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Abstract
This study attempts to provide a better understanding of the
lateral pressures that stored materials may exert on their
containment vessels. In this respect, particular emphasis is
placed on pressures that ensue during an expanded or mass
flow of granular coal from a full sized cylindrical silo.
Included is an examination of the available literature as it
pertains to this more general purpose and following this,
field measurements taken from an operational silo are
reported and discussed.

Field measurements obtained include outer and inner
hoop steel strains recorded both dynamically and statically
for six vertical locations along a single meridian. The
results indicate a minimum dynamic overpressure factor (i.e.
the maximum observed ratio of flow pressure to initial
pressure) of 2.0 can be justified for coal pressures at
certain heights along this meridian in silos of similar
diameter and outlet geometry.
| Various static pressure theories are elaborated on and
a derivation is given to allow for compressibility effects
in granular materials within a Janssen-like pressure field.
An apparent relationship between the earth pressure ratio K
and relative density, also within a static field, is
discussed. Under conditions of flow, Jenike proposes a
minimum strain energy field in defining an upper bound to
design pressures and this theory has been expanded upon to

include wall strain energies.
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1. Introduction

1.1 Overview

The word 'silo' originated in the Greek language as
'siros' meaning a pit to store grain and over the centuries
has managed to retain this particular emphasis. Today, the
complete reference is more general, including below and
above ground storage of a variety of materials and objects.
In the context of this study, a silo is an elevator or free
standing bin, and may store a variety of bulk products in
addition to grain, such as coal or cement. It is ideally
suited to these types of product; it acts as a storage
device, provides protection to and from the environment, and
allows for a relatively problem free loading system using a
rather inexpensive motive force, gravity.

In western Canada today the long range prospects are
encouraging for continued resource development, particularly
for thermal and metallurgical coal. Consequently, the need
for additional bulk materials handling facilities can be
foreseen. Because large diameter silos fulfill the dual role
of tertiary storage and loadout, they are now and will
continue to be a common sight at most mine sites,
particularly if unit trains continﬁe to provide the primary
means of transport. The need for efficient and safe silo
designs is therefore firmly established.

A major concern of the structural designer is to know,

within reasonable limits, the loads that these structures



will be required to withstand during their operational life.
This has proven to be somewhat of a problem with silos; bulk
materials do not always manifest predictable behaviour. The
mechanics of granular materials, even for reasonably
homogenous and noncohesive materials, are little understood
when one imposes dynamic conditions as occur during flow.
This lack of predictability is compounded when this flow
channel develops within complex hopper geometries that are
generally the norm in silo applications.

Designs for silos must satisfy two major requirements;
flowability and strength. Flowability is determined through
a set of criteria involving a range of bulk material
propefties, wall roughnesses, and most importantly, hopper
geometries (i.e. hopper slopes and outlet dimensions).
Strength requirements are related directly to material
pressures. For a rectangular bin, bending is the primary
resistive mode. For a cylindrical bin, extensional wall
strength or membrane action is the primary resistive mode,
although eccentric flow effects can cause large moments to
develop.

Some indication of the many problems silo designers
have historically encountered is contained in discussions of
actual silo failures by Sadler (1980) and Theimer (1969).
Although the former deals largely with coal storage and the
latter deals exclusively with grain storage, both conclude
that serious structural deficiencies have most often

occurred due to inadequate consideration of material




pressures under flow and/or eccentric loading conditions.

This lack of consideration is primarily a result of;

1. the complexity of solid material flow and subsequent
obstacles to theoretical solutions

2. the observational difficulties in procuring pressure
data for a wide variety of silo-hopper configurations

In the review to follow, the developments in this field of

engineering are presented, from the historical perspective.

1.2 Historical Review

The experimental study of lateral pressures produced by
stored materials on their containment structures originated
in the works of Issac Roberts (1882, 1884). Roberts
conducted experiments on bin models and on intermediate
sized rectangular grain bins and found that upon filling,
once a materiél height of between two and three times the
smaller cross-sectional dimension was achieved, there
occurred no fﬁrther'increase in the lateral or vertical
material pressures. This was an important observation for up
until this time and indeed for a considerable time
thereafter, designers had assumed that bulk solids behave
similarly to fluids. Applied literally, this assumption
could result in a design that was both overly conservative
and unsafe in terms of horizontal and vertical loads
respectively. The design lateral pressure, according to
Roberts (1884), was then;

" something less than the pressure of a similar



column of water, but how much less did not appear to

be to be known either in England or America " |
Roberts' early work therefore recognized the role of wall
friction in reducing material pressures.

In 1895, H.A. Janssen (1895) published his now famous
and still widely used theory on pressures in silos. This
-theory will be presénted in detail in Sect. 2.1.3, but
generally it involves vertical equilibration of normal,
friction, and body forces acting on and within a
differential slice of material. Janssen conducted a series
of tests on small rectangular model bins using wheat and
corn as bulk materials and found the results compared
favourably with his analytical work. He recognized at this
time that the ratio K', an important parameter in his
material stress formulae, would probably reguire
experimental evaluation and he endeavoured to establish K
for each material he used.

Janssen's investigations dealt with predicting initial
pressure curves. The first reference in the literature to
what are now termed dynamic loads was made by another
German, Prante (1896), who reported increases as much as
four times the static loads on dischérge from full size
silos.

In that same year, Koenen (1896) suggested the
application'of Rankine's (1857) theory of active earth

- — e — ——— - ———

' K = the ratio between intensities of horizontal and
vertical pressures at a given point in a (soil) mass
(Terzaghi and Peck 1967). It is commonly referred to in soil
mechanics as the coefficient of lateral (earth) pressure.

g



pressures in evaulating K in Janssens' formula. This gives K
as a function of the angle of internal friction, ¢;
1 - sing
Ka = —4m8m8M —
1 + sing

Although this is a reasonable assumption if one
considers the material to be in a state of incipient active
failure using the Mohr-Coulomb failure criterion, it is
generally recognized that the use of Ka will lead to a lower
bound to the lateral pressures. The use of Ka in Janssen's
formulae, coupled with a general nonrecognition of
substantial dynamic pressures, has probably contributed to
many historical silo failures.

The science of lateral material pressures in silos
regressed somewhat with the publication by Airy (1897) of
his theories on sliding wedges of material in bins, a theory
somewhat similar to Coulomb's (1776) method of wedges for
retaining walls. Airy, due to an incorrect application‘of
Coulomb's theory, predicted a decrease in vertical pressures
after some particular height of material was achieved. This
decrease was not supported by then concurrent tests,
although an experimental aberation in earlier work by
Roberts did provide corroborative results.

Full size tests began on the North American continent
in 1897 in New York under Toltz. He used a 14 fobt square,
65 foot high wooden bin containing wheat, however Toltz did

not publish his results. The first mention of these findings



appeared in a latter discussion of Jamieson's (1903)
experiments, in which Toltz expressed general agreement with
Jamieson's results on discharge pressures.

J.A. Jamieson, a Canadian engineer, at the turn of the
century initiated tests on a full size grain silo located in
St.John, N.B. At that time, full size grain bins consisted
of rectangular compartments 12 to 14 feet square and were
constructed of 2" x 6" or 8" boards placed flat and nailed
to heights of 60 to 70 feet. Jamieson utilized perhaps for
" the first time, the hydraulic diaphram in measuring bin
pressures and found his static results compared favourably
with Janssen's. While monitoring discharge pressures
Jamieson found lateral pressure increases of only four
percent and for this reason took a dim view of Prante's
results. Jamieson continued his investigations, and in the
winter of 1903-04 conducted a series of well documented
tests on model bins in which he varied a number of the
recognized parameters. Again his static results agreed with
Janssen while his dynamic overpressures ranged from 5 to 9.3
percent, the latter occuring during a.rapid discharge of
material. He also observed the increased pressures caused by
an eccentric draw off on an opposite face. His attempts to
establish flow regimes within the bin using coloured grains
seem to indicate that he was experiencing funnel flow, at
least in the lower bin portions. Jamieson presented a

condensed version of his results in 1904.



Later that year Bovey (1904) published a paper in which
he described similar tests that he conducted on two full
size grain bins in Montreal and Quebec City. These tests
‘were commissioned by the City of Montreal in connection with
several condemned grain bin designs produced by Jamieson.,
The condemnations came from advocates of the eguivalent
fluid pressure theory but Bovey's static results supported
Jamieson and again there appeared to be no appreciable
dynamic effects.

Eckhardt Lufft (1904) revealed his findings from tests
conducted in Buenos Aires on reinforced concrete wheat bins
of 237-10" and 11/-3" inside diameters, both having a height
of 547-9", Unfortunately there appeared no mention of wall
thicknesses in the report although accompanying figures
suggested walls of 12 to 18 inches. Once again, Janssen's
theory approximated the static results while only slight
dynamic increases occured.

.Tests conducted by Pleissner (1906) also found
agreement with Janssen's solution although Pleissner
reported more substantial pressure increases on discharge.

Coincident to this period was the work of Ketchum, who
conducted tests in 1902-03 and again in 1909. In 1920
Ketchum's third edition of "The Design of Walls, Bins, and
Grain Elevators" summarized well the work up to that point
in time. Ketchum's state-of-the-art survey for this earliest
historical period can generally be summarized in 12

important points;



10.

1.

12,

there is a law for semi-fluids that differs
substantially from fluid pressure theory

P, ranges from 30 to 60 % of Py and increases little
after a depth of 2 1/2 to 3 times the diameter

the ratio of P, to Py, K, is not constant and therefore
must be determined experimentally for different
materials and geometries

during withdrawal, P, can increase up to 10%
discharge gates should be centrally located

eccentric discharge gates can result in lateral
pressures on an opposite side as much as 2 to 4 times
static

tie rods do not affect pressures

a_maximum value for P, is achieved immediately after
filling and this value can be affected by the rate of
filling

Janssen's or Airy's calculations agree with observed
pressures

measured unit pressures on small surfaces agree with
measured unit pressures on large sufaces

calculations on existing wooden bins revealed that fluid
theory design is overly conservative for lateral
considerations

buckled steel-walled bins were evidence that fluid

theory design can be unsafe for vertical considerations



Sundaram and Cowin (1979) have described the period
from 1920 to 1965 as a time of misconceptions and
misinformation, particularly when compared to the relatively
well documented tests of the pre-1920's. Support for this
viewpoint can be found, starting with a paper by R. Fleming
(1922) that appeared in the Engineering News Record in which
tables predicting coal pressures in bins were presented.
Ensuing issues contained a lively set of discussions that
centered on the relative applicability of several different
theories, including the equivalent fluid pressure theory. In
retrospect, there existed, even at this early period,
experimental and theoretical studies to support a variety of
theories. These studies, combined with the complexity of
granular media mechanics, particularly during discharge,
give little reason to believe this divergence of opinion
should not have occured. The advocates of Janssen's theory
gradually prevailed over the equivalent fluid pressure
thgorists, probably due in part to the influence of
Ketchum's text since it was frequently cited in the
literature of that period.

Quite probably, strict adherence to a Janssen analysis
of lateral pressures would have resulted in structural
failures on a grand scale, especially as there was occuring
at this time a shift to larger and more flexible containers.
By 1924, reinforced concrete storage bins for coal were
commonplace (Anqnymous 1924), usually cylindrical, with

heights varying from 30 to 60 feet, diameters varying from
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12 to 20 feet, thicknesses 6" and greater, and generally
side unloading. This structural evolution apparently spawned
from increasing fire insurance costs.

Failures were not predominant, even though many
designers had accepted the meager 10% dynamic increases over
static pressures on discharge as reasonable (Long 1931).
Safety factors may have provided the margin although
Janssen's formula does allow room for discretion in that the
material parameters can be chosen conservatively. For
example, Ward (1925), described designs for a reinforced
concrete cement silo in which an internal angle of friction
of 6° was used. This is approaching ¢ for liquids, (0°), and
results in a large value for Ka (i.e. 0.81).

Frenzel (1932), gave account of the shift in grain
storage structural material from wood to reinforced concrete
slip-formed circular bins, generally in rectangular rows,
from 15 to 30 feet in diameter, and from 50 to 120 feet
high. He quotes 7" as being the wall thickness for the
commonly used 24 foot diameter bin and also tells of the
widespread use of the Janssen formula.

Experimental study on bulk materials in bins is
sporadic during this periqd when compared to the intensity
of testing that occured along with Jamieson's valuable work
in the early 1900's. Malcalmont and Ashby (1934), while
testing ear corn in rectangular 24 ft high wooden cribs,
rediscovered the effects of wall friction in limiting

material pressures. Ten years later, Malcalmont and Besley
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(1939) are the major reference in an American Concrete
Institute recommendation for farm silos (1944) however the
contained material is now silage. Grass and corn silage are
by definition bu;k materials but their behavior indicates
the wide ranges bulk material pressures can span. The usual
concave downwards (exponentially decreasing) curve for
lateral pressures is not evident and in fact slightly
reversed indicating the effects of compressibility.

Kramer (1944) experimented with rough rice, another
fairly compressible bulk material, and also found a slight
upward concavity in the lateral pressure curve immediately
below the free surface. His unique tests indicated that K
was not constant but increased to a steady value of
approximately 0.48.

Admundson (1945) measured band stresses on the
perimeter of a relatively shallow bin containing wheat. He
found an overall K of 0.46 if Janssen's formula was employed
and concluded that this formula was safe for design.

Theoretical work on the predictions of lateral
pressures in silos had also been conspicuously absent for
the half century following the work of Janssen and Airy
until Jaky (1948) published his theories. Although his
solution was extremely complex and therefore too cumbersome
for design use, he did bring to light a number of important
ideas; his major contribution was that he was the first to
suggest that K should be understood as being the earth.

pressure at rest (i.e. K,) and gave this to be;
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Ko = 1 - sine

This has since been recognized as a major contribution to
the science of soil mechanics.

Caughey et al. (1951) published their results on
extensive static model experiments with wheat, corn, soy
beans, cement, sand, and pea gravel. Generally they found
agreement with Janssen's theory although‘several of their
}materials gave pressures far below a Janssen curve. |

In 1954 there appeared the first documentation on tests
of large sized silos that indicated that the flexibility of
a containment structure may have some influence on lateral
pressures. North (1954), while monitoring pressures in
horizontally corrugated metal grain silos found radical
departures from Janssen's curve and he attributed this to
the vertical flexibilty of the walls.,

The work of two brothers, Marcel and Andre Reimbert
deserves special mention due to the fact that their
involvement in the practical study of silo pressures and
structures has been long and productive. M. Reimbert (1955)
conducted tests an several full sized grain silos, of 13.5
foot square cross section, 10 meters high and made of thin
sheet steel. His results indicated that large dynamic
overpressures can exist, that they can achieve a value as
high as 2.4, but that they are highly variable.

Reimbert made a further contribution to the field that
has been incorporated into a present day recommended

practice as an alternative method to Janssen's when

ety
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calculating static loads. Somewhat empirical in derivation,
it is nevertheless an important practical result and so for
this reason will be discussed further in Sect. 2.1.3.

The mid 1950's marks the beginning of a final stage in
the development of both silo pressure theories and
experimental methods to measure silo pressures. This most
recent quarter century, to 1980, gave rise to a vast number
of publications that deal in whole or in part with this
problem. "A Bibliography on Silos (1857-1979)", prepared by
Walli and Schwaighofer (1979), contains 409 references for
this later period alone. For the period prior to the end of
1955, this bibliography contains only 215 references.
Because Reimbert's work could be considered representative
of prevailing thought at that time, and because to some
extent it still is, this marks a suitable point to end this
historical review of the literature. The literature review
will in effect continue in Chap. 2 but iﬁ a topical rather

than historical perspective.

1.3 Contemporary View
The historical evidence for large flow induced material
pressures renders their existence no longer an issue at this
point in time. Quantifying these highly variable dynamic
pressures is now the focus of attention in the literature.
Established practice is to quantify these
overpressures, be they experimentally or theoretically

derived, in terms of static pressure theories. Hence the



14

term 'overpressure' is somewhat self-explanatory. The
reasons for this practice are straightforward enohgh. Static
pressures provide predictable and generally reproducible
reference points when compared to the highly transitory and
and generally inconsistent dynamic pressures. The connection
between these static and dynamic pressure levels has never
really been justified except in very broad terms,

Part of the problem stems from what are a wide variety
of dynamic and/or eccentric pressure fields. Broadly
speaking, material pressures are classified as 'static',
'"flow', and 'switch', the latter being a transitional and
usually short-lived phenomenon occuring at the onset of
flow. The term 'static' is more aptly described as 'initial'
because dynamic pressures will, on stoppage of flow, be
'locked-in' to a static stress field. Throughout this study,
these 'locked-in' pressures are termed 'quasi-static' and
the terms 'static' and 'initial' are used interchangeably.
These definitions are in keeping with current literature.

This broad categorization is further complicated by
reference to two limiting flow types; mass flow and funnel
flow. True mass flow requires the flow channel to impinge on
the containment structure while funnel flow includes those
situations in which the flow channel boundary forms within
the material. This distinction will be treated in more
detail in Sect. 2.2,

Current design methods are embodied in a number of

codes and standards. The North American standard,

et e g
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'Recommended Practice for Design and Construction of
Concrete Bins, Silos, and Bunkers for Storing Granular
Materials (ACI 313-77 1975)', is the most recent of these to
date. The underlying philosophy of this standard is examined
in the following text in order that we may introduce at this
time several principles fundamental to bin design. Although
rectangular bins are treated just as thoroughly in ACI
313-77 as are cylindrical bins, the essential features are
presented with respect to the latter.

The well known formula for stress in a thin-walled

cylinder is
o =Prpr or ot=PD/ 2 (1.1)

where 0 = wall stress

wall thickness

S ~
I "

inside diameter of cylinder
r = cylinder radius

P = internal pressure

The design force per unit measure of height, Fu, as given in

ACI 313-77, is simply a restatement of Eq.[1.1].
Fu = 1.7 Pyges D / 2 (1.2)
where P4, = lateral design pressure

The required area of hoop steel (principal reinforcement)

per unit measure of height is

A, =Fu/ ¢ f, (1.3)



16

Here ¢ is a performance factor. The load factor of 1.7 in
Eq.[1.2] reveals that, at this time, the unpredictability of
material pressures renders them necessary to be treated as a
live load. The lateral design pressure, P4.s, is calculated
from static pressure theories (i.e. initial loading
conditions obtained upon filling) using either a Janssen or
Reimbert pressure distribution. These static solutions will
be discussed in detail in the following chapter. Depending
on the expected nature of material flow during discharge,
this design pressure may be adjusted upwards with an
overpressure factor, Cq4, given in a table provided by ACI
for various height/diameter ratios and vertical ranges over
the silo's height. It should be noted that this table is
footnoted with:

"Cs values given in this table are inadequate for

the higher loads associated with mass flow."
Thus the most recent standard leaves the designer with
little information to proceed if a mass flow system is under
consideration. Other codes, such as the German code DIN 1055
(1964), do not even mention mass flow as an alternative
(although the stated terms of reference are sufficient to
include mass flow), perhaps because this method of silo
discharge has been defined only recently. Therefore, there
is at this time a need for further experimentation and

research in this area.
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1.4 Scope

This study attempts to do two things. The primary
objective is to provide badly needed experimental data that
quantifies material overpressures within full size mass flow
silos. The secondary objective, borne of requirements to
satisfy the primary objective, has evolved into a
semi-critical examination and a state-of-the-art discussion
of static and mass flow pressure theories.

The theoretical works are presented first, beginning
with static pressure theories. The need for explicit
treatment of these initial static pressure theories is
twoffoid. Firstly, many of the material properties in the
static case are of some consequence in the dynamic case.
Secondly, the nature of the data acquired during this study
requires some interpretation in reference to extensional
wall stiffnesses and it is these generally accepted static
pressure theories that are relied upon. Dynamic pressure
theories are discussed with a particular emphasis on mass
flow theories. Comparisons are made to codes of practice
currently in use as well as to results from recent
experimental investigations in this area.

The experimental portion of this thesis was conducted
on an operational coal silo, owned by Fording Coal Limited,
located in the coal rich south-eastern corner of British
Columbia. Experimental studies on silo pressures can be of
several types. Most frequently, direct lateral pressure

measurements are sought and here the pressure cell is
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instrumental. In some cases, vertical pressures (on silo
floors and on remote in-situ devices) and wall strains
(vertical or lateral) have provided indirect information;
the latter method was utilized in this study. There is some
advantage to be had in measuring directly the response of
that part of a structure which specifically is designed to
resist a particular loading condition. Pressure
measurements, although generally reliable on local scales,
are characterized by their erratic behaviour and overall a
certain lack of reproducibility; some of the reasons for
this are discussed in detail.

Bin or silo tests are most often conducted on model
bins for obvious reasons and theoretically this practice
should pose no inherent problems for larger scale
application, as concluded convincingly by Pieper (1969).
Practically, with particular reference to material densities
and their resultant effects on earth pressure ratios,
difficulties can occur, and often the experimenter
indiscriminately will suggest extrapolation to larger
systems. This can often result in erroneous conclusions.
Additionally, recent work (and to some extent this study)
support contentions that wall flexibility may play an
important role in dynamic lateral pressure levels. Model
tests on the other hand most often incorborate relatively
~stiff containers. This brings to light an important but
historically ignored concept of material-structure

interaction. These ideas are further developed.



2. Material Pressures in Silos
2.1 Static Pressure Theories

2.1.1 Introduction
Static, or more appropriately, initial pressure
theories, can be categorized into three distinct methods.

These are, in order of historical development (and

decreasing size of elemental free body):

1. the method of sliding wedges of material, developed by
Coulomb (1776) for retaining walls, but applied to silos
by Airy (1897).

2. the method of differential slices as proposed by Janssen
(1895) and used to some degree by Reimbert (1955).

3. characteristic or numerical methods in the solution of
the equilibrium equations obtained from differential
volumes, used initially by Sokolovskii (1954) but
applied to two-dimensional bins by Horne and Nedderman
(1976).

Examples of each category are presented. The Janssen and

Reimbert methods are treated individually because they are

the basis for all current design codes and are used here to

familiarize the reader to the various material-property/
stress-relationships fundamental to static pressure
theories. Following presentation of the various methods, the
differeht assumptions employed by each are examined.

Finally, the more important parameters involved in

19
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predicting static pressures are discussed in light of these

assumptions,

2.1.2 The Method of Sliding Wedges

Coulomb (1776) developed a method for analysing forces
on retaining walls using sliding wedges of material and his
technique will be mentioned here only in the interest of
completeness. This wedge method appears to have appealed
only to Airy (1897), and his analysis resulted in the
dubious prediction that horizontal pressures will reach a
maximum at some intermediate level and then begin to
decrease. This occurred because Airy had neglected the
contribution of one 6f the walls in his force balance.
Hancock and Nedderman (1974) corrected Airy's method and
have shown it to be a viable technique, although the
relative complexity of the solution renders it unsuitable
for design purposes. The wedge method is still best suited

for analyzing .shallow bins and retaining walls.

2.1.3 The Method of Differential Slices

2.1.3.1 Janssen's Method

Janssen investigated the equilibrium of a thin lamina
of granular material, extending over the full cross-section,
under the following assumptions: (1) vertical pressures are
uniform at a horizontal cross-section, (2) horizontal
pressures are uniform over the perimeter of a cross-section,

(3) the ratio of these pressures, K, is a constant
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throughout the material height, and (4) the shear stress at
the wall is a linear function of the horizontal pressure.

The free body diagram for a material slice at depth z
is shown in Fig. 2.1. Vertical equilibrium of the stress

resultants and the material body force (weight) gives
ydzA + 0,A = Alo, + do,) + u'Ko,dzC

do, w'Ko,
—_—= y -

dz R

(2.1)

Introducing a nondimensionalizing stress parameter,

S = oz/R'YI

—~R=1- u'KS (2.2)

Integrating,

In[1 - u'KS][:1—] = +c,

z
u'K R

-u'K(z/R + C;)
1 - u'KS = e
A boundary condition requires that § = 0 when z = 0 and this
forces the constant of integration to vanish.

(2.3)

s . [1 _ e-u’Kz/R ]

1
'K
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0.,

i}’dZA o, = KOZ

o, + do,

vertical and horizontal material pressures
wall frictional (shear) stress

coefficient of wall friction

material unit weight

container cross-sectional area

container circumference

hydraulic radius (A4/C)

Figure 2.1 Janssen's Differential Slice




w -
—

23

Therefore
TR -u'Kz/R
g, = ———[1 - e ] (2.4)
u'K
and Janssen's formula for the lateral pressure becomes
YR -u'Kz/R
Ox = —1—[1 - e :’ (2.5)

M

The sclution is applicable to axisymmetric and
two-dimensional (plane strain) conditions because symmetry
requires that no shear stresses occur on a plane orthogonal
to the x direction (which for the axisymmetric case is the
radial direction). Polygonally shaped bins (generally
rectangular or hexagonal silos) will have these shear
stresses along lines of nonsymmetry that will put in
question the assumption of uniformity of horizontal
préssures over the perimeter. If Janssen's assumptions are
strictly adhered to, the substitution of an appropriate
value for the hydraulic radius, R, will provide a solution,
although with unconventional cross-sections, some loss in
accuracy might be expected. Fig. 2.2 includes two examples
of the Janssen lateral pressure curve, calculated using the
particular silo geometry and material properties deemed
appropriate for the silo used in this study.

From Eq.[2.5] it is apparent that as z increases to

infinity the maximum attainable lateral pressure becomes

P, = e (2.6)
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This is a direct result of a maximum vertical pressure in
which wall friction exactly balances the added weight of
material at an infinite depth and this limit is common to
all initial pressure theories.

Various authors, such as Walker (1966) and Sundaram and
Cowin (1979), have sought to improve upon Janssen's original
formula. Their solutions are essentially Janssen's solution
with only minor modifications and these are a result of
their taking issue with several of Janssen's assumptions.
For this reason, they will be presented in the discussion of

sect. 2.1'5.

2.1.3.2 Reimbert's Method

Labiosa (1970) has given a fairly concise yet complete
discussion of Reimbert's (1955) theory for initial silo
loadings. Of primary importance to this theory's derivation
is it's empirical basis. Fig. 2.3 reveals graphically the
various asymptotes Reimbert employed in his derivation.

Reimbert defined the total vertical weight of material
above any depth z as the force (. This is shown in Fig. 2.3
as Curve I with the weight of a conical surcharge indicated
as (o. He further defined @w as that component of the
vertical wall force transferred to the silo wall by
friction. This force increases from zero at the free surface
to an asymptote parallel to Curve I because, again, at great
depths, the added weight of material is exactly balanced by
wall friction. This is shown by Curve II. Based on

experimental results, he concluded that Qw could be
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expressed as a hyperbolic funtion. Therefore, in general,

a(z)® + bz + ¢

v =

ez + £

Four conditions are necessary for determining the above
coefficients:

1. at z 0, w = 0, and & ¢c = 0

"

2, at z 0, dgw = 0, b =0, and &~ b =0
az

£

3. as Z » =, d@w » vyA, and ~ a = evyA
dz

The above three constraints give

@w = eyAz?
ez+f

Subtracting yAz from both sides,

Qv - YAz = -fyAz
ez+f

The final boundary condition is a consequence of vertical
equilibrium (Qw = @+ - @m) and the asymptote to which Qw
tends. This asymptote is a function of @max, the max imum

attainable vertical force in the material.

