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ABSTRACT

The governing partial differential equations of a
classicai shell theory are reduced to a set of eight first
order ordinary differential equations. A forward numerical
integration process is used to obtain influence coefficients and
pérticuiar solutions for shells of revolution of general geometric

configuration subjected to arbitrary types of loading.

Standard stiffness methods of structural analysis
are employed to obtain displacements and stress resultants
everywhere within a complex shell structure. A computer program
is develobed to perform the analysis based on the theory presented.
Example problems are selected to test the accuracy of the method.
Excellent results, when compared with known solutions, are

achieved.
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CHAPTER 1

INTRODUCTION

1.1 Introductory Remarks

Shells of revolution are important structural elements.

‘Many structures such as storage tanks, pressure vessels, silos,

chimneys and towers are composed of either a single shell unit or
an assemblage consisting of different types of shells. Their
behaviour allows the shell thickness to be reduced to a minimum
and their advantageous shapes permit more modern architectural

concepts.

Although the governing field equations have been known
for many years, cases where analytical solutions can be obtained
are relatively scarce and are restricted to simple forms of
geometry, boundaries and loads. The determination of the forces
and deformations in shells constitutes a difficult problem in
the theory of elasticity, owiﬁg to the complexity of the mathe-
matical equations involved. For conditions in which the analy-
tical solution is complex, or is unknown, the application of
numerical methods with the aid of a digital computer has proven
to be useful and efficient. This approach allows the solution
for generalized geometric configurations and loadings of shells

of revolution.



1.2 Purpose of the Study

The objectives of this thesis are:

1) to develop a technique for evaluating the stiffness
influence coefficients of any arbitrary element of a
shell of revolution of general geometric configuration
by means of a direct numerical integration method.

2) to employ the standard stiffness method of structural
analysis to analyze assemblages of such elements.

3) to demonstrate the capability of the method to treat
arbitrary surface loadings and thermal gradients,

including line and concentrated loads.

1.3 Types of Shells of Revolution

The position of a point in a shell of revolution can
be given by three orthogonal coordinates s, 6 and z (See Appendix
A, Sect. A.1, for definitions). The shape of the shell is
determined by specifying the two principal radii of curvature
ry and rz of the middle surface and the thickness of the shell
(Fig. A.l1). 1Instead of r, it is sometimes convenient to use the
distance r from a point on the middle surface to the axis of

revolution (Fig. A.l) where

r = r,sind 1.1

in which ¢ is the angular distance of the point under consideration

from the axis of revolution. The generating curve of the middle




surface is defined by the equation

r = r(x)

where r(x) represent the radius r as a function of the distance

measured along the axis of revolution, x. Therefore the

principal radii of curvature can be determined by the following

two equations

2-71 3/2 2

v P
/
o e [

The general shape of any type of shell of revolution

(Fig. 1.1 to 1.8) is characterized by particular forms of Eqns.

as follows:

a)

b)

c)

d)

for plates (Fig. 1.1) r, = ®
r, = ©
é = 0
for spheres (Fig. 1.2) r, = a
r, = a
for cylinders (Fig. 1.3) r, = ®
r, = a
o = m/2
for cones (Fig. 1.4) r, = ®
r, = L

1.

2

.3.

3.

1

2

.10



e)

£)

g)

h)

¢ constant
for toroids (Fig. 1.5) r, = a
. r
2 sing

for ellipsoids (minor axis coincides with the

axis of revolution) (Fig. 1.6)

a’p?

Y1 T T(aZsin2¢ + blcos’$)3/?
r, = a”

2 (a2sin2¢ - b2cos2¢) /2

for hyperboloids (Fig. 1.7)

= -a’p?

1 (a2sin2¢ - b2cos2¢)3/2
r, = a®

1 (a2sin2¢ - b2cos2¢)1/2

for arbitrary shell elements for which the form of the
middle surfacevcannot be expressed as a closed form
function (Fig. 1.8), one can describe ry, ¥, and r at
discrete points along the meridian and interpolate

numer ically.

1.4 Loadings

Applied surface loads at any point of the shell can be

1.4.11

1.4.12

1.4.13

1.4.14

1.4.15

1.4.16

1.4.17

resolved into three components in the three orthogonal directions

ss 0 and a. This load may vary in the direction along the meridian

as well as in the circumferential direction of the shell..

Therefore a load component may be written as a function of the

coordinates s and 8 in the following form

Pi = Fli(s’e)

1.5.1

oty e




where Pi is the magnitude of the load at the point under considera-
tion in the direction i(i = s,6,z) and F1i is the function
representing the applied load. For the special case of axisymmetric

loading Pi is independent of 0, thus
P, = F,;(s) 1.5.2

For non-axisymmetrical loading, the classical method
of analysis is to expand this load into a Fourier series,
~analyze for each harmonic separately and superimpose the effects
[10,27]. The number of terms considered in this series must be

sufficient to give the desired degree of convergence.

Thermal loading can be considered in either case by
- algebraically adding the strain due to thermal expansion to the

strain due to the surface loading in the stress-strain equations.

1.5 Shell Theory

Shell theories of various degrees of complexity may be
derived, depending upon the degree to which the theory of linear

elasticity is simplified.

In all cases one begins by reducing the three-dimensional
shell problem to a two-dimensional problem expressed in terms of
the deformation of the middle surface of the shell. Further
simplifications establish various shell theories which may be
classified into different categories [3]. Such categories are

based on the terms that are retained in the strain and stress-



displacement equations with respect to the thickness

coordinate.

The second order approximation theory for shells of

revolution was presented in 1932 by Flugge [10] and based upon

the following assumptions:

1)

2)

3)

Consistent with the formulation of the classical theory
of elasticity, strains and displacements under loads
are small enough so that changes in geometry of the
shell will not alter the equations of static equili-
brium of the shell (i.e., equétions of equilibrium are
written in the undeformed configuration).

The components of stress normal to the middle surface
are small compared to the other components of stress
and may be neglected in the stress-strain relationships
(i.e., the material may be considered to be in a plane
stress condition).

Points on lines normal to the middle surface before
deformation remain on straight lines normal to the
middle surface after deformations (i.e., deformations

of the shell due to the radial shears are neglected).

Contrary to other'theories, Flugge's theory did not entirely

neglect the ratio of the thickness to the radius of curvature

(except for an occasional dropping of the fifth and higher order

terms) in the stress resultant equations and in the strain-

displacement relationships [10, pg. 320].




Applications of this theory have generally been
restricted to circular cylindrical shapes, for which some
solutions have beén obtained [10,16,19] and are considered as
standards against which other simplified theories may be compared

[16,19].

The fundamental equations of Flugge's theory, upon

which this study is based, are presented in Appendix A.

1.6 Methods of Analysis

A structurebusually consists of an assemblage of many
parts and tends to be complex in nature. Generally, the true
structure must be replaced by an idealized approximation, or
model, suitable for mathematical analysis. Structural analysis
for shells may conveniently be carried out by matrix methods using

influence coefficients.

In the literature, the analysis of symmetrically loaded
shells of revolution is classically pefformed using flexibility
influence coefficients [3,4,21]. These have been given, in an
explicit manner, for very limited number of typés of shells of
revolution, such as, cylinders, spheres and cones, of uniform

thickness.

For symmetrically loaded shells, the membrane solution,
which represents the momentless state of stress in the shell,
may approximate the particular solution which satisfies the

general differential equation of the shell. Using the membrane



solution, a flexibility method of analysis can be perforﬁéd by
satisfying the continuity requirements at the joints at which
the elements are connected. When the forces and displacements
at these joints are known, the conditions within each element
ﬁay be determined from the solution of the differential equation

of the element.

For the case of arbitrary shells of revolutions, under
. arbitrary systems of loadings, the corresponding expressions for
influence coefficients are unknowns. The analytical method of
obtaining these expressions would involve the solution of eighth-
order differential equations expressed in terms of the geometry
of the shell surface and the physical constants. This method is
difficult and complicated, even for a simple geometry such as a
cylinder, and it is generally impossible for the case of an
arbitrary shell under arbitrary loads. However, the latter

case is the rule rather than the exception in modern architecture.

As a consequence of the availability of electronic
computers, and the increasing familiarity of engineers with this

computational tool, the application of numerical methods of

analysis to shell problems has become more attractive.

Two numerical methods for the analysis of shells of
revolution with arbitrary configurations have received extensitve
treatment in the technical literature. The first method is the
finite difference method, which consists essentially of tﬁe direct

replacement of the derivatives which appear in the governing

JEE——
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differential equations by finite difference approximations.
This method transforms the differential equations into a system
of algebraic equations which may be solved by an iterative

procedure [26] or by means of matrix methods [6]. The method is

"quite general in application. Replacement of the derivatives by

finite difference approximations may be undertaken at any level
in the basic formulation of the shell problem. However, it is
difficult to introduce boundary conditions into the problem. It
élso becomes cumbérsome when attempting to satisfy equations

involving high order derivatives [9,12].

The second method is the finite element method. 1In
this method the displacement of each element into which a shell
is subdivided are represented by an approximation [9,11,13,20,24].
The most common practice is to represent each shell by a series
of short conical shell elements of uniform thickness. The
variétion in thickness along the generator of the shell, can be
accounted for by considering the average thickness of each
elément [20]. Once these short segments have been defined, the
problem becomes one of analyzing a shell that is an assembly of
many short conical shells. Stiffness influence coefficients are
evaluated using energy methods. Conditions of continuity are
then applied at the boundaries of each segment to evaluate the

forces and deformations.

An alternative method of numerical analysis based on

direct integration of the shell equations, as proposed by
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Goldberg, et al [12] for spherical domes and by Iyer and
Simmonds [17] for conical shells, is presented for general

shells of revolution in this thesis.

In the application of this method to the amnalysis
of shells of revolution under arbitrary loadings, the governing
partial differential equations of a consistent shell theory are
expanded by means of Fourier series. Differentiation with
respect to the colatitude coordinate 6 may be performed to
transform the governing equations to ordinary differential
equations. These equations are reduced to a set of eight first-
order ordinary differential equations involving eight intrinsic
dependent variables and their derivatives. The intrinsic variables
are the three components of displacement at the middle surface,
the rotation of the tangent to the meridian, the membrane normal
force in the meridian direction, the moment acting on circum-
ferential sections and two modified shear terms in the directions

perpendicular and tangent to the meridian.

This system qf equations can be integrated in a stepwise
fashion across a given element. By performing matrix operations,
which will be described in Chapter 3, the stiffness influenée
coefficients can be calculated. Fixed end forces can be obtained
and stiffness analysis may then be performed to determine the
conditions at the element boundaries. These conditions can be
used to determine the forces and deformation everywhere within

the shell element.
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1.7 Outline of Contents

The governing equations of the classical theory of
shells of revolution are reduced to a set of eight basic equations
in Chapter 2. 1In Chapter 3, the solution technique for the basic
equations is described. Standard stiffness methods for segmented
shell structures are outlined. Two example problems are handled
in Chapter 4. Ceneral types of loadings are considered. 1In
Chgpter 5, limitations of the technique are discussed. Conclusions
are drawn and possible future developments are outlined in

Chapter 6.
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CHAPTER 2

BASIC EQUATIONS

2.1 1Introduction

In this chapter the governing field equations of a
shell of revolution, as derived in Appendix A, are expanded using
fourier series. Modified shear terms are introduced into the
governing equations to eliminate the inplane shearing force in
the circumferential direction and the meridional twisting
moment, which appear at the boundaries s = constant. By performing
matrix operationé to eliminate the stress resultants in the
circumferential direction (secondary stress resultants) the
governing field equations are reduced to a set of eight first
order equations involving four stress resultants (primary stress

resultants) and four displacements and their derivatives.

2.2 TFourier Series

The load components and temperature, being arbitrary

functions of s and 6, may always be represented in the form

[o o] e o]
P = S P (8)cosnbB+ I P (s)sinnb 2.1.1
s ; sn sn
n=0 n=1
[s 0] o0
Pé = I en(s)cosn6 + I Pen(s)sinnﬁ _ 2.1.2
n=0 n=1
[oe] [0 0]
P = I P (s)cosmb+ I P (s)sinnd 2.1.3
z zn zZn
n=0 n=1

- 15 -



[os]
T = I T (s)cosnB + I T (s)sinnb
n n
n=0 n=1
where PS, Pe and Pz are defined in Appendix A, T represents
temperature, and the functions of s on the right hand side are

Fourier coefficients [10,27]. The corresponding stress

resultants and displacements may be expressed as

N = I N (s)cosnmb + I N (s) sinnf
s sn sn
n=0 n=1
Ne = E Nen (s) cosnb + § Nen (s) sinnb
n=0 n=1
o o] _ o]
NSe = E NSen (s) cosnf + L NSen (s) sinnb
n=0 n=1
Nes = % Eesn (s) cosn® + I Nesn (s) sinnb
n=0 n=1
QS = I an (s) cosnf + I an (s) sinnb
n=0 n=1l
Qe = I 66n (s) cosnf+ I Qen (s) sin n6
n=0 n=1
M = I M (s)cosnbf+ I M (s)sinn®
s sn sn
n=0 n=1
Me = I Men (s) cosnb + I ﬁen (s) sinnb
n=0 n=1
Mse = I MSen (s) cosnf + I MSen (s) sinnb
n=0 n=1
MeS = % Mesn (s) cosnb + L Mesn (s) sin nb
n=0 n=1
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(24) o)

U = & Un (s) cosnt) + X Un (s) sinn0 2.2.11
=0 n=1
0 [e¢]
V = I V (s)cosnb+ I V (s)sinnb 2.2.12
n n
n=0 n=1
[oo] (o]
W = I W (s)cosnb+ ¥ W (s)sin nb 2.2.13
n n
- n=0 n=1

where the variables on the left hand side are defined in Appendix A,
Sects. A.2 and A.3, and where thé term (s) indicates that the
variable coefficients with subscript n are functions of the
coordinate s only and n is the harmonic number. The first and

the second series in each expression represent the portions of

the variables which are, respectively, symmetric and anti-
symmetric with respect to the meridian passing through the line

6 =0.

