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C h a p t e r  1

I n t r o d u c t i o n  a n d  B a c k g r o u n d  

1.1 M otivation

Research on dynamics of gear mechanisms has been gaining increased a t­

tention over the past several decades: from the simplest mass-spring sin­

gle degree-of-freedom (SDOF) models to the complicated multiple degree- 

of-freedom (MDOF) dynamic models considering time-varying mesh stiffness 

and damping, backlash ( “the lost motion between mating gear teeth” [1]), 

non-linearity, profile errors, friction, wear, crack and the flexibility of shafts 

and bearings. Models vary from considering only torsional vibration to  cou­

pling of lateral-torsional vibration, from analytical methodologies to  numerical 

methods. However, “the ultim ate goals in dynamic modeling of gears may be 

summarized as the study of the following: stresses; pitting and scoring; trans­

mission efficiency; radiated noise; loads on the other machine elements of the 

system; stability regions; natural frequencies of the system; vibratory motion 

of the system; whirling of rotors; reliability and life analysis.” [2]

Most of these previous studies focused on the dynamics analysis for gear 

design, manufacture or usage under perfect work status. Only in recent years, 

have the dynamic models including gear faults been developed for diagnosis
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1.1 Motivation 2

purposes. Among these studies, most of them  paid more attention to the 

resonance response analysis or stability analysis. Few focused on the housing 

vibration response caused by some local gear defects.

The purpose of this work is to apply an involute gear dynamic model for 

fault diagnosis on the basis of the previous studies on gear dynamics. This 

includes two aspects:

1. The model can represent different common gear faults by pursuing the 

relation function between relative param eters such as stiffness, damping, 

contact ratio etc. and some special fault.

2. The housing vibration response due to faults should be reflected in order 

to  further the understanding of measured vibration signals since one 

typically mounts accelerometers on the gearbox housing.

For the first aspect, we can consider time-varying mesh stiffness, mesh 

damping and /or contact ratio when some gear faults appear. The mesh stiff­

ness is an im portant param eter related to the gearbox dynamics properties. 

Mesh stiffness variation directly affects tooth  deflections and transmission er­

ror. Hence, it will cause the variation of gearbox vibration response. At the 

same time, gear local faults will alter the mesh stiffness during the defective 

tooth  engagement. Therefore, gearbox vibration response may be studied by 

mesh stiffness variation due to tooth faults. For mesh stiffness, based on the 

stiffness fu n c tio n  for perfec t w ork cond ition , th e  m esh  stiffness fu n c tio n s re­

sponding to chipped, cracked and broken tooth  can be developed. For mesh 

damping, we may consider a viscous damping proportional to  the mesh stiffness

[4]-

For the second aspect, we need to study vibration response properties of
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1.2 Literature Review 3

the whole system due to fault excitation.

•  Pursue analytical solutions

•  Pursue numerical solutions by the use of different numerical methods.

I will apply a one-stage gear dynamic model with param eters by which 

different localized gear faults can be introduced. The model will consider 

time-varying param eters and the coupling of lateral-torsional vibration. The 

vibration acceleration will be the main variable of interest. I will study the 

accelerations on the points where the accelerometers are typically mounted 

(generally, they are close to the bearings.). By analytical and /o r numerical 

methods, we can obtain vibration displacement, velocity or acceleration as 

a function of tim e/position, by which, the properties of gearbox vibration 

response under different too th  fault conditions can be investigated.

1.2 L i te r a tu r e  R ev iew

Gears are widely used in a wide variety of industries. It is one of the most 

common mechanisms for motion and /or power transmission from one shaft to 

another. The special geometrical characteristics of gear teeth  will affect the 

dynamics and vibration of geared systems. Thus, research in the area of gear 

dynamics has been intensive. Many studies have focused on analyzing torsional 

or lateral-torsional vibration by developing involved dynamic models of geared 

systems, which provide us much understanding about the work status of gear 

systems and establish a basis for fault diagnosis of gear systems.

Dynamic modeling of gear vibration can provide us not only the vibration 

generation mechanisms in gear transmissions, bu t also the dynamic properties 

of various types of gear faults. W ith this model, we may find the vibrational
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1.2 Literature Review 4

behavior of vibration sources in gear transmissions under normal or faulty 

conditions.

There exist three main types of m athem atical models used in gear dynamics 

(gear dynamics is a branch of mechanics th a t studies how forces affect the 

motion of a gear system) [2],

•  Sim ple D ynam ic Factor Models

Models were mainly used to determine the dynamic factors and to  design gears. 

A dynamic factor is used in stress formulae of gear tooth  root. The dynamic 

factor, D F , is defined as [5]

DF = m (L1)

where S L  is the static load (a steady state  load) and D L  the dynamic load 

(the imposed in-motion force which may change in m agnitude and direction). 

The American Gear M anufacturing Association (AGMA) [6] gave the empirical 

expression of DF:

where V  is the pitch-line velocity in fp m  (feet per minute) (pitch line is an 

ideal line in a gear, which has a common velocity w ith a corresponding line in 

the m ating gear [1]). These models were built only for gear design, from which 

very little information about work status can be obtained.

•  M odels with Tooth Compliance

In these models, only the gear too th  compliance is considered. The flexibility 

of all other elements such as shafts, bearing, etc. is neglected. The system is 

usually modeled as a mass-spring SDOF system.

Harris [7] considered three internal vibration sources: error in the velocity 

ratio due to manufacturing errors, tooth stiffness variation and tooth  stiffness

(1 .2 )
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1.2 Literature Review 5

nonlinearity. He seems to have been the first to observe more than  one pair 

of m ating teeth. W ith the aid of the photo-elastic technique, loads on all the 

m ating teeth  were measured. He pointed out th a t the damping would play an 

im portant role in vibration buildup. The theoretically analytical limiting value 

of damping ratio was 0.07 of critical. For heavy damping case, the motion is 

much like w hat one would expect from a linear system. W hen damping ratio 

is more than  0.07 of critical, nonlinearity can be neglected. The behavior of 

low-speed spur gears (spur gear is a gear with teeth  radially arrayed on the rim 

parallel to  its axis) could be represented in a series of static transm ission error 

curves (the transmission error is the difference between the actual position 

of the m ating gear and the position it would occupy if the gear drive were 

perfect). In experiments, however, the limiting value was about 0.1 of critical. 

Gregory et al. [8, 9] confirmed the theoretical results of Harris by experimental 

observations and com putational results based on a mass-spring SDOF system. 

They considered sinusoidal-variation stiffness and solved the motion equations 

analytically for zero damping and numerically for non-zero damping. They 

found th a t the maximal dynamic load never exceeded twice the design load 

(the design load is the load under which a constant transmission error given) 

for all applied loads from no load to  1.25 times design load.

Ishida and M atsuda [10, 11] focused on the sliding friction between meshing 

teeth  and studied the effect of friction force variation on vibration for the 

constant meshing stiffness. Based on a SDOF model of pitch circle (pitch 

circle is the centrode of the gear in meshing with the rack cutter [1]) impulse, 

they gave the equations of motion of system. The phase-plane method, a 

graphical m ethod for solving systems of differential equations to analyze the 

behavior of system over time, was used for the solution. They pointed out
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1.2 Literature Review 6

th a t the pitch circle impulse resulted from the variation of the friction force 

of m ating teeth  and was proportional to  the product of angular velocity and 

square root of load. According to their study, the surface roughness of gear 

tooth  has little influence on pitch circle impulse.

Lewicki [12] used a SDOF model to predict the gear life. Hertzian contact 

analysis was applied for the com putation of mesh stiffness. For single-tooth- 

pair meshing, they modeled mesh stiffness of two m ating teeth  as two series 

spring stiffnesses. The corresponding equivalent stiffness was considered as 

a constant K  during single-tooth-pair contact duration. For double-tooth- 

pair meshing, the to tal equivalent stiffness was expressed as the summation 

of the equivalent stiffnesses of two pairs of m ating teeth, each of which was 

considered like th a t for the single-tooth-pair meshing case. The corresponding 

to tal equivalent stiffness was a constant 2K  during double-tooth-pair contact 

duration.

•  M odels fo r  gear system  dynam ics

The flexibility of other elements such as the torsional flexibility of shafts and 

the lateral flexibility of bearings and shafts along the action line are included 

in such models. The vibration coupling problem between different elements 

has to be considered if the stiffness of these elements is relatively close to the 

effective mesh stiffness.

Fukuma et al. [13] studied three-directional vibrations of gears by consid­

ering the flexibility of shafts and bearings. They gave a lumped MDOF model 

including both lateral and torsional spring with time-varying stiffness. The 

Runge-Kutta-M erson process was used for numerical solution of a set of dif­

ferential equations. (This method is a modification version by Merson of the 

Runge-K utta method. The integration step-length h is autom atically adjusted
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1.2 Literature Review 7

to keep the estim ated relative error per step less than  a specified value e. [14]) 

In their experiment, four accelerometers of piezo-electric type were applied to 

measure radial, axial and circumferential vibrations. They pointed out th a t 

the three-directional vibrations of spur gears were mutually coupled and the 

coupled coefficients were determined by the mesh stiffness of m ating teeth.

In [15], Tordion and Gauvin used a 3-DOF torsional model to analyze 

the stability of a two-stage gear system with the same diam etral pitch (the 

ratio of the number of gear teeth to the diameter of the gear pitch circle 

[1]) by assuming the rigid intermediate shaft with a gear a t each end. In 

their study, the mesh stiffness was considered as a stepped periodic function of 

time. The am plitudes of the mesh stiffnesses were assumed as constants during 

the single- and double-tooth-pair mesh durations, respectively. The different 

phase variations were set by rotating one gear with respect to  the other on the 

intermediate shaft. They showed th a t the frequency range of instability was 

greatly affected by the phase angle between the two mesh stiffnesses.

Sakai et al. [16] proposed a 5-DOF torsional model to analyze the vibration 

of the gear tra in  in an automotive five-speed transmission. They considered the 

non-linearity of backlashes of both  the gear teeth  and the clutch hub splines. 

They found th a t the vibration level could be affected by the clutch modifica­

tion. There existed an optimal range of clutch torsional stiffness to  minimize 

the vibration level, which was verified by experimental studies.

Kum ar et al. [17] developed a new state-space approach for solving a tor­

sional model of a single stage spur gear system. In their study, the mesh 

stiffness was expressed as a five-term power series. And the damping be­

tween m ating teeth  was described in term s of the critical dam ping ratio. They 

pointed out th a t this m ethod could greatly reduce the com putation time for
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1.2 Literature Review 8

obtaining a time-domain solution of the applied model by properly selecting 

the initial values. By this model, they investigated the variation effects of 

operation speed, contact position, damping and stiffness on the dynamic load. 

Also it was found th a t the damping in the system had great influence upon 

the stability of the system.

Lida et al. [18] used a mass-spring SDOF model to  study the friction effect 

between gear teeth  by considering the flexibility of the shaft. For simplification, 

only the vibration in the tooth  sliding direction was considered. The vibrations 

in other directions were ignored. They showed th a t under mixed and boundary 

lubrication conditions, the peak am plitude of vibration response caused by the 

friction force between m ating teeth had no relation with transm itted  force and 

the oil viscosity. For the forced vibration, the exciting power would determine 

on the damping effect of the friction force.

The models coupling torsional and lateral motions are developed for vari­

ous properties of gearbox vibration signals. Bartelmus [19] developed the mod­

els for one-stage gearbox system with only torsional and both  torsional and 

lateral vibration considered. In their study, four basic factors (design, pro­

duction technology, operation and condition change) in a gearing system were 

investigated. For one-stage system, a mass-spring-damper 8-DOF model was 

proposed, which included horizontal, vertical and torsional vibrations. Two 

constant mesh stiffnesses were used for single- and double-tooth-pair m ating 

durations, respectively. The Runge-K utta method was applied for obtaining 

the numerical solutions of the group of differential equations. It was shown 

tha t the intensity increase of tooth  scuffing would result in the increase of the 

friction forces between m ating teeth. In addition, a 6-DOF torsional model for 

two-stage system was also given for studying the vibration influence between
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1.2 Literature Review 9

these two stages.

Howard et al. [20] studied the effects of friction and a crack using the 

dynamic model of a one-stage reduction gearbox. They used finite element 

analysis (FEA) of the whole gear body instead of the partial body model to 

analyze the torsional mesh stiffness (the ratio of the torque to the angular de­

flection) of gear teeth  with and without a crack. To introduce the friction forces 

into the motion equations, the position, direction and value of the Coulomb 

friction force between mating teeth were analyzed. The position of the sliding 

friction force was given as a function of shaft rotation angle. The direction is 

always perpendicular to the action line. (Please see section 2.1 for definition 

of action line.) But, with the change of the contact point, the direction will be 

opposite with the pitch point as the change point, in which point the sliding 

friction force will be zero. By an FEA model, they found th a t the torsional 

mesh stiffness would be influenced by the tooth  crack and the value was less 

than th a t w ithout crack.

Yang and Lin [21] proposed a mass-spring-damper rotary  model w ith con­

sidering tooth  bending, axial compression, and Coulomb friction. A potential 

energy m ethod was applied to  obtain the elastic force. There existed three 

kinds of energies (Hertzian energy, bending energy and axial compressive en­

ergy) composing the to ta l potential energy stored in the gear system. Among 

these potential energies, the bending energy is much higher than  the Hertzian 

energy (about 4-11 times higher). The compressive energy, however, is much 

lower compared with other two (only about 2-3 percent of the bending energy). 

By this model, they investigated system responses under zero exciting torque 

(free vibration), constant input torque and sinusoidal input torque, respec­

tively. Runge-K utta method was employed to  solve the dynamic equations
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numerically. In addition, the calculation methods were also given for two cat­

egories of energy dissipations caused by Hertzian damping effect and friction 

effect of m ating teeth, respectively. According to their results, the energy loss 

caused by the Hertzian damping effect was generally larger than  th a t by the 

friction effect.

K ahram an and Singh [22] examined the frequency response characteristics 

of a non-linear geared rotor-bearing system w ith time-varying mesh stiffness by 

a 3-DOF model. In this model, they included a fluctuating input torque and a 

constant output torque. A simple sinusoidally varying mesh stiffness was used 

at first. They assumed the mesh damping as a sinusoidal function proportional 

to the mesh stiffness function. Then, it was considered as periodic function and 

expressed in a Fourier series form. A fifth-sixth order Runge-K utta method 

was applied to  pursue the numerical solutions of dynamic equations. They 

investigated the relation between the time-varying mesh stiffness and clearance 

non-linearities and found the interaction was strong between the mesh stiffness 

variation and gear backlash and weak between mesh stiffness and bearing non- 

linearities. An experimental set-up including very stiff shafts and bearings was 

used for testing the theoretically analytical results.