4, as Zz » o=, OW"OT-Qmax = 'YAZ- (Omax _00)

and . OW - 'YAZ - 00 - Omax = "EIA
e

Rearranging, f = el ~@o)
Y

Substituting for f in the expression for Qw,

Qw = yA(z)* where B = D - hy = Qmax—@o
Z+B 4u'K 3 Y

27
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Differentiating,

yAl(z)*+2Bz)dz
(z+B)*

d@w =

At depth z, the wall load varies as the product of
circumferential area, C(dz), and friction. Therefore

dQw = P,Cu'dz

from which

y A 1
P.,=-—-[1— ] (2.7)

Both Janssen's and Reimbert's formulae have similar
asymptotes as Z » «., Whereas Janssen's solution approaches
this asymptote exponentially, Reimbert's solution takes a
hyperbolic form. Therein lies the major difference between
the two theories. A numerical comparison can be made with
Janssen's method in Fig. 2.2.

Reimbert has made some provision in his theory for
including as a surcharge the material cone commonly found at
the top of siloed materials with centrally located charging
chutes. For pressures at greater depths it is quite
acceptable to treat the cone of material as a level surface

originating at the centroid of the cone.
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2.1.4 Characteristic or Numerical Methods

This approach encompasses a number of methods that
formulate the equilibrium equations using a differential
volume rather than a cross-sectional slice and therefore the
solutions are labelled as "exact". This is a very subjective
description because often the initial assumptions, such as
the adoption of a particular failure criteria, are more
important than the method of solution.

The standard elemental volume for plane strain
conditions is depicted in Fig. 2.4 and the resulting

equilibrium equations are

aaz 31',(2 aox asz
+ =y + =0 (2.8)

0z ox ox 0z

Sokolovskii (1954) solved Eqgs.[2.8] numerically for a
retained soil mass using the method of characteristics.'
The problem was statically indeterminate so he adopted the

Mohr-Coulomb failure criterion;

0, = p(1 + sing cos2y) (2.9a)
ox = p(1 - sing cos2y) (2.9b)
Tax = ~Txz = P Sing cos2y (2,9¢c)

where p 1is the average of the principal stresses

v 1is the angle of rotation of the principal plane
' The solution for initial or boundary value problems can be
considered as a surface over which the initial data
propagates. It is these well-defined paths that are
generally labelled as characteristics.
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Development of this criterion is described in Appendix A and
its adoption assumes that throughout the mass, the material
is in a state of incipient active failure. Given appropriate
boundary conditions such as the surcharge at the material's
surface and the frictional relationships at the bin walls
(or a line of symmetry at the bin centre line), a numerical
solution can proceed along a mesh of characteristics that
intersect one another at the angle 7/2 - ¢.

Savage and Yong (1970), Hancock and Nedderman (1974),
and Horne and Nedderman (1976) have applied this technique
to two-dimensional bins. Horne and Nedderman found that the
solution followed a Modified-Janssen solution (Walker 1966)
that tended to similar values with increasing depth. At
shallow depths however, and depending on the amount of
surcharge, this "exact" solution yielded distinct variations
in the rate of change of material pressures that forced the
pressure curve to oscillate about the Modified-Janssen
solution. A characteristic, propagated from an upper corner
(where the boundary conditions are discontinuous), will
cause a discontinuity in the stress derivatives where it
intersects the far wall.

Lvin (1970) suggested that vertical pressures are not
uniform over a horizontal cross-section and he sought to
remedy this by equilibrating vertical forces on a
differential ring element (as opposed to Janssen's disc
shaped element). He thereforé formulated his equilibrium

equations on what essentially is the free body in Fig. 2.5.



Figure 2.5 Average Values of Stress on a Material Element

(Axisymmetry)
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The equilibrium equations are;

aaz anZ TYZ

_—t —  + =y (2.10a)
0z or r

00 aTzi- 04+—0p

— + + =0 (2.10b)
onr 0z r

The complete solution, not given here, describes a family of
curves, of which Janssen's solution is the one in which P,
is made independent of horizontal coordinates. Lvin's
suggested solution, the upper bound to this family, provides
for a variation in lateral pressure over a cross-section,
and in this sense has the potential to more accurately
describe these pressures. He made one questionable
assumption, however, to arrive at a solution for this upper

bound curve. For vertical equilibrium in Eq.[2.10a] he used

Tr: = 4 Ko, (2.11)
This gave
aaz aUz 0
e ]
0z or r

In fact, Eq.[2.11] only holds true at the wall. At the
centre line of a bin, vertical shear becomes zero as
required by symmetry. Lvin did go on to describe the true
variation in 7 as being linearly dependent on the distance
from the centre however he held to his upper bound result

because of its conservative position in the family.
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His solution is unique in that it consists of two
regions; the upper region of a cylinder exhibits a parabolic
increase in pressure that becomes a tangent to the usual
maximum lateral pressure common to the lower region, where

it remains constant. The parabolic increase is described by

(2.12)

u' Kz ]

P,(z) = 'YKZ[ 1 -
. 4R

The region of constant pressure begins at

Substituting z, for z in the lateral pressure formula,

y KD YR
Py(z.) = (=) = —
2 u'K * u

which again is the maximum expected value for horizontal
pressures.,

This curve is also plotted in Fig. 2.2 for comparison
with previously mentioned theories. Its concise formulation
renders the method useful for design purposes, however, in
light of the above remarks it would appear that it tends to

overestimate lateral pressures,
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2.1.5 Discussion

Ih Chap. 4, an extensional stiffness evaluation will be
made using Janssen's formula but with the slight
modifications described in Sect. 2.1;6.3 with respect to
compressibility effects. The arguments in support of this
decision are now presented.

Janssen's method was the first to emerge that dealt
specifically and rationally with container pressures, and as
such has received the most criticism in regard to the
assumptions he used. Sundaram and Cowin (1979) questioned
the assumption that the full frictional force at the walls
is mobilized for if not, the Janssen solution would be a
lower bound to the actual material pressures. They suggest
that Janssen's formula be modified to an inequality, but of
course this is not suitable for design purposes. On the
other hand, Walker (1966) describes how the compression of
loaded material below charging material will cause
subsidation and subsequent full mobilization of wall
friction. Walker's point of view has the obvious advantage
in that it assumes the existence of some homogeneity
throughout a granular mass, an assumption that is necessary
at the outset if actual expected pressures are desired and
not just a series of lower bound curves.

Criticism of Janssen's assumption that vertical and
horizontal pressures are uniform throughout a cross-section
have been raised by a number of authors. The solution

provided by Lvin (1970) has been discussed in detail. The
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e

Modified-Janssen solution given by Walker (1966) dealt
specifically with this assumed cross-sectional nonuniformity _ g
by describing a variation in K over the cross-section. This |
was the end result of the assumption that the contained mass
behaved as a Mohr-Coulomb material and not surprisingly
Walker's solution can be thought of as a 'smoothed'
approximation to the "exact" analysis presented earlier.
Cowin (1977) rederived Janssen's formula in terms of
'average' vertical and horizontal pressures over the
cross-section and perimeter respectively, related again by a
constant K. This approach effectively circumvents the stated
problem by restating it, however the question persists as to i
what effect cross-sectional nonuniformities have on K and
the distribution of pressures overall.

The excellent study by Hancock and Nedderman (1974)
revealed that the assumption of uniformity results in
Janssen's solution as being only marginally different from a
so-called "exact" method, and this discrepancy is of
conseguence only in the upper section of a silo. As the
depth increases to the region in which vertical and lateral
pressures are becoming constant with height, Janssen's !
assumption of uniform horizontal pressures is borne out.

This is easily demonstratable for the two dimensional
case although the arguments are similar for the axisymmetric
case. Shown in Fig. 2.6 is a layer of material at a depth
where practically speaking there is no further increase in ?

lateral wall pressure with depth. This will occur at depths
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approximately 2 1/2 to 3 times the lateral dimension of the
container but theoretically speaking when z reaches
infinity. As the elements above and below are exerting equal
but opposite horizontal shear on the upper and lower faces,
horizontal equilibrium requires the lateral pressure to be
everywhere equal. This condition is approximated everywhere
within a contained mass (except near a nonlevel surface)
because the horizontal shear on a cross-section is small
when compared to the horizontal normal stress. This is in
fact why Horne and Nedderman were able to show that
Janssen's method is comparable to an "exact"” solution, given
the same value for K is used (Ka). The slight discrepancy is
due to Janssen's implied use of a constant K across the
section whereas the "exact" solution provides for a marginal
vériation in K across the section. Further examination of
Fig. 2.6 suggests that vertical pressures are unknown unless
a value for K is assumed because wall friction balances the
weight of material at any cross-section, regardless of what
levels vertical pressures attain. Assuming a constant value
for K as did Janssen would result in the state of stress
within the contained mass as being represented by a series
of concentric Mohr's circles (the loci for horizontal and
vertical pressures are parallel to the 7 axis). This
situation is graphically illustrated by the smaller Mohr's
circles in Fig. 2.7.

This view of the state of stress within a contained

bulk material is different from previous descriptions that

ey
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tend to place the complete mass in a state of plastic
equilibrium (incipient failure). Fig. 2.7 suggests that the
mass can be considered to be in an elastic state while it is
only at the walls (and only along a vertical plane) that
incipient failure exists. The "exact" analyéis, or similar
approximations, are conducted using the Mohr-Coulomb failure
criteron within an active pressure field, therefore assuming
that an earth pressure coefficient relating principal
stresses is in effect and at a minimum (= Ka) everywhere
throughout the mass. At great depths, this "exact" solution
also provides for uniform horizontal pressures through a
cross-section however vertical pressures do not remain
uniform. This is because K is forced to vary slightly as the
centre line is approached in order that incipient failure is
maintained. The larger Mohr's circles in Fig. 2.7 describe
this condition,

‘Hence the argument switches from its original concern
with the relative merits of each solution technique to a
discussion of what value for K is most correct and whether
or not a cross—-sectional variation is justified. The plastic
(limiting) solution assumes o0,/0; is a constant (= Ka) and
therefore the bias is towards the effect principal stress
orientation has on K. The elastic solution, if it assumes a
constant K as did Janssen (and = 0,/0,.), has a
vertical-horizontal bias. The discussion therefore must
include such topics as deposition effects, consolidation

effects, and shear effects on K, which together greatly
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complicate matters. Certainly, within silos, consolidation
strains are almost entirely vertical. It is important to
state that assuming an elastic state of stress does not
require K to be predefined as an active coefficient and
perhaps an "exact" solution will surface that uses K as a
variable parameter.

In reference to the distribution of vertical pressures
on a cross-section, the two most comprehensive studies to
date, one experimental (Lenczner 1963) and the other
anélytical (Chandrangsu and Bishara 1978), indicate that
Janssen's assumption of uniform vertical pressures is for
the most part correct. This is true providing the
cross-section is reasonably distant from the boundary
effects of a free surface or flat bottom. Because horizontal
pressures must be uniform over a cross-section at greater
depths, this would suggest that Janssen's use of a constant
K (at a cross-section) is supportable. Janssen's use of a
constant K over the complete silo height bares further
examination.

"The historical treatment earlier made reference to the
fact that experimental studies found agreement with
Janssen's predictions, however this was with the use of
experimentally determined values for K. Therefore K will be
examined as a separate and distinct parameter in the section
to follow in order that we may better understand its range

and variability.
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2.1.6 Material Property Effects on Static Pressure Theories

2.1.6.1 The Coefficient of Lateral Earth Pressure, K

The coefficient of lateral earth pressure, defined as
the ratio of lateral to vertical pressure, has been
discussed briefly in preceding sections. In the discussion
that follows the enormous variability and importance of this
coefficient to lateral static pressures in silos will be
examined.

Plastic theory for granular non-cohesive materials
establishes two limits on K, known as the active and passive
coefficients, Ka and Kp respectively. These coefficients,
developed in Appendix A, are related numericaily as
inverses. To be strictly correct, the development of these
two bounds should allow for wall friction effects however
the theory is based on the assumption that there is no shear
stress on a vertical surface. The vertical shear imposed by
the wall on the contained mass in effect changes the
direcﬁion in which the principal stresses act. Elementary
texts on soil mechanics reveal this effect to be negligible
on Ka but of some influence on Kbp. In either case,
theoretical soil mechanics describes the need for sufficient
wall movement to take place before either limit is attained
(i.e. incipient failure in the soil mass). These limits are
depicted qualitatively in Fig. 2.8 for loose and dense sand.

Analytical evaluations of K for granular masses within
a silo are numerous. Fregquently they involve the

manipulation of yield lines or failure envelopes on a Mohr's

O
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Figure 2.8 Relationship Between K and Wall Deflection
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circle representation of the state of stress within the
mass. The active and passive coefficients just mentioned are
prime examples of this. Bagster (1971) suggests K should
vary between the two limiting values;

1 - sin¢ -1 - sin’¢

Ka = ———— K= ————

1 + sing 1 + sin*¢
The latter ratio results from assuming that the bin wall is
fully rough. This was earlier suggested by Dabrowski (1965)
and Walker (1966), the former basing his recommendation on
experimental work. Walker recognized that the principal
stresses at the bin center are not equal to the principal
stresses at the wall as apparently assumed by Bagster.
Walker, working with the larger Mohr's circles in Fig. 2.7,
derived a BD factor (generally a function of ¢, ¢', and z),
that replaces u'K in Janssen's formula but he concludes that
these products are nearly equal for all but the very rough
walled pipes. Because Walker has assumed incipient failure
throughout the mass, (both curves touch the effective or
powder yield locus, EYL) he must have a &ariation in K at a
cross-section although the effective K is again similar to
Ka. For any theory that assumes incipient failure throughout
the mass, Egs.[2.9a] and [2.9b] give K to be a function of
principal stress orientation (in addition to being a

function of the internal friction angle);
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1 - sin¢g cos2y

1 + sing cos2y

This would be true for cohesionless Mohr-Coulomb materials.

As material is charged into a silo and lateral
pressures begin to build, a number of things may occur. The
walls begin to extend and bend, the material itself will
compress under the added weight, and some slippage may occur
at the wall. These conditions may or may not lead to an
active stress field at a particular location but there is
good evidence in the literature that an active field will
not occur simultaneously throughout the contained mass.
(Stewart 1972, Mahmoud and Abdel-Sayed 1980)

‘That an active stress field will not likely occur in a
full sized coal silo can be demonstrated as follows. Table
2.1 contains estimated vertical wall deflections required to
develop limiting stress states in sand. For a cylindrical
silo, radial wall movement is proportional to
circumferential strain (the radius is proportional to the
circumference). Because Table 2.1 was developed for
semi-infinite masses against walls we will consider the
situa;ion at a depth equal to the radius so as to eliminate
the effects of the far wall. For a seventy foot diameter
silo, the circumferential strain required to achieve an
active state of stress at a depth of 35 feet is

AC Ar 0.001 x 35 ft

€ =T — = e = = 0.001
C r 35 ft




Pressures in Sand

Table 2.1 Wall Displacements Required to Develop Active

State of Type of Movement Displacement
Stress Necessary
Active Parallel to wall 0.001 H
Active Rotation about base 0.001 H
Active Rotation about top 0.02 H

Passive Parallel to wall 0.05 H

Passive Rotation about base >0.1 H

Passive Rotation about top 0.05 H

wu (1976)
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As an example, the silo in this study exhibited initial
static circumferential strains at depths of 35 feet
approximately 1/5 to 1/7 of that calculated above. In
addition, the stiffness evaluations in Chap. 4 will show
that these strain measurements were made at locations of
greater than average flexibility. It may be argued that
within a cylindrically shaped mass of material, a radial
wall movement would require less material to strain than for
the two-dimensional case. Lambe and Whitman (1979) tested
triaxial specimens and found that horizontal strains of
0.005 are required to take sand from the at-rest to the
active condition, a level 5 times that calculated above and
25 to 35 times that measured.

It is therefore reasonable to ask whether K approaches
or possibly exceeds a value equal to K, , the at-rest
coefficient of lateral earth pressure. Fig. 2.8 indicates
that an inward wall movement is normally required for K to
exceed Ko, in the wall movement experiment however, if the
material is being compressed by the weight of charging
material, the conditions are no longer the same. Terzaghi
(1934) obtained a value for K, of about 0.40, based on his
wall movement experiments with sand. Jaky (1948) predicted
that Ko could be approximated by 1-sin¢ and this was later
supported experimentally by Bishop (1958) for normally
consolidated soils. Applying this approximation to a cleaned
angular coal with ¢ of 38 to 40 degrees, produces a K, of

0.384 to 0.357, well above an associated Ka of 0.23. Blight
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and Midgley (1980) have followed Bishop's procedures in
determining K, for such a material and found a value of
0.48. This value occurred with increasing vertical pressures
in the 2000 to 8000 psf range. With decreasing vertical
pfessures, Ko jumped up to a value near unity.

The values for K cited above are for experimental
evaluations of K,. More appropriate are experimental
evaluations for K as it pertaihs to ensiloed materials.
Sundaram and Cowin (1979), in a 'reassessment of static bin
pressure experiments',_discuss the work of Jamieson (1903),
Caughey et al. (1951), and Huang and Savage (1970) in this
area. Their techniqgue is to take the lowest reported set of
vertical and/or horizontal stress data and, using least
squares, curve-fit to Janssen's formula to find u'K and/or
K. They suggest that lower bound data occurs when mobilized
wall friction is a maximum, even though there are a number
of other possible reasons for inconsistent results in tests
of this nature. In a table of recommended values for K, they
-suggest a K for wheat of 0.57-0.64, a K for cement of
0.38-0.40, and a K for sand of 0.50-0.55. Jenike et al.
(1973 Part 3) reported that a value of 0.40 reasonably
predicted static lateral pressures of sand in a model

cylinder, using Janssen's formula.

At this point, it becomes expedient to develop a
physical understanding for K. Sundaram and Cowin (1979)

suggest that K is a material property through which vertical
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pressures translate into lesser horizontal pressures, or
vice-versa for the passive case. It is a mechanism whereby
interstitial penetration imparts some component of thrust at
90 degrees to this penetration.

The mechanism itself is complex, however recent
developments in stochastic modeling of particulate media
have produced some interesting insights. Harr (1977)
outlines the theoretical considerations necessary for a
probabilistic determination of K in two and three
dimensional particulate systems, assuming the material
behaves elastically. The results for the two dimensional
system are particularly note-worthy in that this situation
models a long-sided rectangular bin (a plane strain
condition) or a large diameter cylindrical bin (which in the
limit approaches a two dimensional wall and that effectively
experiences no circumferential material strain). The
similarity between the experimental evaluations for K,
discussed above and the value predicted of
n/8 (0.39) is encouraging, at least to elasticians.

The above discussion of the lateral earth pressure
coefficient does not mean to suggest that K is not extremely
variable, but rather to place emphasis on possibly better
representations fbr an initial K than those currently
employed by codes. As Fig. 2.8 clearly indicates, relatively
slight wall movements will considerably alter K, and there
are at present no theories that can adequately predict this

relationship for a wide range of materials and properties.
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To complicate this discussion on the lateral earth
pressure cofficient would be to suggest that K may vary in
the vertical direction within a storage vessel. Until
recently, K has usually been considered a constant in
experimental evaluations as well as in the design process.
At much greater depths, Lambe and Whitman (1979) describe
how increased vertical pressures within a laterally confined
mass will bring about a stiffening of the material
(increasing ¢) with an ensuing reduction in Ko.

A study by Kramer (1944) on rough rice indicates that,
for small depths, K may have a variation with depth opposite
to that just described for confined materials. Using a bin
one foot square by two feet deep, he found that K increased
rapidly from 0.30 as a superposed vertical load was applied
and soon leveled off at a value of 0.48. Although the plot
of K versus load appeared to extend from the origin, the
curve could not be extrapolated to this point because with
zero vertical and lateral pressures, K is of course
undefined.

Well documented tests by Lenczner (1963) on sand
contained within a 10 inch diameter model silo do shed some
light on the initial portions of this curve. Lenczner
plotted K as a function of the depth to diametér ratio. He
calcﬁlated a required K such that Janssen's'equation could
be made to satisfy measured wall and bottom loads. Again K
could be observed to increase to a constant value, this time

leveling off at 0.21. This is well below the active
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cbefficient for a material with ¢ = 32° (Ka = 0.31) and less
than half of the at-rest value (Ko = 0.47). Important here
was the decrease in K to zero at zero depth.

Neither Kramer nor Lenczner offered an explanation for
results that are at first glance inconsistent with
established concepts of K for ensiloed materials. The
fesults can be explained however if K is considered to be
some function of relative density', Dr. In its loosest
state, a material has a relative density of 0%; in its
densest state, 100%. This coincides with the above observed
variation in K and ties in somewhat with the discussions by
Harr (1977) on the influence porosity might have on K.

A functional relationship such as this is really an endpoint
definition that in fact may be difficult to observe. At the
first layer of particles K is of course zero however at
subsequent layers & jump in K will occur. Glastonbury and
Bratel (1966) used inelastic spheres to model this effect
for many layers and found K increasing from 0.138 to 0.167.
They also reported that packing densities had considerable
influence. Results such as these might be expected for zones
of very low pressure where a vertical deposition process has
taken place.

The three studies mentioned thus far indicate a
limiting value for K. In Lenczner's experiment, this
limiting value was not a maximum K (i.e. Ko) nor even Ka but

' Relative density is given by;

Dr = Ydmax X _Yd ~ Ydmin X 100%

Yd Ydmax ~— Ydmin
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an unknown value apparently determined by the actual degree
of consolidation. The maximum vertical pressure in
Lenczner's "silo" was well below what might be achieved in
larger diameter silos. Using the reported wall friction
angle ¢’ of 25° (u' = tan 25° = 0.466) and the reported
average density of 106 pcf, the maximum attainable vertical
pressure in a 10 inch diameter silo is, from Eg.[2.4]

YR (100pcf) (10/12)ft/4

Py = = = 213 psf
max ©'K (0.466)(0.21)

and

Py

maXx

45 psf

The curve describing K leveled off at a ratio z/D of
approximately 10 (100 inches down) so that in a large
diameter silo Py at this same depth would be expected to be
about 4 times the maximum vertical pressure calculated
above. This would occur however at a level only 8 feet into
the larger silo, a relatively shallow depth for most bins.
The foregoing suggesté that K might require interpretation,
at least in small model studies, in relation to the bin
diameter.

Both Lenczner and Kramer did not supply enough
information to calculate actual relative densities and
therefore it is only possible to speculate on what type of
relationship may exist between K and Dr. The literature
examined thus far tends to support the following

relationship;
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K = Dr"Kn | (2.13)

where m is at this time an undetermined quantity and K, is a
maximum value for K, similar to K, but not necessarily
limited by.

A generaiized plot of this relationship is shown in
Fig. 2.9 but with material height z as the abcissa instead
of relative density. The particular curve that a material
exhibits is dependent on the value chosen for m, the
material's compressibility, and the rate of attenuation of
larger vertical pressures (i.e. geometry effects). Excepting
the works of Kramer and Lenczner, material pressure
observations are normally made at depths sufficient to miss
this initial zone where K may be increasing. The later
reduction in K, at greater pressures is also illustrated

conceptually in Fig. 2.9.

To summarize this discussion of the lateral pressure
coefficient and its influence on initial static pressures
within contained materials, we can say without exaggeration
that it is the least understood but the most important of
the various material parameters. It is clear that K is more
related to Ko, than to Ka however the relationship is not
well defined. Revisions to DIN 1055 (Martens 1980) will
incorporate this viewpoint with the adoption of Jaky's
expression for Ko, (1-sin¢), however this will be in lieu of
tabulated values for a static K. For a perfectly elastic,

homogeneous, and incompressible particulate material, K
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Figure 2.9 Observed Variations in K
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should be close to 0.39 in the two dimensional case and
close to 0.33 in the three dimensional case (Harr 1977). In
genéral, compressibile materials exhibit a larger K (e.g.
gréins) while lower consolidating pressures may result in a
reduced K, possibly below an active coefficient. There is
some evidence that K may vary significantly within a
contained mass at small depths.

When using a constant K in Janssen's formula, the
actual value chosen has its greatest effect on lateral
pressures at the free surface, where lateral pressures are
smallest. Here they change in a manner that is directly
proportional to changes in K. This influence reduces to zero
as the depth becomes large and hence Eq.[2.6] does not

contain this parameter.

2.1.6.2 Wall Friction

Wall friction is the one parameter responsible for the
exponential, hyperbolic, or parabolic shape of the lateral
pressure curve for silos. The friction coefficient, u’, is
equal to tan ¢', where ¢’ is the wall friction angle.
Although its macroscopic contribution to the reduction of
lateral pressures in silos is well understood, the
microscopic mechanisms involved are still under discussion
(Lambe and Whitman 1979),

Students of soil mechanics generally subscribe to the
adhesion theory which implies that friction is independent
of surface roughness. For two surfaces in contact, the

weaker material will plastically deform until the contact
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area Ac is equal to the normal force N divided by the
material's compressive strength, f,. The maximum attainable
shear force Tmax 18 then the product of the contact area and
the material's shear strength, fy;

fv

Tmax = f:VAC =N — = Nu;
fy

Ac =

RIS

Hence the maximum shear force to impending motion is
directly proportional to the normal force and a material
parameter u,. The subscript s denotes that this is a static
coefficient. The kinetic coefficient is normally less than
its static counterpart and will be discussed in the second
part of this chapter.

As the surface roughness increases, microscopic
protuberances, (asperities), begin to interlock with greater
frequency and thereby increase the friction coefficient. If
a wall is fully rough or corrugated in some horizontal
manner, the angle of wall friction becomes the angle of
internal friction of the material. In this case larger
shearing forces are required to overcome rolling, sliding,
and lifting resistances. If graded materials are being
deposited in a central cone, larger particles will collect
at the walls. As the average particle size increases, u’
should decrease; with the centre of gravity farther from the
plane of shear, rolling becomes easier (Rowe 1962). This has
important ramifications for predicting silo pressures using

shear box results for u’.
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More generally, wall friction is a property of a
granular material and the type of surface it impinges on and
it is determined experimentally. A shear box or shear cell
apparatus is often used in this endevour and because ACI
313-77 only provides ranges of values for certain materials,
this test is normally specified as a design parameter. DIN
1055 gave the wall friction angle as 75% of ¢ for the
filling case and 60% for the emptying case. Current
revisions to this code (Martens 1980) will give u’' for
various materials and for three degrees of wall texture
(fully rough, semi-smooth, and smooth). This change may
primarily be due to a study by Pieper (1969) that suggests
wall friction will tend to a certain value for many
different surfaces as continued use causes material to rub
off at the rougher locations.

The quantitafive effects of varying u’ or the errors
introduced by assuming u' different from a truly effective
friction coefficient, become constant as depth becomes
large. The lateral pressure asymptote, yR/u', indicates this
~constant amount is approximately the inverse of the change
in u'. A 10% increase and decrease in u’' gives respectively
(-)9.1 and (+)11.1 percent changes in pressure and these are
maximum errors. As z increases from zero in Egs.[2.5],
[2.7]}, and [2.12], the errors increase from zero; at 50
feet, with K = 0.4, R = 17.5’, and u’' = 0.50%+10%, Janssen
would predict a +2.5% change in lateral pressure, Reimbert a

+5% change, and Lvin a *1.7% change. Therefore, for lesser
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material depths, reasonable errors in the assumed value for

u’' have a negligible effect on lateral pressures.

2.1.6.3 Bulk Density and Compressibility

For granular materials, bulk density depends on
particulate properties such as size and shape, the manner of
assembly of these particles, and the specific gravity of the
constitutive solids. Examining the three initial pressure
theories presented thus far, Egs.[2.5], [2.7], and [2.12],
it is immediately apparent that in all three, horizontal
material pressure is a direct function of unit material
weight. Many granular materials exhibit a variable unit
material weight and for bulk solids such as grains, cement,
and granular coal, this variation can be sizeable. For
example, the cleaned coal delivered to the silo in this
study could be placed with a unit weight from 40 to 60 pcf,
depending on the consolidating pressure. This 50% increase
in y obviously must have some influence on vertical and
fherefore horizontal initial pressures.

