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Abstract

The dynamics of many chemical and mechanical processes are influenced by both temporal
and spatial factors and these processes are called distributed parameter systems (DPS).
Moreover, their mathematical models are given by partial differential equations (PDE) and
they belong to infinite-dimensional systems. Due to the existence of the spatial variable
in the mathematic model, the state estimation and control of the distributed parameter
systems are interesting and challenging. The focus of this thesis is to develop the optimal
state estimation method and servo-control (output regulation) methods in the optimal and
internal-model framework.

To address the control problems for finite and infinite dimensional systems, the full state
information is usually necessary. In this thesis, an optimal state estimation method is devel-
oped for spectral distributed parameter systems to account for full state estimation problems
with state constraints due to physical limitations. In particular, a modal decomposition tech-
nique is applied to reduce the order of the considered dissipative systems that are assumed
to satisfy the decomposition assumption.

With the full state information of the control systems, the proposed servo-control ap-
proaches in this thesis are able to implement. In this thesis, two types of servo-control
(output regulation) are considered: Internal Model Control (IMC) and Optimal control.
In fact, the servo-control includes two aspects: stabilization and reference signal tracking.
In the aspect of the stabilization, an operator Riccati equation approach and a weak vari-

ational optimal method are developed for the first order hyperbolic PDE systems in this

i



thesis. For the aspect of the reference trajectory tracking, novel output feedback and error
feedback regulators are developed to deal with the distributed and/or boundary tracking
control problems for general distributed parameter systems.

Finally, the servo-control problems for the countercurrent heat exchanger, the plug flow
reactor and the solar-thermal district heating system are addressed in the application part
of this thesis. In particular, for the countercurrent heat exchanger, the proposed output
regulation approach is applied; for the plug flow reactor, the proposed weak variational
optimal stabilization and the output regulation method are combined and applied; and for the
solar-thermal district heating system, the receding horizon optimal control and the output
regulation approach are implemented to solve the energy maximization and the reference

tracking problems.
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Chapter 1

Introduction

In chemical and mechanical engineering sciences, Partial Differential Equations (PDEs) are
widely used as models of transport (transport-reaction) phenomena in formation and sepa-
ration processes. There continues to be a rich and active research interest in this field which
draws upon the well established classical tools of mathematical analysis, and also employ the
recent advancements in computer technology for process simulation and numerical studies
of complex problems. Many applications include examples in petroleum industry such as
heavy oil recovery, and tubular and plug-flow reactor systems which are used for the pro-
duction and the refinement of large volume chemicals. In manufacturing industries, phase
transitions and thermal treatment are critical factors in the fabrication and processing of
materials, such as in semiconductor production by crystal growth methods. In mechanical
engineering, the modelling of turbulence and meandering wake is crucial to the control of the
wind farm and the mathematical description of the fluid transportation plays an important

role in the solar-thermal energy systems.

1.1 PDE models and control systems

From the mathematical aspect, a PDE includes one or more partial derivatives of the de-

pendent variables. Suppose that there is a dependent variable z(z,¢) which is a function of



the independent variables z = {z1, -+, z,,} in an m-dimensional domain 2 C R™, and also
the independent variable of time ¢ € R*. In particular, the general expression for a second

order PDE for the function z(z,t) is:

(1.1)

2 2 2
F(zl,---,zm,t, or Ox or 0%z 0’x  0%*x )zO

Ty 7o ) y T ) y T
ot’ 0z 0z 022 0227 021029
The highest order of the derivatives is the order of the equation. All PDEs can be classified
into three types of equations: hyperbolic, parabolic and elliptic. Moreover, spurred by the
outer space applications, there is another important class of PDE systems — beam equations.

For example, the well-known Euler-Bernoulli beam equations is a fourth order PDE system:

Palat) ¢ 02D — 0,2 € [0,1],t > 0,

2(0,¢) = 220D — ¢ > 0,

821(0.t) ” (1.2)
52 = 0,1 >0,
P10 _ (0,12 0

The function x(z,t) provides the state of the system at the time ¢ along the entire space, and
denotes a process variable of interest, for example temperature or density. The distributed
nature of the state is a distinguishing feature of process variables modelled by PDEs in
contrast to those modelled by ODEs for which the process variables are represented by
functions of only a single independent variable, for example x(t) which is spatially invariant.
Many transport-reaction processes in chemical and materials engineering can be described

by the linear parabolic PDE:

ox

a(z,t) = A(z,t)x(z,t) + B(z, )u(t) + f(z,1) (1.3)



The operator A(z,t) is referred to as the spatial operator and is given by:

Az t) =) a% ( 8,2]) ka +g(z,1) (1.4)

ij=1

Two important transport mechanisms included in the PDE process model in above equa-
tions are diffusion and convection. In particular, consider (1.3)-(1.4) as a chemical reaction
system, x(z,t) represents the concentration of a chemical species, D;;(z) are the diffusion
coefficients, v (t) are the velocity in the z; direction, g(z,t) is the state related linearized
generation/consumption term, and f(z,t) is nonhomogeneous generation/consumption term.
The function B(z,t)u(t) in (1.3) can be seen as a heat source or sink within the domain €,
which can be manipulated by a controller input u(t) to affect the temperature distribution
of the system. In fact, this type of system is representative of the class of distributed control
problems for PDEs. On the other hand, in order for the problem to be properly stated, one
must impose additional restrictions on the system in the form of initial conditions, given by
the initial temperature distribution z(z,0), and also the boundary conditions, which describe
the what happens on the boundary of the domain. Boundary conditions referred to as mixed

or Robin boundary conditions for heat transport systems are given by:

ox

K22
092

(z,t) + hx(z,t) = u(t) (1.5)

2=0

The parameters specified for the boundary conditions in this are are the thermal conductivity
of the material K, and the convective heat transfer coefficient h. In the absence of convective
heat transfer (hxz(0,t) = 0) the boundary conditions are referred to as zero-flux (Neumann)
boundary conditions. In the context of PDE control problems with B(z,t) = 0, the (1.3)

and (1.5) is representative of the class of boundary control problems for PDEs.



1.2 Thesis scope

The focus of this thesis is the servo-control of different types of distributed parameter sys-
tems. In particular, to assist in realizing the control, the state estimation and observer
design techniques are investigated as well in this thesis. According to different considered
systems, the state estimation and servo-control problems are addressed within the infinite-
dimensional systems theoretic framework, and together with the development, formulation,
and numerical realization, are explored within the following chapters.

Chapter 2 addresses optimal constrained state estimation problem for finite and infinite-
dimensional chemical process systems. The cases are considered when the prior information,
in addition to the model parameters and the measurements, is available in the form of an
inequality constraint with respect to the systems state. In the latest developments of the
optimal state estimation theory, considerations of the state constraints have been often ne-
glected since constraints do not fit easily in the structure of the optimal state estimator.
Therefore, the issue of the state constraints being present needs to be addressed adequately,
in particular, nonnegativity of concentration. Motivated by this, a sequential, algorithmic
optimal constrained state estimator is developed for both finite and infinite-dimensional
process systems commonly found in chemical process engineering (CSTR, tubular reactor).
Moreover, an optimal constrained state estimator is designed for a large class of dissipa-
tive infinite-dimensional systems which involve boundary actuation and point observation.
Finally, illustrative examples of chemical process systems and proposed optimal state con-
strained estimation are presented.

Chapter 3 deals with the distributed and/or boundary output regulation problems for
different hyperbolic PDE systems. In particular, state, output and error feedback regula-
tors are designed respectively to drive the controlled output to track a desired reference
trajectory which can be modelled by an exogenous signal process. Consequently, various
regulator equations (Sylvester equations) are obtained and sufficient conditions ensuring the

solvabilities of regulator equations are given to guarantee the feasibility of proposed regu-



lators. Finally, different computer simulations are presented to show the performances of
proposed regulators.

Chapter 4 addresses the output regulation problem for linear distributed parameter sys-
tems (DPSs) with bounded input and unbounded output operators. In particular, novel
methods for the design of the output feedback and error feedback regulators are introduced.
In the output feedback regulator design, the measurements available for the regulator do not
belong to the set of controlled outputs. The proposed output feedback regulator with the
injection of the measurement y,,(t) and reference y,(t) can realize both the plant and the
exosystem states estimation, disturbance rejection and reference signal tracking, simultane-
ously. Moreover, new design approach provides an alternative choice for seeking the output
injection gain in a traditional error feedback regulator design. The regulator parameters are
easily configured to solve the output regulation problems, and to ensure the stability of the
closed-loop systems. The results are demonstrated via computer simulation in two types
of representative systems: the parabolic partial differential equation (PDE) system and the
first order hyperbolic PDE system.

Chapter 5 considers the state feedback regulator problem for a network of countercurrent
heat exchangers. The system is described by two sets of hyperbolic partial differential equa-
tions (PDEs) and the model is nonlinear with respect to the control input. To deal with the
nonlinearity, the equilibrium temperature profile is calculated and utilized in the lineariza-
tion of the original nonlinear system. Then, based on infinite-dimensional representation, the
state feedback regulator problem (in particular the tracking problem) is considered, where
the target is to design a controller that, while guaranteeing the stability of the closed-loop
system, drives the controlled output to track a reference signal generated by an exosystem
with its spectrum on the imaginary axis. Given the explicit expression of the transfer func-
tion, we provide sufficient conditions such that the resulting linearized system is causal and
stable. Given that the controlled system is stable, we propose a simple and novel method

to provide the stabilization feedback gain K, such that the controlled system tracks the



reference signal. Finally, a numerical simulation illustrating the results is presented.

Chapter 6 addresses the optimal linear quadratic (LQ) boundary output regulator design
problem for the plug flow reactor described by the hyperbolic partial differential equations
(PDE), with actuation applied only at the inlet of the reactor. By applying the weak
variational approach, the necessary optimality conditions are provided and then an optimal
state feedback controller is presented. In particular, the time-varying state feedback gain
is determined by solving Riccati-type PDEs and this chapter extends the linear quadratic
regulator design to the class of boundary controlled hyperbolic PDE systems. Along the line
of LQ design, an optimal boundary tracking regulator is designed such that the output of the
considered reaction process tracks the desired reference signal generated by an exosystem.
A simulation example is included to show performance of the proposed approach.

Chapter 7 investigated optimal operation strategy and optimal control for a solar-thermal
district heating system. Optimal operation strategies on the fluid flow rate inside the solar
collector tube are studied such that the outlet temperature can be maintained in a desired
reference value and moreover the heat (energy) gained by the solar collector is maximized
within a certain time period. In particular, this target is formulated as a single-objective
optimization problem and a multi-objective optimization problem, respectively, and corre-
sponding operation strategies are studied and compared. For the energy storage system, the
heat exchanger plays an important role in the heat transfer process and the maximization
of the energy stored. Therefore, two freedoms-fluid flow rates in the heat exchanger are
included. In the district heating loop system, a gas heater system collaborate with the solar
thermal system to meet the heating demand. For this coupled system, a receding horizon
optimal controller and a state-space based internal model controller are developed to ad-
dress the desired temperature tracking problem. Finally, the proposed optimal operation

strategies and controllers are tested through simulation results.



Chapter 2

Optimal continuous-time state
estimation for linear chemical process

systems with state constraints

2.1 Introduction

Chemical process systems contain a wide range of models spanning from lump parameter sys-
tems (e.g. continuous stirred tank reactors (CSTR)) to distributed parameter systems (e.g.
axial dispersion reactor, flow systems, tubular reactors and heat exchanger). The chemical
process lumped parameter systems (LPSs) are mathematically expressed by ordinary differ-
ential equations (ODEs), while distributed parameter systems (DPSs) are given by partial
differential equations (PDEs). Such a large variety in modelling representations is comple-
mented with the stringent process products specifications and performance characteristics.
In addition to the stringent requirements on product quality, the process contains naturally
present limits and constraints on allowed actuation. In many chemical processes, the limi-
tation from devices and production requirement result in certain specification in the form of
inequality constraint on states or inputs. In order to include these system characteristics in

the state estimation framework, many previous research efforts and significant contributions



have been made on optimal state estimation in a linear lumped parameter system, where
constrained Kalman filter and moving horizon estimation method were widely utilized (see
[5], [6] and [7]). In [8], various ways incorporating state constraints in the Kalman filer are
provided. Nevertheless, it is not easy to embed the inequality or equality constraints in the
Kalman filter. Moreover, Yang and Blasch [9] developed a method that allows for the use
of second-order nonlinear equality state constraints. On the other hand, moving horizon
estimation (MHE) can provide ‘best’ state estimation with help of Kalman filter and MHE
is attractive in the generality of its formulation. The problem of MHE is essentially that of
solving a quadratic programming (QP) problem which indicates that MHE is slow. In some
cases, the MHE quadratic programming problems are not convex and thus optimization may
not yield the global optimum (see [10]).

Motivated by the inclusion of constraints in optimal constrained state estimation above,
we consider a large range of chemical process systems - starting from state-constrained finite-
dimensional lumped parameter models (e.g., [11]) commonly found in chemical engineering
practice to the broad class of dissipative distributed parameter systems (DPSs) (see [12],
[13], [3], [14], [15] and [16]). Compared with lumped parameter systems, the state estima-
tion work for a class of dissipative DPS systems is more complex. Moreover, the important
question of incorporation of state constraints in the optimal state constrained estimation
of dissipative DPS has not been explored (for example, transport-reaction processes require
that the reactor temperature is maintained within certain bounds to ensure desired and safe
operating performance). In particular, this chapter explores the way of utilizing constraints
to improve the accuracy of the state estimation for the dissipative DPS systems model by
dissipative partial differential equations (PDEs). Thomas et al. [17] investigated the opti-
mal state estimation problem for distributed parameter systems and time delay systems by
utilizing the framework of the optimal control theory. More recently, Zavala and Biegler [18]
presented the application of MHE for multi-zone low-density polyethylene tubular reactors.

In 1981 year, Ray [3] summarized and applied works of [17] in both lumped parameter and



distributed parameter systems (see [19]; [20]). The optimal state estimation technique devel-
oped by Thomas and Ray was formulated by utilizing the variational method for continuous
systems and the resulting estimation formulations have analytical expression. Motivated by
the above content, in this chapter, we extended the framework of a continuous optimal state
estimation technique to deal with the state estimation problem when the state constraints for
continuous chemical process systems are explicitly included. In this chapter, the analytical
form of the proposed state estimator is obtained and the estimator is a sequential one step
estimator that can be applied directly online without solving the quadratic programming
(QP) problem. Moreover, most constrained state estimation work is done in discrete-time,
while the work in this chapter is elaborated in continuous-time.

Most of dissipative PDE systems contain the spatial differential operators the spectrum of
which satisfies the spectrum decomposition assumption. Therefore, when designing filters or
estimators for these PDE systems, modal analysis can be utilized to convert the dissipative
PDE system into a finite-dimensional subsystem with its infinite-dimensional subsystem
complement (e.g., [21], [3] and [22]). Since the finite-dimensional subsystem can capture
the dominant system dynamics, the infinite-dimensional complement subsystem is often
neglected. Along the line of approximation of PDE systems within the filter design, in
[23], by minimizing the quadratic error least squares, the early lumped optimal filter and
late lumped optimal filter are designed and compared. Hence, in [23] it has been shown that
approximation which induces a loss of infinite-dimensional complement subsystem yields
that the early lumped filter has a slower convergence rate relative to the late lumped filter
when starting from a poor prior initial estimate. Moreover, the early lumped filter does
not track system dynamics as well as the late lumped filter. Therefore, in this chapter,
to eliminate impact of loss of a complement subsystem, we include the complete dynamics
of the infinite-dimensional subsystem within the state estimator design. Moreover, in this
chapter, we consider a large class of infinite-dimensional systems: Pritchard-Salamon class

of linear infinite-dimensional systems which involve many examples of PDE systems with



boundary control and observation, which result in the technique difficulties for the analysis

of such systems and design of the state estimators as well (see [24], [25]).

2.2 State Estimation for Finite Dimensional Process

Systems

2.2.1 Model Description

Let us consider the following linear time-invariant system:

&(t) = Az(t) + Bu(t) + G¢(t), x(0) = xg (2.1a)

y(t) = Ca(t) + (1) (2.1b)

where z(t) € R™, u(t) € R, y(t) € R are the state, input and output, respectively and
Ae R BeR™ G eR™ and C € R are the state, input, disturbance and output
matrices, respectively. £(t) and 7(t) are the zero-mean random processes with the following

stochastic properties:

E(n(t)) =0, E(n(t)n(r)") = Q7 ()o(t — 7) (2.2)

where E(£(t)) and E(n(t)) are the mean of £(t) and 7(t).

The state z(t) in system (2.1) is subjected to the following constraint:
i < Ta(t) < Amex (2.3)

where I' € R™" is a vector.

10



2.2.2 State Estimation Formulation

In this section, based on system (2.1), we formulate the constrained optimal state estimation

problem as the solution to the following quadratic optimization problem:

min J(@(0) (2.4)

where the objective function is defined by:

subject to constraint:

Amin < Ta(t) < xmex (2.5)

where t; is terminal time, Z(¢) is the state estimate of x(¢), and R(t), Q(t) are chosen by
means in (2.2) and P, is defined by:

E([2(0) = zo] [#(0) — z0]") = Py (2.6)

We shall now define U(t) = &(t) — A(t) — Bu(t) to convert the optimal state estimation

problem to an optimal control problem:

win ./ (2(2)) (2.7)

11



where the objective function is defined by:

<

(£(£)) = 3[#(0) — ao] " Py '[£(0) — ao] +
Jo! {U (t)TGTR(t)GU(t)}dtJr

L) — Ca0)T Q) (o) — Ci(t)) Y

N |—

N | —
%
<

subject to constraints:

Z(t) = Ai(t) + Bu(t) + U(t), &(0) unspecified (2.8)

A < Ta(t) < amex (2.9)

The essential problem of the optimal state constrained optimization given by (2.7), (2.8)
and (2.9) can be reduced to two sub-optimization problems. The first problem is uncon-
strained optimization which is reflected in the condition that constraints given by equation
(2.9) are not active, while the second problem has an equality constraints active and the
optimal value is at the constrained boundary (['Z(t) = X™ or I'Z(t) = X™"). In other

words, one performs the following two algorithmic steps:

(P.1) One solves the optimization problem (2.7) and (2.8) without the constraint (2.9). Then,
one inspects if the results satisfy the constraint (2.9). If the results satisfy the con-
straint, then the estimation is completed at the current estimation time instant. Oth-

erwise, we proceed to step (P.2). In other words, the constraints are not active.

(P.2) In this step, one inspects which side of the constraint (2.9) is not satisfied. In the
case that the results do not satisfy the lower side of (2.9), one needs to resolve the
inequality constrained optimization problem (2.7) and (2.8) subject to the lower side
of (2.9): X™n < T'z(t). According to Section 11.2.2 of [26], in this step, the inequal-

ity constrained optimization problem can be converted into an equality constrained

12



optimization problem:

min J(2(t)) s.t. (2.8) and Syin(2,t) = —T@(t) + X™" =0 (2.10)

Similarly, if the estimation results do not satisfy the upper side of (2.9), one needs to
resolve the inequality constrained optimization problem (2.7) and (2.8) subject to the
upper side of (2.9): I'z(t) < A™*, which can be converted into an equality constrained

optimization problem:

min J(£(t)) s.t. (2.8) and Spax(#,1) = —Ta(t) + A™ = (2.11)

1). In step (P.1), we directly formulate the unconstrained state estimator according to [3]
and the formulations will be given at the end of this section.

2). In step (P.2), we embed the equality constraints within the Ray’s optimal state estimation
framework. Essentially, the problems (2.10) and (2.11) are the same. In this chapter, we
use the problem (2.10) as a representative to illustrate the derivation of the formulation and

finally we directly give the formulation for the case (2.11).

Remark 1. From (P.1) and (P.2), the activation of the constraints is based on the results
of the unconstrained solution. Once the unconstrained solution locates at out of the feasible
set, the constraints are activated, i.e., (2.10) or (2.11) needs to be resolved. The equality
constraint in (2.10) or (2.11) indicates that the solution at the boundary of feasible set is
selected. This may result in sub-optimal solution. However, because of the specific form of
objective function (2.4), in most cases, this selection is still able to provide a good solution.
Therefore, the proposed method in this chapter can provide a better estimation results than

the unconstrained state estimation method.

According to [27], it is easier to deal with the equality constrained optimal control prob-

lems through the variational method when the constraint function contains explicit expres-
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sion of the control variable, i.e. U(t) which is the case in this chapter.

Consider the constraint:

Sinin(Z,1) = —T2(t) + X™" =0 (2.12)

Since the constraint function Sy, (Z,¢) in (2.12) does not contain the explicit expression of
U(t), an additional formulation needs to be developed. If this constraint (2.12) is applied

for all 0 <t < ty, its time derivative along the path must vanish, i.e.,

dSmin(i‘7t) . 85’min aSmin A
= gt =0 (2.13)

Substituting (2.8) into (2.13), one obtains
I'Az(t) + T'Bu(t) +TU(t) =0 (2.14)

Apparently, the (2.14) has explicit dependence on U(t) and thus plays the role of a control
variable constraint similar to the type (3.3.1) shown in [27]. In this case, we formulate the

minimization problem as:
min J(Z(t)) s.t. (2.8) and I'Az(t) + T'Bu(t) + TU(t) =0 (2.15)

We first formulate the augmented Hamiltonian:

H = LUT(t)RcU(t) + 3(y(t) — Ci(t)"Q (y(t) — Ci(t))
+AT(t) [AZ(t) + Bu(t) + U(t)]
—u(t) [CAZ(t) + T Bu(t) + TU(t)]

where Rg(t) = GTR(t)G, ) is a Lagrange multiplier vector and y is a Lagrange multiplier

scalar. The last term of Hamiltonian originates from the (2.14). Meanwhile, it is necessary

14



to let z(t) satisfy (2.12).
In order to ensure the solvability of a constrained minimization problem, the following

three conditions have to be satisfied:

(c.1) S =U"(t)Re + A(t) — p(t)I =0

(c:2) A(t) = CTQ (y(t) — Ci(t)) — ATA(t) + (TA) u(t)

(c.3) A(ty) =0
Remark 2. The most challenging part in the section associated with estimation of con-
strained linear systems is how to embed the equality constraint (2.12) into the framework.
According to Section 3.4 of [27], one can easily solve the problem (2.10) by setting the initial
conditions of T(t) to satisfy (2.12) and solving the problem (2.15). In the realization of the
state estimation process, one can regard the state estimation results at the last estimation
time instant as the initial conditions of &(t) at the current estimation time instant. Par-
ticularly, when the state estimation results are around the constraint, i.e. (2.12) at the last
estimation time instant, one can formulate solutions for (2.15) such that the state estima-
tion results satisfy (2.12), since the initial conditions at the current estimation time instant
satisfy constraint (2.12) approzimately.

In order to drive &(t) to satisfy constraint (2.12) exactly, we take constraint (2.12) into

the conditions (c.1-c.2-c.8) and obtain the following extended conditions:

(ce.l) FE =UT(t)Re + AT(t) — p(t)I =0
(ce:2) A1) = CTQ (y(t) — Ca(t) + Ta(t) — &™) — ATA(t) + (TA) pu(t)
(ce-3) A(t;) =0

From (c..1) and (2.14), we can calculate:

p(t) = (TRG'TT) ™" [CRGA(t) — A#(t) — T Bu(t)] (2.16)
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Based on (2.8), (c..2) and (2.16), it is easy to formulate the following coupled ordinary
differential equations:
z(t) = AZ(t) + Bu(t) — RG'A(t)

(2.17)
+RG'TT(TRG'TT) ™! (TRGIA() — TAZ(t) — T Bu(t))

At) = CTQ (y(t) — Ca(t) + Ta(t) — Amin) — ATA(Y) 218
+(TA)T(TRG'TT) ™ (TRG'A(t) — TAi(t) — TBul(t))

To produce the filter equations, we need to utilize the more explicit notations z(t|tf), A(t|ts)

denoting the optimal estimates and adjoint variables at time ¢, which is conditional on data

y(t) up to time t;. According to [3], we have:

di(tyslts)

= Zeltylty) + e, (trlty) (2.19)
dty
where @ (ts|t;) = % e’ By (tylty) = %E;%\T) e, where % denotes the rate of

D (ts|T
% denotes the rate of change

change of the estimate at time ¢ with fixed data base and
of the estimate at time t; with increasing data at time 7'
According to the form of equation (2.17), we note that Z(t|t;) is a function of A(¢|tf),

l.e.:

B(tlty) = 2(A(t]t5)) (2.20)

If we apply the chain rule in (2.20), we obtain derivative of optimal state estimation

conditional on data t; and with respect to t;:

Oi(tlty) — OR(t|ty) OA(tlty)
i e P(t|ty)

OA(t]ty)
ot

(2.21)
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Applying the same decomposition property to A(t|ty), we have:

dA(tslty) OA(t]t ) OA(t4|T)
= = 2.22
it Altrltr) + Ay (trlt ) | o |, (2.22)
s 1
Combining (2.17)-(2.22) and (c..3), we finally obtain:
: N _ _ -1 N
l‘(tf‘tf) = Ax(tf\tf) + Bu(tf) — RGer(FRger) (FAx(tf]tf) -+ FBu(tf))
+P(tsltr)CTQ (y(ty) — Caltylty) + Ta(tslty) — X™0) (223)
—P(ts[ts)(TA)" (PRG'TT) " (DA (ts|ty) + T Bu(ty))
Then, the state estimation equation has the form:
#(t) = A#(t) + Bu(t) — Rg'TT (TRG'TT) ™" (TAZ(t) + T Bu(t))
FP()CTQ (y(t) — Ci(t) + Ti(t) — x™n) (2.24)
—P(t)(TA) (TRG'TT) ™ (TA&(t) + T Bul(t))
Now we proceed with the differential sensitivities P(ts|ts). It can be noted that
o [0z(t|ty)] 0 [0x(t|ty)]
— — | — 2.2
ot| oty | Oty | 0Ot | (225)
O [ON(t|ty)] 0 [OA(tlty)]
—- = — 2.2
ot | oty | oOtg| Ot | (2.26)
With the help of (2.21), (2.25) and (2.18), the left side of (2.25) can be derived as:
g (20, (tlt)] = =5 [P(tltg) A, (trltp)]
= — [P(t|ty) + P(t|t;)CTQ (C —T) P(t|t;) — P(t|t;)A” (2.27)

+P(tt)(TA) (TRGTT) ™ (TRG! + DAP(E)| A, (tlt)
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The right side of (2.25) can be calculated through (2.17) as:

a% [2(t]ts)] = [Rg;rT (PRG'TT) " (RS + TAP(t|t;)) — AP(t]t;) — Rg;] A, (Htg)
(2.28)
From (2.25), (2.27) and (2.28), we see that for (2.25) to hold for all A, (ttf) the coefficient
of A, (t|ty) must vanish and then the formulation of P;(t|t;) can be obtained. Usually, we use

P,(t|ty) torepresent P;(ts|ts) and as a result the differential sensitivities have the approximate

solution:

P(t) = AP(t) + P(t)A” + RG' — RZ'TT (TRG'TT) ™ (TR + TAP(t))

(2.29)
—P(1)CTQ (C —T) P(t) — P(t)(TA)" (TRG'TT) ™" (TR + TAP(1))
Using the same formulation as in [3], the initial conditions are:

Hereto, we completed derivation of the solution to problem (2.10) in step (P.2). Similarly,
one can easily provide the solution for the problem (2.11). To sum up, at every estimation
time instant, we may need to perform two steps (P.1)-(P.2). At every estimation time instant,
one can first perform step (P.1). In step (P.1), one can directly apply the method presented
by Ray and the state estimation equation, and the approximate differential sensitivities are

given as (for further details, see [3]):

Z(t) = Ai(t) + Bu(t) + P(t)CTQ(y(t) — Ci(t))

2.31
Py = POAT + AP() + REA0) - POCTQCPW®), PO =Ry

After step (P.1), one inspects if or not the unconstrained state estimation results satisfy the
constraint X™" < T'z(t) < X™>. In the case that the estimation results do not satisfy the

constraint, one proceeds to perform step (P.2). In step (P.2), when the results do not satisfy
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Xmin < T'z(t), one performs the formulation (2.24) and (2.29) to guarantee the estimation

within the constraint. Similarly, when the estimation results do not satisfy the constraint

Lz(t) < X™** one performs the following formulations, which are solutions to the problem
(2.11):

#(t) = A#(t) + Bu(t) — Rg'TT (TRG'TT) ™" (TA&(t) + T Bu(t))

+P()CTQ (y(t) — Ca(t) 4+ Da(t) — Amax) (2.32)

—Pt)(TA)T (TRG'TT) ™ (TA&(t) + TBu(t)), #(0) = 2o

P(t) = AP(t) + P(t)A” + R;' — R;'TT (TR;'TT) ™" (TR + TAP(t))

2.33
—P(H)CTQ(C —T) P(t) — P(t)(TA)" (TR TT) ™" (TRG! + TAP(t)), P(0) = P, 23

2.3 State Estimation for Dissipative Infinite-Dimensional

Systems

In many dissipative PDE processes, there exist constraints with respect to the state in the
form of inequalities which arise from the safety, performance or product quality require-
ments. Moreover, within dissipative PDE systems, the Pritchard-Salamon class of linear
infinite-dimensional systems involve boundary actuation and point observation, which brings
mathematic difficulties for the analysis of such systems and design of the state estimators.
Motivated by this, we extend the finite dimensional constrained optimal state estimation
framework to the Pritchard-Salamon class of PDE systems. In this section, we utilize the
modal analysis technique to represent the original dissipative PDE system dynamics as the
combination of a computable finite-dimensional subsystem and its infinite-dimensional com-
plement. With the aid of state bound of stable infinite-dimensional complement (see equation
(2.49)), we include the state evolution of infinite-dimensional complement subsystem. Then,
we formulate the constrained optimal state estimation problem for finite-dimensional sub-

system which is augmented by the information from the infinite-dimensional complement.
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2.3.1 Model Description

Let us consider the following Pritchard-Salamon infinite-dimensional system which is given

by boundary controlled dissipative PDE systems:

(t) = Ax(t) + G&(t), (0) = 29 € D(A) (2.34a)
Bx(t) = up(t) (2.34Db)
y(t) = Cx(t) +n(t) t>0 (2.34c)

where z(t) € X is the state and the state space X is a separable Hilbert space L*(0, 1), uy(t)
is the input in the real Hilbert space U,, and y(t) is the output in the real Hilbert space Y.
The operator A : D(A) C X — X is an unbounded linear self-adjoint operator and satisfies
the spectrum decomposition assumption, and B and C are unbounded linear operators on X
taking values in Hilbert spaces U, and Y, respectively. The distributed disturbance operator
G € L(V, X) is bounded on X. The process disturbance: £(t) € ¥ in the real Hilbert space
U is bounded, i.e. ||£(t)||< u, and has the same stochastic property as in (2.2), where u, is a
positive constant. The measurement noise is 7(t) € €2 and has the same stochastic property

as in (2.2). The measurement noise space € is a real Hilbert space, i.e. Q C R.

Definition 1. [28]. If the set 0,(A) is bounded and is separated from the set o4(A) in
such a way that a rectifiable, simple, closed curve can be drawn so as to enclose an open
set containing o,(A) in its interior and o4(A) in its exterior, then A is said to satisfy the
spectrum decomposition assumption. where o,(A) = o(A),{\: Re(\) > =06} and o,(A) =
o(A),{X: Re(\) < =d}. o(A) denotes the spectrum of A and § > 0.

Remark 3. The systems with boundary control and point observation are very common.
Without loss of generality, we consider these systems in the form of (2.84) in this chapter.
However, in system (2.34), the unboundedness of operators B and C brings the mathematic

difficulties. Therefore, we first convert (2.34) into a new system involving no unbounded
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operators except for the dynamic generator. According to [14], if we apply the change of
variables x(t) = p(t) + Byuy(t), for all uy € Uy, BByuy = wp and u,(t) € Uy, then (2.34a) can

be converted into the following form:

p(t) = Ap(t) + AByuy(t) — Byug(t) + G&(t),p(0) = po (2.35)

Bp(t) =0 (2.36)

where p(t) € X s the replacement state and the operator A : D(A) — X is defined by
Az = Ax for all x € D(A) = D(A) N KerB. A is an infinitesimal generator of a strongly
continuous semigroup Tx(t) on X. By € L(Up, X) and for all u, € Uy, Byuy € D(A), the
operator ABy, € L(U,, X).

C is the point observation operator, i.e. C € L(X1,Y), where Xy € D(A) is equipped with
the norm ||x||1= |[(yI—A)|| for~y € p(A), where p(A) is the resolvent of the operator A and we
can define the operator Cgx = BC(BI — A)~'x. For any parameter ( in p(A), the resolvent
operator (BI — A)™' € L(X, X)) and C € L(X,,Y). Therefore, BC(BI — A)~' € L(X,Y),
which implies that Cg is a bounded linear operator on X. In this chapter, we assume that
the original system is an abstract reqular system. Then, based on Theorem 5.8. and Remark
6.2. of [29], we can see that

li = i = 2.
Jim ys(t) = lim Cya(t) = Ca(t) (2.37)

Therefore, the output y(t) in (2.34c) can be approzimated by

ys(t) = Cpp(t) + CpByup(t) + (1) (2.38)

For the system (2.34), the state is subjected to the following constraint:

xmin < Yo(t) < Amex (2.39)
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where T € L(X, R) is an operator in Hilbert space X, where R is a real number space.

2.3.2 Model Decomposition

Since the operator A also satisfies the spectrum decomposition assumption, then according

to [14] for any p € X there exists the projector

1 -1
Pp=— AM—A d\
P= o ( ) P
T
where I' is a rectifiable, closed, simple curve. If we define Py = I — P, then ps(t) = Psp(t),

ps(t) = Psp(t) and the system (2.35) and (2.38) can be rewritten in the following equivalent

form
ps(t) = Asps(t) + Ksub(t) - Bbsub(t) + gsf(t)’ ps(o) = Psp[) (240&)
pr(t) = Appy(t) + Kyup(t) — Bopin(t) + GrE(1), pr(0) = Prpo (2.40b)
Yys(t) = Cpsps(t) + Cppps(t) + CpByuy(t) + (1) (2.41)

where A, = P,A, A; = PjA, K, = P,ABy, Kf = P;AB,, By = P.By, By = P;By,
G, = PG, Gy = PG, Cgs = P,Cy, Cgy = PyCs. Here, (2.40a) is an (N + 1)-dimensional
subsystem which can capture the dynamics of the system (2.35) and (2.40b) is an infinite-
dimensional subsystem. We denote by T4, and T4, the strongly continuous semigroup of
the generator A; and Ay, respectively. If we denote the orthonormal eigenfunctions of the
operator A and corresponding eigenvalues by {¢q, ¢1, @2, -} and o(A) = { Ao, A1, A2, -},

respectively, then

0<AS) = {)‘07)‘17 e 7>‘N}7 U<Af) = {/\N+17 o } (2'42>
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The states p,(t) and ps(t) have the unique representation

=3 aal060p(0) = 3 an(t)oms ) = (). 0n) (2.43)

For /Cstub(t), ICfBbub(t), Bbsl.tb(t), Bbfﬂb(t> and gsﬁ(t), and Qf{:(t) in X, the unique

representations are given as

Ksus(1) Zk‘n%, K pup(t) = up(t Z kintn, kn = (ABy, ¢n)x (2.44)
n=N+1
Bystin(t) = (1 ancbm By (t) = up(t Z bn@n, bn = (Bp, dn)y (2.45)
n=N+1
G.£(1) chqbn, G&(t) Z Cntony o= (G, ) x (2.46)
n=N+1

Since for all p € X and for all 5 € p(A),

(BI—A) Z /3 t), én >0n

Then, the output terms Csp(t) and CsByup(t) in (2.41) can be expressed:

N 00

Coap(t) = an(t)dn, Cosp(t) = Y an(t)dy, dn= _5 (2.47a)
n=0 n=N+1 ﬁ
Cngub = ub Z b d (247b)

We regard the state ps(t) governed by the (N + 1)-dimensional system (2.40a) as the
estimated modes of the system (2.35) and the state p(¢) governed by the infinite dimen-
sional system (2.40b) as the unestimated or residual modes of the system (2.35). One can

demonstrate that the semigroup T4, satisfies the spectrum determined growth assumption
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and according to [28] we have
T4, (0] < Me™, 0 < =Xy, n > N (2.48)

Taking advantage of inequality (2.48), the following theorem holds.

Theorem 1. For the infinite dimensional states ps(t), IM > 0, [|E()||< u, and 0 < =),

we have the following inequality

lpr ()1 < Me=* [ps (0)] + S I pun(t) | + 5 |1 Bogtin(t)]| + 5 [1Gy [ e (2.49)
Proof. From (2.40Db), it is easy to obtain
ps(t) = Tay (8)ps(0) + fy Ta, (¢ = 7) (Kpup(r) = Bosin(r) + Gs€(7)) dr
According to the lemma 1 of [30], we get

fooo HTAf (t)pf(O)H2dt < M? fooo 6_2Ut”pf(0>‘|2dt
fooo ‘ fot Ta, (t —7) (Kyup(T)—Bypin(1) + GE(T)) dTH dt
< M2 K (1)~ Bugin (1) + Gy

Therefore, from the inequalities and ||£(¢)||< w, for ¢ € [0,00), the following relationship

holds

IOl < (|74, Opp O] + || fy T (0 = 7) (Cgu(r) = Bogin(7) + G (7)) dr |
< Me™ |pp(0)| + 5 1K pun(t) — Bupin(t) + Gr€(t)]

< Me=" |ps(0)] + SV un(t)]| + 2 || Bostn ()] + A5 11G | un

Thus, the theorem is proved. O]

Remark 4. The equation x(t) = p(t) + Byuy(t) implies that the state estimation problem for

x(t) is equivalent to the state estimation problem for p(t). In this work, we proceed with the
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state estimation for infinite dimensional systems based on the decomposed extended system
(2.40). In order to estimate the state p(t) in the system (2.35), we need first to evaluate
ps(t) and ps(t). However, pg(t) is unestimated. As the residual modes of the system (2.56),
ps(t) is very small. Therefore, in this work, the pg(t) modes evolution is expressed by its
upper bound: Me™" |pr(0)] + 2 || Kpup(t)|| + 2 || Byptn ()] + 2 |Gyl wn in (2.49) and thus

pr(t) = Me= [ps (0)] + 5 I pus ()] + ZF 1| Bostie ()| + 5 1G5l -

Applying (2.43)-(2.47) in (2.40)-(2.41) and according to Theorem 1 and Remark 3, the

abstract state equation (2.40)-(2.41) can be written as following matrix representation

as(t) = Ngag(t) + Koup(t) + Botp(t) + GLE(1) (2.50a)

ag(t) = Me = |ay(0)] + 7 [ K yuy(t)]

(2.50b)

+5 1 Bri(t)] + 7 |Gyl un
as(0) = aso, ar(0) = apo (2.50¢)
yp(t) = Csas(t) + uy(t) +n(t) (2.50d)

where a,(t) = [ao(t), a1(t), aa(t), - - -, an(t)]" comes from py(t) in (2.40a) and az(t) = [ay41(t), -

correspond to ps(t) in (2.40b), as and agp are from p,(0) and ps(0), respectively. A, =
diag{)‘(]’ )‘17 ) AN}) Bs = [_b()a ) _bN]Tu Ks = [k()a e )kN}T7 Gs - [007 e 7CN]T7 Cs =

[d07d17 to 7dN]T7 Af = diag{)\N+17' "}7 Bf = [bNJrl?' : ']T7 Kf - [kNJrla e ']Ta Gf = [CN+1>' : ']T7

Cr = ldns1, -7, up(t) = Mem" |Crago| + 2 |CyByin(t)| + 2 |CrKpup(t)| + 2 |CrG sl uy +
C'ngub(t).

Applying the decomposition technique, the operator T in (2.39) can be expressed as the

following;:
n= (2.51)
= 5sa ( )+ usp(t)

where Sy = | Y¢y YTy -+ Ton } Sy = [ Tonit - 1 and wug,(t) = Me™ 7" |Srago| +
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TS Byin(t)] + 4 |Sp K pun(t)] + 5 |SrG sl un + TByus(t).

Then the constraint (2.39) has the following form

XM < S, (t) 4 ug(t) < Ame (2.52)

2.3.3 State Estimation Formulation

In this section, based on the representation (2.50), we formulate the optimal state estimation
problem for the dissipative PDE systems. We have shown that the state af(t) can be
approximated by its upper bound ay(t). Therefore, in this section, our target is to estimate
as(t) in the subsystem (2.50a) which is a finite-dimensional system. Naturally, we can extend
the constrained optimal state estimation theory in previous section to this section.

After the estimation of a,(t), as(t), is obtained, we are able to utilize a4(t), as(t), equation
(2.43) and x(t) = p(t) + Byup(t) to obtain the estimation of z(t): &(t).

#(t) = p(t) + Byus(t)

(2.53)
= CDSCALS + (I)fflf + Bbub(t)

where @, = | ¢y & -+ oy }, o, = [ Onir e } anday = Me \af(0)|+% | K pup(t) ]+
2\ Byiy(t)] + 2 |G| .

Then, we formulate the state estimation problem as the solution to the following quadratic
optimization problem:

min J(as) (2.54)

as(t)
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where the objective function J is defined by:

J(is) = as(0) — aso]” Py 'as(0) — ag]

+1 {(&s(t) = Asii(t) — Koup(t) — Bsub(t)>

xGTRG, (&S(t) ~ Agis(t) — Kouy(t) — Bsub@)) } dt

3y { 0a0) = (1) = Cuas () Q (1) — wy (1) — Cutns (1)) }

subject to the constraint:

XM < S () + ug(t) < ™ (2.55)

Let us now discuss the objective function. The weighted least squares objective to be con-

sidered along with the finite dimensional approximation is:

J(d8> = [dS(O) - asO]Tpoil[&S(O) - asO]
5L (64(0) — Avia(t) — Koan(t) — Buin(r) !
«GTRG, (&S(t) ~ Agas(t) — Kouy(t) — Bsub@)) } dt

3 o { 0s0) = (1) = Cuae(£)7Q (1) — wp (1) — Cutns(t)) }

N[

(2.56)

where R(t), Q(t) are chosen the same as (2.2) and P, is defined as:
E([a5(0) — as] [a5(0) — aso]") = Py (2.57)

In this case, if we define V(t) = a,(t) — Asis(t) — Kyup(t) — Bytiy(t) and rewrite the

objective function:

J(as) = 51as(0) — ay0]" Py *[a5(0) — ago)
+L VTt GTRGV (1)} dt (2.58)
35 { 0s0) = (1) = Cuds (£)"Q (s (1) = wy (1) — Cutns(t)) }

then, the optimal state estimation problem is converted to an optimal control problem,

27



namely selecting the control V() such that the objective function J(d) in (2.58) is minimized
subject to:

as(t) = Ayt (t) + Koup(t) + Byiy(t) + V(t), a4(0) unspecified (2.59)
XM < S, () 4 ug(t) < Ame (2.60)

where the constraint (2.60) comes from (2.39)-(2.51).

By solving the optimization problem (2.58), (2.59) and (2.60), we can obtain the results of
the optimal state estimation for the original infinite-dimensional system. Since the derivation
in this section is similar to the derivation of the state estimation formulation in previous
section, we directly give the state estimation solution in this section:

First, one solves the unconstrained optimization problem (2.58)-(2.59) without the con-

straint (2.60) and obtains the state estimation equation and the approximate differential

sensitivities:
as(t) = Asas(t) + Ksup(t) + Bstp(t) (2.61)
+P(H)CQ (y(t) — up(t) — Csaas(t)) , a5(0) = ago
P(t) = A P(t) + P()AT + R;' — P(t)C,TQC,P(t), P(0) = P, (2.62)

Once the unconstrained result is obtained, one needs to inspect if the results satisfy
the constraint (2.60). If the results do not satisfy the lower side of the constraint (2.60),
one needs to reformulate the constrained optimization problem and obtains a new state

estimation equation and the differential sensitivities:

as = Nyls(t) + Ksup(t) + Bati(t)
—RG'ST(S.RG'ST) ™ [Sulsta(t) + SoKup(t) + S, Byt (t) + ity (1)]

+P(t)CTQ (y(t) — Cag(t) + Ssas(t) — up(ty) + ugp(t) — X™0) (2.63)
—P(t)(SsM) " (SsRG ST) ™ (Sehsas(t) + Sy qup(t) + S Byiuy(t) + gy (1))
ds(o) = Q50
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P(t) = AP(t) + P()AT + RG' — RG'ST(S,R5"ST) ™' [S.RG' + S.AP(1)]
—P(H)CTQ (C — S,) P(t) — P(t)(SsAy)" (SR5'ST) ™' [SoRG' + S.AP(1)]  (2.64)

If the results do not satisfy the upper side of the constraint (2.60), one needs to reformu-
late the constrained optimization problem and obtains a new state estimation equation and

the differential sensitivities:

G = Nylis(t) + Koup(t) + Batiy(t)

—R;' ST (S RG'ST) ™ [Seliia(t) + SoIKup(t) + SeByiy(t) + i1 ()]

+P()CTQ (y(t) — Cag(t) + Ssas(t) — up(ty) + ugp(t) — X™) (2.65)
—P()(SsMs) " (SsRG ST) ™ (Sehsis(t) + Sy I qup(t) + Sy Byiuy(t) + gy (1))
ds(()) = Qg0

P(t) = AP(t) + P()AT + RG' — RG'ST(S,R5'ST) ™' [SoRG' + SoAP(t)]
—P(t)CTQ (C — S,) P(t) — P(t)(S:Ay)" (SsRG'ST) ™ [SsRg! + SsAP(t)] (2.66)
P(0) =P

where Rg = GTRG,.

