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Abstract

For the control of a revolute six-joint robot manipulator, an adaptive self-
tuning controller is proposed. For sirnulating the motion of six-joint PUMA
robot manipulator, the dynamics equation of all the six joints based on the
Lagrange-Euler approach is shown in a complete closed form. This form of the
equation is helpful to provide the necessary insight about the characteristics
of robot dynamics for controller design.

Simulation studies, when the robot is moving at a moderately high and very
high velocity with and without payload, show that the controller performance
is satisfactory. The novel features in this thesis are : a) full revolute six-joint
robot dynamics is used for the controller. b) a general multi-input-multi-output
self-tuning controller (MIMO STC) is converted to a single-input-multi-output
self-tuning controller (SIMO STC) and extended to work well at a very high

velocity with a payload.



Acknowledgements

[ would like to express my deepest gratitude my supervisor, Dr. V. G. Gour-
ishankar, for his encouragement and guidance as well as patience throughout
this work. [ would also like to thank Dr. H. Zhang for his suggestions and
advice about the project. I extend my thanks to Mr. Darin Ingimarson and
Dr. X. Shen in the Robotics Laboratory for their sincere advice and help.
The financial support by the Electrical Engineering Department, University
of Alberta, and the Natural Sciences and Engineering Research Council of
Canada (NSERC) are gratefully acknowledged, for without their support this
work would not have been possible.

I would be grateful to my special friend, Heon-Chang Kim, who shared his
feelings with me, and provided the necessary encouragement by sharing my
experiences in times of difficulties. Finally, I would like to express my gratitude

to my parents for being there for me and supporting me in all aspects of my .

life.



Contents

1 Introduction 1
1.1 Need for Adaptive Control . . . .. ... ... ... .. 2
1.2 Literature SUTVEY . . . « « o o v v v v v e e e 3
1.3 SUMMALY . o ¢« v v v vt v et et e e e e 6
1.4 Objectivesof Thesis . .. . .. ... 7
1.5 Organization of Thesis . . . .. .. ... ... ... .. 8

2 Robot Systems - Background 9
2.1 Description of Manipulator by D-H Notation . . . . .. .. .. 9

2.1.1 Determination of Coordinate System in Robotics . .. 11
2.1.2 Determination of the Kinematic Parameters . . . . . . 11
2.9 Determination of Transformation Matrix . . . .. .. ... .. 13
991 Recursive Transformation Matrix . . . ... ... ... 13

299 Partition and Decomposition of Transformation Matrix 14

2.3 Orientation of End-Effector . . . . .. ... ... ... ..., 15
2.3.1 An Algorithm for Calculating ¥, ¥,, and v, ... .. 17
2.4 Summary - Need for Six-joint Dynamics . . . ......... 20

3 Modeling of Physical PUMA Manipulator : Dynamics Model 22
3.1 Lagrange-Euler(L-E) Dynamics Model . ... ......... 22



3.2 Derivation of L-E Dynamics Model for a Motion of Robot Ma-

3.3

3.4

nipulator . ...
3.2.1 Lagrange-Euler Equation . . . . . ... ... ......
3.2.2 Kinetic Energy of a Robot Manipulator . . . .. .. ..
3.2.3 Potential Energy of a Robot Manipulator . . . . . . ..

3.2.4 L-E Dynamics Equations of a Robot Manipulator . . .
3.2.5 Computaticnal Simplification of Dynamics Equation us-
ingQ—rnatriz . . . ...

Customized Closed-form of Dynamics Equation for Six d-o-f

PUMA Robot . . . .. o v i e e

3.3.1 Customizing Dynamics Equation . .. ... ......
3.3.2 Parametersof PUMAG600 . .. .. ...........
ConcluSion . .« . v v v i e e e e e e e e e e

Adaptive Self-tuning Controller

4.1
4.2

4.3

4.4

24
24
25
31
31

35

38
39
41
44

45

Time-Series Difference Model and Adaptive Self-tuning Controller 45

SISO Adaptive Self-tuning Controller for Independent Joint Dy-

NAIMICS & o v o e v e e e e e e e e e e e e e e e e e e e e
4.2.1 SISO ARX-model for Manipulator Dynamics . . . . . .
4.2.2 Parameter Estimation in SISO ARX-model. . . . . ..

4.2.3 Optimal LQG Controller Design for SISO system . . .
MIMO Self-tuning Controller for Interacting Joint Dynamics .
4.3.1 MIMO ARX-model for Manipulator Dynamics . . . . .
4.3.2 Parameter Estimation in MIMO ARX-model . . . . ..
4.3.3 Optimal LQG Controller Design for MIMO System . .
MIMO Self-tuning LQG Controller for Controlling Velocity Vari-

47
48
49
50
52
53
53
56



5 Computer Simulations and Development 61
5.1 Digital Simulation of manipulator Motion . . ... .. .... 63

5.1.1 Measured Angular Velocity and Position with Measure-

ment Error . . . . . . . e e 63
5.1.2 About Generation of Gaussian Noise . .. ... .. .. 64
5.2 Design of Adaptive STC on SIMO ARX-model . . . .. .. .. 65

5.2.1 Transformation MIMO ARX-model to SIMO ARX-model 65
5.2.2 Parameter Estimation in SIMO ARX-model By RLS . 67
5.3 Simulation Results on Adaptive SIMO STC . ....... .. 71
5.3.1 Tracking High Velocity and Position without Payload . 71
5.3.2 Tracking Very High Velocity and Position with Picking
up Payload . ... .. ... ... .. 79
5.4 Pseudo-Linearization by Weakening Effects of Couplings and

Non-linearities . . . « . v v v v v v i e e e e 81

6 Conclusions and Future Work 90
6.1 Conclusions . . . . v v v v v i b i e 90
6.2 Suggestions for Future Work . . . ... ............. 91
Bibliography 93

7 Customized L-E Forward Dynamics Equation for Six-joint PUMA
600 98



List of Figures

PUMA Manipulator with D-H Notation . . ..........
[llustration of Structural Parameters . . . .. . ... ... ..

Euler Angles for Orientation . . . . .. ... ..........
APointriinLinkzs. ... ... .. ... ... . ..
Explicit Self-tuning Control Scheme . . . . . .. ... ... ..

Test1:Velocity Tracking in Jointl without payload . . . . . ..
Test1:Position Tracking in Joint]l without payload . . . . . ..
Test1:Position Tracking Error in Jointl without payload
Test 1:Velocity Tracking in Joint2 without payload . . . . . ..
Test1:Position Tracking in Joint2 without payload . . . . . ..
Test1:Position Tracking Error in Joint2 without payload
Test1:Velocity Tracking in Joint3 without payload . . . . . ..
Test1:Position Tracking in Joint3 without payload . . . . . ..
Test1:Position Tracking Error in Joint3 without payload
Test1:Velocity Tracking in Joint4 without payload . . . . . ..
Test1:Position Tracking in Joint4 without payload . . . . . ..
Test1:Position Tracking Error in Joint4 without payload
Test1:Velocity Tracking in Joint5 without payload . . . . . . .



Test1:Position Tracking in Joint5 wi‘hout payload . . . . . ..
Test1:Position Tracking Error in Jo.nt5 without payload

Test1:Velocity Tracking in ‘oint6 without payload . . . . . ..
Test1:Position Tracking in Joint6 without payload . . . . . ..
Test1:Position Tracking Error in Joint6 without payload

Test2:Velocity Tracking in Jointl with payload . . . . ... ..
Test2:Position Tracking in Joint! with payload . . . . . . . ..
Test2:Position Tracking Error in Jointl with payload . . . ..
Adaptive STC with Weakened Couplings and Non-linearities .
Test3:Velocity Tracking in Jointl with payload . . . . . .. ..
Test3:Position Tracking in Jointl with payload . . . . . . . ..
Test3:Position Tracking Error in Jointl with payload . . . ..
Test3: Velocity Tracking in Joint2 with payload . . . . . . . ..
Test3:Position Tracking in Joint2 with payload . . . . . .. ..
Test3:Position Tracking Error in Joint2 with payload . . . . .
Test3: Velocity Tracking in Joint3 with payload . . . . . .. ..
Test3:Position Tracking in Joint3 with payload . . . . . . . ..
Test3:Position Tracking Error in Joint3 with payload . . . ..
Test3:Velocity Tracking in Joint4 with payload . . . . . .. ..
Test3:Posiiion Tracking in Joint4 with payload . . . . . .. ..
Test3:Position Tracking Error in Joint4 with payload . . . ..
Test3: Velocity Tracking in Joint5 with payload . . . . . .. ..
Test3:Position Tracking in Joint5 with payload . . . . . . . ..
Test3:Position Tracking Error in Joint5 with payload . . . ..
Test3:Velocity Tracking in Joint6 with payload . . . . . . . ..
Test3:Position Tracking in Joint6 with payload . . . . . . . ..
Test3:Position Tracking Error in Joint6 with payload . . . ..



List of Tables

2.1

3.2
3.3
3.4

Structural Kinematic Parameters . . . . . . . . ... ... .. 13
Kinematic Link Parameters for PUMA 600 . . . ... ... .. 41
Center-Of-Mass and Relative Link Mass . ... ... ... .. 42

Radii-of-Gyration . . . . . . .. oo 43



Chapter 1

Introduction

In order that a robot manipulator can grasp an object, the position and ori-
entation of an object should coincide with those of the robot end-effector in
three dimensions. A controller for a robot manipulator has therefore the re-
sponsibility to force the center-point and orientation of the end-effector to
follow the desired trajectory of object which can be expressed as joint angles
or X — Y — Z coordinates(position) and Euler-angles(orientation) in three
dimensional cartesian space.

As discussed in Chapter 2, a robot manipulator needs to have a minimum
six degree-of-freedom(d-o-f) for an end-effector to be able to move to a specified
position and orientation in three dimension workspace. The PUMA 600 is one
such industrial manipulator. For simulation studies, therefore, the dynamics
equation of all the revolute six joints on the Lagrange-Euler approach is used.

The control of the robot motion consists of two phases. The first is called
gross motion control, in which controller is constructed for the actuators that
make the end-effector move from initial position/orientation to the desired

target position/orientation along a planned path. The second is referred to as



the fine motion control where sensory feedback information of object for de-
sired trajectory is dynamically fed into the controller at each or every several
sampling period. In contrast to gross motion control, fine motion controller
is subject to not only position/orientation but also velocity of moving object.
Therefore, fine motion control should take into account for both velocity and
position simultaneously. Stability, speed, and accuracy are important consid-

erations in fine motion control for a high level of mobility and dexterity.

1.2 Need for Adaptive Control

In current industrial approaches to robot manipulator control system design,
a simple joint servo mechanism is employed. This servo mechanism approach

is improperly modeling the varying dynamics of robot manipulator because

it neglects the motion dynamics and configuration of the whole manipulator

mechanism. The conventional feedback control strategies may omit significant
dynamical effects in parameters of the controlled system. For example, the
PUMA robot manipulator is equipped with conventional PiD controller for
joint variable control. In fact, with PID control, PUMA manipulator moves
with noticeable vibration, reduced speed and limited precision.

One of the main disadvantages of this control scheme is that the feedback
gains are constant and prespecified. It does not have the capability of updat-
ing the feedback gains under varying payload. Without even picking up or
changing payload, the dynamics of manipulator is changing rapidly depend-
ing on the desired trajectory since dynamics of manipulators is a non-linear
function of structural kinematic parameters, joint positions, joint velocities

and joint accelerations of manipulator. The real dynamics of manipulator is

highly coupled and non-linear. At high velocities, Coriolis and centrifugal

[ 3]



forces are introduced and must be taken into account. Therefore designing
the controller under assumption that the manipulator is moving slowly, as is
done in many control schemes, should be avoided for a dextrous robot arm.
The inertial load at each joint varies significantly with the position of the ma-
nipulator. Parametric uncertainties may come from imprecise knowledge of
the manipulator mass properties, unknown payload, uncertainty in the pay-
load position of the end-effector. In order to handle the uncertaintics and
variations in dynamics of plant, that is, the varying degree of non-linearities,
inertial loading, the coupling between joints and gravity effects due to above
reasons, adaptive control laws are desirable to be used in compensating for
these undesirable effects. The adaptive controller, compared to non-adaptive

control scheme, has two additional functions.

1. Plant Identification. The identifier determines the dynamic character-

istics of plant using measurements of input and output signals of plant.

2. Controller Gain adjustment. The controller gain is continually ad-

justed according to the measured variation in plant dynamics.

1.2 Literature Survey

Many researchers have developed adaptive control laws to compensate for ef-
fects of parameter uncertainties.

[Dubowsky&D. 79] proposed a simple model reference adaptive control for
control of mechanical manipulators. They took into account the effect of pay-
load by combining it with the final link. A Model-Reference-Adaptive Con-
trol(MRAC) law was devised using the steepest descent method for a manipu-

lator with counterbalance in order to handle non-linearities and payload. But



couplings between joints of the manipulator was neglected, and a numerical
simulation study was performed with three-joint dynamics.

[Takegaki&A. 80] developed a MRAC law which consists of feedforward
control and feedback control. The feedforward control reduces the effects of
gravity, while feedback control compensates for the position errors, velocity
errors, constant disturbances, and acceleration requirements based on the Lya-
punov direct method. But they assumed low-speed motion to make it possible
to neglect Coriolis and centrifugal force, and their simulation was shown with
four-joint manipulator.

[Koivo&G. 83) proposed an adaptive self-tuning controller based on dis-
crete linear time-invariant decoupled model. The controller algorithm assumes
that the interaction forces among the joints are negligible. Thus, the assump-
tion of slowly varying parameters is unavoidable. Tracking results at a high
velocity are not shown. Robustness of proposed algorithm is questionable
for different desired trajectories because the non-linearity in the dynamics of
the manipulator strongly depends on the desired trajectories of high velocity
profile.

[Lee&C. 84], [Lee&C. 85] suggested an adaptive perturbation control scheme
composed of a nominal control and a variational control. Since nominal con-
trol uses the direct calculation of manipulator dynamics along the desired
trajectory, it requires full information for the dynamics of manipulator. The
variational control regulating the perturbation with respect to desired trajec-
tory was based on a linear perturbation model of the manipulator together
with a recursive least-squares identification algorithm and a one-step-ahead
optimal control algorithm. They showed by computer simulation that their
control law was insensitive to variation of payload, but convergence of the con-

trol law was not shown explicitly. Their simulation was tested with three-joint



manipulator.

[Craig&H.&S. 86] presented an adaptive computed torque or inverse dy-
namics method for the control of manipulators with rigid links. They try to
show a globally stable control scheme and conditions for parameter conver-
gence as well as its asymptotic properties. However, lots of drawbacks exist
in practice due to the fact that the global stability of this method depends on
having exact dynamic models and full knowledge of parameters of the system,
accuracy, and speed in computation. Thus, degradation of response may oc-
cur due to disturbance, change in payload, sensor measurement, etc.. Their
simulation showed the results of link mass estimation and of one joint position
error tested on dynamics of only two-joint planer manipulator. The more com-
plete simulation results are required to show the robustness with respect to
various desired paths of high velocity profiles which indeed affect the dynamics
of manipulator and robustness in change or existence of payload.

[Khorrami&O. 88) proposed decentralized control of robot manipulator us-
ing state and PI feedback. This paper seems to suggest that a static state
feedback is indeed sufficient to stabilize the system about a constant set-
point(desired path), and system may still perform satisfactorily if the constant
reference signal is replaced by a slowly time-varying signal. However, with the
assumption of constant setpoint or slowly time-varying reference input, sta-
bility or robustness problems of controller for robot manipulator can not be
objectively proved for the general desired trajectories because it has skipped
crucial problems from trajectory dependent dynamics of manipulator by sim-
ple assumption. One of the expected problems in applications of the proposed
control methodology is that simulation studies were tested only for a planar
two-link manipulator.,

Adaptive self-tuning controller for a robot manipulator was improved in



[Souissi&K. 87| and [Koivo&H. 91] by taking into consideration the interac-
tions between joints of Stanford manipulator inside linear model for controller
design. Both of them have used multi-input-multi-output autoregressive model
with exogenous input, that is MIMO ARX-model, for the design of an one step
ahead optimal controller. Main contribution of these schemes is that they in-
clude the effects of interactions between joints into system matrix in MIMO
ARX model by estimating uff-diagonal or blocked off-diagonal elements in
square system matrix or input square matrix. This method, to a certain ex-
tent, improved convergence probiem at moderate or high velocity after lne
tuning the forgetting factor and weight constants for optimal controller along
given desired velocity profile. But it still has the drawback of a large track-
ing error when desired trajectories are changed to even slower velocity profile.
Thus, since it is very difficult or time-consuming to manually tune constants
for controller for each desired trajectory, the method sometimes failed to con-

verge to desired response of bounded-velocity profile. There is no test which

involves picking up a payload.

1.3 Summary

The adaptive control of robot manipulators is particularly challenging because
of coupling between joints, non-linearity, the trajectory dependent dynamics
of manipulator and uncertainty of payload in conjunction with on-line imple-
mentation of the control laws. But as illustrated in the previous section, the

control of a robot manipulator has common difficulties or problems as follows:

e The model used for most adaptive controller designs is linear although

the real dynamics of manipulator is nonlinear.



e How to take coupling forces between joints into account in the design of

controller.

¢ How to make the controller more robust about both slowly and {ast vary-
ing desired trajectories without manual tuning constants in the adaptive

controller law.
e How well does the adaptive controller cope with nncertainty of payload.

e How much is the simulation of a plant close to the real plant.

1.4 Objectives of Thesis

In this thesis, an improved MIMO adaptive self-tuning LQG controller for the
six-joint PUMA manipulator is developed and tested using the complete six-
joint PUMA dynamics. To the best knowledge of this author, no controllers
have ever been tested on the simulated dynamics of all revolute six-joint ma-
nipulator. In order to show the adaptive capability of controller for robot ma-
nipulator, it is desirable for the controller to be tested on a model which would
resemble the actual plant in respect of the crucial dynamics factor among mo-
tion of manipulator. The proposed controller is tested on moderate and very

high velocity profile which generally cause difficulties of non-linearity, coupling

forces between joints and convergence of controller. Very often, a controller .

which works well on fast varying desired trajectory, does not perform well on
slowly varying reference signal. As an illustration, the adaptive self-tuning
controller in [Koivo&H. 91] may not work properly on low velocity profile of
desired trajectory although it works well on high velocity profile due to lack
of adaptation capability for a slowly time-varying system. The test which in-

cludes picking up the unknown payload is also performed, and the effect of

-1



measurement error of white Gaussian zero-mean type is also simulated and

then compensated properly.

1.5 Organization of Thesis

A general discussion about robotics is included in Chapter 2.

In Chapter 3, the Lagrange-Euler dynamics of n-series linked manipulator
is shown with the derivation proceeding from basic newtonian mechanics to
compact matrix form which used in the simulation of PUMA 600 in this thesis.
The purpose of deriving the dynamics equation is to understand elementary
terms of motion dynamics which is necessary for the design of controller.

The adaptive self-tuning LQG controller based on an autoregressive model
with exogenous input is explained for the control of robot manipulator in -

Chapter 4.

Simulation results and improvements resulting from the use of the con-

troller are presented in Chapter 5.

Finally, conclusions and suggestions for future research are in Chapter 6.



Chapter 2

Robot Systems - Background

In this Chapter general discussion of the robot systems is presented. In par-

ticular, the discussion will be developed in conjunction with PUMA 600 ma-

nipulator.

2.1 Description of Manipulator by D-H No-
tation

[Denavit&H. 55] first proposed a systematic method to define a local coordi-
nate system for each link of a robot manipulator. The relations between a
world coordinate system and a local coordinate system will be described by
link parameters and joint variables from Denavit-Hartenberg(D-H) coordinate
system(frame), which are often called kinematic parameters. A schematic pic-
ture of PUMA 600 manipulator is shown in Figure 1 where D-H coordinate

system and its kinematic parameters are used.



Joint2

Figure 1: PUMA Manipulator with D-H Notation
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2.1.1 Determination of Coordinate System in Robotics

PUMA 600 series robot manipulator consists of seven links connected by rev-
oluted six joints. Since the motion of the links involves angular rotation, the
position and orientation of the end-effector has definite relationships with joint
angles(or joint variables) and links. These mathematical relations depend on
the coordinate systems chosen, and play an important role in the kinematics,
dynamics and the control of robot manipulator. Since PUMA 600 has six joints
and seven links, we can assign one coordinate system to each link. One coor-
dinate system whose origin can be fixed to the base, or at the shoulder of the
manipulator, is called the World Coordinate System, while the six coordinate
systems whose origins can be assigned to the each of the six links are called
Local Coordinate Systems. Accordingly the local coordinate system(frame)
moves with the links.

The problem is to assign rectangular right-hand coordinate frames and
kinematic parameters for the links. Then, the transformation matrices relating
to the coordinate frames are to be written. For the next link -+ 1 with respect
to link i in Figure 1, the coordinate axes are chosen by the D-H coordinate

frame assigning method [Denavit&H. 55), [Bejczy 4], [Lee 82].

2.1.2 Determination of the Kinematic Parameters

After establishing the coordinate frares, it is necessary to define four kine-
matic parameters which are sometimes called the structural kinematic parame-
ters since they depend on the structure of the given manipulator and describe
the relative position of successive pair of the axes in two coordinate systems.
Having established four structural parameters d;, a;, &, and 6;,1 =1,---,n

for a particular manipulator, the transformation matrix between the adjacent

11



Figure 2: Illustration of Structural Parameters

coordinate frames may be written.

For the purpose of illustrating four structural parameters, a straight line
such as L shown in Figure 2 can be described in terms of four parameters -
length a;, the twist angle o, distance d;, and angle 8; between links.

In Figure 2, since a straight line L is assumed to represent a rotational
axis, a local coordinate frame is to be assigned. For a multiple joint serial link

manipulator, the aforementioned structural parameters are determined for the

ith link, ¢ = 1,---,n as follows:

1. a; : The distance from the origin of the ith coordinate frame to the

intersection of the Z;_,- and the X;-axis along the z;-axis.

2. a; : The angle of rotation about the positive X;-axis is measured from
the positive Z;_; (or its parallel projection) to the positive Z;-axis, where

the positive direction is counterclockwise.

12



];)l;lt 0':? 0? d,’ as
1 -90(6,] 0] O
2 0 02 0 as
3 90 03 d3 as
4 -90 | 0,|ds| O
5 90|05y 0} O
6 0]06) 0! 0

Table 2.1: Structural Kinematic Parameters

3. 8; : The angle of rotation about the positive Z;_; is measured from the
positive X;_;-axis to the positive X;-axis. It is positive in the counter-

clockwise direction.

4. d; : The distance from the origin of the (i — 1)st coordinate frame to the

intersection of the Z;_,-axis, and the X;-axis along the Z;_,-a»s.

Based on the procedures to determine the structural kinematic parameters,
the values of d;, a;, @; and §; [Paul&R.&Z. 83] can be obtained for PUMA 600
in Table 2.1 through Figure 1.

2.2 Determination of Transformation Matrix

A 4 x 4 matrix, which is called the transformation matriz, relates the link-

attached coordinate frame to the reference coordinate frame.

2.2.1 Recursive Transformation Matrix

If vector P; is known in the ith coordinate frame, then it can be expressed in

the (i — 1)st coordinate frame as F;_;, that is

13



Py = AP, (2.1)

where matrix Ai_, of the recursive transformation matriz can be written by

the following general form:

[ cosf; — cosq;sinb; sin a; sin 0; | a; cos 0; ]
. sinf; cosa;cosf; —sine;cosf;| a;sinb;
-1 = (2-2)
0 sin o cos a; d;
i 0 0 0 1
We can extend the equation 2.1 as follows:
P, = AéAngAgAiAg P
= ASPs (2.3)

Matrix A$ in Equation 2.3 is a function of structural kinematic parameters.

When these values are known, the position of the end-effector can be calculated

by Equation 2.3. The determination of this position from the values of the

joint variables is referred to as solving the forward kinematic equations.

2.2.2 Partition and Decomposition of Transformation

Matrix

Transformation matrix A§ can be partitioned into four parts as follows:

14



]

‘{ot ation Submatrix | Translation Vector

(3 x3) (3x1)

Ag % /\/N R .

perspective Vector Scaling Factor

L (1 x3) (1 x1) ]

, (2.4)
‘\I Y,

‘\*y Y,

RIS

LY 0 01

And also tra{JSfom\jon matrix AS can be decomposed into matrix multiplica-

[4

NN

A

N
Jo v U

tion of translﬂtiU“ rllau-ix\j"rans(Pr, P,, P.) and rotation matrix-RPY (¥, ¥y, ¥,)

as follows:

45\ Trans(Ps, P,, P,)RPY (¥4, ¥, ¥.)

L o00|p |[X. Y. 2|0
\OIOPy X, Yy 2,0 (2:5)

0 01|p || X. ¥: Z.]0

~————

0 00[: |0 0 0]l

2.3 inef“iation of End-Effector

The graspips 'h? “hject by end-effector means that the position and orien-
tation of Qnd’eff"ct\r are the same as those of object in reference coordinate
frame. The 51111?1“3\ one to understand is roll(¥.), pitch(¥,), and yaw(¥) in
Figure 3 Wbich 88 lled by Euler Angles. These R-P-Y angles are used to

represent ¢ °\’3m11 orieptation of the object or end-effector of the manipula-

tor.



