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ABSTRACT

Suspended load is continuously deposited oﬁ the banks of
alluvial rivers with qctivé chénnels. An increase in ‘uspended
load without chaﬁge in hydraulic conditions 1is thought to
induce narrower chénnels. /Streaﬁ—bed,instability of.laterdlly
plane beds initiated by the effect of suspended load transport
in the‘transverse direction, deepening the centre and building 
the sides, can explain the geomorphdloéicél-phenomenon of bénk
formation. o | ‘

A linear analysis of laterél;instability of an erodible.
stream-bed has Deen carried oQt. Fbréeftain cond}tiohs a !
growth in tﬁe émplitude of bank—}ike perturbations confirmshthe_
eiistence of stream-bed instability 1n the lateral direction
resulting in the formation of banks. The question as to why

spontaneous bank formatien is not observed in laboratory flumes

i1s approached.
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- CHAPTER 1

INTRODUCTION

1.1 GENERAL STATEMENT
~ Knowledge of the instability of the fluid-bed interface

has been extended in recent years, allowing for investigation

*

"and explanation of various aspects of the gebomorphological

hehavior of natural streams. Interaction of flowing water and
an erodible bed results in various bedﬁprms. —Many of ﬁhé same
me thods used‘to»analyze such bedforms éé dunes can be used to
explain the forTatLon of banks, which are actually large scale
lateral b=d cenfiguracions. In fact, equilibriﬁm banks can 58
formed in overig w%de‘channels as a result of an eroéign—

depositioh process, caused by 1 systematic perturbation of the

gross lateral transport of sediment.

.
. . EN

1.2 OBJECTIVE | ‘ - .

The objective of this analysis is to investigate the
7

- process of bar fc¢ mation. The formqlation of{avmathematical

model for this urpose iﬁ?olves five essential steps:
1. The equations 6f sediment conservation describing the
erosion-deposition procrss, subject to the limitatiéns
iﬁ;osed by two boundafy Conditionéibi.e, those at the

’ water-surface and the bed, are formulated.



N,

3\

The equations are linearized for slight perturbat.ons
about steady uniform flow.
The equations are put in non-dimensional form which

provides an appfopriate format for the final results.

_Sinusoidal perturbations characteristic of inéipient

bank formation~are introduced and the assoclated dis-.
persidn eq?étion is analyzed.

stable and unstable regimes of iniﬁially‘laterally flat
channels are established. The latter corresponds to
incipient bank formation. The aésociéfed conclusibns

constitute the final stage of the.anaiysis.

J



CHAPTER

REV EW OF LITERATUL -

2.1 DEFINITIONS

Some of) the terms frequently used .in this report are

defined below. . _ .~ 1

\j - -

Instability

If the -equilibrium state of a system; when pertunbéd.
slightly, exhibits a growth of initial perturbation, that_équi—
librium state of the system is said to be unstable.

Turbulent Diffusion

Turbulent diffusion 1is the process Dby which random motions
‘satisfyihg the momentum and mass’ balance of fluilds spngéd‘mass;,
momentum,  etc. from regions of high concéntratioh tb‘rééiéﬁé af

low concentration. - P

Bed Load and Susrended Load

Bed load is the réelatively coarse part of the %ediméﬁp lqédr\
that moves along the stream bed. Sdspended load is the rela-
tively fine part of the sediment 1oad'that‘is diéﬁribuged

throughout the vertical section of a strean..

-Eroéion and Sedimentation

Erosion 1s' the removal of soil particles from their environ—"
ment. Erosion in streams refers to the removal of sediments by

water. Sedimentation refers to the deposition: of eroded soil

particles.
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Erosion and sedimentatlion, as referrod

are confined to noncohesive material only. The reason [or thig

is that the behavior of cohesive material is different from

that of noncoheslive materials: 1its complicated physicchemlical
¥ .

'

properties would make ' ne study Intractable.

Dunes and Antldunes ‘ .

The term dunes is commonly used for bed features whose

variatlon in élevation 1is more or less owt of phasé with that

of surface wave above, while antlidunes are mor. or less 1In phase
e .

with surface elevation. Dunes and aﬁtidunes are shown in

Figure 2.1.

e

Ripples

Individual dune patterns are referred to as ripples»which‘
are understooq to be small bed forms, whereas dunes are large

ones. ' ‘ ST
0

2??“EROSION AND SEDIMENTATION IN NATURAL STREAMSU,,{
2.2.1. Concept
~ .
' There are two important categories of channel ercsion:
1. St ... ed erosion
2. St 'ear-t .nk erosion
R .
While ¢ e~ sion is mainly in the directionrn of flow, banx

erosion is a lateral process, converted to a downstream pro-

cess only as the eroded bank. material 1s carried downstrean

or causes sedimentation on the stream-ted. Shear stress governs

the erosion process in the longitudinal direction of flow.

v

However, on a channel bank another force plays an cjually

~

“o in this anaiysls,

e

e~k
(1

A -
£
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"Antidunes

-~

Figure 2.1 Bedforms

Cra




\dcwn'the sloping side of the cniyﬁel. Ldtéral transport of

{mportant role - the gravity force»@@at causes particles to mpve
‘A

suSpended matter glves se to sedimentation. It is thé€ Iinter-
action.betweEE sedimentation and erosion tnat is assumed to

—

form banks.

P

2.2.2 M asuring Erosion and Sedimentation

For channeds 1in noncohesive sediments a tool ror guallta-
tive predictlon of longitudinal eroslive channel'conditidns,is

provided by Lane's (1955) relationship:

o 4 e ”

QS o /ﬁz dg

where, Q = stream discharge
S = longitudinal stream slope
G, = bed sediment discharge ‘
‘ dS = a cnaracteristic diametertgf tne bed material

This proportion 1s particularly useful‘when two‘of the four
variables can be assumed to remain constant.

Quantitative estimates of gross channei erosion or sedi-
mentation are octained from'time sequencercomparisons of surveyed

cross-— sections (Vanoni 1975). They can be indirectly estimated

. by relating sediment discharge to flow regime, a change in

which can reflect the rate of erosion of sedimentation.

