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Abstract. Evidence shows that resource quality can determine the costs and benefits of fear4
effect on consumer dynamics. However, mechanistic modeling and analysis are lacking. This paper5
formulates a tri-trophic level food chain model that integrates both stoichiometric food quality and6
fear effect. We establish the well-posedness of the model and examine the existence and stability of7
equilibria. Through extensive numerical simulations, we validate our findings and visually explore8
the interactive effects of fear and food quality. Our results reveal that the fear effect from predators9
stabilizes the system. Furthermore, we demonstrate that the fear effect amplifies the influence10
of food quality on consumers. When food quality is favorable, the fear effect enhances consumer11
production efficiency, whereas, in the case of poor food quality, the fear effect exacerbates the decline12
in production efficiency caused by low-nutrient food.13
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1. Introduction. Prey are influenced by their predators not only by direct17

killing but also through indirect predation risk [22]. Predation cues generated by18

predators such as chemical cues can induce fear or alertness in prey [30, 17], subse-19

quently alter the behavior, physiology, and morphology of prey, such as habitat use,20

foraging behavior, and reproduction rate [16, 61, 50, 19, 15]. This phenomenon is21

known as the fear effect (also called indirect predation risk or non-consumptive ef-22

fect). Interestingly, the responses of different species to fear effect vary significantly23

[38]. Fear effects can be detrimental for some species, causing them to suffer lower24

mating success, reduced reproductive success, and increased vulnerability to preda-25

tors [48]. For example, Zanette et al. [68] observed that the perception of predation26

risk alone led to a 40% decrease in annual offspring production of sparrows. However,27

fear effects may also positively impact some species by triggering adaptive changes in28

their life history and behavior. For example, Haapakoski et al. [20] found that expo-29

sure to predator cues increased the litter size of voles by 50%, through the effect of30

alarm pheromones on prey individuals. Similarly, Wen et al. [66] demonstrated that31

visual and odor cues from predators gave rise to a higher proportion of long-winged32

female small brown planthoppers which were more agile in evading predation, thereby33

enhancing their survival rate.34

Recent studies have extensively explored the anti-predator response to indirect35

predation risk. For instance, Leroux et al. [32] employed an ecosystem trophic com-36

partment model to investigate the influence of fear effects on elemental cycling within37

trophic chains. Wang et al. [65] proposed a two-dimensional predator-prey model in-38
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corporating the cost of fear into prey reproduction and showed that the anti-predator39

response stabilized the predator-prey system. Panday et al. [41] extended the study40

to a tri-trophic food chain model incorporating the cost of fear into reproductions41

of both prey and middle predator and also demonstrated the stabilizing role of fear.42

Kaur et al. [29] assumed that zooplankton species had developed defence mechanisms43

against fish predation and introduced a tri-trophic model, showing that a low level44

of fear can stabilize the system in the presence of a high rate of zooplankton refuge.45

Cong et al. [8], Thirthar et al. [59], Ali [1], and Mandal et al. [36] investigated46

fear effects using three-dimensional food chain models, considering different factors47

such as reduced production and foraging behavior, harvesting effect of big fish, intra-48

specific competition among middle predators and top predators, and supplementary49

food sources, respectively. Their findings consistently indicated that the fear effect50

contributed to increased stability of the system. Chen et al. [6] considered a modi-51

fied Leslie–Gower model incorporating fear and Holling type IV functional response52

with group defence ability of prey. Their study revealed that as the intensity of fear53

increased, the system underwent multiple dynamic behaviors switching until the final54

extinction of the prey population. These studies collectively demonstrate that fear55

effects can lead to complex and diverse population dynamics.56

In addition to the fear effect, nutrient availability is another crucial factor for57

species growth. Ecological stoichiometry is a tool to explore how the balance of en-58

ergy and multiple chemical elements such as carbon (C), nitrogen (N), and phosphorus59

(P) affects food-web dynamics and nutrient cycling mechanisms [55]. The proportions60

of these chemical elements are typically within a certain range to maintain ecosystem61

stability [18] and meet the nutrient requirement of organisms [26]. These elemental62

ratios vary across species [11] and even within a single species [47], as different biolog-63

ical processes have diverse nutrient requirements [27]. Variations in elemental ratios64

can significantly impact the population dynamics [23]. For instance, resources with a65

higher P:C ratio can be considered as a higher nutrient food, which typically promotes66

the growth rate and production efficiency of species [57]. Conversely, a lower P:C ra-67

tio in prey can constrain the production efficiency of predators, potentially leading to68

reduced population density and even extinction [34, 10].69

The influence of changing the stoichiometric balance on population dynamics70

has also been widely investigated. For instance, Loladze et al. [34] developed a71

stoichiometric producer-grazer model (LKE model) and demonstrated that extremely72

high or low light intensity led to grazer extinction, while moderate light intensity73

supported the coexistence of three species. Global analyses of the LKE model were74

conducted by Li et al. [33] and Xie et al. [67]. Moreover, the classical assumptions75

for LKE model were further studied by [49, 64, 63]. Additionally, several modified76

models based on the LKE model have been investigated. For example, Wang et al.77

[62] and Peace et al. [45] explicitly tracked free nutrients in both the prey and the78

media by spatially homogeneous stoichiometric models. Peace [43] expanded upon79

the LKE model to a three-dimensional stoichiometric food chain model and predicted80

that food chain efficiency was reduced when consumers were nutrient-limited. Chen et81

al. [5] formulated a similar stoichiometric model with maximal production efficiencies82

of consumers and predators being less than one. Peace and Wang [44] incorporated83

energetic foraging costs in stoichiometric models and concluded that optimal foraging84

strategies depend on light and nutrient availability.85

Since both fear effects and stoichiometric food quality can significantly influence86

population dynamics, a natural follow-up question is whether there is an interactive87

effect between them. In fact, the response of prey to indirect predation risk from88
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predators is indeed affected by their food [12, 24, 42, 9]. Bell et al. [4] investigated89

the interaction between fear effects and food quality (measured as P:C) in an experi-90

mental setting involving a food chain of algae, daphnia, and fish. They found that the91

reduction in survival rates and population growth rates that resulted from low-nutrient92

food were amplified in the presence of predator-derived cues. Conversely, when the93

food quality was good, these chemical cues led to a higher population growth rate.94

A potential reason is that daphnia typically responds to predator-derived chemical95

cues by reproducing earlier and at a smaller size [56], which requires higher resource96

investments for initial reproduction [69]. Poor food quality thus constrains the repro-97

duction rate and growth rate of daphnia, while high-nutrient food may enhance its98

reproduction rate, ultimately resulting in an increasing population.99

Although the influence of fear effect on population dynamics is highly dependent100

on food quality, most (if not all) existing predator-prey models neglect the interactive101

effect of fear effect and food quality. This paper aims to address this limitation by102

proposing a three-dimensional food chain model that integrates both indirect preda-103

tion risk and stoichiometric constraints. Through rigorous analysis, we try to gain a104

deeper understanding of how these two factors interactively shape population dynam-105

ics.106

The remainder of this paper is organized as follows. In section 2, we provide the107

mathematical model. In section 3, we present a preliminary mathematical analysis of108

the model. In section 4, extensive numerical simulations are given to further prove the109

analysis and delineate some interesting findings. In section 5, we provide a summary110

of the results.111

2. Model formulation. This study focuses on the interaction among producers,112

consumers, and predators in a closed ecological system. The food chain of algae,113

daphnia, and fish can be viewed as a special case. We follow a coarse outline in [5].114