[N

A
A,
W,

X

Figure 3: Euler Angles for Orientation

A sequence of three rotations is a rotation about X axis, a rotation about
the Y axis, and a rotation about the Z axis. So rotation matrix, RPY (¥.,¥,,V¥,)

can be performed by means of successive rotational operations:

RPY (¥, ¥,,¥;) = Rot(z,¥:)Rot(y, ¥, )Rot(z,¥;) =

16

[ c(0,)c(Wy) c(W:)s(¥,)s(Wz) — s(¥:)e(Wz) o(W2)s(¥y)e(Pz) + s(¥2)s(¥z) | O
s(U,)e(Wy)  s(W.)s(Wy)s(hz) + c(W.)e(¥z)  8(W)s(¥y)e(¥z) — o(¥:)s(¥:) | O
-s(¥,) c(Wy)s(¥z) c(¥y)e(¥z) 0
0 0 0 1]
(2.6)
where X
o(V,) —s(¥,) 0 0]
D s(¥,) c(¥) 00
0 0 10
0 0 01




o(¥,) 0 s(¥,) 0
0 1 0 0
ROt(y’ \I’V) =
——s(\Ily) 0 ‘(\pv) 0
0 0 0 1
(1 0 0 0
0 v.) —s(¥.) O
Rot(z, 0, = | © & ) —s(¥a)
0 s(¥,) c(¥;) 0O
0 0 0 1

where s(+) and ¢(-) stand for sin(-) and cos(-) respectively. Above Rot(-) ma-

trices are called the basic homogeneous rotation matrices.

2.3.1 An Algorithm for Calculating ¥., ¥,, and V.

R-P-Y angles for the orientation of manipulator need to be computed with
given four structural parameters. Transformation matrix A§ for PUMA robot
manipnlator can be calculated by successive multiplication of transformation
matrix in equation 2.2 with structural kinematic parameters in Table 2.1. This

successive matrix multiplication can be easily performed by using symbolic

computation software, for example, Maple V developed by the University of

Waterloo [Maple 91]. This result is equated by equation 2.4 for calculating
Roll(¥.),Pitch(¥,), and Yaw(¥.) angles, i.e.,

17



X: = €§C5€4C1C2C3 — C6C5C4C15253 — CC58184 — CeS5C1C283 — C6S5C152€3
—8684€1€2€3 + 8654C15283 — 8651C4
Y, = —5gC5 — C4C1C2C3 + 86C5C4C18233 + S6C53184 + S685C1C283

+38635C182C3 — C634C1C2€3 + C654C13283 — C631C4

Ze = 85€4C1C2C3 — S5C4C15253 — S58184 + €5€1€283 + €5€152C3
P, = dscic83 + dycisacs + cicaazcy — €152a383 — s1d3 + crazcz
Xy = (gC5C4S1C2C3 — C6C5C4515283 + C6C5C1 84 — C68551C283 — C6S555152€3

868481€2C3 + S684515253 + S6C1C4
Yy = —8gC5€451C2C3 + S6C5C4515253 — S6C5C154 + S65551C283

—C68481C2€3 + C654515253 + C6CiCq + 36355152€C3

Z, = 85C451€2C3 — S5C4515253 + S5€184 + €551€283 + C55152C3

P, = dysicesz+ dy3154¢3 + S1€2a3C3 — 51820383 + C1d3 + 8142C2

X, = —ceciCs582€3 — CsC4C5C253 + C6S555283 — Ce85C2C3 + 845652C3
+35486C2€3

Y, = s$6€4C582C3 + S6C4C5C253 — S6S55283 + 8635C2€3 + S4C632C3
+84C6C253

Z, = —C48552€3 — C485C283 — C55253 + C5€2C3

P, = —d4s383+ dscyc3 — S2a3C3 — €2a383 — A232. ‘

2.7)

But transformation matrix AS can be rewritten in terms of Translation Matriz

and basic Rotation Matrices about X — Y — Z axes:
A% = Trans(P., P,, P,)Rot(z, ¥.)Rot(y, ¥y) Rot(z, ¥) (2.8)
By rearranging equation 2.8:

Rot™(z,%¥,)Trans™'(P;, Py, P;)Ag = Rot(y, ¥,) Rot(z, V) (2.9)

18



Left hand side of equation 2.9 is:

Rot=Y(z,¥,)Trans™*(P;, P,, P.)A§

19

[ v, s(¥) ofo][1o0o0|-R]||X Y. Z|P
| -sw) ow) ofoflo 1 0j-R || X Y Z]|P
0 0 10 0 01|-P X. Yz Z.| P,
|0 o oftf[ooo] 1 J[o o of1]
[ Xoo(0) + X,5(¥,) Yec(W,) +Y,s(V.) Zec(W.) + Z,s(¥) | O |
3 Xyc(¥0,) — Xz5(¥.) Y,c(V,) - Yos(V,) Zyc(V:) — Z.8(¥:)| 0
X, Y. Z, P,
_ 0 0 0 1
(2.10)
Right hand side of equation 2.9 is:
Rot(y,¥,)Rot(z, V)
[ ow,) 0 s(¥)j0][1 o 0 |0
0 1 0 |0 0 ¢(¥;) —s(¥:)|0
—s(¥,) 0 ¢(¥y)|0 0 s(¥;) c(¥:) |0
o0 o o |1flo o 0o |1 2.10)
c(Wy)  s(Vy)s(¥:) s(Wy)e(¥z) | O
B 0 c(¥z) -s(¥;) |0
—s(¥,) (¥y)s(¥:) c(Wy)e(¥z) | O
| o 0 0o |1]

By comparing equation 2.10 and equation 2.11,

and ¥ as follows:

we can calculating ¥, ¥,



— Xye(¥;) — Xz8(¥:)=0

— ¥, = atan2(X,, X;) (2.12)

- X, cos(¥,) + X, sin(¥,) = cos(¥,), X. = —sin(¢y)
_ sin(W,) -X,
tan(\y) = cos(¥,) ~ X cos(¥.) + X, sin(¥.)

— ¥, = atan2(—X., X; cos(¥.) + X sin(¥;) (2.13)

Y, = cos(¥,)sin(¥;), Z, = cos(W¥y) cos(¥)

_sin(y:) _ Y
tan(¥;) = os(dn) ~ Z.

— ¥, = atan2(Y;, Z;) (2.14)

where argument values of atan2() in equations 2.12 - 2.14 are given in equa-

tion 2.7.

2.4 Summary - Need for Six-joint Dynamics

The position of the end-effector origin, i.e., Pz, P, and P; in equation 2.7
is only function of first three joint variables, 6;,0: and 83 instead of all six
joint variables, 8y, -,0 because other structural kinematic parameters are

constants in Table 2.1. This fact is useful for the controller design such that

the dynamics of the manipulator position depends on first three joint variables.

Sometimes, the controller for the robot manipulator can use the three joint
dynamics of the manipulator only for the position control. On the other hand,

Euler angles, ¥, ¥,, and ¥, in equations 2.12 - 2.14, which are representing

20



the orientaton of the end-effector, depend on all six joint-variables. So, the

controller for the end-effector orientation may need to use the dynamics of the

six-joint manipulator.



Chapter 3

Modeling of Physical PUMA
Manipulator : Dynamics Model

The dynamics equations or dynamics models describe the motion of a manip-
ulator by means of differential or difference equations ( or partial differential
equations for robot manipulator with nonrigid links). The equations of mo-
tion are useful for computer simulation and the design of controller for a robot
manipulator.

In this chapter, we shall present the dynamics model based on Lagrange-

Euler equation and its customized closed-form for PUMA 600.

3.1 Lagrange-Euler(L-E) Dynamics Model

The derivation of the dynamics model of a robot manipulator based on the
Lagrange-Euler equation is systematic [Uicker 65], [Bejczy 74], [Paul 81]. By
assuming rigid body motion, the resulting model of motion is a set of second-
order coupled nonlinear differential equations. Using the 4 x 4 transformation

matrix representation of the kinematic chain and the Lagrangian equation,



[Bejczy 74] has shown that the dynamic motion equations for a six degree-
of-freedom Stanford robot manipulator are highly nonlinear and consist of
inertia loading, coupling reaction forces between joints(i.e., Coriolis and cen-
trifugal) and gravity loading effects. These torque/forces depend on the robot
manipulator’s physical parameters, instantaneous joint position, velocity and
acceleration, and the load it is carrying.

The L-E dynamics model of motion provides explicit state equations for the
manipulator dynamics and can be utilized to analyze and design advanced con-
trol strategies in joint-variable space. This L-E dynamics model is used to solve
for the forward dynamics problem, that is, given the desired torque/forces, the
equations of dynamics model are used to obtain the joint accelerations which
are then integrated to solve for joint positions and their velocities; or for the
inverse dynamics problem, that is, given the desired joint positions, velocities
and accelerations, generalized forces/torque are computed.

Unfortunately, the computation of these coefficients, especially in case of
six joint(d-o-f) robot manipulator, requires a fair amount of arithmetic oper-
ations even though its formulations are straightforward, systematic and read-
able. Thus, the L-E model is very difficult to utilize directly for real-time
control purposes unless they are simplified. So, complete closed-form equa-
tions of models are seldom presented for robot manipulator more than three
d-o-f manipulator although the literature abounds with formulations for gen-
erating complete dynamics robot models [Neuman&M. 85], [Brady 82].

However, [Neuman&M. 87] has performed complete and customized closed-
form dynamics model of the six d-o-f PUMA robot manipulator in real-time
using the symbolically processing software - ARM(Algebraic Robot Modeler),
where the unmodeled dynamics like friction, backlash, dynamics of actuator,

etc., exists.



[Neuman&M. 87]’s customized closed-form of dynamics model, which is .

based on L-E equation and customized with some parameters from [Paul&R.&Z. 83),

and which has reduced the computational requirements, is useful for simulat-
ing six d-o-f PUMA robot manipulator on computer and precompensating the
nonlinear terms in the design of adaptive controller. The customized closed-
form equations of dynamics model for PUMA 600 robot manipulator, written

in C language, will be presented in Appendix 7.

3.2 Derivation of L-E Dynamics Model for a
Motion of Robot Manipulator

For control analysis and design, researchers would like to obtain an explicit set

of closed-form of differential equations(or state equations) that describe the -

dynamic behavior of a robot manipulator. In addition, the interaction and cou-
pling reaction forces in the equations should be easily identified sc that a proper
controller can be designed to compensate for their effects. Lagrange-Euler Dy-

namics model is one of the good models for the above purpose [Huston&K. 82].

3.2.1 Lagrange-Euler Equation

To determine a differential equation model for the motion of n d-o-f robot ma-
nipulator, the Lagrangian dynamics technique is employed. For a conservative

system, Lagrange-Euler equation is shown as belov"

d (0L oL )
‘_ﬁ(%)___ i=1,....m (3.1)

When external forces are acting on the system, they are included on the right
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hand side of equation 3.1. Thus, Lagrange-Euler equation for a nonconserva-

tive system is represented by the following form:

d (6L ac .
E(EE})_'&;=T‘ i=1,...,n (3.2)
where
L = Lagrange function = kinetic energy(K ) — potential energy(P)
K = total kinetic energy of the robot manipulator
P = total potential energy of the robot manipulator
¢ = generalized coordinates of the robot manipulator
¢i = first time derivative of the generalized coordinate, g;
r; = generalized force(or torque) applied to the system

at joint 2 to the derive link ¢

In order to determine the Lagrange-Euler(L-E) dynamics model from Lagrange-
Euler equation for a nonconservative system, one is required to properly choose -
a set of generalized coordinates. For example, ¢; = 0; corresponds to gener-
alized coordinates of joint variables which are defined in each of the 4 x 4
transformation matrices shown in equation 2.2.

The following derivation of L-E dynamics model of a n d-o-f robot manip-

ulator is based on transformation matrices in Chapter 2.

3.2.2 Kinetic Energy of a Robot Manipulator

The Lagrange-Euler equation 3.2 requires knowledge of the kinetic energy(K)
of the physical system, which in turn requires knowledge of the velocity of each
joint. In this section, the velocity of a point fixed in link 7 will first be derived

and the effects of the motion of other joints on all points in this link will be

explored.



A

Figure 4: A Point r} in Link 1.

As shown in Figure 4, let ri be a point in the link ¢, and rj be the same
point as ri with respect to the base coordinate frame. The transformation

matrix A_, relates the spatial displacement of the ith coordinate frame to the

( — 1)th link coordinate frame as follows:

d= | Y| =2 v A 1) (3.3)
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.
o
th=| ) | = v 1)
<0
1 -
The velocity of r} then is:
|
cdy Yo
0
1 -
ro = Aor

where

Ap = AAl- - AL

(3.4)

(3.5)

The velocity of i expressed in the base coordinate frame can be expressed as:

d .

= —(r

d, i

= EAOP.')
d 1 42 i )

= E(AOA"'-A,-_II‘,-)

= = (A8 AL+ AT ri b AR AL+ Ag
AL . 0A] aA;',_) .

—_ —20 + —2¢ oo 4+ —g; r:.
(3<h BT ot dg: ¥

where =0

i
™
Q|

|2
S
.
~—
ﬂqﬂ

>

(3.7)

[ 3]

~3



After obtaining a point velocity of each link z, we need to find the kinetic

energy of link i. Let K be the kinetic energy of link i expressed in the base

coordinate frame, and dK} be the kinetic energy of a particle with differential

mass dm; in link 7, then the kinetic energy of the differential mass dm; is:

yrrt _
dK) =

N — DN — D =D

.

~

(5)? + (36) + (38)*) dm

g
o=
~t
o
-
Q.
3

(3.8)

where Tr[], a trace operator instead of a vector dot product, is used in the

above equation. Then, kinetic energy of link ¢ is:

i
Ki =

1

2

1
2

Tr

Tr

/ d.'(;;

ZZ

_1-'1 k=1

>y 2%

J—l k=1

O ([ et 24
dq; (/ m) Oqx quk}
6A0 aA0

In equation 3.9, the integral can be put inside bracket since %—l&(that is, the

rate of change of the point(r?)

in link : relative to base coordinate frame as

g; changes) is constant for all points on link i and independent of the mass

distribution of the link, and also ¢; are independent of the mass distribution of

link i. The integral term inside parenthesis in equation 3.9 known as pseudo-

inertia matriz , J; is represented by recalling r} =

[z} yi zi 1] as follows:
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Ji = /r::r::'dm;

[ [2%dm; [ ziyidm; [zizidm; [zidm; ]
| Jalyidm [yidm;  [yizidm; [yidm;
- Jzizidm; [yizidm; fz::zdm.‘ [ zidm;
| Szidm;  [yldmi  [zldmg [dm;
[ -5.~’“+52.~’“+5?“ s, st 7 ]
A T
P o S
i z ! 3 1
[ -1.»,,+12s!,,+1.-,¢ Lizy Lo miE ]
- iy I v i (3.10)
[z Liy; Lestliggzliee 5 .
L mij:: m;y:f m.-E:-' m; |

where 7 = [#} §i 2 1]’ is the center of mass vector of link i from the ith link
coordinate frame; Siz, is called the radius of gyration of link 7 about X; — Y;

axes; inertia tensor I; and first moments of body are defined as:

e Inertia Tensor I;

1. Moments of Inertia



2. Cross-Products of Inertia (Symmetry : [izy = liyz)

Lizy =/ ‘y,dm,
Iiz: = /xfzfdm.-
liy: = /y::z,':dm,-

¢ First Moments of Body

mi = / ridm;
mii = [ yidm;
méf = / zfdm;

Hence, the total kinematic energy of the manipulator from equation 3.9 is:

= %Zﬂ:izi’" [aA"J aaA°] djdr (3.11)

i=1j7=1k=1
The total kinetic energy K is scalar, and the off-diagonal elements of J;
are zero because the classical cross-products of inertia are assumed to be

zero[Paul&R.&Z. 83].



3.2.3 Potential Energy of a Robot Manipulator

Let the total potential energy of a robot manipulator be P and each of ith

link’s potential energy be F;:

P = —mig (%)
= —m;g (ALF) i=12,...,n (3.12)
where T = [z} 7} 73| and Fi = [z} §} Z]].
The total potential energy of the robot manipulator can be obtained by

summing all the potential energies in each link:

P;

=
il
.M”

1

= Y —mig(AF) (3.13)

=1

EN]

where g = [gz, 9y, g2, 0] is a gravity row vector expressed in the base coordi-

nate system. For a level system, g = [0, 0, —|gl, 0] and g is the gravitational -

constant(g = 9.8062m/ sec?).

3.2.4 L-E Dynamics Equations of a Robot Manipula-
tor

Lagrangian function £ = K — P can now formed from the kinetic energy and

the potential energy, i.e.,

L = {K}-{P}

= {% i i: i Tr [%E%J.-aa—?’:g] éjék} - {2": —miS(Af)f'::)} (3.14)

i=1 j=1 k=1 =1
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We now obtain the dynamics equations of a robot manipulator from below the

Lagrange-Euler equation.

=3 (L) 9L,
t—'dt aq‘ aq‘ t=1,...,n

Evaluaton of % (g—‘;)

Let’s perform first differentiation of -gvc :

oL LI 0A) L 9A
7 = B { ZZZTr[ °Ja 0] ,qk+2m,g ALF)
p

aqp i=1 j=1k=1 i=1
g 6A )
= r .
; 94y {15—_;; [ 3% ] quk}

+ 5 0 (AW + mag AL + - + magAEL}
P

1 aAo DA} i BAL DAL
= 22{27‘ Soodip ],+ ZT [a Jaq,,}q"}

=1

(since —.—° =0)

a‘Ip

=1 k=1

(a) _
By changing the dummy index j to k at (a),
84y

ikl

|—1 k=1 l=l k=1

LI QAL L DAL 1< dAL A
.szrr[aq s S BT S |

®

AL 1 DAL 34} 7 94} BA} 794
—_ J.-0 Pl § _.9.
Since T'r [ J; s ] Tr [ Ji Bax ] o =2 J; e

(3.15) -

(),
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) Tr [%J.%] gx forp<
o xE | (3.16)
0 : forp>isince-‘?£l=0

We obtain:

oc ' o
'—.—=¥¥T [aquaqp}qk (3.17)

Hence,

d (oL n L [045 ) 94y
(%) - #(ErrGase]s
nd A, DAY
S5 |52 °J_a—] i
1=p k=1 9

n 8245 A
+ T J_o] i

gpkzlmz—l ’ [a‘Ika‘Im B, |

not ' 2 Al It

> [“H?i]qkqm (3.18)

T LT 8g,0qm ' Oq

i=p k=1 m=1

Evaluation of gf

The last term of Lagrange-Euler equation is evaluated, that is :

oc 0 1A < A} 3A
—_— = Tr 0 0] + ) my A
o (2222 | i+ 1 )
n i i 62A aAo’]
459k

= %ZZETT [aqﬁq ' Oq

1=p j=1 k=1
n g [02,40 aA-]
ik

T
PRI 9q:9q, " 39; |

i=pj=1k=1_
(ﬂ)
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n O0AL_;
+ mg——Tr;
g, 8 9qp
By interchanging the dummy indices of j and & at (a),
] 2
= EZZTT[ o JaA ] ‘+Zm-s——°f"
i=p j=1 k=1 aq” 6 i=p
By changing j to m and then swapping Z and Z,
m=1 k=1
: AL QAL AL
= T Ji— m ; ! 3.
gg; r[aqp B ] dxd +§mgapr (3.19)

ac) ac

Evaluation of & (aq,, 3p

From equations 3.18 and 3.19, we obtain: the third term of 4 (_a_c) in equa-

tion 3.18 cancels the first term of &—i in equation 3.19.

d (0L 0L _ . [04),04Y .
E("‘)"@'«ﬁ = xxT [3kJ3p

aqP i=p k=1
i 32 A} BA"
+ Tr 1eGm
g kX—:l mz-:l [3%3 “Bq, | ™
~ Z m,gaaA i (3.20)

Finally, we obtain the dynamics equation of a robot manipulator by changing

dummy summation indices p to ¢ and ¢ to j:

n g ;.94
- g ]
j=t k=1

IR 0%A) 04}
+ZZZTT[&“6 Jaq]qq

j=i k=1 m=1



n Al .
‘ijga—q?"}

i=i

(3.21)

3.2.5 Computational Simplification of Dynamics Equa-

tion using @ — matriz

The computation of the matriz partial derivatives in equation 3.21 is very

time consuming. The calculations can be made faster by first noticing that

transformation rnatrix A!_, is a function of the generalized coordinate g; only.

So, the computation of partial derivative 0A:_,/dq; for serial link manipulators

can be converted to a multiplication of matrices [Bejczy 74].

If we define Q; — matriz for a revolute joint 7 as below:

Then,

For example:

0AL,

ab;

(0 =1 0 0]
1 000
Qi =

0 0 00
(0 00 0]
0A:_, .
921 _ 0.4
aq'_ Q 1=-1

g
—sinf; —cosa;cosf; sina;cosf; —a;sin 0;
s0; —cosa;sinf; sinajcosf; a;cos 0;

0 0 0 0

0 0 0 1

.

(3.22)

(3.23)



0 —1
oo
"o o
0 0
= QiA::-l

Hence, for: = 1,2,...

dq;

36

00 11 cosf; - cosa;sinb; sina;sinf; a;cosb;
00 sinf; cosa;cos®; —sine;cosf; a;sinb;
00 0 sin o coS @ d;
0 0| 0 0 0 1|
, N
O (Arpr... i) 4i_, A+t ... Al
EI; o1yt Ajog Ajoy 45 T Aia
——— ~—~
ApAL .. Al QA AT AL,
AlT1Q. A for1 <j <1
0 @Q; -1 =)= (3.24)
0 for 7 > '

In order to simplify partial derivative notations of dynamics equation 3.21,

we define the U — matriz as follows:

Uijk

9 A,
0qr0q;

y=1 H . .
Ay QjAj—x forj<: (3.25)
0 for 7 >
AT'QiANIQuAL,  fori2 k2]
=1 AF'QuAILIQAlL,  forizjxk  (3.26)

0 fori<jori<k

For example, for a manipulator with all revolute joints ¢ = j = 1 and ¢, = 6y,

Ulll =

8Un _ 9

_6_0:- = 30, (QlAcl)) = QlQlAtll



equation 3.26 can be interpreted as the interaction effects of the motion of
joint j and joint k on all the points in link i. Hence, dynamics equation 3.21

is rewritten without partial derivative operations by using U — matriz:

n J n J 3] n )
v = Z Z Tr[UijjU;;]t'ik + Z Z Z TT[UjkajUJ".']ék‘im - Z mng,-;i-j
j=i k=1 j=t k=1 m=1 Jj=i
fori=1,...,n (3.27)

The above equation can be expressed in a much simpler form as:

= Z D;rqr + Z Z CikmGkgm + Gi t=1,...,n (3.28)
k=1 1

k=1m=

Or in a matrix form:

7(t) = D(q(t))a(t) + C(a(t), 4(t)) + G(a(t)) (3.29)

where
7(t) = n x 1 generalized torque vector applied at joint i = 1,...,n, and can
be expressed as:

(t) = [n(t), m2(t),.. ., (D))
q(t) = n x 1 vector of the joint variables of the robot manipulator and can be
expressed as:

q(t) = [qu(t), @2(t),- - (V)]
G(t) = n x 1 vector of the joint velocity of the robot manipulator and can be
expressed as:

a = [§1(t), da(t),-- s n(®)

§(t) = n x 1 vector of the acceleration of the joint variable q(t) and can be

expressed as:

q= [él(t)a 62(t)a sy qﬂ(t)],
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D(q) = n x n inertial acceleration-related symmetric matrix whose elements

are:
Di. = | > Tr[U;xJ;Us) Lk=1,...,n
j=max(s,k)
C(q,q) = n x 1 nonlinear Coliolis and centrifugal force vector whose elements
are:

C(q,q) = [C1,Ca, ..., Cn]

where

n n
C.' = chikmqkém i=1,...,n
k=1m=1

Cikm = Z TT[UJ""‘JJU;l] i’k’m= 17"-)"'
j=max(i,k,m)

G(q) = n x 1 gravity loading force vector whose elements are:
G(q) = [G1,G2,...,Gy]

where
Gi = Y_(-m;gUsF)) ,...,n

i=i

-
il

3.3 Customized Closed-form of Dynamics Equa-

tion for Six d-o-f PUMA Robot

For controlling the robot manipulator or simulating its behavior on computer,
the dynamics coefficients of in equation 3.29, that is, D(q(t)), C(a(t), a(t))
and G(q(t)), need to be computed in real time. However, the algebraic ma-
nipulations leading to the complete dynamic model for robot manipulator be-

come tedious and time-consuming as the number n of d-o-f increases, although
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formulation of equation 3.29 is inherently straightforward [Neuman&M. 85],
[Bejczy 83), [Walker&O. 82]. So, complete dynamics equations are seldom
presented for robot manipulators with more than three d-o-f although formu-
lations for generating complete dynamic robot models have been shown in the
literatures [Neuman&M. 85], [Brady 82]. The following section is to show how
to build the customized closed-form dynamics equation based on Lagrange-

Euler dynamics model of equation 3.29.

3.3.1 Customizing Dynamics Equation

In contrast to generalized-purpose algorithms, the practical problem with cus-
tomized algorithms is that a different algorithm is required for a specified
robot manipulator to reduce the computational requirements of manipulator
dynamics for real-time control.

Computational savings of customized algorithms stem from kinematic and
dynamic structure of the manipulator and systematic organization of the
symbolic model when the symbolically processing computer program is used
[Murray&N. 84)], [Neuman&M. 87].

For example, Algebraic Robot Modeler(ARM) [Neuman&M. 87) resolves
this problem as follows: The kinematic and dynamic structure of the manipu-
lator is exploited during tne off-line symbolic modeling as additions of zero and
multiplications by £1/zero are canceled algebraically. Upon completing the
modeling stage, ARM applies a few elementary grouping and factoring rules
to the algebraic expressions in closed-form dynamic robot models to remove
repetitive calculations within and across equations.

