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Abstract

One of the main aims in this thesis is to establish analogues of the classical Hardy-
Littlewood-Sobolev (HLS) inequality for weighted orthogonal polynomial expan-
sions (WOPESs) on the unit sphere, the unit ball and the simplex. An optimal condi-
tion for which this inequality holds is obtained. Classical proofs of the optimality
of this inequality on the usual Euclidean spaces rely on the dilation operators and
do not seem applicable in our setting, where dilations are not available. The crucial
ingredients in our proofs in this thesis are a series of new sharp pointwise estimates
for some important kernel functions that appear naturally in the WOPEs. These
estimates are more difficult to establish, and will be useful for some other problems
in WOPEzs.

The HLS inequality for the first order fractional integral operator has been play-
ing important roles in many applications. The second part in this thesis proves an
equivalent version of the first order HLS inequality, which involves the tangent gra-
dient and the difference operators. This equivalent version has the advantages that it
is much simpler and much easier to deal with in applications. While the main tool
for the proof of this equivalent version is the Calderon-Zygmund decomposition,
the details are much more involved. Of particular importance in our proof is an

elegant decomposition of the second order differential-difference operator associ-



ated with the WOPEs, discovered in this thesis. It turns out that this decomposition
is very useful in several other problems, such as the uncertainty principle of the

WOPE:s.
The main results of this thesis have many interesting applications in N-widths,

embedding of function spaces and approximation theory.
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Chapter 1

Introduction

The classical Hardy-Littlewood-Sobolev (HLS) inequality on R¢ states that if o > 0
and 1 < p < g < o0, then the inequality

(=)l paray < CI| f | o ray

1), where A denotes the usual Laplace operator on

holds if and only if o = d(]l) —
R9, and (—A)~2 denotes the fractional power of (—A) (see [StWe, Ch V.]). This
inequality has been playing crucial roles in many areas of mathematics, such as
harmonic analysis, approximation theory, partial differential equations, and numer-
ical analysis, to name a few (see [CoLi],[St],[TaWe] and the references therein). For
example, the well known Sobolev embedding theorem follows directly from this in-
equality [So]. Due to the importance of the HLS inequality, it has been established
in many other different settings, where fractional order integrals are defined in terms
of orthogonal expansions, see, for instance, ([To, pp.150-156]) for the Fourier se-
ries expansions on the d-torus, [Wa] for the spherical harmonic expansions on the

unit sphere.

The main purpose of this thesis is to establish an analogue of the HLS inequality
for the weighted orthogonal polynomial expansions (WOPEs) on the unit sphere
St .= {z € R?: ||z|| = 1}, and several other related domains, such as the unit
ball BY := {x € R?: ||z|| < 1} and the simplex T := {z = (21, ,z4) € R®:
z; 20, j=1,---,d. |z| <1}. Here and throughout the paper, || - || denotes the

. : : d
usual Euclidean norm in R?, and we write |z| := " Gt |7j] forz € R,

To be more precise, we need to describe some necessary notations first. Through-
out the paper, d is a positive integer and all functions are assumed to be real and
Lebesgue measurable on their underlying domains. We denote by do(z) the usual

rotation invariant measure on S*~' normalized by [, , do(z) = 1. The weight
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functions that we will consider on S?~! are product functions given by

d
hi(w) o= [T I, (1.0.1)
j=1
where k= (K1, -+, ka) € R and Kpin == minyj<j<qr; > 0.
Given 1 < p < oo, we denote by LP(h?;S%!) the usual LP- space with LP-
norm || - ||, being defined with respect to the measure dy,, := h2(z)do(x) on

S Thus, || fllep = (four |f(@)PR2(2)do(x)) " for 1 < p < oo, with the
usual change when p = co. We will simply write LP(h?) for the space LP(h?; S 1)
whenever the underlying domain is understood and there is no confusion from the

context.

Let I1¢ denote the space of all real spherical polynomials of degree at most
n on S?!; namely, the restrictions to S~! of all real algebraic polynomials in d
variables of total degree at most n. We denote by ’H;l(hi) the space of all real
spherical polynomials of degree j that are orthogonal to spherical polynomials of
lower degree with respect to the inner product of L*(h?). In other words, H(h2) is
the orthogonal complement of H?fl in the Hilbert space H;l equipped with the inner

product
{f,9) = f(@)g(x)hi(z)do(x), [.g€ L*(hy),

Sd-1
where it is agreed that [T, = {0}. Each function in 7¢(h2) is called a spherical
h-harmonic of degree j. In the case when x = 0 (i.e., the unweighted case), H?(hi)
coincides with the space of usual spherical harmonics of degree j, which had been
studied extensively in previous literatures (see, for instance, [Wali, DaXu2] and
the references therein). The theory of hA-harmonics was developed by Dunkl (see
[Dul, DuXu]) for a family of weight functions invariant under a finite reflection
group, of which A, in (2.2.1) is the example of the group ZZ. One of the difficulties
for the study of spherical h-harmonics comes from the fact that the weight functions
h? contain zeros on the underlying domain S?~!, near which much more delicate

analysis is required.

Since the set of all spherical polynomials is dense in L?(h?), the usual the-
ory of Hilbert space shows that the space L?(h2) has an orthogonal decomposition
L*(h}) = @72, H{(h?). This means that each function f € L?(h?) has an orthogo-
nal expansion in spherical h-harmonics, f = Y - proj, (h2; f), converging in the

2



norm of L?(h?), where proj,(h?; f) denotes the orthogonal projection of f onto
the space HZ(h2). Since S¥! is compact and the weight function h? is integrable
over S?71, it can be easily seen that the projection operator proj,,(h?) extends to
a bounded operator on the whole space L'(h?) for each fixed n. Thus, associated
with each function f € L'(hZ;S*"), there is a WOPE Y proj, (h2; f).

It turns out that each space Hf(hi) coincides with the eigenvector space of
a self-adjoint, nonnegative definite, second-order differential-difference operator
A, o, an analogue Laplace Beltrami operator, corresponding to the eigenvalue —j(j+
2\.), where A, = %52 + |s|. In other words, f € H4(h2) if and only if [ €
C%*(S%) and A.of = —j(j + 2)\.)f. The explicit expression of the operator
A, o will be given in Theorem 2.3.6 in the next section. In the case of K = 0,
A, is simply the usual Laplace-Beltrami operator on S¢~!, which was very well
studied (see [WaL.i]). In general, this operator is self-adjoint, semi-positive defi-
nite, but unbounded on L?(h2). More importantly, the eigenvalue expansions of
every f € L?(h?) coincides with the above mentioned WOPE of f. Thus, for each

spherical polynomial f and every positive integer m, we have
(—An0)™f = S0 + 20" proj; (2 ).
j=0

where there are only finitely many nonzero terms in the above sum. Indeed, moti-
vated by the above discussion we introduce the fractional integral operator [* :=

(—A,0)~%? for each @ > 0 in a distributional sense via proj,(h2; I f) = 0, and

proj;(hZ I8 f) = (§(j + 2A\s)) " proj,;(hi; f), j=1,2,-

Furthermore, it can be shown that for each a > 0 and f € LP(h?) with 1 < p < oo,
If = (30 +2X)) " proj, (ki f), (10.2)
j=1

with the infinite series on the right hand side converging in the norm of L?(h2).

One of the main purposes in this paper is to show the following HLS inequality
for the above mentioned WOPEs: If 1 < p < ¢ < oo and o > 0, then the weighted
HLS inequality,

178 fllg < Cllfllps Vf € LP(RT), (1.0.3)
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holds if and only if a > (203, + 1)(; — ), Where 0, := Ay — Fimin and Fimin =
min;<;<q £;. Note that this inequality leads immediately to a sharp Sobolev em-
bedding theorem, which has many important applications in approximation theory
(see [CaQu]).

The proof of (1.0.3) relies largely on delicate pointwise estimate of the convo-
lution kernels of /2, which were not known before. It should be pointed out that the
sharpness of the classical HLS inequality for functions on R¢ are normally proved
via rescaling the functions on the underlying domain and using some symmetry of
the Fourier transform, which do not seem to work in our setting where dilation is

no longer available.

Of particular interest is the case when a@ = 1, where we can rewrite (1.0.3)
equivalently in the following form: For 1 < p < ¢ < oo and (20}, + 1)(% — %) <1,

”f“ff,q S C”(_A/@,O)I/ann,p' (104)

Indeed, this is the most frequently used version of the HLS inequality in practice,
where only f € C(S%1) is assumed. Note that (—A, )'/2 is always well defined
on a dense subset of L?(h?) as the operator —A,, o is semi-positive definite.

A problem with (1.0.4) is that the fractional derivative (—A,{,O)% that is a global
operator rather than a local operator, which makes it much more difficult to deal
with in practice and some applications in approximation theory. In other words,
evaluation of the derivative (_An,0>% f at a point 2, € S%! for a given f €
C1(S* 1) depends not only on the restriction of f to a small neighbourhood of x,
but also on the behavior of f on the complement of this neighbourhood. To avoid
such a difficulty, in the unweighted case, for the usual Laplace-Beltrami operator
Ay, one normally uses the following equivalent version of the HLS inequality: for
l<p<g<ocand(d—1)(; —7) <1,

1fllqg < ClIVofllp, (1.0.5)
due to the equivalence relation (see, for instance, [DaDiHu])
[(=20)2 fll, ~ [Vofllp, 1<p<oo, (1.0.6)

where || - ||, denotes the LP-norm defined with respect to the Lebesgue do(z) on

S4-1, and V, denotes the tangential gradient given by
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1 %)
V=-Vo+&é—, w=rf€ST
r or

where Vo = (01,0s,- -+ ,0q4) is the usual gradient operator. In comparison with
(1.0.4), the tangential gradient V, in (1.0.5) is a local operator, and therefore, is
much easier to handle in applications.

