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Abstract

Bayesian nonparametric models have gained increasing attention due to their flexibil-
ity in modelling natural and social phenomena and have been widely applied in machine
learning, biology, social science and so on. Unlike traditional Bayesian parametric models,
Bayesian nonparametric models place priors on an infinite dimensional space and allow the
model itself to be determined by data. To understand and apply Bayesian nonparametric
models, the properties, especially the asymptotic analysis, of the priors and posteriors of
Bayesian nonparametric models should be studied. In this dissertation, various asymptotic
problems for Bayesian nonparametric priors and posteriors are studied, and two depen-
dent Bayesian nonparametric priors are constructed. This thesis includes three main parts
corresponding to three papers. In the first part, we obtain the strong law of large numbers,
Glivenko-Cantelli theorem, central limit theorem, functional central limit theorem for var-
ious Bayesian nonparametric priors which include the stick-breaking process with general
iid stick-breaking weights, the two-parameter Poisson-Dirichlet process, the normalized
inverse Gaussian process, the normalized generalized gamma process, and the generalized
Dirichlet process. For the stick-breaking process with general iid stick-breaking weights,
two general conditions are formulated such that the asymptotic theorems hold. In the
second part, we present the posterior consistency analysis for normalized random mea-
sures with independent increments (NRMIs) through the corresponding Lévy intensities,
which can be used to characterize the completely random measures in the construction
of NRMIs. An assumption based on the Lévy intensities for analysing the posterior con-
sistency of NRMIs is introduced and verified with multiple examples. Furthermore, we
derive the Bernstein-von Mises theorem for the normalized generalized gamma process,
based on which, credible intervals are constructed with some discussions and numerical
illustration. In the third part, we construct two classes of dependent Bayesian nonpara-
metric models through the normalization of completely random measures driven by Cox

processes. We provide multiple distribution theories for the two constructions including
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moments, probabilistic characterizations of the induced random partition structures by

the hierarchical models, distributions of the random partition numbers.
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Chapter 1

Introduction and Summary

Probabilistic models are widely used throughout statistics and machine learning to model
distributions for observed data. People observe a sequence of data X = {Xy, -, X, },
which is assumed to be generated from a certain unknown probabilistic model M. Para-
metric models assume the true probability distribution is determined and parametrized
by fixed and finite many parameters # € ©, where © is a finite dimensional parameter
space. For example, a Gaussian model is determined by its mean and variance, which
are the model parameters. Usually, the model parameters for M are estimated by using
the observations to make the model suitable for the observed data. The estimation of the
model parameters can be obtained by two popular ways. One way is to assume that 0 is
a deterministic value and its value is obtained, foe example, by maximizing the likelihood
function f(X|M) = f(X|0), the maximizer 6, is called the maximum likelihood estimator
(MLE) of 6. The other way is to assume that the parameter # is random and to assign
a prior distribution (@) for the parameter. Then, the estimation of # can be found by
maximizing the posteriori (MAP) via point estimation or by using Bayesian inference.
The MAP estimation is not flexible, since the estimation is mostly determined by the op-
timization information of the posterior distribution. Thus, Bayesian inference is usually
preferable as it produces the parameter estimation by using the entire information of the

posterior distribution. In Bayesian inference, the estimator of # is the expectation of the



posterior distribution that is formulated by the celebrating Bayesian rule:

/0, X) f(0)f(X]0)

T =5y = To 70 rXie)ae

In traditional Bayesian inference, although the model M is random, it is still assumed to be
parametrized by a fixed and finite number of parameters. That is to say, the parameter
space © is finite dimensional, and the model is known as Bayesian parametric model.
However, the methods that are mentioned above can suffer from over-fitting and under-
fitting problems when there is a misfit between the model complexity (usually expressed by
the dimension of the parameter space) and the data size. As a result, model selection and
determining the suitable model complexity become important problems in these methods.
Fortunately, Bayesian nonparametric models allow the model M to be parametrized by
infinite number of parameters, i.e., © is infinite dimensional, and the model complexity
could grow (determined by the data) with the sample size. Thus, both the under-fitting
and over-fitting issues are mitigated. In this thesis, Bayesian nonparametric setting is
considered.

To understand Bayesian nonparametric models in detail, we let (€2, F,P) be any prob-
ability space, let X be a complete, separable metric space whose o-algebra is denoted by
X and let (Mx, Mx) be the space of all probability measures on X. We first recall the

definition of random measure on (X, X).

Definition 1.0.1. A random measure is a mapping P from Q x X to R, (we denote this

random measure by P = (P(w,A), w € Q, A € X)) such that
(i) when w € Q is fizred, P(w,-) is a measure on (X, X);
(ii) when A € X is fized, P(-, A) is a random variable on (2, F,P).

A sample X = (X, ---,X,) that takes values in X" is drawn iid from a random
probability measure (see 2.7.1 for details of random probability measures) P conditional

on P. A Bayesian approach in this setting is to place a prior distribution @, on (Mx, Mx),



for the random probability measure P. That is to say,

X, X, PP, P~Q. (1.0.1)
Thus, one fundamental question is to determine the prior distribution (). Addressing this
question, (Ferguson, 1973) suggests that the prior distribution should have large enough
support and the posterior distribution should be manageable analytically. A large amount
of priors along this line have been proposed, among which, the most popular ones are
the Dirichlet process (Ferguson, 1973), the two-parameter Poisson-Dirichlet process (also
known as Pitman-Yor process (Pitman and Yor, 1997)), the o-stable process (Kingman,
1975), the normalized inverse Gaussian process (Lijoi et al., 2005b), the normalized gen-
eralized gamma process (Lijoi et al., 2003, 2007), and generalized Dirichlet process (Lijoi
et al., 2005a). For the applications of these Bayesian nonparametric models, including
mixture models and hierarchical models, we refer interested readers to (Miiller and Quin-
tana, 2004; Lijoi et al., 2010; Zhang and Hu, 2021; Ghosal and Van der Vaart, 2017) and
the references therein.

In this thesis, we mainly consider two important subclasses of Bayesian nonparametric
priors: stick-breaking process and normalized random measures with independent incre-
ments (NRMIs). All the previously mentioned processes are included in stick-breaking
process and, all except the two-parameter Poisson-Dirichlet process are included in NR-
MIs. The topics covered in this thesis are as follows: (i) the asymptotic behaviour of the
stick-breaking process when its concentration parameter (more details can be found in
2.1) a — oo; (ii) the posterior consistency analysis of NRMIs and the Bernstein-von Mises
theorem for the normalized generalized gamma process when the sample size n — oo; (iii)
the constructions of two classes of dependent NRMIs by using Cox process and the corre-
sponding hierarchical structures. The results of the first two topics provide the theoretical
support for constructing Bayesian credible intervals, simplifying Bayesian statistics, ap-
proximating these processes in the limiting sense. The last topic provides two flexible

dependent Bayesian nonparametric models that can be used for partially exchangeable



data.
Before going into the details of these topics, we briefly sketch the two subclasses of

Bayesian nonparametric models.