Recall the general form of a basic three-dimensional food chain model, similar to the115

model described in [21]:116

(2.1)


dx

dt
= bx

(
1− x

K

)
− f(x)y,

dy

dt
= eyf(x)y − g(y)z − dyy,

dz

dt
= ezg(y)z − dzz,

117

where x(t), y(t), and z(t) represent the density of producers, consumers, and predators118

respectively. The functions f(x) and g(y) are consumer and predator ingestion rates,119

respectively. In general, f(x) and g(y) are bounded differentiable and satisfy f(0) = 0,120

f ′(x) > 0, f ′′(x) < 0 for x ≥ 0; g(0) = 0, g′(y) > 0, g′′(y) < 0 for y ≥ 0. Furthermore,121

f(x) and g(y) are saturating with lim
x→∞

f(x) = f̂ and lim
y→∞

g(y) = ĝ, respectively.122

In our study, we take f(x) and g(y) as Holling type II functional responses, i.e.,123

f(x) = c1x
a1+x and g(y) = c2y

a2+y , where a1, a2, c1, and c2 are explained in Table 1. The124

remaining parameters are provided in Table 1.125

This classic food chain model assumes that producers are always provided with126

ample nutrients and their growth is only limited by light intensity. However, in real127

ecosystems, limited resources and nutrients are more common. Therefore, incorpo-128

rating stoichiometric constraints into the model is needed. We express biomass in129

terms of C since C makes up the bulk of the dry weight of most organisms. P is130

often a limiting nutrient in aquatic systems [13] and all organisms require a certain131
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species-specific fraction of P for survival. Hence, we consider two essential elements:132

C and P. Note that one can also choose other essential parameters (e.g., nitrogen,133

sulfur, or calcium) [34]. In this study, the P:C ratio will be used to assess nutrient134

levels.135

On the other hand, traditional fear effect models always assume that the fear136

effect decreases the growth rate of consumer population. However, the response of137

prey to fear effect has been observed to be dependent on food quality [4]. Moreover,138

as the density of predators increases, the prey species typically exhibit more robust139

fear responses, indicating that the fear effect becomes more pronounced with higher140

predator densities.141

In this study, we make the following assumptions:142

(A1) The total amount of phosphorus in the ecosystem is constant, denoted by143

P (mgP/l).144

(A2) The P:C ratio of producers varies, but never falls below a minimum value145

of Qm (mgP/mgC). Consumers and predators maintain constant P:C ratios, denoted146

by θy and θz (mgP/mgC), respectively.147

(A3) All phosphorus in the system is divided into three pools: producers, con-148

sumers, and predators. The phosphorus in producers must remain above a certain149

minimum level, denoted by Pm (mgP/l).150

(A4) As the predator density increases, the impact of fear becomes more pro-151

nounced.152

The population densities are measured in terms of carbon. From assumptions153

(A1), (A2), and (A3), P available for the producer is P−θyy−θzz (mgP/l). Therefore,154

the producer’s P:C ratio can be represented as155

(2.2) Q =
P − θyy − θzz

x
156

(mgP/mgC). Furthermore, by assumption (A2), P:C in producers has a minimum157

value Qm, an upper bound for producer density thus can be expressed as
P−θyy−θzz

Qm
158

(mgC/l). Additionally, producer density can not exceed K (mgC/l) due to light159

intensity availability. Therefore, the combination of external factor (light intensity)160

and internal factor (P availability) limits the carrying capacity of the producer to161

min
{
K,

P−θyy−θzz
Qm

}
.162

Next, we show how stoichiometric food quality affects the production efficiency163

of consumers. Q indicates the nutrient level of producers. When Q is greater than164

or equal to the P:C ratio required by consumers (i.e., Q ≥ θy), the food quality165

for consumers is optimal. In this scenario, consumers are able to maximize their166

utilization of energy (carbon). However, a lower P:C ratio in producers (i.e., Q < θy)167

indicates lower nutrient food quality for consumers, resulting in limited production168

efficiency. The limitation of food quality to the production efficiency of consumers169

thus can be represented as a minimum function, min
{
1, Q

θy

}
. Similarly, the production170

efficiency of predators is also limited by their food quality, which can be represented171

by min
{
1,

θy
θz

}
.172

Furthermore, we investigate impact of fear effect induced by predators on con-173

sumer production efficiency. The magnitude of fear effect is strongly influenced by174

food quality [4] and population density of predators (assumption (A4)). As the nu-175

trient level of producers falls below optimal conditions, the production efficiency of176

consumer population becomes constrained. However, the presence of fear effect further177
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Table 1: The parameters for system (2.1) and (2.4).

Para. Description Value Unit Source
P total phosphorus 0.12 mgC/l [5]
ey maximal production efficiency of consumers 0.95 no unit Assumed
hm minimal production efficiency of consumers 0.4 no unit Assumed
ēy threshold for maximal production efficiency in consumers 0.7 no unit Assumed
ez maximal production efficiency of predators 0.75 no unit [5]
b maximum growth rate of producers 1.2 day−1 [5]
dy consumer loss rate (include respiration) 0.25 day−1 [5]
dz predator loss rate (include respiration and predation) 0.003 day−1 [5]
θy consumer constant P : C 0.03 mgP/mgC [5]
θz predator constant P : C 0.013 mgP/mgC [5]
Qm minimal P:C in producers 0.0008 mgP/mgC [31]
Q̄ threshold value of P:C in producers 0.00079-0.09 mgP/mgC [4, 14, 31]
c1 maximal ingestion rate of the consumer 0.81 day−1 [5]
c2 maximal ingestion rate of the predator 0.03 day−1 [5]
a1 half-saturation of the consumer ingestion response 0.25 mgC/l [5]
a2 half-saturation of the predator ingestion response 0.75 mgC/l [5]
K producer carrying capacity limited by light 0-10 mgC/l [5]
ρ fear effect coefficient 0-4 no unit Assumed
β half-saturation constant of fear effect response 56 mgC/l Assumed
γ half-saturation constant for food quality 0.01 mgP/mgC Assumed

Notes: Most parameters correlated with producers (e.g., phytoplankton) and consumers (e.g., zoo-
plankton) are selected from [2, 60] and are used in [5, 46, 34, 43]. The parameters correlated with
predators (e.g., fish) are chosen from [28, 35] and are used in [5]. For the P:C ratio in producers, the
ranges recorded in [4, 14, 31] are 0.0016-0.01, 0.04-0.09, and 0.00079-0.0295, respectively. Therefore,
in this paper, we consider the range of Q̄ to be 0.00079-0.09. In particular, we use Q̄ = 0.03 and
0.0033 in simulations. To capture more dynamics, we choose the minimal P:C ratio Qm relatively
low at 0.0008. The maximal production efficiency of consumers ey is usually assumed to be higher
than 0.8 in [2, 34, 46, 43, 5]; here, it is assumed to be 0.95. The minimal production efficiency of
consumers hm is chosen as 0.4. The threshold ēy between ey and hm is assumed to be 0.7.

exacerbates this reduction. On the other hand, when the nutrient level of produc-178

ers is optimal, there are no limitations imposed by food quality, and fear effect from179

predators can potentially enhance the production efficiency of consumer population.180