For an arbitrary applied load expressed as a Fourier
series of the order N (Eqs. 2.1.1 to 2.1.3), there are 2N+l
terms that represent each component of load; (n =0, 1, 2,...,N)
fdr the symmetric series and (n =1, 2, ..., N) for the anti-
symmetric series. For each value of n the (s dependent)
variables with the subscript n from each series can be entefed
in the governing equations of shells of revolution of Appendix A,
because the sequences cosn® and sinnb® are linearly independent.
Differentiations with respect to 0 can be performed and the
terms grouped according to the common factors, cosn® or sinnf .

Since the coefficient of each of these factors must be zero, each
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factor produces a separate equation. For example, Eqn. A.5.1 is

. ] Y
rN s + cos(bNS + N - cos(bNe T QS + rPS = 0 2.3.1

Os

for which, for any n, the cosine terms become

tN*__cosnb + cos¢N__cosnb + nNg__ cosnb
sn sn sn

—cosd)Ne cosne——);—Q cosnd + rP _cosnb = 0 2.3.2
n r, 'sn sn

which, upon factoring out the common term, yields

. T
+ - _ —
rN en + cos(bNSn n Nesn cos(bNen T an

+ rP = 0 2.3.3
sn

If the Fourier expansions of Egqs. 2.1 and 2.2 are
truncated such that 0 < n < N, the governing system of equations
is replaced by (2N+l1) ordinary differential systems of equationms,
each equation of the type illustrated by Eq. 2.3.3, and an |
analysis is carried out to obtain the solutions for the s
dependent coefficients corresponding to each value of n. 1In
the general case there are twenty-six variable coefficients
associated with each n > 0 in Eqns. 2.2, thirteen associated

with each of the factors.

Finally, since linear stress-displacement relations
were assumed, the principal of superposition is valid and one can

superimpose the @N+1) solutions so obtained.




The nth

The six equilibrium equations are obtained from Egs. A.5 as

N° + Rcos¢N + RnN
sn sn Bsn

N Sen+ Rcos¢NSen+ RnNen + Rcos¢Nesn - Ry Qen

+Pen = 0

+ * - =
RzNen+R1Nsn..RnQen+QS +Rcos¢an P

n zn

- Rcosd)Men - Q =

M* + Rcos¢M + RnM
sn sn Bsn sn

M n+ R cos q)Msen ¥ RnM

0 + RCOS¢M63n - Qe =

n

6n

Noan = Neon = ReMg, * RiMyg, = O

Bsn sOn

where R; and R, are the principal curvatures of the shell,

set of equations can be written as follows.

- Rcosquen - Ry an+ PS

19.

I
o

2.4.1

2.4.2

0

2.4.3

2.4.4

2.4.5

2.4.6

defined as the reciprocals of the radii of curvature r; and r,,

respéctively, and R is the curvature of the parallel circle.

The eight stress—-displacement equations are obtained

from Eqs. Al7 as

N, = [KR; (R; - Ry) r"y] B, - [K(Ry - Rz)]B'n

+ [D(R; + VR;) + KR?; (R; - R2) IW_



N

Osn

sn

6n

+ [VDRcosp - KRZ1(R; - Ra)rh ]Vn

+ [D + KR, (R; - Rz)]V'n * [\)DRn]Un

- [+ \))OLD]TOZn

= [KR(Ry - R2) cos¢ ]B
+ [D(Rp + VR1) +K (Ri - Rz) (R*n® - R%)IW,
+ [DRcos¢$ - K RRp cos ¢ (Ry ~- Rz)]Vn

+ [\)D]V'n * [DRn]Un

- [(1 + v)aD] Toln

1-v

- [+ [KR(Ry - Rp)nlB,

2

1+

[K R2 coé¢ (R1 - R2)nlW_

[DRn + KRR, (R; - RZ)n]Vn

+1

[DRcos$d - KRcos¢ (R1 - Rg)z]Un

+ [D+K (R; - R2)~2]U°n}

1-v

= { + [KR(R1 - R2)n]B_

2
¥ [KR% cos$ (R - R2)n]W

¥ [DRo- KRRy (Ry - Rp)n]V_

[DR cos d)]Un + [D]U‘n }

= [KR;r*; - VKRcos d)]Bn - [K] B.n

20.

2.5.1

2.5.2

2.5.3

2.5.4
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+ [KR; (R, - Ry) - \)KR?‘nz]Wn

[KR*r7]V_ + [K(Ry - R2)IV*

+ [VKRR;z n] U+ [(1 + V)oK]Tizn 2.5.5

My = [VKR;r"y - KRcos¢lB - [\)K]e'n

[KR*n® + KR; (R, - Rp) W,

[VKRir*; + KRcos¢$ (R1 - Rz)]Vn

:|-. [K RR; n]Un + [(Q + VvV)aK]Ti1n 2.5.6

Moo _1__5__\’_ { + [2KRn]B_* [2KR*ncos $]W_

< [KfRRln]Vn - [RRcos ¢ (R} - 2Rz)]Un

+ [K(Ry - 2R2)]U'n} 2.5.7

M - l-v

0sn 5 { [2KRn]B_ + [2K R%n cos ¢ JW_

¥ [KRRzn]V_ + [KRR; cos ¢]U

- [KR2]U'n} 2.5.8

where Eqs. A.7 have been used to eliminate the first and second

derivatives of the displacement component W.

Eqs. 2.4 and 2.5 are fourteen equations in terms of
the thirteen unknown functions (the variable Fourier series
coefficients). As such the system of equations is overspecified.

In the theory developed herein, Eq. 2.4.6 is discarded and the
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remaining thirteen equations allow the solution for the thirteen
functions associated with each trignometric functions of the

Fourier series expansion.

2.3 Natural Boundary Conditions

According to the classical theory of shells, the
quantities which appear in the natural boundary conditions on an
edge s = constant of a shell of revolution are the four displace-
ments B, W, V, U and the corresponding four forces Ms’ Ss’ NS,
TS.

The forces Ss’ Ts are the transverse and tangential
effective shears which are commonly known as Kirchhoff's shears [27].
The Kirchhoff shears are work-equivalent forces associated with
thedisplacemenfs W and U, and these effective shears replace the
stress resultants Qs’ Nse and Ms@' Such replacement is essential
to describe simple boundary conditions [10,27]. Although the
expressions for these forces may be derived rigorously from
variational principles, the following physical interpretation,
due to Kelvin and Tait [27, pg.45], is more instructive. If
the twisting moment Ms@ acting on an infinitesimally small
element of the shell is replaced by a statically equivalent

force as shown in Fig. 2.1, one can write from statics the

expression for the effective transverse shearing force as [27]

s = q +-=2 2.6.1

J———

PR——
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and the effective tangential shearing force as

T = n, -2 2.6.2
s sb Ty

Writing Eqs. 2.6.1 and 2.6.2 in Fourier series terms, and

separating the linearly independent terms, we may define

;)
s = q +—>18 2.7.1
sn . sn T

M
T =y, --S%0 2.7.2
sn sOn Ty

Using the geometrical relations in Egs. A.2, the derivatives

of these forces with respect to the coordinate s may be written

as

L) = . + . - 2 )
S an_ RnMSen ¥ R°ncos ¢Msen 2.8.1

. _ . r2 M sfn Msen
T - N - 2
sn sbn Ty

r*

= M

sbn R2Ms

on " Rz (R; - Ry) cot ¢ Msen 2.8.2

2.8.2

2.4 Reduction of the Governing Equations

It can be seen that the stress resultants QO’ NO’ Me,

M, and N, do not enter into any boundary conditions on an

Os Os

edge for which s = constant. Therefore, it is preferable to



sb

Mes

where the form of the functions F; to Fiy is obtained from Egs.

2.4 and 2.5.

be called auxiliary equations, may be written in the following

symbolic form

It

of curvature (i.e., ri1 = r3), the sixth equation of equilibrium

In addition, Egqs. A.7.1, 2.7 and 2.8, which will

b

should be noted that for shells with equal radii

Fll(Bs B., W’ V’ V.: U, T12)
FlZ(Bs B., W, Va U, Tll)
FIB(B’ W, V, U, U.)

Flh(B, W, V’ U’ U.)

F15 (W. ’ V)

F].G (QS, Mse)

F17 (Nse3 Mse)

Fie (Q.s’ Mse i MSG)

Fis (Wgg» Mgg™s Mgg)

Eq. 2.4.6 will be an identity as

Nse

MSG

Nes

MGs

Therefore, this equation will be discardad, as mentioned in

24,

.10.5

.10.6

.10.7

.10.8

1.1

.11.2

.11.3

.11.4

.11.5




eliminate them in terms of the other stress resultants and

evaluate them after the solution of the governing equations.

25.

For convenience, the subscript n in Fourier coefficients

will be omitted and the governing equations (Eqs. 2.4 and 2.5)
can be written, for each set of equations, in the following

symbolic form. The equilibrium equations (Egs. 2.4) may beé

written symbolically as:

Fy

Fy

Fj

Fy

Fe

The stress resultant-displacement equations (Egqs. 2.5) may be

(NS’NS’ Ness Nes QS’ P) =

]

(N° 9> Ngg» Ng» Ngg» Qs Py)

(Ne’ NS’ Qe’ Q.S’ st PZ) =

(M s MS, MeS, Me, QS) = 0

(" s Mgg> Mg> Mg Qg) = 0

(Ngg» Nggs Mggr Mog)

s

written symbolically as:

s

Os

F7(B, B.: W: Va V.’ U, TO )

2
Fo(B, W, V, V°, U, T )
FQ(B, W, vV, U, U.)

FIO(BQ W: v, U, U.)

2.9.1
2.9.2
2.9.3
2.9.4
2.9.5

2.9.6

2.10.1
2.10.2
2.10.3

2.10.4
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Appendix A, Sect. A.5 and as noted in Sect. 2.3.

In solving the above equations, the displacements
whicﬂ may be physicélly imposed on the boundary of a shell are
B, W, V and U. The external forces associatea with these
displacements (in a wofkrequivalent sense) are Ms’ Ss’ Ns and
TS. The first set of variables are specified in the case of
displacement boundary conditions while the latter set is specified
in the case of mechanical or force boundary conditions. 1In general
a combination of four of these eight quantities must be specified
to properly define a boundary condition, provided that if one of
the displacements is specified the associated force should not
be specified and vice-versa. Since the remaining five of the
thirteen variables cannot be determined at the boundary, it is
desirable to eliminate them from the governing equations. The
objective in the following is, therefore, to reduce the thirteen
governing equations (Egqs. 2.9.1 to 2.9.5 and Eqs. 2.10) to a set
of eight governing equations in terms of the eight variables _
which may arise in the specification of the boundary conditions.
It is also desirable to keep the order of these differential
equations to a minimum in order to facilitate the numerical

solution. The final set of equations will be of first order.

Combining Eq. 2.9.1 and Eq. 2.11.2 to eliminate Qs’

one can get

'Ns = Ry SS—Rcos¢NS+RR1MS+Rcos¢N9+ RnN - P

6 Bs s

2.12.1
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Using Eqs. 2.9.2 and 2.9.5 to eliminate Qe and then substituting

for Mse’ Ns6’ N 6 by means of Eqs. 2.11.3 and 2.11.5, one can
write

T'S = —Rcos¢TS+ RRon M +Rchos¢>Mes

)

- Rcos 9 (R; - Rp) MSe + RnNe

- Rcos ¢ Nes - Pe 2.12.2

Egs. 2.9.4 and 2.11.2, after eliminating Qs are in the form

M = - +5 +
s Rcos ¢ MS SS Rcos ¢ Me

+ Ra M 2.12.3

+ Rn M <0

Os
Using Eq. 2.9.3, after eliminating Qe by means of Eq. 2.9.5,

together with Eqs. 2.11.2 and 2.11.4 results in the equation

¢ = - - + 2 2 I p2
SS Rcos ¢ SS R1NS Rn Me+Rncos¢ Mes

¥ R*>ncos ¢ Mo - RNy +P, 2.12.4

3] )

Eqs. 2.12, which represent the equilibrium equations, may now

be written symbolically as

M = Fuo (M, S, Mg, Mg, M o) 2.13.1
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S'S = Fz3 (SS, NS, Me, Mes’ Mse, Ne, Pz) 2.13.2
NS = Fa2 (SS, NS, Mse, Ne, Nes, PS) 2.13.3
T s = TFyg (TS, MG’ Mes, Mse, NG’ NGs’ PG) 2.13.4
or in matrix notation
Fg
{F".} = [B1 B2 ] + {B3} 2.14
s F6

where the loading terms in these equations are separated in the

vector {B3}, and

<F > = <M S N T > 2.15.1
S s S S S

<Fe> = < M* g® N°® T > 2.15.2
S S S S S
> = < > . .

<F Me MeS MSe Ne Nes 2.15.3

The coefficients of the matrices [Bl}, [B2] and {B3} are defined

in Table 2.1

In Eq. 2.14, the stress resultants have been separated
into the vector <FS>, whose components are desired in the final
formulation, and the vector <F6>’ which remains to be eliminated
from the formulation.

