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ABSTRACT

The gfowth nodel initijﬁgg'by R. M, Solow dealt only with

the real scctor of an economy. The .neoclassical monetary growth )
model dqalt with outside méﬁey and its effects on the " real sector"
of an economy. Ho&ever, oqtside money or government debt itself
consists of two componént§: high—péwered money and government bonds.
The butstanhing government debt is changed by a direct increase or
decrease in high-powered money, and by an increase or decrease in
the money supply generated by open market operations. The second
component of outside money was not iécluded in the earlier neo-
classical mgngtary gtbwgh modelss Thi; studv attempts to take into
account both\c;mponents of outside money. ‘When the second component
is included, it affects disposable income which, in turn, affects
the saving and int9ttment functions.

The question of stability is examined in the short-run
and lqng—run dynamic models with three assets; money, bonds, and
Rhysical capital stock. It has been found that the stability of
ghe dynamic system depemds on the.interest elasticities of demande
for money and bonds, and on the natural rate of growth of an
economy. This study suggests th;t the monetary authorities could

select the ratio of money to bonds in such a way that the economy

‘would move into the region of the stable growth path®,
/
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LIST OF NOTATION

an expression used in the Routh Theorem,
an \element of non-singular matrix E,

)
the real value of all securities (whether held by the private

sector or by the central bank), .

B/rPL: real boqd holdings per capita,

the number of nominal bonds outstanéing, paying one dollar
per coupon,

- >

the rate of new issue of government bonds,

the rate of real consumption expenditure,

the real value of business profits,

the rate of growth of the financial market,

the rate of real government'expenditures on goods and
services, .

the rate of real investment expenditure,

- 3

K/L: capital-labour ratio,
' 4
the speed of the price movement in the commodity and
service market,
- .
the speed of the price movement in the securities market,

the level of reqiTj;éck of physical capital,
labour force available at time t,
M/PL: real money holdings per capita,

the nominal stock of high-powered money,

the rate of new issue of money in nominal terms,

the natural rate of growth of the labour force,

viit \
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M
the general price level, B .
. L L,
the nominal market rate of {nterest,
.

the real markgt rate of interest s

. -

the marginal agd average propensity to save out of disposable
income,

N

the level of real saving,
the time‘Period, -

the marginal and. average tax ra:i,

0 T
the rate of nominal transfer payments excluding the interest

pa‘ment on the outstanding government bonds,
L J

the rate of real tax revenue, »” “
the level of real wages,
the level of real wealth in the private sector,

the rate of real national output per capita,

|

net national product in real terms,

the rate of real disposable income per capita,

the rf®™wf real disposable income,

the proportion of the total supply of securities held by
the private sector as opposed to that held bv the central
bank, :

the "expectation coefficient" of cha‘ges in the price level,

the rate of growth of nominal'money,
~ \]
the speed of adjustment in the asseE’mﬁgkets, e

the rate of growth of nominal bonds,
the elasticity of demand for bonds with respect to theg
rate of interest, j

0y

the elasticity of demand for money with respect to the

rate of interest,
A
ix\\

.
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4 . .
’ 1] - v = B the rate of money or bond expans fon,
m
'1 - b the ra‘tio of government debet, f.e., the ratio of maney
, to bpnds, , .
[}
[ =  the real rate of return on capital, the miarvinal produet ot
capital, :
L]
n = the e¢xpected rate of change in the price level,
* = over a symbol stands for the equilibrium value,
. = (a dot) over a symbol stands fo'r time derivative,
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CHAPTER 1

(RN

> INTRODUCTION
This th;sls deats with the analysis ot tne nonetary prowth
m‘Sol and tollows the general torm of Tobin's work., Oespite the laryge
T

volume of literature on the monetary growth model, little has been
done to explain the rol‘ of bonds and the intyrest rate {n the growth
process.  In this studv, monev is outside monev, and new issues of
money and bonds are c¢reated to finance the government budget deticits.
We assume in this studv that the government expenditures on yoods and
services, G, is equal to the government revenue trom taxation, V.
The govermment budpet detficits then comsist ot the transfer pavment s
and the interest payments to the bond holders.

The study begins in Chaptgr [, where we review the basic

~

neoclassical growth model and the role of outsSide monev in the model.
Since modern economies cannot ignore the role of tﬁc interest rate and
its effects on the real sector of the economv, in the second section
of Chapter [l we examine the roie of.bonds in a growing economy.

Unfortunatelv, there is not vet as much work done in this area.

In Chapter IIl, we introduce, therefore, government bonds

e A

into the neoclassical monetary growth model in qLBpry simply way, and
we specify a growth model with three assets, namely, private ﬁhysical
capital, money, and government bonds. The model also contains an
aggregate production function, a growing labour force, and behavior

equations for asset-holdings and private savings. Disposable income

v 1



has an impn.\rl.iN{u tn this model and consfsts of real fncome glus

.

the inBrement {n goveriment d\-)t'. -
S | . ‘,

In Chapter 1V, the main part of this thesis, the dynamie
* . Ny
path of the model will be examined., 1o p.lrtlu\l.lr, the exi{stence of
L]

steady ecquilibrium prowth paths aad therr ?l.thitv conditions will
. —‘. )
be analvsed tor both the short-run and lonp-run dynamic systems.
. . o
Since the method of stavility emploved here s rather mathematicale

in nature, occasional mathematical presentations have been unavoidable
. [ ]

*throughout the thesis, The Routh theorem has been us*in order to

>
find whether or not the dynamic system is stable.
The results ot our studvy are presented in Chapter V', the
closing chapter. Here wd ngt only present the results, but also
A h :

indicate that some of the assumptions could be relaxed in order to

have better result. 1n the sense to approximate realitv more closelv,



CHAPTER I1

\ C
REVIEW OF NONEY AND BONDS IN GROWTH THEORY

The Role of Monev and 1n a Growing Leonomy
The basic assumptions of the Solovian neoclassical growth

1 . .
modBY” for an economy that produces a single homogeneous output, Y,

wiifh can be either consumed or saved and invested, are as follows:
: - :

(1) The rate of growth of the labour force is given exogenously

as n. N

1%

(2) The production fuhction, Y = F(K,L), 1is linear and homogeneous.
It has the special properties of substitutability of labour
and capital, and exhibits di%inishing marginal returns to both
factors.
(3) Investment is assumed to-rbe alwavs equal to saving, and saving'
is a fixed‘fraction of output. ;

Since the production function is linearly homogeneous, we can show

output per capita as a function of capital per capita: \s\

(2.1 y = f(k), where y =Y/L, and k = K/L

Any grow&h model must be able to answer the tollowing

questions. Do long-run equilibrium values of capital per capita, K,
1R. M. Solow, "A Contribution to the Theory of Economic
Growth,” Quarterly Journal of Economics 70 (February 1956): 65-94.

See also R. M. Solow, Growtﬂvfhcpryj An»&}gosition (London: Oxford

University Press, 1970), pb:w1137.~_ T
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and output per capita, y, exist? Are these values stable? What are
the values of wages and profits? What is the distribution of output
between wages and profits? What are thé values of consumption and
\ AN
saving per capita?
Indeed, the neoclassical growth model tends toward a long-
run equilibrium of steady state growth starting from any iwitial

values different from those required for steady state growth paths.

Given the values of capital and labour available for empl oyment Epder
»

<4,

.the condition of profit maximization, l.e.q o
(2.2) b= W ¥r(k)
) dk - .
2 = - a0 -
(2.3) : w aL f(k) £' (k) k _ .
(2.4) y = f(k) = w + pk ,

the combination of factors is assumed to be such that there will
always be full emplovment of available capital and labour at an
appropriate level of wages, w (in real terms) , and rate of profit,
©. The properties of the production function will gugrantee the
existence of a unique solution at w and o greater than zero -
with any arbitrary K and L. Since saving equals income minus
consumption, and saving equals investment, as an equilibrium con—
dition, we have no problem of unemployment due to ineffective
demand, as we have ;n Keynesian theory. From k = K/L, by

logarithmic differentiation with respect to time we get:

o

= E.
e
e

(2.5)



and since K

I =S = sY = sF(K,L), we have

sF(K,L) _ sf(k)
K k

K
K
Therefore,

k _ sf(k)
(2.6) K™ - o d

Eq (2.6) is Solow's fundamental equation. Steady state full employ-

ment growth at a constant capital-labour ratio requires that k = 0;

(k)

thus K

= 2 . ‘The "well-behaved" production function ensures
that,there always exists a unique value of k; as a solution to

Eq (2.6), the long-run equilibrium capital-labour ;atio, at which
equilibrium output per capita is y*, and Y,' K, and L all grow
at the same rate n. It is easy to explain that, starting from any

value at which ko # k*, an economy will eventually converge ta a
steady state growth path. Beginning at any point, such és ko < k*,
saving out of full employment income exceeds the investment required
-
at the existing capital~labour ratio to prévide employment for the
increment in the labour force. In other words, the existing capital-
labour ratio is too low. In Harrod's term we have a situation where
. .
the warranted growth rate exceeds the natural growth ra é; Since it
is assumed that S = I, the capital-labour ratio mustﬁ'ise*.r;d,
given a competitive magrket, the wage rate rises and the profit rate
R
falls. Under the assump?ion of profit maximization (or cost minimi-
zation), the producers choose a technique with a higher capital-labour

ratio. The value of w rises to the point where all the available

stock of capital is fully utilized. This process continues during



the subsequent pericds, and eventually the economy will reach that

point where the capital;laboun ratio, k*, 1is such that- the available

saving is just enough to employ the increment in the laBour force
) .

with the same capital i#ntensity. At such a pbint the warranted grogth

rateé will be équal to the natural growth rate and the solution will
: - 4
become consistent wiwh a steady state. Alternatively, if the natural

- growth rate is greater than the warrented growth rate, a similar
process will work in the opposite direction, i.e., .w falls and »p
goes up.

