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ABSTthT |

~

A new approach is given by the author in’ this thesis to solve
"‘ . 4 '\
‘the problem of time delay and time of arrival in quantum mechanics. I

is shown that time of arrlval is an improper and not a proper quantum -

' mechanical observable, since the associated operator is not self—adjoint‘

E

—— .

but only Hermitian.‘ This means that the fundamental property of self—

)
)

adjoint operators, which supplles a complete orthsnormal set of eigenfunc—'

1 Y

tions with real eigenvalues does not. apply. _All the familiar_results of

quantum mechanlcs depend on this. Some authors\have attempted to quantize

)

certain functions of time of arrlval in the hope of achiev1ng self—adjoint—
ness. A differe&t method has been aelected here. Instead of attempting

to construct h self—adJOLnt operator, the author outlined a detailed proof

of all orthogonality, linearity and transformation relations directly in"

the case oﬁ the Hermitian time of arr1va1 operator without reference to’
. / °

the general results for self—adj01nt operators. In this case the time of

Il

arrival aperator is linear on iﬁbSpaces of the configuration Hilbert space

- S

known as tlme domains.

Also originated by the author, is the unique methodefor measuring
‘time of arrival and hedce time delay at a specified point in space, instead
- of time delay assoc1ated @ith some angular momen t um quantum number L.

‘The concept of eigenfunction point phasing is introduced and is justified
by examples throughout the chapters of the thesis. Time delay is discussed

-~ v

‘»for one dimensional transition and simple three dimensional radially synmet--

ric elastic scattering. As the scattering differential cross -section

Ny g‘: \.ih' /‘ (iy?



.begins the quantum theory of tlme measurement.

determines the absolute value of the scattering amplitude, t ime delay is
\ Ll
‘shown ‘to determine its phase Finally, some approximation methods are

)

“discussed. - Lo . o

The 1ntroductory chapters prepare the way for the main theory"

®

to follow. Chapter I reviews wave mechanics and proves the uncertainty

relation, and USes this result to obtain the minimum uncertainty wave -

N packet.' Chapters I1 and III discuss classical time delay in ‘one dlmen31on

o

~and three dimensions respectLVely Chapter 1V briefly examines the classi—

- cal conJugate Hamiltonian formulation of the time function. Chapter v

.\

W

0

(v),.“‘j SRS | .
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CHAPTER

NON-STATIONARY STATES OF A FREE PARTICLE

-

[
a

A statiOnary state Y ]for a partiele.in quantum mechanics is

iwt

‘an energy eigenstate with time dependence of the form ,e‘ . .. Such a
. o »
state satisfies the condition that le is independent of timey- For the
vone“dimensional free particle equation B
oy h w : .
" T 3 M
' A (kx-we) ' '
the stationary state solutions are e . where. the energy eigenvalue

) Vo 22 | ﬁg) |
-is E = hw = —3;— . The general solution (1) which is- nonstationary, can

be evaluated as.a linear combination of stationary states as Ty

»
L

‘ '1 , ikx - ?;g t E _ i
Y(x,t) = ———-Jm A(K) e | Cdk . (@

A(k) determines the distribution of momentum components in the wavefunction_

A

v oL The factor -l— is included for Fourier transform eonvenience. If we:

“define ¢(k,t)- by
' ’ B LY ' (

ik |
- 3 ‘ ST 2m t . : .
. . d(k,t) = A(k) e . u ‘ ' o 3).
then ¢ and Y are Fourier transforms of one another, that is
o - : o -
“ _ . ‘ k ¢
w(x o =L ok, ) M

21r -0 .



- - Q ‘ . ° '

o

o(k,t) = L r - w(x’t‘) e-ikx dx . *

4

. 2m .
. \ . ) PIEEN

B4

A

b

vand ¢ are . respectively known as ﬁhe position and momentum
wavefunctions.‘ They are, always related by  the Epurier transform equations

- »
‘above, even in the case of a non-zero potential{ However ‘the time depen-

dence of the momentum wavefunction does not have ‘the 51mp1e form of (3) in v

. h Y
this case.~ For a free particle we can write (3) as

i ) S X . . . X
& - . ‘ R .’ 2 « . . ) ‘ ) B ‘ s N
o ) -1hk” (et ) '
. ok, t) = ¢(k,ty) exp [T\_ | \
. . \\ . .
v /"\ei

. which givsdyihe time,dependence of ¢ at ﬁhy future or past time in terms

of the'value of ¢ at to - Since the Fourier,transform is, unitary, we .-

.

can express Y(x,t) in terms of the x dependence of w 'to . ‘Using
: v s ) .

.(3) we can express A(k) in terms of ¢(H to) and hence in terms of -
4 . . '
~w(x,t0) u51ng the inverse Fourier transform Substituting in (2) and.
I . . N\

integrating with respect to k we obtain - ) “ ol

- im(x~-x o T T
UCORS /wh(t = r Ve exp(%(—tt?—)—) dx . . )

- These coefficients come from the internal integration in the expression

) . . i ) 2 R ] . . .
f = ihk™ - .
v o - i1k (x-x) - <—(t-t.) _ ,
Px,t) = F.w(i.,to) [r e .m0 -»»dk]ax 5

\

~

Observe that if A(k)  and hence @(k). is sduare integrable,

"vthen so is’ w(x t) and moreover S o BN



&

. . , ' o / - L
/r _,I'w(x;t)lzdx = r ¥ (%, W0 t)dx = r ok, e),[2ak = r lagk)y|? dk .

“ .

a ' e
. N .

If all these integrals equal . 1 , the wave packet representing the parti-

- cle is said to be normalized . To show - the norm preserv1ng property of the

M 4

Fourier transform which establishes the above result vg substitute the

_‘f‘“wwdx;

) using two different integration variables 'k and b i/zthe ¢ (Bpnction;“

,/ z

. 4 L
Fourier-integral f£(4>w in terms of * ¢ in the expreSSion

-

Loe

integration. We can then separate out the delta function integral
5(k- ) =‘—* fj& ix(k—b) dx . Thehsymbol 5' is not a{function'at ali, -

but 6(k-b) is the kernel of an’ operator (the identity operator) on the X\‘
C : 3 ' ‘
linear space ofﬁFourier transformable functions. For-this we see that the

' Fourier transform operator F presérves norm, Thus the normalization

.integral is. independent of time ior both position. and momentum wavefunc-

~

‘tions.' - _ o
: Using (4) with ty = 0 if weisubstitute ¥Y(x,0) = e’ 1kx and
" .integrate we get CY(x,t) ='eik* - i@t which is the travelling wave which

. ’is not square integrable. On the other hand, if ‘we take thenwave packet

I

-'localized ati”f{? td =‘0 . namely w(x O)\= 6(x) we. find

. SR 2 .
: % jkﬁfl;iz exp (_EEE) which is not normalized since _
'W?a‘ : o : T <2

[é Id(x)l dx = §(0) which is not finite. Ve would have to take
— . "'_ \ . ‘ . .

W(x 0)= / 6(x) to get a nbrmariaed square integrable function; but this

would give P(x,t) = 0.. To understand the reason for this, let us look
- L .‘-'450 —cxx /2 A ’ ' '
at the case w (x,0) = J/: e  , for a ;\6/. Substituting this into

the integral in (4) and evaluating (details omitted) we get



."‘. . B .' -
N 5y . N ) /
. ) L ‘ / ’-,
‘_a- x2 I R e
1hat) T

N
“~ *

bty - @ a1/, + 13572
N . ] : - 2@+
- . [ I. .

'From thlS equation (5) we can see ‘the way a wavefunction spreads as a

A

~

function of t1me dependlng on its 1n1tial conflguration. 1f aht >>'m
: A ) EE v .' {
we have s S o

1

— e .2
~ 1 hat . ~1/2 i : .
tolre) 2 @4 AMaG 12 o dm, L

. Y

- Thus for large a , the 1n1t1a1 conflguratlon (which is normalized) ‘more

ciosely resembles u (x 0} = Jé(x). and the wavefunetion w (x,t)

. 2 ' . . (T .
approaches the form exp( th) as a +® with amplltude degenerating to.

a » E w

zero. This explalns the reason we found w (x t) to be.zero previously.

Cw

k ' - f “ -
It\is apparent that the wavePunction V (x, t) spreads with time,u
. and has mlnlmum spread at t1me® t Q-OWﬂE For largg a (1nitia11y narrow

' dlstribution) the wave packet spreads quickly, whlle for small positive“a)

o

-near zero, it spreads slowly 1n time, This will befshown.quantitatively

in the following discussion. - ._ s o oo
Lo | | ® |

The‘expectation value of a given physical quantity A in a state

¥ 1is represented by <A>t = Jm v (x,t) A y(x,t) dx , where P ijfhormal-‘

. . : . - v .

J~’. '

. '?r

“1zed. Slmgaarly, w1th respect to the momentum wavefunction

<B> [w ¢ (k t) B¢(k.t) dk . A may be any operator on functions of x ;

.‘3 .
and B. any operatoR on functlons of k .  For tﬁglone dimensional free

particle, .Some of the more important operators are listed oelow.)\'

N
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p - o~ ¢ i { 150
RV . o EANGS
i . _ & S A "~
-..’I‘ EE . - ) , C, i ‘ e (;(;m‘ " ,R
- eV W | . E N . 4!
S e “-TABLE-1 \ A .
) . . ) . . o, 1 [
. OPERATOR :REPRESENIA-TI_ONS oo
C. . - ) N\, u é' L ? g
K o K ' . K . ;L - ‘;ﬁt i .
[ . % o
. ¢ Physical ’ Position - | : ' Homentun »
. - Quantity . Reprﬂsq;ﬁiation Represéntation
) B ( S | ( - . . ' S ) 3 . . v
. ition- x. ‘ o = - U
Pos A01.1 X . | x : - A k. ;
, . X R _ , y i
vooooo . S " W
I welP 92 . { h] B
Momentum / h-=g e U P S U
. . . ~ ki
Energy = E - N 12_ 2 AR ’h__zkz
By : 2m .2 . ' T m
o - 9x
s . . . 4 ) E
>; \ Jn : ‘ B .n " ) [ _3_!14
. R X . x T . (i 3k -
; 3
Any of these operator ex:[u1valence can be verlfled The condition|
%t for A _and B to be equivalant is o . - 5
‘ . . v _ . ‘ - : . A
%t . ' - \ " -
RPN o * ' o K % ‘ . _f"r’ 1 :
v (x) A Y(x) dx = ¢.(k) B ¢(k) dk- o
\,

LIS
[

o ' ’ : . - ' o . ) e &‘1
for all fun(:tions : ¢‘(k)_‘ such."that v(x) = 1 r % (k) e]‘kx dk or
Lo . . V21 Jeo .

¢ = F$ where- F is the Fouriér transform operator.’ Thi's_’bm;eans _,,‘B;;AF-]'AF». '

N

since F . in vunitary. t ) o R ' $ _ . A
Now return to the func%1on U (x t) . 'l'he spread of a wave- -
packet is eQUal to <(x—<x>)2> = <x2> - <x>z ,But ‘<x> =0 for" ¥ and

5 . : 0

o R S e SRR .
so .<(x-<.x>) > = x> = Zt 2 This%exé\fici:lg shows that t=0 is.
' o 2m° o '

~ e & = L . Bt

>



4 . i

the time :of minimum spread, and”that'narrow‘distributions at- t =0

P

(large a) spréad more répidly.
2 .

: N T g ‘
For a free particle in one dimension we can demonstrate the

following resul}s, directly‘from the time dependence in (3) or (4), and

the operators\¥n Table I.

<=-ih §§>£ = Pg = kg a‘conétant independent of t . Moreover

kO = <k>t = fm klA(k)IZ:dk » and may be positive or negative. Define
. N -d —oo ] A : . B

-

p . .
v = “9-. Then,
" m
R TR S
L . : ]
2 20 202 ‘ .
: ™ 8" _ nk" : | | |
E=<- 2n 2> - g = Ed‘f-Et where . Ed >0 .
ST 0x _ _ 4
2 : _ |
d E = _’:._ =‘:£ vz >'0 E. énd E .ére osi real ¢ stant.'s tnde-
an St 2m 2 m =T E CRd P Q\;iVe eal con »

pendenﬁ of time. Et is energy of translation, &nd the subscript does not

- v

refer to time; 'Ed is energy difference, ) ' §

¥

b'If we -define (Ax)2t =‘<(x-<X>t)2>t as the spread of the wave.

~ : . ' : ta ' S
',»packet, then (Ax)i -1s.a positive quadrgtie-in t aéhieving a minimum at
$ome time -tl, which is known as the time of ﬁinimum c3.cad.s W can shov','

‘that

by using the time dependence'eqhatiqn‘for-the free'pafticié derived earlier.

a2 2 .2 C 12
-(AX)ti -. (Ax)..t.1 +v,; Ed‘t ,tyl\’

N
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Uncertaiafy Relation and Minimizing Wave .Packet

Y
The spread (AA)2 of an operator A on a given wave packet 1is

2

defined by _(AA) = <(A—<A>)2>‘-. From this we can state an“important

theorem about Hermitian operators.
’ -

Theorem: (Uncertainty Relations).

3

Suppose A and B are Hermitian operators axnd [A,B} = AB-BA =

gy ' 1
1C.” Then AA 8B > 3 f<c>| ..

Proof:: (1) We first show ‘%-<C> = Im <AB> . - Since ~BA = iC we

AV,BY) = (BAY,Y) =

(¥,ABY).

* * . . o
(V,BAY) = <BA> . Hence <AB> - <BA> = 2ilIm <

have <AB> - <B. = i<C>:. .Also <AB>

= i<C> proving (1).

 (2) Let a=A-<A> and B =B -

Hermitian and-moredver (AA)2 = <a2> = <A2
(AB)2‘=‘<32> = <B&5'r <B>2 . Then

. Then o and. B are

and

@82 8)? = <a?><8%> - (u,a%p) (0,8%0) = (¥, aw) (89, B)
= Howl1? 1186]12 > | aw,800]? .
Hence AA Asz'I(aw,QW)l =vJ(w,dBw)] = |<d8>1 . Then

£ r

-af = (A—<AS)(B—<B>) = AB - (A$B = <B>A + <A><B> ,

. . ) . : ’ o o
cﬁﬁand 80 . , o : . : o
. ) . o : : ’

o !

<aB> = <AB> - <A><B> - <A><B>-+ <A><B> = <AB> - <A><B> ..



t

CAA AB > |<aB>]| = |<aB> - <A><B>| > |Im(<AB>) - Im¢<A><B>) |

|im<AB>|

h

[

since A,B Hermitian.imgiy <A> , <B> reai. Since
lmmﬁl“\'l ol-dlel
we obtain Ak AB'>-£ [<c>| . 7/

Wé observe that tZi equality AA AB = %-I<C>| holds if and only

if the follow1ng two conditions hold: ' L. 2 : | -

(1)‘ o :and By ‘are‘scalar multiples of one another,

AN

(2) Re <AB> = <A> <B> .

A

We can. apply the ‘theorem ®o the product Ax Ap .' Considering’

T~

" the momentum wavefunction ¢(k)_ at fixed time, we have that the operators
x = 1"_a_= i g% and - p = hk are Hermitian -and [x,p]¢ = ih-ii (p¢) -
nih 4—=(¢) = ih¢ , So we have the operator equivalence [x,p]) = ih By
the theorem Ax Ap > %n. To minimize the uncertainty product ve: require
. that (x—<x>{z and (p-<p>)¢ be scalar multfples, and Re<xp> = <x><p> .
Hence to mlnimize Ax Ap , ¢(k) must satisfy i Bk ¢(k) <x>¢(k) - .
y[(hk - p0)¢(k)] for unde ermined complex number Y . We ignore th:} #
:dependence of ? 3 Ap Ax 5preads out td become larger at ﬁll future an v
past time and we assume t = ty is the time of minimum (Ax) . Solving

the‘differeﬁt&al equation gives !

3 — ’ -1(

2



-

- = ' o
for a normalization constant N .such that Im l¢(k)|2 dk = 1 . This ~

[3

implies ImyYy<0. In addition, ¢ mpust satisfy a number of other -

conditions‘naﬁely :

r ¢'*(k)‘ (1.5%) o(8) dk = <x> ' /- .

and

r 6 () hk yGordc = p

If'wé write ?ﬁa a - 18 where B >0 » then ¢ becomes

2
Bhk 2 ’ . :
(L akl -8 Baew?
¢(k) = N e e e S
v \bn
vhgre- Py =»hko . N
S . ‘ o .—Bhkglz_
Applying‘the<normalizationbcondit%£n we obtain 'N = /fF-e ' '
Hence i ' ‘ : _ . N

2 - ‘

b SRR 4 ok - p k] < BB (k2
. /gh 2 b ARt 2 07 .
(k) = /e L e T

We now apply the condition Ié ¢ (k) hk ¢(k)dk = Py = hko . - Ah integra-

‘tion ﬁfoves that»is is autométicaliy satisfied. Consider

VoS N
o , B
¢ v

C & ’ .
. 2
‘&&(k) ¢! ak) 600 ak .

But ak ¢(k) = (<X;Hyk - Ypo) ¢(k) so r ¢, (k)(i -3—)(1,(1;)'dk'= .<x>.

A
[



10,

. follows immediately from p0v= <hk> . We now consider the final coﬁdition_

~for ¢ namely Re <Xp> = <x> ﬂ;—D

\

<xp> =-r ¢ (0 (i 50 [hk ¢(k)1dk = ih + 1n f ™M) kS 00k) dk |
men | g K1 2 ¢(k)] dk = 1n + 'n‘[ 'lk>.< >—<k> + ' <1§>]
) ok . ROk Ypy + yh<lg>] .
Weinoté <K?> = k2 + Zéh 'y 80 .

<kp> = ih + p6<x> - Ypégf yﬁz[kg + E%E] = ih + p0<x>>+ yh

28'

r

" Hence Re<xp> = p,.<x> + oh . The.condition Re<xp> = <> p 1ﬁplies
! 0 28 - P 0 .

"o ¥ 0 . - Hence :¢ becomes

- - o .
. /Bn = S5 (k- k )
o) =V T Ik .

(6)

Equation\(6) is the form_of~k¢(k)‘ ﬁhich minimizes the uncertainty product

“Ax Ap . Since' Ax Ap is minimize% at time. t = tl ,» (6) fép(ggents

¢(k,t ) U31ng (3) we obtain

. . ‘ ' ' 5 ral
R - -1<g>tlk _ %n_(k_ko)z _ ihk (et
o(k,t) = ‘/— e . e .
. <x> 4 <x> ' : ihk (k-k.)
. t, t ), - “0
4 &h ;-ik[ 7 i 2 (k-»ko) - 2m -
= — e e .
w B -
g _ Py hko
We have used <x = <x>_ + (t-t,)v sV m o Y
‘used t e, 1 z

s

4

(t't,l) _



L

- Hence,

11,

-

Equation (6) gives the mpme;tum'wave function at time tl »

. namely - : o J

—

‘ ' _"4 BR -icxsk 2 (Kkg)
¢(k>tl) = _-n'— e € P
.,,,,;; . | b

. The position wave funcrion is determined by Fourier Transforma-

tion to be

V0x,E)) = Y(x) =—1—r 600 M o

V) = exp ik (x-<x) exp(—‘z,f-éi,’f—’) PR ¢

vBhm

PO Y

The ‘constant B->0 1is related to the stationary energy E1 S
| t 2 2.2 v

Py h ko
- Recall F‘= Ed + E; where Et = 5; = 3 We heve
2 .
. O : ' .
Ed ZaB _ R ‘(8)>
2
: 2,2 P - ) : S
Recall (Ak;mh = E - z% = Ed . » Hénce A&k = 1 + Since for a minimizing
. , P | hE . a
wavefu ction. Ak Ax = 5 » We have Ax = 5 - Hence the parameter A8

We observe that time t differs from tl , Ak will remain constanc at
_ X
1 » .but Ax will 1ncrease as previously determined which means = .,
2 .
o 2 _n8 2E ¢ g2 hB d 12
X)) = + (— - = -t _— < -
(A_)t 5 (m mz) (t:Fl) " 3 +‘ = v(t‘tl) .



~
R (t-c)? for B>0 . 9

. . . | - » zm B

.Eqmation (9) shows that for Lerge B , the position wavefunction Y has
i i . )
a large spread and its time dependence is slow. For small 3 the wave-

function ¢ is very narrow at t1 » but spreade‘outvrapidly.

We saw that the momentum wavefunctlon for the minlmum uncertainty

product packet was. given by

‘ S 2
o —icks k - B - h_k -
. 4 Bh- Yy 5 (k <k>) om (E t)
¢(k)t)._ _.n— e €. . e ~ R %
: . . . . : . . ‘\~ .
: | - y .

‘ ' a2 S
¢(k t) = (Bh)lld exp[-i<x>t k -.%? (kf-<k>)2 - 12;. (t—tl)] | .

1
\

Here tl ‘is the time of minimum spread Ax ,_<k> is the expected value

© of momentum and <x>t ' is the expected value of position at time t1 . :
. l ) ) B v

B. > 0- is a real parameter designed to specify the relative amounts of

position and momentum uncertaintyv

N . . . - . -

‘The position wavefunctions Y(x}t) can be obtained invtwd‘ways:

\\ (1) »Fouriervtransformmthe'expre3516n for ¢(k,t) above by taking
Pix,E) = - r ok, e) X q
; V2T Jeo . : : ‘

(2) sStart with the“expreSSion,fortthe positien wavefunction at time'
| t1' namely |
o — 2
(x—<x>t ) ];

w(x tl) (Bhn) | exp[i<k>(x - cx> l)v; ——fagﬁ—lf
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and use the general time dependence ihtegral

b = L5 /,m(t_t 5 r b@x,t,) exp <;;;§: ’t")) @ .

In either case; ;hevresultTEEFhs out to be

: . . . / .
“ Glx-<x>, J+ghcko)? (o
Vix,0) = (i”)”“(sm eyt ol L . (10)
2[Bh + — (t—t )]
If we set <x>tl =0, t‘»l =0, <k> = 0 , 8 = dih ge'ﬁ‘cetj /reduce this to
eqegtion (5), namely 7 ! E
- '-\,\‘ N .
/4 ihat, ~1/2 -0 mx
: jﬁ?‘x.t) =.(“) a + R exP(fTEIIﬁT;ET) o
, : _ L
If we substitute Bh_=‘——l——? into (24) we have - : "
A - 2(Ak) . ' . Lo )
S S y Glco, 242
CP(x,t) = (Z(Ak)zﬁ)—llb( 1 2 (t -t )) 1/2 exp - <k>2%7 N 1 Z(Ak)
: 2(Ak) : \4(ak)” 2'[—2+ (t -t )]
) - oo , 200)° 7 '
: < an

This gives the complete minimum uncertalnty wavefynction in one -
|

, dimension for the free particle in terms of

(1) tl the ;ime of minimum spreéd,

(2) <k> the mean (average) or expected momentum (eonstant in time),
. . . / . N .

(3) <i>t the expected‘position at time _tll,' .
: 1 : N .

(4) Ak the momentum séread (a constant in time), = e



. : 2 2 2 2
_ O (<k>) o .07 nfak
Ihe energy expectation is E = Tom + Ed ‘where Ed 4mB 5o »
2 . . - . :
meaning E = ga-((<k>)2 + (Akf) . . .
. The momentum wavefunction is ,
. - _ i -
\"f . [y '
AN Ck=<k)?  imic g
d(k,t) = (29(Ak)“) ' exp(—i<x3t k - > " om ('t:'—tl)) . (12)
5 : o : 1 4(ak) o ' ’
- - The position spread is (at time f) !
{. - " :
) ! 1 hZ(Ak)'Z (t-—t'l)'2 S
- (Ax) ¢ = 5t .. 4 |
4(Ak)T- 2m" , ;

'
Thé:resuits in this sectioq can easily be generaliéed té three
dimensional carfésian coordinates. One dimehSioﬁ-is’used fof economy of
notion and simplicity. | |

v — X . "\



CHAPTER II

- IIME DELAY THEORY IN CLASSICAL MECHANICS

Consider a rol

n lfrictlonless ball in one dlmension, with a

height component y and a position component x in a gravitational field
>f g . Suppqse the balllhas to pass over a hilL y = h(x) between x = -a

= . . v

and i =43 .

¥ : "J
'j_)
7
R
Ay
¢
L. 0,'\7
™~ e
gy,
—_— . pg
—a__ - S
0’ %o

‘Figure‘l

Classical Potential Hill‘

Assume the ball is a point mass and has'novrbtational kinet ic'energy.

Assume that before 1nteract1ng with the potential V(x) = mgh(x) bthe ball

"is approachlng the potential from ‘the left with veloc1ty v whére .

0
.%-mvg > mgyo' where yo' is the maximum of h(x) ' for all x . % Suppose

that the ball has position X at t;me tO' where »xow< —a'. ,
The x  and y components of the ball satisfy‘ y = h(x) . Con-
servation_of:energy,giVes 5%'mv == n[ (=
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3 wo = 7 mGE + (0 00?) + ugy
=20x’Q +0'3®) +mgy .
Heﬁce . t | -:f o | | 2
12 .- 2 |
- vy mgh(x) 1 2 . Vo 2gh(x) _ . K
2 =3 or X =-————Fp— .
, 1+ h'“(x) I+ h7(x) - o
Thus - _ R ’ v .
oo ‘ : >— o , : é' ' -
) T de . 1+ h" (x) T 1 +nh (x) .
) il S so t = 2 dx = .
| vy ~ 28h(x) - . Vo T 2gh(x) T
Initiat conditions td > X, give us the relation . o é
t = to + 2 dx . s
‘4 LT x A/ 2gh(x)" . o s

0

. In particular, for h(x) = 0 we get the free particle‘equation
. . x-j.xo : - . . .
t' =t +-———— for the one dimensional classical motion. The -' indi-

0 V’TYO

 cates this is undisturbed motion. The time delay At = t - ¢" at the =

point x is given by

- ‘ (At) = t-t&) = |~ 1+ [h'(x)] dx - ————(x xo) 1)
T X . s ; 2 . v ‘ .- //
oo v , . X Yo -,Zgh(x) 0 _ - ‘
-

Now ' consider thé particle in ohe dimensioﬁ which 1is under the
‘influence of a pot%?tial' V(x) . Unlike the gravitational- problem ébOVé;‘

‘this is strictly one dimensional.
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& o
{

Assume that 'V(X) is ‘non-zero only for =-a < x < a. Let ‘o

Xq < -a and assume the partlcle is at x0 at time t. and mov¥ing to the

0

~

right. Conservation of energy gives us

'l-inv2 = l—miz +V(x) ,-so that, t = ¢t + | : dx .
2 0 2 B 0
T Co %o /v - 2y
3 '.. . VO‘ m xr
Di . . .
‘ The_time oelay is ’ o ‘ 75
o ?a (x-x,.)
_f o (At) = t-t''= J — SN . - (@)
' X0 vg - Z'V(x) : 0
oy

The Three Parameter Potential

B
\ . -«

In order to détermlne what information time delay measurements

give about a potent1al function we introduce a model potential V(x) known
-

<o

as the three parameter poential Results of measuring At aid us in

obtaining the three parameters and consequently the form of the potential

4

V(x)‘

Piecewise Smooth Three Parameter Potential
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o7y

4

'V(x) is assumed sSymmetric about x = Q . The -potential acts between -a
Y ‘ : v | ‘ v ,
and a ~where a.=(“+d" d, h and' w  are the thgée parameters needed .
. ’ . 7 ' . . . )
: /
to specify V(x) . .
: : - . S . SR : v
Let us calculate the time delay fo£¢the thre€ parameter potential—
. ' o ) ' A V(x)
.4, 10 the case of the particle under gravity.. Substituting h(x) = o
N u v‘\l-&‘ . ’ : ' o » '
e the expression for (At)x_ we get
- -or B ‘

, — J1+ [V'(x)] /m g2 (x‘xo)
(Acy = dx , .
X x v2 - —-V(x) - Y ' .
‘ -0 o , . -
Let us take Xg = -a .= —u-d and x.— as= w+d . The integration over x -

-7

- can be spllt 1nto 3 1ntervals. The eventual tesult is

I S|
: ;5 ~_[v0,_ VO —'mﬁ].

ae = 275 +
0 .

-At 1s the time delay after a complete interaction with ‘the three parameter
. ', f'

mpotentlal. "}E we hold d "and w fixed and calculate the limit of At

g B

‘ g* 0 ,»we see that At g 0 -

)

4\ : . '_ '

Mﬂi/ -E] . e
. X : o vo.,m \‘_
ﬁ) : S . , R -~
Thls is the same result we obtain by Letting g-+ ®© ‘in’ (3) it corresponds

. to 1ncgeasing gravitational strength g8 and decreasing height h 8o as to

/‘

malntain the same function V(x) for the potential.
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The Smooth Three Parameter Potential

1

4y

Figure'3)

‘Smooth Three Parameter . Potential

R

The smooth three paraméter potent1a1 is a symetr1c potentlal
function constructed from parabollc arcs. 'On the interval [v,a] on the
‘x ‘axis, V_(x) is the parabola passmg through the pomts (a 0) and
(w,hv)v in the x~y plane which is: tangent to. the x axlsl at X = a.
' Similar;ly‘ v V(x) is dgfine’d on ‘[—a,-v] . On the mterval/ (-—u,v) V(x)

is defined as a pax:abola that mak.es V(x) and its der1vat1ve contlnuons at:

N

The explicit expre551on for V(x) on _éach inte_rval is

v V@ B ar vt a? en g
A ' d K
h h 2 o C
V(x) = h + a3 —» = on [—.v,v]‘ » N (S).
/? \x,
o V(x) = on  [w,wd] ..




-

~— . ' )"

) ' Let‘ us determine thei time delayf Ac for the one d{mensional
- on
1nteract10n w1th the smooth three parameter potential I_t is given by -

'At:fv _dx . _2(wHd)

~w-d /2 2 Yo o o
RARC] LU S

We assume Vo is large enough so that the atguinent: of the square root 1s

. : S o
positive. The integral on the range -w to w is symetrlc about x =0
. . ) . . ; ' o

and so “
At = 2 1 JpES dx +2r- e dx -2(:’“‘) .
) w 2 2h 2 © ‘0 /2 _ 2. wh,/Ih 2 IR~

\ 1 ‘/"0 —plxmw=d) : /"o alPf * 3/ e *] '

md : : . :
At = ?_’d ,/ 2 dresin (—-——) + 2 de slnh -1 -—s—— .(6)
‘ _md 2 d ‘ :
2wh V0 ~
- One could curve fit equation (6) which deecribes Ac,_v\%‘a;'func—

tion of vo - for, vg > %‘ + % to. experi'mentally measﬁred valuéof At
in térms of v0 - This would give a means for determining the parameters

w, d and h-.
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.vHigh Energy Approximations

’

2 ,,2h  2uh-

For large vog satisfying v >> we can approximate

| m , md
in (6) above to get
. | ‘&' n:?‘»‘ s .
o md v . 3m v ' '

0 : 0
Thus for high energy particles At is proportional to 13‘ and the con-.
. | | Yo
- stant of proportionality, given in (7, is expuEssed in terms of .the three
'parameters of the potentiaI ThlS only gives us one equat1on for the. three

parameters, ifﬁﬂe ‘measure ~Atd for large v and determine the coefficient.

0
To get all three parameters we need three  equations, and_consequently it
is necessary to expand At to a higher order;_ As an example let us take

H

the piecewise smooth 3—parameter potent1a1 whose- time delay for 1nteract10n

RS

is given. by equation (4) Expanding 1n powers of v0 we get '
e /\\\\‘5 3
pe ~ 2wtdh | Gwayn? | OV + 7 Dk
I o3 25 3.7 :
w vy movyo | m” vy

-By curve fitting this expression for large . v we get three

0

coefficients;, which lets us solve for the three parameters w,d and h.

-

In general measurement of At as a fugction of v0 determines
L

“some of the properties of - the potential V(x) , but not the’ complete func—

K

_ tion V itself The time delay is unchanged if the potent1al 1is displaced

/
2L

<linearly along the x axis, or reflected through the y axis,for,instance..f

<
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Let us suppose that V(x) is non-zero only for -a < x<a.
. \‘k o .
The time delay fo?;interaction is

7

o ‘e A
At = f dx ___ _ 2a .

~-a [2 2 Yo
' Vo T @ V(x)

Suppose vg >> %-V(x) for all x in the interval ‘-a<x<a

. We write the integrand as \

——

»

- Zveoy V2L L WGy

. . o n’_~
o 1‘11 + 2 ‘(—1) (2n-1)! (—ZV(x)

. .= - =L ) ] .
Yo n=1 (n—1)!n!22“ Lo vﬁ A
. . S0 (2 1) v o ‘ .‘/!
; ) T (¥)] 1.
: 0 n=1 (n~l)'n'2 m v,
a L N
Let Vn ?_f Vx)] dx. . We get At expressed as
o -2 ~ | : R _ SR
RN ) ' .. T ) . i
' o ™ (2n-1)! v -
e = ) = .

n=1 (n-1)tm 271 0 20tk

?

By measuring At as a function of v0 we can Jetermine the coefficients
V; whlch in turn glve us 1nformation about V . The total information
whlch time delay measurement gives us about the potential ‘is the set of

-all coefflcients Vn .

22’.,



Hamil tonian Formulation
) .

Consideér the point mass in one dimension approaching.a potential
~barrier V(x) on =-a < x < a, with sufficient energy to overtome it and-

pass through. The Hamiltonian function representing energy is

o 2 , : . ,
H = g; + V(x) . The time function To(t,p,x) " is Tb(t,p,x) =t + T(p,x)
' OH 9T 9H 9T ’

where {H;T} SER-a- = a-753-=1 . We take

w2 [0 Y uepiq-1/2
v . . 1/5 , 2 . s : |
This means that T(p,x) = —(?) IX [§Ev+ Yéx) = V()] "7 4  and

td(t,p,*)’: t + r(p,x) . .It’is easy to see that T"satiéfies

~

V' (x) gg“— ﬁ-%i = 1. which iS §he conjugacy equation. . ( T .is conjugate’to
r ¢ ’ ' .

H.) .We'measure time t as t = T9 = T(p,x) where T

¥ [ I . . . ‘
‘Th;sfgiveS'us thg\time variation 4n terms of -position x . The momentum
. « . ~ & 1 . .o . .

is a constant.

P -is'alu%ys;defermined‘from X and is posiﬁi#éi so p = ¥ 2m(H-V(x))

as a'fﬁnttion-of “x for constant j&:. Thﬂs"t’¥‘TO f'T(YZﬁ(HfV(X))., X)

gives the time  t as a function of position x in terms of constant ‘;}

pathmeters"ro and H . Substituting explicitly for T(p;x). we' obtain

)

RS

L=yt (%)1/2 f - (H ~};(g)] 12 4 .
( Ix, | ,

-

>~ ,In our-original notation, 0" % 2 X =,xO4Jand« H = ymVvo “At time

t thé ﬁattlcle was at position_ x0 outside the‘potential'rangé andfhad‘

§§eedv Vo  approaéhing‘thﬂ potential. ’We;hgd’thefequhtion

)



dx

frolm wh

. x. / 2 _2
' 0 Yo m'v(*)

ich we obtained equation (2).

We summarize the three parameter potentials as-follows:

(a) Smooth three parameter potential. N

V(x) =

d
V(x) :h
V(x)

1l
-2
+

|

I

I

»”

J%-(x + w + d)2 for -w-d < x < -w

il
Bl
~~
L]
!
£
|
(=9
A
N
[ag]
]
~
L
| A
®
1A

oth three paramter potential.

(b) Piecewise smo

.

V(x)‘ﬁ 5;(x +‘d + w) for —v-d <x<-~w ,
V(x) =Ah' T for -w<x<w , a=wH ,
~V(x) = E-(-x +d+w) for w< x < wHd .

(c) - Piecewise con

stant_ three parameter potential.

©V(x) =.b
V(x) =."h

V(x) -

il
(-2

" In each caééj(a), (b),

for = s

- for ~2s <

for -8

A

(c)Aabové, we

A

,cag gyalua;e ’Vl . VZ ’ V3 yhere

o

24 .'
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a
vn = I VGO 1™ dx ‘to get the results
-a Q ‘

2 l CEy ewd)? )M ax 2 r (h+ BB 2Zym
w ' d .- 70 Vd K

(a) v,
2
-2 4vh
Vlv— 3 hd + 2hw 3 g , k
2 ' o e
vzag-‘-s‘—d+ 2h%y [1+%+ 8"2] , 7
: I5d ' -~
’ ) .2 3
" V3=%l§;+2h3 [1+%‘-’-+%"—+§—6‘%]. ,
: | , d a .
G N | | ’ ‘
o d n LA
b) v{=2 7 (xtdh)) dx+2f h™ dx
w o ‘ 70 .
. Vo= hd+2hw o,
2.2 2 T T o
V2-§'~hd+‘2hw e _ | ‘ ‘ o | }f.ﬁ_‘
_3d .3
v..y3 h 7 t2hw
(@ VvV =20"+b%s , (b<h) . *
L B T ‘ e 1 1 1 L )
The series for :At expanded -in the powers of. 3 "5 » T3, etc. has the
v S L V Yo Yo VYo
first three terms as *
. v 3y SV »
o= 1 : . 2 3 cen .
Aes e e 5 e .
o mv,  2m v 2m~ v
s 0 o =0
If we know .At as a function of 'vo for large Vo sufficiencly well to

determine the three parameters Vl s 2 > 3 » then the form of the poten—_ .

“tial can be determined according to (a), (b) or (c) above.
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. ‘ \‘\
As an example, let us’ take case (b) and solve for w ,~h , d

1 2 '3

in terms of .V, , V V, - We have
[l ’ ) : -

v : v, v :
Loarow , 220420, 334 .
h . , 2 3 - 3 .2 : :
h , h~
: o v1 v3 | v=1 v2
~Eliminating. d and w we get d = 2(— - =) = 3(== - —=) so that
‘ : _ h .h3 h hZ

V1 h2 - 3V2 ﬁ + 2V3 = 0/ so we can solve this quadratic and get

2 _ .
W, i'/9v2 -8V, v,

h = 2V . Knoﬁing h, w and 'd‘bcan‘be obtained as
l’ i 4 l . - . N . . 7‘, ‘ oL . .
'/ v : V. B : :
d = 3(h h2) andk w=3 (h . d) .

. _ : o ra " ‘
Determining the Potential V(x) From the Integrals v, o= I [V(x)]- dx.
) . o . . D | . -a . . .

i

~

"

~

_We.saw»tﬁat.time delay measﬁfemehtsxin-one‘aiﬁghsion yielded the
humbéts th as Fhevtotal_évailaﬁie information %boutithéﬁpopéntial' V(x) ;
We sﬁall see that 'Vh do not uniﬁuely'detérmine V(x) , b?F.do uniquely
determine anothé: function G(h) from whiéh we can get a11 possible'3V(i)
:_with moments Vn..v Conyersely G(h) itseif-dete ines the Vn ; G(h) -
:is positive or zero for éli h . , ?
' - T

s

First of all, given V(x) let us construct G(h) . This is

tdone aé follows.

I3



iy

- G(h) = *————;— 'fof “h = V(x) . (Note- \'

27,

A h = v(x) )
\ -
: {
3: ) L
e V(x)
h+dh
h
- — ' = T X
dxl dx.2
’ Figure 4. up@
Constructing G(h)
Let dx = |dxll_+ Idle (both as positive values). Then G(h) =, 3%

n dx

- . at 0 max max v '
Also V_ = f V) 1™ ax = f n" () dh ='[ B G(h) dh . The
» VA ) \Y .

Ta min © ‘min
max: | L L
equations .Vn = fv' h G(h? dh determine G(h) , since it,&an be
' min _
exﬁanded in terms of orthogonal_polynomials. If V(x) is monotone3.

1 .
= 2a.)
[ve(x) | E

>

*dh

‘ Vn, tells us that given h , V(x) lies in the range h to .

{
. i
h+dﬁ for a g1ven amount of interval Wldth dx somewhere in [-a,a] .

This lnterval_width may be split into'ﬁeveral pieces. -dx is thus givgn

dh

o _ &
function),\one can uniqutly-determine v .. Any functlon V(x) can be

tiansformed into a symmetric one or monotone incre351ng one with all: V

unchanged. The Vn determlnes a symmetrlc or monotone V(x) uniquely’

up too total x translation. Wevobserve that'since

v

in terms.of h , and if the function V. is symmetric about "'x = 0 (even



a R : R SRR 3
vV = f [V(x)]n'dx | Vn cannot be spec1fied agbitrarily. For instance _:*
. -a A H . . Q"a u R L v "'"

Vzn > 0 and if VY(x) :.0 s ‘V2n+l z_Ov.‘ In tﬁb;

o vmax n - ' _ K :
Vn = f’ h™ G(h) dh we,observe.that, G(h). > U;v
Ve R ’
> s>
2n+l >0 if V(x) 0 so thatl Vmin 20

Let us now suppose the potential V(x) is an even function of

X (symmetry-about x = 0). Suppose als that the value of V(0) = a .

, _dh _dh _ _dh _ 2 -2 d V(x) :
Then V' (x) e T T P& TEm TGy T e - Integrating
VG 2 ¢ - | , o -
gives 2x = f "G(y) dy . " This holds if a = vmax and V(x) is mono-
a - ' T
tone increasing on ‘[—a,O] and monotone decreasing on [O,a] This '

“gives x' in terms of,qv(x) for X € [-a 0] .- since G(y) >0 and
V(x) 5&& . By symmetry we obtain x in terms of V(x) for x ¢ [0,a] .

: i
In this particular case we can construct the unique symmetryc even func-

tion, monotone 1ncrea51ng for negative X and decreasing for positive x

1n terms of‘the function-»G(y) . Observe that this is the form for. all
; .

our three parameter potentials, and that it is uniquely determined by

_time delay measurements.

5

Since 'V(x) is assumed to be of finite range V(x) 0 for
X< -a, x>a » We see that v min = 0 and . V ax V(O) for this special’

symmetric function. These ‘are .the consequences of aSSuming that V(x)
’ has a maximum and is symmetric about it. The monotone assumptions on -
.‘[—a 0] and {0,a] make a single integration of G(y) y possible.

This givesvthe basic reconstruction_of V(x) . for a positive potential.U
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Let us con31der -one very special example of a one dimensional

pot¢ntial for which‘tﬁr’time delayvgan be used t0'determine some of its

e

properties.

TG
n -
x
Figure 5
PR -+ 'Iriangular Potential | : 5
.Define V(x) to Se“%ero.for x >a and X < -a. Vx) = 2 X + h for
-a < x;//Q and V(x) h - —-x for 0 <'x < a . This is a form of the

three parameter potential whose time delay is given by (4) We'set d =a,

=0 and h=h to get

e = - 2242 Tl =/ -2y g

N : / N
Now let us suppose we are given equation (8) deécribing tﬁt/ as a.,?:

function of v0 » and we know nothing about the potential V(x) Expandingg
At  as :Wte series in vy e get ‘the following. ) ; ': :
- - 33 L o , . - :

-




' . ‘ - : 1)1
Now use the series (l+x)l/2 =1+ E—x + Z L*l) (Zn-1) !x and put
: C- ‘ n=1 22 " (n- 1)'(n+1)' ’
% = — ; to’get » '
mv2 - K .
A - "z° a(2n-1) 1n" =
n=1 2"7%(n-1)1 (at1) 'm” vg“”

.namely
L - - ' ; ‘ (2n—1)' v _
o . At = )  — .
X n=l,(n-l)!n'2n 1 o vgn+l
. . n B
and from this we conclude that Vo= 2321 - v can be expressed as an

integral of the function“G(y) . We kh@y the maximum height h from

‘measurements of v that fail to give transmission (or from (8) which
J

0
2 2h é _ .
1mp11es Vo 2 > 1;—) Thls tells us that the maximum of V(x) is "h . For
~ n X ’
a p051t1ve potentlal, the m1n1mum helght is zero. and so V = 2ah”

“n n+l

h : :
f' y G(y) dy . Without even expanding in oryhogdnal polynomials, we
0 T . : '

¢

‘recognize immédiateLy that',G(y) = %%‘ a.constant, independent of y .