Let Q̄ denote the threshold value of the P:C ratio in producers. We summarize181

the above analysis as the following conclusions:182

1. As producer P:C ratio increases within a specific range, consumer production183

efficiency also increases. However, beyond this range, further increases in P:C ratio184

do not affect consumer production efficiency.185

2. When producer P:C ratio is higher than Q̄, fear effect enhances consumer186

production efficiency.187

3. When producer P:C ratio is higher than Q̄, increasing predator density inten-188

sifies the positive effect of fear on consumer production efficiency.189

4. When producer P:C ratio is lower than Q̄, fear effect reduces consumer pro-190

duction efficiency.191

5. When producer P:C ratio is lower than Q̄, increasing predator density intensi-192

fies the negative effect of fear on consumer production efficiency.193

6. When producer P:C ratio is equal to Q̄, fear effect does not influence consumer194

production efficiency.195

We now introduce the function h(z,Q) to capture the varying production effi-196

ciency due to fear effect as follows:197

(2.3) h(z,Q) = ρ
α(Q)z

z + β
+ ēy, α(Q) =

Q− Q̄

Q+ γ
,198
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where ēy is a threshold value, representing the maximal production efficiency of con-199

sumers in the absence of fear effect or when fear effect does not influence consumer200

growth. Q is given in (2.2). Parameters ρ, β, and γ can be found in Table 1. Figure 1201

visually depicts the function h(z,Q). Figure 1a shows h(z,Q) in terms of z while202

keeping Q fixed, and Figure 1b shows h(z,Q) in terms of Q while keeping z fixed.203

The system (2.4) eventually reaches a stable equilibrium, periodic state, or chaotic204

state, without diverging to infinity. As a result, Figure 1a demonstrates distinct finite205

ranges for z in each of the three cases.206

The function h(z,Q) satisfies following properties, which align with the above207

conclusions:208

1. h(z,Q) is an increasing function with respect to Q up to a certain point, after209

which it remains constant, as shown in Figure 1b.210

2. As Q > Q̄, ēy < h(z,Q) < ey < 1, as shown in Figure 1a.211

3. As Q > Q̄, h(z,Q) is an increasing function over z, as shown in Figure 1a.212

4. As Q < Q̄, 0 < hm < h(z,Q) < ēy, where hm denotes the minimum value of213

h(z,Q), as shown in Figure 1a.214

5. As Q < Q̄, h(z,Q) is a decreasing function over z, as shown in Figure 1a.215

6. As Q = Q̄, α(Q) = 0, h(z,Q) = ēy, as shown in Figure 1a.216

(a) (b)

Fig. 1: Function h(z,Q). (a) When Q > Q̄, h(z,Q) is an increasing function of z. When Q < Q̄,
h(z,Q) is a decreasing function of z. When Q = Q̄, h(z,Q) = ēy . We set Q̄ = 0.03 for Q > Q̄,
Q̄ = 0.0033 for Q < Q̄, and Q̄ = 0.024 for Q = Q̄. The value of ρ is set to 2.5. (b) h(z,Q) is an
increasing function of Q. We set Q̄ = 0.03. The initial values are (x(0), y(0), z(0)) = (0.5, 0.5, 0.5)
and other parameters are listed in Table 1.

Based on above analysis, we obtain a new food chain model incorporating both217
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stoichiometric food quality and fear effect as follows:218

(2.4)

dx

dt
= bx

1− x

min
{
K,

P−θyy−θzz
Qm

}


︸ ︷︷ ︸
growth limited by light and nutrient

− f(x)y︸ ︷︷ ︸
consumed by consumers

,

dy

dt
= h(z,Q)min

{
1,

Q

θy

}
f(x)y︸ ︷︷ ︸

growth limited by fear effect, food quality and quantity

− g(y)z︸ ︷︷ ︸
consumed by predators

− dyy︸︷︷︸
death

,

dz

dt
= ez min

{
1,

θy
θz

}
g(y)z︸ ︷︷ ︸

growth limited by food quality and quantity

− dzz︸︷︷︸
death

,

219

where Q and h(z,Q) are given by (2.2) and (2.3), respectively.220

3. Qualitative analysis.221

3.1. Positivity and boundedness. The following theorems show that system222

(2.4) is biologically well defined. The proofs for these theorems can be found in223

Appendix A. First, we verify the biological validity of the model when x approaches224

zero.225

Theorem 3.1. The model (2.4) is well defined as x −→ 0.226

This theorem confirms that as x approaches zero, the system does not undergo227

any explosions or catastrophic failures. Next, we find a bounded positive set that all228

solutions of the system (2.4) eventually enter. Let229

Ω = {(x, y, z) : 0 ≤ x ≤ k, 0 ≤ y ≤ P/θy, 0 ≤ z ≤ P/θz, Qmx+ θyy + θzz ≤ P},230

where k = min
{
K, P

Qm

}
. The region Ω is a closed triangular truncated cone (if231

K < P
Qm

) or a closed triangular pyramid (if K ≥ P
Qm

). It is separated into two parts232

by the plane θyx + θyy + θzz = P . The inner region is denoted as region I, and the233

outer region is denoted as region II, as illustrated in Figure 2. The following theorem234

shows that solutions with an initial state in the set Ω will remain in Ω for all forward235

time.236

(a) (b)

Fig. 2: The positively invariant set Ω. (a) As K ≥ P
Qm

, Ω is a triangular pyramid. (b) As K < P
Qm

,

Ω is a triangular truncated cone. The plane θyx+ θyy + θzz = P separates Ω into two regions.
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Theorem 3.2. Ω is positively invariant for semiflow generated by system (2.4).237

Therefore, if the initial population densities of three species are non-negative, they238

will remain non-negative throughout, regardless of varying environmental conditions239

and disturbances.240

3.2. Equilibria analysis. We further explore the long-term behavior of model241

(2.4) by examining the system’s equilibria. The possible equilibria consist of the242

boundary equilibria E0(0, 0, 0), E1(k, 0, 0), and E2(x̄, ȳ, 0), as well as internal equi-243

libria E∗(x∗, y∗, z∗). Detailed mathematical analysis and proofs can be found in244

Appendix B.245

We begin with the stability analysis of the extinction equilibrium E0(0, 0, 0).246

Theorem 3.3. The extinction equilibrium E0(0, 0, 0) is unstable.247

Biologically, this implies that this ecosystem will never collapse completely. Next,248

we analyze the stability of the producer-only equilibrium E1(k, 0, 0).249

Theorem 3.4. The producer-only equilibrium E1(k, 0, 0) is locally asymptotically250

stable (LAS) if ēy min
{
1, P

kθy

}
f(k) < dy.251

Therefore, when the death rate of consumers exceeds their growth rate, both252

consumers and predators will die out, leaving only producers to survive. The popula-253

tion density of producers will eventually stabilize at the maximum carrying capacity254

limited by the availability of light and phosphorus, i.e., k = min
{
K, P

Qm

}
.255

The existence of the producer-consumer equilibrium E2(x̄, ȳ, 0) depends on the256

growth and death rates of consumers. To ensure the survival of consumers, the growth257

rate of consumers must be greater than their death rate. Conversely, the death rate of258

predators should exceed their growth rate, leading to their eventual extinction. These259

conditions can be captured by the following inequalities:260

G(k, 0, 0) = ēy min
{
1,

P

θy

}
f(x)− dy > 0,(3.1)261

H(x̄, ȳmax, 0) = ez min
{
1,

θy
θz

}
g(ȳmax)− dz < 0,(3.2)262

where ȳ ≤ ȳmax = P
θy

− f−1
(

dy

ēy

)
, as discussed in Appendix B.3. Inequalities (3.1)263

and (3.2) provide sufficient conditions for the existence of E2.264

The stability of equilibrium E2 can be determined by analyzing the nullclines of265

the producer and consumer.266

Theorem 3.5. In region I (x + y < P
θy
), E2 is LAS if the producer nullcline is267

decreasing, and E2 is unstable if it is increasing. In region II ( x + y > P
θy
), E2 is268