At every time instant of the estimation realization, we utilize the unconstrained formu-
lation (2.61)-(2.62) to obtain the estimation result. Then, we inspect if the result satisfies
the constraint (2.60). If the result satisfies the constraint, the estimation is completed at the
current estimation time instant. Otherwise, if the result does not satisfy the lower side of
the constraint (2.60): X™" < Sgas(t) + ugy(t), we need to utilize formulation (2.63)-(2.64)
to resolve estimation problem. In other words, if the result does not satisfy the upper side
of the constraint (2.60): Ssas(t) + usy(t) < A™*, we need to utilize formulation (2.65)-
(2.66) to resolve estimation problem. Once we obtain the estimation result satisfying the

constraint (2.60), we start to proceed with the next time instant state estimation and use

the formulation (2.61)-(2.66) again.
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2.4 Simulation Study

In this section, two numerical examples illustrating the implementation of the constrained
optimal state estimation framework are presented.

Ezxample 1- Consider the coupled ODE systems:

ilt) — (14 Day)a1(t) + Dagas(t) + £(t)

(2.67)

@2) — Dayay (t) — (1+ Day + Dag) wo(t) + u(t) + (1)
I1<O) = T10, $2<0) = X920 (268)
y(t) = xo(t) +n(t) (2.69)

where Da; = 40, Das = 0.5, Daz = 1 z190 = 1.0 and x99 = 0. &(t) and 7(t) are zero mean

random processes and have the following stochastic property:

E(£(t) =0, R7'(t) = E(§(t)E()T) = 2.2615
E(n(t) =0,Q 1 (t) = E(n(t)n(r)") = 0.2457
EE(t)n(m)") =0

We shall now use the state space form of (2.1) to express the example system as,

—(1 —+ Dal) DCLQ
Da1 —(1 + DCLQ + DCI,3>

0 1
B = , G= ,Cz[o 1]
1 1

Essentially, we can regard the system (2.67) as a finite-dimensional model for the continuous-

stirred tank reactor in which the following isothermal multi-component chemical reaction is
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carried out:

The states z(t) of the system (2.67) denote the concentrations. Consequently, it is reasonable

that we assume that the state constraint is 0 < T'z(t) < 0.75, where I' = [ 0 1 }, ie.

0 < xo(t) < 0.75. In order to make the system (2.67) satisfy the constraint: 0 < z5(t) < 0.75,

we apply the constrained MPC technique to guarantee the state z5(t) to stay within (0, 0.75],

see Fig.(2.1).

(1)

Figure 2.1: Manipulated input u(¢) (solid line) and state xo(t) (dashed line) under the

Az B —C

0.5

—)
u(t)

0
0

0.1

0.2

0.3

0.4
t

formulation of constrained MPC calculated in [1].

We set the initial value of the estimation state as #(0) =

0.5

0.6 0.7 0.8

value of the sensitivities matrix as Py = E([2(0) — o] [£(0) — x0] ).

To compare with the unconstrained optimal state estimation method, we apply the con-

strained optimal state estimation method to the system.
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Figure 2.2: State x1(t), the unconstrained estimation of x4(¢) under the formulation (2.31)
and constrained state estimation under the formulation (2.31), (2.24), (2.29), and (2.32)-
(2.33).

T
S true
09} 1 *\ = = =unconstrained |
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t

Figure 2.3: State xs(t), the unconstrained estimation of z5(¢) under the formulation (2.31)
and constrained state estimation under the formulation (2.31), (2.24), (2.29), and (2.32)-
(2.33).

In Fig.(2.3), we can see that under the framework of constrained state estimation the
estimation of state x5(t) is much closer to the actual state of the example system. Moreover,

in Fig.(2.2), the estimation of state z;(t) is closer to the actual state of the system under
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the constrained state estimation formulation.

Ezample 2- In this section we consider a representative example of a heat conduction
system described by following dimensionless parabolic PDE system which belongs to the
class of Pritchard-Salamon systems (see [25]), e.g., systems with boundary actuation and

point observation:

Ox(z,t) _ 0%x(z,t)

o 55 E(1), 7(2,0) = sin(2r2) (2.70a)
axgi’ D _y ag;é(;z, D _ ) (2.70b)

y(t) = x(1,t) + n(t) (2.70¢)

M < Yz, t) < A (2.70d)

where t > 0 and z € [0, 1] are the temporal and spatial variable, respectively. The state of
system z(z,t) € X denotes the temperature profiles, where X = L?(0,1) is the separable
Hilbert space. The operator T is defined as Yx(z,t) = z(1,t), x(z,t) € L*(0,1) and A™" =
—0.4, X = 1.5. uy(t) is the heat flux entering the system at the boundary point z = 1
and y(t) is the measurement of temperature at the boundary point z = 1. In this example,
for simplification, we assume that the process disturbance £(t) is uniform in the spatial

space z € [0, 1]. £(t) and 7n(t) are zero mean random processes and have following stochastic

property:
E(§(t)) =0, R7H(t) = E(S(H)E(t)") = 24.7166

E(n(t)) =0,Q°(t) = E(n(t)n(r)T) = 0.0035

The dynamic system (2.70) can be interpreted under the general state differential equa-
tion described by (2.34). There operator A : D(A) C L*(0,1) — L*(0,1) is given by

2 . .
Ax = ‘37”25 on its domain:

dx dx d*z
D(A) = L*0,1),x, — c, —(0) =0, — € L*0,1
(A) {xe 0,1), x, -, area.c, dz(()) 0, 72 € (0, )}
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The operator B : D(B) — U, = R is given by Bx = %, the operator G = [ is the
identity operator and the operator C : D(C) — Y = R is given by Cx = xz(1,t¢). Hence
Cx=uxz(l,t) = Yu.

The boundary control system (2.70) is a nonhomogeneous system. The change of the
variable z(t) = p(t) + Byup(t) can help to transform it into a homogenous system. In that

case, the operator A is given by Az = Az for all x € D(A) = D(A) N KerB, where

., dx dx dx
D(A) - {l‘7 @ €L (07 1)71', E are a.c, %(O) =0= %(1)}

Moreover, the multiplication operator By(z) is the solution of AB, = 1 and BB, = 1.
By applying the change of z(t) = p(t) + Byuy(t), it is easy to calculate that B, =

0.52%, ABy = 1 and then the homogenous system is described by:

P(t) = Ap(t) + up(t) — 0.5z () + £(t), p(0) = po (2.71a)
op(1,t)  0Op(0,t)

= 0= S (2.71b)

y(t) = Cp(t) + C(0.52%)uy(t) + n(t) (2.71c)

Based on the domain D(A), the eigenfunctions and eigenvalues of the operator A can be

easily obtained:

A = —(nm)’n=1,2,3,-- (2.72a)

1,n=20
Pn(2) = (2.72b)
V2cos(nrz),n=1,2,3,---

The observation operator C is given by:

Co=2(1) = 3 < dn,z >65(1)
n=0

- (2.73)
=< 3 o On(1)¢n, (o — A)z >
n=0 )

34



where a € p(A). ¢, and \,, where n = 0,1,2,---, are the orthonormal eigenfunctions and
the corresponding eigenvalues of the operator A. Since i ﬁqbn(l)qbn € L?*(0,1), it can
be shown that the operator C is A-bounded and theref(?;,oc € L(X1,Y). From [31], the
system (2.70) is a regular system. To guarantee the wellposedness of (2.71), the operator Cj

is defined by:

Can(t) = Y- 55 énlDan®

Then, (2.71c) is approximated by:
ys(t) = Cpp(t) + Cp(0.52)uy(t) + n(t) (2.74)

where the parameter 8 = 800.
In this example, since Yo = Cz, we also use Cz to approximate Y. Then, the constraint
is as the following:

min < Cpr(z,t) < ™M™

We shall now proceed with the decomposition of system (2.71). If we assume the dimen-
sion of the finite-dimensional subsystem is 4, i.e. N = 3, then, the matrix parameters in
(2.50) are:

As:diag{)\o )\1 )\2 )\3 }7Ks:|:1 0 0 O:|

T T
= 1 ¥ _v2 V2 =
B —gg—mw],& [1000}
C, = _BV2 BV2Z BV2 1
B—Xo B=A1  B—A2 B—As3

o=—10m%, M = 0.25
Af = dlag{)\llvaAm}an - [b4a"'7bm]T
Kf = [k47' : km]T7Gf = [047' : 'Cm]TJCf = [d47 et 7dm]T

M . M M
up(t) = Me™°" |Crayso| + . |Cr By (t)| + ~ |Cr K pup(t)| + - |CyG sl up + CpByug(t)

In this example, we set m = 30 which means that we use 30 modes to approximate the
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original PDE system. Based on the matrix parameters above, we can formulate the optimal
state estimation equation (2.61)-(2.66).
With the help of the constrained MPC technique in [2], we obtain a boundary manip-

ulated input wu,(t) to make the plant satisfy the constraint (2.70d), as shown in Fig.(2.4).

0.4

T T
= = = constrained
= = =unconstrained

0.2F

{H\.\ 0 e i 1
— 5 JIRE 2 ket s
\é/ 0 0.02 0.04 0.06 0.0E‘"‘ =
P =
% % 3
T 02 {05
m o
-0.4 L-r*" 0
\‘,'
-0.6 1 1 L 1 L L -0.5
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

t
Figure 2.4: The boundary manipulated input profile u,(t) applied under MPC formulation

in [2] and state at point z = 1.

In Fig.(2.4), because the effect of the manipulated input u,(t) (solid line), the state
z(1,t) satisfies the constraint [X™" X™] in the whole simulation period. Assuming that
the approximate initial value of the estimation state is known, e.g, Z(z,0) = 1.5sin(27z),
then p(z,0) = 1.5sin(27z) — 0.52%u,(0). By applying the unconstrained and the proposed
constrained optimal state estimation methods to the example system, we can obtain first
the estimated p(z,t) state and then #(z,t) through the relationship z(t) = p(t) + Byup(t). In
Fig.(2.4), we can distinctly see that the constrained state estimation (bold dash line) satisfies
the constraint. However, the unconstrained state estimation (dash line) violates the lower
bound of the constraint. In Fig.(2.2), we can see the proposed constrained optimal state

estimation method also improves the state estimation accuracy at different spatial points.
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state evolution at z=0.75

or ——— - ----—-—-—----‘—-'-
— -02F} - -0.2 — |
= = ;57
S -04f /’ 3% |
D~ -0.3 s® 7
. —061 & : 27 1
(=] D PE N
= -0/ i :
! -0452 1
1 0.04 0.06
Il s s s s s s
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
t
state evolution at z=0.5
0.4 T
————— true
— 02k = = = constrained
= JPTRLY SN, — = = unconstrained
0 4° e e
S ol T T T T B et i, G
N—
8
-0.21 E
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

t

Figure 2.5: State evolution at point z = 0.75 and z = 0.5.

Fig.(2.6)-Fig.(2.8) show the plant state profile, constrained and unconstrained estimation
state profile, respectively. Compared with the state profile by an unconstrained method in
Fig.(2.8), the state profile by the constrained method in Fig.(2.7) has a better approximation
to the plant state profile in Fig.(2.6), especially around the boundary point where the state

constraint is imposed.

Figure 2.6: State profile in noiseless plant under the MPC formulation in [2].
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F(z,1)

Figure 2.7: State profile under optimal constrained state estimation formulation (2.61)-
(2.66).

Figure 2.8: State profile given by unconstrained estimator given by [3].

2.5 Conclusion

In this chapter, we have explored the importance of the constraints as prior information in
the optimal state estimation framework for both finite and infinite-dimensional systems com-
monly found in chemical process systems. First, the optimal constrained state estimation
problem is formulated for the finite-dimensional systems. Then, we extend the optimal con-
strained state estimation technique for the dissipative PDE systems that satisfy the spectrum
decomposition assumption. In order to eliminate the effect of loss of dynamic of infinite-
dimensional complement subsystem, in this chapter we also incorporate the dynamic of the

complement subsystem when designing the state estimator. Finally, the numerical exam-
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ples demonstrate that the proposed state estimation method improves the state estimation
performance.

From a implementation point of view, the proposed method in this chapter provides an
ad-hoc procedure to deal with the inequality state constraint optimization problem. More
precise mathematical optimization methodology still needs to be explored to improve the
proposed method. Moreover, the systems considered in this chapter are spectral systems
(finite-dimensional systems and parabolic PDE systems). As for non-spectral systems, e.g.,
first order hyperbolic PDE systems, much work needs to be done to deal with the constrained

state estimation problems.
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Chapter 3

Internal Model Servo-control for

Distributed Parameter Systems

3.1 Introduction

The control of hyperbolic systems is an essential problem that has received significant atten-
tion in recent years (see [2], [32], [33], [34]). In particular, spatially varying hyperbolic partial
differential equations(PDEs) systems have received a special attention since they are widely
employed in modeling of traffic flow, heat exchangers, open channel and tubular chemical
reactors (see [35], [36], [37]).

In control theory, the output regulation problem (or, as usually referred as a regulator
problem) plays a central role. Research in this direction of control for linear systems has
been attractive for over 30 years. The target in output regulation is to construct a controller

so that the controlled output y(t) of the plant:
i(t) = Ax(t) + Bu(t) + Bad(t),t > 0,2(0) € X (3.1a)

y(t) = Cx(t),t >0 (3.1b)
tracks a desired reference signal y,(t) despite of the existence of disturbances d(t). The
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reference and disturbances are assumed to be generated by an exosystem:

W(t) = Sw(t), t > 0, w(0) € C (3.2a)
d(t) = Fw(t), t >0 3.2b
yr(t) = Qw(t)a t> (3 20)

By choosing an appropriate finite-dimensional space and a matrix S provided its eigenval-
ues on imaginary axis, the generated signal by the exosystem includes harmonic signals,
polynomials of ¢, and their linear combinations.

The need for the servo compensator design is abundant in the process industry. For
example, the dynamics of the distributed solar collector field is described by a first order
hyperbolic PDE, see [38], and it is required that the outlet tube oil temperature tracks
the desired specified steplike setpoint. In addition to this novel applications, the control of
the mono-tubular heat exchanger process is still an active research topic, see, [39], [40] and
[41]. In the last three decades, regulation of irrigation channels has received an increasing
interest in the process control community. In particular, water losses in open channels are
very large due to inefficient management and control. The dynamics of irrigation channels
can be described by hyperbolic partial differential equations of de Saint-Venant, see [42].
It is of interest that the downstream water level tracks a desired steplike setpoint. Finally,
a continuum production (manufacturing) model described by a hyperbolic PDE has been
introduced to simulate average behavior of production systems which produce a large number
of items in many steps, see [43]. Control of the production rate makes a vital goal of any
factory or a production system. In order to maximize profitability, a production system
must be able to match its projected demand as closely as possible. In this case, the demand
tracking (usually steplike) of the production system is one of important applied control
problems, see [44]. Therefore, motivated by the above mentioned examples, the output
regulation for hyperbolic PDEs needs to be accurately and comprehensively addressed.

The output regulation problem for linear finite-dimensional systems has been investigated
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extensively in [45], [46] and [47]. In particular, the internal model principle developed by [48]
and [47] is of paramount importance for the design of the robust error feedback regulator.
Recently, the p-copy internal model principle was extended for infinite-dimensional linear
system by [49]. More precisely, one of the most important characteristics of internal model
principle is that the output regulation problem can be divided into two parts: 1). embedding
an internal model of the exosystem into the controller, and 2). stabilizing the closed-loop
system.

In recent years, based on semigroup theory, the optimal control approaches and cor-
responding Operator Raccati equations were developed and provided for general infinite-
dimensional systems in [50] and for hyperbolic PDE systems in [32]. Motivated by these
contributions and based on the Lyapunov equations theory in [14], this thesis develops ad-
justable Operator Riccati equations to address the stabilization problem for hyperbolic PDE
systems in Section 3.2.

For infinite dimensional systems with discrete spectrum and bounded input and output
operators, a direct finite-dimensional compensator achieving output regulation was designed
in [51], where an existence result for the finite-dimensional regulator was established. Re-
cently, a dual observer based finite-dimensional regulator was developed by [52] for Resizs-
spectral systems. To complement their works, this thesis provides a new finite-dimensional
regulator for scalar first-order hyperbolic PDE systems in Section 3.3.

In this chapter, the output regulation problem is also considered for boundary controlled
hyperbolic PDE systems with boundary observation on one-dimensional spatial domains. In
particular, the outputs to be controlled, distributed, pointwise or boundary quantities are
allowed. In general, this leads to an output regulation problem with unbounded control
and observation. To solve stabilization of boundary controlled PDE systems, the backstep-
ping approach is a powerful technique for the systematic late-lumping design of infinite-
dimensional controllers [53, 54].

In this thesis, this chapter focuses on the stabilization and the output regulation for the
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first-order hyperbolic systems. In particular, Section 3.2 introduces the geometric theory
of output regulation to the regular hyperbolic systems, Section 3.3 developed novel finite-
dimensional output and error feedback regulators for the first-order hyperbolic systems, and
Section 3.4 addressed the output regulation problems for the boundary controlled hyperbolic

systems.

3.2 Output Regulation Problem for a Class of Regular

Hyperbolic Systems

3.2.1 Problem statement

Consider the following one spatial dimensional linear hyperbolic partial differential equation

system:

Or(el) 9 | p(2)a(z, ) + b(2)u(t), 2 € [0,1]

z(0,t) =0, z(z,0) =29 € X (3.3)

y(t) = (21, 1)
where z(z,t) € X denotes the state variable and X is the separable Hilbert space L?(0, 1), the
variables z € [0, 1] and ¢ > 0 denote the position and time, respectively, u(t) € L2 .([0,00),U)

denotes the input and U is a real Hilbert space, y(t) € L? ([0,00),Y) denotes the output and
Y is a real Hilbert space, z; is the observation point in spatial range [0, 1]. The parameter v is
a negative number, i.e. v <0, f:[0,1] = R : z +— f(2) is an essentially bounded measurable
function where R is the real number space, i.e. f(z) € L*>(0,1), and b(z) € L>(0,1) is a
real continuous space-varying function.

The equivalent abstract differential equation description on Hilbert space X is given by
(3.1a)-(3.1b), where A is the linear operator defined on the domain:

D(A) ={h € X : h(z) is a.c. Z—Z € X and h(0) = 0}
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where a.c. means ‘absolutely continuous’, by

d
A=vot f(2) 1 (3.4)

, the input operator is given by B = b(z) - I, where [ is the identity operator and the output

operator is given by Cz(z) = [

.., T(2)dz with a small value r > 0.

From [55] and [37], based on the fact that v < 0 and x(0,¢) = 0, the operator A given by
(3.4) generates an exponentially stable strongly continuous semigroup 74 on X and for any

x € L*(0,1), T4 has the representation:

(Ta(t)z) () = P, (exp (% / ; f(o)da) (s — vt)) (3.5)

where 7 = £ and P, denotes the projection of L*([0,00), X) onto L*([0,7),X) (by trun-
cation), (see [29]). Since T4 is exponentially stable, then there exists M, > 0 such that
| Ta(t)|| < Mye™?, where wy < 0 is the growth bound of T}y.

From the definition of the input and output operators B and C above, we know that
B e L(U,X)and C € L(X,Y), i.e. B and C are bounded on X. x(t), u(t), y(t) are state,
input and output, respectively and d(t) is disturbance. We have z(t) € X, where X is a
Hilbert space L?*(0,1), u(t) € L2 ([0,00),U) , y(t) € L? ([0,00),Y) and d(t) € Uy, where
U, Y and U, are real Hilbert spaces. The operator A is the generator of the exponentially
stable operator semigroup T4 on X. The operators B € L(U, X) and B; € L(Uy, X) are
bounded on X.

Moreover, in the exosystem, the matrix S : D(S) : C* — C" is a skew-Hermitian matrix

having all its eigenvalues on the imaginary axis, i.e twy where i = /—1. Then, we have

Sw = Ziwk <w, ¢ > O (3.6)

k=1

where (¢r)ren is an orthonormal basis of C™. Then, w(t) is given by
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n

w(t) = e”'w(0) = Z ekt < w(0), dr, > b (3.7)

k=1

In this work, the matrices F, @, S in (3.2a)-(3.2c) and the disturbance input operator By
in (3.1a)-(3.1b) are assumed to be known for the state feedback regulator design. We also
assume that disturbance d(t) in (3.2b) is not known, whereas the reference signal y,(¢) in
(3.2¢) is available for the controller to be designed.

We shall now consider the combined system ¥ consisting of the plant (3.1a)-(3.1b) and

the exosystem (3.2a)-(3.2¢)
Te(t) = Aexe(t) + Beu(t), t > 0, z.(0) € X, (3.8)
Ye(t) = Cee(t), t >0 (3.9)

on the space X, = X @& C" equipped with inner product (p,q)y. = (p1,q1)x + (P2, ¢2)cn

T T

The operators are given by

B cC 0
B, = and C, =

0 0 @

where P = B, F' and from the definitions above, it is easy to obtain

vy = | ™| and ) =
w(t) (1)

According to lemma II1.2 of [31] and by small modification, it is easy to prove that A,
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generates a Cp—semigroup T4, on X, and T, has the following form

x Tat)z + [ Ty(v)PeSEV)pdo
Ta _ | Tata+ o Tav) (3.10)

e
w eStw

In this chapter, the output regulation problem is solved by designing a regulator such

that the closed-loop system is stable and the tracking error

lim e(t) =0, Vz(0) € X, w(0) € C" (3.11)

t——+o0

for all regulator initial values, where e(t) = (y(t) — y,(t)).

3.2.2 The output regulation problem

As the problem in finite dimensional systems, the output regulation problem for the regular
hyperbolic PDE system (3.1a)-(3.1b) is to design regulators such that the following conditions
hold:

[C1.] The closed-loop system operator generates an exponentially stable Cy— semigroup;

[C2.] For the closed-loop system, the tracking error e(t) — 0 as t — oo, for any initial

conditions xg € X and wy € C".

Two types of regulator synthesis are provided for the system (3.1a)-(3.1b) in this chapter.

Problem 1-State feedback regulator problem: Find a regulator of the form
u(t) = Kzx(t) + Lw(t) (3.12)

where K € L(X,U), L € L(C",U), and the information of plant and exosystem state evolu-
tion are provided, such that: (a.1) A + BK generates an exponentially stable Cy—semigroup.

(a.2) The error e(t) — 0,t — oo for any xy € X and w, € C™.
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Problem 2-Error feedback regulator problem: Find a regulator of the form

() = Gir(t) + Gae(t) (3.13a)

u(t) = Hr(t) (3.13h)

where r € Q@ = X @ C" for t > 0,  is a Hilbert space, G; € L(Q), G2 € L(Y,Q) and
H € L£(Q,U), and only error signal is provided, such that

(c.1) The system
&(t) = Ax(t) + BHr(t)

r(t) = Gir(t) + GoCx(t)

is exponentially stable when w = 0, i.e.

A BH
G.C Gy

is the infinitesimal generator of an exponentially stable Cy—semigroup.

(c.2) The error e(t) — 0,t — oo for any z¢ € X, r(0) € Q and w, € C".

3.2.2.1 The state feedback regulator problem

(1). The stabilization feedback gain

In section 3.2.1, we already know that the operator A generates an exponentially stable
semigroup on X. Then, it follows that the pair (A, B) is exponentially stabilizable. Conse-
quently, we have the following essential theorem providing a general method to obtain the

stabilizing feedback gain:

Theorem 2. Based on the fact that (A, B) is exponentially stabilizable, if there exists a

nonnegative self-adjoint operator Qg that solves the operator Riccati algebraic equation:
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A" Qo + QoA + M — 2QuBB*Q, = 0, on D(A) (3.14)

where M is a positive definite design parameter operator, such that Qo(D(A)) C D(A*),
and feedback gain is K = —B*Qy € L(X,U), then the stability of the closed-loop system is

provided, i.e. (A+ BK) generates an exponentially stable Co—semigroup.

Before we start to prove the Theorem 2, a Lemma about the exponentially stability is

studied.

Lemma 1. Let A. be the infinitesimal generator of the Co—semigroup T4, on the Hilbert
space X. Ty, is exponentially stable if and only if there exists a nonnegative self-adjoint

operator Qo such that
< Aex, Qor >+ < Qox, Acx >= — < Mz, x>, v € D(A.) (3.15)

Proof. The proof is similar to the proof of Theorem 5.1.3 in [14]. According to the Lemma
4.1.24 in [14], if we let observability grammian Lo be Qg and C*C' = M, then (3.15) is

equivalent to the following Lyapunov equation
A;Qo + QoA. + M =0, QoD(A.) C D(A7) (3.16)

Proof of Theorem 2: By arranging some terms in equation (3.14), we obtain the following

form:

(A= BB"Qo)" Qo+ Qo (A~ BB"Qy) + M =0 (3.17)

If using K to replace —B*@Qg in the equation (5.55) and setting A. = A + BK, we can obtain

QoA+ ALQo+ M =0 (3.18)

Because the feedback control term represents a bounded perturbation of A, we have D(A.) =
D(A) and D(A*) = D(A%) (see [56], p.194). Then, it is easy to see that Qo(D(A.)) C D(A%),
since Qo(D(A)) C D(A*). O
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Remark 5. One can notice that the different selection of M in (3.14) results in the different
state feedback gain K. Therefore, we shall now discuss the performance of K according to
different M. First, we set two state feedback gains K = —B*Q)y and Ky = —B*(Qs, where

Q1 and Qo are two nonnegative self-adjoint operators such that:

Q1 A, + A*Qy + My = 0, Q1D(A,) © D(A?) (3.192)

QoA + A2Q2 + My = 0, Q2D(A.) C D(A) (3.19D)

where My and My are positive definite design parameter operators and My — My = AM is

positive definite. Then, subtracting (3.19b) from (3.19a), the following equation holds:
AQA, + AAQ + AM =0, AQD(A,) C D(AY) (3.20)

It is easy to see that AQ = Q1 — Q2 is also nonnegative self-adjoint. Then, AK = K1 — Ky =
—B*AQ. Essentially, AQ, Q1 and Q2 are the function of spatial variable z € [0,1]. Since
B is also the continuous spatial varying function, Ky, Ko and AK are multiplier operators.

Then, for any x € D(A.), it follows that

|Kiz| = (< Kz, Kz >)"?
= (< Kyz, Kox > + < AKz, AKz > + < Kox, AKz > + < AKx, Kox >)1/2

| Kox||* 4 |AKz|* 4+ < AK* Kz, 2 > + < K;AKz, x >)1/2

1/2

(IKaz]® + |AK 2| + AK* Fole|* + K3 AK 2]?)
1/2
(1Kaall® + |AKE]? + AQBB Qs o) + QBB AQ2])”

Consequently, the following inequality holds:

[ K|
lll

|1 = sup
x#0

— sup (I szl >+ AK|*+AQBB* Qo] +Q2 BB* AQ)|x|*) (3.21)

o E]
> [ K|

The formula (3.21) implies that when selecting My and My such that AM is positive definite,
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then we can obtain || K1||> || K2||. We can see that the norm of stabilizing feedback gain || K || is
roughly proportional to M in equation (3.14). This is essential, since it implies that by adjust-
ing M proportionally in (3.14), we can design a desired feedback gain to stabilize the closed-

loop system at a desired rate.

In particular, in order to calculate the operator Riccati equation (3.14) and to construct
a state feedback gain for the system (3.1a)-(3.1b) or more specifically for (3.3), the following

lemma is provided.

Lemma 2. Consider the linear plant (3.3) and (3.1a)-(3.1b). For any v < 0, U is the

solution of the matrix Riccati differential equation:

dv
v = ffU9+Vf4+M—-2UBB*V, U(1)=0 (3.22)
z
and Qo := W(z) - I is the unique self-adjoint nonnegative solution of the operator Riccati

algebraic equation (3.14). Hence the operator

K =-B*"(2)¥(z) -1 (3.23)
is the stabilizing state feedback.
Proof. If we substitute Qp := ¥(z) - I into the equation (3.14), then for any x € D(A):

d d
(—vd—\IJ-I+f*\I/-[+U\Dd—+\I’f~I+M—2\IIBB*\IJ-[)x:O
z z

dx

d
—— (U v
<:>v< (Vz) + e

v )+(f*\lf+\lff Y M —2UBB* W)z =0
z
and from [37], the following equation holds

d dx dv

then the operator Riccati algebraic equation (3.14) can be written as follows:
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dw
z

The condition ¥(1) = 0 guarantees that for any z € D(A) ¥(1)z(1) = 0, which implies that
Qo (D(A)) C D(A*). Therefore, if ¥ is the unique nonnegative solution on [0, 1] of equation

(3.22), then Qo := ¥(z) - I is a unique solution of the operator Riccati equation (3.14). O

In this section, the important theorem (see Theorem 2) is investigated to help providing
the stabilization feedback gain K, such that the closed-loop stability is guaranteed, i.e.
A + BK is exponentially stable. Moreover, the influence of design parameter M on the
performance of stabilizing feedback gain in (3.14) is studied (see Remark 5). The results in
Theorem 2 and Remark 5 are not only suitable for the regular hyperbolic PDE systems in
this chapter but can also be extended to other regular systems.

(2). The state feedback regulator

In this section, we extend the key results about the state feedback regulator to the regular
first order hyperbolic PDE systems from [57].

Although the spectrum of operator A is difficultly determined, it is still easy to conclude

that the following corollary holds since A is exponentially stable.

Corollary 1. For any real number o € R, i« is contained in the resolvent set of A, i.e.

ia € p(A), where i =+/—1.

From the Corollary 1, it is easy to see that o(S) C p(A) and o(S) No(A) = 0, where
o(S) and o(A) are the spectrum of S and A, respectively. This corollary is given to ensure

the solvability of Sylvester equations in the following theorem.

Theorem 3. Under the Corollary 1 and since (A, B) is exponentially stabilizable, the state
feedback requlator problem is solvable if there exist operators I € L(C™, X) with I1D(S) C
D(A) and T' € L(C",U) which satisfy the constrained Sylvester equations (requlator equa-

tions):
I1S = ATl + BT + P (3.24)
CI—Q=0 (3.25)
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The state feedback law s given by
u(t) = Ka(t) + Lw(t) (3.26)
where K stabilizes the pair (A, B) and L =T — KII.

Proof. First we prove the sufficiency. By substituting (3.26) into the system model (3.1a)-

(3.1b), the closed loop system is constructed
t(t) = (A+ BK)z(t) + (B(I' = KII) 4+ P) w(t) (3.27)

As mentioned above, the operator A + BK generates the exponentially stable Cy—semigroup
Lok

The mild solution of (3.27) is of the form:
¢
.Cl?(t) = Tabk(t)l’(()) + / Tabk(t — 7') (B(F — KH) + P) w(T)dT (328)
0

Plugging (3.24) in (3.28), the following holds

2(t) = Tue(t)2(0) + fo wi(t — 7) (BT 4+ P — BKIL) w(r)dr
= Topne(1)2(0) + [} Tupe(t — 7) (TIS — (A + BE) IT) w(7)dr
(0) + [ Tups(t — 7) (Tir(7) — (A + BEK) Thw(r)) dr (3.29)
(0) + fo 2 (Tapi(t — 7)Tw(7))dr
= Tok(t) (2(0) — Hw(0)) + Iw(t)

Then, the tracking error in (3.11) can be rewritten as

e(t) = Cx(t) — Qu(t)
= CToi(t) (2(0) — Hw(0)) + (CII — Q) w(t)

(3.30)

Tupk is exponentially stable and C' is bounded on X, thus the equation (3.25) implies that in

equation (3.30) the tracking error e(t) — 0 as t — oo. O
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From the formula (3.30), we can conclude the following corollary which shows that the

tracking error decays exponentially, and provides upper bounds for the decay rate of ||e(t)||y .

Corollary 2. Based on the formula (3.30), the tracking error e(t) satisfies the following
inequality:

le@)ly < re™ (3.31)

where k is a positive constant and || T (t)|ly < Me™ with M > 0, 0 < v < —w; and

wy < 0 is the growth bound of Tk (t), since Topk(t) is exponentially stable.

Proof. From (3.30),

le@)lly = [CTaw(t) ((0) — Hw(0))[ly
< [[(Cz(0) = Qu(0)lly Task (1)l
< (IC]Hlzollx + Q1w (O} cn) [ Tak (B)]]

< (IC1 ol + 11QIMw(0) ) Me™"

If we denote (||C|| [|zol x + [|Q]] |lw(0)||on) by &, then the formula above reduces to [le(t) ||, <

ke . O

By studying the Lemma 6 of [58], the following theorem is given to show that the Sylvester
equations (3.24)-(3.25) in Theorem 3 have a unique bounded solution. The same conclusion

is also shown in [59].

Theorem 4. Under Corollary 1 and the fact that (A, B) is exponentially stabilizable, if the
state feedback control law (3.26) solves the output regulation problem, then there ezists a

unique operator 11 given by

n

Mw =Y (w, ¢x)(iwp] — A)~ (BT + P) ¢y, w € C" (3.32)
k=1

that satisfies the constrained Sylvester equations (3.24)-(3.25), where {¢y} are orthonormal

eigenvectors of S.
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Proof. First, we define an identity (see [58])

]l = sup [z, &), Vo € X (3.33)

llell<1

Since the operator (iwyI — A)~" (BT + P) is bounded, it is natural that

1/2
(ZK“‘%[ A)~ BP+P¢k,s>]> < 00

For every w € C", we get (through Cauchy-Schwarz Inequality)

[Mw] = sup [{Tlw, )] = sup
Jel<t lel<t |k

zij (w, ¢p) {(fwp ] — A)~" (BT + P) ,¢)

1/2

< sup (w0 )1/2(];}<<z'wkf—z4>l B+ Pyus)) = ol

llell<1

that implies that II is bounded. Now, let s € p(A), utilizing the resolvent identity we have
Yw € D(S)

(sI — A)TI(S — sDw = i < Sw — sw, ¢, > (sI — A) " (iwp] — A" (BT + P) ¢y,
k=1

= S < w, by > (iwp — 8)(sT — A)L(iwgl — A) (BT + P) 6

k=1

S

<w,¢p > ((sI — A)"' — (iwe] — A)"Y) (BT + P) ¢,

[y

s — A" (BT + P)w — Tw

Il
—

Then, we have

Il = (s — A (BT + P) — (s — A)7'TI(S — s1)

which indicates that IIC" € D(A) and (3.24) holds.

Then, we assume that the operator II satisfies (3.24) and for every ¢, k € N

IS¢y, = Allgy, + (BT + P) ¢y < Ty, = (iwy, — A)~ (BT + P) ¢,
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Because II is bounded, we have
Dw =Y <w¢p > = <w, ¢y >(iwi] — A)" (BT + P) ¢y, = Tlw, Yw € C"
k=1 k=1

Thus (3.32) is the unique solution of (3.24).

For z(0) € X and w(0) € C", from the equation (3.30), we have

e(t) = Cz(t) — Qu(t)
= CTor(t) (z(0) — Hw(0)) + (CII — Q) w(t)

(3.34)

Since, T, is exponentially stable and the controller (3.26) solves the output regulation

problem, we have
lim e(t) = lim (CII — Q)w(t) =0 (3.35)

t——+o0 t——+o0

Since for every w(t) € C" we have CII — @ = 0, the operator II also satisfies (3.25). O

In this chapter, let us briefly study the robust problem of the state feedback regulator.
For simplicity, we assume that A, is perturbed parameter A, ie., A, = A+ A - I, where
A -1 is perturbation and I is identity. Then, we replace A with A, in Sylvester equation to

obtain the following:

IS —(A+A-IIlI+ Br'+ P=0

I[IS—All+Br'+ P=A"-11
From above equation, we know that the state feedback regulator (3.26) is not robust, unless
we can find some conditions to guarantee that the perturbation A - I decays to zero. In

the same way, we can claim that the error feedback regulator in the following section is not

robust either.

3.2.2.2 The error feedback regulator problem

In this section, we proceed with the more realistic regulator problem-error feedback regulator

problem. The controller is only provided with the tracking error e(¢) and incorporates with
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the models of the plant and the exosystem.

(1). The error feedback regulator

Assumption 1. The pair
A P
Lo o]
0o S
is exponentially detectable and there exists Go € L(Y, ) in the equation (3.13a) such that

AP A—GiC P+GiQ

~ac -o]-

0 S —GoC S+ GaQ)

generates an exponentially stable Cy—semigroup.

Theorem 5. Under Corollary 1 and Assumption 1, if and only if there exist mappings
IT € L(C™, X) satisfying R(I1) C D(A) andT" € L(C",U), such that the following constrained
Sylvester equation holds
IIS = All+ BI' + P (3.36)
Cll-Q =0 (3.37)

then, the output requlation problem is solved by the error regulator of the form

7(t) = Gir(t) + Gae(?) (3.38a)
u(t) = Hr(t) (3.38b)
withr(t) e Q=X o C"
_ .
Gy = >H:[K F—KH}
G
i (3.39)
Gr — (A+ BK — G1C) (P+ B(I' = KTI) + G1Q)
1 _GQC S + GQQ
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where K € L(X,U), Gy € L(Y,X) and Gy € L(Y,C,), such that K is an exponentially

G
stabilizing feedback gain for the pair (A, B) and Gy = ' s an exponentially stabilizing
Go

A P
output injection gain for the pair ; [ C -Q 1
0 S

Proof. We first prove the sufficiency. In the regulator (3.38), r(¢) can be regarded as the

x
estimation of and the error feedback regulator is actually the “observer-based”
w(t)

T
controller. Let r(t) = [ & (t) w(t)T } € X @ C". We can rewrite the regulator in (3.38)

as the following form

(t G G T (t G.C -G t
() _ 11 Gz () N 1 1@ z(t) (3.400)
UA)(t) G13 G14 11)(25) GQC —GQQ w(t)
[ (1)
ut)=| K T'—KII } (3.40b)
- w(t)
G G G.C -G
where G; = e , Ga X [ C —-Q } = ' 1@ . In particular, the oper-
G13 G14 GQC _GQQ

ator Gy : D(Gy) C 2 — Q generates a strongly continuous semigroup 7g, (t) on €.

If we substitute u(t) denoted by (3.40b) into the combined system (3.8), we obtain
x(t) A P z(t) BK B(I' = KII) z(t)

= - (3.41)

We assume the estimation error to be of the form e, (t) = x(t) —2(t), e, (t) = w(t) —w(t),
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then, it is easy to obtain the following equation from (3.40a) and (3.41)

= +
€w(t) —GQC S + GQQ w(t) —G13 —G14 ’UAJ(t)
42

T
A direct calculation implies that the dynamics of [ ex(t) ew(t)T } can be given by the
homogeneous differential equation

Gty | | A-GIC P+GiQ | | elt) 513

Gw(t) —GQC S + GQQ Bw(t)

T
From Assumption 1, we can easily conclude that { ex(t) ew(t)T } — 0 ast — +oo.

By comparing (3.42) and (3.43), it is natural to obtain

G — Gu Gi | (A+ BK — G,C) (P+ B(I' - KII) + G1Q)
L Giz Gu - —GLC S+ GaQ

&(t) — () and w(t) — w(t), as t — 4oo imply that in (3.40b) u(t) — Kx(t) + (' —
KIDw(t) as t — 4o00. From the proof of Theorem 3, if the constrained Sylvester equation
(3.36)-(3.37) holds, the tracking error e(t) — 0 as t — 400 and the output regulation
problem is solved.

Now we turn to the necessity. Same with the sufficiency part, let r(t) = [ (t) @[;(t)T } : €
X @& C" e, (t) = x(t) — 2(t) and e,(t) = w(t) — w(t). Then, by combining the composite

system model (3.8), (3.38) and (3.39) together, it follows that

em(t) A — GlC P + GlQ em(t)
€y () —GC S+ GaQ ew(t)
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If we substitute u(t) in (3.38b) into the plant model (3.1a)-(3.1b), we obtain
t(t) = (A+ BK)x(t) — BKe,(t) — B(I' — KII) e, (t) + (B(I' = KII) + P)w(t) (3.44)

Then, we consider the system

O(t) = AD(t) + Pw(t) + Bu(t)
W(t) = Swl(t) (3.45)
e(t) = CP(t) — Qu(t)

with (1) = | z(t) ey(t) e,(t)’ | €XBYBC", C= {CA 0 0}

A+BK —-BK —B( - KII)

0 —GsC S+ G1Q

0 B(F—KH)+P
B=1o0]|, P= 0
0 0

T

Now, if we claim that the operator II = { Im o of } C"—= X @Y @ C" and apply
Theorem 3 to design the state feedback regulator for the system (3.45): u(t) = K®(t) + (T —
KIDw(t) with K = [ K 0 0 } The operators IT and ' € £(C™,Y) satisfy the following

constrained Sylvester equations

1S = All 4+ BT + P (3.46a)
CI-Q=0 (3.46b)

Under Corollary 1 and Assumption 1, it follows that A is exponentially stable. Since B
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is zero, then A+ BK is exponentially stable and we can also set I' = 0. From the first

component of equation (3.46a) and equation (3.46b), it is straightforward to obtain

(A+ BK)II+ B(T — KTI) + P =TIS
Cll—Q=0

The second and third components of equation (3.46a) are zero, therefore (3.36)-(3.37)

are enough to ensure the validity of the equation (3.46). ]
(2). The stabilizing output injection gain
In section 3.2.2.2, one can notice that Assumption 1 is essential to the solvability of
the error feedback regulator problem. In this section, we explore how to obtain the output

injection gain G € L(Y,()) in the equation (3.13a). First, we recall an important lemma

which is a dual statement of Lemma 1:

Lemma 3. Let A, be the infinitesimal generator of the Co—semigroup T4, (t) on the Hilbert
space X. Then, Ty, (t) is exponentially stable if and only if there exists a nonnegative self-

adjoint operator Q. € L(X) such that
< Qex, Aix >+ < Ax,Q.x >= — < Nx,x >, for all x € D(AY) (3.47)

The equation (3.47) can be transformed in the following form:

(AoQe + QA; + N)x =0 for z € D(AY) (3.48)

with Q.(D(A%)) C D(A,), where N is a positive definite operator and (3.48) is a standard
operator Lyapunov equation. Based on Lemma 3, in this section, the following theorem

describes a general approach finding the stabilizing output injection gain G, € L(Y, ) in
(3.13a).

A P
Theorem 6. Under the assumption that the pair , l C —-Q ] 1S exponen-
0
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tially detectable. If there exist the nonnegative self-adjoint operators ©1 and Oy that solve

the following constrained operator Riccati equations:

A@l + @114* — 2@10*061 + N1 =0 on D(A) (349&)
S@Q + @25* — QGQQ*Q@Q + N2 =0 on Cn (349b)
P@Q + 2@1C*Q@2 == N3 (349(3)
where N1 and Ny are positive definite operator and matriz, respectively, N3 is decided by
N; Nj
the solutions ©1 and Oy in equation (3.49c) such that 1s positive definite and
N; Ny
G, 0,C*
©1(D(A*)) C D(A), then Gy = = is an exponentially stabilizing output
Go —02Q"

mjection gain.

Proof. Utilizing the equation (3.49) to construct a matrix equation

A©, + 0, A" —20,C*CO; + Ny POy +20,C"(Q0O3 + N3

=0 (3.50)
O P +20,Q*CO1 + N3 SOy + 025" —20,Q* Q05 + N,
The equation above can be written as
A P 0, 0 0, 0 A P
_l_
0 S 0 O 0 O 0 S
©; 0 cr i 0, 0 N; Ns
—2 C —Q - =0
0 O, —Q* |t 0 O, Ni N
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If rearranging the equation above, we obtain

A P 0,C* I ] 0, 0 0, 0
_ C —Q + X
S —0,Q" | L . 0 O, 0 ©,
r 3 r 3 * (351)
A P 0,C* I T Ny N
— C _Q + —
0 S —0,Q" | L . N; Ny
G1 0.C*
Let Gy = = and according to Lemma 3, we know that G, can
G —0Q"
A P
stabilize the pair , { C —Q } and G7 = 0,C*, G5 = —60,0Q)". O
0 S

In Theorem 6, S, @ and N, are matrices, thus (3.49b) is a matrix Riccati equation
and it is very easy to calculate ©,. The equation (3.49a) is an operator Riccati equation
and we can solve it through the similar method in Lemma 2. Once the results of equations

(3.49a)-(3.49b) are obtained, we also need to guarantee that the results satisfy the constraint

N1 Nj
equation (3.49¢), i.e. is positive definite.

Ni N,
3.2.3 Study of Simulation

In this section, a representative example is presented to illustrate the application of the
developed theory in Section 3.2.2. The process plant is the infinite-dimensional system given
as a regular first order hyperbolic PDEs with the boundary observation operator and is
utilized to present the state feedback and error feedback regulator designs.

