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abstract: We formalize the establishment process for a sexual,
semelparous organism through the use of hierarchical probability
modeling from parameters of survival, probability of being female,
probability of being fertilized, and expected fecundity. We show how
to calculate the expected per capita growth rate and probability of
extinction. An Allee effect is observed if the expected population
growth rate decreases as the initial population size decreases. The
model can be further extended as a stochastic process to evaluate
the probability of extinction in subsequent generations. One of the
novel results is the formulation of an analytical probability distri-
bution for the next generation population size. As case studies, we
use the Chinese mitten crab (Eriocheir sinensis) and the apple snail
(Pomacea canaliculata), both of which appear on the World Con-
servation Union’s list of 100 worst invaders. We evaluate the strength
of the Allee effect and conclude that apple snails experience a weak
Allee effect and Chinese mitten crabs experience a strong Allee effect.
We emphasize one scenario where the stochastic process reveals that
invasion risk can be estimated by the probability of the survival of
one fertilized female, because the expected fecundity for one sur-
viving female overwhelms the system such that population persis-
tence is almost certain.

Keywords: nonindigenous species, hierarchical modeling, establish-
ment, demographic stochasticity, propagule pressure, Allee effect.

Introduction

Populations at low densities are potentially prone to de-
clining or negative per capita growth rates as population
density decreases (Allee effect; e.g., Allee 1938; Odum and
Allee 1954; Dennis 1989). This effect has been invoked to

* Corresponding author. Present address: Center for Aquatic Conservation,

Department of Biological Sciences, University of Notre Dame, Galvin Life

Sciences Center, P.O. Box 369, Notre Dame, Indiana 46556-0369; e-mail:

cjerde@nd.edu.
† Present address: Alberta Environment, Government of Alberta, Edmonton,

Alberta T5J 1G4, Canada.

Am. Nat. 2009. Vol. 173, pp. 734–746. � 2009 by The University of Chicago.
0003-0147/2009/17306-50220$15.00. All rights reserved.
DOI: 10.1086/598496

explain why many repeatedly introduced nonindigenous
species (NIS) fail to establish (Sakai et al. 2001; Lockwood
et al. 2005). For some NIS such as zebra mussels (Dreissena
polymorpha), there is evidence that the Allee effect is a
plausible explanation for the frequency of unsuccessful
invasions at locations receiving low levels of propagule
pressure (Leung et al. 2004).

In the absence of an Allee effect, repeated introductions
will eventually lead to successful establishment, although
this may take considerable time to occur (Jerde and Lewis
2007). The only management action that will negate the
risk of invasion is to eliminate all propagule pressure.
However, because of the costs of searching for and elim-
inating the last few individuals in a population (Regan et
al. 2006) or in the arrival pathway, the elimination of
propagule pressure may be difficult or impossible (Sim-
berloff 2003a). In contrast, the presence of Allee effects
allows alternative management: if propagule pressure can
be reduced below a threshold, then repeated introductions
will continually fail to establish (Taylor and Hastings 2005;
Drake and Lodge 2006). However, assessing and testing
the strength of Allee effects generally requires collecting
population data after a species establishes and while it
spreads (Veit and Lewis 1996; Leung et al. 2004). This has
led some to question the utility of population models for
invasive-species risk assessment and proactive manage-
ment (Simberloff 2003b).

Distinct from Allee effects, demographic stochasticity
will also influence the persistence or extinction of a species
(Goodman 1987). Demographic stochasticity arises from
chance events that result from individual birth and death
processes (Lande 1993) and through fluctuations in the
sex ratio (Bessa-Gomes et al. 2004). At high population
abundances, the variability due to demographic stochas-
ticity becomes negligible (Engen et al. 1989), but at low
population abundances, demographic stochasticity can be
a dominant force that will determine the fate of a pop-
ulation (Lande 1993), which, in turn, will have conse-
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Figure 1: Flow diagram of the hierarchical population model. Random variables are defined in table 1, and parameters are defined in table 2. Plus
sign indicates the summation of random variables.

quences on conservation management (Goodman 1987).
Because NIS are often introduced at relatively low abun-
dances (Lockwood et al. 2005), the influence of demo-
graphic stochasticity is an additional, critical consideration
in evaluating risk and predicting invasions (Drake and
Jerde 2009).

Using life-history traits to predict invasions has a mixed
record of success, but some generalizations have been
identified (Williamson 1999; Kolar and Lodge 2001). For
example, Keller et al. (2007) found that fecundity of fresh-
water mollusks was a significant predictor of whether a
species would cause ecological or economic damage. Sim-
ilarly, statistics of life history, such as the net reproductive
rate R0, which is the lifetime production of offspring per
female, can be estimated for a wide variety of life histories
(de Camino Beck and Lewis 2007) and is related to the
spread rate of invading organisms (Kot et al. 1996). But
can life-history traits be used to predict the presence and
strength of Allee effects?

We propose a stochastic model for the establishment of
a semelparous, two-sex species that has an emerging Allee
effect and demographic stochasticity. The model employs
life-history parameters (survival, sex ratio, fertilization
probability, and fecundity) from which it is possible to
calculate the probability of extinction in the next gener-
ation, the expected net per capita growth rate, and the
expected net population change for an initial population
size introduced into a location. From the model, we iden-
tify whether a weak or a strong Allee effect is expected in
the population, using independently estimated parameters
from other locations or laboratory studies. Additionally,
introduced populations have the potential to persist for a
few generations and then become extinct as a result of the
Allee effect and demographic stochasticity. Therefore, we
show how the model can be formulated as a stochastic
process and demonstrate the resulting temporal changes

in the distribution of population abundance. This allows
us to predict the persistence and extinction probabilities
of newly arrived species, which is critical for assessing and
managing invasion risk (Leung et al. 2002).