,
Because of the properties of the production function,

capi;al and labour ca; be suBstituted so long as w and ¢p are
assumed to be flexible. Therefore, the full employment of available
capital and labour is always guaranteed regardless of the size of
the labour force and the stock of capital. Moreover, such a sub-
stitution can go on until the steady state ishreached.

These results follow from the assumption of a single out-
put. economy in yhich planned investment is equal to planned savings,

i.e., markets are always in equilibrium. The only form in which
wealth can Qg‘ﬂedg is real gapital. The model deals with only the
real sector of an economy. Since modern economies are mohetary
economies, the introduction of money into the érowth model 1is a‘step
towards reality. Tobin introduges money into the. neoclassical growth

.

1 .
model. The introduction of outside money into the model .raises the

lJ. Tobin, 'Dynamic Aggregative Model," Journal of
Political Economv 63 (April 1955): 103-15. See also J. Tobin,
"Money and Economic Growth," Econometrica 33 (October 1965):
671-84. .
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question of waifer or not -the money'has any effect on the real
variables of a growing economy, {.e., the question of whether mbney

15'n%ptral. In static analysis, if wealth is not an argumentsin the

saving function, and if prices are flexible, the quantity theory

éuggests that doublié} the stock of money will cause the pricevlevel

to double with no effect on the real sector 4f the gconomy. In

. A

growth theory, the question of the neutrality of money is related,

not to the absolute level of the money supply, but to its rate of

change over time. That is, if money 1is neutral, changes in the rate
of growth of the nominal money supply will have no effect on the
equilibrium growth path of qutput and consumption per capita. From

’

S°l?¥;s fundamental equation, Eq (2.6), we.éet:

\ il
. i g
(2.7) k = sf(k) - nk
» L]
(2.8) LA nk + L
L
\ :
where 1 is investment, and % =.sf(k). Output'pf§ capita can be
RS

written as B

(2.9) oy =

o
+
(el

where C is consumption. By subs(itz;}ng (2.8) into (2.9) we get

k= (v - nk) -

[olle)

(y - nk) {s the per capita output available for 6onsumpfioh and for

the change in capital-labour ratio, k. If money is not neutral, it

A



¢

/

"can affect either ¢ " or (yv- ﬁk).

(2.12) . Yda=Y+Z(e-m,

-

L
However, the main results of T051ﬁ'n:work afe: {a) the
equilibrium.capital—ihbour ratio is higher in’a non-méneﬁary ‘economy
than in a ;onetary economy; (b) the steady state capital-labour
ratio can be affected by changing the rate of growth of the nominal
quanity of money. These results indicate that money is\not néutral
in the sense mentioned above. In Tobin's model, disposagie income
plays an .important role because money affects the real variables

through' its effect on real disposable income which itself determines

savings. Disposable iﬁcome, Yd, 1in Tobin's model is:

. d M, .
- (2.11) Yd Y+EF(;) ’

which can be written as :

-

e
o | e

where 6 = , and w = It is assumed that the expected rate of

¢hange in price, n, is edual to the actual rate of change, P
Obviously, the importance of this distinction arises when the two
are ;ot the same. We will later consider the case when ‘% $u

If the éovernment real deficit is equal to % (6 - #), we can say
that (in real terms) saviqgs equals investment plus the governﬁent

defic.it:.o Given the-*assumption of saving as a constant proportion

of disposable income, it follows that -

T . d M . 4 M
(2-13) S[Y + ‘d‘E (F)] = K +-H F) N



. ' d M d M |
(2.14) K=s[Y+ = %)] -4t P -
Eq (2.14) is ‘often r€§1!red to as "Tobin's fundamental dquation.’' .
: _ e : \

Using the assumption that the labour force grows at some given rate

-

n, Eq (2.14) can be written as

(2.15) k = sf(k) - (I - 8)(8 - m)m - nk , T\\\\‘\

M
where m = PL *

Lewharvi and Patlfnkin challenged both of Tobin's results.l

In their approach, the opportugity cost of holding real balances is

the yield on capi ess the yield on real balances. The rate of

return on capital is defined to be p = f'(k). The rate of return

on real money balance§ is - g . 1If there is aqlositiveerate of

) ~ P
interest on money,, r, it becomes r - R Hence, the opportunity

T

cdst of holding real cash balances 1is (p + - r), which is equal

to the marginal utility of real balances as a consumer good; and

(0 + L - r)'ﬁ is the real value of the services of real balances.
P P

Disposable income in their model is equal to output plus rq}l
i .

transfers from govetnﬂent plus the real value of the services of

/
real balances, i.e.,

(2.16) | BRI S C S IR S I

where n = g 1s again assumed. When r = 0, Eq (2.16) becomes

A

lD. Levhari and D. Patinkin, "The Role of Money in a Simple
Growth Model," American Economic Review 68 (September 1968): 713-
53. ‘




(2.17) Yd = % (8 +p) +Y o

Eq (2.17) can be written in terms of disposable income per capita:
v

(2.18) ‘yd = f(k) + m(8 + p) ,

and the physical consumption per capita is ' ,

(2.19) fel-syd-mo+D,
C P o
(2.20) T~ (1 - s)f(k) + (1 - 8)(86 %+ p)m - m(p + F) .
At the steady state we have % = 1 =6 - n. Therefore,
(2.21) %- (1 - s)f(k) + (1 - 8)(8 +p)m-m(p+ 6 =n) .

I1f we assume that n = 0, Eq (2.21) becomes

(2.22) . '% = (1 - s)f(k) - s(p + &) .

. Cr
Since s > 0, there exists a negative relationship between per

capita real balances, m, and the per capita consumption of goods.
Thus, when the services of real balances are regarded as a component
of disposable income which yields utility directly, a total con-
sumption ;s assumed to be proportioqc;,to disposable income, we get
a negative relation between per capita real balances, m, and the
per capita consumption of goods.’

‘ In Tobin's model, all mafkets are cleared at any moment

of time. Tobin was interested in the steady state path of an

economy and did not show how this steady state is reached. Sidrauski

o]

FY



uses 4 variant of Tobin's model, and considers the case in which

% d n-l He shows .that given the rate of monetary expansion, an
equilibrium growth path exists, and there is only one stock of -
capital and one stock of real cash balancés associated with an
increaselin the rate of monetary.expansion that will increase the
long-run capital-laboué ratio. Sidrauski uses the adaptive expectatfon
hypothesis and then derives the pef capita equilibrium values of
money blances, m*, and capital, k*. His model will approach its
steady state. If 1 + YE% > 0, a constant rate of monetary.
expansion will guarantee the stability‘of the equilibrium growth
path without fluctuations in capital stock or in the rate~of change
in prices; Alternatively, if this condition is not satisfied,ythe
steady state solution to the model is unstable. He says that

the more rapidly do people tQQust their expectation, namely;

the higher is the expectatiom coefficient, the higher will be the

3"

L. ]
to saying that the lower the expectation coefficient, the higher

probability of the system being unstable. This 1is equivalent
the probability of the system being stable.
Hadjimichalakis refers to Tobin's (1965) article and

points out that "a careful study of Tobin's paper suggests that he

lV Sidrauski, "Inflation and Economic Grqwth,' Journal of
Political Economy 75 (December 1967): 796-810. ’

2

In Sidrauski's terminology Y is the expectation coefficient,
r 1is the opportunity cost of holding real cash balances, r=p + m,
and n, is the demand elasticity of money with respect to r. In
Chapter III we will assume that r = p + m be the market rate of
interest on government bonds. . '

3bid., p. 807.
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dous not restrict his analyais to the case of P n.l" Hadjimichalakis

introduces disequilibri as wall as expectation into the neoqfaauical
monetary growth model and cadls it a "Generalized Tobin Model." Since
Tobin was interested in the steady state equilibrium solution, he

held that the expected and actual’ rate of inflajjion were equal,)nnd

that the demand for real cash balances was equalito the supply, g .

ol » &

*is a special case of the "Generalized\zobin Mo
to Tobin's model and the question of whether oY
cleared, Hadjimichalaﬁis shows_that .tl ! ' R ‘:obin Model" 1is
unstable in both the short-run aAd thd » '
thelr expectation quickly and the speed of adjuatment.in asset markets
is high. Thus, when people adjust their expectation quickly, both
Sidrauski and Hadjimichalﬁkis have found that the long-run equilibrium
is unstable. We shall attempt to show that, under a certain set of
assumptions, the neoclassical monetary grgwth model with government
bonds has a tendency towards stability when the expegtatioﬁ‘coefficient
and the speed of adjustment in asset markets are high. We shall also
demonstrate that the equilibrium value of m* is lower in the .