Tne above measurement techniques may be-applied to a river
thatﬁexhibits an unstable section due to excessive sedimentation
qr' rosion; but for a rivef-that is statistically stable, 1.e.

i;yfver that 1s nelther widening nor narrowing its channel on

<&



K

x.
/

an avegage.basis, very little Information 1s available to
N

compute elther the rate of erosion or debosition of bank material.

2.3 RIVER SEDIMENT; MODE OF TRANSPORT

<

. 2.3.1 Concept

Vi
!

In general, fn a river, segdiments ranging in size from clay

-

particles to boulders may be found, Depending upon the mode of

'transpoitation,‘the sediments are ciésgified as elther bed load
-or suspéﬂﬁed load. As far as size.is concerned, there {s no

clear demarcation between suspended and bed load. A parpicular
river under a pértioular flow situation may transport specified

slze ranges of suspended and bed load‘matefials; but thils range

may not correspond to another river with a different flow condi=

q .
ion. , .
tion o

2.3.2 Sediment Load Transvort Theories

The mode of transport of bed load 1s different from that of
suspended}load; the fprher being transovorted in a saltating,
or jumping mode while in close prhximity to- stream-bed; and
the latter being transported in suspension while belrg distrib-
uted over the entire'section‘of the stream. The precise
mecﬁ;nism of bed l@ad transport 1s out of the scopenof this

study. The theory of suspended load transport is described |-

separately in the following chapter. :

2.4 THE THEORY OF SUSPENDED LOAD

2.4.1 - The Turbulence Models

The suspension of sediment particles in a flow is attributed

to turbulence. The turbﬁlénce model as formulated by Kehned&



(1895) states that the whole bodv of water 1s kept 1in circulation

" due tohturbulence; this favours susnension.

Some of the earlier studf! s o

© {.prbulent suspension reveal

three important facts that ire also supported by experiment.

1.

v

As regards to the vertical distribution of suSpended

matter, more suspended particles move near the bottom

p)

than near the water surface. This 1s illustrated in ~fN\\\

Figure 2.2, in which the suspended sand concentration

Adistributlon of four different sand dlameters are

plotted. The data are due to Kalinske and Pien (1943),

N ;

AN

2.

J

3.

collected at the centre of a 2.25 foot wide laboratory

flum/ \\ . ; ¢

" Thé lateral distri ution of suspended matter is such ' -
'that the-suspended sediment concentration 1s higher

- near the centre than near the banks. This is 1llus-

trated in Figure 2.3, which is produced from the data
cf Hubbell and Matejka (1959), collected at three
different times during one year.period near Dunning,

Nebraska.

A systematicmvariation of suspended sediment concentra;

tion in the downsgtream directlon 1s probably not present

!

EY

2.“.2 Diffusion-—Dispersion Models

2. U 2.1 Concept

o~

€.

Tbe suspension of sediment particles due to turbulence is

treated 1n‘the model as a diffusion—dispersion process.

over fairly short, uniform reaches with no tributaries.

In thils

A
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process, the particles are diffused in the medium while being

transported. . ///ﬁ\\w#md

2.4.2.2 Equations of Susvended Sediment in Shear Fiow

‘In a taminar flow, diffuslon means the spreading by random
motion, which occurs whether the fluild is moving or not.
. If ¢ 1s the concentration of a conservative substance and

> -

Me 1is the molecular kinematic diffusivity, the equation of

conservation of the substance in a motlonless fluid is given by,

3¢ = Mevle (2.1)

Tt

Equation 2.1 describes the diffusion processl if tne_velocity

- vector of the laminar flow is 5;

&

ac 5 = May?2

3¢ ¥ UVe = cV2c (2.2) |
A

' o

Equation 2 2 describes the dispersion process, which combines

the action of convection and diffusion In a turbulent flow,
molecular diffusion is far weaker than the turbuient diffusion.

)
induced by convective motion of the eddies THus in an averaged
form of QQ 2) the scalarnmlecular diffusivity can be replaced
with an’qﬁfective eddy diffusivity tensor. If this tensor is

"assumed to"be diagonal, the mean three- dimensional equation for

the conservation of suspended material takes the form, ;

dc . ¢ ac 3¢ '_ 3c, , 8 . 3c\ .
- ‘*a—t + Ux-a—x— + Uyg“}; 7+ UZB—E .= 3% (QX ) + (Eyay) :+ (EZ

3cy . (2.3)

11

where, c¢ and (Uy’Uy’Uz) are now" interpreted ,to be mean quantities.



<

Here Ex,Ey, and EZ are., the turbulent kinematic eddy
diffusivities in x, y, and z directions respectively. Also here
X, ¥y, Z correspond to longitudinal, lateral, .and vertical

direction coordinates' respectively.

2.4.2.3 Vertical Eddy Diffusivity

The vertical eddy diffusivity of fluid mass &, and the
‘vertical eddy diffusivity of sdspended mass-g2 are glven by a
general relationship,

\52 = mgl e (2.4) -

A
v

where,tm 1s a constant of propertionqlityl Graf (1971) cites
from the literature that the value of m can be approximated as

Ir Emis the vertical turbulent mixing coefficient of

momentum, the form due to ‘Rouse (1937) can be-writtén-as,

m = [ (1 -5 KDUy \2h5)
"where, K . = Von Ker"man's constant
D = Depth of flow in z direction
Uy = JShear velocity at the bed . -

Experimental data from Kalingke et al. (1943) suggest that
the turbulent transfer coeffiCiehts'oE}mass and momentum are

“approximately equal, 1.e. o

&

l

4L C



Hencé,=wexFay approximéte‘that £2 = EZ, so that Ez can be gilven
by, ] . .
-z Z S (2.6)
&, = 5 (1 - 5)KDU, ' .

v
The distribution of £, 1s seen to be parabolic in the vertical

direction, as reported by Kalinske.et al.. This is illustrated

in Figure 2.4. . ‘ = K\\;’),

Fischer (1973) suggests that for practical purposes, thé
depth-averaged value of EZ, ' .
£, = 067 DU (2.7)
may be used in place of (2.6).
: ) ,
Engelund (1970) suggests the value,
f a . \’ .

g, = .077 DU, - (2.8)

2.4.2.4 Transverse Turbulent Eddy Diffusivity

The nonisotropic nature of turbulence makes it difficu’®
to}establish‘an anélytical felét;bnship between vertical and
transverse éddy diffusivities. Fischer (1973) provides a de-
tailed discussion of embirical vélues of the, transyerse eddy‘
diﬂguéivity determined from ekperiments. These experiméﬁtsuare
divided inté three categoriesg (1) ‘ldborafory expefiments

with floating ~ticles, (2) 1a§oratory experiments with dis-

solved tracers, and (3) field experiments with dissolved tracers.