Two semelparous organisms, the apple snail and the
Chinese mitten crab, are classified as two of the world’s
worst invaders by the World Conservation Union’s In-
vasive Species Specialist Group (http://www.issg.org). After
application of the model, we conclude that the apple snail
has a weak Allee effect and the Chinese mitten crab has
a strong Allee effect. However, because the expected fe-
cundities of these two organisms are so large, the Allee
effect, while present, does not significantly influence the
probability of population establishment. Instead, the prob-
ability of at least one female becoming fertilized and sur-
viving to give rise to the next generation is the critical
consideration for predicting successful invasions and is a
mechanistic justification for fecundity and net reproduc-
tive rate being used to identify species likely to become
invasive (Keller et al. 2007; de Camino Beck and Lewis
2008).

Hierarchical Allee Effect Model

We take the approach of modeling population dynamics
with discrete probability events formulated in a hierarchy
of processes (fig. 1). All random variables are defined in
table 1, and all parameters are defined in table 2. First, a
fixed number of individuals, n0, are introduced into a new
landscape. These individuals must then survive to repro-
ductive maturity with a survival probability, denoted p.
These surviving individuals, S, are then separated into fe-
males, F, and males, M, with the probability of being fe-
male denoted as w. A female is fertilized by any given male
with probability g. Assuming promiscuous mating and no
mate choice, the probability of a female becoming fertilized
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Table 1: Random variables of the hierarchical model

Random variable Description Support

S Number of initially surviving individuals in the population (0, 1, 2, …, n0)
F Number of females in the population (0, 1, 2, …, S)
M Number of males in the population (0, 1, 2, …, S)
D Number of individuals that do not initially survive (see app. A) (0, 1, 2, …, n0)
K Success of one male attempting to fertilize one female (see app. A) (0, 1)
Y Number of males that successfully fertilize a female (see app. A) (0, 1, 2, …, M)
Q Number of successfully fertilized females (0, 1, 2, …, F)
H Number of successfully fertilized females that survive to reproduce (0, 1, 2, …, Q)
B Fecundity (0, 1, 2, …)
N Total number of offspring (next-generation population size) (0, 1, 2, …)
R Geometric growth rate �1 ! r ! �

increases monotonically, , with the number�n gp(1�w)01 � e
of males ( ). The mate-finding strategy of ann p(1 � w)0

organism is a known mechanism of the Allee effect (Cour-
champ et al. 2008), and alternative mate-finding strategies
will result in a variety of female fertilization functions (Lee
et al. 2008) beyond the promiscuous mating function used
here. Each fertilized female has a probability n of survival
to reproduction. The model is of a semelparous organism,
so the number of offspring B produced by each fertilized
female H becomes the population at the next generation,
N.

Hierarchical probability models are synonymous with
conditional probability. If a distribution has a parameter
that is a random variable, then it is a hierarchical or con-
ditional process (Casella and Berger 2002). A common
application of this approach is with Bayesian inference
where a prior distribution formed from belief, data, or a
mixture of the two is placed on the value of a parameter
in order to account for parameter uncertainty. However,
hierarchical models are not proprietary to Bayesian infer-
ence (e.g., Dennis and Lele 2009). The approach we have
taken has a subtle distinction in that variability in the
distribution of the next generation’s population size arises
from a series of chance death, reproduction, and birth
processes that are linked through conditional probability.
This variability is often referred to as process variability
(Dennis et al. 2006) and is perceptibly, although not math-
ematically, different from parameter uncertainty. The con-
sequences of parameter uncertainty are addressed after the
case studies.

Reducing the model through conditional probability re-
sults in a compound Poisson process (CPP) that is con-
ditional on the random variables that describe the number
of fertilized females that survive to reproduction, H, and
the number of offspring per surviving fertilized female, B:

H

NFH, B p B , (1)� i
ip1

where and B ∼ Pois-�n gp(1�w)0H ∼ Poisson n npw1 � e{ [ ]}0

son(b). The random variable, N, is the population size of
the next generation. The model formulation and details
of the simplifications used to arrive at equation (1) are
found in “Formulation of the Hierarchical Probability
Model of Establishment” in appendix A in the online edi-
tion of the American Naturalist.

A number of mathematical and biological assumptions
are used to reduce the hierarchical model to a CPP; these
can be found in appendix A. However, one assumption is
worth emphasizing here. We assume that Poisson ap-
proximations can be substituted for binomial probability
distributions. For invasive species, the approximation is
biologically reasonable when the probability of finding a
surviving fertilized female, , is small. If�n gp(1�w)0npw1 � e[ ]
this probability is large, a population will readily establish,
and evaluating the presence and strength of an Allee effect
is unnecessary as a practical concern. However, exact prob-
abilities when this assumption is questionable can be cal-
culated using compound binomial processes, which will
result in properties similar to those presented here (Leipus
and Viano 2003). Implementing a compound binomial
model will follow a similar procedure to that described in
appendix A, but it will require separating the initial pop-
ulation size (n0) from the Poisson distribution, resulting
in binomial distributions (e.g., Taylor and Karlin 1998, p.
27).

