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The purpose of this Lﬁesis is -to dg a quark-level calculation of
weak r;diative Aecay ?f beryons which is complete and also consistent
with quantum field-theoretic principles. C .

First, the problem of weak radiative decay of baryons is
‘formulated within the rigorous Bethe-Salpeter formalism. With suitable
choices of interpolating fields for the initial and final baryons B
and B , a reducgion formula for the transition amplitude B + B'y
is’derived in a manner parallel to the standard LSZ reduction
procedure. One discovérs that the Feynman rules for bound quarks ;re
very different from tﬁose for free quarks. In this fashion, o;;
récovets the methoddlogy.of analyzing composisf particle reactions
pioheered by Nishi jima and Mandelstam in a way which 1sﬂe3311y amenable
to“generalizatiouns. A‘%uitab%e parametrization for the Bethe—Salpetgr
amplitude of a 1+ baryon Xs suggested for calculational purposes.

2
Various subtleties aEhgciated with the normalization of/;h}s amplitude

*
are discussed. A
l.v - )
Second, specializing this reduction formula to the caq@ of
+ P A . ‘
I + py, a detajled analysis of this decay is carried out. Its

asymmetry parameter is calcuiated: Differences with 'usual quark-model

ca{cu}ationl are highlighted and commented upon.

~
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A cold coming we had of it
Just the worst time of the year .
For a journey, and sl}ch a long journey:
The ways deep and the weather sharp,
The very dead of winter ” ‘ °

T. .? Eliw\

All my teachers since childhood have complained that I write a

~-lot. And, I will not use the opportunit§>of writing this
-

acknowledgement to prove them wrong. . )

3

It has been a long time since I arrived in Edmonton« Tbé whole
Ph.D. venﬁure was a bitter fight with destiny (for more civili{ed
words, see the quote above). If there was one single thing that puijed
' me along, it was the sheer.faith which Baba, Amma, Neeli and Meeti had
(and thé; continue fo have) in me. i’have ne&er/ﬁound_challenggé

challenging enough — a little faith can take me a long way","""
- ~ . ’ . ‘:.

If there was one good thing that hdppended in these tumultuous

seven years, it was the privilege of working with Dr. A.N.° Kamal. One

- . \

thing that I have realized is that I/ cannot work with anyone. Too much.
. - - *

criticism cafx destroy me because I take them too seriously. 1 take

them seriously because that, in my view, is thei key to growth. Had it

°

not bffen for Dr. Kamal's almost infinite patience and respect for
. - A .

. v - ’ -
freedom in creative ventures, this Ph.D. would have been extremely

.

Vi . ! . .



damaging to my health and psycﬁe. Sometimes 1 say that Dr. 5amal
suggested to me this problem (came up with V;Lal ideas all the way
through) and it gave me a chance to leard some hard-core fundamentals
— the credit goe;‘ko him. I did not give it up — the credit goes to
me and I want the whole of it. Finally, some results were obgaineq

a

— the credit goes to God. Towards the end, 1 was complaining a bit.

I must apologize for that. 1 guﬁgs I was too tired of the taxing work

-

- »

by that ti@e.
The other person who had a very profound impact on me is
Dr. Y. Takaha;hi. He taught me for a very long time here and was also
on my committee. H;:-cautious and rigorous approach towards physics
moulded my attitudes. Qhether thfé will prove suicidal or beneficial
for me as a particle phenomenologist, only time will say, 1 learnt -a
lot from him. It was an impatient r;mark by him that made me formulate
the problem of weak’;adiative decay og baryons in the present fashion.
1 fiéd it hard to express my gratitude to Dr. H. MatSumo;o. It
. .developed a special rapport wigh him while taking some courses. It was
he who explained over a period of six months what Dr. Takahashi's
'impatient remark' meant. The entire second chapternand part of the 5

o

third chapter of this thesis was taught to me by him. It 15'511 the
more creditable because 1 was not his direct r;sponsibility by any
means. - Still, he guided me vety closely when'Dr. Kamal was away on
sabbatical. 1 am extermely indebted to him. |

Dr. M. Razavy, my other cownittee member, also showed’ keen

interest in my problena/progxe s all the way through. I ppould like to

St e
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book on Gaussian integrals. Mr. R. Teshimé and Dr. R. Gour?shanKar'
came up with crucial help in the massive computation that had to be
done during thg course ofvthis work. They were as helpful as\ever.and
it was as pleasaAt as ever to be associated with thém.

.I must mention one person who, despite a twelve—hour time
difference, has constantly kept in touch with me. He is' my teacher ;L
Chandigarh, Dr. MnP.‘khanna: He also ﬁad a profound impact on me.

His constant encouragement was such a great help — I do not know what
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else to say.

1 have benefitted greately from discussions with Drs. V.
GUdmundsson,.R. Grigjanis, Tadashi Toyoda, Norman Udey, W. Israel,
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to -them.
T am greatly indebted to Dr. Nader Mobed for reading the thesis
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I wish I had the ability of Eliot to express my appreciation for

the kind lady in the mail-room, Mrs. Phyllis Tripp. Apart from her
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CHAPTER 1

INTRODUCTION

— - - SO - J—
We shall not cease from exploration
And the end of all owr exploring
Will be to arrive where we started
And know the place for the first time " 4

. T.S. Eliot

The‘quest for an unders;anding of weak interactions has
revolutionized modern particle physics. This revolution has been
twofold - first, weak interaction with its subtle vioiations of various
invariances has unravelled some of the mysteries of symmetry principles
and their modes of impleme?tatxon in Nature; second, since it affecés
hadrons and leptons alike it has provided important information
regarding the nature of strong and electromagnetic interactions too.
Thé history of these developmwents is tokoell known to Se‘traced once -
again. With {ts striking success at presently accessibl® energles, the

Glashow-Salam-Weinberg (GSW) theory has acquired a canonical flavour.

This solves the puzzle of electroweak interaction for quarks and

leptons. We can now use it to discover some of the subtletie>s of
strong interaétionst Analysis and subsequent urnderstanding of hadronic
electroweak decays will enable us to do precisely thi;.

Weak radiative decay of baryons (e.g., t+ + py) are cleaner tp

analyze as compared to other hadronic decay modes of these particles.



>

Therefore, it is not a surprise that, despite being at theclevel of a

few tenths of a percent in branching ratio, these decays have undergone

H

such intense investigation since their discovery about 30 years ago.
)

Restricting ourselves to the

possible decay modes of this kind

+

b

al

28

(1]

2
(1,2]

* Py

1.1 Experimeutal Status of these decays

4

1 B
5 + Dbaryon ocfet, there are ©6

(1.1)

The experimental status of these six decays is 'summarized in Table

1.1.

s,

(%4

. TABLE 1.1 Experimental Status of é-+ Weak Radiativg Decays

Decay Branching Asymmetry REFERENCE
Mode Fraction 2 Parameter o
tt » py (1.22 * 0.10)x10™> |-0.72 + 0.29 (3,66]

=ty | Q.2 x1073 (3]

o ° -3
= + Iy <7 x 10 . (31
o
2° » Ay (1.1 + 0.2)1073 [6)-
b

A+ ay (1.02 * 0.33)10° (5)
£° + ny e




1.2. Theoretical Explanations :
\

L'
At the baryon 1Zvel, the decay B » D'y can be represented by

the Feynman diagram in Fig. 1.1.

B i+
2
1+ B 4 Fig. 1.1
P n' The Decay B » D'y

4

It is easy to see that the most general matrix element for thils process

i
will have the following Lorentz structure [6-8] ‘

|

% t ‘—8' \ * A . '\)' .
(= gu,r” = Gge gy (B cu,[y“ (a+ Byg) + 1a" k!, (C + Dy)
' S
+ k" (E + FYS)]uJB (P) . (1.2)

The Lprentz scalar quantities A,...,F are sometimes called the "form
factors” for these decays. The gauge invariance condition

k;,r“' - 0 relates A, B, E and F and this relationship can be
deri?ed if desireé (6,63]. However, in processes like Ours,\the photon
i{s on its mass—-shell (l.e., it 1is a real photon). For real photons,

. the form factors E and F drop out due to the transversality
condition c*.k' = 0 . Gauge invariance condition k;,rﬁ' =0 reqyires

that A and B should be absent too. So, eqn. -(1.2) becomes

.

L T - — ' ' . ¥ 05
Oy F Cu'r Gge 03,(P )(CHDy)* « Klug (B) (1-3)£

Starting with eqn. (1.3), the decay rate can be obtained. It is given

-

by

-~

G

z’ez
F

3 (1.4)

I =

o (1ci? + |p[%)k’

The asymmetry parameter is given by

3



o

*
2Re(CD
o = 2Re(CD ) (1.5)

2 2 ;

lcl + [p] y

It is obvious that the asymmetty parameter is independent of tgb

normalization of the transition amplitude in eqn. (l.3).

The challenge for theorists is to calculate the form factors C

and D from the underlying dynamics. Various attempts so far fall

broadly into the following two classes.

1.2.1. Baryon-Level Calculations
In this class, the quark-substructures of X2 and B’ are
compiéfél& ignored. These baryon-level calculations can be further

classified as follows.

1.2.1(1) Pure symmetry calculations.

Thé matrix element in eqn. (l1.3) corresponds to an effective weak

interaction Hamiltomian of the form

- - l 'y u'\)' )
b 2 g Y (x)(C + Dyglo 0 ¥, (%) F + h.c. (1.6)

where (x) and ¢:3’(x) are the Dirac field operators for the

Qib
initial and final baryon respecti?ely. Fu(vf is the electromagnetic
field tensor. Even before embarking on ngtailed dynamicé‘to caié“}ate
C and D{Wone can derive many meaningful relationships between var;ous
gecay modes'in'eﬁn;, (1.1)Vjus£ based on Fhe'hﬂte;nal symmetry
proberties of .*Jb‘ édu i&b” A great denl of work.hns been,none in

this area [2,9-13]. For the'purpoqebof {1lustration, let us'éonsider»~
\ } : . .

te

)



a simple case [2]. \ . o
1+ ' _ o
The 7 baryons transform as an octet dunder SU(3). Let us

denote the octet baryon tensor by (Iblj. Obviously from eqn. (l.6)
then, the effective Hamiltonlan belongs to the direét product 5
representation formed by combining @ and > . When we combine two
octets, we get a host of irreducibleVrepresentations (L4]. The trick
is to assign & eff to a sensible representation. To this;end, SU(3)
selection rules operating in weak hadronic decays and CP 1invariance
"come to our rescue. One assumes, as a simple and natural choice, that
both the p.c. and p.v. parts of hadronic weak hamiltonian transform
. 3 2 .
either as a symmetric octet (i.e. like T2 + T3) or an antisymmetric
3 2 ijeens v .
octet (1i.e. T, - T3) under SU(3) . Tki stands for a generic

., 1
SU(3) tensor. Electromagnetic interaction transforms as T1 under

SU(3). Combining these two, the effective hamiltonian, 3 off in eqn.

31 21 31 - 21 .
(d.6) should transform as (T21 + T31) or aé (Tzl - T31) . This
dictates the following SU(3) structure for IC eff
, ,
-3 1 =2 _1
;v’teff(p.c) = a,(®,® +®;® + h.c)
3 1 —i 3
3@, ®; - 3 2® * hec} |
1 1 3 .
. (@1 2" 7@ (B + h.c) (1.7)
where the t sign corresponds to the form (T 2; * T ) Eﬁ:eff(p sVe)

has a similar SU(3) structure, Invoking the explicit forms for @

and @ in terms of their particie conteat, oné can immediately

obtain the following expressions for the p.c. amplitude C( 3 ~» 2'y).



Y

-~ - 2 -
C(E »I)=3a,
. a
c(z" » %) =+ _} + —L: a,
v/ 342
4 a
CE e ny mt— - a2 a” (1.8)
/6 3/6 3/6
! 2 1
C(A + n) -—T+—:a2—-—__a3
6 /6 3/6
a
c(z” » n) ‘"-’—:1'*“1—_"‘3
/2 3/2

Similar expressiohs can be found for the p.v. amplitude D . From ¥

. these, certain sum rples can be deduced [2]. At present, however, the

\

available experimental information iqphot enauwgh to check these sum
-

rules. ’ , \

‘¢

1.2.1(2) Pole Model Calculatiouns.
The pole model goes a step further and tries to calculate C and

D . There are many variations of this approach [1,15,16]. We pick a
‘ .

s{?ple case [1,2] as an example. P + 2y is thought to proceed

N

according to theftwo tree diagrams drawn in Fig. 1.2.

Fig 1.2.
- Jypical

- baryon pole
diagrams for

+
z -P\_p‘Yo

)
*

~



int W ' E

) Hoapr = Faps ¥ Fess (1.9)
Assigning gﬁ:zfg again to the SU(3) octet to uphold Al = %— rule,
we get the following expression for it:
Hiep = (G ap 1B a)) ¢ b(ELR) 1B )
S vgel 8 1)
T el e -a e o)

-

The constants a,b,a’ and b' are determined from a similar

pole-diagram analysis of 3 JB’: n decays. In one such model

~
calculatiopn [1] N
! ~4
a=3.5% 10 MeV
A '
b = -B.4 x 10 MeV (1.11)
v , -5
a'= -9.0 x 10 MeV
' -5 '
b'= -2.5 x 10 MeV,
ZH:E has the following from
eff } ) - .
. U
E -— u' l —_— ‘3 u'\)'
- 4+ — P
Hogs [ieq& by Yy b, A 2V, Zm vt Vg F ]

”

L(1-12)

where q is the charge of the baryon.and UJB is its magnetic moment.
Evaluating the tree diagrams in Fig. 1.2 with eqns. (1.9)-(1.12), we

+
obtain (e.g. for [ = PY)



et »py) =

(1.13)
+ Yot b'
D(z > py) = —e(-— + _P_) BN A
] , me \ZmN m.. + my 3
PN stands for the baryon mass. Using the SU(3) value
" =y = 1.79 we obtain
+ P .
Z .
+ i
I(Z_ > PY) . 0.28% | (1.14)°

+ o
~ F(I + pm )
 which agrees well with the expefimental value [1-3]. However, in the —

~t L .
above scheme the parity conserving part is the dominant contribution to

the decay. This fails ‘to reproduce the asymmetry parameter [1,3]. .

Some modifications of the pole model include other resonances as

intermediate states [17-19]. These calculations more or less,
; + o
reproduce the experimental results for I =+ py and A =+ ny [5}.

There has been an attempt to include meson poles also [20].

4
‘

1.2.1(3) Current Algebra Calculations

Techniques of current algebra have also been applied to these
decays [21]. In this approach, the > + :Jb’y amplitude is first
! -t ' - : )
related to B » 0'ry amplitude by a low-energy theorem. One then

expands the X + ;p’wy amplitude in powérs éf the phol::on momet_mim
" k' using Low's proc@dufe [22). By keép!_.gg the 'k'—l‘ and k'’ order
terms only, one can express D * .n'y amp'lit.ude' in terms of
B+ ' amplitﬁdé. ‘S.uch an anaiysi's ;eads to a éizaﬁle pari;y
‘violating ‘contribution to 2 » 'y amplitude. gRggulipi are fn
- - C . : "

N

i

-
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of which are known. Borrowing those on

hf) N T 9 .

reasonable agreemenf with experiment [3,21/.

1.2.1(4) UnitarityﬁCalculations /

In another class of calculations, unitarity has been used to get
[

lower bounds on these decay rates. The drick is to realize that the
1 4

real and the imaginary parts of C and {D do not interfere in the |,

!

decay rate. So, if one can determine at! least the imaginary part, one
P |

-

can easlly get a lower bound on the. decay rati. Unitarity allows u$ teo

compute the imaginary part of the amplitude. 'éyid|rtue of unitaricy

the 1ﬁaginary part of the amplitude ca7 be determirted in terms of a sum
. | >

over physical, experimentally measurable amplitudes for intermediate

states. In one such claculatfon [23,24] only Nn intermediate states
Y N '

were considered. One can write

1 4 bd3 T & 4 ‘
. L ImM == 2n) [ SR SA o s (p-prg)
£fi 2 3 3
: 2n)" - (2w)
m 1 ot )
-p-g -Zq—oxfn Mm . (]..15)‘

Y

P, p' ‘and q are the initial baryon, intermediate nucleon and pidn

]

- momenta respectively; m is the intermediate nucleon mass. n, the

intermediate state corresponds to Nt state. So, the imaginary part

3 ) : -
gets re}aCed to the-pionig\decay and photoproductior amplitudes, both

‘ gets the following unitarity

bounds - y



—g——fﬁl>69xlo6
F(Z + all)
(1.16)

T(A + ny) -4
TA > all) Z 8.5 x 10

< ’

Tgere have been still bolder attempts [23,24] along these lines to even

‘estiméégmﬁhe‘real parts of these amplitudes using dispersion techniques

. A}
supplemented with current-algebra and PCAC. The results are far from

-

belng satisfactory-.

<

1.2.1(5) Critique of the ‘baryon—level calculations.

There baS}on—level calculations have employed a variety of

techniques to -guess the structure of the hadronic weak Hamiltonian fram

the observed data. The list of techniques is impressive and different
: ¥
models have succeeded, to varied degrees, in putting forward convincing
mechanisms for these decays. At the .present stage in the history of
' ]

particle physics, however, these baryon-level calculations can hardly,

be called satisfartory explanations for hyperon weak radiative decays.

10-

WE know that the hyperons are made upuof quarks‘hndAthe GSW theory //’/ﬂ

gives us very definite mechanisms for such flavour-changing weak

- radiative transitions. Baryon-level calculations, by che very nature

of the -analyses involved, tell us.xgry lgttle as to how quark dynamics.

"

gives rise to the observed decays. They fail to give us a microgodpic :

picture, they are in the pre-GSW spirit. Now that the GSW-theoty is

*s0 well established, one must try to explain these decays at the quark

r

" level. This has precisely been the fedent ling\ff investigation.

S . 3

’
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4-2. Quark-level Analyses

W -
'51.2.2(1) The quark-level analyses o% these decays start with Gflman

&hd.W1sv tn 1979 {25]. They assumed that these transitlons are
(el ‘

@dwida[ed by a single s quark decaying tnto a d quark and a photon,
while the other two quarks remain 'spectators’ (Fig. 1.3a). GSW theory
promises such a mechanism (Fig. 1.3b). The quark-level amplitude 1s
related to the baryon-level amplitude tollowing the usual

- . ’ ; +
nonrelativistic quark model (NRQM) methods [26,27] . [ =+ py decay

rate was used as an input parameter in this calculation to predict the

other decay rates. It was realized that this l-quark transition

i
Fig. 1.3a l-quark Fig. 1.3b A typical example
PaEN
transition , of l-quark transition permitted
' ‘ . by GSW theory



12

Fig. l.4a 2-quark ) Fig. 1.4b A typical example 3
transition of 2-quark transition permitted

by GSW theory

-
2 8

’ .
Fig. 1.5a 3—quark Fig. 1.5b A typical example

transition of 3—quark transition permitted

by GSW theory

‘s

was incapable of reprodugcing the experimental data [5,25])..



In additfon to the l-quark trausition, 2-quark and J-quark
transitions also contribute to these decays in the same order (Figs.
1.4 and 1.5). Kamal and Verma [28] looked at the contributions ot
these additional mechanisms. Following the NRQM methods again, they
comblned the 2-quark amplitude with the 1~quark.one. Their model had

+
three free parameters which were tixed by «he L +» py decay rate, its

asymmetry parameter and the bound on = + I y decay pate. Their

i _0 .
predictions for A » ny and =~ Ay are in agreegent with the recent
experimental data [4,5]. However, they had to invoke an additional
dinmensionful parameter to combine the 2-quark amplitude with the

\
l-quark one despite the fact that both these contributions are ot the

same order In the coupling constanls. ’

Almost at the same time, Lo [29] came up with a very detailed
analysis of hyperon radiative decays within the MIT Bag Model
"[26,30-31). He included the 3-quark contributions as well. He also’
took account of the short-range gluonic corrections. The salient
features of his calculation are: ’

(1)‘ This calcuation has only one parameter, viz., the overall
normalization, which is fixed by the £+ + py rate.

(11) The calculated value of £+ + py asymmetry parameter is

a = -0.154. Though the sign is correct, the magnitude is a Sit too
small.

(iii1) The 3-q98rk amplitude identigally vanishes in his calculation.
Some other quark-level atte;pts have also appeared in the literature
[32] but the cases mentioned above, more or less, summarize the main

thrust of various quark-level investigations.

The scenario that emerges out of all these efforts can be summed



up as follows.

(1) ;here is little hope of‘solYing the riddle of these decays unless
one combines all the permitted quark processes.

(i1) All thé%e calculations take Z+ + py rate and asymmelry parameter
as inputs. Experimentally this is the best measured process but there
{s still no ab initio calculation of these parameters.

(1i11) All these analyses eitter do not calculate or fai; to repfoduce
the iarge negative asymmetry parameter of Z+ » py decay. Being
independent of the normallzation, this should be a more reliable plece
of prediction. All sorts of conjectures have been put forward in the

literature to explain this discrepancy [10,29,331.

1.2.2(2) Critique of the quark-level calculations

These calculations have all bamn don;>following the NRQM or MIT
bag model (MITBM) methodologies. Though the NRQM and the MITBM have
been‘very successful in explaining many facets of hadronic
‘phenomenology,. one will have to be a bit prudent in their application
to hyperon radiative decays. These brocesses are complicated because
both spectator and non-—spectator processes compete in the.same order.
So before we seek alternative quark—level mechanisms (1.e. beyond GSW
‘Eheory) to explain these decays, it is important to ask whether the
calculations above have been rigorous enought. It turns out; and as
will be explained in detail in the sequel, that there are some serious
field-theoretic consistency prob1e§s in the above analyses. To
appreciate this criticism, let us scrutinize the NRQM methqd of

®
obtaining a baryon-level samplitude from the quark-level one.

~

| o

®

14
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4 .
We take up the I + py case as an ilQUSLration. This is a

h

two-body decay process. One goes to the rest-frame of [ and seeks a
quark-level expression for the amplitude
~ P + .
p(E',+k"Z;4), v (k',~k'Z;0= -1) out |[£ (M,0;4)in>
1
where ¢+ or + give us the spin 7 components in the poslitive

z-direction. One uses the SU(6) wave functions for the baryons and

\

assumes that
<p(E',+k'Z;+),y(k",~k'Z; = -1) out|I (M,0;4)in>
3, 3+, 3+, 3+ 3+ 3+ act T T > o+ o+
[ dpjd"pyd " pyd Pld‘Pzd Py wp(Pl,pz,p3)wZ+(pl,p2,p3)
" " ’l " ’l "'
<IU(pl.*)U(p2,*)d(p3,*) + U(pl,*)U(pZ,*)d(p3,*)
". +' *v ’l " +l
-ZU(pl,*)U(p2.+)d(p3,*) + U(pl.*)d(pz,*)U(p3.+)
~ 2u(py,Hd(BY, u(Ry+) * u(b], ARy, u(R], )

" " ,' "' +l "
- 2d(pl,t)u(p2.*)u(p3,*) + d(pl,*)u(pz.*)u(p3,+)

> > N % ’
+ d(p],+)ulpy, H)u(py, )]y out|
a -

(2(hy )8 By nt Julhynt) + 26 (py 44 Ju(hy »+)ulhy,t)

+ 20(h o IuCBy s )5 (Byt) = ulhy 448 (hystdu(hyst)

- (B, »t)ulby,H)ulhy,t) = ulby,H)ulbys4)s(pyt)

~ (B ulhy s )8 (byst) = ulpy IS (By,+Iulby,t)

- 8(py »t)u(py3t)ulpy,+)]in> (1.17)

o +, 2, ) >+ + > . .
wp(pl,pz,p3) and ¢ +(pl,p2 p3) are some normalizable 'shape factors

usually obtained from a potential model. The overall normalization of

J
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the amplitude is fixed by a known decay prScess. In order to obtain
each of the quark matrix elements in eqn. (1.17), one does a
qﬁark—diagram analysis by treating the quarks as free. One then
performs a noanrelativistic reduction of those amplitudes and feeds them
back into eqn. (l1.17). It>is claimed that the rtgﬁc-hand side ;f eqn.

(1.17) is, then, proportional to the left hand side. From a strict

field-theoretic point of view, simple integration of a free-quark

matrix element over some shape factors does not yield the matrix

P

element between the corresponding bound states.
r

»

In fact the correct method to analyze bound-state reactions within

the rigorous Bethe—Salpeter (BS) formalism was put forward by Nishi jima

and Mandelstam around 1955 [34-38]. As will be shown later, an

application ‘of that method to hyperon radiative decays yields the:.

: +
following formula for the I + py decay amplitude

p(P',5"),v(k',A") out|z (B,S)in>

- Z:];/2 10 1 O'I d4y1d4
2p° 2P

1

©

4 4 4 4 4
yzd y3d yad xld xzd Xq

A 3 (] 1
- p:P',8"——
X (¥12¥2Y3)54D, ceE, o' F
8

G(¥)+Yg Y3343 %) 2%00%3)sun L wE, o £F; 4 ";aaA,BbB,ycC

(M
*
oA g)

+
L :P,S
X(%) 2%55%X3) 0 8bB,ycC : (1.18)

where Z3 is the photon renormalization constant; (8dD, xeE,ofF) and

-

(aaA,BbB,ycC) are the (Dirac, flavo(xr, colour) indices of the final

'and_,iniéia’l quarks, (y].,y2 ,'y3_) and (xl,xz,x3) are the spacetime labels -

of the final and initial quarks, y, is the ‘spacetilme label of thé”

photon. All repg‘ndices are summed over. ;p and xz - are t.h S

e

- i
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. +
BS amplitudes for p and I respectively. The quantity o 1in

eqn. (1.18) is the 'amputated 7-point Green function' given by
1

AR R ATIEL h LI T ) L
1'72°7374°71772°7378dD,xeE,0fF;aaA,8bB,%cC

. B p' — - —
(yl)wKeE(yz)wofF(y3)A (y4)¢uaA(xl)¢6b8(x2)¢YCC(X3)10>

= <O|T o

<] Y5dD
4 4 4 4 4 b 4

= [ d yjd yyd y3d y,d x1d x3d xg

. SR
G(Y (sYosYasY1sYysYq) . Gy ,»y,)
172r73L ? 3 §dD,xeE,ofF;8dD,xeE,ofF

MICZES 295 255 2EE 1S S48 0 L
L7227 3024 T2 3 e CeF G EF;u ;o aA, BB, Y0

G(x!,x),x!ix, ,x,,X,) 3 (1.19)
177277377172 3aaA,BbB,ch;aaA,BbB,YCC

where

LY, sYosYa3Y YY) s
1772073771727 3% 6 ih  ceE , wF; a3k, ADB, ¥ oC

(yz)wofF(y3)$;M~(ri)$-E(yé)E' (y3)]0> (1.20)

z - <O|Ty, (¥, )
. 8dD*7 1" "xeE 3D P N

ofF
[ ' ™
Gy oy ¥ = <oltat (v A" (v 0 - (1.21)
and
G(X,,X),X 35X, , X, ,X) —
17277323 wnaA,BbB,yeC;aaA,BbB,ycC

- QOITy__ (Db (v (xPV . (k¥ (x)¥ (xg)[0> (1.22)
aaA BbB yeC aaA AbB yeC '

All field operators in the aboveiexpressions are Helisenberg operators.
Diagramatically, eqn. (l1.19) implies that from the 7-point Green
function, full 6-point quark‘Green functions are amputated in the -
initial and final state and full photon leg is émputacéd in the

final state. Whatevef is left of the 7-point Green function gives us

o %(Fig. 1:6). The procedure to do this order—by-order
. hS
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P = 23 Hq ' 3|3: :3') 84
a
Ag b J
——— — 4 - - -
l ) b A A
x, LPUE ‘ X, Ry Xy

Fig. 1.6. Amputatibn of the 7-point Green function to obtain o.

was first elucidated by Mandelstam 136]. -

The amputatiéq required by the 'Nishi jima-Mandelstam formula' i.e.
eqn. (1.18) is, thérefore, very different. We recall that if the final
and :Pitial quarks were treated as free, one will amputate the seven
legs separately to all orders [35,39,40]. Such an amputation will
.never givg‘rise to bound states as the ba%yon—pole comes in the 6-quark
Green fun;tion. Hence, the usual quark model philosophy has serious
consistency pr;blems. It turns out that the correct amputatiBn gives
very different Feynman rules for bound quarks [36-3@1. In particular,
one finds tﬁat the spectator lines contribute.inverse propagators. So,
in the usual quark model calculations one is not doing the perturbation

n

theory for bound éuarks correctly. It is for this reason that Kamal

‘

and Verma [28] had. to introduce a new parameter to add quark diagfams
LR o ' : '

W

nodspedta;or processes compete in the same order, it becomes all the

more impdrtani to do the perturb@tish theory for bound quarks

T ¢

Fo:recclﬁ. It is not obviousjthgt tﬁése c0nsiqtenc§.requ1:edtnts are
\ A - i ) . .1

‘met. in the MITBM calculations either.