LAS if the slope of the consumer nullcline is higher than the slope of the producer269

nullcline; otherwise, E2 is unstable.270

Biologically, this implies that when the producer’s growth rate is much faster than271

that of grazers, eventually, producers, grazers, and predators can all survive. If the272

producer’s growth rate is positive but their increasing speed is not very rapid, then273

grazers can survive, but predators cannot survive.274
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For the coexistence equilibrium E∗(x∗, y∗, z∗), define275

L1 :=
eyx

∗c1
a1

− dy −
c2z

∗

a2 + P/θy
,276

L2 :=
ez min

{
1,

θy
θz

}
y∗c2

a2
− dz,277

L3 :=dyez min
{
1,

θy
θz

}
y∗ + dzz

∗ − eyez min
{
1,

θy
θz

}
bx∗,278

L4 :=ez min
{
1,

θy
θz

} k

min
{
K, Pm

Qm

} − 1

 eybx
∗ + (dy279

−hm min
{
1,

Qm

θy

} a1
c1 + k

k

)
y∗ +

(
1− k

K

)
eybk

]
+ dzz

∗,280

then the following theorem provides a sufficient condition for the global stability of281

the internal equilibrium E∗(x∗, y∗, z∗).282

Theorem 3.6. The internal equilibrium E∗(x∗, y∗, z∗) is globally asymptotically283

stable (GAS) if Li ≤ 0 for i=1,2,3,4 and at least one of these inequalities is strictly284

negative.285

In subsection 4.1, we provide a numerical example to further illustrate the prac-286

tical application of this theorem.287

(a) (b) (c)

Fig. 3: (a) Stoichiometry confined feasible region Ω in phase space. The shaded surface is defined by
y = y∗. (b) Internal equilibrium in x-z plane as y = y∗. The blue curves refer to F0(x, z) for different
K values, and the peak-shaped curve is defined by G0(x, z). The intersection points of F0(x, z) and
G0(x, z) are internal equilibria. The solid dot implies the stable equilibrium while the circle denotes
the unstable equilibrium. (c) E∗ is GAS.

4. Numerical simulation. In this section, we study the system (2.4) with the288

help of numerical simulation. The parameters are shown in Table 1. We set the initial289

state as (x(0), y(0), z(0)) = (0.5, 0.5, 0.5) for all simulations.290

4.1. Numerical analysis of internal equilibria. If the system (2.4) admits291

an internal equilibrium E∗(x∗, y∗, z∗), we can solve y∗ from H(x∗, y∗, z∗) = 0:292

y∗ = g−1

 dz

ez min
{
1,

θy
θz

}
 .293
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Therefore, we can degenerate the system into a two-dimensional x-z system by294

fixing y = y∗. This allows us to study the internal equilibrium of the system (2.4)295

on the x-z plane, as depicted in Figure 3a. For convenience, we denote F (x, y∗, z)296

and G(x, y∗, z) as F0(x, z) and G0(x, z), respectively. Intersections of F0(x, z) and297

G0(x, z) represent internal equilibria. Figure 3b illustrates that there exists at most298

one internal equilibrium in all cases.299

We provide an example to demonstrate the application of Theorem 3.6 using the300

following parameter values: b = 0.8, dy = 0.005, dz = 0.0003, a1 = 8, a2 = 2,301

P = 0.06, K = 1.25, ρ = 4, ey = 0.2, Pm = 0.001, and hm = 0.4. The remain-302

ing parameters are specified in Table 1. With these parameter values, we obtain303

L1 = −0.0019 < 0, L2 = 0, L3 = −0.0001 < 0, and L4 = −0.1486 < 0, which satisfy304

all the conditions stated in Theorem 3.6. Therefore, we can conclude that the equi-305

librium point E∗ = (1.2465, 0.0269, 2.9515) is GAS, which is further supported by the306

simulation results shown in Figure 3c.307

Fig. 4: Sensitivity analysis for Q, ēy , β, γ, ρ, Qm and K.

4.2. Sensitivity analysis. We perform the sensitivity analysis by calculating308

the partial ranked correlation coefficient (PRCC) with respect to the consumer pop-309

ulation to assess the influence of different parameters as shown in Figure 4. The310

threshold value for maximal production efficiency of consumers, ēy, exhibits a rel-311

atively high sensitivity index. From equation (2.3), it is obvious that ēy directly312

influences the production efficiency of consumers. In this paper, we chose a reason-313

able value of 0.7 for ēy. Another parameter that demonstrates notable sensitivity is314

K, which represents light intensity input into the system. Light intensity indirectly315

influences the quality and quantity of food available to consumers. Moreover, the316

fear effect coefficient (i.e., ρ), indicating the magnitude of the fear effect, exhibits the317

highest sensitivity. This suggests that even slight changes in fear effect can have a318

substantial impact on the system dynamics. We will further investigate the roles of319

these two parameters, K and ρ, in the following sections.320

4.3. Influence of light intensity. Light intensity plays a crucial role in the321

carbon synthesis of producers, subsequently affecting their nutrient levels. Inade-322

quate light intensity has been shown to result in reduced carbon assimilation [58].323

Conversely, strong light intensity often leads to abundant carbon, which results in a324

low P:C ratio in producers. In this section, we choose K as a bifurcation parameter325
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(a) ρ = 0 (b) ρ = 1 (c) ρ = 2.7

Fig. 5: Bifurcation diagrams over K. (a) ρ=0. (b) ρ=1. (c) ρ=2.7.

to investigate how light intensity influences the system, as shown in Figure 5. Addi-326

tionally, Figure 6 presents the time series of the system (2.4). Figure 7 illustrates the327

corresponding trajectories in three-dimensional phase space.

(a) K = 0.1 (b) K = 0.22 (c) K = 0.4 (d) K = 0.6

(e) K = 2 (f) K = 7 (g) K = 8.6 (h) K = 10

Fig. 6: Time series of the system (2.4) without fear effect. (a) K = 0.1, producer-only equilibrium
E1 is stable. (b) K = 0.22, producer-consumer equilibrium E2 is stable. (c) K = 0.4, coexistence
equilibrium E∗ is stable. (d) K = 0.6, system (2.4) admits a limit circle. (e) K = 2, system
(2.4) is chaotic. (f) K = 7, coexistence equilibrium E∗ is stable. (g) K = 8.6, producer-consumer
equilibrium E2 is stable. (h) K = 10, producer-only equilibrium E1 is stable. We take Q̄=0.0033.
Other parameters are specified in Table 1.

