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Abstract

Glioblastoma Multiforme (GBM) is a grade IV brain tumour. It is the most common
brain malignancy and is extremely aggressive. lonizing radiation plays a vital role in
the treatment of this tumour. Growth of the GBM is sustained by a subpopulation of
the tumour cells often called the glioma stem cells (GSC). Kim et al. and Gao et al.
presented in vitro and in silico data respectively where GSC population seemed unnatu-
rally increased. We created four nested ODE models for GBM growth. Parameters were
estimated from the available data using the least squares error method and the Akaike
Information Criterion was used to choose a suitable model for tumour growth. The as-
pect of irradiation treatment was incorporated into the glioma growth model using the
linear-quadratic model. My analysis on the treatment ODE model supports the findings
of Gao et al. that the increased stem cell ratios can only be explained if the stem cell

population divides more aggressively after radiotherapy.

ii



Acknowledgements

I wish to express my deep gratitude to my academic advisor and my M.Sc thesis super-
visor, professor Thomas Hillen. Dr. Hillen has been extremely generous with his time,

knowledge and support in the two years that I spent at the University of Alberta.

I am grateful to my examining committee for their careful consideration of my thesis.
Dr. de Vries and Dr. Wang, along with Dr. Hillen, provided valuable insight on my

research project.

I would have not been able to enjoy this research experience if it had not been for the
friends I made at University of Alberta’s Centre for Mathematical Biology. I received
constant guidance from my office-mate and superior, Dr. Diana White, and my aca-
demic siblings, Amanda Swan and Andreas Buttenschoen. I applaud my friends, Carlos
Contreras, Jody Reimer, Philippe Gaudreau and Valerie Budd, for not only picking me
up when I needed it but also pushing me forward. Last, but certainly not the least, I

thank my family.

The people mentioned above made my transition into Canadian life effortless and also

very lovely.

iii



Contents

Abstract ii
Acknowledgements iii
Contents iv
List of Figures vi
List of Tables viii
Abbreviations ix
1 Introduction 1
1.1 Glioblastoma Multiforme: why must we study it? . . . . . . ... ... .. 1
1.2 Outline of the thesis . . . . . . .. .. . o L 3
1.3 Comparing healthy versus glioma stem cells . . . . . ... ... ... ... 4
1.4 Mathematical modelling and relevant literature . . . . . . . .. ... ... 7

1.4.1  “Acute and fractionated irradiation differentially modulate glioma
stem cell division kinetics” X. Gao, T. McDonald, L. Hlatky and
H.Enderling. . . . .. .. . . 8
1.4.2  “The tumour growth paradox and immune system-mediated selec-
tion for cancer stem cells” T. Hillen, H. Enderling and P. Hahnfeldt. 17

2 Modelling glioma growth using Ordinary Differential Equations 24
2.1 A model with stem and non-stem cells . . . . ... ... ... ... ... 24
2.1.1 Fixed points and stability analysis . . . . ... ... ... ... .. 26

2.2 Models with quiescence . . . . . . .. ... oL 29

3 Data fitting and model comparison 32
3.1 Estimating parameters to fitdata . . . . . . .. ... 0oL 32
3.1.1 The least-squares error method . . . . . . . . . ... ... ..... 33

3.1.2 Data fit using the optimal parameter set . . . . . . . . .. ... .. 34

3.1.3 Improving thedata fit . . .. ... ... ... .. ... ... ... 34

3.2 Model comparison using the Akaike Information Criterion . . . . .. . .. 37
3.3 Conclusion . . . . .. . 38

4 Mathematics of the derivation of radiation treatment: The Linear-
Quadratic Model 39
4.1 The Linear-Quadratic Model . . . . . . .. .. ... ... ... ... .. 39

iv



Contents

4.2 Hazard Function . . . . . . . . . . . . . e

5 Glioma stem cell model with radiation treatment
5.1 ODE results and comparison with experimental data . . . . . .. ... ..
5.2  Cell behaviour changes after irradiation treatment . . . . ... .. .. ..

6 Sensitivity analysis
6.1 Mainresults . . . . . . . . .

7 Discussion
7.1 Future work: Adding quiescence to our model using a delay . . . . . . ..
7.2 Discussion and Conclusions . . . . . . . . . ...



List of Figures

1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9

21
2.2
2.3
2.4
2.5
2.6
2.7

3.1
3.2

3.3

3.4

4.1
4.2
4.3

5.1
5.2

6.1
6.2

6.3

MRI scans of GBM demonstrate the fast growth of this tumour. . . . . .
Theories of GBM genesis. . . . . . ... ... .. oL
Magnification of the CPM lattice. . . . . . . .. .. .. .. ... .. ...
Lattice update in the CPM. . . . . . . . . .. ... ... ... .......
CPM simulation for tumour growth. . . . . . .. ... ... ... ... ..
In vitro GSC% calculated 48 hours after the last irradiation dose. . . . . .
GSC% calculated 48 hours after the last irradiation dose using the CPM.
GSC numbers calculated for all treatment styles using the CPM. . . . . .
Total cell numbers calculated for all treatment styles using the CPM. . . .

Symmetric and asymmetric division in glioma stem cells. . . . . . . . . ..
Compartmental figure for model U,V. . . . . . . ... ... ...
Phase portrait highlighting biologically significant invariant region. . . . .
Phase portrait containing numerous numerical solution trajectories. . . . .
Compartmental figure for model UV.Qu. . . . .. ... ... ... ....
Compartmental figure for model U,V,.Qv. . . . . .. ... .. ... ....
Compartmental figure for model U,V.Qu,Qv. . . . . . .. ... ... ...

Data fitting for Model U,V: no quiescence. . . . . . . . .. ... ... ...
Data fitting for Model U,V,Qu: quiescence attributed to stem cells (U)
only. . ..
Data fitting for Model U,V,Qv: quiescence attributed to cancer cells (V)
only. . . ..
Data fitting for Model U,V,Qu,Qv: quiescence attributed to both stem
cells (U) and cancer cells (V). . . . . .. ... . ...

Lethal DNA damage due to ionizing radiation. . . . ... ... ... ...
The hazard function for a single ionizing radiation treatment. . . . . . . .
The hazard function for fractionated ionizing radiation treatment.

Numerical ODE solutions for tumour growth and treatment.. . . . . . . .

Bar graph comparing GSC% determined experimentally with those cal-
culated by the ODE model. . . . . . . ... ... ... ... ........

Sensitivity of GSC% on the parameters ps and kg for single dose treatment.
Sensitivity of GSC% on the parameters ps; and kg for fractionated dose
treatment. . . . . .. L oL L

Bar graph comparing GSC% determined experimentally with those cal-
culated by the modified ODE model. . . . . . ... .. ... ... .....

vi

25
25
28
29
30
30
30

35

35

36

36

40
44
44

47

49



List of Figures vii

7.1 Bar graph comparing GSC% calculated by the CPM and differential equa-
tion models that contain the property of quiescence with those that do
not contain this assumption. . . . . . . . . ... ... L. Y
7.2 Bar graph comparing GSC% determined experimentally with those cal-
culated by the ODE and DDE models. . . . . . .. .. .. .. .. ..... 57



List of Tables

3.1 Comparing models using the Akaike Information Criterion. . . . .. . .. 37

4.1 Experimentally determined values of the radio-sensitivity and radio-protection
coefficients. . . . . . ... 42

7.1 Values of parameters used throughout the thesis. . . . . . . ... ... .. 60

viii



Abbreviations

CPM
GBM
GSC
IR
NSC
TIC

Cellular Potts Model
GlioBlastoma Multiforme
Glioma Stem Cells
Ionizing Radiation
Neural Stem Cells

Tumour Initiating Cells

ix



Chapter 1

Introduction

1.1 Glioblastoma Multiforme: why must we study it?

Glioblastoma Multiforme (GBM) is a grade IV brain tumour. It is the most common
and an extremely aggressive brain malignancy [15, 17, 20, 25, 26]. According to the
World Health Organization, the median survival period after treatment is 14.6 months
(just over a year!) [25]. There are 17,000 new patients diagnosed with GBM every year
in the USA alone [18].

GBM has a high growth rate and the rapid division of glioma cells requires oxygen. In
addition to that, this tumour has poor vasculature. Therefore, hypoxia (deprivation
of oxygen) is a common feature in GBM tumours. Other characteristics of GBM are

existence of necrotic regions and blood vessels that are irregular and chaotic [20].

Metastasis is rare in GBM tumours [26]. This may be because the short survival time
of GBM patients is not enough for frequent metastasis. In fact, after treatment, most
tumours will reoccur at the primary site where the tumour was originally found. This is
because GBM tumour’s cells are extremely penetrative and disperse deep into the brain
tissue, hence, complete removal by surgery is nearly impossible. This phenomenon is

demonstrated in Figure 1.1.

Treatment mainly includes ionizing radiation with surgery. However, the diffuse tissue
distribution often makes the surgical removal of GBM difficult or ineffective [15, 25].

In addition to that, this tumour’s cells are known to acquire resistance to cytotoxic

1
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F1cURrE 1.1: This figure demonstrates the fast growth rate of GBM tumours and how
ineffective surgical resection can be. These are MRI scans from a patient with GBM
before and after treatment [15]. (A) The arrow points to the pre-surgical tumour. (B)
The arrow points to the clear cavity after surgical removal. (C) The arrows point to
the surgical margins where tumour returns, 6 months after the surgery. (D) Removal
of the secondary tumours is conducted with surgery. (E) Tumour returns at resection
margin within 3 months and has spread into the neighbouring hemisphere.

treatment [27]. Therefore, ionizing radiation plays a vital role in the treatment procedure
of this tumour. Even though numerous studies have been conducted over the past
decades and there have been great advances in therapy, the survival rates of the patients
have not improved [17]. Therefore, it is essential that the dynamics of GBM tumours

be studied.

GBM comprises of a heterogenous set of mutated cells that are extremely infiltrative.
It has been discovered recently that the growth of the GBM is sustained by a subpop-
ulation of tumour cells called the glioma stem cells (GSC). These cells are also known
to acquire resistance to chemotherapy. These cells not only have tumour-initiating but
also high-proliferation powers. The glioma stem cells make the glioblastoma multiforme
an extensively invasive tumour. In Section 1.3 we will talk about glioma stem cells and

how they differ from healthy neural stem cells.
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1.2 Outline of the thesis

In Sections 1.1 and 1.3 we discussed the biological background of the glioblastoma mul-
tiforme tumour. In addition to that, in Section 1.4, we will look at literature that use
individual-based and mathematical models to analyze glioma growth. In the following
chapters, Chapters 3 and 5, we will analyze data published by Kim et al. [16] and Gao
et al. [11]. The experimental data of GBM growth, as published in [16], show an en-
richment of GSC in a treated tumour. Gao et al. [11] explained this enrichment via an

individual based Cellular Potts Model (CPM).

The goal of my research is to explain the unusual enrichment of stem cells in the in vitro
tumours [16] using an ordinary differential equation (ODE) model for glioma growth
and treatment. In this research we will try to answer the following question: how does
ionizing radiation treatment of the GBM tumour encourage the stem cell population to

grow more aggressively?