Model Properties

Mean, Variance, and Probability-Generating
Function of CPPs

CPP random variables do not have convenient marginal
distributions from which to make predictions of the ob-
served next-generation population size, N. Instead, we rely
on the probability-generating function to describe the
shape of a random variable’s distribution. Probability-gen-
erating functions are useful mathematical constructs that
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Table 2: Parameters of the hierarchical model and the parameter estimates, with source citations, used for the Chinese mitten crab
(Eriocheir sinensis) and apple snail (Pomacea canaliculata) examples

Parameter

Model properties E. sinensis P. canaliculata

Description Support Value Sources Value Sources

n0 Initial population size (1, 2, …) … … … …
p Probability of surviving

from introduction to
mating

0 ≤ p ≤ 1 .01 Anger 1991 .8 Estebenet and Cazzaniga 1992;
Estebenet and Martin 2002

w Probability of being female 0 ≤ w ≤ 1 .5 Zhang et al. 2001 .5 Yusa 2007
g Probability of a male

fertilizing a female
0 ≤ g ≤ 1 .01 Herborg et al. 2006 ∼1 Albrecht et al. 1996

n Probability of surviving
from mating to
reproduction

0 ≤ n ≤ 1 ∼1 Anger 2006 .8 Estebenet and Cazzaniga 1992;
Estebenet and Martin 2002

b Expected number of
offspring

b 1 0 250,000 Kobayashi 2001 4,500 Estebenet and Martin 2002;
Albrecht et al. 1996

capture the random variable’s distributional form as a
power series and allow for the calculation of the mean,
variance, and probability mass.

The probability-generating function for the CPP is

�

N nG(t) p E(t ) p Pr (N p n)t�
np0

(t�1)b �n gp(1�w)0p exp e � 1 n npw1 � e , (2)([ ]{ [ ]})0

and it is used to calculate the mean and variance of N
(e.g., Chatfield and Theobald 1973):

�n gp(1�w)0E(N) p b n npw1 � e , (3){ [ ]}0

2 �n gp(1�w)0Var (N) p b � b n npw1 � e( ){ [ ]}0

p (1 � b)E(N). (4)

The mean next generation size, E(N), is the product of
the expected offspring per female, b, the number of fe-
males that survive to reproduction, n0npw, and the dis-
counting of the number of fertilized females that survive
to reproduction due to mate-finding limitation, 1 �

. Although mathematically motivated, the expec-�n gp(1�w)0e
tation is biologically interpretable and shows that the non-
linearity, which is indicative of a mechanism leading to an
Allee effect (Courchamp et al. 2008), emerges because of
the mating function. This is a point we will return to in
the formulation of the geometric growth rate.

The probability mass function (PMF) is recovered from
the probability-generating function by

(n)G (0)
Pr (N p n) p . (5)

n!

This formulation of the PMF is computationally expensive

because evaluating requires calculating the nthPr (N p n)
derivative of the generating function and evaluating the
derivative at . Alternatively, it is possible to write thet p 0
probability of recursively such thatN p n

G(0) when n p 0

Pr (N p n) p , (6)n�1nc(n )b Pr (N p i)0 when n 1 0�{ in b (n � 1 � i)!ip0

where . This recursive[�n gp(1�w)] �b0c(n ) p n pnw 1 � e e{ }0 0

formulation does not require the calculation of derivatives,
thus easing the computational burden. Because this for-
mulation is previously unreported, a derivation and a
proof of the recursive formula are presented in appendix
B in the online edition of the American Naturalist. For the
purpose of predicting invasions, the hierarchical modeling
approach leading to the CPP provides an analytical so-
lution for the PMF that was previously studied with Monte
Carlo simulation (Grevstad 1999).

Geometric Growth Rate and the Allee Effect

The presence and strength of the Allee effect are reflected
in population growth as a function of population size
(Dennis 1989). Because the model projects the population
from n0 to the random variable N in discrete time (with
a time step of one generation), we use the geometric per
capita growth rate, R, to assess population growth:

N
R p . (7)

n 0

The population at the next generation, N, is a random
variable, so R is also a random variable, where E(R) p

and . When n0 becomes2E(N)/n Var (R) p Var (N)/n0 0
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Figure 2: Interpolated probability surface of N (A) and expectation of N (B) with ∼90% prediction intervals (gray lines) as a function of the initial
population size, n0, for , , , , and . Dark shading in A indicates low probability, and light shading indicatesp p 0.8 n p 0.8 w p 0.3 g p 0.1 b p 6
higher probability. The dashed line in both A and B is a 1 : 1 line ( ). For small values of n0, there is a high probability of individuals beingN p n0

unable to replace themselves ( ). However, as n0 increases, the influence of the Allee effect is diminished, the expectation crosses the 1 : 1 line,N ! n0

and the probability that increases.N 1 n0

large, R converges to pnwb where . A value ofVar (R) r 0
indicates population growth, indicates pop-R 1 1 R ! 1

ulation decline, and results in no change from theR p 1
initial population size to the next-generation population
size, .N p n 0

The asymptotic growth rate ( ) is the product ofn r �0

survival (pn), the probability of being female (w), and
fecundity (b). However, when the initial population size
(n0) is small, the expected geometric growth rate, E(R), is
discounted by the probability of at least one male fertilizing
a female, . This is one mechanism that leads[�n gp(1�w)]01 � e
to Allee effects (e.g., Allee 1938; Boukal and Berec 2002;
Hurford et al. 2006 and references therein). The mating
function is the critical mechanism of the emerging Allee
effect (Bessa-Gomes et al. 2004; Courchamp et al. 2008).
Consequently, differences in mating behavior and success
will change the strength of the Allee effect (e.g., Molnar
et al. 2008), and tactical invasion risk assessments may
require alternative mating functions beyond the one used
here. For a general mating function approach, see Lee et
al. (2008).

