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ABSTRACT

Previous work andsavailable theOries concernino prescressed

concrete members subJecced to torsion, bend]no and shear are
reviewed . The exper1menta1 Study. of this 1nvest1oat1on cons1sted

-of tests on forty four eccentrically prestressed I section beams
sUbjected%fo various proportioné of torsion bendinq and‘éhear A1
lthe beams had nom1na11v the same 1enoth ‘and cross sect1ona1 d1mensmons
The pr1mary variables 1nc1uded two levels. of average prestress,
three eccentr1c1t1es, three amounts of web reinforcement'and‘
various comb1nat1ons of tor31on, bending and shear OnTy‘three
'beams did not hdye web reinforcement. ;orhue, transverse load, = .
strajns_in the web reinforcement and the strands, angle of twistd
"and flexural deflections at selected locations Were_measured:dnring
thehtesxs. : 1 o ," .,‘ﬁ' : | o ) .'r

Theoretical ana]yseé wereddeve1oped to oredicclthe cracking
and oitﬁmate strength of prestressed’l beams . Cracking strength
-mas oredicted by the fo]lowing two methods.
1) Tors1ona1 shear <tress d1str1but1on was assumed to be in
": accordance w1th plastic theory  The stresses due to other forces
were cons1dered to be e]ast1c Principal stress failure criteria'v
was used coupled: w1th a tens11e strength of concrete equal to 6+ f'

2) A general three dimemsional finite element ana]ys1s using
'hexahedrons was developed. Crack1ng was assumed to commence when the

+

'max1mum pr1nc1pa] tens1]e stress equa]]ed the modu]us of rupture es-
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timated at 7. 5/?T' The outhmut.of the brbgram inc]dded maiimum princi-’
pa] tens11e stress, initial crack . 1nc11nat1on, angle of tw1st f]exural
def]ect1ons, for any given ]oad1ng Th1s ana]ys1s was applied to se—;
veral beams in the Titerature, in addition to the beams of the present
investigation.

Tests showed that the 1 beams fa11ed in skew bend1ng e1ther in
a bend1ng mode or a torsion mode. Express1ons were deve]oped based on

-a sKew bend1ng mechanism of fai1ure for eachtof the modes -to predict -

the ultimate strength of I beams of this investigation and other in-

Vestigations.
ComparISons were presented for theoret1ca] and test resu]ts
both at cracking and u]t1mate and the agreement was genera]]y found

rd

~ to be- good. -:" . ' - G
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CHAPTER 1
INTRODUCTION

1.7 General Remarks

- Extensive research with respect to tors1on in reinforced
concrete has resulted in. the formu]at10n of a design criteria for such
members. The ACI building code (ACI 318-71) for the first time, now
conta1ns prov1s1ons for des1qn1nq re1nforced concrete members to
resist tors1on comb1ned with bend1ng and ‘$hear. Thouqh research has
been in progress since the late 1960's s1m11ar design spec1f1cat1ons
for prestressed concrete members. have not been fonmu]ated mainly
because of inadequate test- data\\ ‘The magor1ty of. tors1on 1nvest1gat1ons
in prestressed concrete beams have been carried out for rectangular.
Ccross sect1ons; only a 11m1ted-amount of work has been done on
practical shapes such as-I, T and box sections.

Ear]1er studies of flanged sect1ons of prestressed concrete
(Gardner, 1960 Reeves, 1962) were of 11m1ted scope and dealt w1th

I and T shaped sect1ons without web reinforcement subjected to

combined tors1on and bend1ng only. Z1a (196]) conducted pure torsion -

ISR

: tests of prestressed rectanqular I and T beams with and w1th0ut web -

re1nforcement. =i§k amount of web re1nforcement was constant in his
beams. B1shara (1969) descr1bed tests of prestressed rectannular, 1,

and T beams 1dent1ca] 1n Cross- sectlon to those of Z1a (]961) j These

beams were tested in comb1ned torsion bend1ng and shear and no strength

?

1

v
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1

pred1ct1ons were proposed for the comb1ned ]oad1ng case. . Gauseits (1970)
\1nvest1gat1on of - prestressed I beams sutJect to tors1on, bending and o
shear was-]1m1ted to 1nteraction studies. Wyss, Garland and
Mattock (1969) made an experimental‘study of full sca]e‘I shaped
br1dge girders prestressed eccentrically with d1f-er1ng am0unt> o web
.reinforcement subject to pure tors{on<;\;ore recent]y Nyss and Mattock
(1971) conducted two ser1es ‘of tests- on eccentrically stressed I -
o oirders for eva]uat1nq the ]nteract1on of torsion-bending and
‘torsion-shear. | |
1.2 Object and Scope K

o Prestressed 7 beams used in bridges that are»skew or
curved in p]an are subject to cons1derab1e amounts of tors1on in
add1t10n to bend1nq and shear The test data and CUrrent know]edoe

v\ .
about such beams under combined load1no is very limited. The;ma1n

S~
objectives of this 1nvest1gatlon‘;ere to.obta1n exper1menta1'data”on
the behavior and strenqth of Jrestressed I'beams and to‘deve]op a

'_s1mp]e approximate but reasonably accurate method for pred1ct1nq.
both the crack1ng and u1t1mate strengths of such beams A;tota] of
forty four prestressed I beams were tested to failure to eualuate
.the ‘effect of such var1ab1es as level. of prestress (two levels of
averaqe prestress), eccentr1c1ty (three eccentr1c1t1es), amount of

-b reinfdrcement~(three amounts'of web reinforcement) and ]oadino
combination (five T/Vb ratios) Measurements were made of tors1ona1
load transverse load, stra1ns in the web .and prestress1no
re1nforcements, anqle of twist and‘?lexual deflectlons at three

,.locat1ons in the test zone.
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Cracking streﬁgth of fﬁése beams was predicted by a three
dimensjoﬁa] finite element analysis and also by c]dssifal_theories..
‘Analytical expreés?ons'weré developed baseann skew beﬁdjng mechanism
,qf~fETIare to’predict the ultimate strength of prestfeésed I beams
under combined ]oading. Coﬁparisons‘%ere made of theoretical

predictions and experimental results ‘for beams of this investigation

and several beams in the literature.
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CHAPTERI)I

REVIEW OF PREVIOUS WORK AND AVAILABLE WHEORIES

oo Long neg1ected in comparison wtth other forces, tbrsionlin

) cg% Mmembers assumed mcreasmg 1mportance in the 1950's 5 pre-
v1ous1y'tors1onal loads "were cons1dered to be secondary and were . neg—‘
e]ected as ‘higher ;actors of ‘safety of that time 1nd1rect1y accounted
‘for torsiona] effects. - However,'mdre recent]y, with.reduced 1oad i
factors and refined des1gn methods it becomes mandatory to design for
‘torsion exp11c1t1yr Further,‘1n structura] omponents such as edge>

Al

' beams, and g1rders curved in p]an tor51o “1s of primary cons1derat10n
'Th1s)concern w1th tors1on was ref]ected in the 1ntens1ty of reSearch
work at various 1nst1tut1ons resu1t1ng in s1gn1f1cant contr1but1ons
to the solution of the problem of torsion andEitslinteraction with -
other forces. The accumulationof'reseanfh findings to date 1s so
Qast that it 1s‘impossib]e to‘cover th 511 here and further, exten— .“'
sive’ rev1ews of the literature w1th e phasws on rectangu]ar beams v |
- have been conducted\by var1ous,authors.(Kemp et a] 1961, Z1a 10684,
Mukherjee and warwaruk 1970 Gangarao and‘Z1a 1970 Chander kemp, and
w11he1m 1970 Henny and Zia. 1971, woodhead and McMu]]en 19@2)
“In the sect10ns that follow, f]rst the crack1ng strength nd |
the ava11ab]e solut1ons are d1scussed for concrete members presetressed
Qr unprestressed under torsion alone or in combination with bending and
) 'shear; ntater, research‘into=thé ultimate strengthhof.prestressed,recf

4
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~ tangular and. flanged secti: - beams iﬁ torsion, bending, and sHar is

re1nforcement in such members in’ one d1rect1on alone: gpes not ‘yield

»

covered.- Finally, the space truss theory for-torsion is briefly reviewed.

2.1 Crackigg'Strength
2.1.1 General e
= } _

- : . . ) \.\ ’ . )
Plain concrete bgams under torsion alone or combired with

other 1oad1ngs fail abruptly at ‘formation oﬂ\the first crack.® Providing
//\_..

ny increase in strength beyond crack1ng By’prov1d1ng relnforcement

both 1ong1t *1na]]y and transversely, :the torsional strength can be |

1ncreased substant1a11y aftervcrack1ng, however, the torsional st1ff—

.ness reduces quite significant]y once cracking occurs. In the case of

)prestressed concrete beams s1m1]ar behav1or is noted w1th respect to

craok1ng. However, <> the cracklng strength is . 1ncreased by the app11—

" !

cation of prestress for prestressed»beams the 1eve1-of crach;ng load is

‘nearer the u]timate 1oad Hence, it is necegsary to compute the strength

of a beam at the on;et of crack1ng, when tors1ona1 1oads are app11ed
a]one, or 1n comb1nat1on with other 1oads

Computat1on of the .torsional crackiné»strengt’fof a conereté
beam inc]&desbthe fo]]owing.three‘ditferedﬁ,phases.v" F B
B ‘(a) Shear stress:distribotion atrdss theksecttonf<ifﬂ

Qb)._Failurevcriteria for:concrete crack{ng,
~(c) Tensze.strength of-concrete. _
« , . | F |

In the fo]]ow1ng sect1ons these three phases are d1scussed

and used to ca]cu]ate the crack1ng strengtb/of beams subJected to

1
i
{

;omb1ned Toadings. , , v
& LT T o L

-~



2.1.2 Ava Pable Theories S ?
2.1:2.1 'C]ass?caT‘Theories

In ear1y-torsion research on chacrete, two cdassical theories
have been used to predict the strength of plain cOncrete°beams sub-
Jected to torsian. These were the elastic. “theory (Saint- Venant 1856) .
and the plastic theory (Nada1 19]]) In.&@e elastic theory,, concrete
1s assumed to be 1dea1]y elastic. In the p]ast1c theory concrete is.
treated as a fu]]y plastic mater1a1 the shear stress distribution
across the sect1on is unlform

>

Saint Venans's semt—1nverse method of elastic so]ut1on of
the tors1on prob]em has 11m1ted app]1cat1on only to convex cross
sections, w1thout re- entrant angles as in the case of Iy L, and T
: sections‘ However, for e]gst1c shear stress d1str1but1onsof more

comp11cated shapes the soap film ana]ogy by Prandt] (1903) may be

- used. The govern1ng d1fferent1a] equatlon of the deflected shape of

a soap f11m stretched by a small d1fferent1a] pressure over an
open1ng of the same shape as the cross-section of the member under

torsion, has the same form as the d1fferent:aT\equat1on of the tor- .
syona] stress funct1on, The d1fferent1a] equat1on of the soap film
..can be - so]ved numer1ca1]y to arrive at the shear stresses at d1screte
1nterva]s 0n a cross sect1on .f | |

AL s1m11ar ana]ogy, known as the Sand’Heap ana]ogy, was d1s;
~covered by Nadai (19]1) for the p]ast1c tors1on theory. If sand is -
l ,piled on a plate having the same cross sectioﬁwof the member sub-

Jected to tors1on the volume and slope of the sand heap are re]ated

, to the app11ed torque and shear stress respect1ve1y
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Though’tRe two theor1es adopt¥d1fferent assumpt1ons reqard-
ing theﬁnater1a] behav1or they use the same failure criteria, namely,
pr1nc1pa1 stress fa11ure theorv in wh1ch the member is considered

to Have fa11ed when the max1mum principal tensile stress becomes

‘ equal *o the tensile strength of concrete Most previous researchers'

observed that plain rectangu]ar beams fa11ed sudden]y coincident with
the appearance of first crack and the fa11ure surface 1ntersected all
four s1des in the form of hé11ca1 cracks. The observed mechan1sm of
failure was‘Jn 11ne with Sa1nt Venant s theory. The strength equat1ons
for a rectangu]ar concrete beam take the fo]]ow1nq form

Elastic Theory

M
T = ab’h (t) .. 5 (2.1)
I‘ e - - Sy max - ;'j' ‘ .. .
*Plastic Theoryu

R

Concrete however g known to have deformat1on propert1es

1ntermed1ate between those correspond1nq to ideal e]ast1c or ideal

plastic mater1als. -Hence ne1ther of the two theor1es adequate]y re-
f]ects the ‘behavior of concrete beams under torsion. For 2 g1ven
11m1t1ng tens1]e stress, the elastic theory underest1mates the strength’
by as much as 50 percent wh1]e the plast1c theory accounts for the ex-
cessive exper1menta1 strength, but. fails to 1ncorporate aspect ratio.

The ca]cu]ated e]ast1c shear stresses are suscept1b1e to the shape
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of the cross sectfon, Tests on concrete in torsion, of different cross.’®
sections as summarized by Marshall (1944) indicated that at fai]urei ,
p]astic shear stres;es were‘more consistent, less inf]uenced by the cross-
sectional shape, and, nearer to the'so icalled tensile strength of
‘concrete than the critical stceeses computed‘on~the basis of e]astic
theory. o d -
'Reeveé.(1962) pointed out that in these t&’oriesvmaximum '
'stress'Was picked up and‘faiiure criteria applied without any regard
for the stress gradient. - He‘he1d that this method of approach was
part]y‘?esponsib1é for the general-onsatisfactory results. Probab]y
’ Hos'( 68a) was the»on]yvinvestfgator in torsion’studies who took into
account the strain gradient while deriving a‘relationship between the
, tensi]e_strengtn and'nodu]us of rupture,bfd? his prediction equation
‘of‘torsiona1-strength. ) |
2 d ,-,; ~ The inb]aetic.behavior of concrete was believed to be re-
'-spons1b1e for the 1ncrease 1n the strength over that obta1ned by the
,elastlc theor;K To account for this M1yamoto (]927) Turner and _
'Dav1es;(1934) and Marsha]] and Tembe (194}) us1ng the non- 11near stress-
strain relat1onsh1p of concrete 1n 1dea112ed forms, proposed torsion
theor1es, These are ca]]ed sem1plast1c theories as\on]y partial
p]asticity.ét.cOntrete.was assumed. eThe strength compoted by any of
~these-theofiés'shoo1d be intermediate thween the predictions»of
telastic»and.p‘ ‘tfc theories However} the oné'advanced by Torner
‘and Dav1es est1mates torc ‘es hlgher than. p]ast1c torques whénever

oo s .
'-thé he1ght to breadth rawio exceeds 2.5 and ‘thus becomes 1nva]1d °

0 | !

In any case reasonab]e corre]atxon w1th—test resu]ts was ob-
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tained by Varfous resezrchers dsing'any of the above mentioned classi-
cal.theories coub]ed with appropriate values for the tensi]e strength

of concrete. o . |

2.1.2.2 Skew Bending Theory o | | e

o Hsu (1968a) proposed a new skew bending theory for p]ain {V
© concrete beams, rejecting the classical theories on the ground that

(i) the principal stress fai]ure criterion might not be relevant to
torsion prob]ems and, (ii) the faiTure surface was not intersected on

all the four faces of a rectangu]ar Cross sect1on by a he]1ca1 crack
Based on exper1menta1 observat1ons, Hsu conc]uded that tors1on fa11ure

is a bending phenomenon involving the deve]opment of afrack on three
sides and a compression hinge adjacent and parallel to’theb1ong side

of the section but inclined to the éxisvof'tWist. Hsu's torque equation
is expressed .as . |
'Tup.=t?3i.(0.85 ) - (2.3)
An exam1nat1on of equat1on (2 1) and equat1on (2 2) revea]s that Hszxs
‘bend1nq theory d1ffers w1th c]ass1ca1 theor1es in two aspects. F1rst,

s

his benting theory uses”a constant of 1/3 for the torsion shape.factor,

whi]ehforvthe other theories, it is a function of’aspect ratio (h/b).

The;1/3'corresponds to-the'highest voluevof the shape factor in the
eiastic.theory : Second, in the bendinq theory and the classical
theor1es, the pr1nc1pa1 tensile: stress shou]d respectively exceed 0.85
t1mes the modulus of rupture, and the tensile strength of concrete to

cause: fa11ure However, the d1fference between 0. 85 f and f' becomes
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negligible in beams of practical sizes since the stngsrigradient for.
them is reduced from-that of test specimens Equation (2.3) was modi-

fied by Hsu to involve the concrete compressive strenqth 1nstead of

modu]us of rupture and is shown be]ow

o
T =6 (%00 YE (2.8)
up R c S
In prop051ng h1S skewed bendinq theory, Hsu 1dealized the fai]ure
.section as a plaﬁr/_aithough it is actua]]y a surface reSemb11ng a
-warped trapezium. Oniy the bendinq component of . toroue was considered
in sati“fyi?g equ111br1um while the tWisting component of toroue on -
‘the fai]ure surface was presumed on]y to cause a reduction 1n the modu]us
of rupture. He computed f]exura] ten511e stress eiasticaily at the
‘ u]timate stage In spate of these defects, Hsu' s skew bending theory, -
j1n using a torsional shape factor of 1/3 and modu]us of rupture instead
of other tvpes of ten511e stresses, improves on the c1a551ca1 elastic
“Atheory in that'his strength predictions.showedigood corre]ation with
'experimenta] resu]ts - o | L “ - 5
-2 ] 2.3 Statistical Approach
| CAN the preceding theories vieid prédiction eduations of the

Y

same form shown be]ow though in their spec1fic assumptions they differ.

s1qn1ficant1y

g | | T = Kkbh fé o o s (2.5

up »
: A L/fff\\\f”



where K =24 d1men51on1ess coeff1c1ent cal]ed shape factor wh1ch
is a function of h/b in c]ass1ca1 theories and a con-

stant equa] to 1/3 in bending theory

. MukherJee and Kemp (1967) attempted to genera11ze the different’ shape‘
Afactors of the theor]es to v1e1d one express1on They carried out a
statistical regress1on ana]ys1s of availalle test results and deter—’
mined the parameters of the shape funct1on for concrete - rectangu]ar

members under pure torsion. The1r equat1on-can be stated in the form:

T, = 0.4124 [1-0.23332] b%h £ (2.6)
where i Tu‘= pure tors1ona1 strength of rectangular plalnconcretebeam
Shape factor K = 0.4124 [1-0.2333 ﬁ‘ ;

K

Using equation»(Z.G); for‘s1ender beams'the caTEu1ated‘torque capactty
was: c1oser to the e1ast1c torque, but approached ‘the p]ast1c value at
the he1ght to w1dth ratio equa] to. un1ty _ |

| Subsequent]y, based on stat1st1ca1 observat1on of test re-
‘:sults from different 1nvest1qat1ons Chander Kemp, H11he]m (1970)
.‘presented the fo110w1ng pred1ct10n equat1on. | ' E
b

_‘; = b : 5 E
-Tc, = b"h ft [0.4731 (1-0.5924 F* 0.2763 ;2)] (2.7)
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" where f, =58/ f'
. t . c

‘ Th1s equatlon y1e1ds results much c]oser to those of the p]ast1c theory
rather than e]ast1c and correlates well with test data It shows that

" concrete though not capable of comp]ete-p]asth1ty, need not be”comp}eteiy
plastified as the cOntributﬁon to torsional-résistance is maximum from

_ the outer fibres and only their pTastiffcation‘ishnecessary to yield.
results close to those obtained by the p]astic theory.

Y

2.1. 3 F]anged Concrete Beams Under Pureifors1on

Comparat1ve1v little research work has been-carried out on
Amembers of pract1ca1_shape’such as I, L and T sections subJected to
;pure tursion Contributions to the knowTedqe of'the behavior of the
f]anged concrete beams 1nc]ude those of Turner and Davies (1934),

'Marshall and Tembe (1941), Ny]ander (1945), Zia (1961), Arock1asamyv
(1964),.and Ramakrishnan and Jayaraman (1968), Hsu (1968);'Evans,.Kemp, and_
Withelm (1970). Some of these investigators computed the strenqth
df,cOmponent.rectangle sections and used Bach's (1911)>appro;imationﬂ
as detai]ed‘below to estimate the pure tbrque capacity of T and L
seetions It may be reca]]ed that the elastic shear stress d1str1bu—
‘tion and the tors1ona1 strength can be obta1ned by membrane ana]ogy o ;
Tqrs1ona1 strength 1s.proport10na] to the vp]ume under-the membrane . |
Bach's apuroximateimethod computes the volume, as the sUm‘of the vo]ume;
'of‘therinuividuaT_cnmponeﬁt rectang]es,_treating the membrane of'eaeh‘;‘
rectangle.as a uniform cylindrical surface. . Thus, tt neglects the

;end effect and junct#ﬁn\effeet which results in gainmand loss of_ydlume

at the ends of each rectangle and junctions of any two rectangles,



'respective]y.- For a sect1on composed oé'narrow rectang]es,Jthe approﬁﬁ-

m"”i

. mate method y1e1ds a vo]ume close to thaﬁ o? the membrane ana]ogy Bﬁ&@f\

wax T TTT o @e

~
H

maximum torsional shear stress

ma x

T . = applied torque |

t - largest thickness of eomponent rectangles ‘ @
b A = width of each component rectangle »

h = depth'of each component‘reotang1e '

P]ain ooncrete f]anged beams‘(exclud1ng the 1 sect1ons) fa11
at the appearance of the first crack thus the- crack1nq and the u1t1-
mate tors1ona1‘moments are the same. RecentﬂyiHsu (1968b) conducted
tests_on eight plain conorete'T and L section beams subjected to pure
torsion. He observed that non- rectanqu]ar beams under tors1on fa11
by bending, and the ca]cu]at1on of fa]]ure torque based on hlS bend- |
1ng mechan1sm is d1ff1cu]t Extend1ng h1s equation (2.4) der1ved
. for rectangu]ar beams, and using Bach's approx1mat10n;-he presented

‘the following equation for the strength of flanged beams.

Tup = L 6(6%+10)h /1 & (2
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He stated that the-outstanding flange width was ineffective if it ex-

~ceeded about three times the flange thickness.

The skewed bending theory.was applied to predict the strength

,- of symmetric I sections tested and reported in this investigation and

was f0und to be inadequate While Bach's method used by Hsu to compute

(;&ygﬁcrack1ng of f]anged beams does not cons1der the re]at1ve pos1t1on of:

rectéﬁg]es the bend1ng theory takes 1nto account the position of an

,e]ement on the section in terms of moment of 1nert1a This. resu]ts in

a d1sproport10nate increase in moment of inertia, and hence a s1m11ar

1ncrea§e in fallure torque, if the cross sect1ona1 area farthest from

" the bend1ng axis 1ncreases s]1ght1y, and it may be concluded that his

theory is of l1m1ted use in f]anged beams

In a recent study*Evans Kemp and Wilhelm (1970) ‘nvestigated

»'1nto the strength and behav1or under: pure tors1on of 33 T- beams and- 5

,L beams either p1a1n or relnforced The 1n1t1a1 crack a]ways occurred

in the web (web was_6 in. thlck, Wh11e;f]ange thfckness'was either

pa

. - ;‘ ;/ . . B
3 in. or 4 1in.) leading to immediate failure it the beams were plain

or reinforcednonly in one direction. All the Specimens having steel

o v151on of assoc1at1ng f]ange effect1veness in resistin

in»both directions”exhibited very 1arge amounts of ductility and a

concrete compress1on zone was observed on]y when a spec1men was deformed :

(‘\
‘ we]l past its u1t1mate tor51ona] strength

Evans et a] disputed with. the rat1ona11ty of h/<(tt)s pro-
tors1o# to the

LK/) .
rat1o of the 0utstand1ng f]ange w1dth to its th1ckness, and ]1m1t1ng

‘such a rat1o to three. Thelr test results showed that even at a ratio o' ;‘

':‘f1ve a 11m1t had not -been reached vHowevery they observed that if the =

LA

", * . ‘
g o

e o ST

L LA f’«c‘l“?i;‘\‘b

et
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:maximum tensile stress occurred in one of the component rectangles
fai{ure might occur before the other component rectang]es deve]oped‘
their full capacity. It is‘genera11y believed that Bach's approximate
method is adequate and yietds conserVative estimates of torsional
- strength for the flanged beams . UtiTizing Bach’s'method,Athey com-
puted the crack1nq strength of a f]anqednsect1on on the premise that
as the app11ed torque qradua]]y 1ncreased each of the component
'rectang1es undergo1ng the same rotation carr1ed a portion of the total
torque proport1ona] to its tors1ona] st1ffnes> The applied torque
cou]d-ﬁncrease unti] one of the compohent rectang]eS'deve1oped a
crack wh11e the others. m1ghtvnot have been stressed to their. capacity.
The f1na1 crack1ng torque was then equa] to the sum of the torques
carried by each of the compongnt rectangles at a rotat1on correspond1ng
:to the crack1ng rotation of that particular component in wh1ch the
'{ initial crack appeared Addwt/onallv Junct1on effect had to be
: taken into account. Th1s method of computat1on was similar to the
. moment d1str1but1on and cons1ders the effectxveness of the component
'rectang]es w1thout restr1ct1ng the1r s1ze They po1nted out that the‘
strength ca]cu]at1on by Bach S method for some large T beams in the

; .
'11terature was unsafe and the effect1ve sett1on concept y1e]ded safe

pred1ct1ons The equations der1ved by them are as fo]]ows

—
1}

1.79 J(b h)effecme L (2.10)

—
|

= 7.3 Z(ab h) Ve C(2.11)

effect1ve

¢

[
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However for design purposes<¢%vans et al stated that the ACI equation
with its 11m1tat1on of the f]ange width to depth ratio seemed adequate
2. 1 4 Prestressed Concrete Beams Under Pure Torsion
Nylander (1945) was the f1rst to carry out an 1nvest1gat1on
"1nto the tors1on problem of prestressed concrete members He tested_
a series of sixteen 8- inch square specimens.under pure torsion. The o
» o

prestress was\app]1ed in the form of ax1a4 compress1on It was observed

e

that the precompressed beams\exh1b1ted tOFS]OHa] strength about doub]e
——
~,_that of thelr unprestressed counter arts at the first crack The failure
\\\\\\\ p _
-was s1m11ar\fo\tha\\observed in uncompressed beams He conc]uded that:
the crack1ng tors1ona] strength of his beams was adeouate]v pred1cted

by the plastic theorv in conJunctvon w1th pr1nc1pa] stress cr1ter1a

of fa1]ure

Cowan and Armstrong (]955) made tests on prestressed beams
in pure torsion as well as in torsion and bending. Some beams had ~
uniform prestress, wh11e others ‘had nominally tr1angu1ar prestress\\
~distribution. They observed that the fa1]ure was sudden at ehe/for-
mat1on of the f1rst crack in the case of beams subJect to pure tors1on
or high torque/moment ratio. The add1t1on of bend1ng moment lessened
the v1o]ence but 1ncreased the destruct1veness of failure,’ and a]lowed
an increase in load to be carr1ed after the formatlon of the first
crack. The1r 6 x 8 in. eccentrlca]]y prestressed beams cracked on
-thevtop first 1n,pure torsion The equat1on proposed for the per-

m1ss1b]e strength of a rectangular prestressed concrete beam, MT iS"
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1/2
. MTO (14 /4 ) B (2.12)
where MTO' = max imum permissible twistjngfmoment for a similar
S 0 . . . .
o plain concrete section
e .’“'vf-‘= magnitude of prestress '
\ P ' | .

The exper1menta] work reported by Humphreys (1957) related

“to the test1ng of 94 plain prestr?ssed rectangu]ar beams, four of wh1ch
were eecentr1ca1]y prestressed with zero stress at the top. Fa1]ure
~in the beams was so sudden that tensiie crackihg could not ‘be.detected.
In the case of eceentrica11& erestressed 5 in-square,and 10 in. x 5 ih.
-rectangu]ar beams the initial crack occurred on the top face. *
| -Hum%ﬁ%eys stated_that; th0ugh the':rack occurred at a loca-

~ tion of tere hréggress,on'the top in rectangular beams, the strength
4: was gqverned'hy the same conditions as.that_for a cbncehtrica11y\
stressed~hemhe;, because of the higher torsional factor associated
‘with the short side of the section. The square and.rectanqula(;hgams \
~-developed a torsional strength 13 and 43 percent respectively in ercess"'
of their unprestressed counterparts He approximated. the principal.

tens11e stress theory of fa11ure by a regress1on equat1on which y1e]ds

i the fo]]ow1nq u1t1mate torsional stress

B | . 3
Tnax = f% +.0.307 op (2.]3)
3 . 8 )
where 7___ = ultimate torsional shear stress. oy
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e

3H1s equation for the tors1ona1 strength pr%ﬁ\ction of a p]ain/pre-,

&tressed member is of the following form.
' ™

T = k(140.30 ) bh SN (2.14)
where T = u]t1mate tors1onal strenqth ~ ‘ ‘ ’
..'\.! ~ ]
k = a function of depth to breadth ratio

~
11}

ultimate shear strength of a plain concrete member

\ e

Based on'the tests in the 1iterature Hsu 196éc extended*
his"skew bending theory to concentr1ca]]y prestressed rectangu]ar
beams’w1thout web reinforcement. The torsional strength of such a

beam was obtained as the'torsional strength of non'prestressed beams

o
multiplied by a préstress factor wh1ch accounts for.the effects of
prestress. e equat1on is of the fo110w1nq form
= [6(6%+10)n f"/3][1 + —%3911/2 O (2a8)
C . ' L
where ° Tu = ultimate torque of p]ain prestressed begms
M L ’ ] N 'g -. . . - ‘ A
(1 —?TR) /? prestress factor . _ o o

C ﬂ _
< \
In estab] h1ng the prestress factor, the modulus of rupture was taken
equa] to f! /8.5 This prestress factor becomes 1dent1ca1 to the factor
that would be der1ved assum1ng a pr1nc1pa1 tens1]e stress fa11ure
cr1ter10n and a va]ue of tensile strength equa] to f /10. From the
test results of Humphreys (1057) Hsu concluded that a compress1on

fa11ure wou]d occur if average prestress exceeded 70 percent of the.f

—
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‘ compressiue strength. The applicability of‘equation (2.15). uaé Timited
to eccentrica11y prestressed sections which cracked on the wider.face
and in such cases the crack was assumed to occur at the centre of the
w1der face, neglecting the var1at1on of prestress Th1s theory could
not estimate the strength of near]y square beams which cracked first ‘\tg_
on the top‘face. _ | B | |

Mukherjee and Kemp (]967) extended their stat1st1ca11y derived
pred1ct1on equat1on (2.6) for rectangular concrete members:,- to 1nc1ude
the effect of concentric prestress The torsionvfactorvof thisveX—
pression contains a_term 1nvo]v1ng prestress which reéulted in torques
increagjgg elight]y,Wfth the Tevel of prestress. The enhancement of
torsidnajvshear resistance due to the presence of prestress was taken‘
into accountvby using’the max imum principa]-strESS theory.wJThe re-
' su]ting‘exprésSion is as follows. | |

1 4"

T - [0.4124(1-9.2333%)' +g{r]_ b, (2.16)

where T, Nt o /f') i
1 _"_" t . ) ’ :
'ft = Sv/fc _ Ly
L NN a*ﬁf’-a»,)‘ A
Equation (2. 7) was mod1f1ed in a s1m11ar m ne; to account for the in-

creased strengthvof plain concrete members due to prestress. Th1s

equat1on for a p1a1n prestressed beam m;y be. wrltten as

T ';(2'. ] 7);
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 Chander et al'observeq from‘test resuits'thaf.the torsion factor was
indepenoent of degree of prestress. It was stated thét tensile failure
occurred if the averege prestreSS'did not exceed tenbtines the tensi1e |
strength'of concrete. Equation (2.17) was checked by results of beam
tests of several investigations in éddifion to fheir own and the corre-\(
lation nassfonnd to be gooo" , |
In fhe case of cen1r1ca11v prestressed rectanqu]ar beams
under pure tors1on the initial. cr?ck was observed by Humphrey (1957)
and Zia (1960) on the top face whereas MukJerJee and Warw>ruk (1970)
and Gangarao and Zia (1970) observed it at the top of;theh1onger side,
" and Chander et a1‘(1970)ﬂand Woodhead (i972) at the centre of}]onger
side. It was generally assumed that the prinefpal tensi]e'stress
situation’::izﬁgvfeaSt compressed face determined the'sfreanhvof
sueh beams "~ Each of the above investfgators'dbserved exoerimenta1
strengths 1n excess of that correspond1nq to a p1a1n concrate beam.
In some 1nvest1gat1ons, eccentréca]]y prestressed beams exhibited the-
same strepgth‘as concentr1ca1]y prestressed beams having the same
' average prestress
| N1th zero prestress at the tob, Hsu's: bend1nq theorv wou]d
pred1ct a strength equa] to. that of a D1a1n concrete beam if the fwrst

~L}

-crack or1g1nates at the top of the vert1ca1 face However,-h1s theory

*“cannot be applied if the top face cracks first. B

\



21 .

Plastic theory sannot be applied in the usual form, as the
shear stress would depend onrthe 1gve1 of préstress at ea&h point and
it varies ﬁon]inear]y on the cross section. )

For eccentrica]]y'prestressed beams on]y'the elastic theory”
because of the higher torsion factor at ‘the cowtre of the short face
‘rather than on the long face predicts a higher strength than for a similar
qurestressed beam.. quever, Chander et al (1970) observed that the
elastic ‘theory exﬁ]ained only a part of the increased Strengthsénd
shoWed thét a'skewed”sahd heéb analogy reSu]ted in befter strength |
predictions of such members. They assuﬁed‘that faiiure”occurred only
when the complete section was piastic. The sheér streréth'varied
in ac: ordanéé with the prestress ﬂith no f@ﬁsiie\stréss at the top,
the s]ope of the sand heap at/ég; ﬁiddle of the ionger side contro]iéd‘
the‘failpre. But for'practical uSebthéy'rétommendedfthevuse of inter-
action diagrams as suggested by Mukherjee and_Narwqruk‘(1970) for. »
computing the torsioha] strength ofﬂeCcentricaliy prestressedmpeams

K4

under torsion, treating the eccentricity of prestress as an external
- . : ) I &

“ moment.
| Zia carried sut'anve*teﬂsive‘test program consisting of pre-
stressed and unprestressed rectanguiar T an I sections subJected to
pure torsion. He be]ieved that the elastic theory was more Justified
thah the plastic theory_because for short time loadings high strengtql
concrete- such as used in_prestressedfconcrete structures, egﬁibitéd
very 1ihited pTasticity.i E];stic_shéar stress distribhtions_for réé-i
tangular, T and I'sectiéns»were obtained Qsing finite difference'techniques:
Thé'increasé initqrsigha]:shéér stress_due to prestress,wds Qdmputed, .

uding modi%igg Cowan's failure criteria developed by.Zia.
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Failure cr1ter1a in general reauire a know]edge of both com-
press1ve and torsional strenqth of ‘concrete. Genera]]y, a prem1se is
made that the tors1ona] strength is equa] to the tens11e strenqth of
concrete. As for tens11e.strength’the fo]]ow1no re]atjonshﬁo basedw
on the test results of Gonnerman-and Shuman was adopted'by»Zia.

' ‘ e )

3/4 (2.18)

£ - 0.68 (£2)°
Rectanqu]ar and T sect1on beams fa11ed 1mmed1ate]y after crack1nq
The aqreement between the measured and theoret1ca1 crack1ng resu]ts
of these beams was good. Zia observed in his testlnq-that the cracking ‘
and u1t1mate strenqths of p]a1n concentr1ca1]v and eccentr1ca11y
prestressed I sectlons w1thout web re1nforcement were quite d1fferent
For these beams he reported only- test resu]ts at u1t1mate but not at

™

crack1 q Compar1son was made between theoret1ca1 crack1nus strenqths

-and experwmenta] u1t1mate strengths Thus 1t ‘is not poss1b1e—to deter— .

m1ne “haw we]] the e]ast1c theorv comoared w1th the f1rc' crack1nq

vload But the fact was establlshed that -1 beams of his 1hvest1qat1ons
_re51sted substant1a1 torques after crack1nq ‘This - behav1or of un-
st1rruped I beams, d1fferent from . rectangular and T beams, deoends

- -strongly on the relative oroport1ons of’ the f]anges and the web

"and if prestressed also on the eccentr1c1ty of orestress In a D]a1n o
or concentrvcallv orestressed beam, if the d1menswons are such that
,flrst cracklng occurs at the center ‘of f]anges then it spreads 1nto the;

flanges and web and the beam co]]apses 1mmed1ate1y ‘ Howeyer, if the .

kg s

web is- thicier than the £1 \0es, the more h1gh1y;5tresséd‘web‘bicks up



| because of the presence“otWTess stressed flanges on either side of

_ occurred at the formation of the first crack.
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the first crack and it prodassses towards the flanges at a slower rate

o

the web. Zia stated that at th]s stage a red1str1but1on of stress

dtakes p]ace in the f1anqes transform1nq the torsional shear in them

to lateral bendlng shear The external torque is resisted by the 1nterna1
coup]e of the 1atera1 shear forces developed in the f]anqes In.this
case failure occurs when the ]atera] shear force equa]s the Tateral

shear strength of the flanges. ' Z1a s beams fa]] in th1s category

hav1nq a web th1ckness of 3- 1/2 in. and a f]anqe depth of on]y 2 in.
Such,behav1orifor example, was non existent?in.the plain I girders

tested by Wyss et al (1969) although the first crack occurred in the

web: here the web and f]ange thicknesses were equal and failure

& .

Irrespective of the th1ckness of the web. re]at1ve to that

. of the f]anges if the [ beam is prestressed eccentr1ca1]y Zia observed

.~ that the bottom f]ange became stronger than the top-flange. when the

top f]anqe cracked first and the crack propaqated towards the web the

‘uncracked portion became a 1-sect1on with the prestress more uniformly
»distributed on the uncracked portion. Such a'section resisted toraue
| in excess of the torque that caused top flange crack1ng Unfortunatelyv. -

‘as po1nted out ear]1er exper1menta1 cracking torques ‘were not reported

\

'h_to assess the strendth ava1]ab1e between crack1ng and ultimate staqes

If the exper1menta] ‘torques at the elast1c 11m1t in the I beams weff’\\“\

assumed to/be the test ‘cracking: torques then the. fa11ure and crack1ng
i

torques differ by about 11 to 40 percent depend1ng on the eccentr1c1ty;
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The crack1ng torques m1ght have been greater than those at the elastic

3&% limit; then the dlfference between the strengths at crack1ng and u1t1mate

; would be 1ess

5 Cor lnouqh £1a did not draw any conclusions, his plain pre-
stressed rectangu]ar‘beams, and. I:beams showed esseritiallv the same
strenqth 1rrespect1ve of the eccentr1c1tv HoweVer in the case of

plain prestressed T beams eccen

-

B
-~

4c1ty of prestress had an adverse
' effect causing a decrease in. stre gth |
A ma]or test serles cons;st1ng of 18 ]arqe concrete I qarders
and six r9ctadgu]ar beams under gure tors1on was conducted by Wyss, Gar-
Tland and Mattock (1969) Twe]ve of the 1 q1rders were eccentrtca]]y
A‘prestressed In an attempt to estimate the crack1nq strength of |
these beams they app11ed a two d1mens1ona] finite e]ement method.
“Triangular elements were used w1th nodes 1ocated at the: 1ntersect1ons
of a.1/2 x1/2 in. mesh The output from th1s proqram consisted of
a shear stress d1str1but1on wh1ch is essent1a]]v e]ast1c Cracklng
was assumed to occur when the pr1nc1pa1 tensile stress at a cr1t1ca1
-‘]ocat1on exceeded the measured sp11t cv]wnder strenqth For most of
the I girders the measured torques were cons1derab]v 1arger wh11e for-
the rectangular beams they were cons1stent]y smaller than the computed
va]ues | .(‘. |
In the case of web cracklng, the ca]culated values compared
well w1th the- test results, 1f the h1gh shear stress grad1ent in ‘the
dv1c1n1ty of ‘the web- flange Juntion was neg]ected, and a. sma]]er value

of shear stress which ex1sﬁed at a dlstance 2 in. away from the

top of ﬁhe web and a]ong ‘the remalnder of the web was adopted »Hith
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regerd to girders that cracked on the tnp, they'stated that'shallow
_'cracks'might have occurred at Tower torques than those reborted,
but were not seen hecause'of the rough trowelled ‘top fece;"But no
_exp1anatibn'was given for the opposite_trendAof lower testnstrengths'
than the computed ones in the case of rectangular beams.
2.1.5 Reinforced Concrete Beams Under -Combined Loading

A beam under pure torsion develops equal tensi]e and com-
pressive stresses on two perpendicu]ar‘p]anes} “ The addition of a
normal stress‘due to the app]ieation of any of the following ]pads
prestresss'bendinq, and dirett tension or comnression, further'com-
p1icetes the torsfon problem. In such a case'the ma ximum principa]
tensile stress iS'accompaniedgb} normal stresses of varyina degrees
on orthogonai planes. Viewed differently, the shear stress distribu; ‘
tion 1s to be obta1ned under the simultaneous action of a known d1rect
stress.. Th1s does not seem to be poss1b1e Assum1nq the stress
situation is accurate]y known 1t remains to be determ1ned when failure
”occurs. The strength of a material is dependent;on the ‘state of
stress. Though ‘several mathematical fai]ure criteria were advénced
in the past fer the éOmbined stress problem experimenta]'verificatien -
is very difffcu]t'in the case of concrete.

The d1fferences in the crack1nq analvses of var1ous re- '
searchers are as fo]]ows H | |

R

First, e]ast1c stresses due to bend1ng moment transverse e

[ &
o X

&§a1neds The only difference

shear, and prestress were separatel
 related to-the evaluation of the torsiona]VShear stress distribu-

tion. For this purpose, any one of the following methods was used:
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(a) Elastic theory(;/// ’ S ;
e v i
+ (b) Plastic theory’ . !
(c) ~Semiplastic theory
(d) Hsu's skew bending theory
)

(e

Statistical approach

N

Second most of the tnvest1gators used a principal tensile |
stress cr1ter1on of failure. It was assumed that cracking would com-
" “mence  when the maximum principal stress due tovthelcbmbined action
ofubending, shear,ttorsion, and brestress reached the tenSile strength
”ochonerete. However, ver} few used a failure criteriarbther,than
,Aprincipantensiie stress. o

" Third, differences are considerable, as a]so'ndted earlier,

in assum1ng a value for the tens11e strength of concrete.

. qut recently Barton and Kirk (1973) carried out a crack1nd
analysis of.their reinforced:concrete T sect1on/beamsvsubJect to K
comb1ned 10ad1ngs assum1ng full p]ast1c d1str1but1on of tors1ona1
shear stress and e]ast1c d1str1but1on of bend1ng and transverse
‘shear stresses. They used_the max imum pr1nc1pa] stress failure
criteria. The tensiie'strength of concrete'was 1tmited:to S.VT'}.