Gao et al.’s CPM already looks at the behaviour of GSC after radiotherapy. The CPM
provided some valuable insight as to how cell dynamics may change as a result of radi-
ation. We adapted the assumptions of the CPM to create an ODE model. There are
many benefits of using an ODE system to model glioma growth. In addition gaining
new observations on radiation-induced cell kinetics, our ODE model also allows us to
perform mathematical analysis. Compared to the CPM, numerical solutions to ODE
systems are calculated efficiently and are computationally inexpensive. In addition to
that, a realistic range of parameters for the ODE system is easily estimated from biolog-
ical studies as these parameters have bio-physical interpretations. These parameters can
then be varied over their biologically significant ranges to choose for ones that fit best
to data (the least-squares error method is a popular technique to predict parameters).

Choosing parameters for the CPM, however, is not as straight forward.

A chapter by chapter breakdown of this project is as follows. In Chapter 2, we construct
a differential equation model for the GBM tumour growth and we perform quantitative
analysis for the basic model. We will also create models that take detailed assumptions
into account. In Chapter 3, we will compute numerical solutions and conduct data
fitting, parameter estimation (using the least-squares error method) and test to see

which model (basic or the detailed) is the best representation for tumour growth (using
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the Akaike Information Criterion). In Chapter 4, we look at the mathematics behind
tumour treatment. The concept of “cell death due to treatment” is incorporated into
our model in Chapter 5, numerical solutions are calculated and the ODE results are
compared with experimental data. In Chapter 6, we will conduct a sensitivity analysis
on several parameters to see how the tumour growth is affected by certain parameters,
especially after a tumour is exposed to radiotherapy. In Chapter 7, we discuss our
findings. For our future work, a delay differential equation model is proposed where the

phenomenon of growth arrest is added to our differential equation model.

The main results are that our ODE model for radiotherapy treatment of glioma growth
confirms Gao et al.’s results [11] in suggesting that the increment of GSC ratio in an in
vitro tumour treated with irradiation cannot be explained simply by the resistance of
GSC to irradiation. In fact, the cell dynamics of the GSC have to change after radiation
treatment. These radiation-induced changes in cell division dynamics include either stem
cells dividing into daughter stem cells (symmetric division) rather than differentiating
into other types of tumour cells (asymmetric division) or that the stem cell is dividing
faster. The dominant mechanism for the increase in GSC fraction in the ODE-simulated
GBM is the shorter cell cycle induced by radiotherapy. The increase in the probability
of symmetric division alone is not enough to explain the enrichment of GSC ratios in the
GBM tumour. The available experimental data [16] considers two treatment scenarios, a
single fraction treatment and a multiple fraction treatment. While Gao et al.’s individual
based model [11] can only explain data for fractionated treatment, our ODE model fits

both treatment scenarios.

1.3 Comparing healthy versus glioma stem cells

Neural stem cells

Recent discovery of continued adult neurogenisis (production of neurons in the brain)
implies that there are stem cells present in the brain [25]. Healthy neural stem cells in the
central nervous system are essential for normal brain activity. Neural stem cells reside
in confined regions in the central nervous system and make up a very small population

of the brain cells [17].
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Neural stem cells are mitotically active and can differentiate into several types of cells
including neurons, astrocytes (glial cells that provide nourishment to neurons and re-
move waste) and oligodendrocytes (glial cells that support the axon and produce the
Myelin sheath), and therefore are responsible for generating most of the differentiated
components of the brain [17]. Other properties of these stem cells include extensive pro-
liferation capacity and the ability to maintain and renew their population in the adult

human brain.

Glioma stem cells

GBM tumours usually occur in older adults. Hence, this tumour is not inherited or
developmental. Instead, genetically unstable tumour-initiating cells form the seed of
GBM tumours [17]. Steindler et al. were the first scientists to identify cells in a GBM
mass that displayed qualities of neural stem cells [25]. These qualities included self-
renewal and high multipotency (ability to differentiate into many different kinds of
cells). These cells, called the glioma stem cells, also express some of the markers that are
specific to healthy stem cells. Additionally, the glioma stem cells possess the properties
of repopulation and infinite proliferation capacity. When injected into organisms such

as mice (in vivo), these cells created new tumours that were invasive and migratory.

Vescovi et al. in their review, ”brain tumour stem cells” discuss the definition of brain
tumour stem cells [25]. A cell found in a brain tumour can be classified as a brain

tumour stem cell if:

they initiate tumours when grafted in brain tissue,

they are capable of regenerating their population,

they are genetically mutated,

their differentiation process is faulty, and

they are able to create non-tumour cells.

Figure 1.2 discusses various theories on how GBM is created [17]. Originally, it was
believed that healthy glial cells would mutate to become tumour cells and would divide

and form a GBM mass. But recently is has been discovered that neural stem cells, neural
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or glial progenitor cells, and even mature glial cells may give rise to tumour-initiating

cells that further proliferate into colonies of glioma stem cells.

C.) Mutation of immature
NSC to

: ' Form TIC
W
o™

Neural stem cell

/ \

Neural Glial
Progenitor  Progenitor
cell Cell

Tumor
Initiating
cell

Additional
alterations
Proliferative

F abkab s capacity
increases
Cs

\

®
A.) Mutation of mature

cells into homogenous  Self-renewal
tumor bulk

Astrocyte

FIGURE 1.2: This figure [17] discusses the theories for GBM genesis. (A) it was thought
that mature glial cells mutated and replicated to form tumour masses. But recently
evidence suggests that neural stem cells mutate to form tumour initiating cells (TIC)
(C), or glial stem cells mutate and become TIC (D), or that differentiated glial cells
mutate and become TIC (B). Some literature suggests that differentiated glial cells may
dedifferentiate into glial stem cells that mutate and become TIC (E). The TIC then
reproduce and form a colony of Glioma stem cells that give rise to a GBM tumour
mass.

It is difficult to differentiate between glioma stem cells and the rest of the cells that
make up the tumour. Some studies use the CD133 transmembrane protein as a marker

for neural and glioma stem cells [17].

Glioma stem cell’s ability to renew and repopulate the tumour is dangerous because it
means that during treatment if most of the glioma stem cells are not killed or removed,
the tumour will return. In fact, even more surprising is that when GBM is irradiated, the
glioma stem cells become more aggressive and proliferate with greater fervour. Hence,
after the treatment, the growth rate of the tumour becomes larger than if it had received

little or no treatment [16].
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1.4 Mathematical modelling and relevant literature

Several mathematical and individual-based models exist that discuss the role of tumour
stem cells in tumour progression. Ganguli and Puri (2006) [10] and Sole et al. (2008)
[22] modelled the evolution of healthy stem cells into cancer stem cells. In 2006, Dingli
and Michor [7] used a mathematical model to show that the cancer stem cells drove
tumour development. They concluded that “successful therapy must eradicate cancer
stem cells”. In 2009, Enderling et al. [9] compared how different cell kinetics parameters
impacted tumour growth. In 2012, Hillen and Enderling [14] used differential equations
to model the tumour growth paradox (this concept will be described in detail in Section
1.4.2). There has been much work done in this field using individual-based models
also. Enderling et al. [8] investigated how cancer stem cells and tumour cells compete
for space. Gao et al. [11] constructed a Cellular Potts Model (CPM) to analyze how

treatment affects cell division kinetics in the GBM tumour.

We will now discuss the literature that forms the basis of the current project in more

detail. These papers are as follows:

1. Acute and fractionated irradiation differentially modulate glioma stem cell divi-
sion kinetics. This paper was written by X. Gao, T. McDonald, L. Hlatky and
H.Enderling [11], and discusses an individual-based, Cellular Potts Model for

glioma growth.

2. The tumour growth paradox and immune system-mediated selection for cancer stem
cells. This paper was written by T. Hillen, H. Enderling and P. Hahnfeldt [14]. In

this paper a differential equation model for glioma growth is discussed.

We will use the technique of paper 2 to create an ODE model that predicts how the
glioma stem cell number changes due to irradiation treatment. We will validate our

results using the findings of paper 1.
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1.4.1 “Acute and fractionated irradiation differentially modulate glioma
stem cell division kinetics” X. Gao, T. McDonald, L. Hlatky and
H.Enderling.

Gao et al. used a Cellular Potts Model (CPM) to show how the cell division kinetics of
a tumour that undergoes fractionated radiation treatment vary from that of a tumour

that undergoes irradiation in a single dose.

The tumour that is being discussed in this study is the GBM tumour that we are already
familiar with. The GBM is treated by Ionizing Radiation (IR) with or without surgical
removal. Even with treatment, GBM’s prognostic risk is very high. Data from in wvitro
experiments [16] as shown in Figure 1.6, using the U87-MG human GBM line, was used

to compare to CPM results.

Mechanism behind the Cellular Potts Model (CPM)

Gao and his fellow researchers [11] used a two-dimensional Cellular Potts Model to
simulate GBM growth. This was done by creating a grid that consists of sets of lattice
sites that correspond to biological cells (refer to Figure 1.3). This CPM simulation
consists of a list of cells, their types, a description of cellular interaction and appropriate

initial conditions.

Detail of cell-lattice

E B EN I N SO NG PO T

e I N S S I N N I SN

SN P O F N [ N PN I PN
ST S BN BN Y SO PN I PN
~N [~ N s s s
~N [~ ~ s s e s

FIGURE 1.3: Magnification of the lattice [23]. Each cell is represented by an index o,
for example, 4 or 7 in this figure. Different types of cells are represented by different
colours.

In the Cellular Potts Model (CPM), each lattice point or pixel is denoted by its coor-
— — —

dinate vector i . Neighbouring lattice sites are represented by ¢ and j . As shown in
%

Figure 1.3, each cell is a set of pixels. Each cell has a unique index o( 7 ) (for example,

4 or 7 in Figure 1.3). And the cell type, 7'(0(7)), is represented by different colours.
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The Hamiltonian function, E, calculates cell properties such as the shape of a cell,
its movement, its interaction or adhesion with other cells and its response to external
signals. These properties will determine how a mass of cell grows. Adhesion is an
important biological property. The capability of cells to adhere to one another and
to an extracellular matrix is the reason why complex tissue structures exist. In the
Cellular Potts Model, this property of adhesion is described by the contact energy term.
The contact energy term, J (T(U(_i))), 7(0(7))), represents the difference in energy due
to adhesion between neighbouring cells. This term depends on the cell type, 7, of
the neighbouring cells. In addition to the contact energy term, the energy function is
restricted by a surface area and a volume constraint term. The parameter Ag,fqce is a
cell’s inverse membrane compressibility and Ayopume is its inverse volume compressibility.
The surface area and volume constraint energy terms keep the cell close to a target

surface area, Siarget, and a target volume, Vigpget.

boundary energy term

E = T(r(o(7)),m(0(F) (1 = 6o (7

- =
RN

),0(7))

, j neighbor

volume constraint energy
-

+ 3 M face (D)D) = Viarger(o(7)
o(7)
surface area ccilstraint energy
+ 3 Nurgace(@(D)((0(7)) = Starger((7))).

(¢

~—

q

The Kronecker delta function, 4, is non-zero when neighbouring lattice sites belong to

the same cell. This means that:

(
(

S it =0
Jj))= R
1 ag

—
7))
0, ita(7)#a(7).