Our next purpose is to prove a weighted analogue of (1.0.6), which, in turn, will
imply a weighted analogue of (1.0.5). Our main result in this direction asserts that
if 1 < p < oo, then

1=200)" lh ~ V0 e+ 5 [ Bif (10.7)
where
Eif(z) = M7 (1.0.8)
Z;
o;r = ([Ifl, e Lj1y, — X4y Lj1y " "0 ,$d), 1= 1, c. ,d. (109)

As aresult, we deduce from (1.0.4) that for 1 < p < ¢ < oo and (20} + 1)(% — %) <
1L,

||f||n,q < CHVOfHK,p + 0112?;2 ”Eszﬁp (1.0.10)

The proof of (1.0.7), however, turns out to be rather involved and difficult. It
relies on several very delicate estimates of some kernels, as well as the following

elegant formula pointed out first in this thesis:

d

[Vof . vog} P2(z)do(x) + Y kilEif. Big),.  (10.11)

i=1

Brata) = [

Sd-1

In fact, this last formula plays crucial roles in our proof of (1.0.7). Since it enhances
our understanding of the WOPEs on S?1  we believe that it will have some other
important applications as well in the future. Clearly, compared with the fractional
derivative on the right hand side of (1.0.4), the inequality (1.0.7) looks simpler and
is more convenient to use in applications. For example, the terms on the right hand
side of (1.0.7) are clearly computable, while the fractional derivative in (1.0.4) is

much harder to compute if at all possible.

A second way to establish a weighted analogue of (1.0.5) is to use the differential-
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difference operators,
Di,j = J]Z‘Dj — ZL‘jDZ‘,

which were recently introduced by Yuan Xu [Xu3] in the study of uncertainty prin-
ciple of the WOPEs. These operators appear very naturally in the setting of Dunkl
analysis, where the operators D; := 0; + E;, i = 1,--- ,d are normally used to
replace the usual partial derivatives D;, 1 < ¢ < d. In fact, they are the weighted
analogues of the following angular derivatives, which have recently been found to

be very useful in approximation theory on the sphere [DaXu4]:
Di,j = Iiaj - .Z’Jaz

Properties about the operators D; ; and D, ; can be found in Section 1.8 [DaXu2],
and [Xu3] respectively. One of the very important properties of the operators
D; ; is that they are invariant on the spaces HZ(h2), n = 0,1,... of spherical h-
harmonics; that is, D; ;P € H%(h?), forany P € H2(h2). As the last result on
the sphere, we shall prove that for all 1 < p < oo, f € C*(S?!) satisfying that

Joamr f@)h(x)do (),

1= 200"l ~ max [ Dy e (1.0.12)

1<i<j<d

Therefore, we deduce that for 1 < p < ¢ < coand (204 + 1)(5 — %) <1, and

||f||k,q S C' max ”D'L,ijH,p (1013)

1<i<j<d

The proof of (1.0.12) turns out to be much easier than that of (1.0.10). On the other
hand, however, the terms on the right hand side of the inequality (1.0.10) may be
more convenient to deal with and appear more frequently in spherical harmonic

analysis.

One reason why we consider WOPEs on the sphere is that it allows us to estab-
lish similar weighted results on some other related domains, such as the unit ball
B, and the standard simplex T of R?. In fact, we will also establish analogues of

the weighted HLS inequalities (Theorem 3.1.1), with respect to the weights
d
W2 (@) = [Tl (1 — [|2)?)=e1 7172, forw € [0, 00)**!
j=1
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on the unit ball B¢, and with respect to the weights

d

Wi () = [Ty ™21 = fe) 12, for i € [0,00)"!

j=1
on the simplex T¢. Tn most cases, the results on these domains can be deduced
directly from the corresponding weighted results on the sphere.

In addition, the notation we introduce in this and next chapter will keep through-
out the context. The constants in the thesis are denoted by ¢, ¢q,--- and C, CY, - - -

which may vary at every occurrence.



Chapter 2

Preliminaries

To better describe our results, in the chapter we shall introduce some needed pre-

liminaries and standard notion which will be valid throughout the rest of this report.

2.1 Orthogonal Polynomials

In this section, we will introduce some well known result about orthogonal polyno-

mials, which one can refer to [Sz] and [DuXu] for the details.

Theorem 2.1.1. Suppose that X is a compact subset in R? with a finite measure
and a set of linearly independent functions, {f;,7 = 1,2,---} in L?(X, ). Then
there exist a set of functions {D,(z) : j € N} which is orthogonal in L*(X, ) and
satisfies that

span{D;(z) : 1 < j < n} =span{f;(z): 1 <j < n}.
In fact, we can choose D,,’s in the way g; ; = (fi, f;), fori,j € N

g1 gi2 - Oin

D, () = det |

gn-1,1 Gn-12 °°° Gn-1n

fz) falx) - ful)

where (-, -) is the inner product of L(X, ).

In particular, we let X be an interval [a, b] and p be a probability measure sup-
ported on [a, b] such that fab |z["dp(x) < oo, forall nand {1, z, 2%, - - } is linearly
independent in L[me] (). Applying the above discussion to the basis f;(x) = 2771,
the orthonormal polynomials are defined by

pa(z) = (dn-&-ldn)_l/QDn-&-l(x)a
where d,, = (D,,, D,,). Further more, what is worth to point out is that every p,, is a

9



polynomial with degree n and satisfies that

/ pul(@)g(x)dp(z) = 0,

for any polynomials ¢ of degree < n.
For n > 0, the polynomial zp, () is of degree n + 1 and can be expressed by
{p; : 7 < n+ 1}, but more is true.

Theorem 2.1.2. For the case of orthonormal polynomials,

TP () = anpnt1(T) + bapn(T) + an-1pp-1(x),
where a,, = (d,dy42/d2,;)"? and b, = f(f xp? (z)du(z).

With these formulae one can easily find the reproducing kernel for polynomials

of degree < n, the Christoffel-Darboux formula:

Proposition 2.1.3. Forn > 1,

- _ k. pona(@)pn(y) = pu(@)pnia (y)
;pj(iﬁ)pj y) = " p— :
S n@f = = hial@lpa(o) — Py (o)

with k,, being the leading coefficient of p,,.

Next, we give out two important examples, which will play a key role in the

context.

Example 2.1.4. Thy are called ultraspherical polynomials. For a parameter A\ >

A

— 1, the weight function p(z) = (1 — 2?) ~2on—1<uz < 1. Let

—1H" d”
P’,i\(x) — ( ) (1 o x2>1/2—)\%(1 _ xz)n+)\—l/27 n = O, 1’ 2 .

Then { P} (z)}5°, satisfy the properties below.

1 [1 g(@)PNx)(1 — 2 de = [T Log(x)(1 — 22)™1/2dz, for any poly-

—1 da™
nomial g(x).

2 f_ll g™ PNz)(1 — 22)*12dz = 0 for 0 < m < n.

10



3 Pl (o) = e P e) — iy Py ().

n+2A n+22" n—1

4 Forn > 1,
d n(n+2X)
— = T prl).

Forn > 0, > 0, a key tool Gegenbauer polynomials C;(x) can given by

e patay,

Co(x) =

Then we have

L0Mw) = 20O ) and C)(1) =

(2A)n
n!

where (a),, denotes that (a), =a(a+1)---(a+n—1).

Example 2.1.5. For parameters «, 3 > —1, the weight function is (1 — x)%(1 + x)”
on—1 <z <1,ie du=(1—2)%1+ x)?dx. The Jocobi polynomials PT(LQ’B)(:L')
are the orthogonal polynomials with respect to the basis f; = z7 and ples )( 1) =
%. Then the orthogonality relations are found similarly to the Gegenbauer

polynomials, precisely,

1 fjl 2™ PP (2)(1 = 2)%(1 + 2)8dz = 0 for 0 < m < n.

) P,&“H’B)(t)— (nt6+1) S (2j+a+,8+1)F(j+a+B+l)P(a,ﬂ)(t)_

T(ntotf+2) £-j=0 T(G+B+1) j
3 Forn>1,
d 1
L ped(a) = I I Lpeniag) @
T

Of course the Jacobi weight includes the Gegenbauer weight as a special case.

In terms of the usual notation the relation is

Cﬁ;(l’) = ﬂP(A—l/Q,A—I/%(ZE) _ M_Ps_%ﬂ_%

A+3)n " T(A+3+n)

2.2 Spherical Harmonic Analysis

Let d > 2 be an integer, and S?~! be the unit sphere embedded in the Euclidean
space R? with the usual Lebegue measure do () and norm ||-||. As itis well known,

spherical harmonics are the restrictions of harmonic homogeneous polynomials to
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the sphere. Further more, they can be considered as an application of orthogonal
polynomials of several variables with X = S !, dy = do and the basis being
fo = 2%, for a € N9,

However, now we introduce more general case in terms of the weight functions

that are product functions on S~! given by
d
n2(x) =[] ™, 2.2.1)
j=1

where £ = (K1, , ka) € R and Kpin == minj<j<qr; > 0.

More precisely, first of all, throughout this thesis all functions are assumed
to be real and Lebesgue measurable on their underlying domains. Given 1 <
p < oo, we denote by LP(h%;S%1) the usual LP- space with LP-norm || - ||,.,,
being defined with respect to the measure h%(z) do(z) on S*1. Thus, ||f|l., =
(fgas |f(x)|phi(x)do(x))1/p for 1 < p < oo, with the usual change when p = oo.
We will simply write LP(h?) for the space LP(h2;S%"!) whenever the underlying

domain is understood and no confusion is possible from the context.

