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Abstract

This thesis comprehensively investigates Distributional Reinforcement Learn-
ing (RL), a vibrant research field that interplays between statistics and RL.
As an extension of classical RL, distributional RL, on the one hand, embraces
plenty of statistical ideas by incorporating distributional learning, including
density estimation and distribution divergence. At the same time, distribu-
tional RL involves frontier issues within the realm of RL, such as exploration,
optimization, and uncertainty. In this thesis, we examine the benefits of be-
ing distributional in the context of RL by exploring the resulting theoretical
advantages and properties, including regularization, optimization, and robust-
ness against training noises. This investigation finally motivates the design of

novel distributional RL algorithms.

In the first paper, we delve into the benefits of being categorical distribu-
tional in RL from the perspective of regularization. We attribute the potential
superiority of distributional RL to a derived distribution-matching regulariza-
tion by applying a return density function decomposition technique. This un-
explored regularization in the distributional RL context is aimed at capturing
additional return distribution knowledge regardless of only its expectation,
contributing to an augmented reward signal in policy optimization. In the
second paper, we further provide evidence of the benefits of distributional RL
through the optimization lens. We demonstrate that the distribution loss of
distributional RL has desirable smoothness characteristics and hence enjoys

stable gradients. Furthermore, we show that distributional RL can perform
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favorably if the return distribution approximation is appropriate, measured by
the variance of gradient estimates in each environment. In the third paper, we
study the training robustness of distributional RL by validating the contrac-
tion of distributional Bellman operators in the proposed State-Noisy Markov
Decision Process (SN-MDP), a typical tabular case that incorporates both
random and adversarial state observation noises. In the noisy setting with
function approximation, we theoretically characterize the bounded gradient
norm of distributional RL loss in terms of the state features, which interprets
its better training robustness against state observation noises. In the last pa-
per, we propose a novel distributional RL algorithm, called Sinkhorn distribu-
tional RL (SinkhornDRL ), which leverages Sinkhorn divergence—a regularized
Wasserstein loss—to minimize the difference between current and target Bell-
man return distributions. Theoretically, we prove the contraction properties of
SinkhornDRL, aligning with the interpolation nature of Sinkhorn divergence
between Wasserstein distance and Maximum Mean Discrepancy (MMD).

In summary, these papers contribute to the theoretical understanding of
the benefits of being fully distributional in RL compared with classical RL,
which only focuses on the expectation of the return distribution. Along with
our algorithm design, our work not only provides sufficient insights to guild
practitioners for deploying distributional RL in real applications but also con-
tributes to inspiring researchers from other relevant areas broadly in statistics,

machine learning, operational research, and control.
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Chapter 1
Introduction

Background. In reinforcement learning (RL) [102], an agent seeks an op-
timal policy in a sequential decision-making process. Deep RL has recently
achieved significant improvements in a variety of challenging artificial intelli-
gence tasks, including game playing [74, 93, 69] and robotics navigation [72].
A flurry of state-of-the-art algorithms have been proposed, including Deep Q-
Learning (DQN) [74] and variants such as Double-DQN [46], Dueling-DQN [107],
Deep Deterministic Policy Gradient (DDPG) [59], Soft Actor-Critic [43] and
Proximal Policy Optimization (PPO) [90], all of which have successfully solved
end-to-end decision-making problems such as playing Atari games. The intrin-
sic characteristics of classical RL algorithms mentioned above are mainly based
on the expectation of discounted cumulative rewards that an agent observes
while interacting with the environment. In stark contrast to the expectation-
based RL, a new branch of algorithms called distributional RL estimates the
full distribution of total returns and has demonstrated the state-of-the-art
performance in a wide range of environments [9, 22, 21, 115, 120, 77, 101].
Meanwhile, distributional RL also inherits other benefits in risk-sensitive con-
trol [21, 60, 18], offline learning [113, 68], policy exploration [70, 85], training

robustness against state noises [99, 97], and optimization [98, 87, 55].

General Motivation. The idea of modeling the distribution beyond only
the expectation of a random variable is rooted in the statistical inference in

the statistical community. As the main target of interest in advanced sta-

1



tistical research, statistical inference emphasizes investigating the asymptotic
distribution properties of the statistical estimates for the subsequent interval
estimate and hypothesis testing. Similarly, distributional RL models the entire
distribution of the return random variable, the target of interest, instead of
only its expectation. The promising performance of distributional RL moti-
vates us from the statistical community to study the underlying reasons and
further design advanced theory-principled algorithms for effective deployment

in broader applications.

Chapter 2. Despite the impressive empirical improvement of distributional
RL, its theoretical advantages over classical RL are not yet fully understood. In
the first paper, we dive deeper into this behavior difference, starting with cat-
egorical distributional RL (CDRL). The potential superiority of distributional
RL may stem from a distribution-matching regularization in the objective
function, decomposed by employing a return density function decomposition
technique. This form of regularization aims to align with the uncertainties of
target returns for the current return distribution estimates, fostering a novel
exploration strategy. This uncertainty-aware regularized exploration differs
from the standard entropy regularization in MaxEnt RL, which explicitly op-

timizes policies to promote exploration by encouraging diverse actions.

Chapter 3. Subsequently, in the second paper, we further explore the po-
tential advantages of distributional RL through the optimization lens. The
optimization benefits of being distributional arise from the leverage of addi-
tional return distribution information over classical RL, which we investigated
in the Neural Fitted Z-Iteration (Neural FZI) framework. Initially, we es-
tablish that the loss function specific to distributional RL exhibits desirable
smoothness properties, thereby facilitating stable gradients and contributing
to enhanced optimization stability. Additionally, we unveil the acceleration
effects of distributional RL, where we show that distributional RL can achieve
superior performance when the return distribution approximation is accurate,

as indicated by the variance of gradient estimates.



Chapter 4. In real-world scenarios, the state observations that agents en-
counter often include measurement inaccuracies or adversarial interferences,
leading to suboptimal decision-making or even destabilizing training processes.
In the third paper, we study the training robustness of distributional RL in
the face of noisy state observations. We assess the robustness of distributional
Bellman operators within the framework of State-Noisy Markov Decision Pro-
cesses (SN-MDP) in a tabular context. In scenarios involving noisy states
combined with function approximation, we attribute the robustness of distri-
butional RL to its bounded gradient norm under the distributional loss, which

enhances the overall training robustness of distributional RL.

Chapter 5. The choice of distribution divergence and the corresponding dis-
tribution representation considerably influences the effectiveness of distribu-
tional RL. In the last paper, we introduce Sinkhorn distributional RL, which
utilizes Sinkhorn divergence—a form of regularized Wasserstein loss—to ef-
fectively minimize the discrepancy between the current and target Bellman
return distributions. We provide a theoretical foundation for SinkhornDRL
by demonstrating its contraction properties, aligning with the interpolation
nature of Sinkhorn divergence between Wasserstein distance and Maximum
Mean Discrepancy (MMD). Our comparative analysis sheds light on the be-
havioral nuances of SinkhornDRL relative to existing algorithms, offering a
deeper understanding of its unique advantages and interactions within the

broader framework of distributional RL methods.

Summary. Overall, these papers contribute to a deeper understanding of
the potential benefits of being distributional in the context of RL, compared
with classical RL, which only focuses on the expectation of return distribution
in algorithm design. We explain this advantage from various perspectives, in-
cluding regularization, optimization, and robustness, facilitating the broader
development of distributional RL algorithms in real-world applications. Next,
we propose a novel theory-principled distributional RL algorithm inspired by
the optimal transport literature. This thesis significantly advances the devel-

opment of distributional RL research.



Chapter 2

The Benefits of Being
Categorical Distributional:
Uncertainty-aware Regularized
Exploration in Reinforcement

Learning

2.1 Abstract

The theoretical advantages of distributional reinforcement learning (RL) over
classical RL remain elusive despite its remarkable empirical performance. Start-
ing from Categorical Distributional RL (CDRL), we attribute the potential
superiority of distributional RL to a derived distribution-matching regular-
ization by applying a return density function decomposition technique. This
unexplored regularization in the distributional RL context is aimed at captur-
ing additional return distribution knowledge regardless of only its expectation,
contributing to an augmented reward signal in policy optimization. Compared
with the standard entropy regularization in MaxEnt RL that explicitly opti-
mizes the policy to encourage exploration, the derived regularization from

CDRL implicitly updates policies guided by the new reward signal. Introduc-
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ing this regularization helps to align with the uncertainty of target returns,
leading to an uncertainty-aware exploration effect. Finally, extensive experi-
ments substantiate the importance of this uncertainty-aware regularization in

distributional RL on the empirical benefits over classical RL.

2.2 Introduction

Motivation: Interpreting the Benefits of Being (Categorical) Dis-
tributional in RL. Despite various distributional RL algorithms that have
achieved remarkable empirical success, we still have a limited understanding
of what the advantages of distributional RL stem from, particularly in the
general function approximation setting. Early work [66] showed that in many
realizations of tabular and linear approximation settings, distributional RL be-
haves similarly to classic RL and the benefits of distributional RL may mainly
be attributed to non-linear approximation setting. While their findings offer
profound insights, their analysis, based on a coupled updates method, over-
looks several elements, such as the optimization effect for the different losses.
The statistical benefits of quantile temporal difference (TD) used in quantile
distributional RL algorithms, such as QR-DQN [22], were revealed in [86, 87],
potentially leading to variance reduction properties. The theoretical proper-
ties of CDRL were first revealed in [84]; however, the empirical superiority of
CDRL or being categorical distributional is not yet well understood. Recent
work [113, 105] explained the benefits of distributional RL from the perspec-
tive of the small-loss and second-order PAC bounds. However, their results are
primarily based on low-rank MDPs or offline RL, which may not be directly

applicable to online RL with the general function approximation.

Contributions. In this paper, we investigate the underlying reasons be-
hind the potential benefits of distributional RL over classical RL starting
from CDRL, the first successful distributional RL family. We examine these
benefits through the lens of regularization and exploration effects, offering a
dramatically different perspective relative to existing works. Firstly, we de-

compose the objective function of CDRL into an expectation-based term and



a distribution-matching regularization via return density decomposition tech-
nique. The resulting regularization serves as an augmented reward in the actor-
critic framework, encouraging the policies to explore states and actions whose
current return distribution estimate lags far behind the target one determined
by the environment. This leads to an uncertainty-aware exploration effect
in contrast to the exploration for diverse actions in MaxEnt RL. Meanwhile,
we propose a theoretically principled algorithm called Distribution-Entropy-
Regularized Actor Critic accordingly, interpolating between expectation-based
and distributional RL. Empirical results demonstrate the crucial role of the
uncertainty-aware entropy regularization from CDRL in its empirical success
over expectation-based RL on both Atari games and MuJoCo environments.
We also demonstrate the distinct roles that the uncertainty-aware entropy in
distributional RL and the explicit vanilla entropy in MaxEnt RL play by ex-
ploring their mutual impacts, providing more potential research directions in

the future. Our contributions are summarized as follows:

e We propose a return density decomposition technique to decompose the
objective function in CDRL, yielding an uncertainty-aware regulariza-
tion. This derived regularization is thus used to interpret the benefits of

being categorical distributional in RL over expectation-based RL.

e We incorporate the uncertainty-aware regularization into the actor-critic
framework, thereby encouraging uncertainty-aware exploration when com-
pared with MaxEnt RL. We also propose a theoretically grounded actor-

critic algorithm, interpolating between classical and distributional RL.

e Empirically, we verify the effect of the decomposed uncertainty-aware
regularization on the advantage of distributional RL and explore the

mutual impacts of two types of regularization.

Outline. In Section 2.4, we provide the background knowledge of (categor-
ical) distributional RL. We begin by revealing the uncertainty-aware regu-
larization effect in value-based CDRL in Section 2.5, and further specifically

study this implicit regularization into the policy gradient framework to directly



compare it with MaxEnt RL in Section 2.6. Extensive experiments demon-
strate the uncertainty-aware regularization of distributional RL and its mutual

impact with entropy regularization in Section 2.7.

2.3 Related Work

Distributional Learning via Categorical Representation. Categorical
learning has been widely employed, with advantages in representation [78, 52|
and optimization [51, 98]. TIts empirical superiority has increasingly gained
attention in various RL tasks [29], within the broader category of CDRL.
The perspective of uncertainty-aware regularization-based exploration that our
research introduces adds a significant theoretical understanding of the benefits

of being categorical distributional in RL.

Exploration in RL in the Entropy Principle. As a general and effective
mechanism, the entropy principle has been extensively studied to enhance
the exploration in RL, which aims to explore more diverse actions. Classical
algorithms are established upon the maximum entropy RL framework [111],
including soft Q-learning [42], Soft Actor Critic (SAC) [43] and variants [44].
To leverage the knowledge in the learned return distribution to promote the
exploration, existing works include [70] that utilizes the variance, and [56]
in the ensemble way. By contrast, we decompose return distributions from
CDRL and the derived regularization encourages a distinct uncertainty-aware
exploration driven by the discrepancy between the agent’s uncertain estimate

and the environment.

2.4 Preliminaries

Markov Decision Process (MDP) and Classical RL. An environment
is often modeled via an Markov Decision Process (S, A, R, P,), with a set of
states S and actions A, the transition kernel P : § x A — A(S), the bounded
reward function R : & X A = A([Rumin, Rmax)), and a discounted factor v €

[0, 1]. We denote the reward the agent receives at time ¢ as (s, ar) ~ R(s¢, at).
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Given a policy 7, classical RL focuses on estimating the expectation of the
return, i.e., the Q function: Q7 (s,a) = E, [Z;og V'ri|so = s, a9 = a] . We also
define Bellman evaluation operator 77 and Bellman optimality operator 7 °Pt:
T"Q(s,a) =E[R(s,a)] + YVEgpa~r [Q (§,d")] and TPQ(s,a) = E[R(s,a)] +
ymaxy Eyop [@Q (s, d")].

Distributional RL and CDRL. Instead of only estimating the expectation
for classical RL, distributional RL models the full distribution of the return
Z™(s,a) = > oS0 = S,a0 = a. The return distribution ™ : S x A —
A(R) is defined as n™(s,a) = D(Z™(s,a)), where D extracts the distribution
of the return random variable. We call the density function of Z7(s,a) as
action-state return density function. n™ (s, a) is updated via the distributional

Bellman operator €™, defined by
T"Z(s,a) 2 R(s,a) +7Z (s',d'), (2.1)

where 2 implies random variables of both sides are equal in distribution.
CDRL is the first successful distributional RL algorithm family that approx-
imates the return distribution by a discrete categorical distribution 7™ =
SN pid.,, where {2}, is a set of fixed supports and {p;}}¥, are learn-
able probabilities. The leverage of a heuristic projection operator Il¢ (see
Appendix 2.9.1 for more details) and the Kullback-Leibler (KL) divergence
guarantee the theoretical convergence of CDRL under Cramér distance or

Wasserstein distance [84].

2.5 Uncertainty-aware Regularization in Value-
based Distribution RL

2.5.1 Distributional RL: Neural FZI

Classical RL: Neural Fitted Q-Iteration (Neural FQI). Neural FQI[28,
83] offers a statistical explanation of DQN [74], capturing its key features, in-

cluding experience replay and the target network (Qy-. In Neural FQI, we
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update a parameterized (g in each iteration k in a regression:

n

1 2
l;—i-l — arg@mlnﬁ Z [yf — Qg (Si, az)} s (22)
o i=1

where the target y¥ = r(s;, a;)+7 max,c 4 Qf- (s, a) is fixed within every Tiarget

steps to update target network Q- by letting Q5 = Q5™

. The experience
buffer induces independent samples {(s;, a;, 1, 87) }icp- 1 {Qo 0 0 € O} is
sufficiently large such that it contains 7°P*Q%., Eq. 2.2 has solution Q5t! =
ToPtQk, | which is exactly the updating rule under Bellman optimality opera-
tor [28]. From the viewpoint of statistics, the optimization problem in Eq. 2.2
in each iteration is a standard supervised and neural network parameterized

regression regarding (Qg.

Distributional RL: Neural Fitted Z-Iteration (Neural FZI). While
our analysis is not intended to involve properties of neural networks, we in-
terpret distributional RL as Neural FZI as it is by far closest to the practical
algorithms. Analogous to Neural FQI, we simplify value-based distributional
RL algorithms denoted by the parameterized Zy into Neural FZI, which is

formulated as

Z5t = argminl Z dp (Y, Zy (54, a4)), (2.3)
Zg N

where we denote the target random variable Y}* = R(s;, a;) +vZ¥. (), 7(sh))
with the policy 7z following the greedy rule m4(s;) = argmax, E [Zéi(sg, a’ )]
The target YZ’c is fixed within every Tiaeet steps to update target network Zg-.
d, is a distribution divergence between two distributions and the lower cases

of random variables s; and 7z (s}) are given for convenience in notations.

2.5.2 Distributional RL: Entropy-regularized Neural FQI

Return Density Decomposition. To separate the impact of additional
distribution information from the expectation of Z™, we use a variant of gross
error model from robust statistics [49], which was also similarly used to analyze
Label Smoothing [76] and Knowledge Distillation [47]. Akin to the categorical
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representation in CDRL [22], we utilize a histogram function estimator p>*(z)
with NV bins to approximate an arbitrary continuous true density p®®(x) of
Z™(s,a), given a state s and action a. We leverage the continuous histogram
estimator rather than the discrete categorical parameterization for richer anal-
ysis. Given a fixed set of supports lp < [; < ... < [y with the equal bin size
as A, Ay = [li1,0), i = 1,..., N — 1 with Ay = [Iy_1,In], the histogram
density estimator is p**(z) = S0, pil(z € A;)/A with p; as the coefficient
in the i-th bin. Denote Ag as the interval that E|[Z7(s,a)] falls into, i.e.,
E[Z7(s,a)] € Ag. Putting all together, we have an action-state return den-

sity decomposition over the histogram density estimator p*®(x):
p(z) = (1 —e)l(x € Ap)/A +ep™(z) (2.4)

where p*“ is decomposed into a single-bin histogram 1(z € Ag)/A with all
mass on Ap and an induced histogram density function g% evaluated by
aot(x) = o0 pil(z € A;)/A with p!* as the coefficient of the i-th bin. e
is a pre-specified hyper-parameter before the decomposition, controlling the
proportion between 1(z € Ag)/A and 1*%(z). More specifically, the induced
histogram 1*® in the second term is the difference between the considered
histogram p*® and a single-bin histogram, aiming at characterizing the impact
of action-state return distribution despite its expectation E[Z7(s,a)] on
the performance of distributional RL. We first demonstrate that z*® is a valid

probability density function under certain € in Proposition 1.

Proposition 1. (Decomposition Validity) Denote p>*(x € Ag) = pr/A with
pE as the coefficient on the bin Ag. u>*(z) = Zij\ilpf]l(x € A))/A is a valid
density function if and only if e > 1 — pg.

The proof can be found in Appendix 2.9.2. Proposition 1 demonstrates
that the return density decomposition is valid when the pre-specified hyper-
parameter € satisfies € > 1 — pg. Under this condition, our analysis maintains

the standard categorical distributional framework in distributional RL.

Equivalence between Histogram Density Estimator and Categorical

Representation. The histogram function is a continuous estimator in con-

10



trast to the discrete nature of categorical parameterization. We show that
they are equivalent in distributional RL in Appendix 2.9.3. As a supplemen-
tary analysis, with attribution to [108], we also discuss necessary theoretical
underpinnings of the histogram density estimator in the context of distribu-
tional RL in Appendix 2.9.4.

Distributional RL: Entropy-regularized Neural FQI. We apply the de-
composition on the target action-value histogram density function and choose
KL divergence as d, in Neural FZI. Let H(U, V') be the cross-entropy between
two probability measures U and V, i.e., H(U,V) = — [ _ . U(x)logV (z) dz.

,a

The target histogram density function p®® is decomposed as p**(x) = (1 —
)l(z € Ag)/A+eu®*(x). We derive the following entropy-regularized form for

distributional RL in Proposition 2 with the proof provided in Appendix 2.9.6.

Proposition 2. (Decomposed Neural FZI) Denote gy(x) as the histogram
estimator of Zk(s,a) in Neural FZI. Based on Eq. 2.4 and the KL divergence
as dy, Neural FZI in Eq. 2.3 is simplified as

n

. 1 Si,a4 7 s N 84,05
Z5t = argimin - Z[ log q@’ (A% )+Oé7'[( 260 goran], (2.5)

o= @

where A%, represents the interval that the expectation of the target random vari-
able R(s;, a;)+7Zp. (s}, 77(s})) falls into, i.e., B [R(s;, a;) +vZp. (sh, 72(s}))] €

oa=c¢/(1—¢) >0 and @%™2C) is the induced histogram density function
by decomposing the histogram density of R(s;, a;) + vZ¥. (sh,w5(sh)).

In Proposition 3, we further demonstrate that minimizing the term (a) in
Eq. 2.5 is equivalent to minimizing Neural FQI in terms of the minimizers.

As such, the regularization term o (7%=, g5 ™)

interprets the potential
benefits of CDRL over classical RL. For the uniformity of notation, we still

use s, a in the following analysis instead of s;, a;.

Proposition 3. (Equivalence between the term (a) in Decomposed Neural
FZI and Neural FQI) In Eq. 2.5 of Neural FZI, assume the function class

11



{Zy - 0 € O} is sufficiently large such that it contains the target {Y;F}", for
all k, when A — 0, minimizing the term (a) in Eq. 2.5 implies

P(Zy*(s,a) = T'Q5.(s,a)) = 1, (2.6)
where TP'Q%. (s, a) is the scalar-valued target in the k-th phase of Neural FQL.

See Appendix 2.9.7 for the detailed proof. Proposition 3 demonstrates
that as A — 0, the random variable Z, ' (s, a) with the limiting distribution
in Neural FZI (distributional RL) will degrade to a constant T°P'Q¥. (s, a),
the minimizer (scalar-valued target) in Neural FQI (classical RL). That be-
ing said, minimizing the term (a) in Neural FZI is equivalent to minimizing
Neural FQI with the same limiting minimizer. Please refer to Appendix 2.9.7
for more results about the convergence rate o(A) in distribution. With the
underlying link between optimizing the term (a) of Neural FZI with Neu-
ral FQI established in Proposition 3, we can leverage the regularization term
aH (i%m2(5) | qoo%) to interpret the potential superiority of CDRL over clas-
sical RL. The assumption that {Zy : 6 € ©} is sufficiently large such that it
contains {Y;*}* , implies good in-distribution generalization performance in
each phase of Neural FZI, which is commonly used in the context of distri-
butional RL to derive tractable theoretical results, such as [113]. Meanwhile,
this connection with classic RL is also consistent with the mean-preserving
property in classical RL [84]. Next, we are ready to elaborate on the impact
of this regularization for Neural FZI (distributional RL).

2.5.3 Uncertainty-aware Regularized Exploration

Based on the equivalence between the term (a) of decomposed Neural FZI and
FQI, the behavior difference of distributional RL compared with expectation-
based RL can be attributed to the second regularization term H (1a%™#(5) | g5-%).
Minimizing Neural FZI pushes g, for the current return density estimator to
catch up with the target return density function of 7i*72(%) which addition-
ally incorporates the uncertainty of return distribution in the whole learning

process instead of only encoding its expectation. Since it is a prevalent notion
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that distributional RL can significantly reduce intrinsic uncertainty of the envi-
ronment [70, 21], the derived distribution-matching regularization term helps
the learning algorithms to capture more uncertainty of the environment by
modeling the whole return distribution instead of only its expectation, leading

to an uncertainty-aware reqularized exploration effect.

Approximation of i*"2(*), As in practical distributional RL algorithms,
we typically use temporal-difference (TD) learning to attain the target prob-
ability density estimate 7i*™#() based on Eq. 2.4, provided E [Z(s,a)] exists

() is fun-

and € > 1 — pg in Proposition 1. The approximation error of ﬁs'ﬂfz
damentally determined by the TD learning nature. We also discuss the usage

of KL divergence in distributional RL in Appendix 2.9.5.

2.6 Uncertainty-aware Regularized Exploration

in Actor Critic Framework

In this section, we further investigate the uncertainty-aware regularization
and its exploration effect in the actor-critic framework by comparing it with
MaxEnt RL.

2.6.1 Connection with MaxEnt RL

Motivation for the Connection. The maximum entropy regularization is
commonly used in RL, which has various conceptual and practical advantages.
Firstly, the learned policy is encouraged to visit states with high entropy in
the future, promoting the exploration of diverse actions [44, 43, 111]. It also
considerably improves the learning speed [71] and therefore is widely employed
in state-of-the-art algorithms, e.g., Soft Actor-Critic (SAC) [43]. Similar em-
pirical benefits of both distributional RL and MaxEnt RL motivate us to probe

their underlying connection.

Explicit Entropy Regularization in MaxEnt RL. MaxEnt RL [111]

explicitly encourages the exploration by optimizing for policies to reach states
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with higher entropy in the future:

T
T(m) =D Espanyops [ (s0,0) + BH(T(]s0))] (2.7)

=0
where H (mg (+|st)) = — >, 7o (a]s¢) logmg (a|s:) and p, is the generated dis-

tribution following 7. The temperature parameter § determines the relative
importance of the entropy term against the cumulative rewards and thus con-

trols the action diversity of the optimal policy learned via Eq. 2.7.

Implicit Entropy Regularization in Distributional RL. For a direct
comparison with MaxEnt RL, it is required to specifically analyze the im-
pact of the regularization term in Eq. 2.5. Consequently, we incorporate
the distribution-matching regularization of distributional RL into the Actor
Critic (AC) framework akin to MaxEnt RL, enabling us to consider a new soft
Q-value. The new Q function can be computed iteratively by applying a mod-
ified Bellman operator denoted as 7, called Distribution-Entropy-Regularized
Bellman Operator. Given a fixed gy, T is defined as

7?@ (St, at) S (Sn @t) + 7E5t+1~P(-|st,at) [V (5t+1|3ta at)] ) (2-8)

where a new soft value function V' (s4y1|s, a;) conditioned on sy, a; is defined
by

V (seglst ar) = Bayy i [Q (5141, arn)] + f (R (070, ¢57™)), (2.9)

where f is a continuous increasing function over the cross-entropy H. p*%
is the induced true target return histogram density function via the decom-
position in Eq. 2.4 regardless of its expectation, which can be approximated
via bootstrap estimate f*+172(+1) similar in Eq. 2.5. In this specific tabular
setting regarding s, a;, we particularly use ¢;"** to approximate the true den-
sity function of Z(s;,a;). The f transformation over the cross-entropy H be-
tween p°»* and g,"" () serves as the uncertainty-aware entropy regularization

that we implicitly derive from value-based distributional RL in Section 2.5.2.
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Figure 2.1: Uncertainty-aware distribution-matching regularization in CDRL to
capture the intrinsic uncertainty of the environment. g, is forced to disperse (left)
or concentrate (right) to align with the target return distribution.

By optimizing the value-based critic component in Actor-Critic, i.e., gy, this
regularization reduces the mismatch between the target return distribution
and current estimate, aligning with the regularization effect analyzed in Sec-
tion 2.5.3. As illustrated in Figure 2.1, ¢, is optimized to catch up with the
uncertainty of the target return distribution of u*®, expanding the knowledge
of algorithms about the environment uncertainty for more informative deci-
sions. Next, we elaborate on its additional impact on policy learning in the

actor-critic in contrast to MaxEnt RL.

Reward Augmentation for Policy Learning. As opposed to the vanilla
entropy regularization in MaxEnt RL that explicitly encourages the policy to
explore, our derived distribution-matching regularization in distributional RL
plays a role of reward augmentation for policy learning. The augmented
reward incorporates additional return distribution knowledge in the learning
process compared with expectation-based RL. As we will show later, the aug-
mented reward encourages policies to reach states s, with actions a; ~ m(+|s;),
whose current action-state return distribution ¢, lags far behind the target
one, measured by the magnitude of cross entropy.

For a comprehensive analysis and a detailed comparison with MaxEnt RL,
we now concentrate on the properties of our distribution-matching regulariza-
tion in the Actor Critic (AC) framework. In Lemma 1, we first show that our
Distribution-Entropy-Regularized Bellman operator 7] still inherits the con-

vergence property in the policy evaluation phase with a cumulative augmented
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reward function as the new objective function J'(7).

Lemma 1. (Distribution- Entropy-Regularized Policy Evaluation) Consider the
distribution-entropy-regularized Bellman operator T[] in Eq. 2.8 and assume
H(ps, gt ") is bounded for all (s, a;) € S x A. We define Q¥ = TTQF.
Given qg, QFT' will converge to a corrected Q-value of ™ as k — oo with the

new objective function J'(w) defined as

T
(1) = 3 Bapnyepy [ (500) + 1 (H (07 5"))]. (2.10)

=0
We remain the updating rule me, = argmaxen Eq,~n [Q™9 (s, ar)] in

the policy improvement phase. Next, we can immediately derive a new pol-
icy iteration algorithm, called Distribution-Entropy-Regularized Policy Itera-
tion (DERPI) that alternates between the policy evaluation in Eq. 2.8 and the
policy improvement. It will provably converge to a policy regularized by the

distribution-matching term as shown in Theorem 1.

Theorem 1. (Distribution-Entropy-Regularized Policy Iteration) Repeatedly
applying distribution-entropy-reqularized policy evaluation in Fq. 2.8 and the
policy improvement, the policy converges to an optimal policy 7* such that
Q™ (s, a:) > Q™ (s, ar) for all T € 1.

Please refer to Appendix 2.9.8 for the proof of Lemma 1 and Theorem 1.
Theorem 1 demonstrates that if we incorporate the distribution-matching reg-
ularization into the policy gradient framework in Eq. 2.10, we can design a
variant of “soft policy iteration” [43] that can guarantee the convergence to
an optimal policy given any fixed gy. Putting all the analyses above together,
we comprehensively compare the regularization and exploration effect between
MaxEnt RL and distributional RL (CDRL).

Uncertainty-aware Regularized Exploration in CDRL Compared with
MaxEnt RL. For the objective function J(7) in Eq. 2.7 of MaxEnt RL, the
state-wise entropy H (7 (+|s:)) is maximized explicitly w.r.t. 7 for policies with a

higher entropy in terms of diverse actions to encourage an explicit exploration.
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For the objective function J'(7) in Eq. 2.10 of distributional RL, the policy 7 is
implicitly optimized through the action selection a; ~ 7(-|s;) mechanism
guided by an augmented reward signal from the distribution-matching regular-
ization f(H (u*, g,"*)). Concretely, the learned policy is encouraged to visit
state s; along with the policy-determined action via a; ~ 7(+|s;), whose current
action-state return distributions ¢, lag far behind the target return distri-
butions. This discrepancy is measured by the magnitude of the cross entropy
between two distributions. A large discrepancy indicates the uncertainty of
current return distribution is considerably mis-estimated for considered states,
results in an uncertainty-aware exploration against these states. As such, the
policy learning will be additionally driven by the uncertainty difference be-
tween the current return distribution estimate and the target one. This leads
to a distinct exploration strategy compared with MaxEnt RL that directly

promotes diverse actions.