1.1 Stick-breaking process

Let H be a nonatomic probability measure on (X, X) (i.e., H({z}) = 0 for any z € X).

Definition 1.1.1. A random measure P = (P(w,A),w € QA € X) is said to be a

stick-breaking process with the base measure H, if it has the following representation:

( 00
P= g w; g, , where
i=1

i1
wy = vy, wi:viH(l—vj) for =23,

\ j=1

where 0;,1 = 1,2,--- are iid random variables defined on (Q, F,P) with values in (X, X)
such that for each i, the law of 0; is H; dy, denotes the Dirac measure on (X, X), and
vi,t = 1,2,--+ are random variables with values in [0, 1], independent of {6;}, which are

called the stick-breaking weights.

An illustration of the stick-breaking process is given in figure 1.1. The law of (wq, ws,

-+ ) is called the GEM distribution (details can be found in e.g., (Feng, 2010; Ewens,
2004)), named for the contributions of Griffiths (Griffiths, 1980), Engen (Engen, 1978)
and McCloskey (McCloskey, 1965). One breakthrough in this topic is made by (Sethu-
raman, 1994) who shows that the Dirichlet process admits the stick-breaking representa-
tion, where the stick-breaking weights are iid Beta random variables, i.e., v; w Beta(1,a)

(throughout this thesis the notation Beta(«, 3) denotes the Beta distribution whose den-

sity is g(z; «, 5) = Fr(fogi(ﬂﬂ))xa_l(l — )71 0 <z <1). (Perman et al., 1992) obtains the
stick-breaking representation for the two-parameter Poisson-Dirichlet process and shows
the stick-breaking weights v; "~ Beta(l — b,a + ib) with b > 0, a > —b. For the stick-

breaking representations of other special stick-breaking processes, we include the details
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Figure 1.1: Hlustration of the stick-breaking process.

in 2.7.1. Based on the definition of the stick-breaking process, it shows benefits in the
computational aspect as the infinite summation can be truncated with a tolerable error
(Ghosal and Van der Vaart, 2017). However, it is worth pointing out that the infinite

summation is not analytical friendly.

1.2 Normalized random measures with independent
increments

We start by recalling the definitions of completely random measures (see e.g., (Kingman,
1967, 1993) and references therein for more details) and Poisson random measure, which

play important roles in the construction of NRMIs.

Definition 1.2.1. Let p be a finite random measure on (X, X). We call p a completely
random measure (CRM) if the random variables (A1), - , u(Aq) are mutually indepen-

dent, for any pairwise disjoint sets Ay,--- , Aq, where d > 2 is a finite integer.

Definition 1.2.2. Let S = R* xX and denote its Borel o-algebra by S. A Poisson random



measure N on 'S with finite intensity measure v(ds,dx) is a random measure from € x S

to R,y satisfying
(i) N(A) ~ Poisson(v(A)) for any A in S;

(i) for any pairwise disjoint sets Ay, --- , Ay, in S, the random variables N(Ay),--- , N(A,,)

are mutually independent.

The Poisson intensity measure v satisfies the condition (see (Daley and Vere-Jones,

2008) for details of Poisson random measures) that

/OOO/Xmm<Sv v (ds, dx) < oo

Let (Bx, Bx) be the space of bounded finite measures on (X, X') endowed with the topology
of weak convergence and let i be the random measure defined on (€2, F,P) that takes

values in (Bx, Bx) defined as follows,

:/ /sN(ds,da:), VAc X. (1.2.1)
0 A

It is trivial to verify that i is a completely random measure. It is also well-known that
for any B € X, fi(B) is discrete and is uniquely characterized by its Laplace transform

as follows:

E [e P = exp{ / / e v(ds dx)} . (1.2.2)

The measure v is called the Lévy intensity of ji1 and we denote the Laplace exponent by

// e ] v(ds,dz). (1.2.3)

From the Laplace transform in (1.2.2), we shall study the completely random measure fi

by its Lévy intensity v, which usually takes the following forms in the literature:
(a) v(ds,dr) = p(ds)a(dz), where p : B(RT) — R* is some measure on R* and « is
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a non-atomic measure on (X, X’) so that «(X) = a < oo. The corresponding i is

called homogeneous completely random measure.

(b) v(ds,dx) = p(ds|z)a(dz), where p is defined on B(R') x X such that for any = €
X, p(-]x) is a o-finite measure on B(R™) and for any A € X, p(Alz) is B(R™)
measurable. The corresponding [ is called non-homogeneous completely random

measure.

It is obvious that case (a) is a special case of case (b). Usually, we assume that « is a
finite measure so we may write «(dx) = aH (dz) for some probability measure H and
some constant a = a(X) € (0, 00).

To construct NRMIs, the completely random measure will be normalized, and thus
one needs the total mass i(X) to be finite and positive almost surely. This happens
under the condition that p(R™) = oo in homogeneous case and that p(R*|z) = oo in
non-homogeneous case (Regazzini et al., 2002). Under the above conditions, an NRMI P

on (X, X) is a random probability measure defined by
P()=—=. (1.2.4)

Based on the construction of NRMIs, its posterior distribution can be obtained ana-

lytically (see (James et al., 2009) for the details of the posterior analysis).

1.3 Summary of this thesis

This thesis is a collection of joint works with my supervisor. It consists of the following

four papers.

1. (Zhang and Hu, 2021) Dirichlet process and Bayesian nonparametric models
(in chinese), with Yaozhong Hu, SCIENTIA SINICA Mathematica (2021) 51 (11),
1895-1932;



2. (Hu and Zhang, 2022) Functional central limit theorems for stick-breaking priors,
with Yaozhong Hu, Bayesian Analysis (2022) 17 (4), 1101-1120; Along with the

supplementary material of this paper;

3. Large sample asymptotic analysis for normalized random measures with inde-

pendent increments, joint work with Yaozhong Hu, Preprint.

4. Normalized random measures with independent increments driven by Cox pro-

cess, joint work with Yaozhong Hu, Preprint.