. S . L ‘ _ . -

j B 5 :

| . o :
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To sum up, we realize that the method of relating the quark—leve[
amplitude to the baryon—level amplitude in the NRQM and the MITBM is

far from being rigorous. A rigorous BS calculation introduces many

nontrivial features in the analysis. It is, therefore, important to

1nvestigate these effects in detail before one looks for alternative
mechanisms at the quark level to-explain these decays.

It is such a rigorous and detailed analysis of these decays that
is taken up in this thesis. We calculate the amplitude according to

eqn. (l.18). GSW theory then exactly tells us how to calculate o.

+ AN

L N .
For ;p and x , we assume a covariant and normalizable Gaussian in

relative momentum variables. The invariance properties of the baryons

are built into them. Their parameters are fixed by the -quark and

baryon masses and the radii of the baryons. This scheme, then, enables

us to predict the asymmetry parameter for these decays without any

¢

ambiguity. - As we shall see in Chapter 2, the normalization condition
for BS amplitude needs the strong interaction dynamics as an input.
In our scheme —— where we have used phenomenolggical insight to
paradeterize the BS amplitude without actually deriving it frzy\i?me

strong intéraction dynamics —— it is not possible to rigorously

normalize it. The overall normalization of the decay amplitude,

therefore, remains undetermined. As a result, this scheme does not

3

permit:us to predict the rate for an individual decay process.
In Chapter 2.of this thesis, we formulate the problem of weak

radiative decay of baryons within the precincts of the BS formalism.

]

We also point out the approximation and assumptions involved in the

v

19
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+
choice of ;p and XZ .

In Clapter 3, we derive Feynman rules for bound quarks and then

+ /
use them to calculate the [ + py asymmelry parame er .

In Chapter 4, we end the thesis by commenting on our results.

Specifically the differences with the usual quark model calculations

are highlighted.

-



-CHAPTER 2

HYPERON RADIATIVE DECAYS IN THE BETHE-SALPETER FORMALISM

I

If you came this way,

Taking the route you would be likely to take

From the place where you would be likely to come from
e " T.S. Eliot

In this chapter, we first discuss how %—+ baryons are dsisribed
in the Bethe-Salpeter- formalism [30,35,37,38,40-44 ]; Then the
S-matrix element for hyperon gadiative\decay Qiil be’ derived following
the method of Nishijima and Mandelstam [35-38].  All field operators in

.this chapter, unless explicitly stated, are Heisenberg operators.

2.1. Kinematics of a three-quark system

A baryon B consists of three interacting quarks described by the
field operators wuaA(xl)' wsba(xz) and ngcC(x3)- (aaA, BbB, ycC) are
the (Dirac, Flavour, Colour) indices of the. three quarks respectively
and .(xl;xz,x3) are their spacetime loc;tions. Instead of (x1’¥2’x3)’
it is sometimes useful to work in baryonic cosrdinates (X,E,n) given )

by



. X = fix) + £+ f3x

£ = x| T X, (2.1)
- Lk +x,-2

L n =g (gt xptxg)
where the coefficients fl’fz’fB satisty .

f1 + f2 + f3 =1 . (2.2)
In our case, where the three quarks have non*zéro masses, we can
choose

m -
f, = — ;0 10=1,2,3 (2.3)
+
i m1 m2+ my

" The discussion in this chépter;\however, is independent of any specific

|

choice of fl’ f2, f3 so lqu as they satisfy eqn. (2.2). It can be

easily shown that the Jacobian of the above transformation is equal to

Y

one.

The inverse transformation is given by

Xy = X+ fqn - (f1 + 5 -1)g = X + Fl(g,n)
v £,
X, a«X_+Af3n - (f1 + 5= e = X + Fz(g,n) (2.4)
f3 1
xg =X+ (fy - Im - (£, + 37 - 3% = X + F3(E.n)_

Let py, Fy» Py be the-4-momenta of the ququs atw X1s Xp Xg

respectively. Again, 1nstead of (91’92’93) we cian work in terms of a

transformed get of momentum variables ( ,pE,pn). These two sets are

»

related by



P=p te, try
L o et L@+ ep, -3 (£~ £) (2.5)
Pe 72 2" t3/P T2 15 T3P T 7 YT R2/Ps :

p, = f3pp * f3py = () + 1Py

The Jacobian of this transformation is also equal to one. The inverse

transformation is given by

p1=flCP+pE+

o
oo |
—

+ 5 p (2.6)"

p2=f26>-p€+

Py = f3CP— pn

It is scraighcforwa'rd to obtain the following useful resuit

¢
|

P x + pgg + pnn = P1X + PoX, + PaX, (2.7)
1 +
2.2 The Bethe-Salpeter amplitude for a 7 baryon
' 1+ - '
The bound—-state properties{pf a 3 baryon are contained in the

BS amplitude [30,35,37,38,40-44) |

( . )JB:P,S
X{Xy1X33%375aA,8bB, ycC

where .P,S are the é-momentum and of spin of the baryon respectively.

= <0|T \paaA(xl) wBbB(xZ) ¢YCC$x3)|JB:P,S> (2i8)

Other flavour and colour quantum numbers of the baryon are obgyous from
P . For instance, if B is a proton, then we know that it belongs to'

the octet of flavour-SU(3) and éinglét of colour-SU(3). Thus, without
iR <

" risking any loss of information, we have suppressed the flavour ‘and

,,_Z

-

23



colour quantum numbers of B . (aaA, BbB, vcC) remain the same as

before. The baryon I is on mass-shell, i.e.

pT = M 2.9

where M 1s the baryon mass.

N

Based on spacetime translation invariance properties of the field

operators in eqn. (2.8), we can immediately write

( )JB :P,S - 1 -ip.X ( »:pP,S
X (%) 5%X95X3) on BB, ycC 2n) 372 e x[&:n] aa. BB, ycC

P
where the ‘relative BS amplitude x[£, n]jzA BiB

(2.10)

C is defined by

(£, 208 : | ' ?
xl&snl aa, BbB,YcC ~

»
z (2") <0|T Yoan(F(Eon)) bapp(Falts ;D) by C(F (g,n))|=>: P,S> (2.11)

We shall always write the arguments of the relative BS amplitude

inside square brackets.
o

Corresponding to ¥, we have a conjugate‘BS'amplitude defined

{

by

» :P,S

x(yl,yz,y3)6dn veE,ofF 3 RIESIT Ugp(v) ¥ g (p) ¥ oer(Y3)10> (2:12)

The notation used in eqn. (2. 12) must be self-evident by now. We use a
different set of coordinates and indices for future convenience.
Spacetime translation invariance again implies

:ePS-' Ly iP.Y ,.sps N

- *

(Y,E',n') are related to (yl,yz,y3) through three consténts ‘fi, £, -

“3

f" in exactly the same way as (x,g,n) are\related to (xl,xz,x3) N

24
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>
A

through the constants (xl’tZ'li)' The con jugate relative BS
amplitude {s detined by

F' 1 \B:})IS
E N i ek L ot F

(Z.l/o)
(ln)}/Z\'\B:P SIT @ (FI(',n')y) o (F(E'"n")) W (F'(s 0 0o
’ sdpt L ceb 20 otE !

where Fi(E',n'), Fé(g',n') and F'}({,',n') are obviously related to

(ti,té,t;,&',n') fn exactly the same way as Fl({,n) s FZ({,H) and
F)(g,n) are related to (tl'tl’:i’ﬁ’n)'
In the interest of cén[inuﬁty, it is wise to introduce the
~. 8
N .

;Y . .
momentum space represenlatious ot x and x at this stage. We detine

the BS amplitude in momentum space by the following Fourier

transform -
( )J3:P,S
ﬁ P»PyPy aaA,B8bB, ycC
ip,x tip_x,+ip x
A 4 171 272 373 2 :P,S .
f d xld xzd Xy e X(XI’XZ'X3)aaA,BbB,YcC (2.15)
Using eqns. (2.10) andy (2.7) in eqn. (2.15) we obtain P &3
. 4 £ i\l
X :P,S (27) 4 . B:p,S .
- pP- ' .
‘ipl’pZ'pJ)aaA,BbB,YcC (2“)3/2 § (P-) X[pﬁ’pn]aaA,BbB,ch (2.10)
where
ip g *+ ip n
D :P,S 4 4 £ n 3B:P,S )
x1PgoP Toan gpB,ycc =/ 484N ¢ x1En] oa abB,yec (2017

4

Similariy, the conjugate BS amplitude in momentum space is defined

by
»
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\
Tty RS
)
XAP PP g yqp  wek, otk
—ipry ~iply,-iply N
A AR AR D g B:P,S R
=[d yld yzd vy e X(yl'YZ’yi)ﬁdD,KeE,otF (2.18)
Again usiuag eqn. (2.13) 1o egn. (2.18) we obrain
4
- :P,5 SZnZ 4 . - D UIEN
[ [ [ 13 = ; P“@ [ [ ’ 2.
X(PLePyPY)sup cek, o tF (2“)3/2 5 Y oxlel v Tean Cek atr 19)
where
e ),133:P,S
XIPe P lsqp, weE, ofF
_1p|£v__1pvn '
4 4 £ — B :P,S
= [dEdn e "ETn ) ’ (2.20)

8§dD, xek, otF

S

5 !/ [} [] . R ' ' + [ ] [
Once again (CP,pE,pn) are related to (pl,pz,pg) through (f ’fz'fj)
in exactly the same fashion as (CP’pF’Pn) are related to (pl,pz,p3)

through (fl,fz,f3). ?

2.3 Relationship between the BS amplitude and the 6-quark Green
function )
The BS amplitude x and its conjugate ; are intimately related
to the 6-quark Green function defined by
G(x) +X)4X33Y1Y72Y3) a8, 8bB, ycC;6dD, xeE, o fF
2 =COIT ¥, (%)) bgpa(X) b o (X3) Fyup()) ¥, g (g) ¥ep(y)[0> (2:21)
The minus sign in front is a matter of convention {30,37,38,43].°

Again, exploiting the spacetime translation invariance of the field

operators, we can define the Fourier transform of G as follows:



g

GOXa%) o Xq3Y 1 3Y 90 3) Ga g bB, ycCiRdD, x ok, o L F

1 4 4 - 4 4, 4 . —iP(X-Y)
f dPdpdpdpld P e
P N n £ n

(2“)1() / R

- I3 i ety ' v
(pﬁﬁ(zggw) (p&, P )
o

/

e

) (2.22)

G(Psp_.p_ipl 0. : C
(Fip b 3PP ) an, BbB, ycC;6dD, xekl, otk

It can be rigorously shown [30,37,43,45] that, fu momentum space G

has a pole at the bound-state energy and the residue at the pole 1is

-

related to x and ; . The exact relationship is as tollows:
A

G(P;p_,p_sp.»P’ ' . . .
(PipesP 3PP ) an BB, ycC;6dD, kek, ot F

S O S U
2w 3.0 0 .

s (2n)” 2P P hp+lt

]Jb:P,S - . DPS

x(PesP T an gbB, ycC xUPsP lsap cek, ofF
0

+ (terms regular at P = EP) (2.23)

where

P’ - £, = ‘/f’z v (2.24)

This relation will play a pivotal role in our discussions.

2.4 A Consistent Parametrization of the BS Amplitude for

% Baryons .
The BS amplitude x satisfies the Bethe-Salpeter equation
»:P,S & 4 4 4 4 4o
X (xgXpax3) a aip yec = ) 4 x[d xpd x3d iy d ypd vy
2



"

(48" =x )] _ 6 _ 6 (18" (x,x3)] 6 8
O & 277200 20

. o + '
[1iS (x3 33)] N s G‘y permutation over X 2Xpr Xy legs}
yy c¢c CC
V(X[ X5, X335 15Y 573 ) Y
123
. 1 aA,BbB,ycC;6dD,xeE,ofF
N\
»:P,S
x(Y15¥2Y3) 54D, ceE, o fF ) (2-25)

The function V 1is called the firreducible kernel {37,60,41,43] for

the 6-quark Green function G. It is related to G as follows

G(X|+%55%33Y15Y22Y3) A, 8bB, ycC;8dD,xeE, o £F
= ' hand S
{187 (x 7y )] g 8 g SaplS (Yl lg, 8 pe Spel18'(xg7y )l 8 ¢ Sep

+ permutation over xl,xz,x3 legs}
4 4 4
t
I d X d x2d x3d yld y2d y3

({18 (x,=x)} _ 8 _ 6 _[18"(x,x3)] 6 & [18'(xy7x3)] 6 _ 6
1]"a.uaaAA' 2‘288bbBB 33-yyccce

+ permutation over X,,X,,X, legs}

V(X! X5, X351 sY00Ya) o
127277377120 ey AR, Y0 D, Kok, o TF
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‘/ 1] 1
GEY ! YA Y s Y 2 Y sy o) o 2.26
1727737712 j6dD,-<eF,ofF;édD,(eE,otF (2.20)

Graphically, the relationship between V aud G has been shown in

Figure. 2.1 .
Poer mautbtakoons

o ” x
K, x5 ®y ! b >

Permaut -
~nk.ons AN

Figure 2.1 Graphical depiction of the frreducible kernel V.
,Jt is obvious that we need to solve the BS equation to get an
»

Y
explicit form for x. There are two major difficulties in doing this.

First, we need the explicit form of V 1in order to solve eqn. (2.25).
This amounté to knowing the_long-disfance strong interaction dynamics
responsible for bindipg of quarks in the baryon. This information is
not available at the present time. Secondly, even if V were known
explicitly the solution of eqn. (2.25) is frgught with formidable
difficulties. 1t is almést impossible to obtain a convenient closed
form solution [30,35,37,40,41,46,47]. There have been attempts in the
literature to solve eqn. (2.25) with suitable kernels under various
approximations [30,60—42,67,49-51,53,3A]. iﬁ our calculations, we
adopt the mofe pragmatic approacﬁ of Tomozawa and Esteve et al.
[38,43]. We parametrize x straightaway in such a ﬁanner that it

has the correct spin and internal quantum numbers and has a reasonable-
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momentum dependence which is amenable to analytic computatidn of

hadronic S-matrix elements. This parametrization of x can be thought

of as a low-energy structure factor for the baryon whose

credibility is to be established phenomenologically. Following -

D] —

Tomozawa [43 we assume that the BS amplitude - for

given by

( )da:P,S
X\P12P22P3) a8 8bB, ycC

_@nt

(211)3/2

1 :F‘B:P

= N — €
/B ABC abc

4 P,S
8" @-®) {0 ) 27

DA . P
7 1 xlpg.p, ]

@ %S = (EDED Velg @) - (G vel e

QA:

baryons 1is

(2.27)

(2.28)

:(P)} (2.29)

¥q5:p and F are the p and )\ type baryon octet tensors

abc ~ ‘abe

26,27,30,42,55]. In order to avoid confusion between different

conventions in the literature, their components for° various octet

baryoﬁs are listed in Appendix A. € ABC is the colour singlet tensor.

XfPE-Pn]P on the right-hand side in eqn. (2.?7) does not have indices

L—

anymore. It is a Lorentz invariant function of pE, pawhand -.P. N 1is

the normalization congtant. Jt can be shown that the BS amplitude in

¢

éqn. (2.27) satisfies all the invariance properfies required for the #

(
[
@

hl



baryon octet [43-56] . For the momentum-dependent part, wg assume

P 1 2 "Tny2 2 .
x(p o 1 = exp{- ;—5 [8(———5J - 4p, * 6(— e - 3pn]}‘ (2.30)
? a

3P S
It can be shown that this expressfon for X(pl’pZ’pJ)qu 8bB , ycC

satisfies the required antisymmetry properties under the interchange of
any two quarks demanded by the definition of the BS amplitude. Lt must
be reiterated- that eqn. (2.27) is an ansatz for the BS amplitude.

Its utility will be established phenomenologically.

P
Next question that arises 1is: given x(pl,pz,p3ffzA BiB veC by
B :P,S

eqn. (2.27), how can one determine x(pl’pZ’p3)aaA BbB, vcC This

{nnocent sounding question is, in fact, a highly nontrivial one because
of the presence of T—product‘in definitions of x and X
[36,40,43,45,50,57]. For two-fermion bound states, an integral
relation between x ® and ;>was derived by Lurie, McFarlane and .
Takahashi [45] using microscopic causality. As shown in Appendix B,

this can be generalized to 3-fermion Bound states using canonical

commutation relations.//The integral relation is

[ Y
X:P,S .
/ dp dp? X[pg.p, 17 , :
aaA BbB,YcC
’ o 3 :P,S* o o
= =] dp;dp; xI[p,.P,] Y° Y° oy (2.31)
aA,BbB,ycC ~ ~ ~ .
En £ a B Yc as BF YY

Eqn. (2.31) is a rigorous equality. A consistent way in which

eqn. (2.31) can be satisfied is obviously [43]
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:P,S B :P,S* :

x[p,,p ] =~ xlpgop, ) Yoy _v" (2.32)
aA,BbB,ycC O
En aaA BbB,YcL na BbB,ye aa BB vy

In configuration space, this relation reads as follows ”') °
»:P,S L :P,S* ° °

x[&.n]7 = = x(&:n] aa sbB vec ¥ SOyt (2.33)
aaA,BbB,ycC e aa BB Yy

We do not propase to go into the ualqueness of this choice. This is a

consistent choice and we will use this relation to obtain ;-from X+
For the derivation of the Nishi jima-Mandelstam fo?myla, we need

another integral relation. From eqns. (2.27) a;d (2.16), it 1is obvious

that the relative BS amplitude is

B:P,S P,S 1 Bip P,S 1 BJ:A
x[ppp 1 = N[ (D) — € 3P+ (D)) — e, F0
£’ n aA,8bB,ycC - p aBy /5 ABC abc A" aBy /6 ABC  abc
P
’ 2.34
. xpg P, ( )
From eqns (2.34) and (2.17) we obtain
:P,S 3 [ P,S 1 L3P
x{&s n]Jb l [(D )aBY “— ®ABC t;abp + (@ )aﬁY ~— €aBc * abc] ’
aaA,BbB,ch /6 /6
x[€, n] (2.35)
It is not important for us to know the functional form of x[g,n] fe

is sufficient to know that it is a function of ¢, n and P. From.

eqns. (2.35) and (2.33), we obtain

®
— 4 Q:P"S ) 1 . Q:O - 'P,S 1‘x ﬂ;k
X[E,n] : = N*[(D ) =€ ‘_'F + (D) — :
aaA, BbB,ycC “BY ABC 7 abc A'aBy 7 ABC\abe
X[E:ﬂ] . . :l (2-36)

where



= P,S 1 FH4y 5 * —5 }
» - (__ of% "1 ~_ © .
® )y \/7) [l Gy erlggu, &) (2.37)
= .P,S 1 1 A4y 5 * —5 \
@20 = (DD (Hv e g u &)
A7 aBy Ve M By
(2.38)
£+ * 5
- [y (= )v Cr°] g e}

From eqns. (2.35) and (2.36), it 1is not very difficult to prove the

following integral relation

,S" :P,S ‘ ' L
J d'eatn xie, “]aaA BbB,YcL x(€an) a obb, e - CBMayg Sy (209)
where B ang X  are two different octet baryons. Q&EB lmpligs a

Kronecker delta over all internal quantum numbers of the baryons. The
AN
detalled form of C(P) 1is irrelevant. Eqn. (2.39) is obviously an

orthogonality relatiop. This must oot be confused with the

normalization condition for x and x -

2.5. Question of Normalization of the Parametrized BS Amplitude

The BS amplitude satisfies the normalization condition

1

(37,40-43] : |

4 »:P,S
l. t

3 Cot ot
{aPO [1(P3PgsPy5Pe P Jsap, ceE, 0 fF;aaA, 8bB, ycC

'

* V(Fipg Py pg’P )GdD xeE,ofF;aaA, Bb&,YcC]}

33



B :P,S

here I(P;p',p';
" (P3PsPriPeoP, )saD ceE,0 fF;aah,B8bB,ycC 1> the Fourler

f -
transform of I(yl’y2’y3’xl’x2’x3)GdD,KeE,ofF;uaA,BbB,ch defined in

‘the same way as shown in eqn. (2.22). And,
1 3X X, .
(1 »Y 929 33X %95%3) 54D ek, fF;aah, B8bB, ycC 5 8LVER DY the following

relation

”

4 4 4
J dxyd xpd X310y Y 25Y 43X 2%%X3) 541 ceE, ofF;aah, BbB, ycC

__ c e ﬂ
o ome o n
A
d@ + permutation over K 1X) 3 Xq
N .
zl’ L84 x.."
| 3R §E 3e€
[. 1 4 A 4 t *
= § (yl-x1)6 J8 8 § (yz-xz) § 8 8 § (y3-x3)6 L6 8
Sa da DA ) xB eb EB oy fc FC
a /
(2.40b)

\ | )
\

.

v e ! . '
(P’pg’pn’pa'pn)GdD,KeE,ofF;uaA,BbB,ch is, once again, the ¥our1er

transform of v‘yl’y2’y3;x1’x2’x3)Gdb,er,ofF;aaA,BbB,ch defined in

the same manner\as in eqn. (2.22).

It is obvious thdat we Meed to know V, i.e. .the long-range strong
Q ~
interaction. dxpamics, even to normalize the BS amplitude. As merttioned
earlier, this information is not available at the present time. Does

it mean that our.pian to work in the BSHEormaiism is a mistake to start
: : . u .

\
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+

with? Not quite! We\ihill see that the normalization constant N
affects only the overall normalization of our S-mdtrix element. So,
quantities like the asymmetry parameter, which are independent of the
overall normalization, can still be feliably calculated.

In order to obtain the decay rate, it is trug, we need the
normalization constant. The scheme of using aﬁparametrized BS

£

amplitude for calculating decay amplitudes is gherefore, incapable of
predicting the decay rate for a specific process.

Right ndw we only want to emphasize that we plan to use such a
- BS model to calculate hyperon radlative decays. We realize that it
is quite formidable QR*Q?ive the BS equation exactly. However, as we.

shall see, one Azed b BS amplitude to do the pertur ation theory for

bound quarks correctly. We are trying to find o a pragmatic solution

to this impasse [38,43). Our goal is not to splve the bound-state
problem for baryons, but to establish a form the BS amplitude, with
a normalization prescription for it, which is heoretically

consistent and phenomenologically reliable.

~

2.6. The Nishijima-Mandelstam Formula for Hyperom Radiative

-

Decays -
Nishijima and Mandelstam had developed a method of formally
writing.down the S-matrix elements for composite particle reactions in

terms of the Bé amplitudes for bound states and suitably amputated

Green functions. Though their method is outline% at quite a few placeé

in the literature [35-38,58], wézagain derive such a formula for
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hyperon radiative decays. The reason is that our method is very close
to the standard LSZ reduction formalism (37,39,40,57] and, to our
knowledge, this pa;allel has not been brought to .attention in the
liceratu;e so far. Let us now proceed with the derivation. We are
looking for the S-matrix element

\
Se, ™ <R (P',S"),y(k',A"out| B> (P,S)in> (2.42)
for the Feaccion X +»’y . (P,S) are the momentum and spin of the
initial baryon; (P',S') are the momentum and spin of the final baryon

and (k',A') are the momentum and the helicity of the photon.

*Step l. Reduction of the Final Photon
Photon is an elementary field. Followimg the standard LSZ

reduction progedure (37,39,40,57], we can expresé eqn. (2.42) as

-

follows ' , . N

-1 4 * '
Sfi = (7__) I d y4 fk',k'(y‘b)u'
. Z3

A

> ' ' * .
y @' (1,5 " )out|a" (y,)| B (P,8)in> (2.43)
4 ‘ .
where )
. X ._1§”ya ?'
A . : M et ——— '
-'fk' ,)\'(y4)u' ’——T_— e Cu_v(k s A ) (2'4“)
/f@2n) 2k’
. o
YA is the renormalization constant for photons and. cu,(k[;X') is the

3
1] -
photon polarization. AY (ya) is the Beisedberg field for photons.
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N ‘,‘:tt.‘\ 1 +
Step 2. Reduction of the\lnitial 7 Baryon
W

1 +
Since the initial E-.baryon is an observed particle, we must have
a corresponding asymptotic fleld to create (or annihilate) it. It will
satisfy the free Dirac~#quation. Following the notations of Bjorken

and Drell [39], we‘é;;;?E\it by

T
) . 3 bt >
ovy, X [ d7P +§ [bm- (B,8) Uy (X) + di_ (P,S) yPS(X)] (2.45)
out . - out : out '

where X 1s the position of the initial baryon. Obviously, this

corresponds to its centre of mass. P,5S are its momentum and spin.

Also [39] \‘ ~\
1 "B -ipx
U (x) = —=75— ‘/-—\lu(p,s) e (2.46)
Ps (2")3/2 Ep \\‘ R
AN
1 m 5 ipxx\
V (x) = ——75— ‘/—— v(p,s) e . _ C(2.47)
ps (2")3/2 bp { R

’ \ . .
for a generic Dirac particle of mass 'm' with momentum \'p' and spin

\
's' . u(p,9) and v(p,s) are the Dirac spinors iﬁXBjorken and Drell

R
notation [39]. b1 , bT , d and dT can be expressed: in terms
n in in in \; . .
. out o out out out . \
of win [39]. We will need only two of them, viz. A
out . \ )
b, (p,s) =] ax ul (x) (x) (2.48
in ‘P> ps Yia -48)
out out
b (pas) = [ Px ¥ U0 e
in Ps in ps : -49)
out out ‘

Let us consider® now
T f N



<’ (p',5")out|a” (v, (P,5)in>
L gt
- <D (P, 5 )out |8 (y, b (2,9)]0>
T

T
- < (®',5" Yout|AY (yl.)b (p,s) - b‘:&t =, s)a" (210> (2.50)

) t
The last step in eqn. (2.50) is not surprising because bouc(P’S)

acting on the final bra state gives zero. Using eqn. (2.49) in eqn.
(2.50), we -obtain

(&l(P'!S")outlAu '(y4)|.15 (P,8)in>
' t

[} - ' 3
= <D'(P',5Dout |a” (y,) [ X ‘pﬁ (X) Upg(X)
T
_ 3, o u' .
[ &% wout(X) UPS(X) A (yl‘)|0> (2.51)
It can be shown that:
T S

3, B . . :

o JaXu, (0 U@ =0 (2.52)

out

Hence, we can take the limit X+ ¥ e in equ. (2.51).

(' (',5Yout |a" (v,)|B (2,5)in>

B [] T . .
= lim (:B'(P',S')ou‘t‘Au (v,) / a>x wﬁ (X) UPS(X){O>.
xo‘;—m . . . ‘
/ 3 31' u' . ' ) ‘
- lm <2'(P',8Nout|[ d7X y_  X) Upg(X)AF (y,)10>  (2.53)
X’ 4o o - .o

We have to.now define a suitéble interpolating field fbr the baryon lq

order to proceed further. There is a considerable freedom in this
5 o

choice [371. We will invent one auitable interpolating field by

invoking the BS amplitudé for the bound stateifb .. This 1s the hearc

»
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ot Nishijtma-Mandelstam techoniques Cons fUer the tield

el 1 M A A
vooX) = A \/- [de dn [0 ) g (x,) dxg)

C(P) K P adA BbB "2 y ol
t . B PL,ST .
v PLsx e, ’ 2.54
ot it ‘lmu\,mm,“«: ( )
*S
*where, C(P) s the tunction detined fn eqn. (2.39). The rest ot the

notatfon should be obvious by now. Using eqns. (2.56), (2.12), (L.13),
(2.39) and orthogonality tor Dirac spinors [39], it is not ditticult

to show that

end \ . 1 M‘ . . iP.) )
B TR0 = V/f oTrsy ot (2.59)
‘ 3/2 E
(2n) p

- bL . : .
Since W (X) satisties the appropriate normalization tor the

asymptotic field, it is a consistent choice tor the interpolating

-
4

tield (37]- Theretore, we can use the asymptotic limit
- B ‘ﬁr
I TR LY (2.56)

out
Al

{n the sense of a weak operator relation. Using this asymptolic
condition in eqn. (2.53), we obtain

<®' (p',S" )out |A¥ (y)| B (¥,5)in>

= - ( lim - lim) | a’x dAgdAn

o o
X +4> X +-»

Vo e u' m v n '
<’ (p',5)out |T A (y,) wqu(xl) wBbB(XZ) ¢YCC(X3)1O>
! m + 3 :p,S”
c(p) VE; +§-- u (P,S) Upg(X) x[&n] Lon g, yeC (227

Using eqn! (2.46) and the orthogonality relation for Dirac spinors [39]

in eqn. (2.57), we obtain

—

19
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B (P ,s Hout A" (y,) B (P,5)in>

4 4
= - ( lim - lim ) | 4% dtedtn

o o
X *tw X #+-

Fo L , U' - — 1y~
B (PL,Sout [T A (v,) wa.i/\(xl) N (x,) WYMI(K‘J)‘W

b

1 1 B :p,SsT ~1PeX

372 C(P) X[F”n]uaA,BbB,ch ‘
(2m)

We can convert the fnfinite limits ia eqn. (2.58) iato an integral in

(2.58)

the following manner

< (rr, 5 out |A" (v )| (BS)in>

= -f dx°—a: ([ 4’ a*can

o ax
PR w' y/— h - =
<B(P',S " )out |TA™ ( A) waaA(xl) wBbB(xz) WYCC(X3)‘U>

1 1 X :P,S —iP-X}

(2w )3/2 C(P) X[E’n]aaA,BbB,YcC ¢

e B D e styeuc|T &Y (v ) B -
= - d Xd €d n axﬂ{<~ﬁ(f’ LSTyout [T A% (y, ) ¥ ) (R)) gy, (X))
wYCC(x3)|0> -

1 1 X :P,S -iP.X
e }

232 T@® x[€:n1 A 8b8, yeC

4 b b Loe oo ' - - =
= -f d*xd%ed"n{<D'(@",5 " out|T A" (y,) V0 (X)) Y5000, (X310

—
2 1 1 2 :P,S -iP.X
[_é_ -iE . X[g,n] ! e } (2.59)
5X° P (2")3/2 C(P) uaﬁ,BbB,ch

Putting eqn. (2.59) in eqn. (2.43), our reduction formula looks like
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»

] ~-i 4 ho 4 4 *
S..= (—)(-1) [dy,d Xd &d n B ey v

fi Y,
/Z3

+

T TR - — -
<P, Hout |T A (v, waaA(xl) wsbu(xz) Wycc(x3)|”)

1 1 ]Jb :P,S 1P X

X5 P x[E,ﬂ ) .t
3% (Zn)3/2 c(pP) aaA,B8bB, ycC

(2.60)

1+
Step 3. Reduction of the Final 2 Baryon

1 +
We now proceed with the reduction of the final 3 baryon. We
must have an asymptotic Dirac field to create (or annihilate) it.