«

neoclassical growth model with government bonds than in the '"Gen-
5 :

eralized Tobin Model." This result is expected since there exists

an alternative asset to real capital and money, namely, government

;M. G. Hadjimichalakis, "Equilibrium and Disequilibrium

Growth With Money —— Tobin Model," Review of Economic Studies 38
(October 1971): 459, footnote 1. Tobin's statements is that "it
will take time for the new rate of deflation to register in expecta-
tions and for wealth owners to try to adjust to new expectation."
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\ . bonds. e

The Role of Bonds in a Growing Economy

‘ A theory is usually regarded as a monetary theot"
i the economic system envisaged is one in which ®
the equilibriun interest rate, or the equilibrium
patterm of rates, can be altered by a change in
the quantity of money.4& -

Metzler distinguished between two different types of
increase or decrease in the quantity of mo&ey. The first is the
change in the guanity of money which takes place through open-market
operations; the second is a direct decrease or increase in the money
supply. In the latter lase, the money supply is changed without
changing private nominal holdings of other assets, but, in the former
case, the change in money supply is accompanied by a change in the
privaté holdings of other assets. Metzler contends that the classical
theory of the interest rate is a theory of real interest rate in

which neither of these two types of change im the money supply can
have any effect on the level of the equilibrium raﬁe. The .equilib-
rium rate of interest is independent of both the quantity of money
and the policy of the ceéntral bank.. Therefore, the classical theéfy
is a non-monetary theory. Keynes' theory is a purely monetary theory
of interest rate. With respect to the rate of interest, the neo-

clagsical theory has an intermedifite position between the classical

and the Keynesian theories.

lL: A. Metzler, ''Wealth, Saving, and the Rate of Interest,"
Journal of Political Economy 59 (April 1951): 96,

t L
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According to Metzler, when we study monetary economies we
should not ignore the interest rate and the role played by the
interest rate. But the neoclassical monetary growth model simply
ignores the fact that any open-market operation, by the purchasing
or selling of securities, will change the quantity of money a; wvell
as the 1ntefest rate. The neoclas-féal monetary growth modél does
not take into account that part of disposable income which 1is
generated by interest payment. Obviously a more complete growth
model would have both types of government debt, Interest-bearing and
non—interest—bearing. However, Met;ler introduces the interest rate
and bonds into his dynamic model. Si!go a fall in the ;:al value of
moﬂey balances is equivalent to an 1ncregse in prices, a change in
Prices can be expressed in terms of a change in the value of money

if there is no new borrowing or lending by the banking system.'1

Therefore,

d M
(2.23) ac B = K EG,wW - 1(n)] ,
where Kk the speed of the price movement, is constant and greater

Il

than zero, and saving is assumed to be a function of the rate of
interest, r, and the real value of z11 privately held wealth, W,
including ?oth moneyv and securities.

.It is assumed that security prices tend to rise whenever

asset holders on balance attempt to shift from money to securities

Ay )
llbid., p. 115.

\
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and that they fall when asset holders attempt to shift {n opposite

direction. The attempted shift, in turn, depends upon whether the
-

actual ratio of cash to securitics is higher or lower than the

desired ratio. Since a rise in the price of securities is equi-

valent to a fall in the rate of interest, we can have

. . M/P)
(2.24) r k2[L(r) - ga ]

where k2 is a constant, greater than zero, g is the real value
of private méne?rholdings, a is the real value of all securities
(whether held by private owners or by the central bank), 3 is the
proportion of the total supply of securities held‘by private owners
" as opposed to that helaﬁby the central bank, and L(r) 1is the real
liquidity-preference function. In addition, the following two

dafinitional equations are assumed to be satMsfied at any moment of

tife, without lag:

(2.25) . We=a+
) 3
R 1
(2.26) a =¥
r

where Y denotes real national income under the condition of full
employment, and c¢Y 1is business profits.
These four equations, Eqs (2.23) to (2.26), complete

" Metzler's comparative dynamic system. Taking the linear approximation
&3 :
at a stationary point {r*, W* M*  and a*),‘.it has been found

that the dynamic model s stable. If the change in prices does not

alter the form of the liquiditv-preference function, the saving



-

\,
le

N

sdunction, and the [nvestment tunction, the dvoamic svetem will]l even-

tually reach a stationary or static positfon,

S

The central bank can attect the rate of growth ot the e conomy
by changing the rate of {nterest. "By purchasing securi{ties, it cap
reduce the value of private wualth,’(hervbv ?nvrvnsing the propens{ty"
to save and capslng the system to*attain a new equilibrium at a per-

manently higher rate of capital accumulation. In a similar way, by
[ R -

selling securities, it can increase the real value of private weglth,

loweg the propensity to save, raise the equilibrium rate of interest,

and reduce the rate of capital accumulation. Obviously, the sub-~

stantial influence of the bank upon the rate of growth of .the economy
depends upon the magnitude of the saving-wealth relation. If the

o

saving-wealth relation {s large, the propensityv to save increases or

decreases as the real value of private wealth falls or rises, {f the

’ .

bank sells or buvs scourities in large quantities, the rate of
P

growth mav be affected to a4 considerable extent by gsntral bank
policy. In particular, of cowmgse, there is a limit to the amount
of securities thc bank can purchase and sell; it cannot sell more
than {t owns or buv more securities than are available in the
system.

As Metzler himself mentioned, this dvnamic system made no
allowance for expectation, and expectation may have a destabilizing
influence on the system. A rise in commodity prices may lead people

- »

to anticipate a further price increase. This will probably cause

Ibid., p. 112.

<
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saving to decline and investment to increase, thereby widening the
-t
-

inflationary gap and causing further price increases. Likewise, if

‘security prices are rising, asset holders mav anticipate a further

rice increase, eand attempt to shift from money to securities. This
P , ) y

will cause a further rise in security prices.
Enthoven introduces bonds into the dynamic model.l He
5
assumes that investment, business saving, and households' demand for
. B
bonds and consumption are all homogeneous of degree one in the asset

and income variables, but not in the price level. IK/;is model, partial
analysis is used to show the stability of factor proportions and the

ratio of debt to income. Enthoven is able to show the stability of

9

<

the capital-labowr ratio for his model in balanced growth. The
'y

interest rate is negatively related to investment. Higher level of
interest rate will correspond to lower level of the investment
function. In addition, Enthoven shows that as debt and income grow,
the ratio of debt to incomé will converge to a stable, limiting

value3 and illustrates the stability of the nominal bonds outstanding-

capital ratio. His model, like that by Metzler, makes no allowance

'lA. G. Enthoven, "A Neoclassical Modcl cf Money, Debtand
Economic Growth,' the Mathematical Appendix to J. G. Gurlev and
E.5. Shaw, Money in a Theorv of Finance (Washington, D.C.: The Brook-

ings Institution, 1960): 303-58,

The investment function is a decreasing function of the
. » .
capital-labour ratio.
’

A limiting value will be greater, the greater is the
effect of income on borrowing, the lower is the rate of growth of
income and the less is the deterrent effect of existing debt on new
borrowing.
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for expectations. Moreover, it assumes that the system hag an -
L)

equilibrium solution for each variable; then the effect of‘ch;nge
in each variable is examined. '
Ethier introdute# bonds ana the intergest rate into bath
the neoclassical and the géxﬁesian monetary growth models. His
short-run model of the neoclassical type shows that an increase in
the rate of growth of financial assef% will raise the. price level,
reduce the real rate of intérest, and raise the rate of capital
accﬁmulation. He does not show g%e.condicions under which the
L}
short-run equilibrium is stable; nor does he show whether or not
there exists a limit or - range for the ratio of the government
debts within which the stability conditions are sg) “ied. In
his long-run dynamic model, he emphasized the « ‘cta @f the long-
run values of the rate of growth of financial assers and the
government debt ratio on the nature of the long-run equilibrium,
rather than the conditions under which the ong-run equilibrium
is stable.
In the following chapters, our purpose is to introduce
government bonds into the neoclassical monetary growth model and to
examine the stability properties, if any;‘for both the short-run

and long~-run dynamic system.

lw. Ethier, "Financial Assets and Economic Growth in a
Keynesian Lconomy," Journg}_Eg;;gygaﬂxugyedit, and Banking 7 (May

1975): 213-32. ®



CHAPTER III

DESCRIPTION OF THE MODEL

The econémy~is divided into three sections: business firms,
households, and the government. Following the neoclassical growth
’ ~
model, we assume that there exists a single output, Y, used both

as capital and as consumer good, which is produced by two factors of

production::namely, capital, K, and labour, L,
' Y = F(K,L) . .

We assume a well-behaved production function. By 'well-behaved,"

we mean the function F is twice continuously differentiable,
linearly homogeneodus and, in addition, has the following 5roperties:
(1) positive and diminishing marginal productivities of the two
factors, and (2) zero output at a zero input level, *(Impossibility

of the Land of Cockaigne).l

y = f(k) > 0, for 0 < k < =

f'(k) > 0, f"(k) < O, for k >0

lim f'(k) = = , lim f'(k) = O

%

and, in addition

lT. C. Koopmans, ''Analysis of Production as an Efficient
Combination of Activities," in Activity Analysis of Production and

Alfocation (New York: John Wiley, 1951): 49.

