The Strong Restricted Isometry Property of
Sub-Gaussian Matrices and the Erasure
Robustness Property of Gaussian Random Frames

by

Ran Lu

A thesis submitted in partial fulfillment of the requirements for the degree of

Master of Science
in

Applied Mathematics

Department of Mathematical and Statistical Sciences

University of Alberta

(©Ran Lu, 2016



Abstract

In this thesis we will study the robustness property of sub-gaussian random
matrices. We first show that the nearly isometry property will still hold with high
probability if we erase a certain portion of rows from a sub-gaussian matrix, and we
will estimate the erasure ratio with a given small distortion rate in the norm. With
this, we establish the strong restricted isometry property (SRIP) and the robust
version of Johnson-Lindenstrauss (JL) Lemma for sub-gaussian matrices, which are
essential in compressed sensing with corruptions. Then we fix the erasure ratio and
deduce the lower and upper bounds of the norm after a erased sub-gaussian matrix
acting on a vector, and in this case we can also obtain the corresponding SRIP
and the robust version of JL. Lemma. Finally, we study the robustness property of

Gaussian random finite frames, we will improve existing results.
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Chapter 1

Introduction

1.1 Motivation

Consider the following problem: In sensor network, we transmit a signal through
independent channels and the centre hub receives observations from each channel
for further analysis. In practice, it is typical that some channels fail to send the
correct measurements, therefore we can only obtain the corrupted data. To deal
with problems like this, methods to reconstruct a signal from sampling
observations are of great interest to researchers in engineering fields. In general it
is impossible to recover the signal if there is nothing known about the signal or the
measurement. However, with prior knowledge to the signal, it is possible to recover
the signal with negligible or even zero error. Over the past years, researchers have
been refreshing their understandings on the relevancy and practicability of the

assumptions, and have developed several powerful tools to study the question.



1.2 Compressed Sensing

In signal processing, compressed sensing (CS) is a technique for signal recovery via
solving certain linear systems. In compressed sensing without corruption, the
general acquisition setting is represented as y = Ax, where x € R" is the signal,

y € R™ is the measurement and A € R™*" is the sensing matriz where R™*"
denotes the set of all m x n real matrices. In general it is extremely difficult to
recover the signal if we know nothing about z and A. Around 2004, it was shown
by Candés, Romberg and Tao in [6] and Donoho in [10] that if a signal satisfies
certain sparsity conditions plus additional assumptions on the sensing matrix, then
the reconstruction can be accomplished. The ideas of the proofs in these papers
provided the foundations of CS.

The most important concept introduced in compressed sensing is the restricted
isometry property (RIP), which gives a characterization of the almost norm
preserving property of a matrix. This property was first set up by Candés and Tao

in [7], and it is defined as follows:

Definition 1.2.1 (Restricted isometry property). We say that a matrix
A € R™*™ satisfies the restricted isometry property (RIP) of order k if there exists
9 € [0,1) such that

(L= a)lll3 < lAz]l3 < (1 +9)||=]3

for all z € R™ with ||z||o < k where ||z||p denotes the number of non-zero

components of x. The RIP constant is defined as
0 = inf{d € [0,1) : (1 = 9)l|=[)3 < [[Az[l; < (1 +d)[|z[3, Vo € R, [|zflo < k}.

It turns out that one can exactly recover the signal if a signal is sufficiently sparse



and the sensing matrix A satisfies certain restricted isometry conditions. The main

theorem was established by Candés and Tao in [7]:

Theorem 1.2.2. ([7, Theorem 1.4]) Let A € R™*" and k < % be such that the
RIP constants satisfy

5k+62k+63k < 1.

Let xy € R™ with ||xo|lo < k and put y = Axg. Then one can exactly recover xy via

solving the following ¢* —minimization problem:
(P1) :?elg}b ||z||1 subjected to Ax = y.

In practice, researchers are interested to know which matrices satisfy RIP with

small RIP constants. Here are some typical examples:

1. If A e R™"(m < n) is a random matrix with i.i.d. Gaussian entries with
mean zero and variance %, then the condition for Theorem 1.2.2 holds with

overwhelming probability if £ < O(m/(In(n/m) + 1)). See e.g. [6] for details.

2. If A e R™"(m < n) is a matrix with rows randomly chosen from a discrete
Fourier transform matrix, then the condition for Theorem 1.2.2 holds with

overwhelming probability if £ < O(m/Inn). See e.g. [5] for details.

Later in [2], the author proved the generalized result which connects the RIP with
the concentration of measure phenomenon. Given a random matrix A € R™*" we

say that A is strongly concentrated around its expectation if
P{|||Az||y — ||z||l2] > €||z|2} < 2e7°O™ vz e R" e € (0,1), (1.1)

where ¢o(€) > 0 depends only on €. One important class of random matrices
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obeying this property is those with i.i.d. sub-gaussian entries(the formal definition
of a sub-gaussian random variable will be given in the next chapter). The general

result is as follows:

Theorem 1.2.3. ([2, Theorem 5.1]) Let A € R™*™ be a random matriz which is
strongly concentrated around its expectation. Then for every T'C {1,...,n} with

|T| <n and d € (0,1):

(L= d)lzlz < [Az[l; < (1 +d)|lzllz, Vo € R™ with supp(z) € T

holds with probability at least

1 —2(12/5)Flemeo0/2m

where |T| denotes the cardinality of T and supp(x) = {i € {1,...,n} :x; # 0}.

Thus one can conclude that sub-gaussian matrices are good restricted isometries
with high probability. It is also interested to consider the RIP for non sub-gaussian
matrices. There are several literatures regarding matrices with non sub-gaussian
rows or columns, and further details related to the RIP of these matrices are
discussed, see e.g. [1], [13], [20], [21].

The RIP is also closely related to the well-known Johnson-Lindenstrauss(JL)
Lemma. The JL Lemma is about embedding a discrete set of points in a high
dimensional Euclidean space into a low dimensional space in a way such that the
distances between points are nearly preserved. The formal statement of the lemma

is given as follows (]2, Lemma 4.1]):

Lemma 1.2.4 (Johnson-Lindenstrauss Lemma). Let ¢ € (0,1). For every

finite set Q of points in RN, let n be a positive integer with n > O(In |Q|/€?), there
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ewists a Lipschitz function f : RN — R"™ such that

(1= )llw = vllfany < I1f () = fMEgy < 1 +lu—vllagy

for all u,v € Q.

In [1], it was shown that with high probability, f is a linear map with matrix
representation ® € R such that all entries of ® are drawn from a random
variable with certain moment conditions, see [1] for details of constructing such a
matrix. A sketch of the proof of the JL Lemma is the follows: we first prove that

the random matrix ® satisfies two conditions:
o O is isotropic, i.e. E(|| Q|3 gn)) = 2[5 @), Yo € RY.
e & is strongly concentrated around its expectation.

Then applying a union bound argument over all possible pairs of points in () yields
the result. It is basically the similarity of the RIP and the JL. Lemma which
suggests the connection. The following theorem provides explicit relations between

the JL. Lemma and the RIP:

Theorem 1.2.5. ([2, Theorem 5.2]) Suppose that n, N € N and § € (0,1) are
given. If ® € R™N is a random matriz which is strongly concentrated around its
expectation, then there exist c1,co > 0 depending only on § such that the RIP holds
for ® with the prescribed § and is of order k obeying k < cyn/In(N/k) with

probability at least 1 — 2e=",

Thus from the theorem we see that JL. Lemma implies the RIP.



1.3 Robustness Properties of Random Matrices

A natural generalization of CS is CS with corruptions. In this case some elements
of the measurement are corrupted. We formulate the model in this setting as
follows: Given a signal x € R™ with certain sparsity condition and a random
projection matrix A € R™*"™, We only receive Arx as the observation where

T C{1,...,m} is unknown and A7 denotes the sub-matrix by keeping the rows of
A with indices in T'. In order to reconstruct the signal accurately and efficiently in
this case, it is important to verify whether A satisfies the RIP. This has led to the
concept of the strong restricted isometry property (SRIP), which characterizes the
norm preserving property of matrices under certain erasure of rows and plays a
central role in the study of robustness of matrices. The definition of the SRIP is

given in [23]:

Definition 1.3.1. A matrix A € R™*" is said to satisfy the strong restricted
isometry property (SRIP) of order s and level [0, w, 5] with 0 < § < w < 2 and
pel0,1)if

Ollzll < | Aral; < wllz;
holds for all € R™ with ||z]jo < s and all T C {1,...,m} with |7 < fm.

In [23] the robustness and the SRIP for matrices with Gaussian entries have been

settled. In [15] further results about the robustness properties of Gaussian random
matrices are proved, and they are used as tools for studying the robust versions of
the JL. Lemma and the RIP. It is still of great interest to study whether any other
types of matrices satisfying the SRIP.

Another area closely connected to CS with corruptions is finite frame theory. In

data processing, one commonly used technique is to decompose a given signal



x € R™ via the following map

= {<I7fk‘>}?:17

where {fi}7L, with m > n is a frame in R", i.e. span{f;: 1 <k <m} =R". In
this interpretation, we can create a more sparse representation of the original
signal, and it might be easier to deal with. Now we consider the following problem:
when transmitting signals through a channel with noise and adversarial erasures, it
is natural to design a frame which is numerically stable so that it is possible to
recover the signal even some data were lost or corrupted. To meet the
requirements, we need to design a numerically erasure robust frame (NERF),
which is a finite frame with bounded condition numbers under a fixed erasure
ratio. This concept was introduced in [11]: Let F' € R™*™(m > n) be a finite frame

such that any n rows form a basis of R". Its condition number is defined as

Smax (F')

Cond(F) = o F)

where $pax(F) and sy (F) denote the largest and smallest singular values of F'

respectively. For 5 € (0,1) such that Sm € N, if there exists C' > 0 such that

max Cond(Fr) < C,

a
TC{1,....m},|T<|=pm

then F is called a numerically erasure robust frame (NERF) of level (5, C).