»

Following the notations of Bjorken and Drell [39], we denote it by

4
‘b/ 3 3/ b’
Y) = P’ P',s") U Y) + P',S")V Y
v, (O = [d *E,[bin (P',S") Uy (Y) +d0 (P1,STV o ()]
out - out out
£2.01)
where " P' is the final baryon momentum; S' 1is its spin and Y' is
tts position. Consider now
*
2 (P',5")out [T A" v v v 0>
<®'(Pr,5out T A (y,) b, (x)) g (x)) ¥ ((xy)

b

out

= ©[B77 (BT, SOT AT (y,) ¥ a(x) b (%) b e (x9)]0
- oy ' [ u! mn o .

Qb (BT, SH[T A% (y,) b 2 (x)) ¥
3x3

gbs (%2 “’ch("3)]

- n' — — — D' .
D7 T AT () ¥ a0 Vg (xg) ¥ () Jb (RIS [0> (2.62)

Using eqn. (2.48) in eqn. (2.62), we obtain
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/ L] ' n! - - "
<2 (P",5 " )out T A <Ya> b (X)) Vg (xy) wycq(XB)‘0>
3 — — —
- wlf Y S.(Y) b O[T A (7,0 B0 (xy) wBbB<x2> Ve (xy)]

3x3 = 3
S DT A o ¢aaA(*1) Faupx) ¥ eclxy)] 4T Vg, b.(Y)wdb (1) 0>

(2.63)
Again, since for the Dirac field, 1in general,
N\
Y) =0 .64
= T (0 ¥ 20 (2.64)
) out "

'
>
we can take the asymptotic limit 1n eqn. (2.63). ’

! ' [} H ! - - —
/(e 50w [T 400 Ty ) w857<x2) b Xy 10>
T

ib

= lim <olf d3Y U
. Yt ¢
u' - - —
| [T 8% (v, ¥ a0 (%)) Vgpp(Xg) ¥, (x5 1107
_ 1\ 3%3 ' — — —
Um <O] (-7 [T A7 (y,) waaA(xl) bgpp (%2 b ec(xy)]

o
Y +—o

/ d3Y ol (Y) wl (Y)lO) (2.65)

P'S’
We need to define, once again, a suitable interpolating field now.

Consider the construct

~®' _____1 M' 4 ' 4 ' Ve ' ' D':P',S"
VM)t ey ‘/5;7- [dEd n.’g“ u(P',S™) x (€50 |i4p cek, ofF

[T ¢ 5ap ¥ 2¥oer (V3] (2.66)
where C(P') 1is the function defined in eqn. (2.39). The notation in
eqn. (2. 66) should, otherwise, be clear by now. Again, with the help

of eqns. (2.664), (2.8), (2.10), (2.39) and orthogonaiﬂ}y for Dirac

spinors, we can show
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(27) P’

- /
03 13 @8> -

Since it satisfles the appropriate normalization tor the asymptotic

field, it is a good choice tor the corresponding interpolating

tield [37]. Therefore, )
N‘B’ ’ Ib/ ~ )
- Vi, (1) (2.68)
- , out

%
{n the sense of a weak operator relation. Now, using eqns. (2.68) and
(2.66) 1in eqn. (2.65) and following steps similar to those outlined in
step» 2, we obtaln

R ! ' ' w' _— n "
< (' ,5out|T A (y,) ¥ (%) g g (%)) b ((x3)]0>

A [}
4, 6 b, 1 1 iP'Y —  , @ :p',s”
[ d¥dag'dn 372 C(p') © x L850 ) ap ek otr
(2m)
) 3 u'
(i€, + =5 J<OIT g 0 (r ¥, o )00, e (Y4)A" (V)

Y

Voan(®1) Yaps %) ll’ch(x3)i0> (2.69)

Putting eqn. (2.69) in eqn. (2.60), we obtain the final reduction

formula
-1 ‘4. 4 o4 4 44 &4 %
S, = (—=)(-1)(#1) [ d¥dg'dn'dy,dXdgdn £, ,({ ),
1 /23 4 k',a" 747
3 —
1 1 {P'y — , 0 :p',S! > 3
~ e [g'sn'] ‘ a. [iE,, & ]
(2n)3/2 C(P ) ‘ §dD,xeE,ofF "y, p 3y

w' " - I
OIT v, 7 W, U0 e 3) AN ) b, (x)) ¥gpa () b o (x3)]0

b ————

[ 2 -5

ax’ (21)

As in any S-matrix calculation, the next step is to amputate the

1 1 [ ]\E:P,S -iPUX
372 ¢y X L5 qaa,gbB,ycC ©

(2.70)
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Green function in eqn. (2.70) to get rid of the differential operators.
Since the initial and final baryons are not elementary but composite
particles, the amputation procedure is slightly difféfent in the
present case [35-38,58]. This is the next trick in the

Nishi jima-Mandelstam wmethod.

Sfep 4. Amputating the 7-point Function

L] *
Let us amﬁhtate the 7-point function in equn. (2.70) 1in the

followihg manner. ,

v I, 3.3 3
4
A "
Q E G(yl.yz.y3;y4;x1,x2.x3)"'
§dD,xeE,ofF;aaA,8bB,ycC
AN
x, x, %,

N

- u' — — p— R

= OIT w5 O g U Mg gp(3) & () ¥y () Vapn (%) ¥yec(5010>
b b b b bbb '

= [ d'yjd yyd yjd y;d x;d x3d xg

. e

G(Y ) »YsY 33V »Y5¥3) Gyt Y

§dD,xeE,ofF;6dD,xeE, ofF
o(yi.yé,yg;yg:q.xg.kg) ‘
G(xi,xé,xi;xl,xz,x3) (2.71)

where



\
- TP T 73

- ~ \ 1 ]
:\G(yl.yz,y3;yi.y2,y3 e
5dD,xeE, otF;6dD,xek,ofF

3 3 I

= " 'y v o o> (2.72
= <0|T deD(xl)wKeE(y2)¢ofF(y3) wgaﬁ(yl) w:EE(yz) w;??(y3)l ( )

Y

Gly, vy Y = <ot a¥ (v A" (v [0 (2.73)

HA)

Fa,
g
1
. p- N

_‘.I '10 "l

G(xl,xz,x3;x1,x2,x3)~~~ -
aah,8bB,ycC;aaA,BbB,ycC
= ox Xy

z -<0|Ty  (xMe (=% (xD) ¥ (x) Yo (k) v (x) |0 (2.74)
oYY 1 m 2 ';*cﬂé' 3 aaA "l 8bB 2 yecC*"3

[1]]

It is obvioﬁs from eqn. (2.71) that one removes from the 7-poiat
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- (

functiom, full 6-quark Green functions in the initial and final states.

Amputation for the photon leg is as usual. Whatever 1is left of the
F-point function is o , the lnputatéd Green function.

Diagrammatically, this is illustrated in Fig. 2.2.
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Fig. 2.2 Graﬁhical representation of the amputation procedure.

Putting eqn. (2.71) in eqn. (2.70), we obtain

Cho 4T A
"S- (/Z_)(-‘l)(ﬂ) [ d yld yyd y3d yad x;d xzd x5 .
4 , 4 4
d Yd E d n'd yad Xd Ed n fk' x,(yb o
it L 1YY - 2':p',s' u'y’ -~
; (e'.n'] : {a, G(y,,y}) }
(2")3/2 C(P ) §dD, xeE, ofF Y, 474
P ———
] .
{[1E,, + == ] G(y,,y,,¥33¥1s¥5:¥3) — }
(’_ B' gyt o CLTT2TIITILNI2TIIN 4 ek, ofF; 80D, KeE, ofF
[ 4
(Y sy s Yas Y 3K s X0sXa) o -
17722737747 "1 T2 3Ty ook o tF; ' a8k, BB, Yoo
. ’ T
{G(x!, %3, %25 %, %, ,X, ) —— -1E,}}
1"%2° %3751 0%2 3a‘A,8bB 7oC;aaA,BbB,ycC X" T
1 1 0 :P,S -1PX
2ny22 T®) x(€sn) or 608, yeC © (2.75)
We know that on—-the-shell [59] ‘/;_
- 4 ; ;1k(ya'yzj
W' .. ¢ dk e '
G(y 4y gy 2,4 [ == 5 (2.76)
- T’ ke

‘ 4150, from eqns. (2.22), (2.23) and (2 24) we can write
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5dD, xeE,ofF;8dD, xek, ofF
4 . -iK'(Y-Y")
p. e

G(yl,yz,yB;yyxyz,y3)

1 4 4 4 4

— [ dK'dp dp'dpd
(2“)16 . £ n f £

Qi ] ' + L] ] i . . + . e

(PEE PN ) (pEE p.n )

e e

(1 (—1) 1 1 1 (o p,]qs”:x',s“
5o X , oy
D,xek,otF
s 2n (ZW)B ZK'O K,O_EK'+1t £’'n'6db,xek, 0

4

- W ?pr,s” terms regular
w w R .
X [pﬁ’pn]GdD,(eE,ofF * ( ) } (2.77)

at K'O = EK'

The notation is a little confusing here. (Y',£",n") are the baryonic
coordin;tes corresponding to (yi,yé,yé) and (Y,g',j') are the
baryonig coordinates corresponding to (yl’yZ’YB)'

Similarly,

G(x!',x!,x2 %, ,X,,X,)
1’7232l aaA,B8bB,ycC;aaA,BbB,ycC

X b 4 ~iK(X'-X
= ___.1___‘: f dAK dl‘p'll d[.p”' d'p dp e 1K( p )
o 1 £ n £ n
i
/ E p'V'n'll) 1(‘) E + P n)
£ n : 3 n
e e
{ T PRt 1 1 1 X [p”' p',, &,,‘:K""Slvl.
g 2n .(Zn)3 2K° KO‘EK'+16 ¢ n aaA,gsﬁ,ch
"
- K,s' ! terms regular
» + .
X [pg'pn]aaA,BbB,YcC ) } (2.78)

at K° = EK
Once again (X',E"',n'x') and‘ (X,£,n) are the baryonic coo}dinates
correspouding to (xi,xé,xé) and (xl,xz,xa) respectively. We pu(/
eqns. (2.76)-(2.78) in eqn. (2.75). Manipulations after this stage are
messy but straightforward. We skip the details. It involves the
following‘steps: (1) we let the differential operators in eqn. (2.75)

act on their respective Green functions; (ii) we do the yA,X,Y,K and
\ .
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K' integrals; (iii) we use the orthogonality relation, viz. eq

(2.39), for the relative BS amplitudes. After these steps w obtain

[N

|
\he much awaited Nishi jima—Mandelstam Formula for hyperon radiative

decays in configuration space
1/2 1 1 4 &4 4 4 4 4 b
(T e [y dyydyqdy,d xgd xpd Xy

* TR =’:p' ,S!
fk',)"(yz.) -X (yl’y2’y3)6dD kek,ofF -

(Y sYosYa3Y 3%, 1K) X))
1727737747712 §dD,ceE,afF;p';aaA,8bB,ycC
X :P,S e
X (X)5%2%X3) oa gbB,ycC (2.79)

N

We shall now rewrite eqn. (2.79) in momentum space because it is
. * ~ ’
much more convéﬁient to do practical calculations in momentum space.

We define required Fourier transforms in the following manner.

(Y, 3Y0sYasY, 3Ky 2Xo X))
17727737742 7177273 §dD, KeE gfF;p’ ,aaA BbB,ycC

N

) dhpi d4p2 d4"3 dAPA d pl dapz a* p3 i
2t an’ en® en® en® en’ en®
~ip)y, ~1p;Y, 1Py 371y, HP X TRy Xy 1Ry X,
G(pi,pé,pé;pz;pl’pz’p3)6dD,<eE,ofF;u'iaaA,BbB,ch (2-50)
The Fourier transform of x -1is defined by
o' :p',8'
X (¥15Y25Y3)54D, ceE, o £F
dapi dapi d4"3 ip]y Hipyy,Hingy; _ =’ :p',s"
- 2’ @n (2")4(e' X (P1P3+P3)gqp, ek ,afF
t (2.81)

and that of x 1is defined by

\
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% :p,S

X (xl'x2'x3)aaA,BbB,YcC
da da d& -1 -1 -1
Py P Py Py X TP TPy (o pmp , B iP,S
- e X » »
1 bB C
(2“)10 (2“)10 (2“)10 5 2’"3’aaA,BbB, yC

(2.82)

Pictorally, these Fourier transforms are drawn in Fig. 2.3.

P\' Pa PJ p'
p,ARLE
e
B AR B -
‘8. °(P1:P2»P3,P4;P1’P2,P3) b. X(PI»PZ,PB) C. X(Pl,PznP3)

Fig. 2.3 Graphical representations of c,;'& x 1n momentum space.
Indices have been suppressed.
We have adopted the convention that all momenta coming to a végtex are
positive whereas all those leaving a vertex are negative. In this
sense, BS amplitudes can also be looked at as quark-quark-baryon
vertices. |
\

Putting eqns. (2.80)-(2.82) in eqn. (2.79) and carrying out the

spacetime integrations, we obtain
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4 , 4 4 4 4 4
5 ) d p1 d p2 d p3 d p1 d p2 d p3

f1 ent en® en® en® en® @’
Zl/2 v
3wt 1=, elie,s
[ ¢ (k') )] X (pl,pz,p3)6dD,KeE’ofF]
3 : 2P 3
/(2n) 2] “

a(pP,PysPrik"3P1»P5P,)
1*72°"3 L2 3GdD,vceE,ofF;u';cxaA,BbB,ch
X :p,S

[2P° X (P1+P2>P3) 504 gbB, ycC | (2.83)

Eqn. (2.83) is the Nishijima-ﬁandelstam Formula for hyperon radiative

decays in momentum space.

I~



CHAPTER 3

+
ANALYSIS of L + py DECAY

SR —_ R S
" Here is no water but only rock
Rock and no water and the sandy road
The road winding above among the mountains
Which are mountains of rock without water *_
T.S. Eliot

In Chapter 2, we developed a method for analyzing hyperon
radiative decays within the Bethe-Salpeter formalism. We shall npwluse

that method to calculate the asymmetry parameter and decay rate for

+
L + pY . . .

3.1. Simplified Form of the Nishi jima-Mandelstam formula for t+ + pY
Decay.
The starting point of our calculation is the Nishijima-Mandelstam
formula, i.e. eqn. (2.83). For the specific case of ¥, py , it

reads as follows

4 7172
LK 3
s, = fln 48] [—2—— T
L >y @m) y(and) 2k ‘

1 - p:P',S"*
[2P.o X (Pi'Pi'pi)sdD,xea,ofF]

- .
1 ] t. .
“'("1"’2"’3’k 'pl’pZ’p3)6dD,KeE,ofF;u'}uaA,BbB,YcC

»
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[ 1 ( )}: :P,S ]
>p0 XUP12P22P3)544,8bB,ycC
where -
<
b, b, b, b 4 4
(n d*p | - d'py dpy dpy dpy dpy, dpy
- 4 4 4

en® et ent an® o en® en
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3.1)

(3.2)

: +
In order to define the baryonic coordinates for I , we choose

the three required constants to be

£ - ma,b,c £
1,2,3 ma+mb+mC a,b,c

ni

Obviously,
+ + =
fq fb fc 1

+
The baryonic ceordinates for & are, then,

P(p,sp,spy) = Py + Py + Py

- 1 \l . 1
pg(fapl,fbpz,fcp3) =5 Qf + £ p- 7 Qf ¥ )pym 3 (£ -f,)py &(3-5)v

"gﬁ(fapl;beZ;fcp3) = fcpl + fcp2 -:(fé+fb)p3

__wher"e we have explicitly written down the arguments of & ,,pE,pn‘ for

_reasons that will become obvious later. From eqns. (2.27)~(2.30) and

(5'33)"(3'5).’ we can wrj_.te' S - ;

: )x+:?,s .
X(PysP2P3)50a,808, ycC

4
- N, = §°[P- P(p,p,yrPy)] -
o (2”3/3 e "*27.3, |

(3.3)

(3.4)
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+ +
P.S 1 Loip s o1 Lot
D * — D — .
[( p)'lﬂ‘f /6 €AB(I ielhv ( \)uﬁy s "ABC abe ]
P )
x[p LG p st p st v e (E pat et Py ] (3.6)
where
p,s -1 P+, 5 S '
D D ( P 3.7
¢ p afy (/E)[( ZM)Y } R uy( ) ¢ )
P,S -1 1 P4, 5 S
(1 M = _— — e ( P
\ A)UBY (/2 ('/34){[( Zm)Y l[{ \l(l( )
P, 5 S
{(“m)y (] u}ﬁ([’) (3.8)
and

; it ; 3t
X[PE(faPl,beZ»tCP3)y Pn(sapl,fbi)Z’ (p}‘

) 1 P.pf(fapl k ;tcp3) 2 ) . 2
= exp { - —5 ( 8] |° - 4[p£(fapl.fbp2.t(\.n~})]

2a

P-pn(fapl;tbpz;fcpﬂl2

2
+0{ " - 3[pn(fapl;fbp2;1CP3)] ]}
’ (3.9)

This function x has the interesting property that it is symmetric

under any permutation of the pairs (tapl;tbPZ;fCPB) .

Similarly, for the proton the baryonic coordinates dre detined

through the three constants

m
d,e,f
' = —_———22 - ' .10
fl,Z,] m,+m +m i fd,e,f (3-10)
d e ¢
They also satisfy .
‘ £+ £+ £ = 1 1
+ E .
d e f G-11)

The baryonic coordinates for the proton are given by

/
' ' [ -t ' t
@(91,"2"’3) Pl + P+ Py

1 1 1
1] 1] t, 1 ] ?. 1] 1] ‘o t 1] A - — 1 1] A - 1] —
Pg(£4P 3 foPyifgP3) >(2E, + £)p) — F(2f4 + £)py = F(E; — £0)py
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»

v fl t . 1] L e | * - ) 1] + L] L] — t' + . ] A\ 3.1
pr(Eypilpgstipy) = fpp + fppy = (Lg + 1Py G-12)
From equs. (2.30), (2.36)-(2.38) and (3.10)-(3.12), we ®an write the

conjugate BS amplitude tor the proton as follows

X} Py P ap. Lk, otr
- (z(—i’;%% s4 e o] .0).05)]
R R
ey (4ol €0 ey (Epps o3t o] (3.13)
where
B R L e
- (/—;' [(i'z;\?')YSC]GK Jos'(P') (3.14)
05 = 2L R er 5 @
- [YO(I;;::')YSCYol 5 :(S.(P')}
:
- (O U o), 5 en)
- [(‘QTZML“,—') 3] s ST N (3.15)
and
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x| p; MESTIELN pz.f p)), pr(fyp)sfy Pz, 1P )]

tep'((" p Jf p s f! p 'y . . )

1 2’ 372 L 21

- exp { - —, ( 8[*‘ 2 M. |© - 4lp; MESTH 1 pz;tfp3)]

2a’
’P (f P ! p P 3)
1’ 2 2
+ b[ T |7 = Bl (ippt eyt )]

(3.16)

Just like x 1in eqn. (3.9), x in the equation above is also
symmetric under any permutation of the pairs (f p ; p2 f! p3) e e
From the definition of the amputated Green function, one can also

show that

1] 1] '.k'.
o(p»PysPyik P aPPY) sun cak, otF;y';aaA, BB, ycC

P P
1 1 \] r - LI
= (-1) (-1) “(Pl(Px'pz'Pa)'k ; PZ(P1»P2>P3) )Pl(680,<eE,ofF);u';

Pz(aaA,BbB,YcC)
(3.17)

where Pl(....) and PZ(....) stand for permutation of quantities
inside their argumernts.

From Appendix A, we borrow ¢he non-zero components of the flavour

baryon tensors.

fhm = Faw ©-18)
SVEE-IIE S PR (-19)

:kap DLy gl (3.20)
u /f suu '/i N

;z+:x -2 ; \__FZ+:)‘ - ,__FZ+:A e ¥ (3.21)
uus /g usu sSuu /‘6

We now simplify eqn. (3;1) in the following manner:

(1) We first put eqns. (3.6) and (3.13) in eqn. (3.1).
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(ii) We carry out the summation over the flavour 1indices by using
eqns. (3.18)-(3.21).
(i11) We rename various dummy variables and then use the symmetry

properties of x's, o, € and the following twp relations

[(—ig)YSC]aB = - [(fgﬁ)YS | ga (8.22)
and :
T - T
(Eel, = - (el (3.23)

After a very tedlous calculation, one gets the following simple form

for S
+
L +py
Z1/2
3 * 1L _ent L @0’
S = ] [N N
+ ) + ,0 3/2‘ 3/i
L +»py (2ﬂ)32k:, I 2P (2n) 2P % n)
-1 ! .
[( 6) DEF EABC/] Dsxoasy € "
W(E, P \k )GUD xuE,odF;u';auA, BUB,YSC (3.24)
where

\

W(P,P',k"
(P,B%, )GuB xuE,odF;u';auA,BuB,ysC

4
- f[n —P—l s*(p'- ®'(p],05,0})] 6 [P~ P (p1py.p3)]
1°72°%3 1°F2°%3
(ZW) , .
K CELpyiELR3 EIPY) » PI(E RIS ELR I, ')]F
TORINIY ’pl’pZ’p3)6uD,qu,odF;u';auA,BuB,YsC
- P
) L ) tefgta? e ittt
x[pg(£1p13EP53£4PY) » P (£ PIiEiP3iEPY)] (3.25)
It is obvi&us that there are no dummy flavour indices in W. We have
already carri®d out that sum. Appearance of (uud)_ and (uus) in W

1

indicates that it depends on various properties of these quarks such as



their masses, charges etc.

D6KOGBY in eqn. (3.25) is given by
- 8! S
- >»C ' >
DGKUQBY [( i)éo uK (*") (Jﬁl)ay UB )
_— S’ S
- ' P
D), v (D () g, (F)
- S S
- A P
(JK})OK uG (r) : (Jﬁi)ay UB (F)
— S S ]
+ (M) v r") (3 ) u (P)] (3.26)
vVok 8 2'y8 a
{ - where the matrices J%% and :V(L are given by
N,
| I"T+M' 5
X = ()Y (3.27)
and
a My 5 )
I, = Gy e (3.28)

It is obvious that 1f we know W then we can put it in eqn.
(3.24) and carry out the summations over colour and Dirac¢ indices to

calculate the desired S—matrix element. In order to do that, we need

\

to know the amputated Green function o

3.2. Calculation of the required Amputated Green Function

From eqns. (2.71) and (2.80), it is clear that the amﬁutated Green

1] 1] t. L
_ function 0(py,PysP3iP43P 2P P3)sup uk odF; ' ;auh, BuB, ySC

is given by the following equation.
u'
v ' Tonte
G(ql’qZ’q3’q4'q1’q2’q3)GuD,KuE,odF;auA,BuB,ysC

4, b, b, b, 4. & 4
d'py dp, d'py dp; dpy dp, dPy
A

ant an® en® en® en' en’ @en’



G(q!,q5,933P>P5sP1) : G(ql,p )" Y
A s5uD,cuk,0dF;8dD,xek, otF 4
G(pPl.P)sPIiP,3P; »PysPq)
17727 T3 RIS ey édD Keh ofk,u ,uaA BbB ch

G(P,»Pr»rP139,,9,-4 ) (3.29)
R oY BbB,YcC auA, BuB, ysC

The momentum—space Green functions 1in eqn. (3.29) are defined by the

following Fourier transforms of their configuration-space counterparts

°

in eqns. (2.71)-(2.74).
L

G(Yl’yz’y3’y4’“1'x2’ 3)6uD <uE,0dF;auA, BuB,ysC

OTh g p ¥ gT¥, dF(y3)A v, )w (xl)wBuB(xz)stc(k3)lo>

4 4 | 4 b | 4 h 4
d q1 d q2 d q3 d qh d q, d T, d 94

(2«) (2n) (2") (Zn) (Zn)A (Zn)A (21!)4
. -1q]y, ~14}y,-1a3y3-1a,y, +ia; X, Ha o Hagxg

' ' .0, H
G(q{.97>93394391 292793 )5up, cuE,0dF;auA, BuB, ysC (3.30)

G(y|sY,sY33Y12Y92Y3) e

§uD, xuE ,odF ;8dD , ek ,otF

_<O|T¢6uD(yl)wKuE(YZ)wodF(y3)w§35(yi)wzzg(yé)wg??(yé)l0>

4' 4' A' a' al 4'
dq, daq, dq3 dp dp, dupy

an® en® ent et eo® ao’
—dna'y =faly —=iag! T, ! [ ] Tyt
. 1q]y, =1a5y,-1a3yHp 1y Hpy Yy +ipsY;

J ' 1.t ' t ; .
G(ql.qz.q3.pl,pz.p3)6u51KUE  EE T (3.31)
’ ’ ’ » 2 91T
N
Gy, y" "

' ~
= <o|Ta" (v,) A¥ (ypI0>
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4 ] 4 ' — ] ] * .

dq, dp, “lagy,tey, e ,
= —Z ¢ G(a,,p,) (3.32)
(2n)  (2m)

and, finally,

G(x!, X2, X33 X, , X, X )
’ » ’ » 2’ A~ e
L7720030 3 aaA,BbB,ycC;auA,BuB,ysC

z —<O|T¢M(xi)¢

(¥ ___ (X300 (x Db g (D (xg) 02
aal C

yC
4 4 &
Py d4; da, ddy

|

™
A o
&S =

4 4
d p1 d P,

Q A A 4
an® an® an® en® en® @n
e"“’x"f“’z"z‘i Pyxytiq) x +q, X, Hlayxy

G(p,,P,P339)>9,43) (3-33)
1752737717727 73 Ty o e
aaA,BbB,ycC;auA,BuB, ysC
These momentum—space Green functions have been drawn in Fig. 3.1.
For the evaluation of these Green functions, we shall -employ the

GSW theory [60-62) and standard perturbative techniques

[35,37,39,40,46,57,59]. Relévant part of the GSW Lagrangian is given

in Appendix C.

Bub «wE caF

G T 1 1. t. u
(2),95593394391 292293 )5 4D, cuE, 0dF;auA, BuB,ysC

oA r\b »C - —

G(q],9,,9,5P;sP,sP3)
P’ 1772773712 35uD,<uE,odF;m,m,Eﬁ

L)
Bap wid -

I
6(q),p " "
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G(P »P,sP33q,+4,y:99)

ﬂaA.EEE.;EE;GuA,BuB,YsC

Fig. 3.1. Momentumspace Green functions required for the calculation

of o .

-

As for the 6-particle Green functions in eqn.

(3.29), we shall
work only in the lowest order, 1i.e.

.

a DwD KuE €dF
G(q},95,945P; sP,»P3)

1’ i d ? ? 1 ———

2773771 §uD,xuE,0dF;8dD,xeE,ofF

"

Swd KwE qifF
]

3D WE ¢8F

' / :

Y Yy Y
- » + permutations (3.34)

! ! '

P, P, Py

BID WE HF
Similarly,

G(p,sP,sP33q)542545) . 2

=z

aaA,fbE,ycC;auA,BuB,ysC
; [y

wap @2 yel
LYY WY

7

\

¥ permutations ; ‘ Y
&7 Q& qb’r _ - : . . : '
uA pub §‘° )
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It 1s, therefore, obvious that
G(qi.qé,qé;pi.pé,pi) ) will be nonvanishing only
suD, xuE, odF’8dD,xeE, ofF
for (E,E,?) = (u,u,d) or any of its permutations. Similarly,
G(p,sP,sP239,59,59,) will be nonvanishing ?nf;/
17527537717 727 P ey e ~eny . ,
aaA,BbB,ycC;auA,BuB, ysC {

for (Z,E,Z) = (u,u,s) or any of its permutations.