Let us consider a homogenous one-dimensional hyperbolic PDE system with boundary

observation:

Ox(z,t) vax(z,t)

ot 0z

+ tan(z)x(z,t) + b(2)u(t), z € [0, 1] (3.52a)
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z(0,t) =0, x(z,0) = xo(2) (3.52Db)
y(t) = / _ (2, 1)dz (3.52¢)

where v is a negative constant, i.e. v < 0, the distributed control function b(z) = 1,
xo € L*(0,1), z(2,t) is the state of the plant, u(¢) is the control signal and the output y(t)
is the evolution of state in the domain [z; — 7, 2] with z; = 1 and » = 0.001. ¢ > 0 and
z € 10, 1] are time variable and spatial variable, respectively.

x(t) denotes the state in Hilbert space X = L?(0, 1), u(t) is the control signal in a real Hilbert
space L2 ([0,00),U), y(t) is the output of the system in the real Hilbert space L2, ([0, 0),Y")
where U C R and Y C R, and xy € X is the initial value of the state. The system operator
A is defined as:

dh
Ah = v+ tan(z)h (3.53)
2

with the domain D(A) = {h(z) € X :h(z)isac., d};f) € X, and h(0) = 0}. The distributed

control operator B = b(z) = 1 is an identity operator. The operator C' is defined as C(-) =
21
fzrr(-)dz € L(X,Y).
Our objective is to construct the regulator that will drive the output y(t) to track a

periodic reference signal of the form y,(t) = Tsin(at) generated by the exosystem in the

form of (3.2a)

an(®) | | 0 a ws(t) | wi(0) | |0 (3.54)
s (t) —a 0 wo(t) w2(0) T

In this example, we set & = 2 and T = 5. In terms of notation defined in (3.2b) and

(3.2¢), we set Q = { 10 ] and F' = [ 00 ] for simplicity. Then, the reference signal

wy (¢
y-(t) = bsin(2t) and disturbance d(t) = 0. Apparently, w(t) = 1) € R? and
wg(t)
0 «
S = . It is very easy to obtain the eigenvalues and orthonormal eigenvectors of
—a 0
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iwy = i = 24, twy = —ad = —2i (3.55)
—0.7071z% 0.7071z

¢1 = , = (3.56)
0.7071 0.7071

3.2.3.1 The stabilizing feedback gain

If we let v = —0.15 in the plant (3.52), we study the performance of the open-loop system
(3.52) and apply Theorem 2 to stabilize the closed-loop system, i.e. u(t) = Kz(t) in (3.52).
Since v < 0, we know the operator A is exponentially stable but the open-loop system cannot
achieve the stable state at a desired rate. In this section, we will show that with the help of
Theorem 2, we can choose the stabilizing feedback gain K such that the closed-loop system
achieves the steady state at a desired rate.

According to Theorem 2 and Lemma 2, we can construct the matrix Riccati differential
equation with M = 1:

d¥(z)

-0.15
dz

= tan(2)¥(z) + ¥ (2)tan(z) + 1 — 2¥(2)?, ¥(1) =0 (3.57)

Then, we obtain the feedback control law u(t) = Kx(t) = —V(z)z(t). If we substitute wu(t)
back into the system (3.52), we can see the result shown in Figure 3.1.

In Figure 3.1, although both the open-loop system (3.52) and the closed-loop system with
u(t) = Kx(t) achieve the steady state, the performance of the two cases differs significantly.
Under the effect of stabilizing feedback control law u(t) = —W(z)x(t), the closed-loop system
rejects the effect of the initial condition about two times faster (according to the residence
time) than the open-loop system and converges to the desired steady state. Moreover, under
the effect of the initial condition, the response of the open-loop system y,(t) is extremely
large (the maximum value is about 9.8 x 10°, see the solid line in Figure 3.1 ) and apparently
exceeds the realistic limitation of the physical systems. However, the response of the closed-

loop system y,.(t) is guaranteed within a normal range (the maximum value is less than 21,
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Closed—loop output yc(t)

open-loop output yo(t)
[9)]
o
’

time

Figure 3.1: open-loop output and closed-loop output given by (3.52) with feedback control
law u(t) = =W (2)x(t).

see the dashed line in Figure 3.1) and preforms very well, see Figure 3.1.

3.2.3.2 The state feedback regulator

Let v = —1 in the plant (3.52), in this section, we design the state feedback control law
u(t) = Ky2(t)+ Lw(t) to force the output of the plant (3.52) tracking the reference trajectory
y-(t) = Quw(t) = bHsin(2t) generated by the exosystem (3.54). Similar to the principle
in Section 3.2.3.1, we can easily apply Theorem 2 and Lemma 2 to obtain the stabilizing
feedback gain K1 = —W(z) - I, where I is identity operator. Therefore, K can provide the
state (including the output) of the system which converges to zero. Then, we need to add
the term Lw(t) in the control law to drive the output of the system to have proper amplitude
and phase.

A direct calculation indicates that for all s € C\o(A) the transfer function of the system

(3.52) is

(e Vsin(1) 4 (s — 1)V ecos(1) — (s — 1))
e~ cos(1) (1+ (s — 1)2)

G(s)=C(sI — A)'B =~ (3.58)

It is easy to see that G(s) is regular.

Apparently, from Theorem 3, we know L = I' — K II. According to the expression of
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S, we can construct the operators I' = [ MY 1 € L(C* U), and 1T € L(C?, X) such that

(Mw(t)) (z) = l I (2) IIy(z) } wi(f) for any w(t) € C?. Then, from the expression

Wa (t)
(3.32) in Theorem 4, the solution of constrained Sylvester equations (3.24)-(3.25) is given by

gy = (il — A)"'(BT) = (2] — A" (BT) ¢4
A straightforward calculation shows that
[ II(z), I(z) } ¢1 = [ Y (2] — A)70(2), 72(201 — A)7'b(2) | 1
Then, we obtain the identity
I (2) = 71 (201 — A)7'0(2), Ta(2) = ~2(2i1 — A)~'b(2) (3.59)
In this example, the equation (3.25) reduces to
Clli(z) =1, Clly(2) =0 (3.60)

From (3.59)-(3.60), we can easily obtain

. I :
"= M ~ 0.1278, ~y = —M ~ 0.3936
|G(ia)] |G(ia)]
The equation (3.24) can be written as
—1IT'1(2) + tan(2)I11(2) + 21y(2) = — (3.61a)
—1IT'5(2) + tan(2)y(2) — 211 (2) = — (3.61b)
1,(0) =0, II,(0) =0 (3.61¢)
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where the boundary conditions in (3.61c) come from the definition of domain of the system
generator A in (3.53).

Once 7, and 7, are known, we can calculate IT; and IT, numerically from equation (3.61).
The common numerical method is finite difference. For our example, we set the initial
condition zo(z) = 102%(3/2 — 2). The results are shown in Figure 3.2 and Figure 3.3

N O
= Uk(t)

@
A~
—+
~—
o

Yr(t), i (1) and yi, (t)
e(t) and ke "

-10 1 1 0
0 8 9 10

Figure 3.2: The reference trajectory v, (t) = 5sin(2t), the plant outputs yg, (¢) and yg,(¢)
under the state feedback control law u(t) = Kz(t) + (I' — KII)w(t) with different stabilizing
feedback gains K = K; and K = K5, and the tracking error |e(t)].

In Figure 3.2, yi, (t) and yg, present outputs of the plant under the state feedback control
law with different stabilizing feedback gains K and K,. Kj is the solution of (3.19a) with
a large design parameter M; = 200 and K is the solution of (3.19b) with a small design
parameter My = 10, i.e. || Ki||> ||Kz||. We can easily find that under the same effect of the
initial condition z((z), by comparing with yy, (t), yx, (t) tracks the reference signal y,.(t) very
quickly. This phenomenon is clearly consistent with the conclusion in Remark 5 and also is
a strong support to the feasibility of Theorem 2 and Lemma 2 in the meantime. Moreover,
in Figure 3.2, the blue solid line presents the evolution of the absolute value of tracking
error |e(t)| and the red dashed line denotes ke™ 7" with x > 0 and v > 0. We conclude that
the tracking error decays to zero exponentially, which is consistent with the conclusion of

Corollary 2.
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Figure 3.3: State profile z(z,t) under the state feedback control law w(t) = Kx(t) + (I' —
KIDw(t).

3.2.3.3 The error feedback regulator

Consider the same plant and the same exosystem in Section 3.2.3.2, i.e. v = —1 in the plant

(3.52), we construct the error feedback regulator of the form
7(t) = Gir(t) + Gae(t) (3.62a)
u(t) = Hr(t) (3.62b)

where r(t) € Q = L?(0,1) & R? denotes the state of the regulator, i.e. the estimation of

T G
{ z(t) wl(t) ] ,G1 € L(Q), Go = ' : R+ L*(0,1) ® R? exponentially stabilize the
G
A P
pair , [ C —Q ] and H € L(), R). In this section, our objective is to design
0 S

the regulator in the form of (3.62) such that the output of plant (3.52) is forced to track the

periodic reference trajectory y,(t) = bsin(2t) generated by the exosystem (3.54).

10
By setting Ny = 1 and N, = , we apply Theorem 6 and obtain the following
01
equations:
av,
y () = tan(2)V,(2) + ¥, (2) tan(z) + 1 — 2¥,(1)?, ¥,(0) =0 (3.63)
z
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0 2 0 —2 10 10
X+ X —2X X + =0 (3.64)

-2 0 2 0 0 0 01

Then, ©; = V¥, - I, ©; = X in equation (3.49) and in particular ¥,(0) = 0 implies that
©1(D(A*)) C D(A). It is easy to obtain
G (1) - 1
gg = =
G X
with U*(1) = U,(1).

The controller system operator is of the form

A+ BK —G,C B( — KII) + G1Q
—GQC S + G2Q

In this section, we take the operators K, II and I' to be same as K, II = [ I, I, } and

I'= { T Ve ] in Section 3.2.3.2. The results are depicted in Figure 3.4 and Figure 3.5.

Remark 6. In this example, the error feedback requlator (3.62) is infinite-dimensional be-
cause of the existence of the operator A defined in (3.53). But it is not hard to see that
when substituting the explicit expression of Gy and Gy into (3.62), one can utilize a standard
numerical method, e.qg., finite difference to solve (3.62a) to obtain r(t). Then, one generates

u(t) by utilizing r(t) based on (3.62b).

In Figure 3.4, the reference signal y,.(¢) and the output of closed-loop system y(t) are

plotted. In Figure (3.5), we plot closed-loop system state profile z(z,t).
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y,(t) and y(t)

_10 1 1 1 1
0 2 4 6 8 10

Figure 3.4: The reference trajectory v, (t) = 5sin(2t) and the plant output y(¢) under the
error feedback regulator (3.62).
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Figure 3.5: State profile x(z,t) under the error feedback regulator (3.62)
3.3 Finite-dimensional regulators for a class of hyper-

bolic PDE systems

3.3.1 System description

We consider the following 1-D linear hyperbolic partial differential equation single scalar sys-

tem on the domain {t € Ry, z € [0,1]}, which models large class of process control systems,

see [32] and [13]:

ax(azt’ ) - ”('Z)% +9(2)x(2,t) + b(2)U(2, 1) (3.65a)
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xz(0,t) =0, z(2,0) =20 € X (3.65b)

y(t) :/ (2, t)dz, ym(t) 2/ z(z,t)dz, 7 >0 (3.65¢)

In particular, here U can be a spatially distributed input U(z,¢) € L*(0,1) in (3.65) and
non-spatially distributed input U(t) € L2 ([0,00),R). In particular, in order to consider

both spatially and non-spatially distributed inputs, we assume the input space to be U =

L*(0,1) N L3

loc

(0,00),R). z(-,t) € X = L*0,1), Vt > 0 denotes the state variable and
then z(-,t) at the point z is z(z,t). The space X = L?*(0,1) is the state space with the
norm ||-||g (or [|-|]), ie., |z()|]> = fol 2?(2,t)dz. The output y(t) € L2 ([0,00),R) is to be

loc

controlled and the output y,,(t) € L2 ([0, 00),R) is the measurement. In particular, it is not
necessary that the controlled output y(¢) can be measured. z; and 2 are specified points
in spatial range [0, 1]. The transport velocity v(z) € C'([0,1]) is negative and the spatially

varying function, i.e. v(z) < 0. g(2) : [0,1] = R : z — g(2) is a measurable function, i.e.

g(z) € L*(0,1) and b(z) € L*=(0,1) is a real continuous spatial varying function.

Remark 7. We consider the hyperbolic PDE systems with distributed control operator instead
of boundary control. Actually, for most of hyperbolic PDE systems, the systems with boundary
control input can be transformed into the ones with distributed control input, for more detail

please refer to [31] and the Chapter 3 in [14].
3.3.1.1 Stability analysis of the system

We are now concerned with the following system in the form

dx(z,t) 0x(z,t)
5 U(Z)T + g(2)x(z,t) (3.66)
under the boundary condition:
z(0,t) =0 (3.67)

To analyse the stability of the system (3.66), we first provide the essential preliminary results
that will help us to account in the stability analysis for the spatially varying nature of the

above system given by Eq.(3.66)-(3.67). For p(z) € C°([0,1]), we are interested in the
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existence of f(z) € C*([0,1]) such that

f(z) > 0in [0,1] (3.68)
dfd—f) <0a. e in0,1] (3.69)
_dJ; (5> > |p(2)f(2)] a. e. in[0,1] (3.70)

where a.e. means “almost everywhere”.
Proposition 1. There exits f(z) € CY([0,1]) such that (3.68)-(3.70) hold if there exists a

unique solution n(z) of the initial value Cauchy problem

dn(z)
dz

= [p(z)n(z)|, n(0) = p, p>0 (3.71)

defined on [0, 1].

Proof. Since there exists a unique solution of (3.71) defined in [0, 1], then if we set £ > p,

the solution 7.(z) of the initial value Cauchy problem

dn;iz) = lp()n-(2)[ (1 +¢),  ne(0) =e¢ (3.72)
is defined on [0, 1]. Note that
1e(z) > n(z) > 0in [0, 1] (3.73)

Then, we can define f(z) € C'([0,1]) as

f(z):= , Vzel0,1] (3.74)

We know that from (3.73), f(z) is well-defined. Obviously, (3.68) and (3.69) hold. Moreover,
from (3.74) and (3.72), we have
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@) 1 de(s) @] Gl e

dz (n.(2))" dz (n:(2))* (n:(2))*

i.e. (3.70) holds. m

Remark 8. The function
(2,1(2)) € [0,1] x R = |p(z)n(2)| € R

is continuous in [0, 1] x R and globally Lipschitz with respect to n(z). Hence the initial value

Cauchy problem (3.71) always has a unique solution. m

Based on the Proposition 1, we carry on the stability analysis of the system (3.66)-(3.67).

We introduce the following Lyapunov function candidate:

V() = (q(2)7,7) 1201y = /o q(2)2*(z,t)dz > 0 (3.75)

with ¢(z) = —1/(n-(2)v(z)) € C*([0,1]; [0, +00]), where 7.(2) is the solution of the following

Cauchy problem
dne(z)
dz

Note that n.(z) > 0. Therefore, from v(z) < 0, ¢(z) > 0 and V(z) > 0. Note that the

_(1+e) ‘25(—(;))%(2)

) 7]6(0> =e>N (376)

Cauchy problem (3.76) is actually the Cauchy problem (3.72) with p(z) = 25((;))~

Then, the time derivative V(z) of V in terms of the trajectories of (3.66)-(3.67) is

V(x) = fol 2q(z)x(z,t)%dz

= [, 2q(2)a(z,1) (Wﬁ% + g(z)x(z,t)) dz

(3.77)
(integration by parts)
=G — [ Mdz
with
G = q(1)v(1)2*(1,t) — q(0)v(0)2*(0, t) (3.78)
M = w - 2q(z)g(2)) 2% (z,1) (3.79)



Since v(z) < 0, ¢(z) > 0 and the boundary condition x(0,¢) = 0, it is easy to show that
in (3.78) G = q(1)v(1)z*(1,¢) < 0 with v(1) < 0 and ¢(1) > 0. The stability of the system

(3.66)-(3.67) is explored in the following theorem.

Theorem 7. Suppose that the lower bound of the function |g(2)| is nonzero, then the system
(3.66)-(3.67) is exponentially stable if there exists the unique solution n(z) of the initial value

Cauchy problem
vy di(z)

dz

2g(2)

de&

,n(0) =p, p>0 (3.80)

defined on [0, 1].

Proof. According to afore stated content, we define ¢(z) and f(z) as:

q(2) = ————, [f(2) = = —q(2)v(2) (3.81)

where 7.(2) is the solution of (3.76). Because of the existence of the unique solution 7(z) of

(3.80) and according to Proposition 1, it is easy to show that:

df(z) _ d(q(2)v(z)) _ |29(2)
T dr dz v(z) a(z)o(2)

The above inequalities imply that M in (3.79) is positive, and thus V(z) < 0. In the

> = [29(2)q(2)] (3.82)

following section, we demonstrate the exponential stability of the system (3.66)-(3.67).
Now, we claim that there exists a constant o > 0 such that

d(q(z)v(2))

22— 2q(2)g(2) > ag(2) (359

To prove the above claim (3.83), we utilize the expression of ¢(z) = L 7. Assume that

NG
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M, # 0 is lower bound of |g(z)|, i.e., |g(2)|> M,, then we have

L e 20) o _ WlSEO] | e 3.84

= )y T Re®@ T Re® = e @l ~ e (3.84)
[2g(2)|e—a 2Mge—a

Z T @ = Tl

D —2q(2)g(2) — aq(2) = & (50 (2) + it + aE
g9

Based on the boundedness of g(z), we can find o > 0 such that a < 2Mye, where M, is
upper bound of |g(z)|. Therefore, there exists a constant: 0 < a < 2M_e such that (3.83)
holds. Furthermore, in (3.79), M > aq(z)x?(z,t). Then, from (3.77), we have

V(z) < — fol Mdz
< —a fol q(2)2?(z,t)dz = —aV(x)

which indicates the exponential stability of the system in the L,—norm. O

Theorem 7 essentially provides a sufficient condition such that the system (3.66)-(3.67)
is exponentially stable when the lower bound of |g(z)| is nonzero. However, for the case
g(z) = 0, it is easy the prove the exponential stability of the system (3.66)-(3.67) by choosing

the Lyapunov candidate: V(z) = fol e*m%dz with @w > 0.

Remark 9. Motivated by Remark 1 and Proposition 1, it is easy to see that if the condition
29(z
2i)(2)

continuous in [0,1] x R and globally Lipschitz with respect to n(z). As a result, the initial

%)g(—(z)) € C°[0,1]) is satisfied, then the function (z,m(z)) € [0,1] x R e R is

value Cauchy problem (3.80) always has a unique solution and the system (3.66)—(3.67) is
exponentially stable. Since the function v(z) is assumed to be v(z) € C'([0,1]), then the
condition g(z) € CY([0,1]) ensures that the function 21)9(—(;)) satisfies 21)9(—(;)) e C°0,1]) and to
guarantee that the system (3.66)-(5.67) is exponentially stable.
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3.3.1.2 Problem formulation

The equivalent linear infinite-dimensional representation of the system (3.65) on the state
space X is given by (3.1a)-(3.1b) by replacing wu(t) with U(z,t). And the linear system

operator A defined on the domain:
) dx
D(A) = {x € X :x(2) is a.c.o € X and z(0) = 0} (3.85)

where a.c. means ‘absolutely continuous’, as:

A= U(Z)diz +g(z)- 1 (3.86)

The input operator is given by B = b(z) - I, where I is the identity operator and the function
b(z) is assumed to be continuous on [0, 1], i.e, b(z) € C°([0,1]). The controlled output

operator is given by Cx(-,t) = [

_' . x(z,t)dz and the measured output operator is expressed
1—r

by Cpa(-,t) = f;‘lr x(z,t)dz with 21,29 € [0,1] and r > 0. In particular, r can be chosen
infinitesimal.

The disturbance d(t) and the reference trajectory vy,.(t) are generated by a known au-
tonomous finite-dimensional signal process (exogenous system) defined in (3.2a)-(3.2c).

Let X, = X @& C” be the composite state-space, consisting of the states of plant and the

exosystem, and we obtain the composite system

Fo(t) = Aczo(t) + BU(t), t >0, 2,(0) € D(A,) (3.87)
e(t) = Coz(t) (3.88)
(1) = Cou.(t) (3.80)
Ym(t) = Cyo(t) (3.90)

T
with the composite state x.(t) = [ w(t)T w(t)T } , where the composite system operator
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is given by

P
A.= with P = B3F
0 S

where D(A.) = D(A) & C* C X,, the operators C. € L(X.,R), Cy € L(X.,R), C, €
L(X.,R) and B, € L(U, X.) are given by

B
Cc:|:C —Q:|7 CQ:[O Q]y Cy:|:0m 0:|7 Bc:

It is evident that the system generator A, generates a Cp—semigroup on X.. In this
chapter, we propose to design finite-dimensional output and error feedback regulator such
that

lim (y(t) — y-(t)) =0, Vx(0) € X, w(0) € C" (3.91)

t—o00

in the sense of exponential tracking error (e(t) = y(t) — y,(t)) decay.

3.3.2 The output regulation problem

The essential mission of the output regulation problem for the hyperbolic PDE system is to

design regulators to guarantee the following conditions:

[c1.] The closed-loop system operator generates an exponentially stable Cp—semigroup;

[c2.] In the closed-loop system, for any initial conditions z(0) € X and w(0) € C", the

tracking error e(t) decays to zero w.r.t time variable ¢ exponentially.

In this chapter, two types of regulators are designed to solve the output regulation prob-
lem of the system.
Problem 3.1 - Output feedback regulator problem: under the assumption that the mea-
sured output y,,(t) (different from y(¢)) and the reference signal y,(¢) are available, and we
design the following output feedback regulators with the spatially distributed input and the

lumped input, respectively:
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e Output feedback regulation with the spatially distributed input that is the function of

both space variable z and time variable t¢:

by = srny 4 | T 0| ) Gl
0 Ly Ym(t) — Cyr, (1)
(3.92)

yr(t) — Collr,(t)

L{z,t:I‘rwt 2 mlZ
=0 (H{k() k()} Y (t) = Cyllro (1)

e Output feedback regulation with the lumped input that is only the function of time

variable ¢:
L. 0 (1) — Collry, (t
T (t) = Sry(t) + o (1) Q~ Q
0 Ly Ym (1) — Cyr,(t)
(3.93)

yr(t) — C’Qf[rw(t)

ult) = Trult) + [ K, K, } :
Unlt) — Gyl (1)

with IT to be defined in following sections, U(-, ) € L?(0,1), L, € L(R,C™), L, € L(R,C"),
' € L(C",R), k.(2),kn(z) € C°0,1) and K,, K,, € R, such that: (a.1) the closed-loop
system is exponentially stable; (a.2) the tracking error e(t) — 0 ast — +oo. Here n,4+ny = n.

Problem 3.2 - Error feedback regulator problem: In this case, we assume that only the
tracking error e(t) can be measured, and we design the following error feedback regulators

with the spatially distributed input and the lumped input, respectively:

e Error feedback regulation with the spatially distributed input that is function of both
space variable z and time variable t¢:

Fw(t) = Srw(t) + Lie(t) — C.Ilry,(t))
(3.94)

U(z,t) = Try(t) + ko(2)(e(t) — Collry(t))
e Error feedback regulation with the lumped input that is only the function of time

variable t:

Fu(t) = Sru(t) + L(e(t) — Cellry(t))
(3.95)

u(t) =Try(t) + Ke(e(t) — C’Cl:[rw(t))
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with U(-,t) € L*0,1), L € L(R,C"), T € L(C",R), k.(z) € C°0,1) and K. € R, such
that: (a.1) the closed-loop system is exponentially stable; (a.2) the tracking error e(t) — 0
as t — +oo.

We now demonstrate first the design of the finite-dimensional feedforward regulator on

the space W:
T (t) = Sryp(t)
U(t) =Try(t)

(3.96)

with the initial condition 7,,(0) = 1,0 € C* and I' € L(C™,R). By applying the feedforward

regulator, the composite system (3.87) tracks the linear function

2o(t) = Try (1) (3.97)

. IT
where IT = with the bounded operator IT € £(C", X') with IIC" € D(A), if the initial
1

condition is given by

2.(0) = TIr,(0) (3.98)

The following theorem provides conditions such that (3.96) solves the output regulation

problem.

Theorem 8. For the system (3.65), the feedforward requlator (3.96) achieves exponentially
stable tracking in the sense of (3.91) for initial values (3.98), if there exist operators Il €
L(C" X)) defined in (3.97) and T € L(C",U) satisfying the Sylvester equations:

IS — ATl = BT + P (3.99)
CAll—Q =0 (3.100)

where the eigenvalues of S do not coincide with an invariant zero of the plant (3.1a)-(3.1b).

In this case, the feedforward requlator (3.96) has the form:

Fo(t) = ST (t)
U(t) = Try(t)
79
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Proof. The dynamics of x.(t) — ITr,(t) are described by the autonomous abstract differential
equation @.(t) — IIry(t) = Acfze(t) — IIry(t)] with the initial value z.(0) — IIr,,(0) € X, if
there exists a bounded linear operator II such that the following Sylvester operator equation

holds:
A P | . . B

1S = — r (3.102)
0 S 0

Since A, is the generator of an infinitesimal Cy—semigroup, the initial value problem has
a unique solution. If (3.98) holds, the solution of .(t) — IIry(t) = Acfz(t) — Hry(t)] is
2o(t) — Ir,(t) = 0. Then, the plant state z(t) and the state of exosystem w(t) can be
expressed by z(t) = Ilr,(t) and w(t) = r,(t), so that the tracking error in (3.91) takes the
form y(t) —y.(t) = CIlry(t) —Qry(t). Therefore, in order to achieve output regulation (3.91),
the operator II has in addition to satisfy CII — Q = 0 since S is an anti-Hurwitz matrix. A
direct calculation shows that the equation (3.99) is equivalent to the equation (3.102). In
[57], it is shown that there exists a solution (II,I") of the Sylvester equation (3.99)-(3.100),
if the eigenvalues of S do not coincide with an invariant zero of the plant (3.1a)-(3.1b). It

should be mentioned that the operator II is a spatially varying operator, i.e. II = II(z),
because I1 € L(C", X). O

Due to the fact that in the general case the state of exosystem cannot be measured, the
initial values r,,(0) of the feedforward controller (3.96) cannot be chosen such that (3.98)
holds. Therefore, in general, the initial error x.(0) — IIr,(0) # 0 may result so that the
output regulation is not achieved. However, the exponentially decaying tracking error in
(3.91) can be obtained by stabilizing the dynamics of z.(t) — IIr,(t). Therefore, in this
section, we proposed two regulator versions to solve the output regulation problem. The
first one is the output feedback regulator when only the measurable output ¥,,(¢) shown in
(3.65¢) is available, whereas the second realistic one is error feedback regulator, where only

the tracking error e(t) can be measured instead of the output.
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3.3.2.1 Output feedback regulator problem

For the output feedback regulator design, throughout this subsection, the configuration of

the exosystem (3.2a)—(3.2c) is given as follows:

Wa(t) = Sqwa(t), wqe(0) = wgy € C™ (3.103)
wy(t) = Spw(t), wy(0) = wy € C™ (3.104)
d(t) = Fw(t) = fawa(t), t >0 (3.105)
yr(t) = Qu(t) = gw,(t), t > 0 (3.106)

where the matrix S in (3.2a) is a block diagonal diagonalizable skew-Hermitian matrix:
S = bdiag(Sy, S,) and the exosystem state is constructed by w = col(wg, w,) with n =
na+n,. (3.103) and (3.105) is the disturbance model and (3.104) and (3.106) is the reference
model. Obviously, eigenvalues of S; and S, are given by o(S;) = {)‘k}k=1,--~,nd and o(S,) =
{)‘k}kzndﬂ,...,n and one has F = { fa 0 } and ) = [ 0 g } In this section, for the above

configuration of exosystem, the following assumption is made.

Assumption 2. [t is assumed that (q,,S,) is observable and that the matriz Sy is a skew-

Hermitian matrix.

It is easy to calculate: ng
Sqva(t) = Z Ak (va(t), k) dar. (3.107)
k=1
nd
Ud(t> = esdtvd(O) = Z eAkt <Ud(0), ¢dk> ¢dk (3108)
k=1
where {¢g} with k = 1,--- n, are orthonormal eigenvectors of Sy corresponding to eigen-

values of S,.
In this section, we assume that the measurement y,,(¢) and the reference signal y,(t) are
available for the regulator design. Using the output injection, we design the following output

feedback regulators:
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(I). Regulator with spatially distributed input: U(z,t)

Fo(t) = Sry(t) + Lo 0 () = Cyl?rwu) (3.109)
0 L, yr(t) — Collr,(t)

U(z,t) =Tr,(t) + { km(2) kr(2) } nlt) = Cyl?rw(w (3.110)
yr(t) — Collry ()

(I). Regulator with non-spatially distributed input: U(t)

() = Sty | T 0| | T Cyl?“”(t) (3.111)
0 L, yr(t) — Collr,(t)

Ut) = Try(t) + { K, K, ]| et = Cyl?r“’(t) (3.112)
| wr(t) = Collru ()

Furthermore, (3.109)—(3.110) and (3.111)-(3.112) can be rewritten as:

Fo(t) = St (t) + LarCis <mc(t) - f[rw(t)> (3.113)
U =Try(t) + KnCor (a:c(t) - f[?"w(t)> (3.114)
_ L, 0 ) c, ) o
with Ly, = and Cy = . In particular, for (3.110), Ky, = [ kn k. ] =
0 L, Co

{ ke (2)  kr(2) ] and for (3.112), Ky = [ k. k. } = [ K, K, ]

The output feedback regulator (3.109)-(3.110) and (3.111)—(3.112) are extensions of the
feedforward regulator (3.96). First of all, we investigate the dynamics of z.(t) — IIr,(t) when
applying (3.113)-(3.114):

Fo(t) — Ty (t) = Aure(t) — (ﬂs - BCF> ro(t) + (BCKMOM - ﬁZéM) (:zcc(t) - fIrw(t)>
- (AC + BoKyCor — ﬁEéM) (:vc(t) - ﬁrw(t)>
— A, <.:1:C(t) - f[rw(t)>
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with z. € D(A.).

From Theorem 8 and the above equation, it is easy to conclude the following lemma.
Lemma 4. For the plant (3.1a)-(53.1b) and the exosystem (3.103)-(3.106), the finite dimen-
sional requlator (3.113)-(3.114) solves the output regulation problem (3.91) if the operators
IT € L(C", X) with IIC" € D(A) and T' € L(C",R) satisfy the Sylvester equations (3.99)-
(3.100) and if there exist controller parameters iM and f(M such that the operator flc i the
above equation is the infinitesimal generator of an exponentially stable Co—semigroup.

Consequently, we investigate the choice of the regulator parameters Ly, and Ky, such
that the operator A, generates an exponentially stable Cy—semigroup and thus the output

regulation problem is solved.

Theorem 9. The controller (3.113)-(3.114) stabilizes the operator A., provided that param-

eters in Ly and Kyy are chosen as follows:

(a). k, can be chosen as a free constant, e.g., k, = 0. As a consequence, we have k,(z) = 0

in (8.110) and K, =0 in (3.112).

(b). Given that the pair (q.,S,) in Assumption 2 is observable, L, is chosen such that

S, + L,q, is Hurwitz matriz.

(¢). Ly, can be chosen such that Sq+ L,,,C, 11 is exponentially stable, where Iy € L(C™, X)

15 the following solution of the Sylvester equation

with pg = Bafq and I[,C™ € D(A)

(d). Assume that k,, = ki + ko and 11 = [ I, II, ] with Iy € L(C", X). Choose k;

such that the operator A+ ki BC,, generates an exponentially stable Cy—semigroup. ko

can be chosen as: ky(z) = W or ks = 11, fo W(iz. Therefore, in

(3.110) the parameter k,,(z) is given by [ ( ) =k +% and in (3.112) the

To(2)) L
DM0EDLY g, Here lo 1S a tuning parameter.

parameter K, is K, = ki + p, fo (Z)
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Proof. According to the structure of the exosystem (3.103)—(3.106), the operators A., B,

Chs and 1T are rewritten as:

A Pd 0 B Hd HT
_ C, 0 0 3
Ac=10 S; 0 |.Be=|0 |.Cu= A= 1,
0 0 ¢
0 0 S, 0 0 I

with pg = Bgfg, and II = [ I, II, } I; and I, are identity matrices. As a result, the

operator A, is calculated:

Ao = Ao+ B.KyCy — ILCy,
A+ Bl%mom + HdLmCm Pa ]-_-[TL'I‘(:ZT + Bl;err
= LmCAm Sd 0

0 0 Sy + Lyq,

Apparently, the stability of A, can be determined by the block operators A, and S, + L,
; A+ Bk Coy + aLyCo pa

where A,,. =
LmOm Sd

Obviously, k. will not influent the stability of A.. Due to Assumption 2, it is possi-

ble to find L, such that the matrix S, + L,q. is Hurwitz. With the bounded similarity

transformations, the operator A,,. is transformed into block lower triangular form, where di-

agonal blocks can be stabilized by choosing appropriate regulator parameters. By assuming

]~€m = k1 + ko, we rewrite flmc as:
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N A py kB — T1,L,,
; : (e o]

0 Sy —L,
A Pa le kQB
= + { Cn 0|+ { Cpn 0 ] +
0 Sy 0 0

A + k’lBCm Pd l{igB - HdLm
: : o]
0 Sa —L,,

I Il

By applying the following similarity transformation: 7" =

0 I

we transform A,,. into the form:

I HO A—|— k’lBCm Pd I

TA,, T ' =
0 I 0 Sd 0
I Il koB —114L,, 1
. X
0 I —L,, .
A + k’chm Pa + H()Sd 1 —HO
0 Sa 0 I
koB — 114L,, — Ly,
+ [ Cn, —Cplly ]
_Lm

Let ko B — 4L, — Iy L,, = 0, then from (3.116) we have

TA,, T ' =

—LmCm Sd + LmCmHO

and T-! =

A -+ leCm Yo -+ H()Sd — AHO — leCmHO

For specified k;, if we let Il satisty the following Sylvester equation:

[1yS; — Ally — k1 BCrpIlg +pg =0
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with II,C" € D(A), then, Apne can be written as block lower triangular form: T'A,, T~ ! =
A+ ki BC,, 0

—L,.C,,  Sq+ L,,Cplly
Then, we choose k; and L,, such that A 4+ k;BC,, generates an exponentially stable

Cy—semigroup, S + L,,C,, 11y is Hurwitz and thus Amc generates an exponentially stable

Co—semigroup. Furthermore, A, generates an exponentially stable Cy—semigroup. Observe

(4 () +1T0(2) L,

(3.116), in order to guarantee ko B—I14L,,—IlyL,, = 0, one can choose ky(z) = 8]

Moreover, ko can also chosen as a constant ky = p, fol W

4L, — yL,, = 0. Here the tunning parameter u, in ko is used to adjust the value of

dz to ensure ko B —

koB — 114L,, — IlyL,, so that its value can approach to zero sufficiently. O

From the above proof, it is shown that the solvability of the Sylvester equation (3.115)
is essential. In the following lemma, we show the solvability condition for the Sylvester

equation (3.115).

Lemma 5. (Solvability of Sylvester equation (3.115)) The transfer function F,,(s)

of (3.65a)—(5.65¢) from u(t) to ym(t) is Fn(s) = — [3° (exp (f:o %dg) %)dn. There
exists a unique classical solution of the Sylvester equation (3.115) if and only if the solvability
condition: 1 — ki F,,,(A\) # 0, VA € a(Sy) holds, where o(Sy) is the spectrum of Sy. In

particular, the solution of (3.115) can be given by:

nq

HO = Z <', Qsdk)R (/\]€7 A + k‘lBCm) (—pd)gbdk (3.117)
k=1

Proof. Since Sy is a diagonalizable matrix (even including one zero eigenvalue, e.g w; = 0
and thus \; = 0), there exists a similarity transformation V,; 'S,V; = diag(\i, ..., \n,) with
Vi = [ ba1 - Dany } with Ay = 2w, k = 1, ..., ng, where twy and ¢y, are eigenvalues and
eigenvectors of Sy (see (3.107)), respectively. Postmultiplying (3.115) by Vj; yields to the

decoupled set of ODEs:
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drin(z) _ Qe—9(2) .y Rib) . D
e o VL R o SV o o (3.118)
moa0) =0 (3.119)

with 7. (2) = Io(2)¢r and pj, = padr, where the boundary condition (3.119) comes from

the definition of D(A), see (3.85) and the term kié’g) o, (20) is from ky BC,Io(2)y with

(3.65a), (3.65¢). Then, it is easy to calculate the corresponding general solution:

0 = (o 2280
([P

By evaluating 77 ,(2) at the point 2 = z, one obtains:

with am,(Ag) = <1 + kg (eXp (fzo Mdg‘) @)dn). Obviously, the above equation

n v(¢) v(n)

can be uniquely solved for 7, (20) if and only if the solvability condition ar,(A) # 0 for
A € 0(Sg) holds. By applying the method in [60], one obtains the transfer function from
u(t) to ym(t) is F(s) = yum(_S) — [ <eXp (fnzo %d() ZEZ;)dn with 4(s) and g, (s) as

the Laplace transform of w(t) and y,,(t). Therefore, once the solvability condition in the

lemma holds, the equation (3.118)-(3.119) can be uniquely solved and the solution of the
Sylvester equation (3.115) can be uniquely calculated by Ily(2) = 75, (2), -+, 7, (2)] Vi '
Moreover, the solvability condition is easily guaranteed, since the parameter k; can be freely
chosen in a certain range, e.g. k; = 0, see Lemma 10. Furthermore, the expression in (3.117)

can be easily obtained using the approach in Section 3.2. O

From Theorem 9, in order to guarantee the feasibility of the proposed regulator, the
detectability of the pair (C,,I1y, Sy) is crucial. In the following lemma, the sufficient and
necessary conditions related to the transfer function from the disturbance d(t) to the mea-

surement y,,(t) are given to ensure the detectability.
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Lemma 6. (Detectability) The pair (C,,Ily, Sy) is detectable, if and only if the transfer

function Gmg(s) = Ch(sI — A) "By, s € p(A) in the plant from d(t) to y,(t) satisfies:

G (M) fabar # 0,k =1,2,--- ng (3.121)

in which ¢q, are the eigenvectors of Sq with respect to the eigenvalues N\, of Sy. As a

consequence, there exists L,, such that Sq+ L,,C,, 11y is Hurwitz.

Proof. According to Th.6.2-5 of [61], the detectability of the pair (C,,I1p, Sy) can be verified
by showing C,,Igpar # 0 for k = 1,2, -+ ng. Using the solution (3.117) yields:

CrIlogpar = Cru R (s A+ k1 BC,,) (—pa) bar
= —CnR(M\; A+ k1 BC,,) Bafadar
= Gk (M) fadar

where Gx(A) = Cp R (\; A + k1 BC,,,) By with A € C+. By applying the Woolbury formula

and the following formula:

R(MNA+kBC,) =R(\A) (I —kBC,R(\A) !

for every A € p(A) N p(A+ k,BC,,), we have

Gr(\) = (I = k1CoR (X A) B) ™ Ga (A)

Due to Assumption 2 that the eigenvalues of Sy are distinct, it is possible to guarantee that
conditions in (3.121) hold for all eigenvectors of S;. Furthermore, the solvability in Lemma 5
guarantees the existence of (I — k;C,, R (\; A) B) ™" and thus the conditions in (3.121) ensure

that the pair (C),I1y, Sy) is detectable. O
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3.3.3 Error feedback regulator

In this section, we proceed with another realistic realization: the error feedback regulator
where only the tracking error e(t) is available to the regulator design. Different from previous
section, throughout this section, the configuration in (3.103)—(3.106) and Assumption 2 are
not applied. In this subsection, the exosystem (3.2a)—(3.2¢) is still employed. Moreover, the

following assumption is made within this subsection:

Assumption 3. The matrix S is diagonizable. The pair in the following equation is expo-

nential detectable:

;l : ,[c _Q} (3.122)

The feedforward regulator (3.96) is extended by the injection of the tracking error e(t) —
C.IIr,(t), where the tracking error e(t) is available for measurement. This leads to the

following finite-dimensional regulator:

(I). Regulator with spatially distributed input: U(z,t)

Fu(t) = Sry(t) + L(e(t) — CuIlr,(t)) (3.123)
U(z,t) = Try(t) + ko(2)(e(t) — CIlry(t)) (3.124)

(IT). Regulator with non-spatially distributed input: ()
Fu(t) = Sry(t) + L(e(t) — C.Ilr,(t)) (3.125)

U(L) = Try(t) + Kole(t) — Collr,(t)) (3.126)

with the initial condition 7,(0) = r,o € C™.

Then, write (3.123)—(3.124) and (3.125)—(3.126) in the following general form:

Fu(t) = Sty (t) + LO(20(t) — Ty (t)) (3.127)
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U =Try(t) + KpCy(xo(t) — r,(t)) (3.128)
Here, Kp = k.(z) for (3.124) and Ky = K, for (3.126). Then, by applying the regulator
(3.127)(3.128), the dynamics of z,(t) — IIr,(t) is given by

Fo(t) — Ty (1) = Aura(t) + (BCF - ﬁs) rult)
+ (BCKE(JC - ﬁL(Jc> (mc(t) - fIrw(t)>
- (AC + BKsC, — ﬁLCC> <xc(t) - f[rw(t)>
= A, <:vc(t) - fIrw(t)>

with z,(0) — IIr,,(0) € D(A,) and z, € D(A,). Then, the following theorem shows that the

output regulation problem is solvable if there exist controller parameters L and K.

Lemma 7. For the plant (3.65) and the exosystem (3.2a)-(3.2¢), the following finite dimen-

stonal regqulator
T (t) = Sry(t) + Le(t)

U =Try,(t) + Kge(t)
solves the output regulation problem (3.91) if the operators Il € L(W, X) with TIC™ € D(A)

(3.129)

and T € L(W,U) satisfy Sylvester equations (3.99)-(3.100) and if there exist controller
parameters L and K such that the operator A, in the above equation is the infinitesimal

generator of an exponentially stable Co—semigroup.

Proof. From the definition of C, and II, we can easily calculate C.II = CII — Q = 0.
Therefore, it is natural that the regulators in (3.123)-(3.124) and (3.125)—(3.126) can be
rewritten as (3.129). If L and Kp can be chosen such that A, is an infinitesimal generator
of an exponentially stable Cy—semigroup, then under control of the regulator (3.129) the
composite state z.(t) — IIr,(t) as t — +o0o. From the proof of Theorem 8, it is easy to see

that the output regulation problem can be solved. O

The next theorem provides a choice of the controller parameters L and K such that the

operator A, is the infinitesimal generator of an exponentially stable Cy—semigroup.
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Theorem 10. The controller (3.129) stabilizes the operator A,, provided that L and K are
chosen as follows: Assume Kp = ks + k4. Choose ks so that A + ksBC is exponentially
stable. Choose L such that S+ L(C1l, + Q) is exponentially stable, where 11, is the solution

of the Sylvester equation

.S — (A+ k3BO)Il, = —P — k3 BQ (3.130)
The parameter ky can be chosen as a spatially varying function ky(z) = W and also
k4 can be chosen as a constant value given by ky = e f;[%]d& Finally, we choose

ke(2) = ks + W for (3.124) and K. = ks + p. f;[%]dz for (3.126). Here

e 18 @ tunning parameter.

Proof. With the bounded similarity transformations, the operator A, is transformed into
the block lower triangular form, where the diagonal blocks generate exponentially stable
Cy—semigroups.

The operator A, can be written as:

Ao = +

. A P KpB —TIL
o o]
0 S L

Now let K = k3 + ka,k, B — IIL = k3B + hs. Then

- A P ksB ksB —11L
Ae= + { C —-Q ] + { C —Q ]
0 S 0 —L
A+ ksBC P —k3BQ ksB —11L
- ‘ o o]
0 S —L

Since A generates an exponentially stable Cy—semigroup, it implies that A is exponentially
stabilizable. In the following section, we will show that small gain k3 can be chosen such

that Ay = A + k3BC with D(Ax) = D(A) is exponentially stable. Now the following
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. I 11, I —II,
similarity transformation is applied to A.: T} = , 17 = , where

0 I 0 I
I, € £L(W, X) has to be determined. Then, applying the similar derivation in Theorem 9

yields the equation (3.130) and the following result

N A 0
T AT = (3.131)

—LC S+ L(CIl.+ Q)
In equation (3.131), Ay, is exponentially stable. Then, A, is exponentially stable if we choose
L such that S+ L(CTI, + Q) is exponentially stable. Finally, the choices of k.(z) in (3.124)

and K, in (3.126) here are similar to the proof of Theorem 9. O

Since the solvability of the Sylvester equation (3.130) directly determines the feasibility
of the regulator (3.126), the following lemma provides solvability conditions ensuring the

solvability of the Sylvester equation (3.130).

Lemma 8. (Solvability of the Sylvester equation (3.130)) The transfer function G(s)

of (3.65a)—(53.65¢) from u(t) toy(t) is G(s) ‘Z =—/, (exp (f )dC) o0 )dn with

u(s) and g(s). There exists a unique classical solution of the Syvester equation (3.130) if and

only if the solvability condition 1 — k3G () # 0 holds, Y\ € o(S) with o(S) as the spectrum

of S. Moreover, the solution of (3.130) is given by:

n

Mo =) ()R (A A+ ks BO) (=P — ks BQ) (3.132)
k=1
Proof. The proof is similar to lemma 5. ]

Similar to the previous section, we turn to the analysis of the conditions on the detectabil-

ity of the pair (CTl, + @, S) in the following lemma.

Lemma 9. (Detectability) The pair (CIl. + Q, S) is detectable, if and only if the transfer

function Go(s) = C(sI — A) "By, s € p(A) from the disturbance d(t) to the controlled output

92



y(t) satisfies the following conditions:
(GO F+ Q) 0,k =1,2,---.n (3.133)

where Yy, are the eigenvectors of S with respect to the eigenvalues g, k =1,2,--- n. Con-

sequently, there exists L such that the matriz S + L(CIl, + Q) is Hurwitz.

