ
s
kℓisasecond-

degreeNTofall-zerovaluesexceptfor1-valuedseedpoints,andπskℓmrepresentsaselection

NTthatplacesseedlabelsintotheirmatchingimagecoordinates.Asimilarformulationis

possibleforunseededlabels:

φukℓ=π
u
kℓnun, (6.20)

whereum denotesthelistofunseededlabelswhosevaluesmustbedeterminedandπ
u
kℓnis

thecorrespondingselectionNT.Thus,thecompletelabellingcanbeexpressedasthesum

ofseededandunseededlabels:

φkℓ=φ
s
kℓ+φ

u
kℓ. (6.21)

Sincetheunseededlabelsaretheunknowns,theymustbesolvedfor.Thederivativeofφkℓ

withrespecttounissimply

∂φkℓ
∂un′

=πukℓn′. (6.22)
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(a) (b) (c) (d) (e)

Figure6.4: Medical-imagingapplicationofusingtheRWmethodwithadataprior.The
IntellEditStool[203]useddatapriorterms,basedoninteractivediscriminativelearning,
tointelligentlypropagateauser’s2Deditstothelarger3Dvolumeofamedicalscan.For
instance,in(a)theuserwishestocorrectasegmentationtoremovethevenacavafroma
livermesh(red). Theuserchoosesaninteractionplaneanddrawsacorrectedboundary
(green).(b)Themeshisupdatedintheplane.(c)UsingtheRWandadatapriorbased
onthelearnedfeaturesoftheeditedregion,themeshboundaryisaccuratelypropagatedin
3D.(d)-(e)The3Dpropagationcanalsobeviewedbycomparingbeforeandaftersurfaces
in(d)and(e),respectively.FigurestakenfromHarrisonetal.[203].

Theexpressionin(6.22)canbemultipliedwith(6.18)toformanexpressionofthe

derivativeoff(φ)withrespecttoun:

∂f(φ)

∂un′
=πuk′ℓ′n′ak′ℓ′kℓ(π

s
kℓmsm+π

u
kℓnun). (6.23)

Settingtheabovetozeroleadstoainalexpression,whichcanbesolvedforun:

πuk′ℓ′n′ak′ℓ′kℓπ
u
kℓnun=−π

u
k′ℓ′n′ak′ℓ′kℓπ

s
kℓmsm. (6.24)

TheselectionNTscanbeseenasselectingcertainsub-regionsoftheak′ℓ′kℓNT.

6.2.3 Extensions

Extendingtheenergyfunctionalin(6.12)to3ormoredimensions,whichinvolvesadding

termsincorporatingFDdiferencesintheadditionaldirections,isnotationallystraight-

forwardundertheNTframework. Additionally,theNTframeworkisparticularlywell-

equippedtomodelanimportantreinementtotheRWformulation,whichaddsapriorterm

thatbiasesthesolutionbasedonsomepre-existingknowledge.Thiswasirstdiscussedby

Grady[213],leadingtoseveralotherimportantworksemployingtheRW-with-priorformu-

lation[203,214,215].Thisincludesatooldevelopedbytheauthorcalledintelligenteditor

ofsegmentations(IntellEditS)thatusestheRWmethodcoupledwithtwodata-priorterms

toeditpre-existingmedical-imagingsegmentations[203].Figure6.4visuallydemonstrates

thefunctionalityofthetool.

Thedataprior’sinluenceontheinalsolutioniscontrolledbyasetofweights.Nota-
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tionally,thisalterstheformulationin(6.12)toincludeanadditionaladditiveterm,

f(φ)=(dyii′φi′j)(d
y
ii′φi′jw

y
ij)+(d

x
jj′φij′)(d

x
jj′φij′w

x
ij)+γij(φij−yij)(φij−yij), (6.25)

s.t.

{
φij=1,{i,j}∈Sf
φij=0,{i,j}∈Sb

, (6.26)

whereyijrepresentsthedatapriortermsandγijrepresentstheweightingthatcontrols

thedata-prior’sinluence.Theenergyfunctionalin(6.25)canbeunderstoodaspenalizing

bothpixellabelsthatdeviatefromthedatapriorandpixellabelsthatdeviatefromtheir

neighbours. FortheIntellEditStool,datapriortermswerecalculatedbasedonlearning

thefeaturesthatdiscriminatebetweenforegroundandbackgroundseedvalues[203].

LiketheoriginalRWmethod,theenergyfunctionalcanbeminimisedbytakingthe

derivativewithrespecttoφij,

1

2

∂f(φ)

∂φk′ℓ′
=dyik′(d

y
ikw

y
iℓδℓℓ′)φkℓ+d

x
jℓ′(d

x
jℓw

x
kjδkk′)φkℓ+γijδik′δjℓ′(φij−yij), (6.27)

=dyik′(d
y
ikw

y
iℓδℓℓ′)φkℓ+2d

x
jℓ′(d

x
jℓw

x
kjδkk′)φkℓ

+(γkℓδkk′δℓℓ′)φkℓ−2γijδik′δjℓ′yij,
(6.28)

=ak′ℓ′kℓφkℓ+fk′ℓ′, (6.29)

whereφ’sdummyindicesforthedata-priortermin(6.28)werechangedtokandℓ. As

(6.28)demonstrates,thedata-prioraddsweightedKroneckerdeltaNTstotheinalak′ℓ′kℓ

NT.Inaddition,aconstantterm,fk′ℓ′,isincludedwithintheformulation,which,when

(6.29)issettozero,turnstheoriginalLaplacianellipticPDEintoaPoisson-likePDE.

Withaformulationfor(6.29)inhand,solvingforunseededlabelsfollowsthesameprocess

asbefore.Grady’soriginalexposition,usingtheMVparadigm,reliedondiagonalmatrices

toexpressentrywiseproducts[213].Inaddition,thestepsinvolvedtoconstructtheinal

formulationof(6.29)islefttothereader.Incontrast,usingNTformalism,thesolutionto

(6.25)isalgebraicallyconstructed,makingthetranslationtoaprogrammedsolutionmuch

moreseamless.

6.2.4 Results

Despitehavingtodealwithfourth-degreedata,entrywiseproducts,ternaryinnerproducts,

andhigh-degreelinearinversions,itispossibletoimplementtheRWmethodusingtheMV

paradigm.Infact,Grady’soriginalRWimplementationusesMATLAB’sMVroutines[56].

Forthisreasonitispossibletocomparethecomputationalandprogrammingeiciencyof

astandardMV-paradigmMATLABimplementationvs.thatofanNTToolboximplemen-

tation.Forsimplicity,hereafterthestandardMV-paradigmMATLABimplementationwill

bereferredtoasthestandardMATLABimplementation.Thecomparisonwillfocusonthe

originalRWformulation,andnottheextensionsdiscussedinSection6.2.3.

Focusingirstonprogrammingeiciency,toimplementtheRWalgorithmusingaMAT-

LABimplementationrequiresseveralhand-craftedworkarounds,whichmirrorsthealge-
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braicworkaroundsencounteredinGrady’soriginalexposition[56]. Theseincludeneeding

tolattenfourth-degreeandsecond-degreedatainto matrixandvectorform,respectively.

Moreover,entrywiseproducts mustbeexecutedusingdiagonal matrices. Theseoperations

introduceprogrammingdiicultiesthatarenotinherenttotheproblem-at-hand.̊Ahlander

etal.haveemphasisedthatsuchworkaroundscanbeasigniicantsourceoferror[54,67],

whichlargelystemfromtheneedto manuallybookkeepthe mappingsfromhigh-degreeto

low-degreeform.

Apartfromaddingadditionalopportunitiesforerrors,thelatteningschemeitselfintro-

ducesanarbitraryelementtothesolution.Theprogrammermustsettleupononeofseveral

latteningschemesandensurethattheimplicationsofthisareunderstoodandcommuni-

catedtoanyoneviewingthecode.Inaddition,byshoehorningtheRWalgorithmintothe

MVparadigm,theprogrammercannotusealgebraicoperations.Insteadheronlyrecourse

istousehand-craftedworkarounds,whichcomepredominantlyintheformof MATLAB-

speciicoperations. Thesedonotgeneralisetoothertechnicalcomputingenvironments,

introducingobstaclestoknowledgetranslationanduptake.

Theendresultoftheseissuesisthattheresulting MATLABimplementationisopaque

tosomeonenotalreadywell-versedin MATLABworkaroundsandtheimplicationsofthese

actions.Incontrast,usingNTalgebratoexpresstheRWalgorithmallowsallstepstobe

algebraicallydescribed.Inadditiontoitsexpositionalvalue,explicitlydescribingallsteps

easestranslatingtheRWconceptstocode,astheNTsoftwarecanmimicNTalgebra.This

avoidsintroducingdiicultiesthatarenotinherenttothe RWalgorithm. Mostimpor-

tantly,thesolutiononpaperalignswiththeprogrammaticsolution,resultinginahighly

transparentimplementation. Thus,theNTToolboxsolutionenjoyshighlysigniicantgains

inprogrammingeiciency.

Switchingfocustocomputationaleiciency,theRWmethodcomprisestwomainsteps.

Theirststepconstructsahigh-degreelinearsystemtosolve. Thesecondstepsolvesit.

Focusingonthesecondstepirst,thetimetakenbythe MATLABandNTToolboximple-

mentationstosolvetheRWlinearsystemisillustratedbyFigure6.5(b).Theseperformance

metricscomparetheperformanceofEigen’sopen-sourcesparsesolver[145],usedbyNT-

Toolbox,vs. MATLAB’ssparsesolver. Assuch,theyarenot measuringtheimpactofthe

NTalgebraandsoftwareinnovationsdetailedinthisthesis,butinsteadthechoiceofthe

third-partysparsesolver.FromFigure6.5(b),itcanbeseenthat MATLAB’ssparsesolver

outperformsEigen’sbyconsiderable margins,highlightingtheefectivenessoftheformer’s

routines. Futureworkshouldlinktoorincludefasterthird-partysparsesolvers,possibly

replicating MATLAB’spoly-algorithmicapproach. Becauseefectiveopen-sourcesolutions

exist,e.g.,theroutinesusedin Octave’ssparsesolver[216],theperformancegapseenin

Figure6.5(b)canbeclosed.

Incontrasttothesolutionstep,settinguptheRWlinearsysteminvolvestheNTopera-

tionsoutlinedinthisthesis.Figure6.5(a)illustratestheperformanceofthe MATLABand
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Figure6.5:RuntimecomparisonoftheMVparadigmandtheNTframeworkinperforming
2DRWimagesegmentation.TheRWmethodwasexecutedonrandomlygeneratedN×N
imagesusingforegroundandbackgroundseedpointscorrespondingtotheirstandlast
columns,respectively. Runtimesofa MATLAB MVparadigmimplementationandofa
NTToolboximplementationweremeasuredacrossincreasingvaluesofN.Tentrialswere
executedforeachvalueofN. Trendlinesdepictmedianvalueswhileerrorbarsdepict
quartiles.ThetimetakentoconstructtheRWlinearsystemandthensolveitaredepicted
in(a)and(b),respectively.

NTToolboximplementations.Ascanbeseen,theMATLABsolutionissigniicantlyfaster

thanNTToolbox.Proilingrevealsthatthegapbetweenthetwocanbereducedbyoload-

ingsomeofNTToolbox’sresolutionofNTalgebratoC++MEXfunctions. Nonetheless,

evenwiththesechanges,performancegapswilllikelyremain.

WhenassessingtheperformanceresultsofFigure6.5(a)onefactshouldbeconsidered:

usingastandard MATLAB MVimplementationforcesprogrammerstousehand-crafted

codeinordertomeetthehigh-degreeandentrywiseneedsoftheRWalgorithm.Thecon-

siderabledisadvantagesofhand-craftedcodeweredocumentedabove.Nonetheless,because

abstractionpenaltiesareavoided,hand-craftedcode,ifdonewell,typicallyresultsinhighly

eicientcode.Indeed,thestruggletoprovideimprovedexpressivecapabilitieswhiletrying

tomatchtheperformanceofhand-craftedcodeisareoccurringthreadwithintechnical

computing.TwoexamplesincludetheefortsofthedevelopersofFORTRANtomatchthe

performanceofhand-craftedassemblycode[24]andthelatertrail-blazinginnovationsof

Landry’sFTensorlibrary,whichisdesignedtoprovidesupportforEinsteinnotationwhile

matchingtheperformanceofhand-craftedFORTRAN-stylecode[101].Eachstepforward

inprogrammingeiciencytypicallyresultsinasacriiceincomputationaleiciency. So

itisnosurprisethenthatahand-craftedMATLABimplementationperformsfasterthan

NTToolbox’salgebraicsolution. Likewise,ahand-craftedlower-levelsolutionwouldbe

fasterthanahand-craftedMATLABimplementation.Yet,thislatterfacthasnotarrested

126



✐

✐

“monograph” —2016/1/25 —12:13 —page127 — #143
✐

✐

✐

✐

✐

✐

Figure6.6:Illustrationofdepth-map &albedoestimation. Fourimagesofasingle-view
imagesequencearedisplayed.Eachimagecorrespondstoadistinctprincipallightdirection,
withitsownshadingcharacteristics.Fromtheimagesequence,anestimateofthedepthof
thesubject’sface,alongwiththealbedo,canbeproduced.Imagedataobtainedfromthe
ExtendedYaleFaceDatabaseB[217].

MATLAB’sriseinpopularityasatechnicalcomputingplatform.

Thus,theseresultsrelectthefrequenttensionbetweenprogrammaticandcomputa-

tionaleiciency,whichtranscendsthescopeofNTcomputations.Shouldoneacceptthat

forcingpractitionerstohand-crafttechnicalcomputingcodeisadeleteriouspractice,then

thefasterspeedof MATLAB’sRWimplementationcomparedtoNTToolbox’sshouldnot

besurprisingordisturbing. Abeliefotherwise wouldnotonlyunderminetherationale

behindtheNTsoftware,buttovaryingextents,itwouldalsounderminetherationalefor

FORTRANallthewayuptoveryhigh-levellanguageslike MATLAB.

Moreover,theRWruntimeisdominatednotbythetimeneededtoconstructthelinear

system,butbythetimeneededtosolveit. Interfacingtoimprovedthird-partysparse

solverswill morecloselyaligntheoverallperformanceofNTToolboxtothatofastandard

MATLABimplementation. Anyremainingperformancegaps willbeaconsequenceof

signiicantlyhigher,andfrequently moreimpactful,programmingeiciency.

6.3 Depth-Map & AlbedoEstimation

Depth-mapestimationisaseminalcomputervisiontechniquewhosegoalistoestimatethe

heightieldofanobjectfromasequenceof2Dimagescapturedfromthesameviewpoint,

buteachunderadiferentlightdirection.Estimatingdepththiswaycannotbedonewithout

alsoconsideringtheobject’srelectancecharacteristics. AssumingLambertianrelectance,

i.e.,aperfectlydifusesurface material,anobject’srelectanceisfullydescribedbyits

albedo,orcolour.Figure6.6visuallyillustratesdepth-map&albedoestimation.

Closelyrelatedtodepth-map &albedoestimation,anda methodimportantforthis
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(a) (b) (c)

Figure6.7:Usingphotometricstereotogenerateunseenimagesfromarbitrarylightdirec-
tions.Photometricstereowasperformedonanimagesequenceofamicrofossilspecimen.
Theestimateswereusedtogeneratenewimagesofthespecimen.(a)and(b)depictnew
imagesunderspot-lightillumination,fromazenithangleof30◦andazimuthsof90◦(north)
and270◦(south)respectively.(c)depictsthesamemicrofossil,illuminatedwitharinglight
atazenithangleof30◦.FigurestakenfromHarrisonetal.[218].

exposition,isphotometricstereo. Unliketheformer,photometricstereodoesnotaimfor

anexplicitestimateofanobject’sdepthmap,butratheramapofitssurfacenormals.

Photometricstereoisrelevanttodepth-map&albedoestimation,asifoftenactsasa

irststepformanyofthelatter’stechniques. Amongstotherapplications,depth-map&

albedoestimationandphotometricstereoactascrucialcomponentsoftheauthor’sworkon

virtualrelected-lightmicroscopy[218].Bothtechniquescanbeusedforimagegeneration

purposes,i.e.,generatingnewimagesofanobjectunderarbitrarylightingconditions.The

image-generationprocessofvirtualrelected-lightmicroscopyisillustratedbyFigure6.7.

Depth-mapestimationisintimatelyconnectedtodiferentialoperations.Astheproblem

isalsocharacterisedbyhigh-degreemappings,entrywiseproducts,linearinversions,and

analyticalderivatives,depth-map&albedoestimationservesasacompellingexemplar

fortheNTframework. Weoutlinetwoexemplarsstemmingfromdepth-map&albedo

estimation.Section6.3.1irstoutlinesthetraditionaltwo-stepapproachtodepth-map&

albedoestimation,whichrequiresaccommodatingivediferentindices.Thisisfollowedby

Section6.3.2,whichoutlinesadirect,one-step,approachtodepth-map&albedoestimation.

Thisapproachhassuperiorinformationtheoreticperformance,butrequiresaccommodating

sixdiferentindices,furtherchallengingtheMVparadigm. Whenaseparablerepresentation

forestimationisaddedtothemix,aseventhindexcomesintoplay.

6.3.1 Linearised MaximumLikelihood

Directlyrelatingimageobservationstodepth-mapestimatesrequiresalarge-scaleandnon-

lineargenerativemodel.Asthisposesmanychallenges,thetraditionalapproachistouse

atwo-stepprocessofirstexecutingphotometricstereoandthenexecutingdepth-mapesti-
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mationfromphotometricstereo’ssurface-normaloutput.Classictwo-stepapproachesenjoy

alongpedigreeandarerecognisedfortheirhigheiciency. Yet,classicmethodscanfail

catastrophicallyundernoisy,real-world,conditions.Sincetherearegoodmodelsofimage

noise,maximumlikelihood(ML)approachescaninprinciplesolvethisproblem.