Interplay of Uncertainty-aware Regularization in Distributional Actor-
Critic. Putting the critic and actor learning together in distributional RL,
we reveal their interplay impact of the uncertainty-aware regularized explo-
ration as opposed to expectation-based RL: 1) the actor (policy) learning seeks
states and actions whose current return distribution estimate lags far behind
the true one from the environment (approximated by the TD target distri-
bution of p**), 2) on the other hand, the critic learning reduces the return
distribution mismatch on the explored states and actions between the current
return distribution estimate and the true one determined by the environment,

interpreting the benefits of CDRL over expectation-based RL.

2.6.2 DERAC Algorithm: Interpolating AC and Distri-
butional AC

With the convergence guarantee of DERPI given a fixed gy, we also need to
optimize gy within the actor-critic framework in the function approximation

setting. Different from SAC that introduces another value function network,

we only parameterize the return distribution gy(s:, a;) and the policy mg(a|s:),
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where we use E [gy] to represent the Q function without parameterizing it again.
Remarkably, the resulting Distribution- Entropy-Regularized Actor-Critic (DE-
RAC) algorithm can interpolate expectation-based AC and distributional AC.

Optimize the critic by ¢y. The new value function jq(ﬁ) is originally
trained to minimize the squared residual error of Eq. 2.8. We show that J,(6)

can be simplified as:

J4(6) o (1 = NEqu [(T"E g0 (5, @)] — E [qu(s, 0)])?] + AE, o [H(u"", g5)].
(2.11)
where we use a particular increasing function f(H) = (rH)2/y and A =
T € [0,1],7 > 0 is the hyperparameter that controls the uncertainty-aware
regularization effect. The proof is given in Appendix 2.9.9. Interestingly,
when we leverage the whole target density function p®® to approximate the
true return distribution of p**, the objective function in Eq. 2.11 can be viewed
as an exact interpolation of loss functions between expectation-based AC (the
first term) and categorical distributional AC loss (the second term) [67]. In
our implementation, for the target 77E [go«(s,a)], we use the target return
distribution neural network gy« to stabilize the training, which is consistent

with the Neural FZI framework analyzed in Section 2.5.1.

Optimize the policy m,. We optimize 74 in the policy optimization based
on the Q-function and therefore the new objective function J,(¢) can be ex-
pressed as :]ﬂ(qb) = Es4r, [E[go(s,a)]]. The complete DERAC algorithm is
presented in Algorithm 1 of Appendix 2.9.11.

2.7 Experiments

In Section 2.7.1 of our experiments, we first verify the uncertainty-aware regu-
larization effect of being categorical distribution in RL by applying the return
density decomposition in Eq. 2.4 with different €. In Section 2.7.2, we examine
the interpolation performance of the proposed DERAC algorithm in continu-

ous control environments, particularly interpreting the potential advantage of
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DERAC that can mitigate the over-exploration of CDRL by pure categorical
learning. Finally, we explore the mutual impacts between the vanilla entropy
regularization in MaxEnt RL and the uncertainty-aware one from CDRL in
Section 2.7.3, with a slight extension to quantile-based distributional RL, e.g.,
Implicit Quantile Networks (IQN) [21]. More implementation details are pro-
vided in Appendix 2.9.10.

2.7.1 Uncertainty-aware Regularization Effect by Re-

turn Density Decomposition

We demonstrate the decomposed uncertainty-aware entropy regularization an-
alyzed in Eq. 2.5 though the return density function decomposition in Eq. 2.4
plays a crucial role in interpreting the benefits of CDRL over classical RL. Our
experiments are conducted on both typical Atari games and Mujoco environ-
ments. Particularly, for the categorical distributional loss in C51 or the critic
loss in the actor-critic algorithms, we replace the whole target categorical dis-
tribution p®*(x) with the derived 1*®(x) decomposed under different ¢ based
on Eq. 2.4. We then employ *%(x) instead of p>*(x) to construct the KL
divergence, leading to decomposed algorithms denoted by H(u, gg). This de-

composed algorithm enables us to assess the uncertainty-aware regularization
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Figure 2.2: Learning curves of value-based CDRL, i.e., C51 algorithm, and decom-
posed algorithm H(u, gg) after the return distribution decomposition with different
€ on eight typical Atari games. Results are averaged over 3 seeds and the shade
represents the standard deviation.

19



effect from distributional RL by comparing its performance with the classi-
cal RL and CDRL algorithms. To ensure a pre-specified € that guarantees a
valid decomposition analyzed in Proposition 1, we re-define a new notation ¢,
which shares the same utility with € and is more convenient in the implemen-
tation. ¢ is defined as the mass proportion centered at the bin that contains
the expectation when transporting the mass to other bins. A large proportion
probability € that transports less mass to other bins corresponds to a large €
in Eq. 2.4, under which the decomposed algorithm performs more similarly to
a pure CDRL algorithm. See Appendix 2.9.10 for more explanation, including
the transformation equation between € and €.

Figure 2.2 showcases that as ¢ gradually decreases from 0.8 to 0.1, learn-
ing curves of decomposed C51 denoted as H(u,qs)(e = 0.8/0.5/0.1) tend to
degrade from vanilla C51 to DQN across most Atari games. The sensitiv-
ity of decomposed algorithm H(u, gg) in terms of € depends on the environ-
ment. Similar results in continuous control environments can be found in
Appendix 2.9.12. Overall, our empirical result corroborates the decomposed
uncertainty-aware entropy regularization is pivotal to the empirical benefits of

being categorical distributional in CDRL over classical RL.

2.7.2 Interpolation Behavior of DERAC: Mitigating the

Over-Exploration

Figure 2.3 suggests that DERAC (green) converges and tends to “interpo-
late” between the expectation-based AC and its distributional counterpart
denoted by DAC (C51), which substantiates the theoretical convergence of
the tabular DERPI algorithm in Theorem 1. We highlight that the purpose of
introducing DERAC is to interpret the benefits of CDRL from the perspective
of uncertain-aware reqularization, instead of only pursuing the empirical su-
periority. In Group 1, it is important to note that DERAC achieves superior
performance over both AC and DAC (C51) on bipedalwalkerhardcore, which
demonstrates that the interpolation has extra advantages. We posit that the
interpolation nature of DERAC mitigates the over-exploration induced by the

categorical distributional learning in C51, as a pure CDRL algorithm may put
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Figure 2.3: Learning curves of DERAC algorithm averaged over five seeds. The
AC and DAC baselines are without the leverage of entropy regularization of MaxEnt.
Group 1: Ant, Swimmer and Bipedalwalkerhardcore, where DAC (C51) outperforms
AC. Group 2: Humanoid and Walker2d, where AC outperforms DAC (C51).

too much emphasis on the uncertainty-aware exploration, i.e., all weight on the
regularization term in Entropy-regularized Neural FQI in Eq. 2.5. In Group
2 where distributional algorithm (DAC) is inferior to its expectation-based
counterpart (AC), it turns out DERAC performs similarly to or slightly excels
at AC. These results demonstrate that DERAC accomplishes a more robust
performance between expectation-based AC and DAC (C51) algorithms and
can even surpass DAC (C51) by potentially mitigating the over-exploration
of variants of CDRL algorithms. We also provide a sensitivity analysis of
DERAC regarding A in Appendix 2.9.12.

2.7.3 Mutual Impacts of Vanilla Entropy Regulariza-

tion and Uncertainty-aware Regularization

We demonstrate that the two types of exploration encouraged by Vanilla En-
tropy (VE) in MaxEnt RL and Uncertainty-aware Entropy (UE) in CDRL,
despite having similar entropy regularization forms, play distinct roles in the
learning when used simultaneously, either mutual improvement or potential in-
terference. We conduct an ablation study for both DSAC (C51) and DSAC (IQN),
where the latter is used to heuristically examine the mutual impacts in the
quantile-based distributional RL algorithm. We leave similar results conducted
on DSAC (C51) in Appendix 2.9.12. Specifically, we denote SAC with/without
vanilla entropy as AC+VE and AC, and distributional SAC with/without
vanilla entropy as and AC+UE or DAC. The implementation
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Figure 2.4: Learning curves of AC, AC+VE (SAC), AC+UE (DAC) and
AC+UE+VE (DSAC) over five seeds across eight MuJoCo environments where
DAC and DSAC are based on IQN. (First Row): Mutual improvement. (Second
Row): Potential interference.

details can be found in Appendix 2.9.10.

In the first row in Figure 2.4, the simultaneous leverage of uncertainty-
aware and vanilla entropy regularization renders a mutual improvement. Con-
versely, the two regularizations when employed together lead to performance
degradation in the second row in Figure 2.4, such as Swimmer and Reacher,
where is significantly inferior to AC+UE or AC+VE. We posit
that the potential interference may result from distinct exploration directions
in the policy learning for the two regularizations. SAC optimizes the policy
to visit states with high entropy, while distributional RL updates the policy
to explore states and the associated actions whose current return distribu-
tion estimate lags far behind the correct one determined by the environment

uncertainty.

2.8 Discussions and Conclusion

In this paper, we interpret the benefits of CDRL over classical RL as an
uncertainty-aware regularization derived through the return density decom-
position. In contrast to encouraging diverse actions for the exploration in
MaxEnt RL, the uncertainty-aware regularization in CDRL promotes to ex-

plore states where the environment uncertainty is largely underestimated. This
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novel exploration from CDRL contributes to explaining the benefits of being

(categorical) distributional in RL.

Limitations and Future Work. The uncertainty-aware regularization with
the exploration effect is founded on CDRL. However, it remains elusive whether
it is feasible to extend the uncertainty-aware exploration in CDRL to general
distributional RL, given that the analytical techniques in other classes, such as
QR-DQN;, are highly different from CDRL. We leave this extension as future

work.

2.9 Appendix

2.9.1 Convergence Guarantee of Categorical Distribu-
tional RL

Categorical Distributional RL [9] uses the heuristic projection operator Il¢

that was defined as

o, y<h
e (5y) = ;Z:ll__gl 611’ + ljl_ilzl (Sl¢+1 li < y < li+1 ) (212>
511{ y > lK

and extended affinely to finite mixtures of Dirac measures, so that for a mixture
of Diracs S_N | pid,., we have Il¢ <Zf\i1 piéyi> =N pidle (3,,). The Cramér
distance was recently studied as an alternative to the Wasserstein distances in

the context of generative models [10]. Recall the definition of Cramér distance.

Definition 1. (Definition 3 [84]) The Cramér distance {5 between two distri-
butions v, vs € P (R), with cumulative distribution functions F,,, F,, respec-

tively, is defined by:

b (1, 19) = ( /R (Fyy(2) — Fo ()’ da:) "

Further, the supremum-Cramér metric ly is defined between two distribution
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functions n, p € P(R)**A by

Z2(77’ /*'L) - Sup €2 (/’7(737@)’ M(Z‘,a)) .
(xva)GXXA

Thus, the contraction of categorical distributional RL can be guaranteed

under Cramér distance:

Proposition 4. (Proposition 2 [84]) The operator IlcT™ is a \/7-contraction

m 82.

An insight behind this conclusion is that Cramér distance endows a par-
ticular subset with a notion of orthogonal projection, and the orthogonal pro-
jection onto the subset is exactly the heuristic projection Iz (Proposition 1 in
[84]). [84] also states that the operator IIo 7™ is contractive under Wasserstein

distance.

2.9.2 Proof of Proposition 1

Proposition 1. Denote p**(x € Ag) = pg/A. Following the density function
decomposition in Eq. 2.4, u(z) = ZZ Pi(z € A;)/A is a valid probability
density function if and only if e > 1 — pg.

Proof. Recap a valid probability density function requires non-negative and
one-bounded probability in each bin and all probabilities should sum to 1.
Necessity. (1) When x € Ag, Eq. 2.4 can simplified as pg/A = (1 —¢)/A +
epl/A, where phy = fi(x € Ag). Thus, py = 22 — 1= > 0if ¢ > 1 — pg.
Obviously, pf, = 22 — % < %— 1=¢ = 1 guaranteed by the validity of p3". (2)
When z ¢ Ag, we have p;/A = epl'/A, i.e., When x ¢ Ap, We immediately
have pf' = 2 < =P <1 when € > 1 — pg. Also, p“—p’ > 0.

Sufficiency. (1) When r € Ag, let pjy = BE PE-
plp = B2 — = <1 in nature. (2) When z ¢ AE, i = £ >0 in nature. Let
pf =28 L < 1 we have p; < e. We need to take the mtersectlon set of (1) and
(2), and we find that € > 1 —pg = ¢ > 1 — pg > p; that satisfies the condition

in (2). Thus, the intersection set of (1) and (2) would be € > 1 — pg.
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As € > 1 — pg is both the necessary and sufficient condition, we have the
conclusion that 7i(z) is a valid probability density function <= € >1— pg.
O

2.9.3 Equivalence between Categorical and Histogram

Parameterization

Proposition 5. Suppose the target categorical distribution ¢ = Zfil pid., and
the target histogram function h(zx) = le\il pil(z € A;)/A, updating the pa-
rameterized categorical distribution cy under KL divergence is equivalent to

updating the parameterized histogram function hg.

Proof. For the histogram density estimator hy and the true target density

function p(x), we can simplify the KL divergence as follows.

N . ) pl(l«)
Dx1,(h, hg) = / log —=— h’ ——dx
=1 - A
N L i
_ pz z Z/ pz _de
’:1N o . (2.13)
¢ pilx o
X — ———log —>dx
Z/ A
N ; N
= - (x)log 3 oc = > pi(w) log b
i=1 =1

where hj) is determined by i and § and is independent of z. For categorical
distribution estimator ¢y with the probability p; in for each atom z;, we also

have its target categorical distribution p(x) with each probability p;, we have:

N N N
Dxu(c, co) szlog— Zpilogpi—Zpilogcéoc—ZpilogCé
i=1 i=1 i=1

(2.14)
0

In CDRL, we only use a discrete categorical distribution with probabilities
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centered on the fixed atoms {z;}¥,, while the histogram density estimator in
our analysis is a continuous function defined on [z, x| to allow richer analysis.
We reveal that minimizing the KL divergence regarding the parameterized cat-
egorical distribution in Eq. 2.14 is equivalent to minimizing the cross-entropy

loss regarding the parameterized histogram function in Eq. 2.13.

2.9.4 Theoretical Results of Histogram Density Estima-
tor in Distributional RL

Histogram Function Parameterization Error: Uniform Convergence
in Probability. The previous discrete categorical parameterization error
bound in [84] (Proposition 3) is derived between the true return distribu-
tion and the limiting return distribution denoted as 7¢ iteratively updated via
the Bellman operator 11" in expectation, without considering an asymptotic
analysis when the number of sampled {s;,a;}!; pairs goes to infinity. As
a complementary result, we provide a uniform convergence rate for the his-
togram density estimator in the context of distributional RL. In this particular
analysis within this subsection, we denote p;” as the density function estima-
tor for the true limiting return distribution 7 via IIoT™ with its true density
pe”. In Theorem 2, we show that the sample-based histogram estimator p}*
can approximate any arbitrary continuous limiting density function p7* under
a mild condition. This ensures the use of a histogram density estimator in the

implementation of our subsequent algorithm adapted from CDRL.

Theorem 2. (Uniform Convergence Rate in Probability) Suppose pi®(x) is
Lipschitz continuous and the support of a random variable is partitioned by N

bins with bin size A. Then

5,4 S,a ]'O N
sup [ (x) — p(2)] = O (A) + Op ( =3 ) . (2.15)

Proof. Our proof is mainly based on the non-parametric statistics analysis [108].
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In particular, the difference of p;*(z) — pi®(z) can be written as

P (o) — (@) = E(Y(e)) — @)+ B@) ~E GG (g
bias stochastic variation

(1) The first bias term. Without loss of generality, we consider z € Ay,
then

lo+kA
CP(XeAy)  Jipra—naPr®)dy

E@' (@) =——F—= A o
P+ (k—D)A) = Flo+(k-1A) ., '
N lo+ kA —(lo+ (k—1)A) =pg (@),

where the last equality is based on the mean value theorem. According to the

L-Lipschitz continuity property, we have
IE (p¢" () — p" (2)] = lpg" (2") — pg“(2)] < L2’ — 2| < LA (2.18)

(2) The second stochastic variation term. If we let x € Ay, then pp* =
Pk = %Z?:l 1(X; € Ag), we thus have

n

%Z“Xi €A)) /A - P(X; € A)) /A
=1

P (w5 (@) & (56" 0) > )
)

=P < max
j=1,-/,N
— Z]l (Xl S A]) — P(XZ S A]) > AE) (2'19)
=1

p ( 1
=1, N
> Ae)

n
1 n
< N -exp (—2nA2e2) (by Hoeffding’s inequality),

[
g
&

ﬁZ]l(XieAj)—P(XiEAj)

where in the last inequality we know that the indicator function is bounded
in [0, 1]. We then let the last term be a constant independent of N, n, A and

simplify the order of e. Then, we have:

sup 7 (2) — B (7" (2))| = Op (w%) (2.20)
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In summary, as the above inequality holds for each x, we thus have the

uniform convergence rate of a histogram density estimator

2.9.5 Discussion: KL Divergence in Distributional RL

Remark on KL Divergence. As stated in Section 2.4 of CDRL [9], when
the categorical parameterization is applied after the projection operator Il¢,
the distributional Bellman operator ™ has the contraction guarantee under
Cramér distance or Wasserstein distance [84], albeit the direct use of a non-
expansive KL divergence [75]. Similarly, our histogram density parameteri-
zation with the projection Il and KL divergence also enjoys a contraction
property due to the equivalence between optimizing histogram function and
categorical distribution analyzed in Appendix 2.9.3. We summarize some prop-

erties of KL divergence in distributional RL in Proposition 6.

Proposition 6. Given two probability measures p and v, we define the supreme
Dyp, as a functional P(X)S*4 x P(X)S*4 = R, i.e.,

D?(OL(M7 V) = sup DKL([L(S,CL),V(S,CL))-
(s,a)eSxA
We have: (1) T™ is a non-expansive distributional Bellman operator under
D%y, ice., D (T7 21, %7 Zs) < DE(Z1, Za), (2) D3 (Zn, Z) — O implies the
Wasserstein distance Wy(Z,, Z) — 0.

Proof. We first assume Zy is absolutely continuous and the supports of two
distributions in KL divergence have a negligible intersection [6], under which
the KL divergence is well-defined.

(1) The contraction analysis of distributional Bellman operator €™ under

a distribution divergence d, depends on its scale sensitive (S) and sum in-
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variant (I) properties [10, 9]. We say d, is scale sensitive (of order 7) if
there exists a 7 > 0, such that for all random variables X,Y and a real
value a > 0, dy(aX,aY) < |a|"d,(X,Y). d, has the sum invariant prop-
erty if whenever a random variable A is independent from X,Y, we have
dy(A+ X, A4+Y) <d,(X,Y). We first prove that the Dg, is sum-invariant,
which is based on the dual form of KL divergence via the variational represen-

tation [25, 3]:

Di(X,Y) = ;gg{EX [f(z)] = log (Ey [e/@])}, (2.22)

where £° is the space of bounded measurable functions. Consequently,

DxL(A+ X, A+Y) = sup{Ez —a,x[f(21)] — log <EZ2:A oy {ef@)} )}

fecLh
© sup (B4 [Ex /(o + )]~ og (Ea [Br [/07]]))
¢ sup (EAEX[/ (& + )] ~ Ealog (B [e70+]);
= sup {Ba[Ex[f(@ +0)) ~log (= [/
< B sup (Ex(f(o + ) - log (B [0+ )

@ E4 Su/? {Ex[g(z)] — log (Ey [eg(y)} )}
geLh

= Dki(X,Y),
(2.23)

where (a) results from the independence between A and X (Y). (b) and (c)
rely on the Jensen inequality for the function — log and the operator sup. (d)
is because the translation is still within the same bounded functional space.
Next, we show that Dy, is not scale-sensitive, where we denote the probability
density function of X and Y as p and q.
*1 sz L1y (z o
Dxp(aX,aY) = / —p (—) log ‘f—(z)dx = / p(y) log Z@dy = Dk (X,Y)
a \a =q (5) —o0 q(y)

(2.24)

—00
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Putting the two properties together and given two return distributions Z (s, a)
and Zs(s,a), we have the non-expansive contraction property of the supremal

form of Dkg, as follows.
DX (X721, %7 Zy) = sup DxL(T"Z1(s,a), T Zs(s,a))

= sup Dxr(R(s,a) +vZ1(s',ad"), R(s,a) + vZ5(s',ad’))
(a)
< DKL(/‘}/Z1<8/7 a’/)7 ”YZ2(SI7 CL/>)

Y D208, d), Zo(s, a'))

< sup Dxp(Z1(s',a"), Zy(s',d'))

= D%OL<ZD Z2)>

(2.25)
where (a) relies on the sum invariant property of Dkp, and (b) utilizes the non-
scale sensitive property of Dgy. By applying the well-known Banach fixed
point theorem, we have a unique return distribution when convergence of dis-

tributional dynamic programming under Dgj .
(2) By the definition of Dg5, we have sup, , Dkin(Zn(s,a),Z(s,a)) — 0
implies Dk1,(Z,,Z) — 0. Dx1(Z,, Z) — 0 implies the total variation distance
d(Zn, Z) — 0 according to a straightforward application of Pinsker’s inequality

1 1
5(Zn,Z)g,/§DKL(Zn,Z)—>o, 0(Z,2y) <\ 5Dxe (2, Z,) =0 (2.26)

Based on Theorem 2 in WGAN [7], §(Z,,Z) — 0 implies W,(Z,,Z) — 0.
This is trivial by recalling the fact that 6 and W give the strong and weak
topologies on the dual of (C'(X), ]| - ||) when restricted to Prob(X).

[]

2.9.6 Proof of Proposition 2

Proposition 2 (Decomposed Neural FZI) Denote g;*(z) as the histogram
density function of Z}(s, a) in Neural FZI. Based on Eq. 2.4 and KL divergence
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as dy, Neural FZI in Eq. 2.3 is simplified as

Zk+1 — argmin— Z “log quyaz(A'l )+ aH (G Pz (s%) q;i:ai)]’ (2.27)
q0 —_
(a)

Proof. Firstly, given a fixed p(z) we know that minimizing Dkr,(p, gs) is equiv-
alent to minimizing H(p, ¢) by following

N l; i(p
Dxr(p,q0) = ;/lilpi(x)/Alogpq(é/)éA dx

N li ) N 1; '
—Z/l pi(x)/Aloggs/A dx—(z /l pi(x)/Alogp’(x)/A dz) (2.28)

=H(p.qs) — H(p)
oc H(p, qo)

Wherep SN pi(@)(z € AY/Aand gp = SV, q;/A. Based on H(p, qg), we
use p*i™Z ) (g ) to denote the target probability density function of the random
variable R(s;, a;)+vZy. (si,75(s:)). Then, we can derive the objective function
within each Neural FZI as

1 n
— D HE T (@), g3

(1= R (x € Ap)/A,g57") + (@™, g

I
S
INgE
—~

n N l; N L
(—u_az J e abymongap/ade—eS [ At »/A)

n N
1 1 Si,ai 0 A 80,0
:ﬁZZ ((1—6)( log g, (A%)/A) —eZpé log g, ( j)/A)
i=1 j=1
1 sian s A oo
x =3 (1= )~ Tog g™ (A%)) + e (@ "=, g

—log g (Alp) + QR (A", g5 ) )

(2.29)
where o = ;= > 0. Recall that o2 () = Zfilpf(x)]l(a: e A)/A =
ZNl pi'/A for conciseness and denote g,"" = Z;V: L7 (A)/A. The cross-

entropy H(f%7#(), g;7*) is based on the discrete distribution when i =
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1,..,N. A% represent the interval that E [R(s;,a;) +vZ8. (s, 75(s}))] falls
into, i.e., B [R(s;, a;) +vZ4. (s}, 72(s}))] € Al O

2.9.7 Proof of Proposition 3

Proposition 3 (Equivalence between the term (a) in Decomposed Neural
FZI and Neural FQI) In Eq. 2.5 of Neural FZI, assume the function class
{Zy : 6 € O} is sufficiently large such that it contains the target {Y;*}",,
when A — 0, for all k£, minimizing the term (a) in Eq. 2.5 implies

oo

P(Z(s,a) = T Qb (s,a) = 1, and /

—0o0

(2)| dz = o(A),

(2.30)
where T°PQE, (s, a) is the scalar-valued target in the k-th phase of Neural FQI,
is the Dirac delta function defined on the scalar T°P'Q%, (s, a).

q6 (x) - FdTothlg* (s,a)

«(s,a)

and (STothlg

Proof. Firstly, we define the distributional Bellman optimality operator T°P*
as follows:

TP (s,a) 2 R(s,a) +~Z (S a"), (2.31)
where S ~ P(- | s,a) and a* = argmaxE [Z (5, d')]. If {Zy : 0 € O} is suffi-

a

ciently large enough such that it contains TP Z,. ({Y;*}™ ), then optimizing
Neural FZI in Eq. 2.3 leads to Z; ! = TP Z,..

Secondly, we apply the action-value density function decomposition on the
target histogram function p>*(x). Consider the parameterized histogram den-
sity function hy and denote hY /A as the bin height in the bin Ag, under the
KL divergence between the first histogram function 1(z € Ag) with hy(z),

the objective function is simplified as

Di(1(x € Ap)/A, hy(z)) = — /GA %log

x

dr = —loghy (2.32)

|>|’—‘|l>|<bi

Since {Zy : 6 € O} is sufficiently large enough that can represent the pdf of
{YF}n,, it also implies that {Z, : § € ©} can represent the term (a) part
in its pdf via the return density decomposition. The KL minimizer would

be ?Lg = 1(x € Ag)/A in expectation. Then, lima_,oarg ming,, Dk (1(z €
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Ap)/A hg(z)) = Opjgtarser(s,a)), Where g[ziarset(sq)) i a Dirac Delta function
centered at E [Z'*"8*(s, a)] and can be viewed as a generalized probability den-
sity function. That being said, the limiting probability density function (pdf)
converges to a Dirac delta function at E[Z'8% (s, a)]. The limit behavior
from a histogram function p to a continuous one for Z'%'& is guaranteed
by Theorem 2, and this also applies from hy to Zy. In Neural FZI, we have
Ztareet — vt 7, Since here we use Zj ' (s, a) as the random variable who cdf
is the limiting distribution, according to the definition of the Dirac function,

as A — 0, we attain
P(Zyt'(s,a) = E [T Zf.(s,a)]) = 1, (2.33)

which is because if the pdf of a random variable is a Dirac delta function, it
implies that the random variable takes this constant value with probability

one. Due to the linearity of expectation in Lemma 4 of [9], we have
E [T Z}.(s,a)] = TPE [Z§.(s,a)] = TP Q). (s, a) (2.34)
Finally, we obtain:

P(ZE Y (s,a) = TP'Q.(s,a)) =1 as A — 0 (2.35)

In order to characterize how the difference varies when A — 0, we further

define Ap = [l,,l.+1) and we have:

+o0o
/ qu <x> - FéTothlg* (s,a) (x) ’ dw

= i ((T Qb (5,a) — 1) 4 (leps — TQh. (s, a))2>

Ly 2
:E(a + (A —a)?)
<A/2

(2.36)

where T°P'QF. (s,a) = E [TP'Zf.(s,a)] € A and we denote a = T°P'Qf. (s, a)—
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le. The first equality holds as gg(x), the KL minimizer while minimizing the
term (a), would follows a uniform distribution on Ag, i.e., gp = 1(x € Ag)/A.
Thus, the integral of LHS would be the area of two centralized triangles ac-
cording. The inequality is because the maximizer is obtained when a = A or
0. The result implies that the convergence rate in distribution difference is
o(A).

O

2.9.8 Convergence Proof of DERPI in Theorem 1

Proof of Distribution-Entropy-Regularized Policy Evaluation in Lemma 1
Lemma 1(Distribution-Entropy-Regularized Policy Evaluation) Consider the
distribution-entropy-regularized Bellman operator 7] in Eq. 2.8 and assume
H(ps, gyt ) is bounded for all (sy,a;) € S x A. Define Q"' = TrQ*,
then Q*+! will converge to a corrected Q-value of m as k — oo with the new

objective function J'(7) defined as

T
J/(W) - Z E(St»at)NPw [T (St’ at) + ’Yf(,H (/ft’at> qgt7at))] : (2'37)

t=0

Proof. Firstly, we plug in V(s;;1) into RHS of the iteration in Eq. 2.8, then

we obtain

TLQ (s¢,a)
=T (Stv a’t) + 7E8t+1~P(-\St,at) [V (5t+1)]
=T <St, at) + Wf(/H (Mst’ata q;t’at)) + VE(stH,atH)Npﬁ [Q (St+1, at+1)]

A

=Tr (St7 at) + VE(8t+17at+1)~p” [Q (St-‘rl? at-i-l)] )

(2.38)

where 7 (s, a:) £ 7 (s, a:) + vf(H (u0%, g;"*)) is the entropy augmented
reward we redefine. Applying the standard convergence results for policy eval-
uation [102], we can attain that this Bellman updating under 7] is convergent
under the assumption of |A| < co and bounded entropy augmented rewards
Tr. ]
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Policy Improvement with Proof

Lemma 2. (Distribution- Entropy-Regularized Policy Improvement) Let m € 11
and a new policy Tpew be updated via the policy improvement step in the policy
optimization. Then Q™ (s, a;) > Q™4 (s4,a4) for all (s, a;) € S X A with
|A| < 0.

Proof. The policy improvement in Lemma 2 implies that By, ..., [@™ (s, a;)] >

Egymmyy [Q74 (s, at)], we consider the Bellman equation via the distribution-

™

entropy-regularized Bellman operator 7

Qﬂ'old <8t7 at) é r <8t7 at> + 7E8t+1~p [Vﬂ'old (St+1)]
r (Stv at) + fyf(H (/I’St’at7 Qgt’at>> + VE(st+1,at+1)~p”old [Qﬂ-dd (StJrl, at+1)]
r <5t7 at) + ’Vf(?‘[ (ILLSt,CLt7 q;t,at)) + 7E(St+17at+1)Npﬁncw [Qﬂold (st—l—l; at—l—l)]

= Tmew (8¢, @) + VE(s, 1 a0p1)mpmmew Q7 (Se41, i)

IN

< Q™Y (8441, ar41)
(2.39)

where we have repeated expanded Q™4 on the RHS by applying the distribution-
entropy-regularized distributional Bellman operator. Convergence to Q™

follows from Lemma 1. O

Proof of DERPI in Theorem 1 Theorem 1 (Distribution-Entropy-Regularized
Policy Iteration) Repeatedly applying distribution-entropy-regularized policy
evaluation in Eq. 2.8 and the policy improvement, the policy converges to an
optimal policy 7* such that Q™ (s;, a;) > Q™ (s4, a;) for all m € I1.