On the other hand, the dynamic coefficients D;x and citm in equation 3.28

exhibit the symmetric reflective coupling properties [Tourassis&N. 85, [Lewis 74].
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o Symmetry: Dy = Dy and Cikm = Cimk-
¢ Reflective coupling: Cikm = —Cmii for £ < ¢ and m.

The dynamics coefficients D;x, ¢;km, and G; depend on the constant geo-
metrical, inertial, and gravitational parameters of the robot manipulator. The
symbolically processing software, which produces the closed-form of dynamics
robot equations, accepts these constant parameters as input, either symboli-
cally or nnmerically at the user’s option.

The following section describes the parameters for the [Paul&R.&Z. 83]
with which ARM generates the complete customized closed-form of dynamics
equation of PUMA 600 robot manipulator. This dynamics equation is useful
for simulating the motion of physical robot and thus, is used in simulating the

plant of PUMA robot manipulator on computer in this thesis.
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3.3.2 Parameters of PUMA 600

The six d-o-f revolute PUMA robot has parallel/perpendicular joint axes, di-

agonal link inertia tensor, sparse center-of-mass vector, and six link coordinate

frames assigned in Chapter 2. Physical parameter values for PUMA 600 are

shown as follows:

Kinematic Link Parameters

The transformation matrix A!_, for the dynamics equation is evaluated with

table 3.2 which has been determined in Chapter 2.

r 9

cos0; — cosa;sinb; sin a; sin ; | a; cos 6;
; sin 0; cosa;cosf; —sina;cosb;| a;sind;
= 0 sin o; cos a; d;
] 0 0 0 1|
joint
P = ol | 07 d; a;
1 -90 | 0, 0 0
2 0| 0, 0 a2=43.2cm
3 90 | 03 | d3=12.5¢cm | az=1.9cm
4 -90 04 d4=432cm 0
5 90 | 05 0 0
6 01} 06 0 0

Table 3.2: Kinematic Link Parameters for PUMA 600

11
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Center-of-Mass and Relative Link Mass

We assume that all masses are nonzero and focus on coordinate r! in each link
i. Thus, the center-of-mass of link ¢ in the ith coordinate frame is denoted by

¥ = [ §! 2] and values of center-of-mass and relative link mass are shown

in Table 3.3.

Link || Z(em) | #(cm) | 2(cm) | Relative Mass(m;/ms)
1 0 0 8 33.5
2 —21.6 0 21.75 77.3
3 0 0 21.6 36.3
4 0 2 0 8.95
5 0 0 2 2.39
6 0 0 1 1

Table 3.3: Center-Of-Mass and Relative Link Mass

The total weight of the PUMA 500 series manipulator is 120 pounds [Unimate 85].
After subtracting the weight of base, the remaining mass of six links is assumed

to be about 60 pounds. By equating the relative link mass, each link mass is

shown in “PUMA_SPEC_DEF.h" in Appendix 7.

Gravitational Acceleration Vector

The gravitational acceleration vector g points in the negative Zo—axis direc-

tion and it is denoted as below:

where g = 9.8062m/sec?.



Pseudo-Inertia Matrix

Pseudo-inertia matrix J; is assumed to be diagonal in [Paul 81], [Paul&R.&Z. 83).

So off-diagonal pseudo-inertias are zero and the main diagonal is composed of

radii-of-gyration.

Jizz 0 0 0
Lo g o0 0
"l o 0 Ju O

i 0 0 0 my |

-

where

Jiur = Ami(~She+ Sk, + !

irr iyy tzz)
1
J"yy = Emi(sizxz - 52 + Sizzz)

1wy

irz 1Yy :zz)

Jue = gmi(Ske+ Sk, = S

The experimental values of radii-of-gyration for the PUMA 600 are shown in

Table 3.4.

Tink [| SZ(em?) | 52,(cm?) | Sh(cm?)
1 451 451 57.9
2 565.7 1847 1408
3 672.8 679.1 36
4 31.6 21.1 31.6
5 6.9 11.2 6.9
6 33.8 33.8 0.911

Table 3.4: Radii-of-Gyration
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3.4 Conclusion

The customized closed-form of dynamics equation for six d-o-f PUMA robot
can be realized on commercially available processes and is applicable to real-
time control algorithms which require the on-line evaluation of manipulator
dynamics.

C programs in Appendix 7 shows that the complete customized closed-
form of dynamics equations based on L-E dynamics is realizable for real-time

control applications such as having computation time less than 1.8ms.
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Chapter 4

Adaptive Self-tuning Controller

Self-tuning control is a discrete-time method which attempts to overcome prob-
lems of model-plant mismatch by automating the overall design procedure and
repeating the steps of identification and controller design during each sampling
period. The self-tuning controller (STC) therefore has the ability to tune the
change of plant dynamics continuously. The scheme of self-tuning control is

shown in Figure 5.

4.1 Time-Series Difference Model and. Adap-
tive Self-tuning Controller

To construct an adaptive STC, a time-series difference equation model, for
example, an ARX-model or an ARMAX-model may be chosen to describe
the input and output relationships in the manipulator. The parameters in
such a model can be computed recursively on-line at each sampling instant.
The control gain is adjusted according to the updated parameter estimates

and measurements so as to make the system achieve the desired goals that
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are given as the design specifications. Thus, it inherently adapts to unknown
operating conditions that are conveyed by the measurements to the controller.

In applying STC to a robot manipulator, a possible approach is to linearize
the dynamics model and then to discretize the linearized model with respect
to time. Alternatively, the designer may choose to assume a linear discrete
time series model at the beginning of the design. Then, an adaptive STC
can be designed for controlling robot manipulator, where the parameters of
a difference equation model are estimated and controller gain is calculated at
each sampling instant using available measurements.

The independent joint control can be performed by a single-input-single-
output(SISO) model when the manipulator is operating at slow or moderate
speeds [Koivo&G. 83]. The interacting joint control can be designed based on a
multi-input-multi-output(MIMO) model which will account for the interacting
generalized forces between the joints, when the the manipulator is operating

at higher speeds [Souissi&K. 87].

4.2 SISO Adaptive Self-tuning Controller for
Independent Joint Dynamics

The SISO self-tuning controller is designed based on a linear model. The pa-
rameters of this model are then determined so that the best fit of the model-
generated values to the measured input-output values is obtained in the sense
of the sum of the least-squared errors. Then, an explicit (indirect) self-tuning
LQG (Linear Quadratic Gaussian) controller is designed based on the esti-

mated parameters of linear model {Astrom 80].
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4.2.1 SISO ARX-model for Manipulator Dynamics

To design a controller under the assumption of independent joint dynamics,
that is, one joint does not affect other joints, a SISO model is chosen to
represent the input-output measurements of each joint. A linear discrete time-
series model of autoregressive type with external excitation (ARX-model) as
in equation 4.1 can be used. The number of the measured output variables is

same as the number of input variables.

0:(k) = Ai(z7")0i(k — 1) + Bi(z™")ui(k — 1) + gi + ei(k) (4.1)

where 8;(k) and u;(k) represent the measured output and input respectively of
joint i at time kT'; T the sampling period; g; a possible bias due to gravitational
force; e;(k) the random, zero-mean, white Gaussian noise; Ai(27') and B;(z7?)

are polynomials in the delay operator z7!:

Ai(z7Y) = al + a?z'l 4+ 4 a}‘z‘"+1 (4.2)
Bi(z™!) = B4+ btz 4+ bp1z-nH! (4.3)

Once the ARX-model is constructed, the unknown parameters in equations
4.2, 4.3 and g; can be estimated by using the measurements of input and
output. The parameter estimation algorithm for SISO ARX-model will be
given in the next section. The polynomial with the estimated parameters,
for example, A;(2™!), Bi(z7!) and §; are substituted into equation 4.1 for the
unknown parameters, and the resulting model is used in the design of the

controller.

48



4.2.2 Parameter Estimation in SISO ARX-model

To estimate the unknown parameters in equation 4.1, vectors a; and ¢; are

defined:

o = la} e BB gl (44)

]

bilk —1) = [B:k = 1)+ Oi(k —n)juik — 1)---wi(k =n) 1) (35)

where the indices i and n account for joint, i = 1---m(m = 6 for a six-joint
manipulator) and the order of the model, respectively. Then equation 4.1 may

be rewritten as follows:

bi(k) = ojdi(k—1)+ei(k)
= albi(k—1)+---+a}bi(k—n)
+ BQui(k— 1)+ + 8wk —n) + ei(k) (4.6)

From the equation 4.6, it is noted that the parameters related to ith joint only
affect to the ith-joint output 8;(k) and input u;(k). The unknown parameter
vector in equation 4.6 is estimated by minimizing the following error criterion,

that is,

H(o) = Z ANtk el (k) (4.7

N +1 2
where forgetting factor 4;, which is generally chosen to be between 0.95 and 1.0,
assigns different weights on the errors depending on their relative importance.
Very often, past errors are less important than present ones. N + n indicates
the time of the last measurement. The estimate &;(k) of the unknown param-

eter vector a;(k) at time kT is obtained by minimizing the function H(a;)

49



with respect to a; in equation 4.7. The solution to the recursive least-squares
problem is furnished by the following recursive equations [Ljung 83]. They

constitute what is known as the recursive least-squares(RLS) algorithm for

parameter estimation.

&i(k) = &i(k — 1) + pi(k)di(k — 1)[0:(k) — ¢i(k — 1)éi(k - 1)] (4.8)

[ gtk = )ik = DBk~ Dpi(k = 1)
pilk) = - |pilk = 1) = = Dk — Dk — 1) (4.9)

The second term on the right side of equation 4.8 describes the correction term;
pi() is a (2n+1) x (2n+ 1) symmetric matrix; the initial value &/(0) and pi(0)
may be approximated. The parameter estimates will be calculated on-line

using equations 4.8 and 4.9. The estimated parameters are then substituted

into equation 4.1, resulting in equation 4.10.

0;(k) = Ad(z"V)0i(k — 1) + Bi(z " )ui(k — 1) + §i + ei(k) (4.10)

The ARX-model equation 4.10 with known(or estimated) parameters is used
to design an adaptive self-tuning LQG controller so that the system tracks the

desired output variable 62(k).

4.2.3 Optimal LQG Controller Design for SISO system

The goal of the controller is to make the output 8;(k) of the ith joint, i =
1---m, track the sequence of the desired values 6¢(k). The tracking of the
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desired output can be achieved when the control u;(k) is so determined that

a chosen performance criterion Ji(u;) is minimized:

B = E{6k+1) - 00k 4 DP 4 wlw(OF /SR @)

where E{ - /Z;(k)} denotes the expectation operation given the past values of
the cutput and the input, that is, Ei(k) = {6i(j),u:(j — 1),5 < &k}, and the
weighting factor p; is a nonnegative number.

The performance index in equation 4.11 is minimized with respect to ad-
miscible control input u;(k) while satisfying the model equation 4.10 whose
unknown parameters are replaced to the estimated parameters. The control
input u;(k) at time kT is admissible when it is a function of available measure-
ments up to and including time kT. The equation 4.10 is solved for 0;(k + 1),

and resulting expression is substituted into equation 4.11 to obtain:

Je(w) = E{[A(z")0:(k) + Bui(k) + Bir(z™"Yuilk) + gs = 05 (k + 1)]*
+plui(B)]* / Bi(k)} (4.12)

where By (z71) = blz71 4 -+ + 5712 = Bi(z71) — ¥. The minimization

of Ji(u;) in equation 4.12 with respect to u;(k) gives:

ui(k) = @%—#—i[%’(k +1) — Ai(z7)0:(k) — Bi (27" )ui(k)) (4.13)
The equation 4.13 specifies the controller that makes the output variable 6;(k)
track the desired trajectory by consuming the minimum energy of control
signal u;(k) in equation 4.11. The block diagram in Figure 5 shows the overall

implementation of adaptive self-tuning LQG controller.



Realization of Self-tuning LQG Controller

o Step 1 : Select the initial values and constants of &;(0), pi(0), ui(0), p:

for each ith joint, i = 1,---,m(m="6 for a six-joint).

o Step 2 : Estimate parameter vector &;(k) by using the equations 4.8

and 4.9
¢ Step 3 : Compute the ¢ ~ u;(k) using the equation 4.13

e Step 4: Apply the compur-i control of %,’k) to the manipulator system

for obtaining the next measurement of output 6;(k + 1).

e Step 5 : Repeat the procedures from Step 2 to Step 4.

4.3 MIMO Self-tuning Controller for Inter-
acting Joint Dynamics

In section 4.2, the SISO controller was designed under the assumption of the
independent joint dynamics, which implies that one joint dynamics does not

affect the other remaining joint dynamics. While this controller is expected to

work well at the moderate operating speeds when the effects of Coriolis and

centrifugal forces in manipulator dynamics are insignificant, it can be expected

to exhibit difficulties in tracking when this assumption does not hold.
Therefore, in this section, the control algorithm includes interactions be-

tween the joint variables in a multi-input-multi-output(MIMO)-ARX model by

using non-zero off-diagonal elements in the coefficient matrices in the model

equation in the sequel.
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4.3.1 MIMO ARX-model for Manipulator Dynamics

A MIMO ARX-model of in the form a difference equation can be written in

the following form for a m-joint manipulator:

(k) = A(z"1)O(k — 1) + B(z™! - 4.
(k)= A(z"1)O(k -~ 1)+ Bz U(k- 1)+ G + £ (4.14)
mx1 mxm mx1 mxm mx1 mx1  mx1

where output vector O(k) = [0;(k) - - - 8 (k)]’, input vector U(k—1) = [w1(k—
1) - - up(k—1))', gravitational vector G' = [g1 - - - gm]’ and modeling error vector
£ =[e1 -+ em]'; the argument k refers to the sampling instant at time kT (the

sampling period T has been omitted in the arguments); the z~! is backward

shift operator, that is, z7'@(k) = ©(k — 1); the dimensions of the vectors

and matrices are as includes; The coefficient A(z~!) and B(z™!) are (m x m)

polynomial matrices defined as:

AlzV)= A1 + Ay 270+ 4 Ay 27 (4.15)
N, s’ S’ A ed S’
mxm mxm mxm mxm
B(Z_l) = Bo + Bl Z_l + e+ B -1 .Z-'""'l (416)
Nemen, s’ S~ S N o’
mxm mxm mXxXm mxm
where the unknown coefficients in polynomials, Ay,--+, A, and By, -+, Ba1

have 6 x 6 = 36 (for a six-joint manipulator) matrix elements to be estimated
in each coefficient respectively; The n is a positive integer specifying the order

of model.

4.3.2 Parameter Estimation in MIMO ARX-model

To estimate the coefficient parameters in equation 4.14, the matrix a and

vector ®(k — 1) are defined as:



n n 1 !

— e ~ e N A
a = Ay - A, 2 By, B._.1+: G
\,l/’ Yo \,oa’ ":_1,’ —
mxm mxm mxm mxm ™mXx1 (2mn+1)xm
= [aprom] (4.17)

where prime / denotes the transposition, and ¢; is a column vector having
dimension of [ (2mn + 1) x 1 ] for i = 1---m(=6 for a six-joint manipulator)

and n is the order of model, that is:

0 = [ahe alnydh ool o0 0]l
0 0 1 1 ne1_ -1, 1"
AR R L X W N Rb R el & ](2mn+l)xl (4.18)
n n 1 1!
o " ’ N . T " 1 Nt
k1) = |O(k-1),e000(k-n); U(k-1),000,U(k-n); ]
(N E—— S I ~ IR N NS 1\/
(2mn+1)x1 1xm 1xm 1xm 1xm x1

[01(k—1)..-0m(k—1),000,01(k_n)...0m(k_n);

uy(k—=1) um(k—1),000,u(k—n)---un(k—mn); 1 J
(4.19)

By using the equations 4.17 and 4.19, the equation 4.14 can be rewritten as

follows:

—— ’ —
o()= o @(k-1)+E (4.20)
mx1 mx(2mn+1)(2m“+l)xl mx1

where ©(k) = [01(k) - - - 8, (k)]’ is a m—dimensional vector. Therefore, the ith

joint output can be represented as follows:
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6:(k) i@k — 1) + ei(k)

= a}101(k—1)+---+a}m0m(k—1)+000+a:‘101(k—n)+---

07 O(k —n) + Bur(k = 1D+ -+ b) um(k = 1)+ 000
+b; 'yy(k—n)+---+ b?,; uUn(k —n) + gi + ei(k) (4.21)

We should note in equation 4.21 that present output 8;(k) for the ith joint

is affected by past all-joint outputs 0;(k — 1)---0;(k — n) and inputs u;(k —
1)+ uj(k —n) for i = 1---m (m=6 for a six-joint manipulator). From this
point of view, the equation 4.14 for the MIMO model is clearly different from
the equation 4.6 for the SISO model.

The numerical values of the components of the unknown parameter a in
the MIMO model are calculated by the recursive least-squares(RLS) error es-
timation method by estimating one vector a;(k) at a time. The error criterion
to be minimized is chosen for each vector a; of a as follows:

J(eg) = Z AN+n=ked(k) ' (4.22)

N +1
where N + n represents the last number of the measurements; the weighting
term 7; is called a forgetting factor which assigns different weight depending on
their relative importance, for example, past errors are usually less important
than present ones.

The problem is to minimize the error criterior J(ea;) with respect to vector
o; while satisfying the equation 4.21. The solution to the least-squares problem

is furnished by following recursive equations:

Gi(K) = &k — 1) + p(£)B(k — 1)[0:(k) — &{(k — 1)(k = 1)]  (4.23)
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p(k —1)®(k — 1)®'(k — 1)p(k — 1)

1
p(k) = = [Pk = ) = =g T Typ(k — D@(k — 1) (424)

where p(-) is a (2mn + 1) x (2mn + 1) symmetric matrix (recall p;(-) is a .

(2n+1)x(2n+1) for SISO model of equation 4.9 in section 4.2.2.); the estimate
of a; at time k is written as (k). Thus the parameter estimation of the
multi variable time series model can be carried out on-line using equations 4.23
and 4.24. It is noted that co-variance matrix p(-) is of no subscript ¢ in
equation 4.24 because each cstimate of &;(k) for i = 1.--m holds one co-

variance matrix in common.

4.3.3 Optimal LQG Controller Design for MIMO Sys-
tem

The self-tuning LQG controller is constructed by minimizing the following

quadratic cost-function:

J(U) = E{ 0™ (k +1) - ©%(k + DIig + 1UK)lIR / E(*) } (4.25)

where ||-||% indicates the generalized norm with weight R, for example, |[U]|%k =
{/’U. Here, cost-function weighting matrices R and Q are the major design
parameters which must be selected by the controller designer; @™ (k + 1; and
&4(k + 1) describe the measured and desired trajectory vectors as a sequence
of discrete point respectively. The expectation operation is conditioned on the
.vailable measurements up to and including time £T'.

The problem is to minimize the cost-function with respect to the admissible

controls while satisfying the following constraint equation:
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om(k) = A(z™)O™(k—1)+ Bz Wk -1)+G+€ (4.26)

The unknown parameters A, B, and G can be obtained by recursive paramcter
estimation equations 4.23 and 4.24. The equation 4.26 can be rewritten as

an one sampling period advanced form as follows:

O (k + 1) = A(z"H)O™(k) + B(zYWU(K) + G + £ (4.27)

The solution for the controller is obtained by substituting equation 4.27 into .

the cost-iunction of the equation 4.25 and by minimizing the resulting equation
with respect to vontroller gain U(k). The resulting controller is expressed as

follows:

U(k) = [R+ ByQBo] " B4Q [0%(k + 1) — A(z")O" (k) - Be(z™HU(K) - e]
(4.28)
where
A(Z‘l) = A+ Az 4o + Apz "
Br(z"l) = B]Z-l + 822-2 + e + B _1Z—n+l

4.4 MIMO Self-tuning LQG Controller for

Controlling Velocity Variables

In the previous sections, the measured output is the joint position, i.e., 0(k).
When a self-tuning controller is designed based or 6(k), difficul*ies in tracking
may be experienced when the ARX-model for the input and output of joint

position is of low order, and/or the noise process deviates considerately from

the Gaussian assumption.

n
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The aforementioned problems may often be circumvented by making joint

velocity as the output variable of the time series model. These joint veloci-

ties « .. directly be measured by tache-:. - r or calculated from two adjacent

positional readings. The time-series MIMO ARX-model becomes:

O™ (k) = A(z")0™(k - 1)+ B(z"YW(k-1)+G +€& (4.29)

where O™(k) = [0;"(k)0;"(k) .. §m(k))’ represents the measured joint an-
gular velocity vector; U(k — 1) = [ui(k — Lua(k — 1) un(k — 1)) ac-
counts for the voltages applied to the motors of the joints at time (k — )T
G = [g1 92 -+ gm) is a m-dimensional possible biases, i.e., gravitational forces;
£ =[e; 2 -+ en) is a m-‘imensional equation error vector, where each ei(k),
i = 1.-.m, represents a white Gaussian zero-mean noise process, which is

independent of current and past outputs and inputs.

For performing the parameter estimates in equation 4.29, similar definitions

and procedures as in section 4.3.2 are used as before.

a = [Ala"'»An; BOa"'aBn—l ) G],
= [ saml (4.30)

d(k—1) = [6™(k=1),...,0™(k—n); U'(k=1),---,U'(k—n); 1]’ (4.31)

&i(k) = @ik - 1) + p(k)®(k — 1)[0:(k) — &i(k — 1)®(k ~ 1)]' (4.32)

p(k — 1)®(k — 1)@ (k — 1)p(k — 1) (433

1
p(k) =2 p(k — 1)~ =k = Dp(k — D@k - 1)
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The LQG controller with self-tuning is determined by minimizing the position
and velocity squared-errors and the e ._rgy as specified hy the cost-function as

follows:

Jo(U) = E {I|[G"‘(k +1)— Ok + 1)) + p[O™ (K + 1) — %k + D)II5
+ U R)IR/S(k)} (4.34)

where superscripts m and d indicate the measured and desired signals respec-
tively; desired position ©4(k + 1) is approximately represented by Qik+1) =
O4(k) + @4(k)T because ©%(k + 1) is unknown at time kT, and prediction
algorithms may be used for the desired signals, for example, ©4(k + 1) is pre-
dicted one sampling period early in real applications of vision feedback servoing
[Allen&Y.&T. 90}, [Koivo&H. 91].

The cost-function weighting matrices p = p’ = diag[p1---pm] 2 0. R =
R, >0, and Q = Q' > 0 are chosen in view of the specific operational objects.
p emphasizes the relative importance of position :: acking errors with respect
to velocity tracking errors.

The control law, determined by minimizing the equation 4.34 subject to .
constraint equation 4.29 with estimates computed by equations 4.30 - 4.33,

is shown in below.

U(k) = [R+BiQBo " BQ{6%k+1)— A(z")Om(k) ~ B.(z™")U(k)
~G+p [ed(k+1)—e'"(k+1)]} (4.35)

where tilde ~ represents the estimates; the (m x m) matrices A and B are

polynomials defined by:



Az = A+ AZ7 -+ A2 (4.36)
Bz =BZ '+ B:Z '+ + By 27 (4.37)

The MIMO ARX-model having control-variables of velocities in equation
4.29 is of the same form as the MIMO ARX-model having control-variables
of positions in equation 4.26. However, the two contvol laws (equation 4.28
for the position controller) and ( 4.35 for the velocity controller) are different

in terms of their capability to compensate for tracking errors. Tke velocity

controller can control both positions and velocities, while position controller

can control only the positions.
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Chapter 5

Computer Simulations and

Development

In this Chapter, simulation studies carried out to test the performance of the of

the controllers designed in Chapter 4 are presented. The results are presented

in four parts.

1. Digital Simulation of PUMA 600 Motion;

2. Transformation of the multi-input-multi-output (MIMO) STC a single-
input-single-output (SIMO) STC;

3. Testing the proposed SIMO STC;

e Testl: At moderate high velocity without payload.

o Test2: At very high velocity with payload.
4. SIMO STC with weakened couplings/non-linearities;

o Test3: At very high velority with payload.



Since all computations in this thesis are performed by matrix manipula-
tions, i.e., matrix augmentations, inversions, multiplications, subtractions, ad-
ditions, multiplications by a scalar or different scalars etc., the main program
is built up by calling the matrix tool functions written in C program language.
Tool-box for controlling and simulating the robot manipulator has been re-
cently presented by using the MATLAB instead of C language [Honey&J. 92].
In this thesis, dynamics equations given in Appendix 7 may be useful in the
future robotics-related works for simulating the motion of all revolute six-joint

robot ‘nanipulator in both forward and inverse dynamics.
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5.1 Digital Simulation of manipulator Mo-
tion

Simulation of physical manipulator motion implies forward dynamics matter,
that is, given certain torques;forces, the joint acceleration is solved. This

requires to solve the inverse dynamics equation 3.29 as below:

B(k) = D(O(K)) [r(k) — C(O(k), O(k)) - G(O(K))] (5.1)

For the recursive calculation of 5.1 at each time k, the initial values of 7(0),
©(0) and ©(0) should be given by controller.

The kinematic structural parameters to compute D(-), C(:) and G(-) in
equation 5.1 are given in Table 2.1. The inversion of a inertia matrix, D(-),
is done by using the well known lower/upper triangular(LU) decomposition
and backsubstitution. For some applications on singular matrices, LU de-
composition method substitutes tiny value(1.0e-20) for zero pivot element

[Press&F.&T.&V. 88).

5.1.1 Measured Angular Velocity and Position with

Measurement Error

Velocity and position are computed from acceleration equation 5.1.

O(k + 1) = O(k) + O(K)T, (5.2)

Ok +1) = (k) + O(K)T. + 5 O(H)T? (5.3)
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The sampling period T, = 0.01 second is used in the sense that breaking
continuous times into increments would be a reasonable approximation. The
measurements of joint velocity O"‘(lc) is generated by superimposing sample
values of white Gaussian noise process with zero-mean and variance o2, which

accounts for measurement error.