General practice in most design situations has been to
use a maximum expected density for y. This is only slightly
conservative for most materials in most silo applications
however for a small head of material (or for a very
compressible material) this can lead to inaccuracies. The
lower coal heads that are used in the analysis in Chap. 4
suggest this may be a consideration. Hence a critical
examination of possible variations in the material density

is required.
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Granular materials undergo volumetric changes in a
variety of mechanisms but for the vertical stress ranges
that enéiloed materials experience (i.e. 0 to yR/u’K during
initial charging), the primary mechanism is 'locking' (Lambe
and Witman 1979). In this range, structural deformations
resu1t>in a progressive stiffening of the particulate
system, hence a nonlinear stress-strain relationship exists.
In soil mechanics terminology, this material property is
called compressibility and the associated parameter, Cc (the
compression index) is used to relate void ratio e with the
logarithm of pressure p on the well known e - Jog p curve:

Ae - .

Cc = - —— ' oor e = ¢, +Cclog p (2.14)
Alog p

Density and void ratio are related from first principles by

‘the following expression for total unit weight;

1+ w
‘YT = Gs'Y (2015)
1+ e W
where w = water content by weight
G, = specific gravity of solids
Yy = unit weight of water
w

Jenike has found that, over a certain range of y, material

unit weight is well represented by this formula;

01 1B ,
7=10[—-] or log vy = log Cs + Blog o, (2.16)

Oo
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vertical or consolidating pressure

Here o,
0o = initial or contact pressure, usually 13.0 psf
Yo = initial unit weight

Jenike's compressibility coefficient

™
]

a constant (= yo/[0o] )

o
]

This relationship appears reasonable if a plot of Jog yr
versus e from Eg.[2.15] is examined (Fig. 2.10). The near
linear relationship between Jog y and e and the well
established linearity between e and Jog p (within certain
ranges), together indicate that Jenike's equation can be
tied in with conventional soil mechanics parameters.

These relationships have enabled the writer to develop
a formula for describing initial stress fields, while at the
same time allowing for a variable density utilizing
Janssen's simplifying but reasonable assumptions. The
advantage of Eg.[2.16] over the more familiar Eg.[2.15] is
that it can readily be inserted into Janssen's equilibrium
equation, (Eg.[2.1]), developed from Fig. 2.1, because vy
occurs as a function of o, (or o,) rather than void ratio.

Jenike's expression for y is substituted into Eq.[2.1];

do 4 g, B ' Ko,
'Yo[ } - (2.17)

Oo R

= C/301P = C20,

d01
! = [ daz or zZ=1J 0y " (Ca0,f"" - ¢c,) 'do,
Qc01p’ C204




61

I°1

3ybtaM 3tuUun pue otiey prop ussmisg diysuotieray | ‘gz

OILYY dIoA

670 8°0 L°0 8°'0 S°0 fh*0

| 1 1 T 1

9anbtyg

—

@

[a 0]

-

~

o v
o)
@
-

— _—

~N =

n
g,
S
Z
o
7

—

N

~

=
-3
“

9Ll




62

The following substitution is useful at this time:
1
[ u + C: ]5'1
Cp

Performing the above integration with respect to u

yields the expression for z (the constant of integration

vanishes because 0, = 0 at z = 0),
Cz
In [1 - — o,'"F
Ce
zZ = (2.18)
c2(B-1)

Rearranging,

C: ; 202(3'1)

Substituting for c. (u'K/R);

CsR ~u'Kz(1-B) /R |
[1 - e ] (2.19)

and

02=K01 =Ph

Eg.[2.19] is very similar to Janssen's equation and in fact
becomes so when B is taken as zero (the material is assumed
incompressible).

In Reference [39], a series of material tests are
reported on for various samples of cleaned coal products

expected to occupy the Fording silo. Most of these results
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are discussed in Chap. 3, however, to underscore the
contribution of compressiblity effects on intial pressure
fields, some quantitative input is required at this time.
Plots of unit weight against effective material head for
coal at various moisture contents were given and from the 6%
moisture content curve, a number of points were taken. The
respective logarithims of these values are shown plotted in
Fig. 2.11 and the resulting near linear relationship lends
support to Eg.[2.16]. The slope of this line is B8 and is
calculated as 0.0786. Reference [39] also gave the initial
contact pressure, o0,, to be 13.0 psf and the range of v over
which Eq.[2.16] is applicable as 38 - 58 pcf. If B is known
then the initial material density, 70'(or more directly,
Cs), can be calculated. Horizontal (or vertical) pressures
calculated using Janssen's formula can be compared to
results using Eg.[2.19], and the effects of material
compressibility become readily apparent. Table 2.2
summarizes this comparison and indicates clearly the loss in
accuracy that occurs when Janssen's formula is applied to a
compressible material. The two solutions do however merge at

greater depths.



Table 2.2 Errors Induced by Ignoring Material
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Compressibility
4 Janssen Janssen- .
Compressibility %
Coal
Ht. Y P, * y(z) P, *% | Deviation
(ft) (pcf) (psf) (pcf) (psf)
10 58.0 219.2 49,4 172.7 27
20 58.0 414.8 52.1 346.5 20
30 58.0 589.2 53.7 509.4 16
40 58.0 744 .8 54.8 659.8 13
50 58.0 883.6 55.7 797.5 11
60 58.0 | 1007.4 56.3 923.1 9
70 58.0 1117.9 56.8 1037.3 8
80 58.0 1216.4 57.3 1140.9 7
90 58.0 1304,2 57.6 1234.8 6
100 58.0 1382.6 57.9 1319.8 5
K = 0.40 B = 0.0786
Py
p'= 0.50 0o= 13.0 psf y(z) = 70[ —
Oo
R = 17.5 ft yo= 37.48 pcf
B8
y = 58.0 pcf Ca= vo/l0o]
YR -u'Kz/R
x P = — [ 1 - e ] = KPy
ul
A
CsR -u'Kz(1-8) /R 1-B
£ Py = K| — [ - e ] KPy
u'K
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Figure 2.11 Relationship Between Unit Weight and

Consolidating Pressure
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2.2 Flow Pressure Theories - Mass Flow

2.2.1 Introduction

Flow within silos manifests itself in two distinct and
limiting patterns; mass and funnel flow. Mass flow is said
to occur when the flow channel boundary coincides with the
storage vessel's walls. Funnel flow occurs when the flow
channel boundary is within the contained material.
Recognition of this physical distinction can be attributed
to Turitzan (1963) however Jenike (1964) has developed the
analytical techniques required to define the limit between
the two flow patterns.

The pattern of flow is influenced by the outlet

geometry and it follows that a material flow may incorporate

elements of both flow types simultaneously. An expanded flow
bin utilizes mass flow outletvhoppers in order to expand the
flow channel into the bin, thereby restricting the formation
of large stable ratholes. Alternatively, a funnel flow
hopper may have its flow channel expand independently until
it meets the bin wall, and above this point mass flow can be
said to occur. Obviously, it can be argued that within any
funnel of flowing material, a mass flow exists.

Qualitatively, two conditions must be satisfied for
true mass flow. For a given bulk material, the outlet hopper
must not exceed a limiting combination of inclination from
the vertical and material-hopper wall friction. This

requires that mass flow systems provide greater hopper

e
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heights and consequently greater silo heights. The second
condition requires that sufficient vertical pressures must
act on the material in the hopper to exceed the radial
material pressures (Jenike and Johanson 1968). Although less
critical, this condition provides for situations wherein a
mass flow bin-hopper may revert to a funnel flow bin-hopper
after a certain amount of material has been withdrawn. Of
course actual flow is always predicated on the requirement
that the outlet itself is large enough to prevent a stable
arch from forming.

Funnel flow results in lower dynamic wall pressures
than those due to mass flow and this can be attributed to
the muffling effect of non-flowing material against the
walls. Mass flow is however desirous in many applications;
the essential advantage is that it creates a relatively
rapid and problem free material withdrawal. In a bin of this
type, there are no dead zones and therefore storage capacity
is one hundred percent of the contained volume. First in -
first out is a term that refers to an important mass flow
storage feature. Certain bulk material properties may change
and/or the material itself may deteriorate with time and
therefore might require sequential handling. In addition,
this feature allows, to some extent, the layering of
different grades of materials however this would be
practical only with a centrally located discharge chute.
Finally, it is extremely difficult to eliminate particle

segregation completely using any charging method. The radial
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flow inherent to mass flow hoppers allows for the continuous
remixing of particle sizes even in continuous flow
operations.

Within a multitude of flow pressure theories that have
surfaced within the recent quarter century, few have
attempted to differentiate between mass and funnel flow
other than in descriptive terms only. All of the discussions
to follow deal generally with the prediction of mass flow
material pressures. To date, the strain energy method
proposed by Jenike, Johanson, and Carson (1973) is the only
presently available analytical technique that rationally
attempts to predict levels of overpressure in a mass flow
situation and that also has some experimental support. For
this reason, the Jenike method will be discussed in detail
in the following section and only brief mention will be made

of alternate dynamic theories,

2.2,2 Jenike's Energy Method

Jenike et al. (1973 Parts 3 & 4) have developed
analytical methods for dealing with both mass and funnel
flow in bins, relying on an energy approach with the former.
In short, Jenike's method places an upper bound on wall
pressures through minimizing the elastic (recoverable)
strain energy in a mass of bulk solid.

Jenike et al. (1973 Part 2) observed wall pressures in
models of flowing bulk materials. They found that a

diverging channel of 0.5 degrees resulted in flow pressures
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being similar to a Janssen distribution while with the

introduction of ledges or by using a 0.5 degree converging

channel, local pressures often exceeded a Janssen
distribution by a factor of two or three. Apparently, thin

boundary layers form at the walls that try to reshape a

cylinder into a slightly converging shape. According to the

authors of this theory, it is with this shape that a minimum
energy field can fully develop. Geometric and material
inhomogeneities continually cause the formation and
breakdown of these boundary layers, thereby resulting in
intermittent and/or oscillatory wall pressures, as the field

'switches' from a Janssen to a minimum strain energy

distribution. This so-called 'switch' can conceivably locate

at various vertical positions in a bin and it is there that
large overpressures (discontinuities in the lateral pressure
curve) are predicted. An envelope enclosing these maximum
expected pressures is therefore an upper-bound solution.

To develop this upper-bound for a given bin geometry
and material, a number of simplifying assumptions must be
made.

1. The switch is assumed to locate at some level z. Above
this level, a Janssen field is assumed to prevail while
below this level elastic strain energy is minimized.

2., Symmetry is assumed to exist, either two dimensional
(plain strain) or axial symmetry and here Janssen's
assumption of constant pressure throughout a slice is

employed.
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3. Kinetic energy is neglected and both the modulus of
elasticity £ and Poisson's ratio v are considered
constants.

Using coal properties and geometries pertinent to the
Fording silo, the Jenike solution provides the curves given
in Fig. 2.12. Curve I represents the instantaneous lateral
pressures; the pressure discontinuity reveals the switch
location used here. By arbitrarily assuming the switch to
locate at various positions, the envelope of maximum
material pressures is defined (Curve II in Fig. 2.12).
Jenike et al. discussed their findings when they include in
the solution the minimization of strain energy from the
material contained in the hopper. They suggest that the
curve be modified, as has been done in Fig. 2.12 to include
for this effect, by assuming no reduction in the maximum
lateral pressure once attained. They further suggest that
the strain energy contained in the vessel's walls should
also be included in the minimization. The.writer has carried
this aspect of the strain energy theory a step further by
including for this effect in the original formulation. This
slight addition to the work of Jenike, Johanson, and Carson
is presented at the end of this section,

It will now be evident that calculating Jenike's
maximum predicted lateral pressure for a given silo requires
knowledge of that location of the switch that produces this
maximum., Jenike et al. left their solution in a form not

readily conducive to this task and therefore a condensed

T,
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procedure is given here. The equation numbers given below
correspond to equation numbers located in Appendix B, where
the formulation is treated in detail.

To construct the instantaneous pressure curve for an
arbitrary switch location, Zo,, the following three constant

parameters are required.

va(1 - ») (B.16)

M =
2v
N —m (B.28)
u'Mz(‘l-m)
14
Kt = —_— at z = H (B.23)
1=v
where m is a geometric parameter (introduced in the
development of Eq.[B.15])
A further parameter is defined conditional on Zo.
IJ’(H - Zo) ’
M™R

At the level of the switch and above, the nondimensionalized
stress parameter, S (= 0,/Ry), takes on values described by

a Janssen (static) distribution. Therefore, at the switch,

_U»;KjZO/R :
] (B.31)

1
So='—[1_e
M;Kj

wvhere K; is the Janssen (static) value for the material,

assumed constant above the switch.
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At the level of the switch and below, S and K vary in such a
way so as to minimize strain energy within the region
Zo £ Z £ H., Two coefficients, A and B, are computed using

the parameters introduced thus far.
To calculate coefficient A,

So - N + a1e"
A= (B.38)
1 + aze’x

with MP[ue=' - K¢N]
a, =
1-K1Mm
and 1 + KM™
a2=.._____
1 = K M™
Coefficient B=S,-N-A (B.32)

Computation of S and K can now procede for any point z
(2 zo) on Curve I (Fig. 2.12). In this region, we define
uw'(z - zo)

Xy = (B.30)
M™R

S = AeX' + Be X1+ N (B.29)

A restatement of Janssen's equilibrium equation (Eqg.[2.1])
gives K as
1 - RS’

K= ———— (B.25)
u S
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where

7

My
§" = —(Ae* - Be ™) (B.35)
MR

and horizontal pressure, o, (or o:), at z, is then

KRyS (B.5b)

0 x

This instantaneous pressure curve is generally of academic
interest only at this stage because in a design situation we
are concerned with the bound of maximum pressures that occur
at each of those curve's discontinuities. In the foregoing,
4’ has taken on both its static and kinetic values although
in their original formulation, Jenike et al. use only one

coefficient for wall friction.

For the upper bound pressures only (pressures at each
switch location), z = Zz, always and the procedure is to
calculate So, X, (K, and N are constant), A, and B for

Zo) = K;RYSQ'

0 £z, £H. With z = 2z, ¥y = 0, and o,(at z
The lateral pressure ratio is discontinuous at z,, going

from K; to K.

1 - RSe
K, = — (B.25)
Hﬁso
where
T
So = — (A - B) (B.35)

M™R
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Differentiation of this upper bound curve with respect to Zz,
would provide the maximum design pressures as well as the
switch location that produces this maximum. As yet, this has
not been done, although McLean and Arnold (1976) have
provided an approximate method, discussed below.

Because of the complexity of each set of calculations
per switch location, any detailed study of Jenike's method
should be undertaken with the aid of a few simple computer
programs. Appendix C contains two such programs that have
been used'throughout this study; first in attempting to
predict experimental results and second in studying the
method itself. One program produces the instantaneous
pressure curve for any assumed switch location (Curve I on
Fig. 2.12), while the other produces the complete upper
bound solution (Curve II).

McLean and Arnold (1976) have attempted to simplify the
design process associated with Jenike's method. They have
shown that a switch location from the top of 0.5H to 0.7H
will produce this maximum pressure and suggest construction
of a single bound to estimate this location. By evaluating
the equations at the quarter points of a silo's height, the
position of maxima on this plotted curve will produce this
estimate within reasonable error. They also propose simply
evaluating the equations at 0.6H (for a cylinder) and for
their example, produced sufficient accuracy. In a parameter
study of Jenike's method this was found to be the case for a

wide variety of material properties and geometries.
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Comparisons made between Jenike's method and other flow
pressure analyses reveal immediately one unique feature of
this theory and that is that within the mass of material
beneath a switch, K varies. A natural boundary condition at
the transition (required for an absolute minimum of strain

energy) sets K there as;

14
K, = — (2.20)
1-»

This can also be shown to be a result of two important

conditions:

1. Janssen's assumption of horizontal strains being
independent of horizontal coordinates

for plane strain; o, = 0y
for axisymmetry; ox = 0y, = O

2. Jenike's theory predicts that transition strains due to
cylinder pressures are small (similar to initial
pressures) when the maximum pressure is achieved in the
cylinder. When this maximum occurs, the switch is
located near 0.6H and therefore flow pressures
(generally lower pressures) will exist aboﬁe the
transition, which also happens to be a location of much
greater stiffness in most silos. Although large strains
and/or pressures are frequently observed at the
transition, these are probably due to the large
pressures acting just below this position (i.e. the

enormous upper hopper pressures).

R
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Using Hooke's law

1
€y = E [Oy = V(Ux + az)]

m| -

ex = E [0, - v(o, + 0,)]

and that e, = e, = 0 at the transition for both plane strain

and axisymmetry (i.e. condition 2);

ay p(ax + 02)

v(o, + 0,)

0 x

Combined, these give

v
0. = [-——]0
1-p

Ke o0,

or

0 x

Above the transition, K increases gradually with height to
values near or slightly over unity, depending on the
location of the switch. As the switch approaches the
contained material's free surface, the increase in K becomes
rather pronounced while for a switch located at the free
surface, K becomes infinite. Jenike et al. suggest halting
the analysis at a distance of 1/2 to one diameter from the
top, citing experimental observations and explaining that
increased energy dissipation will halt the upward

progression of the switch.
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Material Property and Geometry Effects

The variables in Jenike's solution include four
material parameters (y, #', K;, and ») and two geometric
parameters (H and D). The complete formulation is made
assuming £ for the material is constant and it drops out
when strain energy is nondimensionalized. In the following
analysis, these parameters are varied from those values used
in Fig. 2.12., Horizontal pressure is directly proportional
to unit weight y because it is assumed constant and this is
similar to most static theories. Young's modulus, E, is
discussed in Sect. 2.2.3 where representative values are
given.

In the preceding description of Jenike's solution, wall
friction was treated as two parameters. It is generally
recognized that the kinetic coefficient is less than the
static coefficient given the same material and surface
conditions. DIN 1055 (1964) recognizes this by setting u’' on
filling (u.) equal to tan 0.75¢ and u' on emptying (uy)
equal to tan 0.60¢. For ¢ ranging from 20° to 40°, the ratio
u./u. ranges from 0.77 to 0.79 and therefore a ratio of 0.8
is used hereafter. Allowing u’ to vary causes only minor
adjustments to the maximum pressure; a 20% reduction results
"in a 5% increase. This increase is due to the variation in
u. (above the switch) because varing u, has an opposite but
lesser effect on the maximum horizontal pressure.

Poisson's ratio is a difficult property to evaluate for

granular materials. Lambe and Whitman (1979) describe » in
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the early stages of loading as having a value in the 0.1 to
0.2lrange while under cyclic and/or increased loading,
becoming constant at 0.3 to 0.4. As with most other
engineering applications, the influence of » on Jenike's
maximum pressure is minimal although it does have
considerable influence on the vertical location of this
maximum. The two requirments at the transition for minimum
strain energy mentioned above allow a determination of » in
‘terms of K., a parameter similar to K, (zero wall movement
and therefore zero lateral strain).

The vertical pressure at the switch acts as a surcharge
that must be carried below the switch and therefore an
increase in K; should decrease the maximum pressure. A 20%
increase or decrease typically nets a 7% to 8% change in
this maximum. This parameter has been discussed at length in
Sect., 2.1.6.

A study of the effects the two geometric parameters, H
and ‘D, have on maximum pressures (as predicted by Jenike et
al.) reveals several important points. Variations in D have
only a slight influence; a 10% increase in D yields only a
2.1% increase in maximum pressure. This is very different
from static solutions which predict D and P, to approach
asymptotically a linear relationship (Eq.[2.6]). Variations
in H have a greater influence; a 10% increase in H causes a
7.2% increase in maximum pressure. Although this effect
reduces with increasing height, a peculiarity of Jenike's

solution emerges that is very different from static
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solutions and other dynamic solutions (discussed shortly).
The method predicts that increasing the amount of stored
material below a certain point increases the maximum
pressure that will occur at that point. This is of course a
result of minimizing strain energy over what amounts to the
lower 40% of the contained volume. As this volume increases,
so too does the maximum pressure at the upper extremity of
this volume (at = 0.6H).

Jenike's mass flow solution is compared to ACI 313-77
Cs factors for non-mass flow in Table 2.3. Providing K; is
kept constant in Janssen's formula, these C, factors can be
shown to be dependent on the H/D ratio only and are
relatively insensitive to the remaining material properties.
This is a result of several factors. Unit weight y has been
shown to be related linearly to dynamic pressures however
this is precisely the relation y has to static pressures.
Poisson's ratio », though difficult to predict (it can be
evaluated in terms of Ko), is of little influence anyway.
Wall friction u’' has a greater effect on maximum dynamic
pressures but can also be said to have a similar effect on
static pressures. Therefore, the overall effect of changes
to the above parameters on equivalent C4 ratios should be
minimal. Table 2.3 reveals that the assumed value for K is
important and this is primarily because of its influence on
static pressures. The largest C4 factors given by ACI 313-77
occur in the lower regions at H-2(H-H,)/4 = (H+H,)/2 which,

as a fraction of H, is

o
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Table 2.3 Equivalent C, Factors using a Strain Energy

Approach (Mass Flow)

Overpressure Factor
H H H H
K; z - < 2 - = - = 4 - >
D D D D
0.6H 2.43 2.59 2.66 2.69
0.4
H 1.83 2,16 2.37 2,51
0.6H 1.98 2.13 2.19 2.22
0.5
H 1.59 1.85 2.02 2.12
0.6H 1.67 1.79 1.85 1.87
0.6
H 1.41 1.62 1.75 1.82
Ka H+H, 1.65 1.75 1.85 1.85
* 2

* ACI 313-77 recommendations

1 - sing
Ka = ——
1 + sing¢

(non-mass flow)

H

= D tan¢

81
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[ H + Z tane ] o - [ - ;jg¢ ] /2

This is very nearly 0.6H for most combinations of ¢ and H/D
o) thét the point of maximum pressure generally corresponds
to this location. The lower values for each whole H/D ratio
represent Cy values at the bottom if the maximum pressure is
held constant as suggested by Jenike. The discussion at the
end of this chapter indicates why, fof design purposes, it
may be prudent to parallel the dynamic pressure curve with

the static pressure curve over the region 0.6H to H.

2.2.3 A Re—examination of Jenike's Method with Allowance for

Wall Strain Energy

Jenike et al. (1973 Part 2) discuss conceptually the
requirements for a rational development of a stain energy
method for bin loads. In their discussion, reference is made
to the strain energies contained in the vessel's walls,
specifically, that these energies should be included in the
analysis. In the follow}ng text the writer will attempt to
provide some insight into this aspect of bin loads as it
pertains to a strain energy method.

In this treatment of wall strain energies only
extensional strains along a circumference will be
considered. Extensional stiffness is the primary resistive
element in a thin-walled cylinder so long as lateral

pressures are described by a continuous curve.

et
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For shell material strained in the elastic range and
obeying Hooke's Law, the strain energy density is given by

the area under the stress-strain curve and is equal to
—0,e, (2.21)

The total extensional strain energy of the shell is given by

1

—~ 0,e,dV, (2.22)

where dV, indicates an elemental volume

With a constant horizontal cross-section of circumference C,
‘and shell thickness t,, Eq.[2.22] can be restated in

nondimensional form.

4 2Em 1 osz
j [———C‘ts]dz (2.23)
(o] 2 Es

For the sake of comparison, the nondimensionalizing term

contains variables directly related to those found in

Jenike's nondimensionalizing term (Eq.[B.8Jof Appendix B).

If the pressure field is assumed to be increasing or

decreasing gradually, then the shell stress can be

approximated by the thin-walled pressure vessel formula;
Pnr 02D

0y = —— = (2.24)
t $ 2

ﬂ
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A modular ratio, n, can be introduced comparing the
elastic moduli for the contained material (E,) with that of
the silo shell material;

Em = (2.25)

DII'H

With the above substitutions and letting C.= #nD, we have

z UzdeZ
] ——— (2.26)

1
Ws=_
R ° nt,(Ry)*?

In order to compare directly with the expressions as they
occur in Jenike's formulation, the following substitution

should be made at this time;
o, = KRyS (2.27)

where S the nondimensional material stress parameter first

employed in Sect. 2.1.3 (Eq.[2.2]). On substitution, this

gives
1 . K2S2D
w, = — é dz (2.28)
R nt,

We have only to evaluate the dimensionless factor D/nt,
(henceforth designated C,) in order to make a direct
comparison with Jenike's parameter M (Eq.[B.16]), in the
final term of Eq.[B.15] in Appendix B. For a reinforced
concrete container, wall thickness t, can be equated with a

transformed area of steel per vertical unit length of wall
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(i.e. a measure of the effective tensile stiffness) while D
is simply the silo's diameter. A reasonable value for
n = E,/E, must now be found.

Young's modulus for granular materials is a property
generally used in settlement calculations. It is
conceptually related to the inverse of the coefficient of
volume compressibility, my and in fact, for a laterally
confined mass, such as in a consolidation apparatus or a
storage bin, E and my can be considered as inverses. This is
readily demonstratable with reference to Fig. 2.13. Vertical

strain is given by

P Ae de
€; 5 = = ———— or de = —— (2.29)
H 1 + €o 1 + €o

This description of incremental strain is for a uniaxial
state of stress (no lateral strain) and therefore Poisson's
effect is not applicable.

Because Young's modulus (in this case the constrained
modulus) is by definition the slope of a material's

stress-strain curve we find

_— — = —— (2.30)

This expression is also recognizable as the coefficient of
volume compressibility, my as it appears in texts on soil
mechanics. Using the compression index, Cc, discussed in

Sect. 2.1.5, Eq.[2.30] becomes



Solid /
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Figure 2.13 Relating Incremental Strain to Changes in

Void Ratio
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Cc
m = - (2.31)
2.30v(1+eo)

The above formulation for 1/E (=my) immediately reveals
the important material property necessary for an evaluation
of a bulk material's constrained modulus. We find it
dependent on the initial void ratio, e, as well as being
inversly related to Cc. However, given a linear e-log p
curve (i.e. constant Cc), E can be seen to vary linearly
with consolidating head, oy. This is in keeping with a
generally accepted formula for calculating £ for a loose
sand where it is approximated by 1000y (Terzaghi and Peck
1967 p.94)

References to Jenike's coefficient of compressibility,
B, and its counterpart in soil mechanics, Cc, were made
earlier (pp.59-60) however this discussion no longer
involves an initial field (the so-called virgin curve on an
e-log p curve). Concern shifts to'the situation during flow
in which there is occurring within the mass a continual
loading and unloading. This establishes the need for a
second compressibility parameter, Cr, or recompression index
that denotes the slope of the path followed by the e-log p
trace on rebound, a property of all soils that also has been
well documented in the literature.

There is little available literature relating
quantitatively an initial F to its value on rebound or even

Cr to Cc. Pariseau and Nicholson (1979), while examining
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stress and displacement fields in hoppers using finite
elements, briefly discussed their treatment of this aspect
of bulk material behaviour. They incorporated an E on
discharge that was approximately 20 times the E used on
filling. Harr (1977), in a tabulation of various material
properties, reveals a compression/recompression ratio of
about 15 for a silty clay.