Two 10cat1ons on the Ccross sect1on one at the neutra] axis, the other
: e1ther at the centre of top or bottom face, were examlned for poss1b1e -
cratking. Rat1os of test and ana]yt1ca1 torques var1ed from 0.82
to 1.58 with a mean Va]ue of 1.13. It is to he noted that the moment

used in the crackinq'strength equations referred to the centre of the

" test span.
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L 2.1.6 Prestressed Concrete Beams Under Combined Load1no ]
| As a f1rst part of an extensive test program Gangarao and
2ia (1970) reported the research f1nd1ngs of tests on prestressed rectan-
gu]ar beams (6"x12") ‘under comb1ned bending and torsion. Of the 42
specimens 28 were prestressed concentr1ca11y and the rest’eccentri-
-ﬁailya A1l beams had trahsverse: re1nforcement and some of them were
provided with long1tud1na1 mild steel while’ others were not. They
.}resented~a4cracking'ana]ysis using the skewed bendino theorv Bend-'
(ing was assumed to take place across a p]ane 1nc11ned at an anq]e to
the 1ong1tud1na1 axis of tﬁqﬁggam The width of the fa11ure p]ane
mas the 1ength of the crack on -the tens1on side of the beam. 'The
,Vin1tL§1 ‘crack was considered to occur when the internal stresses due
.‘to&irestress, bend1ng moment, and torque exceeded a reduced modulus .
of rupture Stress due to flexural moment was computed e]astwca]]v,‘
fand on]v the bending component of toroue was con51dered to cause

,bend1ng and contr1bute to the tensile stress. Two, crack1nq modes,'

7! o'.

:( melv, hend1ng mode and torSnon mode were exam1ned In the former
9?:e tens11e crack occurred 1n the bottom face wh11e 1n the latter

’7 1t appeared e1ther at the top, bottom or centre of the wwder face
Reduced modu]us of rupture was approx1mated to f! /10 F1na]1v an
equat1on was estab11shed 1nvo1v1ng torque and angle of cracking as
"_unknowns;' M1n1mjzat1on of'toroue wﬁth respect to crack anqle.proA".
fvidedfatsecond equation‘for solving the'cracking torque and angle.
Gangarao and Zia stated that efastic torsion:theory did'not‘work well.
and proved to be highly. conservative' Beams - subJected to’ pure tors1on

deve]oped an- 1n1t1a1 crack at the centre oﬂ‘the w1der face if con-
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centrically orestressed,dat the top if eccentr1ca]]v prestressed
Beams w1th eccentricity cracked at slightly lower torques than the
beams without eccentr1c1ty'_
| Subsequent]y Henry and 7Zia (1971) investigated the behavior of
32 rectangu]ar prestressed beams (6”x12“) Toaded in combined torsion
bendlng and shear. All the beams were prov1ded with lonq1tud1na] m1]d
-stee] and the same amount of web re1nforcement One ha]f of the total
beams had concentrlc prestress and the rema1n1ng one half had eccentr1c
prestress The cracking ana]ys1s presented was identical to that deve -
loped by Gangarao and Zia, but 1nc]uded the effect of transverse shear
In accordance thh the e]ast1c theory bending shear Stress was assumed ‘»
to be parabollc across the helght of the section: They observed that
the spllttlng tensile strength was an adequate measure of tens1lj stress
as s1m1]ar qualltatlve b1ax1a] State of stress ex1sted in the split
‘test and the beam at initial crack1ng Two cracking modes, bendlng
and torsion, 4as in the ear]ier Study, were 1dent1f1ed Two 1ocat1ons
one at the centre and ‘he other at the bottom of the side face on which
rshear and torSIOn stresses were add1t1ve were checked for crack1ng in
the torsron mode " The p0551b111ty of an 1n1t1a1 crack at the top of

the long 51de was not considered. A S

N
: K

F]exural cracks were observed first hear the bending load

id“on the side at the bottom, even though the beam failed subseouentlv
in a tors1ona1 mode. In some’ beams the 1n1t1a1 crack formed at the
centre of the s1de face. Henry and Zia observed that the crackwnq

"]oads were very sens1t1ve to loading combinat1ons The torque

. moment" rat1o used in- the cracking ana]ys1s related to the failure

section rather than the f1rst crack section. This may then result
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in comput1ng a cracking strength at a sect1on d1fferent from where

‘the crack actually had formed.
More recent]y Johnston and 7ia (1971)~tonducted a series
of tests on 37, 12—in square hollow eccentr1ca1]y prestressed beamsﬂ
in various comb1nat1ons of torsion, bend1ng and shear. All beams ex-
cept five contained web re1nforcement St1rrups were spaced either
at 3 in. or 6 in. Two shear span to depth ratios were)adopte‘
Theoret1ca1 ana]yses were- presented to predict cracking
and ultimate strengths They compared their test results at crack- .
1ng with two methods of ana]yses The first one,based on skew bend- -
ing theory, was presented by Gangarao and Zia; suitab]e modifications
\were app11ed to account for the hollow port1on presence of shear, and
the add1t1on of the top crack1ng mode The &%eﬁnd one was elast1c
'theory deve]oped by themse]ves A f1n1te d1fference so]ut1nn of the
govern1ng d1fferent1al equation y1e1ded torsional stresses which were
comb1ned with other stresses computed elastically. The initia] crack
was assumed ‘to occur when the principal tens1]e stress exceeded the
sp11tt1ng tens11e strength of concrete. -The JUSL1f7C6t10n offered e
for the use of the sp11tt1ng tensile strength was the 1ns1qn1f1cant "
]straln gradlent for a thin walled holiow beam as is the s1tuat1on

in the sp11tt1ng test. Three crack1ng modes were analysed as the

beams of this investigation cracked either on the bottom (Mode 1)

| or on top (Mode 3), or on the side (Mode 2)

L 45 Johnston and Zia showed that the bend1no theory failed to
forecast the crack1nq strength of hollow’ beams adequate]y, yie]ding

unconservative results for Mode 2 and Mode 3. But 1t»gaye good corre-
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o
*

Tation with test resu]ts‘for bending (Mode 1)i This is not unexpected
; . : ) ) .
as cracking in Mode 1 is mainly due to bending The elastic theory

" agreed well with test results: thounh its pred1ct1ons proved ta_bé -\

sl1ght1y unsafe for Mode 2.

Te est1mate the cracking strength of rectan alar prestressed
beams under combined 1oad1ng WOodhead and McMu]]en (]972) used the
elastic theory to compute the tors1ona1 f]exura] shear, and bending
-stresses. Crack1ng was presumed to commence when the pr1nc pa]
tensile stress equa]]ed the tens11e strength of concrete wh1ch was

ass1qned a va]ue of 7 Three cr1t1ca] ]ocat1ons, name]y centres
‘of the top, bottom and vertical faces, Aere’ exam1ned Severa] rec-
tangular prestressed beams from different 1nvest1oat1ons were analysed
and the corre]at1on w1th the. test results was good and ranged from
,‘1 035 to 1. 33 For f]anged sect1ons thev sugqested the same method
Jﬂbut did ‘not ana]yse any beams even though the strengths at first
‘crack1ng in the case of prestressed I g1rders bv Wyss et a] (1969)
were available. ' | » \

Gardner (]960) reported'tests'on ]6~p]ain I-beams nearly
:‘concentr1ca1]y prestressed (eccentr1c1tv was only 0.2 in. ) loaded

. under comb1ned bend1ng and tors1on He reported only the moments at

.thebu]t1mate stage. Further, substant1a] bend1ng moment was applled

.6

f1rst in some beams. causing crack1ng, before" any torgue W5 applied
No beams were tested under pure-tors1on He found that for thz beams
which d1d not deve]op tensile stregses on the app11cat1on of bend1nq
c moment the limit of e]astlc behavior (def1ned as. the ]1m1t of the

11near part of the torque tw1st curve) could be est1mated using the

i
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elastic theory. A finite difference method was used to determine the
shear stress'distribution.
The presf?ess used‘related to the centre of the web in spite
of the eccentricitykof the prestress. A value of 0.707 times the

measured modu]us of rupture was taken as the tensi]e Strength-of

concrete. Another caleulation assum1ng full p]ast1c1ty at the u1t1—

. mate stage, using a uniform prestress’and shedr\stress d1str1but1on,

pr1nc1pat tens11e stress fa11ure cr1ter1a, and tens1]e strength equal

to that used in pred1ct1ng the 11m1t of e]ast1c behavior y1e1ded ’

strengths veryzelose to the ultimate torques.

Reeves (1962) described. the testing of 42 plain prestressed
concrete T section beams under combined bending and tors1on The

prestress alone resulted in nominal stresses of 0 ps1 at the top and

‘

‘2000 ps1 in the bottom. The load app]1cat1on was 51m11ar to that

vadopted by Gardner (1960) In some beams ‘there were cracks due to the

bend1ng moment before the f1na] torque was app11ed Strengths were

| reported at the 11m1t of elastic behav1or and at the u]timate stage.

He attempted to 1nterpret the uTt1mate strength us1ng the class1ca]
theor1es and concluded that the 31ast1c and plastic theor1es could

not adequately predict the tors1ona1 strength of his T sect1ons at

.‘fa]]ure. If the sect1on is. cracked it is not’ poss1b1e to aeterm1ne '

the torsion factor the prestress_dlstr1but1on, andvthe cr1t1ca1 shear
strength

Bishara reported tests on Zd prestressed rectanqu]ar 1

cand T beams sub]ected to comb1ned torsion, bend1ng and shear in Various

»
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combinations. Half of the beams were eccentrically prestressed.

_Rectangu]ar'beams developed initial cracks on the ]onger side where

the torsional and flexural shear stresses were add1t1ve These beams .
fa11ed in a skew bending mode w1th the compress1on h1nqe on the s1de
'opposite to that where cracking started In flanged beams crack1na
started random]y e1ther on-the web, or on the top face or at'both

the 1ocations. It was observed that the f]ange(s) and the web appeared
to behave as 1nd1v1dua1 component rectangu]ar members with regard to .
the extension of cracks to the adjacent s1des 1mp1v1ng dlscont1nu1ty'
of cracks at the web flange junctions. However fa1]ure finally took
p]ace by crush1nq of the concrete a]onq a part of the web and the

f]ange

B1shara used the e]astlc theory and observed that it fai]ed

b
W]

to pred1ct the craC'T'g strength of prestressed “ectangular and f]anged

iy ,:}F

»a( TR Y
beams but d1d %ggéest any a]ternate method. He obtained the stress

w ,
d1str1but1on due“ t0 “a¥%’ the forces 1nc]ud1n0 the torque by\t he e]ast1c

theory. Pr1nc1pa1 tens11e stress fa1?hre cr1ter1a was used. " The '
pr1nc1pa1 tens1le stresses at the critical locations varied from 400
psi to 1260 ps1 for rectangu]ar .beams and from Sggﬁto 16001psi-for T
. beams. In the case of I beams -the “ion was trom'900 to 1600 psi.
These high stresses did not relate to Ly of “he computed Strengths
such as 5 /f' for the tens11e strength and "5 f for the modu]us ;
of rupture corresponding to h1s test spec1mens He attrwbuted this
‘d1screpancy to the 1ne1ast1c behav1or of concrete pr1or to crack1no

In accordance with the design ph1losophy of the ACI

“Wyss and Mattock (1971) 1nvest1gated the tors1on shear . 1nteract1on

|
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. on diagonal tension erackinq in a‘test series consisting of twenty full
sca]e I sect1on girders stressed eccentr1ca1]y ,The dimensions of

the test sect1on were identical to those adopted in thewr earlier

- Study of pure tors1on (1969).. In the study of shear-torsion 1nter;
act1on two. cases, web crack1ng, and shear- f]exure crack1nq were-
_examined. Dependwnq on the Ccross sect1ona1 d1mens1ons and the eccen-
‘tricity of prestress, initial crack1ng may occur e1ther on the top

or in the Web when torque alone acts. The1r study concerns the formenw-’
case, while the 1atter case would prove to be more severe in comblned
load1ng, as the,%ors1ona1 and flexural shear stresses add on one verti-
cal face To estab1rsh the torque-shear 1nteract1on ‘stress distribu-
tion due to prestress, f]exure and transverse shear was evaluated by
the e]astlc theory and comb1ned with the torsional shear stress-com-
,puted by e1ther e]ast1c or p1ast1c theorv : Assum1ng the tensile
strength as 6 /f', tens11e stress fa1]ure cr1ter1a was applied.

s

Wyss et al noted that the computat1on of tors1ona1 stresses by the
e]ast1c theory was unrealistié and favoured the p]astlgi}heory Three
possible modes of d1agona1 tension cracking were recoqn1zed In the
case of cracking at the top, 1ts center was examlned ~In the .web the
neutra] ax1s was cons1dered to be assocwatéd with the maximum principal "
tens11e stress Homever at_a cross ction hlgher tensile stresses may
occur at the bottom Junction with . f]ange if the rate of 1ncrease of
-tens11e stresses due to f1exura] moment 1s more than that of prestress

assum1ng both tors1ona1 and transverse shear stresses do not vary in .

: vthe web
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~ In the development of their shear-flexure cracking strength

Wyss and Mattock started with the ACI shear equation (1963).. - ¥ %

V.. = 0.6 b'd /f. +ﬁ!££a + vy S (2.19)
vz
where » Vci = diagonal tension crack1ng shear in a reg1on of -a
| " beam cracked in flexure : _ |

;b' *'=ﬂn1n1mum_width of a;f]anged-memoer: |
d = effective depth of a beam ! o
M)V = moment'shear ratio due. to apolied ]oads o
V4 = dead load shear ‘ _ -
Mcr*’: net f]exur§$ crackfnq moéent L )

The tensile stresses ‘due. to the second and third terms of the fore—v
mentioned equat1on were combined w1th the plastic tors1ona] shear

stress (on]y in this case tensile strenqﬁh was assumed equal. to »
‘modulus of rupture est1mated at 9 /f ) The f1rst term of eouat1on 2.19 -
1was assumed LO be affected by tHe presence of torque 1n the same way.

as the shear, torque 1nteract1on in the web crack1no case. Theur '
: strength equatlons were not der1ved in genera] terms but certain

known values were subst1tuted and they are as fo]lows

_ Cracklng on the top face S

R

-

o o o - R . I
Ter =277 (1.26 + 5575)

‘2
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or = 492-5.95 v o (2.2n

Shearrflé}ure'crackihg'

3 . o ’ 2 . . -
I - T m T .
Yoy = 5.88 (1 -~ 797 * (29.52 - 70,6000 * 0-3 (2.22)
»'where' Tcr = diagonal tension cracking torque in combined Toading |
T @ .= torque‘applied to a section
Vo= shear app]ied to . a section -
Vcr = d1agona] tens1on crack1ng shear in comb1ned bend1ng

Vé{ ‘*d1agona1 tension: crack1ng shear in a reg10n of a
i~

‘beam cracked 1n f1exure

- Syl

4

'The pred1cted resu]ts were qenerally in good accord w1th the test re«
fsu]ts except in the case of SOme qﬁrders wh1ch had -initial cracks in,
»the web They believed that the h1gh1y conservat1ve pred1ct1ons in

the case of web crack1ng.were due to e1ther,

/
.'~[

(1) the less stréssed side of the web re1nforc1nq the highly

vvstressed side of the Geb delay1nq cracks, or.
. f

- o (11) red15tr1but1on of stresses occurr1ng which cou]d not be
" taken into. account by the elastic theOry (‘

Probab]y the h1gh ress grad1ent a]so m1ght be'respOnsible’for this

i
o

conservatlsm




2.2 1timate Strength.

2.7 General

The general methods deve]oped in the 11terature for predicting

the ultimate strength of re1nforced concrete beams under pure tors1on

~and comb1ned tors1on bendinq and shear are 1nd1cated in the fo]]ow1nq
sections. Rewnforced concrete f]anged beams ana]yzed by the skew bend-

1ng theory are’ d1scussed Usua]]y the ana]yses ava11ab1e for re1nforced

\
e

concrete beams have been extended w1th certa1n mod1f1cat1ons to eva]uate o
the ultimate stnength of prestressed members The most recent 1nvest1—'
gations of prestressed rectangu]ar bearis, under comb1ned 1oad1ng and ”
prestressed f]anqed sect1on beams are rev1ewed c]ose]v

‘To ach1eve post crack1ng strength and duct111ty concrete
, members are provided with Iong1tud1na] and transverse re1nforcement ‘to
resist torsion” occurr1ng a]one or with other forces These re1nforced ‘
‘-beams can be broad]y d1v1ded 1nto three categor1es, name]y under -rein-
' forced over-reinforced and partially over relnforced “In an under—
1re1nforced beam both ]ongltudinal stee] and st1rrubs v1e1d before the
_ concrete crushes at u]t1mate Strain compat1b;11ty need not bg cons1dered
~in* such a beam. Most of the ava11ab]e ana]vses cover on]v this cateoory
of beams} A over-re1nforced beam 1s one in wh1ch'ne1ther the ]ong1tudjna1
‘steel nor stirruos_yie]d before‘the‘concretetfails. Over-reinforced
beams are ndrmaily not. permitted to be desigried. :A partially 0ver-'
' reinforced beam has an unbalanced rat1o of 1ongitud1na] stee] to st1rrups
Only one re1nforcement either the ]ongitudlnal stee] or the st1rrups,,

yields while the other does not as the concrete crushes For strength

eva]uat10n of such beams the straln in the steél which is not stressed
‘ ¢ >
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e to yield at failure, must be known. Most of the prestressed concrete
beams in the literature belong to this category. ’
To obtain an under-reintorced or a'balanced'failure; not only
‘must the total amount of 1ong1tud1na1 and web stee] not exceed a certain
amount but also the dmstribut1on between the 1onq1tud1na] steel and stirrups
must be within certa1n Timits. Though several 1nvest1gators observed
that the distribution:-ratio (rat1o volume of ]ong1tud1na1 stee] to web

stee]) can vary wnde]y,to produce balanced failures, the most often | -

used va]ue is’ un1ty - Knowledge about the variation of the distribution

rat1o is 11m1ted .f‘
2.2.2 Genera] Theories in Reinforced Concréte |
'A Early inveStigators and the ACI S approach for pred1ct1ng the
u1t1mate pure tors1ona] strength of re1nforced rectangu]ar concrete beams
can be re]ated to an expre551on of the fol]ow1ng form, based on the pre-
“mise that the tors1ona] strength is composed of the sum of strengths :
due to concrete and reinforcement » |
: - .///
=“kT0 + Q‘: x]y]'At“ftX ' » (2.23) |

uo S

0 pure tors1ona1 strength of a p]a1n concrete beam

—
n

where

R
il

a funct1on of X3 and v], and ratio of vo]umes of

1ong1tud1na1 stee] and st1rrups

>
i

a non.dimens1ona1 factor
. &

The f1rst term accounts for the tors1ona1 res1stance of the concrete and

second term of the re1nforcement " There were-considera%ﬂe differences
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‘between eitimates of these two torsional resistances cited in the
lTiterature.

‘ﬁausch (1929) propos1ng a truss analogy for the study of

tors1on of reinforced concrete beams, obtained a value of 2 for Q, as-
. ] 5
-’sum1ng uniform y1e1d stress in the stirrups. Concrete strength contri-

v

~

but1on was cons1dered to be zero. Anderson (1937) and Cowan (]950)
d1sputed the uniform stress 1n the stirrups and based the s;ress dis-
tribution accord1ng to the e]ast1c theory. Cowan S study resulted:
in a value of/TT6 for Q and the concrete contr1but1on equal to the
tor51ona1 strength of a corresponding p]a1n concrete member
o B The - f1rst rational ana]ys1s for the ultimate torsional
strength of reinforced concrete beams under comblned load1nq was that
A of Lessig (1958 1959), who proposed that rectangu]ar beams fa11ed
: in one of two skew bendlng‘modes, namely bend1ng mode and tors1on mode.
Us1ng two of the six edu%?ibr1um cond1t1ons,one for forces and the
other for moments, tpgether w1th several assumptlons she der1ved ulti-
J mate strength equations for each of the modes of fa11ure In her
ana]ySIS the fa11ure surface was 1dea11zed by a sp1ra1 crack\at a -
constant inglination on ‘the three sides of a beam, Jo1ned by a com—
pre551on crack on the fourth Inc]1nat1on of this crack was determ1ned
by min1m1z1ng the torsional res1stance of the member Less1g s theory
N considers the combined resistance of concrete and re1nforcement
| However, it neo]ects the tensile strength of concrete

Those who used - Less1g s skew bend1ng theorv for re1nforced

concrete members w1th certain mod1f1cat1ons and add1t1ons resu1t1nq
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"3n refinements inc]uded”Wudﬁn (1962), Gesund et al (1964), McMul]en and

&t

Warwaruk (1967) Cb]]ins et al (1968), Goode and Helmy (1968) Brad-

burn (1968), and K1rk and Lash (1971) Gangarao and Zia {1970) Henry
‘and Zia (1971) Johnston and Zia (1971) and Woodhead and McMullen (1972)
applied .her theory in prestressed concrete ~ Yudin (1962) believed that
it was accurate enough to assume the fallure surface at an ang]e of 45
degrees with the 1ong1tud1na1 axis. He claimed it was more rat10na1 to
.cons1der moment. equat1ons about two axes, one about the ‘axis parallel -
to the 1ong1tud1na1 axis and the other perpend1cu1ar to lt and one force
equat1on - Gesund et al (1964a 1964b) cons1dered the effect of dowel
forces in tHeir study.of u1t1mate tors1ona1 strength. McMullen and
warwaruk (1967) observed that a beam having more tongitudinaj‘stee]
hear the bottom face than the top fa11ed develop1ng a compress1on zone
“in the bottom face, and referred to thlS as a Hode three fallure

Co]11ns et al (]968) s1mp11f1ed Less1g s equations and also observed

the Mode three fa11ure Goode and Helmy (1968) used a third equ1]1br1um
»equat1on wh1ch_furn1shed a conditionto solv. another unknown . ,They ‘

uti1ized this conditicn for estimating the steel stress in a partially.

over—retnforced'case. _Kirk and LaSh'(I§71) app]ted the skew bending
theory to T section beamsf”ﬁdealizing them as rectangular ones'
| 0bserv1ng that Less1g S theory d1d not account for certa1n
—\\exper1menta1 observat1ons and d1d not numerically fit the test resu]ts,
~ Hsu (1968d) proposed a theory for pure tors1onal strength of Symmetri-

cally reinforced rectangular beams based on h1s~test program. Dif-

fering from that-of7Lessig he idealized the failure surface as a p]&nev
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inclined at 45 degrees to the axis of twist but perpendicu]ar to the
w1der face. He stated that the- 1nc11nat1on of the fa11ure surface
was constant 1rrespect1ve of the cross sect1on Y d1mens1ons and ﬂ@gﬁ
ratio of longitudinal to web reinforcement. He be11eved that the
fai]ure surface should not cut the hor1zonta1 1egs of the st1rrups
The dowel forces in the long1tud1na1 steel and the shear resistance
of the shear- compression Zone were taken into account. Estab11sh1ng

the equ1]1br1um of moments about the lTongitudinal axis of the beam,

the fo]low1ng express1on was’ der1ved to pred1c;'§'e torsional strength

of rectangular reinforced concrete beams

2 x,y, Af -

| | > ; | .
where | TO 2.4b h rfc//b

)
]

= 0.66m + 0.33 y. /x;

ratio of volumes of longitudina] steei'and stirrupS' ’

H

Hsu evaluated the term Q experimentallv AThus the equation heavily.
depends on his test results The first term of this equation is about
- 40 percent of pure tors1ona1 strength of a p1a1n concrete beam whhch
is a]so equal to the intercept on the T axis of the experimental
curve between T, versus re1nf0rcement factor. - However Hsu obta1ned
| lthis term as the resistance of the shear compress1on zone ®

An exten51ve cont1nu1ng 1nvest1gat1on of re1nforced T and
L section beams under combined 1oad1ng has been reported by Ferquson

>
'and Farmer, Ersoy, Victor, Llao Behara, and Ra3agopa1an (1967, 1967

~

and 1968, 1968a\§nd ]968b 1969, 1970a, - ]970b 1971 and_1972)f The



beams was con?ﬁdered complex for a f]anﬁed”beam»and**'
beams by 1nteract1on curjes and surfaces o .i’?4

Another intensive 1nvest1gat1on by Mattock et a] (1967 1969)
concern1ng rectangu]ar and f]angeg“yeams was based on the, 1nteract1on

3

of tors1on with other forces |

| In a review paper based on tte teﬁts in the Titerature Zia -
(1970) indicated that I, T, and t sections also fail by skew bending
',and becéUse of the COmpleXity.of'the problem, one has to depend onv

the approximate approach using the summat1on procedure of component

. rectang]es for comput1ng the strength. Evans, Kemp and Wilhelm (1970) -
dstated that the behavior -and u]t1mate strength of such members depended
on the degree to which the component rectang]es act together. Based

on their 1nvest1gat1on referred.to ear]1er ‘they proposed the fo]]ow1ng
eo:at1on for pred1ct1ng the: u]t1mate strenqth of reinforced concrete

T and L beams in wh1ct there were equa] vo1umes of ]ong1tud1na] and
:st1rrup stee] were component rectangles re1nforced transyerse]y »

by closed st1rrups ‘and ]ong1tud1na11y at least at’ the corners, and the

re1nforcement from the component rectangles sufficiently over]apped

h to enable the f]anged section to act as a unit.

T - v 2.07 t ty S _
. Tio™ 045 T+ 2.02 xpy, — - (2.25)
where Tc'v= cracking'torqoe of a p]ain concrete beam.‘;

« The f1anged sections tested by Hsu (1968b) at the PCA did

not have any web re1nforcement



2.2.3 F]anged Re1nforced Concrete Beams - Skew Bend1ng Theory

‘ Gvozdev Less1g, and .Rulle (1988) reported the test resu1ts
of re1nforced coqgrete I section beams ‘under comb1ned load1ng The T,
beamSvhad a f]ange wjdth of»8.66,1n., an-overa]] depth from 15.75 1in.
to 18.11 in. and web:thickness from 1.97 in. to 3.15 in._end were
11 feetJlong. The variab]es_included the arrangement and %nmunt of
R]ongitudinal and web reinforcements, crossiseetional dimensions and
T/M ratios. The fai]ure'of:uhder;reinforqed I beams.tested underd
combined torsfon and bencing was db§g%ved to be,simi$ar’to that of
rectehgular;beams.‘ Two modes of'fai1ure,h§me1y bending‘mode and torsion
" mode were identifjed,'whfch are shown .in Fig. 2.1. " The bending mode
of fajiure was characterized by the'development of a spira]bcrack:on |
the bottom and the‘side facest with the\canrete.fai1ing in the com-
pression f1ange‘alongethe 1ine joining'the ends of the spira]‘erack.
In the tersion mode‘the_fai]ure crack was formedvonvthe side, topAand
bottom faces. Spfittihg of concrete on the side faees of the‘top and
‘bOttom flanges took place, followed by theﬂcompreSSioh distress on the
iéide of the yeb obposite to that—om which the tensj]e cracks‘epened.
. The':ompression distress ih the web was along a line cOnnecting,the
ends of concrete split in the‘flanges Gvozdev et a] foUnd frbh their
rtests that the crack 1nc]1nat1on of the failure surface to the longi-
tudina] axis was 1ndependent of. torque/moment ratio and 1t fo]]owed
= the direct1on of prlnc1pa1 tens11e stresses due to - ‘torsion only, un]ike '
.in.the case of rectangu]er beams. Hence they assumed a 45 degree‘
inclined crack on all the threevfaces in the-deve1ophent of §trength

o

formulas irrespective of the relative proportions of the torque and
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. o @
5v bending moment. Since the.depth of the compression zone was small, it
'as taken eqUa] to zero. The strength contribution of only thbse stirrups
crossediby the tensile crack in the'web portion'was taken into account.
w1th the forego1ng assumptions, the same skew bending analysis (L85519
1958 1959) developed for the rectanqu]ar beams was applied to I section
beams. The analytical strengths correlated well with the test resu]tsr d
However: the strength prediction was sTight[y untonservative for beams‘
tested tnfpure torsion. This is due mafn]y tp_the'fact that Gvozdev et al
chose to locate the skew bending axis iﬁ the»torsion mode, close to)
one of the side faces of the flanges 1dcreas1ng the 1ever arm of the dv
stee] forces, though they observed compress1on d1stress in the web
also. Gvozdev et al stated that the post crack1ng strength in pure
'tor51on d1d not exceed 30 percent even for the h1gh1y re1nforced I
. beams tiey tested and the tgrs1ona] stiffness reduced sharply after
cracking. They observed th%t th° ‘ultimate capac1ty of an open cross-
1sect1on member 4such as an I beam, under tc€s1on was ]1m1ted by its -

J

_deformatlon rather than by its strepgth
».""- ’ ’
Thirty seven re1nforced concrete T beams were tested bv

K1rk and Lash (1971) ' Uhder combtned bend1ng and tors1on all the
beams -were provided w1th a symmetr1c arrangement of top and bottom .

‘fffbng1tud1na1 relnforcement and most beams had web re1nforcement - A1l

' beams were under- re1nforced both ]ong1tud1na11y and transverse]y when
torsion a]one acted. " The beams_fa1]eda1n a skew bending mode, bend1ng
.taking p]ace about an inclined.axis on the f]ange connecting the spiral
tensiie crack on.the;—emaininq‘sides: ‘The ihc]inat}on of the failure

surface varied from 45 degrees in the case of pure tdrsion to 90 degrees
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in the pure bending. Consaderab]e ductility was d1sp1ayed by the rein-
forced beams at the ultimate stage. The compress1on zone in the flanqe
was assumgd to extend onl]y in the web port1on neg]ect1ng the outstand1ng
-f]anges In essence it was treated as a rectangu]ar beam for. ana]vs1s
The ultimate.strengths were computed by two methods , one pnnposed by
Lessig (1959), and the other proposed by C0111ns (1968) for Mode 1

failure in ‘the rectangu]ar beams. Both methods gave good correlationy

with the test results, but Less1g s method correlated better

" In an extens1on of th]S 1nvest1gat1on K1rk and Love]and (1972)
. R o
carr1ed'out tests on 18 T beams. w1th an unsymmetrical arrangement of K

,,"\‘

“the 1ong1tud1 al stee] in the top and bottom of the T beams and all the i

beams had web revn?orcement | At u1t1mate either the top or the bottom
]ong1tud1na1 steel y1e]ded The stirrups e1ther vielded or approached |
y1e1d$ﬁg The 1ocat1on ofqthe compression. zone depended on the re-

' 15%%%9 q%ounts of the stee] in the top and bottom and . T/M’ rat1o . The
,cdmdress1on ;one a]ways formed in the f]ange for the beams w1th stee] -

more at the top than the bottom th1s is a Mode 1 failure. In the

cage of beams hav1ng more bottom steel, the compress1on zone formed in

',

"wthe f]ange for 1ow torque to moment rat1os, and in the bottom across

atrthe web for h1gh torque to moment ratios, which 1s usua]]y called a

\"!i

- ‘Mode 3 fa11ure The T sect1on was"&ssumed as a rectangu]ar sect1on

and a Mode 3 Analysis s1m1]ar to thoee of Less1g and Co]11ns ‘Was pro—e
| posed. For th1s ser1es a]so Lessig S method correlated better

FF The format1on of a compress1on zone on the side did not
occur in T- beams reported in the1r 1nvest1gat10n as the ‘transverse -

- stiffness w1th respect to an ax1s perpend1cu1ar to tge f]ange was much

L _,/g;.



46

larger than that paraTTeT to the flange. In Mode 1, the over hanging

~ portion of the flange was negTected in caTcuTat1ng the depth of com-

pression Zone. Thws assumpt1on is not necessary as the failure loads
are practically the same, whether the outstand1ng fTanqes are exclkded
or 1nc1uded for T beams tested in thelr 1nvest1gat1on (Rao and Warwaruk
1973)
2.2.4 Prestressed Rectangu]ar Beams Under Comb1ned Load1ng

As a f1rst part of a continuing research program dealing with
.prestressed _concrete members under comb1ned Toad1ng at the Un1vers1ty
of ATberta, Mukherjee and Narwarhk (1970) reported the tests on f1fty
four rectangu]ar (6 x 12 in) prestressed beams One half of the beams
were prestressed eccentr1caTTy and the other onE”han concentr1caTTy
Barring two, each beam had the same amounts of non- prestressed Tonqqtud1na1
and web re1nforcement Twenty -e! ght of the beams were tested under /-~
d1ffer1ng comb1nat1ons of bending and torsﬁon, and the remainder
vadd1t1onaTTy had shear.

The 1ncTnnat1on and the Tocat1on of or1g1nat1on\of the cracks
depended on the level and eccentr1cﬁty of prestress as well as T/M
rat1o In1t1a1 crack1ng var1ed from the bottom side for the beams with
- h1gh bend1ng to %be centre of s1de face for beams with high torque In
beams loaded under a med1um range - of T/M ratio cracks started s1mu1-_
taneous]y at the bottom and s1de faces: Eccentr1ca11y stressed beams
cracked f1rst at the top of vert1ca] side. Presence of shear caused
crowding of the fTexuraT cracks in the vic1n1ty of transverse Toad -and

the crowding of tors1ona1 cracks away from the bend1nq Toad

The tors1ona1 strength of the beams tested in the1r 1nvest1gat1on R
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increased when bending wds present in moderate amounts. This increase w

A
»

greater in the case of eccentrically prestressed beams. Similarly the

bending{capacity.waS‘not increased with small amounts of torsion, but

. was not reduced significantiy unti],the~coexjsting torque{wasfaboutfao
. percent of the pure torsional strength. Thé addition dt”f]exura] shear
reduced the torsional strength regardless of--the combination ofatorqﬁe~¥-n\§;u

- and bending moment.. They reported that the initial torsional'stiffness

was unaffected by the 1eve1 of prestress,; T/M rat1o and the presence
of shear. The rotat1ona1 capacity reduced as the level of prestress R

increased and T/M ratio decreased. The reduct1on in tors1ona1 st1ff—

_ness was more gradual when bending was.predominant

MukherJee and Warwaruk 1nd4cated that most of th% beams fa11ed

e1thvr in Mode 1 or Mode 2. However eccentr1ca1]y stressed beams ]oaded
N under h1gh T/M ratlos showed upward def]ect1ons at failure. These -

. beams may have fa11ed in Mode 3 with the compress1on h1nge 1n the bottom

face when transverse shear was prespnt, as the T/M ratio lncreased
the fa1]ure zone sh1fted away from the bend1ng Toad. ~The 10cat1on of
the fa11ure zong cou]d not be sat1sfactor11y re]ated to any known
parameters for a g1ven T/M rat1o The fa1]ure surface is genera]]y‘.
near the bending Toad. 1n the bend1ng mode (Mode ]), in the minimum

moment .region- for Mode 3, and at any location in the pure tors1on

’<>case For Mode 2 it may part]y depend Qn T/M rat1o.ijowever, it is

to be noted that in this mode the inf]uence.of moment is not consider- .

3

-~-able. For'correct compUtation of f]exural moment when it varies in

(the test zone, the know]edge of the 1ocat1on of the failure zone is

\hecessary No.sat1sfactoryaso]utlon'1s yet ava1]ab1e to thls.end. !
ot . . i y . .“ ‘ It

N i
LN i



Mukherjee and Warwaruk observed that the 1nteract10n be-

tween bend1ng and tors1on was similar at the- crack1ng apd ultimate
.stages, and proposed a parabo]ic interaction curve invo]Vinq the
level of prestress and ‘the- eccentr1c1ty Th1s curve ref]ects the
beneficia] ef§ect of increase 1n the tors1ona] strength in the pre-
sence of moderate bending moments The.proposed 1nteract1on curve
showed good correlation w1th the1r test results and those of Gangarao
iand Zia ﬁ970 whose beams conta1ned var1ous amounts of web rewnforcement :
Further, Wyss and Mattock (1971) showed that.th1s toroue-md@ent inter- '
action, though derived(for rectangular sections, eXhibited good'agreee
, ment‘with their‘prestressed I girders tested'fn combined‘bending and
~torsion. |

The effect of simuataneous'action of torsion bendino and
shear ‘can be expressed in terms of .an 1nteracb1on surface MukherJee
and Narwaruk proposed such a surface for the prestressed rectanqu]ar

»

beams. On the torque- -moment p]ane “the trace af the interaction sur-
I g ;

‘face was the: fore mentxoned relatwonsh1p proposed by them Forvtorsion—

-

{

shear 1nteract1on a stra1ght L1ne\re1ationsh1p was ut1]1zed In-the

. past for re1nforced concrete beams c1rcu1ar 1nteract1on was often

A

- proposed at crack1ng based on test resu]ts., As ‘the web re1nforcement_
amount increases thfs‘circu1ar curve flattens and tends to a straight -
Tine as‘euidenced by’the tests of Klus (1968).. Thus a straight”]ine\

Ko

isa. ]ower bound 1n re1nforced .oncrete beams. Because of the Ddutﬁ(iﬁ

. of testyresu1ts it is safe. to assume - stra1ght ]1ne 1nteract1on re]at1on—

[

‘sth between torque and shear. Assum1ng_that fu]] flexural capac1ty

would be'reached without a premature flexural shear failure due to
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enough web re1nforcement a rectangular trace was ‘used on the bend1ng shear
p]an= This 1nteract1on surface predicted very well the u]timate strengths

of their beams. Subsquent]y it has also been confirmed in tests of

;prestressed rectangular beams under combined loading'by Woodhead and

McMullen (1972) who reported very good corre]ation o . -

The study of prestressed beams under comb1ned loading by

Gangarao and Zia- (1970) Henry and Zia (]971) .and Johnston and Zi®

(197]) was introduced while discussing the crack1ng strength Here

a br1ef review of their u1t1mate strength analyses fo]]ows e
‘ . 9

Gancar:o and Zia ‘observed from their tests that rectangu]ar

prestressed beams (6"x12") failed 1n either one of the two skew bending

modes proposed bx‘Less1g (1959), for re1nforced concrete beams and de-

rived prediction equations for ultimate strength. A bending mode_was

41d9nt1f1ed by - the format1on of an inclined compress1ve zone adJacent

‘to the top face of the beam Jo1n1ng the'two ends of the sp1ra] crack

on the remaining s1des and by the yielding of either the prestress1nq

‘Vstrands or the hor1zonta1 legs of the st1rrups near the tension face

In the tors1on mode the compress1on h1nge formed on the vértical
*,

" side of a beam. Th1s mode was cons1dered to occur when the transverse

»re1nforcement near the tens1on face just yielded. In both the modes_

the stra1n across the failure surface was assumed to be proport1ona1

to the d1stance from the neutra] ax1s situated 1n a plane hav1ng the

. e
/

compress1on Zone. \This is an aoproximatlon oniy The spiral crack
1nc11nat1on at fa11ure, thCh is related to the‘incltnation'of the ‘
compress1on h1nge was based on crackinq ana]ysis .At ultimate, 1f
e1ther the stirrups or the 1ongitud1na] steel yielded and the other

l/l
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did not, the strain in the steel that did not yield was obtained'by
Gangarao and Zia using the fd]lowing assUmptioni The strafn components
parallelhto the failure surfac bbth,longitudina1 and stirrup steel
were eduated assuming that the relative displacement along the direction
of'theAfai]ure surface was negligibly sma]] for sma]f rotations How-
ever, ‘the rotations at ultimate .in genera] are not sma]] Stra1ns in
j other stee]s in the beam were then assumed to be compat1b1e w1th the
| y1e]d stra1n of the steel which ylelded However y1e1d strain was
assumed in the ]ong1tud1na] mild stee] on’ the tensaon face regard]esst‘

/
of their assumpt1on of compat1b1]1ty

e

Eccentrlcally stressed members developed sT1ght1y hﬁgher

2

u1t1mate pure torsional st ength than the concentr1ca1]y stressed onesﬁ'
Ecce1tr1c1ty of prestre;ETlpcreased the u]t1mate strength of a member ﬂ'"iu
" under comb1ned load1ng w1th,a decrease 1ﬁ’the T/M rat1o The add1t1on;li
~of long1tud1na] m1]d stee] d1d not resu1t 1n a>s1gn1f1tant 1ncrease |
‘1n the pure tors1ona1 strenqth buts it 1ncreased the uTt1mate strenqth

of a beam under comb1ned load1nq as T/M decreased Th1s 15 part]y be,

cause torsional strength 1s usual]y ]1m1ted by the transverse stee]

whl]e the f]exura] strength is 11m1ted by the ]0n91tud1nal stee]s Square o

‘and c1rcu]ar non-d1mens1ona] 1nteract1on re1at1onsh1ps between torsion
and bending were propoSeduconservatiye]ys'for beams with and without
v]ongitudinal'mfld steel respectively.‘ Their theoreticai predictions

| were consistent and in good agreement w1th the test resu]ts for h1qh.
and low T/M ratlos, but less. re11ab]e in the trans1t1on from tﬁ(
_tors1on mode to the_bending mode which was character1zed by the

'yieldtng of horizonta] legs of st1rrups in the. bottom face
- | gy :
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- 'For lack of sufficient data, limits for the amounts of steel
were suggested only in the case of pure torston to Tdeﬁtﬁfy a ba]anced
fa11ure The tota1 volume of steel was not to exceed 3000 vV f! /f ty”
Further, to ﬁ@%uné dhat both the 1onq1tud1na1 and the web steels yield
‘the fota1¢steeL.negds to be distributed proper]y between the fonner and
the latter. Th1s ratio m, g1ven by the fo110w1ng equat1on was suggested
to be 1.0 to 1.2, o |
o I
o . o 2 -. . " : '
m = L(Amsfmy+Aps$py)S/Atfty(x +y])cot B - (2.26)-

o

For beams under pure torsion, the torsional stiffness was
‘unaffected by the spacing of the st1rrups, but the duct111ty was much
1ower for beams with stwrrup spacing at 4 in. ‘than at 3 in. Eccentr1c1ty -

,»cons1d#rab1y 1cheas;’”the duct111ty Presence of longitudinal mild

'stee1 resu]ted Tn ]1ttle effect in the deformation prior to crack1nq,'b
in great 1ncrease 1n duct111ty, negligible increase in pure: torsional
strength ‘but considerable strength increase as T/M ratio decreased.
The‘bending‘stiffness prior tovcracking decreased with‘a decreasecih
T/M ratio, but the tors1ona1 st1ffness changed on]y 1ns18n1f1cant]y

It was observed that for-Mode 2 st1rrups c]oser to the compress1on

’zone near]y y1e]ded wh1ch 1nd1cated that the depth of the compress1on.
Y ) / )

"__zone was neg]1g1b1y sma]]

Thegstudy of Henry and Z1a lncluded the effect of shear
They observed that a]] the beams (6"x12") fa11ed in e1ther bend1ng mode

or tor51on‘mode ~ The, first cracks to form were genera]]y flexural near

- 3

'the bend1ng 1oad though a beam subsequent]y fa11ed 1n a torsion mode
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Stirrups yielded when intersected by the fai]ure.surface at the ulti-
| mate stage. ‘In the torsion mode the strands d;EEiot yield while in
"the bending mode they did.. Yielding of horizonta1 legs of stirrups
observed by Gangarao and Z1a did not occur 1n these beams in bending
' mode fa1]ure Contrary to the finding of Gangarao and Zia, Henry and-
Zia observed that the'prestressing strands registered strain prior to -
'crack1ng when T/M ratio was low. The strains recorded 1n the 10nq1tud1na1
mlld steel were compress1ve, but thev were assumed to have yielded in '
the analysis. The fa11ure surface estab11shed by the cracks was 1ess
'd1st1nct in the bending mode than in the torsion mode. The Tocation = .~
. ;/iﬁf,the fa11ure surface wh1ch 1s essent1aT for comput1nq the bending
‘moment was found to be somewhat arb1trary ’ o
Ana]yt1ca1 express1ons based on skew bend1ng ‘theory s1m11ar1
to those of Gangarao and Z1a were presented to predlct the u]t1mate
-strengths The agreement between the test and theoretical resu]ts was
good. The fo]]ow1ng conservat1ve 1nteract1on relat1onsh1ps were pro-

1posed between tors;gn and bending and tors1on andﬁshearf

2

.
'

e
A

— + —l =1 . - (2.27)
'.Tuo_ MJ%] R R
cT V. o
‘ L et | | (2.28).
- uo un

o

It was observed that the u]timate ‘torsional strength of a beam cou]d
e 1ncreased up to about 30 percent of puge tors1ona1 strength when—

- ever the amount of moment and shear was less than 20 percent o —

fel

ey
The initial tors1ona1 st1ffness was found to be nearly #
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independent of the 1oad1nq ratwo prestress1ng force and ltS eccentr1- S
city. and span of beam Post crack1nq behav1or depended ma1n]y on the:E-;a.ht=
5 A

ke K * P

load1ng'ratio There was little reduct1on in tors1ona1 stit?neSbee-:ffw

tween first f]exural crack1nq and d1agona1 crack1nq Increades 1d 2

transverse shear decreased the tors1ona] duct1]1ty of a beam under
~combined Toads. | i | .