O™(k) = O(k) + N'(k) (5.4)

where @™ (k) is a (6 x 1) measured velocity vector, O(k) is a (6 x 1) pure velocity
vector from inverse dynamics equations and A'(k) is a (6 x 1) measurement
error vector whose elements have independent samples of white Gaussian noise
process with o? = 0.01.

Here, only measurements of joint velocity are assumed to be available be-
cause the measurement of joint position can be computed by integrating the

joint velocity measurements of equation 5.4 in the controller unit:

O™(k) = O™(k—-1)+0™(k-1)T, + %é’"(k -1)T?

= em(k_l)_i_ém(k_l)T._*_% o™ (k) —1(:)"‘(15—1)

= em(k—1)+ %é’"(k 1T, + %é"‘(k)T, (5.5)

T2

where 6™ (k — 1), ©™(k — 1) and O™ (k) are all available at instance k.

5.1.2 About Generation of Gaussian Noise

The white Gaussian zero-mean process with variance o2 is generated with
random numbers from random number generating function in the program.

However, random number generating function requires different “seeds” as
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an argument for generating different pattern of numbers in each execution of
program. Generally this value of seed is fed into program manually. In this
thesis, different seeds are automatically generated into program by reading the
present time from SUN computer clock and then multiplied hours, minutes and

seconds by different weights as follows:

seed = (hours x 10000) + (minutes x 100) + seconds (5.6)

where hours, minutes and seconds are present time read by time-reading func-
tion in program. With these different seeds, each execution of main program

uses different measurement error patterns of Gaussian noise process.

5.2 Design of Adaptive STC on SIMO ARX-

model

Designer should remind that the practical tips in adaptive STC is to reduce '

the number of model parameters to be estimated to minimum, and to give

these parameters a clear physical in*erpretation.

5.2.1 Transformation MIMO ARX-model to SIMO ARX-

model

In order to decrease the number of parameters, the MIMO ARX-model is
converted into SIMO ARX-model. The procedures for doing this is as follows:

Since the external input u;(k — 1) is assumed not to interact with other
inputs u;(k — 1) for 4,5 = 1---6 and i # j, coefficient matrix for inputs

B, should be assumed to be a diagonal matrix which converts the MIMO-
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ARX model into single-input-multi-output(SIMO) ARX-model. Thereby, the
number of elements to be estimated is reduced from 36 to 6.

If the above assumption is not reasonable, either there will be a large
tracking error or the system may even go out of control. It should be noted
however that the A, for six joint velocities is a full (6 x 6) matrix because the

joint-velocities are expected to interact with each other.

OB =AOG-1+BUE-)+EFE 6D
6x1 6x6  6x1 6x6  6x1 6x1  6x1
where
any a2 - a1¢
A= | T 0T e (5.8)
| @61 Q62 - Ges |
by 0 0 0 0 0 |
0 b, 0 0 0 O
0 0 0 0 O
Bo = w2 (5.9)
0 0 0 b 0 O
0 0 0 0 bss O
i 0 0 0 0 O bg
_ " -
92
2 (5.10)
e T T G4
gs
[ 96 |

66



€
€2
[
e=|" (5.11)

€4

€s

e es -’
where G vector accounts for gravitational forces; £ is a modeling error vect..r.
Hence, at least 48 = 36 + 6 + 6 parameter elements have to be estimated if the

coupling effects are taken into consideration.

5.2.2 Parameter Estimation in SIMO ARX-model By
RLS

In order to estimate parameters in SIMO ARX-model at each sampling period,
the regression vectors ®;(k—1),2 = 1---6 and parameter matriz c(k — 1) are

defined by:

Bi(k—1) = [fi(k—1)---Os(k=1); m(k—1); 1]

Bs(k—1) = [él(k-l)---és(k—u;us(k-l);1]' (5.12)

a(k—l) = [Al ' Bo; G]'
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Q26 522
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where By and a; are column vectors as below:

Bo

(231

Qg

b
baa

(131

gs

a1
g2

9s |

(5.13)

Plant model equation 5.7 is rewritten in the estimation form of SIM® ARX-

model:



Gi(k) = ai(k =D&k 1+ e (5.14)

where output variable 6; represents a measured joint velocity in each joint.
Equation 5.14 implies interactions between joint velocity variables. Then, pa-
rameter estimation algorithm by recursive least-squares(RLS) for SIMO ARX-
model is presented in equation 5.15 and 5.16, where each a;(k) uses its own
co-variance matrix p;(k), which is different from RLS algorithm in MIMO

ARX-model in Chapter 4.

&i(k) = &(k — 1) + pi(k)®i(k — 1)[f:(k) — &}(k - 1)®i(k = 1)} (5.15)

1 pi(k — 1)®i(k — 1)@j(k — 1)pi(k — 1)

pi(k) = 5 pi(k—1) - T8k — Dpik = ®i(k 1) {5.16)

where ~ is known as the forgetting factor and may be slightly less than one(in
this thesis, v = 0.99). Choice of the value of 7 is a trade-off betweea iracking
ability and noise sensitivity: a smaller value of v gives fast tracking bat leads
to a greater noise sensitivity, and the opposite is true for 7y close to one.
Then, optimal LQG controller is determined based on same cost-function

as MIMO ARX-model of velocity control-variable.

UR) = [R+BiQBo|" BiQ{%(k+1) - 46"(K) -G
+p [0k +1) - O™(k+1)]} (5.17)
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where the desired(referential) angular velocity ©%(k+1) and position ©@¢(k+1)
at one sampling period ahead are assumed to be available at insatance kT, from
the known desired trajectory of object. In the real applications, it is generally
performed by the prediction algorithm [Allen&Y .&T. 90].

In the optimal LQG controller gain formula of equation 3.17, cost-fu. . tion
weighting matrix, @, p and R, which are chosen intuitionally by designer, can
be crucial factors for a adaptive STC. In the simuation studies reported here,

they are selected as:

(100 0 0 0 0
0100 0 ¢ O
0 010 0 0 O
Q= (5.18)
0 0 0 35 0 O
0 0 0 0 35 0
6 0 0 0 ¢ 35)]
55 0 ¢ 0 0 0
0 55 0 G 0 O
0 0 55 0 0 O
p= (5.19)
0O 0 0 65 0 0
0 0 0 0 65 0
0 0 0 0 0 65
R = BB} (5.20)

where B, is an estimate for Bj.



5.3 Simulation Results on Adaptive SIMO
STC

Two typical simulation - sults are presented to demonstrate the effectiveness
or otherwise of the proposed adaptive controller. All six angular joint posi-
tions/velocities . : controlled simultaneously and tested on all revolute six-

joint dynamics for a piant.

5.3.1 Tracking High Velocity and Position without Pay-
load

To track high desired joint velocities and thereby to track the desired joint
position by proposed SIMO adaptive self-tuning LQG control are succussfilly
shown in Figure 6 - 23 when the end-effector does not pick up payloac.

In Figures in each page, top graph shows the process of velocity tracking
by both the desired and measured velocity profiles with respect to time X-
axis, middle graph reprecents the joint position iracking result by desired and
measured angular position profiles, which result from velocity tracking proc s
in top graph, and bottom graph indicates joint position tracking errov, wusat is,

difference between measured and desired joint position values. These - sults

come from by applying the adaptive SIMO STC to the plant of fu™* revolute

six-joint dynamics.

Since revolute robot manipulator needs to have at least siv joint= for mini-
mum role that is to catch up an object by the end-effector in work space, con-
troller test in simulation should be performed on the dynamics .{ a six-joint
robot manipulator in order to expose the objective capabiiity of controller

or problems from the situation when a real robot is controlled. 3Since good



traching results are shown in Figure 6 - 23, the assumptions at the stage of
controller design - joint velccity is coupled, while input to each joint actuator
is not interacting - can be said to be reasonable.

In case of controlling velocity variable for tracking desired joint velocity and
position, the resulting measured posit’on tracking error can become smaller
than position error from directly controlling the position variable because the
integration of the measurad velocity for gettiny, neasured position may comn-
pensate the noises or measurement. errors of -~ jte (- .1881a°: zero-mean noise
around nominal signal. This fact may come true by taking .ook at both top and
middle graphs in each Figure page with reminding that the pronosed control
is a velocity coutroller, thereby a position cont-»iler.

For a 'iestl in this section, the desired velocity profiles are assumed to
be sinusoidal sine curves with 114.59(deg./sec.) or 2(rad./sec.) of amplitude
and 0.008(cycles/sec) of frequency for all six joints, for an example, 83(k) =
Initial Velocity + Vmaz + sin(2+ 3.14 « Freq* Ts * k). The 114.59 (d=g./sec)

is a kind of high joint velocity.
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Figure 8: Testl:Position Trackiag Error in Jointl without payload
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Figure 9: Test1:Velocity Tracking in Joint2 without payload
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Figure 13: Testl:Position Tracking in Joint3 without payload
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Figure 14: Test1:Position Tracking Error in Joint3 without payload
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Figure 13: Testl:Velocity Tracking in Joint4 without payload
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Figure 16: Test1:Position Tracking in Joint4 without payload
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Figure 17: Test1:Position Tracking Error in Joint4 without payload
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Figure 18: Testl:Velocity Tracking in Joint5 without payload
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Figure 20: Test1:Position Tracking Error in Joint3 without payload
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Figure 22: Testl:Position Tracking in Joint6 without payload
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5.3.2 Tracking Very High Velocity and Position with
Picking up Payload

For a Test2 in this section, the maximum desired velocity is increased from
114.59 (deg./sec.) to 200.54 (deg./sec.) or 3.5 (rad./sec.) and the end-effector
picks up 1Kg weight of payload which is assumed to be added to the mass
center of link 6 of the manipulator, and to be picked up by the end-effector
after 6 seconds. But manipulator controller has no previous information about
payload, i.e., weight and time of picking up. And then, same adaptive SIMO
STC is used for trackiny the changed position/velocity profile with payload.

In controlling the robot manipulator, 200.54(deg./sec.) is very high max-
imum velocity as a desired velocity prcfile. Since bix'a velocity makes the
dynamics of the manipulator become wnc:: nonlineas, adaptive SIMO STC
based on linear system model may prodi. - ]2 ge modeling error between lin-
ear ARX-model and real plant dynamics even though couplings between joints
are taken into account. Above all, the effect of loading becores very significant
at high velocity of the manipulator with payload. These changes in dynamics
at high velocity make adaptive STC be very poor in tracking errors.

The simulation result with the unacceptable tracking errors in Test2 are
shown in Figure 24 only for the Joint 1. Bottom graph shows o unacceptable
angular position error. Especially, three graphs of velocity/position trackings
and position error show the serious deviation from the desired values owing to
payload. Through Test2, adaptive SIMO STC is not suitable for a manipulator
which is moving at very high velocity and which is expected to pick up payload

in the middle of high speed sxcursion,
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Figure 24: Test2:Velocity Tracking in Jointl with payload

2

T A A TA

i \/\/ x\/ i

1 \/ e
0 2 4

6
[ SECOND }

Figure 25: Test2:Position Tracking in Jointl with payload
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Figure 26: Test2:Position Tracking Error in Jointl with payload
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5.4 Pseudo-Linearization by Weakening Ef-
fects of Couplings and Non-linearities

We have seen that adaptive STC is not working properly with very high desired
velocity profile having 3.5 (rad./sec.) maximum velocity with 1Kg payload in
Test2, while it is working well with given desired velocity profile having 2
(rad./sec.) maximum velocity without payload in Testl.
The reasons, may be conjectured from the scheme of the explicit adaptive
STC in Figure 5 where there is no explicit scheme to remove the mismatch
between linear system model on which adaptive STC was designed and non-
linear dynamics of a real robot manipulator. The mismatch may be increased
by Coriolis and centrifugal force especially at high velocity.

In order to make tha dynamics of robot manipulator be close to a linear
ARX-model on which adaptive STC is designed, it is necessary to compensate
for the Coriolis and centrifugal force with respect to the desired trajectory by
using customized L-E dynamics equation so that when the computed Coriolis
and centrifugal force is subtracted from the dynamics, it is in the vicinity
of linear. So, scheme of the explicit adaptive STC for controlling a rohot
manipulator in Figure 27 shows how the Coriolis/centrifugal and gravitational
force are precompensated for the purpose of achieving model-plant match.

So, total control law U becomes as follows:

U=U,+U, (5.21)

where U, is an adaptive STC used in Testl and Test2 for the purpose of
variational control, and U, is called nominal control with respect to desired

positicn/velocity. Nominal control U, is created as follows:
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U = C(04,0% + G(8%) (5.22)

where C(-) and G(-) are Coriolis and centrifugal force, and gravitational force
in L-E dynamics equation respectively, which are assumed to increase the non-
linearity and coupling effects.

This combinaiion of the nominal control by the computed force method
and the variational cont ol by STC results in a robust algorithm with respect
to the fast varying dynaiui:- of robot manipulator vith a desired higl velocity
and a payload.

As a conclusion remark, adaptive SIMO STC with both nominal control
for the purpose of compensating undesirable dynamics and variational control
based on linear model for the unknown dynamics shows good ability to be able
to cope with a very fast moving all revolute six-joint manipulator, which has

been one of the high-velocity difficulties in controlling the robot manipulator.
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Figure 32: Test3:Position Tracking in Joint2 with payload
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Figure 33: Test3:Position Tracking Error in Joint2 with payload
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Figure 34: Test3:Velocity Tracking in Joint3 with payload
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Figure 35: Test3:Position Tracking in Joint3 with payload
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Figure 36: Test3:Position Tracking Error in Joint3 with payload
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Figure 37: Test3:Velocity Tracking in Joint1 with payload

\ ,/\/

0 2 4

[ SECOND )

8 10

Figure 38: Test3:Position Tracking in Joint4 with payload
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Figure 39: Test3:Position Tracking Error in Joint4 with payload
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Figure 42: Test3:Position Tracking Error in Joint5 with payload
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Figure 44: Test3:Position Tracking in Joint6 with payload
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Figure 45: Test3:Position Tracking Error in Joint6 with payload
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

An adaptive self-tuning LQG controller suitable for controlling a six-joint robot
manipulator working at very high desired (referential) velocity has been pro-
posed and tested on all revolute six joints.

Conventional or even commercial controllers for a robot manipulator have
drawbacks in controlling at high velocity because the dynamics of robot is
strongly dependent on desired trajectories, and it inherently becomes a non-
linear, coupled and time-varying system. In other words, robot dynamics
becomes dependent on each joint position, velocity and acceleration variables.
For the purpose of overcoming time-varying parameters, non-linearity, cou-
plings between joints, and parameter uncertainty from the unknown payload
and dynamics, an adaptive SIMO self-tuning LQG controller was designed and
tested. This controller has been extended to one with feedforward (precom-
pensation) scheme for weakening the non-linearity/coupling so that it can cope

when the robot manipulator moves at a very high velocity of 3.5 (rad./sec.)
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with payload.

Picking up of the payload by the end-effector when moving at a high ve-
locity deteriorates seriously the controller performance. The increased non-
lincarity/coupling caused from the dynamics at the desired velocity is sup-
pressed by precompensating the Coriolis/centrifugal and gravitational forces/torques
using L-E dynamics equation in the extended adaptive STC. Consequently, the
controller described in this thesis performs well for a revolute six-joint robot

manipulator which is moving at Qéry high velocity with payload.

6.2 Suggestions for Future Work

The robustness of the adaptive self-tuning cortroller(STC) is a subject which
has generated a great deal of discussion. Since adaptive STC is composed of
two parts, parameter estimation and optimal (LQG) controller, if both parts
are made to be robust we can make a robust adaptive STC.

In RLS parameter estimation algorithm, which has frequently been used
in adaptive STC, forgetting factor(y) weights the measurements such inat a
measurement received n samples ago will have a weighting proportional to
~". However, constant forgetting factor used in RLS algorithm frequently has

some potential implementation difficulties as follows:

e 7 must not stay too close to “1” if algorithm is to remain capable of

tracking sudden parameter changes.

e On the other hand, when + is less than “1” burst phenomenon - excessive
measurement noise, or large spurious variations in estimate owing to the

sudden increase in information - may be resulted in.



Methods of adjusting v automatically in the recursion or using UD factor-
ization technique have been devised for performing better parameter tracking
ability [Chen&N 87]. However, those methods should have been tested on the
dynamics of robot manipulator instead of on the individual time-varying for-
mula for testing the convergence. Since the parameter estimation algorithm is
directly related to the robustness of adaptive STC, the estimation algorithm
research is strongly suggested for a robot control by adaptive STC.

According to the proposed controller, joint position tracking error is shown
to have increased more at top and bottom of sinusoidal function used for
desired velocity profile. That is, a higher desired joint acceleration introduced
a larger position tracking error. So, variations of acceleration can be included
in cost-function of the optimal LQG controller in order to feedback the effects
of joint acceleration into adaptive STC. The systematic method to determine
the weighting matrices in cost-function is one of the necessary areas to be
tackled in adaptive STC because it influences to the convergence of controller.

In the proposed control method, the non-linear system was controlled by
adaptive STC designed based on linear model. Precompensation or feedfor-
ward was used in weakening the non-linearity of plant dynamics. Coupling
problem was tackled by the MIMO style controller. On the other hand, neural
network method may solve obstacles of non-linearity and coupling, which are
crucial in robot control, since its structure similar to biological neuron and
proper selection of activation function for a robot manipulator processes the

above obstacles through its neural structure.
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Appendix A

Customized L-E Forward

Dynamics Equation for

six-joint PUMA 600

The following equations are written in C program language.

“pumaf_dynamics.c”

[ R R R
-

Function, *PUMA_F_Dynamics() calculates (6x1)angular-acceleration
vector from given (6x1)angular-postion, (6x1)angular-velocity and
(6x1)generalized-force vector for six-joint PUMA 600. That is,

FORWARD DYNAMICS EQUATION based on Lagrange-Euler dynamics model.

* * # & &

*

* % * X ®

**tt##t*#***#*t#*#*#*#*t*#tt**##tttt*t*#tt#t##ttt#ttttttttttt#ttttttt#t/
#include<stdio.h>
double tPUHA_F_Dynamics(rovi,coli,tau,rovz.col2,theta,rov3,col3,omoga)
int rowl, /# Row of vector, gemeralized-force(tau) == 6 */
coll, /* Column of vector tau == 1 */
row2, /% Row of vector, angular-position(theta) == 6 */
col2, /* Column of theta == 1 %/
row3, /* Row of vector, angular-velocity(omega) =3 6 %/
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col3; /* Column of omega == 1 ¥/

double
stau, /* Generalized force(input to manipulator) vector */

stheta, /# Joint angular-position vector */
somega; /* Joint angular-velocity vector */

{
double *calloc(),*D_Matrix,*C_Vector,*G_Vector,
*Acc_Angle_Vector, /# Vector of angular-acceleration */
*Make_D_Matrix(),*Make_C_Vector() ,*Make_G_Vector(),
sMatrix_Inv(),*Matrix2_Mul() ,*Matrix3_Sub(),*D_inverse,
*templ;
if(rowi!=row2 {| row2!=row3 || colit=col2 {| col2!=col3 || rowi!=6
Il colit=1}{
printf("Dimension errors of arguments in PUMA_F_Dynamics().\n");
exit();
}

D_Matrix=Make_D_Matrix(row2,col2,theta);
C_Vector=Make_C_Vector(row2,col2,theta,row3,col3,omega);
G_Vector=Make_G_Vector(row2,col2,theta);
D_inverse=Matrix_Inv(row2,row2,D_Matrix);
templanatrixS_Sub(rovi.coli,tau,rov2,col2,C_Vector.rov2,colz,G_Vector);
Acc_Angle_Vector=Hatrix2_Hul(row2,rov2,D_inverse,rov1.coll,tempi);
free(D_Matrix);free(C_Vector);free(G_Vector);

free(D_inverse) ;free(templ);

return(Acc_Angle_Vector);



100

*make_d_matrix.c”

#include<stdio.h>
#include <math.hd>
#include "PUMA_SPEC_DEF.h"

double *Make_D_Matrix(row,one,pos_angle)
int row,one;
double *pos_angle;
{
double *d_matrix,p1,p2,p3,p4,p5,p6;

if(row!=6 || one!=1){
printf("Dimension error in Make_D_Matrix().\n");

exit();
}
/% calloc() returns pointer of specified size whose contents »/
/* are zero. */

d_matrix = (double *) calloc(row*row, sizaof (double));
if(d_matrix s= NULL){
printf("calloc() returned NULL in Make_D_Matrix().\n");
exit();
}

pi= *(pos_angle); p2= *(pos_angle+1); p3= *(pos_angle+2);
p4= *(pos_angle+3); p5= *(pos.angle+4); pé= »(pos_angle+S) ;

Jexx D[1,1] *#x/

*d_matrix=2+*a3*d4sm6+c (p2+p3) *s (p2+p3) +2+a2+d4*m6*c(p2) *s(p2+p3)
+3q(d4) *m6+82(p2+p3) +2%a2+*a3*m6*c (p2) *c(p2+p3) +sq(a2) *m6
#c2(p2)#sq(d3)-m6+sq(a3)*mstcz(p2+p3)+JGzz*n2(p4)ta2(p5)+JGzz
tc2(p5)ts2(p2#p3)+2#J$zz*c(p2+p3)tc(p4)tc(p5)#a(p2+p3)ts(p5)+Jszz
*c2(p2+p3)*c2(p4)*a2(p5)+2*a3tm6tRSztc(p2*p3)tc(ps)ts(p2*p3)
+2#23%m6+R6z+c2(p2+p3) #c(p4) #8(p5) +2%a2em6+R62z+c (p2) »c(p5)
*8(p2+p3) +2+a2+m6#R62z#c (p2) *c (p2+p3) *c(p4) #8 (p5) +2#d4+m6+R62
tc(pS)tl2(p2+p3)+2*d4#mS*RGz*c(p2+p3)tc(p4)*s(p2+p3)#n(p5)+2
+d3+m6+R6z*8 (pa) *s (pS) +I6yy*c2(p4) *c2(p6) +J6yy*c2(p5)*s2(p4)
*s2(p6)+J6yy*s2(p2+p3)*sZ(pS)#32(p6)-2tJ6yy*c(p2+p3)tc(ps)
ts(p2+p3)*s(p4)*s(pS)*a(p6)+J6yytc2(p2+p3)tc2(p6)#s2(p4)
-2#szy*c(p2*p3)tc(p4)*c(p5)ts(p2+p3)*s(pS)*s2(p6)-2tJ6yy
tc(p4)tc(ps)*c(ps)ts2(p2+p3)*s(p4)*s(p6)+J6yytc2(p2*p3)*c2(p4)
tc2(p5)*s2(p6)416xx*c2(p4)*52(p6)#J6xx*c2(p2#p3)ts2(p4)ts2(p6)
+2*J6xx*c(p2+p3)tc(p6)*s(p2+p3)ts(p4)¢a(p5)*s(p6)+16xxtc2(ps)
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ta2(p2+p3)*52(p5)*Jﬁxx*c2(ps)-c2(p6)*s2(p4)+2*16xxtc(p4)*c(ps)
tc(ps)tnz(p2+p3)ts(p4)*s(p6)-2*JGxx*c(p2+p3)tc(p4)*c(p5)*c2(p6)
ta(p2+p3)ts(p8)+J6:x*c2(p2+p3)*c2(p4)#c2(p5)*c2(p6)+2#33*d4*m4
-c(p2+p3)*s(p2+p3)+2-aztd4tm4*c(p2)‘s(p2+p3)+sq(d4)*m4
tsz(p2#p3)+2#a2#a3*m4tc(p2)*c(p2+p3)+sq(a2)#m4*c2(p2)+sq(d3)
#m4+aq(a3)*m4#c2(p2+p3)#J4zz*c2(p4)+J4zztc2(p2+p3)#s2(p4)+J4yy
ts2(p2¢p3)-2*a3#m4*&4ytc(p2+p3)*s(p2*p3)-2ta2*m4*R4y*c(p2)
tn(p2¢p3)-2*d4tm4tR4y*32(p2*p3)+J4xx*u2(p4)+J4xxtc2(p2+p3)
tc2(p4)+sq(a2)*mztc2(p2)+J2zz+J2yy*32(p2)+2*a2*m2tR2x*c2(p2)
*J2xxtc2(p2)*Jlxx+Jizz*JSxxtc2(p2+p3)#J3yy+2*a3tm3*R3ztc(p2+p3)
ts(p2+p3)+2#a2tm3-R3z#c(p2)#a(p2+93)+J3zzt32(p2*p3)+sq(a2)*m3
*c2(p2)+sq(d3)tm3+sq(a3)*m3#c2(p2*p3)#2ta2#33*m3#c(p2)*c(p2+p3)
0J5xx#c2(p2+p3)*c2(p4)*c2(p5)-2#J5xxtc(p2#p3)*c(p4)#c(pS)
ts(p2+p3)*a(pS)+J5:x*c2(p5)*s2(p4)#JSxx*s2(p2+p3)*52(p5)+JSyy
tc2(p2+p3)#s2(p4)+J5yytc2(p4)+2*d3#m5*RSz¢s(p4)*s(p5)+2*d4*m5
#RSz#c(p2+p3)tc(p4)#a(p2+p3)*s(p5)+2*d4tm5t852tc(p5)*s2(p2+p3)
*2-a2tm5*RSztc(p2)tc(p2+p3)*c(p4)ts(p5)+2ta2*m5#RSz*c(p2)*c(ps)
*a(p2+p3)+2*a3*m5tRSz*c2(p2+p3)*c(p4)ts(p5)+2*a3tm5*R52*c(p2+p3)
*c(ps)ts(p2+p3)+J5:z*c2(p2+p3)*c2(p4)ts2(p5)+2*JSzz*c(p2+p3)*c(p4)
*c(pS)*s(p2+p3)*s(p5)*JSzz*c2(p5)#s2(p2+p3)+JSzz*s2(p4)*s2(p5)
+aq(a3)*m5#c2(p2+p3)+sq(d3)*m5+sq(a2)th#c2(p2)*2*a2ta3*m5*c(p2)
tc(p2+p3)+sq(d4)th#sz(p2+p3)+2ta2td4tm5tc(p2)ts(p2+p3)+2#a3*d4
*mS*c (p2+p3) *s(p2+p3) ;

