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Abstract

With the advancements in functional capabilities of computing and com-
munication devices, there has been a widespread interest in research and im-
plementation of distributed (control and optimization) algorithms. These al-
gorithms frequently find themselves in applications such as distributed com-
putation, sensor estimation, and multi-vehicle/multi-agent coordination. In
particular, the continuous-time (CT) variants of these algorithms are studied
when physical entities (also referred to as agents), such as autonomous ve-
hicles, whose dynamics naturally evolve over continuous-time, are involved.
However, direct implementation of such CT variants necessitates continuous
information exchange which is seldom possible. Therefore, this thesis focuses
on investigating C'T distributed algorithms that employ time- or event-based
strategies for discrete-time communication over networks.

We begin by designing event-based broadcast strategies. First, we con-
sider a CT nonlinear system that can be stabilized with a known static state-
feedback controller. We employ an emulation-based technique to implement
the known controller with intermittent state updates; these updates are gov-
erned by event-triggering conditions (or ETCs which are mathematical condi-
tions based on system variables) that dictate when the system can broadcast
its state to the controller. Subsequently, we extend the study to the case of
multi-agent systems (MASs) where the agents intermittently broadcast the in-

formation to their neighbors over a network. Depending on an agent’s ability
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or inability to sense states (or relative states) of fellow agents, we design two
different event-triggering mechanisms (ETMs) that help the agent in making
decisions over broadcasts. We demonstrate the effectiveness of the proposed
framework by offering two case studies on consensus of agents governed by
nonlinear dynamics.

In the aforementioned studies, the focus is on designing event-based broad-
cast strategies and, therefore, we have assumed that the states are broadcasted
without being affected by the network itself. However, in practice, these broad-
casts are often prone to several network-induced imperfections. In this thesis,
we also investigate aspects of two such imperfections, namely, quantized broad-
casts and transmission delays. In this regard, first, we study the problem of
consensus among nonlinear agents that broadcast quantized information upon
event occurrence. Second, we present a framework for distributed control of
nonlinear agents where the state broadcasts take place at pre-defined sam-
pling instants (namely, time-based broadcast strategies) and are susceptible
to transmission delays.

Finally, we consider a distributed optimization problem over a class of di-
rected networks where the agents are assigned private cost functions. The
agents employ CT accelerated gradient algorithm to asymptotically reach
global minima; the convergence of such an algorithm is first established. Sub-
sequently, the distributed control framework proposed earlier is adopted to
enable event-based broadcasting of local decision variables.

The effectiveness of the proposed methods in this thesis are demonstrated
through case studies, numerical examples and, in some cases, counter-examples.
Through these findings, we believe that CT distributed algorithms can be
digitally implemented with some ease while simultaneously conserving energy

and/or communication resources.
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Chapter 1

Introduction

In this chapter, we introduce research background on distributed control
and optimization algorithms and on networked control systems (NCSs). Sub-
sequently, we present a literature survey to summarize the recent develop-
ments in event-triggered and sampled-data distributed control and optimiza-
tion. Thereafter, we list the contributions of this thesis and subsequently

provide its outline.

1.1 Research Background

Distributed algorithms have a long history in the field of computer science,
particularly, concerning aspects of distributed computation. The central idea
here is to breakdown a problem into several smaller ones and appropriately dis-
tribute them over a network of processors (also referred to as agents or nodes)
in order to potentially reduce the computational burden demanded by the
problem, see [56], [3]. Often, in such scenarios, the processors ought to achieve
consensus upon some quantities (e.g., on decision variables in distributed op-
timization, see [80]) while being mindful of their own dynamics. The notion
of consensus among dynamical systems was formally studied in [89], [71] and
it plays an important role in continuous-time (CT) distributed control and

optimization algorithms which form the crux of this thesis.



1.1.1 Distributed Algorithms

Typically, CT distributed algorithms find themselves in cyber-physical
applications involving agents (such as unmanned aerial/underwater vehicles,
robots, and power grids) whose dynamics naturally evolve in continuous-time,
see [15,41,87] and the reference therein. These algorithms are often centered
around various consensus-based problems such as average consensus in [71,83],
average-max-min and finite-time consensus in [13], output consensus in [46],
bipartite consensus in [118] and consensus on general functions in [14]. They
focus on a plethora of multi-agent coordination problems such as vehicular for-
mations in [47], attitude (namely, orientation) alignment in [82], multi-agent
rendezvous in [85], flocking in [95], and coupled oscillators in [40], see survey
paper [84]. Most of these problems have also been investigated under the

scenarios where

e the nature of agent dynamics is either linear or nonlinear, see [51,70,116],

e the networks are either undirected, directed, or switching, see [71,116],

and

e in the cases where the systems are prone to imperfections such as quan-

tizations, delays, input saturation and others, see [8,33,48, 50, 71].

A number of problems in multi-agent coordination can also be posed as
distributed optimization problems (DOPs), for instance, a simple multi-agent

rendezvous problem can be posed as:
minz |zi — :(0)|? subject to x; = x;,Vi, 7, (1.1)

where x; denotes the global position of agent i and x;(0) denotes the agent’s
initial position. More generally, a DOP is given as follows:

minz fi(x;) subject to x; = x;, Vi, j, (1.2)

2
where f;(+) corresponds to a convex and private local objective function at

agent ¢ and the agents across the network eventually agree upon the decision



variable z;. The DOP in (1.2) can be further generalized to include set and/or
inequality constraints.

Algorithms addressing DOPs can be loosely classified based on the tech-
niques they adopt: a) gradient-based approaches in [65,80], b) alternating
direction method of multipliers (ADMM) in [5], ¢) primal-dual approaches
in [126], d) gradient- and Hessian-based approaches in [102], and others,
see the survey article in [109]. Most of these algorithms (namely, the ones
in [65,80,102,126]) adopt consensus-based approaches and address the DOPs
through the discrete-time framework, i.e., the agents in the network run the
algorithms iteratively and, often, synchronously.

Over the last decade, motivated by applications involving physical systems,
researchers have studied (some of) the aforementioned algorithms in the CT
framework. Among these, the gradient-based ones have received considerable
attention owing to their low computational costs (which stem from computing
gradients) and, more importantly, their flexibility in readily adapting to CT
frameworks, see [29,41,45,108,110].

1.1.2 Networked Control Systems (INCSs)

With the advancements in communication technologies, it may be con-
venient, and, in some cases necessary (for e.g., in remote implementation of
protocols or in applications involving distributed data compilations), to imple-
ment algorithms over wireless networks. In such cases, the data transmissions
over the network must happen intermittently, owing to finite communication
resources, contrary to the case of continuous availability of information in tra-
ditional control systems. This notion is pursued under the umbrella of NCSs
(see, [39,121]) and sampled-data control (SDC) systems (see, [28]). The meth-
ods under these studies can be broadly classified into two categories, namely;,
time-triggered /sampled-data approaches and event-triggered approaches, see
Fig. 1.1 for an illustration. These approaches are often prone to network

related issues commonly referred to as network-induced imperfections (NIPs)
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Figure 1.1: An illustration showing broadcasts (depicted in red arrows) across
timeline for both sampled-data approaches and event-triggered approaches.

in the literature.

Time-Triggered /Sampled-Data Approaches

In this approach, the broadcasts and/or the controller updates are sched-
uled to happen at pre-defined sampling instants that could either be periodic
or aperiodic and synchronous or asynchronous (in the context of distributed
systems or multi-channel networks). Often, the main objective is to com-
pute the upper bounds on sampling intervals such that the closed-loop system
meets appropriate notions of stability. This approach is traditionally studied
under the title of SDC systems, see the survey article in [28] and the references

therein.

Event-Triggered Approaches

Contrary to the time-triggered approach, in this approach the broadcasting
and/or the controller updates take place upon occurrence of an event!. The
challenge in this approach is, often, two fold: a) to design the appropriate
ETCs, and b) to ensure that the system is not prone to Zeno behavior?, while
simultaneously guaranteeing that the closed-loop system meets appropriate
notions of stability, see [94], the survey article in [21] and the references therein.

These approaches are naturally aperiodic.

LAn event is said to have occurred when a mathematical condition involving system
variables (known as event-triggering condition (ETC)) is satisfied. This ETC could be
monitored either continuously or intermittently.

2In the context of event-triggered systems, Zeno behavior is defined as the occurrence of
infinite events in a finite interval of time, see [42].



Network-Induced Imperfections

While networked implementation of control and optimization algorithms
can be advantageous, often, it comes along with several NIPs such as: a)
varying sampling /broadcasting intervals that govern the periodicity of data
broadcasts and/or controller updates, b) transmission delays which account
for processing times and the time interval between broadcast instants and
corresponding arrival instants, ¢) quantized broadcasts which are essential to
communication owing to finite resources/bandwidth, d) data/packet dropouts
in cases where receivers fail to pick up broadcasted data, and others, see [38]. A
comprehensive study concerning these aspects can be found in survey articles

such as [21,120].

1.2 Literature Review

In this thesis, we focus on developing a framework for networked implemen-
tation of CT distributed algorithms. In this section, we present a literature

review on the recent developments in networked control and optimization.

1.2.1 Distributed Control

In this subsection, we present literature review associated with the fol-
lowing aspects of networked implementation of distributed control protocols

studied in this thesis:
e sampled-data and/or event-triggered implementation,
— periodic event-triggered control
e NIPs, namely,

— quantized broadcasts, and

— transmission delays.



Sampled-Data and/or Event-Triggered Implementation

One way to digitally implement control systems is to employ an emulation-
based technique, namely, to first design a CT controller for a C'T system and
subsequently discretize the controller such that the sampling period (namely,
the time interval between two consecutive samplings/broadcasts/updates) is
sufficiently small. The design of these sampling instants (or the choice of
sampling period) is central to the study of SDC systems where the existence of
an upper-bound of allowable sampling periods, called the maximum allowable
sampling period (MASP), has been shown for linear systems in [10] and for
nonlinear systems in [43,69]. In the context of distributed systems, this notion
often translates to how frequently broadcasts must occur in order to ensure
appropriate notions of stability, for instance, see consensus algorithms via
sampled-data broadcasts in [86].

A possible drawback of SDC systems is that the controllers/transmitters
could provide needless inputs/broadcasts to the system even when the system
performance is satisfactory. In most cases, this results in unnecessary energy
consumption and actuator wear. Compared to the traditional approach, event-
triggered control has shown potential in significantly reducing the number of
samplings and/or controller updates (only in the cases where Zeno behavior
is avoided, see [42]), see [23,30,59].

The central aspect of event-triggered control is designing the ETC (or,
more generally, the event-triggering mechanism (ETM)) that makes decisions
on sampling instants, signal transmissions and controller updates. In the lit-
erature, the ETC is broadly classified into two categories depending on how
frequently it is evaluated, i.e., whether it is monitored continuously or checked
periodically (or intermittently) at pre-defined sampling instants; the former
notion is referred to as continuous event-triggered control (or, simply, event-
triggered control), see, for instance, [1,30,94,101], whereas the later is termed
as periodic event-triggered control, see [4,17,37,100], even when the ETC is

checked intermittently (and not necessarily periodically). By its construction,



/\@/?5\ \ / xi() ETM & Friy \

/ ;‘ - A xi(sk) I
System —— Sampler X; (t,i)

% = fiCow)

1
§\ ‘/ ’ 4'«)() TI:ans'mit Model-
V,E ’ =) Recelve Based
= ) L xy | Propagation

( Controller ) |
\ ( / K i B © /
- - n

Figure 1.2: An illustration of the model-based control system adopted by
agents operating over a communication network G.

a periodic event-triggered controller avoids the problem of Zeno behavior and,
to a certain degree, offers freedom in choosing sampling instants at which the
ETC is evaluated. In the context of distributed systems, this notion facili-
tates both synchronous and asynchronous broadcasts alike, thereby helping in
reducing network congestion even when the ETM is rendered redundant. In
this thesis, we focus our attention on systems that employ either sampled-data

approaches and/or periodic event-triggered approaches.

Periodic Event-Triggered Control in Systems and MASs

For linear systems, periodic event-triggered control has been studied via
the following three approaches: 1) impulsive system approach, 2) perturbed
linear systems approach, and 3) piece-wise linear systems approach, see [35],
and dynamic periodic event-triggered controllers were also discussed in [4].
For nonlinear systems, one way to construct such controller schemes is to
start from an existing CT event-triggered controller that stabilizes the system,
see [76]. Alternatively, an emulation-based technique is employed to design a
periodic event-triggered controller in [99]. For the case of nonlinear systems,
both [76,99] employ static ETMs.

For MASs with linear agent dynamics, reference [60] evaluates the ETCs
periodically; however, the agents in the network also broadcast their state
information at these instants whereas the local controllers are updated only

upon event occurrences. Unlike [60], studies in [16,32,61,125] make decisions



on broadcasting information based on the ETCs which are evaluated period-
ically. For MASs with nonlinear agent dynamics, there are few results which
evaluate the ETCs periodically, see [18,90,115]. Reference [90] employed zero-
order-hold (ZOH) on the incoming broadcasts; while this may work for systems
with bounded nonlinearities (as remarked in [90]), it may not work for systems
with Lipschitz or one-sided Lipschitz nonlinearities. Such a concern can be
handled by employing model-based propagation of the broadcasted states, see
reference in [115] where the authors studied the consensus problem in the case
of Lipschitz nonlinear agent dynamics. Our work in [18] (included in Chapter
4 of this thesis) also employed model-based propagation of broadcasts but of-
fered a more general framework for distributed control; an illustration of this
framework is depicted in Fig. 1.2. Consequently, we addressed the consen-
sus problems over nonlinear agents (with Lipschitz and one-sided Lipschitz

dynamics) as case studies of the proposed framework.

NIP: Quantized Broadcasts

Information exchange in NCSs, in practice, necessitates that the data,
prior to broadcasting, undergoes some sort of quantization to accommodate
for the limited (or finite) network bandwidth available. NCSs with quantized
transmissions have been studied using both static and dynamic quantizers, for
instance, see [36,79,81,105,127] and the references therein. Solely employing
static uniform quantizers in NCSs for transmission offers (some) control over
the size of transmitted data (namely, by adjusting the quantization gain);
however, it often leads to bounded convergence, see [2]. Dynamic quantiz-
ers, on the other hand, utilize a zoom parameter to dynamically adjust the
quantization gain; in such cases, the precision of data transmitted may not be
adjusted but asymptotic convergence can be achieved, see [6,36,105].

In the context of MASs, early studies that adopted quantized information
in CT consensus problems employed tools from the theory of discontinuous
differential equations and nonsmooth analysis for linear agents in [8,19] and,

more recently, for nonlinear agents in [103]. Subsequently, problems involving



quantized information exchange were studied both in the context of sampled-
data approaches and event-triggered approaches where the information was,
typically, quantized prior to broadcasting; in such cases, researchers could
circumvent the difficulties associated with the discontinuous nature of quan-
tizers, see [27,49,57,115,123] and the references therein. Studies which solely
employed static quantizers prior to broadcasting achieved practical consen-
sus, see [123,124]. On the other hand, studies such as [49, 115] employed
static (uniform) quantizers along with encoding and decoding schemes; to-
gether, these mechanisms ensured asymptotic convergence. In the last few
years, there have also been studies on event-triggered consensus algorithms
that employ dynamic quantizers, see [57] for linear agent dynamics and [92]
for nonlinear agent dynamics.

With the exception of [115], studies such as [27,49,57,92,123] on event-
triggered distributed control either involved continuous monitoring of ETCs

or addressed problems involving agents with linear dynamics.

NIP: Transmission Delays

In practice, data broadcasts suffer from transmission delays; often these
delay estimates can also account for processing times taken up by the sys-
tem’s receiver/transmitter hardware. In this context, a large pool of liter-
ature in NCSs primarily focuses on systems with linear dynamics, see sur-
vey articles [39] and [121]. For CT linear systems, studies have modeled the
NCSs in terms of impulsive delay-differential equations, see [25,64]. For CT
nonlinear systems, studies such as [114] and [7] extended the approach of
delay-differential equations to handle nonlinearities, and studies such as [74]
and [66] employed the concept of approximate discrete-time models. Refer-
ence [38] comprehensively expanded the seminal work in [69] to address NCSs
that suffer from some of the aforementioned NIPs.

In the case of MASs, early studies such as [71,72] addressed the problem of
transmission delays in consensus of single-integrator systems. Studies employ-

ing sampled-data approaches addressed consensus problems for linear agent



dynamics in [22,93,107] and for nonlinear agent dynamics in [9, 20, 34]. Most
of these studies (namely, [9,20,22,34,93,107]) employ the ZOH approach, i.e.,
they utilize the broadcasted states directly in their control protocols. However,
early studies on model-based control have shown potential in stretching the
upper bound on the sampling period, see [63,73]. For linear NCSs, the authors
in [63] studied model-based control of systems prone to transmission delays.
For nonlinear NCSs prone to transmission delays, approximate discrete-time
models were employed to construct a model-based scheme for SDC of the sys-
tem, see [55]. Recently, in [112], this problem for nonlinear NCSs was studied
employing tools from hybrid dynamical systems.

For MASs with nonlinear agent dynamics, studies in [18, 58,104,106, 115]
have employed model-based propagation of the broadcasted information for
SDC of linear and nonlinear agent dynamics. The distinguishing feature in
studies such as [18,115] (and [54]), apart from employing model-based con-
trollers, is that the MASP of the MAS can be computed explicitly unlike in
studies such as [58,104,106] where it is numerically solved using linear matrix
inequalities (LMIs). In [54], the authors discussed the problem of intercon-
nected systems where the (linear) dynamics of a subsystem depends on its
fellow subsystems whereas the model-based control protocol depends, solely,
on the state of the concerned subsystem. As a result, the transmission de-
lay between the subsystem and the controller only affected the modeling on
the concerned subsystem and not its neighboring subsystems. In general, the
same is not true for MASs where the delays associated with an agent’s broad-
cast affects models at all of its neighbors. The authors in [115] addressed
the case of quantized information exchange among Lipschitz nonlinear agents,
but did not discuss the aspect of transmission delays that might affect these
exchanges. On the other hand, [90] studied nonlinear MASs in the presence of
transmission delays; however, the study employed the ZOH approach on the
incoming broadcasts. Furthermore, as remarked in [90], the dynamics of the

agents are restricted to bounded nonlinearities. Contrary to [90], our work
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in [18] (included in this thesis) offered a general framework for distributed
control using model-based propagation of state broadcasts; however, it did

not study MASs that may be prone to transmission delays.

1.2.2 Event-Triggered Distributed Optimization

In this thesis, we address the DOP described in (1.2) by designing a CT
distributed accelerated gradient algorithm (AGA); we adopt the term accel-
erated gradient flows (AGFs) to refer to CT AGAs. In this section, we briefly
present a literature review associated with AGAs, AGFs, and event-triggered
optimization.

AGAs (also referred to as heavy-ball algorithms), first introduced by Polyak
in the seminal paper in [75], injects the concept of acceleration, via a momen-
tum term, in traditional gradient descent algorithms. A similar algorithm
was later introduced by Nesterov in [67]. These algorithms have been shown
to achieve global optimal convergence rates for quadratic cost functions and
convex (and strongly convex) functions, respectively. Most of the algorithms
(and their variations) are studied in the discrete-time framework. Over the last
decade, authors in [91] studied Nesterov algorithms from the eye of dynamical
systems providing a CT limit, a differential equation, to the discrete-time Nes-
terov method. This work has rekindled interest in studying CT accelerated
gradient methods in the search of faster and robust algorithms as well as their
extensions in a distributed architecture, see [119], [110].

In the recent past, several papers have studied AGF's in the distributed
framework, see [110,117,122]. In [122], the authors extended the approach
in [29] to second-order MASs. However, [122] required the nodes to communi-
cate both states and their derivatives. In [110], exponential convergence with
an upper bound on decay rates was established that relied on system parame-
ters through several intermediate coefficients. This makes it difficult to attain
arbitrary (fast) convergence rates that can be achieved for AGFs as shown

in [117]. This property can be quite useful, particularly, in multi-agent coor-
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dination problems. Furthermore, all these studies (namely, [110,117,119,122])
consider the underlying communication topology to be a connected (undi-
rected) graph. Very recently, the case of AGFs for directed networks was
studied, see [108]. However, the authors in [108] used a push-pull approach
which required exchange of several intermediate states; this is not necessary
if the digraph is weight-balanced as shown in [45,113]. In other words, if a
digraph is weight-balanced, then one can save on communication resources by
broadcasting (relatively) smaller data vectors.

Similar to the case of distributed control algorithms, for networked imple-
mentation of CT optimization algorithms, almost all existing studies employed
sampled-data broadcast protocols or continuous event-triggered broadcast pro-
tocols, see [45,97,110] and the references therein. For sampled-data broadcast
protocols in [45,97], the MASP that separates two consecutive broadcasts was
established; and for event-triggered broadcast protocols in [45,97,110], the
absence of Zeno behavior was demonstrated. To the best of our knowledge,
intermittent monitoring of the ETCs has not been studied yet in the context

of distributed optimization.

1.3 Thesis Contributions

The contributions of this thesis that distinguish it from related literature

are summarized as follows:

e First, we study the problem of designing dynamic periodic ETMs for
CT nonlinear systems which can be stabilized via CT state-feedback
controllers. We model the closed-loop system as a hybrid dynamical

system and, as a consequence of the stability analysis, obtain the MASP.

e Second, we extend the study on nonlinear systems to nonlinear MASs
and develop a framework for distributed control via dynamic ETMs that
make decisions on state broadcasting. In this study, we utilize model-

based propagations of the broadcasted states and design two dynamic

12



ETMs based on an agent’s ability (or inability) to sense states of fel-
low agents in the network. Furthermore, we discuss two case studies on
the problem of consensus amongst (Lipschitz and one-sided Lipschitz)
nonlinear agents that interact over both undirected and directed com-

munication networks.

e Third, we investigate a case of distributed control under a specific type of
NIP, namely, quantized broadcasts. We address the problem of consen-
sus among nonlinear agents that communicate via quantized broadcasts.
For this, we adopt the framework developed for distributed control via
dynamic ETMs. Additionally, we consider that each agent employs an
encoder scheme (prior to broadcasting information) and decoder schemes
(to process received information) in order to achieve asymptotic consen-

sus.

e Fourth, we consider the problem of distributed control subject to yet
another NIP, namely, transmission delays. In this study, we propose
a methodology for SDC of nonlinear MASs which employ model-based
propagation of the broadcasted states. We demonstrate the effective-
ness of the proposed framework by addressing the consensus problem on

Lipschitz nonlinear agents.

e Finally, we consider a DOP over a weight-balanced directed network
where the agents employ AGF. In this study, we first establish sufficient
conditions on gains in the AGF to ensure the convergence of the CT
algorithm. Subsequently, we design a dynamic ETM that checks for

events intermittently and makes decision on broadcast instants.

1.4 Thesis Outline

The remainder of this thesis is organized as follows. Chapter 2 presents
concepts from hybrid dynamical systems that are employed throughout this

thesis. In Chapter 3, the problem of dynamic event-triggered control of a
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nonlinear system is studied. Chapter 4 extends the work on single-agent
systems to MASs and offers a framework for distributed control via event-
triggered broadcasts. Furthermore, the chapter also presents two case studies
on consensus problems that demonstrate the effectiveness of the proposed
framework. In Chapter 5, an event-triggered consensus of nonlinear agents
broadcasting quantized information is studied. Chapter 6 investigates the
problem of sampled-data distributed control in the presence of transmission
delays when model-based propagation of broadcasts is employed. In Chapter
7, the proposed distributed control framework is employed to study event-
triggered implementation of CT AGAs. Finally, Chapter 8 makes concluding

remarks on the thesis and offers some potential directions for future research.
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Chapter 2

Preliminaries on Hybrid
Dynamical Systems

In this thesis, we employ sampled-data based approach to design broad-
cast protocols (either time-triggered or event-triggered) for implementing CT
algorithms over a network. Activities such as sampling and broadcasting take
place at discrete-time instants (namely, sampling and/or event-triggering in-
stants) and allow for instantaneous changes in control (or event mechanism)
protocols. These instantaneous changes are referred to as jumps and can be
described by difference equations. On the other hand, between any two con-
secutive sampling instants, the algorithms operate in CT and are typically
characterized by differential equations; this behavior is termed as flow. This
hybrid nature (namely, combination of flows and jumps across time) of NCSs
falls innately under the umbrella of hybrid dynamical systems (or simply re-
ferred to as hybrid systems).

One of the consequences of employing hybrid systems approach to model
NCSs is that the system’s behavior is diligently analyzed, both, during flow
and at jumps. This is in contrast to traditional approaches where, for CT sys-
tems, one is largely concerned about its behavior during flow (in other words,
often, it is adequate if one ensures that the changes caused by jumps do not
disrupt the system’s stability or, alternatively, result in rise in its Lyapunov
function). However, unlike traditional approaches, a close examination of the

system’s behavior at jumps offers an opportunity to potentially improve the
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design of various dynamic ETMs employed throughout this thesis, see Section
3.2 in Chapter 3 for a remark on this. Another instance demonstrating the
advantage of adopting hybrid systems approach compared to its traditional
counterpart is highlighted in Remark 5.1 which comments on the conserva-
tiveness of MASP estimates computed in [115] (using traditional approach)
compared to our work in Chapter 5.

Since we adopt hybrid systems framework throughout this thesis, in this
chapter, we briefly present some mathematical preliminaries and concepts on
hybrid dynamical systems from the textbook in [31] and the articles in [68,69].
The rest of this chapter is organized as follows. Section 2.1 introduces the idea
of hybrid dynamical systems followed by Section 2.2 which discusses a class of
systems that offer special properties on solutions to these systems. Section 2.3
presents the concept of solutions for hybrid systems and Section 2.4 defines

some of the stability notions used in this thesis.

2.1 Introduction

A hybrid system, denoted by the quartet H = (C, F, D, G), consists of two
aspects of dynamical systems, namely, flows and jumps, and is expressed by

the following set of inclusions:

i(t,j) € F(x(t,j)), =z¢€C, (2.1a)
x(t,j+1) € G(z(t,5)), =xe€D. (2.1b)

Here, the differential inclusion in (2.1a) describes the set of vector fields (given
by flow map F'(x)) that the state x can flow along when it is part of the flow
set C. Likewise, the difference inclusion in (2.1b) describes the set of states
(given by jump map G(x)) that x could, instantaneously, take when it is in
the jump set D. As a result, the trajectory of xz complying with (2.1) is
typically parameterized by the pair (¢,j) where ¢ denotes the time (during
flow) and j denotes the jump instant. From (2.1b) one can infer that the

jump phenomenon takes place instantaneously, i.e., time ¢ remains unchanged
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before and after a jump. In this context, we use the shorthand notation z™

to describe jump state x(¢,7 + 1) in (2.1b).

2.2 Nominal Well-Posedness

Throughout this thesis, we study various hybrid dynamical systems that
are nominally well-posed. This notion for a hybrid system, vaguely speaking,
offers properties such as local boundedness of sets of solutions, the dependence
of these solutions on initial conditions, and also offers numerous consequences
on asymptotic stability and robustness of the hybrid system. Therefore, in this
subsection, we first present (easily verifiable) conditions that ensure that the
hybrid system H is nominally well-posed. For reasons of brevity, we refrain
from presenting involved technical definitions of nominal well-posedness and

refer the interested reader to Chapter 6 in [31].

Definition 2.1. (Outer semicontinuous) A set-valued mapping M : R™ = R”
18 outer semicontinuous at x € R™ if for every sequence of points x; convergent
to x and any convergent sequence of points y; € M(x;), one has y € M(z),
where Zliglo y; = y. The mapping M is outer semicontinuous if it is outer

semicontinuous at each x € R™.

Let domA denote the domain of mapping A. The following conditions are

sufficient (as stated in Lemma 2.1) to ensure that # is nominally well-posed.
Assumption 2.1. (Hybrid basic conditions)

1. flow domain C' and jump domain D are closed subsets of R";

2. flow map F : R" = R" is outer semicontinuous and locally bounded

relative to C', C' C domF', and F(x) is convez for every x € C;

3. gump map G : R* = R" is outer semicontinuous and locally bounded

relative to D and D C domG.