Proof. The conditions (CTI, + Q) ¥ # 0,k = 1,2, -+ n indicates the detectability property
of (CIl, + @, S) directly. Then using the formula (3.132) and Woodbury formula show for
k=1,2,---,n:

(CIL + Q) ¥y,

= R (s A+ k3 BC) (=P — ks BQ)by, + Qi

= —R(M; A+ k3BC) (k3B + I)Qy,

—R (Ar; A+ k3 BC) ByFy,

= (I = ksCR (M3 A) B) " (Ge(M)F + Q) ¥
Due to Assumption 3, the eigenvalues of the matrix S are distinct and it is possible to ensure
that conditions in (3.133) hold. Moreover, the solvability conditions in Lemma 8 ensures the
existence of (I — ksCR (\e; A) B)™" and the conditions in (3.133) guarantees that the pair

(CTl, + Q, S) is detectable. O

In Theorem 9 and Theorem 10, it is necessary to choose k; (or k3) such that [A+k; BC,,]
(or [A + k3B() is exponentially stable. In this chapter, we provide the choice of k; (or k3)

in the following lemma which was proposed in Chapter 5.

Lemma 10. Under assumption that the operator A generates an exponentially stable Co— semigroup
e on H and the operator C' is A—admissible, then there exists k, > 0 such that Vk €
[—k;,k:;] so that the extended operator A + kBC' still generates an exponentially stable
Co—semigroup on X.

Proof. For the proof of lemma, please refer to the proof part of Theorem 4.3.7 in [62]. More-

over, it should be noted that k € [k, k7] is a sufficient condition ensuing ||(1 — kBCR(A; AN | <

p’p
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+o00. In practice, alternatively k can also be chosen outside of the range [~k k] as long

as sup {||R(\; A+ kBC)||;Re(A) > —£} < +oo for some € > 0, —& < wy, where —wy is the

stability margin of the Cy—semigroup generated by the operator A. m

3.3.4 Numerical Simulations

In this section, we apply the proposed results to two examples including: a numerical example

and a nonlinear advection dominated axial dispersion reactor, see [3].

3.3.4.1 Numerical Example with spatially distributed input U(z,t)

We consider a homogenous one-dimensional first-order hyperbolic PDE system on [0, 1] with

boundary observation and point output:

% = v(z)% + g(2)x(z,t) + b(2)U(2,t),z € (0,1] (3.134a)
z(0,t) =0, x(2,0) = xo(2) (3.134b)
y(t) = z(21,t), ym(t) = (20, 1) (3.134c)

with v(z) = —2(2 + 1), g(z) = e and b(z) = 22 + 1. z(z,t) is the state of the plant and
U(z,1) is the control signal. The controlled output y(t) is the evolution of the state at point
z1 = 0.5 and the measured output y,,(t) is the evolution of the state at boundary point
zo = 1. Obviously, the controlled output and the measured output are different.

From the proof part of Theorem 1, one can see that in order to guarantee the exponential
stability of the system, it is sufficient that there exists the unique solution 7(z) defined over
the interval [0,1]. Given the coefficients ¢g(z), v(z) and initial value 7(0) : © = 0.00001,
we can compute the solution the initial value Cauchy problem (3.80). The unique solution
of n(z) is defined in [0,1] and thus the system (3.134) without input, i.e. U(z,t) = 0 is
exponentially stable as shown in Figure 3.6.

In this section, our objective is to design output and error feedback regulators, respec-
tively such that the controlled output y(¢) (3.134c) tracks a given harmonic trajectory ref-

erence signal: y,(t) = 5sin(2t) and rejects the constant disturbance d(t) = 1 as well. The
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Figure 3.6: The evolution of the state x(z,t) decays exponentially.
disturbance d(t) and the reference signal y,(¢f) can be modelled by (3.103)—(3.106) with

0 2
Sdzoafdzlasr: 7Q7“:[170]'
-2 0

According to the content in previous section, we know the plant (3.134) is regular and
the infinite-dimensional representation on the Hilbert space X = L2(0,1) is in the form of
(3.1a)~(3.1b) and the system operator A is defined as A = v(2)2 + g(z) - I with its domain

given by D(A) = {x € L*(0,1) : z is a.c , 2 € L?(0,1),z(0) = 0}. The input operator B €

' da
L(U, L*(0,1)) and the disturbance location operator By € L(Uy, L?(0,1)), where U, U, C R,
are defined by B =1 and B; = 0.2.

Given the defined operators A, B and C' and according to Lemma 9, the performance
of the operator A 4+ kBC' is investigated in Figure 3.7. Obviously, as shown in Figure 3.7,
changing the value of k£ would change the stability margin of the operator A + kBC. In
particular, in this chapter, we choose k € [—1, 1] to ensure good stability which stays in the
region x shown in Figure 3.7.

We now carry on solving the constrained Sylvester equation (3.99)-(3.100). Given the

expression IT = { I, II, 1, (3.99)-(3.100) can be rewritten as:

Hde - AHd = BFd + Pd (3135)
Cll; =0
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Figure 3.7: The performance of the operator A+ kBC with different values of k. The region
x denotes that the operator A + kBC' has similar stability margin with the operator A with
kel-1,1].

I1,.S, — All, = BT,
(3.136)
CHT‘ =d(r
with pg = Bafq = 0.2. It is easy to solve (3.135) for II; and I'y: II; = 0 and I'y = —p,4. Then,
we turn to solving (3.136) for I',. According to the structure of S,, it is straightforward to
write I, = [ MY } € L(C? U). By applying the methods in Section 3.2, one can get the

explicit expression of v, and vs:

Re (G(21)) — Im (G(217))

ne G@i)P
., _ _Be(G(2) + Im (G(20)
G2i)]

with G(s) = C(sI — A)"'b(2),s € p(A). It is apparent that the specified value of the transfer

function is essential to the calculation of v; and ~s.

n ()
It is easy to get G(2i) = x(0.5,2i) = 0.2286 — 0.0457i. With the value of G(2i), one can

Applying the technique in [63] leads to G(2i) = — f00'5 (exp (— f0'5 g(o_zid() bm))dn.

calculate: v; = 4.2051, v, = 0.6539.

Output feedback regulator — Now, we carry on the construction of the output feed-
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back regulator of (3.109)-(3.110) form. Under the control of the regulator (3.109)-(3.110),
we show that the controlled output y(t) tracks the reference signal y,.(¢) = 5sin(2t) despite
of the existence of the constant disturbance d(t) = 1. We assume that the measurement of
the plant y,,(t) and the reference signal y,.(¢) are available to the regulator and the controlled
output y(t). Obviously, the measured output y,,(t) are different, i.e., y(t) = z(0.5,¢) and
Yym(t) = z(1,1).

In this part, from Theorem 9, k,.(z) is free and therefore it can be set as k,.(z) = 0. Then,
it is essential to calculate k,,(2), L,, and L,. According to Theorem 9 and Lemma 10, one

can first set k1 = 0 since A is exponentially stable. Then, one can rewrite (3.115) as:

dilo(2) _ _ 9(2)
doz o _g(z) HO(Z) B vlzi)
ITo(0) = 0

To solve the above equation, we get the closed form solution I1y(2) as:

= [ (o[ (45) ) )

It is easy to calculate C),Ily(z) = [ I (1) TIgy(1) } = —0.0706. Then, one can easily
find L,,, e.g. L,, = 20 such that Sy + L,,C,,11 is exponentially stable. Consequently, the

parameter of the regulator k can be computed through the explicit expression: k,,(z) =

o (z) = AR 0Ee — Qi Finally, with the initial condition: r,,(0) = [0,0.1,4.6]7,
the output feedback regulator (3.109)-(3.110) is established. The results are shown in Figure
3.8 and Figure 3.9.

In Figure 3.8, we can see that despite of the existence of disturbance d(t) = 1, the
controlled output y(t) tracks the reference signal y,.(¢) well under the control of the proposed
output feedback regulator (3.109)-(3.110). In Figure 3.9, the evolution of the state z(z,t) is

plotted. Moreover, the locations of y(t) and y,,(t) are pointed out. Therefore, we conclude

that in this part, an output feedback regulator is constructed with the measurement y,, ()
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y(t) and y(t)

Figure 3.8: The controlled output y(t) tracks the reference signal y,(t) = 5sin(2¢) under the
control of regulator (3.109)-(3.110).

x(z,t)

Figure 3.9: The evolution of the state z(z,t) under the control of the output feedback
regulator (3.109)-(3.110).

and the reference signal y,(t) as its inputs, such that the controlled output y(¢) of the plant
tracks the reference signal v, (t) despite of the disturbance d(t).

3.3.4.2 Advection dominated axial dispersion reactor application

A mathematical model for an advection dominated axial dispersion reactor is obtained by

assuming no dispersion, see [32]:
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or o AHk E Ash

g i ) - T-T 1

T v(2) 5 O, exp ( RT) o, ( ),z € (0,1 (3.137)
T(0,t) = Tpn,t >0 (3.138)

y(t) = T(,t),t>0 (3.139)

In these equations, v(z), AH, p, Cp, ko, E, R, h and T}, hold for the superficial fluid
velocity, heat of reaction, density, specific heat, kinetic constant, activation energy, ideal gas
constant, heat transfer coefficient and the inlet temperature, respectively. T.(¢) denotes the

coolant temperature and control input of (3.137)—(3.139). The parameter values used here

are depicted in Table 3.1.

process parameters notations numerical values
superficial fluid velocity v(2) —(0.025 + 0.075z) m/s
length of the reactor [ 1m
activation energy E 11250 cal/mol
kinetic constant ko 10% 571
reaction coefficient ;?TH 85
heat transfer coefficient f—éf 0.2 571
ideal gas constant R 1.986 cal/(mol.K)
inlet temperature s 340 K

Table 3.1: Process parameters used in the simulation.

Let us consider the following state transformation: § = T;—r‘:" and the new output yy(t) =
y(tgp% Then, one obtains the following equivalent representation of the model (3.137)-
(3.138):

% = v(z)% — Kexp (%) + 5 (0. —0) (3.140)
6(0,t) = 0 (3.141)
ye(t) = 0(1,1) (3.142)

Consequently, for the transformed system (3.140)—(3.142), the input signal is 6.(t). The

parameters k, 1 and 8 are related to the original parameters as follows:
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Let us denote by (0., 0..) a given equilibrium profile of the model (3.140)—(3.141). Then, we
consider the state transformation: z(t) = 0(t) — 0.(t), the new output y,(t) = ya(t) —
0.(l) and the new input u(t) = 6.(t) — 0.. The linearization of the system (3.140)-
(3.141) around its equilibrium profile leads to the linear infinite-dimensional system on the
Hilbert space X = L5(0,1). A is the linear operator defined on its domain: D(A) =
{z € Ly(0,1): zis ac, % € Ly(0,1) and z(0) = 0}, by A = v(z)% + a(z)] with the func-

MO N _p
146 ) (146.)2

is the linear bounded operator defined by: B = . The new output is expressed by

tion « given by a(z) = —kexp ( — B. The input operator B € L(U, L(0,1))
y(t) = Cx(t) = fllfrac(z,t)dz, t > 0 with » = 0.0001. According to [32], we can as-
sume a uniform(constant) equilibrium profile 6,.(z) = 0 if the equilibrium input signal is set

as 0., = % The parameter values of the resulting infinite-dimensional system are shown in

Table 3.2.

v(2) a K g B b
—(0.025 + 0.0752) —0.4421 0.0145 16.7 0.2 0

Table 3.2: Parameter values in the linear infinite-dimensional system.

In this example, our objective is the design of the error feedback regulator (3.126) in
such a way that the output y,(t) tracks a step signal y,.(t) = T, and rejects an unknown
constant disturbance d(t). We assume the disturbance spatial distribution to be given by
the operator By = e* - I,z € [0,1]. Therefore, the exosystem can be constructed simply as:
0(t) = 0,u9 = T € R. Obviously, by adjusting the initial condition vy, one obtains different
step signals y,., see Figure 3.11.

In terms of previous notation in (3.2a)—(3.2c), @ = 1, F' = 0.5 and then P = 0.5¢*. Now,

the Sylvester equation (3.99)—(3.100) reduces to:

oll(z)  a(z) B (BT + 0.5¢*)
0z —u(2) (2) + —v(2) (8-143)
o) = 0, () =1 (3.144)
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where II(0) = 0 comes from the definition of D(A) and II(I) = 1 comes from (3.100).

Then, it is straightforward to compute the general solution of (3.143) given by II(z2)
o (J; £5c) 10) + 5 (e (1 =) =) ant + (e (I =506 2557 >

| o | 1-fi (e <f; i) S Jan
By applying the boundary conditions in (3.144), one obtains: I' = —; W
fO (eXp(fn —v(¢) C) v(n))

5.671. In order to design the error feedback regulator (3.126), the Sylvester equation given

by (3.130) needs to be solved and it reduces to:

oll.(z)  —a(z) B (0.5e* + k3B3)  ksPlL(l)
0z v(z) Le(z) + v(z) v(z) (3.145)
II.(0) = 0 (3.146)

where according to Lemma 10, k3 is chosen as k3 = 0.7. The general solution of (3.145)—

(3.146) can be calculated analytically and II.(I) can be computed by evaluating II.(z) at

—a en
Jo (exP(fri Serde) (05v<:)k36)) "
(1+f(§ (exp(fl ”(‘g)dc) k?ﬁ)> ) = —4.1728. As a consequence,
n v v(n

the parameter gain L can be easily configured, e.g L = 1 such that S + L(II.(I) + Q) =

z = [ and is given by He(l) =

—3.1728 is negative and since S = 0, the spatially varying function gain is given by: k.(z) =

ksfB+11e(z) L+I1(z)L
3 .

Consequently, the spatially distributed input U(z,¢) in (3.124) and (3.129) can be con-

structed as

U(z,t) = Try(t) + ke(2)e(t)

= Iy () + kge(t) + LG (¢)

and the performance of U(z,t) is shown in Figure 3.11 (black dashed line y,(¢)). However,
the control law U(z,t) in (3.124) may not be practical to implement. According to Theorem
10, the feedforward gain K, is given by K. = k3 + e ( ! Mdz) Therefore, the

time varying control law wu(t) in (3.126) and (3.129) is given by:

U(t) = Try(t) + Kee(t)
= Try(8) + kge(t) + pre (fy S50z ) (1)
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Figure 3.10: Manipulated input U(t).

with p. = 1, which is only the function of time and is shown in Figure 3.10. The correspond-
ing performance of u(t) is also shown in Figure 3.11 (blue dashed line y,,(t)). Compared
with the performance of U(z,t), the averaged control law U(¢) still can achieve the tracking
target with an overshoot and a longer actuation time. In Figure 3.12, the evolution of state

x(z,t) under the control law U(t) is given.

6

e (0)
- -y (t)

e - gult

5,

yT'(t)7 yx(t) and y.'x:in(t)

_10 10 20 30 40 50 60 70 80 90

Figure 3.11: The evolution of the controlled outputs 4, (t), yzin(t) and the reference trajectory
y-(t) =7T: T =3 when 0 <t <30; T =5 when 30 <t < 60;T =1 when 60 < ¢ < 90.
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Figure 3.12: The evolution of state x(z,t) under the regulator given by U(t) = I'r,(t) +
kse(t) + pte ( I8 w@ e(t).

3.4 Output regulation for a class of linear boundary

controlled first-order hyperbolic PIDE systems

3.4.1 Problem formulation

We consider the following hyperbolic PIDE systems on the domain {t € R,z € (0,1)} pre-

sented in [64]: Opx(z,t) = ,x(z,t) + f(2)x(0,¢)

+ [y 9(z, )z (€, t)dE (3.147)
+ [ h(z, ©)2(€ 1)dE + g1 () (1)
2(1,t) = u(t) + g2da(t) (3.148)
y(t) = Ca(t) (3.149)
Yym(t) = 2(0,1) (3.150)

with the input u(t) € R. di(t) € R and dy(t) € R are unmeasurable process and boundary

input disturbances, respectively. f, g and h are real-valued continuous functions. ¢; € C[0, 1]
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and ¢g» € R in (3.147)—(3.148) are known functions that characterize the distribution of
disturbances. z(-,t) € X = L5(0,1), Vt € RT denotes the state variable and then (-, t)
at the point z is xz(z,t). The real space X = L5(0,1) is the state space with the norm
I-|]2, ie., |z(2)]]* = 01 22(2,t)dz. In (3.149), y(t) € R is the output to be controlled. The
corresponding output operator C may describe point-wise or distributed in domain outputs,
e y(t) = Ca(t) = / (e ) (3.151)
0
where ¢(z) = SN, ¢i0(z — 2), 2 € (0,1) and ¢; € R, or ¢(z) € Ly(0,1). The measurement
ym(t) € R is different from the controlled output y(¢). In particular, it is not necessary that

the controlled output y(t) can be measured.

The following scalar hyperbolic PIDE system:

Ox(z,t) = v(2)0.x(z,t) + a(2)x(z,t)
+f(2)2(0,) + [5 §(z, &)= (&, t)dg
+ [, h(z € (E ) + g1 (2)ah (1)

on the domain (z,t) € (0,1) x (0,7 can be transformed into (3.147)—(3.150) by applying an
appropriate change of variables, see [64]. Concomitantly, the resulting boundary conditions
and outputs remain the same as in (3.148)-(3.150). Hence, the following results of this
chapter are also valid for this general system class that describes many transport processes.
Remark 10. Without considering the integration term in (3.147)-(3.150) and assuming
that the function f(z) # 0, in [4] it has been shown that the system of equations described by
(8.147)-(3.148) is a spectral system. However, according to Th.4.1. and Co.4.2 in [39], it is
shown that the system (3.147)-(5.148) without the integration term and with f(z) # 0 is not
a Riesz-spectral system. This is in sharp contrast to the results associated with parabolic PDE
and second order hyperbolic PDE systems, which usually rely on the Riesz-spectral system
properties.

To ensure that the plant (3.147) is stabilizable in finite time, the following assumption

providing sufficient conditions for the coefficients of (3.147) is given [64]:
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Assumption 4. Define the triangles

7?: {(Zaf) € [07 1] X [0,1},2 > f}

T ={(2,6) € [0,1] x [0,1],2 < £}

and the spaces X; = C(T;;R) and X, = C(T,;R) equipped with the norms

7]

X;— Sup |h(27€)|th € XzaZ = lau
(z:.0)€T,

then the coefficients in (3.147) satisfy: f € C([0,1];R), g € X; and h € X,,. Moreover, f, g
and h satisfy: max < sup |f(Ol, lgllx,, [|7]|x, ¢ < 0.25. In particular, if f(z) =0, then the
coefficients g and h si;fs}; max {||g||x,, [| ]| x,} < 0.5.

Actually, by introducing Assumption 4, the plant is limited into a certain class of
systems with heavily bounded coefficients. However, for some systems, even though the plant
coefficients are larger than the sufficient conditions, these systems still can be stabilized, see
Section II-F in [64]. Moreover, when some coefficients such as f and h are zero functions,
this limitation is relaxed. For example, in (3.147), when h(z,£) = 0, the plant reduces to
the system in [54] and is always stabilizable in finite time. Furthermore, for the case that g
and h are only functions of z, i.e., g(z,&) = g(z) and h(z,&) = h(z), sufficient and necessary
conditions were studied and provided in [65].

The disturbances d;(t) and ds(t) in (3.147), (3.148) and the reference signal y,.(t) € R
to be asymptotically tracked by the controlled output y(¢) can be modelled by the known

finite-dimensional exosystem:

o(t) = Su(t),v(0) = vy € C™ (3.152)
di(t) = pho(t) =rjuva(t), t € RY (3.153)
do(t) = pho(t) = rgva(t), t € RY (3.154)
yr(t) = ¢"u(t) = ¢l v, (1), t € RT (3.155)
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where S is a block diagonal matrix S = bdiag(Sy, S;) having all its eigenvalues on the
imaginary axis, i.e. fwj where i = /=1, k = 1,---,n, and w; can have zero values.
Correspondingly, v = col(vg, v,) with the signal models 04(t) = Squa(t), v4(0) = vgg € C™,
and 0,(t) = S,v,(t),v,.(0) = v9 € C™, ng + ny = ny.

In particular, we can design the above matrix S to have the form: S = bdiag(Sy, S,) =
bdiag(Sm, S,) and the block S, is a nilpotent matrix with dimension n,, i.e. its spectrum:
o(S,) = 0. In this chapter, we assume S,, is a sub-block matrix in the matrix S,. The matrix
Sm is a diagonalizable matrix with dimension n,,. Obviously, we have n,, + n,, = n,. In

particular, in this chapter, .S, is given by

o0 --- 0 0
1 0 0 0
S,=10 2 ... 0 0 (3.156)
(00 - (n—1) 0
If we write v = col(vy,v,) and ¢7 = [¢h,¢l] with ¢ = [a1, a0, , ] and v,(0) =

[1,0,---,0]T, then it is easy to obtain the polynomial signal:
T _ np—1
G, Un(t) =q + ot + -+ + ap, t

According to this assumption, the exosystem can generate sinusoidal, steplike, ramp and
polynomial exogenous signals. In particular, since we assume that .S, is a block matrix in
the matrix S, a polynomial type exogenous signal is only possible for the reference signal
yr ().

In this chapter, we assume that the disturbances cannot be measured and the reference
signal y,.(t) in (3.150) is available for the regulator design. Moreover, throughout this chapter,
the disturbance distributions g;(z) and go, and the matrices S, pgl, pde and ¢7 are assumed
to be known for the regulator design.

In this chapter, the output regulation problem is solved, which is equivalent to a regulator
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design such that, with the state feedback control the output tracking error satisfies:
e(t) =y(t) —y.(t) =0, t>T (3.157)

for a finite time 7" € R™, and with the output feedback control, the output tracking error
satisfies:

lim (e(t)) = lim (y(t) —y.(t)) =0 (3.158)

t—o00 t—o00

for all initial values of the plant (3.147)—(3.150), of the exosystem (3.152)—(3.155) and of the

regulator. Moreover, the resulting closed-loop system has to be exponentially stable.

3.4.2 Output regulation by state feedback
First, the backstepping approach in [64] is applied to transform the plant (3.147)—(3.150) into
a target system with a simple structure. Thereby, the new coordinates Z(z,t) are introduced

in the form of the integral transformation
(z, t) = Te [2(t)] (z) (3.159)
= Jo p(z,©a(&,t)dE — [} o(z, (&, t)d¢

with z(t) = {z(z,t),z € (0,1)} and integral kernels p(z,¢) and o(z,£). Assume that the

kernel p(z,&) and o(z, &) are the solutions of the kernel boundary value problems (BVP):

9ep(z,§) + 3zp(z §) = —g(2,¢) +o(z,1)p(1,§)

3.160
+ /¢ 9 n)dn + [ g(n,€)o(z,n)dn (3.160)

+f0 )dnavz’§€[0 1]St §<z

9c0(2,€) + 0z0(2,€) = —h(z, &) + o(z,1)p(1,£)
+ [¢ o(z.m)g(n, &)dn + [£ o(z,m)h(n, §)dn (3.161)

+ Jo ol ﬂﬁ)diZSG[O 1]st. 2 <¢

with boundary conditions
p(z,0) = —f(2) + foz 2,0)f (n)di) (3.162)
+f n)dn,Vz € [0, 1]

0(z,1) =0 (3.163)
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A straightforward computation leads to

01 (z) = q1(2)ph, — 5 (2, &) g1 (y€)dEpY,

M o(z E)gn(€)depT (3.164)
= Te o] (2)p,
and the resulting system:
(t) = Su(t) (3.165)
Dy (z,t) = 0,8(2,t) + §L (2)v(t) (3.166)
Z(1,t) = mio(t) + goplv(t) (3.167)

by implementation of the state feedback regulator, with the state feedback and feedforward

gains, of the following form:
1
) = [ K@l 0z + =Lule), KE) = p(1.6) (3.168)

From [64], the Assumption 4 indicates that the kernel BVPs (3.160)—(3.163) has a unique
bounded solution [ p o ]". As a consequence, the feedback gain k() in (3.168) exists such
that the closed-loop system (3.147), (3.148) for v(t) = 0 is finite-time stable.

In order to determine the feedforward gain 77 in (3.168), we introduce for (3.165)—(3.167)

the error state:
é(z,t) = &(z,t) — 7' (2)v(t) (3.169)

where 77 (2) has to be found. Therein, 77 (z)v(t) describes the behaviour of (z,t) to achieve

output regulation (3.157). By applying (3.152), (3.166), and (3.169) one obtains:

0é(z,t) = 0,é(z,1), (z,t) € (0,1) x RT (3.170)
é(1,t) = 2(1,t) — 7 ()v(t) =0 (3.171)
e(t) = Cx(t) — ¢ v(t) = CT,  [é(t)] (3.172)

if 77'(2) is the solution of the regulator equations
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——(2) =7 (2)S+ 3l () =0 (3.173)
CT. ' [7"] =4" (3.174)

on the spatial domain z € (0,1) and 7/ in (3.168) is chosen as:

my =" (1) = g2py, (3.175)

From Lemma 6 of [64], the Assumption 4 implies that the inverse transformation 7,
given in (3.172) exists. It has the following integral form:
w(z,t) =T, [E(t)] ()
= (1) + fi (2, 36 1) (3.176)
+ [ Uz F(E 1)
where the kernels k(z, £) and [(z, ) are bounded functions. The corresponding inverse control

kernel BVPs for k(z,&) and [(z, &) have the following forms:

ek (2, &) + 0. k(z &) = —g(z,&) — f(2)I(0,€)
— J& 9z mk(n, )dn — [ g(z,mi(n, )dn
—fz h(z,m) (ﬁ,ﬁ)dn,Vz,g €0,1] st. £ <z

(3.177)

Oel(2,8) + 0:1(2,€) = —h(2,§) — f(2)(0,€)
— J¢ h(z.n)k(n, &)dn — [ g(z.n)l(n, §)dn (3.178)
—ff (z,m)l(n,&)dn, ¥z, € [0,1] s.t. 2 < ¢

with boundary conditions:
k(z,0) = —f(2) (3.179)

1(0,§) =0 (3.180)
Then, the tracking error system (3.170)—(3.172) is finite-time stable. Therefore, the output
regulation with the closed-stability is achieved, see the proof part of Theorem 11. Equiv-

alently, we can claim that (3.173)—(3.174) are the regulator equations, since they play the

same role as the regulator equations (constrained Sylvester equations) derived for the general
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class of distributed parameter systems with distributed control in [57], and with boundary
control in [31]. Since the ODE (3.173) has a very simple form, it admits a general closed-form
analytic solution. Consequently, the solvability of the regulator equations (3.173)—(3.174)
can be easily demonstrated, and it depends on the behavior of the system (3.147)—(3.149).
The transfer function can be obtained on the basis of the representation of the plant in
the backstepping coordinates — a simple hyperbolic system. Thus, the transfer function is
attainable in a closed-form. In order to utilize the transfer function explicitly, we apply the
method in [60]. With the aid of the transfer function and motivated by [53] for parabolic sys-
tems, the following lemma demonstrates the solvability condition for the regulator equations
(3.173)—(3.174).

Lemma 11. (Regulator Equations). The transfer function of (3.147)-(3.149) from u(t) to
y(t) is G(s) = CT, ' [e**]e~*. Then, the regulator equations (3.173)-(3.174}) have a unique
solution if and only if G(\) # 0, VA € o(S).

Proof. We assume that {¢,} with k = 1,--- n,, are eigenvectors of S,, with eigenvalues as

{ M}t - Consequently, equations (3.173)—(3.174) can be decomposed into:

T
dm,,

- (2) = 7L (2) S + 31,0 (2) = 0 (3.181)
CT " [l = (3.182)
dﬁ (2) = 72(2)S, + g, (2) =0 (3.183)
CT " m] = (3.184)

with 77(2) = [x%(z), 75 (z)]. First, we focus on solving (3.183)—(3.184). Assume 77 (2) =

m rtn

[Tp1(2), Tn2(2), -+, Mo, (2)] and gr = (G101 (2)s G1n2(2), - - -, Ginn, (2)], then (3.183) can be
written as a set of cascade ODEs:

dmy, k

i (2) = ko1 (2) = gine(2) (3.185)

dTn,ny,

dz (Z> = —Jinmn, <Z>
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with k =1,2,---,(n, — 1). Consequently, the general solutions are given by:

T i(2) = Tk (0) + [ (kT iy 1(§) — g1s(8)) d€
T, (2) = Tpn, (0) — foz Jinm, (§)dE

Obviously, it is easy to see that the existence and uniqueness of m, j+1(2) directly indicates
the existence and uniqueness of m, (2). Let ¢! = [gn1,Gn2, " Gnn,) and applying (3.184)

ields: z
y C7;fl[€0z]ﬂ_n,n"<0) = Qn,nn + C7;71 [fo gln,nn <§)d§}

CT. e mnr(0) = qur
—|—C7:;1 [foz (kﬂ-mk-i-l(f) - gln,k(g)) dé}

Therefore, the condition CT, ! [€%*] # 0 ensures the existence and uniqueness of m,, ,, (0) and
Tnk(0), K =1,2,--- (n, — 1) and thus the existence and uniqueness of 7 (z).

As defined in previous section, the matrix S,, is diagonalizable, there exists a similar-
ity transformation V1S,V = diag (A1, -+, \n,,) With V = [¢1,- -+, },,,]. Postmultiplying

(3.173) by V gives us a decoupled set of ODEs:

dm! . .
with 7%, (2) = 7L (2)¢y and g;,.,.(2) = gL, (2)¢y for k= 1,--+ n,,. In terms of an unknown

boundary condition, the corresponding general solution is
M) = g 0) = [ g (s 3.157)
0

Therefore, the condition (3.174) can be rewritten as CT, ! [7%,(2)] = ¢’x With ¢’ = ¢ ox.

By inserting the general solution 7} (z), one obtains:

CT. " [e] e (0) (3.188)
=CT [foz GAk(Zi'S)ngk(s)dS] +q
This equation can be solved directly for =, (0) if and only if the solvability condition
CT. ' [e*] # 0,YA € o(S,,) holds. Therefore, the solution of the regulator equations

(3.181)—(3.182) can be uniquely obtained as 7%, (2) = [75,(2), -+, T, (2)] V71 if and only

m ml » mng,
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if the solvability condition of Lemma 11 holds. From the above, the regulator equation
(3.173)—(3.174) has a unique solution as long as the condition CT, 7! [e**] # 0,V € o (S)
holds.

The system (3.147)—(3.149) has the representation 0,7 (z,t) = 0,%(z,t), (z,t) € (0,1) xR+
with the boundary condition Z(1,¢) = u(¢ fo (1,E)T 1 z(t)] (€)dE, t > 0 and the output
y(t) = CT. ' [z(t)] in the coordinates (3.159). By applying the technique in [60], the transfer
function can be easily computed: G(s) = CT,![e**] e~*. Obviously, VA € o(9), e~ is non-
zero and invertible. Then, VA € o(S), G(\) # 0 means CT, ! [¢**] # 0 and this completes

the proof of the Lemma 11. n

From Lemma 11 it is implied that the eigenmodes of the exosystem (3.152)—(3.155) can be
transferred to the output y(t) to compensate for the process and boundary input disturbances
di(t) and dy(t) and to attain the reference signal y,.(¢). In the proof of Lemma 11 it is shown
that the solution 77 (2) of the regulator equations (3.173)—(3.174) can be readily computed
in closed-form given that the backstepping transformations (3.159) and (3.176) have been
determined (see (3.164) and (3.174)). Consequently, the full state feedback regulator (3.168)

achieving output regulation has the form:

u(t) = / p(L,€)a(€, 1)de + (x7(1) — gl ) w(t) (3.189)

For the design of the full state feedback regulator (3.189), these results show that at first
the control kernel BVPs (3.160)—(3.163) and the corresponding inverse control kernel BVPs
(3.177)—(3.180) have to be solved in order to get p(1,€), gi(z) and thus 7 (z). In the
following theorem it is shown that output regulation in the coordinates (3.159) also ensures
the output regulation in the original coordinates. Thereby, the dynamics of the tracking
error e, (z,t) = x(z,t) — 72 (2)v(t) with 77 (z) = T.7* [7] () is finite-time stable.

Theorem 11. (State Feedback Regulator). Let r(z,€) and 77 (z) be the solution of the
control-kernel BVP (3.160)—(5.163) and the regulator equations (3.173)-(3.174), respec-

tively. Then, the state feedback (3.189) achieves output regulation (3.157) for the system
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(8.147)-(3.149) and (3.152)—(3.155) with an exponentially stable tracking error dynamics in

the Ly—norm, i.e., the tracking error ey.(t) = {ew(z,t), z € [0, 1]} satisfies
lew (- D)y < Me(p, 0.k, Dlew (-, 0)[|5, ¢ € (0,71 (3.190)

for all ey.(+,0) € Lo(0,1) with M, > 0 and ag > 0. In particular, the finite-time output

requlation by state feedback control (3.189) is achieved.

Proof. The tracking error (3.170)—(3.171) can be solved as

éo(z+1t), z+t<1
é(t) = (3.191)

0, z+t>1

for all £ > 0, z € [0,1]. For the unbounded output operator defined in Section 3.4.1, based
on Cauchy-Schwarz inequality, the boundedness of the kernels k(z, &) and I(z,&), it can be
shown that there exists a positive constant M (k,l) > 0 (i.e. depending on k, [) such that

the norms

leC, D)ll2< [[e(0)]]2

le()] = €T (é())]

< [lé(z0, )l + || J3" & (20, ) &(&, )de],
[ (20, ) E(€,1)d€
< (1+ M(k, 1)) ||E(0)]

hold for all t € R*. Moreover,

+

2

10 B)lla=0,¥% > 1

le(t)|= 0,V¢ > 1

This proves the output regulation (3.157) for the considered unbounded operators C within
finite time. For the bounded operator C the same also holds, since 7,7! is bounded. To prove

(3.190), by applying Cauchy-Schwarz inequality we have:
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Hé('?t)HQ = ||7::(etr('vt))||2
< llew (Ol + || 5 vz, Oenr (s, )]
‘ o(z,&)ew (&, 1) df”

Due to || [ p(z, E)ew(&, |2 < [ [ 1p(z, &) Pdedz|len (-, )12 o(z, E)ew(€,1) df”
lew (-, 1)||3 fo fo €)|?dédz, then the boundedness of the kernels p(z ¢) and o(z, £) implies

the existence of a positive constant cy(p, ¢) such that the following inequality

2

2
< cg(p, 0) Hetr<'7 t)”Q

2 ’
2

/ 42 E)en (€, 1)de

/0 pl en (€. 1)

2

yields [[e(-, ©)[l, < (14 co(p,0)) |lew (-, t)]|, and thus one has

1€(- 0)lly < (1 + colp, 0)) llew (- 0l

Because the kernels k(z, ) and I(z, ) in the inverse transformation (3.176) are also bounded,
there is a positive constant ¢;(k,[) such that e, (-, t)|l, < (1 +c1(k, 1)) ||€(-,t)]|,. This leads
o (3.190) with M.(p,0,k,1) = (14 c1(k,1)) (1 + co(p, 0)). Moreover, |ey-(+,t)||2= 0,Vt > 1.
Therefore, the finite-time stability of error dynamics in the original coordinates is ensured.

]

3.4.3 The design of output feedback regulator

In this section, the output regulator is designed to realize the output regulation of the system

(3.147)—(3.150). In this section, we make the following assumptions:

(i) Tt is assumed that (¢, S,) is observable.
(ii) Eigenvalues of Sy are distinct.

(iii) The reference signal y,(t) and the measurement y,,(t) (different from the controlled

output y(t)) are known for the regulator design.

114



Since y,(t) is known, the state v.(t) of (3.152) can be estimated by applying the finite-

dimensional reference observer
(1) = Sp0.(t) + e (ye(t) — ¢ 0, ()) 2 > 0 (3.192)

with the initial condition 9,(0) = 0,9 € C"™. Due to assumption (i), there exists an output
injection gain [, such that the dynamics of the estimation error e,.(t) = v,.(t) — 0,.(t) decays
asymptotically.

To estimate the states x(z,t) and v4(t) in (3.147) and (3.152) the PDE-ODE coupled

observer is constructed as follows:

0g(t) = Sqba(t) + lg (ym(t) — #(0,1)) ,t > 0 (3.193)
Bi(z,t) = 0.2(2, 1) + £(2)2(0,1)
+ Jo 9(2,€)2(&, t)d¢

(3.194)
+ le h(z, )& (&, t)dE + g1 (2)r] va(?)
+U(2) (ym(t) — 2(0,1)) ,t > 0
"i(Lt) = u<t) + g2rcjl;@d<t),t >0 (3195>

on the domain (z,t) € (0,1) x RT with the initial conditions 04(0) = 04 € C"™ and
#(2,0) = #o(2),2 € [0,1]. Then, in view of (3.147)(3.148), (3.152) and (3.193) (3.195),

the corresponding observer error system can be constructed as
€d(t) == Sd6d<t) - ldem(O, t) (3196)

Oer(2,t) = 0,ex(2,t) + v(2)e.(0,1)

+ [y 9(z, ©)ea(€, ) dE (3.197)
+ [ (2, €)en (€, )dE + g1 (2)rT ealt)
ex(1,t) = gary ea(t) (3.198)
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with v(2) = f(2) — l(2), eq(t) = vq(t) — 04(t) and e,(z,t) = x(z,t) — Z(z,t). In order
to ensure the convergence of the observer, the observer error system (3.196)—(3.198) has
to be stabilized. This problem can be solved by applying the backstepping forwarding
approach. To this end, the coordinates é,(z,t) are introduced for the infinite-dimensional

system (3.197)—(3.198) by the inverse integral transformation

ea(2,t) = T, [Ea(1)] (2)
= Ca(2,1) + [y Kobs(2,€)Ex (€, £)dE (3.199)
. o (2, ) (€, £)d€
in order to simplify the design of the output injection gains [(z) and [;. Assume that the

observer kernels kps(2, &) and l,s(2, €) are the solutions of the inverse observer-kernel BVPs:

Ockovs(2,€) + Ozkops(2, &) = —g(2, &) — 7(2)lobs(0,€)
= J¢ 9(z,m)kos(n, €)€x(&, t)dn
— % g(2, 1) lobs (1, €)E, (€, ) (3.200)
— [ Bz kb (1, €)E0 (&, t)dny

Vz,£€[0,1] st £< 2

Olobs(2,€) + O:lovs(2,€) = —h(z €) — 7(2)lobs (0, €)
— J Dz n)kobs (1, §)éx (€, t)dn
—f (z,m) obs(mﬁ)ém(g,t)dn (3.201)
— I 9(z,m)lons(n, )€ (&, t)dn
Vz, £ €[0,1] s.t. 2 <&

kops(1,€) =0 (3.202)
lobs(0,€) =0 (3.203)

After the straightforward derivation, one obtains the output injection gain:

1(2) = f(2) + T, I)(2) + Kows(2,0) (3.204)
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and the representation:

éd(t) = Sded(t) - ldéx((), t) (3205)
Dia(2,1) = 0.8,(2,1) — 1(2)E:(0, 1) + g1, (2)ea(t) (3.200)
éx(1,t) = gory ea(t) (3.207)

of (3.196)(3.198) in new coordinates. Therein, §{,(z) = Tolg1](2)r], — Tollons(-, 1)](2) g7y,
)

holds. The new output injection gain I(z) in (3.204) and (3.206) is needed as an additional
degree of freedom for the further design. The transformation 7, in gi (z) is given by the

integral transformation:

Tolen(t)](2) = €a(2,t) + [ os(2, €)ea(E, 1)dE
[ s (2, €)en (€, 1)dE
= €,(z,1)

(3.208)

The corresponding observer kernel BVPs for pus(z, &) and gops(2, €) have the form:

azpobs(za g) + aﬁpobs(za g) = 9(27 f) =+ Z(Z>QObs(07 5)
+ J¢ pobs(2,m)g(n, €)dny
+ f ovs (2, )R, €)diy (3.209)

+ [ qos(2,1) (1, €)d
Vz, £ €[0,1] s.t. £ <z

0:obs (2, €) + Ocobs (2, §) = (2, &) + 1(2)qobs (0, §)
+ Jo Povs (2, m) (), €)dn
+ Ji obs(z,m)g(n, €)dn (3.210)
+ [ qona(2,m) (), €)
Vz, £ €[0,1] s.t. 2 <¢

pobs(17£) =0 (3211)

QObs<07§) =0 (3212)
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If submitting (3.208) into (3.199), it is not difficult to obtain:

_pobs(za 5) = kobs(«z; f) + f; pobs<2, n)kobs(n, g)dn
+ Ji Dobs (2, 7)Lans(m, €)dln (3.213)
+ le QObS(Zv n)kobs (777 g)dT]

—qobs(2,&) = lops(2,§) + fozpobs(z, Mlobs(1, £)dn
+ [ Goba (2, 1) lobs (17, €) (3.214)

+ f; q0b8(27 n)kobs (7]7 §)d77
Remark 11. In (3.200)-(3.203) and (3.209)-(3.212), the boundary conditions lus(0,&) =

0 and qops(0,€) = 0 eliminate the effects of coefficients v(z) and 1(z) on the existence of
the kernels kops, lobs, Pobs and Gops- According to Lemma 13 and Lemma 15 of [64], the
Assumption 4 directly means that kernel equations (3.200)—(3.203) and (3.209)-(3.212) have

bounded and unique solutions.

In order to decouple the PDE subsystem (3.206)—(3.207) from the ODE system (3.205)

and motivated by [66], the following error coordinates are defined:
eo(2,t) = (2, t) — AT (2)eq(t) (3.215)

with 77 (2) € R™. Simple calculation yields the ODE-PDE cascade

€d<t) = (Sd - ldﬁT(O)) €d(t) — ldex((), t) (3216)
Orea(z,t) = Boen(z,1), 2 € [0,1] (3.217)
e.(1,8) =0, >0 (3.218)

on the domain (z,t) € (0,1) x R*. Therefore, 27 (z) has to satisfy the triangular decoupling
BVP: T

O () = T () + () = 0 (3:219)

n' (1) = gorg, (3.220)
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and

I(2) =" (2)ly (3.221)

has to hold.
Lemma 12. (Triangular Decoupling BVP). The triangular decoupling BVP (3.219)-(3.220)

always has a unique classical solution.

Proof. The BVP (3.219)—(3.220) has the same form with (3.173)—(3.174) when replacing
(3.174) by a Dirichlet boundary condition (see (3.220)). Therefore, if we denote the eigen-
values of Sy, A\gi, i = 1,2,...,n4, the solvability condition e*i £ 0,i = 1,2,...,n4, can be
easily obtained from the proof of Lemma 11. Obviously, no matter what values of A4, are,

this condition always holds. This yields the result of Lemma 12. O]

The conclusion shows that in order to design the observer gains l; and [(z) for the exosys-
tem and the plant observers (3.193)—(3.195), first the inverse observer kernel BVPs (3.200)—
(3.203) and the corresponding observer kernel BVPs (3.209)—(3.212) have to be solved so
that keps(2,0) in (3.204) and gf (z) in (3.206) can be computed. Then, the solution 17 (z)
of the triangular decoupling BVP (3.219)-(3.220) is attainable. With the resulting vector
1T (0) the exosystem observer gain Iy in (3.193) can be determined such that the matrix
Sy — 14n™(0) is Hurwitz, see (3.216) given that (n7(0),S,) is observable. Consequently, by

applying (3.204) and (3.221), the plant observer gain [(z) in (3.194) is
1(2) = f(2) + T, A" ](2)la + Kops(2,0) (3.222)

realizing the plant and the exosystem observer design. The observability of (fLT(O), Sd) can

be guaranteed whenever the conditions in the following lemma are satisfied.

Lemma 13. (Observability). The numerator of the transfer matriz Fj (s) = #(S) of
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(8.147)-(3.148) and (3.150) from col (di(t),d2(t)) to ym,(t) is

N | R Tl O o)

s 1
e g2+ [y € Fqons(€,1)dEgn
Then, denoting vqe; and \q; the eigenvectors and corresponding eigenvalues of Sq4, respec-

tively, the pair (R™(0), Sq) is observable if and only if

T
le /Ud,’L

N (M) #0,i=1,2,--- ng (3.224)
T4, Vdi
Proof. From Th. 6.2-5 in [61], the pair (2(0),S,) is observable if and only if 7;(0) =

T (0)vg; # 0,1 = 1,2, ..., ng, since the eigenvalues of Sy are distinct. By applying the similar
method in the proof of Lemma 11 the result 7}(0) = NJ'(\g;)col (rglvd,i,rcﬂvd,i) can be
easily obtained for ¢ = 1,2, ..., ng. By utilizing the transformation Z(z,t) = 7, [z(t)] (), (see
(3.208), the plant (3.147)—(3.148) and (3.150) becomes

0y2(2,t) = 0.3(2,t) + (To[f1(2) — Pobs(2,0)) 2(0, 1)
+To[91](2)d1 (t) + qobs (2, 1) g2da(t)
+qobs (2, 1)u(t) (3.225)
T(1,1) = u(t) + g2da(?)
Yym(t) = 2(0,7)

where qops(2,1) = —To[lobs(+, 1)](2) according to (3.214). For this representation of the plant

T
the transfer matrix F (s) = ]Z;Z ((j)) can be derived in a closed-form, where D,(s) is an
irrational denominator. This completes the proof. ]

Remark 12. Lemma 13 indicates that the estimation of the disturbance states vq(t) is only
possible if the transmission of the disturbances dy(t) and dy(t) to the measurement y,,(t) is
not blocked by the corresponding transfer behavior. Therefore, (3.224) requires 7‘31 va; # 0 or
rglgvd,i #0,1=1,2,....,ng. This implies that each eigenmode of V4(t) = Syv4(t) is observable

in di(t) ordy(t). m
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The triangular system (3.216)—(3.218) suggests an exponential stability of the observer
error dynamics (3.205)—(3.207) if Sy — 1427 (0) in (3.216) is a Huwitz matrix and the PDE
subsystem (3.217)—(3.218) is finite time stable. The following theorem demonstrates this
result.