~Johnston and Zia (1971) observed from the1r test resu]ts o

/‘\r

that_prestressed ho]]ow beams deVeloped the skew bend1ng mechan1sm

4" "b“

rectangular sect1ons f%ree modes of fa11ure correspond1nq to a com—,'fV

press1on zone on e1ther the top, vert1ca1 51de or bottom face occurred

when transverse shear was h1gh another mode hav1ng a compress1on zone
!

~in the top cornéyr- was 1dent1f1ed but was ana]yzed as mode 2 Theo-_ i
ret1ca1 ana]ys based on. skew bend1ng theory s1m11ar to those of Henry and

Z a were- presented In mode ] the fa1]ure was’ cons1dered to occur
\

when either the vertwca] 1egs of the st1rrups yielded or, the longi-
tud1na] prestress1ng strands y1e1ded For mode 2 1t was assumed that
failure would occur when the horizontal st1rrup ]egs first reached the o

y1e1d stress Genera]]y but not a]ways the cracking mode and the

_ u1t1mate mode were the  same. Theoret1ca]vpred1ct1ons'compared we]]
.w1th'the test results. :, A o o

The tors1ona] st1ffness was found to be 1ndependent of trans- -

T

verse shear moment and web re1nforcement but 1ncreased w1th the
concrete strenqth in the precrack1ng staqe . Post crack1ng tors1ona]

¢ and f]exura] stiffnesses depended on the 1oad1ng rat1os and the amount
. of re1nf0rcement The necess1ty of “more tests on.beams w1th low torsion

b



“and high shear was suggested. N
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- Noodhead and McMu]ien (1972) carried out an investigation into

»

"jiﬂthe <trength of thirty rectangular (6"x]2“) prestressed beams loaded in

3

tors on ‘bending and shear. Two beams had concentric prestress and

the rest eccentric prestress. Except for nine beams a1l had-web rein-

forcementbj Three of the web reinforced beams had’ 1ongitudina1 miid

2

stee] reinforcement They presented analyses for cracking and ulti-

 mate strengths, the. former analysis based on the elastic theory and
" the 1atter on tbe skew bendinq theory  The crackinq analysis. was dis-

'ffcussed earlier U]timate stvength analysis was proposed for each of -

N

‘the two modes, namely the bending mode and tOFS]%m mode observed.in their
| tests and a]so for tests reported in the literature. Ana]ySis of

~each mode covered prestressed beams With.or Without web reinﬁprcement

(a) Bendinq Mode A pure f]exura] faiiure occurs w1th the for—

h C"

‘.mation of a rectanguiar compreSSion Zone adJacent to . the compreSSion
"side of ‘the beam 'Nith-the addition of‘increasing tOrsion, this zone

i.may become trapeZOida] triangular and may even extend partly on to

a

< the side before the torSion increases suffiCiently to transform this

P

{’-ymixed bending into a torSion mode Though this was recognized bv

earlier investigators a rectangu]aq compressnon zone was uséd in’

L e
ana]yses, presumably for SimpliCitv Noodhead and McMuT]en-took into

@§count the changing shape of the compreSSion _zone by assuming that o

-~

.the neutra] aX1S met one of the vertical faces at an anq]e which is .

given by the f0110w1ng expreSSion '
a=tan’l S (2.29)
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They stated that this refinement resu]t\B\{Q\;:ttle d1fference in the _

ultimate strength. The1r equ111br1um analysTs was carr1ed out sim11ar

2

to that for over relnforced beams in pure bend1ng us1ng the fol]ow1ng
empirical ultimate straJn in cbncrete both for pure bend1ng anq,comb1ned

loading as suggested by Evans and Khalil (1970)-

R AR R

x
>
[§]
-
1]
™
]

10ngitudina] compressive'sthain undef,cqmbined loading

“c
e, = 0.0034 S
Muo = ultimate bendina capacity of beam in pure bending

If the beams were yeb’teihforced the resistahce of web stee1nwas taken
ﬂinto account in estab1ishinq eqUt]ib?ﬁum; The:strain in thehlbngitudinal
stee1 was known and the stra1n 1n ‘the st1rrups was obtained assuminq
the stra1n compatibility suggested by Gangarao and451a 1970) Wood-
head and McMu1]en~showedfgood‘agreement of their bend1ng mode analysis
vwith several reetangular and'f1anqed beamS-reported fh the ljteratufe

- (b) ~To}$ion‘Modé ‘Woodhead ‘and McMullen applied their cracking
ranalysis to compute the ultimate strength of prestressed beams with-
out. web re1nforcement fa111ng in torsion. For such beams crackinq was
“regarded as const1tut1ng failure. The critical 1ocat1on forvcrack1ngv
was assumed at the centre‘of the vertical.tacevfdr heetangular and T

beams' and centre of the top ‘face for T beams regardless. of eccentricity

and T/M ratio. thmweb cracking in 1 beams their theory gross]yiunder

e Ry

i )

v
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estimated the test resul in the case of I beams of Wyss and Mattock

- (1971) (T "1;62)._

u(test)/Tu(’cheory)ﬁf=
For web reinforced beams Woodhead and McMullen considered two
cases of torsion failure. The first oase'related to the beams 1ongitudina11y '
and transversely under reinforced and the analysis was similar to that pro-
posed for reinforced.concrete beams (Lessig 1959,chMu]1en and, Warwaruk

1967, Co]iins et al 1968). Failure was assumed to occur with the yielding

of longitudinal.and transverse'reinforcement away from the inclined com-
pression face. The'fnduced-strainé due to the ]oading_were neg]ected.
in the reinforcement near the compress1on zone. The second case con-f'
cerned beams transverse]y under re1nforced but 1onq1tud1na11y over-
vre1nforced and fa1]ure was considered to take place when ‘the vert1caT
&llegs of the stirrups atta1ned yield stra1n ' The‘1nducedﬂstrains in
the other re1nforcements were related to the st1rrup yield strain by

la certain strain compatibility assumptlon In both cases the two un-‘
knowns, the depth of compression zone and the torgue, were obtawned by
so]v1ng the two equat1ons estab11shed cons1der1ng the equ111br1um of
forces and moments in a skewed plane. Prestressed beams of several
other investiqators were dna]vied by.both cases of'the\torsion mode

and it was found that on]y a few beams were under- re1nforced many
were under re1nforced only transversely but not 1ong1tud1na11y, some
were over- re1nforced Empirical 1imits were proposed for the amounts
of re1nforcements to define what const1tuted under and over reinforced

“beams. Despite a var1ety of beams from d1fferent 1nvest1gat1ons, their

strength predictions were in good agreement with test results.
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Woodhead and McMullen extended the ana]ys1s of ~sion mode
to I beams with s1mp11fy1ng assumpt1ons They computed tr. ultimate
strength assum1nq the compress1on .zone adjacent to the side faces of
the f]anges The st1rrups on the tension side were assumed to yield.
The 1nduced stra1n in the strands was arb1trar11v taken equal to the
yield stra1n of the web re1nforcement It was 1mp11ed that the force

<

in the leg of the st1rrups adJacent to the compress1on zZone was neg]ected

: thus the strength was partly underest1mated This may be JUSt1f1€d if

the compress1on zone is very near to this vert1ca1 1eg, but for I

’beams 1t is not. It was not indicated how the 1nc11nat1on of the com-

pression hinge was arr1ved at. They. tested the va11d1ty of the theory
by app1y1ng it only to the test results of Gausel (1970)

In add1t1on to_several other conc]us1ons, it was stated that
the shear force reduced the u1t1mate strength in the torsion mode of
fa1]ure The theory was conservat1ve near the torsion axis of the
interaction diagrams as small amounts of bend1ng moment 1ncreased the
tors1ona1 strength above the pure tor51onal strength The bendxng strength
was equa] to the u]tlmate f]exura] capacity unt11 the coexist1ng torque
was of the order of 30 percent of pure torsional strength Circular
1nteract1on was oonservatjye in both the torque-moment and'torque-‘ -

shear planes.  The three dimensional interaction surface proposed b}u

Mukherjee and Warwaruk (1970) predicted wel] the ultimate strengths

of their beams.

Gardner (1960) descr1bed the test1ng of 16 1dent1§h1 plain
I beams, prestressed at a smal] eccentr1c1ty of 0.2 in., undé@ combined

‘bending and tors1on. The beams were loaded 1n1t1a]]y with a predeter-
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mined bending moment which varjed from 10 to 80 percent of the pure bend-
ing capacity of the section, ahd then twisted to failure. None were

tested under pure torsion. ‘N1th1n the range of flexural moments ap-

/
/

plied he observed near]y/the same ultimate torsional strength for
‘all the beams. The comé1ned effect. of prestress and the norma] bend-

ing Stress-resulted in a moment w1th eccentric prestress before tors1on

was applied.

Gardner's beams seer tp have fadded in Mode 2, triggered by
cracking in the web Some [ beams because ‘of eccentric prestress might
have deve]oped initial crack1ng on the top face but fa1]ed in Mode Z
as the stiffness about an axis paral]e] to the web was Tess than that
‘about an axis perpendicular to the web. - Mode 2 fa1]ure‘most probably
'is‘%he‘reason-for the uniform fai]ure Toads in all the beams. ‘ No new

theory emerged from study of I beams but he computed the ultimate torque
| based on the p]astlc theory which was close to the ultimate torsional
"-strengths. .
Reeves (1962) descr1bed 42 tests carr1ed out on three series
of p]aln prestressed concrete T- beams'SUbJected to comb1ned bending

and tors1on ‘Beams w1th1n each series had identical properties and
between .the serles on]y the breadth of the flange was varied. Pre-
stress dlstr1but1on in all the beams was triangu]ar. ‘Load application
.was similar to that used by Gardner (1960). The appllcat1on of a pre—'
, detenn1ned bending moment caused in some beams initial crack1nq before

tthe tors1on was added

The failure was abrupt and'ocCurredsby the development ofia'

b
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‘tensile crack on one side of the web wh1ch passed” through the sect1on
'resu1t1ng {n’ciush1ng on the oppos1te side of the web 1f the coex1st1ng
bend1nq moment was between 0 to 70 percent of the pure bend1nq capa—
city of the sect1on For larger moments a comb1nat1on of bending and
tw1st1ng fa1¥ure occurred - | |
- His beamsexh1b1ted considerable 1ncrease in tors1ona1 strength
up to a certa1n increase in the bend1nq moment. The opt1mum increase

in the tors1ona1 strength, as much as 1.65 times the pure torque capa-

c1ty depend1ng on the geometry of the section, occurred when the

- f]exura] moment was of such magnitude as to cause a dlrect tens11e

stress in the bottom face equal ‘to about the sp11t cv]1nder strenath ,
“The tors1ona1 strength did not fall below the pure torque cCpac1tv
_untl] a bending moment equa] to 80 percent of the pure flexural
- capacity was app]1ed. Any increase in the moment ‘above this va]ue
CCUSEd a rap1d reduct1on in the torsional strength

Reeves proposed a cub1c po]ynom1a] 1nteract1on equat1on
‘for each.-of his series based on a regression ana]ys1s of his test re-
su]ts Other typ1ca1 1nteract1on curves avaI]able suggest that the

torsion- bend1ng interaction depends on geometry of sect1on distri-

but1on of- prestress, and the re1nforcement details. Reeve's 1nter-

. action considers only geometry of the section. For est1mat1ng the‘

‘u1t1mate strength of plain. prestressed T beams.under moment and tor-
s1on use of 1nteract1on curves was suggested. Reeve‘s compared three .
methods to obta1n pure torsional strength. | | ;

(t) Ptast1c theory, with the.direct~stress'atythe.critical lo-
cation, using the_fai]ure criteria due to Bres}er and ﬁister:01958).

G



eccentrically stressed. These béams were similar to Zia's (1961).
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(2) Plastic theory, with the direct stress at the critical To-

cat1on using pr1nc1pa1 tensile stress theory and the tens11e strength

' equa] to split cy11nder strength

- (3) E]ast1c theory w1th the d1rect stress at the cr1t1ca] lo-
cation, us1ng pr1nc1pa] ‘tensile stress theory and the modu]us of

rupture. He recommended the third method as he found it stat1st1ca11y

best. -

- Bishara's exper1mentak ;j““ y'onv(1969)‘consisted of-
; -‘I and ¥ sect1on beams with
web and ]ong1tud1na1 m11d steel re1nforcement, under comb1ned tors1on

bending and shear.v For each ‘type of Ccross sect}on\e;ght beams were
v . v ' ‘ 3

~ tested.. One half were concentrically stressed and the other half

-

< ~ The load deformation curves were observed to,be linear up . °
to. about 90 percent of the cracking loads. ~Tors’onal stiffness as

estimated by the elastic theory was close to the average measured

'valueSLinqthe'case‘of I and T beams but for the rectangular beams the

b
corre]ation was poor. . It was found that th%ﬁtn1t1a1 tors1ona1 stiff-

wfness was 1ndependent of the T/M ratio and- the eccentr1c1ty “His -

descr1pt1on of fa11ure modes 1mp11ed that the flanged beams generally
failed in skew bend1ng.' On the average the ultimate load was,h1gher :
than' the cracking 1oad only:b} about 15 bercent.\

~ Bishara found from his test resu]ts.that the torsional

strength of prestressed beams under comb1ned loading cou]d be in-

creased from 1. 3 to about 2.5 times- ‘the pure torque capac1ty, irre-

'vspective of the eccentr1c1ty, by the”addition of bendina moment. Thet

oao
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'.h1gher figure corresponded to f]anged members. It was further stated
) f
: by B1shara that the tors1ona1 strength was below the pure tors1ona]

-

capac1ty only 1f the moment and shear exceeded 80 percent of the strength

“f -t,.
.\.g “

" of the beam when bend1ng and shear acted a]one

Based on his ]im1ted test resu]ts B1shara presented “the

| same formvof parabo11c 1nteract1on d1agrams both for the torque-

' fmoment and ‘the torque shear p]anes for each shape of the Ccross sect1on
w0

hIn estab11sh1ng the 1nteract1on re]at1onsh1ps there were no exper1menta1
fva]ues for pu e torque and bend1ng and. shear capac1t1es The small
span of 30 in. between the 1oad1ng brackets m1qht have (Pandit, 1970)
_1nf1uenced the test resu]ts woodhead (]969) showed that the torsiona]
| strength of ‘a spec1meﬁ?$4gn1f1cant1y 1ncreased if thertest 1ength be- -
‘came sma]] Further the 1nteract1on re]at1on w111 be 1nf1uenced by
;the eccentr1c1ty of . prestress, However. the proposed curves were in-

dependent of eccentr1c1ty - Also the magn1tude ‘of. the. fa11ure bend-'m

1ng moment was taken as that re]at1ng to a sect1on adJacent to the -

-‘1oad1ng bracket in the test zone B1shara used the fo]]ow1ng emp1r1ca1
C >
express1on to compute the pure tors1ona1 strenqth to estab11sh h1s .
. £y 3 ES . . . - L\,x, .
" 1nteract1on curves .- ‘ ' )

I o B

3
oo ' : BRI : :
. o, . . v - r

= 108 vp/tfc' *R20p) H 1By A frg/s o (2.31)

. where TUO = u1t1mate pure tor51ona1 strength of ‘a prestressed :

S

concrete rectangu]ar, I or T sect1on member
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Vp' = vo1ume of plastic membrane on section having Wnit

’ slope
&, .

In the above express1on the contr1bu ion of st1rrups was added to the
‘S\tors1ona] res1stance of plain prestressed concrete beam é§i1mated by
the plastic theory ‘The cerre]ation between Zia's (1961) pure tors1on R
test results and those computed by th1s equat1on was shown to be good
However, Henrf and Zia (1971) showed that 1t gross]y overest1mated

,the pure torque capac1ty o? Ganqarao s (1970),beams.

Z1a (196]) found that the u1t1mate strength of re1nforced |
and prestressed concrete rectangular and T sect1ons w1thout web rein-
forcenent under tors1on was the- same as the crack1no strength, com-

 puted u51ng the e]astlc theory of tors1on, and the mod1f1ed Cowan
'failure theory. However, for I sect1on beams the u1t1mate strength
i'was substant1a]1y d1fferent from the crack1ng strength 5h1s was

k

'attr1buted to the redwstr1but1on of stress and transformat1on of the
/
]oad res «ting mechan1sm d1scussed a]ready The u1t1mate strength

' of re1nforced and prestressed members w1th web re1nforcement was taken T

. as the strength of that member wlthout web rewnforcement to wh1ch

< +

—‘the stfenqth contr1but1on of web re1nforcement was added The tor—
.sional strength of weB re1nforcement was est1mated using the proposa]
}of Cowan, reférred . to ear11er in th1s section. ~In add1t)on“Z1a tested
three types of sect1ons, wh1ch were non- prestressed For'5uch beams;‘
the presence of weU stee] 1ncreased on]v the ductility but not the .
strength He reasoned that th1s was due to the 10cat1on of 1onq1-'

\
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tudinal bars at»the corners'of narrow stfrrups where stresses were Tow: -
Ty Thus there was no ]ongitudina{ stee] at highly stressed reg1ons to re- |
51$t the hor1zonta1 component of diagonal tension. H1s argument may
not be completely va11d as crack1ng terminates the. e]ast1c distribution
of stress. However he reported that in prestressed beams, except for -
one,series of T beams, the stwrrups,y1e1ded resu1t1ng in the1r fu]]
contribution to the strength He exp1a1ned that though in prestressed
3 beams the 1ong1tud1na1 bars were at the corners of the st1rrups as in
the non-prestressed spec1mens, the hor1zonta1 component of diagona]
tension was res1sted by the strands. In Z1a 'S computat1on of u1t1mate :
- ;trenoth of web re1nforced spec1mens conrete contr1but1on is equa] to “
the cracking strength of the p1a1n spec1men, however, in ‘the ACI method ‘
- based on a s1m1]ar hypothes1s this contr1but1on is on1y 40,percent of ‘
the crack1ng strength H1s beams had web re1hforcement equa] to about
T. 5 percent of the vo]ume of care enc]osed'W1th1n the stirrup. l It was
; observed that the. web re1nforcement d1d nat 1nf]uence the e]ast1c
. torsiona] behav1or of the member, but enabﬁed the spectmen to fa11

graduale deve]op1ng a qood amount of duct111ty Spac1ng of st1rrups

was recommended at not mare than 0 4 t1mes the depth of the member ,“" L
. I -

;

- d e Gause] (1970) descr1bed ‘tests on 16 eccentr1ca1Tv prestressed
I secb1on beams One ha]f of each beam was prov1ded w1th web re1n-
forcement and the other half was” not Thus 32 tests were performed S

The beams were subJected to d1ffer1ng transverse Toads and then gradua]]y

1

1ncrea51:§fte($ue. E1ght beams were tested under tors1on and bend— s

Al

ing and_ e rema1nder had add1t1ona1]y shear., Onlv one beam was tested :

in pure torsion. In several of these beams , the amount of web rein-

Ea

’ .
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I ’ :
forcement used was Very small. In some beams the one half portions .of

the beam hav1ng web stee] fa1]ed at a ]ower torque than the other half
without web steel for wh1ch Gausel could not give any explanation.
HOwever he observed that the web re1nforcement used. had no’effect‘on

the torsional strength of beams tested under torsion, bending and .

shear Even a small amount of web re1nforcement resulted in increases in

ducti1ity and prevented an explosive fatlure. It was noted that the

fsequence of loading did not have any effect on the u1t1mate strenqth

- an observat1on,¢@

rﬁiﬁfby Pand1t and Narwaruk (]965)

'==n§ d1gt&§d into three. groups for the purpose of

'analysis. The first group re]ated to beams” wh1ch deve]oped little or

no crack1ng under pure torsion or torsion and bend1ng The uTtimate‘
B

_strength of: these beams was ca]cuiated as the sum of the crack1ng

'

7strength and the contr1but10n from st1rrups, the former be1ng esti-

maged bxdthe p]ast1c ‘theory and the latter by Hsu 'S equat1on ;;,$t1;J
;Tuo:‘To.+,Tstirrup RV (2-32)
Cowherg T =V fy Q E p/ftl_ ST, |
A -Tsf1rrup = (0 .66m + .0.33 y]/x ) A x]v] f /s_ _ ~. 2
N .’T‘:'-':,;,._ mo =] ) _‘_ . . o &
"‘Ewu273 V. . = vo]ume of sand heap with un1t slope
E%t - \t
u'fé' = tensile strength taken equa] to split tens11e strenqth

Jp was'taken as the avéﬁ%de pre-

I'n I beams Zia (196]) and. Gausel cons1dered the full contr1—

but1on of concrete strength, wh11e Wyss et al (1969) took into account
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only a fraction of it (about 40 percent) and increased the Teyer arm

of the stirrups in est1mat1ng the ultimate strength. Gause] assumed

; that st1rrups contr1buted only ‘to the torsional strength,bdt not to.

other strengths B ‘Hiv ) v _l o .
The second grﬂup consi%%ed'of beams under torsion; bending,

kand shear w1th m1nor cracking. GauseT found that the pr1nc1pa1 stress

cr]ter1a gave poor corre]at1on with test values and the foTTOW1ng

.
o

- straight 11ne interaction was suggested.

T t = M N 4 , » c

u Aol g ] )
T—f-+-0.3 ﬁfﬁ ] (2.33)
uo uo

The th1rd group cons1sted of beams subJected to tors1on

and bend1ng or tors1on, bend1ng and shear w1th Targe fTexure shear,

'crack1ng, the analysis was based on the shear fa1]ure theory of Walther, o

agsuming uniform distribution of normal, and f]exﬂra] stresses over the
compression'zone,,and torsiona] shear stress. over the'who]e'cross—‘
section.‘ For tors1on bend1ng a near]y rectangu]ar 1nteract1on d1agram

and for tors1on bend1ng and shear a c1rcu1ar 1nteract1on d1agram -
x5 ‘ -x- .
were Droposed The rectanguTar 1nteract1on re]at1onsh1p was checked
. T o
by Gardner s (1960) unst1rruped beams ~ . s ’r'.;.

t
~ e

#'ﬁfq‘” . In a study of tors1ona1 strqggth of eccentr1ca11y prestressed

concrete brldge g1rders,~wyss, Gar]and and Mattock (1969) tested

-

e1ghteen fu]] sca]e I section q1rders and SiX rectangu]ar section
members w1thyweb rejnforcement. The pr1nc1pa1 variables'were,TeveT

'of_prestress (arerage_prestressuo, 530, 1150 psi) and amount of web

_reinforcemént. I section girders were divided into three aroups.

N,
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One group did not have any prestress and the other two had two levels

. of prestress. Within each grbup the level of prestress was constant'

» andﬁthe g1rders were prov1ded with vary1ng amounts of web re1nforcements

om 2 in spacﬁng of st1rrups to no st1rrups Rectangu]ar

¢ by Hsu (1967)

,(x1¥yq)~,“

s ) -« AQ = 2 “'——g‘?i:i— A‘t/ T F ’ ’ (§34)
’ o : x/’"{a .ty ;
where F. .= efFect1ve prestress
’ A@ = total area ‘of ]ong1tud1na1 rewnforcement to res1st
o .'\" R ; R
Yo o ““tors1on S
. \i;ﬁw S i S . _ e .
Thws equat1oh 1mp11es equa1 volumes of 1onq1tud1na] and transverse ’

e £

K re1nforcements and thPt the initial prestress: 1n the tendons pro-

- v1ded the force that wou]d otherw1se have been supp]1ed bv the 1ong1~" ‘

‘}ud1na1 tors1ona] re1hforcement By th1s scheme some q1rders .did .not,

requ1re any Jong1tud1na1 tors1ona1 re1nf0rcement For I sect1ons

o J A,
the web re1nforcement was made up of two separate vertical leqs and

- two hor1zonta1 bars across the full width of the'f]anges

They observed that the 1n1t1a1 tors1ona1 st1ffness up tg -
? / . " , .:;P‘ ‘
torques less than 80 percent of crack1nq torques was - 11near It was -

;:taken as the: average s]ope of the ]1near part of the torque tw1st

' curve and was found to be in reasonab]e aqreement w1th that ca]cu-~

PR



lated using elastic theory. They further observed that the initial -
tors1ona1 stiffness increased with the level of prestress but it was
unaffected: by. the amount of web re1nforcement The eccentr1c1ty of
prestr:fss resu]ted in progress1ve crack1nq and because of this the
reduct1on in torsional stiffness at torques slightly above the crack—
ing torque was not:as abrupt as in the case of reinforced girders.
However_further-s]ight increases in toraue caused,large reductions
in stiffness As the eve1 of prestress 1ncreased the tor51ona1
duct111ty reduced | | " |
The bas1c mode of faw]ure for all the I g1rders was observed

to be skew bend1ng They stated that the skew bendinq ax1s was pro-
‘ bab]y inside the web, c]ose to one of 1ts faces But the Russ1an‘
investigators Gvozdev, Less1g, and.Rulle (1968) proposed that the
skew bend1ng axis Was c]ose to dne of the s1de faces of the. f]anoes
»Nyss et al ru]ed out the poss1b1]1ty of 1ocat10n of the neutra] ax1s N
as suggested by Gvozdev et a] 'They asserted' |

(a) The cr1t1ca1 crdck in the web did not: penetrate the full
: .th1ckness of the web and was not v1¥1b1e on the compress1on s1de
n of the g1rder as ' Stown in. F1g 2.2.. ’ ?@;; - .
(b) Shear COmpreSS1on forces deve]oped near the 1hs1de faces

-

'of the f]anges but the compress1on d1stress 1n flanges was never

i

'Aor1ented as postu]ated by Gvozdev et aT ' :}

(c)A If. the neutral 5#15 were 1ocated as hypotheSIZed by Gvozdev
et a] 1'he 1nterna1 ]ever arm of the st1frup forces 1ncreased very
'much resu1t1ng in gross over est1mates of strengths

Hsu (1967) proposed ‘the fo110w1ng equat1on for. ca]cu]at1ng



'u1t1mate tors1ona1 strength of concentr1ca11y prestressed rectanqu]ar

’ »sect1on beams

‘-‘_fi A f | k't’
. T = TC + O - _].S.._____] t_.Y_ . . (2.35)
S - - x2 ' . ']Oodc
o where T = B g [2.5 /(1 —b) -1.5]

A

1.5

2 =066 + 0.33 vi/x,

where . = x = width of a rectanqu]ar ;ect1on
: R L ;
depth of a rectangulargsect1on

<
il

Hsu's equat1on (2.35) was fOJnd cons1stent1v to underest1mate
the s*rength of eccentr1ca11 Drestressed I*section members  Wyss et
©,al modified thls equat1on by 1ncreaswng the ]ever arm of st1rrup forces

i

- from Xy to (x]+b )/2 and arr1ved at the fo]]owwng equat1on

©

(x‘+b ) Y. _ R o
: - L B A L : n g
g L Tuo™ Te * - S 2 ‘?;7fty ST ,(Z{§6>
. . L - w 100 ‘ ‘ |
- where. T = 5531—2.4vT 2 5 v/(1+ ——TEQ l 5,
o ,-/X
x = w1dth of -a rectanqu]ar section

y

-~

W

The ultimate capacity was Jimited to-

depth_of a rectangular section

X%y

Tuo(max)v:,M"fc TR
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In derivinq the equatdon (2 36), the prestress was assumed to affect
-, only the contr1but1on of concrete to torque, T . As in re1nforced ,
‘"*.concrete, the va]ue of T was less Egan the cracking torque But
Chander, kemp, and N11he1m (1970 obiggved that the level of prestress
influenced the re1nforcement factor. fﬁgwever the equation was very

]

“ well _substantiated by test resu]ts of their g1rders

<

The minimum re1nforcement necessary to deve]op strengths

greater than crack1ng torque, for the g1rders was 'ta1ned using the

A

| t _ 125 x ' " ‘ :
s f fx]+y]5 o (2;37.)

ty
. T C '
where - x é;widthﬂof a rectangular section '
y = depth of a reCtanqu]ar section . a’f

'It was stated that the presence of. prestress or the flanges in these
beams d1d not aopear to change the m1n1mum re1nforcement requ1rement
e,The max1mum st1rrup*§p@c1ng was not found to be contro]]ed by the

C . N
. web th1ckness To 11m1t crack w1dths lt ‘was recommended that st1rrup

' :Jspac1ng shou]d be Tess than one- ha]f of the f]ange w1dth or one and

one- ha]f t1mes the web~w1dth whlchever waizgreater The form of web
re1nforcement used in the1r I sect1on q1rders was found to be adequate
‘1n 11euhof c]osed rectangu]ar st1rrups |

A beam of g1ven d1mens1ons can be prov1ded with flexural

’ re1nforcement as;soeC1f1ed by ACI to res1st a ‘given moment A beam

'of 1dent1ca1 d1mens1ons can be des1gned‘ﬂn an under reinforced way
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w1th certain transverse reinforcement and correspond1ng 1ong1tud1na]
tors1ona] reinforcement to res1st a particular pure torque. If_the
beam is provided with & total re1nforcement correspond1ng to pure
. moment and pure torque it is reasonable to expect the beam to'fail
in an under-reinforced way. deve]op1ng s1mu1tane0us]v a bend1ng moment
equa] to pure moment capac1ty and a torque equal to pure tors1ona1
cgpac1ty Th1s was. poss1b]e in re1nforced concrete beams (Osburn et
a] 1969) ACI perm1ts thls a;proach and the 1ongitud1na1 Jreinforce-
ment can be designed 1ndependent1v for bend1ng and tors1cn and added
{1n a combined loading case resulting in a near]y rectangu]ar interaction
're1at1onsh1p ;
» In the second part of the 1nvest1gat1on cons1st1ng of e]even'
.gtrders divided into three series- wyss and Mattock (1971) exam1ned
the poss1b111ty of a rectanqu]ar 1nteract1on re]at1onsh1p between
._tors1on and bending, of eccentr1ca11y prestressed I q1rders lThen

six spec1mens of the, f1rst series were prov1ded w1th #4 st1rrups at

9 in. centers and the four spec1mens of the Second ser1es at 6 in.

; - centers.. The e]evgnth g1rder toqether wwth two others const1tuted

,the th1rd series and conta1ned only 1onq1tud1na1 re1nforcement w1th-_
;out transverse and unprestressed\re1nforcement G1rders w1th1n each
iser1es d:ffered on]y .in the unprestressed lonq1tud1na1 steel. One_

in each ser1es was tested to obta1n the pure tors1onaT strength One” )
‘ :g1rder furn1shed the pure f]exura] strength for all the ser1es The
;"‘rémain1ng g1rders of the three series were subJected to: comb1ned

t0r51on and bendIng in a gqt1o ojjapprox1mate1y that ot pure tors1ona1
S

strength to pure flexura] strenqth SRR - S
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The girders‘under combined loading failed fn a over- reinforcedv
manner w1thout developing either the pure torsional strength or the\
pure fTexuraT strength. Thus the rectangular interaction could nd//
be obtained. They observed that the tors1ona11y 1nduced cracking tended

to spT1t of f the overhang1ng parts of the flange restr1ct1ng the ef-

vfect1ve compression zone to web onTy and suff1c1ent compression could

not be mobi. _ed to produce the,yield fOrce’in the reinforcement How-

ever it may be po1nted out here that the prestressed beams* of Gangarao

and Z1a when augmented with unprestressed Tong1tud1na1 re1nf0rcement
developed rectanguTar interaction between bending and torsion. The test
specimens of Wyss and Mattock Were concentrated in one region of an )
interaction diagram and were very cToseTy represented by the inter-
action reTat10nsh1p proposed by MukherJee and Warwaruk (1970).

2.2.6 Spaee Truss Theory

Thejbehavior of reinforced concrete beams under torsion differs

)
\

' jconsiderably before and»after cracking. Hsu (1968d, 1968e) and Lampert

and ThurTimann (1968) showed experimentally that ho]Tow beams deveToped

1n1t1a1 cracks at a smal]er torque than thetcorrespondwng soT1d beams .

of. the same size and concrete strength Th1s ca:%he eas1Ty expTalned
o

. by the contg1but10n of the concrete in the core to the. crack1ng torque

hThe1r tests also showed that the uTt1mate torques were the same for

hoTTow and soT1d beams Th1s is probabTy due to the fact that at

fa1Ture the concrete core s penetrated by cracks Lampert and Thurli- -

: :;:mann found that in the advanced post crack1ng stage solid and hoTTow

:beams had the same deformations and the same stresses. Hence Lampert

Y v \ .
et aT concTuded that due to. the eTongat1on of the st1rrups an outer
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comparatice]y thin concrete supporting shell was formed which alone
carried the load i.e. the strength depended only on the rein“orcing
" cage. The remaining .core did not contr1bute materially to the u1t1mate

strength Becaus& of this, in their theoret1ca1 study of the space

i
.q/

'truss, equa11y re)nforced\so]1d rectangu]ar sections were cons1dered
equ1va1ent to f1ct2}10us th1n\§a11ed box sect1ons .

S - Based on the1r tests carried out on beams with square cross-
sect1on of 20 X 20 in., Lampert and Thur]1mann coanrmed the general

va11d1tx\of simple truss theory of Rausch and 1mproved upon 1t Their

space truss mode] cons1sts of 1ong1tud1na1 re1nforcement wh)ch 1s assumed -

to be concentrated into stringerd® at the corners and intermediate shear

walls. Stirrups act as posts in these shear wa]]s and the concrete
bét\een the 1nc11ned cracks’ prov1des the compression d1agonals All
the reinforcement is assumed to y1e1d at u]t1mcte The concrete ‘com-
pression d1agonals are necessary for equ111br1um on]y, concrete does
not prov1de any additional contribution to the tors1ona]'res1stance.
) Lampert-et al found_tron tests that the crack angje; -, depended-on
the ratio of transverse to longitudinal reinforcement amounts. fhe
“inclination of the inclined cracks and hence the inclination of the
concrete compress1on d1agona]s changed in sp1te of exlstxng cracks to
accommodate a red1str1but1on of the forces between the ]ong1tud1na1
~and transverse re1nforcements especially after’ y1e1d1ng of one part of
,4re1nforcement unlike in simple truss theory. ,It is 1nterest1ng to note
here that Hsu's surface of failure does not depend on the'amounts of
’re1nforcenent but is a plane perpend1cu1ar to the wider face and in-

c11ned at 45> to the axis of.the_beam. In re1nforced concrete investi-

A

~—
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w

gators.using the Lessig-type skew bending’theory obtained the crack
.angle by m1n1m1z1ng the express1on for torque wh1ch was a fupct1on of
amount of- st1rrups and of longitudinal steel. Others working with
sprestressed concrete arr1ved at this angle fran the stress situation at
| cracking;"" T\\; | - . |
Lampert et al used the 1ocat1on of 1ong1tud1na1 bars to deter-g
"m1ne4the cross sectional d1mens10ns of .the faiture mode] because they |
observed that the d1agona1 forces in the. shear wa]]s were def]ected
’ 1nto the- adJacent wall® by the ]ong1tud1na1 corner bars . The Iength&
ot the moment 1ever arms corresponded to the d1stances between the
.1ong1tud1na1 bars in the1r theory Otherttheor1es assumed the center-
11nes of the st1rrups, x] Y], as the 1engths of the moment 1ever arms.
~In fact these 1ever arms depend on the. depth of the compress1on zone.
- The® former assumpt1on is more conservat1ve However E]fgren (1972)
~and Kuyt«(1971) work1ng w1th the truss mode] used the 1atter assumpt1on'
Th1s d1fference is s1gn1f1cant for the smal] cross- sect1ons common]y
S u
fused in test1ng R~tional determ1nat1on of the cross-sectional dimen-'
's1ons of the faw]urg\model is dﬁff1cu1t because of the complex situation’
ex1st1ng at the corners of the beam J \ ,.
For so]wd sectlons Lampert et al suggested a wall thwckness,lt,
for the correspond1ng ho]]ow beam to be h/6 or h /5 wh1chever was smal]ert-
. -~ .
In space truss theory the strength of under- re1nforced beams 1s 1ndepen~
dent of the wal] thickness and a nom1na] wall thickness is needed only
'(to check the possibility of.an over-reinforced failure. Some 1nvest1ga—
tors . -and codes such as the ACI 318 71 have assumed that the concrLte

-

-contributes to the tors1ona] strength due to the fact.that torsion is
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considered similar to shear. However Leonhardt (1970) has arqued that
in torsion.there are_no favouréb]e effects such as the shear carrying
capac1ty of the compress1on zone or the flat inclinatign of the com-.

‘press1on ‘struts. The aggregate 1nterlock does not come into play as

the torsional cracks op2n perpend1cu1ar&%o the crack 1nc11nat1on

. In this respect torsion is more analogous to flexuretrather than ‘shear.
. ":‘ N -

- For flexure no theory is‘preposed for the indepehdentlcoqtribution of

concrete to the strength of the beam. .
A

The function of the Tong1tud1na1 re1nforcement is ma1n1y to.
;hor1zontal component of the d1agona1 tens1on i.e. td'satisfy
For th1s purpose ‘the Tong1tud1na1 steelzneed not be
uihe‘corners The 102§+tud1na1 steel Tocated in the center of

;'xon such as prestre551ng steeT 1s suggested by Lampert et

. ﬁ;,effect1ve However to anchor the concrete d1agona]s and to

i‘preVent a push-but of the diagonaTs*(M1tcheTT et aT 1971) Tongitudina]
. '
re]nforcement in the corners is stated necessary. But based on certa%n‘

e

test observatﬁons concern1ng duct1T1ty and br1tt1enessﬂof failure McGee

-

and Zia (1973) have recanmended that the prestress1ng tendons may not LV
‘be cons1dered effective as Tong1tud1na] torsaon re1nforcemen1

) The space truss model for rectangular hoT]ow Cross- sectlon 1s
”shown in F]g 2 3. The fo]Tow1ng express1on was obta]ned for the pure

tors1ona1 strength of a. symmetr1ca]ly re1nforced beam

é

el fa t ATy, | |
[ee] .
Z(b +h )s S
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- FIG. 2.3 SPACE TRUSS MODEL FOR PURE TORSION
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where AL = ares of one longitudinal mild steel bar
fﬁy =-yte1d force of ]ongitudina]vmild steel bar

The ang]e.betWEen thevcohcrete diagonal and the beam axis; o, Was given
. . R . ) -
by
v P Ny |
¥ . _
v \ Af, 2 (b +h ) ‘ . e
- : ‘tanzd = L ty — 1 o (2.39)
U ! ) [ 3

Ah unsymmetrically re1nforced section could be rep]aced by a sym etr1-
cally re1nf0rced section hav1ng the 10ng1tud1na1 steel w1th the 1owest
iy1e]d force,on all sides since failure was governed by y1e1d1ng of the
weakest 10ng1tud1nal bar |

The space truss mode1 for pure torsion Qas extended to beems‘

subjected to torsion and bend1ng taking into account the d1f.er1ng

~ forces .in the top and bottom 1ongltud1na1 re1nforcem nt. LampertAand

Ihur11mann (1969) used the same torSJon lever arm, ho,'»or the pure

behding .capacity of a'section instead of the f]efgtel;) ver,arm.f How-

ever recent]y Co]]]ﬁ@ and Lampert (197]) suggested‘that the skeh{bend-

inq fheory deve]oped by Co]11ns (1969) be useb for computing the pure
nc *apac1ty of a sect1on ‘since it contalns f]exura] leveE:jAn Jd.
Leonhardt (1970) observed that 1f the long1tud1na1 force—

CmenLs requ1red 1nd1v;dual]y for tors1on and bend1ng were superimposed,

P KN

-
‘the resu]tlng 1nteract1on d1agram between torsion: :rd bending was
,rectangu]ar apart from a small section 1n3the oute

corner.
Tests a1med at web compresgion fa1lure showed that the con-%g '
ress

'crete compress1on struts‘:géﬁ%d at a lower nominal torsional shear st

. L s , - L
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than in flexural shear. ‘Lampert and Thurlimann attr1buted th1s to the

warping of the initially plane wa]]s of the hollow box beams into

ehyperbol1c parabo]oids This caused eccentric stressing of compre&sion

struts, forc1ng fa11ure sooner than in_ flexural shear where the web

4

'rema1ned plane. -Hence in torsion and-tors1on and -shear lower va]ues

are to be permItted for the upper limit of shear stress than in flexural

shear. &

Kuyt (197]) showed that the space truss theory and Less1g -

skew bendwng theory (Ultimate Equilibrium Method) were . not each others

ant1poles but on the contrary would yield the same results if certa1n

' assumptlons were made He po1nted out that the skew bendlng theory con=

s1dered the equ1]1br1um 1n a poss1b1e fa11ure\surface prov1ded no infor-

~

matlon with respect to fa1]ure surface or stee] stresses. in the several

parég of the reinforcement cr0551ng the fa11ure surface Kuyt preferred

the space truss theory because it was on a more def1n1te basis with .

regard to the internal equwlwbr1um of the beam as a whole. He dif—
ferent1ated between beams w1th 1ong1tud1na1 bars concentrated in the‘
corners and beams w1th these bars d1str1buted a]ong the four sides -
-and - stated that the assumption that all thebstee1 crossing the failure.

crack was - valld on]y in the latter k1nd of beams. \It was also pointed.

“out by h1m that for the beams with the 10ng1tud1na1 bars at the corners

h only,the assumptions that the 1nc11nat10n of . the fa1]ure grack was the

'y'same on each side of the beam and ‘that the stresses in the stirrups

cross1ng the fa11ure surface were of the same magn1tude were 1nva11d

Based on a truss mode] for comblned torsion, bend1ng and
shear Kuyt (1972) estab11shed equ111br1dm for each one of the sides of

v ) ) \ <
. A



the beam; but this resu]ts 1n the v1o]a21on of compat1b111ty of the j‘

failure m- chan1sm
T

Lampert Luch1nger and Thur]1mann (]971) extended the space

.truss theory to- cover prestressed beams They carried out ‘tests on

two 20 in. square, pretens1oned beams with st1rrups 0f the two, one-

¢

" bean” was so]1d, concentr1ca1]y stressed and tested in pure tors1on

wh11e the other was hol]ow eccentr1ca]]y stressed and tested in com—‘

between - re1nforced and prestressed beams w1th regard to u1t1mate strength

and conc]uded that the- space truss theory was app11cab1e ‘to prestressed ’

' beams if the 1n1t1a] prestress in the tendons was at -the usual 1eye1

and the strands y1e1ded after a*T;:% 1nduced stress near]y equa] 'to the .