19 7\
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-

£(0) = 0, lim f(k) = =, ‘ :

k » =

Y K
where L and k L

Households supply labour and capital to the factor markets,
The factor markets are assumed always to be in competitive equilibrium,
and each factor is paid the value of its marginal product. Ther&fore,
ﬂ!ﬂthe real rent on capital, p, 1is glways equal to the marginal product
of capital; the real wage, w, 1is always equal to the marginal pro-
duct of labour. Firms employ these factors®of production in order
to produce the single output Y. Households receive wages, income

n

from assets, and transfer payments from the government sector. They
.

save a constant pro s (where 0 < s < 1) of their disposable

income. They det -Bow their savings should be held among the

available assetsf{ The¢ government sector can run a budgetary deficit,
L

financed by issues of new money and bonds,.in order to buy a part of
the current output of goods, to buy outstanding bonds, to pake
transfer payments or to make interest payments fo bond holders. We
assume- that there are no commercial banks or private bonds in the
economy. Therefore, the available assets are real capital, government
non—interest—beariga\debt (money), and government interest-bearing
debt (bonds). With money, bonds, and real capital, and a single out-.
put Y which can either be consumed, or saved and invested, let us
call this model a "Three ass@ne—sector growth model."

The rate of return on real capital is p, which is equal

L
to the marginal product of capital. The rate of return on money and

bonds depends on the interest rate and the price level. The rate of



.r

a ‘ ’ K é
return on money.is equal to the negative of the changing price level,
RN .

and the rate of return on bonds is equal to the market interest rate

on government bonds, r, plus the negative of the changing price

.
[

level.

The total government expenditures must be equal to the
total government financing from all available sources. In other

words, government revenue from taxation, V, funds borrowed from

private lenders in exchange for bonds, %F » and new iésue of money,

v . o
v ,
g-, must be equal to transfer payments, P interest payments,p
. ¢« .y
bond holgprs, g » and purchases of goods and services, G, 1:e.,
3 . o
B M V- B
i — + = —— 4 4
v+ rP P P P G

E-); U 1is the tax rate.1

where V = U(Y + P

e

Let us assume that the government expenditures on goods

and services are equal to the government revenue from taxation, i.e.,

. - o
. B »
G = V. Therefore, ) + % = —‘;—— +g . Thus, the gove!‘t deficits
’,

are entirely financed by the creation of government non-interest-
bqarfng d%bts,‘money, and government interest-bearing debts, bonds.
Since the model includes money and bonds, transfer payments,
and interest payments by the govérnment, disposable income will be °
equal to the total payments to the factors of production, capital and

labour, plus the interest payment on the outstanding bonds and the

.

lT‘nis equation is from T. Tsushima, "On a Dynamic Macroeconomic
Model for Monetary and Fiscal Policy," Unpublished paper presented at
the CLA Meeting, Toronto, June 1974, &
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transfer payments:

d M . d B .
(3.1) Yd = F(K,L) + aT P+ E;-(;F .

’

Here Yd is'disposablé income, B 1is the number of nominal bonds

outstanding, M 1is the nominal stock of money, r is the interest:

rate on bonds, and P 1is the price level of goods. Eq (3.1) can

be written in terms of per capita.disposable income:
B P

(3.2) L st - P +rG -5

Q

. M B
where " m PL b T and the dot over B, M, P, and r

denotes the first derivative of the corresponding variables with,

~

respect to time.
.

f
{ .
. If the rate of return on money, bonds, and capital is such.

that households are willing to hold less money and bonds, capital
intensity will inérease and the rate of return on capitél will fall.
Since the vate of feturn on capital must be greater than zero, the
pfoperties of a "well-behaved" production function imply that there

exists a limit for capital intensity. At the stgtionary point ‘% =0,
i.e., the real sector achieves t:; steady state growth path, provided
that the rate of interest remains unchanged. Given the rate of

return on capital, in order to have a constant rate of interest the
authorities must expand money and boﬂds.at the same rgte (justification
for this st;tement will be presented later). We assume r.=p + 7w,

the nominal rate of interest is the sﬁm of p and n. Given r

and p, the expected rate of inflation becomes cbnstant. On the N

LY
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equilibrium growth path the expected rate of inflation is equal tod™

‘the rate of money expansion minus the natural rate of growth n.

At the steady state equilibrium path, the ratio of the government
b‘

debts, 61. must be constant, i.e.,

(M/P) _ _(M/PL) _m _
(B/rP) (B/rPL) b e1 (’

By lbgarithmic differentiation of this equatibn with renpect.to'tine,

wve get

B B b
m(i—f;—n) b(B—F-;-n)-O, .

where the labour force is assumed to grow at a constant rate n, By
substituting m = bel we get
.

M P r
be (-5 -™ -bG-F-Z-n =0,

M B
e M- B~ (61 - (s +n) =0,

since at the steady state growth path r - 0, and n = %-. This
equality holds at the steady state when
for (8, - 1) #0, 4i.e., 7 =86 - n, which indicates that on the
equilibrium growth path, the expected rate of inflation is equal to
the rate of monetary expansion minus the natural rate of growth of
an economy.

.By substituting m = b6 % - % = 6, and the expected

1’
rate of change of price level m, into Eq (3.2), we get

= g, (91— 1)(8-mr=-n) = 0,
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(3.3) y = £(k) + (8 -~ 1) (1 + 6))b - f b

a

and saving per capita becomes

(3.4) S S ey mef00 + 806 - M+ 0L - Tb) .

This per capita saving must equal the net addition to the community's

per capita stock of wealth:

S K _1d ,M_ B M
¢3.5) LYt ac Y -
or equivalentl;, ¢
-E-fc+nk+(6-—n)(l+e)b—.£b
L ‘ 1 r A
' I
Therefore, ,
(3.6) k = sf(k) - (1 - s)[(® -ym (1 + 6,)b - { b] - nk

At steady state equilibrium, the expected and actual rate
of inflation are equal, the capital-labour ratio and the rate of
interest are fixed, and money and bonds grow at the same rate.

But, before én economy reaches the steady state growth path, it is
possible that the various markets may not be in equilibrium and thgt

n may differ from g . In fact,Ywhether or not an economy can
reach an equilibrium growth path‘is a question to be answered. For
this reason, we allow the possibility of disequilibrium in this

model and then show that the economy does indeed reach a st*«~

state equilibrium under certain assumptions. We assume t

labour market is at equilibrium at any moment of time, t
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and bond markets are not at equilibrium, and tﬁat the expected rate
of ¢hange in the price level is diffgffent from the actual rate of

change. According to Walras' law, the sitive (negative) excess

demand for goeds and services 'Je price level to rise (fall).

Since it is assumed that the labour t is at equilibrium, the price
level must change in order to ensure the equilibrium in the cbmnodity

. »
market. Thus, the actual rate of change of inflation can be written as

3.7) %- clas+ b - H(:) - i(')] ,
. . -

where H(+) and ~é(°) are the demand functions for money and bonds
/
respectively (they will be specified latér), and € 1is the speéd
of adjustment which is constant and greater than zero. If ‘¢ +» =
(or % + 0), the sum of excess demands in the monéy and bond market
becomes zero.
For the dynamic behaviour of expectations, we use the

so~-called "adaptive expectation'" equation that was originally
introduced by Cagan (1556)l and used by Sidrauski (1967), and
Hadjimichalakis (1971) in their monetary growth models. Suppose
that the quantity demanded (as in a period of rapid inflation) is
determined by the expected price level rather than the actual price

level. Since the expected price is not directly observable, we postu-

late that the value of expectations is formed on the adaptive rule

1P. Cégan, "The Monetary Dynamics of Hyperinflation,” in

M. Friedman, ed., Studies in the Quantity Theory of Money (Chicago:
University of Chicago Press, 1956), p. 37.
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(3.8) L L (- T I

where t denotes the time period. Y 18 a constant, greater than
zero, and 1s called the "expectation cvefficient." This means that

current expectations are formed by adapting previous expectations in

the light of actual achievements, i.e., current experience. Expecta-

tions are reformulated in each period; =« - is the change in

n
t - t-1

current expectations. The change is only a fractiom of the . difference

betweég the realized rate of fnflation, ( and the previously

Pt
_expected rate of inflation, "t—l' For the pef!od t+i we have ,
(3.9) R (LY ]
. _ t+i P t+i t+i-1 ’

and for a large value of i we have

x ; A T . é

(3.10) n o= y[; - n] .

If the expected rate. of inflat@on is less than the actual one, the
expected rate of inflation rises, and vice versa. 1f Y (or

% - Q; % being the time period needed for correcting the inequality

between and 1n) then we have p =~ " the case of "perfect-

Y| .

3

foresight."
We next ;pecify the demand functions for money and bonds,
H(-) and é(')u Money is demanded for two purposes: to finance
transactions and to-hold as an asset. The per capita demand for
money as a means of payment is a function of per capita output, and
the demand to satisfy precautionary, as well as speculative, motives

is a function of the opportunity cost of holding these balances,
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which, in tumm, depenén on the rental on capital, p, the expected
rate of return on cash balances, and the rate of return on bonda.'

Therefore, combining these we get

(3.11) m= H(r, p, n, (k)] .