It turns out that the study of finite frames shares many similarities with CS with
corruptions. Now we are interested in examples of NERF. In [11], the author
proved that if a finite frame has entries drawn from i.i.d. Gaussian distributions

and its size satisfies certain condition, then this frame is a NERF with



overwhelming probability. Later in [24], it was claimed that the matrix size
condition can be omitted thus the result about Gaussian random frames from [11]
can be improved. Although the result claimed in [24] is true, but there are
problems in the author’s argument. The author tried to prove the following result
which plays an essential role in the estimation of the smallest singular value of the

Gaussian matrix:

Theorem 1.3.2. (/24, Theorem 1.2]) Let A € RN*"(N > n) whose entries are
drawn independently from the standard normal distribution and n = % > 1. Then

for any p > 0 there exists ¢ > 0 such that

P(smin(A) < cy/n) < 27",

To prove Theorem 1.3.2, the author applied an e—net argument and obtained

2e(c+€C)
n

CEIE, L

P(Smin(A) < cv/n) < (142" ( )2 + (1 +2¢ )" , (1.2)

where C' > 0 depends on 7 and € € (0,1). In order to control the right hand side of

(1.2) by 2e#" the author claimed that it suffices to have

—pu>In(14261) + g[ln(%) —Inn+ 2In(c + eC)], (1.3)
—pz (O 1= i), (14)

which is problematic because in fact from (1.3) and (1.4) one cannot conclude that

the right-hand side of (1.2) is bounded by 2e~#". However if we replace the



right-hand side of (1.4) by
1
—pz (1427 = o(C = 1= Vn)’, (1.5)

then one can conclude that 2e #" is an upper bound of the right-hand side of (1.2)
from (1.3) and (1.5). Therefore, although using the author’s approach one can
prove Theorem 1.3.2, but the result will be significantly weaker, i.e. the number ¢
in Theorem 1.3.2 will be much smaller than the one which was provided by the

author, and hence the bounds of condition numbers will be much worse.

1.4 Main Work and Thesis Structure

In this thesis, we discuss the robustness property of sub-gaussian random matrices.
Sub-gaussian matrices share several crucial properties which we have mentioned in

previous sections:

e If a matrix has entries drawn from i.i.d. sub-gaussian random variables, then

this matrix satisfies the RIP with high probability.

e A sub-gaussian random matrix satisfies the concentration inequality (1.1).

Thus sub-gaussian matrices appear frequently in the study of CS. The most special
case is that a matrix has entries drawn from i.i.d. Gaussian distributions. In the
past years, Gaussian random matrices have been studied thoroughly. Therefore,
researchers are interested to know whether it is possible to obtain similar results
for sub-gaussian cases.

In this thesis, we will extend certain results from the Gaussian case to
sub-gaussian cases. The structure of the thesis is organized as follows: Chapter 2

recalls the basic concepts and properties of sub-gaussian random variables,



including concentration inequalities and order statistics results which are useful in
our study. Chapter 3 will provide the study of robustness properties of
sub-gaussian random matrices. We will focus on the following question: how large
can the erasure ratio § € (0,1) be so that a normalized Gaussian random matrix
A € R™*™ with Sm arbitrarily erased rows has the nearly isometry property with
high probability. In Chapter 4 we will establish the SRIP and the robust JL
Lemma for sub-gaussian matrices. In particular we will see that the results can be
further improved in the case of Bernoulli matrices. Chapter 5 contains the results
related to Gaussian finite frames, we will improve the results in [24] and provide
the implicit forms of the bounds on condition numbers of the reduced matrices.

Finally a summary and further discussion are provided in Chapter 6.
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Chapter 2

Sub-gaussian Random Variables

In this chapter we provide some preliminary background related to sub-gaussian
random variables, including characterizations and the concentration of measure
properties, which play important roles in our study of the robustness of

sub-gaussian random matrices and finite frames.

2.1 Basics

All definitions and results provided in this section are known (see e.g. [4]).

Definition 2.1.1. A real random variable X is called b—sub-gaussian for some
b>0if

2.2

E(eX)<ez, VteR. (2.1)

Notation: X ~ Sub(b?). We will always assume that b is the smallest positive
number so that (2.1) holds, and in this case b? is called the sub-gaussian moment

of X.

We have the following examples of sub-gaussian random variables:

11



Example 2.1.2. (i) Gaussian: If X is a standard normal random variable,

then X is 1—sub-gaussian.

(ii) Symmetric Bernoulli: If X satisfies

then X is 1—sub-gaussian.

(iii) Bounded centred radom variables : If X is a random variable such that

there exists b > 0 with |X| < b and E(X) = 0, then X ~ Sub(b?).

Next we provide the following basic properties of sub-gaussian random variables:
Proposition 2.1.3. (i) If X ~ Sub(b?), then X is centred, i.e. E(X) = 0.

(ii) If X ~ Sub(b?), then c% = Var(X) < b?.

(iii) If X ~ Sub(b?), then for all c € R we have cX ~ Sub(c?b?).

(iv) If X1 ~ Sub(b?) and Xy ~ Sub(b3), then X; + X5 ~ Sub((b; + bs)?).

Moreover, if X1, Xy are independent, then X; + Xo ~ Sub(b? + b3).

(v) If X = (X1, Xo,...,XnN) is a random vector such that X;’s are i.i.d. random

variables with X; ~ Sub(b?), then for any o € RY we have

(X, a) ~ Sub(]|a36%).

Characterization of sub-gaussian random variables: We can define

sub-gaussian random variables in the following equivalent ways:

Theorem 2.1.4. The following are equivalent for a centred random variable X :

12



(i) X ~ Sub(b?) for some b > 0.

(ii) For all A\ > 0, there exists ¢ > 0 such that P(|X| > \) < 2e=. In fact we

may choose ¢ = %

(iii) For every & > 1, there exists a > 0 depending on & such that E(e*X*) < &. In

£—1

fact, we can choose a = WEELT)

2.2 Concentration of Measure Phenomena

The concentration of measure phenomena is extremely important in the study of
measure and probability theory, and has various applications and consequences in
areas such as Banach space theory and random matrix theory. The concentration
of measure for Gaussian matrices has been studied thoroughly in the past (see e.g.
[17]). The most useful result is the Lipschitz concentration for Gaussian matrices,
which has several applications in the study of CS. In this section we will develop
the Lipschitz concentration property for sub-gaussian matrices.

First we recall the concentration of measure for sub-gaussian random matrices:

Theorem 2.2.1 (Concentration of measure for sub-gaussian matrices).
([9, Lemma 6.1]) Suppose that A € R™ ™ is a random matriz with i.i.d. entries
such that each entry obeys Sub(b?) and has variance % Then for all z € R"™, we

have:
(i) E(||Az[|3) = ||z[|5-

(i) There exists k > 0 (depending on the distribution) such that for any e € (0,1)
we have

P([[Azl; — [lz]3 > ellz]3) < exp(—re*m),

13



P([[Az])3 — [lzl3 < —ellz3) < exp(—re*m).

Remark 2.2.2. From [1], if A € R™*" is a random matrix with i.i.d. standard

normal or symmetric Bernoulli entries, then for all z € R” we have

1 2 2 2 €2 €3
P Azl = flzlly > eflzlly | <exp | ={ =+ )m),

1
B (L 1avll — el < ~elet) <o (- (5 -5

L
12°

N
w
N——
3
N———

Thus in this case we may take k =

We now prove the Lipschitz concentration inequality for sub-gaussian random
variables. We borrow the elegant arguments used in the proof of [16, Proposition

2.3]:

Theorem 2.2.3 (Lipschitz concentration inequality for sub-gaussian
distributions). Let X = (X1,...,X,,) has i.i.d. entries with X; ~ Sub(b?). Let
f:R™—= R be a 1—Lipschitz function, i.e. |f(z)— f(y)| < ||z — yll2, Yz,y € R™.

Then for all t > 0 we have

P(/(X) — E(f(X)) < —1) < exp (—5%) |

Proof. By Rademacher’s theorem a Lipschitz map is differentiable almost

everywhere, so it suffices to prove the result for differentiable f. As f has Lipschitz

constant 1, we have ||V f|l2 < 1. With out loss of generality assume E(f(X)) = 0.

Let X’ be an independent copy of X, and let v : [0, 1] — R™ be a smooth path

14



connecting X and X’ with
v(t) = X cos (gt) + X' sin (gt) :
Then

- (s (30 + m (50)) - 0

Observe that Y has i.i.d. components with Y; ~ Sub(b?). By fundamental theorem

of line integral we have

™

100 = £X) = 5 [ (500 Y @)

Therefore by Jensen’s inequality and Fubini’s theorem:
B X) — FX) < [ Bea(EATIO0)Y @) dr
As |[Vfll2 <1, and Y has i.i.d. Sub(b?) entries, it follows that
(Vf(7(1)), Y (t)) ~ Sub(b?).

Thus

E(exp(SMY (1), Y (1)) < exp (b T ) |

Therefore

E(exp(A(F(X) — F(X'))) < exp (‘“82 ”2) |

Note that as X and X’ are i.i.d. copies, so we have E(f(X)) = E(f(X’)) =0, and

15



Jensen’s inequality yields

E(exp(Af(X"))) Z exp(E(Af(X))) =1, VAeR.

Therefore

b 212

E(expw(X)»gE(expu(f(X)—f(X')))Sexp( ) VA 0.

Thus for all A\, > 0, we have

B(F(X) > 1) = Plexp(M (X)) > ) < BCRASX)) (m; o )\t) .

e)\t

By setting A = b;% <1 +14/1— T{—;), we have

P(f(2) > 1) < exp (—5%) |

Hence the proof is complete. O

2.3 Order Statistics

Suppose 41, . . ., Ym are L.i.d. random variables such that y; ~ Sub(b?). Let

Fs:R™" =R, z+~ Zx%j),
jes

where (1), ..., 7(s)) denotes the non-increasing rearrangements of elements in .S in

S C{1,...,m}. Define

magnitudes, i.e. |z > -+ > |z(g)|.- Then it is easy to see that Fyg is

16



1—Lipschitz. So for all £ > 0, it follows that
E
!S | JGS \/
S v > tVISI+E D>
JeS JjES

tzIS\)
<exp .

5b?