As discussed above, the Allee effect arises because in-
dividuals in the population, on average, cannot replace
themselves. This effect may be a strong or a weak influence
on the per capita growth rate (Wang and Kot 2001). A
weak Allee effect is said to occur when the per capita
growth rate is greater than 1 but decreases as the initial
population size decreases. In contrast, a strong Allee effect
is said to occur when the per capita growth rate or expected

net population change becomes !1 for low population
density. Only strong Allee effects induce an Allee threshold
( ). The expected net population change, whereE(R) p 1

, is another common function usedE(DN) p E(N) � n 0

to identify the presence and strength of Allee effects (Lewis
and Kareiva 1993). The Allee threshold in this formulation
occurs when , and it is consistent with a de-E(DN) p 0
terministic formulation of the Allee effect.

Demographic Stochasticity

The probability mass function for N (eq. [5]) allows for
investigation of the influence of demographic stochasticity
in the presence of the Allee effect. Figure 2 contains an
interpolated surface of probability masses. The probability
space can be separated into three distinct classes: the prob-
ability of extinction ( ; fig. 2A, white area nearPr (N p 0)
the origin), the probability of persisting with (fig.N ! n 0

2A, below the dashed line), and the probability that N 1

(fig. 2A, above the dashed line).n 0

In deterministic settings with Allee effects, initial pop-
ulations below an Allee threshold will become extinct while
initial populations above the threshold will grow (Dennis
1989; Wang and Kot 2001). In contrast, stochastic models
with Allee effects (Dennis 2002) assign a nonzero prob-
ability to population persistence due to chance events. As
such, our model assigns a nonzero probability to popu-
lation persistence in regions where deterministic models
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Figure 3: Two realizations of the stochastic process resulting from equation (8). The graph in A is parameterized using the life history of the Chinese
mitten crab (table 2) and initialized at . The graph in B (where , , , , and ), which is a randomn p 400 p p 0.8 n p 0.8 w p 0.3 g p 0.1 b p 60

parameter set, was initialized at , approximately half the value of the Allee threshold. For the mitten crab, the probability of establishing isn p 150

very small ( ), but once established, the population persists. This is evident because the probability of the initial populationPr (N ( 0) p 0.0381

persisting remains constant. In contrast, the population in B experiences an increased probability of extinction through time. Therefore, at each
time step there is an increasing likelihood that the population has perished.

indicate extinction, which is consistent with previous re-
sults based on simulations (Grevstad 1999).

Extending the System as a Stochastic Process

We have previously assumed the initial population size to
be fixed and known; hence, in equation (6), n0 appears as
a parameter. Projecting the distribution of subsequent gen-
erations of the population requires that we account for n0

arising as a random variable. This is a stochastic process
for the population size, indexed by time (t), and it forms
the basis for predicting the persistence and establishment
of new NIS introductions (Drake and Jerde 2009). The
probability model can be written as a dynamical system
by formulating the distribution of the next generation
through chains of conditional probability:

�

Pr (N p n ) p Pr (N p n FN p n ) Pr (N p n ).�t�1 t�1 t�1 t�1 t t t t
n p0t

(8)

The distribution of the next generation can be projected
using a linear process:

j jPr (N ) p A Pr (N ) . (9)t�1 t

In this linear process, the jth element of the vector
is the probability of observing . ThejPr (N ) N p j � 1t t

vector of probabilities for N1 is calculated using equation

(5) for the initial population size, n0. The length of this
vector is set to to account for extinction,n � 1 n pmax

. The matrix A comprises column vec-0 i p 1 … n � 1max

tors of conditional probability (eq. [7]). Because we are
projecting the population dynamics of a sexual species,
columns and are absorbing states, meaningi p 1 i p 2
that the probability of being extinct in the next time step
is 1 if there are 0 or one individuals in the population
(Taylor and Karlin 1998). For the remaining i p

columns, the elements, aj, i, are calculated3 … n � 1max

using equation (6), where and , re-n p j � 1 n p i � 10

sulting in

G(0) when j p 1
a p . (10)j�2j�1j, i c(i � 1)b Pr (N p j � 2)

when j 1 1�{ kj � 1 b (j � 2 � k)!kp0

The resulting conditional probability matrix is

1 1 a … a1, 3 1, n �1 max

0 0 a … a2, 3 2, n �1max

0 0 a … a3, 3 3, n �1maxA p . (11)
0 0 a … a4, 3 4, n �1max

_ _ _ 5 _ 
0 0 a … a n �1, 3 n �1, n �1max max max

The distribution of any future population at time t can
be obtained by iterating equation (8). In figure 3, we pro-
vide two examples with different dynamics where popu-
lation persistence can be evaluated at each time step t. In
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figure 3A, population persistence is determined by the
dynamics at the first time step. With 400 individuals in-
troduced initially, it is very likely that the population will
be extinct in the next time step. However, there is a 0.038
chance the population will be nonzero and escape the
influence of the Allee effect and demographic stochasticity.
The fact that this probability changes very little after the
first time step indicates population persistence. In contrast,
the dynamics of figure 3B show an increasing probability
of extinction through time. The low expected fecundity b,
in concert with the other life-history parameters, does not
allow the population to quickly escape the clutches of the
Allee effect and demographic stochasticity. Mechanistically,
this is one explanation of why fecundity is a significant
predictor of successful invasion (Keller et al. 2007).

