WJFCanada

*l NatlonaLLrbrary SR
- o du Canada

‘v‘\\\

N Canadtan Theses Servrce

- Ottagwa, Canada '

NOTlCE SR

" The qualtty of thls mtcrotorm is heavrly dependent upon the

quality of the original thesis. submitted for microfilming.
~ Every effort has been made o ensure: the hlghest qualnty ot
reprodurctton possrble

- If pai
the egree

- Some ,:)ages may have mdlstlnct prlnt especralt

~ ‘origina

|t the unrversrty sent us an mtenor phetocopy

KIA ON®S - R ‘.

es Are mrssmg, contact the unrversrty Wthh granted :

if the '
pages were.typed with a poor typewriter ri bonor «

B:blrothéque nattonale

Serwce des théses canaduennes :

Prevnously capynghted matenals (joumal amcles pub~

- lished tests, étc. ) are not tulmed

1.

) ,F'teprod‘uction in’r in part of this mlcroform is governed -

: bythe Canadian opynght Act, R. SC 1970 c.C- 30
B 3 4
~NL-339 /(1. 88/04) e

. soumise a la-Loi can
. 1970,¢c.C- 30 Cd

. A

AVIS

.

La q\uahté de cette mrcrotorme dépend grandement de.la ¢
qualité de la thése soumise,au micrafilmage: Nous avons

. 'tout fait pout assurer une quahté supeneure de reproduc
© - tion:

'c.'
]

- - 8 ,‘. -

sl manque- des pages, veuillez communiguer avec .

luntversné qur a contéré le. grade

La quahté d rm[)ressmn de certames pages peut ta;sser a
désirer, surtout si les-pages originales ont été daclylogra-
phiées a l'aide d'un ruban usé ou si Funiversité nous a fait -

Oparvemr une photocopre de quahté inférieure.

.Les documents qui’ font. -déja l'objet dun droit’ dauteur
(articles de revue, fests: pubhés etc) ne so_nt pas

* microfilmés, -

La reproduction meme partretle de cette mlcrotorme est 7
enne sur te drort dauteur SRC -




‘THE UNIVERSITY OF ALBERTA . °
_ e A I R I

_ON SOME NONPARAMETRIC METHODS m-ggmmx_;m '

J‘..-

G ', ’ A THESfS B
Wﬁso TO THE FACULTY OF GRADUATE STUDIES AND' RESEARCH -
N PARTIAL FULFILMENT or' n@-: REQUIREMENTS FOR THE- DEGREE .

OF MASTER OF SCIENCE

DEPARTMENT OF STATISTICS/& APPLIED PROBABILITY T S

-
N

-“EDMONTON, ALBERTA °

y  FALL, 198/



-fPermission has been granted»
€6 the National Library of,;g

~extensive ‘extracts from it
may be ‘printed or otherwise
reproduced : without his/her “

iy

Canada to microfilm th
thesis aﬁa to lend “or sel

2 copiee of the film.gra

. '.":"«'.J-ﬁi.

‘7The author (copyright owner)

. has reserved 'otnxer,
. publication ‘rights, and
neither the thesis - nor

,'written permission. .

- Q

 ISBN

Jd auteur)

"autres droits de pubiication-“
“ ni “la

10-315-41185%6

LN -
£
~ : e

‘rv..’u« A"

SL* autoriaation a &té accqrdéej}
a la Bibliothéque nationale . -
m”du ‘Canada . de
" cette thése et de préter ou .
.. de vendre’ dea exemplaires du_¥
3*film. S : S

nfcrofilner-

L'auteur (titulaire an droit
e réserve les

thése ni de: longs_
| ,extraita' de celle- ci
~doivent . &tre imprimés:.

ou«f

- autrement reprodaits- sans -son
-'f-autorisation écrite. .

e

.
N



Sk . '-:"\Q ‘ e

b S

THE UNIVERSITY or ALBERTA B e

PR “LFASE F°R“ R
ETRIC METHODS: IN ‘REILIABILITY

SAME. OF 'AUTHOR: : » MICHAEL .GUOZ -
- TITLE OF THESIS: oN SOME Néué‘

':-._.':TffDEGREE MASTER OF SCIENCE rorn el ey

hal

ﬂnyAn THES ‘oscm-:z GRANTED: _1;9_3_7 -

Y ' e "," B T
‘ V-l., , ["’.. RO R ST *%.*

'to reproduce single cbpies of this thesis and to lend ot sell such

»copies for private,,scholarly o’ scientific research purposes only.‘ )

"‘.:’. T " B ’ ) ,)
gL The author reserves’ other publication rights, ‘and - neither the '

ftheSia'nor\extepaive“éxtradts from‘it‘may be printed or~otherwise;_

-

e reprddpce&-withoht the author's written permission.

[ $ " PERMANENT ADDRESS

N : /41/4//—/4/ WEST S/

& XL/ZHCH 7.,/..4/?/&5“' P Q WWA “;»‘

DATE: S;f\f ,... (s 95 7

ﬂf_': v-.;.Signed) | j{(‘ G?aw}v?/.\

' Permission is hereby granted to THE UNIVERSITY OF %:BERTA LIBRARYL_V'V

b;"



‘Ivtentitled—'ON‘SOME NONPARAMETRIC‘METHODS IN REILIABILITY nubmitted by

o jf(f_fﬁf. - N e UNIVERSITY UF ALBERTA

B

- L Xi e “é
' THE FACULTY OF GRADUATE STUDIES AND RESEARCH

R ) .
1-" A 1

\\/ B ; ‘:.'“. N : B B \“-‘ "i‘ \ ,. o _‘\ .. . ' B - -’..v

‘f&; The’ undersigned certify that they have rea& and recommend—to the

\

I'Faculty of Graduate Studies and Reseerch gbr acceptance, a thesis

- ‘ N

',f':, M..' : -

MICHAEL GUOQING LU in partial‘;ultilment of the requirements for the

degree of MASTER OF SCIENCE iq STATISTICS AND APP&.IED PROBABILITY.

-x.l e ‘”\{ S

[P

fie Tk, //"» /l‘_,a o ‘i-',‘ Sy
N N B 'ﬂ

ISuperyiso}f e'

ey,

.




LU BAO-HONG ‘and WANG ‘CHANG-ER .’

“my parents’ 7. [

-

'Dédigated‘to-.A:'

e

.‘. - <
S S
2 . . ;




YN

e

We present a unified apptoach for the(,gx:m
S ’ L‘/V‘Jr'
'_'_NBU-t and NBU classes. In addiuort '
introduce some gr‘aphical\\t:echniques féf
, v R R RS
L L R

e ?};:“

We “also established some weak,f
.5. & : ‘

Lo

Py

"'
12 NS,
S L
Y q L . . f

IS
T R i

-\



Lastky,

" L‘

; e
TChriscin &Fischér for typing/ihis mapuscript efficiently 1n a

relativaly\shorﬁ time.
. - |

butsnot 1east I wish to thank Mrs. Laura Heiland and Wrs.

Ce -

PR

viooo ' L



FORWORD S R  .  ,‘.  1
) N R T e v

CTI. INTRODUCTION . o s
I1. - PRELIMINARIES ~~ . = - E L S

-+ IIL.} ON TESTING, FOR THE NBU-t  CLASS e 16

3.1 Incroduction o " " L 16
. . : . . L Ty

3. 2 NBU—t Processes = B SRR p 3@6 *'% :

-3 3 On the Asymptotic Theory of NBU—t Processes : @j@s .

,qﬁ 4 On Testing for the . NBU—t' Clags .~ s E =T

RN

3.5 A Graphical Approach - ; “ ! -"‘i‘_f e '§1_27'n”
PR i . ) K e ;‘ o AN )

-

o

Iv.” ON TESTING fbk'&EU'CLAss e R | - ;32
;4.1"‘I_h:fot‘1t'1§tion‘“.v R o “".‘.32
.‘452,'&BU,Pro§ess"'" BT o ‘ ."i'. 32
2%3"6n'£;§ Asymbtotic‘TheOry foruNBhiPrqceséeéi‘, - ." 34
 “4;4‘ On Tescing fer the NBU Class '~_ B '4_ ;‘.‘_'42:'*
.,g\' o ‘4.5 "A Graphical Approach v A . - , R - IIVSi :

Q@ SMOOTH QUANTILE AND PERCENTILE RESIDUAL LIFETIHE =
 PROCESSES S i A ERNET B

5 1 Introduction o "E ' gf} T
5 é% On Kernei-type Quantile Processes f B 60
Qo » . - . ,

4, " »

e T - . . s



w

Processes

5 4 'Uh Kernel-type Quantile P:_ : ; ﬂ:eg'Rahdom .

£
A2

5. ﬁ On Kernel-type Percentile Residual Lifetime

Gensotship

" Ptocesses Undet Random Censorship ' ‘ 
| FIGURES AND TABLES - - 7

REFERENCES .

;lyiii‘

’5\

PAGE - -

B

84 -

93

103

110



- ,has stochastically greater life than a used item. L

, ],Uu . ';f' j'ﬂg‘

In reliability theéry,.a number of classes of life distributions

7<jare defined based on different notions of aging. A large number,of

SR g
"jthese claases is surveyed in Hollander and Proschan (1984) 'R,cently,

~ﬂ~—~

’vHollander et al. (l§86) introduced the class NBU—t 1 of new better thet
"nsed of- age.t distributions. The NBU—t property states that a’ new .

"item has stochastically greater life than a used item of age L

LI

: fHoliander et. al. (1986) showed that the NBU- ,1 class properly

.contains the NBU class, where'the NBU property states that a new item

0
I

e IR
40 the statistical theoryﬁof reliability and life testing, .

“1nonparamettic testsafor severalrclasses of life'distrihutions-arefﬂi
7available.‘ Goodness-of-fit tests for .the NBU and NBU-t '-Claases are

in the focus of this thesis.v S

«

- As to the problem of testing for the NBU class, ve - have a number
‘ of tests.. The J-test of Hollander and Proschan (1972), the test of

~.Koul (1977) and a class of tests of Koul (1978) Commenting on the

50 o .
first two tests we note that the telation hetween them and the real

nature of each of them . are very implicit. _ S
. \,‘ . ,‘ P ‘

. In Chapter 4, we present a: unifiedva'; h to the problem of

'(1972) and Koul (1977) arefspec{al casea of ‘our. results. In addition,

. ve present some graphical exploratory data analysis techniques for the

fC e e 2



.. ‘Bame problem;r o 'h”'iﬂ~
. e - T

In Chapter 3 we consider the problem of . {:sting for. the NBU- o

fclaas. We!present a unified approach which con ains that of Hollander

3

t
/ et al. (1986) as a special case- ‘In addition, we propose some new R
: -\ L

tests and 1n;roduce a graphical technique for the. same problem.,

| In Chapter 2 "we present some preliminarles and in Chapter 1 we_h

o
.

e
"

\five some important definitions.J

In ‘order to be able to briefly introduce the material of Chapter

-2

s ‘.4

§, we need to introduce some additional notions. ' : i .

i Let X be a random vdriable with a cd!;inuous distribution'

function F. The-correeponding quentile function 'F_Lf of F is

defined by i

w

. iy

%,

pf}(y) ":-,inf{c:r(c) Zy}. , 0 k'y <1l
A _ o .

o The p-percentile reeid;ad'life (PkL)‘functioné, RF(xép)7,.oéﬁq :
life distribution F 1ﬁ§hthe‘value ofl:r';such thetV{: : "‘- o .@
CRE xR 20t e e, . |
R"F'(x,p)':"-‘ FLAS% F) - %, x>0, 0<pct1t, o
B ST : L E o

"'.‘-\.J\," .

o where p = l-p and ?ﬂ‘ 1-F . A
Yang (1984) atudied kernel-type estiﬁ&tors for the quantilé
functiog__F -1 and proved their poiptwise c&ﬁ?istency and asymptotic

normoiity;' The results of Yang can be extended to produce kernel—type

"‘.'. ] ' N - ’ . 1,

pﬁ' R o



.

estimators for R(x,p). Instead'of-taking-this route, in Chdpter 5, we

‘ first extend Yang\s results to obtain kerneiﬁtype,quantile%ﬁrécesses

-

f_and prove their weak convergence to a Kiefer proc%es or a sequence of

PR
4 @

'Brownian bridg“s" This result is also an’ extension of Theorem 6 of

¢ -
"»

._Csorgo, M. and Révész (1978) Next we consider kernel-type PRL

s

'processes and prove their weak convergence to ‘a Gaussia

-

extending a result of Csorgo, M. and qu\go, S. (19&§) p

process thus
..

9 - | R ‘ . ._ ',\ _ . ‘g:,o,,‘ | S
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+. 'I.. INTRODUCTION .
- ' ~ L S S Co :
“In this Chapter we present some'definitions which will be needed .

'in the sequel.

: FREE ) o

- Definition 1. 1., A life diQ‘:ibution F is a- distribution satisfying N

*'F(x) = O“ for x < 0 . The cqrresponding Survival function is defined.'

o
A Y

" Definition 1.2. A life distribution “F is mew bettet’ than used (NBU)

W T . I o . N

ey Flxehy) < FCoOF(y)  for all Txy 0.

s . [

I"'The corresponding concept ‘of a new worse than used (NWU) distribution

is defined by reversing the inequality in (1 1)
Hollander and Proschan (1972) introduced ‘the concept of NBU
.:; distribution aﬁd explained that a used NBU device of any fixed age has

:stochastically smail residual life length than that of a new device.

\., LN

Coneider the following classes of life distributions, .

-

C e

@) = (G = FGOF) s fer all xy 20}

snd'i /
NS



.»"(1.3)."_'3' ) C {F F(x+y), < F(x)F(y),ﬂ for all X, y >0 ,' .

and the inequality holds for some K,y > OP

We observe that Cd ‘consists of the Bbundafy‘meﬁberé:bfe ¢ - and‘ie}
. the class-of the exponential distributions, i.e.

) ‘k v' .‘ . i L 9 . ’ . . . ) . . ) . B ‘

€y [FiF() = T-exp(-20) , x>0, A >0} o =~ ‘-

Tt

The hazard function- R of a life distribution function F is

defined as R{(x) = -Zn F(x) 1t is'easy to. see that F is NBU if

v and only”if its hazard function R is supetadditive, i e.,

o

. R(xfy) 2 R(x) + R(y), , for all x,y >0 ... -

: Definitibn 1.3. . A life distribution F is -an increasing failure rate

A

Qaverage (IFRA) disttibution if 7—-R(x) = - l-zn F(x) iq non-decteasing

for 0 < X. < ® . o S TN
' - [ . A ‘ . .‘; ) R .
Deshpande (1983) indicated that F is “an IFRA distribution 1f and

. R
T

only if _ ‘ o ‘ S
2" (Lldb). F(Ax) > F (%), for all . x >0 and 0K AK1.

.

(S K e : TaE

Thislié.equivalent to

°



(.5 F(bx) <FP(x), for all ¥>0 and BXL L

_ Taking x‘-"y ‘in (l?l);bwe obtain RS  . . ,,a‘ ﬁ:
(.6 "~ - F(2x) < F(x), for all x>0 .’

. b

Y]

'FVWe can easily show‘that if F is NBU. , then for any integer k > 2 )

we have .

o

I~

QN . Fx) <F), forall > 0.

Comparing (1. 5) with (1 7), we observe that (l 7) defines a classf
.ilarger than that defined by a. 5) : Hollander and Proschan (1984)
proved that the class of IFRA distributions is a subclass of the class'
'of NBU distributions. ;T! | ‘

';Bollander,;et al_ il98§) introduced.the‘class.of.neéfoetter than .
used of age € _f'distri:bution‘s thghv is defined below. | |

" Definition 1.4.. Let lt > 0';v A life distribution F is new’hetter

k3

‘thanvusedtof_age ]t (NBU—t ), . "" lw;‘ e 1 ’v"dﬁ SRS

(1.8) o Fakr) CFOF(e ) for all x30.
;:F is said to be’ new worse than used of age t (NWB-tO)'if”we reverse:o
: gthe inequality in (1 8)

" The NBU-t -property states that the chance F(x) that a new item
ne R | 2SR E



>

‘ will survive ‘to age X is greater than the chance F(x+t )/F(t-) that

-~

an unfailed item of age t _ will survive an additional time x, i e. '

Ixa new item has stochastically greater life than a used item of age » 'o.'.

Hollander et al. (1986) indicated that the NBU-t class contains the.'

.:‘:‘NBU class. o ' i g
Define U N 6 C v‘ L 5

and

-

0 T (e R ) CF@RGy, foran x20 .

~ .7 ... and the inequ\ality holds for some x‘ZO} .

‘A ?
the Nnﬁ4"» ‘laas;‘ In addition, ¢, and;“_cA “of (1.2) and (1.3) are
subclasses of 'vb and 0 ’ reapectively- Holiander -et al. ('-198’6.)

--.I_t;"‘is apparent. that .DO':' “cons‘ists. of the boundary members .of . 0

indicated that the distributions in DO are only of the three fotms

“F, and F.

17y Ey detined s

‘1.° P (x) 1s an exponential distributicn. -

A.v-gf‘

2. F,(x) 1s a 1ifé'dist;1bu;1bn,fop,wbighﬁ‘ié(té)-- 0.




3:._ F;(Ax)j-‘.!_:va(‘x) for 0 Cx < t or " e o) )

jt x < (j+l)t j = 0 l 2,..., where G 13 a life

distribution.

g il

| In Chapter 3 and Chapter 4 - we treat the NBU-t . and NBU' .