7

, . _ : - A , :
.If_wevassume thag' V(x) - is symmetric dn,vl;a,a], with maximum
at x =0, momotone increaSing an [-a,0] and decréasing on [O'a] ﬁhe
fotm‘of_ V(x):‘is'uhiqueiy'determined by G(y) .to be the triangular |
fgh iom we started.out Qith. However there are many more possible ways

~ to construct non-symmetric V(x) func;ions which stgll‘give the same tic

deiay' At . Some of Ehgse are
- g . , -
(1) V(xf ‘E—- for 70 < x < 2a , zero elsewhere.

.y'.;.

a2
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Figure 6
_ Non-symmetric Triangular Potentials ’
o-'E( , | |
- h(xta) ._ ‘ Py -f L cl
V(x) < +a fpr‘ a f x <a
V(x) :'h(::ﬁg for a < x <a .
(3) We know G(y) = 2a _ dx Awhere a* = |dx-1'+ Idk l  ' Since
_ . =g dy T , 1 -2t ¢
e |+ ldax. |2 22 | =228 0 _ Yy 4y and
Idxll + Idle.f o dy , let us choose d;l. hv‘l ‘h) Qy and

. —.Z—a. l . - . i . =‘ = N = |
—dx2 = h (h) dy . For boqndary conditions, take X X, ° 0 "for y=h

If

. and let V(xl) = y(xl)A for »*17§ 0 and. V(x2) = y(xz) qur X, >0 .

we solve the equations.by integrating we get

V) =h (1 - /-%) for -a<x<o0-,

"= h /1 - x .. for 0<x<a .
. a N, -

In this case, the graph of V(x) looks -like the following.
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Figure 7

Curved Potential
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L S CHAPTER IIT »
‘ . SCATTERING FROM A CENTRAL mﬁ§rm
b = impact parameter ‘ iv ‘ i
‘88 = seattefiqg.angle' ‘ - 1 L ,QQf o ;
VO = initial (and final) speed

v‘ Central Potential Scattering

N

e

A three dimensional c1a551ca1 scatterlng problem wfth a potential-

- V(r) depending only on r the distance from the origin, can be reduced

I4

to a two diﬂgnsional plane problem.; Let rz =-g2 + zz"and suppose V(r)

is nom-zero only-for. r.< a.

Let .us represent the c00kdjnates of the particle by r and 9

where z = r cos g , x = r sin 3 . The Lagrang1an expressed as -a function

of r,g, 1, 9, is

L o vﬂ - . -33- . 4{5f_vf



L
L(r,e,r,e) = %-m(r2 + r2623 - V(f) .
b . C ) . ) : .
" The equations of motion‘are_-jl (BL) = EL. and d oL = §£-= 0 . These
' dt ‘a; . or dt 39 EY) :

p 1nc1ude conservation of energy and angular momentum.  The conjugate momenta

P, and pe are
L . .
P = 3. *mor and py = Bf =mr” 0 .
ar a6
ThuS; the Hamiltonian is\\\ S o
| \ 2 2
: ~k P Pg ‘
B, 0,p0,pg) = 5o+ —— + V() .
\."‘;Q Zmr
AN . ] ' . R . aH - ‘ aH -
The equations of motion are reformulated as 5;—-= r , 55* =8 |,
' ' : S < . te

W _ B Eﬂ ; .. ,
oar  Pr. >- 30 ‘Pe -

The motlon of the particle is obtalned by solv1ng the equations

ot + V' (r) = mr62 and mr26

constant. The latter equatlon is conserva-;

. . 2
tion of angular momgntum (L = erG)J The f1rst equatlon,q:mr + V (r) = ~£§
' ’ ' ' ' 2. ‘i. . -mr
can bevSOIVed by direct integration. Since or = —Lg-v V (t) .
(——Qr dt = [———-— v! (r)] dr and we 1ntegrate to ge@i'zﬁmkz . .F 3 f"V(r)
mr. " ’J,Zmr
: 1 -2 1.2 ' I SR I - .
+ constant. Thus E = 3 mr +o- — + V(r) is a constant and wve have
. conservation of energy. o i ' ﬁ;' .
" : W S N
| ‘ N R - '(NR » .
Suppose the. partlcle is 1nc1dent with.yg ocity v0 and impéct
o .
parameter b . The two constants E and L% the motion are E = %-mvg :
o o | o - _ 1 5. T Lz
and L = -mbv0 .. The . E equation is 7 Wy & 5 or + —— — 3 + V(r) and so .
o s : P - 2mr .
. / .
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]
I L .
v
dr '/.Z_LZ_ZV(Q _ /.2 (7 _bT, 2 .
b i‘ vvo ‘(mr) _ + VO'[l' , rz] = V(r) .
T oin is the radius _Of clo,sgs_t approach.. It sati’sfles, Vo (r - T] —
: | o rx}nin
o V(rmm) =0 . Note that time measurement is made from the integral
- o .2 : N
. ) : . o
- ‘ ' : : A
- T dr = : : - : 75 \
t =J . The steps are -
2 .
[ 2 2
‘ r | . r , ’ C :
: min |, ‘ dr o 12 o dr :
t,—-t., = ~ + 2 »
2 1 r 2 - . . r - o] .
| 2 b 2 : “min 2 b~ 2
/VO (1 71 - 5 V() /VO [1-=1 -2V
. 2 , : o x .
So thaFI ) !/.;,* : X
- - N ;/".
| T r
t,-t, = At = L : _ .
“ min min / ] 2 V(r)

1
after écattefing with r =TI, .

where t. is a time before scattering»vith r = T and t, 'is a time

The Scat'terin'g Angle 95 .

* The mte'grét-ion'also provides a me_anS for obtaining @ .

bv dt ‘ by, dr . :
dea-— ovll- ,.— 0 - .\ - ' ' v

. y v r2 5 :
T , ' : -2 2 o b7, 2
: . ' . r ./Yo}ll"rzl mV(r)
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<f

Thus
. R ‘ . A rl . . rz dr . . . ) °
- = A = .
62 91 A bvo fr l + L: ) : — I .
min nin 2/2 b 2 .
/vy - - 2
~In particular A 6 <0 if b >0 . Also 95 - A =T if we
run° the r limits to infinity. Iherefofe
0 =T - 2bv 'Iév . dr - . . (1)
s . 0 . : — e . . f
' min y 2 b 2 L v »
t/ v, [1 2] - vV{(r) |
. . r -
For exadgte, if we take T in = b vand~‘V(r).='0 ve get ?Sv= 0.
Equétion (1) can be reformulated as an‘integral over u = % .
es =T - 2bv0 f L — - — - ot (1)(a)
' 0o 2. 22, 2.1 I
-\\/voll—b_u]-mv(u)
) Q
A~ NS
Time Delay in|\Scatteriag
“ S \ '
\ - ;
In computing- time delay, wé“‘ssumé that:hard sphefe interaction'
has zero time délay-and-so |
: ‘ L\ . o ‘-3‘ o :



' ‘define V(r) as’ follous.

\

¢ . . -

Unlike the one dimensional case we cannot hope to.expand in an'infinitep

series and isolate the dependence bn vb or h s 51nce the expansion :

coefficients are integrals and in this case the integra}s have ;rmin ‘as’
a limit of integration. tnin has a complex dependence ‘on Vo » b ~and
the unknown potential V(r)'. , - ; . ' 5 R

G

. A MOdel 4 ?arameter Potential

One way to solve this problem is to construct the most general

7‘, B

A

kY

‘ potential? V(r) for which the 1ntegrals in equatlons (l) and (2) can be

H
B

ianalytically evaluated in terms of uell known functions. To c. this we

' . ‘ V(r) ='a + §-+-1~ ‘for 0 < r <a- o
. . r 2 . o} —_ brad . . o ¥ o
. " * . .r . s ' N 4 [ K
: ‘ e (3
V() =0 | for r>a . . o o
The four parameter;s for this potential are a , B‘ Y ', and a .- Let us
 assume that the'particle interacts with'the.potential r(i.e;, T i < a).
A . N
He do not consider the case of a miss (rmin .b > a) or a- hard Sphere
reflection (r = a > b) in the case that V is discontinuous at a .

For a niss,‘ es and Gt are both zero. For hard" sphere interaction,

ot =v0,'and 'es can be calculated from simple geometrical concepts. ’For

Qa‘hard'sPhere of radius a [V(r) » T >a; V(r) > rv< a]- we

have',eé = 2 arcces g-., This Lbbult can. also be obtained by setting j& o

T =a and V(r) =0 in ) . Co o

ain LT
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N

The conditions requlred for interaction with the potential 18
rmin < a . This mplles as a nece$s¢\1"y condit:ion b < a . Since the
: P

potential . V(1) may be dlscontmuous at "r = a we require.'a'lso

2 o o
.V(Z) 1 - -112—] > »_m_ V(a ). Assuxhing.po_tential interac;tion, ‘let; us determine
a ) .‘ . . N N

-

) o 3 E 2 _ b - _ B ! ’
Toin - It satisfies 3 Vo 1 2 _‘.]; V(rmm) s in = o This
: “min " “min
_glvevs.a‘quadrat:ic for Xoin » namely f(i Vo'~ a)‘-rmin Br in - (¥t 2 Vo)
=0 . Thus Lo
| 31/62 + 4G Vo - a(y + “‘; v -
r = N L
min I 2 - '
‘ : 2(2 0o~ @ |

“ Flox;_‘_vﬂv large we see th_ef‘ + sign is the only one'acc‘eptable ahd.

. B + JBZ + (mvg - 2a) (ZY' + mbzvg) , v . .
rminv= 2 B o ' (l').'
S mvov- 2a . ‘

E A

~ The Scattering Angle B, -

“* By equation (1)(a)

v_l‘/r

0, = v vao f min du 5 . ~ .
0 2 _ 22 2 1. - s
& ' : ;/QIO[]_'—bu]_mv'(u) SR R T
a Fatn o o
, . du i - du .
W= 2bv0 e - 2bv0_ E e
RS voV1 = b2? T la ygli-b2u2]-4§(a+su+yu2) -



For a positivebpotentiallwe have a > rmiﬁi> b in general, At the 1imit

3 "vghéidénominator of the last intggrand becomes zero. The result is

min
' N 2.2 + 2y
g m, B
: 2bv a m
.. b 0 . ’
Gé = 2 arccos (;) - arccos = 3
. 22 2 v J//'va 2 22 2.0 B
| | /vob “”'-'tth,:;,_ W vy mq)(vob +mY) +v m2
Examgle:.  Cogqub potgn;iaL V(r) =_j;-'fivLet a+ > -and set'.av= Y = 0“ -
and B = ez"io éé; |
\ N
\ - ) )
‘§i : . ) 8 = 2 arcsin - 1 — .
, , S - / 2
{ ’ 4.2 m
S ) L l+V0b = .

. : C e

This is a very simple function of * vgb which can be checked by experlment.

The potentlal given in equation (3) has the advantage of coverlng a wide
= .

- range of p0551b1e potentlals and yet it can stlll be evaluated in closed E

/

2 .
fogm. Expressed in terms of inverse tahgent, 62 =.2 arctan.( ;H ). for
v - . T ) ‘ VO bm
‘the Coulomb potential. ° | : o A 2

'Time Delay and True Time Delay

Ih.addition to the time delay dt  as deflned in equatlon (2) we
. Ve

vhave\s:other concept, that of ‘true time delay, denoted by At . Jn terms
St

’of d

> At is given by
S
: rmin'. dr S ’
‘At =.<St-2[ —_— . ‘ a
.Y 2

Nk . . r
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I, is less than rmin and 1s t:he radius of closest approach

for hard sphere scattermg that gives the same scattering arigle 6 . a's

that for the potential. i.e., =bsec (6 /2) . Thus b < r, <r '<‘a .
: / o s 0 min

*

Con51der now time delay for the potential defined by (3). From

equation 2),

‘ a ' . d | a d _
5t = f dr. _ ZA]— r i
: r _ / 2 ]
min/ 2[1 _b_] __[a;g __'%] .min "’0 1 ___b7
: » oy

Observe that the denominator of the first integrand .is zero at'

the limit r _.'. The result. is
. min - ‘
=2 p2.2 2 0 28 2.2 2y 1/2
e g - vy - B
v, - —=a
0 m - .
: a(v, - ~&«) - =
+ — 28 cosh 0 N _ ()
m(v2 -2 a) 2 B2 :
/(v + —1)( - Za) + >

- VL [/az-ﬁz - /riin‘ —Jf]

-0

Also we note that At = 8¢ —,VL [v/ 1‘:1 - b’ - /;f) - bZ] . We see

o o - -min
, — : -0 ¢ .
that ¢ Ar(?i - b2 =b tan(-;—) where__‘ 68 ‘ . _Let us consider

expandingv 68 and dt  in powers of vo for large v0 . For large Vo '
'es has 5 ‘co'ef'fici‘entvin -Lz as its dominating'term. In this approximation
. . R ) ov " . SN

0. o L .



.
. ‘ -v 2 A‘l - ‘: 1 ' . ' ) o
‘ 2[y + aB + ab”} o _ )
. 0g = /2 2 2, +'_§i‘2' arccos () . N ¢)
. a-b '(bmvo) mv, b 2 :

0
- . on
By observing the high evergy LZ dependence of 8, as a func-
v oy ]
. 0 ~ T
‘tion of b we may be able to determine the parameters » B, Y ,é"a of

the potentlal. 'I'his only holds for b' not too close to zero and vd

-large. enough to make 6 relatlvely small.

Let us con51der now the high energy behavior of &t : and At .
We expect the high energy term to: be of the form —% . The'hi'ghest terms »
0 -

in &t are

v

(2 2 '
) m vo m Vg, / 2 b2 : | )

The last term has LZ dependence and indicates that ‘At and not 4t is
. R 0‘ K . . .

the correct quantity for time delay me_aserement. The leading term in At

is proportional to and so for_ large v,

3 0
Vo ' .
AL S Ae a3 b” Z(a a+ aB +v) +‘233 cosh™ '(b)
mv -3/ 2 2 mv
, 0 mv, a -b 0

o, .
+}’.[y«b—aB_-&- ab ]+_ 2y

B ‘ 3
/ aZ_va o v3-_ , mbvo

0

arccos (-3) . . (@8)

Time delay as measured by At indicates t—he time difference between scat-

b'tering off the given potential and a hard sphere with the same v, , b and

0

‘68 . Time delay as measured by St is time difference between scatteringd.



meter tixhe delay defined by

RJf
)
BR,t =
. o
A . Then '

S 4
>3t ~as R . TInfact if V(r) =0 for r > A, then
=93t for R>A.

‘ac,r _

42.

|

from the given potential a%d hard sphere for the

same v,

_o,b and rmin‘°~

~

We can introduce a new time delay concepf:,

that of impact para-

! v e ‘ ot = At_- 2 f —ﬁ__ , 1

, - R (R

“/ . Vo r2

0 ' ’ -

-~ Fmin Cdr

! b : b2

1 E?Z::[zi?&—s \' 2 1 = a
j ' °

i)

.]__'b_z.
Y 2

~Let us suppose thaf the poceg‘itial FV(\r), has range

- - .
: 'b- : b2
: . ' r
v L. o B o s
=i‘A\ _xr‘dr. -_,L[A r dr
v, - v ’
,“vof Tmin /[a(r)]z - b_2 0-7b r2'- b2
where - a(r) = .\r‘/l - Z-V(r) . Hence -
' W —":;"‘ A m vo ’
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Observe that a(rmin) = b . Thus rmiﬁ = a "(b) [inverse func-
tion]. Hence
8(bv)+_£[ r dr =vlf ‘ r dr
bZ

/22

a L) /[a(r)l"' -

- We can change the variable of integratlon in the last 1ntegra1

from r to u= a(r) . This gives us

=

3_(b v‘) + 2 fA _r dr = 2 fa(A) ( d)a (u)du
t 0 v v o ‘ - .
0°b ; 1'2 - b2‘ ' 0’b /uz_— bz\ v
/—. . ‘ | i .= LJA .a_-_ll/(»u)é_lll(u)du'
. . , ; vo ly ; - .
. Vu -_b »

“using a(A) = A since V(@A) =0 . Changing the r mtegratlon to u

inCegtation in the integral on the other side and brlnglng it over we get

ac(b"’o).= vif [a_"(wa (u)det} __; VL f _Y(u) du
07 Vi - 52 Sone Ny 7
- '

o’ - . T P K
where Y(u) - = a_}(u)a 1 (U) - u . We assume. vo is constant and b

is vaiied, For each'.v0 we have'a different function_ Y(u) .

If u' > A we can see that y(u) =0 ‘since V(u) =0 so
R " _ -1 ‘ . ) ’
a(u) = u and a 1(u).‘=_u S0 a lh(ﬁ) =1 . Thus we may extend the above

integrél beyondb A to o -3as
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9 (byv,) = 2 —1122—92— . where “Y(u) =y (u) ‘depends on w-, We
t 0 v : v .0 R
0 b 2 2 0 R
u - b : . R
£ .
set u2 =s and B = b2 and transform this integral to g(k)= }w 5151—95_;
‘ g ‘ B vVs-B .
where g(R) = Bt(B; »Vo ) and h(s) 172 - Let us experiment with
V.S :
g(B) = fm h(s) ds - Multiply by and int€grate from w to ® . We
get
, rbg(B) d8 _ (r h(s) ds ’
- 'w YB-w -
g = f . (‘hgi dB ds .
" ‘Region R VB-w Vs 4,' ]
in sB plane ol :
8 z v i
” / N
j _/ \
[ R
W -
W 9
— » g
!.
§' ‘Figure 9 :

- Plane Integration -

A
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¢

(Q.

The function ———ELEL—— is to be integrated over the region R
‘ VB—w Vs-B I

shown on the | prev1ous page. One can cover this same region by performing

the B integrationm first. We get

fm BiélJﬂi (h(S) | dg ds .
w B-w (B"W)(S_B)

' S sy
~ Observe that f - dB

=w V(B-w)(s¥8)' f-1 /

Also g¥B) = 0 and

h(s) = 0 for all suf 1cient1y large B and S .. Thus we have

r 3(8)_‘18_ r h(s) ds .

w
This means h(w) & - %%[r E‘('B)‘d] . Substitute g(B) =3 (812,y vp)
., and set w = s and h(w) = h(s) = ————17%- to get |
: 0 v
o 12 3(8/ Ok )
p S 1/2 s a ’ E
- Y(sTT) = Vo T 35
"wé now make_the.:rénsfofmatioﬁe u2'= s and B = b2 to‘obtein
‘ : '. N | j . ‘ ‘ - . A
v 3, (b,v )b-dby .+ SO
» p) \D, / ) R
Y(u) = - ?Oﬁ[r — Ve e (%)

b° —
. . 3 : . bh. ) - . - »' . e . ) ,‘
. Recall that y(u) +u=ga }(u)a 1 (u) = %-j% ([a l(u)]2) . .This can be

4e¥plicit1y'iﬁtegratedy The result is

. . . . » N
/‘ - » ) ‘ 1
.

af



_ \\ . | e. | 4ég§
f. | |

v 9 (b,v)b ab 2 -1, .2
-0 t +-2—-=,13——1221—-+ constant.
L - = 2 2 .

u .bZ,“‘_ u2 :

e ‘ For"u‘> A, a-l(u) = u and the time delay is zero (no intera-

‘tion). 'This shows ‘us that the constant of integration is zero and hence

\

>0

-1 2 2 ’ v0 Bt(b,vo)b.db
N

- u 2 2
b - u

Y

for a p051t1ve potential since a(r) < r and so a-l(u) 2 u 5 0. This

means - (b v, ) is. negative in general .and we have a;time advance rather

than a time delay._ This. 1s not surprizing 51nce the free particle path

‘ié”longer than the actual path. _ \\,

LA

, . "He can determine the»funetton a—l(u) from the time delay Bt

2

end ve know ‘a(f) £.€4// -2 V(r) . . ‘'Hence by measuring 3t as a
' ' m Vv ' '

function of b for a_given fixed ﬁo we can determine V(r) ; The

fundamental results are = 3 o R

: o s 3,(b,v)bdb 3
e PO L R [” AL S
~. [§ @I 522 | — . o

.. v . b - u

I : a(r)=r/ -~ zzv(t‘) - ‘ ‘,‘-
! ' S : . mtvo . .

fVThe~pdtencial V¢r). vmustfbe s:ch that a(r) is monotone 1ncteasing in t~,

_ 1nvertib1e, with differentiabl inverse. If Vo and r are Sufficiently

i

' large, this is true.
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-
: !

-Impact Parameter — Scettering Iqtensities.'

L Suppose we have a uniform beam of particles incident upon a
scattermg central potential. Suppose furthetmore the beam has mtmsity
e
0 particles per unit ar-a per unit time when d1rected on an ‘area ortho-

»gonalkto,the beam.' Suppose I (6) patticles per unit solid angle per

unit time are detected at a scatterlng angle 9 from the 1n1t1a1 dlrection.

v

1.(8)
Then the dlfferential scatterlng cross section is’ g%- _—%———f, vhere dU
0

is a unit of area at a specif1ed locatlon in the incident beam, such that
all particles p3551ng thrdugh do ‘pass through the spec1f1ed element of
" solid angle . dQ located at the scattering angle 8 - Because of radial

(0]
dependence 1q the potential we have no ¢ dependence in scatterlng- gg
*1," .
. as a funqtionlof 9 q%%ibe measured experlmentally fro- '
IS &

1.(6) RAT

.IO » A

' to the scattering

Vg -

-

We have

d0 = bdbd¢ = blml d(-cos 0) d¢

' db ‘_ db[ o
ld(—cos G)I di? = sin 6 I dﬂ =

v

- i : : . e Co - ) S . B
" Hence - ‘29- (9) sin 8 d6 = bdb for,negative"ght and so for total
T ael ’ , e . : ° 01

dd -

. i : ’ é. 11’._' ’
.reflection at m , b8 =1 f Is(e).sin 6 40 .- ’v;
SRR 0 ' o )

08 - g

In general 3 is known es a function of Vo and 8_ rathet

' “than - v, and b . However with this addit:ional infor-ation, at, ‘can be.

)

obtained as a function of b » and thus the results in (lo)can be applied9
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,7““Totél Reflection or Transmission ‘
Let us consider 3‘t(b,v0) where ¢/=0 as a function of vo .
In thiS'case we return to'the'problem in one dipension. Either the
particle -is reflected back along its initial path 6 =7 ;'or it over-

'comes the potential and ’passes t'hrough 9 z0 .. In either case 9 (O )

can be measured as a function of Vo .and ‘this prov1des information about

the potential. Substituting b = 0 .in an earlier expression for at ve.

get
t o
3¢ = 2 A r dr 2 [A r dr -
t = — - -v_
v
0 min /[a(r)] 2 0 °b tz - b2
’ 2 r‘ dar | 2a '
-— - | — - '-
v _ v
0 0, 1 - 5 V(x) 0
™o
. e _ _
" If ox . > 0 one has reflection, while if r £.0 one has
_ ] min - min - .
' - | 12 S
. tl:qnsmisi}on. At any case,, for T in >0 > V(rmin) =35 .m<vo' and fo;_ _
e l 2 ) . 4
rmm—o,vggm)<2 Vo - p

'

The case of trérgsmisSion has al: y been dealt with in one \

dimensional problems. Let us, assume re '~ ion (rmin > 0) .« Let us.‘also

.suppose V(r) is a monotone decreasing positive function of positive r . -

N
.

which is zero for r > A . We have _

. 3t(0,vp) + 24 3.2_[ : dr , ___0 oL
v Vo 3 ’ : min ,
' . min,/ Oéi—-—V(r) ST
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+

‘We change the variable of integragion in this last integral.

-1

mu, m
24 ‘2 JZ/m vy v =) E-du

2
o /g_j ‘*

"3

»ac(o v,) + — Vo

2
; Ovl(ﬂ)du‘
0

— ) '
- v
e | ,

o

“For thisuto hold A must be a very special point uniquely determined from

ek

the potential.  We require V(r) = 0 fot. r > A and V(t)§>,bfifofx

r <A and V(r) strictly monotone decreasing for 0 < r <A . Let

1' mu

vg =B, g(B) = at(o,sl/z) + —2—‘/‘12— and h(u) = -m V_ () - Then
g(B) =-] h(u) du - This can be inverted (details omitted) to get v
: ‘0  VB-u : :
o _ ’ .
h(u) %-giﬂ[(u B) dB - By substituting back we eventually get (G
u 0 Yu-B o o : .
' d- 2 d 5
refers to E "= du;)"

e L s u1/2 [3t(0,v0) +-;a]52v0d Vo
-m V (7;) = T3l — — .
0 . . _ 2 -
: . u v0
O /

This solution is complete except for one difficulty. The ruj' i

A of the potential must be known in order to complete the potentlal V(r)

This same problem appeared in one dimensional class1cal‘;ime deLay in

scattering.

integratec. Hovever first we can integrate the édtire equation over 'u to

get
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A 4 i
[} 4 S/ Py
DS 2 :«X:\’ ¥
© ot
kX ' . >
* ’ *

' L 24, o
] i .
1/2 [ t(O,VO) + v ] 2v. d v

- . 0 o
-1 mu, - 1 = 0 .
v (——)=-—F / 4+ A |
T mdy — 7 . s
U=V

the constant of 1ntegration determined to be A from the condition u=0.

Now integrating the coefficient of A we get cancellation of A ~and

o o 1/2 o
1oy 1 [*. ac'(o"’o) vy d"o* :
’V (_2—) =T 27{ ‘ : ’ or
Y , ‘ ) ”0‘4 £ _ 2 ‘ . ‘ . )
LN
o D u’'" 9 (0,v)v.dv
R v“l(%u_‘) _ L %f t o 0% an
. 0 u - v2 :
a . L.V

ﬁotice that A has Cancelied out of the expression and so the difficulty
‘of knoving the point-atvéhiCh the potential vanishes has disappeared; (11)_
can be treated as a general result for monotone decreasing V(r) that

’ } approach zero. Equations (10) and (ll) also indicate the importance of the

iw ’
impact parameter time delay 3 : and the ease . of inversion. .
" s L ;;;r{« 'g .
~ 3 i 'J}ﬁ‘.:;." ; . - ) hd
. N : _ ;’-5'7,”’[;‘3:" ’ . = . ) [y .
D Exampie #f Time Delay and Potential o
) T : .
, o 14£§H' i : i ) mvl(cz_jz) |
Let us take %he potential V(r) . to be V(r) = 3 for
P . o A - ’ A . 2!- L

1’b <r< g' and “V(r) = 0 for#‘r >c o We recall a(r) = rv//ix- -ZE-V(r)'
e d e : g ' L ave -

- so that substitutioa?gives a(r)-:v//[l +

-~ g
)

S a (0)¢< t;< c ."Inverting we:ge;*,a‘}(u)jg
- .-a.w : e




”

“ " o :
' ¥ D S E .
‘ - DI . .
. i) . 5]..;
Hence (for c > u > 0 ‘5 ‘ . : B |
d -1 2 ‘ 2 | ‘E’vi(cz—uz) . VO 3t(b A4 )b db
2@ - s 2 —
. v0+vvl, ,u'v b2-'7-u2.’
.by (10). Con'sequaitly at(b’vo)  must s§tisfy ‘ . o g .
R N e
. 1 h - 0 r el » o
2 2 T T g .
fdr c>u>0 .,

Now let us detérmine ét(b,v ) . First of ‘all at(b v ) = O

; . .
for 'b > ¢ since the potential V(r) has Trange .c and consequently any

N
3

- greater impact parameter than ¢ 'misses the potential. So le: us suppose
‘ ] R E . : . . .

‘b<ec. We havé © .
. . c : ll, ;, ; . o . o
3t(b v ) - 5& j r dr _ éL f - r dr Yo
min»/[a(r)] v? o l? » r* - b2 :
ere a for b <. Observe &
.vherg rmin*_ a or <-¢ . - Observe

that v/ [a(r)1? -

| ' o 2 c . rdr . : .'2‘ {c r dr . :
S N U (T
0 , 2 2r 2 [ Vo'yp 2 2
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: . 2
IS 0

P : v :
. Thus we obtain the explicit time delay (which'is negative, meaning a

time advance) for this example as

\

Note that v, and c//g;; parameters determined by the potential, and

" are part of the definition of V(r) . Now cdnsidér substituting‘this into
o] s . :
the integral of time delay above, namely

P . 3t(b,v )b -db-
2v0 ?}(b,vo)b db _ 2v0 0

- ——— e —

T . : T 2 2
: u ‘/bZ _ u2 _ “u Yb v u

- for c>u> o, since at(b,vo) =0 for b>c¢. Thus our integral

~ becomes ‘ S o
2 e | 2 )
4 ( Y1 )r Vb’ bab _ 4 ( 1 ”" Z_Z 4
T2 2 L 2 2115
_ v0+v1 u _/b2 ‘“2 v0+v 0
. . ‘ﬂ
where JA = bz‘— uz. and w = c2 -_u2 . Intégtating we get
2 . 2 _ :
N A : : L ‘ o S
4 —f—l;——- ug T3 '(cz-—,uz) - This proves that
0 071 '
@ 4 9 '2: 2 ) . .
Vl(C» -u’) L ZVO fmiat(b,vo)b db
2 2 T i
vo»+ Vl - Tu 2 2

b -u
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i ) R
in agreement with equationsv(lg?é
- ¢+
At the same time et us test the validity of equation (11) on

this example. Using at(b, vo) above, we can set b =0 to get

o e Vi . o _
de(0,v,) = - =£ | - Substitute this into the integral of equa-
: 0 v, 2 .. 2 : )
0 v, + 1 . v

(i
. tion (11) to get

2172 dv

-
i

) l.fu at(O’VO)VO dv0 _ 2cvl 0. \ .
T R 22 .2 ‘
0 u - v2v 0 (v0v+1vl) u=v,
In this last integral make the substitution : 1#/,——-— 1 / V/n + v
in place_of vov = 1 . According to
_ ' u + vf
e v,¢ .
equation (11) we have V ) =r= for u >0 . If we invert
 mu mvi- 2 . i2
and solve fnr V(r) we get V(r) 5= —_Et(c - r’) for r < c .
i 2r
s The Scattering‘Angle and Its Inversion

.2 .
"
I
B

The objective in this section is to determine the potential V(r)”
given the scattering angle 9 as a function of b, the impact parameter.
‘ As we have seen, this function can be obtained by experlmental measurement

Iy Jg

2 2 ("
since b ——-{ I (9) sin 6 a0 .’ Also
: 0 . ' ,

: 8



6 (b) =m-2b vo'r . dr .
’ 'rmm 2 . | 2
BRI AN 21-—V(:r)
o .
We assume that the particles all have the same mass in the beam being
Scattered, and all the same (vector) velocity with magnitude vo Define
a(r) = /1 - —%V(r) . Then 9_(b) =m - 2b —_dr
® Vo : ' Cmin r/[a(r)]z - b2
where r . >=.afl(b) . Since g = 2br-—d—r—- we. have;g
: -~ min '
. b 2 2
” ryr -b
e (b)"=rla ' r dr
“2b - -
» o 2 /-] 2
L bV -2 a Tl r/[a(r)]

We make the transfor_niation r=ce" -and f()) = a(cex) to get

26 T — "), T — -
1og® VA _p2 g o Vieo? -

We substitute s -—?O) in the second :integral and r = cex in the first _ |

1‘-." integral to, get o » :
H : o . ) . . T
(b) 14 R -1'
b Bg - r S r f s) ds
t 2b ‘ B
A L A b2
F E- M mrar e
& =r r : - r Y(x) dr .
- . : ] - »
b 2o 2 LIV I
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‘ -y ' . _ 8 _(b) -
where  Y(r) = %- f 1 (r) .- » In the equation st —X(r) dr
T Y B
“ a
e
. 1/2 1 —1/2
2 2 e - 90
' substitute B = b and o = Tr L to get r .
o » . B g - /o -8
- This is of the form g(B) = r M wit:h 1nver$e
‘ vo-B 172,
8 (B )

L 1 4d g!B! d

h(0) = ———-[ ] ‘o Also note that g( —‘A and
_ T 4o ‘ @g‘ gl/z - ™
.

o | o 1/2,-1/2
o - . (B8 a8
h(9) = v©@Y%Ho M2 | e yol/2)1/2 14 “ %
. ‘ ) A ‘ m do o

Y Bo

We switch back using 8 = bz and O = r2 to get
1.4 es(b)\ I
- Y(r) = - T ar B — -
o , ‘r /b2 - r2_

‘ v Ly _ :
Hriting ‘Y(r) -as -Il_-- f 1 (r) we can integrate over r to get

o 0_(b) db R
log (D) - £ '(r) = - %-fm — . ©
. v o -

bZ - r»Z

The constant of integration is zero since f (r) - log (—) for r > A

the range of the potential. We also know that 0 (b) = 0 if b > A
Obsetve that we can calculate £ (s) o If f (s) = A then

. s = f.(.x).: a(cek) . Thus (:eA = (s) jmd A = log (—?—cg‘f-)_) = £ 1(s)

If we sﬁtitute f (r) ='log (-—QJ) in the above. expteSs:Lon we g!et



56. .

‘B
Hence 3 f
_ "8 (b) db :
: a l(s) = s exp ( ;]:- r;’i—’f’é——___ . ' (
N T |

o
C P~
[
. A g
]
s} .
,\H
) |
B
. < [ ]
ON
,-<‘-
T~
.
Nt
.

Example 1. Suppose ve are.given that the scatteting aﬁgle es(b) for
. N 2 E

> ) - Use equations (12) to
bm

Yo

fixed Vo behaves like Gs = 2'arctén ( e

s

sqlve for the poteﬁfial V(ir) .

]
" First of all, we obtain a-l(s)_ given by
- .. | | . S,

)’ ' co o 2 arctan ( ; —) db , -
! : 1 {7 . Vom 1
a (s) = s exp = - .
: T s ’ 2 2
' . b” - 8" - ,
, o _— 2 ] _ o
For economy of notation we can let ¢ = - ‘and so 98 =2 arctan‘(g) :
o 0
- : Cy 4y
: , 2 arctan () db , )
-1 1 b .
and a "(s) = s exp| T - - Let us examine
: : - s f 2 2 :
v - vyb -8 .
, - c. . B
roo 2 arctan.(s) db R . :
fm — : and attempt to get is value. If we look at its
.48 2 2 . , . ‘

b -8

. dériVativé with respect to ¢  we have

N - : Y



3;—,_r"Zatctan()db=(‘1‘‘ 2 db _
dc ), .
A S (b%4c )\/1 - s2?

m
r . - dB‘ for B = b2 ...
2 (B+c2) B_SZ -

Now transform this last. integral with ‘/ B—s \/ tan ¢ “and

integrate over: ¢ instead of B . Ti%, result of integration is

m/Y 52+c2 A function vith this as a derivatlve wlth respect to c is

. T sinh 1 (—) , and so o . S »

=T sinh—l (-:—) .

F'Zarccan()db'f' :\}

RN

‘Since both sides are zero for = 0 we have no. integration constant.

Using an aitemaﬁive' form for sinh (%) we have

.
2.

2 arctan () db :
| b c,1 [2 . 2
r v_.='lrlog(s+\s c +s) .
s
b” - s

‘This means we can obtain :i-l(s) as

. s

o | | |
o , n (S ab. | ‘

r. 2 arctan (b). db E ~ 7
8

a-l(s) =g ei:p'.

= ',H

:‘a-l(s) =r=c+ c:»Z + 32 .

Vecan solve s-a(t) and get s = \/ -2rc=a(r)=r /1—&-:-

r \/1 -(Z/mv )V(r) . This means that V(x) = mvgc/r = e /r . This

yd
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_ provés that the unique potential with the given 4“s‘éattering angle 98('5).

-

2 - 2
as 0 _(b) = 2 arctan ( e ) is the Coulomb potential ‘V(r) =&
s ' vz bm ’ r

0
' . o] : .
Example 2. Suppose 49 is measured experimentally and found to be
=Xample 2 af , el

4
e

4 2 . 4 6
l“,’om. sin (2)

vequal to . “What is -‘es'(b) ? Recall that:

b2 =2 f %2- (0) sin 6 d6 , and so we substitute to get
. ) ‘ v
s

) o

T g | | o
bt =2 [ = 2 sin 2 cos 2 ap R
‘ 6 4 v* ml in® (‘Q‘) ' 2 2 '
'S Yo s 2 e
P
_ e[' tz&;.. .
B R A
Vo |
2 6, , By 2 o o2
Th- b = —— cot = and 80 tan — = -——— and ‘0 = 2 arctan - )
2 2 2 2 . S - 2
Vg m ) . _bvom- , ‘ bvom,

v |
¥ves 65 as a function of b for fixed ¥g - In view of the above
rest .s, we see that the potential which produces t_his-' scatteri,ng‘dtata must
| | ez - : o
I~ - ¥y = -
7 I(r) el



CHAPTER IV

. TIME OF ARRIVAL IN CLASSICAL MECHANICS

8]

i'Consider the one dimensional Hamiltonian with the_properties,

H(p,q) = B—-+ V(q) , =q, 5;-:,—p . We select’functions ‘T(p,q) and

0(p,-q,t) Such that {H,t} = 1 , TOI =t+7,
dT0 ' 3t . ar‘- 3T 9 H ar 9H : : -
ac =1 +'[a—q ta-pl =1+ == .22 =0 ,

i

o d({; . . 3 . . ‘

\-. Like H , TO iiladﬁonstant of the motion. “Consider linear

motidh»in one 41geﬁ$ion p = Ha ’ H'— V(q)-z;&i‘= %- 32>.
’ : . : A S
Do S s

. \ ,"‘\‘_Q. . .
We see that the equation {H,r} = 1 determines T uniquely

up to g@ additive function Tl’ of p and q which is a constant of

<1

motion for this.Hamiltonian, We observe

dt

This i8 true if and only if ag:—ss- L= ‘where . {q) and -

30 p o ' ‘ ' - STy ,2.311

— = g : : b4 — = —— .
M ™. 9 - We can'solve for. Ty + Obser e»thaF Vi(q) ap ~ M 3q

ap

ThisVCharacterizes a cohstant Tl ‘of the‘ho ion. From this we get

 '-[59 -
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3T, T, e, at o

1 M'(q) °T1 ) RS 1, 4

3q - P 3 Let »—SE- pt (q,p) - Then._fsa-— MV' (q) t(q,p) and
32T 3f ot
—_— = v —_— = — . . 3 i
3q9p MV (q) 3p P 3q ° Bence‘ f is also a constant of metlon, since

. , . . : 1 311

it satisfies the same equation as T - Observe f(q,p) = E~—§;— ﬂu Any

‘fux zion g— of the Hamiltonian,_i.e.; g(H(q,pj) is. a-constant of motion.

o
v -

,L Now let us solve {H,T} =1 . One solution f(p,q) of this

equatlon is / f dx . for‘arbitraty,‘qo - . In"
o Os/PIZH+V(q)-V(x) A -

-

general we have;:

wp,q) =T = -\[gf dx + 8 ( + V(@) ,
o o \/p /24 + v(q) - V(;t) ’ ’ '

TR
SR
. for some fdﬁﬁglo - R q0 ‘1s a constant 1ndependent of p,q or 't .

RN

Changlng thg(value of q0 affects the functlon g Aif T is maintained.

We have theqfunctlon b of p,q and t 'glven by T,

=t f‘T where T
) ) .

0
is defined’ ﬁbdve. ‘TO "is ‘a constant of the motion.

C v , v . 2

- R E o .
T . h -~

;,fThiS solves the one dfme&sidnal"case;y Let us try the same type }
of calculations. for the radial yotent§a1>iqy%hree dimensions, namely
. I N

H = 2';+ o@D . |
The coordinates are r,6:  where L = mr 6’=1pé -is constant.
The homeata are pr,L Qhere:.pr = mr en L

We have the{equatioas of ndtionJgiven by ——=10%_



| /\/ : - 6L,

L]

.- 22 ' o
34 - 3m_ - - . Pg
36 = Pg =0, 3= -p  where H =.‘i-§+‘ 5 + v(r) = H(p_,pg,r,0)

2Mr ‘ IS
| - . ' P q
is ‘independent of 6 .

‘_Ctmsid&er_‘ Tg=t+ ‘r - a constant of the mot1on, uhere T is a

fimcf_ionof Pr » Py ,r,G so that {u-[} 3“ 9T igal_ﬂ?l_ -

+ .
or dp_" 30 ape 3, 3T

3H 3T o : oH-. 3B‘: . an
o 38 = 1. V.Substituting for a3 ° F » and W ve get 3
0 - - r - . 7e °
1= vy -0y _Prar Pooar
r 3%, M3~ 230 -

As in the one dlmens1onal case, the equation {g,t} = 1.

<

determines T -uniquely up to an additive function T (p ,pe,r,e) uhich :
. . ‘ |
d 1

: ‘satisfies {H T }=0 s 1.e.. T= 0 s SO Tl‘ is a ponstant of the
. - . .

motion. The most gene tal constant of the motlon, uhlch is a function of

,pe,r 6 only (as /is T ) is g(H,pe)_ - ‘Hence we may simply deterline

. ' 2
. . \: . \2 . p - Pg - ) |
‘any solution . T, to {H,'T} = 1 and add g(-zvi‘+ —2.1- V(r)‘,pe) . Qne such
- . .3 C O . ZHr -
" solution is , . DR

,

j§-[‘ m

LI I -2 . V(é‘))l‘ |
2M ‘2&2»‘ | - ZHSZ u ‘

0 .

©

" to ‘the equation {H,T} = 1 which as we saw, can be written as

230 @ °

i
Lo



| | - o S+ el

»
oo

Hence the most gemeral solution ‘is

B[ et
To ‘/p /2M + pe/ZMr2 + V(r) - pelzus - V(s)

~

LT+ g(4iif+ 62 + Vv(r), pe) s wherg T = T(pr,pe,r,e)' is independ-

ent of 0 . CIf ry . is varied g must be varied in order to maintain T ,

-and this is- possible as one can easily see. Also g = t+ 1 will be a

-

constant of the motion for any one of -the above values of T .,

G

5



Examgie:

CHAPTER V

SCATTERING THEORY AND THE TIME OPERATOR

3§€ . ‘
? i . ) )“
4 . . . -
{Congider the Schrodinger equation,

£1Y

_in g%—wu= HY = (Hi+Hé)w

Hl = f 2n . kinetie energy,

H, = V(¥)

He assume a continuous energy distrlbution. Let w (r)

eigenfunctions Satisfying Hw (r) = hmw (r)

Y

Then'

g potentiai'function (assumed shorﬁ'range).

denote energy

w (r) e

- the equation ih 3% HY . We may superimpose solutions as.

fw(;!t) - fm)&(m)ﬂ%w(;)'e—ﬁ»t dw

Y

.The solution. v, (;) toi Hw (r) hww (r) need not be unique. -

require that for each w’

that

&

<

. space 3‘ . ,
e o cpace _ .

v
» one particular solution

; 3fi' W (t) W (r) dr = 6(w -, )¥/
v da11 o @ |

(D
A

0“ B

is selected sd

fOt-themrepresentation-of the peffE:;Ier wavefunction VY (r, t) .

that any

(;,t) can be re resented this way.
v P y

“

- 63 -

"301ves
3

(1)

‘We do

@

We assume

ng .
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Normalization '

i

We insist that j l¢(;,t)l2 dr = 1 for all ¢ . Then

all-
space. o '
> > "1th: C | » * 5 .. * Tk o 'H.ﬁ)'t
//(r.t.) = rA(w) by(r)-e >  dw , and ¥ (r,t) = fA WY W (x) e “dw',
. 0 S ‘ o 0 - _ : a
so 4
: P ] : T
f @&, 0 |ar = r r A AW 1@ gt s’
“all . 0“0 : ‘ ‘ :
space o '
N L
. 'J‘/;“\- ! 0 » ) . .
e ,/) Ieﬁ us evalua;§ the ékpecgation-value of the Hamiltonian H .
. S .
. . * o e - : N
<H>t= f w (r't) Hlp(r!t) dr ’ . ] ' ) '-"3_'1‘
L all S R ‘
|  space v b
& , ‘o, ® x . -i(U)' ) _
= [.‘f A (w")A(W) e " Gwdw hw §(w-w')
! . 00 - . .
had * ' : B
=,[ A (W) hw A(w)ydw ..
‘0 o .
The expectatibn"valte-of hw with respect to A(w) is <H>'.- Now /, N
consider ‘ oo |

U(EL) = f AW Y () e gy L
e o

B

o
’

Multiply by ww,(;) and integrape over all space. The eventual result is



.
° imt:o . v * .;" ._,' "" .
A(w) = e : R NG 176 stg) dr' - (3)
. Space » “\ - - . .
fdr anyl to - The right hand side above ‘is independent of to - Substi-
tuting, we'get W(?.t) = I (t ¢ )(r r )dr w(r ,t ) where-
. ' space’
L | |
' -:lm(t—t ) .
(tt)(rr)—rw(r)W(r)e ddw TR 4

is the time shift operator for the positionfwave'funCtioa, only for vave .
£ b :

functions derived from expansions in the particular energy eigenfunctlons ;['

¥

» : s b c l. g .
- . P . : S B EPO LI

' Phase ‘Uncertainity in A(w). |

T e T L : . L
- T T o Wy
: Tt Y .