Corollary 2.3.1. Suppose that yq,...,Ym are i.i.d. random variables with
y; ~ Sub(b?). Let yay, ..., Ywm) be non-increasing rearrangements of y;’s in

magnitudes, i.e. [yay| > -+ > |yum)|. Then

It follows that:

Proof. Let £ > 1 and choose t = W

f k
exp (E (% Z ty?j)>> = exp <% ZE(tyéQ) < %Z eXP(E<ty(2j)))

IA
N
(]~
=
—~
)
"
ke
=
5
)
IN
| =
(]
=
@
]
o
=
=
)

17



Taking logarithms on both sides and using Jensen’s inequality, we have

202(E+1) In &m

£—1 k

Setting & = e yields the result.
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Chapter 3

Sub-gaussian Matrices under
Arbitrary Erasure of Rows with

Small Distortion in Norms

In this chapter we are going to study the robustness property of sub-gaussian
matrices with a small distortion rate in norms. Our main goal is to establish the
robust version of the JL. Lemma and the SRIP with a small distortion in norms.
Throughout this chapter, ya),...,ym) denote the non-increasing rearrangements
of the sequence of random variables ¥, ..., Ym.

The corresponding results in this chapter for the Gaussian case have been settled
in [15]. We will extend the results in [15] from Gaussian random matrices to
sub-gaussian random matrices.

Main contributions: Extending the robust version of the JL. Lemma and the RIP

from the Gaussian case to sub-gaussian cases.
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3.1 Estimate of the Erasure Ratio

Suppose that A € R™*™ is a random matrix with i.i.d. entries such that each entry
obeys Sub(b?) and has variance 1. Let z € R™ with ||z||; = 1. Then Az is a
random vector with i.i.d. components such that each component obeys Sub(b?).

For e € (0,1), 8 € [0, 1), define
Qep= {‘%T’HATQ:HE - 1’ <eforall TC{l,...,m} such that |T° < ﬁm} :
From the concentration inequality for the sub-gaussian distributions we have
P (‘%]\Awoﬂg - 1‘ > e> < 2exp (—ke’m).
For e € (0,1) and « € (0, 1], set
Bea :=sup{f €[0,1) : P(Qep) > 1— 3¢~ m e N},

By studying the quantity ., we will know how large the erasure ratio can be

under a certain small distortion rate in norms.

Remark 3.1.1. For v € [0,1) with ym € N, define
T, ={T CA{L,...,m}:|T° =~vym}.
Then it is easy to see that

min ’||Ax||2 < mln

TeTs |T |HA‘7;||2 — max

|‘|A$||2 — |HAJ}||2,

T T T T
for 0 <y < B <1 with ym, fm € N.

20



Let y = Az. For g € [0,1), define v := [Sm]/m. Then ym = k is an integer and
0 < v < B. Let yr denotes the sub-vector by keeping components of y with indices

in T. It follows that

Qep=91—€<min Iyl < max [yl <l+eyp.
’ —rer, |T| — Ter, |T| —

Now we estimate the maximum erasure ration [ ,.

Lemma 3.1.2. Suppose that A € R™*" is a random matrix with i.i.d. entries such
that each entry obeys Sub(b?) and has variance 1. Let x € R™ with ||z|s = 1 and

let y = Ax. F0r0<a<1and0<e§min(1 ia),if

) 5b2ak

2
0<5§1_\/ae and O<ﬁlnﬁ§L( 1—\/5—\/5172&56) , (3.1)

14+€ 2eb?

then

P(Qep) > 1 — 3exp (—are’m) .

Proof. We borrow the argument from the proof of [15, Lemma 3.1]. It follows from

Remark 3.1.1 that

2 2 2 2 2 2
— + e + — + e —|—
< lyll3 (9(1) y(k)) < lyll3 (y(m—k+1)k y(m)> < 1+6}
m —

P(Qeg)=P<1—
(€2e,8) { €= m— k

2 2
+ .-+ 2 _ _
_ P {yu) Wi _ Il _ (0= e)}

B 2 2 ~

2 2
+ .4 2 .
. {wm_m) Yo o 3 _ (1= +0) })

k -k v

> 1— (P(B§) +P(Bf) + P(BY)),
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where

m
2 2
y _.I_..._I_y 1_
Yom—try T T Yo 1—/a
By = k >14¢€— 5 €.

Now we need

P(B§) + P(BY) + P(Bs) < 3exp (—ake’m) .
We will estimate three probabilities separately:

e Estimating P(BY): For all ¢t > 0, by Corollary 2.3.1 and Theorem 2.2.3, we

have:

1t
>3

j=1

Y2y~ /2602 >t | <P
.7) fy

Set

1—
ti=4/1—€+ \/ae— 26621DE.
Y 7

Observe that by the assumption e < él;‘a/f we have

fea == E( 1—\/5—\/51)204/16)20.

2

Now consider the function

g(x) = 22* + 2V5b2akex.
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It is easy to see that

() < 9(fea) = (1 — Va)e — bb*akre?, Va €0, feol. (3.2)

On the other hand the function h(x) = 2 In £ is increasing on (0, 1]. Therefore

0 < \/ebmnf < \/ebQBInE < fon.
gl B
Plugging z = , /eb*yIn £ into (3.2) we get

2eb?y In € 1oy S5b2ake?, [eb?yIn €< (1 —Va)e — 5b%ake’. (3.3)
Y v

Dividing both sides of (3.3) by v and rearranging terms gives

1-— 5b2 / 5%
\/ae > 2¢b? In € + 24 | —ake?, [2eb? 1n ¢ + —ake?
Y Y Y Y Y
2
b2
= | 4/2eb?In € + 5—04/%2
i v

_ 1—
26b2 ln - —ome2 < \/ae <y/l—e€e+ \/ae.
Y Y
5b2
t > —akez > 0.
Y

Therefore

Thus
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It follows that

e Estimating P(BS): It is easy to see that

1-— 1-—
14+e€e— \/aegl—l—e— \/a€§1+6—(1+6)=0.

Y B

Thus
y(Qm—k-l-l) +- + y(Qm)
P(By) =P p >0] =1
Hence
P(BS) = 0.

e Estimating P(B§): It is trivial from the concentration inequality for

sub-gaussian matrices that

P(Bf) < 2exp (—akre’m) .

Hence combining everything together we have

P(Qep) > 1 — 3exp (—are’m) .

Thus the proof is complete.

24



Theorem 3.1.3. Suppose that A € R™*™ is a random matriz with i.i.d. entries
such that each entry obeys Sub(b?) and has variance 1. Let xg € R™ with ||xoll2 = 1

and put y = Axzg. For0 < a <1 and0<e§min(1,ﬁ>, if

(1 Va)e

4eb?
161n T vae

0<B§ = 77(@“)»

then (3.1) holds. Moreover:

(1—+a)e

321n% ’

(1-va)

<
Vo <e< 1007

Bea 2

Proof. We apply the same argument as in the proof of [15, Theorem 3.2]. We have

(- V@) _ (- va)e _ (1-a)
1 < |

< <
0<Bsmlea)s 6In(4eb?) = 2 1+e

Let f. be the same as in the proof of Lemma 3.1.2, we have
2

ey (Vi va - vamm) =5 | (15 Wi va| - 25 van

For ¢t > In4 we have

In(4et) < (8 — 4v/2)t. (3.4)

By plugging ¢ = In < with 0 < 2 < 1 into (3.4), we get

1 1 4eln i — 442
—11n(4eln—><8—4\/§ — L In enm<9 \/_a:

ln; T 411(1% T 4

Recall that for a sub-gaussian random variable, its sub-gaussian moment is always
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great than or equal to its variance. Thus > > 1. Hence by taking

1
= @(1 — \/&)6 < -,
we conclude that
(.a)l e L | 4eln =
nea nn(e,a) 4ln 2t T
9 —4v/2
T
4
C9—4V2
oz (L Ve
2
— eb?’
f2a

Therefore as xIn £ is increasing on (0, 1] we have fln £ < ==¢. Hence we’ve proved
T B b

that two inequalities in (3.1) hold.

111/6&6 and (e, ) In Teay < eb;’, then there exists > 0 such that

n(e, o) + § satisfies (3.1). Thus by definition of S, 4:

Since (e, a) <

1-— 1— 1—
Be,a Z 77(67&) > ( \/_>€ 2 ( \/?)67 V0 <e S (—\2/@
16 (1n —2<> _ 4 1n 321In < 4eb
(0 20

3.2 Estimate under the Uniform Normalization

For e € (0,1) and 8 € [0, 1), we define the following notion which is closely related

to 96752

~ 1
Qep= {’—HATng - 1‘ <eforall T C{l,...,m} such that |T° < ﬁm} :
m
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In this case, we use the uniform normalization factor % instead of ﬁ This means
we first normalize the original matrix and then erase rows, whereas in the previous
case (where the factor ﬁ is used) we first erase rows and then normalize the

reduced matrix.

For € € (0,1) and a > 0, we may also define the following quantity:
Bea =sup{f € [0,1) : P(Qq) > 1 — 3exp(—ake®m), Vm € N}.

Moreover, we can use the same argument as in the case of 3., to estimate ¢ ,:

Lemma 3.2.1. Suppose that A € R"™*" is a random matrix with i.i.d. entries such
that each entry obeys Sub(b?) and has variance 1. Let x € R™ with ||z|s = 1 and
puty=Azx. For0 <a <1 and0<e§min<1,%f), if
. 2
0<Bln5§2—b2< 1—\/5—\/5620@%6) >

e
then

P(Qe5) > 1 — 3exp (—akre’m) .

Proof. Set v = |fm|/m and k = ym. It follows that

2 2 2
~ — J’_ _|_ 2
P, ) = ]P’{l oo =y vi) _ Il _ +6}
m m

1
= P{y?n + o+ Yy = (1= va)em and \Euyué - 1] < «ae}

> 1 - P(By) — P(Bj),

where

1
By = {’—Hy!l%—l‘ wae},
m
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By = {yfyy + - +yhy > (1 —Va)em}.

We want to control P(BS) + P(BS) by 3exp (—ake*m). Note that

k
1 e
P EZy?j)—1/26b21n—>t <P >t
Jj=1 v
con -
Set
t .= L= \/ae— \ /2eb2lnf.
i v
Define

Jea = %( 1—\/5—\/51)204/{6)20.

