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ABSTRACT

Structures that are in contact with naturally occurring ice covers can be subjected to
considerable forces due to thermal expansion of the ice. These forces are especially
important for structures like low head dams, spillways, water intakes, gates, water
reservoirs, and bridge piers. Although the importance of thermal ice loads has been
recognized for over a century, due to lack of a three dimensional model, various factors
that affect the thermal ice pressure are not considered in analytical studies. Such factors
include the bending behavior of the ice sheet coupled with the elastic foundation effect of
the underlying water, the geometry of the reservoir, shore-line features, the flexibility of
the resisting structure, and cracking activity in the ice. The objective of this study was to
develop an improved analytical capability for predicting ice forces.

A numerical model is developed that allows the prediction of the three dimensional
stress field in an.ice sheet due to temperature changes, as a function of time, under a
variety of conditions. The model relies on two separate computer programs for the
thermal and mechanical aspects of the problem. The thermal program uses the finite
difference method to calculate the temperature distribution through the thicknesg of the ice
cover, under a variety of meteorological input conditions. The mechanical part of the
analysis is conducted using the finite element method. Relevant features of the finite
element model include variable temperatures and properties through the thickness, an

elastic foundation representation of the underlying water, nonlinear constitutive behavior



of the ice, temperature dependent mechanical properties, flexibility of the resisting
structure, and boundary conditions representing a variety of shoreline types.

The predictions of both models are verified by comparison with analytical and other
numerical solutions, published data on laboratory experiments, and field measurements
conducted by the Canadian Electricity Association. The models are then used to
investigate the factors that affect the thermal ice pressure. These factors include
meteorological conditions, ice thickness, temperature history, different shore types,

- flexibility of resisting structure, and tensile cracking.
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1 - INTRODUCTION

Many civil engineering structures in cold regions must be designed to resist loads due
to interaction with ice. Normally the dominant mechanisms giving rise to these loads are
wind and current driving forces. However, under certain conditions, thermal ice loads can
be equally important. The thermal ice load acting on a structure is defined to be the static
pressure arising from the thermal expansion of a solid ice sheet which is in contact with
the structure. When the ice initially forms, its temperature is at the freezing point. As the
ice sheet grows in thickness, the temperature at the bottom surface remains at the freezing
point but the temperature at the top surface can vary due to heat exchange between the ice
and the surrounding atmosphere. The temperature variation causes volume changes but
under relatively steady state conditions any stresses in the ice sheet will relax to zero due
to creep. However, a subsequent rapid rise in temperature will cause expansion, which if
prevented by a structure, will cause thermal stresses to be developed (Fig. 1.1).
Ultimately these will dissipate due to creep, but before this can happen, very significant
loads may be generated. In some cases the ice force may even control the design of the

structure.

1.1 - Background

The significance of thermal ice loads has been recognized for over a century.
Attention was drawn to the problem by various failures. One of the earliest failures in
Canada was the Rice Lake Railway Bridge (Dumble, 1891). As stated by Dumble,

“The truss bridge was very strong, with eighty feet spans resting on stout timber

piers filled with stone. The whole structure was of the strongest and most

substantial character of its kind, and yet this bridge was wrecked in a few minutes,

in the early part of December, by an ice shove, and when the ice was comparatively



thin. The pile work south of the island was inclined like a pack of cards to nearly

an angle of forty-five degrees.”

The railway was abandoned and the million dollars spent on its construction was lost.
Other examples of failures were noted in the discussion of Dumble’s paper.

A much more recent example is shown in Fig. 1.2. This involved a water intake on the
Tilley B reservoir in Southern Alberta. Prior to failure, the 2.0 m wide concrete box was
oriented vertically. It was pushed into the inclined position shown in Fig. 1.2, by an ice
sheet about 0.9 m thick. The ice load was subsequently estimated to have exceeded 300-
400 kN/m (Gerard, 1989).

Additional data on thermal ice loads is summarized in Table 1.1. The various loads
shown were obtained by field measurements. The data in Table 1.1 gives some indication
of the uncertainty that exists with regard to thermal ice loads. With loads as high as
320 kN/m, it also gives some sense of their relevance. It should be noted that the data
listed in Table 1.1 were obtained by a variety of measurement techniques and could vary
significantly in terms of their accuracy.

A category of structure for which thermal ice loads are particularly important, is that
of low to medium head dams. The significance of the ice load in the design of dams is
illustrated in Fig. 1.3 (Gerard, 1989) where the overturning moment due to hydrostatic
‘pressure from the reservoir is compared to the overturning moment due to ice thrusts of
different magnitudes. It can be seen that for a low head dam with a height of ten metres,
the overturning moment due to the ice force can be larger than the overturning moment
due to hydrostatic pressure. Thermal ice loads are also important in the design of
spillways, water intakes, and bridge piers.

The measured ice thrusts listed in Table 1.1 cover a wide range. This is due in part to
the fact that the ice thicknesses range from 0.16 m to 1.10 m. However for a single
thickness, for example around 0.4 m, quite different values of ice thrust are listed. This
can be explained by the fact that the ice pressure depends on many parameters. Some, like
those related to meteorological conditions (e.g. air temperature, solar radiation, snow
covér, etc.), affect the temperature distribution through the ice sheet. Factors of a

mechanical nature, such as the restraint against movement provided by the shore and
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cracking of the ice, affect the stress distribution. Because the actual ice load that occurs in
a particular situation depends on many such factors it is difficult to assign a single load
that is suitable for all situations.

In the Dam Safety Guidelines for existing dams prepared by the Canadian Dam Safety
Association (1995) the following recommendations are given for the ice pressure:

«“The thermal ice loads used in the design reviews are usually assumed to be

146 kN/m (10 kips/ft) for concrete dams, 73 kN/m (5 kips/ft) for steel gates, and

29 kN/m (2 kips/ft) for timber stop logs. Ice load shall be considered to act at

300 mm (1 foot) below the water level.

If site specific characteristics and operating information warrant, different values of

static ice loads may be used in the assessment and, in addition, dynamic ice loads

may also be considered.”

Comparing the values in the first paragraph of the CDSA recommendations with the
ice forces listed in Table 1.1, it appears that the former could be unconservative in some
cases.

Criteria for the design of gates under ice conditions in Northern Europe are given in
DIN 19704 (Lewin, 1995), where different empirical rules apply to inland and estuarial
conditions. For inland conditions, the triangular hydrostatic distribution of water pressure
at a depth of 1 m is replaced with a uniform pressure of 0.02, and 0.03 MPa, where the ice
thickness is below and above 0.3 m, respectively. In estuarial conditions, different values
are suggested for skin plates and main girders. In the design of skin plates the following
loads are suggested over the hydrostatic load within 0.5 m above and below water level:

-A uniform pressure of 0.1 MPa, when severe ice formation is present and ice
movement OCCUTS.

_In conditions of moderate ice formation, a uniform pressure of 0.03 MPa should be
used.

For main girders, additional loads of 350 and 100 kN/m are suggested for severe and
moderate ice conditions respectively.

A uniform pressure of 0.03 MPa over a height of one metre, will give a line load of

30 kN/m. According to Table 1.1 the measured line load on the gate in Paugan Dam,
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which is considered an inland condition was about 82 kN/m during the 1991-1992 winter.
In estuarial conditions where the ice movements are possible, much higher stresses and
loads may develop. |

Gerard (1989) reviewed measured ice thrusts and design guides and concluded that
most values suggested in the design guides were unconservative. Then, using the
measured data, an upper bound of 500 kN/m with a probability of exceedence of about
1% was suggested for wide structures where failure would not be catastrophic. For the
design of dams, where failure would be catastrophic, higher values for ice loads were
recommended. Gerard noted that the resulting recommended ice load could be very high
in some situations.

Two conclusions can be drawn from the wide range of measured and recommended
ice loads. First, the problem of thermal ice loads on structures is still not fully understood.
Second, each site must be treated individually. The design load for a particular structure
should be estimated according to the meteorological data and conditions of the reservoir
and the structure.

Efforts directed at predicting the ice pressure that would develop under different
conditions began more than 100 years ago. Dumble (1891) performed experiments on the
movements of a floating ice sheet due to temperature changes. But due to lack of
information on the stress-strain relationship for ice, it was not possible to determine the ice
stresses. The earliest approach was based on the crushing strength of the ice which
resulted in very high load predictions. One of the early investigations on the stress-strain
relationship for ice was in 1922 (Royen, 1922). Since then, many investigators in cold
regions have tried different approaches to estimate the thermal ice pressure. Many
laboratory tests were performed and many field measurements were conducted. Some
investigators obtained empirical relationships and some used analytical or numerical
calculations to predict the thermal ice load. Some of these methods are discussed in
Chapter 2. Despite these investigations, the problem of thermal ice pressure is not at all
close to being solved. There is a lack of a three-dimensional model for ice covers. Due to
non-uniform temperature variations through the thickness, ice covers can have both

bending and membrane deformations and because of creep, the bending and membrane



5
stresses are coupled. In some studies the stresses due to temperature changes in different
layers of the ice covers are studied and the effect of the interactions between the layers
and inplane restraint is ignored. In some cases only the inplane behavior is considered and
a single temperature change is considered through the whole thickness. There has not

been a model which could consider bending and membrane behavior simultaneously.

1.2 - Objective and Organization of the Thesis

The objective of this study was to develop an improved analytical capability for
predicting thermally induced ice forces, and to use that modeling capability to investigate
and assess the importance of the various factors that affect the thermal pressure. To
achieve these objectives, two separate computer programs were developed. One deals
with the thermal aspect of the problem and the other with the mechanical aspects. The
thermal program uses a finite difference scheme to predict the temperature distribution
through the thickness of the ice sheet. The output from this program is the temperature
profile as a function of time. This serves as a part of the input for the mechanical or stress
analysis program. It uses the finite element method to predict the three-dimensional
distribution of stress in the ice cover. A layered shell element is used, which allows
nonlinear temperature distributions through the thickness, temperature dependent material
properties, and both bending and membrane behavior of the ice cover.

The thesis contains seven chapters. Chapter 1 provides a brief introduction. Previous
investigations on the subject of thermal ice loads are discussed in Chapter 2.

Chapter 3 deals with the thermal analysis. First the governing differential equation is
introduced and the various heat transfer mechanisms considered in this study are
described. Then the finite difference formulation and some features -of the program are
explained. The chapter concludes with the results of verification studies in which
predictions of the program are compared with available analytical or other numerical

solutions.
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In Chapter 4, the finite element formulation is presented. Following a description of
the element used, the constitutive law is explained. Then some features of the program
are described and the overall formulation together with the solution algorithm are
presented. At the end of the chapter, verification studies involving simple test cases are
presented.

Chapter 5 consists of the comparisons between the predictions of the present models
with laboratory and field measurements. First the issue of the material properties of ice is
discussed. Then the stresses predicted by the present model using different mechanical
properties are compared to those presented in published laboratory tests for different ice
types. In the last part of the chapter, the predictions of both the thermal and mechanical
models are compared with published field measurements.

In Chapter 6 results are presented from a number of studies that were performed to
investigate the importance of different factors that affect the temperature and stress
distribution in an ice cover. The first group of tests were performed with the thermal
analysis program. The parameters studied include: the ice type and material properties,
wind speed, relative humidity, cloud cover, time of the year, snow cover, thickness of the
ice cover, duration of temperature increase, and the magnitude of the temperature
increase. The second series of tests deal with factors of a mechanical nature that affect the
stress distribution. These include: the number of layers through the thickness, the total
thickness, the duration of the temperature increase, the initial temperature, the rate and
magnitude of the temperature increase, the underlying water, the geometry of the
reservoir, the boundary conditions, the inclination of the shore, stiffness of the resisting
structure, isolated structure, and tensile cracking. The chapter ends with a list of the
important conclusions reached from the various tests.

The last chapter of the thesis, Chapter 7, consists of a summary, the overall

conclusions reached in this project, and recommendations for further studies.



Place Winter Thickness | Ice load Reference
(m) (kN/m)

Tainter gate of the Hill (after Michel,
Hastings Dam on 1932-33 0.46 51 1978)
Mississipi River
Joachims Dam, Ontario | 1951-352 102 Wilmot, 1952
Eleven mile Canon , 1947-48 235 Monfore, 1954
Colorado 1948-49 206

1949-50 294
Antero, Colorado 1950-51 0.3 53 Monfore, 1954
Shadow Mountains, 1950-51 04 85 Monfore, 1954
Colorado
Evergreen, Colorado 1950-51 138 Monfore, 1954
Taryall Reservoir, 1950-51 0.4 253 Monfore, 1954
Colorado
Ges Reservoir, Dnieper | 1954-55 123 Korzhavin (after
River Michel, 1978)
Taisetsu Reservoir, 1977 0.4 56 Yamaoka et al., 1988
Hokkaido, Japan
Taipingchi, China 1974 0.78 324 Xu Bomeng, 1986
Erlonghu, China 1977 0.82 226 Xu Bomeng, 1986
Shanghewan,China 1975 0.72 167 Xu Bomeng, 1986
Yinhe, China 1978 1.10 235 Xu Bomeng, 1986
Taiyangsheng, China 1979 1.02 128 Xu Bomeng, 1986
Yadian, China 1980 0.26 39 Xu Bomeng, 1986
Shengli, China 1981 0.84 216 Xu Bomeng, 1986
Hangali, China 1985 0.80 245 Xu Bomeng, 1986
Arnprior Dam, Ontario | 1992-93 0.46 156 Comfort et al., 1994
Paugan Dam, Quebec Comfort et al., 1993
reservoir 1991-92 0.28 115
spillway pier 1991-92 288
spillway gate 1991-92 82
reservoir 1992-93 0.16 52 Comfort et al., 1994
spillway pier 1992-93 122
spillway gate 1992-93 22

Table 1.1 - Measured ice thrusts.




g can vary from about -40°C to 0°C

Figure 1.1 - Thermal ice load on a structure.

water intake

Figure 1.2 - Water intake on the Tilley B Reservoir in southern Alberta, pushed to

inclined position by ice cover.
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2 - LITERATURE REVIEW

In this chapter a brief review of the evolution of research related to thermal ice
pressure is presented. Investigations related to ice behavior but not directly concerned
with the problem of thermal pressure are not included in this chapter although some of this
work is used elsewhere in this study. Reference is made to literature reviews conducted
previously by Drouin and Michel (1971), Bergdahl (1978), and Kjelgard and Carstens
(1980). In order to facilitate the comparison of various works, numerical values for all
physical quantities are converted to S.I. units.

Investigation of thermal ice pressure began about a century ago. In 1891 Dumble
reported the results of his experiments on the movements of a floating ice sheet due to
temperature changes (Dumble, 1891). But due to lack of information on the stress-strain
relationship for ice, it was not possible to determine the ice stresses. The earliest approach
was based on the crushing strength of ice, which was estimated to be about 2.76 MPa.
Assuming that this crushing stress was realized in the upper part of the ice sheet and that
no pressure was exerted from the lower region, the thrust for an 0.45 m ice sheet would
amount to 620 kN/m. For example, in the case of the Gouin Dam (1917) in Quebec,
allowance was made for a thrust of 730 kN/m (Drouin & Michel, 1971). Figure 1.3
~ shows that for a small dam with 10 m height the over-turning moment due to this thrust
can be 3 times the over-turning moment due to water pressure. Taking such a large force

into account can compromise the profitability of a hydroelectric project.

2.1 - Royen (1922)

In 1922 Royen from Sweden proposed a general uniaxial stress-strain relationship for

ice on the basis of experiments with wax and lake ice (Royen, 1922). It was given by
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cot 3

- 2.1.1)

€

where

€ = compressive strain

o = stress (kg/cm’)

t = duration of load (hours)

0 = ice temperature (C°)

¢ = a factor determined experimentally, whose value lies between 60x10° and 90x107
This equation was used to calculate thermal ice pressure. The strain rate due to free

expansion of the ice sheet can be written as:

%—? =a % (2.1.2)
where o is the coefficient of thermal expansion. Assuming that the expansion of the ice
sheet is completely restrained, Royen differentiated (2.1.1) with respect to time and
equated the result with (2.1.2). That gives:

213 40
dt

In this differentiation, ¢ and © are considered to be constant despite the fact that in reality

G= -3%(1+9)t (2.1.3)

they both vary with time. Royen justified this approximation on the basis of agreement
with experimental results. Royen assumed a linear variation of temperature with time and
differentiated (2.1.3) with respect to time in order to find the time of maximum stress.

Finally the maximum thrust in tonnes per metre (for o=5.5x 10 C°') was expressed by:

Pasy = 009d(8; +1) 36(8; +1)° (2.1.4)
where '
d = ice thickness (cm)
0; = average initial temperature of the ice (C°, absolute value)
O = constant rate of average temperature increase
Royen assumed a minimum temperature of -40°C for Sweden with the average

minimum temperature of -12°C in the ice sheet. He suggested rates of temperature
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increase 0f 0.12, 0.07, and 0.033 C°%hr. For a maximum thickness of 1 metre the values of
maximum pressure were 338, 281 and 221 kN/m. Allowing for some decrease in stress
due to plastic deformation, Royen suggested a value of 294 kN/m for a completely
restrained ice cover.

Later research showed that for several reasons, Royen’s theory could not be applied
with confidence. The calculations were based on a constitutive law that was not able to
represent the behavior of ice adequately. Heat transfer in the ice sheet was not considered
and therefore the maximum force predicted was proportional to ice thickness. A uniaxial

theory was used for a problem involving biaxial restraint.

2.2 - Brown and Clarke (1932)

In 1932, Brown and Clarke performed a number of tests on ice cubes in order to
obtain an estimate of the thermal pressure to be used in the design of the dams for the
hydro-electric power development at Island Falls on the Churchill River in Saskatchewan
(Brown and Clarke, 1932). In these experiments 0.0762 m ice cubes were subjected to a
temperature rise while one of the dimensions was kept constant between the two platens
of a manual press. Each test was divided into time intervals. During each time interval the
temperature rate was almost constant. They reported two tests in which they had
observed linear rise in pressure due to linear temperature rise. On the basis of these two
tests they drew a curve for the rate of increase of stress as a function of the rate of
increase of temperature (Fig. 2.1). They argued that the effect of lateral restraint would
offset the effect of heat transfer and temperature gradient in the ice cover, so the total
pressure could be conservatively obtained by using the air temperature increase rate and
total thickness of the ice cover. An ice pressure of 146 kN/m was used in the design of
the dams at Island Falls.

Brown and Clarke’s contribution did not provide an acceptable solution for the
problem of thermal ice pressure. Their test apparatus was not accurate enough to capture

the true ice behavior and their results were not consistent with what is now well known
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about ice creep. The results of only two tests were used to obtain the curve and the initial
temperature was not considered. Brown and Clarke’s argument, that the effect of lateral

restraint would offset the effect of heat transfer, is questionable.

2.3 - Rose (1947)

In 1947 Rose suggested a method for determining thermal ice pressures (Rose, 1947)
which was based on:

1) The experimental data of Brown and Clarke.

2) Using heat transfer theory to obtain the temperature gradient in an ice cover.

3) An evaluation of the effect of the lateral restraint according to the theory of

elasticity.

Rose’s main contribution consisted of introducing a thermal analysis for calculating the
temperature distribution in the ice sheet. He assumed that the surface temperature was
equal to the air temperature and the initial air temperature was -40°C.

Finite difference integration was used to find the rate of the temperature increase at
different levels in the ice cover. Rates of air temperature increase of 2.78, 5.56, and
8 34°C/hr were considered . Then using the curve drawn by Brown and Clarke (Fig. 2.1)
the pressure at different levels was obtained. Rose made an extension of this curve on the
basis of other tests on continuous yielding of ice under sustained loads. The total force
per unit length was obtained by summation of stresses at different levels. Rose was the
first to consider the effect of solar radiation penetrating an ice sheet. In these calculations
a latitude of 40 degrees, and the time of vernal equinox was assumed.

Finally the effect of lateral restraint was estimated on the basis of the behavior of an
elastic slab. The pressures were multiplied by a factor equal to 1/(1-v), where v is
Poisson’s ratio. Assuming v=0.365, a factor of 1.575 was obtained. The results were

presented in the form of a family of curves for ice thrust as a function of ice thickness

(Fig. 2.2).
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Although Rose improved on the representation of the thermal aspects of the problem,

his force predictions were not satisfactory because they were based on Brown and
Clarke’s curves which did not give a reliable description of the stresses developing during
thermal expansion. Also, using elastic theory when considering the effect of lateral
restraint is not consistent with the creep of ice which occurs without volume change. In
spite of these deficiencies, Rose’s values were widely accepted and continue to be used by

engineers (see for example USBR, 1977 and Smith, 1985).

2.4 - Monfore’s Tests (1946 - 1954)

Experimental investigations of ice pressure were conducted by the United States
Bureau of Reclamation, USBR, from 1946 to 1951. These investigations included field
studies at several reservoirs located in the mountains of Colorado and laboratory studies
performed in the engineering laboratories of the USBR in Denver, Colorado. The results
of these studies were given by Monfore in a number of reports (see for example Monfore,
1951) and a summary of results was presented by Monfore at an ASCE symposium
(Monfore, 1954).

Monfore’s laboratory tests were conducted in the same way as Brown and Clarke’s,
but better equipment used was. The specimens were 0.102 m long by 0.102 m diameter
cylinders taken from 0.45 m thick field ice. The cylindrical axes of the specimens were in
the same direction as the horizontal plane of the ice sheet. Before each test the sample
was kept for some time at one of several temperatures (-34.4, -28.9, -23.3, -17.8, -12.2,
and -6.7°C). During the tests, while the temperature was increasing, the load on the
specimen was adjusted to maintain zero strain in the ice.

Monfore observed that for all the tests, the curve of pressure versus time was fairly
linear at the start, then bent over reaching a maximum and finally decreased. Although
qualitatively the stress-time curves were similar, the maximum pressure and the time to
reach the maximum pressure were quite different for tests made under the same

conditions. The average deviation in the maximum pressure was 6% for duplicate tests on
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the same specimen and 25% for different specimens. Monfore studied the crystal
orientation in a few samples and did find some marked differences. Even so, it was not
used as an independent parameter in his studies.

Monfore calculated the average maximum stress and the average time to reach the
maximum stress for a number of tests performed at the initial temperature of -23.3°C with
a temperature rate of 2.8°C/h. These values were used to normalize the results of the tests
performed at different initial temperatures and temperature rates. The average
dimensionless stress-time curve is shown in Fig. 2.3. On the basis of this average curve,
the stress-time curves were determined for different initial temperatures and different rates
of temperature increase.

The results of the experiments were summarized in two diagrams (Fig. 2.4) showing
the maximum pressure as functions of the rate of change of ice temperature for different
initial temperatures. The method for calculating ice pressure was as follows. First for
each level in the ice, values for the initial temperature and the temperature increase rate
were chosen. Then from the figures, the maximum pressure was read and the available
time was checked. Then the average pressure was multiplied by the ice thickness to obtain
the total thrust per unit length.

Monfore gave three examples where the calculated values were compared with field
measurements. The pressure gages used for field measurements were installed at three
different levels in the ice sheet and the total thrust was obtained by multiplying the average
measured stress by thickness. Ice temperatures were also measured at different depths in
the ice sheet. In the three examples, Monfore used the temperature measurements to
calculate the ice pressure and then compared the results with measured values. In these
cases the calculated thrusts were 88, 190, and 153 kN/m whereas the measured thrusts
were 88, 175, and 212 kN/m respectively.

The highest seasonal thrusts measured during the field investigations for three winters
ranged from 204 to 292 kN/m. In general, high pressures occurred during relatively warm
weather following periods of cold weather. The effect of shore type was generally as
expected. The highest thrust at a reservoir with flat shores was 85 kN/m and for a

reservoir with moderately steep shores was 137 kN/m. The highest values happened in
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reservoirs with rocky and steep walls. The highest pressure usually occurred at the top of
the ice sheet except for a case when there were open cracks during the day and the
maximum pressure was recorded by the middle gage.

Monfore’s experiments and measurements were a step forward in understanding the
behavior of ice subjected to thermal load. The calculations however, had some weaknesses
including neglecting the crystal type, not considering the lateral restraint, not considering
the time lag between the maximum pressure at different levels, and using the average
pressure for obtaining the total thrust. Monfore used measured temperatures in the
calculations and did not make any attempt to calculate the temperature distribution in the

ice sheet.

2.5 - Lofquist (1954)

An investigation was undertaken by the Swedish State Power Board to solve the
problem of thermal ice pressure. Lofquist reported the results of one of the experiments at
an ASCE symposium in 1954 (Lofquist, 1954). In this experiment an ice cover was

~ grown in a cylindrical concrete container with insulated walls and an internal diameter of
0.5 m. The ice was formed in the same way as occurs in nature; by cooling at the top
surface. When the ice reached a maximum thickness of about 0.6 m, the ice surface was
exposed to an approximately exponential temperature increase from -30°C to 0°C over a
period of 25 hours. The stress profiles obtained in this experiment are shown in Fig. 2.5.
It can be seen that the position of the maximum stress moves down through the thickness
as time increases. It was also observed that the pressure in different gages increased with
time, reached a maximum and then decreased. The maximum thrust per unit length in this
experiment was 196 kN/m which was recorded at about 14 hours after the start of the
temperature increase.

Lofquist remarked that the measured ice pressure was reduced by the fact that
container itself deformed due to both thermal expansion and the thrust exerted by ice.

Also some cracks were observed in the uppermost part of the ice cover that might have
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reduced the pressure. It was estimated that the thrust would be 25% higher for the case of
complete restraint. Lofquist noted that the thermal pressure increased with thickness up
to the order of 0.5 m with only a marginal increase for thicker ice sheets. Lofquist’s
experiment was the first biaxial test on ice and provided understanding of the behavior of
ice when partially restrained in two directions and subjected to a temperature increase.
However, Lofquist did not analyze the data in such a way that it could be used for

predicting ice pressures.

2.6 - Assur (1959)

In 1959 Assur suggested a rheological model which was later used by others (Assur,
1959). The constitutive equation was the solution of the differential equation for a model

with a Maxwell and Kelvin unit in series under constant load. The solution for strain is:

t

€ =-c—+-i[n2t0(l—e_g)+nlt] (2.6.1)
E, ms
where

~ to = 1/E;m; = relaxation time for elastic lag
m = 2(1+v) for uniaxial case (m=3 for viscous flow)

m = 2/v for biaxial case (m=4 for viscous flow)

T
s = exp( Q. )——lt—— (2.6.2)
RT" Gnh(=~
To
and

Q. = activation energy for creep
R = the universal gas constant
T = the absolute temperature
T=0/m

T=cT
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heat transfer in the ice sheet is not considered, and since the standard is based on Royen’s

rheological model it has the same short-comings.

2.8 - Lindgren (1968

Lindgren performed uniaxial and biaxial laboratory experiments on ice samples to
determine the rheological properties of ice (Lindgren, 1970). Results were used to
calculate the thermal ice pressure for a prescribed air temperature variation.

The largest recorded air temperature rise in Arjeplog, which occurred during the
winter of 1963 (-34°C to +2°C) was used in calculating the temperature distribution in a
0.6 m thick ice cover for the three cases of 0.0, 0.05, and 0.4 m snow cover. The thermal
resistance of the surface was included. The calculations showed the great effect that snow
cover has on the temperature distribution in an ice cover.

Lindgren used a linear visco-elastic model similar to that suggested by Assur

(equation 2.7.1) to calculate the stress in the ice. The strain solution obtained is:

€=— +-2[1-exp(~-E,n,t)] +on,t (2.8.1)
E, E

Lindgren mentions that

“ ..several studies have shown that” the equation (2.8.1) “..does not give a
complete picture of the deformation characteristics of ice. Ice is therefore not
linearly visco-elastic.”

To account for that, Lindgren investigated the dependence of the viscosity on the stress

and time, although in the differential equation the assumption was that the parameters

were constant.

The results of the experimental tests were used to evaluate the parameters in the
rheological equation. In the uniaxial tests, 0.07x0.07x0.2 m prisms were subjected to
constant load. The deformation-time plots for some of the tests are shown in Fig. 2.6.
Lindgren gave the following values based on the uniaxial experiments:

E, = 66000(1-0.0120) kg/cm’
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E, = 70000 kg/cm’
nz = 1.1x10® kg-s/cm’
1 = 18.50°(0.2-0.086)(/3600)"*x10° kg/cm® (2.8.2)
In the biaxial tests a steel ring with inner diameter 0.8 m was placed around a circular
ice plate of about 0.07 m thickness. The space between was filled with water which was
then frozen. The ice plate and steel ring were subjected to a rising temperature and the ice
pressure was obtained from the strain in the steel ring. The results of one of these tests
are shown in Fig. 2.7. From the biaxial tests the same values for E;, E,, and 1, were
obtained assuming a Poisson’s ratio value of 0.36. A new equation was given for n; on

the assumption that Poisson’s ratio was 0.5 for viscous flow ( to model incompressiblity):
m = 3167(0.3-0.076)(t/3600)"*x10® kg/cm’. (2.8.3)

On the basis of these values the stress-time diagram for different starting temperatures
and different rates of temperature increase was determined. The method for calculating
ice thrust was to divide the ice sheet into layers and calculate the pressure at different
times depending on the temperature changes in the layers in question. The sum of ice
pressure in the various layers gave the total ice thrust. For the three cases selected, the ice
pressure was calculated to be 451, 118, and 49 kN/m respectively.

Lindgren did not consider different types of ice crystals. The type of ice in the
experiments and the method of ice formation were not identified. Lindgren started with a
uniaxial model with constant parameters and constant stress, then used it for a biaxial case
with temperature changes, where the stress and parameters were no longer constant.
Although an attempt was made to fit the model with test data, getting a good agreement
was unlikely, since the method was not consistent with the assumptions. Lindgren offered
the following rather interesting comment:

«“Calculations of the values of the maximum pressure are somewhat unreliable.

With this in mind, rough estimates can be used to assess maximum ice pressure.”
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2.9 - Drouin and Michel (1971)

Drouin and Michel contributed significantly to the study of thermal ice pressure
(Drouin & Michel, 1971). In their report they first reviewed previous research on thermal
ice pressure and then studied the thermal aspect of the problem. They reviewed the
thermal ice properties and conducted a statistical study of the air temperature records for
Quebec City to get an estimate of the initial temperature, spread, duration and shape of
temperature rises.

Concluding that the temperature versus time curve generally has a sinusoidal shape,
they solved the differential equation for thermal diffusion in ice, using a sinusoidal increase
in surface temperature. The effect of snow cover was accounted for by increasing the
thickness of ice by an amount that would result in the same temperature distribution as for
ice with a snow cover. For an ice thickness of more than 0.4 m the temperature
distribution was approximated by the Fourier solution for a semi-infinite space. The effect
of the thermal boundary layer and solar radiation were not considered. It was argued that
these two effects would offset each other.

The most valuable parts of their work were the uniaxial and biaxial tests. Tests were
performed on three different kinds of ice: snow-ice, columnar ice with optical axis vertical
(S1), and columnar ice with optical axis horizontal (S2). In the uniaxial tests, the
cylindrical specimens with 0.0254 m diameter and 0.0762 m height were subjected to
constant strain rates at different temperatures. The strain rates ranged from 1.8x10° to
1.8x107 s™ and the temperatures from -3.2°C to -28.3°C. These strain rates are in the
range of those encountered in nature when an ice sheet undergoes thermal expansion.
There are few tests cited in the literature for strain rates lower than 5x10” s because
these low strain rates require a long test duration and also because the slightest
instantaneous temperature variation of the ambient medium will affect the test results. In
the case of S2 ice it was concluded that the samples were too small compared to the grain
size, so only two tests with larger specimens were reported (h=0.1016 m and
d =0.0508 m). The results of a typical test for each kind of ice are shown in Figs. 2.8 to

2.10. It can be seen that in the case of snow-ice and S2 ice the stress reaches a maximum
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and remains almost constant while for S1 ice there is a marked decrease in stress after the
maximum stress is reached. This rapid decrease is attributed to sudden lateral deformation
of these ice samples.

The following rheological model for the uniaxial case was suggested:

do _.p Do, sy I 0W

” =¢E, - 2bPE, [( B +€t) E, I 2 ) 29.1)
where

O = stress

€ = strain rate
t = time
E, ="apparent elastic modulus
ny = initial number of dislocations
B = rate of multiplication of dislocations
b = length of Berger’s vector
p = a function of temperature
m = a constant

As stated by Drouin and Michel, this rheological model is somewhere between the
conventional models consisting of Maxwell and Kelvin elements on one hand, and models
based entirely on theories of molecular mechanisms on the other. The results of uniaxial
tests were used to find the parameters for the rheological model. In order to get a match
with the test results, the effect of rigidity of the assembly was considered in the
calculations and stress-time curves for ice plus testing machine were calculated. Then by
assuming infinite rigidity for the assembly the theoretical curves for ice alone were
calculated. The following values were determined from the experiments:
E. = 4.52exp(2060/T) kg/cm® (snow-ice)
T = absolute temperature K°
E.=c & “exp(1335/T) kg/cm® (S1 ice)
c=344¢ (¢ins”)
m=4 (snow-ice)

m=3.7 (S1ice)
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no = 10°/cm® (snow-ice)
no = 5x10°/cm? (S1 ice)
B = 10°/cm?
p = 367exp(-0.040) = 18x10exp(2710/T)
0 = temperature in C° |
b=4523 A°

The theoretical rheological model for ice alone was used to calculate the stress-time
curves for ice subjected to increasing temperature. In these calculations the variation of
the coefficient of thermal expansion with temperature was considered. Stress-time curves
for different initial temperatures and different rates of temperature increase were drawn.
Both linear and sinusoidal temperature variations were considered. In these curves the
pressures for temperatures below -30°C were calculated although all the tests were
performed above this temperature.

The results of the studies for the uniaxial case were summarized in curves that showed
the thermal pressure as a function of ice thickness and duration of temperature increase for
different initial temperatures (Fig. 2.11). These curves were calculated for a sinusoidal
temperature increase and thicknesses more than 0.4‘m. To obtain these curves the ice
cover was divided into layers and the rate of temperature change was calculated in each
layer. The rheological model was then used to calculate the stress for the strain rate
corresponding to each temperature rate.

The biaxial tests were similar to those performed by Lindgren. The ice samples were
circular discs 0.05 m in height and 0.15 to 0.30 m in diameter. They were placed in an
invar ring which had a very low coefficient of thermal expansion. During the tests the ice
temperature was increased from an initial value to 0°C with a constant rate and the thermal
pressure was obtained from the measured strain in the ring. Five tests were performed on
snow-ice, eight tests on S1 ice, and eight tests on S2 ice. The maximum pressure that
would develop in the uniaxial test under the same temperature conditions was calculated.
Then the ratio between the maximum measured biaxial pressure and the maximum
calculated uniaxial pressure was found. Figure 2.12 shows the stress-time curves

corresponding to these cases. For snow-ice, the ratios were from 1.51 to 1.81. The ratios
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for S1 ice were in the range 1.0 to 1.97. For S2 ice, due to a lack of results for uniaxial
case, the maximum uniaxial pressure for S1 ice was used. The values of these ratios were
between 0.83 and 1.16. The apparent Poisson’s ratio, v, was calculated assuming that
these ratios were equal to 1/(1-v).

Drouin and Michel considered the effect of cracks by assuming a certain crack width
per length. The amount of temperature increase was then decreased, so that the reduction
in thermal deformation would equal the deformation due to the crack opening.

The experiments performed by Drouin and Michel are very valuable in defining a
constitutive model and material properties for different kinds of ice at low strain rates. ,
However, their calculations for predicting the thermal ice pressure, have some
weaknesses. The curves for uniaxial stress are based on a thermal analysis for a semi-
infinite space with the assumption that the ice surface temperature is equal to the air
temperature.  Calculations by Bergdahl (1978) and observations by Comfort and
Abdelnour, (1993) show that in many cases the ice surface temperature is quite different
from the air temperature. Considering the ice sheet as a semi-infinite space might be a
good assumption for thick ice plates, but some of the thermal events happen in early
winter when the ice sheet is thin, and more accurate thermal analysis is needed for these
cases. Solar radiation also has a major effect on ice temperature and cannot be neglected.

The effect of biaxial restraint is poorly handled. Figure 2.12 shows that the maximum
pressure in the uniaxial and biaxial cases do not happen at the same time and the ratio
between the stresses was not constant during the tests. The ratio 1/(1-v) is valid for an
elastic material, but its use cannot be justified when creep is considered. Defining
Poisson’s ratio on this basis and using it for predicting the thermal pressure under biaxial

restraint is questionable .

2.10 - Jumppanen (1973

In 1973 Jumpannen used a two dimensional constitutive equation to calculate ice

pressure (Jumppanen, 1973). This equation is
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g =JI+ [[J,(t-1,0)(S, +6,)+T,(t - 7,0)81dt (2.10.1)
0

where € and S are strain and stress matrices.

g, 7Y G, 1

€= 2 and  S= (2.10.2)
1 t o,
27 % '

The parameters Jo, J;, and J, are creep functions, I is the identity matrix, t is a time
variable on the interval [0,t], and a superposed dot denotes the derivative with respect to
time. Jumppanen stated that a comparison between equation2.10.1 and the elasticity

equation

\Y 1
8=]—3'I(O'x+0'y)+zs (2103)

led to the interpretation of J, as the time variation of the elasticity modulus Vv/E, and
- correspondingly for J; as the time variation of the modulus 1/2G. Equation (2.10.1) was
studied for two special cases.

a - One dimensional case, 6, =6, 6,=1=0

If the first term is omitted, equation (2.10.1) for this case can be written as

€, =

© Sy =

J,+3,)odt = jJ(t -1,0)5(1)dt (2.10.4)

where
J=] 1+J2 .
b - Biaxial hydrostatic, ox=0,=c , 1=0

In this case the strains are

€, =8, =

2], +J,)odt=[1- v(G)]j- J(t - 1,0)5(t)d7 (2.10.5)

© Gy, o

The results of 50 creep tests performed in the cold laboratory of the Civil Engineering
Department at the Helsinki University of Technology were used to define the creep
function J. Two types of fresh water ice were used: columnar grained ice made from tap

water, and columnar grained ice taken from the ice cover on the Saima Channel.
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The samples were cylinders 0.15 m in height and 0.09 m in diameter. They were
tested at -2, -5, -12, and -25°C. The stress levels were 0.29, 0.69, and 1.18 MPa. For
experiments at 0.29 and 0.69 MPa, the creep function showed weak nonlinearity and
strong nonlinearity at 1.18 MPa. Only the linear case was considered for stresses under

0.69 MPa and the expression for J which gave the best agreement with test results was

found to be:

J(1,8) = a(8) + b(B)t" (2.10.6)
where

a(0)=(117+0360) x 10~ (cm’/kg) (2.10.7)
b(@) =(245+0.050) x10~ (cm’kg) (tap water ice) (2.10.8)
b(8)=(12+0258)x10~°  (cm’/kg) (Saima Channel ice) (2.10.9)
n=03

80 =-25°C, 6=0-8,, -25°C<6<0°C
These values were used to calculate the ice pressure for some simple ice pressure
problems including a cylindrical water reservoir, a rectangular water reservoir, and a long
channel trough. In these calculations Poisson’s ratio was taken to be:
v(0) = 03 + 0.0040 (2.10.10)
The ice pressure at a depth 0.08 m for the Saima Channel was also calculated and
compared with the measured stresses.The difference between the measured and calculated
stresses was less than 20%. The temperature distribution in the ice cover was not

considered and the calculations are valid only for stresses under 0.69 MPa.