[ -

For glveﬁA ¢(;.c) %ff A(w) w (r) e‘iwt'dw!”bﬁere”iseanapﬁcer; ‘
i - do A ‘ﬂ_ ;‘ B

tainty in the definition of A(w) ,f If i(w) is replaced by

Aw) e 1Y( w). and Qm(r) teplaced by ww(;) eiY§ ) ,'where' Y is a real
function of w , we see that qﬂ(;)v.stillvsacisfies HY (r) hmw (r)

_ anc equacion 2. We say A(w) has T, gaasing if-'ww(r) is phased so that
‘*m(; ) is real and-positive all w . For any given:anernction'

Vér, t) , this. automatically determines the phasing of A(w) , and thus

A(w) is uniquely defined.



b d

Energy Degeneracy .

In solving t,he equ}}tlon Hw (r) ‘hwlb (r) ve may have a number
;;»:v ol

(in some cases infig¥tely fady) llnearly independent solutions. For a

Rl

. ‘@h P4 W 4 ‘-‘ 7\
: R
given vavefunction w(r t) only one solution of this equation contributes

‘to the superposition over w in llJ(r,t) . A solution 1])‘:) 'ef‘

Hlb(:) = tuulb(:) which is orthogonal ‘to ww' » the contributing s_olution@;s also

-
orthogonal to Y(r,t) .
o o . L .-
Given a wavefunction Y(r,t) " expanded in energy eigenfunctions
as in equavtiqn' 1), let us assume ';0 phasing of these energy eigenfunctiqns.
Then: the energy d1str1but10n amplltude A(w) is uniquely determined Extend

a

‘the definition of A(w) for ‘—°° < w < 0 so that A(w) = 0 for w <0 .

. A(m) is” called ;J‘he ener@y amp;i : ‘ude function for ?0 pha_sing I the pafticle

vith p051t10n wavefunctlon 41(: t) “A We define T(t) as the time amplitude
- . -
functlon of the partlcle by the Fourier t:ransform relation -

T(r) = 1 [ Aw) e Wt 4y o

p

We, thus vh,av% the following ehuivalences of operators

(a) Position and momen t um &iavefunctioris (one d:ljnension)

x~i'a_£ ea '4’(xt)=-/2:“ ¢(kt)e k, e
o 15 ~ ‘ihax ’ ¢(k f) _z;f lJJ(x_,,t) e ax

A

For three dimensions we have:
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=y

> ‘ 1 . . + -
kv -iA> » Y(r,t) = ~—~f $(k,t) e d"k .
o ST (_21r)3/2 space °

'(b) Energy and time amﬁfitude functions.

e
RN A

. B ) ] w. .
w =1 % , AW -l——f T(t) et a
' . . T 400" .
' 3 ' - 1 £ i
t~ g, T(t)=—-—{ Aw) e ™t gy .

fObserve thar the position or momentum wavefunction completely determines

all knowledge of the particle but this is by no means true for the energy’

(or-time) amplitude functions. Specifying the poSitlon wavefunction deter-

udnes the. energy amplitude function but not conversely., Aiso,ﬂebserye that'

the energy: amplitude function may depend-qn :6 | | '{‘”i\g' }f}/%//“\
Using the energy and time wavefunctlons, wé can establlsh the tlme—.i

energy uncertainty relation as a direct consequence of the"general theorem '

on conju ate Hermitian operators.. Obs e that [w, t] =4 and so
8 egF

™, .

vhere (A2 = <(u-w>)?> < <> 2 >?

N

bwht >
-
2

(A(—,)l2 = <(:-<t>)2> = <t2> - <> '.

\:;_. o B N



E Interpretationvof the Time Amplitude Fdnetion;:u#‘ ./:_ ) o
i S ‘ : L v%.iu- i % TE S s
; DU A

A particle may be detected by placing a screen in: a specified 53:9
PES ; a‘. Ié

position. Consider, as an example, a free particle in one- dimension vﬂth £

a localized positlve momentum distribution (i e., ¢(k t) = O for k< 0) ¢

- el

1

Figure 0
Positive Homentum Disbtribution

This particle is moving in the Positive X direction. Suppose‘

T we place a screéen at x xO 'and we ask at what time does the particle iiyh
hit the screen. We may make a series of measurements and find a distribu- f
tion of different times. The probability that the pamticle hits the ‘screen |

at a time’ between t and t+dt is IT(t)I2 dt where T(t) is the time

amplitude functlon derived 1 from x0 phasing.

L 4
Y

. ftiloe : I - ’
oo : S . .
N ! . . . .
! .

- Example - Free Particle with Positive Momentum .-

Let us explicitly obtain T(t) for the free particle in one
dimension with positive momentum. The wavefunction is

- ) T

"&a,:..\
PN

S . : . . . L : t



. ‘ . -ihk"t
Vo) = = [ e,0) M 28

R wheté"¢(k30) =0 for k <0 . Consequently the. above integral need only
rm from 0 to <« ,v

L e IR LT I ST R

S’]
S

h2

2 3x

Qote(that H?Q(x)\= hm%u(x)_so that,;a .

Q’.
,.‘N

‘ihe Hhmiltoniéh{f@,'is"‘ﬂ'f - « Let us first obtain ww(xj .- We .

~

.o

3
+[F

B B NE =
‘ q’w(x)z a(w) e | +Bw) e - 2 .

N

'éé cgn seewthat (w) 0 since the superposition for w(x t) . involves

'bhly.posithé momenta hk .? In the integral

D ikl
x  2m
W(Xt)=~r¢(k0)e-. o dk

nake ‘the substitution W= h—;; and change that variable of lntegration to. ‘
- O : _
g

N 0/ R TS
. o ' _-‘j ; ”‘.-',1 o ’ ,3; . ”’“":‘:f-fi my
Now let us determine a(w) -in the ‘equat ion’ ,%(_i) = a(w) e | '« First
. - g . . ." . ‘ S -_“': A R . T
S e e T B R S
_of all, 1s-thefnormalization‘conditioﬁ *fj Vo (X) P d(x) dx =8 (w "

B
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L BCUIR

This implies that Ia(m) |2 = ZL‘H’ /_:)IH —». For X5 bhasing-‘we ‘-sét

_i ’ . ', . . | : ..\ v’; ' “ | )
a(w) = ','l‘his means that: e
J sran ST
o / (x-xo) :_ | : _ﬂl .
4, / R ()

grlun - | |
o, 9 .J : ’ s

N / L : '. fa
If we compare (5) and’ 5-6) with (1) we can extract ;:A(w) as

| A(m) f— ¢(f— 0) e \/—~ ov i . ,

Equation (7) defines the energy amplitude function A (m) fo: LW >0 .

.

We define A(m) 0 for w<o0. o o o . K -
'lhe time amplit:ude funct:lon is determined from (7) by the _

' Fourier transform ' T R e @ ,

R | i | _ f'h .
C e[ »/;hq,(f“ f‘o EE

o

. Now let us chapge the variable of integration back to k= ,/2—;;-3 .+ .Then
i -ihkztb

L B oy o 0 m tkdk
7l i $Ge0 e Te SR
2w Jo¥ MR EE ; o -

T )

.T(tf‘)

or

A . : -ink%t

S | 1 f ik 0 " 7m - |
- t) = $(k,0) e e T 4k . . (8).
i v S mievY L T

-3
~
(nd
~
il




“i #%% B | | ' 1.

Let us write T(t, X, ) for T(t) with x phasing. We see

0
3 | 12 32 ' | -
that 1h -—-T(t x) =~ m 7 T(t x) , i.e. T(t,x) satisfies the. Schro-
Sx

o
dinger equation for a free particle. Also, Observe that f ‘IT(t,x)lzdt =1

for all x + Since T(t,x) satisfies the Schrgdinger equation, we have

its time dependence as ‘ -

2
‘ - gl i) im(x-x
- Hew /m.(t- tg) f 0”‘) exp(m%’ dx .

In terms of the momentum wavefunction, T(t,x) is

E Altefnativeiy : \

C¥(x,t) = —l—r ¢(k,t) e 1kx dk .
vam Jo S
» o

Apply fractienal diffetentiation with respect to x to degree %-.

1/ - ¥(x, t) - L ¢(k t) (ik)ll2 ikx dx X . Comparison glves us the

v2n ‘0

’

iinportant connection between the position and time wavefunctions,

B T(e,x) = (1-1) / w(x ) . o (9
% ’
' Ihis provides the reqﬂired connection between the time and
position wavefunctions, and provides the obvious method for calculatlng the

time wavefunction.

L
n
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@
With respect to the class of functions considered, we h the
. ‘ 2 o
. N | Y a-_ ih . _2a
operator equlvalence» ih D{ ~ Dx . This means that .Dt = (Zm) Dx
-and Dg = (3358/2 DE/Z . Thus cﬁe operator bilz in (9) may be transformed
ipto’ Dtla . Also, w(x,t) can be determined from T(t,x) by means of

-1/3

‘the operator D."" . Thus if T(t,x) is known for all t and all x ,

‘all knowledge of the particle is determined.

Let us use (9) to express T(t,x) in terms of W(x t) using

O
We get‘
(e, = R D12 yx, o3
t = JE ampe g V()
Thus / '
(e,x) = (zf‘)““ ey
- & )1”‘[ inD_ 1 “vean = SR e
T(t,x) = (2>1”‘ U yxyey . ao.

In (10) H is‘the Hamiltonian operétor;

For fractiqnay:powers of a Hermitian operator, we assume;all the

g ,
. - {il .
eigenvalues are nonnegative. Hlla‘ has the same eigenfunctions asqf% and
the eigenvalues are the~positive real fourth roots of the eigenvalueﬁéof

H . Equation (10) g1ves the free particle time vavefunction, where H - is

L

i
T
v : - . RS
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\

the free particle Hamiltonian. ' \

\

Normalization of the Free Particle Time Wavefunct:&gn in Time

The time wavefunétion T(t,;i) sat;isfies ih g T(t x) =
2 52 -
- = -7 T(t, x) and consequently has t;he time dependent for

Crem = O E 7 L o eeen? -
T(t,x) 2 ﬂi\(t—to) [m T(t0’X) EXP(Zh(t t )) dx -\!\.. )

'.\

\

\I

First of all, let us examine the consequences of time normalizat'bn, namely'; .
. 2 N x
r [T(t,x)|° dt'= 1 . Recall that . D_8(x) = r (ik) k and
-0 ‘ .
-1 ) 1 G =2 1
Dx §(x) = 2 sgn x , ‘Dx 8(x) = 2 'xl (even and odd function symatry)
Thus

*. “ im(hjz im(x-x)2 '
1 - w Y] o T o.x)r(co,x)exp( YCEWEL (Zh(t = ))dtdxdx‘, |

o . 2 kN
1=+ %Th—rr '_1'*(t0,x)T(t0_,x) D‘D exp(im[(;‘;’(‘z_;(;‘_x)»,f]) tito]‘dx dx .

and

 aad

Consider the ¢t integral separately. We have

- . . ,,-__ - —— » . . —= 2-, . -_ 2 oo
r exp(RHXH Oetx=20), de fo+ |, expllex -G ) de

2ht

FF exv( [(x—X)z-(x-x) IU)(- —)
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= r exp(%, [(x-;).z—(x—;)zlu) du

b . ‘ . .

| ="]°' Jlkudn
—00 u .
iku du

where k = -i% [(x-;)z—(x-'-;)z_] . .b Observe that r e — =1msgn k.

u

Thus the ¢t .integral equals iﬂsgn[(x-;)z-(i{—;)zl s:(nce

»

o '
"*Zh is pos;tive.

Thus we have
1= in f:ﬁ T (8, T(ty, %) sgn'[(,§—§>2-(x-§>?1 dx &x . San

(11) holds for all to“ and all x and is'a method of reformulating the

normalizat:lon condlt:ion on T(t,x) .

vv’If we evaluate <t> = r T (t,x)t T(t,x) dt this wvay we. get
. - ]

<t> =t

0" r , T (to,x)'l'(to,x)l(x-x) -(x—x) ldx dx . pet us use .

B -
- the expression T(fyx r\/ ¢(k, 0) ":e o ‘dk , to calculate -

<t> . As an 1nt:egra1 over y T(t,x) reads as ' -
1/4 N ~ - -
T‘”)"“r(z&’/ ([ 0y e VBT @,
so

<t> = r T*(t,x)t T(t,x)dt = rikf(m,x) [-1 —-] A(w x) dm
L . 'e o -
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o

Ve note that A(w x) = ( L 1/” R / ,0) e J‘ . We can

transfom the variable of integratlon from w to 'k = E -

- ] 2 ] ) 2 P : 3
<t> = r; A .(Tm s> x)[-1i 3k]‘A(Tm’ x) -&-;duf .
2 ~ m ., 1/28 i ’
We note t:hat A(—— » X} = ( P . Thus
’ <t> r (hk)llz (k 0) Skx [-i ¢(k O)eih} ax’ . °

i m im 3 xm "
sl — - — — 4+ 5
2 2 hk3k T hk =0 \
: . d - m 1 o ’ ,
on the momentum function. ~ Observe that ax ) = E f a constant

independent of x . For very narrow k distr1butions about ko ve

AN 1

e#timate <E>tﬁ0 = E—‘ where the Narrov momentum d1str1butmn is centred
o . 0 o _
at kO . 'I'hen ._ﬂ_ (<:> ) = th- =_% uhere v 1is the propd"gation ‘{eloéi'ty

s <k>
,‘of'the.particle;_ v ?‘hmk

P v
. This is consyent wlth the notlon that if a -

'papficlé' is ‘stopped at a posi'iion x0 ’ IT(t xo)l dt is the probabllxty

of measuring the t:lme of impact between -t . and tHdt . Observe that Cs

' <t> = <l . i'! i‘> ‘ . This ‘gives’."‘tl‘x'e: absélute ;‘:osit.ion for set-

- x=0 2 ‘hkz hk 3k t=0 ‘ ’ : . ,

ting of the clock. The Hemitian' operator im _ im 9 is the time setting
: S e S22 bk ook

'operator for the free parr.icle.' He can give -an intultive argunent to illus—

(
\

trate why the time setting corresponds with expectatmns for a narrow -onm:u-

-



hk

aistributioﬁ. We note that” <x> = <x> + vt where v = ——9-. "Thus

S . t t=0 o ) m
' : <x> - v , ’

Ny _ x t=0 _ m<x>t=0 ‘ ) _

we expect <t> = - == - Now let us look at .
. ‘ X= ) v .v ) - hko . ] :

‘i m. dim 3l g - +d
G- = and ignore the term ‘= 2 which appears simply t6
2 th.-jhk ok t=0 ., 2 th ‘

make the operator Hermltian, and has imaginary expectation values. We

estimate (for narrow k. d1§tribution about ko ), using the operator

: | 3 im 3 . . m. . . e :
~ 3 9 <o =ZL> - ~ B = <> .
equivalence x~ i Bk ‘that hk Bk £=0 "hko <x e=0 .t =0 This »
<Q
hopefully, makes plausible the time settihg equation
. <t> %I;i-;2—~— EE-ji and proviees a connection between the physical
- x=0 2 th hk 3k t 0
'L_interpretation of IT(t,x)l an and its mathematical construction.
" o ffg-. . .. v
) . . ¢ . L’é)w ‘ . 4 .

In general for an’ arbitrary Hamiltonian (not a free particle)

T(t, ;) does not satisfy the throdinger equation that w(r t) does

ﬂnamely ih 3t w(r t) = H w(r t) . One can’ however obtain T(t r) from

w(r t) by an appropriate transformation. T | gi

Since'aw(;,t) is completely determined from w(r 0) 'let us.
“?tatt with W(;,O) . We have .~ R a )'_ o ‘:" :
. . ) N e . . 3 . 3 ‘ . '. ) . N . » 3 ) 5 . U

Y I . . E . . N «

A U - ‘ L :
o) = r‘“‘“”o) b2 @ € w for an1 3
. m,ro . . e

w0 e PR
| S RS | e
‘ T(t ro) = —l—f : A(w 4 ) e iwt dw
5' : ) > ’v S B %
B . N A(w’ ro) = fs - Ww’r (r) w(r b) dr .

L

.Note-tnat Hl%u > (;) = h&¢ +7(;) and WQ ? (;
! A %0 ) ‘o o . 1

L)

. . . . .
T ~ . K 1 * A s : . . R R
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a 1\“ w. and o -y Al ‘H\b* s Dy (;) L=
depends only on + and not on ro . so all wl’ro Y, z dr =
' ’ ‘ space ?
Sw_=w_y . av
( 1 2) We‘havg ﬁg
. e * > Wy >
: : T(t,r ) = -l—' [ ww ; (r) e 1 tq;(r,O) dr dw- .-
: Y2m 70 “space *T0 . o ‘ r o~
' K Alternatively,’ﬁsiﬁg
L N - K
TR AW, e, = e Sy
- 0 . © ‘space w,ro(r)w(r,to).Qr
we éet
: > 1. * > —im(t—t ) SRR
T(t,r,) = _rf ‘P S > .
; -TZO VTR space ,ro(r) e o W(r tQ)dr dw B - :
M.Note that . Y + (r)[ 1s indpendent of 0 . A;so,‘knowledge'of _T(t,;a)
may not be sufficient to determine w(r t ) .
‘/!f Eigenfunctions and Eigenvalues for the Free Particle Time" Setting ,
R v T L Ogerato; T D :
= We saw that Yor a free particle,
Lo ' L & o
i : . 1m0 dm 0
. B > R R T L
. g 2 ) =
T 0 2427 hk 3k T hk t=t, -
. ) 3 . qi / . . . Y
' on .the. momentum wavefunCtion Pk, to) . Alternatively, ‘we can. mové\the
constant. inside the expectation and obtain ° I
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¥ i m im 9 *o™ ’
: T R T L R N .
2
X0 0 2 hk hk dk hk =t, .
. ‘ : ' x,m ' _ .
The operator ty + %——E%-— %$'§E'+ —%E is called‘the time operator for

_the free particle in ‘one dimen51on, and it operates on a restricted sub—v

class of the possible states’of a system. In this case we assume the momen-;\

-

tum distribution is p051tive and bounded away from k 6,, i.e. ¢(k,t)=0 j)

-

< > .. o . . : \ ~
for 'k kl ‘where k1= 0 o : .

One interesting question ‘ls to ask what are the eigenyalues and

. eigenfunctions for this free particle time operator. The differential

equation to.solve,is‘ ’ f‘ . '
. < - " . - ‘
S B i m _ im J \'xom g

o+ T "t ) f(k) \ ME

o ~hk :

9 | |
NS ' - . - xX.m s
i m im df 0 .
R LR Al i < L VLI
R "

' R . ' ‘ o - S L ) _ R T N
MBI ""'~7kdk"'7, T e TR R ] H :
Multiply through by:—— and integrate torget . e

o2 L xX.m- 'JIZn‘ » '
e K im ooim 0 . k_ , A
FO 2 o n 108 k ~h 108 £+ h k A +'constant | R
. : :, L. /. . . \
Solving for- f gives o - TR
) o .', \ o :
;7 _v /ﬂ 1r- -
f =4k {(—-— (A= co) —ix ok -
Lo . . ?7 .{7}
A is a,gunetion of Au,_to .and Xy Thus _ . L
2 . : v L
// o
: A
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12 : o,

1/2 (A- t ) - 1x0k) . e

fl(k) = Ak xp(

~

C‘/‘ S

It remains to determine the normalization conditions in order to obtain the

coefficient A . Let us return to a consideration of the equation.

’ - D . B
) o1 AR ine? .
T(A,xy), = OCe,ey) — Jo= explikx, - 2 (A-tg)} dk
o Y-samm SR .
t ‘ . 0» .
- F (k) dk .
This holds if we take = .;;//;
' ’ R » ~\ - o ' “ _\- R L& .
. . ihkz e . o -
. fx(k) / ; exp{ fhxy + S G-td} , .
- ?:: - > ;‘.,H Y _‘ . o . ) ‘. SRt ‘
SR o ey ga T
so that - A = E;E-.,. W§ wrige £y (k) ‘as fx(xo'to)(k) Fo_indicaFé?tye,

;‘debendehde'oq ;d and xy - Thus.

;* | 12 o mk ' ' ' o
MR S A(XO’ )(k) >t K exp{— kx + (>\ t )} L (12)

._"‘ L'
} i m - im 3 %™ .
shun- eigenfunction of the ;ime operatar to + 2.hk2ﬂ hkABk’+ —EE B wltyf,r
S - ; e ' o n T
A Also we have
CHA,x,) = ]“ ¢(k t )f ) dk L g (13)
- 0 ( 0) v " ‘ : o

Now let¢us take (13) and multiply by fA( t )(k')"an&{iﬁfegféte,overv A,
. ' ‘ 0’ . N ¢ .



]

fb ¢(k(§ )[f°° ‘(xb’ )(k)fl( xgrtg) (KA dk

! | : » . . T qc—/

¢(k' )td) . ' | | . | . » '7 s

3
~
.o
-
: a
~
h
>
~
-
~t
~
~
-
~
A
bl
1l

,
L]

' ’

.

_— | ) o . o . | . |
ve can show G(k‘ k) [in fx(xo’to)(k?fl(xo’to)(k )d for k,k J 0 and

so - .

o(k, ) = fm T(A,x0>fx( o’t )(k) a . S

. He must always be careful to note that only p051t1ve momehta k are allowed

’ in the transformatlon between momentum wave functlon and time amplitude”
. | e ,

function. . e o Lo e

‘General Results - Time Operator and Eigenfunctions

~

" The domain of a time operator. For a. given Hamlltonian H~ the time
N B 4
’ operator which 1s conJugate to H will not in general be unique,nnon will

-

»\ : "‘"'
; its domain cover {he entire Hilbert space in consideration. By examining

o -

, ~ R
R}

the general theory, ve can see to what extent this is. truef 7.

-

;
P

4 .
9

For ‘the given Hamlltonian H s let us look,at all energy eigen-
N . ”~e ’

functions w . such that Hw hmw over all posSible’ w - The sp ectrum -

S d% H' is the range of all poss1b1e w for which~this equation has a -

]
nontr1v1al solution wb . For any given- w there may be more than one

»

linearly independent energy eigenfunction.

|
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e

such that for each w e S exactly one function

A . .
hw¢w is in D .

. . . i ¥V
.

i

S

COnsequently ever, energy ﬁgyel has' " £D. esentative in D ‘as

- a subSpace of D of dimensiéﬂ 1. There are

< , ‘

%’Examgle:i An'eiample of a'time-domaih”consider the free particle with

positi%e momen t um distrlbution in one,dimension.

& ) ) ?;il P L.

For. a given Hamlltonian H it is often possible to cohétrucf .
?many time domains.. To each time domaiﬁ D- there corresponds 9¢timé"qu:aé»

tot conjugate to H with domain D In general ueyéséume‘ H is the -

‘-.

Haﬂ!&tonian fo:@g partidle mov1ng through a local popential. 'Consequently. .

'. i-l . - ’ . .. N " .
s+ is the spectrum of positive w . For w wefgenefally require
that .w : depends continuously on. w { o

> » . Aa. :

;._A'ppsit;oh_wévefunéfﬁdp“(;(;*t)f“caﬁ“be“éxganQea iq'eﬁeféf'

'eigehﬁﬁdcfﬁonsfas:{@(:,é)quf A(w)w (r) 9 . (equaeionj(l)). The

normalized functions - ¢f(;)' satisfying (2) form a basis for a time domaln'

-
. .

_<D . W(r t) is,an element of D f0r all timeh{ ..
- Let us ‘assume we are working in a fixed time domain D sgenﬁed» -

%

by the_functiohs ww(r) coler e

S b Oy v, ® L DI
Vg (B = W2 - 0 Iw (r0)| B
| ST e 0 Lo

, 5
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) ' ) ~ : ) ) N \ \‘

Then we have

[
 S—
Nl—‘
=

- | +> ‘%—) w(t t:()) - > | - \
T(t,ro) = %” ; (r)e dﬂlw(r:to) dr .
space 'V 0 o ) o - -
f' £3 (").w("' y it N
= |- > )P(r,t r , E
space ,IO’(t tO) : 0.
o . o
_ ‘ . N G , *
where’ *‘ (t—t )(r) . Y *(r) e dw . This expansion can
/awlo g S e s

to

be in#erte& as ¢(r t ) = fm (t'- )(r) T(t ,r ) dt' . There is'a
" . e 0 , ‘ .

- . . -~

unique one to one relatlon between ‘w and " T as long as w remains in .

the time domain D.: Observe that

L' T(t ‘; ) _ ( : f* Y . (r) dr .r\ o ,,.:ﬁ-ik‘« o (;)T(ti ; ) dt'
’ = o f v L) ’
o Qj Jspace’ r, (c -t, ) > ro(t .to) 0
;r at? m": ) f - @ e @D e
> A e > - . ,
- 70 Jspace Tolttp) fplt=tgd 7
o= de! T(t',-r")'d(t'-t). . : , )
, . v 0 - o \
R S S-SR -0 . ‘ : '“ .
i OO ;‘n’ L | . ‘ _ %5,
S . L - ! ' * . * . . L. | . R
) = |- -
| This’means §(t -t)- f r (t ) )(r) (t' -t )(r) dr . .This can be
: £ “space 0 o ' .

vverified by substitutlon i£ one remembers that” only w > 0 is allowed in

--the distribution of energles.j This .in turn restricts the admissible .

& K R
'funcyions T(t roas functions of t , so the tran’sformation above . has

- the same propertles as d(t —t) on'the'admissiﬁle time amplitude functions.

\

Let us examine this trnnsformation which we called "5(t )"

- in some more detail to see: exactly how it acts on time amplitude functions.
. d“' .

~ o

.



A;-'Obs)ervl'é thae . - -

f e @ ) at :

T g L ' r e r r =

. -SPaC,,é ul' (t_“t ) ro( t )

e ety L, EE-e)
= if ‘ (—-rww (r) e dw)(_ rlb-* (r)e dw) dr .
- space f_ ’0 o :

..o

3' 1w(t -t ) iw(c t ) _ ‘ e |
Im é(u»w)e o dwdw = -l-Jm eI (t’-t) dw .
0 T Jo -

Yo

The last term would be recognized as <5(t~:t ) had the integral extended

over -.—= ‘to < in W . In fact it: behaves like a & transformatlon
(identity) over a restricted subdomain whlch preclsely mcludes the tme

ampl itude funct ions.

Let us eva.:luate’_v'f‘7 dt: T(t',ro) Z—Tfr ih)(t —t) ). iPe“',I"for.m:.i‘ngf_
. -0 . N ‘ R v . '.

.

the dntegration over -t' and using the Fourjer transform relatlon

. 1 '~‘+ 410.)(:' v ‘ . N ~ ' o .‘M"“ o
‘ A(w r ) = — T(t{,ro)e ,dt we gel the above integral equals ..

o U g IV

—— A(w e dw .  But we 'know A(w,ro) =0 for w'< 0 and this

-equals -—1—2- ’ A(M,r )e du which is snnply T(t, r ) This prdves .

V2T

‘the required inversion relation. L
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The, Time Operator '

g‘

Co o >
We wish to have f? (t-t )(r) asnelgenfunctlons of the time
. - ) IREY . ) .-
operator T+ with eigenValue t . T;“%gﬁ operates on position
Ry

TorFo - 0**o - L
v'wavefunctlons in the time domain D . The wavefunction it operates on is
w(r,to) the position wavefunction at time. £, . It 1stSed to measure

) >
time of arrival at ro.f In thlS way we could generaliz"ghe results

already - con51dered for a free particle in-one dlmen51o _ ,n ‘a positive"

energy and momentum dlstrlbutlon. Let us examine the’g¥d “ted value of

. . —_
time of arrival at rO .

F] S

. B X > z;fAH  T SRR > - - o
<o = | elTe, a1 (t,rde T(t,rp) de . - :
N i rO , 00" . L —~0 . A . . Lo .
| FU B e )d J U e e >a*]
= ‘ r r' ,t r ) Y(r,t rc
- Uspace T (t %o ) space O(t € ) i 0
_— _ B v ) ' : . , o
* > ‘ > >
= . g ¥
- v (r’tO)Tr t W(r’to)dr ‘ ) . B
" space’ : oo . .- g . o » _ :
. . + ; . w ; L. ‘g ot R * ) ! 9
~ . 'oper'at;or R s L e o L _ ’ ‘
“-, N . ST v . ‘ I + DT 3 .—y o - R '
to= f f; . w (r ,t )T* t_(r'.;r)‘ll)(r,’_to) dr dr' . S A
. - lspace ‘space. * % Yo’ %o . o T S
s Lt 1 .
) 4
kernel. *

By comparison we obtain the kermel as.



, ¢
A > -
™ @D [m t £ (+';€5:f (1) de 5
- r ’r = _ . r- > _ . . .
- Tor%o = Toltogg) ™ Trp(e-ry) | (i
1 - de(e-ry) 1] . -_ilu(t-to)
= raec= w s @e Vgl R T
- —o vam Lo YT > 2 0 5T N ,
- ' ' ‘ = i.'(a—w)t
%* —
- fm fm R TR (?)dwdw(iﬁ;fm el Wty 0
) 070 0 w,r ; o R
, ) s
) -18" (w-w) .
, . - -1wt imto s ‘
= r b, 2 (e ( i ——)W > (r)e ] dw .
g Wt
 Let us apply the time operator T+ . to the functiona f* (r)
: o e - - Ty 0{tt) "

- > (* ,r) f» | (r) dr
‘f;pace To*%o (t %o ) N

-

e e
v)(r) dr J. t' £

£ e IN¢S ) £ (r) dt ‘o
space ot %o — r0(t t ) 9,( ) _
'v=.f§ L Qéuf (r )dt 6(t ~t ) ="t f -(tﬁj .
. o | t ) . E O(t t ) \ -
i Thfs.showé“thaf fae (?)- isvan‘eigehfunction of iT» ' Qith eigen-
. L, ’ - 0( to) ‘ . g . 2 ro,to‘ Lth .

- value t .. We can use the expression

e w(t-t )
1 O > iw(
£y (r) = — 3.(r) e dy
ro(t-t ) a7 o Wm:ro

to see how T* " acts on vy o= (Y) .. Observe that
R I wsr - :
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“a 1 fm ‘ > -im(t—to) ,
v (r) = — £> (r) e de ,
W,y " Vom dw  Tolt=ty) v
and so [
o N o 1 3 > .-iw(t-to)
T> W > (r)) = ———-fm t £ (r) e dt
- Torto 9T vom fee  Tpltoty)
o . . L fm N ‘iakt‘to) i
Now we Substitute g (r) —— |V, (e L dw
0(t £, ) V2Tl 'a;rol - :

| _ . P - i(w-w)¢
T (W, (D) = r U > (D)da (Lnr e S LI °
. '%,to ,ro 0 w’ro 2 _on : ‘

4 .
-16'(le)=16‘(w-ﬂb ;

Thus

- 86.

to get

- ' ' 1wy, -
AN ;\(r» - r 16<ww)dw (—— =2 ()e - O
-1 700 ‘0 - Wty ' :
IRV IO
P Tt ig) ¥z .
. . . . .o ) Bk v 0
S S -
. : : - : »> . ‘
Let us calculate H,(7> 1% =+ (r) . This is given by
A . : r,.,t w,r i
4 R 0’0 0
i . . ¢
L . g ne : . >
Sy H, 7> 1 ¢ =+ (r) = HT* L v (r) - Tr . HY > (1)
,—? f%? o rO’t0' rw,ro ) O’tO w, ro , ro, 0 w,ro .

This evaluatlon requlres extreme care 1n order to avoid errors.

T? is an operator on functions of r » and not functions of
Consequently tBe equétion; s w + (r))

o

(tovf 1 35)¢m ¥'(r)

Remember

(.0 .

is not



an equivalence of operators T* and ¢t
clear,

are functions of M’, ‘the operator T+

Observe that the d fferentiation with Trespect to

UJ “’(r)

“

Let usnlook,at*the £wo terms involved in [H,T; ¢
e ' v B ,

First observe that

e

w

~

This:follows since 

T
r

0’

. ) N . _*
1f we take a linear combination of %n ; (r)
& ‘

t

+ 1
o tg 0

Coin.
O )

87.

d : . .
30 * To make this point
with coefficients that

applied to this function works

,'& _ o*%o
-. as folléws} 5 .
. #
™ (w(r t)) (r A(w T )w > (r) ‘e‘ ~lwt dw) -
o ,

e fw AW, Ty) e M [rs b, <¥>] dw .

rO;&Q

-

-iwt

and not on A(w, r ) or- e U

0

T HY, 2@ = hop, > (2.

0’to “Tp Tortop W1y

=t 1> Y > .
. ro,tokb,ro(r)

2

™ t‘ is an cperator on functions of

are constants in this operation. Hence,

, > . 3. N
o Mgy (D T Maltgrigh Yo,2,7) -

0

<>
r

e e el
- f: Aw,rg) e 0 (ey * 1 ',z (O @

W ‘acts only on .

and h  and



~

Now let us look at the'opposite order of operators, namely HT> 11/ +.(;) :
. i h ) !.'0 9’ w, 1'0
/
H(t 4 i sa)w > (r) Ow (r) + i H(——-w + (r)) - Let us consider

this last term separately.-

. s r(r)—w+(ur)
H(;% ?N{;O(r)) - lmjm,.,.o H,( dw ) v
\\\\ i B v
N . -> >
. : ﬂ.‘*"’@)"l‘“, w,z (O - nwww,; (1)
> - - = lim - *70 : 0 -

8o W

f

ny '*+ : 3 " —>->"‘-v.
%D,r (r) + ““ﬂﬁa’*u,ro(" ‘
Consequenﬁly;jwe‘have.

N - t o *“ ; .}f 3 ..;, N
HTté’tolp“’ (r) “Pto‘l’w,rofr) + inww’ro(r) + mm % w“"?’o(r) .

™~

\

Frém these operator composition. results we obtain

v ._,v.'.*' '-“‘,_,”‘,‘.'. 9 + ()
[H, T—’o"‘ow‘” -15 (r) — hwt ww’rd(,%) + 1hww’r0(r) + 1th: F wm’ro(r:) _

hw(t. +' i a)w > (’*)
o= {ty - -sai m:EO r

- - >
= iﬁlpw’ro(r) . ’

Thus we have [H,T*“ ¢ ] = ih on the time domain D .

Torto - . ‘ S " /



The Zero Rest Mass Particle in One Dimension with Positive
‘ Momen tum Distribution W : (J

{:'} . ‘nv

The Schradinger'equa;ion correibohding to._E'# cp is

3¢ (x,t) = —-in cvg%gﬁ:,t) ‘or %%'='fc'§§' . fhg soluti?n is 6b§iously

- ¥ = f(x-ct) . This can be ekpressed as a Fourier tfansfofm,.

- - . A

w(x,:> = ———-fw g(k) ik(x'C‘) dk = f(x—¢£) .
o .

27
=gk e Kt o Lo . We have.®
k<0 . ¢ satisfies ' [ih %9 = chkg 2 k>0 . The momentum
‘ {_‘; J .= [g(k)[z‘ is non-zero only for 'k.> 0 and femains--
~'t:Lme Also the positlon dlstrlbutlon |¢(x,t)l lf(x—ct)l2

moves with the speed c of light in the p051t1ve x direction and ﬂa;ntalns

i

- 1its form., Since f .is the Fourler transform of g » the uncertalnty rela- '
tion holds for the spread Ax and Ak namely AxAk > —-, hqvever both

¥

- Ax and Ak are: constant in time, there is no’ tlme of ninlmum spread”.

-

Jet xo fm ylf(y)l2 dy . Then o  '¢

» fm -xl.f(x-ct)l2 dx

<X>t'= [” wf(x,t)xw(x,t)dx_

N\

= [? (y+ct) lf(y)l2 dy = x) *ct .

~

'4Wé'assuﬁe vf (and hence g) is normalized. Here xy = <x>0 . Ihis shows

“the centre of expeCCatlon 1n position space moves with the . speed of light .

increasing %%xhgéime.'° R

1
sl
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3¢ Iw .o _
\} ¢ #1( '" K ~ ’ 90-
/,“ . A - y’/ ? . X { Pl
,;I“I o J. ;
7 Let us* ct;hSider the normalized energy' eigerifu‘nctions lbm' X (x) .
A - - , WX

Since mpw(x)'f ‘hwtpm(x) "wg oB'Ca.i.n -ih c -* lb (x) hww (x) and se
@ " ) i: E’l “ - ) '

wm(x) = X(ﬁu)\ e . ‘c‘::‘ . Normalization r UJ (x)ll) (x) dx = G(m -mz)

ot

that r)\(w)l = 1o J Phasing w (x) at x = x| "we get Y. (x) = -
. _ L e L > , e .m,xl', C

1 i_Ep(x_xl)v oo - L 5 S

- e . Y(x,t) 1is theh expanded as : : '
(“Zﬂ,‘_c . . . . — . T -

¢ W
N

. lp(x,t).= ﬁA(w,xl)ww’ﬁ(x) e_ﬂDt ’dm . :

Recall that ® = ck ./ Substituting for ww"x (¢%9) ve»get'
. ' o ’.l A

T i—(x—x )-imt _ o
Upx,t) = rA(w x)e St e o
B V2T 0» » P o \]

‘Change variable in the "integratidﬁ. to k from w to get

o R - -1""1 |
CW(x,t) = Lr (& aCek,xde “‘(x‘“) .
. e 21 40 o
~t ' : :
Comparison gives g(k) = fc?'«A(ck,xl) e 1kx) , SO A(w,fxl)' =L g(ﬁ)“e\ c 1. -
Cleatly A(u) X ), = 0 for uSV< o .. 'I'ne time amplltude function T(t,xl’) can

be obtained by Fourier transfortﬁmg A(m x) ) as I
. Q\\ ' S ?

| . , .
T(t:,xl) rA(m,x ) e L
- ' . f2—1‘? 0 A i ‘ .
S N '1'k(_x1"—cv,t) A
gl) e '  dk = /JeV(x,t) ,

K . P .‘ . .
RN : . . v " !

From thia we have T(t,x ) S r
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Py o . . T
T(t,xl) = /E f(x —ct) . The relation between -the time amplitude function

and position wavefunctlon is T(t,x) = \P(x,t) ‘ *et us evaj.}ute thg -

expected time of arrival.at X . This is given by -

<t> = f;t }IT(-lt.xl)l_zd_\t.'f- fmtc' If(igi-cg) |¥2 dr .
J o |

',lLet: y = :&l-éﬁ so 'dy = Lcdt in the' in;:égral. Then

-~

f—m (x,-y) lf(y)l"(— = %r = —y) If(y)l2 dy
1 | -
"o ) -

Thus the exected time of arrival ‘at x is

% (x x) Rec_ali
X = <x> . - . CLt>
xo _x‘t=0 .:vmd we.see tvpxo }



~e

kj . “ . V(x)

. Y CHAPTER W

AL

SCATTERING THEORY IN ONE DIMENSTON - = [L_

-

We have Qonsidered the wave function of a free particle in one

-

dimension., Now, let us consider a potential V(x) which is-localiped about

x=0 ., We assume V(x) 0 for le >a . . .
& ) . -
. ) _— . v

Nt Figure 11
5Local Potential .

,)“;/i\ o A -Aa

A e
By h__.lP. o
e TSl ey S [ RN
a \,
- In scattering theory, a basié\gfsumytion is made MB/Lt the

' N,
position waveflnction w(x t) . We defineklhe interaction Epobabilltx

of the . particle with ‘the potential at time t to be o R

. e =r lwex,0) |2 ax
. ‘ . -a‘ . .

L]

-92 - I

<

\ . | W
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We assume that™ Y(x,t) is such that p(t) - tends to zero (6} is essen-.

tially zero) for t outside of, an 1nterval which is the time interval of

interaction with the potential. ) .

v .
N k]
- | - K
b ~. ¢
e Figure 12 __jn_J' )
‘ , v L T
'm‘ Time Interaction Interval ‘ c
& . BN N,
ﬂ{_ \ e . : .- . PR . .

=

In otherwords, the particle does not react with the pdtential

. ' i ' '
before, and after scattering, and the. solution for the wavefunction is the -

1 . -

- free particle solution. The momentum vavefunction before scattering As

o~ T meny K
e .¢I£kné§ = ¢ (k ty) e 2M ,
B and after scattering it is . " "~--‘ R o \
¢, (k,t) = ¢2(k t ) e _m. "Q"-, e |

‘;[ ml 1is the wavefunction of the particle for t< T; -and ¢2"is the momen-
' “\

-~tum.vavefunction fpr' t > T, . Each has the free particle cime dependence.

- _¢2 1s determlned from ¢ by the momentum transfotmation kernel

7

B, (k, k) satisfying
‘o

‘v



o
, = o Rt ' ' : .
/ %, (k,t0) f: B, (kik o (k' e dk' . (1)
. A ¢) , .
5 - ) - , :
forlall to . One can see that‘d¢2 depends linearly on ¢l«, since ¢1
and ¢2 are respectiyely the asymptotic solutions for ¢ at tm o ‘and

%

+» respectively where ¢ satisfies the linear Schrodinger equation

. . -2 2‘ . - ‘ '/
2w 2 -
i £ b+ V50

- ,

which isllinear; aithough_the operator ‘V(i_éiﬁl'makesiit difficult to

,'solve. Aiternatively,v ¢ 1is the Fourier transform of“w» satisfying

=

LTI . ’ N Lo 2 2
i ‘ KELZ )
R T 77 32 + V(x) lP 9

4

"Specifying initial-conditions ¢ for» ¢ determines ‘¢ forvall time,

1

‘ 'jend'nence‘dhtermines '¢2 . Horeover this dependence on ¢ is linear, and '
. 80 ¢£'.depends oni'¢ . This justifies the form (1) of the transformation .

‘shoﬁnsaboye. Moreover we can see that the kerner B (k k') , like the'

: e 0 ,
Fourier :ransform kernel — e preserves norm on the ti nsformed wave- .
vam : :

functions, since if we assume ¢ is normalized, then ¢2 ‘must be ‘normal-

ized also (for 1) -

1 ‘a wave packet in momentum space)- “

Py . o . R o,
-

Let us consider the dependence of B (k k ) on t . He-n?ve .

8, s ) -‘r' B ook cbl(k',t) ak' , so

Yoo N B R R
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, // T T
N . ,vr". R .. .
‘ ¥ p ‘f} (S0 " - > \‘
r.2 L i ) ) ) '2
hk” (e-t ) _AnkT ()
: T T M N T 2M 7 x .
s | ' :
90t) e | r B, (k, k/{@«b (k ,co) e le
ihk (t-t.) o N
T 2N i o | 5 -
=e ] B GGk (KY,e) dK
, . t hD R ¢
‘Hence _ "
i vihk"z(t:-t:o) o ihkz‘(t-.to) ’
»'Bt(k,k') e 2 B n'Bt (k,k') e 12M .