-

- clesses, Results similar to those of Chapter 3 and 4 hold true for theL

.5

[P

NWUr ‘}and NWU -classes.: The new results ‘are obtained by properly ‘-
changing the signs, reversing the inequalities and/or replacing

N

]”suprimum by infimum.._

1,e Lvl;v.'
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" .e. IL. . PRELIMINARIES °

. . B - . ~
A . B o .

- yet Xl’ xz,...,x (n > 1) be a tandom sample from the contlnuous- i
' disttibution function F ,-and 1ec F 1 be its corresponding quantile Q

function Hhich~is,dg£ined as -

— _ g
C2.1)  F. (y) = inf{x € RtF(x) > y}, 0 <y <1, ‘= F T(0+) ..~
Let. X, X, X be7ché otder st&&istics‘aﬁd F . be the
l:in’ "2: n ‘ninc n o

empirical distributioh function of the sample, 1 e.,

v - L . .
T ST @ e
. T e R T
s : — e v
-
A}

-,;‘. if X < Xl n',;'

. ,;g’ x;: <x < xk+r_ ; k=l 2,...,n -1,.

B O

"1 (2.2)  i‘:l“3#n<£) %;f

.

SRS AP S
S =..nin-

corréspohdihg;sample AQAﬁtilé functi&é; i;e,,
| R .“ . ‘ ! :
(y) = inf{x € R:F (x) > v}
- iﬁ'g‘» | {x& o 1 y=00, S |
| S St 5;1_< y‘g-ﬁ.. k = 1;;;.,g;;‘7

Define 'the . uniform empirical process,_ un(-)'; and the uniform

quantile p ocess, -4 ( ) >




R S ggcg),+fn172<ﬁ;(§3—y>\;°f975;3 <1,
2.5) u (y) =n 12 o - E (y)) . 0 _<_y_<_1,
c. | U , ?  | BEE . o
f!lﬁhére Emergt; .

f A Brownian bridge ‘{B?tgi: 6_<'t <‘i}7-isla separéBlé Géqésiaq:
fprocess with iiean zero-and covariance function f::" R
| -.E[s(,:_)B'(;)]_- é;;' - st , for . 0Zs, el
.:vhére sat 1 tﬁéfﬁinimﬁonfl‘g 'apd{j;ié.".v |
A 'xiéfér,pé‘gcféss .{x_(é,'t‘).t;'“o < 5 <1, t>o0} :is:j_;ailZ-param.e‘t;e‘vr;‘
| ~§gparablé Géussi;é pf§¢§gs Qitp:v [RRETEE RO

. BK(s,t) = 0

o and

-
N '

>

 :EK(B,:)K(;’;F');.‘(t;t()(shé' -.ssi)":

‘1’x Let q(t) Bé any. pésitive function . oﬁ' (0 l) wﬁich:is
>jnondecreasing 1n a neighbourhood of zero and nonincreasing in a

, neighbourhood of one. Sucﬁ a function q. 1s called a

Chibisov-O'Reilly function i ,zh



Cq2.6) I@s0) -‘Io[t(L—ti]?1exp{-c[t<1;§)]f?qzct)}dtf< -

.
& . foralli c>0 .
‘Condition (2:6) holds for all' c¢ >0 4f and only 1if

-

(2.7) - 1im P{ sup |B(t)|/q(t).> 6} = 0 , . for all, &>0 ,

.

where {B(t) : Oysgt S;i}f;is a ﬁrpwnian bridge;'

'Theorem 2.1. The underlying p;obability space of the X-sample czn be

‘ extended in such a way that with a séquence of Brownian bgidges

'1{B (y) 0 < y & 1} » We have as n -+ Qj, o
(2.8) " sup la () - B (y)l/q(y) - o, (1) ‘
. R 0_y<1
2.9 . euw lu <y> -.B (y)l/q<y) -0 (1) B
S 1/(n+1)<y(n/(n+1) : STy
7;with any Chibisov—O'Reilly weight function q . e !

This theorem was first proved by Qlibisov (1964) and O'Reilly n_i
:(1974), under the additional conditions of symmetry and continuity of
q . .Therpresent-ferm.of Thepreg_Z.l is due to~Csorgo et al. (1986).

The'fdilowing-resnit'of Wellner (i978) will be needed in the -

 Theorem 2.2. We have as n + » . T
. - ;1 ‘



' -1
. distribution G .« Let ‘G -1 Gﬁ and Gm

":quantile function, empirical distribution function and sample quantile

12 .

{'(2;l0> R vh;'-' ' sup : - FF;Ify)/y =:Oz(l)
e 1/(n+1)_y<n/(n+1) B P T N
- and T S R dh o ”i 2
o (2.11) ssup (l-FF (y))/(l-y) =0 (1)
L | l/(n+l)_y<n/(n+l) : , .
Léé lY , 2,...,Y (m > 1) be a 'andom-sample from a continuous
_ _ Sl )

.function, respectively. When two . samples ‘are compared frequently—

Quantile-Quantile (Q-Q) N Procentile-?rocentile (P-P) plots are used

A

g }
for. statistical data analysis.. Recently, Aly (1985) introduced the R-R =

plot technique to compare the p-percentiles of the remaining life given K

P d . :
survival up .,to time x .of two populations. T ’

P-P plot processes as defined in (2 12) will play an important

»

h’role in the reanlts of this thesis. The'empiricale-? plot procese;

-

3 ( ) , is defined as :

s

(2.12) - 2y(y) = N'Vl/""("ém";.l(??’f F ) . 0Lyl /

N B | . N . . . e -

where N = mn . - Aly et al. (1987) proved the following theorem..

i ol

»

Theorem 2.3, Assdme that F -and- G satisfy the coqd::ions: (c.l) f

~and ‘g are continuous poaitive“densityvfunctione on thé\ open support -

.ofjthe;diatribution functions F. and G, 'reSpectiuely, (ce2) With

o
cen

‘»



| 13
‘some Chibisova'Reilly fpncsion q , we have.

T
T (2+13) | A - “sup _VEL—TSXL q(y) < o
T e B 0<y<1 fF (y)

@

(c.3) there exist a. A, 0 (A<

i\Jlr-'

' suéh that A S-AN £ 1= y: wherei
;AN a.n/(nfmg . Then, on :he‘probabiiity‘space of ?heorén"Z.i, weﬁhaveff//
IIBS-II!IAn'* °°:'_. | ' |

@ ew 12N<y) - erl -0,
) : ogd, L

L

o) @) @ = Gy

. i . A R \ » - N

is a Gaussian procesl‘%ﬁﬁ {B (2)( 9}, {B(l)( )} are two independent '
4‘sequences of Brownian bridges,

' . ' The p-percentile residual life §unction, RF(x,p) , pf ‘a Iife

ey disttibution 'F is the p-percentile of the ‘remaining life given

-

survival up to time X , i.e.,

bl N . 4

Q. 16)- A ey -« “if o< x'<sr;,(1)"
R(xp)- e _ L
o aE e, x2 gy

PRIE. SR o , . s
rad
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Consiaer the problem,of testing HO F‘~ él a'ainst

RF(-,p) > R (73p) Expres;i;g the inequality RF(-\g) > R (-,p)
in terms of the PP plot function eF (e ) , Aly (1985) defined the R-R
;‘@plot function nj;,p) _an e I S R ' )'t

- . . . . . B :- . , !

R T I NP
- A(y,p) = GF: "(ptpy) - PCF. "(y) - p , 0Ly (<l, 0<p<l ..

In additien, the empirical R-R plot. 8y(7>p) 1is defined as -

n(y>p) = G F (ptpy) —pGF () =p, OCy<l g 0<rg 1...
_ Consequently;Ttne‘empiricai R-R}plot process is defined:aa%
’ 4

(2.17)  18(y,p) = N (A (y,p) A(y,p)) <y <1, u05 pSL .
| | A _ﬁ=f o

'_‘ .

o ¢ . - . . . v

O Aly (198%) 'expl"ai‘ned‘that.tne problem of testing H;"again'st aI

'f,ia_n;y te5::id~to' (a) proving a weak convergence result for\the

:.pfoceas 6 (o‘-) sy (b) selecting an appropriate functional, o » of

Ae, -) ‘as a’ measure of the deviation fron Ho and (c)-~using the -

weak convergence reault o£ (a). above to obtain the asymptotic

: disttibution of the corresponding test statistic, ¢(AN(-,5)§
Another important feature of the results of Aly (I?BS) is that it

-introduces ahnonparametric_graphical techique to deal-with tégpabove



- lexplai ed testing problem. ) ;:: A - 75; : J,G,i

Th  main aim of the results “of Chapter 3 and 4 is to provide a
unified treatment of the problems of - testing for NBU and for NBU- o

~‘dist{ibutions. Our main approach is guided by the methodology and the

.techniques of Aly (1985).
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'V>_(1986) is a special case offour results.-v

. R . SRR
Iil.; ON TESTING FOR THE’°NBU-t_ CLASS
o . N

3.1, Introduction -

)
3

~In tnisvchapter, ve are ipterested'in‘the'problem,of.teeting

(3.1) N ﬁ°§ Fe Db,oyersuo .51;; FelD

b

L 5 i . .
. whege DO' and D : are defined inﬁv ‘9) and (1 10) repectively.

R

Hollander et al. (1986) proposed ‘a test for ,Bb- versus Hi Based

: on a U-statistic. They have derlved the asymptotic distribution of
their test statistic “atid proved its consistency.‘ We‘propose apgeneral 1

treatment of the above testing problem. The test of Hollander et. al.

< :\.,

o 1
- S;ZLf‘NBU-to Prooesdis”l'

e

R
+

' Accordifig to Definition.l.4, F'c D, of (1.9) if and only if

vE(x+523~§i§(x)E(c;) ,,0 < x <= This is equivalent to
T 's9~15-' S

. LV N
> 3

(3:2) Ay 2 F(F (y)+c > - (l-y)P(cggf-'y

(<X

>0, 0<y<1.

K] .
K

. Ll IK‘A " N 9. ¥, . )
. The function A(y) of (3 2) will oe'ﬁg&aéﬁﬁgﬂe NBU-ta plot function
- of F. We observe that F ¢ D of (1. 7) 1f “and only 1f A(y) - 0 for

-all 0 _(_y. <1, A* natural estimator. of A( ) is its empirical

"16
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. . BRI

co\in.te:part‘ »A;l(-), which is_ defi_ned as .-
| . .‘ S ' ..=‘: ,. _1 . . ) -- . _ A' s _
.(‘3_.-3) ,An()’)v- .Fn(Fn (Y)'*‘to_) ' ¢! Y)Fn(f-o) Yo ._0 < Y'S_ |
- . . P . . B -
A .

The NBUft()' plot proc‘ess,-)‘n(-),' is \!efined as LN

(3.4) i- . 'x;(y) i= o

-

Py, o<y <L

+
,’ .. ....‘ » . . ) B ; » :“;: ‘/'g? T ] ‘.
. Alming at representing A () in .'tm:f a certain P-P plot

‘process, we.let. = _'-

3(?t5? o e G(f).:- Fi Fo) > for .¥ > fto‘

. ')
. /\ o
- L . .

and observe t\}ét G(x) ~ is the comdon distribution fiunction of
_ ' S - ; o -

i -1

SR A SIS I 1<n. Let 'Gd be the empirical ‘distribution

Lt e . o L R p
function of (Y, =X -t , 1 =1,2,...,n. It is clear that =

i
e -

>(3_'6)_ . . .'Gn(‘x) - 'I:'n(x"'td) y X 2= t, o ,
By (3.5) and (3.6), we define the P-P plot process, any), as

t, ) = a2 e ) e k)

an : o |
| . nl/Z(Gn(F;f(y)) - G(F-I(y))) 2 08yt
. P . v‘.‘A ’ .



Ly

’j,Fof‘a}eootinuooe:dist:ibocioﬁ F,. (3.4) can bgfwfictéﬁﬁasfjj»_

. . . . . . . - - B R |

\ ?‘;:{f‘".‘ Y (y) -g" (y) = nI/ (l-y)(F (t )-F(t )) / o
ST R A , , '“W/A'

,'Q' o ; e | .ﬁﬂ;l‘:, ]
zngy) ;_(loy)énf3§§¢)) e

. uheig_,an(357,1s“agfiﬁ¢d"1ﬁf(2;4).aﬁd,1n(.$ is 1n (3.7).

R eﬂff;*" : ?.Jv‘.aﬂ-* TR T TR R .
,_'“ S ‘7‘:;-‘_ A , .' : | . ‘ o
3 37 [ On- the Asymptotic Theory of NBU— t, Processes . .,

The following two theorems give some asymptotic tesults concerning*

the NBU t 'plot‘process.u{ i B
:fTheorEm'B;l.'.As'uﬁeﬂthac"ff#.Ef*rieFCOnﬁinuous“and; o
LT e H(E (y)+t ). A
TG e sup ————a(y)" < °
L 0<y<1 £ (y)) Lo
.ﬂuﬁi

for some Chibisov—O'Reilly weight function q. Then on the probability

space of Theorem 2% 1 and with the same sequence {B ( )}(%f Brownian i

'bridgee,ewe haye-as n+ e, L K
(3.10) . sup’ |x )~ T (y)l =0 <1> ,
: ‘ o ‘0<y<1 o S P
where . :

&
- .

VN y E/n, : :
yé



el e g f(F (y)+t°) S Sl
(3.11)- T (y) =B (F(F "(y)+t )) = ————— B, (y) (l-y)B (F(t )) ;z
e oo T f(F (y)) o L
- ~95$.Yﬂ$‘¥ f‘

A

TR I  E T S f(F (y)+t )
‘ﬂfIP 13’383Y'C9'See-th8t.:if’%F.e Dy » —————————f—; is a constant
- ' S e (D (Y)) ' _ v
and hence condition (3 9) is satisfied thus (3 10) holds true."In the

.V

following theorem, we show that (3 10) holds true for all continuous

N

F e D without requiring the existence of f - F'

Theorem 3 2. Assume that F € D is a continuous distribution

i function. Then, on- the probability space of Theorem 2. 1 we have as f°
' n" “‘.’ ‘ '

i o

CEan D sup IA (y) - r (y)| o, ),
- . . ! 0<y< -

Cean 120 # B R - (a-Fe »B_(y) - <1-y)B (LN )) .

l

. ;'”-'_". L T s .;nf‘-':" 0 < y <t

:,We_ohserve that _rg(;) is s'zero'mean»Gsussian process with

convariance funmction - o0



Let ,Foty) he;a zero ‘mean Gaossiah‘process with‘the Eonveriahee.' R

’ :‘fumctioanf'(3gi4). {Theh.u S ‘A_;v ’,.'H:; - : .1 ki;;; E

B Theorem 3 2 here.

< . N N .

0. Erper(y) - f( RICERCUE F(,c,',)'x'y.: +@y) (xéF_(ito-_>> |

%0y <1p = % 0 <y < 1), foreacha >l

ﬁb'and_hydTheo;emmj.Z,uwe havem

@ a2 1% as n—> e

<

The proof of Theotem 3 l is similar to and simpler than that of' :

Theorem 4 1 of the next chapter. For this reason we will only prove.a.

Ny

Ptoof of Theorem 3. 2.( Recall - that F € D ~if aod‘only‘if.\»

A: A(y) =0, This is equivaleut to"f _ f‘f.f

i

W

T(3.16) FE ) ) =y + (oy)ECE)
C7 . ' \ . S o ) 7 ) o

on

+ (1“8)(YAF(t )) = YA(X+(1-X)F(t )) - XA(Y+(1'Y)F(t ))]ir

'o<x,y<1

= Fv(t(',-)f., (=Bt )))y o 9-;_}';.5 1.

\



L fgy.Théqrem 2’1’.ﬁe.ﬁavévl"

-

,\- S

(311 swp-fmya (F(c ) - (1-y)s (F(c >)|

o

%
"

“where  y_(y) :=-n

0<y<l

L4

 ::- |9n(F(tb?)-§ﬁ(F(F¢))l = OP(x)ﬁ’-;

-

= EE (F(F Lo, ) = EF (cp (y)) ggnce;[

3751/?(phpf?(cr (y)y-cF (y)) ~y (y)

(;"°;<Gf;%(¥>>'~'yﬁ<j> .

(3,19),

and ,; I

' (3.265 _

: vSince:‘Bﬁ(é?-l

172, -1

-
-

sup |a <cF Ly - B <cr 1(y))l -6 <1>

-0_y<1

| shpflE€£1(y)f_yl‘- op(L)_~ ’ _
Oy<t -7 O

() iénalmoat SurélnyOﬂflnuous.fo.éach

a2

38‘ n’."‘mb.,

,j;‘By (3 5) and (3 6), we have G F (y) - F. (F <y)_+';6)f{'

' 5‘3'i8?f 4 ‘Y) s 12 (G F (y) - GF (y)) =M™ (&)f??gl(Y))[',

- (GF j(Y);GF;P(Y))i; §§{Thedrémf2.i f a

.n, by (3,20),



T e e AN R
‘'we -obtain, o i f R \‘5'£&)a‘~ 

@3.2) e B (cr Ly - BTN
S ' 0_y<1 Lo o

= sup [B(GF TR )T - B (G (9| =0 (1)

o OSyS}"n
;ulThus,(ghlg)ﬁan4 (3;21)'yiey§

7. sup |a @y - (GF Lyl = o 1)
SO0y T ‘ R b

‘v,Hence,'by-(},i6),ﬁéybbtain~

ui (3.22)'f:u_: ' sup |a (GF (y)) _.B (y+(1-y)F(t ))[ & g (1) . -:.