Let us now turn our attention to the displacement

variables. Egqs. 2.10.1 and 2.10.5, which are two equations in
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B*, V*, can be converted to the following two equations

. 1 CA1 |
B = .C_A-z— {_ [_K"] MS + [R1 - RZ]NS

+ [Rijr*; CA, - VRcos¢d CA1 1B

[VDR2(R; - Rp) + VR?n? CA;IW

[R3 r°, CA, + VDR cos$ (Ry - R2)1V

+ [VRR; nCA2] U + (1 + v)a [D(R; - Ry) T+ CAi Tyl}

2.16.1
in which
CAy = D+ KRi1 (R1 - Rp) 2.16.2
CA, = D+ KRz (R1 - Rjp) 2.16.3
and
Ve = -1—{-[R1 - R2] M + N
CA, s s
- [VKRcos¢ (R; - Rp)1B
- [CA2 Ry + VDR, + VER*n?(R; - R2)IW
- [VDRcos¢]V + [VRn CA,]U
+ (1 +v)a [DT , + K(Ry - Rz) Ti2)} 2.16.4

02
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Eq. 2.11.1 is in the form

W = -B8+RV 2.16.5

Finally, Eq. 2.10.3, after eliminating Nse by means of Eq. 2.11.3

can be written as

. _ 1 2
vo= CAg{[l—\)

1T, + [KRn (R; - 3R»)1B
¥ [KR’ncos ¢ (R; - 3R2)IW + [Rn CA; - K RRjR; n]V

+ [Rcos ¢ CA3z]U} . 2.16.6
in which
CA; = D + K(R?; - 3R;Rp + 3R%,) 2.16.7

Egqs. 2.16.1, 2.16.4, 2.16.5 and 2.16.6 can be written in'a

symbolic form as

B. = FZH(B: W, v, U, MS’ NS’ TOZ’ T12) 2.17.1
W' = Fu,s5(B, V) 2.17.2
Ve = Fre(B, W, V, U, MS’ NS’ TO2’ Ti2) 2.17.3
U* = Fo7(B, W, V, U, TS) 2.17 .4

or can be written in matrix notation as
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{p*} = [Al A2] {?} + {a3} 2.18
S
where
<D> = < B W v v > 2.19.1
<p*> = < B°* We A g > 2.19.2

The coefficients of the matrices [Al], [A2] and the column

vector {A3} are shown in Tables 2.2.

The stress resultants appearing in the vector <Fe? of
Eq. 2.15.3 can be expressed in terms of the fundamental displace-
ments by selecting Egs. 2.10.2, 2.10.4, 2.10.6, 2.10.7 and 2.10.8

and writing them in matrix notation

.
{Fe} = [c1 c¢2] {D} + {c3} 2.20

where {Fe}, {p} and {D*} are defined in Eqs. 2.15.3, 2.19.1 and
2.19.2 respectively, and the coefficients of [Cl], [C2] and

{c3} are defined in Tables 2.3.

The three sets of equations (Eqs. 2.14, 2.18 and 2.20)
can now be used to form a set of eight first order differential
equations relating the eight fundamental vafiables; four displace-
ments B, W, V, U, and four corresponding forces MS, SS, NS, TS and
their derivatives. By substituting Eq. 2.20 into Eq. 2.14,

to replace {Fe}



{F

and by substituting for {D*}, from Eq. 2.18,

{F*

or

{F_

where

[E1]
[E2]
{E3}
[61]
[c2]

{c3}

Eq. 2.18 and Eq. 2.22, can be combined into one matrix equation as

}

}
s

= [Bl]{FS} + [B2] {}c1]{n'} + [c11{D} + {c3}j}+ {B3}

2.

—

+ [E2]1{D} + {E3}

i

[B2][C1]
[B2][C2]
[B2]1{c3} + {B3}
[E1][A1] + [E2]
[E1][A2] + [B1]

[E11{A3} + {E3}

Fa1 A2 )D
et ce2]]r| *
S
[GA] {;)} + {GB}
S

[Bl]{FS} + [El]{/[Al]{D} + [A2]{FS} + {A3£}

[c11{D} + [GZ]{FS} + {63}

A3
G3

2.

2

32,

21.1

.22

.23.1

.23.2
.23.3
.23.4

.23.5

23.6

.24
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Therefore, for the applied loads, stresses and displacements

beipg periodic functions of the coordinate 6, the general governing
partial differential equations, Eqs. A.5 and Eqs. A.17, have been
transformed into a system of eight first order ordinary differential
equations for each harmonic member n. These equations relate,

af any point, the eight fundamental dependent variables, that

appear in the natural boundary conditions of shells of revolution,

and their derivatives with respect to the independent variable s.

As was seen, the reduction of the shell equation into
this form involves only straight forward algebraic manipulations.
The equations have been put in this form to facilitate numerical
integration. They can be integrated with the aid of an appropriate
integration technique, such as the Runge-Kutta process. Since
a digital computer is needed to perform this integration, the
reduction of the equations to the final form, as in Eq. 2.24,
is not necessary and can be performed by feeding the three sets

of equations (Eqs. 2.14, 2.18 and 2.20) into the computer.

It can be seen that the elements of the matrix GA in Eq.
2.24 are dependent only on the shell thickness, the physical
cdnstants and the coordinate s. It should be noted that in the
case of shell of revolution under symmetrical loading conditions
(i.e., n = 0) the system of the eight equations reduces naturally
to a system of six first order equations as the displacement
component U and the corresponding force TS vanish due to the

symmetry of the applied load.
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CHAPTER 3

STIFFNESS ANALYSIS

3.1 Introduction

This chapter describes how the standard methods of
structural analysis can be employed to obtain a complete solution
in terms of the stresses and the displacements at any point within

"a complex structure eomposed of many elements of any type of
shell of revolution, using the eight fundamental equations derived

in Chapter 2..

3.2 Influence Coefficients

If a perfectly elastic structural component, supported
against rigid body motion, is acted upon by a set of forces Fi,
Fo, Fay, v0ouy Fn at poinfs 1, 2, 3, ..., n and if in addition to
this setAof forces, intermediate loads are applied simultaneously
to the structural member, the induced deformation di at the point
i due to.fhe forces Fj(j =1, 2, 3, ..., n) can be expressed in

the form

n
d, = % a,, F, +d° 3.1
where doi is.the additional deformation at point i due to the

intermediate applied loads and aij represents the deflection di

due to a unit value of Fj. The elastic constants aij are

- 40 -
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independent of the magnitude of the applied forces Fj' Eq. 3.1,
which represent the linear relation of deformations and forces,

can be written in matrix form as

{d} = [Al{F} + {d°} 3.2

where the square matrix [A] is known as the flexibility matrix.

For the same problem the relation given in Eq. 3.2 can
also be written in a form which represents the equilibrium

conditions for the structure as

{r} [K]{a - d°}

[K1{d} + {F°} 3.3

where the square matrix [K] is defined the element stiffness
matrix. The element Kij is defined as the force Fj due to unit

oy . o o o
displacement at dj' {F"} is the columm vector {F i, F 2, eeesy F n}
which are the equivalent forces that replace the intermediate
applied loads (equivalent in the sense that the work done during
any incremental deformation approximates the work done by the
actual applied load). These forces are numerically equal to

the so-called fixed end forces.

" As stated above, while establishing the flexibility
matrix the structure is assumed to be supported against rigid
body motion, a condition not necessary for the stiffness matrix.

For the latter case the structure can be free to move as a rigid



body when a set of nodal displacements is applied. The stiffness
matrix, thus obtained, is called "the direct stiffness matrix"
which is singular. The elements in any column represent a force

system in equilibrium.,

The well known advantage of the direct stiffness method
is that for an assembly of structural elements, the total
structural stiffness matrix can be easily formed by superposition
of the individual stiffness matrices irrespective of the boundary
conditions. The boundary conditions are considered only after
assembly in the actual solution of the system of equations.

This permits the consideration of different boundary conditions

while the total structure stiffness matrix remains unaltered.

3.3 Shell Element Influence Coefficients

By a procedure similar to that used for a beam element,
the stiffness matrix for an element of shell of revolution can be
obtained. Since the shell element is a rotationally symmetric
element, the nodal points are replaced with nodal circles (Fig.
3.1). The forces and displacements can be expressed as the

amplitude of a harmonic number along the nodal circles.

Consider the shell element shown in Fig. 3.1. The
eight fundamental stress resultants per unit length at the two
edges of the element are shown acting in the positive sense
according to the shell theory sign convention. Should the edge

s = a of the element be subjected to a unit value of displacement

42,
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in the direction of W while preventing any other displacement
of the two ends of the element, the forces per unit length that
would be required to maintain equilibrium of the element are
the influence coefficients for a unit displacement Wa' If one
writes the degrees of freedom of the element in the order Ba Wa
Vana B, W V Ub’ the element stiffness equation (Eq. 3.3)

b b b

can be written as

r -~ e ~
MT (& M°
sa a sa
S W s°
sa a sa
N ' N°
sa a sa
Tsag Uy TOsa
! u =[K]<B>+<Mo ‘ 3.4
sb b sb
o
Ssb Wb S sb
o
Nsb Vb N sb
o
st Ub T sb
- . - J ~— o

o o
where M , S
s s

s Nos, ToS are the fixed end stress resultants,
at the ends a or b as subscripted, due to the applied loads or

.thermal gradients.

In order to establish the stiffness matrix and the
fixed end stresses, the predeterminafion of the relationship
between the edge displacements and the edge forces is necessary.
The stiffness coefficients and fixed end forces for a beam element
can be evaluated by the well known method, such as consistent

deformation, or solving the pertinent differential equations.

43.



If an analytical solution of the relevant differential equations
for a specific geometry of shells is known, both influence
coefficients and fixed end forces due to the applied loads can
be found. Such a solution is not available for an arbitrary
element of shells of revolution with variable thickness and
subjected to arbitrary loadings. However, the forces can be

evaluated by solving the basic differential equations numerically.

3.4 Solution of the Governing System of Equations

For any given shell element with given geometry and
applied load, the governing system of equations (Eq. 2.24) is

in the form

{y'(s)} = [A(S)]{y(s)} + {B(S)} 3.5
where {y(s)} is a vector of the eight dependent variables,
four displacements and four corresponding forces, at a

particular location s = constant; {y'(s)} is a vector of the
derivatives of the eight variables with respect to the

coordinate s, i.e., d/ds{y(s)}; [A(s)] is the coefficient

matrix relating the variables and their derivatives and

consists only of functions of the shell thickness and the
geometrical pafameters of the location s; and, {B(S)} is

a vector of the inhomogeneous terms in the equations and is a

function of the applied loads and the location s.

44,

SO

ab



The general solution of Eq. 3.5 consists of two

parts:

1 The solution of the homogeneous part of the equatioms,
i.e., the differential equationsvﬁhen all loading
terms, {B(S)}, are set equal to zero. This homo-
geneous solution involves the evaluation of eight
constants of integration as the result of eight
boundary conditions at the two discontinuous edges
of the shell.

2) The particular solution of the equations in which
all loading terms are considered. This solution

does not depend upon the boundary conditions.

Therefore, the general solution that satisfies the
governing system of equations together with the appropriate
boundary conditions at the two edges of the shell element can be

written as

{y(s)} = {h(s)}+{P(S)} 3.6
where {P(s)} represents the particular solution that satisfies
the equation.

{P'(S)} = [A(S)]{P(S)}+ {B(S)} 3.7

45.
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and, {n )} is the homogeneous solution that satisfies the

(s

equation.
{h‘(s)} = [A(s)]{h(s)} 3.8

Consider now the solution of Eq. 3.8 for an element
which spans the region b > s > a. Since Eq. 3.8 represents eight
first order linear differential equations, the solution should
contain eight arbitrary constants of integration. Let these
arbitrary constants of integration be the eight (arbitrary)
boundary values which can be imposed at edge "a", and denote

these values by {c}. Then at edge "a"

{h(a)} = {c} ' 3.9

Substituting into Eq. 3.8 yields, for s = a

{ } = [A(S)] {c} 3.10

h (s)’s = a s = a

Integrating this numerically, as an initial value problem,

allows the value of h(s) at any point s > a to be determined as

{h, \} = [H(S)]{c} 3.11

(s)

where [H S)]represents the matrix arising from the integration of

(
the [A(s)] matrix along the length of the element.

[




Since the matrix [H(S)] is independent of the initial
conditions ({c}), it is a prbperty of the element and may be
interpreted as follows. As {c} is arbitrary, assign a unit
value to one component, say component Cj’ and set the others
equal to zero. Then the jth column of [H(S)],represents the
‘values of {h(s)} fqr a unit value of the jt‘:h boundary condition

at "

a". It is apparent that when s = a, Eq. 3.1l must reduce to
Eq; 3.9 in order to match the arbitrary boundary conditions, and

hence [H(a)] must. be the identity matrix, i.e.
H = I ' 3.12
[ (a)] 1]

Eq. 3.12 may be considered to be a "boundary condition" on the

numerical integration of the matrix [H].

Turning now to the solution of Eq. 3.7, the equation at
s = a may be written as

{P.(s)}s —a = [A(s)]s - a{c*} + {B(s)} | 3.13

where {c*} represents an arbitrary set of initial values of

{r

}. Numerical integration of this equation yields

(a)

{P(s)} = [H(S)]{c*} + {Q(S)} 3.14

where [H(S)] is the matrix that arises in Eq. 3.11 and {Q(s)}
is a vector arising from the integration of the inhomogeneous

terms. Since the particular solution is any solution which

47.



satisfies the inhomogeneous equations it is adequate to

select
{ex} = 0 3.15
in which case Eq. 3.14 reduces to

{P(s)} = {Q(S)} 3.16

and consequently the general solution, Eq. 3.6, becomes

{y(s)} = '[H(S)]{c} + {Q(S)} - 3.17

For s = b, Eq. 3.17 becomes
{y(b)} = [H(b)]{y(a)} + {Q(b)} | 3.18

in which each column vector of [H] represents the variables at
"b" corresponding to each unit variable applied at "a" in the
absence of any applied loads. The vector {Q} represents the
variables at "b" corresponding to zero displacements and stresses

resultants at "a" in the presence of the applied loads.

3.5 Shell Element Stiffness Matrix

The column vector {y(s)} represents the vector of
Eq. 2.24 consisting of the four displacements as defined by
Eq. 2.15.1 and the four stress resultants as defined by Eq.