Consider the Hilbert space L?(h?) with the inner product (-, -), given by

(f.9). = [ [@)g(@)du(x), for f.g€ L*(hS™).

gd—1

Let I1¢ denote the space of all real spherical polynomials of degree at most 7 on
S9-1; namely, the restrictions to S! of all real algebraic polynomials in d vari-
ables of total degree at most n . We denote by ’Hf(hi) the space of all real spherical
polynomials of degree j that are orthogonal to spherical polynomials of lower de-
gree with respect to the inner product of L?(h2). In other words, H{(h?2) is the
orthogonal complement of I1¢_, in L?(h2), where it is agreed that 1, = {0}.
Each function in %f(hi) is called a spherical h-harmonic of degree j. In the case
when £ = 0 (i.e., the unweighted case), ’Hf(hi) coincides with the space of usual
spherical harmonics of degree j, which had been studied extensively in previous
literatures (see, for instance, [WaLi] and [DaXu2]). Then the Fourier analysis of
continuous functions on the weighted unit sphere is performed as an orthogonal
decomposition L*(h?) = @2 H{(h?).

12



2.3 Dunkl Theory

In the late 1980s, C.F.Dunkl introduced Dunkl operators in a series of papers ([Dul ]-
[Du5]), which became a key tool in the study of special functions with reflection
symmetries.

To begin the theory, we at first define reflections with respect to vectors.

Definition 2.3.1. Given a nonzero vector o € R, the reflection o, : R — R%is a

map defined by

for any x € RY.
Then o, satisfies the following useful properties.

Properties 2.3.2. 7, is orthogonal, i.e., (04 (z),04(y)) = (x,y) forall z,y € RY;
and deto, = —1

Besides reflections, we also introduce the concept of a reflection group. Let
O(d,R) = {f : R? — R%linear and (f (), f(B)) = (a, B) for all o, 3}

be the orthogonal group of R,
Now we are in the position to point out the definition of root system and reflec-

tion group.

Definition 2.3.3. Let R C R%\{0} be a finite set. Then R is called a root system,
ifforall o« € R,

1 RN Lo ={*a}, where L, = {ca: c € R};
2 0,(R) =R.

The subgroup G(R) C O(d,R) which is generated by the reflections {o,, :
a € R} is call the reflection group (or Coxeter-group) associated with R. The
dimension of span{R} is called the rank of R. Since each root system can be
written as a disjoint union R = R, U(—R, ). We call such a set R ;. a positive root
subsystem. Of course, its choice is not unique.

The following is an example to understand the theory better. It is also the case

we will study in the context.
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Example 2.3.4. Let the system R = {£e; : i = 1,2,---,d}, where ¢;’s are
the standard basic vectors of R%. Then the reflection group G(R) is generated by
the sign changes o; : ¢; — —e;, ¢ = 1,2,--- ,d. The group of sign changes is
isomorphic to Z4. The corresponding root system has rank d. A positive system
Ry=AHe;:i=1,2---,d}.

From now on we fix R to be a root system in R?, normalized in the sense
that (o,) = 1 for all @« € R; and let G be the reflection group generated by
{04, € R}. Then the Dunkl operators defined below can be considered as an

extension of the usual partial derivatives in terms of reflections.

Definition 2.3.5. Let x : R — R be a function on the root system R and invariant
under the natural action of G. Then for a fixed normal vector ¢ € R?, the Dunkl

operator D¢ := D¢(k) is defined by
(:L’) — f(O'al’)

Def(r) = def (@) + 3 w(a)(, &)L

aER 4+

for f € C'(R?), where O is the directional derivative corresponding to €.

For the particular case when the root system R = {+e; : i =1,2,--- ,d}, Kk is
equal to a d-dimensional vector a in the sense of k(+e;) = a;. At this moment, £ is
invariant under the group actions of GG and we denote such vector a as x as well for
convenience. Then

d
T — o;T
Dif(s) = Do f(a) = 0, (1) + 3l LI e g
i=1

Z;

Of particular importance, we define A, , an analogue of Laplace operator, by

d
A, = Z D?.
j=1

Of particular, in the case Z<, we shall need the following essential Theorem (for
more detail see [DaXu2], Lemma 7.1.8).

Theorem 2.3.6. Given a fixed x > 0, in the spherical-polar coordinates x = r&, r >
0,& € S, then we have that,
_d 20 +1d 1

- ~ Ao,
dr? r dr + r2 0

Ay

14



where, with A, denoting the usual Laplace-Beltrami operator,
d
Apof = [Ao(fh — [Dohy Z gf

where E; f(£) = —f(g)_gf(‘”f), for £ € S41.

Further more, the h-spherical harmonics are eigenfunctions of the A, o, that is,
ApoY, () = —n(n +20)Y,0(€), VY € Hu(hy), € €S

Another aspect of Dunkl theory we need to emphasis is Dunkl’s intertwining
operator. It was first shown in [Du4] that for non-negative multiplicity functions,
the associated commutative algebra of Dunkl operators is intertwined with the al-
gebra of usual partial differential operatos by a unique linear and homogeneous

isomorphism on polynomials. More precisely, the following theorem is formulated.

(13

Theorem 2.3.7. For a fixed x > 0, there exists a unique linear isomorphism,

intertwining operator”, V,; such that
Vi(Pn) = Pn, Vilp, =id and DV, = V.0, forall¢ € R%

Particularly, recall that if {Y) : m = 1,2, , M} with M := dim H{(h2), is
an orthonormal basis of #{(h?), then the projection operator proj, from L*(h7,S%"")
onto H¢(h?) satisfies that

: 1 .
prol; (@) = iy [ FW)Z5 (e )hiy)do(y) (23.1)
for any f € L?(h,;S%!), with
M
Zi(w.y) =Y Yu@Yu(y), VoyeSh (2.3.2)
m=1

A key point is that the kernel Z f(x, y) can be deduced via intertwining operators as

following formulas of Yuan Xu (see [Xu] and [Xu2] for details)

J+ A
Ak

Z(w,y) = Va[C (¢ ] (=), (2.33)

where CjA“ denotes the Gengenbauer Polynomial with degree j and indice )\, as

15



defined previously and the intertwining operator Vj; is given explicitly by

d
V,{f<.’lf) = C,{/ f(f,Eltl, l’gtz, e ,xdtd) H(l + t])(l — t?)ﬁj_ldt, (234)
[-1,1)¢ j=1

where ¢, = ¢, Cp, -+ -, With ¢, = F\%ﬁi i). If any one of k;’s equals 0, then the

formula holds in the following sense:

lim ¢, /_1 fOA - ldt = w

n—0

2.4 Singular Integrals on Homogeneous Spaces

In this section, we shall extent some well-known classical results of harmonic anal-
ysis to the more general setting of homogeneous spaces, which are guaranteed on
the weighted unit sphere as a consequence. For more detail of proof below, one can
refer to [St].

Definition 2.4.1. Given a measure space (X, B, 1) with a metric p, it is called ho-
mogeneous space, if all open balls B(z,7) :={y € X : p(z,y) <r},z € X;,r >0
are measurable with positive finite measure, and that one has the doubling property

there exists a positive constant C' such that
p(B(z,2r)) < Cu(B(z,r)),

forany z € X, r > 0. In addition, the best constant C' for which this last inequality
holds is called the doubling constant of .

Then its Hardy-Littlewood(HL) Maximal function is defined by

M f(z) = sup ——

w0 w(B(x, 1)) /B . |fW)ldu(y), VzeX.

Similarly, one can easily extend the Vitali-type and Whitney-type covering lemma

to this setting

Lemma 2.4.2. For any measurable subset £ C X, if B is a finite cover of F,

16



collecting of open balls, then there exist a set { By, By, - - - , By, } C B such that

for some positive constant C.

This yields the maximal inequality

Inte € X < ()] > o) 5 P12

for any positive number «, and
IM fllzex) S 11 llzecx)
for1 <p < o0.

Lemma 2.4.3. Let G ; X be a nonempty open set. Then there exist a collection
of open balls { By } ren such that

1 By’s are disjoint with each other.
2 there exists ¢; > 1 such that G = | ¢ Bg.
3 there exists ¢ > 1 such that G°(") co By, # (), for any k& € N.

With this, we have the Calderon-Zygmund decomposition and Singular inte-

grals on the general setting.

Theorem 2.4.4. Let f € L'(X)and @ > 1 [, |f|du. Then there exist a decom-
position of f, f = g+ _,b; and a sequence of disjoint balls { B, } so that

1 |g(z)] <caae xe€X.

2 Each b, is supported in 35;, and

/ bdp = 0, / 1bj|dp < cap(Bj).
X B

3%, u(B) <

(67

17



Theorem 2.4.5. Let 7" be an operator in the form

_ /X K (2, 9)f(y)du(y),

and bounded on L?(.X) with norm A; that is

1T fllox) < Allfllzowy, Vf e LUX).

Moreover, if K satisfies that for some constant ¢ > 1,
/ |K(x,y) — K(z,2)|du(x) < A, Vy € B(z,9), (2.4.1)
B(z,c0)

forall y € X, > 0. Then the operator 7" is bounded in L¢ norm on L” N L4 for
1 < p < q; thatis

ITfll, < Al fllp, for feLPnLA.
In addition, it is necessary to point out the following remarks.

1 T can be extended to L? uniquely and keep the boundedness, since L” N L is

dense in LY;

2 If there is an upper bound for the radius of all of balls in X, then the condition
“for any 0 > 0” can be deduced to “ for 0 < § < dg with some Jy > 07;

3 The domain in the integral of (2.4.1) can be replaced as well by a measurable set
De with u(D) < e, p(By).

2.5 Cesaro means

In this subsection, we will talk about some facts about Cesaro means in terms of the
spherical h-harmonic, which will be a key tool of our following proof. For more
details, one can refer to [DaXu2] and [DaXu5].