2.11 - Metge (1976)

In a Ph.D. thesis submitted to Queen’s University, Metge studied the thermal cracks
on Lake Ontario near Kingston (Metge, 1976). The field investigation during the winters
of 1970, 71, and 72 included ice condition monitoring, ice thickness measurements,

temperature gradient measurements, solar radiation and wind velocity recording, recording
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of pressure ridge movement, time lapse photography of pressure ridges, seismic recording
of ice cracking, and observation of thermal cracks.

The cracks were separated into three different groups and the observations of these
cracks were as follows.
1 - Dry cracks

These are the most common cracks that form during cooling periods. These cracks do
not usually fill with water because the cracks do not result in complete separation of the
ice on either side. Figure 2.13 shows a typical section of a dry crack. The crack is
straight down to about two thirds of the ice thickness and is met there by one or two shear
cracks, usually at about 45 degrees to vertical. Dry cracks act like a set of bellows,
absorbing some of the contraction and expansion of the ice without causing stresses. The
width of dry cracks in the Kingston observations ranged from 1 to 20 mm. An estimate of
the average crack width was 5 mm. The spacing of the cracks was estimated to be
25 metres.
2 - Narrow wet cracks

With further contraction of the ice cover the sides of a dry crack can separate allowing
water to rise in the crack. When the water freezes, seals the crack. Metge indicated that
each cooling period opened the crack, which was weak in tension and a layer of ice was
added (Fig. 2.14). The thickness of the new ice bridge was large enough to withstand the
compression caused by a subsequent warming period. Metge mentioned that in the
Kingston area such cracks were extremely rare and numbered only two or three across the
wide region studied.
3 - Wide cracks

Metge described that as the amount of contraction increased, the ice had to separate
from the land and the total contraction was then absorbed along one or two cracks which
usually formed near tensile stress raisers such as between two headlands. It was stated
that the overall contraction of the ice sheet was concentrated at these cracks and some had
been observed that were more than 200 mm wide. The large volume of water in these
cracks could not freeze completely during the night and as a result, by morning a typical

wide crack took the shape shown in Fig. 2.15. During the next day, if the ice temperature
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rose, the thin bridge of ice across the crack was put in compression and suddenly failed.
The closure of these cracks produced a loud noise and a violent impact. Metge indicated
that when the crack closed the sides of the crack became out of alignment. One side lifted
up while the other side sank under it. This caused the crack to act like an obstacle against
snow and this was the initiation a of pressure ridge formation. Metge’s observations
showed that pressure ridges were usually preceded by wide cracks.

According to Metge’s observations, dry cracks are the most important type of crack
which should be considered in a thermal analysis, because they are the most common
cracks and are active during the thermal events. The narrow wet cracks are very rare and
wide cracks appear only at special locations. The impact due to closure of the wide cracks
might exert a large force on a structures, but this cannot be considered in a thermal

analysis and requires separate study.

2.12 - Bergdahl (1978

In 1978 Bergdahl submitted a doctoral dissertation on thermal ice pressure to
Charmers Institute of Technology in Sweden (Bergdahl, 1977, Bergdahl, 1978, and
Bergdahl & Wernersson, 1977). A numerical model was proposed that calculated thermal
ice pressure in ice covers. The thermal analysis was done by an implicit finite difference
method which took into account solar radiation, latent heat transfer, and heat transferred
by conduction and convection. Input included: air temperature, wind speed, cloudiness,
air vapor pressure, location of the site and time of the year.

Bergdahl assumed that the ice cover was completely restrained and adopted the
following rheological equation for calculating the ice pressure.

o0 _ds_1do
dt dt E dt

This is the differential equation for a model composed of a linear spring and a non-linear

+KDg" | (2.12.1)

dashpot where
E =(1-0.0120)6100 MPa (2.12.2)
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D = Dyexp(-Q/RT) (2.12.3)
Do = (9.13+0.57)x10™* m?s
Q, = the activation energy for self diffusion = 59.8 kJ/mol
R = the universal gas constant = 8.31 J/(mol-K°)
T = the absolute temperature

The values for K and n were chosen based on the experiments by Drouin and Michel
(1971) on ice monocrystals loaded parallel to the basal plane. The values used were
K =4.40x10" (m?Pa™) and
n=3.651.

The calculated temperature profile was used to determine the thermal ice pressure for
each layer separately. The differential equation (2.12.2) was written in difference form
and solved using a special iterative procedure. The pressures were then integrated over
the depth of the ice to obtain the total pressure. In order to consider the cracking of ice in
tension, the ice pressure was allowed to reach a negative minimum value (the tensile stress
had a negative sign), after which the stresses were set to zero. When the temperature
started to rise again, the cracks were assumed to be healed completely.

Bergdahl made some comparisons between the calculated ice pressure from the
proposed model and ice pressures calculated by other authors or obtained from the
experiments. Figure 2.16 shows a comparison between Bergdahl’s proposed model and
other models. Monfore’s corrected curve is obtained by assuming Poisson’s ratio equal to
0.36. Figure 2.17 shows the comparison with measured pressures. Bergdahl stated that:

“The proposed model seems to give an upper bound for the thermal pressure in the

plate experiments. In a thick ice cover such high pressure levels could be reached

more often, but in a vast ice cover there ought to be factors that limit the
pressures.”

Bergdahl also made a comparison between different methods for calculating the ice
pressure and obtained the maximum ice pressure in two hypothetical conditions. The
thickness of the ice cover was 0.45 m and 0.9 m in these cases. The initial air temperature
was set to -30°C and made to rise 2.8°C/h to 0°C. No solar energy was absorbed. The

proposed model was calculated assuming a clear sky and vapor pressure equal to 80% of
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the saturation vapor pressure of the air. Table 2.1 shows the calculated pressures.
Bergdahl’s equation gives higher values than other methods. Bergdahl concluded that:

“It might be reasonable to reduce values of the highest pressures because in vast

covers the conditions may be less favorable for high pressures”.

Bergdahl and Wernersson calculated the thermal ice pressure for five Swedish lakes
(Bergdahl and Wernersson, 1977). They did statistical studies and gave the expected
pressures for return periods of 100, 500, and 1000 years. Results are shown in Table 2.2.

The thermal analysis conducted by Bergdahl included most of the parameters that have
an effect on the temperature distribution in an ice cover. However the pressure analysis
had some weaknesses. Bergdahl actually performed a uniaxial analysis. He used the
method of Drouin and Michel based on estimating the biaxial stress from the stress
obtained in uniaxial calculations. As mentioned before, this cannot be considered a proper
biaxial analysis. The forces calculated by Bergdahl are very high and this might be due to
the choice of the material properties. For example, the value selected for E seems very

high considering the low strain rates that occur in thermal events.

2.13 - Cox (1984)

Field measurements of ice pressure were performed by Cox on a small urban lake
during February and March 1983, using a newly designed biaxial ice-stress sensor. The
objectives of the field program were to obtain field experience in deploying the sensor and
some preliminary measurements of thermal ice pressures. In 1984 Cox presented the
results of this field measurement program together with the calculation of thermal ice
pressure, based on the measured ice temperatures (Cox, 1984). Although the ice sheet
was relatively warm and temperature changes were small, stresses up t00.3 MPa were
recorded. The peak stresses were about 0.21 MPa in compression and 0.31 MPa in
tension in one direction and about 0.14 MPa in compression and 0.24 MPa in tension in

the other direction.
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Ice pressures were first calculated using Bergdahl’s rheological model, with the
measured temperature history at the depth of the sensing portion of the gauge. The model
was modified to allow tensile stress to accumulate in the ice cover during cooling periods
without any ice cracking. It was observed that Bergdahl’s model over predicted
compressive and tensile stresses in the ice.
Cox concluded that this over-prediction was due to Bergdahl’s values for E, K, and D.
As stated by Cox, for the low strain rates typical of thermal expansion, the effective
modulus of ice was expected to be lower than 6000 MPa. Also above -10°C, a plot of
In(e) versus 1/T was strongly non-linear and the creep activation energy, Q., was not
constant. Therefore, the product, KD, in Bergdahl’s model needed to be re-evaluated for
ice thermal expansion problems. Cox suggested that a modulus of 4000 MPa might be
more appropriate and defined a new function A(T) to account for the temperature

dependence of the creep rate:

é=%+A(T)(°,)" (2.13.1)
(o)
where

* .
O = a unit stress

€ . .
A(T)=——— in a constant strain-rate test, or
(O /0)
€ min .
A(T)=-—"=—  inaconstant load test.
(c/c”)

The values of omax from the curves presented by Drouin and Michel for a strain rate of
2x10® s were used to obtain A(T), and In[A(T)] was plotted against In(T). In order to
obtain a linear fit it was assumed that the 0°C tests were performed at -1°C. By adjusting
the data the following relationship was obtained:

T

A(T)=B(=

)" ' (2.13.2)

where
T’ = a unit temperature

B =2.46x107% ¢!
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m=1.92
Cox compared the pressures predicted by the suggested model with the measured
stresses and the stresses calculated by Bergdahl. The pressures predicted by Cox were in
good agreement with the measured stresses. Bergdahl’s values were high in both
compression and tension. Cox made the calculations using the measured temperature at a
single depth and did not analyze the whole ice cover. Biaxial restraint was not considered

in the analysis.

2.14 - Sanderson (1984)

At the seventh I AHR. International Symposium on Ice, in 1984, Sanderson
presented a paper on thermal ice forces against isolated structures (Sanderson, 1984). It
was noted that depending on the boundary conditions two distinct types of thermal force
might develop. In reservoirs and rivers, where the ice is confined in a limited space
thermal stresses develop which may lead to loads of 200 to 600 kN/m across a structure.
In the seas where the ice is free to expand, thermal ice velocities occur. In the case of an
offshore isolated structure, as the ice expands it moves past the structure, and forces can
be calculated by solving the indentation problem. These forces typically amount to 2000
kN/m for a wide structure.

After a review of the previous methods for calculating the pressure in the case of
restricted expansion, a method was suggested for determining the velocity in free
expansion conditions. It was noted that thin ice covers would expand directly in response
to any temperature change while a thick ice cover would consist of two coupled layers,
one active and one passive, which expand at a slower net rate. For an ice cover many
times thicker than the active surface layer, the following steps were suggested for
calculating the strain rate: 1) calculate the thermal stress in the active layer with the
assumption of total restraint, 2) distribute the stress over the total thickness, 3) calculate

gross strain rate due to the distributed stress.
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In a part of this paper the propagation of thermal waves in ice covers was studied.
According to Sanderson, in many conditions, the temperature distribution in ice cover is
dominated by surface temperature changes and can be obtained by heat conduction
analysis with negligible convection. It was noted that any periodic surface temperature
history could be represented by a Fourier series of sinusoidal terms and each temperature
wave became attenuated with depth according to:
exp[-y(©/2a4)"?) (2.14.1)
where
ag = thermal diffusivity of ice
o = angular frequency
y = depth

Assuming a4 =1.15x10® m%s for pure ice, the depth yo, at which the temperature wave
is attenuated to 1/e of its surface amplitude could be calculated for different .
yo = (2k/w)"? (2.14.2)
This was called the “skin depth”, which is tabulated in Table 2.3.

Sanderson also calculated the wave frequency which caused the maximum rate of
temperature change, d6/dt , at a given depth.
o = 8k/y? (2.14.3)

The dominant period which gives the maximum rate of change of temperature at a
particular depth is shown in Table 2.4. As stated by Sanderson:

“The important temperature cycles of period one day or less dominate only at

depths less than 0.36 m”.
This means that for thin ice sheets daily temperature changes should be considered for
calculating the maximum pressure and for thicker ice sheets longer periods should be
taken into account. It also means that for thin ice covers the whole thickness is affected
by the daily temperature changes and the total force will increase rapidly with increasing
thickness. But for thick ice covers only the upper part will be active and the total force
will not change very much with increasing thickness, unless the period of temperature

change is more than one day.
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2.15 - Bomeng (1986

Xu Bomeng from the People’s Republic of China suggested the following equation for
ice pressure which was obtained using data from several reservoirs in the northeast of
China (Bomeng, 1986).

p = KK,Cy(3-1,)%(40,)*(t*%*-0.6)/(-6,>"*) (2.15.1)
where

p = average pressure of ice sheet, kg/cm’

K, = factor for snow cover (for no snow K;=1.0).

C: = conversion factor related to thickness of ice cover, as shown in Table 2.5.

0. = initial air temperature at 8 a.m. (C°), usually not higher than -10°C

A8, = increment in air temperature (C°) from 8 a.m. to 2 p.m., or from 8 a.m. of the first
day to 2 p.m. of the second day or third day for sustained temperature increases; the
highest air temperature should not , however exceed 0°C.

t = duration of sustained temperature increase (h), corresponding to A6,.

t = 6 hours for daily changes.

t=30 hours for successive days of air temperature increase (two days).

K = coefficient to account for overall effects of other factors.

In order to simplify the calculations, some of the parameters in equation 2.15.1 were
determined based on the data of field observation. It was argued that for thin ice sheets
the maximum pressure could be reached in a single day but for ice sheets thicker than
0.5 m longer duration of temperature increase , up to two or three days should be taken
into account. Therefore, for ice of less than 0.5 m thickness the duration was taken to be
six hours. For thicker ice sheets, the duration was 30 hours. From observations, initial air
temperature and temperature rise were taken -15°C and 15°C respectively. Finally,
assuming no snow on the surface of the ice sheet, the ice pressure predicted by equation
2.15.1 would depend on the thickness of the ice sheet.

P = 13.73hKCym, (2.15.2)

where
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P = ice thrust (tonnes/m)
m, = time factor of temperature rise (1.0 or 1.82)

The magnitude of K is affected primarily by the surface area of the reservoir and the
conditions of the restraint against expansion, and lies between 3.5 and 5.0. In Fig. 2.18
ice thrust according to equation 2.15.2 is plotted versus thickness for different values of
K. The maximum thrusts measured at nine reservoirs are also marked in this figure.

Equation 2.15.1 includes most of the important factors that affect the thermal
pressure, but since it is based on data fitting, it cannot be used freely for other places. It is
not possible to judge equation 2.15.2 on the basis of the Fig. 2.18. The measured thrusts

cover a wide range and it is difficult to express them as a function of thickness.

2.16 - Yamaoka, Fujita, and Hasegawa (1988)

At the ninth 1. A HR. International Symposium on Ice in 1988, Yamaoka, Fujita and
Hasegawa from Japan presented the results of measured and calculated thermal ice thrusts
at the Taisetsu Dam. The thickness of ice cover was about 0.4 m at the time of the
measurements. The site where the measurements were done was almost free from snow.
A summary of the results is presented in Table 2.6. It was observed that no thermal
- pressure was recorded below a depth of 0.175 m. Therefore the effective ice thickness
was considered as 0.175 m.

The coordinate system in Fig. 2.19 was used in the calculation of the thermal stress

under three different boundary conditions.

Case (1):
c,(z)=f(ab) (2.16.1)
0=0 atx==1

M=0 at z=xa/2
where
o = the coefficient of thermal expansion

0 = ice temperature
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6 = horizontal displacement

M = in-plane displacement by thermal bending

Case(2):
0,(z)= o,(z)+-l— j o,dz | (2.16.2)
a

a2
0 = free at x ==I
M=0 at z=a/2
Case(3):

1 a/2 12z al2
o,(z)=0,(z)+— Io,dz+—3— j'c,zdz (2.16.3)
a a

-al2 ~af2
8 =free atx==zl
M=free at z==a/2
For the constitutive relationship a rheological model consisting of a Maxwell unit and
a Kelvin unit in series was used. The rheological equation for this model is:

2 2
d28+Evd8=Ld<2’+(_l_+J_+_:E_v_)99_+ E, . (2.16.4)
dt* ndt E_ d* m, n, nE "dt nn,

where E and n are rheological coefficients. These coefficients were estimated by curve

fitting Lindgren’s experimental data. The values obtained are:

En = 8584 MPa
Nm = 6.60x10” MPa.s
E, = 5347 MPa

nv=6.43x10° MPas .
The temperature distribution in the ice cover was calculated using the thermal

diffusion equation,

2
2,2 ey
where

aq = the thermal diffusivity of ice = 1.15x10% cm?/s

The boundary conditions used in conjunction with equation 2.16.5 were
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0(a/2,t) = Acosw(t+4x3600)+B
0(-a/2,t)=0
06(z,0)=0
® = 27/(24x3600) 1/s
A=-5C
B=-12°C
a=05m

The maximum values calculated for o}, o,, and o3 at 0.08 m depth were about 0.44,
0.25, and 0.04 MPa, respectively. The calculations predicted maximum pressures at the ice
surface whereas the measurements showed the highest pressures at 0.085 m. It was
arguéd that this difference was due to thermal cracks at the ice surface.

The method suggested by Yamaoka et al. has the advantage that it considers the
bending and expansion of the ice cover, when the ice sheet is not completely restrained
and is free to rotate or expand. The bending stress (the third term in equation 2.16.3),
however, is obtained according to elastic theory even though it is not consistent with the
behavior of ice. The effects of lateral deformation, underlying water, and change in ice

properties with respect to temperature are not considered in the calculations.

2.17 - Xian-Zhi (1988)

At the ninth LH.A R. International Symposium on Ice in 1988, Xian-Zhi from China
presented measured ice pressures from several reservoirs in China along with some
observations regarding the thermal ice pressure. The maximum ice pressures observed in
the reservoirs are given in Table 2.7.

The measured temperatures showed that the effect of periodic change of surface
temperature gradually weakened with increasing depth and there was negligible effect
below a depth of 0.6-0.7 m. It was observed that the destructive action of the ice cover
on the revetments occurred mainly in either early or late winter. Xian-Zhi explained that

in early winter, the ice cover was thin and its temperature changed rapidly. Therefore if
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the integrity of the revetment was poor (such as loose-stone laid revetments) it could
easily be pushed by the ice body. In late winter the ice cover reached its maximum
thickness and when the temperature increased the total ice pressure was large. Xian-Zhi
cited the case of the Baiquan Reservoir where, on March 31, 1974 a large area of the
revetment slid 0.18 m upwards. The ice thickness was 1.2 m at the time.

The measured pressures showed that when other conditions remained the same, a
higher rate of temperature increase caused a higher ice pressure. It was also found that
for the same temperature increase rate, a lower initial temperature resulted in greater ice
pressure. This might be due to the fact that the value of modulus of elasticity is higher at
lower temperatures. Observations indicated that at a depth of 0.1-0.3 m, the ice pressure

was a maximum, and it was zero on the surface and at the bottom of the ice cover.

2.18 - Tunik (1988)

In 1988, Tunik from Finland presented a paper about the design ice forces on offshore
installations (Tunik, 1988). In a part of this paper an equation was suggested for
calculating static forces due to the thermal expansion of ice covers. It was assumed that
the pressure varied linearly from a maximum value, p,, at the ice surface to zero at a depth
h;. Thus the maximum force could be expressed as:

F,=0.5pBh (2.18.1)

where B is the width of the structure. The maximum thermal pressure was obtained from

Peschansky’s equation (Peschansky, 1971), which was written in a simplified form as:

P, = K(0.0089-0.0204 s/t)(At+1)*(1o)"? - (2.18.2)

where

s = salinity (parts/thousand)

t= ice surface temperature at the end of the temperature change period (in C° with
positive sign).

To = period of time during which temperature had changed in hours; equation 2.18 is

applicable for 1, from several hours to 2-3 days.
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K = 1 for saline ice when temperature increases and for fresh water ice
K = -1 for saline ice when temperature decreases (saline ice expands when temperature
decreases).

The depth of thermally stressed ice, h, was obtained from Sanderson’s “skin depth”
(the depth at which temperature is attenuated to 1/e of its surface magnitude; Sanderson,
1984), with some modifications (Figure 2.20). It was estimated using the formula:

h = 0.141n0.6(tp+4) | (2.18.3)

It was assumed that the skin depth is the depth at which the stress is zero, but
according to Sanderson at this depth the temperature is about half of its surface

magnitude, and it is not zero.

2.19 - Ivchenko (1990)

At the LA-HR. International Symposium on Ice in 1990, Ivchenko from the USSR
presented an analytical method for calculating thermal ice pressure (Ivchenko, 1990). The
procedure was based on a rheological model consisting of a Maxwell unit in series with a
Kelvin-Voigt unit. It was assumed the ice cover is divided into a number horizontal
layers, the stress in each layer is independent from the stress in other layers, the layers are
completely restrained in the horizontal direction, and the temperature change is uniform
within a layer.

The equation for the rheological model is given in the form:

1. §s™!'m s* sk
+ +

d, =588+ k- expl— 2K (t— t)](S* exp(Ek t)dt . (2.19.1)
to -

2y 2ny 2m, B 2ni Nk Nk

The symbols in equation 2.19.1 are not defined in the paper, except for d which is
mentioned to be the “complete relative strain”. Assuming that S denotes the stress, it
seem that the first term is for elastic deformation, the second to fourth terms for viscous
deformation and the last term for the delayed elastic deformation. Then it is assumed that
the state of stress is uniform at each point so that

Gi=0;=0, cx=0, (2.19.2)
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d=d_j=d_=a®-8,)1-v,)-—(v,~ ;) (2.19.3)
Hm
where
o = coefficient of thermal expansion
0 = temperature of the layer under consideration
0o = initial temperature
o = normal stress
v; = coefficient of viscous diametrical restraint
v, = coefficient of the elastic diametrical restraint.
Assuming that the rheological model consists of linear elements and the strain in the
Kelvin unit is equal to zero the final differential equation for the stress is given by:

6[ 1 + 2 +V1—V2]+6.|: L S 1 + 1 + 24 +Hk(V1‘V2)}+
61y, 276 py, 6lpM My My 274my Hm Mk

o—PEk - _a+v)B+6LK), (2.19.4)
6Ny Ny yM

- Equation (2.19.4) is a function of stress only, and can be solved for a given temperature
function. The thermal line load is obtained by integrating 2.19.4 over the thickness of the
ice cover. A comparison was made between the predicted stresses and the stresses
measured in an outdoor basin with diameter of 1.8 m and at Lake Baikal. There was good
agreement between the measured and predicted stresses.

Since the symbols are not defined, it is difficult to assess equation 2.19.4. The
material properties used in obtaining the solution are important but are not mentioned in

the paper.

2.20 - Li, Zhang, and Shen (1991)

In a paper presented at the 10th International Conference on Offshore Mechanics and
Arctic engineering in 1991, Li et al. described the results of an experimental study on

thermal ice pressure (Li, Zhang, and Shen, 1991). The tests were performed in a
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controlled cold-room, where an ice cover was grown inside a cylindrical tank. The process
attempted to simulate ice growth in natural conditions. The ice type grown in the tank
was columnar S2 ice.

In the experiments, the ice cover was subjected to a linear increase in air temperature.
The temperature and stress distributions in the ice were studied for different initial values
of air temperature and different rates and duration of temperature increase. The durations
of temperature increase varied from 12 to 15 hours, the initial temperatures were -5, -10,
and -20°C, and the temperature increase rates were less than 1°C/h.

It was concluded from the tests that there was a transition depth in the ice cover.
Above this transition depth the ice temperature was controlled by the air temperature and
a large thermal pressure was produced. Below this depth the temperature changes and the
pressure were very small and could be neglected. The transition depth was reported to be
0.3 m according to the tests. An empirical relationship was suggested for the ice
temperature above the transition depth, as a function of air temperature, and transition
depth. It was observed that the ice pressure increased with decreasing initial temperature,
increasing the temperature rate, and increasing the duration.

The thickness of the ice cover were not reported, and the effects of the thickness on
the temperatures and stresses was not studied. It seems that the tests were performed
only on thick ice sheets where the effect of the bottom boundary could be neglected. In
the thin ice sheets the bottom boundary affects both the temperatures and stresses.

The effect of the duration of temperature increase on the transition depth was not
considered, and the transition depth was reported as a constant value. The durations of
temperature increase in the tests were less that 15 hours which corresponds to a daily
temperature increase. With this duration the active zone as far as temperature change is
concerned is usually down to a depth of 0.3 m to 0.4 m. Normal weather fluctuations can
give longer periods of temperature increase, for example 20 to 30 hours. In this case the
temperature change and the thermal stresses might occur to a larger depth. Therefore the

transition depth is not constant and depends on the duration of temperature increase.
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2.21 - Comfort, Abdelnour, and Gong (1993-94

In order to improve the understanding of ice loads on hydro-electric structures, a
series of field measurements and large scale tests were sponsored by Canadian Electricity
Association (CEA). The tests were conducted on their behalf by Fleet Technology Ltd.
Field data were collected at Hydro Quebec’s Paugan dam on the Gatineau River at Low,
Quebec and Ontario Hydro’s dam at Amprior, Ontario, during the winters of 1991-92 to
1993-94. The large scale tests were conducted at a 120 m by 60 m outdoor basin at the
National Research Council (NRC) in Ottawa. The objective in all these tests was to
measure both thermal loads and loads due to water level changes. The data collected
included temperature and stress histories, ice and snow cover thickness, and
meteorological data. The results were reported in three phases. Only those for the first
two phases (Comfort and Abdelnour, 1993; Comfort, Abdelnour, and Gong, 1994), which
correspond to the winters of 1991-92 and 1992-93 were used in this study to assess the
numerical model, as the report for 1993-94 winter was not available. The details of the
measurements are described in Chapter S, and only the general results will be discussed
here.

Arnprior Dam - winter 1992-93

At the Amnprior dam the temperatures and the stresses were measured at a location
close to the vertical concrete face of the dam. In early winter the ice was continuously
broken by the water level changes. The loads in January were very low (less than
10 kN/m), because the ice cover was not well bonded to the dam. When the ice cover
became thicker, a crack that absorbed the rotations of the ice cover due to water level
fluctuations, formed 10 m from the dam. Subsequently the ice sheet became well bonded
to the dam. The highest loads measured during the whole program occurred at the
Amprior Dam in February. The peak line load was 156 kN/m which was due to the
combination of temperature increase and water level changes.

Paugan Dam - winter 1991-92 and 1992-93
During the 1991-92 winter the temperatures and the stresses were measured at four

locations: near the gates and piers of the spillway, 30 m from the gates, near the vertical
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face of the dam and nearby rock face, and 30 m away from the vertical face of the dam.
During the 1992-93 winter the stresses were measured near the gates and piers and 30 m
away from them. The daily water level changes at the Paugan Dam were relatively small
(less than 5 cm). The loads at the locations away from the structures were mainly
thermally induced, but in the vicinity of the structures the loads were affected by the water
level changes. The loads and the stresses measured during the 1992-93 winter were much
less than those recorded during the 1991-92 winter. The measured stresses during the
1991-92 winter were considered less reliable by Comfort et al. because the thermal events
happened shortly after the installation of the stress sensors and were affected by freeze-in
stresses. In the winter of 1992-93 the highest line loads over the full width of the pier and
gate were 122 kN/m and 22 kN/m, respectively. Away from the gates and piers the
maximum line load was 52 kN/m. In early winter, when relatively large loads occurred,
the loads on the pier were typically two to five times higher than those on the gate. Later,
the difference reduced and in February the loads on the gate and the pier were similar.
This was attributed to the higher temperatures which caused more stress redistribution by
creep. The average line load over the total width of the pier and gate was also calculated
and compared to the line load at far field. The far field line loads tracked the average line
load with a difference of about 10% in magnitude. It was concluded that the load “seen”
by dam was similar to that produced in the reservoir ice sheet away from the dam.

Comfort et al. categorized the thermal events into two groups: “early season”, and
“late season”. In the early season events the ice is thin and cold and there is little snow
cover. During these events the ice surface temperature changes greatly and rapidly, while
the temperature change inside the ice sheet is relatively small. Therefore this type of event
produces high stresses in the upper parts of the ice sheet. In the late season events the ice
is thicker and warmer, and there is usually more snow cover on the ice sheet. The
temperature change happens at a smaller rate over almost the full thickness of the ice
cover. The late season events produce more load per-unit temperature rise.

In order to predict the ice load on the Paugan Dam gates and piers, a two dimensional
plane stress finite element analysis was carried out. The analysis was performed by

Selvadurai and Associates Inc. (1992), and submitted to Fleet Technology Ltd. The
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constitutive law was a two dimensional generalization of the rheological model suggested
by Bergdahl (1978). The mechanical properties suggested by Bergdahl were also used in
the stress analysis. In the cooling periods when the stresses exceeded the tensile strength
of the ice (0.5 MPa), it was assumed that the ice cracked and the cracks refroze due to the
influx of water. An additional pressure due to refreezing was applied by considering
prgscribed displacements. A part of the ice cover in front of the gates and spillways was
modeled in the finite element mesh. In order to consider the flexibility of the gates, the
gate structure was modeled as a beam of variable but finite flexibility. The stiffness of the
beam was included in the global stiffness matrix.

The finite element model which was based on a two dimensional element could not
capture the three dimensional behavior including the bending of the ice cover. Only an
average temperature was used for the whole thickness of the ice sheet and the temperature
variation through the thickness of the ice cover was not considered. The assumption that
all the cracks refreeze is not valid. Most of the cracks in an  ice sheet are dry and open or
close with temperature changes. Comfort et al. also discussed a number of anomalies in
the results of the numerical analysis. It was stated that the model predicted significant
tensile stresses in the cooling periods whereas the measured stresses were mainly
compressive. Also the model predicted higher stresses on a flexible gate than a rigid one.
NRC Basin Test - winter 1992-93

In the first part of the program the water level was kept constant in the basin and the
stresses due to temperature changes were recorded. In the second part of the program,
which started on January 25, the stresses due to water level changes were studied. The
thermal events were grouped into early season and late season events. The highest line
load was 51 kN/m which occurred in late December during an early season event. The
data collected in the second part were also affected by the temperature changes. It was
stated that the component of the load which corresponded to the water level changes
increased with the rate of change and total displacement.

The data collected by Fleet Technology Ltd. is a valuable set of data that provides
useful information about the different mechanisms that affect the ice load on hydraulic

structures.
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2.22 - Noponen and Maattanen (1994)

At the LA-HR. 12th International Symposium on Ice, Noponen and Maattanen
presented a paper on thermal ice loads against isolated structures (Noponen and
Maattanen, 1994). An isolated structure is a structure in the interior of the ice cover,
which is surrounded by the ice. This term is usually used for offshore structures. The
main part of this paper concerned the calculation of the ice velocity due to temperature
changes. A summary of this part is discussed here.

It was assumed that the ice surface temperature increases linearly with time until it
reaches 0°C and remains constant at that level. The equation of thermal diffusion was then
solved analytically using a Fourier series approach. Knowing the temperature distribution
through the thickness, two methods were suggested for calculating the global strain rate.
In the first method, which was called the elastic model, the global strain rate was obtained
as a weighted average strain rate of the cross-section of the ice cover. In the second
method, which was called the creeping model, the effect of elastic and viscous
deformation was also considered in calculating the global strain rate. The suggested
equation was based on a rheological model consisting of a linear spring in series with a
non-linear dashpot. The global strain rate was given as the sum of the strain rate due to
temperature changes, the elastic strain rate, and the viscous strain rate. The ice cover was
divided into ten layers and it was assumed that the sum of the stresses in the cross section
was equal to zero. The differential equation was solved by the finite difference method.
Then the uniaxial velocity was obtained as the product of the global strain rate and length
of the ice cover.

It was stated that the velocity was also affected by the biaxial restraint and boundary
conditions. In order to consider those effects a “boundary condition coefficient” was
introduced. The two dimensional ice velocity was given as the product of the boundary
condition coefficient and the one dimensional velocity. The boundary condition coefficient

was obtained from an elastic finite element analysis for different boundary conditions and
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different aspect ratios of the ice field (Fig. 2.21). It was assumed that the ice field is free
to expand towards the water.

Although there was an effort to consider the three dimensional behavior of the ice
cover, this was poorly handled. With the assumption of free expansion on one boundary,
the geometry of the ice cover and the boundary conditions on the rest of the boundary
have a significant effect on the stresses. The creep of ice and the underlying water also
have significant effects which cannot be ignored. Since the stresses also affect the strain
rates all of these factors should be considered simultaneously. The effect of boundary
conditions and biaxial restraint cannot be introduced simply with a coefficient from elastic

analysis.

2.23 - Summary and Conclusion

This review of previous research shows that interest and concern regarding thermal ice
pressures has existed in many northern countries for a long time. Numerous investigators
in cold regions have tried a variety of methods to estimate ice pressures. These methods
have been based on laboratory tests, field measurements, empirical relationships, and
analytical or numerical calculations. Most methods for determining ice pressure consist of
the following steps.

1) Assume a temperature rate: In early investigations the temperature variation through
the thickness of the ice cover was neglected and only a single temperature rate was
considered in the analysis. In some studies the measured temperature profiles were
used. Subsequent investigators performed a thermal analysis and calculated the
temperature profile in the ice cover.

2) Divide the ice sheet into a number of layers.

3) Assume a complete restraint and obtain the strain rate from product of the coefficient
of thermal expansion and the temperature rate.

4) Adopt a constitutive model for ice: In early studies empirical stress-strain

relationships based on curves obtained from lab experiments were used. Later,
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uniaxial rheological models consisting of a Maxwell unit or Maxwell and Kelvin-Voigt
units were adopted by most investigators. The rheological models were calibrated
using experimental data.

5) Obtain the stress at each layer: Using the constitutive model the stress in each layer
was obtained from the strain rate.

6) Calculate the force per unit length: The force per unit length was calculated by
integrating the stresses through the thickness.

7) Estimate the stress under biaxial restraint: The stress under biaxial restraint was
estimated using the elastic theory and Poisson’s ratio or by comparing the biaxial and
uniaxial test results.

The development of methods for determining thermal ice pressures have occurred
concurrently with the development of better constitutive models for ice. Most of the past
research, however is based on uniaxial constitutive laws and there are a number of factors
which are not considered in the previous studies. The most important factor is the three
dimensional behavior of the ice cover. The temperature distribution through the thickness
of the ice cover is non-uniform. In the conditions of total restraint where the interaction
between the layers can be neglected, the stress in each layer is affected by the temperature
changes of that layer and the biaxial restraint in the horizontal plane. Due to three
dimensional creep of ice, the ratio between the stresses in uniaxial and biaxial constraint, is
not constant and cannot be obtained from the elastic theory using Poisson’s ratio. The
stresses are also affected by the tensile cracking during the cooling periods.

When an ice cover is free to expand along one shore, the lower layers, which undergo
smaller temperature changes, resist the expansion of the upper layers. Therefore the
interaction between the layers should also be considered in the analysis. In this case the
underlying water, the boundary conditions (the shore type or flexible structure), and
geometry of the reservoir can all have a significant effect on the stresses. Due to the
nonlinear behavior the effect of the bending and membrane stresses are coupled and
cannot be considered separately. Due to free expansion, the lower layers undergo tensile

stresses and tensile cracking affects both the stresses and the resultant forces.
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The past research has been exclusively concerned with wide structures and fully
constrained ice sheets. Investigations dealing with free expansion have focused on
offshore structures and sea ice. This case can be dealt with as an indentation problem
where an indentor moves towards the ice sheet with a prescribed velocity. There have
been no investigations on thermal expansion in reservoirs where the ice cover is free to
expand on a part of the boundary. While the free expansion might reduce the load on a
wide structure, it may increase the load on an isolated structure like a water intake. In this
case the load on the isolated structure might be higher than the load on a wide structure
but not as high as the load exerted on an offshore structure. Factors such as the effect of
the underlying water, bending of the ice cover, geometry of the reservoir, flexibility of the
resisting structure and shore-line features are also not considered in the past research.
Even in the case of fully constrained ice sheets, the effect of biaxial restraint and tensile
cracking is either not considered or poorly handled. Although the development of three
dimensional constitutive models has made it possible to use the finite element method to
analyze the ice sheets, there is only one case in the literature where the finite element
method was used to obtain thermal ice pressures. In that case, however, a plane stress
element with a single temperature rate was used and the temperature distribution through
the thickness and bending deformation were not considered.

The purpose of this study was to develop an improved analytical capability for
predicting the ice forces; a model that could consider all of the above mentioned factors
and could be used for both fully constrained and free expansion conditions. Such a model
makes it possible to study and assess the importance of the different factors that affect the

stresses in an ice sheet.
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Line load (kN/m)
Method Origin h=045m [ h=0.9m
Rose (1947) Drouin (1970) 47 86
Monfore (1954) Drouin (1970) 222 232
SN 76-59 (1959) Drouin (1970) 128 255
Drouin & Michel (1971) - S1 ice Kjeldgaard (1977) 330 390
Drouin & Michel (1971) - Snow-ice | Kjeldgaard (1977) 220 270
SN 76-66, wind speed = 0 m/s Kjeldgaard (1977) 30 60
SN 76-66, wind speed = 5 m/s Kjeldgaard (1977) 310 440
SN 76-66, wind speed = 20 m/s Kjeldgaard (1977) 410 580
Bergdahl, wind speed = 0 m/s Bergdahl (1978) 459 752
Bergdahl, wind speed = 5 m/s Bergdahl (1978) 502 830
Bergdahl, wind speed = 20 m/s Bergdahl (1978) 531 829

Table 2.1. - Ice pressure for ice covers of two thicknesses for the hypothetical conditions
stated in the text. A comparison between different methods (reproduced from Bergdahl,

1978).