‘ y1e1d stress of the m1ld stee] It was shown by them that a prestressed

and an unprestressed beam of about equa] 1ong1tud1na] y1e]d force sub-

Jected to tors1on and bend1ng exh1b1ted the same u]tlmate moment and

ang]e f tw1st at y1e1d 1he stkands are to ‘be bonded to the concrete

for thg space truss theory to app]y o
WOodhead and McMullen (]972) found from their test resu]ts

that,the truss theory was far more conservat1ve than ‘a des1gn procedure

based on the ACI code (318 71) requ1rements for relnforced conrete

s1nce the truss theory neg]ected the concrete contr1but10n to the tor-
sional strength - IR v‘

Lampert (197]) stated that the space truss theory was va11d :
for so]1d and ho]]ow re1nforced and prestressed concrete beams of general
shape subJected to tors1on bend1ng and axial force, prov1ded the 1ong1—

tudﬁnal and transverse re1nforcement y1e1ded at failure and the St. Venant

: bined torsion and bendwng They found that there was no bas1c d1fference .

il
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ntorsion,was'predohinant; From his study of a genera] cross sectlon he |
found that n the coTTapse mechan1sm of such a sect1on except the two
Tong1tud1na1 bars def1n1ng the compression h1nge at fa1]ure, aTT ,j
,“ transverse and Tong1tud1na1 re1nforcement should y1er ;‘v -;4r‘
| L In a recent paper Lampert and Co]]1ns (1972) have contended
- that ‘the. prob]em of tors1on and bending is bas1caTTy so]ved They
‘.suggest that space truss theory furn1shes a rational accurate and weTT
ver1f1ed mode] to pred1ct the pure tor51onaT strength The second step a
necesEBIy for the des1gn of tors1on and bendlng is the 1nteract1on re-

Tat1oh&h1p between tors1on and bendlng It has. been shown by them

| thatéboth skew bend1ng and space truss’ theorles are.in cTose agreement

J

ahd pred1ct the same paraboT1c 1nteract1on between the tors1onaT and

“1:

W»QJ'strengths. If tors1on is predom1nant there’ is.a truss- T1ke
e ..
\ .
up to fa11ure &S in pure tors1on If vending dom1nates the be—

*havio s1m11ar to that in pure bend1ng except that the compress1on

;;ﬁw zone is‘Tth1ned when space truss theory is extended to combined tor—
swon and bend1ng the f]exura] capac1ty pred1cted by the space truss theory*'
dev1ates from'the convent1ona1 fTexuraT strength of the beam as th1s :5 ”“i
theory uses the tors1onaT ]ever -arm, b » in the who]e range of torsion- =
bending {nteract1on S1m1Tar1y skew bend]ng theory uses the flexural
Tever arm, though in space truss theory it shOqu change to tors1ona1 -
lever arm for strength pred1ct1ons near the tors1on axis of the inter-
action d15§ram Lampert and Co]]1ns for des1gn suggested equal volume

of ]ong1tud1na1 and stirrup steel as has been suggested and used by

| others The ]ong1tud1na1 reinforcements requ1red 1nd1v1dua]]y for

. tors1on and bend1ng are to be superlmposed ' Lampert and Colllns alTowed



-2

T e 80"

for a reduct1on 1n the tors1ona1 1ong1tud1nal re1nforcement 1n the

-

,ﬂflexura1 compress1on zone due to the presence of flexural compress1on
In the case of cont1nuous beams reduct1on of lono1tud1na] re1nforcement
Vas a resu]t of presence of f]exura] compre551on may be on]y s]1ght s1nce h
re1nforcement for anchorage 1n the v1c1n1ty of 1nf1ect10n p01nts must

st11] be prov1ded and wou]d ex1st in the compress1on reg1ons. e", : ;

r
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cracking strength ofvprestre%sed Concrete I beams subJected to com-

Kbined tprs1on bend1ng&a g shear Two methods of cracking ana]ysis are

seconu is concerned uit“ the,f1n1&éhelement method us1ng three d1men-
v ’. Il; .

‘The 1nc]1nat10n of the 1n1t1a1 crack ob-

surface ;IQeaéxperﬁnentgl crack?hg strength 1s defined to correspond

to that Toad which causes 1n1t1a] v1s1b]e cracks ‘on the surface of the
, o ; _
f;igxb.egm' ] : ’ . .
Wi \ o N ’ ' '. o

3.2 "Method ]

ot

3.2.1 .Assumptiong*af\ lysis
‘: The fo]lowing assumpt1ons are made 1n deve]oping the equat1ons
for predicting the crack1ng ;orque of prestressed concrete I beams.
| 1. The torsiona] shear stresses are d1str1buted on the cross
section according to p]astic theory i ' . .‘-Lf h -

2. The f]exura] shear stresses and the flexural norma] stresses

are distributed according to elastic theory

o 8

- 3 based)c“ the c]ass1ca] theories and the- g

\
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'ﬁ_ »n.f¥‘ 3. Cracktng initiates. when the max1mu§'pr1nc1pa1 tensile stress
. ﬂt vequals the tens1]e strength -of concrete.
i ' 3_;4; The transfonned area’ of stee] 1s taken 1nto account in the
‘ ‘ca]cu1at1on of sect1on propert1es . ., o -
'ié - 5 The stresses in the steel due to the app]wed loads are
*gt negl1gib1e pr1or to the format1on of the 1n1t1a] crack.

/

:“”J;~<“ *f ' Nylander (1945) was probably the first to recognize that
fﬁﬁ " -the max1mum pr1nc1pa] tensile stresses computed using the elastic

Ai&z>-\theory in- the case of beams subjected to tors1on were much dif-

mfﬁferent from ‘the ysua] tensile strength of the concrete. He proposed
: that the ¢ors1ona1 shear Stresses be assumed 1n accordance with the
,;J ‘Q p]ast1c theory Th1s approach has been preferred by Kemp, Wyss and
f;‘ Mattock ":f ‘,f |
Jl~'§{: f; 1"' According to assdmption 1, the torsional shear stress 1s
'.ecomputed considering full p]ast1f1cat1on of the section. On the cross
sectnon of a bar under torsion, as the shear stress reaches the yie]d
Strength of the material at any point, there the two orthogona] com-

ponents of the shear stress Tx and Ty have to satisfy the condition

of p]ast1c1ty and equ111br1um (Nada1 1950) ..

- T ot ry = K (3f1)

whereiK is-a constant’ %
9T T o o ST ‘
= t=L=0" - (3.2)
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Expressing the shear'stress components in terms of a stressfunction

F(x,y)

{

°F _ O aF
tx =5y and Ty Tt

the ‘condition of plasticity can be given as

2 2.
(iﬁ) . (dF) - K2

e ! (3.3

~ The plastic stress-function F(x,y) represents the-s]oping p1astic

stress area and K is the steepest slope of this area. From Nada1 s

~ sand heap ana]ogy, the plastic stress funct1on at any point 1is pro- !

portional to the height of the sand heap at the correspond1ng po1nt

'_ and the uniform p]ast1c shear stress is proportiona] to the slope of

the sand heap The. app11ed p]ast1c torque is proport1ona1 to the
volume of the sand heap The ideal sand heap covering the p]ast1f1ed ‘

section of the 1 beams tested in the present 1nvest1gat1on is shown

1n Fig. 3.1. Using un1t slope the volume of this sand heap var1ed

from 34 to 35 5 1n3 for var1ous nom1na11y ident1cal beams..

The stress distribution due to all other forces act1ng on

the beam is determ1ned using elastic theory

- 3. 2 2 Theories of Failure for Concrete

LA

. _ i
Cracking of concrete under combined 1oad1ngs w111 occur
N
under a comp]ex state of stress. This of course 1s,the case with'
crushing ‘also under‘such.1oading; Quite often the stress}condition

A
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- FIG. 3.1 IDEAL SAND HEAP COVERING PLASTIFIED SECTION--
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in a strdctura]'member is idealized to a'biaxiaf state ot‘stress qgv'
assum14; the stress in the third d1rect1on equal to zero Var1ous
strength theories have' been proposed in the past to determ1 e the

« Failure of structura] materials. Of these Mohr's theory Cf failure 47'
s the most appropriate for a br1tt]e-mater1a1 ]1ke concrete. Var1ous

" stress conditions in a concr:té d1fferent1a] element can be rep#esented

by Mohr' S c1rc]es A failu nve]ope can then be obta1ned'ﬁy Jo#nh&g :

G
-

“anl those Mohr s c1rc1es that represent fa1]ure cond1t1odg Such a.v TQ}’
fa11ure enve]ope has to be estab11shed for g1ven material based ol

- tests under combined stress cond1t1ons but th1s is not easy. Because

of th1s different theoret1ca1 shapes of th]S failure enve1ope have

been oroposed using s1mp]1fy1ng assumptions. /

~The common]y used. failure hypothes1s in .torsion stud1es are
‘shown in F1g 3.2. Rankine's pr1nc1pa1 stress theory assumes ‘that
fa1]ure is atta1ned as soon as the magnitude of the pr1nc1pa1 stress
reaches the strength of concrete in uniaxial compression or tension. .
TThe fallure envelope on the Mohr's d1agram cons1sts of a palr of
straxght 11nes para]]el to the shear stress axis. Cou]omb S internal
fr1ctnon theory 1mp11es that failure occurs by s]iding aTong a.certain_

plane and the res1stanc to failure is composed.of a cdnsiant'shearing

¢§%%§"fa1]ure envelope consists of a pair of stra1ght
]ines tangent to the pure shear and compress1on c1rc]es Mohr general1zed
Coulomb's 1nterna1 fr1ct1on theory and assumed that the res1stance

- to s]1d1ng is a function of the normal stress on the sl1d1ng plane.

I R
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fThe resu]ting failure enve]ope is curw111near, the shape of wh1cp 1s "

to be determ1ned by . tdsts .. Cowan's theory 1s based on a dua] cr1ter1on

oft failure. He comblned Rankine S max1mum stress theory and Cou]omb S .4’?'

internal fr1ct1on theory, the former for cieavage fa11ure and’the_,ater it

for shear fracture - Zia's mod1f1cat1on to Cowan S fa1lure theory 1s B

- aimed at a clése approx1mat1on to the Mdhr s genera11zed internal )

<fr1ct1on theory. The mod1f1cat1on pred]cts the fa1]ure of concrete trans1-
tional from tens1qn fa11ure to shear compress1on fa11ure Fatlure T

3

theorles for concrete subJected to comb1ned stresses have: been d1s-v

<

-

cussed in the 11terature (Bres]er and P1ster 1955, Zia 1961 and‘1968) yk"_-
It is to be noted that the d1fference between these theorles is greater
~ “when the compr2§s1on (prestress) is h1gh in whtch case failure js ]1ke7y
-to be governed by pr1nc1pa] compress1ve stress rather than the principal
,tensi]e stress But when the prestress 1s of the order of 0.5 f'
wh1ch is more pract1cal and about. the max imum permwtted by the ACI h !
the theor1es due to Rank1h and Cowan are identical and m0d1f1ed Cowan
theor§§d1ffers by a max1mum of only ab@ut 12 percent‘ v
| ?ﬂ: - None! of the above ment1oned theor1es consider” ‘the effect R
it the 1ntermed1ate prlnc1pa] stress and the strain gradlent It has’{;‘
been suggested by several 1nvestIgators that the efﬁect of the 1nter-
med1ate pr1ncipa1 stress is- s1gn1f1cant 1n fa11ure theor1es for
' concrete subJected to complex three d1mens1ona] states of stress
Bres]er and’ P1ster (1958 SetT (1958) McHenrv and Karn1 (1958)

have proposed fa11ure theor1es taklng into account a]nghe pr1nc1pa1

' stresses In many cases such as in re]at1ve1y slender beamsc 1t is.

{. .3. T
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considered accurate enough to use a fai]ure criteria 6\; ed on biaxial
stress condition It is 1nterest1ng to note that 1n‘tﬁé three d1men—'
sional f1n1te efement ana1y51s of crack1ng strength presented ]ater 1n
‘ this d]ssertat1on,.the 1ntenned1ate pr1nc1pal stress ‘under cpmb1ned
1oading was neg]igib]y 3m511. Hence it can be cbnc]uded that the in-
termedtate principa] stress cap be safely neglected in such studies.
| ' Further,_thepaboveA{ieories do not:consjder the effect of
strain.gradient. For-examp]eﬂkinvthe thin weo‘of‘anfl section the

strain gradient is very high.” However, it is small in a,hollow con-

-
»

"cnete.beaﬁf—wﬂ’
ﬁecent]y Kupfer‘ Hi]sdorf,-and’Rusch (1969) 1nvest1gated
exper1menta1T} ‘the b1ax1a1 strength concrete over the entire pange of
b1ax1a1 stress comb1hat1ons Ihey used squére concrete platéil ~
(7 9 x 7.9 x 2 1n ) subJected to ah‘ﬂn -plane 1oad1ng H1stor1ca11y
\ 1n tests on concrete under b1ax1a1 tens1on and compress1on ‘hollow.
cy11nders subJected to e1ther torswon and ax1a1 compress1on or to
~internal hydrau11c pressure and ax1a] compression were used. For such
stress states the test data frun var1ous 1n~est1gat1ons do notudeviate
from each other cons1derably However, in b1ax1al compres51on'tests
'_ the fr1ct1on between the bear1ng platens ‘and the spec1m;ns was suffi-
c1ent1y 1arge to yJeld strengths of unusal magn1tudes t'r -he case
_of equak canpress1ve stresses in both prlnc1pa1»di“ections the»resu]t-
1ng/,trengths reported Were in the range of 80 to 359 percent of the
lﬂ”;ng1a] compress1on strength for 1dent1ca1 test spec1mens Kupfer et:

“al rep]aced the usual so11d bear1ng p]atens by brush bear1nq platens"
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which were flexible enough to follow the concrete deformations without
causing appreciable restra1nt of the test so§c1mens They conc¢luded
contrary to the prev1ous 1nvest]gat1ons that the maximum strength'in-
crease under biaxial compression was'on]y'27 oercent'in'exce;s of the
uniaxial compressﬁon strength. Their tests 1n the reglod of comb1ned
compre551on and tension corroborate the findings of other 1nvest1gators,
i.e. stress et failure decreases as the‘s1mu1taneously act1ng tens11e
stress is increased. \The‘strenéth of concrete under bjaxia1 tension

is aporoxim%%e]x equal to its uniaxial tensile strength.

 3.2.3 Tensile Strength of Concrete

: - It is evgoent‘from the 1iteraturé_review'that the tensi]e

strengths used in torsio’ research by various 1nvest1gators dev1ate

from each other s1gn1f1cant]y for the fo]]ow1ng reusons.

The tensile strength of concrete deperds mainly on the state’
of stress at'a*point and aTso on the strain gradient Beams acted

on by comb1ned 1oad1ngs are subJect to w1de1y varylng combined stress

~conditions; and d1fferent stra1n gradient Further, concrete is not.

a perfect]y elastic materla];
‘ ‘Each method of test available ‘or eva]uat1ng the tensile

o

strength of concrete has a certa1n stress 51tuat1on associated

" with it. For examp]r in the d1rect tens1]e test, there is a uniform

‘stress along only one axis without any.strain gradient. This is the

only test which does not use any éssumptions of elasticity or p]ésti4

J



%
city totca]culate tensile stress. In the f]egure test, tensiie stresses
are along}one axis only with no stresses._on the orthogonal p]anes; but
there is'avstrain gradient. The splitting tensi]e‘strength test is
characterized by a stress system qhich varies from biaxiaT compression
jmmediateiy beneath the baczing materia] to compressionitension over
the most part of the diameter. The magnitude of the oompressive stress
'varies and is about three times the magnitude of the tensi]e stress.
The magn1tude and - s1gn of  the third pr1nc1pa1 stress a]ong the ]ong1—
tud1na1 ax\s ;s unknown. Thei%eaSured stwength may,correspond~to a
- comp]ex function of the Strength-Under thelmultiaxial stress system;‘
‘Each investigator presumably chosesa‘tensileft22t having a. -
stress distribution which was nearer to the stress Condition in his
test beans'under'combined Toading though-it‘may not necessari1yibe
satisfactbry'for all combinations.of loaddngsr
To oretht cracking strength by method i, the tensi]e_strength
of concrete taken inttre.present investigation, is equa]'to splztting
tensile strength It is be11eved that this tens1]e strength represents‘
’ qua11tat1ve1y the biaxial strAss cond1t10n of compression- tens1on en-
countered in oeams subJect to combined load1ng The re]at1onsh1p be—:

-

tween sp]1tt1ng tens11e and compress1ve strengths fori each beam s shown

in Fig. 3 3 For each beam the concrete compreSSIXe trength 1s obtaﬁﬁkﬁﬁ‘
as the average. of three cy]1éd3r tests and the tens11e strength as th #
' average of two split cyllnder tests Tthvwsually best f1tf11ne through

the data y1elds a va]ue of 6 v f‘ for the sp]1tt1ng ten511e strength of

o IY
concrete; this va]ue is adopted in the crack1ng a\a]y51s of method 1.

),vv"'

?
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3.2.4 Analysis

92 -

The stress components causing the initial crack at any

Tocat1on can. be ca]cu]ated as follows.

s1dered‘pgs1t1ve.,

Fig. 3.4.

1.

At top face,

At neutral axis,

- At bottom face,

~ Shear stre.. due to torque

Tens11e stresses are con-

Normal stress due to prestress

_ L F
p-"E"
.
f = -
p
=-'F—
p K

-

The distributions of these stress:s are shown in

L.

(3.8)



o 530404 SNOT#YA 0L, INA ONIUNIVYD 0L d01¥d
, ~ NO1193S JLIYINOD GISSIULSIdd NI NOTLNGINLSIO SSIHLS v'e 914

# : ’ : 4

o : |  INIWOW . §53¥4153¥d - zq,wm.m_,: mo_,
1S ¥V3HS SS3IYLS - ONIGNI8 Ol 3INg ol 3INa o |
mwwuzo_zouﬁ ¥VIHS IVINX314 SS3YLS WWION $SINIS IVWION ~ NOILD3S $SO¥D.




~

94.
4. Normal stress due to flexural moment )
At top»fate, |
v MY, o
'/‘fb . » o L (3.9)
. At neutral axis,
fp, =0 o o (3.10)
LAt bottom face,
L ! : B
N ' MYb S . .
a fb ot S o ,(3f]])

At diagonal tension'cracking; u\\\\\\

the stress- components are related a$ :

- follows:
ST T
yé
P » : 7/ (‘f-{-f) R
— - — [ / . D b PR . ’
Tt +Y\V’— ft V1 - —F— . (3.12) B
) _ _ » t .
where f£ is the tensile strength of concrete equa] to 6 . f' gxl

pressing equat1on (3 12) in terms of forces and rataos u( T/M),xand
8(z T/Vb,) y1e]ds o B o

[2/vm * 5T, B ]+ T Ter - fL(Ff) =0 (3.13)

.

Solution of this quadratic equatjon‘ yiers the_cracking, .
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torque. The equation can be specialized for each of the following three

critical locations.

1. éracking at‘the_top face, o >
2 LY. T - Fev S
2 1 : t t cr Ve F ty .
Terlg/Vol] - =55 - fi(f v k- 1 = 0 (3.8)

2. Cracking at neutral axis -

CfL(fL E/R) . )
T, 1t - o (3.8)
| 5) | ,

§Tb,

§/VO] +

3. . Cracking at bottom face

\ t Yy Top S
[ [ /o1 ~;—C— - FU(f 4 =0 (3.16)
Any other cr1t1ca] 1ocat1ons can.be examined by ,ubstituting aopropr?dte

quant1t1es in the equation (3 13). = _b '_ N
. : ‘The,iggligifj;% of the 1n1t1a1 tensile crack v w1th respect
to the Tongitudinal axis can be obta1ned by the fo]10w1nq eouat1on “
, Lo (1t+~;v)' ‘ . S
tan(180-2¢) = T FI/Z - (3.17)
v A o
. ) % :
_so]ut1on of equat1ons (3.14), (3.15) and (3.16) furnish three dif-

'fErent va]ues of torques and the crack1ng torque is chosen as the

smal]est of these three values

o
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3.3 Method 2 | L S
3.3.1. General Remarks |

The finite element method has proved to be a convenient and
versatile tool to aid in understand1ng the behav1or of structura]
systems. It has been demonstrated in.the past that this method can
be applied with cd%s1derab1e success to var1ous stat1c and dynam1c
problems. Recent]y the method has been extended to include both ma-
terial and geometr1c non]1near1t1es .

3.3.2 F1n1te Element Method ' '

An‘attempt is made herein to predict by the finite element -
method, the crack1ng strength of re1nforced and prestressed concrete
beams under comb1ned Toading. Tors1ona1'crack1ng is a three dimensional
phenomenon, accord1ng]y the f1n1te e]ement mode] for such a study shoul
be three d1mens1ona] Clough (]969) compared various three d1mens1onc1
elements in terms of their structura] perfonnanCe and computat1ona1
| 'eff1c1ency, and recommended an e1ght node 1soparametr1c hexahedron with .-
24 degrees of freedom for the analysis of elastic solids. These iso-
parametric e]ements are completely 1sotrop1c and can be ‘fitted to
quadr1]atera]]y curved boundaries and were shown to be very effect1ve

f1n1te e]ements If the f1n1te e]ement system is analyzed by a d1s-

- placement method of ana]ys1s to y1e]d nodal point dlsp1acements and

1nterna1 stresses, the mode]s are stiffer in genera] It was shown
by h1m for this e]ement that any poss1b]e mod1Y1cat1on of the assumed’
1nterpo1at1on functlons would change the f1ex1b1]1ty characterist1cs

monly to a sma]] extent. C]ough further showed that for- structura]

b1
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systems in which shear stresses are predominant the 8 node element
fs preferable to a 20 node refiﬁed eiement, but it is not ;ery effective
ie_representing plate bendiqg behavior‘where.shear stresses are low.

The three dimensional eight node solid element used in the-
»prograh in this dissertation {s based on the element deve]oped by
Irons and Zienkiewicz. In ana]yzing beams of u;ual proportions' the
bending character1st1cs of this element are observed to be poor even
at aspect ratios of the: order of 2.5. Hence the element has'been
modified here by adding 1ncompat1b1e deformation modes as. squested
by Wilson (1966); this 1mpro$2d the bend1nq behavior of the e]ement
S%gnjficant]y. These deformat1on modes are eliminated at the e1ement
level by stat1c condensation. The necessary 1nteqrat1on for the
element st1ffness formu]at1on cannot be done exp11c1t1y for th1s
element and hence numer1ca] 1ntegrat1on is generally used. Two ppint 1 §
GaUss'quadrature is used in'the present investiqation. This gives exact - )

S
values for rectangular prisms. E]ement stiffness formu]at1on is sk1pBedn§§f

for identicai elements. The structure st1ffness matr1x is gene >

A R
in hlocks and solved in blocks by d1rect Gaussian e11m1nat1on wiﬁgﬁﬁﬁ%gf
solving the svetem of s1mu]taneous equat1ons an equation solver d X
loped by Gopa]akr1shnayya (1973) is used in this proqram The pro .
gram deve]oped herein can solve var1ous load:- cond1t1ons w1th the
st1ffness matrlx inversion made only once; which results in con- .
S}derable economy of computation time. The fac111ty of automatic
nodal and e]eqent data genefation has considerab1y reduced the ihput-”;

o

data.
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The theoretical background, -essentia]bfeatures and ]isting
of the finite element program deve]oped here1n are presented in
Append1x B. The analysis deve]oped is an elastic ana]ys1s, and the
basic assumpt1on made is that concrete is homogeneous and perfect]y
e]ast1a/unt11 the format1on of an 1n1t1a1 crack. Before crack_forma-
tion the stressesv1n the steel induced by the applied 1oads are neglected;
o ack1ng is considered to commence when the pr1nc1pa] tens1le stress
equals the tensile strength of the concrete.
>3 3.3 Elastic Constants and Tensile Strenqth of Concrete
|  For form1ng the modulus matr1x,_knowledqe of the basic
elastic constants of modulus of e]ast1c1ty E and Poissons ratio v
of concrete is necessary. “The modu]us of e]ast1c1ty of concrete s
taken as 55,000~»’fé in"accordance with ACI §18-7]. Poissons~ratio
- is assumed as 0.15 or 0.16. It is to be noted that an error in the .
assumption for the valués of E' and v affect only the deformat1ons,'
not the stresses, 1n statically determinate structures such as the.
'heams znalyzed herein. |
: The tensile strengthvof concrete is taken as 7.5 ., fé for'
the reasons lTisted be]ow; | |
1. The finite element analysis at’ best is an elastic analys1sf
However the tors1ona1 shear stresses are d1str1buted at least semi-

’p]ast1ca11y' Hence a h1gher value of tens11e strength than the one

o assumed 1n method 1 is appro‘§1ate

2.. ACI 318-71 spec1f1es modulus of rupture to be equa] to
7.5 /1, |
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3. CEB suggests modulus of rupture:as‘9.5/r'fé.
4. Woodhead and McMullen (1972} in thei elastic analysis of
prestressed rectangular beams for cracking’used a ya]ue of 7 v fé.
This value con51stutes ‘a Io;er bound to the va]ues that would resu1f
from the equation (2.17) of Chander et al (1970) if the elastic theory
and their equation were to give the same to ue<;\\h
3.3.4 Finite Element Layout _ f' : - :
Unfortdnately three d1mens1ona1 anaTJses demands very large
computational effort even for problems of very small size. Hence ' 1t
RN noz/;urpr1s1ng that a compromwse must be’ a@h1eved between the de-
sirable accuracy and the computational time. The selection of the
Hijpresent finite element layout for rectangular beams in-the literature
' and author S I beams was based on the experience oa1ned by test1ng the
program on s1m1]ar smaller problems. It is be11eved that the mesh -
. size in terms of bandw1dth and number of equatlons ‘used produces an
adequate degree of accuracy without further 1ncveas1ng the a]ready ex-
cessive computatlonal effort For the ‘ectanqu]ar beams analyzed the
max imum - aspect ratlo of the element varied from about 3. to 6 wh1]e
.ln the case of I section heams it was a. Out51de the test zone s]1qht1yi
hlgher aspect ratlos were usei . The number of equatlons did not exceed
2500, Nith‘the usual solution techniques . the computacion effort is
'c‘roughly pr 9rtional\to the number of'equations and to the squaré of the
-band'widfh. The computations are performed in sung]e prec1swon for
reasons of economy of memory and computatlona] time: ‘ N1th ]arge systems';

of equat10ns round off/starts to play an important role ThlS can be-

remedled SIgn1f1cant1y by doing the computat1ons in d0ub]e prec1s1on
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vBut this rougt 'y douh]es the core storage requirement. Another al-.
ternative is to keep the number of equations to the minimum possib]e
which is. adopted in the present case. i
The general layout and d1scret1zat1on of the beams and the
boundary cond1t1gf§ at either support are shown 1n Fig. B.2 and Fig.
B.3. The beams were s1mp]y supported in the tests and the ana]ys1s
¥§§ carried out accordwng]v The right hand side support is tors1ona1]yb
_ restrained, allowing flexural rotation, and longitudinal transiation.
V_To achieve this. a]] the nodes in the bottom face have d1sp1acements
i1n all except the 1ong1tud1na1 d1rect1on equa] to zero. A]] other
: nodes at this support have s1deway d1sp]acements equal to zero becausev
the cross sect1on is torswona]1y restraﬂned rhe tors1ona1 toad is ,
‘ app11ed at the left hand support and the nodes on th1< Cross. sect1on
are a]]owed to’ displace except the node at the centre of the. cross sect1on
A‘wh1ch is f1xed in all d1rect1ons Both end sections of the test I
‘beams of th1s investigation were made rectangular to fac111tate easy’
gr1pp1ng in the torsional heads. Intthe f:n1te e]ement ana1y31s these :
Zwere 1dea11ied as 1 sect1on beams throuqhout the Ienqth for s1mp41c1ty.

': '!9 ;; ,“.‘.',
R The boundary forces must be d1str1buted exact]y in the same

f’nr»’

n as’ the calcu]ated stresses if the exact stress d1str1but10n is

‘v\:i' .

"to b&-obta1ned throughout the member If the d1str1but10n of these _<'
. Cﬁb

_ forces does not conform to the exact solution but st111 has the same .
stat1ca11y equ1va1ent system of forces, then the resu1t1ng stresses are
~s1gn1f1cant1y different on]y in the v1c1n1ty of the app]ied forces..

; }nsp1te,of»these.]ocal perturbat1ons, the exact stress distribution

- RN
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deve]ops a short d1stance from the areas where ‘the forces are app11ed

To have the correct stress distribution as near as poss1b1e to the

1oaded endsj the transverse, prestress,vand tor€5onal loads are, ap-

plied at the nodes to ref1ect the exact stress distribution reasonab1y
Prestress was applifed asbexterna] load. " In the present case the stresses
are in good agreement with the exact stresses at d1stances about one
'and one haff q' the depth of a beam or beyond the third cross-section
from the ends of the beam /However, in each beam the end reg1ons where
the perturbat1ons d1stort the stress d1str1but#on correspond to non -
‘test zones wh1ch are of little 1nterest in analysis.

3.4.5 Procedure of-Analysis..

ﬁ In this method of analysxs the input consists of a set of
fcrces—and the. _output in stress and stra1n d1str1but1on at every node “.
. and e]ement face As the crac k1nq ]oads are known from tests before

hand these 1oads are app11ed to obta1n the stresses Th1s is not
necessary in that any arb1trary set of loads in the same torque-shear
proport1on used in the test could” be app]1@5\\v4he/output consists of
nodal deformat1ons the Six components of stress and strain at the centers
of element faces and averaqe va]ues at the nodes It also;Jnc1udes/
‘principal stresses, stra1ns “and. their d1§§ct1ons From this the re-

Iy A
su1t1ng stress and stra1n d1str1but1ons assoc1ated with the app11ed

S
cracking loads are obta1ned

‘ The Toading comb1nat1on for each beam test corresponds toa

load vector consist1ng of transverse, prestress and tors1ona1 1oads

&

CIf the beam geometry, mater1a1 propert1es, and the boundary cond1t1ons

y

N
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do not'change and only the'1oad vector changes”’so]utions for 10 to
12 1oad Vectors or load comb1nat1ons are obta1ned by 1nvert1ng the
st1ffnéss matrix just once. It took 2132 seconds to get so]ut1on for
>'the f1rst prob1emt while for the rema1n1ng n1ne prob]ems, the time re-
qu1red was 3946 seconds when ten probxems w1th a band.w1dth of 150 \

and number of equat1ons of 2340 were so]ved at a time.

33,6 Stresses P L ,s\\ ‘
: v |
\\\éyce the stress d1str1but1onka§é¥hevcrack1ng Toads is «nown,

the maximum pr1nc1pa] tens11e stress is ]ocated\\n the test zone e1ther !

b4

at . a node or centre of an element.. Crack1ng is

sumed to'initiate

at that po1nt. The maximum pr1nc1pa1 tens11evstress occurred in the

" bottom face if the bend1ng moment was predom1nant and in the web or in
. 7 _
the,top face if the amount of to s1on was high. The location of this.

pr1nc1pa1 tens11e stress agreed. w1th the - test locat1on 1n most-of the ‘fF‘
beams The crack1ng starts when the max1mum pr1nc1pa1 tens11e stress

N

'occurr1ng in the test zone- equa]s the tens11e strength of concrete
»

These pr1nc1pa1 stresses are presented for each beam in Tab]e 7 1 and 7.3.
.From the- noda] deformat1ons, the flexural deflect1ons, and the angle '

yof twist in a certa1n(span length are obtained. 3

>,

The -beams-analyzed were subjected to varioosvpossﬁb]e . C
combfnations of moments and'forces. Of-the;resultfng three princié;;:,
‘ stresses; ‘the thtrd was the tensi]eystress and:related to the

tens11e strenqth of concrete The' first pr1nc1pa] streSs was

'usua11y compress1ve hav1ng vary1nq dearees of maqn1tude 'The
'intermed1ate principal stress was e1ther compress1ve o? tens11e‘

"

%hd had a maon1tude of the order of 10 psi’ or less in a]] the beams
o : T .
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Thls study has thus re1nforced the poss1b1]1ty of neglect1ng the
1ntermed1ate pr1nc1pa1 stress in determ1n1ng the failure crwterla
of concrete for slender beams; - because its magn1tud;&ﬂs very sma]]
- Crack1nq is assumed to occur when the max1mum pr1nc1pa1
tensile stress equa]s the a55umed tens1]e strenath of ‘the concrete.
However in the theoret1ca1 computat1ons the test. cracé?nq 1oad
_mav produce“a tens1le stress d1fferent from the assumed tens11e
strenqth In such a case a~d1fferent Toad will" Droduce a- tensile
't‘stress equa]'tc the assumed tegstge strength, which is ‘taken to be
A the»theoretical trackinq 1dad.s This theoretica] cracking load is
computed“eliminatinq the effect of prestress from the <tress
‘ d1str1but10n obtained by the f1n1te e;enent analysis assoc1ated
w1th the test 1oad at crack1nq In making. th1s ca]cu]at1on 1t is
assumed that the pr1nc1p]e of. superpos1t1on holds aaod and the

‘Tocation of .the max1mum pr1nc1p=l tens1lc stress does!not change .

.,The vquat1ons used are g1ven in Append1x B.
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) ‘. CHAPTER 1v
 ANALYSIS OF ULTIMATE STRENGTH

40 Genera] Remarks ‘

In th1s chapter eouat1ons are deve]oped based on skew" bending
theory to predict. the ullimete strenqth of prestressed concrete I sectlon
members subjected to tors1on bendwna and shear The I sect1on members
tested by the autho® in the exper1menta1 phase of the proqram failed.
generally in skew bend1nq about an- ax1s 1nc11ned to the ]ong1tud1na]
ax1s e1ther 1n Mode 1 or M”ae 2. In mode 1 the compresswon zone formed

on the top face wh11e in Mod it was observed 1n51de the web c]ose

to one of.its faces. Prev1ous1y 1@ Chapter II Made ] and Mode 2 were
referred to as bending mode and tors1on mode respect1ve]y It is evi-
'dent from the Tltera&ure review that flanged beams fa1led maln]y in. |
the skew bend1ng mode To date no adeauate theorv is qenera]]y avail-
-,able to compute the u1t1mate strength of prestressed I beams under
3-comb1ned lToadings . The strength of such beams depends cons1derab]y on
the deqree w1th which the component rectanq]es act together, in other
words,_lt depends on the reinforcement tail. In the sect1ons that
fo]]ow the skew bend1ng theorv 1s extended and app]1ed to I sect1on

members

104
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4.2 Ana]y51s of Bendlng Mode of. Fa1]ure
4.2.1 Assumptions g?»Analygls
The fb]]owing assumptiens are made in; the analysis:

1. The compression 2one is rectangu]ar, 1t is adJacent and para]]e]
to one of the flange widths of the ‘beam. .

%. The failure surface is defined byvcehtinuous ten51§i? cracks,'
- at a constant 1nc]1nat1on * with respéct to the 10nq1tud1na] ax1s, on

the three s1des of beam and Jo1ned on the fourth s1de by a compression

~zone. The crack,wnc]1nat10n 8 at.fa11ure 1svsame as the initial crack
angle. - ’ //(

3. The strain across the failure crack is Dropdrtional to its
prOJected dlstance from - the neutra] ax1s measured inf the vertical p]ane
referred as the = p]ane, conta1n1ng the compress1on Zone. )

4. The concrete compre551ve stra1n,t .at the extreme f1bre in
" the dl‘LCtlon of the lonq1tud1na1 axls at u1t1mate is g1ven by a Timitinq
value 0.0033. . 71 . o, -

5. The stress- <tra1n ref3t1onsh1p of concrete zn compress1on is

. : 4
qiven by
ﬁ.§v'ﬁ,= "E{{J?T-\ o h. - (4.1)
L T e | R -~ , ,
L ! o) - :
where = stress »}
£ T strain o ;
IR E e=;ff,_f’max/so' R
Ck ;’."T(l.z_-o‘:os_:,.ﬁé); 1 and f in ksi N

¥

v -6
€ = (0'25,k3fc + 500)10
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&
6. The shear force in the compression zone is neglected.
7. ‘A.premature shear fai]jre’does not occur. : R
« 8. The dowel forces in both the longitudinal re1nforcement and -
‘the st1rrups are neglected. ‘ ' - g
9. The mild steel reinforcement has a well defined yield p]ateau.
: JOu The tensile force resisted by the concrete is neglected
11. The fa1]ure zone contains no external 1oads
4. 2 2 D1scuss1on of Assumpt1onsi
Assumpt1on 1 states that the compress1on zone is rectangular.
Jhis is true only when flexural moment and transverse shear act.
Presenc N torSion ma(es it either trapezoidal,.triangulari;o:/ggy
‘of the compression zone may extend onto one of the vertlcal/s1des de-
'pend1ng on the re]at1ve proport1ons of the torque Rectangu]ar com-
| pression zone was used by Lessig (1958) and others for-reinforeedlcon-
crete beams and by'Henryiand Zia for.prestressed concrete beams: wood-
head and‘McMullen (1972) used an’inc]ined neutral axis the 1nc11nat1on
‘depend1ng on the relative magn1tudes of torque and moment and found that
this ref1nement resu]ted in little difference to the theoret1ca1 U]t]—
-mate strength It s therefore cons1dered adequate to assume a rectangu]ar
compression zone - B Y |
Assumpt1on 2 defines the fa1]ure surfa e. 'The three ]ines
compos1nq the spat1a1 crack are assumed for s1mp]1c1ty to be straight
and at the same 1nc]1nat1on The crack 1nc11nat1ons on the south and
north faces differed ma1n1y as the ‘torsional and f]exura] shear stresses

were add1t1ve on the former and subtract1ve on the 1atter Crack in-

clinations computed’ based oh the uncracked section, are assumed to hold
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‘ good at ultimate.’ This'ﬁs an approximation, however, a slight change

|
‘|

‘in_the inclination has not significantly affected the calculated ulti-

mate strength.
.‘ &

FI

Assumpt1on 3 s approx1mate and has been used by Henrv and

*Zia,(1971) and Woodhead and McMullen (1972).

Assumpt1on 4 reTates to the useful 11m1t of stra]n for concrete

in compress1on under comb1ned ]oad1nq This magnitude under bend1ng

only a]so depends on severa] factors. A 1imitinq"strain value of

K’~
0. 003P was assumed by Hognestad, 0.004 by warwaruk, and 0.0034 by L1n

RN

As a 1ower bound the ACI squests 0.003. Evans and Khalil (1970) ob-

4

_served that the %%hg1t@d1na] strains in the compressed concrete were

essent1a1]y the.same under pure bend1ng and under comb1ned bend1ng
and torskéh for equa] bend1nq moments Hence the same u1t1mate stra1n-
in concrete was used by them both in pure bend1nq and combwned 10ad1ng
However they did not spec1fy wh1ch va]ue they adopted woodhead and
McMu]]en‘(1972) used a va]ue of 0 0034 In the ana]vsis developed here-
in a va]ue of O 0035 is used as an averaqe between 0.004 and 0. 003‘

In assumpt1on 5 equat1on (4 1) expresses the stress-stra1n»

re]at1onsh1p of concrete in compression; this is due to Desai and

B ¢ -

Krishnan (]964)
) % ’ .
It is' to be noted that in this ana]v515 of the six equat1ons

- of equ1]1br1um two equat1ons are sat1sf1ed This has been the usua]

\,approach fo]]owed by the previaus 1nvest1gators Of these two one ‘is

the equ111br1um of foréeseyerpendlcular to the 7 p]ane. and the other

B
is the equ1]1br1um of moments about an ax1s in the g p]ane wh1cp is
- ,

' para]]el to the top face “As the 8 plane is vertical,-the transverse‘
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shear'actinq vertica]]y on the plane does not enter.in either of the Mode
ll.equations. .The transverse sheer is resisted in part bv the compression
zone and the dowel action of the reinforcement. The sixth’and the
eighth assumptions concerning the neglect of this shear resistance are -
introducedlto_simp]ify‘the'ana1ysis. Since the fai]ure section‘is
assumed symmetr1c the forces in the two legs of the St1rrups on eltherf
ps1de of the web must ‘be equa] and oppos1te It can be seen that torque
is part]y carr1ed by the two 1egs of ‘a st1rrup deve]opwng equal but
oppos1te forces. Also transverse shear is ‘in part carried.by the same
two 1egs of a stirrup with the'deuelopment of‘equa]‘torces Thus the
transverse shear does not enter into the theoret1ca] express10n as, the

. equilibrium of the vertical forces is 1dent1ca1]y sat1sf1ed -In essence

no attempt is made to sat1sfy the vertical equ1l1br1um of forces

Assumpt1on 7 is introduced to exclude the poss1b111ty of a - g’ ‘

o premature shear fa11ure If a beam acted on’ by only" bending and shear -

a fa11s 1n shear, such a beam probab]y develops a shear mode of fa11ure »
"when acted on by tors1on bend1nq and shear. To date the questlon of

shear strenqth a]one.ls far from settled ConsequentTy the prob]em
of combined tors1on and shear is even further from so]ut1on as this is
- a _much more comp]ex prob]em The effect of transverse shear is dlS—
“cussed later in Chapter VII

Assumpt1ons 9 through 11 are used to s1mp11fy the ana]ySIS;'
-4 2.3 Scope and Steps of Ana]ys1s
. The-ana]ys1s.can be app11ed to under—reinforced as\ue]l as over- »
reinforced beams. From the assumptions it is clear that fai]ure'is

considered to.0ccur'When the concrete crushes on a plane inclined at
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an angle B to the 1ongltud1na] axis due to the attaimment of a 11m1t1ng

strain along th1s axis. The flanged beams in which the tors1ona1
craék1ng splits off the outstand1ng parts of -the compreSS1on f]ange

are ana]yzed assuming that the w1dth of the beam in the compresSion

zone is’ equal to the web w1dth - For others full f]ange W1dth may be -
_used. The ana]ys1s deta1ls are s1m1]ar to those used for computing
-‘the ultimate flexural strength of an over- re1nforced prestressed beam.

. The equ1]1br1um equations are estab11shed with reference to the Z-plane

d*

which is vertical and 1nc]1ned to the 10ng1tud1na] ax1s at an ang]e I
containing the compression zone and the neutra] ax1s -The straln-dis—

tribution in the 7 plane is shoWn'in»Fig. 4.1. .Components of interna]

.and externa] forces perpendicular to the's-plane are equated to zero.
Moments of the forces are taken in ﬁ-plane about an axis parallel to

~the top. face and pass1ng through the po1nt of action of concrete com-

/
pressive force. ‘With the max1mum comprq$s1ve stra1n obtawned from

equat1on (4. 3), a depth of neutral a) is‘is assumed in the 8- p]ane

L4

The 1nduced stra1ns in all the reinforcements are then compatible -

- with the maximum concrete compresskye strain and the assumed depth
'of the neutral axis.. The compressive forces in the concrete and in

- any steel present 1n the compre551on zane, and the. tens1le forceS are

determIned perpend1cu]ar to the b p]ane and equ111br1um checked: Dif-
ferent values of the depth of neutra] axis are: ‘tried unt11 the forces
equ1]1brate After f1nd1ng the neutral axis, moments of all the forces
internal and external are taken about the axis mentioned above and

equated to zero. So]utlon of theimoment equatlon yields the ultimate:

. tOrque.
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4.2.4sInclinat10n of'Fai]ure-Sdrface
At failure the.heam sections adjacent to the failure crack
rotate about a neutral.ax?s inclined at an-angle R to the‘1onoitudinaT

v

axis. The deveidped failure sUrface for the bending mode is shown

‘1n F1g h 3 from which the inclinations of the tens11e crack and the

h : compr@ﬁﬁggg h1nge can be related by equation (4 2). | The tens11e crack
1nc]1n2tfon 6. at§u1t1mate is same as that at the instant of initial

Vmcrack1ng and is obtained from the crackino analysis using equation (3.17).