Definition 2.1. For 6 > 0, the Cesaro means of the spherical function f are defined
by

SO (h2: f) - 5ZAM;~

18



where A? denotes as

46— O+7\ (@0 +)0+j-1)---(0+1)
J j - j! :

Theorem 2.5.1 ([DaXu2],corollary 8.1.2). If § > o, then for f € L?(h,,S*!)
and 1 < p < oo, or f € C(S* 1) when p = o0,

sup [ S (2 )l < €ll fllpe-
Consider S2(h2; f) as a convolution:
Sp(his f) = [+ K (h?),
then the kernel K?(h2; x,y) is the Cesaro means of Z “(x,y)
K3(h2:2,y) a0 ZA kZ’\ (z,y),
which has the following pointwise estimate.
Theorem 2.5.2 ([DaXu2], Theorem 8.1.1). For any x,y € Sa-1,

|KO (B2 2, 9)R2 ()| < en® (1 + np(z, 7)) PO,

where 3(0) := min{d + 1,6 — o, + d}.
Further more, for any § > o,

[ 1m0 pinst) < c. @50

where C is a constant independent of n.

Theorem 2.5.3 ([DaXu2],B.1.13). Let

ZA A0 )

then for ¢ > 2\ + 1,



2.6 Difference operators

Let f be a function defined on R. For r = 1,2,---, we define the difference
operator A" by

Af(z) = fz), Af(x)=f(2) = flz+1), A"=A"(Af(z)). (26.0)

For a sequence {a,, }2° , the difference operator A"a,, is defined as A" f(n), where

f(n) = a,.

Proposition 2.6.1. Let {a;}32, be a sequence converging to 0 and {f;}52, be a

functional sequence. Then

D aifit) =) ATl ALKL(), (2.6.2)
i=1 i=1
oo
where Aj = < jj > Kj(t) = Ae o Al fu():

Proof. Using summation by parts repeatedly, we can write

00 i ket
> aifi(t) = Z Ala;y N - Z fia (8)
j=1 j=1 koyq ke=1 ki1=1

By induction on ¢, We claim that

J o ket

> > me ZA ke fi(t) (2.6.3)

kopr ke=1 k=1

First, it is simple to see that (2.6.3) holds for ¢ = 0.
Next, We assume that (2.6.3) is true for £ < n

Then
J o knga ko J kn+1
DD D fu®) = > > AR ()
kni1 kn=1  ki=1 knﬂf k=1
j J J J—k
Z A Z AL () ZAJ ki (t)
k=1 kpy1=k k=1 m=0
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where the last equality is followed from the fact Y ° _ A" = A" ]

2.7 the Littlewood-Paley theory

As we know, the Littlwood Paley theory introduce a way to express and quantify
orthogonality of the Fourier transform on L? function spaces. As a performance of
Fourier analysis on the unite sphere S¢~! with the weight h2, h-spherical harmonics

provide a tool to extend the Littlewood Paley theory (see [DaXu2, Chapter 3]).

Theorem 2.7.1 (Littlewood-Paley Inequality). Let m be the smallest positive in-
teger greater than d/2. If 0 is a compactly supported function in C™ [0, oo] with
suppf C (a,b) for some 0 < a < b < oo, then for all f € LP(S*!) with
1<p<oo,

1O 120, 121l < 11 £l
j=0

where

Bo(f) = D 055 proj,(f). j = 1,2, @1.1)
n=0

and c depends only on p,d,a and b. If, in addition,

0< A< 10278) < Ay < 00, VE >0,

7=0
and [, , f(z)do(z), then

o

1O 1205 f17) 2l ~ 11 £1lp-

=0
Theorem 2.7.2 (Fefferman-Stein). If 1 < p,¢ < oo and {f;} is a sequence of
functions on X, then

1/q

o 1/q 0o
I (ZIMufjlq) Ip <l (Zlfj!q> Ip;
j=0 Jj=0

where (X, dpu) is a measurable space and M, is the Hardy-Littlewood maximum

function correspondingly.
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Theorem 2.7.3 (Weighted Nikolskii’s Inequalities [DaWa],Lemma 2.3). Let 0 <
p < q < oo, then for any g € []*

1

19llge < CnP G gl

where C' depends only on p, ¢ and k.
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Chapter 3

Hardy-Littlewood-Sobolev Inequality
on the Unite Sphere

In this chapter, we shall first formulate results of pointwise estimete that will be in-
dispensable in much of our future work. Next, the first main result, HLS inequality
and its necessary conditions, on the weighted unit sphere will be introduced and
proved in detail. Finally, the analogue conclusions on the corresponding weighted
unit ball and simplex will be builded up.

Letn € C*71[0, 00) supported in [0, 2] with the jth order derivative ) (0) = 0
forj=1,2,--- 3¢ — 2. We define

Ln(t) := Zn(%)‘?@j\(t), te[-1,1].

J=1

In fact, L can be seen as a partial summation operator. For our purpose one of

aspects of its importance arises form the following fact.

Theorem 3.0.4 ([DaXu2] Theorem 2.6.5). Let ¢ be a positive integer. For any
6 € [0,7] and N € N,

|L(Nr)(cos 9)| < CZ||17(32—1+27~)||OON2A+1+2r(1 + NQ)_Z, 7=0,1,---.

The proof of the fact is not involved in the context, but it will be best to present

it in an appendix.

Lemma 3.0.5. Let ¥ be a polynomial on [—1, 1] satisfying that for any positive
number ¢ > 2\, + 1, there exists a constant C' which only depends on ¢ and d such
that

|T(cos @) < Cn* 17 (1 4 np) =",
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for any 7. Then for any x,y € S9!, there exists a positive number £, such that

n' (1 + np(z, 7)) "

v, ((y, ) (ac)‘ <y . (3.0.1)
[ } [Ty (] + p(z, 5) + n-t)2e
Furthermore,
, (L np(x,y)) "
v, (.- ‘gc 3.0.2
Wl )] ) Y e e Sy (302)
and
(1 +np(x, y))
K \Iln [ ‘ S E— 5 3.0.3
Vel )] < =0 (3.0.3)
where U, (z) denotes as
U= [ o)
plzy)<r
and U(z,y) = Up(zy) (@)
Proof. By theorem 3.0.4, we have,
|W(cos 0)] < C25A+1=)(] 4 95)~* (3.0.4)
which implies that
d
[Ve(U(< -y >)) ()] < o Zt py) | [ [ +4) (1= £5)%dt
1,14 =1
d
<q / (L) T — )5t
[-1,1]¢ j=1

by setting cos = Z?Zl t;x;y;. Noticing that

d
0> ~ 1 —cosf =1 —th;vjyj

Jj=1
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and

d

d d
L= syl + ) oyl (1= [45]) ~ p(2,9)° + ) |zl (1= [t50),
j=1 j=1

Jj=1

we have that there exists a constant ¢ such that for any ¢ € [—1, 1]

d
[p(2,9)° + Y lz5y,](1 = [t;)] % < cb.
j=1

Thus

nlp(z,9)" + Z |75 (1 — tﬂf) [T —t)=ar

J=1

Uls

A
Q
S
(3]
>
3
=
+
=3
— N
—_
+

1+ np(z, §) + n(|zy,](1 - tj))%] gyt

d
<Pl / H
[0,1]4

d_ rnlagy,|?
<pPntltr H/ [1 +np(T,7) + m}
j=1"9

QH]' -1

iom
2|z y;)
d nle;y;) -
T [ e / [1 +np(Z,y) + m}
0

Jj=1

s

mQijldm

—t

If we denote [ [1 +nb+ m] m2*~1dm as M, for some positive numbers a, b, k,
then by choosing ¢ so large that ¢ > 2d|r| and breaking up the integral in the parts
where m < (14 nb) and m > (1 + nb), we claim that

M S C(l +nb)—£+2k[a—2k + n2k + b—Qk]QQk
because that
(1+nb) ¢
/ [1 + nb + m] m*tdm < ey (14 nb)"n?*a®* < (1 4+ nb) 2 p a2,
0
and

o0 —t
/ [1 +nb+ m} m?*dm < cy(1 4 nb) =2,
(14nb)
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Therefore, we obtain an estimate
Ve(¥(< -y >)) ()] (3.0.5)

d
<en® L+ np(z, )" T [|xjyj|—~f +n* 4 p(z,5) 7. (3.0.6)
j=1

For given z,y € S%1, if let j be such that |z;| > 4p(Z, §),
g5l — || < |2 — 9] < 4p(z,9) <4zl
and
|25 > 4p(Z, 9) > 2|7 — | = 2|a;| - 2|yl

SO
25| ~ |y;l;

otherwise if |z;| < 4p(z,y),
;| < Ml + oy — ys| < 4p(Z,9) + 2p(Z, ).

Then we divide the product in (3.0.5) into two parts, J; = {j = 1,--- ,d :
|z;| > 4p(z,9)} and Jo = {j = 1,--- ,d : |z;] < 4p(Z,y)}. Using the discussion
above, we obtain that

—2kK;

d d
H['xjyjl‘“-f+n2”f+p(w 2”’] IH[%WM +p(2,9)

7=1 7j=1
B —2kK; —2kK;
SCQH[|xj|+nl] H[ —|—,Oa:y}
JEJ Jj€J2
d —2kK;
<e; [T[Jesl + 7" + 0(z.9)]
j=1

Thus we obtain the estimate (3.0.1). For (3.0.2) and (3.0.3), it just need to notice
the estimate of the area of a cap, given by Y. Xu in [DaXu?2], that is

d
Uz, 0) ~ 0 T llz;] + 6.

j=1
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Noting that if we break up the sum in the kernel of I in the sense that

Kol = 32 30 oG + 20200, [ (o, )] o)

s=0 j=1 "

where ¢ is supported on (3, 2] and of class C*°[0, co). Then by setting

ps(t) = 27 p(t) (t(t + 27 A)) 2,

and applying the above lemma 3.0.1 to 3™, gos(g—ls)kijj Vi [Cf”((x, ))} (y), we
obtain that

— 271+ 2°p(2,9)) " _ p(,9)"
[ Ka(z, )| S — S T (3.0.7)
; U(z,7) U(z,y)
for any z,y € S, since [|p{* V|| < 270,