Return Period (years)
Lake 100 500 1000
Torn trask (643°N 19.5°E) 507 550 569
Stora Bygdtrisket (68.3°N 20.5°E) 453 532 568
Runn (60.6°N 15.6°E) 410 475 500
Glan (58.6°'N 16.0°E) 419 507 | 543
Vidastern (57.1°N 14.0°E) 330 380 400

Table 2.2. - Expected thermal ice load in kN/m for some return periods of annual maxima

(reproduced from Bergdahl, 1978).



Period o (rad/s) Skin depth (m)
1 hour 1.7x10° 0.04
2 hours 8.7x10™ 0.05
6 hours 2.9x10™ 0.09
12 hours 1.5x10™ 0.13
24 hours 7.3x10° 0.18
7 days 1.0x107 0.47
14 days 5.2x10° 0.67
30 days 2.4x10° 0.97
1 year 2.0x107 3.40

Table 2.3 - Depth of penetration of surface temperature waves through an ice cover. The

“skin depth” (depth at which the wave is attenuated to 1/e of its surface amplitude) is
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shown as a function of wave period and frequency o (reproduced from Sanderson, 1984).

Depth (m) Dominant period
0.1 1.9 hours
0.2 7.6 hours
03 17 hours
0.4 30 hours
0.5 2 days
1.0 8 days
2.0 30 days

Table 2.4 - Period of surface temperature wave which at a particular depth gives rise to

maximum rate of change of temperature.

amplitude (reproduced from Sanderson, 1984).

All waves are assumed to have the same



Ice thickness (m) Ch
0.4 0.391
0.6 0.311
0.8 0.274
1.0 0.252
12 0.237

Table 2.5 - Values of C;, at equation 2.15.1 (Xu Bomeng, 1986).
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Temperature (C°) Measured stress (MPa) Stress over .175m
Date at at rate at at at average | total
(1977) | 6:00 | 14:00 [ (C°/h) | 0.035m | 0.085m | 0.125m | (MPa) | (kN/m)
Feb. 14 | -155 | -9.5 4.7 0.45 0.46 0.14 0.30 52.7
Feb. 15 | -16.5 | -9.0 59 0.45 0.47 0.16 0.28 49.5
Feb. 16 | -15.0 | -85 6.2 0.36 0.39 0.14 0.25 43.1
Feb. 17 | -16.5 | -9.5 6.8 0.0 0.53 0.21 0.32 56.3

Table 2.6 - Daily ice temperature and pressure at Taisetsu dam reservoir.



Ice Pressure
Name of Thickness | Mean Max Total
reservoir Date ofice (m) | (MPa) (MPa) (kN/m)
Sifengshan | Nov. 30, 1963 0.36 0.177 0.245
Taipingchi | Feb. 15, 1974 0.455 0.785 219.7
Yinhi Mar. 17, 1978 0.206 226.6
Yadian Feb. 9, 1980 0.138 353
Yuejin Nov. 28, 1980 0.38 0.177
Shengli Dec. 2, 1982 0.36 0.196 0.392 141.3
Erado Jan. 16, 1986 0.319 269.4

Table 2.7 - Major ice pressure events that have been recorded in China.
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Figure 2.1 - Rate of pressure increase versus rate of temperature rise (reproduced from
Bergdahl, 1978).
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Figure 2.2 - Ice thrust in relation to ice thickness, air temperature rise, and restraint.
Curves A, B, and C are for air temperature rises of 2.78, 5.56, and 8.33°C/h respectively.
Solid lines are for no lateral restraint, and dotted lines are for complete lateral restraint

with v=0.36 (reproduced from Rose, 1947).
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Figure 2.5 - Pressure distribution in a cross section of ice (reproduced from Lofquist,

1954).
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unloaded after 3 or 4 hours (reproduced from Lindgren, 1968).
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Figﬁre 2.8 - Stress versus time, for snow-ice, at 6 = -8.9°C (reproduced from Drouin and

Michel, 1971). The calculated values for ice alone are calculated for €,= constant.
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Figure 2.9 - Stress versus time, for columnar ice with optical axis vertical (S1), at

6=-4.3°C (reproduced from Drouin and Michel, 1971). The theoretical values for ice

alone are calculated for €= constant.
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Figure 2.10 - Stress versus time for nucleated columnar ice (S2), at 0 = -20.6°C
(reproduced from Drouin and Michel, 1971). Up to 20 hours: strain rate = 5.2x10°® sec™.

After 20 hours: strain rate = 6.9x10%sec™!
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Figure 2.11 - Thermal thrust exerted by an ice sheet restrained in one direction (snow-
ice). Temperature varies as a sine function from -20°C to 0°C. Numbers in the figure
show the duration of temperature increase in hours. Calculations were done only for the

solid parts of the curves (reproduced from Drouin and Michel, 1971).
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Figure 2.12 - Relation between experimentally measured stress for biaxial condition and

calculated equivalent uniaxial condition, for 6 ~8.6°C/h (reproduced from Drouin and

Michel, 1971).
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Figure 2.13 - Typical dry crack (reproduced from Metge, 1976).



61

First night, first wet crack has refrozen.

Second night, second crack has formed and refrozen, but ice sheet has grown in

thickness and water reaches only 9/10 of new thickness.

Third night, process is repeated.

Figure 2.14 - Formation of a staircase crack (reproduced from Metge, 1976).
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Figure 2.15 - A wide crack before and after breaking (reproduced from Metge, 1976).
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Figure 2.16 - Stress as a function of time for constant rate of temperature change (1°C/h),

and initial temperature of -20°C (reproduced from Bergdahl ,1978).
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Figure 2.17 - Comparison between measured and calculated ice pressures (reproduced

from Bergdahl, 1978).
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Figure 2.18 - Measured and calculated ice loads as a function of ice thickness

(reproduced from Bomeng, 1986).
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Figure 2.19 - Definition of co-ordinate system for Equations 2.16.1 to 2.16.3 (reproduced
from Yamaoka et al., 1988)
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Figure 2.20 - Design schematic for Equation 2.18.1 (reproduced from Tunik, 1988).
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Figure 2.21 - Geometry and definition of the ice field (reproduced from Noponen and
Maattanen, 1994).
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3 - THERMAL ANALYSIS

To estimate the ice pressure due to thermal expansion, temperature variations within
the ice cover need to be calculated. In this study, the thermal analysis required is
performed using the finite difference method. A computer program was developed which
calculates the temperature profile in the ice cover at different instants in time. The output
of this program was used as an input for the stress analysis program. In this chapter a
brief review of the theory and formulation of the thermal analysis is presented.

The study of energy balance in ice and snow covers has been of interest for many years
and numerous methods and theoretical and empirical equations have been suggested. The
work of Bergdahl (1978) serves as the basis for the formulation of the thermal analysis in
the present study. However other procedures and formulations are discussed for

comparison.

3.1 - Governing Differential Equation

Temperature changes in an ice cover depend on various factors such as climatological
factors, ice thickness, ice properties, and snow cover. Also, local effects like currents, or
the presence of structures or a power house can influence temperatures in the ice. Since
the stress analysis is three dimensional, it is also possible to use the results from a three-
dimensional thermal analysis. However, the thermal analysis is simplified considerably if it
can be assumed the temperature distribution is the same at every point in the ice sheet.
Observations show that in early winter when most thermal events happen the thickness of
an ice cover and the temperature distribution through the thickness are usually uniform
throughout a reservoir (Comfort & Abdelnour, 1993; Comfort et al., 1994). In late winter
when the ice sheet becomes thicker, snow accumulation and snow-ice formation might

cause changes in thickness and different temperature profiles in the ice sheet. Even in that
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case the temperature variation which causes the thermal pressure occurs in the upper
layers and does not vary very much with regard to horizontal position. Meteorological
data such as air temperature, wind speed, humidity, cloud cover, and solar radiation,
which are used as input for a thermal analysis usually do not vary significantly throughout
a lake or a reservoir and are typically measured at one station. From a practical point of
-view there is often only one set of data available for analysis. Furthermore, it is probable
that in most cases the results of a one-dimensional analysis would not be much different
from those for a three-dimensional analysis. Considering all of these factors, it was
decided to do the thermal analysis only in the vertical direction and it is assumed that the
vertical temperature distribution is the same everywhere in the ice sheet. This assumption
is acceptable in most cases. In special situations, for example where a reservoir is very
large, it is still possible to do separate one-dimensional analyses for individual regions.

Heat transfer occurs within an ice sheet because of temperature gradients, and heat
flows from regions of high temperature to regions of low temperature. The governing
differential equation for the temperature distribution through the thickness of an ice cover

is the equation of thermal diffusion which is given by (Patankar, 1980)

D 0,0
where

z = vertical space coordinate

t = time coordinate

0 = temperature

k = thermal conductivity

p = density

Cp = specific heat

s = energy source per unit volume and unit time at (z,t).

If the thermal conductivity is constant with respect to z, equation 3.1.1 takes the form

2
pCp%?:k—Z-z—ze—+s (3.1.2)
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To properly formulate the boundary value problem, 3.1.2 must be supplemented by

appropriate boundary conditions.

3.2 - Components of Heat Exchange

In northern climates during the fall and winter, the heat accumulated by lakes and
reservoirs during the spring and summer is lost through the water surface. If the
temperature drops sufficiently, an ice cover forms. During this process the temperature
distribution in an ice cover is affected by the amount of heat exchange between the ice and
surrounding environment. Heat exchange is controlled by various mechanisms that
depend on climatological factors. The mechanisms that are considered in this study are:

1) Latent heat transfer due to evaporation and condensation; denoted as qe

2) Sensible heat transfer due to temperature difference between the air and the surface
(q).

3) Emitted long-wave radiation from the surface (qp).

4) Long-wave radiation from the atmosphere (qp).

5) Short-wave solar radiation (qs).

Snow or rain fall both have an effect on the temperature distribution in an ice cover.
Snow fall will form a snow layer on top of the ice cover. It acts as insulation and should
be considered in the thermal analysis. Periods of warm and cold weather might result in
melting and freezing of snow that increases the thickness of ice from the top surface. If
the weather is warm, rain fall might form a layer of water on the top surface. This can
increase the temperature of the complete ice sheet to 0°C and prevent any further increase
or decrease of temperature in the ice cover. Considering all of these effects during the
period of analysis requires significant changes in the finite difference grid (like changing
the thickness of the top snow or ice layer). Since these effects were not considered, the
model developed here is valid only for periods during which there is no precipitation.

At the bottom surface, the temperature remains nominally at 0°C. However, the

thickness of the ice cover might increase due to ice growth at the bottom. This can be
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considered in the thermal analysis but it is not possible to use the results directly in a stress

analysis because the thickness is assumed constant in the finite element analysis.
3.2.1 - Latent and Sensible Heat Transfer

Latent heat transfer occurs due to evaporation and condensation on the ice surface,
and sensible heat transfer is the heat exchange due to a temperature difference between the
air and the ice surface. The heat flux due to evaporation can be calculated with different
methods such as the water budget method, the energy budget method, the empirical
method, the mass transfer method, and a combination method (see for example Paily et al.,
1974). Among these different methods, the mass transfer method is the most feasible
method for this study. In this method it is assumed that the evaporation is a function of
wind speed and the difference between the vapor pressures of the atmosphere and the ice
surface.

When the ice or water surface is in contact with air, the molecules with the highest
velocities will escape from the surface into the space above. The latent heat is the energy
per unit mass needed to overcome the molecular attraction. These escaped molecules will
form a layer of vapor above the surface. The number of molecules leaving the surface per
unit area and unit time will depend on the saturation vapor pressure in this layer. Usually
the air above this layer contains some water vapor at a certain partial pressure. If the
vapor pressure in the air is less than the saturation vapor pressure corresponding to the
surface temperature, a moisture deficit is produced that causes the number of molecules
leaving the surface to be much larger than the number of molecules returning to the
surface. Therefore the amount of heat exchange due to evaporation is proportional to the
difference between the saturation vapor pressure in the layer near the surface and the
vapor pressure in the air above it.

Pailey et al.(1974) reviewed 63 evaporation formulas and found that only two have
been developed for sub-freezing air temperatures, and only one of these is applicable to
field conditions. This was the Russian winter equation presented by Rimsha and

Donchenko (1958). This was also used by Bergdahl for thermal analysis. The equation is



q. = f(u,Xe, —¢,)
where
e, = the vapor pressure of the air 2m above the surface
e, = saturation vapor pressure at the ice surface
f{u,) = wind function
The saturation vapor pressure is approximated by a linear function,
e, = a(l+bo) (-32°C<6<0°C)
where
a=610Pa
b=(32°C)' =0.031°C"
0= fhe ice surface temperature in C°
The wind function is given by:

f(uw) = prsa[1 + buw + 0(9 - ea)]

where
a=242x10""  m/(s.Pa)
b =0.49 s/m

c=4.36x107 (C°)"

pw = the density of water = 1000 kg/m’

u, = the wind speed at 2m above the surface
0 = the surface temperature (C°)

0, = the air temperature

L, = the specific heat of sublimation (condensation and fusion) = 2.82x 10° J/kg

After substituting the constants the equation takes the form:

q, =[0.0682 +0.0334u,, +0.003(6 -6,)](e, —¢,)
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(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)

The evaporation heat flux obtained from these equations is not very precise and the

error might exceed 25% (Cui, 1996). However, the heat flux due to evaporation is in the

range of -30 to 20 W/m?, which is considered small compared to other heat fluxes. The

heat components due to the long-wave and short-wave radiation can be in the range of

200-500 W/m?.
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The energy conducted away from the surface due to the temperature difference

between an ice cover and the air above it, can be evaluated using the method proposed by

Bowen (1926). Bowen suggested that the heat exchange due to conduction by air is a
fixed ratio of that by evaporation. Thus

q; = Bq, (3.2.5)

The constant of proportionality, B, is known as Bowen’s ratio and is given by:

p=Y0.-0 (3.2.6)
ea - eS

where

y = 61 Pa/C’ is a constant.
The total convective heat transfer, q., due to latent and sensible heat transfer can be
written as:
4. = 4, +4, = £(u,,)(e, — &) +7(6, ~0)] (3.2.7)
Some authors have used a coefficient of heat transfer, H, for calculating the latent and
sensible heat transfer. For example Loset (1992) suggested:
q, =H(@®, -0) (3.2.8)
H(e

= Hee, —¢,) (3.2.9)
Y

<

where e, is the saturation vapor pressure for the ice surface temperature. It can be

calculated from the Clausius-Clapyron equation:

€ L 1
e, =061le m_s 3.2.10
xpl (27315 T )] ( )

where

L, = latent heat transfer due to sublimation

£ = ratio of the molecular weights of water and dry air = 0.622
R = the universal gas constant = 8314 (m’.Pa/kg.mol K°)

The water vapor pressure of the air is given by:

e, =0611R exp['g"‘L (—— —————)] 3.2.11)

27315 T,
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where Ry is the relative humidity of the air in fraction of unity. The heat transfer

coefficient, H, can be calculated to fit the measured data.

3.2.2 - Long-wave Radiation

Radiation heat transfer is the transfer of heat by electromagnetic radiation. First the
thermal energy of a source is converted into energy of electromagnetic radiation waves.
These waves travel through the intervening space until they strike another object. When
electromagnetic waves fall on a body, part is absorbed by the body and the rest is
reflected back into space. The fraction of the energy that is absorbed is called the
absorptivity of the body. A body that absorbs all the radiant energy and reflects none is
called a black body. A black body also emits radiation depending on its temperature. The
heat transferred by radiation from a black body can be calculated from the Stefan-
Boltzman law,

q, =o,T* (3.2.12)
where

gr = heat flux in W/m?,

o, = the Stefan-Boltzman constant = 5.6697x10° W/(mz."K“),

T = the absolute temperature.

The ratio of the emissive power of a surface to that of a black body is called the
emissivity, €, and is 1.0 for a black body. Kirchhoff's law states that at a specified
temperature the emissivity and absorptivity of a given surface are the same. For a body
that is not a black body, the emitted heat is reduced by &, or
q, =¢,0, T (3.2.13)

A substance that has an emissivity less than one is called a gray body. Ice and the
surrounding atmosphere could both be considered as gray bodies that emit and absorb
radiation. The wave-length of the emitted radiation is in the range of 5000 to 100000 nm
(Ashton, 1986). This is considered long-wave compared to the radiation that is received

directly from the sun, which has a wave-length below 4000 nm. The heat flux
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corresponding to emitted long-wave radiation from an ice surface can be calculated from
3.2.13.

q, =¢,0,T (3.2.14)
where €, is the emissivity of the surface which can be set to 0.97 for snow and ice
(Bergdahl, 1978), and q is the emitted radiation from the ice surface.

The gases and particles in the atmosphere including water vapor, ozone, carbon
dioxide, and oxygen also emit radiation which can be absorbed by an ice cover. The
intensity of long-wave radiation reaching the ice surface depends particularly on the
content of water vapor in the atmosphere. The problem in calculating the atmospheric
radiation is establishing a value for the emittance of the atmosphere and the effect of
clouds.

Paily et al. (1974) studied the different relations suggested for the emissivity of the
sky. Some of these relations are a function of vapor pressure of the air and some depend
on air temperature only. Since the water content of the air is important in absorbing and
emitting long-wave radiation and can not be defined as a function of temperature only, the
formulas based on vapor pressure are preferable. The two main equations of this type are

due to Angstrom (1915) and Brunt (1932) and are given respectively by:

g, =a—bexp(-ce,) (3.2.15)
and
€, =a+bJ€ : (3.2.16)

The coefficients a, b, and c are constants for which many different values are suggested
based on measurements at various locations. Tables 3.1 and 3.2 give the suggested values
for these coefficients. The coefficients are generally obtained by a regression analysis for a
specific location. A decision about the selection of the proper coefficients can be made on
the basis of the location and the coefficient of correlation. In this study, the Angstrom
equation(3.2.15), with the values suggested by him are used to calculate the emissivity of
the air. These values are:

a=0.806

b=0.236
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c=1.15x10"Pa" .
The radiation emitted by the atmosphere can be expressed as:
q, =¢,0,T (3.2.17)
where
T, = the absolute temperature of the atmosphere.

Usually the ambient temperature is used to calculate the heat emitted by the
atmosphere, and that is the approach used in the model. However, the temperature and
moisture may not be the same at different layers of atmosphere. Observations show that
the ratio between the long-wave radiation received on a horizontal plane and the value
calculated using the air temperature can be from about 0.6 under a clear sky to about 0.96
for éompletely overcast skies (Parmelee and Aubele, 1952). In order to include these
effects the heat flux can be adjusted using the equation suggested by Brunt (Parmelee and

Aubele, 1952), which is given by:
Qiay = 9, (055+568x107e,) (3.2.18)

The part of the long-wave radiation which is absorbed by an ice cover is:

q; = €41 (3.2.19)
When clouds are present in the sky, the water and ice particles emit additional

radiation. Therefore, the atmospheric radiation is larger under the cloudy sky. Empirical

equations have been proposed to estimate the radiation under a cloudy sky. These involve

the product of the radiation for a clear sky by a function that depends on the cloud cover.

The relation suggested by Bergdahl and Ashton (1986) is:

q,, =9, (1+aC?) (3.2.20)

where

a=0.0027

C = the cloud cover in eighths.

Finally the net radiation flux will be equal to:

q,=q, —q, = €,.8,0,(1+aC>)T} —e.0 T (3.2.21
1 I b sZa~r a sTr
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3.2.3 - Short-wave Solar Radiation

Radiation from the sun that reaches the earth has wave lengths in the range 300 to
4000 nm. When passing through the atmosphere, part of the radiation is scattered and
diffused or absorbed by the gases and particles in the air. As a result of these processes,
the solar radiation reaching the ground has two components, direct solar radiation and
diffuse sky radiation. The sum of these components is called insolation and can be
measured or calculated from empirical equations. According to Bergdahl (1978), each of
the components could be assumed constant and the flux through a horizontal surface from
a clear sky can be approximated as:
qy =asina,+b (3.2.21)
where
a = direct solar radiation calculated on an area normal to the sun rays = 900 W/m*

b = diffused sky radiation = 100 W/m’

o = the altitude of the sun.

The solar altitude, a,, is the angle in a vertical plane between the sun’s rays and the
horizontal. It can be approximated by:

o, = sin”' (sin ¢ sind + cos¢ cosd cosh, ) (3.2.22)
where

¢ = the latitude

0 = the declination of the sun

h, = the local hour angle of the sun.

When the sun is below the horizon (sina,<0), the short wave radiation is set to zero.

The declination of the sun, 8, is the angular distance of the sun, north or south of the
celestial equator. It has a seasonal variation but can be considered constant for a given

day. The declination can be expressed as:

4 2z
6 =2345x — —(172-D 3.2.23
& c05[365( )] ( )

where D is the day of the year (1 to 365).
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The local hour angle of the sun is the angle measured westward around earth’s axis
from the upper meridian of the observation point to the meridian of the sun (Paily et al.,
1974). When the sun is at the local meridian (local noon), h, is equal to zero. The true
solar time is measured in the same way but from the lower meridian of the observation
point. Therefore there is a 12 hour difference between the local and the true solar time
(Fig. 3.1). Due to irregular angular motion of the earth around the sun, there is a
difference between the true solar time and the mean solar time. This is called the equation
of time, ET, which varies between 0 and £16 minutes over a year. The equation of time
can be calculated from the following relation given by Woolf (1968).
ET = —60(0.123570sin d’ — 0.004289cosd’ + 0.153809 sin2d’ + 0.060783 cos2d’) (3.2.24)

where

_ 2%
365242

D is the number of the day and ET is in minutes of time.

dl

(D-1) (in radians) (3.2.25)

When using standard time in a location it should be noted that the standard time is
equal to the mean solar time for the standard meridian of the time zone. The difference

between the standard time and mean solar time is called DOSM (Paily et al., 1974).

+
DOSM = (’6'—3) (distance between the meridian of the observation and the standard

meridian of the time zone, in degrees) (3.2.26)
In 3.2.26 the plus sign applies to the east longitude and the minus sign applies to the west
longitude.

In summary h; is related to standard time by:

h, (radians) = -1% [standard time (hours) - DOSM + ET + 12 hours] - (3.2.27)

The plus sign is for the mornings and minus sign is for the afternoons.

There are other empirical equations for calculating the insolation. For example Ashton
(1986) suggested the following formula:
q, =1, sina, a,™ (3.2.28)

where
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I, sin o = intensity of solar radiation on a horizontal plane above the atmosphere
Io = the solar constant, which is the intensity of solar radiation at the mean annual distance
(a value of 1380 W/m? is suggested by Ashton)
a, = transmittance of the atmosphere
m, = optical air mass.

The atmospheric transmittance is a measure of the content of the absorbing and
scattering constituents in the atmosphere. The optical air mass is a measure of the length
of the path that rays have to penetrate before reaching the ground. It is approximately
(sin o;)" which is the ratio of path length to the vertical height of the atmosphere.
McCulloch (1958) suggested the following relationship for the optical air mass and the
transmittance of the atmosphere (Ashton, 1986).
a,™ =099-017m, (3.2.29)
According to Klein (1948), the optical air mass at sea level, my, can be calculated from the

solar altitude, o, (Ashton, 1986).
m, = [sina, +0.15(c, +3.885)712%]! (3.2.30)
Above sea level, my could be corrected by the ratio of the air pressures.

m, = m, 22 (3.2.31)
Po air

The pressure ratio could be obtained from the altitude, Z (Ashton, 1986).

pair - (288 - 000652 )5.256

. 58 (3.2.32)
0 air

When clouds are present in the sky, there is a further reduction in the amount of solar
radiation. Several empirical formulas have been suggested for including the effect of
clouds. In most of these relations the cloud cover is presented as the fraction of the sky
covered by clouds. Considerable deviation occurs among the predictions of the proposed
formulas. Problems in estimating the cloud cover also causes errors. Bergdahl (1978)

used the following equation to consider the effect of clouds.

q. =q,[035+0.65(1- -g—)] (3.2.33)
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where
qa = radiation from a clear sky
C = cloud cover in eighths.
Some of the incident light is reflected from the ice surface. The ratio between the
reflected radiation and the incident radiation for the ice can be calculated from the Fresnel

formula (Ashton, 1986):

(= osyln@ ~B  [an(a, )Y 5234)
[sin(a; + Bi)]2 [tan(a, +Bi)]2

where

oy = Tt/2-0

O, = altitude of the sun (see Fig. 3.2).

Angles o, and B; are related to the refractive index, n,, through:

= SNy (3.2.35)
sinf;

r

The refractive index for ice is 1.33 (Bergdahl, 1978). Table (3.3), which is reproduced
from Ashton(1986) gives the values of r calculated with the Fresnel equation and the
values measured or suggested by other authors. The coefficient of reflection suggested by
Bergdabhl for ice and snow-ice are given in Table 3.4.

The reflection coefficient for diffuse light is more uncertain since the angles of
incidence cover all directions and the intensive distribution is not known. Bergdahl sets
this value equal to 0.02, while Ashton suggests 0.10. It is assumed that approximately
50% of the energy flux lies between 350-700 nm, 25% between 700-1200 nm, and 25%

between 1200-4000 nm. Finally the radiation flux entering the surface will be equal to:
q, =[a(l-r;)sina, +098b][0.35+0.65(1- %)] (3.2.36)

Short wave radiation is different from other heat fluxes since it is absorbed not only in
the upper surface of the ice but throughout the thickness of the ice cover. The radiation
flux at distance z from the upper surface can be obtained from the exponential law
(Bergdahl, 1978).

q,, =4, exp(-Kz) (3.2.37)
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where
gs = net flux of radiation entering the surface at z=0
K = coefficient of absorption
The absorption coefficient for ice is strongly wave-length dependent. The absorption
coefficients for different materials and different wave lengths are given in Table 3.5. The
high values of K for long wave-lengths suggest that for these wave-lengths, absorption

occurs in a thin surface layer.

3.3 - Finite Difference Formulation

The equation of thermal diffusion (3.1.1), can be solved by different methods. The
analytical solution for this equation is limited to certain boundary conditions. The
flexibility of numerical methods and their ability to deal with different boundary conditions
makes their use highly desirable. The finite difference method and finite element method
can both be used for solving this equation. The finite element method is most desirable for
two or three-dimensional analysis particularly when the thermal analysis is required for a
subsequent stress analysis, since the same mesh can be used for both. For one-dimensional
analysis the formulation is easier with the finite difference method. In this study, since the
thermal analysis needs to be done only in the vertical direction, and the stress analysis
required is three dimensional, it was most convenient to solve the equation of diffusion
using the finite difference method.

In numerical analysis by the finite difference method, the continuous space is replaced
by a finite number of grid points and the time is divided into a finite number of time steps.
The distance between the grid points (in this case, Az), and the length of time step (At),
are used to approximate the derivatives in space and time. The temperature at the grid
points in space and time are the unknowns.

The equation of thermal diffusion (3.1.1), requires approximation for the second
derivative in space and the first derivative in time. A forward finite divided difference

formula can be used to approximate the first derivative in time.
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By _8(zt+At)-6(z1) (3.3.1)
ot At

The second derivative in space can be approximated using a generalized form of the

(

Crank-Nicolson implicit method:

%0, 0(z— Az, t) - 20(z,t) +0(z + Az t)
~—)'=(1-B AL
(azz)z (1-B.) AL
BC9(z—Az,t+At)—26(z1;t;rAt)+9(z+Az,t+At) (33.2)
Z

The Crank-Nicolson method is often used for thermal analysis and it is unconditionally
stable. In the usual Crank-Nicolson method, B. is equal to 0.5, but the value 0.6 is
suggested by Bergdahl in order to overcome the instabilities introduced by the boundary
conditions at the upper surface. When the equation 3.3.2 together with the boundary
conditions is written for all of the nodes the result is a set of n linear algebraic equations
with n unknowns. However, the system is tridiagonal and the extremely efficient solution
algorithms that are available for tridiagonal systems can be employed.

When the body is composed of different materials and heat fluxes other than
conduction are present, it is easier to use the control volume method for deriving the finite
difference equations. Each grid point is surrounded by a control volume (in this case a
control layer), for which the equation of heat balance can be written. The discretization of
the ice cover for the finite difference analysis is shown in Figure 3.3. Solid lines show the
grid points where the temperatures are calculated. Each grid point is surrounded by a
control layer. The boundaries of the control layers are shown with dashed lines.

Conservation of heat can be used to develop a heat balance for a control layer
surrounding an internal node, i. _

(rate of heat accumulation) = (rate of heat in) - (rate of heat out) (3.3.3)
The rate of heat accumulation is

AO. Az, Az
Zi(Cp. .p. . —=L +Cp.p. —L 334
!t ( pl—lp1—~l 2 plpl 2 ) ( )

where

AQ, =0(z,t + At)-6(z, t) (3.3.5)
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The total heat flux entering the layer is the sum of the conductive heat flux and the short-

wave radiation heat flux.

6,,-6)+7q (3.3.6)
2

Bars denote the weighted time average:

0, = (1-B,)0(z;,t) +B0(z;,t + At) (3.3.7)

9 ,=(0-B)q"' ,+Bgq" (3.3.8)
S 1—— s 1—-5 s 1—5

The heat flux exiting the layer is also the sum of conductive and short-wave radiation heat

fluxes.

- ki = = _

q,=-—(6,-6,)+q , (3.3.9)
‘+5 Azi s1+§

Substituting 3.3.4, 3.3.6, and 3.3.9 into 3.3.3 gives:

AB. Az Az

—L(Cp,piy —=+Cpip,—)=q , -7

7 (CPiPi ==+ Cpipi =) 979,

ko g _5y-Xi@-5.)+7 , -7 (3.3.10)
Az, , i1 Vi Az, i qsi—% qsi+—;— o

The short wave radiation flux entering and exiting the control layer is obtained from:

— _ Az,
q ., =3q,exp[-K;,(z; —T")] (3.3.11)

s
2

— — Az
q , =g, exp[-K(z +T‘)] (3.3.12)

This formulation facilitates dealing with layers of different thickness and different material
properties, for example layers of snow and ice.

At the upper interface the difference formulation can be written for the control layer
bounded by z; and z,+Az,/2.

Ael.ZS

Az, _ _
At L= q; — s (3.3.13)

2

Cpp

Approximating A6, »s by AB, gives
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40, o Bz
2

2k o~ o~ _  _
;. CPiP =Zz—:(6,—92)+qc+q,+q,,+qs—qs], (3.3.14)

+—
2

where the bars denote weighted time average and

q. = f(uy)le, —e, +7(8, —0)] (3.3.15)

f(u,)=pLa[l1+bu, +c(0-6,)] (3.3.16)

q, =&,0,T (3.3.17)

q, =££,0,T, (3.3.18)

q, =[(1-r)asina, +0.98b][0.35+0.65(1 - %)] (3.3.19)

q r=4q eXP(-K%) (3.3.20)
s +—2—

As may be seen from the above equations, some of the heat fluxes are non-linear
functions of surface temperatures. There are two ways to deal with this problem. One is
to perform an iterative process and the other is to use a linear approximation of the above
functions. The second approach is applied in this study. For example f{uy) is calculated
from the temperature at the previous time step and qp is approximated with a linear
function as:

q, = £,0,(27315* +4x 273159,) (3.3.23)

At the ice-water interface the boundary condition 6=0°C can be used. It is also
possible to estimate the ice cover growth from the heat conducted away from the

boundary. The following equation can be used to obtain the ice growth Az,

Pn-ks _ kna 3 = =
Az = Oy, + - 3.3.24
NTA Azg, N 9 . % qsN ( )

where
N = number of grid points
L¢ = specific heat of fusion
The calculated ice growth, Az, can be added to the coordinate of the last grid point,
Zn,, so that the thickness of the last layer would increase with time. This method over

estimates the ice growth, because a part of the heat conducted away from the last layer
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will decrease the temperature of the water below the ice cover. It might also cause
numerical problems in some cases. It should be noted that in the stress analysis the
thickness of the ice cover will remain constant. Therefore, in order to use the results of
this analysis, some assumptions and approximations should be made. For example it is
possible to study the ice growth in the thermal analysis and then use an average thickness

for the stress analysis.

3.4 - Computer Program

A computer program for the thermal analysis was developed based on the finite
difference formulation described in section 3.3. The features of the program are
summarized as follows:

e Different materials can be considered in the ice cover. The materials can be selected
from those for which the properties are defined in the program, or the properties can
be given in the input data. The materials defined in the program and their properties
are shown in Table 3.6.

e Grid points can be selected at different intervals.

e Changes in air temperature can be given in one of the following ways:

1) A sine function for which the initial temperature, period, and amplitude are

specified.

2) Cosine function with specified initial temperature, period, and amplitude.

3) A set of (t,8) pairs from which the temperature at the required time steps is

calculated by a linear interpolation.

e The following boundary condition types can be considered:

1) The boundary temperatures are prescribed at the top and bottom surfaces.

2) The surface temperature is prescribed and the bottom temperature is equal to 0°C.

3) A coefficient of heat transfer, H, is introduced where the heat flux at the upper

surface is given by:

q=H(0.-0:c) (3.4.1)
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At the bottom surface the temperature is equal to 0°C.

4) A general case where the heat fluxes are calculated by the program from the given
data including air temperature, relative humidity, cloudiness of the sky, wind
speed, location of the site, and date and hour when the problem starts. Short-wave
solar radiation can be excluded simply by putting the date equal to zero. At the
bottom surface the temperature is equal to 0°C.

5) General case as in 4, but the wind speed, or short-wave solar radiation flux, or
both are read from prepared input files.

e Ice growth can be calculated and added to the thickness of the last layer.

3.5 -Verification of the Thermal Model

In this section the results of the present program are compared to analytical and
numerical solutions from other authors. A wide variety of problems are considered which
cover the different aspects of the thermal analysis. The purpose of these numerical

experiments was to verify the thermal model.

3.5.1 - Sinusoidally Varying Surface Temperature

If the material properties of the ice cover are assumed to be constant, and there are no

heat sources, the governing differential equation (3.1.1) becomes:

2
ot pCp oz ,
Assuming that the surface temperature varies as a sine function, the boundary conditions
are:
. 2W
0(0,t)=96,, +0,,sin—t (3.5.2)
Ty
6(h,t)=0°C (3.5.3)

where



84

B,v = the average temperature during cyclic temperature variations at the surface of the ice

sheet.

8.m = the amplitude of the cycle
Te = period

h = ice thickness

The solution for the steady state problem satisfying the boundary conditions (3.5.2 and

3.5.3)
is given by Drouin and Michel (1971) as

0(2,1) = 0,, (1~ 2) +0,,B, {E,,” +F,’ sin(%’ft-— v)

0
where
1

_23n coshAhsin? Ah — sinh Ahcos® Ah
coshAhsin? Ah + sinh Ahcos? Ah

sz-
1+e

, npCp
kT

)\—_

E,, = (6™ +C,e™)cosAz+ C, coshAzsinAz
F,, = (¢™ - C,e™)sinAz+ C, sinhAzcosAz

_ g2 (coshAhsin? Ah — sinh Ah cos? Ah)
coshAhsin? Ah + sinh Ahcos? Ah

C. = —2¢™ sin AhcosAh
27 coshAhsin? Ah + sinh Ahcos? Ah

LE,
v =tan~ (Z22)
Eh

(3.5.4)

(3.5.5)

(3.5.6)

(3.5.7)

(3.5.8)

(3.5.9)

(3.5.10)

. (3.5.11)

In Fig. 3.4 the temperature distribution obtained from (3.5.4) is compared to the

temperature distribution from the present program. The ice cover has the material

properties of the columnar ice given in Table 3.6. Other data are as follows:

h=0.4m
6.m = 30°C
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0., =-30°C
Te = 24 hours
time of comparison = 48 hours
At=200s
Az=0.02m

In Table 3.7, the temperature at z = 0.2 m obtained from the present program for
different time steps, At, and different layer thickness, Az, are compared to the analytical
solution. It can be seen that even for large time steps and small number of layers, the error

is small (=2%)).
3.5.2 - Coefficient of Heat Transfer

In some cases it might be possible to define a coefficient of heat transfer using
previous field data. If measured data are available this coefficient can be obtained by trial
and error so that it gives the correct surface temperature when only the air temperature
data is used in the analysis. It accounts for the boundary layer between the ice cover and
the air and approximates the thermal fluxes due to convection and long-wave radiation.

q, = H@®, -96) (3.5.12)

In equation 3.5.12 H is the coefficient of heat transfer. When this coefficient is defined,

the only data needed in the calculations would be the air temperature. This approach is

based on the assumptions that:

1. The heat flux due to long-wave radiation is a linear function of the difference between
the air and the ice surface temperature. Acording to Cue (1996) this assumption is
valid for temperature differences up to about 14°C. ’

2. The convective heat flux is a linear function of the difference between the air and the
ice surface temperature. This assumption is valid for temperaturei differences up to

about 7°C (Cue, 1996).
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3. The evaporation heat component is negligible. The heat flux due to evaporation is

usually less than 10% of the radiation heat fluxes and can be considered when
calibrating the coefficient.

Figure 3.5 shows the comparison between the results of this program and those
obtained numerically by Bergdahl (1978) for a problem in which the coefficient of heat
transfer is used. The coefficient of heat transfer used is 33.3 W/m®>. The air temperature
varies as a half a cosine wave from -30°C to 0°C in five hours and the ice thickness is

0.4m. The figure shows the temperature profiles obtained after three and five hours.

3.5.3 - Complete Case without Solar Radiation

In Fig. 3.6 the temperature profiles predicted by Bergdahl (1978) and by the present
program are compared for a complete case including latent and sensible heat transfer and
long wave radiation without short-wave solar radiation. The initial air temperature is
-30°C and rises as a single cosine half wave to 0°C in five hours. The ice thickness is
0.4m. The wind speed is constant (u,==2 m/s), the sky is clear (C=0), and the vapor
pressure is 80% of the saturation vapor pressure of the air.

The overall agreement is good and the slight difference which is not more than 0.4°C is

probably due to minor differences in how the heat fluxes are calculated.
3.5.4 - Short-wave Solar radiation

Short-wave solar radiation differs from other heat fluxes in that it can be absorbed
through the thickness of the ice cover. In order to check the accuracy of the numerical
model in dealing with this issue, a case is studied where the heat flux at the upper surface
is due only to short-wave radiation. The numerical results are compared to the analytical
solution.