Lemma 2.1. (Nominal well-posedness) If the hybrid system H satisfies As-

sumption 2.1, then it is nominally well-posed.
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2.3 Concept of Solutions

In this section, we formally define the concept of solution for hybrid sys-
tems that are nominally well-posed (and refer the interested reader to Propo-
sition 6.10 in [31] for existence of solutions). We also provide a short note on
the types of solutions restricting ourselves to those which are relevant to the

context of this thesis.

Definition 2.2. (Hybrid time domain) A compact hybrid time domain is de-
fined by the subset T = U;-];(}([tj,tjﬂ],j) C Rso X Zso where j € Zso and
0=ty < ty--- < ty. The set T is a hybrid time domain if V(T,J) € ¥,
TN([0,T) x{0,---,J}) is a compact hybrid domain.

Definition 2.3. (Hybrid arc) A hybrid arc is defined as a function S : T — R"
if T is a hybrid time domain and if Vj € Z>q, the functiont — S(t,j) is locally
absolutely continuous on the interval I7 = {t|(t,j) € T}.

Definition 2.4. (Solution of H) A hybrid arc &, whose domain is denoted by
dom®, is a solution to the hybrid system H if &(0,0) € CU D, and

o Vj € Z>q such that I’ := {t|(t,j) € domS},

{G(t,j) cC

. , _ for almost all t € I’
S(t,j) = F(&(t, 7))

e Y(t,7) € domS such that (t,5 + 1) € domS,

S(t,j) € D,
S(t,j+1) € G(6(t,)))

The solutions to H are classified based on its hybrid time domain. A

solution S is

e complete if dom& is unbounded, i.e., if sup, T + sup; T = oo, where ¥ is

the hybrid time domain defined above;

e mazximal if there does not exist another solution & to H such that

dom® C domG and &(t,j) = &(t,j) for all (¢,5) € domS;
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o cventually discrete if T = sup,dom& < oo and dom&S N ({T'} x Z>o)

contains at least two points;
e instantaneously Zeno if it is complete and eventually discrete;

e genuinely Zeno if it is complete but not eventually discrete.

In this thesis, we implicitly assume that are no finite escape times during flow
of the constructed hybrid system model H; this along with Assumption 2.1

ensures complete solutions of H, see Proposition 6.10 in [31].

2.4 Stability

In this section, we present definitions of input-to-state stability and asymp-
totic stability that are borrowed from [68]. Consider the following hybrid

system:

{ = f(t,z,w), tE [sk,Ski1] (2.2)

xt =h(x(s)), te€{sk}
where {sig|k € N} is monotonically increasing sequence of time such that
so =0, x € R” and w € R™ are the state and external input, respectively,
of the system. Assume that functions f, h are such that the hybrid system in

(2.2) is nominally well-posed.

Definition 2.5. (Input-to-state stable) Let v € K and B € KL be given.
The system (2.2) is input-to-state stable (1SS) from w to x if for all ty > 0,

g € R", w € L, and each corresponding solution x(-), we have that
()] < Blzol t —to) +(wlles), V€ [to,to +T) (2:3)
where [to, to + T') is the mazimal interval of definition of x(-).

Definition 2.6. (Uniform global asymptotic stability) Let f € KL be given.
The system in (2.2), with w = 0, is uniformly globally asymptotically stable is

for all xy € R™ and all corresponding solutions x(-), we have

|l'(t,t0,£lf0)| < ﬁ(|l‘0‘,t — to), Vi > to > 0. (24)
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Chapter 3

Dynamic Event-Triggered

Control of Nonlinear Systems!

In this chapter, we present two methods for the design of dynamic periodic
event-triggered control of nonlinear systems via state feedback. These methods
differ in their construction of the dynamic ETMs; one requires continuous
availability of states of the system and the other relaxes this assumption. As
a part of the design methodology, we adopt an emulation-based technique, i.e.,
we assume the knowledge of an existing CT static state-feedback controller
that stabilizes the nonlinear system. Subsequently, an auxiliary variable is
defined that facilitates the formulation of dynamic ETM which is evaluated at
specific sampling instants. Considering the event-based controller updation,
the resultant closed-loop system is modeled as a hybrid system. The dynamic
ETM and an upper bound on the sampling period, called a maximum allowable
sampling period (MASP), are both obtained as a consequence of stability
analysis.

The rest of this chapter is organized as follows. Section 3.1 presents pre-
liminaries and notations that are used throughout this thesis. The description
and formulation of the problem are addressed in Section 3.2. Section 3.3 dis-
cusses two methods of dynamic PETC schemes providing stability analysis in

each case. An illustrative example discussing the two methods is provided in

!The material in this chapter has been published as: Mani H. Dhullipalla, Hao Yu and
Tongwen Chen. Dynamic periodic event-triggered control for nonlinear plants with state
feedback. IFAC PapersOnLine, 53(2):2814-2819, 2020.
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Section 3.4 followed by concluding remarks in Section 3.5.

3.1 Preliminaries

Denote R to be set of real numbers, Z to be the set of integers then
R>g = [0,00) and Z>o = {0,1,2,...}. Let |z| be the Euclidean norm of
an n-dimensional vector z € R™. A continuous function « : [0,a) — Rsg
is said to be of class K if it is strictly increasing and «(0) = 0. Further, «
is said to be of class K if a(r) — oo as r — oo. A continuous function
B :[0,a) x Ryg — Rs¢ is said to be of class KL if for a fixed r € Ry,
B(-,r) belongs to class K and for a fixed s € [0,a), ((s,-) decreases to
zero. A function f is locally Lipschitz if it satisfies the Lipschitz condition:
|f(z) — f(y)] < L]z —y| for some scalar £ in the neighborhood of every point
in the domain X C R™. A function f is locally one-sided Lipschitz if it satisfies
the condition: (z — y)"(f(z) — f(y)) < Los|z — y|* for some scalar £,; € R
in the neighborhood of every point in the domain X. The function is globally
Lipschitz (or one-sided Lipschitz) if the domain X = R". The Clarke deriva-
tive, in [12], is defined as follows: for a locally Lipschitz function U : R — R

U(y+hv)—U(y)
n

and a vector v € R™, U°(z,v) := limsup,_,o+ . Furthermore,

YT
we have U°(z,v) < limsup,_,,(VU(y),v) where (,-) is the inner product and
VU(-) is the classical gradient, see [68,96]. For a C' function U(-), the Clarke
derivative U°(x,v) reduces to the standard directional derivative (VU (x),v).
This definition is useful to treat locally Lipschitz functions which may not
differentiable everywhere.

The following lemma is used to show asymptotic stability via Lyapunov

analysis that is discussed in Section 3.3.

Lemma 3.1 ( [12,53]). Consider two functions Uy : R — R and Uy : R" — R
that have well-defined Clarke derivatives for x € R™ and v € R™. Intro-
duce three sets A = {x : Ui(x) > Us(x)},B = {x : Ui(x) < Us(x)},
Q= {z : Ui(z) = Us(x)}. Then for any v € R", the function U(x) =
max{U, (), Us(z)} satisfies U°(x;v) = Uy (x;v) forx € A, U°(x;v) = Us(x;v)
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for x € B, and U°(z;v) < max{U;(z;v), Us(z;v)} for x € Q.

3.2 Problem Formulation

Consider the following nonlinear system model

&= f(x,u), (3.1)

where z € R" is the state and u € R™ is the control input. The function
f R x R™ — R" is assumed to be continuous. It is assumed that the full
state vector z is measured, and there exists a static state-feedback controller

stabilizing the system in (3.1):
u = k(x), (3.2)

where £ : R™ — R™ is the controller gain function. Due to the limited
communication resources, we intend to implement the controller in (3.2) (over
a network) in an event-triggered manner. To facilitate this, we define two time
instants, namely, sampling instants and event-triggering instants.

First, we define a time sequence {s;}32,, used to check for event occur-
rences, such that

g S Sk+1 — Sk S T, (33)

for all k& € Z>o. The upper bound 7" > 0 is to be designed, and the lower
bound ¢ € (0, T| between the two consecutive sampling instants, s;, and sy 1, is
decided by the hardware constraints and ensures instantaneous Zeno solutions
of the hybrid system (defined in (3.7)) are avoided. Note that the condition on
sampling instants in (3.3) facilitates both periodic and aperiodic monitoring of
event occurrences (namely, evaluating ETC); however, we continue to call this
approach periodic ETM to keep in line with the terminology used in articles
such as [98,99]. Furthermore, let {¢;}7°, C {sk}32, be a subsequence denoting
the event-triggering instants whose construction is discussed shortly in (3.6).

When an event occurs at time ¢; according to some pre-designed ETC, the

state z(t;) will be broadcasted to the controller node that updates the control
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Figure 3.1: Sequence of sampling instants {s;} and event-triggering instants
{t:} (where red arrows at {t;} depict broadcasting). Note that the sampling
sequence {sy} is not necessarily periodic and that {t;} C {s;}.

signal. Denote Z(t) := x(t;), t € [t;,t;11), as the latest broadcasted state. The

periodic event-triggered state-feedback controller is then given by
u = K(Z). (3.4)

In this work, we will implement a dynamic periodic ETM, which involves

the following piecewise continuous auxiliary variable n € R>o governed by

= fy(n,z,e€), t € [sk, Skt1);

n(tt) = g(ma,e), te {sh\ {u): (3.5)

n(t) = gi(n, w,e), ¢ € {t};
where e = & — x is the broadcast error with e(t;) = 0,V € Z>, upon event
occurrence. The function f, is continuous on R>p x R" x R™ and is such
that f,(0,xz,e) > 0 for all x,e € R". The functions g, and g;, defined on
Rsy x R® x R", are continuous and continuous non-negative, respectively.

The considered ETC, evaluated at every sampling instant {s;}, is as follows:
iy =min{t >t | ¢t € {su};20, gs(n,2,€) <0} (3.6)

which generates the subsequence {#}72, of event-triggering instants, see Fig.
3.1 for an illustration. Fig. 3.2 depicts the trajectory of auxiliary variable n(t)
described by the dynamics in (3.5). The occurrence of event at sy, is also
shown in Fig. 3.2 and the value of n* at s, after the jump can be designed
such that n™ = ¢g; > n; this notion can be observed from the ETMs designed
in both Theorems 3.1 and 3.2. Without loss of generality, we assume that the

event is triggered at the initial instant, i.e., e(0) = 0 and ty, = so = 0.
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1 = fy during flow
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Figure 3.2: Hybrid dynamics of n and event occurrence at si1.

Let 7 € R>( keep track of the time elapsed since the last sampling instant

with the dynamics:
7=1, when 7€[0,T];
77 =0, when 7€ [¢,T].

We thus model the closed-loop system as the following hybrid system:

i¢=F(q), q€C, (3.7)
g €Glqg), q€D, ‘
where the augmented state ¢ := (z, e, 7,7), the sets
C:={qeR"?|7€[0,T], n € Rxg},
D:={q e R™"?*|1€[e,T], n € Rxo}, (3.8)
and the function F'(¢) and the set-valued mapping G(q) are given by
[z, k5(z +€))
F(q) — —f(l’, K'l(w + )) ’ and
fe(n,z,¢€) (3.9)
Gl gs(+) > 0;
G(q) = § G*, g9s(*) < 0;
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respectively, where

a xXr
0
Gl — € G2 —
0 ’ 0
98(7%3:76) gt(m% 6)

Here, the flow set C' is such that the system flows between any two sampling
instants, say during the interval [s, si+1], and jumps at the sampling instants,
i.e., at both {sy, sky1}. It is important to note that the flow map F'(q) and
the jump map G(¢) in (3.9), are continuous and outer semi-continuous respec-
tively. This construction in addition to C' and D being closed subsets ensures
nominal well-posedness of the hybrid system in (3.7), see Chapter 2 or the
textbook in [31].

The main objective in this chapter is to design the upper bound 7' and
the functions f,, gs,¢: in (3.5) such that the closed-loop system in (3.7) is
asymptotically stable (see Chapter 2 for the definition), i.e., there exists a
K L-class function [ such that for any initial state x(0,0),

lo(t, )| < B(lz(0,0)|,t + j),

for all t € R>g and j € Z>o with ¢ := (z,e).

3.3 Main Results

In this section, we will provide two kinds of dynamic periodic ETMs based
on different assumptions on the system. In the first one, the ETM is supposed
to read the state continuously (while the event is still checked for at discrete
sampling instants, si). For the second kind, an ISS-Lyapunov function with

a linear decay rate will be used explicitly in the event-triggering condition.

3.3.1 Method I

To design the upper bound 7" and dynamics of 7, we start by introducing

two assumptions, similar to those in [99], made on the hybrid system in (3.7).
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Assumption 3.1. For the closed-loop system in (3.7), there exist locally Lips-
chitz functions W : R™ — Rsg and V : R = Rxg, oy, w, oy, oy, oy € Koo,
a non-negative function H : R — Rxq, scalars L > 0 and v > 0 such that the

following holds:
1. For any e € R™, ay(le]) < W(e) < aw(le]),
2. For any x € R™ and almost all e € R,

(VW (e), —f(x,r(z +e))) < LW(e) + H(x);

3. For any x € R", ay, (Jz|) < V(z) < ay(|z]),

4. For almost all z € R™ and any e € R",

(VV(z), f(z,k(z +e))) < — av(|z]) + 7" W(le]) — H*(x).

Assumption 3.2. There exists a constant l, > 0 such that ay(|s]) < I, H?(s)
for all s € R™.

Items 3 and 4 in Assumption 3.1 imply that the system & = f(z, k(x +€))
is input-to-state stable (ISS) with respect to W(e), and V(x) is the corre-
sponding ISS-Lyapunov function.

Subsequently, to design the upper bound 7', we introduce the following
concept of maximum allowable sampling period (MASP). For a given A €
(0,1), define Ty(A) as

r(1—X\)

1
L—Hrarctan W, v > LH’
PICESY DTS
)
To(N) =S o Y=Ly, (3.10)
ﬁarctanh%, v < Ly,
o I CESYREP eS|
where 1 := ‘(Ll)2 - 1) and L, := L+ p with an arbitrarily small constant
m

> 0. When X\ and p go to zero, Tp(\) would become the MASP, see [69]. By
choosing an appropriate value for the design parameter A, the upper bound

T = Ty(A) is determined. Furthermore, we have the following lemma of Ty ().
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Lemma 3.2 ( [69]). Let 6 : R5g — R be the solution to

—2L,0(s) —v(6%(s) + 1), s €[0,TH(N)];
0, s > Ty(N),

with 0(0) = 5. Then 0(s) is monotonically decreasing and 0(s) = X for s >
To(N).
The following theorem provides a method to design the ETM in (3.5-3.6).

Theorem 3.1. Under Assumptions 3.1-3.2, if the functions in (3.5) are given

as
fo(n,2,€) = = Byn + ooy (|z]),
.00, ) =1+ max{pV (2), AW ()} — max{oV (), /W2 ()}, (3.1)
g¢(n,x, ) =n + max{pV (x), yYAW?(e) } — pV (),

where 3, >0, o € (0,1), and p satisfies pylo, < A, then the closed-loop system

in (3.7) is asymptotically stable.

Proof. Consider the following Lyapunov function
U(q) = V(x) + max{~y0(1)W?3(e), pV (x)} +n, (3.12)

where 6(+) is defined in Lemma 3.2.

Analysis during flow:

We start by considering stability properties on the flow set, i.e., between two
sampling instants, and divide the analysis into three sub-cases depending on
the resultant Lyapunov function U(q).

Case I: When pV (z) > v0W?(e), one has

T2 (e) < w‘g(x) < %0‘;(96) < V;;))
which leads to
U=V +pV + f,(n,2,¢€)
<+ p)(—avle) + L2 - @) + fnre) (313

< = (4 p—a)av(z]) = By,
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where the first inequality uses Assumptions 3.1 and 3.2.
Case II: When pV (z) < v0W?(e) then
U° =V + 290W (e)W (e) + v0W?(e) + f,(n,z,¢€)
< —av(|a]) £ W3(e) = H(e) + fy(n, 2, ¢)
+ 290W (e) (LW (e) + H(z)) — yW?(e)[2L,0 + (0% + 1)]
< = 2uMyWPe) = (1= o)av(|z]) — Byn.

Case III: Finally, if pV (z) = v0W?(e), then from Lemma 3.1 it follows that

(3.14)

U° < max{—pay(jz]), ~2udyW*(e)} — (1 — o)av(|z|) — By (3.15)

Then, based on the definition of U and Lemma 3.1, (3.13-3.14) imply that

there exists a positive function I' : R — R5( such that
(VU(q), Fq)) < =T'(U(a)), 4 € C, (3.16)

where I'(s) is decided by pay (s), f,s and max{2u\ys, (1 — o)ay(s)}.

Analysis at jumps:

Next, we examine stability of the system on jump sets, i.e., at sampling in-
stants. The analysis here is divided into two cases depending on the triggering
of an event which is decided by the sign of g4(n, z, ), as defined in (3.9).
Case I: When g4(n,x,e) > 0, we have

U(G(@) ~ Ula) = V(&) + max{pV (), 75 W (e))
— V(z) — max{pV (x),y0W?(e)} + gs(n,z,€) — 1

(3.17)
= max{pV (2), YAW(e)} — max{pV (x), 10> (e)}
<0,
where the last inequality is due to 8(7) > A when 7 < T(\).
Case II: When g,(n, x,e) < 0, then we have
U(G(q) =Ulq) = (1 + p)V(2) + gi(n, %, ¢) = V(2)
— max{pV (z),7y0W?(e)} —n (3.18)

<0.
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Combining (3.17-3.18) leads to
U(G(q)) —Ulg) <0, (3.19)

for all ¢ € D. Therefore, the proof is completed following a similar line in [69]
based on (3.16) and (3.19). O

Remark 3.1. (Trade-off between sampling period and event occurrence) A

static version of the triggering condition in Theorem 3.1 can be given as
teer = min{t € {s;},t > tp|yW?(e) > A\pV ()}, (3.20)

which has the similar form of that in [99]. By selecting p = %, one can
see that there is a tradeoff between the sampling periods and the inter-event
steps (the number of sampling instants between two consecutive events), that
is, a smaller X\ would increase To(N) but would make it easier for the ETC in

Theorem 3.1 (or the static ETC in (3.20)) to be satisfied.

Remark 3.2. (On dynamic ETM) By introducing the nonnegative variable n,
the dynamic triggering condition in Theorem 3.1 can discard some transmis-
sions even when yW?(e) > A\pV (z). Thus, the capacity of dynamic triggering
condition to increase n plays a key role in prolonging the inter-event times.
From (3.11), f,(n,xz,e) can provide some increment when x is large, while
gi(n, x,€e) deals with the case of large e. Note that n cannot increase by the

Jump with g.(n,z,e).

The main drawback of (3.11) is requiring the ETM to continuously read
the state measurement and conduct the integral operation. A direct solution

is to modify f.(n,x,e) as

fn(nv%@) = _577777 (3'21)

where o is set to 0. However, such an f,, would impair the capacity to increase
n. The main problem of Method I is that the z-related part of U in (3.12)
cannot offer any decrease when the system jumps. Thus, to solve this problem,

some new Lyapunov function could be studied.
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3.3.2 Method II

In this subsection, we will provide another method to design the dynamic
ETM which only needs to read the state x at the discrete sampling instants.

To this end, we revise Assumption 3.1 into the following form.
Assumption 3.3. Suppose that Assumption 3.1 holds with avy (|z|) = a,V ().

Assumption 3.3 means that the Lyapunov function V' converges exponen-
tially in the absence of measurement error e. Then based on this assumption,

we introduce the following theorem.

Theorem 3.2. Under Assumptions 3.2 and 3.3, if the functions in (3.5) are
given as
fo(n, 2, €) == Byn,
gs(n, z,€) =n + max{e® pV (x), yA\W?(e)} — max{pV (z), %nyQ(e)}, (3.22)
9u(n, x, ) =n + max{e” pV (x), YAW?(e)} — pV (2),
where 3, > 0 and design parameters p,a,b satisfy

Yo T A
= b = %40 = 323
TN < PTELLY (3.23)

then the closed-loop system in (3.7) is asymptotically stable.

Proof. Consider the following Lyapunov function:
O(q) = V(x) + max{y0(1)W?(e), e pV (z)} +n, (3.24)

where 6(7) is governed by Lemma 3.2. Similar to the analysis in Method I,
we first study the behavior of O in flow and jump domains separately.
Analysis during flow:

Case I: When e pV (z) > v0W?(e), it follows that

e ypV () < eV (x)

21172
YW < —— =5
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A
Yap

0° =V + ae’ pV + e“TpV + fo(n,z,€)

< — V(@) + 72 W2(e) — H2(x) + ac™pV — By

where b = . Furthermore, we have

+ e p(—a, V() + V2 W3(e) — H?(z)). (3.25)

According to (3.23), a is designed so that «, > ae®p and e*” < b since
7 < Tp(A). Then, (3.25) implies
O° = — ape”V(z) + (1 + e p) (V' W?(e) — H(x)) — By
< aupe V() — B+ (1+ )G~ ()
< — ape” V() = Byn. (3.26)

Case II: When e pV (x) < v0W?(e), the derivation is similar to (3.14) and

results in
0° < —2uMyW?(e) — a,V(x) — Byn. (3.27)
Case III: When e pV (z) = v0W?(e) from Lemma 3.1 it follows
O0° <max{—a,pe" V(z), —2u MyW?(e) — o,V (z)} — Byn. (3.28)

Analysis at jumps:

Next, consider analysis at jumps that occur at sampling instants. Again,
similar to Method I, we have the following two cases depending on event
occurrence.

Case I: When g,(n, z,e) > 0, we have

O(G(@) — Ofa) = V(@) + max{pV (2), 713 W (e))

— V(z) — max{e" pV (z), v0W?(e)}

(3.29)
+ 9s(n,x,€) =1
<0.
Case II: When g,(n,z,e) < 0, it follows that
O(G(q)) = O(q) = (1 + p)V(2) + gi(n, x,€) = V(2)
— max{e" pV (), v0W?3(e)} — n (3.30)

<0.
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Therefore, the proof is completed by combining (3.26-3.30). O

Remark 3.3. To implement the dynamic triggering condition in Theorem 3.2,
at each sampling instant si, k € Z>1, the event trigger needs to record the time
sk — k1 and calculate e™sx=5x=1) _ In the special case that the event is detected

periodically, both of them are constants that can be determined offline.

Remark 3.4. Compared to Theorem 3.1, the method in this subsection (namely,
Method II) can offer some extra capacity to increase n at the jump. Before the
static condition YW?(e) > \pV (x) is violated, both gs(n,x,e) and g(n,,e)
must enlarge the value of n. This feature assists in improving the inter-event
time and avoids continuous reading of state measurements between two suc-

cessive sampling instants.

Remark 3.5. (On shortcomings of Method 1) The main drawback of Method
I is using the linear decay rate o, and its corresponding ISS-Lyapunov func-
tion explicitly. Although [78] showed that it is not restrictive to modify the
ISS-Lyapunov function in Assumption 3.1 to satisfy Assumption 3.3, note
that if the ISS-Lyapunov function V(x) for Method II is derived by relaxing
H(x) used in Assumption 3.1 for Method I then this directly affects the gain
v associated with the error e. This increased v shrinks p in (3.23) and so the
event-triggering condition is easily violated compared to that of Method 1. This
1s demonstrated by the difference in average numbers of triggers between Table

3.1 and Table 3.2 in the numerical example in Section 3.4.

Remark 3.6. (For linear systems) If the system in (3.1) is linear, then
Assumption 3.3 is not necessary, since it is trivial to find a quadratic 1SS-
Lyapunov function with a linear decay rate in Assumption 3.1. In this case,
Method II might generate less events than Method I with f, in (3.21). Thus,
one may prefer to use Method II when the nonlinearity of the system is weak

and no state information is available to the ETM continuously.

32



3.4 Numerical Example

As an illustrative example, the following scalar nonlinear control system is
considered

i=—2°+0.52° + u, u = —2r. (3.31)

The corresponding event-triggered controller takes the form u = —2z. For the
system in (3.31), the corresponding Lyapunov functions and relevant quanti-

ties for each method are as follows:

Method I (M.I):

Assumption 3.1 is satisfied with Lyapunov functions V = % + 22% and
W = |e|, and quantities H(x) = |23 —0.52% +2z|, L = 2, a,(|z|) = 0.0472° —
0.0612% +0.189222, v = 2.049. Assumption 3.2 is satisfied by choosing I, = 1.
The ETM evaluates the sign of

gs(n, 7, e) = n 4+ max{0.34V (z), 1.73]e|*}
(3.32)
— max{0.34V (z), 2.62]e|*}.

Method IT (M.II):

In order to satisfy Assumption 3.3, H(x) in Assumption 3.1 is considered to
be of the form H(x) = |pz®—0.52*+rx|, p > 1,r > 2. The resultant Lyapunov
function satisfying the assumption is V' = 7%4 +rz? with p = 1.97, r = 3.87
and «, is 0.08. Additionally for Assumption 3.1, we also have W = |e|, L = 2,
and v = 26.79. [, in Assumption 3.2 is chosen to be 1. The ETM that

evaluates the sign of gs(n, z,€), given by

gs(n, x,€) = n + max{0.003V (), 2.12|e|*}
(3.33)
—max{7.7-10"*V(z), 337.3|e|*}.
In Fig. 3.3a, the upper bound T = Ty(A) is plotted as a function of
design parameter A for each method. Stabilization of the system using both

methods is depicted through the state trajectories in Fig. 3.3b. As stated in

Remark 3.5 of Section 3.3, the increase in « directly affects the performance
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Figure 3.3: Plots depicting MASP curves and state trajectories of Method I
and Method II.

(namely, the average number of triggers) of the method, as seen in (3.32),
(3.33). Notice that the gain v in M.IT is substantially higher than that in
M.I and the difference in no. of triggers of M.I in Table 3.1 and those of
M.IT in Table 3.2 demonstrate its effect. We compare M.I and its variant M.I
(0 = 0) with those of [99] and [77] in Table 3.1. The performance measure
is computed over 100 simulations of 20 secs each with a sampling period 7 =
To(A) = 0.05; the initial condition x(0) for each simulation is randomly picked
from an interval [—3,3]. The primary focus here is to evaluate and compare
the ETMs, so the ETMs in [99] and [77] are adapted so as to fit the specific
example in (3.31). From Table 3.1 it can be inferred that a dynamic periodic
event-triggered controller can perform better than a static periodic event-
triggered controller (namely, [99]) and a continuous event-triggered controller
(namely, [77]) for nonlinear systems.

Subsequently, to make a fair comparison amongst the two methods dis-
cussed in this chapter, we first remove the effect of gain . This is done by
adopting the Lyapunov functions and related quantities of M.II to M.I as
mod. M.I (¢ # 0) and mod. M.I (¢ = 0). Table 3.2 provides performance
comparison of the ETMs of the two methods.
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MI MI(c=0) [99] [77]
14.9 13.0 66.52 15.79

Table 3.1: Average no. of triggers over 100 simulations in 20 secs

M.IT  mod. M.I (¢ #0) mod. M.I (¢ =0)
360.58 343.04 348.22

Table 3.2: Average no. of triggers over 100 simulations in 20 secs

3.5 Conclusion

We proposed two methods to design dynamic periodic ETM for nonlinear
systems using state feedback and provide an upper bound on the sampling
period that is dependent on a user defined parameter. For each of the meth-
ods, the design results in a closed-loop hybrid system which is asymptotically
stable. Since the ETC is evaluated only at sampling instants, the scheme
is easily implementable on digital platforms compared to its continuous-time
counterparts. A comparative study on an illustrative example supports the
view that the dynamic ETM is capable of reducing the average number of

events triggered compared to its static counterparts.
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Chapter 4

Dynamic Event-Triggered
Control of Nonlinear MASs!