In chapter 2, we study the asymptotic behaviours for various Bayesian nonparametric
priors when their concentration parameters a — co. We obtain the strong law of large
numbers, Glivenko-Cantelli theorem, central limit theorem, functional central limit the-
orem for the stick-breaking process with general iid stick-breaking weights, the Dirichlet
process, the two-parameter Poisson-Dirichlet process, the normalized inverse Gaussian
process, the normalized generalized gamma process, and the generalized Dirichlet pro-
cess. The stick-breaking process with general iid stick-breaking weights is introduced as
the general stick-breaking process when the stick-breaking weight v;’s are iid, we deduce
two general conditions on the stick-breaking weights such that the central limit theorem
and functional central limit theorem hold for this general stick-breaking process. These
asymptotic results seem true intuitively since a is an important parameter to send the
variances of these probability random measures to 0. However, people haven’t found way
to show them, since the finite dimensional distributions of these processes are either hard
to obtain or are complicated to use even when they are available. We derive the asymp-
totic theorems for the above mentioned processes except the generalized Dirichlet process
by the method of moments (see 2.1) and their stick-breaking representations. Thus, the
key to this work is to find the moment results (see 2.3) by using the stick-breaking rep-
resentations of these processes. And the main results are proved by the moment results
and some combinatorial analysis. In the case of the generalized Dirichlet process, as its

marginal density is available, we derive the asymptotic results by showing the convergence



of its marginal density to the normal density, providing an alternative way of achieving
the asymptotic theorems. The numerical illustration shows that the convergences are fast.

In chapter 3, we study the posterior asymptotic behaviours for NRMIs when the
sample X w Py and when the sample size n — oo. Here, F, is assumed to be the true
distribution of X. We first provide the posterior consistency analysis for NRMIs through
the corresponding Lévy intensities, which can be used to characterize the completely
random measures in the construction of NRMIs. An assumption based on the Lévy
intensities for analysing the posterior consistency of NRMIs is formulated. To show the
applicability of the proposed assumption, we verify it with multiple known processes
including the normalized generalized gamma process (NGGP), the generalized Dirichlet
process, the extended gamma process. Our results show that the posterior consistency
holds for the Dirichlet process, the generalized Dirichlet process, and the extended gamma
process for any F, when the Lévy intensity is gamma type. However, for the general
NRMIs, the posterior consistency holds when F is discrete or when F, is continuous
with C; = 0 (see e.g., assumption 3.3.2). The posterior consistency results suggest that
one should avoid using NRMIs when the true distribution is continuous and C; # 0.
Furthermore, we derive the Bernstein-von Mises theorem for the NGGP, which is a flexible
sub-subclass of NRMIs. From the posterior consistency result, the NGGP is posterior
consistent when F, is discrete or when the model parameter ¢ = 0. However, the NGGP
is reduced to the Dirichlet process with the latter case (o = 0), and thus only the former
case is studied. It is interesting to note that there exists a bias term in the Bernstein-von
Mises results that is closely related to the number of atoms of Py when Fy is discrete.
Therefore, a bias correction is necessary when constructing credible intervals by using the
Bernstein-von Mises theorem. We illustrate how the bias correction affects the coverage
of the true value by the credible intervals when F is discrete with different types of atoms
by using numerical experiments. We also discuss the affect of the estimators for the model
parameters of the NGGP under the Bernstein-von Mises convergences.

In chapter 4, we construct two forms of dependent normalized random measures with

independent increments through the normalization of completely random measures that



is constructed through Cox process. Bayesian nonparameteric models are popular not
only for their flexibility, but also for their property of generating exchangeable samples.
Hierarchical Bayesian nonparametric models extend the exchangeable assumption of the
sample to partially exchangeable, thus they are widely used for two important properties:
(i) they naturally represent multiple heterogeneous sub-populations; (ii) there is a tie
across all sub-populations to represent the dependence across sub-populations. Instead of
using the Poisson random measure to construct NRMIs in the hierarchical NRMIs models,
we suggest a more flexible approach using Cox random measures to construct NRMIs. We
derive two forms along this direction, one is conditionally independent NRMIs driven by
Cox process, and the other is conditionally dependent NRMIs driven by Cox process.
In our constructions, two vectors of dependent NRMIs (Py,--- , P;) are generated such
that the dependence between P; and P; with ¢ # j in each construction is determined by
both the hierarchical structure and multiple user-controlled tuning parameters. Based on
the two constructions, we first derive the moment results that include the variance and
covariance between P; and P;. Secondly, we provide probabilistic characterizations of the
induced partially exchangeable random partition structures in the hierarchical models,
including the partially exchangeable partition probability functions, distribution of the
number of partition sets. To give a clear interpretation, the random partition structure
of the hierarchical models is explained by local special Chinese restaurant franchise as

introduced in 4.5.
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Chapter 2

Functional central limit theorems for

stick-breaking priors

2.1 Introduction

Ever since the work of (Ferguson, 1973) the Dirichlet process has become a critical tool in
Bayesian nonparametric statistics and has found applications in various areas, including
machine learning, biological science, social science and so on. One of the important
features of the Dirichlet process is that when the prior is a Dirichlet process its posterior is
also a Dirichlet process (see e.g., (Ferguson, 1973)). This makes the complex computation
in the Bayesian nonparametric analysis possible and enables the Dirichlet process to
become a backbone of the Bayesian nonparametric statistics.

To widen the applicability of the Bayesian nonparametric statistics, researchers have
tried to extend the concept of Dirichlet process. One of these efforts is the introduction of
the stick-breaking process. The first breakthrough along this path is due to (Sethuraman,
1994) who shows that the Dirichlet process admits the stick-breaking representation (see
(2.2.1)-(2.2.2) in the next section), where the stick-breaking weights are independent and
identically distributed (iid) random variables satisfying the Beta distribution Beta(1,a).
Within this stick-breaking representation, we can extend the class of Dirichlet processes

to many other priors by assuming that the stick-breaking weights are iid with other

11



distributions; satisfy some other kinds of dependence; or satisfy some specific (joint)
distributions. Among various such extensions, let us mention the following works which
we shall deal with in this chapter. (Perman et al., 1992) obtain a general formulae for
sized-biased sampling from a Poisson point process where the size of a point is defined
by an arbitrary strictly positive function. From this formulae, they identify the stick-
breaking representation of the two-parameter Poisson-Dirichlet process, which admits a
stick-breaking process with the stick-breaking weights v; nd Beta(l — b,a + ib), where
b>0,a>-bandi=1,2---. (Favaro et al., 2012) introduce the normalized inverse
Gaussian process through its stick-breaking representation by identifying the explicit finite
dimensional joint density functions of its stick-breaking weights. (Favaro et al., 2016)
present the stick-breaking representation of homogeneous normalized random measures
with independent increments (hNRMIs) (see e.g., (Regazzini et al., 2003) for more details
of NRMIs), which include the normalized generalized gamma process and the generalized
Dirichlet process, two widely used priors in Bayesian nonparametric statistics.