%he laboratory floating particle experiments as menticned

above, yield an average surface dimensionless mixing coefficient.

13 |

&
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of §& /DU* ~ 0.20. An average of all laboratory experiments

with dissolved tracers yields a depth—averaged transverse mixing

_coefficient € /DU* = 0.15. In curving/?hannels, the transverse

r

mixing coefficient can be greatly acceld&ated by secondary
currents. Fischer\s findings indicate that in terms of DUg,’
the_transverse mixing cdg§fiCientsvfor actual channels’ range
from £,/DUy = 0.54 to 2.4 IR 1 | §
Fisher quotes Okoye (1970) in his correlation of § /DU*V
against the aspect ratio B/D, where B is the width of the
channel. For values of B/D greater than lO thendepth-ayeraged

value of Ey/DU* is seen to be betweenAO.l to 0.22.

{_:,)
. . - ‘ J
2.4.2.5 Vertical Distribution of Suspended Sedil ents

Assuming a steady-state distribution of suspended matter
that is uniform in the longitudinal and, transverse directlons,

equation 2.3 can be integrated to yileld,

\

- de;
0 = Vsc + Ez T (2.9)

where, V is the particle settling velocity
Integrating equation 2.9, the solution is found to be,
R (2] ’
- E o o

VA \
c/Ca = e S (2;10)

Here E is taken as.a constant and Ca is a re ference concentra-

tion at a height 'a' from the bed. If a Nkrtic lly constant .

o

value of EZ is chosen, 'a"can be quoted to zero.

1D
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Equatiog 5 10 indicates that the concentration distribution
1s an exponenéial one, the concentration being largef closer to |
the bed thaﬁ farther away from’ it. 'The steepness of the expo-
nential curve depends upon the coefficient of diffusivity Ei
‘and the settling velocity V_. >Comparison with field data,
maihly for wide rivers, 1ea%§ Lane and Kalinske (1941) to‘the
conclusion that, equs "on éi'O, as approximate as it may be, is
suf%iciently accurate for practical purposes.

Engelund (1970) has found that wlith the use of equation 2.8,

the nominal'be@/ﬁbncentration Ca for g = 0.can be represented
as,
Co = (2.11)
\
This equation 1s accurate only up to T 3. For values of
5 . _

U .
vi greater than 3, the volume concentration at the bed level
.8 ’ -

becomes larger than 0.32.. This wvalue ié suggested to be .the

~

maximum attainable‘volume concernicration on the basis of experil-

S

ment:1 studies in flumes and field measurements of hyperconcen-’

14

tration (see section 2.5).

Another approach to suspended load distribution is due to
Rouse (1964), who solves equation 2.9 with the form for £, {

reported.in- the equation 2.5 to find,

A Z+ '
c, _\D-z . _a , (2.12)
Ca z D-a\ - )
where Z+ ,= Xg , 1s the Rouse Number. - o ! -
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A feature of equation 2.13 1s th@tfj\( 0 (bcd level); the
b
concentration becomes infinite; and hence the equation does not

apply right at the bed where z = 0.

2.5 HYPERCONCENTRATION OF SUSPENDED SEDIMENT

2.5.1 Concept

Beverege et al. (1964) have defined hyperconcentrations to
be those that exceed 40 percent by welght pr 15 percent by ‘
volume. | :

The occurrence of extremely high, sujpended sediment
concentration 1is common "to several alluvipl strenms. Beverage

et al. have compiled some examples of hyperconcentrated reaches

of such streams.

2.5.2 Hyperconcentration and Turbulence

The effect of high concentration on turbulence has' been
studied by Bagnold (195%); Nordin (1936) and Hino (1963). Many
auti.ors have discounted the role of turbulence as the major
factor in suspending high concentrations of sediment. High
damping of turbulence due tojincreases in suspended sediment
concentration has been suggested by Bagnold. On the otper hand,
Hino predicts that the decrease in turbulence intensity due;to
hyperpqncentration of suspended material should be very small.
Hino's conclusion results from an .=lysils df the energy
equation of flow with suspended particles,;taking ihto éccount
the major factors liable to influence flow with suspension. |

Beverage et al quote from 'the literature that even at 68 percent

Y
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concentration by weight (28 percent by wvolume), stroams have

W
A
v
03
%

developed turbulence, with numerous *intermittens sarni waw.

&)
—
b
t
i
{1

high velocities. In any case, the amount of dampins re:
in hyperconcentrations appears tc be strongly derenien

particle size.

2.5.3. Hyperconcentraticn ani “he Von ¥arman Torcetarn

ct
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In open channel flow without sediment,

ct
oy
2
-
P

constant K, 1.e. the unilversal constant in the logar!

(9]
-
t

o

b
3
.
3
1

velocity law, 1s glven approximately by ¥ =

'x
jo 9
D
a0
"3
v
[V}
n
ay
wm

crease in suspended sediment concentration,

(34
)

3
-~
3

(1971) quotes from the literature stating thas 2 reduc
K 1s due to the damping effect of turbulence:. =Zinsteln et al.
(1954) plot the rate of expenditure of fricticnzl enerrsy ro-

quired to support the suspended varticles versus %. The granh

[Bad

1 - - Pal oy e s e
ncrease in the ratve cf energy

Indicates that X de%reases with

expenditure, which 1s directly proroortional <o the averars
concentration of suspended sediment. Wi<h the susgencizon =°F

’

neutrally buoyant particles in water, Hinc's fnvestigation

—~ 3 +— - -— .y ¥ .
, ind the turo:

0

'3
(D

indicates that K decresase

with an increase In vclume ccncentration of particles.