Dynamic ETMs have shown potential in further reducing the number of
events in comparison to their static counterparts while delivering similar sys-
tem performance. In this chapter, we provide a framework to design dynamic
periodic event-triggered controllers for MASs with nonlinear dynamics. A
preliminary version of this work on single-agent systems was studied in the
previous chapter, also in [17]. The design methodology adopts an emulation-
based technique that assumes the existence of a continuous-time state feedback
controller that stabilizes the MAS. The dynamic ETMs are constructed based
on an agent’s ability or inability to sense states (or relative states) of fellow
agents in the network. To illustrate the design methodologies, two case studies
on nonlinear MASs (with Lipschitz and one-sided Lipschitz), interacting over
undirected and directed communication networks, are presented. Finally, the
results of the case studies are demonstrated via numerical examples.

The rest of this chapter is organized as follows. Section 4.1 presents pre-
liminaries on algebraic graph theory. The problem is formulated in Section 4.2
followed by the main results which are discussed in Section 4.3. Section 4.4
presents case studies on consensus amongst nonlinear MASs. An illustrative

example is simulated in Section 4.5 followed by concluding remarks in Section

!The material in this chapter has been published as: Mani H. Dhullipalla, Hao Yu and
Tongwen Chen. A framework for distributed control via dynamic periodic event-triggering
mechanisms. Automatica, 146:110548, 2022.
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4.6.

4.1 Preliminaries

In addition to preliminaries introduced in Section 3.1 of Chapter 3, in this
section we introduce concepts from algebraic graph theory, see [62] for more
information.

A graph (often also referred to as network) is an ordered pair G = (V, )
where index set V = {1,2,..., N} denotes the set of vertices (agents) and
E C V x V denotes the set of edges (communication links) connecting the
vertices (agents). If the set of edges are directed, then G is a directed graph.
A directed edge is an ordered pair (i,j) € £ where the vertex ¢ is the tail
of the edge, while vertex j is its head. If the set of edges are such that
(1,7) € € = (j,i) € &€, Vi,j € V, then G is an undirected graph. Let
N denote the in-neighbor set of vertex i consisting of all vertices j € V such
that (4,4) € €& and N = {i} |JN denote the set containing indices of agent
i and its in-neighbors. Define a nonnegative matrix A = [a;;]nxn called the
weighted adjacency matrix where a;; > 0 <= (4,7) € &; otherwise a;; =

0. For undirected graph, the weighted adjacency matrix A is symmetrical.

N
J=1

The weighted in-degree of a vertex is d; = > ", a;; and degree matrix of G
denoted by D = diag([d;,...,dn]|). The graph Laplacian is then defined as
L = D — A. For a connected undirected graph, L has exactly one eigenvalue
equal to zero and corresponding eigenvector to be 1, i.e., L1 = 0 where 1 is a
vector of appropriate dimension with all entries being equal to 1. All the other
eigenvalues are positive and can be arranged as follows: 0 < Ay < ... Ay,
where Ay, denotes the largest eigenvalue of L. Here, Ay is known as the
algebraic connectivity of G. For a strongly connected directed graph, the

general algebraic connectivity is defined as:

z Lz

as(L) = min
(L) 2Te=0,2£0 XT2X

where L = (2L + L™E)/2, E = diag(¢), £ = [€1,...,&x]" such that & > 0,Vi

37



and )., & = 1, see [116].

4.2 Problem Formulation

Consider a MAS with N agents interacting over an established broadcast-
ing network G = (V,€). Let each agent in the network have the following
dynamics:

where i denotes the agent index, z; € R” is the local state of agent 7, z =
[T -+ 2%]" € R™ is the state vector consisting of all agent states and
u; € R™ is the control input. It is assumed that functions f; : R™Y x R™ —
R" Vi € V, are continuous and that each agent can broadcast its full state x;
to its neighbors in G. With the availability of neighbor states, it is assumed
that a static, distributed state-feedback controller w;, given by

u; = k() ), Vi€V,

stabilizes the MAS in (4.1). Here, x Ni = (A; ® I,)x where diagonal matrix
A = diag({a;la; = 1,¥j € Ni;a; = 0,Vj ¢ Ni}).

In an effort to reduce the consumption of communication and energy re-
sources of the overall MAS, a periodic event-triggered broadcasting strategy is
implemented. For this, we define an event-verifying (sampling) time sequence

{si %2, for each agent i such that
g < Sy — s, <T', Vk € Zso,Vi €V, (4.2)

where positive constant &' is such that ¢ < T% and T" is the upper bound that
is to be designed. Note that positive ¢’,Vi € V, ensure: i) that instantaneous
Zeno solutions? of the hybrid system, defined shortly in (4.8), are avoided

(see [69] for a remark on this), and ii) in the context of event-triggered systems,

2 A solution x of (2.1) is instantaneous Zeno if it is complete (namely, domz is unbounded)
and eventually discrete (namely, T = sup, domz < oo and domz N ({T} x Z>() contains at
least two points), see Chapter 2 of this thesis or textbook in [31] for details.
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3 is avoided. Furthermore, ¢, in practice, re-

this implies that Zeno behavior
flects the smallest interval between two consecutive broadcasts that hardware
devices can achieve. Here, the largest value that 7% can take while ensuring
closed-loop stability of a dynamical system is known as the MASP, see [69]
and [43] for more on MASP of sampled-data nonlinear systems. However, for
the overall network, we are interested in min; 7% which would be the MASP
of the MAS; this suggests that any choice of T € (0, min; 7], amongst the
agents, would result in asymptotic stability of the MAS.

Next, we define the event-triggering sequence for agent ¢, denoted by
{ti}52,, to be a subsequence of {s}}32,. The construction of this subsequence
depends on the event-triggering condition which will be discussed shortly.

When an event is triggered on agent i, it broadcasts its current state to its
neighbors over G. Let 2;(¢!) denote the broadcasted state at triggering instant
t!. Bach agent i € V, adopts a model-based approach, like discussed in [26],
to evaluate 7;(t), Vj € N, as follows:

y?j =7T(z,), te [t{,t{H), (4.3)

with @;(t]) = 2;(t]) as its initial state, where Y : R” — R" is considered to be
continuous function. For notational convenience, we use the same model Y(+)
across all agents to propagate broadcast states in the network. For instance,
T(-) = 0 yields a ZOH model in all the agents. However, the methodologies,

discussed in Section 4.3, can adopt agent specific models (i.e., i = T;(&%))

and agent-and-neighbor specific models (i.e., i; = TU(:%;)) Since every agent

in the network uses the same mapping to model the evolution of broadcasted
states, they all have the same model-based estimate of neighbors’ states. Let
2(t) = [2T(t) -+ 2%(1)]" € R™Y denote the broadcasted state vector at any

time ¢ and 2,7 := (A; ® [,)& denote all the model-based estimates available

to agent ¢ at time ¢. Then, the periodic event-triggered controller at any time

3Qccurrence of infinite events in finite time is called Zeno behavior. This phenomenon
in systems is undesirable because it is not physically realizable and does not aid in saving
resources.
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t is given by
u; = k(T ), Vi€ V. (4.4)

Agents in G, in addition to broadcast channels, may have active sensing
capabilities; i.e., when agents can, intermittently, sense states (or relative
states) of their fellow agents using onboard sensors. If available, using this
(additional) information aids in improving the performance of the ETM. In
this context, we define the index set N Z; as the set of indices of agents in G
whose states (or relative states) are accessible to i at si and the state = Ni =
(A, ® I,)z where diagonal matrix A, , = diag({ajla; = 1,Vj € Nj;a; =
0,Vj & Ni}).

In this chapter, a dynamic periodic ETM is implemented by introducing

a non-negative auxiliary variable 7; € Rs,Vi € V. The dynamics of 7, is

described using hybrid system framework as follows:

0 = f;(%i’/\f&)a le [52’ 52+1>7 (4.5a)

where e; = x; — x; is the broadcast error. For all 7 € V. the initial condition
nio = 1i(sh) is a design parameter that is chosen to be a non-negative scalar.
The function f; is continuous on Rxo x R™Y, is such that f}(0,-) > 0, and that
any solution (say Sy, (¢, 7: 0, :%J\;iin)) to the differential equation 7; = f;(m, :i“/\fiin),
for any given bounded N and for any given non-negative initial state 7, is
complete (i.e., S, (¢, mi 0, 57/\7&) is defined for all time ¢ € [0, 00)). Furthermore,
g : Rsp x R® x R™ — R is a continuous function and g/ : Rso x R" x

R™ — Ry is a continuous non-negative function. The dynamic periodic

event-triggering condition is then defined as
k1 = {t > it € {s} )70, 9.() <0}, Vie V. (4.6)

Intuitively, 7; in (5.10a) accumulates the effect of i over the interval (S}, Shin)-

Following this, at s}_,, the condition in (4.6) is evaluated which, essentially,
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compares the effect of n; and = Ni> when available, against that of rising e;.
This comparison is judged by the sign of ¢gi. If g > 0, then the 7; takes up this
value, i.e., ; = ¢'; else, n; = g! and the agent state is broadcasted resetting
e; = 0. In this context, we also note that the case when g’ = 0 is handled,
slightly, differently when the hybrid dynamics of MAS is defined in (4.8) (see
discussion following (4.10)). Furthermore, in Appendix A.1.1, we present an
argument to show that 7, > 0,Vi € V, under (mild) conditions imposed on
to-be-designed functions f;, gi, and g;.

To aid in the design of event-triggering condition, each agent ¢ tracks the
time elapsed since the last event-verifying instant using the variable 7;. Its

dynamics is given as:

(4.7)

7. =0, when 7; € [¢", T"].

{7",~ =1, when 7; € [0, 7]

At every si, the subsequent event-verifying instant s 41 18 pre-determined
such that the inequalities in (4.2) hold. Say A} = s}, —si. When 7; reaches
Al a jump takes place on agent i, i.e., the event-triggering condition in (4.6)
is evaluated. Here, we note that at time ¢ = s, fellow agents (namely,
{jlj # 4,j € V}), in the network may (if t € {s.}3%,) or may not (if t ¢
{s]1%°,) experience jumps. This notion is reflected in the definition of jump
set D, corresponding to the overall MAS defined shortly in (4.9), as a union
of subsets.

By combining the MAS dynamics in (4.1), the dynamics of broadcasted
state in (4.3), the periodic event-triggered controller in (4.4), the dynamics
of ETM in (4.6) and the dynamics of elapsed time in (4.7), the closed-loop
system of the MAS can be modeled using the hybrid systems framework as

follows:
1= F(q), e C,
q¢=F(q), q (48)
q" €Glqg), q€D,

where q := (7, e, 2, 7,n) is the augmented state, e := [eT -+ e}]T € R™N, 7:=

[7-1 TN]T € [O’Tl] NEEEE [O’TN]’ n = [771 77N]T GRQO’ the flow set C

41



and the jump set D are defined as
C=R"Mx[0,T"] x - x [0,T] x RE,

N
p=J {R3"N ) [0,TY x -~ x  [€,T7] x--x[0,T] x Rgo}, (4.9)
i1 SN——

jump interval for ¢
respectively. F'(¢) and G(q) in (4.8) are as follows:
Fl)=[f" @eT-" @e1)" 1 f],

N
G(q) = U Gi(q) such that
i=1

{Gi}, 9. >0,
2 i L€ [, T,
Gi(q) = igi}’@} zj i g’ melen T (4.10)
(b T ¢ [giaTiL

where ¢ is a null set,
Gl:=[a" € 2" (Z1)" (Tim+3g)"]",
&= [ (Lol (- (Iv-T)oL))" (L1 @n+a)"

f=U - AT eR™, f=1fy - " €RY, T; :=diag({1,..,0,..,1})
with 0 at the i-th place, g’ :=[0---¢.---0]", gi :==[0---g/---0]", and 1, and
0 are vectors of ones and zeros of appropriate dimensions, respectively. Here,
we note that although # is determined by the pair (z,e), its dynamics has
been included in (4.8) because it is used to construct the ETMs.

It can be inferred from the definition of flow and jump sets in (4.9) that
the augmented state g flows along F'(q) when every agent in the network flows
and jumps if at least one agent in the network jumps. We also note that when
g. = 0, agent i can either choose to broadcast state (i.e., opt for G?) or avoid it
(i.e., opt for G}). This construction makes the set-valued mapping G(q) outer
semi-continuous. Additionally, the function F'(q) is continuous and the sets
C, D in (4.9) are constructed to be closed subsets; together, these properties
on (C, F,D,G) ensure nominal well-posedness of the hybrid system in (4.8),
see [31].
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N\ $ Sampling instants ® Only broadcast instants
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Figure 4.1: Nature of broadcasts between agent 7 and agent j which employ
ETMs. On the two timelines, the black vertical ticks show sampling instants
{si.} or {si,} and the red arrows highlight the broadcast/triggered instants

{ti} or {t}.

Remark 4.1. (On sampling sequences) First, we note that although the ETM
discussed is called periodic ETM, the sampling sequences, as in (4.2), can be
both aperiodic and asynchronous thus broadening the scope of this approach.
Next, once the upper bound T' in (4.2) is determined, each agent in the net-
work, at every sampling instant si, has the flexibility to independently and
arbitrarily choose ' = s}, — s}, within the range [', T"]. In other words, this
choice of ' at every si. determines the subsequent duration of flow and jump
instant for the agents. Assuming all agents are triggered, simultaneously, at
the start (namely, s = sé,Vi,j € V), if T across all agents at every sam-
pling instant is the same, then this results in a synchronous protocol (namely,
st = si = s, Vi,j € V\Vk € Z>o). In other words, in a synchronous proto-
col the ETM on every agent in the network is evaluated at the same instant,
namely, s,. Further, if s, = k -T where positive constant T < miny; T¢, then
the protocol would also be periodic. On the contrary, if T for an agent differs
from others in the network, which can sometimes be caused due to drifting

of local clocks, then this results in an asynchronous protocol (i.e, the ETM
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is evaluated asynchronously). The hybrid systems framework adopted in this

work can address both the scenarios described, see the illustration in Fig. 4.1.

The main objective in this work is to design dynamic ETMs, governed by
the functions f;, g, g; in (4.5), and establish MASP of the MAS, namely,
min; 7% such that the closed-loop hybrid systems model in (4.8) is asymptoti-
cally stable.

4.3 Main Results

In this section, we design two dynamic ETMs on the basis of agent’s ca-
pability in sensing state (or relative state) information of other agents in the

network. We consider the following two scenarios.

1. Broadcasting: agents solely depend on broadcast states and communi-

cate over established network G, e.g., power networks.

2. Active sensing: in addition to broadcasting, agents can also obtain states
(or relative states) of fellow agents in the network through onboard sen-
sors, e.g., sensing relative distances of nearest neighbors amongst a pla-

toon of vehicles.

4.3.1 Broadcasting

In this subsection, we consider that the agents in G can only broadcast
state information, which implies that the signal 2. in (4.5) is not accessible
at each event-verifying instant {s;}. The focus is to design the ETM with
the intention that only local information is used during the event-verifying

instants {si}. For this, we begin by introducing the following assumptions.

Assumption 4.1. For the hybrid system in (4.8), and Vi € V, there exist
a locally Lipschitz function Wi(e;) : R® — Rsq, functions oly,, & € Koo,
a scalar function Hy(x,e) : R®Y — Rsq, and a non-negative scalar L; such

that:

44



(a) ayy (i) < Wile:) < ajy(lei]), Ve; € R

(b) Wile;), T — f;) < LiWi(e;) + Hi(x,e), for all x € R™ and almost all
e; ER" Vi e V.

In Assumption 4.1(b), we assume that growth rate of W;(e;) can be lin-
early upper bounded; this is facilitated by the use of model-based broadcast

estimates in (4.3).

Assumption 4.2. Suppose Assumption 4.1 holds. For the hybrid system in
(4.8), there exist a locally Lipschitz function V(x) : R™ — Rs, continuous
functions Vz(ij\f;n) : R — Ry, Vi €V, functions ay,, ay € Ko, a contin-
uous function @(:E) : R — R"W | @ positive scalars oy and ;,Vi € V, and

non-negative scalars w;, Yo € V, such that:

(a) ay(10(x)]) < V(z) < av(|6(x)]), Vo € R"Y,

(b) (V(2), f) < —avV(x) + Xy [PWi (&) — wi‘z(f@l) — H(z,e)], for
almost all x € R™ and Ve; € R, Vi € V.

Here, the mapping O(-) : R™Y — R"" in Assumption 4.2(a) represents a
state transformation and it provides additional freedom to address problems
involving MASs that do not necessarily converge to the origin with the avail-
able control protocol, for e.g., consensus protocols. For such systems, the idea

is that ©(z) = 0 forms the equilibrium set.

Remark 4.2. (On Assumption 4.2(b)) Assumption 4.2(b) conveys that the
MAS & = f(z,e), where x, e, f(-) are as defined in (4.8), is input-to-state
stable (ISS) with respect to e;,¥i € V, and correspondingly V is the ISS-
Lyapunov function of the MAS. Since V is ISS-Lyapunov, we have V <
—&yV + Y. 42W2, where dy > 0, and 45 > 0,Vi € V; to this inequality
we can add and subtract terms Y w;V; (and Y. HZ). Here, introducing the
term w;V; in Assumption 4.2(b) enables slower decay of the auziliary variable
n; (for instance, see (4.11) or (4.18)), thus facilitating fewer events, and as

a consequence fewer broadcasts and, perhaps, fewer controller updates. The
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idea (behind Assumption 4.2(b)) is that the added terms (non-negative terms)
Zwlf/z(i"m) (and Y7 H?) can be absorbed into —dyV and Y 43W?, since
Ty = (A; @ I,)(x + €). Consequently, ¢y depreciates to ay > 0 and 7,
likely, increases to v;, ultimately resulting in Assumption 4.2(b). The design
constant w;, Vi € V, can be increased upwards of zero (to a certain extent)

while simultaneously ensuring that ay > 0.

Next, in order to compensate for exponential rise of Wj(e;) and ensure
stability, we define a weighing parameter 6;(s), s € R>g, that dampens the

rise in Wj(e;), using the following lemma.

Lemma 4.1 ( [69]). Let 0; : Rsg — R be the solution to the differential

equation

Y

oy 2L000i(s) — A0 (s) + 1), s € [0, T5(N)]
9i(3,7i) — {07 5> Té()\)

with the initial condition 6;(0) /\%-’ where LL = L; + p; for sufficiently
small p; > 0 and design parameter 4; > ~;. Then 6;(s,%;) is monotonically

decreasing and 0;(s,-) = X\; for s > TE(\;).

Here, \; € (0,1) is a design parameter that influences both MASP and
the event-triggering condition (namely, (4.11) in Theorem 4.1 below). By
choosing appropriate parameters such as \;, u; for each agent i, the upper
bound T* = Ti()\;) can be determined using (28) in [69]. Note that, in Lemma
4.1, we also introduce the design parameter 4; > ~; which differs, slightly,
from the definition of 6; in [69] where 4; = ~; was used.

The following theorem presents the main result of this subsection.

Theorem 4.1. Under Assumption 4.2, if the ETM governed by functions in
(4.5) is given by

fi'=—Bmi + wi%(i'j\fiin)a

i . 1 2
gs =1 + i <)\i — )\—) Wi(e),
9t = ni + MW (es), (4.11)

46



where B; > 0 and \; € [0, \], then the closed-loop system in (4.8) is asymp-
totically stable with respect to the following set {x € R™ | ©(x) = 0}.

Proof. For the closed-loop hybrid system in (4.8), consider the Lyapunov

candidate

Ur(g) = V(x)+ 3 [3ih(m 30 WE(ed) + mi(t)].

i€V
where W; and V satisfy Assumptions 4.1 and 4.2, respectively. For notational
brevity, we drop arguments of all the functions involved in this proof. We
begin the analysis by studying stability aspects over the flow domain C' and
then address the same over the jump domain D.

Analysis during flow:

Evaluating the Clarke derivative of U; at any instant results in:

Up<—avV+y [ﬁwﬁ — wiVi — H2 + 1 + 5:0,W2 + meimm}

1S4
<—avV+ ) [%-2Wz-2 — H} — Bimi + (= 2LY0; — %(07 + 1)) W7
%
+ 24,0, Wi (LW, + Hi)} . (4.12)

Through Young’s inequality, we have 2%;0,W; H; < (4;0;W;)? + H?. Using this
in (4.12) results in:

Uy <—avV + Z [ — (32 =)W = Bimi — 2yt W7 | (4.13)

Since, ayy > 0 and design parameters 4; > 7; and ; > 0, there exists a positive

function ¢; : R — R such that U;(q) in (4.13) satisfies:
Ur(q) < —Gi(Ui(q)), Vg € C. (4.14)

Analysis at jumps:

Evaluating U;" at jumps depends on the occurrence (or non-occurrence) of
events on the agents in G. Let time t denote an instant at which jumps

(across the network) occur and let 3 C V denote the index set such that
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J:={ilt € {si}?°,, Vi € V}. T represents the set of all agents that experience
jump at time t; this means, J = )V for synchronous protocols and J C V for
asynchronous protocols. Note that the agents in the complementary set V' \ J
do not, actively, take part in the jump; their states, instantaneously, before and
after the jump remain unchanged and as a result their contribution towards
convergence analysis at instant t is zero.

Since the agents in J are triggered depending on the sign of g'(-), we define
the following three index subsets: P = {i: ¢! > 0}, Q= {i: ¢’ < 0} and
R ={i: ¢’ =0} to distinguish between the agents depending on their jumps
described in (4.10). Here, PU QU R = TJ. Accordingly, each agent in J takes

one of the following augmented states at the jump instant:

VieP, [af el 2f mn)" = [af eF 27 0 ¢1],
Vie Q, [af ef il mim] = [aF 07 27 0],
‘ ’ - ) (4.15)
Vi € Rq, [:L",T e T T 771'] = [%T e; T Ogﬂ,
Vi€ Ry, [af el @f 7] = [2F 0" 2 0],

where Ry and Ry are subsets of R (such that R1 URy = R, R1 N Ry = ¢)
segregated on the basis of jump maps G} and G?, respectively, that they choose
in (4.10) when g’ = 0. So, at any jump instant, U; jumps as follows:

U= =V =V(z)+ > [0 —n]

eV

+Z [% i(0,9:) Wi (e ) — ’AViei(Ti,’AYi)Wf(ei)]- (4.16)

i€V
Note that: a) from (4.10), we have z;” = z;,Vi € V, which implies V(z") =
V(z); and b) from (4.15), we have ¢ = ¢;,Vi € PURy, and ¢ = 0,Vi €
QUR,, which implies W;(e;j ) = W;(e;) and Wi(e;") = W;(0) = 0, respectively.
Using these equalities and (4.11) in (4.16) results in:

U —U, = Z [gi — i — %@(Ti,%)Wf(@z‘)}
1€EQUR2

+ D [QZ —ni+ (1—: - %91(71‘))‘/‘/@'2(@)}

IEPURL
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Uf —U; <-— Z A 0s(7i %) — N Wi (er)

1€EQURS

- Z ’%[Qi(%’%)—%]wf(ei)-

1EPURL
Since, 0;(7;,-) > A\ > ); from Lemma 4.1, this implies that at the jump
instants we have

Ui(G(q)) < Ui(q), ¢ € D. (4.17)

Using (4.14) and (4.17), the proof is completed by following an argument that

is similar to the proof of Theorem 1 in [69]. O

4.3.2 Active Sensing

In this subsection, in addition to broadcasting capabilities, we consider the
situation where agents have the capability to infer states (or relative states)
of agents in the network via onboard sensors, which enables z,.; in (4.5). The
focus is then to design an ETM that utilizes these relative state measurements
in order to further reduce the number of broadcasts and controller updates
at each agent. To facilitate this, in addition to Assumption 4.1 in Subsection

4.3.1, we make the following assumptions.

Assumption 4.3. Suppose Assumption 4.1 holds. For the hybrid system in
(4.8), there exist a locally Lipschitz function V(x) : R™ — Rs, continuous
functions V’@/\@n) : R™W — Ry, Vi € V, scalar functions J;(z,e) : R*"N —
R>o,Vi € V, functions ay,, ay € Ku, a continuous function ©(z) : R™Y —
R™N | a positive scalars ay, v;,Vi € V, and non-negative scalars w;,Vi € V,

such that:
(a) ay(|0(2)]) < V(z) < av(|O(z)]), Vo € R™;
() (V(@), ) € —avV(@)+ ey [PWR(e) Vil )~ HE(w, )iz, e)],
for almost all x € R™ and Ve; € R",Vi € V.

Furthermore, ¥i € V, there also exists a locally Lipschitz function Vi(x) :
R™ — Rsy, scalar functions HZ(ZE, e), jz(x, e) : R7W — Ry, positive scalars

«; and ¢; such that:
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(¢) 2iiey Vil) = V(z),

(d) (Vi(x), f) < —a;Vi(z) + cz(I:If(x, e) + ji(x,e)), for almost all v € R™W
and Ve; € R", Vi € V,

(e) Ziev FIE < ZZEV H} and Zz‘ev ji < Ziev Ji.

Assumption 4.4. For each agent 1 € V, there exists a positive semi-definite

function Vi(z i) such that:
Vizyi) < Vi(z)
where recall that N'i. is the set of agents whose states (or relative states) can

be actively sensed by agent i at s..

Remark 4.3. (OnV;, J; and V;) Items (a) and (b) in Assumption 4.3, similar
to Assumption 4.2, convey input-to-state stability of the closed-loop system in
(4.8) with respect to e;,¥i € V. In the case that J; = 0, Assumption 4.3(a)-
(b) is identical to Assumption 4.2. However, introducing J; in Assumption
4.3(b) provides for additional freedom while choosing the function V; which
captures local (namely, agent-wise) effect of event-triggered controller u; on
agent dynamic &; = f;(x,u;). Depending on the specific problem that is being
addressed, the choice of V; may not be unique; furthermore, it may not be
dependent, solely, on neighbors’ information. To address this and generalize
the approach, we introduce \N/i(xMi) in Assumption /4.4 which only depends
on the set Ni.. Choice of functions V;, J; and Vi in two different settings is

demonstrated in Section 4.4.

Remark 4.4. (On Assumption 4.3(d)-(e)) Assumption 4.3(d) conveys that
the decay of the local function V; can be exponentially bounded and the term,
say R;, accounts for the effect that neighbors, local dynamics and the event-
triggered controller have on V;. The idea behind Assumption 4.3(d) is that R;
can be upper bounded using terms HZ2 which is similar to H?, and J; which

collects remaining residuals. Here, the scaling factor ¢; provides for additional
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design freedom. Assumption 4.3(e) ensures that the cumulative effect of ]:IZQ 15
smaller than the cumulative effect of H?. The same holds true for > J; and
> Ji. Furthermore, we also note that in Assumption 4.3(b), one can replace
J; with J; for all agents v € V but the same is not true for ﬁf as shown in the

case of Subsection 4.4.2.

Remark 4.5. (On Assumptions 4.3 — 4.4) Assumptions 4.3 — 4.4 are moder-
ate considering Assumption 4.2 and active sensing capabilities. In fact, they
have the following trivial choices if we abandon the active sensing capability
and forgo Assumption 4: J; = J; =0, H; = H; and f/l(ka) = 0; however,

these selections would not lead to any performance improvement in the ETM.
The following theorem provides the main result of this subsection.

Theorem 4.2. Under Assumptions 4.3 and 4.4, if the ETM governed by
functions in (4.5) is given by

~

[ == Bmi + wiVi(Zyz ),
i ~ 1 a;T;  /
gh = mi+ 3 (0:(m) — - ) WR(e:) + pi (7 = 1) Vil
g; = 1+ Ab:(r)W (e) + pi (™™ = 1) Vi(ap), (4.18)

where B; > 0 and the design parameters (a;, p;,7;) are such that, Vi € V,

" pia; —ay <0,
e"Tpic; + ey, < 1,
ﬁ < €y, < 1 and ’)/Z2 < ’%’A}/z, (419)
Yi

then the closed-loop system in (4.8) is asymptotically stable with respect to the
following set {z € R™Y | ©(z) = 0}.