/##s D[1,2] »i»/

«(d_matrix+1)s-d3sm6*R6z#c (p2+p3)*c(pS) +d3+m6*R6z+c (p4) #s (p2+p3)
ts(pS)+a3*d3tm6#u(p2+p3)+a2*d3*m6*s(p2)-d3#d4*m6tc(p2+p3)-JGzz
tc(p2+p3)*c(pS)*n(p4)#s(p5)+Jszztc(p4)ta(p2+p3)*s(p4)#s2(p5)+a3
sm6+R6z*8 (p2+p3) #s (p4) *s(p5) +a2+m6+R6z+s (p2) *s(p4) *8(p5) -d4+ub
tnsztc(p2+p3)*s(p4)ta(5)-J6yy*c(p2+p3)tc(p4)*c(p6)*s(pS)#s(pG)
-szy-c(p4)tc2(p6)ts(p2+p3)ts(p4)+16yy*c(p2*p3)*c(p5)*s(p4)*8(p5)
ts2(p6)¢J6yytc(p5)*c(ps)*s(p2¢p3)*a(p6)-2tJ6yy*c2(p4)‘c(p5)*c(p6)
tn(p2+p3)tl(pS)#Jnytc(p4)tc2(p5)*s(p2+p3)#s(p4)*s2(p6)-36xx*c(p4)
tl(p2+p3)t-(p4)t-2(p6)+J6xxtc(p2+p3)*c(p4)tc(p6)ts(pS)*a(pG)*Jsxx
tc(p2¢p3)tc(p5)#c2(p6)*B(p4)*8(pS)-Jsxx*C(pS)*C(ps)*s(p2*p3)*8(ps)
*2#J6xxtc2(p4)*c(p5)#c(ps)#n(p2*p3)*a(pG)#JGxx*c(p4)*c2(p5)tc2(p6)
*u(p2+p3)ts(p4)*d3*m4*R4y*c(p2+p3)+a3*d3*l4*s(p2+p3)*a2#d3*m4
*u(p2)-d3td4*n4*c(p2+p3)-J4zz*c(p4)#s(p2+p3)ta(p4)¢34xx*c(p4)
ts(p2#p3)ts(p4)+a2*m2tn2zts(p2)+a3#d3#n3ts(p2*p3)+a2*d3*m3*s(p2)
-d3‘n3tn3ztc(p20p3)+JSxx#c(p4)*c2(p5)*s(p2#p3)ta(p4)+JSxxtc(p2+p3)
#c(pS)ts(p4)#s(pS)-JSyy*c(p4)*a(p2*p3)ts(p4)-d4tm5tRSz#c(p2+p3)
ts(p4)#n(p5)0a2tn5*852#a(p2)ta(p4)ts(p5)+a3*m5tRSz*s(p2+p3)*s(p4)



*8(p5)+J5zz#c(p4)*s (p2+p3) *s (p4) #82(p5)-I5zz*c(p2+p3)*c(pS) *a(pd)
*s(pS)-d3*d4*m5tc(p2+p3)+a2td3#m5#s(p2)+a3*d3*m5*s(p2*p3)+d3tm5
#RSz*c(p4)*s (p2+p3) *8(p5) -d3+mS*R5z*c (p2+p3) *c(p5) ;

Jwxe D[2,1] »xs/
«(d_matrix+row)= *(d_matrix+1);

/*%» D[2,2] »#x/

*(d_matrix+row+1)=2*a2+d4sm6+s (p3)+8q(d4) *m6+2%a2+*a3+m6*c(p3)
+8q(a2) :m6+s8q(a3) *m6+J62z*c2(p5)+I62z*c2(p4) +82(p5) +2*a3*m6
*R6z*c (p4) 8 (p5) +2%a2+m6*R6z+*c (p5) #8 (p3) +2¢a2+mf*R6z*c (p3)
*c(p4)*a(pS)*th4tm6#RGz-c(p5)+J6yyt92(p5)*32(p6)¢J6yytc2(p6)
*02(p4)+2*J6yytc(p4)*c(ps)*c(ps)tu(p4)ts(p6)+36yy*c2(p4)*c2(ps)
*a2(p6)+J6xx*s2(p4)*s2(p6)+J6xxtc2(p6)*a2(p5)-2#16xx*c(p4)
*c(p5)*c(p6)*s(p4)*s(p6)+JI6xx*c2(p4) #c2(p5) *c2(p6) +2+a2¢d4
#m4*s(p3)+sq(d4)#m4#2*a2*a3*m4*c(p3)+sq(a2)th+aq(a3)#m4+J4zz
*s2(p4)+J4yy-2*a2*m4*h4yts(p3)-2#d4#m4*R4y¢J4xxtc2(p4)+sq(a2)
*m2+J2yy+2*a2+m2#+R2x+J2xx+J3xx+2+a2+m3*R3z*s (p3) + J3z2+8q(a2)
*m30sq(a3)*m3+2#a2#a3*m3*c(p3)+JSxx*c2(p4)tc2(p5)+35xxt32(p5)
+J5yy*32(p4)+2*d4*m5*ﬂ52*c(p5)+2*a2*mStRSz*c(p3)‘c(p4)*s(pS)
+2%a2¢m5+#R5z*c (pS) *s (p3) +2+a3+m5+RSz*c (p4) #8 (pS) +152z+c2(p4)
*az(pS)+J$zz*c2(p5)+sq(33)*m5+sq(a2)tm5#2ta2#a3¢m5*c(p3)+sq(d4)
*mS+2¢a2*d4+m5*8 (p3) ;

/**x D[1,3] %x=x/

t(d-matrix+2)s-d3#m6*RSz*c(p2+p3)tc(ps)¢d3tm6#RGz*c(p4)‘s(p2+p3)
*s(p5)+33¢d3*m6ts(p2¢p3)-d3*d4#m6#c(p2#p3)-JGzztc(p2+p3)tc(pS)
*a(p4)*a(p5)+JGzz*c(p4)*s(p2+p3)*s(p4)#92(p5)+a3tm6*R52ts(p2+p3)
#s(p4)*s(pS)-d4tm6*RGztc(p2+p3)*s(p4)‘l(p5)-J6yy*c(p2+p3)*C(p4)
tc(ps)ts(ps)*s(ps)-szytc(p4)tcz(ps)ts(p2+p3)tu(p4)+36yytc(p2+p3)
*c(ps)*s(p4)ts(p5)tsz(ps)+J6yytc(p5)tc(p6)tl(p2+p3)ts(ps)-2tJ6yy
*c2(p4)*c(p5)*c(ps)*!(p2*p3)*3(pG)*szy‘C(p4)*C2(p5)‘8(p2*p3)
*s(p4)tl2(p6)-J6:x#c(p4)#s(p2+p3)#l(p4)*s2(p6)+J6xx*c(p2+p3)
*c(p4)tc(pG)ts(pS)ts(p6)+JGxxtc(p2+p3)#c(pS)tc2(p6)#n(p4)#l(ps)
-J6xx0c(p5) #c(p6) %8 (p2+p3) #8(p6)+2% J6xxsc2(p4)*c(p5) *c(p6)
*s(p2+p3)*a(p6)+J6:xtc(pe)*c2(p5)*c2(p6)ta(p2+p3)ts(p4)+d3*m4
tRQy*c(p2+p3)+a3#d3*m4#s(p2¢p3)-d3*d4*m4tc(p2+p3)-J4zz*c(p4)
ts(p2¢p3)¢a(p4)+J4xxtc(p4)*s(p2+p3)tn(p4)+a3td3*m3ts(p2+p3)
-d3em3sR3z*c (p2+p3) +I5xx*c(pd) *c2(p5) *8(p2+p3) *8 (p4) +J5xx
ac(p2+p3) *c(p5) #s(p4s) *8(ps) -I5yysc(ps) #s (p2+4p3) +8 (p4)-d4smS+R52
tc(p2+p3)#s(p4)#a(p5)+a3*mS¢RSztn(p2+p3)ta(p4)ts(p5)+JSzztc(p4)
ta(p2+p3)#s(p4)#32(p5)-JSzztc(p2+p3)tc(ps)ta(p4)ts(p5)-d3td4tm5



‘c(p2+p3)+a3td3*m5#s(p2#p3)+d3#m5tRSz*c(p4)*B(p2+p3)*s(p5)-d3
sm5#R5z%c (p2+p3) *c(pS);

/usx D[3,1] »%»/
»(d_matrix+(rows2))= »(d_matrix+2);

Jees D[2,3] #us/

t(d_matrix*row+2)-aq(d4)*m6+a2tm6*RGz*c(p5)*s(p3)+a2*m6*RGz*c(p3)
tc(p4)*s(ps)*a2ta3*m6tc(p3)+a2td4*m6*s(p3)#sq(a3)th#JGzz#c2(p5)
+J6zz%c2(p4) +82(p5) +2%a3sm6#R6z*c (p4) *8 (pS) +2+d4+m6+R6z*c (pS)
+16yy*a2(ps)¢s2(p6)+J6yy*c2(p6)#32(p4)+2¢36yytc(p4)*c(ps)*c(pe)
t-(p4)tn(p6)+J6yy*c2(p4)tc2(pS)tsz(ps)+36xx#s2(p4)#32(p6)+J6xx
tc2(p6)ta2(p5)-2t36xxtc(p4)tc(pS)tc(pG)*s(p4)*s(p6)+J6:x*c2(p4)
*cz(ps)tc2(p6)+sq(d4)*m4-a2*m4*R4yts(p3)+a2*a3*m4tc(p3)+a2td4
tm4ta(p3)+sq(a3)#m4+J4zzts2(p4)+J4yy-2td4*m4*R4y¢J4xx#c2(p4)
+J3xx+]3zz+a2+¢a3+m3*c (p3) +a2+m3*R3z*8 (p3) +aq(a3) sm3+I5xx*c2(p4)
*c2(p5)+J5xx*s2(p5)+J5yyts2(p4)+2td4tm5#BSztc(pS)+2ta3tm5*352
tc(p4)*s(ps)+JSzztc2(p4)*32(p5)+JSzztc2(pS)+sq(a3)*m5+a2¢d4tm5
*l(p3)*a2#a3*m5*c(p3)+a2*m5*R52*c(p3)*c(p4)#s(pS)+a2*m5*R52*c(p5)

»s(p3)+s8q(d4)*m5;

/eex D[3,2] wxx/
*(d_matrix+(rows2)+1)= #(d_matrix+row+2);

Jusx D[3,3] »*x»/
*(d_natriz+(row*2)+2)-sq(d4)#m6+uq(a3)*m6+JGzz#c2(p5)+JSzztc2(p4)

t32(p5)+2*a3tm6tRSztc(p4)*s(p5)+2*d4*m6*R62tc(p5)+36yy*s2(p5)
*s2(p6)+J6yytc2(p6)*s2(p4)*2#J6yytc(p4)tc(p5)*c(p6)ts(p4)*s(p6)
+J6yytc2(p4)tc2(p5)ts2(p6)+J6xx*32(p4)t32(p6)+J6xx#c2(p6)ta2(p5)
-2#J6:x*c(p4)*c(p5)*c(p6)#s(p4)*a(p6)+JGxx*c2(p4)*c2(p5)*c2(p6)
#nq(d4)tm4+sq(a3)*m&+J4zz*a2(p4)+J4yy-2td4¢m4ta4y+J4xxtc2(p4)+J3xx
*J3zz+sq(a3)*m3+J5xx*c2(p4)*c2(p5)+JSxxts2(p5)+J5yy#a2(p4)+2*d4*m5
#RSztc(pS)#2ta3tn5tRSZtc(p4)#s(pS)+JSzz$c2(p4)*32(p5)+JSzz#c2(p5)
+8q(a3)*n5+8q(d4)*m5;

/een D[1,4] *e=x/
#(d_matrix+3)=d4+m6sR6z*c (p4) *s (p2+p3) #8(p5) +a2m6*R6z*c (p2) *c(pd)
tl(p5)¢d3#n6tR62*c(p2+p3)*s(p4)#s(pS)*a3*n6*R62*c(p2+p3)*c(p4)
tl(p5)+JGzz*c(p4)tc(p5)*s(p2*p3)ts(pS)+Jszztc(p2¢p3)*a2(p5)-Jny
-c(ps)'s(p2+p3)*n(p4)*s(ps)#s(pG)+szytc(p2+p3)*c2(p6)-J6yy*c(p4)

tc(ps)ta(p2#p3)*a(p5)ts2(p6)+J6yytc(p2#p3)#c2(p5)*a2(p6)+J6xx
tc(p2+p3)-32(p6)+J6xx¢c(p6)#s(p2+p3)ts(p4)ts(p5)#a(p6)-J6xx#c(p4)
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tc(pS)*c2(p6)*s(p2+p3)*s(p5)+36xx*c(p2+p3)*c2(p5)¢c2(p6)+J4zz
*c(p2+p3)+J4xx*c(p2*p3)*JSxx*c(p2+p3)tc2(p5)-JSxxtc(p4)tc(ps)
ts(p2+p3)#s(pS)#JSyy*c(pz*p3)*JSZZ*C(PQ*p3)*82(p5)*1522*c(p4)
«c(p5)*s (p2+p3) 8 (p5) +a3*mE*R5z*c(p2+p3) *c(p4) *s (pS) +d3+mS+R5z
mc(p2+p3)#s(p4)ts(p5)+a2#m5#RSz*c(p2)*c(p4)*s(p5)+d4#m5tRSz*c(p4)
»8(p2+p3) *s(pS);

Jeex D[4,1] **xx/
»(d_matrix+(rows3))= *(d_matrix+3);

/*%x D[2,4] »xx/
*(d_matrix+rov+3)=-d4*m6*R62*8(p4)ts(pS)-a2*m6*R62*s(p3)*s(p4)*s(ps)
-Jezztc(ps)*s(p4)*s(p5)-J6yytc(p4)tc(ps)ts(ps)*a(p6)+36yytc(p5)
*s(p4)#a(pS)*s2(p6)+16xxtc(p4)*c(p6)*s(pS)ts(p6)+J6xxtc(p5)tc2(p6)

*s(p4)*s(p5)+JSxx*c(pS)ts(p4)#s(ps)-JSzztc(pS)ts(pQ)*s(ps)-a2*m5
*RSzts(p3)#s(p4)*s(p5)-d4#m5*RSzts(p4)#s(p5);

Jxxx D[[4,2] *»*/
*(d_matrix+(rows3)+1)= *(d_matrix+row+3);

/exx D[3,4] #**x/

*(d-matrix*(rov*2)+3)--d4tm6*RGzts(p4)ts(pS)-Jezz#c(ps)#a(p4)ts(p5)
-Jeyytc(p4)tc(p6)*s(p5)*s(p6)+J6yy*c(p5)#s(p4)*s(p5)-a2(p6)*JGxx
*c(p4)*c(p6)*a(pS)*s(p6)+JGxxtc(p5)tc2(p6)*s(p4)*a(p5)+JSxx*c(p5)
*s(p4)#s(pS)-JSzztc(pS)#s(p4)*s(ps)-d4*m5tRSz*a(p4)ts(p5);

/%%% D[4,3] »*x/
*(d_matrix+(rows3)+2)= *(d_matrix+(rows2)+3);

/*%s D[4,4] »»%/
#(d-matrix+(rov*3)*3)=Jezz*32(p5)+J6yytc2(p6)+J67y*c2(p5)taz(ps)
+J6:x#s2(p6)#JGxx#c2(p5)*c2(p6)+J4zz+J4xx+JSxx*c2(pS)+JSyy¢JSzz

*82(pS) ;

/*xx D[1,5] *»%/

*(d_natrix+4)-d4*m6#RSz*c(pS)*s(p2+p3)*a(p4)+a2*m6tksztc(p2)tc(pS)
ts(p4)+d3tu6*R62*l(p2+p3)*s(pS)-d3*m6#R$z‘c(p2+p3)tc(p4)tc(p5)+a3
tnGtRSz*c(p2¢p3)*c(pS)#s(p4)+JSzzts(p2+p3)*a(p4)-J6yytc(p4)tc(ps)
tc(pG)*a(p2+p3)*s(p6)+J6yyts(p2+p3)ts(p4)ts2(p6)-Jnytc(p2+p3)*c(p6)
ts(ps)ts(ps)#Jsxx*c(p4)*c(ps)*c(ps)tn(p2¢p3)tn(p6)+16xx*c(p2*p3)
*c(ps)ts(pS)#s(p6)+J6xx*c2(p6)*s(p2*p3)ta(p4)*J5xx*s(p2+p3)ts(p4)
+JSzz*a(p2+p3)#s(p4)+a3*m5#ﬁ5ztc(p2+p3)tc(p5)tt(p4)-d3tm5tRSz



#c(p2+p3) *c(p4) #c(pS) +d3+m5#RSz#8 (p2+p3) 5 (p5) +a2+mS#R52*c (p2)
*c(p5)*s(p4)+d4smS*RSz*c(p5)*s (p2+p3)*s(pd);

Jesw D[5,1] wuex/
*«(d_matrix+(row*4))= *«(d_matrix+4);

/exx D[2,5] #*xx/

«(d_matrix+rov+4)=d4sm6+R6z*c(p4)*c(p5)+a2¢m6+R62*c(p3) *s(pS) +a2+m6
*R6z*c (p4)*c(pS5) *s(p3) +a3+m6+R6Z*8(pS) +J622*c(p4) +J6yy*c(p5) *c(p6)
#8(p4)*s(p6)+I6yy*c(p4)*s2(p6)-J6xx*c(p5)*c(p6)*s(p4)*s(p6)+JI6xx
#c(p4d)*c2(p6)+ISxx*c(p4)+I5zz#c(p4)+a3+m5+R52*8 (p5) +a2+m5+R52*c (p4)
*c(pS)tu(p3)+a2*m5#&52*c(p3)#s(p5)+d4*m5*RSz*c(p4)#c(pS);

/xx% D[5,2] #x=/
»(d_matrix+(rows4)+1)= *(d_matrix+row+4);

/e%s D[3,5] *¥x/

‘(d_matrix+(roqt2)+4):d4#m6tRGztc(p4)*c(pS)*a3*m6*RGz*s(p5)*JGZZ*C(p4)
+szy¢c(p5)tc(ps)tg(p4)ts(p6)+J6yy*c(p4)ts2(p6)-Jsxx*c(ps)*c(pG)
#a(p4)#a(p6)+J6xx*c(p4)#c2(p6)+35xxtc(p4)+J5zztc(p4)+a3*m5*RSz*s(pS)
+d4*mS*RSz*c(p4)*=(p5) ; :

/*x%x D[5,3] *x2/
»(d_matrix+(rows4)+2)= »(d_matrix+(rows2)+4);

/xex D[4,5] w==/
*(d_matrix+(row+3)+4)=-J6yy*c(p6)*s(pS)*s(p6)+J6xx*c(p6)*s(pS)*s(p6);

/aes D[5,4] »xx/
»(d_matrix+(rows4)+3)= *(d_matrix+(rows3)+4);

/*%% D[5,5] *%»/
»(d_matrix+(row+4)+4)=J6zz+J6yy*s2(p6)+J6xx*c2(p6)+I5xx+J1522;

/#+x D[1,6] s/
+(d_matrix+5)=-J6yy*c(p4)*s(p2+p3)*s(pS)+I6yy*c(p2+p3) *c(pS)-J6xx
sc(p4)*»s(p2+p3) *8(p5)+J6xx*c(p2+p3) *c(pS);

/*sx D[6,1] *xa/
«(d_matrix+(row*5))= *(d_matrix+5);

/%% D[2,6] =%/
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*(d_matrix+row+5)=J6yy*s (p4)*s(p5)+J6xx*s(p4)*s(p5);

/*%x D[6,2] »ux/
*(d_matrix+(rows5)+1)= *(d_matrix+row+5);

Jeex D[3,6] *xx/
*(d_matrix+(row*2)+5)=J6yy*s(p4)*s(pS)+I6xx*s(p4)*s(pS);

/xxx D[6,3] #*xx/
*{d_matriz+(rows5)+2)= *(d_matrix+(row*2)+5);

/*ex D[4,6] *¥x/
*(d_matrix+(rows3)+5)=J6yy*c(p5)+I6xx*c(pS);

/x%ex D[6,4] #**xs/
*(d_matrix+(rows5)+3)= *(d_matrix+(row*3)+5);

Jeex D[5,6] *xx/
*(d_matrix+(row*4)+5)=0.0;

/xxx D[6,5] *%%/
*(d_matrix+(rows5)+4)= »(d_matrix+(rows4)+5);

/e%% D[6,6] *%x/
*(d_matrix+(rows5)+5)=J6yy+J6xx;

return(d_matrix);

}
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“make_c_veector.c’

#include <stdio.h>
#include <math.h>
#include "PUMA_SPEC_DEF.h"

double *Make_C_Vector(rowi,coli,pos_angle,row2,col2,vel_angle)

int rowi,coll,row2,col2;

double *pos_angle,*vel_angle;

{

int i,j;

double *c_vector,
pl,p2,p3,p4,p5,p6, vi,v2,v3,v4,v5,v6,
Cc112,C122,C113,C123,C133,C114,C124,C134,C144,C115,C125,
C135,C145,C155,C116,C126,C136,C146,C156,C223,C233,C214,
C224,C234,C244,C215,€225,C235,€245,C255,C216,C226,C236,
C246,C256,C314,C324,€334,C344,C315,€325,C335,C345,C355,
€316,C326,€336,C346,C356,C415,C425,C435,C445,C455,C416,
C426,C436,C446,C456,C516,C526,C536,C546,C556;

if(rowl!=row2 || rowi!=6 || coli!=col2 || coli!=1){
printf("Dimension errors of arguments in Make.C_Vector().\n");
exit();

}

/* calloc() returns pointer of specified size whose contents */
/% are zero. */
c.vector = (double *) calloc(rowi*coli, sizeof(double));
if(c_vector == NULL){
printf("calloc() returned NULL in Make_C_Vector().\n");
exit();

}

pl= s(pos_angle); p2= *(pos_angle+l); p3= *(pos_angle+2);
p4= «(pos_angle+3); pS= *(pos_angle+4); p6= *(pos_angle+5);

vi= #(vel_angle); v2= #(vel_angle+1); v3= *(vel_angle+2);
v4= »(vel_angle+3); vS= *(vel_angle+4); v6= #(vel_angle+5);

Jess C1[1,2] »xx/
C112=2%d4sm6*R6z*c (p2+p3) *c(pS) *s (p2+p3) ~-d4*m6*R62*c (p4) *s(p5)
+2#d4*+m6+R62*c2(p2+p3) *c(p4) *8 (p5) -a3*d4+mE+2*a3*d4*m6*c2(p2+p3)