Proof. The proof is similar to soft policy iteration [43]. For completeness, we
provide the proof here. By Lemma 2, as the number of iteration increases, the
sequence Q™ at i-th iteration is monotonically increasing. Since we assume the
uncertainty-aware entropy is bounded, the Q™ is thus bounded as the rewards
are bounded. Hence, the sequence will converge to some 7*. Further, we prove

that 7* is in fact optimal. At the convergence point, for all = € II, it must be
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case that:
atNﬂ' [Q%ld (8757 at)] Z Eat"‘ﬂ' [Q%]d (Stv at)] .

According to the proof in Lemma 2, we can attain Q™ (s;, a;) > Q™ (s, a;) for
(s¢,a;). That is to say, the “corrected” value function of any other policy in

IT is lower than the converged policy, indicating that 7* is optimal. O]

2.9.9 Proof of Interpolation Form of .J,(f)

In SAC [43] (Section 4.2), it introduces another parameterized state value
function to approximate the soft value in the function approximation setting.
Instead, we are not intended to do so, but directly use a single (Q network to be
optimized, which allows the interpolation form of our algorithm. In particular,
we directly evaluate the least squared loss between the current QQ estimates
and the target ones for the critic loss. With a particular form of f.(#), the
removal of the interaction term, and the replacement of Qy with E [gy], we can

derive the interpolation form of J 4(0) according to the following formula:

0) = Eso [(T7 Qo (s Qo(s,a))’

= Eo [(T7Qu- (5, @) — Quls, @) + (7120, 5) /)]

=E.o [(T7E g0+ (s, a)] — E [go(s, a)])*] + TEsq [H (1™, 5")]

+ Es o [(T7E [go+ (s, a)] — E[go(s, a)]) H(p™, ¢5)]

~ By, [(T7E g6+ (5, 0)] — Ego(s, a)])?] + 7E, 0 [H(u>% ¢5®)]

o (1= NEsa [(T7E (g6 (5, 0)] — E[go(s, a)])*] + AEqq [H (1", ¢5)]

(2.40)
where the second equation is based on the definition of Distribution-Entropy-
Regularized Bellman Operator 7 in Eq. 2.8 and let f(H) = (7H)'/?/. The
interaction term +E;, [(T™E [go+(s,a)] — E [go(s, a)]) H(u5", ¢;")] equal zero
in the last equation is rooted in Lemma 1 in [92]. Although Lemma 1 consid-
ers the A/B testing with offline dataset, it demonstrates that the estimation
equation between the Bellman error and and any function ¢ (S, A;) equals zero
under mild conditions, such as the consistency assumption. Strictly speaking,

we heuristically extend the conclusion in Lemma 1 of [92] to the simplification
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St, At St,At)
) 16

of our critic loss, where we let ¢ (S, Ay) = H(p . Consequently, we

q
can approximately remove the interaction term as

Esa [(TE [0+ (s, a)] — Elgo(s, a)]) H(p>", ¢5")] = 0. (2.41)

We set A = 1= € [0,1]. Another simplification is that we directly use E [g] to
replace (Qy rather than to maintain both two networks gy and )y with different
parameters 6. This strategy simplifies our implementation and contributes to

derive the final interpolation form in .J,(6).

2.9.10 Implementation Details

Replacing ¢ with the ratio ¢ for Visualization The substitution of
with ¢ is for convenience in the implementation. As Proposition 1 elucidates,
the return density decomposition requires that € exceed certain thresholds to
ensure the resultant decomposed ** qualifies as a valid density function. In
practice, pinpointing this lower boundary for € in each iteration to regulate
its range could be prohibitively time-intensive. A more pragmatic approach
involves redistributing the mass from the bin that contains the expectation
to other bins in specified ratios, thereby introducing the corresponding ratio
term e. By varying € from 0 to 1, it invariably meets the validity condition
outlined in Proposition 1, thereby streamlining the process for conducting

ablation studies concerning 11*® as demonstrated in Figure 2.2.

To delineate the relationship between the ratio € and the coefficient € in
constructing *?, after some calculations we establish their equivalence as

follows:
_pe—(1—¢)
E=—-
PEE€

(2.42)

Y

where pg represents the weighting assigned to the bin Ag as specified in Propo-
sition 1. The resulting ¢ € [0, 1] has a monotonically increasing relationship
with e, which facilitates the visualization without undermining our conclusion.

Please refer to the code in the implementation for more details.

37



Hyper-parameters and Network structure Our implementation is di-
rectly adapted from the source code in [67]. For Distributional SAC with C51,
we use 51 atoms similar to the C51 [9]. For distributional SAC with quan-
tile regression, instead of using fixed quantiles in QR-DQN, we leverage the
quantile fraction generation based on IQN [21] that uniformly samples quan-
tile fractions in order to approximate the full quantile function. In particular,

we fix the number of quantile fractions as N and keep them in ascending

Table 2.1: Hyper-parameters Sheet.

Hyperparameter Value
Shared
Policy network learning rate 3e-4
(Quantile) Value network learning rate  3e-4
Optimization Adam
Discount factor 0.99
Target smoothing be-3
Batch size 256
Replay buffer size le6
Minimum steps before training led
DSAC with C51
Number of Atoms (V) 51
DSAC with IQN
Number of quantile fractions (V) 32
Quantile fraction embedding size 64
Huber regression threshold 1
Hyperparameter Temperature Parameter § Max episode lenght
Walker2d-v2 0.2 1000
Swimmer-v2 0.2 1000
Reacher-v2 0.2 1000
Ant-v2 0.2 1000
HalfCheetah-v2 0.2 1000
Humanoid-v2 0.05 1000
HumanoidStandup-v2 0.05 1000
BipedalWalkerHardcore-v2 0.002 2000
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order. Besides, we adapt the sampling as 79 = 0,7; = ¢;/ 2?:01 e;, where
¢, € U0,1],7 = 1,..., N. We adopt the same hyper-parameters, which are
listed in Table 2.1 and network structure as in the original distributional SAC

paper [67].

2.9.11 DERAC Algorithm

We provide a detailed algorithm description of DERAC algorithm in Algo-
rithm 1.

1: Initialize two value networks gs, go+, and policy network .

2: for each iteration do
3:  for each environment step do

4: Ay ~ ’/T¢<Clt|8t).

o: Sr1 ~ P(Se1]se, ar).

6: D« DU{(st,as,7(St,a¢) , St41)}
7:  end for

8:  for each gradient step do

9: 6 < 60—\, VoJy(0)

10: ¢ o+ A\ Vo (0).

11: 0" <~ 710+ (1 —1)0*

12:  end for

13: end for

Algorithm 1: Distribution-Entropy-Regularized Actor Critic (DE-
RAC) Algorithm

2.9.12 Experiments Results

Uncertainty-aware Regularization Effect via Ablation Study in Ac-
tor Critic We study the uncertainty-aware regularization effect from be-
ing categorical distributional in the actor-critic framework, where we decom-
pose the C51 critic loss in distributional SAC (DSAC) according to Eq. 2.4.
We denote the decomposed DSAC (C51) with different € as H(u,qp)(c =
0.8/0.5/0.1). As suggested in Figure 2.5, the performance of H(u, go) tends to
vary from the vanilla DSAC (C51) to SAC with the decreasing of € on three
MulJoCo environments, except bipedalwalkerhardcore. In bipedalwalkerhard-

core. this tendency may not be clear, as we hypothesis that the algorithm
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Figure 2.5: Learning curves of Distributional AC (C51) with the return distribu-
tion decomposition H(u, gp) under different e.

performance is not sensitive when £ changes within this restricted range, al-
though this range is designed to guarantee a valid density decomposition.
It is worth noting that our return density decomposition is valid only when
€ > 1 — pg as shown in Proposition 1, and therefore € can not strictly go to
0, where H(u,qg) would degenerate to SAC ideally. In addition, compared
with the ablation study in Figure 2.2, the trend varying from DSAC to SAC
by decreasing € may not be as pronounced as that in value-based RL evalu-
ated on Atari games. This is because the actor-critic architecture is generally
perceived to be more prone to instability compared to value-based learning in
RL. As outlined in [33], this instability stems from the policy updates, which

may introduce additional bias or variance from the critic learning process.

ant swimmer bipedalwalkerhardcore
5000 100 250
4t A}
o 4000 4 g g 200 Y WA b '\("}fm AN ]\\/“\/
= ] 80 3 WW {
= " "ﬂ/ 150
© 3000 M M’ '
x A o0 100
@© 2000 ﬁ- U A WA
% # 40 i 30
5100 N — AC ; X K — AC
> ) —— DAC(C51) 4 —— DAC(C51) ! 7 —— DAC(C51)
< o —— DERAC(e =0.9,A = 0.5) 20 —— DERAC(e =0.9,A =0.5) o | £ —— DERAC(e=0.9,A=0.5)
—— DERAC(e =1.0,A=0.5) —— DERAC(e =1.0,A=0.5) M— DERAC(e =1.0,A = 0.5)
1000 DERAC(e = 1.0,A = 0.0) 0 DERAC(e = 1.0,A =0.0) 100 DERAC(e = 1.0,A =0.0)
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Time Steps (1e6) Time Steps (1e6) Time Steps (1e6)

Figure 2.6: Learning curves of DERAC algorithms across different A\ and € on
three MuJoCo environments over 5 seeds.
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Sensitivity Analysis of DERAC Figure 2.6 shows that DERAC with
different A in Eq. 2.11 may behave differently in different environments. In
general, DERAC with different ¢ and A perform similarly to DERAC, with
an interpolation nature between AC and DAC (C51). Notably, DERAC with
different € and A still surpasses at both AC and DAC (C51) in bidedalwalker-
hardcore, demonstrating the robust superiority of DERAC algorithm.
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10000 5000 160000
2 4000 o g L 40000
@ 8000 4000 n Ann
0 g0 3000 o | ‘M 120000
" { J |
[0] 3000 -'h‘,M iy I l“ b 100000
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0 0 40000
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Figure 2.7: Learning curves of AC, AC+VE (SAC), AC+UE (DAC) and
AC+UE+VE (DSAC) over 5 seeds across seven MuJoCo environments where dis-
tributional RL part is based on C51. Walker 2d and Humanoidstandup: Mutual
Improvement. Others: Potential Interference.

Mutual Impacts on DSAC (C51) We presents results on seven MuJoCo
environments and omits Bipedalwalkerhardcore due to some engineering issue
when the C51 algorithm interacts with the simulator. Figures 2.7 showcases
that the simultaneous leverage of uncertainty-aware and vanilla entropy regu-
larization renders a mutual improvement on humanoidstandup and Walker2d.
In contrast, the two regularization when employed together lead to a perfor-
mance degradation in other environments, especially in swimmer and halfchee-
tah, where is significantly inferior to AC+UEFE or AC+VE.
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Chapter 3

How Does Return Distribution
in Distributional Reinforcement

Learning Help Optimization?

3.1 Abstract

Distributional reinforcement learning (RL), which learns the whole return dis-
tribution compared with only its expectation in classical RL, has achieved great
success in obtaining superior performance. However, we still have a poor un-
derstanding of how the return distribution in distributional RL works. In this
study, we analyze the optimization benefits of distributional RL by leveraging
its additional return distribution information over classical RL in the Neural
Fitted Z-Iteration (Neural FZI) framework. To begin with, we demonstrate
that the distribution loss of distributional RL has desirable smoothness char-
acteristics and hence enjoys stable gradients, which is in line with its tendency
to promote optimization stability. Furthermore, the acceleration effect of dis-
tributional RL is revealed by decomposing the return distribution. It shows
that distributional RL can perform favorably if the return distribution approx-
imation is appropriate, measured by the variance of gradient estimates in each
environment. Rigorous experiments validate the stable optimization behaviors

of distributional RL and its acceleration effects compared to classical RL. Our
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research findings illuminate how the return distribution in distributional RL

algorithms helps the optimization.

3.2 Introduction

Motivation. Despite the remarkable empirical success of distributional RL,
the illumination of its theoretical advantages still needs to be studied. A
distributional regularization effect [100] stemming from the additional return
distribution knowledge has been characterized to explain the superiority of
distributional RL over classical RL, but the benefit of the proposed regular-
ization on the optimization of algorithms has not been further investigated.
Such a gap inspires us to investigate the optimization impact of distributional
RL by leveraging the full return distribution knowledge. However, existing
literature [71, 96] that helps to analyze the optimization of RL learning may
not apply to practical distributional RL algorithms as there still remains a gap
between the theory and practice in RL.

In this paper, we study the optimization advantages of distributional RL
over classical RL. Within the Neural FZI framework, our optimization anal-
ysis can not only sufficiently characterize offline distributional RL behaviors
but also approximate the online setting. Within this framework, we study
the uniform stability of distributional loss based on categorical parameteriza-
tion. Owing to the smoothness properties of distributional loss, distributional
RL algorithms tend to satisfy the uniform stability in the optimization pro-
cess, thus enjoying stable gradient behaviors in the input space. In addition
to the optimization stability, we also elaborate on the acceleration effect of
distributional RL algorithms based on the return density decomposition tech-
nique proposed recently. Distributional RL can speed up the convergence and
perform favorably if the return distribution is approximated appropriately,
measured by the gradient estimates’ variance. Empirical results corroborate
that distributional RL possesses stable gradient behaviors and acceleration ef-
fects by suggesting smaller gradient norms concerning the states and model
parameters. Our study opens up many exciting research pathways in this

domain through the lens of optimization, paving the way for future investiga-
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tions to reveal more advantages of distributional RL. Our contributions can

be summarized as follows:

e We specifically study the optimization advantage of practical distribu-
tional RL algorithms with the general function approximators. Within
the Neural FZI framework, we can analyze the optimization properties of

distributional RL by establishing its connection with supervised learning.

e We reveal the uniform stability of distributional RL thanks to the smooth-
ness properties of distributional loss. By contrast, classical RL may not
guarantee such a stable optimization property due to the sensitivity of

the least squared loss.

e The acceleration effects of distributional RL have also been demonstrated
through the return density decomposition. We show that distributional
RL can speed up convergence if the parameterization error of the return

distribution is appropriate.

3.3 Related Work

Interpretation of distributional RL. Interpreting the behavior difference
between distributional and classical RL was initially studied using the coupled
updates method in [66]. They conclude that both distributional and classical
RL behave the same in the tabular and linear approximation settings and at-
tribute the superiority of distributional RL to its non-linear approximation.
However, the coupled methodology mainly investigated preserving the expec-
tation of return distribution to measure the behavior differences, which rules
out other factors, including the optimization effect due to the distributional
loss [51]. An implicit risk-sensitive entropy regularization was then revealed
in distributional RL by [100], without further analyzing its optimization ben-
efits. Our work complements and extends their results through the lens of

optimization.

Convergence and Acceleration in RL. Existing optimization analysis

in RL is mainly based on the policy gradient methods, such as the Actor
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Critic framework [102]. [71] shows that the policy gradient with a softmax
parameterization converges at a O(1/t) rate, which significantly expands the
existing asymptotic convergence results. Entropy regularization [42, 43] has
gained increasing attention and [4] provides a fine-grained understanding of
the impact of entropy on policy optimization and emphasizes that any strat-
egy, such as entropy regularization, can only affect learning in one of two ways:
either it reduces the noise in the gradient estimates or it changes the optimiza-
tion landscape. The seemingly applicable analysis framework on value-based
RL is PAC-MDP [96], which effectively analyzes the convergence of typical
RL algorithms in the tabular setting. However, it is unclear whether this
analysis applies to practical distributional RL algorithms. By contrast, our
optimization is within a more interpretable Neural FZI framework and focuses

on accelerating the distributional RL algorithm.

Stable Optimization. Stable optimization is one of the crucial properties
for RL algorithms, and common strategies include Batch Normalization [89],
Spectral Normalization [73], gradient penalty [41]. In RL, stable optimization
techniques [38, 58] also benefit the training and the final performance. By
contrast, we show that (categorical) distributional RL naturally enjoys stable

optimization compared with classical RL.

3.4 Optimization Analysis of Distributional RL

Under Neural FZI established in Section 3.4.1, we analyze two optimization as-
pects of distributional RL based on the categorical parameterization, including
the stable optimization from the loss function in Section 3.4.2, and its accel-

eration effect determined by the gradient estimate variance in Section 3.4.3.

Notations. In CDRL, we denote the categorical distribution 7 = Zle fiou,
to approximates the action-state return distribution 7, where [y, s, ..., [ is a
set of fixed supports and {f;}%_, are learnable probabilities, normally param-

eterized by a neural network.
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3.4.1 Optimization Analysis for Distributional RL within
Neural Fitted Z-Iteration

Approximate Supervised Learning within Neural FZI to Allow the
Optimization Analysis. We conduct our analysis in this chapter still within
the Neural FZI framework in Eq. 2.3 established in Chapter 2. Previous op-
timization analysis focuses on either policy gradient methods [71, 1] or the
sample complexity in the tabular setting [96]. However, there remains some
gap between the theory and the practical neural network parameterized RL
algorithm, and the previous results may not be directly attainable for the op-
timization analysis of distributional RL. By contrast, Neural FZI simplifies
the optimization problem in deep RL into an approximate iterative supervised
learning on a local fixed offline dataset by leveraging experience buffer and
target networks, allowing richer optimization analysis. It sufficiently charac-
terizes the offline behaviors of practical distributional RL algorithms and can
also approximate online algorithms. In particular, Neural FZI does not con-
sider the exploration; the data distribution shift caused by exploration from an
e-greedy policy can be negligible in the online setting, when the replay memory
1s sufficiently large or considering the short period. Thus, the optimization in
each phase of Neural FZI can be approximately viewed as supervised learning

in contrast to PAC-MDP analysis [96] that involves the exploration impact.

Two Key Factors. The Neural FZI framework offers new insights to analyze
the optimization benefits for practical distributional RL algorithms, within

which there are mainly two crucial components.

e Factor 1: the choice of d,. On the one hand, d, determines the con-
vergence rate of distributional Bellman update, i.e., the speed of outer
iterations in Neural FZI. For instance, distributional Bellman opera-
tor under Cramer distance is ,/y-contractive [10], v-contractive under
Wasserstein distance [9]. Moreover, d, also largely affects the contin-
uous optimization problem concerning parameters ¢ in Z, within each

iteration of Neural FZI.
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e Factor 2: the parameterization of Z,. Given the same d,, a more
informative parameterization can approximate the true return distribu-
tion more reasonably, promoting the optimization within each phase of
Neural FZI. For example, with a more expressiveness power on quan-
tile functions, IQN [21] outperforms QR-DQN [22] on a wider range of

environments.

Remark. We mainly attribute the optimization benefit of distributional RL
to the choice of distributional loss d,, in Neural FZI relative to the least squared
loss in Neural FQI based on the same categorical parameterization on Zy,

despite the different convergence rates under them.

Categorical Pameterization Equipped with KL Divergence. To al-
low for theoretical analysis, we resort to the histogram function [108, 51] as
the density estimator of Zy, a continuous version of categorical parameteri-
zation with their equivalent proof provided in [100]. After incorporating the
projection to redistribute probabilities of target return distribution by the
neighboring smoothing proposed in CDRL, the target, and current histogram
function estimators inherit the joint supports, based on which we apply KL
divergence as d,. In particular, we denote the histogram density estimator as
f*® with k& uniform partitions on the support, denote x(s) as the state feature
on each state s. We let the support of Z(s, a) be uniformly partitioned into k
bins. The output dimension of f* can be |A| x k, where we use the index a
to focus on the function f Hence, the function 5% : X — [0, 1]* provides
a k-dimensional vector f*%(x(s)) of the coefficients, indicating the probability
that the target is in this bin given the state feature x(s) and action a. Next,
we use softmar based on the linear approximation x(s)"6; to express f*¢,
ie., f7%%(x(s)) = exp (x(s)"6:) /ij:l exp (x(s)"6;). For simplicity, we use

(2

f{(x(s)) to replace 7 (x(s)).

Categorical Distributional Loss. Note that the form of f*® is similar to
that in Softmax policy gradient optimization [71, 102], but we focus on the
value-based RL rather than the policy gradient RL. Our prediction probability
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f7* is redefined as the probability in the i-th bin over the support of Z(s,a),
thus eventually serving as a density function. While the linear approxima-
tor is limited, this is the setting where, so far, the cleanest results can be
firstly achieved, and understanding this setting is necessary for the first step
towards bigger problems of understanding distributional RL algorithms. Un-
der this categorical parameterization with KL divergence, the distributional
objective function Ly(s,a) for the continuous optimization in each phase of

Neural FZI (Eq. 2.3) can be expressed as:

k Zitw; 6 k
Ly(s,a) == / pe(y)log 1) gy o > pilog f7(x(s)),
2 =1

i=1 Wi
(3.1)
where 6 = {0,...,0,} and p.* is the probability in the i-th bin of the true
density function p**(x) for Z(s,a) defined in Eq. 2.4. w; is the width for the
i-th bin (z;, z;41]. The derivation of the categorical distributional loss under

the categorical parameterization is given in Appendix 3.8.1.

3.4.2 Stable Optimization Analysis under Uniform Sta-
bility

Optimization Properties. Our stable optimization conclusions are based

on the smoothness properties of categorical distributional loss in Eq. 3.1. A

similar histogram loss was also analyzed in [51] along with a local Lipschitz

constant analysis. By contrast, in Proposition 7, we extend their optimization

results and further establish its connection with distributional RL.

Proposition 7. (Properties of Categorical Distributional Loss) Assume the
state features ||x(s)||2 <1 for each state s, then Ly is kl-Lipschitz continuous,

kl?-smooth and convex w.r.t. the parameter 0.

Please refer to Appendix 3.8.2 for the proof. The smoothness properties of
categorical distributional loss d, are the foundation for the stable optimization
of distributional RL. In stark contrast, classical RL optimizes a least squared
loss function [102] in Neural FQI. It is known that the least squared estima-

tor has no bounded Lipschitz constant in general and is only Apac-smooth,
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where A\L.. is the largest singular value of the data matrix. Specifically, we
have ||VoLy|| < Kl for the categorical distributional loss in distributional RL.
By contrast, the gradient norm in classical RL is |y; — Q% (s, a)|||x(s)||, where
Qk(s,a) = o0 (2 + 2ip1) f2(x(5))/2w; under the same categorical parame-
terization for a fair comparison. Clearly, Q%(s,a) can be sufficiently large if
the support [z, 2] is specified to be large, which is common in environments
with a high level of expected returns [9]. As such, |y; — Q%(s,a)| can vary
significantly larger than k and classical RL with the potentially larger upper

bound of gradient norms is prone to the instability optimization issue.

Uniform Stability of Distributional RL. As an application of stable
analysis in [45], we next show that distributional RL loss can naturally in-
duce a uniform stability property under the desirable smoothness properties
in Proposition 7, while classical RL can not. We first recap the definition
of uniform stability for an algorithm while running Stochastic Gradient De-
scent (SGD) in Definition 2.

Definition 2. (Uniform Stability) [45] Consider a loss function g, (e) param-
eterized by w encountered on the example e, a randomized algorithm M is
uniformly stable if for all data sets D, D" such that D, D’ differ in at most one

example, we have
sup Erq [y (€) — gy (€)] < €tap - (3.2)

Remark: Rationale of Uniform Stability Analysis. One may be con-
cerned whether the uniform stability analysis is applicable to the RL setting
with a gradually varying experience replay buffer. Thanks to the Neural FZI
framework, it can be viewed as an approximate supervised learning on a nearly
fixed offline dataset D with each iteration of Neural FZI, as the experiment
replay allows nearly independent sampling on a fixed data distribution in a
short period when the reply memory is large enough [28]. As such, the loss
difference by varying the dataset for at most one sample can serve as a surro-

gate to measure the uniform stability for an algorithm in each phase of Neural

FZI.
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Theorem 3. (Uniform Stability for Distributional RL) Suppose that we run
SGD under Ly in Eq. 3.1 with step sizes Ny < 2/kl* for T steps. Assume
I1x(s)|| <1 for each state s and action a, then we have Ly satisfies the uniform
stability in Definition 2 with €g4q < %, i.€e.,
4kT
]E|‘C9T(57a) _59%(8760‘ S Ta (33>
where O and 0. are the minimizers after T steps under the dataset D and D',

respectively.

Please refer to the proof of Theorem 3 in Appendix 3.8.3. Theorem 3
shows that while running SGD to solve the categorical distributional loss
within each Neural FZI, the continuous optimization process in each itera-
tion is €gap-uniformly stable with the stability errors shrinking at the rate
of O(n™!). The stable optimization has multiple advantages, including €gap -
bounded generalization gap, a desirable local minimum in deep learning opti-
mization literature [45], and improvement in performance in RL [11, 58]. By
contrast, classical RL may not yield thestable optimization property without
these smooth properties. For example, Aj.-smooth may be of less help for
the optimization given a bad conditional number of the design matrix where
Amax could be sufficiently large. Empirically, we validate the stable gradient
behaviors, with smaller gradient norms in the input space, of CDRL compared
with classical RL, and similar results are also observed in Quantile Regression
distributional RL in Section 3.5.

Remark: Limitations. The potential optimization instability for classical
RL can be used to partially explain its inferiority to distributional RL in
most environments, although it may not explain why distributional RL could
not perform favorably in certain games [14]. We leave the comprehensive

explanation as future works.

Remark: Non-linear Categorical Parameterization. Although the sta-
bility above optimization conclusions are established on the linear categorical

parameterization on Z”, similar conclusions with a non-linear categorical pa-
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rameterization can be naturally expected by non-convex optimization tech-
niques proposed in [45]. We empirically validate our theoretical conclusions
by directly applying practical neural network parameterized distributional RL

algorithms.

3.4.3 Acceleration Effect of distributional RL

To characterize the acceleration effect of distributional RL, we additionally
leverage the proposed return density function decomposition in Eq. 2.4 in
Chapter 2, and then characterize the variance of the gradient estimates before

providing the acceleration effect of distributional RL.

Measuring the Variance of Gradient Estimates. Within Neural FZI,

s,a

our goal is to minimize %2?21 Loy(si,a;). We rewrite Ly(s,a) as Lo(g>, o),

a s,a

where the target density function g*® can be p*¢, p®® or p3’, and f& is

rewritten as f;* for conciseness. We denote G*(0) = E [Lo(p3", f,")] and
use G(6) for G*(6) for simplicity. Based on Proposition 7 in Section 3.4.2,
the appealing optimization properties concerning the parameter 6 in fy still
hold for G(6). Although p%" is a single-bin density without non-zero joint
support as f,*, thanks to the leverage of target networks, the KL-based Ly
would degrade to the cross-entropy loss, on which Ly is still well-defined. As
the KL divergence has unbiased gradient estimates, we let the variance of its

stochastic gradient over the expectation-related term p%" be bounded, i.e.,
Egs.apmer [IVLo(PE", f5) = VGO)]*] = 0. (3.4)
Next, following the similar label smoothing analysis in [114], we further char-

acterize the approximation degree of f;* to the target return distribution p*°

by measuring its variance as ko?:

Eaner [[VLo(1™, f5)) = VGO)|?] = 67 = Ko™, (3.5)

Notably, £ can be used to measure the approximation error between f;* and

1*% and we do not assume 62 to be bounded as k can be arbitrarily large.
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This expression ko? for 62 allows us to utilize & to characterize different accel-
eration effects for distributional RL given different k. Concretely, a favorable
approximation of fy* to p*%, which coincides with the role of the Zy param-
eterization, will lead to a small k, contributing to the acceleration effect of

distributional RL as shown in Theorem 4.

Proposition 8. Based on the return density decomposition in FEq. 2.4, and
Eq. 3.5, we have:

Eappr (VLo [3%) = VGO)?] < (1 - ?0® + Ero®. (36)

Proposition 8 reveals the upper bound of gradient estimate variance for the
whole target density function p*>®, with proof in Appendix 3.8.4. Before com-
paring the sample complexity in optimizing both classical and distributional

RL, we define the first-order 7-stationary point.

Definition 3. (First-order T-Stationary Point) When ming G(6), the param-
eters Op after T steps is a first-order T-stationary point if ||VoG(Or)|| < 7.

Based on Definition 3, we formally characterize the acceleration effects
for distributional RL in Theorem 4 that depends upon approximation errors

between p** and f,* measured by k.

Theorem 4. (Sample Complezity and Acceleration Effects of Distributional
RL) While running SGD to minimize Ly in Eq. 3.1 within Neural FZI, we
assume the step size X < - min{1, %}, e = 1/(1 + k), and the sample is
uniformly drawn from T samples. Denote G(6y) as initialization.

(1) (Classical RL) The sample complezity T = % = O(Z) when mini-
mizing Lo(py", f3*), such that Ly converges to a T-stationary point.

(2) (Distributional RL) The sample complexity T = O(T%) when minimizing

Lo(p>®, f5), such that Ly converges to a max{T, 20k}-stationary point.

The proof is provided in Appendix 3.8.5. Theorem 4 is inspired by the
intuitive connection between the return distribution in distributional RL and
the label distribution in label smoothing [114].
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Interpretation of Theorem 4 . Theorem 4 demonstrates that optimizing
the categorical distributional loss of distributional RL can speed up the con-
vergence with the sample complexity from O(Z) to O(%), if the distribution
approximation error is favorable. In particular, when the agnostic x deter-
mined by the environment satisfies 2k0 < 7, the distributional RL algorithm
has an effective return distribution parameterization for Zy with a smaller ap-
proximation error between f;* and p*® (p>*). In this case, the acceleration
effect of distributional RL over classical RL can be guaranteed. However, it
is not vice versa. When 2xo > 7, it is unclear whether the required sample
complexity for distributional RL is higher than classical RL, as classical RL
will require a lower sample complexity than O(T%l) to achieve a 2ko-stationary
point in this case. These theoretical results also coincide with past empirical
observations [22, 14], where distributional RL algorithms outperform classical
RL in most cases, but are inferior in certain environments. Based on our re-
sults in Theorem 4, we contend that these certain environments have much
intrinsic uncertainty, the distribution parameterization error between Zy and
the true return distribution under the distributional TD approximation is still

too large (k > 5-) to guarantee an acceleration effect as revealed in Theorem 4.