From Egs.[2.14] and [2.16] and Fig. 2.10, an attempt at

finding E,, can now be made,
The established relationships are;

Ae = Cc Alog p
Alog vy = B Alog p
Ae £ Alog vy

where § was introduced in Fig. 2,10 as the slope of the

Jlog vy - e curve.
This gives

Cc =t B

Because ¢ is typically 0.2 to 0.3, and with 8 = 0.0786 from
Fig. 2.11, Cc for this material is approximately 0.02. Using
Eq.[2.31], eo= 0.7 from.Fig. 2.10, and an average
consolidating pressure of 2500 psf, £ on initial loading
becomes 3.4 ksi. Assuming a token increase on rebound to
give E, = 10 ksi, the modular ratio comparing E, to E,

becomes about 3000.

e,




89

Finding an effective value for t, is a difficult task
if the wall is of reinforced concrete because extensive
cracking will render the structure progressively less stiff
with each load cycle. A 70 foot diameter silo will typically
have about 3 in? of steel per foot of height in the lower
regions. Assuming that uncracked concrete effectively
quadruples this 'area of steel', t, can be approximated by
1.0 in? of steel per inch of height. This gives

D 70 x 12in

Cm = = = 0,28
nt, 3000 x 1in

In Eq.[B.15] of Appendix B, the dimensionless coefficient
for K* becomes, from Eg.[2.28], M*+C,. Therefore, wherever
M, M?*, or M™ appears in the solution, M must be substituted

with

Mz = /(Cm +M2)

Jenike's solution has been run using the above
substitution. The resulting effect on maximum attained
pressures, as a function of C,, is shown in Fig. 2.14,
Depending on the various assumptions made in the foregoing
discussion, it is apparent that including wall strain
energies in the solution may reduce lateral dynamic
pressures. Not shown is the effect this inclusion has on the
location of these maximum pressures. The analysis indicates
that this location moves up the wall as C, increases,

revealing that the loads are being redistributed rather than
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reduced, a not unexpected result from a structural
‘standpoint.

A more involved analysis would require better
indications of the values that E, and E, might take on. With
ensiloed materials that are stiffer and/or as the wall
becomes less stiff, this analysis predicts that C will

increase and lateral pressures will decrease.

2.2.4 Alternate Theories

A good many theorists have concentrated their efforts
in mass flow pressure predictions to primarily within the
hopper. What has resulted is a number, and a diversity, of
solutions that overall reveal some quantitative similarities
(see for example Horn and Nedderman 1976). It appears that
converging-side configurations common to all hoppers are
conducive to theoretical analysis through much the same
reasons that Jenike et al. (1973) found slight values of
divergence and convergence will define active and minimum
strain energy stress fields respectively.

Wall convergence within a hopper forces lateral
contraction within the flowing material and as the major
principal stress generally aligns with the direction of
contraction an 'arched' or passive field is set up.
Cénversly, the near vertical sides of most bins set the
contained material flowing within an undefined flow channel,
apparently leaving open the choice of which stress bound to

analyse with (i.e. active or passive). The Jenike method
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skirts this apparent stumbling block by uniquely employing
an energy technique. Most other theories tend to rely on the

passive bound.

Of these theories, Lvin's treatment of dynamic
pressures most closely parallels Jenike's approach. Lvin
describes a 'rupture level' which in fact is synonymous with
a 'switch' position. Above this level occurs a zone of
tranéition and above this zone the mass is stabilized, with
pressures being described by a static analysis. We have
already discussed Lvin's contribution in this area. In the
zone of transition , the coefficient of earth pressure is
assumed to vary linearly from a stabilized K to a multiple,
m., of this value. Here the range of K, according to Lvin,
is bounded by active and passive, or upper and lower limits.

This multiplier m, plays an important role in the
solution because not only does it predict the depth of this
transition zone but it also appears as the only parameter in

a formula describing, in effect, an overpressure factor.

1 1
O.p.f. = 2[ ; + ;(mk + 1):|

For example, values for m, of 4.5 and 8.0 give respectively

overpressures of 2.0 and 3.0. Ratios of Kp/Ka can often

exceed these levels, depending on the material properties. A

discussion by Moysey (1979) of Lvin's results applied to the
Fording coal silo (with ¢ = 35° and ¢' = 26.5° ) suggests

that an overpressure factor less than 2 might be expected.

[
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Lvin does not predict actual pressures but instead
leaves it to the reader to choose appropriate values for K
Vin an analysis. He correctly recognizes the problem of
evaluating K to be one of some difficulty as the various
states of stress within a bulk mass are more tied in with
the stress-strain history of the material than so much as
with the material's properties. This conclusion will be
shown to be justified by the experimental results.

Again, Lvin's derivation is based on a constant
vertical-shear/lateral-pressure relation existing between
adjacent differential rings and this fact somewhat lessens
the methods validity, although the consequences may be more
acceptable for a constantly shearing (flowing) mass than

they were for the static case.

Horne and Nedderman (1976) applied Sokolovskii's
solution technique to the passive case and found the results
to follow a discontinuous curve. Because they assumed
incipfent passive failure throughout the mass, much of the
discussion concerning the active case will apply here also.
It is extremely difficult to conceive of a chain of events
that could ih fact produce this type of stress field, except
perhaps within the converging hopper, and therefore the
solution is of academic interest only. The solution would be
similar to one using Janssen's formula with Kp and in fact
it oscillates about while asymptotically approaching a

modified Janssen solution incorporating Kp.
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Van Zanten and Mooij (1977) discuss local overpressures
occuring at irregularities in the wall and describe the
condition as "Local Passive Bracing". Above this position on
the wall, the stress field is active and at the
irregularity, the major active principal stress becomes the
minor passive principal stress (K changes from Ka to Kp
“discontinuously). This would therefore be eguivalent to an

overpressure factor of Kp/Ka (or Kp?).

Walters (1973) has extended Walker's (1966) modified
Janssen approach for predicting static pressures to one that
can predict dynamic and switch pressures. The approach is
similar to one employed by Jenike and Johanson (1968) when
they first discussed the possibility of enormous 'switch'
fofces acting on a bin wall. The method is an overall
equilibrium technique; greatly reduced dynamic (flow)
pressures well below a switch require, for overall
equilibrium, greatly increased pressures to act immediately
below the switch. Walters gives a chart showing localized
overpressure factors of 50 or more, depending on values
_chosen for ¢ and ¢ . Although pressures of this magnitude
have never been recorded, Walters gives several possible
reasons why, including their short lived nature and small

area of application.

Jenkyn (1978) uses a different approach than previous
theories. He evaluates a 'flow value' for K based on the

variation in u’ from u, to u, (in his notation, u.= tanu and

Ao
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ue= tanu, although Jenkyn appears to interchange ¢ with ¢’
in his comparisons). His solution falls between DIN 1055 and
ACI 313-77 in the upper regions of a silo but approximates
ACI values near the bottom, where DIN 1055 (1964) exhibits a
reduction in effective overpressures. Jenkyn's results are
therefore not suitable as mass flow pressures in so far as

ACI 313-77 suggests that their design values are inadequate.

2.2.5 Recent Research on Mass Flow Pressures

Literature relating experimental results to a strain
énergy solution is still rather sparse at this point in
time, evidently a result of that theory's relatively recent
evolution (1973). Jenike et al. (1973) discuss briefly tests
with sand in a 0.95 foot cylinder and report good agreement
with»their theory. They indicate that results from pressure
measurements near the transition tend to exceed their
'adjusted' curve but suggest this could be due to their not
including hopper strain energies in the analysis.

These findings tend to be supported by a number of
tests conducted in Amsterdam on a larger mass flow bunker of
1.5 m diameter (12 m*® capacity). Richards (1977) and Van
Zanten and Mooij (1977) reported in detail pressure
measurements on three materials (two PVC powders and a sand
with ¢ = 37.5°). Maximum flow pressures were considerably in
excess of a strain energy prediction while mean flow
pressures generaly fell within these bounds. These mean flow

pressures presumably were derived from sets of four
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transducers, equally spaced circumferentially, and therefore
more realistically approximates values to be used in
determining hoop tensions. This does not mean to suggest
that maximum observed pressures should be ignored but
instead they should be treated as local perturbations only.
This idea will be discussed more fully in a Chap. 6. The
above authors also emphasized the observed wide variability
(and as well the importance of local effects ) in wall

pressure magnitudes.



3. Description of Field Measurements

3.1 Description of the Silo

The silo used in this study to obtain field
measurements can be considered representative of size and
construction practice for contemporary coal industry
application. It is a slip-formed reinforced concrete
cylinder of 70 feet inside diameter, 12 inch wall thickness,
and with a total height of 250 feet. The cylindrical portion
of the silo whiéh resists coal pressures directly, rises
155.7 feet from the transition hopper to the upper side of
the bin's roof slab. Two silo cross-sections are depicted in
Figs. 3.1 and 3.2.

Principal (hoop) reinforcement is provided in two
concentric rings and consists of 30M bars at 8 inch spacing
below elevation 269/-0", 25M bars at 9 inch spacing to
elevation 205’-0" and 20M bars at 9 inch spacing for the top
43/-8 1/2", Vertical reinforcement consists of two layers of
15M bars at 12 inch spacing placed just inside eéch ring of
hoop reinforcement.

The hopper portion of this bin actually consists of a
transition hopper and two pyramidal outlet hoppers (with
rounded edges) , all of steel plate construction. Both
outlet hoppers are lined in a 304 stainless steel with a 2B
finish. The transition hopper is affixed to the cylinder at
elevation 193/-0" through welding to a 12"X 3/4" continuous

steel plate. This detail is important for a general
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interpretation of transition strains and therefore is shown
in Fig. 3.3.

The bin's roof slab, monolithic with the bin walls, is
a 6 inch steel-concrete composite, supported on steel
trusses, that in turn supports the silo's top house. This
top house encloses the upper end of the 10 foot diameter
conveyor tube and a charging chute that effectively divides
the incoming flow of material into two separate charging
flows, displaced lateraly approximately twenty feet. This
flow separation results in additional material storage at
the top as now two adjacent cones of material will form
instead of one. This complicates to some extent the

calculation of an equivalent coal height.

3.2 Propertiés of Stored Material

A complete series of tests was considered to be
unjustified for this study however information contained in
a number of material reports (Reference [39]) already in
existence was drawn upon. The silo is designed for
containment of a two inch minus well-graded cleaned coal
that possesses an average bulk density of 60 pcf.
Compressibilty effects and moisture content variations can
act to cause a large difference between measured minimum and
maximum densities (from 34 to 64 pcf) (Reference [39]) and,
along with various internal, external, and effective
frictional properties, can radically alter material

flowability. It is however, only those effects necessary in
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pressure calculations that will be considered here.

Compressibilty effects have been discussed at length in
the previous chapter. Sufficient accuracy for design
purposes can be achieved most simply be utilizing an average
ﬁaximum expected material density in the design equations.
In the following chapter however, compressibility is
included in the analysis as to do so requires no great
effort and should in fact increase accuracy for the lower
coal heights employed.

The moisture content of cleaned and dried coal charging
into the bin is related to the temperature of the material
as it exits the dryer. At 120°F (49°C) moisture content is
about 6% while at 95°F (35°C) and 65°F (18°C) moisture
content is respectively 10% and 14% (Reference [39]). A
temperature of 117°F (47°C) was recorded for material
entering the silo on one occasion, suggesting a moisture
content nearer to 6%. This is in keeping with tests done on
samples taken in January 1981 where moisture contents of
around 7.5% were measured using the ASTM Standard.

For the material reports of Reference [39], tests were
conducted on the material passing a number 8 mesh (60 to 80%
of the material as revealed by the sieve analyses conducted
by the writer and contained in Appendix D). For the coal at
a moisture content of 6%, the angle of internal friction (¢)
ranged from 38° to 40° while the angle of wall friction on
concrete was recorded at 26° to 31°, The afformentioned

sieve analyses describe a very well graded material.

[

Jos
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3.3 Loading and Unloading Considerations

Coal heights within the bin were determined using a
~variety of methods. Originally it was hoped that a
reasonable estimate could be obtained from the silo's six
coal level indicators. These occured at 24’ intervals
starting at 4’/ above the transition and if feed rates and
discharge rates are known, a good estimate could be had of
coal height, at least at the western meridian. Runs #1
through #3 had heights established in this way but it was
soon discovered that these indicators were susceptible to
jamming and therefore an alternate method was used. Prior to
the start of all remaining runs a weight on the end of a
graduated line was lowered into the bin at one or both of
two openings and this gave a more accurate knowledge of coal
height. During discharge, a running tally of loaded-out
weights was provided by the computer for most later runs and
this allowed a calculation of the remaining material's
height. The results are summarized in Table 3.1,

Unloading of the silo into a variety of coal car types
that comprise a unit train is accomplished automatically:
with the aid of electric eye and mechanical limit controls,
a continuous weight monitoring dévice, a software package
developed specifically for this system, and the onsite
loadout computer. At the time of final strain measurements,
full computer operation had not been achieved and loadout
was undertaken either fully manually or with one chute on

automatic control.



104

Table 3.1 Measured and Effective Coal Heights Above the

Transition
Fig# Coal Levels
App. ; ,
J Remarks at jJat W |
wall |chute| eff.
Ct coal in hopper only - - -
C2-C8| silo empty 0 0 0
c9 Start of Run#6A, (1 measurement 78.7| 96.7| 84.7
77’ down at wall), assumed cone
ht. of 18/
ci13 Prior to Run#6B, (back - calc. 88.5{107.7| 94.9
| from Fig. J.C15 level as shown
C14 | in Chap. 4, p.153) 95,6{116.6[102.6
C15 Start of Run#6B, (first estimate| 103 125 [110.3
from back - calc. on full silo),
C15 Final estimate from calc. in 102 124 |109.3
Chap. 4, p.141
Ci16 Prior to Run#7, (3 measurements)|120.7|153.2[131.5
Silo full - 35/ down at wall '
C17 - 5/ down at W chute 120.7(153.2]131.5
- 0/ down at E chute
c18 Average cone ht. = 32.5’ 120.7|153.21131.5
C19 Start of Run#7, Silo full 120.7153.2{131.5
Cc20 End of Run#7, (2 measurements) 55.7| 60.7! 57.4
- 100/ down at wall '
- 95’ down at W chute
Assumed conal surface
c21 Filling for 4 hours - - -
Cc22 Start of Run#8, (1 measurement) | 92.7|112.7| 99.4
' - 63/ down at wall
Assumed cone ht. of 20’
Cc23 Robot Diesels Run#8, (calc. Aht.| 65.5| 75.5| 68.9
from scale output) Assumed cone
ht. of 10/ (for plotting only)
C24 End of Run#8, (calc. Aht. from 23.6| 28.6| 25.3
scale output) Assumed cone ht.
of 5/ (for plotting only)
Cc25 Prior to Run#9, (2 measurements)|103.7[125.7[111.0
- 52/ down at wall
C26 - 30’ down at W chute |103.7|125.,7{111.0
c27 Start of Run#9, (see above) 103.7|125.7]111.0
Cc28 Robot Diesels Run#9, (calc. Aht.| 79.8| 89.8| 83.1
from scale output) Assumed cone
ht. of 10’ (for plotting only)
Cc29 End of Run#9, (calc. Aht. from 39.8( 44.8] 41.5
scale output) Assumed cone ht.
of 5/ (for plotting only)

RO,



105

As revealed in Fig. 3.1, the two outlet hoppers have
centers approximately twenty feet apart and therefore the
operable chutes used in controlling the coal level within
each car would similarily be displaced. This system results
in only one gate being open at a time, unless manual
override is employed and the south gate is left open beyond
its normal shut-off. When in use, the computer program
negates this possibility.

The preceding description of the loadout operation has
important consequences on material flow within the silo.
With only one gate in operation at a time, the attainment of
mass flow within the complete bin cylinder is unlikely as an
expanded type flow within either the north or south
hemicylinder would be expected. The location at which this
expanded flow channel first touches the wall is difficult to
predict at this time and consequently discussions in this

area should follow presentation of the results.

3.4 Description of Instrumentation and Field Measurements
Strains in the cylindrical concrete wall are measured
with strain gauges mounted on the hoop reinforcement at
various locations along a single meridinal line as shown in
Fig. 3.1, At each of these six locations, two AILTECH S$G129
weldable strain gauges are attached; one each on the outer
and inner bars. Prior to concreting, gauges and bars were
thoroughly greased along a three foot length, hopefully to

act as a bond breaker. Actual bar strain measurements were
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recorded as either static or continuous.

Continuous readings were deemed necessary at the outset
due to the expected transitory nature of the coal flow
pressures and they were accomplished with the aid of a
portable signal demodulator. In this capacity, a ten channel
Validyne (model MC1) Multi-Channel Transducer Control and
Signal Conditioning System was employed, with each gauge
acting as the active arm in a quarter bridge configuration.
Each of the ten modules in the demodulator generates an
independent signal of 5V a.c. (rms) at 3 kHz that varies
with the strain. This signal is then amplified and converted
to d.c. output to facilitate recording; in this case
recording was generally done on magnetic tape however in
some cases actual strip chart records were produced as the
run progressed. Discharge events, recorded in the continuous
mode, are labelled as Runs #1-10,

Static readings were undertaken initially as a means of
checking whether or not gauges were functioning adequately
and later as a means of discerning long term gauge response
to shrinkage stresses, silo usage, etc. It was soon
discovered that static readings also gave very accurate
indications éf short term effects, (as opposed to
instantaneous dynamic effects) such as temperature, lateral
charging pressures, and gquasi-static lateral pressures
brought about through discharge. Each full set of static
readings would take approximately five minutes as they were

recorded manually and therefore restricted the use of this
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means of measurement to periods of slack in the discharge
sequence, for instance just before or after loadqut
procedures or during passage of the intermediate (robot)
diesel engines. This latter event occured approximately 40
to 45 cars into a loadout operation that generally comprised
105 to 110 coal cars in total. Static readings were
generally numbered sequentially in a three series grouping.
Series A included readings taken at each gauge location
(#1-#3a) and those taken through the 100+ ft cables but
without ground straps. All of these readings were used for
long term observations. Series B and Series C readings
utilized ground straps; Series B were taken in January 1981
and Series C in June 1981,

Temperature stresses are directly observable provided
the strain measuring devices are reasonably temperature
compensating over the range of expected temperatures. The
gauges used in this study carry a 6S designation that
describes their suitability for attachment to steel and an
overall coefficient of thermal expansion of 6 ue per F (10.8
ue per C)., For a steel-concrete composite, this value is an
oft quoted average for this coefficient. Fig. 3.4 is an
apparent strain vs. temperature curve for these particular
gauges and therefore indicates the amount of strain that
must be subtracted from the measured strain if an actual

strain is desired.
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3.5 Chronology of Field Measurements
September, 1979

- Silo slip-formed

February 26, 1980
- Initial static Reading #1, Series A. This was a one day
field trip to provide an initial gauge check 5 months
subsequent to installation. At this time hoppers were not

yet installed.

October 6-8, 1980
- This field trip involved cable installations, initial
equipment checks, and monitoring of virgin loading of silo.
Static Readings #2 and #3a were taken at individual gauge
locations while #3b through #10 were undertaken by way of
newly installed cables. Continuous readings were conducted
(Run #1) with the bin portion of the silo approximately 50%

filled (according to indicator lights).

January 8-12, 1981
- This was intended to be the start of full data acquisition
however a series of site events rendered the silo dormant
for this period. Static Readings #11 through #16 were used
in attempts to correlate static and continuous readings.

Electronic drift problems were first noticed at this time.
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January 19-27, 1981
- This field trip resulted in data collected for four runs
(#2 throught #5) and Static Readings #17 through #120 Series
A, and #1 through #10 Series B. At this time it became
apparent that the coal level indicator lights were
unreliable and an alternate method was employed as discussed

earlier,

June 15-25, 1981
- This was the final field trip. The silo had been in
continuous operation for 1/2 year and the readings taken at
this time are considered to be representative of the
behavior of an operating silo. A preliminary evaluation of
data from the previous field trip had pointed out the need
for more reliable static measurements while at the same time
equipment limitations were fully understood. Therefore, a
fairly comprehensive set of readings extending bver ten days
were obtained. Runs #6 through #10, complete with a number
of invaluable reference readings (Series C; #1 through #35),
were recorded. The detailed analyses of Chap. 4 and 5 deal

almost exclusively with this final set of test data.



4. Static Test Results and Analysis

4.1 Introduction

In this chapter, the static results are presented and
‘analysed in an effort to evaluate the extensional wall
stiffness at various gauge locations. As such, the
evaluation of initial static material pressures for a range
of effective coal heights and known or assumed material
properties, represents a calibration technique.

The development of a suitable stress-strain
relationship that will consistently predict the gauge
response for a particular location necessitates an
understanding of any and all phenomena that may affect these
strains. Therefore the discussions to follow include such
topics as thermal effects and the effects of cracking on
local strains. The second unknown in the stiffness equation
is of course stress (i.e. load) and in this regard material
pressures are needed. This requires an appropriate
assumption for the value of or the range of variation of K,
and, to a lesser extent, the static pressure theory to be
employed. For the latter, a Janssen-Compressibility
formulation will be used because of the smaller depths of
coal involved in the analysis. Both a constant and a
variable K will be examined.

The static and quasi-static results for January 1981
and June 1981 are given in (Appendix J) Figs. J.B1 to J.B10

and J.C1 to J.C35 respectively. Data from these plots are
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drawn upon at various times throughout Chap.4.

4.2 Shrinkage and Hopper Installation Strains

Because the silo is a reinforced concrete structure,
one would expect shrinkage to occur. For unrestrained
concrete, shrinkage strains can be expected to range from
about 200 to 600 microstrain but may go as high as 1000
microstrain (Park and Pauley 1975).

- Fig. 4.1 reveals that in the seven month period from
February 26, 1980 to October 7, 1980 (this period begins
five months after completion of the slip~-form), an
approximate compressive strain occurred circumferentially of
300 to 400 microstrain at the upper four gauge locations. It
should be noted that during this period the transition
hopper and ring plate were installed and this would account
for the erratic gauge behaviour at Locations 1 and 2. If all
or most of this compressive strain is attributable to
shrinkage, it is a simple task to calculate the resultant
concrete tensile stress due to the restraint provided by the
hoop steel. Steel stresses of 10 ksi would result from an
average 350 microstrain compression and to maintain

equilibrium;
fsAs = fc Ac

fsAs 10 ksi x 3.27 in?
fc = = 0.232 ksi (Tension)
Ac (144-3,27)in?
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This shrinkage stress results from only the measured portion
of shrinkage strains because there probably occurred at
least an equivalent amount of shrinkage between September
1979 and February 1980.

Tests at the University of Alberta (Chitnuyanondh et
al. 1979) on wall segments of similar thickness to this.silo
have shown that initial cracking occurs at stresses of
approximately 3.65 V/f¢ , in this case at about 230 psi for
4000 psi concrete. Preliminary observations at the silo,
before any material loadings occurred, revealed an extensive
lattice of hair line cracks, generally undirectional, and
what were therefore primarily surface cracks only. However,
this surface cracking would tend to reduce the effective
area of concrete in the equilibrium equations given above.
'In the vertical direction, the self weight of the structure
would prevent the formation of horizontal cracks extending
into the wall's core however this forée is absent
circumferentially. One may surmise at this point in the
discussion that prior to actual usage of the silo, a state
of stress existed in the circumferential direction that
approached or even exceeded the concrete's cracking

strength.

4.3 Strains due to Operational Loads for the Period October
1980 to June 1981
The silo became operational in October 1980 but

received only sporadic use until January 1981. All of the
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static and dynamic analyses done for the silo use the June
1981 observations and therefore it is important to establish
that a settling-in period had transpired prior to June. If
it can be shown that through-the-wall cracking had occured
during this period, the assumptions of constancy of
extensional stiffnesses and linearity of the stress-strain
curves for the June readings become easier to accept.

Long term observations of hoop strains after October
1980, for an empty silo, reveal a general increase in
tensile strains however this behavior is fairly erratic.
Tensile strains of less than 50 microstrain and approaching
400 microstrain occurred in the upper four locations without
any particular vertical nor inner-outer correlations
emerging. In contrast, the two gauge locations at the
transition have experienced similar October 1980 to June
1981 strains and of large proportion. Here, the outer gauges
“strained +624 and +690 microstrain at Locations 1 and 2
respectively while the inner gauges strained +205 and +238
microstrain. This obvious difference in inner-outer gauge
response can readily be explained when it 'is realized that,
at the transition proper, 73% of the hoop steel occurs as a
12" x 3/4" plate, affixed to the inner side of the wall.
This has the effect of moving the neutral axis closer to the
inner gauges.

Examining hoop strains at the transition for the
emptied silo (Figs. J.C1 to J.C8 and J.C33 to J.C35) shows

the relative stability that occurs there and this fact,
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coupled with the rather large strains that have occurred at
this location in June, (i.e. Fig. J.C28) leads to the
conclusion that extensive through-the-wall cracking has
occurred at this level. This statement is supported by the
observed cracking behaviour of the silo. In January,
vertical continuous cracks were noticed near the transition
but their appearance was little more than hairline. Prior to
one of the later runs in June, crack sizes approaching 1/2
mm in width, and continuous for several feet, were observed
at the transition level. Smaller but still continuous cracks
were observed as high as Location 5 (i.e. 1/2 way up the

cylindrical bin portion of the silo).

4.4 Initial Static Material Pressures and Extensional Wall

Stiffness Evaluations

4.4.1 Methods of Analyses

In Chap. 1, Eq.[1.1] was given as the starting point
for computing a circumferential design force and required
area of hoop steel. It is repeated here to illustrate the
relationship between horizontal pressures, circumferential
strains, and the circumferential extensional stiffness of
the wall at a particular location.

Average thin-walled stress in a cylinder is given by;

0 = — (4.1)

e
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This formula is correct for a horizontal pressure constant
with height as well as a horizontal pressure exhibiting a
linear variation with height. It is also correct for a
nonlinearly varying horizontal pressure so long as the
variation is gradual and continuous. This is true of the
Janssen exponential static pressure curve but not of the
instantaneous switch pressures which, according to theory,
are discontinuous at the switch.

Using Hooke's Law, extensional stiffness, Et, is then
given by;

Phr'

Et (4.2)

This relationship describes the basis for all calculations
dealing with a range of probable horizontal pressures and
measured circumferential strains. Inherent in its
application is an assumed linear stress-strain response for
a particular wall location. At service load levels this is
reasonable, providing there is no bond slip nor further
crack propagation. Implicit with these requirements then is
the need for a constant extensional stiffness over the
complete sequence of runs used in the analyses. This will be
shown to be justified in Sec. 4.5.2.

I1f average circumferential wall strains due to observed
heights of coal are known, techniques contained in the
literature, and summarized in Chap. 2, can be used to find

an associated horizontal pressure. The following section
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discusses the treatment of measured circumferential strains.

4.4.2 Localized Circumferential Wall Strains

4.4.2.1 General Comments

Comments on measured circumferential strains should be
preceded by a discussion of strain reproducibility and
expected accuracy. When dealing with relatively small strain
measurements such as were obtained during this study,
confidence in applying certain types of analyses to the
results can only stem from a good knowledge of the
instrumental and procedural limitations. During the fourth
field trip it became apparent that the equipment used for
continuous strain measurements was susceptible to drift over
periods longer than several hours. Therefore, in order to
compare one set of strains with another that occurred some
time previous, accurate static (or quasi-static) readings
would be required.

To determine the accuracy and reliability of the static
readings, successive readings were made on one gauge.
Between readings the leads were disconnected and any strain
indicator settings altered. This procedure indicated that
the Budd Strain Indicator can be read fairly consistently to
within one or two microstrain provided care is taken in
making the connections and balancing the meter. Much of the
discussion to follow will involve the average strain
computed for a gauge location and clearly if small

variations of more than two microstrain are discernable with
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one gauge, an averaging procedure involving two gauges
should give changes in strain that are even more reliable.