0_y<1
\

Next, we consider .yn(-), 6f;(3;18);. By‘(3}16)5'wé5havé

1/2

(32 v =

o

(GF (y) - GF (y))
- 1’z(cr ) - GF~ (FF (y)))

n1/2<;-p<;°>)(y-rr;1(y)) o

j_.f(i_:-F(v:‘Q»‘))un’(y)'_ -



\g;-”.;'  ;, Tf;_b:i;l;f';fog'; fff.';:: i_,“i : ":V, _;i}'xf :;,'”,23 *,; i
. 3§ $hé9rém-2;i" ‘

@y ey W) F Qe ))B (y)l L 2
. l/(n+-1)<y<n/(n+1)J & R

= (1-F(t°)) gup S Iu (y) - B (Y)l =o: (1)
e 1/(n+l)_y<n/(n+l) | :

Now, we prove that as n + =,

L T f,-' / ' S |
BT U TP A (AT e NPT
R 0<y<1/<n+1> A S A
- 'ﬁg

3a26) . ew oy (y)l =0,
A n/(n+1)gy<1 R

\F,:'. v

S 05y<1/(n+1) ‘ e
~and | - h RSN i

3.28) . osup IBn(y)| “o, (1)
D n/(n+1)_y<1 AT

‘”Wé-wili §niy:p;6ve (3;25i, giﬁ;§ (3f2§) foiiows.bj?a siﬁilﬁf

" argument.” In addiﬁiog;jké;27) and (3,28)“f§11¢§“b§‘P;;#éQy,mddu;uQ:OE:
.éon;iduity-;f-aiBfoﬁﬁianfmothh;: (Cf. ffo: exﬁhpié, théafém 146;i:df

T _Cé;rg;v;nd[Révééz (iQBl));J Sinée]b | Co | |

. H -

L ewm uﬂ“-(hfu » dap luéyﬂ s
' 0_y<1/(n+1) R O_y(l/(n+1) S B e



. . . . L . . L . N
~ : . . . - . . AN

. N 1/2 . '_; s . L Lo EaN o '_..
d <1 PR | - ;
1/2""” J < [ R

- —_

1: n , 2 0’ eeey UL are ‘the order st'atistie;s; of a random . ..

-

| < sup
0_y<1/(n+1)

'where 10

' sample from the uniform distribution on (0 1), aad sytpi‘ﬁax(s;t),V]Tpl

g ?prove (3s 25), is suffices to show that 'b ‘ o e
VT B

12,

n-.',.'U‘

5 (329) 1.::“*_'-; op(l) , as n +o .

B ]

=1/2

1/2 n|> s)- 'P»(Uvi':.'n'}! o v‘ ).

| V'Forl"a'ny e >0 Ly we. have P(]n
o o 1/2 IR v/ S B R
B (l-en ;/2) < ( LT S *'eu €50, as ae. Thus (3.29) is

proved.

By (3.24)-(3 za), ve have T M

(3.30) ‘%-fiﬁ"éup Ir, (y) - (1-F<t-)>n (y)l - (1>
: S O_y(I L
From (3 8), (3 17), (3 18), (3 22) and (3 30), we get (3 11) and

(3 12),_;

3.4 On Testing For tha..‘ﬂg:: Class. = - |

-Consider the problem o'f testing for H . 'egainSt‘ H

1,°f (31)

Measures of the deviation from H in favour of Hl' can be .

constructed as’ appropriate functionels of A( ) of (3. 2) : which are

zero _under ..Ho and positive (or negative) under H

) For example,“



- the ;méasure .

k4

o S R L év- 1-. .
';-' PR ‘9 -,_él'(A(y» - [ Ay)y

(is;p:oposedAbY Holiandét-et al (1986). Their’pfOPOSed:tgét éta;isé#éa  9

o

{’vis'giVén by""ﬁil'_; - -A;; ST

I o

R 1
. ] A
(3.31) e = g(A

(y)dy == 1 R “om R 3 .
B e e R R

nSY)) f IO'An

_ - : , o S sy .
where R, - is the rank of X, + t " ‘in the combined “X, X + ¢ .-
® Tk TS >t R T 8o 10 the combined K, X+ k)
sample,-.Ré "is the -number of X, ‘which are lessbthén ot equal to
T Te Lo SO ‘

|  'ByATh§6igm 3.2, under. ﬁo , we havé 

oy — o p
ane o L/20 1/2 SIS . 20
(3.32) ‘n_/vw'ln =[ h / A (y)dy= [ A (y)dy == [ T (y)dy ,
o Sl | T R

r,'-\ !
where ro(y);'ié the Géussian;prbcésé of (3.i5). >The r#ndoﬁ vatigblé'
' fQ(y)dy_ is a hormal'taﬁdoﬁ‘yariable'with'mégn <ero and the variance

o
0 D

o s >

ey A




ij:This agrees with the results of Hollander et al. (1986) . %
In addition to the above test, one may develop other test
'scaCIstics based on different measuxes of the derivation from'h‘
f;Ho: F(x+t ) - F(x)F(t ) , 0 < x < .‘ For example, we nay consider‘»f'

any of the follouing measures.

. e '."Jlbzv -
73 = 93(h) =] NGy

' . : /

' f,The corresponding test statistics are pi ¢i(n " A (y)), i = 2 3

N?w,’1£~ Ho..F e;D holds true, by Theorem 3. 1 we have as»

o T“’in: - “’1(“ (A ( )))L—) ,i(.i‘,o();')) __, 1".-,2'.34."."

b

‘ Qﬂere IP9(f) 1s ;he Gaussian process of*(3§15), More precisely’

a

038 e =P [k -0- R, —kn] B e ),
T Kk o "R L A4S

LT Ty
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k-l
ot =5 (1+R ))]
o . 2a o ,
(y)dy- ST S
‘ An‘important’feature of employing NBU-t ‘pid; processes is their

wimmediaCe use as possible graphical tools. An'essential step in this

s

o dgi:ction is the following theorem, in whi&h we. prove “that™ A;(QJ'lis a

- uniformly consisent estimator of A( ) TR }\‘
. . . oi,a':; . “_'._ ' . . ,4 L _
".;;: . P
EE o -

Theorem 3.3, Suppose that F is a continuous distribution

‘ hfunction., We have, as n + =, K
(3.36) o sup |A (Y) - A(Y)I =0 (1)
. : ' 0_y<1 - : e

.

‘"- We leave the proof of this theorem to the next chapter. In fact,

.a-

(3 36) is a direct consequence of (4 64) of Theorem 4 3.
3 | .

‘A graphical appraoch ;o test H is to plot A (y) as a function 3

-of 7, 0¢y <1 ,_1ff'u 18 true, then, the NBu-c plot (y,A (y))

-jshould closely evolve along the horizontal axis.‘ A plot which.falls

'3:above the horizontal axis would 1mply that H is crue, i.e.,YCHe'pl -

disgribucion_is \unu-c% . 'In addition, a plot vhich falls “under” the

g L.,:‘ﬁ." . . ;4 NYow ’
L - . R T Rt A
o ) - o g AL SRR
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' horizontal axis would imply that the true distribution‘is_<NHU-t°J

. A\ : o _
Exa;ple 3 L. Bryson and Siddiqui (1969 P. 1483) gave a data

' corresponding to the survival period (in days) of 43 patients from the

date of diagnosis of chronic granulocytic 1eukemia. To apply-the

'NBU-t graphical technique, we choose té ‘= 1825 S~ S,years)lfor'
'illustrative>purp08e. We obtain the NBU-t 'plot_in Figure 3.1.- From

" the figure, ‘we can. see that the plot is "above the horizontal axis ‘on

0

“ most of the [0 1] This suggests chat we: should reject H "and,

fconclude that le is true, i e., a newly diagnosed _patient has
"stochastically greater residual life than does a patient after five

A‘yesrs.' This cdnclusion agrees with that of Hollander et. ala_(1986).- :

7_.in what folloWs.

‘Insert}Figure'3al about here. -

. \\‘
A formal graphical éﬂpioach to the'above problem s to'construct‘a

confidence band for the unknown NBU—t plot function A ) of (3. 2)

- (RN

'*From Theorem 3. 1 we observ% that the convariance function of limiting

8 Gaussian process of A ( ) depends on the unknown distribution

uffunction F in a cdmplicated way. To avoid this,difficulty,‘we may

. construct bootstrapped confidence bands for . A(+). This 1s explained.

IRV

" Given x1 xz,...,xn , let xl,...,x; ' be

.conditionally independent r.v. 's with common distribution function

. h<. : .‘ X C 1\:9‘)
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" F_ . The empirical distribution fuanction of X',...,X' ,
N T _ . ST S SO

e _ R SRCA A e o1
I TR ,pnl’n,(t) : ;Tf-{lg_i gnl,. X; < c}‘ o

L
A\J

T is called the bootstrapped empirical distributionﬁfunction of F .

;The boopstrapped empirical quantile funqtion is F;l n with
: ' : B ‘ . EEEN B 1,\ R
n n(0) - 0. Using theéé’bootstrabped functions,-wé"can d¢fine:the
1’ : : 4 o co o : S
bootstrapped empirical NBU*t plbt as
. . ) 5, 'J:‘ L T .
(338 A oy (y) -F a,, afF ul’n(y)ﬂ )- (l-y)F‘q (t )-y- » Q <y <,

. .
’ ' . = : DR/

and the bootsfrapped' NPU?COJ plot process as
_ ‘ ' SRR o Rty .

[ 4 ) . ; . ) . » ) Lo

(.39 & (= et A, 0<y <L .
. ) -~k ,n y M nl N ,n Y n y . ’ - Y > .
. : 1 , Siny , y 5

. . 3

4 ] X . . . ) "\‘ '/.)J ' . ) - | . L ) . o
Noﬁ, geneijiirg'thé,bécistrépped,pfocesses Xﬁi)n(y),-l <i<M M
. times. Let ‘ ’

. : ( ) -
(3.40) G o (x) == #H1 <1 <M sup | A )| < x},
M, 10 M | 0<y<1 n,,n
and



. . "‘f‘ o ) . 30 .
(3.61) > 0: 6, >1 el o
- (3.41) cM nl»n(a) inf{x : ,M’ a0 (x} o.} ; “ﬁ;»nl ’_“( ‘u‘)

A(l-a)lOOZ confidence band for. A( ) is given by'

‘ ‘Where a € (0,1)-15;

Nlr—-

_ .--'_l'
(3!42) , {A’?y) - C “ ' plain. .2 S A(y) £ A . + CM. (a)n o
e s\y-su.-

In order to test H : :F € DO against Hl F € DA ,

51-0)1002 confidence band of: (3.42), if the band contains the

we plot the,f

horizontal axis, we conqlude ‘that Ho’ is true, if’ the lower limit of

.the confidence band falls above the horizontl axis, then we conclude

that HI is true. o

' ' ' ' L e
For. the ~data of Example 3.1 and with g 1825, we plo:¥%§e 952

confidence band for A(y) in Figure 3. 2. The 1owe§§himit

"béotatra-v
. . : C‘;

s esaentially above the horizontal axis. .

InsettwfigureVB.Z abont:here. o

-

‘ﬁ-kemaék 3.1. The conatruction.of the bootstrapped- distribtuion

H n ( ) of (3.40) rqquirﬁsﬁthe existence of a 1im1ting distribution *@

, for Xn(o) Theorem 3.1 can be used in this regatd ptovided that . . A

."



‘Av‘,“. o ’31
e ST

conditidh_(319) isﬁsatisfied. -Hdwe#er&vif the-lattét_doﬁq#tion,isAndt_

[y

;sasisfied, we may use the weaker result qhat'fpr any fixed e ¢ (O;i%)
y o e - JERERPERNS 3

A o . ) : - *

- S A . 1
T(3.43). . swp A =T (W] =oe (1)
T e P R R

v

.'vThev'aboizé _;géﬁl_c is sﬁf_fiéi'e.nt-..for. all pr.a'_c:i'cgiv a;pplicja‘tb.()ﬁsb.bf.the '
: péthoddloéy. | i | . :

ﬂ}.We ﬁentiéﬁ-hé;e th5f‘the coﬁéiQithe;dfvtheibootségapped process -
'i;c;h be pfovgd Sy a rsdtiﬁe gpblidétion;of’theQreéulés 9£AChaptgr 1? of
" Gsorge et. al. (1986). . o -



':They alsq‘showed that their test with a = (

" IV-¥ON TESTING FOR THE'NBU CLASS

T 4LE ~Introduction = . oy ‘ TR - l‘id' v

© In this chapter, we considet. the problem of testing for the NBU. .

class, i.e.; -

SR vlffi.__ "v;’;'. e - e
v'.154,1)o S H F e CO versus dl, :FTE CA,

Hollander and Prochan (1972) proposed a test based on a e

“.U-statistic and proved that their test is unbiased and consistent.‘f

2n-1) 1_; n ZR3 has power -

vfl against the subclasa F ‘ nof‘f C i where-
R 0 .
"";:".,',

{F F is a continuoua distribution function on the :

SRR interval [a‘b]} *; 0 < a<b¢ 2a .

v _a",'_b_

2uKoui'(1977)‘gave a'Kolmogorov;Smirov.type'test for”teating 5H6 dagainstf
1

inWervl against SF L, 0 < ax b < Za .
S ek a,b .

CHY He alao proved that his test is unbiased, consistent -and. having

. ’
. ¢
N

'V{adﬁi. _NBU Process’

-e

'"é"’_", T S i
By Definition 1.2, F ¢ CA ,oif and only if e R

32
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'pfocesg,;.kh(-,f) by o

33

SRR S e e e e e e o o
" ‘This is. true if and only if A (7,-)pzrO'gpr:‘A(-;f)~ZLo » where

RCEEY (y,t) = B (y)ft)‘—(l‘-y)"F(t_).-'y HESES

I
.
CAC
.
A
8
5

) ~"‘:>andl . ;@ -

b

) MpLE) = BE)  F N -(ay 0Ly L.

_f'rhe function A (-,.) of (4.3) will be called the NBU plot function
' ”and A(-,.) _of (4. 4) will be called the symmetric NBU (SNBU) plot ) ?;‘
. function.. The empirical NBU plot function, A (- -2 ’ and the

i vempirical SNBU plot function, A (- -) .are defined respectively by‘,-

(G (y,t) = B _(F. (y)+t'>-'<.1".y7>fn£t)?y. L 0S¢y <L, 08t <

~and'

-8 A LyyE) e F(F, () + F (z)-(zy , 0Ly, 21,

Do PRI MRS ‘ w ol o S
. Now, we define the NBU plot process, An(-,-) , and:the SNBU plot -

o . o>

4.7) x:(y,c) 1= 91/2('52(&’{) -AMy), 0<y <L, 0Lt <,

a



‘and

N A e ST :

C 8 A (z) e (A (,2) - AGL)) T 0Ly 2 KLy
B S | . ?”2 »_;‘ _ \§  “’ v

'_b_.u_respecti;v;]‘.;::_m,\-‘“~ e S Lo e r

N ~

‘Taking . z =y - 1n (4'4), G ..'6 ) 'aqd (4. 8) .w.’_ we héve_ B
5:(4.9); .‘];  .} | xn(y),_ Fl/z(ﬂn(y;i)-- A(y,y))"" E
- . : . »- n1!2(Fn(zF;l(Y))'F(ZF-l(y))) o _<_y i 1 - _

A T

© which will be called the diagonal new better:than used (DNBU) plot . -
Qprocesé;lf'. 2:’1 | |
- t

“ 4.3 On the'ABYmpﬁotic Theory, for NBU‘ProcesseS}-.

AL T

:“:ihgfééjﬁbﬁocic'éheorylc# “A:(;;;)’1in<;:‘)*’-‘aﬂdﬂ»Xg(')‘ is;"‘ fﬁf,
v ’5i”41?£;@°'“h‘t.°f' ‘§f:),_°f1¢he1Asg“gect?6#s_ ?he'Pfo9f:6f o
.=THeof;ﬁ‘3¢1f1§ édntéihed inithat35f;ﬁherf5110vihg fhéorem;'f

Theotem 4.1. Assumd that f = F' is continuous, and®

o le L g‘*lgxz 2‘. o
i (4.10) ¢ - .- _sup sup £ECE 2 q(y) < =

o 0Ky<l 0Ktk PNy )




S TS TR S

&

& A ; 2

for some Chibsov-0~Reilly weight function q o Then on the probability

"space of Theorem 2 1 . We. have as .n> e, ;
- Cul A R .
Y b o .