Smaller Gradient Norms in the Weight Space. The acceleration effect
of distributional RL in Theorem 4 also implies that distributional RL tends
to have smaller gradient norms concerning parameters than classical RL at
the same training step, according to the definition of Lipschitz constant in
terms of the first-order stationary point. The small gradient norms we ana-
lyze here are in the weight space, commonly used and directly linked with the
convergence rate analysis. In contrast, the uniform stability analyzed in Sec-
tion 3.4.2 is defined on the bounded loss difference that is strongly correlated
to the gradient norms in the input space. Similar works include Spectral Nor-
malization to stabilize the training of Generative Adversarial Networks [73]
and RL [38], which normalizes the spectral norm of the weight matrix in each
layer to lead to a one-valued Lipschitz constant concerning the input. We

empirically demonstrate both of them in Section 3.5.
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Figure 3.1: Performance. Learning curve of AC, DAC (C51), and DAC (IQN)
over five seeds with smooth size five across eight MuJoCo games.

3.5 Experiments

Our experiments focus on the online distributional RL algorithms on continu-
ous control Mujoco environments to demonstrate their stable gradient behav-

iors and acceleration effects.

Implementation. Our implementation is based Soft Actor Critic (SAC) [43]
and distributional Soft Actor Critic [67]. We eliminate the optimization im-
pact of entropy regularization in these algorithm implementations, and thus,
we denote the resulting algorithms as Actor Critic (AC) and Distributional
Actor Critic (DAC) for conciseness. For DAC, we first perform a categorical
parameterized C51 critic loss from the classical least-squared critic loss dubbed
DAC (C51), which coincides with our theoretical analysis in Sections 3.4.2 and
3.4.3. We further apply our experiments on Quantile Regression distributional
RL, i.e., Implicit Quantile Network (IQN), denoted as DAC (IQN), to heuristi-
cally extend our conclusion in broader algorithm classes. More implementation

details are provided in Appendix 3.8.6.
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Figure 3.2: Uniform Stability. The critic gradient norms in the logarithmic
scale regarding the state during the training of AC, DAC (C51), DAC (IQN) over

5 seeds on eight MuJoCo environments.

3.5.1 Performance and Uniform Stability

Figure 3.1 suggests both DAC (IQN) and DAC (C51) excel at the classical
RL counterpart, i.e., AC (black lines), in most environments, which allows our

further optimization analysis.

Proxy: Gradient Norms in the Input Space. We demonstrate the ad-
vantage of uniform optimization stability for distributional RL over classical
RL. According to Theorem 3, the stable optimization of distribution loss within
Neural FZI is described as a bounded loss difference for a neighboring dataset
regarding each state s and action a. In other words, the error bound holds by
taking the supreme over each state and action pair. To measure this algorithm
stability, while far from perfect, we consider leveraging the average gradient
norms concerning the state feature x(s) in the whole optimization process as
the proxy. This is because the gradient magnitude in the input space could

measure the sensitivity of the loss function regarding each state and action.

Results. Figure 3.2 suggests that both DAC (C51) and DAC (IQN) entail

smaller gradient norm magnitudes than the classical AC (black lines) across all
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environments, corroborating the uniform stability for distributional RL over
classical RL analyzed in Theorem 3. As analyzed in Section 3.4.2; this result

provides empirical evidence to interpret behaviors of distributional RL.

3.5.2 Acceleration Effect of Distributional RL

Proxy: Gradient Norms in the Weight Space . Theorem 4 implies that
if the distribution parameterization is appropriate, distributional RL can speed
up the convergence and thus can achieve better first-order stationary point,
corresponding to smaller gradient norms given the time step in the learning
process. To demonstrate it, we take the same step size for both DAC and AC,
and evaluate the f,-norms of gradients concerning network parameters of their
critics. A direct comparison between vanilla AC and DAC algorithm is given in
Figure 3.3, despite the slight difference in the network architecture in the last
layer. For an apple-to-apple comparison, we keep the same DAC architecture
while implementing a variant AC by optimizing the expectation of represented

return distribution. We also find a similar result in Appendix 3.8.7.
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Figure 3.3: Acceleration Effect. The critic gradient norms in the logarith-
mic scale regarding network parameters in the training of AC, DAC (C51),
DAC (IQN) over 5 seeds on MuJoCo environments.
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Results. Figure 3.3 showcases that both DAC (C51) and DAC (IQN) have
smaller gradient norms in terms of network parameters # compared with AC
in the whole optimization process. This result also validates that distribu-
tional RL loss tends to enjoy smoothness properties in Proposition 7. More-
over, it turns out that DAC (IQN) tends to have smaller gradient norms than
DAC (C51). Given the fact that DAC (IQN) outperforms DAC (C51) in most
environments in Figure 3.1, we hypothesize that DAC (IQN) may have a better
acceleration effect than DAC (C51), contributing to explaining its superior-
ity. Moreover, the more expressive parameterization of IQN over C51 is also
helpful in interpreting both the acceleration and the improvement in the final
performance. Lastly, according to Theorem 4, the access to the agnostic x can
serve as a sufficient condition to discriminate whether a specific distributional
RL algorithm can accelerate the training in a given environment. However, a

precise evaluation of « is tricky, which we leave as valuable future work.

3.6 Conclusion

In our paper, we answer the question: how does return distribution in distri-
butional RL help the optimization from perspectives of the uniform stability
and acceleration effect in the optimization. Our conclusions are made within
a new Neural FZI framework that connects the optimization results in super-

vised learning with practical deep RL algorithms.

3.7 Limitations and Future Work

Our optimization analysis of distributional RL is based on categorical pa-
rameterization, and therefore, some optimization properties, such as uniform
stability, may not directly apply to other distributional RL families. The alter-
native analysis on distributional RL algorithms based on Wasserstein distance
is also an integral and valuable complement to our conclusions, which we leave

as future work.
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3.8 Appendix

3.8.1 Derivation of Categorical Distributional Loss

We show the derivation details of the Categorical distribution loss starting from
KL divergence between p and gy. p; is the cumulative probability increment
of target distribution {Y;}c(n) within the i-th bin, and ¢y corresponds to a
F(x(s))

(normalized) histogram, and has density values per bin. Thus, we

have:

b b
Dit, (0%, 3% = / () log 5 (y)dy — / () log g5 (y)dy
a b a
x — / p>*(y)log ¢y (y)dy

k

) 1o SX(5))
=— “(y) log =———=d

;/z P (y)log wj Y (3.7)
=~ Zlog (F* (o + w)) — F ()

k
o =3 i log f(x(s)
=1

where the first o results from the fixed target p®* in the Neural FZI frame-
work. The second equality is based on the categorical parameterization for the
density function g,“. The last o holds because the width parameter w; can

be ignored for this minimization problem.

3.8.2 Proof of Proposition 7

Proof. For the Categorical distributional loss below,

—~ pr’“ log 7 (x(s)), (3.8)

exp(x(s)TGi)
Sk exp(x(s)T0;)

where f?(x(s)) =
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xp(x()70) -
(1) Convexity. Note that —log ST (<0 0] = log Z] Lexp (x(s)'6;) —
x(s)"6;, the first term is Log-sum-exp, which is convex (see Convex optimiza-
tion by Boyd and Vandenberghe), and the second term is affine function. Thus,

Ly(s,a) is convex.

(2) Loy(s,a) is kl-Lipschitz continuous. We compute the gradient of the

Histogram distributional loss regarding 6;:

ggyﬁmﬁwm
}j% Py Vo X
zp]ﬁ 1) 04— F7((s))x() 39)

= (pf’“(l = [{(x(5))) = ij’aff(X(S))> x(s)

J#i
= (7~ B F(x(5)) — (1 - pi) f2(x(5))) x(5)
= (7~ F2(x(s))) x(5)

where 6;; = 1 if i = j, otherwise 0. Then, as we have ||x(s)|| < [, we bound

the norm of its gradient

H%mew%@mzZm%zmmﬁwmu
—zm O EC T

<Z| D= L (x () Ix()
< ki

The last equality satisfies because |p;— f?(x(s))] is less than 1 and even smaller.
Therefore, we obtain that Ly is kl-Lipschitz.
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(3) Ly is kI*-Lipschitz smooth. A lemma is that log(1+exp(z)) is ;-smooth
as its second-order gradient is bounded by i, and if g(w) is f-smooth w.r.t.

w, then g((z,w)) is B||z||*-smooth. Based on this knowledge, we firstly focus

on the 1-dimensional case of the function log f¢(z), where f!(z) = Z,fxl';;:m

As we have derived, we know that 660 log f?(2;) = 0ij — f{(z). Then the
. . lo f

second-order gradient is aeg—aek = —f(2) (6 — f2(2) = fL2)(f2(2) — 1)

if i = k, otherwise f?(2)f/(z). Clearly, |%| < 1, which implies that

log f!(z) is 1-smooth. Thus, log f{((x,6;)) is ||z[|*-smooth, or I*-smooth. Fur-
ther, Zlepj’a log f¢(x(s)) is also [*-smooth as we have

1V, ij“logf“ — Vs, ij“logf” x(s))|
< ij’anvei log f}'(x(s)) — Vg, log f7 (x(s))|
=1 (3.11)
k
< S p Bl v
j=1
=Pllu—vll
for each parameter u and v. Therefore, we further have
Ve ij log f#(x(s)) — Ve Zp] log f7(x(s))|
k
< Z IV, Zp;va log f1'(x(s)) = Vg, y_p;"log f} (x(s))]
i=1 j=1 j=1 (3.12)
k
<SPl —vl
i=1
— kPl — v
Finally, we conclude that Ly(s,a) is kl*>-smooth.
]
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3.8.3 Proof of Theorem 3

Proof. Consider the stochastic gradient descent rule as G £(6) = 6 — AV L.

Firstly, we provide two definitions about Ly for the following proof.

Definition 4. (o-bounded) An update rule is o-bounded if

sup |0 — AVoLy|| < 0.
0

Definition 5. (n-expansive) An update rule is n-expansive if

o 1G12(0) = Goew)]

v [u = w]]

Lemma 3. (Grow Recursion, Lemma 2.5 [45]) Fiz an arbitrary sequence of
updates G, ..., Gp and another sequence G, ..., G/.. Let 8y = 6, be the starting
point and define §; = ||0, — 04|, where 0, and 0, are defined recursively through

Ori1 = Grc(0h), 011 =G\ £(07)
Then we have the recurrence relation:

Ny G = G} is n-expansive
Opy1 <
min(n, 1)6; + 20y Gy and G} are o-bounded , Gy is ) expansive

Lemma 4. (Lipschitz Continuity) Assume Ly is L-Lipschitz, the gradient
update Gy ¢ is (A\L)-bounded.

PTOOf. ||9 — GA,L(0>H = ”)\V9£9|| S /\L O

Lemma 5. (Lipschitz Smoothness and Convezr) Assume Ly is B-smooth and

convez, then for any A < %, the gradient update G ¢ is 1-expansive.
Proof. Please refer to Lemma 3.7 in [45] for the proof. O

Based on all the results above, we start to prove Theorem 3. Our proof
is largely based on [45], but it is applicable in distributional RL settings and

considering desirable properties of histogram distributional loss. According to
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Proposition 7, we attain that Ly is kl-Lipschitz as well as kl2-smooth, and
thus based on Lemma 4 and Lemma 5, we have G, ¢ is (Akl)-bounded, and
l-expansive if A < % In the step t, SGD selects samples that are both in D
and D', with probability 1 — % In this case, G; = G}, and thus 6;41 < J; as
G, is 1-expansive based on Lemma 3. The other case is that samples selected
are different with probability %, where 6,11 < 0; + 2M\kl based on Lemma 3.

Thus, if \; < k—?g, for each state s and action a, we have:

E |£9T(s, a) — Ly (s, a)‘ < KIE [67] , where 67 = ||07 — 67|

1 1 g1kl
<kl <(1 — E [6p_1] + —E[0p_4] + )

n n n
2/\T_1kl>

I
x>

l (]E [b7_1] +

=kl <E [00] + 2Md>

2k212 << 2
n ki?
kT

n

IN

S

(3.13)
Since this bound holds for all D, D’ and s, a, we attain the uniform stability

in Definition 2 for our categorical distributional loss applied in distributional
RL.

]

3.8.4 Proof of Proposition 8
]E(s,a)fvp'” [||v£0(ps,a7 fes’a)) - VG(9)||2] S (1 - 6)20'2 + €2I£O'2. (314)

Proof. As we know that p®®(x) = (1—€)pp"+ep®*(x) and we use KL divergence

in Ly, then we have:

VL™ f3") = (L= e)VLo(py", f3") + €V Lo (™", f3)
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Therefore,

Eaer [IVLo(p™, f5)) = VG(O)|I?]

< Egsayepr [(1 = €IV Lo(pE" f5)) = VGOI* + €[V Lo, £7)) = VG(O)]]

= (1 —¢)%0* + €Ko?,

(3.15)
where the first inequality uses the triangle inequality of norm, i.e., ||[(1 —¢)a+
eb||* < (1 — €)?||a]|* + €*||b]|?, and the last equality uses the definition of the
variance of Lg(py’, fo*) and Lo(p®%, o). O

3.8.5 Proof of Theorem 4

Proof. Classical RL (1) If we only consider the expectation of Z7(s,a), we
use the information p3" to construct the loss function. As Lo(ph”, ") is
kl?-smooth, we have

kl?
G(0r1) — G(6) < (VG(0), 0141 — 00) + 7”9t+1 — 041

kI2\?
2

= —M(VG(0:), VLo(pg", f)) + IV Lo, f5)II”
(3.16)

where the inequality is according to the definition of Lipschitz-smoothness,

and the last equation is based on the updating rule of . Next, we take the

expectation on both sides,

E[G(0r11) — G(00)]

EIPA? s,a ps,a
< -)E [||VG(9¢)||2] + E [HVEG(Z?E o) = VG(6;) + VG(Qt)”Q]
KI2\? sa psa k12N
< AR [IVG6)I°] + =B [IVLo(is". £5) = VGO IP] + =
MK —2 EI2)\?
= D 196w + L0
A KI2AZ
g

< —SE[IVGO)I*] +
(3.17)
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where the first two inequalities hold because VG(0) = E[VLy] and the last

inequality comes from A < ;5. Through the summation, we obtain that

S
L

K2AT
——O0

E[G(6r) — G(60)] < - .

E [[IVGO)I°] +

DO >

~+
Il
o

We let E [G(07)] = 0, we have

T—
2G(90) 2y 2
TZ; [IVG(0:)]17] 7 R

By setting A < 2kl2 5 (51mu1taneously A < g, le, A < g min{l, %}) and
T = 4§(92°), we can have 7 E[|IVG(0,)]]?] < 72, implying that the de-
generated loss function based on the expectation p%* can achieve T-stationary

point if the sample complexity T = O(T%l)

Distributional RL (2). We are still based on the kl*-smoothness of L(p®*, f;*).

G(0r1) — G(61)

kl?
<(VG(0r), 041 — 0p) + —|i9t+1 — 6,

k:lg)\2

IV Lo(p™, f5)I?

AKEPA — 1 .
M= vy, )

= —MVG(0,), VL (p™, f3*)) +
A 2 A s,a  £S,a\ |2
= -2IvG(@)] +§||va<9t>—m<pv, S+

< ~ZIVG@OIP + SIVG(8) ~ VL™, 1)

(3.18)
where the second equation is based on (a, b) =1 (Jla—=Db|* - |lal* = |b]]*),
and the last inequality is according to A < le After taking the expectation,

we have

E[C(0ur) — G(0)] < —3E [IVCO)I] + SE [IVC0) — Vo™, ;)]

< —%E [IVG(6)]1%] +

DO >N >

(1 —€)%0” + ’ro?)
(3.19)

where the last inequality is based on Proposition 8. We take the summation,
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and therefore,

TA

E[G(07) — G(60)] < —% EE [IVG0)]2] + == (1 — €)% + eka?)

We let E[G(07)] = 0 and € = 11—, then,
T
2
Z [IVG(6,)]]%] < G() + (1 — €)?0* + ?ko?
— AT
_260) 2%, (3.20)
AT (1+ k)2
2G(6o) 2 2
< 2
ST + 2K%0
If K < L and let T = 4§ %) | this leads to * TIEIVGO)H < 72 e,
T-stationary point, with the sample complex1ty as O(T%) If kK > o, we set

T = ﬁgg% This implies that 7 LU EIVG6,))?7) < 4k%02, which can only

achieve 2ro-stationary point. Putting two cases together, we conclude that

distributional RL can achieve max{r, 2o }-stationary point (since 7 can be

pre-given, while 2k0 is determined by the environment.) O]

3.8.6 Implementation Details

Our implementation is directly adapted from the source code in [67]. For
DAC (IQN), we consider the quantile regression for the distribution estima-
tion on the critic loss. Instead of using fixed quantiles in QR-DQN [22], we
leverage the quantile fraction generation based on IQN [21] that uniformly
samples quantile fractions in order to approximate the full quantile function.
In particular, we fix the number of quantile fractions as N and keep them
ascending. Besides, we adapt the sampling as 79 = 0,7; = ¢;/ Zl o » Where
e €U0,1],i=1,...,N.

Hyper-parameters and Network structure We adopt the same hyper-

parameters listed in Table 3.1 and network structure as in the original distri-
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butional SAC paper [67].

Best [, for DAC (C51) Assuggested in Table 3.1, after a line search for the
hyperparameter tuning, we select [;, as 500, 10,000, 15,000, 160, 50, 5,000, 500,

500 for ant, halfcheetah, humanoidstand, swimmer, bipedalwalkerhardcore,

humanoid, walker2d and reacher, respectively.

Table 3.1: Hyper-parameters Sheet.

Hyperparameter Value
Shared

Policy network learning rate Se-4

(Quantile / Categorical) Value network learning rate — 3e-4

Optimization Adam

Discount factor 0.99
Target smoothing be-3

Batch size 256

Replay buffer size 1e6

Minimum steps before training led

DAC (IQN)

Number of quantile fractions (V) 32

Quantile fraction embedding size 64

Huber regression threshold 1

DAC (C51)

Number of Atoms (k) 51
Hyperparameter lr for C51 Max episode lenght
Walker2d-v2 500 1000
Swimmer-v2 160 1000
Reacher-v2 500 1000
Ant-v2 500 1000
HalfCheetah-v2 10,000 1000
Humanoid-v2 5,000 1000
HumanoidStandup-v2 15,000 1000
BipedalWalkerHardcore-v2 50 2000
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3.8.7 Experimental Results on Acceleration Effects of

Distributional RL

Same Architecture. For a fair comparison, we keep the same DAC network
architecture and evaluate the gradient norms of DAC (C51) and a variant of
AC, which is optimized based on the expectation of the represented value
distribution within the DAC implementation framework. Figure 3.4 suggests
DAC (C51) still enjoys smaller gradient norms than AC in this fair comparison

setting.
ant humanoid walker2d bipedalwalkerhardcore
20 30 20 10
o
=15 W k 2" M
3 10 20 5
> | !
= 0 5
o 0, — Ac — AC — AC A
O s MM‘“‘ 0 s RAG(CH] 0 | neehidunt O | —— DAC(C51)
-5
02 0.4 0.6 08 1.0 02 0.4 0.6 08 1.0 02 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
halfcheetah reacher swimmer human0|dstandup
S ?“““’“"‘"‘"‘"‘"“*
= zo
D
> 10
SO—AC —5—Ac — AC 0 — AC
2 b—%—w 710 o [T DRCEST -
0.2 0.4 0.6 08 1.0 02 0.4 0.6 0‘810 02 04 0.6 0.8 1.0 0.2 0.4 0.6 08 1.0
Time Steps (1€6) Time Steps (1e6) Time Steps (1e6) Time Steps (1€6)

Figure 3.4: The critic gradient norms in the logarithmic scale during the training
of AC and DAC (C51) over five seeds on three MuJoCo games. We keep the same
DAC network architecture and evaluate based on the expectation of the represented

value distribution.

Results under Return Density Decomposition We also provide gradi-
ent norms of both expectation and distribution based on the Return Density

Function decomposition in Eq. 2.4. Similar results can still be observed in

Figure 3.5.
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Figure 3.5: The critic gradient norms in the logarithmic scale during the training
of AC and DAC (C51) over five seeds on three MuJoCo games. Results of AC is
the expectation part calculated via the Return Density Decomposition.
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Chapter 4

Exploring the Training
Robustness of Distributional
Reinforcement Learning against

Noisy State Observations

4.1 Abstract

In real scenarios, state observations that an agent observes may contain mea-
surement errors or adversarial noises, misleading the agent to take suboptimal
actions or even collapse while training. In this paper, we study the training ro-
bustness of distributional Reinforcement Learning (RL), a class of state-of-the-
art methods that estimate the whole distribution, as opposed to only the expec-
tation, of the total return. Firstly, we validate the contraction of distributional
Bellman operators in the State-Noisy Markov Decision Process (SN-MDP), a
typical tabular case that incorporates both random and adversarial state ob-
servation noises. In the noisy setting with function approximation, we then
analyze the vulnerability of least squared loss in expectation-based RL with
either linear or nonlinear function approximation. By contrast, we theoreti-
cally characterize the bounded gradient norm of distributional RL loss based

on the categorical parameterization equipped with the Kullback—Leibler (KL)
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divergence. The resulting stable gradients while the optimization in distribu-
tional RL accounts for its better training robustness against state observation
noises. Finally, extensive experiments on the suite of environments verified
that distributional RL is less vulnerable against both random and adversarial

noisy state observations compared with its expectation-based counterpart.

4.2 Introduction

Learning robust and high-performance policies for continuous state-action rein-
forcement learning (RL) domains is crucial to enable the successful adoption of
deep RL in robotics, autonomy, and control problems. However, recent works
have demonstrated that deep RL algorithms are vulnerable either to model
uncertainties or external disturbances [48, 80, 50, 15, 116, 91, 94, 40]. Par-
ticularly, model uncertainties normally occur in a noisy reinforcement learn-
ing environment where the agent often encounters systematic or stochastic
measurement errors on state observations, such as the inexact locations and
velocity obtained from the equipped sensors of a robot. Moreover, external
disturbances are normally adversarial in nature. For instance, the adversary
can construct adversarial perturbations on state observations to degrade the
performance of deep RL algorithms. These two factors lead to noisy state ob-
servations that influence the performance of algorithms, precluding the success
of RL algorithms in real-world applications.

Existing works mainly focus on improving the robustness of algorithms in
the test environment with noisy state observations. Smooth Regularized Re-
inforcement Learning [91] introduced a regularization to enforce smoothness
in the learned policy, and thus improved its robustness against measurement
errors in the test environment. Similarly, the State-Adversarial Markov Deci-
sion Process (SA-MDP) [116] was proposed and the resulting principled policy
regularization enhances the adversarial robustness of various kinds of RL al-
gorithms against adversarial noisy state observations. However, both of these
works assumed that the agent can access clean state observations during the
training, which is normally not feasible when the environment is inherently

noisy, such as unavoidable measurement errors. Hence, the maintenance and
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formal analysis of policies robust to noisy state observations during the training
is a worthwhile area of research.

Recent distributional RL algorithms, e.g., C51 [9], Quantile-Regression
DQN (QRDQN) [22], Implicit Quantile Networks (IQN) [21] and Moment-
Matching DQN (MMD) [77], constantly set new records in Atari games, gain-
ing huge attention in the research community. Existing literature mainly
focuses on the performance of distributional RL algorithms, but other ben-
efits, including the robustness in the noisy environment, of distributional RL
algorithms are less studied. As distributional RL can leverage additional in-
formation about the value distribution that captures the uncertainty of the
environment more accurately, it is natural to expect that distributional RL
with this better representation capability can be less vulnerable to the noisy
environment while training, which motivates our research. In this paper, we
probe the robustness superiority of distributional RL against various kinds of
state observation noises during the training process. Our contributions can be

summarized as follows:

e Tabular setting. We firstly analyze a systematical noisy setting, i.e.,
State-Noisy Markov Decision Process (SN-MDP), incorporating both
random and adversarial state observation noises. Theoretically, we de-

rive the convergence of distributional Bellman operator in SN-MDP.

e Function approximation setting. We elaborate the additional con-
vergence requirement of linear Temporal difference (TD) when exposed
to noisy state observations. To clearly compare with distributional RL,
we attribute its robustness advantage to the bounded gradients norms
regarding state features based on the categorical parameterization of
value distributions. This stable optimization behavior is in contrast to

the potentially unbounded gradient norms of expectation-based RL.

e Experiments. We demonstrate that distributional RL algorithms po-
tentially enjoy better robustness under various types of noisy state ob-
servations across a wide range of classical and continual control environ-
ments as well as Atari games. Our conclusion facilitates the deployment

of distributional RL algorithms in more practical noisy settings.
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4.2.1 Notations

We remain the notations in the last two chapters, except we slightly change
the distributional Bellman operator. We first define the transition operator
PT:Z = Z:

P™Z(s,a) 2 Z (S, A),S ~ P(|s,a), A ~ (|3, (4.1)

where we use capital letters S’ and A’ to emphasize the random nature of
both, and -2 indicates convergence in distribution. For simplicity, we denote
Z™(s,a) by Z(s,a). Thus, the distributional Bellman operator T7 is defined
as:

2

T"Z(s,a) = R(s,a,5") +vP"Z(s,a). (4.2)

4.3 Tabular Case: State-Noisy MDP

In this section, we extend State-Adversarial Markov Decision Process (SA-
MDP) [116] to a more general State-Noisy Markov Decision Process (SN-MDP)
by incorporating both random and adversarial state noises, and particularly
provide a proof of the convergence and contraction of distributional Bellman

operators in this setting.

v(se)
v(se) Agent — ]
Tt
Noise (N(-|s;) ag~1(- [v(st))
P Tt
St Environment +~——
St+1

Figure 4.1: State-Noisy Markov Decision Process. v(s;) is perturbed by the noise
mechanism N.

Definitions. SN-MDP is a 6-tuple (S, A, R, P,v,N), as exhibited in Fig-

ure 4.1, where the noise generating mechanism N(:|s) maps the state from
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s to v(s) using either random or adversarial noise with the Markovian and
stationary probability N(v(s)|s). It is worthwhile to note that the explicit
definition of the noise mechanism N here is based on discrete state transi-
tions, but the analysis can be naturally extended to the continuous case if we
let the state space go to infinity. Moreover, let B(s) be the set that contains the
allowed noise space for the noise generating mechanism N, i.e., v(s) € B(s).
Following the setting in [116], we only manipulate state observations but
do not change the underlying environment transition dynamics based on s
or the agent’s actions directly. As such, our SN-MDP is more suitable to
model the random measurement error, e.g., sensor errors and equipment in-
accuracies, and adversarial state observation perturbations in safety-critical
scenarios. This setting is also aligned with many adversarial attacks on state
observations [48, 61]. The following contractivity analysis regarding value
function or distribution is directly based the state s rather than v(s) as it is

more natural and convenient to capture the uncertainty of MDP.

4.3.1 Analysis of SN-MDP for Expectation-based RL

We define the value function f/m ~ given 7 in SN-MDP. The Bellman Equations

regarding the new value function V,.y are given by:

Vo () = D2 3" N(w(s)s)n(alo(s)) Y- p(s']s, @) [R5, a.8) + 7V ron(s)]
a  v(s) s!
(4.3)

where the random noise transits s into v(s) with a certain probability and the
adversarial noise is the special case of N(v(s)|s) where N(v*(s)|s) = 1 if v*(s)
is the optimal adversarial noisy state given s, and N(v(s)|s) = 0 otherwise.
We denote Bellman operators under random noise mechanism N”(-|s) and
adversarial noise mechanism N*(-|s) as 7," and 7., respectively. This implies
that ﬁ”‘N/ﬂoN = V. .n and 7;”17,mN = V. on+. We extend Theorem 1 in [116]
to both random and adversarial noise scenarios, and immediately obtain that
both 7.7 and 7. are contraction operators in SN-MDP. We provide a rigorous
description in Theorem 7 with the proof in Appendix 4.7.1.

The insightful and pivotal conclusion from Theorem 7 is 7;“\77ro N =miny V,on.
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This implies that the adversary attempts to minimize the value function, forc-
ing the agent to select the worse-case action among the allowed transition
probability space N(:|s) for each state s. The crux of the proof is that Bell-
man updates in SN-MDP result in the convergence to the value function for
another “merged” policy " where 7'(als) = 3_, ) N(v(s)|s)m(alv(s)). Nev-
ertheless, the converged value function corresponding to the merged policy
might be far away from that for the original policy 7, which is more likely to

worsen the performance of RL algorithms.

4.3.2 Analysis of SN-MDP in distributional RL

In the SN-MDP setting for distributional RL, the new distributional Bellman
equations use new transition operators in place of P in Eq. 4.1. The new

transition operators P and P7, for the random and adversarial settings, are
defined as:

PrZn(s,a) : 2 Zye (S, A'), A ~ 7(-|[V(S)), and

j (4.4)
P Zn(s,a) 1 2 Zne (S, A), A ~ (- [V*(SY)),

where V' (S5') ~ N7(-|9) is the state random variable after the transition, and
V*(S') is attained from N*(-|S”) under the optimal adversary. Besides, S" ~
P(-|s,a). Therefore, the corresponding new distributional Bellman operators

I7 and T7 are formulated as:

I

(s,a,8") +vP7 Zy(s, a), and

T ZN(s,a) =R (4.5)
: = R(s,a,5") +~vPIZn(s,a). .

IZZN<87 Cl)

[is]

In this sense, four sources of randomness define the new compound distribu-
tion in the SN-MDP: (1) randomness of reward, (2) randomness in the new
environment transition dynamics PT or PT that additionally includes (3) the
stochasticity of the noisy transition N, and (4) the random next-state value
distribution Z(S’, A’). As our first theoretical contribution, we now show that
the new derived distribution Bellman Operators defined in Eq. 4.5 in SN-MDP

setting are convergent and contractive for policy evaluation in Theorem 5.
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Theorem 5. (Convergence and Contraction of Distributional Bellman oper-
ators in the SN-MDP) Given a policy 7, we define the distributional Bellman
operators X7 and X7 in FEq. 4.5, and consider the Wasserstein metric d,, the
following results hold.

(1) TT is a contraction under the mazimal form of d,.

(2) T= is also a contraction under the mazimal form of d,,, following the greedy
adversarial rule, i.e., N*(-|s') = arg miny ;) E[Z(s', a')] where a’ ~ w(-[V (s'))

and V (s') ~ N(-|s).