3.1 HLS on the unit sphere

After establishing the pointwise estimate of the kernel of /¥, we are on the posi-
tion to formulate our first main result: The Hardy-Littlewood-Sobolov theorem of

fractional integration.
Theorem 3.1.1. Leta > 0,1 <p< g < ooand o, := d—gQ + |k = Kumin-

alfp>landa > (20, +1)(; — ), then

12 fllow < Cllflws VS € LP (R8T (3.1.1)
b If p = 1 and in addition, « > (20, + 1)(% — é), then (3.1.1) is still true.

c Ifp=1and o = (20, + 1)(% — %), then the inequality in part(a) will be replaced
by
el €711 127 (2)] > 2} < Mo

for any A > 0. That is, the mapping /¢ is of “weak-type” (1, q).
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Proof. Using the estimate (3.0.7), in view of the identity (1.0.2), we have that

12 f( =& 1|/ f(y)K (z,y)hZ(y)do(y)
f(y)lp(z,9)”
S /Sd U@y du(y),

where du(y) = hii(y)do(y).
Let us decompose K as K; + K, where

Ki(z,y) = K(z,y) ifp(z,5) <6 Ki(z,y)=0 ifp(z,7)>63.1.2)
Koo(x,y) = K(z,y) ifp(2,9) >0 Kuolz,y) =0 ifp(z,y) <5(3.1.3)

where 0 is a fixed positive constant which will be determined later. First for a fixed

point x € S, we consider

h@):= [ 10K )l
[/ W)le(z, 5)°
B Z/Q - 1<pxy)<2 o U@,9) 4py)

\ZU S [ )
\0125 M, f(ex)

cezd

For the other part, by Holder’s Inequality, we have

L) = [ 170 Kalo)ldin(s)

d
N\ (a—(d-1))p’ |y, 2
<o [ ptmpe e T (B ) o)
"\ Joenzs ]Hl (| + p(z,9))7

1/p
< ol fllep [/( p(f’g)(%wrl)(%*%fl)ﬁ +(2|N|2Kmin)do-(y):|
)

z,§)>6

° 1/
<03y\f|yn,pz{/6 g gy "

2
e€Ly

2041

= C[[fllapd™

1

p/
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Now, let

= <ZEEZ|LfJ|\|4,:I}(6x) > B

If 6 > m, then
Y M f ) SNl

EEZg

At the moment, take § = 7, then I, = 0, and

(L2 (@) S A1 -

Otherwise let § = 4, then

12 F (@) S I fllew (S M f(ea))s. (3.1.4)

ez

Thus for any z € S%~!,we can obtain that

(2@ S W llp + Hf!l(nl,p_%)(z M, f(ex))s.

c€Zg

Since M, is strong (p, p) operator for p > 1, and h2(z)do(z) is invariable for Z4,

IS g < CUAEL IR, + [ flle = CUFIE,
Fi 1 1 : ! !
inally for o > (20, + 1)(5 — ), there exists ¢’ € (1, 00) such that ¢’ > ¢ and

o= (20, + 1)(]19 - &).

Then by the above what we have shown and Holder Inequality, we obtain that

I fllaw S MEfllng < cllfllup-

Thus part(a) of the theorem is proved.

From the above proof, we can see that there is a cut-off function ¢ € C*(R)

such that x[1,2) < ¢ < x[1,4 and for any z € S™,
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I3 f(@) = 30 D7 6(55)(m(m +2).))"" proi,, f(x)

27
7j=1 m=1

= 3 YA il + 20) 5502
7j=1 m=1

where the last identity is from the formula (2.6.2) and S* (h%; f) is the Cesaro
means of spherical function f. In fact, we can choose ¢ as n(3) — n(z) where 7 is
defined in proof of Lemma. Noting that

m

2
A

)~ Nt and AL ~mf, (3.1.5)

then for any integer ¢ > o, there exists a constant ¢ only depending on «, k, q, d
such that

T2 g < ey 27703 m ST (1 ) g

=1 21 <m<29+2
> 1
— —adl " _1
Sepy 27900 Y0 OO ST (1 f) e
j=1 21 <m<27+2

< cysup | SL (B2 f)lor Y 277t Cont=0)

< el fllea

where the second inequality is followed from weighted Nikolskii Theorem given by
F.Dai and Y.Xu [DaXu5], and the third one is just a special case p = 1 in theorem
2.5.1.

Finally, we point out two remarks. First is the method in part (b) still works on

the case o > (20, +1)(:= — é) by just replacing 1 as p in the proof; however, it will

1
p
fail on the case o = (20, +1)(; — 1), since the series 377 9 ie—otD1-5)

be divergent at this moment. Second, because Hardy Littlewood Maximal function

will

is only weak type for L', it is impossible to apply the method in part (a) to part (b).
By now the part (b) is complete.
To begin proving part (c), we construct a sequence of functions which makes

(3.1.1) destroyed. Without loss of generality, we suppose that x; = min; x; for a
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given positive vector k € R% Let fy(z) = Zjvzl Zf(a:, e;) withe; := (1,0,---,0)
for any integer N and x € S?~1, then

N

I fn(@) =Y (0 +20)) 25 (w, e)

j=1

G +200) P24 (en))

Mz

]:1
Choose a cut-off function € C*°(IR) with x[0.1] < 7 < X[o,2) and let

o

+ A
277 J+2X))" -/l A " SO (i),

Then a pointwise lower bound estimate is obtained as the following

(e 9]

) o wod + As
dim (12 iy (x r—hmVZn (7 +2M0) 7P

" “O3((en))](@)

o0

~ /[_11]d2<j<j +2),))°

—a/2d T A + A EOM(t f[ L4+t;)(1 —2)~dt
(tiz1) j
7j=1

1
2 62/ (1 — tlxl)(aizAﬁil)/2(1 — tl)klildtl
0

1—|z1]
> 02/ (1 . |x1‘)(a72)\,§71)/2tmfldt
0
= eo(V/1 = Jay )77 BrtD

where the second identity is garanteed by Lebesgue Dominated Convergence The-
orem(LDCT) through checking

2N

Ll = DA ENGG + M) AL )

j=1
2N

S YNNG (1 gty )Y
j=1

S (=)™ "*”Z]‘“ ' <oo

by using summation by parts formula and theorm 2.5.3 in the first and second step

31



respectively, and the third one is implied in [AsWa] given by Richard Askey and
Stephen Wainger; that is

o0

+ A C)‘”

2)\ 04/2.]

(1) o (1= g2,

J:1

Next, considering the subdomain of S%~!

1
Q::{xESd_lziéxlél}
we have that:
I im 120005, > o [t er)e o0 T oo
7j=1
= 03/ / ~Qont)a gind=2 g H €17 sin*% Odo(€)do
§d—2 iy

— Cg/ 9(04 (20x+1))g+d— 2+2\/§|—251d9.
0

Since o = (20, + 1)(1 — %),

|| hm IafNth}N/ 0~ 1d0_
Then, by Fatou lemma,
hmlnf W15 fullig = | hmmf[o‘anq,@ =

On the other hand, however, using summation by parts repeatedly, we can obtain
that:

Z AZJrl AZKZ(hQ 23,61),
7=1

which implies that

I Fnllen S N7 12] 1K (h2; - e)) e < C,

where the last equality is followed from the fact (2.5.1).

To prove the weak-type(1,1) inequality, we shall import the estimate (3.1.4);
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that is

12 £@)] S (1l ZMst 1,

cezd
since it is deduced without depending on the condition p > 1.

Then using the special case p = 1, for any A > 0,
ez € ST L f ()] > A}
_ 1-1 1
<z €S| f1l (O Mif(ex))a > M}

cezd

= {r € ST Z M, f(ex) >
562% Hf’

< Z pA M, f(ex) >

c€Zg

.
ST

\q e

2"\|qu 2

where the last step is guaranteed by invariance of d . 0

3.2 Necessity of conditions in HLS Theory

After showing the sufficient conditions for the boundedness of ¢ from L?(h?) to

L?(h?), we shall see below that they are also necessary in some degree.

Theorem 3.2.1. If the inequality
HISquﬁ < C”Lf”nw, Vf e LP(hi;Sd_I%

holds for some v and 1 < p < ¢ < 0o, Then one must have that

1 1
az (20,+1)(——-).
( )(p q)

Proof. Choose cut-off function ¢ € C*°[0, 0o) such that x[;9) < ¢ < X[1,4. For an
integer N and k = (K1.k9,- -+, Kq) € [0,00)?, without loss the general we suppose

that K1 = Ky, and define:

fn(z) == Z¢(%)Zf(m, e1), Vo = (1,79, -+ ,24) € ST,

§=0
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Noting the fact(one can refer to [Sz] ) that

K j + )\H ! A K,l—l
Z(w.e1) = e, | O (ant)(1+0)(1— 0)"dh (3.2.1)
K -1
J+ Ax (Ak—K1,K1)
_ —Cj (

- )\H :Cl)?

and
A, A 9N
105l = CF(1) ~ 7,
we have that

4N

S RV R . P v Z T+ X O in
HfNHn,oo = H E QZ)(N))\—OJ(A )”OO C()‘ )(1)
= H

N :‘i
AN .
+ )\H . —2K1— o
:Clzj " P2l o) N2
j=N
Let A denote the difference operator defined in (6.0.1), and &} be the Cesaro (C, ¢)

means of the sequence %C’;)‘“_m’m)(t), namely

J

Z Z H /g)\ninlﬁl)(t% t e [_17 1]7

Jk;:

m+n (metn
where AT = ( ) = (m“)(m:?) (min)
n [
Using summation by parts ¢ + 1 times, we can obtain that:

=>] A”% ALK (s 2, e1),
7j=1

Then by theorem 2.5.2 with ¢ > o,

2N

Il S NTEEY 0K (R en) e < G

j=N
where C is independent of N.