. e : : S ik T
;(ar;l) AR sup sup Ikn(y,t) - FnSyjt)l.?.s )y ,...
S ogya o<c¢~ B

Pt . co EREE AR

. ‘and i
kg v X ' N ' u

(4.12) g‘f ' ;ﬁp’f sup " |A (y,z) =T (y,z)l =9 (1) fﬁ ;:'-
2 0y 0Ga - S

where - v

.
¢

Gy (y’t) =P (F(F (Y)+c))- -S;z—iz%i;f-B (Y) (1'Y)B (F(t)), %' '
o _ S F _ =

_and

< RO A

TR TSR S et e, TP f{)+F (z)? 50
S - (y)) P

B e
P N ) B4

e . S ¢ 2 (y)+F (2)) B (z)
ST Il'- . f(F (2))

i

l Thebfem 442.} Ashume that f f F' is;continﬁoué,:énd,
T . : \'."”4 . . : N e . :
 (4.153 _ P . . sup (ZF ( q(y) < o, ';».<R_7 S L
. . 0<y<1- - f(F (y)) - _ _'f - . R
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'; for some Chibisov-O Reilly weight function qr. Theﬁuon_the; 

Lp_ptobability space of Theorem 2. 1 we havefgg. ‘n + ‘o ;5-”

oF

B (4-i§) s ff :, sup |k (y) -'Y (y)l =0, (1) . oo .*:i:[?;'
Co ogyar * " S AR

»

where.

n

Cwan o) =B e ) - 2 4—411221’ By . T
e m e T f(F (y)) TR Lo

IHegrem.é,Z follows from Theorem 233 by taking.-G(x) !’F(Zx)',

x20 0 S

Proof. of Theorem 4.1. Let

G0 ﬁﬂp(*f?)" Cen® = Fpeto) e LD e,

. <
1

and define

(4.18) (RN CHI N (,))-G(F Yy
v_?ﬂNow, similar to&(ége),and (3.18)! we"hégfflv, : ... L o  u

o Lo , o
. x47}9)-ﬂ.,; - ;}n(y.c) .;fn(y.c) - (¥'y¥?n(§5F))"w

A




(4:20) . R 0nE) = G FON Ty (e e

* where "

.; “ ‘2 '__;‘. : }s.. e
12 (G F (y) =G, F (y)) . _QJf!fT.

~ o — -

f_(4.21)ﬁ:l;j.‘ Y (y,t) =

Fre

Next, since 0« c F_ (y) <1 for all 0.y < 1, 0gt

80 by Theorem 2 1, we have,oas n }-q .

.“' .»

ey sup sw o (8 F) (y)) - B,GF, (y))l
o y 0<<e 0ga
s K sup Ia (2) - B, (z)| -0 (1)
oo 0<z<l °

ASince the continuous distributiop function F is also uniformly
continuous, it 1s easy to verify that the family of functions
l {G F (y), 0 < t-( w}e 18 equicontinuous, consequently, the family of’

'stochastic processes {B (G ¥ (y)), 0 < t < w} is almost surely

PRI
-

equicontinuous for each n.. This combined with 6 F (y) -

g(FF (y)) . and (3. 20) yield : . f\'

. (4.23) sup . - sup ‘IBn(Gan ) - Bn(GcF"(XJ)%v'fop(l) .



- N

fA;_ ‘ 3,._  S R 1 ..-'- . {1 , _-é i ; 
©g4.24) - csup  sup o (G F (y)) Bn_(?:_F" N| =0 )

By (4.22) and: (4.23) , ve obtain |

a - . . . T ; ) N ) R

. ¢°,.A~"

0<t<l 0<y<l

Now, we consider ¥ _(y,£) of (4.21) . First, we show that

Jwa2sy o sw o swp Iy (y,c>| = 0, (1) -

L 0K 0<y<1/(n+1)

éihcg‘ = _ Lk

S

(4. 26) R sup. * |y (y,t)l < nz G.F (n+1) +o
\g_y<1/(n+1) = | _

N

2
G F (n+1

PR A P D ST
} # n _GtF‘ (FFh (n+1))"+

<

Np‘_

by Theorem 2.2, it is ‘sufficient to show that

4.27) sup n’ G F NS ) - 0(1) , for all fixed ¢ >0 .
ogee . F wtl EA .

fatlogs

:By‘(4.10) ,'we havé' ' R T ‘

. (A;‘ZB) sup G F ()’) < K I [llq(s))ds . v'vit:h_‘s‘c‘ngc; K >0 ,-"

0<t<=

el
n.l. th"‘" (n+1)’ o



. . R _ _ 1
Since for auy Chibisov-O'Reilly fayccion. q., we have s “q(s) - wy

| Asj s > o by (4 28) s we get (4. 27) .

: vBy ;he .qneftg;m .Tayl.ot.- expansior_;, 3 : ..J“

g FNE ()
£F (e (v))

IERCAIERRC)

‘where g (x) = f(ebt) cand e e

DTSR IR -1 g
(4.30) R F?nL(y) ~ Y §5§n(y)75_§Fn_(y).f:y ~

o

<ibh‘, o

'Tthgg, for’aﬁf ’b e .< R 3 »

B _ R TR TR PR (E(ﬂ),

(4.31) " © sup -y (y,e)| = . sup Iun(y)l —--'—-——" .
1/ (eHL)SyKe | -I/fnfl)SySF . (E (Y))

\“Sihée” QCXy) is a Chibisov-O'Reilly function for all A >0, wheneVer

Q(Y) is, by’ Theorem 2 i and (2 7), we get .

Y

(4;32) .'f: lim limﬁﬁp P{. " sup Iun(y)|/q(ky) > 6}
o eY0 Lo l/(n+l)_y<s -
R o Cfor all 650
:.',.J, - e T

RS
K
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(4-33);. lim Iimsup P{ sup . sup IY (y.t)l > 6} - 0
. e40  nae o<:<~ 1/(nﬁ1)<y<e-—---- - .
o c { ¥ | - for all 4 6v>~0 .
;Similar'co~(4;26) éﬁd (4.33). 7 we aLSd havé

”

T(4:38) - supsup Ty (y.:)l =0 (1) . —
s .05_(;(«»“ n/(n+1)<y<l Sl 04 o Sl

’vand_” o : .' ‘t~ :

L (4 35) lim €¢1msup P{ sup . Tsep |y (y,t)| > s} 0,

: e+0 0<t<m l-e<y<n/(n+l) B ‘

ST

<

By (4.10) and (2.7) , we have | i

A _';'_:_j’i'if']._§;_ g

. m——

 (4.36) 1im P{ ‘ sup . .sup ,]-——:———-B (y)| > 6} -0 y
ST a0 ogce ogee er iy R

By the symmetric behaviour of q(t) in (2.6)

- (4.37) lim'P{ sup " sup - I___:T——_
o et0 0<*<°° 1-s_y<l £F " (y)

g.F (y) =~
= - é(y)l

N - L T T ;,, for all 650 ,.

By aLaummption,_ f(x) is continuous, hence 1: is uniformly
cpntinuous on';[Et}E ) y ®) for any e&) 0., so the family of -

~ functions R  j o R “'0.;7

for’ all 3 5 > 0w

I :



a

"~{gtEf1(y)/fFf;(y); _Q~§_t’< o}'- {f(F (y)+t)/f(F (&35' O.S.fﬂ<:;}

is equicontinuous on [e, l- ]"‘ Note that (3 20) and (4 30) imply

that sup IE (y) = y| = o (1) . Then, by Theorem 2 1,
0Ky<1 J_“'- L :

EE .Sl' o ‘. t(F‘ Ly e
(4.38) . sup  ‘sup |Y (y,t) - —————B, (y)l =0 (1) o
O 0%tk e_y<1—e - E(F (y)) . s "

, for'all évé'(O,.EJ _—
Combining (4.26), (4:33) = (4.38) , we get = -

ST e g F R :
(4.39) . sup sup-|¥ (y,t) - -—f-———-—-B (y)l =0 (1)
S e 0<y<l - L f(F (y)) -

'2;x,ny,(4,24) and (4.39)‘, ve ﬁaie

(4.40)  *_sup sup It (y,t>-s (F(F (y)+’t))‘
a0 o<c<w 0<y<1

—— .

IR T + _ﬁ___SZl__l B (Y)I = o, (1) -~

o SR | (e (y)) o
' NOW5 by Theorem 2.1, we have

P



a2

(4.41) . eup sup l(i?Y)d‘(?(t))”*-(149)Bﬁ(F(ﬁ))],T.- s

0<t<w 0_y<l .
= sup ja (F(t)>—B (F(t))l ’
i 0<
. ,.‘- sup |a (s)'B (S)I
9f0.<_8..<.1 ' : . :

'Consequently, (4 40) and (4 41) x}eld (4 11)

Next,’we ptove.(4.12) By the definition of A (y,z) y We have

(4.42) (o) = 1’2(F (F (y) +F (z)> —,F<F'1<y) +F ey
1’2(F <F Yoy +E (z)) - FE” (y) + F‘l(z)>)-

1’Z(F(F (y) + F L)) - (e (y) + ¥ (z)))

RN (z)) -y (z IOV
i T v | é;

' L T m

_ where l (o;-) is asfin (4 18) and Y (- *) 1s as in-(4.21);

By (4 40). as n_*w,' R
o DT Aot S S
(4:43)  mwp awp ‘|2 (y,F N(2)) = By(FGF(y) ¥ F_(2)))
L 2 0&zdl 0yl S oo
o | : | £(r) (y)+F (z)) L
f(F (Y%)
¥
s o
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< suwp swp 2 (y,e)- B P (y)+c)) .
Tog o T N
S +—(—SLLB(Y)|
A AT o o

' Similariy;;(4,36)>implies  .~ __‘ , _"V' : , j

(4.44) liﬁvP{ ssup: éup |f(F (Y)+F (z)) B (y)l 2 6} -0, R
' €0 0Gd Oge - f(F (y)) | SO

-~

and

R CEE T
(4.45) -~ 1lim P{ 'sup . sup |- A Bﬁ(Y)|§l>5}~' 0 .
0T e 0adl Ogyke B Gy M0 w

On fhe éther'hand;”(4;37).implies

.,.i

" (4.46) lim P{ sup  -aup |§$F (Y)+F (z))—s 0 2 5} =0
T e00<a<l 1-e_y<1 @ (y))

. ) “ . . . . . - . ' L _
S . . e
B By

L EE @ @)
lsupt - |y
Trega s on

’ .

Bnf 268k =0




o 4
~ For any 0 < e < 2 , since llféF (y)) 1s bounded on [s,l e] ,‘and
- the. family of functions {u (t) = f(F (y)+t) , € < y < l—e} is .uiv‘

'equicontinuous on [0 w) , then the family of functions

| 7_{H}(z)::\§(F (y) + F (z))/f(F (y)) Y y < l-e} is equicontinuous B

on [O;l] . By (3,20), as n+ ﬁF t) 3'»
. B . g . . . \ .." .

I

R £t (y)+F Yy
. (4.48) sup  sup | — B (Y)
L o 0<z<1l egy<l-e £ (y>) L
| | L EE (y)+F L(2)) B (y)l = o (1)
£(F~ (y))

' Combiningf(4.44) - (4. 3):;'we have

. £l 93 e
(4.49) " sup  sup | B (Y) )
~ : 05}5}{»03]5} T(F (Y)) : :
. T e (y)+F (z)) 5 (y)r -0,

f(F (y))

Next, we observe that L?(F éy) + F (z)) » 0 @ty < 1 is:
vequicontinuous on [0,1] and hence '{B (F(F (y) +F (z))) ,‘
0<'y S.l} is equicnntinudns on (O, 1] ) almost surely. Then, by ¢

3.20),



i e 'I'L,", o "i T TR
(4.50) - . sup sup. IB (F(F () + F (;))) '
o 0Kz Oy« _ S o

- . ] Bn(?(?-l(y)»+ -F-¥(z))1| - op(l) .

% By (4.43), (4.49) and (4.50), we have

CeSly  sep sup |t (y, (z)) -8 (F(F i(y>+F (z)))
S0 oga

e . ECB” (y)+F L)) 5 (y)l -o .
e L EETN )) .

1

Replacing y by z in (4:39),,we'haVé L S

R A T R CH O P
. 0<zd- (Kyﬂ. ‘W-. R ‘
L <y>+P HCIIIN (z)r”- o1y &L
- -‘ .’ . - ) f(F (z)h ‘ '~-“ v :‘1"‘ p -

- .'E'E»“ X

F is an'expohential di@ ribution,

Remark 4.1. When F-e '0‘, i}eﬂ
the conditons of Theorem 4 1 and Theorem 4.2 are satisfied, and hence

(4 11) and (4 12) hold true. In this .case, the limit processes have

simpler strug;urgs. For example: T (y,z) of (4 14) becomes o

(4.53)

To(y12) * B (y+(1=2)y) = (1=2)B_(¥) = (1-y)B (=),

e .



..l461:-

' which is a Gaussian process with ET (y,z) - 0 -0 < y, < 1 ahd the :

. covatiance function.

I I e Y

sy : Er <y1,z1>r (yz,z2> y1<1 z2> 4§22<1 yl) yléixi-§25(1+22>li‘ii_inl

Ay DR, (rpez)) + () (172 )y a2y
a2y + 2dazy) = A2 (1A7)247,10y5)

‘e

: Let r (y,z) be a Gaussian process on [0;1]x [0 1], with zero mean'.'

'.;and the covariance function of (4 54) Then,‘Theorembébl‘implies that,‘
"‘for all F « c S v“fqz_V;ﬁf~f., R, R
o B T e

P G e e

SB35y A(s,2) TTY,2) .
R =y R RRE

‘Stmilarly, when F.e €, ,. T (y) of (4.1) becomes - -

. . i X ‘ . N . | ..‘ " ~0 "' . .-. : . ; _ 2 _— " . "—> . N . L. . ._\\‘

Cte36) e TN = B Qymy ) - 2B (), |
B e P SR

Gy T R .

”which is a Guassian process with Er (y) = 0 O;SSy;S l;vsnd,ihe, ;j?"' .

'convariance function. R ’ ;'n o . ,ﬂ



e g
TR o »'(-173").2‘(2""--")1 - ‘2(1"’.")(11-'-'_’\")2: 1f x <y S.__Z,xfyz,.. L

)

Sy

D P A,

" Let ~Fo(y1‘.§ ;rn(y) » 0Ly €'l , then Theorem 4.2 implies that, .0~

o for e Gy

c e
-

wis) R .i‘n(‘y') —'>‘,TQ(yf) e

L ‘w';.‘ . - ‘ ) ¢

o

o 4:41‘0h7testing3f6r,the4NBU'Ciass‘
e =

_7_Consid§f thé»grobleM'of testing H': F € C

0 0‘1 i-é., Jz(x) ;:
1%, X e R > O agatnst Bt F e Gy, feen, Fodsayoc

f;dis@fibﬁﬁi&h.  Th¢'devié£ion4ffom H61>inffévor'of H) may be méaéufed"

- By‘a§Y’appr6pp1até funCtioq§1,0£  K(i;?);’ ﬁdmé pbgsible,functionals

‘are givén:by: 7

~p, (ACe50)) = [ [ My,2)dydz, R
— - 'O‘Q  'A' ;. . : .ﬂ‘ﬁ

&
LY.

.  ._~ wl:

L.

by = y(A(s,e)) = Bup. sup A(Y,2)
C CE Co 195?5}'05?5} B

Py



’ B ! . 3

. ¢ ¢3(A(- -)) = sup" SUP ]A(y.Z)I

":the corresponding test statistics are wi(A (- -)), i:= 1 2 3

-ﬂf respectively. By Theorem 4 1 ani Remark 4.1 we have*i{

'-'

. . o rf2 / oY) ‘e
(4.;9) o n 'win.‘ | wi(A < )) > wi<r ( ))
where.- r.(. ;) is the Gaussian process of (4.55) J{(";fﬁj

Now, using the notation of Koul (1977) A (. -) ‘can’ be" written ds-

o - o ) . s ‘. s b

n " o= n -

Ty

ibl&<f4

L =l= -]; o
(4.60) < A (y.z) =n S j-(l-y)z-y v =<y £
A‘.
where ool oTono T BT

T




vand_f

e X' '

L o
e T2 U7 1 T NS

iy~

e Lo . R ] B 3 L
. e : o : , -

Py =S, - (ot -1)(j~1> - ‘a(i- 1) . m oSy - (n-m T S

S ) R £ . i'. gL

'Webobse;ve:chét.fn?[(n-l)(n%Z)] (wln 4) = -J .Where» _ AR
e 5 _ ; feT
I -'—[n(nff)(n-i)] Z X S 18 the U-statistic of Hollander and :
' Proschan'(1972).' In addition, n wZn - Tn {,whicn iS'the'test'“
statistic proposed by Koul (1977) We mention here that the -

consistency of J and -T ‘-follow ftom that of -A (- -).

: \

‘We may also consider appropriate functionals of A(y) 1= A(y,y),‘

0<y < 1 as’ measures of the deviation from H6 in favour of H1 .

B - '

v For exnaple, we may use any of the statistics T L Mpr

: . . : = % ¢ - =2 (2)__2_
: :(ﬁ'és) o “®ln IO An(y)dy n izliRi 3

5 . R '

w
S E
&




‘we : .
R
-

) A <>’> - 2 ax [nk(z):- 2 a(i- 1) + (1 1) 1
BRI ;A?4.4'. Q_y(l S (1<1<n b L
: \,f.'_',.: R A ' o

e

.',3ﬁhefeV“R

1 , 13 . . »

< i < n, and A (y) 1= A (y,y) s <*y < l. ‘Theorem 4.2 and-
: . . \ L . o oL
"Remark 4 1 implies that under uH'", as n_+ @,

£ g Ay S
5> [ T (y)dy,

SE £ ﬂ"v 0_Y<l : . ,
. where T (y) i§pche.Gaussian;9rqsg55rofﬁ(a;sg).h S . S
i _ObServe';hat‘-f.*r,(y)dy is a normal r.v. with mean_zero and

e

variance 0 = f f cov(x,y)dxdy 6;3h, But sup T, (y) s is not aih

- 0Ky<1

‘ normal r.v.r To make the Cest staistic ¢2 applicable, we present the v\f

”-percencage poinCS of nlfzpzuf for 1 < n £ 50 in Table 4, 1 which 19

',h estab%éfhed by using Monte Carlo method. The percentage/points of the

limiting distribution of nllgpén: is g&ven in the last row of

Table 4o1s ;"

BEPERY

[

is che‘rehk-of"x-”‘ 3in:€he&comhinedgixi‘epd_ Zprsemple;

Insert Table 4.1 about herel R



| S e e e Mgde
rRenark.4(2. Comparing ¢1 3 of (4 62) and» pl of (4 65), we ngte ;"
bthat pl : has simpler expression. Both *1 ' and wll have norn§§x
" :

limit distributions with ggfo means and distribution-free variances

‘62; nd 02 , respectively, where '02 = 2 = 0 011§v ‘as. given by
oy M ey T Ty BT
:}; ,Hollander et al. (1972) and . Lb = 0 0l746.. Consequently,ﬁ w
i | *1 1630 v - ln
. ) ﬂ . : : X
is more efficient than ¢1 ' A measure of their’ relative efficiency iS'
given by "
| , Y S A
,(éié?) dﬁu;, . R‘fﬁe(wln'¢1n)_= q¢1/q¢1 e 9.?6287. S

"4.5 A Graphical Approach. -

The graphical methods stated in Cgfpter 3 can also be . used fbr A

9“"3‘-'
Lt sti H _versus H": F- First we rove -
‘te ng O\ﬁ ,vers 1 €C, , P 'x@:,
) consistency of A (. -) ,_A (-f-) and‘3 A ( )
e A"*'fl" o
~ Theorem 4.3. For any continuous distriubtion function F, we have, as -
o : o * 3y S
(4:70)  sup - sup |A (§,t) - A (y,0)] 0 (L)
- ) D‘v:. .