However,itisnotobvioushowtoobtainanMLestimateusingthetwo-stepapproach,

leadingmanypracticalmethodstousenon-robustheuristicstoaddressimagenoise.Harri-

sonandJoseph[55]solvedthisproblembymodellingthepropagationofnoisedistribution

throughoutthetwosteps.Sincethemethodreliesonlinearisedestimatesofgradientnoise,

thistwo-stepformulationcanbecalledlinearisedmaximumlikelihood(LML)depth-map

estimation.

Theexpositionwillbeginbyexplainingtheinitialphotometric-stereostep. Thisis

followedbyanoutlineoftheinaldepth-mapestimationstep.Finally,resultswillbegiven

comparinganimplementationusingtheMVparadigmvs.thatoftheNTframework.Efort

willbetakentoonlyhighlightthedetailsmostsalienttotheNTframework.Fordetails

thatarenotrelated,suchastheparticularsoftheimageandgradientnoisedistributions,

readersareencouragedtoconsultHarrisonandJoseph[55].

PhotometricStereo

TheirststepintheLMLmethodistoperformphotometricstereo,whichestimatesthe

surfacenormalsandthealbedooftheobjectbeingimaged,butnottheexplicitdepth.As

thissubsectionwillexplain,thephotometric-stereomodelofimageformationisusedto

performthistask.Theoutputofphotometricstereocanbeusedtogenerateimagesofthe

objectunderarbitrarylightingconditions. WhenthegoalistoproduceanMLestimateof

thedepth,amodelofthenoisedistributionofsurfacegradientsmustbeformulated.This

modelisexpressedusinghigh-degreematrixNTsandentrywiseproducts.

Whenestimatingsurfacenormalsandalbedo,theseparameterscanberepresentedto-

getherasonevectorcalledtheweightednormals,η=(ηx,ηy,ηz)T.Thisvectoriscomposed

oftheunit-vectorsurfacenormalsmultipliedbythealbedo,agray-levelintensity. Using

thisrepresentation,Lambertianimageformationforaknownandsinglepointlightsource,

plusotherimportantassumptions[55],iscapturedbyanear-linearrelationship,expressed

as

I=u(ℓTη)ℓTη+ϵ, (6.30)

whereIisthepixelintensityandℓrepresentsthelightdirection.Inessencethepixelinten-

sityisdirectlyrelatedtothecosineoftheanglebetweensurfacenormalsandthedirection

oftheprinciplelightsource.Theunitstepfunction,u(.),modelsattachedshadows,setting

imageintensitytozerowhenthecorrespondingsurfacepatchfacesawayfromthelight

source.Imagenoiseisrepresentedbyϵ,whichismodelledasanadditiveindependentand

identicallydistributed(IID)zero-meanGaussiancontribution,areasonableassumptionfor
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Figure6.8:Thefourindicesofphotometricstereo.Intheimagesequence,Ikij,eachimage
correspondstoalightdirection.Thelightdirectionsareindexedbyk.Lightdirectionsand
weightednormalsarerepresentedbyavectorNT,addinganotherindex.Sincephotometric
stereoisexecutedindependentlyforeachpixellocation,i.e.,iandj,theselastindicesdo
notplayanimportantrole,practicallylimitingthenumberofindicestotwo.

imagenoise[219].Since(6.30)onlyconcernsonesurfacelocation,estimatingtheweighted

normalscanbeexecutedindependentlyforeachpixel. Thus,eachpixellocationwillbe

consideredinisolation.Thismodelofimageformationcanbecalledthephotometric-stereo

model.

GivenNimages,eachilluminatedunderknowndirections,imageformationofallob-

servationscanbeexpressedtogetheras

Ik=u(ℓ
T
kη)ℓ

T
kη+ϵk, (6.31)

wherekindexesthediferentimagesandlightdirections.Figure6.8illustratestheindices

neededforphotometricstereo.Avectorindexisneededtorepresentthe3Dlightdirections

andsurfacenormals.Technically,thepixellocations,iandj,alsocomeintoplay.However,

sincephotometricstereocanbeexecutedindependentlyforeachpixel,forpracticalpurposes

thereareareonlytwoindicestocontendwithatonetime.

Returningtotheimageformationmodel,ifonecanilterouttheshadowedpixelsthe

generativemodelreducestoasmallerlinearone:

Ĩk=ℓ̃k
T
η+ϵk, (6.32)

whereĨkandℓ̃konlyconstitutethenon-shadowedpixelsandlightdirections,respectively.

Theweightednormalscanthenbeestimatedbysolving(6.32)intheleast-squaressensefor

eachpixel. MoredetailscanbefoundinHarrisonandJoseph’spaper,includingadiscussion

ofilteringtacticsandhowusingthereducedlinearregressionformof(6.32)stillkeepsthe

resultanMLestimate[55].Fromthisanestimateofthealbedo,̂ρ,canbeobtainedbytaking

thenormofη̂. Withanestimateoftheweightednormalsinhand,imagesoftheobject

fromarbitrarylightdirectionscanbegenerated,e.g.,thevirtualrelected-lightmicroscopy

imagesofFigure6.7.
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However,oftenthepurposeistoexplicitlyestimateanobject’sdepthmap. Whilethe

surfacenormalsdodescribeanobject’sshape,explicitlyestimatingthedepthmaprequires

computingthesurfacegradients.Thesurface-gradientestimatescanbecalculatedfromthe

weighted-normalestimatesusingthefollowingrelationship:

β̂=(̂p,̂q)T, (6.33)

=

(

−
η̂x
η̂z
,−
η̂y
η̂z

)T
, (6.34)

wherepandqdenotethesurfacegradientsinthexandydirection,respectively.

ToobtainanMLestimate,thenoisedistributionofthegradientsmustalsobemodelled.

Theerrorinthegradientestimatescanbemodelledbasedonthenoisemodeloftheoriginal

imageobservations.However,modellingthisbehaviourischallengingasitsdistributionis

governedinpartbythenonlinearoperationswithin(6.34).Solvingthisproblem,Harri-

sonandJosephdemonstratedthatonecanmodelthegradientnoiseusingananisotropic

Gaussiandistribution,providedregularityassumptionsandasymptoticapproximationsare

used[55].

HarrisonandJosephalsooutlinedhowthecovarianceofthegradientestimatescanbe

computed. Thesedetailswillnotbegivenhere,butinterestedreadersareencouragedto

consulttheirpaper[55]. Regardlessofhowthecovarianceiscomputed,sincegradients

areestimatedindependentlyforeachpixel,theycanbemodelledasbeingindependent

fromestimatesstemmingfromotherpixellocations.Thus,thecovarianceofthegradient

estimatescanberepresentedusingasequenceof2×2matricesforeachpixellocation:

Σβ̂̂β=M. (6.35)

Whenallpixelslocationsareconsideredtogether,thegradientcovariancecanbeexpressed

as

Σβ̂̂βiji′j′=Mijδii′δjj′, (6.36)

whereiandjdenotepixellocationsandtheuseofδNTsrelectsthatcovariancebetween

gradientestimatesisnonzeroonlywhentheysharethesamepixellocation.Iftheinverse

of(6.36)needbeobtained,itcanbecalculatedrelativelyinexpensivelyusing:

Σβ̂̂βiji′j′
−1
=M−1ijδii′δjj′. (6.37)

Depth-MapEstimation

Withphotometricstereoexplained,depth-mapestimationcanbeoutlined,asettingwhere

theNTframeworkcanplayahighlyusefulrole. Adepthmap,zkℓ,isrelatedtosurface

gradientsthroughthefollowingformulation:

βij=

(
∂zij
∂x
,
∂zij
∂y

)T
. (6.38)
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Figure6.9:FiveindicesarerequiredforLMLdepth-mapestimation.Surfacegradientsfor
eachpixellocationarerepresentedbyavectorNT,βij,constitutingthreeindiceswhenthe
vectorindexisincluded.Twootherindicesareneededtorepresentzmn.

TherelationshipcanbeapproximatedusingFDoperators:

βij=
(
dxjnzin,d

y
imzmj

)T
, (6.39)

whereasexplainedinSection6.1,thedxjj′andd
y
ii′NTsrepresentFDoperatorsinthex

andydirections,respectively.SinceFDoperatorsuseaneighbourhoodofvaluesintheir

calculations,anestimateforzmn mustbecalculatedforallpixellocationssimultaneously.

Figure6.9visuallyillustratestheindicesneededforLMLdepth-mapestimation.

WhenusinganMLapproach,estimatingthedepthmapisframedasaregressionprob-

lem:
(
dxjnzin
dyimzmj

)

=

(
pij
qij

)

+ϵβij, (6.40)

whichsimpliiesto

dijmnzmn=βij+ϵ
β
ij, (6.41)

where

dijmn=

(
dxjnδim
dximδjn

)

, (6.42)

andϵβij∼N(0,Σ
β̂̂β
iji′j′)describesthegradientnoise.In(6.41)and(6.42)zmn isisolated

usingthefactoringrulesexplainedinSection3.2.1.Theexpressionin(6.41)incorporates

theiveindicesoutlinedinFigure6.9.

SincethegradientnoisetermsarenotIID,(6.41)expressesageneralisedleast-squares

(GLS)problem[220]. AsexplainedbyHarrisonandJoseph[55],solvingthislargeand

sparseGLSproblemdirectlyisbestaccomplishedusingtheleast-squaresnormalequations:

dTi′j′m′n′(Σ
ββ
i′j′ij)

−1dijmn̂zmn=d
T
i′j′m′n′(Σ

ββ
i′j′ij)

−1βij, (6.43)

which,when(6.37)issubstitutedin,equatesto

dTi′j′m′n′(M
−1
i′j′δi′iδj′j)dijmn̂zmn=d

T
i′j′m′n′(M

−1
i′j′δi′iδj′j)βij, (6.44)
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Poisson AD LML

Figure6.10:VisualimprovementsoftheLMLmethodoverthestate-of-the-art.Thedepth
mapestimatesoftheLMLmethodiscomparedagainstthePoissonandanisotropicdifu-
sion(AD)methods[221],whichrepresentclassicandmoremodernheuristicapproaches,
respectively.Image-sequencedatausedtoestimatethedepth-map&albedocorrespondsto
subject24fromtheExtendedYaleFaceDatabaseB[217]. Moredetailsontheexperiment
setupcanbefoundinHarrisonandJoseph[55]

andsimpliiesto

dTi′j′m′n′M
−1
i′j′di′j′mnẑmn=d

T
i′j′m′n′M

−1
i′j′βi′j′. (6.45)

Thesubstitutionof(6.37)into(6.44)introducesternaryinnerproductsintotheformula-

tion.Thisalsopavesthewaytowardexpressingthecomputationallysimplerformulation

of(6.45),astheδNTscanbemultipliedout,incorporatingbothFDoperatorsintothe

ternaryinnerproducts.

Theinalformulationin(6.44)canbeviewedasexpressingacombinatorialLaplacian,

whichisidenticalinstructureto,butdiferentinvaluefrom,theRWformulation.Thus,

depth-mapestimationcanbecastasananisotropicPoissonellipticPDE.Ascanbeseen,

LMLdepth-mapestimationinvolvesfourth-degreevectorandmatrixNTs,entrywiseprod-

ucts,andternaryinnerproducts.Evenwhenresortingtolatteningoperationsandusing

diagonalmatricestorepresententrywiseproducts,thereisnoobviouswaytocast(6.45)

intothe MVparadigm,whichisrelectedbyHarrisonandJoseph’srelianceontextual

descriptionsoftheunderlyingalgebraicoperations[55]. Forthisreason,itisaproblem

well-suitedtobothNTalgebraandNTsoftware.

AsFigure6.10illustrates,theeforttakentomodelthepropagationofimagenoise

throughoutthetwostepsofLMLestimationpaysdividends.Signiicantvisualimprove-

mentscanbegarneredandusabledepth-mapestimatesareproducedevenwhenstate-of-

the-artmethodsfail.Thesequalitativeobservationsaresupportedbyextensivequantitative

experiments[55].
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Results

Like RWimagesegmentation,itispossibletoimplementLMLestimationusingstan-

dard MATLABcode.Infact,originally,theLML methodwasformulatedusingthe MV

paradigm[55]andthefrustrationsinvolvedservedasoneofthe motivationsforourforay

into NTalgebraandsoftware. Asaresult,justlike withthe RWalgorithm,thepro-

grammingandcomputationaleiciencyofthestandard MATLABimplementationvs.an

NTToolboximplementationcanbegauged.

Inouroriginalexpositionusing MValgebra,stepshadtobeexplainedinwordsorby

implicitlattening.JustliketheRW method,thesenon-algebraicworkaroundsnegatively

impactedtheprogrammaticimplementation. BecausetheLMLformulationisverysimilar

tothe RWformulation,theconsequencestoprogrammingeiciencyclosely match. For

instance,astandard MATLABimplementationrequiredkeepingtrackoflexicographical

ofsetsandimplementingternaryinnerproductsbymanuallyconstructingavery-largeand

sparsediagonal matrix.

Ontheotherhand, NTalgebracannaturallyformulateallsteps. Asaresult,the

NTToolboximplementationisabletomirrorthesolutiononpaper.Thus,theprogrammatic

solutionisexpressedalgebraically,providingamuchmoretransparentimplementationfree

of MATLAB-speciicworkaroundsorotherdiicultiesnotinherenttotheactualproblem-

at-hand.

Focusingoncomputationaleiciency,liketheRWalgorithm,theLML methodcanbe

roughlydividedintothetwostepsofirstconstructingahigh-degreelinearsystemandthen

solvingit.Figure6.11illustratestheperformanceofthestandardMATLABandNTToolbox

implementationsforthesetwostepsacrossincreasingscalesofdata. Consideringthetime

takentosolvethehigh-degreelinearsystemirst,asFigure6.11(b)indicates,the MATLAB

sparsesolverproved muchfasterthanEigen’s[145]sparsesolverusedbyNTToolbox. As

this mirrorstheperformanceofthe RWalgorithm,thisisnotasurprisingresult. As

mentionedinSection6.2.4,interfacingtofasterthird-partysparsesolverswillclosethis

gap.

However,asFigure6.11(b)illustrates,toconstructthehigh-degreelinearsystem,the

NTToolboximplementationoutperformsthestandard MATLABimplementationbysignif-

icantmargins.Thediferencesinperformancearecausedbytheexpressionin(6.37),which

calculatesinverseentrywisecovariancevalues. Becauseoftheentrywisenatureof(6.37),

therearenofast MATLABworkarounds,forcingastandardimplementationtoresortto

explicitforloops,whichareawell-knownbottleneck.Incontrast,becausetheoperation

canbeexpressedalgebraicallyusingNTalgebra,NTToolboxcanoloadthecomputation

toLibNT’shigh-performancekernels,gainingconsiderableperformanceimprovements.

Thus,unliketheRWalgorithm,theLMLmethodprovidesascenariowhereevenhand-

craftedMATLABcodeofersnohigh-performanceworkarounds.ThisallowstheNTToolbox

codetoconstructtheLMLlinearsystem muchfasterthanthestandard MATLABimple-
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Figure6.11:RuntimecomparisonoftheMVparadigmandtheNTframeworkinperforming
LMLdepth-map&albedoestimation.TheLMLmethodwasexecutedonN×Nimages
generatedfromDurouetal.’svasesurface[222]. Siximageswereused,eachgenerated
fromitsownlightdirection.RuntimesofaMATLABMVparadigmimplementationand
ofanNTToolboximplementationweremeasuredacrossincreasingvaluesofN.Tentrials
wereexecutedforeachvalueofN.Trendlinesdepictmedianvalueswhileerrorbarsdepict
quartiles.ThetimetakentoconstructtheLMLlinearsystemandthensolveitaredepicted
in(a)and(b),respectively.

mentation. Asthesegainsareaccompaniedbyhighprogrammingeiciency,theseresults

helpdemonstratethepowerandutilityofNTalgebraandsoftware.

6.3.2 Nonlinear MaximumLikelihood

Section6.3.1describedhowtoproduceanMLestimateusingthetwo-stepLMLmethod.

Whilethismodeldemonstratesimpressiverobustness,evenunderverynoisyconditions,im-

provementsarepossible.Realisingtheseimprovementsisthetopicoftheauthor’sfollowup

work,embodiedbyamethodcallednonlinearmaximumlikelihood(NML)estimation[164].

Thisapproachtodepth-map&albedoestimationinvolvesalarge-scaleandnonlinearfor-

mulation.ThesubsectionbeginsbysketchingtherationaleforpursuingtheNMLapproach.

Afterwards,theprocessbywhichthisproblemcanbesolved,andtheNTframework’srole

withintheprocess,isexplained.

ConceptualOverview

TheLMLmethodcanbeimprovedinseveralimportantways.Thissubsectionwillhighlight

thepossibleimprovements, motivatingtheuseofa moreparsimonious modelofimage

formationcalledthedepth-map&albedomodel. Themeritsandchallengesassociated

withthismodelareemphasised,underscoringthebeneitsofusingtheNTframework.
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ThemotivationforpursuingimprovementstotheLMLmethodstemfromseveralis-

sues. First,thetwo-stepapproachdecouplesalbedoanddepth-mapestimatesfromeach

other.Ideally,relectanceshouldbenotdecoupledfromdepth-mapestimation.Secondly,

theLMLmethodusedasymptoticapproximationstomodelgradientbehaviour. These

approximationsareonlyvalidunderverystringentregularityconditions[223]. Moreover,

eveniftheproblemsatisiestheseconditions,samplesizesmusttypicallybeverylargefor

theseasymptoticapproximationstotakehold[223].