(bf+2h)

. tanﬂ —p— tang ' (4.2)

,4ié?5n'Compress;ve Force-fn'the Concrete
It is recogn1zed that the equat1ons of equ111br.um can be

estab]nshed with reference to any p]ane In the present ana]ys1s the g
B p]ane is used 1nstead of a plane perpendicular to the 1ong1tud1na1
axis as the ‘torque . cannot be 1hvo]ved in e1ther of the equat1ons,of '
equ111br1um if the 1atter p]ane is used.. |

| In Mode 1, the concrete on the -top face of the flange. 1s sub-
Jected to longltudlnal canpress1ve stresses and shear stresses. due to .

flexura] and- tors1ona] moments, respect1ve1y, and th1s state may be ;'

| reso]ved 1nto that of pr1nc1pa1 compress1on and tension. At fa1lure

;the beam rotated about an axis in the B p]ane w1th crush1ng tak1ng
"place across the 8 plane accompan1ed by an orthogonal tens1]e stra1n.'
Because there is tensile strain on the orthogona] p]ane the ult1mate
- compre551ve straln perpend1cular to the 8 plane is. cons1derab1y less

than the stra1n at wh1ch concrete fails under pure compress1on Kupfer,

gm e 2. !,(m
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H1]sdrof and Rusch (1969) showed that in biaxial compression tension
of concrete when the tensile stress was about 20 percent of the com-
press1ve stress fa1]ure occurred at a compressive strain less than
0.0005. Th1s is almost an order of magn1tude 1ess than the un1axna1
'compre>s1ve crushing stra1n which is of the order. of O 0035. It can
'3 also be noted from the1r tests that even when the ort?ﬂgonal tens1]e
stress was only 5 percent the fa1]ure compress1ve strain was less than
’>Q:00]5. | _

Experimentally Evans and Kha1d1 (1970) measured the ]ong1tu—
_d1na] concrete strains on the vert1ca1 face along the depth of the
beam for the beams tested under pure bend1ng and for other beams tested -
in comb1ned bend1n§ and tors1on They stated_that the presence of
torsion had no significant effect on the di@tribution of the fongi-
tud1na1 stralns, and on the depth of the compressed concrete for equa]
f]exura] moments. Hav1ng recogn1zed that t e concrete Was crushing in
a comb1ned stress state at strains “far less than the pure ComDFESSIOH

strain, Evans and Khalil introduced an emp1r1ca1/yelat1onsh1p given

o - . 2

byveqoat10n1(2.30) e v e (MU/Mub)

where ."»LC = compressive strain in concrete. in combinkd stress,
Seu T longitudinal'cbmpressive strain in pure‘bending;
Mu = u1t1mate bending moment in comb1ned ]oad1ng,

'Mub'= u]t1mate pure bendlng capac1ty

For example if M - 0.7 M, and ¢_ is assumed as 0. 0035, then the

failure strain €, w111 be 0 0017 from equation (2. 30)

v &t . (;’."

G

b
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woodhead and McMu]]en also noted a drastic reduct1on of the r

compre551ve fa11ure strain across the 8 p]ane They obtalned this
stra1n by start1ng with the long1tud1na1 compress1ve strain and re-
so]v1ng it across the ¢ p]ane J'.e.'e5 = stra1n perpend1cu]ar“to the

plane = eé s1n28. The longitudinal compressive strain, > €co was‘ob;
tained b; the emn~irical relat10nsh1p sugqested by Evansdﬁnd Kha111

_i.e. equation (Z.30).

| ( : In 1jght_of the previoUsrkesearch and the appearénee of fhe
tensile'chacks on the top flange JUSt before fa1lure in the beams of h ,
th1g investigation fa1]1n$(1n Mode 1, the ultimate compressive stra1n1

o
¢

;}Beggend1cular to the = plane is obta1ned by the fo]]ow1ng equat1on
e = sinfa L (4.3

For the assumed depth o¢ neutral axis, this compressive force can be-

computed knowing the stress-strain relationship of concrete in com- ’///-

pression given byvequation (@ 1) - By numer1cal lntegratlon the com-
pression force and its centre of action can be determlned The steps A
are- shown in Flg 4.4, ‘
4.2.6 Forces in thevLohgitudiha].Reinforcement_
The presfrese results in a compressive strqin_in the’

concrete. As ‘the load is applied the strain in the reinforcement
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Boﬂom

North |

' 'To_p (web) |

Soutrh

‘ Bottom {web)

"MODE 2
the B ,
North side - Side on ‘which shear stresses due-to torsion - .
and shear are sulitractive

South side - Side on which sheclr stresses due to rorsidn
. and shear are” additive o

(FIG. 4.3 DEVELOPED FAILURE SURFACES.
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“increases first an amount equa1 €c and later a small quantity of

-strain sufficient to cause cracklng in the unstressed concrete. . How-

" ever the Strain necessary to induce cracking in the unstressed concrete

o

s of the order of 0.0001 and is neglected: Further increase in thg\_;,

P
strain in the re1nforcement is defined as 1nduced strain 31 and is

‘related to the usefu] Timit of Strain in the concrete by the stra1n

i
The 1nduced straln can be determ1ned by knowing the depth of neutra]

compat1b111ty -The total stra1n thus is equa] to cs + Ece + e

dxis and the concrete strain at the extreme fibre The maximum force
in the strands s assumed not to exceed the force correspond1ng to a

strain of one percent

'4 2.7 Forces in the Transverse Re1nforcement

The number of stirrups 1ntersected by the tens11e crack on

‘the bottom face can be obtained from FIg 4 5. As the crack 1nclina-

" tion near the compress1on zone is approx1mate1y equa] to B, in estlma—

t1ng +he number of hor1zonta1 ]egs 1ntersected by the crack, 6 is re- "

" placed by B. The strain 1n the hor1zonta1 ]eas can be obta1ned as’

StB/cosB where €stg | is the strain perpend1cu1ar to the B pTane at the

fileve1 of the stirrups The forces in the vert1ca1 ]egs of the st1rrups

J'-Q)

~do not enter the force equation. However, the1r momen ,contrvbut1on

) i &‘3
is to be taken into account. Hence the force in the vertical legs

L of st1rrups 1s to be est1mated The maximum strain 1n these branches

of the st1rrups is obta1ned by equating ‘the compoﬁ S ofvthe strains

in the 1ong1tud1na1 d1rect1on and in the verti@(?} egs of the stirrup.

fn the d1rection of the failure surface, assunf no. relative dis- o

p]acement a]ong the failure surface for sma)g'

| | . /

otations (Gangarao and

|



N o Ty

Zia,4]970): This is shown tn'Fig‘ 4.€. The number 9f vertical legs
of stirrups 1ntersected by the tensile crack is obtained from .
(h- a4-a5)cot6/s The force in the vertical legs is assumed to vahy
triangularly with the maxihum force at the bottom and the minimum at
~ the neutra] axis The force is considered not to exceed the y1e1d
force in any part of the stirrup. Hence, 1f the stra1n exceeds the,
y1e]d stra1n the stirrup carr1es a force equal to y1e1d force.
4 2.8 Analysis

F1gure 4.7 shows the f ebody dlagram ‘with the forces on it
in mode 1 failure. Components of a]] the 1nterna1 forces perpend1cu1ar

" to the g- p]ane are as fo?]ows

Compressiye force in the concrete

Tensile force in the strands near the tension face
”‘=vz ApS %s [Ese+€ce+€i] sing ~ : ” - (4.5)
Tensile force in.the strand at the second level

’ 4

- Apsts{[Eseche+Fi] sTni B (4‘6}

~Tensile force in the strands near the compression face

| = T Aps E [e se+ <etE; ] sing . | _(4.7)
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o A B coth .[Tev o 17Xy |
= At Et(bwfzas)xz,s |CosE. X cosg (4.8)

Tensile force in the hor1zonta1 legs of the st1rrups near the compress1on
face - ' '

’ ' - (a x)
= : cotg “cv .
- At Et(bw'zaﬁ) S CcOSB \ X

' cosB : (4.9)
There are no components of external forces perpendicular to the B-
plane. |

.

. ; Summat1on of forces of equat1ons (4 4) through (4.9). furn1shes

. an equat1on wh1ch can. be so]ved by an 1terat1on procedure to. eva]uate

the depth of the compress1on zone

The moments of a]] the forces are taken about an ax1s in the

B-plane wh1ch 1s para]Le] ‘to the top face and passes through the point -

of appT1cat1on of the concrete compress1ve force, External moments include:

-Component. due to torsional .moment

C= T x cosB‘ o . (4.70)
B 1 _ S E ' .
 Component due to-bendingvmoment
. f ; . (/ :
T v S Mxsimg . o (4)
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Internaﬁ@mqments include:
‘* : . . oo -0
. Moment contributions due to prestressing strands on the tension face
T {'ﬁ;ApS E, [ese+ecef?i]s1n8 [hiS]—kzx] o (4.12)
Momeht contribution due to force ‘in Préstressing strand at the second
1eve] 'd
" Pps Es [Ese+ECe+€ﬁ (4.13)
Moment contr]but1on due to force 1n orestreZiing sirands neqr'the
n “ress1on face
=7 Aps ES [cse+ecef£ﬁ]§1n: [aj—kZXJ -  :(4f14)
Moment contr1bu*1on due to force in hor1zonta1 leas of the st1rrups
'near the tension face:
. (h—xLaa)_ ; o S : ’
- A Et (bw—Zas) r,C.vv____g;_——_ccz;tvi 1 Sh-a4vk2x). (4.15)
-Moment contributlon due to force in horlzontal leqs of the stIrrups |
near the compress1on face:
A ,
v o o (»aS—x)v : A
= At Et (bwf2a6) Yoy Tex T cots 'b(as-kzx) - (4.16)
quent contribution due to force in vertical legs of stirrups
oy . h-x-a, ' (h-a,-a ) A S ' :
- 2(1 A E cote 8 4 4 °5

: ‘v2 ’ SQy ‘
5 t t s1na Sy ——;——-) S cot;~§{h x-aa)‘cot\swng. (4.17)
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In equat1on (4.17 (h a4—a5) cote/s gives the number of
vert1ca1 1egs of stirrups 1ntersected by the crack. As the strain
and hence force var1es Tinearly with a maximum value at the level of
the hor1ionta1 1egs of the stirrups in the bottom face and a zero
va]ue at the neutra] ax1s, the stra1n in the st1rrups 1ntersected at
d1fferent levels a]ong the height 15 taken as the mean of the fore—
ment1oned maximum and zero strains: (The factor 1/2 accounts for th1s.
The moment contribution due to the vertical legs on”both'sides.of the
web is same and is taken care oflby the factor 2 The st1rrup forces
hare distributed tr1angu]ar1y and the Tever arm of the resultant of
these forces from the neutral axis is to be accordingly calculated.
‘This explains the presence of thevfector 2/3.
The external moments of equatfons (4h10)~ano equation (4;11)
" are equated to'the'equation (4.12) through (4.17) to establish the
equétion of moment equi]ibrfnm.h Theltlexurél moment can be expressed
in terms of the torque and.the only.unknown, the ultimate torque can

be solved.:

4.3 Analysis of Torsion Mode of Failure
4.3.1> Genefa] Remerks |
| . 1In rectangu1aribeams failing in torSion mode, the'inc]ined“
_compression zone forms close to one of the vertica] sides and theftwo'
pérts of the,beem‘et‘tai1ure rotate about‘the compression hinoe.

But for I. beams, the 11terature review revea]sithat each 1nvest1gator~'

considered such a compress1on zone was either closest to the vert1ca1

sides of the f]anges or in the web close to one of its sides. The'
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A _
ations during his I'beam tests with
I
reference to the Tocation of he skew bending axis. The tensile

author ggted the fo]]dwiné'obs

cracks on one s1de of web did not penetrate comp]ete]y to the’other
STde i. e. tens11e EIBCkS on either side of the web were oriented in _

, oppo<1te d1rect1ons Shear compress10n distress was observed c]ear]y .
on the sloping port1on of the f]anges and falntly in the web The
vertical ]egs of the st1rrups away from the tensdion face of the web-
recorded tens11e strains. The compresswon distress on the vertical
sides of the flanges was not ev1dent as suggested by Gvozdev et al
(]968) and’ Noodhead and McMu]]en (1972) though it was c]ear]y visible

1n the f1anges of most of the beams tested "~ From these observat1ons
‘1t was conc]uded that the shear compress1on zone is along the sioping : i
- portion of the f]anges and near the vertical face of the web the magn1tude
“and ‘the centre of act1on of correspond1ng forces is very difficult to
establish prec1se1y It is equa]]v d1ff1cu1' to estab11sh the axis
about wh1ch the rotat1on at failure takes place. However to deve]op a

v simple, approx1mate,reasonab1y satlsfactory method for est1mat(fg the °
g]t1mate strength in the tor5)on_nnde,,1t. assumed 1n the following
ana]ysis'that'the inc]ined skew bending axis.is inside the web parallel
-and close to one, of its faces. The presence of the outstand1ng flange
on the compress1on 51de 1s neglected Fa1]ure is considered to occur
vwhen the stra1n in the vert1ca] legs of the stwrrups on the tensvon
Slde reaches y1e]d straln The stra1n in other re1nforcements is

- assumed compatlble w1th th]S y1e]d stra1n of the st1rrup 1eg In addi-

tion to assumpt1ons 3 and: 6 through 11 of section 4. 2 1 the following
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assumptions are made.
'4.3.2 Assumptions of Analysis
1. The rectanguTar'compression'zone'ts para]TeT and adjacent
to one of the vertical s1des of the web extending throughout the he1ght
of the beam | | )
2. The depth of the compreSSion zone B] X computed according‘to/
-the ACI equ1va1ent rectangu]ar stress block is very small. |
3? The failure surface is symmetric skewed and is defined by
cont1nuousftensi]e cracks at a constant inclination g with respect -
to the Tong1tud1naT axis on the three s1des of beam and Jo1ned on

the fourth s1de by a compress1on zone. The compression Zone. makes an

ang]e e w1¥h the Tong1tud1na] ax1s The crack 1nc11nation 6 at. fa11ure

v .

Cis same as tH@§1n1t1aT crack ang]e assuming that ‘the initial crack occurs
in the web 11/, a B .

_ - J '

4. The transverse reinforcement 1s uniformly d1str1buted a]ong

- the Tength of the beam

4.3.3 AnaJny» 2 | - .

| A nj free body d1agram for the torsion mode show1ng the failure
. surface and the forces act1ng on 1t, is shown in Fig 4.8. The B p]ane
is perpend1cu1ar to the s1des and is 1nc11ned at an ang]e ] with respect
to the ]ong1tud1na1 axis. It conta1ns the compress1on zone and the
neutra] axis and serves as a refenence p]ane for estab]ishing force and
-momeht equ1]1br1um'equat10ns | »

| The ‘assumed developed surface for the torsion mode 1s shown B

~in Fig 4.3. The re]ationship between thev1nc11nat10n of the tensile

kS
R

“
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crack and the compression hinge obtained from Fig. 4.3vpan‘be‘written
¥
as

h+2b. ‘ T

tane = ( h”) tang : . 14.18)

As the compression zone is assumed rectanguiar and the bend- .
ing moment vector is orthogonal to the neutral axls? the bend1ng moment ;
does not enter the equat1ons deve]oped here for the torsion mode. S1nce£
the moment equ111br1um about one axis s considered, on]y the bending
~ component of the torque is taken 1nto‘account. o

According to assumption 2, a eonCrete stress of 0.85 fo

is assumed uniform]y‘dﬁstributed over an“equiva]ent reCtangu]ar con—
pression zone Theldepth'of compression is 8y x as def?ﬁgé#by ACi
318-71. | | _ | '/

A]] the-beams of this tnvestigation fai&inq in the torsion mode‘
were under re1nforced transverse]y and over- re1nforced 1ong1tud1na11y
.As noted before fa11ure is defined to occur when the- transverse steel o
first reaches its y1e]d stra1n and the strains in other re1nforcements
“at that1nstant were’ assumed to be re]ated to the yie]d stra‘n of the
- transverse stee] by the same strain compat1b111ty noted eorl1er for )
Mode 1.. The strain djstr1but1on in the B plane aldng the web s
g1ven.1n‘Fig; 4;2.i,The strain in‘the 1ongitudina1 direction et the
level of the st1rrups can be re]ated o the strain in the. vertica]
legs of the st1rrups by the fol]owvng express1on (Gangarao and Z1a._

- 1970)



. near the compression face_
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= : g
tane €ty tane | (?fl,)

&
This relat1onsh1p is obta1ned from Fig. 4.6, s1m11ar1y the stra1n in

the horizonta] legs of the st1rrups and the ]ong1tud1na1 strain are

related
£, = gy tans ..' ;1 ' "_ - (4.20)

For the torsion mode in the fo]]ow1nq ana]ys1s two eouat1&ns
of equi]ibr1um equ111br1um of forces perpeﬁd1cu1ar to ‘the 3 plane and
equ111br1um of moments about an axis of the p]ane, are sat1sf1ed
The two equations a]]ow the two unknowns namely the depth of neutra]

axis and the ultimate torque to be detehm1ned.v Summing the forces

perpendicular to the 2 p]aﬁejon the free bddy:

cohpresSive force in the concrete = 0.85 fé 91xh/sin£’ - (4.21)

~Tensi]e_f0rce'in the strands near the tension_face

' | b -a,-x S
Y I 7
=7 ApsEs [¢ se €eot “ty tane (B—————-J] sins | (4.22)

-',If the ]ong1tud1na1 rewnforcement 1s outside the web near. the tension

3?face then a7 1s -taken equal to zero. Tensile force in the strands

i
dq-X

D) ApsES [e;é+;ce+¢ty‘tan6 (5—%35:;)]‘sins ' (4.23)

e
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CIf the 1ongitudina1 reinforcement is outside the web near the com-

pression face then a7 is taken equal folzero. If nonprestressed

steel is provided, its contribution can be obtained byfsubstituting
€¢p and ecé equa1 to zero invthe equationé (4.22) and (4.23). Tensile
force in the vertical legs of the stirrups near the'teneion face |

-~ h-a -ay .
AtEt ty [(———l———O cote] cosB ;(/f ?? (4t24)

Tensile force in the vertical Jegs of the. stirrups near’tﬁe compression -

face

h- a]-a

)cotB] CoSg S (4.25)_

. Of the external forces on]y the f]exura] shear has a component per-

pend1cu1ar to the B p]ane

o

=V cos’ (4.26)

Using the relation between torque and shear © = T/Vb and assuminq‘

approx1mate]y one-half of st1rrup stee] cover to be equal to the depth

_ of neutral axis in the equat1ons (4.22) through equations (4.25), the

-express1on for the depth of neutral ax1s may be wr1tten as fol]ows

- 0.8 B T B ps-s'Ese E:ce ty® Sw a672
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a;-3g/2 T
+ ZA E [e +ece+etytan8(5;:gg7§)] /
(h—a -a,) | N
+ AtEt ty[“T_g__“"COtGJ‘COtB

. i- ag/2 ' (h-é]-a3) o ,“' o -
+ Atﬁt[ety(bw—as/Z)][ S COtB] CQtSJ | | ‘4.27)

Equ1]1br1um of moments is estab11shed by taking moments of

1

all the forces about an ax1s in the R p]ane at the 1eve1 of the vert1ca]
legs of the st1rrups close’ to the tens1on face of the web.
Interna] moments include:

Moment contr1but1on due’toforce on concrete

- [b 6 §iQ]X] : - B (4.28)

P' .

@“
af*

’

 =085?'

‘-
S R ‘
= - .I.ApSES[rseftceﬂ‘:tytam(\(w)] sing (a7—a6) | (4.29)
: o Lagex o o
I vApSES[C Ce+€tytan8(5;:3E:;)JS' (bw-66f37) ‘4130)

Moment contribution due. to force in the vertical legs o’ stirrups
. . . . ) . . . : s Y

“near‘thé'compression face of the web

ag-x (h-a,-a3)

= - A,{Et[cty,(bw-a6-x)][ S - cotB]cosB (bhlx-zaG) |

*(4.3;1)'



130

Moment contr1but1on due to force in the horizontal legs of stIrrups
ld .
at top and bottom

u,.

b -2a

1 w
* 2z AtEtety) (

] ’ > . ) . "
S cote)’(§-[bw-e6-x]cot8 sina) (4.32)

s

" The tehm;(b —2a6)cot6/s g1ves the number of stirrups intercepted by

" the ¢ESEE?“ The factor 2 accounts for the top and bottom Iegs of the
stirrups, wh11e the factor 1/2 averages the Strain as it varies from

a max1mum value of Ety on the tens1on side to zero on the compre551on‘
s1de The term ]/3[b -a -x]cot651n8 gives the lever arm of the tri-
angu]ar]y varying force in the stlrrups The externa],moment; are
ehown in F1g 4. 8-and 1nc]ude | |

Due to the bendlng component of tors1ona] moment ' L

'
¢ v

, ' 3
- Tcos B S &2

Due to the flexural <hear assuming that it acts at the ¢ atre of the

web.
b
- i W o
= _y cos3 (3;- ;6)_
Using ‘the re]at1on between the torque and shear, T/vo and equating

the 1nterna] and external qgments an expre551on for the ultimate torque
N : .

-
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TU \iS .
P - ] ) ) ] . -
Tu _i ] ag ‘{O'Bﬁfcsl 51n8 (b 2 ]x)
cosB(1 - IS 6) .
w
| bymagx -
- ApSES[E +€tytane(w)] sanB(a7-a6)"
_ S AymX :
B XApsEs[CSe%cefetytanB (B;:Egiiﬂ-§'n8 (bwfas"a7)
. : . §.
S ag-X h- 1733, - '
AtEt’[Ety(bw-aG-x)( . )cotB] cosB(bw-%?ﬁ)n“WM
| | ' bw-zasﬁ e | . - |
S 2(?'AtEt€t )( )cot6(§{bw—a6-x]cotesin8)} (4.33).

Equations (4.27) and (4 33) conta1n both x anq T and hence have to be

solved e1ther s1mu]taneous]y or by trial and error to. determ1ne the

.u1t1mate torque. . 2 ' jé



CHAPTER v
EXPERIMENTAL INVESTIGATION

5.1 Test Spécimens .
The exper1menta1.program involved tests on forty four pre-

stressed I section. beams, wh1ch were subJected to var1ous comb1nat10ns

of torSJon,bend1ng and shear. _The beams were d1v1ded_1nto four series.

: 'AT}‘the beamsbin each series nominally had identical properties and dif-

'ﬁfered on]y 1n the amount of transverse re1nforcement Among the'series

h either the prestress, or its eccentr1c1ty, or both were varied. The

beams are de51gnated by a. system cons1st1ng of one ]etter fo]Towed

by two numbers - The ]ettergrefers to the ser1es, while the f1rst l

‘and - second numbers 1nd1cate the spacwng of #2 st1rrups,.and an 1ndex

Nof Toad1ng comb1nat1on as shown in TabTe 7 T respectlve]y For

oexamp]e Beam A 3 2 re]ated to A- ser1es;‘had a stirrup spac1ng of 3.

'i in_and was tested at Toad1ng comblnataon 2 “For ]oadlng comblnatlon

'I2 the torque shear fatio (T/wa)rs equal to 5. 2

The nom1nal deta11sfof the beam cross sectlons are shown .
4 )

.

lln Flg 5.1 The arrangemeht of #2 st1rrups used for web rexnforcement
'7ff'1s shown 1n F1g 5 2. kctua e\m d1mens1ons were measured before :
'I/ltest at three ]ocat1ons 1 the test zone, along the length o/fthe beam

"'The pos1t1ons of stra S were s1m11arly measured before cast1ng and

-after test1ng; ‘For c Tculatlon purposes d1mens1ons at the measured .

]ocat1on nearest to the failure section: were. chosen and are furn1shed

Y

B
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BE‘AMS SUBJECT ‘1O 1PURE‘ TOR'SION R

FIG. 5.2 ARRANGEMENT OF STIRRUPS

3 rNo 2 STIRRUPS
“"No. 3 3-@2.2 No. 2 No. 3
-} STIRRUPS No. 2 STIRRUPS STIRRUPS | STIRRUPS
] 6-@ 3" ‘@ 3"OR 4"OR 5"OR | 13 -@2" | 6-@ 3"
@ 2 NONE 1-@25" |1-@2"
T " ' 26 5“ - . 54“ ’ . . 48 5“ ‘V‘
( : ' (resr ZONE) :
20" T 1 CROSS SECTION 4 20
RECTANGLE - » 'RECTANGLE
" | SECTION | , | SECTION ‘.
, 4" TRANSITION | =
FROM RECTANGLE TO I SECTION ) ‘
< OVER ALl LENGTH = 129" ‘ >
BEAMS SUBJECT TO COMBINED LOADING 10.25"
{
No. 3 Yo - ] No. 3"
.| STIRRUPS No. 2 No. 2 STIRRUPS 'No. 2 | STIRRUPS .
'q—‘@ 3" |STIRRUPS| @ 3" OR 4" OR 5" OR |STIRRUPS| 6-@ 3" {\o—1—
] _ B " ,7.- . " - . (1] ‘ - L1 "
. @ 2 |7 @25=¢ NONE ;Z @25:< @2" 1, 575
—— - STIRRUP
. . BAR
11 111 | Il AacC
11 , , SERIES
R ‘,3'5.1 P 54|| ) N 413-5.1 . . ’ (; .
v - 20" o ‘} I (TEST ZONE) T 1AL ‘20" ﬁ \/-\
RECTANGLE | |« ' : > I RECTANGLE = =
. | SECTION | I CROSS SECTION | SECTION |
' 4" TRANSITION:
. FROM RECTANGLE TO T SECTION
&
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in Table 5.1. The progerties of all bea§§ are summarized in Table

. § e
@‘32 | Materials |
.g Fhree sizes of prestressing strand were used in the test
- beams. Ser1es A and C beams had two 1/2-in. and two 3/8-in. dia-
‘meter strands while Ser1es B had six 3/8-in. diaméter strands. Serles
D beams ‘were prov1ded w1th four 5/16- 1n and one . 3/8 in. dlameter -
. strands All were ‘seven wire stress- rel1eved strands meeting the
spec1f1cat1ons of ASTM A- 416 with a minimum guaranteed u]t1mate
' strength of 250 ks1 The physical properties of typaca] strands are-
| shown in F1g -5.3. |
| In practice such as used by the H1ghway Department of&the

State of Washlngton each two legged stJrrup for prestressed I sectlon

4 : .
beams subJected to tors1on ) 7,,d shear ,onSISts of four pieces
1nvo]v1ng twé’vert1ca] ]egs and two horizontal p1eces for ease of
4fabr1cat1onoof torswon stirrups around the tenSIOned-strands. However,

this may lead to difficu]ties in anchorage Tors1on spec1f1cat10ns

7'.(,‘_',;; o N
normal]y requ1re a“continuous stlrrup as tenSIIe stresses are deve-

loped on all faces df the beam. . In I girders because of the narrowv
' web the aspect rat1o of the st1rrup is such that the vert1cal legs
“wou]d develop most of the torsxonal’strength and short legs wou]d be
‘stressed less Wyss et al (]969) used a 4. p1ece stlrrup s1m1]ar to
;that noted above and showed that it was not necessary to use closed
rectangu]ar st1rrups for torsion web re1nforcement in I sect1on beams

as the main contr1but1on to the strength in torsion came from the

vertical legs. Neverthe]ess in the present 1nvestlgatlon, the two
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horizontal p1eces were d1spensed w1th‘and the vertical leg was bent
and q;tended as a hor1zonta1 portion of the st1rrd% The two ]egged‘
stirrups for the beams wené;formed by two separate bars bent as shown
in Fig.5.2. The hor1zontal port1on of the bent bars extended to the,
end. of the flange width allowirg for cover. The stress-strain curve

~and general propert1es of the #2 smooth bars used for web reinforce-

ment are presented in Fig. 5.4.

’ The concrete mix was des1gned to y1e1d a nominal 28 day
%:compress1ve strength of 5000 ps1 Type 111 hlgh“early strength cement
was used to fac1]1tate early .transfer of prestress. The coarse ag-
gregate was 1/2-in. max1mum~s1ze crushed grave] For each beam and

its control cylinders. the concrete was mixed in one batch of five

cubﬁj;*eet Each ‘batch cons1sted of the fo]]ov1ng mix proport1ons

V’Cement - Type 111 135 1bs.
Sand” | 279 1bs.
Coarsehaggregate 450 Ibs.
Water . s 76 ]bs;

o e a
-

As the mOISture content of the aqqregates varied s]vghtly the amount
of water was adJusted in each batch to obtain a slump of ‘the .order

of three INChES

-..5.3 Fabricatten of Specimens
A]] the I beams were nomlnally 12 in. deep, 7 in. w1de and
‘-]0 ft.9 in. ]ong %he depth of both top and bottom flanges was 2 in.
at the outside edge and 1ncreased to 2.75 in. at the Junctlon with

the web. - The th1ckness of ‘the web was 2 5 inches. These beams were

11
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BAR SIZE

C#2
AREA (sqin) 005
( ’ .
YIELD STRESS (ksi) ’39 |
YIELD STRAIN 0.0013
MODULUS OF ELASTICITY (ksu) 30000
.f@%’-
1 1 I |
0.002 , TG 0004 0006
A e T :
/

STRAIN‘ (m/m)

FIG. 5 4 STRESS STRAIN CURVE OF NO. 2 BAR -
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v dimensjoned to have approximately half~the size of full sca]e girders
testedh is et al (1969). 'Both end.sections’were made rectangular

\4ﬁbto faci. ce'easy gripping in the torsional heads. To force the |
failuhe in\the test zone, the port1ons of the beam beyon% test zone
were re1nforced w1th add1t1ona] mild steel bars, cons1st1ng of - #3
stirrups in the rectangu]ar section portions and #2 stirrups in the
transition and I section parts as shown ih Fig. 5.2. Additionally
the non-test aones were proVided with inclined bars on both vertical

- sides of each beam in the'phobable djrection'of the principal tensile
stresses, and tour #ZA]ongitudina1 bars. The longitudina] bars ex-

| tended jnto the test zone for about 9 in. and terminated in a staggered‘
manher‘to avoid a plane offweaknessﬂ | ' |

The 26mft long prestress1ng bed in the laboratory, perm1ttedlm

fabrication of beam§§1n pa1rs - The’ strgpds were 1nd1v1dua]ly tens1oned.
by a'30 ton e]ectr1ca1]y operated hydra%l1c jack; the force in each
s-rand be1ng measured by ayload cel’. Each strand was”stressed 1n

.‘

“excess by-an est1mated amount to account for 10§§es and f1na1]y to
yield the requ1red tenSIOn at the t1me of test After all the strands
were tenSIOned fhe mlld steel cage Was assembled Stirrups instru-

mented w1th KVOHA electrlcal res1stance stra1n gaqes of 5 mm ]ength

4;331—11, Res1stance = ]20 0, Gage Factor 2‘12) were
:positio. duat est1mated locat1ons of fa1]ure in the test zone. Budd
~GA-1 cément and a cata]yst were used to mount each strain gage on. the
prepared surface of the stlrrup. The gages were-waterproofed with
three coats of Budd GW-2 czmpound fo]]owed by two layers of 1nsu1at1ng

tape. F1na]1y a coat1ng of\epoxilite compound was app]1ed. For in-
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strumentind strands,-smaTT cavities wébe created in the bottom and
top flanges at two or three Tocatfons of‘probable failure, by insert-'
bing styrofoam plugs between the strand and the form before casttng
‘After casting the pTug ho]es were cleaned and fo1] gages of 1 mm and
Type KFC-1 CT i (Res1stance = 119 .6, and Gage factor = 2.13) were'
instal .d on the strands using Budd GA 1 cement and cata]yst

. The mou]d consisted of two steel channels with‘wood inserts
to form the I sect1on and the trans1t1on port1on to the rectangular
‘sect1on on e1ther end of test zone. The steel channels were bolted

Q

to a'heavy stee]ibase - At each end of the form a mild steel p]ate

K
1]

was used as an end stop ‘37 - _ T

Prior to cast1ng'the;51de forms were o1Ted and pos1t1oned
Concrete was mixed in the Taboratory and each’ beam together- w1th 1ts
control cy11nders ﬁ%{e cast from the same batch of concrete One day
- after (ast1ng f%ge agﬁms -and” the test cyl1nders were -demoulded and
subsequent]y e@hed for s1x days by wrapp1ng w1th wet burlap and plast1c )
sheets ‘ _,j; :? . ﬁ€p$mx

Presﬂress was transferred one week after cast1ng The strands

exposed between the two beams were cut by heat1ng them gradual]y over

“a Tength us1ng an oxy acety]ene torch The ‘beams were then stored in

the Taboratory unt1] time of test. To measur ”t%e prestress Tosses, ,

a ser1es of Demec gage po1nts were g]ued to the surface of the two

‘ vert1ca] faces and top face at the m1dd1e of the beamfv Demec gage

N

read1ngs were taken 1mmed1ate]y before and~ after the re]ease of pre- s
‘;stress in order to obta1n the prestress loss due to e]ast1c shorten1ng
. k]

- Before the test another set of read1ngs were taken to determine ]oss of -
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prestress dite to creep, shrinkage:and,re]axation.l The difference in

the readings _taken before the application of prestress and before the

test d%vejthe”total losses and hence the effective prestress.

5.4 Instrumentation of Specimens

The test specimens”were instrumented to obtain the measure—

' ment of angle of tw1st, vert1ca1 def]ect1ons, and re1nforcement stra1ns

(a) Angle of Tw1st

Two twist meters were mounted at each end of the gage length

" over.which theetotaT angTe,of’twist was to be measured Each twist

meter was fabricated'by two pTeces'of T-T/égin x 1 in. aTum1num channe]
sections. On the top channe] a Tevel bubble was mounted -The- base

and tcp channe]s were pin-jointed at one end, and at the other end,

a micrometer screw was mounted between them, for measurement of their

3 .

’ . L
relative movement. A spring forced-contact between micrometer screw

"needTe'and'top channel. The whoTe assemb]y was mounted on the beam

The. p1n lp1nt and the m1cr0meter screw need]e were 15 1nches apart and

. the m1crometer least count was O. 001-1n The sp1r1t bubbles were.

1n1t1a]ly ]nvo]]nd_py the m1crometer SCrews, and as the beam twisted -
one bubb]e was more dlsplaced than the other. Mlcrometer SCrews were -
adJusted unt11 they were leve] aqa1n The dwfference between the

1n1t1a1 and current. read1ngs of a twist meter furn1shed the ang]e of

tw1st of the sect1on The d1fference between the ang]es of tw1st

of each tw1st meter was the total twist over the gage Tength Ro-

v tat1ons were measured over a gage Tength of 48 1nches Locat1ons of

H

‘twist meters are shown in Fig. 5 5

\
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(b) Deflections
The vertical deflections for each of the beamsfwere measu?ed
at three locations in the gage Tength as shown in Fig. 5. 5 At each
of the three locations twggsmall curved nails were g]ued on the two
vertical sides of bottom flange and from these na1ls two scaTesfwere
freely suspended equidistant from the centre of twist of the uncracked
beam. The least count of the scales was D, 01 inch. The six scales
WWere read using two prec1se levels- Tocated on. either s1de of the beam. -
The average of read1nqs of the two scales at each Tocat1on was taken -
as the def]ect1on of the centre of the cross sect1on
(c) Reinforcement Stra1n Measurement |
SR 4 electrical res1stance stra1n gages were used to measure
the stra1n in the vertical Tegs and occas1ona1]y in the hor1zonta1
.port1ons of the st1rrups Three stirrups hav1nq gagés’were prov1ded
in each beam at probable locations of failure. Both on bottom and
top strands on the south side of the beam fovT gages were\used at

_two ]ocat1ons The output from all theSe' gaces "Wwas mon1tored by

VSS 24R sw1tch1nq and ba]anc1ng box and SM 60 AT stra1n 1nd1cator

?

g

5.5 Test Setup and. Procedure‘. |
N A qenera] view of the test setup 1s shown in'Plate 5.1 and

a schemat1c d1agram is shown in Fiqg. 5. 5 The tors1on test r1g aTTowed

the tw1st1ng and shgar-flexuraT loads to be cpp11ed separate]y by means

~of two 1ndependent kpad1ng systems _ ; ‘ |

o - The transverse Toad was appT1ed by an Amsler Jack. of 44 kip

capac1ty, hung from the top g1rder of the lToading frame - An eTectricaTTy'

& e
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operat@d Amsler pump f1tted with a load 1nd1cator was connected to
“the Jack The pump with its ]oad ma1nta1n1nq device, ma1nta1ned |

| f]eXura]_load steadw]y at any desired level during the test. The
Amsler jack transferred the 1oad to the beam through a roller assembly
and a pipe collar. The ro]]er assemb]y was supported on the pipe
collar which in turn was clamped to the ‘test beam coax1a11v The pipe

collar prov1ded free rotation of the test beam maintaining the ro]]er

assembly without any transverse d1sp1acement ' Further, four hor1—”

zontal tie bars, two on each side of the beam were used to keep the - ng_:_ ;

ro]ler assembly in pos1t10n

il

The east end of the specimen was supported bv a tw1st1nQr

syf’,

head, and the west end by a restra1n1 a head. The effect1ve span of
the beam was 9 feet. The twlst1nq head ermltted the specwmen to % ,}"”“"

g. S ‘{-v"'.vw .

rotate free]y about 1ts three prJnc1pa] axes wh11e the restra1n1ng

head a]]owed flexural rotation and trans]at1on but prevented anv ‘
tor510na] rotatlon of the speC1men For the tw1st1nq head the’ tw1st— -
,lng couple was produced bv two eoual and opposwte forCes ln two cables
spaced 72 inches -apart. The. cables were connected between the tors1on o
- arms. of the tw1st1nq head and the ends of a Cross beam located be]ow
'the load bed. The cross beam was des1qned to move free]v w1th1n gu1des
-as 1t°was loaded at 1ts center by two 20 kip hydrau]1c Jacks coupled

in serles The jacks, operated bv a manual ‘pump, were coupled in

order to lncrease the trave] to 16 lnches wh1ch enabled the tw1st1nq
"head to develop a rotatlon of approxlmately 26°%. The max imum rotatlon

the twisting head is capable of is sllghtly greater than 26°. - As the

forces in the cables were essent1a]ly the’same,)only one of these was:
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- -measured using a load cell and an indicator during the tests. Reports
by.McMu]]en and Warwaruk (1967) and Mukherjee and Warwaru;ﬁ??§70)
present deta11ed 1]1ustrat1ons of the torsion testing r1g

The Amsler logg«hdpagator was - preset at a reading appropr1ate
.to the se]f wewght ot ;he‘rolﬂer assemb]y and the pipe co]]ar as’
these were supported by the test specimen. S1mi1ar1y, the weiqht of
the cross beam’ had to be taken 1nto account in read1nq the tors1ona1 .
]oad‘ In1t1a11y the cables hung freely as the cross beam rested onds&
a support. The zero read1ng on the torque load cell indicator was
' adJusted to correspond to a no tens1on s1tuat1on in the cab]es, be-
fore the cross beam support was removed. The first torsional 1oad
_app11ed to a spec1men was the we1ght of cross beam.