Theodossiades and Natsiavas [23] employed a 2-DOF torsional model to 

study dynamics of a gear system by considering backlash and time-varying 

mesh stiffness. A Fourier series form was used for describing the gear mesh 

stiffness. For a specific small frequency range of interest, say the gear mesh 

frequency or its harmonics, and small mesh stiffness variation, approximate 

periodic solutions were obtained by using approximate analytical methodolo­

gies. Numerical methods were employed to  verify the analytical results. In 

addition, the effect of the mesh stiffness variation on the gear-pair periodic
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response was also investigated. Relatively large mesh stiffness variation will 

strengthen the influence on the response. For the damping param eter, they 

found th a t the larger the damping, the smaller the response amplitude.

Amabili and Rivola [4] used an SDOF torsional model to investigate the 

steady-state response of a pair of spur gears with low contact ratio (between 

1 and 2) by considering a time-varying mesh stiffness and a viscous damping 

proportional to  the mesh stiffness. In theoretical analysis, the mesh stiffness 

was expressed as a complex Fourier series. For simplicity, they considered 

only the first two term s of the Fourier expansion. A closed-form solution was 

obtained a t any rotation speed without tooth  separation. In the numerical 

simulation, they used the mesh stiffness function proposed by Cai and Hayashi 

[24], which could be calculated by:

\ fM z t2 + +  0.55]

where km is the integral average stiffness of gear pair, T the gear meshing pe­

riod, and e contact ratio. In their experimental study, a pair of involute spur 

gears w ith same tooth  number 48, module 4m m  and pressure angle 14.5° were 

employed. The contact ratio e was 1.8. The corresponding vibration accelera­

tion response of the driven gear was obtained under different rotation speeds 

of the driving gear. They pointed out th a t in order to accurately describe the 

vibration acceleration response a t relatively low speed, more harmonics had to 

be considered in the expansion of the Fourier series used for the mesh stiffness 

expression.

Parker et al. [25, 26] investigated the dynamic response of a spur and a 

planetary gear pair using a unique finite elem ent/contact mechanics model.
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This method overcame the limitation of traditional FEA in gear dynamic 

analysis for components away from the tooth  mesh part. For the area near 

the tooth  contact surface, the analytical solution was obtained. For the area 

slightly away from the contact surface, however, they pursued the finite ele­

ment solution. The mesh stiffness was approximated as a rectangular wave 

where the sudden change points corresponded to the alternations of the num­

ber of m ating tooth  pairs. The mesh damping ratio was selected as 0.08. In 

the experimental studies, a pair of identical spur gears w ith 50 teeth, module 

3m m  and pressure angle 20° were used. The contact ratio was 1.75. The natu­

ral frequency was investigated. It was found th a t there existed a weak relation 

between the natural frequency and load.

Kuang and Lin [27] studied the effect of tooth  wear on the vibration re­

sponse of a pair of spur gears by considering the load sharing alternation, po­

sition dependent mesh stiffness, damping factor and friction coefficient. The 

mesh stiffness was approximately expressed as a function of the gear tooth 

numbers, the loading position, the pitch circle radius, the gear modification 

coefficient and the module of gears. A constant damping ratio 0.17 was used 

in their analysis. An approximate formula was employed to  calculate the accu­

mulative wear depth at some point after n  mesh cycles. In their study, a pair 

of steel spur gears w ith tooth  numbers 29 and 57, pressure angle 20°, and the 

module 4m m  were investigated. Results showed th a t the dynamic load and 

the velocity at the tooth  m ating point had im portant influence on the sliding 

wear, which changed the profiles of m ating teeth  and load distribution. The 

dynamic load magnitude had only a weak relationship with the sliding wear 

within the first 105 running cycles. The transm itted torque spectra illustrated 

tha t the peak am plitude was located at the fifth harmonic of the mesh fre­
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quency. As the sliding wear progressed, the amplitudes of the lower harmonics 

of the mesh frequency increased drastically, bu t the peak am plitude had a very 

slight increase.

In [28], Kuang and Lin theoretically analyzed the dynamic behavior of a 

pair of spur gears and indicated the effect of the time-varying mesh stiffness on 

the vibration spectrum  of a transm itted torque. In the proposed model, they 

included the am plitude modulation excited by the tooth error and the driving 

torque fluctuation. Two constant values, kd and ks corresponding to double- 

and single-tooth-pair mesh durations, respectively, were used to approximate 

the mesh stiffness km in a mesh period. In their numerical study, they focused 

on the influence of the input torque fluctuation by employing the same pair of 

steel gears as those used in [27]. The results were obtained by the comparison of 

the corresponding am plitude spectra of the transm itted  torques under constant 

and harmonically fluctuated input torques. For the constant input torque, the 

spectra consisted of the harmonics of the mesh frequency and dom inated by 

fifth and sixth harmonics, which coincided with the first resonance frequency 

of the gear set used. Comparatively, for a sinusoidally fluctuated torque with 

the shaft rotational frequency, the am plitude of the transm itted  torque was 

enhanced and sideband frequency components appeared a t both  sides of the 

harmonics of the mesh frequency. The difference between the main spectral 

line and the corresponding sideband was the shaft rotating frequency, which 

was also displayed in the frequency spectrum. In addition, when the effect of 

tooth  profile error was considered at the same time, the fluctuation am plitude 

increased again. Also, a peak line a t the second harmonic of the mesh frequency 

was observed.

Badaoui et al. [29] presented a 6-DOF model for the dynamic response sim­
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ulation of the spur and helical gear systems with the effect of too th  spalling 

defect. In their model, the gears were simulated as two rigid cylinders. For 

simplification, the variations of the gear mesh stiffness along defect widths 

were not considered. They pointed out th a t small-depth tooth  defects caused 

the external exciting forces, which were roughly proportional to  the volume 

of spalling part, i.e. the product of the average of depth and w idth of defect. 

Deeper defects, however, would have an influence on the mesh stiffness. Prom 

the investigation on the positions of defects, it was found th a t the detectabil­

ity of small defects was independent of their positions on the too th  profiles, 

whereas it was easier to detect larger defects in the central part of too th  profile.

Lin and Parker [30] used a mass-spring 3-DOF torsional model of a two- 

stage gear tra in  to investigate the effect of mesh stiffness variation w ith rect­

angular waveforms on the vibration response under different mesh frequencies, 

amplitudes of mesh stiffness variation, contact ratios, and mesh phasing be­

tween two stages. In their study, the mesh stiffness was approximately ex­

pressed as a Fourier series with the first three terms. Results showed tha t 

mesh phasing and contact ratio have a great influence on the system insta­

bility (corresponding to the system resonance). If damping was taken into 

consideration, the system stability would improve. According to  their study, 

when the contact ratio was between 1.4 and 1.6, it was found th a t the dynamic 

stability of one-stage gears at high speeds was compromised. Therefore, the 

reduction of dynamic instability could be fulfilled by properly selecting con­

tact ratio  and mesh phasing. In addition, for the two-stage case, when one 

mesh frequency was an integer multiple of the other, there existed interaction 

between the vibration responses from the two meshes. The instability would 

significantly change in comparison with no interaction case corresponding to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.2 Literature Review 15

no integer multiple relation between two mesh frequencies.

Lee et al. [31] applied a finite element model of a gear pair considering 

both lateral and torsional vibration to  investigate the vibration characteristics 

of a speed-increasing gear system. They investigated the mode shapes with 

varying gear mesh stiffness. The gear mesh damping was neglected in their 

study. The relationship between natural frequencies of system and the gear 

mesh stiffness was carried out. For the uncoupled case, the first three torsional 

natural frequencies increased as the gear mesh stiffness increased over a certain 

value while the lateral natural frequencies remained unchanged. Among these 

three natural frequencies, the first two increased sharply with certain ranges 

of the mesh stiffness and thereafter nearly constants. The third, however, 

increased slowly. In comparison with the uncoupled results, for the coupled 

case, the second torsional natural frequency reduced greatly, the lateral high 

order natural frequencies slightly increased with the mesh stiffnesses over some 

values. By mode analysis, it was found th a t as the gear mesh stiffness increased 

over a certain value, the dominant mode might exchange between the torsional 

one and the lateral one.

Wojnarowski and Onishcheko [32] investigated the effect of the too th  de­

formation and wear on gear dynamics analytically and experimentally by em­

ploying a 2-DOF involute tooth model. The m athem atical expressions of the 

curves of the unworn and worn tooth  outlines were given. They considered 

the too th  outline changes (which cause the instantaneous gear ratio changes) 

due to  the wear of tooth. (The gear ratio is the ratio of instantaneous angular 

velocities of two m ating gears [1].) The outline of the worn too th  was approx­

im ated by a continuous polynomial function. It was found th a t the wear was 

not the same along the profile curve of the tooth. The profile of the tooth
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would not remain involute a t a serious wear. At the same time, the shape of 

the action line would not be a straight line corresponding to  a pair of perfect 

gears.

1.3 Sum m ary

The previously-mentioned literature on modeling of gear systems contains 

three main groups of the mathem atical models developed and applied in gear 

dynamics. In general, the purposes of modeling are to study the gear tooth 

stresses, natural frequencies of the system, vibration characteristics of the gear 

system such as amplitudes and spectral components, noise radiation, transm is­

sion efficiency of the system, stability of the system and life cycles. According 

to the different objectives, mass-spring or mass-spring-damper SDO F/M D OF 

models of one/two-stage gear trains are used. Only the torsional vibrations of 

systems are usually considered in relatively earlier studies. Thereafter, mod­

els considering lateral vibrations or both torsional and lateral vibrations are 

developed. In these models, the gear mesh stiffness is considered as a con­

stant, a simple sinusoidal function, a Fourier series, a rectangular waveform 

corresponding to  the single- and double-tooth-pair meshes, an approximation 

function or a derivative expression. In the solution of dynamic equations, an­

alytical, approximately analytical or numerical methods are employed. For 

some very simple SDOF mathem atical models, closed form solutions are ob­

tained. For more complicated models, approximate analytical solutions are 

given. For complicated MDOF system models, especially when both  torsional 

and lateral vibrations considered, numerical techniques have to  be employed 

usually. Among these numerical methods, Runge-K utta integration techniques 

are more popular due to the accuracy and calculation time required.
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1.4 Goal o f Research

Among the past studies, most of them  focused on the stability analysis of the 

gear system. Few concentrated more attention on the mechanism and char­

acteristics of the housing vibration response with some local too th  defects, 

which are helpful to the fault analysis of the practically applied gearbox since 

most observed vibration signals are typically collected from the gearbox hous­

ing. The gear mesh stiffness analysis, by which local too th  defects can be 

introduced analytically, will contribute to the understanding of the vibration 

response mechanism and characteristics of gearbox.

1.5 O rganization of Thesis

The thesis is organized as follows. Relevant literature is surveyed in Chapter 1, 

and the calculation m ethod of the effective mesh stiffness is given in Chapter

2. Chapter 3 is devoted to the introduction of gear local faults by consid­

ering stiffness changes. The results of the dynamics simulation of gear local 

faults are presented in Chapter 4. Finally, there are summaries and future 

recommendations in Chapter 5.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C h a p t e r  2

M e s h  S t i f f n e s s  o f  S o u n d  G e a r s

2.1 Introduction

In this thesis, involute spur gears will be investigated as the involute spur 

tooth  profile is the most commonly used type for gearing today. An involute 

is a curve traced by a point on a tau t cord unwinding from a circle, called a 

Base Circle.

Figure 2 . 1  shows the technical nomenclature of involute spur gears. Be­

tween a pair of meshing gears, the smaller gear is called the pinion while the 

larger engaged by the pinion is called the gear. The outside circle is a circle 

formed by too th  tips. The radial distance between the outside circle and the 

pitch circle is the addendum. For standard involute gears, the addendum  is 

equal to the reciprocal of the diam etral pitch (symbolized as P ), which is the 

number of teeth  of a gear per inch of the diameter of the pitch circle. For a 

pair of mating gears, their diam etral pitches are the same.

In Figure 2.1, point P  is the tangency point of pitch circles, also called the 

pitch point. Line t —t is the common tangent to  pitch circles. Line B \B 2 is the 

action line, the common tangent to the base circles and the common normal 

to the too th  profiles. The angle ao between lines t — t  and B XB 2 is called the
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Figure 2.1: Involute-gear nomenclature
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standard pressure angle. The most commonly used pressure angles for spur 

gears are 14.5°, 20° and 25° [1, 3].

Points A 2 , M  and A i, corresponding to three meshing positions of a pair of 

tooth profiles, are three contact points on the action line. For involute gears, 

contact points of a pair of mating teeth  are always along the action line. Point 

A 2 represents the contact point in the beginning of meshing. Point M  is the 

current position of the contact point. Point A 1 represents the contact position 

in the end of meshing for the same pair of tooth  profiles. Line segment A 2 A 1 , 

which is called the working part of the action line, indicates the locus of contact 

points of a pair of m ating teeth. It can be calculated as:

A 2 A 1 — R q X — R% 1 +  R q 2 — R%2  — O 1O2 sin ao (2.1)

where R 0 1 , R 0 2 , Rbi and P 5 2  are the radii of outside and base circles of the 

pinion and the gear, respectively. O 1O2 is the center distance, which is the 

distance between the rotation centers 0 \ and O2 of the pinion and the gear.

Rbii Rbi, R o ii R-0 2  and O 1O2 can be expressed as follows, [1, 3]

r? N '
= 2 P  C°S a °

(2.2)

n 2

= 2 P  C0S a °
(2.3)

R ~ N l + 2  
01 2 P (2.4)

n  - ^ 2  +  2  
R o 2 -  2 p (2.5)

o r ,  +  0 i 0 2 -  2 p (2.6)

where N i and N 2 are the tooth  numbers of the pinion and the gear, respectively,
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and P  the diam etral pitch.

For an involute tooth  profile M 0M  shown in Figure 2.1, the relations of the

related angles (j), (3 and A, arc M 0 B 2, line segment B 2 M , and the base radius

R b2 of the gear are as follows.