Then from the proof of Lemma 3.1.2, we have

0< \/ebzwlnE < \/ebQﬁlnE < fea-
gl B

Thus

/ 1— 5b2 5b2
2eb? In € < \/ae — | —ake2 = t>4]/—ake? > 0.
Y Y Y Y
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It follows that

P(BS) = P 20> 14 [2eb2In
Jj=1 v
t2ym
< _

It is trivial from the concentration inequality for sub-gaussian matrices that
P(Bf) < 2exp (—akre’m) .

Hence

P(Qcp) > 1—P(Bf) —P(BS) > 1— 3exp (—are’m).

This completes the proof.

Theorem 3.2.2. Suppose that A € R™*" is a random matriz with i.i.d. entries
such that each entry obeys Sub(b?) and has variance 1. Let x € R™ with ||z|s = 1
and let y = Azx. For0 < a <1 and0<e§min(1,410_bTa‘/i), if

0<p< L=V

4eb2 = 77<€7 Oé),
161n /ey

then (3.5) holds. Moreover:

(1—+/a)e 1-—
VY Wo<e<
32In L €= e

15

/85,04 Z

Proof. Same as Theorem 3.1.3.
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3.3 The Strong Restricted Isometry Property
and the Robust Version of the
Johnsen-Lindenstrauss Lemma for Small €

With the estimates of 3., and Be,a, we can develop the robust version of JL
Lemma and RIP properties for sub-gaussian matrices. We borrow and modify the

arguments in the Gaussian case from [15, Corollary 1.2, Corollary 1.3].

Theorem 3.3.1 (Robust Johnson-Lindenstrass Lemma for small
distortion rate in norms). Suppose A € R™*" is a random matriz with i.i.d.

entries such that each entry obeys Sub(b?) and has variance 1. For a € (0,1) and
€€ <O,min {%&7 %}), let N;m,n € N satisfying

o 3N(]2V—1)

m > 2
KE

Then given any set pi,...,pny € R™ of N points:
2 _ 1 2 1 2 2
(L= )lp; = pell = N Az(p; = pi)llz < mHAT(pj —pe)ll2 < (L4 €)llp; — pellz
Vi ke{l,...,.N},\T € T.,.

holds with probability at least 1 — w exp(—are*m), where T, , is defined as

1_
Tea: Tg{lavm}|Tc|§m¢ ’
) 32111;

Proof. Assume py,...,py are pairwise disjoint. For T" € T, , we have
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0< g <V For M e {m,|T|}, from Theorem 3.1.3 we have

321n

o |-

p{| 414 o)l

-1 <e¢, VT € Te,a} > 1 — 3exp(—ake’m).
M lp; = pell3 ‘

Then by the union bounds estimate:

L 1 A (s — pi)l[2 SN(N —1
{ 1 | Ar(p; pk2>||2 _ 1‘ <e, VI€T.qj+ k} > 1_¥ exp(—omgm) > 0.
M lp; — pill3 2
In 3VON=1)
provided m > 22— =

Next we are going to deduce the robust version of the restricted isometry property

for sub-gaussian matrices. We’ll need the following fact (see e.g. [18]):

Lemma 3.3.2. Let S C {1,...,n} with |S| = s. Set
St ={x €S" ! : supp(x) C S}.

Then for any € > 0 there exists an e—net Qg C Sg_l satisfying

* 8 C Upequ, B (0)
b |QS,€| < (%)5
Theorem 3.3.3 (Strong restricted isometry property with small

distortion rate in norms). Suppose that A € R™*" is a random matriz with

i.i.d. entries such that each entry obeys Sub(b?) and has variance 1. For o € (0,1)

and € € (O, min {%&) io_bg\{i}>, let s,m,n € N satisfying

24en
€S

sln < ake’m —1n 3.
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Then

1 1
(1 =2e)[lull; < — [ Arull; < mIIATU||§ < (1+26)lull3

holds for all s—sparse vector u € R™ and T' € T, , with probability at least

1—3(2)° exp(—ake’m).

Proof. Let M € {m,|T|}, and S C {1,...,n} with |S| = s. For any € > 0 there is

an e—net (Jg.. Then with probability at least 1 — 3 (26—4)8 exp(—ake?m) we have

1
L—e<—llArull; <1+¢ VT €T, u€ Qs

Define

1
d = sup {\/—MHATUHQ U E Sg_l,T S Te,a} .

For any u € S¢™', there is v, € Qg such that |[u —v,/|> < & Thus

1 1 1 de
Ay < ——[Agvy |l + — [ A (1 — )]s < V1 4.
\/MH TUHQ— \/MH TV HQ_'_mH T(“ v )HQ— + e+ ]

Also

;

d i
d§\/1+e+§€ — A< T Tr e

ol

as € € (0,1). On the other hand:

(u—vy)||2 > 1—6—%.

1 1 1
—|A > ——||Arv,|ls — —=||A
mn TU||2_\/M|| T ||2 \/MH T ]

So

d Jiz
dz\/l—e—g — dz €S VI
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Hence it follows that
1
(1—26)||ull3 < MIIATUH% < (1+26¢)||ull3, Vsupp(u) € S, T €T,

There are in total (7) subsets of {1,...,n} with cardinality s. Hence by the union

bound argument and the Stirling’s approximation (Z) < (%)s, it follows that

1 1
P ((1 —26)|[ull; < [ Arul; < mHATUH% < (L+2¢)[|ull3, V|supp(u)| < s,T € Te,a)
24 3
>1—-3 ( 6n> exp(—akem).
€S
This completes the proof. n
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Chapter 4

Sub-gaussian Matrices under
Arbitrary Erasure of Rows with a

Given Portion of Corruption

In this chapter we will further study the erasure robustness of sub-gaussian
matrices for erasure ratio no more than a given number 5. We will study the
strong restricted isometry property (SRIP) of sub-gaussian matrices with a
constant portion of corruption.

The main contributions which are provided in this chapter are establishing the

following results :
e The SRIP for sub-gaussian matrices with a given portion of corruption,

e The robust version of the JL. Lemma for sub-gaussian matrices under a given

erasure ratio.
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Fix x € S*7 !, for $€0,1),0 <0 <w < oo, set

1
owip = {WHATSL’H% efp,w] VI C{l,....m} [T < ﬁm} :

~ 1
Q[g’w]ﬂ = {EHAT.CEng c [9,0)] YT Q {1, e ,m}, |TC| S ,Bm} .

For 8 € (0,1),« > 0, define
05(cr) = sup{f € [0,00] : P(Qpp,00),8) > 1 — e " Vm € N},

wg(ar) = inf{w € [0,00] : P(Qg8) > 1 —e " Vm € N},
fs(a) = sup{f € [0, 00] : P(Ypoo)p) > 1 — e ¥m € N},
@s(a) = inf{w € [0,00] : P(Qouyp) > 1 —e ™ ¥m € N}.

By studying these quantities, we get the lower and upper bounds of the norm after
the reduced sub-gaussian matrix acting on a vector, and thus enables us to

determine the constants in the SRIP.

4.1 Estimates of 63(a) and 6;(a)

Recall the following facts:

1. Let X,..., X4 be independent Sub(b?) random variables with Var(X;) =1

foralli=1,...,d and put X = (Xy,...,Xy4). Then it is straight forward to
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see that :

d 2
E(X,z)?=F (Z :vX) = >z E(XX)
j=1 1<i<j<d
d d
=) BEX}) =) o = |lall3.
j=1 j=1

2. Given X ~ Sub(b?) and 1 < p < oo. From (ii) of Theorem 2.1.4 it follows

that -
]E|X|p:p/ (X | > £) dt
0

oo t2
< 2p/ tPle 207 dt
0
o
:2§bpp/ uz e " du
0

= 2§b”pf (g) )

With the above facts, we introduce the following result which will be used to
obtain the lower estimate of 65(a). To prove this lemma, we use exactly the same

argument as in the proof of [3, Lemma 2.2]:

Lemma 4.1.1. Suppose that A € R™*"™ is a random matriz with i.i.d. entries such
that each entry obeys Sub(b?) and has variance 1. Let x € S and Y = || Az||3.

Then for all 0 < q < 3 we have
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Proof. For u € R, define F(u) = In[Eexp(—pY)]. By Markov’s inequality:

P(—pY > F(p) +v) = Plexp(—pY — F(u)) > exp(v))
< Elexp(=pY — F(p))
- exp(v)

= exp(—v)
for all v € R. Recall that for all ¢ > 0 we have

t2
1—t§exp(—t)§1—t+§.

Denote a;; the entry of A in the i—th row and j—th colume. It follows that

E exp(— HE exp | —

2

ﬁ[l_,ﬁ

< exp (—mp + 8bm,u2) .

1661“(2))}

Therefore

F(p) < —mp + S8bmpy?.

It follows that

P(—pY > —mp+ 8bmp® + v) < exp(—v).

Setting p = 1 and v = the proof is complete. O

16 16b’

Lemma 4.1.2 (Lower estimate of 63(«)). Suppose that A € R™*™ is a random
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matriz with i.i.d. entries such that each entry obeys Sub(b*) and has variance 1.

Then for B € (0,ts) and v € (0,1n ((1 — ) Fp%) + (1 — B)), we have

05(a) > min {% —16b(1 — )1 [oz —1In ((1 — 6)1_556)} ,% - a} ,

1

where tg, is a fized constant in (0, 5) depending only on the sub-gaussian moment

v?, and q5 € (0, %) only depends on (.

Proof. Recall that for § >0, 8 € (0,1), z € S" %
1
oy = { cpllAvel} 2 0. VT € {L...mh ] < ).
For o > 0, we want to choose 6 such that

P(Qf001,5) < exp(—am).

Let |T°| = k < fm and v = k/m. Then Ar is an (m — k) x n matrix with i.i.d.

symmetric Bernoulli entries, therefore

1 1
P (HATxH% < 3(m—k) —q) <exp(—1), W<g< 5(m— k).