The Cellular Potts Model works by updating cell position and cell growth by using
the Hamiltonian function E. Numerous attempts are made in order to copy a lattice
site’s index to its neighbour. For each attempt, a pixel ¢ and a neighbouring pixel j

are randomly selected. If these pixels belong to the same cell (that is a(?) = a(?))
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then no change occurs. If the neighbouring pixels do not belong to the same cell (that
is 0(7) # O’(?)) then an attempt to copy the pixel s index onto its neighbour is
being made. At each time step, cells try to move into their neighbour’s boundary. FE is
calculated for both, the system with change and the system without change. A negative
value of AF indicates that this change is favourable. Hence the cell movement will
~AB/T,

occur. If AFE is positive, cell movement will occur with a probability of P = e

where T is the temperature. This process of lattice updates is summarized in Figure

1.4.
516|/6]8/8|8

Index-copy succeeds

AE <D 5|16|6/6]8|8

or 5(5)14| 4| 4| 4

,AE/

P=e 'Tm:AE>0|5|5]4]|4]|4]|4
516|l6ls8lsl|ls 5[514 4|44
5|6/6/6]8|8 / 9f9fe|7|7|7
5/5|4|4|4|4 e I ) A

Changed 5| 50al &5 4 919 7| 7| 7|7
pixel ——

5 [ 5 14h7q 4 \ 516|/6|l8/8|8
99|97 |7|7 5|16|/6,6]8|8
9la|7|7|7|7 5|5|a|alala
9| 9|7 [7| 7|7 515|444 4
5|514]7|4] 4

Index-copy fails
,AE/ 9(9([9|7|7|7
P=1-¢ Tm:ﬂE}O glol7l 7177
99| 7| 7|7|7

FIGURE 1.4: Conditions for lattice update [23]. The Hamiltonian function is calculated
for the event that the cell boundary moves and the event that no movement occurs.
The change in Hamiltonians is then calculated. If this value is negative, the lattice is
updated and the cell boundary moves. If this value is positive, the cell boundary will
move with a probability P.

Modeling GBM growth using CPM

For the Cellular Potts Model, Gao et al. [11] used the following assumptions. The GBM

consists of only three kinds of cells. These cells and their properties are listed below:

1. Glioma Stem Cells (GSC): these cells have high resistance to IR (ionizing
radiation). After an irradiation dose, these cells are able to repair DNA damage
and regenerate and hence, are able to repopulate the tumour. These cells are also

immortal.

2. Cancer Cells (CC): these cells have low resistance to IR and will eventually die.
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3.

Quiescent Cells (QC): these cells have average resistance to IR and are growth-

arrested (they neither grow, nor die).

Gao and his team also added the following properties to a CPM so that the area of cells

resembled a GBM tumour as much as possible:

The medium, or the brain, is a 4000 times 4000 pixelated square with periodic

boundary conditions.

Cells grow in area with a growth rate of k£ until the cell area, v(o) is doubled. The

cell then splits into two. This process describes cell division.

When AFE is extremely large, that is cell growth is not favourable, the cell becomes

growth-arrested (QC).

GSC may divide symmetrically into two daughter stem cells, with a probability of
ps, or asymmetrically into a daughter stem cell and a daughter cancer cell, with a

probability of 1 — ps. CC can only divide symmetrically.

p is the proliferation capacity of a cell. A non-zero value of p means that a cell
is capable of dividing. GSC are immortal having infinite proliferation capacity,
so p = 0o . Whereas the CC have a maximum proliferating capacity, pmqz, of 10
(which means that CC are allowed no more than ten cell divisions). With each

CC division, the proliferation capacity decreases.

The result for GBM growth simulation, using the CPM, is shown in Figure 1.5. In this

figure a stem cell is placed on the centre of the grid and growth is monitored for 15 days.

Snap shots of the CPM grid are taken at day 4, 9 and 15 and compared to pictures

from in wvitro experiments. When compared to experimental tumour growth in petri

dishes, the CPM closely predicts the glioma growth found in wvitro. Hence, the CPM

was validated as a good glioma growth model.

Adding irradiation effect to GBM growth model

The CPM for GBM growth results closely resemble in wvitro tumour growth (refer to

Figure 1.5). The next step was to irradiate both, the simulated and the in vitro, tumours.
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In vitro

CPM

FI1GURE 1.5: CPM simulation for tumour growth. The pictures in the top row are from
experiments and the snap-shots in the bottom row are from the CPM on day 4, 9 and
15. In the CPM, a GSC is placed in the centre of the grid and growth is monitored for
15 days. Glioma growth in CPM is comparable to the in vitro growth of the tumour
[11]. In the CPM simulation, the GSC are red, CC are green and the QC are blue.

Adding IR effect to the CPM was done by using the linear-quadratic (LQ) model (more

detail about the LQ model is covered in Chapter 4). The following equation calculates

the ratio of cells that survive a radiation dose d:

g — e—/\i(adwd?)
where i = GSC, CC and QC. The parameter o measures the radiosensitivity of single-
hit killing, 5 is the radiosensitivity parameter of double-hit killing, A; is the radiopro-

tection factor of cell type 1.

Gao et al. studied three cases:

1. Control case: The tumour received no IR treatment.
2. Single Treatment: A single dose of 6 Gy (Gray) was administered.

3. Fractionated treatment: Three doses of 2 Gy were administered, each one

administered a day apart.

Both the in vitro and the CPM tumours were allowed to grow. 48 hours after the last
treatment, the percentage of GSC present in these tumours was calculated. The stem
cell percentage from Kim et al.’s in vitro experiments are shown in Figure 1.6 [16]. The
authors used the stem cell percentages from the U87 glioma cell line and compared these

fractions with those calculated from the CPM. The results are discussed below:
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FIGURE 1.6: In vitro GSC% calculated 48 hours after the last irradiation dose [16].
The error bars depict the standard deviation from six experiments.The lightest grey
bar represents the case where the tumour receives no treatment. The medium grey bar
represents the case where the tumour receives 6 Gy units of radiotherapy administered
on a single day. And the darkest grey bar represents the case where the GBM tumour
receives 2 Gy units of radiation administered on 3 consecutive days. U87 and U373 are
glioma cell lines. For comparison with in silico results, we will use the GSC percentages
from the U87 cell line.

The case 1 (control) results, for both in vitro and CPM, matched closely. The per-
centages of GSC in these tumors are 1.84% and 1.8% respectively. In case 2 (single
treatment), a slight overestimation of the GSC% observed in vitro by the CPM. Gao
concluded that this may be due to the larger portions of CC death in the CPM that
were not observed in vitro. The greatest discrepancy, however was observed in case 3,
the fractionated treatment case. The percentage of GSC in in vitro were a lot larger
than what the CPM predicted. The fact that GSC have high resistance to IR alone does
not explain this discrepancy. Gao and his team researched why the ratios of GSC in in

vitro tumours that receive fractionated treatment are so high.

The ratio of stem cells in the CPM-simulated tumour is lower than that in wvitro. To
increase the stem cell ratio in the CPM for the fractionated treatment the authors tried
the case where stem cells were not allowed to become quiescent after the irradiation.
The resultant stem cell percentage is demonstrated by the centre red bar in Figure 1.7
labeled “3x2 Gy: No GSC arrested”. The stem cell percentage did increase as stem cells
stayed active even after treatment. However, this increase in stem cell ratios was not

significantly higher.

The authors proposed that the enrichment of stem cells in vitro was not just a result of
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radio-resistance of stem cells. Instead, the stem cell population is aggressively increas-
ing. Gao hypothesized that the division kinetics of GSC change as a result of repeated
exposure to radiation. It has been shown that radiation activates the AKT/ cyclin
D1/Cdk4 pathway in human glioblastoma cells. Activation of this pathway results in
stem cells having a shorter G1 phase and hence, a shorter cell cycle. In addition to this,
Gao hypothesized that multiple exposures to irradiation causes a shift from asymmetric

to symmetric division.

These hypotheses were adapted to the CPM and are summarized below:

1. An increase in the probability of symmetric division, due to radiation treatment
2. Radiation induces a shorter cell cycle, and

3. Radiation induces a combination of both, the increase in probability of symmetric

division and shorter cell cycle.

CPM results using the hypotheses 1, 2 and 3

The bar graph in Figure 1.7 shows that incorporating the three hypotheses in the CPM
predict in wvitro results closely. This paper’s main result was that an increase in the
symmetric division of the glioma stem cells (from 35% to 75%) or an increase in the
speed of cell cycle of the glioma stem cells (from a slow cell cycle of 25 hours to a
significantly faster cell cycle of 12 hours) explains the enrichment of glioma stem cells in
the tumour after repeated radiotherapy. In fact, the increase in the symmetric division
is claimed to be the dominant mechanism for increasing the GSC fraction in the tumour

that undergoes fractionated irradiation.

Once the model’s stem cell ratios were compared with in vitro results, Gao went on to
calculate the glioma growth rates, calculated by the CPM, in all three treatment cases:
control, single and fractionated irradiation treatment of tumours. Figure 1.8 compares
the number of GSC in all CPM simulated cases. It is easy to observe that tumours that
receive fractionated treatment contain more GSC than tumours that received a single
treatment or no treatment. As GSC are aggressive cells that are able to regenerate
and repopulate the tumour, presence of high numbers of GSC in a treated tumour is of

concern.



Chapter 1. Introduction 15

18 %CD133+ in vitro Kim et al. 2011 B%GSC in silico
16
14 #
54
n
5 12
(&)
g 10
7]
©
£ 8
L
O 6
B
4
2
0
control 3x2 Gy 3x2 Gy, 3x2 Gy, 3x2 Gy, 3x2 Gy,
no GSC Ps=0.75 Te=12h Ps=0.55,
arrested

Hypothesis i Hypothesisii 16=18.5h
Hypothesis i

FIGURE 1.7: This bar graph [11] describes the GSC% 2 days after the last treatment
dose. The gray bars are GSC% determined in vitro. The error bars depict the standard
deviation from six experiments. The red bars are GSC% calculated using the CPM.
The error bars depict the standard deviation from five simulations. The last three
red bars on the right-hand side represent the GSC% calculated using the CPM after
applying hypotheses 1, 2 and 3. The three hypotheses closely approximate the GSC%
to that of the tumour created with fractionated dose in vitro. Two days after the last
IR treatment, snapshots were taken of the CPM glioma growth and are shown in the
top row in this figure. The GSC are red, CC are green and QC are blue.

Figure 1.9 compares the total number of cells in all simulated cases. In other words, this
is a comparison of the mass of the simulated tumours. These findings are astonishing!
The CPM predicts that tumours that receive fractionated treatment eventually outgrow
the control tumour that receives no treatment. The condition has been observed in wvitro

and is called the tumour growth paradox.

Figures 1.8 and 1.9 describe the other major result of this paper. Fractionated irradiation
treatment selects, and hence, increases the population of glioma stem cells. These cells,
due to their aggressive and immortal nature, are responsible for the accelerated regrowth
of the tumour. So tumours that are exposed to radiation multiple times can have higher

growth rates and worse prognoses than tumours that are treated once or not at all.
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FIGURE 1.9: This figure [11] records the total cell numbers calculated by the CPM
before and after treatment starts for all treatment cases including the hypotheses. The
error bars indicated the standard deviation in the data calculated by running the CPM

5 times.
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1.4.2 “The tumour growth paradoxr and immune system-mediated se-
lection for cancer stem cells” T. Hillen, H. Enderling and P.

Hahnfeldt.