Thethird,andperhapsmostimportantlimitation,isduetooveritting.Asthenumber

ofimagesapproachesphotometricstereo’sthree-imageminimum,thepropensitiestooverit

toimagenoisewillincrease. Moreover,itbecomeslessandlesspossibletoilteroutattached

shadows.Onceshadowedpixelsareexcludedinthelinearregressionsub-problemof(6.32),

photometricstereomaynolongerproduceanMLestimateandmayexhibitmajorerrors.

Whenthegoalistogenerateimagesoftheobjectfromarbitrarylightdirections, e.g.,for

virtualrelected-lightmicroscopy[218],overittingwillreduceaccuracy. Moreover,these

errorswillpropagatetotheLMLmethod’sdepth-mapestimates,whichrelydirectlyonthe

photometricstereooutput.

Thislastissuetouchesdirectlyupontheconceptofmodelparsimony.Simplyput,the

“best”modelisnotnecessarilytheonethatmaximiseslikelihood,butinsteadonethatbest

balancesthetradeofbetweengoodnessofitandcomplexity[224,225]. Complexitycan

bethoughtofinmanyways,butanimportantcomponentisthenumberofparametersin

themodel.Thisisaninformation-theoreticapproachtomodelselection,whichcanbeseen

asanextensiontolikelihoodtheory[224]andisexempliiedmostfamouslybytheAkaike

framework[226].Incorporatingparsimonywithinmodelselectionhelpsaddresstheissue

ofoveritting.

Thus,amoreparsimoniousmodelofimageformationmaywelloutperformthephotometric-

stereomodelof(6.30),especiallywhenobservationcountsarelow.Suchamodel,calledthe

depth-map&albedomodel,isreadilyavailable.Themodelemploysanaugmentedversion

ofthevectorNTβseenintheLMLmethod,

β̃=(p,q,1)T, (6.46)

=

(
∂z

∂x
,
∂z

∂x
,1

)T
. (6.47)

Lambertianimageformationcanthenbeexpressedas

I=
ρ

||̃β||
u(ℓTβ̃)ℓTβ̃+ϵ, (6.48)

whichiscomposedoftwoparameters,ρandz. Theparametercountisathirdlessthan

the3×1weighted-normalsvector,η,seeninthephotometric-stereomodelof(6.30).

Inpracticalapplications,modellingthepartialderivativesofthedepthmaprequires

employingFDoperators. Thisconnectsneighbouringvaluesofztogether,meaningthat
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Figure6.12:ThesixindicesinvolvedforNMLestimation.Directlyestimatingthedepth-
mapandalbedofromimageobservationscombinestheindicesseeninFigure6.8andFig-
ure6.9intooneformulation.Asbeforekindexeseachlightdirectionandimageobservation
andiandjindexindividualpixels.Thevectorneededtorepresentlightdirectionsandthe
β̃ijvectorNTaccountsforanadditionalindex.Finally,mandnindexindividuallocations
withinthedepthmap.

onecannotconsiderinstancesofβ̃inisolation.Instead,onemustcaptureaneighbourhood

ofzvaluescorrespondingtotheFDstencil:

β̃ij=
(
dxjj′zij′,d

y
ii′zi′j,1ij

)T
, (6.49)

wheredxjj′andd
y
ii′arethesameFDoperatorsusedintheprevioussections. Thus,the

challengeofthedepth-map&albedomodelisthatallvaluesofzmustbeconsideredat

thesametime,turningtheestimationtaskintoalarge-scalenonlinearproblem. Whentied

togetherwiththesequenceofimageobservations,thecompletemodelcanbeexpressedas

Ikij=
ρij

√
β̃Tijβ̃ij

u(ℓTkβ̃ij)ℓ
T
kβ̃ij+ϵkij, (6.50)

=a(zmn)kijρij+ϵkij. (6.51)

Thechallengesassociatedwiththedepth-map&albedomodelareintensiiedbythe

largenumberofindicesinvolved,whichasrevealedby(6.50)totalssix,whenvectorindices

andthedependanceonzmnareincluded.Figure6.12visuallyillustratestheindicesinvolved.

DirectEstimation

Estimatingthedepth-mapandalbedodirectlyfromimageobservationscanbelabelled

nonlinearmaximumlikelihood(NML)estimation. Thetheoreticalbeneitsofestimating

depthmapsdirectlyhasbeenrecognisedwithvaryinglevelsofrigourintheliterature[227,

228,229,230,231],butHarrisonandJosephweretheirsttomotivatetheapproachbasedon

theinformation-theoreticprinciplesoftheAkaikeframework[164]. Moreover,nomethodin
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thestateoftheartsuccessfullycoupleddepth-mapwithalbedoestimation.Harrisonand

Josephdemonstratedhowthiscanbedone,castingtheproblemasanSNLSproblem.This

subsectionwilloutlinetheNMLestimationprocessusingtheNTframework. Aspartof

thisoutline,thecomplexitiesofmanagingthemyriadindiceswillbestressed.Thebeneits

ofexecutingNMLwillbequalitativelydemonstratedusingvisualexamples.

BasedontheIIDGaussiannoiseusedinthegenerativemodel,the MLestimatesof

ρijandzmn correspondtothevaluesthatminimisethesum-squarederror(SSE)ofthe

residuals:

SSE=rkijrkij, (6.52)

rkij=Iijk−akijρij, (6.53)

whereakijdependsonzmn. Thisestimationtaskcanbereducedbyobservingthatthe

generativemodelin(6.51)expressesthefactthattheformulationcanbebrokenupinto

linearandnonlinearportions,wherezmn mustbeestimatednonlinearly. Givena zmn

estimate,thealbedoestimatecanalwaysberecoveredindependentlyforeachpixellocation

bysolvinganindependentsequenceofverysmalllinearleast-squaresproblems:

ρ̂ij=a
+
kijIkij, (6.54)

Assuch,thisisanSNLSproblem,and(6.54)canbesubstitutedinto(6.53)toproduce

aresidualdependantupononlyzmn:

r̃kij=Ikij−akija
+
ℓijIℓij, (6.55)

=Ikij−a
p
kℓijIℓij, (6.56)

=(δkℓ1ij−a
p
kℓij)Iℓij, (6.57)

=a⊥kℓijIℓij, (6.58)

whereapkℓijanda
⊥
kℓijdenotetheprojectionoperatorofakijanditscomplement,respectively.

NotethattheSNLSformulationthrowsanadditionalindex,i.e.,ℓin(6.58),intothemix.

EliminatingρijfromtheresidualreducestheestimationtasktoonethatminimisesanSSE

thatonlydependsonzmn,i.e.,

SSE=̃rkij̃rkij. (6.59)

Sincetheresidualisnonlinear,minimisingtheSSErequiresaninitialestimateanda

large-scalenonlinearleast-squaresroutine. Theformerrequirementcanbesatisiedwith

robusttwo-stagelineartechniques,suchastheLMLmethod[55].Forthelatterrequirement,

typicaloptimisation methodsrequirepartialderivativesoftheresidualwitheveryfree

parameter. Using MVformalismwould makethisisaparticularlyonerousanderror-

pronetaskforseveralreasons. Forone,theresidualitselfincorporatesbothhigh-degree

dataandentrywiseproducts.Additionally,theresidualincorporatesaprojectionoperator.
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AsexplainedinSection3.3.3,evenwhentheprojectionoperatorisasimplesecond-degree

construct,itspartialderivativeiscomplexandinvolvesthird-degreeNTs.IntheNML

case,theoperatorin(6.58)isafourth-degreeNTdependantonasecond-degreeNT,whose

projectionactioninvolvesentrywiseproducts.Consequently,theNTframeworkisespecially

helpfulinexpressingandcomputingthepartialderivativesof(6.58).

Formally,thepartialderivativeof(6.58)is

∂̃rkij
∂zmn

=−
∂apkℓij

∂zmn
Iℓij, (6.60)

wherethepartialderivativeoftheprojectionoperatorcanbeexpressedusingGoluband

Pereyra’stechniquefordiferentiationofpseudo-inverses[165],whichSection3.3.3outlined

usingNTalgebra.Notethatinthiscase,theformulationincludesentrywiseproductsand

resultsinasixth-degreeNT:

∂apkℓij

∂zmn
=a⊥krij

∂arij

∂zmn
a+ℓij+a

⊥
ℓrij

∂arij

∂zmn
a+kij. (6.61)

Thecruxof(6.61)iscalculatingthepartialderivativeofarij.As(6.50)indicates,arij

incorporatesaunit-stepfunctiontomodelattachedshadows.Thederivativeofaunit-step

functionisanimpulsefunction,whichisonlynon-zerowhenitsargumentisexactlyzero.

Asthisisunlikely,andforthesakeofsimplicity,whencalculatingthepartialderivativesof

arijthederivativeoftheunitstepwillnotbeconsidered. Withthissimpliicationinplace,

theirststeptowardformulatingthepartialderivativeofarijistoformulatethepartial

derivativeofβ̃ij,

∂̃βij
∂zmn

=

⎛

⎝
−dxjj′δimδj′n
−dyii′δi′mδjn

0

⎞

⎠, (6.62)

=

⎛

⎝
−dxjnδim
−dyimδjn
0

⎞

⎠, (6.63)

=β̇ijmn, (6.64)

whichisafourth-degreevectorNT.

Thepartialderivativeofarijcanthenbeformulatedusingtheproductrule,

∂arij

∂zmn
=−

β̃Tijβ̇ijmn
(
β̃Tijβ̃ij

)3/2u(ℓ
T
rβ̃ij)ℓ

T
rβ̃ij+

1ij
√
β̃Tijβ̃ij

u(ℓTrβ̃ij)ℓ
T
rβ̇ijmn, (6.65)

=

⎛

⎜
⎝−

ℓTrβ̃ij
(
β̃Tijβ̃ij

)3/2β̃
T
ij+

1ij
√
β̃Tijβ̃ij

ℓTr

⎞

⎟
⎠u(ℓ

T
rβ̃ij)̇βijmn (6.66)
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GeneratedUsing

PS

GeneratedUsing
LMLDepth-Map&

Albedo
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GeneratedUsing
NMLDepth-Map&
AlbedoEstimates

Figure6.13: Thebeneitsofthe NML methodforimagegeneration. Theoutputofthe
photometric-stereo,LML,andNMLmethodswasusedtogenerateanimagefromanunseen
lightdirectionunderconditionswithlowobservationcounts. Thegeneratedimagescanbe
comparedwiththeidealandnoiselessversion,withtheNML methodexhibitingthebest
results. Moredetailsontheconstructionsoftheseigurescanbefoundin Harrisonand
Joseph[164].

Withanexpressionforthepartialderivativeof arijinhand,thepartialderivativeofthe

projectionoperatorin(6.61)canbeformulated. Thiscanthenbesubstitutedinto(6.60)

toproducethepartialderivativeofthereducedresiduals.

TheNMLmethodwasabletosuccessfullyestimatedepthmapandalbedosfromsimu-

latedimages. UsingextensivequantitativeexperimentsHarrisonandJosephdemonstrated

signiicantimprovementsinimagegenerationanddepth-mapestimation[164]. Theseim-

provementscanbevisuallydemonstrated.

Forinstance,Figure6.13depictsanillustrativeexampleinvolvingimagegeneration.

TheLambertianimageformationmodelwasusedtogeneratefournoisyimagesofZhanget

al.’s Mozartsurface[232]alongwithacheckerboardalbedo. Afterimagesweregenerated,

photometricstereo wasthenexecutedtoestimatethe weightednormalsfromthenoisy

images. AsthesecondcolumnofFigure6.13demonstrates, whengeneratinganimage

originatingfromalightdirectionnotusedintheobservations,photometricstereoproduces

averynoisyresultthatsufersfromspeckling. Aswell,imagedetails,suchastheborder

between Mozartandthebackground,areobscured. Thefactthatphotometricstereofaces

diicultiesisnotsurprising,asthefourobservationimagesusedintheexampledonotallow

photometricstereoverymuchleewaytomitigatenoiseefectsanddetectattachedshadows.

Anaturalquestioniswhetherthe moreparsimoniousdepth-map &albedo modelcan
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(a)TrueDepth
Map

(b)LMLDepth
Map

(c)NMLDepth
Map

Figure6.14: Thebeneitsofthe NML methodfordepth-mapestimation. Usingtheex-
perimentalconditionsofFigure6.13,bothLMLand NMLestimation wereperformed.
Diferencesindepth-mapqualitybetweentheLMLandNML methodscanbesigniicant.
FigurestakenfromHarrisonandJoseph[164].

generatesuperiorimages. However,ifthe meanstoproducethedepth-mapestimaterelies

solelyonthephotometric-stereooutput,imagegenerationwillfacecontinuedproblems. As

thethirdcolumnofFigure6.13demonstrates,whichdepictsimagesgeneratedusingLML

method,thisisindeedthecase.Ingeneral, whiletheLML methodisabletogenerate

images withlessnoisethanphotometricstereo,itisstillunabletocapturecertainine

details.Forinstance,theextentoftheraisedridgeintheinset,correspondingtoawrinkle

in Mozartsshirt,is madeclearintheidealimagebylighter-colouredhighlights. Thisis

notcapturedbytheLML method. Ontheotherhand,the NML methodcanproduce

imagereconstructionsthatcapturethesedetails,whilestillenjoyingthebeneitsofa more

parsimonious model,i.e.,exhibitinglesssusceptibilitytonoise. Thisillustratesthe merits

oftheNML methodforimagegenerationtasks.

TheNML methodcanalsoprovidebeneitstodepth-mapestimation. Figure6.14(b)

illustrateshowtheerrorsinherentinphotometricstereocanafectLMLdepth-mapesti-

mation. Astheiguredemonstrates,theLML methodsufersfromlocalisednoisyefects.

Moreover,thedepth mapsufersfromglobaldistortions,includingalattenedlook. Thus,

ifthegoalisdepth-mapestimation,atechniqueotherthanonebasedonphotometricstereo

shouldbeadoptedintheseconditions. AsFigure6.14(c)demonstrates,theNMLtechnique

canillthisrole,producingadepth-mapestimatehigherinqualitythantheLML method.

TheNML methodinHarrisonandJoseph’spublication[164]wasimplementedwithin

theNTframeworkusingtheNTToolbox. Theresidualsandtheirpartialderivativeswere

calculatedusingtheNTframeworkandinputtedinto MATLAB’snonlinearleast-squares

routines.Implementingthisusingthe MVparadigmwasnotevenattempted,duetothe

plethoraofindices,entrywiseproducts,andcomplicatedlinearinversionsinvolved. Assuch,

141



✐

✐

“monograph” —2016/1/25 —12:13 —page142 — #158
✐

✐

✐

✐

✐

✐

theNTframeworkactedasacrucialtoolintacklingthisexemplarthatliesbeyondthe MV

paradigm.

6.4 Summary

Diferentialoperatorsareanimportantconceptwithinscienceandengineering.Incomputer

visioncontexts,diferentialoperatorsmanifestcommonlyasFDoperators.Thehigh-degree

natureofFDoperatorsactinguponimages,combinedwithfrequentneedstoincorporate

entrywiseoperators,diferentiations,andlinearinversions,contributestothecomplexity

ofrelatedcomputervisiontasks. Tacklingthiscomplexityhead-ondemandssophisticated

tools.

Asdemonstratedbythreeexemplarsarisingfromtwocomputervisionexemplars,the

NTframeworkexcelsinsuchsettings. TheRWalgorithmrepresentedoneexemplar,whose

formulationcanbeframedasahigh-degreeanisotropicLaplacianorPoissonellipticPDE

overa2Dor3Ddomain. Formulatingthefourth-degreeanisotropicLaplacianoperator

requiresentrywiseproductsandternaryinnerproducts.ImportantextensionstotheRW

algorithm,e.g.,addingadataprior,addfurthercomplicationsinvolvingentrywiseproducts.

Unlikethe MVparadigm,theNTframeworkcannaturallymodelthesechallengingaspects

oftheRWalgorithm.

Depth-map &albedoestimationrepresentedthesourceoftheothertwoexemplars.

First,theLMLmethod,whichfollowsthetraditionaltwo-stepapproach,wasoutlined.Like

theRWalgorithm,theLMLmethodcanbemodelledasananisotropicellipticPDEapplied

overa2Ddomain,underscoringthefrequentcommonalitiesbetweencomputervisionwork

involvingdiferentialoperators.Thechapteralsoexaminedarecentenhancement,calledthe

NMLmethod,thateschewsthetwo-stepapproachandinsteadnonlinearlyestimatesdepth-

mapandalbedosfromimageobservations. Thisinvolvednon-linearhigh-degreeequations,

partialderivatives,linearinversions,andseparablerepresentations. Alltold,thisinvolvessix

naturalindicestokeeptrackof,withaseventhaddedwhentheseparablerepresentationis

included.TheNTframework’snaturalabilitiestoaccommodatehigh-degreedata,entrywise

products,andlinearinversionsareintegraltowardareadyformulationandimplementation

oftheNML method.

BoththeRWandLMLmethodswereprogrammedusingastandard MV MATLABim-

plementationandanNTToolboximplementation. Comparisonsbetweenthetworevealed

thattheNTsoftwareshouldincorporateafasterthird-partylinearsparsesolverthatcan

matchtheperformanceof MATLAB’sequivalentroutines. Oncefasterlinearsparsesolvers

areincludedwithintheNTsoftwaresuite,overallcomputationaleiciencywillbesignii-

cantlyimproved. Whencomparingthecomputationaleiciencyofconstructingthelinear

system,whichincorporatestheNTalgebraandsoftwareinnovationsdescribedinthisthesis,

performancemetricsrevealedthattheNTToolboxwasslowerfortheRWmethodbutfaster

fortheLML method. Moreover,regardlessofanydiferencesincomputationaleiciency,

142



✐

✐

“monograph” —2016/1/25 —12:13 —page143 — #159
✐

✐

✐

✐

✐

✐

theNTToolboximplementationsrevealedconsiderableimprovementsinprogrammingei-

ciency,asthehand-craftedanderror-proneworkaroundsneededforthestandard MATLAB

implementationwereavoided. Consideringtheheavyemphasisplacedonprogrammingef-

iciencywithingeneral-purpose[133,136]andtechnicalcomputing[134,135]settings,these

outcomesdemonstratethebeneitsoftheNTsoftwareintacklingtheseexemplars.