Now for any 0 < ¢ < %(m — k), set gr = = —L. Then we have

P (sl < (5 - ar) m - 0) < exo (~ 2 - ).

which is equivalent to

1 2 1 qr
R < — — < _— — . .
P (|T| |Arz||; < 5 qT> < exp ( 16b(1 V)m) (4.2)
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Recall the Stirling’s approximation:

1 1
V2rm™mT2e ™ < m! < em™T2e™,

Therefore for k£ > 1:

Now consider two cases:

o If |[fm] =0, then

1
P(Qfy ) p) =P (||A:,p||2 < Qm) < exp (— (5 — 9) m) 7

for all 6 € (O, %) . Then simply choose 6 < % — « we will have

P(Q2f ) 5) < exp(—am).

e If |fm] > 1: observe that

1 1
P(Q, =P( min —|Az|? <= — >
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Without loss of generality assume m =: k € N. Then we have

()2 @
(&) (=) ()

= (5 ) o (min (1= 8 0257)).

As (4.2) holds for all |T¢| = k, it follows that for any ¢ € (0,1):

1
P A —
(ggm Al < 2 q>

S(ZL)GXP( 16b( —B)m )

e
<= In((1=p3)"1-Pg=>s
< (=) ew [min (@ = 9095 - L1 - pm
Now we want to bound P(Q2f, , ;) by C'exp(—am) where C'is an absolute
constant independent of m. Then it suffices to have C = \/%W and
-B B >
For q € (0, %), define
fo@) =In((1—)""") + 41—
' 16b . (4.5)
=(1—-t)In(1 —1¢t)+1¢l — (1 —
(1 =) In(1 = 1) +tlne) + —=-(1 - 1)
Then

It is easy to see that fi(t) < 0 whenever ¢ < _oliis) Recall that for a

1+exp( 16b>

sub-gaussian random variable, its sub-gaussian moment is greater than or
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equal to its variance, thus b > 1. Moreover, as ¢ € (0, %), we conclude that
_ep(sts) > % It follows that f,(t) is strictly decreasing on (0 1), and

1+exp(ﬁ) 2

1 1 g 1
fq(?) Ny Tagy s T2t <0

On the other hand, note that

lim f,(t) =q > 0.

t—0t

1

It follows that f, has a unique root on (O, 5), and call this root ¢,. Since we

require the left-hand side of (4.4) to be strictly positive, this forces that
B <t

We now analyze the behaviour of ¢, as ¢ varies. It is easy to see that

lim ¢, = 0.
qg—0t
Now consider
(1—t,)In(l —t,) +t,In(t,) + 1%5(1 —t,)=0.

If we choose ¢’ > ¢, then we will have

/

(1 —tg) In(1 —tg) + 14 In(t) + 1q_6b(1 —tg) 20,

and as fy(t) is strictly decreasing on (0, 1), it follows that ¢, > t,, i.e. t,
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increases as ¢ increases, and

lim 2, =it < (1+ e%)_l. (4.6)
—=(3)

Thus limq_> (1) fa(tsg) = 0. As f,(t) is continuous in both ¢, ¢, it follows from

1
2

(4.5) and (4.6) that

1
(1= to) In(1 = tog) + tog In(tg) + (1 = £y) = 0.

On the other hand, as f,(t) is continuous in both variables (¢, ¢), it follows
that for any 0 <t < ¢, thereis 0 < ¢ < % such that f,(t) = 0, and therefore

fo(t) >0forall g < ¢ < %

Thus for any § € (0,1,,), there is 0 < g < % such that

(1= 8)In(1 = B) + BIn(8) + 1o(1— B) > 0,

So we can choose « in between such that
gs > 16b(1 — B) ' [a —In ((1— B)"7B%)].
Therefore, if § <1 —16b(1— )~ [a —In ((1 — 3)*7B%)], we have

e
P 1 5) < — exp(—am).

V2
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So by the two cases above, we have

1
a < min {ln (1—8)""p%) + 1q_6ﬁb(1 —5)75}7

and

9§min{%—(1—5)_1 [ —In ((1 — B)'787)] ,%—a}.

As fq, is decreasing on (0, 3) and lim; o+ fos(t) = qp < %, it follows that

In((1-)"78%) +qs(1—B) < %, V0 < B <ty < %

Thus a < In ((1 — 8)'=#B%) + L& (1 - B). O

For the upper estimate of 65(cr), we use the order statistics arguments. We slightly

modify the argument from the proof of [15, Lemma 4.1].

Lemma 4.1.3 (Upper estimate of 03(«)). Suppose that A € R™*" is a random
matriz with i.1.d. entries such that each entry obeys Sub(b?) and has variance 1.

For g € (0,1) and a € (0,1), we have 05(a) < 1.

Proof. Fix x € S"™! let y = Ax. Set v = |8m|, k = ym € N. Observe that

1 m
P(Qpocrp) =P | | — D vl = V0
j=k+1

Also note that

1 “ 1 - 1 &
2 2 2 _
B~ D vl <% 2 Bl < | - D By =1

j=k+1 j=k+1 j=1

Without loss of generality assume m is large enough and 8 € Q (as the general
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result follows from the fact that Q is dense in R) such that fm € N, i.e. § =1.

Then if § = v# — 1 > 0, we have

1 & 1 & 1

_ 2 2 2
P(Quo0) =P | || g 2 v — By oy 2o W 2 VOB =5 2 v
\ j=k+1 \ Jj=k+1 Jj=k+1
R 1
2 2 _
=P —m_kZ Vo) E\m_kZ yh = Vo -1
j=k+1 Jj=k+1

< oxp (— gz —1)) = exp (~ 51— )

So if P(Qp.00),8) > 1 — 7™ we will have 1 —e™*™ < exp (—%(1 — B)m) By

letting m — oo, we have 1 < 0, which is impossible. Hence we must have § < 0,

ie. <1, and thus O3(a) < 1. O

Combining Lemma 4.1.2 and 4.1.3 we obtain the estimates of d5(«a) for

sub-gaussian matrices:

Theorem 4.1.4. Suppose that A € R™*™ is a random matriz with i.i.d. entries
such that each entry obeys Sub(b?) and has variance 1. For 8 € (0,ts,) and

a € (0,In((1—pB)9p%) + (1 - B)) we have
min {% —16b(1 — B) ' [a —In ((1 = B)"7B%)] % - a} < 0s(a) < 1,

where tqy and qg are defined in Lemma 4.1.2.

Arguments in the estimates of #3(«) can be applied to estimate the bounds of

Os(cv).

Theorem 4.1.5 (Estimating 03(a)). Suppose that A € R™" is a random matriz

with i.4.d. entries such that each entry obeys Sub(b*) and has variance 1.

44

|



For 8 € (0,ty) and a € (0,In ((1 = 8)'?p%) + (1 — B)), we have

(= 8ymin { ~ 1681 = 57 [a = (1= 5 *8%)]  — af < Bfa) <15

where tsy and qg are defined in Lemma 4.1.2.

Proof. Fix x € S"7!, let y = Ax. Set k = [8m] and v = k/m. Since

Il =, m—k 1 &K, 1—7 =
m Z Yo = T m—k Z Yo) = i — k& Z Yy
j=k+1 j=k+1 j=k+1

it follows that for 6 > 0:
Pl(Yomt) = F (i~ idral} 2 6)
I -,
=P > vl =0
j=k+1
R 0

_ 2
P(Jmk Z Yo 2 11—

j=k+1

P(Q[gmm) > 1 —exp(—am),

and consequently from the estimates for 65(a) we conclude

Os(a) > (1-p)fs(a) = (1—) min {% —16b(1 — )~ [a —In ((1 - B)'~78%)] % - a} .

To set up the upper estimate, we use the same argument as before: Without loss of
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generality assume 5 € Q and thus 8 = v, in which case we have
Again using the same proof in the estimate of 65(«) yields

fs(c) = (1 — B)bs(a) <1 - 6.

Hence the proof is complete. O

4.2 Estimates of ws(a) and @s(«)

We now give the estimates of @z(a) and wg(cr). The argument is exactly the same

as in the gaussian case from section 4 of [15] only up to slight modifications.

Theorem 4.2.1 (Estimating ws(«)). Suppose that A € R™*" is a random
matriz with i.i.d. entries such that each entry obeys Sub(b?) and has variance 1.

For 8 € (0,1) and a > 0, we have

1§@5(O&)§1+\/§,
K

where K 1s the same as in Theorem 2.2.1.

Proof. For w > 0, by definition:

N 1 -
Qo8 = {EHAMI% < W} = Qpow)0-
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We claim that @g(a) > 1. Assume not, then there exists w < 1 such that
P(Qowys) > 1 — exp(—am).

On the other hand from the concentration of measure for sub-gaussian matrices,
we have

P(Qp5) < exp (—r(1 —w)?m).

Hence 1 — exp(—am) < exp (—x(1 — w)?*m). Taking m — oo, we have 1 < 0, which

is a contradiction. Therefore @g(a) > 1.

By letting € = \/g, we have
1 2 2
Pl —||Az|l3 <1+¢e) >1—exp(—ke“m) =1 — exp(—am).
m

Thus

Ds(a) <1+ \/%

This completes the proof. n

Theorem 4.2.2 (Estimating wg(«)). Suppose that A € R™™ is a random
matriz with i.i.d. entries such that each entry obeys Sub(b?) and has variance 1.

For p € (0,1) and o > 0, we have

? 1, 1
(@/Ebjoé—l—,/%bzlnlfﬁ) > wg(a) > N s

—7 Bm > 1.

N[

Proof. Fix x € S"7!, let y = Ax. Set k = |8m] and v = k/m. First observe that
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for any w > 0 we have

P(Qows) =P | \| — D _ v < Vw

Also recall from Corollary 2.3.1 we have

m—k
1 9 ) em ) e

Jj=1

Therefore
1 m—k 1 m—k 1 m—k
P(Qg15) =P _ 2 —E,| —— 2 < -E, | — 2
(Qf0.1,8) \ k2 YG) \m—k & yG <V m_kz_;%)
m—k m—k
1 9 1 5 ) e

provided that

| £p2
§ = w— ,/2eb?In ¢ > oba > 0.
1—7 1—7

Hence by 0 <y < 8 < 1, it follows that P(Qo,) > 1 — exp(—am) if

\/azw/fb_zoé—k,/%b?lnliﬁ.
wa(ar) < Stra + o [2eb?In —C 2
A =\\1-5 1- 8

For the lower estimate: if k = 0, then we have Qo .15 = o8, S0 Wa(a) > 1.