+a2¢d4*m6+c (2%p2+p3) +3q(d4) *m6+c(p2+p3) »s(p2+p3) +a2+m6*REz
#c(2+p2+p3) #c(p5) -a2#m6*R6z*c(p4) *8 (2+p2+p3) #8(pS) -a2+*a3+nb
*g (2+p2+p3) -8q (a2) *m6*c (p2) *8(p2) -a3+mE+R6z*c(pS) +2*a3*m6*R62
xc2(p2+p3) *c(pS) -2+a3+m6*R6z*c (p2+p3) *c(p4) *s (p2+p3) *3(p5)
-8q(a3) *m6*c(p2+p3) *s(p2+p3) +J6z2#c (p2+p3) *c2(p5) *s (p2+p3)
-16zz*c(p4)*c(p5)*8(pS)+2+J6zz*c2(p2+p3) *c(p4) *c(p5) *s (pS)
-J6zz*c(p2+p3) *c2(p4) *s (p2+p3) *82(p5) +J6yy*c(p2+p3) #s(p2+p3)
ts2(p5)*32(p6)-J6yy*c(p2+p3)*c2(p6)#s(p2+p3)*s2(p4)+36yy*c(p6)
*3(p4) *8 (pS) *8 (p6) -2+ I6yy*c2(p2+p3) *c(p6) *s (p4) *s(p5) *s(pé)
-2#Jﬁyytc(p2+p3)*c(p4)*c(p5)‘c(ps)ts(p2+p3)ts(p4)*s(p6)+J6yy
*c(p4)tc(p5)*s(ps)*s2(p6)-2*J6yy¢c2(p2+p3)*c(p4)*c(pS)#s(pS)
*82(p6) -J6yy*c (p2+p3) *c2(p4) *c2(pS) *s (p2+p3) *s2(p6) -J6xx
tc(p2+p3)*s(p2+p3)ts2(p4)#sz(ps)+Jsxx*c(p2+p3)*c2(p6)ts(p2+p3)
*s2(p5)-J6xx*c(p6)*s(p4)#s(ps)ts(pe)+2*Jexx*c2(p2+p3)*c(p6)
*s(p4)ts(ps)#s(p6)+2*16xx#c(p2+p3)*c(p4)*c(p5)tc(pe)ts(p2+p3)
*u(p4)*s(p6)+J6xxtc(p4)*c(pS)*c2(p6)*s(ps)-2tJGxx*c2(p2+p3)
*c(p4)*c(p5)tc2(p6)*s(pS)-Jsxx*c(p2*p3)*c2(p4)*c2(p5)*c2(p6)
*s(p2+p3)-a3*d4*m4+2*a3*d4*m4*c2(p2#p3)+a2*d4*m4*c(2*p2+p3)
+sq(d4)#m4*c(p2+p3)*a(p2+p3)-a2*m4*R4y#c(2tp2#p3)-a2*a3*m4
*8(2+p2+p3) -8q(a2) *mé*c (p2) *s (p2) +a3+m4*R4y-2+a3*md*+Rdy
*c2(p2*p3)-sq(a3)*m4#c(p2*p3)*s(p2+p3)-J4zz*c(p2+p3)*s(p2+p3)
*s2(p4)+J4yy*c(p2+p3)*s(p2+p3)-2*d4*m4*R4ytc(p2+p3)ts(p2+p3)
-Jaxxzsc(p2+p3) *c2(p4) *s (p2+p3) -sq(a2)*m2+c(p2) *s(p2) +J2yy
#c(p2)*s(p2)-2%a2+m2+R2x*c(p2) #s(p2) -J2xx*c(p2) *8(p2) -J3xx
#c(p2*p3)*a(p2+p3)+J3zz*c(p2+p3)*a(p2+p3)-uq(a2)tm3*c(p2)
*s(p2)+a2*m3*R32*c(2#p2+p3)-sq(as)*m3tc(p2+p3)*l(p2+p3)~a2
#a3#m3+s (2#p2+p3) +2*a3*n3*R3z*c2(p2+p3) ~a3*m3*RIZ- ISxx
*c(p2+p3)*c2(p4)tc2(p5)ts(p2+p3)-2*15:x#c2(p2+p3)tc(p4)tc(ps)
*s(pS)#JSxx*c(p4)*c(ps)*a(p5)+J5xx*c(p2+p3)*s(p2+p3)*52(p5)
-JSyytc(p2+p3)#s(p2+p3)*s2(p4)-JSzztc(p2+p3)tc2(p4)ta(p2+p3)
ts2(p5)+2*JSzz*c2(p2+p3)*c(p4)*c(p5)*s(pS)-JSzztc(p4)tc(pS)
*s(p5)+JSzz*c(p2+p3)*c2(p5)#s(p2+p3)-aq(a3)#m5tc(p2+p3)
*s(p2+p3)-ZtastnStRSZ*c(p2+p3)#c(p4)ts(p2+p3)ts(p5)+2#a3#m5
*RSz*c2(p2#p3)tc(pB)-a3tm5‘RSztc(p5)-aq(a2)‘m5*c(p2)ta(p2)
-a2#a3smS+s (2¢p2+p3) -a2+m5+R5z*c (p4) #8 (2#p2+p3) +8(p5) +a2+mS
tnsztc(ztp2+p3)*c(p5)+aq(d4)#mstc(p2+p3)tl(p2¢p3)¢a2*d4tm5
#c(2+p2+p3) +2¢a3+d4+m5+c2(p2+p3) -a3+d4+m5+2+d4*m5+R5z
#c2(p2+p3) #c(p4) *8(pS) -d4*mS+R5z+c(p4) *s (pS) +2#d4*m5+R52
»c(p2+p3)*c(p5)*s8(p2+p3);

Jaxx C1[2,2] #=xx/
C122=d4*n6#R6z+s (p2+p3) #8 (p4) #s (p5) +d3+d4sm6+s(p2+p3) +a2+né
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*R6z%c (p2) #8(p4)*s(p5) +a2+d3+mé*c(p2) +a3*m6+R62*c (p2+p3)

»g (p4) *8(p5)+a3+d3+m6*c (p2+p3) +J6z2*c(pS) #8(p2+p3) *s(p4)
»5(p6) +J6zz#c(p2+p3) *c(pd) *s(p4)*82(p5)+d3+m6*R62*c(pS5)

#8 (p2+p3) +d3*m6*R6z%c (p2+p3) *c (p4) *s(pS) +J6yy*c(p4) *c(p6)
‘wg(p2+p3) #8(p5) *8(ph) -J6yy*c(p2+p3) *c(p4) *c2(p6) *s(pd)
-J6yy*c(p5)*s(p2+p3) *a(p4) *s(p5)*s2(p6)+I6yy*c(p2+p3)
»c(p5)*c(p6)*8(p6)-2+JI6yy*c(p2+p3)*c2(p4) *c(p5) *c(p6)
»3(p6) +J6yy*c(p2+p3) »c(p4)*c2(pS)*s(p4)*s2(p6)-J6xx
»c(p2+p3)*+c(p4)*s(p4) *s2(p6)-J6xx*c(p4)*c(p6) *s(p2+p3)
*8(pS)*s(p6)-J6xx*c(p5)*c2(p6)*s(p2+p3)*s(p4)*s(p5S)-J6xx
wc(p2+p3) *c(p5) *c(p6) #3(p6) +2# J6xx*c(p2+p3) *c2(p4) *c (p5)
»c(p6)*8(p6)+J6xx*c(p2+p3) *c(pd)*c2(p5)*c2(p6)*s(p4) +d3+dd
*m4*s (p2+p3) +a2#d3#md*c (p2) +a3+d3*m4*c (p2+p3) -J4zz*+c (p2+p3)
»c(p4)*s(p4) -d3sm4#Rdy+s(p2+p3)+J4xxrc(p2+p3)*c(p4) *s(p4)
+a2#m2#R2z*c (p2) +d3+«m3#R3z*8 (p2+p3) +a2#d3*m3*c(p2) +a3*d3+m3
#c(p2+p3)+I5xx*c(p2+p3) #c(pd) *c2(p5) *a(p4) -I5xx*c(p5)*s(p2+p3)
»8(p4)*s(pS) -I5yy*c(p2+p3) *c(p4) *s (p4) +d3+mS*RSz*c (p2+p3)
*c (p4) *s(pS) +d3*+mS#RS5z*c(p5) *8 (p2+p3) +J5zz#c(p2+p3) *c(p4)
#g (p4) #82(p5) +J5zz*c(p5) *8 (p2+p3) *s (p4) *s (p5) +a3+d3*mS

#c (p2+p3) +a3+mS*RSz#c (p2+p3) *s (p4) *s8(p5) +a2¢d3*+mS+c(p2) +a2
*»mS*RSz*c (p2) *8 (p4) #8 (p5) +d3*d4*m5+s (p2+p3) +d4*m5*R52
»s(p2+p3) *s(p4)*s(pS);

J*x% C1[1,3] *%=x/

C113=2%d4*m6*R6z%c (p2+p3) *c (pS) *8(p2+p3) ~d4*mé*R6z*c (p4)
»g(p5)+2+d4*n6*R62%c2(p2+p3) *c (p4) *s(p5) ~a3*d4+m6+2*a3
»d4sm6*c2(p2+p3) +a2#d4smb+c (p2) *c (p2+p3) +8q(d4) *mS+c (p2+p3)
*8 (p2+p3) -a3+m6+R6z*c (pS) +2+a3+m6*R6z*c2(p2+p3) #c(p5) ~2+a3
*m6*R62z#c (p2+p3) *c(p4) *s(p2+p3) *s(p5) ~8q(a3) sm6*c(p2+p3)
#8 (p2+p3) -a2+a3«m6+c(p2) *8 (p2+p3) +J62z*c (p2+p3) #c2(p5)
#8 (p2+p3) -J6zz*c(p4) *c(p5) *s(p5) +2+J62z*c2(p2+p3) #c(p4)
*c(p5)#8(pS) -J6zz*c(p2+p3) *c2(p4) *s (p2+p3) #s2(p5) +a2+mé
*R6z*c (p2)*c(p2+p3) *c(pS) -a2+*m6+R62z*c (p2) *c(p4) *s(p2+p3)
*8(p5)+J6yy*c(p2+p3) *s(p2+p3) *s2(p5) *82(p6) -J6yy*c(p2+p3)
*c2(p6)*8 (p2+p3) *82(p4) +J6yy*c(p6)*s(p4)»a(pS)*s (p6) -2+J6yy
#c2(p2+p3) *c(p6) #8(p4) +s(pS) *8 (p6) -2+ J6yy*c(p2+p3) *c(p4)
*c(p5)*c(p6)*s(p2+p3) *s(p4) *8(p6) +I6yy*c(p4)*c(pS)*s(p5)
»32(p6) -2+#J6yy*c2(p2+p3) *c(p4) *c(p5) *s(ps)+82(p6) -J6yy
*c(p2+p3) *c2(p4) *c2(p5) *s(p2+p3) *s82(p6) -J6xx*C(p2+p3)
*8 (p2+p3) *82(p4) *s2(p6) +J6xx*c (p2+p3) #c2(p6) *s (p2+p3)
#82(pS5) -J6xx*c(p6)*8(pd)*s(pS)*s(p6)+2+J6xx*c2(p2+p3)
*c(p6)*s(p4) *s(p5) *s(p6)+2+#J6xx*c (p2+p3) *c(p4)*c(pS)



Lo

xc(p6)*s(p2+p3) *s8(p4)*8(p6) +J6xx*c(p4) *c(pS)*c2(p6)

»8(p5) -2+ J6xx*c2(p2+p3) *c(p4) *c(p5)*c2(p6)*8(p5)-J6xx
*c(p2+p3)*c2(p4) *c2(pS) *c2(p6) *a(p2+p3) ~a3*d4m4+2+a3
*d4smd*c2(p2+p3) +a2+d4*mé*c (p2)*c(p2+p3) +8q(d4) *m4*c(p2+p3)
»g (p2+p3) +a3+md*R4y-2+a3+«m4*Rey*c2(p2+p3) ~sq(a3) *m4
*c(p2+p3) 8 (p2+p3) -a2+a3smd*c(p2) *s (p2+p3) - J4zz*c (p2+p3)
»g(p2+p3)*82(p4) +J4yy*c(p2+p3) *s (p2+p3) -a2+md*R4y*c(p2)

#c (p2+p3) -2+d4*mé*xRay*c (p2+p3) *s (p2+p3) -J4xx*c(p2+p3)
*c2(p4) *s(p2+p3) -J3xx*c(p2+p3) #s (p2+p3) +a2sm3*R3z*c (p2)
*c(p2+p3) +13zz#c(p2+p3) *a(p2+p3) -8q(a3) sm3«c(p2+p3) *s(p2+p3)
-a2+#a3*m3*c(p2) *8 (p2+p3) +2+#a3*m3*R3z*c2(p2+p3) -a3*m3*+R3z
-JSxx*c(p2+p3) *c2(p4) *c2(p5) *8 (p2+p3) -2+ I5xx*c2(p2+p3) *c(p4)
*c(p5)#3(pS)+JSxx*c(p4)*c(p5)*s8(pS) +I5xxwc(p2+p3) *5(p2+p3)
#82(p5)-JSyy*c(p2+p3) *s(p2+p3) *s2(p4) -a2+mS*REz#c (p2) *c(p4)
*8(p2+p3) #8 (p5) +a2+m5*RSz*c (p2) *c (p2+p3) *c(pS)-I52z*c(p2+p3)
*c2(p4) *8 (p2+p3) *82(p5) +2+J5z2+c2(p2+p3) *c(p4) *c(p5) *s (p5)
-J5zz*c(p4)*c(p5)*s(pS)+I5zz*c (p2+p3) *c2(pS) *s(p2+p3) ~a2+a3
*mS*c (p2)*8 (p2+p3) -8q(a3) *mS*#c (p2+p3) *s(p2+p3) ~2+a3*n5*R52
*c(p2+p3) *c(p4)*s(p2+p3)*s(pS) +2%a3*+m5*RSz#c2(p2+p3) *c(p5)
-a3*m5+R5z*c (p5S) +8q(d4) »mS«c(p2+p3) *s (p2+p3) +a2+d4+mbE+c(p2)
tc(p2+p3)+2#a3*d4*m5tc2(p2+p3)-a3*d4*n502*d4tm5*RSztc2(p2+p3)
#c(p4)*s(p5)-d4tm5*R52*c(p4)*s(pS)+2#d4*m5#R52*c(p2+p3)tc(p5)
*8(p2+p3);

Jxxx C1[2,3] *%xx/
C123=d4*m6+R6z*8 (p2+p3) *8 (p4) *s8 (p5S) +d3*d4*m6+s (p2+p3) +a3+m6+R62
*c(p2+p3)*s(p4)*s(p5)+a3+d3+m6+c (p2+p3) +JI6zz*c(p5)*8(p2+p3)
+8(p4) *8 (p5) +J6zz*c(p2+p3) *c(p4) #s (p4) #82(p6) +d3*m6+R6z*c (p5)

+8(p2+p3) +d3+m6+R6z*c (p2+p3) *c (p4) *8 (p5) +J6yy*c (p4) »c(p6)
*8(p2+p3) *s(pS5) *+8(p6) ~J6yy*c(p2+p3) #c(p4) *c2(p6)*s(p4) -J6yy
#c(p5) *8(p2+p3)*8(p4) *8(pS) *82(p6) +J6yyec(p2+p3) *c(pS) *c(p6)
8 (p6) -2+ J6yy*c (p2+p3) *c2(p4) *c(pS)*c(p6) *s(p6) +J6yy*c(p2+p3)
tc(p4)*c2(p5)#5(p4)‘82(p6)‘JG!X*C(p2*p3)‘C(p4)‘!(p4)‘82(p6)
-J6xx*c(p4)*c(p6)*s(p2+p3) *s(pS) *s(p6) -J6xx*c(p5) *c2(p6)
+s(p2+p3) *8(p4) *8(pS) -J6xz*c (p2+p3) *c(pS) #c(p6) ¥8 (p6) +2#J6xx
tc(p2¢p3)tc2(p4)tc(p5)tc(p6)*s(p6)+16xxtc(p2+p3)*c(pé)*c2(ps)
#c2(p6)ts(p4)+d3*d4¢m4*s(p2+p3)+a3td3tm4#c(p2+p3)-J4zztc(p2*p3)
*c(p4)#s(p4)-d3#m4#R4y*s(p2+p3)+J4xxtc(p2¢p3)tc(p4)tn(p4)*d3
»m3%R3z#8 (p2+p3) +a3sd3sm3sc (p2+p3) +J5xx¥c (p2+p3) #c(p4) #c2(p5)
*s(p4)-JSxx#c(pS)*s(p2+p3)ts(p4)#s(pS)-JSyytc(p2+p3)tc(p4)
+8(p4) +d3+m5+RSz*c (p2+p3) #c (p4) *s (p6) +d3smbsRE5z*c (p5) +8 (p2+p3)
+J5zz%c(p2+p3) *c(pa) *s (p4)*82(p5)+I52z+c(p5) #s(p2+p3) *s(p4)



tn(ps)0a3-d3tm5tc(p2¢p3)+33*m5tR52#c(p2+p3)ts(p4)ts(p5)+d3td4
tmsts(p2+p3)+d4-m5*RSz*s(p2+p3)ts(p4)#a(pS);

Jess C1(3,3] #»x/
C133=d4+m6+R6z*8 (p2+p3) *8(p4) #5(pS) +d3*d4*m6+s (p2+p3) +23*mb*R62Z
tc(p2+p3)-s(p4)#a(p5)+astd3tm6*c(p2*p3)+JGzztc(p5)ts(p2+p3)
tl(p4)-s(p5)+JGzztc(p2+p3)tc(p4)ts(p4)ts2(p5)+d3#m6*RGz*c(p5)

ta(p2+p3)+d3tm6#RGztc(p2+p3)#c(p4)ts(p5)+J6yy*c(p4)*c(p6)
ts(p2+p3)-u(ps)ta(pG)-Jny#c(p2+p3)tc(p4)tc2(p6)ts(p4)-J6yy
tc(ps)tu(p2+p3)ta(p4)*s(p5)*s2(p6)+16yy*c(p2+p3)*c(pS)#c(pG)
*m(pS)-2*J6yy'c(p2+p3)*c2(p4)*c(pS)*c(pG)*u(p6)+36yy*c(p2+p3)
tc(p4)tc2(p5)ts(p4)#a2(p6)-Jsxxtc(p2+p3)*c(p4)ts(p4)t32(p6)
-Jsxx*c(p4)*c(ps)*s(p2+p3)*s(ps)#s(ps)-Jsxx*c(ps)*c2(p6)*s(p2+p3)
ts(p4)ts(pS)-JGxx*c(p2+p3)#c(pS)*c(pG)#s(pS)+2#16xx*c(p2*p3)
#c2(p4)*c(p5)*c(pG)*s(p6)+J6xx#c(p2+p3)tc(p4)tc2(p5)*c2(p6)
ta(p4)#d3#d4tm4ts(p2+p3)#a3td3*m4*c(p2+p3)-J4zz*c(p2+p3)*c(p4)
ta(p4)-d3#m4#R4y*u(p2+p3)+J4xx#c(p2*p3)tc(p4)ts(p4)+d3#m3t832
#a(p2*p3)#a3*d3tm3*c(p2+p3)+JSxxtc(p24p3)#c(p4)*c2(p5)ts(p4)
-JSxxtc(pS)ts(p2+p3)*s(p4)*s(p5)-JSyy*c(p2+p3)#c(p4)*s(p4)
+d3tm5tR52#c(p2¢p3)#c(p4)#s(p5)+d3*mS*RSz*c(p5)*s(p2+p3)fJSzz
tc(p2+p3)‘c(p4)tn(p4)ts2(p5)+JSzz*c(p5)*s(p2+p3)*s(p4)ts(pS)
+a3#d3*m5tc(p2+p3)+a3#m5*RSztc(p2¢p3)*s(p4)#a(p5)+d3#d4tm5
#s(p2+p3)+d4tm5tR52#a(p2+p3)*s(p4)#s(ps);

/esw C1[1,4] »=x/

C114--Jszztc(p2+p3)*c(ps)ts(p2+p3)*s(p4)ts(p5)+JGzztc(p4)
tsz(p2+p3)ta(p4)tsz(pS)—a3tm6tRSz*c2(p2+p3)ts(p4)*s(p5)-a2tm6
tRGztc(p2)*c(p2#p3)ta(p4)ts(p5)-d4*m6tRSz*c(p2+p3)*a(p2+p3)
#s(p4)ta(p5)+d3tm6tnsz#c(p4)*a(pS)-JSyytc(p2+p3)*c(p4)tc(ps)
tl(p2+p3)ta(pS)ts(pG)-szy*c(p4)tc2(p6)*a2(p2*p3)ts(p4)+J6yy
tc(p2+p3)tc(pS)ts(p2+p3)#a(p4)#s(ps)ts2(ps)+16yy*c(p5)tc(ps)
-:2(p2+p3)*a(p6)-2#36yy#¢2(p4)*c(p5)*c(ps)*s2(p2+p3)#s(ps)
+J6yytc(p4)tc2(p5)*52(p2+p3)ts(p4)#a2(p6)-J6:x*c(p4)ts2(p2+p3)
*o(pA)ta2(p6)+16xxtc(p2+p3)tc(p4)#c(ps)#s(p2+p3)ts(p5)ts(pG)
+Jsxxtc(p2#p3)*c(pS)#cZ(pG)*s(p2+p3)ts(p4)#s(p5)-J6xxtc(p5)
tc(ps)tl2(p2+p3)ts(p6)+2#16xx#c2(p4)$c(p5)*c(p6)#s2(p2+p3)
ta(p6)+J6xxtc(p4)tc2(p5)tc2(p6)*a2(p2#p3)ts(p4)-J4zz*c(p4)
t32(p2+p3)ts(p4)+J4xxtc(p4)t92(p2#p3)tu(p4)+JSxxtc(p4)tc2(p5)
ts2(p2¢p3)*a(p4)0J5!x*c(p2+p3)*c(pS)*s(p2+p3)*s(p4)*a(pS)-JSyy
tc(p()ts2(p2+p3)ts(p4)0d3tn5*RSztc(p4)*a(pS)-dAtNStBSztc(p2+p3)
ts(p2#p3)#s(p4)tu(pS)-a2thtR52tc(p2)*c(p2+p3)*a(p4)*s(p5)
-a3tnStRSztc2(p2+p3)#s(p4)ts(pS)+JSzztc(p4)*s2(p2+p3)*s(p4)



+82(p6)-J5zz*c(p2+p3) *c(p5) *a (p2+p3) #s(p4) *s(pS) ;

J/eew C1[2,4] *»%/

C124=-J6zz*8 (p2+p3) *s2(p4) *82(p5) -d3+m6+R62*8 (p2+p3) *s (p4) *s(p5)
-Jny*c2(p4)*c2(p6)#s(p2+p3)+2#J6yy#c(p4)tc(pS)-c(pG)ts(p2+p3)
*s(p4)*s(pS)~Jny*c2(p5)*s(p2+p3)*a2(p4)tsz(ps)-JGxxtcz(p4)
#a(p2+p3)ta2(p6)-2*J6xx*c(p4)tc(pS)tc(pG)*u(p2+p3)tu(p4)ts(pG)
-J6xx*c2(p5) *c2(p6)*s (p2+p3) *82(p4) -J4zz+c2(p4) *s (p2+p3) - J4xx
#n(p2¢p3)*52(p4)-15xx*c2(p5)*s(p2*p3)*92(p4)-J5yy#c2(p4)*s(p2+p3)
-d3em5#REz*8 (p2+p3) #8 (p4) *8 (p5)-JISzz+s (p2+p3) #s2(p4) %82(p5) ;

Jens C1[3,4] #»x/

C134--Jszz*s(p2+p3)*s2(p4)*s2(p5)-d3-mG¢RGz*e(p2+p3)-s(pQ)#s(ps)
-Jny#c2(p4)*c2(p6)ts(p2+p3)+2tJ6yytc(p4)tc(ps)*c(ps)*s(p2+p3)
ts(p4)#s(p6)-JSyy#c2(p5)ts(p2+p3)*s2(p4)*32(96)-36xx*c2(p4)
*s(p2+p3)ts2(p6)-2*J6xx*c(p4)#c(ps)tc(pS)*n(p2+p3)ts(p4)ts(p6)
-JSxxtcz(pS)#c2(p6)*a(p2+p3)*s2(p4)-J4zztc2(p4)-s(p2+p3)-J4xx
*s(p2+p3)ta2(p4)-15xx*c2(p5)ta(p2+p3)#s2(p4)-JSyytc2(p4)ts(p2+p3)
-d3tm5#RSz*s(p2+p3)*s(p4)*s(ps)-JSzz*s(p2+p3)ts2(p4)tu2(p5);

[ewe C1[4,4] #**x/

C144--Jszz*c(p5)#a(pz*p3)*s(p4)*s(pS)-astnetnsztc(p2+p3)-s(p4)
*s(ps)-a2tm6*RGztc(p2)*s(p4)#s(pS)-d4tm6tRGzts(p2+p3)#s(p4)
ta(p5)+d3*m6tasz-c(p2+p3)*c(p4)*s(ps)-J6yy-c(p4)tc(p6)ts(p2+p3)
ta(ps)*s(p6)+J6yytc(p5)#s(p2+p3)*s(p4)*s(p5)¢s2(p6)+JSxxtc(p4)
¢c(p6)ts(p2+p3)#s(ps)*s(p6)+J6xx*c(p5)*c2(p6)*s(p2+p3)#s(p4)
*s(ps)+JSxx*c(p5)ts(p2¢p3)ts(p4)ts(ps)+d3*m5tRSz#c(p2+p3)*c(p4)
*s(pS)-d‘!mS‘RSz#s(p2¢p3)*s(p4)*s(p5)-a2*n5*ﬂ$ztc(p2)‘8(94)
*g(p5)-a3tm5tRSztc(p2+p3)ts(p4)ts(p5)-JSzztc(ps)#u(p2+p3)ts(p4)
*s(pS);

Jexs C1[1,5] »xx/

C115-Jszztc(p5)*s2(p4)ts(pS)-Jszz*c(ps)*s2(p2+p3)‘-(pS)-JGZz*c(p2+p3)
tc(p4)tu(p2+p3)+2tJGzz*c(p2+p3)tc(p4)*c2(p5)#s(p2*p3)+J6zz
tc2(p24p3)tc2(p4)tc(ps)ts(ps)-a3*m6tR62tc(p2¢p3)tu(p2+p3)*s(p5)
+a3tn6tBSz*c2(p2+p3)tc(p4)*c(ps)-a2tm6tR6z‘c(p2)*l(p2+p3)*s(p5)
+a2tn6tksztc(p2)*c(p2+p3)*c(p4)*c(pS)-d4tm6tnszts2(p2*p3)*s(pS)
+d4tn6tR6z*c(p24p3)tc(p4)tc(p5)~s(p2+p3)+d3*n6*R6z*C(p5)*s(p4)
-szytc(pS)-;2(p4)tu(ps)tnz(p6)+16yytc(p5)ta2(p2+p3)ta(p5)*52(p6)
-Jny*c(p2+p3)*c(pS)*c(pG)*8(p20p3)‘l(P4)*l(p6)*J3yy‘C(P2*P3)‘C(p4)
ts(p2+p3)*32(p6)+J6yytc(p4)*c(pe)*a2(p2+p3)*a(p4)*l(p5)‘s(pﬁ)
-2#J6yytc(p2+p3)*c(p4)#c2(p5)*s(p2+p3)ta2(p6)-szytc2(p2+p3)
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113