Theexemplarshighlightedbythischapterserveasimportantvehiclestoshowcaseand

disseminatethe meritsofthe NTframeworkforcomputervisionapplicationsinvolving

diferentialoperators,ofwhichtherearelegion. Moreover,theargumentsoutlinedhereare

notlimitedtocomputervision. Asdiferentialoperators,andPDEs,playanenormousrole

withinmultitudinousotherscientiicandengineeringields,theseexemplarscanalsoactas

persuasiveagentsintranslatingthegainsrealisedbycomputervisiontootherdomains.
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Chapter7

Towarda NewParadigm

Theimpactoftechnicalcomputingcanbefeltinalmosteverycornerof modernscientiic

andengineeringpractice. Yet,technicalcomputingisascientiicandengineeringdiscipline

initsownright,deservingofseriousanalysisregardingitsstructure,limitations,andpro-

gression.Suchananalysisisespeciallytopicaltoday,wherethereisanincreasingamount

ofresearchintodecompositions,computations,equationsolving,dataanalysis,andscien-

tiicproblemsthatdonotitintothetraditional matrix-vector(MV) mouldthathasso

dominatedtechnicalcomputing’shistoryandpracticeuptothispoint.

Consideredtogether,theseresearchthrustssignifythattechnicalcomputing’sprevailing

modeofpracticeisbeingchallengedbynewresearchquestions. This workisaserious

articulationofthisargument,using Kuhn’stheoryofparadigmsasthekernelby which

tounderstandthestructureoftechnicalcomputingandtheincreasingnumberofresearch

efortsthatarebreakingthe MVmould. Thisanalysisinformsourowncontributiontothis

research movement,representedbythenumerictensor(NT)frameworkofthisthesis.

Here,wesummarisethecontributionsofthiswork,whichencompassahighlydiverseset

oftopics,rangingfromthestructureoftechnicalcomputingtoalgebratosoftwareandinally

toexemplarproblems. Thesecontributions,whicharesigniicanttotheongoingevolution

oftechnicalcomputing,alsoleadtoadditionalexcitingresearchquestions. Wefocuson

manyoftheseaspromisingavenuesoffuturework.Steppingback,inalremarksprovidea

relectiononthestateoftechnicalcomputing,arguingthatthedisciplineisundergoinga

revisionaryperiod,asdeinedbyKuhn. Wethenconcludebyoferingourownspeculations

onhowthedisciplinewillevolveandshareourownvisionfortechnicalcomputing’sfuture.

7.1 Contributions

Accordingto Kuhn,fullyunderstandingthescopeandlimitsofadomain’spracticere-

quiresidentifyingtheprevailingparadigm. Doingsorevealsataxonomyofexemplarsand

anomalies. Advocatingforchangerequiresdevelopingcomponentsofanewdisciplinary

matrixthatdemonstrateenoughpromisetoresolvecurrentanomalies. Thesearetheaims

ofthiswork,whichprovidesauniqueandtimelyinterpretationofthedisciplineoftechnical
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computingandofersfundamentalalgebraicandsoftwareinnovations,representedbythe

NTframework,forworkbeyondtheprevailingparadigm. Tohighlightandemphasisethe

meritsoftheNTframework,wealsodiscussandadvanceseveralexemplarproblems,with

particularfocusonproblemsdrawnfromcomputervision.

7.1.1 Synthesis

Thereisagrowingcrowdofresearchersdeveloping,advocatingfor,oremployingalgebraand

softwarebeyond MVformalismandcomputations. Weviewtheseefortsasfundamental

challengestotechnicalcomputing’sprevailingmodeofpractice. Toproperlyarticulatethis

argument,itisincumbenttodrawupontheviewsofthosewhohaveexaminedwhatexactly

deinesafundamentalchangewithinascientiicdomain. Tothebestofourknowledge,we

aretheirsttoapplyKuhn’stheoryofparadigmstothedisciplineoftechnicalcomputing.

Conceptsoriginatingfrom Kuhn’s writings,suchasparadigmandtermsthatfollow

initsorbit,e.g.,revolutionandcrisis,areoccasionallyusedcarelessly. However, when

usedwithcare, Kuhn’swritingsoferapowerfullensbywhichtoviewthestructureofa

scientiicdomain. Forourpurposes,criticallyexaminingtechnicalcomputingilluminates

thedisciplineandalsothecurrentpushfornewalgebraandsoftware.

Thestructureoftechnicalcomputingcanbeclariiedbyrecognisingthataparadigm

deinesthescientiicquestionsadisciplineinvestigates. Technicalcomputing, madeupof

mathematicalandcomputationalingredients,isamixofthepracticalandanalytical.These

twoaspectscanbelikenedtothebodyandsouloftechnicalcomputing. Algebraactsasits

soul,servingasthelanguagebywhichscientiicproblemsaremodelledandsolutionstothem

aredeveloped. Assuch,theyarenotjustacomponentofthedisciplinary matrix.Instead,

algebrasareintegralindeiningtechnicalcomputing’sexemplarsandanomalies.Software

actsasitsbody,deiningwhatcanbepracticallycomputedandwhetherprospectivesolu-

tionsareevenpossible. Assuch,softwarealsodeinesthelimitsoftechnical-computing’s

practice. Thus,ontheirownneitherbodynorsoulfullydeinesthetaxonomyofscientiic

computing. However,togetheralgebraandsoftwarecanformaframeworkthatdoes.

Asweargue,thedominantframeworkwithintechnicalcomputing,currentlythe MV

framework,deinesitsparadigm. Theseargumentsarebolsteredthroughourexamination

ofthehistoryoftechnicalcomputing,wherethe MVframeworkplaysadominantroleinthe

developmentofthediscipline.Sincethenaturalcapabilitiesofthe MVparadigmarewell-

deined,i.e.,linearmappingsappliedtovectors,itsanomaliescanbearticulated. Wefocus

onthetwoanomalycategoriesofspeciallinearmappings,e.g.,high-degreelinearmappings

andentrywiseproducts,and mappingsbeyondlinear,e.g., multilinearandpolynomial

mappings. Boththesecategoriescanbelinkedtogetherbyrecognisingthattheyeach

involveexpressionsandcomputationswithhigh-degreedata,i.e.,high-dimensionaldata.

Categorisinganomaliestogetheruniiessigniicantpriorworkonhigh-degreealgebras

andsoftwaresthatpreviouslyhavenotengagedinmuchcrosstalk. AsFigure7.1illustrates,

145



✐

✐

“monograph” —2016/1/25 —12:13 —page146 — #162
✐

✐

✐

✐

✐

✐

Figure7.1: Thegrowingcrowdofworkonhigh-degreealgebrasandsoftwares. Research
efortstoaddressthe MVparadigm’sanomaliesoriginatesfromawiderangeofields.In
manycases,theseareisolatedandindependenteforts.

theseefortsstemfromadiverserangeofields. Weplacethesediverseefortswithinalarger

andcombinedcontext,inwhichwearguethattheseefortsallendeavourtoaddressanoma-

liestothe MVparadigm. Wethereforelinkthisvariedbodyofworktogetherandarethe

irsttocompiletheiralgebraicandsoftwarecharacteristicstogetherinoneplace. Atechni-

calcomputingframeworkabletounifyworkbeyondthe MVparadigm mustcapturethese

characteristics. Thissynthesisinformsoursubsequentefortsindevelopinganddetailing

theNTframework.

FinallyKuhnassertsthatthepursuitofanomaliesgivesrisetonewinvestigatoryques-

tions. Indeed,thosepioneeringframeworksbeyondthe MVparadigmhaveposedand

investigatednumerousalgebraicandsoftwarequestions.IndevelopingtheNTframework,

wehavealsoencounterednewquestions.Theseincludealgebraicones,e.g.,whatisthebest

waytorepresenttherichpossibilitiesofarithmeticoperationsuponhigh-degreedatawith-

outsacriicingeaseofuse?Theyalsoincludenewsoftwarequestions,e.g.,howtoeiciently

executeorinvertarbitraryproductsacrosshigh-degreedata,howtobestpermutedense

andsparsehigh-degreedata,andwhatisthebestmeanstomanagehyper-sparsityinherent

insparseproducts? Weoferanswerstothesequestions,summarisedinthesectionsbelow.

However,likeKuhn,weemphasisetheinherentvalueofraisingthesequestionsintheirst

placeandwelcomediferentanswers,or,evenbetter,additionalquestions.

7.1.2 Algebra

Sir Alfred North Whitehead,thenineteenthandtwentieth-century mathematicianand

philosopher,ofersapoignantargumentfortheimportanceofdevelopingappropriateno-

tationforany mathematicalendeavour:

“Byrelievingthebrainofallnecessary work,agoodnotationsetsitfreeto

concentrateon moreadvancedproblems,andinefect,increasesthe mental

poweroftherace”[233].
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Attheriskofsaturatingthereaderwith Whitehead’sprose,itisworthwhiletoconsider

hisfurtherelaboration:

“Itisaprofoundlyerroneoustruism,repeatedbyallcopy-booksandbyemi-

nentpeoplewhentheyaremakingspeeches,thatweshouldcultivatethehabitof

thinkingofwhatwearedoing.Thepreciseoppositeisthecase.Civilizationad-

vancesbyextendingthenumberofimportantoperationswhichwecanperform

withoutthinkingaboutthem. Operationsofthoughtarelikecavalrycharges

inabattle—theyarestrictlylimitedinnumber,theyrequirefreshhorses,and

mustonlybe madeatdecisive moments”[233].

Withintechnicalcomputing,thisisbestexempliiedtodayby MValgebra,which“takes

theslogoutofnailingequations”[234]. Tobe morespeciicittakestheslogoutofnailing

linear mappingsappliedtovectors. Anotationoferedupto modelphenomenanotitting

withinthiscategory, e.g.,speciallinear mappingsand mappingsbeyondlinear,should

emulate MValgebra’ssuperbabilitiesinsettingthemindfreefromnotationaldistractions.

TheNTalgebrawedescribe,whichisbuiltupontherootedfoundationofEinsteinno-

tation,setsitselfapartfromotherhigh-degreealgebrasinthisregard.Forinstance,itofers

practitionersanunmatchedsetofoperationsforhigh-degreedata. Comparedtothestate-

of-the-art,onlyJoseph[123],Barr[70],andÅhlander[54]ofernotationabletorepresent

inner,entrywise,andouterproductsacrossarbitraryindicesofN-degreedata. Byintro-

ducinganassociationidentity,inversenotation,andattractionoperator,Joseph’snotation

iseven morecomprehensive. NTalgebraexpandsonJoseph’sworkbyoferingnotation

forfactoring,pseudo-inverses,partialderivatives,nonlinearNTfunctions,andvectorand

matrixNTs. ThusNTalgebraofersunmatchedexpressibility,providingpractitionerswith

greaterfreedomto modelandcaptureinteractionsinvolvinghigh-degreedata.

Theuniversalityof NTalgebraeasesuseinanotherimportant manner. Withouta

universalalgebra,practitioners mustswitchbetweennotationsdependingonneed. This

isacommonexercise,forinstance,inthetensordecompositionield, whereexpositions

frequentlyswitchbetweenn-modeandextendedmatrix-vector(EMV)notation.Switching

betweennotationsdivertspractitionersfromtheproblemathandandsuperadds mental

efortoverandaboveanyinherentdiicultiesoftheproblem. Thecomprehensivenatureof

NTalgebraeliminatesorattheveryleast minimisestheseinterruptions.

Uniquely,NTalgebraofersthesecapabilitieswithoutsacriicingeaseofuse.Forexam-

ple,thevirtuesofcompleteassociativityandcommutativityhavelongbeenrecognisedby

proponentsofEinsteinnotation. NTalgebraretainsthesecharacteristics,exceptinthecase

ofn-aryinnerproductswherecompleteassociativityisreplacedbytheassociationidentity.

Practitionerscangrouporisolateoperandswithminimalnotationalupdates.Contrastthis

withEMValgebra,whichrequiresvectorisationandspecialisedoperatorsoridentitiesto

fullycommuteandassociate. OrconsiderR-matrix,arrayalgebra,andn-mode+ notation,

whichrequiresupdatingnumeralinner-productdesignations.Incontrast,withNTalgebra

147



✐

✐

“monograph” —2016/1/25 —12:13 —page148 — #164
✐

✐

✐

✐

✐

✐

inhand,practitionerscantriviallyperformoperationsthatwouldnormallybecomplexin

otherformalisms.

Thesehighlightedaspectsallfocusonpurelyalgebraicconsiderations. However,within

technicalcomputing,analgebra’sainitytosoftwarerepresentsanadditionalandhighly

importantfactorafectingease-of-use. NTalgebraenjoys manyadvantages withinthis

regard.Forinstance,NTalgebraisonlycomposedofalphanumericcharacters,allowingit

tobereadilyemployedwithinprogrammingenvironments. Moreover, NTalgebrashares

Einsteinnotation’swell-recognisedcompatabilitywithcomputation,whereconnectionsto

indexedloops,theworkhorseofcomputation,arehighlyapparent[54,66,107,154].

Thus,weviewNTalgebraaslivinguptothespiritof Whitehead’scriteriaforagood

notation. Withthevisionofanacceptedandwidespreadtechnicalcomputingframework

beyondthe MVparadigmin mind,theNTalgebrarepresentsanimportantcontribution

towardthisaim.

7.1.3 Software

Withintechnicalcomputing,analgebracanrevealavenuestowardsolvingscientiicprob-

lems. Butreachingthosesolutionsrequiresfastandstablesoftwareableto work with

large-scalenumericdata. Asweidentify,NTsoftwareshouldcomprehensivelysupportNT

algebraicoperations,shouldofercompletedenseandsparsefunctionality,andshouldaim

tobeasprogrammaticallyandcomputationallyeicientaspossible.

Theopen-source NTsoftware wedevelop meetsthesecriteria. EmbodiedbyLibNT

andNTToolbox,builtforC++and MATLABrespectively,ourNTsoftwareallowsusers

toprogramdirectlyusingNTalgebra.Inthisway,oneofthe mostnotablestrengthsof

the MVparadigmisreplicated—userscanconceptualiseandimplementscientiicsolutions

usingthesamelanguageoncomputerastheydoonpaper.

TheLibNTlibrary,whoseprimaryconsiderationiscomputationaleiciency,supports

NTalgebraatcompile-timeusingC++’stemplatemetaprogramming(TMP),keepingrun-

timeabstractionpenaltiestotheabsolute minimum. ThisallowsLibNTtosupport NT

operationsthatinotherlibrariesproduceruntimepenalties. Assuch,itistheirsttopro-

videcompile-timeresolutionofanindexnotationwithnolimitondegree. LibNTisalso

theonlylibrarytostaticallyresolveallofinner,entrywise,andouterproductscombined

withassignments,n-aryinnerproducts,andlinearinversionofequations.

NTToolbox,whoseprimaryconsiderationisprogrammingeiciency,reliesonthesame

corealgorithmickernelsasLibNT,butresolvesNTalgebraatruntimewithinthe MATLAB

environment. Hence,NTToolboxofersahighlyprogrammatically-eicientenvironmentfor

NTalgebra,whileensuringmajorcomputationsareof-loadedtoLibNT’shigh-performance

routines. NTToolboxistheirsttoallowuserstoprogramdirectlywithanindexnotation

ofanykindwithinthe MATLABenvironment.

Bothlibrariesusethelatticeasacomputationaldatastructure,adistinctionfromother
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high-degreesoftware. Thelatticedatastructureprovidesacommonconstructiveplatform

bywhichanycombinationofinner,entrywise,andouterproductsacrossNTsofarbitrary

degreecanbeexecutedorinvertedeicientlyusingoptimisedgold-standardalgorithms.

Wealsooutlineeicienciesfordensealgorithms,explainingstrategiesto minimisetem-

porarymemoryallocationandsheddinglightonthemeritsofin-placevs.out-of-placedense

high-degreepermutations. Moreover,scenarioswhereindexcalculationsand mappingsto

latticescanbeskirtedareexplained,furtheraddingtoeiciencygains. Despiteoferinga

moregeneralisedsetofarithmeticoperations,thedenseperformanceoftheNTsoftwareis

competitivewithorexceedstheperformanceofleadinghigh-degreelibraries,includingthe

MATLABTensorToolbox(MTT),FTensor,LTensor,NumPy,andBlitz++.

Theseadvancementswithindensesettingsarecomplementedbyconsiderableinnova-

tionsforsparseNTcomputations.Thelinearisedcoordinate(LCO)datatypeanditsmerits

overthepredominantcoordinate(CO)datatypeareoutlined,demonstratingthatitenables

fasterexecutionofsortingoperationswhilealsohavingasmaller memoryfootprint.Sec-

ondly,relectingtheirimportancetowardrealisingahigh-performancesparseNTlibrary,

wedevelopseveralinnovationsforrearrangingnon-zerodata.Forinstance,wearetheirst

tooutlinehowpermutedsparsedatacontainsinherentstructure,whichcanbeexploited

toreducepermutationtimes. Analgorithmexploitingtheseunderlyingcharacteristicswas

developed,outperformingthefastestsortingoptions.Finally,weaddresshowtoimplement

sparse-times-sparseNTmultiplication,anarithmeticoperationthatexempliiestheunique

requirementsofsparseNTcomputations. Anovelmultiplicationpoly-algorithmwasdevel-

opedthatchoosesalgorithmstailoredtothehyper-sparsitycharacteristicspresentedbythe

sparseNTs. Benchmarksillustratesigniicantperformanceimprovementsoverthe MTT,

thecurrentleaderinsparseNTcomputations.