Therefore
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If k > 0, then v > 2, and

1 k
—k;y?ﬂ m— kaym —ngy

It follows that for w > 0:

Hence

wg(a) =

The proof is complete.

4.3 Main Results

By the estimates provided in sections 4.1 and 4.2, we have the following theorem:

Theorem 4.3.1. Suppose that A € R™*" is a random matriz with i.i.d. entries

such that each entry obeys Sub(b?) and has variance 1. For 8 € (0,ts,) and
€ (071n ((1 — ﬁ)l_ﬁﬁﬁ) 16b(1 — B)), we have

min {% —16b(1 — B) ' [a —In ((1 — B)"7B7)] ,% - a} < Os(a) <1,
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(1 — 8) min {% —16b(1 — B)' [a —In ((1 = B)""B7)] % - a} < Os(a) <1-8,
where tsq and qg are defined in Lemma 4.1.2.

Moreover for p € (0,1) and o € (0,1):

2
5h2¢ c 1, Bm <1
+ 4+ /2eb?1In > wgl(a) >
(\/1_5 \/ 1—5) s(a) 1
1§LD5(O&)§1+\/§,
K

where k 1s the same as in Theorem 2.2.1.

We see that for 8 € (0,ty,), and o € (0, min {In ((1 — 8)'778%) + £(1 - B),x}),
we have 0 < 03(a) < Gg(a) < 2.

Now we are at the stage to establish the strong restricted isometry property and
the robust version of the JL Lemma for sub-gaussian matrices with given erasure

ratio. We borrow and modify arguments as in the proof of Corollary 1.5 and 1.6 in

[15].

Theorem 4.3.2 (Strong restricted isometry property). Suppose that

A € R™™ 4s a random matrixz with i.1.d. entries such that each entry obeys
Sub(b?) and has variance 1. Let o € (0, min {In ((1 — 8)'?87) + (1 - B),K})
and B € (0,ts,) where k is the same as in Theorem 2.2.1, ts, and qz are the same

as in Lemma 4.1.2. Let s;m,n € N and € € (0,1) be such that

24en

€S

sln

<am—1In2 and 96::\/:—2\/5>0,
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where

0 = (1 — ) min {% —16b(1 = B) [a —In ((1 - B)'7B%)] % — a} ,

w=1+\/§,
K

Then we have

1 - ¢
P (Odlul} < vl < 501+ 20]ull, Vlsupp()] < 5.7 < o

24 3
>1-2 ( en) exp(—am),

€S

0. 1 c
P( lll? < Ll Agul2 < w(1 + 26)]jul WwWWNSaW|sw@

1-p T
24 s
>1—2 ( en) exp(—am),
€s

where

o (Vi 55

2
w = (Hfl)joé—l-wﬂebﬂnlfﬁ) )

Proof. To prove the theorem, we only need to slightly modify the proof of

Corollary 1.6 in [15], the main idea is borrowed from the proof of Lemma 5.1 in [2].
Let T C {1,...,m} be such that |T¢| < fm, then with probability at least

1 —2e %", we have

= 1 _
0(1 — €)|ull2 < ﬁHATUIlz < Vol +e)fluf2.

o1



Let S, Sg_l and (g be the same as in Lemma 3.3.2. Define

1
d = sup {\/_EHATUH27U e SyH|TY < Bm} :

For any u € S%7 !, there is v, € Qg such that ||u — v,||s < £. Hence
y S . 8

= de
u— vyl < VO +€)+ —.

\/—HATUHQ \/—||ATU'I.L||2+ \/—HAT 8

By definition of d:

d< w(1+e)+% = d< o1+ 2e).

On the other hand

1 1 1 = € =
= llArull 2 —=lArel = —=llAru - vl 2 Vi- Ve,

Choose € > 0 small enough such that \/5 — gm > 0, and set
\/—~ € =\2
= (Vo-va) .
Thus with probability at least 1 — 2 (%) exp(—am), we have

1 -
VO ull < ﬁI\ATU\b < V(14 26¢)[ull2,

for all u € R™ with supp(u) C S and |T°¢| < Sm.

As there are (Z) subsets of {1,...,n} with cardinality s, then by the union bound
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argument and Stirling’s approximation (’;‘) < (%)S, we have:

1 — ¢
P (ﬁeuuua < —=lAruls < VETT 2 lule, ¥lsupp(u)] < 5,117 < ﬁm)

24 3
>1-2 < en> exp(—am),
€s

24en

provided sln = < am — In 2.

Moreover applying the same argument above, it is easy to see that

0
m(l = 26)Jullz < m [Azulls < V(1 +2¢)[[ulla,  V[supp(u)] <s, [T < Bm

24 °
>1-2 ( en) exp(—am).

€S

P

Thus the proof is complete. O]

Theorem 4.3.3 (Robust Johnson-Lindenstrauss Lemma with a given
erasure ratio). Suppose that A € R™*™ is a random matriz with i.i.d. entries
such that each entry obeys Sub(b?) and has variance 1. Let B € (0,ts,) and

o€ (0,min {In ((1 - B)'P8°%) + {5(1 — B),Kx}) where K is the same as in
Theorem 2.2.1, toy and qg are defined as in Lemma 4.1.2. Let N,m,n € N be such

that
1

n ——
m > o nN(N—l)

For any set of N points py,...,pn in R™, then

_ 1 3 ) ‘ ‘
P {0||pj — il < — [ Ar(p; —pe)l3 <@l —pll3, VITC| < Bm, 1<,k < N,j# k:}

>1— N(N — 1) exp(—am),
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6
1—p

>1— N(N — 1) exp(—am),

where 0, & and w are gwen in Theorem 4.3.2.

Proof. The proof the same as that of Corollary 1.5 in [15] up to corresponding

modifications. By Theorem 4.3.1, we have

. 1 ) )
P{dln; ~ il < - drloy = po)l3 < Bl — il VT <

>1 — 2exp(—am),

6 1 .
P {ﬂ”pj — el < mHAT(Pj —o)llz Swlp; —pill3, VIT| < 5m}

>1 — 2exp(—am),
for any fixed pair (j, k) with 1 < j, &k < N and j # k.

N) _ N(V-1)

As there are (2 5

pairs (p;, px) with j # k, then by the union bound

argument and the assumption m > o~ '1n m, the result follows. O

4.4 Special Case: Bernoulli Matrices

Among all random matrices with sub-gaussian entries, the Gaussian and Bernoulli
matrices are of particular interest in the study of compressed sensing, as in many
cases the projection matrices are drawn from one of these two distributions. It was
proved in [23] and [15] that a Gaussian matrix satisfies the SRIP with any erasure
ratio. This means that given an m x n Gaussian matrix and any g € (0,1) with
Bm € N, if we arbitrarily erase Sm rows, the reduced matrix will still satisfy the

RIP with high probability. However, this is not true in general for arbitrary

o4

) 1 . .
P {—Ilpj —pill5 < WHAT(pj —pe)l5 < wlp; —pill3, VT < Bm,1 <4k < N,j# kz}



sub-gaussian matrices. Normally there might be an upper bound of the erasure
ratio B. For example, in the case of a Bernoulli matrix, it was seen in [23] that the
erasure ratio § cannot reach % The maximum possible erasure ratio in the
Bernoulli case is still unknown.

Recall from Theorem 4.3.2 that if the erasure ratio is smaller than the number ¢,
which is defined in Lemma 4.1.2, then the reduced matrix will still have the RIP
with high probability. The question is that t,, may not be the maximal erasure
ratio, and in cases of general sub-gaussian matrices it is difficult to do further
analysis at this stage. Nevertheless, in the case of a Bernoulli matrix, we may
further improve the number ¢4,. First let’s recall the following well-known result

related to Bernoulli random variables:

Theorem 4.4.1 (Khinchine’s inequality). Let X, ..., X, be independent
symmetric Bernoulli random variables. Then for 0 < p < oo, there exist

a(p),b(p) > 0 depending only on p so that

a(p)|lells < (E

n
E X
=1

N
> < b(p)|lcll2, Ve=(c1,...,c,) €C™

a(p) and b(p) are called Khinchine constants.

With Khinchine’s inequality, let’s see why we may expect better results in the
Bernoulli case. Recall that in section 1 of this chapter we have proved

Lemma 4.1.1: Suppose that A € R™*" is a random matrix with i.i.d. entries such
that each entry obeys Sub(b?) and has variance 1. Let z € S"™' and Y = || Az||3.
Then for all 0 < ¢ < % we have

(v <2 0) <om (%),
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Then we use this lemma to estimate the lower bound constant in the SRIP. In the
proof of Lemma 4.1.1, we need to estimate E [>" | xiaij|4, where a;; denotes the
entry in the i—th row and j—th column of the matrix A. We apply (4.1) to

estimate the fourth moment of the Sub(1) random variable > | x;a;; and obtain

4

E < 22(1%)2r (%) = 16.

n
E I’iaz‘j
i=1

The problem is that the estimate given in (4.1) may not be sharp, therefore the
result we obtain might be weaker than what it should be. Fortunately, in the case
of Bernoulli random matrices, the Khinchine’s inequality provides optimal
estimates for moments of linear combinations of Bernoulli random variables. The

best Khinchine constants are given by Haagerup in [14] as follows:

Theorem 4.4.2. The best constants a(p) and b(p) in Khinchine’s inequality are

given by
1, 0<p<2,
b(p) = 1
ptl P
va(HE) L pse
and

1 1
25_;7 0<p§p07

where po € (0,2) satisfies T' (22 = \/TE

With Khinchine’s inequality and the optimal Khinchine constants, and using the
same argument in the proof of Lemma 4.1.1, we can improve Lemma 4.1.1. The

result is as follows:
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Lemma 4.4.3. Let A € R™*" be a random matrix with i.i.d. symmetric Bernoulli

entries, then for any x € S* ! and 0 < ¢ < 1:
2 1 q
P ([ As]} < (5 —aim ) < exp(—5m).