In [14] Hillen et al. have constructed an integro-differential equation model that is
simplified to an ordinary differential equation system. This ODE is used to model the
tumour growth paradox using geometric singular perturbation theory. This model takes
into account the interactions between cells within the tumour and basic cell properties

that are often neglected.

Assumptions of this model

A mass of tumour contains a subpopulation of glioma stem cells and the remaining cells
in the tumour population are classified as non-stem or cancer cells (CC). Similar to the
assumptions in Gao’s paper, and subsequently in my thesis, the stem cells are assumed
to be immortal with infinite proliferation capacity whereas the CC reproduce a finite

number of times and die once their proliferation capacity is exhausted.

A GSC can divide into two daughter GSC or it can divide into a daughter GSC and a
daughter CC. The authors refer to this cellular reproduction scenario as the no sym-
metric commitment model. The no symmetric commitment model is used to construct

a mathematical model to simulate stem-cell-powered tumour growth.

A mathematical model of stem-cell-powered tumour growth

The tumour is made up of stem cells (GSC) and non-stem or cancer cells (CC). The
number of cells per unit cell space (fraction of the interval (z, x4 dx) covered by cells) is
defined as the cell density. u(z,t) and v(z,t) is the cell density at time ¢ and location z
for stem cells and cancer cells respectively. The authors define the total tumour density,
p(z,t), as follows:

p(z,t) = u(z,t) +v(x,t).

The maximum density per unit cell space is one cell only. Therefore, the total cell

density is not greater than one (p(z,t) < 1). Cells can divide only if there is space for an
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additional cell. A non-linear integral term ([, k(x,y,p(z,t))u(y, t)dy) is introduced to
conduct spatial search for location for the daughter cells, where the kernel, k(x, y, p(x, t))
represents cell division occurring at location = from a mother cell at location y. If there
is no space, cell division ceases. This is equivalent to the biological phenomenon of

growth arrest.

Another assumption is that every ancestral cell at location y can give birth to only one
daughter cell at location x in one cell cycle period. Therefore, k(x,y,p(x,t)) < 1. And
Jo k(x,y,p(z,t)) < 1. This integral is the rate of cell division in one cell cycle over the
domain from a parent cell at . This integral cannot be greater than one as that implies

that new particles, other than the daughter cells, are entering the system.

The frequency of cell cycles of the stem cells and the cancer cells are represented by v and
p respectively. Both these parameters are positive. The parameter § is the probability
of symmetric GSC divisions and « is the CC death rate. The system allows cell move-
ment of GSC and CC through positive diffusion coefficients, D, and D, respectively.
The domain of this system, 2 = R", is smooth and bounded with either homogenous

Neumann or Dirichlet boundary conditions.

Using the assumptions made above, the authors develop a system describing stem cell

and cancer cell growth and interaction:

(%(aa;,t) = DuAU"’_5'7/9k($,y,p($,t))u(y7t)dy7
81}5(;,?5) — DUAv—l—(1—5)7/@k(w,y,p(m,t))u(y,t)dy (1.1)

—av+p /Q B, . p(z, ) (y, t)dy.

Homogenous Neumann boundary conditions can be used to model tumour growth in
tissues where cells cannot permeate through bones or strong fibrous muscles. The ho-
mogenous Dirichlet boundary conditions can be used to model tumour growth where

cells can leave blood vessels but are not allowed to return.
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Reducing the system into ordinary differential equations

In order to simplify the integro-differential equation System 1.1, a few reductions and

assumptions are made.

Reduction 1: Placement of a daughter cell only depends on the density, p(z,t), of the
final location of the daughter cell z, that is, & = k(p(x,t)). In addition to this reduction,
the authors assume that the domain has unit volume. The mean densities of stem cells

and cancer cells are

alt) = /Q u(y,)dy, o(t) = /Q oy, t)dy.

and so the mean density of the tumour population is p(t) = u(t) + v(t).

Reduction 2: Setting the density to be uniform across the domain, 2. Along with
this reduction, the authors assume uniform tumour growth across 2. This implies that

k(p(x,t)) = k(p(t)), u(x,t) = u(t), v(z,t) = v(t) and D, = D, = 0.

These reductions simplify the integro-differential equations into the following ODE sys-

tem:

u(t) = Oovk(p(t))u(t),

Blt) = (1—8)vk(p(t)a(t) — av(t) + pk(p())o(0). (1.2)

Assumption 1: k(p(t)) is piecewise differentiable, k(p(t))>0 for 0 < p(t), k(p(t)) = 0
for p(t) > 1 and k(p(t)) is decreasing for 0 < p(t)<1. The authors choose k(&) =

mazx{l — £°,0} where o > 1.
Assumption 2: The GSC and CC growth rates, v and p, are equal to 1.
System 1.2 is further simplified to:

ur(t) = ok(p(t))u(t),
vi(t) = (1=0)k(p(t))u(t) — av(t) + k(p(t))v(t). (1.3)
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Stability analysis of the ODE system

Adding the two equations above provides insight as to how the total tumour population

density, p(t), changes over time, namely

The growth rate of the total population of the cells, p;(¢)/p(t) = k(p(t)) — av(t)/p(t).
This implies that CC slow down the overall tumour growth. Proliferation only occurs for
u(t)+ov(t) < 1. Therefore, the authors only perform stability analysis for the triangular,

positively invariant region
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(t) + o(t) < 1}.

This system of simplified ODEs has three steady states. These steady states are:

X() = (0,0),X\/ = (0,1)0), and XU = (1,0).

By finding the Jacobian and analyzing the eigenvalues, the authors conclude that Xy =
(0,0) is a saddle for a>k(0) and an unstable node for a<k(0). The second fixed point,
Xy = (0,v0), is a saddle for a<k(0). And the third fixed point, X, = (1,0) is stable
node or a stable spiral. In fact, X, is the only attractor in the positively invariant region,
A. Due to the absence of any equilibrium points in this region, the Poincare-Bendixon
theorem says that X, = (1,0) is globally asymptotically stable. This implies that for
large time, the tumour will primarily consist of stem cells. However, the authors are

mostly concerned about the short term dynamics of the system.

The authors varied « as a bifurcation parameter and discovered that the ratio u(t)/v(t)
over time varies for different values of . For a small value of «, the tumour consists
mainly of CC. However, for larger death rates, GSC thrive and, hence, the tumour size

increases.
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The tumour growth paradox

The authors provide a formal definition for this phenomenon:

Definition Let P,(t) for times t > 0 denote a tumour population with a spontaneous
death rate o for cancer cells. The population exhibits a tumour growth paradox if there

exist death rates a1 <ao and times t1,to and Ty>0 such that

P, (t1) = Pay(t2) and Py, (t1 + T)<Pa,(ta + T) for (0<T<Tp).

Hillen et al. [14] provided a proof of the tumour growth paradoz. The following section

contains a summary of the proof, employing geometric singular perturbation analysis.

Geometric singular perturbation analysis

In biological systems comprising of varied time scales, the geometric singular pertur-
bation analysis is a helpful tool. This geometric approach uses invariant manifolds in
phase space to understand the overall behaviour of the populations [13]. In the slow-
fast system that the authors have studied is Equation (1.3), the parameter J is a small
parameter (0 < 6 < 1). With a change in time scale, 7 = dt, the System (1.3) can be

rescaled to

I~

ur(1) = k(p(r))u(r),
6v-(1) = (1 =20)k(p(r))u(r) — av(r) + k(p(7))v(7). (1.4)

System 1.3 with a time scale represented by ¢, is the fast system, whereas System 1.4
with a time scale represented by 7, is the slow system. These systems are equivalent as

long as 0 # 0. When the limit § — 0 is applied, System (1.3) becomes

ui(t) = k(p(t))u(t) — av(t) + k(p(t))v(t). (1.5)
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The solutions to 1.5 are called the inner solutions. The slow manifold of the system is
described by the fixed point of this system, M = {(anr,0ar) : k(Prr)Dar — aUnr, Py =

upr + ﬁM}.

The long-scale dynamics of the system is given by the outer solution. Solutions for 1.4
quickly reach the slow manifold. To study the slow manifold in more detail, the authors

provide a lemma:

Lemma The slow manifold can be written as a graph (u,v) = (4, var(w)). Furthermore,

with p = @ + vy ().

Given two death rates oy >ag then the slow manifold for oy is below the slow manifold
of ag, i.e,

ol (@) <0’ ().

The tumour growth paradox is a property of the slow manifold. A general result for the

occurrence of the tumour growth paradox is outlined in the theorem below:

Theorem Assume oy > ag > 0 and let pi(t) = u1(t) + v1(t) and pa(t) = ua(t) + va(t)
denote the corresponding solutions of the stem cell model. We assume that the tumour
dynamics has settled onto the slow manifold M and that at time ty > 0, two tumours of
equal size are presented pi(ty) = pa(to) = p, with 0 < p<1. Then

d d
—n1(t — Do (t
dtpl( 0)>dtp2( 0)

and

P1(t) > pa(t), for all t>to.

The authors show that using Assumption 1, a large range of models display the property
of the tumour growth paradox. This paradox is the accelerated growth of tumours as a

result of increased cell death.

We will use the ODE model from this paper [14], namely (1.2). But instead of cell

densities, u(t) and v(t) represent stem cell and cancer cell populations. We also use a
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different kernel function. In our model, k(p) = 1 — &, where C' is the carrying capacity.
We will use this ODE model, adapt it to include treatment by irradiation and compare

the findings with that of the CPM [11].



Chapter 2

Modelling glioma growth using
Ordinary Differential Equations

The papers we have reviewed look at a simplified relationship between different types
of cells in the GBM tumour. We will use the same assumptions to create our ODE
model. The GBM consists of glioma stem cells (GSC), cancer cells (CC) and quiescent
cells (QC). The glioma stem cells divide symmetrically with a probability of ps (into
daughter stem cells) or asymmetrically with a probability of 1 — ps (into a daughter
stem cell and a daughter cancer cell). This relationship is demonstrated in Figure 2.1.
Glioma stem cells are known to have infinite proliferation capacity, which means that
they are capable of reproducing forever, and they are immortal. However, cancer cells
have finite proliferation capacity. This means that after reproducing a certain number
of times, these cells die. The death rate of cancer cells is o. A cell, stem or cancer,
may become quiescent for a while to repair cellular injuries such as DNA damage. After

recovering, these quiescent cells activate again into their former cell type.

2.1 A model with stem and non-stem cells

We will now develop a simple model that contains only stem and non-stem cells. Using
the concepts we have learnt about symmetric and asymmetric division of stem cells (in
Figure 2.1) and the assumptions made in the previous section, we construct a compart-

ment figure. As shown in the compartmental diagram, Figure 2.2, the stem cells are

24
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allowed to reproduce symmetrically with a probability of ps or asymmetrically with a
probability of (1 — ps). The growth rate of stem cells is kg and the growth rate of
cancer cells is ko. The stem cells are immortal, therefore, they do not die. However,

the cancer cells may die due to natural causes and the death rate for the cancer cells is o.