Theorem 12. Let l(z) be given by (3.222). Then, the observer error dynamics (3.205)-
(8.207) is for t > 1 exponentially stable in the norm |||y = (||||(2Cnd + H||§)%, i.e. the

observer error e..(t) = col(eq(t), ex(t)) with e, (t) = {e.(z,t), z € [0,1]} satisfies

—Qcet
x.. < Meee

lece(t)]

ec(0)lx,,-t € (0,7] (3.226)

for all e..(0) € X, = C" @ Ly(0,1) and positive constants ce and M.

Proof. Consider the Lyapunov function:
1
V(t) = ef (t)Pea(t) + c/ (1+ 2)e2(2,t)dz (3.227)
0

where ¢ > 0 and P = PT > 0 is the solution of the Lyapunov equation
(Sa — 1A (0))" P+ P (Ss— 14" (0)) = —Q (3.228)

for some Q = QT > 0. Taking the time derivative of (3.227) along the trajectories of (3.216)
and (3.217), we get
V(t) = ((Sa— 1" (0)) ea(t) — laz(0,1))" Pea(t)
+el (t)p ((Sa — 1an™(0)) eq(t) — lae,(0,1))
+2c fol (1+ 2)ex(2,t)0.64(2, t)dz (3.229)
— T (1) ((sd —1i7(0))" P+ P (Sy— ldﬁT(O))>
xeq(t) — 2el Plye,(0,t)
+2¢ fol (1+ 2)e.(2,t)0..(2,t)dz
Integrating the last term in (3.229)

2 Jy (14 2)ea(z,1)0.84(2, t)dz (3.230)
= —ce(0,t) — cfol e2(z,t)dz
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and utilizing (3.228), we obtain

V(1) = —ef (1)Qealt) — 2¢] Plae, (0, 1) (3.231)
—c&t(Ot—ch (z,t)dz
Since the parameter ¢ can be chosen arbitrarily, we choose it to be sufficiently large to

guarantee that 1
565 (t)Qea(t) + 2€k Plye,(0,t) + c2(0,t) > 0 (3.232)

So that

V(t) < 35 (H)Qealt) ¢ fi €2 (3.233)

It follows from (3.227) and (3.233) that there exists p > 0 such that

V(t) < uV(t) (3.234)

This implies that the system (3.205) and (3.207) is exponentially stable in the norm defined
in (3.227) which is equivalent to the norm ||-|| .. Therefore, there exist d. > 0 and M, > 0

such that

NI

[[€ce(t)

ze.= (llea(®)[[Ena €, D)I3) (3.235)
- . 1
< Meee™% ([lea(0) || +|Ex (-, 0)[13)?

with é.. = col(eq, €;). From [64], kernels pops, Qobs, kobs and lops are bounded. Similar to
the proof in Theorem 11, according to the Cauchy-Schwarz inequality, there exist positive

constants: ¢3(Pobs, Gobs) ANd C4(Kops, lops) such that || (-, )] £, < (1 + c3(Pobss Qobs)) || €2 (- )| L,

and [lex (-, 1)), < (1 + ca(Kobs, Lobs)) ||€x(+, 1) ||, As a consequence, we have

lece @l x.. < (lea(®)|Enatllea(-, t)]13)
< ([lea()IEna+ (1 + calkobs, lons))” 12 (-, 1)[13)
S Mceeidmt (1 + C4(kob57 lobs))

D=

(3.236)
% (lea(0)|ns 12 0)[13)?
< Mee™ %t (1 + ca(Kops, lobs))
X (14 ¢3(Pobss Gobs)) ll€ce (0) [ x...
This leads to (3.226) with M. = M. (1 4 c4(kops: lovs))
X (1 + 3(Pobs, Qobs)) €. O
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The regulator achieving the output regulation consists of observers (3.192)—(3.195) for

the plant and the exosystem combined with the feedback:

u(t) = /o p(1,2)z(z,t)dz + (7TT(1) — ggpdTQ) 0(t) (3.237)

when utilizing the state estimates #(z,t) and 0(t) = col(04,0,) in (3.168). The following
theorem shows that for the resulting observer-based regulator, the separation principle holds
implying the output regulation.

Theorem 13. Consider the output feedback regulator (3.192)-(5.195) with (3.222), and

(3.237). Then, the output requlation (3.158) is achieved in the norm

1
2 2 2 2\ 2
o = (Fllenr + llena + 1112+ 1-12)

ie. let ¢ =3 —wlo and 7l (2) = T, Y [xT](2), then the state ey = col (e,,eq, €z, €) satisfies

the following inequality:

lea(®)llx,, < Mae™*|lea(0)]y,,.t = 0 (3.238)

for all e4(0) € Xy =C" @ C™ & Ly(0,1) & Lo(0,1) and positive constants My and ay.
Proof. By defining the new coordinate Z(z,t) = T.[#(t)](2), the observer (3.193)-(3.195) can

be transformed into the following form through the integral transformation 7. defined in

(3.159): ) A i
0 (2, 1) = 0. (2,t) + g1 (2)0(t) + le(2)ex(0, 1) (3.239)

z(1,t) = 7T (1)o(t) (3.240)

where §7(z) is defined in (3.164) and I,(z) = 7:[l](2). In view of (3.199), one has e, (0, t)

€,(0,1). Then, by applying the change of variables £,(z,t) = Z(z,t) =77 (2)0(t), i.e., &(z,t) =
T.[é(t)](2) and expressing 77 (z) = { T(z) n¥(2) } (see (3.173)—(3.174)), one can get:

Dién(z,t) = 0.6,(2,t) + al (2)eq(t)

+as(2)e,(0,t) — 73 (2)l.q e ()
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with boundary condition é,(1,¢) = 0, where the parameters al (2) and ay(z) are given by

al(z) = <l~c(z) — 7T1T(z)ld) 77(0) and ay(z) = I,(2) — 77 (2)lg. In the derivation, e,(z,t) =
éx(z,t)—n" (2)eq(t) and e,(0,t) = €,(0,t) were utilized. This system, with é,(t) = (S, — l,¢]) e,(t)
(see (3.192)) and (3.216)—(3.218), describes the closed-loop system as a cascade of two
exponentially stable subsystems. Then, defining the state of the closed-loop system as
Ea(t) = col(e(t),ea(t),e.(t),é.(t)) in the Hilbert space Xy = C" & C™ & Ly(0,1) @ Lo(0,1)
with the standard inner product. Consider Lyapunov function
V(t) = e (t)Pre,(t) + €] (t) Paeq(t)
+cq fol (1+ 2)e2(z,t)dz (3.241)

te ) (14 2)&2 (2, t)d>

where ¢; > 0, ¢; > 0, P, = P > 0 and P; = P] > 0 are solutions of Lyapunov equations:
P (S, = Lqh) + (S = L.g")" P. = —Q. (3.242)

Py (Sq— 14" (0)) + (S — 1" (0))" Py = —Qq (3.243)

for some Q, = QT > 0 and Q4 = QT > 0, which can be chosen arbitrarily. Following the

proof in Theorem 11 and differentiating (3.241) with respect to time, we get
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V(t) = ef@) (S = Lal)" Pt P (S, = Lal) ) en(t)

+el(t) ((Sd —14iT(0))" Pyt Py (Sy — ldﬁT(O))> ea(t)

—2el Pilae,(0,1) — c162(0,t) — ¢ fo (z,t)dz

—9€2(0,t) — co fo €2(z2,t)dz

+2¢9 fo (1+ 2)é.(2,t)a (2)dzeq(t)

120 [ (14 2)2,(2, t)az(2)dze, (0, t)

—2¢5 [if (14 2)2,(2, )78 (2)dzl,q e, (t)
T(1)Qrer(t) — 3eh ()Qqealt) — 1 [ €2

— 02f0 (2,t)dz — c2€2(0, 1)

—2c5 [i (14 2).(z, t)ﬂg( )dzl.q e, (t)

—10s [y (2, t)dz — el (H)Qren(t)

— e (1)Qqea(t) — 2€§Pdld€x(0 t) —3c1£2(0,1)

—Lel (1)Qqealt) — Lea [, €2

+2¢o fo (1+ 2)éx(2,t)a” (z)dzed(t)

—1e12(0,8) + 2¢5 [i (1+ 2)é.(2, t)as(2)dze, (0, 1)

—Ley [1E2(z,t)dz

1
_26

(3.244)

Since ¢; and ¢y can be chosen arbitrarily, we choose c; sufficiently large and ¢, sufficiently

small to ensure that

LT (0)Qren(t) + 2¢2 [ (14 2)2,(2, )7 (2)dzl,qT e, (t)

+ley [1E2(2,t)d2 > 0

1 1
—el (1)Qqea(t) + 2eL Pylye,(0,1) + éclei(O, t)>0

el (1)Qqealt) + oo [y E2(2,1)dz
—2¢o fol (14 2)é,(2,t)a’ (2)dzeq(t) > 0

sc1e2(0,t) — 2¢, fol 1+ 2)é.(2,t)as(2)dze,(0,t)

+3 CQfO (z2,t)dz >0
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so that .
V(t) < —ge; ()Qrer(t) — 5e4 (1) Qqealt) (3.245)

—c fo (z,t)dz — 3¢, fo (z,t)dz
Following from (3.241) and (3.247), there exists v > 0 such that

V(t) < —vV(t) (3.246)

This indicates that the systems for é, = col(e,, eq4, €., €,) are for t > 1 exponentially stable in

the norm defined in (3.241), which is equivalent to ||| x,,, i.e., there exist positive constants

cl)

Md > 0 and ay > 0 such that

léa(t)]

Xa S Mae™t ([l (0)][ 2 +[lea(0) | Zny

+ [le=(, 0)[5+[1€2(-, 0)113)

(3.247)

D=

Due to the boundedness of operators T, and 7,!, there exist positive constants cs(p, ¢) and
cg(k, 1) such that [[€,(-,1)[la< (14 c5(p,q)) [I€(, )|z and [le(, £)[|2< (1 + c(k, 1) €2 (-, )]|2-
Moreover, from the proof part in Theorem 12, we have ||e, (-, t)||2< (1 + c4(Kobs, lobs)) ||€x(+, )2
and

162 (-, t))|2< (1 4 ¢3(Dobs Gobs)) l|€x (-, 1) ||2- This yields the result in (3.238) with M, = My (1+

cm)(1 4 ¢), ¢ = max(cy, ¢g) and ¢, = max(cs, ¢5), and completes the proof. O

3.4.4 Examples
3.4.4.1 Example 1. Application to KdV-like equation
We take the example of the Korteweg-de Vries-like equations used in [54]. The system is

determined by three coefficients a, v and € and the transformation yields the following PIDE

Ox(z,t) = €0,x(z,t) — ybsinh(bz)x(0, t)

+yb? [ cosh(b(z — &) (&, t)d¢
Considering ¢ = 1 and assuming that we want to control PIDE (3.248) by applying the

full state feedback regulator (3.168). In this example, the parameters are set as a = 1,

v = 4. The output y(t) to be controlled is in-domain and pointwise with ¢(z) = §(z — 0.5)
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in (3.151). We assume that there are no disturbances and the reference signal y,.(¢) is
(

, 1+4t, 0<t<4 _ .
designed as y,(t) = and then the corresponding S, and ¢, have forms
—10,t >4
A
0 0
, 0<t<4 1 4|,0<t<4
of S, = 10 and ¢! = It is easy to find
- —10, t > 4
0,t>14
20
= -
7555585

Figure 3.13: The evolution of the state x(z,t) under the state feedback control law (3.168).
that in the designed exosystem (3.152)-(3.155), the matrix S = S, = S, is a nilpotent

matrix. Given k(z,£) and I(z,€) and by using the formula for G(s), it is easy to compute
G(0) = —0.2387 # 0, the condition in Lemma 11 holds and the state feedback regulator
exists. Applying the technique proposed in Lemma 11 easily yields the feedforward gain

3.6 455 |,0<t<4

nl = The results are shown in Figure 3.13 and 3.14. It

—11.348, t > 4
should be noted that since the stabilized system is finite-time stable, the control output y(t)

tracks the reference signal y,.(¢) within finite-time ¢ € (0,7),T > 1.
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yr(t) and y(t)

9 10

o
-
N
w
N
S~ O
[e)]
~
oo

Figure 3.14: The reference trajectory y,(t)and the controlled output y(t) = x(0.5,¢) under
the state feedback control law (3.168). The output regulations are achieved with ¢t € (0, T1]
and t € (4, T3] with T3 > 1 and T, > 5.

3.4.5 Example 2. Application to a PDE-ODE Interconnected sys-

tem
We consider the system given in [64] with f(z) = a—i—%\wa 9(2, ) = —deOSh(\/fjiﬁf\s/kég\/E(l_f))‘i‘
bd cosh(y/c(z — €)) and h(z, &) = —Ldeoshlve)cohlVell-0) with ¢ = 1.25, b = ¢ = 0.1 and

cosh(y/c)

d = 10, and the system can be obtained from a first-order PDE coupled with a second order

ODE, see [64].
The output to be controlled is in domain and pointwise with N = 1 and z; = 0.5 in

(3.151). We assume that disturbance distributions are give by g;(z) = 0.5¢™* and go = 1. The
disturbances are constant: d;(t) = 1 and dy(t) = 2, which leads to a first-order disturbance

model with S; =0, gy = 1 and rg = 2. According to (3.223) and (3.224)and given g5 and

v
Pobs, it is not hard to compute N7 (0) 46308 # 0 with vy, = 1. Therefore, the
2vd71

observability is guaranteed and the output feedback regulator exists. The reference signal
y-(t) is sinusoidal with y,.(t) = 2sin(2t). Therefore, the corresponding model can be given
2

0
by (3.152) and (3.155) with S, = and ¢! = [ 2 0 }
-2 0
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Figure 3.16: The reference trajectory y,(t)and the controlled output y(¢) = (0.5,¢) under
the control of the proposed output feedback regulator. The output regulation is achieved for

t>1

Therefore, for the estimation of v,(t) € C?, an observer (3.192) can be designed with

the spectrum o(S, —

l.q") = {—18,—10}. The regulator equations (3.173)—(3.174) and

the triangular decoupling BVP (3.219)—(3.220) can be directly solved in a closed-form. The

corresponding control and observer kernel equations are solved through a successive approxi-

mation with 30 fixpoint iterations. Moreover, the gain Iy is chosen such that —I4n7 (0)

—10.

Figure 3.15 and 3.16 show the performance of the proposed output feedback regulator
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(3.192)-(3.195) and (3.237). Since the observer error systems and tracking error systems

are exponentially stable for ¢ > 1, the output regulation is achieved exponentially for ¢ > 1.

3.5 Conclusions

In this chapter, the output regulation problem for the distributed and boundary control first
order hyperbolic PDE systems are addressed. In particular, for different types of the hyper-
bolic systems, different regulator equations (Sylvester equations) are derived. Correspond-
ingly, their solvabilities have been investigated and sufficient conditions are provided. In
details, for the designed output and error feedback regulators, the corresponding detectabil-
ities are studied and the sufficient conditions are given. Finally, computer simulations are

presented to show the performances of the proposed regulators.
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Chapter 4

Output and error feedback regulator
designs for linear infinite-dimensional

systems

4.1 Introduction

In Chapter 3, the geometric approaches were extended, and finite-dimensional regulators
were designed to solve the output regulation problem for the first-order hyperbolic systems
with bounded control and output operators. Due to some restrictions on the design of
regulators and on the characteristics of considered plant, the proposed regulators may not be
constructed successfully. In this chapter, novel output feedback and error feedback regulators
are designed to relax those restrictions in Chapter 3 and proposed regulators are easier to
design.

In practice, the boundary/pointwise control and observation are frequently encountered,
and the relevant control schemes involve mathematic difficulties due to unbounded operators
[62]. In [67], p-copy internal model principle and G—conditions were introduced to the regular
linear systems where both control and observation operators are unbounded. In this thesis,

in order to address the output regulation problem for the linear systems with unbounded
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observation operators and to avoid the mathematic difficulties caused by the unboundedness
of operators, Yosida-type approximate boundary observation is used in the design of the
output regulators [68].

Recently, in [69], three dynamic error feedback controllers were introduced for regular
linear systems. In particular, one observer-based robust controller (Section VI) was designed
based on G—condition motivated by [58] where the controller has Internal Model Structure
(IMS) and the controller operator G; has a triangular form. Moreover, an auziliary operator
(not function-type) Sylvester equation needs to be solved. In this chapter, a new form of
the observer-based error feedback regulator is proposed and the solution of the auxiliary
Sylvester equation is the function of the spatial variable, which simplifies and reduces com-

plexity associated with the calculation of the auxiliary Sylvester equation.

d _ d
ZP < u ZE ZP ey ZE
k _’T;_
ym = ad yr u
- 2C - Zc

(a) (b)

Figure 4.1: Block diagram of systems interconnection (plant ¥p, exosystem g and regula-
tors X¢) with disturbance d, measurement y,,, reference y,., output y, input « and tracking
error e. (a). configuration of the output feedback regulator; (b). configuration of the error
feedback regulator.

In this chapter, two types of regulators are proposed and designed, see Figure 4.1.
The main contribution is given as the observers design, i.e. the weighted regulator state

T
( Hr,, )T oT(t) (or f]ere(t)) is used to obtain exponentially accurate estimates for the

plant and exosystem states. To achieve the observer convergence, the observer error system
is decoupled into the PDE-subsystem and the ODE-subsystem so that the ODE-subsystem
and the PDE-subsystem can be stabilized separately by fixing free regulator parameters.
This decomposition idea was applied in backstepping designs of the output regulator, see

[53] and in internal model regulator designs, see [58], [69]. However, compared with [53]),

the proposed regulators in this chapter can address output regulation problems for coupled
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PDE systems with distributed or boundary control (with the aid of the approach in [31])
inputs. Compared with, see [58] or [69], a novel output feedback regulator is provided in
this chapter and the auxiliary Sylvester equations introduced here are easier to solve (by
introducing weights H and f[e).

In more detail, the constructed output feedback regulator is driven by the measurement
Ym(t) and the reference y,(t). Therefore, the observability conditions are studied. Here,
the measurement y,,(t) does not belong to the set of the controlled output y(¢), while in
the design of the error feedback regulator, the proposed approach yields an alternative and
easy choice for finding the output injection gain for the traditional error feedback regulator
design, see [57] and Chapter 3. In contrast, the regulator parameters in this chapter can be
easily designed and configured. For infinite-dimensional systems, the proposed two regulator
designs are both applicable and valid for Riesz-spectral systems, see [52] and non-spectral
systems, see [37]. In particular, the free design parameters of the regulators are configured
by applying the separation principle.

Assume that X and Y are Hilbert spaces and A : X +— Y is a linear operator, then
D(A) denotes the domain of A. £(X,Y’) denotes the space of all linear, bounded operators
from X toY (If X = C™* and Y = C™, then L(X,Y) = C™>*™). If X =Y, then we
write £(X). If A: X — X, then o(A) is the spectrum of A (the set of eigenvalues, if
A € Crxxnx) - p(A) = C\o(A) is the resolvent set and R(\;A) = (M — A7t € L(X)
denotes the resolvent operator for A € p(A). The inner product is denoted by (-, -).
L*(0,1)™ with a non-negative integer m is a Hilbert space of an m—dimensional vector
of the real functions that are a square integrable over [0,1]. H*(0,1) with a non-negative
integer k, denotes a Hilbert space defined as the Sobolev space of order k, i.e. H*(0,1)™ =
{h(-) € L*(0,1)™: (%) € L*(0,1)™,p =1,2,...,k}. In particular, H°(0,1) = L*(0,1). If
the plant is a finite-dimensional system, the assumption: 4 generates a Co—semigroup 7 4(t)
is always satisfied, and the semigroup is the matrix exponential function, i.e., T4(t) = e t >

0 [14]. e** is exponentially stable if and only if o(A) C C7, i.e., the matrix A is Hurwitz.
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4.2 Problem formulation

The plant — We are concerned with the following infinite-dimensional linear system ¥ p:

(t) = Ax(t) + Bu(t) + Gd(t),t > 0,2(0) = 2 € X (4.1)
y(t) =Cx(t),t >0 (4.2)
Ym(t) = Cx(t), t >0 (4.3)

where

x € X is the state of the system,

X is a complex Hilbert state space,
u € U is an input,

y € Y is the controlled output, and

Ym € Y, is the measured output.
U, Y and Y,, are complex Hilbert control and output spaces, respectively. A : D(A) C
X — X is the infinitesimal generator of a Cy—semigroup T4(t) on X, B € L(U,X). The
output operators C,C,, € L(X;,Y) are A—admissible (see [70]), where the space X; = D(A)
is equipped with the norm ||z|1= [[(8] — A)z| and 5 € p(A). d(t) € Uy is disturbance
and Uy is a complex Hilbert space. G € L(Uy, X) denotes disturbance location operator.
According to Proposition 4.9 of [71], the system (4.1)—(4.3) is well-posed and the Yosida-

1
z and

type approximation of operators C and C,, in X are defined by C,z = aC (al — A)
Cra = aCpy (oI — A) "'z, x € X, where R (v; A) is the resolvent operator for a € p(A). Tt

is natural that the transfer functions are expressed as follows:

G(s) = CuR(s;A)B, s € p(A) (4.4)
Ga(s) =C,R(s; A)G, s € p(A) (4.5)
Gm(s) = CnaR(s;A)G, s € p(A) (4.6)
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where G(s), G4(s) and G,,(s) are transfer functions from u(t) to y(t), from d(t) to y(t) and
from d(t) to y,(t), respectively.

This class of systems can be utilized to model behavior of both non-spectral and spectral
systems, and in particular transport processes (described by the first order hyperbolic PDEs),
heat and diffusion processes (described by parabolic PDEs) and vibrations (described by the
second order hyperbolic PDEs and higher order PDEs describing beam models). Moreover,
the class also contains all finite-dimensional systems by choosing the state space X = C"x,
and letting A, B and C be matrices of appropriate sizes. The transfer functions are defined
by (4.4)—(4.6) provided that s € C is not an eigenvalue of A. Actually, the following results
in this chapter are also applicable to finite-dimensional systems.

The exosystem — The reference trajectory y,.(t) € Y to be tracked by y(t) and the

process disturbance d(t) in (4.1) are generated by the known n-dimensional exosystem Y g:

0(t) = Sv(t), t >0, v(0) =vy € C" (4.7)
d(t) = Fu(t), t >0 (4.8)
yr(t) = Qu(t) €Y, £ =0 (4.9)

with F' and () matrices of appropriate dimensions which are assumed to be known for the
regulator design.

Assumption 5. S : D(S) C C* — C" is a diagonalizable matriz having all its eigenvalues
on the imaginary azis, i.e. 0(S) = {Ar},_, - Note that the spectrum of S can include zero

eigenvalues. This accounts for the modeling of steplike and sinusoidal exogenous signals.

Remark 13. In this chapter, two requlators are designed. For different requlators, different
and specific configurations of S will be made in the following sections, respectively.

The output regulation problem — The main control problem in this chapter is defined
as follows: Design regulators such that the following conditions are satisfied:

(1). The closed-loop system operator generates an exponentially stable Cy—semigroup;
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(ii). Let e(t) = y(t) — y-(t) denote the tracking error, then for some o < 0,

e(t) € L]0, 00) (4.10)
Here, L2[0, 00) is defined by [72]:

£2[0,00) = {f e L3fo.00)| [ e < oo}
0

Throughout this chapter, we make the following general assumptions:
Assumption 6. The pair (A, B) is exponentially stabilizable.

Assumption 7. The pairs (Cy, A) and (Cpa, A) are exponentially detectable.
Assumption 8. The spectrum of S is contained in the resolvent set of A, i.e., a(S) C p(A).

Remark 14. Due to the characteristic of the matriz S in the Assumption 5, for some
unstable systems, Assumption 8 may not hold, i.e., 0(S) ¢ p(A). In this case, one can first
stabilize the system to shift the spectrum of A away from the spectrum of S such that the
condition in Assumption 8 is guaranteed.

The following lemma presented in Chapter 3 proposed the full state feedback control law

solving the output regulation problems.

Lemma 14. Let Assumptions 6 and 8 hold. The linear state feedback regulator can be
designed if and only if there exist mappings I1 € L(C", X) with TIC* € D(A) and I' €

L(C™ U) satisfying the requlator equations:
IIS = All + BI' + GF (4.11)
Cll = Q (4.12)

The full state feedback requlator is given by:

u(t) = Kx(t) + Lo(t) (4.13)

136



where K € L(X,U) is any exponentially stabilizing feedback gain for the pair (A, B) and the
operator L € L(C",U) is given by L =T — KII.

According to Lemma 14, in the following sections, two regulators are designed to estimate
states of the plant and the exosystem such that the control law (4.13) can be applied to

address the output regulation problem.

4.3 The output feedback regulator

In this section, provided that the measurement y,,(¢) and the reference signal y,(t) are
available, an output feedback regulator will be designed to estimate the states of plant
(4.1)-(4.3) and the exosystem (4.7)—(4.9). Consequently, the control law in (4.13) can be
applied to achieve the output regulation (i)—(ii). Similar works can be found in [52] and
[53]. The contribution in [52] is the development of an finite-dimensional output feedback
regulator addressing the control of Riesz-spectral systems. While [53] designed the regulator
in the backstepping coordinates. In this chapter, the output feedback regulator is designed
to address the control problems for general infinite-dimensional systems including spectral
and non-spectral systems.

Similar to the above two elaborate works, the configuration of the exosystem in this

section is also given as follows:

0a(t) = Sava(t), va(0) = vy € C (4.14)
0, (1) = Sy (), 1,(0) = v,9 € C™ (4.15)
d(t) = Fo(t) = fava(t), t >0 (4.16)
yr(t) = Qu(t) = gyvr(t), t 20 (4.17)

where the matrix S in (4.7) is a block diagonal diagonalizable matrix: S = bdiag(Sy, S,) and
the exosystem state is constructed by v = col(vg, v,.) with n = ng + n,. (4.14) and (4.16) is

the disturbance model and (4.15) and (4.17) is the reference model. Obviously, eigenvalues
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of S; and S, are given by o(Sy) = {)\k}kzl,---,nd and o(S,) = {)\k}kzndJrl,---,n and one has
F:{fd 0] andQ:[() %}

In this section, for the above configuration of exosystem, the following assumption is

made:

Assumption 9. [t is assumed that (q,, S,) is observable and that the eigenvalues of Sy are

distinct.
It is easy to calculate: ng
Sava(t) =Y M (va(t), bar) Gan (4.18)
k=1
ng
Ud<t) = esdtvd(O) = Z 6>\kt <’Ud(0), (bdk) ¢dk (419)
k=1
where {¢gr} with k= 1,---,n4 are eigenvectors of S; corresponding to eigenvalues of Sy.

In this section, given the measurement y,,(t) and the reference signal y,(¢), an output
feedback regulator will be designed to estimate the states of the plant (4.1)—(4.3) and the
exosystem (4.7)—(4.9), and then the control law (4.13) can be applied to achieve the output
regulation (i)—(ii).

The abstract form of the regulator is given as follows:

Far(t) = Rarras (6) + Lg ym((;) (4.20)
y""
U(t) = KMT’M<t), t>0 (421)

on a space X,p, where Ry : D(Ry) C Xy — X, generates a Cp—semigroup Tx,, on
XrM, Ly € E(Ym X Y, XrM) and K,s € L:(X,«M, U)
The plant and the output feedback regulator can be written as a closed-loop system on

the composite state space X, = X X X,

Fem(t) = Aumom(t) + Bent(t), Zem(0) € X (4.22)
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J](t) A BKM QF Cma

Wlth SEcm(t) = N Acm = 3 ch == ) LCM = LM
rar(t) Lev  Rum Lo 0
0
and Loy = Ly . The operator A, generates a Co—semigroup T4, (t) on Xp,.
Q
We turn to the output feedback regulator design, by writing (4.20)—(4.21) in the following
o O IR R R EACN R e
_ = + (4.23)
0, (t) 0 R, 0, (t) L.y, (t)
rm(t)
u(t) = { K, K, ] (4.24)
0,.(t)

with 7y (t) = [ r(t) 0T (t) }T € X,. In the equation (4.23), the upper equation is used
to estimate plant state x(t) and the disturbance model state vy(t) given the measurement
Ym(t). While the lower equation is employed to estimate the reference model state v,(t).
Therefore, we have R,, : D(R,,) C Xy — X with X, = X x C, O, : C — X,
R, :C" = C"™, L, € LY, Xom), Ly € L(Y,C"), K,,, € L(X,1,U) and K, € L(C™,U).

T
Correspondingly, the state r,, can be defined by 7,,(t) = [ aT'@t) %) ] € Xom.

T - I H
Let x4(t) = l 2T(t) oIt } € X x C" and define an operator H = €
0 I

L (X, X x C™) with H € L(C™, X) to be determined and identity operator I with ap-

propriate dimensions, the following lemma provides a choice of the regulator design such that
T

r

T
the state [ ;pg(t) UT(t) } can be estimated by the weighted state [ (ﬁ]rm(t))T {)T(t)

In particular, the observation error

decays to zero exponentially.
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A Py

Lemma 15. (Observer Design) Define operators: A, = : D(A;) € X x
0 Sy
. N B
Cr — X x C" with Py = Gfy, Cp, = {Cma 0 ] € L(X x C",Y,,) and B = €
0

L(U, X x C"), then the dynamics of the observation error ey (t) is given by:

with the initial condition epr(0) € X x C" x C", where

Ay — HL,,C,, 0
Ay =
O Sr - LrQr
if operators in (4.23): Ry, O, and R, are chosen as: R, = H A H-L,,C,H+H 'BK,,,
~ ~ le Rm2 Lml
O, = H 'BK, and R, = S, — L,q,. Furthermore, let R,, = L, =
Rm3 Rm4 Lm2

and K,, = [ K1 Koo } Assume that the operator H satisfies the following auziliary

Sylvester equation

HSd - (.A - LmlcmA) H = Pd on D(Sd) (426)

with Py = Gf; and that observer injection gains L.,, Lo and L, are chosen such that
the operator A — L,,1Cne generates an exponentially stable semigroup on the space X, and
Sa — Lim2CrmaH and S, — L,.q, are Hurwitz, then the observation error ey (t) decays to zero

exponentially.

Proof. The controller in (4.23) is rewritten as:

Tm (%) R, O, Tm(t) L,C,. 0 xq(t)
0, (t) 0 R, (1) 0 L. v, (t)

with C~m = [ Cra O } With the substitution of the control law in (4.24), the dynamic
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T
system for [ xdT(t) vl (t) } is given by:

dq(t) As 0 z4(t) BK,, BK, T (t)
= +
0, (%) 0o S, v, (t) 0 0 0,-(t)
. G fa . . . .
with Ay = and B = . Then, a direct calculation shows that the dynamics
0 Sy 0

of eps(t) are given by the homogeneous differential equation:

Ay — HL,,C,, 0
€M<t) = 5 . eM(t),t >0
0 r — Loy

with the initial condition e;;(0) € X x C" x C™ if the regulator satisfies: O, = H 'BK,,
R, =S, — L.q and R,, = H ' AyH — L,,Co, H + H'BK,,.

Let Ay, denote the following operator:

Ay = B (Aq = HLuCp ) H
A—Lp1Cha (A— LpiCoo)H — HSq+ Py
—Ln2Crna Sq — LimaCrna H
Due to the equation (4.26), the exponential stabilities of A — L;;;1Cpne and Sq — LpyoCra H
directly indicate that the semigroup 75, (t)generated by <.,4d —H Lmém> is exponentially
stable and has the growth property HTALm (t)” < My, e "'t > 0 for positive constants
M Ac,, and k.. Moreover, the exponential stabilities of (.Ad - H Lmém> and S, — L,q,
imply that the semigroup T4,,(t) generated by Aps in (4.25) is exponentially stable and
has the growth property ||Ta,,(t)|| < Ma,,e M ¢t > 0, for positive constants M4, and
o = min </€M, —5\0> with 5\0 = kinax Reer < 0, where {S\Tk}k::l,m,nr are eigenvalues of

17"‘77/7‘

S, — L,q,. Therefore, the observation error ey (t) decays to zero exponentially. ]

From Lemma 15, the exact configuration of operators in (4.23): R,,, O, and R, is given
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A - Lmlcma + BKml BKmQ
R = (4.27)
_LmQCma Sd - Lm2cmaH
BK,
O, = , R. =S, — L.q, (4.28)
0

Compared with existing works in literature such as [52], the observer design in Lemma 15 is
novel and the injection gains design is easier.

Moreover, in Lemma 15, all output injection gains: L,,1, L2 and L, are designed to en-
sure the exponential convergence of the observe in the regulator (4.23)—(4.24). In particular,
due to Assumption 7 and 9, it is possible to find L,,; and L,. However, the existence of
the operator H and the detectability of the pair (C,,oH, Sq) are essential to the existence of
Lo In the following theorem, the conditions for solvability of (4.26) and detectability of
(CmaH, Sy) are provided. Moreover, feedback and feedforward gains are chosen to address

the output regulation problem.

Theorem 14. The conditions for solvability of (4.26) and observability of (Cpma,Sq) are
given in following:

a). (Solvability) H € L(C", X) defined by:
ng
H = Z <'7 ¢dk>R ()‘ka A — Lmlcma> Pd¢dk (429)
k=1

is the unique and bounded solution of the auziliary Sylvester equation (4.26), if and only

if the following solvability conditions are satisfied:

I+ Cona(M — A) "Ly # 0, VA € 0(Sy) (4.30)
b). (Observability) Finally, the pair (CpnoH, Sq) is observable, if and only if the transfer
function G,,(s) in (4.6) from d(t) to yn,(t) satisfies:

Gm(/\k)fdgbdk 7é 0, k= 1, 2, g (431)
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in which ¢g, are the eigenvectors of Sq with respect to the eigenvalues \, of Sy. Conse-

quently, there exists L,,o such that Sq — L2CmaH is Hurwitz.

In particular, with the configuration of output injection gains L, Ly and L, given in
Lemma 15, the regulator (4.23)—(4.24) solves the output regulation problem, given that K,
K, and K, are chosen as: K, = K, K, = KH +1; — Kll; and K, = T, — KII,
where K € L(X,U) satisfies that the operator A + BK generates an exponentially sta-

ble Cy—semigroup, where the operators I = {Hd 11 } € L(CxC X) and ' =

T

r

{ r, ¢ ] € L(C™ x C",U) are defined in Lemma 14.
Proof. We begin by verifying the properties given in parts a)—c) of the theorem.
a). For the expression (4.29), we can easily apply the approach in Chapter 3 or in Re. 3.3

of [59] to obtain it. According to Assumption 5, there exists a similarity transformation
VdflSdVd = diag (A1, A2, -+, A\n,) With Vi = [¢a1, Ga2, - - -, On,|. Postmultiplying (4.26) by

Vy; yields a decoupled set of equations:
We+ (M — A) ' Ly Crahf, = 1}

with h} = Hoar, D = FPadar for k = 1,2,...,n4. Then, the solution hj is uniquely
determined by C,,,hj and applying C,,, indicates that C,,,hj can be uniquely solved
by (I + CrnaR (Ak; A) L1 ) Cnahi, = Craplyy. if and only if the conditions in (4.30) hold.

Consequently, we have H = [hj, h},---, h% |V,

Y ng

b). In Th. 6.2-5 of [61], the observability of the pair (C,,oH,S) can be verified by showing
ConaHoar # 0 for k =1,2,--- n. Utilizing the solution (4.29) leads to:

CmaH¢dk = CmaR ()\kn A - Lmlcma) P¢dk
= Cna R (Me; A = LiniCrna) G fadar = GL(Ak) fadar

where G(\) = CrnaR (M A — LnyiCna)G with A € CF. By applying the Woodbury
formula and the following formula:
RN A~ LinCina) = RO AN + LinCra RO A) ™
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for every A € p(A)Np(A—LpiCra), we have GL(A) = (I + Cona R (A A) Lipt) " 'Gra(N). As

a result, the solvability conditions in (4.30) guarantee the existence of (I 4+ Crpa R (A;A) L1 )~

and thus the condition in (4.31) ensures C,,o Hpgr # 0. Due to Assumption 9 that eigen-
values of Sy are distinct, it is possible to guarantee that conditions in (4.31) hold for all
eigenvectors of Sy. Once the detectability conditions are satisfied, it is possible to find L,
such that S; — L,,2CoH is Hurwitz. If we assume :\dk, k=1,2,--- ng4 to be eigenvalues
of Sy — Lp2Cra H, then ReS\dk < 0.

Once conditions in a)-b) hold, the design of L,,;, L2 and L, in Lemma 15 realizes

lim ep(t) =0,ie., lim <a:d(t) - ﬁrm(t)> =0and lim (v.(t) —0.(t)) = 0. Now, we turn

t——+o0 t—4o00 t—+o00

T

to the solving of the following initial value problem (IVP) with 7, (t) = € X xCn
Ua(t)

and 0,(t) € C": . 3 ~ -

Tm(t) = RuTm(t) + Op0,(t) + LpCrr H () (4.32)

Fm(0) = 11, (0), .(0) = ,(0)

Then, a direct calculation yields the solution to Z;(¢) (here II = [ I, II, } and I' =
l r, T, } are applied):

#1(t) = T (t)1(0) + [3 Twe(t — 7) (1L — H) &(7)dr
+ fo T (t —7) (— (A+ BEK) (I — H) 9(7))dr

= T (t)71(0) + [3 L (T (t — 7) (11 — H) d(r))dr
= Tk (t) (2:(0) = (IL = H) 9(0)) + (Il — H) o(t)

where Tk (t),t > 0 is an exponentially stable strongly continuous semigroup generated by

the operator A + BK and o(t) = [o](t) T)T(t)}T € C". In view of (4.23) and (4.32),

»Er

lim (md(t) - mm(t)> = 0 indicates that lim (1(£) = #1()) = 0 and Jim (5(t) - 9(t)) = 0.

t——+o0

As a consequence, the output regulation is achieved since the following limitation holds:
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(y(t) — e (2))
= (Cattr(t) + CaHO(t) — Qu(t))
= (CaTk (1) (2:(0) — (Il = H) 5(0)))

+(Ca (I1= H) 0(t) + CaHo(t) — Qv(1))

( due to C,IT—Q = 0)

= (CaTk (1) (2:(0) — (Il = H) 5(0)))
Based on the above equation, the tracking error decays exponentially in the sense that
e(t) € La(0,00) with a@ < 0, given the admissibility of the observation output C,. The
remainning part of the proof is to show the exponential stability of the closed-loop system.

By rewriting the operator A.,, in (4.22), one has:

A BK,, BK,
Acm = mema Rm Or
0 0 R,

with R, = S, — L,q,, which is Hurwitz. Let Agx denote the matrix:

A BK,
Ar =
mema Rm

Then, the exponential stabilities of Az and R, directly indicate the exponential stability of
Aen-

By plugging R,,, K,, and L,, into Ax given in Lemma 15, we have:

-/4 BKml BKmQ
AR = Lmlcma A - Lmlcma + BKml BKm2
LmQCma _LmQCma Sd - Lm2cmaH

If we choose a similarity transformation 7" € L£(X 4, ) with the space X4, = X x X x C™

defined by:
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I 00 I 00
T=|0 0 |andT '=|71 0 I

-1 I 0 0710

we can define ,ZlR on Xr and compute:

Ar = TART
A+ BEny  BKp BEm
= 0 Sq— LioCinaH ~ —Lp2Cria
0 0 A — LyiCra

Given the configuration in this theorem, Tk (t) has the growth property || Tk (t)|| < Myge Pt >
0 with positive constants Mg and 3. The operators BK,,1, BK,,2, L;;,1Cne and L,,2C,,, are
bounded linear operators, and the matrix R, is bounded. Thus, the operator A.,, is an

infinitesimal generator of the Cy—semigroup T4, (t) on X,.,. Furthermore, there exists a

positive constant M4, such that | T4, || < My, e %™t t > 0 with o, = min (8, ay) > 0,
where «; is defined in the proof part of Lemma 15. This means that the closed-loop systems

(4.22) is exponentially stable for v(t) = 0. O

4.4 The error feedback regulator

Different from Section 3, in this section, it is supposed that only the tracking error e(t) is
available as input to the regulator and similar cases can be found in [57], [73], [74] and [69].
Throughout this section, the configuration of exosystem in (4.14)—(4.17) and Assumption
9 are not applied. Instead, the configuration in (4.7)-(4.9) is applied and the following

assumption on the matrix S for the design of the error feedback regulator is made.

Assumption 10. The matriz S is diagonalizable. The the following pair is exponentially

P
7[Ca —Q]
0 S

detectable:

Due to Assumption 5 and Assumption 10, the following expressions can be obtained:
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So(t) =Y Ak (v(t), &) b (4.33)

k=1
o(t) = e%0(0) = Y ™ (v(0), &) ¢ (4.34)
k=1
where {¢r} with £k = 1,--- n are eigenvectors corresponding to eigenvalues of S.

It should be noted that Assumption 10 is the standard assumption in [57]. In Chapter-
3, constrained operator Riccati equations (OREs) were utilized to construct the injection
gains for the pair in Assumption 10 and especially for the first order hyperbolic systems.
However, due to the constraint, solutions of OREs may not be able to be calculated and the
injection gains will not be obtained. In this chapter, motivated by the proposed approach
in Section 3, a novel method is provided to realize the design of the injection gains. The
detectability of the pair in Assumption 10 is equivalent to the detectabilities of pairs (C,,.A)
and (C,H. — @,S) and the solvability for H.. In particular, this chapter works on the
design of error feedback regulator for general infinite-dimensional systems, e.g. parabolic
and hyperbolic PDE systems.

Given the tracking error e(t), the error feedback regulator has the following form:

Te(t) = Rere(t) + Lee(t), 7e(0) € X, (4.35)

u(t) = Koro(t),t > 0 (4.36)

on a Hilbert space X,.. Here, the regulator operator R, : D(R.) C X,. — X,. is a generator
of Cy—semigroup, L. € L(Y, X,.) and K, € L(X,,U).
The plant and the error feedback regulator form a closed-loop system on the composite

state space X.. = X X X,.:
Tee(t) = Aeeee(t) + Beev(t), Tee(0) € Xee (4.37)

e(t) = Ceeee(t) + Decv(t) (4.38)
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gF A BK,
with Cce = |: Ca 0 :|7 D. = _Q7 Bce = and Ace = ) D(Ace) =
_LeQ LeCa Re

D(A) @& D(R.).
It is straightforward to show that the operator A. is the infinitesimal generator of a
Cp—semigroup T4, on ..

Let X,e = X x C", r.(t) = [@T(t) o7 (t) }T € X,. and define an operator H, €
L(X;e, Xe), following the similar approach in Section 4.3, the following lemma and theo-
rem will provide a parametric choice of the regulator design and conditions such that the

T
extended state z.(t) = [ mT(t) vT(t) } can be observed by the weighted regulator state

. . I H,
H.r.(t) with H, = ‘ , where I are identity operators with appropriate dimensions,

0 I

and the operator H, € £L(C", X) is an unknown operator to be determined. Moreover, the
output regulation (4.10) and the exponential stability of the closed-loop system are achieved,

simultaneously.

A P
Lemma 16. (Observer Design) Define A, = :D(A) C X xC"— X xC”
0 S

- . B
wz’thP:gF,Ce:[Ca _Q}EE(XX(C,Y) and B = € L(U,X xC), then the
0

dynamics of observation error e,(t) = x.(t) — Horo(t) is given by:
ée(t) = Apec(t),t >0 (4.39)

with initial condition e.(0) € X x C™ and AE =A,— ﬁeLeée, if the operator R, is given by:

Lel

R.=H'A.H, — L.C.H. + H'BK,. In particular, define L, = e LY, X xC"),
Le2

K, = [ K, K } € L(X xC" U). Assume that the operator H. satisfies the following
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auziliary Sylvester equation:
H.S—(A—LaCy)H.=Lei@Q+ P (4.40)

and that the injection gains L.y and L.y are chosen such that the operator A— L.1C, generates
an exponentially stable semigroup and the matriz S — Leo(CoHe — Q) is Hurwitz, then the
observation error e.(t) decays to zero exponentially.

The proof is similar to the proof part in Lemma 15. Obviously, the pair in Assumption 10
can be rewritten as (ée, .Ae) and therefore the detectability of (ée, Ae> made in Assumption

10 ensures the possibility of finding injection gains L.; and L.s. As a consequence, the output

Gl ~ Lel + HeLeQ
injection gain G = in [57] can be constructed as: G = H.L, =

G2 LeQ

Obviously, this chapter provides an alternative and easy way to establish the output injection
gain for the pair (ée, Ae).

A direct calculation gives

A - Lelca + BKel BK@Q
_LeZCa S - LeQ (CaHe - Q)

Re =

Theorem 15. The conditions for the solvability of (4.40) and the observability of the pair

(CAH. — Q,S) are given as follows:
a) (Solvability) H. € L(C", X) is defined by:

He = (- ¢r)R(\i; A= LeaCo) (L@ + P)oy (4.41)
k=1

that is the unique and bounded solution of the auziliary Sylvester equation (4.40), if and

only if the solvability conditions hold:

T+ Co(M — A) "' Ley #0,Y) € 0(9) (4.42)

b) (Observability) Consequently, the pair (CoH. — Q,S) is observable, if and only if the
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transfer function Gg(s) in (4.5) from d(t) to y(t) satisfies the following observability con-

ditions:

Then, Les is chosen such that the matriz S — Les(CoHe — Q) is Hurwitz.

Moreover, provided with the configuration of injection gains Le; and Les in Lemma 16, the

output regulation problem can be solved by the regulator (4.35)-(4.36), if the operators K.

and Ko are chosen as: K¢ = K and Koy = K H, + (I' — K I1) where K satisfies that the

operator A+ BK generates an exponentially stable semigroup Tk (t) on X. The operators

IIe L(C"X) andT € L(C",U) are defined in Lemma 14.

Proof. We first verify the properties in a)-b).

a).