2.6 STABILITY OF ERODIBLE BEDS

2.6.1 Concept. o . .

‘The mathémétical approach of Helmholtz (1888), quoted by
Graf (1971) and Lamb (1945), indicates that a‘boundarj.between

.

two fluids of different densities moving with different velocities



Is subject to instability_leading to iInterfacial waves. Graf
quotes‘Baschin (1899) who suggested that the Helmhaltz insta—
\\\\\_Qiiiiz;ZLuld explain bedforms (see chapter 2;6.2) 1f the loose
sand can be considered to act like a fluid. Kennedy (1963)
indicates that.the Instability of the sediment-fluid interface
depends upon the depth and velocity of flow and the properties
of sediment arMd fluid. The ofigin of meandering and braiding
of"alluvial rivers has been analysed uéing stability thgory
by Engelund and Hanéen (1967), Callander (1969) and Parker

-

‘(1976), to mention a few.

2.6.2 Flow Regime and Bedforms

In open channel flow the. Froud number NF 1s often used as
a flow criterion. For.the puégosé of classification of bed-
. forms, -three flow regimes may bé distinguishedﬁ _(l) a lower
regime with NF < 1; (2) an upper regime witthF > 1; and (3) a
fransition between the upper and lower regimes with NF = 1. -
- Ideallized sketches of various_bedforms are shown in
Figure 2.1. The definitioﬁs of rrpples; dunes, antidunes have
been provided earlie; in Section 2.1. Ripples and dunes usually
occur in lower flow regime whilé antidunes are co: _-.ed to upper

flow regime. Washed-out dunes occur in the transiivion- zone of

the flow regime.

2.6.3. Model Analysis

2.6;3.1 .Conbegt
Stability analysis'of the stream-bed interface can provide

theoretical predictions of the geometry and behavior of bedforms.

)
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i
Different attempts to explain bedform mechanics have resulted

\Q | B

j’in hydraulic, potential and rotational hodel analyses, some

. , \ ‘

iMwolving the stabllity analysis of the\fluideed interface and
. ) l\ .

somd using the classical hydraulic approgch.~ Reynolds (1975)

provides a detailed description of each df the model studies.

|
i
\

2.6.3.2 Hydraulic Models g

Graf (1971) qubtes Exner's (1925) an;gytical treatment of
an'erodible stream-bed using a one dimensignal flow approach;
Exner's model 1is classical and is t..«& predépessgr of the
hydraulic model In thié model, velocity vgriation with depth
is reduced to a secbionélly averaged mean veloci V.

Referring to Figure 2 5//the governing eouation in Exner's

model 1s the equation of continuity, which may'be written as,

(h = n)B(x) U = 9 = ‘constant . (2.13)

=
where, h 1s the watérsﬁrfacé height

n 1s the bed héight ?rpm an argitrary datum

U is the sectionally average@_velocity

B(x) is the channel width that varies in the x airection

of flow |
Q }s the flow rate v — | : o -
In progressive stages, the model takes into account effects

due to béd frictiqn which is related in algeneral fashior. =~ the

local depth and mean velocityioand the-effect of nonlinear

acceleration. The-gquation of motion is given by,
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Here, the KU approximates frictional effects, Zx refers to the
‘acceleration due to the body forces and-%% 1s the‘pressure
gradiant. ) |

The change 1in bed‘height'is given/py—@xner's erosion

equation,

Q

—aj- =" - _._L—.I_
- (29

R 4

where,“aE 1s the Exner's erosion coefficlent.

Equation 2.15 indicates that erosion dccurs 1f the flow

velocity increases (and deposition occurs 4f it decreases) in
‘the downstream direction.

Exner's model 1is restnicted to processes in which the flow
~depth 1is -..czh smaller than the wavelength of the periodic bed-
wave. The model cannot Dredict the formation of bedforms,
but provides a grossly correct oicture of 'dune migration and 'f
‘the formation of steep lee “ronts. ' e

G*adowczyk S (1968) hydraulic model delineates wave
prooagation in- one dimensional erodible bed channels using
shallow water wave theory for the fluid and a continuity equa—

-

tion for the bed sediment. Gradowczyk includes now-steady terms

in the vertically integrated forms of the momentum and continuity

equations,'and,indicates two 'dynamic' or surface dominated

waves in addition to the 'kinematic' wave dominated by erosive

22
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processes at the bed. These dyndamic waues are 1in fact thé’usual
shallow- -water waves.

Graddwczyk s model pred&cts the steepening of" the down-
stream faces of the dunes. The kinematic wave theory helps

describe the‘non—linear_development of bedforms, showilng the

interaction between ‘faster-moving bedwaves and the slower-

\

‘moving ones. Gradowczyk's hypothesis. interprets the maximum

growth conditions of bedwaves as that corresponding to the

‘coincidence of crest and trough, as’ predicted by thé kinematic

wave theory.

Engelund and Hansen - (1966) and callander (1969) hare
generalized the vertically integrated model to include three
dimensional flows Here the local bed stress and transport rate
is assuned to have the same direction as the velocity vector,
which.is uniform from the_bed to the water surface Nonsteady

terms are included in the basic'equations, as in the work of

Gradowczyk but their contributions are neglected because they

can be shown to be negligible for sediment-induced instability

The general nature of transition between dunes and antidunes

‘15 understood through the model of Engelund et al.. The

detailed predictions of the mechanics of such bedforms is not
possible through these models since the hydraulic model does

not take suspended load into account (The stability boundaries

"are critically dependent on the balance between the bed and

suspended loads.) . A - N

23



2.6.3.3 'Potential Flow Models

In étudies based on potential flow modéls, the assumption
of an irrotational flowwpf an ideal incompressible fluid sub-.
jecﬁ to the influence of gravity 1is used.