*c2(p4)*c(p5)*s(p5)*82(p6)+J6xxwc(p2+p3) *c(pS) *c(p6) *s(p2+p3)
*8(p4)*s(p6)+I6xx*c(pS)*c2(p6)*s2(p2+p3) *a(pS)-J6xx*c(pS)*c2(p6)
+82(p4)*s(p5)-J6xx*c(p4)*c(p6)*s2(p2+p3) *s(p4)*s(p5)*s(p6)+J6xx
#c(p2+p3) *c(p4)*c2(p6) *s(p2+p3) -2¢J6xx*c(p2+p3) #c(p4) *c2(p5) *c2(p6)
*8(p2+p3)-J6xx*c2(p2+p3)*c2(p4)*c(pS)*c2(p6)*s(pS)-ISxx*c2(p2+p3)
«c2(pa)*c(pS)*s(p5) -2+ JSxx*c(p2+p3) *c(p4) *c2(pS) *8(p2+p3) +J5xx
sc(p2+p3)*c(p4a) *s(p2+p3)-I5xx*c(p5)*s2(p4) *s (pS) +I5xx*c(p5)
#82(p2+p3) *s(p5) +d3+mS*RSz*c (p5) *8 (p4) +d4smE*R5Z#c (p2+p3) »c(p4)
#c(p5) *8(p2+p3) -d4*m5+R52+82(p2+p3) #8 (p5) +a2sm5*+RSz*c(p2) *c(p2+p3)
*c(p4)*c(p5)-a2#+m5#RSz#c(p2) #8(p2+p3) *s(p5) +a3+m5+R6z*c2(p2+p3)
#c(p4)*c(p5)-a3*m5*«RSz#c (p2+p3) *s (p2+p3) #s(p5)+I52z#c2(p2+p3)
#c2(pa)*c(pS)*#s(p5) +2+I5zz+c (p2+p3) *c (p4) *c2(pS) *8(p2+p3) -J52z
.c(p2+p3)tc(p4)ta(p2+p3)-JSzz#c(pS)*s2(p2*P3)‘S(Ps)*Jszz*C(Ps)
*82(p4)*s(pS);

/+%% C1(2,5] »=x#/

C125=J6zz*c (p2+p3) *8(p4) *82(p5) +J6zz*c(p4) *c (pS)*s(p2+p3) *s(p4)
#8(p5) +d3+m6*R6z*c (p2+p3) *8(p5) +d3*m6*RE6z*c (p4) *c (p5) *s(p2+p3)
-J6yy*c(p2+p3) *c(p4) *c(pS)*c(p6)*s(p6)+I6yy*c2(p4)*c(p6)*s(p2+p3)
*8(p5)*s(p6)+I6yy*rc(p2+p3) *c2(pS5) *s(p4) *82(p6)-JI6yy*c(p4) *c(pS)
*5(p2+p3) *8(p4) *s(p5)*82(p6) +I6xx*c(p2+p3) #c(p4) *c(pS) »c (p6)
*8(p6) +J6xx%C (p2+p3) #c2(p5) *c2(p6) *8 (p4) - J6xx*c2(p4) *c (p6)

*g (p2+p3) *8 (pS) +a (p6) - J6xx*c(p4) *c(pS) »c2(p6) *8(p2+p3) #5 (p4)
*8(p5) -I5xx*c(p4) *c(pS)*s (p2+p3) *s(p4) #8 (pS) +I5xx*c(p2+p3)
*c2(p5) *s (p4) +d3+mS*#R5z*c (p4) *c(pS) #s (p2+p3) +d3*+mS#R5z*c (p2+p3)
4,(p5)+J52ztc(p4)#c(p5)*s(p2+p3)*8(p4)*8(P5)+35zz*C(P2*P3)*3(P4)
*82(pS) ;

/*s» C1[3,5] »%+/

C135=J62z*c (p2+p3) #s (p4) *82(pS5) +J6zz*c(p4) *c(p5)*s (p2+p3) *s(p4)
+8(p5)+d3sm6*R6z*c (p2+p3) +8(p5) +d3*m6*+R62*c (p4) *c(p5) *8(p2+p3)
-J6yy*c(p2+p3) *c(p4) *c(p5) *c(p6) *8(p6)+I6yy*c2(p4) *c(p6)*s(p2+p3)
*8(p5)#8(p6)+J6yy*c(p2+p3)*c2(p5) *8(p4)*82(p6)-JI6yy*c(p4)*c(pS)

8 (p2+p3) *s (p4) *8(p6)#82(p6) +J6xx*c(p2+p3) *c(p4) *c(p5) *c(p6)

+8(p6) +J6xx%c (p2+p3) *c2(pS5) *c2(p6) *s8(p4) -I6xx*c2(p4) *c(p6) *s (p2+p3)
8 (p5) #8(p6)-I6xx%C (p4)*c(pS)*c2(p6) *8(p2+p3) #8(p4)*8(p5) ~ISxx*c(p4)
«c(p5)#s(p2+p3) #8(pd) #s (p5)+I5xx#c (p2+p3) #c2(p5)*s(p4) +d3*mS*RSz
*c(p4) #c(p5)»8(p2+p3) +d3smS*+RSz*c (p2+p3) #8 (p5) +I5zz*c(p4) *c(pS)
+8(p2+p3) *s(p4) *8(pS) +I5zz*c (p2+p3) *s(p4) *82(pS) ;

/*w+ C1(4,5] #»x/
C145=J6zz*c (p4) *c2(pS) *8 (p2+p3) +J6zz*c (p2+p3) *c(p5) *8(pS) +d3+mé



*R6z*c (p2+p3) *c(p5) *s(p4) +a3*m6*REz+c(p2+p3) #c(p4) *c(p5) +a2+m6+R62
*c(p2)*c(pa)*c(p5)+d4*m6+R6z%c(p4) *c(pS) *s(p2+p3) +J6yy*c(pd)
*8(p2+p3) *a2(p5) *82(p6) -J6yy*c(p2+p3) *c(p5) *s(p5) *82(p6) +J6xx
*c(p4)*c2(p6)*s(p2+p3) *82(p5) -I6xx*c(p2+p3) *c(p5) *c2(p6) *s (pS)
-J5xxsc(p2+p3) *c(pS) *s (p5) +J5xx*c(p4) *s(p2+p3) 82 (pS) +d4*+mS*R52
*c(p4)*c(pS)*s(p2+p3)+a2*m5*R5z*c(p2) *c(p4) *c(p5) +a3wm5+RS2
*c(p2+p3)tc(p4)*c(ps)+d3*m5*RSz*c(p2+p3)#c(p5)*a(p4)+JSzz*c(p2*p3)
*c(p5)*8(pS)+ISzz*c(pa)*c2(p5)*s(p2+p3);

/x%%x C1[5,5] #*xx/

C155-d3*m6*ﬂ62*c(p5)*s(p2+p3)+d3*m6*R62*c(p2#p3)tc(p4)ts(pS)~a3
*m6#R6z*c (p2+p3) *8 (p4) *8(pS) -a2+mE6*R6z*c(p2) *s(p4) *s(pS) -d4*n6
tRGzts(p2#p3)*s(p4)*s(p5)*Jny*c(p4)*c(p6)ts(p2+p3)*s(p5)ts(p6)
-Jnytc(p2+p3)#c(pS)*c(pG)ta(pﬁ)-JSxxtc(p4)tc(p6)‘a(p2+p3)
*s(pS)#s(p6)+J6:x*c(p2+p3)#c(p5)#c(ps)ts(ps)-d4thtRSz#s(p2+p3)
*a(p4)ts(pS)-a2tm5#RSztc(p2)ts(p4)*s(pS)-aSthtRSz#c(p2+p3)
*s(p4)*s(p5)+d3*mStRSZtc(p2*p3)tc(p4)*s(pS)*dsth#RSztc(pS)
*8(p2+p3);

/xxx C1[1,6] *»x/

C116--J6yy*c2(p4)*c(ps)*s(pe)+szy*c2(ps)*c(ps)*s2(p4)ts(p6)*J6yy
tc(ps)tsz(p2+p3)#s2(p5)*s(p6)-szytcz(p2+p3)#c(pe)tsZ(p4)-a(pe)
+szytc(p2+p3)#s(p2+p3)*s(p4)ta(pS)-2#36yytc(p2+p3)tc2(p6)
*a(p2+p3)ts(p4)*s(pS)-2*J6yy‘c(p2+p3)*c(p4)*C(pS)‘C(pG)*B(PQ*P3)
*s(ps)*s(p6)+16yy*c(p4)*c(p5)ts2(p2+p3)tn(p4)-2*J6yytc(p4)*c(p5)
tcz(ps)tsz(p2+p3)*s(p4)+J6yy#c2(p2+p3)*c2(p4)tc2(p5)tc(p6)*s(pG)
+16xx*c2(p4)*c(p6)ts(p6)+JGxx*c2(p2+p3)*c(p6)ts2(p4)#s(p6)-J6xx
#c(ps)#s2(p2+p3)t32(p5)*s(p6)-J61x#c2(p5)t32(p4)#s(pG)-JGxx
#c(p2+p3)*s(p2+p3)ts(p4)*s(p5)+2#J61x*c(p20p3)#c2(p6)ts(p2+p3)
*s(p4)*s(p5)+2¢JGxxtc(p2+p3)tc(p4)*c(ps)*c(pﬁ)*a(p2+p3)*s(p5)
*s(p6)-Jsxx*c(p4)tc(p5)ts2(p2+p3)*s(p4)+2t16xxtc(p4)*c(p5)
tc2(p6)#s2(p2+p3)ta(p4)-Jsxx#c2(p2+p3)*c2(p4)#c2(p5)*c(p6)tu(pe):

Jexx C1[2,6] **x=/

C126~-J6yy*c(p2+p3)#c(p4)*c2(p6)ta(p5)+16yytc(p4)tc(p6)ts(p2+p3)
*s(p&)*a(ps)-Jny*c2(p4)*c(p5)*c2(p6)*s(p2+p3)*J6yy‘c(p2*p3)
*c(pS)#c(pS)*s(pé)*s(pS)‘u(ps)-szytc(ps)ts(p2+p3)*a2(p4)#u2(p€)
+Jeyytc(p4)tc2(p5)tc(p6)ts(p2+p3)ts(p4)*s(p6)-JBxx*c(p4)‘c(p6)
*s(p2#p3)*s(p4)*s(p6)-JGxxtc(p2*p3)tc(p4)tl(p5)ts2(p6)-JGxx
tc(ps)tc2(p6)ts(p2+p3)*s2(p4)-J6xx*c(p2+p3)*c(pS)*C(PG)‘S(p4)
*s(ps)ts(p6)-JSxxtcz(p4)*c(p5)#s(p2+p3)#32(p6)-JSxxtc(p4)*c2(p5)
*c(p6)*s (p2+p3) *a(p4)*s(p6);



/»ss C1[3,6] »xx/

C136=-J6yy*c(p2+p3)*c(p4)*c2(p6)*s(p5)+I6yy*c(p4)*c(p6)*s(p2+p3)
»3(p4)*8(p6)+I6yy*c(p2+p3) *c(p5)*c(p6)*s(p4) *s(pS) *s(p6) -J6yy
*c2(p4)*c(p5)*c2(p6)*a(p2+p3)-J6yy*c(pS) #8(p2+p3) *32(p4) *s2(p6)
+J6yy*c(pa)*c2(pS) *c(p6)*s(p2+p3) *s(p4)*s(p6)-I6xx*c(p4) *c(p6)
#8(p2+p3)*s(p4) *s(p6) -J6xx*c(p2+p3) *c(p4) #8(pS) *52(p6) - J6xx*c(pS5)
*c2(p6) *s (p2+p3)#82(p4) -J6xx*c2(p4) *c(p5)*s(p2+p3) +s2(p6) - J6xx
tc(p2+p3)tc(p5)tc(pG)#s(p4)*8(pS)‘!(ps)'Jexx‘C(p4)‘C2(p5)*C<P6)
#s(p2+p3)*8(p4)*s(pé);

/es» C1[4,6] »*2/

C146=J6yy*s (p2+p3) *s (p4) *a(pS) *82(p6) ~J6yy*c(p4)*c(p5) *c(p6)
*8(p2+p3)*s(p5)*s8(p6)-I6yy*c(p2+p3) *c(p6)*s2(p5) *s(p6) +J6xx
*c2(p6) *s(p2+p3)*8(p4) *s(p5)+J6xx*c(p4)*c(pS)*c(p6)*s(p2+p3)
*8(p5)*8(p6)+J6xx*c(p2+p3) *c(p6)*s2(p5)*s(p6);

/*%%x C1[5,6] #»#x/

C156=~J6yy*c (p4) *c(pS)*c2(p6) #s(p2+p3) -J6yy*c(p2+p3) *c2(p6) *s(pS)
+J6yy*c(p6)*s(p2+p3) *s(p4)*s(p6)-J6xx*c(p4) #c(p5) *s(p2+p3)
*82(p6)-J6xx*c(p6)*8(p2+p3) *s(p4)*8(p6)-J6xx*c(p2+p3)*s(p5)
*82(p6) ;

Jeex C2[2,3] #x»/

C223=a2+d4*m6*c (p3) -a2+a3*m6+s (p3) +a2¢m6*R62*c (p3) *c(p5) -a2+m6
*R6z*c (p4) *s(p3) *+s(p5)+a2¢d4*md*c(p3) -a2+a3smi*s (p3) -a2+m4
sRdy»c (p3) +a2#m3+R3z*c(p3) -a2+a3+m3+*s (p3) -a2+mS+R5z*c(p4)
*8(p3)*s(pS)+a2+m5*REz*c(p3) *c (pS) -a2%a3+mb#*a (p3) +a2+d4+m5+c(p3) ;

/%% C2[3,3] #+»/

C233=a2+¢d4*m6*c (p3) -a2+#a3+m6*s (p3) +a2+m6+R6z*c (p3) *c (pS) -a2+m6+R62
*c(p4)*s(p3)*s(p5) +a2+d4smd*c(p3) -a2#a3smqss (p3) -a2+mé*R4y*c(p3)
+a2*m3#R3z%c(p3) -a2+a3*m3+s(p3) -a2+m5*RS5z*c(p4) #8(p3) *8 (pS) +a2
smS5*R5z*c(p3) *c(p5)-a2+a3*m5+s (p3) +a2«d4*#mb*c(p3) ;

/xsx C2[1,4] »%»/

C214s-J6zz*c (p2+p3) *c(p4) *c(pS) *8(p5) +I62z*c2(p4) *s (p2+p3) *32(pS5)
+a3*m6*R6z*c (p4)*s (p2+p3) *s(p5) +a2*m6+R6z*c (p4) *8(p2) *s(pS) ~d4
+m6#R6z*c (p2+p3) *c (pa) #s(pS) +J6yy*c (p2+p3) *c(p6) *s (p4) *s(pS5)
*8(p6) +I6yy*c2(p6) *s (p2+p3) *s2(p4) +2+J6yy*c (p4) *c(p5)*c(p6)
+8(p2+p3) s (pa) *s (p6)+I6yy*c(p2+p3) *c(p4) *c(p5)*s(p5)*s2(p6)
+J6yy*c2(p4)*c2(pS)*+s(p2+p3) *82(p6) +J6xx*s (p2+p3) *s2(p4)



*82(p6) -J6xx*C(p2+p3) *c(p6) *s (p4) *s(pS)*8(p6) +J6xx*c(p2+p3)
tc(p4)#c(p5)#c2(p6)#a(pS)-2*J6!x*c(p4)*C(pS)‘C(pG)‘B(P2*P3)
*8(p4) *s (p6) +J6xx*c2(p4) *c2(pS)*c2(p6) *s (p2+p3) +J4zz*s (p2+p3)
*82(pa) +J4xx*c2(p4) *8 (p2+p3) +I5xxxc2(p4) *c2(pS) *s (p2+p3) +J5xx
*c(p2+p3) *c(p4) *c(p5) *s(p5)+ISyy*s(p2+p3) *82(p4) -d4*m5*R52
*c(p2+p3)*c(p4) *s(pS) +a2*mS*RSz*c (p4) *s(p2) *8(pS) +a3+mS*R52
xc(pd) *s (p2+p3)*8(p5) +I5zz*c2(p4) »8 (p2+p3) +82(p5) ~J52z%c (p2+p3)
xc(p4)*c(pS)*s(pSs);

[xex C2(2,4] *#=/

C224=-J6zz*c (p4)*s (p4) *82(pS) -a3+m6+R6z*8(p4) *8 (pS) ~a2+m6+R62
tc(pa)ts(p4)*s(p5)+J6yytc(p4)*c2(p6)t3(p4)-J6yytc(p5)tc(p6)
ts(ps)+2*J6yy*c2(p4)#c(pS)tc(pG)*s(p6)-szy*c(p4)*c2(p5)#s(p4)
#82(p6) +J6xx*c (p4) *8(p4) *s2(p6)+J6xx*c(pS) *c(p6)*8(p6) -2¢J6xx

'#c2(p4)*c(pS)*c(ps)#s(p6)-JGxx*c(p4)tc2(p5)*c2(p6)ts(p4)+J4zz
*c(pa) *8 (p4) -Jaxx*c(pa) *8(p4) -I5xx*c(p4) +c2(p5) *s (p4)+I5yy
tc(p4)#s(p4)-a2tm5tﬂ52*c(p3)#a(p4)*B(pS)'a3*m5*R52*l(p4)*3(p5)
-J5zz*c(p4)*s(p4)*82(pS);

Jxex C2[3,4] *xx/

C234=-J6zz*c (p4)*s(p4)*s2(p5) -a3*m6*R6z*s(p4) *8 (p5) ~a2+m6*R62
tc(pa)t;(p4)ts(p5)+J6yytc(p4)*c2(p6)*s(p4)-J6yytc(p5)*c(pG)
ts(p6)+2tJ6yy*c2(p4)*c(p5)tc(pS)ta(p6)-J6yy*c(p4)tc2(p5)
*g(p4)tgz(p6)+J6xx#c(p4)#s(p4)*82(p6)*J6:x‘c(p5)‘c(ps)‘s(pG)
-2#36;xtc2(p4)tc(p5)*c(pG)*s(pG)-JGxx‘C(p4)*C2(p5)*c2(p5)
.,(p4)+J4zz*¢(p4)ag(p4)-J4xx-c(p4)ts(p4)-J5xxtc(p4)vc2(ps)
*5(p4) +I5yy*c (p4)*s(p4)-a2#mS+RSz*c (p3) #8 (p4) *s(pS5) -a3*mS
*R5z*8 (p4) *s (pS) - J5zz»c(p4) *s (p4) *s2(p6) ;

J*ex C2[4,4] **x/

C244=-J6zz*c(p4) *c(p5)*s(p5) -a2+m6*R6z%c (p4) *s(p3) *s(pS) -d4

*mG*RGz*c(p4)*s(p5)+J6yy*c(pG)*s(p4)*l(pS)*l(p6)+36yy*c(p4)
tc(pS)*l(pS)*s2(p6)-J6xx*c(p6)*s(p4)-n(pS)*s(p6)+Jsxxtc(p4)
#c(pS)tc2(p6)ts(pS)#JSxx*c(p4)tc(p5)ta(pS)-d4tn5tRSz*c(p4)
#a(p5)-a2tl5#RSz*c(p4)*l(p3)#a(pS)-JSzz*C(p4)*C(p5)‘l(p5):

/eex C2[1,5] ==x/

C215a-Jszztc(p2+p3)*c2(p5)#a(p4)+JGZZ*C(p4)*C(P5)‘l(pz*P3)
tg(p4)tg(p5)+a3tn6thsztc(p5)ts(p2+p3)‘8(p4)*a2*m6‘362*6(95)
8 (p2) *s (p4) -d4+m6*R6z#c (p2+p3)*c(pS) ¥s(p4) -J6yy*c (p2+p3)
‘3(p4)¢32(p5)t32(p5)-szytc(pG)ts(p2+p3)‘s2(p4)*l(p$)‘l(P6)
-J6yy*c(p4)*c(p5)#s(p2+p3) #8 (p4) *s(p5)*+82(p6)+J6xx*c(p6)

Lo



ts(p2¢p3)~32(p4)-s(p5)*s(ps)-Jsxxtc(p2+p3)*c2(p6)*a(p4)
+82(p5) -J6xx*c(p4)*c(pS)*c2(p6)*s(p2+p3) *s(p4)*8(p5) -I5xx
sc(p4)sc(pb) s (p2+p3)+*s(ps)*s(p6)-ISxxwc(p2+p3)*s(p4)
#82(p5) -d4*m5*R5z#c (p2+p3) *c(pS) #s (p4) +a2+mS+RSz*c (pS)
#8(p2) *s(p4) +a3*mS*RSz*c(p5) *s (p2+p3) *8(p4) +I52z*c(p4)
*c(p5)*s8(p2+p3) *s(p4) *8(p5)-JI5zz*c(p2+p3) *c2(pS) *s(p4) ;

/esx C2[2,5] ==/

C226=-J6zz*c(pS)*82(p4) *s(pS5) +a3«m6*R6z*c(p4) *c(p5) -a2+m6
*R6z*8 (p3) *8(p5) +a2+m6*R6z*c (p3) *c (p4) *c(pS) -d4*m6+R62
#8(p5)-J6yy*<(p4)*c(p6)*s(p4)*s(pS)*s(p6)+J6yy*c(pSs)
#82(p4) *s(p5)*82(p6) +J6xx*c(pd)*c(p6)*s(p4) *s(p5)+s(p6)
+J6xx#c(p5)*c2(p6)*s2(p4) #s(p5)+ISxx*c(p5)*s2(p4) *s(pS)
-d4sm5*RSz*8 (pS) +a2+mS*RSz*c (p3) *c(p4) *c(p5) -a2*m5+R5z
»8(p3) *s (p5)+a3+nS*R5z*c(p4) *c(p5) - ISzz#c (p5) *s2(p4) *s(p5) ;

/ex% C2(3,5] #»x/

C235=-J6zz%c (p5)*82(p4) *s(p5) +a3*m6*RA=#c(p4) *c(p5)-a2*mé
*R6z#s (p3) *8(p5) +a2*m6+R6z*c (p3) *c\, ) *c(pS) -d4*m6+R62
*8(p5)-J6yy*c(p4)*c(p6)*s(p4) *s(pS5)*s(p6)+I6yy*c(pS) *s2(p4)
+8(p6)»82(p6)+I6xx*c(pd)*c(p6)*s(p4)*s(p5)*s(p6)+I6xx*c(pS)
*c2(p6) *82(p4) *s (p5) +ISxx*c(p5)*s2(p4) *s(p5) -d4+mE+R52+8 (pS5)
+a2+m5*R5z*c (p3) *c (p4) *c(p5) -a2+*m5+R52*8 (p3) #s(pS) +a3+mS*R52
*c(p4)*c(p5)-ISzz*c(p5) *s2(p4) *s(pS);

Jwes C2[4,5] »»x/

C245%-J6zz+c2(p5) *s (p4) -a2+m6+R6z+c (pS) *s(p3) *s (p4) ~d4*m6+R62
#c(ps)ta(p4)-J6yy*s(p4)*sz(ps)*s2(p6)-Jsxxtc2(p6)ts(p4)*s2(p5)
-J5xx*s(p4)*82(pS) -d4*mS*RSz*c (p5) *8 (p4) -a2smE*R5z*c (pS) *s (p3)
»8(p4)-J5zz*c2(pS)*s(pd);

/xx% C2[5,5] »x=/

C255=a3+m6+R6z*c (p5) +a2+m6+R6z+c (p3) #c (p5) -a2+m6+R6z*c (p4) *s(p3)
+3(p5) -d4em6+R62+c (p4) *8(pS) -J6yy*c (p6)*#s(p4) *s(p5) *8(p6) +J6xx
*c(p8)*s(p4)*s(p5)*s(p6)-d4+m5+R5z*c (p4) *s(p5S)-a2+m5+REz*c(p4)
*8(p3)*8(p6) +a2+m5#R5z*c(p3) *c(p5) +a3smS+R5z#c(p5) ;

Jese C2[1,6] %%/

C216=J6yy*c (p2+p3) #c(p4) *s(pS) *s2(p6)+J6yy*c(p4)*c(p6)*s(p2+p3)
+8(p4) *8(p6) +I6yy*c(p2+p3) *c(p5) *c(p6) *s (p4) *s(p5) *s(p6) +I6yy
#c(p5)*c2(p6) *s(p2+p3) *52(p4) +J6yy*c2(p4) *c(pS) *s(p2+p3) *s2(p6)
+J6yy*c(p4)*c2(pS)*c(p6)*s(p2+p3) *s(p4)*s(p6)-J6xx*ec(p4) *c(p6)



*8(p2+p3) *s (p4) *8 (p6) +J6xx¥c(p2+p3) *c(p4) *c2(p6) *s(p5S) +J6xx
tc2(p4)tc(p5)tc2(p6)*s(p2+p3)*J6!x‘c(p5)‘8(Pz*p3)*32(P4)‘82(p6)
-J6xx*c (p2+p3) *c(p5)#c(p6)*s(p4) *s (pS) *s(p6) -J6xx*c(p4) *c2(p5)
*c(p6)*s(p2+p3) *8(p4) *s(p6);

/%% C2[2,6] *x=/

C226=J6yy*c (p6)*82(p5)*8(p6)-I6yy*c(p6) *s2(p4) *s(p6) -I6yy*c(pd)
*c(p5)*s(pa) +2+J6yy*rc(p4) *c(p5)ec2(p6) *s(p4) +I6yy*c2(p4)
#c2(p5)*c(p6) *8 (p6)+J6xx*c(p6) *82(p4) *s(p6) -J6xx*c(p6) *82(pS5)
*8(ph)+I6xx*c(pd) *c(pS) *s(p4)-2+J6xx*c(p4) #c(pS) *c2(p6) *a(p4)
-Jexz*c2(p4)*c2(pS)*c(p6)*s(p6);

/eex C2[3,6] »»x/

C236-J6yy*c(p6)#s2(p5)*s(ps)-J6yy*c(p6)tuZ(p4)*s(p6)-szytc(p4)
xc(p5)*8(p4a)+2¢J6yy*c(p4) *c(p5)*c2(p6)*s(p4) +J6yy*c2(p4) *c2(pS)
*c(p6)#8(p6)+J6xx*c(p6)*s2(pa) *s(p6)-I6xx*c(p6) #82(p5) *s(p6)
+J6xx*c(pd) *c(pS)*s(p4)-2+J6xx*c(p4)*c(p5)*c2(p6)*s(p4)-J6xx
#c2(p4)*c2(p5)*c(p6)*s(p6);