B 2M  =  A R b2 = R b 2 tan  (3 (2.7)

Equation (2.7) can be simplified as:

A =  tan/? (2.8)

From Equation (2.8), the angle 4> can be expressed as:

<fi = A — (3 =  tan  (3 — 0  (2.9)

Function </>((3) is designated as inv/3 (called the involute function), i.e.

inv(3 = t&n (3 — (3 (2 -1 0 )

The purpose of this work is to  simulate the system response of gearbox in­

cluding different common gear faults by pursuing the relation function between 

relative param eters and some special fault. The system vibration response is 

caused by the contact load of meshing gear teeth, which varies as the contact 

point moves along the action line, while the contact load is mainly caused by 

single/double-tooth-pair contact transitions and mesh stiffness variation along 

the contact. Therefore, it is necessary to study the mesh stiffness variation

along the contact. In this chapter, we will provide the calculation method
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based on the energy method.

2.2 Calculation M ethod o f M esh Stiffness

We will consider the mesh stiffness of a pair of involute spur gears (meshing as 

shown in Figure 2.2) w ithout manufacturing error. The stiffnesses of all other 

gearbox components will be considered in Chapter 4. It is assumed th a t the 

lubrication condition is perfect such th a t the friction is ignored in this study. 

For the purpose of simplification in calculating the mesh stiffness, only the 

stiffness of the meshing gears are considered. All other system components are 

considered rigid. The error in the mesh stiffness due to this simplification can 

be ignored since what we are concerned about is the difference between the 

faulty case and the perfect case.

Yang and Lin [21] proposed the potential energy method, which can be used 

for the calculation of the effective stiffness. They pointed out th a t the total 

potential energy stored in the meshing gear system included three parts: the 

Hertzian energy, the bending energy and the axial compressive energy, which 

can be used for the calculations of the Hertzian contact stiffness, the bending 

stiffness and the axial compressive stiffness, respectively. However, they did 

not consider the shear energy, which will be included in this study. The details 

will be given in Sections 2 .2 . 1  and 2 .2 .2 .

2.2.1 Calculation o f H ertzian Contact Stiffness

In this study, it is assumed th a t the m ating teeth  are two isotropic elastic 

bodies. Yang and Sun [33] stated th a t “According to Hertzian law, the elas­

tic compression of two isotopic elastic bodies can be approxim ated by two 

paraboloids in the vicinity of the contact. The error of this approxim ation will
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Figure 2.2: A gear-meshing sketch of a pair of gears
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be less than  0.5 percent.” According to  their analysis, the Hertzian-contact 

stiffness of a pair of meshing teeth  made of the same m aterial is a constant 

along the entire action line. It is independent of the contact position. This 

constant can be expressed as [33]:

*‘ = 4(S) ^
where E, L, u represent Young’s modulus (a constant describing the stiff­

ness property of m aterial), the w idth of tooth, and Poisson’s ratio (an elastic

constant describing the compressibility of m aterial), respectively. From this

expression, it is observed tha t when the tooth  width changes, kh will change 

correspondingly. For a perfect gear, the width of the effective work surface will 

remain unchanged.

The Hertzian energy is the potential energy stored in the vicinity of contact 

point because of the elastic deformation of the teeth  and can be calculated 

from:

u ^ w h <212>
where F  represents the acting force by the mating tooth in the contact point 

and kh the effective Hertzian stiffness in the same direction with the force F.

2.2.2 Calculation o f Bending, Shear and A xial C om pressive Stiff­

nesses

The bending, shear and axial compressive energies stored in a too th  can be 

expressed as [21]:

u > = £ i  <2-i3>
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(2.14)

(2.15)

where kb, ks and ka represent the effective bending, shear and axial compressive 

stiffnesses in the same direction with the force F, respectively.

According to  the properties of involute profile, the action line is the common 

normal to  the tooth  profiles. Correspondingly, the acting force F  of the contact 

teeth should be always along the action line. Thus, F  can be resolved into two 

perpendicular component forces, Fb and Fa (refer to Figure 2.3), which can be 

calculated as:

As shown in Figure 2.3, Fb provides bending and shear effects, while Fa 

causes both  axial compressive and bending effect. The torque M  represents 

the bending effect of Fa. It can be expressed as:

where h is the distance between the contact point and the central line of the 

tooth, which can be obtained as follows (refer to  Equation (10) in [21]):

where 0 : 2  represents the half of the base tooth  angle (please see Figure 2.1 on 

page 19 for the base too th  angle).

According to  the geometry of the involute tooth, in Figure 2.3, the distance

Fb = F  cos (2.16)

Fa = F  sin cq (2.17)

M  =  Fah (2.18)

h — Rb[{oi\ +  cq) coscq — sincq] (2.19)
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Action line

Figure 2.3: Elastic force on a tooth
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d between the contact point and the too th  root can be expressed as (refer to 

Equation (11) in [21]):

d =  Rb[(cei +  a 2) sin a x +  cos a x — cos a 2] (2.20)

In this study, the tooth  on the gear is modeled as a cantilevered beam. 

It is assumed th a t the base of the beam (at the root of the tooth) does not 

experience any deflection. [21]

The bending potential energy, based on beam theory, can be obtained by 

(refer to  Equation (14) in [21]):

where Ix represents the area moment of inertia of the section where the distance 

from the too th  root is x. It can be calculated as:

4  =  - ( 2  K f L  = \ h l L  (2.22)

where hx is the distance between the point on the tooth curve corresponding 

to the section where the distance from the tooth  root is x  and the central line 

of the tooth, which can be obtained as follows (refer to Equation (2.19) on 

page 25):

hx =  Rb[{a +  a 2)cosa: — sin a] (2.23)

To investigate the param eter properties a t some angular displacement of 

the pinion/gear (angular displacement is the angle tha t the pinion/gear goes 

through from the initial reference point), it will be more convenient to express 

the relationship as angular variables (reflecting the angle) instead of linear
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ones (reflecting the length). Prom the geometry of involute profile, x  can be 

expressed as:

x  =  i?h[cos a  — {0L2 — cn) sin a  — cos 0 :2 ] (2.24)

Differentiate Equation 2.24, dx can be calculated as:

dx = Rb(a — 0L2 ) cos a da  (2.25)

Now, instead of x, a  becomes the integration variable. Substitute Ub in 

Equation (2.13) into the left side of Equation (2.21), and substitu te Fb, M , d, 

Ix , x , and dx  in Equations (2.16), (2.18), (2.20), (2.22), (2.24) and (2.25) into 

the right side of Equation (2.21). After simplification, the result will be:

1 /•“a 3{1 +  cosa:i[(a :2 — a )  s in a  — cosa:]}2(a!2 — a ) coscn ,
h  =  L  2£L[sin a  +  (a 2 -  a) cos a]3---------------- **  <2'26)

Correspondingly, the shear energy can be expressed as (refer to Equation 

(4-3.11) in [39]):
r d 1 2 Fu2

U- =  I  2 G T x dX <2-27)

where G  is the shear modulus, which can be expressed as (refer to  Equation 

(2-10) in [40]):

G = 2 < r b )  <2-28>

In Equation (2.27), A x is the area of the section, which can be calculated as:

A x = 2 hxL  (2.29)

Substitute Us in Equation (2.14) into the left side of Equation (2.27), and 

substitute Fb, dx, G and A x in Equations (2.16), (2.25), (2.28) and (2.29) into
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the right side of Equation (2.27). The result is as follows:

ks J-ai £T[sin a  +  (a 2 — a ) cos a\
(2.30)

In a similar way, the axial compressive energy can be expressed as (refer 

to Equation (15) in [21]):

Substitute Ua in Equation (2.15) into the left side of Equation (2.31), and 

substitu te Fa, dx, and A x in Equations (2.17), (2.25) and (2.29) into the right 

side of Equation (2.31). The result is as follows:

Equations (2.26), (2.30) and (2.32) show th a t given a pair of meshing teeth 

with involute profile, the bending, shear and compressive stiffnesses will only 

be functions of cq, which determines the position of contact point along the 

tooth surfaces.

The summation of Hertzian, bending, shear and axial compressive energies 

will constitute the to tal potential energy stored in a single pair of meshing 

teeth, which can be expressed as (refer to Equation (28) in [21]):

where kt represents the to tal effective mesh stiffness of a pair of meshing teeth

(2.31)

1 f a 2  (a 2 — a) cos a  sin2 cq (2.32)
ka J-ai 2£X[sin a  +  (a 2 — a) cos a\

F 2
Ut — =  Uh +  Ubl +  Us\ +  Ual +  ub2 +  Us 2 +  Ua2

2 Kf

El
2 ivn .i/0i .i/S1 i»ai ,voz "'sz '•'az
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in the same direction with the force F, which can be calculated as:

kt =
1

(2.34)

In Equations (2.33) and (2.34), subscripts 1 and 2 represent the pinion and 

the gear, respectively.

So far, the calculation formulas (Equations (2.11), (2.26), (2.30), (2.32) and

obtained based on the potential energy method [21].

2.3 M esh Stiffness o f D ouble/S ingle-tooth-pair M eshing Duration

In this section, we will derive the calculation expressions of mesh stiffness for 

the double/single-tooth-pair meshing duration.

For a pair of meshing gears whose contact ratio varies between 1 and 2, 

the mesh stiffness variation during the tooth  engagement mainly includes two 

aspects: the stiffness variation during single-tooth-pair mesh and th a t during 

double-tooth-pair mesh. For this purpose, the mesh period has to be investi­

gated in detail as the number of m ating tooth  pairs is not a constant during the 

entire meshing period. It is necessary to  know the relationship of the number 

of meshing tooth  pair and the angle displacement of the pinion/gear. Further, 

the corresponding stiffness under any angular displacement of the shaft can be 

calculated.

Refer to  Figure 2.2. In this study, we define the m ating tooth  pair on the 

left side as “the first pair” and th a t on the right side as “the second pair” when 

there are two pairs of teeth  meshing simultaneously.

(2.34)) of mesh stiffnesses as the functions of angular variable a \ have been
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2.3.1 M esh Stiffness Calculation

Given kh, h ,  ks and ka, based on Equation (2.34), the to tal effective stiffness 

can be calculated according to Equation (2.35) for each pair of meshing teeth.

kt,i = i . i | i | i | i | i | T ~  ’ * =  1,2 (2.35)
kbl,i ksl,i kal,i ^62,i ô2,t

The stiffnesses ksiti, kai tl} kb2 ,i, ks2^ and ka2ti can be expressed as

follows (refer to  Equations (2.26), (2.30) and (2.32)):

1

kbl,i L
02 3{1 +  c o s a i^ c ^  — a) sin a  — cosa]} ( « 2  — a ) cos a

2EL\sin a  + (ao — a) cos a l3
da  (2.36)

Q 2 1.2(1 +  is)(a2 — a) cos a  cos2 a ^

^sl,i /

<*2

EL[sin a  +  (a 2 — a) cos a]
da (2.37)

1 _  f a2

^ a l , i  a l , i

(a 2 — a) cos a  sin2 a^; 
aM 2EL[sin a  +  (a 2 — a) cos a

■da (2.38)

ra 2 3{1 +  cosa'1)i[(o'2  — a) since — cosa]}2^  — a) cos a  
2jEX[sin a  +  (a 2 — a) cos ce]3

da  (2.39)

1 ra 2 1.2(1 +  ^)(ce2  — a) cos a  cos2 o/X i
1—  =  / ---- T in  •---------r~,------- \------- 1— -d a  (2.40)kS2 ,i J-a'i i jhL[sm a  +  (a 2 — a) cos a\

1 ra2 (a(, — a ) cos a  sin2 a\ ,■
i—  =  /  ----- — r~r  ; ’ -, da  2.41ka2 ,i J-a'-L i 2EL[sm a  +  (a 2 — a) cos aj

where i= l  for the first pair of meshing teeth when there are two pairs of teeth 

meshing, i=2 for the second pair. a 2 and a 2 are the half too th  angles on

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.3 Mesh Stiffness o f Double/Single-tooth-pair Meshing Duration 32

the base circles of the pinion and the gear, respectively, which are constants 

for a given gear pair and can be calculated as Equations (2.42) and (2.43), 

respectively [3] (refer to Figures 2.2 and 2.3).

where N i and N 2 are the numbers of teeth of the pinion and the gear, respec­

tively.

For the first pair of meshing teeth, given a contact point M  (as shown 

in Figure 2.1 on page 19), we can derive the equations of the angles 

(corresponding to  the angle o.\ of the pinion) and a \ l (corresponding to the 

angle at\ of the gear) (refer to Figure 2.3).

Consider point A 2 shown in Figure 2.2 as the reference point, which cor­

responds to  the initial meshing point of the first pair of meshing teeth. At 

this point, the angular displacements of the meshing gears, 9\ and d2, are both 

zero. The corresponding angle can be expressed as (refer to  Figure 2.2):

+  m va o (2.42)

7r
« 2  =  LC[02 A i =  —— +  in v a 0 (2.43)

2

oij i — LB \O iC \ — L B \0 \A 2 — L C \0 \A ‘lV\Si.2 (2.44)

where IB \O iA 2 can be calculated as:

L B \0 \A 2 — arccos
U \A 2

(2.45)

In Equation (2.45), 0 \ A 2 can be obtained by:

0 \ A 2 — \j 'F(q2 +  O 1 O2  — ‘̂jB o 2 0 \ 0 2 c o s  f - 0 \0 2 A 2 (2.46)
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where Z 0 i0 2A2 can be calculated as:

R m
LO1O2 A 2 = arccos — ao (2-47)

R0 2

In Equation (2.44), LC\0 \A 2 can be expressed as:

L C 1 O 1 A 2  =  L C x O x F  — L . A 2 O 1 F

= 0L2 — in v  LB 1O 1 A 2 (2.48)

Now substitu te LC iO iA 2 in Equation (2.48) into Equation (2.44) to obtain 

(recall Equation (2.10) on page 21):

1 = I B 1O 1A 2 — ol2 + in v lB iO iA 2 =  tan  I B 1O 1A 2 — a 2 (2.49)

Combine Equations (2.42), (2.45)-(2.47) and (2.2)-(2.6) w ith Equation (2.49). 

After simplification, the angle x is found from,

° i ^ ~ W 1 ~ inVao +
7T

tan
N i COS Qlo

arccos,
^(iV2+2)2+( AT1+iV2)2_2(iV2+2) (N 1+N2 ) cos (arccos -  a 0)

(2.50)

Equation (2.50) gives the calculation formula of the angle a ^ \  when the 

angular displacement of the pinion is zero. W hen the angular displacement of 

the pinion is Q\ (as shown in Figure 2.2), the angle will be:

7T
0 ^ 1  =  0 1 + 0 ^ =  d i - ^ - - i n v a  0 +

tan
N i cos ao

arccos ■,
yj( N2+2 ) 2+( Ni+N2 )2—2 (N 2+2 ) (N 1+N2 ) cos (arccos -  a 0) .