2.19.1.

48.




Let
Da
{y(a)} = v : , 3.19
a
and
D
b
{y,.\} = 3.20
(b) v

Eq. 3.18 can be written in partitioned form as

= + 3.21

where
D represents the four displacement variables,
F represents the four stress resultant variables, and
Qd’ Qf are the displacement and the stress resultant

parts of the particular solution respectively.

The total matrix appearing in Eq. 3.21 is usually referred to
as a "transfer matrix" [23]. Egq. 3.21 can be expanded to form

two equations as follow

49,
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Da 0
= [Y,] + . 3.22
Fa Qd
and
F 0 I D 0
a a
= +
Fb Hs Hy Fa Qf
Da 0
= [Y.] + 3.23
FQJ Qf
Solving Eq. 3.22 for the vector < Da Fa >T and substituting
into Eq. 3.23, yields
F D 0
a a
= [Y2] [Y:17? + 3.24
Y ' D, - Qq Qf
or
F D F°
a a a
= [K] + o 3.25
Ty Dy, Py

It can be seen that each column of [K] represents the stress
resultants at each end for a unit displacement applied at one
end while the other displacements are restrained and {r°}
represents the stress resultants corresponding to the totally

restrained boundaries.




3.6 Stiffness Matrix Sign Convention

In the derivation of the element stiffness matrix and
the fixed end stresses, the sign convention used corresponds
to that generally used in shell theory as given in Fig. 3.1.
As a result, the stiffness matrix will have some negative
elements on the main diagonal. This can be corrected by adapting
the so called "stiffness matrix sign convention''. This sign
convention is shown in Fig. 3.2. It can be seen that the positive
direction of the top normal in plane.force Ns’ the top tangential
shearing force TS, the ﬁottom moment MS and the bottom transverse
shear Ss have been changed to the opposite direction. Therefore,
the stiffness matrix and fixed end stresses in Eq. 3.25 are

to be premultiplied by the diagonal matrix

1
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3.7 Stress Resultants and Displacements at Intermediate Points

For a shell structure composed of a number of elements,
the element stiffness matrices and fixed end forces are evaluated
and assembled in the master stiffness equations of the structure.
Boundary conditions are imposed, and the displacements at the
boundaries of each element are obtained from the solution of
the master equations. By substituting the final known boundary
displacements of each element into the corresponding element
stiffness equation (Eq. 3.25), the primary stress resultants at
the element boundaries can be obtained. Thus the correct boundary
v conditioné, displacements and primary stress resultants, for
" each element are known. In order to evaluate the displacements
and the stress resultants at any desired number of intermediate
points within the element, the correct boundary conditions at
one end of the element, say the end at s = a, are used as initial
conditions in integrating the governing set of equations (Eq. 3.5).
At each intermediate point, the secondary stress resultants
(which were eliminated from the governing equations) can be
evaluated, first by evaluating the derivatives of the displace-

ments using Eq. 2.18,

{p°} = [A1]l{D} + [AZ]{FS} + {A3} 3.26

and then substituting into Eq. 2.20

{Fe} = [c1]{p"} + [c2]{D} + {c3} 3.27

[———




A simple check on the results of the integration is
that the displacements and the primary stress resultants at the
termination end of the element should agree exactly with the

known Boundary conditions at this end.

3.8 Transformation from Local to Global Coordinates

Displacements and stress resultants, at any point
along the generator, are presented in the direction tangent to
the meridian at this point and the direction perpendicular to it.
Due to possible discontinuity of the meridian curve at a junction
between two elements, it is necessary to transform the influence
coefficients and the fixed end forces at this junction, to a new
coordinates system. It is simplest.to adopt the direction of
the structure's axis of revolution, x, and the direction
perpendicular to it, r. According to the stiffness matrix sign

convention, the transformation equations may be written as follow

53.

{DL} = [L]{DG} 3.28.1
_ T
{FG} = [L] {FL} 3.28.2
where
1 0 0 ]
0 sin ¢ - cos ¢,
L] = 1 * 3.29
0 cos ¢i sin ¢i
o o 0o |
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" {D} and {F} represent the displacement and forces respectively
and the subscripts L, G represent local and global coordinates.
¢i is the angle measured from the global axis of rotation to the

meridian at the point s = i (Fig. 3.3).

3.9 Modification of Stiffness Coefficients to Account for
Eccentricity

In many cases the middle surfaces of two elements
which meet at a node do not coincide at the same point (Fig. 3.4).
A transformation of the stiffness coefficients and fixed end
stresses to a common reference point is then’necessary before
assembling the element stiffness matrices into the master
stiffness matrix. Eqs. A.10 relate the displacement components
of a point at a distance a from the middle surface to the é
disélacement components of a point on the middle surface lying
in the same plane. By expanding Eqs. A.10, by means of Fourier

series, one can write the following equation

B, 1 0 O 0 B |
W 0 1 0 0 W :
z L :
\ = < P 3.30
v yA 0 1 0 i
Z
nz otz
22 o9 ===
\Uz/ \_0 r rz \UJ

where Eq. A.7.1 has been used to eliminate the derivative of W

with respect to s and the subscript z refers to the point at a



distance z from the middle surface.

in
B 1 0 0
W 0 1 0
! 4=
. Vv ~Z 0 1
-Nros2Z
U 0 ;?;;;ES- 0]
\. / _
or
{p} = [EC]{DZ}

{Fz} = [EC]T{F}

z from the middle surface.

55.

Inverting Eq. 3.30 results

. N
0 BZ
0 W
Z
J f 3.31
0 Vz
ra
rotz UZJ
| \

3.32

From the work equivalence requirements, the relation between the

stresses at the two points can be written as

3.33

Eq. 3.32 and 3.33 are used to transform the displacements and

stresses of a point on the middle surface to a point at a distance
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nodal circle b

Fig. 3.1 Shell Theory Sign Convention for Strrss Resultants and Displacements



Fig. 3.2
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Stiffness Matrix Sign Convention for Stress Resultants and Displacements.
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CHAPTER 4

EXAMPLE APPLICATIONS

4.1 Introduction

A computer program, named SASHELL, has been developed
to perform the stiffness analysis of segmented shell structures
based on the theory presented in the preceding chapters. The
logic flow of SASHELL is outlined in Sect. 4.2 and listing of the
program is included in Appendix C. The results of the analysis
of two example applications, using SASHELL, are presented in

this chapter.

The first example is the pinched cylinder. The exact
analytical solution for a long cylinder pinched by a symmetrical
circumferential line load (Fig. 4.1) is known [27, pp. 471; 10,
pp. 280]. Finite element solutions, using (48 x 48) element
stiffness matrices [11] and (24 x 24) element stiffness
matrices [5,7], were obtained for the case of a cylindrical shell
loaded by diametrically opposed concentrated loads (Fig. 4.2).
This solution was compared [2] against an analytical solution
based on the inextensional deformation theory (i.e. neglecting
entirely the strain in the middle surface of the shell) [27, pp.

501-506].

The second example is the analysis of hyperboloid

natural draft cooling tower under the action of wind load and

- 59 -
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its own weight. Finite element analysis, using the computer
program SORIII [14] and using conical shell elements to approxi-

mate the geometry [24] are known.

4,2 Logic Flow of SASHELL

In this section, the organization of the computer program
SASHELL, which can serve as a summary for the solution technique
of segmented shell structuré as described in the preceding
chapters, 1s outlined. Details of the required input are given
in Appendix B.
1) The structure is divided into elements, each of which
is a simple type of shell of revolution, and which
are connected along nodal circles or '"modes". A
concentrated load applied at a point along the meridional
coordinate must be treated as a load acting on a node
connecting two elements.
2) Nodal coordinates, system connectivity information
and element types, properties and loading conditions
are determined. The problem control parameters are

established and input (Subroutine READIN and LOADIN).

The program now performs the following operations:

1) Each element is examined. If a coefficient which
depends on the element geometric parameters (see the
limitations in Sect. 5.3) exceeds a certain limit,
the element is divided into subelements (segments) each

of which satisfies this limit (subroutine SEGMNT).



2)

3)

4)

5)

6)

7)

8)

9)
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The connectivity of the system is altered to include
the new intermediate nodal points. Geometric parameters
and loadings values at each segment boundary are
calculated (subroutine SEGEOM).

The number of the structure's degrees of freedom are
established.

If the external applied load on the structure is
symmetric, the program discardsstep 5 and goes to

step 6.

If the load is non-axisymmetric, the total number of
points in the meridional and circumferential direction
in the strﬁcture is determined and the "results'" array
is initialized.

The harmonic number, n, is set equal to zero.

The structure stiffness matrix and load vector are
initialized. The nodal load coefficients, if any,

which correspond to the harmonic n are added to the

load vector.

The stiffness analysis starts by calculating the stiffness
matrix and fixed end forces for each segment in the
structure (subroutine STIFAN).

The geometric parameters and external applied loadings
at the desired number of integration points in the
segment under consideration are calculated. Dead weight
of the segment, if required and if n = 0, is superimposed

(subroutine PLSEG and DLSEG).



10)

11)

12)

13)

14)

15)

16)
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The initial conditions at the starting edge of the
segment, as stated in Sect. 3.4 (Egs. 3.12 and 3.15),
are set. The governing equations (subroutine FLUGGE)
are integrated, using a fourth order Runge-Kutta
method, over the desired numEer of points to obtain
the transfer matrix of the segment (subroutine

RNGKT) .

The segment stiffness matrix and fixed end forces are
evaluated from the transfer matrix obtained in step 10,
as described in Sect. 3.5 (subroutine STIFIX).

The results of step 1l are saved (subroutine STORE1).
The segment stiffness matrix and fixed end forces are
modified to correspond to the stiffness matrix sign
convention, as stated in Sect. 3.6.

The stiffness influence coefficients and fixed end
forces are modified to account for nodal eccentricity,
if any, as mentioned in Sect. 3.9. (subroutine ECCNTR).
If required, the segment stiffness influence coefficients
and fixed end forces are transformed, due to discontinuity
of the meridian at the node, to the structural global
coordinates, as stated in Sect. 3.8 (subroutine
GLTRAN) .

The segment stiffness influence coefficients are
assembled, with respect to the structure's degrees

of freedom, into the master stiffness matrix. The

segment fixed end forces are subtracted from the

b [RO——
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17)

18)

19)

20)

21)

22)

23)
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corresponding values in the load vector (subroutine
STORE) .
Steps 9 to 16 are repeated for each segment in the

structure.

The boundary conditions are imposed on the master

stiffness equation (subroutine BOUNDC).

Segments edge displacements is obtained, using

Gaussian elimination algorithm to solve the master
stiffness equatién (subroutine SOLVER).

The stiffness analysis, for harmonic number n, is
completed. The displacements and stress resultants

at the desired number of intermediate points in each
segment are to be evaluated (subroutine SRADSP).

The segment edge displacements, obtained in step 19,
are transformed, if necessary, to the segment local
coordinates and to account for nodal eccentricity
(subroutine GLTRAN and ECCNTR).

The known segment edge displacements are substituted

in the corresponding segment stiffness equation, saved
in step 12. The primary stress resultants at the
segment boundaries are evaluated, as described in Sect.
3.7 (subroutine STOREl).

The shell equations are integrated, using the initial
conditions calculated in step 22, in order to determine
the displacements and primary and secondary stress
resultants at the intermediate points within the segment,

as described in Sect. 3.7 (subroutine RESULT).
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24) If the load is symmetric (i.e., the required number of
harmonics is zero), the results of step 23 are printed
out and the program goes to step 26.

25) If the load is non-axisymmetric (i.e., the required
number of harmonic is greater than zero), the displace-
ments and stress resultants are calculated at the desired
number of points in the circumferential direction. The
results are superimposed in the "results'" array
(subroutine STORE2).

26) Steps 21 to 25 are repeated for each segment in the
structure.

27) The harmonic number, n, is increased by one. Steps
7 to 26 are repeated until n is equal to the required
number of harmonics.

28) The results saved in step 25 are printed out and the

program stops.

4.3 Pinched Cylinder

The governing differential equation for a circular

cylindrical element is

d%w

Et
dxz 2

d?y _
(X a;z) + W = P 4.1
where X measures the distance along the axis of the cylinder
with the origin (x = 0) at midlength of the element. When the

thickness of the shell is constant, this equation reduces to




a‘w w o, _ Pz
Szt =

in which the flexural rigidity, K, is

_ Et®
K = 17a-9

~and the coefficient A is defined as

2
A = lv 3(i tz\) )
For the special case of a long cylindrical shell pinched by a
live load P uniformly distributed along a circular section
(Fig. 4.1), the solution of Eq. 4.2 takes the form [27]
-P

W = BE e—-}\X (cos Ax + sin Ax)

The stress resultants may be expressed in terms of derivatives

of the displacement W in the form

d2w

MX = K'a—x—z
o - x
Me = Vv MX
N, = Ee 1)
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Numerical values of these expressions, at several points along a
cylindrical élement 20 feet long, 8 feet in diameter and with
constant wall thickness equals to 1.24 inches, are shown in
Table 4.1 for a live load P = 1 kip/ft. Output of the analysis
of the same element using SASHELL is included in Appendix D.
The  results are presented graphically in Fig. 4.3. The results

of the two solutions are identical up to the number of significant

figures contained in the output.

For the case of a cylindrical shell pinched by two
concentrated loads as shown in Fig. 4.2 the concentrated load is
approximated as a live load (see Sect. 5.4) that has a value
of 1.0 kip/ft at the loaded points and zero at a short distance
from the load points (Fig. 4.4.1). The loading function is
expanded in Fourier coefficients and the results of the analysis

of each harmonic are superimposed.

The results of this loading case are affected by
the number of harmonics considered in the analysis, which will be

discussed in Sect. 5.4.