We now do the sum over (3,2,?) and (a,b,c) in eqn. (3.29). It
ts clear that we shall get nine terms. Interchanging some of the dummy
varlables and indices and using the antisymmetry properties of G's

and o , we obtain
u'
1 ] - L N
G(q],9,-9859,4391+92593) 5D, «uE, 0dF;auh, BuB, ysC
Sor dhpr dbr dpr a4 n
P P py d p, P, P, Py -
-9 A 4 4 A A 4 7 GQa,,p,)
¢ 2n) @r) @2n) @n) (2w) (@n) (2w)

u

~ o~ A A e e

G(q7,95,935P1»P)»P3)
1772773771 T3 §uD, xuE, odF ; §uD, xuE, odF

A} ? LI L
w(Pl,pZ:P3)PA’P11P2:p3) ~~~~~~

GuA,BuB,ysC;auA, BuB, ysC
The factor of 9 arises because two quarks are identical in the initial
as well as the final state. In order to calculate o , we shall
compute th; 7-point function on the left-hand side in ‘the iowest‘
éossible order in the GSW theory and cast it in the form of eqn.
(3.36). We can, then, read off o from that expression. It is,
however, convenienﬁ to do this jéb in pieces as explained below.

The lowest order/contributions to
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ul
L 1 L L
G(4)+45>93394391292593) 64D, «uE, 0dF; auA, BuB, ysC
are of third order in the electroweak coupling, viz., of the order

2
g e . In fact, in the Feynman-t'Hooft gauge,

' ' ' n'
6(q},4559339,439} 292 293)5 4D, cuE, 6dF ; auA, BuB, ysC
is a sum of (28x4) terms. Suppressing the argument and indices
(1), (4) (D (4)
G = (G 4. eutGy ) #eeeet (GogiHeeat Gypl) (3.37)

28
We have drawn 'G{l), Gél),..., éé) in Fig. 3.2. The other three

diagrams in each case come from pe?‘g&igion of two identical quarks
both in the initial and final state. This 1is illustrated by drawing

Ciz) (4) in detail in Fig. 3.3.

,..., 1

We shall cast each of these 28 contributions separately in the

form of eqn. (3.36) as follows

(1) !
(ql’qz’q3’q4’q1’q2’q3)5uo ,<uE, odF;auA, BuB, ysC

( )
) (ql’qZ’q3’q4’ql’q2’q3)6uD <uE, odF ; auA, BuB, ySC
dor dtpy dipr d'p d'p dtp, d'p -~
1 2 3 4P, 1 2 3 Ry
=9 T T b b ok ok 6py)
eo® eo® en® en' en® en® en

G(Qi.QénQé;Pi-Pégpi)

§uD, cuE, odF; duD, uE, odF

0 (PP PRI Py PA) . o i e e .
1717727737 TANTLT 2T SuD,xuE,odF; " ';aul,BuB,ysC .

G(PysP5sP3397599093) _ . _ o ~ : (3.38)

1°72773771 723 aud,BuB,ysC;aul, BuB,ysC
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©2s. . 26 27 €28

1
Fig. 3.2. Cfl),....,Gés) in the Feynman-t'Hooft gauge.
Sawtooth lines are W-lines; wavy lines are photon
lines and dashed lines are would-be Goldstones.

We skip indices etc. for clarity.

w “w 4 : w w A w* hy 4
S U “w S “w (VS s
e N e - RO
1 1 1
Fig. 3.3. Permuted diagrams for G1 .
From eqns. (3.37) and (3.38)
ur
[} L te. L
G(4119293394391 592993 54D, cuE, cud; auA, BuB, ysC
' dap' dap' dap' dap' dap dap dép "
-9 1 2 3 4 1 2 3 G(ql.p)t
4 4 4 G & A G V40P
2x)" @2x) (2x) (27) (2x) (2x) (2%)
N - 4
G(97,95,93:P;+P5»P3) .
177273 lA 2’73 §uD, xuE, 0dF; §ub, xuE, odF
28 .
[ I oyp1ep3ip3sp;ipyaPyaPy) ]

N

Euo,guﬁ,gdﬁ;ﬁ';GuZ,§u§.7sE
.
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G(P,,PssPq39y499599) . (3.39)
przrt ? > auA,BuB,ysC;auA,BuB,ysC
" From eqns. (3.36) and (3.39) , we get
a(pP!,PLsPAsPL3P sPysP) ) ‘
4P PP/ ey~~~
177273 172’3 §uD,xuE,osF; ' ,auA guB,ysC
28 .
=Y 0. (P].PysPYIP,iP P, sPY) (3.40)
1 4123 vy v e~ e e~
j=1 3 273 17273 SuD,xuE,odF;u';auA,BuB,ysC

where the ois are defined by eqn. (3.38). ’ -

As an illustration, let us try to calculate o, inﬂsﬁetail. _This
g\'\/will give us straightforward Feynman rules and detailed calculation for
other c'js will, then, be 'unnecessary-.
We are trying to calculate the 7-point fg,mction given by

74 lr

' . . . 8]
G(¥) »Y23Y33Y43%1 %223 )5uD, cu, 0dF; auA, BuB, ySC
Ly, % Ay

= u'
= O|Thy (71 ¥, g g Wogp A (y,. W, ‘k(x Tgun (K ¥y g (%3010
. : \ (3.41)

The lowest order contribution to this Green funéion is of 3 order in
the GEW Lagrangian.QTherefore, folleing the standard perturbation

theory prescription (35,37,39, 40 ,46,57,59]
- I (-5 o : ’/ T
' A

- G(y. s Ry .
Gf?l'yz’ya'ya'xl'*z'“3)suo,xuz.adv:auA,sun,yac
2.&13
3,4 4 b
= (1) [d'z, dz,d 2,

. . . . N ’ r—u' .-
- OIT 5 p U )10 YueY2 10 Yodr Y3 01a A Oddin

]




6/
B N . »
”nuA(xl in u'm)n(xz)m djy:;(j(’(})in
¢ ¢ - 0" .41
C'\'lllt(zl)(’%1n{(7‘2)(”&ln((7"3)l ' (3-41)
where ditferent pleces ot the GSW Lagranglan will give rise to
different diagrams or terms contcibuting to G . The superscipt C  on
Wl...]0> tn (3.41) tmplies that we should only keep the connected
dlagrams 1in the expansion. Out ot this expansion, we wanl to plck up
(1) : ,
GI given by the following Feynman dlagram
S «D “ng TAF-
él 65 3;
A
1 .
a‘ig. 3.4, (;1( ) in detall
1A configuration space
N AN 1\ \
x, x 3

=w A PV\B JsC .
It-is obvioug that the following pleces. o‘f the GSW Lagrangiar; will give

rise to the diagram above after contractions im equn. (3.41).

. \ } . ‘
duW - _ -
OC' ?y(zl) C(dui )nw;mc wndR(zl)ln‘me(zl)1nwx'(z1)1n (3.42)
+ ) .
usW + v _ _
AL (zy) = c(uaw.)?};xi WEuT(zz)in wTsT(zz)inwv.(zz)1n (3.43) -
nnA ’ ) — ’ 8"
CK:. (z4) C‘“?f)uvei 0unL(z3)in wan(z3)1n. AT (z4) (3.44?

_n. stanqd for the flavour .index and R,T,L for colour indices. The

-
L

2! + .
, C(usW )" and C(nnA)

v pw( (;x;xr», .\ uvg'

vertéx factoxs. C(q;uj) are
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listed in Appendix C.
Putting eqns. (3.42)-(3.44) tu equ. (3.41) and doin? the
contrzctions following Wick's (35,37,39,40,46,57,59] theorem which

glves rise to Fig. 3.4, one obtains

C(l)(y Yo sYas¥, 1K, 2%, ,X )u'
1 1*72°73'74°71°72°7378uD,xuk,0dF;auA,B8uB, ysC
3
18 (1) 4 4 4 - A"
(-1 Y 8 pab Ec ry I59 zd z,d zy C (duW )nw

ywe

. + v u _ u _
C(usW )E C(uuA)uvﬂ' [LS (yl xl)]60 (is (y2 23)](u

d . .u s
(s4rymz 1, 1180 ) g 11872y mx) ]

U'B'

A AT

W
Dl 1187272 010 1100 72p)]

where S, A and D are the quark, W aond photon propagators

[1su(z3—z (3.459.

respectively. In the course of this derivation, one realizes that the

18
sign of this term, viz. (-1) , is solely determined by the

contgactions between the fermions in eqn. (3.41). In other words, one

0> in eqn. (3.41), i.e.

has to just consider the fermions in <0

-~

in
@

QIT ¥y, ¥(yp) , $ry) o PO V) (xg)
B, W, ) vEy) Wag) g ey |0 (346)
and contract them in a manner which gives rise to the particular
diagram in Fig. 3.4. The sign picked up in deing these contractions
deétermines the’sign of this particula; contribution to G.

Intr;dpcing the momgnthm—sbace representations of various

propaggtors tn égqa. (3.45), we obtain
(L
6

e e - W
(¥)+¥2+¥33Y43%1 9%X25%X3)5uD, cuE ,0dF ; auA, BuB,ysC
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R L R a”
4 4 day 9y 4 4y

3
- (1) 666
: A Z Z 7 7 7
DATECTER © oyt ot @)t @) @ @)’
C(d Wt c(usw+)v' C(uuA)
v Nw; w EA; AT ' uvf '

—_ 1] — 1] —_ 1 - 1] * * * 3 * :
tayy) — 1ayy, = olagyg molagy, tolapxg by b oldyy
e

. [‘ 4 1] L] 1]
(Zn) & N2W1W4ﬂ2ﬂ3)

e [ty D] L))
§

, 2 22 2 2
q, ~m +ie §a q, —mu+1e a3 -md+1e

2
u
B' (L)) [yl

L]

u

_1‘&
,2 2 2 2 2

E) +ie qz-mu+ie qj‘ms+ie

(14, M55t D) -ig

(3.47)

2 2 2 2
[ - ¥ ' - +
(a,9a37q3) -m He (q,3) = m *+ le
N
For purposes of amputation later, we introduce the inverse propagator

for the spectator quark by the definition

SRR

~

2% - g (3.48)

~

qiz - m§+ie Sa

Also, introducing an integral over qy in a trivial fashion, eqn.

(3.47) assumes the following form
(L) ey - w'
Gl Y2033V 3 X %9 %3 )5 D (uE, gdF ;auA, BuB, ysC
4, 4, b b b 4 4
dq dg, dgqj dq, dgq; daq, daq,
4 4 4 4 4
2r) (2n) (2n) (2n) (2n) (21r)4 (21!)A
-X'\ +\)'
C W C W
(du )nw;wc (us )E,\;XT C(uuA)uV3'

- [ - v - ' - ] .
. 1q1y, - iayy, — lagyy = 1q.y, * lq;x + 1q,%) + 143,

3
(1) 8palectrs

[,(.' - lbl‘. ]
(2n)"8 " (q]-q,) (2™ (q2+q57qa‘q2'q3)
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[1(41+mu)]65 [1(42+mu)](u [1(43+md)]0n “igu B

2 2+1 2 2+1 2 2+1 ,2+1
31 m *le qy ~m *ie qy “m e q €

, [1(42‘*‘43_ ﬂ3+mu)]v§ —18\J'X'
(141 7 2 7 2
Sa (q2+q3—q3) —mu+ie (qz—q3) -mw+ig
(Hpm)l [ )] gD
(3.49)

2 2 2 2 2 2

q1 - mu+1e qz-mu+ie q3—ms+1e

Comparing eqn (3.49) with the definition of G 1n momentum space

1
viz. eqn (3.30), we immediately obtain Gi ) in momentum space.

given by
(1)
Gl

' ' [N H
(ql’qZ’qB’qA’ql'q2’q3)GuD,KuE,odF;auA,BuB,YsC

v L

EAAT

3 -
(1) 8pa8gcpp CCAUW )

. +
pa’EC®FB sog blusW )

C A
(uuh) o

4 4 b b,
2n) 6 (q{-ql) (2w) 4 (q2+q3+q4-q2-q3)

li(di*mu)] - [i(dé+mu)]Ku [1(4§+md)]0n Ny
86 - -ig
2 2 2 2 2 2 2
qi —mu+1e qé —mu+ie qé -md+1e qL +ie
[1(42413- Asmu)]\lg -igv'X'
(-1(4;-m )] 7 2 7 3
Sa  (q,taymq3) m He - (q;7g3) TmoHe
(144w )], (L(d3+ m)] , (Lg+m))
T 7 2 73 (3-50)
q; ~ mufie qz-mu+ie q3~ms+ie

Tt

» (a

In exdctly the same fashion one can calculate Gizé, G{3) and Gl

which are given in detail by the Feynman diagramé in Fig. 3.5.

-

»

a

{s

.
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rA G g AF
da A3

@ wD RV - acAF
3 Sa 3_3

WJﬁjﬁzéa

2
Py

2.Af$qu
%'
J\ ~ A
xy x, V%3
o A .Pub asC

(2)

Gl
(2) ) e
G1 . in detail im configuration space.

\

o

4
Fig. 3.5 ij) and i )

They are given by the following expression
(2) L] [} LN t. U' -
G} (9149259359439 +92293)5up, cuE,0dF; auA, BuB, ySC
_ xv + \,'
C(duW )nm;wC C(usW )EA;AT
2 664 L} 2 I‘Gl‘ ] A L} ‘
'+ L
idze)) o (3R],

3
= (-1) (1) & C(UUA)uvB'

DCGEAGFB

_1Bu B8
\J

2 2 2 2 2 2 , 2
q, —mu+ie qé -mu+1e a3 —mq+ie q; tie ,
O R TR r

]

(-1(d-m )] __
& ?’ 6 (qz-q§+q3)2-mi+1e (qz-qg)z-mi+ie
EYCIRL YO I CYC PO 10) MO CC P I0) IO
ac

e

(3.51)

N

2 2 2 2 2
9, mu+1c. qz—mutie, q3-ms+ie

‘«
(3) * ; L B . ‘ u
GH' (9192193394391 +93 993 )5 4D cuE, 0dF; auA, BuB, ysC

]
»

' « \J‘
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- 1) W 8 ppEcS Sen C(duW ) e ClusW’ Yexsae COMA) o
(2m) “ (q{—qz)(Zn) “s (q§+q§+q4~ql‘q3)_ /

'+m 1(4 5+ ’

L)l )L, LiAym D] Y

7 2 2 2 7 2 2
qi —mu+1e qé —mu+1e qé ~md+ie qL +e

-1g ., [1(d;+4,+m )]
(-i(dymm D] A - ; =
§a  (q;793) ~m *e (qé+ql") —m e
(14, +m )] [1(4,+ m )], [1(43+ms)1W
ta a8 3.52)
2 _ 2y 2_n24g 2_24 .
q; w He q,-m tie qym _te
)

(3 P PN -
6 (q1'q2'q3’q4’q1'qz'q3)5un <uE,odF ;auA, BuB, ysC d
- (1) 8 oc Ogs SFa C(duW )n ot ClusW )EA \t C(uuA)uvB,

(2ms (qz'-qz) @ns (q{+q3+q[‘-q1-q3)

[1(dy+m )] (1(d3+m )} [1(d3tm,)] '

1 u s 2 u s 3 "d"’on _18u g’
2 2 2 2 2 2 2.
qi —mu+ie qi —mu+1e. qi -md+ie qa +ie
1 1 -
' [1(141+\'i,;Hnu)]\,i - Tigg.,
(-1l . — "7 2 ~7 2 :
Sa  (q+q,) —m He (q;-93) ,"“w“e
[i(dlmu)] li(42+ mu)]~ [1(43mS)ITY
ta a8 (3.53)

2 _ piy 2 mtet 2 ol

9 By "N 9;™m, T 3™ € - »
" .

+

We have now completed the calculation of G 1

space. We now calculate the final and 1n1t1al 6-point functions uhich .

*

(1) ,...,G(A)
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have to be amputated. As mentioned earlier, we amputate the 6—-point
functions only in the ‘lowest order. Following steps similar to those

which we have followed above, we can calculate

G(qi.qi.qi;Pi.pé.pi) -

~ A A e

§uD, xuE, odl; ub, xuE, gdf

In the lowest order the expression {s

~ me e e A

~G(q7,95,953P1 P P3)
12 Ll §ubD, xuE, gdF; §uD, xuE , odF

s;.é“;ue. cAF SuD  KuENMF
1 (] ]
‘h' V:I. W;; ~ Y ‘Y’
+
P A HA R B ¥ S NN
T WE FAF TS ®wi F4F
4 4 4 4 NI S
= (-1) @n) 6°(q;7p) 6 _ (2m) 8 (a37py) & (2w) 8 (a37p3) &
DD EE FF
[i(x‘l*‘mu)l - li(ﬁzﬁnu)] - [1(153‘*1“(1)] - :
5§68 KK 0]
2 2 2 2 22
pi -muﬂe pé -muﬂe. p3 oy He
4 4 Yt [} v 4,4 ! M
+ (*+1) (2m) 6 (q;7py) & (ZW) 6 (qz—pl) 6§ (2m) 6 (a37p3)8 _
' DE ED FF
[i(ﬁz*mu)] - ll(ﬁl‘mu)] - [1(!53+md)] N
§x 7 x§ oo (3.54)
T 7 pdalne ejiln |
p, m, E' L -m € py m,tie

Sim{larly, the initial 6-'p/oint function is given by

-G H: P PR
(PL’pz'p3 4 a4, q3) Bu’i,ysz auA,BuB,ysC \
. QuA Bus FsC 2“ 8‘3 "C
‘- bl Pﬁ' .‘5 ? ’
B ' - + | |
L. W »
fV, W ‘k‘ | *" W A

SUA pud yeC - “suA pud  x3C



4 4 4 4
= (-1) @2n) § (pyq,) S (2n) 8§ (p,4q,) &
L 5 2727 gy

(L8 +m )], (LB m D] [1(Bytm )]
aa BB YY

2 2 2 2 2 2
Py mu+ie Py —mu+ie Py -ms+ie
4 4 4 _4
+ (1) @) 8 (pymay) S (2m) 8 (pymay) 8
AB BA

[1(b1+mu))~ [1(152+mu)]~ [1(ﬁ3+ms)]~
aB . Ba Y

2 2 S22 22
Py mu+1e Py mu+ie P3 Ps+i€

Also in the lowest order, from eqn. ¥3.32)

p'u'

4 4
G(a,,p,) = (2m) 8§ (q,mp,) —

From eqns. (3.50)-(3.56) after a tedious but

calculation, it is easy to show that

(1) '

74
4 4
(21)78 (py=1y) 6

CccC
\

4 4
(2n) 8 (pymaq) &
cc

(3.53)

(3.56)

straightforward

(q1'q2'q3’q4’q1'q2'q3)5un <uE,0dF;aul, BuB, G

(4)
Foee + ) (q1’q2’q3’qa'q1*q2’q3)5un xuE, 6dF; auA, BuB, ysC

4 4 4 4 4 4 4

dpi dpz d"a dp, dp dp dp

'uluv

=9J’

.G(q!,9) 5,943 P, »P5»P3) \
ST LY D, wuE, 0dF 5 §uB, wuE, 5dF
/ . ]

(Zn) (2n) (2n) (2n)4 (21)4'(2n)4 (ZN)A

G(QZ:P&)

’ * ‘j ;
~ L »li

- " .
{ (1) o E&“sﬁﬁ‘ C(du W)L e C‘“"L)EA;M C(uud) o
(21:) st (pi-pp) @n'st (p2+p3+p,, Py~ 93) 5. &, 5..,8‘
Ku an u
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[LCB5*B4tm )], ~ig 1, .

(-i(pm D] __ o) 73 s 6 '}
Y 3a (pé+pi) ‘mu+1e (p2~p3) —mw+iﬁ BTy
C(p sPysP33d 59y0a3) . | . . . (3.57)

auA, BuB,ysC;auA,BuB, ysC

And therefore, from equation (3.38) and (3-57), by definition

' 4 | S
ol(pl.pz,pyp,‘,pl,p?_.p3)~ e

—_ ’ +
L’ s s 6 caw ) clusWw)Y | c(uua)
DA EC FB ow 3 wB < EXAY xvp '

4 4 4.4
(2m) 6 (p)-p;) (2Zm) & (py*pytp,~P,7P3)
(1(8*+tm )] g ey

(-1(p!-m )] . (3.58)
I u’ g~ ra 1 2_ 2 a2 2.
Sa (p2+p4) mu+1e (pz p3) mw+1e

The form of eqn. (3.58) immediately suggests that we can write this

expression down by drawing a Feynman diagram for 9 and following a
definite set of Feynman rules. This 1ls what we pbint out next. This
will make detailed célculations for Oy »eees0yg unpecessary. .

AEqn. (3.58) corresponds to the Feynman diagram in Fig. 3.6.
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34
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4
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vf\PL+P4
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X, T b‘. X2 & l,/\ PJ

.

Fig. 3.6 Feynman diagram for writing down

0, €P! Py sPA3P, Py sPysP) . e
1771772773774 2’3 §uD,cuE,odF;u';aul,BuB,ysC
»

A

: Tﬁe Feynman rules are the usual ones except for the following changes:
(i) a symmetry factor ,of %- 1;”to be included due to the identity of
two initial and two final quatksj

(2) The hatched boxes in Eig. 3.6 denote the boun§ states §r’ BS’

amplitudes. A gpectatbr line (i.e. the one which joins the two BS

amplitudes and 1is noﬁ connected to: sny'vertex) contributes the factor .

€

4b,
(2n) 8 (pr)[-1(fm)],
vhere p and q are the initial and fijal momenta, m 13 the mass.
‘of theJSpeCtafbr quark and §, a are the 1n1t151 and‘final_bich

L

>épinqr indices;
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(3) lines connecting the vertices with bound states do not receive any

contribution;

(4) no permutation of identical initial or final quark legs is to be

" taken 1into account;

(5) for deciding the sign of the contribution, we observe the
following. Three quarks are being annihilated at yl, y2, y3 ; three

>
quarks are being created at X1» Xp» xq ; one quark each is being

»

annihilated and created at 215 2y Zg - This diagram comes fygom the

Wick's contraction of the following vacuum expectation value (VEV)

OIT ¥y )y, ¥y 0 vy,

bOxp) g WO o g Wz )y WGz (ER) W)y W(Eg)y, 0z )4,

0> . (3.59)
B} .

One takes this VEV, and does the required coantractions to obtain the

o

»
diagram in Fig. 3.6. Whatever sign one picks up in this process is

v

the sign of the diagram in Fig; 3.6. Similar procedure will have-to be

followed for other diagrams. Method should be obvious by now.

N

We now only need to draw the Feynman diagrams corresponding to:

each of the 28 ¢ and then follow the Feymmah rules explained above

'
i s

to obtain the required éxpressfon;

-~

The diagrams correspongding to different oi's are drawn in Fig.
3.7. 1g order to be tidy, we do not label the diagrams in Figy 3.7.

It.is not difficult to label various momenta, spacetime points,

P

indicies, etc. by looking at the example in Fig. 3.6. Also, in
) . o . ‘
brackets, we have indicated the nature of quark diagram i.e., whether it

is a l-quark, 2-quark or 3-quark {iagram. L ‘ .

. I }
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‘ /hﬂ“ - L Ol
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22 (1q) 923 1q) T24 (1q)

‘ g ‘
q:zs(2q) ¥ T (1q) ' G-ZB(IQ)

* Fig. 3.7 Feynman diagrams for various oi'g} As before, solid lines -

\are quark lines; sawtooth lines are W lines; wavy lines are

photon lines; dashed lines are the would-be 6oldstones.
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Following cur Feynman rules, we can write down the expressions for

>

various oi's. However, just by looking at the diagrams and vertex
‘ . ® “ .

factors in Appendix C, we can immediately donclude Epét some of the
L ]

4 N -
diagrams arg much smaller as compared to others. We shall neglect

those in our ‘calculatioms. Let us weed out those diagrams. For

example, we observe that the moment um structures of 0110910420, are ‘ .
4 . -
exactly the same as those of 013’010’015’016' The

quark-quark-Goldstone vertex in ‘°k3’q14’015’°16 are suppressed by

. (~ &i/mi) as compared to quark~qua;k—w vertex in °i’°2’°3‘°4 where

m_1is a generic quark mass. So, 013'014’015’016 can be neglected in R
comparison to 01,02,03,02 . Similarly, 018 can be neglected in

comparison to g, for the same réason. Also, diagrams 8520171975 ap?@;

26 have two W—propagacors in comparison ta only one in other diagtams e

+ -

a

-

RN

without loops. So, they are also suppressed by! {~ l/mw). Exp;gssions

for other‘oi's are listed below. We suppress the argument aﬁE.indiges
. A .

0y =5 (1) a0y FB(i)[c\uuA) CCusti® ’sx LR ms(/é A.)}

@05 pymp @ s (pyrayre i % J //

[L(B5+ Ny 3] T T -/ e
[~i(pr-m )] u vt o™, |
' 1oette (P"Hl'-)z-mz'*ié (Pz'P3)i-m2+1e o 8 ,"q* ( .

2
=Lys s’ 5 (i)[C(usW ) vi.e C(ddA“) C(duw') A ( )]
9 DATEC”FB KN Ny ogu’ vé w8 8 viIATo

%2
anstepe) eosiep '+k'-pz 2 R IS T S B
R el T AN SR I

(p '+k )2-n2+ie (pz‘%f 'mlﬁe R B *——

*

«

*

[’i(éifﬂ“71&a

:-‘
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Ty
L3 '
03 =3 (i) GI)ASF( Hi(l)[((usw ) iy ((duw )«Jm oF ((uuA) ﬂx'(_‘u‘v'\')l
A
(20" (pi-p ) (s (p5+p;+k'-p2—gg> . A
[1(p,K'+tm )] L
2
[-i(bi“mu)]éa L'Z LZI = 2 2 (3.82)
(p,~k') -m *ie (py=py) ~m *ir :
1 v * . . - )\t R
5, =y (07 86,08 FB(x)lc(usw s oSSR CLdu )L Ry )]
. A A [ ] Al L. —_
(2n).6 (pr-py) (2n) “ (pz+p3+k P,Py)
[1(py-K"+m_)] 1
(~1(8)mm s, > o 72 - O-63)
(py%") —m _tie (p,=p3y) —m *ie
=Ly s s C(uuA), . [CC sy C(duw')*' (-1 )
% T 9 oalectppt P HAUSHE sy oninB. By
4 4 ' ' et !
(2n) 8 (p,-py~k") (2m) “s (p2+p3 P,~Py)
1 .
(3.64)
2 2
(pz-pj) mw+ie
Weg can combine 95 with 99 and Oy witf\ ‘020 to expedite the
calculatioqs
1
= - |+ L
9;%9 9 ) GDAGEBGFC T z @n’s (P k'=py)

] b 4 '
C(uuA) @)  (pp, (8, m ), (2126 (y-py)
8'
(B (g (L) + Ey(pydrg) o R) ey + (Eg(ppLlat (py)R) ]
(3.65)

°8+°20 - 9 80aSEsSrclarVes " ants (PP (B m )y

@m)*s* (pyri=p,dCCuun) o (@) 6" (py-py)

8 L}
([E)(Py) (rg ) (L) #E5(P3) (¥ ) (RY 1Py + (By(py)LHE (PR |

(3.66)
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Both tn eqns. (3:6%) and (3.66), there is a sum over 'e', viz. the -

quark flavour tn the self-energy loops El(p.}),...,til.(pj) come from

;5““ the renormalized sglf-energy calculations fot flavour-chapging single

!

quarky transitions. We tollow the calculations of Deshpande and Eilam

[$p3]. The correspondence with Deshpande and Eilam is as follows:

(f+C) 1in Deshpande-Eilam paper ‘ -

——

E,(py)
Bé(pB) = (h+D) in Deshpande-Eilam paper

> EB(PJ) = (pHA) in Deshpande-Eilam paper (3.67)
‘ -

-

EA(p3) = (4+B) in Deshpande-Ellam paper

We have changed,the symbols to avold confusion. Also, R and L staand

for
L +y
b)
R = ({—2
R ()
. (3.68)
1 ’ .
Y
5
L'(z)

"It is to be noted that Ei(pj)'s depend on 't' through the properties

e ad

of the internal quark in the loop. AN

We can combine all-l-quark contributions into one

4009 + ...t 912 + 991 + ... t 026 + 027.+ 028

1 t 4 4 e
=~ 5 Spaleslrclales(2m) 8 (PP IR ) g ’
> ' .
4 4 4 4 !
@m)78 (py=p,) [~i(B3m )] ,(21)76" (py#R"=p V" (py) (3.69)

v ) .
Vu (p3) in eqn. (3.69) is the renormalizgd flavour—-changing radiative

vertex calculated by Deshpande and Eilam [63] and by Ma and Pramudita



5, ' 83

e |
[64]&}33% follow the work of Deshpande and. Eilam. They list the vertex-

inltérms of integrals over Feynman parameters. Calculation of those
. TR
Feynman-parameter integrals has been outlined in Appendiy D. v (p3)

is also'dependent on 'f' <through the properties of the internai_quark

[ o o
A

This completes the calculation of the required amputated Green

in the lopp.\

functions.
D)
-
3.3. Calculation of the unnormalized I + py Amplitude

+ :
Like o, we should also calculate the S-matrix element for I =+ py

in pieces. Put.eqn. (3.40) into eqn. (3;25) to obtain

W(P,P',k")
28

= 'Kk .70
jzle(P’P ok )GuD,qu,odF;u';uuA,BuB,YsC (3.70)

§uD,xuE,o0dF;u ';auA,BuB,ysC %

.

where

wj(P’P"k')S‘uD,KuE,odF;u';auA,BuB,YsC
4 .
4 4
= [[n LLz] 6 [P'-@'(pi.pé.pﬁ]d (P-CP (p{»P;sPq)]
(2m) ,

P'
L L] ?. L t. L} L L L] 1. L t. t A
x[pE(fupl.fupz.fda3).pn(fupl,fupz.fdp3)] N
l ‘l L t. L S :
0 {(P1+P3»P33K 3P 22 2P3) 5y, cuE, 0dF; 1 '; auA, BuB, YSC
. P
X[Pg(fuplvfupzsfsl):;))pn(fuploflpl:fsp3)] . ‘(b"ﬂ)
Putting eqn. (3.71) in eqn. (3.24), we obtain
28 ‘ .
s, = 1 O, (®p' k") B.72)
z "P’Y j.l . . N
wheére . s
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i ,
1/2
23

/(2n)32k6 .