(2.51)
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For the counterpart of 1; the angle (corresponding to  the gear) can 

be expressed as:

oil ,1 =  LB 2 O2 D — I B 2 O2 A 2 — LA2 O2 D  (2.52)

where LB 2 O2 A 2 and LA2 O2 D  can be calculated as:

R h  0
LB2 O2 A 2 — arccos —— (2.53)

R 02

TD
I A 2 O2 D  — « 2  — LA1 O2 A 2 =  a '2 — in v  arccos ——̂ (2.54)

B 02

Substitute l B 2 0 2 A 2 in Equation (2.53) and LA 2 O2 D  in Equation (2.54) 

into Equation (2.52) to  obtain (recall Equation (2.10) on page 21):

a i 1 =  tan  ( arccos ^ —) — o '2 (2.55)
v R 02

Now, substitu te Equations (2.3), (2.5) and (2.43) into Equation (2.55) and 

simplify. The result will be:

O' + I N 2 co sa0\ 7T .
a i,i =  tan  { arccos + 2  ) ~  2 ^  -  tn va o  (2.56)

Equation (2.56) gives the calculation formula of the angle a 'n  when the 

angular displacement of the gear is zero. W hen the angular displacement of 

the gear is d2 (in this time, the corresponding angular displacement of the

pinion is 6 {) (as shown in Figure 2.2), the angle a[ j will be:

a %i = a i,i ~  ^ 2

/ N 2 C O S O q \  7T .
=  tan   ̂arccos ■ J -  —  -  m v a 0  -  02 (2.57)
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Consider the relation between the angular displacements of the pinion and 

the gear, 9\ and 6 2 - The initial reference displacement point (point A<i in 

Figure 2.2) is selected an the point where the double-tooth-pair mesh duration 

begins. The angular velocities of the pinion and the gear, and u>2 , have the 

following relationship [1]:
Ni

u>2 = — u) 1 (2.58)
i v  2

Thus, we can obtain:

h  =  ^  (2.59)

Substitute tu2 in Equation (2.59) into Equation (2.57). The result will be:

, / jV2c o sa 0\ 7r . N i
a „ =  tan ( arccos ) -  o/vT -  in v a o — -rr»i (2.60)

Equations (2.51) and (2.60) give the calculation formulae of the angles a ^ i  

and a'x l) respectively, which are for the first pair of meshing teeth. Similarly, 

for the second pair of meshing teeth, there are corresponding angles and 

a \ 2 (refer to Figure 2.2). For the angle 0 ^ 2 , the difference from the angle 0 1 , 1  

is only the angle 2ir/N i. Thus, it can be expressed as:

2 n  37T
<̂ 1,2 =  O il 1 j\T =  2 ~N— i n v a o ^~

tan
N \ cos OiQ

arccos;
tJ(N2+2)2+( N 1+N2 )2—2 (N 2+2) ( Ni+N2 ) cos (arccos — cxo).

(2.61)

Correspondingly, the difference between the angles a'l 2 and a'x l is also only 

the angle 2ir/N2, but the sign is negative, i.e. — 27r/A2. The expression is as
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follows.

arccos in va o  (2.62)

Now, we possess all the expressions for the angles 0 :1 ,1 , a'l x, 0 1 , 2  and a'12, 

which will be used for the dynamic simulation in Chapter 4. Meanwhile, these 

expressions will be validated by the simulation results.

W ithin double-tooth-pair mesh duration, there are two pairs of teeth  mesh­

ing at the same time. The effective stiffness of each pair can be calculated 

according to Equation (2.35) when i =1, 2, respectively. We assume tha t 

the to ta l effective stiffness kt is equal to the summation of these two pairs’ 

stiffnesses kt> 1 and /q)2. Then, kt can be obtained by:

For the single-tooth-pair meshing duration, the to tal effective mesh stiffness 

can be calculated according to Equation (2.34).

2.3.2 D ouble/S ingle-tooth-pair M eshing D uration

In this study, we define the angular displacement as the angle th a t the pin-

in Figure 2.2 as this reference point, which corresponds to  the initial meshing 

point of the first pair of meshing teeth, i.e. the point where the double-tooth- 

pair meshing duration begins. Corresponding to  this initial point A 2 , the con-

kt — k^i +  kt^
2 1

=  £ -—— 1— -— 1— -— 1— -— 1— -— 1— -— 1— —
k h . i  k b l , i  k s l . i  k a l . i  ^ s 2 , i  k a l . i

(2.63)

ion/gear goes through from the initial reference point. Select point A 2 shown
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tac t point of the second pair m ating teeth is point C. At this point, the angular 

displacements of the meshing gears, 9i and 6 2 , are both zero. As the angu­

lar displacement increases, contact point will move from point C  to point A \.

will be equal to the lasting angular displacement, which is defined as 6 4 - Thus, 

during 9d, there are always two pairs of teeth meshing simultaneously. After 

point A i,  the second pair of m ating teeth will separate. The single-tooth-pair 

meshing duration begins. Until the angular displacement reaches Q\ =  2 n /N \,  

we are back to the situation similar to  the zero-position. The corresponding 

angular displacement is defined as 9S.

Refer to  Figure 2.2. According to  the geometry of the involute too th  profile, 

the angle 6 d is equal to  LJ(xO \A \, which can be calculated as:

Thus, based on Equation (2.64), when there are two tooth  pairs meshing, 

the range of the angular displacement can be expressed as:

The lasting angle, 9S, of the single-tooth-pair mesh duration within one 

mesh period is given by:

Correspondingly, point A[ on the pinion will move to A \. The angle LA[O iA  1

arccos

tan  arccos
N i COS Qfo

(2.64)
yj( N 2+2 ) 2+( N 1+N2 )2—2 (N 2+2 ) (N 1+N2 ) cos (arccos -  a 0) .

(2 .66)
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The range of the angular displacement can be expressed as:

r 27T 27T -i
01 € [(n — 1)— +  0 ,̂ (n — 1)— +  +  0S)] (n = 1,2, •••) (2.67)

2.3.3 Validation of the Derived Equations

Equations (2.64) and (2.66) can be validated by examining the Contact Ratio, 

which is a criterion of load distribution between the teeth being in mesh and 

applied to specify the average number of pairs of teeth in contact. There 

exist two definitions/descriptions for this term. One is “the ratio of the length 

of the working part of the action line to the base pitch” [3, 34]. The other 

is “the average number of pairs of teeth in contact according to the angular 

displacement” [3]. Both definitions are used by researchers to explain the 

physical meaning of the term  contact ratio. The first one is in term s of the 

‘distance (line)’ relation, and the second is in term s of the ‘angular’ relation. 

While the first is the more commonly used, the second is more useful in this 

study. This second definition formula may use the angles whose calculation 

formulae are derived and validated here. For a same term  contact ratio, we use 

two definitions from two different angles (line/angular relation) . The second 

one is calculated by the equations (Equations (2.64) and (2.66)) to  validate. 

Thus, if these two results are consistent, the equations derived are validated 

since we use the derived equations to obtain the second result.

Based on the former definition of contact ratio, it can be expressed as

[3, 34]: _____

Cri =  (2.68)
Pb
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where pb is the base circular pitch, which can be expressed as [3]:

P b = p  cos ao (2.69)

where p is the circular pitch of m ating gears, which is defined as:

P = j  (2.70)

where P  is the diam etral pitch of m ating gears.

Substitute the param eters in Equations (2.1), (2.69), (2.4), (2.5) and (2.6) 

into Equation (2.68), the result is as follows [3, 34]:

^(AVl-2)2—(/Vicos ao) 2+^/(/V2+2)2—(/V2cos a^M -Ah+A^sin ao
Cr i = ---------------------------------    (2.71)

27 t  c o s  a o

Based on the la tter description of contact ratio, we can calculate contact 

ratio as:

tan

0S +  26d N \ [  / N \ cos a 0 >
*̂•2 =  — 2rr—  ~  ( arccos

/V, nr\<s rv^ 1
(2.72)arccos

Ni  ̂ N i + 2 '

N \ cos ao

{N 2+2 ) 2+( N 1+N2 )2—2 (N 2+2 ) (N 1+N2 )cos( arccos

To test correctness of Equations (2.64) and (2.66), we may compare the 

contact ratios calculated by the Equations (2.71) and (2.72), respectively. In 

our investigation, only gears w ithout undercutting will be considered, (under­

cutting is a undesired case during gear manufacture, which makes the initial 

point of the involute curve not located on the base circle [3]. Under this condi­

tion, the meshing of gears will not be according to the involute profile during 

some meshing period. Undercutting will be present when the too th  number
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of the pinion is relatively small.) In this case, the initial point of the involute 

profile belongs to  the base circle. As shown in Figure 2.2, the distance between 

the initial m ating point A 2  and the center of the pinion can not be less than  

the base radius in order to guarantee the contact is along the involute curve.

For convenience, we define the pressure angle to  make the length of A 2 O 1 

equal to the base radius as critical pressure angle Given the numbers 

of teeth  in a pair of meshing gears, aob can be obtained by solving Equation 

(2.73).

N lCOs a ob =  \ /(A2+ 2 ) 2+( iVi+iVa)2—2 (A^+2) (W +W ) cos (arccos -  a ob)
V -/V2 + 2

(2.73)

Based on Equation (2.73), we can obtain critical pressure angles for differ­

ent tooth  numbers of m ating gears as shown in Figure 2.4.

According to  Equation (10.5.4) in [3], the minimal pressure angle without 

undercutting can be calculated by:

a 0m = arcsin y  (2.74)

The minimal pressure angles w ithout undercutting for different too th  num­

bers are shown in Figure 2.5. The difference (shown in Figure 2.6) between 

the minimal and critical pressure angles can be expressed as:

Aq?q (x Qm  o^ob (2.75)

We find th a t the calculation results of Contact Ratio by Equations (2.71) 

and (2.72) are identical under the condition tha t pressure angle is greater than 

critical pressure angle a 0b- The following will investigate if this condition is
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Figure 2.4: The critical pressure angle a ob vs. the tooth  numbers of the pinion 
and the gear N \ Sc N 2

satisfied in this study.

From Figure 2.6, Aao is always greater than  zero, i.e. the minimal pressure 

angle is always greater than  the critical pressure angle. Therefore, in this study 

(for which no undercutting exists), the applied pressure angle greater than  aom 

will be greater than  aot as well. Thus, the results by Equations (2.71) and

(2.72) are identical, which validates the correctness of Equations (2.64) and

(2 .66).

2.4 R elation o f M esh Stiffness and Angular D isplacem ent

For a pair of steel gears w ith pressure angle 20°, tooth  numbers 19/48, the 

diam etral pitch P  = 8 inch - 1  and the w idth of teeth  L — 16 m m , the angular 

displacement of the pinion during one mesh period is 18.9° (=360°/Ar1). The 

relations of stiffnesses and the angular displacement are shown in Figure 2.7.
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Figure 2.5: The minimal pressure angle aom for nonundercutting vs. the tooth 
number of the pinion N \

litinni

Figure 2.6: The difference A a 0 between the minimal and critical pressure 
angles vs. the tooth  numbers of the pinion and the gear JVi k. N 2
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In this figure, 9\ is the angular displacement of the pinion. 9\ — 0 represents 

tha t a pair of teeth  ju st begins m ating (refer to point A 2 in Figure 2.2 on page 

23).

Based on Equation (2.11) on page 24, the Hertzian stiffness kh for each 

m ating tooth  pair is a constant, as shown in Figure 2.7(a).

For the first pair of meshing teeth, from Equation (2.38) on page 31, the 

axial compressive stiffness ka\^  of the pinion can be obtained as shown in 

Figure 2.7(b), where the peak line with very high value corresponds to the 

angular displacement 9i =  1.292°, which corresponds to  « i,i =  0 (refer to 

Figure 2.3 on page 26. cc^i can be calculated by Equation (2.51) on page 

33.). According to Equation (2.38), when a ^ i  — 0, the corresponding axial 

compressive stiffness value is infinity. Thus, according to  Equation (2.35), in 

this position, the axial compressive stiffness has no contribution to  the to tal 

effective mesh stiffness.

The shear stiffness ksi ti can be obtained by Equation (2.37) on page 31. The 

result is shown in Figure 2.7(c). The shear stiffness decreases as the angular 

displacement increases within a mesh period (a mesh period Tm corresponds 

to the angular displacement 18.9°.).

We can obtain the bending stiffness kbgi by Equation (2.36) on page 31. 

The result is shown in Figure 2.7(d), where the peak point corresponds to the 

angular displacement 9\ =  1.292° (corresponding to o ^ i =  0).

For the m ating too th  of the gear, one of the first pair of meshing teeth, axial 

compressive stiffness ka2}i, shear stiffness /cS2 ,i and bending stiffness kb2ii can 

be obtained by Equations (2.41), (2.40) and (2.39) on page 31, respectively. 

The results are shown in Figures 2.7(e), (f) and (g), respectively. It is observed 

th a t they increase as the angular displacement increases w ithin a mesh period
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Figure 2.7: Stiffnesses vs. angular displacement 0\ of the pinion: fc^-Hertzian 
stiffness; fc^i/A ^i-com pressive stiffness of the pinion/gear too th  of the first 
pair; ksi ii / k s2 ti- shear stiffness of the pinion/gear tooth of the first pair; 
&m,i Ab2 ,i-bending stiffness of the pinion/gear tooth  of the first pair; /cali2//ca2 ,2 - 
compressive stiffness of the pinion/gear tooth  of the second pair; ksi i2 / k s2t2- 
shear stiffness of the pinion/gear tooth  of the second pair; kbi<2 /kb2<2 -bending 
stiffness of the pinion/gear tooth  of the second pair; A:r to ta l mesh stiffness.
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(a mesh period Tm corresponds to the angular displacement 18.9°.).

For the second pair of meshing teeth, the corresponding axial compressive 

stiffnesses (fcal)2 and A;a2j2), shear stiffnesses (ksi )2 and &:s2|2) and bending stiff­

nesses (kbit2 and kb2 ,2 ) can be calculated by Equations (2.38), (2.41), (2.37), 

(2.40), (2.36) and (2.39), respectively. The results are shown in Figures 2.7(h- 

m), respectively. Different from those corresponding stiffnesses for the first 

pair of meshing teeth, there exists a common obvious discontinuous point for 

the second pair. After this point, all stiffnesses become zero. This point 

corresponds to the angular displacement 9\ — 12.232°, which represents the 

transition point from double-tooth-pair mesh to single-tooth-pair mesh, i.e. 

the second pair will end the m ating a t this point. The angles 9d and 9S of the 

double- and single-tooth-pair mesh durations within one mesh period can be 

calculated according to Equations (2.64) and (2.66) on page 37, respectively. 