If the circumference of the cylinder shown in Fig. 4.4
is divided to 36 intervals and the load is approximated as shown,
the equivalent concentrated load is

P 2mr 4.7

36 ©

0.698 kips

[——




= 20'.0 = 30 x 10° ksi = 436 K.ft
= 4' = 0.3 A= 2.0

= 1.24" = 1.0 K/ft

(fi) *x (10-Eft) E % Y Ve

0 0 -.3583 ..1250 | -.5000 | +.0375 | -3.997
0.25 | 0.5 -.2949 .0302 | -.2661 | +.0091 | -3.290
0.5 1.0 -.1822 | -.0138 | -.0994 | -.0041 | -2.032
0.75 | 1.5 -.0854 | -.0258 | -.0079 | -.0077 | -0.953
1.0 2.0 -.0239 | -.0224 | +.0282 | -.0067 | -0.266
1.25 | 2.5 +.0059 | -.0144 | +.0329 | -.0043 | +0.066
1.5 3.0 " +.0152 | -.0070 | +.0246 | -.0021 | +0.169
1.75 | 3.5 +.0139 | -.0022 | +.0142 | -.0006 | +0.155
2.0 4.0 +.0092 | +.0002 | +.0060 | +.0001 | +0.102
2.25 | 4.5 +.0047 | +.0011 | +.0012 | +.0003 | +0.052
2.5 5.0 +.0016 | +.0011 | -.0009 | +.0003 | +0.018
2.75 | 5.5 0 +.0007 | -.0015 | +.0002 0

3.0 6.0 -.0006 | +.0004 | -.0012 | +.0001 | -0.066

TABLE 4.1 Stresses and Radial Displacement

Cylinder as per Eqs. 4.6

in a Pinched

67.
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The analytical solution for a concentrated load, based on

inextensional deformation theory [27, pg. 506], is of the form

prd

_ 1
6 - D Z Z-1y2 cos n6 4.8

n=2,4,6,....

where L is one-half the length of the cylinder. Eq. 4.8 yields

- -3
W) g 0.382 x 107° ft

-3
W ger/2 -0.351 x 107° ft

A comparison of these values with SASHELL values shown in Fig.
4.4,1 indicates good agreement for 6 = /2 but considerable
discrepancy for 6 = 0. The SASHELL solution predicts a displace-

ment 177 larger than the inextensional solution at 6 = 0.

Now referring to Fig. 4.4.2, the cylindrical shell
example as choosen by Cantin and Clough [7], is shown. For the

same number of intervals (36), the equivalent concentrated load is

P = 0.0721 kips

The deflections for this case, from Eq. 4.8, are

- -2
(Wg_g = 0.614 x 107 ft

-2
Wger/2 -0.565 x 102 ft




The ratios of the SASHELL displacements are 1.10 and 1.14 to
those of the inextensional theory for 6 = m/2 and 6 = 0,

respectively.

4.4 Hyperboloid Natural Draft Cooling Tower

Large capacity power plants generate a substantial
amount of operational heat that requires dissipation. One of the
major structures in these power plants is the natural draft
cooling tower in the form of the shell of revolution. The
tower utilizes its height to create the necessary air flow in
order to cool a large volume of water in a minimum land area.
Hyperboloid cooling towers are the most preferable shape [14]
when compared to conical or cylindrical shapes from the aero-

dynamic point of view.

4.4.1 Geometry of the Tower

The middle surface of a hyperboloid shell is shown iﬁ
Fig. 1.7. The surface of a hyperboloid of revolution may be
classified as a non-developable surface, which means that the
surface will not tend to flatten out under load. This surface
is generated by the rotation of a hyperbola about a vertical
axis. The geometrical equation can be written as
2 2

I__X - 4.9

a? b

in which r is the horizontal radius, x is the vertical coordinate
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measured from the origin at the throat of the shell, a is the
throat radius at x = 0, and b is a constant in which the ratio

b/a equals the slope of the asymptotes to the hyperbola.

The principal radii of curvature are given by

242
r, = a’b 4.10.1

- (a®sin? ¢ - b2cos? ¢)3/2

2
r, = a 4.10.2

(a?sin? ¢ - b%cos? (]))1/2

where tan ¢ = -g%
b / rz
= =y —_—— 4.10.3
a 2 - g2

The expression for the derivative of r; with respect to the

coordinate s (see Eq. 2.5.1) can be obtained by differentiating

Eq. 4.10.1 to yield

2 2
re; = 32 (b*r cos ¢ + a*x sin ¢) C£:'+ %ﬁ)l/z 4.10.4
a

a’p
The middle surface of the hyperboloid tower considered
in the following analysis is shown in Fig. 4.5. The shell is
355 ft high and is supported by columns evenly spaced on a
circular base of 290 ft diameter. The throat of the tower is
165 ft in diameter and is located 60 ft below the top of the

shell. The thickness varies from 30 inches at the bottom level

[ S——
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of the shell to 6 inches at 25 feet elevation from the bottom.

In the top 10 feet of the shell, the thickness also varies from

6 inches to 24 inches. Other than the top and the bottom regions,
the shell thickness remains constant at 6 inches. The increased
thickness at the top provides a stiffening effect that reduces
radial deformation under wind load [24]. The bottom ring at

the base acts as an equivalent deep beam bridging between columns.

The constant b of Eqs. 4.10 can be calculated by
substituting the values for r = 145 at x = 295 and a = 82.5
into Eq. 4.9, which yields b = 204.1 ft. For the purpose of
comparing the results with References 14 and 24, the following

concrete properties are used

Young's Modulus E = 4 x 10° psi
Poisson's Ratio v = 0.15
Specific Weight y = 150 1b/ft?

4.4,2 Load Description

The tower is analyzed for gravity load and wind

pressure load.

The gravity load, which is symmetric with respect to

the coordinate 0, is determined from the following equations

q = txY 4.11.1

P = - qcos ¢ 4,11.2
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PS = q sin ¢ 4.,11.3

where q is the intensity of weight per square area of the surface.

The wind load, which is the governing factor in the
design of the cooling towers [14], is based on the ACI-ASCE
Committee 334 recommendations [1]. The following equivalent

static pressure distribution is used

q(H’e) = G Ce KH qs3o 4,12

where the factors in this equation are described as follows:

a) q(H,0) is the equivalent static normal pressure on the
surface of the tower at a location defined by coordinates
H,0. H is the vertical distance measured from the ground
level, 6 is the circumfereﬁtial angle measured from the
windward meridian.

b) G is the dynamic gust factor which accounts for the
overstress due to the tower response to various time
variations in the wind pressure.

¢) C, is the coefficient of wind pressure distribution

6
in the circumferential direction.

d) KH is the exposure factor which establishes the
vertical profile of wind pressure, which in turn,

depends on wind speed and roughness of terrain.

i.e., KH can be evaluated from the equation
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- H 20
Ky 2.64 G 4.13

where H is the height measured from the ground level;
Hg is the gradient height above which the wind velocity
is assumed constant and ranges from 900 ft for open
country to 1500 ft for center of large cities; o is a
constant, depending on the terrain roughness, and
ranges from 1/7 for open country to 1/3 for center of
large cities.

e) (qs3¢ is the basic wind pressure (psf) and is equal to
the dynamic pressure of the free stream of wind at
30 ft above the ground level at a given site. It may

be computed from

qs0 = 0.00256 V3, 4.14

where V39 = wind velocity (m.p.h.) at 30 ft above the

ground level.

The ACI-ASCE Committee 334 has suggested the normalized wind
pressure distribution in the circumferential direction as shown
in Fig. 4.6.1. As in Reference 24, assuming Hg = 900 ft, o = 1/7
and V3p = 100 m.p.h., the variation of the wind pressure with the

height can be taken as shown in Fig. 4.6.2.

4.4.3  Analysis Conclusions

The results of the analysis of the hyperboloid tower,

loaded as described above, are represented graphically for
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dead load in Figs. 4.7.1 to 4.7.3, and for wind load in Figs.
4.8.1 to 4.8.10. Since the actual condition at the bottom of
the shell is only partially fixed [24], the results of the
analysis for two boundary conditions, fixed and hinged at the
bottom, are shown in these figures. Excellent agreement is
observed between the displacements and stress resultants shown

and the results of References 14 and 24.

The approximation of the geometry with a series of
cones [24] does not affect the results for this particular
geometry of the tower. However, the meridian curvature R; varies
only from -0.002 £ft~! at the throat to -0.0003 ft~! at the bottom
of the hyperboloid shell, and is equal to zero for a conical
element. For shells with larger Rl curvature thé conical

segment approximation may not be as accurate.

4,5 Comments on Results

The examples of this chapter have been selected to
test the ability of SASHELL to analyze different types of shells.
The pinched cylinder solutions are common test problems because
of the difficulty of achieving solutions for concentrated loads.
The hyperboloid cooling tower is an illustration of a shell with
negative Gaussian curvature under complex loading conditions.

It may be concluded that SASHELL is capable of yielding good

results on a wide variety of shell problems.

N—
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Sashell Solution
®  Analytical Solution [27]

‘——-\f__ W
0.3573 x 104 ft.

0.1249 k ft/ft

—~— N

f ———————0.5 k/ft

PP e g . MG

\Z————-———o.osss k ft/ft

\/ :3.995 k/ft

Fig. 4.3

“Pinched Cylinder” Circumferential Line Load Stress Resultants and Radial Displacement
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Fig. 4.4.1”Pinched Cylinder” Two Concentrated Loads Radial Displacement (r = 4.0 ft.)
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* I =05
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x ineq. 4.9
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355°
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l
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Fig. 4.5 Typical Hyperboloid Natrual Draft Cooling Tower



Fig. 4.6.1
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Fig. 4.6.2 Wind Pressure Profile (0 =0)
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Fig. 4.7.1 Hyperboloid Tower Dead Load Membrane Force N,
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H (ft) A

= Hinged Base
=== Fixed Base
o Selective Results
From Ref. 14

200

100 [~

-6.84 k ft/ft 1.498 k ft/ft
\ P /
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-10 0 10 s( /t)

Fig. 4.7.2 Hyperboloid Tower Dead Load Meridianal Moment M,
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Fig. 4.7.3 Hyperboloid Tower Dead Load Membrane Force Ng
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H (ft) A

350

Hinged Base

== Eixed Base

@®  Selective Results from Ref. 14
300
250
200
150
100
50
0 L—— N _(k/ft)
0 20 40 60 s

Fig. 4.8.1 Hyperboloid Tower Wind Load Membrane Force N, (6 =0)
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Fig. 4.8.2 Hyperboloid Tower Wind Load Meridional Moment M, (0=0)
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Fig. 4.8.3 Hyperboloid Tower Wind Load Membrane Force Ny (0 = 0)




87.

H(ft) ﬁ

24.12 k ft/ft

300

9|

Hinged Base
e e Fixed Base

250

200

150

100

S0 Ir

1.63 k ft/ft

, 0.33 k ft/ft
el va
- o o o = |

-1.0 0 1.0

—> My (k ft/ft)

Fig. 4.8.4 Hyperboloid Tower Wind Load Circumferential Moment Mg (9 = 0)
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Fig. 4.8.10 Hyperboloid Tower Wind Load Circumferential Variation of V and U




CHAPTER 5

LIMITATIONS

5.1 1Introduction

Three factors affect the solution technique presented

in this thesis. These are summarized as follows.

1) Singularity of the governing equations at the apex.
2) Stability of the numerical integration process.

3) Convergence of Fourier expansions.

Each factor is discussed separately in the following sectionms.

5.2 Singularity of the Governing Equations at the Apex

If the shell has a pole (i.e., r = 0), coefficients
in the governing sets of equations (Eqs. 2.14, 2.18 and 2.20)
become singular. This is consistent with classical shell theory..
A simple way to handle this situation is to choose the boundary,
s = 0, not ét the pole, but a very short distance away and

then impose the boundary conditions at s = 0 as follows [6].

1) For harmonic number n = 0
2) For harmonic number n = 1

3) For harmonic numbér n>1
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5.3 Stability of the Numerical Integration Process

Runge-Kutta fourth order integration method is used,

in SASHELL, to integrate the basic set of equations (Eq. 2.24).

This method is very well known and has the advantage of being

self starting i.e., it needs only the information available

at the preceding point. The method can be interpreted as follows:

B

2)

3)

4)

5)

The derivative is evaluated at the starting'point of
the interval.

The above deriyative is used to obtain an approximate
ordinate to determine an approximate derivative for
the midpoint of the interval.

The above derivative is used to obtain a second
approximation of the derivative at the midpoint of
the interval.

The above derivative is used to obtain an approximate
ordinate to determine an approximate derivative for
the end point of the interval.

A weighted average of the above fbur\derivatives is
taken to determine a total increment in éhe function

for the whole interval.

Analytically, this can be defined as follows:

h

Ah
- JAV *
Yy = Yyt (FOph) 4 Zf[Y 1+1/2° i+1/2]

+ 2f|Y* h + f{Y } 5.1

* *
it/2° i+1/2} i+’ h1+1]

92.
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where
Y*i+1/2 = ¥, 4+ %} £(Y;, hy) 5.2.1
Y*Ll/z = 4Lt ééb f(Y:ﬂ/Z’ hi+1/2] 2:2.2
Y4 = Yy +on f[Y*1+1/2’ hi+1/2] >-2.3
hii1/2 h, +-%? 5.2.4
h,, = h, bh 5.2.5

in which f(Yi’ hi) is the value of the function at point i, and

Ah is the step size of the interval.

It haé been found [25] that the direct integration
methods, when applied to a shell problem, suffer a complete
loss of accuracy when the generator of the shell exceeds a critical
length. The reason for this phenomenon is explained clearly
in Reference 18. The general solution of the governing equations,

Eq. 3.18, is of the form

{y(b)} = [H(b)]{y(a)} + {Q(b)} 5.3

Because of the exponentially decaying behavior of the stresses
and displacements, it is observed that the coefficients of [H]
iﬁcrease in magnitude in such a way that if the length of the .

shell element is increased by any factor n, then these coefficients



pro e i e paaia =

increase in magnitude, approximately, exponentially with n.