We provide the proof in Appendix 4.7.2. Similar to the convergence con-
clusions in classical RL, Theorem 5 justified that distributional RL is also
capable of converging in this SN-MDP setting. The contraction and conver-
gence of distributional Bellman operators in the SN-MDP is one of our main
contributions. This result allows us to deploy distributional RL algorithms

comfortably in the tabular setting even with noisy state observations.

4.4 Function Approximation Case

In the tabular case, both expectation-based and distributional RL have con-
vergence properties. However, in the function approximation case, we firstly
show linear TD requires more conditions for the convergence, and point out
the vulnerability of expectation-based RL against noisy states even under the
bounded rewards assumption. In contrast, we analyze that distributional RL
with the categorical representation for the value distributions, is more robust

against noisy state observations due to its bounded gradient norms.

4.4.1 Convergence of Linear TD under Noisy States

In classical RL with function approximation, the value estimator o : S x R? —
R parameterized by w is expressed as (s, w). The objective function is Mean
Squared Value Error [102] denoted as VE:

VE(W) = > pils) [un(s) — (s, w)]?, (4.6)

seS
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where p is the state distribution. In linear TD, the value estimate is formed
simply as the inner product between state features x(s) and weights w € R?,
given by 0(s, w) o w'x(s). At each step, the state feature can be rewritten

as Xy L (S;) € RL Thus, the TD update at step ¢ is:
Wi < Wi+ (Ryg + ’ythxtH — thXt)xt (4.7)

where oy is the step size at time t. Once the system has reached the steady
state for any w;, then the expected next weight vector can be written as
Elw 1w = w; + a;(b — Awy), where b = E(R;11x;) € R? and A =
E [xtdtT ] € R4 The TD fixed point wrp to the system satisfies Awrp = b.
From [102], we know that the matrix A determines the convergence in the
linear TD setting. In particular, w; converges with probability one to the TD
fixed point if A is positive definite. However, if we add state noises n on x; in
Eq. 4.7, the convergence condition will be different. As shown in Theorem 6 (a
more formal version with the proof is given in Appendix 4.7.4), linear TD un-

der noisy state observations requires additional positive definiteness condition.

Theorem 6. (Covergence Conditions for Linear TD under Noisy State Ob-
servations) Define P as the |S| x |S| matriz forming from the state transition
probability p(s'|s), D as the |S| x |S| diagonal matriz with p(s) on its diagonal,
and X as the |S| X d matriz with x(s) as its rows, and E is the |S| x d pertur-

bation matriz with each perturbation vector e(s) as its rows. w; converges to
TD fized point when both A and (X + E)'DPE are positive definite.

However, directly analyzing the convergence conditions of distributional
linear TD and then comparing with them in Theorem 6 for classical linear TD
is tricky in theory. As such, we additionally provide a sensitivity comparison
of both expectation-based and distributional RL through the lens of their

gradients regarding state features as follows.

4.4.2 Vulnerability of Expectation-based RL

We reveal that the vulnerability of expectation-based RL can be attributed to

its unbounded gradient characteristics in both linear and nonlinear approxi-
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mation settings.

Linear Approximation Setting. To solve the weighted least squared min-
imization in Eq. 4.6, we leverage Stochastic Gradient Descent (SGD) on the
empirical version of VE, which we denote as gvg- We focus on the gradient
norm of gy regarding the state features x(s) (or x¢) as the gradient of loss
w.r.t state observations is highly correlated with the sensitivity or robustness
of algorithms against the noisy state observations. For a fair comparison with
distributional RL in next section, we additionally bound the norm of w, i.e.,
|w|| <, which can also be easily satisfied by imposing ¢; or {5 regularization.

Therefore, we derive the upper bound of gradient norm of gy as

8TH = U — w/ x| we]| < |Up — wi x|l (4.8)
t

where the target U; can be either an unbiased estimate via Monte Carlo method
with U, = 22‘;0 Y*rii ki1, or a biased estimate via TD learning with U, =
Tee1 + YW, ;1. However, this upper bound |U; — w/ x|l heavily depends
on the perturbation size or noise strength. Even under the bounded rewards
assumption, i.e., 7 € [Ruin, Rmax], Wwe can bound U, as U; = Y -, Yor ik €
[%iv“, [1{%;"] However, this upper bound can be arbitrarily large if we have no
restriction on the noise size, leading to a potentially huge vulnerability against

state observation noises.

Nonlinear Approximation Setting. The potentially unbounded gradi-
ent norm issue of expectation-based RL in the linear case still remains in
the nonlinear approximation setting. We express the value estimate v as
b(s;w,0) = dw(x(s)) 70, where ¢y, (x(s)) is the representation vector of the
state feature x(s) in the penultimate layer of neural network-based value func-
tion approximator. Correspondingly, 8 would be the parameters in the last
layer of this value neural network. We simplify ¢ (x(s)): as ¢w ¢ in the step ¢

update. As such, akin to the linear case, we derive the upper bound of gradient
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norm of gy as

| 0, — 6T IVl 0 < (U L 0N, (49
where we assume the function ¢y(-) is L-Lipschitz continuous regarding its
input state feature x(s), and ||0]| < [ as well for a fair comparison with distri-
butional RL. It turns out that |U; — ¢y, ,0;| still depends on the perturbation
size, and can be still arbitrarily large if there is no restriction on the noise size.
In contrast, we further show that gradient norms in distributional RL can be

upper bounded regardless of the perturbation size or noise strength.

4.4.3 Robustness Advantage of distributional RL

We analyze the distributional loss in distributional RL can potentially lead to
bounded gradient norms regarding state features regardless of the perturbation
size, yielding its training robustness against state noises. In distributional RL
our goal is to minimize a distribution loss £ (Zy,TZy,) between the current
value distribution of Z,, and its target value distribution of €7, .

Our robustness analysis is based on the categorical parameterization [51]
on the value distribution with the KL divergence, a typical choice also used
in the first distributional RL branch, i.e., C51 [9]. Specifically, we uniformly
partition the support of Zy(s) into &k bins, and let the histogram function f :
X — [0, 1]* provide k-dimensional vector f(x(s)) of the coefficients indicating
the probability the target is in that bin given x(s). We use softmax to output
the k probabilities of f(x(s)). Therefore, the categorical distributional RL loss
L(Zw(8),TZw(s)), denoted as Ly, equipped with KL divergence between Z,,
and TZ,, can be simplified as

L(Zw(s), T 2w (s)) x = Zpi log f"(x(s)), (4.10)

where we use w to parameterize the function f in the distributional loss L,
and the target probability p; is the cumulative probability increment of target
distribution 7, within the i-th bin. Detailed derivation about the simplifi-
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cation of categorical distributional loss is in Appendix 3.8.3.

Linear Approximation Setting. We leverage x(s) w; to express the i-th
output of f, i.e., fi(x(s)) = exp (x(s) w;) /25:1 exp (x(s)"w;), where all
parameters are w = {wy, ..., Wi }. Based on this categorical distributional RL
loss, we obtain Proposition 9 (proof in Appendix 4.7.3), revealing that value-
based categorical distributional RL loss can result in bounded gradient norms

regarding state features x(s).

Proposition 9. (Gradient Property of distributional RL in Linear Approxi-
mation) Consider the categorical distributional RL loss Ly in Eq. 4.10 with
the linear approximation. Assume |w;|| < forVi=1,.. k, then ngL(vsV)H < Kkl.

In contrast with the unbounded gradient norm in Eq. 4.8 of classical RL,
we have a restricted upper bound in distributional RL loss with a linear ap-
proximator, i.e., kl, which is independent of the perturbation size or noise

strength.

Nonlinear Approximation Setting. Similar to the nonlinear form in clas-
sical expectation-based RL as analyzed in Section 4.4.2, we express the i-th

output probabilities of f(x(s)) as

k

£ (x(s)) = exp (dw(x(5)) T60:) /Y exp (dw(x(5))T0;)

j=1

where the last layer parameter § = {0y, ...,0,} and ¢y (x(s)) is still the rep-
resentation vector of x(s). In Proposition 10, we can still attain a bounded

gradient norm of distributional RL loss in the nonlinear case.

Proposition 10. (Gradient Property of distributional RL in Nonlinear Ap-
prozimation) Consider the categorical distributional RL loss Ly g in Eq. 4.10

with the nonlinear approzimation. Assume ||0;]| <1 forVi=1,...k and ¢w(-)

aLW,G
(ot || < KL,

18 L-Lipschitz continuous, then H

Please refer to Appendix 4.7.3 for the proof. For a fair comparison with

nonlinear approximation in classical RL, we still assume the function ¢y (-) to
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be L-Lipschitz continuous and [|6;|| < I. Interestingly, the bounded gradient
norm of the distributional RL loss is independent of the noise size, which is
in stark contrast to the potentially unrestricted gradients in classical RL in
Eq. 4.9 that heavily depends on the noise size. Based on Theorems 9 and 10,
we conclude that the bounded gradient behaviors of distributional RL could
reduce its sensitivity to state noises, and thus mitigate the interference of
the state observation noises compared with expectation-based RL, potentially

leading to better training robustness.

Extension of TD Convergence and Sensitivity Analysis. As supple-
mentary, we also conduct the analysis on different TD convergence conditions
under the unbalanced perturbations on either the current or next state ob-
servations. Please refer to Theorem 8 with the detailed explanation in Ap-
pendix 4.7.4. In addition, we also conduct a sensitivity analysis from the
perspective of the influence function to characterize the impact of state noises

on an estimator. We provide the details in Theorem 9 of Appendix 4.7.5.

4.5 Experiments

We make a comparison between expectation-based and distributional RL algo-
rithms against various noisy state observations across classical and contin-
uous control environments as well as Atari games, including Cartpole
and MountainCar (classical control), Ant, Humanoidstandup and Halfchee-
tah (continuous control), Breakout and Qbert (Atari games). For the continu-
ous control environment, we use Soft Actor Critic [43] and Distributional Soft
Actor Critic [67] with C51 as the critic loss and thus we denote them as SAC
and DAC (C51), respectively. For the classical control and Atari games, we
utilize DQN [74] as the baseline, and C51 [9], QRDQN [22] as its distributional
counterparts. The training robustness of C51 could be consistent with our the-
oretical analysis, while QRDQN, the more commonly-used one, is also applied
to demonstrate that our robustness analysis can also be empirically applicable
to broader distributional RL algorithms. The previous analysis is for policy

evaluation, but there are natural—though in some cases heuristic—extensions
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to the control setting.

Implementation and Experimental Setup. For the continuous control
environment, we modified our algorithm based on released implementation
of [67]. For classical control and Atari games, we followed the procedure in
[37, 119]. All the experimental settings, including parameters, are identical
to the distributional RL baselines implemented by [118, 22]. We perform 200
runs on both Cart Pole and Mountain Car and 3 runs on Breakout and Qbert.
Reported results are averaged with shading indicating the standard error. The
learning curve is smoothed over a window of size 10 before averaging across
runs. Please refer to Appendix 4.7.6 for more details about the experimental

setup.

Evaluation of Training Robustness. Due to final performance difference
between expectation-based and distributional RL, for a fair comparison we
calculate the ratio between final average returns under random or adversarial
state noises with different noise strengths and the original level without any
state noises. This ratio can be used to measure the robustness maintenance

after the agent gets exposed to noisy state observations.

Random and Adversarial State Noises. We use Gaussian noise with
different standard deviations to simulate random state noises, while for the
adversarial state noise, we apply the most typical adversarial state perturba-
tions proposed in [48, 80]. For the choice of perturbation size, we followed
[116], where the set of noises B(s) is defined as an /o, norm ball around s
with a radius €, given by (o B(s) := {5: ||s — 5|/« < €}. We apply Projected
Gradient Descent (PGD) version in [80], with 3 fixed iterations while adjusting
€ to control the perturbation strength. Due to the page limit, we defer similar
results under more advanced MAD attack [116] in Appendix 4.7.7.

4.5.1 Results on Continuous Control Environments

We compare SAC with DAC (C51) on Ant and Humanoidstandup. Due to

the space limit, we mainly present the algorithm performance in the adver-
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Figure 4.2: Average returns of SAC and DAC (C51) against adversarial state
observation noises in the training on Ant and Humanoidstandup under 5 runs. Gra-
dient norms in the logarithm scale of AC and DAC (C51) in the adversarial setting.
advX in the legend indicates random state observations with the perturbation size
e X.

sarial setting. Figure 4.2 suggests that distributional RL algorithms, i.e.,
DAC (C51), are less sensitive to their expectation-based counterparts, i.e.,
SAC, according to learning curves of average returns on Ant and Humanoid-
standup. More importantly, Figure 4.2 demonstrates that DAC (C51) enjoys
smaller gradient norms compared with SAC, and SAC with a larger pertur-
bation size is prone to unstable training with much larger gradient magni-
tudes. In particular, On Humanoidstandup, SAC converges undesirably with
adv0.01 (green line), but its gradient norm diverges (even infinity in the very
last phase). By contrast, DSAC (C51) has a lower level gradient norms, which
is less likely to suffer from divergence. This result corroborates with theoreti-
cal analysis in Section 4.4.3 that exploding gradients are prone to divergence

when exposed to state noises.

A quantitative result is also shown in Table 4.1, where distributional RL
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Robustness(%) | Adversarial ¢=0.02 ¢=0.03 ¢=0.1
Ant SAC ~ 0 ~ 0 ~ 0
DAC (C51) 740 483  20.5
Robustness(%) | Adversarial ¢=0.03 ¢=0.1
SAC 92.1 81.7
DAC (C51) 918  8T.1

Humanoidstandup

Table 4.1: Robustness ratio of algorithms under adversarial state observations
with different e on Ant and Humanoidstandup.

algorithms tend to maintain a higher robustness ratio as opposed to their
expectation-based RL versions. We also note that the training robustness of
distributional RL algorithms may not be significant if the perturbation size
is slightly small, e.g., on Humanoidstandup. However, if we carefully vary
perturbation sizes in a proper range, we can easily observe the robustness ad-
vantage of distributional RL against adversarial noises, e.g., on Ant. We also
investigate the training robustness of more distributional RL algorithms over
more games. Thus, we evaluate the sensitivity of D4PG [8] against adversar-
ial noises on Halfcheetah, which can be viewed as the distributional version
of DDPG. As suggested in Figure 4.6 in Appendix 4.7.8, the distributional
RL algorithm D4PG is much less vulnerable than it expectation-based RL

counterpart DDPG against adversarial noises.

4.5.2 Results on Classical Control and Atari Games

Results under Random State Noises. We investigate the training ro-
bustness of DQN, C51 and QRDQN on classical control environments and
typical Atari games, against the random noisy state observations. (Gaussian
state noises are continuously injected in the while training process of RL al-
gorithms, while the agent encounters noisy current state observations while
conducting the TD learning. Due to the space limit, here we mainly present
learning curves of algorithms on CartPole and Breakout. As shown in Fig-
ure 4.3, both C51 and QRDQN achieve similar performance to DQN after
the training without any random state noises. However, when we start to in-
ject random state noises with different noise sizes during the training process,

their learning curves show different sensitivity and robustness. Both C51 and

83



Robustness(%) | Random std=0.05 std=0.1
DQN 44.2 28.6
CartPole QRDQN 54.5 43.4
C51 67.0 47.3
Robustness(%) | Random std=0.01 std=0.05
DQN 59.1 ~0
Breakout QRDQN 81.1 73.1
C51 146.5 88.7

Table 4.2: Robustness ratio of three algorithms under random state observations
with different standard deviations (std) on CartPole and Breakout.

QRDQN are more robust against the random state noises than DQN, with the
less interference for the training under the same random noises. Remarkably, in
Breakout the performance of both C51 and QRDQN (solid lines) only slightly
decreases, while DQN (dashed lines) degrades dramatically and even diverges
when the standard deviation is 0.05. This significant difference provides a
strong empirical evidence to verify the robustness advantage of distributional
RL algorithms.

A detailed comparison is summarized in Table 4.2. It turns out that the
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Figure 4.3: Average returns of DQN, C51 and QRDQN against random state ob-
servation noises on CartPole and Breakout. randX in the legend indicates random
state observations with the standard deviation X.
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Figure 4.4: Average returns of DQN, C51 and QRDQN against adversarial state
observation noises across four games. advX in the legend indicates random state
observations with the perturbation size ¢ X.

training robustness of both QRDQN and C51 surpass DQN significantly. Note
that the robustness ratio for C51 under std=0.01 noises is 146.5%, which is
above 100%. This can be explained as a proper randomness added in the
training might be beneficial to exploration, yielding better generalization of

algorithms.

Results under Adversarial State Noises. Next, we probe the training
robustness of DQN, QRDQN and C51 in the setting where the agent encoun-
ters the adversarial state observations in the current state in the function
approximation case. Figure 4.4 presents the learning curves of algorithms on
CartPole and Breakout against noisy states under different adversarial pertur-
bation sizes .

It turns out that results under the adversarial state observations are sim-
ilar to those in the random noises case. Specifically, all algorithms tend to
degrade when getting exposed to adversarial state observations, and even are
more likely to diverge. However, a key observation is that distributional RL

algorithms, especially QRDQ@N, are capable of obtaining desirable performance
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Robustness(%) | Adversarial ¢=0.05 e=0.1
DQN 34.8 18.6

CartPole QRDQN 26.0 24.8
C51 75.6 70.6
Robustness(%) | Adversarial ¢=0.0005 ¢=0.001
DQN 20.8 ~0

Breakout QRDQN 107.1 132.6
C51 61.0 6.3

Table 4.3: Robustness ratio of three algorithms under adversarial state observa-
tions with different perturbation sizes € on CartPole and Breakout.

even when DQN diverges. For instance, in Breakout DQN (dotted green line)
in Figure 4.4 under the adversarial perturbation with ¢ = 0.001 leads to di-
vergence, while QRDQN (solid green lines) still maintains a desirable per-
formance. The quantitative robustness ratio comparison is also provided in
Table 4.3. It suggests that the adversarial robustness of C51 is superior to
DQN and QRDQN in CartPole, while QRDQN is remarkably less sensitive to
adversarial noises than both DQN and C51 in Breakout.

Results on MountainCar and Qbert. Due to the space limit, we mainly
summarize the robustness ratio of algorithms on MountainCar and Qbert in
Table 4.4. Tt turns out that the training robustness of QRDQN is significantly
advantageous over DQN on both MountainCar and Qbert environments across
two types of state noises, which also corroborates the robustness advantage of

distributional RL algorithms over their expectation-based RL counterpart.

Robustness(%) | Algorithms std=0.0125 ¢=0.1
; . DQN 324 32.5
MountainCar QRDQN 79.0 44.7
Robustness(%) | Algorithms  std=0.05 ¢=0.005
DQN 10.8 6.3
Qbert QRDQN 34.5 32.9

Table 4.4: Robustness ratio of DQN and QRDQN under random and adversarial
state noises on MountainCar and Qbert.
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4.6 Discussion and Conclusion

The robustness advantage analysis is based on the categorical distributional
RL with categorical parameterization and the choice of KL divergence between
current and target value distributions. However, it would be more convincing
if we can still have such an analytical conclusion under Wasserstein distance.
Moreover, we attribute the robustness advantage of distributional RL algo-
rithms into the unbounded gradient norms regarding state features, but other
factors, e.g., representation ability, may also contribute to the training robust-
ness. We leave the exploration towards this direction as future works.

In this paper, we explored the training robustness of distributional RL
against both random and adversarial noisy state observations. After the con-
vergence proof of distributional RL in the SN-MDP, we further uncover the
stable gradient behavior of distributional RL loss as opposed to classical RL,
accounting for its less vulnerability. Experimental observations coincides with

our theoretical results.

4.7 Appendix

4.7.1 Theorem 7 with proof

Theorem 7. (Convergence and Contraction of Bellman operators in the SN-
MDP) Given a policy 7, define the Bellman operator T : RSI — RIS! under
random and adversarial states noises by T and T, respectively. Denote a
“merged” policy 7 where 7'(als) = 2, N(v(s)|s)m(alv(s)) and S(7) is a
policy set given w. Then we have:

(1) TT is a contraction operator and can converge to Vi, i.e., TTV on =

Vron = Vi, where multiple policies m, € S(mw) might exist, which satisfies

> N(v(s)|s)m(alv(s)) = 7'(als). (4.11)
v(s)

(2) T[T is a contraction with the convergence satisfying 7;”{/%]\;* = miny Vyon =

Vion+, where N* is the optimal adversarial noise strategy. If the optimal policy
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Ta exists, it satisfies mq(alv*(s)) = w(als) for each s and a, where v*(s) is the

adversarial noisy state manipulated by N*(-|s).

Proof. Our proof is partly based on Theorem 1 and 2 in [116], but adds more
analysis on the converged policy especially under the random noisy states
setting. The most important insight in the following proof is that the noise
transition can be merged into the agent’s policy, resulting in a new “merged”

policy 7’.

Proof of (1) Firstly, as the Bellman Equation under the random noisy states
is right the general form in Eq. 4.3, it automatically satisfies that 7;’WN/N N =
V +on when it converges. As for the proof of contraction, based on our insight
about the new “merged” policy 7" where 7'(als) = >_, ) N(v(s)|s)m(alv(s)),

we can rewrite our Bellman Operator as:
V ron ( Zﬂ' (als) Zp (s]s,a [ (8,a,8) + YV ron(s)

(4.12)
+ ’}/Z P/ /Vﬂ—ON

where R(s) =, 7'(als) >, p(s'|s,a)R(s,a,s'), and P, , = > 7'(a|s)p(s']s, a)
determined by the “merged” policy n’. Then for two different value function
f/jro ~ and f/io ~ we have:
Ry {72
H7; V7roN_7; V7roN||OO :msaxh/zps s’V7roN ZP /VTI'ON |

~ 1 ~ 2
< ymax Y Pl |V ooy (s) = Vion(s))
S,

~ 1 ~2
<7 m?XZ P{s,s’ H{;}X ’VWON(S,) - VTI'ON(S/>‘ (413)
S/
PR | )
= "}/Hlsé’lXZ Ps,s’ HVTI'ON - Vﬂ'ONHOO
S/

~ 1 ~ 2
= ’YHVWON - VWONHOO

Then according to the Banach fixed-point theorem, since v € (0, 1), V roN
converges to a unique fixed-point V... However, even though the obtained
policy 7’ satisfies that 7'(als) = >_, ) N(v(s)|s)m(alv(s)) for each s, a, these
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equations can not necessarily guarantee a unique 7 especially when these equa-
tions behind this condition are underdetermined. In such scenario, multiple

policies 7, will exist as long as they satisfy the equations above.

Proof of (2) Firstly, based on Theorem 1 [116] that shows an optimal policy
does not always exist, we assume that an optimal policy exists in the adversar-
ial noisy state setting for the convenience of following analysis. Based on this
assumption, we need to derive the explicit value function under the adversary.
Inspired by [116], the proof insight is that the behavior of optimal adversary
can be also viewed as finding another optimal policy, yielding a zero-sum two
player game. Specifically, in the SN-MDP setting, the adversary selects an
action a € S satisfying a = v(s), attempting to maximize its state-action
value function @m(s, d). Then the adversary’s value function V, (s) can be

formulated as:

A~

Vi (s) = max@,r (s,a)

_maXZp 'Is,a)(R(s,a,5') + 7V, (s) (4.14)

—maXZZ (alo(s))p(s'ls, a)(—R(s,a,8") + 1V r,(5))

’U(S

where p(s'|s, @) is the transition dynamics of the adversary, satisfying p(s'|s, a) =
S, w(alu(s))p(s'])s, a) from the perspective of the agent. R(s,a,s') is the ad-
versary’s reward function while taking action a, which is the opposite number
of R(s,a,s’) given the action a. In addition, since both the adversary and agent
can serve as a zero-sum two-player game, it indicates that Vi, (s) = =V, (s)
for the agent’s value function V. in the adversary setting. Then we rearrange
the equation above as follows:

Ve (s) = Vi, (s)
=— mln ZZ’R’ (a|s)p(s'|s,a)(—R(s,a,s") _ryf/m(s/))

= mlnz Z (s'|s,a)(R(s,a,5") + 7V, (s))
(4.15)
= Arfr(uln) ZZT( (a|s)p(s'|s,a)(rer1 + vmln]EwoN Z’rt+k+2 Sgr1 =S ])
3 k=0
= m}\lfn Vron(s)
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Note that we optimize over N, which means we consider N(-|s) for each
state s. Further, we derive the contraction of the Bellman operator 7,7. We

rewrite our Bellman Operator 7, as:

Tﬂ- 7r0N<) m]\i[n‘N/ﬂ'ON() Il’l]\l[nR +VZP ’V”ON( ) (416)

s’

We firstly assume 7;”‘771ra(3) > 7;“‘772ra(s), then we have:

Tﬂ— WON() Tﬂ— WON()
< max{vzpl ’VﬂoN ZP/ /Vﬂ'oN )}

~2

<7 max Z P 7rON(S/) — Vion (8]
(4.17)

~ 2

~1
<qymax » P, max|V_ y(s)—V, (s
_VN(-IS)Z: s | N(s) n(s)]

vm(alwg P A Vronw = Vil

ST R
where the first inequality holds as min,, f(x1) — min,, g(z2) < max,(f(z) —
g(z)) and we extends this inequality into the Wasserstein distance in the proof
of convergence of distributional RL setting in Appendix 4.7.2. The last in-
equality holds since only P + depends on N(+|s) while the infinity norm is a
constant, which is 1ndependent with the current N(-|s). Similarly, the other

scenario can be still proved. Thus, we have:

ol 2 ~ 1 ~2

H7'a VTI'ON - 7; VﬂoNHOO S fyHVﬂ'oN - VWONHOO (418)
Thus, we proved that 7. is still a contraction and converge to miny f/m ~N. We
denote it as V ,on+ In addition, based on the insight of the “merged” policy ™,
we have 7, = 37 N*(v(s)|s)m(alv(s)) = m(alv*(s)) where the deterministic

state v*(s) is the adversarial noisy state from the state s.
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4.7.2 Proof of Theorem 5

Proof. The p-Wasserstein metric d), is defined as

d, = ( /O 1 |Fzt(w) — Fz' (w)]” dw) 1/,9, (4.19)

which minimizes the distance between the true value distribution Z* and the
parametric distribution Zy. F~!is the inverse cumulative distribution function
of a random variable with the cumulative distribution function as F. The

following contraction proof is in the maximal form of d,, denoted by d,,.

Proof of (1) This contraction proof is similar to the original one [9] in the
distributional RL without state observation noises. The only difference lies in
the new transition operator P, but it dose not change the main proof process.

For two different random variables Z5 and Z% about returns, we have:

(T 2N, TTZY)
= sup dp(‘z:Z}V(S? CL), zZ«rZJQ\/(S7 CL))

S Y sup dp(P:ZIIV(Sv a)a P:ZJQV(S7 CL))
(4.20)
< qysupsupd,(Zy(s',d'), Zx(s',d"))

s,a s',a’

= ysup dy(Z1(s',d"), Zy(s',d'))

= '7 Sup dP<le\7(Sv CL), Z]2V(87 Cl))

Thus, we conclude that T : Z — Z is a y-contraction in d,.

Proof of (2) Recap the distributional Bellman optimality operator ¥ in
MDP is defined as £Z (s, a) 2R (s,a,8")+vZ(S",mz(s")), where S" ~ P(-|s,a)
and 7mz(S") = argmax, E[Z(5,a’)]. By contrast, in SN-MDP, Our greedy
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adversarial rule N*(:|s’) is based on the greedy policy rule in distributional
Bellman optimality operator, which attempts to find adversarial N*(:|s’) in
order to minimize E [Zy(s', a’)], where @’ ~ 7(-|V (s)) and V(') ~ N(-|s’). As
N*(:|¢") yields a deterministic state s*, the agent always takes action based on
s*, which we denote as A* ~ 7(+|s*). Therefore, we can obtain the state-action

function Q7. (s,a) under the adversary as
Ne(s,a) = mj\i[nE [Z%(s,a)] =E [Z“*(s, a)l (4.21)
where 7*(-|s) = 7(-|s*) for Vs that follows the adversarial policy A*.

Next, to derive the contractive property of €7, we denote two state-action

valued distributions as Z%(s,a) and Z%(s,a). Then we have:

(T2 2y, Ta Zy) = sup dy(T[ Zy (s, 0), T Z3 (s, a))

< ysup dy(Zy(s', A7), Zx (s, A7)

= ysupdy (Y m(al|s") Zy(s',al), Y w(alls)ZR (s, al)

< o 3 (el W A ), ZA )
< s (24 (5. ) 2, )
= 78171; dp(Zy (s, 0), Z3 (s, a))
=dy(Zy, Z%)
(4.22)

Thus, we conclude that T7 is still a y-contraction in d,. [
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4.7.3 Proof of Theorems 9 and 10

Proof. Firstly, we prove Theorem 9. We show the derivation details of the
Histogram distribution loss starting from KL divergence between p and qy.
p; is the cumulative probability increment of target distribution ¥Z,, within
the i-th bin, and ¢y, corresponds to a (normalized) histogram, and has density
values w per bin. Thus, we have:

b
L(Zw,TZw) = — / p(y) log qw (y)dy

k li4w; w(x(s
=- Z/l p(y)log Mdy

B (s (4.23)
= — Zlog W (Fxz, (I; + w;) — Fxg, (h)l

(.

-~

pi

= _ Zpi log f¥ (x(s))

where the last line holds as the width parameter w; can be ignored and thus the
loss function is proportion to the final term. Next, we compute the gradient

of the Histogram distributional loss in the linear approximation case.

0 k v = '—1 M(x(s
ox (o) ;pj log £} (x(s)) = >_p; o V)

=S ) Y e M,

j=1 7J (x(s)) i=1 Zlgzl exp(x(s)Twp)

(4.24)
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Then, as we have ||w;|| <1 for Vi, we bound the norm of its gradient

log f77 (x(s))]| < Z 1(pi = £ (x(5)))will

4.25
—lez £ () wil )

<kl

The last equality satisfies because |p;— f¥¥ (x(s))| is less than 1 and even smaller.
In summary, compared with the least squared loss in expectation-based RL,
the histogram distributional loss in distributional RL has the bounded gradient
norm regarding the state features x(s). This upper bound of gradient norm
can mitigate the impact of the noises on state observations on the loss function,

therefore yielding training robustness for distributional RL.

Next, we prove the Proposition 10. Its proof is similar to Proposition 9.