-Each beam was tested to fa1]ure by applyina 1oads in a

'

ser1es of 1ncremeat wh1chhcons1§ied of 1ncreas1ng to a predeterm1ned

PR

1eve1 both the transverse ]oad and the torsional load by a- def1n1te
proport1on, simultaneously. As the beam was subjected to a moment
'grad1ent, in the presence of transverse shear the predetermined proQ
Lportlon was chosen in terms of. torque shear rat1o wh1ch was c@nstant
in the test zone throughout the test. It took about one m1nute for

_ 1ncreas1ng the ]oads, after wh1ch they were he]d constant while
‘steel stra1ns, def]ect1ons, and rotat1ons wére measured and cracks |

. marked. The ho]d1nq per1od after each increment var1ed from two to _
four m1nutes Sma]]er %ﬁcrements of 1oads were used as crack1nq and 2
fa1]ure lToads were approached In certa1n beams , - concrete surface

: stra1ns were measured by Demec gage read1ngs to relate to the stra1ns

recorded by strain gages mounted on the strands. In all 1nstances,
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"~ load, app]lcatlon was continued well beyond the stage at wﬁ}g? peak valuest

A\

were observed The ]ocat1on of the first. crack and the u1t1mate fa1]ure
plane were noted. Usua]]y 20 to 25 lncrements were used prior to

fa11ure and the entire test took about 1-1/2 hours Photographs of

the crack patterns were taken at the end of each test.
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PRESENTATION OF TEST RESULTS L g g
6.1 Introduction
- -_ The,. pr1nc1pal test resu]ts and the observed behav1or of the

)
beams are presented 1n this chapter. Add1t1pna1 exper1menta1 detalls

uw’ -

consisting of tor ;3y1st and load deformatlon curves for the whole

'range of 1oading,;p'o¥%graphs of twb side views of each beam and o
‘sketches of typ1ca1 developed fa lure surfaces are furnwshed 1n ;j\
Append1x A : ’ |
{n Tab]ers.l‘pri cipal test results such‘as.trangxense load‘
torsionalfmdment, bending; ment, f]exura] shear both at crack1ng and » 'v
u]timate are recorded The ]ocat1on of the-1n1t1a1 crack- and the
‘:centre of the fa1]ure surface w1th reference to the pos1t1on ‘of the .
4transverse 1oad are a]so listed. The’ f]exura] def]ect1ons and the
tors1ona1 rotat1ons at cracking and ultimate cond1t10ns are tabulated
-1in Taa]e 6.2. Flgure 5.5 shows the ]ocat1ons where ‘these deformatlons
;ere neasured dﬁ‘ -. ,.v R L
| Beams of each ser1esvwere tested at one of the five nomlnal
Toad rat1os of T/Vb 6 of =, 10. 4 5. 2. 2 229 and 0 0. ‘One beam in'
series D was tested at-a rat1o of & equal tot20 8 In. the beam destgna-
tions, the ]ast numera] 1s the load comb1nat1on corresponding tb a
part1quar Ioad rat1o These nomIna] ratlos did not 1nc]ude the dead

hY

\
load shear. However in present1ng the load rat1os v and 8 ln Iable ,'\‘*~rx

" ~ . 1
6 1 dead load moment and shear were 1nc1uded For any one of the -

o . /
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TABLE 6.2

EXPERIMENTAL DEFORMATIONS

At cracking At ultimate T T
a b 2 b cry erer
‘er Ser Yy Su (ch"‘)Test rl;—Test- k-1l
(108 Rad/in)  (in) (107 Radstn) (1) ) rad x 107
A-0-4 309.7 -- 506 - ’ 36.02 0.96 1.6
A-5-4 302.8 -- 842 -- 47.94 0.87, 5.8
n-4-4 331.9 A FXk! -- 26.59 0.83 14,0
A-3-4 290.5 .- 2o Y .o 38064 0767 13.3
A-5-3 276.4 0.058 &) 0.075 43,21 [0.88 " 16,0
A-4-3 336.1 0.035 721 0.040 50.28 10.89 14.96
A-3-3 284.7 0.050 1704 0.140 43.34 0.77 15.22:
A-5-2 '260.8 ,0.0807 647 0.125 39.00 084 14.96
A-a-2 291.7 @088 624 0.125 38.33 10 10.83 13.14
A-3-2 356.9 S 6.105 961 0.178 a7 68 - - 0.82 13.36
4-0-1 16.7 cass o oh © 0.510 25.08 - 21,46 -
A-5-1 127.2.; o.ns s 0630 25 08 T 19.72
A-8-1 88,3, 028 438 0.565 " 27.88.) 0.70 19.28
A-3-1 143.1 0.128 541 0.530 25.9% 059, 18.16
A-3-0 0 2.5 0 L0670+ o0 o -
B-3-4 . .450 .- 1916¢ SRR A B 11,85
B-5-3 217 3.058 525 0.07¢" - sA.RTc 093 13.93
B-4-3 425.8 0.05% 1966 C.Q70: v 60.6R "0.92. 13.61
-aﬁg-s' a3 0.060 1703 onlogﬂv fm§7'2‘ n.a7 RERY
B<5-2 3337 6.123 622 0:1480 57,42 £.92 13.21
B-4-2 393.1 c.nc 603 ¢:140 56.35 .90 143
"8-3-2 331.9 9.100 722 0.185 . 54.18 0.83 16.3
B-5-1  140.3 0.115 3287 P2yt 27.8€ .74 19.86°
g-a-1 REEN- 0.160 u3 T 0032 33,88 0.77 19.26
B:31 1583 9.120 239w L 0.35 2972 0. 6A €}15;77
8-3-0 c 188 n L 0.€90 n -- -
te2-4 266 - ERET - 312 0.9 1551
re5-q 320.% - 1775 - TR f.9! 13,10
£-3-1 298.6 - M7 ; 115 3¢ 077" 15,75
Sre5-3. 3361 505G 1460 - n.108 LA 0 &y 12.38
(-4-3 STETOIRE 0.nse ers .- 8y < L 15.5)
33 311 n.0as” - zoia 0.17 19.41 0.88 1368
€-5-2 2944 0.085 519 0.095 39.27 0.94 1334
(4.2 327.8 © 0015 842 0.185 48:75 n.94 13,65,
-3-2 236 0.090 850 0.225 36.84 0.79 15,61
€-5-1 79.2 0.105" a3g 0.98 20.07 0.50 25.34
c-4-1 69.4 0120 393 0.62*  20.43 0.52 29.44
€-3-1 81.9 0.120 556 - 1.29 19.43 0.49 23.12
D-3-4 7 -y 950 - 45.24 0.80 13.04
D-3-4A. - 387.5 0.010 904* -~ 0.03 50.29 - 0.84 12.98
0-3-3 - 388.9 . 0.065 1369 .« ¢ 0.125 57.27 - 0.91 14.713
D-3-2 3347 o110 761 0.145 49.85 0,83 . " 14.89
9-3-1 87.5° 0.115 510 0.69 18.58 0.48. 21.23
D-3-0 0 0.115 0 0.72¢ 0 L- -
Rotation measured-over a:gage length of 48 inches
DeﬂeCtlon measured at a distance of 7 inches from the transverse load * "E
'Defonv\anns at one Joad stage prior to the ultimate stage , ‘:syff‘;
rd ‘ ‘ ‘ ‘J?“;'
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fb]]ow1ng two reasons the actual magnrtude of 8 dev1ated s]1ght1y

from the nominal va]ue.'.F1rst1y in each beam test torque‘and shear
were applied simu]taneous]y,maintaining the same predetermined load
ratio at the end-of.each increment throughout the‘whoLe']oading range.
However in some beams failure occurred while the torque was st111
‘-be1ng applied. Secondly, for some beams in app1y1ng the increment
leading to failure, a very large rotation was‘necessary to reach the
predetennfned torque.- In this process ot twfsting the failure torque
sometimes s]ight]y'exceeded the predetermined’torque corresnonding to

the 1oad’increment.‘ The u]timate~1oads presented % Table 6.1 relate

to the cehtre/offthe’faTTure*surﬁace

. 2 Behav1or Under Test |

‘In all the nine beams tested underApure tors1on the 1n1t1a1

. cracks formed in the middle of the top face at torques ranging from

76 to 96 percent of the u]tlmate torques. ~In the'case of B- 3-4 initial
‘cracks occurred s1mu]taneous]y in the top face and in the web at its

}Junct*on with the top- flanqe The 1nc11natwon of -the 1n1t1a1 cracks
with respect. to the axis of the beam was 37 36._3] and 36 deqrees

in serie* A, B, C and D respectively. As the torsional ]oadhwas.in-

creased, these cracksfextended across-the‘width‘of the top‘f]ange and

down the vertical faC?s;. At about the same Joad ‘cracks occurred in-

depéndentiy in the web. Web cracks extended down to the bottom of the

web. Generally the web cracks Jo1ned the wider cracks on the f]ange |

-sides, but in some cases they were sl1ght]y apart. In other cases

they were br1dged by a hor1zontal crack along the web- flange Junct1on
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When the web cracks spread downwards, beams A-0-4 and C-( -4
without web .reinforcement fajled sudden]y As theAbeam approachec
failure Toad one major web crack opened with the appearance of web
- crushing on the opposite face of the er in a skew bending mode. = These
‘,beamslwithout stirrups.developed only one crack.

o In beams twi tk, stirrups<further increases in torque caUsedv
~more cracks to appear on the top face and the web. As the stirrup
spacing reduced'the cracks were more numerous. In the later stages

of¥; oad1ng several diagonal tension cracks formed in the bottom f]ange
Wy

tors;o?al d1sp1acements between concrete on e1ther side of these
cracks were clearly v1s1b]e Fa1]ure was tr1ggered by yielding of
“the st1rrups accompanied by compreSSIOn d1stress 1n the top flange,
together with web crushing and shear compression: failure of the bottom
f]ange - The shear compress1ve d1stress Was more extens1ve in the
bottom flange if the eccentricity was h1gh as in ‘the case of

A-4- 4, A-5- 4, and D 3-4 or if prestress was high as in the case of
8.3.4;; If the level and eccentr1c1ty of prestress was ]ess this d1s—
tress was also less .as evidenced in the pure tors1on beams of series C.
_Y1e1d1ng of st1rrups occurred only one or two load 1ncrements prior
_to failure. | Beams in pure torsion failed in skew bending Mode 2; in
some beams the line of web crushlng was somgwhat arbitrary and it was either |

on the south or on ‘the north 51de of the web. Beams-w1th stirrups-ek—
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hibited increased strength and ductility as compared to those without.

The type of web re1nforcement used in the present test beams"
has adequately resisted the torﬁ1ona1 load w1thout any anchorage
fallure the vertical Tegs deVe]op1ng yield stra1n ‘This can be found
by compar1ng two beams w1;h/;nd without st1rrups A-0-4 without stirrups
cr?cked 1n1t4a1|y/on*the/top face and the failure fo]]Owed_immediately,
In the case of all beams.with stirruﬂs redistribution of stresses occurred
after crack1ng, stirrups carr1ed the tens11e forces formerly held by
the concrete. Further increases of load caused the st1rrups to yield
and the gain in strenqth beyond crack1ng was as much as 25 percent for
pure torsion beams, depending on the amount of stirrups.

Beams tested at load combination 3 had high torsion, Tow

bending moment and shear force. The initial diagonal tension cracks .

in these beams originated on the south face of the web. On th1s face

the torsional and flexura] shear stresses were add1t1ve while they

'were subtractive on the north face of the web. Cracks on the north

¥ .

face were COmparativer fewer in number than on the oppoSite face. "The

first cracks were sloped to the axls of the beam at- 33, 38 and 36 de—"

grees respect1ve1y for series A, B and C. A further one or two incre- -

ments of load deve]oped cracks on the top face which extended over

‘the top flange s1des On the south face of the web numerous d1agona]

cracks appeared fairly evenly propagat1ng throughout the web; the’
c]oser the spac1ng of the stirrups the closer the spac1ng of the
cracks. The bottom flange face deve]oped cracks 1ndependent1y wh1ch

l1nked up to the cracks on its sides occurring at about the same t1me
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: Further increase of 19 caused.opening up of one major“track and sub-
sequently fa1]ure resulted from y1e1d1ng of the stwrrups fo]]owed by |
a shear compress1on fa11ure bf both the flanges and compress1on dis-
tress on the north. face of the web in Mode 2; these were read11y not1ceab]e
1n the case of h1gh€?\prestressed beams of Series B, but not clear in the
case of other beams. Thesevfa11ures were h1gh]y duct11e In thé range |
. af ]alge rotation, beams with stlrrup spac1ng at 3 inches exhlblted |
increasing resistance to load as ‘the rotat1on 1ncreased. For beams

with larger”stirrup spacing inereasing rotation resu]ted in decreasingh
strength as in Ser1es A and B, and 1ncreas1ng ctrength in Series C.

This. rate of increase or decrease of strength as rotat1on increased
depended .on the 1eve1 and eccentr1c1ty of prestress, as can be found -
>1n F1g 6.1 through F1g 6.3. |

Beams loaded: at 1oad combihatibh 2 deve]oped.initfal cracks-
mainly in the web and )ccas1ona11y in the bottom f]ange at 83 to 88
percent of the u1t1mate load. The 1nc11nat1qn,of these cracks to the
k ,'ax1s of the beam was 27, 33 and 26 degrees tor series'A' B and C'beams.
Crack propagat1on was 31m1]ar to that descrlbed for load comb1nat10n 3;'
All beams appeared to fa1] in a tors1on mode accompanwed by a shear-
compress1on failure of the flanqes for most beams, however the line of-
_web compress1on was not c]ear in several beams
The beams tested at Toad combination 1 had a high proportion

of f]exura]'moment.and;shear. Except in series D, the T/Mvratib‘is

| approximately equa] to the ratiolof the uitimate torsional and‘bend—

ing capacities. The first cracks ta form_were.fleera] either on the
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botton or on the south vertica1'side of the bottom flange.» Depending r
- on the magn1tudqﬁ$nd 1eve1 ‘of prestress the crack1ng torque was

between 50 and 73 percent of the ultimate load. The 1n1t1a1 cracks
s]oped at 50 to 75 degrees to the axis of the beam. The .cracks on @g
‘the bottom f]ange sides were near]y vertical and linked up those on
the bottom face “As the ]oad 1ncreased cracks formed in the lower .
hparts of the web and exyended upwards with further 1ncrease of ]oad
trave111ng towards the 1oad po1nt Cracks on the north s1de of the

. g,
web were fewer than on the south side and occas1ona1]y there were.

noﬁ". If they were present they could not propagate as var as top }V
" flange except in the case of Ser1es C beams. The cracks on th1s side
,-were 1nc]1ned as on the south s1de, towards the f]exura] 1oad because

of the greater 1nf]uence of f]exura1 shear stresses On the south s1de
the d1agona] cracks reached the top f]ange -web Junct1on and after »
‘trave111ng a]ong th1s Jﬁnct1on extended 1nto f]ange side at a sma]ber ,‘
1nc11nat1on to the. ~1zonta] than 1n the web. At h1gher ]oads,gh'
'7cracks formed Wndepfsdent]y in the nnddle of' the top face akd" these

]oined the cracks on the s1de face At th1s po1nt the outstand1nq
'parts of the tOp f1ange started .to sp11t away from the web, reduc1ng
_the ava11ab]e area res1st1ng the compress1ve force Consequent]y .
‘fa11ure occurred 1mmed1ate1y in 2 skew bend1ng mode.s1nce the m1dd1e
of top face crushed and the compress1on d1stress extended into the .
web. This was the genera] behav1or observed for al] these beams with
Hs1ight variationsbamong_the d%fferent_series: Beam A-4-1, tested. at a

'slightly higher T/M ratio,exhibited»morestorsfonaficracking;' In‘beam
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'VD 3-1 the bottom strands fractured at faﬁ]ure deve]op1ng near]y the

f]ezural capacity and the torque associated with 1ts T/M ratio. Irre—

spect1ve of the magn1tude and eccentr1c1ty of prestress and variation

of amounts cf 10ng1tud1na1 and st1rrup e1nforcements, these beams

fa1]ed approximately at the same loads. The 1ike1y reason for this

is the reduced compressed area of the top f]ange due to torsional

crack1ng Nhen the tors1ona1 cracks ‘reached the top f]ange-web

Junct1on, these tended to sp]1t off the outstand1nq f]anges The

effective compress1on zone then decreased s1gn1f1cant1y and ‘the compressive

~force requ1*ed to ba]ance the y1e]d forces of the tens1]e reinforce—
vment~cou]d not be deve]oped hence the fa11ure was sudden and vwolent
->Such a ‘behavior will probab]y be nonex1stent 1n regtangular beams, .
and is app]1cab]e to I- beams o y - '
: Beams A 3 0, B= 3 0 and D- 330 were subJected to bending and
'.shear only. D 3- 0 hav1ng 1east longltudrnal stee] of the -above three
g hbegms, fa1]ed in bend1ng in an under re1nforced manner The 1n1t1al
tens11e cracks appeared at about 50 percent of the uat1mate ]oad
in tﬁq bottom flange and spread to the s1de faces of the f]ange al- . P
' nnst vert1ca11y As=the ]oad>1ncreased‘ these Cracks extended 1nto-rjg o
t‘the web and propagated towards the transverse load po1nt They reached
the web top f]ange Junct1on at .about 90 percent of the fa11ure load
At the same, time tens1]e cracks in the bottom f1ange were qu1te w1de
When inelastic strahd stra1ns were reached Iarge?deflect1ons occurred -
with 11tt1e 1ncrease in 1oad f1na11y Teading to crush1ng of the |
. concrete. This was. fo]]owed by fracture of the bottom strands Ihe

)
{

. . . v . .D.’{?"
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beam thus developed its full. fTexura] capac1ty

Beam B-3-0 had.a h1gher prestress than D-3-0 and A-3-0 and
was s]ight]y over—relnforced The initial cracks orlg1nated in the -
» bottom flange at approximately 50 percent of the u]t1mate Toad The
cracks curved towards’ the Toad po1nt in the web as in the case of ~
D 3- 0 but the number of cracks were fewer in this case and extended‘
to on]y about 75 percent of web depth at 90 perce f uTtimate'Toad;

s . )
They did not seem to penetrate further FaiTuré’ocCurred suddenly and

v1o]ent]y in that *he ¢ dint &}-d_1nto the web fully and it was ..

F't-f-‘.(' . . . : -
. comp]ete]y destroyed. h"’ ﬂ,%ﬁ the compression 2one. buckTed

Beam A-3-0 was designed to exh1b1t approx1nate1y a baTanced

9 .

ffa1Ture but failed in a s]1qht1y over- re1nforced way.. First cracks
[ L~

'appeared 1n the bottom fTange at abou; 45 percent of the u1t1mate'
‘-Toad and the - behavwor was near]y same as that of B-3-0 except that
the ‘cracks’ wh1ch turved towards the Toad poﬁnt extended h1gher in the
" web than in the case of B- 3 0, almost reachwng web- top flange Junct1on

In thTS beam also at fa1Ture the compress1on zone was completely

'destroyed the compress1on dlstress was ev1dent 1n most of the web

. “
\

'jiand the top sﬁrands also buckTed ‘)
Genera]ly for aTT beams fa11ure occurred in skew bend1nq
‘ e

. #
vﬁelther”ggﬁncbendwng mode or -a tors1on mode However in a few cases),
‘

‘part1gggar1y in some beams tested using Toad comb1nat1on 2, the fawTure .

mode ﬁbs not clear. They mrqht have failed in a mode trans1t1onaT

ll_,

betweeh bgnd1ng mode and tqr51on mode: In some cases 1t was d1ff1 s&%-

'

cult %owéstabllsh the fa11ure sect1on, because of discontinuous

LY
-
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igis cracked 1m'the bottom face)ln bending mode at cOns1derab1y sma]]er
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cracks,. and absence of a line of compression distressg.

—

6.3 Defo?mations4” . S
6.3.] - Torsional Stiffpess |
The torque- .w1stncurves for all beams are presented in
Append1x A - In Table 6.2 ther test secant tors1ona1 st1ffness at crack—
1ng 1§ tabu]ated for each beam The torque twist curves are essent1a]1y
linear in the- 1n1t1a1 portion up to about 70 percent of the cracking

1oad A study of the 1n1t1a1 tors1ona1 st1ffness revea]s that it is

: apparent]y 11tt]e affected by the amount of transverse re1nforcement

]oad1ng comb1nat10n ]evel and eccentr1c1ty of prestress and the amount

of f]exura] shear. - When the crack1ng torque is approached the torque—
tw1st re]at1onsh1p becomes non]1near more so in the case of beams w1th
h1gh crack1ng torques The secant tors1ona1 st1ffness at crack1ng as
- Shown 1n Tab]e 6.2 is approx1mate]y the- same tor all the beams except
for those tested w1th 1oad1ng comb1nat"on 1, that is, with predom1nant

bend1ng ‘moment where it was'sl1ghtTy 1arger This is probably due'to

the fo]]ow1ng reason~ Beams exh1b1t1ng hiqher torsionz1’ st1ffness

i

k)

tonques than other beams wh1£h falled fn- torslon mode At h1qhe()

torque the tors1onal st1ffness was sma]]er due to mﬂcrocrack1ng and
'(f "‘A.

smé]]er shear modu]us It can be seen “from Tab]e 6.2 that the beams in -

’

o ser1es tested at,_ 1oad comb1nat1on 1 and crack1ng at the 1owest torques, -

have the h1ghest tors1ona1 stTffnesses

- »

Post crack1ng torslonal st1ffness depended on several factors

pr1mar1]y on the tevel of prestress, eccentr1c1ty of prestress, /M

K1



ﬁzthe f]exura f

)
4

.
* v

” wwe]l to o%ﬁér ser1Fs Beams wwth less eccentr1c1tv exh1b1ted a Iess

»-graduaT in. the 1atter case. \ It can be seen 1n Tab]e 6.2 and.also 6
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ratio, and amount of steeT

The_ggrque twwst ‘diagrams 1nd1cate that as the mdan1tude 0

Areased the tors1ona1 duct111ty decreased Th1s

!
!

“1s is be-

cause the progress of f]exura] crack1ng is 1ess extens1ue than that
of'tor51ona1 cracklng For a beam under pure torswon, add1t1on of

'small amounts of flexural moment and shear debayed crack1no changed
4 'u!s L.
the mode of crack1nq and enab]ed the beam to rbta1n the precrack1ng.

st1ffness up to torques greater than pure torque caoac1tv However

subsequent décline in post crack1nq st1ffness was faster This be3~fﬂ“

L=

"'haV1or 1s read11y notedxrn,B 3 24, B 3- 3, and B 3-3 and app11es eaua]]y

“gradua1 reduct1on %n torsaona] st1ffness than- beams w1th h1qher eccgn-

[N

»tr1c1ty 1n the v1c1n1ty of - khe crack1ng Toad since cracklng 1s more

FAERY

,.g o

the torque—%stt curves for Ser1es ‘B beams that the ano]e of twwst at

: fa11ure was generally 1ess than for correspond1nq beams in other series.,

“Stated otherw1se, prestress reduced torSTOna] duct1l1ty ‘It is ob—

‘served from the torque twist . curves that the st1ffness of all beams

was reduced nearly to zero at u1t1mate 1oad , R E »} SR
6.3. 2 F]exura] Stwffness .
AR Load def]ect1on curves’ for all beams are presented in Append1x

- At The 1n1t1a] portxons of the 10ad def]ect1on curves are aenera]]v
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_ after u1t1mate 1oad In other beams stlrrups y1e1ded at 1ncreased

4
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l

straight. The flexural stiffnesses of the uncracked beams corresponding

- to the earlier stages of the Toad-def]ection diagrams are about ‘the
"same. These curves-d@re s1m11ar in- shape to torque twist curves in the

uncracked range. After crack1ng, the flexural stiffness reduced,

gradually, and also flexural ductility increased as T/M ratio decreased

after cracking.

L 6.4 Re1nforcement Stra1ns

i+

Data obta1ned from the strain gages is generally qualItatlve

because of severa] uncerta1h1t1es However from the measured stra1ns

'severa] behavioral trends can be observed The stra1n gages 1n the
- . present test program ‘were not mon1tored cont1nuous]y Measurements
'Zwere made at the end of each load increment. Im the case of abrupt

. failures the read1ngs may correspond to: a load leqht]y less than the .

u]t1mate Toad. In a few beams the gages were 1ntersected on}y by minor

cracks but not by fa11ure cracks:

Prior t0'cracking the stirrups were virtua]]y unstressed

'It can be. seen in F1g 6.1 through Fig., 6 3 thai the maxwmum st1rrup

vi. -

'strann at crack1ng was about 0 0001 for beams under pure tongion and
about” 0 0003 to 0. 00035 for beams crackIng in’ the web For most beams
:'these stra1ns d1d not 1ncrease s1gn1f1cant]y 1nned1ate]y upon cracklnq

The stra1ns 1ncreased rap1d1y as ‘the 1oad1nqs approached tive u]t1mate f”

N :

stage St1rrups generally y1e1ded when crossed by the failure crack.

-

In severa] beams y’!1d1ng of st1rrups occurred only at or 1nned1ate]y

', rotation of the beam at a 1oad ]ower than the u]t1mate Toad as in the

case of A-3- 2 and D-3- 2 St1rrups did not yield in B 3- 2 and B- 5 2



:'ﬁ-t 'f' :t,'zli QCI“'p:;J“ Lo | - .' 165
’though in B- 3 4 st1rrups exh1b1ted y1e1d strawns In no case did
”strands y1e1d in the beams fa111ng in the torsion mode. Vertical

st1rrup 1egs 1n the web c]ose to ‘the compression zone recorded tensile
strains ' Other 1nvest1gators made a s1m1]ar observat1on in prestressed
rectangu]ar beams As- T/M rat:o reduced, the strand str{dns incredsed
and the top strands recorded compress1re’stra1ns In the pure tors1on
‘beams of Ser1es A, the strand stra1ns were of the order of 0.0005.

:Nhen N decreased, stra1n in prestres51ng strand near the bottom in-

.

'creased for each add1t1ona1 1oad 1ncrements ~the increase being dependent -

“r

on the 1oad rat1o 8. ~€n_ L

For typ1ca1 beams fa111ng in a bending mbde, the re]at1onsh1p
between the transverse 1oad and the bottom strand strain 1s shown in
Fige 6. 4 Except D-3-1 which fa1]ed deve10p1ng its fu]] f‘exura]

capaCJty and torque correspond1ng to the T/M ratxo where the bottom

'-_ strands fractured, no other beam deve]oped y1e1d stra1n in the ‘strand¢’

because. of the.premature fa11ure of the top f]ange Though the cracks
“were very wide the measured induced strains over and above the pre-.
stra1n, were of the order of on]y 0 003 to 0. 004 1n varlous beams A
f§1]1ng in the bend1nq mode This is probably due to the 1arger contr1;

w

but1on of tors1on to the crack width as compared to that from bend1ng

LY

6. 5 Ratio M /V d

The shear span of, 721n adopted 1n the test program shown 1n

". F1g 5.5. was. a]ways the same, However, the resu]t1ng M /V d ratios

were~d1fferent for the test beams since the 1ocat1on‘of the fai]ure

'section.depended on the'ratiO'Tu/Vubw"or TU/MQ.~-From,Tab1e 6.1 the



o f]exura] moment can be ‘established correctly on]y if the‘l

" the fa11ure surface is known precisely. Genera]]y a ben f&@:ﬂf

i

BN ;: o - '1166;
: rat1o M /V d for each beam can be computed read11y It ranges from
2 63 to 3. 96 for beams at load comb1nat1on 3 3.81 to 4.85 for all

;except one beam of 1oad combination.2, 5.68 tdlﬁ 03 for beams at Ioad

54 in flexure- shear
ﬁ\"’w

combination 1, and 5.98 ton6.07 for beams tes'

6.6 Failure Section
In tests under combined 1oad1ngs g1v1ng r1se to azmoment

gradient, the fa11ure surface assumes importance, as thefu?ﬁamate

i

&A‘\

- failure occurs c]ose/to the transverse load, in a torsion mode the
| , . N
location of the failure depends on .the T/M ratio whi]e'in the case of

IS

. pure tors1on it s arb1trary~(‘Because it is impossible to predlct

the failure surface theoret1ca11y and no c]ear]y defined ]ocat1on of
the failure. surface was observed in the tests, the test resufts at
best are useful to 1nd1cate reg1ons of failure surface ]ocat1on In
the bend1ng mode the fa11ure occurred at a distance of 7 to 10 1nches
from the centre of the transw@n@e ]oad which is applled through a six _ji
1nch wide bear1ng p]ate " As the f]exural shear and moment'were re-
‘duced re]at1ve to torque - the fa1lure section moved away from the -
. transverse load. The re]at1onsh1p between ]oad rat1o 6 and ‘the lo- -
‘-cat1on of the fa11ure sect1on reldtive to the transverse 1oad X isf{
shown in- Fig. 6.5. Beams tested under load comb1nat1ons 2 and 3
failing in torsion mode had average X d1ffer1ng(\y about 10 1nches
;However thz*d?fference‘of X for bend1ng and tors1on mode fa1]ures

was about 20 1nches ‘The cr1t1ca1 sect1on for beams in pure torslon,

N not shown in F1g *%.5, but 11sted in Pable 6.1 varled from abOut 30



incheé.to 38 inches. .f the sfrength.pmediétion equdtiomégdd%;bt have

a term involving f]exura] moment the value of X 1S'n0t required in
est1mat1ng the u]twmate capacity in tors1on mode failures. However, ‘771
1t will be difficult to predict the f]exura] moment with equal prec1s1on
FOr pred1ct1ng bend1ng mode fa1]ures th1s location must be known before—

hand However a conservat1ve resu]t can be obtained a55um1ng the cr1t1ca1

section at ghe transverse load.
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CHAPTER VII
APPLICATION GF THEORETICAL ANALYSES

: AND DISCUSSYON OF TEST RESULTS
..@ . .

7.1 Introduct1on ‘ B ﬁi.

Ih this Chapter, the test resu]ts are eva]uated fhe crack1ng
and u1t1mate strength theor1es deve]oped 1n Chapters III and IV are
. app]1ed to the test spec1mens of the present 1nvest1gatlomqand severa]
others. Comparlsons of observed and analytical resu]ts are made in
Tables 7.1 through 7 7. The 1nteract10n of tersion, bend1ngrand shear

1s d1scussed.

7 2 Crack1ng Strength .
7 2.1 Method 2 (Finite Element Method) B R ——a
F1rst the test results of .beams.- of the present 1nvest1ga_

tlon are compared wwth the theoret1ca]:crack1ng strengths obta1ned by

the f1n1te e]ement method of ana]ys1s These ‘strengths together with
the maximum pr1nc1pa1 tens1le stresses and deformations are furnlshed
in Tab]e 7. 1 For the convenience of discussion beams in which. 1n1t1a1'
. cracks occurred on the top face, in the web, and on the bottom face
are d(fined as crack1ng in Mode 3, Mode 2 and Mode- 1 respect1ve1y,
ana]ogous to the des1gnat1ons of modes\of\fa11ure of beams The test

beams exh1b1ted a]] the three modes of initial cracking. Except for

one beam the theory d1d not over pred1ct the strength of any of the

o . 169
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COMPARISON OF THEORETICAL ANO TEST CRACKING STRENGTHS

Firz:agtserved Plastic® PTastlcb
Beam - (T ) e, ~ T$st. ;EM th$ory thgory Tcr(Test) Tcr(Test) 4 (Test)
oo VE . (kip) [f”r;;a?cfd‘}o‘c;:m (inekip) (ins:ip) (1hg:fp) (1nokip) .C° e Te(Plastic® T (”““Cb
(in) Sectfon , . ‘ '}heory) T theory)
A-0-4 = 0 34 TR 36.02 34.63 34.84 34.80 & 1.0 1.03 1.03
A-5-4 0 8 TF 47.94 41.33 39.12 39.12 1.16 .23 1.23
A-4-8 = 0 14 CTF 46.59 36.12 37.30 37.30 1.29 ©1.25 S 1.25
A-3-d o 0 29 TF 38.64 34.50 35.62 "35.62 .12 108 1.08
A-5-3 10.40 5.1 32 W 4. 3547 a1.22 4016 1.25 1.07 1.11
- A-4-3 1040 s.8 32 - W 50.28  .38.38 450 4458 1.3 1.12 + 103

L A-3-3 10,40 7 5.0 28 W 43.34 33.60 39.01 . .37.21 1.29 1.11 1.16

S omes-2 5.20 0 10 W 39.01 31.98 34.93 3420 1.22 1.2 1.14

ST A-4-2 5.75; W 38.33 32.21 35.65 38.32 1.19 1.08 1.12
Az3-2 W, a7.68 33.58 37,98 36.77 1.4 1.26 1.30
A-0-] ﬁfl . 25.08 21,59 21:4) 19.37 1.16 17 1.29
A-5- B 25.08  ° 21.81 21.91 20.35 1.5 1.4 1.23

) ~?7‘aa 23,39 22.14 22.14 1.19 1.26 1.26
~ 25,99 28.29-  22.99 21:76. 1.07 IR 1.19
53.33 43.01 47‘?;L 47.15 .24 113 BRIRE!
58.08,  40.33 47.82 46.24 1.44 “1.2r T 1.6
‘éq:'sa 43.65  52.45 51.83 R A 1.7 l
57,21 41.16 47.68 % 46.75 1.39 1.20 1.22
57.43 39.07 46.57 4317 1.47 1.23 T 133
. v 56.35 ' 37.07  40.93  36.78 1.52 1.38 1.53
. e 5 "W 5418 U39.2¢ 4152 39.22 . 1.38 1.30 138
B-5-1  2.23 15.0 10 8F 27.86 26.53 26.24 25.04 . 1.0% 1.06 Ty
B-4-1° 2.2% 8.0 8 BF 33.44 25.72 2481 28.25 1.30 1:35 1.38

© O B-3-1 238 1690 7 e 29.72  26.77 26.80  26.49 1 1.16 . 112
(B-3-0 .0 - - - -- - - --

- c-0-4 0 175, TF a1.26 35,97 40.95. 40.95 - 1.16 . 1.0 O
€-5-4 0 12 1F 45 .24 36.19. 42.07 42.07 1.2% . 1.¢8 ‘].08'
€-1-4 0 iR 1F a5 2% 14.03 4382 43.82 L 1.03 1,03
€-5-3 104 1.8 34 oW a6 2.7 18,20 M.9” 1.09° 1.20
c-4-3 10.8 hb 16 aK.5¢ 4. b ar.13 36.81 1.40 I8 1.32
C-3-3 0.4 5.7 a0 49.4) 35,55 42 .46 37.95% 1- 39 1.16 1.30
€-5-2° 5.54 8.5 30,5 [ 39,27 30.92 38.74 23,17 1.27 113 1.35
C-4-2 5:20 10.0 1783Y TF to Bt 4475 $9.83 33.88  27.96" 1.50 1.32. 1.60
c-s‘-z\.s.zo 8.5 " s BF 36.84 28.12 26.08  26.08 1.3 1.4 N 1.4
‘c-s-_T' 2.23 10.8 11.0 BF 20.07 17,92 16.78 - 15.75 1.12 1.20 1.27
C-4-1 2.3 1o 13.75 BF 20.43 17.92 17.24 15.61 114 109 1.3
c-3- T 2.23 105 12.50" BF 19.48 17.55 16.62 15.30 . 1.17 1.27
034 o - .T'mﬁ,r,; a5.24 38.34 a1.08 41.08 1.18 .. 1.10 1.10
-D-3-4A 20.8 2.9 40 aF » 50,29 3753 a3 44,68 1.3 1.6 1.13
0-3-310.4 6.6 29 TF7u 57.27 37,93 44.89 42.60 1.51 1.28 1.34
0-3-2 "5.2 1.5 4356 weF 49.85 °  32.80 3869 32.00° 1.52 1.29 1.56
0-3-1 2.23 100 - 5.5 BF 18.58 19785 17.76 17.87 0.94 1,05 1.04
0-3-0. -- P -- - -- .- -- - .

TF < Top Face BFf '-%Bott‘om Face - b’lv- Web. Average E E 1.23 -

. % rocedure 1

bPr"ocedure 2
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’beams The beams under pure torsion cracked in Mode ‘3. In this @ase,
“the maximum theoretical- pr1nc1pa1 tens11e stresses var1ed from about

.~ 550 ps1 to 700 psi 1n all the ser1es Nhen the fTeRuraT moment and
Sy /
shear were, predom;nant, 1n1t1a] crack1ng occurred 1n Mode 1, The maxi-.

v
n.‘

o mum tens11e stresses correspond1ng to th1s mode ranged from about 600

4

‘ps1 to 270 psi. The"prre]at1on betweenR thébpred1cted and the test -

' strengths is excel]ent for these beams exh1b1t1ng 1nf??a1 cracking 1n'
Mode 3 and Mode 1.as is ev1denced by the mean of the rat1os of test to
theoret1ca] strengths of 1.18 and 1. 12 1in the former and latter modes
'of cracking. < - “

-For Mo//ZZ cracking wh1ch occurred in the th1n wegf the theory

!
!

! proved t»_be more conservative than in “the other cases ‘ The theoret1ca1
max1mum pr1nc1pa1 tensile ,stresses were in the range of 700 ps1 to T- |
1100 psi for load comb1nat10ns 2 and 3. Beams tested at 10ad com—

‘ b1nat1on 2 exh1b1ted higher stresses than those at load comb1nat1on 3.

.”The test strengths are in excess of pred1cted strengths by 36 percent
for load comb1nat1on 3 and’ 38 percent for the Toad comb1nat1on 2, on
the‘average However the ma x imum excess of strength in a fem.cases |
was of the order of 40 to 50 percent ThTS correlat1on can be con-
sidered~on]y‘fair.‘ S1m1Tar trends were a]so clearlﬁ evhdent in the

£ _
vcase of web cracking when the strengths were pred1cted by an,alternate

I

‘2_‘method that is by Method 1, wh1ch will be d1scussed ]ater While

N,

e

'study1ng the 1nteract1on of torque and shear at crack1ng, wy and
o w
o Mattock (197L) observed test strengths to the extent of about 50 et

" percent larger than the ca]cu]ated ones, when the g1rders cracked
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ﬁnitia11& in thevweb This is not in a way unexpected due to the‘follow-
' ing exp]anation There 1s a high stress gradient across the thin web
of the I sect1on subJected to either pure torsion or comb1ned 1oad1ngs

It is known that concrete cracks at higher apparent tensile strengths

when subJected to h1gher ;%ress gradnents Further 1f.a¢p1ast1e d1s-v
tribution of shear stress is assumed, the entire web’wi]i be stressed

to the same feveT'under pure torsionr $uperoositﬁon of ‘1eXUra],shear1
stresses on this torsional shear stress distribution will reduce the Tv<:i
tensile stresses on one half of the web'to zero 1f,shearistressesAy |
due to,Soth forces are edua]; Cracking would then octur'at‘higher
apparent’stresses in a web stressed to the same max imum ]eve] as

in pure tors1on cases or pure shear cases than in a web one ha]f

of which is 1ess stressed ‘than the other, as in the case in cqmb1ned

]oad1ngs.

7.2.2!.Method52'- Prestressed Rectandu]ar Beams
| Severa] rectangu]ar prestressed beams in the 11tera e w were
.a. ana]yzed for créck1nq strength by the f1n1te e]ement method and the
resu]tf ~ «nmpared with the experwmental values in Tables 7.3 and

7-.4. w A y-is-was applied in each 1nvest1gat1on onJy to re-

..prese: >-ive beams oﬂ'various loading ratios, eccentricities-and levels
, of prestress- for reasons. of’%omqgter time. |

‘ Specimens of the test program of MquerJee and Wqrwakuk (i97b)
' exhibited the three modes of crach?zg. The maxiﬁtm pr1nc1 al tens11e
stresses var1ed from about 500 psi to 1200 5%1 1eav1ng one beam V205

wh1ch behaved d1fferent1y from 155§6§oup. In the case of Mode 1 cratking
- ] 7 T - ' v

N

4
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<) . TABLE 7.4 .
T . »
PR COMPJ\RISON OF rINIJE ELEMENT ANALYSIS
- 'NI‘TH EXPERlM[I.;;AL‘ DEFO_RHAT'I“ONS
) g . o . . :
H - Angle of Twist. N ‘Flexural Deﬂectzonv
T (Rad per in.x 10- 6y - . ;m x 10 3
ihvesticatgr Beam . 750 of . At 100% of At 703 of Test At 703 of At 100 of At 70% of Test
T test T test T (Test) - test T test' T . T _(Test)
(Test) (FEM) W’W (Test) {rEM) - R_m
- ' S FEH) R T rzv)
o 122 51 55 o..939' 70.0° 7. 095 ¥
126 88 82 2. 1.07 R 1.8
127 28 o 1008 913 1.10
202 79 19 ioo 110.0 .. 103.8 71406 ¢
206 92 . 105 0.88 v -
207 21 397 0.7 1200 . 1.2 " 0.99
. 222 18 - e 0.83 105.0 129.8 0.81 ..
s 226 97 - 103 9.98. -- T3 oo 3
z 227 I L 165.0 $169.97 ¢ 0.97 .
- V102 28, - 26 ©0.96 45.0 16 ~.0.98
g V105 69- 66 1.05° 5.0 15 0.33
E V107. 6 13 vc.gs 40.0 49 © 0.82
3 viz2 26 » 33 0.79 - 65.8 61.7 1.05.
V125 85 © 90 0.94 5.0 S 190 026
vi27 i C15 %, 073 55.0 66.92 0.82
V202 15 33 . 035 50.0 . - $8.0 10.86
V205 58 . 5% 0.98 5.0 13.0 .0.39 ¢
yzo7‘ 17 e © 0.85, 65:0 82.0 0.79
V222 47 . 59 0.80 90:0 .- 99.8 0.90
V225 6 73 1 0.95 5.0 16.55. . . 0.30
' / .
2
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; the values of Test T /Theoret1ca] T or varied from O 96 to 1.36 except

".for one beam for wh1ch it was 1.53 and the mean value was 1. 18 The

?_‘higher test to theoret1ca1 ratios occurred in beams hav1ng a un1f0rm
stress due to prestress This is probab]y due to.th1s. two beams one:f
hav1ng un1form and the other triangu]ar]y‘eccentriciorestresshif acted
on by a,particuiarmbending moment wi il yie]d finally triangu1ar and
funiform‘stress-over the depth-in the former there isva'high-stress

'ggrad1ent wh1le ‘in the latter the stress if un1form ~If torsional
4

..fstresses are guper1mposed on such tr1anqu]ar and un1form stress dis-

tr1but1ons, tratklng would occur at apoarently hiaher stresses in the .

/beam hav1nq a unxform stress due to. orestress on]v and hence h1gher

o

test stnehgths

&mams crack1ng in Mode 2, the rat1o Test T /Theoretical Ttr
rd1ng beam V205 as ment1oned ear]wer

;Z Sjm% kkly the strength ratlo was 1. 45 for beam 226 tested

S 38
‘ ;nfunder pure- tors:on and the theoret1ca1 crackwnq occurred on. the top

mface but it w&Z.reported that the crack1ng conmenced near the upper part
:of~the s1de face. If the theoret1ca1 stress 1s used accord1nq to the
test locatlon of the crack on the swde .the ratlo 1.45 comes c]oser
to unity "The same exp]anation offered for-Mode 1 cracking exoTains
" the h1gher observed strength in Mode 3 crack1no of eccentr1ca11v
prestressed beam 226 subjected to pure tors1on. Of the 20 beams of
._Mukherjee and WaiWaruk analyzed heretn '3 beams were subjected to. pure
torsion, 6 beams to combined bendwnq and tors1on wh11e the rema1n1nq :

fhad add1t1ona]]yvshear force. On the average the strength was con-
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servatively pred1cted w1th1n 15 percent of the test strength 5
. Three rectangular prestressed beams of Gangarao and Zia o
(1970) subjected to/oomb1ned bend1ng and tors1on, and 16 rectangu]ar
_presty essed beams of Henry and Zia (197]) were aTso ana]ysed and the
i resu]ts furn1shed in Table 7.3 Beams cracking in Mode 1 deve]oped .
%‘ pr1nc1pa7 tensile stresses rang1nq from 750 psi to about 1106 ps1 |
These stresses are the max1mum stresses given by the finite e]ement
ana]y51s and correspond to the location of 1n1t1aT cracktng However
" the torque -moment ratio used in the crack1ng anaTys1s by Henry ' and Z1a
reTated to the fa1Ture sect1on rather than the f»rst crack sectxon
Th1s as pointed out ear11er in Chapter II may resuTt in comput1ng a
crack1ng strength at a sect1on d1fferent from where ‘the- crack had actuaTTyl
Ar#occurred If the1r method is adopted sllghtly Tesser theoret1ca1
stresses would occur resu1t1ng in better corre]at1on than that reported

: here ‘ The rat1o of observed to theo- etical strengths var1‘

1 to 1.35 and the mean is 1.23. of these 19 beams only 1n73 eams

: 'é‘.

initial cracks occurred on the vert1ca] sSide at theoretlcal stresses

rang1ng from 600 psi to 750 ps] : Theory predlcted the crack1ng

torque T7 percent in excess of the observed torque show1nq good agree—
ment for Mode 2. : * . |
7.2.3 Method 2:- PreStressed I Beams.
 Three 1 girdersTOf Wyss et al 61969)'under pure tors1on uere
ana]yzed by this method” The max1mum pr1nc1pa1 tens1Te stresses in
| these cases ranged from 536 psi to 677 ps1 and the ratios of observed
- to anaTyt1caT strengths varwed from 0. 92 to 1.15 1nd1cat1ng very good

)
S



g%aq&1ng were not the same. I some

cases they were cTose-to e&ch of_q . I't is nmot possible to pred1ct
T “B
prec1se1y e1ther of these Tocat1ons - In comput1nq the Cracking’ strengths

by Method 1, two procedures Mgr ; dﬁotedg The onTv d1fference between

Lfthese Proceuures is 1n f1x1nq%ﬁh :}Otato%'

zy RSl

If the moment 1n the test zone

<oF the crack1ng section.

’

, ‘wdofrespond1nq to the test crack1no

» i@e)ﬂnﬁafuﬁs are TT%fed in TabTe 7.2 and do not
include the dead load shear At this sect1on, on bdttom. face for Mode
T, on, top face for Mode 3, and at both the web fﬂange Junct1ons and the

'center of weh for Mode 2 the crackﬂnq strerqths were caTcuTated .The

'smaTTest of these vaTues is taken as the crack1nq oad The ‘average

re’ g of te;t\to\EHEUry\are T 11, 1. ZT and 1.18 for Mode 3, Mode 1,

&

and. Mode 2 respectwve]v.and the comb1ned average is 1.17. This 15 a
,very good corre]at1on The resuTts are sT1ghtTy conservat1ve for .
Mode 2 and Mode 1. Mode 1 crack1ng is usuaTTy assoc1ated with modulus

of rupture, which ig normaTTy more than 6, é, the tensile strenqth' .

used in th1s .method. Th]S is probab]y the reason for Tower pred1ct10ns

in Mode 1. The crack1ng modes predicted by the theory agreed with the
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R observed cracking modes in virtually a]l of the test beams.