For example, consider an element spans the region a < s < b.

"t

" For some prescribed edge conditions at "a", we expect the

corresponding solution at "b" to become smaller and smaller
when the element ab is increased in length. (i.e., y(b) small,

H large and y(a) has a prescribed value). The longer the

(b)

element, the larger [H )] and the smaller {y(b)}. The only

(b
way to get a small value for {y(b)} is for the elements of [H(b)]
to subtract out and that is the reason that at some critical

length of the element all significant digits of [H(b)], in

Eq. 5.3, are lost and so is the accuracy.

The loss of accuracy cannot be avoided by choosing a
fine mesh for the integration. By taking more steps '"partial
instability" arises [8]. This means that the numerical solution

deviates from the actual solution as we take more steps.

In Reference 18, the critical meridian length is

limited with a length factor AL < 3 - 5, where

2
AL = Lu/-:}-(l—zj,z—Y— 5.4
r“h
in which
L is the length of the meridian of the shell, R is the

minimum radius of curvature, and h is the thickness of the shell.

In the author's opinion, this is very conservative
limitation. The loss of accuracy, using the computer program

SASHELL, does not arise until the length factor AL exceeds 25.

9.

st i
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To demonstrate this, Table 5.1 shows some results of the analysis
of clamped pressurized cylindrical shells, as obtained by the
computer program SASHELL, with various lengths and different
number of steps of integration. From the symmetry of the problem,
the end moments and the absolute values of the end shears should
be equal. It is obvious, from Table 5.1, that the solution is
not affected much by the number of steps adopted for the inte-

gration and it begins to break when

1) AL exceeds 20 and the number of steps is less than 20.

2) AL approaches 29 for any number of steps.

As a conservative limitation, the upper bound of AL shall
not exceed 25 and the number of points of integration (NP), needed

for convergence, is limited as follows:
NP ¢ 21 for AL < 20

NP § 31 for 20 < AL < 25

This limitation does not affect the efficiency of
this technique. It can be observed from Table 5.1, that the
computation time (CPU) required for the analysis is proportional

to the number of steps adopted.

5.4 Convergence of Fourier Expansions

The load, when varying with the circumferential

coordinates is expanded in a Fourier series. The analysis is



carried out to determine the stresses and displacements everywhére
within the structure. When the load is represented "exactly",

the solution converges.

Theoretically, the number of harmonics required for
an arbitrary periodic function to be represented exactly, by
means of Fourier series, is infinity, i.e.,

«© (o]

I A cosnb+ % b sin nb ) 5.5
n n
n=0 n=1

f

()

However, the load can always be described at a sufficient number
of points to satisfy our engineering judgement of representing
the actual loading conditions. Therefore, our concern is to
examine the convergence of a function known only at a set of
discrete points. If these points are equally spaced, say 2N

points, taken over the interval 0 5_6 < 2w, the spacing is,
6, = — for i =0, 1, 2, ..., 2N-1 5.6

If now an approximation is assumed in the form

M M |
L A cosnfb+ I B sin nb 5.7
n n
n=0 n=1

f
C))
where the coefficients are to be determined in such a way that
the integrated squared error over the interval of length 271 is

least, then the requirement is

96.




Zm M M 2
J f(e) - I A cosnb - L Bn sin nb = min
0 n=0 " n=1

97.

5.8

Since the function f(e) is described only at the points defined

by'9i (Eq. 5.6), we have 2N independent data points which are

sufficient to determine the coefficients of 2N terms of an

approximation in the form of Eq. 5.7. When M < N, Eq. 5.8 can

be rewritten as follows

2N-1 M M 12
z f - X A cosnB, - L sin nf, = min
(Si) i

=0 n=0 o 1=

where f(ei) is the value of the function f(ei) at the point i.

The solution is obtained when the partial derivatives of the

5.9

left hand side of Eq. 5.9 with respect to An and Bn are equated

to zero [15, pg. 446-457]. The coefficients are in the form

1 2N-1
A - —— Z f
1 2N-1
A = % Eo f(e.) cos nei (n # 0, N)
= i
1 2N-1
B = = X f sin n6,
n N n=0 (ei) 1

5.10.1

5.10.2

5.10.3
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The calculation of each coefficient is independent of the
calculation of the others and is independent of M as long as
M < N. When M = N, the least-squares criterion (Eq. 5.9)
becomes equivalent to the requirement that the "best

approximation of the function (Eq. 5.7) is obtained [15].

The loading cases of the examples discussed in Chapter 4
are shown 1n Fig. 5.1 and 5.2. The effect of the number of
harmonics’on the loading associated with these problems is
considered in the following. Fourier coefficients of the wind
pressure load on the hyperboloid tower are included in Table 5.2.1.
Since the load is symmetric with respect to 6 = 0, the sine
coefficients vanish. The results of superimposing the 12
coefficients, using Eq. 5.7, are shown in Table 5.2.2. It
can be seen that these values approximate the load function to
a very close agreement. Now examining the coefficients shown
in Table 5.2.1. The 9th and the subsequent coefficients are
small in comparison with the other coefficients. The magnitude
of the 9th coefficient is in the same order of the 10th with
opposite sign and so for the 11th and 12th, Therefore we expect
that the approximation will be reasonably accurate if the series
is terminated at the 8'M harmonic. The results of an 8 harmonic

approximation are shown in Table 5.2.2.

Fourier coefficients of the two concentrated loads of
the pinched cylinder problem discussed in Sect. 4.3 are shown
in Table 5.3.1. It can be seen that the odd cosine coefficients

as well as the sine coefficients vanish for this case of symmetry




with respect to 6 = 0 and 6 = /2. The approximation with 18
harmonicé, for the loading function described at 36 points,
represent the load more accurately when compared with the 12
harmonic approximation (Fig. 5.2 and Table 5.3.2). Therefore
one can approximate this load by superimposing the results of

n=20, 2, ..., 16.

As a general conclusion, one can consider N harmonics
in the expansion of a load described at 2N points. A termination
of the higher harmonics or exemption of a harmonic number in
the series can be decided upon by examining the coefficient of

each loading function as a special case.
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Harmonic | Cosine 6 Load Value for | Load Value for

Number Coefficient 12 Harmonics 8 Harmonics
0 0.3833 0 ~1.016 ~1.010
1 -0.2792 .5 -0.955 - .952
2 ~0.6198 15 -0.783 -0.787
3 -0.5093 22.5 -0.528 -0.535
4 ~0.0917 30 -0.216 -0.219
5 0.1179 37.5 0.136 0.141
6 0.0333 45 0.516 0.522
7 -0.0447 52.5 0.888 0.887
8 -0.0083 60 1.183 1.178
9 0.0093 67.5 1.335 1.335
10 -0.0136 75 1.316 1.319
11 0.0060 82.5 1.146 1.144
90 0.883 0.878

TABLE 5.2.1 97.5 0.610 0.613
112.5 0.352 0.355

120 0.383 0.366

127.5 0.423 0.406

135 0.416 0.427

142.5 0.387 0.416

150 0.383 0.391

157.5 0.407 0.378

165 0.416 0.388

172.5 0.398 0.409

180 0.383 0.420

TABLE 5.2.2 Effect of Number of

Harmonics on Representing
the Wind Pressure Load
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Harmonic | Cosine ) Load Value for ;| Load Value for
Number Coefficient 18 Harmonics 12 Harmonics
0 0.0555 0 0.994 0.611
1 0 0.635 0.522
2 0.1111 10 0.055 0.301
3 0 15 -0.207 0.055
4 0.1111 20 -0.055 -0.104
5 0 25 0.119 -0.131
6 0.1111 30 0.055 -0.055
7 0 35 -0.079 0.041
8 0.1111 40 -0.055 0.085
9 0' 45 0.055 0.055
10 0.1111 50 0.055 -0.012
11 0 55 ~0.039 -0.061
12 0.1111 60 ~0.055 ~0.055
13 0 65 0.026 -0.005
14 0.1111 70 0.055 0.045
15 0 75 0.015 0.055
16 0.1111 80 -0.055 0.019
17 0 85 0.005 -0.032
90 0.055 -0.055
TABLE 5.3.1

Fourier Coefficients
of Two Diametrically
Opposed Concentrated

Loads

TABLE 5.3.2 Effect of Number of
Harmonics on Representing
the Two Concentrated Loads
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Fig. 5.2 Fourier Approximation for Two Diametrically Opposed Concentrated Loads




CHAPTER 6

SUMMARY AND CONCLUSIONS

In this study, a theory has been generalized. A
computer program has been developed for the elastic analysis of
axisymmetric segmented shell structure of general geometric
configuration. General arbitrary loadings have been considered.
Applications for a number of loading cases and elements have

been presented.

The reduction of the governing partial differential
equations of the classical shell theory to a set of eight first
order ordinary differential equations involves only straight forward
algebraic manipulations. The classical theory chosen as a
foundation for the theory presented herein, Flugge's theory, is
considered one of the most accurate theories available in the
litérature. The approximation:hxformulatiﬁg the basic governing
equations of this theory are such that the theory may be cqnsidered
to be exact. The adaptation of the general form of these basic
equations allows the geometry of any type of shell element to
be considered, without any theoretical approximations which may
be suitable for specific dimensions and not for others.

Variation of the shell thickness along the meridian can be
accouﬁted for with accuracy comparable to that for constant

thickness.
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The loads, when approximated by means of Fourier series,

may be represented with sufficient accuracy by including a number
of harmonics, within practical limits. This approximation
allows the consideration of general arbitrary types of loadings

in a simple manner.

The excellent agreement between the results of the
problems presented in this thesis and the results of other known
solutions, analytical or numerical, demonstrate the accuracy of
the solution technique and the reliability of the numerical

integration process used.

It may be concluded that the solution technique

presented in this study is simple and general for the elastic

analysis of shells of revolution. The accuracy is consistent with

a good shell théory. The geometric limitations are of no

importance from the practical point of view.

Further development, by applying this method to the
study of free vibration and elastic buckling criteria of shells

of revolution is possible.
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APPENDIX A

SHELL THEORY

This appendix presents the analytical development of

the basic equations, used in this study, as given by Flugge [10].

A.1 Geometry of Shells

The geometry of a shell is defined by specifying the
form of the middle surface and the thickness of the shell at
each point. The surface of a shell of revolution is generated by
the rotation of a plane curve about an axis in its plane. This
generating curve is called the '"meridian". The intersection of
the surface with planes perpendicular to the axis of revolution
are "parallel circles". Two coordinates s, 6 are required to

describe any point on the middle surface of the shell:

a) 8 measures the distance to the point along the meridian
from the intersection of the middle surface‘witﬁ the
axis of rotation, or from a datum parallel circle.

b) 6 1is the angular "distance" of the point from a

datum generator.

A third coordinate z is required to measure the distance along

a normal to the middle surface.

The radii of curvature of a shell of revolution are:
a) tr is the radius of curvature of parallel circles

b) r; 1is the radius of curvature of meridian
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c) r2 is the length of the normal between any point on the

middle surface and the axis of revolution.

The following fundamental geometrical relations can clearly be

seen in Fig. A.1

r = 132
ds = r;
dr = ds
dx = ds

where ¢ represents

consideration from

sing A.1.1
dé A.1.2
cos¢ A.1.3
sing A.l.4

the angular distance of the point under

the axis of rotation.

From Egqs. A.l one can write

dr _

is " cosd A.2.1
drp _ r1 -1 cotd A.2.2
ds r e
For simplicity the derivatives with respect to s and

0 will be indicated

0
= O

55 ()

by dots and primes respectively, i.e.,

(O A.3.1

() A.3.2



A.2 Equations of Equilibrium

If a shell element is cut out by two meridians and two
parallel circles, each pair infinitely close as seen iﬁ Fig. A.2,
the element is stressed by ten stress résultant components which
must be in equilibrium with the external applied load. These

stress resultants are:

Ns, N = normal in-plane forces per meridional and circum—

ferential unit length, respectively.

NSG’ NeS = in-plane shear forces per meridional and circum-
ferential unit length, respectively.
Qs’ Qe = transverse shear forces per meridional and
circumferential unit lengths, respectively.
Ms’ Me = meridional and circumferential moments per unit
length, respectively.
Mse’ MeS circumferen;ial and meridional twisting moments per

unit length, respectively.

The sign convention for the forces is shown in Fig. A.2

Referring to the three orthogonal axis s, 0, z, one can

obtain six equations of equilibrium

112.

LN, = 0 A4 1
i
I M, = 0 A.4.2
i
where % Ni is the sum of the forces in the i direction

(i =s, 0, 2).
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z Mi is the sum of the moments about the i axis

(i= S, e, Z)

The six equilibrium equations in terms of the ten stress resultants

are

rl(rNs)‘ + r;Nbs - rlNe cosp - QS + rr) PS = 0 A.5.1
r1(rNSe)' + r1N'e + r; Nes cosd - r1Qe sin¢ + rr1Pe = 0
A.5.2
T Ne sin¢ + rNS + Q'e + rl(rQS)f - rri PZ = 0 A.5.3
rl(rMS)' + rlM'es -1 Me cosdp - rry QS = 0 A.5.4
rl(rMse)' + rlM'6 + 1, MGs cos¢ - rr; Q6 = 0 A.5.5
rr: Nes - rrlNSe - ry Mes sinp + r Mse = 0 A.5.6

where Ps’ PG’ Pz are the resolved components of the external
applied load in the s, 6, z, respectively. If the subscript s,

in the above equations, is replaced by ¢, and the relations

1 .
s () = O A.6

is observed. The above set of equations (Eqs. A.5) can be reduced

to the equilibrium equations in Reference 10, pg. 318. Six
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equations of equilibrium are not enough to determine the ten
stress resultants. The shell element is four times internally
statically indeterminate and therefore, an analysis of the
deformation of the shell is required in order to obtain the

solution.