Nootherhigh-degreesoftwarelibraryofersasextensiveasetoffundamentalarithmetic

operationsasLibNTand NTToolbox. Moreover,LibNTand NTToolboxbothsupport

operationsondense,sparse,or mixturesofdenseandsparse NTs. Thisunmatchedex-

pressibilityisrealisedwhile matchingorexceedingtheperformanceofotherhigh-degree

libraries.

Byconsiderablyincreasingtheperformanceandeicacyofcoreoperations,e.g., mul-

tiplication,thebuildingblockscrucialforhigher-levelalgorithmscanbe madesolid. This

willbeneitanyapplicationinvolvinghigh-degreecomputations,e.g.,thehigh-leveltensor

decompositionroutinesofthe MTTorthehigh-degreeexemplarsdiscussedinthisthe-

sis. Thus,the NTsoftwarewedevelopsigniicantlyexpandstheboundariesofpractical

andeicienthigh-degreecomputations, makingitanefectiveandpowerfulpartnertoNT

algebra.
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7.1.4 Exemplars

Exemplarsarefrequentlyadecisive meanstoconveyscientiicconceptsandarguments.

Workonhigh-degreealgebraandsoftwarearenoexception. Whencastasanomaliesinthe

stateoftheart,exemplarproblemsshedlightonthelimitsofthe MVparadigm. Moreover,

theyrevealopportunitiesfortechnicalcomputingframeworksbeyondthe MVparadigm.

Wefocusontheexemplarcategoriesofspeciallinear mappingsand mappingsbeyondlin-

ear. Relectingtheimportanceofexemplarsinhighlightingandadvancingframeworks

beyondthe MVparadigm,weuseseveraltoexplainanddemonstratethemeritsoftheNT

framework.

Forinstance,wehighlighttheNTframework’scapabilitytonaturallycapturetheentry-

wiseproducts,least-squaressolutions,andopportunitiesforeicienciesinthealternating

leastsquares(ALS)algorithmforcanonical-polyadic(CP)tensordecomposition. TheALS

algorithmisoneofthemostimportantalgorithmswithinthetensordecompositionield[83],

whichfallsunderthemappingsbeyondlinearcategory.Inaddition,wefocusontheability

oftheNTframeworktocapturesimilareicienciesseeninalinearparameterestimation

exemplar,takenfromantennaresearch,involvingentrywiseproductsandternaryinner

products. Thesearetwoprominentexemplarsthathavebeentackledwithn-mode+ and

EMValgebraintheliterature. Byhighlighting NTalgebra’seaseofuseand morecom-

prehensivesetofoperations,wearguethatNTalgebraisthesuperiorformalismforthese

exemplars. Moreover,usingbenchmarksbasedonarithmeticoperationsdrawnfromCP

tensordecomposition,wedemonstratehowLibNTandNTToolboxcanprovideeiciency

andperformancegainsovercompetitorlibraries,illustratinghowNTsoftwarecanadvance

thiskeyexemplar.

Manyofthecurrentexemplarsintheliteraturestemfromtensordecomposition. While

thisisacrucialield,webelieveothertypesofexemplarsrequirefurtherarticulationbefore

high-degreeframeworksfortechnicalcomputinggainwidespreadacceptance.Forinstance,

this workhighlightsseparablenonlinearleastsquares(SNLS),ahugelyimpactful[149]

optimisationtechniquethatreliesonpartialderivativesofasecond-degreeNT,producinga

third-degreeNT.Priorworkonhigh-degreeframeworkshadnothighlightedthisexemplar.

Wealsofocusheavilyonhigh-degreediferentialoperators,whoseconnectiontopartial-

diferentialequations(PDEs) makesthemintegralto manyscientiicields. Onesuchield

iscomputervision, whichfrequentlyreliesonhigh-degreediferentialoperators. These

oftentaketheformofinite-diference(FD)operatorswhentheyactuponitsregularly-

griddedimagingdata.Consideringthatentrywiseproducts,ternaryinnerproducts,partial

diferentiation,andnon-linearfunctionsoftenplayarole,computervisionproblemscan

presentformidableobstaclestothe MVparadigm, makingitfertilegroundforthe NT

framework.

Inspiredbytheauthor’sowncomputervisionwork,wediscussthreeexemplarsfromtwo

computervisionproblems,demonstratingtheNTframework’spotentialforthisimportant
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High-
Degree

Mappings

Entry-
wise

Products

Ternary
Inner

Products

High-
Degree
Linear

Inversion

High-
Degree
Sparsity

Symbolic
Diferenti-

ation

Nonlinear
NT

Functions

RWImage
Segmentation

LML
Depth-Map
&Albedo
Estimation

NML
Depth-Map
&Albedo
Estimation

Table7.1:ThecharacteristicsofthecomputervisionexemplarsofChapter6. Theseexem-
plarsallchallengethe MVparadigm. Nonetheless,thesechallengescanbe metbytheNT
framework.

andchallengingield. AsTable7.1outlines,theseexemplarsinvolveaspectsthatchallenge

the MVparadigmbothalgebraicallyandcomputationally. Asweshow,theNTframework

iswell-suitedtotackletheseexemplars.

Theirstexemplarconsistsofrandomwalker(RW)imagesegmentation[56],whichisa

seminalinteractiveimagesegmentationtechniquethathasheavilyimpactedthecomputer

visionandmedical-imaginganalysiscommunity1. Thisincludestheauthor’sownmedical-

imaginganalysiswork,whichisanextensionoftheRWtechnique[203]. Regardlessofits

elaboration,theRWtechniquecanbecastasahigh-degreeandanisotropicellipticPDE.

Formulatingthesolutiontothisproblemrequiresfourth-degree NTs,high-degreelinear

inversion,ternaryinnerproducts,andpartialderivatives,whichcannotberepresentednat-

urallybythe MVparadigm. However,asweshow,thetechniquecanbereadilyrepresented

usingNTalgebra.Importantly,theprobleminvolvessparsity,reinforcingtheneedforthe

sparseNTcomputationsdevelopedinthiswork. NTToolboxcodeimplementingtheRW

algorithmshowcasedtheeasebywhichNTalgebraicnoveltiescanbecomputed.

Depth-mapandalbedoestimationservesasthesourceforthetwoothercomputervision

exemplars.Estimatingdepthandalbedoisaseminalcomputervisiontechnique,represent-

ingoneofthecorevariantsoftheso-calledShape-From-X methods. Inthis work, we

irstdiscussthelinearised maximumlikelihood(LML)technique,whichisdrawnfromthe

author’swork[55]andfollowstheclassictwo-stepapproachtowardthisproblem. Weformu-

latethetechniqueusingNTalgebra,showcasingtheabilityoftheformalismtohandlethe

high-degreedataandoperatorsinvolvedintheLMLmethod.LikeRWsegmentation,difer-

entialoperatorscombinedwithentrywiseproducts,ternaryinnerproducts,andhigh-degree

least-squaressolutionsresultinananisotropicellipticPDE,emphasisingthelinksbetween

1GradyhasreceivedtheEdisonPatent AwardfordevelopingtheRWtechniqueandhisoriginalpaper
hasbeencitedover1300timestodate,accordingtoGoogleScholar.
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thetwoexemplars. TheinalexemplarisareinementoftheLML method,callednonlin-

ear maximumlikelihood(NML)estimation,thatusesonesinglelarge-scalenonlinearstep.

TheNTframeworkwasusedtodevelopandimplementtheNML method,whichprovides

superiorrepresentationsofdepth-mapsandalbedosunderlow-observationcounts[164]. As

theproblemrequireskeepingtrackof6diferentindicesandincorporatesnonlinear NT

functions,theNML methodisparticularlyunsuitedforthe MVparadigm. Addingtothe

complexity, NMLestimationcanbeformulatedasanSNLSproblem, whichrequiresyet

anotherindexinadditiontoahigh-degreepseudo-inversioninvolvingentrywiseproducts.

Despitethesecomplications,the NTframeworkcanreadilytackletheproblembothal-

gebraicallyandcomputationally,servingasfurtherillustrationofits meritsforcomputer

visionapplications.

Theexemplars wehighlightrelectthediverseoriginsof workinvolvinghigh-degree

frameworks. AsFigure7.2visuallyillustrates,theseexemplarsrepresentaconsiderable

rangeofproblemsrelevantto manyields. Priortothis work,theseexemplarshadnot

beendiscussedtogether.ByusingtheNTframeworktolinktheseexemplarstogether,and

byalsoexpandingthestockpileofexemplarstoincludetheoneslistedinTable7.1,this

workconsolidatesdiverseefortsunderaunifyingframework. Thus,thegrowingcrowdof

researcherspushingforanddevelopingtechnicalcomputingframeworksbeyondthe MV

paradigmcanbeplacedwithinasharedcontext,magnifyingthestrengthofthisimportant

research movement.

7.2 Future Work

Kuhnemphasisedthevalueofresearchquestionsinanimatinganddeiningadiscipline’s

practice. Technicalcomputingworkbeyondthe MVparadigmisnoexception.Interms

ofthe NTframeworkofthis work,questionsstillremainonhowtofurtherenlargethe

soulandbodyoftheNTframework,i.e.,continuingtodevelopitsalgebraandsoftware.

Complementarytotheseeforts,thepursuitofadditionalnotableexemplarproblemsbeyond

the MVparadigmwillfurtherestablishtheimpactofthealgebraicandsoftwareinnovations

oftheNTframework.

7.2.1 Algebra

NTalgebraemploysasingletypeofindex,i.e.,thesubscriptedindex. Traditionally,Ein-

steinnotationemploystwotypesofindices,i.e.,contravariant(superscripted)andcovariant

(subscripted)indices.ThereasonsforthislieinthegeometrictensororiginsofEinsteinno-

tation,whereachangeofbasiswithinacurvilinearcoordinatesystemrequirestheconcepts

ofcontravarianceandcovariance. Naturally,whenemployingNTalgebrawithincurvilin-

eargeometriccontexts,contravarianceandcovariancewillneedtobeaccommodated. To

accomplishthistheimplicationsofsupportingdual-indextypesinconcertwithentrywise

products,linearinversions,andn-aryinnerproductsneedtobebetterunderstood.
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(a) (b)

(c)

(d) (e)

Figure7.2:VarietyofNTframeworkexemplarsexploredinthisthesis. Weshowcaseexem-
plarsrangingfromCPtensordecomposition,shownin(a),tolinearparameterestimation
(drawnfromantennasignalprocessing)usingentrywiseproducts,shownin(b).TheSNLS
approachtodiscovertheminimalSSE,e.g.,fromtheoptimisationsurfacedepictedin(c),
wasalsohighlighted. Finally,wedevoteconsiderablespacedetailinghowthecomputer
visionexemplarsofimagesegmentation,shownin(d),anddepth-mapestimation,shown
in(e),canbetackledusingtheNTframework.(b)wastakenfromPradaetal.[235].
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Interestingly,practitionersfromieldsnotconcernedwithgeometrictensorsperse,e.g.,

statistics[107],econometrics[154],andnumericalanalysis[54],havealsoadvocatedfordual-

index-typeEinsteinnotation. AsMcCullagh[107]andPollock[154]argue,itmaybethe

casethatpartialderivativesarebestexpressedwithdual-indextypes.Ontheotherhand,

thesingle-index-typevariationhasmetourneeds,sofar,andthoseofotherpractitioners[70,

86,157].Researchers,possiblyunawareofthesingle-index-typevariant,evencitethedual-

indextypesofEinsteinnotationasareasontoavoidthealgebra[236].Thisindicatesthat

furtherworkisneededtobetterunderstandtheadvantagesanddisadvantagesofdual-index

typesinnon-geometricsituations.Articulatingwhenexactlysingle-anddual-indextypes

shouldbeusedwouldhelpfurtherextendanddisseminateNTalgebratoawideraudience.

Anotherformalistaspectthatshouldbeexploredliesinwhethertherulesforaddition

andsubtractioncanberelaxed.Forinstance,thefollowingexpression,

aij+b, (7.1)

iseasilyinterpretedasaddingthescalarbtoallelementswithinaij. However,strictly

speakingthisisnotalegalexpressionwithinEinsteinnotationorNTalgebra.Nonetheless,

expressionslike(7.1)areafrequentandusefulpracticewithinprogrammingenvironments.

Forinstance,itiscommonandexpedienttoaddorsubtractascalarfromamatrixwithin

MATLAB,eventhoughthisoperationisforbiddenbyMValgebra.

Ideally,ifallowed,expressionslike(7.1)shouldbeformalisedwithinanimprovedNT

algebra.Thiswouldopenupotherpossibilities,e.g.,

aij+bi+cj, (7.2)

whichcanbeunderstoodtobeidenticalto

aij+bi1j+cj1i. (7.3)

Wecallexpressionslike(7.1)and(7.2),includingsubtractivecases,outeraddition. While

theusefulnessofouteradditionisapparent,theimplicationsofformalisingitisnot.These

implicationsshouldbeexplored.Shoulditbeprudenttoincorporateouteradditionwithin

NTalgebra,thenotationwouldalignevenmorecloselytoprogrammingpractice.

7.2.2 Software

AsSchatzetal.stateintheir2014paper,“librariesfordensemultilinearalgebra(tensor

computations)areintheirinfancy”[153]. Webelievethisassessmentisjustasaptforsparse

NTcomputations.Botharediscussedbelow. Whileourcontributionshaveadvancedthe

stateofdenseandsparseNTsoftware,webelievethereremainsmuchimportantwork.

Forinstance,oneareathatdeservesfurtherelucidationisdeterminingthemosteicient

orderofexecutionforn-aryNTproducts. Considerthefollowingequivalentexpressions,
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assumingallNTsaredense:

aibicj=(aibi)cj, (7.4)

=ai(bicj). (7.5)

Byexecutingtheinnerproductirstandeliminatingtheiindex,theorderofexecution

intheright-handsideof(7.4)ismoreeicientthanthealternativein(7.5). Formore

complexexpressions,thesituationisnotsotriviallyassessed,wherethemosteicientorder

ofexecutiondependsontheproducttypeanddimensionalitiesoftheoperandsinquestion.

Yet,determiningthemosteicientexecutionordercanhavemajorconsequences.

TheALSalgorithmprovidesapersuasiveexamplewheretheorderofexecutionhas

majorimplications. Awell-usedidentityrevealsamoreeicientmeanstocalculatecer-

taintypesofpseudo-inverses,signiicantlyreducingthealgorithm’scomputationalcom-

plexity[83].AsoutlinedinSection3.3.1,thisidentityiswhollydrivenbyadvantageously

alteringtheorderofNTproducts.Auniversalandrigorousprocesstodetermineeicient

ordersofexecutionwouldextendthesebeneitstoarbitraryexpressions.

Infact,researcherswithincomputationalchemistryhavebeendevelopingsolutionsto

thisproblem. TheTensorContractionEngine(TCE)automaticallygenerateslow-level

FORTRANcodebasedonananalysisofEinstein-notationexpressionsinvolvingtensto

hundredsofterms[91,92,93].Inadditiontodiscoveringefectivepairingsofoperands,the

TCEperformsotheroptimisationsthatbalancememory-useandcomputationaleiciency.

Theseinnovationsshouldbetranslatedtothe moregeneral-purposesettingoftheNT

framework,whichmaynotrequirethesamelevelofsophistication.Shouldsuchaprocess

beincorporatedwithinNTsoftware,n-aryproductexpressionscouldbeautomaticallyand

seamlesslyexecutedaseicientlyaspossible.Translatingthesebeneitstothesparsecase

wouldbeevenmorechallenging,presentingfurtheropportunitiesforresearchdevelopments.

Movingtootherdirectionsoffuturework,tostaycuttingedge,NTsoftwareshouldalign

withprevailingtrendsintechnicalcomputing.Forone,justlikeinMVsoftware,efective

strategiestousevectoroperations,i.e.,single-instructionmultiple-dataoperations,within

high-degreecomputationsisanimportantresearchthrust.Aswell,theincreasingprevalence

ofmulti-core,distributed,andheterogeneouscomputingenvironmentsprovidesimpetusto

developmatureparallelNTalgorithms.Theentrywiseproduct,castasdiferenttabswithin

alatticeproduct,ofersanaturalavenuetowardparallelimplementations.However,parallel

approachestolarge-scaledenseandhyper-sparseproducts,denseandsparsepermutations,

andotheroperationsspeciictohigh-degreesettingsshouldbedeveloped.Insightintoboth

theseconsiderationscanbefoundwithincomputationalchemistrylibrariesandassociated

publications[91,92,93,94,95].Implementingsomeofthesebreakthroughswithinageneral-

purposeNTsettingwillhelpdisseminatetheseapproachestoalargertechnicalcomputing

audience.

TheconceptofimplicitNTsshouldalsobeexpanded.Inthedensecase,NTproducts

thatonlyinvolveentrywiseandouterproductscanbereadilyrepresentedimplicitly,requir-
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ingsigniicantlyless memorythanexplicitlycomputingtheproducts. Asaresult,implicit

representationscouldhelpdealwithnotableproblemswithinNTcomputations,suchasthe

intermediateblowupproblemwithintensordecomposition[176,177,198]. However,implicit

representationsdocomewithruntimeabstractionpenalties. Futureworkshouldfocuson

strategiesto minimisetheseabstractionpenaltiesandinparallelshouldinvestigatewhen

implicitrepresentationsshouldbefavouredoverexplicitcomputations.

ThetopicofsymmetricNTsisalsorepletewithopportunitiesforfuturework. Work

withincomputationalchemistry[91,92,93,94,95]andtensordecomposition[153]hasfocused

ondensesymmetricandanti-symmetric NTs. The NTframeworkshouldadaptthese

approaches. Commensuratetothesedevelopments,efectiverepresentationsofsymmetric

sparseNTsshouldbedeveloped. Althoughtherehasbeensomeprior work[185,237],

more workisrequiredforthis mostlyuntouchedsubject. Amongstotherapplications,

eicientlyhandlingsymmetricsparseNTscouldbeanessentialcomponentforusingNTsfor

polynomialequations.SuccessfulstrategiesforsymmetricsparseNTswouldlikelydepart

frombothsparse-MVanddense-NTsolutions, meaningnewapproaches wouldhavebe

developed.