328

We first discuss the case when there is no fear effect. i.e., ρ=0 (Figure 5a).329

Extremely low light intensity (0 < K < 0.2) can only support the survival of producers330

at very low densities. However, both consumers and predators go extinct due to the331

lack of food, as depicted in Figure 5a. A specific scenario for K = 0.1 is shown in332

Figure 6a. When the light intensity is increasing but still at a relatively low level333

(0.2 < K < 0.23), both producers and consumers can coexist, and the boundary334

equilibrium E2 is stable (e.g., K = 0.22 in Figure 6b and Figure 7b). As light335

intensity increases further, it becomes sufficient to support the survival of the entire336

system. In the range of 0.23 ≤ K ≤ 0.52, a unique stable internal equilibrium emerges,337

indicating that all three species coexist in a stable state (e.g., K = 0.4 in Figure 6c338
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(a) K = 0.1 (b) K = 0.22 (c) K = 0.4 (d) K = 0.6

(e) K = 2 (f) K = 7 (g) K = 8.6 (h) K = 10

Fig. 7: Trajectories of the system (2.4) in phase space without fear effect. (a) K = 0.1, producer-only
equilibrium E1 is stable. (b) K = 0.22, producer-consumer equilibrium E2 is stable. (c) K = 0.4,
coexistence equilibrium E∗ is stable. (d) K = 0.6, system (2.4) admits a limit circle. (e) K = 2,
system (2.4) is chaotic. (f) K = 7, coexistence equilibrium E∗ is stable. (g) K = 8.6, producer-
consumer equilibrium E2 is stable. (h) K = 10, producer-only equilibrium E1 is stable. We take
Q̄=0.0033. Other parameters are specified in Table 1.

and Figure 7c).339

When light intensity reaches an intermediate threshold value (K = 0.52), a Hopf340

bifurcation occurs, resulting in abrupt changes in the dynamics of the system (2.4).341

As light intensity continues to increase (0.52 < K < 1.1), the densities of three species342

exhibit periodic variations. Figure 6d and Figure 7d illustrate the presence of a limit343

cycle when K = 0.6. However, as K surpasses 1.1, the system undergoes a transition344

to chaotic dynamics (e.g., K = 2 in Figure 6e and Figure 7e). As light intensity345

further increases (3 ≤ K ≤ 6.5), the system transitions back to a limit cycle with346

the amplitude of the limit cycle gradually decreasing to zero. At K = 6.5, another347

Hopf bifurcation occurs. With even higher light intensities (6.5 < K < 8.54), the348

system converges to a stable internal equilibrium again (e.g., K = 7 in Figure 6f and349

Figure 7f).350

Note that as light intensity increases, producers are able to synthesize more car-351

bon, leading to a decrease in their P:C ratio. As a result, the densities of consumers352

and predators tend to decrease as their primary food source becomes less nutritious.353

When the light intensity is large (8.54 < K < 8.73), food quality for consumers is354

too low to sustain the survival of predators. (e.g., K = 8.6 in Figure 6g and Fig-355

ure 7g). Further increasing light intensity (K > 8.73), extremely low nutrient food356

causes consumers to perish as well (e.g., K = 10 in Figure 6h and Figure 7h).357

4.4. Fear effect stabilizes the system. In a predator-prey system, the fear358

effect can significantly impact the behavior of prey, including their habitat use, for-359

aging behavior, metabolic rate, and reproduction rate [16, 61, 19]. In this section, we360

investigate the role of fear effect through bifurcation diagrams.361

We discussed the case when there is no fear effect in subsection 4.3. However, as362

the magnitude of the fear effect increases, the previously observed chaos interval grad-363

ually fades out, leading to a more stable system, as illustrated in Figure 5. Under the364
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(a) Producer (b) Grazer (c) Predator

Fig. 8: Bifurcation diagram over fear effect coefficient ρ.

Fig. 9: The maximum Lyapunov exponent with respect to the fear effect coefficient ρ.

presence of strong fear effects, the influence of light intensity on population dynamics365

can be significantly different. For instance, when ρ = 2.7, chaos is no longer observed366

as light intensity increases. Instead, a distinct pattern emerges, characterized by a367

periodic oscillation followed by a stable state, and then another periodic oscillation.368

This shift in behavior highlights the stabilizing effect of fear on the system.369

The parameter ρ represents the magnitude of the fear effect. We further explore370

the influence of the fear effect through bifurcation diagrams across varying values371

of ρ, as shown in Figure 8. We set K = 1.5, Q̄ = 0.0033, and keep the remaining372

parameters as specified in Table 1. When the fear effect is weak (ρ < 1.2), the system373

exhibits chaotic behavior. This is also evidenced by Figure 9, where the maximum374

Lyapunov exponent is positive. As the fear effect increases (1.2 < ρ < 2.9), the system375

displays periodic dynamics with the amplitude of the limit cycle gradually decreasing376

to zero. This correlation is supported by Figure 9, where the maximum Lyapunov377

exponent is negative, indicating the absence of chaos and a growing stability in the378

system. Further increasing fear effect (ρ > 2.9) leads the system to converge towards379

a unique stable equilibrium. These results further suggest that stronger fear effects380

promote system stability.381

4.5. Strong fear effect promotes trophic energy transfer efficiency. Be-382

yond stability, the influence of the fear effect varies significantly among different383

trophic populations. Figure 10 illustrates the mean population densities affected by384

the fear effect. When the fear effect is relatively weak, the mean population density385
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of grazers decreases, while both producers and predators exhibit the opposite trend.386

However, as the fear effect strengthens further, the populations of producers and graz-387

ers stabilize at a constant level, while the predator population continues to rise. This388

suggests that a low fear effect promotes producer growth, and predators consistently389

benefit from the fear effect, even at higher levels.390

Given the substantial variation in the effect of fear on different trophic popula-391

tions, we also aim to determine the trophic energy transfer efficiency. The trophic392

energy transfer efficiencies between producers and grazers, and between grazers and393

predators, are defined as follows:394

R1 = h(z,Q)min
{
1,

Q

θy

}
,(4.1)395

R2 = ez min
{
1,

θy
θz

}
.(4.2)396

The trophic transfer efficiency between producers and predators is then given by397

R1R2. The mean trophic energy transfer efficiency is illustrated in Figure 10d. When398

the fear effect is in a low range, the influence of fear effect to trophic transfer effciciency399

is not obvious. However, when the fear effect is relatively strong, as ρ increases, the400

mean trophic efficiency shows an increasing trend. This also aligns with the variation401

in population density.402

(a) (b)

(c) (d)

Fig. 10: Impact of fear effect on mean population density across trophic levels: (a) Producer, (b)
Grazer, (c) Predator, and on (d) Mean trophic energy transfer efficiency.
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(a) ρ = 0 (b) ρ = 0.5

(c) ρ = 2.7 (d)

Fig. 11: (a) Production efficiency for consumers as ρ=0. (b) Production efficiency for consumers as
ρ=0.5. (c) Production efficiency for consumers as ρ=2.7. (d) The maximum value of Production
efficiency for consumers as ρ=2.5, compared with the case ρ=0.