S .- ' AL
Thus we have

(k2 (et )

B{kk) ——B (kk ye ~—

‘o 7
[ ‘ R
as the t dependence of thé momentum transformation kernel. o

Similarly, if we take Fourier transfo:ms of ‘

’ define‘ w and wz by
w;‘(x’t). - -% E» ¢i(k.t‘)_ _ta;%k*:dkw for : g '-='.1_, 2‘,~ -
énd'Fhe péﬁition_tfenEfermation kernel gﬁtgx,;ii?ﬂgy | :
| /“  -‘ N wz(*’§)‘; [f; At(¥;x';wl(x"t)4x¢, fi  i.  i j v‘(gi
Using (3) we can.eerive the relation between-thefpoeitibn‘ane_‘
mementum transformationkkernelsi ' | | ‘ v/gQ'

M

95.




s

¢, (k',t)dxdx"dk’.

..)
e T -
. : o, . . g“
. - 1 - ‘
r ‘ A (x x )e -ﬂ“ Tkix dxd . . CONNE
S ~ Similarly, the inverse relation is given by g s
: ‘ - , ' : L ‘ ﬁ' "\\\ -
v _ -—1_ L. . - " ikx _iklx' . '~ } . )
*Atf*jf ) Q?F.[m ’dm Bcgk,k e e qqu . . (5)
"ff;;;;\TST\and (2)_the‘time dependence of At(x,x') can be determinedQ
) » . | N”’\\g
We define the time shift erat¢r in p051tion space by ' Gt
(t ¢ )w(x t ) = w(x t),, where T opetates on functlons of x and is
norm preserving. Since ‘
¢ . - N

. amn / edMED o
Yix,t) 3 “h(t_t Y r w(x.t ) exp(Zh(t = )) dx > _
the kernel T(x,x) defining the time shift operator, with



:~is'given by _v_' .

S , © ] i M iM(x- x) -
R (t— )(x x) /nh(t-to) exD(Zh(t-~o)) X ‘ ‘6) ,

. ‘ R
s N .,

41?(x,t} ='f_w T<;_t6){i,§) w(i;c0> dx

- o

-l

., .
i =
»

The time shift operator composes in time, i. e. 'Tt °'I‘t = Tt'+t .

-~ LR \.\ 1 2, 172
: ’ o ‘ = + .= -
'f&?hie_cap:be seen.since Ttl thw(x{O) ngfcl'tzg t1+t W(x 0) for

"erbitrefj?Aw(x,O)e. The inverse of Tt is T and T0 is the identity

\\. DS - 3 ) . ‘t

opefetor_an&;has the kernel 5To(x,§) = 6(x§§)'. Note'that
. N \y . ) e . \
B 1hk2t | S R
T ' T, e = e . : _ SRR ¢ )N
S t v - : : C .
' oo ik : o L
This means e is an-eigenfunction of \Ti with eigenvalue e .
- ‘ » . ¢ e v\‘\
- Let us use the time shift operator in position space to dete&piue |
the time dependence of the position transformation kernel, We observe that
) ) ) v - ﬁ .
) ) A ' » . ; . L . :6 s
‘l’z(x.t) = r A (x)X')»w (\J;("’t), dx' » and- ) ) ) . - \‘{\‘\
7. t 1 i o . . . . . ¥
_ “#7 | Do - o R
¥, (x,t,) = fé A (x,x") ¥ (x",t) dx' . - ' N
2 0’ -t 2T e T B o :
Also e )
]1)2(‘}(’:) = ;r:n (t- )(x x)wz(Xa 0 dx
| ,




' and wl(x',to) = fw T(to_t)(x’,;)wl(;,t)di . Thus we have that
K H(x,0) = f: 'T(c-cn)"";) ¥y (x,ty) dx

B

e I:,j:, T(,C—‘to)_(,x"x)vAto(x»x') ll’l(X',xb)dx'dx

98.

o

N N , f“ ".i;m T{t_go)(x,x)Aco(x,x')T(fa>t)(xf,X)?l(§,t? x

* N
dxdx'dx

f: ,A;_(;,zs,,;) ¥y (x,t) _d; B
© This implies _ AR
. \ R | |
B
. N . R = = . . — } —— ' \\4‘ , = , -
S "}?c(x.x_), [Im T(t-to)(X,X) Atb(?(,X_)T(to_v),(x f)lc)dx dx

V.

is thé time dependenceof the’positidn transfotmétion opérntor.»

‘ In'opetator_notation,‘equétion (8) reads as

=T, AT :
t (t—to). -to ,to-t

The Delta Function Potential

- Let us consider théisimple potential V(w) = V 6(x)-, and

_ determine the position and momentum transformation kernels.:

.'d

@)
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“Delta Function Potential v

Y

<

S L .
< [ l‘i}li;going particle-
' omentum k

1
‘ ) . s ). v ;
. : i —2 > .
Incoming particle : : : ‘
1 5, -~ . (Position
(FiXEd Homentum k |- T \ . coordinate)
. - “ T ) -

g * '

B . a o

Figure 13

» : _ o 'Delta Function Pote&tial; . ;
- . . : - \0" ‘ "

Let us take the7initia1 moméentum wavefunction'for large negative

2.
| ot Wk o
~t to be ¢1(k t) 5(k-k )e where u = 5 ¢ Im practice, wé must
. )

take a superp051tion over a finite interval of k and not a discrete value,

y

_in order to normalize and satisfy the condition of ,zero interaction with
s the potential at distant future and past times. However this simple hethod

allows us to get,results easily.

ue assume the standard scattering phenomenom, namely no inter—
action vith the potent/al followed by interaction with the potential .
folloved by no int ractionw (The k-width s finite but extremely narrow.)

- Hence we can assert that the initial particle momentum is kg and'enerﬁx
0l K> : ‘ ST '

-

s 2% -
h2k§, : S L L ; | o
“Su - after interaction with the potential is complete. This means the final

But the scattering is elastic, and so the\finai energy ¥s also

momentum is either +k0 or -ko with relative probaoilities.to be'determined;'



/

7y Hence the final momen t um wavefunction for large positive time t 1is

4 (kyt) = [aa(k—ko) + 86(k+k 1 e % here @ cand 8 are:‘unkn‘_b‘wn

) 2
hko

complex constants and ‘W 1is the constant w =

Y
N .

) _ Les us see what can be done about determining cx ~and B . First -

: t;tiorr,by Fouriér ‘trans-

forming. Thus - \/ -
. ~
* : JRY /,r
A ik x :
. 1 . : - “
- 2 : ',‘q’-l(x:t) = - e "OS e iQJt- ’ v
B | N T I A
' W (x,t) = Lome O 4 Be (- ] e 0%, : - K‘
o o . IR o I

E) . :'

‘Consider now the position wéve\,fﬁnétio_n P(x,t) sat.isfying the equation

oy
!
!

ay 2 12 o "
A c m (x £) 2" xzt + Vov\ G(X) RU(X.t) .
. - 3x ) e :
. — v { <

;.

He know that for x <0 b-rxp. is a superi;osition, and for x>0, a singleZ

-

wave. Thus we take

\ g
I . o~
.  ikox eikox L : . .
Y(x,t) = (Ae O +Be 0,) e lwt for x<0/, '
S 1k, x e - i )
‘w(x,t)iCek‘Oemt for - x>0 .

ﬁe must satisfy bou'ndary" cond.'u.,ﬁ.ns at x =0 namely w(O yt) = q;(O ,t) .
2mV, - : '
and. 3& (0 ,t) - --5[4 OB ,t) OM t\) Hence

. e
. . .
; \ ‘ :
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. X . , - . T
et Y ) '_ . ) o ol /' L
celvt | (A+B)e” = P(8,t) 'so A+B = C , and RN .
L IR C o RS
Yy - ' ‘2 V S .
- N Co. . - m .
- o=iwt . -iwt 0 .. -iwt
» :FkoCe - (A.iko Biko)a "hz c e. . v N
- or . R o
0 e R
ikOC - i‘koA} ,ikOB, = 5 . - )
. o < h . : . ,
One of these constants A is arbitrary (the multiplicative factor for tﬁ)
whole wave function) and S0 we' ‘may take A = = \,Q Doingg r,his we get
. ,\l ‘ . 2mV0 . ;o \. .
(——-!- B) —iko +1k03=——(“—’+3) , so~that o,
- . ‘» . : ’ .. . ' ' - \ 2
mVO ‘ : o ikbh A
2T B = 5 &_ C= o c.
o o : v U
“ | , iko‘h mvoe ) - ikn‘h ;\ mVQ
: ' \
g ' - .o/ \\ S
This determines the'wave?unctlon Y(x,t) .ﬁ o \ o v
‘ . N . ' ’ b K L .. \\ :
| ' Tex
' - : ik, x - mV - x
e Y(x,t) = - (e 0 +. 20 e’ 0 e iu.)t‘ f:d\r x <0 ,
‘ = J21r" R | ikoh - mV T \ -
. @ : . 9 [
¥ o 2N B St LT |
v . o= 7 e e . for' x>0, .
, 21 ikh® - m | o
Comring with initial and fj.nal conditions for Y (x,t) and wz(x;t)
’ - ikoh - mV
we see that —— = C = —% “0 o Also £ opa. Ll 9 .
S 2w 27 ik R - ov_ & vZn /—iko'h
I ¢ , o o
Thus we determine the final momentum wavefunction as
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AN
N L | “.‘ 4 ~
ik “ﬂz ) wo . &*\, * ) -Mt - .
%z(k t) = [ 2 a(k—ko) + z_ (S(ld-l;.o)] e .
1k h - mV,_ . ik B o
: 0. .»Oﬂ oL 0 . R
- ; ] i - k3 . ? , W5
v . " u ‘(II‘ o . ¥ v :
S s T : P .
This was transformed from the initial m™omentum ,uavef/upction", namely %

‘¢1xk.t)';uc(g-ko);e‘1”° -, Byt ve kow' ¢, (K,¢) = f ;Bt(k.ﬁ')ﬁl(k';tjvdk'm

"

" and so ve can determine” B (k') . g, (k,tff = r Bt(k;lé')’a(k';ko)e‘i,‘”%k' -
. . . ’ ¢ -4 '~ ‘ » b " .:

‘:-Btgftko)_e-in . Thws : s = 0 | i;¥~ |
. - ' - . ¢ y : : 925"
T X A | nv” ! ! L
Bt(k'ﬂl;‘o) ) 1Lon A (?(k_kol N 1k0n é(kﬂco 0 ®
Il . “v g ‘ : l

' dgé the momentum transformation kernel. Qbserve that it does not depend onn;f/

t . We.have seen'that the !ng depehdence of the moment um transformation \'
rL?-‘

e

kernel in general is given by (2) namely

. m(k\\-—k'z)gt—t ).

_ 4 - , . : (U _
B (k,k') =B .(k,k') e . 2M . 2 :
t t f L
e 0 - S ~ e

Ue observe that from (9) for the case of a G potentialvfn 1 dimension,
\
(k k ) =0 if k # k'2 and so the time’ dependent term is simply 1
0 @ , - .
and Bt(k;k?) does not ‘depend on t ‘. . - Lo ‘ o~
. . o . . ’ N . . »*, . .

[

Let us consider the relative probablllty of transmission or

L
w -

reflection. @ormalized wave packet of very narrow" momentum width .about

"

‘ko interacts with the poteutial VO x) and two wave packets result' one

Aof narrow width about ko and one of narrou‘vldth about -ko . The T

integral of the absolute vgiﬁé squared of the Vave function over the small Y
1nterva1 in momentum Qpace for- each case determines the probability. .For p_'i

oo o S
L . . N @



) ”
discrete we 'see that the probability of transmission is
2.4 2
. 2 k.h + m
b o 0 0

4 -

and the probability of reflection ‘is
" . 2.4 2 2
' ' : kﬂh + m V0 )

J

‘Potentials of Finite Width

~ . N
.

Let V(x) be a potential (uSually positive) that is zero out-

side the interval -a< x < a . “The strength of the potential is .~

A
i

a ‘ E , , ; :
f' 'V(x),gx . This is essentiallf’a product of magnitude and range. ‘We
. =as

assume the potential is-positive and does not change signi_

oL \ g

The\delta function potential gives a good approximation to the

2

momentum tran formation if the deBroglie wavelength of the incoming parti-'
‘ cle is much greater than the range 2a of the potential. In this case, one
-, can determine the strength VO of the potential by measuring the transmis-

sion reflectlon probabilitles for particles of known mass M and momentum
: -~
_:~_,4 . o s : , o , Yo
Moo= oo L 2 '_ -

Let us consider the finite width pomential and for simplicity-

. take it to.be ‘constant on this range._ Let the vupnitude be E, and the

0

0.

©

’range 2a so that the strength is V_ = 2a E,

» 4

1 V(x)

4
EO .
+

: T -a ¢ " 4a’
Figure 14 .
S uare P'otentiai‘_'Barrier 4

—m



where the ~square root is a positive multlple of 1 ‘or i dependin
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Y,“/ é?:

We can do the‘same type of calculation in this case, assuming an initial

_ and final momen tum wavefunction of exactly the same form as in fﬁe case of

_the delta function potential. We can salve the tinie independent Schrodlnggr

- equation in tb.s case, because we know that.the time dependence is e_ﬂnt
v hkg . |
vhere w = M * Thus
z . ‘ . : 'b

“ ~—(~— + V() v = =2y

¢

Wedhéve the general form for _w(x),'when ‘i <-a and x Ya as

Y(x) =

Now’wefsdlv@'£0r Y(x) on -a S x<a in such a way that w and its’

‘derivative are‘both cont:inucus at -le =a. On this interval, the
_h _Sx_ = ( - y
differential equation satxsfied is m 2 (Tf;f , Edﬁ w(n)v or
dx
2 + (k 2 ) w(x)_= 0. .Jhe solution is
‘dx -~ h . S : v : R “

L e S vgl-bmo R Yran—
- W(x) = D exp(i [k - x) + E exp(-i [k, - —= x)

. P2
1 . . EN

¢

2mE0 /

.the sign of ko S5 - As before, one of the cbefficients is arbitrar},

h

- and we may;take A =~—l— in order to Un13yely'determine B, C,D ; E .

v2m
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v ) s .
2mE , . o o . - & .
Let A= [1X - —2% . Ve have I | .
. 0 2 :
| 1(-kg)a. | ; - -i(l+k )a
2k, (Aky)e \ 2k (e - |
E = ', £ p= — Qo)
21 s | . 21 s o ,
| o | | |
~2ik a N . 2i(Ak)a “2i0%kgda L,
s R (O N oo S A U
| oshere 5= (k07 &P L (e )2 20a o e

These are the explicit solutions for the coefficients of the

’

position~wavefunction.' Because of their awkwardness we shall simply use the

symbols B N C ’ D » E and A rather than the explicit expre551ons given in .

T

(10) above which are listed for reference.

We have the wavefunction ¥(x)  given by

ikbx ' ‘-ik X

o) = 2 +Be 0 for x < -a - , : ,
=pe™*y E‘e—i}x o for -a<x<a .o - (1)
0 IR T D I
= Ce ) .. 7 '?’{‘O'r"““ R T P : N }/_/ )

&
. {
\

3 . . o

-~

where <§7?'c s D, E, and A are defined in (10) As in the case of the
" N

delta fun%tion potential the wavefunction wl before scattering and Y,

after stattering are ' .i :



10

| N o : -1k x Tk x R
+ ' P, (x) = s U, (%) = Be + Ce’ . o

1 2 ! b [ L

2m : 5

e | /
For w = “Za the time dependence of 'wl and wz gives us

| Joree omdkgx o gkgx

T 0et) = ——— Y, (x,t) = (Be +C ) e” .
: LS /Iw .

vByanurie;“transforning we obtain the intial and finaf momentnmiwavefunction

as o S 7 —
j .
“’1(“") = \_1_[” wi(x.t) e “""d for . {1 =1,2
v2m oo

: v. - -jmt
¢1\£k!t) = G(ko-k) e} " ’

<::;;39m this we can determine the'momentng'tranSformation—kernel as

oBelokg) = VIT [C8(kg-K) # BS(kpHO] - ay

y

A very important result in one dimensional scattering theory

from local potentials is the generality of ,equation (12) for the momen tum

- transformation ketnel in the case of elastic (potential) 1nteréctions. Ihe

coefficients C and D are functions of k0 which depend on the_natnre o

the potent'ia‘l' V(\xm SRR S . R

~

1
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.

: 1f tbe potential V(x) is local,'so that V(x) 07..for )
x < -a and x > a , the free particle equation is satisfied and se the

positive momentum solution takes the form

 .ik0x> —ikox.
B = -+ Be -~ for x <-a K
v =4 D |
ikox,

Ce o for x> a ..

'8 has a behaviour depenﬂing on V(x) for -a<x <'a 3 but B and :\\

can be determ1ned for given V(x) by matching values and derivatives of
] .

¥ at -a and a . Once B’ and .C are found the momen tum trans forma-

* tion kernel is given by

o B (k,ky) = fi—ﬂ- [CS(ky—k) + BS (ky+k) ]

>

‘where C and B depend on ko and B:(k’ko) “is indenendent of t .

e . N

o ""
\ br“Probabilities of Reflection and Transmission

g . S . -
For incident particles (or wave packets) of momentum k 4 the %'

probability of reflection is ZHIBI and the probability of transmission

_1s ZWICIZ ."This implies» 2ﬂ(lC| +>lBl?)'= 1 . bbserve that C and- B

-

N

are functions of ko '« For the finite range'potential described earlier,'
K<§seeequationi)(10))

A
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. \\f__’ _ . . ‘ v
- , 1612 |12
T = 27|c] = ) N
T sl
In the case where A is real and.positine we have ¢
16 1> A2 | |
'ﬂ T‘ _ - L3

gt + Geg-n* - 20k O cos (i)

"This puts bounds on Tb; namely

ZROK )2 T

. | | 12120
. o o | k0+>\
by consideriné the limits on cos(4}a) . If A= X} is 1naginary),

T can be expressed as -

T, "-ékémz RSN

T T .
4]x| ko (U= 2+ +|Al )2 cosh(alea)

e transmission coefficient T can be measured as a function of ko

In the case of the square potential it provides a means for obtaining the
‘parameters »Eo‘ and a . For the general potential it gives us the absol- "
,-ute value of the functions C and B of ko It does not. give us any
.information about the phase, and consequently the momen tum transformation
kernel 1s ot completely determined. We might ask if time delay meaSure-

~ments can P ovide this phase information._
-
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Time Delay: "Its Relation to _the Momentum Transformation Kernel.

Suppose that'the initial wave packet before interaction is
described by the momentum wavefunction ¢ et t) with the free particle

—ihk (t— 0)/ZM
time dependence, ¢ (k,t) ¢ (k, to) e ' . Let us supﬁose that

4

¢, has a 1ocalized positive momentum distribution about k. > o, and ¢
1 _ 0

is zero for all k less than some fixed kl with 0 < k < ko This

¢ -
wave packet interacts wlth!the potential, is scattered and the resulting
free particle wave function is ¢2(k t) Fer a momentum transformation
wkernel given by — : . S v

'

B (k,k') = v2m [é(k?).d(k'—k>- + B(k") 8(k"+k)Y

the resulting ¢2(k,t) is

9, (k,8) = V2T C()6, (kyt) + VIR B(-K)6 (-k,t) .
Because ¢l(k,t), is mon-zero onlj‘for_ﬁosit;ve"k_;
S SN s
| " 2T C(k) ¢, (k) for k> o
B _‘ ¢2(k)t)= ) V ’- ‘-1 ) .
| | Zm B(-k)¢i(‘k,f) ~ for ﬂk3< 0"._'4
If we graph 4|¢2(k~t)|2 as a function of 'k , we can see that there are

two distributions‘ one about dkot amd one about —ko'.
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Figure 15 - . S o »
T _ ‘ ;o Momentum bis:tibqtion‘

After Scattering

)

Determining the Pdtential' V(x) From the Momentum Transformation Kermnel.

e HKB-Approximation. Suppose that the initial energy level

l-mvz large compqred to the maximum helght of the potent1al over thé

lrange of the narrow moment um vavepacket centred at k 1= ‘ET" Suppose ~

0
also that the potential is smooth and slovly varying over the range of qpe

,wavelength\ A= Z!_ . o : a

e A x

iFigﬁre 16
3 'Slovly’Varying'Pdtential

-
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1 . ~

~

We use the WKB approximation to represent ‘the solution !I)(x) to the Schro-
dinger equation in terms of the potential V(x) . We match this solution

for -a <x <a to the exterior.solut:ion -

. - " . . . N
“ ik x . .

' e O —ik,x o : :
X +Be for  x<-a
O Wx) = <
C eikox o for x> a .

From this we can express B and C in terms of the potential V(x) ﬁ% "

The soiﬁhtion for ¥ on -a 'to ‘a ‘is given'appro_ximately by
: oA : .

‘ ! . ~ _
4 [22 — ot . '
TRk - 2mV(x.) x , _
wi'(x') = wt(xo) 2,3 xo exp[*i f /kg - %n’V(x) dx] .
: h ko - 2mV(x) " x, h v -

N _
N
We assume that. V(x) i? smooth d that V and its first

derivative are zero at: + a . The interior solution is assumed to be

¥ = D0 + BT for —a<xca L

Let us take ' (-a) = § (-a) = 1 . From this we get that

: !bi(a) = exptti r ‘/k(Z) - gg',- V(Bcsdx] _'eﬁd tpi(-a) = 1 H |

a"tf( ) = +1k0 explfi f /ko - —~V(x) al

~
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- For simplicity, let us define 'y(kb)' by
. . a . — ’ s J
Yk,) = k2 - ‘Z—m V(x) dx = Y . . :
0 a0 2 , -

Continuity of ¢ and its derivativés at * a give us the equetions_

R

- &
S0t v ke an
-Be.  =D-E , P

These very simple equations tell us that 0 and D

Y- Zik a
Also we get B=20 and C =-————————1 .

approximatioﬂ, there is no reflection, and only nr:iw‘fr
case it is not the reflection, and transmission coefficients which provide

us with a direct link to the potential V(x) s but rather the phasﬁ@of the .

1
2T
R

,'transmission coefficient C ‘that satisfies ICI2 PR

- The momentum transformation kernel turns Out ‘to bev ;

iY(ko)-Zikoa

"B (k ko) = e 6(k k) , and hence
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D) <o ey JYOO20a |
- ¢2(kat) "'¢1(k)t) e i , LI . (13)

¢2 has -the same momentnm distribution as ¢1 Consequently neasnrenents‘
vhich are de51gned to’ determine Y(k) as a function of k mustbinvnlve

position_or rime‘delay. Observe that (13) is a good approximation for high
energy, and yet from it we can. determine the potential V(x) Hhich .can be ;

‘used in louer energy exact calculations to explicitly obtain the moment um

transformatlon kernel.

2 Hé'note rhat.both '¢2; and ¢1 have positive momentum distribu-

tions. -Consequently, we can apply the free particle time operator as we

ut have derlved it in order to make cdme delay measurem tsy

Let us look at Y(k) - Zka in the term explitY(k)-2ka)}

) - - 2ka = fa 4/ '--—— V(x) dx - 2ka

m ; (o) n+; v n+l v
- K
2’k 1 ope1 2 (n—l) () h2“+2k2“+1 S

where

TR ﬁhrﬁ fa [V(x)]n dx .
o o -a

We let . S o o ,

'),.X(k) - —y(k) + 2ka

v n+l
(Zn 1) V ntl

(n-l) (n+1) h2n+2k2n+1 "- ’ :

1 e
A Z
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\ o

80 that ¢2(k;t)-= ¢1(k.t) e-ik(k) . | . 4- o

3

A ' -
\ . Let us assume that ¢ has a very Narrow. momen tum distribution

\

o

3

about %. > 0 » and let us calculate <t> . ‘with respect to ¢1 and then *

' We know that ' <t> =='<'l'0> on the momentum wavefupction where

) . t
im 3 . %% i
T, =t - Sttt —— . »
9.' hk §k Rk o2 ,
-9 e, , N
N nv-"\.,.,f'\\

A4?Caseclf Tﬁe Momentum Wavefunction ¢1 .

. (D ,
. 1). <x>""'m. x.m-
<T.> t (1), m
. 4 &: . = " - = - —
RN : 0 t t - nko + hko sttt (“0 <X>t ) hko 2 .-

i '/fm ¢*(& O D) ¢ k,eyek.
e Jp PR flnde o

Case 2: The Homehtum'H3vefunction ¢2’. ,Zi'

<TO)("‘ t. hko + hko = ¢t + (xo - <x>

)y o
€ kg

x Ny - :. - -
. I:'¢1(k.t)ei;(k)(}'§%?A[¢l(k,t)e 1*(k?1-dk

f_For a time delay, ve‘expect time of afriVal to be later for ¢,

v
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‘ ¢ fﬁ"
e ;
L@ _ Ay
. At = <?°>t- - <'FO>t .
.// _ (<x>§1)__ <x>£g)) h: <3_.

s - MO & -

T

M
%@g o Nov taking the infinite series for Ack) , differentiating and

© )

Substituting we get
-

‘ ®  “(2n-1)1 “+; vn. e sy
3 At = - S i (14)
Cp=l 2 (n l)' 2n+lkgn+1 | , .

]

'fhk : .
If we Substitute vo = - into (lé) we get the classical time

delay result

.
® ' (2n-1)1 v
At =

n=1 (n-l)'n'Zn -1 nv§n+l -

”{-The dboqi calculations shpw that the classical time delay corresponds to

X!




CHAPTER VIL

gyAm'uu HECHANICAL TIME mmmmr IN_ONE DIMENSION

e ' - {

oy
. The measurement of time of arrival in quantum mechanics is %

ey ed by fundamental difficulties inherent in time measurements. Unlike
position, .momentum, energy or angular“momentum, t

7

not not a prdiaer quantum mechanical observable This mean that an opera-:

is an improper and -

'tor associated uith time measurements is’ not self—adJ riqt b only Hermitian."
This means that time measurements cannot be\made on every possible state of
the system defined by a given Hamiltonian, but iny on a restricted class of
.'_states defined by a subspace of the Hilbert space in question. “The fol_loving‘
free particle iexample illustrates this o ‘

Consider the free particle in ohe dnnensmn. Classically. the
2 I

| 4 OH . ) : S
= B LU R ===
Hamiltonian is H 2 independent of q . ‘Thus 3p q: and 3q 0

-p . The time function is To(t,p,q) =t +'T(p,q) vvhere {H 't} =1 q‘}here

.-{ } is the Poisson bracket. This means that T like H is a constant of .

the #otion. {H,} = 1;ﬂ#°1-3—“3i=-;°12_ Thed —--€5'and

’ -g% is a_'rbitrar}". . This mean\'r - -.—-a + f(p) for some (real) function
:‘,‘ f(p) which is unknown. Quantum mechanically, we construct! the perator

vcorresponding to -(0. by )

~ . v ) o o lv ' 2n
s . } o ] '[0
EAN 3 To(p’q:t) > Z ('—’) o .
’ , o= 39 3p
1 M. Razavy, Am. J. Phys. 35, 1001967), p. 958 -

- 116 -
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" so that TO‘+ +t -~ %?'+'f(p) + %?—(1%) where the p factors appear before

P

the q factors (i.e. operate first) in each term. ihhs, as an operator;

’to‘: -t - E (1 ak) + f(hk) +_-2- . |

2hk

,

In mﬁmentum space the time operator for a free partiéie‘&p one dimepsion

3 im

Top =t - oo st f(hk) + .
. 0 Rl AT T o k2 -

) The unknown functioﬁv(not determined_here)vtutns out to bé'i

. “"x o i - g - L ,
f(ﬁk) ?\TEE: where x, 1is the_Position a;vwhéch.time measurgm%gs is tékgn.
. Thus the time opétatorAis L T
) L e | _¥
e A x.m i
Tt ”%%*%*%
: 2nk ]

This can be used to mékéftimé”measurements. ﬁhevgxpgcted?$ime‘of'dirival .

© . at ‘x is given by ;<§§4 = <T

0

0>

“on thé“moment“? wavéfuj%éiéh_f¢(k,t)y.
t - e v T
For narrow positive momen tum distributions about ko > 0 we can eStimate_:{
<Td>t on the momentum wavefunction '¢(k,t) . It is

. X M

- : - ' m 0 I -
: ' <T> T t-om—<o +— > 0,
F C o T TR e
o Lt e
This is -a.vonstant, independent of t and so it g = = v the

9

D N _ S
velocitﬁ'oﬁ prqpoga;ion,ﬁ»Ihe commutator of H dnd T

0 1; [H,tol_-;ih‘

-*
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,on the clads of admissible momentum wavefunctlons on. which T

) ' o : o : ' ' o o 118.

-

2,2 .

where H = EEE—» . This means"that ATOAH 2;g~;_the time-energy uncertainty
relation, “

o The problem with »To 1s the appearance of k and 2 in the
denominator in the terms - %E- ai and'"&”im2 . This imposes a restriction

2hk ’
o ©an operate.
(e B ic excludes momen t um distributions concentrated about =0 ) This
means that TOI is not self—adjoint, but only Hermitian Its domain of

operation .18 not the complete Hilbert Spagp

We can illustrate the statement that an oﬁhrator conjugate to'

A
the Hamiltonian will not in general be self—ad301nt but only Hermitian in

- the case’ of a Hamiltonian with discrete energy levels like that of the one

: - %2 g 22 - ' |
_ dimensional Harmonic oscillator. For =T 575+ S mw"x” |, the energy
» , ) ) 2m ax2 2 )

eigenfunctions are 'y () = VB m_ (80 where HY) = (a + Py ()

-~

1

“and § = J W and m (Y) = — H/(T)\-YZ/Z . The infinit,e matrik_“

. JZn n!\/'l?
representing H 'is diagonal {Eo,El E2 E3,o--} where E = (n + —)hm .

Lo

-The elements are denoted by H = <w Ile > = # § . Hhat are the matrix

nm

, . . . " : = . . . .
elements of an operator 't ‘conjugate to H ?- They are ¢ <¢m[rl¢h> .

. - S
'If [H,T] = ih ve require H Tag = Tmn-Hng = {h sz - But |
l S ) . ' ithi : =
o ™ En'Gnm‘.and sovwe getathat Tml =‘ -Ef , :hich indicates that the

operator T. transforms a.vector wn of unit norm to one of 1nfinite norm

-(i e. out of thelHilbert space) . Thus T .1is not a self—adj01nt operator

- on the Hilbert space H, since it can only operate on a restricted subspace

* -

of H as a domain. However, given any operator, r satisfying [H T] = in |

h

<

2
- ' ’ - B A

f ¢ - -
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. ﬁi}r\A ' ' . | ,
: * ) . . . i
we know that %'(T+T ) “is a Hermitian operator satisfying this relation.

S
P

. The Time Delay Operator: I§S'Domain'

B

By con;}dering the momentum wavefunction at any specified time

-, ‘ ‘ : ' i m  im 3 0
,CO we can apply the fre-‘partisle time operator t0 + 2 3 hk 3k + Tk

to make: time measurements at the position Xy - As we have seen, the time

: operator is Hermitian butrnot self—adjoint. If we construot the time'
.operator for a potential and subtract from it the free particle time oper—.l
ator, we obtaip yhat 1 known as a time delay operator. If the potential
is zero, for example, the time delay operator ig the self—adjoint zero _'
voperator? It. thus may happen that for some. potentials, the time delay oper-
ator is self—adJoint, or at least Hermitlan with a larger domain than the v
c o
free particle time operator, for instance. On the other hand the inter—
,:(iiection of time domains for the free particle and the given Hamiltonian

may reSult in a smaller domain for time delay.

-

A

Y
-

‘ Commutator of the Time Delay Operator with the Hamiltonian

R RS r _
o2t ~

'Ho + H where. HO = g;- is the free particle

1 V(x) | is the potential function.v Let T, be the

Suppose - H

Hamiltonian and H

time operator corresponding to H and Tf‘ the free particle time operator.

gegine Tg=T-Tg as the operator: for time delay. Then [H,T] = in =

Pl N

HO,Tf] . Thus we have | : : : e
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o= ) = (gL T = BT+ BT + ()
- ih + (.7 + 1) .

This shows tnat [H,Td] = —[Hl,Tf] .

Since Hl = V(x) is a function of x it would be useful ‘to

express the free particle time operator as an operator on the positlon wave-

<

function.

o

gperator Corregpondence ananntegration
. | o . B :
Our Hilbert Space of functions of one real variable correspond— }
" ing to either one dimensional position or momentumVSpace,;con51sts of .
| functions (complex valued) defined on the range -® < x < 4 ywith the

7
tiated ~any number o¥ times the result is square integrable. This 1nsures

property thai‘when multiplied by arbltrary polynomials in x or differen—

-

'that the operators x ,1—1.3%- on position space and k, 1 gk on momentum‘_.
space are self—adjoint. Furthermore, ‘with Fourier transform relating
4 _ )
position a?d moment um vavefunctions we have operator equivalences
' 3 3 ' ’ '
ox i % and k | »ax . )
| ' T \ ) 3 : . - _ 4
" On omentum space, the oper%tor ’i*sE- is one to one ‘on functions
"of ¥ ‘stn M M2 nd Lffer by,
o k«-s ce i—= Bk Ty mp es. ¢1 an ¢2 d ’;pr y-a c?nstant

~ O | I"‘

,uhfch must be zero, sinre square integrable functions are zero -at + ® .

o

-denoced by -i D-l < It 6perates .

Thus ve can define;an inverse of Lo R

"9
g ak‘

ﬂ';asp“4i'n;j¢(k) ~ i fk' ¢(k) dk . Its domain consists of those: ¢(k)

'
L9t - H
% i a
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which satisfy ]m ¢(k) dk & O at 1eest; In fact we insist that every
. o .

element in the domain of - -i D;l be a derivative of an element alreadj,in

'the Hilbert space. -

.. With this definition, ve have the operator equivalences /
l-'\'i D.-1 andj-!;'v -D_Z'. With the time operatdtkfdr the free particle
k x k? x :
. , xom im : :
in the form T =t - ( )x + —-+ —— , as an operator-on the position
~ - o Thk th2 ) . .

wave function it 1s

. x.m -
T tee-12p x4 2 pl_ g m -2

h x h x 2h /j///;ﬁ

e

S s : B '1305'-‘ o ~ﬁm :
TW(x)) = tiP(x) - % r xp(x)dx + — r P(x)dx - 5 (fx ‘P(x)dx) dx ..

.The domain of T consists of those functions w for which the abové expres-

¢

fsion exists and defines a function in the Hilbert space. Observe that

i N T m———"

: D (np) | ;qp(x)dx = x,_,nx Y- Di b . Thus we also have
4 iv m
imx -1 . %" -1 im -2
T=t - h Dx +‘———n. Dx,+2th
- [ﬁtg
N . ix m -1 -
im 1, .1 ' 0
= t - Zh'(xD + Dx x) + ——D .

This operates on the position vavefunction w(x t) and corresponds to time

‘meaSurements at the position x5 - It is Hermitian but not self—adjoint;

/
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Tine Delay for Interaction with a Potential.

Example. (The Delta Function Potential in One Bimension )

oy

The potential' V(x) =V, 8(x) 1in one dimension has no classical
analog. Classically this potential cannot be penetrated, and so measure-
ment of time aelay on transmission is meaningless. Let us ask the question

" what is the time delay for penetration of this potential barrier in quantum

‘ mechanics7 Let us choose our ‘time domain in such a way that only positive ~

»égnmentum contributions appear for x > 0 Observe that approximation

-

.
me%gods (like W. K B. approximation) do . not apply to this potential.

J

The first thing to do is to obtain the energy eigenfunctions

Qb(x) satisfying
o «5._
| h2 '32 | |
H‘l’ (x) T ‘J»'m(X) +V G(X)‘l’ (x) = hw‘P (X) =
™ 3x .
: :
"By assumption there are only positive momentum contributions for x>0

and S0 : .i . D T ' e
i ggﬂgx _ -1 ZEE_X S
¢ (x) = A(m) e .+ B(w) e . . for x<o0. ,
1,/ B

- C(w) e = for x>0 .
Continuity af x = 0 -> A(w) + B(w) = C(w) . DiSContinuity of w' (x) at

x =0, namely w(O)—MO)-—-z- 04:(0) medns \1 N

2"‘ j(«g) - 1,/ [C(m)-—A(w)+B(w)] = 21 / B(w) .

.o h iR
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: Y
\
\
This gives us the relat:ion 2—2— V. C(w) = 24 / B(w) and so B(w) and
h . .
C(w) ~can be expressed in terms of A(u)) as
B(w) = — ) . N C(Q) _._A_gﬂ_ A
: 2 o , 'S
in” 2w 1 14+ 0 ,
Vo mh - o h2 _
G It only remains to determine - A(w) in magnitude and phase. sThe

absolute value of A(w) is determined from the relation
_ R -
Lm Vo0 ¥y Gydx = St .

Note that [aw)|? = [B@|? + [c@)|? . Let k = /2%"' sow =R g

k>0 let k' = 2 g gr o BEC » k'-2 0. We have
>0 CTNTR % T g s K2
S(u-w') = s'g%_(kz—_kf.z)) = sz a[(k-k")('kék')__] = o G(k—k ) = 2 6(k—k )

. for k,k' > 0 . Now p

ikx | % ikx

3 . % -
: ‘pm(x)- = A (w)e T+ B (w)e for x<0 >
Sk o e
= Cqwe  for x>0 .
e e o
®
‘Ww‘.(x).?A(w')eik-x + B( e ~ik’x for x<0 ,
= cw)elk'™  for x>0 .. e

<

. . * 7» ., ) . ' N . ' . ) ) .
Now J‘.: lﬁw(X) le. (x)dx = hlk'.d(k-k') . Ip;egrgte yith respect to k' from
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(

k!

‘m - s

' . k+e % : ‘
k-e to k+e to get I f” ¥ (x) ¥ ,(x)dx dk' = 2 Consequently,
- : . k¢ ?-x m w ) _' oo hk ‘ i ‘

R k+€ ' _ kte x ; : ‘ . '
B% = r ! w (X ¥, (x)dk* dx + ’ f B A ¢ Y, (X)dk' dx . Applying.
70 ‘k-¢ - - Jk-€ B ' _

1

this result we have >|A(m)[2 = o7 3%55 after integratlng. This normali*

zation is general for a local potential in one dimeusion. The phaff of
A(w) is determined in order to make® the eigenfunctions positive and real

at the point of arrival._ We denote the complete phased, normalized eigen-

~'function by wm' (x) . It is g1ven by

" : 4 1 4 iv(x,.)
- ' .,2um — j— e 2m) N
1 4 iv(x,) 1 X N 2nw -ijT x
Voo (x) = — e -+ .
Woxy "7 /om 2hw 1h2 J/ZK' N P
, Yo Y=
,
for x < 0 , and
e y B
Voo (x) = Jﬁ_ e h for x>0 .
w,x : iv,
R ¢ 1+ __11 /EE! .
. 2
. h 2w

?

”‘dy(xo) is a real function selected to make the phasing correct. He require

(xo) >0 ,j Thisﬁcan be divided into two cases to >0 and xb <0 ;

The case x0”> 0 .is the simplest one, and is of greatest interest, since
ve ate meaSuring time delay on transmlssion through the delta function bar—

‘.rier. For .xo >0 {ue have



given by

for x>0 .

In this time domain we ~are considering wave packets with a positive momen=
tun distribution that are being scattered from a delta function potential.

We can sketch the (absolute value squared of the) position and momentum

'vavefunctions before and after Scattering. \%:?
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BAC I

| ~{  delta funccion -
. Incident o . potential

>

i . ) x . k .
i 8] o Beforeﬁscattering - position and momentum wa\‘refunct'ions
1 : . C
ool |2
* Refle_cted : - Transmitted S T :
— . | - ». y s ~. - . . v ,
~ |~z _pn N
N x .__1'(0 ., ko K
. After'-scattering - ~¢>sition and mbme_ntiﬁa wavefunctio'r_xs,f,)
Figure 17 =~ . . o | B o “

 Delta Function Scattering

Let us take a point xo >0 and look at the expected time of
'arrival of the ttansmitted wave packet for the delta function potential and \
ac?t at X5 if

) betwevhis two'

: the expected time of arrival for the same 1nc1den: way

1

,. the potential V(x) _had not existed " The. differenc

'values for narrow momentum distribution‘ about ko >0 giL\?é)s us the time

_delay in terms of ko Let the wave packet be completely determined a

he generaI position wavefunction Je

A8, . . * :
i o i
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tion about-‘.u)o,= —ﬁ, s - The expected time arrival at ,‘xo >0 is

<t>’b = f@ A*(m,xo)[—i§§sl A(m,xo)dw . Here Uevassume thi?r &kx,t) is

norllalized i.e. . r [p(x, c)l dx=1 so éﬁat A(w,xo) s normalized,

-~ »

f IA(w,xo)lz dw =1 . -

~

;

, 2mn . [2me ' =
. i X . -i X :
= A(W) “e .+ B(w) e : for ‘x <0
1"2{2. x ,% . :
=CWw) e - L for x>0 .
./(
(

When we take superposition, the A (w) tetms form the incident wave
packet B(uD the reflected wave packet and . C(w) the transmitted wave
ﬁacket. In the equation A o @""’mﬂ>
V(x,t) = r Aw,xg) Y ' (x) ei"’ ¢ w

.. 0 s
fbr sufficiently large past time (negative t) only the incident wave packet

of the eigenfunctions tb (x) contributes. Hence if ve let ‘JJ (x,t)

deuote the free particle wave function asymptotic to lb(x t) t - e

: ve have
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N mh, : '
- N m 2w’ iJz%m Goxgd ) e
¥ (x,t) = f“ Alw xo) The e - e ;{ Cdw. .

Now let .us ask uhat is. the expected time of arrival for this wave packet

for a free partlcle at the -point’ Xy - ‘Let wf (x) denote the energy

’ eigenfunctions- for a,ﬁgee part1cle /in one dlmen51on with positive momentum
q

distribution phased at XO Lec af (w XO) dendte the energy dlstrlbutlon‘
fo R l(x’t) - nlen ) . ) . i 7 . ~
;o

¥

'-I?l(x't,) ) f: Af(m’xo) l?‘g»xo(x)' éfié)t‘ @ o

v

Recall that

o . . {2mw ' . S o .
ARG 4/-—_“" VR O
which we derived earlief.v,Consequently
. _ . W
@+ [En,

af (w,x ). = A(w X,)

-The expected arrlval time for the free particle described by ml(x,t)“ at
the point X5 is given by : _ : :
: , ) B -
*

<t> =] A - -1 .
L Txy 'JO‘ | (wsxg) | Bw? Av(w,xo)'dmv
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g S -
o ) ‘ y. N R . - ’Q R
' The_time delay At : fqr the interaction with the delta function potential

'S

,- is '"-‘.,. ) . - . . s

T d f
At = <t> - <t>
o

N
: |

‘rhA*(GX.kO)' (-1 ] A(w, xo)dw rA (w,xo)[ i ] af (w xo) dw
7 0 B _

s O™ 2% 172 N o | | :
’ 4’""0, '

B mvczl. : T j SRR

3 - L
’zwbp Y .

]

. .- "* ‘. '
0" ' Expressing At

for a natrov energy distrlbution lA(w x0)| , about w,
' 2 . B s

o ¥'“ L g S

“in terms of kb = Ve get At = - 0

7 T g+ atid)

«QE

as the time delay¢for>the interaction of a very narrow wave
v . . . R . .

packet -in momentum space distributed about ky > 0 'with the delta function .
- : o L o s S Mo
potential V(x) ='v0_6(x) - . If the range of the potential V(x) is much

smaller than the wavelength 2n » thisﬂexpréssion will be a good,approxif :

%o

mation’in»genegfl.'
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o S Geg,et/al Relatjon Between Time Delay and the Phase of the
h Transmission Coefficient for the»l‘bme"n"tkﬁi?: Transfdmatiod Ke'rneli

- ~

] Cpnsider a local pbtential - V(x) in one dmension defi.ned on

the range -a < x < a . We have solutions w(x) to the Schrodinger e(iua-.