Firstly, we know that f"(x(s)) = exp (dw(x(s))"6;) /2521 exp (dw(x(s)) "))
and ¢y (+) is L-Lipschitz, i.e., ||pw(z) — ¢w(y)|| < L|jz — y||. Then

e o los £ (x()

k k Tw.
- ijﬁf;w(x(s» S P (9l - Vil

- ij Z fw 9 X¢T - vx(lﬁjvez)
—ij x¢T6 _waa x¢ ‘9
—Z X(5))) Vi

(4.26)
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Then, as we have ||6;]] < for Vi, we bound the norm of its gradient

Iy o 25108 7 x(sDl € 3 = £ ) V0]

) 4.27
= b — £ %)) [Vl e
=1

< klL

The last inequality holds because |w ()" 0;—dw (y) "0i] < [l¢w(2)—dw () [16:] <
IL||z — y||. Thus the function ¢l 6; can be viewed as Li-Lipschitz continuous,
indicating that ||Vx¢. 0] < (L. O

4.7.4 TD Convergence Under Noisy State Observations

Theorem 8. (Conditions for TD Convergence under Noisy State Observa-
tions) Define P as the |S| x |S| matriz forming from p(s'|s), D as the |S| x|S]
diagonal matriz with u(s) on its diagonal, and X as the |S| x d matriz with
x(s) as its rows, and K is the |S| x d perturbation matriz with each perturba-
tion vector e(s) as its rows. The stepsizes a; € (0, 1] satisfy >~,°, oy < oo and
oo ai = 0. For noisy states, we consider the following three cases: (i) e(s)
on current state features, i.e., X; < X; + €, (11) e(s’) on next state features,
i.€., Xp11 ¢ Xyp1+€41, (192) the same e on both state features. We can attain
that w; converges to TD fixed point if the following conditions are satisfied,
respectively.

Case (i): both A and (X + E)"'DPE are positive definite. Case (i1):
both A and —X "DPE are positive definite. Case (4ii): A is positive definite.

From the convergence conditions for the three cases in Theorem 8, it is
clear that (iii) is the mildest. This is the same condition as that in the normal
TD learning without noisy state observations. Note that the case (iii) can be
viewed as the SN-MDP setting, whose convergence has been already rigorously
analyzed in Section 4.3. In Section 4.5, our experiments demonstrate that both
expectation-based and distribution RL are more likely to converge in case (iii)

compared with case (i) and (ii).
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In cases (i) and (ii), the positive definiteness of X 'DPE + E'DPE and
—X"DPE is crucial. We partition (X + E)"DPE into X'DPE + E'DPE,
where the first term has the opposite positive definiteness to —X"DPE, and
the second term is positive definite [102]. Based on these observations, we
discuss the subtle convergence relationship in cases (i) and (ii):

(1) If -X"DPE is positive definite, which indicates that TD is convergent
in case (ii), TD can still converge in case (i) unless the positive definiteness
of E'"DPE dominates in X'DPE + E'DPE.

(2) If —X"DPE is negative definite, TD is likely to diverge in case (ii).
By contrast, TD will converge in case (i).

In summary, there exists a subtle trade-off of TD convergence in case (i) and
(ii) if we approximately ignore the term ETDPE in case (i). The key of it lies
in the positive definiteness of the matrix X "DPE, which heavily depends on
the task. In Section 4.5, we empirically verify that the convergence situations
for current and next state observations are normally different. Which situation

is superior is heavily dependent on the task.

Proof. To prove the convergence of TD under the noisy states, we use the re-
sults from [12] that require the condition about stepsizes oy holds: Y > ay <
oo and Y . ai = 0. Our part proof is directly established on [102]. Partic-
ularly, the positive definiteness of A will determine the TD convergence. For

linear TD(0), in the continuing case with v < 1, A can be re-written as:
A= Z () Z m(als) Zp(r, s, a)x, (x; — ¥Xp1)

- Z p(s) ZMSI,S)X; (x¢ — ’YXtH)T

= Z p(s)xe(x¢ — 7y Zp(s’\s)xtH)T

= X'DX - X'DyPX
= X'D(I-~P)X

(4.28)

Then we use A; to present the convergence matrix in the case (i) where the

perturbation vector e; is added onto the current state features, i.e., x;
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x; + €;, while we use A;;; and A, to present the counterparts in the case

(ii) and (iii), respectively. Based on Eq. 4.28, in the case (iii), we have:

A= (X+E)'DX+E)- (X+E)'DyP(X +E)

(4.29)
= (X+E)'DI-+P)(X+E)

From [102], we know that the inner matrix D(I —~4P) is the key to determine
the positive definiteness of A. If we assume that A is positive definite, which
also indicates that D(I — vP) is positive definite equivalently. As such, A4
is positive definite automatically, and thus the liner TD would converge to the

TD fixed point. Next, in the case (i) we have:

A, =(X+E)'D(X+E)—- (X+E) DyPX
— A+ X'DE +E'DX + E'DE — E'DyPX
= (X+E)'DI-~P)(X+E) + (X + E) ' DyPE (4.30)
=A;11 +7(X+E) ' DPE
= A, 1 +7(X"DyPE + E'DYPE)

Similarly, in the case (ii), we can also attain:

A =X'DX - X'DyP(X +E)

. (4.31)
— A — vX DPE

We know that the positive definiteness of A and A;;y; is only determined
by the positive definiteness of the inner matrix D(I — vP). If we assume the
positive definiteness of A, i.e., the positive definiteness of A; ;1 and D(I-~P),
as v > 0, what we only need to focus on are the positive definiteness of
XTDPE + E"DPE and —X"DPE. If they are positive definite, TD learning

will converge under their cases, respectively. O

4.7.5 Sensitivity Analysis by Influence Function

Next, we conduct an outlier analysis by the influence function, a key facet in

the robust statistics [49]. The influence function characterizes the effect that
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the noise in particular observation has on an estimator, and can be utilized to
investigate the impact of one particular state observation noise on the train-
ing of reinforcement learning algorithms. Specifically, suppose that F, is the
contaminated distribution function that combines the clear data distribution

F and an outlier z. The distribution F, can be defined as
F.=(1—¢)F + ed,, (4.32)

where ¢, is a probability measure assigning probability 1 to x. Let 0 be a
regression estimator. The influence function of § at F, ¢ : X — I" is defined

as

~

by (@) = timg L) ZO(F), (433)

e—0 €

Mathematically, the influence function is the Gateaux derivative of 6 at F' in
the direction ¢,. Owing to the fact that traditional value-based RL algorithms,
e.g., DQN [74], can be viewed as a regression problem [28], the linear TD
approximator also has a strong connection with regression problems. Based
on this correlation, in the following Theorem 9, we quantitatively evaluate the

influence function of TD learning in the case of linear function approximation.

Theorem 9. (Influence Function Analysis in TD Learning with linear func-
tion approzimation) Denote d; = x; — yX441 € R¢, and A =E [xtdﬂ € R4,
Let F; be the data distribution generated from the environment dynamics given
a policy w. Consider an outlier pair (x;,X;11) with the reward Ryy1, the influ-

ence function 1 of this pair on the estimator w is derived as
Vw r, (Xty Xp41) = E(ATA)_lth;rxt(Rt—H - d:W)' (4.34)

Please refer to Appendix 4.7.5 for the proof. Theorem 9 shows the quantita-
tive impact of an outlier pair (x;,X¢41) on the learned parameter w. Moreover,
a corollary can be immediately obtained to make a precise comparison of the

impacts of perturbations on current and next state features.

Corollary 1. Given the same perturbation 1 on either current or next state

features, i.e., X, and X1, at the step t, if we approzimate nn'x; and nn'w
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as 0 as n is small enough, the following relationship between the resulting

variations of influence function, Ay, and Ay, v, holds:
fYAth + Axt+l¢ = 27dt77X;r(Rt+1 - d;rw) (435)

We provide the proof of Corollary 1 in Appendix 4.7.5. Under this equation,
the sensitivity of noises on x; and x;11, measured by Ay, 1 and Ay, 1, present
a trade-off relationship as their weighted sum is definite. However, there is not
an ordered relationship between Ay, 1 and Ay, %. In summary, we conclude
that the sensitivity of current and next state features against perturbations is
normally divergent, and the degree of sensitivity is heavily determined by the
task. These conclusions are similar to those we derived in the TD convergence

part.

Proof. We combine the proof of Theorem 9 and Corollary 1 together. The TD
fixed point wrp to the system satisfies Awrp = b. Thus, the TD convergence
point, i.e., TD fixed point, can be attained by solving the following regression

problem:

min b — Aw|? (4.36)

To derive the influence function, consider the contaminated distribution which

puts a little more weight on the outlier pair (x;,X;41):
w = argmin(l — ¢)E[(b — Aw) ' (b — Aw)]+
w (4.37)
e(ys —waw) " (g — 24 w),
where y, = Ry 1%, and x, = th;r . We take the first condition:
(1—eEQRATAwW — 2ATb) — 2ex4(y, — zyw) = 0. (4.38)
Then we arrange this equality and obtain:
(1—E(ATA + 242w = (1 — )E(A D) + examp. (4.39)
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Then we take the gradient on € and let e = 0, then we have:
(—E(ATA) + 24z )W, + E(AT A r, = ~E(ATb) + 24y, (4.40)

We know that under the least square estimation, the closed-form solution of
w, is E(ATA)'E(ATb). Thus, after the simplicity, we finally attain:

Vv, 7y (Xt, Xp41) = E(ATA)_leA(yb - fE;W)

TAN-17 T T (4.41)
= E(A A) tht Xt(Rt+1 - dt W)

Next, we prove the Corollary. We only need to focus on the item thtT Xy (Rip1—
dw), which we denote as 1)p. Then we use A, and A,, ¥ to represent the
change of v after adding perturbations n on x; and x;.1, respectively. In
particular, since we approximate 7n' x; and nn'w as 0, then we have that the
change of influence function for the perturbation n on the current state feature

Xt
Agy = (di + ) (%) %0 + 20" x) (Ryy — df w — T w) — 4
~ —dtxthtnTw + 2dyn " x4 (Regy — dtTW) +n- x:xt(RtH — dtTW)
1
=2dn " % (Ri1 — d] w) — g(vthIXtT]TW — ynx; x(Ri1 — dw)).

(4.42)

Then the influence function for the perturbation n on the next state feature

X1 1S
Ay = (dr — VU)X:Xt(RtJrl - dtTW + VUTW) — o (4.43)
~ ydex! xm"w — ynx/] x,(Rey1 — dw).
Finally, it is easy to observe that the following relationship holds:
VA = 2ydmz] (Ryy — dy w) — Ag . (4.44)
O
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4.7.6 Experimental Setup

Noise Strength. We use Gaussian noise with different standard deviations.
In particular, for a better presentation to compare the difference, we select
proper standard deviations as 0.05, 0.1 in Cart Pole, 0.01, 0.0125 in Mountain
Car, 0.01, 0.05 in Breakout and 0.05 in Qbert. For the adversarial noises, we
select the perturbation sizes € as 0.05, 0.1 in Cart Pole, 0.01, 0.1 in Mountain
Car, 0.005, 0.01 in Breakout, and 0.005 in Qbert.

Distributional Loss. After a linear search, in the QR-DQN, We set k = 1

for the Huber quantile loss across all tasks due to its smoothness.

Cart Pole After a linear search, in the QR-DQN, we set the number of quan-
tiles N to be 20, and evaluate both DQN and QR-DQN on 200,000 training

iterations.

Mountain Car After a linear search, in the QR-DQN, we set the number
of quantiles N to be 2, and evaluate both DQN and QR-DQN on 100,000

training iterations.

Breakout and Qbert After a linear search, in the QR-DQN, we set the
number of quantiles N to be 200, and evaluate both DQN and QR-DQN on
12,000,000 training iterations.

4.7.7 Discussion about More Adversarial Attacks

We are investigating more advanced adversarial attacks to further demonstrate
the robustness advantage of distributional RL algorithms. [116] proposed Ro-
bust SARSA (RS) attack and Maximal Action Difference (MAD) attack, how-
ever, these two advanced attacked are specifically designed for PPO algorithm.
Meanwhile, Stochastic gradient Langevin dynamics (SGLD) and convex relax-
ation attacks proposed by [116] are for DDPG algorithm. PGD attacks, serve-

ing as the most natural attack for value-based RL algorithms, are leveraged to
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evaluate SA-DQN algorithm. We also probe the training robustness of distri-
butional RL algorithms under the more advanced MAD attack [116] on Ant,

where Figure 4.5 still suggests a similar robustness result of distributional RL.

5000 SAC 95 SAC
o 000 ... SAC-adv0.02 4713.0 S SACLadvo.02
C  nnn | sAC-adv0.03 . WLARSMSSESSNTY SAG-adv0.03
5 4000 SAC-adv0.1 " g;é ; _ 20 SAGaaT0 ]
o 3000 — DAC(Cs1) 8 =~ |5 —— Dbacesn B il
— i " — DAC(C51)-adv0:02""
Y 2000 “MMI 1996.0 >>< — DAG(C51)-adv0.03
Q1000 DAGHEBFe 913.8 — 10 f,OAC(CSU-adeJ
7 " N
o) ; O s
S -1000 - 0 BN NS
] A e
L 2000 | -5 Fw"““‘
=3000
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Figure 4.5: Robustness on MAD attack on Ant.

4.7.8 Experiments on D4PG

Halfcheetah / Adversarial
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Figure 4.6: Average returns of DDPG and D4PG against adversarial state noises
on Halfcheetah.
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Chapter 5

Distributional Reinforcement
Learning with Regularized

Wasserstein Loss

5.1 Abstract

The empirical success of distributional reinforcement learning (RL) highly
relies on the choice of distribution divergence equipped with an appropri-
ate distribution representation. In this paper, we propose Sinkhorn distribu-
tional RL (SinkhornDRL ), which leverages Sinkhorn divergence—a regularized
Wasserstein loss—to minimize the difference between current and target Bell-
man return distributions. Theoretically, we prove the contraction properties of
SinkhornDRL, aligning with the interpolation nature of Sinkhorn divergence
between Wasserstein distance and Maximum Mean Discrepancy (MMD). The
introduced SinkhornDRL enriches the family of distributional RL algorithms,
contributing to interpreting the algorithm behaviors compared with existing
approaches by our investigation into their relationships. Empirically, we show
that SinkhornDRL consistently outperforms or matches existing algorithms
on the Atari games suite and particularly stands out in the multi-dimensional

reward setting.
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5.2 Introduction

Limitations of Typical Distributional RL Algorithms.  Despite the
gradual introduction of numerous algorithms, quantile regression-based algo-
rithms [22, 21, 115, 85, 65, 86, 87] dominate attention and research in the
realm of distributional RL. These algorithms utilize quantile regression to ap-
proximate the one-dimensional Wasserstein distance to compare two return
distributions. Nevertheless, two major limitations hinder their performance

improvement and wider practical deployment.

e Inaccuracy in Capturing Return Distribution Characteristics. The way of

directly generating quantiles of return distributions via neural networks
often suffers from the non-crossing issue [120], where the learned quan-
tile curves fail to guarantee a non-decreasing property. This leads to ab-
normal distribution estimates and reduced model interpretability. The
inaccurate distribution estimate is fundamentally attributed to the use
of pre-specified statistics [85], while unrestricted statistics based on de-
terministic samples can be potentially more effective in complex envi-

ronments [77].

e Difficulties in Extension to Multi-dimensional Rewards. Many RL tasks

involve multiple sources of rewards [64, 23], hybrid reward architec-
ture [104, 62], or sub-reward structures after reward decomposition [63,
117], which require learning multi-dimensional return distributions to
reduce the intrinsic uncertainty of the environments. However, it re-
mains elusive how to use quantile regressions to approximate a multi-
dimensional Wasserstein distance, while circumventing the computa-

tional intractability issue in the related multi-dimensional output space.

Motivation of Sinkhorn Divergence: a Regularized Wasserstein loss.
Sinkhorn divergence [95] has emerged as a theoretically principled and com-
putationally efficient alternative for approximating Wasserstein distance. It
has gained increasing attention in the field of optimal transport [7, 35, 31, 81]

and has been successfully applied in various areas of machine learning [79, 36,
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112, 30, 13]. By introducing entropic regularization, Sinkhorn divergence can
efficiently approximate a multi-dimensional Wasserstein distance using com-
putationally efficient matrix scaling algorithms [95, 81]. This makes it feasi-
ble to apply optimal transport distances to RL tasks with multi-dimensional
rewards (see experiments in Section 5.6.3). Moreover, Sinkhorn divergence
enables the leverage of samples to approximate return distributions instead of
relying on pre-specified statistics, e.g., quantiles, thereby increasing the accu-
racy in capturing the full data complexity behind return distributions and nat-
urally avoiding the non-crossing issues in distributional RL. Beyond addressing
the two main limitations mentioned above, the well-controlled regularization
introduced in Sinkrhorn divergence helps to find a “smoother” transport plan
relative to Wasserstein distance, making it less sensitive to noises or small per-
turbations when comparing two return distributions (see Appendix 5.8.1 for
the visualization). This regularization also aligns with the maximum-entropy
principle [54, 24|, which aims to maximize entropy while keeping the trans-
portation cost constrained. Furthermore, the resulting strongly convex loss
function [5] and the induced smoothness by regularization facilitate faster and
more stable convergence in the deep RL setting (see more details in Sections 5.5
and 2.7).

Contributions. In this work, we propose a new family of distributional
RL algorithms based on Sinkhorn divergence, a regularized Wasserstein loss,
to address the limitations of quantile regression-based algorithms while pro-
moting more stable training. As Sinkhorn divergence interpolates between
Wasserstein distance and MMD [39, 31, 81], we probe this relationship in the
RL context, characterizing the convergence properties of dynamic program-
ming under Sinkhorn divergence and revealing the connections of different
distances. Our study enriches the class of distributional RL algorithms, mak-
ing them more effective for a broader range of scenarios and potentially in-
spiring advancement in other related areas of distribution learning. Our key

contributions are summarized as follows:

1. Algorithm. We introduce a Sinkhorn distributional RL algorithm,

called SinkhornDRL, which overcomes the primary shortcomings of pre-
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dominantly utilized quantile regression-based algorithms. SinkhornDRL
can be seamlessly integrated into existing model architectures and easily

implemented.

2. Theory. We establish the properties of Sinkhorn divergence within dis-
tributional RL and derive the relevant convergence results for (multi-

dimensional) distributional dynamic programming.

3. Experiments. We conduct an extensive comparison of SinkhornDRL
with typical distributional RL algorithms across 55 Atari games, per-
forming rigorous sensitivity analyses and computation cost assessments.
We also verify the efficacy of SinkhornDRL in the multi-dimensional

reward setting.

5.3 Preliminary Knowledge

We remain the notations of MDP, classical RL, and distributional RL as Chap-
ters 2, 3, and 4. Next, we introduce the preliminary knowledge about diver-

gences between probability measures.

Optimal Transport (OT) and Wasserstein / Earth Mover’s Distance.
The optimal transport (OT) metric W, defines a powerful geometry to compare
two probability measures (p, v), i.e., W, = infrieniu,) [ ¢(x, y)dII(z,y), where
¢ is the cost function, II is the joint distribution with marginals (4, v), and the
minimizer II* is called the optimal transport plan or optimal coupling. The p-
Wasserstein distance W, = (infrerr(,) [ |2 — y||PdI(z, y))'/? is a special case
of optimal transport with the Euclidean norm as the cost function. Relative
to conventional divergences, including Hellinger, total variation or Kullback-
Leibler divergences, the formulation of OT and Wasserstein distance inherently
integrates the spatial or geometric relationships between data points and al-
lows them to recover the full support of measures. This theoretical advantage
comes, however, with a heavy computational price tag, especially in the high-

dimensional space. Specifically, finding the optimal transport plan amounts
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to solving a linear program and the cost scales at least in O(d®log(d)) when

comparing two histograms of dimension d [20].

Maximum Mean Discrepancy [39]. Define two random variables X and
Y. The squared Maximum Mean Discrepancy (MMD) MMD% with the kernel

k is formulated as
MMD; =E [k (X, X)) +E[k(Y,Y")] - 2E [k(X,Y)], (5.1)

where k(-,-) is a continuous kernel and X’ (resp. Y’) is a random variable
independent of X (resp. Y'). Mathematically, the “flat” geometry that MMD
induces on the space of probability measures does not faithfully lift the ground
distance [31], potentially inferior to OT when comparing two complicated dis-
tributions. However, MMD is cheaper to compute than OT with a smaller
sample complezity, i.e., the number of samples for measures to approximate
the true distance [35]. We provide more details of various distribution diver-

gences as well as their existing contraction properties in Appendix 5.8.2.

Notations. We constantly use the unrectified kernel k, = —||x — y||* in our
algorithm analysis. With a slight abuse of notation, we also use Zy to denote

0 parameterized return distribution.

5.4 Related Work

Based on the choice of distribution divergences and the distribution represen-

tation, distributional RL algorithms can be classified into three categories.

1. Categorical Distributional RL. As the first successful class, categor-
ical distributional RL [9], e.g., C51, represents the return distribution
using a categorical distribution with discrete fixed supports within a

predefined interval.

2. Quantile Regression (Wasserstein Distance) Distributional RL.

QR-DQN [22] employs quantile regression to approximate the one-dimensional
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Wasserstein distance. It learns the quantile values for a series of fixed
quantiles, offering greater flexibility in the support compared with cate-
gorical distributional RL. IQN [21] enhances this approach by utilizing
an implicit model to produce more expressive quantile values, instead
of fixed ones in QR-DQN, while FQF [115] further advances IQN by in-
troducing a more expressive quantile network. However, as mentioned
in Section 5.2, quantile regression distributional RL struggles with accu-
rately capturing return distribution characteristics and handling multi-
dimensional reward settings. SinkhornDRL, with the assistance of an
entropy regularization, offers an alternative approach that addresses the

two limitations simultaneously.

3. MMD Distributional RL. Rooted in kernel methods [39, 110], MMD-
DQN [77] learns unrestricted statistics, i.e., samples, to represent the re-
turn distribution and optimizes under MMD, which can manage multi-
dimensional rewards. However, the data geometry captured by MMD
with a specific kernel may be limited, as it is highly sensitive to the
characteristics of kernels and the induced Reproducing Kernel Hilbert
space (RKHS) [36, 39, 34]. In contrast, SinkhornDRL is fundamentally
based on OT, inherently capturing the spatial and geometric layout of
return distributions. This enables SinkhornDRL to potentially surpass
MMD-DQN by leveraging a richer representation of data geometry. In
Section 2.7, we present extensive experiments to demonstrate the ad-
vantage of SinkhornDRL over MMD-DQN, particularly in the multi-

dimensional reward scenario in Section 5.6.3.

5.5 Sinkhorn Distributional RL (SinkhornDRL)

The algorithmic evolution of distributional RL can be primarily viewed along
two dimensions [77]. 1) Introducing new distributional RL families beyond
the three established ones, leveraging alternative distribution divergences com-
bined with suitable density estimation techniques. 2) Enhancing existing al-

gorithms within a particular family by increasing their model capacity, e.g.,

108



IQN and FQF. Concretely, SinkhornDRL falls into the first dimension, aiming

to expand the range of distributional RL algorithm families.

5.5.1 Sinkhorn Divergence and New Convergence Prop-

erties in Distributional RL

Sinkhorn divergence [95] efficiently approximates the optimal transport prob-
lem by introducing an entropic regularization. It aims at finding a sweet
trade-off that simultaneously leverages the geometry property of Wasserstein
distance (optimal transport distances) and the favorable sample complexity ad-
vantage and unbiased gradient estimates of MMD [36, 31]. For two probability
measures £ and v, the entropic regularized Wasserstein distance W, (1, v) is

formulated as

Weelpor) = min [ (o )dll(eg) + KLMuw ). (52)
ITeII(p,v)
where the entropic regularization KL(II|p ® v) = [log (du( )7y) ) dIl(z,y),

also known as mutual information, makes the optimization strongly convex
and differential [5, 31], allowing for efficient matrix scaling algorithms for ap-
proximation, such as Sinkrhon Iterations [95]. In statistical physics, W..(u, v)
can be re-factored as a projection problem:
Wee(p,v) = KL (IT|

(s v) nanin (II[KC) (5.3)
where K is the Gibbs distribution and its density function satisfies dKC(z,y) =
e~@v)/edy(z)dv(y). This problem is often referred to as the “static Schrédinger
problem” [57, 88] as it was initially considered in statistical physics. Formally,

the Sinkhorn divergence is defined as

WC,E(% v) = 2WC,€(,Ua v) — Wc,s(,ua p) — We 5(1/ V)> (5~4)

which is smooth, positive definite, and metricizes the convergence in law [31].
This definition subtracts two self-distance terms to ensure non-negativity and

metric properties.
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Properties for Convergence. The contraction analysis of distributional
Bellman operator " under a distribution divergence d, depends on its scale
sensitive (S) and sum invariant (I) properties [10, 9]. We say d, is scale
sensitive (of order 7) if there exists a 7 > 0, such that for all random vari-
ables X, Y and a real value a > 0, dy(aX,aY) < |a|"d,(X,Y). d, has the
sum invariant property if whenever a random variable A is independent from
X,Y, we have d,(A+ X, A+Y) < d,(X,Y). Based on these properties, [9]
shows that T" is y-contractive under the supremal from of Wasserstein dis-
tance W), which is regarding the first term of W, . or directly letting e = 0
in Eq. 5.2. When examining the regularized loss form of W, ., a natural ques-
tion arises: What is the influence of the incorporated regularization term on
the contraction of ™7 We begin to address this question in Proposition 2,
focusing on the separate regularization term. Here, we define mutual informa-
tion as MIp(pu(s,a),v(s,a)) = KL(IT|u(s,a) ® v(s,a)) and its supremal form
MIFY (11, V) = Sup(s gyesxa KL p(s,a) ® v(s,a)) given a joint distribution II.

Proposition 11. T7 is non-expansive under MIY for any non-trivial joint
distribution II.

Please refer to Appendix 5.8.3 for the proof, where we investigate both (S)
and (I) properties. The non-trivial IT rules out the independence case of u and
v, where KL(II|px ® v) would degenerate to zero. Although the non-expansive
nature of the introduced regularization term, as shown in Proposition 2, may
potentially slow the convergence in Sinkhorn divergence compared with W),
without the regularization, we will demonstrate that T7 is still contractive
under the full Sinkhorn divergence in Theorem 10. Before introducing Theo-
rem 10, we first present the sum-invariant and a new variant of scale-sensitive

properties in Proposition 12, which acts as the foundation for Theorem 10.

Proposition 12. Considering W... with the unrectified kernel k, := —||z—y||*
as —c¢ (o > 0) and a scaling factor a € (0,1), W,.. is sum-invariant (I)
and satisfies We(ap, av) < A.(a,0)Wee(p,v) (S) with a scaling constant
A (a,a) € (|a]*, 1) for any p and v in a finite set of probability measures.

Proof Sketch. The detailed proof is provided in Appendix 5.8.4. Let IT* be the
optimal coupling of W, ., we define a ratio A.(u,v) that satisfies \.(u,v) =
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eKL(IT* | p®v)
We,e

sures the proportion of the entropic regularization term over the whole loss

€ (0,1) for a generally non-zero W... The ratio A\.(u,v) mea-

term W, .. Therefore, the contraction factor A.(a,a) is defined as A.(a, o) =
|a|*(1 = sup,,, Ae(p1,v)) + supyy Ae(p, v)) € (|al*, 1) with sup,,, Ae(p,v) < 1,
which is determined by the scale factor a, the order «, the hyperparameter ¢,

and the set of interested probability measures.

Contraction Guarantee and Interpolation Relationship. Proposition 12
reveals that W.. with an unrectified kernel satisfies (I) and a variant of
(S) properties. While the scaling constant A.(a,«) in (S) has a compli-
cated form, it remains strictly less than one, even considering a non-expansive
nature of the entropic regularization as shown in Proposition 11. We de-
note the supremal form of Sinkhorn divergence as WZOE(/L, v) : W:;(,u, v) =
SUD (5, )eSx A W (1u(s,a),v(s,a)). In Theorem 10, we will integrate all these
properties to demonstrate the contraction property of distributional dynamic
programming under W, ., specifically highlighting the interpolation property
of Sinkhorn divergence between MMD and Wasserstein distance in the context
of distributional RL.

Theorem 10. Considering W..(u,v) with an unrectified kernel k, := — ||z —
yl|* as —c (a > 0), where p,v € the distribution set of {Z7(s,a)} for s € S,

a € A in a finite MDP. We define the ratio \. (i, v) as Me(u1,v) = %’EL“%U) €

(0,1) with sup,, , Ac(p,v) < 1. Then, we have:

1. (¢ = 0) Wee(p,v) — 2W(u,v). When ¢ = 0, T™ is y*-contractive

T A 00
under W,..

2. (e = +00) We(,v) = MMD; (p,v). When ¢ = 400, T is 7°-

. T A 00
contractive under W, .

3. (e € (0,4+00)), T is at least A.(v, a)-contractive under W..., where

cE?

A.(7,q) is an MDP-dependent constant defined as A.(7y,a) = y*(1 —

Sup,,, Ae(p, ) + sup,,, Ae(p, v)) € (77, 1).
Proof Sketch. The detailed proof of Theorem 10 can be found in Appendix 5.8.5.

Theorem 10 (1) and (2) are follow-up conclusions in terms of the convergence
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behavior of " based on the interpolation relationship between Sinkhorn di-
vergence with Wasserstein distance and MMD [36]. We also provide a rigorous
analysis within the context of distributional RL for completeness. Our critical
theoretical contribution is the part (3) for the general ¢ € (0,00), where we
show that T™ is at least a A, (7, a)-contractive operator. The contraction fac-
tor A.(7,a) € (v%,1) depends on the return distribution set {Z7(s,a)} of the
considered MDP, and it is also a function of 7, and a. Due to the influence
of the regularization term in Sinkhorn loss, A.(y,«) is larger than |y|, the
contraction factor for Wasserstein distance without the regularization. Thus,
A.(7, @) can be seen as an interpolation between 4* and 1, with the coefficient
sup,,, A(1t, v) € (0,1) defined in Theorem 10. The ratio A.(y, v) measures the
proportion of the KL regularization term relative to W,... As e — 0 or 400,

sup,,, Ac(i, v) — 0, leading to y*-contraction. This aligns with parts (1) and

(2).