4.6. Fear effect amplifies the impact of food quality. The production effi-403

ciency of consumers is given by R1 in (4.1). In this section, we aim to investigate the404

interactive effect of fear effect and food nutrients on consumer production efficiency.405

We consider two cases with different threshold values of nutrient level in producers406

(i.e., Q̄).407

In the first case, we consider a relatively low threshold value, Q̄ = 0.0033. In this408

scenario, the P:C ratio in producers (i.e., Q) always remains higher than Q̄.409

When there is no fear effect present (i.e., ρ = 0), the production efficiency solely410

depends on the food nutrient level, which is influenced by light intensity. When the411

light intensity is relatively low (K < 0.23), the high P:C ratio in producers does not412

restrict consumer growth. As a result, the production efficiency for consumers remains413

constant (ēy), as shown in Figure 11a. As light intensity increases, producers are414

capable of synthesizing more carbon, leading to a decrease in the intrinsic P:C ratio.415

When the P:C ratio of producers falls below the consumer’s P:C ratio θy, consumers416

are unable to fully utilize all the nutrients available in the producers. As a result, the417

production efficiency of consumers starts to decline, as depicted in Figure 11a.418

Next, we introduce the fear effect into the system. Under extremely low light419

intensity (K < 0.23), predators cannot survive due to scarcity of food. Consequently,420

there is no fear effect exerted by predators, and the production efficiency for consumers421
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remains constant (ēy). As light intensity reaches a level that can sustain the survival422

of all three species (0.23 < K < 8.54), the fear effect starts to influence the production423

efficiency of consumers. When the light intensity is in a moderate range where the424

nutrient level of producers is optimal for consumers, the presence of indirect predation425

risk from predators enhances the production efficiency of consumers, as shown in426

Figure 11b and Figure 11c. This implies that when Q > Q̄, the fear effect can amplify427

the positive impact of high food quality on the growth of consumers. Moreover,428

stronger fear effects result in a more pronounced increase in production efficiency.429

We now consider the second case where the threshold of food nutrients is relatively430

high (Q̄ = 0.03). Figure 11d compares the maximum value of production efficiency431

for consumers between ρ = 2.5 and ρ = 0. In the case of extremely low light intensity432

(K < 0.23) or extremely high light intensity (K > 8.7), there is no fear effect generated433

by predators, as predators cannot survive due to limited quantity or low-quality food434

(see the discussion in subsection 4.3). Therefore, the curves of the maximum value of435

production efficiency for ρ = 2.5 and ρ = 0 collapse into a single curve. When the light436

intensity is in a moderate range (0.23 < K < 2.26), the nutrient level in producers is437

relatively high and exceeds Q̄ (i.e., Q > Q̄). In this case, the presence of the fear effect438

significantly promotes the maximal production efficiency of consumers, as shown in439

Figure 11d. On the other hand, when light intensity is high (2.26 < K < 8.7), nutrient440

level in producers is relatively low and falls below Q̄ (i.e., Q < Q̄). In this case, the441

production efficiency decreases as light intensity increases, and the presence of the442

fear effect further exacerbates this decline. This implies that fear effect can amplify443

the impact of food quality on the growth of consumers.444

5. Discussion. The response of prey to fear effect has been observed to be445

dependent on food quality in a recent experimental study [4]. However, previous446

studies treated fear effects and food quality as separate factors without establishing a447

connection between them. To bridge this gap, we proposed a novel three-dimensional448

food chain model (2.4) that integrates stoichiometric food quality and fear effects.449

Notably, food quality for consumers can be indirectly influenced by light intensity.450

Therefore, in this study, we conducted a rigorous analysis to explore the influence of451

light intensity, fear effect, and the interactive effect of food quality and fear effect on452

population dynamics.453

Mathematical analysis reveals that our system is resilient and will never go ex-454

tinct completely. When the death rate of consumers exceeds their growth rate, both455

consumers and predators will die out, leaving only producers to survive. Conversely,456

when the growth rate of consumers exceeds their death rate, while predators experi-457

ence the opposite, then both producers and consumers can coexist.458

Our findings also show that light intensity plays a crucial role in shaping pop-459

ulation dynamics by impacting producer nutrient levels and carbon synthesis. Nu-460

merical analysis reveals that as light intensity varies, the system demonstrates quasi-461

symmetric dynamics. In the absence of the fear effect (ρ = 0), the system exhibits462

dynamics similar to those observed in [5]. As light intensity transitions from extremely463

low or extremely strong to intermediate levels, the system undergoes a sequence of464

states, including a producer-only state, a producer-consumer state, a coexistence sta-465

ble state, periodic oscillations, and chaos. This implies that excessively high or low466

light intensity is detrimental to biodiversity, while moderate light intensity allows for467

the coexistence of all three species.468

However, with the magnitude of the fear effect increasing, chaos gradually di-469

minishes, indicating that fear effect stabilizes the system, which aligns with previous470
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studies [65, 41, 52, 29, 1, 36]. Moreover, as the fear effect increases, the system471

undergoes a transition from chaotic to periodic dynamics and eventually reaches an472

equilibrium state. This further confirms our conclusion.473

Beyond stability, the fear effect has diverse impacts on different trophic popu-474

lations. A low fear effect promotes producer growth and decreases grazer growth;475

however, predators consistently benefit from increasing fear effect, even at higher lev-476

els. Additionally, at higher fear effect levels, an increase in fear promotes mean trophic477

energy transfer efficiency.478

Furthermore, we demonstrate that fear effect amplifies the effects of food quality479

on consumers. When the food quality is high (Q > Q̄), the presence of the fear effect480

enhances the production efficiency of consumers. Conversely, when food quality is481

poor (Q < Q̄), the fear effect exacerbates the decline in production efficiency caused482

by low-nutrient food. This finding is consistent with experimental observations [4].483

The presence of indirect predation risk from predators can influence key life-history484

responses in consumers, such as increased nutrient demand [53], accelerating repro-485

duction at a smaller size [3], and enhancing consumer agility [66], which improves486

chances of escaping actual predation. When combined with high-quality food, these487

adaptations lead to higher survival rates for consumers. However, in nutrient-limited488

environments, the fear effect may further exacerbate the challenges imposed by stoi-489

chiometric constraints, potentially leading to population declines or even extinction.490

In this paper, we focused on the stoichiometry-dependent fear effect in a simple491

three-dimensional food chain. However, predator-prey interactions in natural commu-492

nities are far more complex. For instance, intraspecific competition among predators493

or prey is commonly observed [7], and extremely strong competition may cause the494

extinction of weaker species. Several recent studies have explored the fear effect on495

predator-prey systems with intraspecific competition [39, 51, 40, 1]. Additionally,496

middle predators may also exert fear effects on their prey, as studied in [41, 8]. Con-497

sidering that the fear effect is highly dependent on food quality, further exploration498

of the influence of food quality on these intricate predator-prey interactions may pro-499

vide valuable insights for better understanding population dynamics. Moreover, in500

addition to food quality, the behavioral response of prey to indirect predation risk can501

also be influenced by other internal factors, including their fitness state, size, and age502

[54, 25, 37]. Incorporating these essential factors in future research may contribute503

to a more realistic understanding of predator-prey dynamics and the role of fear in504

shaping ecological communities.505

Appendix A. Well-definedness.506

A.1. Proof of Theorem 3.1.507

Proof. x′(t) is well defined as x −→ 0, since

dx

dt
= bx

1− x

min
{
K,

P−θyy−θzz
Qm

}
− f(x)y.