TN

i x . &7-1 x

tion with the behavior ¥ () = 4—e 0 4 Blkp) ¢ 0 for x < -a
| S |
‘:vv=C(ko).e - for x >a  ,
for each kd >0 . For X > a we have only positlve momentmn costribu— {

tions indicating that the initial wave packet .before scatterlng had only /

positive momen ta in its makeup. -

The functions B(k) and C(k) are detemmed if the po ential

'is specified. They satisfy 2n(|B(o) |2 + IC(k)]z) =1 for all k . The

" momentum transformaiﬁkemel is B (k, ko) /_ (!f‘(ko)é(ki-ko)i-c(k )6(k-k0))
N : . - . . I 0

<

Let us determine the energy eigenfuxictions w_.“ (x) in th'_is
_ : . : . ' _ m.'xo L
particular time 'd_omai_n.’ _‘flitho.ut normal ization we have
VT o
P (x) = —e +B(\/‘#-u) e = for §<-.-a o
,}n C( %‘l)e h T .- . for. x>a. .’

He'-ndrmalize‘so that r w (x): |p (x)dx = G(m—m ) . An important result
7‘0

to note is that: this nomallzat ion is. independent of the local details of

the pocencial.' 'l'he incidenr AW)) term aluays sat:isfies
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13

IA(w)[2 = f%f /EEB" f. Consequently, the normalized energy eigenfnnetion in

our time domaln is

/‘ f— +B(/—_/@ —f_ | x<‘—; L
5 j— j— , ?éf - »‘> ; .

The<behavi0r.of- 1 (ﬁ?"on theﬁintefval -a <x <a is of no concetn to

1]

R

us here. The only thing left to do is to phase the energy eigenfunctions,

at a point xO > 0 (or in this case, a point x

0 > a) , Doing this we
~obtain : v
4 c* /-2—“—‘*’—) 122 (x-x ) s
NS U U 15 &= {
Vi, x (0 Jow Nomw :
’ -ovem TN
o legmol ~
~ \
c’ (/ ) -ifT (xx) e N
+ B(}me / n 0 . for x <a,
| 2%‘“’)I

'lior x>a .

'E.e
=y
~~
M
S
|
o
. f\‘
=
?1
“Ep]
D e
~~
A
CY
A d

o

o , o _ : _ R |
- eigenfunctions.as P(x,t) = ]w A(w,x ) w ,FG(X) e lut dw . We.suppose

|A(w,xo)|2 is e?naf:ow'distribution .md ,» and '¢(x t) describes a

scattering'intefaction. Let wl(x,ﬁy‘.be the free particle wave function
.whose wave packet coincides with’ fﬁht of  Y(x, t) for sufficiently latge

L



,

negative t . Only ‘the incident waves in the energy e1genfunctions con/zz—u

bute ‘to the actual wave function Y(x,t) before scattering, and so

e 4 C(/ ) —(x—) .
lwl(x,t)v=f:A(w,x‘0) 1 ,2: , ~/ x0 _ mtdm

As. in the case of the delta function potential W1(33t)‘ can‘be‘expanded .

in free particle energy eigenfunctions

-wl(x;t) =:I: A (w x5) w (%) e “t‘dg»l,

o‘
Ustng - |
- .
' 4 i [2 (x-x,)
f ' 1 /m ° n X
v (x)=—-./'— e
w,x, vaw VA '
R
*.
| (B
A (woxo) = A(w)xo) .

From this we can derive a relation between the phase of the function C(k) -

and the time delay as follows.

L - F

At = ce> - <>
x;

1

* | . S

- [ g -t L iaenxga - [ 4 gt 2 af . xpdw -
0 - S o ' ' IR

s
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-
_[C *nk 3 : R i B K
= EA = )[ i ]A( ,xo)dk fo AT (= 23 "o )[ i ak]A G ,xo)‘"dic
_ [” |A¢ tm | l2 o i){ €Wy g
leaa] = & Tean|”
' * o for narrotl distribufions |
'—-r (k- ko) C(k) ('i LWy g p S I
kO IC(k)l ‘ Ic(k)l | o energier; about W _hkOIZm
_ o Clky) (i. o (ko)
By et | IC(ko)l

Clkg)  +iA(k,) | |
i_ = e ko - We can easily check that
IC(RO-)I o -

‘Let 'us suppose ‘that

o) v _d) e | '-
At 7= T where -A'(ko') = W - This means that knowing time delay
0 . . . ) - - . .

* At as a function of initial momentum, we can'determine the’phase.of tﬂe

transmission coefficient C ° from )\(ko) = f k At(ko) dko -

. Transmisb i:n Only

- The time delay At can be determined by an altemate method in
the special case of transmission only (no reflection) in one dimensionalx_
scattering. In this case the momen tum transformation kernel is

B, (k,ky) = vrs C(ko) é(k-k ) and 80 ¢2(k c) = f‘ C(k) 4 (k c) where .

‘znlcck)lz 1 for all k.v-Let “(k) —CQL*&: fz?C(k) ma;';

| . . - . e
. vC(k) = /_2:1r eil(k) and so . ¢2(_k,t) ﬂ(k) ¢ (k,t seﬁe that Ql

'and' hence ¢, ' 'a?:é\zerd for negative k . Using the freg pérticle time of

3
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S v , im 3 xbm; im o
:arrivalloperator, namely t”i he 5t fii~+: — we can dgiermine the

‘ 2hK
"~ time delay 'as A '

At = <e5? -l

l\\
3 Xom N B ’
- r ¢»2(k O [t - :—:W tet e a0 o
| vl Vi I
* I S T
- r ¢, (k )[t -;_:;ﬁ {'%f Tmzl ?1(k,_jt) dkrf :
¢(kt)3 r¢(kt)a :
\ g'To'_Tak¢(k°)dk+n 0 K 3k¢l(kt)dk
. 1k(k) / I Lo *v Q s
< ¢’ (k,c) N : . ¢ (k,t). : '
- _ im 1 9 ¢ 1A(k) K ey ) e 4 im 1" 77 3 ¢, (k,t)dk
nf: — < % Fe £’¢]T(k»'_:)}‘dk.f 5 f: e b
: -il(k) R ' ‘-_\ ' o e o
.= —%", £ — l¢ k, t)l oﬂ'(k) “5"’ R
70 :

S

#~———~A'(ko).‘;- fof.nafrow'disg;ibutions'abéut kdl7{:>

. -

' This expression’ At = BES-A (ko) derived in the Special case of transmissjg;
' only, is 'the same4qs the mbre“general result which we' obtaine%tgarlier.: ;



k>0, we must normalize

CHAPTER VIII

NORMALIZATION IN THREE DIMENSIONS
. P,

AR LT,
;- :5 ! PRI
HES .

.ﬁﬂ’

™

fLet_us consider the eigenfunction normalization eduation in
: ' : . ) x> s -+ '
three dimensions, namely Ww(r)ww,(r) dr = S(w-w') .
o Space C .

'y
. As an example, cfnsider the free particle in 3 dimensions. - The

k < 3/2 ¢

momentum‘elgenfunctlons ¢+(r) N——*—¥—— ik.‘ are normalized in the
_ . @m o

' ) ; * . > b R S : ‘
sense that f wi( r) w;,(r) dr = §(k-k") . Now suppose we examine a

space

ki

.

~ time domain and-impose w normalizatiou. If we take the simplest case

§

imaginable (and one that 1s useful in scattering theory) namely the time

. domaln of all negative momenta k d1rected along the '; .axis, k = -kz\j_

®

oL _i/—“ N
¥ (r) = o S
w (21[)3/2

'vith'an integration over=a11 space. This is clearly impossiﬁle since

gm(r) is 1ndependent of x and  y and these. integrations will diverge.
It is therefore necessary to consider solid angle distributions in momentum
space. We write 5 : . : . 'v - ;‘
e »-.'1/ e
LB fa@e ‘i T

~

for‘tge free particle in three dimensions. k is:a unit vector specifying:

= 135 -

.ié{)
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N -\*;_//

AN

| hold; The condition is necessary and sufficient. '

' so

. | | : 136."

.

the direction of momentum. ‘We now substitute this exptessiongfor w (r)

rb , ¢ (r)w .(r) dr = G(w—w') to getf.
space

' A (E)A .(k )G‘F k' - /~ ,

e PR . v : dQA dQl\.
3% Ao .
S .

1nto the normalization integtal

x -» -»> -)TYT N
U}w(r)ww.(r)gir = (2m)
8pace B : .

=)
Faatd

= ". ' = 3 b | * Y PN} wr_ LD . ) ' .
i S0k’ = (2m) fﬁk A, (DA (R)SR-KR) agy any, |

' The volume element in momentum Space is k'2 dk' ko Multiply,‘

by k'2 dk' and integrate to get

mk _ 3 sz
5 - en L I8, 001° e,

[p—

AN

or alternatively :

m ‘ Zmu' .
(2n) h K N

[ IAm(k)l ko

This is the normalization condition which must be imposed on the solid angle \5 '

expansion coefficients Am(k) in the energy eigenfunction ww(r) for the

free particle in three dimensions

afmi:
| w(r)‘ fA.,,(k)e R dﬂc.. -
in'otderﬁthat the normalization ;f ww(r)w ,(r) dr = G(mﬂw ) vill
T . ' space

4';

—
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K\

Specifying Am(k) satisfying the normalization coeffient for

Y

S all w >0 determlnes a time domain for the free particle 19 three dimen-

sions.

The direction of kK can be specified by two spherical angles -

]

. PN .
Gk' and. ¢k so that ﬁn(k)v ﬁb(ek’¢k) » and

2 on o ' 2 ‘
, fﬁ fa, (0 ” a2 f N f i ,I.q,,wk,sbk)l sin 6 O, d¢, .

6 ¢, =0
(”ﬂﬂk k
- - m < f2m
(2“)3h t

L3
S

'In the case where A (9 ¢ ) 1s¢iﬁdependent of ¢k ‘ﬁe have

m 2mw
emin v

U L
[e -0 12,6p1° s1n O 4%
k . .

In general we suppose A (6 ) is zero except for a very narrow

range of values of 6 near Gk nv. For ‘such ‘narrow. distributions,

ERET 286(1 + cos 0, )m .
» 'IA'(Qi)lz I . .‘/ng e
e @n” » S

P
H
<,

Let us take a particular form for the delta function in this case

FFG(x) ._Z, for ‘|x|‘< € and 5(x) = 0 for lxl > € ‘uhere? € >»0 is

—

smalli Thus we see that

"m : my -
IA (e )l / - for 6 <@ <m
: (Zn) ne VB L Tk =T

I
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| . Nt
= » - ! _ 2 N ‘
+ where GL satisfies 1 + cos OL €, and. Ihm(ﬁk)l = 0 for

"0<B8-<9 ’ R B :
0 Ok OL . ) o ] . .

Nowrlet us consider the actual value ﬁu(e») - When we teke the -

/ ‘ . iY((A), ek) :
square foot above there is a phase uncertainty of the form .

: The w dependence is unimportant, since this directly relates to the
phasing of Y (r) ‘which’ is to be determined later by pha51ng at point of

arrival. The -9k dependence is 1nsignificant, 51nce the dlstribution is °

narrow in 'ek near T . We ignore the phasing, and set

Ay O =

:- . : | < ) <9
o dfor. 0, o, o -

We substitute this back into |the expression’

A .
i 2my k°r

E e, B

| ‘ne e

e,

.4 . %-c.r—

/ (x sin 9 cos ¢ + y sin 9 sin ¢ +'2 cos Bk)
o _ sin 0 de d¢k

.

This is anbexact'expreseiOn.' Now we begin approxination. First of- all,

‘let us suppose that the terms involving cos ¢ and sin ¢ ‘give insignif-

icant contributions that can be neglected This neans that

1l fm T pmn f o= : e
(2“)2Jh€ J h » 3 L k 3 o : o

- —
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’i\ -
/g%FESin‘éi << A and much less than —lf- .. . The locality bounds on
o . lx = | lyl o p ,
x ‘and y ' are Ix] and Iyl <« [B . For x and y -satisfying

me
" these locality bounds, wm(r) can be written as

~

&
~
a)
S’
]

R .. ". ’ ’/mev e f
l,f—;3_+ .l;.qﬁii 4 o | ei qg—jz cos Bk in o - ‘
W - 2m Y he h 8 ;5‘, o o ,} k k-

]

) .,_1-2mmz- | j——

h : i
) : e 1 -e ' , 2mw
d. : L . : Zﬂ he

‘ S : 2mw
‘ R -1 z
P B v
"Agéa flnal approximation, we assume - | << —-/ . In this caae

m_‘ f/f“ k }@

' ) . ) . ‘ 1 h o ‘ 1: vh
: : << = /——-4 R T
| Tnis’ls valid for le., |y| S —y and Izl e Voma - It_has
: \ ‘ : A x . . o )
‘as required, but as € - 0 the amplitude of w (r)

- dégenerates uniformly. to zero. This explains che problems we encountered
T ' IR T . [

‘jin trying to normalize e in the variable W using spatiaL inte-

'zgration.;pgz specifies over what range ¢ (r) behaves like plane waves, :

\‘/

'pand it gives the amplitude of- these anes 1n that region., We see for

‘ larger regions of plane wave behavior we have smaller '€ and consequently
s .
'less amplitude.

I

For k= / 2 and for momenta diregted along the z axis in
a positiVe direction we have
L
v
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ey (oo 1 fme 12 ke
b, (1) 21 v n k" e N

for x , vy, z satisfying the restrictiohs above.

4
0,



' CHAPTER IX 3 - g

'EIGENFUNCTION PHASING IN TIME OF ARRIVAL

. + . : ’ .
Let  Y(r,t) be expanded in evergy eigenfunctions as __‘.h

o }
- o, o @ :
o (‘o) ; ~1Y, ()

Let IP + (r) = lb (r) e and A(m,;o) = Aw) e w . where

Ym(ro) is the eigenfunction phase term. If we choose eigeufunctiop point

. . N
T : . iy (ro) v w (t ' F#“:?" P -
phasing for instance, . e w0 . -Fbrf*l:lnea_rify between Y(r,t)
‘ | e (ro)l .

émd A(m ; ) on the time domain we require that the phasing of the eigen—?

functlon : dl (r) depends only on the eigenfunctions and ‘not on the explic:lt

vavefunctlon or energy amplitude flmction.

Now <t>*> = A*(w,?)(-i _EL),- A-(w,? ) do . Let us take A(w)
o o -ﬁ o 0 ow 70 .

—

to .be the normallzed narrow distributiou A(m) = 7'6( 0) -« Then '

YA(wr)—v‘( 0) exp(-iY(ro)) andSOf

S N

. - [ +y- (i—':)) ) ’ | - Y (ro) .
S <e>» = r G(w—mo) e (-i )[ 5( 0) e ] dw
c e b L o2 gen

.

- 141 -
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L Ay (x,) -1y (x,) ’
w0 w0 d P
f: d(m—w ) e ‘ (-1) e (-1 o Yw('o))' dw

t

From this we can examine v+ (<t§4 ) = ~ 2 (V* Y (r )) the gradient :

r T dw. 0 o
‘ 0 -0 0

vector of maximum time variation. _

Suppgse now we are considering scattering from a local potential

1n three dimensions and - the detector is a great distance
from the Scattering centre, and ‘is. off at ‘an angle and out of the influence
of incident waves that miss or do not interact with the potential. Ihe

tgoing vaves. Suppose we are

measnringptﬁmebof arrival at the detector;_ Let the detector be located at
r0 . For elastic scattering, the momentum magnitude of the particle mea-
. _ 5 '

>

" sured at rO will be k0 / and the direction of momentum will be

.- .
r or
;ro = ‘:2— . He insist that the gradient vector ‘of-maximum" time variation
' , 1 m
be in the direction ro vith magnitude v Eia- o - vThus
- o O: S0
- . ,‘n 0 ) &
“ 3 (Vry () .= .
oW 077 Zw h Irol :

A P - ,
A . - ~

' o . : B
.‘~Since the gradient is radially directed =Ymo(’0) is'a function only of

"ro the magnitude of 'ro (and of cdurse_ wo). ‘Hence -



=

(Y (r )) =

m . .
. (g + £G4 ))-<c>+.. -
zwoh 0 . >

For the moment, let us provisionally :lgnore the term f(wo) which is

,__N,azéd to the setting of the clock and let Y (t ) be ptoportional T
AN

ry - We havg. - BOTO (on(ro))‘ = /2mon r, and S0 Ymo(ro) /% %o |

: S - ~ik r,
-ko r, - This means that ¢ (';) = Y (;) e ko 0
| 0 S : T wo,r;o , - .

« Suppose
o ot
Zmo o . N o N - _ \ ;
. ei r eikﬂt N S . ei_%(r-to) N
Y, (©) ~ = — - Then y =+ (r) ~ which is
0o = r ro 0'"o

3
positive at . r = Iy - This is Seen as a justification of ‘eigenfunctiop.

<

. point phasing. . ‘ _ | o o
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'HAPTER X

: o ‘ . . :
NOTES ON ORTHOGONALITY OF TIME EIGENFUNCTIONS

I8

Nt

Alicock» “scusses the mhetent problens in measuting time of

" arrival in quantum mechanics. One of lus observations is that 1t is impos-
~sible to find' a set of functions ¥, @) vhich are ‘eigenfuictions of the

time operator -i % -and which are orthogonal in the sense hat
r P (w)vpt.(w)dw = G(t—t ) . This is true in gemneral, hovev r 1£ we take
v ) L

vi Ry ‘ ‘ .
P, (w) ==j—.—, eimt ‘i'e satxsfy the eigenvalue equatlon : —i i d: (m) Y (m) .
t ff— . o £
YT | ,
.The orthogonality relation becomes G(t—t ) = *- r im(t -t) The

+

i im(t'-t) v .
[; [2—"[: ) dw] T(t ,xo) dt |

'*f e luee L r el 'ro)'d'c')dw?—Lr 1 Awixg) w
vl Tmla s /aw lo :

" Note the explicit usé of the fact ghat A’(w’,xb)_ =0 for w<o. Thus

! Alleock, G.R. 1969: ANN. Phys. (N.Y.), 53,253.

N . e
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if we resftict attention to bhe domain of time amplitude functions (this

always happens when we work in a timet\jméin) the required orthogonality

' holds.‘

"~ The. operator 4l-fm Lw(e? —t)
. 2t |, .

functions of t' since if one 1nterchanges§mﬁg and t and takes compl ex

,dw is a Hermitian operator on

conJugates the result 1s the same. The transpose (or conjugate) operatoﬁU

> " ‘ _ -
L e 1w(t t) dw transforms T(t',x.) :to’zero.
2T ), ¢ , 0T S

The Space of Time Amplitude Functions and its CoAjugate

A function of t on the. range ~® to. o which can be expanded

. in terms'of ‘e " for positive w only is said to lie in the domain of

time amplitude functions. The conjugate Sspace of time amplitude functions

IS

'con51sts of those which can be expanded. in terms of ’ei?t for positive w .

1f T(t)’ilies in the domain D of time amplitude functions,

T*(t) is infthe conjugate domain D . Also A T(t) :and %% (t). are in

D. To see thisvlet: T(t) =_fl_"- A(. e—imt dw .»{Then ' v -#%\S\\},i
1 . 3 -ipt, 3
t T(t) =—— [ 1 A(w) =< (e ) dw
var Jo - dw e
L1 Aty 71O ——I—J 2 ) et
2 S L :
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for A(W) zero at w =9 and « . Also % =——r(-imA(w))
e-i dw e T » In fact i T T(t) = ﬁ-rln A(U)) dw . Th’is 11]#8-

° o : : .
trates the operator equivalence i 9t ~ @ and t~ -4 3% +» Since
A . * : *. - 9 * - * '
T(t) €D _we see t T (t) €D and — (t) €D . Let us return to a

cal;ulation dohe earlier, and explicitly examine t.he lnissung steps in order.
/ i
t:o _show how these results apply. Hhm we' showed that f-* (t— )(r) was an
: 0

eigenfunction of > with eigenvalue t we clained .
N s £ &a
fspace 0't (t ~to)
=f s (;)‘d:r € E L EDE (D) ae
_ . _ . _ : eV
o (c ty) IR P ro(t ty) ro(t to) T

-Eo t_' f;d('t""o)(.r',)ggé_'t') d:.,» “,t,f*o(t t )(r > -

Is the msertion of &(t-t') justified? In the light of new evidence, 35

.can show that it is. What we claimed to be G(t—t')- q.énis'actualij
. B : . ]:) ) h N

L " ‘ 1 M(c—t') S
: (r) f (r) dr=——Fe , dip
fspace 0(t tO) r (t -t ) ’ 2 0o _ -

as e'showe‘d 'earlier. ‘The order t- t' (and not t -t) is of great hpor—«"

tance. Substituting in the othet integral we have _
..‘., % N

+ - ' .}- iw(t-t') .
,f_:mt:'’fro((:'jt:o)('r )'_dt (‘217 T;“e‘ v dw ) -

N
- LN I e
.
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In order for this integral over uf to behave like G(t—t ) we require
§

e )(r ) € D the.conjugace SPace of time amplitude
0 , . ) . v
o y

/ .' . . . . N N .
functions of t". This is true if f (t' -t )(r ) € D e . But recall

Co e e ; ; : 7hu(t;—t ) :
R STy 1 > o0

. that ' £+ (t'—t‘)(r ) = ‘"“"-“b T (r') e  * dw from which we see

' ’ou-o V2w Jo 9Ty : - .
) ' kY ;l .).‘ 5 _.v* ‘ .,'. . . .

1mmediately that f¢kk£ t-;(;f) € Dt' » Since the expansion is in terms
. ) 0 4 C T - .

1mt'. | . - k .

of e’ for positive w .

Observe that if T(t) € D ; and T(t) 1is a real valued function

of t, then T(m)»—o for all c_._':'
at o i C ! o

LW



' CHAPTER XI =~ % -~

. THE TIME DELAY _OPERATOR

In thnee dmensional sSpace we. cons:Lder the Hamiltonian for a ’

¥
2 . ' * ’ o PR 4

central potential H‘— - %—- V+ + V(r) where r =  I;l . We note that ’

il » Lz‘, L are mutually commuting Hermltian operators wlth common

- eigenfuuctions ng(r) Ym(B ¢) w«z (r) where mp JLm = ‘hw\b R.m o
L} tpmh;='2(2.+1’)h wwlm and L lp ol = mh lb 4 for M and 2 integers,
£>0, Iml <' L and wS 0. is real. We assume thac the- potential V(r) :

is local sq that all w > O are possible. :

Classically, the time ‘delay for a 'i)?‘otential of range‘ A is-givep"

byv

© ) ;
oA
at = 2 f _ : ds .
, . - ‘
“min J/ - b 2
Also classically H =&+ L - +V(r) —% o ‘and L H2b2 2 . Thedl
we can write - - '
_ A ds ‘
3t = /z—u[ .
| i A

v/'l‘he/lh}et limits rmin and b oﬁr 1ntegration cause the denominators in '

the tespective integrands to be zero. TR - - 4 Y

- -148 <
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To make an operator out of '3t we replace H. and L2 by the
respective operators. Since H and L2 ha\‘e .common eigenfunctions
. .wmlm we can see that “’mzn are eigenfunctlons of ot with eigenvalues

o

B A o 'd
- /zif s
' r (w,2) 2
in /m - MDY ges)
| 2Ms? '

_

'l‘he lower limits of integration in each case are selected to. make the denom-

» inatog zero. The elgenfunction equation 3t '/ ol m ml [/} ml completely

'determjnes the operator at since 41 ) are'a complete set._

Observe that H eud Lz are classical constants of the motion

_ and quantmn mechanically compatible observables. . Suppose we make measute- '
ments of a state and find that the energy 1s always hm and the square :

. of angular momentum is alvays 2(2:!-1)& . Classically. the parameters b

i and_ vy are specified and so 3t is uniquely detetmined. For Such a

' state any measurement of 3t alvays yields the fixed value Aml . Thus .J

this state is also an eigenstate of the time delay operatot and has -eigen~

value sz .

integrating'-vtlie'final term we ,can.s'implif’y *the expressiqn for




o
o

e

.. . g , : . A B . . ’ - ' . 150 » »
& i . . :
2 . - o Y S ‘
We observe thatﬁghe’time delay is simply a function of the two
B ] . '
2

\

. Kl : .
constants H and y of -the motion in the classical case, 1.e.

I8

-3t = £(u,L?)

=/zir ds - /o |
T 2
3 LI
- v [ ds -/TIA ds
r 2 R e
,Ho'_'.zb' - /“o*»"‘s,)‘ii

2Ms
Since ‘Hy 1s not a constant, but'a function of s we cannot make an
oPefator substitutidn?ﬁbt H, and L2 ,ueven’thoush there is a set of

eigenfunctions of Hdu;and L2 . ..Observe that

o . _

7

Aml *mln *

The time delay operator 3t commute with H and I.2 for a central
potential V(r) . This follous from the fact that H . L2 and Ot all

share the same eigenfunctions % 2 ‘Moreover all the eigenvalues‘of'

- »
these Operators ‘are degenerate in m. . i
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Time Delay in Scattering

We must enlarge on the concept of time delay if 1t 1s to be
properly applied to the theory of scattering.. In addition to our time
delay operator 3t we introduce t:he scattering angle operator 6 .

Recall that classically

dr

Tain zjv u-—l-—vw

. f _ac
el A8

es =T - 2bVo

r_ 2 :
nrin‘rZ H - L—z,— v(r)
- - 2Mx”
.rmin is selected ‘SO as to make the square root ' zero. Observe ghat B

is uniquely determined as a function of the paraneters H and LZ which

. are classical constants of the motion and quantum uechanically conpatible

-

iobservables. Thus the operator 9 satisfies the eigenvalue equation
e s wwlm w2 wmlm uhere \
-

;.\/_\/2(2.+1)hr - de. .
: "min Y /w g Qn

1 -
- Y

: Observe that t:he eigenvalues 0 1 are scattering angle values and are not

direccly related to the observed angular pos:ltion of detection, since the :

-'direction of incidence in quantun nechanica nay not be prec:l.sely known

\Av ”Tbus 9 1s not an operator whose . eigenvalues meagsure the angular coupo-



152.

=/

nent of, the point of detection.

;
1

The operator 3t can 7;/ased to measure gihe delay. fwe -

A

measure <3t> on a particular,vave packet for instance, we get a single

average time delay value, but we do not obtain time delay expectationf/ﬂ'

'a given scattering angle., . - *

\4

5 . The Time Delay Operator in One imension

Let us consider the time delay opetator in one dinension. He ‘

will find it 18 Hermitian but not always self—adjoint. In fact, it is

‘{; possible to deternine for specific, types of potential exactly vhat the

domain of, the time delay opetatot is

G

v

‘Figure 18

4 .
Positive Potential-

<;§ d”, _;;}gci | .j k..; | 'f{
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S § , T }?ﬁ

.Case 1: V(x) > qﬁ V(x) =0 for jan
R T e
H = 2m 2 + V(x) " has, every eigenfunctions w (x) uVi H W (x) =

SRy

g hmw (X) ’ ¢ (x) = C(J )/ . ~for x>a , whete c(k)

,“/

the transm sion . coefficient for the momentum transformation kernel. In
; -this}way, ‘ (x) is normalized to satisfy Im w (x) w (%) dx = 6(m-m )
, for' w,w' > 0 » .and w (x) respresent a moneonergetic ‘wave packet" vith_

energy hh) vhich moves in the positive'direction only for x>a.

The w (x) , w>0 form a. complete normalized set of functions
,for expanding other functions in terms of in this time domain. A general
~wave packet which initially approaches the potential from negative X can

be expanded as

. ) =it -
V(x,t) = f AW) Y (x) e £ .
) ‘0‘,4 E o
5 -
We can define a time delay operatoﬁ«nxthe Hilbert,space Spanned
b?\_Tw(X) by specifying precisely how it operates on each ¢ (x) We »V

_insist that w (x) be.an eigenfunction of the operator 3t vith eigen—
.value ‘l , that 'is 3t(w (x)) = X w (x) uhere A is the classical

time delay for a particle with intial energy hw to pass over the potential.

Thus

a : .
x=/§‘[f dx 2a, o,
w v2 -'a/uT-W; JEB
let' Vmax > 0 be the maximum value achieved by the potential V(x) Then»_

- &n is only defined for hm > vmax . This means that the domain of the time
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A :

/ o [
delay operator is that subspace of Ehe Hilbert space spanned by w (x)
for w > ——EE% It 1s a Hermitian operator, since its eigenvalues A
‘are real but it is not self adjoint ~since not all w (x) are in the
domain of at .
‘Case 2: V(x) <0 alvays, V(x) = 0 for |x| >a .
6\7

e

4+ V(x)
|

~f'-5( ‘ i\

~

Figgre 19

Negative Potedtial

, w (x) is defined as in case 1. Instead of a time delag"e leave a time
badvance in this case, since Am défined above 1is negative. In this case o
“ac(w (x)) - %nw (x) defines at , on w (x) for all o > 0 . w (x) span
'Ia complete Hilbert space as long as the finite range attractive potential
"is not _strong enough to allow the existence of one or more bound states .
(always finite in number) vith discrete negative energy levels. If bound
states exist, at is only defined on that subspace of the Hilbert space
generated by the positive energy eigenfunctions w (x) for w > 0 Any
‘function in the domain of 3t is orthogonal to every bound state. Not

4time delay concept is associated with bound states.
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1f we take V(x) V S8(x) uhere Vo >0 one can easily see
;hat no time delay operator at can be defined in this . way since the
delta function barrler cannot be penetrated classically and the integral

for Xm does not make sense. Thus the domain of 3t is zero.r If we
. w .

take . VO <0, Bt has a complete domain of functions w (x) » (excluding

the bound states 31nce one -~xists), but the value of l -is zero for each
P

o, so 3t is the zero operator. It becomes clear that our concept of
what t1me delay actually is turas out to be less than ideal The operators
‘we have defined for 3t are known as- classical time delay,gperators. In

I A
‘constructing then ve have taken classical formulas for t1me delay in terms

of energy in one dimension, and time delay in terms of energy and angular

momentum in three d1men51ons, namely L » .-%E

. ‘ T pa ‘ dx 2a
at = —[f e

“and

3',;=\[§';[-‘ - ds . ,_,f . ds_ ]
. 2 :
nin /E‘_I_‘__z__v(s) o S

2ms

and assuned that these were definitions for the actual concept of what tine
delay means. In fact tine delay in the sense we uould like to think of it
as, is not a simple function of energy or energy and angular nonentun; Hhat
- we have constructed is an operator for the quantity d;fined above in the )
_integrals which is classical tine delay. Therefore this operator 9t
.should rightfully be called the claasical ti-e delay operator. He saw that

1n one dimension for a slow y varying local,potentlal,_uith particle energz//,

\\
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much greater than the maximm'potential_ lieight, the V.K B. approi:imation
told us that the expected quantum time delay was the’t:lassical time delay

defined as in the above integral. First of all we recall a calculation

I

. done earlier to determine the commutator df a time delay operator&bith

the Hamiltonian H including kinetic energy and potential.

N

- The result was "[__H,‘l’d]_ = -[V,‘l'f] . In our calculations vith ” '

e 3t , we observe that Td and H have theA smme eigenftnxctions, and
so [H,'rd] =0 . In ‘general, there is no reason to suspect why the poten-—

tial" V(x) should comute with 'rf a free .particle time of arrival

voperator. This indicates that the classical tine delay. operator dt 1is

not. the sa-e as Td the time delay concept, obtained by considering the
4
difference of two time of atrival operatots, one Hith the Hamiltonian

4

. incl\%ing the potential a;xd one for the Tree particle.

»,(x‘

Y General Discussion of the Time Delay Qpetator

CN
H
;\;

| . t.‘.‘ o . .
)“ !

Suppose ’ He considet a typical scattering problem in which inter-

st

’J .

l

l’vl .
atition of the patticle with the potential is limited to a finite time inter-

~.val. Let the wavefunction be described by

- - - | >+ et - |
¥(r,t) = 'A(w.to) Vv +(r) e aw .-
Wy T :
- o : .o .
. w(r ) ‘remains in the full Hamiltonian time domin D spanned by - the'“

,'_ftnctions ‘«P (r) as functions of r for all tine t . Initially

‘_ w(:gt) corresponded vith the free wave packet w (r t) - ¥ (x, t) can be A

expanded in terms of the free energy eigenfunctions as

&
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4G =,ﬁa @,z w ~ (r) Ot

f +*
. where lpm *r* (r) satisfy
. g

. 4 9 . - . o
LR e -
0 | 0 -
R S Y
so each d)w T (r) 1is a superposition of the type ' 2,
; ‘ ~ . i .' gj;ﬂ k.; E . ’ .

B .'Y
¥

rj)l(r t) tenains in the free Hamiltonian time domain Df spanned by

'b '* (r) for a11 tine t . This time« domain is a Hilbert subspace of :

)
0 . % .
N .‘};mr‘ ?’
fv:mq?%ns the vector vatiable r .~ Since w + (t) is a multiple of
e g g ‘s ’

St) by a (;onplex number of mdulus 1, the t:lme domain Df 1_

t of Hhat to is chosen. In a similaruay., D 1s indepexident

‘of tRe choice of ro in -wm -t"(r) .

» 0- ’
.l' ";‘. ‘ | ‘ B ) "’ -:;“ oy I ' : ro
We can construct time of arrival operators TF ., o D and
s on D defined by
. Tasl o o

AT; .+ @ = (c +13,;,—>w) -»(r)l .

‘oo “‘"

=ot ~ T

e ) . }
N - . . -~

T
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R  and 1 are operators on functions of position T . Observe
r ,t o X, .t . . X B
070 0°"0 :
‘ f ') (r,to)T? ¢ ‘W(r.to)d3? = the expected time of arrival
space R L ' for a particle at point _ %, in
full.Haniltonien. This integral
~is independent of" % .
: % : . : ] . c . v'). ’ L N
’f‘ “ wl(?,go)T§ t ¢1(?;t0)d3?'= the expected . time of atrival
SP?C? 0°"0 . for a particle at p01nc to “in
’ .the ftee.Haniltonian described by
o ' By
A . T : wl(r t) . Ihis integral is 1nde—
‘ "pendent of t0 ., '
"The time delay operator is T» - T£ for neaSuring time delay at:
| N oo To*%o |

R . 5 ,
ro.. It operates on a uavefunction at tine to vhich must be a tine

. before the,éeattering intetaction. At that tine w(r, ) = wl(r, 0) and
this wave packet is containéﬂ in the intersection D.n Df of time donains

since wen and ¥ ch fotalltines

What is the expected vaiue'offthis time delay operator t%-"i
| . | o Yo%
given by o =T r on the vave packet o
. ) PP o r ? : '
0’%o Yot ) |
wl(r to) = w(r t ) at this time to before the SCattering’_ It is given

.. by
‘-<Ti £, ":%] ‘1(‘- yd w(r»t)a{':-.‘ T
Yo% to spaee 0 0 Yy , :

- d'(r. )T-’ *(r.t)dr.-!-.; W(.t)+ a3
_Lpace | 0,‘t° 0 ;pace 1‘r Tyt "’1(rt)

g
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»
o

([Ekpected time of arrival ].- {[Expected timeiof arrival , ]
!

-»> - . -
at ro for full Hamiltonian at _;6 for free Hamiltonian k
“ X g . - o
= Time delay due to potential observed at ro-. , .

LTS
A

This time delay concept is different from the classical "impact‘parameter‘

b

‘time delay we discussed in the three dimensional case, since thete we -

measured the time of arrival with ‘and without potential at different points

equidistant from thg origin and - separated by the scattering angle, wﬁile in
E

_»this new time delay concept, the same ro- is used for. both free particle

vc}

e
and potential time of arrival. g

e ,
It is a good exercise in manipulating integrals to start with

-

, v I
<t>> =.f 1;.-." -y (;’to) > t‘ 'W(-{.t ) d}; T
~ f0  ’space - To*%o 0
. - ' -, —iwt
— g e .+ 0 . .
/\L/«/ xp(r to) rA(m,r"o) %? (r) e dw P
: . ) 0 70 , L Y
and
X, w4<*5'<c+13')¢#+(*)
. Torto Wyry 0 ow w, g
P
d sh
an:hs oa“bggt‘ )
¥ <o = r A (w,-? yi- 1 -é—] -A(w,it ) dw L.
- r , . 0 ow 0 _
0 Jo - AN
3 ] . i
. ," ., . - . . ¥ ; v.r . o . . ‘
To do this, one.needs to use the_orthogonality.relation e | ‘ : R
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CHAPTER XIL

~ THE DEVELOPMENT OF TIME MEASUREMENT IN

- 3-DIMENSIONAL SCATTERING - T

We already know the result for the time dependence of a free
e ‘ o
particle in Cartesian coordinates for two and three dimensions. These *

”

results are:

 mGw?
w(x t) zm(t s ) r r w(x t ) exp (———-—-~2h(t t) )dx

LA . ( ®
< N ‘ . KW

(for two dimensions x = (xl,xz)), and - o , | R

. o - m(x—X) s
) = .(1+1)‘(m(tmt ))3/2 r [ r V(E, ) exp (m)dx

(for tnree dimensions’ 3_5 (ki,xZ,Xj)Z}

We shall consider the’ time dependence of free particles in other
1

coordinate systems namely 2-dimensional polar coordinates (which can be

extended to three-dimensional cylindrical coordinates) and 3 dimensional

,‘/
spherical coordinates. We shall be interested in both position and .

' momentum wavefunctions.

- , ‘ ‘,' Two Dimensional Polar Coordinates

In the coordinates X = p cosé andv y =p sin¢i,the equation

) -transforms into the new equation

_ 3y
- v 2 - 2
in 9 L I‘_ 3_91 _1__4'.-.,.-.1_3_2),
at. 2m’ 30 V4 p 9 - p2 3#2



Figure 20 Polar Coordinates

"In order to solve this equation for P ve separate variables

S a2 °2:°2 .
. T -nf o ‘hk -
W(D é, t) X(p- $IT(t). . This means‘lih T " 2m 'Xﬂ | Zmr‘:igihuor

T(t) = e-(ihk tlZm)‘ and vasatisfieS_AVZX%kzx-i;d;'9r~'; : .

2 2 SRR N Syl L e
2—§»+ 1-2—-+ l—-»g—g + kZX =.0. We separate variables again by taking
ap2 P 3p 2 3¢2
x(p,¢) = R(p)s(¢) From thls we get o R +‘ # §-+ _ é,O; This
o .."n R A e C " ’ T f " ,"'.'-
implies 'g— = —nz a constant and sz" + pR' % kszR n?R. g = —nzv
v implies' S = e1n¢ and n must be an integer in order to satisfy the
condition of single valueneSs. The equation sz”+pR"4 (kzpz—nZ)R = 0
e . / . .
is related to Bessel s equation, andothe sokution which is bounded at the
. origin is -*l l(kp) The separable solution is Jl l(kp)e e - (inr F/?m) .

The general solution involve\\a superposition over k ‘and a sum‘over 'n, that
e v . .

) o » . ™ . | _ 2 ‘ ' o I L e
R RN -\r, 7oA (k)Jl l(kmi“¢ SUNCe/2m)
v : o n','o ) ‘ . - ’
Thus evaluating at“to we get
3 o ‘ | in n (ihkzt /2n) R
,W(Dn#-to) - IQ X A (k)J' l(ko)e ) , - dk .
. . [+ n.-—a . . \ ’

-

The first- thing to do is to. oggsin A (k) in terms of w(p,¢ to)

' Hultiply by 3%- efil* and\integrate over ¢ between ‘-I and  § to get
" T ':: v . 0.

F
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1 (" ‘ :;¢ , - .. —1hk2t0/2m .
'2—; I__" .'p(pa¢)t0)e d¢ = I: Az(k)lel(k-p?e dk . N

g
;Q\ Next - Qf all we use the Hankel transform tepresentation of the

; pe |
delta function, name y'g §(x—y) = r ch (tx)J (ty)dt where v > -—;— ,
) g“' . E ;'.‘44 . ‘0 T

..‘_y

and x,y > 0. In order to use this, we multiply by kalll(kp) and
integrate over P to get

A

1 (™
—Z_J r w(p 4> t )k"lel(k")e dpd¢
m $=-1 Jp=0
_ o, v
v —anke o/28) _ -(i6ke /2m)
FA (k)G(k-k)e dk = A (K)e ot .
[o] : . : .

JThusqve see that

r VLt tReT (o) e M dpay
=0

¢=-" p- . ’ . . ’ c, : (

We can substitute for Aﬁ(k) intd'thé original eXpression for  ¢(9,¢,t):

2

1 (ihk t /2m)
A k) == I_, ﬁ RICHR- )kaI l(ko)e dpd¢ ,
¢z-1 Jp=o0

R : o =y . ’ FN : :

.and hence

. ‘ | . . B B .m. . - | . . ’J‘ |
¥(o,4,t) = jm 7 J_ .Jj. e
o ‘ % k =. ¢=*ﬂ o =0 L. ‘ - |

C
A4

xon...-m

7(1ﬁgz(¢7to)/2m)

A ' N . . . - : . o
. N » . } . ) . ! N
. l;
»

One could explicitly sum ovéer n and integrate over k and

obtafn the time shxft operatot for the position wavefunction in polar

O 4
- R vieg o .
RN Rty K i

s

s

oo S _in(¢$-3 --
E;‘¢‘03¢.Fo)kpflbl(kp)Jlnlikp)e-n(¢ LIPS g\\)- ddedO-..
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‘coordinates.. K

Alternatively, let us consider the mamentum wavefunction in polar
: coordinates. We denot& it by ¢(k, B t), where k = |k| the magnitude of

the momentum vector and . B is an angle specifying its direction, so that

kl 'k cosB “and k2 = k sinB . ¢ satisfies the differential equation
822 \ S | | o B
ih —Q-‘i —————¢ Thus the time dependence,of._¢ is very much simpler

than that of ¥, namely

: —(ihk (t-t )/2m) - | |
¢(k 8, £) = ¢(k Bity) e

¢ 1s related to ¢H.by means qf Fourier transferms

»
o

T e, - ;—ﬂj | r 40,8, £)e kP cos(4- " raias
. : : -1 .

, ¢(k.8.'t)>=%;j r w(om.t)ée the cos(s 8)pdod4> N
‘ ‘ ‘ ‘ .-n -0 . - '.'> .

¢

)

In the case of a free particle in two-dimen51onal polar coordinates

we see the great advantage of working Hith the momentum wavefunction instead

%

of the position uavefunction.

' The nermaliZation conditions in polar coordinates are

I 'I“_Iw(p,¢,t)t pdpd¢ = 1 = f. 'I°;|¢(k,3,t)|> kdkdB .
=T ‘0 : ) » R _ )

o o

We can deriye a alternative form for the time dependence of

,

-the position wavefunction uging the above Fourier Transform relations.