SparseNTcomputationsprovideotherpromisingavenuesoffuturework.Forinstance,

sparsetensordecompositionsrepresentahighlysigniicantresearcheforttoday. High-

performancekernels,suchasthoseoutlinedinthiswork,canplayanimportantroleinpro-

totypinganddevelopingsuchtechniques. Mergingthe MTT’sconsiderablesuiteoftensor-

decompositiondatastructuresandalgorithmswithLibNT’sarithmeticroutineswouldbe

animportantdirectionforfuturework.

Finally,knowledgetranslationefortsneedtobebroadened. Forinstance,the TMP

innovationsofthisworkrequirefurtherdocumentationanddissemination.TMPinnovations

andhigh-degreecomputationsareofinteresttopractitionersbothinsideandoutsidethe

academicsphere. Whiletop-downdissemination,e.g.,publications,shouldbeanimportant

focus,onlineandtutorial-likedocumentationshouldbeacorecomponentofanyknowledge

translationstrategyto makeanimpactwithinnon-academiccommunitiese.g.,theopen

sourcesoftwarecommunity. Thelattershouldincludeready-to-usesampleprogramsbased

onhigh-degreeexemplars,suchasthoseofthiswork. Theseinitiativeswouldfosterthe

bottom-updisseminationofNTframeworkconcepts, mirroringthesuccessfulapproachof

Blitz++[125],NumPy[129],andFTensor[146]inimpactingthewidertechnicalcomputing

discipline. Together,bothtop-downandbottom-upknowledgetranslationefortswillhelp

ensurethathigh-degreealgebraicandsoftwareinnovationsreachasbroadanaudienceas

possible, maximisingthepotentialforlong-lastingimpact.

7.2.3 Exemplars

Bytouchingonavariedsetofapplications,theexemplarswehighlightedstrengthenthe

casefortheNTframework. Thebeneitslowbothways,ashigh-degreeframeworksalso
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playacrucialroleinadvancingimportantapplications,e.g.,theNTframework’srolein

implementingNMLdepth-mapestimation.Yet,essentialworkremainstobedonetoboth

translatetheadvantagesoftheNTframeworkandtomakeheadwayonimportantappli-

cations.

Onepromisingavenueoffuturework,whichwouldalsohighlightthemeritsofexplicitly

accommodatingentrywiseproducts,istodeveloppracticalmeanstodescribeinter-variance.

Forinstance,consideralinearregressionproblem,e.g.,

yi=aijxj+ϵi, (7.6)

wheretheadditiveerror,ϵi,isassumedtobeindependentandidenticallydistributed(IID),

withameanofzeroandavarianceofσ.Shouldthisregressionproblembesolvedusing

linearleast-squares,thecovarianceoftheestimateiswellunderstood:

E(̂xĵxj′)=σ(aijaij′)
−1. (7.7)

However,ifaijislargeandsparse,calculatingthecovariancecanbeintractableasthe

inversioniscostlyandtypicallyproducesadenseresult. Moreover,whatisoftenofinterest

isnotthecovariance,butwhatJoseph[123]callstheinter-variance,i.e.,

E(̂xĵxj), (7.8)

whichdescribestheentrywisevariabilityoftheestimatedxj.

Ifameanstocompute(7.8)canbeestablishedwithoutcompletelyinvertingalarge-

and-sparselinearmapping,entrywiseconidenceintervalsmaybecomputed.AsFigure7.3

illustrates,thiscanbeusedtocalculatethevarianceoflarge-scaleestimateslikedepthmaps.

Thisproblemiscloselylinkedtoworkoncomputingthediagonalofmatrixinverses[238,

239,240,241],wherethematrixissparsethoughitsinverseisdense. WhencastusingNT

algebra,entrywiseproductshelpmaketheexpressionoftheinter-varianceexplicit. When

consideredtogetherwithcorrespondingsparsitycomputations,weviewtheNTframework

asapromisingplatformwithwhichtotacklethisproblem.

LikethediferentialoperatorexemplarsofChapter6,inter-varianceexemplarsfallunder

thespeciallinear-mappingscategory. However,thecategoryofmappingsbeyondlinear,

especially multilinearandpolynomial mappings,isanenormoustopicwhosechallenges

andpotentialarelegion. Tensordecomposition,whichfallsinthiscategory,isahighly

importantareaoffocusfortheNTframework,whichwehaveexpandeduponwithinthis

thesis. Wealsoviewtheieldofnumericalpolynomialalgebra,concernedwithmanipulating

andsolvingpolynomialequations,asanothervitalsourceofexemplars.

Currently,themeanstosymbolicallysolvepolynomialequationsarefairlywellunder-

stood. Yet,reliablenumericalapproachesarestilllacking[74]. Workswithinnumerical

polynomialalgebratypicallyemploy MV-basednotation[74,242,243,244]. Manipulating

suchrepresentations,e.g.,polynomialmultiplicationorchangeofbasis,isnottrivialandis
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(a) (b)

Figure7.3:Estimatingthevarianceofdepth-mapestimates. NoisyimagesoftheMozart
surface,seenin(a),weregeneratedandtheLMLmethodwasusedtoestimatedepth-maps
fromthisnoisyinput.Thiswasrepeated10times,allowingacrudeMonte-Carloestimate
ofthedepth-mapvariancetobecomputed,visuallydepictedin(b)wherewhiterpixels
denotehighervariance. Developingameanstocalculateinter-variancewouldallowthe
varianceofthedepth-mapestimatestobecomputedusingMLprincipleswithoutresorting
torepeatedtrials,whichmaybeimpracticalorinaccurate.Thesamemaybesaidforother
large-scaleregressionproblems.

dependantonthemonomialorderingofcoeicients.Additionally,anMVapproachignores

thelinksbetweenmultilinearformsandpolynomialequations,whichstemsfromwhether

onerepresentsapolynomialinitsapolarorpolarform[245]. Multilinearformsandequa-

tionsaremostnaturallydescribedwithinanNTsetting.

Becausesymmetricandnon-symmetricNTscannaturallyrepresentpolynomialand

multilinearequations,respectively[78],theNTframework,aswithothertensor-based

frameworks,canserveasnumericalplatformstosolvebeyondlinear-mappingexemplars.

UsingNTsassuchafoundationalconceptlinkspolynomialandmultilinearsystemsto-

gether. Moreover,thenumericalpolynomialalgebraieldalsobecomesconnectedtothe

tensordecompositionield,beneitingfromitstoolsandtechniques.Sincepracticalpoly-

nomialequationsaretypicallyhighlysparse[74],theconstructiveinnovationsweandoth-

ers[124,153]detailareexpectedtoplayanimportantrole.

ShouldNTsprovetobethebestwaytotacklenumericpolynomialandmultilinear

systems,weviewformalismsbasedofofEinsteinnotation,e.g.,NTalgebra,asthemost

promising. Whilen-mode+notation,favouredbytheMTT,couldconceivablymodelsys-

temsofpolynomialequations,thatformalismisstrongestwhendescribingtheso-called

multilinearproductorn-modeproduct. Manyinteractionsbetweenpolynomials,e.g.,com-

position,addition,orweighted-sumsofpolynomialequations,strayfromthemultilinear

productintoareaswheren-mode+ notationisweaker. Exploringandarticulatingthese

capabilitieswouldelevatetheNTframework’simpacttowardevenmorefar-reachinglevels.
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7.3 Final Remarks

Weconcludethisthesisbyoferingsomethoughtsonthecurrentstateoftechnicalcom-

putingandsomespeculationsonhowthediscipline’sparadigm mayevolve. Assuch,these

representouropinionsandpersonalassessments. Westartbymakingthecasethattechni-

calcomputingiscurrentlywithinarevisionaryperiod,whichisourpreferredterminology

overKuhn’s“crisis”. Wefollowthisupbyspeculatingonhowthisrevisionaryperiodwill

beresolved.

7.3.1 Evidenceof“Crisis”

Throughoutthisthesis wehaveemphasisedthesigniicanceoftheconsiderablebodyof

workonalgebraandsoftwarebeyondthe MVparadigm,demonstratingthatthis move-

ment,hithertounrecognised,isasubstantialforcewithintechnicalcomputing. Takingthis

analysisonestepfurther,wearguethatthisbodyofworkisevidenceofrevisionaryscience,

meaningthecurrent MVparadigmisbesetwithfundamentalchallenges. Moreover,these

challengesimplyachangeoftechnicalcomputing’staxonomyisunderway,re-categorising

anomaliesandexemplars.InStructure,Kuhndescribesthisperiodasacrisis,whichresults

inscientistssteppingoutsidetheboundsofnormalsciencetobeginpracticingextraordinary

science. KeepingwithourpreferenceofeschewingthedramaticaspectsofKuhn’slanguage,

weavoidtheuseofcrisisandextraordinaryscience,optingforthetermsrevisionaryperiod

andrevisionaryscience,respectively.

Kuhnstatesthatarevisionaryperiodischaracterisedbya“proliferationofcompeting

articulations,the willingnesstotryanything,theexpressionofexplicitdiscontent,the

recoursetophilosophyandtodebateoverfundamentals”[1]. Weviewthisasanapt

descriptionofcurrentworkonhigh-degreealgebraandsoftwarefortechnicalcomputing

andwewillassesstheindividualcomponentsofKuhn’sstatementagainsttheevidence.

Intermsof“competingarticulations”,Kuhnincludedattemptstoextendtheprevailing

paradigmtoaddressnewphenomena,blurringtherulesofitspractice. Kuhndescribesthese

efortsasoftenadhocresponsestoanomalies. WeconsiderEMValgebratobesuchanar-

ticulation,whichaswehavedetailedisnotaconsolidatedformalism,expressingcompeting

notationsandconventionsforseveraldiferentoperators,includingtheKroneckerproduct

itself. Othercomplicationsabound. Forinstance, Harshmanand Hongdevoteanentire

papercomparingtwodiferentapproachestouse MValgebratorepresentthird-degreedata

andoperatorsuponit[118]. Asanotherexample, Magnusdiscussestherationalebehind

usinghispreferredEMVrepresentationofderivativesoverseveralcompetingversions[117].

Afrequentsourcebehindthesecomplicationsisthe“unpleasantorderingofindices”[106]

neededinordertousematricestorepresenthigh-degreeconstructs. Unsurprisingly,itseems

thatthereis morethanonewaytoblurtherulesofthe MVparadigm.

Kuhnalso maintainedthatefortstoextendaprevailingparadigmcanproducecom-

plexity,which mayoutpaceanyassociatedbeneits. Wesubscribetothisviewconcerning
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EMValgebraandsodoothers. Forinstance,afteroutliningcompeting methodstouse

MVnotationtodescribehigh-degreedata, Harshmanand Hongconcludebystating,“If

oneis willingtoabandon matrixnotation,allthecomplicationsdiscussedherecanbe

avoided”[118]. TheirpreferredsolutionisHarshman’sEinsteinnotationvariant[86]. As

wedescribedearlier,adjectivesusedtodescribeEMVinclude“troublesome”[65],“cum-

bersome”[60],“unpleasant”[106],and“awkward”[54]. Thesestatementscertainly meet

Kuhn’scriterionof“expressionsofexplicitdiscontent”.

AsperKuhn,thevarietyofproferedsolutionstowardrepresentinghigh-degreedataand

operationssuggestsa“willingnesstotry” manyapproaches. Theseapproachesrangefrom

theaforementionedEMValgebra,ton-mode+ notation,R-matrixnotation,arrayalgebra,

andEinsteinnotation.Evenamongsttheseexamplestherearediferingviews,e.g.,thedif-

ferentlavoursofEinsteinnotationoferedbyTait[113],AntzoulatosandSawchuck[60],and

Harshman[86]. Orconsidertheproponentsofsingle-indexEinsteinnotation[70,118,157]

vs.thedual-indexvariant[54,67,106,107,154].Speciicieldsevenresortto multiplefor-

malisms.Forexample,withintensordecomposition,notation“diferswidelyoverdiferent

papersanddisciplines,andsodoestheterminologypractitionershaveemployed”[110].

NotationsusedwithintheieldincludeEMValgebra[83],n-modenotation[83],andEin-

steinnotation[86]. Whatwecalln-mode+ notationisrepresentedbyindependenteforts

toextendtheoriginaln-modenotationtodescribeagreatersetofoperations[98,112].

Researchersfromotherieldsalsoseeoccasiontousetwocompetingnotations.Sometimes

theneedforthesetwonotationsareexpressedbythesameperson,e.g.,Pollock[64,154]

and Vetter[66,100,155,156]havebotharticulatedtheuseofEMValgebraandEinstein

notationforeconometricsandsignalprocessing,respectively.

Theplethoraofcompetingarticulationsstemfromefortstodescribeanomalousphe-

nomena. As Kuhn maintained,theseareoftenindependenteforts wherepractitioners,

discoveringthattheprevailingparadigmofersnoguidanceoninvestigatinganimportant

anomaly,resorttohighlyvariedandcreativesolutions. Thisisnobetterepitomisedthan

withinthetensordecompositionield. AsdescribedbyKoldaandBaderintheirinvaluable

review[83],thehistoryoftheieldisrifewithelaborationsthatwereforgotten,re-discovered,

andindependentlydevelopedbypractitionershailingfromieldsasdistinctaspsychomet-

ricstobiomedicalimaging. KoldaandBaderevenofertablesoutlininghowbothCPand

Tuckerdecompositionhaveeachhadivediferentnamesdependingonthedateanddo-

mainoftheliterature. Thealgebraicinnovationswithintensordecompositionhavealso

beenindependentlyarticulatedwithinotherields. Forexample,n-modenotationshares

manysimilaritieswiththeR-matrixnotationdevelopedbygeodesyresearchersinterested

indescribinganddecomposinghigh-degreelinear mappings. ManyaspectsofBaderand

Kolda’sn-mode+ notationissharedbySuzukiandShimizu’sarrayalgebra[65],whichwas

articulatedforsignal-processingpurposesnotconnectedtotensordecomposition.

Competingarticulationsoftenrepresentserious“debatesoverfundamentals”. Weout-
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linedsomeofthedebateseenoverhigh-degreealgebras;yet,thedebateisnotconinedto

formalism,asthediscussionenterstherealmofsoftwareaswell.Forexample,high-degree

softwareseemstofallintotwocampsregardingdensecomputations. Therearethose,like

LibNT, NTToolbox,andthe MTT,thatpermutedatabefore multiplying[91,92,93,94,

95,112]andthosethatdonot[101,125,127,175].Sparsedataformatsusecompressedin-

dices[150,151,152,181]oruncompressedindices[124,185],thelatterbeingwhatwefavour.

Algorithmsto multiplysparseNTs mustdealwithhyper-sparsity. Approachesincludeex-

cisingall-zerorowsandcolumns,e.g.,aswiththe MTT[124],oranapproachlikeoursthat

appliesapoly-algorithmbasedonthediferentsparsitypropertiesofoperands. Allofthese

examplesarefundamentaldiferencesinhowtoapproachthechallengingtopicofcomputing

withhigh-degreedata. Morethanthat,theissuesbeingpursuedarenewquestionsthat

simplydonotarisewithinthe MVparadigm,oferingfurtherevidenceoftherevisionary

natureofthiswork.

Questionsconcerning mappingsbeyondlineararealsoirmlyembroiledinfundamental

debates.Forinstance,tensordecompositioncurrentlyoferstwomainmodelsofhigh-order

SVD(HOSVD),i.e.,the Tuckerand CPdecomposition. Thesearecomplementedbya

plethoraofothertypesofdecompositions[83]. Justasstrikingastensordecomposition,

thoseinterestedinsolvingpolynomialsystemsofequationsarecurrentlyfacedwithenor-

mouslyvariedanddiferentoptions[76]. Thediferencesbetweenchoicesare much more

thana matterofpracticality. Topicktwooptions,homotopyand Gr̈obnerbasis meth-

odsrepresententirelydiferentphilosophicalapproachestosolvingpolynomialsystemsof

equations.

ReturningtoKuhn’sanalysisofrevisionaryperiods,a“recoursetophilosophy”isthe

onecriterionthat,thisthesisaside,seemstobelacking. While McCullaghcertainlywaxes

philosophicalintheprefaceofhisbookadvocatingEinsteinnotationforstatisticsapplica-

tions[107],herepresentsanisolatedexample. Perhapsthisisjustaproductofscientiic

writingtoday,particularlyintechnicalcomputing,whichislessloridthanexamplesfound

intheperiodsofscience Kuhnstudied. Nonetheless,bypursuingquestionsoutsidethe

MVparadigm,thebodyof workonhigh-degreealgebraandsoftwareisexpandingthe

boundsoftechnicalcomputing,revisingtheanomaliesandexemplarsofitsscientiicprac-

tice. Theattemptstoarticulate modiicationstothe MVparadigm,andthecompeting

attemptsto,inefect,articulatealternativestothe MVparadigm,alignmarkedlywellwith

Kuhn’sdescriptionsofrevisionaryscience. Acceptingthisargumentprecipitatesanimpor-

tantquestion—howwillthisrevisionaryperiodberesolved? Wespeculateonthistopic

below.

7.3.2 Resolutionof“Crisis”

Thequalityandquantityofarticulationsoutsidetheboundariesofthe MVparadigmindi-

catetechnicalcomputingisexperiencingaperiodofrevisionaryscience. BasedonKuhn’s
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writings,includinghislatercontributions,arevisionaryperiodcanberesolvedinthree

ways:

❼theprevailingparadigmenduresbysatisfactorilydealingwithcrisis-provokinganoma-

lies;

❼aspecialisationisestablishedthatincorporatesitsownnewparadigm;or

❼theentiredisciplineadoptsanewparadigm.