Wy Wy
X

Symmetric Division

Ly 2 2 2
BN E B B

Asymmetric Division

FIGURE 2.1: Symmetric and asymmetric division of glioma stem cells. The GSC divide
symmetrically with a probability of ps; or asymmetrically with a probability of 1 — ps.
CC on the other hand only divide symmetrically. The GSC (blue circles) are very
powerful cells and are therefore represented by a crown, whereas the CC (red squares)
are represented by a casual worker.

death due to natural causes

FIGURE 2.2: Model U,V: Glioma stem cells are denoted by U and non-stem (cancer)
cells are denoted by V. There is no quiescent cell compartment in this model. GSC can
divide into more GSC with a rate of p;ke and can contribute to the CC compartment
with a rate of (1 — ps)kg. The growth rate of CC is k¢ and the death rate of CC is o.

The corresponding ODE system (2.1) has volume constraint in all growth and division
terms. Without this volume constraint, the ODE would be a linear system resulting
in exponential growth of cells which is biologically unrealistic. The factor (1 — %)

restricts the growth of cells to a carrying capacity of C.
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symmetric division; growth

. U+V
U = pskGU(l — Q)’
C
assymetric division growth
U V) (U n V) natural death
V=01-p)keU(1 - (g) theV(l-—5—)- oV (2.1)

This ODE system resembles System 1.2 [14]. Our ODE system is a special case of Hillen
et al.’s model [14]. We use a different kernel function, k, than that used in [14]. In our

model, k(p) = k(U + V) =1 — ZEY where C is the carrying capacity.

2.1.1 Fixed points and stability analysis

From (2.1), we see that U = 0 when either U = 0 or (1 — %) = 0. Using these and

setting V = 0 we find the following fixed points:

(U1, V1) = (0,0), (U2, V2) = (0,C(1 — é)), (Us, V3) = (C,0). (2.2)

In order for all these fixed points to be realistic, populations must be positive. Therefore,
kc>o, (2.3)

otherwise, V' would be negative.

We now consider the stability of these fixed points. We start by finding the Jacobian

matrix for this system,

psha(l = 2¢7) —pska ¢
(1= poka(l = 2EY) —ke —(1=ps)kcg +ke(l—PFY) —o
(2.4)
pska 0

At the fixed point (Uy, V1), J(0,0 =
(1 _ps)kG ko —o
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The eigenvalues for the Jacobian at (0,0) are A\ = pskg>0 and A2 = k¢ — 0>0, using

the condition stated in Equation (2.3). Therefore, the origin is an unstable fixed point.

At the fixed point (Us, V3) = (0,C(1 — %)) the Jacobian is

pskG’kL 0
J(O’C(l_%)) - o B o 20
(I =ps)kais —kc(l=7%) ko(=1+32) -0

The eigenvalues for the Jacobian at (0, C(1—1¢7)) are A\ = pska >0 and A2 = ko (—1+

ko

g—g) — 0<0. Therefore, this fixed point is also unstable.

At the fixed point (Us, V3) = (C,0) the Jacobian is:

—pska —pska
Jco) =
_(1 - ps)kG _(1 - ps)kG -0
The trace of this Jacobian is —pskg — (1 — ps) kg — 0<0, the determinant of the Jacobian

is pskg>0. Hence, (C,0) is a stable node or a stable spiral.

In order to determine the stability of these fixed points I performed a phase plane
analysis. Refer to Figure 2.3, the triangular domain is a biologically significant region.
We call this region biologically significant because firstly, cell populations (U (t) and V' (t))
cannot be negative. Secondly, when the total population is greater than the carrying
capacity (U(t) + V (t) > C) the logistic function in Equation 2.1 is negative, therefore

proliferation does not occur. So we will restrict our analysis to the region
A={UV):0<U<C,0<V<<C,U+V <C}.
Theorem 2.1. For System 2.1, the region A is positively invariant.

Proof. The boundaries of A are U = 0, V =0 and U +V = C. Along the nullcline
U = 0, the vector fields are as follows: U = 0, V<0 for V>C(1 — %) and V>0 for
V<C(1 - ¢%). Along the second nullcline U + V' = C, the vector field is (0, —oV)
and points into the region A. Lastly, along the third line V' = 0 that bounds A, the
vector fields is described by U = pskaU(1 — (£))>0 and V=_>1- ps)kaU(%)>0 for

U<C'. As shown in Figure 2.3, the vector fields along the boundary or into the region
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A. Therefore, any solution trajectory that starts in A will stay within this region for

t > 0. Hence, A is a positively invariant region. O

Theorem 2.2. The steady state (C,0) of the System 2.1 is globally asymptotically stable

in the region A.

Proof. The region A is positively invariant and (C,0) is the only stable equilibrium
point in this invariant region. Therefore by the Poincare-Bendixon theorem, all solution

trajectories tend to this equilibrium as t — oo. O

We confirm this result by plotting the phase portrait on MATLAB using pplane7 (Figure
2.4) using biologically relevant parameters. These parameters are contained in a table
in Chapter 7. In the phase portrait, we see that a slow manifold exists in the triangular
invariant region that tends to the globally stable fixed point of (C,0). Biologically this
means that as time goes to infinity, the entire tumour population (having a carrying
capacity of C number of cells) will comprise of only stem cells. All other populations
will die out. Even though we expect the tumour to consist purely of glioma stem cell
population occurring at ¢t — oo, we are concerned with what is happening at smaller
time. The experimental data available to us only looks at stem cell composition of the
GBM tumour over a few days. In addition to that, the survival period of the GBM

tumour is approximately one year. This makes analyzing long time dynamics futile.

rhase portrait

V x 10% (cancer cells)

A A A A A

[rtf £ o1 /4 o2 o3/ 04f  os 05
U x 109 (stem cells)

FIGURE 2.3: Phase portrait highlighting biologically significant invariant region (blue
triangle), fixed points (black circles) and vector fields (red arrow)
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FIGURE 2.4: Phase portrait containing numerous numerical solution trajectories (blue
lines), all of which are tending to the globally asymptotically stable steady state (C,0).
The direction of the vector fields are depicted by the black arrows.

2.2 Models with quiescence

After performing some mathematical analysis on the simple U,V model containing only
stem cells and non-stem cells, we move on to create models that contain quiescence so
that we can test those on the data which we have available. Quiescence is an important
feature in biological systems. When cells suffer physiological or DNA damage due to
changes in the environment, the cell’s defence mechanism causes it to become growth
arrested. As energy is not being utilized in increasing the cell’s size or preparing it to
divide, the cell can focus its energy on repairing DNA damage or producing proteins

that help repair cell damage [5].

We have three models that contain quiescence. Model U,V,Qu allows stem cells to be-
come quiescent with a rate of v and return back into the stem cell compartment with a
rate of pu. Similarly, model U,V,Qv allows cancer cells to become quiescent with a rate
of v and return back into the cancer cell compartment with a rate of u. Lastly, the
third model is the full model containing compartments U, V, Qu and Qv, where both
the stem and the cancer cells are allowed to become growth arrested with a rate of 1
and vy, respectively and return to their corresponding previous compartments with a

rate of p; and ps, respectively.
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These ODE systems with their corresponding compartment figures are shown below:

death due to natural causes

. U+V
U = pahcU(1 = —5—) + nQu —vU,
. U+V U+V
V=(1-ps)kcU(1 - )+ kcV(1— )
FIGURE 2.5: Model U,V,Qu. This di- —aV,
agram is an extension of Figure 2.2. In .
addition to the assumptions of Model Qu =vU — pQu.
UV, the stem cells are allowed to be-
come quiescent at a rate of v and revert
back at a rate of p.
. U+V
U = pekeU(1 = —5—),
. U+V U+V
V= (1 _ps)kGU(l - ) + ch(l - )
FIGURE 2.6: Model U,V,Qv. This di- — oV +pQv — vV,
agram is an extension of Figure 2.2. In o
addition to the assumptions of Model Qv =vV — pQy.
UV, the cancer cells are allowed to be-
come quiescent at a rate of p and revert
back at a rate of p.
ol @09 . U+V
v v U — pSkGU(l - ) + MlQU - VlUv
Bt U+V U+V
: + +
V= (1 _ps)kGU(l - I ) + ch(l - ol )

—oV + — 1V,
FIGURE 2.7: Model U,V,Qu,Qv: qui- H2Qv = v

escence attributed to both stem cells ), — _

(U) and cancer cells (V). U and V can Qu=nb - mlv,
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Which of these models best predicts tumour growth? In the next chapter we will compare
the UV, UVQu, UVQy and the UV QyQy models. We will use the least squares error
method to fit the solutions of these models with tumour growth data from the Cellular
Potts Model to find the most appropriate parameter set. Then we will compare these

four models using the Akaike Information Criterion.



Chapter 3

Data fitting and model

comparison

3.1 Estimating parameters to fit data

From the previous chapter, we now have four ODE models describing GBM tumour
growth at our disposal. However, we are curious to find out which of these models best
describes the tumour growth process. We will use statistical tests to compare these
models amongst themselves and with glioma growth data. In order to compare these
models, we will calculate the difference between the ODE solution and tumour growth

data.

The glioma growth data is not experimentally determined. In witro cell counting is done
by a process called flow cytometery and requires glioma tissues growing in petri dishes
to be broken down, thus collection of data containing cell numbers over a large period

of time is difficult. Instead we use glioma growth data that was simulated by the CPM.

We contacted the authors of “Acute and fractionated irradiation differentially modulate
glioma stem cell division kinetics” [11] at the Tufts University School of Medicine and
obtained the data they had collected from the Cellular Potts Model. The Cellular Potts
Model supplied 16 data points indicating the glioma stem cell numbers and the total cell
numbers over a period of 30 days. We use this information to create a set of parameters

that would make my ODE biologically realistic and comparable to the Cellular Potts

32



Chapter 3. Data fitting and model comparison 33

Model. In addition to that, once the data fit has been completed, the difference between
the ODE solution and the in silico results from the CPM will be used to determine the
best model using the Akaike Information Criterion (AIC).

3.1.1 The least-squares error method

In order to do parameter estimation, we used the least-squares error method [6] . The
error calculated is the difference between the ODE solution of a GBM growth model
and the matrix of cell numbers obtained from the CPM model. The solution to the
ODE is denoted by = = z(t;; p, o), where p is the parameter vector, z( is the initial
condition and the experimental data is denoted by y; at time points ¢; for ¢ =1,--- ,n.
We received 16 data points depicting tumour growth over a time period of 30 days and so
the number of data points is N = 16. Observed or experimental quantities are assumed
to have stochastic effects. We assume that the error e; is distributed normally with

mean g = 0 and some variance o2, e; ~ N(0,0?%). Hence,

yi = x(ti;p, x0) + €.

The likelihood for the ODE solution to be close to the experimental data is

e =T e+
p = [ 20 .
i1 2ro

However, calculating products is computationally more challenging than calculating

sums. Consequently, we will work with the log of likelihoods:

n

£L(p) = - In(varo) - % (i — 22
=1 i=1

In order for the log-likelihood to be maximal for a parameter vector p, the residual sum

of squares, or the error, must be minimized:

Residual Sum of Squares (error) n  Observed data (CPM) Expected data (ODE)
— N —_—~—
. — . 2
D(p; o) = Yi - z(tip,wo) )
i=1
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We will now vary the parameters in our models over a biologically relevant range in
order to find the values that best matches CPM results. The only parameter that is
kept unchanged is ps, the probability of symmetric division in glioma stem cells, as this

value was determined experimentally [11].