Consistency with Existing Contraction Conclusions. As Sinkhorn di-
vergence interpolates between Wasserstein distance and MMD, its contrac-
tion property for £ € [0,00] also aligns well with the existing distributional
RL algorithms when ¢ = —k,. It is worth noting that using Gaussian ker-
nels in the cost function does not yield concise or consistent contraction re-
sults like those in Theorem 10 (3). This conclusion is consistent with MMD-
DQN [77] (¢ = 400), where T is generally not a contraction operator under
MMD with Gaussian kernels, as counterexamples exist (Theorem 2) in [77].
Guided by our theoretical results, we employ the rectified kernel k, as the

cost function and set @ = 2 in our experiments, ensuring that T" retains the

Algorithm  d, Distribution Divergence = Representation 7, Convergence Rate of T° Sample Complexity of d,

C51 Cramér distance Categorical Distribution Nal ~
QR-DQN-1 Wasserstein distance Quantiles ¥ O(n’ﬁ)
MMD-DQN MMD Samples 7% (ka) O(n™)

SinkhornDRL Sinkhorn divergence Samples u’}/z(a —0) O(nTPIVT) (£ — 0)
(ours) (¢ = —ka) 7272 (e = o) O 3) (£ — )

Table 5.1: Properties of different distribution divergences in typical distributional
RL algorithms. d is the sample dimension and k = 28d + ||c||s, Where the cost
function ¢ is S-Lipschitz [35]. Sample complexity is improved to O(1/n) using the
kernel herding technique [17] in MMD.
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contraction property guaranteed by Theorem 10 (3). In Table 5.1, we also sum-
marize the main properties of distribution divergences in typical distributional
RL algorithms, including the convergence rate of T and sample complexity,
i.e., the convergence rate of a given metric between a measure and its empirical

counterpart as a function of the number of samples n.

5.5.2 Extension to Multi-dimensional Return Distribu-

tions

As the ability to extend to the multi-dimensional reward setting is one of the
major advantages of SinkhornDRL over quantile regression-based algorithms,
we next demonstrate that the joint distributional Bellman operator in the
multi-dimensional reward case is contractive under Sinkhorn divergence Wz
First, we define a d-dimensional reward function as R : S x A — P(R?), where
d represents the number of reward sources. Consequently, we have joint return
distributions of the d-dimensional return vector Z™(s,a) = > ,-qR(ss, ar),
where Z™(s,a) = (Z7(s,a), -+, Z7(s,a))". The joint distributional Bellman
operator X7 applied on the joint distribution of the random vector Z(s, a) is
defined as ¥7Z(s, a) 2 R(s,a) +vZ (s',d'), where s’ ~ P(-|s,a), a’ ~ 7(-|s).

Corollary 2. For two joint distributions Zy and Z,, T% is A.(7, a)-contractive

ayane o] .
under W, _, i.e.,

WoA(T" 20, T L) < Aoy, )W, (Z1, Zo). (5.5)

Please refer to Appendix 5.8.6 for the proof. The contraction guarantee
of Sinkhorn divergence enables us to effectively deploy our SinkhornDRL al-
gorithm in various RL tasks that involve multiple sources of rewards [64, 23],
hybrid reward architecture [104, 62], or sub-reward structures after reward de-
composition [63, 117]. We compare SinkhornDRL with MMD-DQN in multiple
reward sources setting in Section 5.6.3, where SinkhornDRL significantly out-
performs MMD-DQN by leveraging its ability to capture richer data geometry,

a key advantage of optimal transport distances.
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5.5.3 SinkhornDRL Algorithm and Approximation

Equipping Sinkhorn Divergence and Particle Representation. The
key to applying Sinkhorn divergence in distributional RL is to leverage the
Sinkhorn loss WQE to measure the distance between the current action-return
distribution Zy(s, a) and the target distribution ¥ Zy(s,a). For each s, a pair,
this yields W, .(Zy(s,a), T"Zy(s,a)). For the representation of Zy(s,a), we
employ the unrestricted statistics, i.e., deterministic samples, akin to MMD-
DQN, instead of predefined statistic functionals like quantiles in QR-DQN or
categorical distributions in C51. More concretely, we use neural networks
to generate samples to approximate the return distributions, expressed as
Zo(s,a) := {Zy(s,a);}}¥,, where N is the number of generated samples. We re-
fer to these samples {Zy(s, a); })*, as particles. We then use the Dirac mixture
* SV Zy(s,a); 1O approximate the true density function of Z7(s, a), thus min-
imizing the Sinkhorn divergence between the approximate distribution and its
distributional Bellman target. A generic Sinkhorn distributional RL algorithm

with particle representation is provided in Algorithm 2.

Efficient Approximation via Sinkhorn Iterations with Guarantee.
By introducing an entropy regularization, Sinkhorn divergence renders optimal
transport computationally feasible, especially in the high-dimensional space,
via efficient algorithms, e.g., Sinkhorn Iterations [95, 36]. Notably, Sinkhorn
iteration with L steps yields a differentiable and solvable efficient loss function

as the main burden is the matrix-vector multiplication, which streams well on

Require: Number of generated samples IV, the cost function c,
hyperparameter € and the target network Zy-.
Input: Sample transition (s,a,r’,s’)
1: Policy evaluation: a* ~ 7(-|s)
2: Control: a* < argmaxyc4 v Zf\il Zy (8, d),

)

3: TD update: TZ; <~ r +~Zp« (s',a*), ,V1 <i < N
Output: W, ({Zg(s, a)i}fil , {‘ZZj}j.V:l)
Algorithm 2: Generic Sinkhorn distributional RL Update
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the GPU by simply adding extra differentiable layers on the typical deep neural
network, such as a DQN architecture. It has been proven that Sinkhorn itera-
tions asymptotically converge to the true loss in a linear rate [36, 32, 20, 53].
We provide a detailed description of Sinkhorn iterations in Algorithm 3 and
a full version in Algorithm 4 of Appendix 5.8.7. In practice, selecting proper
values of L and ¢ is crucial. To this end, we conduct a rigorous sensitivity

analysis, detailed in Section 5.6.

Remark: Relationship with IQN and FQF. In the realm of distribu-
tional RL algorithms, it is important to highlight that QR-DQN and MMD-
DQN are direct counterparts to SinkhornDRL within the first dimension of
algorithmic evolution. In contrast, IQN and FQF enhance QR-DQN and po-
sition them in the second modeling dimension, which are orthogonal to our
work. As discussed in [77], the techniques from IQN and FQF can naturally
extend both MMD-DQN and SinkhornDRL. For instance, we can implicitly
generate {Zy(s,a);}~., by applying a neural network to N samples of a base
sampling distribution, as in IQN. We can also use a proposal network to learn
the weights of each generated sample as in FQF. We leave these modeling
extensions as future works and our current study focuses on rigorously inves-

tigating the simplest modeling choice via Sinkhorn divergence.

5.6 Experiments

We substantiate the effectiveness of SinkhornDRL as described in Algorithm 2
on the entire 55 Atari 2600 games. Without increasing the model capacity for
a fair comparison, we leverage the same architecture as QR-DQN and MMD-
DQN, and replace the quantiles output in QR-DQN with N particles (sam-
ples). In contrast to MMD-DQN, SinkhornDRL only changes the distribution
divergence from MMD to Sinkhorn divergence. As such, the potential perfor-
mance improvement of our algorithm is directly attributed to the theoretical

advantages of Sinkhorn divergence over MMD.
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Baseline Implementation. We choose DQN [74] and three typical distri-
butional RL algorithms as classic baselines, including C51 [9], QR-DQN [22]
and MMD-DQN [77]. For a fair comparison, we build SinkhornDRL and all
baselines based on a well-accepted PyTorch implementation! of distributional
RL algorithms. We re-implement MMD-DQN based on its original TensorFlow
implementation?, and keep the same setting. For example, our MMD-DQN
still employs Gaussian kernels ky(z,y) = exp(—(z — y)?/h) with the same
kernel mixture trick covering a range of bandwidths h as adopted in MMD-
DQN [77].

SinkhornDRL Implementation and Hyperparameter Settings. For
a fair comparison with QR-DQN, C51, and MMD-DQN, we use the same hy-
perparameters: the number of generated samples N = 200, Adam optimizer
with Ir = 0.00005, €xgam = 0.01/32. In SinkhornDRL, we choose the number
of Sinkhorn iterations L = 10 and smoothing hyperparameter € = 10.0 in Sec-
tion 5.6.1 after conducting sensitivity analysis in Section 5.6.2. Guided by the
contraction guarantee analyzed in Theorem 10, we use the unrectified kernel,
specifically setting —c = k, and choosing o = 2. This choice ensures our im-
plementation is consistent with the theoretical results regarding the contraction
guarantee in Theorem 10 (3). We evaluate all algorithms on 55 Atari games,
averaging results over three seeds. The shade in the learning curves of each

game represents the standard deviation.

5.6.1 Performance of SinkhornDRL

Learning Curves of Human Normalized Scores (HNS). We compare
the learning curves of the Mean, Median, and Interquartile Mean (IQM) [2]
across all considered distributional RL algorithms in Figure 5.1 summarized
over 55 Atari games. The IQM (x%) computes the mean from the 2% to
(1 — )% range of HNS, providing a robust alternative to the Mean that mit-
igates the impact of extremely high scores on specific games and is more sta-

tistically efficient than the Median. For computational feasibility, we evaluate

'https://github.com/ShangtongZhang/DeepRL
’https://github.com/thanhnguyentang/mmdrl
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Figure 5.1: Mean (left), Median (middle), and IQM (5%) (right) of Human-
Normalized Scores (HNS) summarized over 55 Atari games. We run 3 seeds for
each algorithm.

the algorithms over 40M training frames. Our findings reveal that Sinkhorn-
DRL achieves state-of-the-art performance in terms of mean, median, and
IQM (5%) of HNS across most training phases. Notably, SinkhornDRL ex-
hibits slower convergence during the early training phase, as indicated by the
Mean of HNS (left panel of Figure 5.1). This slower initial convergence can
be explained by the slower contraction factor A.(7y,a) > 7 in Theorem 10,
as opposed to MMD-DQN. To ensure the reliability of our results, we also
provide the learning curves for each Atari game in Figures 5.6 and 5.7 in Ap-
pendix 5.8.8. Furthermore, a table summarizing all raw scores is available in
Table 5.2 in Appendix 5.8.9. This table highlights that SinkhornDRL achieves
the highest numbers of best and second-best performance of all games among
all baseline algorithms. Overall, we conclude that SinkhornDRL generally

outperforms existing distributional RL algorithms.

Ratio Improvement Analysis across All Games. Given the interpola-
tion nature of Sinkhorn divergence between Wasserstein distance and MMD, as
analyzed in Theorem 10, a pertinent question arises: In which environments
does SinkhornDRL potentially perform better? We empirically address this
question by conducting a ratio improvement comparison between Sinkhorn-
DRL and both QR-DQN and MMD-DQN across all games. Figure 5.2 show-
cases that SinkhornDRL surpasses both QR-DQN and MMD-DQN in more
than half of the games and significantly excels at them in a large proportion
of games. Notably, the games where SinkhornDRL achieves considerable im-

provement tend to have larger action spaces and more complex dynamics. In
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Figure 5.2: Ratio improvement of return for SinkhornDRL over QR-DQN (left)
and MMD-DQN (right) averaged over 3 seeds. The ratio improvement is calculated
by (SinkhornDRL - QR-DQN) / QR-DQN in (a) and (SinkhornDRL - MMD-DQN)
/ MMD-DQN in (b), respectively.

particular, as illustrated in Figure 5.2, these games include Venture, Seaquest,
Solaris, Tennis, Phoenix, Atlantis, and Zaxxon. Most of these games have
an 18-dimensional action space and intricate dynamics, except for Atlantis,
which has a 4-dimensional action space and simpler dynamics where MMD-
DQN is substantially inferior to SinkhornDRL. For a detailed comparison, we
provide the features of all games, including the number of action spaces, and

complexity of environment dynamics in Table 5.3 of Appendix 5.8.10.

In summary, compared with QR-DQN, the empirical success of Sinkhorn-
DRL can be attributed to several key factors: 1. Enhanced return distribu-
tion representation: SinkhornDRL captures return distribution characteristics
more accurately by directly using samples, avoiding the non-crossing issue of
learned quantile curves or the potential limitations of quantile representation.
2. Smooth transport plan and stable convergence. The induced smoother trans-
port plan (see Appendix 5.8.1 for visualization) and the inherent smoothness of
Sinkhhorn divergence contribute to more stable convergence, leading to perfor-
mance improvement. In contrast to MMD-DQN, the benefits of SinkhornDRL
arise from its richer data representation capability when comparing return dis-
tributions, rooted in the OT nature. This is in comparison to the potentially

restricted kernel-specific distances, such as MMD.
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5.6.2 Sensitivity Analysis and Computational Cost

Sensitivity Amnalysis. In practice, a proper ¢ is preferable as an overly
large or small € will lead to numerical instability of Sinkhorn iterations in Al-
gorithm 3 (see the discussion in Section 4.4 of [81]), therefore worsening its
performance, as shown in Figure 5.3 (a). This implies that the potential in-
terpolation nature of limiting behaviors between SinkhornDRL with QR-DQN
and MMD-DQN revealed in Theorem 10 may not be able to be rigorously veri-
fied in numerical experiments. SinkhornDRL also requires a proper number of
iterations L and samples N. For example, a small N, e.g., N = 2 in Seaquest
in Figure 5.3 (b) leads to the divergence of algorithms, while an overly large N
can degrade the performance and meanwhile increases the computational bur-
den (Appendix 5.8.11). We conjecture that using larger networks to represent
more samples is more likely to suffer from overfitting, yielding the instability
in the RL training [11]. Therefore, we choose N = 200 to attain favorable
performance and guarantee computational effectiveness simultaneously. We
provide a more detailed sensitivity analysis and more results on StarGunner
and Zaxxon in Appendix 5.8.11.

Computation Cost. In terms of the computation cost, SinkhornDRL slightly
increases the computational overhead compared with C51, QR-DQN, and
MMD-DQN. For instance, SinkhornDRL increases the average computational
cost compared with MMD-DQN by around 20%. Due to the space limit,
we provide more computation cost comparison in terms of L and N in Ap-
pendix 5.8.11.

Seaquest Seaquest Breakout
20000 —— gy 20000 —— Samples=2 600
g — =10 g —— Samples=5 gsoo
B 1500 £2100 d B 15000 Samples=20 E) 400
[qf — =500 " © —— Samples=200
07]0000 — QRDAN %l()[)u() — s _ %300
g g amples=500 &
) — MMD 5 <200
2 5000 2 5000 o
< < Z 100
0 0 0
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Millions of Frames (M) Millions of Frames (M) Millions of Frames (M)
(a) Hyper-parameter ¢ (b) Number of Samples (c) Sinkhorn Iterations L

Figure 5.3: Sensitivity analysis of SinkhornDRL on Breakout and Seaquest in
terms of €, number of samples, and number of iteration L. Learning curves are
reported over three seeds.
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Figure 5.4: Performance of SinkhornDRL on six Atari games with multi-
dimensional reward functions.

5.6.3 Modeling Joint Return Distribution for Multi-

Dimensional Reward Functions

Many RL tasks involve modeling multivariate return distributions. Following
the multi-dimensional reward setting in [117], we compare SinkhornDRL with
MMD-DQN on six Atari games with multiple sources of rewards. In these
tasks, the primitive scalar-based rewards are decomposed into reward vectors
based on the respective reward structures (see Appendix 5.8.12 for more de-
tails). Figure 5.4 showcases that SinkhornDRL outperforms MMD-DQN in
most cases for multi-dimensional reward functions. Of particular note, it re-
mains an open question to directly approximate multi-dimensional Wasserstein

distances via quantile regression or other efficient algorithms in RL tasks.

5.7 Conclusion, Limitations and Future Work

In this work, we propose a novel family of distributional RL algorithms based
on Sinkhorn divergence that accomplishes competitive performance compared

with the typical distributional RL algorithms on the Atari games suite. The-
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oretical results about the properties of this regularized Wasserstein loss and
its convergence guarantee in the context of RL are provided with rigorous

empirical verification.

Limitations. While SinkhornDRL achieves competitive performance, it rel-
atively increases the computational cost and requires tuning additional hyper-
parameters. This hints that the enhanced performance offered by Sinkhorn-
DRL may come with slightly greater efforts in practical deployment. Addi-
tionally, it remains elusive for a deeper connection between the theoretical
properties of divergences and the practical performance of distributional RL

algorithms given a specific environment.

Future work. Along the two dimensions of distributional RL algorithm evo-
lution, we can further improve Sinkhorn distributional RL by incorporating
implicit generative models, including parameterizing the cost function and in-
creasing model capacity. Moreover, Sinkhorn distributional RL also opens a
door for new applications of Sinkhorn divergence and more optimal transport
approaches in RL. It also becomes increasingly crucial to design a quantita-
tive criterion for a given environment to recommend the choice of a specific

distribution divergence before conducting costly experiments.

5.8 Appendix

5.8.1 Smoother Transport Plan via Sinkhorn Divergence

We visualize the optimal transport plans by solving Sinkhorn divergence with
different ¢ in well-trained SinkhornDRL models across three games in Fig-
ure 5.5 We evaluate (randomly selected 64) current and target state features
to be compared and then apply t-SNE to reduce their dimension from 512 to 2
associated with a normalization for visualization. In each game of Figure 5.5,
as we increase the regularization strength € (from right to left), the resulting
transport plans tend to be smoother, less concentrated, and more uniformly

distributed by transporting the point mass between two distributions (in red
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and blue).
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Figure 5.5: Optimal transport plans for via Sinkhorn Iterations in SinkhornDRL
on three Atari games. The first row denotes the (two-dimensional) spatial transport
plans across different data points, while the second row represents the heat map of
the obtained transport plan (optimal coupling).
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5.8.2 Definition of Distribution Divergences and Con-

traction Properties

Definition of distances. Given two random variables X and Y, one-dimensional
p-Wasserstein metric W, between the distributions of X and Y has a simplified

form via the quantile functions:

weev) = ([ ) - R o) Y, 6o

which F~1 is the quantile function, also known as inverse cumulative distribu-
tion function, of a random variable with the cumulative distribution function
as I'. The supremal form of W}, denoted by W, is defined as

Wpoo(u, I/) = sup W;o(:u(‘g?a)ay(saa))' (57)
(s,a)eSxA

Further, ¢, distance [27] is defined as

0(X,Y) = ( | 1Ext) - Frtpp dw) - Rl. 69

o0

The ¢, distance and Wasserstein metric are identical at p = 1, but are otherwise
distinct. Note that when p = 2, ¢, distance is also called Cramér distance [10]

de(X,Y). Also, Cramér distance has a different representation given by
1 / ]' !
dC(X,Y):E]X—Y]—§E|X—X]—§]E\Y—Y], (5.9)

where X’ and Y’ are the i.i.d. copies of X and Y. Energy distance [103, 121]

is a natural extension of Cramér distance to the multivariate case, defined by
]' / 1 !
ap(X,Y) =E|X - Y| - sE[X - X = sE[Y =Y, (510
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where X and Y are multivariate. Moreover, the energy distance is a special

case of the maximum mean discrepancy (MMD), which is formulated as
MMD(X, Y; k) = (E [k (X, X')] + E[k (Y, Y')] - 2E[R(X, V)2, (5.11)

where k(-,-) is a continuous kernel on X. In particular, if k£ is a trivial
kernel, also called the unrectified kernel, MMD degenerates to energy dis-
tance. Additionally, we further define the supreme MMD, which is a functional
P(X)SA x P(X)5*A — R formulated as

MMDOO([L, 7/) = sup MMDOO(ILL(S’ CL), V(S7 (l)) (512)
(s,a)eSxA

We further summarize the convergence rates of the distributional Bellman

operator " under different distribution divergences.

e T7 is y-contractive under the supreme form of Wassertein distance W,.
e T is y'/P-contractive under the supreme form of ¢, distance.

e T™ is v*/2-contractive under MMD,, with k,(z,y) = —||z — y||*.
Proof of Contraction in Distributional Dynamic Programming.
e Contraction under the supreme form of W, is provided in Lemma 3 [9].
e Contraction under supreme form of ¢, distance refers to Theorem 3.4 [27].

e Contraction under MMD,, is provided in Lemma 6 [77].

5.8.3 Proof of Proposition 2

Proof. We denote two marginal random variables U and V' with the pdf u(x)
and v(y). We next denote the pr(z,y) as the pdf for IT in MIy(U,V) =
KL(II|JU ® V). We first prove that the MIy(U, V') is sum-invariant, which is
based on the dual form of KL divergence via the variational representation [25,
3

Dict(X,¥) = sup {Ex[f(@)] ~ log (By [/V])}, (5.13)
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where L% is the space of bounded measurable functions. The mutual infor-
mation involves two-dimensional random variables in the KL divergence. Let
U =a+U and V = a+V with pdf ' and v/, we denote the joint distribution
with margins p/'(z) = p(z — a) and V'(y) = v(y — a) as II'(z,y) whose pdf
prr satisfies pr(x,y) = pn(x — a,y — a). Based on the two-dimensional vari-
ational representation of KL divergence MIg(U, V) = sup;cpo{En[f(z,y)] —
log (EU,V [ef(x’y)})}, we have:

MIp(A+U, A+ V)

= ;gfb{EH/ [f(x,y)] — log (EA+U,A+V [ef (z’y)D}

: puptBa [Enge—ay-a [F(z.9))] —log (Ea [Eqrvasy [/0¥)]])

}
- ;élfb{EA [En(ey) [f(z + a,y + a)]] — log <IEA [EUJ/ { (o+ay+a) H)

(b)
< sup {EAEn[f(z +a,y + a)] — Ealog (IEU,V [ef(‘”“’y“)} )} (5.14)
fece

= sup {E4[En[f(z + a,y + a)] — log (EU,V [ef(““’?ﬁa)} )]}
feck

(c)
< Ea sup {En[f(z + a,y + a)] — log (Buy [e/@e0+0)] )}
fech

@ E4 s;g{En [9(z,y)] — log (EUvV [eg(%y)])}
g

= MIn(U, V),

where (a) is by the independence of A between X, Y, and the joint cdf IT. For
instance, in the one-dimensional setting, we have Ez_ 4. x [f(2)] = [ [ f(z+
a)pa(a)px(x)deda =Es [Ex [f(z + a)]]. (b) and (c) are by Jensen’s inequality
in terms of the convex function —log(x) and sup;, and (d) is because the
translated cdf is still within £°.

Next, we show that Ml is NOT scale-sensitive or with the zero-order 7.
This result is directly based on the similar property of KL divergence. With
a slight abuse of notations, we denote U’ = aU and V' = aV', whose pdfs are
p(z) = Lp(2) and /' (y) = (), respectively. The scaled joint distribution IT’
with the pdf pry satisfying prr(z,y) = alQ pn(x/a y/a). Therefore, its marginal
distributions aref Lon(z/a,y/a)dy = Lp(2) and [ Hpn(z/a,y/a)dy = Lv(2).
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We thus have the following result:
Ml (aU,aV) = KL(II'(z,y)|U" @ V')
/ [,C,
= / prr (2, y) log Mdmdy
W (x

_ / 1 azp(z/a,y/a)

—pn(e/a,y/a)log 1 dady (5.15)

zu(z/a)v(y/a)

_ . Opnwy)ax
—/pn( ,y) 1 gux)y(y)d dy

= MIy(U, V).

Putting the two properties together and given two return distributions Z; (s, a)
and Z(s, a), we have the non-expansive contraction property of the supremal
form of MIy as follows.

MIF (2" Z1, T Z) = sup MIn (2" Z1(s,a), T" Za(s,a))
= sup MIH(R(37 (I) +vZ (5/7 a/)7 R(Sa Cl) + VZQ(8/7 a/))
(a) o o
< MIH(’YZl(S)a)a’YZQ(S ,(I)) (516)

M1y (21(5', ), Za(s', d))

<supMlIp(Z1(s',d’), Z2(s',d’))

s,a

= MIY (21, Z2),

where (a) relies on the sum invariant property of Ml and (b) utilizes the
non-scale sensitive property of MIy. By applying the well-known Banach
fixed point theorem, we have a unique return distribution when convergence
of distributional dynamic programming under Ml for any non-trivial joint

distribution II.
O]

5.8.4 Proof of Proposition 12

Sum Invariant Property Given two random variables U and V' with the

marginal distributions as p and v, and a random variable A that is independent
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of them, we aim at proving
Wee(A+U A+ V) < We (U V). (5.17)
According to [81], we have the dual form of W, .:

W (U, V)
— sup { /x (@) pad + /y U(y)vydy — e /m,y exp FLT L y)%yydxdy(klg)

XY €

p(z) +v(y) —clz, y)} }

3

= sup {Eu [p(x)] + E, [¥(y)] —€E,, {exp
P

Therefore, we have:

Wee(A+UA+YV)

s {E (0@ + Eary [00)] — Eroasy [exp
©,

@ sup {EA [Eu [o(z +a)] + By [(y + a)] — €K, {exp A S y)H}

p(z) +(y) — C(rc,y)”

€

XY €

(2 Ea [sup {IEN [o(x + a)] + E, [(y + a)] — eE,,,, [exp oz +a) + ¥y +a) — ¢, y)} }T.19)

R0 €
© f(@) +9(y) — clz,y)
% sup { B, [/(0)] + B lo0)] - £B,,, |exp LI =0
= Wc,e(Uy V),

where (a) relies on the same techniques used in the proof of Eq. 5.14 in Ap-
pendix 5.8.3, (b) utilizes the Jensen inequality of sup, and (c¢) is based on the

fact that the translation operator is still within the same functional space of

o, .

A Variant of Scale Sensitive Property when ¢ = —k,. Let II* be the
optimal coupling for W, ., we define a ratio A\.(U,V) = W € (0,1) for

any considered U,V with measures u,v to compare, where the denominator
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W, is generally non-zero. We thus have the following result:
WC,€(aU7 CLV) S AE(CL7 a)WC,E(Ua V)? (520)
where the scaling factor A.(a, «) is defined as

Au(a,0) = [a]*(1 = sup \o(U, V) + sup A (U, V) € (|a]*, 1)
uyv uv

with supyy A(U, V) > 0. The ratio N\.(U,V) measures the proportion of
the entropic reqularization term over the whole divergence term We., i.e.,
A(U,V) = %1‘@1’) € (0,1). Under the mild assumption of a finite set
of probability meaéures, we have supy - Ac (U, V') > 0. To elaborate the reason
behind it, we first know that A.(U, V') < 1 for any U and V' with their measures
on the probability measure set. If this set is finite, the ratio set that contains
all {\(U,V)} is also finite. Based on the fact that the real set is dense, we can
directly find a positive lower bound A* for the ratio set, such that {\.(U,V)} <
A* < 1. This implies that supyy A(U, V) = maxyy A (U, V) < 1. Notably,
this finite set property of the ratio avoids the extreme case that may lead to a
conservative conclusion about a non-expansive distribution Bellman operator,

which we will give more details later.

Scale-sensitive Property. By definition of Sinkhorn divergence [26, 81],
the pdf of Gibbs kernel in the equivalent form of Sinkrhon divergence is
K(U,V), which satisfies (U, V) e%mu(x)u(y). In particular, the pdf
of Gibbs kernel is defined as

K (2,y) = exp(—c/e)
dpev)’ Jexp(—c/e)d(p@v),

where the denominator is the normalization factor. After a scaling transfor-

mation, the pdf of aU and aV with respect to z and y would be %,u(%) and

Lp(4). Thus K(aU,aV) e~ (%) Ev(¥). In the following proof, we use

a

the change variable formula (multivariate version) constantly, while changing

the joint pdf n(z,y) and keep the cost function term c(z,y). In particu-
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lar, we denote IT* and TI° as the optimal joint distribution of W, .(u,v) and
Wee(ap, av). Then we have:

Wee(aU,aV)

- / o, y)dT (2, y) + EKL(Tajs © av)

< / (2, y)dIT* (2, y) + eKL(IT |ap © av)

=la|* [ (x —y)*7"(z x ™ (z,y)lo Ty)
—II/( v) (,y)ddere/ (,y)lgu(gj)y(y)

« o * o o . ™ (z,y)
~lal” [ =) oy + (af + 1= o) [ 7 (2.9)low T dady
= [al"Wee(U, V) + (1 — |a|*)eKL(IT|[p © v)
= A"V (a, )W, (U, V)

(5.21)
where AV (a, ) = |a|*+ (1 —|a|*)A(U, V) = |a]*(1 = A\(U, V) + A (U, V) €
(la|*, 1) for e € (0,4+00) and a < 1 due to the fact that A.(U, V') € (0, 1) for any
non-trivial W, .(U, V). The non-trivial W, (U, V') rules out the case when the
regularization term is zero, e.g., € = 0 or the optimal coupling is the product
of two margins. In other words, A" (a,a) is a function less than 1, which
depends on the two margins, including their independence and distribution

similarity, the scale factor a and the order a.

Ruling Out Extreme Cases in the Convergence via a Finite Set.
However, the fact that AYV(a,a) < 1 can only guarantee a ”conservative”
non-expansive contraction rather than a desirable contraction of the distribu-
tional Bellman operator. This is because there will be extreme cases in the
power of series in general, although it is very unlikely to occur given a certain
MDP in practice. For example, denote the non-constant factor as g, for the
k-th distributional Bellman update, where ¢, < 1. We can construct a coun-
terexample as g, = 1 — 1/(k + 2)% In this case, II;%q = (33)(32)--- >0
instead of the convergence to 0 and the non-zero limit can not guarantee the
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contraction. It also intuitively implies that iteratively applying distribution
Bellman operator under W, . may not lead to convergence n general by consid-
ering all possible return distributions given the non-constant factor AV (a, a).
Although we know these extreme cases are very unlikely to happen, we have to
rule out these extreme cases for a rigorous proof. As we have the assumption
of a finite set of probability measures, the set of {A\.(U,V)} is also finite. As
the real set is dense, we can always find a positive constant that can be used as
the contraction factor. Alternatively, we can directly use the supyy A-(U, V)
as the uniform upper bound across the whole set of interested probability mea-

sures. Under this condition, we can immediately find a universal upper bound

of AUV (a,):

sup AP (a,0) = a]* + (1 = Ja|") sup A, (U V)

)

= la|*(1 —sup Ae(U, V) +sup A (U, V) (5.22)
AT

UV

= A.(a, )

where the upper bound supy; AYV(a, a) has an interpolation form, which can
be viewed as the convex combination between |a|* and 1 with the coefficient
supyy Ae(U, V) determined by the probability measure set. More importantly,
supyy APV (a, a) is strictly less than 1, which is guaranteed by the finite set
of {\.(U,V)} thanks to a finite set of interested probability measures. Finally,
we have the variant of scale-sensitive property as follows, where the factor

A.(a,a) depends on «, a and the probability measure set.