Observe that the inequality we obtained in Lemma 4.4.3 is sharper than the one in
Lemma 4.1.1. Due to the improvement from Lemma 4.1.1 to Lemma 4.4.3, we can
obtain a better SRIP level in the Bernoulli case. We have the following lower

estimates of A3() and f(a):

Lemma 4.4.4. Let A € R™*" be a random matrix with i.i.d. symmetric Bernoulli

entries. For 5 € (0, tper) and a € (O,ln ((1 — 5)1_556) + %‘3(1 — B)), we have

1

0s(cr) > min {5 —3(1=8)" [a—In((1- B)l_’gﬁﬁ)} ,1— a} :

fs(c) > (1 — §) min {% —31=-8)"[a=In(1-8)""p"] 1- a} :

where tye, € (07 %) satisfies

1
(1 - tber) hl(]- - tber) + tber 1n(tber> + 6(]— - tber) =0.
The numerical solution s ty, ~ 0.0376, and qp € (O, %) 15 given by
a5 =sup{g € (0,1) : (1 = B)In(1 - B) + BIn(B) + 5(1 - B) > 0},

Recall that the sub-gaussian moment of a Bernoulli random variable is b> = 1, and

12 where k is the same as in Theorem 2.2.1. Thus using the same

we have kK = 5

argument as in the proof of Theorem 4.3.2, we have the strong restricted isometry
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property for Bernoulli matrices:

Theorem 4.4.5 (Strong restricted isometry property for Bernoulli
matrices). Let A € R™*" be a random matriz with i.i.d. symmetric Bernoulli
entries. Let B € (0,tper) and o € (O,min {ln ((1 — 6)1_565) qﬁ (1-75), 12})
where ty., and qg are the same as in Lemma 4.4.4. Let s,m,n € N and € € (0,1)

be such that

24en
€S

sln

<am—1In2 and 9512\/:—2\/5>0,

where

Then we have

1 - c
P (Ol < LAzl < a(1+ 201, ¥lsupp(o)] < 577 < 6m

24 B
>1-2 ( en) exp(—am),

€S
. e
1— |T

24
>1-2 ( en) exp(—am),

€S

Azl < w1+ 200l ¥l supp(u] < 5|77 < fm)

where
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Chapter 5

(Gaussian Finite Frames

In this chapter we study the robustness properties of Gaussian random finite
frames with fixed erasure ratio. The setting is slightly different from previous
discussion, we will only consider matrices with more rows than columns, where as
in CS more often we have the projection matrix with more columns. As mentioned
before, the study of the finite frame theory shares several similarities with the
study of CS with corruptions. In this thesis, as a starter, we focus on the Gaussian
case mainly because this is the most special and important case among
sub-gaussian cases. Moreover, because of the stable property of Gaussian random
variables, this case is easier to deal with and we may expect more accurate
estimates.

Given a random matrix A € R™*"™ (m > n) with i.i.d. standard normal entries,
and given a fixed erasure ratio 3 € (0,\) where A =1 — I > 0. For the study of
finite frames, we care about the case which exactly Sm rows are erased. In this
chapter we will show that an m x n Gaussian frame is a NERF of level (5, C') for
any 5 € (0,A) and C' > 0 depending only on 8 with overwhelming probability. We

will fix the mistakes, revise the argument provided in [24]. We will give more
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accurate estimations and improve the results from [24].

5.1 The Largest Singular Value: Concentration
Inequality Approach

We begin with estimating the largest singular value of a Gaussian matrix with

certain portion of rows erased. We use the following well-known result:

Lemma 5.1.1. (/22, Corollary 5.35]) Let A € R™™(m > n) be a random matriz

with 1.i.d. standard normal entries. Then
+2
P(smax(A) > Vm++vn+t)<e 2, Vt>0.
Then we can prove the following estimate of the largest singular value of a

Gaussian matrix:

Theorem 5.1.2 (The largest singular value). Let A € R™*" (m >n) be a

random matriz with i.i.d. standard normal entries. Let A\ =1 — . Then for any

a > 0 we have

P (Smax(A) > r(c, \)y/n) < e,

where

rla,\) = (1—M\)72 + 1+ v2a.

Proof. By Lemma 5.1.1:

P(smax(A) > (1= A2 +1)Vn+t)<e 2z, V>0
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Thus for any o > 0, setting t = v/2an, we have
P(Smax(A) > r(a, \)v/n) < e ", Vit >0,

where

r(a,A) = (1 —/\)_% +1+V2a.

Thus the proof is complete. O]

5.2 Non-asymptotic Estimates of the Smallest
Singular Values: Direct Approach

We now give the estimate of the smallest singular value of the reduced Gaussian
matrix. Given an m x n (m > n) random matrix A with i.i.d. standard normal
entries. Let A =1 — 2 and 8 € (0, A\] with fm € N. We need to estimate the

probability of the following event: {||Az||3 <t} with z € S*~! and certain ¢ > 0.

Lemma 5.2.1. Suppose that A € R™" (m > n) is a random matriz with i.i.d.

standard normal entries. Let x € S" ' and A =1 — 2. Then for any a > 0 we have

P(||Az|5 < g(a,\)n) < e,

where

q(a,\) = —(1 — )\)fIWO(_e—Qa(k)\),g)?
and Wy denotes the principal branch of the Lambert W function.

Proof. Let Y = Az = (y1,...,ym)". Then |[Y]|3 =", y? has the x? distribution
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with m degrees of freedom. Thus the density of ||Y]|3 is

1
_ m/2—1 _—x/2
f(zx) —QW/QF(m/Q)x e =,
It follows that for ¢ > O:
2 1 ! /21 —x/2
1 5
_ m/2—1 -z 4
D(m/2) / S
_ y(m/2,t/2)
I'(m/2) ~
where
z & s+i,—z
— s—1 T dr = ? €
o= [t S

denotes the lower incomplete gamma function. Let ¢ € (0, (1 — A)™!] and

t = gn < m, it follows that

m =(2/m m/2g=t/2 3 (e/2)
Y(m/2,1/2) = (2/m)(t/2) ;((m_k)/2+1>...<<m—k>/2+@'>
gt (42 Y
< (2/m)(t/2)" e Z(m)
= (2/m) <t/z>’"/26‘”21_%

() (23 e

< 3(t/2)m/26_t/2,

where the last inequality holds whenever (m — k) > 1. Also note that we require
t < m when we estimate the infinite sum above, which forces ¢ < (1 — \)~'. Now

we estimate I'(m/2). Recall the Stirling’s approximation I'(z 4+ 1) > v/27z(z/e)?,
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thus

D(m/2) > (2/m)/Fm(m/2)" 22

= 2V2m(m/2)"/? 722,

Hence we have

2,t/2)
P(lAxlI? < ¢t <M
(Jx]} < 1) < TR
m L
<3 E)ze_é(?) 272 o5
2 242w
3 t\2 . . .
< — ] e zew™ 2™  (as /xr <es forall z >0
_2@(m> (os Vo < )
3 t\ 2 1(Sm—1) m 6
= _ 25 < (g(1 — \))™/? —(— -
2m<m> s eXp<2(q+5)>

Now consider the function
1 1 6
9(a) = 51 =27 {In(g(1 =) — ¢+ Ik

Observe that

1
lim g(q) = —oo and g((1 — \)™!) = 07 0.

q—0

It follows that for any a > 0 there exists g(a, A) € (0, (1 — X\)™!) such that

9(q(a, X)) = «, and the explicit form of g(a, A) is given by
Q(a, )\) = —(1 — )\>*1VVO(_6720¢(1—,\)7%)7

where W, denotes the principal branch of the Lambert W function. Hence for any

o > 0 we have

P([| Azl < g(a, A)n) < ™"
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Thus the proof is complete. O

Remark 5.2.2. Recall that W, satisfies
Wo(2)eWo® = 2 vz > —e L,

Moreover, W, is an increasing function on [—e™!, 00) with Ws(0) = 0 and
Wo(—e 1) = —1. Thus —Wy(z) € (0,1) whenever z € (—e™!,0), so the number

q(a, \) in Lemma 5.2.1 automatically satisfies g(c, \) € (0, (1 — \)71).

To estimate the smallest singular value, we need to introduce the concept of
e—nets. Recall that for € > 0, a subset N, of S"~! is called an e—net if for any

x € S"! there exists v € N, so that ||z — vz <e.

Lemma 5.2.3. (/22, Lemma 5.2]) For any € > 0, there exists an e—net N, C S*~!

so that |N| < (1 + 2e )",

The last supporting lemma we need to estimate the smallest singular value is the

following result:

Lemma 5.2.4. Let A € (0,1), o > 0 and € > 0. Define
ta(€) = a+In(1 +2e71),

r(pa(€), A) = (1= N) 72 + 1+ v/2pa(e),

6
5

a(1a(€),N) = —(1 = X) " Wy(—e2#elI0-D75),

Then for any fized \ and o, there exists € = e(a, A) > 0 such that

Q01a() N) > er(j1a(e). ). (5.1)
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Proof. By Remark 5.2.2 we have

lim Wo(2) =lime

z—0 z z—0

W = 1.

It follows that in this case as € approaches 0, we have

q(,ua(G), )\) -~ (1 . )\)—16—2(a+ln(1+26_1))(1—)\)—g ~ 201X
Therefore 1/q(f1a(€), A) ~ €. On the other hand it is easy to see that
er(fia(€), A) ~ € + ey/In(e~2).
As A > 0, it follows that

lim ————— = +o0.
e=0" € + €4/In(e72)

Thus in this case lim,_,q+ % = +o00. Hence certainly there exists
€ = €(a, \) > 0 such that (5.1) holds. O

Now we are at the stage to prove the estimate of the smallest singular value of a

Gaussian matrix. We have the following result:

Theorem 5.2.5 (The smallest singular value). Suppose that A € R™*"
(m > n)is a random matriz with i.i.d. standard normal entries and A =1 — = > 0.

For a > 0, let q(pa(€), N) and r(pa(€), A) be the same as in Lemma 5.2.4. Then

P (Smin(A) < pla, Ny/n) < 267",
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where

Pl A) = sup \/q(pa(e), A) — er(pale), A) > 0.