Proof. Consider the Lyapunov function

Us(q) = V(z) + Z [%Qi(ﬂﬂi)wf(ei) + e piVi(x) +ni(t) |,

eV
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where W;, V;, V satisfy Assumptions 4.1 and 4.3 and triplet (a;, p;,3;), Vi € V,
are scalars that are to be determined. Similar to the proof of Theorem 4.1,
we drop arguments of all the functions involved in this proof. We begin the
analysis with the flow domain C' and then address the same over the jump
domain D.

Analysis during flow:

At any instant in C, the Clarke derivative of Us; is

Uy < 3| = av Vit 2W2 — Vi — H? = Ji 1 + (367 + 25.0,Wi W)

+ (e piVi + aie“"”pivﬂ'i)}

< Z v Vi+ VWP — H} — Ji + aie®T pVi + e Tipi( = iV
+ :Yz( — 2L29i — 407 — ’%)VVZQ - 51771}
< Z [ — (ay — e"Tipa;) Vi — T pioi Vi — (3% — 77 ) W7
— (1 — €ai7ipici)f{i2 - (1 - €aiTipiCi) jfL - %’yﬂfo
Using Young’s inequality on 2%;0; H;W; in (4.20) yields:
U; < Z [— (av — e"Tipia;) Vi — €T poi Vi — (3% — 77 ) W7
iev

=2
- (1 —e"Tpic; — €U2)H¢2 - (1 - €aiTiPiCi)ji - (’%’% - Z—l)GfVVf
Uz

- 2%92’Wi2u - 51‘771‘] . (4-21)

Considering that the design parameters satisfy conditions in (4.19) and As-
sumption 4.3, there exists a positive function (; : R — Rs( such that Us(q)
in (4.21) satisfies:

Us(q) < —G(Us(q), Vg € C. (4.22)

Analysis at jumps:

For the analysis here, we borrow the index sets J, P, Q, R, Ry, and Rs
(see (4.15)) which are defined in the proof of Theorem 4.1. Recall that J =
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PUQUTR. At every jump instant in D, we have the following:

Uf = Up =V(@) = V(@) + Y [nf = m
%
+ ’%Qz‘(ﬁra %)‘/Vz’z(ej) — 7i0i(7i, %’)Wf(evﬁ)

T ") = e V()
Using the jumps outlined in (4.15) yields the following;:

Uy —Us= Z [gi — i — Al (1) W (es) — (e — 1)p¢Vi($)]

1€EQUR2
+ Z [92 —ni + %(}\l - 92‘(71'))”/@2(%) — (e — 1)&%@)]
i€PUR, !
< Y e = 1) (Vi) - Tilas).
i€l

Subsequently, employing Assumption 4.4, we have
Ux(G(q)) < Ua(q), ¢ € D. (4.23)

Again, using (4.22) and (4.23), the proof is completed via the argument in the
proof of Theorem 1 in [69]. O

Remark 4.6. (On sensing network) In Theorem 4.4, Vi(x ;) in (4.18) utilizes
the states (or relative states) that are sensed by i at si. The network formed
as a consequence of sensing across all agents, called the sensing network, will
likely be directed and it need not be the same as the broadcast network G.
Agents, depending on their onboard sensors, may have different criteria on se-
lecting neighbors for active sensing, for example, choosing nearest neighbors or
choosing neighbors based on the sensor’s range. These criteria could make the
sensing network time-varying. Furthermore, in the case of a directed broad-
cast network G it is well-known that consensus is achieved if and only if G is
strongly connected; such a property is not necessary for the sensing network.
Lastly, it is plausible that at a certain event-verifying instant si, some or all
agents have no neighbors to sense, e.q., if the fellow agents are beyond the

sensor’s range. In such cases, the agents adopt a trivial choice, i.e. V; =0, as
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stated in Remark 4.5. This is also a reason why Vi, affecting the flow of n; in
(4.18) (and in (4.11)), is independent of xy: and relies on only (model-based)

broadcast states j/\ffn as stated in Assumptions 4.2 and 4.5.

4.4 Consensus in Control-Affine MASs

In this section, we analyze two case studies on the consensus problem of
nonlinear MASs in order to demonstrate the use of the two ETMs presented

in Section 4.3. First, we introduce the agent dynamics as follows:

where, for brevity of notation, we consider the scalar case, namely z;, u; € R.
To achieve consensus of the MAS in (4.24), the distributed control protocol
employed by each agent is u; = —kL;xz where L; is the t—th row of the Lapla-
cian matrix L. Further, conditions on control gain x that ensure consensus are
presented, shortly, in Subsections 4.4.1 and 4.4.2. A periodic event-triggered

implementation of the control protocol, as per (4.4), takes the form
u; = —kLx, k>0, (4.25)

where 7 is the augmented vector of the broadcasted agent states. Each agent
i, adopts 2; = Y(%;) = f(#&;) as the dynamics of their model-based broad-
cast estimates. Defining the auxiliary variables n;, 7; as in (4.5) and (4.7),
respectively, and the augmented vectors as defined in Section 4.2, the hybrid

systems model of the MAS in (4.24) with (4.25) is:

[ @) = sL(z +¢) ]
| [£1(2) = [f1(z) + kL(z +€)
Ji= [f1(2) , q€eC, (4.26)
i I ]
| ¢t € UL, Gi(q), q€D,

where [f](z) = [f(x1)... f(xy)]" denotes the augmented vector of nonlinear

function f, G;(q) is the same as in (4.10).
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For the MAS in (4.26), we consider the following two cases based on the
associated broadcast network and agent dynamics. For each of these cases,
we demonstrate that the two dynamic ETMs designed in Subsection 4.3.1
and Subsection 4.3.2 asymptotically stabilize the closed-loop system in (4.26)

w.r.t. their respective stability sets.

4.4.1 Undirected Networks, Lipschitz Dynamics

In this subsection, we consider an undirected network G and assume that
the dynamics f(-) of the agent is globally Lipschitz with a Lipschitz constant
L. Prior to presenting the main result in this subsection, we note that the
continuous-time controller, u; = —kL;x, achieves consensus when the control

gain k is such that

L [2dy
= =M 4.2
K > LV, Ko, (4.27)
where d;; = max; d;.

The main result is as follows.

Theorem 4.3. Let the MAS in (4.24) operate over a connected undirected
network G with Laplacian L and let L denote a Lipschitz constant associated

with dynamics f(-). Further, let control gain k = pko, where p > 1 and kg is

defined in (4.27).

1. Broadcasting: Let W; = |e;|,Vi € V, V = £|2|> where z = Lz and
Vi = IL;z|?, Vi € V. Under Assumption 4.2, Vi € V, if the dynamic ETM
governed by (4.11) is such that: [5; > 0,

2

A
w; = <A2 — 2—25)(1 )1 - &)kK,

A2 >~y = KKkZ3 + 26°Tr(ATA), (4.28)

where 23 = [2 + ( 9 — ;%f) (1— 7r1)(£i1 —1)]A3,, design parameters are
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such that & € (0,1],

Ay p
€2 € (2_A2]:’ OO), (429&)
A2 A?\/[ -1
T € (?(A2 - 2_62) y 1), (429b)
2 Ay
K > 2k /[(AQ — M)mk — Agl‘io], (4.29¢)
262

then the closed-loop system in (4.26) is asymptotically stable w.r.t. the
set

{z ¢ RY | Lz = 0}. (4.30)

2. Active Sensing: Let V;, =V, = §|Li$|2,Vi € V. Under Assumptions
4.8 - 4.4, Y1 €V, if the dynamic ETM governed by (4.18) is such that:
a;, pi, Vi satisfy conditions in (4.19), B; > 0, w; is as in (4.28),

42 > KkZ3+ 252&2 L] (4.31)
4

€4 “
JEV

where Z3 is the same as in item (1), scalars w1, &1, €2 are the same as

in (4.29), €5 = 2=,

d;(2 — £ A2
€4 G(O,min{l,miin ﬁmm%}) (4.32a)
N 2L A2,
K > 2k <a + ;m)/[(l\g — 2—62)7{'1/{ — A2K0:|, (432b)

then the closed-loop system in (4.26) is asymptotically stable w.r.t. (4.30).

The proof of Theorem 4.3 is presented in Appendix A.1.2.

4.4.2 Directed Networks, One-Sided Lipschitz Dynam-
ics

In this subsection, we consider the case of a directed network G and we
assume that the dynamics f(-) of the agent is globally one-sided Lipschitz

with a one-sided Lipschitz constant L.s. Similar to Section 4.4.1, we first note
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that the continuous-time controller achieves consensus when the control gain

K satisfies:

£OS =
K > PR Ro, (4.33)

where a¢(L) is the general algebraic connectivity of G introduced in Section

4.1.

Note that the result that follows is more general than the case study consid-

ered in Section 4.4.1 and is also beyond the case of local Lipschitz continuity.

Theorem 4.4. Let the MAS in (4.24) operate over a strongly connected di-
rected network G with Laplacian L and let L,s be a global one-sided Lipschitz
constant associated with f(-). € is such that a¢(L) > 0. Further, let the control
gain kK = pRo, p > 1, where Rq is defined in (4.33).

1. Broadcasting: Let W; = |e;|,\Vi € V, V. = 3., K&z, — z|* and
‘A/Z-(.%Aﬁ ) = |Liz|*, Vi € V. Under Assumption 4.2, Vi € V, if the dynamic
ETM governed by (4.11) is such that: B; > 0, w; = g >0,

A2
A2 > KKJQTM + 262 Tr(ATA) + 9Tr(L"L)

where, €, € ( L i,oo) and K is such that

2a¢(L) p—1
2 4?2
K> %Tr(LTL) /[placLn—£,) - 2], @3y
min 1

then the closed-loop system in (4.24) is asymptotically stable w.r.t.
{z e RV | (Iy — 1x¢")x = 0}. (4.35)

2. Active Sensing: For every i € V, let V; = %&m — 7|?, and Vi =

Kfmm S 2 S y N - - S .
INL P ]szx] , where L}, is the i-th row of Laplacian matriz L} associ-

ated with the sensing network at time t € {s}}32,. Under Assumptions
4.8 = 4.4, ¥i €V, if the dynamic ETM governed by (4.18) is such that
a;, pi, i satisfy conditions in (4.19) and B; > 0, w;, ¥ and K are
the same as in item (1) above, then the closed-loop system in (4.26) is

asymptotically stable.
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The proof of Theorem 4.4 is presented in Appendix A.1.3.

In addition to Remark 4.6, through the following remarks: 1) we estab-
lish the reasoning behind considering separate case studies for undirected and
directed broadcast networks; and 2) we also present the motivation behind

Assumptions 4.3 — 4.4 considered in Section 4.3.

Remark 4.7. (OnV;) The case study in Subsection 4.4.1 on undirected net-
works could be considered as a special case of the 2 case study in Subsection
4.4.2 on directed networks. However, the two case studies have been provided
i this work to demonstrate the construction of the functions V; and Vi. Note
that in the proof of Theorem 4.4 in Appendiz A.3, V; in Assumption 4.3(c)-
(d) has been constructed entirely from the ISS stability of the global function
V in (A.13); as a result we have J, = 0,Vi € V. However, the same is not
true in the case of V; in Theorem 4.3 for the undirected case which satisfies
Assumption 4.3 with non-zero J; = Ji. For this reason, as stated in Remark
3, we provide additional flexibility in the design by including the term J; in
Assumption 4.3.

Remark 4.8. (On , V;) For the case of undirected networks, in Part 2 of The-
orem 4.3, the function f/i(xM-c) = Z|Liz|? can be constructed from the choice
of Lyapunov function V' and the function V; which were used in the proof of

Theorem 4.3. Here, the sensing network is the same as the established broad-

casted network, i.e. Nt = N

in?

Vi € V.Vk € Z>¢. However, such a selection of
Vi may not be feasible (or perhaps desirable) in the case of directed networks,
which motivates the differences in V; and Vi. Hence, Assumption 4.4 somewhat
decouples the selections of these functions in analysis and implementation; al-
though, note that ‘N/Z < Vi could lead to more events. This 1s another reason
on why we do not simply present the scenario in Subsection 4.4.1 as a special

case of that in Subsection 4.4.2.
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4.5 Numerical Example

As an illustration of the two case studies, we consider that the following

agent dynamics and control protocol:

iy = —a +0.1sin(z; i
viev, {Jc x} + 0.1sin(x;) + uy, (4.36)

u; = —kL;x, k = 0.5.
It is straightforward to see that the system in (4.36) is one-sided Lipschitz with
one-sided Lipschitz constant L. = 0.1. Here, x in (4.36) satisfies both (4.27)
and (4.33), simultaneously, for the broadcast networks considered below. The
periodic event-triggered protocol is w; = —kL;Z. For the MAS in (4.36), we
set the lower bound of sampling period, &’ in (4.2), to be 1 ms, the time step

to be 0.1 ms and simulation time to be 5 s.

Network | A, Vi | T | ETMs | Metrics
Topology M1 | M2
0.66 | 1 ms Ei:gg 239 | 39
Undirected | 0.44 | 2 ms Ejgg 14%178 388
0.23 | 3 ms Eigg sod | b

009 | 1ms | G0 | r04d | ¢

Directed 0.46 | 2 ms Eiigg ;I?j g
0.26 | 3 ms Ejiig; §§ﬁ§§ 2

Table 4.1: Comparison between the two dynamic ETMs proposed in (4.11)
and (4.18).

Undirected networks: Consider \; = 0.66, Vi € V.
Part 1: Broadcasting. Some of the design parameters referred to in Theorem

4.3(1) are as follows: K = 55, & = 0.5, e, = 10, m; = 0.75. The dynamic ETM
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adopted is (4.11) and is described by the following triplet Vi € V, (f, g%, 97):

gl = m; — 314.07|e;|?, (4.37)
gl = m; +242.40|e; .
Assumptions 4.1 and 4.2 are satisfied through scalars L; = 0.1 + 0.5d;, ay =
7.73 x 1074, w; = {1.64}, v; = {71.15}.
Part 2: Active Sensing. Some of the design parameters referred to in Theorem
4.3(2) are as follows: K =441, e3 = 0.51, €4 = 0.5. In this case, the dynamic
ETM adopted is (4.18) and the triplet (f;, g, g;) is as follows:

fi = —0.1p; +13.21|L;2]%,

g = s + 133.5(6; — 1.51) e |2 + 229|L,z)?, (4.38)
gi = mi + 133.50;]e;|? + 222|Lx]2.

Assumption 3 is satisfied through oy, = 4.16x107°, a; = {0.34,0.39, 0.32,0.38},
vi = {201.34}, w; = {13.21}, ¢; = {220.5}.

Further, H; = 0.5(|A;[*e|? + |z[%) and J; = 1(2]2]* — |z]?) + (TL.79|L,| —
[Ail*)]e]* +0.19 3" oy aijlzs — x;]*. Figure 4.2 depicts the underlying commu-
nication network and state trajectories of agents achieving consensus and Fig.
4.4 shows the corresponding inter-event times for the case of active sensing.

Directed networks: Consider \; = 0.69, Vi € V.

Part 1: Broadcasting. Design parameters referred to in Theorem 4.4(1) are
as follows: K = 1.27 x 10*, w; = {0.5}, 7 = {250.40}, ¢; = 1.1. Here,
the dynamic ETM adopted is (4.11) and is described by the following triplet

(fh: 9% 91):
gt = m; —272.0|e)?, (4.39)

Assumptions 4.1 and 4.2 are satisfied through scalars L; = 0.1 + 0.5d;, ay =
4.48 x 107, w; = {0.5}, 75 = {250.40}.

Part 2: Active Sensing. Design parameters referred to in Theorem 4.4(2) are
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Figure 4.2: Consensus in undirected network

the same as those in Theorem 4.4(1). In this case, the dynamic ETM adopted
is (4.18) and the triplet (f;, g¢, g;) is as follows:

g = s + 211.7(6; — 1.44) e |2 + LT |La]?, (4.40)
gi = m; + 211.70;] i) > + LT | L),

Assumption 3 is satisfied through ay, w;, the same as in Part 1 of Directed
networks, and «; = {0.03}, ¢; = {7.91 x 10%}.

Further, H; = 0.5(|A;*|e|*+|Li(x—z1)]?) and J; = 0. Figure 4.3 depicts the
underlying communication network and state trajectories of agents achieving
consensus and Fig. 4.5 shows the corresponding inter-event times for the case

of active sensing.

4.5.1 Analysis

First, we compare the two dynamic ETMs discussed in this work, namely,
(4.11) and (4.18). For this, we use two metrics, denoted by M1 and M2, which

are defined as follows:

(n({t)
ML

event-verifying instants involved where (n(7")) represents the cardinality

%: the percentage of events triggered over the total number of
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Figure 4.4: Inter-event times of agents in undirected networks

of set T averaged across all agents;

M2 typarT: the lower-bound of inter-event time, measured in ms, across all

agents over the simulation time, namely, ¢y, pr = min, (¢, — ).

Table 4.1 provides a comparison between the two ETMs described in Sec-
tion 4.3. For each network topology (undirected or directed) the comparison
is made over three different sampling periods denoted by T,, = min; T¢(\;).
It can be inferred from Table 4.1 that for each T}, the percentage of events,

M1, is fewer in the case where agents can actively sense neighbors’ (relative)
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Figure 4.5: Inter-event times of agents in directed networks

information. This implies that the percentage of broadcasts, and as a result,
the no. of controller updates an agent requires is considerably lower (partic-
ularly in the case of directed networks, see Table 4.1) than in the scenario
where it solely relies on broadcasted information. Alongside M1, the metric
M2 describing lower-bound of inter-event times is also of considerable impor-
tance, particularly for implementation, because this governs the frequency at
which broadcasts and controller updates take place. From Table 4.1 it can
also be inferred that when agents have access to more information (referring
to ETMs in (4.38), (4.40)), the frequency of broadcasts/controller updates is
lowered significantly.

Next, we evaluate the dynamic ETM in (4.11) and (4.18) against the static
ETM (similar to the one in [100]). Note that the static ETM in [100] is de-
signed for networked control systems and cannot be used directly in our con-
text. However, for comparative purposes we adopt the following two static

ETMs, one for each broadcast topology: (i) for undirected networks

tho ={t > ti|t € {si}720, 133.5(0,(r;) — 1.51)|e;|?
+9.19 x 107%|L;z|? < 0}, Vi € V; (4.41)
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Network T, | ETMs Metrics
Topology M1 | M2
(4.37) | 951 | 9
Undirected | 1 ms | (4.38) | 2.39 | 39
(441) | 970 | 1
(4.39) | 12.73 | 6
Directed | 1 ms | (4.40) | 10.44 | 8
(4.42) | 924 | 1

Table 4.2: Comparison between static and dynamic ETMs.

and (ii) for directed networks

b ={t > |t € {8320, 211.7(0:(7;) — 1.44)|e;]?
+ 1.7 x 107°|Lz|* < 0}, Vi € V. (4.42)

Table 4.2 provides a comparison between static and dynamic ETMs for
both network topologies. It can be inferred from Table 4.2 that the dynamic
ETMs perform considerably better than their static counterparts, both in

undirected and directed network topologies.

4.6 Conclusion

In this work, we proposed two design methodologies, based on the agent’s
ability (or inability) to actively sense the states or relative states of agents,
for periodic event-triggered control of nonlinear multi-agent systems via dy-
namic event-triggering mechanisms. The general MAS was modeled using a
hybrid systems framework after assuming the knowledge of a state-feedback
controller that stabilizes the continuous-time MAS. Maximum allowable sam-
pling periods and dynamics of the ETMs were obtained as a consequence of
the stability results provided. To demonstrate the utility of the design pro-
cedures, two case studies of consensus in nonlinear control-affine MASs with
both undirected and directed communication topologies were studied. Subse-

quently, an illustrative example was considered to convey the effectiveness of
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the two dynamic ETMs. Future work would aim at extending the research to

systems with different broadcasting capabilities.

65



Chapter 5

Dynamic Event-Triggered
Consensus of Nonlinear M ASs
with Quantized Broadcasts!

Information exchange among agents operating over a network, in practice,
is restrained by limited communication bandwidth; this concern is often ad-
dressed by employing quantized broadcasts. In this chapter, we study the
problem of consensus of nonlinear MASs over a directed network where the
agents employ: a) encoders that quantize relevant information prior to broad-
casting, and b) decoders that process this information upon arrival. The
decision on the broadcast instant itself is made with the help of a dynamic
ETM in that the agents evaluate their respective event-triggering conditions
intermittently at pre-designed sampling instants (which may be both aperiodic
and asynchronous). Subsequently, the agents utilize model-based propagates
of the decoded neighbor states in their control protocols to achieve consen-
sus. The overall MAS is modeled using the hybrid systems framework and the
results are demonstrated through an illustrative example.

The rest of this chapter is organized as follows. Section 5.1 presents pre-
liminaries specific to this chapter. Section 5.2 discusses the problem and in-

troduces some intermediate variables such as encoded and decoded states.

I The material in this chapter has been accepted for publication as: Mani H. Dhullipalla,
Hao Yu and Tongwen Chen. Event-triggered consensus of nonlinear agents with quantized
broadcasts: A hybrid systems approach. 22nd IFAC World Congress, Japan, July 2023.
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Subsequently, the hybrid dynamics of the overall system is formulated and
the main results are presented in Section 5.3. Finally, a numerical example is

simulated in Section 5.4 followed by concluding remarks made in Section 5.5.

5.1 Preliminaries

In addition to preliminaries introduced in Section 4.1 of Chapter 4, in this

section, we introduce the concept of uniform quantizer. A uniform quantizer

q: R — R is defined as:

SEENESY

where A > 0 is called the quantizer gain. The quantization error q(z) — x is
such that |q(z) — 2| < § for all € R. In this work, we use the quantizer
to establish the hybrid dynamlcs of the overall system; therefore, we define
a set-valued (outer semicontinuous) quantizer mapping q..(z) : R — R as

follows:

mA, m —
ose () = (5.1)

(s 0], = (5 2)3
)

where m € Z. For x € R", the quantizer q,.(x) operates element-wise and

the quantization error is upper-bounded as |q,..(z) — z| < $v/n.

5.2 Problem Formulation

5.2.1 The Problem

Consider that each agent in a directed network G := (V, €) has the follow-
ing agent dynamics:
where z; € R” is the agent state and u; € R™ is the control protocol. Assume

that the unforced dynamics, namely, f(-) : R” — R" in (5.2), is a globally

one-sided Lipschitz continuous function with a one-sided Lipschitz constant
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L,s € R. The distributed control protocol employed by the MAS in (5.2) is
given by

U = —kK Z a;j(x; —x;), Vie V. (5.3)

JENT,

Since we adopt an emulation-based approach in this chapter, we assume

that the control gain x in (5.3) is large enough to achieve consensus. The

following lemma is a result from [116] which addresses this aspect.

Lemma 5.1. ( [116]) The MAS in (5.2) with the control input in (5.3) can
achieve global consensus if

ag(L)r > Lo, (5.4)

where ag(L) is the general algebraic connectivity of L.

Note that a¢(L) and & are described in Section 4.1 of Chapter 4.

5.2.2 Intermediate Variables

In order to implement an event-based controller that is inherently Zeno-
free, we formulate the consensus problem in Section 5.2.1 using the hybrid
systems framework. To facilitate this, in this subsection, we define several
intermediate variables and, with their aid, present hybrid dynamics of the
MAS in Section 5.3.1.

First, we define two time sequences, namely, sampling sequence and event-
triggering sequence. For each agent i € V, let {s}}32, denote the sampling
sequence such that

g < sl — sp < T Vk € Zso, (5.5)

where €’ is an arbitrarily small positive constant and 7" is the to-be-designed
upper bound on the sampling interval s} 41— si. The event-triggering se-
quence {t!}2, is a subsequence of {si}?°, whose construction is determined
by the event-triggering condition which is discussed shortly. The idea is that
each agent evaluates the event-triggering condition at {si} and a subset of

these instants, that satisfy the event-triggering condition, are referred to as
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event-triggered instants, namely, {t/}. In the scenario that {t/} = {si},Vi €
V, and VI, k € Zs, the event-triggered protocol reduces to a sampled-data
protocol.

To have control over the size of packets (i.e., the number of bits per broad-
cast) that are broadcasted over the network, we assume that each agent broad-
casts information via a uniform quantizer. To accomplish this and achieve
asymptotic stability, each agent employs: i) an encoder that manipulates local
state and quantizes information, ii) decoders that process information received
from j € N, and iii) a global multiplier m that operates with the knowledge
of global time, see Fig. 5.1 for an illustration. The definition and hybrid dy-
namics of the variables involved is as follows. First, each agent i € V employs
an encoder and broadcasts the encoded state v; € R™ to its out-neighbors.

The hybrid dynamics of the v; is as follows:

Di - 07 13 € [ﬁvt;—‘rl)?
vt =, te {sph\ {ti} (5.6)
VZ'J’_ = qosc<$in_1€i)7 t € {t;}

Second, upon receiving v;, agent i and its out-neighbors employ decoders and

propagate the decoded state (; € R™ via the following hybrid dynamics:

éz' = f(@)» te [t§7t§+1)a
G =G te {spp\ {t}), (5.7)
GF =G+ ma.(558), te{t}
where (;(0) = 0. For notational convenience, in (5.6) and (5.7), we implicitly
assume that all agents in V employ the uniform quantizer defined in (5.1);

however, the approach in this chapter readily extends to the case where each
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agent employs a different uniform quantizer (i.e., with quantization gain A;)
for encoding and decoding operations. As a consequence, since each out-
neighbor of 7 employs the same hybrid dynamics for the decoded state, (; is
identical across its out-neighbors. Let ¢ € R™ denote the concatenation of
the decoded states. Finally, the dynamics of the multiplier m € R is as

follows:
{i = —aum, vt e 0,00) (5.8)

where the decay rate oy, and the initial condition m(¢ = 0) are both positive
and identical across all agents (global information). To evaluate m, the agents
must be aware of the global time elapsed which is captured by t¢.

Using the model-based decoded state (, each agent in V employs an event-

triggered implementation of the control protocol in (5.3) given by

wi=—r Y ay(G— ) = =L @ L) (5.9)
JEN

Prior to designing the event-triggering condition, we define a non-negative
auxiliary variable n; € R>(,V: € V. The dynamics of 7, is described using

hybrid system framework as follows:

ni = f;(nu CJ\T’)? te [8278;@+1)7 (5108“)
77;_ = 92(% €i>7 te {S;c} \ {t;}a (510b>
77;_ = gf(% ei)v le {t§}> (5'10C)

where e; = (; — x; is the network-induced quantized error, (g == (A; ® I,)(,
A; = diag({ajla; = 1,Vj € N} U {i}; otherwise, a; = 0}). In (5.10), for each
agent ¢ € V, we assume that f; : Rso x R™Y — R is a continuous function
such that fé(0,~) > 0 and, for any initial state 7o and for any bounded
(i, the solution to n; = fé(m, Cyr¢) is complete. Furthermore, the functions
g: i Rsg x R" = R and g} : R5p x R" — Ry are continuous and continuous

non-negative, respectively. An argument to show non-negativeness of n; under

the (aforementioned) mild assumptions made on functions f;, g., gt is provided
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in [18]. With the help of hybrid dynamics of 7;, for each agent i € V, the
event-triggering condition (consequently, event-triggering instant) is defined

as follows:

k=1t > 6t € {30, g5(,7) <0} (5.11)

For completeness of the exposition, we state the hybrid dynamics of the

network-induced quantized error e; as follows:

& = f(G) = flx:) + k(L ® 1,)C,
e = e, t e {si}\{ti}, (5.12)
e = e — M (2), t e {t}.

Let e € R™ denote the concatenation of errors e;. Furthermore, each agent
in )V also needs to keep track of time elapsed since the last sampling instant in

order to check for inequalities in (5.5). For this, we define the timer variable

7;, Vi € V. Its dynamics is governed by:

S 5.13
7t =0 when 7€ [¢,T7. (5.13)

)

{T’i =1 when 7; € [0,T"],

Let 7 be a concatenation of all the timer variables.

5.3 Consensus via Quantized Broadcasts

In this section, we present the hybrid dynamics of the MAS using variables
defined in Section 5.2.2 and subsequently present the result on event-triggered

consensus.