Considering the absorbed short-wave radiation as a heat source, the governing

differential equation for this case is



0 0%
pCpE = k—a-z—2 +s(z,t) ,
where

s(z,t) = que_KZ .
The boundary conditions are:

@=0 at z=h
oz

0=0 at z=0

The initial condition is:
z
0= _—90(1 - .l';) at t=0

The analytical solution for this problem is (Hrudey, 1992):

© d 20
8(z,t) = T {—2{1-exp(—a A3 t)] - —"—exp(-a A4t)} cosA, z
(z,t) n=1{Zﬂ[ p(-agA,t)] oy p(-a4A, 1)}
where
a = k
T pCp
7L“=(2n—1)1t

2h

2Nte(le))
d, = d {- K } +foroddn and -forevenn
pCp

A
1+ (52
+()

In non-dimensional form the solution becomes:

690‘ - EfAlT,,{s"“ — exp(-A)] - R%exp(—A’..t)} cosA,
where
_z
h
a,t
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(3.5.13)

(3.5.14)

(3.5.15)

(3.5.16)

(3.5.17)

(3.5.18)

(3.5.19)

(3.5.20)

(3.5.21)

(3.5.22)

(3.5.23)

(3.5.24)
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A, = (2—“-211)—" (3.5.25)
o+e(Ley)
5, =7 < LS (3.5.26)
1+(72)°

The solution depends on two parameters in addition to the time constant 1. These are

q.h

=== 3.5.27
Y o.K ( )
x =Kh (3.5.28)

In Fig. 3.7 the non-dimensional solution from the present program is compared to the
results of the analytical solution. The short-wave radiation is taken constant and the

coefficient of absorption is the same for all wave-lengths. There is an excellent agreement.

3.6- Summary and Conclusion

In this chapter the issues regarding the thermal analysis were described. The
governing differential equation was introduced, different mechanisms of heat transfer and
their formulations were explained, the finite difference formulation was presented, some
features of the computer program were described and finally the results obtained from the
‘thermal analysis program were compared to the available analytical and other numerical
solutions. The comparisons Were made for different aspects of the program and different
mechanisms of heat transfer including conduction, convection, long and short-wave
radiation, and heat transferred using a coefficient of heat transfer. The agreement was
good in all cases. These verifications show that the present program can be used to
estimate the temperatures in an ice cover in various meteorological conditions. Further

comparisons with field measurements are performed in Chapter 5.
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Investigator a b c Remarks
(1/mb)

Angstrom (Sweden) 0.806 |0.236 |0.115

Kimball (Virginia) 0.800 [0.326 |0.154

Eckel (Austria) 0.710 |0.240 |0.163

Anderson (Oklahoma) | 1.107 | 0.405 | 0.022

Linke’s Meteorol | 0.790 | 0.174 | 0.041

Taschenbuch

Bolz-Falchenberg 0.820 [0.250 |0.218 | e, and T, measured at 16m above

(Baltic Sea Coast) ground at 150m from seashore.
valid for 1.3<e,<27 mb.

Raman (India) 0.790 [0.273 |0.112

TVA (Paradise data) 0.999 |0.605 |0.124 | Monthly average values based on
daily average data; includes the effect
of clouds.

Table 3.1 - Coefficients a, b, and ¢ in Angstrom formula €, =a-bexp(-ce,)

(reproduced from Pailey et al. , 1974).



At=200s Az=0.02m

Az Solution Error At Solution Error

(m) ) %)) (s () (%)
0.020 -23.910 .16 200 -23.910 16
0.025 -23.899 .20 300 -23.904 19
0.033 -23.876 .30 600 -23.883 28
0.040 -23.852 40 900 -23.863 .36
0.050 -23.808 .59 1800 -23.801 .61
0.067 -23.715 .98 3600 -23.676 1.14
0.100 -23.456 2.01 7200 -23.417 222

92

Table 3.7 - Temperatures at mid-depth of the ice cover (analytical solution = 23.949°C).
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Figure 3.1 - Time diagram for solar radiation (reproduced from Paily et al., 1974).
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Figure 3.2 - Definition of angles in Equation 3.2.34.
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Figure 3.3 - Discretization of the ice cover for finite difference analysis.
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Figure 3.4 - Temperature distribution through the thickness of an ice cover due to

sinusoidally varying surface temperature.
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Figure 3.5 - Temperature distribution through the thickness of the ice cover when the

coefficient of heat transfer is used.
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Figure 3.6 - Temperature distribution through the thickness of the ice cover for the

complete case without short-wave solar radiation.
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Figure 3.7 - Non-dimensional temperature distribution through the thickness of the ice

cover with short-wave solar radiation only.
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4 - FINITE ELEMENT FORMULATION

If the temperature distribution in an ice cover is known as a function of time,
calculations can then be done to estimate the thermal stress distribution . In this study, a
computer program was developed which uses the finite element method. In this chapter
the overall formulation of the finite element procedure and the different features of the
computer program are described. The finite element used is introduced first, and then the
" constitutive law and some of the important features of the computer program are
explained. This is followed by a description of the solution algorithm and a flowchart of
the program. Finally, some numerical tests are described which were performed to verify
the model. In these tests the results of the finite element program are compared to

available analytical and numerical solutions.

4.1 - Finite Element Used

The finite element program uses a quadratic degenerate shell element. A shell element
is used for two reasons. The membrane behavior must be present since that is the
dominant mechanism. Bending is included because the nonlinear material behavior
couples the membrane and bending effects. The element is referred to as a degenerate
element because the formulation begins with a three dimensional element that is
subsequently reduced to a shell element by invoking assumptions. Firstly it is assumed
that normals to the mid-surface remain practically straight after deformation. Secondly,
the stress component normal to mid-surface is constrained to be zero in the constitutive
equations.

In a degenerate shell element the nodes are located on the mid-surface and the element
geometry is defined by the global coordinates of pairs of points on the top and bottom

surface. The mid-surface nodes are midway between these points so that
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XM = 0.5(x\P +x53). 4.1.1)

Five degrees of freedom are defined at each node corresponding to the three
displacements and the two rotations of the normal at node. The definition of independent
rotational and displacement degrees of freedom permits transverse shear deformation to be
taken into account, since the rotations are not constrained to be equal to the slope of the
mid-surface. The finite element formulation of this element is described in detail in Hinton
& Owen (1984) and only the main points are explained here.

In the formulation of the degenerate shell element four different coordinate systems
are used:

1. Global coordinate set - x;

This is a Cartesian coordinate system that is used to define the geometry of the ice
cover. Nodal coordinates and displacements as well as the global stiffness matrix and
applied force vector are referred to this system. In this study the x and y axes are taken in
the plane of the ice cover and the z axes is perpendicular to the ice cover and pointing
upwards.

2. Nodal coordinate set {V}ix

A nodal coordinate system is defined at each nodal point, with the origin at the mid-
surface. The vector {Vv}s extends from the bottom to the top surface at node k so that
V) = (17 — {3} (4.1.2)
where
{x}y =[xy zl.

The vector {Vv} is perpendicular to {v}s; and parallel to the global xz plane so that

vi=vy , V=00 , vi =-vy. | (4.1.3)
The vector {v}ax is perpendicular to the plane defined by {v}i and {Vv}s . ’The vector
{v}x defines the direction of the ‘normal’ at node k, which is not necessarily
perpendicular to the mid -surface at k. The rotations B and B are defined as the
rotations of the normal at node k, about axes in the directions of {v}x and {v}u

respectively.
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3. Curvilinear coordinate system

A curvilinear coordinate system is defined in which, £ and m are curvilinear
coordinates in the middle surface of the element and ( is a linear coordinate in the
thickness direction. The coordinates are normalized so that &, n, and { vary between -1
and 1 on the respective faces of the element.

4. Local coordinate system

A local Cartesian coordinate system is defined at each sampling point where stresses
and strains are calculated. The direction x} is taken perpendicular to the surface of
constant £. This direction is obtained from the cross product of vectors in the £ and 7
directions. The direction of x| is perpendicular to x; and parallel to global xz plane. The
direction of x) is defined by the cross product of vectors in the x;and x directions.
Since the ice covers being modeled are flat, the vector {v}s will be perpendicular to the

ice surface and the local x]and x axes will coincide with the global x and y axes if the

top and bottom nodal coordinates satisfy

Xtop = Xbot aNd  Yiop = Ybor. 4.1.4)

The five significant strain components for this element are:

{e}=<7xy 3 (4.1.5)

Since the stress in the direction perpendicular to the mid-surface (o) is assumed to

be negligible, the five stress components considered in the local system are:

4 B

Gx
Cy
g ' (4.1.6)

{o} =3

Xy

1
TXZ
1

\ sz
In the thermal loading analysis, the temperature distribution through the thickness of

the ice cover is non-uniform. In the present finite element code this is accommodated in a
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simple and effective manner using a layered approach. It is assumed that the ice cover is
built up from a series of layers. Each layer can have a different temperature and different
material properties and the material properties can be a function of that layer’s
temperature. The stress components are computed at the stress points located on the mid-
surface of the layers and the stresses are assumed to be constant over the thickness of each
layer. Therefore, the actual stress distribution is modeled by a piecewise constant
approximation (Fig. 4.1).

The numerical integration of isoparametric shell elements has received considerable
attention in the literature, since it has an important effect on element behavior. For the
integration in the £ and m directions, full or exact integration of an unmapped element can
be accomplished using a 3x3 Gaussian integration formula. However it is well known that
if degenerate shell elements are fully integrated, they exhibit locking. Therefore, the
beneficial effects of reduced (2x2) or selective (3x2) integration techniques have been
established in a number of investigation (for example, Zienkiewicz, 1977). For the lower
order elements, reduced integration is essential for thin shell applications; for higher order
elements, significant improvements in accuracy are attained with reduced integration. In
the reduced integration technique all of the components of the strain energy are integrated
using the four sampling points. In the selective reduced integration technique, the energies

corresponding to membrane strains (€,, €, , and y,,), are integrated using the normal
rule (3x3), and the energies corresponding to transverse shear strains (v, and v,,), are

computed using the reduced integration rule. The process involves the following steps.
First the shear terms in the strain-displacement matrix are computed at the four Gauss
points. Then using the shape function these terms are extrapolated to the nine Gauss
points, where other terms are calculated. However, these techniques may dcca_sionally
lead to spurious zero energy modes appearing in the global equations. Usually the global
stiffness matrix becomes singular if there is a small number of elements and the number of

sampling points is small compared to the number of unrestrained degrees of freedom.
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4.2 - Constitutive Law

The constitutive laws adopted for ice are most easily understood by considering their
associated one dimensional rheological models as shown in Fig. 4.2. The strain under
constant stress for this model is shown in Fig. 4.3. The curve shown in this figure is
similar to the experimental curves obtained by Lindgren (Fig. 2.6 ) for the deformation of
ice under constant load. The Maxwell unit consists of a linear spring, which represents the
instantaneous elastic deformation, in series with a non-linear dashpot based on power law
creep which models the non-recoverable viscous deformation. The Kelvin-Voigt unit
consists of a linear spring in parallel with a non-linear dashpot. This unit models the
delayed elastic deformation. The use of the Kelvin-Voigt unit is optional in the program.

In a uniaxial model consisting of a Maxwell unit and a Kelvin-Voigt unit subjected to
temperature changes, the total strain consists of four parts
E=g,+E,+E4+Eg 4.2.1)
where
g€ = total strain
€. = instantaneous elastic strain
€, = permanent viscous strain
g4 = delayed elastic strain
€o = thermal strain.

The elastic strain is related to the applied stress, o, by the stiffness E; of the elastic

element in the Maxwell unit. This gives

g = —. 422

The viscous strain rate can be expressed as a function of the applied stress. This may be

expressed as
g, =M0" 4.2.3)
where n is a constant and ), is the fluidity parameter. The fluidity parameter is related to

the viscosity (11) by
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1
n=—. 4.24)
K,

The delayed elastic strain can be related to the stress, o, in the elastic element of the

Kelvin-Voigt unit by

e, =2 4.2.5)

where E, is the stiffness of the spring in Kelvin-Voigt unit. The dashpot in this unit is also
based on power law creep which gives the strain rate as

€, =1M,0"" ' (4.2.6)
where m is a constant and n; is the fluidity parameter of the dashpot.

The applied stress, G, is the sum of the stresses 6’ andc”, and can be written in terms

of the delayed elastic strain and strain rate. This gives

c=0c'+0c"

1
_Ee, +(——8,)". 4.2.7)

2
The thermal strain is that due to temperature change and is given by

€y = 0AD (4.2.8)
where

o = coefficient of thermal expansion

AO = temperature changes.

In the finite element formulation, equations 4.2.2 to 4.2.8 are required in a three
dimensional form. The three dimensional stress-strain relationship of the elastic element is
straight forward and is given by
{o}=[D:){e. } (4.2.9)
Assuming orthotropic material symmetry and taking ;=0 for the finite element (4.2.9)

takes the form:
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.. (4.2.10)

O 23 0 0 0 0 Dss|Y2)

where

D, = Eu D,, = —1 Eiz 12= —'—Euvu (m = &)
1-v,vy ~VpVy 1-vjvy E, E;

D;; =Gy, Dy =K,Gy3 Dss =K,Gy

K, K; = shear correction factor.

Assuming that the normal to the mid-surface remains straight, makes the transverse shear
strain constant through the thickness. The correction shear factor is introduced to
approximate on an average basis, the transverse shear strain energy. For a homogenous

cross section, where the shear strain distribution is a parabolic function of z, the shear
. . 5
correction factor is equal to e

The three dimensional formulation of the constitutive law for the viscous element is
based on the equations suggested by Sanderson (1984). First, an effective stress, T, is
defined which is used to derive the generalized power law stress-strain rate relationship.
For an isotropic material the effective stress is the second invariant of the stress deviator
tensor and can be written as
212 = (04, = 65) +(65, ~633)* +(033 - 6,,)* +6(03, +63; +073). (4.2.11)
For an anisotropic material, considering 33=0, this may be generalized to
12 = a,,0}, +a,,062, +2a,,6,,0,, +2,,02, +2,0}, +2,,0%,. . (42.12)
where a;; to ass are constants. In the matrix form it can be written as
1 =(o)[A]{c} | (4.2.13)
where

(0‘)=(c” Gy, Op; Oy czs)
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[A]=j0 0 a, O

»

~

)

3

o

[
o O O O

For isotropic materials:
an=an=10, - ap=-05, and a3 = a4 =ass = 3.0 .
Then a scalar potential function, ®, is defined which allows the calculation of viscous
strain rate from the effective stress. This function is given by
o= (4.2.14)
n+l
where i and n have the same definition as in the one dimensional model. Finally the

viscous strain rate may be expressed as

. o n O1
Eyij T . =mT 0. (4.2.15)

i i

From (4.2.13) it follows that:

ot 1

—==[A 42.16
Z - Lajo) @“216)
so the matrix form of (4.2.15) becomes:

.} =n""[A){s}. (4.2.17)

The three dimensional formulation of the delayed elastic element is based on the
constitutive equations suggested by Khoo (1989). The stress-strain relationship for the

elastic component is similar to that of an elastic material. This is given by
1 '
{eq} = —F:—[P]{od} . (42.18)
2

where

E, = modulus of elasticity for the elastic component of the delayed elastic element
{c;} = stress in the elastic component

and
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1 -v 0 0 0
v 1 0 0 0
0 0 2(I+v) O 0

[P] = o o 0 2(1+v) 0

1

0 0 0 2(1+v)
The stress in the viscous component of the delayed elastic element is equal to:
{oi}={c}-{oi) (4.2.19)
The delayed elastic strain rate is obtained from {o}in the form of
{8a} = mae)™" [P} (42.20)
where
Ol =[O4E + G5, + 2047, +204% + 2045, (4.2.21)

As explained by Khoo (1989), the parameter c; takes into account the effect of
biaxial stress on the strain rate. The influence of each component of ¢” on the rate is
related by the matrix [P]. In the elastic part of the delayed elastic element, the delayed
elastic strain g4 is also related to each component of ¢’by the matrix [P]. According to
Khoo

“The use of [P] in both elastic and viscous parts makes the delayed elastic term

coordinate invariant.”

4.3 - Some Features of the Computer Program

4.3.1 - Elastic Foundation

Natural ice covers are normally floating on the water. When there is no deformation
the weight of the ice cover is in equilibrium with the buoyancy force, and because of the
relationship between the specific weights of ice and water, 90% of the ice is below the

water. Bending of the ice cover, causes downward and upward displacements at different
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positions. The water resists such displacement. Since the hydrostatic pressure increases
linearly with depth from the free surface, the force at each point is proportional to the
displacement at that point. This effect can be modeled by a uniform linear elastic .
foundation. The stiffness of the unit area of the elastic foundation is equal to the unit
weight of water. The force over a differential element of area is then equal to:
dF,, =S, udA 4.3.1)
where
S« = stiffness of the elastic foundation
u = vertical displacement of the small surface.

In the finite element formulation, the displacement of a point within an element can be

expressed in terms of the displacements of the element nodes.
dF, =S, 2 N,,q;dA (4.3.2)
i=1

where

N, ;= nodal shape function for vertical displacements
nn = number of nodes

q; = nodal displacements

In the matrix form it can be written as:

dF, =S, (N,){q}dA (4.3.3)
The total force acting on an element can be obtained by integration over the element
surface.

F,u= [S.(N,)a}dA (4.3.4)

Acl

4.3.2 - Boundary Elements

In this study, boundary elements are used to model the effect of inclined shore lines
and non-rigid boundaries. These elements are linear springs that are attached to the nodal
points and can be oriented in any direction in space. The orientation and stiffness of these

elements is given as a part of input data.



107

4.3.3 - Tensile Cracking

According to Metge’s observations (section 2.11), dry cracks are the most common
cracks in ice covers. These are tensile cracks which form during cooling periods when the
upper region of the ice sheet tries to contract. They are called dry cracks because they do
not penetrate through the entire thickness and hence do not fill with water. The
contraction happens only in the upper part of the sheet and it is restrained by the rest.
(Fig 2.13). The cracks observed by Metge had an average crack width of about 0.5 cm
and an average spacing of about 25m. These kinds of cracks are important in the stress
analysis, because they affect the stresses during and after cooling periods.

In this study a smeared crack approach is used to model the dry cracks. In this
approach the cracked ice is assumed to remain a continuum and the effect of the cracks is
smeared out in a continuous fashion. The initiation of cracking is governed by a maximum
tensile stress criterion (tension cut-off). At each iteration and at each Gauss point, the
maximum principal stress in the horizontal plane is compared to the specified tensile
strength (f;). Cracks are assumed to form only in planes perpendicular to the ice cover. If
the maximum stress exceeds the tensile strength, a crack forms in a plane perpendicular to
the direction of the maximum principal stress. After cracking has occurred, the elasticity
modulus and the numerical value of the stress from the previous step are reduced to zero
in the direction perpendicular to the cracked plane. The Poisson’s ratio is also set to zero.
The ice becomes orthotropic after the first crack occurs with one of the material axes
being oriented along the direction of cracking. Denoting the two principal directions in
the xy plane with the subscripts 1 and 2, the elasticity matrix referred to coordinates in
these direction is :

00 0 0
E 0 0
GI 0

0
0
0 0 (4.3.5)
0 0 G 0
0 5G
6

[D]cmcked =

o O © O




108

where G}, and G;; are the reduced shear moduli. The value for the reduced shear

modulus should be obtained from tests. Due to the lack of information, these values are
also set to zero in the present model. If the stress in the 2 direction reaches fi, a second
crack perpendicular to the first is assumed to form and all the terms in the elasticity
matrix and all the stresses are set to zero. At each iteration, the strain perpendicular to the
crack is calculated and if this strain becomes negative, it is assumed that the corresponding
crack is closed so that it can carry tension again. Cracking can occur independently at

different layers so that cracks need not penetrate through the whole thickness.

4.3.4 - Loading Due to Water Level Changes

When an ice cover is bonded to the shore or to a hydraulic structures, water level
changes might decrease or increase the buoyancy force of water on the ice cover. This
effect is modeled using a distributed uniform load. The time history of any water level
changes is given as input to the program. At the start of the analysis the weight of the
water replécing the ice cover is calculated and divided by the thickness. This gives the
force per unit area per unit change in water level. At each increment this force is

multiplied by the water level changes and applied to the ice sheet.

4.4 - Overall Formulation

In the finite element formulation the total time is divided into a number of steps or
time increments. The temperature of the ice cover and the water level might vary during
each step causing additional thermal and mechanical loading. Therefore in each time step
there is a nonlinear problem to deal with. There are different ways of dealing with this
situation. The procedure used here, is based on the implicit method discussed by
Zienkiewicz (1977).

At the beginning of each time increment, all the displacements, stresses, and forces are

known. The viscous and delayed elastic strain rate at each step are calculated from an
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intermediate value of the stress within that time step. Since the stresses at the end of the
step are not known, an iterative procedure is required to obtain an estimate for these
stresses. In the following description of this procedure, the subscript, I, denotes the time
increment number and the superscript, J, denotes the iteration number.

At the end of each time step there are two conditions that have to be satisfied:
1) The equilibrium condition:
The principal of virtual work can be used to obtain the equilibrium equations. The virtual

work equation can be written as:

[ode,dv+ [F,Bu,dA = [Tou,ds + [Fu,dv (4.4.1)
A s v

v

In the finite element formulation, the virtual strains and displacements at each point within

an element can be obtained from the nodal displacements.

{u} =[N]{6q} (4.42)
{e} = [B]{3q} (4.4.3)
where

{q} = nodal displacements
[N] = shape function matrix
[B] = strain-displacement matrix.

In matrix form the equation of virtual work becomes : v
J(Ga){B o}y + [S.(ba){N.}N.a}dA = [ (sa)[NT {T}ds + [ (5q)[N]'{F}dv

(4.4.4)
Since (4.4.4) must be satisfied for an arbitrary (5q) (subject to (6q) =(0) on 8y), it

follows that :

J[B] {o},..dv+ { S, {N.XN.)a), — (B =0} (4.4.5)

where
(7= [N {T)as s INT (Flo

Equation (4.4.5) is the equilibrium equation at the end of the time step.
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2) Considering that the elastic properties may change during the time step, the

incremental form of the elastic constitutive equation can be written as
{80} =[D,]({Ae} - {ae.} - {aeo }) + [AD, Jie. } (4.4.6)
or

{o}m - {c}x _[DI]I[B]({q}m - {Q}I) +[D1]1{Aec}l+|s +[D1]1 {Aae}—[ADlL{ee}l = {O}

(4.4.7)

where
[AD,] = Changes in elasticity matrix due to temperature changes
{Ae.} = {Ag,} + {Ae4}

aAB)
oAb
{Acg} =4 0 ¢
0

0 Py

,

.

The viscous and delayed elastic strain increment are calculated from intermediate values
for the stresses that are obtained by a linear interpolation between the stresses at the start

and end of the time step. This is done both for the total stress and for the stress, {c”} , in

the viscous part of the delayed elasticity element. This gives
{G}hp. =(1-B,){c}, +Bi{o}.., (4.4.8)
{G”}I*‘ﬁz =(1-B,){c}, +B.{o},, - {o'}, (4.4.9)
where B; and B are constants with values between 0 and 1. As a matter of convenience,
the values of B; and B, were taken to be equal. This value is denoted by B in the
following.

The conditions (4.4.5) and (4.4.7) form a set of non-linear equations with {c};.1 and
{q}i+1 as the unknowns. An iterative procedure can be used to solve this system of
equations. The solution scheme starts with an initial estimate for {c}:.; and {q}1. The

corresponding values at the start of the time step are used so that

{oha={ch,  and  {a}., =la):
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Equation (4.4.7) can be written as:

{4’}1“ = {G}in - {0}1 _[DI]l[B]({q};H - {q}1)+[D1]1 {Asc};ﬂ; +[D1]1 {Aee}_[ADl]{ge}l

I+1

= {0} (4.4.10)
where {¢} can be considered a residual that becomes zero when (4.4.7) is satisfied. A
first order approximation for the residual at the start of the next iteration can be written in

terms of changes in the stress and strain during the current increment.

{¢}J+l ~ {¢};+1 + {50'};“ _[Dl][[B]{Sq}:H +[D1]1 [R]:+B B{SG};H = {0} (4.4.11)

I+1
where

{55}, = the change in stress in the J iteration

{Sq};] = the change in the nodal displacements in the J® iteration

[R]J - a{Asv}Lp + 5{A8d}i+5
" a{c}HB a{c}l-«»ﬂ

Using the equation 4.2.17 for the viscous strain rate, an estimate of the viscous strain

increment can be written as:
{88}, = Atfe, 1y = Autiig[Alio}, (4.4.12)

where At is the time step. It follows that

G{Aev}:+p - n-3 T n-1
———" = A, ((n- D15 [A]{c}I+B <0’)I+B [A] +*is[AD- (4.4.13)
a{c}Hﬁ
The delayed elastic strain rate can be written as:
d m- , .
5 {8} =126 19) ™ [PJ{}ig ~{0}) (4.4.14)
where
(o'} =E,[P] " {e.} (4.4.15)

Substituting equation (4.4.15) into (4.4.14) gives:

Sey=(a)-cfed) (4:4.16)
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where
{Cl} N2(C e 1p )i l[P]{c"}ua
= ME,; (0 1.p)" m
Since 6%, and G,, are taken to be constant within the time step, {ci} and co will also

be constants.

The differential equation (4.4.16) was solved by Khoo (1989) and the result is the

following:
{MJI( Mhnak}ylﬂmmemwmm» (4.4.17)

The rate of change of the delayed elastic strain increment is approximated by:

|:8A8d1:| .U(l exp(— coAt)) (4.4.18)

60 I+1

After some manipulation (4.4.11) becomes:

([0 +[D 1 [R]L,B)(80}.., =[Di][B(3a}s., - {0}, (4.4.19)

Solving for the stress increment at iteration J gives:

(so)., = (11+[D][RL.,B) (DL BYGa}, - (1+[DL[R]B) {o}, (4420

or

{5c}.., =[D] [Bl(sa}.., - {6}, (4.4.21)

where

5] =([]+[D.LIR],,6) [i],
(@), = [1+[D.LIR],8) (o).

The new estimates for the stress and displacement at the end of the iteration can be

obtained from:
{o}hn = {o}., + {80}, (4.4.22)

{a}n = {a}., +{8a},. (4.4.23)
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Substituting (4.4.21) to (4.4.23) into the equilibrium equation(4.4.5) gives..

([T ({6}, + B0t )av + S (NJN.Nfa)s, + Ga. Joa— Fh, = {0} (4429
([B] [B] [Bl(Ba}.ov + [, 8. {N.XN.)a},., 04 =

[F]I+l L[B] ({G}I-H l+l>dv j S {N <N ){q}1+1 dA (4425)
This can be written in the form
[K}sa}.., = {f}.. (4.4.26)

where

[K]= [[B] [DJ [Blav + [, 8. {N.)N.)aA
()L, = (P + [[BT ({0} — (B, Jov = [ S (NHN. a0

The iteration process is continued until the convergence criteria is satisfied. The

following criteria is used for this purpose:

——— <A, (4.4.27)
[+ Fo

where A. is the error limit and Fo is the load vector for the total thermal strain.

{Fo} = 1,[B]"[D: [eo Jav (4.4.28)

4.5 - Flowchart of the Computer Program

The flowchart of the computer program is shown in Fig. 4.4. All the symbols in this

flowchart are defined in section 4.4.
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4.6 - Comparison with Available Analytical and Numerical Solutions

In this section the predictions of the model are verified by comparison with some
available analytical and numerical solutions. The tests are selected so that they cover
different aspects of the model. In the uniaxial tests the predicted stresses and strains in
both constitutive models are compared to the analytical solution for the differential
equation of the rheological model. Then the displacements in a model consisting of a
Maxwell unit are compared to another finite element solution corresponding to the creep
of plates under mechanical loading. In another series of tests the effect of the elastic
foundation is verified for an elastic material and for both thermal and mechanical loading.

Comparisons with laboratory and field data are performed in Chapter 5.
4.6.1 - Uniaxial Stress in a Model Consisting of a Maxwell unit

In a model consisting of a Maxwell unit (Fig. 4.2), the stress can be related to the
elastic strain by
c=Ei,=E,(e-¢,). (4.6.1)
Differentiating 4.6.1 with respect to time and assuming that the exponent of the stress in

dashpot is equal to one, gives

or
E£=6+Emc. (4.6.3)

Equation 4.6.3 is the governing differential equation for the rheological model consisting
of a Maxwell unit.

For stress under constant strain, the strain rate, €, is zero. Assuming initial condition
as 4
c=Eg att=0 (464
The solution to the differential equation would be



115

A clamped beam is used to model the uniaxial conditions. All of the rotations and the
displacements except the displacements in y direction are restrained. In order to simulate
the uniaxial conditions Poisson’s ratio is set equal to zero. Thermal loading is used to
generate a constant strain. A temperature increase of 10°C is applied at the start of the
analysis, and then the temperature is kept constant. In these conditions only the stress in x
direction is non-zero. The modulus of elasticity is chosen to be 1000 MPa, the stress
exponent is 1, and the fluidity parameter is 1x107s"MPa™. The modulus of elasticity and
fluidity parameter are both constant and do not change with temperature.

Figure 4.5 shows the comparison between the stress obtained from the analytical
solution (4.6.5), and the finite element solution with different time steps. With time steps
of 100s and 1000s the error is less than 1% and 5% respectively.

For stress under constant strain rate, the strain rate, €, is constant , and assuming the
initial condition
c=0 att=0 (4.6.6)
the solution 0f 4.6.4 is
o =2 [1-exp(-E;m,)]. (4.6.7)

L P

A constant temperature rate of 3.6°C/h was applied to the same beam with the same
material parameters as described for the previous test. With constant material parameters
this thermal load will simulate a constant stain rate loading. Figure 4.6 shows the
comparison between the stresses obtained from equation 4.6.7, and from the finite element
program with different time steps. The results are found to agree to three figures when
the time step is equal to 100s. Even when the time step is equal to half an hour, the error

is less than 4% at the start of the problem and gets smaller with increasing time. -

4.6.2 - Uniaxial Stress in a Model with Delayed Elasticity

For the rheological model in Fig. 4.2, assuming that the exponent of stress is equal to
one in both dashpots, the stress strain relationship for different components of the model

will be
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’

o)

= > and éd = 1’]20'" . (4.68)
E2

g, = —, €, =M0, &4
The total strain is the sum of the strain at the different components and is given by

e=¢,+€, +84 (4.6.9)
The stress is also equal to the sum of the stresses in the spring and dashpot of the Kelvin-

Voigt unit. This may be expressed as

1. r . . .
c=0'+6"=E,g4+—¢€4 =E,(e~¢, g )+—(E-€,-E,)

N2 N,
or
0'=E2(8—8v——q—)+-}—(é—1']10'—i). (4.6.10)
' E,' m E,

Differentiating 4.6.10 with respect to time, using the equations 4.6.8, and rearranging

gives the governing differential equation of the rheological model as

§+E2n2é='§1‘+6(n2 TN, %+m)+652nmz- (4.6.11)
When the stress is constant, equation 4.6.11 reduces to

€ +E,n,e=cE,nn,. (4.6.12)

In this case the initial conditions are

b

8=Ei and €,=0 att=0 (4.6.13)
1

The second condition gives

1. 1 .. . 1 .
6=0'=—¢4 =—(E~-€,)=—(E-0OM,)
N, N, N2
or
€ =0o(n, +m,). (4.6.149)

The solution to 4.6.12 that satisfies 4.16.13 is:

€ :-—c——+cnlt+£[1—exp(—E2nzt)]. (4.6.15)
E, E,
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In the finite element simulation a tensile load is applied to the same beam as described
earlier but with free movement at one end in x direction. The tensile stress produced is
2.0 MPa. The material properties are:

E,=2000 MPa, E;=1000 MPa, n=1x10"s'MPa”, and m;=5x107s"'MPa"

Figure 4.7 shows the comparison between the results of the analytical solution and the
finite element solution with different time steps. The strains agree to three figures when
the time step is equal to 100s. When the time step is equal to 1000s the error is about
10% at the start of the problem and decreases with time.

When the strain is constant, assuming
Ei=E;, and mi=m

equation 4.6.11 reduces to

&+3Em6+E ’n’c=0 (4.6.16)
The initial conditions are
c=E;, and g=0 att=0 (4.6.17)
The second condition gives
c=c'=Ese =-1_.d =L(‘i“111513)
n m E
or
6 = —2E,’ne. (4.6.18)

The solution to 4.6.16 that satisfies 4.6.17 is
1
T/‘E)Els exp[-0.5(3 + Jg)Elnlt] +05(1- :/}_—S—)Els exp[-0.5(-3 + \/g)E,nlt]

c =051+

(4.6.19)

In the finite element analysis the clamped beam is subjected to an instantaneous
temperature rise of 10°C. The material properties are:
E,=E,=1000 MPa, and m;=m.=1x10"s'"MPa" .

The comparison between the stresses obtained from the analytical solution using

equation 4.6.19, and from the finite element program with different time steps is shown in
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Fig. 4.8. The error with time steps of 100s and 1000s is less than 1% and 7%

respectively.
4.6.3 - Steady State Creep of Plates Under Mechanical Loading

In this section the predictions of the finite model for creep of plates under constant
load are compared to another finite element solution given by Hrudey (1973). In the
analysis performed by Hrudey the constitutive law is the same as the present model with a
Maxwell unit. The results are presented in a non-dimensional form for the displacement
rate or velocity under steady state conditions. Figure 4.9 shows the comparison between
the non-dimensional vertical velocities along the radius for a simply supported circular
plate under point load, po. The numbers for n correspond to the stress exponent and the

non-dimensional velocity is given by

v= Wz (ﬂn_)" (4.6.20)
K a Po
where
Y (4.6.21)
h
h2
L L (4.6.22)
2(2n+1)

w = vertical displacement rate,
h = thickness of the plate,
¢,= an arbitrary standard constant equal to the strain rate of uniaxial specimen under a
stress Gy, .

Table 4.1 shows the comparison for non-dimensional steady state vertical velocities at
the center of a uniformly loaded circular plate under a uniformly distributed load qo. As

can be seen the agreement is good for both loading conditions.
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4.6.4 - Elastic Foundation

Analytical solutibns are available for elastic rectangular plates on elastic foundations
(Timoshenko and Woinowsky-Kreiger, 1959). In this section the results are compared for
a simply supported square plate under uniformly distributed and point loads. In the finite
elemént model using symmetry, a quarter of the plate is modeled with four elements. The
material properties and the dimensions of the plate are:

E=200000 MPa, v=03,

h=02m, dimensions=6x6m, S,=100 MN/m’

uniformly distributed load =1 MN/m, and point load = 10 MN.

The results for the vertical displacements along the center line of the plate are shown in
Table 4.2. The results also depend on the integration technique. Therefore the results for
both the complete and a reduced integration rule are shown in the table.

The analytical solution is also available for an elastic beam on elastic foundation under
non-uniform thermal loading (Hrudey, 1992). The classical differential equation for a
beam on elastic foundation is:

d*w

El
dx*

+kew=0 (4.6.23)

where w is the vertical displacement and k¢ is the stiffness of the foundation. It is assumed
that the beam under goes a temperature change which is non-uniform across the section
but has the same distribution for all sections. This assumption means that in the absence
of any constraint, including the foundation, the beam would deform into a state of
constant curvature, denoted by x,. Therefore, when the foundation is included the
bending moment in any cross section would be

d*w
dx?

Assuming a symmetry with respect to the center of the beam, and free boundary

M = —EI(

—Kg) , (4.6.24)

conditions with zero moments and zero shears at the ends, the non-dimensional form of

the solution to 4.6.23 is
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wi? _ (coshMl sin Al + sinh Al cosAl) sinh A€ sin A1§ N

Ko (sinM cosAl + sinh Al cosh Al)
(sinh Al cosAl — cosh Al sin Al) cosh AIE cosAIE (4.6.25)
(sin McosAl + sinh ATcosh M) -
where
A= 4/% , (4.6.26)
X
=T

The finite element analysis is performed for a beam with symmetric conditions at
center and free conditions at other boundaries. In order to eliminate the two dimensional
in-plane behavior, Poisson’s ratio was set equal to zero. Figure 4.10 shows the
comparison for the non-dimensional vertical displacements along the x axis, between the
analytical and finite element solutions. In this case

M_
T

2.

There is a good agreement between the solutions and it can be seen that the elastic
foundation flattens the beam in the central parts. The negative and positive displacements
at the end of the beam result in foundation forces that form a moment that is sufficient to

straighten the beam.

4.7 - Summary and Conclusion

In this chapter the issues regarding the finite element program were descﬁbed, The
finite element used was introduced, the constitutive law and important features of the
program were explained, the solution algorithm and the program flowchart were
presented, and finally the results obtained from the program were shown to be in good
agreement with available analytical and other numerical solutions. The examples in

section 4.6 covered different aspects of the program including, uniaxial visco-elastic
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deformation with or without delayed elastic element, three dimensional steady state creep
under mechanical loading, and beam and plate on elastic foundation with mechanical and
thermal loading. Nevertheless the given examples were only a part of the numerous tests
that were performed in the process of the development of the program. For example other
features of the program like tensile fracture and boundary elements were tested in the
situations were the results were known. In all of the tests the results of the program were
satisfactory. In Chapter 5 some comparisons are made with the results of field

measurements and boundary conditions.



6M,

KT\ qor?
n Hrudey, 1973 Present study
1 0.25781 0.25870
3 0.23618 0.23573
5 0.20552 0.20331
7 0.17650 0.17298
9 0.15076 0.14638
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Table 4.1 - Non-dimensional velocity in a center of a simply supported uniformly loaded

circular plate.

Uniformly distributed load Point load
x/a Analytical Finite Finite Analytical Finite Finite
solution element element solution element element
(3x3) (2x2) (3x3) (2x2)
0.00 0.010464 | 0.010623 0.010675 0.010777 0.009270 } 0.011027
0.25 0.009850 | 0.009984 | 0.010034 | 0.008446 0.007960 0.008708
0.50 0.007925 | 0.007929 | 0.008088 | 0.005164 | 0.005217 | 0.005052
0.75 0.004560 | 0.004589 | 0.0046609 | 0.002364 0.002442 0.002414
1.00 00 0.0 0.0 0.0 0.0 0.0

Table 4.2 - Comparison between the analytical and finite element solutions with different

integration techniques for displacement at the center of simply supported square plate on

elastic foundation.
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Figure 4.2 - Rheological model for constitutive law.
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strain

loading T unloading

Figure 4.3 - Strain under constant stress for the rheological model shown in Fig. 4.2.
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Start
Reid input data
Calculate [B] matrix and initial [D] matrix
Calculate The stiffness of the boundary elements
Calculate the consistent stiffness matrix of the elastic foundation

Calculate mechanical loading and the load per unit change in water level

Initialize certain values including {c} and {q}

l

——>Loop over increments, 1
Read the temperature and water level of the current increment

~——»Loop over iterations, J

J
I+1°

J

and right hand side vector, {f},,

If J=1, calculate the visco elastic D matrix, [ﬁ]

!