Proof. For € > 0, let N, C S"! be an e—net. Let o > 0 and v € N,. Let x € S" 1,

choose v, € N, such that ||z — v,]|2 < e. It follows that
[AZ]ls > [|Avy[la = [|A(z = ve)ll2 > [[Ave[l2 = €8max(A)-

Let o > 0. Then for any p > 0 we have

IPJ(Smin(A) S pﬁ)

<> P(JJ[Av]s < pvi + esmax(A))

’UGNE

< 37 (B Aoz < v/t + er(1a(€), Vi) + Blsmax(A) 2 r(j1ale), V).

’UGNE

By Lemma 5.2.4 we may choose € = €(a, A) > 0 such that

pe(a, A) == \/q(pa(€), A) — er(pale), A) > 0.

It follows from Lemma 5.2.1 that

P([[Av]l2 < pela, AW+ er(pale), )W) = P (1 40]2 < v/a(ka(e), M)

< g Ha (e)n .

On the other hand by Theorem 5.1.2 we have
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Hence by Lemma 5.2.3 we have

P(smin(A) < pe(a, N)v/n) < Z 2eHa(On < 9(1 4 2 )T Haln — geman,

vE Ne

By setting

pla, ) = Sup q(pal€), ) — er(pale), A) >0,

we have

P(smin(A) < p(a, \)v/n) < 2e".

We are left to show that

pla,A) = sup. q(ta(€), ) — €er(pa(e), A) > 0. (5.2)

By Remark 5.2.2, [Wy(z)| < 1 for all z € [—e2,1). Thus 1/q(tta(e), A) < (1 — \)"2
for all e > 0, @ > 0 and A € (0,1). On the other hand it is easy to see that
er(pal€), ) > (1 — A\)~2 whenever € > 1. It follows that p.(c, \) < 0 whenever

e > 1. Moreover by Lemma 5.2.4 we can choose € € (0, 1) sufficiently small such

that p.(a, A) > 0. It follows from the definition of p(a, A) that

p(a, \) = sup pe(a, A) > 0.
e€(0,1)

This completes the proof. O

5.3 Proof of NERF Property

Now we are at the stage to set up the main theorem for this chapter. We are going

to show that a Gaussian random finite frame is a NERF with overwhelming
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probability.

Theorem 5.3.1. Let A € R™*"™ be a random matriz with i.1.d. standard normal

entries. Let \=1—2 > 0. Then for any 8 € (0,\) such that fm € N and v > 0,

A is a NERF of level (f, ggz;gg) with probability at least 1 — 3e™"™ where

P(Va /\7 ﬂ) ‘= Sup \/Q(Na(u,)\,/a’) (6)7 /\(/B)) - ET(M&(V,)\,@? /\(ﬂ))’

e€(0,1)

R, \,B) = (1= XB))"2 +14+/2a(v,\,f),
a(,\,B) =v+(1—=XN"I[7(1- )]

faap)(€) = a(v, A, B) +In(1 4271,

" (Hagas) (€, ANB)) = (1= A(B)) 72 +1+ \/ 2Ha(,)(€),

A(fa@rs (), A(B) = —(1 — N(B)) Wy (—e Hatan(@QU=AE) =5y

n A—p

M= e 1

All quantities above are positive.
Proof. Let >0 and T C {1,...,m} with |T¢| = fm. Note that Ay is an
(m — fm) x n matrix with i.i.d. standard normal entries. Define

n A—p

MO =1 1

Thus by Theorem 5.1.2 and Theorem 5.2.5 we have

P <3min(AT) < p(a, A(ﬁ))\/ﬁ) < 2e7",

P (smax(Ar) > r(a, M(B))v/n) < e,
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where

pla, A(B)) == Sup q(pal€), A(B)) — er(pale), A(B)),
r(a, A(B)) = (1= A(B) "2 + 1+ V20,
fia(€) = a + In(1 + 27,
r(1a(€), A(8)) = (1= A(B)) "% + 1+ /20 (),

0(11a(€), A(B)) = —(1 — A(B)) Wy (—e 21a(d0-AE)=5),

There are (g’:n) subsets T' C {1,...,m} with |T¢| = fm. Use Stirling’s

approximation (4.3) of binomial coefficient we have

<7:>s%<%>’*<%>”"“ (m) =3 (s o,

Note that < 2. Thus

k(m—k)

(m) 5= B S ep (n(1 = N) (8 (1 - 9) ().
21
Hence it follows that

P (p(a, \(B))V1 < Smin(A7) < Smax(Ar) < 17(, MB)Vn, VT C {1,...,m}, [T = fm)

>1-3 (TZ) e "

>1—3exp(n(—a+ (1 - X" In[g~#(1 - )~ 0=2)))

>1 — 3exp(—vn),

provided that v = a — (1 — A\)~"'In[37?(1 — 8)~(1=#] > 0. Thus by setting

a(v, A, B)=v+(1=X)"In[p 1 -5 7]
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Haap)(€) = a(v, )\, B) +1In(1 +2¢7),

" (tatas) (€, ANB)) = (1= N(B)) 72 + 1+ /2w s (€),

A(Haer) () M(B)) = —(1 = \(8)) ™ Wo(—e Hatrn(VUAEN=E),

P00 B) 1= 30 il () NB)) ~ erliauns: N9))

ec(0,1
R, M\ B) = (1—AB)) "2 + 1+ 2a(v, A f),

with probability at least 1 — 3e”™ we have

R(v, \, )

max Cond(Ar) < PG

TC{L,..m}, [ Te|=fm

where Cond(Ar) denotes the condition number of Ar. O

Remark 5.3.2. We used two different approaches to estimate the extreme

singular values:

e For the smallest singular value, we used a brute force method. We didn’t use
concentration inequality type argument because the concentration inequality

tells that for A € R™*™ with m > n, we have
P(smin(A) < vVm —vn—t) <e 'z, Vit>0.

This a sharp estimate proved in [22]. We see that if we put t = \/m — /n,
then the probability is in fact zero, but the right hand side gives the bound

_ (Wm—ym)?
e 2

> (. When this estimate is applied to prove the NERF property,
it will give a cap on the erasure ratio. Therefore, we need a faster decay near

Zero.
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e For the largest singular value, we take the concentration inequality for grant,

this is due to the fact that this approach gives better results than the brute

force method, also it is much simpler.

5.4 Numerical Examples

In this section we provide some numerical examples.

Example 5.4.1. Let v = 0.1, we will see how large the number

Cw. ) 1= L)

can be if we keep the ratio § is fixed.

300000 - ‘

200000 - \

100000 -

Figure 5.1: The graph of C(v, A, 3) for § = lio and v = 0.1
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Table 5.1: Some numerical values of C(v, A, 5) with v = 0.1 and § =

1

10

A 5 5 ; ; 5

3 %0 50 % 5 %
R(v,\, B) 2.774 3.514 3.716 3.965 4.873
P(v, A\, B) | 6.261 x 1079 | 4.639 x 107° | 0.004236 | 0.04848 | 0.2028
C(v,\,B) | 4431 x10% | 7.575 x 10* | 877.2 | 81.80 | 24.03

We see that in this case C(v, A, §) decreases as A in creases, and as A

approaches 1, C'(v, A\, B) approaches around 4.43.

>

N[ —=

Figure 5.2: The graph of C(v, A, 8) for g = % and v = 0.1
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Table 5.2: Some numerical values of C(v, A, 5) with v = 0.1 and § =

1
2
) : ; HEEE
5 4 : HEEE
R(v,\, B) 3.067 3.364 3.790 4.419 5.364

P(v, A\, B) | 6.261 x 107° | 4.814 x 10~ | 0.004312 | 0.04848 | 0.2028

Cv,\,B) | 4.899 x 108 | 6.987 x 10* 878.9 91.15 | 26.45

We see that in this case C(v, A, ) also decreases as A in creases, and as A

approaches 1, C'(v, A\, B) approaches around 4.76.

L
[+X:]

Figure 5.3: The graph of C(v, A, 3) for § = % and v = 0.1
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Table 5.3: Some numerical values of C(v, A, ) with v = 0.1 and g =15

9

A 5 5 ; ; 5

3 % 10 % 3 %
R(v,\, B) 3.187 3.450 3.767 4.154 4.659
P(v, A\, B) | 6.261 x 1079 | 4.814 x 107° | 0.004312 | 0.04848 | 0.2028
C(v, A\, B) | 5.090 x 108 7.167 x 10* 873.7 85.69 22.97

In this case C(v, A, 5) approaches around 2.83 as A approaches 1.
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Chapter 6

Summary and Discussion

In this thesis, we have studied the robustness properties of the sub-gaussian
random matrices. First we have studied how large is the erasure ratio which still
keeps the nearly norm preserving property for the reduced matrix. Then we've
proved that sub-gaussian random matrices satisfy the strong restricted isometry
property of certain level and order. In particular we take a closer look on the
Bernoulli case, by employing the Khinchine’s inequality we see that the result can
be further improved from the general case. We also further studied the robustness
properties of the Johnson-Lindenstrauss Lemma and the restricted isometry
property for the sub-gaussian matrices. Last but not the least, by estimating
extreme singular values of Gaussian matrices, we confirmed that Gaussian finite
frames are numerically erasure robust frames. We fixed the mistakes made by the
author of [24] and improved the argument.

In the future, I would like to focus on the following projects:

e We know that the Bernoulli matrices do not satisfy the SRIP with high
probability if the erasure ratio is % or higher. Then we would like to ask

what is the maximum possible erasure ratio which still guarantees the SRIP
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for Bernoulli matrices.

The explicit bounds for the condition numbers of the reduced Gaussian finite
frame were not provided in Chapter 5. We are interested in whether it is
possible to determine the closed form of the bounds, and if so we would like
to determine whether the bounds are optimal or not. We would like to know

if it is possible to further improve the existing results.

This thesis focuses on sub-gaussian random matrices. We are also interested
in what would happen if we change our settings. Would similar results hold
for other types of matrices? For example, the discrete randomized Fourier
transform matrices? The approach could be quite different if the settings are

changed.
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