-1,
[(_3)‘ EDEFEABC]D6<OQBY

CZQJ(P,P',k:?45 [

€ (k",2")

- W (P, P (3.73)

k 1 . ’
4 ' )GuD,KuE,bdF;u';auA,BuB,ysC

.

DGKOOBY ,ig;eqn. (3.73) has already been defined in eqn. (3.26). Our

*\next job is to calculate Célj's. As before, we shall show the details

of calculation in one particular case and then quote the result for the

.otherd. Let us consider the calculation of 6411' in detail. p
s From eqn. (3.71)
v L
d 4 ' r ' LIRN 4
W= [ S27] 67 e - BlplLpg,pyl 8 [B- P(pp,yiPy)]
1 (2“)4 ' 172’73 : 1’72’73

! »

' * t. ' L ' * l' v r. ' L = A P'
x[peCEipysfiposfapy)p (B3 E PoiEhPy)]

(01)

. : p
X[Pg(fupl;fuPZ’fSP3)an(fuplyfuPZ»fSP3)]v » (3:7339

° )
) . ~ ©
From eqns. (3.16) and (3.9), the explicit functional forms of x's in

'eqn. (3.73a) are / /

P'.
] L LN 1) . L ) ] | T, 1 . \J 1
X[PE(fuplvfupzvfdP3)»Pn(fupl»fupz»fdp )] .

Plep! 2 [

1 P'-p' 2 .
= exp{- ——-[8 2) - 4p!
. exP{‘ 20'2 [ ( M' ) PC

so(—) - Yy (3.73b)
d ' (//
an '

) P
xlpg(fupl.fupz.f§p3).pn(fupl,fupz.fsp3)]

2




\
85
. Pep 2 - Pep 2- ~
1 2
= exp{- — [8(-—M—g) - APE + ,6( M n) - 3P3H (3.74)

2a &

From eqns. (3.10)-(3.12), (G",pé,pr") are relatéd to (pi,p'z",pi) by

t - ' ' ' _]; [
Py fuCP + pE + 5 pn
t = f! b _1_ ' L4
13) fuCP Pe *+3 Pn (3.75).
t - t L. ' .
where . .
m m .
' u T S '
‘ t m +m +m ’ fd m +m +m (3.76)
u u d u u d .
and : . -
' [ t 2 ' ' -
fu+fu+fd 2fu+fd 1 (3.77)
Similarly, from egns. (3.3)-(3.5), (@,pé,pg), are related to
(py»PysP3) DY _
' 1
pp= £, P+t
1
p, = £, P Pt 7P ) (3.78)
py = £, P - P, ]
where * " BN
- mu ms.
. M R @3.79)
u u's . U u 8 .
gnd .
' £ +f +f =28 +f =1 . (3.80)
A u 8 u 8 . . .
. ', 4
Put the expression for 9, from eqn. (3.60) and X['--]5~ and
)([...]P from eqns. (3.73) and (3.74) in eqn. (3.72).
1 3 . . T
Wl -3 ('i) ‘ GDAsECGFB(i) . ,
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A A 86
+v' = ! ) .
' [CCuuA) o ClusW ) Ol ) o (g g )
. 4 4 4 4 4 4
d'py dpy dpy dp dp, dpy
. L]
an® @n® en® en' en® (2"(“
’.
4 ! v ' ' 4 ! agh,
8 [P'-C?(pl,pz,p3)l § (P~ 3(py,p,,Py)] .
© A x\
' 4 4 4 4
AN NN, (p?péﬂ'—z‘-‘pj) &
. . P"p' 2 4 P"p' 2 - *
1 ,2 ,2
epl= g [B(ggrt) - epy ol - e )
a «w
: 4 B ) ;
Y . [1(p! H'+m )] 3
[-i(ﬁi-mﬁ)lda : 2 2u ﬁg : 2 .
(pytk’) —m +ie (py,~py) —m tie
d, )
. Pep_ 2 2 P-pn 2 . t A
.exp{- -—5-[8(—;rii) - QpE + 6( m ) - 3pn ]} . (3.81)

2a

We now ﬁanipulate the expression in eqmr. (3.81) in the followlpng

-

manner.

(1) We chaqge the integration variables ®&om (p{,pé,pi) to

] . . o . {
(G ’pE’p\'\) and from (PerZ’P3) to (Gbypgnpn.)°

(ii)- We do the C}D, (35' and pn "integrals .using three of the delta:

funct;bns. We are then left with the qveréil delta functifon

2
[y

Gn(P'+k’-P).
(111) We are left with 1nq§grals over pé, p; and 'pE
transform (pé,p;) to (p,q) according to the following equations

¢

. We then

"y
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-

' 1
= f'P" + p' + 5 p't+k’
p=fP Pe * 3P, k
3. 8.
Jq -'fL'lP' - pE' + ; p;‘ +Kk' ( 82)

The Jacobian of this tranformation is equal to one. p_—~ is left
- 1 .
unchanged by this transformation.

After these tedious manipulations, eqn. (3.81) assumes the

following form. -

. 1 3 1 : 4
Wy =g ()7~ 50 - Spadectrs 2y
(2n)
-~ - » 4
v 1 ] L}

- + -\
[CCuua) | CCusW )Ly o CCdul ) o (780, 1)

(2n)"5"(1>'+k'.—p)j d"pd"qdl‘p
<«

€
1 .
. P'ex (p=q) 2 ; P'e(prq-2£f'P'-2k")
1 "2 1 2 2
exP{— '2 (8[ M T'v— [’[’2' (P‘q)] + 6[ M? ]
2a _ Id
- 3(prq-2£'P "-Zk')z_)}
. , N
(1(dtm )], - /
- [ g N
1% -m )]y, 2 2
q —m +ie
u [}
1 i
T 3 ; 7 2., .
[(EL-EDP™+ 7 (m0) +7 (pra26)P'-2k')-2pg ) m e *

ap =
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s ,
+ Pep P.(p~k'-f P-p_)
1 3 2 2 : 2
exp{- —5 (8[5=| - 4p, + 24[= e —)° - 12(p-k'~£ Pg)")}

2n a
, (3.83)
We reallze that mwnis much-much bigger than ‘P, P' or any of the
N g [ . ’
relative momenta. §8, in eqn. (3.83), we can very safely qRRroximate

1
. 1 1
= = (- = 3.84)
rypry L 3 ook 1224 (=) (
[(£1-EDP "+ 5 (pq) + F (pHq-2fP'=2k")=2p | -m +ie m

w

Such a thing, however, cannot be done fof the u—quark propagator Q\\\

1

because the»relative momentum q meets the singularity well within

(

its cutoff value provided by the BS ampfifudes. We use the Schwinger

e
representation [38-40]

1 - iz(dﬁzmi+ie)
VR *= i [ dz e , (3.85)
' q —m tie 0 N

u . N

for the u-quark propagator. This helps.us to do the momentum integrals

exactly. The z-integral is finally managed numerically as Putlined in
AN
Appendix E. .

Making these two substitutions in eqn. (3.83), we obtain
i

1.3 1 .4 , .
Wy ) 70 Spabecles (20
(2n) .
' d
\ v
* \
Cluud) ", CluswD)’ . claw )} (- N
[CCuuA) v CLusH Dy hy W) wses Byt ' ‘

ensi e ve-e) (- 1)

mz /
w a
u'B' .a' \
(g )ge (pedye I+ (i) (B 1o

.
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A\
' - a' _ ' ’ -
. (K +mu)60 (Yu')\)g 13 (¥ +mu)6<1 (mu)vg Tl] (3.86)
where !
) 2
g iz(-m +ie) Do B :
13 B' 8 4z e g df‘pﬁl‘qd[‘pE o' Be b (3.87)
. 0
® iz(—m2+le) €
' - < 4 4 Y7L
I; = fo dz e v /™ pd q d/pg p% e (3.88)
o 1z(-m2+is) £
1‘; = [ dz e Y fv,dl‘lpdaqd[‘p @ e ! (3.89)
, 0 3
log
o 1z(—mi+ie) 4 4 61
T -a [ dz e fdpdqdpge (3.90)
61 in eqns. (3.87)-(3.90) stands for the following qdantity@
~ P'e (pHq-2f'P'-2k")
1 2 2
¢ 5 (2(2BT9)% - (-q)” + 6 v
Za'
' 2
- - p 1 '
3(prq-2f'P'~2k") )
+1zqg )
P.p . Pe(p~k'~f P-p )
1 2 2 u 2
- ——3-(8[—§—5] - 4p, + 2] =
2a ’
B 2 -
- i '=f P-
12(p k‘ fuP pg) ) (3.91)

As diécuSséd in Appendix E, the integrals in eqns.
the following Lorentz sturcture.

T, = a Lorentz scalar

a' 'a;l -
+ Tyk'™

' '
Q@
+ TSk
a'B'
68

a

1,P |

] L ] |

=T + 1, P+ Tk® kP

——

\

(3.87)-(3.90) have

(3.92)
(3.93)

’(3.94)
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1 1 1] L} A 1 1 1
T Sl L L AT LERL A ST LR L T
9 10 _
G'S'Y'S' . -. .
+T (K Bkt ) (3.95)

The scalar coefficients T,l,...,Tu can be calculated following the
procedure outlined in Appendix- E. The expression‘for wl' is, then,

known.

Bl

Having calculated wl, we procaed to calculate Og»—l . From eqn.

(3.73), e
1/2
z 4 4
1 C U/ 4+ 70 372 .0 372
. /(2“\321% L 2P (2n) 2P (2n) '
— L \
(k',)")wl (3.96)

-1
(=) “DEF “ABC IO oapy©

where we have suppressed the arguments and indices of <7éLl and w1

2
for simplicity in writing. We proceed in a manner outlined by the

14

following steps. .. -
(1) We put the expression for W, from eqn. (3.86) in eqn. (3.96).

(11) We put Z, = 1 because no renormalization corrections to the

3

outgoing photon leg were considered.

_1 .
(111) The colﬁur:factors in Cﬁil are [f 6) EDEEEABC] SoaSeclrs: Ve
can.easily carry out this colour suw. .

r

-1 - 1 1
[(%) epercasc) Soabecies = & actasc =5 G =1 - G
Thé expression for 6%1/1 at this stage looks like

K R ~| - : ’
d:l = 1(2x) GQ(P +k'-P) . | hC
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" - . : 91
, 4 ' 4
(=l 5 Sy =5 ] :
— P + . e
/(2“)32k6 T 2? (2n) %P (2nm)
1 1 4 1
73— @ (3
9 20 2
(2%) mw
. w'* o, '
{DGKOGBY € (k7527
+. v' - :
‘C(UUA)’(\)“'C(“SW )EA;XYC(duw )UN;NB( g\)l)‘v)
(e e 128 4 4o ) 13
quv Sa YB' VE 1 ] Yal sa mu vE 2
;_ t a' - ]
* (K".Hnu)éa(Yu')vg I3 K'+m ) (=) T,] (3.98)
After this stage, we do the following manipulatiozi\ \
(1) We put the eﬁfression for DGKcaBY from eqn. (3.26) 1in eqn.
(3.98).
. ' - kN l' ) + \)'
(ii) We put in the expressions for .C(UUA)xvu' , C(usW )EX;XY and

_A' .. .
C(duW )ow;wB from Appendlx.g. ‘
\J

(i#i) We match the Dirac indices so that the uS (P') coming from

-ox

"D stands on the left and uS(P) stands on the extreme right.
SxoaBy - ) . .

It is obvious that we shall have a product of gamma matrices in between

to make the expression, a scalar; At this stage Cﬂgfl looks like
AT 1an'st @)
. 4 . 4
p £72~

+ ,.,0 3/2 .0
./(2“)321‘6 T 2p 2n) 2P (21).

Ll oyrier o anin® + 1@ -1 @) gl
2n) m . - .
where . L
.
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(L) gy 2.t .
L (eQu)(/-z-) UusUdu

g 1-y T oy Y Y5 s
{ - us. (P')Yustvav(—'z_S) (Mi) YG'(J\(‘)Y\?’( 2 5)“ (P)

@
—

1
e

=y = 1 v
-S' ., v' 5 : 5 T T S
ot @Yy () OO GO Ty T )

.Y

Q! 1—y [ T . I-YS S
N N I AP R SR AN C IR C s IR E .

1=y l-vy ’
-G * 9 5 tnt
- (P')YG.US(P)Tf{Yu.YB.Yv () (bg)("i——JYz.(Jﬁ)}]I? °

(3.100)

@) (3 L4 @

I , & have very similar-expressions. We shall not

conveyAhﬁything more by writing those cumbersome expreséions. M 1
and ,;?(2 "in eqn, (3.100) are given by eqns. (3.27) and (3.28).

It {9 a bit disturbing to fin& charge conjugation matrices C and
transposes in these expreséipns. But it happens tth ;e always have
jugt enough number of C's and trasposes so that they undo the effect

of each other. After using the algebraic properties of C in.eqn.

assumes the following

(3.100) and 1n 1), 1P ang 1), A,

form

chI - 1(2n)454(P'+k'—P)

[ 1 I[N 1 (zu)A 1 (zn)“
/_(2"')'3'2'1('6' P gt 200020372 220 (24)3/2

5 —m5 (Z)A(lf)eu'*(k'.k’)ll(l) 1B -1 Or ) (3.101)
(2w) m, E : ’ .

\ : »
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{ ¢
where 11 1s éiven ;y .~‘ ’ } | . : , - -
{y (eQu)(;ng ls N f . [
ORI PIEALI T BN i (D
gt (W)( LML AL e
- vu,(—fgﬁ—) (-:I'JY YBvY 'Ys(» 2::+M) ;'(I-YS) |
= ¥ Ty gt (‘5129 ( ) ( 2 ) T, ("5;7“5 YS}]IT'F'?S(?)
) | . ) (3.105)
‘We again skip writidg similar expressions for, 1(2), 1(3) and I( )
X

. \ ’ R '
At this skage, We contract various LoreQtz tensors and multiply -

<
L]

the Dirac matrices (éﬁd take traces wherever required) between u” (P')-

P e

and uSkP)f We always impese the following constraints
| p2 = o g
P' = P-k'. o L (3.a03)
gkek' =0 |
i And, finally we ese the.equations of motion ,
. . - o) = o Sy ot
' _S'(P')’;"—-M' GS'(P')- _' (3.104) o
: ) e .
This part: of ‘the calculation was handled on computer using the REDUCEZ
symbolic manipulation package [65]. After” this,ﬂl looks like e

62S<1 = {(2n ) 6 (P'+k' P) o ; o “ﬁ: *f. - \‘

."‘.‘ 1/2 2 'l. . 4!‘ -J . !
‘ 1 1 1 2x) T .
e g ey T

1

+ 5.0 3/2 ,,0 3/2°
/(2*)32k6 -z‘~22 AU o

° . : . ~—
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(3.10%)

L
Various /31'5 are tunctions ot M, M', P.k',a,1v",m _mi,m explictitly
ul € hY
and also tmplicity through the Tl's. Just for the sake ot

fllustration, we present the FORTRAN expression for A\)‘“ in the

tootuote below.

CS(281) = (-6.D0=PXPR*Ms*2=CT(7) + 6.DO=QKPR*M=«CT(2}+MU - 10.00=
_ 1PKPR=M*CT (2)=MPR + :0 DO=PKPR*M*MU=CT(5) - 10.D0=PKPR*M=MU=CT{ 1] =+
2 10.D0*PKPR*M*MPR=CT(Q) - 10.D0*PKPR*M=MPR=CT(10) - 2.DO=PKPR=CT{
32)=MPR=»2 + 2 DO=PKPR«MU=CT(5)=MPR - 2 DO*PKPR=MU=CT(1)=*MPR + 2.
4D0+*PKPR*MPR=*=2=CT(Q) - 2 .DO*PKPR*MPR==2«CT(10) + 3.D0*M=*=4=CT(7) -
S 3.D0sMs*3=CT(2)*MU - 4 .DO*M=+3«CT(2)=MPR + 4 . DO=*M==3«MU=CT(5} =
69.00*M==+3+MU=CT(4) - 4 DO=M==3«MU=CT (1) + 9 . DO*M==3=CT(7)*MPR + 4.
700*M==3«MPR=CT(9) -.4.D0*M»*»3«MPR*CT(10) - 9.D0*xM=»2+CT(2)*MU*MPR
8+ Mes2xCT(2)=MPR=%2 - G DO*M*=2+MU**2+CT (1) - Me=2+«MU=CT(5)*MPR =
99 . DO*M=*2=MU=CT(4)*MPR + M»+2+MUsCT(1)*MPR + 6.D0=M=x2+CT(7)=MPR==
=2 - 6.D0*M*=2+CT(6) - Me=2«MPR=#22CT(Q) + Mx+2+MPR==2+CT(10) - 6.
1D0*M*CT(2)*MUxMPR=*2 + 4 DO*M=CT(2)*MPR==*3 - G DO*MeMU=+2=CT (1)~
2MPR - 4 DO=M=MU=*CT(5)=MPR=»=2 + 4 DO*M=MU=CT (1) =MPR=*=2 + 24 DO*M=
3CT(6)=*MPR - 4 . DO*M=MPR+=3+«CT(9) + 4 DO*M=MPR=»3=xCT(10) - CT(2)=
AMPRe*4 + MU*CT(5)*MPR=*=3 - MU*CT(1)=*MPR*=3 + MPR==4=CT(9) - MPR==
S4«CT(10)) / (4.D0=M=MPR)

.In the FORTRAN expression above

c

S(281) ¢=b /5281
CT(1) &= T,
MPR ¢=p M'

MU & no
u

PKPR &+ P.k'
v . °©
o . ]



Values ot ‘45 ot are given in Table I B

281 1284 “
Rearrauging eqn. (3-109) o little bit, we obtain
. .
I AN
t i oy 1 2y
b, g G
oot @ w2
/()7 2K, k (2n) (4n)
! 1 ' 2 16Q
9 16 Vs’ 7 ()
(27) R V2 n
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WD, LDy T g € R ¢ K Ju(P)

(3.106)

Having explained the evaluation of Céll in detail, we now list the

result for other Ciixi's

Cﬁ(z - X(ZH)ASA(P'H('-P)

4 4
(L [~ Lot 1 @y
PRSI Pt 0p00 20y 280 2n)37?
0
. ! R 2 16Q -~
) 5 Uosla 277 0 )
(2n) us G4 o4 L n
-5t * 5 S ox S * .S
WD, g ¥ Dy YTE T Dyt K + Dyt R ()
(3.107)
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(3.108)

(3.109)

(3.110)
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0@ A se5 € * D566 T E 4D 1507 K

5 % s
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4 4
cf18~+ b 7 L(@n)78 (A -R) -
4 4
/(21) 2k(') T 2P (2n) 2P (2%)
2
1 1 t .t g e’
Y u v Q) .
9 (2“)16 de &s 32 22 u
-s' 2 * g 5 % 2 x
@A 17 ¢ D618 Y E TP 619t ,
(3.112)

! 5% ,. S
And, finally,

A, - i(Zu)464(P't¥'-P)
4 4

Pt 20 (2m)3? 20% 2y /

/(2n) 2K} \
Lty sk - ot g,
9 a1 v du 3, T2 N T
_S' , . x ) 5 % *' ) S "S
@Oy €A VBt ¥ O £’ @) .
(3.113)

Adding all the contributions above, we get the total transition

\
¥
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] +
amplitude for "& *» py- i
5, - 1(211)[' 51‘(P'+k'—}’)
L »py -
4
T, + ..,0 3/2 U 3/2
/(2")32k6 T 2P (2n) 2P (2w)
L1 goe
9 (Zn)16 32n2mi
-5 -k 5 % . X ~ 5 % s
uw (P')(A¢ + By £ + C ¢ R+ Dy £ K'Ju (P) (3.114) 2

Before we ﬁuate the values of the 'unnormalized form factors’, AB,C
Y

and D, we should point out the subtlety involved in chovsing the

" input quark masses and baryon sizes (a and a')-

Since we parametrized- eur 'BS amplitude from the very oﬁtset, we
do not know what strong interaction dynamlcs gives rise to the Gaussian
form that we have used. We,‘therefore, do not have a dynamical
constralnt on the quark masses and size parameters (a and a')- In
view of the formidable characfeqrgk the BS equation, this appraoch

needs no apologies. The question is: what quark masses and size

parameters do we use in such a situation? Looking into the literature,

we figd some concrete gyidenée of the performance of suckr a Gaussian
BS amplitude in describing hadronic processes. Tomozawa [43] used
such a BS amplitude for proton to calculate }he decay rate for
p > e+w0. He used constituent quatk‘masses and a = 632MeV. These are
close to the values used 1n all quark model calculations except that

’- . :
a = 632 MeV 1is a bit too high. So, as the first choice for the input
parameters, we tried constituent quark masses and a = a' = 500 Mev.

\
The second piece of evidence comes from the calculation of {

[ 4



C

Esteve et al [38]. They used a similar Gaussian BS amplitude for

A
+ + 0
mesons to calculate K » m m . The input quark masses were choSen to

*
be the current quark masses and a = 316 MeV. This value of a very

.
closely cof}esponds to a radius of 0.6 fm and‘that is the charge
radius of the pion. Following this prescriptlon; we calculated K,E,E,
and D with current quark masses and o = a' = 2&6.6@0725 MeV (this
.corresponds to a radius of 0.8 fm which 1is thé‘charge radiué of the
proton). We quote the results separately for each of these two ségﬁ gf
input parameters. In each case, we only ﬁé;ort the numbers with m, =

40 GeV. It is <clear from Tables 3.1-3.4 that the results with m =

80 GeV differ very slightly.

r -

Results with constituent quark masses and a = a' = 500 MeV.

By

Lo

. " Real Part Imaginary Part ’ )
K(devt®) = -0.102x10% 0.784x10°2 . (3.115)
Bev) = -0.338x107" 0.906x10%° (3.116)
TMev'?) = -0.462x10%3 -0.346x1028 (3.117)
B(Mevba) = -0.368x1028 -0.325x1028 (3.118)

Since the asymmetry parameter is independent of the overall

normalization, we rightaway get'the'following value for it from eqns.

-

(1.5), (3.117) and (3.118)

o =+0.792 o (3.119)
L . ’ z +‘ ’ y
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Results with current quark masses ‘and a = a' = 246.660725 MeV

Real Part Imaginary Part
’ ’

A(Mev“’) - —0.108x10°8 ~0.197x10%8 (3.120)
BMev'®) = ~0.354x1027 0.785x10%’ (3.121)
EevtSy = 0.938x10%° 0.321x10%> ' (3.122)
B B(Mevn) - —O.Z78x102_5 : 0.455x102> o (3.123)

From eqns. (l.5), (3.122) and (3.123), -

s ' .

a , = -0.181 (3.124)

X {

We see, a rather slgnificaﬁc, difference between the 'two resutls

_quoted above. We comment upon these results in Chapter 4.



TABLE 3.1 Values of 4.'s /

Input Parameters :  m,, = 350 MeV ; mg= 350 MeV ; mg =550 MeV
me =1.5GeV ; m =40 GeV
a=0=500MeV ; M=1189.36 MeV
M’ =938.2796 MeV .

101

Coefficients of ¢* and ¥5¢ have the dimensians (MeV)!: Those of ¢*k' and Yok’ have

the dimensions (MeV)!3,

/Sﬁ's Real Part Imaginary Pant
WANS -0.34892E+32 -0.67618E+32
e . -0.17697E+31 *-0.15950E+31
503 0.72057E+28 " 0:93888E+28
o Aael -0.16411E+29 -0.18145E+29
A 0.30309E+32 0.69609E+32
419 : .
Aazo -0.17697E+31 -0.15950E+31
Ay -0.47587E+29 “0.44616E+29
Auza ~0.16411E+29 ~0.18145€+29
. 0.64858E+32 -0.46304E+32
N 0.92775E+31 -0.48701E+31
A s . .
A -0.23666E+29 0.22579E¢ 29
513 : )|
i A -0.45269E+28 0.51357E+28
s14 - , .
A 0.80150E+32 -0.48897E+32
. ces ; |
» -0.5#366E+31 0.26153E+31
A‘GG « ‘ . )
A -0.52419E+29  0.42575E+29 .
433 _ _
‘ © AL 0.86352E+28 -0.61937E+28
F Peeh . - .
. Alsia -0.11653E+32 eo.20819£+31
-0.22401E+31




| - 4 102
. 17826E+28 -0.32853£+28
11637E+32 -0.20784E43&
0. 17989E+31 -0.22396E+31
_12775E+29 0.10692E+29
L 17821E+28 -0.32846E+28 4
.50555E+31 - -0.64646E+30
. 18809E+31 -0.21777E+31
.49942E+28 0.332575~+28
15997E+28 -0.31938E+28
. 56459E+31
16707E+30
.75980E+27
0. 1548 1€+27
56391E+31
. 16709E+30
. 75887E+27
15516E+27
29789E+31
. 18437E+30
.39493E+27
L 31791E+27
.56459E+31
. 16707E+30
.75980E+27
15481E+27
.56391E+31
16709E+30 -
.75887E+27 :
15516€+27
.29739E§31 - -

-



.18437E+30
.39493E+27
.31791E+27
.34787E+33
.0 ’
.0

P
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o TABLE 3.2 Values of A's

Input Parameters :  my =350 MeV ; my=350 MeV ; mg = 550 MeV
’ me =1.5GeV ; m =80 GeV
a=a =500MeV ; M=1189.36 MeV
M* = 938.2796 MeV .
Coeffictents of ¢* and 75¢ have the dimﬁnsions (McV)M; Those of ¢*k’ and y5¢*k' have
the dimensions (McV)B.

A‘."s Real Part « —~ Imaginary Pant
v 1
A, -0.34892E+32 -0.67618E+32
Aiaa -0.17697E+31 -0.15950E+31
5 0.72057E+28 0.93888E+28
a%d . .
Biss -0.16411E+29 ~0.18145E+29
A 0.30309E+32 0.69609E+32
419 _
HSuzo -0.17697E+31 -0.15950E+31
Aaar -0.47587E+29 -0.44616E+29
A2z -0.16411E+29 -0..18145E+29
A 0.64858E+32 -0.46304E+32
LR
0.92775E+3) - -0.49701E+31
AFIQ. :
s -0.23666E+29 0.22579E+29
513 .
-0.45269E+28 0.51357E+28
Asiy
0.80150E+32 -0.48897E+32"
Dees ‘ N
_ -0.51366E+31 0.26153E+31
Aeéce .
A -0.52419E+29 0.42575E+29
(44 ]
becs 0.86352E+28 -0.61937E+28
A -0.11653E+32 -0.20819E+31
1S . '
e -0.17989E+31 -0.22401E+31
15y .
o 0'. 12794E+29 0.10710E+29
IStS S _



A% . 0.

o 17826E+28
S -0.11637E+32
oo -0, 17989E+31
A s 0.127755+39
o 0.17821E+28
A% 0.25918E+31
ot -0.21538E+31
e -0.41224E+28
5% cre & 1 0.13892E+28
;5¢565 - 0.56459€+31
e ~  -0.16707E+30
s -0.75980E+27
A e 0.15481E+27
A ees 0.56391E+31
o -0.16709E+30
s -0.75887€+27
o5 e - 0.15516+27
A5 ee -0.42598E+28
Frsce -0.22335E+30
,¢€5‘7 . 0.14402E+26
Stiees 1 0.54852€+27
o o_’. 56459E+31
Aas -o,as7o7g;;o
Seia -0.75980E+27
':‘zo '.0.15481E+21

¢, 0.56391E+31
/ﬁﬁu; -0.16709E+30
| .75887€+27

.32853€+28
.20784E+31
.22396E+31
. 10692E+29
.32846E+28
10§ 14E+31

.23t10E+31
.54087E+28
+33893E+28
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be

£
'6 1618
A%
€
A 1620

Aiezt
A1621

/31513
P2y

-0.22335E+30
0.14402€+26
0.54852E+27

-0.34787€+33
0.0
0.0

0.0
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TABLE 3.3 Valucs of /Sé's

my =5.1 MeV ; my=8.9 MeV ;| mg =175 McV

m¢ = 1.35GeV ; m =40 GeV o

a=a =500MeV ; M =1189.36 McV

M'=938.2796 MeV ~ .
Coefficients of ¢* and Y5¢ have the dimensions (MeV)!4; Those of ¢*k' and YS¢*k have

Input Parameters :

thé@imensions (MeV)13,
/.SL'S Real Part Imagin:‘u‘y Pan
A, 0.20467E+28 0.11866E+29 -
/Azsz \ 0.52164E+27 0.3747-4E+2{
A B 0.11553E+26 0.65063€+25
Basd 0.11950€+26 b.99442€%25

 Aye -0.28892E+27 -0.92386E+28 ,

. Auro 0.58593E+26 0.28518E+28 y
Auzr _0.19292E+25 0. 11975E+26 .
Ay _ 0.18531E+25 \0.67669E+25 /
Ao 0.50431E+28 0.11081E+29 o
N 0.21805E+28. 0.37416E+28

s12 R - ~
A -0.27281E+26 0.50207E+25

s13 ‘ , o |
A 0.24606E+26 -0.79395E+25

5-“’ .. . .

b *-0.98P65E+27 -0.16455E+29
s " _ o .

e 0.22525&?_7 | 0.38826E+28
A .0.98591E+24 © 0.12600E+26 -

@ R ’ RN :

A -0.44722E+24 -0.34122E+25
et AR TR SO
W Lz . e : . - v

Aes -0.433306428 - 0.79917E+18

Sion SRR s

0, 124BTEYS . Tt



0.