Although the potential flow approach was app%ied to explailn
bedform mechanics by Anderson 11953),.it was Kennedy (1963) who
first used it in stability analysis. ‘

The—-governing equation in Kennedy's potential flow model
is’ [ .
vi¢ = O (2.16)

2

where, ¢ 1s the'potential function.
Referring to Figure 2.6, the boundary conditions at the <‘

free surface are given by,

<

U LA 3k - 3¢ on 2

S TIR T T z =0 (2.17)
N [ J Ce ) o
g + U3¢ +30 =0 onz=0_ (2.18)
. 3x 9t -

Equation 2.17 igithe.kinematic boundary condition and ecuation
2.18 expfesseé the dynamic condition of vanishing pfeséure‘at

the free surface. T,

" The boundary conditilons at the fluid-bed interface are
. > .

given‘by, : _
Ua_n+§_n_=8_<}1‘ on z = -d (2.19)
. X t 2z ; ~
3G(x,t) an ” .
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. Figure 2.6 Definition Sketch for Kennedy's (1963)
o Potential Flow Model
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Equation 2.19 expressed the kinematic condition at the bed and-
equation 2. 20 is the sediment continuity equation where

G(x,t) is the local rate of sediment transport per unit width '
- s

_by weight and By 1s the bulk specific weight of the sediment 1in

;the bed.

’ Kennedyis investigation econcludes that the type of bedform
and the wavelength of the bed features depend upon tne'Froude
number, the depth of. flow and an undetermined distance §, by

which the local sediment transport rate lags the local velocity.

A modification to the interpretation of the le . tance § was
introduced by Hayashi (1970) through the additi. the
assumption of dependance of the local transport r e the bed

slope as well as-on the veloclty. Recently Shirasurn: (-373)-
' ' f

propounds that the motion of'the erodible bed-is compos~ "~ T
the translation of a sandwave, whose  travelling velocity 1s
far smaller than the flow above it and the translation of a
thin surface sediment layer which flows as a fluid Based on

those facts Shirasuna has formed an analytical model in which

the motion of the fluid and the flowing surface layer at the

,bed ave expressed as a two 1ayer potential flow of different

densities The sandwaves are treated as internal wave of small
amplitude occurring at the. interface between two potential layers.

Although potential flow models outline the skeleton of the

‘staBbility problem, they provide an incomplete view of the actual

flow situations. The two severe 1imitaty§ns of these models |
are:
1. There is no account for bed shear streéss.

2. The predicted veloclty Variation'with depth is unrealis- .
tic.
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2.6.3.4 Rotational Models
. —% .

Rotational models are real fluid models which combihe the
essentlal features of hydraulic or vertically integrated models

and potential models. The first significant contribution 1in

- thils respect Qas mide by Engelund (197b), who introduced most

of the physical processes thought to)be relevant to bed stability
into an analytical framework.

The governing‘equation in Engelund's two dimenSional rota-
tional model is’the vorticity transport equation,

T RV A (2.21)
where{ w is’fhe vortlcity of a two-dimensional fiow/'
Both suspended and béd 1oéd‘aré treated 1n the analysis.

With the singie limitation of being confihed to a two-
dimensional flow, Engelund's model rékains many advanfages of
the hydraulic models, accqyntiﬁg‘for,frictiOn and predicting ,
bed shear. It also retains an essential feature of the poten-
tial flow model.by accountiﬂg for'the role of free éurface for
short waves. When suspended load was alone considered Engelund
found that upper range ihst?bility (éntidunes) was obtained,
ﬁhile the fower range.remainéd stable. When the bed load wasi
intrpduqed;ginstabilityocéurea in the~1§we£‘range as well,
taking the form of dunes. With cdarse sediments, the upper
range 1instability disappeared, but the anfidune range was little
affected with fine sediments, for which the bed load is less
imbortant. . ‘ ’ - | 0 ‘
a

C
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The results of_ther@tationalmodel, no matter how successful

they may be in predicting the mechanics of bedforms, apply mainly

3

to sinusoidal long-crested bed waves. While these may be bedL

forms that develop first, they are not very llke the asymmetric

randomly placed, short -crested features usually found on stream- g

4

beds.
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CHAPTER 3

STABILITY ANALYSIS ' sl

3.1 THE THEORETICAL MODEL STREAM
-Tﬁe physical processeS‘occurring in an actual river are
extremely difficult to/axpress in mathématicalftermsi—'A
theoretical model river based “on ﬁhe following assump%ions was
iconceived to facilitate the analysis of fluvial instability
1. The model river 1is sé}aight and hhs vertical friction—
‘less banks.
< 2. The modei river is free of sedforms.
* 3. 'The suspended_sediment concentration and all other
associated quantities stay constant-along the lo;gi—
2 itudinai direétiohipf'the river. . ,
* "4, The unperturbéd suspended sediment concentration Stays
constant 1in the lateralcairection. ‘

5."Vertical eddy diffusivity'is constant in the vertical

direction, (Engeldnd 1969) and is given by,

£ = .077 U,D

6. The diffusivity in the lateral direction is = sohstant
multiple of that in the vertical direction.
7. Lateral movemernt of a bedload is negiected. That 1is,
J

'(Ehe equation of conservationAof bed sediment~does_not

29 .
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take into account that portion of tye Sedimeﬁt 1oad
that moves in the lateral direCtiOﬁ‘in a more or lessn
close proximity to bed, i.e. the lageral bed load.