5.3.1 Hybrid Dynamics

Let ¢ = (z,e,(,7,n,m,t) denote the augmented state that represents the
overall MAS which operates with quantized communication and event-based

broadcast protocol. The hybrid dynamics of ¢ is expressed as follows:

{QZF(Q)> qeC,

(5.14)
qt e UzN:1 Gi(q), qe€ D,
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where the flow set C' and jump set D are defined as:
C=R"™ x[0,T"] x - x[0,T"] x RY) x RZ,,

N
R {R3”N X [, T % - x [N, TV x RY, x RQZO}.
=1

The function F'(q) in (5.14) is as follows:

[fl(x) = k(L@ L,)(z +e)
[A1(€) = [f](2) + k(L @ L)(z + €)
[£1(€)

F(q) = 1 : (5.15)
fn
1

where [f](z) = [(f(z1))" - (f(zn))"]" denotes the augmented vector of func-

tions f operating on x, and the set-valued jump mapping G;(q) is

{G}, g9: >0,
2 : ) S i>Ti )
Giq) = E?G?} Z‘j i 8’ ni€len T (5.16)
§b T ¢ [givTiL

where ¢ is a null set,

Gz-l Z:[:vT T ¢T (DT (ZTin+g)T m t}T

G? .

Y

[JBT @)T )T (DT (Zintg)T m t}T,

& = e=m(L,RL,) 00 (L), G = (HM(Z;R],) g, (£), Z; == diag({1,..,0, .., 1}nx1)
with 0 at the i-th place, Z; := Iy — Z; with 1 at the i-th place, ¢ :=
0---gt---0]"and g :=[0---gi---0]".

From the definition of flow and jump maps in (5.14), it is straightforward
to verify that they are both outer semi-continuous mappings. We also note
that the sets C' and D in (5.14) are closed subsets. These properties of the
hybrid system in (5.14) ensure that it is nominally well-posed, see Chapter 6
in [31] for details.
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5.3.2 Consensus

In this subsection, we first define a decaying parameter #; through which
MASP can be computed for each agent in V and subsequently present the
theorem for event-triggered consensus which describes the dynamics of the

ETM.

0; is defined using the following lemma from [69].

Lemma 5.2 ( [69]). Let 0; : Rsg — R be the solution to the differential
equation

—2L,,0i(s) — 7i(07(s) + 1), s € [0, T5(\)]
O’ s > Té()\z) ’

with the initial condition 0;(0) = /\ii, where LZ = L; + pi, i > 0 is arbi-
trarily small constant, and ~y; is the error gain. Then, 0;(s) is monotonically

decreasing and T{(N;) is such that 0;(s) = \; for s > Tg(\;).

Here, A\; € (0,1) is a design parameter that influences both the MASP
and the ETM (namely, hybrid dynamics in (5.17)). By choosing appropriate
parameters such as \;, y; for each agent 7, the upper bound 7% < T¢()\;) can
be determined using (28) in [69]. Furthermore, L; in Lemma 5.2 is defined in
(A.14) and depends on L,, control gain , and in-degree d;.

The main result of this chapter is stated as below and the proof is presented

in Appendix A.2.1.

Theorem 5.1. For the MAS in (5.14), if the upper bound on sampling interval
(defined in (5.5)) is given by TE(N;) stated in Lemma 5.2, and if the dynamic
ETM governed by (5.10) is such that Vi € V we have:

1. 9
[y = —Bini + §|Li<|27

, 1
gi =i+ (A - A—@,) eal?,

91 = mi + viNilel, (5.17)
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where B; >0, 9 >0, \; € (0,1),

A2
V> Kﬁ612M + 26*Tr(ATA) + 9Tr(L"L),

2y + 4k2
K> %Tr(LTL)/ [2ac(Ls — £o2) = =]
min €1
L p
— 1
s <2a§(L)p— 1’00)’ (5.18)
and the control gain k = ﬁa&’i), p > 1, then, the closed-loop system in (5.14)

18 asymptotically stable w.r.t. the consensus set
{z e R™ | ((In — 1n¢") ® I,,)z = 0}, (5.19)

Through the following remarks we discuss our results in comparison with

the results in [115].

Remark 5.1. By adopting the framework discussed in [18], in this chapter, we
show that the computation of MASP (via Lemma 5.2) can be made independent
of the nature of broadcasts (namely, exact state broadcasts in [18] or quantized
information broadcasts in this chapter). However, the study in [115] differs in
this respect; in [115], the computation of MASP was dependent on the nature
of broadcasts and appeared to be more conservative for the case of quantized

broadcasts, see (23) and (35) in [115]. In this context, see Table 5.1 in Section
5.4.

Remark 5.2. Second, we note that [115] presented results associated with
consensus of Lipschitz nonlinear dynamics over undirected graphs with periodic
sampling. It is worth mentioning that [115] did remark that their work could
be extended to the case of aperiodic sampling but offered no further analysis in
this context. On the contrary, in this work we present results for agents with
continuous one-sided Lipschitz dynamics over directed graphs with aperiodic

sampling by adopting the framework discussed in [18].

Remark 5.3. Next, the ETM in [115] is dependent on the difference between

model-based propagation of the true state x;, say x;, and the true state x;.
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This itmplies that in addition to the agent modeling the decoded states of itself
and its neiwghbors, it must also evaluate T; to evaluate the event-triggering
condition, see (25) in [115]. Unlike [115], the ETM in this work is governed
by the functions in (5.17) in Theorem 5.1 which are solely dependent on the

error e; = (; — x;, eliminating the need to model x;.

5.4 Numerical Example

In this section, we present an illustration of our results by borrowing the
numerical example from [18]. We consider that each agent in the network
adopts the following dynamics:

t; = —x} +0.1sin(z; i
Viev, {"E o+ 0-dsin(a;) +u (5.20)

u; = —kL;x, k = 0.5,

over a directed network whose graph Laplacian L is given by:

2 0 0 -2
L= [_éfg 2% os _01] : (5.21)

0 0 —2525
Notice that f(z;) = —2? + 0.1sin(x;) in (5.20) is not globally Lipschitz but
is globally one-sided Lipschitz with one-sided Lipschitz constant £, = 0.1.
Here, k = 0.5 in (5.20) satisfies the inequality in Lemma 5.1. The event-
triggered control protocol that uses the broadcast information is u; = —kL;(.
For the MAS in (5.20), we set the lower bound of sampling period, €* in (5.5),
to be 1 ms, the time step for flow computation to be 0.1 ms and the total
simulation time to be 20 s. Figure 5.2 depicts the consensus of agent states
when the quantizer gain A = 0.5 and a, = 8; = 0.1.

Next, we compare our approach in this work (and its predecessor in [18])
against the work in [115] in terms of the following two aspects: a) the MASP
i= maxy,e(o,1) Ti(\:), and b) the performance of ETM in the case of quantized
broadcasting. For brevity, we label [115] as Ry, [18] as Ry and the work in this
chapter as Rz in Tables 5.1 and 5.2. We observed that the MASP computation

in [115] may result in slightly conservative bounds compared to this work
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Figure 5.2: Consensus with A = 0.5 and a,,, = 0.1.

(or [18]); this is due to the way the error gain 7 in [115] was computed, see
Table 5.1. Table 5.1 also offers a comparison between the two ETMs, namely,
the one in [115] and the one governed by (5.17) in this chapter.

Table 5.2 depicts the comparison in terms of percentage of events (averaged
across all agents over simulation time of 20 s) for various A; which affect
the choice of the chosen sampling period T}, as follows Tp,, < min; T¢(\;).
Here, we compare the performance of [18] against this work by varying design
parameters (amy, A) associated with the global multiplier m and the quantizer
Jose- It can be seen that for a given ay,, smaller A results in fewer events.
For this simulation example, we have also observed that as long as ay, < i,
the quantization levels, determined by the values of q(e;/m), were bounded
below 1; however, unlike [115], in this chapter no theoretical bounds on the

quantization range are presented.

5.5 Conclusion

In this chapter, we studied the event-triggered consensus of nonlinear
agents (with one-sided Lipschitz dynamics) that interact over static directed
networks through quantized broadcasts. We addressed this problem by mod-
eling the MAS using the hybrid systems framework wherein the sampling and

76



MASP | Chosen | Percentage of events
Ty (O, A)
(in ms) (0.1,0.01) | (0.05,0.01)
Ry 1.6 11.11 11.11
Ra 4.4 1 ms — -
Rs3 4.4 15.88 19.19

Table 5.1: Performance comparison between Ry: [115], Ry: [18] and Rj: this
work.

A T Percentage of events
(ms) | R Rs with (o, A)
(0.1,0.1) | (0.1,0.01) | (0.05,0.01)
0.69 13.37 46.32 15.88 19.19
0.45 28.60 71.14 24.66 30.14
0.25 46.25 85.09 30.55 39.25

Table 5.2: Performance comparison of the ETM with and without quantized
broadcasts.

events instants are characterized as jumps in the overall system. As a conse-
quence of establishing stability of the overall hybrid system, we obtained the
MASP and the dynamics of the ETM. Through an illustrative example we
convey the effectiveness of the ETM and provide a comparative study against
existing research. Our future work in this direction would focus on estimating

the quantization range necessary to avoid saturation.
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Chapter 6

Sampled-Data Control of
Nonlinear M ASs prone to
Transmission Delays!

In this chapter, we consider the problem of distributed control of nonlin-
ear MASs where the information broadcasts over a network are susceptible to
one type of imperfection, namely, transmission delays. The design methodol-
ogy employed is such that the sampling instants (at which agents broadcast
information) could be both aperiodic and asynchronous in nature. The broad-
casts, upon arrival, are propagated by the agents through dynamical models
and these propagates are used in their control protocols. The overall MAS is
formulated as a hybrid dynamical system whose stability governs the upper
bounds on: a) the sampling interval, namely, the duration between two consec-
utive broadcasts, and b) the transmission delays that the broadcasts might be
prone to. Finally, through a case study on the consensus of Lipschitz nonlinear
agents we demonstrate the effectiveness of the proposed methodology.

The chapter is organized as follows. The problem is formulated in Section
6.1 followed by its hybrid systems model which is presented in Section 6.2. The
main results are discussed in Section 6.3 and its effectiveness is demonstrated

via a case study in 6.4. Finally, concluding remarks are stated in Section 6.5.

IThe material in this chapter was submitted for publication as: Mani H. Dhullipalla,
Hao Yu and Tongwen Chen. Distributed control under transmission delays: a model-based
hybrid systems approach. IEEFE Transactions on Automatic Control.
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6.1 Problem Formulation

Consider a MAS of N agents interacting over a network G = (V,€). Let

each agent in G have the following nonlinear dynamics:

where x; € R" is the agent state, u; € R™ is the control input and z is the
concatenation of agent states. Here, the function f; : R™ x R™ — R" is
assumed to be a continuous function. For the MAS in (6.1), we assume that

there exists a distributed static state feedback controller, given by
u; = k()5 ), Vi €V, (6.2)

that stabilizes it. Here z,; := (A; ® I,)x where the diagonal matrix A; =
a; =0,Vj ¢ Ni}) and Vi is the index set defined

in

diag({ajla; = 1,Vj € Mi;
in Section 4.1.

To implement the control protocol in (6.2), agents in the network require
continuous access to their neighbor states which is seldom possible in scenarios
where a wireless network is employed to accomplish this task. Therefore,
in this work, we consider a networked systems approach to implement the
aforementioned control protocol u; over a broadcast network G. For this, it
is desired that each agent ¢ broadcasts its full state information x; at discrete
sampling instants s where {s}|s; < s}_.,}32,. For every agent i € V, the

sampling interval s} 1 st must satisfy the following two inequalities:
e < sl —s, <T. (6.3)

The lower bound &’ in (6.3) is an arbitrarily small positive constant that
ensures instantaneous Zeno solutions? are avoided and, in practice, reflects
the physical constraints of hardware devices employed. The upper bound
T > €' in (6.3) is a parameter that is to be designed and, in this work, is

referred to as the MASP associated with agent 1.

2 A solution z of hybrid system # is instantaneous Zeno if it is complete and eventually
discrete, see Chapter 2 of this thesis or [31] for technical definitions.
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The states, as mentioned earlier, are broadcasted over G and are likely
to suffer from transmission delays. Let 5;’“ denote the time interval between
when state broadcast is initiated by agent 7 (say, at si) and when the state is
received by agent j € N, (namely, at time s, + 5;k) We consider that the

out

delay, for all agents ¢ € V, is bounded as follows: 0 < (5;’C < T, VjeNE
where T¢,, < T denotes the maximum allowable delay (MAD) associated
with broadcasts originating from agent i. Here, note that 5;k =0,Vi € V,
i.e., we assume that any agent ¢ € V is immediately aware of its own latest

broadcast.

Assumption 6.1. (Small-delay condition) At every k € Z>, each agenti € V
satisfies

07" € [0, min{T},,, shyy — s3], V5 € N,

Assumption 6.1 is the so-called small-delay condition. This assumption
ensures that any broadcast from agent, say, i, arrives at their out-neighbors:
a) in the order that it was broadcasted, and b) it arrives before i initiates its
subsequent broadcast.

Subsequently, we consider a model-based approach to propagate the broad-
casts that are available to an agent. In this chapter, we assume that the
agent, say, j, broadcasts both the state xj(s{ ) and the corresponding broad-
cast instant s]. Let % denote the propagated state of in-neighbor j € N, as
perceived by i and let 77" = s7 + 67* denote the arrival time of this state at i.
The hybrid dynamics of &} is given by:

{ =T, te [,
)

B

(6.4)

)

’ (r?") is assumed

where T; : R — R™ is a continuous function. Here, T
to be, instantaneously, computable using the solution G- (i;(O), taow) to the
J

following system:

{ B =T5@), t€lssla), 65

T((s)Y) = 2i(s]), te{s]}.



In other words, f;(rfl) = 6T§(xj(s{),5f’l). Let 2% = [(2%)T .- (2%)"]" € R
and 7¢ = [(Z1)"--- (2%)7]* € R™Y. For the protocols utilizing the available
broadcasts directly (i.e., employing ZOH), Yi(-) = 0,Vi,j € V, and 2} = &%

where j is the in-neighbor of agents ¢ and k.

Remark 6.1. (On model-based dynamics) Here, we considered that each agent
J €V broadcasts both its sampling instant s{ and its sampled state xj(s{); this
is often referred to as the time-stamp technique, see [26]. Using this data,
the receiving agent i € N7, computes the initial condition of the model-based

state .fcz at rf’l. Wath the mild assumption that T; 18 continuous, this approach
s applicable in the case where the solution to the differential equation: x =
T;(X),X(to) = X, 18 easily computable for t > to, for instance, in the case of
linear systems as in [54] or, as an example, in the case of single-link robots as

in Section 6.4.2.

Owing to the communication network, each agent ¢ employs the following

control protocol:

U = K(ij\fiin), (6.6)

where ', = (A; ® I,)#. The primary objective of this work is to determine

the pair (T7¢,,,T"),¥i € V, such that the revised control protocol in (6.6)
stabilizes the MAS in (6.1).

6.2 Hybrid Systems Modeling

In this section, we model the MAS in (6.1) using the hybrid systems frame-
work. For this, we define variables both w.r.t. in-neighbors (because u; in (6.6)

is a function of ij\f) and out-neighbors (because it facilitates convergence

analysis in Section 6.3).

Let ¢](t) = &](t) —2:(t) € R",Vj € N,

denote the network-induced error

Let

of agent i as perceived by agent j and let & = &/ — &/ € R*,Vj € N!

out”

el é{ —0,Vj ¢ N . Depending on the context, we perceive the quantity e’
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as the out-neighbor error for agent i (for some j € N ) or as the in-neighbor
error for agent j (for some i € V7). Using the model-based estimates in (6.4),

the flow dynamics of e/,Vj € N7 is

out?

el =1(#]) = filw), t € [ry*, 07", (6.7)

J g
.. G iky s . .. .
where the boundary condition, namely, ej(r;"), is revised via jump dynamics

at the arrival instants 7";-’ is as follows:

) = () = w((Fh))

(
~j/ i,k i,
=T (rj ) — 371(7’3 )
= 207 = &0 + ) — i)
= & (r;") + el (r}"). (6.8)

Next, we examine the hybrid dynamics of é{. The flow dynamics of ég is as

follows:
e =TI (%]) — 1] (]). (6.9)

Because 5:3 and i{ jump at instants s} and rli’k, respectively, we examine jump
dynamics at both these instants. First, jump at a broadcast instant on i,

i
namely, at sj:

= —el(st). (6.10)

Subsequently, jump at an arrival instant of (z;(s%),st) on j € N! , namely,

i7k-
at i

= 0. (6.11)
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Next, let l{ € {0,1} denote an indicator variable associated with agent
If j ¢ Ni,, then I/ = 0. At si, when
agent ¢ broadcasts data it sets lg = 1,Vj € Ni . When neighbor j receives

i and its out-neighbor j € N, .
this data, the indicator lf is reset to 0. At the next sampling instant sj,,,
owing to Assumption 6.1, lf = 0,Vj € N, ; consequently, upon broadcast,

the indicator /,Vj € N

out?

is reset to 1. Without loss of generality, we set
I! =1,Vt € [0,00),Vi € V. In Section 6.3, we will use [; to construct jumps
associated with broadcasted state z;(s%).

Finally, prior to introducing the hybrid systems model, we define the timer
variable 7; to track the time elapsed since the last sampling instant on agent

1. Its dynamics is governed by:

{j-i =1 when 7 € (0,77, (6.12)

75 =0 when 7€ [¢',T"].
Let 7 be the concatenation of all the timer variables.
We present the hybrid dynamics of the overall MAS. Each agent i € V is af-

fected by its in-neighbors j € N ;

in?

therefore, the hybrid dynamics of the overall
MAS involves the following concatenated variables: for every i € V, let in-
neighbor errors be e’ = [(e})T--- (efy)T]" € R™N, &t = [(&])"--- (¢)T]" € RN
and in-neighbor indicators be I* = [I¢,... I4]T € {0,1}". Furthermore, let
w=[af - ag]t € R e = [()T (V)T e RV e = (@) (@) €
RN 1, = [T (™)™ € {0,1}¥°, 7 = [r---7y]". Then, the hybrid

dynamics of ¢ = (z,e, é,1,7) is given by:

1= F(q), eC
q=Fq), q (6.13)
q¢"€Glg), qeD
where flow and jump sets are defined as follows:
C :{RWHW < {0,112 % [0,T"] x -+ x [0,T7]
1> 1An <TL IV {T1=1A7 < T}, Vie v},
D=JDi, Di={qeCl{fl1>1A7 <T},.}
i€V
V{1 =1n{e" <7 <T'}}}, (6.14)
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where out-neighbor indicators are concatenated in ; = [I}---IN]*. In (6.13),

the continuous function F'(q) is given by
Flg)=[f" (Yo =1y @ f)" (Ti—Ts)" 0 177, (6.15)

and the set-valued mapping G(q) = U, Gi(q),

7 waiting to broadcast

b T
Gilq) = Gi(a), li1=1, (6.16)
RN [eHO! 11> 1, |
e Ve
j € N, awaiting updates

Note that, in (6.16), the set-valued maps G;(q) are based []'1 which identifies

agents in A that are yet to receive broadcasts from 4. Here,

out

F=UT AT erR™
Yo =[(TH)" - (L))" e RV
(YY) ()" e RV
T = [(Yi(z +e1)" - (Tiv(an + ey) '],
15 = [(Ti(zr + et +e1)" - (Ti(an + ey +ey))']",
G = [77 (e —T¢e)™ (6 —TE(é+e))" (1+T1)" (T77)"]",

¢ = | ay,
jENgut
Gl = [27 (e+T5e)" (6 —T5e)" (I—TL1)" 7], (6.17)

where FH matrices associated with broadcast jump maps G? and update jump
maps GY; are: {I'¢ = I,@L@L,, I = A*@T,QL,, I} = Al [T = Iy-T},
and {Ffj =Ieolel, F?j =I'g;, Féj =T, ® T}, respectively. I'; € RV*V g
a diagonal matrix with the i-th diagonal entry 1 and others 0, I,, € R™*" is

ldia

? Vin

A;ﬁa =A;,—T; (Ai is defined in Section 6.1). We note that the assumptions on

identity matrix of dimension n is the diagonalized matrix of vector [, and

continuity of f and T, and the construction of G(q), to ensure that the set-
valued mapping is outer semicontinuous, allow the hybrid dynamics in (6.13)

to be nominally well-posed, see Chapter 6 in [31].
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6.3 Main Results

In this section, we make some assumptions on functions associated with the
hybrid system and subsequently establish upper-bounds on transmission de-
lays, namely, 7%, and on sampling intervals, namely, T, while also ensuring
stability.

In this work, jumps in the hybrid system in (6.13) are characterized by
observing the changes that are caused by a broadcasted state, say, x;(s.), on

its out-neighbors in N*

out

rather than observing the changes that are caused
by various broadcasted states, sent by the in-neighbors in N, on 7. In other
words, the focus is on changes caused by a packet (s}, z;(s%)) and is not on the
changes that occur at agent i. Adopting this perspective allows us to, neatly,
distinguish between the broadcast instants and update instants (caused by
data arrival on out-neighbors). To facilitate this distinction, we define d;
based on {;:

dl’ = ’ ! (618)
1, I'1; > 1.

When d; = 0, the subsequent jump affecting (e;, €;) is because of broadcasting
by i; otherwise, the subsequent jump affecting (e;, €;) is caused by the arrival
of state z;(st) at some j € N7 .

In what follows, we make technical assumptions about the hybrid system

in (6.13).

Assumption 6.2. (On agent dynamics f; and models Ti) For every 1 € V,
there exists scalar functions H | H7 : R™N xR™ — Rsg, non-negative scalars

[~;Z and [A/f such that, Vj € Nifuw

we have
a) || < LI|él];
) |el] < Llel] + B (2. );

c) ﬁf(x,ei) < ﬁi’””(:v,e").
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Remark 6.2. Assumptions 6.2a) and 6.2b) essentially governs the nature of
the growth of error variables é{ and eg , respectively. We note that Assumption
6.2a) holds for Lipschitz YJ but can also hold true for one-sided Lipschitz Y’
with [} = max{0, L]} where L] denotes the one-sided Lipschitz constant of
9. Assumption 6.2¢) establishes a bound on the residual terms in Hi (x, ')

that are used to bound the growth rate of e{,‘v’j e N

out”

Assumption 6.3. For the hybrid system in (6.13), and Vi € V, there ezist
a locally Lipschitz function Wi(e;, ;) « R™ x R™W — Rsq, functions oy,
&y € Koo, scalar function H;li : RNV x R — Ry, non-negative constant

L% and scalar \; € (0,1) such that
a) aiy(leil) < Wi < ajy([(es, &)]), Ves, & € R™,
b) let é; = F, , & = Fs, and let F € {F;,, F,, + Fy,}, then
(VW;, F) < LEW; + Hfi(z,€),
Vo € R™ and almost all e;, é; € RN Vi € V,
c) Wilef,el) < Wi(e, &) when d; =1 and d} € {0,1},
d) Wilef,el) < \iWi(ei, é;) when d; =0 and df = 1.

Assumption 6.4. Suppose Assumptions 6.3a) and 6.3b) hold. For the hybrid
system in (6.13), there exist a locally Lipschitz function V(z) : R™Y — Rs,
functions oy, ay, ay € Ky, a continuous function ©(z) : R™ — R™ and

positive error gains 4%, d; € {0,1}, such that
a) ay(|0(z)]) < V(z) < av(|0(z)]), Vo € R,

b) (VV(2), f(x,€)) < —av(|0(@)]) + Xiey [(1) 1€/ = (H{" (x,¢))?], for
almost all x € R™ and Ve! € R",Vi € V.

Remark 6.3. Note that O(x) in Assumption 6.4 represents a state transfor-
mation and aids in addressing problems involving MASs that do not necessar-

ily converge to the origin, see [18]. Assumption 6.4b) conveys that the MAS
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t = f(z,e) is input-to-state stable (ISS) with respect to €',¥i € V, where the

error gain ”yfli may be dependent on d; if the residual HZ-di 15 dependent on d;.

Prior to stating the result on stability of the closed-loop system in (6.13),
we need to ensure that the conditions laid out in Assumption 6.3 are met.
This notion is addressed through the following lemma whose proof is given in

Appendix A.3.1.

Lemma 6.1. (On W;) Suppose Assumption 6.2 holds. If W;(e;, ;) is defined
as:

I/Vi(ei, él) = max{)\i|éi\, ’61' + él‘},VZ € V, (619)

then Assumption 6.3 is satisfied with LY = )\fl(diig"“ + 2 ]Njut\f,;"”),
H (x,¢') = /|Ni

out

]ﬁf“z(x, e'), where \; € (0,1) is a design parameter.

For each agent ¢ € V, we define two weight parameters 9?(3), s € Rsp, one

for each d; € {0, 1}, using the following two differential equations:
e = —oLbgh — (65 + 1), (6.20)

where constants Lfi are defined in Assumption 6.3, ¥ = 2Ymu/Ni, Ymex =
max; g, %di and vfl",di € {0,1}, are defined in Assumption 6.4. Note that
0%(-),d; € {0,1}, for each agent i € V, are monotonically decreasing param-
eters that are used to compensate for the growth of error measure W;(e;, &)
and aid in determining 77, and T as shown in the following result whose

proof is presented in Appendix A.3.2.

Theorem 6.1. (Asymptotic stability in the presence of small-delays) Suppose
T ., T',Yi € V, are such that Assumption 6.1 holds and, additionally, the
solutions 69(-) and 0}(-) of (6.20) satisfy the inequalities:

{@ﬁJZMN%®,n€mJ%

. 06.21
0l (r) > 6(r), 7 e[0T, (6.21)

for some positive initial conditions 9;{0’1}(0). Then, under Assumptions 6.2,
6.3 and 6.4, the closed-loop system in (6.13) is asymptotically stable with re-
spect to the set {x € R"™ | O(z) = 0}.
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Remark 6.4. We note that for the specific choice of W; constructed in Lemma
6.1, Hidi s independent of d;. As a consequence, the error gain fy;ii in As-
sumption 6.4b) could also be independent of d;. Therefore, using Lemma 6.1,
the bound in Assumption 6.4b) can be rephrased in terms of W; as follows:
(VV(2), f(z,e)) < —av(|0@)]) + ey [12W2E — (H)?] where we use the
fact that 3, |€']* = 3,0 les]®. Subsequently, this notion is also reflected in
the design of 0% in (6.20) where %; is adopted instead of 4.

Remark 6.5. The methodology discussed in this chapter relies on the as-
sumption (specifically, Assumption 6.4) that the considered MASs is, to a
certain extent, robust to external input. This notion can be exploited, per-
haps with suitable modifications, in order to ensure that the methodology is
applicable to several real-world applications involving multi-agent coordina-
tion problems such as attitude (namely, orientation) alignment, multi-agent
rendezvous, flocking, coupled oscillators, consensus in power generators, see
articles [84, 88] and the references therein for further description over these

problems.

6.4 Consensus of Nonlinear M ASs

In this section, we consider a case study on consensus of Lipschitz nonlinear

agents and, subsequently, offer a numerical example to illustrate our results.

6.4.1 Lipschitz Dynamics

Let the agent dynamics be given by
i = f(x;) — k(L ®1,)3", Vi € V, (6.22)

where the unforced dynamics f(z;) : R® — R" is globally Lipschitz with
a Lipschitz constant £, L is the graph Laplacian of connected undirected
network G (see [62] for its properties) and the control gain « is such that

L [2dy

K > A_2 A_2 = Ko, dy = miaxdi, (623)
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where d; is the degree of agent . Note that the condition in (6.23) can ensure
consensus of the MAS in (6.22) with a CT controller w; = (L; ® I,)z.
The following result, whose proof is given in Appendix A.3.3, addresses

the consensus of Lipschitz nonlinear MASs.