Hence the LP(h?) estimate can be obtained as following

opt1)(1—1
[l < HfNHmeNHm Nt (3.2.2)
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Next we will find out the L(h?) estimate of I®fy. To do it, we begin with the
special and crucial case ¢ = 2. With the summation expression (2.3.2) of Z f(, )
and the orthonormal relationship between the basis {Y, : m = 1,2,--- M} of
H(hZ), we can obtain that

i

||IO‘fN||2,{—CZ¢ (7 +2) QZY}” e1))

m=1
— 2, J -
=C (= 2)\.)) 25
;¢> (F)00U +22)) 2] (er, 1)
- J . >\n+] Ax—K1,K
=0 ¢ (U0 +22)) =50 ()
j=1 "
. j c—20 2 —2K
=C 2(J K 1
DO
7j=1
Thus,
2N 4N
> S Iy, S Y
j=N J=N
which implies that
20‘,§+1

1 o o N7

Similarly with the method we just use in the estimate of || fx||oox and || fn |15, We
have that
172 fulloo o N7OF2tt L fy e SN

Then for 1 < ¢ < 2,

1-4

_ 20+1 _i/ —
N~ 11 fy o < 2 ullinll TS fn e S 12 fullnN OB Cet2octd),

which implies that
12 f|lgw = NTOHCoH0=5) (3.2.3)

~Y

On the other hand, for the case ¢ > 2,

1,,

_ 20,+1
N7 A Nl < IIIO‘fzvllqnllf“fzvllm12 SN ||IafN||qm

which also implies that (3.2.3). Finally combining (3.2.3), (3.2.2) with the hypoth-
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esis (3.2.1), we can get for arbitrary large number NV,

N-oHCoADG-) < 1.

which implies that
> (2 +1)(1 1)
a = (204, - — ).
p q

3.3 HLS on unit ball and simplex

In this chapter, we shall work out the similar conclusions for orthogonal expansions
on the unit ball B¢ = {z € R? : ||z|| < 1} with respect to the weight function

d
WE (@) =[] a9 (1 = ]|y, w5 > 0, (3.3.1)
=1
and on the simplex TY = {z € R : z; > 0,5 = 1,2,--- ,d, |z| < 1} with respect

to the weight function

d
W (@) = [[a 2 — Ja|rer—12, (3.3.2)

J
J=1

That is, corresponding operator / ,‘j’Bd and I satisfy the inequality
1Qf leg < Cllfllupr VS € L7 (),

forl <p<g<ooanda > (20, + 1)( —%)0ra>(20,€—|—1)( —é)andpzl,

1 1
) ) P P
where Q is 2% or [T",

To prove it, it is enough to build a bridge to connect the unit ball B¢ or the

simplex T? with the unit sphere S¢ on which the inequality has been studied totally.

Let us consider the following three mappings which plays a role like bridge
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from S% 1! to B<:

$1 B — S¢

(21, T2, -+ ,xq) = (T1, T2, x4, /1 — [|2]|?)
by B — S

(71,9, 2a) = (21,09, g, =/ 1 — [|2]|?)
T :S* — B?

(21,29, + T, Tag1) > (¥1, 22, -+, Ta)

It is to point that the Jacobi matrix of each ¢;, j = 1,2,is a (d + 1) X d matrix,

1

—x1 —x2 . —x4

Vi-lzl? /1-]el? 1= |||

Then we claim that

Lemma 3.3.1. Given a function f € LY(W?ZF;B?), for ae. x € S¢,
(I )(Tx) = IE(f o T)(@).

Proof. From the definitions of these operators, it suffices to show the reproducing

kernel P, (W5, x,y) satisfies that for any z,y € BY,
P (Wisa,y) = Zy((2, £2a41), (¥, Yar1) + Zn (2, £2a11), (Y, —Yar1)) (3.3.3)
which implies for z € S,
projo’” f(T'x) = proja(f o T)(x) VYneN.

However, (3.3.3) can be guaranteed by the following check. Obviously, the left side
part in (3.3.3) is a polynomial of degree n. Furthermore, for any polynomial p with
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degree n, which is orthogonal with any polynomial of lower degree,

/ () [Z5((z, £xan1), (U, Ya1)) + Z (2, £2a11), (4, —Yarr)] WE (y)dy

/ p(Ty) ZE (2, £2q11), )hi(y)do(yH/Sd p(Ty) ZE (2, £xa41), y)h2(y)do(y)

(T Z5((x, £ 2ara), y)hZ(y)do(y)
S

p(T(z, £2a41)) = p(z)

Applying the above lemma, the HLS inequality can be deduced immediately by
[t @@ = [ 172 0 Tl hé @)oo
< / T PR (2)dor(2)
=2 [ |f@)PWE )

where c is the same constant in Theorem 3.1.1.

Similarly, between S% and T¢ we define the following mappings:

¢ T¢ — S?

(1,22, -+, 2q) = 0e(VT1, V2, - V/Tay V1 = |2])
G :S?— T

(1,0, 2a, Tayr) = (1,25, x3)

Then the analogue of (3.3.3) is that: for any fixed ¢ € Z3'", the reproducing kernel
P,(WT; x,y) satisfies

PuWhizy) = > Z5, (e (2),¢-(y)).

d+1
€EL,,

And the proof is also same as that of Lemma 3.3.1, expect for one slight change:

At this moment, we divide the sphere into 27! parts, where S¢ = {0,z : x € S¢}
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for each ¢ € Z4*!. Thus combining the uniform transform

[ @i = oo [ 1HG@IPE ), f e W)
(3.3.4)
deduces the following theorem directly.

Theorem 3.3.2. Forany z € S?and f € L'(WT; T?),

proj>” f(Gx) = projs,(f o G)(z)
and
projy, 1 (f o G) =

for any n € N. Moreover,

T =TfG),

and
12" fllgwar < 2l fllpwr, V€ LP(WITY,

for the same parameters p, ¢, a in the case of B? and constant ¢ in Theorem 3.1.1.
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Chapter 4

Decomposition of Generalized Laplace-

Beltrami Operator

In the HLS theory, it is most concerned to people when o = 1. In particular, at this

moment, the inequality can be rewritten as

£l < ClI(=D00)" " Fllwg:

for certain proper p,q. Motivated by this discussion, in this chapter, we shall in-
troduce two versions of decomposition for the operator, Laplace-Beltramic (A, o).

1/2

These lead to a practical replacement of the operator, (—A, )"/, in the sense of

the equivalence of the L”(h?) norm.

4.1 the 1st Version of Decomposition

At first, we shall recall definitions of every related operators. Given a positive vector
k€ R forl < j<d,

f(z) — f(ij).

Lj

Dj = 8j + IijEj and E]f(l’) =
For1 <i# 5 <d,
D

i.j = CL’Z‘aj — x]@i Ei,j = xi/{jEj — (I)jf{iEZ‘

and
Di,j = .IiDj — l’jpi = Diyj + E@j.

We also need the following facts that can be found in [DaXu2],
DjV,.; = Vﬁaj and DZDJ = D]DZ
The next proposition gives a decomposition for A, ;.
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Proposition 4.1.1. For £ € S* ! and f € C?(S*1),
Awof(€)= Y D}fE)+TFE), (4.1.1)
1<i<j<d
where

d
Tf Z K/z UZS))

=1

+2 ) Rk (f(€) = f(0i05€)). (4.1.2)

1<i<j<d

Proof. After some straightforward calculation, we obtain that
Ei](f> = — 2/€i/€j(f — fO'iO'j)
Di,jEi,j (f) (LU) :QlfajEJ + l’?&lEZ — [Iiz(f — fO'Z) + /‘ij(f — fO'j)]

— [zjri(0; f — 05 f(0ux)) + w355 (Oi f — 0if(0j2))]
Ei;Di(f)(x) =27 E;0; + xiEzaz

— 2k (0i f(oj2) + Oif) + 25k:(0; f(03) + O; f)]

Then it follows that

> (DijEij+ Ei;jDi;)f(x)

1<i<j<d
=2 Z Hfjai)f(f)—Q D (wiki0h + xi5:05) f ()
1<i<j<d v 1<i<y<d
d
_Z%—(d—z)zfﬂf—f@)(rﬂ)
1:1 TiKi Tk B : ( ) :
2 3 (Y ) -y S - oot
1<i<j<d i =1 i=1

From the facts

Y, D= Y (Dl+E}+DiE;+ Ei;Di)

1<i<j<d 1<i<j<d

42



and

Aolf)@)= > h.*Di;h2D; (f)(x)_z%f(l")

1<i<j<d j=1 J
d
_ 2 Tiki Tk kil f ()
- X phsre 3 (B puste - R
1<i<j<d 1<i<yj<d Jj=1
we shall get the decomposition (4.1.1). [

Before deriving the equivalent relationship, we still need the following two lem-
mas. The inner product we will mention below always means the weighted form,
that is,

{f.9) = f(@)g(@)hy(x)do (@),

Sd—1
for certain pair of appropriate functions f, g and a fixed positive vector k.

Lemma 4.1.2. Suppose f,g € L?(S?1), then for any pair of 4, j, with 1 < i < j <
d,
(Dijf,9) = —{f. Dijg)- (4.1.3)

Further more, if P € H%(S*1), sois D; ; P.

Proof. At first, we fix a positive vector £ € R? with kj >1forj=1,2,---,dso

that h2(z) is a continuously differentiable function. Then

Dighi(e) =271 = =),
which follows that
| (Dun@@iieinw
—— [ @0 @R @) - [ @)Dt @) dste)
== (D) =2 [ Faato) (S5 - B ke oio(a)
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On the other hand, we consider the operator £; ;.

| Bup@stan @it
=1 x)— flojx) gz o;x

Ly

[ f@) = flew) (@) + gloiw) o0
/ j B2 (2)do ()

— [ T @8I o ) — / T @) 2D IO 2
S Z; S T;
B 42 [ @) (“ﬂ“?i - —) W2(2)do(z).
Sd—1 T T;

Next, since D; ; = D; ; + E; ; and analytic continuation , we obtain the desired
identity (4.1.3).