8.( The velocity vector of suspended Segiment 1s assumed
tQ be equal so the fluid flow Vel©Qity vector plus the
fall &elocity vector. . |

9. In light of assumption 3 and 8, 1f the VelOCity vector .

of suspended sediment 1s assumed Cantaﬂt the erosion

rate at the bed may be assumed coNsgant 1n the lateral

diréction. " , ’
/’“\

/ | | P
3.2 FORMULATION OF THE MATHEMATICAL MODEL . ] —
3.2.1 Mass-Conservation Eguation for Syspended Load : (;

With reference to Figure 3.1,.the MasSsconseTrvallion equation’
for suspended sediment for an-arbitrary coftpol VvOlume in the

o |
model river can be written as a flux balante equatlon in the form,

[N ~

dey, Ee L 3 |y, Yo} - _aa_{g (y) o2 }+%{Ey(y_>~’%§7} (3.1)

Yy 9%
’where, o is the suspended sediment cogcentfation by Volume
_Vé is the fall velocity of the sedifent o
W and V aré the mean fluid flow VvelOcjties 1n the upward {(z)
direction and lateral (y) direction degspectively. N
" Herein, Ev(y) and &, (y) are'the eddy diffuéivity-coeffiCients in

< .

the lateral and vertical directions respectively

From assumptions 5 and 6,

) e (y'5=g= 077 Us (Y)p(y);

and, & (y>‘BE (y)

where B is a constant.
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Figure 3.1

7Y

Definition Sketch for Mass—Cohservation
Equation for Suspended Load
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Equation 3.1 can now be written In a modified

3¢ dc  _ 3’e 3%c dc | -
st - Vs oW Tt Bayr | oty B
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form as:

v (3.3)

@l

« ey
1

Here, VS has been assumed to be constant and the fluid continulcvy

equa lon for the méan flow,

has been used to simplify the convective terms.

Formulation of the ZBoundary Condi<ions

3.2.2

: . N = UE R B |
Water Surface boundary =Zzuation.

3.2.2.1

: Assuming that in the vertical (z) directicn
water surface, the eguztion for the water surfac:

be given as, ‘ : ; i

The equatlion indicates ¢t}

/
surface-;s zero.

2 9 ~ o - = . -3~ . D T 1
3.2.2.2 Bed boundary Ziuzti_

jog
03]
t
ct
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The bed boundary 1s delined as the surface wh

In the vertical direction. At the Ted two ccondlilticns agciy:
1. Bed boundary eguztion.flor suspended sediment
2. Bed equation of mazs conservaticrn fcr bed sediment

"3.2.2.2.1 Bed BouniZary Clondition for Suspended Se

If D is the temporal rate 0of degositicn ¢

ments on the bed from abcve rer unit area and . 1is

v
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erosion from the bed per unit area due to vertical entrainment,

then the net upward flux at the bed is given by the expression,

ac _
—(VS W)e - E;“B—Z‘ = El - D (3.5)
z = =D
But D = (VS - W)cIZ - _p since the downward convection flux
. ) <

due to fall velocity causes deposition of suspended sediment on.
- bed. R

Hence, equation 3.5 reduces to,

: ac”\ / o N
&5z |z = -0 1. (3.6

X,

If E is the previously defined’vertical entrainment rate

(given by E =‘bl). the bed boundary equation for suspended sedi-
3
| VS ,
ment 1s given as, <

i}

ac : '
e | .- = VE BT

For a flat bed for unperturbed flow, lét the. concentration
‘at the bed be called Cy. Since the rate of upward erosion must

be equal to rate of downward deposition,

N S V.G = VSEJ/ (3.8)

In equation 3.8 since the flow 1is unperturbed,

Cancelling V_ from both the sides of the equation 3.8,

Cp = EL . (3.9)
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can be made Trom equation 3.7.

An appropriate evaluation for Cb

h (R

3.2.2.2.2 Equation of Conservation of Bed Sediment

. >
Conservation of bed sedimeht can be applied to provide the

relation,

) ac | — 3D ,
[_(VS - W)e - EE] z = -D ~ 3% (1 - p) (3.10)
where, p = bed porosity
Typically p is equal to .3 ~ .4. It does not affect stability’
bdundaries and so can be set equal to“zero in‘% first analysis. \

Thus, neglecting'porosity, equation (8.10) can be written as:

[—<vS - We - g3 D

3.2.3 Secondary Currer-s and Lateral Momentum Transfer

Instabilities governed by sedimént transport haye;cﬁara"
teristic time scales tgat are much larger than the'charaqteristic
time scalés of‘the fluid flow itself. ' Thus 1t 1is wvalid to treat
the fluid flow as time—invériant dﬁring the evolutionudf bed
instégility. This assumption is commoniy referred to as quasi-
nsteady assumption in the literature on the subject (e.g. Engelund,
1970). The cross—;ectional velocities V and W aré thus. not
generated by the instability 1tself.. The only other mgchanis%
for generating them is that which produces seéondary flow. _in

an appropriately wide channel it may be surmisgd that these’
currents are negligibie. To expedite the analysis, thé following
assumptions are made: ﬂ '

10. Secondary flows are neglected; V = W = 0
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Equations 3.3, 3.4 and 3.11 become,

dc dc  _ 3%c - 3%c 3¢ 3E (3.12)
- -\ il = . — =2 *
3%t " s 3z 53 527 T Bayr(t oy ;B R SN
EXe _
PJSC - Egz] 0 (3.13)
=0
%
_ e _ D (3.10)
[‘Vsc %3 ] _ 3t
z = -D
11. Secondary currents provide a mechanism for lateral

redistribution of ﬁomentum.\.ln the present analysis, we shall
ignore all late;al momentum redistribution including that due
to secondary currents,

12, Due to assumption li, local bedstress in the downstream

direction —(y) can be calculated from the simple formula, -

T = pgD(y)s - (3:15)

where D(y) is 16cal depth.and S, is the (constant) downstream
, \ - »
water surface slope. . /

3.2.4 The Perturbequuations of Sediment Transpoft‘
The mass balance equations are conéidered for slight
perturbafions dbout steady unifdrm flow’conditions, i.e.

] = cé(z) ¥ et (y,2,t)
) L .l |
£ =& &
N D = D_(t) + DI (y,t)
> . , E o> herein, E_ is the average

entrainment*féte,}agsumed be be constant in the lateral direction.