_

‘ . . ‘ )\



. e e —an? (e O)IZm) e
v(p d,t) = "—2 ‘4 ' r I “’(O,¢ to)e Sy o o lv a B A
« bn” J-nlo g o RET SR :[ SO WL A
) ) . g L . FER E PO
» ' ' o h"",iﬁ,lv cUN ey W
. ’ §3f9 L '
o y ik[pc05(¢ B)-pc05(¢ B)] pkdkdsdgd¢ e
. . . . ! B ’t’ N N
- . i R ) ) 2 _!‘An- L

‘The 31mp1est expre531on for the time dependence of w(p ¢ 67\

-

is found by transformlng the two dimensional cartesian integral 1nto ‘

L o : A‘ \
polar coordinates. Thus' we have S S Jflﬁmd; 3 v
im I" fj°,_ S50
- - "b(t;,&t ) R
2th(t to) "‘10 j 0 . o

im[p +p —200 COS(¢ ¢)]
exp ( - 2h(tft Y ) o d d¢

P

)

This result can be extended to three dimensional cylindrical

‘coordinates p, b, 2 where we. have

. . ‘ - N 5 “ . | : | | . L ) )
¢(D,¢,Z t) = (12.1) ('n’h(l::—t ))3/2 r I r ¢(6)$:;)Q

exp (1m[p +o.f222(§3:(? ¢)+(=-Z) ] dE dB d$';:.1

In spherical nolar coordinates f} 6,h¢ with ‘x =r cps'é‘sin’ﬂ,v'
y=rsin ¢ sin@, z= r cos 6 we have

M
7

lﬁ x ‘. -
BEL8,8,0) = (121), (,m(t_t ))3’2 rf f 'w(?.f’f&cd)
r"- v . o . T

O ‘=% .

im{r +r° -2rr{cosecose+§1hbsin9 cos(9—¢)}] :
;z_mfe & 45 6 . e

v S )
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Separation of Variables in‘Spherical'Coordinates

For a spherical coordlnate system, let us look at the free particle

| o ay _ n
”-equation ih 3% " " 7m V P. For w(r 0 ¢ t) ‘we have -

2. 1 Ll v,

: , 3'4: _ﬂ
. VY= P—— (r 8in6 ) +-—— (51n6 2+ 37 & )
SR 2 sin@ : , a¢ sin 8 3¢
'?\ | ‘
* ' | 2, . 2
=_a_‘l"+3_3_‘£ 1_3w+coteﬂ+- 1 3%
r2 ' r_ar_ 2

w
-3
<
"

rz sinze 342

f“Since spher@cal polar coordinates lend themselves well to acentral potential'
S V() which depends only on - the distgz:e from the 0t1gin, namely the .

' positive scalar t, let us solve the nergy e;genfunction equation
hz " . . ‘ . 1‘ -
_;- m V w + V(r)&(r) Ew(r) for some constant E. We write w(r) =

R(r)T(e)B(¢) as a trial separation and substitute into .the above

equation to get l.‘;J'] ]"t: B
R RS 2 S
. : T '8"_‘MIfR + ( 3 f}V‘r))R = ER" ,

 ome
B +a’E=0 ,
\ “lv_Zth Lo - Ly g

© -sin”OT ;+,§in6‘cosG:T‘«+;g%§in,e_— m)T =0 .

CWe can reformulate the X% equation by wtiting T(e) P(cose), in which

bﬁcase the function P(E) satisfies

-

o '~>/ R P
: (1~E )P"(E) - ZEP (E) + (X,-'-———QP(E) = 0
i : ‘ 1-5 : .

..‘. R
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This lastWequation is known as the associated Legendre equation. It

turns out that the only- physically acceptable solutions occur when

= E(2+1) where £ = 0 l »2,3,... 1is an integer and m ‘is an integer

: satisfying Iml < %. From the equation ‘B" + mZB 0 we see B =:eim¢

and since ¢ is a periodic coordinate with period 2n ,‘m mustfbeian

integer for single valuedness.

e

'

The associated Legendre functions are denoted by P (E) ‘&he

o/

*

product T(6) B(¢) PZ (cose)e im¢ is known as a spherical harmonic and

is denoted by ym(e $).

/

..that 3 : .:/‘

~6—o

, 2T o m ’ -
' f J Ym (8 ¢)Y£.(6 ¢)sineded¢ =8

$=o

"

. These functions are assumed to be normalized so

1]

22'6

Y

. where of codrse £=0,1, 2 3,000 0 and ‘m = -2, 2+1,...,2- ,L This means

‘.

~Yz kare orthonormal ‘when integrated over solid angle. _We,can-substitute

2(2+l) in the radial equation to get

i
2

o

E}

] _'12‘_ R'l(r) - ~h— R (r) <+ (w_l_)_ +’ v( ))R(r) = hwR(r) .

Zmrv

'

_‘Alternatively, we;can write U(r) rR(r) and substitute into,the‘radial

e

) equation above to" obtain

;_‘m " + ["—&“ﬂl + V(£)JU(r) = Bul(r)
2mr : -

o DA 2 '
' which is:a Schrdédinger equation for the potential. EL&S&%ll + V(r)

o

2mr

3



168.

defined for the range 0 'Suppose V(r) = 0 for r > a. The

equatfon satisfied by r > a is

2 w2 1Y ‘ : '
[ .
-huU + LGy U(r) = hu(r) for r >a , or
2m 2 : \ v
. 2mrx . “ :
e 2D e
T };»_—— = K U(r) where o = —5+ The equation
r . . B .
U"(r)>+ [k2 : £(1+1)] U(r¥.= 0 has solutions asymptotic to eikr or
) . /vv. ! .
efikr- for large r, and so R(r) is asymptotic to a linear c¢ombination -

ko : L
(outgoing waves) and

of

(incoming waves). For s waves

t'(2= 0), these asymptotic forms are exact solutions.

<

The radial wave func;dons R 2(r) .which are‘defined for
‘ X [ : )

w >0, ‘r >0 continuous, and ¢ = 0,1,2,3,... diScte}e can be described

S v {,
for r'> a by spherical Bessel, Neumann or Hankel functions. The

solutions are

3" ./@
jl(kr? jlg o) and ;ni(kr)'

or

(1)(k ) and H:z)(kr) R ._ IR

jz ‘and h!- form 2 linearly indepéndent solutions, .and h:l) ‘and-
h(z) form'another.set of 2 linearly 1ndependent solutions. There exact
definitions are not important and will not be given here. The solution = -

: j (kr) is regular at r -'0, and all others are unbounded at r = 0.

Since we. are only concerned with these solutions for rp>va, the benaviorx
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atPr = 0 is unimportant. The relation between the two =»lution sets is
@) - —Ih(l)(z)+h(2)( . 2 (2 = L) Dy

Iy L 217y L

The resnlts of greatest interest to us are the asymptotic forms of hi})(kr)
‘and hg?)(kn%. These asymptotes are
1
,‘L”(kr) i exp(x[kr—(un—]) :
e

B
(2)(kr) .\,%r_ eXp(—l[kr—(l-l-l)“]) .

SinilarnexpresSions for jz(kr)vAand ‘nl(kr) are

jﬁz(k‘r) "'Lkr_ cos (ke-(241)3), My (k) m%'sin (kr—(gfl)%)l .

In addltlon, plane vaves moving in the =z direction with momentun

k 'can be expanded in terms of spherical outgoing and incoming waves

]

ikz 2 (22+1)1 J (kr)P (cose) ’ n | -

£=0

e

- éikr*cos ¢] ) : - o o .‘j;

i

e

These waves are independeut of ¢ and so the quantum. number L ¥

.

: 1

- From this we can see that jz(p) =L j - e1 i§8)d8
. , Co2it

%

| 2
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Pl(s) are the Legendte Polynomials, a form of the associated Legendre

functions for m = 0. !

L is called the quantun number for total angular momentun, an
m is the quantun number for =z component ‘of. angular momentum. Y"(e $)

is an eigenfunction of-lL2 “and Lz satisfying

L¥2(9,9)

z(n+1)h2Y:(e,¢)d and
LYp(8,9) = -ih 3= ¥1(0,8) = ab(8,4)

Obsetve that Yf(a ¢) = J/EZiI. P'{cose) independent of ¢ .
\\\ The energy eigenfunctions can be expanded as
N . . “
v (r) -1 2 a, (IR (r)Y“‘(e " .
=0 m=-L : K
Forvseettering of avnlane wave, only m =0 contiibutes
~.

> s , 2841 . |
Ww(t) = 2§o az(w)RwE(r) _‘An szcose);, or

W;(;) = Z;Bl(w?le(r)Pl(cosB) .

The eigenfunction w (r) consists of a plane wave “plus some-
thing asynptotic to an outgoing wave, Thus for r = |r| —large,‘yet

subject to the,inegualities.

y

Ix|.lyl <<+ / 2w and |2l « 2 /7na



171.

| 13 . . ik 2 :
> 1 1/2 |, ikz e : 1k
\q;\'_}xave. 'llu(r) ~ _/: k | (e + fk(e) — .)A where W= —— . and

k > 0.

o

can be expressed in outgoing and ihcoming waves as -

@) i*n Y ) (cos0) + 31 @i *n(2 )P (cose),

(13
]
N =
ng

[ ]

o _ - ikr
Gun L 12 ¢

r

é
N
gMO

P f) (cos8)

' '2 -ikt

_1‘_ P (COSQ)

1

*-5 Z (2z+1) 1(9.+1)'n/2
2=0 .

s

i el = - i e-ikr =
~ "Tk‘i_ 2 (22.+1)P (cosf) + = w— 1 n* (29.+1)P (cose)
e _ =0 )

Let the scattering amplitude 'fk(é) be éxpanded as
] « S ) ) ‘ ) . : ) o
fk(a) = 7 'Al(k)Pz(cose) . From this we obtain the asymptotic form for

- 2

wm(?) as

.>\ €  dkr = @ R
'¢'w(r)_ \r’%-ﬁh kll2 {g—r )) [). (k) Ty (22+1)]P (cose)

L=0

% X (-1) (22+1)p (cose)} . RO .
T R=0 . | . |

On tﬁe other hand we know that ;p () = ): b (m)R (r)P (cose)
. . =0 .

- For r > a.> ’ R-u.vj.‘(r‘) .can be &pfessed in the form . ' \’
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1,‘(r) - (1+u (mh(l)d o)+ hm(/

A -

vhere l(ub is a function characterizing the potential V(r). For

example, if V(r) = 0 then , (m) =0 in order that R : (r) be

@

v : i
‘regular at r=0. Ina sense, the 1nformation provided by @, (w) about
.7V(r) is analogous to that prov1ded by the momentum transformatlon kernel

1n one dimension.

_For large r weféjf“ gn_ asymptotic exoression‘for‘ R l(r)
. ) 5 g y B : ) - ’ Wy )
. ‘ _ B o
Gy o e, WET T oL e ik
R (r) ~ — ‘ + = e 2 - .
N T ¢ k k : r

2

Substituting into the expression for v (?) we get the asymptotic form
w ‘

(o () ke

R+l ' e
!l' (1’) “ [zzo b ( )( 1) k P’.(COSQ)]—T y
a .. br+1 . . ) -ik't: )

i e
+ [ ‘b (w) P _(cosg)]- -
lz L k | Cor

We can compare this asymptotlc form vxth the one above. Since

these both hold for’ all 6, we can equate separately coefflcients of

ik -tke o ¥
- and for each " j. 'Doing this we obtain
gr1 (Fa, (@) /E a =
b, (W (-1) 3 (%— (zm)] |
N 25 | me |
i 1 1/2 1 »
blﬁn)‘—i—— = 2ﬂ h k T (-1) (21+1) .
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Do sclVing we get

: e bo(w) <LK Qo) [mE - E
- P : 4 o : c

o C21KA (K}
T la(w) = R
- 3 20+1

Ce e . . \ -

. o o

- £ 0 Lol AR ;

Recallifg fhat fk(§)1= E X (k)P (cose) we see .that the second -
. hd ‘u . B . . =°

i jequation is a direct connectioﬁ\between the scattering amplitude and the

o ’ tf)
-function ‘ (w) which characterizes the information aBout the potential

)

s ‘X N " B L
.-which can be determined from scattering. ‘As usual’ k = /E%FQ.

: Although the asymptotic expressions ate valid for,large: r

-1we mast keep 1n mind tﬁ%mrestrictions °|x| Iyl << %; —*—é and

v

1 /w . , ' TR
lzl <<_E- E%a - The dimensions of the incident~wave packet'are;large
compared to the rahge .a’ of the scattering potential but-small'

o

0

. . ' ] . .—* N
- compared. to the’radiuS' ) associated with ‘ro the position of the
director. Thus only the scattered outgoing component is neasured by the
t detector. . ‘m a ' A” SR L, - ‘;-i' - f_‘ s
o o ‘ '{w. i \ o . S A-g_ : S S

c . _

The absolqte value of the scattering amplitude can be measured

a
'y P RN

experﬁmentally by scattering probabilities, say 55- If (e)l

3 ask the question' Can time delay or bime/of arrival measurements :

' / : I‘ - ,
determine the phase of f (6) '_f// : R e

4

b o ‘"'Scattering,Phase'Shifts.
s

" The radial function R (r) can be uritten in ‘the alternate fornﬁ
- - . [3) N P _
' sz(r) A (w)J (kr) + B (w)hl(kr) for r>a. We define the scattering

‘
1
v
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- with a localized potential such that<interactio

- not. observed at the detector,

. . ) : ’ IS . — g
L

Lemt T . ' "y » R B (uD
Rhase shift» GZ(w) tn satisfy the relation ° - tan § (u? = 3—225- .
. 6 '

" We can compare this with R L) = (l+a (w))h(l)(kr)+h(2)(kr)

n

» and
cenclude_ that ‘Az.(ii))é 2+a  (w) and» B, (w) = iaz(&g. ‘Thus .
da (@) 16, ‘ o - .
tanvéi = - E:EEZBT- §0 that e = cos 62 + 1 sin}dl = { 1+a&(m)
Tbu’s . e : . . B . y
oo

' ' 2151 . . ' .
= ‘>' e T = + Pl(w) . ‘ .

Thus we can express the scattering amplitude as

d
S ul(m) Co
£,(8) = Z A (k)P (cose) = Z (22+1) 1 Py (cose)
2=0 ‘ ) z—o :
zis, s
z (22+l)[ -IJPE(cose)s.
ST . - 2 =0 . N .

B}
a2

The Time of Artival and Time Delay Prdblens"

w(?,é)f.f.ir AWV (Peifdy = r Alw,T ) ¥ >@e Iy,
. . e o - o iy -

L . e . o »
. . oy

n with the’ potential is
; -

restricted to a finite interval of- time and only outgoing spherical

waves_arrive at the deteétotrlocated'at .x . The incident waves are

\

and so the asymptotic form of w (r)

.

" the deéﬁ:zij;jj . L 'Avq
'. - . . , g o ' ' "“ o . . ." .
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;-

_ o : : ‘ ' _ o oo

;f\\\;\\_ : Cpnsiden a scattering interaction involv1ng a particle described
by,a wavefunction ‘ v ,' e



v @) ~ < Z b (m)( i)““'l

=0

. Substi;dting for bg(”)‘

az(w) o ’ikr -
X P (cose)) :

y

and az(m) -ffom their.derived equivalences

gives ) 7
. I.(1/2 me ikr o
V@ v S ( z A (k)P (cose)) : 3 '
.. fo 2-0' . . . .
N K172 = f o olkr -
B SEVAR S Y r . .
" Naw let us phase ¢;(?§ af ?6. From this we have o “ T
. ) /2 E ik(r -r ) f;(eo).i
¥ (r) e / =1 (e) T——l— 3T >
m,?b_ 2“ “ : .fk(eo) S
where . ?b, has“mégnitudél.ro and ¢ angle :'eo: Thus
e otkr, £3(p. :
. .Q - v +‘ (;) ‘1’ (r) e’ fo lf((:g)) 2
o NCHoY LY 200 ML N ,
A‘.aﬁd‘coﬂéequenﬁly.‘ : .”/;‘- ! f
b.“'“". o ' " ‘ e ! ' v PR
e e fwy S
L BT =AW e O 'T§£%§357-'-,"'
' : L kYo )
3

"~ Now let us take a; ndrrow wave packet 1in frequency space A(w)

dlstrlbuted about some

'
7

e

"and some‘time delay vélues,

\'; = lf (e)k

!

‘

wys and determine ‘the time “of arrival at ;6
Let _\
ink(e) - £ 15)

D

- L

b

175.
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define the-phase nk(e)‘_of the scattering amplitude fk(e). Then
i(kr + (8)) = ¢ .
A(m,;b) = A(w)e 0 1k A . )

~

Let us choose a particular form for A(w) eﬁich'is'narrow about w, apd

sduare'normaljzed. We take the dummy expressionv" A(w) =v G(w—wo) s
: )

'uo >0. In .practice, we have to take non-zero square- normalized functions

vith a paraméter that- is nqn-zero but selected to approach R4 8 (w-

- ;

7.0 a

L. Ny "t s, 8
o »

B oy ™

W : .
daches zero. We then perform the- requ1red integrations

4

for non-zero @aluQSbe the parameter, and.: take the limit to zero after.

- In practice we can avoid these steps by the following formal operations.
R < r _}A*(U»;Ojl‘i %]A(m;;o)dwwl: ‘
o o - T R .
B I ---1(kr +n (0)) - 1(kr +x, (6))
i & o . .' r A*(w)e ,tk : [ i a——]{A(w)e .0 k }dm >,
" B o R v.’v ‘ .

3 ' |
R

' C i(kr “’k(e)) ! \i(kr..-.H\‘(e)) N
) l FRLISA 2 hk 0 k% 1k .
o AT oRde S [ i 'J{A‘(l.zm)ls T e |

- . . . b e RN .
N . e ¢ e L -
Iy . . t R

E-He.now'pSé"ﬁhe;rélation.'Almfi;./S(momo)‘nto'%et'v‘ _‘ :Z‘. g

YN S | R . N . : _
Y v L '

Al - Adnd -kol) - /-— /s‘(_k-_“o) .

2o’

. . . . w»
S . '
.~
-

o | i(kro*hk(e)) N R T +nk(e))

<t>;.f- EE— Im =" kgl e [-1 a ]{ §(k-kj) ‘e ydk
' 0 ‘0 ' : _

o ones Mgt w0 . . C o L
< - hk .O 23k0 'kO ‘ » Ty DA
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‘{ zl << —-/ d Assume .that -z‘='r0”.is withinfthis range (although

. case Bj 2= 0;
S )
. measnre expécted time of arrlval we get (for the free particle)

RN

)
N\ Lo
3 . _

To obtain the time.delayvcorresponding~to ?t in‘the‘classical case wve
ask what is the expected ti e‘of'arrival of a ftee particle wave pgcket

‘with the same form as the given wave packet before scactering at a point

U ¢

of d1stance ro from the origin along the =z axis gffEr passing thtough jﬁéc;?

' the origin. Before scattering, only the plane wave component contributea

/ € 1/2 k2 o TE e
(r) k —aed A(w) = EE;'JG(k—kO) .

. ;
:The expression for v, (r) is valid for le iy] Xl /B

2 / nwe and

\’_

x and y Iy . w1ll not be in gene;al) . If ve. define ;b' for this
ro and x = =0 as the components for ; andv

L . .

R

ot =.rA (a7, -1 ]A(w.r ydw ,
SRR ‘0

To
vherfe \L Lo Lo o f ‘-
Lo ) .“ " F, - , ‘“‘ . !
o . . R o ' ‘ik'("ﬁr ) )
) ~ . l» ’
| v, GO Ee A2 O E
LT (d',ro o Eﬂ- R ’ '
4 ., T i )
and -so .
"o ; . :B. /—’
A(ur)=A(m)e | / /c(k- e _° oo
T .' ' v .. A . F g
“Thus - - o



‘ # - \\ N T 1.

£ “tkry tkr,
<_t>_€ = ﬁ— 6(k—k e [—i a_k]{ G(R‘ko) e }dk'

, et

.un <

-:%’Kw -

fé f%us we compute the rime delay 3t a function of_ koytand 8 'as

. > . d
. To .
) . o
m 3
, — e) .
" ?k Bkorhko

Observe that. 3t is independeht of r ; S, f' e -
[ N . n . i 3 ..‘ : e R ) - , .
In essence, we can determine the phase ~k(6) oﬂ the scattering

amplitude from the time delay nat(k 6) He have

.
-

. Jw“a,

. . N - . et
R -.V, - ) . o P
N L -

"

N ». ) a ’ ) . . . . . h ¢ .
ot(k,8) = %EWH("? ~ and so . n.k(e) = ;f at(k,8)kdk .

, -

It appears that j)hk(e) is nothompfetely determlned by thls integral

., Voo e
- PR ETAIPEE N
o

ibut rather we can'add an’, arbitrary function of ,‘,independent of k,?3"

7 ‘.'-.V
L

]

ﬁ (9) and still have the same time delay . Thls arbitrary function

o

" can be deteraned by examinlng the hehavior of the’ phase hk(e) of the '

o

scattering‘amplitude £ (9) for k s ot or k > 4w, Under these

‘ Jcircumstances we can obtain nk(e) and ﬂ__, ]f (6)] from experimentalh

- ‘ . R /

measurements, and consequently we know f (9) It remains to relate

4

LE (B) to the pOtential V(r) and consider the phase of f (9) for

'limiting values of k. : S ‘ o T



Schrédinger ﬁquatlon )

Green's Function Solution to the Radial.

Consider the equation "

W2 . T2
- e+ Al
m Zer

‘It can be rewritten as

2(£+l)

2

U (r)+2u(r) = )
: r

+ = V(r)]U
h

or U(r) % - R yyery - 28 gy
' oo h ‘
'U"(r) f;(kzl— &i&%ll)u(f)lé F(r) .ha§ Ehgﬂcre

U(r) ;~f” G(r,sff(éj&s wﬁeré‘ é(r s) ‘satisf
o . _ .

"; (k?'¥ ligtll)c(r s) = 6(r-s) plus boundary c
. ~ «s L

7 Glr,9) A(r)shgl)(ks)+»B(i)sh§2)(

I

NE
L,

4_% . ~ P [ A
\\ o0 .

'\

C(r 0) = 0 — D(r)‘é 0. We choose a Gteen s

‘ spherical waves asl + 8 > 4w, Hence B(r)-- 0

" . . y ; . .

-;G(r,s)f,fA(r)shél)(ksj o f@r

-

C(r)sjk(ks) - for

N

~

c(r)sjz(ks)\+'b(£)sni(ks)ff”

(r)Ju(r) = hali(r).

2o
N ?

@, &=

»

&he inhomogeneous equation

en's function solution

% g
ies '—-—-G(r s) + - X
as~

onditions. Thus

ks) | for O0O<r«<s ’

for ‘r > s >0 .
";7“
.{a

function fbr outgoing

Thus

? ’ S -

r<s,

r>s .

.‘To'detérmine A(f) \and C(r) ,we-have}twovhore,eéuationsg namely



A  ( : f+ &
‘_;G(r;tf)\?,c(rst-) . and g;.c(r,s) _ =1 .
R ) . - r
‘ 7-Fro@fthe3e g§ua£iohs we get
IR S A (kr) |
-A(D) = — ; K
Skl (kr)h‘“ (kr) - ‘“(kr)j 1 (k)]
._
CC(r) = —— , .

. kr[jz(kr)hél)(kr) (1)(kr)j { (<0)]

The‘factér in‘the denominator, rggz(ngkh(l)(kr) h(l)(kt)kj (kr))

- is equal to ji— and so A(r) = —kirJ (kr) and C(r) = —kirhi )(kr),‘

kr
" Therefore, -
N e . . o
G,(r,s) = -irskj_ (kr)h (ks) . for r<sg,.
{708) = Thrsky, (keohy |
(D) . |
Gz(r,s) = —1rskh£ (kr)Jl(ks) _ for r >s.. TS

Since ;He radial wave function is (for r >‘a);'~
o o A - ’ ' St . . ’
PR ¢ ) SR ¢ PRI
R (O ;(1+°1(“);)h1, (kr)fhl, (kr) ,
we get o o IR

.o

_Uml(r) (1faz(w))ih£, ‘kr)+rh£ (kr) .
The portion\contributed by the intident wave 1§
Py :
( )(kr)+rh(2)(kr) = erz(kr) .

" The Green'svfunctibn solution is

180.
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VY k‘ i
.'/ m A,, ’
Uw,z(r) 2rj g(kr) + = 2 rG,_,(r,S)V(S)UM(S)ds
: i h ‘o S
‘Thié:ié the integral equation for théﬁfadial solution U i(r).v Furthermore
. ‘ ’_f';l_.} , ’ A .
u l(r) 2r32(kt)+a (w)rh( )(kr) f:J? r > a, and so foi r > a,
Sen Dy < 2m 2 R ‘
al(w)rh (kr)'= - f Gz(r,s)v(s)Umz(s)ds .
. h ‘o _ L .
r > s in this integral, and szomG,L(r,s)»= ~-irskh Conseqnently
, we get ’
, a. . ' -
_  2mik R N o :
“z(“) = - f SJl(kS)V(S)Uwz(S)dS . o _ o .
. h o ‘
""'{. o ' T s
The upper limit ‘a “can of course be extended to infinity. We assumed
V(s) =0 for s> a ‘for simplicity, . ’ S
' . The Bofn Approximation
. The approximate substitution U (s) 28j (ks) ‘into a !
o . , .',;.\ L ‘k ) o .
e e .al(m) -3 fﬁ s?z(kelv(s)umx(a)ds o X
is”calied the Born Approiimation{ It is. valid in general ‘for weak finited
potentials and high initial energies.' In this approximation, o ‘ ¢
. o R ‘,"‘ ) o ) . . ‘°,\ ‘ -
ik . 2 2. e L S .
o (w) = - Wk 1 20 ey Pveyds .. L o
') ] PR A , ‘ , . .
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e e - : L

RN

Il : <
T . .

Observe that al(m) is idaginaryfnﬁéative for : positiVe potentialk

Ziklz(k) _ A
" V(8). Since az(w) = ——EE;T~—3 s Az(k) is negative reél, d since

. €

r N
a4

"fk(e) Z A, (k)P (cose) ; f (6) is real in this approximation. For
o L=0

fk(e) non-zero we see that there is no time delay in the Born Approximation.r.

s

The values of © which make £,(8) = 0 for fixed' k are the’ angles
identifying regions of destructive interference in ‘the pattern of inter-
ference fringes for —— = lf (6)| K For any 6 and k for which

£ (6) # 0 there is a non-zero probability of arrival "and time delay CL
can be measured and will always turn out to be zero. If f (6)

the probability of arrival is zero and the time delay concept at this

l point for this energy is nonsense. This reflects our inability to

N

»determineﬂthe phase of fk(e) at .this. point..

Although' 3t = 0 in the Born approximation, this is not true

L of higher approximations or the exact solution in general.

. . B *
. ) [, : . ¢ s
) N . .

-S-Wave',(2_= 0) Scattering in the Born Approximation s
l».k{,\ ] i ) -

‘First we observe that. j (ks) = 315555 and so

-
-

w oy
~

Lo 7&'?&) - - 4ol -A'SiUZRSV(B)
AR | R 2 i R

P -
~

¢ »

O(w) + 2;‘1 r'\((s)ds = Zgi | cos(2ks)v(s)ds .
: -0k Yo . a%k Yo .
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'I‘he trick for 1nversion here 1s as follows. V(s) is defined.oniy
for s > 0. Extend the definition of V(s) for s < 0 by V(=s) = v(s)

(even function) -« Then ' ' ' \

2 | .
“‘0(%) 4 %\f V(s)ds miT r cos(2ks)V(s)ds
. Wk T -

= 312— ‘ eZiks‘V(s)ds .
h'k -

[}

=4
x

Hence

v

2 2 | )
n°k  hk [ -.’ e2iks
X . (z;_) + | V(s)ds = V(s )d .

Multiply by, %e Zj.ks “and integrate]over k from - to =

and vsimplify to get

il

2 a2 .
V(r) = 2‘- h_ Fku' (&) cos(2kr)dk , for r > 0 , ST
L 6 0 Zm . N O/‘\L_;‘._

r ad(m)cos(Z /2%-“‘ r)dw . g 5 .
"0 - . L .

[" Ca

, o Using »ud(w) = _Zi:klo(k) and - Ad(k) =/~;'— fk(e)sined_% ve'get

i

s

¥

2 n2 2 [* . - |
V(r) = ;m_ E k [Io fk(ﬁ)sinedelcos(Zkt)_dk . r > 0
. e ) o

N,

7'°‘=i;>j.n. the Born approximation for the real scattering amplitudé -fk(o). |
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i

Low Energy‘Scattering

Suppose the potential V(r) has range a and ka << I, Let us

solve the radial Schrodinger equation by Green s functions in this low

-

energy limit% We have the equations
5 .
he
(r) = = 265,00 + 22 [ ¢ 0 oveer (s)ds
o, 7 A A A S A w;a\S79s
L I .

for r < a, and for r > g,

Gy (r,s) = -irskhélé(kr)jgf§§g

«
&

‘' and

kY
o

- o omik 2
uz(w) = - —;if ”fo sjn(ks)V(s)uw’l(s)ds -

Since ka << 1, we can use the asymptotic forms

jl(kt) W'?E%;%éTv(kr)L pnd h(l)(kr)~ Sg&l? (kr:)_z_l .
' @ - , 12 2!
« , - P ‘ -2 2+1 | _
In this i}mitingﬁapproxiyation; Gi(r,e) = - E;E%II—' for r > S_ and
o 8—2;141 o
Gl(r_’s) = - W— for r < s.

5

The W.K.B. Abproximation for the Radial

Schradinger EQuetion

Let us Iook for é semi-classical approxlmation relating the

~

oy

potential® V(r) to the functicns . g(”)' The Schrodinger equation 18,

() + (2 ““*”)U( ) - 22 v(r)um
r h
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a ‘\\\\\} ‘ |
with a solution Uml(r) satisfying U (r) = 2rj (kr)+a (ubrh( )(kr) for

. r>a. We assume the potential V(r) has the following very special

< properties:

(1) . ¥(r) is bounded, V(x) <V(0) for all r >0, v(0)
) _ | o) e B

. finite.

(2) V(r) defined on 0 < r < a is“strictly monotone decreaeing

Anowe | (

v NN

() W) =0 ‘for\ir.: a, V(r)v>-0v'forb r < a.

‘This form is sufficiently general for present purposes Under Some

conditlons one or more of the above restrictions may be relaxed.

The approximation we will consider is one of large k (high
I 2§ : : :
hZ- > V(0) and that V- is sloqu varying over

energy); we Suppose‘

-

the range of one wavelength. = As .a boundary condition we will insist

that }limz(O) =

S Have (R =-O) Solution -

This is the only case via which the W K.B. approximation will

nork. ’ U (r) satisfies the equation

~

U"(r) + kzu(r) = gé!:V(r)D(r) for.- ri> 0, and
- ' ne o

- 2 sin'nr"‘i etkr ' .
Uo,0(0) = —— = Loy () - g for x> a3 U“_’O(O) =0 .

We apply the W.K.B. approximation on the interval 0 <t < a. U(r)

'satisfies -the ordinary one dimgnsional Schrodinger equation here, did 80
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A N N . / , p
. ! L o ¥ . L) - . .
the so\]:;gtiop is of the form' (boundary condition at r =0 imposed) -*
~—~ : ",“: : " r N .
. n - .o - -
U, (0 ¥ stn(| [ - V)72, 0,
, w,0° "7 w2 v 2m 1/4 _ 2 . (.
L kS 2By o . - m S
P s W2 W, . 4
B n "V;':‘:( S o, 5 i ’ . . ~ :
) N This - approximate solution is valid for all r > 0. In particular‘,,:
. i W W .
we insist that thls solution. be exact: for ,T.> a.-. Id this casej. -
U0 = A g pl 2V 172,
w,0 N : L R 2
< > (r>a) T o h
. o = 2 2mv(s) 172,
For simplic_ity let y(k) = f [k™ - — ] -~ ds - ka. Then
: K ) - o N vh . .
Uw 0(r) = Ak (1/2) sin(y(kj’-&-kr) E bfor r>a,
,0° _ . - T
| “i ‘2 sin kr ’ eikr' B °
= T T iao(m)f

Tk

Comparisen gives the.‘f\gﬂolu_tibns ,

; . (w)
-(1/2) .2, %
o - Ak (k) Y e > .
s o }
- Ak . (1/2) (k) =,‘ % c’to(m) ‘
10 (m) ‘

Divide to get ‘tan % (k) = ZTTJ)" tan §,(k) . We have (k) = 5o (k)

&
. they s - wave scattering phase shift. Thus - /\\

~ -

“

- a . -
ENGE f 2 - —vc )]I/st - ka .
: o : h B -
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Define k' in terms of-s by k' = /2m V(s) a monotone decreasing positive-
| 7 p? ' :

. 1 h’zk'z . ’ -~
function of . s for 0 <s <a. Then 8 =V "( 7 ). xf have '
S |

- v v o | . | ; E _ \J’-
.A - ko '

| V2,20 2 R
550k) = f [k k'2]1/2 -1 (h k' 3—-k k' = ka-
. | |

?
)

-1

Ed - . ‘ -]? 2 2
| o -,k('”_vl(hk yeldk'
) _ <s(')(k)r - 5.(k) = ~ hk f S ‘;'a> .
‘ : ' codk 0 noJs k2-k'? )
(Here ké = / EE_Y%Ql') . Transforming:the idlégratioh,frbﬁ' k'
7 L = . ‘ h A ~ ! . " . . . ‘.l
| t LI hkiz w t . ‘ ‘ ‘ -
¥ ’oilm e e ge
. w(') ‘, ’?1' ‘ R
. v v '
50Kk) = 81 me ) = - hel/? I. V" (he')dw
", T - - ‘o Ywew' T .
v~ . ) . : o . .
) 2. o hkéz - | g _
. where we= 5o and Wy = 5~ ~ We how make)the approximation - w! = w.

Thls means the potential V(r) ‘rises to += ver rapidly as :r‘

)

de&reases to zero, and thg equation can be placed/in the invertible form

: "‘
. . . \__ H ST : / . . 3 .
: ) . ! 2mw = ' ¢
w TPIRE : 6'(/ =) +a < :
N v h(w')dw -0 ‘ .
Sw) = ——it é(w) = ——T L :
=i - ‘ y
. . »._11‘ , - . C - . f
4 a(w') = -hV " .(hw') where the inversion integral is . -
/ : SoES Lt ' ' 3
{ . f .
. : a' ! -‘ 4m)dm ~ : . J,v." :
) - ;'a‘uT fvﬁ—l-.-- - '
o Valga b
< »

Y v .
Substituting into the inversion integra]l and integgating. vith

respec; to w we obtain s o ] o e .
/\k : o N . » : : ’ '



' ;zere 8! (k): EE o

.as zero. (As w' >

the variable of inte

I J 5' ( /E m)w‘él/z) ‘
= - “ ’-'

‘-
v

(k) aﬁd'the constant of integration has been taken

. s

. both sides assumed - to approach zero.) Changing

’

gration to k we “have

4

‘189;'

. ? ¢ " 4
—l (th,Z) 2 j k Go(k)dk , f
© 2m s = - ‘ :
-z ’ ' o /k!z‘—ki—‘ .
. . . I
A . We can‘compare-the.aoove eqnation with the classical time delay
.on reflection equation namely
. 1/2
1(555 l [u : at(0 vo)vo » 5
vy ). —s }r’/
v, X ° . U"Vz‘ ’
A : 0
oL w2 hk : ‘1 hk ., hk
A8 : = 4 = — = o L e——
and nsing u ,_;ah— and Yo ' we see do(k) 'f > m-,at(o‘ —)

the first direct connection between classical time delay and approximate

scattering phase shifts. Note t?ﬁt a’ zero' phase shift . Go(k) = 0 me

72,2 ‘
-1 h%K"°
Vv ( 2m') 0 ‘and

“+an iﬁfinite;peak at

‘We recall

[

s

The Second Born Approximation

that in the Born Approximation, ul(w) was given

a&%&“

so 'V(r).Rvuo(i) which is the zero potential with'

r=0. N {i’ . e <?. v
o - PR \ L -

by al(w)*!v— iE%E ]é s%idl(ks)]zv(s)ds.  This gave us the approximate
R A o ) . e

N

J
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’ X . | -
. 1o - W g
le(r) for r > a namely (r) er (kn)+a (w)rh (kr). From thg* ﬁWD
- ' ' a .\ T'
- integral equation ‘ .
’ 2 a: \ . , e e
U () = 2rj (kr) + hz OPGR(Ffs)V(s)Umz(s)ds

[Te -

~we can get an approximate behaviof for 'U;i(r) when r < a by

substltutlng the crude approximation Um2(5) = Zsz(ks) for s. <a

A A

.into thlS 1ntegral. For r < a welsplit the integral up so ;héé

-~

) . Ty r 5 i e
. , — . ~ é . - .
Uml(r) = ZrJZ(kr) f hz f Gh(g,s)y(s)umg(s)ds .
oo -0 . ~
. T om 2 . N
o o + —% f Gl(r,s)y(s)Umﬁ(s)dS‘ )
o PN h r - , g SR
G » : 7 C R e
2 ‘rfzmkinhél)(kr) S B :
= erl(krz - = n2 -  [° sz(kg)v(s{pwz(s)ds“ ‘
X . kairjz(kr) a ' e
- ;————E—f——— f- Shz (ks)V(s)U i(s)ds for r <a.
Cn c - e o 4

4

Edt-thé Born appfdximation we sd@étitute an(é) = 28j¢(ks)‘ into this

integral and'get'

¢ . \
4mk1rh(1)( kr) - r‘ Y
(r) ZrJ (kD) = s 8 L, (ks)] V(s)ds .
_ h - B g7 o |
o .}‘. R '-14mk1rj»(gri’1 ra - B ~
L B = 2_1 e [ o2 (1)(k8)j (ks)v(s)ds ’
N | LI N

‘for r < a,’ the range of the potential. a,(w) - in the second Born

approximation is. found by substituting wl(r) as given above ‘into
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. . [ " .
‘ . .
- N . N — . /
. . : .

AW

v

{ a,(w) = - —2% L. £, (kD) V(D) U, (r)dr

o éec“
a ) & - 5E§5 f 13, en)) Pv()ar

F 22

: a r ., .
o - 8mak 'I dr r j (kr)h(l)(kr)V(r)[f sz[jl(ks)]ZV(s)ds]
I SRS R S
T f dr rzfjl(kr)lzv(r)lj s h(l)(ks)J L (ke)V(s)ds] ",
o v 0. . ~

r.

‘o

If we write the latter integral in the plane and 1nterchange the order of

P;% integration we see it is the same as the preceding one- and so al(m)“ can

1.be given (in the second ‘Born approxim ion) by

I3

ff?ﬁ@.:, a (w) = 4mik

2 2
- 19525— I dr rzjz(kr)h( )

h

a - '
f rz[jl(kr)JZV(r)dr
Q . -

o

r
(kr)V(r)[f 's [j (kS)] V(s)dSJ

We aSSume that the Born approximation holds, and sok%he‘first

.t erm above, although small is much larger than the second term.

Observe that ’h: )(kr) = j (kr) + inz(kr)¢- We are interested in obtaining

L)
the approximate value of the small imaginary part of a (w) and the much

smaller real part of ul(w)._ Since the first Born approximation gives

us a reasonghiezwalue forvthe imagingary'gart of ‘al(u), we ignore the

"imaginary contribution of.'ihl(kr) ‘and simply replace ( )

LI . a\]

(kr) by j,(kr).
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o

This means ue can exp11c1tly 1ntegrate the second order term and we have

) : . . /- S o ‘Yv
‘the approxiamtion E ' h B <KA . L . .
opa i, - : a Cede
Y, ) S | e,
0y (@ = - 22 [T 205 ey Pucar - B0 f 5’11, () 1%V(s) 48]
" h o - ' ‘ 1Y “Jo . , , :

- The condition for validit&'of the Born approximation is
2mk 2., 2 o , } o

=5 r [Jl(kr)] V(r)dr << 1. IObserve that the error or.uncertainly~in
h o ‘ ST :

this first term is small compared to the flrst term but of the same order
as the much smaller second term. Also observe that we can reformulate the

condltion of valid1ty of the*approxlmatlon for large k by using the

asymptotlc form_(ﬁqrvlarge arguments) of j (kr)-_~The-condition—looks e
- a' < : - : - ; /
llke » V( )dr < hv“vhere v is ‘u—- the velocity. (For large 'k

" and slowly varylng V. we replace (kr) [Jl(kr)]x1

| integral) This 1nequa11ty does not hold in clﬁ

“k and small h. - o,

The'H.K;B. Approximation in General v o .

.

' The failure of the Born Approximat1on to apply in the classical

‘ limit forces ‘use to return to the H K.B. approximation.' Recall that we had . .

.k'

o fo 20,22 ' R
8,000 = - [ (2 k.2]1/2 1 (n K'“.h
o .

)——-k dk' = ka

4 : . _— .
. where k(') = /ﬂ:ﬂ . was taken as k  in the case that V(0) was

o . . . 1 : . ) v . . R .
infinite.  PFor v 1 s the ' of course means differentiation with respecp



o

R A S ‘ o Y
gﬁpk@séibn»“*5ﬁég“_ R

a->°°_ V

This gives the much better estimate

. L
5 ( Q%a-/%;f
TR

Y

a

»

v ihe')de

(w-w')ll 2

. & ) [N

(hd‘)dm < kal .

<

v ho' Yo'

(w—w.' )3

1/2

v

a

fm (m— 1/2 1 he ')dw - ka) .

¥ - kal

-

K V;w',
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h .

Thi§ expfession can be inverted as befo%é’, and the result is

m 8w
. "0

i :'v'l(nw;)' =‘T-/§ L8 fw ° (/——)d“’ |

v
"y

Ea s

 W.K.B. Approximation for Larger ‘£ > 0

_/‘: i - E -~ For g2 >0, the Schrodinger equation for Umz(r) " becomes

oL 2. N S )

' . . h . Y .

“5a U )+ MR Ly 7
B soem 2mr ' - - ’
T e . | - " - hzz'(9.+1) -
@, L '. ;Thé“p_otential function in this case is V(r) + 35—, t>0.
| AN A B , 2mr ,
:, For each energy level hm there is a class-i\éaljumin'g point Rz(m) such
Ry 3 I oo - ' , ‘
e that R, (w) = VL (hw) “where Vp’ is thew potential ~ °
_ ‘ v ‘(V'r)' =-V(r) + E—M . For r >R (w)' the solution U(r) is ‘ ---,.

RS A £, 2 . L o 7
AR 2mr o, A ; e '
o',scillatc'bry, and for r < R (), U(r) degeqerates to zero as r + 0.

",Let us assume we have a real function U(r) satfsfying the differential
equation above and the boundary condition at 0 We will ignore the /
normallzation factor on U(r). The standard W.K.B. approximation ‘across X

. : A ?
- ‘\ ‘ - © » \J\
Classical turning points (with the- connection fotmula) gives us the form
. o 2 ’ / 2 _ ZmV (s) - ¢
s U(r) = _ cos (f ds ..._) ‘
7 - z.‘/kz Zq V,(n) < Ry(w) »nz SR
. .2 :
h

for .r > Ry (w). (See Merzbacher page 121, ’equati/ar'; 7.26(a).)

for large r.:

o
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R

- U(r) = Al(k)rjz(kr) +1Bi(k)rh£(k*) for r >0 we observe that .
T By (k) | R : )
< tanréz = (3) , defines the scattering phase shift Gz(k) and more-—

over the asymptotic form of U(r) for large r involves the phase shift as

iﬁ;ii: Cz(k) siﬁ (kr =2 7/2 + oz(k)) .
) ":‘ : & . . )

A compafison tells us7that since cos x;; sin’(1f+_x), we hgve‘

. ] r / 2 sz (s) ' L
Gz(k) - (2£+l)'z’- kr +f‘ - ——————4 ds  as r > 4w . o
v, (nw) h» -

" This is valid for '231 1 and not for % = Q. For % = 0 we cannot state
”that negative .exponent only contributes‘for ‘T < R (w) = Ro(w) . This

cese ‘ O has been dealt with a&é@e. (See Merzbacher page 121
- o \
'equations (7 26a) and (7 26b) and examine the behav1or’of the wave-
) .
function in'the 0 <r < R (w) region. Remember_ U(r) >0 as r > 0.)

z

Phase Error in Apbroximetion

Because the,w,K.B. approximation method is not‘exact we can- expect

.that.the phase term (21+1)ﬁ- above will ‘be close but not ‘exactly correct

- as a result of phasing for large r. To recalculate this,phase,we'set .

o ) . . ‘v 2 . A v o . ,( .
V(s) = 0 so V (s) =‘E—££&ill . Also V l(hw) A1) . We calculate
. T 2 stz_ = k _ y
f' ’V// k2 _'&S&%ll ds .for large r and find that it approaches

s S-S > R
L2241 o o ] ' T
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kr -~ v2(R+1) —;— : We know Gz(k) =0 for V(r) = 0 and ;:onse;luently

{. should be rep'laced\hy YL(2+1) —211 . This give/s};_us tf;e _re;l»ati‘;in:
A ey - , ' . . . : ’ '

¢

i E 2 r ¥ 2 ~2mV2(s) .