A.3 Strain-Displacement Relations

The displacement vector of a point 1ying on the middle
surface of an element may be described by its three 6rthogonal

components, defined as:

W = the displacement component in the radial direction, positive
when it points away from the centre of curvature.

V = the displacement component in the meridional direction,
positive in the direction of increasing the coordinate s.

U = the displacement component in the direction of the tangent

to the parallel circle, positive in the direction of increasing

the coordinate 0.

In addition, the auxiliary variable B, which represents the angle
by which an element of the meridian rotates during deformation

may be expressed in terms of the displacement components, Fig. A.3,

as [10].
B = _w' + — A.7.1

By differehtiation, the change in slope of the meridian due to

deformation, is
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VP -r ¥ A.7.2
r)

. B- = _wo . +

Referring to Fig; A.4, one can obtain the relationship between
the strains and the displacement components of a point on the

middle surface.

The meridional strain is

e . Elongation of the line element ds
s ds

= — +V° A.8.1

The hoop strain is

Elongation of the line element rdf
€ =
6 rdf

T .
Ut +v cosf + W sind A.8.2

The shear strain, which is the change of the right angle between

the two line elements ds and rd® (Fig. A.4.3), is equivalent to

Yse = Y1 +v2 =

]
l’-—-+ u* +_Q cos¢ A.8.3
r r

Since the displacement is assumed to be very small in
comparison with the principal radii of curvature, all products of
two displacement components have been dropped in deriving the

foregoing equations.



One may use the preceding equations to express the
relationship between the strains and the displacement components
of an arbitrary point at a distance z from the middle surface
by simply replacing W, V, U with the displacement components
of this point WZ, Vz, Uz, and replacing the radii r;, rz with

r1 + z and r, + 2z, respectively.

Then
wz

= -+ ¢

€s ri1 + z v z

. Vo cosd + Wz sing
= 1

€ U Z + (ry + z) sin¢

_ !
- Uz cosp - V .

Ys0 z (r2 +z) sing

By introducing the assumption that lines normal to the middle
surface before deformation remain normal after deformation, it

can clearly be seen from Fig. A.5 that

1) = W
Z
+
v = vEITZ 4y,
z ri
V4 jof) r

Therefore, the strains at a distance z from the middle surface

116.

A.9.1

A.9.2

A.9.3

A.10.1

A.10.2

A.10.3

in terms of the displacements W, V, U at the middle surface can

be obtained by substituting Eqs. A.10 intc Egqs. A.9 to obtain
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_ 1 r*,z . I,z .o
8s r; + z W+ ryt+z r, +z
. r’1z
+ - —————— A1.1
\' (e, +2) \Y A.11

e = 1 W-Z cotd W z '

0 ro+2z re + 2z Tr sing (rz+2z) w
coth (r1+z) y o 1y A.11.2
r1(ro+z) T _

ry(rp+z) o  ri(ry+z)

= cotd U
Yse rz(r1+z) r%(rl-]-z)
(ry + 2) ozl L, m y W'
r; sind(r, + z) sing ‘ro+z ro(ry +2)
cotd Z £12 W' A.11.3

Y2 sind ‘ro+z  ro(r,+2z)

A.4 Stress-Strain Relations

Hooke's law relates the strains to the corresponding
stresses in linearized form, as long as the stresses remain
within the elastic limit, If T is the change in temperature
measured from arbitrary level. Hooke's law may be written, in

index notation, as
Ee, = 0, - v(o. + 0,)+ EoT A12.1
i i 3 k

GYij = Tij A.12.2
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where
i, j, t take in turns the direction s, 0, 2z
Oi is the normal stress in the i direction
T.. 1is the shearing stress in the i plane and

j direction

s B
¢ = FTEFV A.13

The modulus of elasticity, E, Poisson's ratio, Vv, the coefficient
of thermal expansion, 0, and thus the shear modulus, G, are the

material constants.

As in the théory of plates, except in the immediate
vicinity of concentrated forces, the stresses in z direction are
small in comparison with the stresses in s, 8 directions and
their influence in Hooke's law may be neglected, i.e., it is

assumed that

P sz Yoz = 0 A.14

Therefore, the stress-strain relations can be written as

E
o, = 7_-2 [}S + veg - 1 +v) ocT:[ A.15.1

2 1
Oe = \)2 Lee + \)ES - (1 +wV) OLT_J | : A.15.2




Tse

B
2(L+v)  's6

A.5 Elastic Law

The internal stress resultants can be determined by

‘integrating the stresses through the shell thickness (Fig. A.6).

They are defined

s0

Os

=
i

as

t/2

r; +
T I—Edz
s0 To

- r; + 2z
Os I
-t/2

t/2

( -
I v2 .4z

—t/2l

t/2
ry + z

-t/2
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A.15.3

A.16.1

A.16.2

A.16.3

A.16.4

A.16.5

A.16.6
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t/2
- ro + 2z
MSe <6 ——;;——-zdz A.16.7
~t/2
t/2
r1 + 2z i
M = T —— zd2z A.16.8
Bs 6s 1
~-t/2

It should be noted that the expressions for QS, Qe have .been
omitted as they are equal to the integral of the shearing
stresses in z direction. Also the minus sign in these expressions
correspond to the positive directions assumed for the stress

resultants as shown in Fig. A.6.

The expressions for s Ge, Teo (Egqs. A.15) can be
entered into Eqs. A.16. Then Eqs. A.ll are substituted for the
displacements and the integration with respect to z is performed.

The results in the stress-resultant-displacement relationships.

| .
N = D‘r', + W, U +Vcosp+W 31n£]
s Y) r
Rrz-r | (Vo yey o S
+ = S ]:(r1 W) ry + W o+ rl:]
-(1+V)aDT, A.17.1
' . -
N, = plU. *Vcosp+Wsing veu* + jL{J
0 L_ r ri

K ry - 1) [¥L (rlé;rz) cosd + W ilng
2

rr) Tra ri

Ty
+ Eé-+ W cosé] - (1 +v)oalbd T01 A.17.2




N

S

_ 1-v e ., V' - U cosd
G—D(Z)[U+ r :'

121,

4y T T2 COLO 4 e oo Iy cos¢ A.17.3

Tra ra2

r

1 -v . V' - U cos¢
= +
Nes D¢ 2 )[:U r ]
K (l—\)) r; - r, E], rz—rl_w,.+w' cosqﬂ
rry 2 T rirs r |
A.17.4
- oo « 1 _ ry, — r» 1 - X:_ r.l
My K]:W W T, W T r1? ra 112
e . 1]
+\)W2+\)W cosq)__\)U _\)Vcosd)—[
r r rra rry _l
+ (L+vV) aKT,2 A.17.5
e . _ '
M. = K[Wz +W cosp W rr; -1 U
0 r T To T1 rri
_Vocosp 2r; -1, + UWee -y we Ei
rr) i o] I
vy +vy——r-§——]+(1+v)ocKT11 A.17.6
r, ri



L, l-via2uW 2W' cos¢ U° 2r; - 1o
M K - 5 . S
r T Y2 Y2

oo 1-vlaw o U
MBS—K 2 [r —r2cos¢_r2

U cot¢ V' 2r, - rlj
+ i -
ro rri Tra

Where the extensional rigidity, D, is defined as

and the flexural rigidity, K, is defined as

Et?
12(1 - v?)

The temperature terms TOk and le (k = 1, 2) are defined as

follows:
t/2 t/2
117 1

Tok = 1 I Tdz + trk J Tzdz

-t/2 -t/2

t/2 t/2
- 12 12 2

le = 03 I Tzdz + t3rk J Tz“dz

-t/2 ~t/2
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A.17.7

A.17.8

A.18.1

A.18.2

A.19.1

A.19.2
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If a linear variation of the temperature T through
the thickness ié assumed, Eqs. A.19 can be integrated by parts to

yield

_ T 4+ T o i t
T = {————2 + (T ) Tor, } A.20.1
fo) i o i
_ ™0 - T T 4+ T
Ty, = { = + } A.20.2

k

in which T° and Ti are the temperature measured at the outer

and inner face of the shell respectively. If the term t/rk is
neglected when compared with unity, the subscript k disappears

from Eqs. A.20 and To, T; can be defined as the average temperature
measured on the middle surface and the temperature gradient

respectively.

By substituting Eq. A.6 into Egs. A.17 and changing
the subscript s to ¢, Eqs. A.17 reduce to the elastic law in

Reference 10, pg. 322.

Egqs. A.5 and A.17 are the governing equations for a
shell of revolution. The sixth equation of equilibrium (Eq. A.5.6)
is identically satisfied if r; = ro. Therefore, the five
remaining equations of equilibrium (Eqs. A.5) and the eight
equations of the elastic law (Egs. A.17) are 13 equations in 13
unknowns (the three displacement components and ten stress
resultants). »Theoretically, one can solve for the stresses

and displacements at any point in the shell using these equations.
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Middle Surface

Fig. A.1 Meridian and Parallel Circle of a Shell of Revolution




Axis of Revolution

0
Qg dé
Qg Ng r
Np
%{ P, rdocyso
S —
- ', Nps + Ngsdf
. P ,
Os + Qsds— s N + N do
Qp +Qgdo. 1) ot
Ng + Ngds r

Mso + Méds r‘]

Fig. A.2  Shell Element Stress Resultants and Load Components
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do
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Tangent to the Point
Before Deformation

Tangent to the Point
After Deformation

Fig. A.3.1 Meridional Rotation Due to Displacement V

Fig. 4.3.2 Meridional Ratation Due to Displacement W




V cos¢p + Wsing

r ————p

V + Vds

Fig.-A.4.l Meridian of a Shell Before and After Deformation

U+ U’'dd
V cosp + W sing

Fig. A.4.2 Parallel Circle Before and After Deformation
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/ﬂ\'de/é\u +U’'dd
Q V+V'do

F ig-j A43 Change of the Right Angle Between Line Elements After Deformation
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m.s. after
deformation

| '\
U/\\ m.s. before

deformation

WZ Sin(,b A

(a) Plane of Parallel Circle

m.s. after deformation

m.s. before —
deformation

(b) Meridian

Fig. A.5 Relation Between Displacement
of Two Points on Line Normal to the Middle Surface
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a

m——————

Fig. A.6  Stresses Acting on a Shell Element




APPENDIX B

USER'S MANUAL FOR PROGRAM SASHELL

Program SASHELL computes stress resultants and displace-
ments for axisymmetric branched segmented shell structures due to
their own weight, external applied loads and differential

temperature variation (along the meridian or circumference).

In the present stage of development, the program is
capable of analysing five types of shells of revolution of variable
thickness. These are cylinders, circular plates, spheres, cones
and hyperboloids of revolution. Loadings may be symmetric or
non-axisymmetric with respect to the collatitude coordinate and

may vary along the meridian.

The analysis procedure is based on the theory presented
in this thesis and the program logic flow outlined in Sect. 4.2.
A complete listing of the program is given in Appendix C. Input
of the problems discussed in Chapter 4 and output of the pinched

cylinder for a concentrated line load are given in Appendix D.

The input to SASHELL consists of several types of

input cards. Certain card types may be repeated as required.

A typical explahation of a card type consists of the
card type, a descriptive name indicating the nature of the data
being entered and the format for the data on that card. This is
fdllowed by a symbolic line of input which, in turn, is followed

by definitions of the input variables.
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Limitations on SASHELL, due to the dimensions of the

arrays in the program, are outlined following the explanation

of the input cards.

TYPE 1: TITLE CARD (Format 10A8)
80

AN IDENTIFIER STRING

One card which contains any title for the problem
TYPE 2: ANALYSIS CONTROL CARD (Format 414,F7.0)

4 8 12 16 23

IPRINT | NP NPCR LDC BETA

IPRINT : Print control parameter

If IPRINT = 0, the output will contain an echo check
of the completed data. The loadings will be expanded

in Fourier series, if required for the analysis, and

the coefficients will be printed out.

If IPRINT = 1, the output will contain the echo check

of the input data and the final results.

If IPRINT = 2, the output will contain the echo checl.

of the ihput data, the results of the analysis for
each harmonic and the superimposed final results.

If TPRINT = 3, full output including intermediate

values will be printed out. (Used for checking

purposes only.)
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NP

NPCR

LDC

BETA

TYPE 3:

133.

Number of points along the element meridian for
which the Runge~Kutta integration process is used.

NP should not be specified less than 21 (see Limitations).

Number of the circumferential points at which the
final results are required.

If the loads are symmetric or antisymmetric with
respect to the meridian passing through 6 = 0, NPCR
is the number of points along half the circumference -
(0, ). If the loads vary randomly in the circum-
ferential direction, NPCR is the number of points
along the full circumference of the element (0, 2m).
If the loads are constants in the circumferential
direction (symmetric), NPCR is equal to one.

Dead load control parameter.

If LDC

0, dead load is excluded from the analysis.

If LDC

1, dead load is evaluated and superimposed
" on the external applied loadings.
Maximum element length coefficient. BETA should

not exceed 25 (see Limitations).

STRUCTURE DATA CARD (Format 2I3,4F12.0)

NE

NJ

3 6 18 30 42 54

NE NJ EG PUG GAMG TKG

: Number of elements

: Number of junctions between elements (nodes).



134.

EG : Global modulus of elasticity.

PUG : Global Poisson's ratio.

GAMG : Global specific weight.