QE'V 2 4 2 Procedure 2

3
N

;dj; }f;:g_- f K In th1s procedure the cr1t1ca] crack is cons1dered to- occur

; onaa cross sect1on at a d1stance equal to half the: effect}ve depth of
the sectaon from the transverse 1oad measured in the d1rect1on of de-

:"f}7fcreas1ng moment W1thout any' regard for the experlmenta] values. Both
-;‘procedures then‘would result on]y in neg11g1b]e d1fferences in strengths

.,;'for.Mode ], s1m11ar 1s the case for Mode 2 if the crack1ng is assumed

'-'.to commence at the centro1d of the web. As initial crack1ng is assumed

In the case of web cracklng for load com-

b1na§éon 2, Procedure 2 more underpred1cted the ntrengths than Procedure

s L
§@é _i{ Th1s 1s eV1dent from colunns 8 9, 11 and 12 of Table 7.2. The
7ta ' ‘?eason 1s the var1at10n of bending moment in the test span. If the
- poss1b1]1ty of web crack1ng is cons1dered only at the neutra1 axis as
1‘was done by Wyss and Mattock (1971); the theoret1ca1 results for Mode 2
presented 16 Table 7. 2 came c]oser to the observed strengths The average
of ratios of T cr test/T or calcu]ated isl, 23 for all the beams This
:rat1o is h1gher as exp1a1ned prev1ous]y than that for Procedure 1.
7.2. 5 Deformat1ons - | ‘Qﬂa |
| . No usefu] method is ava11ab]e for est1mat1ng the. post crack-‘i
‘ ing st1ffness of prestressed concrete beams Several Jnvest1gators ob-

served the 1n1t1a1 portion of the torquertwist reiationship to be

.essentially linear up to the commencement of cracking implying elastic
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behavior. Jn.this range torsioha1 stiffness.was computed using eqastic
methois and compared to the test stiffness. However differences exist
in se]ectfng the experimental stiffness. Henry and Zia . (1971) used
the torque on the torque-twist curve where the curve deviated from a
stra1ght i1ne and the correspond1ng rotat1on, “hander et al (1970\corre-,
" lated the secant modu]us of torstonal stiffness at 50 percent of the
craCking‘torque to the stif?hess derived by the e1astic method for
prestressed beams subjected to pure torsidh. Qoodhead and McMullen

‘ (1972) used calculated cracking torque but'notfthe test.tordue which
"kas‘usually higher and the corresponding experimentai'angle of twist
“for prestressed rectanqular beams under comb1ned 10dd1ngs Johnston

and lia (1971) chose the st1ffness of the 1n1t1a1 port1on of the torgue-
twist curve, hay]ng observed s]wght non]1near1ty beyond 60 to 70

percent of test TC in the case of ho]]ow prestressed beams sts;
Gar]ahd andbMattoch (1969) took the average slope of the 1n1t1a1 linear
part of the tdrqbe—thist re]at1onsh1p for'prestressed‘l beams under

. pure tbrsion. Wyss "and Mattoch (197]) made comparison of test and
theoretical precracking sttffnesses for prestressed 1 beams under com-
b1ned loadlnqs w1th vxtellent corre]atlnn But the way they defihed
,vthe test stlffness was not q1ven presumably 1t 1s the averaqe slope

of the 1n1t1a1 portlon of the’ curve. However it is qenera]]y agreed
that as the cracking load is aoproached 1ne1ast1c deformat1ons do occur, |
often to a s1qn1f1cant extent. |

" In the present study. the finite" e]ement methad 1s used to .

predlct the torsional and z;efural deformat1ons This is an e]astic

/

i
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.

e, . _ :
method but yields as a rule lesser deformations than the exact theory.

F]exura],def]ections‘ahe aiso_compared at the same torques as'
the torsional deformations and are listed in Table 7.1; Measured de-
| flections included also those due to prestress. However the deflections
) obtained from the finite e]ement analysis do not inc]ude them Hence ’
the def]ect1ons due to prestress were ca]cu]ated us1ng the. e]ast1c
_ method and added to those obtained by the finite element analys1s
On the average the pred1cted values are within 3 percent. of the observedf a
va]ues |

>Sjnce‘for the prestressedkconcrete»beams‘of-Mukherjee and
| Warwaruk (1970) defdrmations in the who1e range ¢ ading are fumnished,
they .are computed and listed in Table 7.4 at about 70 percent of test
crack1ng strengths under comb1ned 1oads When compared w1th the finite

element resu1ts, the rotat1ons are conservat1ve1y predicted, varia-

| t1ons,are less than in the case of I beams and except for two beams

“the corre]at1on in each case is very good

e



7.3  Ultimate Strength . - o =
At any given load level the test beams were subjected’ to a con-
stant torque and shear whl]e the bending moment var1e9,1n the test zone.
As the, torque was, reTated to flexural shear and momenit byythe ratios 6
“and ¢ respect1ve1y, once torque was known other forces wdre obtained.

‘ The u1t1mate strength anaTys1s deve oped in Chapter IV dased on the obe;g

-

f_sent 1nvest1gat1on and severaT I beams of .other investigations; rthe re-
’
“sults of the former are T1sted in. Table 7.% together with the govern1ng

mode of failure.

7.3:1 Beams Under.Pure Torsion . o :

L var all the beams tested under pure torsTon,‘though'inttiaT
cracking ocCurred in" Mode 3, failure took place in Mode 2. BeamssA-C;4
and C-0-4 not‘provided with stirrups faiTed after.one.or'two incre-
‘ments of ‘l1oad beyond Crackingt The cracking strength_was 92 to 96 per;
eent of the'failure torque. Little duct1]1ty was exh1b1ted by these
'heamsf‘ The theory tannot be applied to beams without st1rrups For
such boumffthe'cracklnq strenqth is taken as the uTtimate strength

The beams were not ‘provided w1th any Tonq1tud1na] mild steel.

-For these beams to deveTop ""vf¢0r51ona1 capac1ty correspondlng to the

' volume of the web re1nfo£‘ ﬁiused the prestress1ng strands suppT1ed

'the necessary Tong1tud1na~vuorte that woqu otherw1se have been pro-
v1ded by the Tong1tud1na1 re1nforcement The minimum amount of web
re1nforcement in the beams was - squhtLy more than the minimum def1ned |
: by the foT]ow1ng equation suggested by Hsu (/968d for re1nforced con- -,

: , . - . N
crete beams I ) o : \\/’



_COMPARISC. OF TEST RESULTS WITH THEORY- -

TABLE 7,5

ULTIMATE TORQUE

Tu Theory

Tu Test

(in-kips)  (in-kips) £Ty Theary

Mode 1 : 0.9R R

geam T“(MU :u’vu:w- Tu test
AG-a 37.33
LR I 5465
A-8-d - - 56.C3
Ae3a s o 5064
TAese3 clsas gen 50.25
A-4-3 0,554 10,153 56.35
A-3-3 0 0.778° 9.933 56.37
A-5-2 0.261 . 5.036 3653
2.47 0 0272 5626 16.27
A-3-2 - 0.233 4 5,186 T 58,51
2041 C0BS 2213y 363
A5-1 0.089 . .28 3858
A-4-1 0.0  2.437 39.90
A-3-1  0.087 2.220 ~43.90
8-3-0 0. 9.9 " 2.0
B-3-4 . x| T 61.90
B-5-3  '0.590 1C.400 61.55
B-4-3 0.628 - 1_11¢ £5.88
8-3-3  0.590 i 7ap 65.60-
B-5-2  0.274 A €2 72
8:d4-2 D.Es € ir €2 7%
B-3-2 C.of 5 65.73
B-St1. 2287 2 ps 317.85
B-4-1 0 2" Sia 23 55
B-3-1  £.09n 15 4383
B-3-0. o.C o 0.0
€-0-4 . = . 2471
fegaat 19 .5¢
C-3-4 - : 5¢.73
€-5-3 2881 §.960 6.8t
T3 D20t 5909 75549
£-3-3 -2 inlee 36.36
C-5-2 .59 5 328 41,88
C-d- RN 5,113 47 €8
L 1a12 20297 T 4638
SO-50 0 0.08%  2.213° | 4055
Tcaar e . 2236 3958
3 noee g 19.57
S 56.57
T-3-48 19.537 5977
533 3.790 62.90
#n-3.2 520 60.24
£-3-1 2.214 a1.78
R 4.0 0.0
Averages S
“ode‘Z. Pure torsion = 1 20 .
Mode 2, Ccmbined loading = 1.317°
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The test spe&imens,had varying amounts of transversetrejnzb EE
. s 2 : -
forcement. 'The reinforcément factor, x]y]Atfty/S ranged fron. .88 to - . .

S
B

8.13.: This is a rather narrow‘range. The bestj@aﬁgto use a given ;

amount of reinforcement is to have‘a maximum lever arm. In the thin

~web of | specimens theviyai1abTe 1ever arm between the two legs of the; ',

-

A st1rrups 1s on]y 1 25 inches, about one quarter of that in a 6 1nch w1de
A7 ,

Bt

‘-’3 . . .
rectangular beam. - ' ’ T y

’ ' i : . -~

The additibn of stirrups’increasedﬂthe <trength and ductility

s1gn1f]cant1y, the széength increase correspond1ng to the \o]ume of stir- b

. /

rups used in the beasr. Of the three amounts of st1rrups used even the
smallest resulted in v=ry ‘large du§t111ty An increase in the 1eve1
of prestress 1ncreased the crack1ng strength but the post crack1ng

strength was 11near]y proport1onal\to the web re1nf0rcement factor®as. {

. suggested b _Hsu and Kemp (1969) for- prestressed concrete members

gfﬂ\he h' <r%&

%served ptrenqths for heams - A &—4 and A- 4 4 than that of

LN ~

-
A-3-« which had more transverse relnforcement are due to highe un?ntended

»

'prestregs. "However the difference.between the ultnmate and cracking
; RN v

[y

" ) - -4 o, . N
‘streffgths was maximum for beam A:3-4 having the largest amount of web

-~

reinforCement of all. the thréee beams-"Increase in the amountﬁof web

. re1nforcement resu]ted in increases-of strength but th1s was rea11zed R

only at very 1arge rotat1ons where stiffness was a]most neg&gg1b1e

It then becomes doubtfu] whether the increase in the ultimate strength‘
obtained by using more transverse reinforcement is useful. Cohparing

o
-
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D-3—4, C-3-4 and A—3-4; it can be observed thatibeams of different ec-.

centricities. deve]opep the ‘same, post cracking strength In other‘yords

these beams differing nominally on]y in the eccentr1c1ty exh1b1ted ‘the
N )

(£

same pure torsional strengths '
As the prestress'increased, the contribution from.the web
;reinforcement“reduced s]tght]y.asa n be seen from the comparison of
. B-3-4 w1th A-3- 4 C 3 4 and D- 3 4. This means the web stee] did not
yield and an amount of. st1rrups smaller than that used in B 3 4 mlght

-

have rendéred the beam under re1nforced transversely The strain gage
___/

" readings showed that the st1rrups y1e1ded It is however difficult to
)'draw f1rm conc]us19ns based on the stra1n gage data, as much. depends '

on the lTocation of "the gage relat1ve to the crack. | ,
The theory pred1cted conservat1ve]y thestest strengths of beams

_ under pure tors1on fa111ng in Mode 2. The rat1os of test to theoretical

> strengths varied from 1. 08 to 1 32 and the average 1s 1 20. ;The reasons
« for the conservat1sm are discussed in Sect1on 7 3. 3 o .
S]1ght1y better corre]at\on would result by us1ng the modl—"
f1cat1on (equat1on 2. 36) suggested by Nyss et a] (]969) to. equation (2 35)
"proposed by Hsu (1967) app11cab1e to concentrlcally prestressed beams "
subJected to p:re tors1on | However it predlcted an unconse: :t” e re-
su]tforB34 | ‘\"
. Zl? 2 Influence of Tran5verse Shear Force .
;;;///’f/ “] In the equatlons der1ved for the torsion mode of faxlure,

the shear force 1s present and 1ts effect is to reduce the ultimate ‘

'. strength in combined 1oad1ngs Th1s "Was a]so noted by Henry and Z1a

ol

1.



(1971) 1n the case of prestressed rectangular beams. As the effect of .
bending moment is not' taken into account for Mode ;¥ ‘1f the magnitude
of the transverse shear were to be constant, the torsional strength a]so
would remain constant. If the shear force increases. the torsionaﬂ:
strength decreases. However it will be clear from the interaction
diagrams of test resu]ts that sma11 amounts of shear force helped in
1ncreas1ng the test strength 1n combined 1oad1ngs This increase can-

" not be pred1cted by the theory '

For Modg g fai]ure the deve]oped equations do not fnvolve
shear force and can be app11ed only to beams wh1ch do not develop
premature shear failure. None of the spec1mens tested in the present

*ngram faiied'prematurely in ear. L |

. At‘cracking, the effect of shear is to increase the tensile

stresses on one vertlca] side and thus reduce the cracklng loads.
;Moderate amounts of bend1ng moment and shear have 1ncreased the crack1ng
strength but further 1ncreases of both decreased the strength Th1s
cari be observed from thev1nterac::on diagrams @ cracking presentedzin'
Fig. 7.1. | |
7.3.3 Beams Faih’ng: in Mode 2 Under Combined coadingv

Beams tested at Toad comb1nat10n 3 and 2 genera]]y failed in-

a tors1on mode The theory assumes that Mode 2 fa11ures are independent .
of flexural moment. The theoretica] pred1ctions for these beams were
very conservative Under predict1ng-the strengths by 32-percent on the :
average. ‘Seyeral reasons may be responsible for such»low theprética]

strengths. - L ‘
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(a) Small amounts of bending moment and’ shear 1ncreased the test
strengths in Mode 2. This increase was not ref]ected in the theory.

Similar increases werelobserVed in prestressed‘rectangular beams by
, L S
other investigators. o ) .
(b) As part of the shear cdmpression forces were resisted by the

outstanding f]anges on the compression side, assumption of a compression

hinge along the web m1ght “ive resulted in a sma11er lever arm, of shear
. compress1on forces . _ .i\‘ - ;
(c) More %mpdrtantly,lthe striin combatab?]ityAfaetor-used to
"~ obtain the inddced strain in the prestressing strands from thedyﬁeld |
strain of stirrdps most likely underesttmated the induced 1ongitudina1
strains. ; | A | | ‘ | |

‘ ' Accord1ng to the stra1n compatab111ty factor used the strain
in the strands ‘can assume a max1mum va1ue of the y1e1d straln of .
stirrups, 1i.e. 0 0013, if the crack ahg]e is 45 degrees As'this ang%e_
- is far 1ess-than.45 degrees, the induced stra1n in the strands is less
than 0.0013. However stra1n measurements on the strands have Tnd1cated
1nduced’stra1ns above O 002 . Hence the re]at1onsh1p between the. y1e1d-

ing. and non y1e1d1nd?steels needs to be established more p ec1se]y&1n

o part1a11y over- re1nforced beams such .as tested 1n»the preSe t program

The assumption used in the theory nﬁ;:rd1ng the compatab1]ity cond1t10n o

is appropr1ate at crackwng on]y A re reasodpb]e assumpt1on 1s

l’

warranted but cannot be made at the present time. unt11 thenﬁsign1f1-
cant progress gFan gt be made in the skew bending method of ana]ys1s |

‘ for part1a1‘y over>§e1nforced beams failing in Mode 2. The theoret1ca]
. v .

’

= .
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predictions obtained by the present theory constitute a lower bound '

solution to strength of beamS‘developing a. Mode 2 fai]ure‘

S1m1]ar conservat1sm was observed/ﬁn prestressed rectangu]ar
T /

.beams u51ng the same compa ab111ty of tra1ns Good corre]at1on was
obtained for the prestressed beams tested by Henry and Zia (1971)\y
failing in Mode 2, only when/they.nher estimated the florces in the
]ong1tud1na] m1bd st el v101at1ng their assumpt1on of comp tab111ty of
_stra1ns between stlrrups and the lonq1tud1na1 steel.  The - assumed yie]d

- f

‘ But accord1ng to tg

that at yield. In ana]yz1ng

force in the ]ong1tud1na] steel. & compatabi]ity‘

cond1tions the force-is far 1ess‘th
several prestressed rectangu]ar bea93/1n the literature failing in
f Mode 2, and part1a]1y over- rc/nforced Noodhead and McMul]en (1972)

’

reported test to theoretaca] strength ratios of 1.30 for maJor1ty of
i
,beams, more than 1. 30 for~some, and an average of 1.174.

©7.3.4 Beams Fa111ng in Mode 1
Beams of 1oad comb1nat10n 1 were tested under high bend1ng
~ moment; torque to bend1ng moment ratio equa]]ed approx1ma ly the rat1o
| > bendi Jt;e
of pure tor510naivstrength to.flexure-shear strength'1n,Series A, B
“and C.»-These'beams'failed'in Mode'l- but as described in Chapter‘VI

|
the failure was premature due to the sp11tt1ng off of the oustanding -

' flanges This occurs when the magn1tude of torsion is sufficient
fenough to cause cracking in the top f]ange which is under compress1on

" In such a case on]y the web port1on of the top f]anqe is effect1ve 1n
res1st1ng the shear—compress1on forces However ‘the full w1dth of the

N top flange can be completely effecthe*;n the fo]]ow1nq two cases:

e

IS
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(a) If the magnitude of tors1on is small enough torsional
cracking cannot destroy the top flange.

(b) If by the time the initial torsfona] cracking commence: on the .
top flange the beam attalns 1ts flexural capac1ty as that in D 3- 1
v For simplicity and conservat1ve pred1ct1on it is proposed
to neglect the outstand1ng £.01ges in isolated girders having re1nforce—
_ ment detail similar to that used in the present test program. Instead‘of‘
fu]]_f]ange»w1dth, as on]y the web portion is considered, the strength

of D-3-1 isunderestimated_gjving_Tutest/Tutheory = 1.24. If full flange'

| width is considered this ratio is_1;13. For Mode 1 fai]ures the theory
predicted the test strengths closely. The ratios of test to theoretical
1oads varied from'0.87 to 1.24 with the exception of“onefbeamdand the
ayerage is 0.98. Beams in Series A, C and B at 1oad‘combination 1 were
expected to fail in an under-reinforcedvmanner in Mode 1 as'they were
balanced or slightly over- re1nforced when transverse 1oad alone was
_ act1ng, Beams hav1ng varying percentages of transverse reinforcement
_'fafledvnear]y at the same load because of reduced effectiveness of the

top flange at ultimate. g

Ay

7.4--Interaction Behavior
v'7;4.] General | _ ,
| The net effect of a s1mu]taneous app11cat1on of tors1on '
bendlng and shear on- the strength of a member can be: expressedﬁgy an
1nteract1on surface in a three d1mens1ona] rectangular coordinate system;
‘Each ax1s then- g;iresents a type of force. Each point on.the surface

represents the st ength of a beam subJected to a certain amount of

torsion, bending and shear. It js more cOnVenient_to represent the
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1nteractj:§§bf forces on two dimensiognal d1agrams The torsion- -bending.
1nteraction curve can be obta1ned by projecting onto the torsion bend-

ing p]ane the intersection of the 1nteract1on surface and a p]ane de-
LA&:ned by the ]oading ratio of torsion and bending. S1m11ar1y the :
interaction curvesr0n the other two planes can b2 obtained. To con- -
struct a three d1méns1ome1 1nteract1on surface, the 1nteraot1on curves

on three p]anes must be determ1ned It is poss1b1e to conduct tests

and obta1n,these curves on- tors1on bendlng and bend1ng shear p]anes, but
it is d1ff1cu]t to get such a curve on the torque-shear plane as

shear force cannot be eas11y s1mu]ated without the presence of bend1ng

’ moment in a f1n1te ]ength of 2 beam.

. In def1n1ng the pure shear strength V MukherJee and Narwaruk
_v&;970) dand Henry and Zia (]97]) adopted the equations of ACI 318 63

These equat1ons are u5ua}1y tonservat1ve Hence a theoret1ca1 curve

A

based .on these equat1ors may seem too conservat1ve near the' shear ax1s
as beams may dtve test strengths in excess of theoret1ca1 predictions

- of V ; Othe’ investigators, Ersoy. and Ferguson (]968) Mattock (1968)
Noodhead and McMullen (1972) def1ned V as the shear strength correspondwng

'to the ulti

te flexural capac1ty This def1n1t10n suffers from the
d1sadvantag that V depends on the bending moment in that geometry
'f’and loadin patterns control the strength. . Further, it may,be uncon-
servative /near the shear'axis {; a premature shear.failure>occurs
: In_the ?fesent investtgation e latter def1n1t10n is used in present-

lng the /two d1mens1ona] 1nteract1on dlagrams
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.7.4:2 Interaction of Torsion, Bending and Shear at Cracking
| The resu]ts of 1nteract10n between torsion and bending at
' crack1ng are presented 1n Fig. 7 1. It can be observed that the 1nter-A

action behav1or 1s 11tt1e affected by ‘the amount of web re1nforcement

~ and that except for beams with: st1rrup spacing at § 1nches in Series

. A and c, sma11 amounts of bending moment helped. in 1ncreas1ng the tor-
s1ona1 crack1ng Strength. The reason for the absence of such an in-
‘crease for A-5—3 and C-5-3 is the smaller prestress for them than that
in corresponding beams A-5-4 and C-5-4. The max1mum increase Was about
'12 percentA The crack1ng torque was greatest when the app11ed bend-
ing moment was equal to the 1nterna1 moment created by the eccentr1c
_prestress ~In other words a beanm exh1b1ted h1ghest crack1ng strength
when the normal stress due to pr tress and ‘bending was uniform in all.
) the series. The torsional strength at crack1ng did. not drop below the
pure tors1ona1 crack1ng strength unt11 the coex1st1ng moment- was about
60 to 70 percent of bend1ng shear capac1ty at. crack1ng, As expected
increases in level -of prestress 1ncreased ‘the cracking Ioads for all
load comb1nat10ns Tho beams did not have tens1on due to prestress:alone
A theoret1ca] cracking curve 15 p]otted for each series in pz’i"
accordance with. Procedure 2 of Method 1 crackinq analysis If cracklng '
1n1t1ates in the web it is assumed to occur at the centro1d of the web.
For Mode 3, ini t1a1 crack is a55umed to occur on the face of the top flange
ata d1stanceofha]fthef]angew1dthfromtheedgeofthesupport1ngp]ate
oftherestra1n1nghead,1 e. ,8 in. fromthecenterofsupport
7.4.3 Interact1on of Tors1on, Bend1ng and Shear at - U1t1mate
‘ The non- d1men510nallzed lnteract1on curves at ult]mate between
torsion ~and shear,. and tors1on and bending are shown in ng 7 2 through ’
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FIG. 7.3 THEORETICAL NON-DIMENSIONAL INTERACTION'CURVES AND TEST RESULTS
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ZLS. In non: d1men51ona1121ng the forces the shea:—f]exura] capacity of

beam§g1n Ser1es C is taken the same asthat of Ser1es A The on]y

‘fference between these two serées is eccentricity of prestress

" Flexure-shear tests ara made on beams with stirrup spacing at 3 inch

centers and it is assumed that the variation of st1rrup spacing does

not affect the flexure shear strength Pure torsional tests in

Series C beams w1th stirrup spacing at\4 1nches, and 1£;§E?1es B with

stirrup spacing at 4 inches and 5 “inches ere not made For interaction -

- study, these strengths are obtained from*ﬂure torsion tests strengths

of the same series ‘with stirrups at d1fferent spacing, by adding or
subtract1ng_a§/the case may be, the d1fference 1n thi contr1but10n of
stirrups towards the torsional strength as obtalned by theory.

» j It is ev1dent from F1g 7 2 that the tor51on shear 1nteract1on
curves are remarkab]y similar to the torsion bend1ng curves. . This is
partly because the contro] points on the bending and shear axes are ob-

tained by tests, and in flexure- shear tests shear fai]ure did not. occur

prior to the attainment of f]exura] capacity whether the beams were

.under re1nforced or over- re1nforced flexurally. Exam1n1ng F1g 7.2,
"1t becomes ev1dent that with the except1on of Ser1es C having the 1owest
»eccentr1c1ty, the torque capac1ty in comb1ned 1oad1ng increased to a

peak va]ue and did not fa]] below the pure tors1ona1 strength until the

bending moment was' about 40, 55 and 65 percent of the pure f]exura]

strength 1n Ser1 3, D and A respect1ve1y This 1ncrease was about

6 to 12 percent beams in Ser1es A with the hlghest eccentr1c1ty Showed

the h1ghest increase. Regard1ng the magn1tude of increase 1n the tor.

~ sional strength these test resu]ts differ s1gn1f1cant1y with the ob~

L
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servations of Bisha: . (1969) who reported the increases in tarsional
strength as much as 100 percent in‘the case of 1 beams withvstirrups
under combined 1oadings. In non dimensionalizing the momentﬁiBishara
used theoret1ca] pure—tors1ona1 strength. The bending strength was
reduced only 6 and ]5 éertent of the pure bending capacity when the
app11ed torque was 75 and 90 percent of the pure tors1ona1 strength for
Ser1e§4@%and A. For Series B though des1gned to achieve a square inter-
~action curve this was.not obtained due to premature failure of the

compression zone. This premature fa11ure was ev1dent 1n vary1ng degrees
in other seriesf While the ga1n in tor510na1 strength above pure
'tors1ona1 strength w1th small amounts of bend1ng and shear was more
gradual.;- the dec11ne in the tors1ona1 strength beyond the peak with
further 1ncreases 1n‘other'forces was very Sharp. : o "

| For Series C, all the beams at load combination 3 had 6 to
10 percent’ less prestress than the correspond1ng pure tors1on beams .
This might have been responsib]e for the absence of gain in the tor-

sional strength above pure torque capac1ty for the beams at 1oad combin-

:‘ .

:’-"&" : -
*R

The test strengths represented by po1nts are non-

d1men51on‘%ﬂ;ed by the theoret1ca] T ’ and Myo: The thepretlcal shear- -~

L_‘.

f]exura] capac1t1es of the beams A-3- 0, B- 3 0. and D 3-0 are 684 7, 691 2

H

and 464 5 in. k1ps, respect1vely ' These dlagrams 1nd1cate the c]ose
pred1ct1ons for Mode 1 and conservat1ve pred1ct1ons for Mode 2
) Beams that fa11ed in Mode 1 have magn1tudes of bend1ng moment

and torque assoc1ated with the-corner reglqn ‘away from the coord1nate

v B
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"axes'of the nearly rectangular torque-moment 1nteract1on diagram. .These

t

test results are closely pred1cted by the theory of Mode 1 and the

s

- failure torques are of the same order as those assoc1g}ed with Mode 2

failures. The theoretical torque in Mode 2 in some cases is slightly
less than that in Mode 1 as the Mode 2 failures are conservat1ve]y
"predicted- by about 20 to 30 percent on the average. Therefore it is
necessary to deter“

L\ .

‘,.fai1ure This transitdon occurs at a particular T/Vb ratio wh1ch must

Bat.which T/Vb ratio Mode ] changes to Mode 2

be established from the tests Sutf1c1ent_test results are not‘accumu-
lated hereato f1nd the trans1t1ona1 T/wa ratio; However the transition

‘can be reasonably assumed_to occur at a‘T/wa ratio where the predicted
bending moment in Mode.f becomes greater than that in Mode 2.

7.5 Application of Theory to Beams in Literature-

| " The theory presented in Chapter IV was app]1ed to severa] I
sect1on beams reported in the ]1terature The test and theoretical .
strengths of spec1mens fa111ng in Mode ] and Mode 2 are furnished in

'Tab]e 7.6 and 7 7 respectxve]y If data reported)\\\some/cases con-

- cerning the stress-strain character1st1cs of strands ‘Was 1nadequate |
missing 1nfonnat1on was ®btained from standard stress strain curves |
4ava1]ab]e from the publication by 8r1t1sh Ropes&tlmlted 1967

o b The I beams of Gause] (1970), and. wyss and Mattock (]971)
exhibiting Mode 1 fa1]ure were analyzed and the theory has predicted
the test strengths within three percent on the average T test/T theory
ranged from O 90 to 1. 14 One ha]f of Gause] s beams did not have web

&

relnforcement in the test zone and the other ha]f had. - The corre]at1on )

e
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' TABLE 7.6 ‘_/é
» . . R . ) - ) " .
’ COMPARISON OF TEST AND THEORETICAL ULTIMATE ;
. MOMENTS FAILING IN BENDING MODE. (MODE 1)
- . ‘

T Stze and Test Results Theory T, test
investigator Beam f' _Prestress [Eccentricity -spacing : T thesry
‘ No. vc force ’ of stirrups u Mo Tu . Mo u theory

(psi) (kips) “{in) in inch .(in-kips) (in-kips) (in-kips} (in-kips)
9 8236 70.84 2n -- 2.2 %86.08 "46.77  650.07. 090
10 7483 69.70 2.29 - 55.0 1 586.08 - . 51.23  548.20 1.07
N 7el0 - 6454 t2r T, - - 759.00 -~ . T67.82° ..
L2 7653 62.£0 2.25 .- s2.7  607.20 aR.38  563.2 108
13 874y 66.08 2.26 S . ,59.4 595.32 ¢4 29 €24 89 1.09
4 7923 . 66.56 2.32 -- 52.7 649.44 2772 5R1 06 e £
z“]’;%; 1574 67.92 2.32 e e 65.3 541.75 63,90 -S38.69 1,017
Y6 - 7085 7.36: 2,29 65.3 541.75 65.B¢  S1658  0.99
9o - 7384 7084 © 2.3 #2863 82.2 651.20 83.50 - 669.93 .97
04 - 6887 69.70 2,29 . #2963 66.4 586.10 67.66 - 53550 1.
. 7597 64.58 2.27 020249 52.7 "759.000 .36.43 668 F3 i1e
' 2 7795, 62.60 2,25, ez283.33 n.z 607.00 6473 547.06 i1
13w 8335 66.06 2.26 ©#202.88 80.7 :595.30  72.33. 533.76 1.12
138 8094 66.5€ 2.32 " e2a 2.8 75.9 518,00 RS 529.82 0.37
5 15 6943 67.92 . 2.32 28297 84.0 541.80 82 04 52916, 1.62
T . PR )
6W 6659 67.36 2.29 20297 759 a16.70 884 530 3] B 90
P) v Everage 1.94
Bl g 7100 217.4 . a.86 LR 65004 0 ED60 4 -
B3. 5950 220.2 498 #2ag 368.%8 4108 5 3837 39215 1
E B8 7350 226.5-. 505 ey 393.5 a2sme W6 AT a1 & Ik
:;f:og'k?d 85 7300 230.9 501 - #deg 192.8 452¢.4 3857 43360 R
RECIEAE B6- 7050 | 224.C %97 S esag ‘3851 23352 e ey Lo
. BE 6650 - 223.2 4.96 “wes 4777 42060 & R 3wy 1 e
A B3 6740 2175 4.93 e6 450.C 4232.4 4388 4291 .8 MR
: 810 7050 219.e 4.51. TR 430:3. 7 2232.4 246 2 2330 7 %3
B11 . 7300  218.1 4.98 - 33 9 LRI I TS o949
. Average o
- (o %
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w1th the test strengths has been egq a11y good in both cases.

;7 Wyss and Mattock reported the outstandﬁng f]anges sp11t away
‘ from the girders at u1t1ma2 . Because the hor1zonta1 legs .of the stir-
rups were separate bars and did not have the full deVe1opment length
their contribution to the’strength'is neolected However it can be
ncted that in Mode 1, the ‘number. of hor1zonta1 legs of the stirrups
1ntersected by a fa11ure crack is usually one or two and in the g1rders
of Wyss et a] none because of the h1gher 1nc]1nat1on of the crack to
the axis of the beam and the‘narrow web Even if the 1ntersected
horizontal legs are assumed to yie]d ani thefr Strength contribution
taken into account the d1fferehce /”astrength is on]y of the order of
1 to 3 percent. In the1r case there fi no. contr1but1on from the hori - h
~zontal 1eos For the reasons stated in eft1on 7.3.4, the outstand1ng i
flange parts were neg]ected in ana]yz1ng Gausel's beams. |

| Severa1<fu11 sca]e I girders, prestressed and non p 2stressed,
tested under pure torstoh by Wyss, Gariand and Mattock (]§69) werev |
'also anaiQQEE These heams failed in Mode 2. T test/T theory var1ed
from 0.81 to I 37 for prestressed and re1nforced g1rders On the -

Y

" -average the theory over predicted the.strength by only 2 percent.



_CHAPTER VIII
) ,
SUMMARY AND CONCLUSIONS

éi] Summarj
This ?nvestigation was devoted to the study of the behavior
of prestressed concrete I section beams loaded in'combined torsiona\ H
bendipg and'shear. The exper1menta] phase of.this study cons1sted 6?31
4
tests on 44 eccentr1ca1]y prestressed I bkams to eva]uate the effect
of eccentr1c1ty and level of- prestress, vary1ng comb1nat1ons of torsion,
bend1ng and shear and rarlods amounts of transverse reinforcement on
the behavior and strength of these beams The ana]yt1ca] phase -of the
study included strength pred1ct1ons at crack1ng and u]t1mat§‘of pre-
'stressed concrete I beams Test resu]ts were dqscussed, -and theory Wwas
app11ed to the beams of the present 1nvest1gat1on and that of others,
The’E)llowlng conc]usxons are drawn, based on the flnd1ngs
'of the tests reported here. "K°f
8.2 Cnnc]usions o
l. Prvstrossed concrete 1 beams subJected to torSIon..bendlng,

_ andbshear can deve]op lnltial cracks elther on the/top face, on the web
or on the bottom face The iEcat1on of the 1n1t1a] -crack depends on the
re]ative d1men510ns of the cross- sectlon on the magn1tude and eccentr1c1ty
of prestress, and . on the relat1‘ amounts of torsion beﬁd1ng and shear

2. An increase ln prestress causes - correspond1ng 1ncrease 1n the
kcrack1ng torque of prestressed I beams, 1nvtwatlon oﬁ,crack1ng appears
v to be governedJmore‘by the total prestress rather than- stress at a'bownt

. 202
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3. Moderate amounts of bending moment increase theitorsiona]
cracking strength. This is greatest when the applied bending‘moment iss
equal to %he internal moment created by the eccentric prestress Bend1ng

\moment a]ong with the corresponding shear in excess-of an optimum amount
results in rapid reduction of the torsional crack1ng strength.

4.- Prior to cracking the in?tia] torsional stifness is nearly in-
dependent of the amount of transverse reinforcement, and the magnitudes
of torsion bendtng end shear However the secant tor51ona] stiffness
at crack1ng is h1gher for the bears ‘loaded at a very Tow T/M ratio than
for beams loade¢ a a high T/M ratio. Flexural’ st1ffness of the uncracked
section is unaffected by the presence of tors1on | )

| 5. The three d1nens1ona] finite element analys1s developed here
L'us1nq hexahedrons pred1cts conservat1ve1y the cracking strength of pres-
.tressed and reinforced concrete beams subJected to comblned 1oad1ngs
Th1s method of ana]ys1s 1s more conservat1ve for the case of web cracklng
.“1n I beams than that for crack1ng at other 1ocat1ons on the cross sectlon .
The theory estlmates the test strengthczlthln 26 percent on the average
The torsional and flexural stlffnesses at 70 percent of the test crack1nq
strength can be satlsfactorjly estlmated ghis ana]ysis has reinforced - : |
the possibility of neg]ectlng the 1ntermed1ate pr1nc1pal fens11e stress
in formu]atlng the failure criteria of concrete for s]ender beams.. | \\\
v6. Assuming full p]astlc distr1but1on of torsional shear stress
_and elast1c distribution of stresses due to other forces, and using the

pr1nc1pa] stress fallure cr1ter1a coup]ed with the tensile strength of

: concrete whlch is est)mated equa] to the splitting tensile‘strength, the



/

204
\

cracking'strengths-are conservativelyupredicted. This method also,
like the finite element method proves to bé more conservative for the -
case of web cracking than that for crack1ng at other locations on the
Cross- sect1on The case of the web crack1ng is more c]ose]y pred1cted
if the 1n1t1a1 crack is assumed to “pccur at the centroid of the cross—
section. The theory conservat1ve1y est1mates ‘the test strength within
17 percent on the average

7. Similar to re1nforced andkikestressed concrete rectangu]ar

beams, prestressed I£§eams can fail in skew bending elther in a bend1ng

mode (Mode l) or a tors1éh mo?e (Mode 2) " The bendrng mode of fa1'ure

‘1s chara&ter1zed by the format1on of a compress1on hinge in the top

flange Jo1ned by an approx1mately cont1nuous tensile crack on the other
- _

three sides. The torsion mode (Mode 2) is recognwzed by a near]y con-

| t1nuous tens1le crack on the two flange faces and on one s1de of the web

Based on the type of crack patterns observed, 1t is concluded that the

_j]ocatlon of the compress1on h1nge is close to one face of the web rather

than along the sides of the f]anges : ThTS location is in ‘Tine with the

f1nd1ngs of Nyss, Gar]and and Mattock (]969) and in contradlctlon w1th

'that suggested by Gvozdev et al (]968) and by Woodhead and McMu]len (1972).

8; The failure mode need not be the same as: the initial crack1ng
mode, for examp]e -as in the case for beams of ‘this 1nvest1gat1on subJected
to puremtorSIOn

‘9. Iso1ated I beams w1nh wgb relnforcement such as those tested.

\v1n the present 1nvest1gation in whlch the compress1on zone is not provzded\

'with any anchored b1nd1ng relnforcement may fa11 in an over- rewnforced
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manner, even though such I beams are under reinforced in pure tors1on

~and in pure, bend1ng The reason for such behav1or resu1t1ng in pre-

b, mature failure and lesser strength is ‘the reduced effectiveness of the

compressed flange res1st1ng ‘the shear- compress1on forces because the
outstand1ng fTange spT1ts off due to torsionally 1nduced crack1ng However,
it can be’ expected that such a premature failure can be a\o1ded by .pro-
viding conf1n1ng re1nforcenent in the compre551on fTange |

10. The configuration of the web reinforcement used 1n the present
1nuest1gat1on can adequate]y res1st tors1on -The vert1ca] Tegs shou]d
cont1nue across the fuTT width of the-fTange. It is not‘necessary to 'j.v
use c]osed‘rectanqu1ar stirrups as a webnreinforcement

11. The addition of web reinforcement 1ncreases the strength and .,
duct111ty of beams under pure tors1on and under comb1ned Toad1ngs

| 12. The minimum amOunt of web ‘reinforcement used 1n th1s‘1uvest1-

gat1on corresponds approx1mate1y to that suggested by Hsu - (1968d) for

- reinforced concrete rectangu]ar beams with s1m11ar width and depth

T e

d1mens1on of the st1rrup This minimum is sufficient to enable the beam
under pure tors1on or comb1ned load1ngs to fail at Toads in excess of
crack1ng loads. | _

13. The-uTtimate strengthIOf prestressed I beams subjected to
comb1ned ]oad1ngs can now be pred1cted by the theory presented in |

Chapter Iv wh1ch is based on a skew bend1ng fa1Ture mechan1sm tak1ng into

account straln compat1b111ty The bending mode analys1s presented here

takes into account the sp]]tt1ng off of the outstanding compression flange

due to torsional crack1ng and the resuTt1ng premature fai]ure by neglecting
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the flange tips. If the amount Qf torsion applied is small such a
premature fajlure may not occur and the full f]ange~width can be con-
sidered effeetiye. For such cases. if the dutstanding flanges a}e
negiected,:the analysis yields cbnservative results. The agreenent' ‘
‘H%Petween the'test and theoretical resd]ts is goodl(Tu test/Tu theory'=v0.98)'
'for‘bending mode fai]ures L | |
| The tor51on mode ana}ySis can be appiied on]y to beams rein-
.forced 1ongitud1nai]y and transverse]y and. it predicts the test strength
.conservative]y, the prediction of strength is reasonabiy good (Tu test/
Tu_theory 1.20) for beams under pure torSion, but: rather conservative'
for combined loadings (Tu test/Tu'theory = 1.32). |
"14. Until a more éccurate assumption concerning strain eompatibiiity |
conditions of reinforcement iS'estabiished, significant progress cannot
be made in the skew bending methbd of anainis for partially over-
reinforced beams. failing in Mode 2. \
15. The post cracking torsionai and flexural stiffnesses depend
“ primarily on the_ioadinq ratiq and also on the amount of reinforcement.
'and‘eccentricity of prestress. b | | |
'i6. In web reinforced beams- as iong as - the web reinforcement is
sufficient to preveni failure at cracking, the torSionai and the f]exurai
ducti]ities do not vary siqnificantiy as the web: reinforcement is varied
' ‘]7 Torsiona] and fiexural ducti]ities depend mainly on the 1oading

ratios ‘Rotation capac1ty at u]timate reduces. as,the T/M ratio decreases,

or 1eve] of prestress increases. : ﬁ
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APPENDIX A ’ o ¢
'A.lv Torque- Tw1st and Loa-- Def]ect1on Curves
Torque versus angle of ‘twist and 1oad ‘versus deflection

curves for beams tested in the experimental phase of the'program are. .
presented in Fig. Al through A20. FEach figure contains curves for
' sereral beams and for clarity tHe origin ef each curve is offset 5y

a fixed magnitdde Torque-twist and ]oad def]ect1on curves for each
’beam represent the entire range of 1oad1nq In some -cases the
curves dur1ng the 1ast‘1ncrement of loading are shOWn'es-broken Tines .
‘since.meaSUrements could notvbe‘available.v In the 1oad-def1ectiqn
'curves of>a'few beams,‘the last point on tﬁe curre represents the
- twisting of the beam w1thout any 1ncrement in bend1ng 1oad |
A.Z Typ1ca1 Failure Crack Patterns

| - Sketches of typical failure crack patferns for the beams

in the form of developed surfaces are shown in Fig A21 through A32.
- ~The ]ocat1on of the trafisverse 1oad 1s shown by cross hatch1ng on the -
Lop fucc of beam; this serves: to identify ‘the ]ocatlbn of "the fal]ure
surface relative to the transverseﬂload. v : o /j)
A.3 . Photographs of;Beams | _."v o : v >

| The ﬁhotograbhs of fhe'beams indiceting the devefopment
of the crack patterns dUriné the test.are shown in P]ate Al
thrddghlblate A7 .- Ferveach'beam views of the sourth and north
~ faces on which shear stresses due to tors1on and shear. are

respect1ve1y add1t1ve and subtract1ve are presented
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APPENDIX B
THREE DIMENSIONAL FINITE ELEMENT ANALYSIS

B.1 Genera]

+is computer program relates to a three d1mens1ona1 finite
e]emert ana]ys1s for pred1ct1ng the cracking strength of concrete beams -
‘subJect to comb1ned 10ad1ngs A genera] descr1pt1on of the program,

‘formulation of e]ement stiffness, and- a 11st1ng are given be]ow

B.2 _Usage\and L%mitaﬁi;hs o

The program was wr1tte: n:the Fortran Iv Language for the
IBM 360 67 1nsta11ation operat1ng under MTS at the University of Alberta,
Edmonton It s hardware dependent and will provide a solution for

problems that do no; ei@ied the fo]10w1ng s1ze

Number oéyelements ﬁ)~'vt560

S e o

Number ?f nodes . - -.2950

Number»of materials . qu |

SRy

‘*The ]1m1ts can be eas1]y extended by chang1ng ‘the D1mens1on statements

¥

- provwded the mater1a] used is the same. Even sma]] three d1mens1ona1

bvﬂproblems requ1re Iarge storage and computat1on t1me In such prob]ems, ;
,the system st1ffness matrix requ1res most of the share of the total
storage. Economy in the storage of the: stiffness matr1x can be ach1eved
recogniz1ng 1ts banded nature and smmmetry g Further economy can be )
effected by generat1ng the st1ffness elements 1n b]ocks and transferring .

’the data to aux111ary storage keepihg only. two blocks in core for current

239 Lj,'de o o
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> . ' I 260,

computations. In®the present program, only two fixed size square blocks

t

are in core, each block having a’size of one-half band‘Widtht This

method hence requires only (2 half bandwidth fhalf band width 4.1})
: : rJ . - )

words of in—cbre’storage Thus there is only a 1imit on the half band

W1dth, and the total number of equat1ons that can be solved is un11m1ted
Using 'this program a prob]em hav1ng a one- ha]f band w1dth up to-300 can
be solved by the - IBM 360—67 computer with a usable memory‘of ]024 k.