Wee(aU,aV) < Acla, )W, (U, V). (5.23)

5.8.5 Proof of Theorem 10

¢ — 0 and ¢ = —k,. We study the uniform convergence when ¢ — 0. The
proof is summarized from the optimal transport literature [36, 31] and we
here provide the detailed proof for completeness. On the one hand, W, >
[(x — y)*dII*(z,y)dedy > WS as KL > 0. We want to provide the inequality

on the other side. Denote II" as the minimizer in the Wasserstein distance W¢.
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For any § > 0, there always exists a joint distribution II° such that
[@-yratey - [-prarel<s G2

and KL(IP|u®v) < +oo, ie., [(x—y)*dl’(z,y)— [(z—y)*dll'(x,y) < §. One
possible way to find II° is provided in notes of Lecture 6 in Optimal Transport

Course® and we invite interested readers for reference. It follows that

We <Wee < [ (o= ) dIl(5,0) + KL 5 0)
(5.25)
< [ ydey + 5+ KLAP @),

where the RHS [(z —y)*dIl'(z,y)+0+eKLI|p®v) — [(z—y)*dll'(z,y)+
d=W+6ase— 0. As 6 > 0 is arbitrary, combing the two sides, it shows
that W, . = W ase — 0. Thus, Sinkhorn divergence maintains the properties
of Wasserstein distance when ¢ — 0.

When ¢ = 0, it has been shown that W, can guarantee a 7y-contraction
property for distributional Bellman operator [9]. The crux of proof is that W,

is y-scale sensitive:

Wa(al,aV) = ( inf / (g dH(w,y))l/a

IleIl(aU,aV)
<af it / o grdi(ey) (5.26)
—  \Ien(u,v) 4 4

= aW,(U,V),

where the inequality comes from the change of optimal joint distribution.
Therefore, W, (aU,aV') < aW, (U, V) guarantees a y-contraction property for
the distributional Bellman operator. As such, for W<, when ¢ = 0, it sug-
gest that W.o = W< corresponds to a y*-contraction for the distributional

Bellman operator T7.

3https://lchizat.github.io/ot2021orsay.html
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e = oo and ¢ = —k,. Our complete proof is inspired by [82, 36]. Recap
the definition of squared MMD is

E [k (X, X)] +E[k(Y,Y)] - 2E[k(X,Y)]. (5.27)

When the kernel function & degenerates to an unrectified k. (x,y) := —||lx—y||*
for o € (0,2), the squared MMD would degenerate to

2E[|X —Y||* — E[|X - X'||* —E|Y —Y'||° (5.28)
where X, X’ R 1w, Y, Y’ Sy and X, XY, Y’ are mutually independent.
On the other hand, by definition, we have the Sinkhorn loss as

We oo (s V) = 2We oo (11, V) = Weoo (11 1) = Weoo (v, V). (5.29)

Denoting TI. be the unique minimizer for W, it holds that II. — u ® v
as € — oo, which is the product of two marginal distributions. That be-
ing said, Weoo(it,v) — [c(z,y)du(z)dv(y) + 0 = [c(z,y)du(z)dv(y). One
important proof insight here is although ¢ — +oo, the KL term tends to
zero, which is faster than . Therefore, the whole reqularization term still
tends to 0 as ¢ — +oo. If ¢ = —k, = |z — y||* we eventually have
W hooo(psv) = [z — yl|*dpu(z)dv(y) = E[|X — Y||*, where g and v can
be inherently correlated, although the minimizer degenerates to the product

of the two marginal distributions. Finally, we can have
W koo = 2EIX = Y|* —E[|X - X|* - E[[Y — Y'||*, (5.30)

which is exactly the form of squared MMD with the unrectified kernel k.. Now
the key is to prove that I, = p ® v as ¢ — co. We now give the detailed

proof.

Firstly, it is apparent that W..(u,v) < [c(z,y)du(z)dv(y) as p@ v €
II(p,v). Let {ex} be a positive sequence that diverges to oo, and II; be
the corresponding sequence of unique minimizers for W, .. According to the
optimality condition, it must be the case that [ ¢(z,y)dIIy+e,KL(IL, p@v) <
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[ e(z,y)dp ® v+ 0 (when I(p,v) = p ® v). Thus,

1
KL (I, p@v) < — (/cdu@y—/cdﬂk) — 0.
€k
Besides, by the compactness of II(x, v), we can extract a converging sub-

sequence II,, — Il.. Since KL is weakly lower-semicontinuous, it holds that
KL (I, p @ v) < klim inf KL (II,,, , pn ®@ v) = 0
— 00

Hence 11, = ¢ ® v. That being said that the optimal coupling is simply the
product of the marginals, indicating that II. — y ® v as € — co. As a special

case, when a = 1, W,kl,oo(u, v) is equivalent to the energy distance
dp(X,Y) =2E|X - Y| - E[|X - X'|| - E||Y = Y| (5.31)

In summary, if the cost function is the rectified kernel k,, it is the case that
W 4. converges to the squared MMD as ¢ — oco. According to [77], T™ is
7*/2-contractive in the supremal form of MMD with the unrectified kernel k.
As W..(u,v) — MMD;, (p,v), which is a squared MMD instead of MMD, it
implies that T™ is y*-contractive under the squared MMD / W, .

e € (0,400) and ¢ = —k, In the proof of Proposition 12, we have shown
that the Sinkhorn loss W, . satisfies the sum-invariant (I) and a new variant

of scale-sensitive properties as follows:

Weel A+ U, A+ V) < W..(U,V)

(5.32)
W..(aU,aV) < Ac(a,)W...(U,V).

The Sinkhorn divergence W... is defined by additionally subtracting two self-
distance terms (W, (p, 1) and W,..(v,v)) based on W, . (1, v) in order to guar-
antee the non-negativity, tri-angularity and metric properties. These two self-
distance terms do not change the (I) and (S) properties when extending W, .
to WQE, and some proof techniques can refer to Section 2 in [31]. The only

difference is that the scaling factor will be A_ ’V(a, «), which is the counterpart
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of Eq. 5.21 satisfying
Wee(al,aV) < A (a, )W, (U, V). (5.33)

where AL (a, @) = |a|*(1 — A(U, V) + A(U, V) € (|a|*, 1) for e € (0,+00)
and a < 1 due to the fact that A\.(U, V) € (0, 1) for any non-trivial W, .(U, V).
The new ratio A\ (U, V) = % € (0,1) for any considered U,V with
measures i, v in the interested probability measure set. In particular, in the
context of distributional RL, the set of interested probability measures would
be the return distribution set of {Z(s,a)} for s € S and a € A in a given finite
MDP. We now want to find the universal upper bound A, (a, «), defined by

A(a,a) = |a|*(1 —sup A (U, V) +sup A\ (U, V)) € (|a]*, 1). (5.34)
UV Uy

Following the proof in Appendix 5.8.4, the finite MDP guarantees a finite ratio
set of {\-(U,V)}, and thus we can find a universal upper bound X" of the ratio
set such that {A\.(U,V)} < A" < 1. This also implies that supy.y A-(U, V) €
(0,1) and thus the scaling factor A.(a, @) € (Ja|®, 1), which is strictly less than
1. Therefore, we have the (I) and (S) properties of W, :

Wee(A+UA+V)<W,.(UV
e ) < . (U,V) (5.35)

Wee(aU,aV) < A (a, )W, (U, V).

Putting all together, we now derive the convergence of distributional Bellman
operator " under the supreme form of W,., i.e., WZC;

W?E(T”Zl, T Zs) = sup We o (T"Z1(s,a),T" Zs(s,a))
S,a

up Wee(R(s,a) +vZ1(s',a’), R(s,a) + vZ2(s,d))

“’U

S?

(a) __
< We E(WZI(S/ a/) '722(3/aa/))

b)f S a S ll ey
< DA O W (24(5, '), Za(s )

Zl(g @), 22(s"sa )(%a) supWec(Z1(s',d'), Za(s',a’))

(5.36)
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where the inequality (a) is based on the sum invariant property (I) of Sinkhorn
divergence. (b) is based on the new variant of scale-sensitive property (S) of
Sinkhorn divergence and the leverage of ¢ = —k,. Notably, A.(y,a) € (7|, 1)
is an MDP-dependent constant, also determined by v,e and «. As such, we
conclude that distributional Bellman operator is at least A.(7, a)-contractive,
where the contraction factor A.(7,a) is strictly less than 1 in a given finite
MDP. Based on Banach fixed point theorem, we have a unique optimal return

distribution by iteratively applying T™ in distributional dynamic programming.

5.8.6 Proof of Corollary 2

Proof. The contraction conclusion that extends to the multi-dimensional re-
turn distributions is straightforward. As the definition of Sinkhorn divergence
inherently allows the multi-dimensional measures, the sum-invariant and the
variant of scale-sensitive properties hold naturally. Specifically, after recap-
ping to proof of these properties, we only need to change c¢(x,y) = (z —y)“ to
c(x,y) = ||x — y||* and re-define two d-dimensional random vector U and V
with the d-dimensional probability measure p and v. Therefore, the (I) and

(S) properties in the multi-dimensional reward settings are:

Wee(A+U,A+V) <W. (U, V), W, (aU,aV) <A (a, )W, (U, V),

(5.37)
where A is a d-dimensional random vector independent of U and V. By
leveraging these two properties, we now derive the convergence of distribu-
tional Bellman operator 7 under Wzoa in the joint return distribution setting.
Given two d-dimensional return distributions Z; and Z,, we have

Wfs(‘zgzl, T0Zo) = sup W, (T7Z1(s,a), T Z(s,a))
s,a

supWe o (R(s,a) +vZ1(s',a'), R(s,a) +yZ2(s',a’))

S

)

(a) __
S WC,E (’721 (3/7 a/)a ’YZQ (Sl7 a/)>

o (5.38)
b) s a s’ a o
< R2CED 0 W, (24(s, ), Ba(s )
< sup A2 B (o) sup W (Zu (5, ), Za (s, )
S/7a/ S/,CL/

= ZE (77 O‘)W?e(zlv ZQ)
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where the inequality (a) is based on the sum invariant property (I) of Sinkhorn
divergence that cancels the additive d-dimensional random vector R(s, a). (b)
is based on the new variant of scale-sensitive property (S) of Sinkhorn di-
vergence and the leverage of ¢ = —k,, where the contraction factor A.(v, )
will depend on the set of d-dimensional probability measures/distributions.
Notably, the analysis of A.(y, a) in the one-dimensional return setting estab-
lished in Appendix 5.8.4 and Appendix 5.8.5 is also applicable in the multi-

dimensional setting. O

5.8.7 Algorithm: Sinkhorn Iterations and Sinkhorn Dis-
tributional RL

Input: Two samples sequences {Zi}i]il , {TZj}jyzl, number of
iterations L and hyperparameter €.
é@j = C(Zi,sz) for Vi = 1, ceey N,j = 1, ,N
ICZ'J = exp(—ém/g)
bo < 1N
for/=1,2,....L do
a; < _}C]l;l]\i17 bl < ’é_];l
end for

Wee ({235 ATZYL,) = (K © 2)b,a)
Return: W, (tZ3 52,3

Algorithm 3: Sinkhorn [terations to Approximate
Y N N
Wc,z—: ({Zi}izl J {(SZJ'}J‘:l)

Given two sample sequences {Z;}Y |, {‘IZj}jvzl in the distributional RL

algorithm, the optimal transport distance is equivalent to the form:

min {(P,&); Ply =1y, P'1y =15}, (5.39)

NXxN
PeRY

where the empirical cost function is ¢ ; = ¢(Z;, TZ;). By adding entropic reg-

ularization on optimal transport distance, Sinkhorn divergence can be viewed
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to restrict the search space of P in the following scaling form:

P’i,j = CLZ"CZ'ij, (540)

where K;; = e~%4/¢ is the Gibbs kernel defined in Eq. 5.3. This allows us

to leverage iterations regarding the vectors a and b. More specifically, we

initialize by = 1y, and then the Sinkhorn iterations are expressed as

where - indicates an entry-wise division.

1y
)
ICTCLZH

1y
ajp1 — —— and by

o (5.41)

Algorithm 3 and the generic update of Sinkhorn Distributional RL in Algo-

rithm 2, we provide a full version of Sinkhorn Distributional RL in Algorithm 4.

Combining Sinkhorn Iteration in

Require: Number of generated samples N, the kernel k (e.g., unrectified

1:
2:
3:

10:
11:

kernel), discount factor v € [0, 1], learning rate «, replay buffer M, m
network Zy, target network Zy-, number of iterations L, hyperparame
e, and a behavior policy m based on Z, following an e-greedy rule
Initialize 6 and 6* < 0
fort=1,2,... do
Take action a; ~ 7(-|s¢; 6), receive reward rp ~ R(-|s¢, a;), and obser
e ~ P(o]st, ar)
Store (s, ag, ri, Se41) to the replay buffer M
Randomly draw a batch of transition samples (s, a,r, s") from the
replay buffer M
Compute a greedy action: a* = arg max, ¢ 4 % le\il Zg« (8, d');
Compute the target Bellman return distribution:
RZ; —r+vZpe (s',0%), ,V1<i <N
Evaluate Sinkhorn divergence via Sinkhorn Iterations in Algorithm

Wee <{Ze(5> a)i}isy s {sz}j'\]:1>
Update the main network Zj:

00— VW, ({Zo(s, )}, A2},
Periodically update the target network 6* < 6

AN
ter

end for

Algorithm 4: Sinkhorn Distributional RL
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5.8.8 Learning Curves on 55 Atari Games
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Figure 5.6: Part 1. Learning curves of SinkhornDRL on 55 Atari games after

training 40M frames over 3 seeds.
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Figure 5.7: Part 2. Learning curves of SinkhornDRL on 55 Atari games after
training 40M frames over 3 seeds.
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5.8.9 Raw Score Table Across 55 Atari Games

GAMES RANDOM HUMAN | DQN C51 QR-DQN MMD-DQN SinkhornDRL
Alien 211.9 71277 1030 1510 1030 1480 1560
Amidar 2.34 34 677 510 588
Assault 283.5 12943 3295 2960
Asterix 268.5 11500 14900 6500
Asteroids 1008.6 47,388.7 1180 1650 1080 1370
Atlantis 22188 29,0281 | 15500 84900 3316700 93600 3447100
BankHeist 14 3.1 570 960 980 880 700
BattleZone 3000 37,187.5 | 15000 19000 26000 35000 32000
BeamRider 414.3 16,926.5 8200 7476 7642 25602 6022
Berzerk 165.6 2,630.4 970 650 640 860 910
Bowling 23.48 160.7 54 43 60 60 60
Boxing -0.69 12.1 94 90 100 100 100
Breakout 15 30.5 343 452 414 432 418
Centipede 2064.77 12,017.0 7551 4133 5388 9342 4070
ChopperCommand 794 7.387.8 1500 3600 3500 3600 3400
CrazyClimber 8043 35,829.4 | 94300 153100 139500 98500 137400
DemonAttack 162.25 1,971.0 | 31420 50240 240660 407030 105185
DoubleDunk -18.14 -16.4 -16 -20 -18 -22 -12
Enduro 0.01 860.5 1387 1086 1972 1953 4608
FishingDerby -93.06 -38.7 23 -1 31 31 61
Freeway 5 31 32 34 33 34
Frostbite 3330 3690 3470 3250 2640
Gopher 11400 14780 5440 3740 6620
Gravitar 350 350 750 350 500
Hero 3440 8535 10155 7195 5
IceHockey -13 -10 -4 -3

Jamesbond 350 600 650 450

Kangaroo 1300 6500 14600 14800 3600
Krull 8892 9336 10053 7762 9630
KungFuMaster 46500 38000 27900 26900 43600
MontezumaRevenge 1 400 1 1 1
MsPacman 3230 2440 1860 3130 5120
NameThisGame 6160 5750 13580 9350 11250
Phoenix 9430 18780 9390 25690

Pitfall 1 1 1 1

Pong 21 20 20 21

PrivateEye 100 100 100 100

Qbert i 7425 16375 7800 16225

RiverRaid 1575.4 17.118.0 8470 13310 8710 9190

RoadRunner 7 7,845.0 | 45500 60900 52500 45600

Robotank 2.24 11.9 8 11 58 39

Seaquest 88.2 42,054.7 1740 5940 2640 7370

Skiing -4,336.9 | -13681  -20495 -29970 -8986

Solaris 346. 12,326.7 1640 660 2200 3380

Spacelnvaders 136.15 1,668.7 940 2480 1170 70

StarGunner 631 10,250.0 1200 17200 52900 52500 57500
Tennis -23.92 -8.3 -23 -1 -7 -8 5
TimePilot 3682 5,229.2 800 4100 4400 8000 4500
Tutankham 15.56 167.6 201 213 220 141 137
UpNDown 604.7 14560 18440 13710 27370 18910
Venture 0.0 1 1 1 1 700
VideoPinball 15720.98 155165 576843 189460 69175 347700
‘WizardOfWor 534 1400 2400 14300 11500 4300
YarsRevenge 3271.42 28048 7882 17729 0 9120
Zaxxon 8 1 3900 9100 4300 19500
Number of Best 4 12 15 13 17
Number of Second Best 6 7 10 8 16

Table 5.2: Best score of all algorithms over 3 seeds across 55 Atari games after
training 40M Frames. Bold denotes the best performance, while the underline
represents the second best performance. The number of games with the best and
second best performance substantiate the superiority of our SinkhornDRL across all
considered baseline algorithms.
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5.8.10 Features of Atari Games

GAMES Action Space | Dynamics
Alien 18 Complex
Amidar 6 Simple
Assault 7 Complex
Asterix 18 Complex
Asteroids 4 Simple
Atlantis 4 Simple
BankHeist 18 Simple
BattleZone 18 Simple
BeamRider 18 Complex
Berzerk 18 Complex
Bowling Continuous Simple
Boxing 6 Simple
Breakout 4 Simple
Centipede 18 Complex
ChopperCommand Continuous Complex
CrazyClimber 18 Complex
DemonAttack 18 Complex
DoubleDunk 18 Simple
Enduro 9 Simple
FishingDerby 18 Simple
Freeway 3 Simple
Frostbite 18 Complex
Gopher 18 Simple
Gravitar Continuous Complex
Hero 18 Simple
IceHockey Continuous Simple
Jamesbond 18 Complex
Kangaroo 18 Complex
Krull 18 Complex
KungFuMaster 18 Complex
MontezumaRevenge 18 Complex
MsPacman 9 Simple
NameThisGame 18 Complex
Phoenix 18 Complex
Pitfall 18 Complex
Pong 3 Simple
PrivateEye 18 Complex
Qbert 6 Complex
Riverraid 18 Complex
RoadRunner 18 Simple
Robotank 9 Simple
Seaquest 18 Complex
Skiing 9 Simple
Solaris 18 Complex
Spacelnvaders 6 Simple
StarGunner 18 Complex
Tennis 18 Simple
TimePilot 18 Complex
Tutankham 18 Complex
UpNDown 18 Complex
Venture 18 Complex
VideoPinball 6 Simple
WizardOfWor 12 Complex
YarsRevenge 18 Complex
Zaxxon 18 Complex

Table 5.3: Number of Action space and difficulty of environmental dynamics of 55
Atari games.
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5.8.11 Sensitivity Analysis and Computational Cost

Breakout . Breakout Breakout Seaquest
20000 — giq
— £=10
00 £2100 i
o o

5000 MMD

, — &0
— €=1000

Pl illa . N

Y
MMV
w

v

500 g
£=10

£=100
£=500

c
4
o
g
z

Average Return

035 40 0 5 10 15 20 25 30 35 40 S 1015 20 25 30 35 40 0 s 10 15 20 25 30 35 40
Millions of Frames (M) Millions of Frames (M) Millions of Frames (M)

510 15 20 25
Millions of Frames (M)

(a) Small ¢ vs QR- (b) Large ¢ vs MMD- (c) € on Breakout (d) € on Seaquest
DQN DQON

Figure 5.8: (a) Sensitivity analysis w.r.t. a small level of ¢ SinkhornDRL to
compare with QR-DQN that approximates Wasserstein distance on Breakout. (b)
Sensitivity analysis w.r.t. a large level of € SinkhornDRL algorithm to compare with
MMD-DQN on Breakout. All learning curves are reported over 2 seeds. (c) and (d)
are results for a general € on Breakout and Seaquest, respectively.

More results in Sensitivity Analysis

Decreasing . We argue that the limit behavior connection as stated in
Theorem 10 may not be able to be verified rigorously via numeral experiments
due to the numerical instability of Sinkhorn Iteration in Algorithm 3. From
Figure 5.8 (a), we can observe that if we gradually decline ¢ to 0, Sinkhorn-
DRL’s performance tends to degrade and approach QR-DQN. Note that an
overly small € will lead to a trivial almost 0 K; ; in Sinkhorn iteration in Al-
gorithm 3, and will cause % numerical instability issue for a; and b; in Line 5
of Algorithm 3. In addition, we also conducted experiments on Seaquest, a
similar result is also observed in Figure 5.8 (d). As shown in Figure 5.8 (d),
the performance of SinkhornDRL is robust when ¢ = 10, 100, 500, but a small

€ = 1 tends to worsen the performance.

Increasing €. Moreover, for breakout, if we increase ¢, the performance of
SinkhornDRL tends to degrade and be close to MMD-DQN as suggested in
Figure 5.8 (b). It is also noted that an overly large € will let the K; ; explode
to co. This also leads to the numerical instability issue in Sinkhorn iteration

in Algorithm 3.
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Samples N. We find that SinkhornDRL requires a proper number of samples
N to perform favorably, and the sensitivity w.r.t N depends on the environ-
ment. As suggested in Figure 5.9 (a), a smaller N, e.g., N = 2 on breakout has
already achieved favorable performance and even accelerates the convergence
in the early phase, while N = 2 on Seaquest will lead to the divergence is-
sue. Meanwhile, an overly large N worsens the performance across two games.
We conjecture that using larger network networks to generate more samples
may suffer from the overfitting issue, yielding the training instability [11]. In

practice, we choose a proper number of samples, i.e., N = 200 across all games.

w00 Breakout Seaquest
—— Samples=2 20000 —— Samples=2
c 500 c
5 —— Samples=5 5 —— Samples=5
© 400 . @ 15000 Samples=20
o 3 —_— x —— Samples=200
o 300 @ 10000
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20 E 5000
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(a) Samples on Breakout (b) Samples on Seaquest

Figure 5.9: Sensitivity analysis of Sinkhorn in terms of the number of samples NV
on Breakout (a) and Seaquest (b).

More Games on StarGunner and Zaxxon. Beyond Breakout and Seaquest,
we also provide sensitivity analysis on StarGunner and Zaxxon games in Fig-
ure 5.10. It suggests overly small samples, e.g., 1 and overall large samples
tend to degrade the performance, especially on Zaxxon. Although the two
games are robust to ¢, and we find a small or large £ hurts the performance
in Seaquest. Thus, considering all games, we set samples 200, and ¢ = 10.0
in a moderate range across all games, although a more careful tuning in each

game will improve the performance further.

Comparison with the Computational Cost We evaluate the compu-
tational time every 10,000 iterations across the whole training process of all

considered distributional RL algorithms and make a comparison in Figure 5.11.
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Figure 5.10: Sensitivity analysis of SinkhornDRL on StarGunner and Zaxxon in
terms of €, and number of samples. Learning curves are reported over 3 seeds.

It suggests that SinkhornDRL indeed increases around 50% computation cost
compared with QR-DQN and C51, but only slightly increases the cost in con-
trast to MMD-DQN on both Breakout and Qbert games. We argue that this
additional computational burden can be tolerant given the significant outper-

formance of SinkhornDRL in a large number of environments.

In addition, we also find that the number of Sinkhorn iterations L is neg-
ligible to the computation cost, while an overly large sample N, e.g., 500, will
lead to a large computational burden as illustrated in Figure 5.12. This can
be intuitively explained as the computation complexity of the cost function
cij is O(N?) in SinkhornDRL, which is particularly heavy in the computation
if N is large enough.

Breakout Qbert

2
0

DQN QR-DQN C51 MMD Sinkhorn

H]
8
2

g B

g

Average Computation Time

Average Computation Time

" DQNQR-DQN C51 MMD Sinkhorn

Figure 5.11: Average computational cost per 10,000 iterations of all considered
distributional RL algorithm, where we select € = 10, L = 10 and the number of
samples N = 200 in SinkhornDRL algorithm.
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Figure 5.12: Average computational cost per 10,000 iterations of SinkhornDRL
algorithm over different samples.

5.8.12 Experimental Setting in Multi-dimensional Re-

turn Distributions

Reward Structure and Decomposition. In practice, the reward func-
tion can be multi-dimensional [104, 62, 64, 23, 117, 63], where distributional
RL is aimed at modeling multivariate return distribution with multiple re-
ward sources. We follow the multi-dimensional return distribution setting
in [117], which construct six Atari games with multiple sources of rewards
by decomposing the scalar-valued primitive rewards into multi-dimension. For
completeness, we introduce the respective reward structure and the decompos-
ing method of the six considered Atari games, including AirRaid, Asteroids,
Gopher, MsPacman, UpNDown, and Pong. The reward is decomposed while

keeping the total reward unchanged.

e AirRaid. For primitive rewards, the agent kills different kinds of mon-
sters and then receive discrete values of the rewards. The scalar-based
primitive rewards are decomposed into four dimensions. The agent will
get multi-dimensional rewards [100, 0, 0, 0], [0, 75, 0, 0], [0, 0, 50, 01,0,
0, 0, 25], [0, 0, 0, 0] respectively for the primitive reward 100, 75, 50, 25
and 0.

e Asteroids. For primitive rewards, the agent kills different kinds of

monsters and then receive values of the rewards. We denote the prim-
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itive reward as r, and decompose it into the three-dimensional reward
as [ry,ro,r3]. If (r —20) mod 50 = 0, we let r = 20, otherwise r, = 0.
If (r —ry —50) mod 100 = 0, we let ro = 50, otherwise 5 = 0. We let

rs =r—"r1 —7To.

Gopher. For primitive rewards, the agent gets +80 reward for killing a
monster and +20 reward after removing holes on the ground. We denote
the primitive reward as r, and decompose it into the two-dimensions as
[r1,79,]. If (r —20) mod 100 = 0, we let r; = 20, otherwise r; = 0. We

let ro =7 — 1.

MsPacman. The agent gets {+200, 4400, +800, 41, 600} rewards after
killing different monsters and 410 rewards after eating beans. In the
reward decomposition, we decompose primitive reward denoted as r into
four dimensions [ry, 7y, 73,74]. If (r — 10) mod 50 = 0, we let = 10,
otherwise r; = 0. If (r —r; —50) mod 100 = 0, we let ro = 50, otherwise
ro = 0. If (r —r; — 7y — 100) mod 200 = 0, we let r3 = 100, otherwise

rs =0. Welet ry =r —ry —ry —rs.

Pong. For primitive rewards, the agent gets +1 if it wins a round, and
—1 for losing the round. We decompose the reward into two-dimension:
the agent will get [—1,0] for a —1 reward, [0, 1] for a +1 reward; other-
wise, [0, 0].

UpNDown. For primitive rewards, the agent gets +400 reward for
killing an energy car, +100 for reaching a flag, and +10 reward for being
alive. We denote the primitive reward as r, and decompose it into the
three-dimensional reward as [ry, ro, r3). If (r — 10) mod 100 = 0, we let
r1 = 10, otherwise r; = 0. If (r—r; —100) mod 200 = 0, we let 5 = 100,

otherwise 1, = 0. We let 3 =r —ry — ro.

Detailed Experimental Setup. Our implementation extends our code

in one-dimensional return setting to multi-dimensional return scenario and

adopts the key aspects in [117]. For instance, similar to [117], we leverage a

clipping reward normalizer to clip the multi-dimensional rewards into [—1, 1]
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after applying the reward decomposition procedure mentioned above to the
primitive rewards. We keep the same model architecture except only modi-
fying the output of the last layer from (B, |A|, N) to (B, |A|, D, N), where B
is the batch size within each batch training, and D is the dimension of the

decomposed mutivariate reward function in each game.

Baseline Algorithms. Quantile regression can be used to approximate 1-
Wasserstein distance in one-dimensional setting [22] as the one-dimensional
Wassertein distance has a closed-form expression via the quantile function.
However, it remains elusive how to use quantile regression to approximate
multi-dimensional Wasserstein distance. This is to say, it is still unclear how
to extend the quantile regression distributional RL (QR-DQN) into multi-
dimensional return distribution setting, resulting in no proper baseline in our
experiment. Despite that, we directly compare SinkrhornDRL with MMD-
DQN [77] as MMD is applicable and computationally tractable in the multi-
dimensional setting. Notably, we did not introduce other baselines, such as
Hybrid Reward Architecture (HRA) [104], or MD3QN [117]. This is because 1)
[117] shows that their proposed MD3QN and HRA do not outperform MMD-
DQN in most of the six Atari games. By contrast, as suggested in Figure 5.4,
our SinkhornDRL has already surpassed MMD-DQN across almost all the con-
sidered games, and thus excels over MD3QN and HRA, correspondingly. 2)
The primary focus of our study is the comprehensive advantages of Sinkhorn-
DRL over other distributional RL classes, especially in the more common
setting within one-dimensional return distributions. The extension capability
of SinkhornDRL into the multi-dimensional reward setting is one of its merits,

which is not the primary focus of our study.
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Chapter 6

Conclusion and Future Work

In conclusion, this thesis significantly advances the field of distributional re-
inforcement learning by investigating its theoretical advantages—through the
lens of regularization, exploration, optimization, and robustness—and by in-
novating a novel algorithm class that incorporates insights from the optimal
transport literature. We start by interpreting the advantages of being cat-
egorical distributional as a form of decomposed regularization effect, which
promotes exploring states where the environmental uncertainty is largely un-
derestimated. Further, we address the question: how does return distribution
in distributional RL help the optimization? We examine this issue from the
perspectives of uniform stability and acceleration effect in the optimization
process. Additionally, we assess the training robustness of distributional RL
against both random and adversarial noisy state observations, establishing
the state-noisy MDP as a foundation for future robustness analyses in RL.
Lastly, we propose a novel family of distributional RL algorithms based on
Sinkhorn divergence, demonstrating competitive performance relative to the
typical distributional RL algorithms.

This thesis also sets the stage for numerous promising research avenues.
Firstly, it remains elusive whether it is feasible to extend the uncertainty-aware
exploration, desirable optimization, and robustness properties in categorical
distributional RL to more general algorithm classes. Although this extension
is natural and instrumental, it is also considerably challenging, given that the

analytical techniques in other classes, such as QR-DQN, are highly different
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from CDRL. Moreover, it would also be crucial to investigate the advantages of
distributional RL from additional perspectives, such as representation, and to
develop more advanced distributional RL algorithms by diving deeper into the
knowledge pools of probability, statistics, control, and optimal transport. More
broadly, it has significant potential to apply distributional learning beyond
the realm of RL to broader scenarios. Practically, it is equally essential to
establish a criterion to determine which algorithms are likely to perform best
under various conditions, thus guiding future developments and applications

of distributional RL technologies.
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