K -'.:;: (4.71) ﬁ sup Bup 1An(y’z) - A <Y)z)l = o (l)
0 ¥ wgdea B o

and ¢

ey e (o) -Rml me )

'OSYS} LAl o L ~.... _;s

SRR V : : RS
 * Proof. By 14;18) énav(ﬁ.19);‘we have

SN = K| = e B (y) -6, F Liyy - (1-y)(Fn<t5‘-‘?(t))l; g

tyna A
N N BN K \

S LR (y>+t> - F(F <y>+t)|

e

: - i
“hence- :

‘”-.(4 7y dup. - sup’ IA (y,c> A (y.t)l
| 0<t<~\b_y<l

Voo

~

COxtm B 0K oyt

+ sup B _(ehR(D)| TR

N

By Glivenko—Cantelli Theorem, the~first and third terms on the right
. . . v‘ ;

152

R CYCRICONEEE V(F:‘-l-}('y.)) |+ G lF,©F©)],

‘:'< .sup 33 (x)-F(x)l + sup’ éuﬁ ]thf;(EFn(y))FGthl(y)l»V .9.”

-



. side of (4 73) tends to zero almost surely, and the'middle term tends‘

| ';to zero in probability by thﬂbequicontinuity of {G F (y);;O < . < w}

: -'._"and (3 20) This proves (4 70) SR / .

’ Next, since .

NGO RY RIS F:n,("’;-léy‘? Frie - FKFT"Y"’. - |

o

< IF (F (y) + F (z))-F(F <y> + F (z))l
+ |F(F- (y) + ¥, (z)) - F(F ('y)+F'--1(fz'v>_)|'
4ff:tnén,‘by (4 ZD), (3 20) and the equicontinuity of {G F (?5};,}

_0 < s < °°},

_4" sup sup Il\n(er) = A(Y)z)l
‘ 0<y<l 0<z<l

:}<' sup’f‘oupb

< . sup  sup JoF 6 r )]
0Ly<L Ogec - | R

‘ 0<z<1 0<s<~

e S

This gives (4 71)

Taking z = y in (4 71), we obCain (4 72) Thé“pnoof.io o

(4% . Y
v .

completed.}_"_': .’ o ,f‘ t_‘ -



AP

o In order to t@t Hy against Hl,gwe ‘may plo: k'j(y,z)‘
"qunction of (y,z) 5 0 < y,z < l o If Ho is ture, then the SNBU<p}ot w
”f(y.z A (y,z)) should closely evolve along the Y Z-plane- ﬁ,Plot '

3

' whieh falls aboue the Y Z-plane wOuld imply that E is true- ‘A"}

= plot which falls undeq the Y Z-plane would imply that the data comes Li

_from a NWU distribution., A plot of A (y,z) for the data of

'..Example 3.1 1s. presented in Figure 4 1. ‘VA.'f»”
- ey S
B 'Insert"Figure-A;I*ahpﬁtzhere; g
~—0
R o
If the—alternative iéathe subclass f'Fa’S‘,” 0<ac<hb< 2a, of
-,(4 2) of C , then it is easy to verify that 1§;j151n, where:-§ij;is o

'defined by (4 61). By (4 60), we have that for all F € F a.b
| . ’

A (y,z) - (l-y)(l-z{ >0 for all o < v,z < 1. Hence, the aboveA
explained graphical test based on A (y,z) haa power 1 against ;F; bi;
’

'AThis implies that both the test of Hollander and Droschan (1972), based

’

on_'Jn ,‘and that of Koul (1977), based on T : have power 1 against

-F This fact was also. proved by Holfander and Proachan (1972) and

' ab' at
,<Koul (1977), ];a ‘;3‘ " o ‘ Lo
4 The above explained graphical approach requires plotting in-a -~

three—dimensional space. ‘We' may avoid this difficulty, by plotting o

A ( ) instead of A (o " ; +I§'H0 ,is ture, thevDNBU’plot (y,An(y))

N



should closely evoIVe along the horizontal axis. A plot which falla

aboye (resp. under ) the ﬁorizontal axis vould imply that H' is:'

1.
i €. the underlying distribution is NBU (reap. NWU).-. v
. . e
o Bootstrapped confidence bandsgfor A(-,-) and A( ) 'can'be'f

5.constructed in a fashion similar to that of Chapter 3. t% the'

T

z\t N

following we only show how the method works. v

1 . ‘ae . . r

':”1>common distribution function F . The booﬂstrapped empirical

e

T, ,0

E}b-"

distriubtion function 'F‘ - is defined by (3 37)-: We define the

'.v'bootatrapped,empirioal /SNBU plot 'An 55(.,.) and_the,bootstrapped )
) : e oo e o
g empirical'iDNBU-piot A (e) by
e : S _:‘nl,n, B .,,’
(“'?f)' ; L n, .0 (y.Z) “1 n( “1 n(y)+F’1 (2)) - (l-y)2~y, ‘
-y ' o\,_<_. y,z < 1,
“and -
(4...'75’) Anl,-n(y) Fn-i’n(_ nl,n(y)) 2y +y?, _"0,;_}'”5 L

" The bootstrapped SNBU plot process*and the bootstrapped DNBU plot n

process are defined by

Let Xi, 2,...,X; ‘ be conditionally independent r,@-ls witn ,'.

. 76) e aal garniyan, 0<regt,
\-,23“_‘ :
Ly .
Y ' P g



ey T R oy =R LK), Oyl T
p BT e A et T R ¥R BRY 2

.

Now gért_efétiﬁg’ boots"‘t‘_rapped_p:oéesées U ) (y,z) , k( ) (y), _
A PO L L ' _ ' l’ c

e

- )

| <1 S_Hj,fN"tiqés,_ﬁe let . ..

(x) - -# { 1 < i <N : sup  sup. |x( )n(y,z)| < x}, '
e 0yl 0z R A

]

S il o 1? _ OSXS} . 1’ i

'(a).' G;fi (1 a),v o

 «(4.80) Couo,
o ( . ) y’lnlrn ' ’ 1:

and TR

. fJ;CNFHi’n(a) GN nl,n(l a),

(4:81)
" where a ¢ (0,1) is fixed.

© An as§p§to;ically'\l J)L00% cunfidencegbénd for A(+,+) is given:
‘:;by .:;g. : ; -
S it | i | 1
4.82) (A (v - CF (¢ <A A + c -z
 (‘-‘.) { n(YQQQ - N,nl,n(a)n (Y.Z) < (y,z) N, 1, (G)n B
' 0K V.2 < 1}

Np— :

-

. o o e :s . N . B v
and an asympzotically (1—0)1001 confidence band for A(e) is given by.



7.»(4;8'3)-- {A (y) -

| band for the test. :i»x

ﬂ‘d confidence band for the DNBU plot function

’ see that both the upper and the lower limite have crossed 5£f

B T L

N nl,n

For the problem of . testing Hb S F is an exponential distribution,'

'3 'against Hi 5 F is NBU but oot exponential,.we may" construct the

bootstrapped confidence band for. A(y,z) or for A(y) If the _ o
¢ ¥ N b R

(1-u)IOOZ confidence band in (4 75) contains the Y, Z-plane, then we

I3

-0

the confidence band falls above the Y Z-plane, then we conclude that

3

Hi is true. . Similarly, we can use the DNBU bootstrapped confidencex

‘conclude that H" is true. If, on the other hand, the lower limit o£ ',J

-t
-~ k3

For the data of Example 3. 1 we present a 952 bootstrapped

A( ) in Figure 4 2..

-3 .

1horizontal axis. This suggesta that the distriBution of*the survival

'F'period of the patients is neither exponential nor ﬁBU. Recall that

b

Figure 3 2 implies th&t the distribution is %eu better than used oftag
8 A%

1825. o , o - g :
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5.1. Introduction.

V.

SMOOTHED QUANTILE AND PERCENTILE RESIDUAL

LIFETIME PROCESSES

In this chapter we prove a number of results concerning ‘the weak'"

[4

- . -

. convergence of kergel-type quancile and percentile residual lifetime'\

processes.

-'

We will consider boch the censored and noncensored cases.

In the following, we list a number of condirions of which certain

subsets will be needed in differenc places in the sequel.

In the following group of conditions, F is a distribution ' ‘"i“
function i :
(F l) F is’ twice differentiable on (a b), where
b= inf{x F(x) = 1},'—0 £a < b £ =,
(Fi2) F'(x) = £(x) >0 on (3. -
- (f.}.l) zThere exists a y>o0 such~$hat ¥
. i ' ' ‘ "-;ijﬁﬁﬁ
° : F 5 B
’ ' . Pa S
(5.1) - ~ sup F(x)(l-ux)) ﬁ—‘—"—)lu 7 L Ty
. a<x<b’ A f (x) ;’ f;(f" o B
_ : ' () : - L IR
(F.3.2) -For'a fixed t >, 0, there@éxisrs e.jyf>:0,~such that =~ .«
‘ A . . : : ‘- . ..-’ " ‘."‘ ' B v ' ‘. ’ i ‘
€5.2) “Sup F(x)(l-F(x)) -'——LU- <y
tx<b . : f (x) _ : .
(F.3.3)...There exists“se_y >0 and..a - p* ¢ (0,1) 'such that . . o
'.: ' ' '58 ..‘ ’.' :\




S t" | S 3 .FE R .
G T R RO
3 T ewp e f,Q(t)2 <y o
SN 0<t<p* ¢£Q(e))°
- where Q(t) .= F “(t) ‘is the quantile function of F.. e

e .

©(F.4)  lm o xP(F(-x)¥1-F(x)) =0, for some a > 0.’
LI ﬁhé.folloying group of conditions ‘K. is a probability dehs;ﬁy ot
A R o . A T

- function.

i(K.fb' K' hag“fin;tefsypport,_ife., K(x) = 0 ufbr“lxl > ¢ for somegg‘: :
constant ¢ }‘O. ' ‘
(K;l)..K sg;isfiés a Lipschifz éondition,vi.e.; there exists a

. constant T sueh thac f6r all x,y, |K(x) - K(y) | 5;F|x-y|.'

-

1n the'folloéihg two'conditidns;'{hn}jvis a sequence of positive

‘numbers. N - y

o

© (H.1) n“zhn" 0, as n~+ @,

(H2) h >0, a8 n+oand ] (logn)"’ /(hn ) < », . for
. ’ o ’ n=2 ) ’ . ’ % : B

“ﬁome ‘60 > 4.

-



Caw ot

ei“ﬁS;ZlQOnNKernelvtype.Quantile'Processeé“: ' f;l."l SN

ﬁ_of-AF-.is'the Ath quantile f (A) given by

‘\\ . ° .

Suppose that Xl, 2,...,Xn"dre independent and identically
distributed°xandom variables with an absolutely continuous distributi<

function F.; Let x1 < xz gg,i.}, g;x;}n be. the order statistic:

~of the X 18 A natural estimator of the quantile function F 1( A)

1

S FR) =k JiE (k-l)/n <x < k/n . in; Leen,

k:n

T

1 n : :
7r'gsorgo and’ Révész (1978) detined the quantile process Dn(y)'as

- . ..'. ) f,“ .

/2

e e =P (y)(F Yo ton L o<y <1l

O
hY

Theyghave proved a number of strong approximation results for P (y)

Yang (1985) considered a smoothed alternative to~ F ( ), which i

\_a

given by

R

) » - . : .. o . EN ) . ’ n : .
(5 6) o Q (X) t= 0" h 2 X K(Lligl““)

- It'is motivated from the following kernel-type éstimator

a
ol
—



C proved that, for any given l €. (0 1) y

(5.7), ;f’--~+i'~. Q (x) im f F (c)h lx( )dt L

a

ey L,

_where K is’ some depsity function and h + 0 as n > @ Yang (L985)

12 () - T 0] 1

‘ﬂ.asymptotically normal. He ‘has also proyed the,asymptotlc meanvsquare"
£ : : S : . E . E

;equivalence of Q (l) ’?:d"an(X)"

= In this section, Ve will ptove the weak convergence of a SRR

.kernel-type quantile ptocess.~ This result 19 an extension of the ;
C results of Csorgo and Révész (1978), Csorgo et. al. (1982) and Yang

(1985) First, ‘we. state the following theorem.t'”' SO f:- )
. U . S L ‘ ¢

h"Theorem A (Csorgo et al. (1982)) rAssunefthet.conditiona (F.l),H(F.Z)v
and (F 3 1) are satisfied.v On an. appropriate probability space, there
/

ng'exists a sequence of Brownian bridges {B (y)

K(y n). 0 < y.<?_’

1}:_1 ; where K(-,-) 1s a Kiefer process, such that

(5.8) - - sup To ()’)‘B (y)l SR
N _1/(n+1>_y<n/(n+1> R

o (los log w) *") R RS R

/ (108 108 n)Y(log n)(1+¢-:)(Y 1)) Yvi i): '.,c:_;f



B T 1

s is arbitrarj and Y is as in condition (F 3. l)

Pl % 'vﬁ
.,p a) ‘ *‘ua .
Foﬂigwing Yang (1985), we define the kernel—type quantile process[-

R S N O L 2 COTCIRC P s V) TR

-

g ?i‘ where Q ( ) s as in (5 7).. S B - R N

B The main result of this secion is the following theorem.

— e

-.Theorem 5 1.' Assume that conditions (F 1), (F.Z), SF 3 1), (K.l) and .

.(H l) are satisfied."On the, probability space of Theorem‘A ‘and with fi;

r the same sequence oﬁ Borwnian bridges, wg‘have o T“" A}'f » Jilﬂ

v oo
\

I PRETTIE LN AR ¢ TR
S0y L wwp - b«nﬂ(n|-ou),asn+wu
S lf/n<k((1-l//n) : TR

In order to be’ able to prove Theorem 5 1 we need the - following :
three Lemmas.,. ” ;

o ae i

n:' : . . -

"f'nggé”S.l. Suppose that conditions (F 1) (F 2) and (F 3 l) are

satisfied. Then for any 0 < r s < 1 - we have .

:‘. _;;d'f ’h'%?‘ o
o .” -grasz
‘[5 1-(rvs)




~ Lemma 5;1.wasiproveﬂ-by:Ceorgofanf’Réveee'{1918). - ';? ' jl} :i 

Lemma 5. 2 Suppose that conditions (F 1), (Fe 2), (F 3 1), (K.l) and

FTAN

i j(H 2) are satisfied. Let {e,} be a sequence of positive numbers such

‘-,-thetn. 0’ 0', € 1h + 0 5 as 'n > 9 ;. then L have _

' (5 12) suo -f |———-S—)- 1|h lK( )dt - o(l), ae.oo_;if

. € <X<1‘€ ‘- fF ( ).
- TR , R xﬁ

and

o

e T ew -IfF 0 s e cuca,
SR ' ‘engg-sx'l - fE ( S N I

- Qhete{.ﬁ"ie’a:eonstaﬁt, 
’gsggg., We note tht (5 13) follows directly from (5 12) HeQCe,,ﬁe‘gif
will prove (s 12) only.' By Lemma 5., L i
{m - -(Avt) Y < P (x) < At 1 ('x},'t)}y

lvt : 1"(1»\'1) fF (t) XAt" 1 Qvt)

.4:‘:?-

I
X

' Now, by the above inequality and the. fact that a-l > l - i-v'fofff;

-

all a> 1 we have i. o ) “:i' S



A f',..-,-.‘.: )

Vf&iip L sup 'TI'M'IU K(.y)-d?w.b

e¢,<x<1;e |x-c|<ch fF (c)
o= T :

-

1;(x;c)

-64 :

et

1 (A t)I

e

( )
B ; Avt 1= (Aht)ly
. AAC “ 1= (Avt)l

S P

e

Tl_iis-'combinéd,-vwith ;_condiltiqn” (l'(.llv)_ give '

.

ewp J|M 1|n x( )dc
€ AA{l=g " = ( )
Ll

: s S ‘
sp [ " 1 2 ) i jn” x( ENge
n.-

e <AKlee A=ch ( )
== "n ~ “'n

T

T .'-1'

wwp eep (A =0u0)y
.8up : 5“? RSV * 1—(lv;)} 1

e, A<l-e ]x—c|< h,
e '

: 1-x+ch_ A+ch 1 S
PSS | . o n R ¢ 5 . 1-)- Y_ :
Sup- {(X’Ch“ 1-a )'(“X ‘  }fxfghﬁ)} 1

1- (Xat)

»




=0o(l), as n + =.

v;,-.f_-This éompletes the: p‘r‘opf"‘of "(5.};_%.).