L Ty Y JR,(2+1) - + lim [~kr +f ' 2 2 k™ - — ds]

: " T +°° ,v—l(h k-))‘ . h |
. 2m { -

o o h P V2,2 L2,
/2(9.:9 E* lim [—kr+[ S bk )E—k'dk']

iy r > k ‘ .& ‘ 2m
. . .
) i As r o+ = _V(r)'» 0 and so for r 3 a,. ) ) and
. . _ @ : * .
. . . . _ . 2(1 1) o : I T R o
the upp limit of integration is - : ‘We can switch variables
- . . . . ) » N "v ' "~
form k' to w' in the integration, using k = % and k' = :w . -
to get v - .
‘ ’ A
‘ . :
_Gi(k) = .?.(JL+1) T+ lim. [ kr - V2mh Yu-w' V;l (hw')dw']) ..
e O } hR(2+1) ’ _
/ . v , ) ) A2' - /\
v A - o E . . 2mr : v ’
Use 'integration by parts in the last term and get ’ -
S
T8, (k) = (D) L+ lim [-kr - /2mh (- ‘/——ﬁ Ji? - 28D« SRE
. L . =72 : 2m 2 n P
e . o r > o o ! , b o : v .
. . ~ N Q . . . __1 .' . 3 .‘ .
: . ") «V, (he')dw
o 1 - L e .
+ % . 1]
ha(e+l)  vYe~a'- e
i T2 ' .
R 2mr J
A
. w V" (hw')dw ;
=i+ = - ;‘—h I , ‘ AR .
e o Joa



// ' . . This gives us the fundamental form for the scattering phase shift

-

' in the W.K. B.oapproximation

. El
' -~

. : g V;l(hw')dm' - ‘
S0 = el 7 - fB j S ’
, <L : o - ‘fw-w' T

) ' E .

Notic
60(k)f as given b this expression coincides with the- samacvalue obtained

- earlier. A crude es;imate for Gl(k) can be made assuming ':ap (hm').
.-lQ : \.‘ //.' .\J. » : i

.0 @ -
o

‘conttibutes the largest values for w' “neag zero. - Doing ‘this we get - e

(k) = YL(&1) §~- kVQ (hw) , or by multiplying the»last term by a

factor in-order’to'get» dg(k) = O "for V(r) =vO we have ! 7 : &\e.,
' . t} . ) ] ' ) - ’ . ’ & .
> '__ . ’ ’ : -

8, (k) tgc(?z(ul) ;.kvgl(nw))'

)

<

Inversion of‘the Expression for = & (k) : *
. B — - i — // :
<& ) . /”:

Let us consider the expression

’ tw Vo (h(l)") dw'
- L T i LM
Gl(k) 12(2+l) 2 / Ty ‘fov.———-———-1: .

| /h£(2+1)
V (hw )]dw
(k) ./ﬁ;. f 2mw’

“

This can be inverted‘;:?tkig:e by using the Abel’ .formula.

'He"obseE¥e\\hat the & (k) are not all independent. » %(k)-
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specitied, V(r) is detqrmined, ‘and so therefore is 6 (k) fdf each 1
. w.{.

If measured values of 38 (k). are ‘not. self—consistent it ‘means. that the

scatterlng 1nrtract10n involveslmore than just a simpke potential The’

dlfferentlal scatterlng cross sectlon - If (B)I measures the

a
s,
~

magnitude oﬁ f'(e) and the time delay can be used to determlne its phase.

With f (e) exphcltly known the scattering phase.shifts can ‘be’ determined

from the fbrmula :

ey

. 1. et e 16’2(1() ) ‘ o
£.00) = & ZJ(2£+1)9 'sin 6, (k)Py(cos 6)
L=0 L ~ B
from which.we get ‘ v R C ,?ﬂ ' B -
. . i

. " . L 3 . ~
L6, 0 om o
e ‘v sin_éz(k) =5 [0 fk(e) Pz(cose) sin 6do .

pl

™~ Such a simple method for qbtaining the phase shifts 46 (k) for

5catter1ng would not be possﬁble if only lf (@9] was known and the phase: -
m (o) fk(e) ¥

of the scattering amplltude was undetermined. For e ROI we
: S oL Tk

“we have (taking real and imaginary_parts above)

LY 1

"\.‘_ R . . . . = E - N . @ ' . 9 -
cos § (k)sin 6£(k):— 2v[(.,.lfk_(e)l cos hk(e)Pl(cogersin adq ,

: 2 : L ' ‘ ' A
fq:sin cz(k) = f ’ lfk(e)l sin 7, (8)P (cos6)sin 6d6 . /ﬂ o

[o]

@ |

Since %k.(e) >am as k » (in the Born approxiamtion) we have ')zk(e) _

oo

. can be foundfexplicitly from the time delay as

l ‘ : o o K
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Y Lo T ,: o ‘ N L7199,
‘ e ) 'A ')‘{Lﬁ‘ P i A.‘ '
N . ! 4 IR .
< n ' i
M (8) = - n at(k, e)kdk+mr. ( V(r)dr << hv) g
o o ,k; oy . ‘0 o | s
. . ‘ o & Ly
e 2 * : l‘ ” Xl‘ ’

Optical Theorem an;i Total Scatt ~ing Cross*‘s/ction i 4

. ' ) , P . R . ' a N

B » ' T ] ‘g ién(k) . o S

oL From £f.(8) = = (22+1)e sig § (k) P (cose) we

. 'k k xR R - .
[ . L:o . = .
- can evabuate the total scattering cross section ,g = J'—g% dQ where ' )
) . . - - . » M'."“))
B VT - . ] . F \ .f-.““
2 - ) . 4 : RS
= lfk(e)l.-. The result is - c . : R
L. L S - Lo
‘ o ST .r . Lo ,
;T el 7 @es1) sinls (k)
d’; ) k =0 . -

- J & - et
‘ ; -\

- : 15 ) . '
Also f (0) = = 2 (22.+1)e l%in §; (k) 'since" P '(1) =1. Hence
- 4= :

] .
: Im(f (O)) = o . ‘This result is known as the.optical theorem, and it gives

an expression for the total scattering Cross section d “as a functior{ of /

«

" m

k in terms of the scatteri@g amplitude.» R _ . B
_ . o S o~
7 The,Separable Radial'Potential ».-‘ VY
I In the radial Schrodinger equation U" (r) + (k M)U z(r) =
. ' W,
=& V(r)Uuz(r) , and in the corresponding integra’l equation ‘ .
h v : N
" ’ . ‘ ‘\

it is possible to replace the potential V(r) by°'an_ operator on functions

ES

B

of r: so V(r)le(r{) -beeomes r V(r;S)Uwé‘(s')'giia; " This is the non—loc’el-~ :

[ C
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radial potential.  For such a potential, the thrgé)dimensioqal Schrédinger
equation is .
, h .

- %; v, t) \+

T

ih —i (r t) §7V(r,§)¢(s:,t)d§{

s L >, -
where - r = rr  and lrl =r.

We are especially 1nterested in those potentials N(r, s) which

can be factored as V(r s) Vl(r)Vz(s). Such ‘a; potential is said to be

.separable.

From the integral equatibn for Uml(r) we have (taking V. =y

1 2.
and V(r;s) = V(f)V(s)); a
N |
UL = 2ej G + 2‘; L G, (r,5)V(s)ds: r V@)U, (dq

h ‘ O

‘ + 2— G (t s)V(s)dsIﬁ V(q)Uml(q)dq .
ot o o

‘or

(r

(kr) NI s j ,;»(ké‘)V(?')_,ds

U (r) = 255, (ke) - 2‘“1“‘ nh
wl £ h o

Zmi;k j (kr) N Iﬁ gl)(ks)V(s,ds .
h r -
where

o NG = E V@)U, (g .
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The equation ebnve ig an explicit’ﬁ%lutien for U (ri if N is known
N can be obtained by multiplying the equation for U (r) by . V(r),
integrating over r from zero to-infinity and solving form N. (Singe
V(e) 1s assumed tc be known.) Let nS'eonsider the separable delta
function potential V(r,s) = V(r)V(s) = Vg G(r—a)G(s—a)‘ so

. J\;n : ‘ ; )
V(s)‘= V0 ﬁ(s—a)f In thi ase N = VO le(a). We can evalnate Uml(r)

in two caseﬁn rjé a and r >a to get ' : v
W) = 20, (kr) - 2mizk 3,00V @an (ka)v,  for £ <a,
wl ™ L hZ L 0
o 2mirk (1)
= erl(kr) - ——;3— (k )V U (a) ajl(ka)v0 for —R\> a.

\\»
"~

. If\we set. r = a we can éolve for Uml(a)‘ to getj'

2aj , (ka)

U (a) = - - .
-k 1 + 2mialv? Ko k (ka)h(l)( ka)
0 21 . :
. h : :
B !
Recelfvthat for r > _. »Uul(r) = erl(kr) +_az(w)rhl (kr) .
2mik : 2 .
Hence a (mT#u -5, av, kara)jl(ka)

. ‘ ' - ‘.
N B ' - - _
For ‘the more general separable potential we can still obtain

Ca,(w) = - 2mik N s 3 (EsjV(s)ds- “where N = IO-V(q)U (q)dq .- This
. L L hz ° L o o wl

cﬁ{ transformaticm is of 1nterest because it can be inverted The Spherical

Bessel transform or Hankel transform is- defined by the equations

,g(r)'- /zg. I: jl(kr)f(k?kzdk ,end ‘:f(k) = J: jz(kr)g(r)r?dr .

&
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-

-Thus we can solve for V(s) 1in terms of al(up to obtain
o . ) . ‘ ) A
2 ’
rih o hk kdk
V(r) Ta 3, Ckr) 2( 2n )N 0

-

Thus for the separable potential V(r,s) =:V(r)V(s) we can obtain the

. o )
potential factor V(r) orm q (w) or from the phaSe shifts (k)
: ZIdz(k) '
where e i =14 a (uD As in: the case of a lo&al potential, the

phase shifts for a separab%e pote ial satisfies a cp?f;stency relationshipl

If (k) (1s specified forlall k, all phase shifts '(k)ﬁvare known.

In the case of the separable Potential, unlike the local potential the
expression for V(r) is exact aud not an approximation In‘particular

V(r) can be explicitly determined from the . s-wave phase shift as

1

o, o . ‘ ) } . o .
- ih” 1 sin (kr) hk o
‘\‘ V(r) = m . jo No (k) (lo( Zm)dk .

The usefulness is limited because the dependence of N on k

is not known in general unless V is known

_ If we consider vv(r,s) = Vi(r)VZ(S), where V1 and V. are not

. ) € 2

necessatily the same we have Nz(ko = f? V2(q)Ué2(q)dq, hgith”
..o,' ‘ . - } O'\ i -v " X

- - , o o . o o .'?‘ . .
v g(t) = 2rj (kr) - gi%y— (1)(kr N (k) jr s j'(ks)V~(s)ds}\f\\>' :
LW e 4 T n . >&° ) ? . o

¥ ~h ' r
. ‘ ~ '

and

..
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: v 3
a (w) = = Zm;k N (k) rs .l (ks)V (s)ds , . )
; h o ‘ ,
) ‘ . -
o )
kdk - \C :
1 N (k)

, Suppose»that uz(m) =0 foriall w  and some fixed 2. Then

s

U;E(r) =.2rj2(kf$i since N(k) #‘0 and this would 1mply

0= NR(k) = f“ VZ(Q)U (q)dq =2 {G \Y (r{/i_(kr)dr .
“ This means v (EQ = 0 by the Hankel Transform. Hence for a
non-zero separable potential for. every 2 there exlsts a k for which

62(k) # 0. The only transpatent separable potential is the zero

l“,~

potential.

'Diecdssion of'Tfahspareht Potentials :

o Let us see if there exist any\pggentials V(r, s) so that if we
é;;;ZJ;he equation ) _A

»

. » { .
' o ~2m ' ' B
Uul(r) 2rj£(kr) + .2 Jm Gg(r.s)[Ié V(s,q)UwEﬂq)dq]ds
_ . o - /o o
we get the simple solution U (r) = 2rj (kt) so that' al(w) =.0.

For this to happen we must have

0 = r ¢ (\% FV(s,qm (kq)dq]ds

at least holding for large r (in the region of phase shift measurement)

i
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Since such r > s, where s is in the range of the potential we can,

replace G (r s) "by G (rf’T) irskh(l)(kr)j (ks) ‘Hence we :equire'
0= [m Sjl(kS)If°° V(s,q)qj, (kq)dq]zs . - N ‘
o- - Yo - o

Since this holds .-r all -k by the Hankel transform inversion we ha&?/

) N\ L
0 = I” V(s,q)qu(kq)dq. Again by the Hankel transform inversion O = V(s,q).
o ¢ _ i ‘ ' :

- ) ' ’ ot
Thus there are no noh—zero radially symmetric potentials with dl(k) = 0

for all” k and. any given 2.\\ ' S e ". L 3

r

THEOREM. Let 6(1)(k) ‘be the phase shifts associated with the

. J .
_ potential V( )(r s) and 6( )(k) be the phase shifts associated with
| ( )(t,s) Suppose that for some non-negative integet 0,_ él) (k) = (2)(k
o

for all k > 0. Then V( )(r s)'" V( )(r s). ‘as an.operatot identity on‘

the scattering states.

> . Proof. . For simplicity we write the integfal equations as
operator equations. .  Then - (i{‘
@ e oD o
=j. -+
EUL j G V and
\
o @ _ (2)‘(2) g
v U‘UL Vj2+G£V> U e
, ) I
0 : .
‘Since 5£ ) (2) ve have ail) 52) and hence since.
’ ‘ () Lo o o o o,
S 2wk B
éi. - “19”) W2 J: s jz(ké)bLY(s) U () 148

o

a7y,

-
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in the local potential case,.we simply can'replace V?s)Umz(s) by an
e : v
operator on Uwz in the non-local case and so

J

ey 1) _ (2)
s since : az = uz .
o . ©

j (1) (1) j v(2)y (2)
2 .‘ w£ o L ml
.o o o

‘But the Tntegral 1nvolv1ngv jl can be inverted as usual and hence

v DD @,

.y wl
o

From opr'integtal equations for Uit) and U(z) we get

L | (1) 0@ Lo @M () (@) 3
- o «n mofcafy Uorg =V fb%)fo .

Thus ”Uii) ifUéi) - This means
R

[v(l? 7-v(2)]u£i) = 0. This holdstS.

i

for all m_3 0. Completeness of the radial scattering states (provided,’
(2)

there are no bound states) implies V(l) v : is the zero Operator,

Insofar as the scattering states are concetned, V(;) = v(z).

~An 1mpcttnnt corcllary 6fltnis tesult‘is thet all lnformation
“on needs to know about a radial potential, local or. non—local is .

c ntained in the S wave scattering phase shift 6 (k) This corresbonds
: o the classical case for a radia} notential in 3 dimensions‘where we
found.that the- otential vas\%etetmined by knowing the time delay,: )
ga:(osvg)' for imPaCt baraneter' b =0. Tﬁenhs’ wave phASe shlft is,
given by | | | | -

18 (k) e
e ,o. ,s,81n Gblk) = i-gjo fk(el sin 6d6
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-
and this is the only quantity one actually needs to measure experimentally

Knowlng 335- |£ (9)] only is.not good euough‘ the phase of fk(e) s .

essential.

'The’Foruard.Scattering'Problem

Let us consider the case where £ (6) 0 except in a narrow

' nelghborhood of 8=0. We ask the_guestion: Is it possible to construct

a ;otentihl V(r,s) such that f (6) satlsfles this condition for all
' o4 {

k > 0? The total scatterlng Cross section is ) a(k) = I lfk(e)l
- N ( \

and the solution for £,(8) satisfying this condifion is

"

f. (8) = y/b(k)S(l—cose) e nk.,ZBy the optical theorem,
K oo By theop | \

a(k) = —— Im(f (0)) =7 e = 0. In fact hi is proportional to the

‘narrow width of the "delta function" in some sehse, 'Hence ‘Iﬁ fk(é) = 0.

3

But from
¥ 1T, 18,00 — RO
£,00) =+ :Zo (2e4l)e ™ sin 8y ()P (cos0)
ve get - o L | N N
, ‘)/; . ‘
’ > 1 3 2
4] % L (22+1)s;n»61(k)P2(cgsﬂ)

2=0

for all 6 meaning 6,(k)'= 0. Hence fk(e) =0 ahdso o(k) = 0.

This means the potential V(r s) = 0 by our theorens
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. Three Dimensional Non-Radial and'Non—Local Potential |

In this case the integral equation for the energy eigenfunctions

wm(?) in normalized form is

1 l 2 ikz ‘ : . \‘

b, () = 3= fre L » |

m lklr-—r'l + : N 3+ )
- 3 J V()Y (c")a’r' .
) 27h ,]r-r'l ’ e
The asymptotic beh7vior is
- e 1 m€  1/2, ikz . . eiKT
' ¥ (r) — =— — k- (e +f (r) =) .
w Zn . k r .
; ) i < o h o

The's att@ amplltude is . R o o .‘3

L /2y — U el e Taa
fk(r) = -',kv 7 / 225 ij e_%kr'#\ Y(r')?m(r')d3r' .

h .

Y

S N : -
_For non-local potentials we replace the’ terms V(r )w (r') by the

. operator form me(r ) j v(r ,s)w (s)d s everywhereathey occur:

)

L 3
LA

V(;') is a local potential, that fl(f) will never be identically zero

for all k and t;, This follows from the fact that the three dimens1onal

From the expression for (E) above, it is evident that if -

s

Fourier transform operator is unitary with the full Hilbert space as its

domain.v The Fourier transform. does not send non—zero.functions to zero.

If. V is non—local we can choose V to annihilate the time domain D under

consideration,_ i.e., Vw (r) =0 for all w > 0. Since D ‘is not the.
-~ ' S

[~ 2

entire Hilbert space jf,can make - V zero on D and non—aero on the

a
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orthogonal complement of D. 1In this case f (r) = 0 for a11 k and all

v

£ . This potential ‘operator V which is non—local and’ not radially symmetr:

is said . to be transparent with respect to the time domain D. It is clear

‘that asymptotically at-large 24 (where all experimental measurements are

a5

made) ¢w(r) is the same as' the free particle wavefunction
. v ‘

N

7 £ 1 /me  1/2 ikz
wm(r) _75; N Kk e .

It is also clear ‘thet no scattering cross section will be found

4o _ oF
dq 0*)

and time defay measurement cannot be made since f (r) =0 and j$

7

Ly

cannot be phased Slnce all measurements 1n any experiment are made
out31de the potential region and outside the non—asymptctic regionj6f

-the wavefunction this potential cannot be detected at all. However, all -

_is~notwlost; This non—local potential cannot ‘be spherically symmetric
"~ as we saw, so we simply have to rotate the apparatus, and send incident
. pamticles in at a different angle; fhis amounts to changing the time
. domain from D fto D'. If_’D' is in the non-zero portion of the domain

of the operator v, scattering will occur, and fk(r) will not be
. ’ . - .

oy
5
) -

‘identically‘zero. To get full information about V we may have to send
incident particles in from many different angles. ‘If. 'V maps every
t1me domain D to. zero, V is identically zero on all scattering states.

Any potential can be detected by appropriate scattering.

Suppose V is. transparent with reSpect to D. Then

Vw & ) = 0. Substituting into the integral equation for: ¢ Gt ). we.

v

get S o ‘"
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>y .1 /me 1/2 ikz .
_‘ww(?)‘_ 2n Y h k »e a
which is the free particle energy eigenfunction Thus for a transparent
potential with respect to a time domain D, " the wavefunction is completely

’uninfluenced by the potential even in,she region close to the potential

The general wavefunction with time dependence is -expressed as

T e

/

V(L) = r““’)"’ @ etvt 4
(o)

in terms of its energy dist®dqution. For any (non-transparent) potentiﬁl

o , e
the initial free wavefu'*(;chorresponding to w(r t). before scattéring
w!(?,t) = j“ A(w)¢£(¥)€iwt dw,  has the samevenergy amplitude A(éﬁ? if -

o . o - % . ' o C
. _ ‘ o i% ‘ ,

phased at a point ahead of the scattering region. The magnitudei'are-’

always equal regardless of phasing point

Suppose the operator"

detected by scattering, that is,

moo
o .

its own bound states. We canjproVe’that '

- Since Vw (r) = 0 for all w and all time: domains D for
vthe incident wave packet the scattering amplitude is identically zerogg
and, w (r) = w (r) -in each time domain D!  Hence wa(r) =0 for - 3
‘all w > 0 in each time domain D. Bnt the free enefgy'eiggnfunctions
_w (r), for all time domains; include the exponentials e x for

all k and span the complete Hilbert space. Thus V = 0. This'justifies

|8
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the statement that evéry non-zero potential can be detected

y

by scattering.

Scattering states ig

Recallufhat the integrai equation for tﬂe‘

L o [ ik|T-rr ] '
b, = v @ - -0 I o VEy Gha%
. co Z.Tl'h Izr—r'l R S

-and the scattering amplitude is fk(f).

P ’ ' - ) )
y , ) ) . 2
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CHAPTER XIII o &

—

- THE NARROW WAVE PACKET APPROXIMATION IN ONE DIMENSION

~

Consider a wave packet in é%f\Pimension approaching a potential.

Suppose that the potential is slodly varying and the . wave- packet has nar-

row v .dth which remains narrow for all times at which the (position) wave

K
packet interacts with the potential,.
1 e

Ry y-”\.....f'\

S

~noT lw(x el 2 et .
l%xx,tlllz - r ' V(x) ) -
‘ e \ . )
Motion of § > ol

wave packet

Figure 21

Netrow'Wave Packet o { f

 We assume'that thetSOtential V(x) is essentially constant over the non-

zero syread Ax of the wavefunction- w(x,t) for any fixedr t

. <_x>t "is in the rang f the potential In‘particular'this means we have -

such that'

: transmission only, and no reflection. ThechhrB dinger equation

R § | R
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L . o L e ' -
. . . 4 g o

Qg ,t) Lﬂ.ih————-(x t) + VU(x) Y(x, t) at any fixed time t ‘can be
o~ a v ) . ‘J L . b .
approximated y replacing 'V(x) by the constant V(<x> ) = p(t) The

7
constant quéntial (in x) is accutrate over ‘the narrow region of non—zero

i

¥ in position space. Thus we get the new eqqation

¥
G R .
ki ‘ 2 2 : _ L
: ’ 9x :

—

‘ - '
‘This .time separation of variables gives equations which can be explicitly

solved in general unlike the Schrodinger equation., Take w(x t) =‘X(x)T(t)
. 2 2 -

T . - 2 "
(t) - _ S (P S € 9 I 3
.and get \ip T(e) " p(t) hm‘.ani 5o x(x) " m - w . .Thus _
L ikx . 1 [t . - . | |
X(x) = e ~ and T(t) = exp[- ﬁ-J -p(s)ds - iwt] . The general approxi-

mate solution for Y(x,t) is a superposition of separable solutions, so

that

[

| o T -
. }K(x,t);= ;}: f? (Ad) eMHTINE oy %-f P(s)da] dk .
QW’.-'

-

- o .
: . ikx-in Ers (t ty) 1 ft S
fé ¢ (k, to) e - exp [~ ﬁ“] = PSS)dsl,dk .
o . : ' l ‘ T t .
S . SR 0 A
Recall that p(t). depends on c::\psrzieular wave packet chosen, and ‘that

/ Ax the position spread must be small compared to the range of x over

which significant variations in V(x) occur for thosetimes vtj at Hhich

4<x>t is in the range of the potenttal Also note,that p(t) - V(<x> )



o

Since W(x t) = ~1- r d(k,t) eikx dk we can compare and get
Vz'n Ve _ '
2 . R . ’ .

k ¢ v

-ih — (t-tr.)- t .
0 i

Ao exp[- gf p(s) ds] = .

1 t

e o - 0 o -

$(k,t) = ¢(k t ) e

.,

*% ' Since I(b(k t)|2 is independent of t , we expect this td be. a

high energy appndximation. From t:he t:une dependence he .momentum wave—

funct1on we can get the mmentum transformation kernel. We 2 sume p(s)

is non zero only fo_; S . in some finite intetval, and so tor
t > wfwehave' . : )
-ih — ‘ o

S L (t-t,) ) v »
E bk, t) = ¢(k,t0)‘e 2m 0 exp[- %r p(s) ds] - .

2
]
L _ , : . -ih k?_m (c' “ty)
For any ¢t* , t:o + > ye have/‘ ¢1(k',t ) = ¢(k ,,to) e
. ~ 2 o
SO R o A ‘ R -215; (£'-t) ,
Similarly for any t' , € -'_ +®, we have ¢2(k,t') 4>(k t) e . .

| Ve observe that ¢, (k,t") =r B,.(k,k') ¢ (k',t") dk', and s0 .

2 ' T o 2
~ih 2 (¢* -t) ; A (t'-t ) S
- e(k,t) e Zm - T r B (k") ¢(k',tp) e 2= " dk' . Sub-
L2
. S . v ~1h :Tn' (e to) | i B ; ) |
- stitute  ¢(k,t) = ¢,e) e T expl- s r P(s) ds] to get N\

S 'mlzt_ui(t' to) i o :
_'?(k'.to') e | ‘ ’exp[-__ g[w p(S)dS‘]‘ = I: Bt-.(k.k',.)q)(k'.tq).

4

e Zm ) o dk' . }‘atr_ansuiission only we have
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e

P .
P

B o(k,k") = V2T C(k) §(k-k') . Substitute above and simplify to get
. ) g e - N . P .

if{ :
C(k) = —— exp [——r‘p(S) ds] . ‘ -
Cam o Rl TR R .

momen{, um transformation kernel An the narrow wave packet aphoximatio\ in
- one. ension.' The apptoximation has lead to an odd result. We expect

AC(k) to be . a func;.ion of k but independent of the form of the wave
packet. Actually we find C(k) does not depend on "k but depends on the

functiOn p(s) which is' p(s) = (<x> ) uhich depmds on the average

' momentum of the wave packet that detemines the rate that <x> noves

.through the potential. The subscript k "on pk(s) refers to this

average momentum. : 4 _ | - . : “‘?‘ |
o | .
Let us now decide what type of function to choose for the initial

; momentum wave function 4) (k,t) which has free particle time dependence.

' .:‘We choose the minmum uncertainty product wave packet we derived earlier, -

[,

| 2
~-1/4 (k—<k>) _ ink
(k t) = (21r(Ak) ) exp( i<x> k - (-t ))
RIRY € A(Ak) 2a 'Y \
where o v B ‘_ 2 - : \

£, is the time of nininum spread of position uavefunction

1
<k> - is the mean (average) or expected -olentun (constant in time),
v<x>t‘ - :& the expected position at ti-e t1 N -

- Ak is .the mmentu- spread (a constant 1n tine)

-
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2

The mean (average or expected) eniergy is = <E> 5;-[<k>2 + (Ak)Z]v.

position spread Ax at time t is

The
9
2,5, .2 2
. 2 - 1 0 (Ak) " (e-t))
. (Ax)tv- 2 + 2 * 0
: ' 4(lK)” e T
| :Set‘ t = to in the expression!above for ¢1 .(tO »> —m) and ﬁse
2 ' - |
o - : —ih;c—l;(t-to) t o
d(k,t) = ¢1(k,to) e - exp[- i-f P(s) ds] to get
. : ‘lfm)
/ . (k—<k>) ihkz R .
d(k,t) = (ZW(AR) ) exP(i}<x> T3 (t‘tl) -1i f - p(s)ds) ,.
o ‘1 aa? o e -
- Y
L o= ¢1,(k,'to) exp|[- if 'P(_S) ds}. .

Thus we have the momen tum wavefunction ¢(k t) determined.
Including the dependence of p(s)

s

Qn average~momentum we have

(katy = ¢1(k.t) exp [- &

«2s

t : . ' . :
f - P .(8) ds] . Now let us evaluate <x> =
‘o = ,
ok t

on the function ,¢(k,t) . -We are parqiedlafly in;ereétedlin
" values of %x$' '

that lie in the range of the‘;;tentiél..
X>e ™ | 4 (RO ] ¢(k,0) dk
- x :

oy

]m ¢1(k :)[i ak]¢1(k t)dk + fw f¢ (k t)l % f

(s) ds] dk
¢
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. ; . V _ t 3p -
= <x>":E +2 . (t-t)) r S - exp(—§£<—kiL) [f ‘ (s) ds] dk .
1. " oo/zwrnA '2(Ak) -oo‘ R

We can ihtegtate by parts in this last expression to get

. . L —<k> :
<'x,>'t = <x>£1' f%ﬁo(t—tl) 3 [; /;:;;i) .( ;:A:;(ﬂ )[f Pk(S)fiS]dk "
| | )
THus
' s | , |
5“; x>, = —:; k> + —(—L exp(~ —k<—“>L) W(0)
/T h(Ak) 2(Ak) .

. =E<k>/zr |¢’ (k, t)l2 (____5___) K. ,

This gives the- deviation of '<x'>t" from the free pa‘tticle'case

.

due to the influence of the potential. Recall the expression we der:l:ved
fof expected time delay for a local potential in one dimension. namely

‘ At(k) = M ' ‘Where‘ —(:—Q(-La- iA(k)
, M |c<k)|

Using (k) = —L~"ex15 :f[-.-;-ll— r ‘-pg(s-) ds)] we seeA that .
™ o —0 S .

g _
At(k) = - —— s P, (8) ds .
T 02k o K LANSEE



l'
Let us eitamine

imation to be good. Let:

(i.e. V(x) ==,o for |x

LAY

v
max

©ky = 7 max I—‘ﬂ"—l ).
max

"and'suppose that

erties of the potential

217.

the conditions needed for the narrow wave approx-
us suppose the potential V(x) has range 2a

I >a). Let V = the maximum value of- IV(x)l
, max ka .

1 < : > 0a ini

ko for some vko 0=, ko finite (i.e. take

» Then kD’ 2a , vmax are the three limiting prop-

V(x) we wish to consider.

3

Now let us look at the parameters spec1fying ¢ (k t) and see

“how these/;elate to the conditions of the approximation.

-(1) Momentum spread Ak >0 . £

~ o

(2) Average momentum (<k>)?>:0 . We require (<k>) >> (Ak) since

o the incoming wave packet is assumed to have only positive momenta

contributing in the Superposition.v

(4) Expected posit

\

A (3) Timelbf minjmum spread t; - Weset t. =0 for convenience.

1

ion at tl . 'Heﬁtake7'< x> = 0 . This means the
s 1 ’ :

B

free particle -achieves its.minimum spread at what would normally be- the)

centre of thk potential

- want Ax to be as small

for the potential absent.' This is reasonable. We

as possible in‘the interaction region."

In es.imating the condition,od7the potential V(x) for the Narrow

-~ wave packet approximatiox -0 be good we ignore the effects of the potential

*‘a

itself on the free partic:e vavefunction ¢1(k t) ;‘ We assume that the free AR

minimum value (apploxlur

’of the region -a < x.;

/«

I's

particle wavefunction does very little spreadins. and Ax remai“s at the a

rely) permitted by uncertainty throughout the passage

v A -

a. We also assume that A% << a 'and ' ;v‘ , >

\
-

%

Fa
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ky Ax <<1 , i.e. Ax << min {a , é} and remains so. Recall

. 2 . K

, . 1 " h (Ak)z(c-tl)2 ‘ _ , :
(Ax)t = 5 + 3 - The spread is a minimm at - ¢ =.t; = 0.

4(ak)“  2m , R L
The wave packet centre is at <x>tz = a at time. ty = % . The { -

, o 52 (Ak) 2 t2 ) , : @
controlled spreading condition is — 3 < 7.» OT (Ak) (—)
. _ - 2m" 2(Ak) ™ o

The condition Ax << a means (Ak)a >> 1 . Also ik << 1 comes’ from

k0 Ax << 1 , and of course we had (<k>) >> Ak . Thus

a- 1 1 1 1 . U
a — K< s = = 2 ‘ P

-Ak win {a , k0} d Pl Ak - 'It is eay}see that the
parameters' a, ko, vmax of the potential'itself must satisfy - ko >§
- by applying A (x) | 5 V ax ko to.a triangular potential with height

v at x = 0\ and satisfying V(-a) = V(a) =0, Thus : min{a ; ——} -1 .
max. : . B kT

1 [<c B

Thus =< k0 << Ak < ,7—3— <«< <lt> . Without Ak we have v— < ko << :
<k> . <k> :
‘——a << (<k>) All these inequalities hold if we. merely assume k0<<’ . -

“Since %(kd for any potential we derive (<k>) >> i and hence

\

/ﬂ‘_?_ :.:'<‘(<k>) .. 'I‘hus the only condition we need to impose on’ <k> in -

_-order that the narrow wave pagket approximation be good is ko <<I<§> .

‘In addition to this high energy condition, we must also have the momentun ¢
'spread Ak satisfying ko << Ak < /d;) ... The condition (<k>) > ko a -

: is both necessary and sufficient for the narrow wave packet approximation

to be good. If (<k>) >> kg a simply take Ak = %- and construct "

the free packet (k t) with t, =0 and '<x> =0 according to the
4’1 1 e

formula for the minimum uncertainty momentum vavefunction. In ordet to

insure that the variationsin potential over the range of Ax are snall -
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' 2 2 :
h™<k> . .
———— § .
canpared to the incident ener;y we require w2 Vmax » that 1?,"" do
2 L 2 2 ‘7. . 2
not have h <k> <<V . . 1In fact we require E-& >V - in order to!
. C o L : 2m max _ ‘
construct the ‘classical formula, for pk(t)’ namely
P () = V(y (B))
vhere % L : S : N |
SR = B dy
s , hzkz
. L - o ' - 3p, (v) o
In this case x = 0 when ¢t =0 . Let us evaluate — Y. for consStapt

~ap;(c) i

=3 t . This is given"‘b‘y S = V" (x) ox where x =Y b(t) and t ig
s IS8 B - Tk S 3K RN |

constant. Ftom t = %f —dy . .we differentjate with resPect
S : 0 1 _ 2mvg22' T - c - S .
v v vl L \
.. to k for cqnstént t to get - . ' ‘
E %': aik’ Ix 2k §m3 r ' V()') dy .
: - ‘0 1 - 2mV(x) "h°k ngxz 3/2
: | whd 5% |
“Thus = . R R B .
| ax ehth?/ 2mV(x) 1 2 Jx Wy dy
5 hzkz w22 Joo L2 mvgz |

ni’

- Hence

A
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3P§(t) = -h—t- 1 - 2’“‘2,(;)- v-(x)‘ + 2mV(x) - V(Y) dy ' V (x) .
k -n hk , n? k Mxl -

k)

o , . C . 3p. (1)
) ) _ P
We will consider evaluating !“ [——.p'(t)] dt. . Having evaluated k
) Co R 4o ak k . . 3k
' « ... dt dt o
at constant t, we multiply it by ‘5;-dx Hhere, ax is taken at constant
k and equals - - Hence -‘17—_— dt = E-V (x)_dx + .
- 2mV(x) , . N
B % . ‘
hk
'ZmZV '(x)dx V(y)dy : . ' : -
s 34 3/2 » and so' -
1k ‘ 0,(1 _ ZmV(xz) - _ . o o,
: o B o ‘ ' S
ap, (t) : : ] , f | * ‘ - a
Ny T gk‘ de = -—"'2 v-(x)dxfx __dy ‘ 2m V3(2=)dx r V(y) dy 3!2 .
bk ‘0 ‘1 2m¥g§! ATk | nvgz!
h k ‘v__” ‘ h k

Now integrate both sides. The two terms on the tight hand side can each.
' _be integrated by parts. The linits on x nay be taken as -a to a or
~® to ™

5 In either case V(x) vanishes at boch limits and so - thete are-

no bOundary terms in the part1a1 integrations. Bence

f“ 3Pk(t) dt‘=1— m f?h ' V(x)dx }VZuz fa [V(i)]z di'. '
- K /g |- 2n§§;). | n‘"k’.‘ 2mvgx2 -
‘ Nk c ., X%
. ©m ] ‘ :
From At(k) = - = si-pk(t) dt we get

« Ak -
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'wave paeket‘aﬁprorimarioq is

SO .. e S 221,
~ ' ' . '7”
peGy = B r‘ V) dx 20 r _v@fax -
S B, L) K’ . 2mV(x). 3/2
| 22 B N4
K . Cnk
, .. - 2“‘""")V( )+ 5% V@1’) ax
‘ __m h k : h k
/ . h3k3 -a o ngx )
, ' . ~ w22
_ m2 [a V(x) dx ; O
=73 : 3/2 7%
T e e

Let us 1ook again more closely at the approximarion conditionms, ;

The spreading'condition on Ax in the range of the potentlal was derived

'by replacing the.potential itself by a free particle. We have no idea

7/

- what effect this has on'the‘approximating cbnditions. It turns out that .

2 2 ‘ o ' . ; 2 2

’ v <> T » ‘ :
the condition ~E—§E—— 2V will have to be replaced by ?L:ﬂ§1.>> v .

2m max

The first hint of this appears in the time delay expressioﬁ :

At = —%—3 =) ex 377 Vhich agrees with classical time delay
: h'k™ J-a Q ’Zngx)) : ' ‘ S
: hzk
’ m P gx 2ma 1 ' S o
- At = Eﬁif ’ - " hk_Inm the =3 term of the expansion, but
hiffers in the '—l- rﬁfm. The best way to show the breakdown of the narrow
g ' h2<k 2 - '
wave packet approximation for low energies ~om near V max’ is ro

vconsider rotal energy. Recall rhat the momentum wavefunction in the narrov

s,

t

B Y
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- a

- ’ L t L ‘
bk, t) = ¢l(k,t) exp [- ii-f P (s) ds] . Thee‘expected value of total
-0 . , .\ ‘

2 2 .2 |
‘energy <E> = ;—m [<k>2 + (Ak)2] = B <k . For any

Zm
2,2
2m

ﬁtime t, <BE> =< >+ <V(x)>t +Now
t : .

: v Y

2.2 2 R P S , »
bk, by, 23,2 h . 2 2 B
<. = T e— v
o o2m o 2o f,lq)(k’t)-l_ & = om f Iq’l(k’t)l K dk S

2 2 2 . K .
f
> = <E> = L [<1.;>2 + (Ak)Z] .

I
A

2m . - 2m

- This gives us <V(x)>t' =0 S0 clearly this is not much of a potential.

' : 2_..2 :
: . <k> :
. To give a cons_isten‘%, approximation, :<V(x)>t << T_i__ék_ - For a narrow ,
wave packet <V_(x)>t = V('<x>t) = P<k>(t)_ . The approximation is guaranteed
I Y S . ' _ '
for V <« Ak . Observe that ' T
max . 2m o 7 ‘ )

o 2
p 300k, t) _ WK
ot C2m

¢(k,t) +'p, (t) ¢(k,t)

je
/

is the differential equation satisfied by o(k, t) in the narrow wave'

packet approximation. If we mul/tiply by ¢ (k t) and integrate over K

ve. get .
, e
22 R
, T f@ A ) |
<ih T - 2m : + - | .(k.t)l P (t) dk

= E+ r Iq’(k’t)lz Pk(i)
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E 1is constant, and fw.bl¢(k,tf|2 pk(t) dk << E -,

Like the Born approximation, this is a high energy weak potential

~;%\ approximation and not semi—classical

For a more - complicated semi—classi— )

cal treatment of narrow wave packets see Lebedeff
& _ _ : v
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‘ ; APPENDIX I - A
e R §£ - THE HERMITE EXPANSION' FUNCTIONS ‘ -
. . . 3 4 '
VA 4
e oo ' ' 1 -x2/2
R The Hermite expansion functions are uh(x) = H (x)e

Ve

V 2 n'/ﬂ

* O

: If F represents the Fourier transform operator defired by (Ff)(x)\=

;«?i&

respect. to.the basis .

. L ..n
- matrix with i 1% the

”§SJ

' corresponds to' n = 0 . and not .

L 2

fé f(k)elkxdk " then Fwﬁ =

F

"y and Ffl b= D"y . wicen

2N

is an infinite dimensional diagonal

v “ '\

\nth diagonal’position{ (The initial position

n=1.). Clearly F is a unitary trans-

K \"\‘k
<Ifornation. If'ae tepfe%ent the‘function f(x) = X f ¢ (x) by the .
' ’ S : : n=0"
[£5] '  f57 v
o 7 fl _ N B ifl _ S
“eolumn vector - g | ©» the Fourier transform of f  {s —f - We repre-
: 2. . 2] : '
j: | \ R

{

sent linear operators by infinite dimensional matrices and functions by

column vectors in this system. q& -

.

{

. ‘ . ~ , o o
Some. of the properties of %¢h(x) “are the following. s
' : L
b0 = D%y Go .
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C+ DU =Sy o

n-1

RN

x - ﬁ) wn'(X): = [2(atD) "’_:& L0

s

"“"n'(x.)' =jr21 wn—l<x)_; ":f %—l‘pn-!-lgﬁ) S
-

(x) J[- w (X)<~ o+l n+1(X) >

f: v, 00 ‘llfm(x) dx =6 . o * Y

~

sl

R

If '}‘(x) Z £ w (x) then fn;‘j=.__rf £(x) b (x) dx . Also w

3

. the formal expansibn A

1

. . @ . . ) a .
= ,éQ%&xo} hzo ¢n(x0) wn(;) S 8 .

ikx
e B

R
V2w

DR XCELNSI
n=0 > .

- Summation and Integration Conventions.

f’l‘here are two types of variable used in this anelYSis, dbisc'tete
“and continuous.\, A discrete variable ‘takes on only the values 0,1 ,2_, 3',4,.'..
and a continuous variable takes on any real value. -If a_synibo.l répresenting
a disctete or continuous .varn Sle appears on both sides of an - equation, it
-is understood that the expresslon of equality holds for all allowable values

of the varial’»le. If a discrete variable appears on’ one side of an equation

~
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only it is understood that a sum from ,0 to o is taken omn the term
v‘conta1n1ng this variable. . If a continuous variagﬁgqupears on one side
of an. equatlon only, it is understood that the term containing this

'varlable is 1ntegrated from o to wlth respect to that symbol.

As examples of the above COnven;ions we have -

~N (-1)"y (r)*_= i !P (k) e B
\\\ ‘ 77

SR i () = Loy 0 e .
e = um

fO = £h@  ad £ o= £y 0,

l/'

v

o \ - - L {
- _ : ) anq L oikx - .
8xxy) = ¥, Gigd¥, (9 “end = e gln(k)%%n(x) N

‘. . ) . . . ~.'\ N \\\‘.
. \\‘-
The recursion .expressions for evaluating v, are W
. . n
1/4 2 |

wo (X)

-Vandb. o
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H(E) - 2t Wi(6) + 20 B (6) =0
' %-n or %;(n-l)’
H()= ]

r=0

(-1)F "2t o2

- (n-2r)! ! *

CH'(t) = 2n B (), Hn(k),='2x o (x) - 2(n-1).an2(x) ,41\*

. 2 " H (x) sn ‘ ‘ é - ) ~ e .
- 4+ : . = ' ‘ &
&S 2sx - 2’ ._1 , fw e X H (x) H (x)dx = 2" nlv/m § "y
& ' o ' n m . nm

n=0 n!
. 2 n 2
d (g~ -
Hn(x) - — [ X —-(s~x) 1= (_1)n ex d e7X
s=0
ds dx.
2
- X /2 E d)n -x /2
. = € Ty

3 '-( 2 2 . -
F e m (x) = dx = (., e H (stx)dx = 28)™A

The diffetentiai'equatién f;r',qh(x). can‘bg obtaihed_by .
applying (x +‘j§)(x - ji) and is given by |
_ } 

d ¢y - ’
7+ @atl -y =0 .

al

~

ihe;delta func;ion §(xfgo)_ is giveu by S(X‘XO) Z w (x)w (xo) ..
thomlthis we can show‘that 6(x-xb) is an eigenfunction of. the operator ‘x

r

: vitﬁ eigenvalue x  , that is - xé(x- ) =%, G(xr ) .
: xy % ) -



o . : ' 230.