S st i
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- Introducing:the above perturbations into the bakance equations

and reducing the equations read as follows, -

Main“eguation: ' . ' —

S 2 2 |
-v %% | act | aet | e L%, 8 de, ve 2%t o aet | (3.16)
dz ot s dz 0 42 C4z° o) .. 2 2

Water surface boundary equation:

P ' de _ i » 1 )
o) 1 dc 1 3cof =0
[_Vsco -5 Tz ] z =0 T [—Vsc - 5 3z T ¢ Bz_]z=o‘

~ (3.17)
Bed boundary eq%ation for suspended sediment,
\ r‘ ’ 2 ‘
pooog2et 1% o 1 8% -
0 3z dz o) d22 _ -
Zz=-D
(3.18)
Equation of conservation of bed sediment,
. de ' dc -de
[}V c - g 2| + [;V cl + VvV D1 -2 4 £ Dl——9 - ~
S o 0 dz _ dz 2
' A Jz. = -D_ - ¢, dz
‘ 4 o l
gﬁﬁi - gld_c_g - = _d_139+.ﬁ (3.19)
odz - * dz z = - D ~dt 9t )

. , 4
The zeroth order terms of these relatidns specify the unperturbed

N

copcentration, which muét_satisfy the equation,

. ) 2 B )
- ' de,, - dfe, _ (3.20y7°

s dz o) 2




;

Ig)
and the boundary conditions, :
EVSC - £ .dco] =0 (3.21)
_O - % dz4dz =0
_Eo deg : T
-7 dz Lz = —DO =0 - (3.22)
[ _ : ch] dDo ' . \
L s o gpli=p T @ (3-23)

The perturbed concentration cl thus satisfieS the equation,

LR 2 2 2

1. 1 21 1 L de |

ac” VS if - {8 ¢’ 4+ B fc } + gl o (3.24)
: z 0 :

az . oy e

and the boundary conditions,

1

[;V et - £ Qgi - El ffé] ¢ (3.25)
S Y z = 0 .

37

Bcl 1 de - ld Co
- —5075? E gt EOD~ > ] z =-D = 0 (3-26)_
) dz 0 .
‘ . . 2 ' \ : )
: de d e 1 1de :
[—V et + v Dt 2+ gt 2 - g, 2 - ———dzo] = ot (3.27)
dz _ z = =D at )

Equation 3.25 fs the wafersurfacebouhdary equation, equation
3.26 4s the bed boundary equatidn for suspended sediment and

equaﬁidn 3.27qis the equation of conservation of bed Sediment.

3.2.5 Evaluation of the Unperturbed Concentration
The unéerturbed concentration c, can be ‘evaluated from ‘

equation 3.20, which satisfies the»equilibfium flow conditions.
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integrating equation 3.20 and evaluating the constants of

integration from the two zeroth order boundary equations 3. 21

and 3.22 results in the expression for ey

v.D

it \ - Z O (1 + 2 ) (3.28)
c = C e (0]
0 b

Herein, B has been substituted'with‘Cb from the.relation 3.9.

3.2.6 Evaluation of Perturbed Form for & -

rReferring to assumption 5, .
£ = .077 UgD, where Uy =\/0
. J
From assumption 10, T = pgDS ’ . "

Replacing Uy, by T in the expression for &,

£ = .077gds D (3.29)
“In perturbed form equation:3.29 can be written as,
_ 1 1 ' 1
g =g, + £ = 077 Va(D +DT)S (D+D™) (3.30)

]
Rearranging the relation 3.30,

. 1
| Lo 3D
R .077 \/gDOS*DOHl + Z'Doé
. | |
- gO) L % %— : Vf)
o]
1 3. D e
Hence, &7 = 5 * Eo * 5 A (3.31)

o . o ,
3.2.7 The Dimensionless Sediment Transport” Equations

The relations for cg and E from equations 3.28 and 3.31
.respectively are substituted into the equations 3. ZU 3. 25,_3 26,
and 3.27. The resulting equations are expressed in dimension-

less form using Dé as a length scale and Vs as a velocity scale.

The resulting transformations are:



- ‘*.;

2z = gz
Do
A
Dy Y
——yt £
- (DoVs

where, the terms with tildes on top indicate them in the
dimensionless forms.
After droppinthhe.tildesifor sake of convenience, the

- mean equation for perturbed concentration can be written as

—~
follows,
: . 1+ z
act _act _ o fe%el %l T3Sl - (3030
36 T ez Tty T atBz(ts e °
-9z ay o
Likewise, the water surface boundary equation is,
1 1 ' -1 R -
-¢cT - & c 3 Ane —(F) — '
0 35 *t 5 CpDe B | 0 (3.33)

z =0

the bed boundary condition for suspeh@ed sediment 1is,

o | A

o

1 C

-E, 3e”, %P 3. g -0 .
o = f 5& + 3 y = 1 .Q (3.3&)
and the equation of bed sediment” conservation is,
1 1 ' : .
) -C - & 3¢ 3_ - 3D . )
[ v o Tt 3 Cbl? s e 1 It (3-35).
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3.2.8~ The Dispersion Equation Cp -

'In hydrodynamic theory, a generally accepted procedure to
analyse stability is by the assumptign‘oﬁ sinusoidal forms for

the perturbations. The balance equations then determine whether

or not the amplitude of the perturbations increases or decreases.

A growth In the amplitude indicates instability and a decay in
the amplitude indicates stapibity. For neutral perturbations,
. the amplitude remains unchanged, corresponding,to the transi-
tion between stable aﬁd unsfable conditions. |

In the present analysis, the éntire lateral confinement
of the bed is limited to one wavelength'on which -a singlé
coéine Qave has'been imposed. Thé_th crests of the wave are
assumed'to simulate the physical exiStence'of\banks. This 15
1llustrated in Figure 5;2. A grdwth in the amplit ~»f the
imposed waveform, as a result of erosion at the t. regiod
and depositioﬁ at the crests, seems to cérrespond to the physi-
cal process-of building banks. It is iﬁtthis fashion that“oné
1s led to the,viewpoint of bank formation as a Stability |

process. o \

N
1

mgthematically-express the above concept are,

1 t

e~ = Cy(2) cos ky ea
at

(3.36) .-

D =-D*(z)‘cos ky e (3.37) - o

»Equation‘3.36 introduces the idea. of variation of perturbed

. ~ . .
suspended sediment concentration in a sinusoidal wave pattern

]
o

< -~

3 Forms for the perturbatiohs in depth énd'concentration that

40
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in'the_léteral'direction. Equation 3.37 introducés the idea of

[

-sinusoidal bedwave in the lateral direction.