' ‘LemmaA"5.3. Assume that conditions (Frl), (I-‘.i,)iw(F 3 1), (K 1) and

@v ' "(‘ﬁ'.l') are’ satisfied. Then, as n > o

&

O . 1/2 . s ’-1.“ » , : _
(5 15) . sup £fF “(A)] [F (t)-F (A)]h K( )dt: = o(l)
o 1//"_<_;\<(1—1//n) L0 | g

s
. o

yvuf . . ) . K . ‘ Ty

Probf;_ By :he“oné—term_ Taylor's ekpans,j_.o,n..,"on’ _ TF-?‘('. ), e have -
S : ' '.?'
1721 1 o '
n "TfF T (A)f [F (t)—F (x)]h K( )dt» :
£ o . .

i’ﬂh‘-f“d‘ oy
e £F° lkat)

)h 1<( )d:

e

where" & is a value betweenu'fku__.ahd t. By Lemma 1, R

S ewp o a2 Hc)_-r iy K(——)dc
U RN o

N



< nu'zlh '

nl /2

_h”c

2 /?'h i i sup -

I/v’n().((l—l//n) ['g -A|<ch

= o(1),'as n+e. s
. I i "‘D’ P

< . .
' oo _ L .

- -,Thi_‘s""pr qv’eg (5. 1’5)v :

Proof of Theorem 5.1,

p ( ) of (5 S), we have

| .p_;’(x_)'-; nt/2gp71

a4

RS N
o= (A)[f
- b

s oS
St B

£ (A (

sup' 4 _S_L

1//.—<A<(1—1-—//n) |t-A|<ch fF (g )

S

f YK(y)d

-c

sup”;, gx)

1/7_<A<(1-1//n) ]E -XI(ch fF (E )

"Etfx

1= (E »X)

_{55&1 )

v

K

By the definitions of
=l
MZETT())

4
3

I-(¢. ’vl)’

.*()

F (t:)h x( )dc-fl('A)J

of (5 9) and



oo (OB 'R(ERY e N
76 TR

iR -+"r,1_-1;_"1'?frf.1~(x,)lp. (c) - F (x)]h K( )dc
R TR ,

P TR I ST
Ll gan lp W--5 <x>| ‘If”ingﬁll EXONERCTIN o= RS
SRR | SeEle TSR
B R TIEPEETCTL R O | Q——Q—l B (c) < B (9‘2) I K( )dt‘ |
R . : 0 ng (t) et .

,as?xgar

. L ' - . . .
T T S . » . s .
EEE N S ! - . e a
. o . o, .

B (A)f \——i—- }m x( )d;-.-._:_

',5:»2“«:&’\;;.— Y

'3 2 ﬁ(k)f [F (c) - F (mh ;,K( )dc|-.--i.;_"

L
5

A= 1L O0 # T, () + 1300 + 100
"By Theorem A, condition (E.l). dnd (5-13) of lLemma:'2, we have

“‘.'\.{4 : ¥

.

PRV . :. AT :
2 . .

(-‘9_ ) . o e

.‘g;

(5. 18) S 1, (x) B R OE 4=
. 1//n<x<(1 1//n) R AR



oa

| | | o .68
: “Mch . :
1//aA<(1-1/¥n) “A=ch_ fF (c)

‘-<, o sup : sup |p (t) - B (t)lf -——Tiil h_ K( )dt
1//n<x<(1-1//n) |t-A]<eh : o _ (t)~ }

B

T ewp |p (t) - B (c)l
l/Jn-ch <t<1-1//n+ch s
‘\'J_ "‘ l‘-
S T eup f —J—lh x( )d: C
1//n<k<(l-1//n) o fF ( t) . AN

B 1/(n+1)<t<(1 1/n+1)

o(l) , as n'+ e,

The 1n8t'inenualiti nBOVe follows from the obser@ation5that"l::-chh'i

_ o : I S J/a

" -—-+ (—:ﬂ > for large enough ne S -
"‘/n '

' Next, we note that a Brownian btidge B(f) is almost sntely'-l

uniformly continuous. Thiq combined witﬁf(§;13)'of'Lemma'2 implieé’_”tJ

that o “u

(5 19) '1; sup ‘ Iz (A) v “-f*‘f‘”'A'.=;7"L ' f ?:_%
1//n<x<(1-1//n) n e , _ ,



R S # i -
. . L [ ‘/_ EY
N L 7 :

| —-../. );7 .~» , | »p,» . f n f_g_z IB (t)-B (X)lh K( :
: 1//'kx<(1-1//n) x—ch fF ( )

= 11 S R
B e N
: S_ L Sup ‘sup lB (t) - B (l)lf EE 1(A) hn K(th)dt‘7
’ 1/Vn<x<(1-1//n) |t-x|<ch o : ~ fF (t ) n

7 Ro(y, as mae. .

'As to‘ I3 of (5.17);‘ﬁe nsevthe‘fact that sup B(t) 'is bounoedf
‘ , R {24 B
in probabilitv together with (5. 12) of Lemma 2 to obtain

(5.20) o ' ';tz . sup 13 ) -'o(l)
S S 1//n<x<(1-1//n) Dl
Nowaemma jiinpliesvthst_; : :“'-éa ‘
sy sup ‘ ia»(k) - o(l) a8 n .
L : 1//n<k<(l l//n) e o
T

"iCombininéi(S 17) - (S‘ZIj,hwe’ohtsin -(5&10)

h Yang (1985) proved the mean . square asymptotical equivalence of
--i;'Qn(X) and Q (A) stated in the following theorem.

‘viTheorem‘B.‘ Suppse the assumptions (F 4), (K 1) and '(K;Z)"ate

- satisfied, then we have,vas n3 ; .

A

LG EE M, 007 = el anlady)



o (Ke2) and (H.1) _are‘satisfied' f(x) iﬁf

- 70

uniformly in A, where ah + 0 and a /(nh ) > 0, as’ n‘eio.

1/4 5/8

e If\we choose 2 = 1/(n “n ) , dnd 1/¢n> h_) '+ 0, then

. Theorem B implies that :

©(5.23) ’ZT;_\" supb|q (x) - Q (A)| = o (1//n) o

-'therefore 0 (A) -and Qh(X) have the same asymptotic distribution. So

-the result of Theorem 5.1 also holds trif for Q (A) provided f(x)

is bounded. We state this conclusion i;the following corollary. .

“y), (F z), (F 3. 1), (K.1),

-Corollagg 5.1 Suppose_theeCOnditiona (3
\ounded on- (a b) and h 8

5/8

_is:choosen sochfthat 1/[n ‘h ] > 0 .v Then, on the probability Space.

of Theorem A and with the same Brownian bridges Bn(-), we haye,.as
n+ow . .
\\ 'v ] /

L (5.24) o
' ' 1//’Zx<(1-1/1n)

7 O0@00F 0B, =0 () -

4 .

' ,Proof : Parzen (1980) proved that condition (F 3. 1) impies that

: El*lu -, p‘s'a_< ;j, which implies (F;4). The result follows by

© (5.10) and (5.23).



5.3. On Kernel-type'Percentile Reeidual LiEECime,,Processes

Heines ‘and Singpurwalla (1974) introduced the concept of the

p-percentile residual lifetime R(t,p) defined in (2 16), A natural

estimator of R(t,p) is R (t,p) defined by

&E,
1 — o o
: " P (1-p F.n(‘t._‘).) —t, 0<¢t( S “‘_0 <p <l
: (.5'25)‘ 'R (t_,p) =1 . - - ..' )

Csorgo (1983) %g%ined the p—percentile residual lifetime process,
jr (t.p) |
1/2

G.26)  r(e,p) = a2 (R (6,8) < R(e,p)]

3 2, ~ o

C = Pemep + DR (6p) - RG]
- M. Csorgo and S. Csorgo (1986) proved that for dhy glven t > 0 and
'0 <p <1 , r (t,p) is asymptotically normal. They have also proved
some strong approximation results for r.(t,p)-‘asvg etochestic procest
- in either one or: both of its parameners P and t . They have used

these asymptotic results to construct some. confidence bands for R(e,e).

N
.

Lét t > 0 be arbitrary but fixed. For 0 < p < 1', we define a

kernel-type‘eetimetor of R(t,p) as follows:. ﬂ:g.' 1 5h T



r "_'A‘
i
<

72

Gan . "RA(."?_)"f,OtRn‘F}q_),*?nl“(i%f)-dq

e

.f‘vhéie K is some.dgﬁsity’fuhctiop‘and ﬁn;¥ o, As nf*fQI;

" Note that for O <p S_l},

(5.28) A , S R

 5‘; o x[k+(nék)p1:ﬂ—t, 1f 'xklnASrt'< Xetr:n2 & 7 1’2"7??#5¥’

R =1 R,

R o, f E>X ., .=
o e "< “nin X NS :

wheré Xo_ﬁ =0 . Using (5.28) , 'We can write Akn(t;p) of (5g27)

as

a, (k) /Gark) o f
1 K . h ' .- K dq, »
o=, 0" Ty /ey M

RaBP Y A K L8 g k0L e

(5.29) s

0, 1if t >X .

: ~%ntn . ° S Cs

~

Motivated py (5.29), we can gstimate' R(t,e) . by '

g . SRR




‘ — ( 0. -k o : '
1 ) =1, n—k
¢hole) T Xy b K(T
| a =i+l TR b .).‘_’ P
(5"‘3»0_)-“’ ;Eﬁ(.;'p) R B S KetLin B k.»"»’_"»vl'-""» wl e o
0 , t>X .
= ,n:n

+"Cleatly, ﬁn(t,p.) ~ approximately equal to ‘Rril(t_,'p')' _

' Notic‘e-that the'estimators ﬁ(t,p) ahd R'(t,p) are essentially

weight_ed_ .averages L‘of the 'X'i 's, weighting thosQX in for which —ﬂ

E is c.los'e' to P more heavily than those Xi ' for which rin_—;: is far

' from p@. To show the effect of the smoothness of Rn(t,p), plo\ts of ‘

ﬁn(t;g) versus p for fixed t based on a real data set are given in -
Figures -5.1‘ 5‘.2. This data set is&aken,from Bickel and 'Doksum (1977) ‘

<

. and 1t consists of the e&oapsed time spent above a certain high level

density functiou K

for a, series of 66 wave records taken at San Francisco Bay. . In

‘Figure s, 1, we fixed - t.= 2.0 h - Q.}O "snd_ vin Figure 5.2 we fix’ed" .t
= 3 0, h = 0. 35. I,n both figures, }the_ triangu.la'r densi’ty‘ ffun'ction : .
K(u) =‘(1 IuI)I(I |<1) 'was ‘used as t:he seighted function _for —'ﬁ.(t',-p)." |

. When the ‘support of K( ) lies before thé left end of ‘the range
: o R .
[- ] ‘ .e., when k - % <h , K 1is replaced by the trunc—sted
l N ' (“..

% ~given_ by



‘ ft— ;xj/h < ui '< o.] :

e

£

‘0 sider, 1f the suyport of K[ ) lies after the tight %nd of the range
ot et n L

g [l -;“1&]~‘.i.e., when 1-X<h ey the K is replaced by the truncated '»;"i-“

where C > O is a constant such that fl( (u)du = 1 g On the other

N n

densit:y function K ’ give b,,V ‘_ . >‘ [ L _‘
TR T TR R S T gmv.,_:.;: P
T R ey

“

) \ o . . . o o

']'3whéremic;ffisya.constent”euchhthét th‘,kf(u)qucéjl‘j,f_;h_~.-f

: : “ :-'-j‘rng;ert :'i?i_g'\’rrles S 1 S 2 about here. -

| _',»f?'; 7;'.H&‘;i;;-jfj :_ﬁ\_:v. o L IR
TS R S o '." . * . R
©-cFor £:X 0, 9 < pgC L .-rthevsmovothed B-PRL process t_'n(rf_,‘--") " 1is

1/%{3 (1-" F{“))[& (c p)* -\-lR(t,P)]

R . y}) Y : ’ ' ' ' L
RREE 0 'l'he nain result of this sectibn 1s an extension of the fo‘llowing

‘ . s, : .

\,



. theorem of M." Csorgo-and S." Csorgo (1986).. -~ . =~ -~ " Sl

. \(,_

Theorem C Assume that conditiong (F 1), (F 2) and (F 3) are aatisfied..vf

v Let "B = lim sup f(x) Assume in addition that either 0 < B.( Qe or
t& ) xfb . - . PR . . ;& :

B = 0 and f(x) is non-increasing on an interval to the 1eft of b .,”

Then,'on an appropriate ptobability space, we have,x; B H-_'rfrfﬂ.

L e(5a32) sup: lr o o (log og m'* 1 “ og /2
e 0<p<1 o ; NS =

)

L) Gl e a2 {K((l-p F(c)) n -xp&(?(’t). o} -
and {K(x s) o < x < 1 8 > o} ie‘aJKiefgéﬁbn;eess;v;;,'

ey .

The_feiiowing_thebremfisfpu;iJAiq'resnir'dfiﬁhie‘secfioﬁ.QV

-l
e n

Theorem 5 2.; Assume that the conditions of Theorem C are satisfied and

r\ o .(
thax cOnditions (K l)'and (H 1) hold true.« Then, on the prohabilfty

‘i v.' R4

space of‘Théotem¢0 aﬂH with the same Gaussdan‘proeeasf‘c (p,n) of

N A

(5 33), we have, ior che fixed t > 0 6f condition (F 3 2), }f;: d:u:iﬂTH

R R

Ee N S A CURT R é,,'a'; e e e
' QKp((l 1//n SRS T D
T

-}
N ' ,-' -

':‘;.. P
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Ptoof._ The proof of Theorem 5 2 is essentially the same as that of

RadlE 2N S
"-'\ Ayt e

";_Theorem 5. 1.. Indeed 1f we.can: '
: ‘J¢f 5 :’f,‘.:

' Lemma 5 2, tﬁen the rest of the p oof foqloars automatically in the same .

gway as that of Theorem 5 1. Jrhus\we only need’. o"prove that as
Caes,

(5 35) . sup, ﬁ:»f lfF (l'p F(t)) 1|h K(S_R)dq - o(l) . .:;fft.y'f,

ogp<1-e e £ (l-q F(t))

SR . o . .Aff' . RS
y " Observe that assumption (F. 3 2) 1mplies that (5 11) of Lemma 5 1
holde true only for F(t) <y s < 1,. But F(t) < 1 - p F(t) <ih if ,

2

and onlyif 0<p<1.'So byLemma5=1‘~for any 0<p,q<l ,we,"

have ST ,_‘.-‘4.“-_

. ;! L el T Lo .- K ) RS : R ey
- . L A L]

l??;;:(5.36),hsv:

AT+ <1m ) 17 S el

'Lﬁew,'kwumuwulFun {awumcmrmﬂ
L S "
% F(c))qgl-q rcm@ [(1-p F(t)) (1—q F(cn]

. :-‘.. '>-~' L ""‘_' - . ~ N (3 L : ' . ' ,I.‘.’?
et T ““1'<PAQ>F<=> A;;.. R

N ST
T
2 Lo R

5;5;37):_.,,;.f? (1 ~p. F(t)) 1] < {1 (pvq)F(:) péq }¥e;£:;
o 5? ;}"_; fF (l-q F(t)) _‘ 1'(paq)F(t) E:Ef T

’

e R N

st



< -sup {[ — - .

R I ON _;"‘n"f“.‘:i'; ',

‘ Z:. o ’ .'_— ; e |
e o e F(E)Ren BCE) -

Co'ni;eq;ikgntly_,": o

P lfF L5 Fw) Ap e ’x(u)dq

o<p<1-e -% - fF (l-q F(t:))

sips {1 (zvg)F(t) p__g }Y‘

O(:(l-s |q—pl<ch 1- (pAq)F(t) peq L

(1-(FFEF(e)P

Yo

TL0gpgize (1P Fe))(pFeh )|

S 15 F(o)meh F(r) . =
o e
0<p<1-a o l-p F(t) %+ prch

1 F)

a- P KNGy

S 1 Feykeh F(E)

-

l-e F(t)—ch F(t) en . x-e ?(c)

=1

- ., R B
. v <

o Gre (e (teh e

e F(t)‘H:'h F(A;)

LLre i T '.. T i S
ol mo(R)y tas m Wl

s tep ? } Yol ‘
TR~ N R D
BRI St "E"(‘%)#’ch F(e) e
[ o n | .‘L n . ‘_,_‘.""

L




This completes thes proof .of (5.35). -~ -

AN

._\..

:y' \

In the following theorem, we prove the equivalence of R (t,-)

.

and R (t,-) in probability.

Theorem 5*3 Suppose that conditions

: are satisfied. _Lete
e

< .

N SRR *_”‘ ™
sup -

T8y
e 0 __p(l-

* "where -a_+ ® and,.
where--a ‘> = and,

:'(5359)"ﬁf;7

S T

s
p

’(u <k/n5)

where k is the random integer such that Xk é ”

A.“ < T
I (u) is the indicator functioa of A

.

'(é.a.)';*"(x}i),

> 0 be such.that"el

IR (c,p> - R (:.p>l - o (1/<n |

S e
P M,

1 i

u=l/(n-k) n’ -

. . : PR
! Y .