Evaluate the stiffness matrix, [K]

J

141> and calculate {q}::ll

Solve the system of equations for {6q}

|

Calculate {50'}: L and {o};:ll - Check for cracking, and crack closing

|

Calculate the force in boundary elements

Calculate [-ﬁ]::: , and right hand side vector {f } ;:ll , for the next iteration

l

No  Check the right hand side vector for convergence
ifyes, {o}, = {o};;; and {a}, = {a}i}}

Output the results if required

Stop

Figure 4.4 - Flowchart of the finite element program.



126

05
0.45 |
04}
0351
031
025 }
021

Stress (MPa)

015 1 Analytical solution
01 1| @ Finite element solution (time step=1000s)
0.05 1| a Finite element solution (time step=100s)

Time (s)

Figure 4.5 - Comparison between the analytical and finite element solutions for stress

under constant strain in a uniaxial model consisting of a Maxwell unit.
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Figure 4.6 - Compariosn between the analytical and finite element solutions for stress

under constant strain rate in a uniaxial model consisting of a Maxwell unit.
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5 . COMPARISON WITH EXPERIMENTS AND FIELD MEASUREMENTS

The objective of this part of the study is to calibrate and evaluate the analytical model,
so that it can be used for a qualitative study of ice behavior under thermal loading. In the
first part of this chapter, published experimental results are compared to predictions of the
model obtained using different mechanical properties for ice. Determining the material
properties for ice can itself be the subject of a very vast investigation and it was not in the
scope of this study. Therefore, only published values for material properties were used in
these comparisons. In the second section the predictions of the model are compared to
field measurements. The data collected by Fleet Technology Ltd., as described in section

(2.21) were used for this study.

5.1 - Mechanical Properties of Ice

The mechanical properties of ice have been the subject of investigation for a long time.
Compared to other engineering materials, ice has relatively large crystals and normally
exists at a temperature very close to its melting point. The response of ice under loading,
depends on many parameters such as the ice type, the stress and strain levels, the stress
and strain rate, and the temperature.

Ice types are classified according to their formation, and the size, shape, and
orientation of the crystals (Michel, 1979). A summary of the classification. system is
presented in Table 5.1. The letter P denotes primary ice which forms first on a water
body. The letter S indicates secondary ice which grows below the primary ice in a
direction parallel to the heat flow. The ice types designated with a T are superimposed ice
types that form on the top of the primary ice due to flooding of the ice.

The grain size is divided into five ranges:

a) Fine - Grain diameter is less than 1 mm.
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b) Medium - Grain diameter is 1 to 5 mm.

c) Large - Grain diameter is 5 to 20 mm.

d) Extra large - Grains have diameters greater than 20 mm.

e) Giant - Grains have dimensions in meters.

Among the different types of ice, there are really only two broad categories of ice
found in most lakes and reservoirs.

1) Granular ice - This category of ice consists of fine, randomly oriented crystals. The
grain size is between one and three millimeters. This ice is usually found in the surface
layers of lakes and reservoirs. Due to the random orientation of the crystals, the

“mechanical properties of this ice are isotropic. The most common ice type in this category
is the snow-ice.

2) Columnar ice with c-axes horizontal or S2 ice - This type of ice is usually found in
the lower layers of ice covers in lakes and reservoirs. The grain size is usually in the range
of three to one hundred millimeters and the crystals are elongated in the vertical direction.
This ice is considered transversely isotropic (orthotropic) and the properties are the same
in all directions in the horizontal plane.

Most laboratory investigations on ice are performed on snow-ice, S2, and S1 ices
(Table 5.1) and the most common loading modes are constant strain-rate, constant load
and constant loading rate. In the field, temperature changes strain the ice covers and the
loading conditions are similar to those in constant strain rate tests. The behavior of ice
depends on strain rate and at strain rates higher than 10 to 10° s™! the behavior changes
from ductile to brittle. Figures 5.1 and 5.2 show the results of some of the constant strain
rate tests performed on granular and columnar ice at different strain rates. It can be seen
that at higher strain rates the stress reaches a maximum and drops. This drop in stress is
less at lower strain rates.

Drouin and Michel studied the air temperature changes in Quebec City. The
climatological data used in this study were those recorded at the Quebec City airport from
1944 to 1967. The largest recorded change in air temperature was 3.3°C in 30 minutes.
For other regions of Canada, some data can be found in a paper by Kendall on the

meteorological information relevant to ice pressures (Kendall, 1968). The maximum air
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temperature spreads in January with duration of six hours and periods of recurrence of 5,
15, and 25 years are given for 23 locations in Canada. Those values are shown in
Table 5.2. The maximum value in this table is 27.8°C which corresponds to an average
rate of 4.6°C per hour. In some places like the Chinook belt of Southern Alberta, the air
temperature can increase in a relatively short time by as much as 10 to 20°C. It can also
happen that the temperature increase is followed by a rapid decrease. All of the values in
the table and the ones being discussed are for the air temperature. The corresponding
temperature change in an ice cover usually happens at a lower rate. According to the
parametric study performed for this project, when the short-wave solar radiation is not
considered, the change in ice surface temperature for daily temperature changes can be
less than 80 percent of the change in air temperature. In the measurements made by Fleet
Technology Ltd., as described in section 2. , the rates of rise in ice surface temperature

were less than 2°C/h. Considering a rate of 5°C/h the strain rate would be:

6 oah = BTN o grg
3600

Therefore, the mechanical properties used for stress analysis should be based on tests
performed at strain rates in the range of 10 to 107 s, Nevertheless, this is a very low
strain rate and most of the reported laboratory tests are performed in rates above 1075,

In the finite element program there are two options for the rheological model. The
first is a Maxwell unit consisting of a linear spring in series with a non-linear dashpot.
This model requires values for E;, v, 13, and n. The second model has a Maxwell unit in
series with a Kelvin-Voigt unit. The parameters required are: Ej, v, N1, n, Ez, ma, and m.
In the constitutive model suggested by Khoo (1989), n; changes as a function of strain.
This accounts for the softening after the peak stress. Drouin and Michel’s tests.show that
for snow-ice and S2 ice at low strain rates, the stress at constant strain rate reaches a
maximum and then remains almost constant at that level. Thus in the present study, the
post-peak softening effect is not included. Only the effect of temperature on the material
parameters is considered. Among the various mechanical properties for ice reported in the

literature, only those used in determining thermal pressures and those obtained in tests

performed at low strain rates (10® to 107s) are considered for use in the present model.
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What follows is a discussion of material properties suggested by others which were
considered to be suitable for thermal stress analysis.
Drouin and Michel (1971) -

Drouin and Michel performed uniaxial and biaxial tests on snow-ice and columnar ices
(S1 and S2). The uniaxial tests were constant strain rate tests performed at different
temperatures. The strain rates were in the order of 10™® to 107 s™ which is in the range of
thermal strain rates occurring in natural ice. Drouin and Michel used the test results to
determine the constants for their rheological model. They plotted the stress versus strain
curves and found the best fit for the slope at the origin, and the relationship between the
maximum stress and strain rate. Then considering the effect of the stiffness of the test
assembly they calculated the stress versus strain curves for the ice plus testing machine
and compared it to the test results. The stress-time curves for ice alone were also
calculated using the rheological model and the apparent Young’s modulus for ice alone.
Snow-ice-

The snow-ice used in the tests was made in the laboratory. Its density was about
890 kg/m®. The grains were spherical with random crystallographic orientation and the
average grain size was about 1 mm. The tests were performed at constant rates varying
from 1.8x10° to 1.8x107 and at temperatures from -28.3 to -3.9°C. In the majority of the
tests the stress reached a maximum and remained almost constant at that level. In other
cases it diminished slightly and then assumed a constant value. The maximum stress was
reached at an average strain of 0.15 percent. The following relationships were given for
the apparent Young’s modulus of ice and the relationship between the maximum stress
and strain rate (converted to SI units).

2060

E= 452x00981exp( ) (E in MPa and T in K®) (5.1.1)

& = 2061 x 10° exp(—oo004 8831?;')0 (cinMPa, TinK®, and §ins?) | (5.12)

Columnar ice with optical axis vertical - S1

The specimens were made in the laboratory by simulating the natural conditions (calm

surface and small temperature gradient). The tests were performed at constant strain rates
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varying from 3.7x10® to 1.8x10” 5™ and at temperatures varying from -26.8 to -4.1°C. It
was observed that the stress increased at an almost constant rate for about two to four
hours. Then the rate of increase gradually diminished until the stress reached a maximum.
Following that, the stress dropped very rapidly and then stabilized at a nearly constant -
value. The maximum stress was reached when the specimens had been deformed in the
range of 0.08 to 0.2 percent. The sudden drop in stress was attributed to the buckling of
crystals when strained in compression in the direction parallel to the basal plane. Drouin
and Michel studied the relationship between the maximum stress and strain rate. The
analysis showed a scatter in values which prevented the establishment of a single
relationship between the strain rate and maximum stress. The scatter was greater for tests
performed at higher temperatures. The average value measured for the stress exponent

was 3.7 and the following relationships were defined for different temperatures and rates.

: -Q

€ =cex )" 5.13
p( RT) (5.1.3)

where

n=3.7

R=8.314 j/(mol.K°)

and

Q. = 56170 j/mol for £=107s" and 6=-30°Cto-10°C
Q. = 60773 j/mol for €=107s" and 6 =-30°C to -10°C
Q. = 269199 j/mol for £ =107s™" and 6=-10°Cto 0°C
Q. = 215476 j/mol for §=10"s" and 8=-10°Cto 0°C

The constant ¢ was given only for low temperatures (-30°C to -10°C). Finally the
following equation was given which is valid only for low temperatures but was used by
Drouin and Michel to simulate the test results at higher temperatures as well.

-83684
8314T

The apparent Young’s modulus for ice alone was obtained as a function of temperature

& =2961x10° exp( Yo (5.1.4)

and strain rate.
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E = 344 x 0,0981&°°" exp(1—3T3—§) (5.1.5)

Columnar ice with optical axis horizontal - S2

For this kind of ice, Drouin and Michel only reported two tests. The test durations
were on the order of 100 hours and the appearance of the stress versus time curves was
substantially the same as those for snow-ice. The maximum stress, however, occurred at a
much greater deformation. The corresponding strain was 1.3 and 2.4 percent in these two
tests. Drouin and Michel did not calculate the Young’s modulus or the relationship
between the maximum stress and the strain rate. Most of the parameters in the rheological
model were taken to be the same as those for snow-ice and the value used for the stress
exponent was 4. The test results were compared to the predicted values for the ice plus
testing machine but the stress time curves for ice alone were not calculated.

Bergdahl (1978) -
The model used by Bergdahl, to estimate thermal ice pressure, consisted of a linear

spring in series with a non-linear dashpot. The following values were used for the various

constants.
~59800
=3235 TinK° 5.1.6
n exp( 231 4T) (TinK") (5.1.6)
n=3.651 (5.1.7)
E;=6100(1-0.0120)  (®in C°) (5.1.8)

The values for n; and n were based on Drouin and Michel’s experiments on S1 ice and the
value for E was based on the material properties given by Lindgren (1968).
Cox (1984) -

Cox used the same model as Bergdahl but with different values for mechanical
| properties. Cox argued that the numbers used by Bergdahl for E were ver3; high and

therefore selected a reduced value given by the relationship

E; = 4000(1-0.0126) (5.1.9)
For the stress-strain rate relationship Cox used the following equations.
n, =39x107}g "’ (5.1.10)

n=3.7 (5.1.11)
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Equation (5.1.9) was found by curve fitting the experimental data for S1 ice given by
Drouin and Michel. The values for n, from different tests, versus test temperature were
plotted with a logarithmic scale. In order to obtain a linear fit, it was assumed that the 0°C
tests were performed at -1°C. As a result, this equation gives quite large values for
temperatures close to 0°C.

The values for E and n obtained from different equations are compared in Tables 5.3
and 5.4. It can be seen that the values for E suggested by Bergdahl and Cox are much
higher than those suggested by Drouin and Michel for different kinds of ice.

In order to verify the present model, the mechanical properties suggested by Drouin
and Michel for different ice types were used in a model consisting of a spring and a
dashpot. To simulate a uniaxial condition, Poisson’s ratio was set to zero in the finite
element model. The results of this analysis were compared to the curves calculated by
Drouin and Michel for ice alone.

Figure 5.3 shows the comparisons for snow-ice. The curves given by Drouin and
Michel for ice alone compare well with the calculated curves. There is only a small
difference in the maximum stresses. In Fig. 5.4 the results are compared for S1 ice. The
present model is not able to simulate the drop in stress but the agreement in the initial part
of the curves is good. Except for the first two curves which are calculated at high
temperatures where Drouin and Michel’s equation is not valid, the overall agreement is
acceptable. In the experimental curves for ice plus testing machine the drop in stress is
more than that for the theoretical curves for ice alone (Fig. 2.9). Since this kind of ice is
not very common in lakes and reservoirs, no attempt was made to model the drop in
stress. Figure 5.5 shows the comparisons for S2 ice. In this case, for the present model,
the properties for S1 and snow-ice suggested by Drouin and Michel, and those suggested
by Cox were used and the results were compared to the experimental curves which
included the effect of the flexibility of the testing machine.

Drouin and Michel also performed biaxial tests on different types of ice. In these tests
circular discs of ice were placed in an invar ring. Invar has a very low coefficient of
thermal expansion compared to ice, so that the test approximates one of complete restraint

against thermal expansion. The thickness of the ice was 0.05 m and the diameters ranged
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from 0.15 to 0.3 m. The specimens were subjected to an increase in temperature and the
stress was calculated by measuring the strain in the ring. In the Figs. 5.6 to 5.8 the
experimental stress in these tests is compared with the prediction of the present model
using different mechanical properties. In the analysis, Poisson’s ratio was equal to 0.33
and the coefficient of thermal expansion for ice was taken as a function of temperature as
suggested by Drouin and Michel (1971).

o =(54+0186)x10° (5.1.12)

In all these cases, the mechanical properties suggested by Cox, which have a high
value for E;, gave very high stresses compared to the measured stresses. The properties
| suggested by Bergdahl gave even higher stresses and are not shown here. In the case of
snow-ice, the stress versus time curves obtained using snow-ice properties from Drouin
and Michel are closer to the measured stresses. In the case of S2 ice, the initial part of the
curves, which is controlled by the value of E,, is modeled better by the snow-ice
properties and the remaining part of the curves are between the snow-ice and S1, or close
to snow-ice. In some cases for S1 ice the measured stress is closer to that for snow-ice
and in some cases it is between that for the S1 and snow-ice. The curves calculated using
the E; value for S1 ice and the 1, expression of Cox give good agreement in some tests.
However, equation (5.1.10) gives a very high value of n; for temperatures near 0°C and it
might cause numerical problems.

According to these numerical tests the values suggested by Drouin and Michel for
snow-ice give reasonable stress prediction for most cases. The stresses calculated using
the mechanical properties of S1 ice are also close to the measured stresses but these
properties have the limitation that the equation given for m; is not valid for temperatures
above -10°C. The material properties suggested by Bergdahl give very high stresses which
seem unrealistic for thermal loading analysis. The stresses calculated using the mechanical
properties suggested by Cox were also higher than the measured stresses in the
‘experiments of Drouin and Michel. All of these results offer guidance on the choice of
mechanical properties. However a final decision on which properties to use in the

analytical studies requires consideration of field data.
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5.2 - Comparison with Field Measurements

5.2.1 - General Discussion

As discussed in section (2.21), field measurements of ice were conducted by Fleet
Technology Ltd. and sponsored by Canadian Electricity Association (CEA). Field data
were collected during the winters of 1991-92 to 1993-1994, at Hydro-Quebec’s Paugan
Dam on the Gatineau River at Low, Quebec and Ontario Hydro’s dam at Armnprior,
Ontario. Large scale tests were also conducted at a 120 m by 60 m outdoor basin at the
National Research Council (NRC) in Ottawa. The purpose of these tests was to measure
and study the loads resulting from temperature and water level changes. The data
collected included temperature and stress profiles, ice thickness and snow cover
measurements, and meteorological data. The results were reported by Fleet Technology
Ltd. in three phases. The reports of phase I (winter 1991-92), phase II (winter 1992-93),
and computer data on solar radiation, wind speed, temperature profiles, and some of the
local stresses at the NRC basin test were obtained for use in this study (Comfort and
Abdelnour, 1993; Comfort, Abdelnour, and Gong, 1994). The data were used to verify
the analytical models.

A number of questions and difficulties were encountered in simulating the field
conditions. These problems were common to most of the simulations. Therefore before
studying each case separately, some of these problems and their resolution are discussed .
1) Ice type, constitutive model, and mechanical properties-

One of the most difficult problems in preparing a simulation model is to decide which
ice type existed in the field and which constitutive model and which mechanical properties
should be used in the simulations. There is no simple solution to this problem. The ice
type and the associated mechanical properties depend on the conditions at the time of
formation. This makes it difficult to predict exactly what type of ice would have existed at
a particular site. Observations show that the upper parts of the ice cover usually consist of

granular ice and the lower parts of columnar ice with optical axis horizontal (S2). The
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finite element model offers two options for the constitutive model. In the first, which
consists of a spring and a dashpot, mechanical properties suggested by previous
investigators can be used directly. For the second, which includes a delayed elastic
element, the properties are not well defined and must be obtained by trial and error to fit
the measured data. Therefore, some of the major thermal events (periods of temperature
increase) were first simulated using model (1) with different mechanical properties. It was
observed that in all the events except one (described later), the best agreement was
obtained using the material properties suggested by Drouin and Michel for snow-ice. Two
thermal events from the NRC basin tests are used here to demonstrate how the stress is
affected by the choice of different mechanical properties. Figure 5.9 shows the
comparison between the measured and calculated stress versus time curves. The first
thermal event begins at the start of the simulation and is followed by a cooling period.
The second thermal event starts at about 60 hours and lasts till the end of the simulation.
It can be seen that the curve calculated using mechanical properties for snow-ice, as given
by Drouin and Michel follows the measured data reasonably well. Stresses obtained using
the mechanical properties suggested by Cox are very high for both events and the stresses
obtained using S1 ice properties are high in the first event and low in the second event.
The same pattern was observed in most other cases. The good agreement using snow-ice
properties might be due to the fact that the temperature changes mostly affect the upper
parts of the ice sheet which usually consist of granular ice.

In the next step, the results of the second constitutive model were compared to those
of the first model with snow-ice properties, and the measured data. As mentioned earlier
the formulation of this model was done by Khoo (1989) who had used it for indentation
problems. Khoo found the parameters that gave the best agreement with published
experiments. These parameters were as follows:

a) Sinha’s uniaxial tests on columnar ice at -10°C (Sinha, 1982),

E, = 7000 MPa E;=3500 MPa

mi= 1.4x10”7 (MPa)™s™! N2 = 0.6x105(MPa)™s™!

n=27 m=2
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The parameter my; is the initial value of n, which varied as a function of strain and
strain rate in Khoo’s original model.

b) Mellor and Cole’s tests on fine grained ice at -5°C (Mellor and Cole, 1982),

E; = 9500 MPa E; = 1267 MPa
N = 3.2x107(MPa)™s™ N2 = 3x10°(MPa)™s™
n=3 m=3

c) Frederking’s test on columnar ice at -10°C (Frederking, 1977),

E; = 4500 MPa E, = 9000 MPa
N1 = 2.1x107(MPa)™s™ N2 = 0.8x10%(MPa)™s™
n=3.1 m=1

Most of the above tests were performed at strain rates higher than 1x107s™
Sanderson (1988), suggested a value of 9500 MPa for E,;. This is the elastic modulus of
ice which does not depend on temperature but could be measured only at very high
loading rates. The values obtained at normal tests are usually lower than that and are
called the apparent elastic modulus of ice.

In order to determine the effect of each of these parameters on the stresses a number
of numerical tests were performed. In these tests a biaxially restrained ice sheet was
subjected to a uniform temperature increase. The material properties were constant and
did not change with temperature. In each test one of the mechanical properties was
changed while the others were kept constant and the stress versus time curves were
plotted. It was known that the maximum stress is controlled by the value of n;, and
therefore this parameter was not changed. In all of the tests the temperature rate was

5°C/h and the following parameters were used as the base constants.

E; = 5000 MPa E, = 5000 MPa
m = 3.0x107(MPa)"s’! m2 = 1.0x10°(MPa)™s™!
n=3.0 m=3

Figure 5.10-a shows the stress versus time curves for different values of E; (1000,
5000, and 9500 MPa). It can be seen that the initial slope is controlled by this parameter.
In Fig. 5.10-b the comparison is made for different values of E, (1000, 5000, and

9500 MPa). It was observed that lower values for E; decrease the stresses after the initial
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part and before reaching the maximum stress. Figure 5.10-c shows the comparisons for
different values of n, (1.0x107, 1x10® and 1x10® MPa™s™). The value of 1, controls
the curvature before reaching the maximum stress.

Using a high value for E;, for example 9500 MPa as suggested by Sanderson,
increases the initial slope of the stress versus strain or stress versus time curves. This value
was used in the simulations and it was observed that the calculated stresses at the start of
the simulation are much higher than the measured stresses. In order to obtain better stress
predictions when using a high value for E,, it is necessary to use a low value for E,.
However the computation time increases as the difference between E, and E, is increased,
because the stress changes rapidly and more iterations are required in each time step.
Therefore, lower values for E; were used in the simulations and the parameters that gave
the best agreement with measured data were obtained by trial and error. Figure 5.11
shows results for the same events as Fig. 5.9, where the measured stress-time curve is
compared to the curves calculated using different constitutive models. Snow-ice

properties were used for the first model and in the second, the following properties were

used:

E,; =2000 MPa E, = E(T) as for snow-ice
M = n(0) as for snow-ice N2 = 1x10°(MPa)™s!
n=4 m=4

As seen in Fig. 5.11 the agreement for the first event is somewhat better with model 2, but
model 1 gives better agreement for the second event. It was observed that the first model
is capable of predicting the ice stresses and there is not much improvement in the results
when the second model is used. Since the second model has the disadvantages that it
requires more computing time and does not have well defined parameters it was decided
to use the first model with snow-ice material properties for subsequent parametric studies.

2) Finite element mesh-

An important question that arises when designing the finite element mesh is whether or
not to model the entire ice cover or a much smaller region in the vicinity of the resisting
structure. In order to answer these questions several options were tried. For the NRC

basin test, it was possible to model the entire basin (using symmetry), with a relatively fine
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mesh containing 20 elements. In the case of the Amprior Dam, a coarse mesh was used
and the complete reservoir was modeled using 20 elements. For the Paugan Dam, the ice
cover in front of the gates and piers of the spillway was modeled using a very fine mesh.
The effect of geometry and number of elements was also studied in the parametric study.

Tt was observed that when there is only thermal loading and all the displacements and
rotations on the reservoir boundary are restrained, the effect of reservoir geometry and
number of elements is negligible. In this case due to existence of an homogenous stress
field, the displacements and rotations at all of the nodal points are equal to zero and it is
possible to get the same results using a single element. A typical single element mesh is
shown in Fig. 5.12. The element has eight nodes and all of the displacements and
rotations are restrained except for the mid-side displacements in the direction parallel to
the element boundary. The size of the element is arbitrary but the thickness should be
equal to the thickness of the ice sheet at the time of simulation. Eight to ten layers are
used through the thickness of this element. Most of the simulations and tests (e.g.
Figs. 5.9 and 5.11) were performed using this one element mesh.

3) Stress history-

When comparing the measured and predicted stress, the effect of the stress history
should be considered. The ice cover is continuously under stress and when simulating an
event, the analysis must necessarily start somewhere in the middle of an ongoing process.
Figure 5.13 shows a sample from the parametric study where the surface temperature of
the ice cover varies as a cosine function having a 24 hour period. The air temperature
starts from -20°C and rises to 0°C and drops back to -20°C. The temperature distribution
in the ice sheet is calculated using the finite difference thermal analysis program. The
thickness of the ice cover is 0.2 m. Eight cycles occurring over eight days are shown.
Although the maximum and minimum temperatures are the same for all the cycles, the
maximum stress is greatest during the first cycle. After a few cycles an equilibrium is
reached beyond which the maximum stress does not change. Imagine now that this figure
represents measured stresses. If a simulation is started at the fourth or fifth cycle, the

calculated stresses would initially be under first cycle conditions. Therefore for the same
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temperature changes, the calculated stresses would be higher than the measured stresses.
This effect usually causes an over estimation of the stresses at the start of a simulation.

Another problem is that when two thermal events happen within a short interval of
time, the stress from the first event may not have dissipated completely before the next
event. In this case, if the simulation starts from a zero stress at the beginning of the
second event, the measured stresses will be higher than the calculated stresses. This effect
usually causes an under estimation of the ice stresses at the start of the simulation.

In order to overcome these difficulties the duration of all simulations was made as
large as possible. A problem in simulating events over long periods however, is that the
thickness of the ice may change. Therefore, the following steps were taken in some of the
simulations.

a) If possible the simulation started at a time when the measured stresses were close to
zero.

b) An interval that covered a number of events (2 to 5 days) was used.

¢) The initial thickness was chosen to be equal to the thickness of the ice cover at later
events.

d) For the first events the thickness was not correct and the effect of the stress history
was still present. Therefore the first events were disregarded in the comparisons.

The difference between the measured and calculated stresses, due to the effect of stress

history, usually diminishes after one or two days. Therefore, the stresses in later events

will be closer to the measured stresses.

4) Ice surface temperature-

In order to achieve good simulation of the ice stresses, it is necessary to use accurate
temperature data. Due to the difference between the conductivities of the air,. snow, and
ice, there is a steep temperature gradient at the ice surface which is in contact wiht the air
or snow cover. Therefore the positioning of the thermocouple that measures the surface
temperature is very critical. Figure 5.14-a shows a comparison between the measured and
calculated temperatures for the NRC basin test. The calculated temperature distribution
was obtained using the air temperature, wind speed, solar radiation, and considering the

snow cover. The calculated and measured temperatures are in good agreement except at
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the surface of the ice. The reason for this discrepancy is not clear. It may have been that
the thermocouple was positioned in the snow cover rather than in the ice.

Figure 5.14-b shows the measured temperature profile from an earlier event at the
NRC basin test. In this case, the only temperatures recorded were at the ice surface and
0.1 m below the surface. There is a large difference between the surface and 0.1 m
temperatures. Considering that the temperature at the bottom of the ice sheet is at the
freezing point, and the ice sheet is very thin (h<0.2 m) the stress distribution through the
thickness should be close to linear. But in this case the line joining the measured
temperatures at the top surface, 0.1 m, and the bottom surface is very far from a straight
line or even a smooth line. It is very likely that in this case also, the positioning of the
thermocouple that measured the surface temperature was not right.

In order to overcome this problem, the measured temperatures were checked by
performing a thermal analysis. When the surface temperatures did not seem to be
accurate, it was assumed that the measured surface temperature was actually a
temperature in the snow cover. Then a new surface temperature was calculated using a
thermal analysis with one centimeter of snow on top of the ice sheet.
5)_Effect of water level changes-

The field data obtained by Fleet Technology Ltd. (Comfort et al., 1993 and 1994)
indicate that water level changes have an effect on measured stresses. Although the
thermal events were the main contributor to the ice pressure, it was apparent that the
stresses also fluctuated with changes in water level.

The effect of water level changes can be included in the finite element model by
changing the buoyancy force on the ice cover. This was done by adding a uniform
gravitational force at each time step during which there was a decrease in water level. The
magnitude of the force is proportional to the water level change during the time increment.
During periods of increasing water level, the incremental forces were applied in the
opposite direction (upward). This approach is valid as long as the change in water level is
not more than the ratio of densities times the thickness of the ice cover (~90% of the
thickness). This numerical approach was verified by comparing the calculated deflections

with the prescribed water level changes.
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Calculations showed that changing the buoyancy force on the ice cover does not have
a major effect on the calculated stresses. The stresses calculated with this approach
compared very well with the measured stresses at the NRC basin test but this approach
could not model the stress fluctuations that occurred in the dam sites. Changing the
buoyancy forces causes only bending stresses in the ice sheet and cannot have a major
effect on the in-plane stress resultant. In the dam sites the stress resultants calculated from
the measured stresses also fluctuated with the water level changes. This suggests that the
stress fluctuations might be caused by another mechanism rather than the change in
buoyancy force, a mechanism which causes a relatively uniform stress distribution through
the thickness.

One possible mechanism is arching action. Arching action was known to be the reason
of the failure of a dam in Minneapolis in 1899 (The Engineering Record, 1899) and was
also discussed in a paper by Wilmot (1952). When the water level drops, the ice cover,
which is bonded to the reservoir walls, forms a basin and cracks at the edges (Fig. 5.15).
These cracks can freeze and form a continuous arch. Subsequent increases in water level
are resisted by arching action which causes a pressure through the whole thickness of the

ice cover.
5.2.2 - NRC Basin Test - Winter 1992-93

As described in section 2.21, large scale tests were conducted at an outdoor basin at
the National Research Council (NRC) in Ottawa, Ontario. The basin was 3 m deep, 60 m
by 120 m in area and had vertical concrete walls. Freeze-up commenced in early
December and the stress sensors were installed during the period from December 16 to 22.
During the early part of the winter, the ice was allowed to grow and the stresses resulting
from the changes in air and ice temperature were monitored. By the middle of January, a
large amount of snow (0.2 m) had accumulated on the surface. To facilitate the
occurrence of large temperature changes in the ice sheet, the snow was cleared on
January 19 using mechanical equipment. Due to low conductivity of the snow, the snow

layer acts like an insulation layer and does not let the ice cover lose heat to the air.
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Therefore with increasing thickness of the snow layer the ice temperature increases.
Consequently removing the snow cover and exposing the ice cover to the cold air
produced a temperature shock and cracks in the ice sheet. The cracks subsequently
refroze. The thermal load monitoring part of the test continued until January 23. During
this period the water level in the basin remained constant.

On January 24 two slots were cut in the ice sheet (Fig. 5.16). The purpose of these
was to produce a simple two dimensional geometry by eliminating the biaxial restraint. On
January 25, tests to investigate the effect of water level changes were started. These
continued till February 26. The tests were conducted by pumping water into or out of the
basin. The snow was cleared again on February 19 by flooding. This was done by
pumping water onto the ice surface and draining water from the basin at the same time.
During all water level tests, with the exception of the last, the ice remained solidly bonded
to the basin walls.

The thickness of the ice cover was relatively uniform over the basin’s area. During the
period January 8 to February 12, the ice near the walls was about two to five centimeters
thinner than at the center of the basin. This was attributed to heat transfer from the
ground. After February 22 the difference in thickness increased to about 10 centimeters.
This was due to heavy snow falls and flooding operations which deflected the center of the
ice sheet downward. The surface ice growth was very small before January 12 (1 cm).
During the middle of the January it increased to about five centimeters and remained
almost constant till the flooding operation (February 19). The water from the flooding
remained on the ice and a large amount of surface growth occurred subsequently.

The ice temperature was measured continuously through the winter. In the early
winter (December 24 to January 8) the ice temperature was measured at two' points
through the thickness: at the ice surface and 0.1 m below the surface. On January 8 a
string of 12 thermocouples was installed which measured the air-ice-water temperature
profile. When initially installed, the temperatures were measured at 1.5 m and 0.05m
above the ice surface, every 0.05 m through the ice thickness, and 1.4 m below the ice
surface. Due to surface ice growth, the surface thermocouples gradually became

embedded in the ice. No attempt was made to reposition the thermocouple string. Thus



146
the temperature at 0.05 m above the original surface was considered to be the ice surface
temperature after January 25. After February 19 the same temperature was considered to
be the temperature at 0.1 m below the ice surface.

The in-coming solar radiation and wind speed were also recorded during the period
from December 22 to April 1. The in-coming solar radiation had daily fluctuations but
increased with time over the winter, reaching a maximum of 890 W/m? on March 3. The
maximum wind speed recorded was 6.95 m/s which occurred on March 16.

Three different types of sensors were installed in the ice sheet. One rosette of
Hexpack panel meters was located at the center of the basin. These sensors, which were
developed in 1983 by Fleet Technology Ltd., are thiﬁ wide panels that extend through the
full thickness of the ice cover and measure the depth averaged pressure. Twelve BP local
sensors (developed by British Petroleum) were arranged in four vertical arrays to measure
the stress profile acting perpendicular to the basin walls. These are small disc shaped
sensors which measure the average pressure over an area of 0.075 m diameter. The BP
sensors were arranged so that they measured the average stresses at depths of 0.025 to
0.10, 0.125 to 0.20, 0.225 to 0.30, and 0.325 to 0.40 m. Three oil-filled flatjack sensors
were also deployed which measured the average stress over an area of 0.15 m diameter.
Since the stresses are very depth dependent, the data measured by the BP sensors, which
have a smaller diameter, are preferred for the comparisons with the numerical simulations.
The data record for the stresses measured by the upper sensors (0.025 to 0.10 m) were
made available by Fleet Technology Ltd.

Several thermal events occurred during the thermal part of the test program.
Figure 5.17 shows the measured temperatures during the December 24 to February 8
period, when only the ice surface and 0.1 m temperatures were measured. A.number of
thermal events can be seen in this figure. The stresses due to the temperature changes
were calculated using the finite element program, ICEP. At first a finite element mesh
spanning one quarter of the basin (using symmetry) was prepared. Subsequently, a single
element model as described in section (5.2.1) was used. It was found that the results from
the two models were the same and the single element model required less computing time.

Therefore it was easier to model the long periods with the single element model. All the
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results presented here for the thermal part of the program were simulated with the one
element model.

Figure 5.18 shows the comparison between the calculated and measured stresses for
the two events that occurred during the period December 24 to December 29. The
material properties suggested by Drouin and Michel for snow-ice were used in the
simulation. The first event begins at the start of the simulation. The stresses increase for
about 15 hours and then decrease during the cooling period that follows the first event.
The second event starts at about 60 hours from the start of the simulation and lasts about
three days. During these events the thickness of the ice cover was about 0.15 m. The
temperature distribution between the ice surface and 0.1 m was obtained from a thermal
analysis, considering one centimeter of snow on the surface, as discussed in section
(5.2.1). The temperature distribution between 0.1 m and the bottom of the ice sheet was
also obtained from the thermal analysis. The stresses were calculated using snow-ice
properties from Drouin and Michel.

The predicted stresses follow the measured stresses reasonably well during the first
event. During the cooling period that occurred after the first temperature peak, the
measured stresses remain compressive. This is probably due to the presence of cracks that
reduée the tensile strength. First the analysis was performed using a very high tensile
strength (1000 MPa). The calculations were then repeated using a very small tensile
strength (0.01 MPa), which resulted in cracking of the ice sheet. The stresses calculated
using the cracking model match the measured stresses quite well at the start of the second
event (from 60 to 65 hours). This shows the importance of including the cracking in the
simulation of the thermal stresses. At the end of the second event, the measured stresses
decrease while the calculated stresses do not. Since the temperatures are still high (near
0°C) during this part of the event, the drop in the measured stresses might be due to
compressive cracking or softening of the ice which could have led to unbonding of the
Sensors.

Figure 5.19 shows a comparison between the measured and calculated short wave
solar radiation data during the first event (January 25 and January 26). The heat flux due

to short-wave solar radiation that is shown in Fig. 5.19 was calculated for three different
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values of cloud cover (C). For a clear sky, C is equal to 0/8 and it increases to 8/8 for the
case of complete cloud cover. The heat flux due to short wave radiation can have a major
effect on the temperature distribution in the ice cover, and as can be seen in Fig. 5.19 it
can change significantly with the cloud cover. The amount of cloud cover is not usually
included in meteorological data. Even when this data is available, it must be remembered
that it is not obtained using sophisticated instrumentation. It is based on the subjective
judgment of an observer.

Figure 5.20 shows the comparison between the measured and calculated stresses for
the thermal event that occurred during the period from January 2 to January 4. The
thickness of the ice cover at that time was 0.2 m. The temperature profile was obtained by
the same method as described for the previous events. As can be seen, the calculated
values match very well with the measured stresses. However at the end of the event, the
measured stresses drop to zero due to melting of the ice. Above freezing temperatures
were recorded through the thickness of the ice cover. After this event, the measured
stresses were affected by freezing stresses for a while. The freezing stresses are the
stresses that occur due to volume increase during freezing. Very high stresses (0.75 MPa)
due to freezing were recorded by sensor BP21. The surface ice growth of one centimeter
probably occurred after this event when the snow cover that was melted due to increase in
temperature froze in the following cooling period.

On January 8 a string of thermocouples was installed which measured the air
temperature and temperature in the ice sheet at every 0.05 m through the thickness.
Figure 5.21 shows the measured temperatures during the period from January 8 to
January 14. The air temperature data and the data recorded for incoming solar radiation
were used to calculate the temperature distribution through the thickness of the ice cover.
Figure 5.22 shows a comparison between the measured and calculated temperatures at
0.05 m and 0.1 m depth on January 10 and 11. The thickness of the ice cover at the time
was 0.28 m. A layer of snow (0.03 m) was also considered on top of the ice sheet. Since
the incoming short-wave solar radiation was measured, only the coefficient of reflection of
the surface was used in the analysis. Many different values are suggested for the

coefficient of reflection of snow in the literature. It dependé on many parameters such as
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age, wetness, and grain size of the snow cover. It also depends on the wave length and
angle of the incident light. In general the coefficient of reflection of fresh and dry snow is
high (0.8 to 0.9), but decreases once the snow cover gets older and begins to melt (0.5 to
0.6) (Gray and Male, 1981). It is also higher for short wave lengths. Bergdahl suggested
values of 0.9 for wave lengths between 350-700 nm, 0.7 for 700-1200 nm, and 0.6 for
1200-4000 nm. These values were used in the temperature simulations. It was observed
that the measured temperatures were higher during the daytime, therefore the value of 0.9
was reduced to 0.7 and good agreement was obtained. The measured temperatures match
the calculated temperatures during the first day but are higher during the second day
showing that probably the snow layer was melting and a lower coefficient of reflection
was required. In Figs. 5.23-a and 5.23-b the measured and calculated temperature profiles
are compared at five hours and 15 hours after the start of the simulation. The agreement
is good except for the ice surface temperature. As mentioned earlier it is possible that the
measuring point at the surface was located inside the snow layer. Figure 5.24 shows the
comparison between the measured and calculated temperatures on January 12.  The
thickness of the ice sheet had increased to 0.3 m but the thickness of the snow cover was
still 0.03 m. In this case the reflexivity is put equal to 0.5 for all wave lengths.
Figures 5.25-a and 5.25-b show the measured and calculated temperature profiles at four
hours and nine hours after the start of the event.