152200+24

.43330£+28
16835E+28
L BBYBL DS
L 15220€+24
44667€+28
. 16288E+28
27846E+25
16728E+24
53776£+27
91271€+25
.84400E+23
34701E+23
. 53776E+27
91271E+25
.84400E+23
.34701E+23
. 43606E+27
.89436E+25
.68447E+23
.34196E+23
.§3776E+27
.91271E+25
.84400E+23
.34701E+23
.53776E+27
.91271E+25
|84400E+23
.38701E+23
.43606E+27

C10916E 415

799178+ 16

763260+ 15

124870 +15

~10916E+15

.27958L+17

0.

-0

3

364928 +16

43685L+15

-0.521928+15



.83436E+25
.68447E+23
.34196E+23
.3H865E+28
.0

.0
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TABLE 34 Valucs of SS

Input Paramcters © - my = 5.1 MeV ; my =89 MeV
mg = 1.35GeV ;| my = 80 GeV
a=a =500 MeV ; M = 118936 MeV

M = 9382796 MceV

mg = 175 MceV

110

Coctficients of ¢* and y5¢ have the dimensions (Me V)4, Those of ¢*k” and yo¢*k" have

the dimensions (McV)UA\

Aos Real Part Imaginary Pan
A 0.20467E+28 0. 11866E+29
Diaa 0.52164€+27 0.37474E+28
s> 0.11553E+26 0.65063E+25
T A 0.11950E+26 0.99442E+25
A -0.28892E+27 -0.92386E+28
P40 0.58593E+26 0.28518E+28
a2 0.19292E+25 0.11975E+26
Auaz 0.18531E+25 0.67669E+25
© DSsn 0.60431E+28 0.11081E+29
Dera 0.21805E+28 0.37416E+28
Asia -0.27281E+26 0.50207E+25
Asiy 0.24606E +26 -0.79395E+25
Bees -0.98065E+27 -0.16455€+29
Aece 0.22825E+27 0.38826E+28
Aecr 0.98591E+24 0.12600E+26
et -0.44722E+24 -0.34122E+25
Alsa -0.43330€+28 0.79917E+16
Alisiy 0.16835E+28 - 0.76326E+15
Alsis 0.26898E+25 0

. 12487E+15



. 15220E+24
.43330E+28
. 16835E+28
. 26898E +25
L 15220E+24
.38155E+28
13118E+28
.23866E+25
.15179E+24
.53776E+27
912718425
.84400E+23
34701E+23
.53776E+27
.91271E+25
.84400E+23
.34701E+23
.35339E+27
.95804E+25
.55484E+23
.36872E+23
.53776E+27
.91271E+25
.84400E+23
.34701E+23
.53776E+27
.91271E425
.84400E+23
, .34701E+23
. 0.35380E027

3T, EMETE

.10916E+15
799 17E+16
.76326E+15
12487E+15
10916E+15
L74725E+17
.7538BE+16

-0.11676E+16

-0.10782E+16



0.95804E+25
-0.55484E+23
~0.36872E+23
-0.35365&+28

0.0

0.0

0.0
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CHAPTER 4

CONCLUSION

[

What we call the beginning is ofter the end -
And to make an end is to make a beginning.

The end is where we start from. " .
T.S. Eliot

As pointed out in the Iqtroduction, our major undertaking in this
thesis was to formulate the probléﬁ of weak radiative decay of % *
baryons within the rigorous Bethe-Salpeter fra&ework of quantum field
cheo;y. This task was fulfilled in Chapter 2. We derived a reduction
formula for > y 1in a manner which closely resembles the standard
LSZ Reduction Forma{igmia This method of deriving the

'Uishijima-Maddéistam Formula' does not seem to be available in the

literature. Apart from its pedagogical — and, to some extent,

Y

aesthetic — value, this method can be wery easily geﬁeralized to

derive reduction formulas for oj:het composite particle reacticus.

’

The next motive was to see how the consistency requirments of BS

formglism affect our understanding of weak radiative decay of baryons.

Q

A detailed calculation of t+ + pY décay wu“'xcar;ied put to observe

@ ’

such effects.‘ Let us discuss those observations one by one.



]
. ‘ ?
As we saw in Chapter 3, we faced no problem In adding l-quark
processes with the 2-quark and 3-quark ones. The Nishi jima—-Mandelstam
{ amputation proceduré‘uﬁambiguously told us what to do. So, unlike :
kamal and Verma (28], we did not have to invoke any additional
parameter to add these contributions. &{n the quark model calculation$,
quarks are put on thelr mass—-shell. \Then these different classes‘o}
diagrams correspond to disconnected pieces in the LSz formula. 1In our
opinion, that méy be the origin of the ambiguity experienced in adding
these diagrams. We faced no such difficulty.
The quarks in our calculation are not on their mas;-shell~——
baryons, obviously, are. This feature brings in some changes. ﬁgst
notably, we needed to use full of f-shell s + dy vértex as calculéted

by Deshpande and Eilam [63] 1n;\ead of only the on-shell vertex. Also,

the contributions of the diagrams in Fig. 4.1 would have been zero 1if

-~
the quarks were put on-shell due to the on-shell
-
=~ ‘ ~“\
1‘\.\\ \ . Af\_\' -LL\N .
} + /) + 4 .Nj + ,’
L«-’ L. -~ ~

Fig. 4.1. The self-energy diagrams
renormalization condition used by Deshpande and Eilag.
» - 1f'we look at the ébntributions of the exchange and éﬂe l-quark
processes, we see that they have both_real dnd imaginary parts. Th;\

imaginary parts come from a proper integration of '‘the quark propagators

in these diagrams. As an example, we show the occurrence of such

~ .



propagator in one of the exchange diagrams. If we look

:::i;“v Quark Propagator

Fig. 4.2. Quark propagator %esponsible for the

imaginary part of’the amplitude —--an example.
at the numbers carefully in Tablgs 3.1 and 3.2, we realize thag the
imaginary part is comparable to the real part. So, ény calculation
where a (p/m)-expgnsidn of the quark propagator is carried out will
miss this contribution. However, this contribution is very much
pPesent and can play an important role in determining the sign of the
asymmetry parameter.

The most important conclusion of our calculacions is arrived at by
comparing the coantributions of 2-quark and l-quark precesses. THEY ARE
COMPARABLE. The felative strength of these amplitudes has been a
matter of debate [25 32} in the past. in fact, Lo's calculation [29] .
in the MITBM explicitly shows that the l-quark contribution is smaller
than the 2-quark one. So is the conclusion of Eckert and Morel ([32] in
a quntk model calculac§on. Our'calculation, unambiguously, dispu!ni

these’observations. 1f noching*nore, it ccrtginly pointl out that such

~ S .

conjectures are highly dependent on the hadrbn nodcl one is ming- Our
calculation -— which is fully covariant, where the quarks inside the
baryyons are off—shell ag they should be, and where the quark

propagators are ‘properly integratcd out — clear:_ly show that the K
. “ ’ . . . : o | ' '.



2—quark ané‘l—quark contributions are of the same order in magnitude.
We, now, come to the value of the asymmetry parameter. In order
to calculate this plece of experimental information theoretically, one
needs the quark masses and the size parameters, a and a', of the
baryonspas input. Since we have parametrized the BS amplitude using

phenomenological insight, we do not have ‘a bound-state dynamics which

can tell us what values of these parameters are to be used. Keéping in

view the formidable difficulties encountered in solving the BS
. . -

equétion, this approach does not require any further detence. 1In such
a situation, one has to rely on the evidence in’literature regarding
the performance of such a Gaussian BS amplitude in describing
hadronic decay processes. One finds two pleces of evidénce. Tomozawa

[43] used such a Gaussian BS amplitude for proton to calculate

+ 0
p+emn . He chose the constituent masses for quarks and a = 632 MeV.

These values are very similar to the usual quark model values except

for the difference that a 1is a bit -too large. So, we calculated

a +with constituent quark masses and o = a' = 500 MeV. The result was
z R

a = +.0.792. On the other hand, Esteve et al [38] calculated the
T .

+ + 0
meson decay K =+ m n using a similar Gaussian for mesons. They used
current masses for the quarks and a = 316 Mev. This value of a
corresponds very closely to the charge radius of pion. Picking up this

thread, we calculated a + again with current quark masses and

L

a = a' = 246 MeV (this corresponds to the charge radius.of.the

proton). The result. for a .~ -0.181. Thus, we conclude that «
’ L | ’ b

. i

is extermely sensitive to the values of these input parameters. Only

L 4
»

“ ,



future calculations of other weak radiative decays will fortify the
olaim of one or the other set of values. Till then, we cannot make any
more conclusive a statement. It must be mentioned, however, tkat it is
the  fully relativistic»nature of our analysis that has permitted us to
investfgate the gffect of these two very different ;ets of inputs
clearly.

. At this stage, we ask ourselves the following quegtion: what have
we learnt from the calculations presented in this thesis? We can point
out the following things:

(1) The Bethe-Salpeter formalism brings in some non-trivial changes
in the method of analysis;
(1i) the off-shell and quark-propagator effects are substantial;

(iii) one must congider all quark processes in andlyzing these

decgys.
Keeping in view the lack of quark-level understanding of these {

~N
processés, these conclusions can be of valuable he}m.

We now consider those two aspects of weak radiative decay of
baryons that have not been considered in this tﬁésis. The first one is
the questibn of normalization of the decay amplitude. As'we reéiize,
_this requires us to know the normalization constants for the BS
amplitudes. A correct evaluation of these normal}iacidn constants
- requires the knowledge of long-range strongiinteraction dynamics.bnln
the absence of this informaEion, wé can only hoﬁg to find a
'normalization prescription' for the decay amplitude. Various

he N . .

possibilities come to mind: e

(1) Normalize, foé example, the £+ + py amplitude by the.
. T . . _



amplitude for another process like [ » ne v.

I+ ne x 715 a simpler process to analyze and the experimental

kg

rate 1ls available.

(i1) Calculate the normalization constants N and N + for the
P

\ - L

proton and 27 BS amplitudes respectively from the BS

normalization condition by neglegting the irreducible kernel

{
V. TRKRen use these valu%s of Np and N + to normalize the

L

+
L + py amplitude.

The phenomenological validity of any of these preseriptions can only be

checked by explicit calculations. Such an investigation was aot

Y

carried out in this thesis. Without this, we cannot judge the ol

performance of the present calculation in accounting for the observed

rates.

The second aspect that we have not consideged is the role of hafd-

I3

glubnic corrections in these decays. Within the MITBM and the quark

model, such effects have been considered [29,32]. In these

o

investigations, one considers QCD-corrected s » dy vertex and

QCD-corrected two-quark » two-quark strangeness-changing traasition.
The quarks are always put on.their mass-shelisf The results of theseﬁi
investigations have been summarized by Bergstroﬁ and Singer [32]. Eveﬁ
the QCD-corrected s + dy vertex cannot reproducefthe‘ z+ + py rate.
It is smaller by a factor of a thousand. When one combines the
QCD-corrected s + dy in Lo's calculation (which, we remember, already
has QCD-corréccions in 2-quark and 3-quark processes) one finds that

@

a +F5fﬁ;nges to =0.22 from -0.154 129,32]. In Lo's calculation, Xne_ ?
g .



v @
cannot find, the decay rate because the overall normalization of

+ )
I + py 1s, once again, undetermined. It seems, therefore, that when

the quarks are put on their mass-shell the hard-gluonic corrections do .
not improve the situation in case of Z+ ;.py. This does not rule out

their importance in other decay modes [32]. The question is: how much
difference will tgey make in our results? To answer this question, one

will have to consider gluonic corrections in their full glory with the

quarks off-shell.
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APPENDIX A

FLAVOUR STRUCTURE OF THE OCTET BARYONS

A baryon consists of three quarks. So, a baryon state can be

written as
@ - 1L O ® 1 (A1)
abc a b c
Do) represents the baryon and we have suppressed lts flavour quantum
nu&bers, e.g- lsospin etc. a, b and ¢ are the flavour indices which
run over all quark flavours. lwa> s |wb> and |y > are the three
c

D

quark states and t; ab are the various Clebsch—Gordan coefficlents
c

which we call the baryon flavour tensor.

Restricting to the strange vector only, each of a, b, and c
runs over (u,d,s). Each of Iwa> . |wb> and |wc> transforms as the
fundamental 3 representation of SU(3). As a result S
transforms under the product representation 30 3® 3. This product

representation decomposes into four irreducible families to which the

Physical baryons belong. The Clebsch—Gordan series 1is

OeUed - [[T] el4- e & |

L

S ™MS
(A.2)

2

10S is symmetric under the flavour indices of all three quarks; lA is
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antisymmetric under the three flavour indices.

8MS {s symmetric under
the flavour indices of the first two quarks whereas

3 8§
MA is
antisymmetric under the flavour indlices of the first two quarks.

According to the SU(3) spectroscopy of baryons,

1
the 3 + baryons
belong to the two octets.

From eqn. (A.l),

therefore,
° (Sma - RUEPY =
l‘ﬁ < 81‘18> B ;.abc l4’a>®/l}kb>®wc> : :Fabc Na>®|wb>®‘wc>
/\ (A.3)
and |
D8
MA
I'Ib < 8I“lA> - iabc

: B:o
o @ ®lv)> = T, @@l

(A.4)
DURD) B:p 1+
We now list # abce and b for various 3 baryons [55].
RUEDY
Various #- be
pix 2 P:r p:x _ -1
:.\t' uud /e ’ :F udu 7 duu /% (A >)
n:i n:i 1 n:i -2 )
- W m— > - .6
F udd dud T 27 ddu ~ = (A-6)
0 0 . 0 0
A A A A 1 A A -1
- W — - - — .7
#usd :Fsud 2’ q’dsu ':Fsdu 2 (5 )
+ +
£+:A__2___ :FX:X #)::x -l '
ws g ’ usu suun -

. © (A-B)
/%

2]
-



L : MY 2 L A
:F uds ¥ dus /T3 ’ ? usd #
L 2 L\ a1
F dds ;% b T ed Foda = ;%
0 0
R ERED 1 = IA -2
3 -7 = — i Fu T
uss /6 SSu /6
el 2 i 1 = iAo -2
=¥ = =5 Tid 2
dss sds /% ssd /6
Various Zp:fb:.o
:¥;no . L pip _ 1L
udu /7 duu /7
n:p 1 n:p -1
¥ == ==
udd /2 d.ud /3

0

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)
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0
11\0932 '\0:9=2 \_FAOpa,_.FA p 1
uds /12 dus Vi sdu usd /T2 -
0 0
R (A.15)
dsu su /12
+ +
b Ly plie 2l g (A.16)
usu /? sSuu /i
0 0 0 0
glioaglio Ly gl P agqlPa (A.17)
usd dsu 2 sud sdu 2
P Ly e L L (A-18)
:Fdsd /7 > :{sdd /7 -
0 _0
E:pa_].. . ::p::_l_ (A.19)
i'uss /7 ’ :FSUS /7
E—:p 1 E—.p -1 (A.20)
xdss o Ef‘sds — PR
\ V2 /2 ,



> APPENDIX B
AN INTEGRAL RELATION BETWEEN x and ;

Before we derive the desired integral relatiovn, let us prove a

lemma which will be needed in the course of that derivation.

Lemma. If 5
> > > > > » >
3 3 ~ipex—iqe + » 3 3 -—ipex—iqe >
[ a7pd qe P £(5.d) = [ dpd7qe PN g(p,)
then
> » > >
f(p,q) = g(p,q) (B.1)

Proof of the Lemma. Since B and’ a are integration variables, the

first equality can be rewritten as
> > > > > > > g
3,3, -ip'ex-iq'- >, > 3 ,,3 , -ip'ex-iq'- +, 0,
[ d7praiqre P VY £, = [ atprdTqre P TIY Y g(prg)

. (B.2)
1pe x+iqe Y 3.3
Mul}iply both sides by e PexTiq°Y  and integrate over d xd'y
6 3 3 3 » >, 3 »ar > .
@n)°f d7p'd7q "8 (p=p" )6 (47 E(R'a")
6, 3 3 3>+, .3 \ .
= (2n)°[ d7p'd"q'6 (p-p")6(3-4)e(p",q")
i.e. *
> > '
£(p,a) = 8(p,a) (B.3)
Q.E.D.
) . ’
We now proceed to derive the desired integral relation. We start
with the equal-time BS amplitude. From eqn. (2.8), .
> + + :P,S _ * > > .
Xk 6%y €, X3t =y g vee = Ol¥pan GOV (GBI, ((x3€) |B :P,S>
‘ * (B.4)
Similarly, from eqn. (2.12)
®
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N

- » » +» B:P,S - > - > - +
t tyx,t ’ 2 :P, .
X X 8y 8) o abe vee & SRRSO g GO0 (g 1) {03
o (B.5)
The T-product drops 01/1: at equal times. Starting from these two ) )

definitions, it is not very difficult to prove that

e x t:).'SEJ:P,S"
>3’ aaA,B8bB,ycC
t,;( t).'B:P,S YO 0 YO
3" 7a'aA,8'bB,y'cC 'a'a'B'B Y'Y

> >
)((xlt,x2

- > »>
= - ox(xt,x, (B.6)

Now, from eqn. (2.15)

(X, ,X,,X )Jb:P’S
X3X12%2°%373aA, 8bB, ycC ‘ (B.7)

o1 Ida 44 4 e~1p1x1'1p2x2_1p3x3 ( yB:P,S
(2")12 P19 Pd Py ‘ X\P)2P22P37 4, BbB, ycC

Also from eqn. (2.18)
ol ).IbzP;S
X{X)9X22%375a4, 8bB, ycC
S SRS RN S R b I ;B :P,5
1z /¢ P19 P¢ P3e X{P1sP2sP37 04, 808, yeC
(2“) S .
\ (B.8) »

From spacetime translation invariance, we can write

D:P,S 27 4 D :P,S

4
X(P1+P32P3) 0k gbB,ycC a\?zu)3/2 8 (B=C)xlpg+P, 1 aa, 8bB, ycC

(B.9)

and, also

4
e X:p,5 (27 P 2 :P,S
X (Py+P31P3)524,8b8B, ycC 577 & @~ OXIPg Pyl goB,vec  (B:10)
@) e .

n
In eqns. (B.9) and (B.10) we must remember that the right-hand sides
are still functions of (pl,pz,pB). They only occur in the specific

combinations (CP,p .pn) due to space time translation invariance:s Let

€

O
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:P,S

us now substitute for X(pl’pl’p3)aaA 8bB, from eqn. (B.9) in eqn.
(B.7)
D:P,S o1 fabp a%p Tipy X TIPg* TPy
x(xpx 2’x3)aaA 858, vcC T 5, )12 Pid ppd by e .
5211 :P,S B.11
373 5" (p- CP)x[p P ]aaA BbB, ycC (B.11)
(2m)
Let us now change the integration variables from (pl,pz,pB) to
(Op.pg,pn)- S
( fQ> :P,S _ 1 f dﬁj)dé . e‘l x>1p£evkpnn
XAX)2X99%3/ haa, BbB, ycC 2m) 52 372 Pt Py
B:F,S (B.12)

5 ce- ®Px(pesP 1 an. 8bB, ycC

After carrying out the P integration, we obtain

:P,S
X(xp:%, ’x3)aaA 8bB,ycC . C\
-ip _g-ip n \
1 -iPX 4 4 3 n P,S :
77 e [dpdpe x(p ,pnff;A wop, yec (P13

@nden’’?

Following similar steps, we can prove from eqns. (B.8) and (B.10),

.

X :P,S

x(xl,x ’x3)aaA BbB, ycC N
ip g+ip n
1 1PX 4 £ - B :P,S
= ‘ ’ .14
@nBan? Japgdpye | Xt P loan, gbB,vcc  (P1%) :

We have now all the ingredients for deriving the desired relation.

Frdm eqn. (B.13), we can obtain at equal times

+ + +»  X:P,S .
x(xlt’x2t’x3t)aaA,8bB,YcC
i+ ++,+ >
. 1 1P Oveid. g [ d* dap . pe&¥ipyn (p.p [ BIESS
3/2 € XUPgsPylyaA,8bB,ycC

@2n)8@n)
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£ .
- i’ ++1‘ >
. 1 SiP Osid.t [ R pettip n
8 3/2 Ppd P €
(2n) (2w) .
»:P,S
(fdp x[p 2P aan, 8bB, yeo - (B.15)

Similarly, from eqn. (B.14)

- > *> »:P,S
XX 8% 6 X38) oA, BbB, ycC 1
’ > »
1 1ple-ib.t . 3 3 TipgElipgn
- 8 372 e f d pgd pne

(2n) (2m) :

0.0 - D:pP,S
(fdo dp xIP.»P ) on 8o, yec) (B.16)

Putting equs. (B.15) and (B.1l6) in eqn. (B.6), we get

”

0 . ’—i’ >
1 ip%-18.% , 3 3 TipgETIRM
3 372 e fd pgd.pne )
(2n) (2m) o
0.0 :P,S*
(fap dp x[pgsP T o oo, ycc)
0 _i+ +;1+ +
1 1pOc-iB.8 , 3 3 TipgETipgnm
- - 3 372 e f d pgd pne
(27) (2n)
0.0 - . 13 P, s ) 0o 0 0
) i+ E i’ +
-“1p,.s~1p n
i.e. f dp dpe & n
£ n I ~
‘\(fd 0 0 [ ].8 P S* ) ‘
dpgde, x1PgrP Joan gbB, yec
i) E 1; > . ’
—1ip.&~ n
=~ d3pgd3p e & n

\‘ B :P,S o 0 9
IdP dp X[P ’pnla'aA,B'bB,Y'CC) YG'G B'BYY'Y (8017)

Invoki-ng in eqn (B.17), the Lemma we proved above, we get
0 D :P,S* '
/ dpgdpn x[pg,pn]aaA BbB, ycC

9 :P,S " O 0 0 '
/ dpadpn x[ps.pn]m.aA 368,y "cC Ya'aYe 8"y 'y (B.18)



0O 0 0

Multiplying both the sides Ry Y Yy _y _  we obtain
ad BB ¥Y
[ dapldp’ o xlpgsp ] .S 0.%4°
s ~ Y
aA,8bB,ycC ' ~' ~T ~
¢ S YeC oa B8 vy
0, 0 - H:P,S
= - [ degde xlpgap L
aaA BbB YcC

Changing a to a' and multiplying both sides by (-1),

f 4 0400 11 ]Jb'P S* L0 0

0,0 - B:Pp,S i
[ dapgdp xlpeop Tovon g onp, v ec”

This the desired result.
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APPENDIX C
RELEVANT PART OF THE GLASHOW-SALAM-WEINBERG LAGRANGIAN

Following is the interaction piece of the Glashow-Salam-Welnberg
N

Lagranglian which induces the flavour-changing radiative transitions we
are concerned with. As before, we flefpte Lorentz indices by primed

Sreek indices and Dirac matrix indices unprimed Greek indices. We

et

are following Aoki et al. [61]

- + - G'B'Y'G'
C’Cmc C(W W A) [,

Ay H(a Mg DAL Mg H 3 A T W]

wBO)w '6'

-1 1 + -1 I -
+
el w’wu. +eaml ‘%W:“u'
'-nn + —u'v' - -+ u'v' - 4+
+ C(rmA) aB P lbs , + C(AW x ) Au,wv,x + C(AW x .) Au,wv,x
+ -, 1 1-
+ C(Iix )ag wawsx + C(iIx )uswawsx
-+ S5+
C o Cax x DAL Y x) ; (c.1)
where the vertex factors, viz. the C's, are as follows.
L L L L ] L} A ] \ L N
e A B a e (@Y B0 (C.2)
, .
n' y =y
- 84t u 5 N
C(LiW )m_‘3 oy " 5 Ug YaB(—Z )BY (C.3)
v 1=y
C(LIW )aB By /E'UII YaB( 2 )BY (€.4)
TR !
C(nm\)(lL eQ Yue (C.5)
+ - ] ] [} ]
C(AW X )u Vo= -je mwgu v . (C.6)
- [} [ ,
. caw x MV e ag (c.7)
o . 1=y . 1+Y
+ i t 5 5 *
ow C(Lix ') g = $U11[mI(T)a m, (5) gl (C.8)

133



“
-+
C(Ax x ). =

In the expressions above

ie

» by

re

to u, ¢, or t quark; and -wn

refd¥s to the charge of

+

L

W

I+
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i 1=y Ity
1

I[ i( 2 )08 - mI( 2 )aﬁ} (-9
(C.10)
fers to d, s or b quark; refers

I

refers to any of the six quarks. Qn

are the charged intermediate vector

bosons. x are the charged would-be Goldstones which enter the

“calculation in the Feynman -t' Hooft gauge [63]. @, and ™, are the

masses.of wI

and wi respectively'and o, is the W-mass. e |1is

the electronic charge. g 1is related to the Fermi coupling coastant

40
Gp by [40]

U 1s the mixing matrix.

Our

. Ny

\\
 .g",
LB . (C.1)
V2 8mw\ v

U

is, in fact, _Vf\ where V 1is the
\ \ ' \ -

usual Kobayashi-Maskawa matrix in the literature [6fd. Also, the

+~r
differential operator 3"

\i

2.
AY B

L 5
\
means the followingx ( /’A\\

\\ kY

, ' : :
A" B - 3" A.B '\ \ (C.12)

[
s
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APPENDIX D

EVALUATION OF THE FEYNMAN PARAMETER INTEGRALS

»
Pl

The Feynman parameter integrals involved in the calculation: of the
l-quark vertex s + dy and the flavour-changing éelf—energy s + d can
be expressed in terms of some generic integrals. We dicuss the .

evaluation of those genéric integrals in this appendix.

D.l1. 1lst Integral

The simplest Feynman parameter integral that occurs is the
. ‘) i

- Eqn¢ (D.1) then becomes

following
1
el = Io da a 2nA (D.1)
where >
A= o o + mz(1~a) »p3u(1 a) ~ (D.2)
and 7 ) . .
L . mo Py ' | 1
o, = ; mz = 3 Pg Z — (D.3)
¢ ‘ /4nu2 /4ﬂu2 /4ﬂu%

o, is the W-mass, ml is the 1
is the scale introcuded in the co
The physical- results are independ
momentum. | )

For the saké @f some’ conven{

integrals, we do a change of Vvari

. : u'
o [ . Ca

Y

dternal quark mass in the loop and

¢

urse of dimensional regularization.

- .

ent. of' .- P3 in the s-+quark

4

ence in comparigQn with other

-

ablés in eqn. (D.1) giyen by’
¢ T .

= i -.a ' S ;,i (D.4)




1 30

L 22 2 2
- da'(I~a")enfm (1-2") + m a' - i)L(lv(l‘wI')] (DY)
i I() N . ¢ 3

S

53¢

An exact lntegratton in equn. (D.5) will involve complicated tunctions

of [(63]-. This is not particularly convenient because Py is still

X
3
to be fntegrated with the BS amplitudes. 1In tact, this is also

o~

unnecessaxy. The finfte si1ze of baryons ofters a strong cutott tor
. , ) 1
quark momenta beyoud 500 MeV. This s reflected in the - ) factor
Za
fn the exponent ot BS amplitude with a ~ 500 MeV. * 50, despite the
-

fact that Py {s integrated {rom —~ to +=», the Ilategrand hardly gets
any C(‘;ntrlbution from Py >> 500 MeV. With Py around 500 Mev,
2 2 ) . .
(pJ/HLd) {C 1. We can carry out expansion in powers ot these
quantities. Let us consider the logari%hm in equ. (D.95)
~2 ~2 ~2
ln[mw(l‘a') + mQa' —.p3(1'(l-a')] : «

~2 vA [
pya’(l-a’)

- ln[?ﬁé(l—a') + I;lia'] + Qn[l.— - 5 ] (D.b)
{mw(l—rx') + mza'}
We realize that
~2 2
p3(]'(l‘(l') p} 1] 1"(1' -
-2 aldmal) ) (D.7)
{;\3(1—0') +Tnza'} n\i m2 .
v ((l-a")+ — a'}

2
m

So, following Aoki et al [6l], we expand the second Jograithm in egn.