Strong law of large numbers, central limit theorem and functional central limit the-
orem have always been ones of the central topics in statistics and in probability theory.
Without exception the asymptotic behaviors of the Dirichlet process and other Bayesian
nonparametric priors play important roles in the Bayesian nonparametric analysis, for ex-
ample in the construction of asymptotic Bayesian confidence intervals, regression analysis
and functional estimations. Compared to the vast literature in the field of parametric
statistics relevant to these issues the achievements in the field of Bayesian nonparamet-
rics are quite limited. However, let us mention the following works pioneered this work.
(Sethuraman and Tiwari, 1982) discuss the weak convergences of the Dirichlet measure
P when its parameter measure (i.e the measure aH in this chapter) approaches to a non-
zero measure or a zero measure respectively. (Lo, 1983) studies the central limit theorem
of the posterior distribution of Dirichlet process which is analogous to our central limit
theorem for the Dirichlet process. Based on this result, (Lo, 1987) obtains the asymp-
totic confidence bounds and establishes the asymptotic validity of the Bayesian bootstrap

method. The above mentioned Lo’s results are extended to the mixtures of Dirichlet

12



process by (Brunner and Lo, 1996). (James, 2008) reveals the consistency behavior (the
posterior distribution converges to the true distribution weakly) and the functional cen-
tral limit theorem for the posterior distribution of the two-parameter Poisson-Dirichlet
process (with fixed a and when the sample size goes to infinity). The consistency of the
posterior is discussed by (Ho Jang et al., 2010) when the priors are the two-parameter
Poisson-Dirichlet prior and the species sampling prior. Furthermore, (De Blasi et al.,
2013) investigate the consistency of the Gibbs-type priors. (Kim and Lee, 2004) show
that the Bernstein-von Mises theorem holds in survival models for the Dirichlet process,
Beta process and Gamma process. (Dawson and Feng, 2006) establish the large deviation
principle for the Poisson-Dirichlet distribution and give the explicit rate functions when
the parameter a (which represents the mutation rate in the context of population genetics)
approaches infinity. (Labadi and Zarepour, 2013) present the functional central limit the-
orem for the normalized inverse Gaussian process on D(R) when its parameter a is large
by using its finite dimensional joint density. (Labadi and Abdelrazeq, 2016) obtain the
functional central limit theorem for the Dirichlet process by using the finite dimensional
densities and for the Beta process on D(R) by using the characteristic function.

From the above mentioned works we see that there are only very limited results on
the asymptotics of the stick-breaking processes. Relevant to the asymptotics as a — oo,
there have been established the central limit theorem and functional central limit theorem
only for two processes: the Dirichlet process and the normalized inverse Gaussian process.
The reason for the above limitation is that the most commonly used technique appeals
to the explicit forms of the finite dimensional densities of the process itself. This method
is effective only when the finite dimensional distributions have explicit forms and are
possible to handle. It cannot be applied to study other processes when the explicit forms
for the finite dimensional marginal densities of the process itself are unavailable or they
are too complex to analyze even though they are available.

This chapter is to introduce the method of moments into this study and to provide
a systematic study of the asymptotics as a — oo for various stick-breaking processes

depending on a parameter a > 0. Let us emphasize that the method of moments in
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this chapter refers to the fact that if the distribution of the random variable X is de-
termined by its moments, and the random variables {X;}! , have all moments, and if
lim, ,o E [X]] = E [X"] for r = 1,2,---, then X, 4 X (see e.g., (Billingsley, 1995,
Theorem 30.2)). We are mainly concerned with three types of the asymptotics (strong
law of large numbers, central limit theorem, and functional central limit theorem) for a
number of processes, which include the stick-breaking process with general stick-breaking
weights, the classical Dirichlet process DP(a, H) (see (Ferguson, 1973)), the two-parameter
Poisson-Dirichlet process PDP(a,b, H) (also known as Pitman-Yor process (Pitman and
Yor, 1997)), the normalized inverse Gaussian process N-1G(a, H) (Lijoi et al., 2005b), the
normalized generalized gamma process NGGP (o, a, H) (see (Brix, 1999; Lijoi et al., 2007,
2003)), and the generalized Dirichlet process GDP(a,r, H) (see (Lijoi et al., 2005a)).

All of the mentioned processes depend on a parameter a which is usually called the
concentration parameter. It is of the same order as the inverse of the variance of the process
(see Remark 2.3.6 for more precise meaning). It has also some more specific meanings for
various processes. For example, if { X;}7 , is a sample from the Dirichlet process DP(a, H),
then it is known that the posterior mean is E [P(-)[ Xy, -+, X, = ;5 H(-) + a%ﬂ#,
which means that a plays the key role of the weight of the prior.

For the generalized Dirichlet process since the finite dimensional marginal distributions
of the process itself are available we shall use them to obtain the asymptotics directly
although the computations are very technical. Let us point out that this process also
admits a stick-breaking representation. However, it seems to us that it is more complex
to use the method of moments than to use the finite dimensional marginal distributions
of the process itself.

Let us stress the following points of the work about the well-known Bayesian nonpara-

metric priors.

(1) (for Dirichlet process) Both the finite dimensional distributions of the stick-breaking
weights and the process itself are explicit and are easy to handle. Prior to this

work the central limit theorem and the functional central limit theorem have been
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(iii)

established for this process by using the finite dimensional distribution of the process

itself.

For the Dirichlet process the stick-breaking weights {v;} are iid and follow the Beta
distribution Beta(1,«). We introduce the concept of stick-breaking process with
general stick-breaking weights, where we still require the stick-breaking weights
{v;} to be iid but the law u they follow can be arbitrary. In this case there is no
way to obtain the explicit form of the joint distributions of the process itself. We
use the method of moments to establish the central limit theorem and the functional
central limit theorem for this process. For example, v; ~ Beta(p,, a), where p, is
a function of a such that p,/a — 0 as a — oco. In this case the joint distributions
of the process itself is unavailable except in the case p, = 1, i.e., in the case of the

Dirichlet process.

(for the normalized inverse Gaussian process and for the generalized Dirichlet pro-
cess) Both the finite dimensional distributions of the stick-breaking weights and that
of the process itself are explicit. Prior to this work the central limit theorem and
the functional central limit theorem have been established only for the normalized
inverse Gaussian process by using the finite dimensional distributions of the process
itself. We shall also use the finite dimensional distributions of the process itself to
obtain the central limit theorem and the functional central limit theorem for the
generalized Dirichlet process. We shall use the method of moments to re-derive the
central limit theorem and the functional central limit theorem for the normalized

inverse Gaussian process, providing an alternative tool for this process.

(for the two-parameter Poisson-Dirichlet process and the normalized generalized
gamma process) The finite dimensional distributions of the stick-breaking weights
are known but the finite dimensional distributions of the process itself are not avail-
able. We use the method of moments to obtain the central limit theorem and the

functional central limit theorem for these processes.