It is assumed that there exist uncertainties as tc¢ the timing of
payments which caase households to hold assets in the form of money,
bonds, and capital. In deciding on the composition of their asset
portfolios, households are actually concerned with the anticipated
rates of return fronﬁ’hese assets. We adopt the assumption of

. . »
m ¢ %». We also assume that the anticipated rate of interest is

equal to the observed market Tate on the government bonds, r,

consisting of

(3.12) r=p +n,

ich is Fisher's i&%ey rate of interest.
Since the demand for money is an increasing function of
. . )
f(k), - and the latter, in turn, is an increasing function of k,
the demand for money becomes an increasing function of the capital-
labour ratio. In addition, an increasé in tge capital-labour ratio
means a fall in the marginal product of capital, i.e.,. p, which

lowers the opportunity cost of money. The opportunity cost of

holding real cash balances can be written as .
max. (p, r) + n ,

the difference between the rental on capital, or the difference
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between the market rate of interest on government bonds, whichever

is greater, and the (expected) real yield of real cash balances, -m.

substituting = < r - p, we get
)

max. (p, r) +r - p ,

which 1s a function of k and r. The demand for real cash balances
is an invérse function of the opportunity cost of holding real cash

balances. Therefore, the demand equation fot money can be written as

°

(3.13) m = H(k, r), ~where Hk > 0, Ht < 0.
The real value of bond holdings demanded depends on real
income, thg rate of interest, the rate of return on capital, and

the expected rate of return on real cash balances

(3.19 b= Blr, p, 7, £(k)]

The higher the output per capita, the higher will be saving per
capita and, thus, more bonds will be demanded. The higher output
per capita implies the higher capital-labour ratio. Therefore, the
demand for bonds is an increasing function of capital-labour ratio.
A fall in the rate of, interest (i.e., a rise in the price ofgbonds)
leads to an increase in the oppo;tunity cost of holding bonds, and
lowers the demand for bonds. A risé in the rate of interest (i.e.,
a fall in the price of bonds) has an opposite effect on the demand
for bonds. Therefore, the demand for bonds is an increasing
function of the rate of ihtetest. The opportunity cost of holding

- government“bonds can be written as
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max. (p, -n) - r

the difference between the rental on capital, or the difference betwéen
e

the (expected) real yield of real cash balances, -n, whichever 1is

greater, and the market rate of interest, on government bonds. By

{

substituting .w = r - p, we get

max. (p, p - r) -1 = p - r for r>0,
. .

which is a function of k and r. Therefore, the demand equation

for bonds can-be written as

(3.15) b = B(k, r), where B >0, B >0

k r

L. Substituting (3.13) and (3.15) into (3.7), and remembering

that m = bel, we get /)

P R
(3.16) P e[(1 + el)b - H(k,r) - B(k,r))
Differentiating logarithmicall m = M b = B nd = + 7

g 4 ally PL °’ PL °* a r o)
with respect to time we get
. P
(3.17) m = m(6 - P n) ,
. P r

(3.18) b b(e - P T " n) ,
(3.19) r = f'% + 7

By collecting Eqs (3.6), (3.10), (3.16), (3.17), (3.18), and .(3.19),
our model may be represented by the following system of six differen-

tial equations:



30

ko= sf(k) - (1 - 8)[(0 - m)(1 + 6)b - T b) - ak ,
\
m = m(6 - g - n) ,
~
. P r
bebio- ;-0 -,
(3.20) 4 .
P g- e[(1 + 8)b - H(k,r) - B(k,r)] ,
, Fetkoh '
. (<)
. P
. Ty - n) .
§ Py

-

b
Since m = bul, we can eliminate Eq (3.17), and by substituting F

—

~ N . - L] .
into the n and b equations and © into r equation, our three

asset one-sector model may be reduced to the following system of

-
.

" three gifferential equations i k, b, and r only:

’

( l.<=sf(k)-(1—s)[(6—n)(1+el)b‘—éb]-nk,
(3.21) § b =bl - e((1+ ol)b - H€k,r) - B(k/!r)] ,‘-é- ;} .
| ro= % 4 y{e[(L + 6 )b - H(K, 1) —é(k,r-)] - )
. The_stock varfiables k and b, an; the market interest

rate, r, must change so as to clear each market involved as an

economy evolves over time according to the above three equation

system. ’
)



CHAPTER 1V

AN EXAMINATION OF STABILITY PROPERTIES

Short-run Analysis

o
> »

In this section, we attempt to examine whether the short-
run equiliU?ium exists, and under what condition(s) an economy can
réach an equilibrium in the short-run. For this purpose we.éonsider
the shor;—run analysis of the system described by Eqs (3.21). The
. short-run equilibrium cquld.be definea as a temporary "equilibrium
for a time period in which the capital intensity is fixed at k
and the labour force is given, so that k = n = 0. This implies
that the marginal product of capital (the real rate of return on
capital) will remain unchanged. We note that k can be constant
1f the supply éf labour is equal Yo the demand for labour. But
by our assumption that the labour market is in cquilib;ium at any

moment of time, Kk can be taken as constant in the short-run period.

‘

Therefore, setting kkn=0 in Eq (3.21), our short-run system

is reduced to two equations system for b and r:

= b{ - e[(1 + e b - H(k,r) - B(k,r)]-

o
LR

(4. 1)

~
W

e+ 0 b - Gk, - B(K, )] - o

For the short-run equilibrium, we consider the local stability of
the modely The stationary point (g,;) can be found by setting

b = r=0. We then get

31



(4,2) 6 = 7 = g = e[(1 + 8 - H(K,T) - B(k,D)] .
* - .’

The stationary point requires that the rates of money and

"bond expansion,. 6

. be equal to the expected rate of inflati‘n, n

.wmhich, in turn, must be equal to thed3tual rate of 1ﬁflation,

"P— -
WOne might ask what will happen if the rate of change in money differs

from the rate of change in bonds. In order to answer this question,

let us assume that the following ref;tions hold:;

(4.3) m = H(k,r)

b = ﬁ(k,r) . ‘ .

k)

Taking the time derivatives of these equations, setting k =n = 0,

P
and solving simultaneously for z and P We get

r
: M_B
r M B >
(4.4) o - 1+ ”b) =0
B ' M
(4 5) E = h:@..—.(—l_+ nb) M > D
: P o " a3 nb) ’

where "m and "b denote the demand elasticities for money and

bonds with respect to the rate of interest, Ny < 0 ané

Ty, U. Egq (4.5) shows that the price level is always increasing

so lony as there exists sitive growth rate of money and bonds.

Eq (4.4) suggests that t .ate of change in the market rate of

This section draws heavily on Tsushima's results of short-

run analysis in "On a Dynamic Macroeconomic Model foi!Monetary and
Fiscal Policy." )

///
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interest is a function of the difference between the rate of change
in money'ané the rate of change in bonds. For example, when the
rate of change in money is less than that of bonds, 'the market rate
of interest rises. Suppose that real.money balances per caﬁita, nm,
are less than desired at equilibrium, m <'m*. The authorities must
then increase the rate of issue of money, with an>open~market pur-
chase of bonds. This causes the interest rate to décline, and is
accompanied by a ri§ing price level. Singe the market rate of
interest decline and the price level rises, this may leave the real
valug of the bond holdings unchanged. This process will continue

until the desired ratio of m* and b* is achfeved. If the

authorities wish to hold the price level unchanged, the followiag

B y p
relation between B and % must hold by putting % =0 in
Eq (4.5):
. B n M
m
B f L
where B and M are not zero. Since ——;r——-< 0, this implies
' m

k4L

that an open-market purchase of bonds should take place when > 0.

The market rate of interest would go do;n, causing the real value of
the bond holding in the érivate sector to {ise until the desired
ratio between m* and. b* is again achieved.

By taking the Taylor linear approximation at a stationary

point (b, r), we get the Slowing matrix of the short-run dynamic

model (4.1) ) *



v 4
-

_ Y . Y . b - r
eb(l + el)(l + l_) b{(1 + r) [e{(1 + el)r + Hr+Br}] + lr}

(4.7) ‘ .

ev(l + 6)) el + 82 +H_+8 ]+ 1)

where an element of the matrix, a stands for partial derivative of

ij°
th . th . -
i equation with respect to j variable. In addition, it should
be:pointed out here that the stability analysis is based on the behavw-
iour of. the system of differential equations in theyneighborhood of a

3

stationary point, i.e., "local" in nature, due to a linear approximation.
A set of necessary and sufficient conditions for local stability of
the system is that the trace of (4.7) be negative and the determinant

of (4.7) be positive.1 From (4.7) we get

det. b(1 + 91) >0

hd b B ] 4
trace = -{e¢b(1l + 81)(1 + r) + ve[(1 + el)r + Hr + Br] + v}

1 2 1
"CY[b(l + GA)(; + ;) + Hr'+ ?] .

Since the determinant is alwégg‘positive and Hr <0, Br > 0, the

[]

necessaryyand sufficient conditions are satisfied with the .following

condition(s):

if H +B_ >0,

1'I'his criterion is based on the Routh theorem which will be
presented on page 42. )
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or the sum of the expression in brackets is greater than zero. If
Yy and+* t both épptoach infinity, thé_required condition for stalgility

would be either

r r

or

2b N L ~

= + + + . .

r (l., e'1) Hr Br >0
If only y - =, we negd; e[l + ZE—(I +8.) +H + é ] >0: or
? ’ € r 17 r r ’ .

equivalently,

€ > =—— -1

2b

— + + +
r (1 61) Hr Br

. © »
From the above condition(s), we see that short-run equilibrium can be
achieved even though both y and € + ®, or either y » ® or g =+ «

if one of the folloQing conditions hold:

(4.8) . © H_+B >0,

or
b -~ »
—_ + +

(4.9) - (1 + el) Hr Br >0 .