This reliability is best illustrated by reference to
the chronological record of static strains contained in
Figs. J.C1 to J.C35. Of particular note are short term
strain variations for the periods June 16 to 17, (Figs. J.C4
to J.C8) when the silo was empty (and cooling), June 19 to
June 20 (Figs. J.C16 to J.C19) with a full silo over a
twelve hour period, and June 22 to June 23 (Figs. J.C25 to
J.C27) when the silo contained a constant amount of coal for
a nine hour period.

Although the measured strain differences between two
readings are reliable to a few microstrain, the absolute
strains, as given by the Budd Indicator, are accurate to
within 3% over the range of operation of these gauges. This
accuracy was verified using a very accurate ohmmeter and the
resistance to strain proportionality by comparing changes in
resistance of a dummy gauge to changes in strain.

Short term circumferential strain variations are
brought about through local changes in both temperature and
pressure on interior and exterior faces. Wind pressures will
be ignored due to the low velocities observed over the test
period. The effects of varying vertical wall loads (i.e.
vertical material loads transfered to the walls through
friction) will be commented on later. Circumferential strain
variations occur across a section as a rotation (or apparent

rotation) and overall at a section as an extension.
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Differentiating between temperature and pressure induced
strains is necessary for any analyses that follow and to do
so requires knowledge of temperature induced stresses in

structures of this nature.

4.4.2.2 Thermal Effects
Thermal Moments in Shells

Inner and outer strains at each gauge location were
observed to vary at different rates under the apparent
effects of varying thermal gradients in the wall. These
thermal gradients were due to exterior heating by the sun
and interior heating by charging the silo with heated coal.

Cylindrical shells of revolution can, in an overall
sense, be considered as unrestrained with respect to
temperature effects. Therefore, an overall increase in wall
temperature of ATavg will produce strains of aATavg without
associated stresses.

Shells experience differential strains across their
thickness when subjected to a temperature gradient. The
expression for the moment at a section subjected to a linear
temperature gradient is derived in Appendix F and is

a AT D(1+v)
M = ———M— (4.3)
t
where « = coefficient of thermal expansion
AT = temperature drop across wall (T;- Ty)

wall thickness

o 9~
| n

= Et® / 12(1-»?)
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If the assumption is made that the wall section at
which the two gauges are located is symmetric, then the
neutral axis for this apparent thermal bending is at the
middle surface. Equal and opposite measured strains will
therefore occur at the bar locations; strains due to an
average increase in the wall temperature will go unobserved
because the gauges are temperature compensating. In theory,
this then is justification for averaging inner gauge and
outer gauge strains to arrive at strains due to
circumferential thrust only.

In reality, the above justification for the averaging
procedure depends on several important assumptions,
summarized here:

1. temperature gradients through the wall are linear

2. wall sections at gauge locations are symmetric

3. changes in average'wall temperature do not effecf
average measured strains |

The first assumption will be dealt with in the
discussion to follow. The second assumption is important for
treatment of strains due to circumferential normal forces as
well as those due to thermal moments and will be dealt with
in the section on stiffnesses. With respect to the third
assumption, strains were observed to depart somewhat from
theory as an apparent thermal shift in average strains
occured, and shall be discussed more fully at the end of

this section.
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Wall Temperature Gradients

Heat flow through a wall under normal operating
conditions such as occur within this silo will very seldom
- reach a steady state. With heated coal filled to beyond a
certain level, a transient flow exists as the material, at
an initial 116°F (47°C), seeks to equilibrate heat content
with the sﬁrrdundings. It is required that a linear or near
linear gradient be established in order for the averaging of
inner and outer bar strains to be an acceptably accurate
method for computing total wall strain.

1In Fig. J.C21, at gauge Locations 5 and 6, inner and
outer strains exhibit the widest recorded split, in both
cases about 174 microstrain, and this occurred after four
hours of continual filling. Heat storage for materials is
proportional to the product of density and specific heat.
Because the heat storage capacity for granular coal is
approximately 1000 times greater than that for air,‘very
little energy must be given up by the charging coal to heat
the air in the silo's.ihterior to a high ambient
temperature.

This was determined directly through observations of
temperature levels of in-going and‘dut—going material, A
temperature of 117°F (47°C) was recorded from the conveyor
belt material on the evening of June 23 prior to Run #9, and
because of its deposition at a higher level, this ﬁaterial
did not exit from the silo until Run #10. At the time of

exit for Run #10 material, a temperature of 113°F (45°C) was
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noted for coal discharging into rail cars.

A thermometer was lowered into the silo approximately
10’ below the roof slab and registered a temperature of 95°F
(35°C).‘Although it is difficult to predict air temperature
levels within the silo along its unfilled height, it would
seem reasonable to base any calculations on the observed
level of 95°F (35°C) as free convection and turbulence would
provide for efficient mixing. Using the approximate average
outside air temperature for the analysed runs as 41°F (5°C),
there would exist a 54 F (30 C)' total air temperature
.difference.

The thin-walled steady state temperature gradient has
been shown to be linear. The task now is to guantify both
this gradient and the time required to reach this steady
state. Hutchinson (1952) has suggested air film coefficients
h of 2.0, 4.0, and 6.0 Btu/hr ft®F for outside air moving at
0, 5, and 10 mph which allow for both convective and
radiative losses. For inside air, h was given as 1.65
however within a partially filled silo, air motion
corresponds more with outside free convection (i.e. 0 mph
wind) and therefore h, and h, shall be given as 2.0 and 4.0
respectively. ACI 318-77 utilizes a unit air film thermal
resistance (1/ho) of 0.17 which corresponds to an h, of 5.9.

-The coefficient of thermal conductivity, k for concrete

is quoted by numerous articles and is very dependent on unit

'Temperature differences are given in Fahrenheit (F) [or
Centigrade (C)] units whereas temperatures are given in °F
(or °C).
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weight. ACI.318—77 utilizes a k for concrete of about 1.0
Btu/hr ft F however Chapman (1967) and Jakob (1957) would
suggest k of 0.8 as more appropriate for normal weight
~reinforced concrete.

Using the above thermal coefficients, we may calculate
the steady state temperature drop in the wall for a total

air temperature difference of 54 F (30 C);

fr = By + & + R = + +

1 ft 1 1
BTz - + - +
0.8 Btu/hr ft F 2.0 Btu/hr ft?F 4.0 Btu/hr ft?2F

&r = 1.25 + 0.50 + 0.25

RuAT T 1.25(54 F)
AT, = —— = = 33,75 F
Rt 2.0

This result is shown as the upper gradient in Fig. 4.2,

A transient analysis is required if sufficient time is
not available for this steady state condition to occur and
this involves the application of a few simple finite
difference equations, given by Dusinberre (1961), (Appendix
G). Fig. 4.2 summarizes the above conditions for various
lengths of time from zero gradient and reveals that
approximately 12 hours is required to get a near linear
distribution in the wall. This time would be considerably
reduced had a non-zero initial gradient been employed, as
would occur during continuous silo usage. This final

gradient shall be used therefore as an initial condition in

i
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a transient analysis of temperature gradients in the wall
that arise due to contact with heated granular coal.

Particulate well-graded coal with its many and small
voids acts as a semi-insulator. Chapman (1967) reports
properties of powdered coal with a density of 46 lbm/ft?
(737 kg/m*) at 86°F (30°C). The specific heat and thermal
conductivity are respectively 0.31 Btu/lbm F and 0.067
Btu/hr ft F although no mention is made of moisture content
(m.c.) which can dramatically alter thermal conductivity.
Krupiczka (1967) studied air-coal systems analytically and
compared results to experimental values reported in the
literature that averaged 0.074 Btu/hr ft F (0.11 kcal/m hr
C). With a 6% m.c. this value would be closer to 0.08 (0,12
S.I.) assuming the same relative increase of k with m.c. as
would occur with a very dense wood. This results from an
extrapolation on a chart given by Jakob (1957) of density
versus conductivity of wood at various m.c.

The transient analysis of this system is slightly more
complex than the previously dealt with situation however
Appendix G highlights the process. Fig. 4.3 shows the
transient response of this system for the above stated
properties.

Placing a heated material against the inner wall face
should initially raise the concrete surface temperature. As
indicated by the two hour gradient however, this rise is
short-lived as the insulating properties of the coal comes

into play. Thereafter, the rate of heat flux into the wall

N
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is decreasing and will continue to do so as long as

conditions remain static. The nature of each plotted

gradient in Fig. 4.3 indicates that no appreciable heat
content 'bulge' occurs in the wall at any time.

Consequently, the assumption of linearity appears justified

when one considers that strains, like temperatures, will

only deviate from a linear gradient in a singularly curved
form. Because the average strain (temperature) crosses this
increasingiy curved gradient (increasing to the right)
slightly to the left of the wall center line (i.e. total
wall section temperature stresses, therefore strains, must

| equilibrate), locations approximately 2 inches from each

face (bar locations) will strain similarly and opposite.

This occufs even though extreme fibre strains/stresses will

show much greater absolute value departures from one another

when oécurring due to a curved temperature gradient.
This section on wall temperature gradients has
established:

1. air-to-air wall temperature gradients during charging of
heated coal will normally be greater than 30 F (17 C)

2. air-to-coal wall temperature gradients are approximately
20 F to 30 F (11 C to 17 C), depending on the initial
gradient, and are decreasing (at a decreasing rate) with
time

3. assumptions of linear temperature gradients are
justified within a 1 F latitude

4, average wall temperature is greatest when charging coal
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height is below point of interest

5. average wall temperatures will decrease due to
insulating nature of cleaned coal
-approximately 0.8 F (0.4 C) in first four hours from
contact
-approximately 1.8 F (1.0 C) in next four hours and
thereafter (with a decreasing rate of decease after

twelve hours)

Apparent Thermal Shift in Strain

As discussed earlier, a thin-walled cylinder is free to
expand radially when subjected to an increasing average wall
temperature and stresses will not occur due to this change
in average wall strain. In addition, changes in temperature
on an unrestrained member are local in nature. Therefore, at
a gauge location that is assumed to be cross-sectionally
symmetric, and in light of the previous discussions on
temperature gradients, the average of inner and outer bar
strains at any location due to temperature only would be
expected to equal zero. Refering to Figs. J.C5, J.C6, J.C7,
'and J.C8 shows this did not generally hold true.

Readings for Fig. J.C5 were chosen as reference for all
‘June 1981 static readings. At the time readings were taken
for Fig. J.C5 (12:00 midnight June 16) the silo had been
empty for more than fourteen hours and therefore, if some

amount of air mixture within the empty structure is assumed,
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the inside wall temperature at all locations would be fairly
uniform. Average wall temperature would be decreasing
slightly and a linear temperature gradient could be

- expected. In fact, Reading #5 was chosen here as the
reference because this was the first empty reading that was
followed by readings exhibiting fairly consistent change.
Reading #6 (Fig. J.C6), taken 1.25 hours laﬁer shows little
change in gradient although all locations have shifted
approximately 12 microstrain in tension. This shift
increases to approximately 15 and 20 microstrain for
Readings #7 and #8 (Figs. J.C7 and J.C8) respectively (14.75
and 17.75 hours later) while the gradient is reduced by 20
and 30 microstrain réspectively. This degree of consistancy
in recorded strains for all six locations has been remarked
on earlier. The response being emphasized here is the
apparent increase in wall tension at these gauge locations
due only to an overall temperature decrease. This phenomenon
of thermal shift can be observed throughout the remaining
static plots, particularly at the upper gauge locations
where, in environments of higher air temperatures that
occurred during filling with hot coal, average shifts into
compression are indicated. The largest observable thermal
shift occured for Reading #21 (Fig. J.C21) when an average
compression of -57 microstrain was measured along with a
gradient of 174 microstrain at Location 6, which was well
above the coal level (i.e. see Fig. J.C20). Location 5

registered a similar gradient however the shift is not as
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pronounced, possibly indicating the effects of a 'bulge' in
the lower bin region.

The apparent thermal shift cannot be explained in terms
of gauges responding to unequal cracking at a section since
this approach would require more inner wall than outer wall
cracking. This is opposite to what would be expected
considering the size of positive moments observed during
Runs #8 and #9 (Figs. J.C23 and J.C25 to J.C28). In
addition, readings taken on the empty silo, Figs. J.C1 to
J.C8, and Figs. J.C9, J.C13, J.C20, and J.C22 to J.C24
indicate that both gauges will strain into compression for
greater wall temperatures. This eliminates the possibility
that the shift can be calculated as a disproportionate
combination of both strain readings.

If these thermal shifts were random, they could be
explained as originating in the actual strain indicator but
their consistency discounts this possibility. Consistent
instrument errors can often explain consistent departures
from predicted strains. One such error is possible when
using temperature self-compensating gauges and this is the
effect of temperature on lead resistance. In this test,
however, leads of several feet would be required for this to
occur and these gauges had leads of negligible length. The
appareht strain versus temperature curve for these gauges
(Fig. 3.4 p.108) reveals that these temperature effects are
of an opposite nature than that observed (and too small) and

therefore we must look elsewhere for an explanation.
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One explanation involving bond slip and a variable
stiffness at low circumferential stresses does suggest a
possible mechanism for this behavior. In the section on
stiffness evaluations to follow, it will be shown that this
apparent shift in strains is not confined to thermal effects
only. Even larger shifts can be shown to occur under
circumferential strains due to coal pressures, and this
seems to support a bond slip mechanism as being a reasonable

description of an apparent strain shift.

-4.4.3 Localized Extensional Stiffnesses

4.4.3.1 General Comments

The theoretical stiffness bounds are derived initially
and following this, the local extensional stiffness is
evaluated for Location 4 and Location 3. The dynamic results
indicated that for this series of field measurements,
appreciable dynamic preésures occured only at Location 3,
The Location 4 stiffness is derived as an additional check
on the methods used and as a confirmation of the results for
Location 3. To this end, a useful technique is presented for
determining the local stiffness at one gauge location by
utilizing the known stiffness at a second location.
Evaluating stiffnesses for Locations 1 and 2 is difficult at
this time given their proximity to the transition. Locations
-5 and 6 in most cases are fairly close to the inclined coal

surface and this casts doubt on the effective coal heights.
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4.4.3.2 Stiffness Bounds

An initial discussion on local cirfcumferential
stiffnesses should include the expected upper and lower
bounds to these values. At a crack, extensional stiffness is
provided by steel area alone. For 30M bars at 8 inches
inside and outside, the minimum Et per foot of wall height

is;

Et
Et

Es(As/ft)
29000 ksi (3 x 1.09in2/ft) = 0.095 kip/ft/ex10-¢

Gauges at Locations 5 and 6 are mounted on 25M bars:

Et = 29000 ksi (3 x 0.78in*/ft) = 0.068 kip/ft/ex10-°¢
With the modular ratio n = 8, a fully effective section
would be about 6 times as stiff. For example, at 30M bar
locations;

Et = gg%gg Ksi (144-3.27)in?/ft + 0.095 kip/ft/ex10-¢

0.60 kip/ft/ex10- ¢

For 25M bar locations;

Et = 0.58 kip/ft/ex10" ¢

4.4.3.3 Extensional Stiffness Calibration for Location 4
Location 4 was chosen for the initial stiffness
evaluation because it provided the most and widest range of
usuable static loadings and associated strains. The second
column in Table 4.1 shows the set of four readings used and
they in turn correspond to four initial loadings (i.e.
previous runs had left the coal height below the elevation

of Location 4). The stiffness evaluation can therefore
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proceed psing techniques that predict initial pressures as
outlined in the second chapter and described below.
Intermediate and final results are also tabulated in Table
4.1. The run number indicates, in each case, the run to
follow, but the figure number indicates the set of data
used. These figure numbers have included with them, in
brackets, an indication of the relative confidence that is
placed is their associated coal heights. From these material
heights, using a Janssen-Compressibility_formulation,
repqrted material properties, and an assumed constant K, one
can calculate an associated lateral pressure. The equations
and properties used in the calculation are noted beneath
Table 4.1. The calculated lateral pressure corresponds to an
average thin-walled stress that should in most part be
responsible for the measured strains that are reported in
the next two columns. Their differences and their averages
are also computed, the difference giving some indication of
the size of the moment at this section. For example, Run #6A
theoretically should have no material pressure induced
moment at a reasonable distance from the transition because
the coal is deposited in a near axi-symmetric cone.
Therefore what appears should be primarily a temperature
effect. Similarly Run #6B indicates a comparable temperature
effect with no apparent residual moment from the previous
run. Runs #8 and #9 however exhibit these residual moments
(and of opposite sign) therefore suggesting previous runs

established a sizeable 'bulge' at some lower level in the
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silo that is still measurable at Location 4.

Extensional stiffness is derived using Eq.[4.2] and so
entered in Table 4.1. Expressing the difference in
calculated stiffnesses between Run #6A and Run #9 as a
percent of the larger Run #6A value, indicates that for all
three values of K, a difference of 33% or greater occurs.
This is a sizeable gap that must be narrowed or eliminated
if any confidence in these Et values is desired. For now it
is assumed that K is constant. If this assumption held true,
we would expect Et not to vary at all with coal depth or at
least exhibit a random variation. For K taken as 0.2, 0.4,
and 0.6 (where a minimum K is actually Ka = 0.23), the
obvious correspondence of Et with depth of coal z is shown
by the results in Table 4.1.

As an initial interpretation however a few useful
observations can be made. For Runs #6B and #9, the effective
coal heights are approximately the same and an examination
of derived stiffnesses for these cases indicate similar
values. This fact suggests that Et at Location 4 is constant
over the June 1981 test period as previously assumed. It is
also important to note that these two readings éxhibit
radically different inner and outer bar strains for
essentially the same coal height. The average bar strains
are however within 3% of each other, indicating symmetry of
wall section at gauge Location 4. For a widely ranging K,
all stiffness results are well within the stiffness bounds

for this location (i.e. 0.095 and 0.60) however within each
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column the variations are too large, and, as noted above,
exhibit a correlation with height. Obviously, the stiffness
at any section will be a property of that section and not a
function of the height of coal.

If the average measured strain values in Table 4.1 are
increased by a constant amount, this will counter the height
correspondence to some extent, depending on the overall
increase, and the juStification for this is the so-called
apparent strain shift alluded to earlier. A second technique
would be to vary K with depth of coal. Again, to counter the
Et-to-z correspondence would require a more rapidly
increasing P, therefore an increasing K with depth. This
aspect of initial pressure predictions has seen prior
discussion in Chap. 2, and generally involves some
speculation so for now we shall concentrate on the apparent
strain shift.

To eliminate the unknown effects of this apparent shift
and at the same time find an actual K that may be different
from what was used in the initial evaluation (0.4), a
certain amount of data manipulation is required. If the
shift is constant for a location and not a function of load
level, it should be possible to compare two sets of strains
and two sets of associated pressures directly, effectively
eliminating any constant shifts. In essence then, this
method uses Eqg.[4.2] in the following form:

APw

Et = (4.4)

Ae
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Fig. 4.4 reveals graphically why this procedure is
better than a procedure using absolute values of P, and e.
The derivation of Et in this way, and its subsequent use,
depends only on it being constant over the range of measured
strains and the following analysis will show this to be so.

Again, the results taken for Location 4 prior to Runs
#6A, #6B, #8, and #9 will be used however instead of
treating each individual run, an examination of their
respective strain and pressure differences from each of the
three remaining sets will be tabulated. This is shown in
Table 4.2. The first columns of this table are
self-explanatory however the derived Et values in column 6
require some additional comment. The upper three values are
based on measured coal heights and show close agreement
(2.5% COV) and no apparent correlation with height. The
lower three values all involve Run #6B which relied on at
best a rough estimate for coal height (i.e. assumed charging
rates of dubious constancy) and again exhibit a height
correlation. At this point the opportunity now exists to
adjust this estimated height to one that more readily 'fits'
the known strains while at the same time observing the
effects of errors in coal height measurements on calculated
stiffnesses.

By assuming for the moment that 0.159 kip/ft/ex10-¢ is
the actual extensional wall stiffness at gauge Location 4
over this period of time (i.e. average of upper three

values), one can back-calculate the required coal height



139

Table 4.2 Stiffness Evaluation for Location 4: Comparison

Method
b4 Az APy, Aue Et
Compared Coal from Avg.

Runs Heights column 4 [column 8 APy
Table 4.1|Table 4.1 Aue

(ft) (ft) (psf) (k/ft/ue)
6A 8 32.7 47.4 14,7 211.6 45.5 . 163
6A 9 32.7 59.0 26.3 359.8 79 . 159
8 9| 47.4 59.0 | 11.6 | 148.1 33.5 . 155
6A 6B 32.7 58.3 25.6 351.3 74.5 . 165
(57.3)((24.6)| (339.1)% (.159)
8 6B 47.4 58.3 10.9 139.7 29 . 169
(57.3)| (9.9)| (127.5)% (.154)
6B S 58.3 59.0 0.7 8.5 4.5 .066
(57.3) (1.7) (20.7) % (.161)

* with K = 0.4 and Zz =

57.3 feet, Py, =

890.4 pst
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necessary to produce material pressures that will result in
the observed strains at this section for Run #6B. This
involves solving for Zz in Eq.[2.18], restated here with the

appropriate substitutions.

(1-8) l
In 1 - Oy M
CaR
z = (4.5)
-u'K(1-8)/R

Here oy = (Pn):1s/ K
(Pn)is = (Phn)g[Run #6a]1 + (APL)s_1s[Run #6A to #6B]

Et(Ae)s.,5[Run #6A to #6B]
(APh)9-15 =

rl

This yields a coal height of 57.3’ rather than 58.3/. A
chaﬁge in z such as this is possible as it is well within
range of the approximately determined value. In fact, the
calculated value is only relative to the coal height used
for Run #6A and as such can only be as accurate as this
measured height. Run #6A was chosén for the comparison in
this back-calculation because its use results in the biggest
difference in Ae of the possible runs, thereby minimizing
any errors in this technique. If now the adjusted height is
used in a re-analysis of Et for Location 4, the result will
be the adjusted values shown in brackets. The #6A-#6B
comparison will of course yield a stiffness of 0.159 but the
remaining two comparisons are reassuring. In addition,
choosing any stiffness values (or choosing any possible K

that results in these values) in the 0.10 to 0.18 range will
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result in 57.3’ as being the optimum adjusted height. The
#6B-#9 comparison is a result of dividing a small number by
a small number and therefore should not be expected to yield
an £t value this close to that assumed.

Results are shown in Table 4.3 for K ranging from 0.2
to 0.7 in 0.1 increments and indicate that for the present
analysis only a good knowledge of this coefficient of
lateral earth pressure can ultimately define an accurate
extensional stiffness for this location. This becomes
apparent when one considers that for the assumed values for
K the COV is less than 7% if all readings are used in the
analysis. The minimum COV occurs when K is set at 0.40
however additional data points would be needed to confirm
that statistically this is indeed the best K for an analysis
such as this.

Although we can now say with confidence (but keeping in
mind previous assumptions) that the extensional stiffness
for Location 4 is in the 0.10 to 0.19 range, (i.e. close to
fully cracked at the lower limit and 30% of fully effective
at the upper limit) we must rely on judgement and/or
information contained in the literature to further refine
this value. |

Initially, the computed value for Et using a K of 0.3
or less can be disregarded as this would require an active
or close to active pressure field to exist. It is not as
clear however whether or not values for K of 0.6 or 0.7 are

as inappropriate, given that recorded values for K with
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Table 4.3 Stiffness at Location 4 as a Function of K

Compared Extensional Stiffness Et
Runs (kip/ft/ue)

(ft) K=.2 K=.3 K=.4 K=.5 K=.6 K

K=.48

LI}
.
~

6A 8 14.7 .10t .136 .163 .182 .,196 .205 ,179
6A 9 26.3 .102 .135 .159 ,176 .187 .193 .173
8 9 11.6 .104 .134 .155 ,167 .174 .175 .165
6A 6B 24.6 .102 .135 .159 ,176 .187 .194 ,173
8 6B 9.9 .102 ,133 .154 ,167 .173 .175 .165
6B 9 1.7 L1110 .142 161 L1172 176 .175 .170

Mean of 6 Rdgs.| .104 .136 .1585 .173 .182 .186 .171
Mean (Top 3) .102 ,135 .159 ,175 .186 .191 ,172

Stnd.Dev. (6) .0037 .0032 .0034 .0058 .0092 .0129 .0054
Stnd.Dev. (3) .0015 .0010 .0040 .0075 .0111 .0151 .0070

cov (6) 3.6% 2.3% 2.2% 3.4% 5.1% 6.9% 3.2%
cov (3) 1.5% 0.7% 2.5% 4.3% 6.0% 7.9% 4.1%

* with K = 0.4 and z = 57.3 feet, P, = 890.4 psf
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grains have been in this range. A judgement based on all
reported data for K thus far observed in the literature
would suggest K for granular coal as being less than that
for the lower density materials such as grains and greater
than that for higher density materials such as sand or
cement.

Therefore, for lack of any consolidation or compression
tests on the material contained within the Fording silo, use
will be made of data obtained for a similar material as
" reported by Blight and Midgely (1980). For a minus 2.4 inch
(60mm) cleaned coal that exhibited a gradation line very
similar to that given by the sieve analysis done on the
Fording sample, they found that a K of 0.48 would accurately
represent the ratio of horizontal to vertical pressure in a
normally consolidating, laterally confined sample under
vertical pressures of approximately 2000 psf and greater.
This value is greater than the best fit value between 0.3
and 0.4 suggested by Table 4.3 but is still statistically
acceptable and therefore any further analysis shall be
undertaken with K = 0.48.

Table 4.4 reveals the apparent shifts'that are
necessary to 'bring in line' the expected (calculated)
strains due to material pressures with the observed strains
as referenced to an empty silo. The total apparent shift at
gauge Location 4 is about 80 microstrain in compression when
referenced to Fig. J.C5 data. This increases to

approximately 100 microstrain when Fig. J.C8 data is used.
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Table 4.4 Apparent Strain Shift at Location 4: K = 0.48

z Py * Average| Average|Apparent
Effective |Computed|Computed|Observed| Strain
Run# Coal Static Strain Strain Shift
Height |Pressure * % * % %
(ft) (psf) (ue) (ue) (ue)
6A 32.7 638.8 131.5 50.5 -81.0
6B 57.3 1007.9 207.5 125 -82.5
8 47.4 871.5 179.4 96 -83.4
9 59.0 1029.8 212,0 129.5 -82.5
* K = 0.48 (refer also to % - Table 4.1)
P.,r'
Y J— Et = 0.17 kip/ft/ue
Et

*x*% This shift is for Reading 5 data. If Reading 8
data is used, these shifts would change by
approximately -20ue.

145
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If this Table contained similar calculations using instead a
K of 0.20 (and the associated Et of 0.10 from Table 4.3),
the required shift would still be approximately 55
microstrain. This fact indicates that the data cannot be
meaningfully interpreted without allowing for this shift in
strain, whatever its origin, and perhaps the best evidence
for this apparent shift can be seen in Fig. 4.5. This graph
is a plot of coal heights above Location 4 versus measured
strains at Location 4 for the majority of recorded static
(and quasi-static) strains. The curve joining the initial
static points should resemble the familiar Janssen curve and
in this case parallels it (as it has been shown to do so
numerically). However, an extrapolation of this curve does
not intersect the origin and this fact alone suggests the
need for an overall 'shift' of all measured strains (taken
at a reasonable depth of coal) to the right by the amount
given in Table 4.4,

The need for a shift of this magnitude and the fact
that a different set of reference readings will give a
different shift immediately raises the guestion as to what
effects exterior air temperature differences might have on
the measured strain differences used. For the four sets of
data used, exterior weather conditions were reasonably
constant: contiduous cloud cover, light winds, and
temperatures between 5° and 8°C were recorded.