Examples

The Chinese mitten crab and the apple snail are two
aquatic invertebrates listed on the World Conservation
Union’s (IUCN’s) “100 of the World’s Worst’’ list of in-
vasive species (http://www.issg.org). These species have in-
vaded large regions of the world but continue to invade
new locations and are of concern in North America. Both
species, which are semelparous and sexually reproducing,
have received attention because of their ecological and
economical impacts (Carlsson et al. 2004; Ruiz et al. 2006)
and because there is a mixture of observational and lab-
oratory research from which to obtain life-history param-
eters.

Chinese Mitten Crab (Eriocheir sinensis)

The Chinese mitten crab, which is native to eastern and
southern Asia, has successfully invaded parts of Europe,
Japan, and the San Francisco and Chesapeake bays of the
United States (Rudnick et al. 2005; Herborg et al. 2006;
Ruiz et al. 2006). Mitten crabs are imported as a food
source, but live imports into the United States have been
banned since 1989, before their invasion of North America
(Ruiz et al. 2006). The most likely introduction pathway
is through the ballast water transport of larvae into es-
tuaries (Herborg et al. 2007). Like other aquatic invaders,
mitten crabs have changed estuary and stream food web
dynamics, but the most noticeable ecological impact is
erosion of stream banks by mitten crab burrows, which
results in sedimentation into rivers and increased eco-
nomic costs due to maintaining the structural integrity of
levees (Rudnick et al. 2005).

Mitten crabs have a semelparous life history, where the
larvae are released in the brackish water of estuaries (Rud-
nick et al. 2005). The temperature and salinity of the water
in which the larvae are released appear to be key deter-

minants of survival (Anger 1991) and can result in juvenile
survival of !0.01 across variable salinity and temperature.
For our analysis, we use the probability of survival to the
megalopa stage under conditions of 12�C and salinity of
25% (table 2). After this stage, the individuals then migrate
to freshwater streams, where they remain until sexual ma-
turity. Adults return to the estuaries and mate. In the
estuary, mate finding can be difficult at low densities be-
cause mate recognition occurs by physical contact, as op-
posed to by release of a pheromone into the water to attract
males (Herborg et al. 2006). This would imply a very small
probability of at least one male fertilizing a female, g, for
low population abundances, but probability would almost
certainly be determined by the geography of the estuary.
We use for the analysis, assuming that, at lowg p 0.01
densities, males are unlikely to find a mate. Male mitten
crabs die shortly after reproduction. However, females can
brood the egg cluster for 1–2 months before release of the
larvae, after which the female dies (Rudnick et al. 2005).
The sex ratio appears to be 1 : 1 (Zhang et al. 2001), and
the fecundity of Chinese mitten crabs is thought to be
similar to that of the Japanese mitten crab, with between
250,000 and 1 million eggs produced per female (Koba-
yashi 2001). A generation for the Chinese mitten crab is
between 2 and 3 years (Rudnick et al. 2005). The point
estimates used for the model are provided in table 2, along
with the sources of information. Survival between mating
and reproduction is assumed to be approximately 1 be-
cause of the short time period (1–2 months) and the ab-
sence of information for this parameter value. The con-
sequences of parameter uncertainty for assessing Allee
effects and predicting invasions are addressed in “Param-
eter Uncertainty and the Geometric Growth Rate.”

The parameter estimates for the Chinese mitten crab
reveal a strong Allee effect (fig. 4B; occursE(DN) p 0
when , an Allee threshold). Maybe even more sur-n ≈ 160

prising is the range in initial population sizes (n0) that
result in high probabilities of the population becoming
extinct in the next generation (fig. 4A), a point we discuss
further in an application of the stochastic process.

Chinese mitten crabs have an interesting detection his-
tory. Individuals have been observed in some United States
ports, but only the San Francisco and Chesapeake bays
have established, persistent populations (Ruiz et al. 2006).
Although there have been individuals reported in several
harbors, the possibility of Allee effects influencing the de-
tection and establishment of mitten crabs has not been
raised. The results from our model formulation indicate
that the Allee effect may be a reasonable explanation for
these observations.

The parameter estimate of survival from birth to re-
productive maturity (p) that is used for this analysis comes
from laboratory experiments and is likely much lower in
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Figure 4: Probability of extinction for the mitten crab (A) is much greater than it is for the apple snail (C) at low abundances. With ,n ! 10,0000

mitten crabs are likely to become extinct ( ). In contrast, with , apple snails are almost certain to have population persistence. ForPr (N p 0) n 1 100

small initial population sizes, mitten crabs are unable to replace themselves, on average, in the population, thus indicating a strong Allee effect (B).
For apple snails at a low initial population size (D), the population is able, on average, to replace themselves. The solid gray lines in B and D are
the lower 95% prediction boundaries (in B, the solid gray line visually overlaps the X-axis). The dashed line indicates the 1 : 1 line above which
the population is able to replace itself in the next generation.

natural systems. As , the Allee threshold increases.p r 0
Of the parameters used in the analysis, the estimate of the
probability of at least one male fertilizing a female, g, is
the most tenuous. Although Herborg et al. (2006) provided
a detailed study of the biology of mitten crab mating, little
is known about the factors affecting this probability.

Apple Snail (Pomacea canaliculata)

The apple snail is native to South America and has estab-
lished invasive populations in southern Asia, Japan, and
the southern United States. Many of these establishments
occurred because the snail was intentionally introduced to
rice fields as a secondary crop for the escargot industry.
However, apple snails are voracious herbivores, causing
substantial loss in rice yield and changes in the state and
function of freshwater lakes. In some freshwater systems,
the native vegetation is completely extirpated, resulting in
lakes that had clear water and food webs regulated by
macrophytes changing states to become turbid lakes dom-
inated by phytoplankton (see Carlsson et al. 2004 and
references therein).