Now we explain the organization of this chapter. In Section 2.2, we recall the general
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stick-breaking process and introduce the stick-breaking process with general stick-breaking
weights (SPG(u, H)). In Section 2.3, we present the moment results for various stick-
breaking processes, including SPG(u, H), PDP(a,b, H), N-1G(a, H), and NGGP (o,
a, H), GDP(a, r, H) separately since the computations are different for different processes.
In Section 2.4, we state the strong law of large numbers, central limit theorem, and
functional central limit theorem. The stick-breaking process with general stick-breaking
weights are new and we allow the stick-breaking weights to be some very general iid
random variables defined on (0,1). With different choices of the stick-breaking weights
we can obtain various known stick-breaking processes. Because of this generality of the
stick-breaking weights we state one theorem on the central limit theorem and functional
central limit theorem for this type of processes. We state a similar theorem for all other
processes (PDP(a,b, H), N-1G(a, H), NGGP(o,a, H), GDP(a,r, H)). The details of the
proofs will be provided in a supplementary file where we also include some definitions
and some well-known propositions of the mentioned processes to provide the necessary
background. Interested readers are referred to (Zhang and Hu, 2021) and references
therein for a recent survey of some of these processes and their applications.

Finally, let us emphasize that all the processes we dealt with in this chapter are actually
“random probability measures”. However, we follow the convention in the literature to

continue to call them “processes”.

2.2 Preliminary Notations

2.2.1 Definitions

Let (2, F,P) be a complete probability space and let (X, X') be a measurable Polish space,
namely, X is a separable complete metric space and & is the Borel o-algebra of X. Let
H be a nonatomic probability measure on (X, X') (i.e., H({z}) = 0 for any z € X). Now
we give the definition of the stick-breaking process (more appropriately a stick-breaking

random probability measure).
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Definition 2.2.1. A random measure P = (P(w,A),w € QA € X) is said to be a

stick-breaking process with the base measure H, if it has the following representation:

( 00
P= Zwié(?m where (2.2.1)
i=1
i—1
wy = vy, wi:viH(l—vj) for =23, (2.2.2)
\ j=1

where 0;,1 = 1,2,--- are iid random variables defined on (Q, F,P) with values in (X, X)
such that for each i, the law of 6; is H; 0y, denotes the Dirac measure on (X, X), and
vi, 1 = 1,2,--+ are random variables with values in [0,1], independent of {6;}, which are

called the stick-breaking weights.

Since we assume that {6;} are iid and follow the distribution H, if H is given and

fixed, then the random probability measure P depends only on the choice of {v;}.

Remark 2.2.2. To make sure that P is well-defined (namely, (2.2.1) is convergent), one

needs to impose the condition that Y ;> w; = 1 almost surely, which is equivalent to
the condition that y .o logE[(1 —v;)] = —oo (e.g., (Ghosal and Van der Vaart, 2017,
Lemma 3.4)).

Remark 2.2.3. Throughout the entire chapter, we shall assume that a is a positive real

number and H is a nonatomic measure on (X, X) unless otherwise specified.

For potential applications in practice we introduce the concept of stick-breaking process

with general stick-breaking weights.

Definition 2.2.4. P is called the stick-breaking process with general stick-breaking weights,
denoted by P ~ SPG(u, H), if the stick-breaking weights {vy, ve,- -} in (2.2.1)-(2.2.2) are

1d and follow a general distribution p.

Remark 2.2.5. The law p on (0,1) can be of continuous or discrete types, or the mizture.
An interesting special example is the quasi Bernoulli stick-breaking process (Zeng and
Duan, 2020), where the v; ~ g(x) = pf(x) + %f(x/z—:) for the Bernoulli density f(x) ~

Beta(1l,a) and for some p € (0,1),e > 0.
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Based on the expectation and variance of P, we introduce the following quantities

that are investigated in the main theorems:

P() —E[P()] P()—H()

D,(-) = = ’
() Var[P()] VH(A)(1 - H(A)E Y 2, v

(2.2.3)

where the last identity follows from (7.12)-(7.13) (in the supplementary material). Up to

a constant we may just consider the following quantity for notational simplicity:

P() ~E[P()]
B[y, of]

Qral) = (2.2.4)

2.3 Moment results

We use the method of moments to show the announced asymptotics. This requires to have
some nice estimates of the moments of the random probability measure P, which in turn
requires some nice bounds for the moments of {w;}:2,. Thus, in this section we present
the asymptotic behaviors of the joint moments of w;’s for various processes introduced in
the introduction. These results will play the key roles in the proofs of our main theorems.
On the other hand, they also have their own interest.

In the following proposition and throughout the chapter we use the notation p,,., :=

Yo pi for m <n, and let the sequence {w;}°; be defined as in (2.2.2).

Proposition 2.3.1. Let P ~ SPG(uq, H), i.e., the law of the i.i.d stick-breaking weights

v; 1S g, where a > 0 is a certain parameter. We assume that v; is not identically 0. If

E n+1
lim [Ul ]
o ]

integers m,n,

=0 for all n € Z, (set of nonnegative integers), then for any nonnegative

B (o] (1 - v)"] = Blef] +o (B[], 2.3.)
S @0 = e o () 239)
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Furthermore, for any positive integers py,- -+ , pr, we have

E E wwl? - wl*

11 1o ik

1<i1 <t < <1 <00
Eff']- Eff] (E[vfﬂ 3 -W’“]) |

 prbon - Proe (Efvr))F (E[o)*

(2.3.3)

In particular, when p; = 2 for all j € {1,--- ,k} (hence pr.x = 2k), the asymptotics
(2.3.3) becomes

x| =g G o () e

1<i1 <2<+ <1 <00

E

Proposition 2.3.2. Let P ~ PDP(a,b, H). Namely, let the stick-breaking weights vy, vg, - - -
be given by (7.2) (in the supplementary material). Then, for any positive integers py,- - , p,

we have the following identity.

Y e
1<) <2<+ <l <00
1 (1= b)y,(a+ bi)
= — . (2.3.5)
((l + kb)<a + 1)(p1:k_1) i=1 Di:k — (k —t+ 1)b
In particular, when p; =2 for all j € {1,--- ,k}, the above expectation becomes
1—bFa+b)--(a+blk—1))
E 2002 w2 :< , 2.3.6
4 Z o et ka] Ela+1) - (a+2k—1) ( )
1< <ig <+ <ig <00

Proposition 2.3.3. Let P ~ N-1G(a, H). Namely, let the stick-breaking weights {v;}5°,
be given by (7.3)-(7.4) (in the supplementary material). Then, for any positive integers

pb,p1, - , Pk, WE have

:O( ! ) as a — 0o, (2.3.7)

ar—1

[ oo
D
E E wy,
| n=1

1
E Z Wl -wf:] =0 (am;kk) as a — 00. (2.3.8)

1< <2<+ <1 <00

19



Furthermore, when p =p; = --- = pp = 2, we have

R 1

an =—+4ol~- asn — oo, (2.3.9)
— a a

[ 1 1
2,2 2 | _
E E w; Wy, - - -wik] = Tk +o0 <a’€) . (2.3.10)

L1<41 <9<+ <ip <00

[namely, the leading coefficient in (2.3.7) is 1 and the leading coefficient in (2.3.8) is %]

Proposition 2.3.4. Let P ~ NGGP(o,a, H). Namely, let the distribution of the stick-

breaking weights {vi,vq,---} be given by (7.5)-(7.6) (in the supplementary material).