Theorem 6.2. (Consensus in the presence of small-delays) Consider the MAS

n (6.22), with a given control gain k = pro satisfying (6.23), where &' €
R™Y is the concatenation of model-based neighbor states propagated via the
model T;() = f(-), Vj € N' . Under Assumptions 6.2, 6.3 and 6.4, if
Ll =11 =LVijeV, (H)?=2:((L @ L)z + (L @ L,)e?),Vj € N7,
V(z) =E|(L®L,)z|?

y2 =4 KT— 2k M_T
i 2 < * |mJ 22 ohp—1
A2
K > 2% | i /[(AQ — —M)Ii — A2l€0:|,
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where Ay and Ay; are the smallest and the largest non-zero eigenvalues of
L, respectively, then the closed-loop system in (6.22) is asymptotically stable
w.r.t. the set {v € R"|(L®I,)r = 0}.

6.4.2 Numerical Example

In this section, we present an illustrative example to demonstrate the re-
sults in Section 6.4.1. Consider a network of single-link robots with the fol-

lowing dynamics:

. X2 _ ] A% _

T = [_ sin(xm)} k(L @)zt k=2, (6.24)
where z; = [z;1 x;2|", f(z;) is globally Lipschitz with a Lipschitz constant
L = 1 and the control gain  satisfies (6.23). For the simulation, we set

the time step for flow computation to be 0.1 ms and the total time to be
5s. When \; = 0.3, 7" = T¢,, = 1 ms,Vi € V, is chosen by examining
the trajectories of weight parameters 62(s) and 0} (s) that satisfy conditions

n (6.21); these trajectories are depicted in Fig. 6.1. Using this, let § =
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Figure 6.1: Trajectory of weights 69(-) and 6} (-) for \; = 0.3.

(0.2 0.3 0.4 0.6]T¢,, < T" ms denote the delays associated with broadcasts
from agents indexed {1,2,3,4}, respectively. Figure 6.2 depicts the state
trajectories of the nonlinear MAS in (6.24) in the presence of transmission

delays given by .

o
T

.’L,l(t)
N
kY

Ty wwerereee T2 Typ =====T42

Xi,2 (t)

2 25 3 35 4 4.5 5
t secs

Figure 6.2: Consensus of state trajectories.
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6.5 Conclusion

In this chapter, we studied the problem of distributed control of nonlinear
MASSs that are prone to small transmission delays. First, we offer a general
approach to address this problem by employing model-based propagates of the
neighbors’ states and subsequently model the overall MAS using the hybrid
systems framework. As a consequence of the stability analysis, we determine
the bounds on delay (namely, MAD) and sampling interval (namely, MASP)
for each agent. Furthermore, to demonstrate the effectiveness of the proposed
framework, we present a case study on the consensus of agents with Lips-
chitz nonlinear dynamics interacting over an undirected network. Finally, a

numerical example is simulated to illustrative the results of the case study.
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Chapter 7

Dynamic Event-Triggered AGFs
for Weight-Balanced Networks!

Accelerated gradients algorithms are currently at the receiving end of
widespread interest in optimization theory, both under discrete- and continuous-
time frameworks. In light of recent developments, in the first part of our work,
we study the problem of designing a CT AGA for weight-balanced directed
networks unlike the existing references that only address this problem for the
case of undirected networks. We show that the convergence is exponential
and the convergence rate is proportional to the gain, associated with the gra-
dient term, which can be arbitrarily chosen. Subsequently, in the second part
of our work, to facilitate digital implementation of the discussed algorithm,
we employ an event-based broadcasting protocol on each node of the digraph
that intermittently checks for events by evaluating an ETC and accordingly
making decision on broadcasting. The distributed system is reformulated us-
ing the hybrid systems framework and is Zeno-free by design; this formulation
allows us to improve the performance of the ETM and, as a consequence,
the broadcast protocol. We provide a numerical example to demonstrate our
results.

The rest of this chapter is organized as follows. In Section 7.1, some no-

tations and preliminaries specific to this chapter are presented. The problem

I The material in this chapter has been submitted for publication as: Mani H. Dhullipalla,
Hao Yu and Tongwen Chen. Accelerated gradient flows for weight-balanced digraphs with
event-based broadcasting. IEEE Transactions on Control of Network Systems.
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statement and algorithm are described Section 7.2. Convergence results for
the distributed algorithm are described in Section 7.3. The algorithm is re-
formulated through the hybrid systems framework and a periodic event-based
broadcast protocol is designed in Section 7.4. Numerical simulations demon-
strate the effectiveness of CT algorithm and the performance of event-based

broadcasts in Section 7.5. Concluding remarks are made in Section 7.6.

7.1 Notation and Preliminaries

In addition to the preliminaries on algebraic graph theory described in
Section 4.1 of Chapter 4, in this section we introduce some notation specific
to this chapter and provide some useful properties of weight-balanced directed

networks.

7.1.1 Notation

First, let Z,, Zy, Zsym be three coefficients (or parameters) then they are
often referred together as Zyy; for instance, Z;; > 0 implies that each of the
three coefficients Z,, Zy, Zsym are positive. Let A be a square matrix, then AJ\A/[

corresponds to the maximum eigenvalue of A.

7.1.2 Preliminaries

A digraph is weight-balanced if d; = 3, ai; = > a5 = di*, Vi €V,
i.e., in-degree at every node equals its out-degree. Let L, := (L + L")/2 and
Lss = (L — L")/2 denote the symmetric and skew symmetric decompositions
of Laplacian L, respectively. The following lemma, from [11,52], is used to

show convergence of dynamics in Section 7.3.

Lemma 7.1. (On weight-balanced networks) Let G be a strongly connected
and weight-balanced digraph with Laplacian L. Then, it follows that:

1. Ly = 0 and 0 is its stmple eigenvalue;
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2. there exists ' € RN*N w0 such that

1
LI =Tl =Ty - 11",

3. there exists non-negative scalar €. such that

ell, — L7 Ly, = 0.

7.2 Problem Formulation

Let G = (V,€&) be the digraph over which N computing nodes interact.
Each node ¢ € V is provided with local cost function f; : R” — R which is
private (namely, known only to ¢). Consider the following DOP:

minz fi(x;) subject to z; = x;, Vi,j €V, (7.1)
i€V
where x; € R" is the local optimization variable. Next, we make some as-

sumptions on local cost functions.
Assumption 7.1. On local cost:

1. fi(+), Vi € V, is convex and continuously differentiable everywhere;
2. gradient V f;(+) is £;-Lipschitz, i.e.,
IV filz) = Vi(y)] < Lilz —yl;
3. fi is p;-strongly convex, i.e.,
fiy) = fi(@) + V(@) (g — @) + Sy — P

Assumption 7.1 ensures that the DOP in (7.1) has a unique minimum,
denoted z*. Here, we note that the assumption on strong convexity of f;
is similar to the assumptions made in existing literature such as [45, 111],
[108,110,113,117,122]. This assumption can be (slightly) relaxed to ensure
that only the global function ). f; is either strongly convex, like in [113], or
it is restricted strongly convex as defined in [110]. The analysis in Section 7.3,

with small changes, extends to these relaxations.
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Assumption 7.2. The communication network G is a static, strongly con-

nected and weight-balanced directed graph.

In this chapter, we consider that each node ¢ € V has the following dy-

namics:

T; = Av; — O Zaij (l'z - xj)7

jev
0; = —b;V fi(x;) — bav; — b3q;, (7.2)
6= ay(wi—a5), Y a(0)=0,
jev ey

where state variables z;, v;, ¢ € R" and gains ag 9y, bq1 23y are positive

scalars.

Remark 7.1. (On motivation) The dynamics in (7.2) is motivated by the CT
algorithm in [117] which provides an accelerated gradient method for undirected
networks. The algorithm in [117] can be obtained by making the substitutions:
agiy = 1, and by = bs, in (7.2). However, the resultant algorithm may not
necessarily address the case of weight-balanced directed networks; this is, per-
haps, because of the specific choice of gains considered in [117]. In Appendix
A.4.1, we offer a counter-example to demonstrate that the algorithm in [117]
fails to converge over a weight-balanced digraph whereas the algorithm in (7.2)
(designed via Theorem 7.1) converges. Similar counter-ezamples can be con-
structed for [110] and [122]. Therefore, we begin with the most general case,
namely, (7.2).

The objective of the chapter is: 1) to show that the system, with node
dynamics (7.2), ensures that x;,Vi € V, approaches z* asymptotically for
weight-balanced directed networks; and 2) to develop an event-based broad-
cast strategy (which is defined in Section 7.4) so that the objective in item
1) can be achieved through intermittent broadcasts as opposed to continuous

transmission in (7.2).
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7.3 Main Results: Convergence

In this section, we address the first objective of this work, i.e., to prove
that each node with dynamics (7.2) asymptotically reaches the global minima
x* over a weight-balanced digraph. For this, let z = [2T, ,---, 2}]T € R"V;
similarly, v € R™ and ¢ € R™ are concatenated vectors of v;’s and ¢;’s,
respectively. Then, in compact form, the dynamics of the distributed system
can be expressed as

T =mv—al"z
v = —b[Vf(z)] - bov —bsq, (7.3)
g =L"z, 1"¢(0)=0
where L” = L ® I,. Here, [Vf(:)] is defined as [Vf(y)] = [Vfi(y)" -,
Vin(n)'T" Yy =[yi, s yn]" € R
The following lemma establishes the equilibrium of (7.3).

Lemma 7.2. (On equilibrium) Let E denote the equilibrium of the overall
system in (7.3) and let x* denote the minimum of DOP in (7.1). Then,
E=(z*,0, —z—; [Vf(z*)]) where 7% = 1y @ a*.

Proof. Let E := (Z,0,q) and let (Z;,7;,q;) denote the node-wise triplet of E.

From (7.2), the conditions for equilibrium, Vi € V, are as follows:

Z ajj (i’l — .f'j) = O, (74&)

JEV

Cllﬂi — Qo Z aij (Zi‘z — [fj) = O, (74b)
JjEV

—b1VfZ(£Z) — bQ@i — bg(jz =0. (74C)

From (7.4a), z; = T; = x.,Vi,j € V, where 2. € R" denotes the consensus
state; employing this into (7.4b) establishes v; = 0,Vi € V. This results in
b,V fi(Z;) + bsq = 0 from (7.4c). From (7.2), we see that ) ..,,¢; = 0, which
implies that if ¢;(0) is chosen such that »._,,qi(t) = >,c, ¢:(0) = 0, then
b1 ey Vfi(ze) = —b3d> ;0@ = 0. Under Assumption 7.1, the condition
Y iy Vfi(x:) = 0 implies that z, = 2* € R", where 2* denotes the global

minimum. This completes the proof. O

96



Next, in order to translate the equilibrium E to the origin we define trans-
formation variables as follows: (ai, b;, ci) = (acZ — 2", v, q; + E—;V fi(w*)). The
system dynamics in the transformed variables is given as:

a = alb — Oo LnCL,
b =0,V —byb— bsc, (7.5)
¢ =L"a, 17¢(0) = 0,
where V; = [Vf(a?*)} — [Vf(:t)] and state variables (a, b, ¢) are appropriate
concatenations of transformed states (a;, b;, ¢;), respectively.

Now we present the main result of this Section and provide its proof in

Appendix A.4.2.

Theorem 7.1. Suppose Assumptions 7.1 and 7.2 hold. If the system gains
agy, by satisfy the following inequality:

. Iu 62 1 22} b2
B2y 1 i G 2
min {€7, oy o~ (%ot )2% y (Sap)5e,
g 1 1
. (AL, 2)%e r .
where p = minev{p;}, £ = maxiep{€;}, R > 26—, A}, is the maz.
eigenvalue of I', Xy, > 0, € >0, p = L, and
14+ 4/1+ 4% o2 1 by
Co=—-"—", J=35 = (7.7)
z 2p £2X+1by

then the dynamical system in (7.3) converges to the equilibrium E exponentially

fast with a decay rate that vs proportional to the gradient gain by.

Remark 7.2. (On sufficiency conditions) Theorem 7.1 establishes sufficiency
conditions on the gains agy, byy. In the case of undirected networks, these
conditions can be expressed, relatively, easily (see [29], [117]); however, for
directed networks, conditions on gains may not be straight forward (see [45]).
The problem on existence of gains translates to ensuring simultaneous feasi-

bility of conditions (such as positivity of €gy in (A.46) and satisfying (A.43)
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which, together, narrows down to inequality in (7.6)) that ensure the algo-
rithm’s convergence. A detailed analysis on this is presented in the proof of

Theorem 7.1 in Appendiz A.4.2.

Remark 7.3. (On arbitrary fast convergence) The decay rate oy in (A.47),
associated with the exponential convergence of the Lyapunov function V', is
proportional to gain by that is attached to V fi(x;) in (7.2). This is in line
with conclusions about arbitrary fast convergence made in [117]. Note that the
gains agi 9y, bya3y can be designed relative to by, this relationship is described
in (A.53) of Appendiz A.4.2. From a design perspective, this implies that
the design parameters (namely, p,t( 2y in (A.53)) need to be designed only
once after which the gradient gain by can be arbitrarily varied to achieve fast

convergence rates.

7.4 Main Results: Event-Based Broadcasting

In this section, we address the second objective of this work, i.e., to en-
able intermittent broadcasts of state information. Implementing (7.2) for
distributed optimization requires continuous knowledge of neighbors’ states
which is not always feasible, particularly, if the nodes are interacting over
wireless communication networks. To address this, we utilize a periodic event-
based broadcast protocol where the idea is to check for an event occurrence
at specific sampling instants and make decision on state broadcasting, see il-
lustration in Fig. 7.1. To facilitate this, we adopt hybrid systems approach
inspired from studies such as [4,17,37,99,100], [69]; the advantage of this frame-
work is, mainly, twofold: a) to an extent, it can handle both synchronous and
asynchronous protocols alike, and b) it offers flexibility in designing sampling
sequences (defined in Subsection 7.4.1) at which the ETC is evaluated and,

some, broadcasts occur. The later could help reduce network congestion.
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Figure 7.1: Tllustration of the nature of broadcasts between two agents that
employ periodic event-based broadcasting protocols. Note that neither sam-
pling instants nor broadcast instants are necessarily synchronous or periodic
unlike commonly employed discrete-time algorithms.

7.4.1 Problem Formulation in Hybrid Systems’ Frame-
work

Briefly, each node flows along the dynamics in (7.9) for a certain interval
and at its sampling instants the agent checks for event occurrence, makes a
Jump, and, if deemed necessary, it also broadcasts its local state to neighbors.

First, we define sampling and event-triggering instants. For each node
i € V, let the sequence {s} }3°, denote instants at which the ETC is evaluated.

The interval between two sampling instants is bounded as follows:
Siy1 — S, € [, T7], Vk € Zso, Vi €V, (7.8)

where the lower bound ¢’ is a positive quantity such that ¢ < 7% and the
upper bound 7% is to be designed as a consequence of asymptotic convergence.

Note that arbitrarily small and positive & ensures both instantaneous Zeno
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solutions? and occurrence of Zeno behavior® (in event-triggered systems) are

avoided.

Remark 7.4. (On ‘periodic’ event-based protocol) Here, we note that the sam-
pling sequences {si} (and as a consequence, the protocol), governed by its
interval constraint in (7.8), are not necessarily periodic or synchronous; how-
ever, to keep in line with the terminology used in [17, 99, 100], we continue to
call the approach discussed in this section as periodic event-based broadcasting.

This notion s illustrated in Fig. 7.1.

The event-triggering instants are instants at which the ETC is satisfied;
these are denoted by sequence {{}72,. Since the ETC on each node is evalu-
ated at sampling instants {s}}, the event-triggering instants {¢:} must form a
subsequence of {s;}. This can be inferred from the update rule for ¢! in (7.13).

Next, we discuss system dynamics with intermittent broadcasts. Let z;(t) =
z;(t}), t € [t],t;,,), denote the broadcast state of node ¢ and let e¢; = &; — ;
be the broadcast error. Let z = [z], ---, ]| and e = [e], ---, e}]" be
concatenated states. The broadcast state in node dynamics enters through

the consensus terms as follows:

T; = a1v; — g Z ai; (& — &),

jEV
v; = —b1V fi(xi) — bav; — bag;,
jev
The dynamics of ¢ still stays on the manifold ), ,,¢; = 0, like in Section
7.3, which is ensured by choosing initial condition such that >, ¢;(0) = 0.

This is essential to enforce convergence to equilibrium E and, as a consequence,

2Hybrid systems can adopt complete solutions that become eventually discrete, i.e., in
essence, after a certain time the solution only uses the jump map without ever flowing
again. Such solutions are called instantaneous Zeno solutions. For further details on hybrid
systems, see Chapter 2 in [31].

3Zeno behavior, or, occurrence of infinite events in finite time, is undesirable because
realizing such a notion in physical systems is impractical. This phenomenon also leads to
Zeno solutions of the hybrid systems.
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the minima x*. Using the state translation (z,v,q) — (a,b,c¢) from Section

7.3, the dynamics of the system can be expressed as:

a=a1b—asLl"(a+e),
b =0,V — byb — bye,
¢=L"a+e). (7.10)

Since we considered the case of ZOH for the broadcast state, the error dynam-

ics, é; = —1; = —ay, is given by:
e = —Cllbi—i—ClQ Zjevaij(fi —i'j), t e [82’82+1)
e = e te{si}\ {ti} (7.11)
el =0, t e {ti}

where Z; — 2, = a; — aj + ¢; —e;. In (7.11), when an event occurs, i.e.,

when t € {t!}, the state & = #;(t}) = x;(¢}) is broadcasted and the error
e;, instantaneously after jump (or broadcast), is set to 0; for other sampling
instants, i.e., t € {st} \ {t!}, e; stays unchanged instantaneously after the
jump. Note that for the broadcast dynamics in (7.10), the flow domain has
not yet been rigorously defined; this will be addressed shortly in (7.16).
Prior to introducing the ETC, we introduce the auxiliary variable n; € R>g
which captures dynamics of the ETM as follows:
i = [y &), €[S} Shpa),
n=g.mi, X), te{spP\{t}, (7.12)
n = g/(m, X), te{t}
Here, the positivity of 7; is ensured by the design of its dynamics (i.e., functions
., gk, and g;) and the initial condition 7;(0) > 0. Note that 7; in (7.12)
jumps to different values, namely, ¢’ or g;, depending on the occurrence or
non-occurrence of an event. Using (7.12), the ETC (and the update rule for

{ti}) is as follows:
L ={t>t | te{si )i, i <0} VieV. (7.13)

Finally, to monitor the bounds on sampling period defined in (7.8), each

node i € V also keeps track of the time elapsed since the last (namely, most
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recent) sampling instant using non-negative scalar 7;. For any k € Z, it is

straightforward to see that 7; is governed by:

7 =1, t e [32, 32+1)7 (7.14)
.t =0, t € {si1t-

(2

Note that 7; in (7.14) resets at every sampling instant independent of event-
occurrence.
Now, we are prepared to discuss hybrid dynamics? of the augmented state

X = [a" b" " e" " 77]" which is expressed as follows:

{X:F(X), X e, (715)

X+ eG(X), XeD,

where the flow and jump domains, i.e., C' and D, respectively, are defined as:

C=R"™Y xRY; x [0,T"] x --- x [0, "],

——

sampling instant on %

N
D:U{R‘*”NXRJZVOX[O,Tl]xmx [, 7] x---x[o,TN]}.
i=1

(7.16)
The function F' and set-valued mapping G in (7.15) are
ajb—azl™(a+e)
b1V y—bab—b3c N
_ L™ (a+e) — .
F(‘X) - —a1b+a2L"(a+e) ’ G(X) - leGl(X)’
.};’-ﬂ =
{Gi}, g: > 0;
G? <0, 1€l
Gy = 1 ’1}’ o T T (7.17)
{Gi7 Gz}u g; = O;
¢ 7 ¢ [e',T']

where ¢ is a null set,

1 ; T
Gy i=[aT ¥ T e (Zint+gl)T @1 ],

T
Y

G? :=[aT b7 T (Zpe)T (Tin+3)T ()T ]

4For hybrid dynamics, we follow the formulation in [31]. To save space, we omit mathe-
matical definitions on concepts and notations used in Section 7.4. In this regard, we refer
the interested reader to Chapter 2 or textbook [31] for details.
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foo= 1 - N T == diag({1,---,0,---,1}) € RV*N with 0 at the
i-th place on the diagonal, I = Z; ® I,,, g := [0---¢!---0]T € RY and
gi:=1[0---gi---0]" € RV,

For the hybrid system in (7.15), the domain C, defined in (7.16), is such
that all the nodes in the network could flow when X € C. The domain D,
defined as a union of subsets, is such that the system in (7.15) jumps if at
least one node jumps (i.e., when 7; equals the pre-decided sampling interval).
Note that at a jump instant, say t, only the nodes in the index set @) = {j|t €
{si},Vj € V} actively participate in the jump. Consequently, the states of
nodes in V \ 2 remain unaffected, instantaneously, after jump. When the
system jumps, the states (a, b, ¢), instantaneously after jump, do not change
for all agents in V; however, depending on the sign of ¢’, the error e; for node
i could change as described in (7.17). Furthermore, the function F' and set-
valued mapping G are continuous and outer semi-continuous, respectively, and
the domains C' and D are closed sets; these ensure the property of nominal

well-posedness of the hybrid system in (7.15), see [31].

7.4.2 ETC and Sampling Period

To determine the appropriate ETC and sampling sequence for asymptotic
convergence, we first examine the effect that broadcast error e has over the
Lyapunov function V' (defined in (A.41)) used to prove Theorem 7.1 in Section
7.3. Since the broadcast error e enters the system in (7.2) through consensus
terms, only derivative of functions V, and V., defined in Appendix A.4.2,
are affected, see Appendix A.4.3). This is assuming that 7 = a;A, in the
definition of @, is upheld to arrive at (A.40). Considering the function V'
defined in (A.41), its derivative along the broadcast dynamics in (7.10) is

upper-bounded as follows:
V < —Clal? — &) — €.lc|* — CymaLoa + € le|?, (7.18)

where the expressions for coefficients @{}, ¢, are provided in Appendix A.4.4).
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Noticing the last term in (7.18), we define W; := |e;|, Vi € V, to keep track
of the error growth; its derivative along (7.11), defined for almost all e;, Vi € V,
is upper-bounded by:

<VVVZ, 61> S (agdZ)VVZ + | — albi + aanCL — agA”e|. (719)

Since the coefficients ag; 9y in (7.19) are proportional to by (see (A.53)), the
bound on the error growth rate also increases with increasing b .

Next, in order to contain the growth of W; and facilitate the design of the
sampling interval, motivated by [69], we define a decaying weight 0;(t), t €

R, using the following lemma.

Lemma 7.3. Let 0; : R>g — R be the solution to the differential equation

bi(t) = {—(2—1%93@) +2L60:(8) + %), t€ [0, TH(N) (7.20)

0, t> Té()\z)
with the initial condition 0;(0) = X\, ", where \; € (0,1), 73 > 0, L}, = axd; +v;
for sufficiently small v; > 0. Then, 6;(t) is monotonically decreasing and

From Lemma 7.3, it is straightforward to see that Ti();) is the time that
0; takes to traverse from the initial condition 6;(0) = A\, ' to 6;(T¢) = )
along (7.20). Here, \; € (0,1) is a local design parameter that influences
both Ti()\;) and the event-triggering condition governed by ¢’ (see (7.21b) in
Theorem 7.2). v; > 0 is also a local design parameter that is introduced to
achieve asymptotic stability of the broadcast system (see proof of Theorem
7.2 in Appendix A.4.4)); an arbitrarily small choice of v; is adequate. By
choosing appropriate parameters such as \;, v;, for each node i € V, Ti(\;)
can be determined by slightly altering expressions in [69]. In the remarks that
follow Theorem 7.2, we will address aspects concerning parameters ;, 6; and
by in (7.20).

In the theorem that follows, we design the dynamics of n; that governs the

ETC in (7.13). The sketch of the proof is presented here.
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Theorem 7.2. Suppose Assumptions 7.1 and 7.2 hold. For all i € V, let
Vi = c L7z |2, W; = |ei], and B; > 0. If the functions associated with dynamics

of n; in (7.12) are as follows:

fo=—Bimi + b, Vi, (7.21a)
i _ 1 2

9s =i + Vi <9i — )\—Z>VVZ ) (7.21Db)

gt = ni +1NWE, (7.21c)

where ~y; is the error gain, 0;, \; are as defined in Lemma 7.1, then the ETC
in (7.13) ensures that the hybrid system in (7.15) is asymptotically stable with

respect to the origin.

Sketch of Proof: The proof progresses by showing convergence of Lyapunov
function U, which is defined as:
U=V+> {uW +n},
i€V
along (7.15), in both flow and jump domains, C' and D, respectively. Here, ;

is the error gain in the upper-bound for V

V < —al? — ¢ b* — €| — Cyma”Lia
+ 3 {3tled? - L~ i} (122
viey !

which in turn stems from (7.18). The scalar function H; stems from upper-
bounding the growth rate of W; in (7.19) and V; is included to improve the
performance of ETC in (7.13) by slowing down decay of 7; in (7.21). The
details of the proof are presented in Appendix A.4.4. O
The following remarks explain the effect that the gradient gain by has over

the design of ETC.

Remark 7.5. (On ETC design relative to by) In Section 7.3, we showed that
the algorithm in (7.5) can achieve arbitrary fast convergence by varying by.
In addition to designing the dynamics of n;-s and sampling periods Ti-s, in

this subsection, we are also interested in making the design of aforementioned
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attributes relative to by. This provides us with freedom to arbitrarily choose by,
like in Section 7.3, and still ensure the stability of hybrid system in (7.15) with
n; governed by (7.21). In order to achieve this goal, we explicitly introduced
the gradient gain by in the dynamics of 0; in Lemma 7.3. Appendiz A.4.4) that
presents the proof of Theorem 7.2 shows the steps taken to make the design

relative to by.

Remark 7.6. (On fast convergence and broadcasts) From (7.20) in Lemma
7.8, it can be seen that with increase in by (implying faster convergence), for
a fived N;, the sampling period T} shrinks. In other words, faster convergence
necessitates frequent event checks and, perhaps, frequent broadcasts. This is
attributed to the coefficients of the quadratic expression in 0; which are all
dependent on by. This includes the error gain ~y; in (7.22) which is also affected
by both by and 6, as follows:

Sad? " 2
2 T £
= 24[;1 (fREO'LQl + gﬂb%(“ + Agﬁ\k}&@))
t2
+ by (261;; TH(ATA) + cLTr(LTL)>. (7.23)
2

Remark 7.7. (On performance of the ETM) When by is increased, from
(7.21a), we see that n; decays slower; this could suggest that g' becomes negative
less frequently. However, this is not the case since increased by also fastens the
error growth in (7.19). The result is a combined effect of these two notions,
often, resulting in a higher number of events considering that g% in (7.21Db)

involves W2 and not W.

Remark 7.8. (On convergence rate o< by) The convergence rate of the broad-
cast dynamics in (7.10) depends on the slowest term in (A.61). Note that the
coefficients Q_f{a,b}, C. in (A.61) are shown to be proportional to by in Appendizx
A.4.4); then, we could construct B; and X\; (6; > X\;) as linear functions of by
in order to make the overall convergence rate o< by. Although, this can show
arbitrary fast convergence for (7.10), it is, further, detrimental to the perfor-

mance of the ETC (which is affected by by as noted in Remark 7.7) governed
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by (7.21). So, in this chapter, we do not pursue arbitrary fast convergence for

the case of system in (7.10) with intermittent broadcasts.

7.5 Numerical Example

In this section, we consider the following local objective functions for the

unconstrained problem in (7.1):

3 1 1 1 2
filz) = 1952 + 51’10%(96’2 +2), folz) = 5332 + SN

.7}2

f3($) = (:C - 4)27 f4<x> - x2 + m

(7.24)

The global objective function ). ,, f;, is solved by nodes interacting over a

weight-balanced digraph G whose Laplacian is given by:

The initial states are (0) = [5 07 — 1|. The minimum of > f; occurs at
x* = 0.85 and its value at z* is ) _ fi(z*) = 12.79. For b; = 1, the dynamics
of each node is as follows:

Fi= G0 — 1 ey 2y (T — 7)),

0; = =V fi(z;) — 15v; — 3.65¢;, (7.25)

Gi = Zjev ajj (:EZ — xj), q:(0) = 0.
The simulation results are discussed in two parts: 1) demonstrating that the
convergence rate of dynamics discussed in Section 7.3 is proportional to by; and
2) examining the performance of the event-based broadcast strategy discussed
in Section 7.4.