(D.6). .
ln[;\i(l-a') + Eiu' - E%a'(}—a')] ’
~2 ~2 Pya’ (=) d
= ln[uh(l"u') + mla'] - .o (D.8)

] [Tné(l-a') + E‘Ea']



Put eqn. (D.8) In eqn. (D.5)
\ .
S - da'(L-a')en[TZ(l—a') + aza'l
sel 0 Ty 4
2
1 p)u'(l—a')

- [ dat(l-at) — e (D.9)
0 [mw(l—a') + mqa']

Both ot these integrals exist in tables [67] and can be done casily.

The result looks like

2
y . p ,
o222 20 0y 2 2
35&1 = F(npmpeu) 2 Folmeemy) (0-10)
mw
where
m2 m2 2 m2
2 2 20 L2 1 L™ PR "
(mpomu™) =5 B - b 5 5+ g () () 01D
MMy MMy, Ty
and
mZ
2 2. 1 1 1 M 1
Fylmgomy) = = § 2 ' mé 7,
¢ L
(1- =) (1- =)
™ " : ‘
ma mz mb mz
L 1 L L 1 £
+ % 2 S [l+ QD(T)] + 5 2 . ln(——z-) (D.12)
" P ¥ " ) v
(1- %) (1- =
= "
D.2. The 2nd Integral
The second integral is of the form
. . ! ,
a2 " f’o da tod , (D.13)



L]
Obviously, we can follow exactly the same steps ds in D.l. The tinal
result 1is
2
2 2 2. . " 2 2
= + — F .14
3502 Fy(m ym ™) 5 F(msm) (D.14)
"
where
2 2
m m
2 2 2 2 4 L
— x - — .
> F'j(mg’“\g’“ ) tn n, ( 2 2] Ln ( 2) (D.19)
1, ™
and
2 2
m m
2 1 1 2 £
Pz‘(ml,mw) z 7 [ 5 7 [lﬂln(‘?_”
m m »
2 2 i Rt
(1- =) m (1= )
Ty Ty
m m
L L
- ——— ta()] (- 16)
m
4 L R¥
m, (1= =)
% »



D.3. The 3rd integral

The third generic integral is of the kind Y
1 1~<1p- L
S, =T da | Pday g (D.17)
- 0 0]
where
X = ml(l-a ) + ala - pla (l-a ) + 2p,ok’ (.13
2 W ap 2up pjap up p3 apak . )

In eqn. (D.18), k' is the photoan momentum. Other symbols have already
been explained in Sec. D.li )

The ak—integral in eqn. (D.17) exists in Fables {67) anq can be
performed easily. After ay intggration, eqn. (D.17) assumes the
following form

S

1

1
- [ da ——t—— eaf1+
2p,+k
0 P cPyti a,

2p3,k'ap(1—ap)

2 2 2 }
(mg(L-a Ymya -p3a (1= )]

34 (D.19)

For reasons similar to those mentioned 1in Sec} D.1,

2 2p3-k'ap;l~uP) 2 _ ng.k' | aP(l—zp)
(@ (l-a ) + m/a_ - Py (1=a )] o m 2
"W P e P P [(L-a )+ —% a_ - Ri-a (l—ap)]
p m,, P m,,
« 1 (D.20)

This is true in the entire domain of ap . So, we can carry out an

expansion of the logarithm in eqn. (D.19). As a result, we obtain

1 (1=a )
Sy =] ol 7
0 [mw(l-up)'+ L p3ap(1-ap)] N
2
. 2(p,ok"a (1w ) 4
—-%. 3 PP -+ o( )} (D.21)

2. 2 2 2
.[mw(l-up) + @ - p3ap(1‘up)]

It is obvious from eqn. (D.7) that
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2
P3Q (l-a )
PP <« 1 (D.22)

2
[mi(l‘ap) + mla ]

P

in the entire domain of ap . So, we can expand the denominators in

eqn. (D.21)' leading to the following expression.

:} 1 (l"aR)
- da
34 j p 2 2
0 [mw(1~qp) + mlap]
2 2 4
1 (p;=Pqck')a (1-a ) p
. + [ da 33 [ p_p +o(—3) O (D.23)
0 p [mz(l—a ) + mza ]2 6
W p L°p mW
Making a change of variable
. a =1-a (D.24)
P
eqn. (D.23) assumes the following form
\ 1
f} - f da 2
34 0 2 + 2 2)
(mg + (my = mpa]
) 2 2 4
1 (p3—p3-k')cx (1~a)a P3
+ [ do — 5 % > +0(~) (D.25)
0 [ml + (mw-mz)a] m, -

These integrals exist in tables [67]). Borrowing from there

2

k! B
F a4 - % Fs(’“i"“»za) M 1_2 (p—g)pu(mi’m\?ﬂ B lf (P32 )le(“‘i’mf:) (D.26)
My Bt T Ty
where
2 2. 1 “‘f 1 (“‘f) >
Fo(m, ,m,) = ——=x+ 5 ——5— Ln{— (D.27)
e (1- m:‘) - (1- 5’z)z g
2
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2 2 2
2 ) 1 M 1 " 1 m
F\l9(ml ,mw) = m2 ; + (—n;z;) m2 ; + 2(_['6) m2 5 En(—m%) (D.28)
2 )
(1- 3) (1- =) (1- =) !
my My My
2 .
2 2. 1 ) 1 1
Foolmgmy) = 7, “E) 2 7
e ]
2(1- =) (1- =) (1- )
¥ Ty ¥
ml‘ m2
- 322 o) , | (D.29)
4 2, 2
- ' T
(-3
2 2 2 2 2 2 ’
y F21(m2,mw) = F19(m£’mvl) - on(ml,mw) (D.30)

All the integrals in the sequel will be evaluated by following a
similar expansion procedure. So, we shall only quote: the final result

in each case.

D.4. "The 4th Integral .‘ \,‘
+
The 4th int‘ggral is of the form .
S -f T e e |
35 " fo da Io da, 7 (D.31)

X 1is given by eqn. (D.18). The reuslt of this integration {s

1 2 2.
Ois = 7 Fylmymy) . i (0.32)

2 2 .
F7(m£ ,mw) ‘is given by

\ 2 2. 2 2. 22 \
F7(mz,mw) = FS(mz’mW) F6(m9.’mw) P | (DJ33)
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2 2.\
Fs(ml,mw) is)given by eqn. (D.27) and
m2 4 mZ
2 2. 1M 1 e 1 My
Fb(mg,mw) z mz (nf') ———::E~2— % m2 S ln[m‘i) (b.34)
2 L L
2(1- -3) (1= =) (1- =)
g n ™
D.5.  The 5th Integral
Next, we conslder
1 l—ap i;
q =
N da_f £ do, (D.35)
0 0
This integral is finally given by
1 2 2
O3 = 7 Folmim)) (D.36)
m,
F 2 2 i 1 b
9(mltmw) s given by
2 2 2 2 2 2 2 2
Fg(ml,mw) = Fs(ml,mw) 2F6(mz,mw) + F8(ml,mw) (D.37)

2 2 - 2 2
We have already listed Fs(mz,mw) and Fb(ml’mw) in eqns. (D.27) and

2 2
(D.%A). F8(ml,mw) is given by

) ¥ 4
2 2. . 1 e e 1
Fg(mg my) = 7 i’g —z, " g 7,
) )
3(1- ) (1- (1- )
% % ¥
m6 mz
1
+ -3 ta(—) (D.38)
% %



D.6. The 6th Integral

\9 1 1—up a
‘ = f da f da -
37 0 P o k X
s
Carrying out the integration,
, ) P
L ’ 1 2 2
Sy 7 Fro(meony)
( ¥
where !
) 2 2 _1 2 2
Flo(mﬂ, )“hd) ‘= 2 FG(mQ’mW)
2 2 .
and F6(ml,mw) is given by eqn. (D.34).
D.7. The 7th Integral
é} 1 l—ap ai
= [ da_ | da, +
\ 38 0 Py k X
This integral is given by
1 2 2
J3s = 7 Fuulmemy)
: my

whene

2 2. 1 2 2
Fpy(mpomy) = 3 Fg(m,my)

.‘and F8(m§,m33 is given by (D.38)
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(D.43)
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T
D.8. The 8th Integral
1 l—up a @
9 =/ dapf da, —P——X- (D.45)
0 0
We get, after integration,
O 2 2
39 = 7 Fi2mmy) (D-46)
My w
where
2 2, _ 1 2 2. 22
Fb(mi,ms) and F8(m§,m5) are listed above.
D.9. The 9th Integral
The 9th integral has the following form
' 1 l—ap . 1
<?40 = f dap f d(xk Y. (D.48)
/ 0 0 :
Y is giveh by the following expression
Y = wla "+ wi(lma ) - pia (1ma_) + 2pgek’ D.49
mwap o, Gp p3ap ap Pqe apak (D.49)
After she integrations; we obtain
. 2 :
\ P
, 1 2 1 73 2 2
ﬁao\ 7 Fra(mgmp) + =7 ()P (mpmp)
™ Com oy
pyk’ ’
N 1 3 2 2 _ .
7 (7 )Fp3(mpam) (D-30)
o M -~
where
. 4
.22, _ 2 2 2 2 ;
Fla(“‘z'f‘w) = Fiy(m,m)) Fs("‘z’“’w) ; - (D.51)

2 2 2, .
FS(ml’mW)’ we have already listed above. F13(m ,mw) is Fiven by

<
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£ 4
2
8 )
2 2. . 1 "y
Fl3(mg,mw) z m2 zn(-n%—) (D.52)
L
(1- =)
v " |
Al F 2 2) i i b
so, 23(ml,mw is given by
2 2. _ 2 2. 2 2 2 2
Foj(mpsmy) 3 Fpympumy) = 2F g(m,mp) + Fop(mp,mp) - (D-33)
Fl9(mi,m§) and on(mi,ms) are given by eqns. (D.28) and (D.29).
Fzz(mf,mé) is given by the following expressiqn
£ mz
2 2. 1 _ 1 2
Fzz(mi,mw) z mz m2 . ln(mé) (D.54)
: L 3
(1- =5 (- =)
& m
/
D.10. The 10th Integral
<3 1 l—up 22
= [ da_ | da (D.55)
\ 41 o P’'o k Y .
After the integrations, we obtain
1 2 2
D T 7 P (b.36)
L
h F,( 2 2) i i b (D.33)
where 7 (m\my s given by eqn. . .
D.1l. The 1llth Integral
1 l-up ié
3&2'10 da, Io day ¥ ' (D-37)



This integral is given by

where

2 2. .
Frsimemy)

2 2. .
Flz(mz’mw) is glven by eqn. (D.47)

D.12. The 12th Integral

T
343=[0 da f

After integrations, we obtain

where

2 2
Fle(mprmy) =
2

2
We have already listed FS(ml’mw)’ F6

D.13. The 13th Integral

1

;744 = jo dap fo

We obtain, after integrations,

’ 1
S = 7F
uh

where

1 2 2
2 {FLB(mz’mw) -
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2 2
My (D-958)
2
2 2 ,
; o
2b12(mi,mw) (D.59)
1l ay b
Pia — (D.60)
k Y
0
2 2 B
La(mz”“w) (D.61)
2 2 2 2
ZFS(ml,mw) + Fé(mg, )} (D.62)
2 2 2 2
(ml,mw) and F13(m£,mw2.
)
l-a az
Pia =X (D.63)
Gk Y .
2 2
17(ml o) (D.64)



B 2 2. .1 2 2. 2 2 2 2
Fry(mpsmp) = 3 (Fg(mp,mp) = 3Fg(my,m)) + 3F (mp,m )
- Fs(ml,mw)} (D.65)
2 2 2 2 2 2 2 2
Fs(ml,mw), F6(m1,mw), Fs(mi,mw) and Fl3(m1’mw) have already been
listed abo;e.
D.l4. The l4th Integral
1 l—up a_a,
S, = da_ | da, 2= (D.66)
45 0. P o k Y
After performing the integration, we find
' 1 2 2
D45 = 7 Fralmemy) (D.67)
where
2 2.1 2 2 i ‘
F18(ml’mw) : 3 Fg(ml,mw) (D.68)

2 2
and F9(m£’mw) is given by eqn. (D.37).

&\ 1
.
D.15. The 15th Integral
9 3 1 1_ap x ‘ 1 3
=[ da_[ " da, tn (D.69)
48 o P’o k XO
where
* 2 ' 2 2 2 2
= * : - - + y ] 07
XO £ mw(l-ap) + mzap msap(l ap) (ms-md)apak (D.70)

;%f:>48 is given by

; -
G e B
g b
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2
Pyl 2 Py 2
g = () Fistapm) - (F)F s (npLm)
a, ,
2
(m ~m ) m
1 s . 2 2
(3 2 - = ] Fg(m,m) & (0.71)
Y

2 2
FlS(ml’mW) has already been listed above.

r

D.16. The 16th Integral

1 l-a

Y
S,e=) da [ Pda, tn &+ (D.72)
49 0 Py k YO
where
_ 2 2 _ 2 _ 22
YO = mwup + ml(l ap) msap(l ap) f (mS md)apak (D.73)
After the integrations, we obtain
2
Pyk’ P :
3 2 2 3 2 2
O 49 = (=77) Folmpumy) - (—7)Fglmy,m) . —
& | ™
2 2 2
(m -m,) m
1 s d S 2 2
Ty By

2 2
We have already listed Fg(ml,mw) above.
These generic integralé were sufficient to do all the other
integrals in the l-quark vertex s +-dy as well as in the

flavour-changing self-energy s + d.



APPENDIX E
EVALUATION OF THE MOMENTL: INTEGRALS
All the A-ﬁomentum integrals that we encountered canr be
conveannfT;FZTSSsified into eight generic type$ if we study their .
behaviour under Lorentz transformations. .It is, therefore, enough to

discuss the method of evaluating those eight generic types.

E.1 Intgerals of type 1.

This class consists of the followlng two integréls

-

K o BV
4 4~ f(p »q ,“':Pu K ’MrM'tQ:Q'»mu:md»ms)
I = dpdgq ** e : ) (E.1)
. iz (-n2+ic) | ]
I = I dz e d )
0
) ~ k' o ! v'
4 4 f(p ,q ""»Pu )l_(' ’M’M"aya"mu:mdrmsvz)
fdpdq~"-e o (E.2)

N . 14
Let us first explain the notation.” In eqn. (E.1), p'< , qd yeee are’

the 4-momenta to be integrated; Pu',k;v' are the initial baryon and
final photon momenta respectively; a and a' are the radii of the
1;igia1 and final baryons; m My and .ﬁs are the quark magses. £
is a real Lorentz invariant function of its arguments. It is then

¢

obvio&s’that 1 yill”be real too. In eqn. (EzZ), we haye an

additional member in the argu&ent:1§stfofv T ,.Qiz. Za —This is the
Séhwingéf pafameter alreadylfamiliar to us< ?avts a cém?lek “

Lorentz—-invariant function of it;'arguments. Wé'hgv; one more - , -
z-integral aftgf_éhété—momen§um 1ntegtal§1, mi ssfgaa gépp;}cglly fof:;

-~

" any of mﬁ ,'mﬁ or mi; It is obvibng thacf:i As goinhg to be




complex. We should mention that f and t  stand tor any tunction ot
their arguments and we use these svmbols in all the futegrals i a

generic sens~. Obviously, they are not necessarily the same tunction

.’»‘
fn case ot all the f{ntegrals.

Having explatned the notation, let us now stidy the properties ot
these integrals under LorePkﬁ transtormattons.  Since t and f  are
» .
' 4 4 _
Lorentz lavartant tunctiouns and the measure d pd q <+« (also dz in

the secound case) are also loreantz invariant, it (s obvious that [ and

I will also be lorentz scalars. After the lategrations, we are only

1

left with the quantities p¥ ,k'v , M, M, a, a', m , md, m_ - So, [ a
and 1 -wlli be Lorentz scaf‘formed out ot these quantities. The
complex nature of T does not interfere with this argument. So, 1
and 1 can depend only on P-k',M,M',u,u',mu,md‘ms. We denote it

symbolically as follows

I = T1 (P-k',M,M',a,a',mu,md,ms) (E-}{
I = Tz(P.k ,M,M )aoa rmu)md’ms) (L’Z‘)
T1 is a real scalar and T2, a complex scalar. We have to determine
Tl and TZ. -
The fact that Tl and Tz are lLorentz scalars greatly simplifies

P

their actual evaluation. Since they are scalars, we can evaluate them
-

in any frame. In particular, we can go to the rest frame of the

initial baryon
P = (M,0,0,0) (E.5)
Our process being a two-body decay further simplifies the situation.

Since 'I‘1 and T2 can only depend on P.k' (apart from other scalars

4
.
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\

which do not mattc? in this argument), it means that in the rest frame
. V0 . . *
ft will only depend on Mk which tor the photou is M\k'\. Since t&
only depends on the magnitude of the photon momentum in the rest {rame,
we can also chouse it te be in the negative z-direction {.e.
0 0 ; W0 '
k' = (k' ,0,0,-k' ) with k' = k'] (E.6)

The trick is to expand t and f in terms ot its Cartesian

components keeping equs. (E.5) and (E.6) in mind. Ia terms of the

o 1 2 3 0 1 2 13
integration variables (p ,p ,P P »4 »9 »9 »9 ,**+) the momentum

integral then becomes a generalized Gaussian integral. 1In fact,

due to our simple kinematics, in all cases {t turned out to be a
product of two 4-dimensional Gaﬁssian integrals of the type discussed
in Section E.10 at the end of this appendix. They were evaluated using
the formulas given in Sectiou E.10. That took care of the momentum

integrations. For T1 , this completes the story.

In case of T

) o e have yet another scalar integral to do, viz.,

over z. After the womentum integrations, T2 looks like -

» 1z(-m>+ie)

T, = [ dze 4 Pk MM ,a,a',m ,m,,m ,2) (E.7)
2 0 u’ d’ s

where f' 1is another complex function of its arguments. This
integration was performed numerically. The exponential factor .

iz(—m2+ie)
e.. 1 , however, presents difficulty in doing the numerical

.

integration becayse it is an oscillating function of 2. The analytic
behaviour of f' in complex z plane comes to our rescue. It turns '

out thatwall the sipgularities of T lie on (or very close to) the

2

positive and negative imaginary axes excluding the origin. It also

dies off at infinmity.

N

- e

)
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Fig. E.l Contour for the z-integral

So, our integrand 1s analytic on and inside the contour shown in Fig.

E.l. From Cauchy's theorem, therefore,
2 0
~{izm

T, =) dze TE Pk’ MM 0,0, z) (E.8)

m m
u’ d’'s’

where we have now dropped the 1e term. A parameteric representation

of contour C3 is

1+{ cot 9
—5 )

m
q

where 0 1s the angle by which the axis has been rotated in the fourth

z = 71( ; 0y <= (E.9)

quadrant. From eqn. (E.9)

1+1 cot 0
2

o
q

Hence, the integral in eqn. (E.8) looks like

dz = -if ) dy (E.10)

-(1+1 cot 6)
e

1+4i cot )Y Z- '
Tz = _1(7—)10 dy T £7(Pek ’M»M"una')mu""md)msv)')
q (E.11)

where f~ 1is yet another complex function of its arguments. Now Ehe
integrand has acquired a damped ﬁart and the numerical integration can
be easily performed. The value of the integral is independent of 6.

It 18 varied in the numerical computation to achieve a fast enough
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convergence of the integration subroutin;:?\\The integral was

stabilized to 10 digits in the uumerical computation. This completes

the evaluation of TZ.

E.2 1Integrals of type 2.

The integrals in this class are

* - f d4pdaq ..

' v f(P »q RN 4 )k' ,M,M',a,a',m , . ,m )
a a u’'d’ s -
(P 39 & *e+e)e (E.12)
o ® iz(—m2+ie) 4 4
I = jO dz e f dpdq -«
G' (X' ’E(p'< lqo )"’)Pu 1k'v 'M'M',a’a"mu’w’mS’Z)
(p 39 3 <*°*°)e (E.13)
L A
(pa ;qa ;...) 1in the integrand implies that we have any ‘one' of these

tensors multiplying the exponential in the integrand. Ve shall
N

N

consistently use this symbol for the same purpose in the sequel. Rest

]

\
of the notation should be clear from Sectior E.l.

Following our Lorentz invariance arguments, we see that due to the

presence of (pa ;qCI Jese) Ia and 1° are now first-rank Lorentz

tensors. After the integrations, they can only be functions of

L L .
p¥ ,k'v ,M,M',a,a',mu,md,ms. We can, therefore, very generally write

' ' ] &
9% =1 P+ 1,k (E.14)

Once again, these '1‘1 and Tz should not be confused with Tl and

'1‘2 in Section E.l or in the sequel. They are being used in a generic

a' ‘ a
sense. Y stand for either 1

.
'

[ ] .
or T* . The tensor structure is

the same for both of them. Values of T1 and TZ will be different

R V8



in each case. These will be real in case of i and complex ih'casc
~, 1

of 1% . Both Tl and T2 are Lorentz scalars built out of

U' N

pm k! ,M,M',a,a',mu,md,ms. So, they are functions of

P-k',M,M' a,a',m »Mem We suppress thelr arguments for the sake ot
u s

clarity. 1f we can calculate the values of T1 and T2 , then our

integrals are known.

Towards this end, let us first invert eqn. (E.14).

~1 a’ . .
T, Aa,é 1= 1,2 (E.15)
where .

~1 1 , o
S S k! (E.16)

2

™~ ~2 1 M
AS, = ——~P , - ——— k', (E.17)

a (Pek') a (P-K')Z a

We call Ki, ’ the projectors . Since T1 and T2 are Lorentz

scalars, we can evaluate them in the special frame given by eqns. (E.5)

and (E.6). This leads to considerable simplification. In this frame,

only certain components of the projectors are nonzero. To be specific,

4

é and K; are nonzero. Their values can be calculated from

eqns. .(E.16) and (E.17). So, we need to calculate only \:}O and é}a

only A

in the special frame to know T1 and T2 completely‘from eqn.

(E.15). These components of 1* and T° can be calculated in

I

exactly the same manner as outlined in Section E.l. To repeat, the

L
components of * reduce to generalized Gaussian integrals to be
A
‘discussed at the end of this appendix. For the components of i , the

momentum integrals are once again generalized Gaussian integrals. The _

M

3
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z—idCegral can be performed numerically as discussed in the last
0 3
section. Once we have the values of S and O~ , we can carry out

the sum in eqn. (E.15). That will give us T and T, and hence

1 2
S

E.3. Integrals of type 3

These integrals come in the following form
tt 4 4
I(a 8') - f d'pdq ees

K' 0' ] '

f(p q ,...,Pu k' M,M',aq,a',m ,m,,m ) -
t B' a' 8' ’ R ’ b ’ 3 bl » u) d’ .
(P P 340 q 5 eeede S (£.18)

o iz(—m§+ie) 4
= IO dz e f d pd q e

| L} \J v '

7(a'8")

M,M',a,a',m ,m,,m ,2z
bl bl ] » ? u’ d, s, )

(E.19)
The Aotation needs no further explanation. These integrals differ from
integral of type 2 in a more complicated Lorentz structure only. So,
it is sufficient for us to write their Lorentz structure and
projectors. Rest of the procedure must be obvious to us by now.

Their Lorentz structure is given by the following equation

L A} L 1] L L L} L} ' ' 1 t
CRMERIEE LR A R N LA AL
) - (E.20)

\J 1) L
Once again, f}(a B') stands generically for either 1(0 B") or

~ln'!
I(a 8" It is obvious that T,'s will, in general, be different in

i

the two cases. Also in the previous case they will be real and complex

in the latter. We do not repeat writing the expressions, separately for
N B _

each of them in the interest of clarity. We shall consistently follow

1
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this mode of presentation in the sequel.
The inverse relations are given by
~1 (a'8") .
= ; = .2
L PPON ;L= 1,...,0 (E.21)
where the projectors
~1 1 2.3 VA . 4 L.
e m o (MO BT R ] (E.22)
a'B 2(P-k')2 a'B a'B a'B
~2 1 3
A ygr = — F g (E.23)
a'B (P-k')z a'f ]
~3 1 4.3 2 2,1
,,'——‘—-‘[3M:F,'*M(P°k')?"
a'B Z(P-k')[. a'B a'B
2 ' 4 22
M (Pek ):Fa's' + 2(P-k") ';(G,B,]
(E.24) ~
~4 1 2.3 2,1 4
Ay oy = ———— [-3M7 7, ~(Rek") T, 2(Rek))T ] (E.25)
a'B 2(Pok')3 a'B a'B a'B
¢ i .
and the tensors t*u'B' are given by
1
#a.s. = Buige (E.26)
2
#Q'B' = PCI'PB' (E-27)
3 ' t i
40'8' ka'kB' (E'28)
4 . . -
Foge = Byikay * Rk, (E.29)
We first calculate the non—zero components of X;'B' in our special
(a'8")

frame. Then the corresponding components of :} are calculated

as per the procedure mentioned earlier. Carrying out the sum in (E.21)

]
we get T1 8.
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\
E.4 ﬁIntqprals of type 4.
The integrals next in order Sf complexity are
A ] A 4 1 ]
8" o [ dtpatq eee %% i)
k' o' U' ,\)' , ,
f(P »4 yeeesP sk MM ,a,a ’mu’md’ms) i
e (E.30)
2
' ot © iz(-m +ie)
T8 = [, dz e 4 [ d*paq --
. x! o' uv ,\)' , ,
(1' 8', f(P »q "":P ’k ’M)M »Q,Q ’mu’md'mS’Z) o
(p” g ;5 «e0)e (E.31)
These integrals have the following Lorentz structure
L} t t L] ] L} L} L} 1 L t ]
f}a B . Tlga 8 N TZPQ PB + T3k'a k.B + TA(PG k,B +PB 1@ )
al 'S'_ Bl 'al Q'B'K'O' . _ . .
+ TS(P k PT k ) + Tbe . (Px'ko' P0¢k(,) (t:32)
The inverse relations are
~i a'B' .
T, =AG.B,3 s L =1,...,6 (E.33)
where the projectors are given by
~1 1 2.3 2,1 4
- — + (Pek’ -~ (Pek’ (E. 3
Ryrgr PSR MO a0+ ek gy = ek g ] (E.34)
~2 L 3
Kovgr = ——3 F g (E.35)
‘a'B (P-k')z a'p
~3 1 4,3 2 2.,1
- — M + M (Pek' .
Ryrgr 2(P.kv)l' 3 \40'8' ( ) #a's
2. 4 2.2
= 3‘1\(,1’°k')¥a'8. + 2(P+k') ‘¥G'B'] .
(E.36)
~4 1 2.3 ey 2.,1 4 i
B e—— - - . + [] ' . 7
'8 " ey [-3M7F gy ~(ekD g g + 200k Y 0] €D
~5 1 5 .
Ay, =— 2 ?Q'B' : (E.38) |



| g

Kb, .= S 6, . (E.39)
a'8' gyt T8

431'3' are given by -

= S e (E£.38)

:;i,s, =P, (E.39)

:fi'e' K1k | (E.40)

:;:,B, SR IS S (E.41)

:;Z,B, R ANSEEE SSH (E.62)

6 RARPEARNS SRR Gt (E.43)

IG'B’BEG'B'Y’G'

E.5. Integrals of type 5

The simplest of the third rank integrals are
a

1 1] 1] z‘ [‘ ) ¥ 8 1] 1 1] 1] A
(8 [ d'pd q e o P P 3q° qB qY 3ee0)

ef(pr',qol,...,Pu',k'v',M,M',a,a',mu,md,ms) (E.b4by
tor v o iz(-m2+ie) v oAt e o
7(a'8'y") | [y dz e q [ d*pd*q eee (0% pB R 5% B QY 5eee)
?(p‘7,qo',...,Pu',k'V',M,M',a,a',mu,md,ms,z)
e (E.45)
These integrals have the following Lorentz structure .

tav, ! tn?t L} r, ! 1] v A
3(08Y)_T1(808PY+88YPG+EYGPB)
ot ] LV s r.t 1

+ Tz(g“ Bl Y b BV @ gt @ ey

S AU

B8 8

ul

+ T,P° P
ul

+ T (B0 P

'k'Y'+_P 'PY'k'a'QT'Pa'k|B')
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) L A 1] L} 1 A 1] \]
+ r6(P°‘ kB B Y T T i By (E.46)
The inverse relations are given by
e (@8'vy'") . .
Ti AQ'B'y'j H i l,...,6 (E.47)

where the projectors are given by

~1 . 1 2.6 oy22 kL iy
Ryrgryr 2yt (MO gy * Bk gl - 2Rk Y Forgryr)
’ (E.48)
~2 . 1 4,4 2 ,2..2
- A = —m——— | M - Pek
a8y " payt [ Fary T gy
2 v 6 eydeg L _ ry2ep S
+ M (Pek );G'B'Y' + (Pek') ‘;Q'B'Y' 2(Pek') ?G'B'Y'] (E.49)
~3 1 4
A - — , E. S0
Q'B'Y' (P.K')3 (!IBI.Y ( )
~4 1 6,, 4 4 00 2,2 )
A - [-5M vy = 3M (Pek! vt
a's'y’ 2(P-k')6 [ :Fa B'y ( ) :Fa B'y
4, b6 2 0,351
+ L5M (Pek') :;Q'B',Y' + M (Pek") qa'B'Y'
2 "2.,5 I3
12M°(Pek') :Fa'B'Y' + 2(P+.k") ';Q,B,Y,] (E.SL1)
~5 1 24 _ 12,2 N e 6
Borgryr = [0 gugey = GOk Fqugry # 30D F g0 ]
(Pek')
‘ (E.52)
~6 1 44 2 2,2
= 5M , + M@k’ .,
a'8'y' 2(P-k')5 [ v:"'u'B'Y ’ ( ) ':FG'B Y
¥ 2, b Il 2.5
- 124 (P+k ):Fd'B'Y' - 2(P+k") ?a'e'v' + 6(Pek") q,a,B,Y,] (E.53)
and the 4:;'78'Y' are given by
. ) »
4 iavval --SG'B'PY' (E‘Sl‘).
2
\ IG'B.Y' - gu!B!kY' A w (E'SS)
3 .
¥GIB|Y| - PQ'PB'PY' B (2'56) .
. ¢
o - ‘ Y
»
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4

ZG'B'Y' =k . B'kY (E.57)
5 , )
:;G'B'Y' = PQ'PB'kY' (h'sg)
6
= P k! k' ..
10'8"{' g’ (E 39)

E.6. Integrals of type 6.