The good correlation in Table 4.4 for these strain

shifts stems from the earlier correlation found in Table 4.3
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for Et values using K = 0.48. This correlation is partly a
result of adjusting the effective coal height for Run #6B
although the COV for the top three readings is certainly
reasonable at 4.1%. The low values for the COV for a widely
ranging K may also be a reflection of the analytical method;
comparing pressures, strains etc.

For example, a 2/ error in the measured coal height
seems entirely possible considering the apparatus used and
the fact that a circumferentially nonsymmetric material
surcharge will form at the surface (i.e. twin peaked). For
Run #9, with z ; 59.0/, this translates into a 2.5% error in
horizontal pressure however if this error is applied to the
differences in pressure between Run #6A and Run #9, the
result is a 7% deviation in the calculated stiffness. This
error increases substantially as the difference in coal
heights decreases. In reality, a 2’ error in an effective
coal height, as opposed to a measured coai height, is
unlikely when it is considered that all measured levels are
adjusted for either a measured or assumed material cone in a
similar manner. This results in a 2’ measured error reducing
to a 2/3’ effective error if two measurements were taken and
only one was in error by 2/. In addition, the coal height
errors are most likely consistent, and therefore the
comparison method eliminates for the most part these types

of deviation from fact.
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4.4.3.4 Extensional Stiffness Calibration for Location 3

Thus far, the effective extensional stiffness for
Location 4 has been established as approximately 0.17
kip/ft/ex10-¢ if the ratio of horizontal to vertical
material pressure is assumed to be a constant of 0.48. This
result can also be used to derive an extensional stiffness
for Location 3. As a first attempt however, Et for Location
3 will be determined independently of Location 4. Only data
for readings prior to Runs #6A, #6B, and #8 can be used for
this purpose. The coal level may not have fallen below
Location 3 at the end of Run #6A (see Fig. J.C10) however
the Location 3 gradients are similar for Fig. J.C9 (Run #6A)
and Fig. J.C15 (Run #6B) and therefore an initial comparison
can be made using these three sets of data.

The method is identical to that followed previously and
Tables 4.5 and 4.6 summarize the results. The final column
in Table 4.6 reveals that Ft for this location has a mean of
0.094 kip/ft/ex10-¢. The COV of 12% for this evaluation is
relatively large when compared to the values entered in
Table 4.3 for Location 4. An additional check on this mean
value of 0.094 is therefore needed. Because a fully cracked
section should exhibit an Et near to 0.095, it is
immediately apparent that Location 3 gauges may be situated
at or near a complete through-the-wall crack.

A second evaluation of the extensional stiffness at
Location 3 can be made if the stiffness at some other point

is known. The procedure followed here assumes a reference at
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Table 4.5 Stiffness Evaluation for Location 3: Comparison

Method
z Py * Measured Bar Strains
Fig.# |Effective|{Computed ’
Run#| App.J Coal Static (pe)
Ser.C Height |Pressure
(ft) (psf) |Outer|Inner| A Avg.
6A 9(M1) 56.7 1000.1 134 110 24 122
6B 15(Est) 81.3 1279.8 242 218 24 230
8 22(M1) 71.4 1177 .1 227 165 62 196
* K = 0.48 (see Table 4.1 for additional information)

Table 4.6 Stiffness for Location 3: K = 0.48
b4 Az APy, Aue Et
Compared Coal from Avg. *
Runs Heights column 4 [column 8 APy r
Table 4.5|Table 4.5 Ape
(ft) (ft) (psf) (k/ft/ue)
6A 6B 56.7 81.3 24.6 279.7 108 .091
6A 8 56.7 71.4 14.7 177.0 74 .084
8 6B 71.4 81.3 9.9 102.7 34 . 106
* Mean = ,094, COV = 12.0%

Lo



151

Location 4 which includes a stiffness value and a
corresponding K along with an effective coal height and the
corresponding strains. Using a second set of initial static
strain measurements for both locations and knowing that the
vertical distance between locations is 24’, a corresponding
stiffness at Location 3 can be calculated.

The calculations can be made using any two sets of data
so long as the material height is known for one set. The
data sets that will be evaluated here are the three static
records taken prior to Run #6B (Figs. J.C13, J.C14, and
J.C15). Only one hour separates each of these readings and
therefore temperature effects and the effects of changes in
K will be minimized (see conclusions at end of section on
wall temperature gradients, p.128). During this period coal
was being charged at a rate of approximately 450 Tons/hr.
Tables 4.7 and 4.8 summarize the results for the following
calculations.

The horizontal pfessure at Location 4 for Fig. J.C15

+
(Run #6B) was given earlier but is repeated here.
(Pha)1s = 1007.9 psf [from column 3, Table 4.4]

This assumes an Et of 0.17 kip/ft/ue and K = 0.48.
The changes in average strain at Location 4 between

Figs. J.C14 and J.C15 and Figs. J.C13 and J.C14 are

18.5 we

(Aﬂ€u)1u-15

(A#GQ)13-1u = 23.5 ue
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Table 4.7 Horizontal Pressures and Strains for Location 3 from

AP, Location 4

P Z Z Py Measured Bar Strains
Fig.| Loc. 4 Loc.4 Loc.3 Loc. 3 Loc. 3
# (col.3 * (ue)
%% |see text . +24ft)
(psf) (ft) (ft) (psf) |Outer|Inner| A Avg,

13 803.9 42.87 66.87 1126.2 195 164 31 [179.5
14 918.0 50.64 74.64 1211.7 224 193 31 (208.5
15 1007.9 57.3 81.3 1279.8 242 218 24 230

* K = 0.48 (see Table 4.1 for additional parameters)

**% Appendix J, Series C

Table 4.8 Stiffnesses for Location 3 from Location 4 Results

Az APy, Aue Et
Compared from Avg. *
Rdgs. column 5 f{column 9 APy
Series C Table 4.7 |Table 4.7 Aue
(ft) (psf) (k/ft/ue)
13 14 7.7 85.5 29 .101
14 15 6.7 68.1 21.5 111
13 15 14.4 153.6 50.5 . 107

¥ Mean = .107, COV = 3.8%
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The following relationship gives corresponding changes in

lateral pressure at Location 4,

Et,Aue,
APy =
P
from which
(APhy)14-15 = 89.9 psf
(APhy)13-14 = 114.1 psf
Therefore
(Ph4)1s = 1007.9 - 89.9 = 918;0 pst
(Phu)1s = 918.0 - 114.1 = 803.9 psf

The required coal heights to achieve these pressures are
then computed from Eq.[4.5] and recorded in column 3, Table
4.7. Coal heights at Location 3 are simply 24’ below these
levels and their associated pressures are tabulated in
column 5. These pressures, along with average strains
reported in the last column, are used in calculating the
differences in pressures and stfains that appear in columns
3 and 4, Table 4.8. The resultant extensional stiffnesses
are computed for Location 3 and so entered.

The coal heights calculated in this way are relatively |
insensitive to the stiffness value (and corresponding K)
assumed for Location 4. The above operations were repeated
using (Et), = 0.159 (with K = 0.40) and (Et), = 0.175 (with
K = 0.50) and the resulting coal heights at Location 3 (for
Fig. J.C14) were, respectively, 74.7’ and 74.5’. However,

the final stiffness value computed for Location 3 is again a
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function of K, just as it was for Location 4.

The results in Table 4.8 tend to support the previously
derived stiffness value of 0.094, although with some
discrepancy (14%), and again indicate that extensive or near
complete bond loss has occured at the Location 3 gauges.

Apparent shifts are tabulated in Table 4.9 and reveal a
much larger compressive strain shift occured at this
location than that observed at Location 4. Fig. 4.6 is a
plot for Location 3 similar to that done for Location 4 and

again indicates graphically the apparent strain shift,

4.4.3.5 stiffness Evaluations using Variable K

The discussion in Sect. 2.1.6 suggests that K is
probably a variable parameter. This possibility will be
investigated here only briefly because the rate of variation
and the maximum value of K are as yet unknown.

It was postulated that K may be a function of a
material's relative density in an initial pressure field

(Eg.[2.13], repeated here).
K = Dr"Kp, (4.6)

A closed form solution to an equivalent Janssen type
formulation of the problem with both y and K as functions of
consolidating pressure' is nonintegrable and therefore a
numerical technique is employed to examine this theory. This

program is contained in Appendix G, complete with portions

'Relative density is a function of y and therefore
consolidating pressure.
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Table 4.9 Apparent Strain Shift at Location 3: K = 0.48

z2 Pn % Average| Average|Apparent
Fig.#|Effective|Computed|Computed|Observed| Strain
Run# Coal Static Strain Strain Shift
App.J| Height |Pressure * %
(ft) (psf) (ne) (me) (ne)
6A Cco 56.7 1000, 1 333.4 122 -211
6B C13 66.9 1126.2 375.4 179.5 -196
6B C14 74.6 1211.7 403.9 208.5 -195
6B C15 81.3 1279.8 426.6 230 -197
8 c22 71.4 1177 .1 392.4 196 -196
* K = 0.48 (refer also to *x - Table 4.1)
th‘ :
— Et = 0.105 kip/ft/ue

KL
Et
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of the input and output used in this examination.

In short, the program formulates equilibrium on a
number of Janssen elements, (i.e. disc shaped for a
cylinder) and in doing so numerically integrates the various
“disc pressures. The accuracy of the program has been
compared to an actual Janssen solution and to a
Janssen—Compressibility solution and was found to give
results within 1% error if the disc element's height is kept
small.

An analysis similar to that done previous to this
section for the data from Locations 3 and 4 is summarized in
Table 4.10. The procedures for dealing with changes in
strains and pressures are identical and the pressure data
used has been obtained directly from linear interpolations
of output from the Appendix G program for 0.2’ increments.
The maximum value for K was set at 0.50 (to correspond with
the value reported by Blight and Midgely of 0.48) and up to
that ppint K varies directly with relative density (m = 1).
Compressibility effects were also included. The results for
Location 4 exhibit an acceptable COV (2.7%) however they are
inconclusive when compared to the previous stiffness results
utilizing a K that is constant. The Location 3 results that
are based on the Location 4 stiffness not surprisingly
exhibit a similar COV (3.3%) however the Location 4
stiffness derived from a comparison of static readings for
Runs #6A, #6B, and #8 reveal a more sizeable discrepancy

with a COV of 11.6% and this compares well with the results
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in Table 4.6 using a constant K.

The program used in this analysis to calculate these
lateral pressures allows for a variation in both K, and m in
Eq.[4.6]. It was found that for m of 0.5, 1.0, 2.0, and 4.0,
the change in pressure did not reduce the COV and with K,
ranging from 0.45 to 0.60 only a slight reduction in the COV
was noted. In addition, changes in K, had very little effect
on the mean value for Et, however an increase in m from 1.0

to 4.0 caused Et to increase from 0.106 to 0.138.

4.4.4 Summary

The stiffness bounds for Location 3 have been narrowed
to values ranging from 0.095 kip/ft/ue to approximately 0.12
kip/ft/ue (fully cracked to a section with about 5% of the
concrete effective). From this initial static strain record
and the associated effective coal heights, it is difficult
to say with any certainty which value for Et is most
appropriate. Although the data presented here is conducive
to plotting smooth curves (Figs. 4.5 and 4.6), a best-fit
analysis would be presumptuous, given the meager number of
data points. Therefore , a constant value for K of 0.48 will
be employed in that this assumption has some support in the
literature. The analysis does not show however that K is
constant, only that for present purposes this assumption of
constancy gives reasonable error.

The larger COV for the Location 3 stiffness cannot be

reduced by manipulating the variation of K (i.e. m) nor the
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upper limit to K (i.e. Kn). Two possibilities remain.
Firstly, the assumptions made in this chapter could be
sufficiently inaccurate and could combine in such a way so
as to produce uninterpretable smooth curves. Secondly, and
in the author's opinion more likely, the calculated lateral
pressures are, in all cases, proportionally greater than
those that actually occurred within the silo and this error
is of a nature that increases with depth. This would mean
that the Location 4 evaluations, which generally have
smaller COV's, would be less affected than those for
Location 3, which were done using 70 and 80 foot depths. It
.was found that reducing (relatively) lateral pressures, at a
rate that increased with height, brought Location 3
stiffnesses more in line. A conceivable mechanism for this
increasing rate of reduction is an increasing mobilization
of wall friction with depth. This idea has been discussed in
Chap. 2 and will receive further discussion in Chap. 6.

For the dynamic analysis to follow, the extensional
stiffness for Location 3 will be taken as 0.105 kip/ft/ue.
This value is an approximation that should be within 10% of
the true Et and that also coincides with the means in Table

4.8 and the bottom of Table 4.10.



5. Dynamic Test Results and Overpressure Factors

5.1 Introductory Remarks

In this chapter, the overpressure factors (o.p.f.'s)
observed during the final three runs will be given. Although
the o.p.f.'s derived in this study are similar to the ACI C,
factor, they are not directly comparable. Because ACI 313-77
uses Ka to calculate initial static pressures, the o.p.f.'s
given in the following analyses would necessarily be much
larger if épplied to these unrealistically low static
pressures. In some cases, comparisons will be made between
the overpressure factors derived in this study and
equivalent C,4 factors.

Fig. 5.1 describes graphically the methodology used to
calculate an o.p.f. in this chapter. The abscissa represents
average measured strains (referenced to an empty silo) for
one gauge location. The ordinate represents calculated coal
pressures; P, is given by a Janssen curve or some similar
distribution while P, falls on an assumed straight line
extrapolation of the stiffness relation corresponding to a
particular measured strain on the abscissa.

The value selected for Et is important in that it
assumes a particular K (or variation in K) to be the more
plausible of many. In terms of its effect on o.p.f.'s
however, K appears to be of relatively minor influence. This
becomes evident on closer examination of Fig. 5.1, If a

second stiffness value, (Et);, is used in the analysis in

161
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place of (Et),, the o.p.f. calculated varies only marginally
as P, and P4 will increase at Location 3 in a manner nearly
proportional fo their magnitudes. A value of 0.105
kips/ft/ue for Location 3 is assumed in the calculations to
follow.

Because overpressures for this silo are normally
accompanied by larger moments, eccentricities will also be
computed and this will require knowledge of the local
flexural stiffness. The following evaluation of the flexural
stiffness at a particular location assumes that EI is
symmetric about the wall's midsurface. This assumption was
implicit in Chap. 4 when Et, the unit extensional stiffness,
was assumed symmetric because this allowed the average of
inner and outer bar strains to represent the average wall
strain. Locating the effective concrete area requires an
additional assumption, however this area of concrete is

small for Location 3.

With Et = 0.105 kips/ft/ue = EA/ft ;
EA = Es As + Ec Ac
0.105x70¢kips = 29000ksi(3.27in?) + Ec Ac

Ec Ac = 0.0102x70¢kips (i.e. 10% of EA)
Using a modular ratio, n = 8,

29000ksi
— Ac = 0.0102x70‘kips
8

Therefore Ac = 2.81 in?, Assuming 1/2 of this
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concrete area to act at the location of each bar,

3.27in? 2.8in? 29000ksi
EI/ft = 2[ (4in)?29000ksi + -———(4in)‘-—-——]
2 2 8
2.8
EI/ft = (3.27 + —)in2(4in)?(29000ksi) = 1.68x710°k-in?
8

Therefore 90% of the flexural stiffness at Location 3 is
provided by the hoop steel. The stress in each bar is

related to the moment by the elastic flexure formula.

For a section subjected to a unit positive moment, M/ft:

0o - 0 (M/ft)y

2 I/ft

where y =~ 4 inches and o0,, 0; are actual bar stresses.

Using the stress - strain relationship,

(EI/ft)e €o ~ €
M/ft B e € =T ——
4in 2

The unit tensile force, 7/ft, in the wall is given by
T/ft = Pyr
Eccentricity, e is therefore

M/ft (EI/ft)(eo - €,)
e: =
T/ft (4in) (2)P,r

1.68x70°k-in?2/ft (e, - €;)

(4in)(2)P, (35x12in)
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With (eo - €;) in ex70-¢ and P, in psf, e in inches is

(Eo - 65)6.0

Py

Fig. 5.2 represents an example of dynamic output for
Run #9. It includes two load-out events (i.e. the loading of
two cars) and the associated strains for Locations 2, 3, and
4, as recorded for the start of Run #9. The noticeably
larger peaks are typical of the wall response to individual
gate openings. Just prior to the first gate at the first car
the strain output appears as a straight line and this is in
fact the strain levels given by Budd readings prior to this
run (Fig. J.C27). A slight amount of electronic noise is
superposed on these initial static (or quasi-static) strain
levels; this noise was absent on chart records taken on site
and is therefore associated with the recording equipment.
Deflections were taken directly from these charts,
calibration factors applied‘to these deflections, and
associated changes in strain computed. This information will
be presented in tabular form for each of the individual runs

studied in detail.

5.2 Runs #1 - #5 : General Observations

As indicated at the end of Chap. 3, Run #1 (Oct. 1980)
was the first attempt at collecting dynamic strain readings
for this silo. This was also the virgin loading-unloading

sequence for the upper bin portion of this structure and as
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such the silo was approximately 2/3 full, with coal at about
80’ from the transition (50% into the cylinder). Although
dynamic strains were observed to occur at the lower gauges
when monitored by the Budd Indicator (i.e. slight
galvanometer deflections), recorded strain levels were
virtually unaffected as equipment sensitivity was set too
low. This was unfortunate because it negated the possibility
of deriving o.p.f. for the structure in its stiffest state.

For Runs #2 th}ough #5 (Jan. 1981), the output from the
signal conditioner was increased by a factor of 2.4 (to full
gain) and every effort was made to observe even minor
fluctuations. During Runs #2 and #3 the cylinder contained
coal to about 60% of its height and for Runs #4 and #5 the
silo was full at the start of unloading. For these runs,
initial train speeds of 0.2 mph were used and therefore
drawoff was much slower than for later runs. The dynamic
results indicated in all cases except for Run #3 that
maximum tensile strains occured at the first car and for Run
#3 these occured at the third car.

The silo received very little use between the virgin
loading of Oct. 1980 and Jan. 1981 and qQuite possibly had
not cracked sufficiently at the gauge locations to warrant
application of June 1981 derived stiffnesses. As discussed
earlier, the more extensive vertical cracks did not become
evident until the June field trip. A stiffness evaluation
could not be done for any gauge location in the January runs

because coal levels were either unknown or coal pressures
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were not of an initial static distribution.

In Chap. 3, mention was made of balance and drift
problems that hindered direct strain level comparisons of
dynamic readings more than a few hours old; often more than
a few minutes old. Therefore, much of the effort expended in
data collection for Runs #2 through #5 was directed at
solving these types of problems. A preliminary analysis of
these results, not reported here, indicated the need for
more static and/or quasi-static readings (i.e. reference
readings) as well as better knowledge of effective coal
heights and these areas were concentrated on during the

final field trip.

5.3 Runs #6A - #10 : Dynamic Overpressures

5.3.1 General Comments

Runs 6A through 10 warrant individual treatment because
at this point in the collection of data, equipment settings
had been finalized and equipment limitations were fairly
well understood. During these last runs, the chart recorder
proved invaluable as it provided simultaneous monitoring of
events. It also provided generally distortion free output
and therefore gave the largest possible gain. A
chronological presentation of the remaining runs will be
used here. It was observed that quasi-static strains evident
at the start of one run often originated in the previous

run. This was expected, and was first observed during the
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January field trip. Strain readings for a full silo prior to
Run #4 (Fig. J.B6) differed noticeably from those for Run #5

(Fig. J.B8), again a full silo,

5.3.2 Run #6A

This run could not be used for a direct determination
of an o.p.f. because only the outer gauges were monitored by
reliable channels on the Validyne. Several observations can
be made however.

Fig. J.C9 shows static strains observed just prior to
this run and as such reveals the only set of static strains
in which all six locations are strained under an initial
static field (i.e. including the hopper and transition). The
inner-outer strain reversal evident at the two transition
gauge locations suggests that a negative moment has
developed in this side of the silo (probably with the silo
bulging at the transition in a north - south direction).
Jenike et al. (Part 3, 1973) predict hopper transition loads
under initial conditions that for this silo would result in
hopper transition wedge pressures (east - west pressures) of
1.20y. This is 1.7 times the hopper transition cone
pressures (0.70y) in the north - south direction) forcing an
ovalization opposite to what Fig. J.C9 strains would
suggest. The explanation may be that transition stiffness is
more important in strain development than initial pressures
are. It is also apparent from Fig. J.C9 that this transition

moment is large enough to negate the thermal moment at
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Location 2.

For Run #6A, the train speed began at 0.5 mph but was
increased at the 14th car to 0.7 mph, The wall strains were
observed to bottom out (in tension) at the 15th car and then
move rapidly in the compressive direction in a series of
wildly fluctuating loading events. This then was the first
evidence for wall strains being influenced by the rate of
material withdrawal. This behavior was most evident at
Location 3 however Location 4 did behave in a similar bﬁt
more subdued fashion. Location 5 showed no response at all
except at the first gate opening but this was negligible.
The frequency of the large oscillations that normally occur
upon gate opening were also seen to be independent of flow

rate. |

5.3.3 Run #6B

Run #6B occured with little warning time of the
approaching train and therefore only one channel was
monitored during loadout. In this run, an 11 car train was
being loaded and therefore maximum strains probably did not
have time to develop. This did however provide an
opportunity to more accurately determine the oscillatory
period of the strain fluctuations during flow, and this was
done by increasing chart speed to an abnormal level. These
oscillations were found to have a frequency of 1.5 to 1.6 Hz
and although composed of a variety of smaller fluctuations,

they appear to approximate a sinusoidal shape.
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At the end of the 11th car, the chart revealed that the
outer gauge at Location 3 was still moving slowly into
tension. Becahse gauges at Locations 3 and 4 probably did
not have the opportunity to strain into the normally
expected higher dynamic ranges during this run, quasi-static
readings prior to Run #7 at these locations are near to
initial static. This is shown in Figs. 4.5 (p.147) and 4.6
(p.156). The stiffness calibrations in Sect. 4.4.3.3 and
Sect. 4.4.3.4 did not include these points specifically
because it was felt that some locked-in dynamic pressures
would be present at the end of Run #6B that might cause the
static readings taken prior to Run #7 to not accurately

reflect strains caused by an initial pressure field.

5.3.4 Run #7

| Of the June runs, Run #7 was the only run in which the
silo was unloaded from a completely filled state. This fact
by itself would suggest that this run might therefore result
in the largest measured static and dynamic pressures
(although not necessarily the largest o.p.f.'s). Although
this was true for static pressures, this was not the case
for dynamic pressures.

Figs. J.C16 to J.C19 reveal the quasi-static strains
observed prior to Run #7, and, as discussed in the previous
section, were largely set up by Run #6B overpressures and
superposed by an initial field above. At the first gate, the

train speed was 0.5 mph and Location 2 strains were observed
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to decrease by approximately 90 microstrain. The strain on
the outer gauge at Location 3 increased approximately 40
microstrain on the first gate and reached a maximum of
approximately 120 microstrain at the 20th car. As will be
seen shortly (Runs #8 to #10), this is a relatively modest
increase and probably has much to do with the 0.5 mph speed
that the train was kept at for the duration of Run #7.

Coal height measurements taken before and after Run #7
afforded the opportunity to check on the assumed in-situ
density of coal for these runs. With the silo filled
completely at the start, an accurate initial coal level is
known., Two depth readings were taken at the end of this run,
one beneath the west charging chute and one at the wall.
These two readings differed by approximately 5/ and the
effective coal level could be expected to fall within these
two bounds. Using levels reported in Table 3.1, the change
in effective coal height can be caiculated at 747.
Out-loaded gross weight data indicated that, for Run.#7, a
total of 108 cars weighing 22791 kips registered at the
scales. With average tare weights of 56 kips per car, thé
resulting net weight of coal removed was 16700 kips. The
cylindrical volume for 74’ of coal with a 35/ radius is
285170 ft* and these two values yield an in-situ density of
58.7 pcf, not far off the assumed maximum of 58 pcf.

The amount of coal taken from the silo during this run
equaled just under 1/2 the silo's capécity and therefore the

withdrawn volume included only material that in-situ was
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.under at least 90’ of head. This withdrawn material can then
be said to have experienced close to its maximum
densification and therefore similar but more detailed
calculations in the runs to follow should yield reasonably

accurate changes in coal height.

5.3.5 Run #8

Run #8 is the first of the remaining runs in which
endugh dynamic strain data was available for a detailed
study of overpressures and this is presented in Table 5.1
for Location 3. Location 4 strains were also closely
monitored at this time but subsequent examination of chart
output indicated negligible strain response at that height.

The final two columns in Table 5.1 are of primary
importance; descriptions of eccentricity and overpressure
calculations have been given in Sect. 5.1. The second column
contéins information provided by the on site load-out system
and previous use has been made of these weights to calculate
an in-situ material density. These weights are used here to
keep a running tally of approximate loaded-out weights to
give approximate changes in coal height. The remaining
columns are self—explanatory.v

The o.p.f. starts at 1.00 (i.e. Fig. 4.6 indicates
pressures are close to intial static) but with some initial
moment, part of which is thermal in origin. During loading
of the first car, only one gate was in use. Both inner and

outer gauges strained to a similar 4% over static shortly
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after the gate was opened and the eccentricity therefore
remained at what it started out at. During the continued
(but reduced) flow that followed, the outer gauge continued
into tension while the inner gauge reversed its initial
movement and by the end of the car, had actually moved
slightly into compression (relative to the initial value),
The overall wall strain at the end of car 1 is therefore
only slightly into tension but with an increase in
eccentricity of about 0.1" (approximately 40% of the
starting moment) .

- The increase in pressure is minimal up to the 7th car,
where Ps actual drops below P,. A large moment appears to
build in this initial phase as eccentricity rises rapidly to
3/4". At this time, and for no immediately apparent reason,
strains begin to increase and at the 9th car, a major
deflection occurs right after the first gate. The train
speed had remained constant at about 0.65 mph and
correspondingly, the flow.rates remained unchanged.
Following this, the o.p.f. and eccentricity continued to
increase. At the 17th car, the speed was increased to 0.8
mph, and a noticeably greater trend in tensile strain
increases occured. The maximum observed pressure (strain)
came at the 22nd car, immediately after the first gate and
the correspbnding o.p.f. was calculated at 1.64. Thereafter,
the dynamic pressure dropped, but not as fast as the coal
height (i.e. and associated static pressures). The result

was an o.p.f. of 1.72 occuring at the 35th car, which was
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the last dynamic event recorded for this run. At the 45th
car, during passage of the robot diesels, a Budd reading was
taken. The o.p.f. here was calculated as 1.99 with a coal
height of ~ 40.9’ and occured along with the largest
observed moment (i.e. difference in inner-outer strains). No
observations were made after the robots so it is possible
that even greater o.p.f.'s and moments developed. It should
be pointed out at this time that the o.p.f. of 2.0 observed
during this run corresponds to an ACI Cy factor of
approximately 3.2.

The moment reversal at the transition discussed in
Sect. 5.3.2 has, in Run #8, disappeared and as evidenced by
Fig. J.C28, follows the predictions of Jenike et al. in a
qualitative manner. They predict large transition pressures
during flow that come to approximately 4oy in the east -
west direction and only 20y in the north - south direction.
This argument assumes however that transition pressures are
more influencial in causing ovalization than the heretofore
unknown effects of eccentric flow channels within the
cylinder itself. For example, this large moment is very

evident at Location 3, 24’ away from the transition.