They are 6 d =  12.232° and 9S = 6.715°, respectively.

In addition, in Figure 2.7, the values of stiffnesses at points A n , S u ,  B n ,  

A 2 1 , S 21 and B 21 should be equal to those at points A 12, S 1 2 , # 1 2 , A22, S 22 and 

B 2 2 , respectively. The reason is tha t beginning with point A2 in Figure 2.2 on 

page 23, the m ating point of the first pair will reach point C  after one mesh 

period, where the stiffness values correspond to  the values at points A n , S u ,  

B n ,  ^ 2 1  > <52i and B 21 in Figure 2.7. Point C, however, is exactly the initial 

m ating point of the second pair, where the stiffness values correspond to  the 

values at points A n ,  S 1 2 , B n ,  A22, S22 and £?22 in Figure 2.7. Therefore, At 

the left side of the dotted line t-t, the first pair and the second pair will mesh 

simultaneously. After line t-t, only the first pair keeps meshing until the next 

mesh period.

All component stiffnesses have now been determined. By Equation (2.63)
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on page 36 and Equation (2.34) on page 30, the to tal effective mesh stiffness 

with one mesh period can be obtained (as shown in Figure 2.7(n)). The mesh 

stiffness is changing w ith the angular displacement of the pinion. W ithin one 

mesh period, the value of mesh stiffness increases first. After reaching the peak 

point, it decreases until there is a discontinuous point, which corresponds to 

the transition point from double-tooth-pair mesh to  single-tooth-pair mesh. 

After th a t point, the single-tooth-pair meshing duration begins, and thus the 

value of mesh stiffness increases again. Figure 2.8 gives the variation of the 

mesh stiffness within one shaft period, which comprises 19 mesh periods. It 

is observed th a t the mesh stiffness varies periodically. The period is the mesh 

period.

In comparison, if the shear stiffnesses are not considered in calculating the 

mesh stiffness, the to tal mesh stiffnesses for the double- and single-tooth-pair 

durations will be calculated according to Equation (2.63) getting rid of terms 

ksi,i and ks2li on page 36 and Equation (2.34) getting rid of term s ksl and k s2  

on page 30, respectively. The result within one shaft period is shown in Figure 

2.9. It is observed th a t the values of the to tal mesh stiffness are about two 

times higher than  those with the shear stiffnesses considered. Therefore, the 

shear stiffness will affect the to tal effective mesh stiffness greatly.

To investigate the relations of bending, shear and axial compressive stiff­

nesses, the ratio plots are given in Figure 2.10. We see th a t the magnitudes 

of axial compressive and shear stiffnesses are close to and much smaller than 

those of the corresponding bending stiffnesses, respectively. Therefore, axial 

compressive and shear stiffnesses can not be ignored simply in calculating the 

to tal effective mesh stiffness.
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Figure 2.8: The to tal effective mesh stiffness kt vs. the angular displacement 
6 \ of the pinion within one shaft period T\
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Figure 2.9: The to tal effective mesh stiffness kt w ithout the shear stiffness 
considered vs. the angular displacement 0 \ of the pinion within one shaft 
period T\
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Figure 2.10: (a) Ratios of bending stiffnesses to axial compressive stiffnesses 
h j/k a vs. the angular displacement 0 \ of the pinion: /^ p i/A ^ i-ra tio  of the 
bending stiffness to axial compressive stiffness of the pinion too th  of the first 
m ating pair; A a 2 ,i-ratio of the bending stiffness to axial compressive stiff­
ness of the gear too th  of the first mating pair; &6i ,2 /^ 0 1 ,2 -ratio of the bending 
stiffness to axial compressive stiffness of the pinion tooth of the second m ating 
pair; kb2 ,2 / ^ 2 ,2 -ratio of the bending stiffness to axial compressive stiffness of 
the gear tooth  of the second m ating pair; (b) Ratios of bending stiffnesses to 
shear stiffnesses kb/ks vs. the angular displacement 6 \ of the pinion: kbiti / k si ti- 
ratio of the bending stiffness to  shear stiffness of the pinion tooth  of the first 
mating pair; A;6 2 ,iA s 2 ,i-ratio of the bending stiffness to shear stiffness of the 
gear tooth  of the first m ating pair; kbi,2 / ^ 1 ,2 -ratio of the bending stiffness to 
shear stiffness of the pinion tooth  of the second m ating pair; ^ 2 ,2 / k S2 ,2 -ratio of 
the bending stiffness to shear stiffness of the gear tooth  of the second m ating 
pair.
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2.5 Summary

In this chapter, we derived the direct calculation formulae of mesh stiffness 

based on the potential energy method proposed by Yang and Lin [21]. The 

corresponding calculation formulae of param eters (such as cr^i, a'j j, a 1 2  and 

ol\ 2) used for mesh stiffness calculation are derived. We developed the formu­

lae for the calculation of the lasting angles of the double- and single-tooth-pair 

mesh durations within one mesh period as well, which are validated by para­

metric comparison (contact ratio).

The formulas derived in this chapter considered the shear stiffness, which 

was neglected by some previous studies. The results showed th a t the shear 

stiffness had a great influence upon the to tal mesh stiffness.

Based on the calculation formulae for the mesh stiffnesses of perfect gears 

in this chapter, we will discuss the mesh stiffnesses of gears w ith local tooth 

faults such as too th  chip, tooth  crack and tooth  breakage in next chapter.
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C h a p t e r  3

In t r o d u c t i o n  o f  G e a r  L o c a l  F a u l t s

3.1 Introduction

In Chapter 2, for a pair of perfect mating gears with a contact ratio  between 

1 and 2, the direct calculation formulae of the to tal effective stiffness in each 

meshing duration (double-tooth-pair or single-tooth-pair) have been obtained 

by the potential energy method. By Equation (2.11) on page 24 and Equa­

tions (2.36-2.41) on pages 31-31, Hertzian, bending, shear and axial compres­

sive stiffnesses can be calculated, respectively. Given gear m aterial (Young’s 

modulus E  and Poisson’s ratio v  are constants), the to tal effective mesh stiff­

ness consisting of Hertzian, bending, shear and axial compressive stiffnesses 

depends on the geometry (shape and dimension) of the m ating teeth  of the 

gears investigated. Meanwhile, the localized gear faults are usually reflected 

in the changes of the tooth  geometry. Therefore, these faults will cause the 

changes in the mesh stiffness of gears.

In this chapter, based on the calculation m ethod of the mesh stiffness for 

perfect gears derived in Chapter 2, the mesh stiffnesses corresponding to three 

main localized gear faults such as tooth chip, tooth  crack and tooth  breakage 

will be investigated. For a pair of m ating gears constructed of the same mate-
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Figure 3.1: A chipped tooth

rial, the pinion usually gets worn first in th a t its rotation frequency is higher in 

comparison w ith th a t of the m ating gear. Thus, only the faults in the pinion 

will be considered in this chapter.

3.2 Calculation o f M esh Stiffness o f P inion w ith a Chipped Tooth

Assume th a t there exists a chipped tooth  in the pinion as shown in Figure 

3.1, where the shade area is the chipped part. Assume th a t the chip is so thin 

compared with the thickness of the tooth, th a t the change of the too th  thick­
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ness of the chipped part can be neglected when considering the bending, shear 

and axial compressive stiffnesses. Due to  the integration effect of calculations 

of these three stiffnesses (refer to Equation (2.26) on page 28, Equation (2.30) 

and Equation (2.32) on page 29, respectively), the changes of these three stiff­

nesses caused by the chip can be neglected, i.e., the bending, shear and axial 

compressive stiffnesses in this case can be approximately considered the same 

as those in perfect case.

In addition, the torsional effect will be present as there exists a chipped 

tooth. This effect, however, has little to no contribution to  the vibration 

response in the direction of the force F  because the vibrations are not coupled 

to each other. Therefore, the torsional effect is negligible in this study.

Now, it is time to consider the Hertzian contact stiffness. According to 

Equation (2.11) on page 24, the Hertzian stiffness kh is proportional to  the 

w idth L  of the tooth. For a perfect spur gear, the w idth along the tooth  curve 

is constant. Therefore, the Hertzian stiffness will also remain unchanged. In 

the chipped case as shown in Figure 3.1, however, the w idth of the effective 

work surface will change as the contact position moves along the too th  curve. 

Correspondingly, the Hertzian stiffness will proportionally vary as well. It can 

be calculated as:

i. _  1tE L c to 1 ^Khchip 4 ^ 1  _  b5'-v

where L c represents the w idth of the effective work surface. For the chip shape 

shown in Figure 3.1, the effective work width a t the roof of this too th  has the 

minimal value L —z. Then, the w idth will increase along the too th  curve from 

the tooth  roof toward the root. The width will change back to the normal 

w idth L  a t the position where the distance from the too th  roof is equal to 

b. Thereafter, the w idth will stay at the constant L. According to the X O Y
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plane rectangular coordinates as shown in the lower diagram of Figure 3.1, we 

assume th a t the curve PiPPe of the chip profile is a segment of a hyperbolic 

curve. Given the coordinates of two end points Pi(L,dh—b) and Pe(L — z,dh), 

the relation between X  and Y  coordinates at some point P  of this curve can 

be obtained according to the property of the hyperbolic curve. As a result, 

the w idth L c of the effective work surface can be expressed as:

L c = {
L, if 0<dc<dh~b

(3.2)
( t e - d hz ) j -  + L - * F ,  if dh- b  < dc<dh

where dh is the tooth  height (the distance between the roof and the root of the 

tooth). Referring to  Equation (2.20) on page 27, dc can be expressed as:

dc =  Rbi\{ac +  0 :2 ) sin a c +  cos a c — cos 0 :2 ] (3.3)

where the angle a c, (as shown in Figure 3.1, which corresponds to  the angle 

a  1 in Figure 2.3 on page 26), uniquely determines the position of point P  on 

the curve of this chipped tooth. The angle 0 : 2  is half of the base too th  angle

(as shown in Figure 3.1, which is the same as th a t in Figure 2.3).

From Equations (3.1-3.3), the Hertzian stiffness khchip will finally be a func­

tion of the angle a c. Thus, when there exists a chipped tooth  on the pinion, 

the to tal effective mesh stiffness can be expressed as:

^ t c h i p  ~  1 I 1 I 1 I 1 | 1 I 1 | 1 ( 3 -4 )

^ c h i p  ^ 6 1  k a  1 k b  2  k s  2  k a  2

In this study, the size of the chip is z  =  8 m m , b = 2 m m  (as shown

in Figure 3.1). For these param eters, the effective work contact w idth L c of
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Figure 3.2: The Hertzian contact stiffness kh and the to tal mesh stiffness kt 
vs. the angular displacement 9\ for the pinion with a chipped tooth

the m ating teeth  can be obtained according to Equation (3.2). The Hertzian 

contact stiffness can be calculated by Equation (3.1). The result is shown in 

Figure 3.2. Point A  corresponds to  the initial contact position of the chipped 

part, which corresponds to  the angular displacement of the pinion 6 \ =  22.4°. 

From point A  to  point D , the Hertzian stiffness decreases w ith the decrease of 

the effective contact w idth L c. Point D  correspond to  the transition point from 

double-tooth-pair mesh to single-tooth-pair mesh. The corresponding variation 

of the to ta l effective mesh stiffness is also shown in this figure. Instead of curve 

B F ,  the mesh stiffness will change as B E  during teeth m ating in the chipped 

part, which reflects the shape of the chipped part and validates the derived 

expressions for the calculation of the to tal mesh stiffness.
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Figure 3.3: A cracked tooth

3.3 Calculation of M esh Stiffness o f Pinion w ith a Cracked Tooth

Assume th a t there exists a crack at the root of the pinion and the depth of the 

crack is a constant q along the w idth of the tooth. It is also assumed th a t the 

tooth  with this crack is still considered as a cantilevered beam. The boundary 

condition is th a t the root of this tooth  does not experience any deflection.

In this study, we will only consider the case when q is less than  half of the 

base chordal tooth  thickness (refer to Figure 2.1 on page 19 for the nomencla­

ture). This case corresponds to the relatively shallow crack in the tooth, which 

is the most common cracked case in the real world since the too th  will rapidly 

break when there exists a deep crack (more than  half of the base chordal tooth  

thickness). The intersection angle u between the crack and the central line of 

the tooth  is also a constant (as shown in Figure 3.3). The curve of the tooth
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profile remains perfect. In this case, based on Equation (2.11) on page 24, the 

Hertzian contact stiffness will still be a constant since the work surface of the

constant L. For the axial compressive stiffness, it will be considered the same 

with th a t under the perfect condition in th a t the crack part can still bear the 

axial compressive force as if no crack exists. Therefore, w ith a too th  crack, 

Hertzian and axial compressive stiffnesses can still be calculated according to 

Equation (2.11) on page 24 and Equation (2.32) on page 29, respectively.

The bending and shear stiffnesses, however, will change due to  the influence 

of the crack. Referring to both  Figure 2.3 on page 26, which shows the defini­

tions of some symbols used in Equation (3.5) and Equation (3.6), and Figure 

3.3, when the crack is present, the effective area moment of inertia and area 

of the cross section a t a distance of x  from the tooth  root will be calculated 

as Equation (3.5) (instead of Ix in Equation (2.22) on page 27) and Equation 

(3.6) (instead of A x in Equation (2.29) on page 28), respectively.

where hx can be obtained by Equation (2.23) on page 27, and hc is the distance 

from the root of the crack to the central line of the tooth, which corresponds 

to point G  on the tooth  profile and the angle a g (as shown in Figure 3.3). hc

tooth  has no defect and the width of the effective work surface will always be a

A ( h c + hx)3 L, if x< gc 

~ ( 2 hx)3L = \ h zxL, if x > g c
(3.5)

(hc +  hx)L, if x< gc 

2hxL, if x  > gc
(3.6)
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can be calculated by (based on Figure 2.3 and Figure 3.3):

hc = Rbi sin — q sin v (3.7)

Following the similar procedure for deriving Equation (2.26) in section

2.2.2, the corresponding formulae of the bending and shear stiffnesses under 

the cracked condition can be derived as follows according to  different cases.

a. When hc < hr or when hc>hr k  a i< a g

As shown in Figure 3.3, hr is half of the roof chordal too th  thickness (refer 

to Figure 2.1 on page 19 for the nomenclature). In this case, x  shown in Figure

2.3 on page 26 is always less than  or equal to gc shown in Figure 3.3. Thus, Ixc 

and A xc should be calculated by the upper ones of Equation (3.5) and Equation 

A xc, respectively. Substitute hc in Equation (3.7) and hx in Equation (2.23) 

on page 27 into Equation (3.5) and Equation (3.6). The results are as follows.