Above freezing temperatures were recorded on the surface and through the thickness
of the ice cover during January 4, 5, 7, 8, and 9. Therefore the measured stresses might
be high or low during and after these dates due to melting or freezing of the ice cover. In
Fig. 5.26 the measured and calculated stresses are compared for the period from
January 11 to January 14. The calculation was started earlier to include the effect of
prestressing. This figure shows three thermal events, two daily events and one event that
lasted more than one day. On January 13 and 14 there was a heavy snow (0.15 m) and the
ice temperature increased despite a decrease in air temperature. The calculated stresses
are higher than the measured stresses during all three events but the agreement with the

measured stresses is best during the third event.
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After January 15 the surface ice growth increased from 1 cm to about Scm on
January 25 and remained almost constant till the flooding operation (February 19). Above
freezing temperatures were recorded in the ice sheet on January 17. It is probable that
some of the snow cover melted and froze subsequently. Therefore for the thermal events
occurring between the January 17 and 25, the depths for the recorded temperatures are
not quite clear. The snow cover was cleared on January 19 and some thermal events
happened after that. Figure 5.27 shows a comparison between the measured and
calculated stresses for the thermal events happening in the period from January 20 to 22.
Three thermal events can be seen in this figure: one at the start of the simulation, the
second after 24 hours, and the third after 36 hours. In this simulation the temperature at
5 cm above the original ice surface was assumed to be the surface temperature. The
stresses were also calculated at 7.5 to 15 cm below the ice surface. It can be seen that the
- calculated stresses are higher than the stresses measured by all of the sensors during the
first event, but are lower than those measured by BP21 during the second and third event.
As the amount and rate of temperature change are similar in the first and second event it is
not clear why such high stresses were recorded by BP21. Since clearing the snow on
January 19 caused a thermal shock that produced some cracks in the ice, it is possible that
stresses in all the sensors and particularly sensor BP21 were effected by opening and
refreezing of the cracks.

On January 24 two slots were cut in the ice sheet to create a system of uniaxial
restraint for performing the tests on water level changes. A finite element mesh covering
the ice sheet between these slots (using symmetry) was prepared, and free boundary
conditions were used at the location of the slots. The element sizes were selected so that
the position of the Gauss points would be as close as possible to the location of the stress
sensors. In Fig. 5.28 the measured and calculated stresses are compared for a period from
February 1 to 7. In order to include the effect of the prestressing, the simulations started
at January 30 and also a temperature increase of five degrees at the ice surface was applied
at the start of the simulation. The calculation was performed twice, with and without the
effect of the water level changes. The vertical displacements at the central point of the ice

sheet are added to the initial water level and the results are presented as the calculated
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water levels in Fig. 5.28. As can be seen, although the calculated water levels track the
actual water levels, there is not much difference between the stresses calculated with or
without water level changes and the stresses are mainly thermally induced. The increase in
water level has resulted in a negative bending moment. Since the stresses are compared
for the upper part of the ice cover, the bending stresses have reduced the compressive
stresses due to thermal loads. The calculated stresses compare very well with the
measured stresses except for the cooling period at about 96 hours. As can be seen the
amount and the rate of temperature decrease from 80 hours to 96 hours are more than
those in the cooling period from 28 to 40 hours and yet there is a large decrease in the
measured stresses in the first cooling period. Since above freezing témperatures were
recorded in the ice sheet at about 80 hours, it is possible that the measured stresses after

that were affected by the freezing stresses.

5.2.3 - Arnprior Dam - Winter 1992-93

The Arnprior dam is located on the Madawaska River at Amprior (about 50 km from
Ottawa), Ontario. In addition to the dam wall there is a turbine intake section, gates and a
sluiceway. The dam itself consists of a vertical concrete face and a sloped berm. Since
the gates were heated, the stresses were measured only at a position close to the dam’s
vertical face. Six BP sensors arranged in two vertical arrays, with three sensors in each
array, were used to measure the stress perpendicular to the dam face. The sensors
measured the stress at depths of 0.025 to 0.10, 0.125 to 0.20, and 0.225 to 0.30 m below
the ice surface. Initially (on December 9), the sensors were installed near the dam wall,
but due to relatively large water level fluctuations, the ice near the dam broke up and an
ice bustle consisting of ice, water layers, and air voids was produced. The sensors were
repositioned on December 18 and January 5. By January 5 the ice conditions near the
dam had stabilized and the sensors were located in the ice sheet in front of the bustle. A
vertical string of thermistors was used to measure the air-ice temperature profile. The

thermistors were also repositioned to the stable ice sheet in front of the dam.
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Due to water level fluctuations a crack was formed in mid-January at about 10 m from
the dam face. This crack refroze subsequently and another crack was formed further
offshore in early February. The February crack was open during the winter and absorbed
a part of the rotations produced by water level fluctuations. Therefore the local conditions
at the dam face were no longer affected by the water level changes.

Figure 5.29 shows a comparison between the measured and calculated temperatures at
depths of 0.1, 0.2, and 0.3 m below the ice surface during a period from February 12 to
15. The maximum line load occurred during this event. The temperatures through the
thickness of the ice cover were calculated using the surface temperatures. There is a good
agreement between the measured and calculated temperatures at 0.1 m and 0.2 m depths
but the calculated temperatures are higher than the measured temperatures at 0.3 m.
Measured and calculated temperature profiles 8 and 40 hours after the start of the
simulation are shown in Fig. 5.30. It can be seen that the calculated temperatures at 0.3 m
below the surface coincide with the temperatures at other depths. It is possible that the
thermistor at 0.3 m was positioned at a higher level.

A finite element mesh covering a large part of the reservoir (about 1.25x2.5 km) was
prepared for the stress analysis. The elements in front of the dam face were finer than
elsewhere in the mesh. The stress resultants obtained from the calculated stresses are
compared to those calculated from the measured stresses in Fig. 5.31. The material
properties suggested by Drouin and Michel for snow-ice gave the best agreement. The
temperature changes and the water level fluctuations are shown as well. Since the actual
numbers for the water levels were very large, they are not used here, and the numbers
shown in Fig. 5.31 are only used to show the fluctuations. The calculated water levels are
obtained by adding the vertical displacements at a node in the middle of the reservoir to
the initial water level. The calculated water levels show the same fluctuations as the
measured ones but there is not much difference between the stress resultants calculated
with or without water level changes. This was expected because the loading due to water
level changes causes only bending stresses which do not have a significant effect on the
stress resultants. The calculated stress resultants agree on an average basis with the

measured values but do not exhibit the same fluctuations. The fluctuations in the
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measured loads coincide with the water level changes. Since the calculated stresses do not
show these fluctuations, it is possible that other mechanisms such as arching action are
responsible. The February crack also may have affected the stress distributions. The
stresses measured at different depths were roughly equal at one of the sensors but at the

other, higher stresses were recorded at the lowest sensor.
5.2.3 - Paugan Dam - Winter 1991-92 And 1992-93

The Paugan Dam is a hydro-electric power plant located on the Gatineau River near
Low (about 100 km north of Ottawa), Quebec. The spillway is located about 300 m from
the dam and has six steel gates, each with a span of 15.2 m, and six concrete piers. Two
of the steel gates are heated. The dam is located next to the power plant and has a
combination of vertical and sloped faces. The reservoir is about 500 m wide and has
moderately steep and rocky sides.

During the 1991-92 winter, temperatures and stresses were measured at two sites:
near the spillway (site 1), and near the dam face and power house (site 2). The air-ice-
water temperature profile was measured using thermistor strings consisting of six
thermistors at 10 cm intervals. Two thermistor strings were deployed at each site. One
measured the temperatures in the vicinity of the structure and the other measured the far
field temperatures. A combination of BP and panel stress meters were used to measure
the local and depth averaged pressures. The BP sensors were located at depths of 0.07 to
0.145 and 0.195 to 0.27 m below the ice surface. At site 1 the stress sensors were placed
in the vicinity of gates 2 and 3 (which were unheated), near piers 2 and 3, and at 32 m and
67 m from gate 2. At site 2 the sensors were installed along the face of the dam, along the
nearby steep rock face, and also at 30 m from the dam.

By early January, the reservoir was covered with a stable ice sheet with little snow
cover (less than 10 cm). Near the surface the ice sheet consisted of large grained P2, and
fine grained P3, P4, and Sl ices. At depths below 20 cm the ice was of columnar S2 type.
The stress sensors were installed during January 4 to 7 by cutting a slot in the ice, placing

the sensor in the slot, and pouring water around it. From January 1 to January 15 the
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water fluctuations were small (about 5 cm). During January 15 to 17 a large crack formed
in the vicinity of the structures and along the reservoir boundaries due to a water level
drop of about 25 cm. After January 20 several snow falls took place and the ice sheet was
gradually depressed by the weight of the snow. In early February the ice sheet became
submerged below the water level. As described in the reports of Fleet Technology Ltd.,
water reached the surface and a mixture of snow, surface ice crusts, and water was formed
on top of the original ice surface. Therefore in the regions away from the boundaries, the
recorded ice temperatures through the thickness of the ice cover were at the freezing
point. Although at the boundaries the ice temperature was below the freezing point, the
relatively soft ice that covered most of the reservoir prevented the occurrence of thermal
loads during the remainder of the winter.

Significant thermal events occurred during January 8 to January 19. In Fig. 5.32 the
measured and calculated stresses are compared for the period from January9 to
January 15. Two thermal events occurred during this period, one from January 8 to 10,
and the other from January 12 to 15. The temperature data was obtained from the
temperature profiles given in the figures of the report at four hour intervals. In the time
intervals between the times of the given profiles the temperature profile was obtained from
a linear interpolation between the given temperatures. The measured stresses are the
maximum principal stresses obtained from the rosette located 30 m from the vertical face
at a depth of 0.07 to 0.145 m. This location was selected for the comparison because it
was stress free at the start of the simulation and was unaffected by the local conditions in
the vicinity of the structures. The finite element analysis was performed using a single
element mesh. The material properties suggested by Cox were used in the analysis
because the material properties of snow-ice resulted in low stresses compared the
measured stresses. The stress analysis was performed, with and without cracking. The
stresses obtained with the cracking model agree best with the measured stresses.

The maximum line load obtained from the measured stresses in the reservoir which
occurred during the first event was 115 kN/m. The loads on the pier were significantly
higher than those on the gate. The maximum loads on the pier and gates were 288 and

82 kN/m respectively. The difference in the loads on the piers and the gates was probably
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due to flexibility of the gates. Since there was not enough information to assign a value
for the stiffness of the steel gate, a parametric study was performed with different values
for the stiffness of the gate and the results are presented in Chapter 6.

During the winter of 1992-93 temperatures and the stresses were measured only at
site 1. The air-water-ice temperature profile was measured at two locations: at 1 m from
gate 2, and 30 m from it. A panel stress meter that measured the depth averaged pressure
through the whole thickness of the ice cover was installed 30 m from the gates. BP
sensors were deployed near gate 2 and pier 3 at depths of 0.025 to 0.10, 0.125 to 0.20,
and 0225 to 0.30 m below the ice surface. The sensors were initially installed on
December 11 on floats. Due to a large drop in the water level the sensors were
repositioned on December 14. The thermal loads occurred during the period from
December 22 to February 13. In mid-February the far field ice temperature profile became
uniform at the freezing point due to snow accumulation. In early winter the ice
temperature profile was similar at both positions. Later, the ice near the gates was colder
and had more temperature variations than the ice at far field. However, since a relatively
soft ice covered most of the reservoir, the loads were very low near the spillway.

The highest stresses were recorded during the first thermal event which occurred on
December 24. Unfortunately the temperature data for this event is not considered reliable
because two quite different temperatures were recorded near the ice surface. In other
thermal events, the stresses recorded 30 m from the gates were below 0.12 MPa, therefore
despite the ambiguous temperatures, an attempt was made to simulate the stresses for the
first event. Since for the 1991-92 winter the stresses obtained using the material
properties suggested by Cox gave the best agreement, it was necessary to know if those
properties would give the best agreement for the 1992-93 winter as well. Therefore, the
material properties suggeted by Cox and those suggested by Drouin and Michel for snow-
ice were both used in the simulations. The agreement was better when the snow-ice
properties were used. Figure 5.33 shows the results of the stress analysis for the period
from January 24 to January 26. Between the two different temperatures which were
recorded for the ice surface, the lower one was used for the analysis. The thermal event

that starts at 19:00 on January 24, was preceded by a cooling period. Prior to this cooling
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period, which lasted about one day, above freezing temperatures were recorded through
the entire thickness of the ice cover. Therefore the compressive stresses during this
cooling period are probably due to the freezing of the ice cover. Two different start times
were selected for the stress analysis: one from a stress free condition during the cooling
period, and the other from the start of the thermal event. Cracking of the ice was included
in the analysis. The simulation that started from the beginning of the thermal event
resulted in stresses that were higher than the measured stresses. The other analysis that
includes the cooling period, gives the best agreement with the measured stresses during
the latter part of the thermal event.

The temperature analysis was done for a period during which the graphs containing the
temperature data were plotted on an extended scale. The measured surface temperature
was used as the surface boundary condition in calculating the temperature distribution
through the whole thickness of the ice cover. In Fig. 5.34 the measured and calculated
temperatures at the depths of 0.1 and 0.2 m are compared for a period from January 12 to
' 14. The agreement is very good for the temperatures at 0.1 m, but the temperatures
measured at 0.2 m are slightly lower than the calculated temperatures. The difference is

less than 0.5 degrees.

5.3 - Summary and Conclusion

In this chapter the temperature and stress predictions of the programs prepared in this
study, were compared to the results of experiments and field measurements. The
experimental studies of Drouin and Michel, and the field data collected by Fleet
Technology Ltd. at the NRC Test Basin, Arnprior Dam, and Paugan Dam were used in
the comparisons. Most of the measured data used in the comparisons of the NRC Basin
Test were available in digital form, but the other data were read from the graphs and were
subjected to reading errors. Some of the general conclusions from the comparisons are

discussed here.
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Tt was observed that good temperature predictions are possible with the thermal
analysis program, ICET. However, the results depend on the boundary conditions. Two
types of boundary conditions were used. In the NRC Basin Test, where the data for the
wind speed and solar short wave radiation were available, the air temperatures were used
to calculate the temperature distributions through the thickness of the ice cover including
the ice and snow surface temperature. The agreement was good except for the ice surface
temperature. This was attributed to the high temperature gradient that exists at the ice
surface. The results were also sensitive to the amount of solar short wave radiation. At
the dam sites, where the wind speed and solar radiation data were not available, the ice
surface temperatures were used to calculate the temperatures through the thickness of the
ice cover. The agreement was good in most of the cases.

In the stress simulations, it was observed that the predicted stresses depend very much
on the choice of mechanical properties. The mechanical properties suggested by Drouin
and Michel for snow-ice gave the best agreement for most of the experiments and field
measurements. For the Paugan Dam however, during the 1991-92 winter, the stresses
obtained using the snow-ice properties were very low compared to the measured stresses
while the mechanical properties suggested by Cox gave the best agreement. Also,
information concerning grain structure was incomplete. Therefore, it was not possible to
reach to a firm conclusion with the available information about which mechanical
properties are the best. More field measurements in different regions are required to
obtain a better understanding about the mechanical properties of ice.

A constitutive model consisting of a linear temperature dependent spring and a
nonlinear temperature dependent dashpot was used in the simulations (Maxwell unit in
Fig. 4.2). This model can give a reasonable prediction of the ice stresses, has well defined
mechanical properties and requires less computing time than a model including the delayed
elastic element. A single element mesh was used in most of the simulations with thermal
loading (i.e. no water level changes). The stress history was observed to have a significant
effect on the predicted stresses. In order to include the effect of stress history, long
periods were used and in some cases the simulations started one or two days before a

particular thermal event. Cracking of the ice should also be considered in the analysis. In
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the simulations, the tensile strength of ice was set very close to zero (0.01 MPa), since the
tensile stresses measured were close to zero. This is probably the effect of cracks that are
present in the ice. The effect of water level changes was included by adding a uniform
gravitational force which changed according to water level fluctuations. The calculated
deflections matched with the prescribed water level changes. The stresses obtained by this
method compared very well with the stresses for the NRC Basin Test but did not show the
fluctuations that occurred in the stresses at the dam sites. It was suggested that probably
other mechanisms such as arching action produced the stress fluctuations. The agreement
between the measured and calculated stresses was good in most of the cases. In situations
where above freezing temperatures were recorded in the ice sheet, some discrepancies
were observed between the measured and calculated stresses. During these periods the
calculated stresses were usually higher than the measured stresses and after these periods
the measured stresses were higher. In some cases even compressive stresses were
recorded during the cooling periods. These discrepancies were attributed to the melting
and freezing of the ice cover. The cracks that were caused by water level changes or

snow removal operations also affected the stresses in the ice cover.
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Name Formation Grain size and | Orientation Location
shape of c-axis
P1 calm surface, small large to extra vertical reservoirs, lakes,
temperature gradient large, irregular calm rivers
P2 calm surface, large medium to random or | lakes, reservoirs,
temperature gradient extra large, vertical calm rivers
tabular or
needle like
P3 agitated surface, fine to medium, random lakes, reservoirs,
nucleated from snow tabular rivers, seas
P4 nucleated by snow fine to medium | random lakes, reservoirs,
seas
S1 calm water, like P1 and | large to extra vertical lakes, reservoirs,
P2 large, columnar calm rivers
S2 like P2, P3, and P4 large to extra | random in lakes, reservoirs,
large, columnar | horizontal seas
plane
S3 bottom of thick ice columnar aligned in | frozen lakes, thick
sheets horizontal | sea ice, arctic ice
plane islands
S4 congealed frazil slush | fine to medium, random turbulent flows
tabular
S5 drained congealed frazil | fine to medium, random where water has
slush angular drained from slush
T1 snow-ice fine to medium, random where saturated
round to snow freezes
angular
T2 drained snow-ice fine to medium, random where water level
well rounded varies rapidly
T3 layers of columnar ice
on top of primary ice
R agglomerate ice various ice
types and forms

Table 5.1 - Classification of different ice types (Michel, 1979).
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Figure 5.15 - Deflected shape of the ice cover during water level changes.
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Figure 5.16 - Layout of sensors and the slots, and side view of a typical sensor array at
NRC Basin Test.
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Figure 5.17 - Measured temperatures at NRC Basin Test (12/25 to 1/7).
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Figure 5.21 - Measured temperatures at NRC Basin Test (1/8 to 1/14).
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Figure 5.29 - Measured and calculated temperatures at different depths below the ice
surface at Amprior Dam (2/12, 0:00 to 2/16, 0:00).

Temperature (C)

HE—t + } + t
42 10 8 6 4 -2
a
a
oo
© Caiculated
gMeasured

0
b 06
T -0.1
+ 0.15
+ 0.2
+ 0.25
+ 03
+ -0.35
+ 0.4

0.45
s

Depth below the ice surface (m)

Temperature (C)

S — ],0
2 10 8 6 4 2 9.

o] T 01
+ -0.15

+ 0.25
oo 1 03
1 0.35

Depth below the ice surface (m)

o Calculated + 0.4
pyMeasured 0.45

a) Temperatures at 2/12, 8:00

b) Temperatures at 2/13, 16:00

Figure 5.30 - Measured and calculated temperature profiles at Amprior Dam after

a) 8 hours and b) 40 hours from the start of the event.



185

{9) ainmjesadwa]

(S1/2 01 21/7) wieq Joudury 1e speoj aulj paje[no[ed pue paInsealy - [£°G In31g

(4) awiL
8 2 8 3 8 8 @ 8 8 8 & 32 88 8 8 B8 ® 8 a3 ® 1)
e e e o S S e e e e e e e e o A A S A A e Ao A S S A St S A SE S 08lL-
ainjeladwe | —o—
|9A9] J8JeM PAIRINJIED = = =
9l- (sabueyo {aAa| 19)eM UMW) paje|note)d T 091-
[8A8] J3JlepN —O—
(sabueyd |9A3] 18)eM 0U) POJBINDIED) we  sasmm
L4 | (Z) sessals painseaw wol) pauielqQ —p— T ord- »
(1) sessans painsealt Wol} pauie}qQ ———e— ..m
-+ /I ® ozL-
. [
- - R ) [/ g m
o | _ N VAR Foor- §
L "omem - - \.”
x
€
8- 108 3
5
9 1 R T09- @
)
1
-+ ov- [+
=
[
=3
(™~
Al | 10z 8
3
‘ L —




186

"(00:0 “26/S1/1 O3 00:0 ‘T6/6/1) 29%J [BIILISA SY} WO W Of ‘7 NS ‘We(q ueSned Je SISSIIIS PIJR[NoJed pue PaINSeajy - Z¢'S N

(y) swy
& 8 8 8 2 8 8 8 8 8 3 N 8 83 ¢ & B )
T R o R A o o o o o e A B L S A A ¥'0-
anjessdwa | —o—
(sdoel0 Yym)pajejnofed
Ok 1 (30810 OU)PRIRINDIRD == =
painsespy —e— + €0
wlun
1 o 20
) N
Vn-..
H \
o 1 10
g \
o YA
G \ .
oh ...................... /I 0
. K
Z JusAz \ /
/ \ T 10
.Vjﬁ / \
\N 7
9 L Z0

(edi) ssans



187

(o) asmyesadwa ]

"(00:91 “T6/LT/TI ©100:0 ‘T6/T/T1) $91eS W0l w o ‘We( uedned JB sassasls Paje[no[ed pue PAINSEIA - £€°S N3]

(y) swny
LV BE3LIBEERNELE8LYEEBBRNYE32RSod anvo

or- I::.ﬁ::::::"IIIC\"IIIIIIZIZZI__II"IIII vo-

\ / ainjerad W | ——o—
-1 \ (00:61 ¥Z/T) Je HElS) poleNdIe) e weem | | nin.
Ge / GE0

~7 / (00:0 ¥2/Z| e Yejs) paje|nojed
\ \\ painseaj\ —e—

(ediN) ssans pabesaae Yydaq

500



188

Temperature (C)

—a— Measured (0.1 m)

Calculated (0.1 m)

—eo— Measured (0.2 m)

= = Calculated (0.2 m)

N EEEEEEEREEREE A A -

Time (h)

Figure 5.34 - Measured and calculated temepratures at Paugan Dam (1/12/93 to 1/14/93).
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6- A STUDY OF INDIVIDUAL FACTORS INFLUENCING THERMAL ICE
LOADS

The amount of pressure exerted by an expanding ice sheet depends on many factors.
Some factors such as the meteorological conditions affect the temperature field in the ice
and others such as the rigidity of the resisting structure affect the stress distribution.
Factors such as the ice thickness affect both. Understanding the role of all these factors is
necessary for the prediction of ice pressures. This chapter contains an investigation, the
purpose of which is to identify the parameters that have the most effect on ice pressures
and to determine how ice pressures are affected by changes in these parameters. The
investigation is divided into two parts. In the first, the focus is on the thermal aspects of
the problem and parameters that influence the temperature distribution in the ice. The
second part is concerned with the mechanical aspects of the problem and deals with
factors such as boundary conditions. In the thermal part of the study the investigation
covers most of the parameters that affect the temperatures. However, in the mechanical
part of the investigation it was not possible to cover all the different factors. For example
when considering reservoir geometry, it is impossible to model all of the possible cases.
Therefore the study is limited to some specific situations chosen with the objective of
gaining some understanding of this aspect of the problem.

When reading this chapter, it should be remembered that the results presented are
based on a numerical model. As such they depend on a number of inherent assumptions,
particularly those in the constitutive model. The constitutive model used is considered to
be valid because it includes the basic features of ice behavior and it has been verified by
comparison with experimental and field data. The material properties used are those that
in most cases gave the best agreement with experimental and field data. However, due to
complexity of the ice behavior and the many factors involved in the problem being

studied, care must be taken when interpreting the numerical predictions. The objective
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here is not to produce results that can necessarily be relied upon in a quantitative sense,
but rather to investigate behavior and to assess the role that individual factors play.

As part of the process of formulating the analysis presented in this chapter, it was
necessary to choose a suitable form for the temperature time history. Usually linearly
varying or sinusoidally varying temperatures are used for the thermal stress analysis.
Drouin and Michel performed a study on air temperature variations in Quebec City and
concluded that most often they exhibited a sinusoidal shape (Drouin and Michel, 1971).
The type of the temperature variation used in their study was half a cosine wave varying
between - and w. If one wants to analyze situations involving cooling, this type of
temperature history is a convenient choice. The temperature variation applied in this study
is similar to that used by Drouin and Michel and is obtained from the following equation:
0=0; +0,, (1-cos =) | ©.1)

Ty
where
0; = initial temperature
0.m = amplitude of temperature variation
Te = period of temperature variation.

In the thermal analysis, equation 6.1 is used as the time history for the air temperature.
If short -wave solar radiation is not included in the analysis, the temperature history at any
point through the thickness of the ice cover, will have a periodic form. For stress analysis
the temperature variation is applied to the ice surface. Then the temperatures through the
thickness of the ice cover are obtained from the thermal analysis. The period selected for
most of the cases is 24 hours which represents a daily temperature variation. Other
periods that are used to study the effect of duration are 6, 12, 48 ,and 96 hours. The
initial temperature is the minimum temperature, and the maximum temperature is reached
after the time corresponding to the half of the period. For example in Fig 6.1 it is assumed
that the air temperature is -20°C at the start of the problem (mid-night), reaches to 0°C at
noon, and decreases again to -20°C by mid-night.

In the thermal parameter study the comparisons are made for ice surface temperature

and are based on the maximum temperature, minimum temperatures, and maximum
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temperature change or twice the amplitude of temperature wave. In the stress analysis the
comparisons are made for the maximum stress in the top layer, and the stress resultants at
the Gauss points. In some cases the reactions or the forces in boundary elements are used
to assess the line load on the structure. The stress resultants are obtained by integrating
the stresses through the thickness. The stress in each layer is multiplied by the thickness
of that layer, and the results are added.

The range of the thicknesses considered in this chapter cover the range encountered
for fresh water ice in most parts of Canada (below 60° latitude). Ice covers with a
thickness of 0.1 m to 0.2 m are considered thin, and ice covers with a thickness above

0.7 m are called thick.

6.1 - Parametric Study, Thermal Factors

When performing a thermal analysis in an attempt to simulate a particular field
situation it may not be possible to obtain all the input data required unless an effort has
been made to measure all of the weather data and ice conditions. If this data is not
available, there is a need to know which factors are important and which factors are not,
as far influencing the temperature distribution in the ice. In the first part of this section a
sensitivity analysis is performed on a number of parameters, and the effect of each on the
temperature distribution is studied. These parameters include: ice type and material
properties, wind speed, relative humidity, cloud cover, latitude, time of the year, and snow
cover. In these cases the initial air temperature is -20°C, the amplitude is 10°C and the
period is 24 hours. In the next part the temperature distribution in the ice cover is studied

for different amplitudes and periods of air temperature increase and different ice thickness.
6.1.1 - Ice Type and Thermal Properties

The thermal and mechanical properties of ice depend on the ice type, which in turn

depends on the conditions that existed at the time the ice was formed. At any particular
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site, it is difficult to predict which type of ice will form. Thus there is value in
understanding how the ice type affects both thermal and mechanical behavior of an ice
cover.

Although many different types of ice occur naturally (Table 5.1), there are actually two
broad categories of ice found in most lakes and reservoirs. These are granular ice like
snow-ice, and columnar S2 ice. A thermal analysis is performed to compare the
temperatures obtained for these two ice types at the same time, site, and ambient
conditions. The thermal properties used in the analysis are those suggested by Bergdahl
(1978) (Table 3.6). The comparison is made for two different ice thicknesses, with and
without short-wave solar radiation. It is assumed that the sky is clear, the wind speed is
2 m/s, and the relative humidity is 80%. In the analysis that includes short-wave solar
radiation, the date is set equal to January 1 and the latitude is assumed to be 60°. The time
at the start of the problem is assumed to be 12:00 a.m.

Figures 6.1 and 6.2 show the ice surface temperature versus time curves obtained from
the analysis. It can be seen that with no short-wave solar radiation, there is not much
difference in the temperatures obtained for different ice types. When the short-wave solar
radiation is considered, the temperatures are higher for snow-ice. Since in nature ice
covers usually consist of columnar ice with a layer of snow-ice on top, another case is
included in the study. In this case the ice cover is assumed to be of columnar ice, but the
coefficient of reflection from the surface is chosen to be equal to the coefficient of
- reflection for snow-ice. The results for this case are included in Figs. 6.1 and 6.2 and are
identified by the caption, columnar ice (snow-ice at surface).

Compared to columnar ice, the coefficient of reflection for snow-ice is lower and the
coefficient of absorption is higher. Therefore when the short-wave solar radiation is
considered the temperatures in snow-ice are higher. The temperatures predicted for
columnar ice with snow-ice at the surface are not much different from the temperatures
for columnar ice. This indicates that most of the difference between the temperatures in
the columnar ice and those in the snow-ice are due to the different coefficients of

absorption.
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If the effects of short-wave solar radiation are not considered, then three material
properties affect the temperature distribution in the ice. These are the density p, the
conductivity k, and the specific heat C,. The combined role of these parameters in the
equation of thermal diffusion (equation 3.1.2) is through the diffusivity (k/p C,;). Some
guidance as to the range of values for the diffusivity of naturally occurring ice, can be
found in the study by Drouin and Michel (1971). The values suggested by different
investigators for the thermal properties of ice can be combined in such a way as to obtain
extreme values for the diffusivity. The resulting maximum and minimum values for the

diffusivity, and the associated values for p, k and C; can be summarized as follows.

x=2.508 J/(C°.m.s) Kmin=2.090 J/(C°.m.s)
CPmin=1800 J/(kg.C°) CPmax=2120 J/(kg.C°)
Prmin=850 kg/m’ max=925 kg/m®
diffusivityma=1.64x10"° m/s? diffusivitymi=1.07x10® m/s?

Thermal analyses are performed using these extreme values of diffusivity. The wind
speed, relative humidity, and cloud cover are the same as those described at the start of
this section. The results for the ice surface temperature are shown in Fig. 6.3 for two ice
thicknesses, 0.2 m and 1.0 m. The surface temperatures obtained using the maximum
diffusivity are slightly higher but the difference is not significant (less than 1°C). It can be
seen that the difference between the maximum and minimum surface temperature, which is
of importance as far as thermal stresses are concerned, is almost the same for the two
extremes of diffusivity. For thin ice sheets where the temperature distribution through the
thickness is almost linear, the amplitude of the temperature changes is a maximum at
surface. Therefore the difference between the maximum and minimum temperatures will
be even less through the thickness. For thick ice covers however, the difference between
the maximum and minimum temperatures may be higher at points within the ice sheet
compared with the ice surface. It was observed that even for a thickness of 1.0 m the
change in the difference between the maximum and minimum temperatures for the
extreme values of diffusivity was less than 0.8°C. The conclusion is that when short-wave
solar radiation is not considered the temperatures are not very sensitive to the thermal

properties of the ice.
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6.1.2 - Relative Humidity, Cloud Cover, and Wind Speed

In this section the effect and relative importance of the ambient conditions on the
temperature distribution is studied. The effect of short-wave solar radiation is not
included in the analysis since it is studied in another section. The three factors considered
are the relative humidity, the cloud cover, and the wind speed.

The relative humidity is normally expressed as a percentage of the saturation vapor
pressure for the corresponding air temperature and can vary from zero to one hundred
percent. The cloud cover is expressed as a fraction, in eighths, with the extremes 0/8 and
8/8 corresponding to clear sky and complete cloud cover respectively. In nature, the wind
speed typically does not remain constant for very long. In a thermal analysis for a specific
time and site, it is possible to read the wind data from an input data file. But when the
wind data is not available a constant value is assumed in the analysis. The possible wind
speeds cover a very wide range and it is difficult to assign an extreme maximum value for
wind speed. Therefore the wind data recorded by Fleet Technology Ltd. at the NRC
Basin test was used as a guide in selecting values for this study. Most of the recorded
data were below 5 m/s. The maximum wind speed recorded, which occurred for a very
short time only, was 6.95 m/s. Values of 0 m/s and 6 m/s were subsequently selected as
the minimum and maximum wind speeds. A wind speed of 2 m/s, a cloud cover of 4, and
a relative humidity of 80% are adopted as the normal conditions. In each test two
variables are kept constant at the normal value, while the other varies between the
maximum and minimum range.

The results for this part of the study are summarized in Table 6.1. The table shows the
minimum and maximum calculated surface temperatures along with the maximum
temperature change, for different combinations of wind speed, cloud cover, and relative
humidity. The first two rows show the effect of wind speed. With higher wind speed, the
amount of heat transfer due to convection increases. Therefore the maximum temperature
increases, the minimum temperature decreases, and the difference between these

temperature extremes increases. Rows three and four show the effect of cloud cover.
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The cloud cover affects the absorbed long-wave radiation. With complete cloud cover the
long-wave radiation emitted from the atmosphere, and the part that is absorbed by the ice
cover increase. The effect is that both the minimum and maximum temperatures increase.
It can be seen that when short-wave radiation is not considered, the effect of cloud cover
is not significant compared to the other parameters considered in Table 6.1. Rows five
and six show the effects of relative humidity. The relative humidity affects the heat fluxes
due to both convection and absorbed long-wave radiation. It can be seen that with
increasing relative humidity, both the minimum and maximum temperatures increase as
well as the difference between the extremes. In the last three rows the combination of the
extreme cases are compared to the normal condition. In row seven the extreme cases are
combined in a way that would increase the maximum temperature. This combination also
increases the difference between the maximum and minimum temperatures. In row nine

the other extremes are combined, and row eight shows the normal conditions.

6.1.3 - Parameters that Affect the Short-wave Solar Radiation

In this section the parameters that affect the short-wave solar radiation are studied.
These include: time of the year, latitude, and cloud cover. The other parameters are
selected to represent a relatively normal condition. The wind speed is chosen to be 2.0
m/s, and the relative humidity is chosen to be 80%. The results are presented for two ice
thicknesses (0.2 m and 1.0 m) and for both snow-ice and columnar ice.

Table 6.2 shows how the maximum temperature at the ice surface is affected by
changes in the parameters that affect the short-wave solar radiation. The results shown in
rows one and two are for two reference cases having 0/8 and 8/8 cloud cover respectively,
and in which short-wave radiation is not included. The difference in the calculated
maximum temperature due to the change in cloud cover is about 1.5°C for the thin ice and
about 2°C for the thicker ice. In the third and fourth row the effect of the cloud cover is
shown when the short-wave solar radiation is considered in the analysis. When the short-
wave radiation is included the effect of the cloud cover is not very significant for the

columnar ice, especially for the thin ice. Snow-ice has a higher coefficient of absorption.
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Therefore the difference is larger for this type of ice. However, even for snow-ice the
difference is small compared to the effect of other parameters.

In the fifth row of Table 6.2, results are shown for a case with a lower latitude. It can
be seen that the latitude has a significant effect on the temperatures, especially for snow-
ice. Note that the thermal analysis program does not account for melting and therefore
positive temperatures are obtained for this case. The results in rows three, six, and seven
show the effect of the time of the year. As might be expected, the temperatures are lowest
on the first of January compared to the first of December or March. The differences are

most significant for the snow-ice.

6.1.4 - Snow Cover

The conductivity of snow is very low compared to that of columnar ice or snow-ice.
Therefore a snow cover on an ice sheet acts as an insulating layer and reduces the effect
that air temperature changes have on the temperature distribution through the ice cover.
In this section the effect of the snow layer on the ice surface temperature is studied. The
study is performed for a thin and a thick ice cover. The effect of the short-wave solar
radiation is not included in the analysis. The wind speed is 6 m/s, the relative humidity is
100%, and the cloud cover is 8/8.

In Fig. 6.4 the maximum and minimum ice surface temperature, and the difference
between these values are shown for different ice thicknesses. With increasing thickness of
the snow cover, the temperature inside the ice cover approaches the temperature at the
bottom surface which is 0°C. Since in the analysis the maximum air temperature is 0°C,
the maximum ice surface temperature does not change very much with changing snow
thickness. However the minimum temperatures increase and the maximum and minimum
values get closer with increasing snow thickness. The difference between the maximum
and minimum value of ice surface temperature decreases from about 13 to 2.7 degrees.
Therefore with a 10 cm snow layer the variation in ice surface temperature is only 2.7°C

even though the air temperature varies from -20°C to 0°C. Although the maximum and
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minimum temperatures are different for thin and thick ice covers, the temperature changes
are almost the same.

The insulating effect of snow covers is well known and it is confirmed in the field data
collected by Fleet Technology. It was observed that significant thermal stress events did
not occur after heavy snow falls. The effect of the snow cover in the field situation is due
to both the insulating effect and the fact that the weight of the snow can cause the ice
sheet to become submerged. In this case water can reach the surface and the ice surface

temperature remains constant until freezing occurs.

6.1.5 - Thickness of the Ice Cover, and Period and Amplitude of Temperature

Increase

In order to study the effect that ice thickness has on the vertical temperature
distribution, ice covers with thicknesses ranging from 0.1 m to 1.0 m are analyzed. The
numerical tests are performed for the extreme conditions with the wind speed taken as
6.0 m/s, complete cloud cover, and a relative humidity of 100%. Short-wave solar
radiation is not included in the analysis. The air temperature is varied according to
equation 6.1 with the minimum air temperature ranging from -40°C to -10°C, and the
maximum air temperature fixed at 0°C. Two values are used for the period, 24 and 48
hours.

Figures 6.5 and 6.6 show the maximum and minimum ice surface temperatures versus
ice thickness. The results are presented for different minimum air temperatures and
different periods. It can be seen that with increasing thickness both maximum and
minimum temperatures decrease and the curves become flatter. Also with increasing
period the maximum temperatures increase and the minimum temperatures decrease.