However with ]arge systems of equat1ons round of f starts to p]ay an

. 1mportant role. A c]ear remedy is to do the computations in double -

precision.  But this‘roughly doubles the core storage requirement.
Above a1l there is a 1imit on the time of computat$%n, one would not

1ike to exceed. Hence it is recommended that the band w1dth be limited

“to 200 w1th a maximum number of equations. -/ \

B.3 Salient Features - , e A ..

A two dimensional finite element program with a block solver

. for solving equations, developed by Wilson (1966), and an‘equation solver

coded by. Gopalakrishnaiah (1973}; formed the basis in the deveWopment
of this program. An eight node'hexahedron is used in th1s program for

the three d1mens1ona] track1ng ana]ys1s of reinforced and prestressed

~concrete beams -The same elelent 1s‘spec1a11zed for a tr1angu1ar prism.

o

8;3.1 Improvement of Bending Performance;

. ' Before use is made'of any element in an ana]ysis it-ts desirabie"
to test 1ts performance in structural. 1dea11zat1ons made of . beam type
structures. o C]ough (1969) has shown that eight noded hexahedra cannot

adequate]y represent_p]ate'bending mechanism though its performarice is
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good in short“deep beams.'dHowever, baséalon Comparison of several ele-
ments he recommended an eight node element fpr analysis of general
e]ast%c so]ids 0Gopa]akrishnayya (1973) used eight node bexahedra in
the ana]ys1s of the cracking. of earth dams His formulation, althougn
'not meant for bend1ng prob]ems, has poor bend1ng character1st1cs for
beams of usua] proportlons even atvanvaspect.rat1o of about 2.5.

Hence as suggested by Ni]son (1966)“'the éeneral hexahedron
e1ement is mod1f1ed here to 1mprove 1ts bending behav1or The modifif
cation cons1sts of the add1t1on of extra -degrees of freedom, w1th1n
the'e1ement. Th1s causes a violation of inter-element dlsplacement

compatibilfty The genera11zed d1sp1acements assoc1ated L1th the extra

degrees ‘of freedom within the element are eljmlnated at the element -

‘1eve1 after the element stiffness is formed by static‘condensationt‘-The

- resu]tjng bexahedron has significant]yrimproved_bending characteristics.

B.3.2 Data Transfer in Solver

The structure st1ffness matrlx is generated in blocks and
‘so1ved 1n blocks, keeping only two consecut1ve b]ocks at any time in
the core; econom1z1ng the requ1rement_of core storage. This process
requires transfer of data from sequential dist.files'to core and v{ce—’:

iVérsa An eff1c1ent method of data transfer between core and disc
v% -

b'f11es us1ng certa1n system or1ented subrout1nes and appropr1ate equrva—

: lent statements resu]t1ng 1n con51derab1e savings in the. cost of com-
”putat1on has been ava1]ab]e (5011 Mechan1cs report number 20, Un1vers1ty'

of Alberta, 1973) and is used in the program

241



242

B.3.3 Element Stiffness Formulation .

0
The stiffness is the same for elements of same size and orien-

tation prov1ded the mazerial is same, wherever they occur in the model.
Further economy Jn computat1ongt1me is ach1eved by formulating the
e]ement stiffness on]y once for a group of identical elements and stor1ng

it in a sequent1a] disc file for subsequent use by an identical e]ement

L)

B.3.4 . ‘Solution of D1fferent Load Vectors

. Co . . .
- % . If more than one 1oad1ng cond1t1on 1s to be solved economically

N3
it is not necessary to invert the stiffness matrix for every load vector.
Hence, the reduced matrix is stored in a temporary sequential d1sc file

and used every time for reducing’ the new load vector. - This facilitates

solution of several prob]ems w1th 1nvers1on _mdde only once.

’

B.4 Description of‘Subroutines |
| The computer program uses e]even subrout1nes with the main
program.‘ Further, it requ1res the fo110w1ng system oriented subrout1nes
in connect1on with data transfer between core*and aux1]1ary storage
RCALL, SETDSN ADROF WRITE READ, NOTE, P@{NT
Add1t1ona]]y, another system subroutine TIME computes.and prints the
CPU'time The details of these system subroutines can be obta1ned from
the MTS system manua]s A brief descr7pt1on and purpose of'each of'the
eleven subrout1nes used,’to11owsrﬁ Figure B.1 shows the order of c3j1ing
the sUbroutinesw e ‘ i | |
MAIN PROGRAM o E o o o

| The main program ca]]s subroutwne THREED. The dinensions of

'certain arrays depend1ng on. the one~ha]f band width and s1ze of the -

o I
’?
8 :



o

subroutines

ey

FIG. B.1 ORDER OF CALLING Sg{ROUTINES

M‘AIN‘
THREED" _
READIN ASTIF BANDI = STRESS
1 2 -5 6 |
— 3 T S
ELSTIF - MODIFY - ELSTIF - PRINCI
3 - 4 7 8
i
- YMAIN : Changes dimension ‘ . l -
: statements as per size ~ POLRT . EIGEN
of program ' 9 10
~ THREED : Calls all subroutines ' o
.1 READIN : Reads and outputs nodal, element, material data
2 "ASTIF < Forms .system 'stiffness ’
3 ELSTIF : Assembles el'emq'nf stiffness _
4 MODIFY : Modifies displacement boundary conditions
5 BANDI : Solves equations | |
6 STRESS : Prints s_tresses.'
7 ELSTIF : Com’pures. stresses
8 PRINCI : Calls POLRT and EIGEN
9 - POLRT -: Computes prin'cip.ol stresses |
10 EIGEN . : Computes principal stress. directi.o'ns_ '
Note : Numbers représ'ent"fhe order of execution of .
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problem are supplied to other subroutines.
THREED |

This subroutine calls all the other subr0ut1nes, computes
modu]us matr1x and the coefficients necessary for numerical 1ntegrat1on
It further reads load vectors for each prob]em, if more than one loading

condition is studied¢ S : ' o - -

N
1

READIN | ' R
| This subroutine reads the nodal data, e]ement data 'matékfai
properties and the first loading condition. It computes the one ha]f S
band Width READIN incorporates a data. generat1ng fac111ty not—on]y ‘%‘.a{A
across the cross section but a]so along the length 1f needed on]y a . ’ ;f ‘ .
minimum amount of 1nformat1on, is then négiid as 1nput to spec1fyuthe iﬁ“ﬁylf'f

problem topology and geometrics. , _'_n'.; L ' "*#.;5?-?otéfh.

(RS ‘ » . . BT
e
AP e R K

ASTIF B ' S
This subroutine assembles the ]oad vector arid the sy;tem }if”*ﬁf
_st1ffness matrix after obta1n1ng e]ement st1ffness ;rom subroutlne ELSTIF
The assembly is through a direct st1ffness approach Element st1ffness
contr1butlons are directly added to the structure st1ffness by uswng a _J
_51mp1e 1abe]11ng techn1que in b]ocks of f1xed size (ha]f band'w1dth) x‘:
(half band w1dth + 1) - Subroutine MODIFY, called for each’ node, 1mp1e—:
ments the d1sp]acement boundary conditions in b]ocks ' As the blocks are
formed they are stored in a temporary sequential disc f11e (f1]e number 2).
At the time of formatlon and subsequent so]ut1on of the stiffness equat1ons,v
only two consecut1ve blocks are needed in the core at any t1me Hence
storing of other blocks in aUx1]1ary storage, not needed for the CUrrent

Py

computat1on saves core- Space, a]]ow1ng the SO]utﬂQﬂqu larger problems

-~
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ELSTIF v
This subroutine fbrmulates the~element stiffness matrix and
stores it in a temporary sequent1a] d1sc flle (file Number 3). ‘The ASTIF

The subroutine

1s skipped if 1t has a]ready-foﬁ%ed once the st1ffness of an e]ement

‘hav1ng the same size and or1entat1on. It further calculates the e]ement

and nodal stresses and strains’ when cal]ed by subroutine STRESS. ke

Mova | o A | Rk
-This subrout1ne mod1f1es the stiffness matrix and. the load

Vector 1n accordance w1th the d1sp1acement boundary conditions.

| BWIDI |

~This subroutine so]ves in sinq]e precis1on the mod1f1ed

st1ffness matrix equat1ons in blocks, by the method of d1rect Gauss

e]1m1nat1on For redud€1on or‘backi"ubst1tutlon only. two consecut1ve'

a

-b]ocks of the st1ffness matr1x are requjred in the core B1ocks are
transferred from disc f11es to core and v1ce -versa when required' For
- reduct1on, the structure stiffness matrix is obtained from_fi]e Number
2 as formed in ASTIF. The 'redu‘eed equations used for back ‘substitution
Aare stored in file Number 1. | | | | |

| If more than one load cond1t1on is to be solved, it 1s not
‘.necessary to invert, the matr1x each fime The same reduced matrix
ava11ab1e in file Number 1 is stored once for all the load cond1t1ons
in fi]e Number~2 where prev1§ﬁs1y unreduced st1ffness elements were
available. For so]v1ng .each new. loading condition the reduced matrix
 is-read from file Number 2, coMputations using the new load vector are

A

comp]eted and the equations are then stored in f11e Number 1. Back



- substitution is carried on from file Number']~as,before. f\35 '2'
STRESS o
| The subrout1ne computes stresses and stra1ns by ca]lrng sub\\\e
routine ELSTIF It also calls subrout1ne PRINCI for ca‘cu]at1ng pr1nc1pa1
. Stresses and the1r d1rect1ons
: PRINCI .

This subrout1ne ca]]s subrout1nes POLRT and EIGEN for the. com- |
putatlon of principal stresses and- the1r d1rect1ons
POLRT ‘

Th1s is a subrout1ne of the IBM SS package and calcutates the
prync1pa] stresses,‘by readlng e]ement and nodal stresses computed 1n\ |
ELSTIF. B L e
“EIGEN |

. . .
oL .

Th1s s another subrout1ne from the IBM SS package and computes

the pr1nc1pa] stress d1rect1ons.

8.5' Changes Necessary in the Main Program:Before Execution

| The d1mens1on.dec1arat1on of certain arrays in the prooram is ﬁ
to be in accordance w1th the one- ha]f band w1dth and number of equatwons
- of the prob]em to. be so]ved Th1s can be accompllshe%?1n the ma1n program s
w1thout recourse to the rest of the progmam once these d1mens1on vaTues -

-~

are known exact]y Because of a f]ex1b111ty prov1ded the program can
be, termxnated after the generatlon and output of the geometry of the
.prob]em, number o* equat1ons, and one- ha]f band N]dth Th1s a]?ows to
check the input data and gives the values of ‘the one- ha]f band w1dtnwand

'number of equat1ons To execute up to th1s stage, some arb1trary values

~can be aSSIQHEd to the cne-half band w1dth, number of equat1ons, and
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program run. Once the exact vaTues are known, d1mens1on and equ1va1ent

statements are set accord1ng]y in the main program and executlon ﬂs

~.

vallowed to continue unti] the end The statements requ1r1ng a change
4R the main program are deta1]ed below: .~ S f’:”i;ffﬁi?

MBI

l

Ha]f band width (MBAND)-

H

~ NLD = MBAND X Number of blocks _
'~01ﬁgnsroﬁ'é(NLu), #A(MBAND, 2 X MBAND) , BL(MBAND);;BR(MBANDT; AL (MBAND. X .;Y“T'x
~ MBAND), AR(MBAND X MBAND) ' v e A
EQUIVALENCE (B(1), BL(%QB(MBANDH), BR(1 )), (A(T 0L ALY, |
(AT MBAND+T) AR(1)) S

'B 6 Gauss Quadrature Load Cond1t1ons, and Output

| The computer program permits the use of beth a hexahedron or
a tr1angu]ar prtsm whlch is spec alized from the hexahedran Two. po1nt
iGauss quadrature is used in the 1ntegration of. the element st1ffness
matr1x In the case of a tr1angu1ar pr1sm, as 1t is formed by comb1n1ng
two pa1rs of nodes of hexahedron, to avo1d quant1t1es a]]ow1ng to tend
| to 1nf1n1ty,_stresses and strains are computed very c]ose to the nodes :
but not exact]y at the nodes. |
) | The program prov1des for the soTut1on of any number of Toad
cond1t1ons w1th the 1nver51on of st1ffness matr1x accomp]1shed only
“once Noda] code va(?g - ] 1s to be spec1f1ed fqr the ‘nodes where
forces are spec1ffed for d1fferent load cond1t1on§ By supp1y1ng unlt
we1ght of the mater1a], the se]f we1ght of the beam can be taken 1nto
o account - o B ”_’ o .;" '

The output from the’ program conswsts of a reprint of ak%\the

1nput data, hodal: d1spTacements, and e]ement and average nodaT stresses

PSRN
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and strains. It also 1nc1udes element maiTﬁum‘shear stréss, principal
stresses and stra1ns and their directions at the centre, on the re-

/

quired faces, and at each node.
. o ]

B,7 Estimation_of Comoutation Time :
| It is advantabeous to estimate in advance the timevrequired
for the solution of a 4rob1em. The computation timevessentially'con—
sists of amounts of tile“required for the calculation of element stiff-
ness, assembly of structure stiffness, solution of edui]ibrium equations
and computation of st;esses and strains. Once the number of elements, |
pnodes and one- ha]f bdnd width of a model are known, th;‘computation
time can be reasonably eva]uated
Time requwred for one e]ementvstiffneSS'formu]ation is approxi;-
' mate]&'Z.SISeconds 1 As st1ffness is not formed for 1dent1ca1 e]ements,,
| “the tota] time for st1ffness formu]at1on may. be obta1ned by mu]t1p]y1ng
the number of groups of d1ss1m11ar elements by 2.5 seconds Time requ1red
for stress calculat10n can be arr1ved at by mu]t1p1y1ng the number of
nodes by about O 5 seconds Based on the so]ut1on of severa] problems
of d1fferent 512es (d1fferent one-half band widths), it has been poss1b]e ‘
to draw a re]at1onsh1p between the average computat1on t1me requ1red for
- the solution of eQUat1ons in one block and the one.half band width. This
re]at1onsh1p is furn1shed'1n Fig. B.4. " As the so]utlon time for a
.g1ven number of equat1ons and band w1dth depends on the number of dis-
.placement boundary conditions 1mp1emented the time pred]cted by means of'
‘FIg B. 41s approx1mate in a s1tuat1on dxfferent from the ones used to. B
plot the curve in this figure. Total so]ut1on time of equat1ons may be

approximated‘as the product of the number of blocks and the time required -

Ree

Vgl
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for one block as obtained fFam Fig. B.4.
\

to represent its boundary displacement condition.

1dent1fy varlguswbouﬁdary displacement conditions aﬁé detai]ed_be]ow:

" B.8 Code for Nodes

252

tach node is ass1gned a code consisting of a two digit number

The codes used to

‘ X force 4 Y force Z foroe
- Code or displacement ‘or displacement or displacement.

00 X;force Y-force ~ Z-force’

01 X-force Y-force Z-displacenent

02 X-force Y-displacement Z-force

03 " X-displacement Y-force Z—force

04 X-disp]atement Y-force Z-displacement

10 [X d1sp1acement- Y-diso]acementf I-force ’
1 X- force "Y-displacement Z-displacement

12 ~ X-displacement Y—di§placement ‘ Z—disolacement' \‘///f*“/
B.9 Code for Face of an Element : ’

Each e]ement is prov1ded w1th a code cons1st1ng of a two d1g1t

number to 1dent1fy the faces on whose centres stresses are to be computed
A max1mum of two faces can be spec1f1ed Each d1gwt of the code repre-' //(

sents a face.
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~ Code » Faces

'.//_’/'.0 3 Centre cf element
1T ‘ X-coordinate positfve‘face
c 2 “i:  Y-coordinate positive face
' k\ 3 , XfcoOrdinate negative face
D4 ' X—coordinate negative face
: 5 Z-coordinate negative face’
6. ; Z—coordinate positive face.

B.10 Noda1 and tElement Data Generatjon

Automatic data deneration within the program reduces the
amount of data to be input. | Noda] data is to be fed in ascond1ng order.
If a certain series of nodes are equa]]y spaced in-a straight 11ne and
have the1r numbers in 1ncreas1ng order, 1ntermed1ate nodes can be auto—
mat1ca11y generated w1th their’ noda1 code and noda] d1$p]acements or - n
loads equa] to zero, by sugp]ylng on]y the two. nodes at the beg1nn1ng
~and end of that part ' »

For examp]e as shown in F1g B. 5 9 to 13 are equa]]y spaced
“in ‘the Z- d1rect1on, and nodes 13 to 16 in both the x and z- -directions.
Each extent is a straight ]1ne.' A nodes from 9 tov]6 can be generatedv:.b
by;giufng'fnformation'on1y for nodes 9, 13 and' 16. If .any intermediate |
nodes<10;~]1,;ié, 14, or 15 have nodal codes or dispiacements or forces E
d1fferent from zero, they can be taken care of 1nd1v1dua1]y at a later |
stage. Nodes 24 to 30 cannot be generated in one sequence and have to

be read individually.

.There]ements can be read in at random one by one, however,
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" FIG. B.5 A GENERAL LAYOUT OF ELEMENTS AND NODES
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1t is preferable to dd dt in order .'If a group of consecutive e]ements
have their numbers and the1r correspond1ng noda] numbers in 1ncrea51ng¢,
'order, the element date of all the elements” in the group can be generated A
by the computer by feed1ngf1n-on]y the final e]ement ATl the elements. -
created in one extent assume the same mater1a] number, e]ement code,
e]ement size code, and element faceacode, as the first e]ement of the
.group. If any e]ements, in the process of automat1c generation assume

bany oﬁ these code.va]ues d1fferent from the1rj;ctua1 codes,‘the proper
values can be fed 1n 1nd1v1dua]1y The varﬁab]e "NUMTIE".represents*
the tota} number of groups of e]ements in the mode] ‘each qrouo be1nq

fed n one extent- If a]] the'elements-are input individually NUMTKE
. o ";’u, . -

{the modéT Aga1n, referr1ng

P oy

1 i
w1]1 equal the total number of e]ementsf

s £

to F1g 'B.5, e]ements 1 to 7 can be generated by giv1ng only the data o
o of e1ement Number 1. A]] the e]ements 2'to 7 have'the same mater1a]
number, e]ement code, e]ement size code, and e]ement face code as
'\e1ement Number 1 However elements 13 to ]; have to be read in 1n-
d1v1dua11y as. the nodes, from 54 to 60 are not 1n 1ncreas1ng.order
’j o 1*:_. _7 If the nodes are spaced Tn the same way across allsthe cross
L R sect1ons; and lf theteJement properties :re the same throughout ‘the e
: ¢ ]ength as of the e1ements enclosed by the f1rst and second Ccross sect1ons,

~ then by’ prov1d1ng the noda] and element data of first cross sect1on a]one, ’

the properties of the whole beam can be generated Thls-fac111ty reduces

the “input data to approximate]y f1ve percent of the tota] requ1red if
| the beam is model]ed us1ng 20 t1ers of e]ements a]ong its length '

L4 N o 0 S L4
T .
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(B.11 Size and Creation of-Disc Files “ , B ‘
A total of thﬁge temporary sequentia] disc files of suff1c1ent

: s1ze are to be created for the execution of- the program. Two files,

-one for‘stor1ng the structure st:ffness matrix (file Number 2), 'the _éﬁ

© other for storing reduced ‘stiffness matrix (f1Te Number 1), are needed.
3The th1;d‘f11e (f1Te Number 3),- stores the eTement stiffness matr1x,

:'and HMULS, a matrlx generated qh connect1on w1th stat1c condensat1on

E The size of a f1Te can be expressed in terms of the number of tracks.

g

. requxred Each track cf the file corresponds to about 7000 bytes s

) The number of tracks needed for the first and second f]Tes are g1ven§
e : (Number of blocks) x A
Number of tracks = o . 4. :
: ‘ (han band width)(half band width + 1) (5757 )
7000
The number of tracks for file. Number 3 ‘can be caTcuTated as foTTows
“) } ANumber of
B RN o groups of | ‘4' - .
- Number of tracks = (24 x 24 + 9 x 24) {dissimilar| (7555) %
o . S .- lelements. .| ST

The foTToQing controTwcards are necessary For'the creat{on o7 thei%iTesr
SCREATE b - T b TYPE SEQ 3 SIZE nT
SCREATE 1] —'TEMPZb TYPE SEQ B SIZE =nT '-;ifl’

SCREATE B - TT B TYPE = SEQ b SIZE T ..an )
$RUN B - LOAD# $1 = - T ¥ 2 - TEMPZB 3=.m .
where “n" represents tbe number of tracks
BN v - - o

B~]2 Variables Associated with S1ze of Problem

P Fl

1 The arrays whose d1mens1ons depend on the size: of problem,

in terms of_number “of eTements, number.of nodes, and number:of element:
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-

si%e codgﬁgare given below. These dimensions ys dec]ared in the program

need not be changed 1f the fo110w1ng Timits are n%% exceeded:

2

Number nodes ' o = 950
Number of elements - g - = 560
Number of element size code = 100

In case they are exceeded,*the common or dimension statements of the

arrays are to be accordingly‘Specified Further, Statementv24 in sub-

routine ASTIF is to be changed in accordance w1th the maximum e]ement

size code

“Variable

KODEL

" KELLS

" KOUNT

LCHECK.

B
© MAT

‘Description © " Minimum Size
. ‘code ass1gned for each e]ement ©<(NUMEL)
* to identify as hexahedron or P

triangular prism A SR

v

.code for specffyingithe\facesf“ 9'j (NUMEE)

of each element over which

~

stresses are required = . ‘ . .
}'code for size of each.element (NUMEL) ’
for formulating the e]ement o
st1ffness matr1x : ' ‘.f
_ code for each node to identify (NUMNP)
its boundary d1sp1acement con- - ' :
dition - . T, . .
@,_ [3 - . N . : Lt an l‘. .
" counter used “for averag1ng nodaT (NUMNP ) -

@
stresses and strains >

; + T a

var1ab1e used to determine whether - (as many as the

 element stiffness is to be formed number of groups
or already has been done; " of dissimilar
' : elements)
: ?
- one-half band w1dth ’fl

“material number a]]oted for each - (NUME[)

e]ement



NLD

NP

SIGPC

SIGPT
SIGP2

L SIGA

STNODE

U

'

‘?WEIGHT4“'

o e
5.

' coord1nate

number of blocks x one-half
band width

- vector of eight nodes stored in
_ order of each element

vector of element principal
stresses, strains, and maximum
shear at the centre of an
e]ements

vector of element pr1nc1pa]
stresses, strains, and maximum

.shear at the centre of face 1

stresSes,Ed o pRg & nax imum
shear at t 1'dgntrg?€ﬁ”face 2

noda] stress vector

nodal strain vector

“force or d1sp1acement at- each -

node in the d1rect10n f X-

2 \

» . fonce or-displacement at ‘each
~node in the direction of,y— —
'coord1nate S

force or displacement at each
,nhode in the:irection of Z-
coord1nate :

welght at each of the ‘8 nodes,“;

v
EY

o? an element '
R o

. , .
“ﬂﬁ x-coordinate of a nodé

y- coord1nate of a node

z- coordlnate of a node

{8, NUMEL)

(NUMEL,7)

(RUMEL,7) *
(NUMELY, 7 )

(NUMNP ,6)

(NUMNP,3)

258

(nuhber of o]ocké

- X MBAND/3) -

(nuﬁber'of’blocks

X MEAND/3)

numbed of b]ocks~

X HBAND/3)

“

elements)

kNUMNP)

(NUMNP)

O (NUMNP)

(6

(as many as number

- . of groups of
" dissimilar ;

-

A gfé"’ B
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B.13 Input Data Format

General Data R \L;\_  B
7. Read: HED, NUMNP NUMEL NUMAT, NUMTIE }NUTRPR, NLODC-(]§A4/616)‘—
two cards : 1’/‘ ' | o
HED = Heading. o
'NbMNP t = Number df nodal points
NUMEE . = Number of eiements.'
NUMAT ;» = Number of materials
NUMTIE - ) = Number of series of hexahedra in the mode]
If.each element is read . an separately, this =~ -
will be equal to the total number of e]ementsz '
. (NUMEL)
Nl:JTRP}‘?'”“f 8 = Number of tr1angular prisms in the mode]
NLQDC '; = Number of tota] ]oad‘cond1t1ons k“fk\\

2. Read: £, PR, RO-(F12.0" F6 3, F7. 3) - one card

= Modu]us of e]ast1c1ty ‘
N Powssons~rat1o‘
) . . r’ ° v
) RO = Unit we1ght (If RO is non zero, the'self -

we1ght of the material is 1nc1uded in the
hegat1ve z dlrectlon

N ! ;-

".3. Read: NRSEPA (14) - one card-«If equa1 to zero; on]y the noda]

SN o
RO v‘-and*e]ement data on the flrst cross sectwon w1?ﬁ*be read O
and the 1nformat1on for the rest of th?‘model w111 automati-.

. - ‘ca]]y ‘be generated If equa] to non zero, ﬁ%dal and e]ement

a0 L

data has to be read at every cross sect1on'along the 1ength
“gf the mode] ‘ ;[”u )

NRSEPA = This"~ var1ab1e is used to determihe how data is
go1ng to be read. :
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4. "Read: NREP, NSUMN, NS] (314) - one card  If NRSEPA # 0, this

EV read statﬂgent is sk1pped , .' : T
" NREP Rdess ' tions
" NSUMN
x B . Cond
NS1 4= Number of elements in one tié{ a]ong{tﬁ-;]ength
RS : o', : LR ey

~ No#al DaYa ) _
5. Réad: " N, KGDE(N), X(N), Y(N). Z(N), UGN). V(A), W), (8
Number of cards depends on the probiew and- one of the tWo.ways

! i
<5 ~ 'nodal data is fed One‘card for each node.

=
-
I

Noda]~nUMber'

Nod4T ‘kode (Refer Sec. B:8)

Py
o -
-]
m
o~
S~
H

v e

x-coordinate oY node

>
—
=
L~
1]

y- coord1nate of node AR
“o,

S L(N) ﬁ§§,“=fz coorﬁ?nate of node
\ o ’ :

—~

o~

=

et
1]

o

force or d1sp1acement at node in the X- ccord1nate -
‘d1rect1on _ . &

[y
-
=2 .
~——
i}

V(N) h o = force or d1sp]acenent at node in the y- coord1nate
‘ R d1rect1cn . : )

R
Lam
= .

o
’
H

h”fforce ‘or. dﬂsp]acement at node 1n‘théf27coongjnate
g ° d1rect1on 3 : T '

I

" 1f NRSEPA- Q,mnode5won_onemcross[secthnfare generated by .

R ?;f the execotion.o? Read'S I NRSEPA # O by th1s a]] the
. nodes of the model are generated .
6. Read: VYIN (FS;O) As many cardS as NREP T .7\"v” A ,.‘/g

y- coordlnate of the nodal cross. sect1on aTono the
1ength, starting from the second cross. section

YIN

If NRSEPA = 0, execut1on ‘of. Read 6, qenerates al] the nodes ;

l‘ of the beam model
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.. Read: NKOCH1 (14) - one card
I NKOCH1 = 0, earlier nodal code generation does not
arequire a'cnange. -And Read 8 and 9 are\sk1pped "
8. .Read: _NKOCH22(14) o As many cards as NKOCH]
.NKOCHZ | - one less than the number of nodes where
_ _ ‘ nodal code is to be changed in one extent
9. Read: W, ODE(W) (214) - As many cards as NKOCHI.
| , N__ o .= node number | ’
) oKODE(N)_{' = nodal'code
, E]ement Data R 'spL\ .
10, Read: NUMEE (14) - As many cards as NUMTIE
i“NUMEE .. = one Tess-than the number of hexanedra-1n each
- - series | ' . »
If. NUMEE 0 on]y one e]ement w11] be read
Read: | M, NP(] M), NP(Z M) NP(3 M) NP(4 M) QP(S M), NP(6 M)

(7 M) NP(8 M), MAT( ) KODEL(M . KOST(M), KELLS( ),
s_ (1315)‘— As many cards as NUMTIE. |

M o ,1v e.e]ement number : . o R 1
“~NP ‘M) ‘wfhp ='noda] numbers at thesetgnt corners: of an ;? ~'}
SR _ e]ement in counter c]ockw1se d1rect1on %@
:ffMAT(Msf‘ ‘ ; mater{al number ‘i o - ’ |
: iﬂerODfE(M) ’ !-;;'type Qf e]ement if eoual to zero henahedron

‘If equal to one for tr1angu]ar prism

1bKOST(')‘ f‘-='code for the size and or1entat1on of an e]ement

E]ements haQ}ng same s1ze and or1entat10n have same code

for s1ze for purposes of ca]culat1on of e]ement st1ffness

14KELLS(M) ‘ = Element face code. Two digit number, .each

_ 'd]g]t 1dent1fy]ng -a particutar face on the .~
N - centre of whigh stresses are. to be computed
' . (refer Sec. 8.9) > : :
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12. Read: ﬁ;’NP(I;M);:MAf(M))’KGDEL(M),‘KOST(M), KELLS(M), (1315),
N Aé;mahy=cérd§‘as;NUTRPé | | i |
| }i7ff NUTRE§.="O as’éﬁ&én"ih'Read:1, then Read 12 is skipped..

13 Read:” WELFC!(14) - one card o

1f NELFC3%HQ? Rgaqila'fsj%kippea, % '

_E;NELFC‘ 1 o =1ﬁumbeffof éiements if any having face code
o  _ 1 . .:‘differengrfnom what is generated earlier

.,14;1.Reéd:_-M,"KELLs(M);’(éIA) - As many cards as NELFC.
:1 M- o ﬁ'éieméat nyh5er - ‘

' i'KEfLS(M) ;-='faCe code.of e]emgnt - o : >7

15.V'Reaq: NELF (I4) - ome card B me
, NEEF - ,.v= ndmbef df,e]ements iffany haQiﬁé element

code size different from what is generated’
earlier ' : ‘ o

16. Read: M, KOST(M), (214) - As mény%cards as NELF

I

M élément‘numbehxm';

it

KOST(M)A:-< é]emenf_sizechdel

flf NRSEPA,%IO;'data>Qf elements is genefated by :he'time Rééd 16
is.éxecuted, if‘NRS§PA.%_O,'eﬁement dafa on thé,first'éross.

o . i S T _ be

- section only ‘is read.

| VT7§'\ReAd;"KADD (14) - as many as (NREP-1)

/

T : N I
- KADD . ~=.A{number o
o -+ -ellements a
" ellement 'siz

f,a]]jfhe4tiers é]ong thé»]ength of'béam'have
he. same--length . in the y-direct on, then KADD'
or all-the tiers is eqUaJ to zero. o




’..18. vRead NOCHNO (14) - one card
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/e.  )

Firét Load Condicion

) NOCHNO .= number of nodes where nodal@brces are to ‘be
assigned : o i

19. Read: N KODE( . U(N) V(N), W (N) (211 3F6%§) ‘as many cards

a

s

as NOCHNQ
N | = node number *
KODE(N) © = nodal code
U(N). : R x-fonce at nodg |
vV(N)( ; "~ = y-force at node’
W) | = z-force at node

'20. Read: NPARA (14) - one card?

'NPARA = Ifs0 execution termlnates after the generation
: " - of nodal and" element data, sem1 band width and
number of equat1ons -

"If NPARA O solution is cont1nued

Other'Lbad'ConditiQns
21.:Read: NCHNO.(I4) - one card. As many times‘aslnumber of load
. . am* 'V~ . ‘ ’ ‘. - ’» .
cond1t1ons - l -', .

NCHNO = number of nodes where noda] forces ire to be
' ' assigned for the part1cu]ar ]oad cond1t1on

t22, ‘Read N KODE(N) U(N) ‘V(N) w( ), (214, 3F6 O) - As many cards as

“ NCHNO.’ As many t1mes as numUEr of (1oad cond1t1ons - 1)

. Nv : = node number :

 KODE (N) = nodal code (-1)  ~. : :
U(N) }5fhﬁ = x-force at>node ) '

.V(N) i*\“ : 5. y-force at node

e

z-force at node



-B.14 Element Stiffness of Isoparametric'Hexahedron S -"‘jﬁii
An eight.node hexahedron is used for the three dimensional
vcracklng ana]ys1s of reinforced and prestressed concrete beams, in
this investigation. [t is based on phe element deve]oped by Irons
ahd~Ziénkiewich. The eleMent perﬂbrmancemin'hending 15 great1y improved
by the'additidn of incompatible deformations as suggested. by~ E.L. .
Wilson (1970). | -y
_ An arbitrary,hexahedron is shonn 1niFig.-B.67 The nodes
of the element can be described by the,three axes (x,y,z) constitutind' -
an orthogonal right handed System ~ This. is referred to as the G]oba]
,CoordinatelSystem. A 1oca1 coordinate system (a]so des1gnated as
‘natUra]'coordinates) (f,w,‘5 is adopted 1n wh1ch for this e]ement,
each pa1r of opp051te faces have values of-+1 and —] on an’ ax1s Thus,
:1n local coordinates the SO]ld is. a cube wh11e 1t may be a d1storted
and warped s1x-ﬁced 'solid in ;pace. The Igegi~coord1naﬁe system
genera]izes and simplifies'the fdrmu1atdon \\ft further facilitates
the 1ntegrat10n necessary to obta1n the e]ement st1ffness
The local coord1nates are related to g]obal coord;natesw

by a set of 11near 1nterpolat1on ?ﬁnct1ons

><i T -
<

cP G0l

. .{ N T By
r.': . __Z_‘ . b °

00 P .
jwhere.P e \P1 P P3 P4 P5 P6 P P8 . | |
P., " 2, P3 etc are~yhterpo1ation fdnctions_



265

Ch -
8(%s. s, 2s)
f e U N

7

g 2xayazy) 3(x3,Y3.23)
(a) GLOBAL COORDINATES

NS

(-Lan>____ 4 8 )

7 .
(1.1,1)

T B P L D R L

% (b) LOCAL COORDINATES

FI6. B.6 THREE DIMENSIONAL COORDINATE SYSTEMS
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s 1 ~ . ’
’ ~ Pr=g (1-8)(1-n)(1-¢)
- . . v. a
Py = g (146) (1-n) (1-c)
L .
- Py =3 (1+g,,,§1(1+n)(i—c) ]
. 1 ) f .
o P g 0=l g
: B oy
Pg = g (1-6)(1n) (1+7)
" P = g (14€)(1-n) (142)
7 = g (140) (1n) (140)
Py = g (1-2) (1+n) (1+5) e
\ YT o . s N . i'
T X2 X3 X X5 Xg X xg
Vs <Yy ¥y ¥y Ve Ve Ve ¥y v
| Y1 Y2 Y3 Y4 Y5 Yg ¥y Vg -
7' =<2 2,2, 2, 2. 2, z, 2>
ST 223215255 23 29
. . //

hN

»x],'yj:'zl, eic, are‘coordfnatg§\gffnodes ih”G]obaI System.

A

The interpolation functions are in terms of local coordinates of the
element .
In an isoparametric element the same interpolation functions

are used to describe the geometry and the displacements of the EIementﬁ




. .
Accordingly the ré]ationship-between the nodal displacement vectors

and the element displacements méy be written, assuming displacements

in the element vary ]iheér1y'between the'nodes.

<

u > 0 0 l‘f
vi=1]0 P 0. v (B.Z)
woo 00 P i \w
'where T <Uy U, U  u‘\ﬁ Ug Ug Ug> |
: . 172 7374 "5 76 47 "8

o

L
-
kY

R S TR A AR ViV

2IV3 Y4 V5 V5 V7 V8>

W] Wp W3 Wy Mg Wg Wy Wg>

o
u, v, ware nodal’displacement vectdrs.
To improve the bend1ng character1st1cs of the e]ement the d1sp1ace-

!
ments w1th1n the element are assumed to be of the fo]]ow1ng form

S u PP 0 O %r 0 u
vi={0 0 P P 0 O Un (B.3)
‘ 1 S.oom ' v .
W 00 00 P P - .
m. Xm
N,
« \w

- 3

where P = <Py P P>
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(e} ="[BIlr} S (B.4b)
N R . ) {‘) ) . "~ .
{ry} is the'noda] displacement vectdr including displace-
ﬂu{ ment amp]itudes&assocjated*with extra degrees of 7 ~
C T freedon-, £ R

~ f ) RS 7 . .
[B] ~ ig the ?tra@%-djsp]acement matrix

- _ 'Y
i . . . ‘ . . ‘. o " ‘q \ !
As the djsp]acements U,AV, W are not expressed directly in tegys of
.- .
global coordinates x, y, z the chain rule of djfferentjatiqn'has

. . . v A “ :
to be. adopted. The chain rule in matri;‘form is expressed as:

<
K S o8 sy 3z | 2 .\
3L YA 3E C3X
\“"‘ . N * . .
: Y
!
S\ - | sx 3y 3z 9| a ‘
o i = o /. 3y (B.5)
. 9. 9Xx . 3y . 3z 3
) 7 8¢5, 3¢ 3T \ 3z
= [J] 3\ :
> 3X
. S :
kR *
9y .y - N (B.5a)
R ,’i" ) .'
- & & -
3z

. .
3 . . :
. ’ A ' . s haol
| N . . . .

where [J] is called the Jacobian matrix.
By muitipbying both sides of equation (B.5) by [J7']" "

- A
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2 &3
R BN O B3 (5.6)
/% '. ‘.% i 5%

0. . . »
By equat1on (B. 6) the derivat1ves of d1sp§gcements U, V W with re-. '

spect to g]oba] coord1nates\can be expressed in terms of Wﬁ?ﬁral co-

ordinate derivatives of the d1sp1acements

From the principle of minimum: potent1a1 energy the stiff-
ness matrix may be expressed as: : L ) ?
K ='J BCBdvV ' | (B.7)

v K\t
‘wheré the matrix [C] is thesstress-strain relatd

nship for an elastic ‘
solid of isotropic material.

1-v v v 0 0 0 o
v oo(1-v) v 0 0 0/
_ . v v (1-v)° 0 0 ,kC?;
o E X o . SR
CtTRIET | 0oL 0 o B g o | (88)
0 o e’ 3—29’» |
0 0 \~ 0 - _2
A\

- Thus Once‘the matri (8] and [C]{are known, the elemént st1ffness

-can beffbrmulated. As the matr1x (B) is expressed’in ‘natural co-

.l ) ) 1



sy,

- expressed as

using the relationship dV = dxdydz ='|J] d¢ dn dg.

out numerical integra@ion by Gauss quadrature the matricqf [J];y[B],{

Y.

¥

~ s lj]uﬂf B;EB . R “ X (5.9)

As it is impossible to perform thé‘integratjon explicitly -+
in eduatioﬁ (B.9), numerical integration is employed. In cgrrying e

v

and the argument «in equation (B(?) are evaluated at specific set of,‘

values. of coordinates £, n, g. The number of integration points re-

\
’

quired in Gauss quadrature to achieve satisfactory results depends.

on shape of the‘elément and. finess of the mesh. In‘this investiga-

. _tion 'two point quadrature formulé is employed. It is programmed to

obtain the matrix product BTCB detJ'for each of the integration points
and they are appropriately combined to form 33 X 33 element stiffness
matrix. The number.Of“jntegration‘on points: required depends on the

v

shape of the element and on the finess of the mesh.

B.]S Stati&\?ondensation | P  ' = - , o

The force-displacemen »re]afionsh'p'of the element may be

-

%

[Fpd = (KR ) |

27T

'

ordinates the jntegrétion is to be carried out in the same coordinates. ..



:‘}l’

} 2
2 )
) , B ) g‘ 9
s F U A
X ) q
| Fo ]
e K W
iz aa~ , .ab ; \
Fm Kpa  Kpb | Un |
{ v !
F_ 33X33 v
| (e
Ezm J - . me ,
33X1 : _ T 331 : «

a

. where F ',4Fyﬁfozm‘are the exferna] forces associated with the

general.ized- displacements U , V. ,IH . Sinéeﬂthere are nojexternaT

forces assoc1ated with the d1sp1acements,Um, V., W

m® Yo they may be ex-

pressed 1n teer,of the eight corner noda] d1sp]acements From equation

(B.10b), it can be shown

LR £ R

vl -1 .

Vm = - [Kbb ][Kba]’ v (B.]])
R & N

Now the nodal forées and‘the dispTacements ére related as follows:

71
. <l

X
1-8
oL v (8.12)
y]-8 .= ’[kaﬂikab kbb'=kba] v
F i W

bThe final element stiffness matrix is 24X24fih size.

v
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B.16 Evaluation of Stress

The stresses at any poiht:are‘giyén by:
o -z~ [0l = [eI0e] = [e208Ie,] (B3
o ' o

Lf [B] is parti'bt'ion'ed_. : . \

[o] = [c1(B, B, [T
(v \>
W

P o (B.13b)

& : ' - |
4 4

S * [o] = [CI(B*IIrT :
where . [8*] = [B-B,k 'K, ] >

‘The generalized displacements {Uh, V%) Wﬁ}»cqlculated at the time of
element stiffness formulation, are saved and used fortthe evaluation ;

stresses.
o
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The stress components for the three coord1nate p]anes and

.. the pr1nc1pa1 stresses are related by the following equat10n

-

e ) <2 .
S' - (oxfoy+oz) §° + (oxoy+oyoz oxoz-Tyz | ,
2 2, < 2
-szrTxy) S - (oxoyoz+21yzrxzrxy-oxryz :
2 7 |
'Oysz‘Oszy) =0

where o_, 0., 0., T '
x’ Ty’ “z? Txy yz Xy

~t

' (B.18)

, T,, are the six stress components, in the

preser. case these yield the stress>distribht?0nfafrefgekfﬁé']dedwwwttﬁ B

the effect of prestress eliminated making use 6f principle of super-

, position after the analysis is ruht'i N ::_;‘- ‘ ;:

S = Pr1nc1pa1 tens11e stress . S
' If the 1oad 1 increased QE a proport1on fgy

crease in the same proport1on assum1ng the 11near e]ast1c1ty

: Equatjon’(B.14 ) may be written as:

-~

2

S3 f (ox+cy+o )FS© + (o cy+oyoz °x°z
2 2 12 6% - (0.0 g 421

yz Txz Ty x9y%z" “TyzTxz"xy

-0 12 -ditz )f
X'yz "y xz z Xy

he stresses also in-

(Blls)



R ' | S ers

~

d?é]ﬁo stress factor."If prestress P is to’be

/

/

/

2
+(OJ+OU +0 .G

2 . ps
; / /

2¢ -2

f°S + (oxfoz) f/SP-

;
i
i

) 2 ’ o
+21 -0 T v
TyzTzx"xy IxTyz :
. &:i . ;; o~
R BN

- (0,0,-1,,) PFS =0 (B.16)

’Aor the given values of the stress. compénents,

«?‘ Lyt

S gand aAmaxfﬂym pr1nc1pa1 tensile stress equal to the ten511e
Q":)Q{vig *74‘:” 4. l? {} ("?)“ " ' B

o

'streﬁgth of concrete the factor f can be obta1ned | This factor gives

the proport1on in which the app11ed load assoc1ated w1th the stress

' components Oy 0/ etc is to be 1ncreased or decreased to yield a

’ e
Princ1pa1 tensi]e stréss equ1vaﬂent to the tens11e stren:;?/gf con-

trete‘attagiyen\gtestress, and henc‘;the,theoretjcal To

. X"y y z "x’z N
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