Using the simplest model (UV: no quiescence) we vary the carrying capacity of our
system, C, the growth rates of glioma stem cells and non-stem (or cancer) cells, kg and
k¢, respectively, and the death rate of non-stem cells, 0. Once we have a set of optimal
values for these basic parameters, we move on to the more complicated quiescence models
and vary the rate v at which active cells become quiescent and the rate p at which

quiescent cells become active again.

3.1.2 Data fit using the optimal parameter set

Once we have obtained the optimal parameter set, we will use it to fit the correspond-
ing models to the data. The data fit for the four models U,V, U,V,Q,, U,V,Q, and
U,V,Qu,Q, are shown in Figures 3.1, 3.2, 3.3 and 3.4.

The first three models, UV, UVQu and UVQv seem to fit the data very closely. The
fourth model, which is the full model UVQuQv does not look as effective. The formal

comparison between models is conducted in the next section.

3.1.3 Improving the data fit

We notice that the initial stem cell number is approximately 2,000 stem cells and the
initial total cell number is close to 100,000. As the magnitude of the total cell number
is so high, while performing the least squares error method we are primarily fitting the
ODE solution to the data representing the total cell number. In order to acknowledge
the small stem cell population and have it contribute to the error, we should use the
weighted least squares error method. In this method, the square of the difference between
the stem cell data and the stem cell ODE solution is multiplied by a weight so that this
error is of the same magnitude as the error calculated by the difference between the total
cell data and total cell ODE solution. We will leave the exercise of implementing data

fit using the weighted least squares error method as part of our future work.
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FIGURE 3.1: Data fitting for Model U,V: no quiescence. In the figure above, the green
circles represent the CPM data and the blue line represents the ODE solution. The
ODE model, containing stem (U) and non-stem (V), fits the CPM glioma growth data
extremely well. The top graph is the number of stem cells (U x 10°) against time (in
days), whereas the bottom graph is the total cell number ((U+V) x 10%) against time
(in days).
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FIGURE 3.2: Data fitting for Model U,V,Qu: quiescence attributed to stem cells (U)
only. In the figure above, the green circles represent the CPM data and the blue line
represents the ODE solution. The ODE model, containing stem (U), cancer (V), and
stem-derived-quiescent (Qu) cells, fits the CPM glioma growth data well. The top
graph is the number of stem cells (U x 10°) against time (in days), whereas the bottom
graph is the total cell number ((U+V+Qu) x 10°) against time (in days).



Chapter 3. Data fitting and model comparison

36

y 10_3 Model: U, v, Qu
5 T T T T T
Stem
Cell 4+ =
Number
U (1048} 2 i
D 1 1 1 1 1
il 5 10 15 20 25 30
05
Total
cen 04 4
Number
03F B
U+v+Qv
10°6)
ave nat .
D1 1 1 1 1 1
0 5 10 15 20 25 30
Days

FIGURE 3.3: Data fitting for Model U,V,Qv: quiescence attributed to cancer cells (V)
only. In the figure above, the green circles represent the CPM data and the blue line
represents the ODE solution. The ODE model, containing stem (U), cancer (V), and
cancer-derived-quiescent (Qv) cells, fits the CPM glioma growth data well. The top
graph is the number of stem cells (U x 10%) against time (in days), whereas the bottom
graph is the total cell number ((U+V+Qv) x 10°) against time (in days).
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F1GURE 3.4: Data fitting for Model U,V,Qu,Qv: quiescence attributed to both stem
cells (U) and cancer cells (V). In the figure above, the green circles represent the CPM
data and the blue line represents the ODE solution. The ODE model, containing
stem (U), cancer (V), stem and cancer-derived-quiescent (Qu and Qv) cells, does not
fit the CPM glioma growth data well. The top graph is the number of stem cells
(U x 10%) against time (in days), whereas the bottom graph is the total cell number
((U+V+Qv+Qv) x 10%) against time (in days). Resultant bad fit is due to the absence
of information on how quiescent cell populations behave in the glioma growth CPM
model.
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3.2 Model comparison using the Akaike Information Cri-

terion

Suppose we have two models to explain a given set of data. If both of these models have
the same number of parameters, n,, then comparing the likelihoods or the log-likelihoods
is enough to compare these models. The model with the higher likelihood is better suited
to describe the process. How then do we compare models that have a different number
of parameters? The Akaike Information Criterion (AIC) is used to compare models that
contain a different number of parameters [6]. It is defined as follows:

maximum log-likelihood number of parameters

——
AIC = 2LL(D) —2 o

The larger the AIC, the better the model. However, if the number of data points, IV, is
small (N < 40), then the following corrected AIC should be used [6]:

N

AIC, = 2LL(p) — 2y
oy —

As our analysis uses only 16 data points (N = 16), we will use the corrected AIC to

compare the four ODE models.

We used the ODE solutions and the tumour growth data to find the residual sum of
squares (or the error), the variance, the log-likelihoods, and the corrected AIC for all

four models. The results are shown in Table 3.1.

| model | UV | UV,Qu | UV.Qu | UV,QuQy |
ny 5 7 7 9
Error (D) | 1.889(107%) | 2.0213(10~%) | 1.9974(10~%) | 1.4792(10~%)
0% = 2 | 1.1806(107°) | 1.2633(107°) | 1.2359(10°) | 9.2452(1076)
LL(p) 68.0722 67.5303 67.7060 70.0282
AIC. 120.1444 107.0610 107.4119 92.0564

TABLE 3.1: Comparing models. This table contains the number of parameters, n,,
error, D, variance, o2, log-likelihoods, LL(p), and the corrected AIC for the four ODE
models (UV, UVQu, UVQv, UVQuQv) that we wish to compare. As the AIC, of
model UV is the highest, it is the best model amongst the four.
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3.3 Conclusion

The model containing no quiescence, that is the UV model, has the highest AIC and is

therefore the best model for our data.

This makes sense because the data available to us only gives the number of stem cells and
the total number of cells. There is no information about the behaviour of the quiescent
cell population, nor do we know how to differentiate between the cancer cells and the
quiescent cells. Thus predicting the rates v and p from the limited data is difficult. We

will base our future analysis on model U, V.



Chapter 4

Mathematics of the derivation of

radiation treatment: The

Linear-Quadratic Model

In the previous chapters, we constructed ODE systems that modelled tumour growth
and we chose the best amongst them. In this chapter, we will add the aspect of treatment
of tumours to the model. The linear quadratic model is used to incorporate irradiation
treatment into mathematical and individual-based models. In the Cellular Potts Model
[11], the number of cells that survived treatment was calculated by the survival ratio
based upon the linear-quadratic model. In the next section, we will discuss the survival
ratio in more detail and will construct a function which represents the linear quadratic

model that we can use in our differential equation model.

4.1 The Linear-Quadratic Model

Cell death occurs in a tumour in response to radiotherapy. The linear-quadratic model
(LQ) is an apt choice to model cell killing due to ionizing radiation. The linear-quadratic
model describes the effect of radiation on tissues and was developed by considering the

bio-physical events that occur in the cellular nucleus when a tissue undergoes radiother-

apy.
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FIGURE 4.1: Two cases discussing how lethal damage to a cell happens when a double
strand break occurs in the DNA caused by gamma-ray photons.

The linear-quadratic model assumes that cell death due to radiation can occur either as
a result of a single ionizing event or as a result of two separate ionizing events. In the
former case, a cell undergoes a DNA double strand break due to a single photon. In the
latter case, the cell undergoes a double strand break in the DNA due to two separate
radiation tracks (in other words, two separate photons, each photon damaging one DNA
strand). This is summarized in Figure 4.1. If the time between the photon attacks is
large, the single strand break may be repaired, in which case there is no lethal damage
[3]. Also, in order for cell death to happen, the two single strand breaks should occur

within a few base pairs of each other.

The linear-quadratic model predicts that the yield of lethal DNA damage is proportional
to aD+ 3 D?, where D is the radiation dose and parameters o and 3 are radio-sensitivity
coefficients [12]. The probabilistic measure of DNA’s double strand break occurring due
to a single photon is « (of units Gy~!), whereas 3 (of units Gy~2) is the probabilistic

measure of DNA’s double strand break occurring due to two separate photons [4].

The parameters a and [ are rarely known, individually. However, the % ratio is known
and provides insight as to how effective different kinds of radiation treatments will be
on a tissue. In other words, this ratio is a quantitative measure of the sensitivity of a
tissue to variation in dose fractionation [4]. The ratio § is the dose (in units of Gy)

at which the two types of DNA damage (damage due to single photon and separate,

double photons) are equal. At doses smaller than % Gy, cell death occurs primarily due
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to DNA damage by a single photon, whereas at doses greater than %, cell death occurs

due to two separate ionizing events.

The 5 value for tumours (5-25 Gy) is higher than normal tissues values (2-5 Gy) [4].
The glioblastoma multiforme tumour has a very high % value. The GBM tumours are
usually treated by external beam radiotherapy. In this form of radiotherapy, radiation
is administered from a source outside the patient’s body. Treatments where high doses
have to be administered are usually broken down into fractions so that the healthy tissue
can repair between treatments. In order to calculate the ratio of cells in a tumour that

survive after irradiation treatment, the survival ratio is used:

S(D) = e~ NPT, (4.1)

where D is the ionizing radiation dose, the parameter A describes the radio-protection of
different cells found in a single tissue and A;7, AyandAg are the radio-protection parame-
ters for stem cells, cancer cells and quiescent cells, respectively. When a total treatment
of dose D is broken up into n fractions of smaller dose d, the linear-quadratic survival
ratio is modified as the cell survival for each dose is independent [12]. The LQ survival

ratio for fractionated treatment is:

S(D) = e MatAdD, (4.2)

where D = nd.

The linear-quadratic model is the most commonly used mechanism to predict the effects
of radiotherapy. This is because it requires few parameters and is derived by biological
reasoning. The LQ model has been tested clinically and it has been said to predict cell
death successfully in tissues that have received radiotherapy for up to 10 Gy units per

fraction of total dose [2].

The Cellular Potts Model used the parameter values given in Table 4.1 to calculate the
GBM tumour’s response to radiotherapy [11]. In the numerical analysis for the ODE

models, the experimentally determined values mentioned in Table 4.1 will be used.
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Parameter Meaning Value
« radio-sensitivity parameter for single-hit cell death  0.3859 Gy~!
I3 radio-sensitivity parameter for single-hit cell death 0.01148 Gy 2
AU radio-resistance parameter for glioma stem cells 0.1376
Ay radio-resistance parameter for cancer cells 1
AQ radio-resistance parameter for quiescence cells 0.5

TABLE 4.1: This table contains experimentally determined values of the
radio-sensitivity coefficients (a and ) and the radio-protection coefficients

(Au, Av and Ag) of the cells present in the GBM tumour. These values were used in
the CPM [11] and have also been used in the current project.