From system (2.4), we have508
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dy

dt
= h(z,Q)min

{
1,

Q

θy

}
f(x)y − g(y)z − dyy509

=



(
ρ
P − θyy − θzz − Q̄x

P − θyy − θzz + γx

z

z + β
+ ēy

)
f(x)y − g(y)z − dyy,

θyx+ θyy + θzz < P,(
ρ
P − θyy − θzz − Q̄x

P − θyy − θzz + γx

z

z + β
+ ēy

)
P − θyy − θzz

θy

f(x)

x
y − g(y)z − dyy,

θyx+ θyy + θzz > P.

510

Since f(x)
x satisfies

(
f(x)
x

)′
< 0 for x > 0 and lim

x−→0

f(x)
x = f ′(0) < ∞, then y′(t) is511

well defined at x −→ 0. This completes the proof.512

A.2. Proof of Theorem 3.2.513

Proof. Assume S(t) = (x(t), y(t), z(t)) is a solution of system (2.4) with S(0) ∈ Ω514

and t1 is the first time that S(t) touches or crosses the boundary of Ω. We will prove515

the theorem by contradiction arguments from five cases.516

Case 1. x(t1) = 0. Let f ′(0) = lim
x→0

f(x)
x , and ȳ = max

t∈[0,t1]
y(t) ≤ P

θy
.517

Then ∀t ∈ [0, t1], we have518

dx

dt
≥ −f(x)y ≥ − max

t∈[0,t1]

f(x)

x
ȳx = δ1x,519

where δ1 is a constant. Thus, x(t1) ≥ x(0)eδ1t1 > 0 holds, which contradicts with520

x(t1) = 0. Therefore, S(t1) can not reach this boundary.521

Case 2. y(t1) = 0.522

Let g′(0) = lim
y→0

g(y)
y , and z̄ = max

t∈[0,t1]
z(t) ≤ P

θz
.523

∀t ∈ [0, t1], it follows that524

dy

dt
≥ −g(y)z − dyy ≥ −

(
max

t∈[0,t1]

g(y)

y
z̄ + dy

)
y = δ2y,525

where δ2 is a constant. Thus, y(t1) ≥ y(0)eα2t1 > 0 holds, which contradicts with526

y(t1) = 0. Therefore, S(t1) can not reach this boundary.527

528

Case 3. z(t1) = 0.529

∀t ∈ [0, t1], it follows that530

dz

dt
= ez min

{
1,

θy
θz

}
g(y)z − dzz ≥ −dzz = δ3z,531

where δ3 is a constant. Thus, z(t1) ≥ z(0)eδ3t1 > 0 holds, which contradicts with532

z(t1) = 0. Therefore, S(t1) can not reach this boundary.533

534

Case 4. Qmx(t1) + θyy(t1) + θzz(t1) = P , i.e., Q(t1) =
P−θyy(t1)−θzz(t1)

x(t1)
= Qm.535

It follows that536

bx(t1)

1− x(t1)

min
{
K,

P−θyy(t1)−θzz(t1)
Qm

}
 = bx(t1)

(
1− x(t1)

min{K,x(t1)}

)
≤ 0.537
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Since ez < 1 and h(z(t1), Qm) < 1, we have538

d(Qmx+ θyy + θzz)

dt

∣∣∣∣∣
t=t1

539

≤y(t1)[(h(z(t1), Qm)min{θy, Qm} −Qm)f(x(t1))− θydy] + z(t1)[(ez min{θy, θz}540

− θy)g(y(t1))− θzdz] ≤ 0.541

This implies that S(t1) can not cross this boundary.542

543

Case 5. x(t1) = k, where k = min
{
K, P

Qm

}
. It follows that544

dx

dt

∣∣∣∣∣
t=t1

≤ bx(t1)

1− x(t1)

min
{
K, P

Qm

}
 = bx(t1)

(
1− x(t1)

k

)
= 0.545

Therefore, S(t1) can not cross this boundary.546

In summary, the solution S(t) of system (2.4) starting from Ω will stay in Ω for547

all forward time.548

Appendix B. Analysis of equilibria. To simplify the analysis, we rewrite549

system (2.4) in the following form:550

(B.1)


dx

dt
= xF (x, y, z),

dy

dt
= yG(x, y, z),

dz

dt
= zH(x, y, z),

551

where552

F (x, y, z) = b

1− x

min
{
K,

P−θyy−θzz
Qm

}
− f(x)

x
y,553

G(x, y, z) = h(z,Q)min
{
1,

Q

θy

}
f(x)− g(y)

y
z − dy,554

H(x, y, z) = ez min
{
1,

θy
θz

}
g(y)− dz.555

The boundary equilibria are E0(0, 0, 0), E1(k, 0, 0), and E2(x̄, ȳ, 0). We consider the556

Jacobian matrix of system (B.1) to study the local stability of the equilibria.557

B.1. Proof of Theorem 3.3.558

Proof. At E0(0, 0, 0), the Jacobian matrix is given by559

J(E0) =

b 0 0
0 −dy 0
0 0 −dz

 .560

Since the eigenvalues have different signs, E0 is unstable.561
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B.2. Proof of Theorem 3.4.562

Proof. At E1(k, 0, 0), the Jacobian matrix is given by563

J(E1) =

−b kFy(k, 0, 0) kFz(k, 0, 0)

0 ēy min
{
1, P

kθy

}
f(k)− dy 0

0 0 −dz

 .564

If ēy min
{
1, P

kθy

}
f(k) ≥ dy, then E1 is unstable; otherwise, E1 is LAS.565

B.3. Complementary analysis of existence of E2. To show conditions for566

the existence of equilibrium E2, we follow the terminologies in [34, 46, 5]. The567

boundary equilibrium E2(x̄, ȳ, 0) can be viewed as internal equilibrium of the two-568

dimensional subsystem without predators. Therefore, it is sufficient to study the569

stability of E2 in x-y plane. We separate region Ω in x-y plane into two parts by the570

line x+y = P
θy
. The lower region and upper region are denoted as I and II respectively571

in Figure 12.572

(a) (b)

Fig. 12: (a) The producer nullcline F (x, y, 0) = 0 (parabola) and the consumer nullcline G(x, y, 0) = 0
(peak-shaped curve) in x-y plane for the truncated triangular pyramid case. (b) The nullclines for
the producer-consumer system as K = 8. The solid circles denote stable equilibria and open circles
represent unstable equilibria.

The nullclines of consumers consist of three curves x = f−1(
dy

ēy
), y = −dy

ēy
x

f(x)+
P
θy
,573

and y = 0 as Figure 12. Clearly, there is a peak at the intersection of x = f−1(
dy

ēy
)574

and y = −dy

ēy
x

f(x) +
P
θy
. Therefore, E2 must satisfy575

ȳ ≤ ȳmax =
P

θy
− f−1

(
dy
ēy

)
.576

B.4. Proof of Theorem 3.5.577

Proof. To analyze the local stability of E2, we apply the method of Jacobian578

matrix as in [34]. The Jacobian matrix of E2(x̄, ȳ, 0) is given by579

J(E2) =

(
Jsub J1
(0, 0) H(x̄, ȳ, 0)

)
,580
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where J1 is a 2x1 matrix, and581

Jsub =

(
x̄F1x(x̄, ȳ) x̄F1y (x̄, ȳ)
ȳG1x(x̄, ȳ) ȳG1y (x̄, ȳ)

)
.582

Note that the sign of eigenvalues of matrix J(E2) depends only on the sign ofH(x̄, ȳ, 0)583

and eigenvalues of Jsub. Therefore, we can disregard J1 when studying the stability584

of E2.585

Here,586

F1x = − b

min{K,
P−θyy
Qm

}
−
(
f(x)

x

)′

y,587

F1y =


−f(x)

x
< 0, y ≤ P−QmK

θy
,

− bQmθyx

(P − θyy)2
− f(x)

x
< 0, y > P−QmK

θy
,

588

G1x =


ēyf

′(x) > 0, x+ y < P
θy
,

ēy
P − θyy

θy

(
f(x)

x

)′

< 0, x+ y > P
θy
,

589

G1y =

0, x+ y < P
θy
,

−ēy
f(x)

x
< 0, x+ y > P

θy
.