By applying a similar approach, the expression (4.41) can be obtained and the Sylvester

equation (4.40) is decoupled into a set of equations:
hip = —(MI — A) 7' LaCahily + (M — A) i,

with b, = H.¢r and Ip; = (L@ + P) ¢y for k= 1,2,---,n. If applying C,, the value of

Cohlj can be uniquely determined by solving the equation:
(I +CoMI — A) ' Let) Cohly, = Ca(Med — A)Hp;,

as long as the solvability conditions in (4.42) are satisfied. Finally, H, is computed through
He - [hzl, h’:27 s h* ] Vil

)y en

. The conditions (C,H, — Q) ¢ # 0,Vk = 1,---n indicates the observability property of

(CoH, — @, S) directly. Then, using the formula (4.41) and Woodbury formula show for

k=120
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(CaH. — Q) ¢
= CoR(Mi; A— LaiCo) (L@ + P) ¢, — Qo
= —(CoaR(MN; A= LeiCo) (=Ley) + 1) Qoby,
+CoR (M A — LiCo) GF

= (I4CoR(Me; A) L) (Ge(M)F — Q) ¢

Due to Assumption 10, the matrix S has distinct eigenvalues and it is possible to ensure

that conditions in (4.43) hold. Since the solvability condition in a) guarantees the ex-

istence of (I + CoR (Me; A) Ley) ™', then the conditions in (4.43) ensure the observability
of (CoH. — @, S). Therefore, it is possible to find Ly such that S — Lea(CoH, — Q) is

Hurwitz.

Similar analysis in Theorem 14 can be applied such that the output regulation (4.10) is
achieved by the regulator (4.35)—(4.36) and the closed-loop stability can be ensured, simul-
taneously. O
Remark 15. The conditions in (4.43) means that an estimation of the exosystem state v(t)
is only possible if the transmission of the disturbance d(t) or the reference signal y,(t) to
the error e(t) is not blocked by the corresponding transfer behaviour. More directly, (4.43)
means that each eigenmode of 0(t) = Sv(t) is observable in d(t) or in y.(t), and therefore

the transmission of disturbance d(t) should not be blocked by the reference signal y,(t).

4.5 Numerical Simulation

Example 1.- Periodic reference Control with Constant Disturbance for a 1-D Heat Equation:
(Output feedback regulator) Consider a controlled heat equation on the interval [0, 1] with

Neumann boundary conditions:
O (z,t) = 02w(2,t) + b(2)u(t) + d(t) (4.44)

0,2(0,t) =0, d,z(1,t) =0 (4.45)
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x(z,0) = xo(2), y(t) =Cx = x(0.45,1) (4.46)
Ym () = Cpx = x(1,t) (4.47)

with the initial condition is x¢(z) = 42%(3/2 — z). The temperature input is uniform over a
small interval around the fixed point zq € (0,1), i.e., b(z) = %I[ZO_E,ZOH](Z), where 1(44(2)
1, z € [a,b]

denotes the characteristic function of the interval [a, b]: 1,4 (2) = . We
0, otherwise

choose an actuator with zp = 3/4 and ¢ = 1/4. Our design objective in this example is to
construct an output feedback regulator (4.20)-(4.21) that will drive the controlled output y(¢)
to track a periodic reference trajectory of the form y,.(t) = 5sin(2t) and reject a constant

disturbance d(t) = dy as well. The above reference and disturbance can be modelled by

0 2
(4.14)—(4.17) with Sg =0, fa=1, ¢. = { 1 0 ] and S, =
-2 0
10+ yr(t)].
(1)
—e(?)
5 Ili \“ N " .‘ ii/" ’."I \ ‘
= i ‘\ ) “ / '\ / \ /'i \‘
£ L O A A 2 U A G e
g Of ; i ‘\ / ‘\ / ‘\ / V| T
= \/ v/ \ v/ \
5 _ / / “\\_ / \ -//" \_\.
/\/ 12
-10 - =0
0 5 10 15

t
Figure 4.2: The reference trajectory y,.(t) = 5sin(2t) and the controlled output y(t) =

x(0.45,t). e(t) presents the tracking error.
It should be noted that the operator A = % equipped with D(A) = {h € H*(0,1),

dh

dh(0) = 0 = 9(1)}, includes zero eigenvalue in its spectrum o(A). Then, the Assumption

8 does not hold. To address this problem, the system needs to be stabilized at first. From
Eq.(II1.6) in [57], the stabilization gain K can be chosen as K& = —f (P, 1(z)) with 5 > 0,

e.g., f = 1. For the stabilized system, a new operator A is obtained: A = % + b(2) K with
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D(A) = D(A). Obviously, o(S) C p(A) and Assumption 8 is ensured. To solve the output

regulation problem, the output feedback regulator is constructed through the following steps:

Algorithm 1: Construction of the output feedback regulator

step 1: Solve Sylvester equation (4.11)—(4.12) for I" and II;
step 2: Find L,,; to stabilize the operator A — L,,1Cpna

and solve Sylvester equation (4.26) for H;

step 3: Find L,,» and L, to stabilize operators

Sq — LnaCmoH and S, — L,q,;

step 4: Find K,,; to stabilize operator A + BK,,; and

let Ko = KpnH + 14 — Kpnlly and K, =T, — K111,

step 5: Construct the output feedback regulator (4.23)—(4.24).

The output injection gain L, in (4.23) is chosen such that the spectrum o (S, — L,q,) =
{—6,—4} is assigned. For this example, we may choose the stabilizing output injection L,,;
as:

(Lim1®) (2) = pablg)(2), for z € (0,1, € Y =R

where 1pqj(2) denotes the characteristic function 1p,;)(2) with @ = 0 and b = 1, and p is a
positive constant 4 = 0.5. Then, the auxiliary Sylvester equation (4.26) can be solved for
H(z) and H(z) = 0.6667 and the output injection gain L,,; = 2 can be selected such that
Sq — LyaCrmaH = —1.333 < 0. Since we have the exponentially stable operator A, bounded
input operator B and admissible operator C,,,, K,,1 can be chosen as K,,; = k,,Cpo and
k € [k’ k5], 3k, > 0 such that A + BK,,; is still exponentially stable. The results are
shown in Figure 4.2-4.3.

By applying the regulator (4.23)—(4.24), the output, which is the temperature at the point
z = 0.45, converges very rapidly to the desired trajectory y,.(t) = 5sin(2t) despite of the

disturbance dj.
Example 2.— Set Point Control with Period Disturbance for a coupled hyperbolic PDE

systems: (Error feedback regulator) We shall consider the following equation:

Pet) = _9mED) 4 0 ()2 (z,1)

(4.48a)
+ag(2)xe(z,t) + Lul(t)
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Figure 4.3: The evolution of the §tate x(z, ) for (z,t) € [O,tl] x R* under the control of the
output feedback regulator (4.20)—(4.21).

Oxa(z, Oxa(z,

ot = =220 4 ay(2)an(z, 1) (4.48D)

+as(z)xi(z,t) + 0.8e*d(t)
1 (0, t) = O, xQ(O, t) =0 (4480)
z1(2,0) = x10(2), 22(2,0) = x90(2) (4.48d)
y(t) = x9(1,¢t) (4.48¢)

. 1 (t) ) ) . . .
with € L#(0,1)%, z € [0,1] and g = 2. The output y(¢) is obtained via boundary
(t)

point evaluation of the state x3(2,t), the spatial varying coefficients are: a;(z) = 22%(z + 2),
az(z) = —5€*, az(z) = 3(1 + 2) and auy(z) = —3(1 + €7), and the initial values are assumed
as: x19(z) = 2%(3 — 2), w20(2) = —3z(1 — 2). In this example, we assume that only the error

e(t) = y(t) — y.(t) is available and we are interested in designing an error feedback regulator
(4.35)-(4.36) such that the output y(f) tracks a constant reference trajectory y,(t) = 5
and the disturbance d(t) = 3sin(2t) is rejected simultaneously. The reference signal and

disturbance can be modelled by (4.7)—(4.9) with F = [ 0 30 }, Q = [ 5 0 0 } and
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0 0 0
S=10 0 2

0 -2 0
We define operators in (4.48) as follows:

—& +o(2) a(2)
asz(z) —% + ay(z)
with D(A) = {h € H'(0,1)>: h(0) =0}, B = {g or and C = [0 é] with Ch =

[ 6(z —1)h(z)dz for h € L*(0,1). And A—extension of C in the on space L*(0,1) is given

6l
! S5
4 ,"
]
'
i’
—~ '
+
~—
D
el
: S
© \S)
—~
+
~
>
yr(t)
-=y(t)
e(t)
I — | | | I I 0
0 1 2 3 4 5 6 7 8 9 10

Figure 4.4: The reference trajectory y,.(t) = 5 and the controlled output y(¢) = x5(1,t) under
the control of the error feedback regulator (4.35)-(4.36). e(t) presents the tracking error.

The construction of the error feedback regulator (4.35)—(4.36) is given as follows:
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Algorithm 2: Construction of the error feedback regulator

step 1: Solve Sylvester equation (4.11)—(4.12) for I" and II;
step 2: Find L.; to stabilize the operator A — L.;C,

and solve Sylvester equation (4.40) for H.;

step 3: Find L., to stabilize the operator

Sd - LeQ (CaHe - Q)a

step 4: Find K., = K to stabilize operator A + BK,;

and let K., = KH,+I'y — KIIL

step 5: Construct the error feedback regulator (4.35)—(4.36).

Since A generates an exponentially stable Cy—semigroup, B is bounded and C, is ad-
missible, there exists a positive constant k* such that for each k € [—k*, k*] the perturbed
operator A + kBC, generates an exponentially stable semigroup. Therefore, we can choose
K =EkC, and L.; = kB in Theorem 15. In particular, it is easy to see that only the output
feedback y(t) rather than the plant states x1(t) and z5(t) is utilized to achieve the stabiliza-
tion the closed-loop system. The auxiliary Sylvester equation (4.40) can be solved through
the approach in a) of Theorem 15 for H.(z). As a consequence, the proposed error feedback
regulator (4.35)—(4.36) can be configured and the resulting tracking behaviour is shown in

Figures 4.4.

4.6 Conclusion

This chapter addressed the output regulation problem for linear infinite-dimensional systems
with bounded input operators and unbounded output operators. In particular, Yosida-type
approximate boundary observation operator is defined to avoid the mathematic difficulties
caused by unbounded output operators. Consequently, two types of observer-based regula-
tors are investigated: the output feedback and error feedback regulators. Weighted regula-
tor states are utilized to estimate the plant and exosystem states. In particular, similarity
transformation and auxiliary Sylvester equations are applied such that the observation er-
ror system can be decoupled into a PDE subsystem and an ODE subsystem. Therefore,
parameters in regulators can be designed independently to realize the stabilization of the

PDE subsystem and the ODE subsystem and thus the observation error system. Based
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on designed observers, full state feedback control law can be applied to achieve the output
regulation (4.10). In addition, to guarantee the feasibility of proposed regulators, the solv-
ability conditions of auxiliary Sylvester equations and relative observability conditions are
studied. Finally, the main results are verified by two types of representative systems: the
heat equation described by a parabolic PDE and the first order coupled hyperbolic PDE,

via computer simulations.
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Chapter 5

The state feedback servo-regulator for
countercurrent heat-exchanger system
modelled by system of hyperbolic
PDEs

5.1 Introduction

With well-developed state feedback regulator in Chapter 3 and based on the good properties
of the considered plant, the output feedback stabilization controller equipped with a feed-
forward controller to solve the output regulation problem in this chapter. The controlled
system in this chapter is a network of countercurrent heat exchangers described by two sets
of hyperbolic PDEs. This class of systems covers packed mass exchange columns [75], coun-
tercurrent heat exchangers [76] and irrigation canals [77]. The system considered in this
chapter consists of two countercurrent heat exchangers connected in cascade and the fluid
flow rates are considered as control variables. Hence, the resulting system is quasi-linear.
Given an equilibrium state profile, by linearizing the quasi-linear system around the equi-

librium state profile, one obtains the linearized system. In particular, the linearized system
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characteristic is that it is a non-minimum phase system: the transfer function from wu(t) to

y(t) has zeros in the open right half-plane.

5.2 Problem Formulation

5.2.1 Model description

The countercurrent heat exchanger is an essential equipment broadly utilized as a part of nu-
merous genuine process industry applications. The counter-stream heat exchanger has three
critical advantages over the parallel stream design. First and foremost, the more uniform
temperature contrast between the two liquids minimizes the thermal stresses throughout
the exchanger. Second, the outlet temperature of the cool liquid can approach the most
noteworthy temperature of the hot fluid, see Figure 5.1. Third, a more uniform temperature
distinction creates a more uniform rate of hotness exchange throughout the heat exchanger.
In this chapter, a network of counter flow heat exchangers is considered and modelled by
two sets of hyperbolic PDEs by assuming no diffusion phenomena. In order to deal with the
nonlinearity of the system, an explicit expression of an equilibrium profile is utilized. Then,
a state feedback regulator is designed to control the output of the system to track a reference
signal generated by an exosystem. As shown in Figure 5.2, the heat exchanger includes three
input fluids denoted by F'Ly, F'Ly and F Ls. The process of interest to control is to heat the

fluid F'Ls by mixing F' L, with F'L,.
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Figure 5.1: Temperature profiles in counter-flow. Note that in a counter-flow heat exchanger
the outlet temperature of the cold fluid can exceed the outlet temperature of the hot fluid
but this cannot happen in a parallel low system

The fluid F L3 that needs to be heated enters the heat exchanger at x = 0. The hot fluid
FL; enters the exchanger at * = [; and is mixed with the fluid F' L, coming from the right
side. Table 5.1 gives the physical properties of three fluids and the geometric description
of the heat exchanger. We assume that the physical properties of the fluids F'L; and F' L,

2 _ .2

are the same and the flow rate of F'L3 is a constant Fy. In Table 5.1, s; = w(r{ — r3) and

Sy = WT% and [ = 27rs.

Specification FL, FL, FLs
Specific weight p1 p1 P2
Specific heat Cp1 Cp1 Cp2
Cross-section of path $1 S1 S
Contact circumference of exchanger [ l [
Temperature
0<z<ly Ty (z,t) T, (z,t) Ty (x,t)
h <z<l T (x,t) Ty (z,t)
Exchanger coefficient k k k
Mass flow rate aFi(t) (1 —a)Fi(t) F,
Input temperature 1o Too Tos

Table 5.1: Model Parameters

According to the energy balance, the following PDEs are obtained to describe the two
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parts of the heat exchanger shown in Figure 5.2, respectively.

T - -t (17 - T)
K 0151 v p1P181 O<z<l,t>0 (5.1)
__F kl - -
o = _pzzz o T Cp2p2s2 (T1 -1 )
Of _ U—oRWITL K (T _ Ty)
ot p151 Ox Cp1p1s1 Lh<z< l2,t >0 (52)
O B O | M (T _Ty)
ot p2ss Oz Cpapasz \71 2
with boundary conditions:
T+(l2, t) - TOQ
1 (5.3)

T27<07 t) = T3

where T3 denotes temperature distribution of the fluid FLs, T, denotes the temperature
of mixed fluid FL; and F L, on the left side and T;" denotes the temperature of the fluid
FLy. Here the superscripts 4+ in ‘Tl-i’ just denote the different sides of the system, i.e., ‘=’
denotes the left side: 0 < x < [; and ‘4+’ denotes the right side: [} < x < ls.

The additional conditions at the mixing point x = [; are given as follows:

Tf(ll,t) = (1 — Oé)TlJr(ll,t) + OéTOl
Ty (I1,t) = Ty (13, 1)

(5.4)

where Ty, denotes the temperature of the fluid F'L; entering the system at x = [y, Tps is the
temperature of the fluid F'Ly entering the system at x = 5, and Ty3 denotes the temperature
of the fluid F' L3 entering the system at x = 0. We assume that Tyy, Toe and Tys are positive
constants and 0 < a < 1.

The initial conditions are given by:

Ty (2,0) = fi (z)
Ty (2,0) = f5 (x)

O<z <l (5.5)
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Ty (2,0) = fi (x)

Ty (2,0) = f5 (z)

Lh<z<l (5.6)

Therefore, the system (5.1), (5.2) with boundary conditions (5.3), (5.4) and initial conditions
(5.5), (5.6) describes the dynamics of the countercurrent heat exchanger shown in Figure
5.2. In the system (5.1), (5.2) to be controlled, the flow rate Fi(t) is the control input and
T (12,t) is the output. In other words, the temperature of the fluid F L3 at the outlet z = I,

is controlled by the flow rate Fi(t), see Figure 5.2.

E®

FL, T, (x,1) T, (1)
E.T,0.0) :

o| [1 jz x

Figure 5.2: Heat exchanger systems geometry.

In order to explore when the system exhibits a non-minimum phenomenon, in this chapter

the following conditions are set as:
Too < Tha < OéT()l, IhkKaxl (57)

According to (5.7), the fluid F'Ls is heated at the left side: 0 < x < [; and heats the fluid
FLy at the right side: |3 < x < l5. Here 0.5 < « means that the parameter « is larger
than and is not close to 0.5, e.g., @« > 0.6. The condition: 0.5 < o < 1 implies that the
temperature of the fluid F'Ls at x = [y will increase.

First, we assume that the system reaches the equilibrium point under the fixed control
input Fy(t) = Fy. Then, by increasing Fi(t) = Fy by a positive unitary step, the fluid F L,
will cool more the fluid F' L3 at the right side of the heat exchanger and at the same time, the
mixed fluid of F'L; and F L, will heat the fluid F'L3 at the left side of the heat exchanger.
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This is shown in Figure 5.3, since the fluid F'L3 moves from the left side to the right side.
It can be observed that at x = Iy, Ty (I, t) first decreases before the left side heated fluid
reaches. Then, T3 (5, ) increases due to the arrival of the heated fluid F Lz from the left
end. This is essentially the non-minimum phase behavior, i.e., the conditions (5.7) guarantee

a non-minimum phase of the plant system.

Non-minimum Phase

L I I L I I
80 100 120 140 160 180
t

Figure 5.3: The non-minimum phase response of the heat exchanger system to a positive
step control.

5.2.2 Temperature equilibrium profiles

In this chapter, we are interested in temperature equilibrium profiles for the model (5.1)—
(5.6):
_ _ T
T. = [Tl (.)7T26(.)’T;(.)7T2—2(.):| (58)

in the state space L?(0,11)% x L*(I1,15)?, given by a set of parameters Ty, Too, To3 and a and

by fixing the control input as Fi(t) = Fp.

Remark 16. The equilibrium profiles T, must satisfy the boundary conditions (5.3), (5.4).
By selecting different constant control inputs Fy, one can obtain different temperature equi-

librium profiles. The temperature equilibrium profiles are given in Figure 5.4.
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Figure 5.4: Equilibrium temperature profiles.

By integrating the equilibrium ordinary differential equations corresponding to (5.1)-

(5.4), one can easily obtain the equilibrium profiles described by:

Tie(w) = (35) Coexp ((aa = 1)) + Gy 0<az<l, (5.9)
T5(2) = (525) Coesp (an — Bu)e) + Cy
Ty (x) = ai% Coexp (2% — C

o= () e (- van |

where ay = %Clpl, pr = %Clﬂ and the boundary conditions (5.3), (5.4) can uniquely deter-

mine the constants Cy, Cy, Cy and C4, i.e.:

A x

[1]

=T, (5.11)

-~ ~ 17T
where = = C(], Cl, C(], Cl] and Ta = [OéT()l, 0, T()g, TOQ]T
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B1

a1—pB

0

(af‘jﬁl) exp (a1 — B1)lh) 1
(525) exp (o = By i) 1

1

0 (=

-
-

o

.

l—« ﬁl
B1

«
=5

11—«

o) exp (525 — A1) &)

1

In this chapter, in order to make sure that the matriz A in (5.11) is invertible, we make the

following assumptions:

5.2.3 Linearized model

a1 # B oand ar # (1 — o) By

Let us consider the Hilbert state space H := L*(0,1;)? x L*(Iy,15)* := L*(0,1y) x L*(0,1;) x

L2(ly,1y) x L3(ly,13), where X; x Xy x X3 x X4 denotes the Hilbert space obtained as the

cartesian product of the Hilbert spaces X7, X5, X5 and X, equipped with the inner product

defined by (v, )y = (71, 21) x, + (T2, ¥2) , + (73, 73) x, + (T4, T4) x,, Where [21, T, 3, zy" €

X1 x Xy x X3 x Xy. L*(q,q) denotes the Hilbert space of Lebesgue square integrable

functions f : [¢q1,¢2] — R on (q1, ¢2), i.e., quf |f(z)|2dz < 00, for g1 < ¢». The inner product

and the norm of L?*(¢1, ¢2) are defined by (f, g), = qqf f(2)g(z)dz and || f|l, = /{f, [)s-
Let us define the following system state R(t) € H:

Ry (-t
Ry (-t
R (-t
Ry (-t

and the new input AF(t) = Fi(t) — Fp.

NN
g g

o3
+

~

~
~— ~ ~ ~—
|

NSNS
o+

o3

Y

(5.12)

The linearization of the system (5.1), (5.2) around the equilibrium profiles (5.9), (5.10)
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leads to the following linear PDE system on the state space H:

SR SR~ _ _ dT| (z
61&1 = mla_zl — M3 (Rl - RZ) + p1151 il?]c( )AFl(t) 0<x<l (5 13)
- - 1 ‘
i a2y (B - )
8R+ . 8R+ 1-a —th(l‘)
B (11— a)m 2 (R = R)) + 2 == AR() I <z <l (5.14)
8R§' — —m 8R§' <R+ o R+) .
at 2 0x ! 2

with the boundary conditions

Ry (I1,t) = (1 — o) Rf (I3, 1)

Ry (l,t) = Ry (11, 1) (5.15)
R;(0,t) =

Ry (

l27 )

where the physical parameters of the heat exchanger (5.13), (5.14) are defined by

_ R _ B ki K
o p181’Tn2 o p282’m3 o Cp1p181’m4 T Cpapas2

Then, the equivalent state-space description of the linearized model (5.13)—(5.15) is given

by the following linear time-invariant abstract differential equation on the Hilbert space H:

Z(t) = Az(t) + Bu(t), 2(0) = zp € H

(5.16)
y(t) = C=(t)

where the state of composite system z(t), the input u(t) and the output y(¢) are given by

Cult) = AF(t), and y(t) = R (la,t)
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Here, the system operator A in the spatial interval [0,[;] and [l;,l5] is defined on its

domain as:

h(-) = [h (), ha(-), ha(-), ha()]" € H
D(A) =< hisac, dgi') € H,

hi(l) = (1 — a)hs(ly), ha(ly) = hya(l1), h2(0) = 0, hs(lz) =0

(where a.c means that h is absolutely continuous) by

mla% — ms3 ms 0 0
o]
m —Mo—= —m 0 0
A— 4 RZ ! (5.17)
0 0 (1—a)m18%—m3 ms
0 0 my —mg% — My

The input and output operators are given by

T
_ 1 dTy () 1—o dT7(2)
B E—éx 0 H—éx 0} e L(U,H),

(5.18)

C=1000 CA:| € L(H,Y)
where for all () € D(Cyp), (Cah)(z) = h(lz). The input space U and the output space Y
are real Hilbert spaces.

An explicit expression of the equilibrium profiles is presented. Based on this expression,
the original nonlinear system with time varying coefficients is linearized and described by
the linear PDEs with constant coefficients. It is easy to show that the system operator A in
(5.17) is an infinitesimal generator of a Cy—semigroup T4 on H. Therefore, the initial value

problem in the system (5.13)— (5.15) or (5.16) is well-posed and has a unique solution [31].

5.2.4 Transfer function representation of the linearized system

In this section, we compute the explicit expression of the plant transfer function: G(s) based

on the system governed by (5.13)—(5.15). We take the Laplace transform on both sides of
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(5.13)—(5.15) with zero initial conditions and obtain:

aRg(f’S) | et —ay Ry (x,s)
) B —(Bi+fhs) | | Rilz,s)
_LdTl_e(w)
+ Foode AFl(S), O<z<ly (519)
0
BIA%T x,s a1+ass aq »
e I = = Ry (w,5)
RY (z,s - >
a@a_i,) B —(B1 + Bas) Ry (x, s)
_LdTlt(w)
+1 T ARG, L <z <l (5.20)
0
where a; = %cl*m’ oy = %Zl, B = F;gﬂ and [y = %.
The boundary conditions are:
Ri(h,s) | | 1-a 0 R (1, s) Rf(l,s) | |0 (5.21)
Ry (Iy, s) 0 1 RE(ly, s) R; (0, s) 0
For simplicity sake, we set
a1 + ass —« Q1tons —cL
Al(S) — 1 2 1 , A2(S) — 11—« 11—«
B —(B1 + B23) B —(B1 + B2s)
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The solution of the differential equations (5.19)—(5.21) yields to:

R} (ly, s) = 0 R (0,5)
h = exp(Aa(s)(ls — 1)) | * x {exp(Ay(s)h) |
R¥(ly, 5) 0 1 R; (0, s)
h 1 1 dT7(z) A
+ [ exp(Ay(s) (1 — x)) (— %22 dzAFi(s) (5.22)
0
_ 14T ()
+ flllz exp(As(s)(ly — x)) Fo de dxAF(s)
0

From the previous section, the input and output are known to be Aﬁ’l(s) and R; (I3, 5),
respectively. Naturally, based on the boundary conditions (5.21) the transfer function can

be easily computed from the above solution (5.22) as follows:

G(s) = =252 = M(s)"H(Ni(s) + No(s)) (5.23)

where M(s), Ni(s) and Ny(s) are given by

l—a O 0
Mo = |0 1] ew-ailo) O Jercaen-w | e
Ny(s) = {o 1} /0 " exp(— A (5)2) [1) (—Fiod%fx))dx (5.25)
1—a 0

No(s) = { 0 1 } exp (—Ai(s)l) 0
(5.26)

1 ‘e
X fllf exp (Az(s)(lh — x)) <_FLodT(11x( )) "
0

The explicit expression of the transfer function is given calculated in the following:
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It is straightforward to compute the following fundamental matrix equation:

A11 S, T ALQ S, T
exp (—A;(s)x) = 1(5:2) (5 2) (5.27)
Ay 5(s,x) Ajg(s,z)
with ai; + ap2s
Ara(s,z) = 1;]?1(332 (exp(—A11(s)x) — exp(—Ai2(s)z))
+ 0.5 (exp(—=A11(s)z) + exp(—A12(s)x))
Aya(s,z) = m (exp(—Ai2(s)x) — exp(—Ai1(s)r))
_ b —A11(s)x) — exp(—Aia(s)z
Ars(s,z) = P1(5) (exp(—A11(s)x) — exp(—Ai2(s)z))
Ajy(s,x) = al;pt(z;zs (exp(—A12(8)x) — exp(—A11(s)7))
+ 0.5 (exp(—A11(s)z) + exp(—A12(s)x))
exp (—Ay(sya) — | ) Azal) (5.28)
Ag’g(S, JI) A274(8, LE)
with

921 + a92S
2pa(s)

+ 0.5 (exp(—Aa1(8)x) + exp(—Ax(s)z))

(exp(—Aa2(s)z) — exp(—A21(s)x))

Ay (s, x) = (exp(—A21(s)z) — exp(—Aaa(s)x))

aq

142’2(57 x) =

(1 —a)pa(s)
Ay s(s,z) = pf(;) (exp(—Aa1 (s)z) — exp(—Agz(s)x))
Apa(s,7) = 2025 (o (< Aan(8)7) — exp(—Aar (5)2))

2pa(s)

+ 0.5 (exp(—Aa1(8)x) + exp(—Ax(s)z))
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where a1, a2, as1, ag2, p1(8), P2(S)a >\11(5), )\12(5)7 >\21(5), and )\22(5) are given by:

ain = a1 + Bi,a12 = g + B

651 Qg

app = + B a1 = —I— B2
11—« 1-—
pi(s) = \/(Oé - 51)2 + 2a11a128 + (a125)?
pa(s) = \/(1 — ) + 2a21a925 + (a225)?

A1(s) = 0.5 (ag — B1 + (a2 — B2)s + pi(s))
Ai2(s) = 0.5 (aq — B1 + (a2 — B2)s — pi(s))
Xo1(s) = 0.5 (1 — (— — B2)s + pa(s ))

)

(

Aoz (s) = 0.5 (1 -

By solving (5.24) and (5.28), one can obtain the expressions of M(s), Ni(s) and Na(s):

= —WI(S) ex — S — S —

M= () P Al = Anl) = 0) (5.29)
_ Wa(8) o ()l —

Ni(s) = 2 () (5) P (=A12(8)l1 — Aoa(s)(la — 1)) (5.30)
= —W3<S) ex — S — S —

Ny(s) = 1 () (9) P (=A12(8)l1 — Aa(s)(la — 1)) (5.31)

where

Wi(s) = 4o fy (exp (—pi(s)l1) — 1) (1 — exp (=pi(s) (la — 11)))
+ (a11 + a128 + p1(s) + (p1(s) — a1 — a128) exp (—p1(s)l1))

X (@21 + a225 + p2(s) + (p2(s) — ag — ages) exp (—p2(s) (lo — 11)))
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) = 4a15,Cy (exp ((041 - 51)l1) — €xp ()\12(5)11)
Fy ap — B — /\12(8)

exp ((on — B — p1(s)l1) — exp (Aa(s)ly)
- a; — B1 — Ma(s) > pa(s) exp (Aa2(s) (la — 1))

Wg(S) _ 20181 Co eXp((%—,ﬁﬁ)h)

(1—a)Fo

X (1 —a) (exp (=pi(s)l1) — 1) (Ws1 + Wiaa) + Wiz (Way — Was))

X 231 —pa(s))(la—11) ) —exp(Aaz(s)(l2—1
W1 = (ag1 + ags + pa(s)) =((25 - p?gl))_(;—lxlz(; e

ex %fﬁ (la—11) ) —exp(A22(s)(la—11))
Wiz = (p2(s) — az1 + ans+) il 11)“_12—5112&22) —

Wss = (a11 + a125 + p1(s) + (p1(s) — a11 — a128) exp (—pi(s)lh))
Wer — exp( (155 —B1—p2(s)) (la—11)) —exp(Aaz(s) (I2—11))
34— 1 —Br—A21(s)
oxp((125 =61 (la—l) ) —exp(Aaz(s) (12—11))
10171&*/31*)\22(8)

W35 =

Now, one can obtain the explicit expression for the transfer function G(s) through Wi (s),

Wa(s) and Ws(s), see (5.23) and (5.24)—(5.26):

G(s) = Wil (s) (Wa(s) + Wa(s)) (5.32)

A central objective is to synthesize a closed-loop state feedback regulation such that the

controlled output y(t) tracks a reference signal y,.(t) generated by a known finite-dimensional

signal process:

w(t) = Sw(t),t>0,w(0)eC" (5.33)

ye(t) = Qu(t),t >0 (5.34)

where () is a matrix of appropriate dimensions. S : D(S) C C* — C" is a skew-Hermitian

matrix whose eigenvalues are on the imaginary axis, i.e. 1wy where ¢ = v/—1. Then, we have

n

Sw =" "iwy (w, pr) ¢ (5.35)

k=1
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where (¢y)gen are eigenvectors of S and form an orthonormal basis of C™. Then, w(t) is

given by

w(t) = eSw(0) = e (w(0), ¢x) ¢

n

= (cos(wyt) + i sin(wgt)) (w(0), ¢) Ok (5.36)

k=1

Remark 17. In this chapter, the signal process (5.33) elaborated is the one that can generate
arbitrary reference signals. More precisely, from (5.36), the components of w(t) are the
combination of sin(wyt) or sin(wgt + ¢). Therefore, if we assign the desired values to wy
and n to be large enough, we can generate arbitrary reference signals y,(t) by selecting the

adequate vector Q in (5.34).

5.3 State Feedback Regulator Design

In this section, we proceed with the design of the state feedback regulator, based on the
infinite-dimensional representation (5.16), (5.17), such that the following tracking error
e(t) = y(t) — y.(t) attenuates exponentially to zero as t — +oo: i.e.,

lim e(t) = lim (y(¢) — y,(t)) = 0,Vz(0) € H,Vw(0) € C" (5.37)

t—o00 t—o00

The system operator A defined by (5.17) is a non-spectral operator, i.e. the spectrum
of A is empty, see [78]. This technical part is major obstacle in proving stability of the
regulator design and the spectrum theory can not be utilized to extend traditional regulator
design methods for spectral systems (e.g., parabolic PDE systems) to first order hyperbolic
PDE systems. In order to proceed with the state feedback regulator problem, we first make

the following assumptions:

Assumption 11. The spectrum of the system (5.33), (5.34) is contained in the resolvent
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set of A: p(A), i.e., iwg € p(A) fork € N.

Assumption 12. There exists the state feedback gain K € L(H,U) such that A+ BK gen-

erates an exponentially stable Co—semigroup Tax (t) on H, i.e, the pair (A, B) is stabilizable.

Based on the above assumptions, the following proposition enables the design of the state

feedback regulator so that the controlled output y(t) tracks the reference signal v, ().

Proposition 2. Under Assumption 11, Assumption 12 and the assumption that C is A—admissible,
(see Definition 1 in [70]) the state feedback regulator problem is solvable if there exist op-
erators 11 € L(C™ H) with IID(S) C D(A) and T' € L(C™,U) such that the following

constrained Sylvester equation holds:

IS = AIl + BT (5.38)
CIl—Q =0 (5.39)

The state feedback law is given by:
u(t) = Kz(t) + (I' = KI)w(t) (5.40)

where K stabilizes the pair (A, B).

Proof. Plug (5.40) into the system (5.16), the closed-loop system is in the following form:
2(t) = (A4 BK)z(t) + (B(I' — K1I)) w(t)
Then, the mild solution of the above equation yields to:

2(t) = Tux(t)2(0) + /0 Tur(t —7) (B(L — K1) w(7)dr
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Because of (5.38), (5.39), the mild solution can be rewritten as:

2(t) = Tax()2(0) + / t Tax(t — 1) (ILS — (A + BE)IL) w(r)dr
= Tux(1)2(0) + /0 Tax(t — 7) (i (7) — (A + BK)w(r)) dr

= Tak(t)z(0) + /o diT (Tar (t — 7)lw(T)) dT

— T (t) (2(0) — Tw(0)) + w(?)

Then, the tracking error in (6.65) can be rewritten as:

e(t) = Cz(t) — Qu(t)
= CTak (1) (2(0) — Mw(0)) + (CIT = Q) w(t)

Tak(t) is exponentially stable and C' is A—admissible on H, thus (5.39) indicates that the
tracking error decays to zero as t — +00. In order to ensure that Sylvester equation (5.38),

(5.39) has unique solution, A and S have no common eigenvalues, and this can be realized

by letting the Assumption 11 hold (see [79]). O

5.3.1 Stability of the linearized system

In this section, the chapter provides sufficient conditions such that the system (5.13)—(5.15)
is stable in the sense that the transfer function satisfies G(s) € H (belongs to the right
half-plane, Hardy space, see [80]). In particular, it is proved that a classical countercurrent

heat exchanger system is stable in [75].

Lemma 17. The transfer function G(s) € Hu (right half-plane) if Wi (s) in (5.32) is

analytical in Re(s) > 0.

Proof. From (5.32), Wi !(s) is analytic in Re > 0, which implies that G(s) is analytic in
Re(s) > 0. Now, we claim that G(s) is bounded due to the following facts:

First, the exponential terms in Wi (s), Wa(s) and Ws(s) have exponents whose real parts
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are negative.

Second, the polynomial parts in both py(s)pa(s)/Wi(s) and (Wi(s)+ Wa(s)) are with the
identical order of the numerator and that of the denominator. Therefore, p;(s)pa(s)/Wi(s)
and (Wi(s) + Wa(s)) are bounded in Re(s) > 0.

According to the definition of p;(s) and pa(s), G(s) can be rewritten as:

U PR
OO T TR ) o

From (5.41), G(s) is clearly bounded in Re(s) > 0 and therefore by definition, G(s) € Hy
(right-half plane). O

Proposition 3. Assume that oy # (1 and a1 /(1 — ) # B1, then W, (s) is analytical in

Re(s) > 0 if
wiwy < 1 (5.42)
where
— dan By
o (051+51+\041—B1|)(10‘1 +|L_51D (5.43)
upz Lol =Bl (rew (Cl2-AlG-b)

(1 _ dauf eXP(—|a1—ﬂ1|l1)> (1 o 4(2@1 eXp( B1|(l2ll)))

(a1 481+l —B1]) (2L +6 +|H_51,)2

Proof. In (5.32), Wi(s) can be written as:

where

(p1(s) — ary — aizs) exp(—pi(s)h)

( )+
Q2(5) = az1 + ans + pa(s) + (p2(s) — az1 — azs) exp(—pa(s) (I — 1))

(s)l

(



From Qg(s), we can write:

1 1 1
X
Qo(s) a2 +axns+pa(s) 14 W exp(—pa(s) (la — 11))

a21+a225+p2

It is easy to see that:

(p2(s) — a21 — azs)
21 + A998 + pg(s)

exp(—pa(s) (I = h))| <1

which implies that 1/Qs(s) € Hy. In the same way, we can prove that 1/Q1(s)Qs(s) € Ha.

In particular,

S Y 1
Wi(s)  O4(s)0 _ Pi(s)Py(s)
)7 QeI 1 Ll
where
Pi(s)Pa(s) 401 81
Q1(s)Qa(s)  (ar1tai2s+pi(s))(az1+azzs+pz(s))
« (1—exp(=p1(s)i1))(1—exp(=p2(s)(l2—11)))
(1+<a11+:‘;1f+1p1<s>>2 exp(—p 1(S)l1)> (1+<a2?ilailz/s(+lz:22>>2 exp(=p2(s) UQ_h”)
Then, the condition (5.42) means ‘% < 1, i.e., 1/Wi(s) is analytic in Re(s) >
0. O

5.3.2 The stabilization feedback gain

From the previous section, sufficient conditions have been given such that G(s) € Hy, in

the sense that the system generator A defined by (5.17) generates an exponentially stable

Cy—semigroup et on the state space H, i.e., ! eAtH < Mye=®t where My > 0 and € > 0. In
addition, it is reasonable that —e € p(A), since € can be chosen such that —e > wy, where wq
is the growth bound of A. Therefore, once the system generator A is exponentially stable,
Assumption 11 and Assumption 12 hold naturally (see [80]). In this section, the following

theorem provides a sufficient condition that proposes an alternative way to select a simple

novel stabilization feedback gain (‘low gain’) such that A+ BK is an infinitesimal generator
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of an exponentially stable Cy—semigroup Tax(t) on H.

Lemma 18. Under the fact that A is the generator of an exponentially stable Co—semigroup
on the state space H and with assumption that the operator C is A—admissible. There ezists

the stabilization feedback gain K of the form:

K =kC (5.45)

such that the perturbed operator A + BK is an infinitesimal generator of an exponentially

stable Coy—semigroup on H for each k € [—k., k.] where k, > 0.
Proof. The proof is similar to the proof part of Thm 4.3.7 in [62]. ]

Remark 18. During the proof of Lemma 18, we just need to make sure that the inequality

|( — kBCR(X; A))_lHL(HH) < +00 holds, since sup [[R(A;A)|| gy < M. Then, we
’ Re(A\)>—¢ ’
actually can conclude that for any k # im and |k|< +o0, ||(I — kBCR(\; A))_luc(H,H) <

+00. In this chapter, we chose an alternative way to limit the selection of k in a small

range [—ky, k.| with k, < i.e, ‘low gain’. In other words, k € |—k,, k] is a suffi-

1
IBlla KL’

cient condition ensuring ||(I — kBCR(); A

))_IHL(H < +oo. In practice, alternatively k
can also be selected outside of the range |—k., k] as long as (I — kBCR(X; A)) # 0 and

sup {”R()‘; A+ BK)”L(H,H) ;Re(A) > —%} < 400.

Remark 19. According to the form of the feedback stabilization gain (5.45), the control law

u(t) in (5.40) has the form:

In this case, if the pair (Q,S) is observable, a finite-dimensional observer can be designed
to estimate the exosystem state w(t) through the reference y,.(t). Assume that the controlled
output y(t) and the reference signal y,.(t) are measurable, actually an output feedback regulator

can be synthesized to realize the tracking control.
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5.4 Numerical Simulations

From the previous section, the dynamical evolution of the linearized system is given as the
variation dynamics around the equilibrium profiles. In this section, we first present the
temperature equilibrium profiles and then the evolution of the linearized system with a set
of physical parameters. Subsequently, the results developed for the state feedback regulator
design are applied.

First, the values of the parameters appearing in the system (5.13), (5.14) are given in

Table 5.2. According to the values in Table 5.2 and the equations (5.9)-(5.11), the equilibrium

Table 5.2: The values of model parameters.
ar B oan Pl a Ty Toe Tos Fo
0.02 0.01 0.1 0.05 100 200 0.65 80 15 20 30

temperature profiles are presented in Figure 5.4. Utilizing the values of parameters in Table
5.2, we can calculate w; = 0.175 and ws = 1.6939 which obviously satisfy the inequality in
(5.42), i.e., wywy = 0.2964 < 1. Therefore, the operator A is an infinitesimal generator of an
exponentially stable semigroup e4* on H. Moreover, we can see that the linearized system

is stable in Figure 5.5 and Figure 5.6, where we set initial conditions as:

Ry (x,0) = 10cos <%>, R; (x,0) = 5sin <7l“—f),0<1:<l1
R (z,0) = (1 — a)10cos (%) , Ry (x,0) = 5sin (7—;’”) o< <y

The primary objective of this chapter is to construct a state feedback regulator that will
properly shape the amplitude and phase of the output. Thus, we now proceed with the
design of the operators K, IT and I" in the state feedback law (5.40). In particular, K is a
stabilizing feedback operator and in addition K together with IT and I' adjusts the amplitude
and the phase of the output.

First, according to Theorem 18, we choose the stabilization feedback gain as: K = kC.

Therefore, we need first to verify the A-admissibility of the operator C. Since, we can
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Ry(z,t)

0 o

Figure 5.6: Evolution of the state of linearized system: Rs(x,t) with zero input, i.e., u(t) = 0.

then, we can rewrite (5.46) as:

0

0
R (I2,t)
RICH)

lCe®=(@)]}, = {0 00 1}61%

- 1y

<100 0 1][e*(l)],

<100 0 1|Me=|2)|y
Thus, C'is A—admissible. The performance of a ‘low gain’ controller is investigated in Figure
5.7. Without loss of generality, the temperature evolution R (-,t) at point 2 = 10 is chosen
in Figure 5.7. Based on the performance of the controller in Figure 5.7, the range of k can

be set as k € [—1, 1] and we choose k = —0.7 in this example.

Then, we design the exosystem (signal process) of the form (5.33), (5.34) to generate the
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Figure 5.7: The performance of a ‘low gain’ controller according to different values of k,
based on the temperature evolution Ry (10, t).

reference signal y,.(t), where the matrices S, @ and the initial value wy are chosen as:

0 0 0
S=10 0 2 ,Q=[110}
0 -2 0

such that this process gives

wy (t) —-33
w(t) = | wo(t) | = | 10sin(2¢)
ws(t) 10 cos(2t)

and then, y,(t) = —33 + 10sin(2t).

Remark 20. Here, we design the reference signal as: y,(t) = —33 + 10sin(2t). One can
note that in the original nonlinear system, steady output Ty (ly) ~ 33. We design the state

feedback regulator such that the output Ry (lo,t) of the linearized system tracks y,(t). From the
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previous section, we know that the output of the original system Ty (ly,t) = R (Iy, 1) +T5 (I3)
which implies under the control of the state feedback requlator, that Ty (Io,t) tracks the signal

Y. = 10sin(2t).

We now turn to the calculation of I and I" such that the constrained Sylvester equation

(5.38), (5.39) holds. From Proposition 1, since IT € £(C?, H) and T € L(C?,U), we set II

and I' as: ) )
H_l(@ H_Q('T) H_3($)
L) Tp@) M) ||
(Mw) (z) = ! ? ’ ws(t) (5.47)
I (z) 15 (x) T(x) )
I () () ) | &

where I17;(z) are defined in 0 < 2 < [, and IT};(x) are defined in Iy < 2 < Iy, where j = 1,2
and i =1,2,3.

I= {% Yo Y3 ] € L(C%U) (5.48)

Now, one can rewrite the equation (5.47) as:

T(z) = { I (z) Ma(z) Tiz(z) }

According to (5.38), (5.39), one obtains:

Allj(z) = —Bm (5.49)
Ally(z) + 20T3(z) = —By (5.50)
Ally(z) — 2TLy(z) = —Bry (5.51)

Ol (z) = 1, CThy(z) = 1, Clls(x) =0 (5.52)

183



From (5.49) and (5.52), one obtains:

Clli(x) = —C(0 — A)™'By; = G(0)y, =1

- 1 _

Multiplying (5.51) by i = v/—1 and adding the results to (5.50), one has:
i(i2 — A)13(x) + (12 — A)Iy(z) = B (2 + i73)
Recall that i2 € p(A), one can write the above equation as:
Clly(z) 4 iCls(z) = C(i2 — A) ' B (72 + i3) = G(12) (72 + i7s)
One can define the notation:
p1 = Re (G(i2)), pp = Im (G(i2))

where Re and Im are the real part and imaginary part.

Now, one can write (5.55) in terms of p; and pus:

Clly(x) + iCls(z) = a1 — vapte + @ (Yapse + Y3111)

From (5.52), one obtains:
Yopir — Yape = Cllp(z) = 1
Yotz + yap1 = Cllz(z) =0

(5.56), (5.57) provide the explicit expression of v, and 3, namely:

Yo = A = BAG®) — 59879,

Hi+us IG(i2)]?
_pe . Im(G(2) _
V3= o i G@pP — 7.3687
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Now, we obtain all the components of I" and we note that the transfer function G(s) is

essential.