Rl
' e . e

(K.2) X '(ii'.z)‘-"'“f -

> O;'hns;}4 0. as

" and

Then, for any @ < £ < b we have - .

.

2
ha)

ndlg .

iIhus both J‘( J
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"”-qgﬁnk(;) :§;effan9ﬁ-véfia%ies.. Bi{(ﬁ;ig)},-wé ééhi
(5 41) R (t»P) R (5;?9 21 (i/n)X /L(n,k)h a ]
c . . v_i ‘ :

R o
oW
;£”; 1 AR

. “n LR L R L o Lo

- ff, For any fixed a < t. ( b there exists a '6 > 0 such that
R .‘g

0 < F(t)/‘ s < F(t) < F(t) +5 < 1 . Since ~% - Fq(t) F(c) . 80 _'*if '

Ve

.; thete-exist a set ;ﬂ : wich P(ﬂ ) -«1 such thac F (t d) F(t) for R

.a#¢

4- L. v ‘: i.
o

i, all m €. Q .‘ Hence, for. any w € ﬂdg;'there exists .an n(m) > 1 g;h;gi§ :

e .. : : . '\’ . .
R T R N «:»‘nw& R S I
tha; . ] . s PR R .

o " . C L aed . i -“ T
. <y RN ‘f\_' _ e, Ceay 'qé L e R .. .a - . ST
N : PR LA . L . u ,'-‘ , PR A SN Tyt 3
AN i C " r s Bk R - "l.-‘. ".8‘; ¢ ?" g . LN S - .

. ‘ : o N f h
~ . .. - . e, A : -

(5443)7, F(E) S 6,<(@)/n < F(t) ¥ 6 - ‘for n'> m(w) s
R f | , .".a L e zf.iﬁ'f-"
B e Tl R e

"}Lec A~ w {u. F(t) = 5 < u < A (e -ch )(i +‘F(t) -;5)}-- We vrove

N f-,

N R R o

‘&};fq7fﬁ.'v.§ufz» .'f f\ [5‘ﬁ" S e |
(s 44) Ceuwp |9 (ﬁ&w)l- w9, i (s “"IA (u )*' for n 2 “‘“)
: 0_P<1-e RETT agpdtme R

-

A - ‘ B " . v..- . . o RS N N
. . o S ) - L .
t. . - . i Lt . . L R N



. "'.‘,

o ES: P < l-e } g_An, ‘In fact, by condition (K 1) and . 43)

(5 45) '{ f,]J (u w)| > o 4<'p:§ 1f¢A} ';:

’ - {u? lJ (u kgm!/n

C {u

-m5

gt

. < T

ﬁ?k(w)/ﬁ < u < l-(e +ch )(1- k(m)/n) E 0-<p < }-e }

e e .-~"> . i R R . e

N . ‘lv ) : 2_ K . ) o .0 .

e

TkCw/a) |?[‘k<us'>:/,n' cug1] >0 » 0
k(w)/n < u'<§% and x((%:§%9%§§ p)/h )’>'g15;5£'“

-

K((l-k(m)/n

k(m)/n < u < 1 _‘ap (p-ch )(l-k(m)/n) < u -k(m)/n

v o

~‘ .4_

Obaerve that (5 44) holds true, if {u ]_ (u w)} > 0 "“:v;(f

KRS RSN

—k(m)/n B . oo :.‘ .'A'_   ‘
ij)p)/h y 0., o.‘<.p Lre )

' f. < u'k(m)/n < (p+ch )(l-k(m)/n) ,149 <p Sti-E }53 {~”

I .
VU

k(m)/n < u < 1 , (p-ch )(l—k(m)/n) < u-(k(m§+1)/n

< u-k(w)/n < (p+chn)(1—k(w)/n) . 0< p < l-e }": :

ffj[(p-ch )(1— k(m)/n) ¥ (k(m)+1)/n] v k(m)/n < u <

(p+ch )(1— k(w)ﬁn) + k(m)/n, o < P < l-¢_ }

‘. ao

"_':fk(w)/n <u Q(l-“ﬂﬂ:h )(l-k(m)/n] + k(m)/n, 0 P < 1-¢ 4 O

LA S 5 ,' ..:. LA R ' C RSN AT e .
* »ijhgn b 5 ) n(w) e R el



o any u e,'ﬂ.o:,'

;'. '1*(5 -ch )(1~F(c)-6)“< 1 for sufficienqu large n ] and by the

. . . . - . i . el v . e e »
.. K e . . RN 2 e g PR . LN o .
S A : o A o R TR NI PR
v . N 2o . e . -;! . .“ . . e .".' ; C i . - ' .

e,

By conditions (K 2) and (5 42), we have

RN o —k/n -
- sup | (n)1 < ' sup (u_ )I
0< _p(l-e '»;-;‘.‘,’.k»_; | oép«—e A pbTk/n

gy

L . 2 vl
i . K . fo e R

| <alin hﬁ('}-ls/n)} ’ _\ {‘f_{

iqc . . T,

Denoting J (u) - (a F/n h )I (u) y then by (5 44) and (5 46) for
_n _ , -

X .

- (5.47) 1- k(m)/n. PRCH IR TR

Obserbe that J (u) ';0 for 0. < n4<ﬁ¥%tﬂf°‘6

1 (E ‘~ch )(I—F(t)dé) ( n -2_ [Since h '- O(C ) ’ 30

AP o

"".assumption 99 a : J (u) * 0'. Let D X J (i/ )X -;: Note:
- . - . R '_ 1’1 .

- *t:hat condition ’(F 4) 1mplies that Theorem 5 and Remark 2 of Stingler

‘o

(1974) are applicable to D .; Hence, weahave

,

W:vf.-; el e .-}; I ‘,;“'. e T
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SN

T N RN A

o cL e e T
Ry Y S SR AT S
© Stnce’s E(D)- = {Vard ) + (ED )7} = O(n'7)"

Ll
e L

, - T
Tt e T T B o PR T

: S ey AT e

L By (5.4T), for WPy, o
R S PRI O PR
C(549) T suwp )|

3 (4/n, )R, (@)/[(a-k()dh_a ]
‘OSPS}-én 1=1 ,'n’k e ;-n . C oo

4

e R sﬁp Z J (1/n w) (m)/[(l— k(w)/n) h 2 ]
T ogpdme am BT

I

¢\ - Nouice that p(n ) - (5 48), (5 49) ang the fact ‘that

t ST ] ) “:ftﬁn;
(1‘ k(”)/n) = F (t d) ¥ E(t) > Q give :1_'_”;;-~ : P S

lb' '-‘ , .."'..J’ :‘\’ ?-:“ ’ . l' 'v.‘“ - : ' . '. " X S . :,‘ ‘ . 3 ca
. (5+50).  f.sup E IJ (i/n){X; /[(qu)h a ] =0 (1/(n 1R hoa )) '
B oL 0_p<1-e 1-1 ._‘.: ” . - . R ;

‘ qu,:;edhll;;ha§ _X__1§ éiﬁon‘héﬁétive.randoﬁ variable.

o -

S

. By (5.41) "

E]



- angn(5.50), we have.

o “(s;SL)f ui‘f‘f sdﬁ , |R (x p) - R (x,p)|
ST 0<p<1_ ) .

Da.js SRR : Lo R
& eup TR } (i/n)IX Jl=ona ] o
- 0gpgl-g A4St R
‘5}f\ .':- o(l/n / h a )l.

! Hemce, (5.38) is proved: .

-

. Similar to’ Corollary 5 1 Theorem 5 2 and Theorem 5 3 give che’“
N, D . N

following Corollary.

- . . LW Q00
A woe e . .
: . . . A o5 -

RIS % ‘.}f& . ° R .

Corollary 5. 2., Assume that conditions (F.1), (. 2), (F 3 2), (x 1), -

-

’

(K 2) and (Hl) are satisfied and h : is chosen such that

"1-/[1'135/8 ] * 0 » a8 n * w'. Then, on the probability space of Theorem

C and with the same Gaussian process {G (p,n)} of (5 33), for the

fixed a < t < b ) Ve have, as ﬁ +" ;“

G }- Tl PR o L
,'a._‘,_,'_ v A .-‘” i w.:-.-c [N (I N

- U A . ot P R N
: o : R A A .
> . . . v . ; - [ »‘~.:ﬂ PR :
P, R : v . . - > . . H

-

s s SRS <1 FEENE oIk (€976 (p.n)l

o Q_p<(1-1//') SRR U

L g
PR

. N .. . .v‘. LS
g - ! N '3_'\;:"{



5’,,. On ‘-Kérh'él-tyw‘.Quantile. Processes Under Random 'C'e'nisdrship e
Let Xl xz,...,xn be i 1 d. r Ve vith a continuous distribution

,fdnction Fo o Let Yl,’YZ;.a.;Yﬁﬁ be 1.1 d. ,r.v. with a continuous

": distribution function H . Suppose that the two sequences '{ i}

v ‘{Yi} 3ate indepeqdent.. For any distribution function L denote:;'
0 (5:53) T e teffes L(e) =1} S

-

. ' ' ‘ 0
In the random censorship model from the right, the X

1 may:be éenédte

| on the right by the Yi’ i.e., one observes only the pairs .(Xi;ﬁi),
"’;1 =1 2,...,n , where xi' is the aininum of xci’ Y, and &, is the
o : SR R S
/'indicator function of the event Xg < Yi’ i e., ';_ o
E X SYI“_ ,
. . 0
X > .
o o

;ja?e;iyiQd; r;v._ with: -

 used



" estimator of F° is the product-limit (or, Kaplan-Meier (1958)) - -

estimatop  Fg(;)? aqf;ned by :.f" IR ;:%5' |

(G0 1 Eo -

‘4_whéte (ximn’?si)”i - 1’;;.;9;‘ denote the ordered Txilb:

along with
denote the' Jump of - o -’;t' T
- rabadit ' . o '..V n ) g i:n\,

their éprréspdndihg"815';,hLet ;éi”
’C,w. 4. . o B : ) ‘
L ’ 10En,. i '_‘,o

. o

20 T ey
LF (X0 EREEE =15

Yoo 20,
ﬂ Fn(¥i+;:n)_f Fn(x

V.

ol o
1-?nKXn:n) Yo

a

-~and-denOCe"v

Note chéc ‘éi -»O' if and only 1f ”61"-'0 y 1 <n, _iwé», when R S
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{8 .a censored-observation. . - s

. _Based .on.the randomly 'fig'ht-jcgnso;‘ed.-datav, a natural .éstin;_at.qrfq"‘f

til'{e :qu;ahc{ie _fuhétidn 'vC,‘QO' of Fof‘ibs' Fhev.'svza'n;'ple! PL-quaﬁtj?le.' func itm

A

Q. defined by

vA more direct way of. looking at Q ( Y is given by

S j-s'ac-.-;s- of m w-mww "””‘ "“A'."'i"'-:. R

A Lo '-,:‘_.- RO I
- (5°60) . Qn(y) = xi:“n’ if Si—1< y-S Si ’ i ,='1‘”2"?‘.’n ’

&hefe' Si ,- i‘-_-"O,‘.l',...“,vrf"af "f.'are_ de’flin,,e;d” in (5.58). '

Aly,et al,.. (»19.85.)"‘de'£ine'd_ t;hé P’L-c‘;uanti‘l'e_'proce_ss' 'p:, as

: ,V(Sfﬁlj‘ o (y) - nl/2 %9

(y)(Q (y) = Q (y)) f ‘. ..Jo:_<~ y <1

-

-"‘where f is the derivative of Fo They proved some strong ~

ot

'ap*oximation resulcs fot : p (y) . In tﬁ\e follow:Lng we stat:e théir

: ‘main teault.

" Theorem D. Assume that PO 8afi§fies ';:6ndi'tions (F.1), (F.2) and

B . [N K



' =
Do generalizedhKiefer process with EK (t s) =0 ’ and

87 P -
‘(?}3}3) Then, on. an appropriate probability space, there exist a

f,sequehee:of'Gaussian‘proeesses {Gﬁ(-), n: 2;1}- and a positive constant
C such ‘that with 5 = Cn " log log n , we have

) P : : o L N ) : . - . . A m »»

; SR ' : \ : o

- (5.62) sup 0 Ip (y) - G (y)lg- ’O(n (log n) (log log n) / ) .o

R . _ | ‘ |

S . A

1/2K (y,n) s D0 } ~and K (-_-)"iaﬁa

where ’{G»(y)7° N

(5.63) ,d/'.56;§3x;(ﬁf?s*2‘
. /.: b : - P

(-I-c(}d (:At )

~with-

(P AT ) s Fre) 2 FQO() add F(e) is as in (5.55) .
T

,‘,'

Padgett (1986) proposed the kernel-type quantile function

_bvestimator_ Qh(X) and its approximation Q (A) defined respectively by

'(5564)"p'.t _'.- Q (x) - f Q (t) h K( )dt

.,



. ' - .' 1 e a8 "
VETRG S ST -1 - , R
L e R R SRR, S - .
'"(S'GSQl.f‘f:f'.f‘ Qd(k). hﬁ\_fz Xi tn S i K(h ) . :
- R REETR L2 R
Lo . ’ = ; ’ ’ : . e 3 i . . . ¢ C
'~>Padgett (1986) proved that\\Q (A) is almost surely consistent for ' jf T
_every 0 < p < l . Lio, Padgett and Yu (1986) proved that ior every
- continuity point X] of - f Q ( ) ,3 1/2[Q (A) - Q(A)] f'»\',”.
asymptotically normal- Lio and Padgette (1987) proved the asymptotic.
N normality of .n /2[ (A) Q (k h }i; undeb\a-weaker-condition-for hn"
- where L ;/ S, : [ - .

.

i(s 66) Q (b ),D f Q) (t)K( )dt , . for 0<rgl

—~e

" v : R .
,bThey also proved the asymptotic mean and mean square equivalenoes of
' L,Qg andﬁﬁQ and the mean square convergence of Q (A) ‘to Q (A);.

\:

In this section, we will prove the vqaf Lonvergence of a.
.\kernel-tYpe process under random censorship This result is an »
extension of the results of Aly et. al. (1985), Lio et. al. (1986) and : v.i;
j.Lio and Padgett (1987) First, we define the kernel type quantile |

o -process‘ pn (+) -as



g Chsaetn (el e
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R T N

”f:iThe‘nain result df}this'sectiongis the[followingAthéorem..;

—— — -

-~ ~

Theorem s, 4., Assume the condition (F l), (F 2), (F 3 3),7(K 1), (H l)

'\and (H 2) vare, satisfied. Then, on’ the probability space of Theorem D

T

and wifh the same sequence of Gaussian processes '{G ( )} y we have, "as

Loomr e o ‘ ST -

RN ’ '.; w1800 -6 (x>| -0 (1)
SRR 1/«n<x<p° : :

" where | p°_<?(p*’; T»*).?4_" e o

1 If the process is centered with Q (X h: ) of (5 66)>instead of

) Q (A) ; the result of Theorem 5. 4 can be obtained with a slower rate of

S

'convergence of hn to zero as stated in the following theorem.-
" Theorem 5:4';‘ Assume that all the conditions of Theorem 5.4 are..-:
‘ -

. s 3} S
satisfied except that ondition*tﬁ‘tj*is replaced by PN
' /2 ' |

n = o((log n) , + Let j%r» be a sequence “of positive numbexs such‘:

that C f Q, hh - o(e ), as n+w . then, on. the probability space

e
o



of TheoremoD and with the same sequence of Gaussian processes’ o

R 1/2 | EER
(5.69)  sup’ -| £Q (X)[Q @) - Q (A h )} -6, ml =0,(1)
: =0 g >
: e <Xp - e . Lo

o S T ?~, < S

L ST S

-3'¢h¢re,-qo(x,hhj, is as in (5.66). B o
> e \\. . . . .‘_ 1 : oo ’ . R ’ : :

" In order to: prgye Theorem § 4 we need the following result of

e Aly, Csorgo and Horvéch (Theorem 8'2 1 of Csorgo (1983))

g,

Lemma 5 4. Let Ké(-~-) be the generalized Kiefer process of

'(5 63) and assume that h K Q satisfies condition (H«Z). Then, with

ais o( l/? log n{3/4hi/?)”

LN

 ,°(5 70) sep:' . sup* ]K (s+t n) - K (s n)l
O<s<p b, Ogesh, &

. !

—— . ) .

- Proof of.Theorem'Ssﬁ;;'Agein,Awe only eeed to prove'thatu

'(s;ii) i . thi f' I llh K( )dt ?.;P(lj.?: i

and
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Since G (t) - hl/ K (t n) and h _- o((log n)
-,
follews directly from/(S 70) of Lemma 5 4.v\

f .
oo . W L S . .
s call ’ e 9
SN -

To ptoveb(S 71), similar to the g;oof of Lemma 5. 1, one can show

' that condition (F. 3 3). implies that for any 0 < I,s <" p

T .‘ L o ——n .-

S TiEoe el f Q ( ) - sAr
Lo . - \-‘ . . LR
e R L e ke T
By (5.73), we have, for‘eny 0:<x,t<p.

| . l_ﬁg_s_z 11 < {%}x Rt
L e S

S o0, ko .0, Lk S T T,
" Notice that . p ¢ p .thug p +weh < p Vfor,sufficiently<large' n

. so we have’

3/2 )n,5(5 72) ,:}{,71;

Sy



. .‘3' . N x_ :.Av’v.‘;_:

v

';he proof of Theorem 5. 4' is included in the proof of Theorem 5 4

R 2
; not used ao condition (H 1) is not . necessary, ‘

-8

B .