In the United States, apple snails were introduced in
some locations as a biological control of invasive plants.

However, many of the introductions are thought to be a
result of the aquarium trade, wherein apple snails were
released haphazardly into the wild. Although the aquarium
industry has stopped the import and sale of apple snails,
many small populations persist in private aquariums, and
sightings of apple snails, such as in Lake Wawasee, Indiana,
where three individuals were found, are attributed to per-
sons emptying private aquariums in lakes and streams
(Anonymous 2005).

Apple snails have a variable life history that includes
both semelparous and iteroparous strategies. Semelparous
life histories are typically associated with the relatively con-
stant temperatures in tropical and subtropical environ-
ments, taking approximately 1 year for a generation (Este-
benet and Cazzaniga 1992). Apple snails are sexual or-
ganisms with equal proportions of males and females in
the population, although there appears to be a large
amount of variability in the sex ratio that can be attributed
to genetic relatedness of populations (Yusa 2007). In lab-
oratory experiments, survival from egg to sexual maturity
and from sexual maturity to reproduction is approximately
0.8 for each stage (Estebenet and Cazzaniga 1992). In nat-
ural populations, the survival in both stages is likely to be
substantially lower because snails are a common prey spe-
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cies for a wide array of predators, but snail egg masses are
thought to be unpalatable, resulting in naturally high sur-
vival until the juveniles enter the water. Egg masses can
vary from 100 to 11,000 eggs, with multiple egg masses
being produced in a single reproductive bout. In one study,
the average fecundity was 4,506 eggs, and it ranged from
1,136 to 10,869 eggs (Estebenet and Martin 2002).

Apple snails are promiscuous, with females able to store
sperm, resulting in a probability of fertilization that is very
close to 1 (Estebenet and Martin 2002). It has been re-
ported that males are able to find females at long distances,
at low density, and in the dark, suggesting a possible che-
motactic mechanism. At experimentally controlled low
densities, almost all females are fertilized (Albrecht et al.
1996). Although the values for all parameters are not avail-
able for a single study site, the estimates for survival, fe-
cundity, sex ratio, and probability of being fertilized appear
to be fairly consistent across studies. Table 2 contains the
point estimates used to parameterize the model.

The probability of extinction (fig. 4C) and the popu-
lation size (fig. 4D) are plotted as functions of the initial
population size, n0, using the parameters found in table
2. For as few as 20 individuals released into a location,
the probability of the population becoming extinct in the
next generation is approximately 0. For all n0, the expected
growth rate is positive and thus indicates weak Allee effects
(see geometric growth rate [R] formulation).

For introductions of 110 individuals, it is almost a cer-
tainty that establishment of an apple snail population will
occur. This observation is of particular concern, given the
introduction pathway of private aquariums being exposed
to freshwater lakes, and it likely explains the disparate
observations in the locations where apple snails have suc-
cessfully established. These systems were simply over-
whelmed by propagule pressure (Von Holle and Simberloff
2005).

Of the parameter estimates used, the probabilities of
survival are likely to be the most susceptible to changes
because of biotic interactions (predation). Reducing the
probabilities of survival to and results inp p 0.1 n p 0.1
the same weak Allee effect. However, the probability of
extinction in the next time step is large (10.8) for values
of . These results indicate that natural system andn ≤ 4460

predation studies of apple snails are critical for assessing
invasion risk. This has been noted previously (Estebenet
and Martin 2002).

Parameter Uncertainty and the Geometric Growth Rate

For any modeling approach, uncertainty in the parameter
estimates arising from a variety of mechanisms (Regan et
al. 2002) will lead to uncertainty in model predictions.
Here we have reported and used point estimates for in-

ferences on the presence and strength of Allee effects. Ad-
mittedly, the parameters used for both examples (table 2)
come from experiments conducted in a laboratory setting
and in-field experiments where the invasive species is al-
ready well established. Alternatively, some estimates, such
as the probability of being fertilized, are from noted ob-
servations reported in the literature but are void of re-
ported parameter values. Parameter uncertainty is always
problematic, but it is exaggerated for invasive species when
little is known about how the species will interact in a new
environment.

In the absence of uncertainty estimates in life-history
parameters, qualitative insights for the examples may be
gained by decomposing the geometric growth rate into the
asymptotic contribution (pnwb) and the discounted con-
tribution due to the Allee effect ( ). The as-n gp(1�w)01 � e
ymptotic growth rate, as mentioned above, is composed
of the survival probability (pn), the probability of being
female (w), and fecundity (b). Uncertainty in these pa-
rameter estimates reflects a larger question of whether the
species is capable of establishing and growing a population
in a new environment. With a sensitivity analysis, if a range
of possible outcomes indicates growth rate values that are
all !1, then assessing the influence of the Allee effect is of
diminished concern. However, if the range of outcomes
includes 1 or is largely greater than 1, we may ask whether
the Allee effect is a critical mechanism for predicting in-
vasions. The asymptotic growth rates for the mitten crab
and the apple snail are 1,250 and 1,440, respectively. This
is due to the large fecundity relative to survival. There is
uncertainty in the estimate of mitten crab initial survival,
and for both survival probabilities in the apple snail there
is an absence of predator influence. Yet, for the growth
rate to be reduced to 1, the mitten crab’s survival prob-
ability would have to be and the apple snail’s�6p p 8 # 10
survival would be reduced to .�4p # n p 4.5 # 10
Whether environmental or predator effects are sufficient
to reduce survival probabilities to these levels is unknown.