Proof: R _ -

]

#6(x-x0,

I-IZO G 0 4 S e

. ™ : ,. - v. ‘ : i )
= Z wn(XO)'[\/;.:wn—l(x)'-*. 2 n+1(x)]

—

=Zw<x>fw <x>+2w<0) “’“w O

i o Vel o)J ‘“")* Z ¥a 1“"[ ¥, 00

"r

; “}V - n__z_o i f 2 ll’n+1(xo) + ‘2, u’n_l(xo)]‘pn(x)
a - nzo,[xown(xoi]vwn(x) = x05(xfxo)_ .

. -,
G e -

B2

Notice that the sums above are divergent as they stand and each term is

-

'understood to represent the -kernel k(x X, ) of some operator on a class

of functioﬁ§\which allows the sums to éonverge. -

As a special case of the above result we get xd(x) = 0 . This-

can be used to determine properties of the derivative .of the delta function.f'"

'Aside from the important result
cIal, ;'_'An_ y In) . B

£ ‘(x). (-1) _mf’(xo)é,,(x%x) dx, o

-

A

- where ' [n] denotes nth derivative, we can obtain by differentiating

xﬁ(x) = 0 ,' the e%ation ‘ a s /\
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“"() D %ﬁ_[“ k]() for n Sk

=0 B 7 * for n<k .-
We can use this result to obtain 1nformation about a clqss of
functions we call delspan or general. First of all observe an, important
- analogy about raising and: lowering operators, orthogonal, analytlc and

general ot delspan representations of a functlon (or genera&ized function)

Three olasses of function (operator);expansions are giVen'below.”'

e
- TABLE II -
R FUNCTION EXPANSIONS ~ - ~ . . =\
. . | / : : : ' E “ o o v .. v .
...‘. B P ,. 09 - , ) - B ’* ‘,,t' Gingra_l
s '’ Orthogonal .. Analytic . % or
S T . B v ‘Delspan
. b . ! ! ) ! F o T h ’(!) . ) \;; T ‘ .
Function ‘ o oon o [n}] '
f Y = Y.og :
‘Expansion ~ 00 = nzo ¥y (x) g(x) ﬁgog“x o ng h§ ™

. -

> )
n

v o oL Lt e ) B o [n] 3 co P
Coefficient - - R : 2 -8 (0. B 2 ) ’ .
. v ‘. fn_ B [oof(X) qln(X) dX-_ S g.n : ;.n!, 3 hn ! r-oqxnh(x)h

Inversion

C -

Rafsing e y=slot1l Ly
_ Operator (x - dx)'_"n(’f),- /2gn+1);pn+1(x)_ xx =x  ax 8§ (x)}‘é‘ L (x)
Sperator NG A0 e 0 gl gl



"232.

As an additional teshlt we have the exponential expansions
g L v
fkx o .
e z ‘ ) n .
=0k (k) 17 9 (x)
/2t n=0 © "
: , SRR . S
P X n=0 n
ikx
r z 6[n](k) (S[n] (x) .

" The first two we know already, while the last one is’proved later. ) ;
i
JFourier Transform of 'a General Functiofh

Let "g(x) Z b (S{n](x) be general with expansion coefficietﬁs
© . n=0 P Do . : .

: bm«= %12— r x" g(x)dx . By "function" we really mean linear functional

which maps a linear space S of fnnetions into complex or real numbers. If
hes , . .

8(5) = r é(x)h('x)'dx = 2 D" b;vh'[“_](O) - ‘&‘sca’lar.‘ _
e PR =0 - o S

oot
S

The function space s is the largest one which allows all sums and incegrals
RV - o
to converge vhen a given function is explcitly operated on ftom S . The
& b
tlntegrals and sums representing the operator themselves do not necessatily

-~

' .converge.

N . . - . : .
v - : _ v
NS . .

' Let f 'be the Fourier transformof g , i.e. f = F g .so
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‘ )
, F) = g(x) e gy . |
Thus
1 .
£ (k) =——1—r g UR_x 4,
27 = & a!
1 . °\° " f[n].OIi: a
y V2% n= n=0 A
hence (g L MCD® o S
Hence f" /(0) = ————& | Thyus the Fourier transform of a genetal'
/2w ' . |
function is analytic, and the Fourier transform of an analytic function is
. general. The orthogonal functions -
. } .
V0 = ——— ) e X /2
vznn!/'l? ) ‘ 193
are both_énalytic and general. ' . _ o : .‘J
\ .
,Eﬁpanding an Operator"
. - : T o , .

. . e . oo oo o . . :
‘:Let k(x,y) =A>Z ' z"knmwﬁ(x) wm(y) be the’expansion.of the -

o n=0 m=0
g

gernel of anﬂopefatof .k . If f(y) =:£¥h f w (y) then kf. = g. where
| R ‘ | " , LAY o o
g 8 =»r k(x.y)f(y)dy = Z ( X amip) ¥y (0
» E . ' n,:o m=0 F v

w

Z s,,w(x) R e

n-O
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\
Hence g, = khmfm‘ Hith-summation convention of m'.»wIn fact ﬁsing the

summatlon and 1ntegrat1on conventlons, we can write' the above equations'v

as k(x.y) Kam ¥ 00 0,00 L EGD) = £ 00D L E = £y (S
cB() =g Y (), g =B V() L g =k £ oand g(x) = k(x,y) £0y) -
. " / .
The equation 'g =;khm fm is the matrix representation of g(x) k(x,y)‘
f(y) . The matrl# elements are k = k(x,y) uh(x) wm(y) .  The general

operator equation is kf = g .

Cphsider the ngrapot ‘A, defined by A, = x,i_é%-, i.e., if
g = Aif then g(x) = (x.i-ji)fj. The matrix‘elements are
S et v (o
n —.dx’ "m X
L]
ibls glvgs A+nm = *2m0§n,m-l'.and A-nﬁl= JEH'dn’m+i +  Also
A, (x,y) = ,;.-Z_'o*'ﬁ(nﬂ)' Y0¥ L,
L - . o
A(x,y) = ] Y2y (Y (y) .
IS ‘ . -n=0 T n ‘ n ]

~~ .

Qggrétor Expansion ReIations.,

4 . B

Sﬁppose an operator ‘A .is expaﬁdgﬂfin the form:

' Hov are'thg coéfficients akn‘vrelated;to the matrix,eleﬁgnts‘ Iw Aw ?
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f
-

éan every operator.be expressed in the form shown’above for A ?

i
R

. The simplest separable»operator has the kernel
g(@s m)

(x,y) = ¢ (x) w (y) for some ‘fixed n and m . The matrix elements.
of E(n’m)(X.Y) are Eé: »m) = 5 6 . The operator k wlth matrix k -

can be expanded ‘in terms of the .separable operators as -k = k am (n m)

(n m)

a kernel k(x,y) (x,y) with'summatlon of course. Hence if

nm
-the separable operators can be expanded in the form shown for 'A ’ any
operator can. -The - operator A can be Uritten in the equivalent form Hith

'different coefficients bkn as follows.

N )

. in the form

(t -

Also linear combinations of operators of the form (*) are also of the _

form (*. Similarly linear combinations of (T) type operators are. (1) \LE"

b

type operators.’ Moreover composition of &) type operators are (f) typﬁ

-operators., The operators X and .E%- are both of type (*) and (f)

we can prove that compositions of * type operators are (*) type operators
then we know all (1) operators are  (*) operators since every (f) operator
'is built up of compositions and linear combination of x and 3%- whicho

gare (*) operators. It, is enough to prove that (x + ——-Xx —.——0 is of

As

t o e ———
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type (¥). But as operators (x + ——)(x - ——0 = (x - ——9(x +-——) + 2 and
both: ‘operators on the right hand side are of type (». Hence operators of

type (*) and type (1) are equivalent.‘.
First of all, observe that 92

y ' . d ’ /2 o
1 | (x + E;)n wm(x) = 2" m-n)' w ’

/2 [(pHOT S
2 /%—4wwk(x) ,

. - o -
a4 -4 d- _ n+ky2 Jm'(m—n+k)' o
b P s D+ Ly (0 4 ey T Y -
&E?.é%’y S .
- Hence fkongk), | /////f//l ‘ .‘ryj
) | | B
‘ ; ST © o .
o , _ h+ky/ /m’(m—n+k)
AT A‘?mS‘X) =11 Pn 2 (@)t m—n+k‘ )

i ) : _ _
L ) . . BNCS
Any’}erm in the 'sum for which n>m  is zero, since in that case o

o .
' (x + ——) ¢ (x) =0 .  We can recognize this by the appearance of a nega-

tive argument 1n the factorial. Changing the summation indices we have .

A}

ER o ok . . . o
ol ) k+(m—2Y2 Jm'l'
MW= F Jo» g2 oo Y (x) .
AN kk "k, k-2 B € 5 D¢
Now let us see what coefficients in the sum contribute to wz(x) or _ -

some rixed £ . Since k < 2 < whk for a contribution, we have‘

max{O l—m} <k < 2 Thus,_ g
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y _y P 1
M 220 k=max {0 2—m}bk’m+k‘1 2 (l”k)3)w“(x)
- = z A ‘P (x) e
a 2=0 fm L
. a
where ™

, rlr»/ T |
Ay = b kt(m-2Y2  Ymigy L
o k=max{g.l-m} vk’m+kb2'2 (Z-k)! - (1)

From (1) vé sSee

K = 22 o ‘ (2)

Om 0,m

Hence. from (2) we can get b.  for all m from ﬂ' . - The resulﬁ is
: - 0,m . - 0m T : :

o -m/2 -1/2 .
bo,m,= AOm‘Z | “(m!) 777 . Taking % = 1 in'(l)-ge get
S L1/2
Ao =by,02
. (m-1y2 ) 1+(m-1¥2 o
Al'm - bO,nrl pa A;?‘f bl,m,Z‘ . - vml o m2 1. (3)
‘We can solve'(3) to get ' \“% 
P B -1/2
SRR T T U
2-mm)"/?. ,
b, = S (A, - vVmA_. ) for .m >1 .,
. 1lm V/ll: ‘ S lm . O,m—lv | -
- We' can repeat this for £ = 2,3, etc., in uence in (1). Hence it is

' 91eaf that (l)lcap be_iqvetted:ahd bkn can be gxpréssgd@%p'terms of Alm .

’
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* 'Hence every operator is of the form (*) oxr (1). - } 3{
. : . ’ A,
Usefulness of the Operator Representation -
. o . K d ' . . . i
Let A = Z Z a X (-—-)n be an arbitrary operator. This
. kn dx e} :
k=0 n=0
&

form lfor‘ A . 1is usefnl since it transforms analytic‘ functions to analytic

2,

' functmns and generdl functlons to general functions. Let

f(x) = n = ‘and g(x) = z b 6[ ](x) be an analytic and general
m=0 3 _ - m=0 ' )
function resp'eetively.' Then (Af) (x) = Z ( ): E Lqﬂ:-&)x?
- AR p—O n=0 Q‘O q+n P~q,n q: . \
o © .-1"v - o
and  (Ag) (x) = I« Z Z a,_ (- 1)k _&k)_ by ) 5["](;;,) provided that

p=0 k=0 n=0

the sum ,representlng- the" internal coefficient converges.

| ° kg |
Exaggle: Z n! =,e " for constant k is the shife .

operator (Dkf) (x) = f(vx+k) expanded in the form above for A . In this

. . : - ‘ : e
case a' =— ad a =0 for m > 1 - We can define ’I‘k by .
On n! . mn :

(ka) (x) f(x+k) for any function f defined for all real numbers, diffet-‘-‘ o

entlable or not. . DX and Tk agree on the domain of DK , but ¢ is an
e:g;tension.‘of , D 1n a [very natural sense. Since- the domain of D .
_mcludes 011 polynomials, the functions, é.ip_x for ali real p and
‘d!n(x) for n =0, 1 2 3,... . which are examples of complete sets, we refer‘{
to D as the shift operator, and the expansion as holding in general even
”though certain 1nfinite linear combinations or integral superpositions of
these complete sets of functions may lead to a function for which D is

“mot: properly defined ‘or. is divergent.-
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[

. 1d.
3 The Operator Y(dx) “
h
 One type of linear operator is function multiplication where
~f(x) 1is transformed to Y(x) f(x) {’ Another very special type of opera-

tor is a function of j% of the ﬁbrm 'Y( ) . If Y(y) = z d y ' then'
o . n= 0

0.
_Y(gg)'= '2 dn(ég)n which is of the standard form (T) without powar terms
. , F : _k K
in . x. D is an example of this type of operator, ﬁhere D e . .
The function (y) is -ik{_. Instead of expanding - Y(y) in powers of
y » we might try expanding it in a Fourier series of functions ”e-iky {
, - :

that is
Y(y) = = r Ak) e N g
_ 2n e

-. Then. . S
‘ ) . - i

(i —) —l—r (k). dk DX,

Hence‘

Y(i %) f(x) = Lr Ak) dk f(xtk) .
‘ S c 271 ) L .
L f . Wt ;
This explains how the general opéfator of the form y(i ;L

‘ Horks.' It transfo;hs f(x) to ‘a linear combination of shifted forms of
i through k namely f(x+k) » and the coefficient of f(x+k) in the

superposition 18 A(k) the fourier transform of . Y, namely _
L NP iky .
/ . o A(k‘)=‘“‘r Y ™Y gy . '
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Expanding _eikx as a Ceneral Function. : : {';l

. R v ! n - .
- Recall " g(x) = Z b 5[n](x) -where bn = <_1) fm xpg(x) dx .

n=0

: . kx - : -1 r"’ ik \
Taking g(x) = ei we get b = £n x" e X dx . Thus \\
. : L n n! o0 : N

. n , . . 'm‘ n‘ - L .
‘b= i"—-2‘nrc§[n](k) . This gives 'eikx = 27 -z 1'—-('i!znl(k) G[P](x) - Thus .
n n! ' B =o,n! ] , . - -
we can  expand the,kernel of the Fourier'transform operator as
ikx ' B3 n . 1 o j
== ] Lsllggell g ()
g m! ; ;

SRR
and. .
e _ Z‘w(k)x VY (x)
/z_n n~o n

. ‘ . -

It 1s important to remember that (4) is an operator equation and not a
converging sum of nuombers.  In order to verify completeness of “the general
function expanSion, it is enough to verify equation (4) This 1is done by

show1ng/that for functions a(k) 'anQ. b(x)‘we have’

<o N

n=0

'S

™ am)b(x d’xdk} 3 }l,—r a(k) § Ff?](k)'alé,r b9 677 (x) ax. )
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»
1

In turn, it is Sufficlent to verify this equation holds when

the functions ‘a(k) and b(x). are basis functions from a complete set,

eipﬁ -1qx

-since thevequation is ‘linear. We choose a(k) = ,and b(x) = e .

IZ3

The “left_hand side is . Lo ;
fm [ oikx 1Pk -iqx, 4 dk = fm G(k—q)e L elpd -
_Q .o

The right hand side'is -~ -~ . o : SRR

I

e it e ipk | S ® m NI
' Zo,, 2 F P T‘”(k)dkr : -iax glnl x)dx = § i—.— DM g™
n= —o . | —oo _ S o m=0""" - ‘
‘., . o« n ‘. B .
ot g " - z i (pq)n - equ .

A

s n
, . 0

- Expanding ‘l’n:(x)- as a Genler‘ail ‘Function

L L 2 . - )
Let \l/n.(x‘) = —31 H X /2 2 B(n) k , _where-Blgn)
. ' znn!ﬁ - k"O o | ' - .

, are the expansion coefficients in a’ power series. Recali‘that the Fourier

transform of. xk is /2n le](x) . and the Fourier transform of ¢ (x)

is 19 ¢r(x) . ﬁeﬂce i w (x) = Z B(n) M? 6[k]( ) ' Thgs the |
. . *80 . .
expansion of w (x) as. a general function is
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N

< RO B(“) -0 o7 skl |
o | .

N,

- But the cqeffi_éient in the expansion of a general function is always given

. in terms of the integral of the expanded function.’ Using ﬁhis formula we

s
ez

- get,
S L3 PPN .
V- 7(0) _ P
Blin) = 2 k! ,-, ( 1) r ggéx) dx .
) T J 2 k! -
f
Fractional Differentiation
For a>0 we seek to define D f(x) such tﬁat
. n ‘
p° £() = £ and . DY £(x) . S 1,2,3,... . Suppose
X o dxn4 ) ‘ ; h ..
.1 ikx . . ; ' o : \
f(x) ="——, (k) e . , '(integration convention). Then set ; >
V2% e S . . ) 7 . :
. Lo S Coe -
D: f(x) =}~ (ik),-a‘g(k) ei'kx . Observe that D: is a' linear operator. -
< 2m S ’ e .
- We take .(ik)a = a(hlkl + i “/2 sen k) . Then D s_atiSfie_s"the
requlred condltions for fractional differentiatioy We have <

D tp (x) = ¢n2(a) lpl(x)‘ with summatin*». for some ’¢n2(a) . By fraction-
ally differentiating the'Fo_ull'ier' trans .a of llJ'.('x)_ and using the proper-

ties of ¥ e eventually get ¢ () = (1k)“ s-a wn(k)‘ws(k) S T

e o
£(x) = £ w (x) we get Dy £(x) = £ (ik) D% ¥ (&) =— , or ftou this,
, P rom Bk
- ik(x-t) - e
’ D E(x) = f(t)(ik) = f(t) n 6(:»:) Observe that summation

'21r
and int:egration conventions apply. throughouc. s
‘ . .0 .

19
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. N

Thes Fundamental Coefficients

Assume summation and integration conventions apply.» Def’ine >
2ke = Yy (x+h) Yo (h) ¥, (x) and Y ake, = Y (X) V(X ¥ () . 'I'hen, ’
'I"n"‘“‘? Bokt Vo0 B G0 and b (x) = V) Yy (x)  and
Yoeg ¥ wk(y) = G(x-y) wz(x) .

T ;

/ ‘By Fourier transforming w (x+H) = KA "’z(h) q; (x) with ‘

respect to . x for fixed h we can show that

/z? ok

2k Ynk?. -



APRFNDIX I

THE FRACTIONAL FOURIER TRANSFORM

A

:Jk Recall that from Appendix I some properties of the Hermite
Expan31on Functions are:

v
~~ hd

Cy 2
) = —t—H (0 e X 2

= /_ e (x - _dx)wn‘(x) V2 (T—l) ,wn
2 nl

+1 (x) ,

w

am :

, ¥ ' | . ikx
| VY (x) a&x=86 e _ Y0 1" Y (k)
R fj; ot m e _» : / o ngo n n

2 w (x)npzcy) 6(x-y) MW =—1—r ¥ (el 4
n=0 : , i -0

G DN = Ry )

) . s . - . : : N - I
TR [

The Fractional Fourier Traﬁéform;operécor is defined by the matrix

L 0 . Lv s L)
R N . . . . o N
e ’ ; ) - .

o - 244 -
. : o
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ola T 0
. . Q21 S
- N . 3i(l ag
, & . e - g
- dia. -
B el
0 .

and has the‘kernelﬁ ka(x,y) = Z w (x) e w (y) eIn thisfsection‘we’
v - n=0 . ,
- shall study this operator ka .and find an explicit expression for the
kernel k (x,y) . Observe ‘that k (x,y) = kaﬂ (x y) = G(x—y) dnd

\.

\ o Glxy _‘e—ixy SR
f: Ky (x,) kg(y,2)dy = Kk, o(x,2) -

b

He let' ku be the operator corresponding to the kernel ‘k (x,y)

k is the Fractional Fourier transfqrm Operator. kTr

o /2 is the connentional

Fourier transform Operator, and k3"/2

: is its inverse.’

o ) : S 5 5 SRR -‘Vdg.
Ler us apply operators ‘(x‘+ 5;) and (x'— 5;) co kd(x,y) .

- We get o : | ' |
(x + —-—) ku(x.y) = Z v2n w (X) e lb (y) W

ns

W

3 3 o ein .
(=300 + Y = ey ) ‘,,'ei.:.m ) oo

. PO

D

ez Z nwx)w » e C o
. m=0
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v

This series is divergent, but ‘we are to understand that the
functions f to be transformed by this kernel are such that the coeffi-

cients fn fm f(x) w (x) dx. satisfy the condition that Z n w (x) f
. —o . n=0

v
3

V'%? a convergent series. Similarly

(xy)— X nw(x)w(we .
n=0 o

Thﬁs —21<—— E////;x T I ) (x + ——) k . Also ka(x,y) = ka(y,x) and -

3 oy o
ai)(x-!———)k = (2 -k, - axg‘=-21-é-& a » 90
\ - : ‘
sza ’ ;
) (x*=1)k —2—- = -2i 3o k(l . )

Let us consider the logarithm of the operator k . It is defined by
ko-1

“logk = lim -2 Grere 7 is the identity. It is given by -
- a0 h T ‘ . o

‘ y o . . . . . ' ‘ ‘ . . . ) ‘ »
log ka.; )) Yy, (x) ina ¥,(¥) , and has as a matrix the diagonal form
_ L phy te . , _ o
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38 (kB) =’ [(x “Dkg. —E] - Evaluating at 8

T

=0 gives

‘ . . 2 )
9 1 - 1,2 ey _ 96
-3—3_(k3)|3=.0 =72 D8y 2 =] .
- . : ' |
' Hence
1o | = a 1"[.(xz-l)G( - )'-'ai (x- ]-
og %' - 2 x-y 2 X Y) .
- : Ix’ :
We can obtain lt:(1 by exponenfiacing
. . e '(1°é‘ ka)n
ku. = exp (log ka) = AT
Lo B n=0 ) ‘
: ’ | T2 3%s a
i o o - G- S(x-y) - 3 (x=9)]
. 2 , n! ’
SR 2
where [(xz-i)5(x'y) - a_é' (x-9)1"

!

indicates n- Fold kernel composition
Bx :
13 ) N H

He obsetve that [(x -1)6(x y) ——6-&111 = G(x—y) and

2, 2
[ -1)6(x—y) - a— <x—y) 1l - 2 "D8x-y) - 5 ey .

X Bx
S s ‘
-The Opetaﬁot‘ (x -1) 6(x—y) -3 (x-y) = A transforms functions as follows
3

x? S
)_f. o : .

S e 2 ’
Af(x)'?r [(yz-l)'é(y—,:é) -—-g g (y-x)] £(y) dy =

- '(xzv-l_)f(x) - f"(x3 = (x - ﬁ)(x +\dix‘) £&) .
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Therefore, A = (x - —)(x + d_i - This gives a new expression for ky
[ : ’ . . ’

namely

C ’ g ., d,.n
| @ x - +-0]
. , ai.n . dx dx
=1 .

]
. n.:
n=0 : S

as an operator on functions, rather than as a kernel. Also note that the

operator ﬂlog k,,‘ is.'_given by | log ka. u.i (x - x)(:& + -‘%—) . Let.us
. B | I 1B o
apply the operator . log ka. to -the funct:iox_x . I§ we do so we
| ai 2 2 . ePX S
obtain 5 (x"48,-1) .. Hence we see 'that
' : V27 - »
‘ : . iBx L s iBx .
G-Per D e gty e
. . . ) N ’21'_ . ) l, . *,2"- s
Mso .
oAy a2l 5 5, iBx e18x 2e13"
[(x-&-)(x4"&‘)]' — = (x"+8°-1) - Ide -
L dx’ AT S fm - 55 o
. 4 ‘ d n e:"Bx ‘ S o :
Evaluation of [(x - E-x—) (x + '-d—x.)} .~ would make possible the determina-

2w v, ;o
o . ein - -
“tion of k. ( ) .
_ B -
Ah alte,rné,tive vay of writing k is
. s T e

v B K ka = exp(a—zi- (x - -;;)(x'l-xd)) .

\)\One can see that this is representable in the’ fom

-
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=)

.

I v (@« el

0 m=0 _ ‘ ' ‘ ' t€%§$ S
v /// _ _ e : .
. ,9 .

/

kaf(i) =
n

At~

~

'since A" f(x) consists of a sum of terms involving derivatives of £(x)
1] .
Uhere coefficients are polynomials in x . Alternatlvely, as a kernel

@ (- -]

k (x,y) =) Z yhm(a) x Gln] (x~y) .

n=0 m=0

Let us determine yhm(O) .

Sy = 1Y Y a0 x gl Yy .

n=0 m=0

Thus Yég) = 1 and Ynm(O) = 0 for ' n #rO or m# Q0 .

Now n%
kGoy) = I Ty (@ s ](x—y) :
- n=0 n=0

: R U , @ ka o

Let us apply the relation (x“-1)k_ - — = —2iu§— k  to this expression

. - u ot e o S0 BERRH
:and'collect coefficients of xm'G[n] (x~y)». Observe that Y (a) =0 for
‘n . or m less than 0 ; We get Y a2 (@ - Yo, (G) - (m+2)(m+1)Y m+2(a)
'2(,"3’*1)Yn-1, L GO (a) -21 o Yo (a)

e i
A'SOlVing thésevooupled differentinl equationsvof first ordér'giﬁes |

an alternative method for expressing the fractional-Fouriér'transform kernel.

In order to obtain an explicit expression for the fractional

Fburier transform kern&l we introduce the - B operators. ”Bx operates:
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| & & %{ -
1 {\‘ s ','37 A “ “\,5,“;‘
= cLoT A # X . N, 5 . &:%’
" on functions of X \g&according to the real para Ste "«'5! Fe s defined bjr

o

. g : o ;"
Sa\k (x,y) yk (x,y) . Thus k (x-,y) ‘as a function of if., \.,,' y as a

parameter is an eigenfunction of B fwith eigenvalue y . B> isa

‘Hermitian operator, with a spectrum con‘sisti,ng of all real numbers. B »

! Examgiés£ ’ Bx = x | since x8(x-y) = _y‘G(x,-y‘o)
, ‘ i S ixy
B“/Z = -i ﬁ since ~-i ?(;—" E— = y £ .

X ' 27 vz
B: = fx .since ‘-xG(x-Py‘) = yS(xty) .

: : '-‘i_xy ixy

BBN/Z = ic;ix ° since i E‘:_: (e —)=y = .
x . v : V27 21

Y

From the exampiés above, we mivg'ht:'. spe_cihlate that - B: = (cos a)x - i(sin a)f;.
Let us check this result. We know that k (x,y) = Z \b (x) ei_naw (y) and

that  xy_(x) =/§i b1+ E;—l llJn_,_l(x) and dx v, (x) “f

+ - - . a 4 ‘.
n+l wn‘l-l( X) . We must prove Bx. k,(x,y) =y ka(x,y) . -“e,get.‘ }

‘B'S:ka(x’y)v [(_co‘s a)x‘ - i(sinq) &] Z ¥, (x) e ¢' ()')

I

z b (e “{cos a{fw N +/“* wﬂ(x)l

-isma[/—wl /—_1 H(m

Z ‘P (y)ei(n l)a ‘P (x) ¥ 2 IP (y )ei(n+1)a n+1

‘pn+1

o~
Yo
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'_,(,
Qo -

V-
Z Yorr O ine o w(x) + Z A l(y)e j_w(x)

m_ -
ina n+
nz Yy (x)e [/_w 1+ Vo T

<
I

y k,(x,y)

This proves that indeed the expres%ion
‘ S

- - .4
= (cos a)x i(sin a) ax

" is correct.

Now that we havé’ the explicit expression for B ,‘iet us search
for eigenfunctions of B - with real eigenvalue X . This is the key to
_ obtaining an explcit expression for ka(x‘;y)v . From B f(x) )\f(x) ‘ve

get (cos a)x f(x) —‘.ji('s'in a) -:—: (x) = Af(x) . Thus

_Q\—xcosa) dx
sin a -

‘ .

_cﬁ i(A - x cos a)

dx sin a-

f(x) or (—i%— =

Integrate to get »
. . , . . 2

iAx - i = cos Q
1o f=— 2 + constant.
g ’ sin o

R

Thus fﬂ(x)f Ae (ﬂx - i(x /Z)COS a)lsin a Alternatively, for A =1y ,

iyx - 1 7 cos a]

k (x,}') = A(y,a) exp[ Since 'ka(x,y) = ka(y,x) we

sin. a
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ixy—iJ—lcosa

sin a ] - It only refnains to

have k (x,y) = B(C!) exp[

0 ‘ ' ’
determine B(®) . This can be found as a normalization factor since the

operator ‘ka. must preserve norm. Alternatively, ka. 4)0 = lpo for all a

‘ 2 2 ; R 2.

=X [2 -x /2 ' B 2.r =y f20
so that ka. e = e / » l.e., e ', = . ka(x,y) e .y / -dy . Apply-
‘ing this condition we deter. ine B(a) from

red

‘ ' 2. 2 - , :
_2/2 : ixy - i(iziz-cosa 2
e X142 B(a) r exp| : - y—-] dy .

‘sin a. 2
D .
. . 2
Observe that B(g) =—1—- . Also §(x) = 1im B(a) exp [:%"] » and
B3 = —= . We have

2n

smq..

“ —x2/2' : ixy - i _i'l_l cos a 2 .
e = B(a) [m._exp , : “’%F' dy .

%rgtﬁnent: of exp in integral is -

<
ix - _iizcosa;ico!'a 2
sina”’” 2 sing Zsma?l 2
=2[_1_icosd]+[ixl“i#2cosa
y1=32 2 sina’ T Yl o 2 sin o
___'2[‘ e-,-ia']‘+ [ ix]_ixzk'cosa o ' T
y‘2i sin o ysina :’2 sin o . ‘ o
o - T - R %
-ig ' sl R
- e 2 - xeloy 42 elay s
“Zisimng Y er;(yi-gg_cos ae ]
o _ o 3

__e T(voxai®2 | 2 .2ig 2 ia
TZislng (07 )7 - e 4 x" cos a )
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. € |
: ia
71 sin G [(y - xe")° - ix‘ e sin ‘d]
]/ el
Tl ( a’z i
21 sin o Y T Xe 2 ) A
Subsitvuti’ng back into the integral we get
' : : -ia ia,2 ’
‘ : - : e (y-xe )
3 . 1 -‘B(u.) E exp |[ 7 1sin o ]l dy .

?

. The '_'x shift’ in the integral has no- effect on the infinite limlts because

, —-y2 _
‘of the decay of e y /? and hence we can drop the x term (or setv x=0).

-

) 1. - . .
) 1 = B(o) r exp[—(2i cot a + %)yz] dy .

~Thds L

- 7"&- ‘. . 5 + l‘ | .
w7 1= B(w) r exp[-«l—] dy = B(%) /2T ' ARSI
R . . ’ -0 g b B ) : -
. ﬁf‘ '." o ' . [T ¥1cot o
re B=1+1 cot . This means B(a) = + T . We choose
‘the branch of the square root that is con51stent with . B(-—) =‘B(—2-) = .
, , 24
Fo T+ 1 cot @ : | p ’ '
.- Thus B(a) = *-—-——2%———— This determines the kemel k (x,y). - explicitly
as

o - | - _iy___ |
- Kk ( ') - /L +1 cot a‘ex ixy i cos a
aX0¥) 3 2m SXP _ sina _ .

The complex sSquare root taken in the one with posi_ti\}e real part.
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PARTlCLES UNDER THE INFLUENCE OF A POTENTIAL (HARME)N'IC OSC‘ILLA"IDR);
. ) ’ 5 . B o .
We shall consider particles in one dilnensxon under the influenee
‘of a potentlal and w111 solve the prob‘,\em completely for one“3 special case

(the harmonic oscillator) _ . DU N

O

Consider the equation

) VY . ).

.

where _th.e potmtiéi«,_‘_" V(x) is independent of t . This is the general
Schrodlnger equatlon which determines the time dependence of the position

v

'wavefuncq%n Ylx,t). for a particle in ‘one dimensmn under the influence of

a pot%iaké V(x), . .' -

R
ng(

"L

[y

i.eej take w(x,t) = X(x)T(t) fJ Then

EN
- . . -

L T2 R
in X(x)T(t)‘=~-'EE*XV(X)TKt) + V() X() T(t) .

Dividing by X(x)T(t) gives -

i i
. T T X

2— . V(“x)

for all x and ¢t . Hence the. left and right hand sides are Senarately '

constant. Thus - . A
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i o _s_”(x,

' TR | 2m  X(x) -

Hence we get 'I‘(t)‘cxe-ﬂ':t/tl . To obtain ‘X(i) wve mnstvsolve~
2 ‘ L

- ;‘_m X" (x) + V(x)x(x) EX(x) : Ce o | (2).

<
s

Depending on the nature of-the potential V. solutions may be found for
.various}values of E . The values of E for which solutions exist may
be discrete or continuous. ﬁfor the free particle we. saw ‘that a coritinuous

spectrum of positive E values was possible. _For the harmonlc oscillator,

on the other hand ve shall see that V(x) = %—mmzxz‘ restricts E to be of-

the form E = (n+—)‘bm . 0,1,2,-3,_.,.

r

- \

Let i {E ,aeA} denote the set of E values for which solutions

to (2) exisf --and let XE (x) denote the corresponding solut1ons to (2).‘

a - -,

Th'e‘n_"- S . xi :
‘ . : -1 Eag.
e 5o\ ~h
X. (x) T. (t) = (x) e
E . :
| By B D TR
is a solution to (1) for each a € A The most' general solution to (1)

vthat can be constructed by this method is a linear combination of these

'solutions, so

: - B e

S -1 ‘;;- ' . . S
w w(xc)--ZAx(x)e e
| A SRy
.

" where 'Ao‘ are some numerical coefficients,‘

A
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Harmonic.QOscillator ) ‘ &

" Take V(x) = %mwzxz . Then for' A =.{0,l,2,3~,4,....} we have
o 1, . | R
En = (n + Z)N‘i and -

.v ~ S ‘ : ) B —m
@ =B @ ere g - B
and ﬂn(x) are the Hermite expénsion functions defined by
AT s s
2 n'J_ '

/for an arbitrary dimenéionless ‘real variable Y . Hence we can solve (1)

completely. for the Harmonlc osc~1llator, The solution is

| -i(n + —)wt

Y(x,t) = X A B (sx)e T .

n=0
This is the /positmn wavefunction for the harmonic oscillator. The coeffi-
/\_/ .
cients An are to be determined for any specific wavefunction P(x,t) ..
First of all we write X (x) v’—‘tr (Bx) and realize that these functions

‘are orthonormal . Thus

”~

= i@+ by

4 W(Xt)—z AX(x)e .
o , : n=0" -
Hence ' _
%
Cw -i(n + —)wto
V(x, ) ZO'IA e 1 X () -
n= L) .



i+ P, _ o8
so that A e . v L= fm Y(x,t.) X (x) dx . Therefore
o n o 0" “n o

\

‘  i(n + %)lwcor . o
K Ah =e fm 'w(;,to)X£(x){dx .
) [} R . —u) , B ‘
Hence
~i(n + 2)w(t:— o) - _
V(x,t) = Z X L (X) e fm Vx,£0)X (x)dx
A e ‘o G
. - ‘0o . R ~i(n + -:]Z;‘)u)(t—to) _ .
= fm w(X,to) ('Z-.xh(x)xh(X) e ) dx .
o . n=0 : : . - '
o N ' : _ . v o7 S
. This determines the‘wavefunction P(x,t) . for all t given' its value at
to . .
o )

We have that An f” W(x O)X (x)dx so Ah are the Fourier

coefficients of. w(x 0) vith respect to the orthonormal ba51s Xh(;)v:

Thus. we may simply write g

Cow

R

Veae) = ] AX (e 2 BRSEEN & )}
' n=0 no :

N

o

’laﬁd derive‘all ureuerties from eqiation (3);
@ ‘From the pOSition wavefunction for a*ﬁarmonic osc1llator (equa-
tion (3)) we vish to derive some expectation values. Observe that A
are cfmplex numbers but that Xﬁ(x) are real valued functlons. ‘Also

qbserve.that,normalizatiou'

L

r Vooe)]? ax =1 smplies § a 2.
. L] . 'm . : . '/\ . ngo . . -

»
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. L i

Expectation values to be considered are

. - 2 .2 . -
L 2 3 A &
<x> 5 <x°> <- —_— e — . .
X2e o ‘.‘x t ih ot " %m 3x2 > .

To do this we must recall some properbies of the Hermite Expansién Func-—’

tions . Notice that ’ : oo ’ , °
C o Bx)m (Bx) -
XX ) =BT (Bx) s — B |
A o | B :
IR E 1 /o. [ot1
PN L= = [\/'; -1 (Bx) /5T (Bx))
A . - -+l
T B . Ca S
S ‘/E n .. N n+1:. : :
) . T F [\/Z:vn—l(_e?(.) +/T‘"n+1(81x‘)'] >
so N S o
| X0 =21 Bx o+ /B o0 W
X B "V2 "n-17 2 “nt1*V T _
Also -
. ' - | % |
3 __ n ' n+} - ,
P x?‘(‘X) =Bl /3 X _1() - [ Xl .. -~ (5)

_Also

X (x) = X (x) B

_ =—[\/-xxl(x)+Pxx+l(x)]'.

L = <f’_ 2(x) +/; xn'(;))
/;"'_1 (;)(f"'—x ) +F +2(xm
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= _%;[lﬂiglll (x) + _.x (x) 4+ Tl X (x) + _lzilliﬂiZZ. +é( )]
8° _ - | 2

so
.2 .1 a@D 2n+1 /(or1) (2t 2)
ek Sl R x4 S S WPLCC) B
".{y s ) ' . » . V o
‘Hence

23

x X (x) = -——-[Vn(n -1) X 2(x) + (2n+l)X (x) + V(n+1)(n+2) X +2(x)] (

[ _,:
- e B

X (x) . i, R
—n_ _ _.;_nil
r 2" {3[[ (x) / > Xn_’_l(‘x.)?]’}:_j.... SRE
X a A ‘ e . N
Y SN . ) S s : ( )
N 2‘3x n 1 x ak n+I x
so Fa ‘@
2 . f! ~ "‘(..‘.‘ . N ( ."“ )
B! <ok - .o j .. ;./-
] Xn(x) 82 :

T T D ST RO el - 0

Tb get <x> we take | <x> \f: ] (x t)fo; t) dx and substitute from’
(3)@(}(6) : - /‘”
N
~,

L : i(m + ;)wt: * oo | -i(n + %)mt
T <x> é”fm 2 A X (x) e Ix[ Z A X (x) e oot ) dx
t » , .
J—o =0 - o :

T A e e

=0 n=0 ? n
o | 1( r‘x)mtlw “ L oL
= mgo nZé Ah Ah ‘ [_ 2 <Sm n-1 +, 2 6m,n+1] -
N ‘;Q_ﬁ S ’ o s
RS . s
; O . '
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-
Hence
‘:A,.M. 'A, <i>- = —2— ‘E Re(A* A e-Mt) _Il_'f'l - C. . (8)
g L g B 2o n o+l 2 : _ ,
e T " n= T s .
N I '
: . L 5
: Sin;il;rly,’ one_vob‘tains fg% as
<> = 24 E I (A" A ¢ ity fotl - (9)
ax t nio @ fan ~ 2 & 2},
F = -th 2= we see that
or P = -ih o= we see that - R
+ , '
w8 T 1 cata oot fol
P L LA, L
- n=0 - ) ‘ ’
We n§w consider eva]_uaﬁf.inﬁ:z)t +. A similar calculation to the oRe
_-above shows that 5
n S : %
> =L 7 Reata | o DY@ @) + L § (o) |a [© o)
2 n n+2 . 2 . n .
8" n=0 : , 28" n=0 _ :
2 e, 2t __ g2 = | 2
<5>=8° ] Re(AA .. o ") Y(otl) (nt2) - 5 L (20+1) |a ] (1)
2 . o n+2 2 ; n' 0
9x =0 . a=0 - -

el a2

s

The expected kinetic 'e,nergyis <- %n 9,-7> and the gxpec't'e'd.potﬁt'antial
» energy is <%m, m2x2$ .. Note that -'82 = u;l_u) . Thus we see. th‘at‘
- . ; ‘ L4 )
2 02 e e @
O 1 22 T YA '
L= E _2> +<Ell Wx >« 2 Z (20"’1) lAnl .
. OX n=0 :
Similarly, we can calculate <ih 5%) l o o & a
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3' . r‘ ' 5{ o i(m o+ —)wt m -i(n + %—)wc
, (

AX(x)e v Z AX(x)e ‘ )dx

k2]

-t ): A A (n + —) .
n=0
o
'nl_us;'_ye,”associ\tte a probability IAnl2 with the n energy state of
R . ' = , B .
energy (n + %—)m - Observe that

i

'nm<x>+1<p>=2h8 -1we X Aa [l
) n~—0 n n+l 2

'Ihis gives us the nature of the time dependence of <x>‘ and <p> which

- are. real functions of t that oscillate sinusoidally with period w + The

. peak amplitude of <p> is

Tyz ; ,.HFI

. and the peak amplitude of  <x>

" 2ng o+l , |
IZ{nn-i-l TI Lt

For a classical harmonic oscillator V = %AmeXZ and’ F = -m’x  and

2 .k L, |
SO  -mw'x = m 2 _meaning x+uwx=0. The general ‘solution is .

- dt d
L L . imt: -ia
x = A cos(ut+a) so p = -nw A sin(wt+a) and mwx + ip = muAe e -,

-
For the classical oscillator we see mpx + ip is a complex multiple of

.e-m; as is mw<x> ¥ 1<p>’ the quantum ,mechanical case.‘ - SN

oo

!
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I
o)

[}

L
',Eij_m

-"’("F)'?-ié- dx_j \

@ o;@er'to integrate this, we i'eca_.'ll how to Fourief trénsfoﬁuiv .-"n‘r and cl
. : ‘ ] " -A - . (;o’i n’ E

IS

A . n::O-.n .- /é_ nB"

o ' . 1. -
4 g -i(n + ot
$G,t) = § A e 2%

- : o o=i(n + Dot
LA Brmoe 2
n= '

0o

’ $(k,t) A A=Yk THE A+ Pee
, B S ke T s m(ge [ 2
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The Time Shift Operator for the Position Wavefunction with
' " the Harmonic Oscillator Potencial

We have seen that

R . 3 _ i+ %)‘;’(t'to) =
: * ;¢(:,:) = fm W(x to)( X x (x)x (X)e . : Jdx .

-i.(n + %)w(t-to)

. ‘n=0

Z B m (sx)w (Bx) e
is,the}time sﬁifgvkérhél ﬂrg_t (x,;)/ffor the harﬁonic oscillator position
'wavéfungtion."qgfhave " ,
IR A ' -i(n + —)w(t co) :
T( K t ).‘(x’x)' = ): BTT (BX)“ (Bx) e : K
<?/ o’ Z, n=0 ‘ N
T e =13 (t—to) o - -inw(eeeg)
. T 'i;‘t?'fs e . ‘n’ (Bx)'ﬂ (Bx) e

‘ rz o'. T ey
(t )("”‘) B B/e IR *“-w(c ~t, )(B"’Bx) AR

jﬁere, k is the fractional Foutier ttansform,operator. We can substitute'
'the explicit form fot tg/ Fractional Fourier transform kernel to get

DRV DU - —1 = (t t: ) 1= i cot(m(t-t )) ;.‘7
(t_ )(X.x) =Be R e

‘2 n o _._n;;<; ’

;.“; RS ,,f.“2<ﬁ}. _ ST
R :lB xx - -1—3— (x2+x ) COS(m(t-'to%) o
'exp“[ - -sin(w(t-to)) Y B
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@

This proves that the harmonic oscillator wavefunction is periodic with J

period %g , that is. w(x,t) w(x ,t+~—0 1 This can also be seen from

‘the expan51on of. the time shift operator, namely 'f' ’,n‘_" ‘ L
P -i(n + —)w(t to) ]
T (x 0 = Z Bom (sx)zr (Bx) e ST
n= ; -
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Time Shift Kernel for. the Momenthh,“avefunction.:«
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Similarly we have a time shift kernel 0( )(k k) for the =
'mbmentumvwavefunction d(k,t) . - It is given by i
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" Fourier transform,
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