In order to write the conditions (4.8) and (4.9) in terms

“

of demand elastiecities for money and bonds with .respect to the rate



of interest, we note that

2>0
r.

where N and Ny denote the demand elasticities for money and bonds
with respect to the interest rate. Substituting Hr and Br into

(4.8) and (4.9), we get

.' b -
1] —
(4.8) r (nb + o 61) >0
-]
(4.9)" S, + 1+ 6. (n + 1] >0
: r b 1" 'm -
nb M
From (4.8)' we have 61 - Pl This means that the short-run

o]

equilibrium is stable if the desired ratio of money and bonds is
less than, or equal to, the negative of the ratio of the demand

elasticities for bonds and money with respect to the rate of
L]
interest. In other words, there exists not only a range for the

<

ratiowof the two kinds of government debt within which the short-;hn.
equilibrium is stable, but there ;iso exists a limit to this'range

. depending on the magnitude of the demand elasticities“for'money and’
bonds with respect to the rate of interest.

If the ratio of the government debt is greater than the

negative of the ratio of these demand elasticities, the condition
n
b

(4.8)' does not hold. Given 61 > - Pl (4.9)"' indicates two
o :

possibilities:
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(1) when 0 > n, 2 -l,A-the short-run equilibrium_is stable;

nb + 1
(11) wheg nm < -1, then 61 < - n ras i

and there exists a.

ranéé'within which the short-run equilibrium will be stable
again -~
) nb + 1

b
T n 1S "R F1 -
L™ : a

A
Lo o]

Suppose that (4.8)' holds and the deman elasticlty of bonds with

fespect to the°rate of interest is equa) to the absolute value of the

demand elasticity for money with respegt to fhe rate of interest, )

.i-e-, nb - -nm,

does not hold, but (4.9)' does, and n, = e Then ‘.
ny + 1

1 <8, € ——,
= -1
1 nb,

then &i = 1. Alternatively, suppose that (4.8)'

LS
The analysis so far has demonstrated that the short-run
. . .
n, +1

n, . n
equilibrium is stable if 8. < - b s Or - ] <6, < - -
S1l= " = 1 " +1

no matter what the values of y, and ¢ might be.

Long-~run Anélysis

Althouéh the short-run dynamic model has.proved to be
stable, it has been assumed that the real sector is fixed and the
market rate of interest has no significant effect on the real - ®
sector of ‘an economy. In this section, we take the system (3.21)
as a Long—{gn dynamic model by allowing . k to change as the

economy evolves over time. We reproduce Eqs (3.21):
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r d ‘:
ko= sf(k) - (1-8)[(6 - M(L+06)b-Tbl-nk, " ¢
6.10) { B = b6 - €[(1 + 8)b - H(,D) - BUGD] - E ), s
L P = £ + ylel(1 + 0)b - H(k,r) - B(k,D)] = 7} .-

» Setting k=b=r= 0, we get the long-run equilibrium point

5

o

(k*, b*, r*), where * denotes equilibrium values.
-~
(@

.11 sf(k*) - n(l + O (1 - s)b* - nk* = 0 ,
(4.12) e[(1 + 81)b* — Ak, r*) - B(k*,r*)] = 6 - n ',
(4.13) e[(1 + eI)b* - H(k*,r*) - B(k*,r*)] = n* ,

-

where b ¥ 0. From Eqs (4.11), (4.12), and (4.13), we get the long-

run equilibrium values

-
. _sf(k*) - nk*
(4.14) b* = Tl - &) + o%) *
. ] Sf(k*) - nk* o
(4.15) " TR - (T ¥ en /e
(4.16) m* = %" 6 -n,

(4.17) r* = f'(k¥) + 8 - n

Eqs (4.14) and (4.15) indicate that meither bonds nor money are
neutral, in the sense that the capital-labour ratio in our three

asset one-sector economy is lower than in a one-sector growth model .



Since b* > 0 and m* > 0, 4t follows that - sf(k#) ~ ﬁk* >0, or
f(k*) /k* > n)s; " whereas, in Solow's one-sector growth modél, ve
have f(k**)/k** = n/g, where ** denotes the eqﬁllibrium value.
Givén the properties of the production function, it follows that
k* < k**, In comparing Eq (4.15) with the long-run equilibrium vgiue
of m* 4n Hadjimichalakisi generalized Tobin mod;1 where

X) - pk*
m* = Sfﬁtl)— s?k ,1 we find that the long-run equilibrium value

of m* 1in the three asset one-sector model is lower than its value

in a two asset one-sector model, since %; > 0, or equivalently
. ' 1

+ g%
1 81

o*
1

> 1, (b ¢ 0).

By taking the Taylor linear approximation at the long~run

equilibrium point (k*, b*, r*) we get the following matrix of

the dynamic.model: 7

an 32 213
(4.18) a, a5, a23 i
L %31 %32 %33

where

1M. G. Hadjimichalakis, "Equilibrium and Disequilibrium

Growth With Money - Tobin 'fodel,’” Review of Economic Studies 38
(October 1971): 470.
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(4.19)

1 ' (1] - E o - 1] [
a,, = K(sf + (1 -8)[f"(1 + Ol)b - ((uk + Bk) £''}]) n} ,

ay, = eb(H + ék) - Z% {sf'€" + £°(1 - 8)(1 + 8 )b

- nf"-jc(ak’+ ék) + y£"}

531 = % (sf'f" + £'(1 - 8)(1 +6))b - nf" - ve(H, + ék) + YE') 4
- 11 _ Yeb _ ‘
3, =51 - A+ 8)) (= n) ,

a = - gb(l + el) f K% (1 + 01)[f"(1,— sln - ve] ,

1 ;
= = : _ " - +
a, A(1 * 61)[ f (1 s)n + ye] |
a,, =218 {(1+6)b+ 22 (1+04)
13- . A 1 r 1
Yb

b . ) -
~—~ {e[= (I +6.) +H +B ]+ 1}}
1 r r
o T

b A b " a
a,q = eb[; (1 + el) +H_+ Br] “Ar {f"(1 - s)(1 + el)(l + ;)b

b Cm
- Y{e[; (1 + 61) + Hr + Br] + 1}) ,

= l " — 3 n
a33 = ; {£"(1 s)(1 + ?1)(1 + r)b

- Y{e[% (L+06,) +H_ + ér] + 11}

where A =1 - (1 - g) % f'" > 0 for simplicity. 1In order to make the

calculation simple, let us introduce the following notation:

>

D = sf' + f"(l-s)(1+el)b— n= ?

Q = %(1 + 61) + Hr + ér > 0, (the short-run stability

condition)



R =

N
L}

Using this
Z(p -
chu—
1

K(f D

notation,

y(eQ + 1) > 0

y(eJ - £") >0

nb
1+ el)(l -~ 8)(d + —;ﬂ >0 .

the

ba - ox)
r

b o

J(f D - X)

- X
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matrix (4.19) becomes (4.20)

(1 - s)(1+ 8))(ye % - n)

A
R b(l + 61)
- eb(1l + 61) + Y [£"(1 - s)n - yg]
’ o
-(1 + 61)
A — [£'"(1 - s)n - ye]
s 1 b 7
X[Z - -r—(l - s)R]
b "
ebQ - ;X(f Z - R)
1 ..
K(f Z - R) )

Before examining the necessary and sufficient conditions

for long-run stability, it would be helpful to have a way of

i

ascertaining the convergence or divergence of a time path without

having to solve for characteristic roots of the differential equation,

Such a method exists.

Samuelson has presented the Routh theorem that
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o

glves us the necessary and sufficient condiés:a. in order for the real -

1
parts. of the roots to be negative.

N

Routh Theorem

]
Consider a polynomial -

3 2 . ‘
f(r) = a A"+ a;\ + a4 ay 0,

where ao > 0. Then, the Routh theorem states that the necessary

and sufficient conditions for the real parts of the roots to be

negative is that the following sequence of determinants all be

postive:
°.
a;  a, a, a3 0 .
8y =lap I gy = » Bym o8, 2, O
3 4 0
1 33

1’ az, a3 and our matrix of -a

(3 x 3)

To see the relation between ao, a

dynamic system, let E be a square mat¥ix that is non-
singular:
11 f12 0 3
E = a1 322 23
231 232 33

1

P. A. Samuelson,

Harvard Lnlver51ty Press, 1947) Fp.

<

Foundationsof Economic Analysls (Cambridge:
T430-36.
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q

Let us consider a matrix [E - AI], where A 1is a scalar.variablg

and 1 1{s the unit matrix. Then

ay - r Ay, 13
[E - A1) = a, a,, - A a,,
- A

%31 32 %33
o
|[E - XI| is called the characteristic determinaht of E. By expanding

the deté:;Thant we get the following scalar polynomial:
3 2

£(A) = jE - L] = - A~ + (a)] + ay, + a3 0" +

11%22 7 11233 T 32333 * aj3a5) + agza,,

-

+ alzaZI]A + (determinant E)

The polynomial f(A) 1is called the characteristic function of the
matrix E. Now, setting- f(A) = 0, and multiplying both sides by

-1, we have

which is the characteristic equation of matrix E, where

a =1>0, a

= . + = - i
o 1 (all as, + a33) trace of our matrix of

the dynamic system,

l ! !
BRSSP ETERT 22 %23
az = + ’ ‘h + >
321 %2 331 33 432 333
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and

a; = - IEL R the determinant “of the matrix of the dyhamlc system,

-
.