Now, replace Ix in Equation (2.21) on page 27 and A x in Equation (2.27) 

on page 28 by Ixc and A xc, respectively. Equation (2.21) will become:

Ixc =  ^ 2  {R bl N n a 2 +  ia  +  a 2) cos ck — sin a] -  q sin v } 3L  (3.8)

A xc =  {Rbi [sin a 2 +  (a  +  0 :2 ) cos a  — sin a] — q sin v }L  (3.9)

(3.10)

Equation (2.21) will become:

(3.11)
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Substitute Ub in Equation (2.13) on page 24 into the left side of Equation

(3.10), and substitu te Fb, M ,  d, I xc, x, and dx in Equations (2.16), (2.18), 

(2.20), (3.8), (2.24) and (2.25) into the right side of Equation (3.10). After 

simplification, the result will be:

1 r*2 12{1 +  cosai[(cc2  — ct) s in a  — cosck]}2(q:2 — cc) c o s a ^  ('3 1 2 ')
kbcrack J-a  1 EL[sino :2 — sinn +  s in a  +  (0 : 2  — a )  cos ct]3

Substitute Us in Equation (2.14) on page 25 into the left side of Equation

(3.11), and substitute Fb, A xc , x, and dx in Equations (2.16), (3.9), (2.24) and 

(2.25) into the right side of Equation (3.11). After simplification, the result 

will be:

1 r"2 2.4(1 +  u)(a 2 — a ) cos a  cos2 a  1
"7 — I t ~i t  r • a • • / \ 7 C1OL (3.13)
kscrack E L  [sin « 2 - ^ - s m r  +  sm a  +  (0 : 2  — a)  cos a\

b. When hc>hr & an >  a g

In this case, the contact point of a pair of mating gears on the tooth  profile 

will be located between point G and the tooth  roof (refer to  Figure 2.3 on page 

26 and Figure 3.3). Thus, there exist two cases for calculations of I xc and A xc, 

x < gc (corresponding to a  < a g) and x  > gc (corresponding to a  >  a g), as 

shown in Equation (3.5) and Equation (3.6), respectively. The whole integra­

tions for calculations of kb and ks will consist of two parts, respectively. The 

first part, corresponding to a  <  a g, can be calculated referring to Equation

(3.10) and Equation (3.11), respectively. The lower and upper limits of the 

integration variable a  are — a g and respectively. The second part, corre­

sponding to a  > o ig , can be obtained referring to Equations (2.21) and (2.27) 

w ith the lower limit —aq and the upper limit —otg. Therefore, the bending and
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shear stiffnesses will be equal to  the summation of these two parts as follows.

1 f a2 2.4(1 +  v)(ot2 — a)  cos a  cos2 aq
kScrack J-ag EL[sin a<i — sin v +  sin a  +  (a<i — a)  cos a]

, a 9 1.2(1 +  i/)(a2 -  cn) cos a: cos2 aq ,
+  /   I'.T"------ --------- r-------- ;— da  (3.15)

J-a i EL[sin a  +  (a 2 — a)  cos a\

Thus, when there exists a cracked tooth  on the pinion, the to ta l effective 

mesh stiffness can be expressed as:

Consider a crack a t the root of the pinion with the depth q = 3.1 m m  and 

the angle v — 45° (as shown in Figure 3.3). In this case, the Hertzian and axial 

compressive stiffnesses can still be calculated according to  Equation (2.11) on 

page 24 and Equation (2.32) on page 29, respectively.

The bending and shear stiffnesses, however, will change due to the influence 

of the crack (shown in Figure 3.4), which can be obtained by Equations (3.12), 

(3.14), (3.13) and (3.15). The corresponding to tal mesh stiffness ktcTack can be 

calculated by Equation (3.16). The result is shown in Figure 3.5.

From Figure 3.4, it is observed tha t the bending and shear stiffnesses greatly 

decrease due to the existence of the crack. The influences spread over the 

m ating duration of this cracked tooth, which corresponds to the angular dis­

placement £?i from zero to  31.2°, i.e. one mesh period plus the duration of 

double-tooth-pair mesh. The to tal mesh stiffness decreases appreciably due

' c r a c k

1
(3.16)

+  —  +  —  +
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Figure 3.4: (a) The shear stiffness ks vs. the angular displacement 9\ for 
the pinion with a cracked tooth; (b) The bending stiffness kb vs. the angular 
displacement 6 \ for the pinion with a cracked tooth

x 10
12

10

8

6

4
  k( (pinion with a cracked tooth)

  k{ (perfect pinion)2

0
0 5 10 15 20 25 30 35

Figure 3.5: The to ta l mesh stiffness kt vs. the angular displacement 0i for the 
pinion with a cracked tooth
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Figure 3.6: A broken tooth

to the crack within the double-tooth-pair mesh duration (curve A B  in Figure 

3.5). From point C  to point D  and point E  to point F,  the to ta l mesh stiff­

ness decreases significantly. The result reflects the influence of the crack on 

the mesh stiffness and validates the derived expressions for the calculation of 

the to ta l mesh stiffness.

3.4 Calculation o f M esh Stiffness o f P inion w ith  a Broken Tooth

In the previous two sections, the calculation methods of mesh stiffnesses of the 

pinion with chipped and cracked defects have been investigated, respectively. 

In this section, we will focus on the mesh stiffness calculation under tooth- 

broken condition.

Assume th a t one of the teeth  on the pinion is broken as shown in Figure
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Figure 3.7: The to tal mesh stiffness kt vs. the angular displacement 6 \ for the 
pinion with a broken tooth

3.6. The dotted-line tooth  represents the missing one. If this too th  were 

not broken, it would become meshed with a too th  of the m ating gear when 

it rotates to the engagement area. W ithin the double-tooth-pair duration, 

there are two pairs of teeth  meshing a t the same time. Only one pair of teeth 

are meshing during the single-tooth-pair duration. However, w ith dotted-line 

tooth  missing, in comparison with the perfect case, there will be only one pair 

meshing during original double-tooth-pair duration since the tooth  will lose 

contact a t the position of the missing tooth. Thus, the to ta l effective mesh 

stiffness will only consist of the mesh stiffness of one pair of teeth. Instead of 

Equation (2.63) on page 36 in section 2.3, the to tal effective mesh stiffness will 

become:

, 1
^ b r o k e n  ~  1 | 1 | 1 I 1 , 1 , 1 , 1 ( 3 ‘ 1 7 )

k h ,  1 *61 ,1  * s l , l  * a l , l  *62 ,1  * s 2 , l  * a 2 , l
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Correspondingly, during original single-tooth-pair duration, the to tal effec­

tive mesh stiffness will become zero as a result of no tooth  mesh. In this case, 

it is assumed th a t the driven gear can still continue rotating during this short 

term  due to the rotation inertia. Thus, the corresponding mesh stiffness is 

shown in Figure 3.7. The mesh stiffness is much lower than  th a t in the perfect 

case.

3.5 Summary

In this chapter, based on the perfect case discussed in C hapter 2, we derived 

the expressions of the effective mesh stiffness of the mating gears w ith three 

kinds of localized tooth  faults such as chipped, cracked and broken tooth, 

respectively. These expressions will be validated by the simulation results in 

Chapter 4.

W ith the help of these expressions, the corresponding gear faults can be 

introduced to investigate their influence on vibration response of gear system, 

which will be discussed in the following chapter.
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D y n a m i c  S i m u l a t i o n  o f  S y s t e m  R e s p o n s e  o f  

G e a r b o x

4.1 Introduction

In the foregoing chapters, we derived the expressions for the mesh stiffnesses 

of perfect gears and gears with local tooth  faults such as tooth  chip, tooth 

crack and tooth  breakage. As an im portant param eter of gear dynamics, mesh 

stiffness can be used to represent different tooth  faults of gears as shown in 

Chapter 3. W ith the help of these derived expressions, we can investigate 

the influence of mesh stiffness variation due to  some tooth  fault on vibration 

response of a gear system.

In this chapter, a one-stage gear dynamic model considering the time- 

varying mesh stiffness and lateral and torsional vibrations will be simulated 

to study the effects of three kinds of local tooth  faults. By analytical and/or 

numerical methods, vibration acceleration responses under different gear con­

ditions will be investigated. The simulation results in this chapter will also be 

used to  validate the expressions derived in Chapter 2 and C hapter 3.

On the basis of the one-stage gear dynamic model, analytical solutions of
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motion equations of a gear system will be obtained for the vibration response 

in the direction parallel to  teeth in mesh (the x  direction). Numerical solutions 

will be obtained for the vibration response in the direction vertical to  teeth  in 

mesh (the y  direction). Simulation da ta  between normal and fault cases will 

be compared under different fault conditions.

4.2 M odel o f Gear Dynam ics

In Chapter 1, we briefly described models of gear dynamics used by other re­

searchers. Among these models, a dynamic model coupling both  torsional and 

lateral motions is ideal for investigating the vibration response properties of 

the gear system, especially for the study on the response of gearbox casing. 

The reason is th a t one typically considers measuring the lateral vibration accel­

erations by mounting sensors close to the bearings on the gearbox casing. For 

simplification, we assume th a t the gearbox casing is rigid so th a t the vibration 

propagation along the casing is linear. Thus, the vibration response properties 

of gears in lateral directions are consistent with those on the gearbox casing.

Figure 4.1 shows the model to be used in our study. The definitions of 

some symbols are shown on page 68. It is a one-stage mass-spring-damper 

8-DOF involute spur gear dynamic model w ith both  torsional and lateral vi­

bration considered, which was developed by Bartelmus [19]. In their study, two 

constant mesh stiffnesses were used for single- and double-tooth-pair m ating 

d u ra tio n s , respectively . In  our in v estig a tio n  how ever, we will consider tim e- 

varying mesh stiffness for each duration. The calculation expressions of mesh 

stiffness for three cases of local tooth  faults were derived in Chapter 3.

The system is driven by electric motor with a torque M x, and loaded with 

torque M 2 . The motor shaft and the shaft th a t the pinion mounts on are
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Gearbox Casing |“

/ Fdyl*! CylL J

/ ''

dxl

Gearbox Casing

Figure 4.1: A model of one-stage gearbox dynamics: Fdyi, Fdxi, Fdy 2  and Fdx 2  

- the dam ping forces of the bearings; Fsyi, F sxl, F s y 2  and F s x 2  - the stiffness 
forces of the bearings; F j i2 and Fs 1 2  - the stiffness and damping inter-tooth 
forces; M pk and M gk - the stiffness moments of the couplings; M pc and M gc - 
the damping moments of the couplings. The definitions of other symbols are 
shown on page 68.
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coupled with a flexible coupling named “input coupling” . The similar style 

coupling named “output coupling” is applied to couple the shaft of the load 

and the shaft th a t the gear mounts on. The shafts, upon which the pinion and 

the gear are mounted, are supported by bearings. The bearings are attached 

to the gearbox casing. In Figure 4.1, the four shadowed parts represent the

gearbox casing, which is considered as the rigid casing for simplification. The

equations of motion for the system shown may be described as follows [19]: 

Consider the motion in the x  direction. The motion equations are:

miXi = - k xix i  -  cxix i (4.1)

m 2x 2 = - k X2x 2 -  c X2x 2 (4.2)

Now examine the motion in the y  direction. The motion equations are:

m iy i  =  - k yiy 1 - c yiyi + kt (Rb191 - R b 2 92 - y 1 + y2) + ct (Rbi91 - R b 2 92 - y i + y 2)

(4.3)

^22/2 — ~ky2y2 — Cy2y2 +  kt{Rb\6i — i?&2̂ 2 — yi +  2/2 ) +  Ct{Rbl6\ — Rb2^2 — y i +  2)2 )

(4.4)

For the rotary motions of the pinion and the gear, the motion equations 

will be:

l\0 i  = kp{0m — 9\) +  cp{6 m — Qi) — Rbi[kt (RbiOi — Rb2&2

— 2/i +  2/2 ) +  ct (Rb\Qi — Rb2&2 — 2/1 +  2)2 )] (4.5)

I 2^2  —  — k g { 6 2 — 9 b )  — C g { 9 2 — 9 b )  + R b 2 [ k t { R h \ 9 i  — Rb2@2

~  2/i +  2/2 ) +  ct (Rbi9i — Rb2 9 2 — 2)1 +  ^2 )] (4.6)
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For the rotary motions of the motor and the load, the motion equations 

can be expressed as:

IrJ>m = M l  -  kp(9m -  9i) -  cp(9m -  Oi) (4.7)

h@b =  —M 2 +  kg ( 8  2  — 9b) +  cs (^2 ~~ 9 b) (4.8)

where:

I m  - mass moment of inertia of the motor; 

lb - mass moment of inertia of the load;

11 - mass moment of inertia of the pinion;

12 - mass moment of inertia of the gear;

M \ -  input motor torque;

M 2 - output torque from load; 

m i  - mass of the pinion; 

m 2 - mass of the gear;

R b i - base circle radius of pinion;

Rb2 - base circle radius of gear;

kp - torsional stiffness of the input flexible coupling

kg - torsional stiffness of the output flexible coupling

Cp - damping coefficient of the input flexible coupling;

cg - damping coefficient of the output flexible coupling;

kXl - horizontal radial stiffness of the input bearings;

kX2 - horizontal radial stiffness of the output bearings;

kyi - vertical radial stiffness of the input bearings;

ky2 - vertical radial stiffness of the output bearings;

cXl - horizontal radial viscous damping coefficient of the input bearings;
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cX2 - horizontal radial damping coefficient of the output bearings; 

cyi - vertical radial damping coefficient of the input bearings; 

cy2 - vertical radial damping coefficient of the output bearings; 

kt - mesh stiffness; 

ct - mesh damping coefficient;

x \  - linear displacement of pinion in the direction parallel to  teeth  in mesh 

(the x  direction);

x i  - linear displacement of gear in the x  direction;

yi - linear displacement of pinion in the direction vertical to  teeth  in mesh 

(the y  direction);

7/2 - linear displacement of gear in the y direction;

9m - angular displacement of motor;

0 \ - angular displacement of pinion;

0 2 - angular displacement of gear;

9b - angular displacement of load;

The symbols w ith one and two overdot, say x  and x, represent velocities and 

accelerations, respectively.