Then, for any positive integers py,--- , pr, we have
E 5 Pl =0 L 2.3.11
len = = as a — 0o, (2.3.11)

1
E Z wiwl? - .wfkk] =0 (am;kk) as a — oo. (2.3.12)
L1<t1 <ta<--- <1} <00

Furthermore, when p = p1 = -+ = pp, = 2 and when 0 = % for some arbitrarily fived

mteger m > 2, we have

& 1 1
E Zwi] = +o (5) as a — 00, (2.3.13)
=1

n

1 1
E Z wzzlwzi - wfk] = Tak +o0 (E) as a — 00o. (2.3.14)

L1<i1 <ig <+ <ip <00

Proposition 2.3.5. Let P ~ GDP(a,r, H) and let py,--- , px be positive integers. Then,

as a — 0o,

E

1
S Pl ...wg’:] ~0 (aplzk_k> . (2.3.15)

1< <ig < <l <00
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In particular, when p; =2 for all j € {1,--- ,k}, the above expectation becomes

k
S (1)
( @71l>2 1
E Z wiwi . .w?k = ;{;—'—2 +o <—k) ) (2.3.16)
1< <ig <+ <ig <00 ‘a a

Remark 2.3.6. As for SPG(ua, H), a is a parameter such that v; converges in distribution
to1l as a — co. And we will give more details in Remark 2.4.13 on page 13 later on. For
the specified processes in Propositions 2.3.2-2.3.5, the parameter a is the prior precision

or the concentration parameter as we mentioned in the introduction. We can also see that

i=1 "4

the parameter a is the same order as

Remark 2.3.7. The special cases when py = - -+ = pp = 2 in Propositions 2.5.1-2.53.5 are
particularly important, since the corresponding terms in Theorem 2.4.4 will not converge
to zero and we need to use them to identify the limits. Other terms will converge to 0.
This is because otherwise some p; will be greater than 2 and then there will be fewer factors
in the product for the same value py + --- + py (see the proof of Theorem 2.4.4, Cases 1
and 2).

Remark 2.3.8. The quantity p(ny,--- ,ng) =, . ; E [wﬁlwfj . w?:] bears the same

form of the exchangeable partition probability function (EPPF) in the random partition
theory (see e.g (Pitman, 1996), (Pitman, 2003)), where the w; is replaced by the so-

called size biased permutation from a random partition. In the study of Poisson-Kingman

model, the order statistics wi,w3,--- of wi,wy--- are given by w; = where

Ji
Jit+Jo+?
Ji, Ja, -+ are the ranked points of a Poisson process with Lévy density p (see (Pitman,

2003, Definition 3)). When v;’s are iid Beta(1l,a), w}

* s Poisson-Dirichlet distribution

(see (Pitman, 1996, Theorem 5)). In general case it seems hard to find the distribution of
w; from v;’s. However, it remains interesting to apply our method of moments to study

the asymptotics for the Poisson-Kingman model.
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2.4 Main results

2.4.1 Strong law of large numbers

The strong law of large numbers and the Glivenko-Cantelli theorem play undoubtedly
important roles in statistics. In this subsection we state the strong law of large numbers
and the Glivenko-Cantelli theorem for various processes introduced in the introduction.
But before we state our theorem, we need an additional condition on the stick-breaking

weights v; in the case of SPG(jq, H).

Assumption 2.4.1. Let the iid stick-breaking weights {v;} satisfy

E[vf]:T+o<1) —— (2.4.1)

akr akr

for any p € N, where k, is a positive sequence satisfying jk; > ik; for i > j and C, is a

sequence of finite constants, independent of a.

Theorem 2.4.2. Let P be one of the stick-breaking process with general stick-breaking
weights SPG(uq, H) satisfying Assumption 2.4.1, the two-parameter Poisson-Dirichlet
process PDP(a,b, H), the normalized inverse Gaussian process N-1G(a, H), the normal-

1zed generalized gamma process
NGGP(o,a, H), and the generalized Dirichlet process GDP(a,r, H). Assume thata = N7

for some arbitrarily fived T > 0. Then, as N — oo,
P(A) 3 H(A) (2.4.2)

for any measurable set A € X.

Once we have the strong law of large numbers for P, we can deduce the Glivenko-

Cantelli theorem for P (see e.g., Theorem 20.6 in (Patrick, 1995) for a general discussion).

Theorem 2.4.3. Let (X,X) = (R,B(R)). Let P be one of the stick-breaking process

with general stick-breaking weights SPG(uq, H) satisfying Assumption 2.4.1, the two-
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parameter Poisson-Dirichlet process PDP(a,b, H), the normalized inverse Gaussian pro-
cess N-1G(a, H), the normalized generalized gamma process NGGP (o, a, H), and the gen-
eralized Dirichlet process GDP(a,r, H). Assume that a = N7 for some arbitrarily fived

7>0. Then, as N — oo,

sup |P ((—o0,2]) — H ((—o0,2]) | “3 0.

zeR

2.4.2 Central limit theorems and functional central limit theo-

rems

In this subsection, we state the central limit theorems corresponding to the strong law of
large numbers of the form (2.4.2).

We shall state the central limit theorems and functional central limit theorems for
various processes as the following three theorems. The first one is for the stick-breaking
process with general stick-breaking weights defined by Definition 2.2.4. We will assume

mild convergence conditions on the stick-breaking weights.

Theorem 2.4.4. Let P ~ SPG(u,, H), where the stick-breaking weights vy, vq, - -+ (whose
distributions) depending on a parameter a > 0 (we omit the explicit dependence on a of
the v;’s). Let D, and Qg be defined by (2.2.3) and (2.2.4) respectively. Assume that the

stick-breaking weights vy, vs, - -+ satisfy the following two conditions.

(1) For allm € Z*, we have

n+1
lim —E[Ul ] =

Jim e (2.4.3)

(ii) For any multi-index (py,--- , px) such that p; > 2 and P& > k, where pyy, = Zlepi,

we have

0 1;[%11@[@%] = 0. (2.4.4)
e ()

Then we have the following results.
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(i) (Central limit theorem) Let Ay, As,--- , A, be any disjoint measurable subsets of X.