First, the risk-ratio of DOP in (7.1) is given by the quantity > {fi(z;) —
fi(x*)}/ > fi(z*) and the figures Fig. 7.2 and Fig. 7.3 depict risk-ratio in a
semi-log plot against simulation time of 100 secs. Here, we show that the con-
vergence of the algorithm in (7.5) can be achieved arbitrarily fast by increasing
the gradient gain b;. In Fig. 7.2, we also make a comparison against an ex-

isting CT algorithm which is a modified Lagrangian-based approach (denoted
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A, Vi ey 0.09 | 0.27 | 0.7
MASP (in ms) 4 3 1
bl - 1, (51 =1
% Broadcasts || 48.43 | 27.47 | 7.54
MASP (i 2.8 2 0.6
by =1, 0, = 0.5 (in ms)
% Broadcasts || 44.02 | 23.19 | 6.01
MASP (in ms 1.9 1.2 0.3
bl - 3, (51 - 05 ( )
% Broadcasts || 65.65 | 33.53 | 7.50
Table 7.1: MASP and broadcast percentages
102
3
Ej 10° -mrn:n:~-;::_:.: .......
= 102 §-,1 -------------
= 8 L
L 10 H
g flessens MLB algorithm (b = 0.8)
:'é CT algorithm (b; = 1)
—~ 6 CT algorithm (by = 15)
[ 107 F|maee Euler-discretized CT algorithm (b; = 15)
= 107
4
= 10-10 I I I |
0 20 40 60 80 100

Simulation time (secs)

Figure 7.2: Performance comparison by varying b;.

MLB in Fig. 7.2) for weight-balanced directed networks described in [45]. The

dynamics in (7.5) can be expressed as:

T = —alblvf — bg]? — agbgl_l’ —albg/L(L’d(L’— CLQLZt ;
—— ~—~—

proportional

and for a fair comparison, we adopt the following dynamics for the MLB

approach:

——

integral

T = —a1[11Vf — a262L$ — Cllbg/l_iﬂd:ﬂ.
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Figure 7.3: Performance comparison of Euler-discretized algorithm and CT
algorithm with continuous and discrete broadcasts.

It is worth mentioning that as by is increased beyond b; = 0.8, the state trajec-
tory of (7.27) diverges from the equilibrium. Figure 7.2 supports the argument
that accelerated gradient methods can, potentially, achieve higher convergence
rates using gradient information in comparison to the MLLB approach.

Next, to evaluate the performance of the event-based broadcast protocol
we begin with the node dynamics in (7.25). The flow dynamics of n;,Vi € V,
is given by:

) 3 N i i
= =00 + b |L7E[, €€ [sh, i),

where 7;(0) = 1,Vi € V, and the jump dynamics is governed by (7.21). The
simulation time considered is 100 s and the time step for flow computations
is chosen to be 0.1 ms. By setting A, = 0.27, Vi € V, in Lemma 7.3, the
MASP, i.e., min{T"}, is around 3 ms as shown in Table 7.1; this implies
that the ETC in (7.13) is checked every 3 ms contrary to being evaluated at
every time step, i.e. 0.1 ms, in (implementation of) continuous-time ETC.
Further, Table 7.1 shows the influence of design parameter \;,Vi € V, on:
a) the MASP of the overall system (7.10); and b) the ETC (7.13) through
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the overall percentage of broadcasts, i.e., averaging over all the nodes in G.
From (7.21), it can be inferred that a higher \; could result in fewer events
but would need more frequent monitoring of the ETC; Table 7.1 supports this
argument. It also shows the effect of changing b; and é; on the MASP and
percentage of broadcasts; these results substantiate the comments made in
Remarks 7.6 and 7.7. Figure 7.3 shows the performance of the CT algorithms,
when b; = 15, with periodic broadcasts and periodic event-based broadcasts.
Notice that the performance of CT algorithm with event-based broadcasting
lies between the two bounding curves, namely, the (purely) CT algorithm and

its Euler-discretized counterpart.

7.6 Conclusion

In this chapter, we first studied the convergence of a distributed acceler-
ated gradient flow over weight-balanced directed networks. We showed that
the algorithm converges exponentially and arbitrarily fast based, solely, on
the choice of the gradient gain. Next, to facilitate digital implementation,
we designed an event-based broadcast protocol which intermittently checks
for events and makes broadcast decisions. In this regard, the methodology
adopted also aids in designing the sampling instants for each node at which
the events are checked (a subset of these instants are broadcast instants); this
helps in mitigating network congestion. Finally, we demonstrate the results

using a numerical example.
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Chapter 8

Conclusions and Future Work

In this chapter, we make some concluding remarks on the studies in this
thesis and, subsequently, offer some potential research directions and interest-

ing problems for future work.

8.1 Conclusions

This thesis focuses on developing methodologies for implementing dis-
tributed algorithms over networks using tools from the theory of hybrid dy-
namical systems. The outcomes of the work in the thesis are summarized as

follows:

1. First, we considered a single CT nonlinear system that can be stabi-
lized by a static state feedback controller. Using an emulation-based
technique, we designed two dynamic ETMs that govern the instants at
which the system can broadcast its state to the controller and achieve
asymptotic stability. The design methodologies adopted are Zeno-free
and are such that the ETCs are evaluated intermittently at pre-defined
sampling instants (either periodic or aperiodic); a subset of these sam-

pling instants qualify as event-triggering/broadcast instants.

2. Second, we extended the study from single systems to MASs interacting
over networks. We developed a general framework for distributed control

of agents that employed the designed dynamic ETMs to make decisions
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on the broadcast instants; these mechanisms are based on an agent’s
ability or inability to sense states (or relative states) of fellow agents in
the network at its own sampling instants. The ETC on the agents can
be evaluated both aperiodically and asynchronously; this notion helps
reduce network congestion even in cases where the ETMs are rendered
redundant and the agents are forced to broadcast at every sampling
instant. Furthermore, to broaden the scope of application, we considered
that each agent employs a model-based controller that propagates the
broadcasted state upon arrival. We demonstrated the effectiveness of the
developed framework through two case studies on consensus of nonlinear
MASs (with Lipschitz and one-sided Lipschitz dynamics), interacting

over both undirected and directed networks.

. Third, we adopted the framework developed for distributed control via
dynamic ETMs to handle a particular kind of NIP, namely, quantized
broadcasts. In this case, we studied the consensus problem involving one-
sided Lipschitz nonlinear agents interacting over a directed network. In
addition to ETMs, we considered that the agents employed: a) encoders
that quantized relevant information prior to broadcasting, and b) de-
coders that processed this information upon arrival. Subsequently, the
agents utilized model-based propagates of the decoded neighbor states

in their control protocols to achieve consensus asymptotically.

. Fourth, we developed a framework for sampled-data distributed control
of MASs to handle yet another important NIP, namely, transmission de-
lays. The framework employed time-stamp techniques, i.e., each agent
broadcasts both state and the time associated with it, and is designed for
the general case where the agents employ model-based controllers. The
methodology is such that the pre-defined sampling instants (at which
agents broadcast information) can be both aperiodic and asynchronous
in nature. As a consequence of the stability analysis, the upper bounds

on: a) the sampling interval, and b) the transmission delays are estab-
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lished without LMIs. We demonstrated the effectiveness of the method-

ology through a case study on consensus of Lipschitz nonlinear agents.

5. Finally, we considered a convex DOP where the agents: i) are assigned
private local cost functions; ii) communicate over a weight-balanced di-
rected network; and iii) employ AGFs to converge to the global minima.
First, we proved that the CT algorithm converges asymptotically with
a convergence rate that is proportional to the gradient gain which can
be chosen arbitrarily. Subsequently, to facilitate networked implemen-
tation, each agent employed an ETM that intermittently evaluates the

ETC and makes decision on broadcasting the local optimization variable.

8.2 Future Work

The future directions on the distributed control framework discussed in

this thesis are summarized as follows:

1. Robust to modeling errors:
The framework of distributed control discussed in Chapters 4, 5 and 6
employs a model-based framework for propagating broadcasted states.
This approach generalizes the existing work which largely employs ZOH
approach on these propagated states and, as a consequence, expands
the scope of the framework. For instance, in the case of consensus prob-
lems involving (homogeneous) Lipschitz nonlinear agents, consensus is
achieved under the assumption that the agents are precisely aware of
their own dynamics. However, such an assumption may not always hold.
Therefore, a challenging and promising research direction for the future
would be to extend the framework, discussed (in Chapters 4 and 6) in
this thesis, to handle modeling uncertainties and, consequently, make

the framework more robust.

2. Other NIPs:

In this thesis, we addressed two important imperfections, namely, quan-
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tized broadcasts and transmission delays. In the case of quantized broad-
casts considered in Chapter 5, the problem of determining saturation
ranges is yet to be addressed. In addition to this there are several other
imperfections, for instance, deterministic/random packet losses, inclu-
sion of transmission protocols (such as round-robin (RR) or try-once-
discard (TOD)) in the case of model-based networked controls, and oth-
ers. These problems are yet to be addressed and could result in fruitful

future work.

. Necessary conditions on gains in distributed optimization:

For networked implementation of algorithms, throughout this thesis we
employ emulation-based techniques. In this regard, it was first essen-
tial to establish sufficiency conditions on the gains in the proposed CT
accelerated algorithm in Chapter 7 similar to most of the existing liter-
ature in this context with the exception of [29]. In order to determine
necessary conditions on gains (agy, byy) for distributed optimization al-

gorithms taking the following forms (or their variations):

Generalization of algorithm in [45]: (6] = [t al][2] 4 [9Y)
- Second order (z,q) ¢l =L Lt olle o -
) W Ht/—t/
A ext. inpu
Algorithm in Chapter 7: [95] _ |:*((1)2L _aézﬂ]I —2311} [i] N [_b?vf}’
- Third order (z,v,q) il LL o o lla 0
A ext. input

we must ensure that the state matrix A in the above equations is Hurwitz
and study the system’s properties around the equilibrium. Currently,
with the exception of [29], this problem is largely unanswered. Address-
ing this problem also allows for relaxation of the assumption on strong

convexity of the local objective functions that was used in Chapter 7.
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Appendix A

In this appendix, we collect proofs of theorems and lemmas presented in

this thesis.

A.1 For Chapter 4

A.1.1 On Non-negativeness of 7,

Lemma A.1. For alli €V, let the initial state ;o > 0. If the functions (ff,,
g., g¢) in (4.5) are as described in Section 4.2, then the ETM in (4.6) ensures

that n; stays non-negative.

Proof. Since the initial condition 7, > 0, Vi € V, without loss of generality,
we consider that 7;(si) > 0 for some k € Zo.

First, we discuss the flow of 7; in t € [s},s},,). In this case, n; flows
along the continuous function f,é(m, Zxri) until: a) it encounters jumps in the
MAS (caused by events among neighboring agents) during (s, s} ), or b) the
next sampling instant s +1- In case a), if agent j € N broadcasts its state
information (broadcasts are assumed to be finite), then at s}, € (si, st ), the
MAS in (4.8) experiences jump as a result, Z; is updated, n;” = n;(tT = Si/),
and the function f}(n;, 2, (1T = s,)) may jump to a finite point such that
filmi, &5 (" = s1,)) # fi(ni, &x:(t)). However, since the solution S, exists
for every # € R™, n; continues to flow along the revised function f; until
it encounters either of the aforementioned cases (i.e., case a) or b)) again.

As a result, 7;(t) is continuous on [s, sj,,). If Vt € [s},s7,,), f; > 0, then
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n;(t) > 0. If there exists t' € [s}, s} ;) such that n;(t') = 0, then since
f3(0,-) >0, it > t') > 0.

Next, we discuss the jumps of 7; at si,,. At si_,, the event-triggering
condition in (4.6) is evaluated to decide the jump state of 7;. As seen in (4.5),
broadcast states of agents across the network, at si +1, do not affect g! and g!.
If g© < 0, then n/ = ni(si,,) = g; > 0. On the otherhand, if g/ > 0, then
W = (sh) = g 2 0. 0

A.1.2 Proof of Theorem 4.3

In order to prove that the dynamic ETMs associated with (4.11) and (4.18)
ensure asymptotic stability of (4.26), it suffices to determine appropriate func-
tions W;, V;, V and V; that satisfy Assumptions 4.1-4.4 stated in Subsections
4.3.1 and 4.3.2. Therefore, we address the proof in two parts by considering a
constant control gain k = pkg, p > 1, that complies with (4.27).

Part 1: Broadcasting. For this, consider W; = |e;| and V = £z|> where
z =Lz and K > 0.

(1.1) Under Assumption 4.1, it is straightforward to see that the candidate
function |e;| satisfies Assumption 4.1(a). For Assumption 4.1(b), we evaluate

W, as:

W; < |f(#:) — f(z:) + KL(z + ¢)]

where d; is the degree of agent i, z; = L;z, A; is the i-th row of adjacency

matrix A and H; is such that:
H(z,e) =267 (JAf|e]* + 27).

(1.2) Consider V = £|z|? and let the stability set be ©(z) = Lz, then Assump-
tion 4.2(a) holds. To evaluate Assumption 4.2(b), we examine the derivative

of V which is given by V = Kz (L[f] — kL(z + Le)). Here, the 1" term in 1%
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can be simplified as follows using a design parameter ¢; > 0:

2'Lf] = ZZZ(LZ[]E](SIJ)) < Z |24 Zaw(f(%) — f(z5))]

1% % JjEV
£€1di L
D P
i€V i,jEV
EEldM 2 £ 2
< =
< S5l +
=Tz, (A.2)

where we used the well-known identity associated with connected undirected

graphs:
1 1
5 Z aij|lzi — | = 2Lz < A—xTsz.

ij=1 ?

Let €, = ﬂ(\/dMAg)’l, then I'; in (A.2) reduces to I'y = £ 21%—21”. Next, the

20d term in V can be upper-bounded as: | i.e.,

A2 A3
—2'L(z+Le) < — <A2 - —M> 12|* + = Mel?
262
A2 R ea\?
= — <A2 — 2—5) <7r1|z|2 + (1 —m)|Lz — Le|2> + %M2
< —El|z]2+2{53|ei]2 —52|Li@|2}, (A.3)
iev

where

and & € (0,1]. Using inequalities (A.2) and (A.3), the bound for V is given
by:

V< — <Elf<; - F1>K|z|2 + Z KH{E3|61"2 - 52||-ij3|2}v (A.4)
i€V
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where the positivity of =ik — I'; can be ensured by choosing the design pa-

A—?”)_l, 1). Next, we

A2
rameters such that ey € (22 00) and m € (%(Az — M

%p—p
evaluate Y., H? as follows:

> H? =262 + 267 AP lef
% %

4r’ 2 T 2
= ?V + 2x“Tr(ATA) el

Adding and subtracting y,.,, H? from (A.4) results in:
V< — (T k—T71— 2—'%2>K|Z|2 + Z { (K:‘i: + 2m2Tr(ATA)> |es|?
= —1 1 K : —3 )
iV
— KrZ|Lif? — Hf}

which satisfies Assumption 4.2(b) when K is chosen such that (4.32b) holds.

Hence, all the assumptions in Theorem 4.1 have been satisfied which di-
rectly concludes asymptotic stability w.r.t. (4.30).

Part 2: Active Sensing. Here, Assumption 4.1 is satisfied via (A.1).
Before evaluating V' to satisfy Assumption 4.3(b), we will ensure Assumption
4.3(d) is satisfied. For this, consider V; = %\22-]2 where z; = L;z; this satisfies
Assumption 4.3(c).

(2.1) For Assumption 4.3(d), V; takes the form V; = Kz (L;[f](2))— K rzi(L; (2 +
Le)). Here, the 1% term can be upper-bounded, similar to (A.2), as:

263

= € ZiQ Ty — X4 2
AL < £ ay (4 ol
JEV
EEgdi 2 L 2

JEV

and the 2" term can be upper-bounded as:

—2i(Li(z + Le)) = — diz? + zi(Aiz + LiLe)

64|Ai|2 65“_Z‘| 2
<-—|(d; — — > ‘
- < 2 2 “i
1 2 |Li|A?\/1 2
_ M A.6
2€4|Z| 265 |e‘7 ( )
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where €3, €4, €5 > 0 are identical Vi € V. Using inequalities (A.5), (A.6) the
upper bound for V; can be expressed as:

. €4|Ai|2 €5|Lz|) £€3di) 2
< ((d, - _ _ 2% g
i< ((dz 2 o )T T )R

K 262 5 2|Li|A3 R, 2Lk 5
— — ’L ’L_ y . A.7
+ (-l + el T ) eyl ). (A7)

4K €4 =y

where ¢; = K/(4k),Vi € V. Let €4 = €5 and let €5 = ¢; where ¢; is defined in
Part 1 of this proof; then, the positivity of «; is ensured by the choice of ¢4
in (4.32a) and e3. It is necessary to show that the numerator in the second
argument of the min function in (4.32a) is positive; this is demonstrated as

follows:

€3 \/§ 1 Apv/ Ay

20 % -9 r -
1A
pdu
1 N d,
>9_ - ' Om
- pN—ldM
> 0,

where d,,, = min; d;. Here, we recall that p > 1, use the well known upper-
bound of Ay < 2=d,, (see [24]), and the fact that d,,,/dy < 1.
The inequality in (A.7) can be expressed in the form Vi, < —a,; Vi + ¢ [If[f +

~

J;] as in Assumption 4.3(d) where
H? = H7,2 = 2/{2(|AZ"2|€’2 + 212)

and as a result J; is

>

2 L;|A3 2L

= 27 [ﬁ — zﬂ + 252 [H—M - |Ai|2] le|? + = Zaiﬂxi —zj]* > 0.
€4 €4 € ey

Assumption 4.3(a) is the same as in Part 1 of the proof. For Assumption

4.3(b), we first sum H? + .J; over all agents which results in:

- 262N 4k L 2%, k2> ) L]
H2 4 J) < VK2 4+ (T e
;( RO ey Ll = el
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By adding and subtracting >, ,,(H? + J;) from the right-hand side of (A.4)
gives:

. 2k /N 2 L
V<= (Bk-Ti= T (= + =) )K=
- L ! K €4+€3A2H |Z’

+y { (szg LA ey |Lj’) e |2

€
eV 4

— KrE,|Lid|? — H? — Ji} (A.8)

where J; = J;. Here, H; = H;, J; = J; which satisfies Assumption 4.3(e).
Finally, (A.8) takes the form V < —ayV + S0 {72]e:l* — wiVi — H? — J;}
satisfying Assumption 4.3(d).

(2.2) For Assumption 4.4, we choose Vi(xfl};) = V;(x) since

depends only on neighbors’ states.
Therefore, assumptions in Theorem 4.2 are met which concludes asymp-

totic stability w.r.t. (4.30). O

A.1.3 Proof of Theorem 4.4

Similar to the proof of Theorem 4.3, it suffices to determine appropriate
functions Wi(e;), V(z), Vi(x), Vi(ix:) and f/z-(m/\lz) that satisfy Assumptions
4.1-4.4 for the system in (4.26). Again, we address the proof in two parts by
considering a given control gain k = pRg, p > 1, that complies with (4.33).

Part 1: Broadcasting. Consider W; = |¢;|, Vi € V,and V =}, ), £&|x;—
z|?, where 7 = "z, e; = &; — x; and K is a positive constant.

(1.1) Since W; = |e;|, Assumption 4.1(b) is satisfied as follows:

W < max{0, L,s + rd; }W; + k| — Aje + L;z|. (A.9)
Similar to proof of Theorem 4.3, H; is such that:
H? =2 (|AP|ef” + |Li(z — 12) %),

(2
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since L;1 = 0.

(1.2) For Assumption 4.2, let V(z) = &3, &z — 22 = Sa"™M™EMa
where M = Iy —15E&" and = = diag{&;,- -+ ,&nv}. The derivative of V' is given
by V = Ka™MTEM ([f](z) — k(L(z+€))) where we examine individual terms.
First, we note that

T MTEMf](w) = " ME[[f](2) - 1€7[f)(2)]| = «"M"E[f)(x)  (A.10)

since z"MTE1 = sz\; &(w; — &) = 0. Subtracting 0 = 2" M"Z1f(Z) from
(A.10) results in
" MEM[f|(z) = 2" M"E[[f](x) — 1f(Z)]
= &Glwi — 1) (f(z) — f(2))
iV

< ‘Coszgi|mi - j|2’

eV
Next, we investigate bound for the 2°¢ term in V. Here, we use the property
that ML = LM — (1€")L which is straight forward to derive. Then, the bound
for the 2°¢ term is as follows:
—kt" MT"ZEMLy = —kae" MTELM 2 < —ae(L)ka" MTEM .
The 3'¢ term, namely, —xz"™MTZMLe, is bounded as follows:
k" MT"ZMLe = —kax"M"ZLMe = —kz" M =Le
Ko _ K€y
< —|EMz* + —|Le|?
< S [EMaf + L

<y ta

2 Lel?

because = = =2. Collectively, the bound on V can be expressed as:

/ﬁ?ElK/_\?W |6|2
9

: (A.11)

V< — [/{(2a§(L) — l) — 2£03]V —

€1

where A2, = max(eig(L"L)). Consider the following two inequalities:
~ v v

20
<
- Kfmin

L[V + 9[Li[*[e]®
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and H? < 2k%| A;]2|e|* + A‘I'ZZ'—L?FV. Adding and subtracting .., {wiVi(@x:) +
H?} to (A.11) results in:

V< [H(ZCLg(L) - l) -

€1

(20 + 4k2)Tr(L"L)
Kgmin

N Z { (’“lKA +OTH(LTL) + 262 Tr(ATA) ) e

- 2508} 1%

— V(i) — Hf}. (A.12)

This inequality takes the form of upper-bound in Assumption 4.2(b).

Hence, all the assumptions in Theorem 4.1 have been satisfied which con-
cludes asymptotic stability w.r.t. (4.35).

Part 2: Active Sensing. Here, Assumption 4.1 is satisfied via (A.9).
Before examining Assumption 4.3(b), we will ensure Assumption 4.3(d) is met.
(2.1) For Assumption 4.3, consider V;(z) = +V (z),Vi € V. From (A.11), add

and subtract H?, this results in:

V< a4 S {3l - B2, (A.13)

eV
where
v = [n(20et) - 1) - EED _op)

KA\?
- [“el—M + 2m2Tr(ATA)], Vi€ V.,

v 2
Here, the expression for 47 is independent of i, therefore we drop 4 from its
notation and use 42 instead. From H? in item (1.1) above, we can infer that:
Sievlel? <3y m]—! Using this inequality in (A.13) and dividing
the resultant inequality by N results in the following:

22 2
: o g >iev Hi
Vi < —avVi+ (g — 1) =S
S T e (ATA) N
where o; = Cu(\/, C; = #;NFA) — 1, HZ = EETVHE, jz = Jl = 0. As a

consequence, Assumptions 4.3(d) and 4.3(e) are realized.

The choice of ﬁf and J; in item (2.1) above, implies that Assumption
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4.3(b) is identical to Assumption 4.2(b) and is satisfied through (A.12).

(2.2) Let \Z(J:Mk) = W\Lskaﬁ Then, Assumption 4.4 is satisfied as
follows:
- Kgmln 2 Kgmln —\ 2
Vi(zpn) = . LS (z—1
(ka) 2N|L k|2’ z,k‘r| 2N|L k|2| z,k(x I)|
Kgmin —\ 2
< -1
< K1)
< Vi(z),

where L}, is the i-th row of Laplacian matrix L associated with the sensing
network at time t € {s}}32,, Vi € V, and is such that L, 1 =0,Vi € V.
Hence, all the conditions in Theorem 4.2 are satisfied which concludes

asymptotic stability w.r.t. (4.35). O

A.2 For Chapter 5
A.2.1 Proof of Theorem 5.1

We address the proof in two parts. In Part 1, we establish upper-bounds for
growth rate of W; = |e;| and decay rate of V' (defined shortly). Subsequently,
in Part 2, we use the upper-bounds from Part 1 to demonstrate convergence.

Part 1: We begin by examining two candidate functions, namely, W; =
le;|, Vi € V, and V = Y, B&la; — 7], where z = Y, , & € R and
K > 0.

First, we determine bound on the growth rate of W; as follows:

VVZ-O S maX{O, Eos -+ HdZ}WZ + KZ’(A% X Hn)€|
+ 5| (L @ T2,
< LW, + H, (A.14)

where L; = max{0, L, + rd;} and Hj is such that: H? = 2x*(|A;*|e]* +|(L; @
L) (z — 1y ® Z)[?), since L;1y = 0.

Next, we examine bound on growth rate of V' (z) in the presence of errors
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e;, Vi € V. We begin by noting that

K S K o

V(z) = 5 Z{sz —I|* = ExTMT:Mx
%

where M = (Iy — In") @ L, = I,y — In§" ® 1, and = = diag{¢} ® I,. The

derivative of V' can be upper-bounded as follows:

Ve = Ka;TMTEM([f] —k(L®L)(z + e))

2 T
S - |:/€<2(L€(L) —é> — (219 +§;;§::£r(l_ L> - 2£os:|v
+) { (—“II;A%” + 9Tr(L™L) + 2/<;2Tr(ATA)) lei? — wiVi(Cai) — Hf}
1<%
= —avv+2{73’61|2_wi‘7i_Hi2} <A15>
=%

Complete derivation of the upper-bounds expressed in (A.14) and (A.15) can
be found in Appendix A.1.3.

Part 2: The two inequalities, namely, (A.14) and (A.15), from Part 1
aid in demonstrating asymptotic stability. Here, we consider the following

Lyapunov candidate function:

K -
Ui(q) = 3=TTMT:M$ + Z{%‘@i|€i|2 + i}
%
e Analysis during flow:
We begin the analysis by evaluating the Clarke’s derivative of U; as follows:
(U < —ayV+3y {’yf|el-|2 — w; Vi — H? + 7(—2L1;
i€V
— %07 — %)eil® + 270 (Liles) + H)lei| — Bimi + wzf/z}
< —ayV - Z{Qﬂﬂi@i|€i|2 + 51‘77@'}
eV
< —apU (A.16)
where g, = min{ay, min{2u;v;\; }, min;{5; } }.
o Analysis at jump instants:

At any instant t, a subset of agents in V' experience jumps; this is denoted
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by the index set J defined as J := {i|t € {s}}?°,}. Furthermore, since these
jumps depend on the sign of g, we define the following index sets: P = {i|i €
J, 90 >0} @Q={ilied, ¢¢ <0} and R = {ili €T, g° = 0}. Agents in R,
jump to either of the two states, namely, G} and G?, as expressed in (5.16);
therefore, these agents can be further subdivided into subsets Ry = {i|li €
R, Gi(q) = Gi(g)} and Ry = {ili € R, Gi(q) = G}(q9)}.

Here, ej = ¢, n;“ =g!,Vi € PURy, and e;L = ei—mqosc(%), n;r =g, Vi€

Q UTRs,. Therefore, at any jump instant t we have:

()" = U1 = Z {<Z_: N %@)\6&2 +— Th}

i€EPURL
Yi €; i
+ Z {y|€i - mtqosc<n_l) * = yibileil* + g, — m}
i€QUR,y t
i nA?
< ey, (A.17)
iEQURy ~°

where recall that A/2 is the quantization error associated with gogc(-).
e Analysis showing that lim sup,_, ., U (t) = 0,Vi € V:
From the above analysis, we note that the hybrid dynamics of Lyapunov func-

tion U; is governed by the following inequalities:
° <
{<U1) s —anth, , (A.18)
S 2

ﬁnAQ
i 4

where A; = Here, because the MAS operates in an asynchronous
manner, the time interval between two consecutive jumps in the overall system
cannot be lower bounded unlike in the case of synchronous (and periodic)
protocols studied in [115]. However, from (5.5) we note that each agent in V
flows for at least the duration of . In other words, if 7 € J (jump index set)
at time instant t, then 7 ¢ J during the interval (t,t + &%); therefore, it does
not participate in any jumps (in the overall system) that might occur during
this interval. Using this notion, we construct a bounding trajectory for U
and show that the bounding trajectory asymptotically converges to zero.