>
~ . , .
Neceésa:xﬁggg Sufficient Conditions
for long-run Stability -

As we have seen, the necessary and sufficient conditions for

long-run stability require that Al' AZ' and A3 > 0, where

_ = = - + + - _ >
_ Al a, (a11 ~a,, a33) trace 0 i.e., trace < 0O

A2 = (aia2 ~ aoa3) = ala2 - a3 > 0 (since ao -<:)

a

A3 = aa(ala2 -~ a3) > 0,

-

Since alaz - a3 mus greater than zero, this implies that

a, >0 must hold, .

3 negative value of determinant ts greater

»

than zero ok a determ al value is negative. Therefore, in order

to have stability, the following inequalities must hold:

(1) trace < 0,

(f) Q«az > O)

-

(3) a determinantal value is negative, and i.

(4) aja, - a; > 0. c |

We now calculate these values.

From (4.20) we have

~
]

1 b
a X[D - f(l - s)X]

If D < 0, then a < 0

= L} - (2] _ -
11 , where D sf £''(1 s)(1 + Ol)b n.
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a

b "
22 = - eb(1l + 61) + K;(l + 81)[f (1 - 8)n - ye] < 0 ,

since vy and ¢ are greater than zero, and f'" < 0.
a = i(f"Z - R) <0
33 A .’

since R > (0, 7z > 0, and f" < o, Therefore, trace = a + a,,

11
+ 333 <0, i.e., al = - trace > 0, so long as D < g,
2
. L N
Let us write a2 as a2 al a2 +'a3 R then
-(1 + el)b y
= - B ——— -+ - .
1T A%, T apa,, A (b(1 Pt -
v
- Yeb - Y + R o s
{C(Hk + Bk)( = n) r[(Hk Bk) ")1(eb + n)j
@ >0 4f D <0, and S\
) .
_ ) .
veb Y 8y _ en
E(Hk + Bk)( o n) - r(cb + n)[e(Hk + Bk) f'"] < 0
= - Ln(Hk -~ ék)(w *r) + yf'(eb + n) <0
en(He+ By + 1) - yf'(ch + n)
Since f'" < o, K - 0, and B, > O, this condition holds.

. = . o -1 : . n R - ‘"
5 a11433 d13d31 A{yb(l + \1)(1 2 s) (1w r)[e(ﬂk + Bk) £'']
’l
b ) ~
- D[y{e[;(l t Y+ H O+ B 1+ 1)}

If D« 0, then a. » 0.



46

@y = 35,333 7 3333 )
-ebf1 + el) — -
= " - + - + -
ry {(f"' (1 s)[§(1 al) n(H_ Br)] v}
’
*£
If b(lo+ v.) - n(H_ + B ) > 0, then a, > 0. Therefore,
1 r r’ = 3 .

a =y + 02 + 33 >,0 if

~

s D= gf' + f"(1 -~ s)(1 + Gl)b -n<0,

and

b(l + 6,) - n(H_+ B) 0 .

(3) Determinant

Multiplying the third row of (4.20) by

!

and adding it to

i\

the second row we get

a a a

11 12 31
(4.21)  det. = €b M+ B -1+ 8 Bd+ap) +H_ + B
L 23 %32 833
_py expansion we get det. =eb(ui + ;é + aa), where
'*u‘-(l +6) .
A= —-—-;r-——-all{f”(l - s)[b(1 + 6) - n(H_+ Br)] - v}

v

bye (1l + v (- s)

(H_K + Bk){b(l + el) - n(ur + Br)}

1 1
]
2

(1+"1)(1 - S) - b
1y = A 831{?>} + 61) - n(H_+ Br) -7 v}

Therefore,

\\\1 ;
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¢
= 1 ] + 1
det. .cb(al + a, a3)
eb(l + 61) “ .
- " _ - + +
< {f"Q1 s)[b(1 + 81) n(Hr - Br)] vD}
Therefore, det. <0, if D <0, and
+ - + B )
b(1 + 6,) - n(H_ Br) >0 ,
i.e., a, = -~ det:. > O.
(4) f}?z - a3 = ala2 + det.
w
451 %12 . 211 %13
aja, - ay = - (a5, ¥'a3q) + . '
‘ 31 %22 231 %33
- L4
3, %3 a1 %12 a1
" T +
a3, %33 821 222 a3
|
O ’ )
312 213 82 813
- Ay . *oag .
) 33 322 23
|
té x .
Since a, > 0, a;;» a,s and agq < 0, we have the sum of the
first five termsd?reater than zerd. Therefore, aa, - a, > 0, if
'. . ' )
B ‘ »
312 443 212 313
i A 232 %33 3, @

13

33
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0 P .

We note that this expression is :b(aé + ds), i.e.; the Mgt two

parts of the determinant. Therefore, we can write -

“eb(ay + al) = if eb(1 + 6,)(1 - ®) (veAt, + BOIB(L +6)) - n(H_+8)]

-

LI - ;
* T BA% )~ a4 )))
Ivde +B) - £7) - gop)y

a, - ag will be pésitive if the following conditions hol;jl

.y 'y £ . . 0
7 - + - + B
Gy T P O) @+ B)) <0, ang

- (b) YIC(Hk + Bk) - f"] - £'D < 0

.or

| b _ oo " 43 p
(2) 1if  (a) Lr—.[b(1+61) ~n(H_ +B)] >0, and ‘

@) vle(w + B) - £'] - £'p > 0 . :w'.l°

Condition (1) does not hold whend Yy and € % =, pyt condition (2)

holds. Collecting these results thus far, the necessary’ and sufficient

.

conditions for long-run stability are-

al = - trace > 0 if D <0,

. , . ) .
a, > 0 ' if b(1 + el) - n(Hr + Br) 20,
a3 = - det. >0 » 1if D <0

+ - + B . 0 ,
{1+ 6)) - n(H_+B) x0

. Y b -~
- _— <+ - -+ >
a a a, > Q‘ . if . > b1 81) ‘ n(Hr Br) c

Y[C(Hk + Bk) - "] > £'p |
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: v .
The required conditions for;luag—run stability, then, are summarized

! ’
in the following three'conﬂtgqﬁs:

(4.22)  8f' -n<0 .
\ -
: B L - B -
(4.23) - ~ > b(1+0) -na(M_+3) ;0
(4.24) ~ vle(H .+ B) - £'] > £'D . )

Or equivalently, we may rewrite the above conditions as
. .

‘follows:
.22y n-sf >0, >
‘ .
' ° A : -
(4.23) R > r;\l +0,) n(ny b ny ;61) >0 ,
}\
(4.24)" - Myl (146 - 15> £,

%
R
[4 y -

) % b X ' .
where Hr + Br = b;+ nmzel) T and elBk ,~ﬂk' If v,e » >

the long-run equii&bi}um is stable, s?;tong as n -sf' > 0. in
other words,, if people adjust their ex‘;ectétions very rapi‘iy a
(i.e;, the '"expectation coefficient' is very large), and if the °
speed of adjustment in Qéset markets is very high, the long-run
equilibrium is stable so long as the natural rate.;}hgrqwth is
:greater than the product of the propensity to save an% the rate of
return on capital --- that is, the difference of the'shopes of the

natural growth rate and the savings function is greater than zero.

If y » =, the long-run equilibrium is stable, so long as
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. n
b
- ' - B e —m—
n-sf' >0, 1If (nb + nm 61) 0, 1t.e., 61 ik and
if eitiver Yy or €, or both, approaches infinity, the long-run
equflibtium is stable, %;ovided n - sf' > 0. From condition (4.23)°
it is obvious that there exists a ranhe'for the government debt ratio,

or equivalently, ' . -

(4.25) . r(b + m) > n(bn, + mn ) ,

“

within which the long-run equilibrium is stable; the limits of the
range depend on the natural rate of growth, the market rate of
interest, and the demand elasticities for money and bonds gith
respect to ihe rate of interest. Hadjimichalakis has shown that the
generalized Tobin model is locally unstable in the short-run and
long-run when. Y,€ * =. But we have found that when we introduce

govermment bonds into. the model, the short-run and long-run dynamic

systems are stable under the condition(s) mentioned above.



CHAPTER V
CONCLUSIONS

%
.

In this thesis an attempt has been nad to introduce a
third asset into the neoclassical méde;ary growth model. ' Gogernment
bonds, an alternative'asset to real capital and money, was 1n£roduced
- in a very simple way. The effect of government bonds uﬁon the real
' varigyles of the economy was analyzed through the change in the rate
of issue of bords by the -onetar;'aﬁthority. We have found that the
. ;lteréative asset is not neutral, in the sense that a change,in the
rate of its growth affects the real sector 6f ;he econoﬁy. The
alternative asiet'is incarest—be;ring, and therefore the interest
rate is given scope within which to piay its réle. That part of
disposable income which is generated by interest payment ﬂas-bffn
included; and disposable income has ;rucial role in our three
asset one-sector growth model, as it does in most of the neoclassical
monetary growth models.