Given 71, 72 and 73, one can solve (5.49)-(5.51) to obtain II:

i _ ] i T, (z i
I () T
A 0 115 () 0
. = — - dTlJr(x) ")/1 (558)
0 A Hll(x) p1s1  dz
i 113, () i | 0 i
T 7 r T [ ATy () |
I;,(2) M5 () L
A 0 I35 () I55(x) 0
+2 i IT (@) V2 (5.59)
0 A I, () HT?)("E) ;)1_5’61Y iz
| T (2) | | TI55(2) | I 0 |
T 7 r T i AT (z) |
I;3(x) () L
Al 0 H_3<x> . ]'_‘[_2(‘7;) o 0 ’}/ (5 60)
- o dT (x 3 ‘
0 A | | i) I, () Lot
i H%(m) i L H;Q(x) i i 0 i

It should be noted that according to the definition of D(A), the following boundary

conditions are supposed to be satisfied:

The equations (5.58)—(5.61) can be solved off-line numerically e.g., finite difference.

Then, we now substitute the operators K, II and I' into (5.40) and apply the feedback
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control law to the linearized system:

u(t) = Kz(t) + (I' = KID)w(t)
Ry (x,1) I (z) Mpp(x) Ig(z)
e Ry (z,1) I 5 (z) Ily(z) Iy(z) w(t)
R (z,1) I (z) I(z) ()
| Ri(a,) | Mh(e) (o) T3 |
U)l(t)
= kR;(l% t) + [ 1= H;(Zz) Y2 — H;_Q(l?) V3= H;3(l2) wo(t)
ws(t)

with C' = [ 00 0 Cy } The results are shown in Figure 5.8, Figure 5.9 and Figure
5.10. In Figure 5.8, under the control the proposed state feedback regulator, the output of
linearized system (5.13)—(5.15): Ry (I2,t) tracks the reference signal y,(t) = —33 + 10sin(2t)
very well. Moreover, Figure 5.8 also shows that the non-minimum phase phenomenon appears

in the linearized system.

T
. : phase R;(ZZA t),

(1)

Rj (Iy,t)

-50 L L L L L L I I I
0 20 40 60 80 100 120 140 160 180 200
t

Figure 5.8: Evolution of the linearized system output: Ry (l3,t) tracks the reference signal
y-(t) under the control of the state feedback regulator shown in (5.40).
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100

Ri(x,t)

T

Figure 5.9: Evolution of the state of the linearized system: R;(z,t) under the control of the
proposed regulator in (5.40).

Rz(ﬂf,t)

Ri(l2,t)

-80 —

=100 —|

Figure 5.10: Evolution of the state of the linearized system: Ry(z,t) under the control of
the proposed regulator (5.40).

As for the states evolution of the original nonlinear system (5.1), (5.2), through the

transformation (5.12) and the input Fi(t) = Fy +u(t) = Fo+ Kz(t) + (I' = KII)w(t), we can
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figure out that:

@t || Rt + o) ]
Ty (z,t) || By(z,t) + To(x)
THet) | | RE(et) + To(2)

T || R+ T

and the output Ty (I2,t) will track the reference signal y.(t) = 10sin(2t).

5.5 Conclusions

This chapter considers the state feedback regulator design problem (in particular a tracking
problem) for the network of countercurrent heat exchangers governed by two sets of hy-
perbolic PDEs. Since the controlled system is nonlinear with respect to the control input,
equilibrium profiles of the states are utilized to deal with the linearization of a nonlinear
system. Then, the explicit expression of transfer function is calculated and is utilized to
analyze the dynamic of the resulting linearized system. Moreover, the sufficient conditions
are given such that the system generator A generates an exponentially stable Cy—semigroup
on state space H. With the precondition that the operator C'is A—admissible, we proposed
a ‘low-gain’ stabilization feedback controller, i.e., K = kC' so that A + BK generates an
exponentially stable Cy—semigroup on H. Consequently, in this chapter the state feedback
regulator solves the output regulation problem for the countercurrent heat exchanger system
based on the linearized model. In the simulation part, the proposed controller is applied
in a numerical example. Detailed calculation procedures for all the parameters of the state
feedback controller are provided. The results show the capability of the proposed controller

to ensure satisfactory tracking of the reference signal.
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Chapter 6

Optimal tracking control for the
coupled plug flow reactor system with

temperature output feedback

6.1 Introduction

Boundary control of distributed parameter systems is the most attractive area of design and
control application realizations due to its appealing nature that already build industrial in-
frastructure and/or facilities may be additionally operationally improved by addition of the
actuation power at the domains boundary (see [81], [82] and therein).

In the control literature, the optimal control problem belongs to the class of important
control problems. In [27], variational approach was utilized to developed optimal control
law for finite-dimensional systems and the similar variational method was extended to solve
the constrained optimal state estimation problems for parabolic PDE systems in Chapter 2.
Moreover, in [14], an algebraic operator Riccati equation was solved for L) optimal control
problem for infinite-dimensional systems and this approach was later applied to a class of
distributed control hyperbolic PDEs; see [37]. Although the LQ optimal control law was ex-

tended to address the boundary control problem for parabolic PDE-ODE systems in [81], the
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considered system has to be pre-proccessed by applying the transformation in [14] such that
the boundary control problem can be transformed into distributed control problem. How-
ever, applying the approach in [81] and [37] may result in a spatial distributed input which
can not be applied at the boundary point. In [83], the variational approach was extended
to deal with stabilization problem for scalar boundary controlled diffusion reaction process
and this approach was utilized in a very restrictive way for 2x 2 hyperbolic systems in [84].
Therefore, the boundary optimal control problem for coupled hyperbolic PDE systems is still
an interesting topic to be addressed. In this chapter, we will construct an optimal boundary
controller without the pre-processing the considered boundary controlled systems.

The output regulation problem or servo-problem is one classical and essential control
problem. The problem is formulated as regulator design for the fixed plant such that the
controlled output tracks a desired reference signal (and/or reject disturbance) generated by
an exosystem. In order to generalize the well-developed theory of finite-dimensional systems
to infinite-dimensional systems, significant efforts have been made: the geometric methods
developed in [45] in finite-dimensional systems were extended to address output regulation
problems for spectral infinite-dimensional systems (see [57] and [31]).

The contribution in this work is that we develop a boundary optimal controller to address
tracking problems of linear coupled hyperbolic PDE systems. The weak variation approach
and full state feedback internal model control (IMC) theory are combined together to realize
the construction of optimal boundary controller. In particular, the reference signal to be
tracked is generated by an exosystem which is well known in IMC theory and we consider
the generation of ramp and even polynomial signals which are non-trivial in nature and in a
literature usually only sinusoidal and step-like signal are considered, see [57] and [53].

In this work, a finite-time optimal tracking controller is designed for linear boundary-
controlled coupled hyperbolic PDE systems via weak variations. This work is organized as
follows: The considered plug flow reactor is introduced in Section 2. Then, the optimal con-

trol and output regulation problems are stated in Section 3. Numerical example is presented
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in Section 4 to verify the performance of the proposed optimal regulator. The last section

includes conclusions.

6.2 System description

6.2.1 Nonlinear PDE model

We consider a nonisothermal plug flow reactor shown in Figure 6.1, with the following

chemical reaction happening:

A —qB

with the positive reaction stoichiometric coefficient, i.e. ¢ > 0. Generally, based on mass and
energy balance principles, the dynamics of tubular reactors are demonstrated by nonlinear
coupled PDEs. Suppose that the above reaction kinetics are given by first-order kinetics
w.r.t the reactant concentration ¢4 (mol/L) and the temperature T'(K'), the dynamics of the
reaction process can be described by the following first-order hyperbolic PDEs with T'; and
cp (mol/L) denoting the jacket temperature and the product concentration, respectively,

where T, is the outlet temperature T'(l, 7):

AH E 4h

T = —vo,T + —Kk —— ] — T—kTy—T 1
0 0O+ pC, AP < RT> pOpd( Tou =) (6.1)
0-c vOccq — koca e b (6.2)

cq = — — xp | ——— .

A cCA 0CA €Xp RT

0-cg = —v0ccp + gk _ £ (6.3)

+CB = —V0¢CR qRoCA €XP RT .

with the boundary and initial conditions given, for (7,¢) € R™ x [0,], by

T(0,7) = Tin(7),ca(0,7) = cain, c5(0,7) =0,
T(¢,0) = To(C), ca(¢, 0) = can(C), cp(¢,0) = 0.

(6.4)
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Here and in the following chapter, ; and O, denote the partial derivatives w.r.t temporal
variable ¢ and spatial variable (, respectively. In equations (6.1)-(6.4), v, AH, p, C,, ko,
E, R, h, d, T;, and ca, represent the superficial fluid velocity, the heat of reaction, the
density, the specific heat, the kinetic constant, the activation energy, the ideal gas constant,
the wall heat transfer coefficient, the reactor diameter, the inlet temperature, and the inlet
reactant concentration, respectively. The values of these parameters are given in Table 6.1. In
particular, the inlet temperature will be used as control variable of this process. Additionally,
7, C and [ are the temporal and spatial variables, and the reactor length, respectively. In this
system, the output temperature T,,; is used as a feedback since this setup can help to save
energy for the real industry so that it can reduce the energy consumption for the producing

of the jacket temperature.

e e
A4

Products

Reactants

ut

T

Figure 6.1: The sketchy of the plug flow reactor with the temperature output feedback and
this configuration is motivated by [4].

Remark 21. In practice, it is expected that 0 < T((,7) < Thmax and 0 < ca((,7) < Can,
V7 > 0 and V¢ € [0,1]. Here the temperature upper bound Tyax could possibly be +oo. It
turns out that the case Tyax < +00 is the most interesting one for the stability analysis of

the open-loop model.

6.2.2 Temperature and Concentration Equilibrium Profiles

In this chapter, we are concerned with equilibrium profiles of the system (6.1)—(6.4) with the

form:
[Te(')acAe(')7cBe(')]T (65)
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Table 6.1: Process parameters used in the simulation.

process parameters notations  numerical values
superficial fluid velocity v 0.25 m/s
length of the reactor l 1m
activation energy E 11250 cal /mol
kinetic constant ko 106 =1
inlet reactant concentration CAin 0.02 mol/L
heat transfer coefficient pé’; 5 0.2 571
ideal gas constant R 1.986 cal/(mol.K)
equilibrium temperature T, 340 K
0 0.25

Given fixed jacket temperature T in (6.1), solving the equations (6.1)—(6.4) with zero tem-
perature and concentrations changes, i.e. 0,17 = 0, 0,c4 = 0 and 0,cg = 0, yields equilibrium
profiles for temperature T.(¢) and concentrations c4.((), cpe(¢). In Figure 6.2 and Figure
6.3, equilibrium profiles for T,.(¢) and c4.(() are plotted under different jacket temperatures:
T; = 200°C and T; = 300°C.

420 T T T T 0.022
0.024
400 isiaas, oona|
< T @ R
~ Goeeg T, = L
o380 e e S0016
o
E E 0.014
& %601 = 0012
= =
qé 5 0.01
Z a0t g
= S 0.008
3201 0.006
0.004 -
300
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Space(m) Space(m)
(a) (b)

Figure 6.2: Given T; = 200°C: (a) Temperature equilibrium profile; (b) Concentration
profile. In the concentration profiles, we always keep boundary conditions as c4.(0) =
ca.in = 0.02mol /L.

Obviously, Tt is easy to see that both steady state temperature T.(¢) and concentration

cae(C) are spatially varying while the jacket temperature T is constant. Actually, alternative

193



390 0.022
385 0028
380 P __oo18f )
< s DAAA‘\A < 0.016
<375+ “ < 0.016 F
~ (zﬁ‘ﬁ e, N
£ 370f B g o014
£ % 0.012
2 JUNDUUSERSTRSS |
E s T —
= i O
Eapoproseommosssoncenne e g oo
& s55 Riitaar = S 0.008
oo, 0.006 |
350 R
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Figure 6.3: Given T; = 300°C: (a) Temperature equilibrium profile; (b) Concentration
profile. In the concentration profiles, we always keep boundary conditions as ca.(0) =
ca,in = 0.02mol /L.

can be chosen such that the temperature equilibrium profile to be constant, i.e.

T.(C)=T.>0, ¢ €l0,1]. (6.6)

Then, equilibrium profiles must satisfy the boundary conditions in (6.4). According to
the continuity of the function 7., we have T.(¢) = Tj. for all ¢ € [0,1], in view of (6.5),
where T}, is a constant equilibrium value of T;,(7) in (6.4). In other word, the constant
inlet temperature determines that of the constant temperature equilibrium profile.

Due to the constant temperature equilibrium profile, it is easy to compute the reactant

and product concentration equilibrium profiles:

cae(C) = camexp(BeC), ¢ € 10,1] (6.7)

CBe(g) = 4CAin (1 - eXp(ﬁeC)) ) g S [07 l] (68)

where [, is the negative constant given by 5. = —(ko/vexp(—F/RT,)) < 0. Therefore, the
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corresponding jacket temperature equilibrium profile is as follows:

vdAH

TJe(C) = (1 - kl)Te - Ah

ﬁeCAm eXP(ﬁeC) (69)

3R -0.02

340.8 R ; ; —T. Ho.0195

- =CAe

340.61-

50.019

340.41
+0.0185

(¢) mol/L

)
< 3402F
< 10.018

£ 340

ation ¢4,

= N H0.0175
E 33081 e =
' ) H0.017

oncnetr

339.61-

C

339.4f 700165

339.21 Y. 0016

339 i i i i i i i i i
) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Space(m)

0.0155

Figure 6.4: Temperature and reactant concentration equilibrium profiles.

6.2.3 Linearized PDE model

In the system (6.1)—(6.4), the product concentration cp can be immediately calculated once
the reactant concentration ¢4 and the temperature T" are known. Hence, we only consider the
first two state components, namely the reactor temperature 7" and the reactant concentration
c4. In following, we transform the system into dimensionless model by defining the state

variables: #; and 0, given by:

T — Te n T
,0, = CAin — CA (6.10)

0, =
Te CAin

Dimensionless temporal and spatial variables are given by t := v/l and z := (/I. Moreover,
the jacket temperature is assumed to be kept at the equilibrium profile given by (6.9),

i.e., Ty = Tj.(¢). Then, the resulting system has the form with 6;, = (T}, — T.)/T. and
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05 = (Ty. — T.)/T, given by:

00, = —8.0, — B6; + ad(1 — ) exp ( 103 )

it (6.11)
+Bk1(1 4 041(1,t)) + 0.
0,05 = —,05 + &(1 — 0) exp 1o, (6.12)
0, +1
with boundary conditions given as follows:
and initial conditions:
To(zl) — T, in — l

(2,0) = DD =T (o gy = Cam — Can() (6.14)

e CAin

In the above equations, the parameters are given by, in terms of the original parameters:

= g & = "exp(—p)

6 _ 4hl 8 _ AH CA,in
T pCpdv? T T pCp Te

Therefore, from (6.6)—(6.8) and (6.10), dimensionless equilibrium profiles are given by:

bro = 0,0, = A2 g —0 (6.15)
CAsin
Then, let us consider the following transformation:

El — ‘91 - Qlea %2 = 02 - 0267 am - gin - Qine (616)

The linearization of the system (6.12)—(6.16) around the equilibrium yields the following
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linear coupled hyperbolic PDE systems:

8@1 = —(9251 + ’71(2)%1 + (51(2’)52 + ﬁklil(l,t),

ati‘\Q - _azEQ + 72(2)51 + 62(Z)i27

71(0,1) = Um(t), 72(0,1) = 0.

To(zl) =T, _ cae(zl) — cap(2l)
e CAin

51(2’, O) =

where the parameter functions are given by:

N(2) = = + BLEPU (1 g,.) 61(2) = —Gb exp (1),

72(2) = Oé(}ij_XTpl(j; (1 - 928) ,52(2’) = —Q exXp (,ue) :

and the function g, is given by p, = fféfe

’)/1(2:) = —ﬁ + dgﬂ(l — 928) s (51 = —&3,

Yo(2) = G (1 = by) , 02 = —a

Let us apply the following the notations and the new coordinates:

#1(2) = exp (= [y m(s)ds) ,

p2(2) = exp (= fy 2(s)ds) = exp(az),

p(z) = 25 Ai(2) = ﬂ—E;k

r1(2,t) = p1(2)x1(2, 1), 22(2, 1) = Pa(2)T2(2, 1)

a1(2) = 971 (2)72(2), a2(2) = @(2)d1

Then, the system (6.17)—(6.19) is equivalent to the following system:

O (z,t) = —0,m1(2, 1) + aa(2)za(2, t) + B1(2)z1(1, 1)
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(6.18)
(6.19)

(6.20)

. Since 61, = 0, p. = 0. Consequently, one has:

(6.21)



Orxa(2,t) = —0,x9(2,t) + a1(2)x1(2, 1) (6.22)

21(0,t) = U(t),22(0,¢) =0 (6.23)
x1(2,0) = @1(2)%6_7;,@(2, 0) = @a(2) CAe(ZlL;:A’O(zl) (6.24)

where the input is given by U(t) := ¢1(0)u(t). In particular, we assume the output to be
controlled is defined by

x1(t
y(t) =C 1) (6.25)
210
In this chapter, boundary, pointwise, as well as distributed outputs y(t) are taken into

account, which can be formulated by the formal output operator:
m 1
Ch=>_ flh(z)+ / L(2)h(z)dz (6.26)
=1 0

for h € C* with f; € R? 2z; € [0,1], 7 = 1,2,...,m, and ¢''(2) = [¢;(2)] € R? with ¢;(2) €
L5(0,1), ¢ = 1,2. When considering the case of a pointwise (including boundary) output,
ie., z; € [0,1) and ¢ = 0 in (6.26), we assume that the resulting output y(¢) in (6.25) is
independent from the BC (6.23).

For the linearized system (6.21)—(6.24), with parameters given in Table 6.1, system pa-

rameters aq(z), as(z) and f1(z) are shown in Figure 6.5.

Bi(2)

Parameters
N

as(z)

_10 0.2 04 06 0.8 1

Figure 6.5: The evolution of the state x1(z,t) of the open-loop system (6.21)—(6.24).
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When the parameter k; is chosen as k; = 2, with the set of parameters given in Table
6.1 the linearized system (6.21)-(6.24) is unstable as shown in Figure 6.6 and Figure 6.7.
Furthermore, the stability analysis of the model (6.21)—(6.24) is given in the following: Let

us define the operator A:

-0, sz hi(z z
(AB)(2) = 2(2) 1(2) Ai(z) (1)
ar(z) =0, ho(2) 0
- - 2 2 2 2 hu(2)
with the domain D(A) = {h € L*(0,1)*: 0.h € L*(0,1)*, h(0) = 0}, where h(z) =
hQ(Z)
ai(z) >0, as(z) < 0 and B1(2z) > 0.
Now, by assuming A\ € C to be eigenvalues of A: one has
Ah(z) = Ah(z),h(2) #0
By expanding the above equation, one gets:
h -2 h h1(0
(92 1(2) _ az(z) 1(2) N Ai(2) (1), 1(0) 0
1 ha(2) ai(z)  —A ha(2) 0 ha(0)

Solving the above equation yields the solution:

hi(z) z =1 =X () 1
= exp dn p1(s)ds hi(1)
ha(2) /0 /s ar(n)  —A 0

Premultiplying the above equation by { 1 0 } and evaluating z = 1 yields

mw =1 0] / oo [ al‘;) ai(:) an | | Au(s)ds ; ()
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Namely, one has

- (6]
12{1 0} Jo {eo | S ) dn | | Bu(s)ds 1
ai(n)  —A 0
exy1(s) exa(s 1 =A
= { 10 } IN (#) ewale) exp | [ ’ dn | Bi(s)ds
exs(s) exy(s) 0 =\
where exi(s) exals) = exp fsl 0 () dn | and exp fsl -
exs(s) ewy(s) a1(n) 0 0
0

exp(—A(1 — s))

. If we define the transformation matrix:

0 exp(—A(1 — s))

7(s) - { L ] T = 3 [ Ly ]
Gl 2l 1
—da(s) —a2(s)

with &;(s) = fsl a1(n)dn and Gy (s) = fsl as(n)dn, then we have:
1 0 (0%)] 1 —661 S dg S 0
o | D g | 7105) - (iv=a1)a())
< | a0 0 - (iV=a()aa)

Therefore, we get
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where the elements ex,(s), es(s),exa(s) and exs(s) are given by:
exy(s) = 1 <exp (@ —@l(s)&g(s)) +exp (—i —&1(8)(342(3)))

:cos( —dl(s)d2(3)>
es(s) = Jiy/ 220 (eXp(i —dl(s)d2(8)>—exp<—i —dl(s)d2(3)>>

=~y sin (V- (9)8(9))

exy(s) =1 (exp (z —@1(8)d2(8)> + exp (—z’ —&1(3)6@(3))) .

= cos —dl(s)d2(3)>

Finally, we obtain:

ex exs(s - 0 1
1= ! 2() exp fsl dn | Bi(s)ds
exs(s em4(s) 0 —A 0
6331 1(s)exp (A(s — 1)) ds

From the above equation, it is easy to conclude that for the case ex;(s)f8i(s) > 1, the real
part of eigenvalue A has to be always positive, which indicates that the model (6.21)—(6.24)

is unstable.

77
//y//f,'}}l%l ”I”/III/ 7

iy
l ”/ll II

Figure 6.6: The evolution of the state x1(z,t) of the open-loop system (6.21)—(6.24).

In this chapter, the objective is to design boundary controllers such that the following

conditions are satisfied:
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x9(2, 1)

Figure 6.7: The evolution of the state xo(z,t) of the open-loop system (6.21)—(6.24).

(i). the entire closed-loop system is stable;

(ii). the tracking error e,(t) = y(t) — y.(t) decays to zero as t — +oo, for any initial
conditions, i.e.,
lim e,(t) =0 (6.27)

t——+o0

where y,(t) is the desired reference signal.

6.3 Optimal state feedback tracking controller

6.3.1 Optimal stabilization controller

In this section, we derive necessary conditions for the open-loop (linear quadratic) LQ opti-
mality problem by applying weak variational approach. Consequently, the differential alge-

braic Riccati equations are developed for the finite-time state-feedback controller design.

6.3.1.1 Open-loop Controller

We are interested in the finite-time open-loop LQ optimal control problem for the system
(6.21)—(6.23). Let us condition the LQ optimal control problem on a finite-time horizon
tel0,T]
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T = T () (o (2 1))

41 fo 22(2,t), @2 (v2(2, 1)) + RU(t)dt (6.28)

+ <$1<Z, T)? Pfl (Il(zv T)))

+5 (wa(2, ), Pp, (22(2,7)))

N[

Here, the symbols ¢; > 0, ¢o > 0, R > 0, P;, > 0 and Py, > 0 are weighting kernels for
states, input and terminal states of the closed-loop system. In particular, the positivity of
R is used to guarantee the boundedness of control signals. The following theorem provides
necessary conditions for open-loop optimal control problem of (6.21)—(6.23) in finite-time

horizon.

Theorem 16. Consider the linear coupled hyperbolic PDEs given by (6.21)-(6.23) defined
on the finite-time horizon t € [0,T] and the cost function (6.28). If we define the nominal
states, control and co-states that minimize the cost function as: xzi(z,t), x3(z,t), U*(t),

A(z,t) and Ao(t), then the necessary conditions for optimality are as follows:

Oxi(z,t) = —0.x7(2,t) + ag(2)xs(2,t) + B1(2)x](1,1) (6.29)
Owxy(z,t) = —0wrs(2,t) + a1 (2)x] (2, 1) (6.30)
—8t)\1 =1 (Q?T) + (92/\1 + aq (Z))\2(Z, t) (631)
—8t)\2 = ({2 (ZE;) + 82/\2 + OZQ(Z))\l (Z, t) (632)

with boundary conditions:

21(0,8) = U*(t), 23(0,t) = 0 (6.33)
A(Lt) = /1 M (2,01 (2)dz, Ao(1,) =0 (6.34)

and initial/terminal conditions:

z1(2,0) = x10(2), 23(2,0) = x90(2) (6.35)
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>‘1(Z7T> = Pfl (x*{(z,T)) ) )‘2<Z7T) = sz (CIZ;(Z,T))

where the optimal control input is:

1
U= —=X\(0,t
R 1(7)

Proof. We introduce the perturbation from the optimal solution:

z1(z,t) = 25(2,t) + €01 (2, 1)
Tz, t) = a2, t) + €dxa(z, 1)
U(t) =U*(t) + dU(t)

Plugging the above equations into the cost function:

J (a7 + 0wy, x5 + €0y, U 4 €6U)

- % fOT [(.TT + 851‘1) a1 (Z‘T + 551’1) ]

+% (x3(2,T) +e0x1(2,T), Py, (27(2,T) + dx1(2,T)))

)

+1 [ [(@5 + 022, g2 (x5 + £0x2)) + R(U* + e6U)?] dt
(2,
(2,T) 4+ edxo(2,T)))

+3 (x3(2,T) + ebxo(2,T), Py, (3
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Then, we define a functional:

gle) =3 fg (x] + edxy, qu (] + €dxy))]dt
+1 f (25 + 022, g2 (5 + €012)) + R(U* + e0U)*] dt
+% (x5 (2, T) +e0x1(2,T), Py, (z5(2,T) 4+ dx1(2,T)))

+1 (32, T) + aézt:g(z,T), Py, (a5(2,T) + ebao(2,T)))
+ [T (z,1), —0.0% — €001 + aa(2)xh + an(2)edms)]dt
+ [T O(z,0) 51(z)x;(1,t) + B1(2)edzy (1,1))]dt

+ [T (2, 1), =0, (2} + eday))]dt

- fo [(Aa(z,t), =028 — €0.0my + ay(2)x] + a1 (2)edzy)]dt
+ [ [Nl ), =0y (a3 + eda2))]dt

where last four terms accounts for the system dynamics constraint (6.21)—(6.22) in a La-
grangian form. As a consequence, the necessary conditions for optimality is dg(e)/de|._, = 0

Differentiating g(e) yields:

= [T [(6x1, @1 (af + e6y))]dt
+f0 (0x9, q2 (x5 4 £022)) + R (U* + &dU) oU|dt
+ (021 (2, T), Py, (2(2,T) + €0z (2,T)))
+ (029(2,T), Py, (x3(2,T) + £622(2,T))) (6.38)
+ ) [N (2,t), —0:021 + as(2)dws — & (621))] dt
+ [ [(Ag z,t), —0.0m5 + ay(2)0my — & (6x2))]dt
+ [ (2, 1), Bi(2)0a1 (1, 1))]dt

By applying integration by parts, some terms in above equation can be simplified:

(M(z,t), —0.011)
= M\ (1,8)021(1,1) + A (0,1)0U () + (9.1, 621)
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(Aa(2,t), —0,0xs)
= —)\2(17t)5$2<1,t> + <az)\27 5.%'2>

Moreover, we can also compute:

ST (2, 1), 8, (0my))dt
= (M(z,T),0x1(2,7T)) fo (B4 A1, 0x1)]dt

I a(z, 1), 0, (22)) ) dt
= (Ma(2,T),022(2,T)) fo [(8:Aa, 622)]dt

Substituting these equations into (6.38) and evaluating it at € = 0 leads to:

9 (@)=

[ 18z, g (27) + Ohi + Dohi + an(2)Xa(z, 1)) dt
+ [ (022, qa (25) + Oda + DX + as(2) M (2, 1))]dt
+ [T IR(U*) + M\ (0,1)|sUdt

+(0x1(2,T), Py, (27(2, 7)) — Mu(2, 7))

+ (0x2(2, 1), Py, (23(2,T)) — Aa(2, 7))

+ [T (2, 0), Bi(2)) — M(1,8)] 8z (1, 8)dt

+ [ (1, 1) 0o (1, 8)]dt

Therefore, the following necessary optimality conditions are obtained:

=M = q1 (27) + O A + a1(2) Az, 1)

—O Ay = @2 (T3) 4+ 00 + aa(2) M (2, 1)

A (1,1) fo M (z,1)B1(2)dz, Aa(1,1) =0

M(2.T) = Pp, (23(2.7)) Ma(2.T) = Py, (3(2,T))
U* = —5M(0,1)

This completes the proof.
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6.3.1.2 State-feedback Controller

Now, we are considering the state-feedback controller design problem. First, we define the

following linear transformation that relates the co-states A\; and Ay to the states x; and xs:

)\1(27 t) = f()l Pll(za Y, t)QZ'T(y, t)dy
+ Jy Pralz,y, )x3(y, t)dy
/\2(27 t) = fol PZl(Za Y, t)ﬂf{(y, t)dy

+ [ Poalz,y,t)x3(y, t)dy

(6.39)

Moreover, the terms in previous section are denoted by:

0 (252, 1) = [ a1z, )25 (y. t)dy
@ (23(2,1) = [ a2(z,9)x3(y, t)dy
Pfl ('f{(zvt» - fol Pf1 (Z7 y)xf(ya t)dy

sz (I;(Zv t)) = f()l sz(zv y)xs(ya t)dy

Then, we have the following result for the boundary controlled linear coupled hyperbolic

PDE systems.

Theorem 17. The optimal boundary control in state-feedback form is given by:

U*(t) = —L [ Pii(0,y, )2 (y, t)dy

1 (6.40)
—L [ Prio(0, y, t)as(y, t)dy

where the time varying transformation kernel Py(z,y,t) is the solution of the following dif-

ferential algebraic Riccati equations:

_atpll(za yvt) - ayf)ll(za Y, t) + azpll(zv y7t)
+a1(y) Pra(z, 4, 1) + a1 (2) P (2,9, 1) + q1(2,y) (6.41)
_%Pll(z7 07 t)Pll(Oa Y, t)
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Figure 6.8: The evolutions of the Py;(z,y,t) and Pio(z,y,t).

_atP12(Zv Y, t) = 8yP12(Za Y, t) + azPlZ(Za Y, t)
+ao(y)Pii(2,y,t) + oq(2) Paa(2,y,t)
—%PH(Z, 0,2) P12(0,9,1)

—0,P1(2,y,t) = 0y Por(2,y,t) + 0. Poi (2,9, t)
Fai(y)Pa(z,y,t) + aa(2) Pri(2,y,1)
_%Pﬂ('z? 07 t)P11<07 Y, t)

—0Pyo(2,y,t) = Oy Paa(2,y,t) + 0, Paa(2,y,t)
oo (y) Pai (2,9, 1) + aa(2) Pra(z, 4, 1) + ¢2(2,9)
_}%PQI(Z7 07 t)P12<O7 Y, t)

with boundary conditions:
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P21(Zu ]-a t) = fol PZl(Za y7t)61(y)dy
P21(17 Y, t) = 07 (646)
PQQ(Z, 1,t) = O,sz(l,y,t) =0

and terminal conditions:
Pll(zayaT) :Pfl(zay)a P12(27y7T> =0 (647)

PZl(Zuva) = 07 P22(27y7T) = Pf2(27y> (648>

Proof. To proof this theorem, one just needs to evaluate A\; and Ap in (6.31), (6.32), (6.34)
and (6.36) using the linear transformation (6.39). (6.42) and three boundary conditions for
Pii(1,y,t), Po1(1,y,t) and Pys(1,y,t) are directly resulted from the boundary conditions in
(6.34) and other three boundary conditions for Pyi(z,1,t), Py(2,1,¢) and Py(z,1,t) arise

from integration by parts. [

It is noted that for the infinite-time horizon, the optimal boundary stabilization controller

is given by the following form:

U*(t) = _}l}j ()1 PH(O, y)‘,ET(yu t)dy

_% 01 p12<07 y).T;(y, t)dy

(6.49)

where Pj;(z,7) is the steady-state solution of the differential algebraic Riccati equations
(6.41)—(6.44) with boundary conditions given in (6.45)—(6.46).

Now, we apply the optimal stabilization control law (6.37) or (6.40) and the results are
shown in Figure 6.9 and Figure 6.10. Moreover, the evolutions of corresponding Py (z, vy, t)
and Pjs(z,y,t) at some sampled time instants are shown in Figure 6.8.

Compared with states shown in Figure 6.6 and Figure 6.7, the closed-loop system is
stabilized by applying the optimal control law (6.40) in Figure 6.9 and Figure 6.10.

Now, we set the initial conditions for the original nonlinear plant (6.1)—(6.4) as Ty(¢) = Te
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Figure 6.9: The evolution of the state z1(z,t) of closed-loop system (6.21)—(6.24) with the
optimal control law (6.40).

Figure 6.10: The evolution of the state xo(z,t) of closed-loop system (6.21)—(6.24) with the
optimal control law (6.40).

and c40(¢) = can. Then, applying the resulting control law (6.40) back to the original plant
(6.1)—(6.4) yields the profiles shown in Figure 6.11 and Figure 6.12.

6.3.2 Tracking controller design

By applying the above technique, the stability of the linearized closed-loop system is ensured.
In this section, the objective is to design a feedforward regulator such that (6.27) can be
realized for the stable closed-loop system. In this work, we assume that the reference signal

y,(t) is generated by a known finite-dimensional exosystem:

o(t) = Su(t),v(0) € C" (6.50)
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Figure 6.11: The evolution of the state xo(z,t) of closed-loop system (6.21)—(6.24) with the
optimal control law (6.40).
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Figure 6.12: The evolution of the state x2(z,t) of closed-loop system (6.21)—(6.24) with the
optimal control law (6.40).

y(t) = ¢7o(t),t >0 (6.51)

with ¢, matrix of appropriate dimensions which is assumed to be known for the regulator

design.

Assumption 13. S: D(S) C C" — C" is a skew-Hermitian matriz having all its eigenval-
ues on imaginary axis: S = bdiag(Sy,, Sm). In particular, the matrixz S, is a n,—dimensional
nilpotent block, i.e. o(S,) = {0} and the matriz Sy, is a diagonalizable matriz with dimen-
st0ns Ny,. Note that n,+n,, = n. This allows the modeling of steplike, ramp, polynomial-type

and sinusoidal erogenous signals.

In order to solve the boundary controlled output tracking problem, the finite-time optimal
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state feedback controller with a feedforward of the signal model states is considered:

21(0,1) = U*(t)
= —L [ Pu(0,y, )1 (y, t)dy (6.52)

_% fol Ppo(0,y, ) (y, t)dy +mI(t)v(t)

The feedback gain Py1(0,y,t) and Pj2(0,y,t) are solutions of Riccati equations in Theorem
17 and the feedforward gain m,(t)? has to be determined. Consequently, the corresponding

infinite-time optimal tracking control law U*(t) is given by:

21(0,t) = U3 (1)
=—% fol Py1(0,y)z1 (y, t)dy (6.53)

— 5 [ Pra(0, y)aa(y, t)dy + ml (1)
We have the following result which provides a choice of mZ(t) and mZ.

Theorem 18. The feedforward gain for the signal model states has the following form:

mI(t) = & [ Pii(0,y,tymT (y)dy

(6.54)
1
++ [y Pr2(0,y,6)md (y)dy + m{ (0)

such that the output requlation (6.27) can be achieved, where the spatial varying vectors

m¥(z) and m(2) are the solutions of the following regulator equations:

d:my (2) = —my (2)S + az(2)my (2) + Bu(z)my (1) (6.55)

d.mi (2) = —mI(2)S + ai(z)m] (z) (6.56)
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with boundary conditions:

m3(0) =0,C —q¢"=0 (6.57)

ms

Proof. In order to determine the feedforward gain m!, we introduce for (6.21)-(6.23) and

(6.50) error states:

61(2, t) _ :E1<Z,t) _ m (Z) U(t) (658)

es(z,1) To(2,t) mi(z2)

where m!(2) and mZ have to be found. By applying (6.21)-(6.22), (6.50) and (6.58), one

obtains:

Oe1(z,t) = —0.e1(2,t) + az(2)ea(z,t) + B1(2)e1(1,t) (6.59)

Orea(z,t) = —0,ea(2,t) + a1(2)er(z, 1) (6.60)

if mT'(2) and mI(z2) satisfy the following conditions:

d.m (2) = —m (2)S + ag(2)m} () + Bu(z)m (1) (6.61)

d.mi (2) = —m3 (2)S + a1 (2)mi (2) (6.62)

The boundary conditions (6.23) and (6.52) give:

e1(0,t) = —% fol Pi1(0,y,t)es(y, t)dy
— L [P0y, tea(y, t)dy (6.63)
62(07 t) =0

213



if mT(0) and mI(0) satisfy the following conditions:

m{(0) =mZ(t) = & [y Pu(0,y, t)mT (y)dy
—L [ Pi(0,y, t)md (y)dy (6.64)
mi(0) =0

Finally, the tracking error e(t) in (6.27) becomes:

e1(t
e(t) =C 1(f) (6.65)
€9 (t)
if the following condition holds:
mt .
C —q, =0
my

According to the illustration in previous sections, the error system (6.59)—(6.60) with (6.63)

is stable optimally and therefore the tracking error e(t) in (6.65) decays to zero optimally,

which proves the output regulation (6.27) is achieved. Moreover, summarizing equations
T

with respect to m?(z) and mI(2) yields the conclusion of the theorem. This concludes the

proof. n
As a result, the corresponding feedforward gain in infinite-time horizon is given by:

ml =L [V Py (0,y)m?T (y)dy

(6.66)
+3 Jy Pra(0,9)m3 (y)dy +m7 (0)

The existence of the solutions m!(z) and mI(z) is essential to the feasibility of the feed-

forward controller. Therefore, the following lemma studies the solvability of the regulator

equations (6.55)—(6.57).
Lemma 19. (Regulator Equations) The transfer function of (6.21)-(6.25) from U(t) to y(t)
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1 1

isG(s) =C | Ay(s, 2) . + Ag(s, 2) . Ap(s,1) | with Ay (s, 2) = exp ([ Aa(s, €)dE),
e (oo (1 i) e = | 4 |
- 1
[ 1 0 :| A1<S, 1)
0

An(s, 1) = =

1—{1 O]Az(&l)

0

Then, we can find a unique solution m? (2) and mi(2) if the condition G()\) # 0,V € o(S)

holds.

Proof. From Assumption 13, we assume the {¢;} with k& = 1,---,n, are eigenvectors of
S, with zero eigenvalues and {¢x} with k = 1,--- n,, are eigenvectors of S,,. Moreover,
Ap with & = 1,--- n,, are assumed to be eigenvalues of S,,. As a consequence, equations

(6.61)—(6.62) can be decoupled into:

d=myy (2) = =1y (2)Sn + aa(2)my(2) + Bi(2)myy (1)
(6.67)
damiy(2) = =15 (2)Sn + an(2)m, (2)
Ay (2) = =My (2)Sm + @2(2)15(2) + Bu(2)m, (1)
(6.68)
=iy (2) = =My(2) S + a1 (2) g, (2)
with m{(2) = [mI,(2),ml,(2)] and mI(z) = [mI,(z),ml,(z)]. First, we focus on the

solving of (6.67): postmultiplying (6.67) by {¢x} with k =1, -, n,, yields (since S,¢r = 0):

(dzmipy (2) = a(2)mpy(2) — Bu(2)mip, (1)) dx =0

(d=maa(2) — a1 (2)ma (2)) @ = 0

(6.69)
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Since (6.69) holds for all {¢y} with &k =1,---,n,, we can easily obtain:

Mo (2) 0 ax(z) | | mu(2) Bi(z) |,
_l’_

My (2) a(z) 0 My (2) 0

From boundary conditions (6.64), we have m1(0) = 0 and thus mZ,(0) = 0. Therefore, the

general solution is given by:
= A4(0, 2) mL(0) + Ay(0, 2) mI (1)

with A;(0,2) = exp (f; Aa(0,5)ds), As(0,2) =[5 (exp (. Aa(0,n)dn)Bi(s)) ds and A, (0, z) =

0 oz
2(2) . Here ‘0" in Ay, Ay and A, denotes zero eigenvalue of S,. Immediately,

ar(z) 0

one has:

1
Obviously, { 1 0 } Aq1(0,1) and [ 10 } A(0,1) are scalars, since Ay(0,1)

0 0

and A,(0,1) are 2 x 2 matrices. If we assume the vector ¢/ = [¢l,, ¢l | with ¢%, € C'*™n

and ¢, € C*"_then applying the output operator C leads to
1 1
C (A(0,2)) +C (A5(0, 2)) A (0,1) | mE(0) = o2

Therefore, in order to compute mZ,(0) uniquely, the sufficient and necessary condition is

that
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¢ | (A0, 2)) ! +(A5(0, 2)) ! An(0,1) | #0 (6.70)

holds.
Now, we turn to solve the equations (6.68). As defined in previous section, the matrix
S, is diagonalizable, there exists a similarity transformation V1SV = diag (A1, - A,,,)-

With V = [¢1, - - ¢p,,]. Postmultiplying (6.68) by V' leads to a set of decoupled ODEs:

A2y (2) = = Aemg, . (2) + a2 (2)myg,(2) + Bi(2)my,,.(1)
dMmior(2) = = AeMipor(2) + a1 (2)my,,.(2)
. M1, .
mm2k(0) = 07 C = Gk
Mook
with m:nlk(z) = m%l(z)gbk? m;ank:(z) = m£2(2)¢k and q:(nrk = qg;rqbk for & = 17'”7nm'

T

T (z) and mZI,(z), one has:

Repeating the similar calculation for m
1 1
= | Ai(Ag, 2) + Ao (Mg, 2) Ay (A, 1) | m?1.(0)
Then, by applying the operator C to the above equation, we have:
1 1 . .
ClAi(M,2) + As( Ak, 2) A (A 1) | mi1(0) = @i

with Aj (Mg, 2) = exp (foz Ao (A, s)ds), Ay( Ak, 2) = foz (exp (fsz Aa(Ag, n)dn) 51(3)) ds, Aa( Mg, 2) =
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e a(2)
aj(z) =g

and

1

{ 10 } Aq (A, 1) .

Ay (A, 1) =

1—{1 o]A2<Ak,1> 0

It is only possible to compute m},;,(0) when the condition:

1 1
C Al()\k,z) +A2()\k,2) Am()\k,l) 7é 0 (671)
0 0

for any A\, € o(S,,) holds. Taking the Laplace transformation of the system (6.21)—(6.23)

leads to:
5. 21(z, $) _ —-s  ay(z) 21(z, 8) B1(2) (L 5)
To(z, 8) a(z)  —s To(z, 8) 0
21(0, s) _ U(s)
Z9(0, s) 0
vy —c| T
Ta(s)

Therefore, the transfer function from U(t) to y(t) is:

1 1
G(s) =C | A(s, 2) + As(s, 2) Apn(s, 1)
0 0
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Here functions A;(s, z), As(s, z) and A, (s, 1) can be obtained via replacement of ‘A’ by ‘s’
in above functions Aj(Ag, 2), Ag(Ag, 2) and A, (Mg, 1).
Combining (6.70) and (6.71), the solvability condition is G(\) # 0 for A € o(S). Once

T

T (0) and m?,,,(0) with & = 1,---,n,, are obtained, m!,(0) can be computed through

m

ml (0) = [m;ﬂl(()),mfnu(O), ceeoms (O)] V=L Furthermore, m?(0) = [mT (O),mﬁl(O)}

ml ’ mlnm, nl

can be obtained. Consequently, m?(2) and mI(z) are calculated. This completes the proof.

[]

6.4 Numerical simulations

In previous section, the proposed optimal control law given in Theorem 16 and Theorem
17 has been employed to realize the stabilization of the considered linearized system (6.21)—
(6.24) and thus the original nonlinear plant (6.1)-(6.4) around its equilibrium profile.

In this section, we are interested in the realization of the tracking control of the linearized
system through the proposed boundary tracking controller given in (6.52). Without loss of
generality, we are considering the control of z5(0.8,1), i.e., the reactant concentration at the
point ¢ = 0.8m. Obviously, the output to be controlled is included in the formulation (6.26),

) x1(+, 1)

ie., C = [0,1] x . We assume that the reference signal y,(¢) for the
) To (08, t)

system (6.21)—(6.25) to track is the combination of ramp and step-like signal given by:

0.05t, 0 <t <4
yr(t) = ¢ 0.25, 4 <t <25
0.15, 25 < ¢ < 50

0 0.05|,0st<4

Therefore, it can be modelled by (6.50)—(6.51) with ¢! = 025 0 |,4<t<25 |

0.15 0 [,20 <t <50
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Figure 6.13: The evolution of the controlled output y(t) and the reference signal v, ().

00 T
S = and initial condition v(0) = { 1 0 ] . Obviously, the matrix S is a nilpotent
10
0 0
matrix with eigenvalues {0,0} and thus ¢; = , g = . Therefore, in order to
1 -1

achieve the stabilization of the model (6.21)—(6.24) in ¢ € [0 50], we choose the terminal time
T =60 in (6.47)—(6.48) such that the corresponding Riccati equation can be solved.