Finally given any P € H*(S* ) and Q € [[?_,(S* ), then D, ;Q € [[%_,(S* 1)
and

(Di;P, Q) = —(P,Di;Q) = 0.
So D, ;P € H'(S*!) as well. O

Lemma 4.1.3. Let T be the operator as defined in Proposition 4.1.1. Then 7' is a

positive bounded operator, i.e. for any function f € LP(S?1),

{T'f. f) =0.

Further more,

IT(F)llep < e1l(=2u0) 2 fllep + 2 max DIz,

1<i<j<d

where ¢; can be chosen as small as we need.

Proof. To prove the positivity of 7', it suffices to show

(f = foi, f) <0.

However, since 2f () f(o:2) < f2(z) + f*(0:),

(F—fouf) = / (f — for)dps, > 0.
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Further more, since the operator (—A,{,o)l/ 2 is self-adjoint and the identity (4.1.3),

1(=200) " fllez = (= Ax0) . £) (4.1.4)
= > IDiiflles = (TF,£) < e max D3 flles 4.1.5)
1<i<j<d

Next,we fix a cut-off function € C*°[0, co) such that x[p1] < 7 < X[o,2. Then

Z 0 prOJj

About the operator V¥, as a consequence of Theorem 7.1 in [?], we assert that there

we define

exists a constant ¢ only depending on p, n and x such that

1f = Vi Fllp < en™ (= 20)" Fll

for1 < p <ooandr > 0;and [V f|l.2 ~ [[V,Ffllep» since VF(L'(ST1)) is a
finite dimensional polynomial space. Then for a temporarily fixed natural number

n, we have that

HV fHF»Q C“( 50)1/2Vnﬁf|’,€72 < Clma.}i HDi,jVan”H,?

=c max ||V} Dwf”fﬂ ¢ max HVHIDMJCHHP ¢’ max HDwafﬁ

1<i<j<d 1<i<j<d 1<i<j<d

Finally, by the boundedness of 7', we obtain

1T fllwp < cllf = Vi fllap + 1TV s

<en ! (=00) 2 g+ ¢ macx D

where c is independent of n.

Now we give out a relation between (—A, )'/? and D ;’s.

Theorem 4.1.4. If 1 < p < oo and f € C*(S? 1), then

max Dy fllep < Cll(=Ar0)" " Fllusp-

1<i<j<d
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Proof. At first, it can be seen that it suffices to show that

1D (=20) ™2 fllup < CULf Nl

forany 1 < i # 57 < d and p, f as we assumed above. Then we fix a pair of i, j,
1 <1 < j < dtemporarily and choose 6 € C*°[0, c0) satisfying that

suprC and Z@ )=1,Vz > 0;
and Ay ; which is defined as (2.7.1),
oo J ‘
fo=Dosf = _0(z) proj; f
=0
Then by the Little-Paly Inequality 2.7.1, we can obtain that

1

1D (= 200) "2 Fllnp ~ 1O 1860 Ds i (—200) 72 F17)2 [l
n=0

Z‘Dlj HO an|) Hmpv

where the last identity is from the fact that D; ;P € HE(S1), for P € HE(S1).
We rewrite the operator D; j(—A,.0) 2 as

1

D;j(—Dpo) 2 fn = - Fay) K Ko (x,y)hi(y)do(y),

then its associated kernel K K, is that

KEn(z,y) = DiVilGn(( 9)(2) = (ziy; — 259:) Vil Go (- 9)] (@),

with

Ze J+20)) %]T”c%(o.

j=0 .
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According to Lemma 3.0.5

2(1+2"p(z.5)) "
U(z.9)

- (L 2p(z,g) "

S U

KK (2,y)| S |2y — 25y

since |z;y; — x;y;| < p(Z,y). Then we can claim that,

’D@j(_AK,O)ilmfn(x)’ <c Z Mﬁfn(‘g‘r)a

EEZg

where M, is the Hardy-Littlewood maximum function about the measure j,;, since
¢ can be chosen large enough. Therefore, using Fefferman-Stein theorem 2.7.2 and

Littlewood-Paly Inequality 2.7.1 again. One can have that

1Di i (= 2k0) ™ Fllp < Call Q- 1Mo fu) o < Call O 1fal®) My < Call £l
n=0 n=0

]

Now, we shall derive the converse inequalities by using the decomposition
(Proposition 4.1.1) and the basic duality property. Together with the above inequal-

ity, this we formulate as a corollary.

Corollary 4.1.5. If 1 < p < coand f € C*(S?!), then

1(=200)2 Fllop ~ max Dy -

1<i<j<d

Proof. It suffices to show one way of the above inequality, that is,

(=800 sy < €| max [1Dif e (4.16)
Given a function f as assumed and g € L¥(h2;S%1), % + ]% = 1, such that

Jsa1 9(y)h2(y) do(y) = 0, otherwise we may consider the function g(z) = g(z) —
Jsa—1 9(y)R2(y) do(y), we have that
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N|=

FW)g(y)hi(y) do(y)

b

= /d1<_A~70)f(y)(—An,o)_ég(y)hi(y) do(y)
= Z Dz,]f<y) [IDLJ'(_AN’O)iég(y) hi(il/) dO’(y)

d—1
1<i<j<d S

_ /Sd1Tf(y)(—An,o)_§9(y)hi(y) do(y)

_1 _1
< Y P fllap I Dis(=Dn0) 29l + CUT Il (=Drc0) "2 g

1<i<j<d

1 1
Ser s 1Dy + T ey < b 1 D0+ 21200

where the last inequality is from Lamma 4.1.3.

Now taking the supremum for the right hand side of above inequality as f ranges
over all functions in L?(S%~1) N L' (S9~!) with | g||.,» < 1, we obtain therefore the
desired result (4.1.6). ]

4.2 the 2nd Version of Decomposition

In this section, we shall introduce another decomposition of the h-harmonic Laplace-
Beltrami operator A o, which lead to a far reaching and practical replacement of
the operator (—A, o)/? in the LP(S*"!) norm sense, for p > 1.

Before going any further, we shall make a few comments that will help to clarify
the meaning of the operator D; ; and E;. First, for any fixed 1 < i < 5 < d,
the definition of D, ; is independent of any extension of a spherical function. To
understand it, we adapt the polar coordinates on the (z;, z;) plane, thatis, (z;, z;) =

(r;j cosB;,r;;sin6;). Then it follows that

Y ost 0 _ sin Qi,j 0

(9@- n b 87”1'73' T 091'73-
and

0 S0 0 L cos 0;; O

8:1:j N I 8rm~ T 891'7]‘ ’
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which implies that
0

aem .

This is another way of saying that, D, ; is just the angular derivative with respect to

l)@j ::(ﬁiéy ——Zﬂjé% =

the (z;, ;) plane.

Next, from the above discussion it is not hard to assert that

Proposition 4.2.1. For any given f,g € C*(S* 1) and 1 <i < j < d,

| (up@s@ista) = = [ 1@)(Dis0)@)do(a).

Sd—1

The following proposition shows the decomposition of the operator A,  in

terms of D; ;’s and E;’s in the sense of inner product.

Proposition 4.2.2. For f,g € C?(S¢1),

d

Ki
(2wl f9) = D (DijfiDijg)+) E<Eif7 Eig).
1<i<j<d i=1
In particular, this implies that

ok

1 i
I(=20)2fllz2= D IDisflZa+ S IESI% (4.2.1)

1<i<j<d i=1
.
= IVofllzs + D SIES (42.2)
i=1

Proof. First, note that

g(x) +glojx) | g(x) — g(ojx)
2 + 2 ’

g(w) =

with the first term on the right of this equation being even in x; and the second term

being odd in z;. Hence, for any € > 0,

f($)-—.f(ajx) 9
2 ———————g(x)hi(r)do(x
/{$€Sd1:|z]~|zg} 2 g( ) H( ) ( )

x4
J
:/ f(JZ)—f(O']ZL') g(x)_g(gjx)hi(x)da(x)
{wesd—t:|z;|2e} L L
The desired formula then follows by letting ¢ — 0. [
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Next, with the aid of Calderon-Zygmund singular integral and the estimate,
Lemma 3.0.5) , we will establish the estimation of E;(—A, o)'/2, which leads to

the relation between A, and D, ; instantly.

Theorem 4.2.3. Givenany 1 < p<ooandj=1,2,---,d

1B (= 2n0) "2 fllo S 1 F s (4.2.3)

forany f € L,(S%1).

Proof. For the simplest case p = 2, it can be seen from (4.2.1) directly. However,
the LP(S?!) inequalities, when p # 2, will be obtained as a corollary of the theory
of singular integrals as given in §2.4.

Now, let j = 1,--- ;dand 0 < r < arccos and keep it temporarily fixed.

fv
Define the associated kernel Kel; of the operator E;(—A, ¢)~*/? by

[Ei(=200) 2] (D) = [ fly) Kely(w, p)hE (g)do(y).

Sd—1

for any f € L2(S% 1) N[%(S* ') with all integer n. Then it suffices to show that
for any y, z € STt with p(y, 2) < r,

[ IKebtr) — Kel (a2 wo(r) < C
p(x,z2)>2r

Without lose of generality, we will just consider the case j = 1. As we presented

in Chapter 3,

(-4, Z - (z,y)dp(y),

where

Zm 216G +2) 2500 ()

with ¢ € C*, supp ) C [3,1] and ||| < C27°. Then using integral by parts,

KK (2,) = B K (1,) = Zws L) 2 v e (),
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~ 1
R
[—1,1]¢ L1

d

< [T =)' (1 + t,)dt

n=1

d
:/ (@ Zxkyktk Y1 —ty) [T = £2)" (1 + t,)dt.
[-1,1]d /ﬁ 1

n=1

d d
CJ'A”(Z TeYrtn) — O}\”(Z TrYite — T1Y1t1)
k=1 k=2

It follows that

Ej(—Ago) 2 f = Z YK K (x,y)dpu(y).