In a thin ice sheet the temperature distribution is affected by the temperature at the
bottom surface, but with increasing thickness the effect of the bottom temperature
reduces. Thus for thick ice covers the temperature distribution gets closer to the
temperature distribution corresponding to a semi-infinite body with a heat source (or sink)

at the surface. The temperature at the bottom surface of the ice sheet is at the freezing
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point which can be considered a high temperature compared to the air temperature.
Therefore with increasing thickness, as the effect of the bottom boundary decreases, the
maximum and minimum temperatures decrease and the curves become flatter. Also with
increasing period the temperatures get closer to the air temperature. This is shown more
clearly in Figs. 6.7 and 6.8 where the maximum ice temperature change (maximum
temperature minus minimum temperature) is normalized with respect to the maximum
| change in the air temperature. Figure 6.7 corresponds to ice surface temperature, and
Fig. 6.8 shows the temperature change at 1/4 thickness below the ice surface. It can be
seen that for a 24 hour (open symbols), and 48 hour periods (closed symbols), all the
curves corresponding to different minimum temperatures fall on top of one another. This
means that the amplitude of the temperature waves through the thickness depends on the
amplitude of the air temperature history and not on the average air temperature during the
cycle. Results for a 12 hour period and for a 96 hour period are also plotted for
comparison. These results indicate that with increasing period the ice surface temperature
amplitudes get closer to the air temperature amplitude.

The amplitude of temperature variation through the thickness of an ice cover for a
sinusoidal variation in surface temperature was discussed by Sanderson (1984). It was
stated that an ice surface temperature wave becomes attenuated with depth according to
equation (2.14.1). Therefore for a constant diffusivity and period, the amplitude of the
temperature wave at a certain depth will depend on the air temperature amplitude. The
results in this section indicate this is also true for the case where convective heat transfer
and long wave radiation are also considered. For small thicknesses the amplitudes are
affected by the bottom boundary condition, but with increasing thickness the effect of the
bottom boundary condition becomes less, and the normalized amplitudes at the ice surface
become relatively independent of ice thickness.

Figure 6.8 shows results for a point located 1/4 thickness from the top surface. Since
the actual distance to the quarter point depends on the full thickness, it is observed in
Fig. 6.8 that the relative temperature amplitude decreases with increasing thickness.

Figure 6.9 shows the temperature distribution through the thickness at the times of

maximum and minimum surface temperature, and also the temperature changes between
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these two cases. Results are presented for two different periods and four different
thicknesses. It can be seen that for the thinnest case of 0.2 m, the temperatures and the
temperature change are both linear through the thickness and the effect of the period is
slight. For a medium thickness (h=0.4 m), temperature change still occurs through
essentially the whole thickness but the results are more affected by the period. For a 24
hour period the distributions of temperature and temperature change show more non-
linearity compared to those for the 48 hour period. Also, the temperature change is less
significant in the lower half of the ice sheet. For the two thickest cases (0.7 m and 1.0 m)
the results are similar with only the upper part of the ice sheet undergoing significant
temperature variation with time. The thickness of this active zone increases from 0.3 m

for the 24 hour period to 0.4 m for the 48 hour period.

6.2 - Mechanical Factors

In this section the factors that affect the stress distribution in ice covers are studied.
These factors include, thickness of the ice cover, period of temperature increase, initial
temperature, amplitude of temperature change, underlying water, boundary conditions,
geometry of thé reservoir, different shore lines, and stiffness of the resisting structure. For
some factors, like the geometry of the reservoir, it is not possible to cover all of the
different possibilities. Therefore the study is performed for some special situations that
would give an understanding of the problem.

The stress analysis is performed for a periodic change in the ice surface temperature.
The temperature distribution through the ice thickness is obtained by a thermal analysis.
In the following, unless stated otherwise, it can be assumed that the initial ice surface
temperature is -10°C, the amplitude of the temperature variation is 5°C, and the period is
24 hours.

Issues concerning the mechanical properties of ice were discussed in Chapter 5. In
the present chapter only one set of mechanical properties is selected to study the effect of

the other parameters that affect the ice pressure. Since in the previous studies the
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mechanical properties suggested by Drouin and Michel for snow-ice gave the best
agreement in most cases, those properties are used here. Cracking of the ice is considered
with the tensile strength of ice taken to be 0.01 MPa. The choice of this value is made on
the basis of the field data which showed tensile stresses were very close to zero. In most
of the numerical tests presented in this section the analysis is performed for clamped
boundary conditions, and a single element mesh as described in section 5.2.1(Fig. 5.12),
with ten layers through the thickness is used. The exceptions are cases where the
geometry of the ice sheet is considered important. This happens when the rotations or

displacements are not restrained at the boundaries.

6.2.1 - Number of Layers. Through the Thickness

Since the finite element analysis makes use of a number of layers through the ice
thickness, the question arises as to the proper choice for the number of layers. Increasing
the number of layers increases the computing time while using a small number of layers
decreases the accuracy of the analysis. To address this issue a simple test is performed
using two different choices for the number of layers (eight and ten). The stress resultants
and the stresses in the top layer are then compared for three different thickness cases,
0.2m, 0.4 m, and 1.0 m. The maximum values are shown in Table 6.3. Comparing the
results for the eight and ten layer cases, the largest differences in maximum stress resultant
and stress in the top layer are less than 0.5 kN/m and 0.015 MPa respectively. These
changes are considered to be small and indicate there is no need to use more than ten

layers.

6.2.2 - Thickness of the Ice Cover

Thickness of the ice cover is a factor that affects both the temperature and the stress
distributions. During the study on the effect of the thickness on temperature, it was
observed that in a thin ice sheet the whole thickness undergoes temperature change, while

in a thick ice sheet the temperature changes are significant only in the upper part. The
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stress distribution in an ice cover depends on both temperature changes and boundary
conditions. For a clamped case where the rotations and displacements are restrained at
boundaries the stress at each layer will depend only on the temperature changes of that
layer. Therefore the pattern of the stress distribution will be similar to the pattern of the
temperature changes. For example in a thin ice sheet the whole thickness will be stressed,
but in a thick ice sheet the stress in the lower parts will be close to zero. When the ice
sheet has freedom to move or rotate along parts of the boundary, the interaction between
the layers will change the pattern of the stress distribution. In these cases the stresses due
to bending and in-plane deformation will be superimposed on stresses due to temperature
changes. In this section only the stresses and the stress resultants in the clamped case are
studied. It will be seen later that the stress resultants for the clamped situation provide a
benchmark case for comparing the stress resultant for other boundary conditions.

To assess the role that ice thickness plays in the thermal stress problem a series of
numerical tests are performed. In these tests the ice thickness is varied from 0.1 to 1.0 m.
The thermal loading includes two cycles and a single element mesh is used. For this
element the stresses at all Gauss points, in both the x and y direction are identical. The
comparisons are based on the maximum stress in the top layer and the stress resultant at
one of the Gauss points.

Figure 6.10 shows a comparison between the stresses in the top layer versus time for
three different thicknesses, 0.2 m, 0.4 m, and 1.0 m. The first two values are reasonable
for early and late season. For example in the data collected by Fleet Technology Ltd.
most of the thermal events occurred when the thickness of the ice cover was between
0.15 m and 0.5 m. The thickness of 1.0 m was selected to represent a very thick ice sheet.

Figure 6.10 shows that the stress in the top layer does not change very much with the
thickness and only slightly decreases with the increasing thickness. In the power law creep
the maximum stress depends on the strain rate and fluidity parameter, n, which is a
function of temperature. In the layered model the stress, the temperature and the
temperature rate in the top layer are those corresponding to the mid-point of that layer.
Since the number of layers is constant, with increasing thickness, the thickness of each

layer increases and the mid-point gets further from the surface. The temperature rate is



202
the highest at the ice surface and is the same for different thicknesses. The temperature
rate at the mid-point of the top layer however, decreases slightly with increasing thickness
because it gets further from the surface. Therefore the stress in the top layer also does not
change significantly with thickness but decreases slightly with increasing thickness. The
peak stress calculated during the second cycle is observed to be lower than that during the
first cycle and the magnitude of the stress during the second cycle depends on the tensile
strength of the ice sheet. The maximum stress resultant, the maximum stress in the top
layer, and the times of their occurrence during the first cycle are shown in Table 6.4 for
different ice thicknesses Similar results, but for the second cycle, are shown in Tables 6.5
and 6.6 for tensile strengths of 0.01 and 0.5 MPa respectively. It can be seen that with a
higher tensile strength the maximum compressive stress during the second cycle decreases.
The reason for this behavior is explained subsequently in section 6.2.10, which deals with
tensile cracking.

Tables 6.4 to 6.6 also show that with increasing thickness there is a greater delay
before the maximum stresses and stress resultants occur. It can be seen that the peak
stress in the top layer occurs before the peak stress resultant. Also the time delay between
the two peaks increases with increasing thickness. This indicates that the penetration into
the ice sheet of the effects of the transient surface temperature is an important factor
affecting the maximum load. Figure 6.11 shows the stress distribution through the
thickness of the ice cover at the time of the maximum stress resultant. Results are shown
for three different thicknesses. It can be seen that in all of the cases stress is very depth
dependent. For the thinnest ice sheet (0.2 m), the time at which the maximum stress
resultant occurs is close to that for the maximum stress. Therefore the stress is highest in
the first layer. For the two thicker cases (0.4 m and 1.0 m), the maximum stress resultants
occur after the temperature at the ice surface has started decreasing. Therefore the stress
in the top layer is lower than the stress in the second layer. Figure 6.11 also shows that
for a thick ice cover the effect of temperature variation with a period of 24 hours does not
reach the bottom layers and the stresses are close to zero in the lower parts of the ice

sheet.
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Figure 6.12 shows the stress resultant versus time for the same conditions as Fig. 6.10.
It can be seen that for the relatively thin 0.2 m ice sheet the maximum stress resultant
occurs simultaneously with the maximum surface temperature and the value of the
maximum stress resultant does not change between temperature cycles. As the ice
thickness increases there is a greater delay between the maximum temperature and the
maximum stress resultant. Also for the thickest case considered, a cumulative effect
between cycles is observed. This indicates that the stresses from the first temperature
cycle are not dissipated before the second cycle begins. Thus for the 1.0 m ice, the
predicted peak stress resultant increases between the first and second temperature cycle.
As seen in Fig. 6.12, the peak value of stress resultant depends on the ice thickness
and can be different between temperature cycles. The stress resultant during the second
cycle is also affected by tensile cracking and thus by the tensile strength. These affects are
shown in Fig. 6.13 where the peak stress resultant for both the first and second
temperature cycles are plotted as functions of ice thickness. Second cycle results are
shown for two values of tensile strength, 0.01 and 0.5 MPa. It is observed that the
maximum stress resultant during the first temperature cycle increases with ice thickness
until around 0.5 to 0.6 m after which it remains relatively constant. The peak stress
resultant for the second cycle is less than that for the first cycle for thicknesses less than
0.6 m. Beyond a thickness of 0.6 m the second cycle peak is higher and it continues to
increase with thickness. However, since the slope of the curve decreases with increasing
thickness, it is expected that the second peak value will eventually flatten out. Increasing
the tensile strength of the ice cover slightly decreases the maximum stress resultant during

the second cycle.
6.2.3 - Period of Temperature Increase

The magnitude of the prescribed temperature change and the time over which it occurs
both affect the stress distribution and the stress resultant in the ice cover. The role played
by the period of the temperature change is complex. On one hand, increasing the duration

of the temperature rise, reduces the strain rate and the hence the stress in the ice. On the
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other hand, a longer duration provides more time for conduction of heat into the ice, and
the zone undergoing significant temperature change will be thicker. In order to study
these effects, ice covers with different thicknesses are analyzed for prescribed harmonic
surface temperature variations having different periods. The minimum temperature is
-10°C, and the amplitude is 5°C. A 24 hour period approximates a typical daily
temperature cycle.

Figure 6.14 shows the predicted maximum stress in the top layer versus the period of
the prescribed surface temperature. As expected the stress in the top layer decreases with
increasing period due to the lower strain rate. At small periods there is not enough time
for the penetration of heat, and high stresses exist only near the surface. Since in the finite
element model the number of layers through the thickness is constant, with increasing total
thickness the thickness of each layer increases. For a thin ice sheet, the mid-point of the
top layer is very close to the ice surface, and shows the high stress that occurs near the
surface for small periods. With increasing thickness the mid-point of the top layer gets
further from the ice surface and therefore the stress decreases. However, as the period
increases the peak stress tends to become independent of ice thickness. For the 1.0 m ice
sheet the top layer does not capture the high strain rate corresponding to the 6.0 hour
period, so the stress increases when the period increases from 6 hours to 12 hours.

Figure 6.15 shows the maximum stress resultants versus the period of the temperature
cycle. In the thin ice sheet, due to the relatively linear distribution of the temperature
changes and the stresses, the maximum stress resultant is determined mainly by the
magnitude of the stress at the surface. Therefore the stress resultant decreases when the
period increases. For the thick ice sheets however, the maximum stress resultant is
produced when the heat penetrates into the ice sheet, and the maximum stress resultant
increases with increasing period. Figures 6.16 and 6.17 show the maximum stress in the
top layer and the maximum stress resultant versus the thickness of the ice cover. The
same trends as discussed earlier in the paragraph can be seen in these figures as well. It is
generally believed that the ice pressure does not increase with the thickness when the
thickness of the ice cover is more than 0.5 m. According to Fig. 6.17 this is true for daily

temperature changes. However for long duration (periods of the order of 48 hours or
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greater) temperature changes, the stress resultant is thickness dependent for thicknesses

greater than 0.5 m.

6.2.4 - Initial Temperature

Under a constant strain rate the stress in ice increases with time until it reaches a level
where the viscous strain rate corresponding to that stress equals the strain rate. Then the
stress remains almost constant at that level. The maximum stress is therefore controlled
by the fluidity parameter, n;, and the stress exponent, n. With increasing fluidity
parameter, the maximum stress decreases, for a given strain rate. The time to reach to the
maximum stress depends on the modulus of elasticity, E;. With increasing modulus of
elasticity the time to reach the maximum stress decreases. The apparent modulus of
elasticity and the fluidity parameter are both temperature dependent. Table 5.3 shows the
values of E; and 1, at different temperatures. It can be seen that at lower temperatures E,
is higher and n, is lower. Therefore with the same strain rate the maximum stress is
greater for lower temperatures and the time to reach the maximum is less. Consequently
higher stresses are produced at low temperatures. For the snow-ice the rate of change of
E, with temperature is higher at low temperature, and the rate of change in m; is lower.
The fluidity parameter increases rapidly at temperatures close to zero. Therefore with a
constant strain rate as the temperature increases the stress rate decreases until the stress
reaches a maximum value. Then due to significant relaxation at high temperatures despite
the increase in temperature the stress decreases.

With the periodic surface temperature history used in this study, for a particular
prescribed amplitude and period, the final stress distribution and stress resultant will
depend on the initial temperature at which the process started. In this section the effect of
the initial temperature is studied and the stress and stress resultant are compared for
different initial temperatures. The period and the amplitude in all of the tests are 24 hours
and 5°C respectively. The initial temperature ranges from -30°C to -10°C.

In Figs. 6.18 and 6.19, the maximum stresses in the top layer and the maximum stress

resultant for different ice thicknesses are plotted against the initial ice surface temperature.
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As expected the stresses and stress resultants both decrease with increasing initial
temperature. It was observed that the time to reach the maximum stress does not change
very much with increasing initial temperature. This indicates that the change in fluidity

parameter plays the main role in changing the maximum stresses.

6.2.5 - Amplitude of Temperature Increase

Changing the rate of temperature increase changes the strain rate which in turn affects
the stress. At a prescribed temperature (in which case E; does not change), with
increasing strain rate, the peak stress increases and the time to reach the peak decreases.
With increasing temperature the stresses are affected not only by the strain rate
corresponding to a temperature rate, but also by the magnitude of the temperatures.

In this section the amplitude of the temperature variation is changed while maintaining
the period at 24 hours. The amplitude is varied from 2.5°C to 15°C which correspond to
maximum temperature changes of 5°C and 30°C respectively. Also, since the mechanical
properties of ice are temperature dependent, a change in the mean temperature of the
cycle will affect the stress and stress resultant. Therefore in one series of tests the initial
temperature is kept constant at -30°C, and in the other series, the maximum temperature is
constant at 0°C.

Figures 6.20 and 6.21 show the maximum stress in the top layer and the maximum
stress resultant versus the amplitude of the temperature cycle for two different ice
thicknesses. It can be seen that the maximum stress and maximum stress resultant both
increase with increasing temperature amplitude but the shape of the curves depends on the
mean temperature.

In Fig. 6.20 for the tests where the initial temperature is kept constant at -30°C (lower
mean temperature), the slope of the maximum top layer stress curve decreases as the
temperature amplitude increases. For the tests where the maximum temperature is
constant (higher mean temperature), the curve is almost linear and there is an almost

uniform increase in the maximum top layer stress as a function of temperature amplitude.
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This can be explained by the manner in which n;, changes with temperature. As
discussed earlier, n; increases very rapidly at high temperatures. As the amplitude of the
temperature cycle increases there are two effects. On one hand the strain rate increases
which increases the maximum stress, while on the other hand 7, increases which
accelerates the relaxation in the stress. Consider for example the curve in Fig. 6.20 for
0.2 m ice with minimum temperature fixed at -30°C. When the amplitude increases from
5 to 10 degrees, the strain rate doubles but 1; remains almost constant because of the low
mean temperature. For the same curve, as the temperature amplitude increases from 25 to
30 degrees, the increase in strain rate is almost offset by the increase in stress relaxation,
due to the relatively high mean temperature.

The shape of the curves in Fig. 6.21 are similar to the those in Fig. 6.20, but there are
two differences between Figs. 6.20 and 6.21. First in Fig. 6.21 the magnitudes are quite
different for two different thicknesses while they were almost the same in Fig. 6.20.
Secondly, the curves for 0.2 m thickness are closer than the curves for 1.0 m.

The difference in magnitudes is the effect of thickness which was discussed in section
6.2.2. It was observed that with increasing thickness the stress in the top layer remains
almost constant while the stress resultant increases. The closeness of the curves for the
thin ice sheet can be attributed to the range of temperatures. Figures 6.9 and 6.11 show
that in a thin ice sheet the temperature and the stress distributions through the thickness
are almost linear. In this case the stress resultant is the sum of the stresses through the
whole thickness which occur in a wide range of temperatures from the minimum surface
temperature up to 0°C. In a thick ice cover however, the significant stresses occur only in
the upper layers which are affected primarily by the surface temperature. For example
when the surface temperature varies from -30 to -25°C, in a thin ice sheet the stresses
develop in the temperatures from -30 to 0°C, while in the thick ice sheet the stresses
develop in the temperatures which are probably below -15°C. Therefore for a thin ice
sheet there is not much difference between the curves for different temperatures.

In Fig. 6.22 the stress in the top layer is plotted versus time for two different
temperature amplitudes, and two different thicknesses. The initial temperature is the same

in all cases. In Fig. 6.22 the strain rates corresponding to the larger amplitude (-30 to 0)
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are higher. Also with increasing thickness the mid-point of the top layer gets further from
the surface and therefore the strain rate decreases at this point. It can be seen that the
maximum stress occurs earlier with higher strain rates. As explained earlier this happens
because there is less time for relaxation.

Figure 6.23 shows the stress resultant versus time for the same cases that are described
for Fig. 6.22. It can be seen that for the thin ice (0.2 m), the maximum stress resultant
also occurs earlier when the strain rate is higher. There is not much difference between the
shape of the two 0.1 m curves, only the maximum values are different. This is due to the
fact that for relatively thin ice sheets the maximum load is controlled by the maximum
stress, whereas in a thick ice sheet, the maximum stress resultant occurs when the effects

of the surface temperature change have had time to penetrate well into the ice sheet.

6.2.6 - Underlying Water and Boundary Conditions

The elastic foundation behavior of the underlying water, and the shoreline boundary
conditions are all expected to have some influence on the stress field in the ice and hence
on the resultant line load. However to some degree the effects of these factors are related
and it is not possible to separate them.

For example consider an ice cover which is free to expand or rotate. Under a non-
uniform and non-linear temperature variation through the thickness the ice cover bends
and expands (or contracts) and the stresses through the thickness distribute in a way that
the stress resultant and bending moments in each cross section becomes equal to zero and
the normals to mid-surface remain normal. In this case due to interaction between the
horizontal layers, some of the layers will be under tensile stress and some under
compressive stress.

If the ice cover is floating on water, the underlying water will resist the bending and
flatten the ice cover in the regions away from the boundary. The effect of the underlying
water was shown in a beam example in section 4.6.3. In that case the bending
displacements near the end of the beam, in conjunction with the elastic foundation, result

in bending moments being applied at the ends. The size of the flat region for both a beam
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and a plate, will depend on the lateral dimensions, thickness, and stiffness of the
foundation.

When the displacements are restrained on the boundary but the rotations are free,
expansion is prevented and the stress resultant will not be equal to zero. However the
normal bending moment near the boundary will still be equal or close to zero.

Under clamped boundary conditions, where the displacements and rotations are both
equal to zero on the boundary, a normal bending moment and resultant force, both
generated as reactions, act on the ice cover. The effect of the bending moment reaction
will be similar to the effect of the bending moment generated by the underlying water in
the case where rotations are free on the boundary. Both tend to flatten the ice cover.
However in the clamped case, this flattening occurs with or without an elastic foundation.

In regions where the ice cover remains flat, and there is no horizontal displacement,
the stress distribution through the thickness is the same as would occur if each layer were
allowed to expand and contract independently under the action of the temperature history
in the layer. ‘

Despite the difficulties cited in separating the effects of the elastic foundation and
boundary conditions, several test cases are conducted to gain some insight into the role of
these factors.

Two types of boundary condition at the edge of the ice plate are considered: one has
clamped boundaries with no displacement or rotation, and the other has displacements
restrained but free rotations about both the x and y directions. Other types of boundary
conditions are studied in the section about the different shore line types. The effect of the
underlying water is also studied for both clamped and free rotation boundary conditions.
The analyses are performed on circular ice plates with radius ranging from 3.0 m to
30000 m. Different radii are studied to investigate the effect of the scale on the stress
distribution when the elastic foundation is considered in the analysis. In the finite element
analysis, considering symmetry one quarter of the circular ice cover was modeled using a
total of 18 elements.

The results obtained for the clamped boundary conditions indicated that the stresses

are exactly the same in the x and y directions for all values of radius, both with and
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without an elastic foundation. The results do not change even for irregular geometries or
different number of elements. The rotations are close to zero in all elements and there is
no bending deformation in the ice cover. As well, all in-plane displacements are zero,
indicating as discussed previously, that each layer acts independently under the effect of its
own temperature history. In order to verify this, a simple test was performed in which the
whole ice cover was subjected to a uniform temperature variation identical to the
temperature variation in the upper layer of the previous cases. It was observed that
stresses in the whole ice cover are identical to those generated in the upper layer of the
previous case with non-uniform temperature variation. This conclusion simplifies the
analysis for estimating the ice pressure. It indicates that in fully confined conditions,
where the reservoir boundary conditions are equivalent to clamped, it is possible to use
only one element with clamped boundary condition for estimating the thermal pressure.
The size of the element is arbitrary. The single element mesh was also used to simulate
the field measurements in Chapter 5. The agreement was good in most cases and it was
concluded that in certain circumstances the single element mesh is capable of estimating
the stresses in the ice sheet.

When the rotations are free at the boundaries, the stress distribution is affected by both
the presence of an elastic foundation and the radius of the ice plate. Tables 6.7 and 6.8
show the maximum stress in the top layer and the maximum stress resultant for circular ice
plates with different radius. The results are presented for two thicknesses, with and
without an elastic foundation. It can be seen that for small values of the radius, the stress
in the top layer is much lower than for the clamped case, but there is not much change in
the stress resultant. Figure 6.24 shows the stress distribution through the thickness at the
time of maximum stress resultant for two different thicknesses. The radius in each case is
3.0 m, and the stresses shown are at the Gauss point closest to the center of the plate.
The temperature changes are larger in the upper layers, therefore the ice covers takes a
convex shape when it is free to bend. This reduces the stress in the top layers and
produces compressive stresses in the bottom layers. Since the dimensions of the plate are
small and the normal moments are zero at the edges, the stresses even in the central

regions are redistributed in a way such that the resultant bending moment is close to zero.
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Since the plate is not free to expand in the xy plane, a resultant force is generated, which is
found to be similar to that for the clamped case. As can be seen in Table 6.7, with
increasing radius the stresses do not change very much when the effect of the underlying
water is not considered. For these cases however, the vertical displacements at the center
of the plate get very large and become unrealistic. The underlying water resists the
vertical displacements and tends to flatten the ice cover. Therefore when the elastic
foundation is included in the analysis, as the radius get larger the stress distribution at
points away from the boundary gets closer to that for the clamped case. At the edge of
the ice plate the stress distribution should produce a zero bending moment. The stresses
shown in the Table 6.7 as the edge stresses are obtained in the Gauss points. Since the
element configuration does not change with increasing radius the Gauss point at the
elements located on the edge of the ice plate get further from the edge. Therefore for
large radius these values also get close to those for the clamped condition and do not
represent the stress distribution right at the edge, which should have a zero normal
bending moment. This shows that for large ice sheets, as occur on lakes and reservoirs,
the effect of the underlying water is to create a condition for a large part of the ice cover,
which is the same as would exist if the boundaries were clamped. Thus even when the ice
cover is free to rotate at the boundaries, a single element mesh is able to give good

estimate of the stresses that exist in regions away from the boundary.

6.2.7 - Different Shore Types

When the shores are not very steep, the ice cover has some freedom to expand in the
direction perpendicular to the shore line. This tends to reduce the stresses that would
otherwise occur. Field measurements confirm that stresses due to thermal expansion tend
to be lower in reservoirs having shorelines with relatively shallow inclines. For example
the highest thrusts measured by Monfore (1954) were 292 kN/m at a reservoir with rocky
and steep walls, 137 kN/m at a reservoir with moderately steep shores, and 85 kN/m at a
reservoir with flat shores. The freedom to expand also changes the stress distribution

through the thickness of the ice cover. The expansion of the upper layers is resisted by the
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lower layers which experience smaller temperature changes. Therefore tensile stresses are
produced in the lower layers. The expansion of the ice cover is also affected by the
thickness. With increasing thickness, there is more resistance against the expansion of the
upper parts of the ice cover. Therefore the horizontal displacement of the whole ice cover
decreases with increasing the thickness.

While it is accepted that the incline of the shore has an effect on the thermal stresses
generated in an expanding ice sheet, it is difficult to study this effect in isolation from
other factors such as the geometry of the reservoir. Consider for example a reservoir
where the shore is relatively flat in one region and quite steep in others. The effect of the
flat region on the stresses in the ice cover depends on the geometry of the reservoir. If the
flat region is small compared to the whole boundary, only the stresses at the vicinity will
be affected.

Since it is not possible to cover all the different geometries possible, a simple square
geometry is used to gain some understanding of the behavior of ice when it has some
freedom to expand on a part of the boundary. It is assumed that the shore is flat on one of
the sides of the rectangle, and steep on the other sides. The finite element mesh of the ice
plate, which is a 300 m square, is shown in Fig. 6.25. Two series of analysis are
performed. In the first series, the plate is clamped on three sides (BD, CD, and AC) with
all rotations and displacements equal to zero. On the fourth side (AB), only the
displacements in the vertical direction are restrained. The springs shown in Fig. 6.25 are
used in the second series of tests and do not apply to these tests. This is intended to
represent a flat shore that provides negligible resistance against movements in the
horizontal direction or rotations.

In this series of tests, the horizontal movement of the ice cover, the stress distribution
in the vicinity of the free boundary (location 1, Fig. 6.25), the effect of thickness, and the
stress resultant at a location far form the free boundary (location2, Fig. 6.25) are
investigated under two loading conditions. In the first, the minimum temperature is -10°C
and the amplitude is 5°C. In the second, which represents a more severe thermal loading,
the minimum temperature is -20°C and the amplitude is 10°C. The period is 24 hours in

both cases. In order to study the tensile stresses, cracking is not included in the analysis.
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Figure 6.26 shows both the maximum displacement of the ice cover in the y direction,
and the stress resultant at location 2, versus the ice thickness. In order to facilitate the
comparison of results for different thicknesses, the stress resultants are normalized with
respect to the stress resultant corresponding to each thickness under completely clamped
conditions. As expected, with increasing thickness, the in-plane displacement of the ice
cover decreases. When the expansion of the ice cover decreases, the normalized load
decreases.

Figure 6.27 shows the stress distribution through the thickness of the ice cover at the
time of maximum expansion. Results are shown for different thicknesses, at different
locations (as shown in Fig. 6.25), and for the two loading conditions. The maximum
tensile stress is about 0.45 MPa, which occurs in the 0.1 m ice sheet under the severe
loading condition. The values suggested in the literature for the tensile strength of ice,
which are obtained from laboratory tests, are about 2 MPa (Haynes, 1973). In the upper
layers, due to presence of pre existing cracks and flaws, the sort of global tensile strength
is reduced. Since most of the cracks are observed to be open at upper layers (Metge,
1976) the ice in the bottom layers might be able to tolerate higher levels of tensile stress.
This should be verified by field measurements. The magnitude of the tensile stress
decreases as the thickness increases. With increasing thickness, the thickness of the region
that is affected by temperature changes becomes a smaller fraction of the total thickness.
Therefore the tensile resistance against the expansion is shared by a larger portion of total
thickness. Note also that the time at which the maximum expansion occurs increases with
increasing thickness. Some similar numerical tests under the same conditions but with a
lower tensile strength were also performed. It was observed that cracking in the ice cover
increases the expansion and the stress resultants.

In the second series of tests, boundary elements are used on side AB to model an
inclined shore (Fig. 6.25). The boundary elements are linear springs that are fixed at one
end and attached to boundary nodes at the other. These springs can be given any desired
orientation. A spring with a relatively large stiffness prevents movement of the attached
node in the direction of the spring. Therefore when the springs are aligned in a direction

perpendicular to the shore, as shown in Fig. 6.25, the ice cover cannot move in that
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direction. If the other displacements are not restrained, this can model the sliding of the
ice cover up the shore. In order to study the effect of the rotations on side AB on the
stresses two cases were studied, in one case the rotations were restrained and in the other
were free. In this particular example, the rotations are restrained and there is freedom to
move only in the direction perpendicular to the boundary elements. The case with free
rotations on side AB is discussed in the next part of this section. The thickness of the ice
cover is 0.2 m, and the minimum temperature is -10°C with an amplitude of 5°C.

Figures 6.28 and 6.29 show the maximum stress in the top layer and the maximum
stress resultant for different angles of shore inclination. The stresses are for two locations,
far from the free edge (location 2, Fig. 6.25) and near the free edge (location 1, Fig. 6.25).
As the inclination angle becomes larger the boundary condition approaches a clamped
condition and both the maximum top layer stress and the stress resultant increase. For
angles near zero or ninety degrees, the stress and the stress resultant are somewhat
unaffected by changes in the angle. The effect of change in the angle on the stresses is
larger for angles from 30° to 60°. The amount of reduction in the stresses with respect to
clamped conditions depends on the location of a particular point with respect to the shore
with shallow incline. Since the expansion of the ice cover occurs in the y direction the
reduction in the stresses with respect to clamped conditions is more for the stresses and
forces in the y direction than in the x direction. But due to Poisson’s effect, a part of the
stresses in the x direction is also released. The stresses also depend on the boundary
conditions on the other sides (BD, CD, and AC). All boundary points other than AB have
a displacement constraint in the y direction. Thus points that are far removed from the
free edge will be affected by this constraint, and a higher stress in y direction will result.

Since the stresses are affected by the boundary conditions, two other combinations of
boundary condition are also considered. Figures 6.30 and 6.31 show the maximum stress
in the top layer and the maximum stress resultant for three different boundary conditions.
Boundary condition 1 represents the case that was described in the previous part of this
section where the sides AC, BD, and CD are clamped, and the rotations are restrained
along AB. Boundary condition 2 has clamped conditions on sides AC, BD, and CD. On

side AB the rotations about the x axis and displacements in x direction are free. Boundary
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condition 3 has the same conditions as boundary condition 2 but with free displacements
in the y direction along on AC and BD. It can be seen that free rotations along AB mainly
affects the stresses at location 1 for angles above ten degrees. This can be explained by
the fact that with large angles the ice cover has to bend near the shore in order to be able
to slide up the incline. Figures 6.30 and 6.31 also indicate that the maximum top layer
stress and the stress resultants at location 2 depend very much on boundary conditions on
sides AC and BD. The stresses and the loads decrease significantly when the plate is free

to move along the y axis on those sides.

6.2.8 - Stiffness of the Resisting Structure

As an ice sheet expands against a structure, the interaction force generated between
the ice sheet and the structure will be influenced by the stiffness of the structure. An
extremely flexible structure, which allows relative freedom for the ice sheet to expand, will
encounter smaller loads than would a very stiff structure. The latter would in effect
behave much like a rigid and very steep shoreline. The situation is more complex when
different regions of the structure have quite different stiffnesses. For example, concrete
piers are much stiffer that the steel gates of a spillway. As the stiffness of the flexible parts
decreases, so would the loads on these parts, while at the same time, the loads on the
stiffer parts would increase. This effect has been confirmed by field data. For example the
data collected by Fleet Technology Ltd. show that at the spillway of Paugan Dam, the
loads exerted on piers were three or four times the loads on gates (Comfort et al., 1993,
1994).

In the finite element program, boundary elements are used to model flexible structures.
A spring with a very high stiffness represents a rigid structure, and a small stiffness
represents a flexible one. A real structure exhibits a distributed stiffness somewhat like an
elastic foundation. However ultimately in a finite element model, the effect of a
distributed stiffness will still be discrete stiffnesses added to the nodes. The objective in
this part of the study is not to characterize a specific structure but rather to adjust the

stiffness over a wide enough range as to encompass many real structures.
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In this section two different geometries are studied. In the first case the finite element
mesh shown in Fig. 6.25 is used. The springs lie in the horizontal plane and are oriented in
the y direction. Sides AC, BD, and CD have clamped boundaries. This corresponds to
the situation where the part of the structure in contact with the ice has a vertical face, and
the ice has adhered to the structure. The problem is analyzed using different values for the
spring stiffness and in each case the maximum stresses in the top layer and the maximum
stress resultants are obtained. The thickness chosen for the ice cover is 0.2 m. The values
selected for the stiffness of the boundary elements ranged from 1 MN/m which represents
almost a free expansion to 1x10° MN/m for which the results are identical to the clamped
conditions.

Figures 6.32 and 6.33 show the maximum stress in the top layer and the maximum
stress resultant in the y direction for different values of stiffness. It can be seen that both
the maximum top layer stresses and the stress resultants decrease with decreasing stiffness
of the structure. The stresses in the x direction also decrease, but since the springs are in
the y direction, there is more decrease in the y direction than the x direction. The sides
AC and BD are clamped, therefore the stresses at location 1 are affected by the structure
stiffness more than those at location 2.

In the second case, the geometry of the ice cover in the vicinity of the spillway at the
Paugan Dam is used to study the effect of the flexibility of the gates on the load sharing
between the gates and piers. The finite element mesh used for this analysis is shown in
Fig. 6.34. The pier is assumed to be rigid and the springs model the flexible gate. The
length L is 70 m in this analysis. The analysis is performed for four different thicknesses:
0.2, 04, 0.7, and 1.0 m. Two thermal loading conditions are considered: in the first, the
minimum temperature is -10°C and the amplitude is 5°C, and in the second, the minimum
temperature is -20°C and the amplitude is 10°C. The period is 24 hours in both cases.
The tensile strength in this analysis is set equal to 0.5 MPa.

Figures 6.35 and 6.36 show the maximum average line load on the gate and the
maximum stress resultant near pier tip versus stiffness of the gate, for different
thicknesses. The term line load is used to show the load per unit length that is exerted on

a structure and in this case is obtained by dividing the sum of the forces in the boundary
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elements by the length of the gate. The stress resultant at the pier tip is obtained from the
stresses in the ice at the Gauss point closest to the pier tip. The stress resultants and the
line loads are normalized with respect to the stress resultant for the same thickness but
with a rigid clamped condition along the face of the structure. Figure 6.35 shows the
results for a minimum temperature of -10°C, and Fig. 6.36 is for a minimum temperature
of -20°C. |

It can be seen that with decreasing stiffness of the gate, the load on the gate decreases
while the load on the pier increases. Also with increasing thickness the normalized line
load on the gate decreases while the normalized stress resultant near the pier tip increases.

It seems that for intermediate stiffnesses, in the middle region of these figures, there is
load sharing between the pier and the gate. As a check, the sum of the forces in the
springs and the reactions on the pier in the y direction, was divided by the total length of
the pier and the gate. This value was found to be close to, but less than the stress
resultant for completely clamped conditions. The data collected by Fleet Technology Ltd.
also showed that the average load on the combination of the gate and pier is almost equal
to the load measured at far field. As discussed in section 6.2.7, the lower regions of a
thick ice sheet provide some internal resistance against expansion. Thus the normalized
load on the gate decreases with increasing thickness, and due to load sharing the
normalized load on the pier increases.

As the stiffness decreases the stress condition approaches the free expansion case that
was discussed in section 6.2.7. In this case the load on the gate gets close to zero and the
load on the pier decreases with increasing thickness.

In Fig 6.37 the normalized loads for two ice thicknesses, 0.2 m and 1.0 m, are
compared for two different loading conditions. It can be seen that for the medium to high
range of stiffness (above 50 MN/m), the curves corresponding to two different loading
conditions fall on top one another. It indicates that the load sharing is independent of the
thermal loading condition and depends only on the stiffness of the gate.

The line loads and the stress resultants also depend on the tensile strength of the ice.
When tensile cracking is included in the analysis, the internal resistance against expansion

provided by the lower part of the ice sheet is reduced. Figure 6.38 shows the effect of
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tensile cracking on the line load on the gate and the stress resultant near the pier tip. It
can be seen that as the tensile strength is reduced, both the stress resultant near the pier tip
and the load on the gate increase.

In order to study the effect of scale, the length L in Fig. 6.35 is changed and the
normalized stress resultants at the pier tip are compared for two different ice thicknesses
and two different gate stiffnesses. The results are shown in Fig. 6.39. It can be seen that
over the range 10 m < L < 100 m, the stress resultants increase with respect to L at first
but eventually tend toward constant values. When the stiffness is small the effect of the
length is the same for both thicknesses, but with a higher stiffness the results are different
for different thicknesses.