[xxx C2[4,6] »x»/
C246=J6yy*c(p4) *8 (pS)*82(p6) +J6yy*c(pS)wc(p6)*s(p4) *s(p5)*a(pé)
+J6xx*c(pd)*c2(p6)*8(p5)-J6xx*c(p5S) *c(p6)*a(p4)+s(p5)*s(pb);

/#%% C2[5,6] *x%/
C256=J6yy*c(p5)*c2(p6)*s(pa) +I6yy*c(p4) #c(p6)«s(p6) +J6xx*c(p5)
*8(p4) *82(p6) -J6xx*c(pd)*c(p6)*s(p6);

/awx C3[1,4] #*»=/
C314=-Jszztc(p2+p3)*c(p4)tc(pS)#s(ps)+JGzztc2(p4)*s(p2#p3)*s2(p5)
+a3*m6*RGztc(p4)ta(p2+p3)*s(pS)-d4*m6tRSztc(p2+p3)tc(p4)ts(p5)

+J6yy*c(p2+p3) #c(p6) *#8(pa) *8(pS)*s (p6) +I6yy*c2(p6) *s(p2+p3)
*92(p4)+2#J6yytc(p4)#c(pS)*c(pG)tu(p2+p3)ts(p4)#s(p6)+JSyy
*c(p2+p3)*c(p4)*c(p5)#s(ps)*s2(p6)+J6yytc2(p4)#c2(p5)*s(p2+p3)
ts2(ps)+J6xxta(p2+p3)t52(p4)*82(p6)‘JG!!‘C(?Q*p3)‘C(PG)*G(P4)
*s(ps)*a(p6)+J6:xtc(p2+p3)tc(p4)tc(pS)tc2(p6)tn(pS)-thexxtc(p4)
*C(ps)tc(ps)ta(p2+p3)ts(p4)ts(p6)+J6:x~c2(p4)tc2(p5)tc2(p6)
*s(p2*p3)+J§zz*s(p2+p3)tn2(p4)+J4:xtc2(p4)t!(p2+p3)#35xxtc2(p4)
tcz(ps)*g(p2+p3)+J5xxtc(p2+p3)tc(p4)tc(pS)tl(pS)*JSyy#l(p2+p3)
ta2(p4)-d4tm5#RSztc(p2+p3)#c(p4)ts(pS)+a3‘l5‘R52‘C(p4)‘3(92’93)

tu(p5)+JSzztc2(p4)*a(p2+p3)‘s2(p5)-JSzz‘c(p2*p3)‘c(p4)*C(pS)*!(ps):

/ex% C3[2,4] *»%/

LS



C324s-J6zz+c(p4)*s(p4a)*s2(p5) -a3+m6*R6z*8 (p4) *s (p5) +J6yy*c(p4)
#c2(p6)*a(p4)-36yy*c(p5)*c(pG)‘s(p6)+2*J6yy#c2(p4)*c(ps)#c(ps)
ts(p6)-Jny-c(p4)tc2(p5)ts(p4)tsz(p6)+J6xx*c(p4)#s(p4)*s2(p6)
+J6xx*c(p6)*c(p6) w8 (p6)-2+J6xx*c2(p4) *c(pS) *c(p6) *s(p6)-J6xx
-c(pq)¢c2(p5)-c2(p6)#s(p4)+J4zz#c(p4)#s(p4)-J4xx*c(p4)*s(p4)
-JSxxtc(p4)tc2(p5)*s(p4)+JSyy*c(p4)*s(p4)-asth*RSzts(p4)#s(p5)
-J52zz%c(p4) *s (p4) *s2(pSs);

/ee% C3(3,4] *»=/

C334--Jszztc(p4)*s(p4)#s2(p5)-a3*m6¢RGzts(p4)ts(p5)+J6yy*c(p4)
tc2(p6)*s(p4)-Jny*c(pS)*c(ps)*s(p6)02tJ6yytc2(p4)#c(p5)*c(ps)
..(ps)-szytc(p4)tc2(p5)ts(p4)*s2(p6)+J6xx*c(p4)*s(p4)ts2(p6)
+J6xx*c(p5)-c(p6)*s(p6)-2*J6xx-c2(p4)*c(ps)*c(pe)*s(ps)-lexx
*c(p4)*c2(p5)*c2(p6)*s(p4)+J4zz*c(p4)*s(p4)-J4xxtc(p4)*s(p4)
-JSxx*c(p4)tc2(p5)ts(p4)+J5yy*c(p4)*s(p4)-aS#mstRSz*s(p4)*s(p5)
-J5zz*c(p4) *s(p4)*s2(pS);

/exx C3[4,4] **»/

C344--J622tc(p4)tc(p5)*s(ps)-d4*m6#RSz*c(p4)*s(p5)+J6yy*c(p6)ts(p4)
ta(ps)tu(p6)+J6yy*c(p4)*c(p5)*s(ps)*s2(p6)-J6xx#c(p6)ts(p4)*s(p5)
#s(p6)+J6xx*c(p4)*c(p5)*c2(p6)*s(p5)+JSxxtc(p4)*c(p5)#s(ps)-d4*m5
sRSz*c(p4)*s(pS)-JISzz*c (p4)*c(p5) *s(pS);

/»#s C3[1,5] »*=/

C315-J6zzec (p2+p3) *c2(p5)*8(p4) J6zz#c (p4) *c(pS) #8 (p2+p3) *s (p4)
»8(p5)+a3*m6+R6z%C (pS)*s (p2+p3)us (p4)-d4*m6+R62*C (p2+p3)*c (p5)
ts(p4)-J6yy*c(p2¢p3)*s(p4)t52(ps)*s2(p6)-J6yy*c(p6)¢s(p2#p3)
ts2(p4)*a(p5)‘l(P6)-Jny*c(p4)*CCPS)*!(p2*p3)*8(p4)*!(p5)*82(p6)
*Jsxxtc(pS)#s(p2+p3)*s2(p4)#a(ps)ts(p6)-J6xxtc(p2+p3)tc2(p6)*s(p4)
*82(p5)-J6xx*c(pd) *c(pS)#c2(p6)+s(p2+p3) *s(p4)*s (p5) -ISxx*c(pd)
sc(p5)*s(p2+p3) #s(p4) #s(pS) -ISxxsc(p2+p3) *8(p4) #s2(pS) -d4+mS+R52
#c(p2+p3)*c(p5)ts(p4)+a3#mStRSz#c(p5)#s(p2+p3)#a(p4)#JSzz*c(p4)
tc(pS)#l(pZ#pS)ta(p4)#s(pS)-JSzz*c(p2+p3)*c2(p5)ts(p4);

/sex C3[2,5] s/

0325--Jﬁzztc(p5)ts2(p4)#s(p5)+a3*m6#ﬂ62*c(p4)#c(pS)-d4*m6*RSz*s(p5)
-szytc(p4)tc(ps)ta(p4)tg(p5)ts(pG)+J6yytc(p5)‘l2(p4)‘!(Ps)*sz(Ps)
416xx.¢(p4).c(ps).g(p4):,(ps):s(pg)+Jsxxtc(p5)tc2(p6)*s2(p4)*s(pS)
#JSxxtc(pS)t-z(p4)ts(pS)-d4tm5¢RSz*s(ps)+a3thtRSz#c(p4)*c(pS)
-)5zz*c(pS) *s2(p4) *s(pS);

Jesx C3[3,5] »ex/
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C335=-J6zz*c (p5)*82(p4)*s (p5) +a3*+m6*R6z*c(p4) *c(p5) -d4*m6+R62*8(pS)
-J6yy*c(p4)*c(p6)*s(p4) *s (p5)*s(p6) +I6yy*c(pS)*s2(p4)*s(p5)*s2(p6)
+J6xx*c(p4)*c(p6)*8(pa)*s (pS)*s(p6)+J6xx*c(pE)*c2(p6)*s2(p4) +s(p5)
+I5xx*c(pS) *82(p4) *s(p5) -da*mS+«REZ*8 (pS) +a3+m5#RSz*c (p4) *c(pSs)
-J5zz*c(pS) *82(p4) *s(pS);

/*%% C3[4,5] *»x/

C345=-J6zz*c2(p5) *s (p4) -d4+m6+R6z*c (pS5) #8(p4) -J6yy*s(p4) *s2(pS)*s2(p6)
-Jsxx*c2(p6)ta(p4)tsz(ps)-Jsxxtn(p4)tn2(p5)-d4#m5tRSz*c(p5)*s(p4)
-J5zz*c2(p5)*s(p4) ;

/+%% C3[5,5] »»+/ :
C355-a3#m6*R62*c(p5)-d4tm6tasz*c(p4)ts(p5)-J6yy*c(p6)ts(p4)ts(p5)*s(pG)
+J6:x*c(p6)%s(p4)*s(p5)#s(ps)-d4th*RSztc(p4)#s(p5)+a3#mstRSz*c(p5);

/*s% C3[1,8] #»%x/

c31s-36yytc(p2+p3)tc(p4)ts(ps)*32(p6)+J6yy*c(p4)‘c(p6)‘a(p2+p3)‘9(P4)
ts(p6)+J6yytc(p2+p3)*c(p5)*c(p6)‘!(p4)‘!(PS)*'(Ps)*JGYY‘C(Ps)*Cz(PG)
*8(p2+p3) +82(pa) +J6yy*c2(p4) »c(pS) *s (p2+p3) *52(p6) +J6yy*c (p4) *c2(pS)
*c(p6)#s(p2+p3)*s(p4) *s(p6) -J6xx¥c(pd) #c(p6)*s(p2+p3) *a (p4) *s(p6)
+J6xx*c(p2+p3) *c(pa)*c2(p6)*8(p5)+I6xx*c2(p4) *c(p5) *c2(p6) #s(p2+p3)
+J6xx%c(pS)*s (p2+p3) *82(p4) *82(p6) -J6xx¥c(p2+p3) #c(p5) *c(p6) s (p4)
*8(p5)*8(p6) -J6xx*C (p4) *c2(p5) *c(p6)*s(p2+p3) *8 (p4) *s(pé) ;

/*xx C3[2,6] »»*»/

C326.J6yy‘c(p6)*32(p5)#3(p6)-szy*c(ps)*82(p4)‘!(ps)'szy‘C(P4)‘C(P5)
.,(p4)+2‘16yytc(p4)tc(ps)#c2(p6)ts(p4)+J6yy*c2(p4)*C2(p5)‘C(P5)*S(PG)
+Jsu,c(ps).,2(p4).,(ps).mn.c(ps):.2(ps)u(p6)+J6nvc(p4)tc(ps)
.,(p4)-thsxxtc(p4)vc(ps)tcz(ps)ts(p4)-J6:xtc2(p4)‘c2(p5)*c(pﬁ)*S(PG):

/+s% C3[3,6] *»%/

0336.J6yy¢c(p6)*g2(p$)#s(p6)-J6yy*c(p6)tl2(p4)tl(p6)'szytc(p4)‘c(P5)
,.(p4)+2,J6yy,c(p4).c(ps).cg(ps):g(p4)+J6yytc2(p4)tc2(p5)tc(pe)ts(ps)
+J6xx*c(p6)*s2(p4) ts(ps)-JGxx*c(pG)ts2(p5)*!(p6)*1611‘°(P4) +c(p5)
"(p4)-2.36:xtc(p4)tc(ps)tcz(ps)ts(pQ)‘1611*62(p4)‘c2(95)‘C(Pe)‘s(Pe)Z

/xs% C3[4,6] **x/
C346-J6yy*c(p4)ts(p5)#a2(p6)+J6yytc(pS)*c(pG)ta(p4)~s(p5)ta(p6)+J6xx
sc(pA) #c2(p6) *+8(p5) - I6xx*c(pS) *c(p6) *s (p4) ¥8(p5)*s(p6) ;

/*x% C3[5,6] *»»/
C356-J6yy*c(p5)#c2(p6)*s(p4)+J6yytc(p4)tc(p6)ts(p6)+Jexxtc(p5)ts(p4)



+82(p6)-J6xx*c(p4)*c(p6)*s(p6);

Jesx C4[1,5] »s=x/

C415=-J6zz%c(p4)+s(p2+p3)*82(p5)+J6zz%c(p2+p3) *c(p5) *a(p5) -I6yy*c(pS)
tc(ps)ts(p2*p3)#s(p4)ts(p6)-szytc(p4)*c2(p5)*s(p2+p3)*s2(p6)
-J6yy*c(p2+p3)tc(p5)*s(pS)ts2(p6)+J6xx*c(p5)*c(p6)*s(p2+p3)*s(p4)
tu(p6)-J6xx*c(p4)*c2(p5)*c2(p6)*s(p2+p3)-JGxx*c(p2+p3)*c(ps)*c2(p6)
-u(pS)-JSxxtc(p2+p3)*c(pS)*s(ps)oJSxxtc(p4)*c2(p5)ts(p2+p3)+JSzz
tc(p2+p3)~c(p5)ts(pS)-JSzz*c(p4)#s(p2+p3)#32(p5);

/eex C4[2,5] #»x/

C425=J62z*s (p4) *82(pS) -J6yy*c(p4)#c(p5)*c(p6)*8(p6)+J6yy*c2(pS)*s(pd)
ts2(p6)+JGxxtc(p4)tc(ps)*c(ps)ts(ps)+J6xx*c2(p5)*c2(p6)*s(p4)+J5xx
+c2(pS) *8 (p4)+I5zz*s(p4)*s2(pS);

Jexe C4[3,5] *xx/

C435-Jszzta(p4)ts2(p5)-Jeyy*c(p4)nc(pS)tc(pG)*s(p6)+J6yy#c2(p5)*s(p4)
tsz(ps)+Jsxx*c(p4)#c(p5)*c(p6)ta(p6)+J6xxtc2(pS)tc2(p6)*s(p4)+J5xx
#c2(p5)*s(p4)+J5zz+s(p4)*s2(p5);

/e C4[4,5] #*x/
C445-Jszz#c(p5)#s(p5)-Jnytc(pS)ts(p5)*a2(p6)-J6:x*c(p5)*c2(p6)*s(p5)
-JSxx*c(pS)*s(p5)+I5zz*c(pS) *s(p5);

Juns C4[5,5] #»x/
C455=-J6yy*c(pS)*c(p6)*s(p6)+J6xx*c(p5)*c(p6)*#8(p6) ;

Jens C4[1,6] #*%/

C416m-J6yy#c2(p6) #s(p2+p3)+s(p4)*+8(p5)-J6yy*c(p4)*c(pS)*c(p6)*s(p2+p3)
ts(pS)*s(pG)-szytc(p2+p3)tc(p6)ts2(pS)ts(pG)-JSxxts(p2+p3)ta(p4)
*n(ps)*a2(p6)+JSxxtc(p4)tc(p5)tc(ps)*s(p2+p3)tu(p5)*s(p6)+J6:x*c(p2+p3)
»c(p6)*s2(p5)*s(p6);

[aex C4[2,6] #»=/
C426--J6yytc(p4)#c2(p6)#s(pS)+J6yytc(p5)tc(p6)*s(p4)#s(p5)ts(p6)
-J6xx*c(p4)*s(p5)*82(p6)-J6xx*c(pS)*c(p6)*s(ps) *s(ps” x8(pE);

Jesx C4[3,6] »ex/
C436=-J6yy*c(pd) *c2(p6)*s(pS) +I6yy*c(ps) #c(p6)*s(p4) +s(p5) *s(p6)
-J6xx*c(p4) *8(pS)*82(p6)-J6xx*c(pS) *c(p6)*s(p4) *s(p5)*s(p6) ;

/eex C4[4,6] #*»2/



199

-~ -

C446=-J6yy*c(p6)*s2(pS)*s(p6)+I6xx*c(p6)*s2(pS) *s(p6) ;

/%%x C4[5,6] *%x/
C456=-J6yy*c2{p6) *s(p5)-JI6xx*8(pS)*s2(p6);

/e CS[1,6] #x%x/
C516-J6yy*c(p4)*c(pS)*s(p2+p3)*52(p6)+J6yy#c(p6)*s(p2+p3)ts(p4)ts(p6)
+J6yy*c(p2+p3)*s8(p5)*82(p6)+I6xx*c(p4)*c(p5)*c2(p6) *s(p2+p3) +J6xx

#c(p2+p3) *c2(p6) *s8(p5) -J6xx*c(p6) *s(p2+p3) *s(pa) *s(p6) ;

/*xx C5[2,6] *xx/
C526=-J6yy*c (pS) *s(p4)*s2(p6)+I6yy*c(p4)*c(p6)*a(p6)-J6xx*c(pS)*c2(p6)
*g8(p4)-J6xx*c(p4)*c(p6)*s(p6);

/%% C5[3,6] #*x/
C536=-J6yy*c(p5)*a(p4)*s82(p6)+I6yy*c(pd)*c(p6)*s(p6) -I6xx*c(pS)*c2(p6)
*s8(p4)-J6xx*c(p4)*c(p6)*s(p6);

/*%x C5[4,6] *%%x/
C546=J6yy*s (p5)*82(p6)+J6xx*c2(p6)*s(p5);

/*%x C5[5,6] »xx/
C556=J6yy*c(p6)*s8(p6)-J6xx*c(p6)*s(p6);

/*%%% To Make (6x1) Column C_Vector ***=/

#(c_vector)> C155+8q(vS5) +2#C156%v5*v6+C144%8q(v4) +2#C1454v4+v5+2+C146
*v4*v6+C133%8q(v3) +24C134*v3%v4+2+C135+v3I#v5+24C1364v3+v6+C122
*sq(v2)*2*0123*v2#v3+2*C124*v2#v4¢2tc125tv2tv5+2tc126tv2*v6+2
*C116#v12v6+2#C115%v1%v5+24C1144v14v4+2#C113%viey3+2¢C1120vinv2;

»(c_vactor+1)=C255#8q(v5) +2#C256#v5+v6+C244+8q(v4) +2#C245+v4»v5+2
#C246%v4#v6+C233#8q(v3)+2#C234#v3#v4+24C2354v3+v5+24C236+v3*v6
+28C2234728v3+24C2244 v 2#v4+24C2254v2475424C2264v24vE6+24C216%v1
#v6+28C2154v1#v5+24C2144v14v4-C112%8q(v1);

*(c_vector+2)=C355+8q(v5)
+2¢C3564v5+v6+C344x3q(v4) +2+C345#v4»v5+2#C3464v4+vE+2#C334#v3sva
+2#C3354v3#v5+24C336*v34v6-C223#8q (v2) +24C324#v24v4+2+C3I254v24v5
+24C3264v29v6+24C316%v1#v6+24C3154v1#y5+28C314+v12v4-C113s8q(vl);

*(c_vector+3)=C455+8q(v5)
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+24C4564VS#v6+24C4454v4*v5+24C446%#v4*v6-C334%8q(v3) +2+C4354v3v5
+24C4364v39v6-C224%8q (v2) ~2#C324#v2%v3+24C4254v24v5+2+C426%v2*vE
*2#C416*v1*v6#2tc415*v1#v5-2#C314*v1#v3-2tc214$v1*v2-0114*sq(v1);

*(c_vector+4)=2#C556+v5+v6-C445+8q(v4)
+2*CS46*V4*V6-C335#sq(v3)-2*C435#v3tv4+2#C536*v3*v6-C225*sq(v2)
-2*0325*v2*v3~2*C425*v2*v4+2#CS26*V2*V6+2*C516*v1*v6-2*C415*v1*v4
-24C315%v18v3-2+C215%v1#v2-C115%8q(vl);

*(c_voctor+5)--CSSG#sq(vS)-C446tsq(v4)-2*CS46#v4*v5-C336*sq(v3)
-2*5436*v3*v4-2#CS36*v3*v5-C226*3q(v2)-2*C326*v2*v3-2*C426*v2*v4
-2#C526tv2*v5-2*C516tv1*v5-2*C416*v1#v4-2*C316*v1tv3-2tC216*v1*v2

-C116*8q(vl);

return(c._vector);

}



“make_g_veector.c’

#include <stdio.h>
#include <math.h>
#include "PUMA_SPEC_DEF-.h"

double *Make_G_Vector(row,col,pos_angle)
int row,col;

double *pos_angle;

{

double *g_vector,pl,p2,p3,p4,p5,p6;

if(row!=6 || col!=1){
printf("There is dimension error in Make_.G.Vector().\n");
exit();

¥

/* calloc() returns pointer of specified size whose contents *
* are zero. */
g_vector = (double %) calloc(rowscol, sizeof(double));

if(g_vector == NULL){
printf("calloc() returned NULL in Make_G_Vector().\n");
exit();

}

pi= »(pos_angle); p2= *(pos_angle+1); p3= *(pos_angle+2) ;
pd4= »(pos_angle+3); pS= *(pos_angle+4); pé= »(pos_angle+5) ;

[xxx G[1] »%x/
*(g_vaector)=0.0;

[xxn G[2] wx=/

*(g_voctor*i)s-GR*mGtRGz*c(p2+p3)*c(p4)ts(p5)-GR¢m6tRGztc(pS)
ts(p2¢p3)-a3*GR#m6*c(p2+p3)-a2*GR*m6*c(p2)-d4tGRtm603(p2+p3)
+GRem4*R4y+*8(p2+p3) -a3*GRemd+c(p2+p3) -a2+GR¥m4+c (p2) -d4*GR
tm4ts(p2+p3)-GR*mztnzxtc(pz)-a2-GRtm2tc(p2)-astcavmatc(p2+p3)
-a2#GR#m3#c (p2) -GR#m3%R3z*8 (p2+p3) -d4+GRemE+s (p2+p3) ~a2+GR+n5
tc(p2)-a3*GR*m5#c(p2+p3)-GR*mStRSz#c(pS)#s(p2+p3)-GRthtRSz
»c(p2+p3)*c(p4)*s(pS);

Jasx G[3] *=x/



‘(g_voctor+2)--GRtmG-Rez*c(pS)#s(p2+p3)-GR*mG*RGz*c(p2+p3)tc(p4)
8 (p5) ~a3*GRem6#c (p2+p3) -d4*GR*m6#58 (p2+p3) +GR*md*R4y*s (p2+p3)
-a3%GRemd*c (p2+p3) -d4+GR*md*s (p2+p3) -a3*GR*m3*c (p2+p3) -GR*m3
«R3z+8 (p2+p3) -d4*GR*m5+#3 (p2+p3) -a3+GR#mS*c(p2+p3) -GR*mS*R52z
#c(p2+p3) *c(p4) *2(pS) -GR*mS#RSz#c (pS) *s (p2+p3) ;

Josw G[4] %»»/
*(g_vector+3) sGR+n6+R6z*s (p2+p3) *s (p4) *8 (pS) +GR#mE*RSZz*s (p2+p3)

»s(p4)*s(pS);

Jexx G[5] %=s/
t(g_voctor*4)--GRtmG*RGZtc(p4)*c(ps)*a(p2+p3)-GR#mG*RGz*c(pZ*pB)
-s(pS)-GR*mS!RSz*c(p2+p3)#s(p5)-GR*m5tR52*c(p4)tc(pS)*s(p2+p3);

/eew G[6] we»/
s(g_vector+5)=0.0;

return(g._vector);

}



“PUMA_SPEC.DEF.h"

/* General #define for trigonometric calculation */
s(x) (sin(x))
c(x) (cos(x))
82(x) ((sin(x))*(sin(x)))
c2(x) ((cos(x))*(cos(x)))
sq(x) ((x)*(x))

#define
#define
#define
#define
#define

/« The parameters of the PUMA arm(Unimate 600 robot) are
shown in below:
a2 43.2 /* Cm:Length of Structural Parameters */

#define
#define
#define
#dofine
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define
#define

#define JSyy O.

a3 1

.9

/* Cm */
d3 12.5 /% Cm =/
d4 43.2 /* Cm */

mé 170.47 /=

*/

Gram:Mass of 6th Link »/

mS m6%2.39 /* Gram */

mé m6%8.95 /* Gram */

m3 m6%36.3 /* Gram */

m2 m6*77.3 /* Gram */

mi m6*33.5 /% Gram */

R1z 8.0 /* Cm:Center of 1st Link Mass in Z-coordinate */
R2x -21.6 /* Cm */

R2z 21.75 /* Cm */

R3z 21.6 /* Cm =/

R4y 2.0 /* Cm */

RSz 2.0 /¥ Cm =/

R6z 1.0 /* Cm =/

Jixx 0.5+mi*(451.0+57.9-451.0) /* Pseudo-Inertia for 1st Link =/
J1yy 0.5+m1x(451.0+57.9-451.0)
Jizz 0.5+*m1%(451.0+451.0-57.9)
J2xx 0.5+%m2%(1847.0+1408.0-565.7)
J2yy 0.5*m2*(565.7#1408.0-1847.0)
J2zz 0.5+*m2%(565.7+1847.0-1408.0)
J3xx 0.5*m3*(679.1+36.0—672.8)
J3yy 0.5+m3%(672.8+36.0-679.1)
J3zz 0.5+m3%(672.8+4679.1-36.0)
J4xx 0.5*m4*(21.1+431.6-31.6)

Jayy 0.5+max(21.1+31.6-21.1)

Jazz 0.5*m4*(31.6+21.1-31.6)

J5xx 0.5*mS*(11.246.9-6.9)

5am5%(6.9+6.9-11.2)
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#define J5zz 0.5¢m5%(6.9+11.2-6.9)

sdefine J6xx O.5#m6#(33.8+0.911-33.8)
#define J6yy 0.5*m6%(33.8+0.911-33.8)
#define J62z 0.5+m6#(33.8+33.8-0.911)

/% Acceleration of Gravity */
tdefine GR 980 /* Cm/(Sec*Sec) */