Sdl

Then given a fixed point z € S-1_ without loss of generality, we assume that
|z4| = max{|z;| : j =1,2,---,d} and z4 > 0. Now we define

M(z,y') = yl(C}\“)/(Z wyity), forany ¢ = (y1,---,ya1) € B,

where y; = \/ 1 —y? —---—y2_ . Consider the function
8(c) = M(z, (1 - ) + ).

By the intermidiate theorem, for any y, z € S¢! and p(y, 2) < arccos(%)there
exists ¢ € (0, 1) such that

M(z,y") — M(z, Z’) =¢(1) — ¢(0) = ¢'(C)
d
=(y1 — 21)( C/\“ Z-ﬁl?kfktk + &1( C’\” "( Z%fk% Z n(Y, 2)Tntn

where £ = (1 —¢)2' + ¢y’ , £ > Osuch that £ = (£',¢,) € S471,

T.(y,2) = yn—2n, for, n=12---,d—1;
ey = (0= (L ) + (1= 201 cos ple.y)
’ \/((1 —¢)zqg+ cyq)? 4+ 2¢(1 — ¢)(1 — cos p(z,y))
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It is to point out that the fact

p(2.8) ~ p(7,9) ~ p(z,2) for p(z.2) > 2p(y, %)

and that | Ty(y, 2)| < V/d|yq — z4|. Then when |z1| > 4p(Z, €) implying that |z| ~
|1

sign, otherwise we consider  such that #; = sign(y;)z;, fori = 1,--- ,d. Then

, without loss of generality, we suppose that x;,y;, i = 1,--- , d, have the same

from the Lemma 3.0.5, we obtain that

00 . d d
B9 =Y v Yo w0 [ (OO mtin )
j=2 i=1 5 k=1

d
< [T =)' (1 + t,)dt

n=1

- n(1+ np(z, €)) " 2161
<C,;25 | Zzlszz(y, 2)|[&1] H?:1<|Ij| + (7, 7) + n—1)2n; (|a1] 4 p(z, €) + 279)
o P, 221+ 2°p(7, 2)) "
T (g + o7, ) + 279)%
o Py 2)2° (14 2p(z,2)
Uz, 2) + Us—s(2) + Uy-s(Z)’

|—1/2

where the last second inequality is based on the fact

d
1Y @iTily, 2)| < eply, 2)p(@, 9).
=1

On the other hand, if || < 4p(Z, &) which implies that |£;| < 6p(Z, &), then
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00 . d
I(s) :Z?/J(%)Zl’iflﬂ(ya Z)/ CAF" "( Zxkfktk (1—1t)
=2 i1

[_171}
d
x [T =)~ (1 + tn)dt
n=1
d d = =\
n“(1+np(z,y))~"°
<c | > xTi(y, 2)|&] —
ngs Zl Hle(lxj!er(x,y)Jrn‘l)%j
py, 2)2°(1 4 2°p(z,2)) " p(Z,§)*
10 (5] + p(@, 5) + 27%)% (21| + p(2,9) +27°)
< p(y,2)2°(1 + 2°p(z, 2)) ™"

Uz, 2) + Us-s(2) + Up-s(Z)°

Similarly, by letting

d

H

+ Ax
E iﬂj ! / (y1 —z1)(C g rr&itr) (1 — 1) ” —12)" N1+ t,)dt
[_lvl]d

n=1
and the Theorem 3.0.5 given in 3.1, we have

ply, 2)2°(1 + 2°p(%, £)) "
U(Z,&) 4 Up-s (&) 4+ Up-s ()’

[L(s)] < C

Finally, for any vy, z € S? ! the desired inequality can be guaranteed directly
since

o0

/p(x,z)>5r | Kely(z, y) — Keli (z, 2)|dp(z) < C/p(x o Z[h(s) + I»(s)]dp(x)

s=1

Py, 2) '
<C/ —————du(x < C
p(T,2)=0r p(l’,Z)U(l‘, Z) M( )

By the (4.2.1), we can see that (4.2.3) is true for the case p = 2. Then according
to the Caldron-Zygmund theorem, (4.2.3) is true for 1 < p < 2. To show the part of

p > 2, we just need to consider the adjoint operator of E;(A, )~ 2, whose kernel is
KK*(z,y) Z EY
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Using the same method, it can be proved as well. Hence, by now we finish the
prove of theorem 4.2.3.

For 2 < p < oo, we will exploit the duality between L? and L%, 1/p+1/q = 1,
and the fact that the theorem is proved for L?. Observe the following : if a funtion
1 is locally integrable and if sup| [ pdz| = A < oo, where the sup is taken over
all continuous ¢ with compact support which verify ||¢|| < 1, then ¢» € L? and
||| = A. This being so, take f € L'(L?,(2 < p < o), and ¢ of the type

described above. O

The following corollary is a direct result of Theorem4.1.5 and Theorem4.2.3

due to the relationship D; ; = D; ; + E£; ; and triangle inequality.

Corollary 4.2.4. Forany 1 < p < o0,

1(800)" " fllnp ~ max 1D llep+ max [|Eifllep.

1<i<j<d

Consequently, the HLS inequalities can be expressed in another way.

Corollary 4.2.5. Given a positive vector x and a pair of p,gsuchthat 1 < p < ¢ <
oo and

1 1
20’,; +1)(=—-) < ]-7
( )(p q)
then for f € LP(S4~1) N L4(S471),

1 llsa S IV 0 Fllsp + max | .,

where the operators V, E; are defined as above.
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Chapter 5
Future Work

By now, our results are just associated with the weight function
d
2 2k
hig() = ] ] L.
j=1

Next, we expect to extend them on more general weight

wi(z) = [T We ),

acER

in terms of a root system R.
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Chapter 6

Appendix

Lemma 6.0.6. Let / be a positive integer and 7 € C**~1[0, 0o) with suppn C [0, 2]
and 79 (0) = 0 for j = 1,2,--- ,3¢ — 2. We consider function

P ().

—~ k Ck+a+pB+1)I(k+a+B+1)
;;”E Tk+B8+1)

Thenif o < 3 < —1/2and ¢ € [0, 7], for a positive integer j,

(G (cos 0)] < coglln® D [loen® H#742(1 + nb) ~*

Proof. From the fact

SR = RO B L plen),

for j < n, we have

J 1
dti 2j —j

This implies that

@m®:§:mﬁﬁ%+a+ﬁ+l)%+Q+B+J+Dﬂﬁﬂﬂ)

T(k+ 5+ 1) *)

_ S kg @t at 2+ DIk o+ 525 ) pasian
n T(k+B+j+1) ’

57



Then using summation by parts over and over again, we have that

GO0 = Y ana(h) Y BT +r2<i s 15)11; : ?)+ A sy

k=0

- Ds+a+B8+2/42) (atjt1,64+9)
= an(k S (’
DI e Py ey s 0

k=0
00 k .

D I e e
&G Mo+ 55740

Pk+8+5+1) °F )

Il
(]

<

S

[\

~~
o

~—

= Dk +a+B+2+0+1) atjresri)
_Zanf(k) L(k+8+7+1) & g

where a,,0(s) = (2s + a + 8+ 2j + 1)n(£2) and

an () ane(s+1)
2s+a+p+2j+0+1 2s+a+ﬁ+23+€+3

Gn,ul(s) =

and the 2nd, 4th identities are from the relation

k
Tk+a+B+2) PE () = 3 (2s+a+ B8+ 1)r (s+a+6+1)P(aﬁ)(t)
I(k+6+1) B — T(s+B+1) s
We claim that for the fixed ¢ and m + p < g,
m i 1+S 20—1 m
’a7(17q)(s)| < Cg,j(lﬁ—s) 2p+1< - ) Hn(€+ )Hoo- (6.0.1)

Assuming it is true, by letting m = 0 and p = ¢ = ¢, we get that
|ane(s)] < Ce,an(”m)HoonfMH‘
Adding the fact
|P23(cos )| < en Y2 (n~t +0) "2 (n7 4 — ) P2,
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and the assumption 6 € [0, /2], we obtain that if 2n > 671,

2n

|G (cos 0)] < ¢||n® V| on 2+ Z RO 2 (1 )kt /2
k=0
6! 2n
< ¢||nBFY || on 2! [Z 202420 | Z ka+j+€—1/29—(a+j+€)—1/2]
k=0 k=0—1

< ¢||nBFY || on 2! [9—(2a+2j+2é’+1) 4 na+j+£+1/29—(a+j+g)_1/g]
< ||| o2 (O 4 p)RaF2H2R (1 ) ~(atitO-1/2

< C||77(34—1)|’00n(204+2j+2)(1 +n0)—(a+j+€)—1/2

Now we return to prove the claim we used. First of all, we can see that

547 s+j+1
) —n(————
n n

).

an,l(s) =1(

So take derivative about s m times,

1 gm+1 .
(m) d s+j+t J
= — t
a7 (s)] = | / ()]
WH%75+3+t
/ | T I

1 ST I L o1 m
< () 1||n 20 22511

—m— s+1 — m
R e e ] [y

where ¢ = 1 and p < ¢. By induction, we suppose (6.0.1) is true for ¢ and show so

itis for ¢ + 1. Since

L anq(s+1)
o dt2s+2t+a+fB+q+2j+1

(n,g+1(5) =
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1
(m) (k1) —ko—1
|y gy (8)] < /0 L Jnax a,y (s +t)(1+s) " 1dt
s+1+t

22—1dt
—)

1
S C||77(m+2£)||[0’M}(1 + S)_k2_1/ (1 + s+ t)—k1—2p+1(
" 0

o 1,5+ 1 9
< el g sy (1 4+ 5) ()2

5+ 1)212—1

= cHn“"+20|hQs+i+q(1 + 5) T -

where p < gand p’ = p+ 1 < ¢+ 1. So we conclude the claim and thus complete
the proof. [
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