TKG : Global coefficient of thermal expansion

NOTE: If the structure consists of elements of different
materials, the global properties are to be omitted and the

structural data card specifies the number of elements and nodes

only.
TYPE 4: NODAL DATA CARDS (format I4,2F10.0,414)
One card is required for each node.
4 14 24 28 32 36 40

I |XCOOR(I) [RCOOR(I) |IDF(I,1) |IDF(I,2) |IDF(I,3) |IDF(I,4) |

I : Node number
XCOOR(I) : Global X coordinate of node I along the axis of
" revolution directed downward from the top of the
structure.

RCOOR(I) : Radius of the parallel circle passing through node I.
RCOOR(I) should not be specified as zero (see
Limitations).

IDF(I,J) : Identification of the jth degree of freedom at node I.
J = 1,4 for the rotation of the meridian (B), the
radial displacement component (W), the meridional
displacement. component (V) and the circumferential

displacement component (U), respectively. When

[P
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IDF(1I,J) = 0, the corresponding degree of freedom
is not restrained.
When IDF(I,J) = 1, the corresponding degree of

freedom is restrained.

TYPE 5: ELEMENT DATA CARDS

Two cards are required for each element.

First card Format (516,4F10.0)
6 12 18 24 30 40 50 60 70

I [IT(T) NC(I,l) NC(I,2) |[NIP(I) (TH(I,1) |TH(I,2) EC(I,1) {EC(I,2)

I : Element number
IT(I) : Element type

If IT(I) = 1, element I is a cylinder

If IT(I) 2, element I is a cone or a

circular plate.

If IT(I) = 3, element I is a sphere of which r; = rj.
If IT(I) = 4, element I is a sphere of which r; # 1.
If IT(I) = 5, element I is a hyperboloid of revolution.

NC(I,1) | : Node number at the top of element I.

NC(I,2) : Node number at the bottom of element I.

NIP(I) : Integer to indicate the number of intermediate points

in the element at which the final results are not
required. The number of equally spaced points at

which the final results will be printed out are
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NP-1
NIP(I)

NIP(I) when input is zero.

+ 1. A value of NP-1 will be assigned to

TH(I,1) : Element thickness at the top.

TH(I,2) : Element thickness at the bottom.

EC(I,1) : Eccentricity of the top node from the middle
surface of the element at the top.

EC(1,2) Eccentricity of the bottom node from the middle

.

surface of the element at the bottom.

NOTE: The eccentricity is defined such that the radius of the

parallel circle passes through the middle surface of the element is

= r - EC(I,J)

rmidsurface node
Thus, EC(I,J) is positive when directed inward from the node to

the middle surface of the element.

Second card (Format 7F10.0)

10 20 30 40 50 60 70
HPCN(1,I) [HPCN(2,I) [HPCN(3,I) |GAMA(I) |{E(I) |PU(I) |TCOEF(1)

HPCN(1,I) : Radius of curvature of the meridian for spherical
element of type 4 (i.e., r1 # r2), or throat radius
of a hyperboloid element (type 5). For elements
other than of type 4 and type 5, HPCN(1,I) is 0.0.

HPCN(2,I) : Angle in degrees measured from the axis of revolution

to the top edge of the spherical element of type 4,

HPCN(2,1)

or hyperboloid constant in wtich the ratio HPCN(1,1)
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equals to the slope of the asymptotes of the
hyperbola. For elements other than of type 4 and 5,
HPCN(2,I) is 0.0.

HPCH(3,I) : Angle in degrees measured from the axis of revolution
to the top edge of the spherical element of type 4,
or global X coordinate of the throat of the hyper-
boloid element. HPCH(3,I) is equal to 0.0 for
elements other than of type 4 and 5.

GAMA(I) : Element specific weight. Specified if different
from the global specific weight, otherwise GAMA(I) = 0.0
or blank. |

E(I) ¢+ Element modulus of elasticity. Specified if
different from the global modulus of elasticity,

otherwise E(I) = 0.0 or blank.

PU(I) : Element Poisson's ratio. Specified if different
from the global Poisson's ratio, otherwise PU(I) = 0.0
or blank.

TCOEF(I) : Element coefficient of thermal expansion. Specified

if different from the global coefficient otherwise

' TCOEF(I) = 0.0 or blank.

NOTE: For a segmented structure which does not include spherical
or hyperboloid elements and for which the other elements of which
the structure consists have the same material properties, this

card is a blank card.
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TYPE 6: LOADING SPECIFICATION CARD (Format (615))

5 10 15 20 25 30
NEL. |NJL NHL NTL NHPL NHIN

NEL ¢ Number of externally loaded elements in the structure.

NJL : Number of loaded nodes in the structure.

NHL : Maximum number of harmonics required for the analysis
including the zero harmonic (i.e., NHL = maximum
harmonic number +1).

NTL Loading type character.

If NTL = 0, loading is symmetric and the analysis
is'required for the zero harmonic only.

If NTL = 1, loading is non-axisymmetric in the
circumferential direction, input is provided at a
number of discrete points along the circumference of
the shell,‘and the analysis is required for the cosine
coefficients of Fourier series only (i.e., loading
is symmetric with respect to a meridian passes
thréugh § = constant).

If NTL = 2, loading is non-axisymmetric in the
circumferential direction, input is provided at a
number of discrefe points along the circumference of
the shell, and the analysis is required for both are
cosine and sine coefficients of Fourier series.

If NTL = 3, loading is nonaxisymmetric along the

"
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along the circumferential direction and input

directly as cosine coefficients of Fourier expansion

only.
NHPL : Number of points along the circumference of the
shell at which the loads values are described.
These points are defined such that the circumferential
. . 2mi
coordinate is NHPL where 1 = 0, 1, 2, ..., NHPL - 1.
NHIN ¢ Integer which defines the increment in the harmonics,

starting from the zero harmonic, to be specified
when the analysis is required for a harmonic number
(0, NHIN, 2 NHIN, ..., NHL - 1). The program sets

NHIN = 1 when it is specified as zero or blank.

NOTE: If the load is described at NHPL points, NHL can be

specified as NﬁfL

IPRINT = 0, the Fourier coefficients of the input load are

and NHIN can be set equal to one. When

obtained with the echo check of the input data. Then, the user

may decide, upon examining these coefficients, on the final values

of NHL and NHIN (see Chapter 5, Sect. 5.2.3).

TYPE 7: ELEMENT LOADING CONTROL INPUT CARDS (Format 6I5)

One card for each loaded element

5 10 15 20 25 30
LL(I) ILoAD (LL(I), K), K =1,5

I ¢ Integer takes the value of 1 to NEL
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LL(I) : Number of the loaded element.
ILOAD(LL(I),K)
: Identifier for loading type on the element LL(I)
in the order:
ILOAD(*,1) for loading in the direction tangent
to the meridian (s).
ILOAD(*,Z) for loading in the direction tangent
to the parallel circle (0).
ILOAD(*,3) for loading in the direction perpendicular
to the tangent to the meridian (z).
ILOAD(*,4) for temperature at the shell exterior face.
ILOAD(*,5) for temperature at the shell interior face.

0, no load of type K is applied.

If ILOAD(*,K)
If ILOAD(*,K) = 1, the applied load of type K is
constant along the meridian and to be specified at
one end of the element only.

If ILOAD(*,K) = 2, the applied load of type K varies
linearly along the meridian and is to be specified

at the two ends of the element.

"If TILOAD(*,K) = 3, the applied load of type K

varies as a second degree function along the meridian

and is to be specified at the two ends of the element.

NOTE: Element loads are input in the element local coordinates.

)

[
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TYPE 8: ELEMENT LOADING CARDS

This type of card depends upon NTL and is classified
as TYPE 8-A, TYPE 8~B and TYPE 8-C for NTL equal to 0, 1 or 2,

and 3 respectively.

TYPE 8-A: ELEMENT SYMMETRICAL LOADING CARDS (Format 2F10.0)

This type is required if NTL is equal to zero. Number
of cards required, for each loaded element, is equal to, and
input in the order consistent with, each non-zero term in the
corresponding row in ILOAD array.

10 20
ACEL (K1) ACEL (K2)

ACEL(K1) : Magnitude of the load at the element top.

ACEL(K2) : Magnitude of the load at the element bottom.

‘TYPE 8-B ELEMENT ASYMMETRIC TABULATED LOADING CARDS (Format 8F10.0)

This type is required if NTL is equal to 1 or 2.

Number of cards required, for each loaded element, is equal to

NHPL
8

term in the corresponding row in ILOAD array.

for, and input in the order consistent with, each non-zero

10 20 30 40 50 60 70 80

1 1) 1 L) L 1 [

w(I), I =1, NHPL




2mi
NHPL

W(I) Magnitude of the load, at the points defined by

(i=0, 1, 2, ..., NHPL-1) along the circumference
of the element, and for which Fourier expansion is

required.

TYPE 8-C ELEMENT LOADING FOURIER COEFFICIENTS CARDS

(Format 8F10.0)

This type is required if NTL is equal to 4. Number of
cards required, for each loaded element, is equal to EgL for, and
input in the order consistent with, each non-zero term in the
corresponding row in ILOAD array.

10 20 30 40 50 60 70 80

1 1 1 L 1 1 t

AL(X) , K= 1, NHL

AL (K) ¢ Cosine coefficients of Fourier expansion for

Harmonics 0, 1, 2, ..., NHL-1.

TYPE 9: NODAL LOADING CONTROL INPUT CARDS (Format I5)

One card for each loaded node (NJL cards)

I

J :  Number of loaded node.

142.
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TYPE 10: NODAL LOADING CARDS

This type of card depends upon NTL and is classified as TYPE
10-A, TYPE 10-B and TYPE 10-C for NTL equal to O, 1 or 2, and 3,

respectively.

TYPE 10-A: NODAL SYMMETRICAL LOADING CARDS (Format (4F10.0))

This type is required if NTL is equal to zero. One card is

required for each loaded node.

10 20 30 40
T 1 1
ANJL (I1,1) , II = 1,4
ANJL(II,1): Magnitude of the nodal load, in the global structure

coordinates, in the following order.
IT = 1, meridional couple, MS, positive when rotating in
the clockwise direction.
"IT = 2, force normal to the tangent to meridian at the
corresponding node, SS, positive in the outward direction
from the axis of revolution.
IT = 3, force in the direction tangent to the meridian,
Ns’ positive when directed downward parallel to the axis
of revolution.
IT = 4, force in the direction tangent to the parallel
circle, Ts’ positive when directed in the anticlockwise
rotating direction around the structure.

NOTE: The sign convention of the nodal loads as defined above is equiv-

alent to the stiffness matrix sign convention as described in Sect. 3.7.



TYPE 10-B:

NODAL ASYMMETRICAL TABULATED LOADING CARDS

This type is required if NTL is equal to 1 or 2 and

consists of the following cards, for each loaded node.

(1)

(2)

Asymmetric nodal load control input card. Required
to identify which to the nodal loads, classified as in
Type 10-A cards (MS, Ss’ Ns’ TS), is applied an to be

input. One card (Format 414) 1is required

K : Integer which takes a &alue'of 1 to 4 and
represents the nodal forces, as defined in
TYPE 10-A cards, in the order MS, Ss’ NS and
Ts’ respectively.

KLD(K) : If equal to zero, nodal force of the type K

is not applied.

If equal to 1, nodal force of the type K is

applied.
Nodal loading magnitude card (Format 8F10.0)
Number of cards required is equal to NﬁfL “for, and

input in the order consistent with, each non-zero term
in KLD.

10 20 30 40 50 60 70 80
[] 1

1 | ) | 1

W(r) , I =1, NHPL

144,

"
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Magnitude of the nodal load, at the points defined

2mi
NHPL

by (i=0,1, 2, ..., NHPL - 1) along the
circumference of the nodal circle, and flor which

Fourier expansion is required.

TYPE 10-C: NODAL LOADING FOURIER COEFFICIENTS CARDS

This type is required if NTL is equal to 3 and NJL is

greater than 0. It consists of the following cards, for each

loaded node:

(1)

(2)

AL(N)

Asymmetric nodal load control input card of the same

type described in TYPE 10-B.

4 8 12 20

1

T T
KLD(K) , K=1, 4

Nodal loading magnitude card (Format 8F10.0)
Number of cards required is equal to E%L» for, and

input in the order consistent with, each non-zero

term in KLD.

10 20 30 40 50 60 70 80

1 ] v 1 1

1] T
AL (N), N =1, NHL

: Cosine coefficients of FOURIER expansion for

harmonics 0, 1, 2, ... NHL-1.



LIMITATIONS

Number of elements NE

¥ 20

Number of nodes NJ F 21
Number of integration points NP ¥ 51
Number of circumferential points NPCR $ 11
Number of harmonics NHL } 20
Number of circumferential points at which loadings
is specified NHPL ¥ 40
Full band width NHB # 80
Total number of Fourier coefficients in the problem
for elements loading, associated with either cosine
or sine factor and defined by NHL x NEL ¥ 200
Total number of Fourier coefficients in the problem for
nodal loadings, associated with both cosine and sine
factor and defined by 8 x NHL x NJL ¥ 200
Number of points in a non-axisymmetrically loaded
structure at which the final results are required,
and which can be calculated as

EEl NS, x {(-g—lI’—I",—i-)— + 1} # 200
where NSi = number of segments into which element i is

. . L 02y 2.2
subdivided and can be obtained by SETA Y 3(1 - vo)/r°t
In which, L, Is the element Tength, ry Is-the element radiug, U,

is the element thickness and V is Poisson's ratio.

- 146 -
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The above limitations are due to the dimension

statements in the program SASHELL as listed inAAppendix C. The

dimension of the corresponding arrays may be modified to change

these limitations.

Limitations on the theory employed in SASHELL are as

follows (see Chapter 5).

1)

3)

RCOOR should not be specified as zero.

The length factor coefficient BETA should not be
specified greater than 25.

The number of points of integration NP should not be
less than 21 when BETA is specified less than 20, and
not less than 31 when BETA is greater than 20 and less

than 25.



APPENDIX C

PROGRAM LISTING
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