Forthetopicathand, wedonotsubscribetotheirstoutcomeabove, i.e., wedo

notviewefortstoextendthe MVparadigmtodescribehigh-degreedataor mappingsas

suicient. Hitchingoneselftothe MVparadigmisapproachingthesubjectobliquelyand

failstodojusticetothedemandsandrewardsofworkonhigh-degreedata. Moreover,today

thesubjectofhigh-degreecomputationsisanentrenchedareaofresearchwithintechnical

computing. Currenttrends,e.g.,theproliferationofliteraturefocusingonorincorporating

tensordecomposition,indicateonlyacontinuingincreaseinimportance. Returningtothe

analogyof Milgrametal.’sexperiment[87],thecrowdlookingupatthestreetcornerhas

growntoolargetoignore.

Basedonthisargument,weexpectthecurrentrevisionaryperiodtoberesolvedviaa

paradigmshift—eitherfortechnicalcomputingasawholeorforaspecialisationwithinthe

discipline. Yet,theimplicationsofanewparadigmwithintechnicalcomputingarenotclear.

Kuhn,whosewritingsfocusedheavilyonphysics,haslittletosayaboutcomputing[13].

Hence,itisworthponderingtheimplicationsofanewparadigmwithintechnicalcomput-

ing.InStructure, Kuhn maintainedthatacceptinganewparadigmrequiresrejectingthe

worldviewoftheoldone. Buthewascarefultoemphasisethatthisdidnotnecessarily

involverejectingthepracticalbasisoftheoldparadigm. Forinstance, while Newtonian

mechanicsisunderstoodasanapproximationevenwhenusedinnon-relativisticcontexts,

itspracticaluseisundeniable.Itsinaccuraciesareso minutethatitishardtoimagine

anyothermodelusefullydescribingthemotionofeverydaymacroscopicobjectswithinthe

planet’senvirons.

Returningtotechnicalcomputing,justlikeNewtonianmechanicsinnon-relativisticset-

tings,itishardtoimagineaparadigmbettersuitedthanthe MVparadigm withinits

naturalcontext,i.e., modelingandcomputing withlinear mappingsappliedtovectors.

UnliketheNewtonian mechanicsanalogy,wedonotexpectanewparadigmtorevealsub-

tleties,however minute,regardingvector-basedlinear mappingsthat maybeunaccounted

forbythe MVparadigm.Inthissenseaparadigmshiftwithintechnicalcomputing may

diferfromKuhn’sexamplesinthedegreeofrejectioninvolved.

Weareprepared,however,toconjectureonetypeofrejection. The MVparadigm

impliesacertainrangeoftechnicalcomputing’spracticeandlimitations. Anewparadigm

wouldirrecoverablyrejectthisconceptionandintroduceitsownlanguageandtaxonomy
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todescribeitsanomaliesandexemplars. This maybe what Kuhn meantaschangeof

worldview,buthewastypicallyambiguous. HackingarguesKuhnhadastrongerviewpoint:

“Acautiousperson mayagreethatafterarevolutioninherield,ascientist

mayviewtheworlddiferently,haveadiferentfeelingforhowitworks,notice

diferentphenomena,bepuzzledbynewdiiculties,andinteractwithitinnew

ways. Kuhnwantedtosay morethanthat”[13].

RegardlessofKuhn’sintent,weviewaparadigmshiftwithintechnicalcomputingtoalign

withHacking’s“cautious”summary.

Withthefeaturesofaparadigmshiftwithintechnicalcomputingestablished,theques-

tionremainsonthescopeofthischangeof worldview. As mentioned,eitherthe MV

paradigmisreplacedwithinthewholeoftechnicalcomputingoraspecialisationisestab-

lishedthatincorporatesitsownhigh-degreeparadigm. Whichoftheseoutcomestakeshold

likelydependsonwhichexemplarsseizetheield’simagination.

Forinstance,todayarguablythetwo mostprominenttopicsofworkbeyondthe MV

paradigmarespeciallinear mappingsandtensordecomposition. Whileincrediblyimpor-

tant,bothsuchtopicsareofinterestonlytoresearchersneedingtoexplicitlydescribe

high-degreedataortodecompose multilinearinteractionsbetweensuchdata,respectively.

Yet,thedemandsof manytechnicalcomputingapplicationsdonotextendbeyondanota-

tionandsoftwaretosolveequationsforlow-degreedata.Ifestablishedtechniquestosolve

systemsofequationsremainrestrictedtolinearsolversandnon-linearoptimisationap-

proaches,the MVparadigmwouldremainunassailable. Hence,shouldnovelandsigniicant

exemplarsbeconinedtospeciallinear mappingsandtensordecomposition,specialisation

seems mostlikely,withthe MVparadigmcomfortablyensconcedasaparadigmforthose

notneedingtoexplicitlyworkwithhigh-degreedata.

Theelevationof multilinearandpolynomialsystemsofequationsasa majortechnical

computingexemplar wouldalterthisoutlook. Asothershavenoted[74,243],numeric

approachestothistopicarea majorgapwithintechnicalcomputing’sbodyofknowledge.

Efective meansto manipulateandsolvenumeric multilinearandpolynomialsystemsof

equationswouldextendthescopeoftheentirediscipline.Thisfar-reachingimpactsuggests

thatadoptingthisquestionasanexemplar,andarticulatingpromisingavenuestoward

itsresolution, wouldengenderaparadigmshiftafectingtheentiretechnicalcomputing

discipline. Notethatthisdoesnot meanthe MVframeworkwouldbediscarded,itwould

justbeincorporatedaspartofanewparadigm. This maytrulyberevolutionary,anevent

thatwouldbeworthyofKuhn’sdramaticterminology.

But whatofthe NTframeworkofthisthesis? Willitsprinciplesinluenceanew

paradigm? Wethinktheyshould. Wehaveoutlinedsomeoftheadvantagesofthe NT

frameworkoverboththe MVparadigmandotherhigh-degreeframeworks. Theseinclude

asimplicityofuseandcomprehensivenessthatallowittobridgepreviouslydisconnected

workonhigh-degreedata. Thisunifyingqualitycangivethe NTframeworkapowerful
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edge. Yet,ultimately,theNTframework’splacewillbedeterminedbywhetheritsprin-

ciplesarewidelyadopted. AsKuhnargues,thereisnopurelyobjectivecriteriabywhich

tojudgeparadigmsoralternativestothem. Otherpersuasiveelementslikeaestheticsand

authorityplaytheirroletoo.Forthisreason,wearecomfortableoferingsomeofourown

opinionsinthisregard.

Forone,weunabashedlyappealtoauthority. NTalgebraisrootedinEinsteinnota-

tion,aformalismthatenjoysundeniablepedigreeandsuccess.Impassionedand modern

arguments,e.g.,thoseofPapastavridis[69]and McCullagh[107],haveextolleditsvirtues,

indicatingthatthenotationhaswithstoodthetestoftime.Einstein’snameisnotattached

tothenotationthroughhistoricalhappenstance. Hehelpeddevelopit,and wehappily

appropriatesomeofhisauthorityforourownpurposes.Thisisnotallthatweappropriate,

astheNTframeworksharesEinsteinnotation’saestheticappeal. Usingletterstodesignate

indicesallowsthemtotakeongreaterpurposethansimpleplaceholdersdesignatingthe

irst,second,ornthindexinhigh-degreedata.Instead,indicesareprominentactorswithin

mathematicalexpressions,describinghighlycomplexmatterswithdeceptiveease,e.g.,how

exactlytwooperandsshouldinteractarithmeticallyandhowtheresultshouldinteractwith

otheroperands. Theexpressedcomplexityonlybecomesapparentwhenonebecomesem-

broiledinthe messiernumeral-basedapproachesseeninotherhigh-degreealgebras. These

aestheticandauthoritativeaspectsareimportantfacetsoftheNTframework.

Whetherwehave madeapersuasiveenoughcasefortheNTframework’sprinciplesis

uptothereader. Whatishardertochallengeisthatthereexistsanincreasingbodyof

workonnewalgebraicandsoftwareapproachesoutsidethe MVparadigm,andthatthis

bodyofworkis makinganeverexpandingimpact. Asobservers,itseemstousthatwe

arewitnessingasingularmomentwithintechnicalcomputing.Evenmoreexciting,current

practitioners,researchers,andscientistsarepresentedwithanuncommonopportunityto

shapethedisciplineasit movesforwardfromitscurrentcrossroads. Wehopethereader

willjoinusbysharinginthevisionofawidely-acceptedanduniversaltechnicalcomputing

frameworkbeyondthe MVparadigm.
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AppendixA

DetailsonSparseSoftware

Inthisappendixweprovidesomeadditionaldetailsregardingsparsenumerictensor(NT)

computationsthatarenotcoveredinthe mainbodyofthethesis. Theseconsistofa

discussiononfastlinearisedindex(LI)calculations,whicharehighlyimportantforfast

sparseNTcomputations. Wefollowthisupbyprovidingmoredetaileddescriptionsofthe

sortingalgorithmimplementationsdiscussedinSection5.2.1. Adiscussiononcomputing

abelianoperationsfollows.Finally,weoutlinehowLibNTrepresentstheresultofoperations

betweendenseandsparseNTs.

A.1 FastLinearisedIndexCalculations

WhileitisadvantageoustoavoidrecomputingLIsasmuchaspossible,theyremainan

importantandfrequentoperationwithinNTcomputations.Forthisreason,itiscrucialto

makethesecalculationsasfastaspossibletominimisetheirimpactonruntimeeiciency.

Asitturnsout,LIcalculationscanbeasigniicanttimesink, makingitworthwhileto

exploitfastmethods.

AstraightforwardmeanstorecomputeLIvaluesintoanewlexicographicalprecedence

istoirstexpandthelinearisedvalueintoitsconstituentpartsusingafunctionlikethatin

FigureA.1.

1 EXPAND_LI
2 Input: LIlinearisedintegerindex
3 DIMSarrayofintegerindexranges
4 Output:INDSarrayofexpandedintegerindices
5 Begin:
6

7 for(i=0;i<size(DIMS);i=i+1)
8 INDS[i]=mod(LI,DIMS[i])
9 LI=LI/DIMS[i]//integerdivision
10 end_for
11

12 End:

FigureA.1:ExpandinganLIintoitsconstituentparts.
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1 COMPUTE_LI
2 Input: INDSarrayofexpandedintegerindices
3 DIMSarrayofintegerindexranges
4 Output:LIlinearisedintegerindex
5 Begin:
6 LI=0
7 MULTIPLIER=1
8 for(i=0;i<size(DIMS);i=i+1)
9 LI=MULTIPLIER*INDS[i]
10 MULTIPLIER*=DIMS[i]
11 end_for
12

13 End:

FigureA.2:ComputinganLIfromitsexpandedindices.

1 RECOMPUTE_LI
2 Input: LIlinearisedintegerindexinOLDlexicographicalorder
3 DIMSarrayofintegerindexranges
4 OLDoldlexicographicalorder,e.g.,{0,1,2,3}forlast-to-first
5 4th-degreelexicographicalorder
6 NEWnewlexicographicalorder,e.g.,{3,2,1,0}forfirst-to-last
7 4th-degreeorderprecedence
8 Output:LIlinearisedintegerindexinnewlexicographicalorder
9 Begin:
10

11 INDS=EXPAND_LI(LI,DIMS(OLD))//expandindicesbasedonOLDlexicographicalorder
12 INDS(OLD)=INDS; //shuffleindicestodefaultlexicographicalorder,i.e.,{0,1,2,3}
13 LI=COMPUTE_LI(INDS(NEW),DIMS(NEW))//linearisetoNEWlexicographicalorder
14

15 End:

FigureA.3:RecomputinganLIfromanoldtonewlexicographicalorder.

WiththeLIexpanded,itsconstituentpartscanberearrangedandre-linearisedusing

afunctionlikethatofFigureA.2.Puttingitalltogether,recomputinganLIintoanew

lexicographicalordercanbeaccomplishedusingaroutinelikeFigureA.3.

Whilestraightforward,there-computationschemeinFigureA.3canconsumeasignif-

icantamountoftime.Toillustratethis,TableA.1displaysexperimentresultsmeasuring

thetimetakentorecomputetheLIsofalargefourth-degreeNT.Thiscanbecontrasted

withthetimetakentosortthenon-zerolinearisedcoordinate(LCO)dataafterLIvalues

havebeenrecomputed.Ascanbeseenintheexperiment,theLIre-computation,whichis

anO(nnz)operation,consumesroughlyathirdasmuchtimeastheO(nnzlog(nnz)))sort.

Thisisclearlyanunacceptableamountoftimeforwhatshouldbeapreprocessingstep.

AmajorsourceofthebottleneckinFigureA.3istheexpansionofanLIintoanar-

rayofindicesandbackagainintoanewLIvalue. Thisbottleneckcanbeavoidedby

recomputingLIswithouttheintermediatearray. Thisprocesscanbefurtheraccelerated

bypre-computingthedivisorsandmultiplicandsusedtoexpandandcomputeLIsrespec-

tively.FigureA.4depictspseudocodethataccomplishesthis.AsTableA.1demonstrates,

thespeedupofusingthedirectroutineissigniicant,almosthalvingthetimerequired

torecomputeLIs. Nonetheless,furtherworkisrequiredasthetotaltimetakenremains
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TableA.1:SpeedimprovementsgarneredbyfastLIcalculations.Improvementsinexecution
timesofchangingasparsefourth-degreeNTs’slexicographicalorderfromfrom{0,1,2,3}
to{3,2,1,0}.Thefourth-degreeNTusesarangeof210forallfourofitsindicesandholds
5∗220non-zeros,providingitwithequivalentsparsitytoafourth-degreeO(h2)Jacobian
operator.Optimisationsareincrementallyaddedtodemonstratethespeedupinexecution
times. ThetimetakentosorttheLCOdataarrayusingintrosort[191]isalsoshownto
providecontext.Experimentswererun10timesandaveragevaluesareshown.

Routine Time(s) RelativetoIntrosort

FigureA.3 0.323 0.330
FigureA.4 0.173 0.177

FigureA.4+staticforloop 0.170 0.174
Optimisedintegerdivision 0.0375 0.0383

Introsort 0.978 1

1 RECOMPUTE_LI_DIRECT
2 Input: LIlinearisedintegerindexin
3 DIVISORSarrayofdivisorscorrespondingtoinputlexicographicalorder,
4 e.g.{1,n0,n0*n1,n0*n1*n3}for4thdegree{0,1,2,3}lexicographicalorder
5 MULTIPLICANDSarrayofnewmultiplicandstoswitchfromoldtonew
6 lexicographicalorder,e.g.{n4*n3*n2,n4*n3,n4,1}toswitch
7 4thdegree{0,1,2,3}lexicographicalorderto{3,2,1,0}
8 lexicographicalorder
9 Output:LI_NEWlinearisedintegerindexinnewlexicographicalorder
10 Begin:
11

12 LI_NEW=0
13 for(i=size(DIVISORS)-1;i>=0;i=i-1)
14 //useintegerdivisiontogetcurrentindex
15 QUOTIENT=LI/DIVISORS[i]
16 //addindexusingnewlexicographicalorder
17 LI_NEW=LI_NEW+QUOTIENT*MULTIPLICANDS[i]
18 //primeLIfornextiteration
19 LI=LI-QUOTIENT*DIVISORS[i]
20 end_for
21

22 End:

FigureA.4: RecomputinganLIfromanoldtonewlexicographicalorderwithoutinter-
mediatearrays.TheMULTIPLICANDSinputmustbedesignedtoswitchfromoldtonew
lexicographicalorders,i.e.,whiletheindividualvaluesintheMULTIPLICANDSarrayare
dependantonlyuponthenewlexicographicalorder,thesequenceofthevaluesinthearray
isbasedonhowindicesareshuledfromold-to-newlexicographicalorders.
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unacceptable,takingroughly18%oftimetosortnon-zerovalues.

Forlanguagesthatsupportexplicitcompile-timeexecution, e.g.,template metapro-

gramming(TMP)inC++,oneoptionisturntherun-timeforloopinFigure A.4into

acompletelyunrolledseriesofinstructions. Thisisgenerallypossibleasthenumberof

iterationsintheforloopisbasedontheNTdegree,whichistypicallyknownatcompile

time. Thus,therun-timeoverheadoftheforloopcanbeavoided. Totestthis,theex-

perimentsalsoexecutedtheroutineinFigureA.4butusedatemplate-metafunction[126]

thatgenericallyimplementsacompile-timeforloop. ThethirdrowofTableA.1depicts

theresult. Ascanbeseenonlyvery minorimprovementsinrunningtimearerealised.

Thissuggeststhatthatcompileroptimisationsonthetestbedalreadyoptimisedthesmall

run-timeforloopinFigure A.4. Thus,usingstaticallyunrolledloopsprovides minimal

improvementsinLIcomputationtimefortheexperimentaltestbedandotherstrategiesare

needed. Nonetheless,someimprovementwasestablished,which maybe moresubstantial

onother machines. Asaresult,itisworthwhileretainingthestaticversionofaforloop.

RealisingfasterLIrecomputationsrequiresoptimisingthemostexpensivearithmeticop-

erationinthecalculation,i.e.,integerdivision. Onesimpleoptimisationistoensurethat

allintegerdivisionsareconducted withunsigneddatatypes. However,greaterimprove-

mentsarepossible. AsChapter10of Warren’sbookexplains[246],integerdivisioncan

beexpressedusingcomparativelyinexpensive multiplicationsandbitshifts. TheC/C++

libdividelibraryhasextendedtheseconceptstohandlerun-timedivisors[190]. Theauthor

oflibdividereportssubstantialrun-timeimprovements. Totestthis,experimentsusedlib-

divide’sdivisionroutinesforthecalculationsinFigure A.4. AsTable A.1demonstrates,

run-timeimprovementswerevast,resultinginroughly4.5timesimprovementoverthenext

bestimplementation. Withalldiscussedoptimisationscombined,theLIre-computations

consumeapproximately4%ofthetimeneededforthelatersortingstep. Wejudgethisan

acceptableamountoftimetodevotetopreprocessing.