To make equations more compact, Equations (4.1)-(4.8) can be rewritten

as:

mx + Cxx + Kxx =  0 (4.9)

my + C^y + Kj,y = CtR,£?i2 +  KiR#i2 (4-10)

Ii2©a + C2@cj + K20 ,  = C pgOmb + + Rr C fy +  RTK fy  (4.11)

+ c  pgOmb +  Kpg0 m{, =  M + C pgQd +  K pgOd (4-12)
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where:

m  =
/  „ \m i 0

0 m 2

; Cx =
/  \

Cxi 0

o cx 2

; K a
feci 0

V 0 fex2

X  =

/

/  \
X i

\ X * J

y =
N

\ ~ y 2 /

; cv =
/

; K y=

ct=
( \  

Ct

y e t  j
; Kt=

\

V kt )

Ct —Ct +  Cy2 J

> (  R b l Rb2  ) ’ @12 =

fet+feyi kt 

kt kt “I- ky2

\

0 -02

L12'

K,

A 0 

0 I 2

\
; Qd = diag{Qu)\ Cz =

R b l ̂ 4 "f" R b l Rb2 Ci

R b lR b 2 ct Rb2Ct~fCg J

R b l ̂ t  R b l Rb2 ̂ t

RblRb2k, Rfokt + k,
■ r  —
1 P9

/

cp 0

V 0  c 9  /

fe, 0

0 fe /

@m6
1  B X 

\  ~ ° h )

I m6 —

/  \
i'm 0

0 Jfc
M

/

/  \
Mi

V M 2 y

Equation (4.9) shows th a t the vibration in x  direction is free response. 

For free response, when system is stable, the vibration in this direction will 

disappear due to  the inherent damping [36].

Equation (4.10) represents th a t the system will undergo forced response in 

y direction. The irritation force is due to the time-varying mesh stiffness and 

damping, i.e. the periodic time-varying stiffness makes gear system response 

persist.
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4.2.1 The R esponse o f System  in x  D irection

For Equation (4.9), which is standard equation of motion for free vibration, 

we can obtain the analytical solutions for different damped cases as follows [36].

a. For underdam ped case (Q < 1)

Xi(t) =  Aie~<iUJit sin(a>dit +  $*) (4-13)

where * =  1,2 represent the pinion and the gear, respectively. Symbols in 

Equation (4.13) are defined as follows.

C, I  k ia c i / i  72
~~ 2 , / & ’ W dt-U iy/1  C<;

Z  Y  t i j  lltij V fill

Ai =
~...........V0i + (iUJiX0iJdi

where xqs and vq{ are the initial displacement and velocity of gears, respectively.

Correspondingly, the velocities of gears a t time t can be obtained by dif­

ferentiating the displacement x in Equation (4.13). The result is as follows.

x ,{t) =  Ate ^ [ - C i W j S i n ^ t  +  4>i) +  u;di cos(wdif +  $*)] (4.14)

Once the derivative of the velocity function in Equation (4.14) is calculated, 

we obtain the expression of the acceleration shown as follows.

Xi(t) =  Aie~CiUit[((iUjf -  ujj.) sin(o)dit +  $*) -  2(iwiWdi cos{udit  +  $*)] (4.15)

From Equation (4.15), it is seen th a t the acceleration of gear vibration in
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x  direction is an exponential-attenuation periodic function of time.

b. For overdam ped case  (£* > 1)

In this case, the displacement, velocity and acceleration of gear vibration 

can be expressed as Equations (4.16)-(4.18), respectively.

Xi(t) =  +  a ^ e V ^ h 1"*) (4.16)

ii(t) =  Vie-*™* [ -  (Ci +  )a ue - ^ ^ - { Q - 4 Q ^ l ) a 2ie ^ ^ ]

(4.17)

Xi ( t )  -  ^ 2 e - ^ [ ( C i +  ) \ u e - ^ » ' t + (< ; i - y f < ^ ) \ e y / G : : i "*t\

(4.18)

where:

~V0i ~  (Ci  ~  \ ] Q  ~  1 ) v iX 0i v0i +  (Ci +  \J Q  ~  1 ) v iX 0i
a li / : i i / : )

2u iyJ a  ~  1 -  1

From Equation (4.18), it is observed th a t the acceleration of gear vibration 

in x  direction is an exponential-attenuation function of time.

c. For critica lly  dam ped case (Q =  1)

In this case, we can calculate the displacement, velocity and acceleration 

of gear vibration according to Equations (4.19)-(4.21), respectively.

Xi(t) =  e-a’i£(feii +  b2it ) (4.19)

Xi(t) = -U ie~Uit\(bu -  — ) +  b2it] (4.20)
UJi
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£,({) =  +  h A  (4.21)
L'  UJi 7 J

where: bXi =  x0i; b2i = v0i + ViX0i

From Equation (4.21), it is once again observed th a t the acceleration of 

gear vibration in x  direction is an exponential-attenuation function of time.

Therefore, for all above three cases, the results show th a t the vibration 

acceleration response in x  direction will fade out with time, i.e., when the 

system is stable, the vibration in x  direction is transient and will disappear.

4.2.2 The R esponse o f System  in y  Direction

Since the response in x  direction is transient, we will focus on the accelera­

tion response in y  direction, which represents the effect of time-varying mesh 

stiffness.

For Equations (4.3)-(4.8), the analytical solutions can not be obtained since 

both torsional and lateral vibrations are coupled in this equation group. There­

fore, numerical solutions have to be pursued for studying the system response 

due to time-varying mesh stiffness. In the following sections, we will discuss 

the corresponding system responses in y  direction for different situations of 

gears, i.e. perfect gears, the pinion with a chipped tooth, the pinion with a 

cracked too th  and the pinion with a broken tooth.

4.3 D ynam ic Sim ulation for Perfect Gears

In order to  investigate the vibration responses for gear system including the 

pinion with local too th  faults, it is necessary to know the response of perfect 

gear system. For the perfect gear system, we assume th a t all components 

including gears, motor, shafts and bearings have no m anufacturing and as­
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semblage errors. In addition, it is assumed th a t the lubrication condition is 

perfect.

For the purpose of simulation simplification, we assume th a t the radial 

stiffnesses kxi, kyi, kx 2  and ky 2  of four bearings are equal to a constant kr. 

In addition, the damping coefficients cxi, cy 1 , cx 2  and cy 2  of bearings will 

be made equal to a constant cr . Finally, the torsional stiffnesses and the 

damping coefficients of the input and output couplings are equal to kc and cC) 

respectively, i.e. kp — kg = kc, cp — cg =  cc.

In this study, the main param eters of the gear system applied in this model 

are listed in Table 4.1. These values are chosen partly  referring to  the param ­

eters of Gearbox Dynamics Simulator.

In this study, we assume th a t the system has a constant dam ping ratio 0.07 

(C =  0.07, refer to [7]), and the mesh damping coefficient is proportional to 

the mesh stiffness [4], i.e.

ct =  fj,kt (4.22)

where /x is the scale constant with units of second (s).

To determine the constant /x, we consider the mean values km and cm of 

the mesh stiffness and the mesh damping coefficient within one mesh period. 

For the applied gear pair in this study, km =  8.854 x 108 (N /m ). The damping 

ratio can be calculated by [36]:

C =  (4-23)
2 y/kmm

where m  is the effective mass of pinion and gear. It can be expressed as [4]:

m =  (4.24)
m i +  m 2
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Table 4.1: Main param eters of the gear system
Gear type 
M aterial
Young’s modulus 
Poisson’s ratio 
Number of teeth 
Pressure angle 
Diam etral pitch 
Base radius of the pinion 
Base radius of the gear 
W idth of teeth 
Mass of the pinion 
Mass of the gear 
Contact ratio
Mass moment of inertia of the motor 
Mass moment of inertia of the load 
Mass moment of inertia of the pinion 
Mass moment of inertia of the gear 
Input shaft frequency 
Mesh frequency 
Input motor torque 
O utput load torque 
Torsional stiffness of the coupling 
Damping coefficient of the coupling 
Radial stiffness of the bearing 
Damping coefficient of the bearing

standard involute spur teeth 
steel
E  =  2.068 x 10n P a  [35] 
v  =  0.3 [35]
N \ =  19 and N 2 =  48 
a 0 =  20°
P  — 8 inch_1 
Rbi = 0.02834 m  
Rb2 — 0.07160 m  
L — 0.016 m  
m \ =  0.96 kg 

— 2.88 kg 
Cr =  1.6456
Im =  0.0021 kgm 2 [37]
Ib =  0.0105 kgm 2 [37]
I i =  mi.Rpj/2 =  4.3659 x 10-4 kgm 2 
h  =  ^ 2 ^ 2 / 2  =  8.3602 x 10-3 kgm 2 
f i  =  30 H z  
f m = 570 H z  
M i =  11.9 N m  [37]
M2 =  48.8 N m  [37]
kc — 4.4 x 104 N m /r a d  [38]
cc =  5.0 x 105 N m s /r a d  [38]
kr -  6.56 x 107 N /m  [38]
cr =  1.8 x 105 N s /m  [38]________
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Substitute m  into Equation (4.23), we can obtain the expression of cm:

Substitute the values of £, km, m i and m 2 (listed in Table 4.1) into Equation

(4.25), we get cm =  3.533 x 103 (N s /m ).  Thus, we select /jl =  cm/ k m = 

3.99 x 10~6(s).

So far, we have determined all param eters used in equations of motion. For 

Equations (4.3-4.8), we can not get the analytical solutions. Instead, we have 

to pursue the numerical solutions. During pursuing numerical solutions, the 

trade-offs between step-size, round-off errors and complexity of the algorithms 

have to  be considered. Generally, the smaller the step-size, the higher the 

calculation accuracy, but the bigger the accumulated round-off errors. To 

circumvent this problem, one makes use of higher order routines, which yield 

improved accuracy with larger step sizes.

MATLAB’s ODE15s function will be used to  obtain numerical solutions to 

the equations of motion. (In general, ODE45, which is based on 4 th-5 th Runge- 

K u tta  method, is considered as the best function to apply as a ’’first try ” for 

most problems. W hen ODE45 fails, or is very inefficient, or the problem is 

suspected to  be stiff, ODE15s is a better choice. For the above equation group, 

as a ’first try ’, ODE45 failed. On the basis of the above explanation, ODE15s 

is selected.)

Figure 4.2 shows the vibration acceleration response of the gear system 

within two shaft rotation periods (shaft period T\ =  l / / i  =  0.0333 (s)). One 

shaft period T\ consists of 19 mesh periods Tm. The acceleration response of 

the pinion (shown in Figure 4.2(a)) is much stronger than  th a t of the gear

77117712
(4.25)
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(shown in Figure 4.2(b)) in th a t the pinion is much lighter than  the m at­

ing gear. The amplitudes are not symmetrical about zero because the peaks 

correspond to  the shock from the double-tooth-pair duration to the single- 

tooth-pair duration. However, the valleys correspond to  the shock from the 

single-tooth-pair duration to the double-tooth-pair duration.

To observe the details, we provide the response plots (Figure 4.3) w ithin two 

mesh periods. W ithout loss of generality, we select the first two mesh periods 

during the second shaft period. In Figure 4.3, A \ and A 2, which correspond 

to tim e t =  Ti, are the beginning points of the second shaft period for the 

pinion and the gear, respectively. The responses present periodic attenuated 

oscillations. The oscillation period Tnd is 0.264ms. At the points B \ and 

£?2 j the oscillations are excited anew. B \ and B 2 correspond to  the transition 

point from double-tooth-pair mesh to single-tooth-pair mesh. The duration of 

the double-tooth-pair contact is Td. From point B \ /B 2 to  point C\ / C2, the 

gear system undergoes the single-tooth-pair duration Ts. The responses also 

present periodic attenuated oscillations. The corresponding oscillation period 

Tns is 0.328ms. At points C\ and C2) which correspond to  the transition point 

from single-tooth-pair mesh to double-tooth-pair mesh, the new mesh period 

begins. Thus, each mesh period consists of two components Td and Ts.

The corresponding am plitude spectra of the acceleration responses are 

shown in Figure 4.4. In this thesis, we use the unit dB  to express the am­

plitudes of the vibration acceleration in the frequency domain. The refer­

ence vibration acceleration is 10-5 m /s 2 [41]. As expected, it is observed 

th a t spectra comprise harmonics of the gear meshing frequency, among which 

the sixth harmonic meshing frequency (3420H z)  dominates the frequency re­

sponse. Consider oscillation periods Tnd and Tns in Figure 4.3. The corre-
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Figure 4.2: The vibration acceleration response ay in y  direction for perfect 
gears within two shaft periods: (a) The pinion; (b) The gear: T\ - the shaft 
period; ay\ - the acceleration for the center of the pinion; ay 2  - the acceleration 
for the center of the gear.

sponding oscillation frequencies are 3788H z  and 3049H z, respectively. The 

mean of these two oscillation frequencies is 3418Hz, which is very close to the 

sixth harmonic meshing frequency.

In comparison, based on the mesh stiffness shown in Figure 2.9 on page 

47, the spectra of the acceleration responses w ithout the shear stiffness con­

sidered are shown in Figure 4.5. It is found th a t the eighth harmonic meshing 

frequency dominates the frequency response instead of the sixth harmonic in 

the case w ith the shear stiffness considered.

Thus, for a pair of gears with perfect teeth, the vibration of gears is periodic 

with mesh period Tm. W ithin each Tm, the vibration includes a peak point 

and a valley point. The time span from the peak to the valley is Tj. The span 

from the valley to the peak is Ts. In the frequency domain, the waveforms 

are dom inated by the attenuated oscillation frequency of the gear system. No 

shaft frequency can be observed.

~\----------- r (a) “i----------- r

_j__________________1_

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.3 Dynamic Simulation for Perfect Gears 79

M

0

tJIE
I-<

\ Tm
'  T T I 

j __________

. . T» J , Td
T

■ S 1

, b i‘ ... , D 1 I
- 2 0 0 -

Tfo.0335 0.034 0.0345 0.035 0.0355 0.036 0.0365 T1+2T|t

0.0335 0.034 0.0345 0.035 0.0355 0.036 0.0365
Time (sec)

Figure 4.3: The vibration acceleration response ay in y  direction for perfect 
gears w ithin two mesh periods: (a) The pinion; (b) The gear: T\ - the shaft 
period; Tm - the mesh period; Td - the double-tooth-pair duration; Ts - the 
single-tooth-pair duration; ayi - the acceleration for the center of the pinion; 
ay 2  - the acceleration for the center of the gear.
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Figure 4.4: Spectra of the vibration acceleration response ay in y  direction 
for perfect gears: (a) The pinion; (b) The gear: ay\ - the acceleration for the 
center of the pinion; ay 2  - the acceleration for the center of the gear.
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Figure 4.5: Spectra of the vibration acceleration response ay in y  direction for 
perfect gears w ith the shear energy ignored: (a) The pinion; (b) The gear: ayi 
- the acceleration for the center of the pinion; ay 2  - the acceleration for the 
center of the gear.