4.2 Hazard Function

In order to incorporate the linear-quadratic survival ratio into the ODE system, we use
the hazard function. The hazard function, hrg(t), is described as the decay rate of the

survival ratio [12]:

dS(D(t))

2 = hio®S(D(). (4.3)

Equation (4.3) can be obtained using Equation (4.1), the initial conditions ¢t = 0, D(0) =
0, and S(D(0)) = S(0) = 1, and a hazard function (4.4) (This function was first proposed
by Zaider and Minerbo [12]) such as

hio(t) = Ma + 28D(t))D(t). (4.4)

The derivation of Equation (4.3) from (4.4) is shown below:
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S(D(t)) = e~ MaD(t)+BD(t)%)
In S(D(t)) = —A(aD(t) + BD(t)?)
InS(D(t)) —In1= —[(A(aD(t) + BD(t)*)) — A(@D(0) + SD(0)*)]
InS(D(t)) — In S(D(0)) = —A(aD(t) + D))}
S

/ idq . / Ao +28D(p))dD(p)

5(0)
S(D)1 t aD(p)
P
“dg=— [ A
i / (e +28D(p)) i dp
5(0) 0

let: hro(t) = Mo+ 28D(t))D(t) [12]

S(D(#) p
—dg = — [ hro(p)dp
$(0) 0
1
S(D(t)) PP = et
dS(th(t)) = —ho(t)S(D(t))

Case 1: If the treatment includes a single dose, d, of ionizing radiation, then D(t) = d.
This preserves the linear quadratic model as the survival ratio remains the same. That
is, S(D(t)) = S(d) = eM-od—Fd?),

Case 2: If a fractionated dose is administered, which means that the treatment consists
of n fractions of dose d, then by the end of the treatment, the survival ratio looks like
S(D(t)) = eM—and=p(nd)*) T this case, the term containing 3 is exaggerated due to the
presence of n?. This is not in line with the linear-quadratic model and so a different

hazard function for fractionated treatment is proposed [12]. This hazard function is
hio(t) = (a+ Bd)D(t).

Using the same derivation technique used above and hiQ(t), we can derive the LQ

survival ratio for fractionated treatments (Equation 4.2).

Figures 4.2 and 4.3 demonstrate what the hazard functions looks like for two different

kinds of treatment. Figure 4.2 describes the ionizing radiation treatment that occurs at



Chapter 4. Mathematics of the derivation of radiation treatment: The
Linear-Quadratic Model 44

day zero and is of 6 Gy units. The treatment depicted in Figure 4.3 is of 2 Gy units of
ionizing radiation conducted at day zero, one and two. We approximate each fraction
by a smooth Gaussian concentrated at the corresponding treatment time. In all future
analysis, we will be using the treatments depicted in Figures 4.2 and 4.3, namely the

single ionizing radiation (IR) treatment and the fractionated IR treatment, respectively.

Hazard Function for Radiation Treatment attime = 0
15 T T T T T T T

Ja
Days

F1GURE 4.2: The hazard function for a single ionizing radiation treatment of 6 Gy
administered on day 0.

Hazard Function for Radiation Treatment attime =0, 1, 2
15 T T T T T T T

a 0s 1 15 2 25 3 35 4
Days

FIGURE 4.3: The hazard function for fractionated ionizing radiation treatment of 2 Gy
administered on three consecutive days (Day 0, 1, and 2)



Chapter 5

Glioma stem cell model with

radiation treatment

We created several systems containing glioma stem cells and non-stem cells to model
tumour growth in Chapter 2. In Chapter 3, we went on to test these models and
concluded that the model containing no quiescence best predicted the data. In Chapter
4, we discussed how the linear-quadratic survival ratio of cells, after they have been
exposed to ionizing irradiation, can be adapted to ordinary differential equations using
a hazard function. We will now bring the findings of the last three chapters together. By
including a “death by irradiation term”, that is accounted for by the hazard function, we
are modifying our glioma growth model (Equations 2.1) into a glioma treatment model

(Equations 5.1) . The treatment model is as follows:
- U+V
U = pskcU(1 — c ) — hrgy, (U,

. U+V U+V
V=(1-ps)kcU(1 - ) +keV(1—

) — oV — hpg, (V. (5.1)

For treatments comprised of a single dose D = d, the hazard function is hiQ(t). For
treatments where the dose D is administered in multiple (n) fractions of smaller dose

d), that is D = nd, the hazard function is Kl (t) (vefer to Equation set 5.2).
LQ

45
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1. (t) = Aila +28D(t))D(t), (5.2)

hio,(t) = Nila+ Bd)D(), (5.3)

where i = U, V. As the stem cells (U) and cancer cells (V) have different tolerance to
radiotherapy, we require the hazard function to take that into account. Therefore, the
radio-protection coefficient, );, in the hazard function varies for the two types of cells.
The hazard functions for the stem cells and cancer cells are given by hrg, and hrg,
respectively. The parameters o and 8 are radio-sensitivity parameters for single and

double hit cell killing respectively.

5.1 ODE results and comparison with experimental data

The ODE system (Equations 5.1) is solved numerically using the ode/5 function in
Matlab. The ODE solution is plotted from the time of the treatment (day zero) to 48

hours after the last treatment (as shown in Figure 5.1).
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FIGURE 5.1: ODE solutions for growth of tumour that received no treatment (control
case), for tumour that received treatment by single irradiation dose at ¢ = 0 and for
tumour that received treatment by fractionated irradiation dose at times t = 0,1, 2.
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In order to validate our results, we will compare outputs obtained by the ODE model
with 4n vitro results. I have chosen to compare my results with the data obtained by
experiments on the U87 glioma cell line [16]. The stem cell percentage is calculated 2
days after the last treatment and is compared to experimentally determined glioma stem

cell percentages shown in Figure 1.6 [16].

The bar graph in Figure 5.2 compares glioma stem cell fraction obtained experimentally
to that obtained by our ODE model. In the control case, both the in vitro and ODE
glioma stem cell percentages are close to =~ 1.8%. This is because in Chapter 3, we
determined a set of parameters that minimized the least-squares error of the difference
between the ODE solution and the CPM results of stem cell numbers. As a result, the

no-treatment case’s stem cell percentage is very close to the experimental results.

However for the treatment cases (both, single and fractionated treatments), the ODE
system underestimates the stem cell percentage. The predicted percentage of glioma
stem cells in a tumour that has been treated using a single dose of 6 Gy of ionizing
radiation is &~ 2.8% and those treated using a fractionated dose of 2 Gy administered on
three consecutive days have a GSC% of ~ 4.8%. Experimentally however, the glioma
stem cells make up a larger fraction of the tumour. Despite the underestimation, the
trend observed in witro seems to be conserved by the ODE system. The percentages
obtained from the ODE predict an increase in the glioma stem cell ratios as treatment
type varies from single to fractionated dose. In addition, the glioma stem cell percentage
for fractionated treatment in both, in vitro and ODE simulations, are almost twice that

of the stem cell percentages for the single treatment case.

We observe a discrepancy between the percentage of glioma stem cells predicted by our
ODE system and the data provided by the lab. Even though the trend is conserved,
there is a &~ 47 — 54% difference between ODE results and in vitro data. Is there a
biological change occurring due to irradiation that causes glioma stem cell percentage
to increase after the tumour is exposed to irradiation in the lab? As it turns out, there

is!
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FIGURE 5.2: This figure compares the GSC% calculated from the ODE solution to
those determined experimentally 48 hours after the last irradiation dose. The black
bars are the U87 glioma stem cell percentages from Figure 1.6. The blue bars are the
GSC percentages calculated from the ODE solutions.

5.2 Cell behaviour changes after irradiation treatment

Tonizing radiation affects several glioma stem cell signalling pathways. SHh, Notch, Wnt,
EGFR and AKT/cyclin D1/Cdk4 are amongst the pathways that are most affected [1].
When a tumour is exposed to ~-radiation, the Notch2 and the Wnt pathways are up-
regulated in the glioma stem cell [24]. This results in a higher probability of symmetric
division. In other words, glioma stem cells divide symmetrically into two glioma stem
cells more often than dividing asymmetrically into a stem cell and a cancer cell. In
addition to the Notch and Wnt pathways, ionizing radiation activates the AKT/ cyclin
D1/Cdk4 pathway in human glioma stem cells which results in a shorter G1 phase [21].
Hence, a shorter cell cycle results. A shorter cell cycle implies that the glioma stem cells

are growing faster, or that the growth rate of these stem cells has increased.

These biological findings imply that there are changes that need to be made in our ODE
model. We can do this by allowing the parameters that control the type of division and
growth rate of the glioma stem cells to vary. The two parameters we will now vary are

ps, the probability of symmetric division and kg, the growth rate of glioma stem cells.

In the next chapter, we will perform sensitivity analysis for these parameters to see how

they impact the ODE system’s outcome.
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Sensitivity analysis

In the previous chapter, we discussed how irradiation can affect the chemistry of a glioma
stem cell resulting in a faster growth rate and a higher chance of symmetric division.
We can account for these changes in our ODE model by varying the parameters pg, the
probability of symmetric division in glioma stem cells and kg, the growth rate of glioma
stem cells. We will now perform sensitivity analysis to see how these two parameters

impact the output from the ODE model.

Sensitivity analysis is a technique used to determine how the model responds to pertur-
bation of an input. Or in other words, it is an investigation of how different values of
a parameter will impact a particular dependent variable. To calculate the sensitivity,
Sp(y), of a dependent variable, y(p), we use the following formula (Equation 6.1). The

variable, y(p), depends on a parameter, p, and p* is the reference value of p:

) *

S,(y) = a—iygg*). (6.1)
For our model, the dependent variable is G, the glioma stem cell percentage. And the
parameters that affect G are ps, the probability of symmetric division, and kg, the
growth rate of glioma stem cells. Using (6.1) to calculate sensitivity, we deduce the
sensitivity of G on ps; and kg for different treatments using reference points ps = 0.35
and kg = 0.167 (these values are from the optimal parameter set for the control case and
were determined using the least squares error method in Chapter 3). The sensitivities

are computed as follows:

50
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e For treatment using a single dose of 6 Gy:

— 5,.(G) = 0.159,

— Sk, (G) = 0.299.

What this implies is that, in the ODE model of single dose treatment, for a 1% increase in
the probability of symmetric division, ps, the glioma stem cell percentage, G, calculated
2 days after the last treatment, increases by 0.159%. And for a 1% increase in the growth
rate of glioma stem cells, k¢, the glioma stem cell percentage, G, increases by 0.299%.
This means that G is more sensitive to changes in kg than ps. This is also depicted in
Figure 6.1, as the slope of the curve of G due to changes in k¢ is steeper than the slope

of the curve of G as p, varies.

e For treatment using a fractionated dose of 2 Gy administered on three consecutive

days:

— 5,.(G) = 0.323,

— Sk (G) = 0.546.

In the fractionated dose treatment, for a 1% increase in the probability of symmetric
division, ps, in the ODE model, the glioma stem cell percentage, G, calculated 2 days
after the last treatment, increases by 0.323%. And for a 1% increase in the growth rate
of glioma stem cells, kg, the glioma stem cell percentage, GG, increases by 0.546%. Just
as was observed in the single treatment case, this means that G is more sensitive to
changes in kg than ps. This is also depicted in Figure 6.2 as the slope of the curve of G

due to changes in k¢ is steeper than the slope of the curve of G as p;s varies.

We can therefore conclude that in both cases, variation in kg impacts the glioma stem

cell percentage more than variation in ps.

Also, Figure 6.1 indicates that simply varying either the growth rate of glioma stem
cells or the probability of symmetric division, in the ODE model, will not get us a
result that corresponds with the experimental data. In fact, both kg and ps need to be
increased in order to obtain a stem cell percentage that is close to the in vitro data. In
the fractionated case, we notice that a high enough increase in kg in the ODE model,

predicts the stem cell percentage to be the same as experimental data. But in order to
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have a universal explanation that explains both, the single and fractionated treatment
results, we will hypothesize that not one but both parameters, ps and kg, are altered

when a tumour undergoes ionizing radiation treatment.