For each agent ¢ € V, we define [_]171- such that its hybrid dynamics is
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expressed as:

(U3)° = —apy Uris - EE (1 14),
(Uri)" = Uiy, te{s}\{t}, (A.19)
(Ur)" = Ui + A, te{t}}
along with the initial condition Uy ;(t = 0) = +U;(t = 0). From the compari-
son lemma in [44], we note that
U1 S Z (_]172-,% € [0, OO)
ieV

To show that (_]1,2- converges to zero, we evaluate the expression for ((_]LZ’)Jr at
triggering instants {¢!} and show that as t! — oo, (U1;)* — 0.

First, we evaluate the expression for Uy ;(t1)* and subsequently for arbi-

trary event instant ¢; as follows:

Ui (t)F = Upi(0)e™ @0t 4 AymZe2onti
Ul,i(té)"‘ = ULZ'(O)Q_O&Uﬂfg + Aimg€—2amt§6_aljl (té_tli)

— _ i
+ Azmge 2amty

I—
Ul,i(t§)+ = ULZ'(O)efaUﬂf? + |: {€*2amt};€*a(]1 (tfft;g)}

1

* B_Z%ﬂ Amg. (A.20)

—_

e
Il

From (5.5), recall that s}, — s}, > ¢; this, by the definition of event-triggering
condition in (5.11), implies that ¢, —t; > &’. Therefore, we have that ¢}, —t;, >
(I' = Ke',VI', k' € Z>o. This implies that U, ;(t})* can be upper-bounded as

follows:

Ul’i<t§)+ S Ul,i(O)ﬂ'l -+ Alm

N

]
3

Eod

ﬁ&-

-

= U};m' + Amg Z whrlt (A.21)

where UY; = Uy;(0) — AmZ, 7 = e and @ = e 2*". Note that the

summation term in (A.21) is symmetric in 7 and w and is geometric in nature.
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Therefore, we have
- Ut + %’/TH_I, 200 > ayy,
Ul,i(ﬁ)Jr S Uﬁiﬂ-l + %wlﬁ-l’ 2O‘m < Qyy <A22>
Ut + Amg(Inh),  20m = oy,
It is straightforward to see that as [ — oo, the bound on U, ;(t})* goes to 0
and its rate of decay is governed by 2ay, when 2a,, < ay, or by ay,, otherwise.
Since, U; < ZiEV (_]M; it follows that lim;_,. U; also reaches zero from above.

This concludes the proof. 0

A.3 For Chapter 6
A.3.1 Proof of Lemma 6.1

In this proof, we show that the choice of W;(e;,é;) in (6.19) satisfies As-
sumption 6.3.
e First, Assumption 6.3a) is satisfied as follows:
i )\z )\z ~ ~
oy (les]) = §|€z’| < §(|ez‘| + lei + &)

<
< leil + &l = ap(I(e:, &)]). (A.23)

Here, recall that \; € (0,1).
e Second, we evaluate (VIW;, F) to show that Assumption 6.3b) holds. De-
pending on the outcome of the max function in (6.19), we have the following
three cases.
Case 1: When W,; = \;|é&;],
(VWi, Fz,) < Ml(Af1 @ T)(To(@:) — Ti(@))]
<xn( X A
jENzut

< Ndi L|é;| < dy LW, (A.24)

where Iy, = (A%l @, ) (T4(%;)— (), L™ = max;cps L7 and A& < W
(by definition of W;). Note that if d; = 0 (i.e., when out-neighbors have
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received broadcasts from i), then é{ = 0,Vj € N', till the next broadcast
instant si_,. Therefore, we have (VW;, F,) < 0 which is reflected in (A.24)
with the inclusion of d;.

Case 1I: When W, = |e; + &,
<VVVH Féi + Fei) < |Féi| + |Fei|
< d;Ly™E| + Ti(d) — (AT @ fil@))]
1
<dLrlel + (0 (Llell + i, e)?)”

JE/\/'Z

out

< ALy (8] + \J NG (L] es] + H (e, €F))

| out

Hmdx(x e )

out |

1 ~
<+ (dLr + 20/ ING Ly ) Wi +

where we use the inequality \;|e;] < 2W; from (A.23).
Case III: When W; = \;|é;| = |e; + €|, then

. 1/ -
We < max{diL;“"”‘Wi, - <diL;-“"“‘ +2¢/] Out\me)W

N (e )}

Jip s (A.25)

out |

1 -
ZX@HMQIWMWWH-I

e Third, for Assumption 6.3c), we consider the jump at the arrival instant t

when d; = 1. At t, let the index set NoF .= {j|t € {ré’k},Vj eN.

out

' 1 denote

out

the set of all agents that received the state broadcasted by i at si. At t,
df € {0,1}, ()t = ei, and, Vj € N2k ()t = ¢l +- &, (&))" = 0. For all

out ?

j & NEE (et = ¢l and (&)t = &]. Using these expressions, we evaluate W;"

out ?

as follows:

Wt = max{\lé&f|, |lej +é&f|}

= max{/\i|éi— Z I'®l,)e

JENG
e+ (Y. TyeL)a+é— (Y Tyel)e }
JENE JENTE
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= max{\;|é — ( Z ' @1,)él, e + &}
JENLE

out

< max{\|€&], |e; + &} = W;. (A.26)

Here, we note that any arrival instant t that corresponds to update on agents

in N* d; = 1; this immediately follows from the definitions of lf and d;

discussed in Sections 6.2 and 6.3, respectively.
e Finally, for Assumption 6.3d), we consider the jump at the sampling instant

t = s}, on i when d; = 0 and when i is about to perform its next broadcast.

Att, df =1, (e)*,(e))T =0 and, Vj € N7, (eg)Jr = ef, (eHt = —ef. Using

)

these expressions, we evaluate W, as follows:

Wi = max{\|&] [, el + €[}
= ma;X{)\Z|éZ - (A;lia ® ]In)<él + ei)’;
lei — (D @ Ip)es + & — (A" @ 1,) (6 + )|}

Here, we note that é; — (Af*®1,)(é; +e;) = —e; + (I ®1,)e;. From (6.11), we

see that after the broadcasted state is received at the out-neighbors A/ é{ =

out?

0,vt € [r;k Si+1). Therefore, W; = max{\;|0], |e;|} = |e;|. Consequently,
Wt < \;W;, satisfying Assumption 6.3d).
Note that if there is a jump instant t such that t € {s}} A {T’;k|j € NEF

out

(namely, if the broadcast instant on ¢ coincides with the arrival instant on

je'/\/:)iut

), then, first, the jump corresponding to update is evaluated (i.e.,
d; =1 — df = 0) and subsequently the jump corresponding to broadcast is
evaluated (i.e., d; = 0 — d = 1). Such an occurrence can take place if the
transmission delay 07" = si,, — s for some out-neighbor j € A . Since the
number of agents in the network is finite, the jumps at such a jump instant t

are also finite. ]
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A.3.2 Proof of Theorem 6.1

For the closed-loop hybrid system in (6.13), consider the Lyapunov candi-
date

Ulq) = V(@) + D705 ()W er, &).
i€y
For notational brevity, we drop the arguments of functions involved in U.
e Analysis during flow:
At any instant t, let index sets 9 := {i|d; = 0} and 0N := {i|d; = 1} denote
agents that are either ready to broadcast (namely, those in 9t) or agents whose
broadcasted states are yet to be received by, at least some, out-neighbors

(namely, those in 91). By definition, M NN = ¢ and M U N = V. With the

aid of these sets, the Clarke derivative of U(q) can be expressed as follows:

U < —av(|©@))+ Y [(5Wi)° — (H)?]

1E€EMUN

+ 3 [l = 22000 — 5((60)% + 1) W7
€M
+ 200 W]+ [5( - 2Li6; —7:((6)°
1EN

+ 1))W72 + 25,0, W, W7 < —ay(|0(2)]). (A.28)

This implies that there exists a positive function ¢ : R — R>q such that U°(q)
satisfies

U° < —¢(U). (A.29)

e Analysis at jumps:

At any jump instant t, let J := {i|(t € {s}}2oAdi =0)V (t € {r;’k}zozo Nd; =
1)} denote the index set of agents that are actively involved in the jump, i.e.,
they either broadcast at t or their previously broadcasted state arrived at their
respective out-neighbors at t. The remaining agents in V do not participate in
the jump, i.e., ¢, = ¢;, Vi € V\J. Based on the above definition of J, we define
index sets P := {ilt € {s}}2, Ad; =0} and Q = {iJt € {T;’k}zozo ANd; = 1}.
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This implies that

(Wt < W,
Wi < AW N
+ oo T
Vi € P, ;1 1’ VieQ,{dF ¢€{0,1}, (A.30)
i =4 dr
di 0, €{02(n),
\ AN

At t, using (A.30), we have:

Ut —U = 50} (W,")? =D 560007

spy ieP
+ Z 9{01} W+ 2%6’11/1/2
€0 €0
<D ((N)2010) — 09(7:)) 5 W7
Pt
+ (07 (m) = 0 () AWE (A.31)
€N

where the notation 01.{0’1} suggests that d; can take either values 0 or 1. This

implies that, at the jump instants, we have
U(G(q)) <U(g),q € D. (A.32)

Using (A.29) and (A.32), the proof is completed by following an argument
similar to the proof of Theorem 1 in [69]. O

A.3.3 Proof of Theorem 6.2

It suffices to show that the dynamics in (6.22), with the functions V (z) =
ZI(L @ I,)z|?, Wi(e;,é;) as in Lemma 6.1, and O(z) = (L ® I,,)z, satisfies
Assumptions 6.2, 6.3 and 6.4. Let L" =L ® [, and L} =L; ® [,,.

e First, for Assumption 6.2, because of the model T7(-) = f(-), it is straight-
forward to see that L7 = £,Vi,j € V. Next, the growth of error ¢/ = 7 — x;

is bounded as follows:

& = f(@}) = f(w:) + sLjd,
< Lled| 4 k|L7z| + k[LPe). (A.33)
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The quantities I:f and I:IZ] (x,€'), stated in Theorem 6.2, can be inferred from
the bound in (A.33). Since, the expression for f[g (z,€') is independent of j,
Hp= = H]Vj € NI,
e Second, Assumption 6.3 is directly satisfied by choosing W; as in Lemma 6.1.
Using Assumption 6.2 and Lemma 6.1, the quantities L% and H% (x,e) are

as follows:

L (d+2 NG )2
(H)? = 2IN, |w° (,memem (A.34)

out

e Finally, for Assumption 6.4, we examine the derivative of V(z) = £|L"

that is as follows: V = K2"L™([f] —k(z+[e])) where [f] = [f(z1)" - flzn)"]"

z|?

and [e] = [(L?e)™--- (L%eN)™]™. The terms in V can be upper-bounded as
follows:
. AM EQKK/ ;
<—2[(A ——) —r}v 3 L7612, A.
V = 2 262 R 1 + = 2 ‘ i € | ( 35)

where I'y = L 2dM (see Appendix A.1.2 for details on the derivation leading
up to the bound in (A.35)). Adding and subtracting ) ..,,(H, 4)2 to the bound
n (A.35) results in:
. A €9 Kk
< — _ 7 _ n_i
V< 2[(1\2 5 )/@ Fl]V+Z{ ILneif?

€2

2N AL + Laf?) - <H¢i>2}

< (- 52 )em 2Ry
EQKH max 1212 — (H®
(S e - )

. K .
V< —OévV+Z{(€22 A I P — (HE)?)

i€V
< —ayV+ Z{ 2 W2 (H;li)z}. (A.36)
i€V
Here, in the third inequality we use: Y ., [€'|> = >y, |ei]*. O
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A.4 For Chapter 7

A.4.1 Counter-example

In this subsection, we offer a counter-example to demonstrate that the
distributed accelerated algorithm in [117], designed for undirected graphs,
may not work for weight-balanced digraphs. Consider the following convex

’ |y — x;(0)* where z(0) = [507 —
1 —4]", and node inertia m = [14 2 2.5 3 2]". This problem has to be solved,

optimization problem: ming,, cg >

in a distributed manner, over a weight-balanced digraph given by the graph
Laplacian:

0.6986 —0.5326 —0.1654 —0.0004 —0.0002
1| —0.0595 0.9182 —0.6676 —0.0681 —0.1230
— | —0.0213 —0.0004 0.9207 —0.5809 —0.3181 | . (A.37)
8 | —0.0248 —0.2458 0 0.8293 —0.5587

~0.5930 —0.1394 —0.0877 —0.1799 1

L:

The algorithm in [117], is
T =v— Lz,
0=—0pVf—kv—kq, (A.38)
q= L[E, Zl %(O) =0,
where 8 = 0.55 and k& = 113.63 satisfy the sufficiency conditions stated in (15)
of [117]. Our algorithm is as follows:

T = %U —4lx,

v ==V f—2v—196gq, (A.39)

g=VLz,> . ¢(0)=0.
Fig. A.1(a) and A.1(b) depict the position trajectories when (A.38) (from
[117]) and (A.39) (our algorithm) are employed over (A.37), respectively.

Furthermore, we also note that one can generate similar counter-examples,

perhaps, using the Laplacian in (A.37) and objective functions used in this sub-
section, for accelerated gradient algorithms designed for undirected graphs in
[110], [122]; therefore, discussion on sufficiency conditions for weight-balanced

digraphs in Section 7.3 is necessary.
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(a) Algorithm in [117] (b) Our algorithm

Figure A.1: Counter-example demonstrating that algorithm designed for undi-
rected graph (such as [117]) may not work for weight-balanced digraphs.

A.4.2 Proof of Theorem 7.1

We present the proof in two parts. In Part 1, we describe the construction
of Lyapunov function and establish an upper bound, as a function of gains
agy,byy, on its decay rate. In Part 2, we analyze the coefficients associated
with terms in this upper bound to ensure positivity, and as a consequence,
guarantee convergence of (7.3) and existence of gains.

Part 1: First, we define the following terms and their derivatives.
1) Define @ = Aa + ¢b + mc where A, ¢, 7w are positive scalars. Then,
Q= (alA — bg¢)b + b1V — ¢bsc if 1 = axA. Evaluating %(%\QP) results

in:
Q™Q = ¢ A — b20) |b|* — wbs|c|?
+ A(CllA — bg(b)aTb — A(ﬁbg(lTC + (bleTVf
+ (m(a1A — bag)) — ¢%b3)b"c. (A.40)
2) Let V. := %CTFnC where I'" = I' ® I, and I satisfies Lemma 7.1, then

V,=c"T""a = c"a + ¢"'T""a

AL AL ¢
<T 2 MlL
at Gl + SR Ll
AL )\FCe
< T AM 2 M1LTLn
Ca+2<1’0| 2 s



where L? =L, ® [, L}, =L, ®L,.

3) Let Vj, == 1[b[2, then V, = —by|b|* — bsb™c + b1b"V .
4) Let V, = L|a|?, then V, = a;a"b — asa™L"a.
Consider the following Lyapunov function

1
Vo= 5|Q|2 + KV, + KV, + A¢gbs V., (A.41)

where Ky, are positive scalars. Using aforementioned items 1)-4), the

derivative of V' along (7.5) is upper bounded as:

V < ¢Ab1a"V; — (Kyby — (a1 A — bogp) ) B[

)\1"
- (¢Aa263 - A¢bg2—g) |C|2 + (¢2 + Kb> bleVf

+ ¢Aaxb1 "V + (K,a1 + A0 A — by9) )a’d
+ (CQA(CHA — bg¢) — ((b2 -+ Kb) bg)bTC

)\E/[CIEL

— (Kaag — A¢b3 9

)Ja"Lla. (A.42)

Here, we disintegrate (and dissolve) the following terms in (A.42) and selec-
tively absorb them into coefficients of |al?, |b]?, |c|* and a"L"a: 1) we note

that @™V, < —plal?; 2) we set
agA(alA — [12925) — (¢2 + Kb) bg = 0, (A43)

which eliminates the cross term b"¢; 3) we disintegrate the leftover cross terms

through Young’s inequality as follows:

a™ < al* + 5-[b)?,

%1
b'Vi < £(Zlal* + 5 [017), (A.44)
Vi < L(Fal* + 5 el?).

Using the aforementioned items and (A.44) in (A.42) results in the following:

V < —C,la)® — &b — Clc* — CymaLa
< —min{€,, &, €. (|a*+|b]* + |c[*) (A.45)
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where the coefficients €y are given by

Ca = 00uby — (Koo + A — b))

- (¢2 + Kb)bl% — ¢Aa251%, (A.46a)

£

@, = (Kibs = d(mA = b20)) — (¢ + Ky)br

1
— (Kaal + A(alA — b2¢))?, (A46b)
1
AL £
Q:C = (ﬁA(Clng — 632—2/1[ — Cl2b12—€3), (A46C)
r

Com = (Ko00 — qubgAMgleL). (A.46d)

If we ensure that every €ry > 0 in (A.46), then from (A.45), it can be seen

that the Lyapunov function V has linear decay rate, i.e., V < —ay/V where

- min{¢&,, &, €.} o~

2
ay > \E bi1o”, (A.AT)

and )\;ﬁ is the maximum eigenvalue of P given by

1 (Ka+A2)I[N A¢HN WA]IN
P == A¢ly (Kp+¢)Ily  ¢rly ® L,.
2| raly orly  w2IN+AbsT

Part 2: Here, we show positivity of coefficients €, expressed in (A.46),
to ensure convergence of the system dynamics in (7.5) which simultaneously
addresses concerns on existence of such gains. Let K, = X;¢?, ay = Obs and
a; = pby where scalars X, ©, p > 0. First, from €, > 0 and €, > 0, we can

establish bounds of 3 as follows:

2

NS €3 > % (A.48)
£ )

a 2(a2 - %)

A feasible solution that ensures the order of inequalities in (A.48) is plausible

only if the following inequalities are simultaneously satisfied:

O < 2u

6,£27
Cl > 2,u)\£4 <A49)

as (4u—9b1£2) '
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To simplify our analysis, we choose © := 2u(b;£2)~! and ¢; = 2\, (ay) ™!
that comply with (A.49). This choice bounds e3 as follows: 2-t5 > g3 >

a2
3a2 Let g3 := 3u(2a2£)7!; then, €, = 21461%# b1¢A. From g > 0, we
have K, > ()‘M;i L b1¢A Define R such that R > Ry, %, and let

K, = f)%bl( 2) ¢A7 thena

AR/[CIGL

Coym = Rb10A — ¢Aby

_ (9%1 - (A&)QELZ—D(ﬁA
= (R — Ry, ) b1oA.

Note that R;, depends solely on the network and objective functions involved.
Choices made for ©, (3, €3, R and K, ensure that the coefficients €. gym)
are positive. Next, we determine other design parameters in order to ensure
that the coefficients €, ) are also positive. For this, we begin by evaluating
(A.43) which can be expressed as:

Obsbs (pA? — 9A) — (X, + 1)¢b3 = 0

1 1%+ 1
— A2 — —pA — =
qu p Oby

Note that the quadratic equation in (A.50), in A/¢, always has two real

»* = 0. (A.50)

roots; these lie on either side of the imaginary axis. Let & a, given by (7.7),
denote the positive solution of (A.50). Through substitutions involving various

parameters, we can rewrite €, and €, in (A.46) as

€0 = 0,625 — Kooy D — (%, + )ng(;—é v [’1’12352>
:b1¢2<62%—(%b+1)2(§€4—1+ 2) s D). (A5
and
ek 25 )
= byg? (xb - m(eﬁp)i—;%) — (% + 1)bl¢2<2£2 + 5_;6% + 5_22%)
_ bl¢2(g—j3€b — (X + 1)2(%2%1 + 2%2 + %6_19 m(GAp)Z—z2—;>

(A.52)
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respectively. To provide intuition on solving for positivity of €,, €, in (A.51)
and (A.52), respectively, we let e = g9 = ¢; then €y > 0 can be com-
bined into one inequality expressed in (7.6). From & 5 in (7.7) we see that a
relatively small p can inflate the first argument of the min function in (7.6).
This affects the second term in (7.6), specifically & ap = (1+ %)%, favorably;
additionally, this term can also be manipulated by picking appropriate ra-
tio to := by/as. The second argument of the min function can be inflated
by appropriately choosing the ratio v; := by/b;. Thus, solving (7.6) ensures
positivity of coefficients g, ;.

To summarize, the coeflicients ag 2y, bya3y in (7.5) can be expressed in
terms of the gradient gain by, ratios v 9y, p and (cost) function parameters

£, w as follows:

(A.53)

_ _ax ot £2¢2
62 —tlbl, [33 = @2 = éﬂbl

{01 =pribi, ax = by,
In order to ease the design of event-based broadcasting in Section 7.4, we
also define é{} such that the coefficients €y in (A.45) can be expressed as

¢ = [11(;525:{}. Here, é{} are given by:

¢ et LA b2
Cu= Gyl — (X+ 1)2(4u +3) A CRIPS (A.54a)
o by g 1 £ 1 by
& = g% — (X, + 1)5:(4” +5+ 2u6§) ~R(Sap)ge.  (A5D)
M 1 1 222 2

Com = (R~ Rk, )G (A.54d)

A.4.3 Effect of the Broadcast Error

Recall that e only affects functions V,, and V}, defined in Appendix A.4.2;

therefore, their derivatives along dynamics in (7.10) are bounded as:

Vo = a1a"b — aza™L"a — aza’L"e

by 01
< a Tb . TLn <_ 2 e 2>
< aja asa’Lla + o 291|a| + 2[31|€|

(& J/
-
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and

V. =c"a+c'T""a+ e+ T e
[11 bl)\g\} )\&Clq
%)

)\F
ScTa—i—(—M—i— +—>|c\2—|— 5

2C1 2L1 2
—_—

1 /4y /\E/[LQGL L
— (2 )\s> 27
o (2 =g kel

-~

T n
a'Lla

where the under-brace shows the additional terms as a result of broadcast
error. Here, o_ is the spectral norm of L. The derivative of V', defined in

(A.41), along (7.10) is then upper bounded as:
V < —Culal? = b)? — €.|cf? — CymaLea + Clef?,

where

- bl o 2( % Ty OL
&= €~ Kurig - = 019 (@a meé——) (A.552)

¢ 1 201

- by b
¢ —c — A¢bg(2—bl g )

— b,02(€ — Sy (5 + 20))

® 21 29

3 .2 T ,82 1 T 1 )\54
= A (=2 (= 2M A.
SUASE t 2u<12 t <2L1 + 2L2>>’ (A.55D)

1
¢ = 2_[]1(KaULQ1 + Apbs (1 + )‘11;4L2€L)\|]_\/31>)

2
SN

T
= (fR—QOLQl + b3(1q + Agp\]ﬁ;eug)» (A.55¢)
261 T

and €, is from (A.54). Here, positivity of coefficients é{w} can be ensured by

choosing g1, t1, t9 as follows:

2
01 > %tﬁﬂ, (A.56a)
T U
1 AL 1
(=+24) <22, (A.56b)
L1 Lo 6'C2

and, if deemed necessary, revising the choice of p in (7.6). Let the new choice

of p be denoted by p; if it remains unchanged then p = p.
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A.4.4 Proof of Theorem 7.2

In this proof, using the 7; dynamics in (7.21), we show that the dynamics
in (7.10) asymptotically converges to E.

We begin the proof by establishing some quantities. First, recall that
in (7.19) we bounded the growth rate of W;. Here, we define H; such that

Wi < (axd;)W; + H;, where H? = 2(a?|b;|* + a3|L;[*al* + a3|A;[*[e|?). Next,
we add and subtract >~ ,,,(61/61)HZ, 61 > 0, from (7.18) which results in:
. ~ ) o
V< (¢ - 2b—lagT1r(LTL))\ay2 — (€ -2+

1

01 9y|712
blal)’b‘
— € lef = Cyma"Lia+ {(e:e + 2%a§Tr(ATA)) lea|2 — %Hf}-
A%

(A.57)
where é:{a,c}a ¢, are defined in (A.55).

Second, to enhance performance of the ETC in (7.13), we use the informa-

tion that is locally available at the node, namely, L7z, to construct an function
Vi as

Vi = el |LPaf? < clLilal® + e |Lyf?[ef. (A.58)
We add and subtract 3, b,V; from (A.57), resulting in

(.

: . d
V<= (€~ (2a3gh+ bue) TH(L'L) ) foP
1

v~

<

5 .
— (le — Qa%b—i) b]2 — & || — Coyma Lsa

N————

&

A AN

£ (e <2a§g—11Tr(ATA) + e Tr(L™L)) ) el

-

V7

J/

S .

- hH - bm}. (A.50)
1

From (A.53), we express aj, as in terms of by and p; then

€, —b, (6*(& —meL 20 (o1 .
¢, =y (?(€, NG, 291) (20 + )Tl ).
¢, =b, (e“:bqs? - 25%351), (A.60)
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where coefficients @{a7b}, (;:C ought to be positive which can be ensured, inde-
pendent of choice of by, by choosing appropriate ¢.
Now, we are ready to show the convergence of the hybrid dynamics (7.15).

Let the Lyapunov function be defined as follows:

U=V+ Z {7:0:W?2 +mi}.

viey
Stability analysis for hybrid systems has two aspects, namely, convergence in
the flow domain when X € (', and convergence in the jump domain when
X eD.
e Analysis during flow:
The derivative of U along the dynamics described in (7.15) is:
Ue =V + Z {7¢9i|ei|2 + 27,0, W;les| + nf}
Vi

< = Cola = G2 — Cfef — CymaLia+ > {vfle@-IQ

Vi
, b
+7i( — 2L} 0; — %‘(5—19? +1))lei]?
1
) -
1
< — Claf? — &) — €.lc|? — Cyma"Lsa
- Z {2%01”/1'|6i|2 + ﬁmi}- (A.61)
Vi

where U° denotes the Clarke derivative, see [12]. Here, we used Young’s
inequality to disintegrate 2v;0; H;|e;| as:

b )
2y Hile;| < =207 |ei|” + —H}.
(51 b1

Since the coefficients Q_:{&b}, éﬁc, B; are positive, there exists a positive def-

inite function {2 such that U° in (A.61) satisfies
U° < -U(X)), VX € C. (A.62)

e Analysis at jumps:

Prior to examining changes in the Lyapunov function U, over the jump domain
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D, we define three index sets to categorize agents based on the sign of their
g at the jump instant t. Recall that in (7.17), the jump states described by
the set-valued mapping in J; depend on g. At jump instant t, the nodes in
the network, which actively take part in the jump, must belong to one of the
following sets: a) P ={i € V| g. >0}, b) Q={i € V| g. < 0}, and ¢)
R={i€eV]|g =0} Here, PUQUR C V. Note that agents which do not
take part in the jump, at jump instant t, do not contribute towards changes
in U.

The states (a, b, ), like mentioned in Section 7.4.1, do not change, instan-
taneously, after the jump; however, states (e,n,7) instantaneously jump as

follows:

VieP: ef=e,n =4, 7 =0,

)

VieQ: ef =0,nf =g, 7" =0,

7

VieRy: e =e,nf =g, r" =0,
0

i =

VieR: ;
{Vz’ERg: 6;F:0, szgia Ti+: )

where R, R, are subsets of R such that the RiURy =R and Ry NRy = ¢
(null set). The two sets Ry and R, represent the index subsets of nodes i € R
that jump to states J' and J2, respectively. At any jump instant V* = V|

therefore we have:

Ut -U= Z{nﬁ =+ [7i9i|6i|2}+ —%‘ez‘|€z‘|2}
Vi

< Y {d-mrn(slet P - olel))

1€EPURL
; 1
+ ) {gs —n; + %(y!ezﬂQ - 91|€i\2)}
i€QUR, v
< = ) = N)lel* <o.
1EPURL

Recall that 0;(r;) > A; from Lemma 7.3; therefore, from (?7) we have:
UX*t) <U(X), X € D. (A.63)

The proof is completed by following the arguments made in Theorem 1

of [69] using (A.62) and (A.63). O
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