4.4 D ynam ic Sim ulation for Pinion w ith a Chipped Tooth

The vibration acceleration response of gear system with a chipped too th  on 

the pinion is shown in Figure 4.6 and Figure 4.7 for two shaft periods and two 

mesh periods, respectively. The two relatively small peaks in Figure 4.6 reflect 

the presence of the chipped fault. The span between these two peaks is the 

shaft period T\. In Figure 4.7, from points A \ and A 2 , the response curves 

of gear system in chipped case and perfect case begin separating. Instead of 

the attenuated oscillation of perfect gear system, the system undergoes a new 

excitation a t time t =  0.0354s, which corresponds to the angular displacement 

6 \ = 22.4°, which is the initial point of the chipped part on the pinion. Due 

to the decrease of the mesh stiffness drop a t transition point from double- 

tooth-pair mesh to single-tooth-pair mesh (E  instead of F  in Figure 3.2), the 

corresponding excitation response decreases a t the transition point (as shown
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Figure 4.6: The vibration acceleration response ay in y  direction for the pinion 
with a chipped too th  within two shaft periods: (a) The pinion; (b) The gear: 
Ti - the shaft period; ayi - the acceleration for the center of the pinion; ay 2 - 
the acceleration for the center of the gear.

in Figure 4.7).

Figure 4.8 shows the corresponding am plitude spectra. We see th a t the 

frequency responses are still dominated by the sixth harmonic meshing fre­

quency, which is very close to  the oscillation frequency of the system. It is also 

observed th a t the fundamental shaft frequency and its harmonics appear.

In the chipped case, the vibration of gears still includes mesh period Tm. 

Compared with the vibration in the perfect case, however, relatively lower 

peaks appear in every shaft period 7 \. And the magnitude of the following 

adjacent valley decreases. Spectra of the responses consist of harmonics of the 

meshing frequency and the shaft frequency.
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Figure 4.7: The vibration acceleration response ay in y  direction for the pinion 
with a chipped tooth  within two mesh periods: (a) The pinion; (b) The gear: 
Ti - the shaft period; Tm - the mesh period; T(i - the double-tooth-pair duration; 
Ts - the single-tooth-pair duration; ay\ - the acceleration for the center of the 
pinion; ay2  - the acceleration for the center of the gear.
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Figure 4.8: Spectra of the vibration acceleration response ay in y  direction 
for the pinion w ith a chipped tooth: (a) The pinion; (b) The gear: ayl - the 
acceleration for the center of the pinion; ay2  - the acceleration for the center 
of the gear.
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4.5 D ynam ic Sim ulation for Pinion w ith  a Cracked Tooth

The acceleration responses of the gear system with a cracked tooth  on the 

pinion are shown in Figure 4.9 and Figure 4.10. In Figure 4.9, two peaks 

appear, which represent the m ating of the cracked tooth. The span between 

these two peaks is the shaft period Tj. Figure 4.10 clearly reflects the influence 

of the crack. W ithin first double-tooth-pair duration Td, the response has no 

obvious change. From time t  = T\ +  Td to t =  Tj +  Tm +  Td, there is a marked 

increase in the vibration acceleration. After t =  7 \ +  Tm +  Td, the oscillation 

attenuates, because the drop of mesh stiffness a t the transition point from 

double-tooth-pair mesh to  single-tooth-pair mesh decreases due to the crack,

i.e. the excitation decreases a t this point.

Figure 4.11 shows the corresponding am plitude spectra. It is found tha t 

the frequency response in the pinion is dominated by harmonics of the shaft 

frequency. The second peak appears a t the sixth harmonic meshing frequency.

Compared with the case for the existence of a tooth  chip, the vibration 

response due to  a tooth  crack has a wider influence range and higher peak 

values reflecting the mating of the cracked tooth.

The vibration of gears still includes mesh period Tm. Compared w ith the 

vibration in the perfect case, however, in this cracked case, relatively higher 

peaks appear in every shaft period T\. As well, the magnitude of the preceding 

adjacent peak, which represents the transition point from single-tooth-pair 

mesh to  double-tooth-pair mesh, will be much higher than  th a t in perfect case. 

However, the magnitude of the following adjacent valley, which represents the 

transition point from double-tooth-pair mesh to single-tooth-pair mesh, will 

be much smaller than  th a t in perfect case.
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Figure 4.9: The vibration acceleration response ay in y  direction for the pinion 
with a cracked tooth  within two shaft periods: (a) The pinion; (b) The gear: 
T\ - the shaft period; ayi - the acceleration for the center of the pinion; ay 2  - 
the acceleration for the center of the gear.
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Figure 4.10: The vibration acceleration response ay in y direction for the pinion 
with a cracked tooth  within two mesh periods: (a) The pinion; (b) The gear: 7 \ 
- the shaft period; Tm - the mesh period; Td - the double-tooth-pair duration; 
Ts - the single-tooth-pair duration; ay 1 - the acceleration for the center of the 
pinion; ay 2  - the acceleration for the center of the gear.
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(a)

Frequency (Hz)

Figure 4.11: Spectra of the vibration acceleration response ay in y  direction 
for the pinion with a cracked tooth: (a) The pinion; (b) The gear: ay\ - the 
acceleration for the center of the pinion; ay 2  - the acceleration for the center 
of the gear.

4.6 Dynam ic Sim ulation for Pinion w ith a Broken Tooth

W hen there is a broken tooth  in the pinion, the vibration response is shown 

in Figure 4.12 and Figure 4.13. In Figure 4.12, there are two peaks w ith quite 

high amplitudes, which represent the shock caused from the reestablishment 

of the the m ating of teeth  after the losing of the mating. The span between 

peaks is the shaft period T\. Figure 4.13 clearly shows the corresponding 

point A, which corresponds to time t =  Ti +  Tm. Beginning w ith point A, the 

system undergoes periodic attenuated oscillations. The oscillation period Tn(ib 

is 0.395ms. The corresponding oscillation frequency is 2530H z.

The corresponding am plitude spectra are shown in Figure 4.14. We see 

th a t spectra mainly consist of harmonics of the shaft frequency. No meshing 

frequency and its harmonics can be observed. The peak P  corresponds to the 

frequency 2370Hz, which is close to the oscillation frequency 2530H z. Thus in
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Figure 4.12: The vibration acceleration response ay in y direction for the pinion 
with a  broken tooth  within two shaft periods: (a) The pinion; (b) The gear: 
Ti - the shaft period; ay\ - the acceleration for the center of the pinion; ay 2  - 
the acceleration for the center of the gear.

this broken case, the vibration response of gears is dominated by the oscillation 

caused by the too th  breakage.

4.7 Summary

In this chapter, we investigated the vibration acceleration responses of the 

one-stage gear system with 19/48 gear pair. For the vibration in the direction 

parallel to teeth  in mesh, we obtained the analytical solutions. The results 

show th a t the vibration in this direction is transient when the system is stable. 

For the response in the direction vertical to  teeth  in mesh, the numerical 

solutions are pursued for perfect gears, the pinion with a tooth  chip, a tooth 

crack and a too th  breakage, respectively. For each case, the mesh stiffness 

variation is studied. The results validate the expressions derived by us in 

Chapter 3, which are applied for the investigation of the vibration acceleration

.
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r
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Figure 4.13: The vibration acceleration response ay in y direction for the pinion 
with a broken tooth  within two mesh periods: (a) The pinion; (b) The gear: 
Ti - the shaft period; Tm - the mesh period; ayi - the acceleration for the center 
of the pinion; ay 2  - the acceleration for the center of the gear.

2000

Frequency (Hz)

Figure 4.14: Spectra of the vibration acceleration response ay in y  direction 
for the pinion w ith a broken tooth: (a) The pinion; (b) The gear: ay 1 - the 
acceleration for the center of the pinion; ay 2  - the acceleration for the center 
of the gear.
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responses. The acceleration responses in different local tooth faults are changed 

in comparison to th a t in perfect case. The results are consistent with the 

corresponding change properties of the mesh stiffness, i.e. the mesh stiffness 

variation causes the change of the vibration acceleration response.

In the perfect case, the vibration of gears is periodic with the mesh period. 

W ithin each mesh period, the vibration includes a peak point and a valley 

point. The time span from the peak to the valley is the duration of the 

double-tooth-pair. The span from the valley to  the peak is the duration of 

the single-tooth-pair. No shaft period is observed. The frequency response is 

dominated by the oscillation frequency of the system. In comparison, relatively 

lower peaks appear in every shaft period for the chipped fault. The magnitude 

of the following adjacent valley decreases. The spectra present the harmonics 

of the shaft frequency and the prominent peak a t the sixth harmonic meshing 

frequency, which is close to the oscillation frequency of the system. Compared 

with the case for the existence of a too th  chip, the vibration response due to a 

tooth crack has a wider influence range and higher peak values reflecting the 

mating of the cracked tooth. In comparison with the vibration in the perfect 

case, however, relatively higher peaks appear in every shaft period. And the 

magnitude of the preceding adjacent peak is much higher as well. However, the 

magnitude of the following adjacent valley is much smaller than  th a t in perfect 

case. The frequency response in the pinion is dominated by the shaft frequency 

and its harmonics. There exists another peak near the oscillation frequency of 

the system. For the broken case, the vibration of gears is dom inated by very 

high peaks appearing in every shaft period. And no obvious mesh period was 

observed. The frequency response is dominated by the oscillation caused by 

the tooth  breakage.
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C o n c l u s i o n s  a n d  F u r t h e r  R e s e a r c h

In this study, we investigated the vibration responses of the gear system with 

local too th  faults by a one-stage involute spur gear dynamic model. We in­

troduce a method of local tooth  fault simulation, i.e., the param eter mesh 

stiffness of m ating teeth, by which three kinds of typical local too th  faults are 

simulated based on the geometry properties of involute spur gears.

The direct calculation formulae of mesh stiffness are provided based on 

the potential energy method proposed by Yang and Lin [21]. In this study, 

the shear energy, which was not considered in the study of Yang and Lin, is 

included. It was found th a t the shear energy affected the to ta l energy by factor

2. Compared with axial compressive and bending energies, the shear energy 

had a larger influence on the to tal energy.

In this study, expressions for calculating the lasting angles of the double- 

and single-tooth-pair mesh durations within one mesh period are derived and 

validated by a param etric comparison method. To complete the model, the 

expressions of the effective mesh stiffness of mating gears w ith three kinds of 

localized too th  faults are also derived. These faults include: a chipped tooth, 

a cracked tooth, and a broken tooth.
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It was found th a t a thin tooth  chip of the pinion will mainly influence the 

Hertzian contact stiffness of the m ating teeth, which determines the variation 

of the to tal mesh stiffness in this fault. Bending, shear and axial compressive 

stiffnesses are not significantly affected.

In examining the cracked fault, bending and shear stiffnesses are greatly 

influenced due to  the existence of a crack. Hertzian contact stiffness and 

axial compressive stiffness, however, are considered unaltered in comparison 

with those for the perfect case. The influence of the crack on the to tal mesh 

stiffness is larger than  th a t in the chipped case.

As expected, a tooth  breakage totally alters the mesh stiffness. It causes 

great drop and rise at the transition points of single/double-tooth-pair mesh.

W ith the help of these param eter expressions, the corresponding vibra­

tion acceleration responses of the 19/48 gear system were simulated under the 

perfect and faulty cases.

In the perfect case, the vibration of gears is periodic w ith the mesh period. 

W ithin each mesh period, the vibration includes a peak point and a valley 

point. The time span from the peak to the valley is the duration of the 

double-tooth-pair. The span from the valley to the peak is the duration of 

the single-tooth-pair. No shaft period was observed. The spectra display 

the harmonics of the meshing frequency and the prominent peak at the sixth 

harmonic meshing frequency, which is very close to  the oscillation frequency 

of the system. In addition, the shear stiffness had an influence upon the 

dominant frequency of the spectra. Instead of the sixth harmonic, the eighth 

harmonic meshing frequency dominated the spectra without the shear stiffness 

considered.

In comparison, for the chipped fault, relatively lower peaks appear in every
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shaft period. The magnitude of the following adjacent valley decreases. The 

mesh period was still observed in the vibration response of gears. The fre­

quency responses were dominated by the oscillation frequency of the system. 

It was also observed th a t the fundamental shaft frequency and its harmonics 

appear.

Unlike th a t of a chipped tooth, the vibration response of a cracked tooth 

has a wider influence range and higher peak values reflecting the m ating of the 

cracked tooth. In comparison with the vibration in the perfect case, however, 

relatively higher peaks appear in every shaft period. And the magnitudes of 

the preceding adjacent peaks are much higher as well. However, the magni­

tudes of the following adjacent valleys are much smaller. It was found th a t the 

frequency response in the pinion was dominated by harmonics of the shaft fre­

quency. There existed another peak at the sixth harmonic meshing frequency.

For the broken case, the vibration of gears is dominated by very high peaks 

appearing in every shaft period. And there was no obvious mesh period ob­

served. The frequency response was dominated by the oscillation caused by 

the tooth  breakage.

The results show th a t the properties of the responses are consistent with 

the variations of mesh stiffness, which indicates the effectivity of the mesh 

stiffness as the introduction param eter of local tooth  faults.

The results in this thesis can be used to  understand the signatures of gear 

faults. They are also helpful to study on advanced signal processing techniques 

for fault diagnosis.

Based on the study in this thesis, possible further researches can be listed 

as follows.

•  Experimental study on dynamic response of one-stage gear system (Some
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faults can be set according to the model used in this thesis.);

•  The time-varying mesh damping coefficient investigation (In this thesis, 

the mesh damping coefficient was considered constant. Based on the 

results of this thesis, the time-varying damping coefficient can be studied 

to  get closer to reality.);

•  Similar study on dynamic response of two-stage gear system. Further, 

study on signal processing techniques for fault diagnosis;

•  Dynamic response of one-stage gear system considering errors (In this 

thesis, the dynamic responses under ideal cases were investigated. Based 

on this, errors such as manufacture error and friction can be introduced.);

•  Study on dynamic response of gearbox system considering vibration 

propagation in a nonrigid casing (In this thesis, the gearbox casing was 

assumed rigid).
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