Here k 1s the dimensiohless fluvial instability wave number,

\

related to the dimenslonless wavelength '\! by the relation

]
- . o2 >
k = %F , where A = %-; L being the dimensional wavelength, equal
o .

to wid%h of the stream. a here, i1s the time rate of change of
amplitude (C, in equation 3,36 and Dy in equation 3.37) of the
wave. _ ) ' K\\\ ‘

~ The balance equations can be reduced with these forms to

yleld the followi%§. For the main equations we have,
x e . -1+
A c,D (%)

C"*(Z)/§O + C'*(Z)vr C*(Z)a - 3&00*(Z)k2 = % —— e 5
. . _ o -
(3.38)
The water surface bQundary becomes, f'
. . —l,:. N
EC" 4 (2) - Cylz) 3 CDe E =0 (3.39)

z = 0

K

The bed boundary condition fo¥ suspended sediment becomes,

CyD - V o
. ; b 3 _ . - :
:-_EOC*<Z) + ~€;~ + ? CbD . - 1. = 0 R . (3.“0)

and ‘he equation for conservation of bed seaiment takes the

form,

-goc;(z) - Cy(z) + % CyD - D%] (3.41)
' Jdz = -1 : o

]
o

He the superScript ' refers differentiation with respect'ﬁo

Z.

-~



3 2.9 The Analytical Solution™

-

Equation 3- 38 1s a second order ordlnary dlfferentlal
equation, the solution that satisfies the two boundary conditions s

given as equations 3.39and 3. UO can be found by standard tech-

niques to be,_ ' . ,
. . Slz S‘QZ , _(1g+z,)
Cylz) = Aje + Aye + Se o = (3.42)
where, : ) o ) . ar1 -
' ' é—g—_ v
. { bD/E} (3& R%+2R° +9¢€ ~2)£~ 3C,D(R+1) e“~o
Ay = (R+1), (3.43)
.2 (25 ) o (%;l) | ’
§<R—1) e %~ (RA1R e 250 2
\ N
o ' _'R+'1
2 2., : —(=2=)
i 3cbD§ }(3&01% rer®95 )| |30,p(rn) & 2% |
Ay = Lo 2ob) : (3.44)
R-1y (= ; R+1L -
3(_Re1)2 e—(ﬁg)i“gm*‘l?? (55 )g | . .
. (®R-1) _
S]_‘ TAT2E (3.45)
' o . 3
B 2 D _
2 28 (3.46) 5
(3 ¢,D)
and, s = " BEERERTS
’ Eo(q+BgoK‘)

R as defined in equations 3.43, 3.44, 3.45 and'3.46;is given‘

R = ﬁ + ’ng(a+BE;ok2)

by,
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A solution for a ca. be obtained by substituting ithe solution
to the main equation (3.42) into the equation of conservatlion -

of bed sediment (3.41). Upon reduction, 1 .s found that,

v
r

J A R-1
- R NP
@ = Cy % - R (360+2) N (9&0—2)$§ e "Fo —lg + 6R e 260
e - 2 g
’ 0
(R#1)° Vo - (R—l)?

It is seen that a is a function of EO and k. A contour plot

J

1s given in Figure 3.3.

3.

The induced instability of bankforms can be studied in

s

0 Establishment of Instabilé&x

terms_of Figure.3.3. Negative values cf.a indicate stabllity
Lénd positive values of a indicéte bank-forming inspability in
"the stream-bed. The figure indicates that at high wa. . numbers,
greater thgn 0.8, the result is a stable bed. At small wave
numbers, less than 0.8; all values of dimensionless eddy
diffusivity result in instability giving rise to the deposition
of suspehdeé sediment along the sides of the channel and
deepening the channel centre.. This prdcess is indicative of
incibient bank formation.

Thebresult that bank formation is initiated only at small

wave number(s) k being'given by ZvDo-indi:ate that channels -
. _

?

with high width—depth ratios tend to build theilr banks.

-



CHAPTER 4

SUMMARY AND CZNZLUZICH

An analysls of the process of lateral ercosion and depcs
tion of a bed of loose sediment Jdue to flowlng water has heen
. Bl
presented to explaif the gecphysical trocess of btank formatlion
k)

in straight alluvial Yhannels.

@]

The analysis 1s based upcn a z2onsiderat!on 2f ma.s balance

for suspended sediment. The model assumes the absence of

-
o

@]
o)
'y
O
(@
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secondary currents affecting the deposition-ercst

[

ol

D

T ey
iV

[&2]
O

The mass balance equation for susperded sediment s

subject to appropriate toundary conditions at the water surface
. :5

D

«

and bed. The solution for perturbed suspended sedimen

(]

concentration is applied to the eguaticn of conservation of
bed sediment to evaluate the rate of grecwth of the amplitude

N . ” . ) : -
of a sinusoidal bank-like dist.rbance imposed on the bed. A

s

(. ' ) )
region of amplitude growth, cr bank-farming instablillicy, has

i

3

been ldentified. Aithougﬁ Wwhen the aﬁplit:de 5eeomés finite,
the linearized stability theory no lqngef holds, no attempt has
been made tooincludg non-linear effects. ' L \y
Some results of this'ggﬁdy are notad below:
i. Bangs car. form in reétangular éhannels'as a result of
an 1nstabiiity pheriomenon. A small bank—liké distur—k
bance on an otherwise initially flat bed can ihiiiate

deposition on the sides and scour in the centre,

46 | | S
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causing initial disturbance to increase i{n amplitude. The

increased 3mblitude of the disturbance enhances the rate
oftdifferential~ocouf and deposition; presumabl- this‘process
continues, until the banks and chgnnel attain some stable N
state char~-teristic of some natural rivers. -

An interesting aso@Lt of the results of the analysis can
explain uhe lack of bankfo"ms in laboratory flumes kThe
results indicate that only at low deoth-width ratios does
banx formation result. The typig@} depﬁh—width ratios of

tnstability 1is not expected iﬁ laboratory

-
[92)
o
¢¢]
[
]
]
3
[
A
-~

flumes and hence no'bankforms are initiated. )
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