Treatment: 6 Gy

LR T T T T i
g+ ¥ . . 7
......... arying p_ in ODE
In witra
a5k — = =Warying k, in ODE 4
L -7
QO 4l -7 7
) -
o -
-
351 ."‘, )
-
e
|# IIIIIII
/" IIIIIIII
I+ ."/ IIIIIIIIIIIIII ]
!
~"' IIIIIII
L !
T
Lttt
2_5-\"\'" 1 1 1 1 1 1 1 1 1
0 01 0.2 0.3 0.4 0.5 06 0.7 0s 0.9 1
and k
P G

FIGURE 6.1: Parameters p, and kg are varied in the ODE model for tumours treated
with a single irradiation dose and GSC% is compared with that found in in wvitro
experiments. The graph demonstrates that GSC% is more sensitive to the parameter
kq than ps. In tumours treated with a single irradiation dose, variation in either pg or
k¢ is not enough to explain the enrichment of GSC % in 4n vitro tumours. Hence, an
increase in both ps and kg must occur in order to accommodate this change.
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FIGURE 6.2: Parameters p, and kg are varied in the ODE model for tumours treated
with fractionated irradiation dose and GSC% is compared with that found in in vitro
experiments. The graph demonstrates that GSC% is more sensitive to the parameter
kg than pg. In tumours treated with multiple irradiation doses, increase in k¢ is enough
to explain the enrichment of GSC % in in vitro tumours. However, only increasing ps
does not predict the GSC % enrichment observed in vitro.
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6.1 Main results

We varied the values of ps over the interval (0, 1) and kg over a realistic range. The stem
cell percentage for these values were calculated using our glioma treatment ODE model.
The difference between the stem cell percentage calculated from the single treatment
ODE and that observed in vitro was calculated and squared. The same was done for the
fractionated treatment. These differences were then added, this made up the total error.
Errors were calculated for all values of p; and kg. The values for ps and kg for which
the error was minimum were selected. In this way, we obtained the best possible fraction
of glioma stem cells when compared to experimental result. The outcome is shown in
Figure 6.3. The optimal values are ps = 0.55 and kg = 0.56. When compared to the
parameter values from the control case, there is a =~ 57% increase in the probability
of symmetric division and a &~ 229% increase in the glioma stem cell growth rate once
ionizing radiation therapy is applied to the tumour. With these new parameter values,
the glioma stem cell percentage 48 hours after the last dose is better predicted. In the
single dose radiation treatment case, the modified ODE predicts that the GSC percentage
will be 4.16% (experimentally, this percentage was 5.26%). In the fractionated dose
radiation treatment, the modified ODE predicts that the GSC percentage will be 10.59%
(experimentally, this percentage was 10.5%). These are better results than that of the
unmodified ODE.

A possible improvement to our model would be to set the parameters ps and kg as
functions of the irradiation treatment. That is, these parameters would be functions of
the dose D(t). Therefore, when the radiotherapy dose is non-zero, the values of ps and kg
will increase depending on the number of fractions the dose is split into. Incorporating
ps(D(t)) and kg(D(t)) in our glioma treatment model is left as an exercise for future

work.
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FIGURE 6.3: GSC% calculated 2 days after the last irradiation dose. The black bars
represent the GSC% determined experimentally using the U87 glioma cell line (illus-
trated in Figure 1.6 [16]). The dark blue bar represent the GSC% calculated from the
solution of the unmodified ODE. The light blue bars represent the GSC% calculated
from the solution of the ODE that was modified after sensitivity analysis was performed
on parameters ps and kg.
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Discussion

7.1 Future work: Adding quiescence to our model using a

delay

One of the biological properties of tumours that undergo irradiation treatment is the
property of growth arrest. Growth arrest occurs when a cell is distressed and needs to
take some resting time in order to recover from damage. When a tumour is irradiated,
DNA damage occurs. To recover from that, glioma stem cells go into quiescence mode.
This phase lasts for approximately 16 hours [11]. As we are comparing outcomes from the
differential equations to that of the Cellular Potts Model, we want all the assumptions

made in the Cellular Potts Model to be reflected in our differential equation model also.

The Cellular Potts Model accounts for growth arrest of cells as a consequence of irra-
diation treatment. Our ODE model, on the other hand, does not. In Chapter 3, we
considered models where quiescent cells existed in addition to stem and cancer cells.
But a comparison of the models by the Akaike Information Criterion we concluded that
the quiescence models did not fit the tumour growth data as nicely as the no-quiescence

model did. Hence, the models containing quiescence were rejected.

In Chapter 6, we compared the results from the Cellular Potts Model to that of our
ODE. But can we compare two models that do not have the same assumptions? We
will now try to incorporate growth arrest into our differential equation system in order

to obtain a system that has the same assumptions as the Cellular Potts Model.
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We construct a delay differential equation system that incorporates growth arrest, caused
by radiation treatment, into our ODE model. In layman terms, this delay differential
equation system says that from all the glioma stem cells that were eradicated by treat-
ment, some of these cells return with a rate of 47 after a delay of 7 = 16 hours. Similarly,
amongst all the cancer cells that were removed due to treatment, some return with a
rate of vy after a delay of 7 = 16 hours. However, as the glioma stem cells are greatly
resistant to radiation and the cancer cells are far less resilient, we keep vy < ~vy. The

corresponding delay model reads:

U= pskaU (1 — (UgV)) — hroy U +ywhrg, (t —1)U(t —71),
V= (1-ps)keU(1 - (UJFCV)) +kcV (1 - (UZ,V)) —oV (7.1)

_hLQV (t)V + ’)’thQV (t — T)V(t — 7’).

For variable recovery time, that is when the delay 7 is not fixed, the recovery rate
of growth-arrested stem cells is vy = Oye 7T, where 0y is the rate of transition of
a quiescent stem cell to become an active stem cell again and the term e™"U7 is the
proportion of cells that survive treatment. Similarly, vy = 6y e~ "7 is the recovery rate

of growth-arrested cancer cells.

Does incorporating growth arrest into our differential equation actually make a differ-
ence? The Cellular Potts Model’s results that we have seen so far are outcomes of a
system that allows growth arrest after treatment. However, for fractionated treatment,
the Cellular Potts Model also considered a case where the cells do not go into arrest. We
will use that result to observe how a model containing quiescence compares to a model
that does not consider quiescence. We notice that in both, the Cellular Potts Model and
the differential equation model, the glioma stem cell percentage is lower in models that
contain quiescence to those models who did not consider quiescence. This is shown in

the bar graphs in Figure 7.1

As part of our future work, we will do sensitivity analysis on the DDE model. Consider
Figure 7.2. In this figure, we compare the GSC percentages predicted by the unmodified
ODE and DDE with the in vitro GSC percentages. The results from the DDE are
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FIGURE 7.1: This bar graph compares GSC % calculated using both CPM and differ-
ential equation models, in cases where quiescence (using delay) is considered and when
quiescence is not considered. The red bars represent the model that does not account
for quiescence in the system. Whereas, the grey bars represent models that incorporate
the assumption of quiescence.
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FIGURE 7.2: GSC% calculated 2 days after last irradiation dose. The black bars
represent GSC% determined in vitro, the blue bars represent GSC% calculated from
the ODE model and the grey bars represent GSC% calculated using the DDE model.

similar to ODE results. Sensitivity analysis using the parameters ps; and kg may give

us a similar observation as that made in the modified ODE model.

7.2 Discussion and Conclusions

The Glioblastoma Multiforme (GBM) is a heterogenous mass of tumour cells. These
tumour cells have different characteristics. We have created a mathematical model that
uses ordinary differential equations to predict population dynamics of these cells. Our

model uses the following assumptions: The stem cells (known throughout this thesis as
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glioma stem cells (GSC)) are powerful cells that are capable of dividing continuously
without dying. Whereas, the non-stem cells (referred to as cancer cells (CC)) are mortal
cells that divide till their proliferation capacity runs out. We conduct analysis on our
model and conclude that as time tends to infinity, the tumour will comprise only of stem

cells.

We include treatment to this mathematical model using the linear-quadratic concept
of cell death due to radiotherapy. Different types of treatment, including treatment
administered in a single dose and treatment administered in multiple smaller doses are
compared. We analyze how different treatments may affect the tumour composition
of cells. As the glioma stem cells are resistant to radiation (an assumption that was
considered in our ODE model), an increase in the stem cell ratio in the tumour was
expected after treatment. Our mathematical model results confirmed this. However,
the in vitro data demonstrated that the GSC percentages in the GBM after irradiation
were a lot higher than that predicted by the ODE model. Gao et al. [11] claimed that
there is a radiation-induced biological alteration occurring in the glioma stem cell that

causes enrichment in their population.

Gao et al. hypothesized that after radiotherapy that has been administered in fraction-
ated doses, the glioma stem cell dynamics change. The likelihood of a glioma stem cell to
undergo symmetric division is higher. The chances of symmetric division to occur may
increase from as low as 35% to as high as 75% (literature suggests that these conditions
are possible [11]). In addition to that, the glioma stem cell has a significantly shorter
cell cycle of 12 hours instead of the normal length of 25 hours. The authors also include
the case where both radiation-induced events occur, that is, the chances of symmetric
division increase partially and the cell cycle shortens to 18.5 hours. If the CPM takes
these changes into account, the fraction of glioma stem cells in the simulated GBM tu-
mour is comparable to in wvitro data. The authors conclude that even though the CPM
predicts a suitable glioma stem cell percentage two days after the last irradiation dose
for all three cases, increase in the rate of symmetric division seems to be the dominant

reason as to why there is radiation-induced enrichment of GSC in the tumour.

Using our ODE model, we set out to test Gao et al.’s hypotheses. We do not only
consider the case where the tumour is irradiated with fractioned doses but also the case

where the tumour receives a single dose of ionizing radiation. We perform sensitivity
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analysis using the parameters that influence the glioma stem cell cycle’s length and the

cell’s ability to divide symmetrically, namely kg and p, respectively.

Our major finding was that contrary to the conclusion derived from a CPM-simulated
GBM, the dominant mechanism for the increment in GSC fraction in the ODE-simulated
GBM is the shorter cell cycle induced by radiotherapy. In other words, in any kind of
radiotherapy treatment, single-dosed or fractionated, the GSC percentage is more sensi-
tive to the growth rate of stem cells. In fact, the increase in the probability of symmetric
division alone is not enough to explain the enrichment of GSC ratios in the GBM tu-
mour. Another important finding of our ODE model was that as the treatment dose is
broken up into more fractions, the model becomes increasingly sensitive to variation in
parameters ps and kg. In addition to that, these parameters increase GSC percentage
in the ODE model for fractionated treatment more than in the ODE model for single

dose treatment.

In conclusion, similar to the Cellular Potts Model, our ODE model indicates that the
radio-resistant feature of glioma stem cells is not enough to explain the abnormal en-
richment of stem cell ratios after radiotherapy in witro. This increase in the stem cell
fractions is instead a result of radiation-induced increased stem cell population. The
increase in stem cell population, after treatment, is attributed to faster cell cycle and a

shift in symmetric division of glioma stem cells.
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