Ca

'h_+0 as n=»>e. Then'as n» @ ,°

.
K

‘ a sup [Q" (A) - Q (A)]
| i R ‘ 0<x<pb S

S e e e s oo . : .

provided h;éllog log n/ny+.0 pwhefe"po <T
I AN R |

\



'ﬁ Since there’ is no common range for h *(;7The6teh“514fand“

';Theorem E we are not able to claim that the result o& (5 68)‘bf jf'

v Theorem S 4 holds true for Q (lg However, Theo:em S, ék and , -
Lo c - . e
'“ebTheorem E: give the following corollary.g. F: o

TR

. } . i . -F.' .
.Cdfdliary,5.3;A Assume that cd&d&tions (F 1), (F.Z)h (F 3. 3) (K.l), and :

'(Kﬁi) A:e ea;dsfied. In additién assume that ,f Q (m) is bounded on

“»1[0,§ j) | q? < d';’“ada {h } is eg\fen such tha: N .
ﬁ;- o((log n) 3/2) . /_BE-I3§_37E. + 0 ' Then, on the probability
:'.;spac3‘0f~Theorem D and wich the same sequence of\Gaussian processes

éd(';--) , {ve:“ heve_,."‘as‘_‘- ] nosw o, - ' '

675 e l ”2 (x)[Q m - Q Ot h )] -6, =0 (1)

oy SRR

W o T I .
where ,Q°(h) is as 1n (5.66).

5 5 Ou kernel-type‘?ercentile Residual Lifetime Procesaes Under Random

o Censorsnig o '7" _Tﬂ ,'L.. : IJP C
Eln the random censorship'from the right model a natural estimator'
“of p-percentile residual lifecime is R (x,p) defined ‘as . .
. L%
¥ ;3 \ . X - N -
o s . .- - _" J



L s, 8

X ‘ 1%k s
= (P ST
. %
i- k+1,.-.,n,

where

RN t; N Lif.f
' Chung(1987) de’f"w_
8- et

B

by

(g,p)-R

P8 ('t.p).] g

% -'.'.Y, AR _,_ L

R o - . ) (-',Jh‘ﬁ B 0 B - .

" He has prdved the strong convergence of ‘:n(t,p)t to a Gaussian
o - %Q R ¢ S o L

.* . process. We @¥ate his-resu t 'in the followi theorem.

B thanntt N /P ijewing cheored

Theorem F.. Let t > 0 be a fided number with ,t“(lfi\ N

-
.y
{ \ .
7 B N
) ° e, -
. ) <
b v M 2
. ]
- . M



R

(t)) < T .i Suppose that'Y

ate satisfied,' Then ‘on- an a..ropriate

-
9;* o+

S 1_1
4 2
o(n (log n) (log log n) )

) -P K" (F (:) ] ,n2 1}.’

(- -) is the generalized Kiefer process.'

51 P ocess and.‘K

. ,_twhere '3 is some density function and h 0, as n+='. By

i *
7(5 77), R (t,p) of (5 80) can be written for any 0 Lp < l , as

t H
“\ ;
' ! 4 :
i - -
!
. [y



: R | ST9e
.si?)/(l‘s NI X ,' FE -
o . ‘( )/(1 S ) Ba IR
~f‘ o V B 0 s " - "_. . . - -/./;_'
(_5_. 8):) ‘gh.(t,p) - k_l n<_t;<J( ", ko= 1v,2,..},.j.~,',;rbi.,
,. " L . ,. V L . .‘ : v
AN 7 c">"x"‘ R
- R
E T : s
R R Y B
We may also estimate R ~(t,p) by ;Rn(t,p) ,. where .
~ ]
| Si Sk 1p N
: © n . . 1-s,_ .
-1 e v ' k :
h_(1-S.) ) X, s, Kl—)
_ Ta UK gy bmih b T
: .  ~0 AR N : e K
 (5.‘§2) ‘Rn(x,p)_ﬂ xk-l n. £ xri:-n’ ko= 1,2,000,0 50
0 £ > X . o

A kernel-type p—percentile residual lifetime process r (t;,p)

defined as_ R S . ‘ L ;355{’5‘ % - o
(5.83) by (t,p)sf Q (1-’p F (c))[a (t,p)-R (t;p)] 9J<1 t >0,

v

.- where ng,p) - -7 -'Eo(t")_) ~ ¢, is the p-PRL of F . -

’r«.
The main resulc of this sect:ion is the following theorem which
xtends Chung (1987) s approximation resulc of p-PRL process, rg(f',?)
to that of the kernel-type p-PRL process (o -) '

'
>
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Theorem 5 5.

con@itions (K 1),

> ii'ir'

Vo

'j,"r.ﬁiﬂ,;l-‘ e T : hing

-In addition to che con&itions of Theorem F, assume thac :'

\ e .

H 1) and (H 2) are satisfied. Then,.on the

probability space of Theorem F'and with the same Gausslan process _

(5.84) 77

A

‘where §1~€-(0Q1) .£§>such o

g L
- (5.55).

- G (c,n) 9. we_haye, as

0<p__p1

-n+\s4"

-

sup |, (c,p) =6 (p,n)l =0 <1> IR O

-

fnglﬁp(f)) <-T;'-and ¥ is as in
- F » .

e'44

'v
In orderj;o be abie\to_state Theorem_S.S‘;_qe‘deﬁime
(5.85) &%) ) ROe) b K(ER)e o
. N o Ry T , -
B

:Theorem 5. 5'

process

@

v

Assume that all the conditions of Theorem 5. 5 are

,esatisfied except condition CH 1) 1s replaced by h -,o((log n) /2

v r

,‘~Then, on the probability space of Theorem F. aud with the game Gaussian

Gc(o,n).,‘we.have, as q\:\; . _ . . v ; e o

¢(5.86)

sup |nt /A% - B (:))[R (:9) = R (aph, )] - Qe

. 0<p<p,y
Cmoo (1)
op( )

3.
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) where R (t;p,h 5 18 as in'(5;§5)..' T "ti St
'v N ) ,," .J . 5 o ’ . . o : " E .. ‘~. ;..__. . ) v“‘
. b : . K . R -'{ .
- Proof of Theorem 5.5 and Theorem 5.5, Similat to the proof of-Theorem

n S.A,and Theorem 5.47. We ofily need to prbve that for the fixed t> 0

..aS‘:,'_"n " °°',‘) o ‘, - ‘ o . . ' ’\'.~‘ | : - :ﬁ
' , - vhv' ", S R SR
(5.87) sup [ f Q (1-p F (£)) _ 1 hn1 K(%_g)dq = 0o(l)

°<PJP1 o £%° (l-q (t)) SR B
v a-nd '. N S ' ‘\ i . ._’h'
A525:88)' - sup o ‘8up |G (p,n) -G (q,n)f‘q o (l) e .
. , 0<p<pl la- P|<ch . | \

[
o

ﬁy'the'definitioh”of' Gg(-;n) , Lemma S.ATand.the’aséomption that

b= o((leg 7 >/%) ) ve have (5.88) . -

. =
e e .

. , SR
In order to prove (5 87),_we observe that the continuity of - £ ()

'1mplieg that w(p) - f Q (1- p F (t)) is uniformly continuous on' 4

[0,p ] for any fixed t > ‘0, and condition (F 2) implies that l/w(p)f
is bounded. oit [O,pl] , 1. e., /y(p) <L ,' 0 < PR for some -'

positive number L.. . Hence

v

Y

-

sup ) f |f Q ( l F (t)) n K(LP.)dq I - S
0<p_pf 0 £ % (l-q (£)) ‘

'aA &




L . ( supv' eup gLP_ﬂ(‘;( §S)l' SR ) '__ . :
. D<p<p1 |q pl(ch 4 T = ]# . .
S.L sup - f/QUP lw(p) - w(q)l

T ogg, lggln,

, | :v;. :., 0 0(1) ’

This completes the proof -gf (5.87). [T, %

+ o, O
Now, the equivalence of R (t,p) and Rh(t;p) is given in the

. following theorem. | e ;‘ L o J_' i~
' R e . 'iahv I
: B _,a L . ’ : ) SRR
*. "Theorem 5.6 Assume thap_Condltions (F.1), (F.2), (K.1) and (K.2) are
satisfied, E(X1 )‘< = and h. +» 0 as-n >, then for ‘any fixed -
w0 <&t < T 0 Ve have\as > @,
. F- . . - o
R

e(S.Bé) ] o eup. [Rh(t,p) _ g0 (t,p)] .o (i)" .
0<p__p0 S o p. ,

el
N : . . o ° R

/ ‘ . . 'A . . . .. K .\ )
Lo Y ST N
prpVided<,h;4/(log log n)/n + 0 , where PG T, and F ()=

. . . ., o . E " \‘ . k : R » F - : . .

‘ - .
a

. . 5. - ) . L e . . :
.~ O » ) _ ) g oL ) .
kii. FQ'(')f . o ' SR IR o o j

Proof. - Eor the fixed 0. < t<T 0° Let k 'be the random inCeger'
. F .

‘3uch thatA xk-ié < t ( Xk ; For 0 Lp < p1 > when ‘% >0 ; i.e.-
. S *
-when,.xi.n ,is_uncensored, let Si be a interior point of the interval
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.0 “oL 6’", P e 100"~

11'3)'3““““3{ T ﬁ

A SO & ‘- o . ‘
517k ; ST

=P (88 wua>

(5.90) s (1—s ) x( K- R K(S-—P-) q¥, a.sy
O by wf,(ilkwus) a ¥
- , ~— (’L' . .
. ) . . k = 1,2;.‘.-',{1 ,ﬁ'i.._"ld'l,.--,n .

: R P . : ) - ' \', N
o Le_t i - be the smallest i<n such thagvij&l > ch ,‘w_here c
‘ ~ . CEL P

I
1s the constant in (K 1) - If no such i exists, then _let: 1=nq°" By

condition (X 2),. F.1), G- 90) and the fact that X7, > 0,1 % i Gy

1n
- C 0 E | . 0 N s _\.
(5.91) _, n[R (t,p) - ROCe,p)]? (1—F Oen’s (®)
. ) 5, sk_,
-2 o - 1 S P
=nbh S ] xg.0s,(15) ]-M ——!
“ v' ‘:i k+1 r" . n
: . ] ) g . i S, 2 o Ao ) 4
S . B ¢ ‘ 1- B (t)) -
; o -mmg“”‘ a8
< vl‘znh 20 121 e (1-8 ")72-1'{'113 -'s*|1 ( .)}2(1'—';0(:)')“
=" amktl n:n®1C 7k e BP0, p ] PI} AR
* i\’. P Y | | | .
2 =40 2 -2 _ . 4
p <Thh ] X, 8708 T I )
t _ i=1 - 1 .
' — N
: 224 -% 2 3 | |
i A &Th ") X sinl o, (1)
| P R L -
- P YA o —-
?" .



- < Th 27 sup |F (t)—F (t)lf xd F (x) ns < (1)
¥ foogesT o _ 0 _ [o i ]

}-k

. . o R .* ) C _ g |
From Saunder (k975),. or- .1 <1 [l-H(F -(p))} + o(l),
. By the’ results of . Foldes and ReJto (1981)

A
. RN R
) ’

o .. L sup : .

L (5.92) - o<:<r |F (t), - F (c)la's o(/ og log n/n)
':and by a proof similar to that for Theorem 4.1 of Mauro (1985). _

L j x d F (x) + E(X ) in probability. Therefore,-

e . 0. e R ' e
_’f.f(s 93) 0 ' ' : ' 1/2
g sup [R (t,p) - R (c,p)] (l-F (c)) =0 (h (log log n/n) ")
0<p_p1 N . . o : .

By (5.92); (1- rg'(c)-) 235 7 %) > 0 . Hence we have

i?" , 1 ; '4  - - R R :
‘.(;5..92»)' sup n[Rn(t,p) - R (t»P)] p(vh;“;(‘iog,lbg n/h);/.z)

| R [ S

" This complete the proof of Theoren 5.6.

.‘ s q

'Ff§m Théo:em,5.5f-aﬁﬁ Theqfem 5;§,-we_h§ve'thé following
o RS B v;/W' L

:'¢otollafj.'; -v>_7‘1\'



,'c;oronary 5.4, *Assume_ -that. cqndi;icﬁs ',(-1-*,.1_)',_ (F.2), (K.1), and (K.2)

-are satisfled.v Suppose, in addition,"EXO.'K © ,'and‘ hﬁ 'is chosen
' 'such that -£‘= o((log n) 3/2) / og log n7n  , as n.+ @ . '

Then, on-the. probability space of Theotem F andxwfqh the same Gaussian

s -

process’ Gt("n)" we have,'as ‘n*> =,

(5.95) sup |n 1 °Q ap ¥ (c))LR (t,0)R° (t.p.h )]-G By
.11_1-'"" OSPSPO o K . R : .

K}

=0  17, ;
B . ‘rp( )y L
IR . %@?'

| 0 ‘ ) - o o o
_where R (t,p,hn)' is as in (5.85), and p0,< pi.A T o
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. TABLE 4.1.. PERCENTAGc POINTS oF r3/2¢25 T
T 075 0,80 0.85 0.90 0.97 0.93 0.95 0 97 0,99
—~| 7785755 7155 1.158 3T T 732 T 732 1,732 1032
2 117125 1,125 1,125 1.500 1.500 1.500 1.500 1.500 2.0004 ©
| 5 |o7osa 1,342 1.342 1.342 1.431 1.431.1.431 1.789 1.769

2 11.225 1,225 1,293 1.293 1.293 1.633 1.633 1.701 2.041} ~
5137732 17188 1,188 1.512 1.512 1.512°1.566 1.566 1.944} .~
8 117105 1,105 1.237 1.414 1.414 1.458 1.458 1.768 1.812) .

|9 |1,037 17148 1,333 1.370 1.370 1.370.1.481 1.667 2.000)
110 11.075 1.233 1.265 1.297 1.391 1.391 1.581 1.613 1,929
111 | 1151 1,206 1.233 1.343 1.453 1.508 1.535 1.617 1.919
12 117185 1,779 1.251 1.371 1.443 1.467 1.540 1.660 :1.828
13 |1.109 1,131 1.195 1.387 1.408 1.451 1.472 1.685 1,963
12 {1088 1,145 1.241 1.355 1,374 1.413 1.604 1.680 1:890
15 11102 1,88 1.291 1.360 1.360 1.446 1:566 1.618 1.876
16 |1.063 1.141 1,250"1.313 1,391 1.500 1.516 1.641°1.891
19 117082 1,184 1,227 1.327 1.341 1.45571.512 1.683 1.826
18 1061 1,179 1,182 1,300 1.388.1.427 1.506 1.650 1.899
18 1,131 1,151,220 1.352 1.376 1.425 1.509_1.654 1.884
20 17118 1,163 1,219 1,353 1.386 '1.442 1.52171.610 1.845
T 117101 1,133 1,257 1.351 1.351 1.465 1.538 1.621,1.912
192 |1 095 1153 1.221 1.318 1.365 1 { 1647 '1.928
123 |+.079 1.160 1.26G 1.333 1.368 17460 ‘1. 677 1.877|
24 |1.055 1.157 1.233 1.327 1.361 1.437 1.505 1.641 1.846
25 |1.072 1.168 1.208 .328 1.392 1 1,488 1.608 1.808
|26 |1.086 1.169 1.2071.350. 1.365 1. .599 1.886
127 11,076 1.155 1.219 1.333 1.347 1 "604 1.803
128 {1,114 1.161 1.242 1.350 1.377 1. '573 1.809
29 |1.082°1.148 1.217 1.332 1.345 1. 1633 1,863
30 |1.102°1.156 1.248 1.339 1.394 1.515 1.643 1.850
31 |1.089 1,130 1.222 1.308 -1.350 1.489 1.628 1.825
{32 |1.083 1.155 {.260 1.331 1.376 1. .613.1.906
33 |1.066 1.129 1.224 1.303 1.350 1,477 1.588 1.825
34 |1.069 1.125°1.211 1.327 1.352 1.498 1.609 1.811
|35 |1.082 1,154 1.227 1.323 1.357" 1,497 1.599 1.879
36 |1.060 1130 1.208 1.333 1.338 1,500 1.574 1.875
37 |1.097 1.151 1.204 1.320.1.346 1,484 '1.591.1.804
38 [1.084 1.153 1,221 1.319 1.336. i .588 1.806
139 |1.072 1.158 1.224 1.322 1.347 1. 618 1.852
20 |1.09% 1.142 1.206 1.300.1.328 1. 597 1.802
41 |1.086 1.127 1.230 1.310 1.329 1. 1577 1.798
42 |1.080 1.139 1.223 1.326 1.367 1,492 1.602 1.833
43 11,082 1.124 1,220 1.309 1.348 1,507 :1.599°1.830
42 11.072 1.124.1.223 1.325 1.360 1 593 1.826
a5 |1.073 1.146 1.222 1.312 1.345 1,461 1.574 1.822
46 |1.074 1.144 1.221 1.337 1.353 1. 1590 1,798
1a7 {1074 1,133 1.204 1.322.1.338 1. 611 1.856
48 |1.058 1.155 .1.230 1.311 1.347 1,491 1.800 1.831
‘tag [1.073 1.143 1.216 1.325 1.353 1 '598 1.808
50 |1.061 1.131 1.202 1.312 1.344 1.474 1.581 1.822
——\ 076 T 125 1276 1,327 1.336 77596 7,820
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