590

Hence, the trace and determinant of Jsub are given by591

Tr(Jsub) = x̄F1x + ȳG1y ,592

Det(Jsub) = x̄ȳ(F1xG1y − F1yG1x).593

The slopes of the producer and consumer nullclines at (x, y) are defined by594

−F1x/F1y and −G1x/G1y , respectively. We consider the following two cases:595

Case1: When (x, y) is in region I, i.e., x+ y < P
θy
.596

At E2, G1x > 0, G1y = 0 and F1y < 0. It follows that597

Det(Jsub) > 0,598

sign(Tr(Jsub)) = sign(F1x) = sign

(
−F1x

F1y

)
.599

If the producer nullcline is decreasing at E2, then Tr(Jsub) < 0 and E2 is LAS. If the600

producer nullcline is increasing at E2, then Tr(Jsub) > 0 and E2 is unstable.601

Case2: When (x, y) is in region II, i.e., x+ y > P
θy
.602

At E2, G1x < 0, G1y < 0 and F1y < 0. It follows that603

sign(Det(Jsub)) = sign

(
F1xG1y −G1xF1y

F1yG1y

)
= sign

(
−G1x

G1y

−
(
−F1x

F1y

))
.604

Therefore, at E2, if the slope of the consumer nullcline is less than the slope of the605

producer nullcline, i.e., −G1x

G1y
< −F1x

F1y
, then Det(Jsub) < 0 and E2 is unstable. If the606

slope of the consumer nullcline is higher than the slope of the producer nullcline, i.e.,607

0 > −G1x

G1y
> −F1x

F1y
, then Det(Jsub) > 0, F1x < 0, Tr(Jsub) < 0. Hence, E2 is LAS.608
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B.5. Proof of Theorem 3.6.609

Proof. We prove this theorem by constructing a Lyapunov function. Consider610

L(x, y, z) =α1

(
x− x∗ − x∗ ln

( x

x∗

))
+ α2

(
y − y∗ − y∗ ln

(
y

y∗

))
611

+ α3

(
z − z∗ − z∗ ln

( z

z∗

))
,612

for any (x, y, z) ∈ Ω. It is easy to prove that L is positive definite. Differentiating L613

with respect to t, we have614

dL(x(t), y(t), z(t))

dt
615

=α1

(
1− x∗

x

)
dx

dt
+ α2

(
1− y∗

y

)
dy

dt
+ α3

(
1− z∗

z

)
dz

dt
616

=

α1bx− α1bx
2

min
{
K,

P−θyy−θzz
Qm

} − α1f(x)y − α1bx
∗ +

α1bx
∗x

min
{
K,

P−θyy−θzz
Qm

}617

+α1
x∗

x
f(x)y

]
+

[
α2h(z,Q)min

{
1,

Q

θy

}
f(x)y − α2g(y)z − dyα2y618

−α2y
∗h(z,Q)min

{
1,

Q

θy

}
f(x) + α2

y∗

y
g(y)z + dyα2y

∗
]

619

+

[
α3ez min

{
1,

θy
θz

}
g(y)z − α3dzz − α3z

∗ez min
{
1,

θy
θz

}
g(y) + α3dzz

∗
]

620

=

[
α2h(z,Q)min

{
1,

Q

θy

}
f(x)y − α1f(x)y

]
+

[
α3ez min

{
1,

θy
θz

}
g(y)z − α2g(y)z

]
621

+

[
α1

x∗

x
f(x)y − dyα2y − α3z

∗ez min
{
1,

θy
θz

}
g(y)

]
+

[
α2

y∗

y
g(y)z − α3dzz

]
622

623

+

α1b(x− x∗)− α1b(x
2 − x∗x)

min
{
K,

P−θyy−θzz
Qm

} − α2y
∗h(z,Q)min

{
1,

Q

θy

}
f(x)624

+dyα2y
∗ + α3dzz

∗]625

= : J1 + J2 + J3 + J4 + J5.626

Let α3 = 1, α2 = ez min
{
1,

θy
θz

}
, and α1 = eyα2. It follows that627

J1 = α2

(
h(z,Q)min

{
1,

Q

θy

}
− ey

)
f(x)y ≤ 0,628

J2 = α2g(y)z − α2g(y)z = 0,629

J3 = α2

(
eyx

∗c1
a1 + x

− dy −
c2z

∗

a2 + y

)
y ≤ α2

(
eyx

∗c1
a1

− dy −
c2z

∗

a2 + P/θy

)
y.630

Thus, if L1 ≤ 0, then J3 ≤ 0 holds.631

Furthermore, J4 satisfies632

J4 = α2
y∗

y

c2y

a2 + y
z − dzz ≤

(
α2y

∗c2
a2

− dz

)
z =

ez min
{
1,

θy
θz

}
y∗c2

a2
− dz

 z.633
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Thus if L2 ≤ 0, then J4 ≤ 0 holds.634

For J5, we have635

J5 =− α1b

min
{
K,

P−θyy−θzz
Qm

}x2 +

α1b+
α1bx

∗

min
{
K,

P−θyy−θzz
Qm

}636

−α2y
∗h(z,Q)min

{
1,

Q

θy

} a1
c1 + x

]
x+ (−α1bx

∗ + dyα2y
∗ + α3dzz

∗)637

= : −Ax2 +Bx+ C.638

Note that A > 0, then J5 ≤ 0 for all x ∈ Ω if and only if C ≤ 0 and −Ak2+Bk+C ≤ 0.639

Apparently, C ≤ 0 if and only if L3 ≤ 0.640

Moreover, by assumption (A3), we have641

−Ak2 +Bk + C642

≤− α1bk
2

K
+

α1b+
α1bx

∗

min
{
K, Pm

Qm

} − α2y
∗hm min

{
1,

Qm

θy

} a1
c1 + k

 k + (−α1bx
∗

643

+ dyα2y
∗ + α3dzz

∗)644

=ez min
{
1,

θy
θz

} k

min
{
K, Pm

Qm

} − 1

 eybx
∗ + (dy645

−hm min
{
1,

Qm

θy

} a1
c1 + k

k

)
y∗ +

(
1− k

K

)
eybk

]
+ dzz

∗.646

Thus, if L4 ≤ 0, then −Ak2 +Bk + C ≤ 0.647

Therefore, if conditions Li ≤ 0 for i = 1, 2, 3, 4 hold, with at least one of these in-648

equalities being strictly negative, then dL
dt < 0. It follows that the internal equilibrium649

E∗ is GAS. This completes the proof.650
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