When the length L is very small the part of the ice cover in front of the pier is confined
between the pier tip and the upper boundary which is clamped. Therefore the stresses will
be close to those corresponding to clamped boundary conditions. When the length L
increases the dimensions of the ice cover increase. With increasing dimensions, the
displacements due to expansion and the strain rates increase. Thus the stresses also
increase and the force exerted on the pier gets lager. However, with increasing L the size
of the gates becomes small compared to the length of the reservoir and therefore the stress
resultants tend to constant values. The difference in the normalized stress resultants in the
case of higher stiffness is the effect of the load sharing between the gates and piers that

was described in the previous section.

6.2.9 - Isolated Structures

An isolated structure is one that is located away from the shores and is surrounded by
the ice cover. In the literature this is usually applied to offshore structures which are
located in salt water, and at distances of the order of kilometers from shore. In this study
however the term is restricted to inland water situations and structures such as water
intakes or spillways that are located away from the main structure.

When the external boundaries of an ice sheet are clamped, the in-plane stress field is

homogeneous and hydrostatic. In this case the load exerted on an isolated structure is the
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same as the load on the boundaries and can be obtained from the stress resultant under
clamped conditions in a single element mesh.

Now consider a case such as a rectangular reservoir where three sides are clamped and
the fourth side is free. This is like the geometry used in section 6.2.7. The situation is no
longer homogenous nor hydrostatic. A point located in the middle of the ice cover can go
under considerable horizontal displacement, the magnitude of which depends on the
dimensions of the reservoir and boundary conditions. Usually the larger the reservoir
dimension, the larger is the expansion of the ice cover and the displacement of a.typical
point in the middle. Now if a fixed structure with dimensions that are small compared to
the dimensions of the reservoir is located in the interior of the ice cover, a substantial force
can be exerted on the structure. In this case, due to the large displacements, the strain
rates also get larger than the strain rates corresponding to clamped conditions. Therefore
the stresses increase. The thickness of the ice cover also affects the loads. In a thick ice
cover the bottom layers that are not affected by the temperature changes of the upper
layers will resist against the expansion and the strain-rates will be less than for a thinner ice
sheet.

In this section the purpose is to assess the loads that can be exerted on an isolated
structure in free expansion conditions. As discussed earlier the loads depend very much
on the geometry, boundary conditions, and dimensions. Since it is not possible to study all
of the different situations, a simple geometry is used. The finite element mesh is shown in
Fig. 6.40. On side AB the displacements and rotations are all free except for the
displacements in the vertical direction. Along CD and BD clamped boundary conditions
are used. Line AC is an axis of symmetry so that the actual problem solved spans a region
twice the size of that shown in Fig. 6.40. The isolated structure occupies the shaded
region EFGH. Clamped boundary conditions are applied to the ice sheet along the
boundary of the structure .

Tt could be argued that it is not realistic to apply rigid boundary conditions around the
entire boundary of the structure. For example on side EF high tensile stresses are
produced which in a field situation could result in the ice debonding from the structure.

However in a field situation, the structure would not be totally rigid and this would tend to
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decrease the compressive stresses on the front face of the structure. Therefore the forces
obtained using the present model are considered to be upper bound.

The sides EF, FG, and GH of the structure are all five meters. The dimensions of the
elements adjacent to the structure are 5.0x0.5 m. Other dimensions are varied in different
tests. In order to study the effect of the geometry in each series of tests, the length L1 in
Fig. 6.40 is kept constant, and the change in the maximum stress in the top layer in front
of the structure and the average line load on the structure is determined for different
values of length L2. The tests are repeated for three different values of L1. The minimum
surface temperature is -10°C, the amplitude is 5°C, and the period is 24 hours. The
average line load on the structure is obtained by calculating the total reaction in the y
direction on side GH and then dividing by the length of side GH (5.0 m). In presenting the
results, the line loads are normalized with respect to those for the same geometry and
thickness but with clamped boundary conditions on sides AB, BD, and CD. This kind of
normalizing facilitates the comparison of the results for different thicknesses

Figure 6.41 shows the maximum stress that occurs in the top layer in front of the
isolated structure, near point G. The results are presented for two different thicknesses
and three different values of L1. There is a stress concentration at G and the stresses at
this region are higher than the stresses close to H. It can be seen that for a prescribed
value of L1 stresses increase as the dimension L2 increases and tend to constant values.
Increasing dimension L1 also increases the stresses. Figure 6.41 also shows that the
stresses in the 1.0 m ice cover are much smaller than the stresses in the ice cover with the
same geometry and 0.2 m thickness.

Increasing the dimension L2 directly increases the size of the expanding ice cover in
front of the isolated structure. Therefore the strain rates due to displacements and the
resulting stresses increase. However the clamped boundary conditions on side BD limit
the expansion of the ice cover, and thus beyond a certain value of L2 the stresses do not
change very much. Increasing the length L1 however, moves the clamped boundaries
further from the structure and increases the stresses. The smaller stresses in the thick ice

cover can be explained by the fact that with increasing thickness , the portion of the ice
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cover that resists the thermal expansion becomes larger and reduces the displacement due
to thermal expansion.

Figure 6.42 shows the maximum average normalized line load on the isolated structure
for different values of L1 and L2 and for two different thicknesses. It can be seen that the
normalized line load increases as the dimension L1 increases. Following any of the
individual curves in Fig. 6.41, which corresponds to holding the dimension L1 constant
and increasing the dimension L2, the normalized line load increases initially, but eventually
tends to a constant value. The increase in line load is initially almost linear on the
logarithmic scale. Figure 6.41 indicates that for small values of L1 the normalized results
are not much different for different thicknesses, but the difference between the normalized
line loads for two different thicknesses increases with increasing L1.

Tt can be seen that loads as high as 20 times the loads for clamped conditions are
exerted on the structure. Nevertheless, these values are considered to be upper bounds
because in a real case flexibility of the structure and compressive cracking at high stresses
will reduce the load. Due to the complexity of this problem it is difficult to assess all of
the different aspects of ice behavior that arise. Many different parameters including the
finite element mesh affect the results. In order to gain a better understanding of the
different aspects of the problem, future studies are necessary. In particular comparisons
should be made between the predictions of the model and field measurements of the loads

on isolated structures in lakes or reservoirs with flat shores.

6.2.10 - Tensile cracking

It was observed in sections 5.2.2 and 5.2.4, in which simulation results were compared
with field measurements, that tensile cracking has a significant effect on the stresses that
occur during and after cooling periods. In the finite element analysis cracking occurs
when the principal stress at a Gauss point exceeds the tensile strength. A value for the
tensile strength is therefore required as an input parameter. The uniaxial tensile strength
of ice measured in laboratory tests is reported in the literature to be around 2.0 MPa

(Haynes, 1973), and is almost independent of strain rate over the range of 10° to 10° s™.
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In the tests performed by Haynes (1973), the tensile strength under hydrostatic pressure,
was reduced to about 0.5 MPa and decreased with increasing strain rate. All of the tests
were performed at strain rates higher than 10°s. Based on the available data it can be
argued that at stain rates lower than 10°s™ the tensile strength is the same or higher. In
the data collected by Fleet Technology Ltd., during the cooling periods the stresses in the
majority of cases were close to zero (see for example Fig. 5.18). In some cases however
tensile stresses were recorded. The tensile stresses near the surface (0.025 m-0.10 m) were
in most of the cases below 0.05 MPa (see for example Fig. 5.20). At depths between
0.125 m and 0.3 m the maximum recorded tensile stresses were below 0.2 MPa. This was
attributed to cracking in the upper layers of the ice sheet where the largest tensile stresses,
and hence cracking, would be expected to occur. It could also be argued that the
presence of natural flaws and imperfections that are more likely in the field situation would
result in the effective tensile strength being lower than the laboratory values. If the ice
fails at a low stress due to a weakness at one location, the tensile stress in the vicinity of
that area drops essentially to zero despite the fact that some parts of the ice are still
capable of carrying a much higher tensile stress. In other words on a global basis for the
scenario described, the observed strength would be the low stress value. Therefore on the
basis of field measurements a very low tensile strength (0.01 MPa) was used in the
simulations and the studies involving clamped boundary conditions
It was observed during the simulations and analyses conducted for this chapter, that
the tensile cracks that occur during cooling periods under clamped boundary conditions
usually do not penetrate through the whole thickness so that the lower region of the ice
cover remains intact. In the analyses for the free expansion case however it was observed
that tensile stresses can also occur in the lower regions of the ice cover. Most of the
cracks described by Fleet Technology Ltd. and Metge (1976) were open in the upper half
of the ice sheet, and the recorded tensile stresses were also small in the upper half.
Therefore it may be that an ice sheet can carry a higher tensile stress in the bottom layers.
However with the data available, it is difficult to reach any conclusions regarding the
tensile strength under free expansion conditions. The question of what magnitude to use

for the tensile strength in this case requires further field measurements.
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Stresses that develop in the numerical model after cracking has occurred depend on
the criteria used for crack healing. In a finite element code that includes plasticity, Hinton
and Owen (1984), have used the total strain perpendicular to the crack for evaluating the
crack closure. A particular crack was assumed to be closed when the total strain
perpendicular to the crack became negative. Thermal loading was not considered in that
study. In the present study, due to temperature changes the situation is somewhat
different. As an example consider an elastic beam with clamped ends, that is subjected to
a non-uniform temperature decrease through the thickness. Non-uniform tensile stresses
develop and in the layers with high tensile stress cracking might occur. If the temperature
continues decreasing the cracks may open. Now if the beam is subjected to a temperature
increase the crack openings will decrease and eventually the cracks will close. However
due to the clamped boundary conditions, the beam remains straight and the total strains
are zero everywhere. Therefore the total strain is not suitable for use in a crack closing
criterion.

The beam example suggests that for an elastic case, the difference between the total
strain and the thermal strain be used in the crack closing criterion. Now consider a visco-
elastic material. In this case, during periods of temperature decrease, some stress
relaxation can occur before cracking. The relaxation changes the stress free configuration
and the beam will not be stress free if the temperature distribution was to suddenly return
to the initial condition. The question arises as to whether or not the viscous part of the
strain should also be subtracted from the total strain. In other words assuming that the
cracks heal when the crack opening strain (g.,) becomes zero, two different criteria may be
used for crack healing. These are given by:

1) €x=€-8=0 (6.2.1)
2) €,=€-8-6=0. (6.2.2)

In order to evaluate the differences between these criteria, a simple analysis is
performed using clamped boundary conditions and two different thermal loading
conditions. The temperature variation is uniform through the thickness, and the upper
layer of ice is allowed to crack. Under clamped boundary conditions the stresses are

independent in each layer. The temperature history and the stresses in the cracked layer
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are shown in Figs. 6.43 and 6.44. The difference between the analyses conducted for

these figures is the initial temperature. For the analyses presented in Fig. 6.43 the
temperature starts from the mean temperature in the cycle, which is -10°C. The
temperature then increases to the maximum value of 0°C after which it decreases to
-20°C. This gives a cooling period during which the temperature is less than the iniﬁal
temperature. For the analyses presented in Fig. 6.44 the temperature starts from the
minimum value, which is -20°C, and never goes below this temperature. In Figs. 6.43 and
6.44 the number (1) that appears in the legend indicates the first crack healing criteria,
which is based on equation 6.2.1. Similarly the number (2) indicates the second crack
closing criterion which uses equation 6.2.2. In both Figures 6.43 and 6.44, open symbols
are used for stresses obtained from analyses that include cracking. The tensile strength is
0.01 MPa and in the elastic case the modulus of elasticity is constant and equal to
1200 MPa. For the visco-elastic case the material properties of snow-ice are used.

For the elastic analyses represented in Fig. 6.43, cracking occurs as soon as the
temperature goes below the initial temperature. The cracks open during the cooling
period, start closing when the temperature rises, and they heal when the temperature gets
above the initial temperature. For the snow-ice during the first half period of the
~ temperature cycle the stress is compressive and negative creep strains occur. Thus during
the first cobling period (0°C to -20°C) when the stress is increasing, the stress reaches
zero before the temperature returns to the initial value, -10°C. Cracking occurs shortly
after, when the largest principal stress reaches the tensile strength. During the remainder
of the cooling period (~ -7°C to -20°C) the cracks open wider. Then during the first part
of the subsequent warming period (-20°C to ~ -7°C) they begin to close. When the cracks
heal depends on which of the two criteria is used. For the first criterion, the cracks heal
when the temperature reaches the initial temperature (-10°C). For the second criterion,
healing is later due to the accumulated negative viscous strain. For both healing criteria,
the maximum stress during the second half cycle above the initial temperature, is less than
the maximum stress if cracking is not included in the analysis.

Considering the analyses for Fig 6.44, the important distinguishing feature from the

analyses for Fig. 6.43 is that the temperature never goes below the initial temperature,
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which in this case is -20°C. Thus for an elastic material there is no cracking. This might
be thought to indicate the same would be true when the constitutive model for ice is used.
Interestingly, the results in Fig. 6.44 show that cracking does in fact occur. This is
because during the first three quarters of the first temperature cycle, when the stress is
compressive, the accumulation of negative viscous strains results in considerable
relaxation of the compressive stress. Thus during the first cooling period, tensile stresses
are produced when the temperature gets close to the initial value (-20°C). Again,
cracking occurs when the principal stress exceeds the tensile strength. The subsequent
behavior is again different depending on the healing criteria adopted. With the first criteria
the cracks do not open because the thermal strain is always negative. Furthermore, the
cracks heal as soon as the temperature starts rising (at -20°C) and compressive stresses
are generated. Comparing this behavior with that for the ice model in which cracking is
not included, it is observed for the latter, tensile stresses exist when the warming period
starts at -20°C. Thus the maximum compressive stress that is reached during the warming
period is less for the non-cracking model. The behavior observed for the second criteria is
different again. In this case, due to the negative viscous creep strains, the cracks open and
close during the period when the stress is zero. Thus during the warming period part of
the thermal strain is taken up in closing the cracks. This results in a peak compressive
stress less than that for either the non-cracking model or the cracking model using the first
healing criteria.

The question of which healing criteria is the most accurate is one which can only be
resolved by performing appropriate laboratory tests. On intuitive grounds, the second
criteria seems more reasonable, since both the thermal and viscous strains can be
considered permanent strains and there is no fundamental basis for excluding one or the
other from the healing criterion. However comparisons between simulation results and
field measurements show that the stresses obtained using the first criteria give the best
agreement. In all cases the magnitude of the measured compressive stresses began to rise
immediately as the temperature started rising. Also, the measured compressive stresses

were significantly higher than those predicted using the non-cracking model (see for
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example Figs. 5.18 and 5.32). This indicates the importance of including cracking but why
the first healing criterion agrees best with field results is unclear.

When considering different aspects of the problem it should also be noted that the
model is based on a smeared cracking approach while the cracks in nature are discrete. In
nature, due to the effect of bottom layers, tensile stresses exist between the cracks.
Therefore it is possible that some relaxation occurs which reduces the crack openings, and
the compressive stresses develop immediately when the temperature starts rising.

Resolution of this question requires laboratory tests in which crack opening and
closing is studied under periodic thermal loading conditions. In the absence of such
experiments, the first healing criterion was adopted in the simulations and analyses, on the
basis that it agrees best with field results. This criteria was used in the analyses of the
previous chapters but due to complex nature of the problem the discussion was left to the

present chapter.

6.3 - Summary and Conclusion

In this chapter the role of various factors that affect the temperature and stress
distribution in an ice cover, was studied. For temperature distribution, the factors
considered included: different ice types, wind speed, cloud cover, relative humidity, time
of the year, latitude, snow cover, thickness of the ice cover, and period and amplitude of
temperature variation. For the stress analysis, factors considered were the number of
layers through the thickness, the thickness of the ice cover, period of temperature
variation, initial temperature, amplitude of temperature variation, underlying water,
geometry of the reservoir, boundary conditions, different shore lines, stiffness of the
resisting structure, isolated structures, and tensile cracking of the ice.

The air and ice surface temperature variation used in the thermal and stress analysis
was a periodic temperature history. Therefore some of the conclusions, for example those
referring to amplitude and period or maximum and minimum values, are all based on this

kind of temperature variation. The words maximum and minimum indicate the maximum
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or minimum values with respect to time. For the thermal analysis if not mentioned, the

conclusions are based on the ice surface temperature, and for the stress analyses are based

on the stress in the top layer or the stress resultants. In these conclusions, ice covers with

a thickness of 0.1 to 0.2 m are considered to be thin, and those with a thickness larger

than 0.7 m are called thick. The conclusions reached from these studies are summarized in

the following:

L.

When the effects of solar short-wave radiation are not included in the calculation of
the temperature distribution through the ice sheet, the results are relatively insensitive
with respect to the thermal properties of the ice.

When solar short-wave radiation is considered, the maximum temperatures depend
very much on the value used for the coefficient of absorption.

When solar short-wave radiation is not considered, increases in the wind speed, cloud
cover, and relative humidity, all increase the maximum temperature and the difference
between minimum and maximum temperatures. Among these parameters, the wind
speed has the greatest effect on the temperature changes.

Including short-wave solar radiation in the thermal analysis can increase the maximum
temperature significantly. The more energy absorbed, the greater the temperature
increase. Lowering the latitude, reducing the cloud cover, increasing the coefficient of
absorption, and decreasing the coefficient of reflection, all cause an increase in the
absorbed energy.

The insulating property of a snow cover is an extremely significant factor affecting the
temperature distribution in an ice cover. In the cases studied, which involved 5 cm
and 10 cm snow covers, the predicted ice surface temperature amplitude decreased by
66% and 72% respectively from the predictions for the clear ice case.

When short-wave solar radiation is not considered, the amplitude of the ice surface
temperature variation depends on the amplitude of the air temperature variation and
ice thickness. With increasing thickness however, the effect of the thickness
diminishes. As the period of the temperature history increases, the ratio between the
amplitude of the ice surface temperature and the amplitude of the air temperature gets

closer to one.
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For a given period of the air temperature history, both the minimum and maximum ice
surface temperatures decrease with increasing thickness and tend to constant values.
In thin ice sheets, the temperature changes occur through the whole thickness and the
temperatures are almost linear through the thickness. With increasing thickness the
temperature distributions become non-linear, and in a thick ice sheet only the upper
part is active. The depth of the active zone depends on the period of the temperature
cycle. The depth of the active zone is about 0.3 m for daily temperature changes
(24 hours), and 0.4 m for 48 hour period.
Under clamped boundary conditions the maximum stress resultant in a thin ice sheet is
controlled by the maximum stress in the top layer and occurs when the stress in the top
layer is a maximum. Depending on the temperature rate and duration of temperature
increase, the maximum may occur prior to the maximum temperature. In thick ice
covers, the maximum stress resultant occur when the effect of the surface temperature
changes have penetrated into the ice sheet. This may occur after the maximum
temperature.
Under clamped boundary conditions for two identical cycles of ice surface
temperature, the maximum stress resultant during the first cycle tends to a constant
value with increasing thickness. For thick ice covers the stress due to the first cycle
might not dissipate during the cooling period. In this case the maximum stress
resultant during the second cycle may be higher than the maximum stress resultant
during the first cycle.
With increasing period of temperature variation, the maximum stress resultant under
clamped conditions for thin ice covers decreases, where the maximum stress resultant
for thick ice covers increases.
For a given period and amplitude of temperature variation, the stresses and stress
resultants under clamped conditions both decrease with increasing initial temperature.
For clamped boundary conditions where the rotations and the displacements are zero,
the ice cover does not have bending deformation. In this case the stress in each layer

is controlled only by the temperature changes of that layer and does not depend on the
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geometry of the reservoir. Therefore, it is possible to get a good estimate of the
stresses, with only one element in a finite element analysis.

When the displacements are restrained on the boundaries but rotations are free, the ice
cover undergoes bending deformation which is resisted by the underlying water. This
affects the stress distribution through the thickness, but has negligible effect on the
stress resultants. Near the boundaries the stresses in the upper layers decrease while
the stresses in the lower layers increase. For large ice sheets the bending deformation
is resisted by the water. Therefore with increasing distance from the boundaries, the
stress distribution gets closer to that for the clamped case. In this case, a single
element mesh can still give a good estimate of the stresses.

When the ice cover is free to expand along some parts of the boundary, a part of the
thermal stress releases and the stress resultants decrease. The expansion might be due
to a non-vertical shore, or a flexible structure. The in-plane displacements due to
thermal expansion are larger for thin ice sheets, where the whole thickness is activated
by the surface temperature changes.

When a resisting structure has a combination of flexible and rigid parts, the ice load is
distributed between these parts. In this case the flexible part carries a load that is
smaller than the load corresponding to a clamped condition, and the rigid part carries a
larger load. As the stiffness of the flexible part is decreased the load on that part
decreases while the load on the rigid part increases.

When an ice cover is free to expand on one shore, and there is a fixed isolated
structure in the interior of the ice sheet, a substantial force can be exerted on the
structure. The magnitude of the force depends very much on the dimensions and
geometry of the reservoir. In some of the studied cases the exerted forces were about
20 times the load under clamped boundary conditions.

In the clamped boundary condition tensile stresses usually occur in the upper layers
during cooling periods. In the case of free expansion, however, tensile stresses are
produced during warming period in the lower layers which are less affected by the rise

in surface temperature.



230

19. In the claniped boundary conditions the predicted stresses during and after cooling
periods depend on the tensile strength and crack healing criterion. Due to existence of
flaws and cracks in ice covers, the tensile strength in a global sense under field
conditions might not be as high as the tensile strength obtained from laboratory
specimens. It was observed that a crack healing criteria using the total strain minus

thermal strain gives a good agreement with the field measurements.
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Wind speed | Cloud cover | Relative Minimum | Maximum | Maximum
(m/s) humidity temperature | temperature | temperature
(%) ) (%) change (C°)

0 4/8 80 -13.01 -5.55 7.46

6 4/8 80 -15.99 -3.84 12.15

2 0/8 80 -14.54 -5.12 942

2 8/8 80 -13.70 -3.71 9.99

2 4/8 0 -15.74 -8.27 7.47

2 4/8 100 -13.99 -3.96 10.03

6 8/8 100 -15.11 -2.07 13.04

2 4/8 80 -14.33 -4.76 9.57

0 0/8 0 -14.44 -8.74 57

Table 6.1 - Effect of ambient conditions on the maximum and minimum temperatures.

Date Latitude Cloud h=02m h=10m
cover
month/day | (Degrees) (/8) Snow-ice | Columnar | Snow-ice | Columnar
ice ice

8 -3.78 -3.71 -9.44 -9.47
0 -5.22 -5.12 -11.66 -11.66
1/1 60 0 +0.68 -3.66 -4.47 -9.71
1/1 60 8 -1.71 -3.21 -6.93 -8.81
1/1 45 0 +6.14 -2.69 +3.53 -8.28
12/1 60 0 +1.11 -3.59 -3.90 -9.59
3/1 60 0 +7.26 -2.64 +4.13 -8.06

Table 6.2 - Maximum temperatures with different parameters that affect the short-wave

solar radiation.



Maximum stress resultant Maximum stress at top layer
Thickness (m) 8 layers 10 layers 8 layers 10 layers
0.2 60.31 60.28 0.534 0.539
0.4 105.00 104.94 0.526 0.533
1.0 135.96 135.48 0.491 0.505

Table 6.3 - Comparison between stress resultants and stresses calculated with different

number of layers through the thickness of the ice cover.

Stress resultant Stress at top layer
Thickness Time Maximum Time Maximum
(m) (h) (kN/m) (h) (MPa)
0.1 11.00 30.77 9.67 0.540
0.2 11.67 60.28 9.67 0.539
03 12.33 85.81 9.67 0.536
0.4 13.33 104.94 10.00 0.533
0.5 14.33 117.64 10.33 0.528
0.6 14.67 125.37 10.33 0.524
0.7 15.00 129.89 10.67 0.519
0.8 15.33 132.60 10.67 0.514
0.9 15.33 134.28 11.00 0.510
1.0 15.67 135.48 11.00 0.505

Table 6.4 - Maximum stress resultants, maximum stresses at top layer, and the time of

their occurrence at the first cycle.
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Stress resultant Stress at top layer
Thickness Time Maximum Time Maximum
(m) (h) (kN/m) (h) (MPa)
0.1 35.00 29.543 34.00 0.497
0.2 35.67 57.4 34.00 0.497
0.3 36.67 79.92 34.33 0.491
0.4 37.67 96.24 34.67 0.483
0.5 38.33 110.56 35.00 0.475
0.6 38.67 124.51 35.00 0.471
0.7 38.67 137.70 35.33 0.465
0.8 38.67 150.09 35.33 0.458
0.9 38.67 160.30 35.33 0.452
1.0 39.00 168.51 35.67 0.450

Table 6.5 - Maximum stress resultants, maximum stresses at the top layer, and the time of

their occurrence at the second cycle (tensile strength = 0.01 MPa).

Stress resultant Stress at top layer
Thickness Time Maximum Time Maximum
(m) (h) (kN/m) (h) (MPa)
0.1 35.67 25.84 35.33 0.389
0.2 36.33 50.99 35.33 0.388
0.3 37.00 73.37 35.67 0.388
0.4 38.00 91.40 35.67 0.387
0.5 3833 106.45 35.67 0.388
0.6 38.67 120.76 36.00 0.389
0.7 38.67 134.41 36.00 0.390
0.8 38.67 146.41 36.00 0.391
0.9 39.00 156.73 36.00 0.391
1.0 39.00 164.66 36.33 0392

Table 6.6 - Maximum stress resultants, maximum stresses at the top layer, and the time of

their occurrence at the second cycle (tensile strength = 0.5 MPa).
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Figure 6.1 - Ice surface temperature for different ice types (ice thickness = 0.2 m).

Temperature (C)

Figure 6.2 - Ice surface temperature for different ice types (ice thickness = 1.0 m).
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Figure 6.3 - Ice surface temperature with different diffusivity and different ice thicknesses.
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Figure 6.7 - Maximum normalized change in ice surface temperature versus ice thickness,

for different amplitudes and periods of temperature increase.
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Figure 6.8 - Maximum normalized change in temperature at 1/4 depth of the ice cover, for

different amplitudes and periods of air temperature variation.
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Figure 6.9 - Temperature profiles at the time of maximum and minimum surface
temperatures, and temperature changes through the thickness of ice cover (continued on

next page).
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Figure 6.9 - Temperature profiles at the time of maximum and minimum surface
temperatures, and temperature changes through the thickness of ice cover (continued from
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Figure 6.10- Stresses in the top layers for ice covers with different thicknesses.
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Figure 6.11 - Stress distribution through the thickness of the ice cover for three different
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Figure 6.13 - Maximum stress resultant versus thickness of the ice cover.
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Figure 6.14 -Maximum stress in the top layer versus period of temperature increase for

different ice thicknesses
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Figure 6.15 - Maximum stress resultant versus period of temperature increase for different

ice thicknesses.
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Figure 6.21 - Maximum stress resultant versus total amount of temperature increase.
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Figure 6.22 - Stress in the top layer for different amplitudes of temperature increase.
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Figure 6.23 - Stress resultants for different amplitudes of temperature increase.
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Figure 6.28 - Maximum stress in the top layer versus angle of shore with respect to the

horizontal.
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spillway.
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Figure 6.38 - Effect of tensile cracking on maximum average line load on the gate and

maximum stress resultant near pier tip.(h = 0.3 m, Oin iy = -20°C).
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Figure 6.39 - Effect of length (L) in Fig. 6.34, on the maximum normalized stress resultant

near pier tip, for different thicknesses and different gate stiffnesses.
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symmetric

Fig.6.40 - Finite element mesh for analyzing isolated structure.
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Figure 6.41 - Maximum stress at top layer in front of the isolated structure in Fig. 6.40 for
different length of L1 and L2 and different thicknesses.
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Figure 6.42 - Maximum average normalized line load on the isolated structure in Fig. 6.40,

for different lengths of L1 and L2 and different thicknesses.
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7 - CONCLUSIONS AND RECOMMENDATIONS

7.1 - Summary and Conclusions

An analytical capability has been developed in order to investigate the pressure caused
from the thermal expansion of a solid ice sheet. The model allows the prediction of the
three-dimensional stress field in an ice sheet, as a function of time, under a variety of
meteorological input conditions. The analytical model relies on two separate computer
programs. One program calculates the temperature distribution through the thickness of
the ice cover using the finite difference method. The ice cover is divided into a number of
layers which can have different thickness and different material properties. The heat fluxes
included in the model are those due to convection, absorbed and emitted long wave
radiation, and absorbed short-wave solar radiation. The output of this program is the
temperature profile as a function of time. This serves as a part of the input for the second
program which uses the finite element method to predict the stress distribution through the
ice cover.

In the finite element program, a degenerate shell element is used which is capable of
modeling both bending and membrane behavior of the ice cover. Through the thickness
the integration is performed by a layered approach. The ice cover is divided into a number
of layers. Each layer can have a different thickness, different temperature, and different
material properties. The material properties can be defined as a function of temperature of
that layer. The layering method avoids the need for more than one element through the
thickness direction. Two options are available with regard to the constitutive behavior of
the ice. The uniaxial version for the first can be described by a Maxwell unit consisting of
a linear temperature dependent spring and a non-linear temperature dependent dashpot.
The spring represents the elastic deformation and the dashpot represents the viscous flow.

The second constitutive model has an additional Kelvin-Voigt element in series with the
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Maxwell unit. The Kelvin-Voigt unit that represents the delayed elastic deformation
consists of a dashpot in parallel with a spring. Some of the important features of the finite
element program are: elastic foundation for the effect of underlying water, smeared tensile
cracking, boundary elements to model the shores with different inclines and non-rigid
structures, and loading due to water level changes.

In this formulation it is assumed that the material properties are the same in all
directions in the horizontal plane. This is valid for granular ice which is isotropic and
columnar ice with optical axis horizontal which is transversely isotropic. The model is
designed for low strain rates (less than 10 ™) which are typical for naturally occurring
thermal loading. Therefore compressive cracking or the softening effect after the peak
stress, both of which occur at higher strain rates, are not considered. Buckling of the ice
sheets is also not considered.

The thesis contains seven chapters. The problem of the thermal pressure was
introduced in Chapter 1 and some background was given. The literature review in
Chapter 2 showed that despite recognition of the problem for over a century and the large
number of investigations, a complete understanding has not been achieved. The past
research was based on one- or at most two-dimensional models which could not consider
some important factors such as the three-dimensional stress field in the ice, bending of the
ice cover, effect of the underlying water, geometry of the reservoir, different shore types,
flexibility of the resisting structure, and tensile cracking. The past research was almost
exclusively concerned with fully constrained conditions. Due to the short comings of the
models the conditions where the ice cover was free to expand on part of the boundary,
was not considered. It was concluded that there was a lack of a three-dimensional model
which could consider all of the above mentioned factors and conditions.

In Chapter 3 different aspects of the thermal analysis were explained. After
introducing the governing differential equation, the formulations for different components
of the heat exchange were given and the finite difference formulation was described. The
predicted temperatures were shown to be in good agreement with analytical and other

numerical solutions.
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the advantage of requiring less computing time and fewer material properties. Thus
the majority of the simulations were based on this model.

The stress history was observed to have a significant effect on the predicted stresses.
In order to include the effect of stress history, simulation intervals were selected to be

as long as practical, and in some cases simulations were started one or two days in

~ advance of a particular thermal event.

It was concluded that cracking of the ice should be considered in the analysis. The
tensile strength of ice was set very close to zero (0.01 MPa) in the simulations. This
artificially low value accounted for the effect of pre-existing cracks.

Where the loading due to water level changes was included, the calculated deflections
matched with the prescribed water level changes. The stresses obtained by this
method compared very well with the stresses at the NRC Test Basin but did not show
the fluctuations that occurred in the stresses at the two dam sites. It was concluded
that the fluctuations are due to other mechanisms such as arching action.

In the situations where temperatures above freezing were recorded in the ice sheet,
some discrepancies were observed between the measured and calculated stresses.
Usually during these periods the calculated stresses were higher than the measured
stresses and after these periods the measured stresses were higher. In some cases even
compressive stresses were recorded during the cooling periods. These discrepancies
were attributed to the melting and freezing of the ice cover.

In Chapter 6 a study was performed to investigate the role of different factors that

affect the temperature and stress distribution inside the ice cover. Both the thermal the

and stress analysis programs were used in the study. The applied temperature variation

was a periodical function with prescribed period, amplitude, and initial temperature. For

the thermal analysis, the factors studied included: different ice types, wind speed, cloud

cover, relative humidity, latitude, time of the year, snow cover, thickness of the ice cover,

and different periods and amplitudes of temperature increase. For the stress analysis,

factors considered were the number of layers through the thickness, the thickness of the

ice cover, period of the temperature increase, initial temperature, amplitude of the

temperature increase, underlying water, geometry of the reservoir, boundary conditions,
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inclination of the shores, stiffness of the resisting structure, isolated structures, and tensile

cracking. The conclusions of this chapter are as follows:

1)

2)

3)

4)

5)

6)

7

8)

9)

Short-wave solar radiation has a significant effect on the maximum temperatures in
an ice sheet, especially for snow-ice at lower altitudes and under clear sky
conditions.

When solar short-wave radiation is not considered, for example when the surface
temperature is prescribed, temperatures in the ice are relatively insensitive to the
thermal properties of ice.

The presence of a snow cover has a significant effect on temperatures in an ice sheet.
With 5 and 10 cm of snow, the amplitude of the ice surface temperature was reduced
by 66% and 72% respectively from the predictions for clear ice.

With increasing period of the air temperature history, the ratio between the
amplitudes of the ice surface temperature and the air temperature gets closer to one.
With increasing thickness the temperature distribution through an ice cover gets
closer to the temperature distribution corresponding to a semi-infinite body. In a
thin ice sheet the temperature changes occur through the whole thickness but with
increasing thickness only the upper parts undergo temperature changes. The depth
of the significant temperature changes depends on the period of temperature increase
and is about 0.3 m for daily temperature changes.

Depending on the boundary conditions, two different situations exist for stress
distributions, fully confined and free expansion conditions.

In the fully confined conditions when the displacements and rotations are zero at the
boundaries (clamped), there is no bending deformation and no interaction between
the different layers. Each layer acts independently under the influence of the
temperature changes in the layer.

When there is a freedom to expand on part of the boundary, there is interaction
between the layers, which affects the stress distribution. In this case tensile stresses
can be produced in the bottom layers

Under clamped conditions maximum (with respect to time) stress at top layer, does

not change very much with thickness. The maximum (with respect to time) stress



10)

11)

12)

13)

14)

15)
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resultant, however, depends on the maximum stress and the penetration of
temperature variations into the ice sheet. As the thickness increases the stress
resultant approaches a constant value.

The stresses and the stress resultants both increase if the initial temperature is
decreased.

Under clamped conditions the effect of reservoir geometry is negligible and it is
possible to obtain good estimates of stresses even with a one element finite element
analysis. This conclusion was confirmed by comparing single element results with
field measurements.

Under confined conditions where there is no rotational constraint on the boundary
but the displacements are restrained, then near the boundaries some compressive
stresses may occur in the lower layers. However the stress resultants do not change
very much from those for the corresponding clamped case. Due to resistance of the
underlying water against bending of the ice cover, it was found that for large ice
covers the stress distribution in regions away from the boundaries gets close to that
the clamped case. Therefore in these regions, a one element mesh can still be used
to estimate ice loads.

When the ice cover is free to expand in some parts of the reservoir, the stresses and
the loads decrease in the vicinity of these areas. Examples of this situation are an
inclined shore or a flexible structure. The reductions in stress at other locations
depend on the boundary conditions and geometry of the reservoir.

In the case of free expansion, the in-plane displacements are larger for thin ice sheet
where the whole thickness undergoes temperature changes.

When a structure is a combination of relatively rigid and flexible parts, the ice load is
distributed according to the stiffness each part. In this case the load on the flexible
part will be less than the load on a clamped boundary, and the load on the rigid part
will be higher than that on a clamped boundary. With decreasing stiffness of the
flexible parts, the load on these parts decreases and the load on the rigid parts

increases.
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16) In the case of free expansion of an ice sheet surrounding a fixed isolated structure, a

| substantial force can be exerted on that structure. The magnitude of the force
depends very much on the geometry and dimensions of the reservoir. In some of the

cases studied the forces exerted forces were about 20 times the load for clamped

boundary conditions.

7.2 - Recommendations for Future Study

Tt was observed that the predicted stresses depend very much on the choice of material
properties. Most of the material properties suggested in the literature are based on tests
performed at high strain rates and cannot be used for thermal stress analysis. Therefore,
further study of the thermal load problem would benefit from additional experimental
work on the multi-axial behavior of different ice types, especially S2 ice at low strain rates.
It is recommended that unloading conditions which occur during cooling periods also be
considered in the experimental works.

In most of the comparisons with field measurements the best agreement was achieved
when the mechanical properties suggested by Drouin and Michel for snow-ice were used.
In one case, however the mechanical properties suggested by Cox gave the best
agreement. Since the field data were limited, it was not possible to reach a firm
conclusion about the choice of mechanical properties in the analysis. More field
measurements are required in order to properly determine the appropriate mechanical
properties.

In this study the effect of water level changes was modeled by changing the buoyancy
force on the ice cover. Although the vertical displacements matched with the prescribed
water level changes, the predicted loads did not show the high fluctuations that occurred
in the loads obtained from the measured stresses at dam sites. It is probable that other
mechanisms were responsible. Further studies concerning the effect of water level
changes is recommended. In particular, the second order geometric effects associated

with arching action should be considered.
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Most of the effort in this study was concentrated on the development of the analytical
models and comparison with field measurements. The available data were mostly for
restrained ice sheets and wide structures. The present model can be used to study the ice
load on isolated structures as well. It is recommended that the model be used to perform
comparative studies between numerical predictions and field measurements of ice loads on
isolated structures.

The present model is most suitable for low strain rates (less than 1x10%s™). In the
case of offshore structures, high strain rates and stresses might occur and compressive
cracking and buckling which reduce the exerted loads should be considered in the analysis.

- In these situations the present model will give an upper bound solution. The model could
be expanded to include compressive cracking or buckling of the ice sheet.

Cracking of ice and crack closing have a significant affect on the stresses. The tensile
strength and closing criteria which are used in this study are based on the field data that
correspond to fully confined condition. In this case the tensile stresses occur in the upper
layers of the ice sheet during cooling periods. In the case of free expansion however,
tensile stresses can occur in the lower layers of an ice sheet during periods of temperature
increase. Therefore the tensile strength and closing criteria might be different in these

conditions. Further study on this matter is recommended.
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