5.3.6 Run #9

Both gauges at each of Locations 2,3,4, and 5 were
monitored during Run #9. At the start of this run, the train
- speed was 0.7 mph and this had a marked effect on initial

dynamic strains. Just prior to the first gate, a large
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moment and 25% overpressures were evident at Location 3,
locked in by the previous run, and this can be seen by
referring to Fig. J.C27 and Table 5.2. At the first gate,
there occured what was probably the largest immediate
‘deflection over the June runs and this is indicated
graphically in Fig. 5.2. The deflection on the first gate
(what may almost be termed a discontinuity in the pressure
trace), gives approximately 70% of the total 1st car
deflection and is perhaps the most vivid evidence for what
Jenike described as the 'switch', a transition from the
peaked (near active) to the arched (near passive) pressure
field. After this initial switch, during flow, the pressure
continues to increase. Immediately following the opening of
the second gate, a second switch seems to occur. In fact,
coal above the second gate is in the north hemicylinder and
this material may be largely unaffected by the first gate
activities. Aside from the initial surge during the second
gate opening, sustained flow is generally constricted by the
high level of coal in the car from the first gate. A plateau
fofms on the chart immediately following this four spiked
switch, but as the rear of the car approaches, additional
space becomes available. This occurs because the first gate
is automatically shut early so as not to cause coal
contained in the second chute to overflow the car's rim.
This five part strain response is typical of the
loading event when both gates are in use and the train is

moving at higher speeds (i.e. 0.5 mph or greater). Although
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the switch-flow-switch-plateau-flow sequence is evident in
most loading events, the peak event pressure is not always
associated with the switch. When this most important
overpressure occurs, is a function of train speed, previous
event strain levels, gauge location, and whether or not a
large moment is developing at the section.

For example, while Location 3 is straining more into
tension, the cross-sectional moment is also increasing (even
though the eccentricity drops off some). During this 1st car
load-out event, just after the second gate response, the
dynamic pressure can be seen to equal 1851 psf. THis is not
much lower than the maximum that will occur for this run
during the 2nd car event. Here, a pressure of 1887 psf
occurs and is the largest dynamic pressure observed for all
runs, even though the o.p.f. is only 1.47. The quickness
with which this large overpressure is achieved is important
because it implies that an o.p.f. may indeed have to be
applied to a fully loaded silo.

Deflections for cars 3 and 4 were similar to the first
car deflections although not quite as dramatic. During
loading of the 3rd car, the outer gauge deflected a maximum
for the first 20 cars however as this was matched by a
simultaneous compressive change in the inner gauge, the
o.p.f. remained at 1.46. Over the following 7 cars (to car
11) some moderation in outer gauge strains occurs, as it
moved in a gradual compressive fashion. The inner gauge

moved little and consequently the o.p.f. reduced to a low of
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1.31 before reversing this trend.

At the 17th car, the train speed was increased to 0.8
mph and it was not long after that an accumulating number of
overpressures led to a Run #9 high o.p.f. of 1.61 during the
loading of car 21. Again, for comparison, this would be an
ACI factor of 2.52. The remaining cars loaded to the robots
generally showed little response of note as overpressures
fell off to 1.33 by the 44th car, the last loaded car before
the robots. This variation in average strains for this
portion of Run #9 can be traced on Fig. 4.6.

Because a Budd reading had been taken at the robots
(Fig. J.C28), the opportunity existed to compare Validyne
measured gauge deflections to Budd measured defections
between Fig. J.C27 (start of run) and Fig. J.C28. This
comparison is the last two entries in Table R#9 and the
differences are minimal. The inner gauge was off
approximately 5 microstrain on 90 total while the outer
gauge was right on for the two methods of strain
measurement. This is again testimony to the accuracy to
which small strain measurements were made throughout these
tests.

Aside from the initial response to gate openings
evident in Fig. 5.2 for Location 4, there were no apparent
overpressures at this location during Run #9. The only
observation that can be made is the development of the

moment that appears in Fig. J.C28.
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5.3.7 Run #10

Like the two previous runs, both inner and outer
strains at Locations 3 and 4 were monitored with the best
available channels on full gain, hence the dynamic results
are interpretable. During Budd readings prior to and just
after Run #10, the ground strap was found to be
disconnected. This meant that any stray static build up
within the 100+ ft leads might adversely affect the true
strain levels as was found to be the case during the January
field trip. The result was that no initial strain levels
were known for this run. Fig. J.C31 indicates strain levels
for the silo prior to filling for Run #10 and reveals that
the silo was near empty at this time. With this in mind,
sufficient accuracy can be had by assuming an initial static
pressure distribution such as that obtained for Run #6A or
#6B, along with a similar starting inner-outer strain
differential. This has been done for Run #10 and the initial
strain reading for column 8 in Table 5.3 is therefore at an
assumed value only.

The coal level for this run was not measured but during
load-out the 2/3 level indicator was observed to have gone
out while the first 10 cars were being loaded. This gave a
wall height for the coal of approximately 79’ above the
transition, and, with an assumed 18’ cone, the effective
height of coal above gauge Location 3 becomes 57’/ (i.e. 79 +

18/3 - 28).
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Because this run initiated within an initial static
pressure field, the immediate trend in Location 3 strains is
a slow but determined move towards a maximum o.p.f. of 1.46
at about the 11th car. The inner-outer strains develop for
the most part as a rotation with the inner gauge having
strained little compared to the outer. As a result, a large
change in eccentricity is evident as the now expected
positive moment seeks to locate at the western meridian.
This was also observed to be the case at Location 4, an area
that showed little response during the two previous runs.
Even though the overall wall strain at Location 4 was
negligible, an inner-outer strain differential of

approximately 100ue developed.

The train speed for the entire set of dynamic strains
observed during Run #10 was kept at 0.5 mph and this may
partly explain the dissimilarity between overpressures for
all three of these latter runs even with similar coal
heights. For example, the maximum o.p.f. for Run #10 (1.46)
occured with about 50’ of coal. For Run #9, with a train
speed at 0.8 mph, the overpressure had peaked at a 70’
height (1.61) but at the last recorded height of 55’ the
o.p.f. had dropped off to 1.33. For Run #8 the train speed
had been increased at the 17th car to 0.8 mph and an
overpressure of 1.64 occured at 56’ that was still seen to
be increasing at 41’ (1.99). All of these comparisons

suggest flow pressure and/or switch pressure fields of an
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apparently complex nature. A discussion of these dynamic

overpressures and their causes follows in Chap. 6.

5.4 Summary of Test Results

Figure 5.3 summarizes the maximum dynamic coefficients
(i.e. o.p.f.'s aﬁd their equivalent C4 values) contained in
Tables 5.1, 5.2, and 5.3. The "silo" heights given show that
the maximum H/D ratio for these three tests was 1.6 however
the greatest o.p.f. (worst case) occurred for a "silo" with
an H/D of 1.4 (Run #8). All three o.p.f.'s in this column
are reasonably bounded by the interpolated upper bound of
2.07 from Table 2.3 for H/D £ 2.0 and K = 0.48. The z/H
ratios at which these maximums occur are also in the 0.6 to
0.7 range, and this coincides with the location predicted by
the strain energy method.

The worst case Cy values do not compare well with the
bottom row of Cy4 values in Table 2.3, indicating that
problems may occur if design pressures are based on active
static pressures. The final column is interesting because it
reveals that the maximum observed dynamic pressure (during
Run #9) exceeded the maximum funnel flow design ACI pressure
by a factor of 1.9/1.65 and this was for a silo filled to
85% capacity under close observation for only three complete
unloadings. The 1.7 live load factor would however have

provided a reasonable safety margin.
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The large transition pressures were responsible for, on
one occasion, a hoop steel tensile stress of 40% yield (Fig.
J.C28). The complexity of the hopper-cylinder boundary
conditions make it difficult to quantify these pressures.
However, given these large transition strains and knowing
that (1) Et at Location 2 cannot be much less than that
calculated for Location 3 and (2)'the stiffness at the
transition is generally much greater than the average wall
stiffness, there is at least tacit support for the
relatively large upper hopper pressures predicted by Jenike
et al. (1973) and Walters (1973). These observations
therefore tend to corroborate to some extent the similar
observations of Van Zanten and Mooij (1977), Jenike et al.
(1973), and Perry and Jangda (1970) and it is suggested here
‘that designs for transition reinforcement reflect these

large forces.

A



6. Discussion of Analytical and Test Results

6.1 Introduction

In this chapter an attempt is made to consolidate,
explain, and in some cases, expand upon, the various results
of this study from both the theoretical and experimental
investigations. Many of the questions concerned with mass
flow in silos remain unanswered and certainly an
investigation of this scope is bound to create additional
questions., Therefore, the discussions to follow will contain
conclusions that are both supportable and speculatory. It is
the writer's belief that some informed speculation at this
time may be helpful to any further research in this area.

Three general topics will be dealt with. Firstly, the
assumptions used in the experimental analyses will be
summarized and their effects on the results discussed
bfiefly. Secondly, a humber of conclusions can be made with
respect to static pressures and these are presented along
with their theoretical implications. Thirdly, the
theoretical and experimental investigations into dynamic

pressures are commented on.

6.2 Concluding Remarks: Experimental Assumptions

The analysis involved a number of assumptions, some of
which have been dealt with in detail and others that have
received only casual reference. The assumptions and

conclusions regarding effective coal heights, temperature
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gradients, and strain shifts were discussed at length in
Chap. 4 and are therefore not included here.

The initial assumption in the data analysis was the
decision to use the Janssen-Compressibility formulation
derived in the text to account for the observed density
variations of the material.lThis formulation employs
Janssen's assumptions bﬁt permits a variable y. For
compressible materials, it has been shown that density
variations can have a marked effect on a Janssen pressure
field and are therefore incorporated into the analysis.

The thin-walled pressure vessel formula is employed
throughout the dynamic analysis as the only rational means
for relating lateral pressures with circumferential strains.
This assumes that intense, very localized overpressures can
be ignored. Nevertheless, if these structures are
investigated using an assumption that is also employed in
their design, the applicability of that éssumption is
maintained. Further justification for this assumption
exists. A brief examination was made of the effects that a
vertical discontinuity in the pressure distribution might
have on the hoop tension. A direct stiffness computer
analysis for use with shells of revolution (Shazly et al.
1978), revealed that the vertical stiffness of this silo
structure would cause a normal tension, 97% of the direct
thin-walled tension, to occur 4 feet below the level of a
discontinuity. In all probability, the discontinuity

modelled in the computer analysis was uncharacteristically

—
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~abrupt and symmetric.

The local strain behavior of twinned, concrete
embedded, steel-mounted gauges, located within a cracked
wall section, requires additional comment. The results of
the static analyses indicate that a linear relationship
between horizontal pressures and observed circumferential
strains is justified. For this to occur, two conditions must
be satisfied. The first condition is that the load -
deformation response of each gauge must be linear and this
requires that no further concrete tensile stiffening (or
unstiffening) must take place as the load is changed. This
might occur when bar deformations located between the gauge
and crack come in contact (or break contact) with a concrete
surface as the load varies. The second condition requires an
equal distribution of the wall axial load to each gauge. At
a crack, this is self-fulfilling, but at a location where
concrete is providing some of the stiffness; this may be a
concern. The stiffness of gauge Location 3 was calculated as
being close to fully cracked so this effect was greatly
reduced. Finally, the load-deformation response has also
been shown to be constant over the final series of runs.

The instrumentation was able to provide very small
changes in strain, of the order of a few microstrain. This
was a result of measuring techniques that were always
consistent. For example, the static strains occured within a
completely balanced bridge, utilizing the same equipment,

equipment settings, and personnel, within a constant
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environment. In addition, all final gauge connections
provided fully grounded and shielded cables.

If small circumferential wall strains are being
measured, then it is advisable to examine what influence
vertical wall strains will have due to Poisson's effect.
Calculations reveal that this efféct is about 3% of the Ae
values for varying coal heights using v for concrete of

0.20. For cracked concrete, Poisson's effect is reduced.

6.3 Concluding Remarks: Initial Static Pressures

Most of the conclusions that can be made about this
aspect of bin loads originate in the discussions of the
first part of Chap. 2. The experimental portion of this
investigation did provide additional material for comment
however the conclusions that can be made are only general in
nature.

The most important idea to emerge from Sect. 2.1 is
that Janssen's original solution for initial static bin
pressures is still very applicable today. This is not only
because of the simple analytical form that it takes (as many
authors suggest as a reason for its continued use), but also
because Janssen's formula has the potential to most
accurately describe the distribution of static pressures at
the wall. This stems from the straightforward manner in
which the equations are developed and the need for only a
few basic assumptions that also appear sound from an

engineering standpoint. A number of researchers describe
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these assumptions as overly restrictive however will then go
on to include less tenable restrictions, such as complete
incipient failure, while others simply redefine these
assumptions and end up saying what Janssen implies. The
majority of codes still rely on Janssen's formula as a
starting point for design lateral pressures and it would
seem at this time that this position is fully justified (in
so far as design lateral pressures are related to static
pressures).

There are, however, certain situations in which
Janssen's formula may not give sufficient accuracy. These
arise when conditions are such that the three primary
material properties (K, u', and y) are varying. The
variability of K and y seems to be associated with small
scale tests and compressible materials respectively. With
the former, K may be related to relative density and
therefore the actual stress levels attained during the test;
model studies very often achieve less than representative
stress levels. On the other hand, very compressible
materials in static model studies often exhibit a near
constant K and y yet if the variation in y is allowed for in
a full scale application, the results may be quite different
from those assuming a constant y. This is also why a
Janssen-Compressibility formulation was developed for use in
this study. Because it is conservative to ignore the lower
density that a material may possess near the top of a silo,

this influence can be ignored in design situations. When it
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is considered that somewhat tentative and hopefully upper
bound o.p.f.'s are going to be applied to these static
loads, further refining of these base pressures is not
warranted, providing K is known with reasonable accuracy.

The present reliance in North America on_Rankine's
Active Coefficient for K as a property of ensiloed materials
has neither theoretical nor good experimental support. The
value of 0.5 used in the German code is more likely closer
to the true value but it is also rather arbitrary. For a
purely initial static analysis, the literature contains some
information on K,. for certain materials and applications
(p.48). With untested materials, Ko, as given by Jaky's
formula, (1 - sin¢g), would appear a logical choice although
material compressibility should increase this value.
Curve-fitting to the observed lateral pressures may produce
acceptable results if u’' is assumed constant with fully
mobilized wall friction. Otherwise vertical pressure data
will also be required to evaluate the product u'K and then K
from the lateral and vertical stress formuli. The analysis
in this study found, for larger silo's at least, that K
could be assumed to be constant in the vertical direction
with no loss in accuracy. A definitive value for K was less
certain.

The Ko test requires a triaxial cell and a sample of
the material minus the larger particles (in this case,
material passing the #8 mesh). A centrally deposited

granular coal will segregate somewhat with a greater
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proportion of the larger particles coming to rest at the
wall. Therefore a more general test for K,, is in order.
This should be along the lines of Kramer's investigation
(1945) which in effect was a large scale consolidation test.
With a suitably large fully instrumented cylinder, a fully
representative sample of the material could be compressed to
any desired consolidating pressure. The evaluation of
vertical and lateral wall strain data, possibly augmented
with pressure cell readings, would allow a complete
evaluation of K,,, u', and B. In addition, rebound
properties such as Kq,, E4,, etc. could be examined in a
setting more representative of in-situ silo conditions.
Little has been said about the variability of the wall
friction coefficient u’'. A discussion in this area brings to
attention, more so than with any other parameter,
considerations of material homogeneity. Earlier it was
stated that if the the full frictional force is not
mobilized within a bin, then Janssen's solution may be
interpreted as a lower bound on the static lateral
pressures. For a material being loaded gradually into a
silo, and undergoing consolidation, this implies a lack of
homogeneity. If failure initiates in a localized block of
material because the wall frictional force can no longer
counter any further increase in the consolidating force, the
effective value for u’' becomes u, along the region of
sliding. Although its difficult to predict what the stress

distribution is within the block of material when motion
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ceases, it seems reasonable that the mobilized value for u’
will be between u, and u,. Depending on whether this failure
causes an overall or local redistribution of stresses, the
resulting inhomogeneities will vary respectively with time
or position. A sudden and complete overall consolidation in
which all of the material is in motion at once should end up
with an effective coefficient of friction approaching wu,. A
further consideration in this case would be whether failure
initiated from the top, bottom, or some intermediate level.
Sudden changes in u’ to lower overall values would

appear as equally sudden increases in circumferential

tensile strain just as a gradual increase in u' would appear

as a gradual reduction in these strains. The dynamic record
indicated that immediately following the closing of a gate,
some stress redistribution was occuring and this appeared as
a sharp jump in the strain trace. Most often these jumps
appeared to occur simultaneously at all lower gauge
locations and were always associated with a slight increase
in tensile strains. This would indicate that a fairly
general reduction to u’' was occuring due to an ensueing
dynamic consolidation (i.e. with material flow). Following
this, however, there occurred a gradual decrease in
circumferential strains, to levels below those evident
before the jump. This suggests a gradual and general
consolidation in which ' was again increasing (i.e.
'static' consolidation). These results indicate that this

second type of consolidation is more prevalent in
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influencing the state of stress in the lower bin regions,
Material being deposited higher up in a silo does tend to
consolidate more frequently and is therefore more
susceptible to the 'dynamics' of consolidation. Hence the
discussion at the end of Chap. 4 suggested that slightly
divergent results could be explained under the assumption of
an increasing mobilization of wall friction with depth.

For model tests incorporating 'bucket' filling methods
(as opposed to a gradual feed), some amount of
overconsolidation may occur due to the relatively large
inertial forces involved. Not only can this practice lock-in
a K that may be suspect, it can result in very little
frictional force mobilization. In cases such as this, the

apparent u’' may be less than u,.

6.4 Concluding Remarks: Dynamic Mass Flow Pressures

The trend in design standards and codes of pracfice is
towards relating static and design lateral loads via an
o.p.f. and the obvious question is whether or not this is a
realistic premise. Analytical techniques provide solutions
that generally support this premise but this is a direct
result of their incorporating the same equilibrium equations
for both the static and dynamic cases. There is some
difficulty in the initial acceptance of this incorporation
when consideration is given to just how different the two
stress distributions may be. Direct observation, stop-action

photography, X-ray techniques, and analytical finite element
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studies all indicate the very complex nature of flow and/or
switch stress and velocity fields. The flowing mass very
quickly develops a well distributed series of
discontinuities, shear bands, and areas of reduced density,
all in noticeably asymmetric patterns. This reduces the
parameters common to both the static and dynamic
calculations to geometry, unit weight, and the thin-walled
pressure vessel formula, although even density variations
cannot be ignored.

The experimental portion of this study indicates
however that this is not an untenable premise. The dynamic
record revealed that the larger instantaneous overpressures
coincided with quasi-static overpressures of similar
magnitude. It may be difficult to describe the equilibrium
equations at a discontinuous switch moving upward through a
granular mass as a shock wave, however, if these conditions
bring about a quasi-static stress distribution that is
similar in orientation and magnitude, than the generality of
local and overall static equilibrium equations still apply,
without the inclusion of dynamic forces. Jenike et al. (Part
2 1973) stated that inertial and kinetic forces are small
enough to be neglected and the observations thus far support
this. Therefore, mechanisms such as dilatancy, frictional
mobilization, and energy minimization, the three principles
of powder mechanics, are by themselves capable of developing

these noninstantaneous or qguasi-static overpressures.

-
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If overpressures are directly observable as
quasi-static pressures, than it should be possible to
~describe the vertical distribution of K as brought about by
these dynamic conditions. For this particular silo study,
this is difficult considering the meager number of usable
gauge locations, however enough readings were taken to give
an idea of this distribution. Overpressures were found to be
almost nonexistent at Location 4 (although the development
of a positive moment indicated that some pressure reductions
may have occured in the north-south direction at that
level). Locations 5 and 6 were virtually unaffected during
discharge. The vertical distribution in lateral pressures
was therefore close to static down to a level between
Locations 3 and 4, even well into a particular run. This has
the result that K., at Location 3 can be approximated by
K.:x(o.p.f.), if it is assumed that u' does not vary
greatly. For this type of coal, K,. was probably close to
0.48, and with a maximum overpressure of 2.0, the largest
measured value for K., was then near 1.0. This is supported
by Blight and Midgely (1980). When unloading their triaxial
sample of coal while at the same time keeping horizontal
strains at zero, they found the ratio of confining pressure
to vertical pressure to remain constant at 1.0. In addition,
Jenike's strain energy method gives a value for K near to
unity when the switch location is assumed to be greater than
one diameter below the free surface. It is interesting to

note that the German standard, DIN 1055, sets K on discharge
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at 1.0 (for use in Janssen's formula) in order that observed
overpressures will be enveloped by the resulting design
curve. This standard will however, in the near future, be
revised to an o.p.f. approach for use with experimentally or
analytically determined values for K, (Martens 1980).
Because a larger K can be locked-in to a nonflowing
granular mass, depending on the particular history of that
mass, it follows that a critical case scenario can be
described for many silos. This condition could arise when a
maximum overpressure had been achieved and had locked-in a
certain maximum K value. Further charging of material on top
of this mass will superpose a typical Janssen surcharge at
the free surface and, even though some alteration to K might
be expected by the additional consolidation, much of this
vertical surcharge would appear as a lateral thrust. Load
superpositions of this type occur quite commonly in
operational silos and for this silo is best illustrated by
Figs. J.B6, J.B7, and J.B8, although this set of events
would not be classified as a critical case. For this silo,
the worst case situation would probably happen with a full
silo in which a series of rapid loading-unloading events
occurred. This can be modelled as a continuous flow
operation that in practice is difficult to achieve for a
full sized structure yet may explain how silos that are
apparently of sound design may achieve this limiting case
and collapse even after years of service (see for example

Sadler 1980).
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The overpressures given by this study are related to
the static load for an equivalent height of material at the
instant the overpressure was measured. If a certain amount
of material withdrawal is always required to develop these
maximum overpressures, it may be argued that it is overly
conservative to apply these overpressures to a full silo.
For example, the o.p.f. of 2.0 was found to occur with an
effective coal height of 41/ while the maximum measured
o.p.f. for a 70’ depth was only 1.6. Although these values
may not be the largest possible at each particular height,
the extrapolation of an o.p.f. of 2.0 to the 70’ depth is
not supportable from these tests. The proximity of Location
3 to the transition suggests a further influence that may
not be a factor 41/ from the top in a full silo.
Nevertheless, the few results given here indicate that for
shallow large diameter silos with a similar outlet geometry
(mass flow), ACI 313-77 C4 factors are certainly inadequate
(as noted by ACI 313-77). If K = Ka is used in place of K =
0.48 for the static calculations in Tables 5.1, 5.2, and
5.3, this inadequacy becomes unsafe even with a live load

factor of 1.7.

Much of the experimental examination of bin pressures
has taken place with the aid of models. This is a natural
outcome of the enormous sizes to which the working silos now
éttain. The use of models in hydraulic applications requires

dynamic similitude in relating measurments to the prototype,
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however this requirment is often ignored in bin studies,
perhaps because the dynamic mechanisms within granular
materials are little understood when compared to fluids.
Janssen's formula provides geometric similitude (a
requirement for dynamic similitude) through the hydraulic
radius, R. A further requirement is that there be kinematic
similitude and although by definition this is not a concern
with static pressures, there must indeed be a constant ratio
of dynamic pressures at corresponding positions in model and
prototype.

Because K may‘be considered a function of consolidating
pressures, it is hard to ignore the possible differences
that may exist between model and prototype even in the
static case. The assumption of a constant K,, is sufficient
for engineering accuracy in large structures but this is not
necessarily so for models.

In the dynamic case, assuming kinematic similitude may
be fundamentally incorrect in many cases. Of the three
powder mechanics principles discussed earlier, two of these,
dilatancy and energy minimization (strains), are certainly
related to material compressibility. Frictional forces are
generally considered unaffected by density changes (although
friction mobilization may also have a more than tenuous
relationship to compressiblity). As to what effect the
differences in vertical pressure between model and silo have
on the relative value that K attains in the dynamic case,

requires some guesswork. Possibly a certain minimum ratio of
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‘model to prototype should be sought if model studies are
going to be the principal means for developing o.p.f.'s.

A further consideration for model studies is
instrumentation sensitivity. Strains are directly
proportional to both lateral pressures and container radius
so if the model is small, the strains will be small unless a
very flexible container is used. With small strains,
experimental control becomes a priority as external
influences such as temperature effects and zero drift will
be present. Many of the model studies reported in the
literature employed overly stiff containers because a
certain lack of reproducibility is a common occurrence.

Previous experimental studies, several of which were
discussed at the end of Chap. 2, have shown that dynamic
pressures are extremely variable, circumferentially as well
as verfically. Dynamic pressures appear to be a result of
many local pertubations, therefore measuring these pressures
directly can be a difficult task. Although pressure cells
can provide an accurate indication of local overpressures,
analyses that do not involve some type of statistical
evaluation might seem inappropriate. If flow is expected to
be asymmetric then the required circumferential distribution
of pressﬁre cells is compounded. A further problem
" associated with pressure cells is that diaphram deformation
is required to register any changes in pressure. This is not
a problem for gradually increasing material stresses,

however, if the pressures are fluctuating or in fact
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decreasing, the diaphram must be capable of inward movement.
For this to occur, the passive resistance of the material at
the wall may prevent such action unless the diaphram
possesses sufficient stiffness to render this resistence
negligible. Pressure sensitive diaphrams will therefore
always measure the maximum pressure with their prescribed
accuracy, however, because these dynamic pressures comprise
local pertubations, any statistical evaluation of the
results must recognize the possibility of hysteresis due to
diaphram flexibility. In addition to these considerations,
Paterson (1980) recommends that the diaphram diameter be
greater than 1000 times its maximum deflection, at least 20
times the maximum particle size, and that the cell always
fit flush with the silo wall.

The advantages of indirect pressure measuring
techniques (strain gauges and transducers) are not only the
above noted disadvantages of pressure cells. By measuring an
actual wall stress, the local pertubations are smeared out
and consequently the need for statistical evaluations
reduced. Material and installation costs are greatly reduced
as are the inherent problems associated with any field
operation. All 12 gauges in this study worked flawlessly and
are probably still operational for use in further studies.
The disadvantages, such as not knowing the true extensional
or flexural stiffnesses and the effects due to temperature
and cracking, have been dealt with. A nﬁmber of better

methods and techniques are worth considering for future

g
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large scale or model testing. A precracked gauge location
would certainly have provided a reliable reference point and
may have allowed more accurate determinations of K, u' etc.
Alternatively, if K and u’ are known to a reasonable degree
of accuracy, the calibration efforts would be greatly
simplified. Vertical gauges, although requiring very
sensitive measuring techniques, would provide invaluable
information on the wall loads. More direct information about
the time and spatial variations of the wall temperature
gradients would also have provided more confidence in the
final results.

However, as discussed in Sect. 5.1, if the intent of
the investigation is to find o.p.f.'s only, the methods
employed in Chaps. 4 and 5 are satisfactory in that dynamic
strains have been compared to static strains without the
requirement that static pressures be known. A more complete
study of lateral pressures in silos might utilize a
combination of pressure cells and strain gauges, the former
for investigating static pressure fields directly, perhaps
providing an additional method of calibration in the study
of dynamic pressures with the latter.