ThedrasticimprovementsfromtheinitialLIre-computationschemetothefullyopti-

misedapproachjustiiestheattentionpaidtothistopic. Theseoptimisationsbolsterthe

viabilitytheLCOformatforsparseNTs.

A.2 Sorting

Sinceallthesortingalgorithms wetestedforsparse NTshadtobeadaptedtoan NT

setting,therewere manynon-trivial modiications. Forthisreasonwesupplyadditional

detailsontheimplementationsweusedfortesting. Wealsoprovidesomedetailsontheir

amenabilitytoparallelimplementations,whichwasnotexploredinthisthesisbutwilllikely

beanimportantfeaturegoingforward. Tothisend,TableA.2outlinesthefouralgorithms

thatweretested,allcustom-adaptedtosortanLIarrayanditsaccompanyingdataarray.

Itshouldbenotedthatotheralgorithmsweretestedaswell,including mergesort,natural

mergesort,andarecentenhancementtopatiencesort[247],butwhilecompetitive,they
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TableA.2:Sortingalgorithmsandtheircharacteristics.Performancewastestedonsorting
sparseNTs.

Algorithm Type Hybrid Adaptive In-Place

Introspec-
tive
Sort

Comparison Yes
Partially,ifusing
insertionsortas
inalstep

Yes

Timsort Comparison Yes Yes
No,butuses
minimalbufer

size

LSDRadix
Sort

Integer
Yes,with
modiications

Partially,ifusing
insertionsortas
inalstep

No

MSDRadix
Sort

Integer
Yes,with
modiications

Partially,ifusing
insertionsortas
inalstep

Yes,dependingon
implementation

wereoutperformedbythealgorithmsoutlinedabove. Assuch,theirperformanceisnot

includedinthisdiscussion.

OfthecharacteristicsoutlinedinTableA.2,the mostdeiningiswhetherasortis

comparison-basedorinteger-based. Theformercategoryreferstogeneral-purposealgo-

rithmsabletosortawidearrayofdiferentobjects,whilethelattercategoryrefersto

algorithmsdesignedspeciicallyforsortingintegers,orobjectsthatcanbemappedtoin-

tegers.Analgorithmisdesignatedhybridifitisanamalgamationoftwoormoresorting

routines. Analgorithmisadaptiveifittakesadvantageofanypre-existingorder,e.g.,

sortedsubsequences,withinthevaluesbeingsorted. Finally,inplacereferstowhethera

sortingalgorithmusesadditionalmemoryornot.

A.2.1 IntrospectiveSort

Introspective[191]sortformsthecoreoftheC++StandardLibrary(CSL)’sstd::sort,

whichisconsideredagoldstandardofsortingalgorithms[248]. Assuch,itisimportant

totest.Beingahybridalgorithm,introspectivesortingcombinesquicksortandheapsort

together,withmanyimplementationsalsousinginsertionsortasinalstep.Intermsof

parallelism,introspectivesorting’sinitialquicksortstepcanbeparallelised[249];however,

heapsortislessobviouslyparallelizable.Theimplementationusedforthesetestsisbasedon

codebySchwarz[250].Inaddition,theimplementationemploystheinsertionsortversion

describedbySedgewick[251],whichuseslessreadsandwritescomparedtoSchwarz’s

version.

A.2.2 Timsort

TimPeter’stimsort[192]isanadaptivealgorithmthatnowactsasthePythonlanguage’s

sortingalgorithm[252],makingitanimportantcomparison-basedalgorithmtoconsider.

Intermsofparallelism,withsomemodiications,itislikelythatthemergingprocesscan
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operateinparallel,perhapsintandemwithdata-parallelbitonic mergenetworksseenin

recentworks[253,254].Totesttimsort’sperformance,aC++versionofthealgorithm[255]

was modiiedtosortLIvaluesandtheiraccompanyingdatavalues.

A.2.3 LSD RadixSort

Thetwopreviousalgorithmsarecomparison-basedsorts. Yet,asLIvaluesareintegers,

sortingalgorithms,suchasradixsort,tailoredforsuchdatatypesshouldalsobeconsidered.

Radixsortcanbeimplementedaseithertheleast-signiicantdigit(LSD)ormost-signiicant

digit(MSD)variant. Theformerisconsideredasimplerversiontoimplementwithclaims

offasterexecution[193],andhasseenrecentattentionbyresearchersintheield[254,

256]. Whilenotimmediatelyobvious,LSDradixsortcanbetask-parallelised,buthas

limitedpotentialfordata-parallelism[254]. TheLSDimplementationusedforthiswork

departsfromclassicimplementationsinseveralways.Forone,inthecontextofsparseNTs,

the maximumsizeoftheLIsisthe NT’sdimensionality. Thus,thenumberofpassesto

perform,i.e.,thedimensionalitydividedbytheradixsize,isknownaprioriandisoften

lessthanwhennaivelyusingtheLI’sdatatypesize. Additionally,basedonSedgewick’s

suggestion[193],the mostsigniicantLSDsisskipped,allowinginsertionsort, whichis

memory-bandwidthfriendly,toperformainalcleanup.Finally,theimplementationused

Satishetal.’ssoftwarebuferenhancement[254]inordertodecreasecache misses. Based

onperformancetests,aradixsizeof11bits,correspondingtoHerf’ssuggestion[257],and

asoftwarebufersizeof64bitswerechosen.

A.2.4 MSD RadixSort

IncontrasttoLSDradixsort,the MSDvariantoperatesbyrecursivelygroupingitemsto-

getherbytheir MSDs. Thisrecursivenaturemeansthat MSDradixsortismoreobviously

task-parallelisedthantheLSDvariant. Acommonlycitedreasonthatpractitionersoptfor

LSDradixsortingoverits MSDcousinisthelargebreadthofthelatter’srecursiontree,cf.

Sedgewick[193]and WassenbergandSanders[256].Thisproblemcanbeavoidedbyadapt-

ingthealgorithmintoahybridapproachthatswitchestoacomparison-sortingalgorithm

wheneverasub-list’ssizenolongerjustiiestherecursionoverhead. Aswell,unliketheLSD

variant,in-placeversionsof MSDexistwithgoodalgorithmicperformance[194].Theimple-

mentationusedfortheseexperimentsisbasedofofDuvanenko’scode[194]. However,the

implementationusedhereswitchestotheintrospectivesortingalgorithmdescribedabove,

minustheinsertionsortstep,forsub-listssmallerthan3000. Thissigniicantlyreduced

overheadandrecursiondepth,resultinginnotableperformancegains. Aninsertionsort

executionisthenusedtocleanuptheentireLCOdatastructureasainalstep. Aradix

sizeof11bitsisused.
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A.3 AbelianOperations

Itispossibletojustuseoneroutinetoexecutesparseabelianoperations,i.e.,additionand

subtraction,forsparseNTs. However,eicienciescanbegainedbyconsideringtheindex

matching,lexicographicalorders,andsortstatusofthetwosparseNToperands. Wedetails

theseconsiderationsinthissection.

LikeallNTarithmetic,abelianoperations,suchasadditionandsubtraction,areafected

bythematchingofoperandindices.Forinstance,inthefollowingtwoexpressions,

a(i,j,k)+b(i,j,k), (A.1)

a(i,j,k)+b(j,k,i), (A.2)

theelementsofthetwooperandsin(A.1)matchupusingthesameindexsequence.However,

in(A.2)elementsarematched-updiferently.Forexample,ifaisindexedby{0,1,2},then

thecorrespondingelementinbwouldbelocatedin{1,2,0}.

Inthedensecase,apartfrommemorycontiguityissues,thediferentaccesspatterns

poselittleproblem. However,inthesparsecasenon-zeroentriesmustactuallyberear-

rangedusingasortorpermutetorelectdiferentaccesspatterns.SinceLibNTallowsany

validlexicographicalorderforitsinternaldatarepresentation,whetherarearrangementis

requiredisbasedsolelyonwhethernon-zerosoftheoperandsarearrangedproperlyrela-

tivetoeachother. Thisdependsonboththeexpressedindexmatchingandtheinternal

lexicographicalorders.

Forinstance,taketheexpressionin(A.1),andassumethenon-zerosofbothoperands

arealreadysorted.Sincetheoperandsusethesameindexsequence,onlytheirinternal

lexicographicalorderafectswhetheroneneedstobepermutedpriortoaddition.Should

theirlexicographicalordersmatchtheyaresynchronisedandnorearrangementisrequired.

Itisimmaterialwhatactualinternallexicographicalorderisused,aslongastheymatch.

Ontheotherhand,thesituationin(A.2)ismorecomplicated,asbothhowindices

match-upandtheinternallexicographicalorderdetermineswhetherarearrangmentis

neededornot.Thus,in(A.2)becauseeachoperandexpressesadiferentindexsequence,

matchinginternallexicographicalordersareactuallynotsynchronised. Arearrangement

canbeavoidedonlyifeachoperand’sinternallexicographicalordersynchronisesbasedon

theindexmatching.

Bothofthecasesconsideredsofarassumedthattheoperandswerealreadysorted.If

oneorbothoftheoperandsarenotsorted,thenasortwilldeinitelybeneededpriortoper-

forminganyabelianoperationsregardlessoftheoperands’choiceofinternallexicographical

order.Consequently,whetherasortisrequiredisbasedonthefollowingthreefactors:

1.thesortstatusofoperands,

2.theindexmatching,and
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NNZ(a)>
NNZ(b)?

Yes No

Changeb’s
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Perform
merge

Perform
combined

sort

FigureA.5:FlowchartofexecutionofsparseNTabelianoperations.

3.theinternallexicographicalorderofoperands.

Theneedorlackthereofofarearrangementinturnafectshowa mergeisbestexecuted.

Ideally,rearrangementsshouldbeavoidedorminimised.ThelowchartinFigA.5illustrates

thedecisionpathtakenbyLibNTinperformingabelianoperations.

ThesortstatusistheirstfactorconsideredbyLibNT.Ifbothoperandsareunsorted,

thenratherthansorteachoperandindividuallyfollowedbya mergerofLCOarrays,itis

moreeicienttosimplyconcatenatebothsetsofLCOarraystogether,sortthem,andthen

collectanyduplicatesusingtheabelianoperationinquestion.Iftheinternallexicographical

orderofoneoftheoperandsneedstochanged,theoperandwiththeleastnumberofnon-

zeros(NNZ)isaltered. FigureA.6illustratesthecombinedsortprocesscorrespondingto

additionwithtwosimplesparseNTs. Theigureillustratesnon-destructiveaddition. For

thedestructivecase,i.e.,+=,b’sLCOarraysareconcatenatedtoa’sinsteadoftoanew

setofLCOarrays.

AsFigureA.5illustrates,whenoneorbothoperandsarealreadysorted,theLCOarrays

oftheoperandsare mergedtogether.Ifoneoftheoperandsisunsorted,itispermuted
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FigureA.6:Performingsparsenon-destructiveNTadditionusingacombinedsort. Yellow
andcyandesignateentriescomingfromaandb,respectively,whileblueindicatesentries
thathavebeenaddedtogether.Internallexicographicalorderofbothoperandsis{0,1,2}
atthestart.Ifneitheroperandissorted,thentheoperand withtheleast NNZhasits
internallexicographicalorderchanged,ifnecessary. Herethiscorrespondstoa. TheLCO
arraysarethenconcatenatedtogetherandsorted. Duplicatesaremergedasainalcleanup.
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Figure A.7: Performingsparsenon-destructive NTadditionusinga merger. Yellowand
cyandesignateentriescomingfromaandb,respectively,whileblueindicatesentriesthat
havebeenaddedtogether.Internallexicographicalorderofbothoperandsis{0,1,2}atthe
start. Despitebeingsortedalready,thediferentindexsequencesbetweenthetwooperands
occasionsarearrangementofnon-zeros.Sincebothoperandsaresorted,thentheoperand
withtheleastNNZispermutedtosynchroniselexicographicalorders. Herethiscorresponds
toa. ThetwoLCOarraysarethen mergedout-of-place.

toasynchronisedlexicographicalorder. Ifbothoperandsaresorted,buttheirinternal

lexicographicalordersdonotsynchronise,thentheoperandwiththeleastNNZispermuted.

Afterpermutation,theLCOarraysaremergedout-of-placeandin-placefornon-destructive

operationsanddestructiveabelianoperations,respectively.FigureA.7depictsthemerging

processfortwosimplesparseNTs.

A.4 Mixed Dense/Sparse Operations

Sincedenseandsparsedatarepresentationsaresodistinct,LibNTandNTToolbox must

mustalsodecideonthedatarepresentationoftheresultofanyarithmeticoperationbe-

tweentwoNTs. ForNTToolbox,whichusesaruntimeresolutionofdatarepresentation,

thisprocesscanbesimplydonebycomputingtheillfactorandalteringdatarepresenta-

tionbasedontheresult. However,datarepresentationrulesforLibNT mustbedecided

statically,aswhetherNTsaredenseorsparseisdeterminedatcompile-time.

Somechoicesaretrivial.Forinstance,theproduct,sum,ordiferencebetweenanytwo

densetensorsisalsodense.Ifbothoperandsaresparse,thentheresultwillalsobesparse

fortheseoperations. Ontheotherhand,thesolutionofaseriesoflinearNTequationsis

denseregardlessofthe makeupoftheoperands.
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TableA.3:LibNT’sdatarepresentationrulesformixeddense/sparseNTproducts.

MultiplicationType Example ResultData
Representation

Lattice cij=aikbkj
cjki=aikℓbkℓj

Dense

NoLattice cij=aibj
cjki=aikℓbkℓj

Sparse

1 DenseNT<double,3>a(4,6,5);
2 SparseNT<double,3>b(6,5,7);
3 DenseNT<double,3> dense_c;
4 SparseNT<double,3> sparse_c;
5 NTINDEX i; NTINDEX j;
6 NTINDEX k; NTINDEX l;
7

8 //valid assignment of dense product to dense NT
9 dense_c(j,k,i)=a(i,!k,l)*b(!k,l,j);
10 //also valid, but will convert dense product to sparse NT
11 sparse_c(j,k,i)=a(i,!k,l)*b(!k,l,j);

FigureA.8: CodeexampledemonstratinghowtooverrideLibNT’sdata-representation
choicesduringanNTproduct.

Whenoneoperandisdenseandtheothersparse,thesituationcanbecomemorecom-

plex.Forabelianoperations,i.e.,additionorsubtraction,theresultbetweenadenseand

sparseNTisalwaysdense.However,forNTmultiplication,thechoicedependsonwhether

ornotinnerproductscomeintoplay. AsSection4.2.4explained,anNTproductisonly

mappedtoalatticeproductwhenaninnerproductneedstobeexecuted.Thisalsoafects

theresultingdatarepresentation.Forinstance,apureouterproductbetweenadenseand

sparseNTwillingeneralpossesasparseamountofnon-zeros.Thesameholdsifentrywise

productsarealsoexecuted.However,aninnerproductbetweenadenseandsparseNTwill

ingeneralhaveadenseamountofnon-zeros. AsTableA.3demonstrates,theserulesof

thumbareencapsulatedbyLibNT.

SincedatatypesmustbespeciiedstaticallyinC++,LibNTfollowstherulesofTa-

bleA.3byexamininghowindicesbetweenoperandsmatchupduringcompilation.Ifan

innerproductisdetected,adensedatatypeischosenfortheproduct.Otherwise,asparse

datatypeisspeciied.Thesechoicesaremadeduringcompiletime.Regardlessofthechoice

LibNTmakes,theuserisstillabletooverridethechoice.Forexample,bothexpressionson

Line9and11ofFigureA.8arelegal.However,onLine11LibNTmustconvertthedense

producttoasparseNT,meaningthereareadditionalhiddencomputationsthatcanonlybe

justiiedbyexaminingruntimesparsitypatterns.Forthisreason,ifeiciencyisparamount

itisontheonusoftheusertodecidewhetherornottooverridethecompile-timechoices

ofLibNT.Themeritsofsuchachoicecanonlybeassessedbasedontheuser’sknowledge

oftheproblemcontext.
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Appendix B

Softwareand Testing

Thisappendixprovidedetailsonthecompilerandtestenvironmentsusedforthisthesis.

B.1 C++11Features

LibNTreliesheavilyontheC++11standard. Forthisreason,onlyacompilerwithnear

completeC++11supportisabletobuildprogramsusingLibNT.ThefollowingC++11

featuresareusedwithinthelibrary:

❼constexpr

❼variadictemplates

❼movesemantics

❼rvaluereferences

❼auto

❼decltype

❼std::array

❼std::function

❼lambdafunctions

❼smartpointers

B.2 Benchmark Details

Allbenchmarkswereperformedona WindowsworkstationusinganInteldual-coreE8400

CPUwith4Gbofmemory.BenchmarksarecompiledusingIntel’sC++compilerwithfull

optimisationturnedon. OpenMPlagswerealsoturnedon. Thelistoflagsareprovided

below:
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❼-Qrestrict

❼-Quse-intel-optimised-headers

❼-O3

❼-Qipo

❼-Qopt-matmul

❼-QxHost

❼-Ot

❼-Oi

❼-Qansi_alias

❼-Qstd=c++11

❼-Qopenmp

Aswell,anybenchmarkstestingdense multiplicationusedEigen’soptionalsupportofthe

Intel MKL.Thiswasdonetoputthenumerictensor(NT)softwareonanevenfootingwith

the MATLAB Tensor Toolbox(MTT), whichrelieson MATLAB’soptimisedLAPACK

routines.

Itshouldalsobenotedthat manyofthebenchmarks weretested withallthreeof

MinGW, Microsoft,andIntel’sC++compilers. Thechoiceofcompilerdidnotafectany

oftheconclusionsdrawnfromperformancetests.
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