The introduction of government bonds ;;to the monetary
-growth model, as an alternative asset to real capital and money,
raised cértain questions as to whether or not there exist equilib;
rium valﬁes for gacﬁ'variable, and whether or not those values are
stable. )

. L
Throughout this study, we have held three crucial

assumptions. The first is that the anticipated rate of interest,

p + m,_ be equal to the ved market rate on government bonds, r,
q g »

51
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which consists of two components, namely, the real rate of retufn on
phyiical capital and the expected rate of'change‘in the price level.
This assumption can be relaxed, and the demand functions for money
and boﬁds can then be writtén as functions of three variables rather
than two, namely, the capital-labour ratio, r° (if Qe treat r°

as the real market rate of interest), and Tw. Thé ahalysio can be
carried out, but, since this would entail a &fx 4 matrix, we have
avoided it in order not to make the model more complicated. The

second aisuﬁption is that government expenditures on goods and

gservices. are equal to the government revenue from taxation, 8o

that government transfer and interest payments are entirely financed

by the creation of new issues of money and bonds. The relaxation

of this assumption would require a government budget constraint

‘which would make the model more complicated than the one we have

“Qs$en using.l To include the government budget constraint would

require a more general model which would have to consider the
monetary effects ofpfiacal policy or the fiscal effécts of monetary

policy. The tﬁii&"@ssumption is that, the rate of money expansion

> )

is equal to the rate of bond expansion. The removal of this

assumption has been attempted. The rate of growth of the financial

—_— v

’ lC. F. Christ, "A Short-run Aggregate-Demand Model of

the Interdependence and Effects of Monetary and Fiscal Policies
with Keynesian and Classical Elasticities," American Economic
eview 57 (May 1967): 434-73. See also C. F. Christ, "A Simple
Nacroeconomic Model with Government Budget Restraint," Journal of
litical Economy 76 (January/February 1968): 53-68.

P
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um <+ b 1

market could be written as g = a+ b "

We have sssumed that
i =6, {ile., u=26, where u and ¢ denote the rate of growth
of money and bonds respectively. This indicates that the government
debt fatio'is not constant;’but we are not interested in the effect
of the 1ong-fun values of the rate of growth of the financial market
and the government debt ratio on the nature of the long-run equilib-
rium. Our purpose, as we haye mentioned eatlie;, is ratﬁer to
examine the stability properties, if any, of both the short-run
and long-run Bynamic system, |

Whether ;r not this study has been successful dépends upon
whether or not one accepts.the specification of the model_and the
assunptions as reasonable. If'they are considered reasonable, we
ﬁave achieved the following results.. Defining short-run equilibrium
as a temporary equilibrium }or a time p;riod in which the capital
and labour force are given, we have found a set of necessary and
sufficjent conditions for.local stability of the short-run dyqamic
model. The set of conditions depends on the elasticities of demand
for money and bonds wiéh respect to the rate of intetést. The short-
run equlliSrium is staSle)if the desired ratio of the government debt,
money to boﬁ&s, is less than, or equal to, the negative of the‘ratio
of th; demand élas;icitiés for bonds to money (in terms of the rate

of interest). If the monetary authorities are aware of this ratio,

they can choose the government debt ratio in such a way that the

Hd. Ethier, "Financial Assets® and Economic Growth in a
Keynesian Economy,! Journal of Money, Credit, and Banking 7 (May 1975):
219.
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economy reaches a stable short-ru; cquilibriuﬁ. For example,

thq-interest\eli-ticity of demand for bonds is equal to
value of the interest elasticity of demand for money ¢ we have

o~
<1, 1i.e m

el by . < b. If the above conditiom does not hold for

the short-run dynamic model, or, in other words, 1f the desired
ratio of money to bonds is greater than the negative of the ratio

of the demand elasticities for money and bonds, the short-run

+ 1

4 n
equilibrium is stable prowided that 6. < b However,

thege exists a range for the government debtgratio within which the
shqrﬁ—run equilibrium is stable; the limits o} the rangé depend on
the magnitude of these demand elasticities.” The above conditions
hold even though the speed of adjustment in asset markets is high
and peoblé’adjust their expectations rapidly. Since the short-run
dynamic model does not gake into account the effects of -changes in
the market rate of interest on the rea{‘sector of the economy, we
have next examined the long-run stability conditions.
°

We have found that .the long-run equilibrium value of
money per capita, m*, in our three asset one-sector economy is
lower than that in the neoclassi;al monetary growth model without
governmeﬁt bonds. We also saw that the capital-liabour ratio in
this modgl is lower‘than that in one-sector growth models without
money and bonds. The reason "is that our mod€l contains the
alternatiJe assets in the portfolio of the private sector. On the

question of long-run stability, we have found a set of necessary

and sufficient conditions for the long-run dynamic model. We saw

)

-
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that if expectations and nun;t markets adjust 3:ry rapidly, the loﬁg—
run equilibrium is stable so long as the differénce of the slopes
of the natural growth rate and savings function is greater than zero.
Our results refute those of the Hadjimichalaskis'"Generalized Tobin
Model" which claims that the short-run ;nd long~run dynamic system
is locally unf#table when the expectation coefficient and the speed’
of adjustment in asset markets are high. One of the maiA reasons
would'bé that ignoring the rate of interest in an analysis forces
the price level alone to carry the burden of stability proper through
behavioural parameters in asset markets. The long-run analysis in
this';‘)aper, however, has demonstrated that there exists a rangeh for ‘
the goverdment debt ratio within which the long-run equilibrium is
stable, and the limits of the range depena on the natural rate of.

[
‘.growth, the market rate of interest, and the interest elasticities

of demand for money and bonds:

’

This condition is consistent with the results followingffrqm open
market operations, since an dpen market sale of bonds will raise the
market rate of interest and lower the ratio of money to bonds, 61.
Finally, our results also show that, when we introduce g?vernment

bonds into the neoclassical monetary growth model, and when y =+ =,

the conclusion reached by g*prauskil --~ i.e., the higher the

IM. Sidrauski, "Inflation and Economic Growth,"” Journal
of Political Economy 75 (December 1967): 807,
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expectation coefficient the higher the probnbi.lit)sot the systenm

being unstable -- no loniér holds. Our conglusion, contrary to the

established fact, may cYttically depend on the specification we have
)
imposed on the actual rate of change in the price level; 1.e., Eq (3.7),

p. 25. . . \ , T Y :
: There {s much work yet to be done in the area of monetary

growth models. For example, it would be useful to analyze @ode

which includes a government budget cdhstraint, a savings function
with wealth as well as disposable income as arguments, an open.
economy rather than a closed one, and inside money as well as out-

side money.



BIBLIOGRAPHY

Cagan, P. ''The Monetary Dynamics of Hyperinflation." In Studies
in the Quantity Theory 6&f Money, pp. 25-117. Edited by

1. Friedman. Chicago: Universicy of Chicago Press, 1956. ‘N
Y, A S
[T
Christ, C. F. "A Short-run Aggregategggﬁand'hq 1 of the Inter-
dependence and Effects of Monetary an® Fiscal Policies
with Keynesian and Classical Elasticities." American
Economic Review 57 (May 1967): 434-73.

"A Simple Macroeconomic Model with a Government Budget
Restraint." Journal of Polstical Economy 76 (January/

Februafy 1968) : 35}‘8:A

Enthoven, A. G. '"A Neoclassical Model of Money, Debt, anMic
’ Growth." 1In J. G. Gurley and E. S. Shaw, Monev in a Theory
of Finance, pp. 303-59. Washington, D. C.: The Brookings
Institution, 1960.

Ethier, W. 'Financial Assets and Economic Growth in a Keynesian
Economy." Journal of Money, Credit, and Banking 7 (May
1975): 213-32.

Hadjimichalakis, M. G. '"Equilibrium and Disequilibrium Growth With
Money —— The Tobin Model." Review of Economic Studies 38
(October 1971): 457-79,

Koopmans, T. C. Activity Analvsis of Production and Allocation.

New York: John Wiley, 1957.

Levhari, D. and Patinkin, D,. "The Role of Money in a Sipple Growth
Model." American kconomic Review 68 (Septemb!t-l968)a . ﬁ'?
. . C e

713-53. . REEE At

SR
Metzler, L. A. '"Wealth, Saving, and the Rate &f Int -egﬂ,y
of Political Economy 59 (April 1951)= -93~1}p. ™

——— ) "’ o ""3 - ] .L
. 5 . &
Samuelson, P. A, ESPEQQFEPEﬁQf“EEQEPEﬁE_ﬁﬂiJXSis' Cahbx‘*ge:, i T,
Harvard University Press, 1947 . =~ I o < '
) u% %

Sidrauski, M. '"'Inflation and Economic GrowtW’ Jouﬁﬁglé_fJgpl{Ef%hl-'
Economy 75 (December 1967): 796-810.p- " R

- P y’ {
. ~ <

th." Quanpterly.. .
65-94. 7 s

Solow, R. M. '"A Contribution to the Theory ofdr
Journal of kconomics 70 (February 19 6)

»" -

Oxford Univdrsity

‘

Growth Theorxgv_ﬁpapigggition. Lonf

‘X
[ ]
57 ﬁé

Press, 1970.



Tobin, J.

———e

Tsushima,

58

"A Dynamic Aggregative Model." Journal of Political Economy
63 (April 1955): 103-15.
"Money and Economic Growth," Econometrica 33 (October 1965);
671-84,
[ ]
T. "On a Dynamic.Macroeconomic Model for Monetary an¥®
Fiscal Policy." Unpublished Paper presented at the CEA

Meefings, Toronto, June 1974,