From the proof of Lemma 19, the transfer function is essential to the feasibility of the
proposed tracking controller and the existence of feedforward gain mZ(¢) in (6.52). In this
example, only G(0) is needed since the matrix S just has zero eigenvalues. Based on the
formulation of the transfer function in Lemma 19 and the setup of the controlled output

y(t), one can compute G(0) in this example:

1 1
G(0) = [o 1} A1(0,0.8) + A5(0,0.8) An(0,1) | = —0.2966
0 0

Consequently, based on the formulation in the proof of Lemma 19, one has:

0 —0.1686 |,0<t<4

my (0) = —0.8428 0 |,4<t<25

—0.5057 0 |,25 <t <50
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Figure 6.14: The evolution and distribution of the temperature T'(¢, 7) of closed-loop system
(6.1)-(6.4) with the proposed optimal boundary control law. The red line with { = 0 denotes
the evolution of T'(0,7), i.e. Tj,(7).

and thus mT(z) and m?(z) are calculated immediately. From the formulation (6.54), the

time varying feedforward gain mI (t) can be obtained. As a result, (6.52) realizes the optimal
tracking, as shown in Figure 6.13. To drive y(¢) to track the reference signal y,(t), it directly
means that the reactant concentration at the point ¢ = 0.8 tracks the following reference

signal (black dashed line in left subfigure in Figure 6.15):

0.0166 — 0.0002067, 0 < 7 < 16
ca(0.8,7) = ¢ 0.0125, 16 < 7 < 100
0.0141, 100 < 7 < 200

The corresponding optimal tracking input 7°(0,7) is shown in Figure 6.14 (red line with
¢=0).
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Figure 6.15: The evolution and distribution of the temperature c4((, 7) of closed-loop system
(6.1)—(6.4) with the proposed optimal boundary control law. The line with ¢ = 0.8 denotes
the evolution of the output concentration c4(0.8, 7) and the black dashed line is the reference
signal.

6.5 Conclusion

This chapter presented an optimal L) output regulator to address the tracking control
problem for the boundary controlled linear hyperbolic partial differential equation (PDE)
systems. In the considered hyperbolic systems, a boundary output feedback was taken
into account and the resulting systems are unstable. This can be seen in Figure 6.6 and
Figure 6.7. The proposed optimal boundary control law solved the stabilization problem
via weak variational approach. Consequently, a feedforward boundary regulator equipped
with the optimal stabilization boundary control law realized the optimal tracking control.
The proposed approach was directly applied a plug flow reactor with temperature output
feedback and the simulation results indicated that the performance of the given optimal

boundary regulator was well.
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Chapter 7

Receding horizon optimal operation
and control of a solar-thermal district

heating system

7.1 Introduction

In this chapter, the operation strategies and control policies solar-thermal heating (STDH)
systems are considered. More specifically, the STDH system is composed of solar-collector
system, energy storage system, gas boiler system and district heating system. Moreover,
the mathematical models for different subsystems are provided. Based on the given models,
optimal operation strategies and optimal control policies are investigated. In particular,
the desired temperature tracking problems and the maximization problems of the collected
and stored energy are considered and studied. Receding horizon optimal control approaches
are applied and therein both single objective and multi-objective optimization problems
are formulated. More precisely, the single objective optimization problems are solved using
SQP method and the multi-objective optimization problems are solved by genetic algorithm.
Moreover, for the control of the district heating system, the internal model based servo-

control method and the receding horizon optimal control method are combined to realize the
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desired district temperature tracking.

7.2 System description

Solar collector field
Heatexchanger

mﬂ_ﬂﬂ_ﬂj = —
—

aininGEs
T |

Heat exchanger

—

%
|

HX-1 =

—
Hot tank

Boilers
— @
Districtheatingloop o E

Figure 7.1: Plant scheme of the solar thermal district heating system.

7.2.1 Model of distributed solar collector field

A solar collector absorber surface absorbs heat from the solar irradiance and transfers the
heat to the oil flowing through a pipe usually welded to the absorber surface and placed
inside the collector. Therefore, coupled differential equations are employed to describe the
dynamics of the solar collector field [85]. In general, to derive the mathematic model for the
solar collector field, the following assumptions are usually made:
al. The fluid in the solar collector is assumed to be incompressible and having constant
specific heat capacity and density.

a2. Along the pipe in the solar collector, the pressure in the fluid is assumed to be constant.
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a3. The environmental temperature around the pipe wall changes over time but not over

space.

Consequently, the dynamics of the distributed solar collector field are modelled by the

following system of coupled partial differential equations (PDE) according to the energy

balance:
me A, BTSOZ T (t <) MoG[(t) — Dmﬂ'hl(Tsol,m(ta C) - Ta(t)) (7 1)
—Dymhi(Toorm(t, €) — Toor (£, €))
prOy AL (1) = —ppClrva,p(t) 2L (1, )
(7.2)
‘f‘Dfﬂ-ht(Tsal m(t C) SOZ f(t C))

with the boundary condition:

Tsol,f(ta O) = Tsol,fin(t) (73)

where the subindex m indicates the metal and f means the fluid. All the parameters and
variable in (7.1)—(7.3) are given in Table 7.1.
In addition, a simplified dynamical model neglecting heat losses and metal temperature

was used by several researchers [86][38], given by

6T50 airso
P10 =51 (1:0) = =prCrvan() =54 (1) + noGI (1) (7.4)

with the boundary condtion

Tsol,f(ta O) = Tsol,fin(t> (75)

where T, £(t, () is the oil temperature at position ¢ along the tube, and Tyo fi,,(f) is the inlet
oil temperature. In this work, to fully express the dynamics of the solar collector system,

the mathematic model (7.1)—(7.3) is mainly considered.
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Table 7.1: Solar plant model variables and parameters in (7.1)—(7.3).

Symbol Value and units  Description

t S Time ¢t € [0, +00)

¢ m Space ¢ € [0, L]

L.y 18m Solar collector field length

P 1100kg m~3 Metal density

Pf 756kg m 3 Oil density

Crn 440J K kg1 Metal specific heat capacity

C 1100J K~ tkg™! Oil specific heat capacity

A, 0.0038m? Metal cross-sectional area

A 0.0013m? Oil cross-sectional area

Tso,m °C Metal temperature

Tsol, f °oC Oil temperature

T,(t) °C Ambient temperature

I(t) W/m? Direct solar radiation

Mo 0.67 Collector optical efficiency

G 0.9143m Collector aperture

hy 20.773Wm~K~! Global coefficient of thermal losses
hy 1283.2Wm~tK~! Coefficient of metal-oil transmission
Dy 0.04m Inner diameter of the pipe line
D,, 0.07m External diameter of the pipe line
Teol,fin  °C Collector inlet temperature

Tsol, four  °C Collector outlet temperature

Uso f(t)  m3s™? Oil pump volumetric flow rate

For the considered solar-thermal collector system, one important objective is to maintain

the outlet temperature in a desired reference set-point. The outlet temperature is given by:

Tsol,fout(t) = Tsol,f(ta Lsol) (76)

Inspired by [87], the overall heat collected by the fluid in the solar collector within a certain

time range [t,t + t] is defined by the following relation:

Hsol(ta Zff) = ftt+tf Cf (Tsol,fout (T) - Tsol,fin(T)) pf'Usol,f(T)dT

F L5 ppAGC (Taor g (7, ) — oot (0,€)) dC

(7.7)
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The effects of the inlet temperature TY;, of the fluid entering the solar collector system and
the fluid volumetric flow rate vy, r, on the gained heat were studied in a range domain of
1-25 °C' of the inlet temperature and using a volumetric flow rate between 1 and 20 m3h~1.

Heat collected field(K.J)
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Figure 7.2: Effect of inlet temperature(°C) and the volumetric flow rate(m®h~") on the heat
collected Hyy (K J) by the solar collector field.
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Figure 7.3: Effect of inlet temperature(°C') and the volumetric flow rate(m3h~!) on the
average outlet temperature(°C') of the solar collector field.

From Figure 7.2, it is possible to denote that the hear collected by the solar collector field
increases in proportion to the fluid volumetric flow rate, while it decreases in proportion to
the inlet temperature. In contrast, From Figure 7.3, the outlet temperature decreases while

the fluid flow rate increases, and given a fixed fluid flow rate, the high inlet temperature
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yields the high average outlet temperature. By analyzing Figure 7.2 and Figure 7.3, it can
be affirmed that it is possible to maximum the collected energy and manipulating the outlet
temperature by adjusting the inlet temperature and the fluid flow rate. However, in practice,
it is more realistic to change the fluid flow rate vy, ¢(t). Therefore, in the following of this
chapter, we will focus on obtaining a sequence of optimal fluid flow rate such that the outlet

temperature can tracking some desired set-point and the collected energy is maximized.

!

v, (1)

FL
)

Figure 7.4: Scheme of the heat exchanger.

7.2.2 Model of heat exchanger system

In this solar-thermal district heating system, the typical counter-current heat exchangers
shown in Figure 7.4, are utilized to transfer the gained heat between the solar collector
field and the storage tanks and between the tanks and the heating loop systems. In Figure
7.1, the following set of hyperbolic partial differential equations are employed to present the

dynamics of fluid temperature in the internal and external pipes respectively:

prCrAR g (£,C) = prCrup, (t) 2 (£, )
—kSO (TFI (ta C) - TF2 (t> ())
8TF2 8TF2

prwAFQT(tJ C) = _prwUFz (t)a_g(tv C)

+k90 (TFI (ta g) - TF2 (tv C))

228



From Figure 7.1, the fluid in the solar collector field collects the heat from the solar irradiance
and transfers the gained heat to the storage hot tank through the heat exchanger: HX-1. In
Figure 7.4, the hot fluid from the solar collector-FL; entering into the external pipe at the
right side: { = Ly, heats the cool water entering the internal pipe at the left side: { = 0.

Consequently, we have the following boundary conditions:

T‘F1 (t, Lhe) == Tsol7fout(t)
TF2 (t, O) — TFQ”L"IZ

(7.9)

One of important objectives for the considered heat exchanger is to maintain the water
temperature at the outlet of the internal pipe in some desired reference values. The outlet

water temperature exiting the heat exchanger is given by:

TFgout(t) = TF2 (t, Lhe) (710)

Moreover, the system parameter descriptions are given in Table 7.2. Since the heat exchanger
HX-1 is connected to the solar collector, the hot fluid flow rate v, (t) is equal to vs ¢ (t).

Another important objective is to maximize the stored energy. Since the inlet oil and
water temperature can not be changed arbitrarily, only the fluid flow rates can be manipu-
lated such that the outlet water temperature can be controlled to the desired value, and the
stored energy can be maximized as well.

From Figure 7.5, it is straightforward to see that The water temperature at the outlet
¢ = L, of the heat exchanger decreases in proportional to the cool water flow rate vg,(t),
while it is slightly influenced by the hot oil flow rate vpi(t) at low flow rates vg (t). The
gained heat by the storage tanks through the heat exchanger shows a hyperbolic functionality
with two flow rates. In particular, at low flow rate vg, and/or vp,, the flow rate vy, and/or
vp, does not significantly affect the gained heat through the heat exchanger. While at higher

flow rate v, and/or vg,, a significant increase can be seen. By analyzing Figure 7.5, it can be
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Table 7.2: Heat exchanger variables and parameters in (7.8)—(7.10).

Symbol Value and units Description

Lpe 12m Heat exchanger length

r1 0.02m Radius of the inner pipe

Ty 0.04m Radius of the external pipe

Ap, =7(rs —r?) 0.0038m? Area of hot oil

Ap, = 7r? 0.0013m? Area of cool water

pr 756kg m~3 Oil density

Pw 1000kg m~3 Water density

C 1100JK'kg=!  Oil specific heat capacity

Cy 4184JKtkg='  Water specific heat capacity

k 2000Wm2K~! Heat exchanger coefficient

@ =27y 0.1257Tm Contact circumference of heat exchanger
Tr, °C Oil temperature

Tp, °C Water temperature

Tryin 15°C Inlet water temperature

Tryout °C Outlet water temperature

VE m3s! Oil pump volumetric flow rate
VE, m3s~1 Water pump volumetric flow rate

confirmed that it is possible to maximize the stored energy through the heat exchanger and
control the water outlet temperature at the outlet of the heat exchanger by manipulating

flow rate vy, and vp,.

7.2.3 Model of district heating loop system

The district heating loop system consists of the natural gas boiler and district heating model.
The gas boiler system has several limitations in time to construct the mathematic model
related the available measurements. The only measurements are fluid flow and its inlet and
outlet temperatures as well as the gas boiler on/off signal. In general, it is not easy to obtain
the information about the internal structure of the gas boiler and any direct measure of
the gas flow and temperatures. Therefore, when modeling the gas boiler, these limitations

have to be taken into account. The following model is employed to describe the transient
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Figure 7.5: Effect of the hot oil volumetric flow rate(m?h™!) and the cool water volumetric
flow rate (m®h~!) on the stored heat into the storage tanks through the heat exchanger.

dynamics of temperature in the gas boiler system:

prw‘/bol dgfl (t> - /)waUbol(t) (Tbol,in(t> - Tbol (t))
(7.11)
+Hr(t)hg(Reg(t)Tyas(t) — Tha(t))
prwAdis%(m C) = _pwcwvdisag_?s(ta C)aC € [07 Ldis] (712)
The boundary condition for the district heating loop system is as follows:
Tais(t,0) = Tho (1) (7.13)

where Vo is the gas boiler fluid volume. Tjo;, Thorin and Ty;s are the gas boiler outlet, inlet
temperatures and district fluid heating temperature, respectively. v,y (t) is the flow rate
entering the boiler system. Moreover, T,,, is the gas combustion temperature. hy, is the
approximated heat transfer coefficient between the fluid and the gas combustion. Reg(t) is
the gas boiler regulator defining the gas boiler power between 0% and 100%. Hg(t) is the
gas boiler on/off signal: 1 denotes turning on and 0 denotes turning off. The description of

variables and parameters in the district heating system are provided in Table 7.3.
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Figure 7.6: Effect of the hot oil volumetric flow rate(m?h™!) and the cool water volumetric
flow rate (m3h™') on the average outlet temperature(°C') of the heat exchanger.

Table 7.3: District heating system variables and parameters in (7.11)—(7.13).

Symbol Value and units Description

Lygis 40m District heating loop length

Agis 0.004m? Heating system area

Vdis 0.02m3s~! Flow rate of water in heating system
Ubol m3s1 Flow rate of water in boiler

Vol 0.07m3 Flow volume in boiler

Hp - Gas heater on/off signal

hyg 2623W/°C Heat transfer coefficient

Reg — Gas heater regulator

Tyas 133°C Gas combustion temperature

Thol,in 18 °C Temperature of flow entering boiler
Trol °C Temperature of flow in boiler

Tis °C Temperature of flow in district system
Ch 4184JKtkg=!  Water specific heat capacity

Puw 1000kg m~3 Water density

For the district heating loop system,

the objective is to control the district system outlet

temperature Tyis out(t) = Tais(t, Lais) to track the desired value. For the case that the stored

energy is enough to support district heating demand, then the gas boiler is exclude, i.e.,

Hg(t) = 0. While the tank stored energy can not satisfy the heating demand, then the gas

boiler has to join into the heating system, i.e., Hg(t) = 1.
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Figure 7.7: Effect of the boiler volumetric flow rate vy, (m>h~') and the value of gas boiler

regulator Reg on the average outlet temperature(°C') of the boiler.

7.3 Optimal operation and control of SDHS

7.3.1 Optimal operation strategy for the solar collector

We are concerned with the optimal temperature tracking control problem and the collected
energy maximization problem within the time interval [t, ¢ +t]. More precisely, the subsec-
tion is focused on obtaining a sequence of optimal fluid flow rate vy, ¢(t) in [t,¢ + tf] such
that the above objectives can be achieved. It is easy to observe that the considered solar
collector system (7.1)—(7.2), heat exchangers (7.8) and gas boiler system (7.11) are nonlinear
given that fluid flow rates vy, ¢(t), vr2(t) and vy, (t) are manipulated variables. For the
control of nonlinear systems, there has been a rapidly growing interest in utilizing receding
horizon/moving horizon control schemes, which is based on solving a finite horizon optimal
control problem over an interval [t, ¢+ t] and then applying a part of the computed control
sequence from [t, t+ts] where t5 < t;. Successive application of this control scheme will yield
a feedback control law since the control action depends on the current state. However, due
to that the optimization problem is solved over finite horizon, the stability is not ensured.

Usually, in practical application, this problem can be addressed by enlarging the prediction
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Figure 7.8: Effect of the boiler volumetric flow rate vy, (m>h~!) and the value of gas boiler
regulator Reg on the average outlet temperature(°C') of the boiler.

horizon but this brings additional computational mission. Actually, for the stabilization
problem in order to guarantee the closed-loop stability of the receding horizon scheme, dif-
ferent methods have been developed: a terminal stat equality constraint x(t + ¢;) = 0 was
introduced by Keerthi and Gilbert [88] to the finite-horizon optimization problem. Addi-
tionally, Chen and Allgéwer [89] proposed an approach using a quadratic endpoint penalty
of the form az(t + t;)TQz(t + t;) for some a > 0 and some positive definite matrix Q. In
this work, since the goal is to achieve desired temperature trajectory tracking, the modified
quadratic terminal penalty (Tsor, fout(t +tf) — Taes(t + 1 f))2 is added in the cost function as
well. In particular, in the following section, the performances are compared for cases that

the cost function is equipped with and without the quadratic terminal penalty.

7.3.1.1 Optimal temperature tracking control of the solar collector

The objective of the optimal control here is to find the input sequence (fluid flow rate vg,(t))
that minimize a cost function, based on a desired temperature trajectory over a prediction
horizon [0, ¢s]. First, the simplest cost function is considered including the errors between

sol

the predict model outputs Tso, fout(t) = Tsor £ (t, Lsot) and the reference trajectory 752 (¢). In
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addition, it includes the change in the input vy, ; as well over a control horizon [0, ¢,]. This
results in the following optimization problem:

min J(t’ Tsol,fa tf, Tsol)

des
Usol, f

s.t. (7.1) — (7.3),(7.6) (7.14)

sol
max

0% < v <w

min

where the cost function is given by

J = S1 ftt—’—tf (Tsol,fout(T) - chii(T))QdT
ts 2ft+ts <dvsoz(7)) dr

2
+51 (Tsol,fout(t + tf) T;gé(t + tf))

Note that in above cost function, the parameter s; denotes the weighting to the tracking

reference error in the prediction and the parameter sy stands for the control increment in the

sol
min

control horizon. Moreover, the lower bound vi% for the flow rate v,y £(t) is given to ensure

sol

s 1s due to

good operation conditions of the solar collector plant and the upper bound v

the physical limitations of the fluid pump [90].

7.3.1.2 Solar collector outlet temperature tracking and maximization of gained

heat

The practical chemical and mechanical optimal control problems often includes multiple and
conflicting objectives. This usually causes a set of Pareto optimal solutions [91]. The popular
exploited approaches to obtain this set are (a) the weighted sum of the individual objectives

r (b) genetic algorithm [92]. In the former one, the cost function is consisting of different
weighted single-objectives and the optimal control problems are solved using deterministic
optimization routines. While in the latter one, a number of candidate solutions is updated

based on repeated cost computations. In general, a multi-objective optimal control problem
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can be given by:

rn(itr)l{Jl, R (7.15)
subject to:
(7.16)
0 = f (@(t),u(t).0.0) € [0,1],
b(x(0),x(tf),0) =0, (7.17)
cp(z(t),u(t),0,t) <0, (7.18)
c(z(ty), u(ty),0,ty) <0, (7.19)

where  and w are the state variables and the control variables, respectively. 6 denote the
parameters and f represent the dynamic system equations on the time interval ¢ € [0, ]
equipped with initial and terminal conditions given by b. The vectors ¢, and ¢; are path and
terminal inequality constraints on the states and inputs. The admissible set S is defined to
be a set of feasible inputs w(¢) such that the dynamic equation as well as the path, boundary
and terminal constraints in (7.16)—(7.19) are satisfied. A solution u,(t) € S is Pareto
optimization if and only if there exists no other solution us(t) € S such that J;(us(t)) <
Ji(ui(t)) for all i € {1,---,n} and J;(us(t)) < J;(ui(t)) for at least one j € {1,---,n}.

In this chapter, two conflicting objectives optimal control problem will be studied: the
optimal outlet temperature tracking control and the maximization of gained solar heat. To
realize these two objectives simultaneously, two types of optimization problems are consid-

ered: single objective and multi-objective optimization problems in this section.
e (Case 1: Single-objective

To simultaneously realize the temperature tracking control and the maximization of gained
heat, we formulate a cost function including tracking cost function J given in (7.14) and

the economic cost function Hgy - gained heat within time interval [¢,¢ + t¢] with different
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weightings w; and ws. This results in the following single-objective minimization problem:

min Jg (¢, Toor s, t s, T52)

VUsol, f (t)

st (7.1) = (7.3),(7.6) (7.20)

sol
max

v < v <w

min

where the cost function Jg is defined by
JS (t, Tsol,fv tf: Tjeoé) = w1J<ta Tsol,f7 tf? cheosl) - w2Hsol(ta Zff)

with positive weightings w; > 0 and ws > 0. It is straightforward to see that w; = 0 means
that the target is only to maximize the collected heat while ws = 0 directly implies that the
temperature trajectory tracking is the primary goal. However, if one wants to realize these
two targets simultaneously, it is required to find a trade-off between them by adjusting the
values of weighting w; and ws. In practice, actually it is not easy to the ‘best’ decision,
i.e., the values of w; and wy. Therefore, in following an alternative way is proposed, namely

multi-objective optimization.
e Case 2: Multi-objective

Provided the formulations for the tracking control cost function J(t, Ty s, tr, T52) defined

des

in (7.14) and the gained solar heat given in (7.7), a multi-objective optimization problem
can be written as follows:

IIlll’l) {J(t, Tsol,f7 tf, Tc‘lseoi), _Hsol<t7 tf)}

VUsol, f (t

st (7.1) — (7.3),(7.6) (7.21)

sol

USOZ S Usol,f S Umax

min

Apparently, the minimization of the tracking cost function J and the maximization of eco-

nomical function Hg, will conflict against each other. In this chapter, genetic algorithm
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will be employed to provide a set of trade-off optimal solutions, popularly known as Pareto-

optimal solutions.

7.3.2 Optimal operation strategy for the energy storage system

In the process delivering the gained solar heat from the solar collector plant to the storage
tank, the countercurrent heat exchanger HX-1 plays an important role, see Figure 7.1. As
the analysis in Section 7.2, by manipulating flow rates of fluid F'L; and F L, (see Figure
7.4), one is able to change the temperature of the fluid F'L, at the outlet as well the stored
heat into the storage hot tank. In this subsection, both the solar collector plant and the
heat exchanger HX-1 are considered simultaneously (see Figure 7.9) and optimal operation
strategies will be studied to achieve the fluid FLy outlet temperature tracking control and
the maximization of the stored heat into the hot tank. Similarly, two different optimization

problems will be formulated as the illustration in Section 7.3.1.2

e (Case 1: Single-objective

min JH (tu TF27 tf? T;?s)

VFy (t),vp2 (t)

st (T.1) = (7.3) (7.22)
(7.8) — (7.10)
where the cost function is defined as:
JH (t, TFQ,tf, TdF;S) = leF2 (t, TF2,tf, TdFeQS) — wQHstor(t’ tf)
with Jp, and Hg,, given by, respectively
2
Ty (8, Tyt Tit) = s1f (Trgou(7) = Ty (7)) dr
2
s (M) ar (7.23)

2
+51(Tryout(t + tg) — Ty (t +ty))
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Htor (tv tf) = fttthf Cu (TFQOUt(T) - TFQin(T))pvaQ (T>d7— (7 24)

4 5 pyAg, Cuy (T (27, C) — Ty (0,C))dC

K

Solar collector

FL Vg B
le.f i HX-l FL2
Vg,
Cool tank Hot tank [—

District
heating

Figure 7.9: Schematic diagram of the heat exchanger HX-1 coupled with the solar collector
plant.

e Case 2: Multi-objective

min {JF2 (taTFgatf7TC£25) 7Hst0r (tatf)}

vy (8),0Fy (1)
st (7.1) = (7.3) (7.25)
(7.8) — (7.10)

with Jg, and Hg,, defined in (7.23) and (7.24), respectively.

7.3.3 Servo-control of the boiler-heating system

In this section, we will consider the case that the stored energy is not enough to support
the heating requirements. Therefore, the boiler system has to joint to supply the energy.
Observe the boiler-heating system (7.11)-(7.13), it is easy to find that the boiler system

(7.11) and the heating system (7.12) are coupled only through the boundary condition in
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(7.13). Moreover, for the boiler system (7.11), the manipulated inputs are the gas boiler
regulator Reg(t) that ranges from %0 to %100 and the flow rate v,y (t), and for the district
heating system (7.13), the input is the gas boiler outlet temperature Ty, (¢). Then, based
on the characteristics of the considered boiler-heating system (7.11)-(7.13), we propose the

following algorithm:

A1. Applying Internal Model Principle based servo-control approach to the district heating
system (7.12) generates a sequence of desired input 7}, (t) which can be regarded as
the set-point for the boiler outlet temperature Tyy(t) such that the required district

temperature 77, (t) can be achieved, i.e., tlim (Tais(t, Lais) — T (1)) = 0.
—00
A2. Using receding horizon optimal control drives the boiler system (7.11) such that the
boiler outlet temperature Ty, (t) tracks the desired temperature Tj, ().
7.3.3.1 Servo-control of the heating system

Suppose that the district requirements i.e., T)j; (t) are known, then we can formulate these

signals through the following signal process:
w(t) = Sw(t) (7.26)

T5..(t) = Fw(t) (7.27)

where the matrix S is a skew-Hermitian matrix and has all its eigenvalues on imaginary
axis. Namely, the spectrum of S can be given by o(S) = 0U {iw},k = 1,2---,n—1 or
o(S) = {iwg},k=1,2--- n. In fact, this configuration allows the modelling of steplike and
sinusoidal exogenous signals.

In this section, given available T, (t), our target is to design the following controller:

w(t) = Si(t) + K (T, (t) — Fib(t))
(7.28)



such that the outlet district heating temperature Ty;s(¢, Lgis) can track the required temper-

ature T, (t).

Theorem 19. Suppose that the pair (F,S) is observable and the spatial-varying vector sat-

1sfies the following differential equation:

e 2 (Q) +mT(OS =0

o (7.29)
mT Ldis =F

If the feedforward gain mL given by mI = m*(¢ = 0) and there exists K such that S +
K F is Hurwitz, then applying the control law in (7.28) can drive the outlet district heating

temperature Tys(t, Lais) to track the required temperature T (t).

Proof. First, we can define a tracking error variable:

é(t,¢) = Tuis(t, Q) —m" (O)w(t) (7.30)
Consequently, we will have:

ge(t,¢) = L= (t, ) — mT ()% (2)

BE(t,¢) = ZLhe(t,¢) — L (C)ib (1)

U
F |2

Substituting the above equations into (7.12) leads to the following expression:

oe Vdis oe Vdis me dw

360 =~ SH.0 — 4SOt~ mT (O 1) (731)

According to (7.27), (7.28) and (7.31),

> . > ) T
oé _ Vdis oé (t.¢) - (Udls dm

S0 =~ S S QO ) o) 4 mT (OKFA()  (7.32)
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with Aw(t) = w(t) — w(t). The boundary condition for (7.31) is given by:

é(t> 0) = Tdis (ta O) - mT(O)UA}(t)
(7.33)
= mZi(t) — mT(0)w(t)

w

Moreover, the tracking error e(t) = Ty;s(t, Lais) — Tiy;,(t) can be expressed as follows:

€(t) = sz‘s(ta Ldis) - Fw(t)
(7.34)
= &(t, Lais) + (m" (Lais) — F) w(t) + FAw(t)

Subtracting (7.26) from (7.28) gives the dynamical system for Aw(t):

dAw

== ()= (S+ KF) Aw(t)

Since the matrix S + K F' is Hurwitz, Aw(t) decays to zero exponentially. In this case, the

equations (7.32), (7.33) and (7.34) reduce to the following form:
%(tv C) = _ﬁg_g(ta C)
é(t,0) =0 (7.35)

e(t) = é(t, Lais)

if the conditions in theorem are satisfied, i.e.,

e (() +mT(()S = 0

mT(Ldis) = F

It is easy to see that the system (7.35) is exponentially stable and therefore the tracking
error e(t) = Tyis(t, Lais) — Tiy;,(t) will decay to zero exponentially. In other words, the outlet

heating temperature will meet the requirement. O]
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7.3.3.2 Optimal tracking control of the boiler system

Based on the algorithm A1-A2, through the servo-control applied to the district heating
system (7.12), the desired temperature from the boiler system T;;,(¢) is obtained. In this
section, the receding horizon optimal control is employed to address the tracking problem of
the boiler system (7.11) such that the boiler outlet temperature Tp,(t) tracks the obtained

set-point temperature 7;,(t). As a result, the following optimization problem is formulated:

min Jy, = tt+tf (Toot(7) — Ty (7)) d7

Vpol ,1REG
s.t. (7.11)
(7.36)
0< Reg <1
0<vpy <1

Solving the above optimization problem provides a sequence of optimal inputs: v, and Reg.
Additionally, in order to smooth the operations on the flow rate vy, and the regulator Reg,

the cost function can be improved as:

Jbol = :thf (Toar(T) — Tb*ol(T))sz

+ft+ts (%(T))QdT + fttHS (difg (7’))2d7'

t

7.4 Boundary state observer design for the solar col-
lector system

From the previous section, full temperature states of the solar collector Ty .m(t,¢) and
Tso1£(t, C) are used to serve the receding horizon controller design. Nevertheless, in practice
it is impossible to apply a distributed sensing to measure the full state information. The
available measurements are those of the solar irradiance I(t) using a pyrheliometer [93], of
the environment temperature 7, (t) and of the output temperature Ty, (¢, Lsor). To over-

come this restriction, we develop a boundary state observer with the available measurements

243



and prove the convergence of the observer.

We propose the state observer with the following form:

P Con A 222 (1 ¢) = g GI(t) — Dby (Tagrm(t, C) — Ta(t))

—Dfﬂ'ht(Tsolm(t C) solf(t C))

prCrAs° “’”( C) = —prCrvsor s (t)° 5"”(25 ()
+Df7Tht(Tsolm(t C) solf(t C))

with the initial and boundary conditions:

sol f(O g) SOl f0<<)

Tsol,f (ta O) - Tsol,fz'n(t) - ﬁATsol,f(t Lsol)

(7.37)

(7.38)

(7.39)

(7.40)

where AT, ¢(t,¢) = Tooi $(t,C) — Tso£(t,C) is the observer error and ATy ¢(t, Lsy) is the

correction term (output error). This state observer is a Luenberger-like observer but the

correction term ATy, ¢(t, Lso) is just injected in the boundary condition Tsol, #(t,0) rather

than being injected in the state equation.

Based on the plant (7.1)-(7.3) and the observer (7.37)-(7.40), the observer error system

can be directly given by:

pinCon Ay 22550k (4 () = —(Dyrhy 4 Dyprhy) ATy (t, C)

+Df7rhtATsol,f(t7 C)

prCy A PRRL (1 () = _pfcfvsolf@)aATm L(t,¢)

+Df7rht<ATsol,m(ta C) - ATvsol,f(t? C))

with the boundary condition:

A,‘Tsol,f(tv O) = _KJATsol,f(tv Lsol)
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Theorem 20. If k> < e " where p is a tuning positive parameter, the proposed boundary
state observer in (7.37)-(7.40) exponentially converges, i.e., the observer error system (7.41)-

(7.43) is exponentially stable.

Proof. Define the following Lyapunov candidate function that was proposed in [33] to study

the exponential stability of hyperbolic systems of conservation laws:

V(t) = /O (@ (AT (1, €)? + pe (Ao 1 (£,0))2) dC (7.44)

The derivative of V(t) with respect to time ¢ can be written as:

V(t) = J (2007 AT, €) 25252 (1,.C) + 2pe Al (1, O) 22524 (1,.0) ) d
= — o (2q (a1 + az) €7 (ATooum(t,€))?)dS
+ (2900 + 2pag B )[R (1 AT gy (1, Q) AT 1 (2, €)) dC
— Jye (2ptete NCATsozf@ Q)22 (1,¢) ) d

—2043%;(” fo ! (pe_MC(ATsol,f(ta C))Q)dg

(7.45)
where the parameters oy, as and a3 are given by:
Dmﬂ'hl Dfﬂ'ht Dfﬂ'ht
o= —" = =
L onCn A 2T O T ChA;
Obviously, aq, as and ag are positive numbers.
Applying integration by parts, it is straightforward to compute:
V(t) == [y (20 (n + a2) e (ATsarm(1.€))*)dC
+ (2(]0{2 + 2pas feed f > fo ! ( #LCATsol,m(tu C)ATsol,f(t, O)dC ( )
7.46

_pvsojéx,i ((ATsol f(t Lsol)) et — (ATSOZj(t? O))Q)

- <2a3”5‘j{;’, © 4 Peont © ) Jo " (pe " (AT (t,C))) dC
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Using the boundary condition in (7.43) leads to:

V(t)= - foLSOl (29 (a1 + ) e (AT o1 m(t, O)2)dC
(quzz + 2pars v“’” )fo st (e HEAT g1, m (t, C) AT o, £ (¢, C)) d¢
(20522 wfu) ) Sy (e " (AT (8, C))*) €

Vso - 2
—pZs i) (o 2) (AT (1, L)

(7.47)

Observe (7.47), we can conclude that as long as the condition xk? < e™* is satisfied, then it is
possible to chose a large positive number u to ensure V() < —aV/(t) with o > 0. In other

words, the observer error system (7.41)-(7.43) is exponentially stable. O

7.5 Results and discussion

7.5.1 Observer design for the solar collector system

With the parameters given in Table 7.1, we first design the boundary observer the system
(7.1)-(7.3) with the measured outlet temperature Ty, ¢(t, Lso). According to Theorem 20, in
order to guarantee the exponential convergence of the designed observer (7.37)-(7.40), here
the injection gain k is chosen as k = 0.5. In Figure 7.10, without lose of generality, the
temperatures at the points ( = 0.3L,, and ( = L, are shown. Moreover, the evolutions of
observer error on time scale and space scale are also presented. The estimated temperatures
converge to the real temperature very fast and correspondingly, the observer errors decay to

zero exponentially.

7.5.2 Optimal operation for the solar collector system
7.5.2.1 Optimal outlet temperature tracking control

In this subsection, we formulated the optimization problem in (7.14) to present and address

the optimal outlet temperature tracking problem. In particular, since the prediction horizon
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Flgure 7.10: The solar collector temperatures Ty 5 and o1, the estimated temperatures
T sol,f and Tsol .m and observer errors ATy ¢ and ATg .

is always chosen as a finite-time horizon, the following different cases are discussed in this

section:

Case 1. The cost function is formulated with terminal penalty:

J = S1 ftt—’—tf (Tsol fout( ) Tjgi( )) dr

+5 ft+t5 (dv501(7)> dr

2
51 (Tot, fout (t + ty) — T3t + ty))
Case 2. The cost function is formulated without terminal penalty:

J = S1 fttthf (Tsol,fout< ) Tjg.i( ))QdT

2
s fT (P2 ar
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Figure 7.11: The outlet temperature of the solar collector field under the receding horizon
control with terminal penalty and without terminal penalty, respectively.

In Figure 7.11, it is very clear to see that there are larger vibrations (red dash line) by
applying the optimal control without terminal penalty, when the reference trajectory switches
from one set-point to another set-point. Nevertheless, applying the optimal control involving

the optimization cost function in Case 1 has a better performance.

7.5.2.2 Optimal temperature tracking control and maximization of collected

heat

Based on the formulations in (7.20) and (7.21), the receding horizon optimal control al-
gorithms with single objective and multi-objective are applied. In particular, the single
objective optimal control algorithms with different values of weights: w; = 10, ws = 1 and
wy = 10, wy = 50 are applied and compared. The results are shown in Figure 7.13. For the
case wy; = 10 and wy = 1, the control has a better tracking performance while the collected
energy is relatively low, which can be seen in Figure 7.14 (the blue bar), whereas in the case
wy = 10 and we = 50, the control algorithm has a very poor tracking performance but the

solar collector collects higher energy (the grey bar). In other aspect, the genetic algorithm
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Figure 7.12: The outlet temperature of the solar collector field and the solar irradiance.

(GA) is used to solve the multi-objective optimization problem given in (7.21), see [92]. In
Figure 7.13 and Figure 7.14, solving the multi-objective optimization problem leads to a

better tracking performance as well as a relatively high collected energy (the yellow bar).

7.5.3 Optimal operation of the energy storage system

The flow rates control of heat exchanger HX-1 in Figure 7.1 is crucial to the maximization of
stored energy into the storage system as well as the outlet temperature of the heat exchanger.
Since the outlet temperature tracking control and the maximization of the stored energy are
conflict objective, the single objective and multi-objective optimization problems formulated
in Section 7.3.2 are studied and solved to find a trade-off to achieve the maximization of the
stored energy as well as the tracking control of the outlet temperature. Particularly, when
considering the single-objective optimization, two different cases are studied, i.e. w; = 100,
wy = 2 and wy; = 100, we = 2000. Consequently, in the former case, manipulating the
resulting flow rates vp and vp, yields a better tracking control performance but low stored
energy in the storage system. Nevertheless, the latter case gives a high stored energy but

poor tracking control performance. Finally, the multi-objective optimization problem is
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Figure 7.13: The outlet temperature of the solar collector filed under the receding horizon
control without terminal penalty.

solved using GA. Figure 7.15 and Figure 7.17 shows that multi-objective optimal control

provides a better tracking performance and relatively maximized stored energy.

7.5.4 Servo-control of the boiler-heating system

For the simplicity, we assume that the required district temperature is a periodic signal given

by: Ty (t) = 22 + sin(0.02t). In fact, this signal can be modelled by the exogenous signal

0 0 0 - 1
process (7.26)-(7.27) with S= |0 0o 002 |, F = [ 22 1 0 } and w(0) = | 0
0 —-0.02 O 1
1
As a consequence, solving (7.26) gives w(t) = | sin(0.02t) |. It is straightforward to
cos(0.02t)
obtain the feedforward gain mI = | 22 09872 0.1593 |. Moreover, it is easy to see
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Figure 7.14: The collected energy under different control sequences obtained by solving
different optimization problems.

1
that the matrix S + K F' is Hurwitz with K = | 1 |. By applying the control law in (7.28),

1

the desired boiler temperature T;;,(¢) is obtained such that the district outlet temperature
Tuis,out(t) tracks the desired temperature 77, and satisfies the demand of customers. Given
the resulting desired boiler temperature 7, ,, the receding horizon optimal control is applied
to achieve the periodical trajectory tracking control. In particular, two control cases are
discussed. In one case, the gas boiler regulator is fixed as Reg = 100% and the optimal
control is applied to generate a sequence of optimal input-boiler water flow rate vy, such
that the boiler outlet temperature Tp,(t) tracks the expected temperature T} ,(¢). The
performance of the controller and the corresponding water flow rate are shown in Figure
7.20. Moreover, the second case considers a constant water flow rate v,,; = 1 m3h~! and
the receding horizon optimal control provides a sequence of optimal value of the gas boiler

regulator Reg(t), see Figure 7.21.
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Figure 7.15: The outlet temperature of the heat exchanger under the receding horizon control
with single objective and multi-objective, respectively.

7.6 Conclusion

This chapter addressed the optimal operation and control problems for a solar-thermal sys-
tem, more specifically, a solar-thermal district heating system composed of a solar collector
system, heat exchangers, gas boiler, and the district heating system. In particular, single
objective and multi-objective optimization problems are considered in the framework of the
receding horizon optimal control to address the problems on the outlet temperature tracking
and the maximization of the collected/stored energy through the solar collector and heat
exchanger systems. Furthermore, the multi-objective optimization problems were solved us-
ing genetic algorithm and the corresponding receding horizon optimal control can provide

satisfactory results.
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Figure 7.16: The manipulated flow rates vp, (t) and vg, (t) entering the heat exchanger gen-
erated by solving single-objective and multi-objective optimization problems.
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Figure 7.17: The outlet temperature of the solar collector filed under the receding horizon
control without terminal penalty.
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Figure 7.18: The district outlet temperature under the servo-control law in (7.28).
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Figure 7.19: The entire temperature distribution along the length of pipeline and evolution

along the time domain.
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Figure 7.20: The evolution of the boiler outlet temperature Tj,(t) under optimal control
input v,y (t) with Reg = 100%.
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Figure 7.21: The evolution of the boiler outlet temperature Ty, (t) under optimal control
input Reg(t) with constant flow rate vy = 1 m3h~1.
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Chapter 8

Conclusions and Future work

Partial differential equations (PDE) have been widely used to model large class of systems
and processes in chemical, mechanical, manufacturing, biomedical and pharmaceutical engi-
neering. The state estimation and control of PDE systems have received significant attention
in recent years. In control theory, output regulation problem (also called regulator problem)
is an important control problem in automatic control theory. Roughly stated, the output
regulation problem is a tracking and disturbance rejection problem. The reference trajectory
and disturbances are usually generated by an exosystem that is neutrally stable. There usu-
ally exist two versions of the regulator problem: state feedback and error feedback regulator
problem. All the information of the state of the plant and the exosystem is provided to
the state feedback regulator and only the tracking error is available to the error feedback
regulator. In this thesis, another case was considered such that the novel output feedback
regulators were proposed for the first order hyperbolic PDE systems and more general PDE
systems to account for the situation in which the system is not observable through the

controlled output but the observable measurement is available.
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8.1 Conclusions

In Chapter 2, this thesis addressed optimal constrained state estimation problem for finite
and infinite-dimensional chemical process systems. More precisely, using the prior informa-
tion as inequality constraint with respect to the systems state, the augmented Hamiltonian
was obtained and improved state estimation equations were developed. Finally, the results
were demonstrated through illustrative examples of chemical process systems.

In Chapter 3, different forms of hyperbolic PDE systems were involved. In particular,
distributed and boundary control problems were considered in Section 3.2, 3.3 and Section
3.4, respectively. Moreover, classical exosystems and extended exosystems were presented
and proposed in this thesis. In order to solve the output regulation problems, different forms
of Sylvester equations were obtained. Correspondingly, sufficient conditions were investigated
and provided to guarantee the solvability of Sylvester equations and thus the feasibility of
the regulators.

To complement the works in Chapter 3, Chapter 4 developed novel output feedback
and error feedback regulators for general distributed parameter systems. In the output
feedback regulator design, the measurements available for the regulator do not belong to
the set of controlled outputs and are able to ensure the observability of the considered
systems. The proposed output feedback regulator with the injection of the measurement
Ym(t) and reference y,(t) can realize both the plant and the exosystem states estimation,
disturbance rejection and reference signal tracking, simultaneously. Moreover, new design
approach provides an alternative choice for seeking the output injection gain in a traditional
error feedback regulator design. The regulator parameters are easily configured to solve the
output regulation problems, and to ensure the stability of the closed-loop systems. The
results are demonstrated via computer simulation in two types of representative systems:
the parabolic partial differential equation (PDE) system and the first order hyperbolic PDE
system.

In the aspect of applications, Chapter 5 considered the state feedback regulator problem
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for a network of countercurrent heat exchangers. The system is described by two sets of
hyperbolic partial differential equations (PDEs) and the model is nonlinear with respect to
the control input. To deal with the nonlinearity, the equilibrium temperature profile was
calculated and utilized in the linearization of the original nonlinear system. Then, based
on infinite-dimensional representation, the state feedback regulator problem (in particular
the tracking problem) was considered, where the target is to design a controller that, while
guaranteeing the stability of the closed-loop system, drives the controlled output to track a
reference signal generated by an exosystem with its spectrum on the imaginary axis. Given
the explicit expression of the transfer function, sufficient conditions were provided such that
the resulting linearized system is causal and stable. Given that the controlled system is
stable, a simple and novel method was introduced to provide the stabilization feedback gain
K, such that the controlled system tracks the reference signal.

In Chapter 6, for a plug flow reactor with actuation applied only at the inlet of the
reactor, the optimal linear quadratic (LQ) boundary output regulator was designed. In the
procedure of the regulator design, the weak variational approach was applied. In particular,
the time-varying state feedback gain was determined by solving Riccati-type PDEs and this
thesis introduced the linear quadratic regulator design to the class of boundary controlled
hyperbolic PDE systems. Along the line of LQ) design, an optimal boundary tracking reg-
ulator was proposed and designed such that the output of the considered reaction process
tracks the desired reference signal generated by an exosystem. A simulation example was
included to show performance of the proposed approach.

Chapter 7 investigated optimal operation strategy and optimal control for a solar-thermal
district heating system. More precisely, optimal operation strategies on the fluid flow rate in-
side the solar collector tube were studied such that the outlet temperature can be maintained
in a desired reference value and moreover the heat (energy) gained by the solar collector is
maximized within a certain time period. In particular, this target was formulated as a

single-objective optimization problem and a multi-objective optimization problem, respec-
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tively. For the energy storage system, the heat exchanger plays an important role in the heat
transfer process and the maximization of the energy stored. Therefore, two freedoms-fluid
flow rates in the heat exchanger were included and the control policy were explored to realize
the multiple objectives. In the district heating loop system, a gas heater system collaborate
with the solar thermal system to meet the heating demand. For this coupled system, a
receding horizon optimal controller and a state-space based servo-controller were developed

to address the desired district temperature tracking problem.

8.2 Future work

This thesis developed optimal state estimation approach for spectral PDE systems to ac-
count for the problems with equality and inequality constraints on the state and output.
Nevertheless, there remains open questions regarding the optimal control and the optimal
state estimation for non-spectral PDE system such as the first-order hyperbolic PDE sys-
tems. In particular, through the investigation of variational approaches, the constrained
optimal control and state estimation problems will be interesting and possibly solved.

More important part of this thesis is the development of novel servo-controllers for various
distributed parameter systems and the proposed approaches addresses full state, tracking
error and output feedback output regulation problems. However, all developed methods
are based on the continuous plants and exosystems. From the practical perspective, it will
more interesting to consider the output regulation in the framework of discrete systems.
Moreover, the servo-control problems for time-varying and parameter varying distributed
parameter systems with time-delay will be interesting and challenging.

In practice, it is common to meet the case that multiple objectives and/or conflict ob-
jectives may happen at the same time for a real process. This can be seen in Chapter 7.
How to find the trade-off among there objectives is interesting and challenging. Moreover,
the investigations on solving multi-objective optimization problems with PDE constraints

are more attractive works in future.
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