The tougher third rank integrals that we encountered were of the

following form.

(a‘osv)YV 4 4 al Bv Y' o' 8' Y'
I =fdpdqes (p P Q 59 Q@ P 3°°°)
<! o' U' ,\)' , ,
ef(p »q I 9P ;k ,M,M 3 Q2,0 ’mu’md’ms) ) (E.60)
2

"‘((1'8')‘{' ® iz('mq+ie) 4 4 a' 8' Y' a' 8' '

i = fy dz e [ d'pd g eee (0" P q¥ 3a% a7 T e

~ [ t ' '

f(pK rqo )"‘)Pu )k’v ’M$M"a’a'ym ;md)msﬁz)- ’
e Y (E.61)

The Lorentz structure of these Integrals is given by

1] 1] L] L 1] * 1] L] 1 1]
Sl -1, P° A T,p" Y4 T, (P° B8 e
L] L} 1 [} 1 ' L] 1] 1 ] t
+ Tak'a L) SN T, ® PRLAFTLANLINNS S TGPY K kB
1] 1 1 [ ] 1 T 1 1] 1] 1]
+T7(P° gB Y +l,B ga "v! ) +T8(k.<1 gB Y +k,8 ga T
Y' G'B' 1Y' G'B'
+ TQP g + T].Ok g ‘ .
1 [} 1] 1] ] 1 1 1
+ TlltPa Blviste! Pd,k' 4 pBaly'8%0] Poik! )
1 ] 1] ' L ] 1 ]
+ le(k'“ By Ps,k' + Bl oY 8ol Pyok! ) (E.62)
The inverse relations'are‘
1o-ft ('8 4 . 12 (E. 63
i a '8 Y"j yeeey .63)

where the projectors -are given by
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~1 1 4
Aprgry? m a'B'y" (E.64)
~2 1 24 w3
Auvvav = —'7‘_ [—ZM 40'8"{' ~ (P k' ) ‘;a tg! Y + (Pek )'4-0'8"{'
(Pek')
+ 2(p.k'):;2,'é,Y,] (E.65)
~3 1 .
= — [5M + M Pk
Rorgryr N [suy g w\ O T . )
2 2.8 y P «
+ 24 (P-k'") ;GOBIYI—7M (Pk):‘ a'g'y"’ SM( k)#GBY
-(Pk)#‘ 'B' "(P.k‘)#a'ﬁ'Y'-’-(P'k')#G'BY
+ S(Plk') ¥Q|B'Y'] . (E-66)
~b 1 6,
> — [-5M - Mk
Yt T ey [ g gy @k’ # ars v
‘ ' 6
- ateaniy?, L +10M“(P-k')43 grys *MERDES L
2 22
+ M2<P-k')3‘+z.8.Y. vl @0 ] - et @ g
' 5 ' ' '
- el @k’ Fogrgryr 2P '*u'e'y' ] (E.67)
~5 2.8
[-4M - (Pek' , Pek') ",
Ky = 2(“) | 2#”. TN SN Mog
+ 5(Pek' )#a'e'y' + (Pek'’ ):a g1y N o (E.68)
6 ' 4_ 4 |
Kargryr = _#-_5 (57 ogrye M @ek’) ':,.'0l 'yt
' 2( 'k') § 3

"~ 2 112y 8 . 2 '\ ' 6
+ 2M" (Pek') :FQ'B'Y' - 10M (P’k )#avlev - ZM "(P.k ?ma'ﬁ'y'




L3 7 2,2 ' 20,9 .
= 2(Pek) T g F AR g ¥ 2(ReKT) ’Fa'sw'] (E.69)

~7 1 [2 4 2.8 _ . 3
- — M #. + (P.k") :F o (Pek )tF oty
[ 1] [] * 1] L] 8 c 8 ,Y
a'B'y 2(Pck')3 a'8'y a Y a
6 N,
- (Pek' (E.70)
ek )F igeyr ] 1 |
~8 1 [ 4 4 2 2,8
rartot o -M # taqrot M\ (Pek') ? 1tgtyt
a'B8'y 2(P-k')4 a'8'y a'B8'y

2 2, ., 6 L 37
+ 2M (P'k')t‘a'B'Y' + M (P'k ‘)?G'B'Y' + (P'k ) q_G'B'Y'

2,2 _ 2.5 £ 71
KL A- SOPPRNE NI DR SR (E.71)
~9 1 2,4 ey 2o 10 3
AG.'B'.Y' = —2———'——3— [M ¥Q'8'Y' + (P k ) 1Q'S'Y' ( )?Q'B'Y'}

(Pek’) ,
(E.72)
10 1 4,4 2 2,,10
X ' i [-M tpryr M (P'k') ; tat,t
a'8'Y' ypakr)y? Fars'y = Lﬂg,
2 3o 2 s 6 39
+ MRk )T g o M(Bek M gyt ERDTR g
— Z(P.k')zq’i'e'y'] (E.73)
| -
~11 . __1___'_,-.‘_12 E.74)
a'B'y"' Z(P'K')3 a'B'Y
~12 1 2,12 ~ 11
- —_— [ Pek' E.75
Margryr 2Py [~ Forgryr + oK ):G'B'Y'] | ¢ )
The tensors :F':'B'Y' are given by
1 4
Farpryr = PurBgiBi - (E-76)

2
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:Fi's“y' “ P Pgikr, (E.77)
‘ -T¥2v8va = Pokgike, * (£.78)
::,S,Y, =Kk ke (E.79)
tiz'a'Y'/= Porkg P (E.80)
?FZvB;Yv = Poikgiko (E.81)
::Z'B'Y' =P oiggy , (E.82)
4:'8‘7' =k Bgr - (E.83)
Forgryt = K rByrge (E.85)
:¥;{3'Y' B'y'g E'Pc‘k'g' (E.86)
:Fi%s'v' - %:Y e Pt (E.87)

E.7. Integrals of type 7

In this class we onlylencounteréd real 1nteg(als of the kind
IBI '6' l‘ l. 6
@88 L ghatq L e ‘iq PP

' o v
f(p »q ""')Pu k! lM’M')G);a:’mu)mdi.ms) -

e (E.88)
The Lorentz strucﬁure of this integral 1; given by
(G'B'Y'G') Tlp 'PB PY' 5’ v .
+ 1, (B "pB'pY 8 4 % }:3 95 kY o+ po PY 15 "B 4 p8'pY PG'k,a'.) |

8! a' 8’

)
o'ph + Y 8 k'B+PPk!Bk'Y+P P

+T,(2% P k'Y ke

' ' . | ] )
I LA R A ST S




1 64

) °
T ’ " ‘v 1] * t \Q' 1 t
+ '1'1‘(1’“ LA AL R AT SR EL U U AR Kl
[ ' ' '
+ P PI k" ka ) »
. [ t &'
N r()k'“ k.f* AW
’ 1] 06' 1 L ﬂ'(' ‘1 \' ‘l . ‘{I 1t ‘l< 1]
+ 'rbgp" P T P O A g
* t 1 \% (T(l )
A NS A
l‘ 1 1] ’ 1] * 1’ 1] L} t A Y" t . ‘l 1]
+ 1,0 LA T A SRR S LA 8
t 1] 1] L 1] ) L t 1] t '&'X' 1 v L )
O O I LS L AL
t K' " - 1 ql * 1] * "' 1] t qu
S VAL S LA, e
[ . . [ [ ] [ ] [ [] v ] . [ 1) +
+ rs(k'a K's gY § + kva ch 86 8 kva kv6 gB Y ¥ k'g ka ga a
1] 6' 1] A 1] 1 L] 1] ‘
+ k'B k' ga Yoo k'Y k' g(1 )
a'sl IGI . a' 1] 6’8' 0'6' 8! A . } ’ .
+ Ty(g gt a2 Vg + g g ' (E.89)
The 1nverlse relations are 9 * ’
T, ,K:'B'Y'5'I(q T e T (£.90)
where the projectors are given by
~1 1 s\
A - , (E.91)
] ] ] ] A * (] 1] 1] P
a'B'y'Ss (Pek') a'B8'y'S
=2 1 2,5 2.8 -
A « —— [-5M - 3Pk’
G'B'Y'.G" Z(P.kk)s L 4(1'8"('5' ( ) :‘G'S'Y'\S'
) ‘ .
+AEKDF g g : ‘ (E.92)
<
~3. . 1 4,5 e 2 2.8
AT 15M + 12M° (Pek )"
alvavGV .Q(P.k')b [ #avBVYf(jr ( ) 10'3"{'6'
2 4" ‘ 4,9 3.7 o
- 4OM (P-k'):f.a,B,Y,G, + (Pek") By s 12(P-k") :"a'e'y'é'
*
. , ¢
2 A - . ’ ' ) R
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+ 26k L7,

NPENY (£.93)

K:fB‘Y'e%' i 8(1’:(') [_BSMb#z'B'Y'é' i Y}OM“(P'k')z“‘:'B'Y'G'

+ 120MA(P-k')‘4::,B,Y,6, - 3M2(p.k')l°:;:.ﬁ,Y.6. + 48M2(P-k')]‘}i.ﬁ.Y.5.

Snaon eyl - e 0

+ 32(P-k')j‘4_i,B,Y,6,] (E.94)
o

~ 5 8

Az'e'Y'c' - é(—Pt—KT DSMS:FQ'B'Y'G' + 30Mb(P-k')2:ﬁa,8,Y.6.

- ll‘OMb(P.k'):F:'B'Y'G' + 3MA(P-k')A¥Z,B,Y,6, - 6OM4(P.k')3":,'.(7X,B,Y,6,

+ 180M4(P-k')2:;z,8,Y.6. + ZAMZ(P-k’)AE{E.B.Y.G.
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A° L M° > + (Pok’ )
Forgrys ‘F Ry s

A ’ L] t 1 -
(83 8 Y \S 2(}’-k')4
—2(Pk)‘:¢ '8Y6] (E.Y6)
Y - l——[sm:; ,,—oM(Pk):;
a'B'y's’ B(P k') a'8'y's a's8'y's’
Z A L] A 9 L] 3 7
+LoM (Prkc )#G.B.Y.é. S PR g g FBERNDTE Ly g
2.3 .
- lZ(P'k') ?‘GVB'Y'G'] (h.97)
~8 1 6., 5 4 ,2.,8
A = ‘—[51‘1‘4 vee HOM O (PekT)TH o,
] ] Al A L L] 6
a'B8'y'S 8(? k') a'8'y'6 a'8'y
2 LA, 9 2 307
- 2()M (P k )# 'B' 1 1] +M (P.k ) #G'B'Y’G' - lZM (E).K ) ?a'B'Ylél
, , b 6 B N
+ 200% (e ):;G.B.Y.a. + AR Y g T 8RR TR e ]
(E.98)
~9 1 4 5
A - —~[M:;....+2M<Pk)¥. \
1 1 1] ' 6
a'B'y'S 8(P-k')4 a'B'y's 8'y’
b9 3.7
- AM (P k ):a B' ' l+ (P.k ) #Q'B'Y'G' A(P.k) 10'8"{'6'
+ 4(Pek' - (E.99)
COLS N o),
The tensors X ;'B'Y'G' are given by
1 .
ia'B'Y’G' - P Ps P 'PG' (b‘loo)
2 '
. 10'8"{'6' = P 'PB'PY'kG' (E.101)
3
:G'B'Y'G' = P PB'k" 6" (E.102)
a > .
:-G'B.Y'G' = P ké' 6' (6'103)



5 L) \]
IQ'B'Y'G' -k Slk ' 6'
v ® =p P

G'B'Y’G' a SngOGv

7 L
jxularYlél = Pa'kﬂ'gw'd'

8 t
quB'Yl6l k k % 6'

9
:GIBUY'GI %'B'gY'6'

E.8. Integrals of type 8.

Once again, we only encountered real integrals of the

kind in this class.

I(G'BIY')GU A a Q' Bl Y' 6' a' Bl Y'

=[dpiq... (P P P Q 39 9@ 9 P

K' 0' u' A

d

The Lorentz structure of this integral is given by

1] 1 1t 1] ' t 1] L] L] A 1]

(a’8778 T, P* pBpY % 4 T2P° p® S
1] t 1 A ] 1 \J

T3(P° D A P AL AL "B )pd

B')klé'

L}
PY k'

+

1] 1 1 1 1 ] 1] 1]
+ TA(PG PLANES RESUFLIY AL A S
] 1 1] 1 [ ]
B 8 + ¥k kB S

B )k'é

t 1 L] 1
+T5w°k' k'Y o+ PP k'Y k'

. * L] 1 ] 1 ]
+ T6(P“ LA +P k'K

6 L

[ ] 1] [ ]
+ B Y

1] ] t [ ]
+ I7k'° kB Y pS

sy e gt 4 B8 AP AP LR
8 Y'G'

T kB e ke
8

+

O(P k'
L} ]
‘,+P8k'Ygadi+PYk'osga )

AJ »
/

i

v
vk' ,M,M',u,a',mu,m ’mS)

' r A A L}
pP k.a Y'8' L po k.Y B'6" | pY k,a B'S

(E.104)
(E.105)
(E.106)
(E.107)

(E.108)

following

(E.109)
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TG tE' K g fe e )
¥ le(PG'gB’Y' Bl ey B
+ le(Pa’gB'Y' 08y oty PY'ga'S')k'G'
+ Tla(k'a'gB'Y' + k'B'gY'O" + k'Y’gq"_B')P&'
+ Tls(k'a'gB'Y' LA S ST AL T
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The inverse relations are given by »

T, -'Ki,B,Y,é,I(“'B'Y')i' B ‘1 = 1,...,20 (E.111)
whe;e the projectors are given by \- ‘
X;,B,Y,é, - (Tt:.—;z#:'s'y's' , (E.112)
Kcz:'B'\(”S' i 2_(_Pt—k'—;§ [-SMZ¥§'B'Y'6' B 3(P'k')2#i}8'Y'6' 5
+v.3(P-k'):;2,B,Y,6, + S(P-k')#;,B,Y,G, ] . (E.d13)
Kz'e'v'(s' ) Z(P]:k') [‘—mz#’:'s'y'd' ) Z(P'k')z#;?s'v's'
- e’y 38'7'6'." .7(p.k');:,B,Y,6, + (p.k')':(.'Z,B,Y,S,] (E.114)
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Ki'e'y'd' - m [15MA¥2'3'Y'5' + SMZ(p.k')Z:;i?B,Y,G,
+ mz(p-k')zr;.il,B,Y,G, - z'smz(p-k');Z,B,Y,d, - }SMZ(P-k')T{-;,B,Y,G,
+ (P'k')hq‘iqe'x'c' - G(P’k')jqiqsw'c' } S(P'k')a?}xl"sw'c'\ | .
- P g gt I ek T g g]
(E.115)
+ SMZ(P-k')z:;iI,B,Y,G, - ’35M2(P-k');Z,B,Y,5, - SMZ(P-k')'-F-Z,B,Y,G,
SRCUDI SAIPIT JUTDI SO ®ek')’F gy g
- S(P.k')3;;3,B,Y,6, + 6(P-k')2:;_z,8,Y,6, + 18(P-k')2:7.2,&,Y,6,_])
%
o (E.196)
Kg'S'Y'5' i 8(Ptk')7 [_35M6¥:'3'Y'6' ) UMQ(P'k')Z#;EB'Y'G' ‘ .
- 15M4(P-k')24 il,B,Y,G, + 85M“(p.k')#2,8,Y‘,6, + 35MA(Pok')?;,B,Y'6'.
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+ za(p.k')3:;3,B,Y,6, + z.(p.k'):*;i,B,Y,G,] (E.117) .
XZ,B,Y,’G, - ;(_P%k—')T [-3514,?42,8,\(,5"; 15M4(P-k')2¥;?'8w.6.- |
- 15u“(p.k')24i1,8w,6, + 105M(P-k ") z's'y's' + 15M"(p.k*):pi,_8,y,6,
- 3M2(P'k'£:f'298'ﬂ6' + 3m2(p.k')3:{_;?8w.6' + 3u2(p.kv)3:r_i1:8w'5. N

R 13 2 2,5 " 2 2.4
+ ISMZ(P'k'):;;a'BleGn - 30“\‘(P'k') #..G'B'Y'G' - 90M" (Pek') q'a,UBUYOGO
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4,9
S 2@k ) 12E Y

+20(pk):¢ ,BYG] (E.118)

~8 1 6 215 -

A ygroigy = % [35M ¥ "By 'S + I5M (P-k'") ? togr_tg

a'B'y'S 8(Pk)8 8 a'B'y'S

+ 1500 (o) 4a S Tk SRR oty s
4 3 10

+ 3M (Pek'") # vg y's" - 30M (P'k') # B'y's' - 15M (P-k") # 'B '8!

lSM(P-kv):F ,Y,6,+90M(Pk):;a8,,,+90M(Pk):p s

+ 12M (Pek') :{.a By e + IZM (Pek") :G,B,Y,G - 6OM (Pek') 40 Bty ts
_nM(p¢ )4a1“w5'+8“’“”:¥a8Y5 v (E.119)
~9 . 1 2.8

A o —— [M + (Pek'

G'B’Y'G' Z(P.k )4 [ ¥G'B' '6) ( ) ? 18 Y 6

] 6 ' -
= (PR ige gy T (PR vt '@y’ 50) (E.120)
~10 . 1
S S Ve ver ME (i . ,
a'B'Y'ST gpakry’ [ :f.“'B'Y 8 ( ) :F 8 v's
- SMZ(P-k')Zq.u,B, gt * 11M2(P-k'):6 Y + SM (Pek' ):L 0’8y
4., 20

‘(P“:‘asYc'”"“)?'s' .+(Pk):; BM.

313 _ . _
MG STV S o(pek’ )’4a rgryrgr - O(PUK ):* "By 6’]
' (E.121)

~11 1 6.8
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+M(Pk)a¥?8wwv‘1W(Pk):*vBng “(Pk):*aBYS'

T S A o O S C X SV

st ek ):;



171

<
Ay 9 _ 3,3 B W 3, 2
+ A(P'k ) xa'B'Y'G' L.(P k )\;F‘Q'B'Y'6' A(P'k ) #_G'B'Y'd'] )
(E.122)
~12 1 . 2.8 215
rovgr T M varorget T Pek' ' 1t
6 .
- Z(P‘k')ia'B'Y'G'] (E.123)
~13 1 4.8 2 2,15
A iqr g =__'_—_—[_5M tgr gt SMT(Pek") ? tgrytg !
a'B8'y'S S(P-k')s 408‘{6 a'B'y'S
2 W21l 2 . 6 2 . 7
M) P g IR g M PR g g
. 4.,20 ; 3., 10 \J_ 14
(Pek’) #avvach + 2(P:k") #Q'B'Y'd' + Sg'k ):FG'B'Y'(S'
Wi 13 B b 2.5 _ L2 4
+ (Pek'") #G'B'Y'G' 10(Pek") ;Q'B'Y'G' 2(Pek') ?G'B'Y'G']
R (E.124)
~14 1 4., 8 2 2,15
A torgt ST g -5M tqt v M (Pek' t g
'8y T ey [-5M7F ;g Y\'a (Bek")"F vgryrs
2 2 11 2 ' 6 2 . 7
- M (Psk") :‘ta'B'Y'd' + 15M (P+k ;Q,B,Y,G, + M7 (Pek )?a’s'y'S'
420 3o 10 ‘ W3 14
- (P'k') 4G'B'Y'5' + 2(Pek ) #G'B'Y'G' + (Pek ) !Fa'B'Y'G'
3,13 _ 1 20,0 _ VAR
+ 5(P-k’') 4G'B'Y'6’ 2(P,‘k ) #achYlGl lO(P'k ) zq:.B'Y'G']
: " (E.125)
~15 1 6,8 4 e 215 /
a'B'Y'8"  gp)® (S grgryrss * M K Fargrpr /
4 2,11 4 6 A 7 h
4Rk Y g e T LMD TF g e M By F g /
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+ 4Rk E Tgiige T 8(Pek') :a's'v'a'] (E.126)
~16 ' 1 18 PR \ .
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~17 1 2,18
‘\ 1] 1] 1] - _SM L} | N 1 - P k 1
a'B'y's 8(P-K')5[ iaBY 8 ( )1 "8'y'S
+ o(Pek’ )‘.f '8 NP '] (E.128)
~18
N e i = ¢ [5M4....+M(Pk):;.
a'B8'y'S 8(Pk) 8 B'y'S'
_10M (Pk):;_ ,8, ,+4(Pk);QBY6] (E.129)
~19 1 2., 18
A v igt [M#....Jr(?k)tﬁ . .
a'B'Y'S 8(P-k')4 a'B'y'S "B'y'S

17 .
_ Z(P.kp)#a'ﬂ’y'é'] (E.130)
~20 1 4.8
A 1] 1] 1] - M L | I A +M P k t A
By S B(Pk,)A[:FaBYé ( ):f 8‘{6

2 Vi 6

IO ST CTSPE S TICITAE ST

4, 20 3,10
+ (P- ok’ ) :FG gy g - Z(P'k ) :FQ'B'Y'é

2.4
g ¥ 2BeKD) :f’a's'y'd'] (E.131)

. 2.5
(P'k ) #avaYva + Z(P'k ) :F(l's
are given by

The tensors ¥ct'8 Y
. 1

[ (P-k') ;G'B'Y"S'

xa's'y's = P /Pg,P 'PG' (E;132)

:Fi'a'y’d = Pu'Ps'Py'ks' (E.133)

1:'8'7'6 = ParPgily 'Pc' (E-134)

;:'B'Y'G' PP g ikl kg (E.135)

:F:'B'Y'G' =P ké, k! (E.136)

‘ 42'8"7'6' = Poikgikl (e.137)
'" :F%'B'Y-'G Kk Y'Pé" \ (E.138)

T Yarsryrsr T KarkgerrKse (E.139)
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xﬂ'B'Y'G'
10 -
qG'B'Y'G'
#.Q'B'Y'G' =
12
¥G’B'Y'6’
13
#a'B'YIGI
14
¥G'B'Y'5' =

15

xa'B'Y'G' =

:Fi?B'J'G"a P Pgre '6';'5'PC Kk'o
Thlgi g = ,ké,eYlé,C,E,Pc'k‘E'
:;;?B,Y,G, - k;,ke,eY,G,C,E,PC'k'E'
*;?s'v'c' ga's'ey's'c's'c'k'a'
¥§?s'y'5 T &rgrByrs

»

E.9. Integrals wof type 9

All the integrals in this class were also real.

form

(@88

e

€
-,

8' v'

f d*patq ... (p g

,..})

g’ V! .
f(P »q n"')Pu k! s-MaM')a’G"mu’md'ms?

This integral has the following Lorehtz structure. B

(e’ (y's’ )

- o'
1, g ‘9 P

§''

[
T, P“ "pb

Y kii.j-P k'Y Y

(E.140)
(E.
(E.
(E.
(E.
(E.
(E.
" (E.
(E.
(E.

(E.

(E

(E.

141)
142)
143)
144 )
145)
146)
147)
148)
149)

150)

\

+151)

They were of the

152)

173

)



174

Cxl 'B' B' a' L] 6' L) 1] 1 1]
T, (% k + PP k® et 0+ TaPa p? Y ird -
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> B' 6' BI 16' ] 8'61 ] 1 .
TR T L A R T R A R (E.153)
,The inverse relations are given by
‘ ot (aB)(Yd)_ .
T AG'B'Y'G' ;o L=1,...,26 (E.154)
where the, projectors are given by,
t ~L ) - 1 - )
. RSigryrs ———-——(P - )4‘40 Bry's (E.155)
e . g ' 1 el 9
‘:'Y'G' 2(p-k')’ [ qrgryrgm ™ 2O ERE v's!
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2,19 ; 8
- (P+k") \'1’0:'8' , + Z(P-kv)¥ e + 6(P. k'):; 'B Y o) (E.156)
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~ .
: 2 L a2
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+ 20(P- k! ) *a B' tg ! + Z(P'k’) xa'B'Y'S'

+ 2(Pek") 4 '8y 5t (E-158)
~6 1 4,9
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a'B'y's 4(Pek') a'8'y'S 816
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-22(Pk)¥,B,,,—Z(Pk):F,BYG]‘ . _ (E.178)
Kz? ' vév‘- —L_L_&_Y[ML’#()'B' ! +4M (Pek') “F ' ' 4
a'B'y 8(P-k') a ‘ B'y'S
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The tensor :f_ 'B Y's" are given by
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v ""“:.‘G,B,Y,G, = P kB,P P (E.182)
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N 5 -' L ]
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7
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& :ullelsl P k" BJ ’ (E'187)
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0. B Y‘“’" Ps,g e / ‘ (E.189)
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The Genetalized Gaussian Integrals
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(E.192)
(E.193)
(E.194)
(E.195)
(E.196)
£E.197)
(E.198)
(E.199)
(E.200)
(E.201)
Zs.zoz)
(E.203)

(E.204)

* (E.205)

All the generalized -Gaussian integrals negded in the evaluacion of

the momentum integtals above can be derived from the fout-dimensional

Gaussian integral

Il"* i dx dx,dx,dx, e

-xTCx-s?x

In eqn. (E.206), x and s are column vectors given §y

I

-

(2.206)
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and C 1is the following 4x4 symmetric matrix
1 1 1
‘b 7% 253 7.
1 1 :
€2 2% 7%

} \
. si;s: and C

13

Symmetric

.

's can, in general, be complex numbers.

¢

183

(E.207)

(E.208)

This Gaussian integral can\be done by successively completing

squares in the exp ntial and then using the standard Gaussian
oRge g

integral formula. This method,is standard and, is dealt with in'detail,

_.at various places [68]. So, we skip the details of this part bf the

calculation.
The final result is
P '/;"__ 2 e
/b /b, /D, /D,
where <
. Dy = ¢y
- . 2
D2 - C22 - leI‘Z
> - _ 2 2 »
Dy = €33 = Dyby3 = Dby,
D, =C,, - D b2, - D,b%, - Dib’:
- g 44 1°14 ~ Y2°24 3,34
toe
Pij_. are given by

a2 + D

11

(

) 2
2% tDja

37 %%

+ D a2

]

r

Y

(E.209%

(E.210)
(E.211)

(E.212)

L(E.213) L
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.blk = EI‘ Clk ; ko= 2’,3’4 (E.214)
——l - _ . . * .
boy -.55;-[02k (20, b, ,)b ] 5 k = 3,4 (E.215)
> J
1 . :
by, = 5= [Ca, — (2D, b, )b, = (2D.b.. )b, ] : " (E.216)
36 ", 3 1°137%14 2%23 )24 °
and the ai's are given by
1
a; Z—D‘T 8 (E.217)
1 .
8, = -ZD—Z [82 —.2D181b12] (E.218)
= L - 2D b -2 b E.219
3 T3, (8 7 ity T Wiyl (£.219)
1 . o
a, ZDA [84 ZDIalblﬁ P ZDzazb26 gD3a3b3A] (h.%fO)

There are four conditions for the existence of this integral. They

are ™

Re Dl >0 ‘ ) , (E.221)
Re DZ°> 0 ' g (E.222)
Re D3 >0 . (E.223)
Re D, >0 - = ) (E.224)

C . : Y -
We must alsq mention that if any of the Di's is complex{‘then by its
« ’ )

square root in eqn. (E.209) we "always mean the .principal/value of the

s{hare root [68]. . . ¢

~ The othet,genetalized Caussian integrals that show up are all of

~ the form . _ : ' . .: N
- _ ..T T

[ dx d=,dxqdx, [Polynomial 1a x,,X,,Xq,%,]e x Cx=s x
As mentioned above, they can all be obtained by differentlating I,.

with one or idre\ofithe o, 's.
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