The influence of the Allee effect is relative to the as-
ymptotic growth rate. Using the mitten crab as an example,
with an asymptotic growth rate of 1,250, the Allee effect
must discount the asymptotic growth rate below

to cause an Allee threshold. Assessing1/1,250 p 0.0008
changes in the Allee threshold due to variability in the
initial population size, fertilization rate, initial survival,
and the probability of being male would be a valuable
sensitivity analysis.

For the apple snail, no Allee threshold exists because of
the weak Allee effect. However, an Allee threshold has been
demonstrated with the point estimates of the mitten crab.
From the Allee function, the product of the parameters
( ) is a probability and can range from 0 to 1.gp(1 � w)
Each of these probability parameters influences the Allee
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Figure 5: Parameter space of the Allee effect contribution to the geo-
metric growth rate. The 0.1-interval contours show the regions of the
Allee effect multiplier of the asymptotic geometric growth rate (1 �

). For the mitten crab, an Allee threshold occurs for values ofn gp(1�w)0e
less than . This region is within the area with the very1/1,250 p 0.0008
darkest shading. Consequently, the Allee effect is a concern for only a
small portion of the overall parameter space, and small changes, especially
in , will cause large changes in the influence of the Allee effect.gp(1 � w)

function similarly. Figure 5 shows the Allee function
( ) across the parameter space of the productn gp(1�w)01 � e
of probabilities ( ) and the initial population sizegp(1 � w)
(n0). Because of the assumed large geometric growth rate
(1,250), the Allee function ( ) must be !0.0008n gp(1�w)01 � e
for there to be an Allee threshold. In figure 5, this region
parallels the X-axis. The contours come very close together
as the initial population size increases, which indicates that
if is small, then parameter uncertainty couldgp(1 � w)
dramatically change the inferences regarding the existence
and strength of an Allee effect. However, if we can be
reasonably assured that the product of these probabilities
is not near 0, we can also conclude that the Allee effect
is unlikely to influence invasion risk.

Evaluating Persistence

There is an apparent contradiction between a positive ex-
pected growth rate (fig. 4B) after the Allee threshold
( ) and such a large probability of being extinct inn p 160

the next time step (fig. 4A). With the presence of a weak
or a strong Allee effect, the successful establishment of
populations has been shown to largely depend on popu-
lation dynamics that occur after the initial introduction
(Drake et al. 2005). This appears not to be so for either
the apple snail or the Chinese mitten crab, as can be ob-
served in the stochastic process (eq. [7]) and resulting
probability distributions of future generations (eq. [8]).

For illustration, consider an initial population size for
the Chinese mitten crab of and a probability ofn p 4000

being extinct in the next generation, , of 0.962.Pr (N p 0)1

For N2–N9, this probability remains essentially unchanged
(fig. 3). That is to say, there is a probability 1 �

that the population will persist atPr (N p 0) t p1

that is approximately constant after the intro-1, … , 9
duction. This “boom or bust” population dynamic occurs
because of the small probability at n0 of a surviving fer-
tilized female, H, and the very large expected fecundity,
b, where the number of offspring becoming the next gen-
eration overwhelms the system such that the probability
of the N2 generation being extinct is approximately equal
to 0. This same dynamic is observed in the apple snail.

More generally, some NIS may have lower fecundities,
resulting in Allee effects that contribute to the probability
of being extinct in future generations. For these situations,
the probability distributions resulting from the stochastic
process (eq. [8]) are useful for estimating the probability
of the population becoming extinct within some time t.
This analysis is equivalent to performing population via-
bility analysis, which is common in conservation biology
(e.g., Brook et al. 2000), and it will likely have the same
predictive shortcomings (Ellner et al. 2002). It may be
possible to reconcile population viability theory for con-

servation biology to invasion theory for nonindigenous
species (e.g., Drake and Bossenbroek 2004). Although
management goals are different (preventing extinction vs.
preventing invasion), the underlying dynamics are closely
related. Consequently, further development of population
viability theory from the perspective of reducing invasion
success is likely to be a fertile avenue of future research.

For many pathways of invasion, there are repeated in-
troductions that contribute to the increased probability of
successful invasion (Carlton 1996; Cohen and Carlton
1998; Drury et al. 2007). Even though apple snails and
Chinese mitten crabs have weak and strong Allee effects,
respectively, the boom-bust dynamics of establishment fit
well into the invasion waiting-time formulation of inva-
sion risk (Jerde and Lewis 2007). The invasion waiting-
time formulation assumes that each introduction event is
independent of previous introduction events and has the
same propagule pressure (n0), leading to identically dis-
tributed probabilities of establishment, ,1 � Pr (N p 0)
where (from eq. [5]) and n0 is thePr (N p 0) p G(0)Fn 0

propagule pressure. This implies that, at each time step,
n0 individuals are introduced to a location. For a specified,
regularly recurring propagule pressure, the probability of
an invasion by time t is
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tPr (T p t) p 1 � (1 � G(0)Fn ) (12)0

(Jerde and Lewis 2007).
Equation (12) is the cumulative mass function of a geo-

metric waiting-time distribution. The probability of Chi-
nese mitten crab establishment when isn p 400 1 �0

. Therefore, the establishment probability of0.962 p 0.038
a population after , 10, and 100 generations is 0.18,t p 5
0.32, and 0.98, respectively. Consequently, the semelparous
life-history strategy with overwhelming fecundity further
supports the performance of ecological risk assessment
that is based on propagule pressure (Lockwood et al. 2005)
and proactive risk management, even in the absence of
well-understood population dynamics (Simberloff 2003b).