Then, as a — o0,
(Da(A1), Da(Ag), -+ Da(Ay)) 5 (X1, Xo, -+, X)), (2.4.5)

where (X1, X, -+, Xp) ~ N(0,X) and ¥ = (045)1<ij<n 1S given by

1 fi=7,

HADH(A) o
_\/(1—H<Ai>><1—ff<Aj>> i

(ii) (Functional central limit theorem) Let (X, X) = (RY, B(RY)) be the d-dimensional

Fuclidean space with the Borel o-algebra. Then

weakly
—

Qua By in D(RY (2.4.7)

with respect to the Skorohod topology.

Remark 2.4.5. For central limit theorem we use D, because each component converges to
a standard Gaussian. For functional central limit theorem we use Qp,, since it converges
to a Brownian bridge with parameter H. We can presumably use D, (or Qua) in both

(2.4.6) and (2.4.7) with a scaling.

The conditions (i) and (ii) in Theorem 2.4.4 are implied by many other conditions.

One of them is given below.
Remark 2.4.6. Assumption 2.4.1 implies the conditions (i) and (ii) in Theorem 2.4.4.

Proof. 1t is obviously that {k,} is an increasing sequence, and thus the condition (i) of
Theorem 2.4.4 (i.e (2.4.3)) holds.
For any nonnegative integer m, let 91 be a certain collection of integers j's such that

> jemJ = m. The condition (ii) in Theorem 2.4.4 is equivalent to the following statement:
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If j > 2 and [N] < 2, then

m(ky — ky)
% <> k= [Nk (2.4.8)

jem

Thus, to prove (2.4.4) it is sufficient to show mzkg <> jem kj- This is a simple consequence
of jk; > ik; for i > j. In fact, taking ¢ = 2, we have for all 7 > 2, 2k; > jky holds and thus

we have 3 2k; > > jko, which implies me < > jem kj. Hence we have (2.4.8). [

The conditions (i) and (ii) in Theorem 2.4.4 are satisfied by many interesting processes
including the Dirichlet process. We give three examples to illustrate the applicability of

our above theorem.
Corollary 2.4.7. Theorem 2.4.4 holds true when P ~ DP(a, H).

Proof. 1t is sufficient to verify the condition (2.4.1) in Assumption 2.4.1. Since v; “

Beta(1l,a), we have for any positive integer p,

r nr 1 ! ! 1
Ef) = et ULt ) ~Zro(s)
rMra+p+1) (a+1)---(a+p) a? ar
Hence, k, = p and C,, = p!. Obviously, for i > j, jk; > tk; always holds true. n

Remark 2.4.8. Since the posterior of the Dirichlet process is still a Dirichlet process, the
above result can be applied to the posterior process in the Bayesian nonparametric models
when the prior is the Dirichlet process for the following situations: (i) with large sample
size and finite parameter a; (ii) with large parameter a and finite sample size, (iii) with

parameter a and sample size both large.

The assumption of the Beta(1, a)-distribution in Corollary 2.4.7 can be replaced by a

general Beta(p,,a), where p,/a — 0. In fact, in this case, we have

s 01= (2) +o (%))
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It is easy to verify that the conditions (2.4.3)-(2.4.4) in Theorem 2.4.4 are satisfied. Thus

we have

Corollary 2.4.9. Theorem 2.4.4 holds true when P ~ SPG(pu,, H), where v; w Beta(p,, a)

with lim 2% = 0.
a—oo

Remark 2.4.10. [t is not clear yet what is the finite dimensional distribution of stick-

breaking process P if the corresponding stick-breaking weights v; w Beta(p,, a).

The next corollary is about the asymptotic behaviour of the prior P, when the cor-
responding stick-breaking weights v; follow a linear combination of Beta distributions,

whose precise meaning is give below.

Definition 2.4.11. Let s be any positive integer and let {ry, - ,rs} and {t1,--- ,ts} be
two sets of positive real numbers such thaty ,_ty = 1. Let uyq, -+ ,U1s, Ug1, - ,Uss,
be independent and let u; ~Beta(l,a™),i = 1,2,--- ¢ = 1,--- ,s. Then the random

variables

vi= Y ey, i=12-, (2.4.9)
=1
are called linear combinations of Beta random variables.

Corollary 2.4.12. Theorem 2.4.4 holds true when P is the stick-breaking process as de-
fined in Definition 2.2.1, where the weights v; are the linear combinations of Beta random

variables defined by (2.4.9).

Proof. By the independence of {u;¢};_,, we can compute the p-th moment of v; as follows.

E[w!] =E

s p s
p
(Z tﬂh,z) ] = Z < o ) H E [(toui,e)™]
=1 a1, s €74 q1, » qs =1
a1+ +as=p

Z H ! 1 tPp! 1
e adere adere aPr aP’
qi, » Qs =1

q1, s €Z 4

91+ +as=p
where r = min(rq, - -- , 7). Taking k, = pr and C, = t*p! in Assumption 2.4.1 we see the
condition ¢ > j, jk; > ik; is always verified. n
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Remark 2.4.13. Let us return to Corollary 2.4.7. This is a typical case and we take
a close look of the density fo(z) = a(l —x)* ', 0 < z < 1, of the Beta distribution
Beta(l,a).

For any continuous function g : R — R, it is easy to verify that

/]R [9(z) — g(1)] fa(z)dx = /0 [9(x) — g(1)] fulz)dz — 0 asa — co.

This means that [, g(z)fo(x)dz — g(1). In other word, f, converges to the Dirac delta
function 6(x — 1). This observation hints that when the distribution f, of v;’s converges
to the Dirac delta function §(x — 1), or the random variable v; converges in distribution
to 1 (as a — oo0) we should have the convergence of the random process Qu .. But we
still need to impose some more technical conditions. We give a further illustration by the

following corollary.

Corollary 2.4.14. Let the stick-breaking process P be defined as in Definition 2.2.1,

where the corresponding v; follows the following distribution:

a(l—g(a)) if0<x<1/a;

fa(z) =
2ola) iflja <z <1,
where g(a) = e % ,a > 1, for a certain arbitrarily fived ¢ > 0. Then, as a — oo,

the conditions (2.4.3) and (2.4.4) of Theorem 2.4.4 hold for this density f,. Thus the
statements (2.4.5) and (2.4.7) of Theorem 2.4.4 hold true.

Proof. Before we proceed to the proof. Let us note the obvious fact that f, converges to
the Dirac delta distribution §(z — 1).