One final technique for investigating bin loads is the

observation of actual wall deflections and/or the weight of
‘material transferred to particular bin sections. It is a
method that was employed primarily by early investigators,
and most extensively in recent times by Lenczner (1963). In

measuring overall deflections/loads, a real advantage exists
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in that a further smearing of local strain irregularities is
made possible. This in turn allows some correlation of
circumferential deflections with an average (instead of
localized) wall stiffness, while the quantifying of
out-of-roundness is a further benefit. With respect to
vertical strains, strains that can generally be expected to
be small, the use of LVDT's or dial gauges will effectively

integrate these strains.

No conclusions can be drawn in the area of material-
structure interaction from these tests. The theoretical
arguments presented in Sect. 2.2.3 indicate that energy
considerations provide for a redistribution of lateral
dynamic pressures within flexible containers. As the H/D
ratio gets smaller, the material contained in the hopper has
an increasing influence on lateral pressures while the wall
flexibility has a decreasing role in load redistribution.
This is because hopper walls are rigid when compared to the
vertical bin walls. The experimental observations of Jenike
et al. (1973), Van Zanten and Mooij (1977), and of this
study typically do not show large overpressures extending
into the upper cylinder regions. These analytical and
experimental results will be reflected by the
recommendations for mass flow design given in the final
chapter. It would appear at this time that
material-structure interaction is no impediment to

increasing the size of storage structures. Quantitative
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predictions await better knowledge of granular material
properties under reloading conditions. In this case, an
experimental investigation into this phenomenon should
probably be undertaken with the aid of models.

The continuous strain records made during the later
runs indicate that the rate of withdrawal may influence
lateral pressures. Pieper (1969) reported that filling and
emptying speeds had no effect in scaled down studies while
-be;aplaine (1956) found that, for a variety of
tube-to-particle ratios, all stresses were independent of
the solids velocity. The ability of overpressures to lock-in
even as flow is halted suggest support for this view. It may
be that under conditions of very slow withdrawal, such as
occurred within the Fording silo, dynamic lateral pressures
are much lower than normal. This would explain how early
investigators often found overpressures of less than 10%
while contemporaries were reporting o.p.f.'s of 2 or more.

This aspect needs clarification.

6.4.1 Material Dilatancy/Pressure Oscillations

Within the literature, the role of dilatancy in the
development of dynamic pressures appears to be gaining
momentum as the primary mechanism. An in-depth study of the
mechanisms involved in the deformation and flow of granular
materials within bin/hopper geometries indicates a dominance
of strongly dilatent behavior (Jian Lian Dong 1980). The

investigation was analytical and included finite element
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solutions using von Mises and extended von Mises
(Drucker~Prager) plasticity models. By allowing for material
inhomogeneities and inelasticities, the formation of rupture
surfaces (shear bands) was an important result. These seemed
to eminate from the transition as zones of intense dilation
and distortion while their formation coincided with large
material stresses.

These predictions are supported by a number of
observations of large transition pressures, including this
study, as well as time lapse X-ray photographs of material
flow initiation (Blair-Fish and Bransby 1973) with two
dimensional flow models. A rapid breakdown in symmetry is a
consequence of shear bands forming alternately at each
transition corner. This type of action may also explain the
oscillatory nature of dynamic pressures that was reported by
Wei and Johanson (1974), Connelly (1979), and Sadler (1980),
and also observed during this investigation. Connelly found
that the frequency of these oscillations was independent of
material head and flow rate while Wei and Johanson found a
slight dependence on material head. The strain fluctuations
in the Fording silo also appeared independent of material
head and flow rate.

The summary by Sadler is important in that it describes
a number of silo incidents that required remedial action,
several of which were a direct consequence of large
vibrations. The measured strain oscillations from the

Fording silo were not particularly large but were rather
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evident to individuals using the exterior ladder. These
oscillations coincided exactly with and were of the same
frequency as the strain oscillations recorded during a gate
opening event. The writer on one occasion felt the effects
of these vibrations (transmitted by the conveyer tube) in
the belt drive house, 500’ from the silo.

These oscillations are a result of material flow but
their frequency corresponds with the lowest natural
frequency of the silo structure, which happens to be the
mode in which wall strain energy is minimized (see Appendix
H). It cannot be concluded from this one result that a
material-structure dynamic interaction is in fact occurring,
however one may wonder what amplitude these oscillations
might attain if the flow was allowed to achieve a steady
state. While loading a rail car, usually only 4 oscillations
could occur before the coal level in the car increased to
the point where it slowed the discharge rate. It is still
possible that these large amplitude initial oscillations are
only a manifestation of initial switch conditions and
therefore steady state flow may not necessarily induce the
largest hoop stresses. Recommendations for further research

in this and other areas follow in Chapter 7.



7. Summary and Recommendations

In the absence of any codified design criteria for mass
flow silos, it is recommended here that a strain energy
approach be employed. This is due in part to its inherently
rational foundation, although experimental support may be
found in several model studies on small and intermediate
sized bins (Sect. 2.2.5). With respect to.this particular
study, the dynamic pressures were found to be satisfactorily
bounded by the strain energy predictions contained in Table
2.3 (Sect. 5.4). Use of these overpressure factors, or
linearly interpolated values, implies that design is based
on the expectation of a worst case scenario. The design
therefore may be very conservative for 99% of the structures
lifespan. Because of the variety of operational variables
and because silo wall failures are often catastrophic, this
requirement is unavoidable.

The use of o.p.f.'s in mass flow design, in the same
manner that funnel flow design is carried out, is also
recommended here and for the following reasons; (1) the
dynamic pressures have been found to be related to static
pressures analytically, (2) it is by far the simplest design
approach, and (3) the task of reporting observed
overpressures from future investigations is put on common
ground.

The first step therefore in obtaining a design pressure
for use in Eq.[1.2] is the calculation of a suitable static

pressure curve., With a judicious choice of values for the
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lateral pressure coefficient K and the coefficient of wall
friction u’', the static horizontal pressures exerted by most
bulk materials for most applications will be adequately
represented by Janessen's formula. Given the current lack of
knowledge in the literature with regard to variations in
these two parameters, alternate static theories that also
depend on these parameters have no advantages whatsoever and
in fact are at a disadvantage given their relative
complexity and their use of untenable or arbitrary
assumptions. The primarily vertical nature of the
deposition/consolidation/load transfer processes within bins
is probably responsible for the better applicability of
Janssen's differential slice approach. For small scale tests
or very compressible materials, variations in K, u’', and vy
should be examined before any conclusions are drawn and with
respect to unit weight y, the Janssen-Compressibility
formulation (Sect. 2.1.6.3), developed here for a cleaned
coal, should be useful in dealing with many other materials.
| With a suitable static pressure curve available, the
suggested design procedure for mass flow silos is as
follows:
For the first 1/2 diameter (or 1/2 bin width) down from
the highest effective material level, the design
pressure is based on the static pressure curve with no
o.p.f. applied. [If potentially volatile materials such
as grain or coal are involved, minimum requirements
should provide for an estimated maximum blast pressure.]
For H/D ratios < 2.0, it is recommended that the maximum

o.p.f.'s be employed from 1/2 D to .6H and thereafter
the design curve parallels the Janssen curve.
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For H/D ratios 2 4.0, the maximum o.p.f. is used in
conjunction with a wall strain energy reduction factor '
however the equivalent o.p.f. should not be less than
those currently tabulated by ACI 313-77. In the upper
regions of tall narrow bins, design pressures are
similar whether the bin is mass or funnel flow. From .6H
to H, the Janssen pressure is again paralleled.

For H/D ratios between 2.0 and 4.0, both of the upper
bounds just descibed should be examined; the first
method will give higher loads in the lower bin region
(i.e. no flexibility reduction) while the second method
will generally give higher loads in the upper bin
region,

Eccentricity effects should be treated as per ACI 313-77
given the current lack of information on mass flow
applications.

Until further testing either denies or confirms the
existence of predicted large transition hopper
pressures, it is recommended that these loads be based
on the methods proposed by Jenike et al. (1973) or
Walters (1973). (see Sect. 5.4, p.186)

With reference to the C4 factors recommended by ACI
313-77, the arbitrary use of Ka for K,. (K;) should be
discontinued. Either experimentally determined values
should be used or, as per the revised German code, the
at-rest coefficient Ko.

Recommendations for Further Study

1.

Future full scale silo tests ‘should seriously consider
the application of wall strain measuring devices.
Analytical and experimental studies are required to
indicate how model tests can be most effectively
designed.

Both model and full scale studies are required to
develop a better understanding of the effects of

eccentric flow patterns.

'This will require additional input on the stored material's
dynamic properties as outlined in Sect. 2.2.3. If this
information is not available, it is conservative to ignore
this effect.
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Model tests specifically designed for an investigation
into material-structure interactions; to study (1)
container flexibility and (2) pressure oscillations.
Clarification is needed in reference to silo operational
effects on design pressures; designing for an upper
bound worst case may not be necessary.

More detailed observations of the instantaneous
pressure/strain distribution are required for comparison
with the instantaneous pressures predicted by the strain
energy method.

A better understanding of the influence hopper material
strain energies have on pressures in the cylinder.

The effects of vibration on dynamic pressures and
whether these represent actual maximum dynamic pressures
as suggested in Reference [82].

Laboratory large scale consolidation tests to provide
consistant data on the variability of K and u' from
which standardized testing criteria for K.,
(particularly for compressible materials) can be
developed.

The further application of increasingly sophisticated
geomechanical finite element methods that are or will

become available,
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Appendix A

Rankine's Theory of Earth Pressure for Cohesionless Soils

.Against a Smooth Wall

o tan¢ (A.1)

Failure Criterion: T

0,

o, ] J

g, * 03 0y - 03
0 = * Ccos2y = pp sSing coszv (A.2)
2 2
gy = O34
T & ———— Sin2y = p Sing sin2y (r.3)
2

where p 1is the average of the principal stresses

Substituting (A.2) and (A.3) into (A.1) yields;

: o3 tane
gy = 03, + (A.4)
siny cosy - cos*y taneg
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d
o; is a minimum if —(siny cosy - coszy tan¢g) = 0
dy
for which
Vv = 45 + ¢/2 (A.5)

Substituting (A.5) into (A.4) yields;
03 = 0, tan?(45 - ¢/2)

where o, and o; are respectively o, and o, if the mass is
- brought to incipient failure through a decrease of o,
(i.e. outward wall movement active case), or vice versa if
incipient failure is brought about through an increase of o,
(i.e. inward wall movement - passive case).
Therefore

1 1 - sin¢

03
tanz(45 - ¢/2) = — = Ka = — =
04 Kb 1+ sing



Appendix B

Instantaneous and Upper Bound Wall Pressures using a Minimum

Strain Energy Approach’

.For an elastic element of volume dV, the incremental

increase in strain energy, W, is given by
€
aw = av g ode (B.1)

Neglecting extensional wall and material shear strains, the

recoverable strain energy, in terms of principal strains is

(o] (] o]

dW = _A dZ[ ! 01d€1 + f Ozdé'z + I 03d€3 :I (B.Z)
€1 €2 €3

Jenike defines o0,, 0,, and o; as the vertical, lateral, and

hoop or third pressures respectively. In a three dimensional

state of stress, the sum of any three orthogonal normal

stresses is an invariant. Therefore, we may also say

o] (]
aw = -A dZ[ J Uvdev + f Uhdeh + }) 03d€3 ] (B.3)

€v € h €3
Hooke's Law gives the differential strain increment as

doy d(oy, + 03) _
dey = — - v (B.4)
E E

and similarly for de, and des;.

'Adapted from Jenike et al.(1973 Part 3)
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We may describe the three orthogonal stress components in
terms of a nondimensional stress parameter, S and two

lateral stress coefficients K and K; such that

oy = RyS (B.5a)
on = KRyS (B.5b)
O3 = KaR'YS (B.SC)

Substitution of Eqgs.[B.5] and [B.4] into Eq.[B.3],

-A dz 0
W= — Ry ] [ S[dS - vaS(K+K,)] +

KSLKAS - »dS(1+Ks)]1 + KsSIK,dS - vdS(1+K)]] (B.6)

Performing the above integration (note the reversed

integration limits),

-A dz R%*vy?
aW = —4m8 — [-S’(1+K‘+K32) + 5’»(2K+2K3+2KK3)] (B.7)
2E

Integrating again and expressing the strain energy as a

nondimensional quantity,

j [1 +K? 4 Kot - 2v(K+KK3+K3)]S’dz (B.8)
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For conditions of plane strain (as exist within wedge

shaped hoppers) e; = 0 and therefore

03 14
e3 == - =(oy + op) =0

E E
o3 = vioy + o4) (B.9)
K:; = v(1 + K) (B.10)

For conditions of axial symmetry (as exist within cone
shaped hoppers), o3 = o0, at the bin centre line. The
circumferential stress, oo (03 here) is always a principal
stress under conditions of axial symmetry (i.e. there can be
no shear stresses on a radial plane) but o, is a principal
stress only at the bin's centre line. However, if we examine
strains that occur as a result of outward wall movement, we
find that circumferential material strains and radial
material strains are identical (i.e. the radius and
circumference are proportional). Thus it seems reasonable to
extend this equality to radial and circumferential stresses,
given a material that is reasonably isotropic in the
horizontal direction. Because we define K as a horizontal-

to-vertical ratio, we may conclude that, within cylinders,

K3 =K (3.11)
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Although these arguments cannot be presented rigorously,
they do reinforce one of Janssen's initial assumptions;
horizontal pressures are uniform throughout a slice.' This
cannot be shown true analytically because we cannot
analytically predict K or K; at this time, except as
limiting values only.

This equality also allows us to predict » within a

contained mass as a function of K. From Eq.[B.10],

v = (B.12)

IfAsignificant wall movements are expected in the plane
strain case (i.e. due to bending), we may continue the
formulation with Eq.[B.10] substituted into Eq.[B.8]. Using
the appropriate algebra,

W=~ ] [K’(1—v)(1+v) - 2Ky (14p) + (1-V)(1+v)]S’dz (B.13)

1

R ©
For the axisymmetric case, substitution of Eq.[B.11] into
Eq.[B.8] yields

2z

1
W= — [1 - 4Ky + K22(1-u>]52dz (B.14)
RO

At this point, Jenike et al. introduce a geometric
parameter; m = 1 in axial symmetry and m = 0 in plane

strain.
' This was also an essential conclusion from the discussions
in Sect. 2.1.5
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Nondimensional strain energy w can now be described by a

combination of Egs.[B.13] and [B.14].

1r 1+p 4 1-m
[ [M“ Tem) - 4K M’K’]S’dz (B.15)

O N

where M=vV2(1 - ») (B.16)

Within any physically contained system, the total internal
energy of this system will tend to a minimum as stated by .
the second law of thermodynamics. Jenike et al. apply this
fundamental principle to the bulk mass over the region in
which flow is occurring. Above this region, a Janssen field
exists, and at the boundary between these two zones, a
'"switch' is said to occur. Therefore, Eqg.[B.15] is minimized
from the level of the switch, z,, to H. Within this region,
S and K vary.

Minimizing this equation requires the application of
variational calculus. The first variation of the functional
w must vanish (i.e. w must have a stationary value to be

minimized) and this requires that éw = 0. | |

1 1+p 51-™ H
Sw =0 = — [—-] g [25(65)M2“""‘> - 25(85)4vK
R 2 Zo

+ ZS(SS)MZKZ]dz (B.17)
Rearranging '
1 1#4p 9 '-™ H
0= - [—} / [25(6S)M2“"“’ - 4v[SK(5S) + S(8SK)]
R 2 Zo

. 2M’(SK)(6$K)]dz (B.18)
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Janssen's equilibrium equation is employed throughout the

silo (this is also given as Eqg.[2.2] in text).

as
— R =1 - u'KS (B.19)
az

Eq.[B.19) may be restated in the following form.

as d(s + §5)
R— + u'SK=1=R —— + u' (SK + 8SK)
daz dz

"because tentative solutions, (S + 6S) and (SK + 8SK), must
also satisfy the equilibrium equation when substituted for S

“and SK respectively. Therefore

a(ss)
0 =R + u' 86SK
dz
or
R 4(és)
8SK = - - (B.20)
u' az

Substituting Eq.[B.20] into Eqg.[B.18] and rearranging

1r 14p 4'-™ H - R a(ss)
0 = -[ —_ ] f [ —(4vS-2M2KS)
R 2 2o U-l az

. ssrzs<M=<'~m>—zuK>1]dz (B.21)
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Let R :
u = —(4rS-2M*KS)
a(ss)
dv = az
az
2 2 2
and with J udv = uwv| - { vdu

we may integrate the first term of Eq.[B.21] by parts.

Tr 14y 4'°™ - R H
sw=—| — ] [ =tars-amwks)] ss

R 2 u 2o
H R d
+ [ {-865 — —(4vS-2M*KS) + 5525(M2(1’m)-2VK)}dZ] (B.22)
Zo H—Idz

For an absolute minimum of the elastic strain energy, the

first term in Eqg.[B.22] must vanish at z = H.

4vS = 2M*KS = 4(1-»)KS
or
. v
K=K = — at z = H (B.23)
1-p
This natural boundary condition is also derived in

Sect. 2.2.2 as Eq.[2.20]. If satisfied, it becomes a free

boundary condition.

The integrand of Eg.[B.22] must also vanish for any &S
and hence
R a

25(M2 1 -m1-2pK) = — —(4vS5-2M*KS) (B.24) .
u'dz ;



Solving Eq.[B.19] for K,

1 - RS’
w'S

K =

Substituting this into EqQ.[B.24] and

25M2 P -m- 4

’ ’

4y 4pRS’ R
M M M

SMZ(‘-"") e

Therefore

if we substitute with

2v
N= —
u’MZ( 1-m)

The general solution to Eq.[B.27] is

S = Ae*1 + Be"*1 + N
where
HI(Z - Zo)

M™R

X, =

and A and B are constants.

'[495' ~ 2M?

2v l: MR

expanding, yields

+

-RS ]
M
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(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)
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At the level of the switch, where z = zZ,, the stress
parameter S (= S,) is determined from Eq.[2.3], Janssen's

initial static distribution, which is repeated here.

~-u'Kzo/R
] (B.31)

1
So=—[1_e
u'K

Eg.[B.29] is therefore reduced to an equation with two

unknowns;

So = A+ B+ N (B.32)

Although S is continuous across the switch, its first
derivative with respect to z is not. The lateral pressure
ratio K is also discontinuous at the switch, going from K,
a Janssen value, to K,, a value that may be determined from

the complete solution if desired.

At the level of the transition, where z = H,

we define three additional constants.

IJ/(H - Zo)
X = x,(H) = (B.33)
- M™R
S, = S(H) = Ae* + Be * + N (B.34)
"
S: = S'(H) = —(Ae* - Be™¥) (B.35)
M™R

The equilibrium equation, Eg.[B.19], may be restated as

1 - RS,
S, = ——— (B.36)
H'Kt
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Substituting for both S and S; (Egs.[B.34] and [B.35]) into
Eq.[Bo36]l

I

M
1 - R[ —(Ae* - Be'x)]
Ae* + Be * + N = M™R

#,Kt

Solving for B as a function of A,

p'TM™ - AeX (1+M™K,) - M™K.N
(M"‘Kg"T)e"‘

B =

With Eq.[B.32], we may now solve for A in terms of

predefined constants only.
A=S5,-N-8B (B.37)

_(SO_N)(MmK1_1)e-x + Mm(ﬂ'-‘_KtN)
A = (B.38)
(K Mm+1)e* - (K M™-1)e-X

With A, B, and N known, Egs.[B.29] and [B.30] can be used to
solve for S for any location z below any assumed
instantaneous switch location z,. If knowledge of K is
desired, its instantaneous value may be determined using

Eq.[B.25].

Jenike et al. suggest that as the switch approaches to
within 1/2 to one diameter of the effective material
surface, energy dissipation will halt its upward
progression. They terminate the upper bound pressure

envelope once K achieves an arched value (i.e. Kp).
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In this formulation, the kinetic energy of the solids
is ignored. The authors suggest this contribution is small
when compared to the elastic strain energy of the solids in
sufficiently large bins. The reasonableness of this
assumption can only be examined by a quantitative comparison
of Eq.[B.15] (multiplied by the nondimensionalizing term in
Eg.[B.8]), with the equation for kinetic energy. This is

recalled here as

where m is the mass (W/g) of material in motion

at velocity v

For a silo unloading at a rate of 10000 tph,' the maximum
material velocity is 0.025 ft/s. This assumes a 70’ diameter
flow channel and a material unit weight of 58 pcf. If the
total contained mass of 15000 Tons is in motion at once,
this would be equivalent to 586 ft-1b of kinetic energy. The
optimum switch location (for greatest lateral pressures) is
near 0.6H from the free surface so that only 40% of the
total mass should be assumed in motion. In addition,
generally only one gate would be open at a time although
this further reduced flow rate would be offset by a reduced

flow channel diameter.

' For the Fording silo, the quoted design discharge rate of
each outlet hopper is 5000 tph (i.e. 83 tpm during
discharge) when loading cleaned coal at 8% m.c.
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In order that we may compute elastic strain energy
levels,average values of the differential in Eq.[B.15] may
be calculated from the output in Appendix C for an optimum

switch location z, of 80 feet.

1 H
w=—-— [ (10.5)dz
R Zo

36.0 for H = 140 ft and R = 17.5 ft. The

This gives w
nondimensionalizing term, with E = 3.4 ksi (from p.88) and

R, v, A as described above, gives

‘ 7352x17.5 ft?
W[ (17.5 ft x 58 lb/ft3)’] = 2.55x710°¢ ft-1b

2x3400x144 1b/ft:?

Thus kinetic energy is small when compared to elastic strain

energy.
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Appendix D
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Appendix E

One-Dimensional Transient Analysis of Temperature Gradients

in a Silo wWall'

outside ‘ inside
air wall air
®0 ¢ 2 o3 o4 5 ¢6 oi
b ax
ho= 4 h|= 2
Ti = FoiTo * F24T, ) NB;
For = ——
Te = FisTi + FseTss NG, + 2
Tz = F12Ty + F22T2 + F3,.7; , ,
F21 = 1 - Fo1
Ts = F23T2 + F33Ts + FysT,
To = FauTs + FuuTu + Fs4Ts N h Ax
B = ——
Te = FusTy + FssTs + FesTe k
(Similarly for Fis and Fig)
F1z = Fss = 2/M
Fzz = Fss = (M'3)/M
Fa; = Faa = 1 - 2/M
Fzs = Fsg = Fus = Faz = Fys = Fsu = 1/M
Here
Ax? k
M= — aQ = — M 23
alt : p C

‘Adapted from Dussinberre (1961)
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Te
Ty
Te

He

wall coal
<$> o4 *5 ¢Ge7| o8| 09| o
AX, Ax.
= Fsels * Fr673
= FesTe + Fp7T7 + FgsT5
= FyeT7 +* Fgelg * FosTo
= F(n-1)nTn-1 + anTn + F(n+1)nTn+1
Kss kwA
Fgg = — Kse =
Ksg + Ki¢ ' AXx, /2
k. A
Fze = 1 =~ Fss Kse =
Ax./2
Fs7 = 2/MC
F;7 = (Mc - 3)/Mc
Fe7 = 1/MC
Fes = Fog = Fon = 1 - 2/Mc
Fre = Feg = Faog = F(n-1)n = F(ne1yn = 1/Mc
re
Ax? k.,
Mc = o, = Mc
a At p.C,
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where

A = cross-sectional area perpendicular to flow (ft?)
C = specific‘heat (Btu/1bm/F)

h = £film coefficient (Btu/hr ft:F)
k = conductivity (Btu/hr ft F)

K = thermal conductance (Btu/hr F)
M = dimensionless modulus
NB ;= dimensionless Biot number
At = time increment (hr)
Ax = length of lumped mass (ft)

a = thermal diffusivity (ft?/hr)

p = density (lbm/ft?)



Appendix F

Moments due to Thermal Effects in Isotropic Homogeneous

Hollow Cylinders'

In general, the steady state temperature distribution for a
hollow circular cylinder is curvilinear. With respective
inner and outer surface temperatures of 7; and T,, this

distribution is given by;

In(ro/r)
T(r) =To + (T; - To)—mmm—
ln(Pc/Pi)
where
r; = inner radius of cylinder wall
ro = outer radius of cylinder wall
r = radius at particular point in wall

The corresponding circumferential stress o, becomes;

) r i
Ea(T, - To>[1 “In( =) - — (1 + — )In( — )
r Poz_Piz r2 r;

Ug(p)

2(1 - ») ln(Po/P;)

Using a three term expansion for 1ln(ro./r;) and that t
(= ro - ri) << 3r;, (i.e. a thin-walled cylinder), the

stresses at the inner and outer faces reduce to

OQ(P;) —Ea(Ti - To)/2(1—V)
Ue(Po) = Ea(Ti - To)/2(1”V)
with a linear stress distribution between these points.

'Adapted from Johns (1965)
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These temperature induced stresses would tend to bow an
unrestrained wall section and therefore the restraint due to
wall continuity sets up a circumferential (and vertical)

moment, My;

Oo
7 o t t 2 t:
— Mr=—- —X—-—=x2=o0¢ —
oo t 2 2 2 3 6
2t 2 2 Et

- =2 with D= —eo—

32 12(1-»2)

- a(Ti = To) D(1+yp)

. My =
t
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Appendix H

Natural Frequencies of Cylindrical Shells without Axial

Constraint

The natural frequency, f, in Hertz is given by

1

A E 2
fio= = | ]
27R L p(1-»2)

where
A;; = dimentionless parameter

R = midsurface radius (35.5 x 12in)
E
p = density of shell (145 1b/386.1 in/s?)(1/12in)?

modulus of elasticity (29 x 10¢psi/8)

v = Poisson's ratio (.19)

Therefore
)‘ij = fij/ 50s

Using the observed frequency of ~ 1.5 Hertz,
>\ij = 0-03

- From Fig. H.1, and using the lowest axial length parameter
(Jj=1,1L=155 R = 35.5), the corresponding
circumferential pattern is the i = 7 or i = 8 mode. The
boundary conditions at the ends are considered as shear
diaphrams and this is analagous to a simply beam. At higher
circumferential modes, actual boundary condition effects are

relatively insignificant. (Table 8.1, Reference [9])

'Adapted from Blevins (1979)
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Figure H.2 indicates that total strain energy is minimized

if the number of circumferential nodes, 2i, is between 14

and 16.
10 ! T T T l
1
32
05 4\\\ i =28 -
AN\ N\
02, -
16
14
0.1 -
12
o 10
g 0.05 —
N 8
< 7
=
3 002 §
< 5
0.01 \ 47
FLUGGE THEORY \
0005 |~ (N_PLANE INERTIA
INCLUDED)
SIMPLE SUPPORT
WITHOUT AXIAL
0.002 - CONSTRAINT
0.001 L L - i
0.5 10 2 5 10 2 50 100

AXIAL LENGTH PARAMETER, L/(jR)

Figure H.1 Frequency Spectrum for a Cylindrical Shell
From Reference [9]
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00006

0.004
| TOTAL STRAIN ENERGY

ENERGY FACTOR

0.002 -

N

N\
BENDINGN =7 _ STRETCHING
ENERGY N><” o~ ENERGY
4 12 20 28

NUMBER OF CIRCUMFERENTIAL NODES, 2i

Figure H.2 Strain Energy in a Cylindrical Shell
From Reference [9]



Appendix J

Static and Quasi-static Readings
Series B January 1981

Series C June 1981

- Coal ievels, where shown, are from Table 3.1 and
are either measured, calculated, or estimated as
explained in Table 3.1.

- Exterior air temperatures were recorded on the
more important occasions and, unless noted
otherwise, correspond to cloudy conditions with
little or no wind.

- Raw data (strain readings) used for plotting all

of the following figures are given at the end of
this appendix (p.293).
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