Discussion

Demographic stochasticity and the Allee effect are known
to decrease the chance of population persistence at low
density (Shaffer 1981; Grevstad 1999; Dennis 2002), be the
populations managed, endangered, or invasive species. The
presence of an Allee effect and demographic stochasticity
have been shown to change management actions, optimal
control decisions, and risk assessments (Liebhold and Bas-
compte 2003; Taylor and Hastings 2005; Drake and Lodge
2006). Yet, assessment of the presence and strength of an
Allee effect, particularly for invasive species, has been con-
ducted only after the species has successfully become es-
tablished in multiple locations under different propagule
pressures (Leung et al. 2004) or by using population data
of established invasive species (Veit and Lewis 1996; Cour-
champ et al. 2008). As a consequence, risk assessment and
management of invasive species are commonly practiced
without considering the influence of the Allee effect and
demographic stochasticity (Simberloff 2003b; Taylor and
Hastings 2005).

We have offered a life history–based approach for as-
sessing and predicting the influences of Allee effects and
demographic stochasticity on invasion risk. Although it is
similar to Monte Carlo models for species persistence and
establishment (Grevstad 1999), we developed a novel ap-
proach for finding an analytical form of the next-gener-
ation population distribution; thus, we do not rely on
simulations for predicting the fate of introduced popu-
lations. Thus, the model connects the expectation of the
next-generation population size and the geometric growth
rate to the more studied deterministic models for Allee
effects (Courchamp et al. 2008), and it allows for the eval-
uation of weak and strong Allee effects (Wang and Kot
2001). The stochastic process, following from the analytic
PMFs, allows for the finding of probabilities of population
persistence that were previously subject to Monte Carlo
error.

The mating function—that is, the mathematics describ-
ing mating success (Molnar et al. 2008)—is crucial for
assessing and predicting Allee effects. This is evident from
comparisons of the expected growth rate with the asymp-
totic growth rate, where at low population abundance the
expected growth rate is discounted by . Al-[�n gp(1�w)]01 � e
though propagule pressure and survival of invasive species
in similar habitats (Jerde and Lewis 2007; Leung and Man-
drak 2007) are good predictors of invasions, at least equally
critical is the underlying behavior needed to find mates.
Thus, the generality of emerging Allee effects for semel-
parous organisms is contingent on including variable mat-
ing strategies, in a probabilistic framework (Lee et al.
2008), in the proposed life-history probability model.

Chinese mitten crabs and apple snails expose both the
novelty of the approach and the limits of predicting in-
vasions with limited life history. As both species are suc-
cessful invaders throughout the world, it is unsurprising
that the growth rates for similar regions were asymptoti-
cally positive. However, the Allee effect was evident in both
through the mating function. With apple snails, the growth
rate was always 11, indicating a weak Allee effect, but
Chinese mitten crabs, with growth rates !1, have the po-
tential for a strong Allee effect. This insight may explain
the repeated observation of crabs in locations that do not
have established populations (Ruiz et al. 2006). However,
there are two limitations to the Allee effect being a sig-
nificant contributor to the repeatedly failed establishment
of mitten crabs that surfaced during this study, one related
to the parameter space over which an Allee effect is capable
of emerging and the other related to the contribution of
fecundity to the size of the next population.

Ideally, a sensitivity analysis would be performed to eval-
uate the influence of parameter uncertainty on the emer-
gence of the Allee effect. However, even for well-studied
invasive species, the parameters and, most importantly,
the variability in the estimates are often not available.
While we were unable to conduct such an analysis for
either species, evaluating the parameter space led to one
critical insight: if the asymptotic growth rate is very large,
then overcoming the Allee effect is likely, provided that
the product of the initial survival probability (p), the fer-
tilization probability (g), and the probability of being a
male ( ) is relatively large. Small increases in any of1 � w

these parameters will lead to a diminished influence of the
Allee effect.

High fecundity contributes to a high asymptotic growth
rate and increased variability in the distribution of the
next-generation population size (eq. [2]). As a conse-
quence of high fecundity, any influence of the Allee effect
on the next-generation population size or persistence of
a population is diminished. This may explain why fecun-
dity is positively correlated with invasiveness for some
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species (Keller et al. 2007). In the mitten crab, with a
fecundity of 250,000 or more individuals, the risk of in-
vasion even at low propagule pressure can be estimated
by the probability of observing a fertilized female. There
are simply so many offspring produced by one female that
they are able to overwhelm a system and escape the Allee
effect and demographic stochasticity. This is also true, al-
though not as critical, for the apple snail, and it points to
the risk of introducing fertilized females of any species
with large fecundity.

We were largely motivated by a desire to expose the
contribution of Allee effects to the invasion risk of se-
melparous, sexual species. Indeed, using life-history traits
and mating functions has a large potential to uncover
mechanisms leading to successful invasions. However, the
novelty of the mathematical modeling results is overshad-
owed by the somewhat unexpected biological significance
of some life-history traits being able to overcome the in-
fluence of the Allee effect. While there are justifiable rea-
sons to question the need for detailed population biology
studies to perform predictive risk assessments and manage
invasive species (Simberloff 2003b), this study shows how
theoretical evaluation of the life history can justify sim-
plifications for identifying and predicting future invasions.
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