For any n > 0, we see lim a"g(a) = 0. A trivial calculation implies that for any
a— 00

positive integer p,

o (L@l +9(a) 30 ,(1/a) 1 -
Bl = p+1 “Grne T
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An application of Assumption 2.4.1 with k, = p yields the desired statement. n

When the stick-breaking weights are iid, Theorem 2.4.4 that we obtained for the
stick-breaking random measure P covers very general situation and the conditions (2.4.3)-
(2.4.4) are minimal and are easy to verify. But when the stick-breaking weights are not iid
the situation becomes much more sophisticated like in other statistical situations. We shall
consider some well-known processes introduced in the introduction. For these processes
the explicit forms of the joint finite dimensional distributions of the stick-breaking weights,
although complicated, are given (in the supplementary material). We can state similar

results as those in Theorem 2.4.4 in one theorem for all these processes.

Theorem 2.4.15. Let P be one of the Poisson-Dirichlet process PDP(a,b, H), the nor-
malized inverse Gaussian process N-1G(a, H), the normalized generalized gamma process
NGGP(o,a, H), and the generalized Dirichlet process GDP(a,r, H). Then, we have the

following results.

(i) As a — oo,
(Da(A1), Da(As), -+, Da(An)) % (X1, Xo, -+, X)), (2.4.10)

where (X1, Xo, -+, Xpn) ~ N(0,X) and ¥ = (045)1<ij<n 1S given by

1 ifi=7j
oij = (2.4.11)

H(A)H(A,) U
_\/ A (A) (- H(A) i

(ii) Let (X, X) = (RY, B(R?)) be the d-dimensional Euclidean space with the Borel o-

algebra. Then

weakly

QH.a By in  D(R% (2.4.12)

with respect to the Skorohod topology.

Corollary 2.4.16. Theorem 2.4.15 holds true when the random measure P is the Beta

process (denoted by P ~ BP(a,vH)), whose stick-breaking representation is given in
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Definition 7.8 (in the supplementary material). Our method of moments still works and
in fact, due to the independence of the weights w; j in (7.9) (in the supplementary material)

the computation is much simpler.

As long as the central limit theorem of P is obtained, it is trivial to use the delta-
method to show the similar theorem for the nonlinear functional of this process. Using

Theorem 3.9.4 in (van der Vaart and Wellner, 1996), we can state the following theorem.

Theorem 2.4.17. Let P be one of N-1G(a, H), PDP(a,b, H), NGGP(0,a, H), GDP(a,r, H)
or SPG(ug, H) satisfying (2.4.3)-(2.4.4) of Theorem 2.4.4. Let D be the metric space of
all probability measures on (X, X) with the total variation distance. Let ¢ : D — R? be a

continuous functional which is Hadamard differentiable on D. Then, as a — oo, we have

1 weakly o
m@@t))—ﬂﬂd» = Pu) (Bh) -

Remark 2.4.18. When P is Dirichlet process or the normalized inverse Gaussian process,
the above conclusion have been known (e.g., (Labadi and Zarepour, 2013; Labadi and

Abdelrazeq, 2016)).

One application of the above theorem is the limiting distribution of the quantile process
of P.
Example 2.4.19. Suppose (X, X) = (R, B(R)) and suppose that P is one of N-1G(a, H),
PDP(a,b, H), NGGP(0,a,H), GDP(a,r, H) or SPG(u,, H) satisfying (2.4.3)-(2.4.4) of
Theorem 2.4.4. Let H be absolutely continuous with positive derivative h. By Lemma

3.9.23 of (van der Vaart and Wellner, 1996), we have

-
E[} 2, vl

B()

RN G(), (2.4.13)

(PH) = 1) "
where H1(s) = inf{t : H(t) > s}. The limiting process G is a Gaussian process with
zero-mean and with covariance function

SAt— st
h (H=((0, s])) h (H=((0,¢]))

Cov (G ((0,5]), G ((0,2])) =
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for s;t € R,

2.5 Numerical Illustration

Theorem 2.4.15 states that (Dy(A1), Do(As), -+, Dy(A,)) converges to a joint normal
distribution as a — oo. In this section we shall perform some numerical simulations
to illustrate this convergence. To be specific the processes we choose to simulate are
Poisson-Dirichlet process PDP(a, b, H) and the stick-breaking process with general stick-
breaking weights constructed in Corollary 2.4.14. For PDP(a, b, H) we consider the cases
the parameter b = 0.2 and b = 0.5 and for the process constructed in Corollary 2.4.14 we
consider the cases e =1 and € = 5.

For both of these two processes, the base measure H is assumed to be uniform dis-
tribution on X = (0,1) and we take n = 3 and fix the partition of X as A; = (0,0.3],
Ay = (0.3,0.7], A3 = (0.7,1). In our simulations we truncate the infinite series (2.2.1)
to 5000 terms and we simulate 2000 samples of (D,(A;1), D,(Az), Dy(As)). Since it is
rather messy to visualize the joint densities of (D,(A1), Dy(Az), Dy(As)), we plot the his-
tograms of the linear combination 1.6 x D,(A;) + 1.4 x D,(A2) + 0.5 x D,(A3) (other
linear combinations will produce similar results with different variances). The histograms
for PDP(a, b, H) with b = 0.2 and b = 0.5 and with a = 2,5, 10, 20 are plotted in Figure
2.1 and the histograms for the stick-breaking process with general stick-breaking weights
constructed in Corollary 2.4.14 with ¢ = 1 and € = 5 and with a = 2,5, 10, 20 are plotted
in Figure 2.2. Graphs corresponding to different parameters (different b or different €) are
plotted in different figures but those corresponding to different values of a are plotted in
the same figure with different colored curves so that one can observe the convergence to
mean zero normal curves easily.

It is easy to observe that the convergence to the normal shape is very fast as a is

getting larger.

30



density
Density

(a) PDP(a, b, H) with b= 0.2. (b) PDP(a,b, H) with b= 0.5.

Figure 2.1: Convergence of D, with respect to PDP(a,b, H) for a = 2,5, 10, 20.
2.6 Concluding remarks

The method of moments used in this chapter could be applied to the study of asymptotics
for some Bayesian nonparametric posterior processes in the following situations: (i) when
the parameter a is finite and the sample size is large; (ii) when the parameter a is large
and the sample size is finite; (iii) when the parameter a and the sample size are both
large. As is well-known it is usually very hard to obtain the explicit form of the posterior
distribution (even in the parametric cases) and even when the posterior distribution is
obtained sometimes it is still very hard to use it to compute the needed statistics. A
particularly interesting example is the posterior distribution of a homogeneous normalized
random measure with independent increments (h(NRMI) obtained by (James et al., 2009)
and (Favaro et al., 2016, Proposition 4). The hNRMI is a large class of priors, which
contains the normalized generalized gamma processes (Definition 7.6 in the supplementary

material) and the generalized Dirichlet processes (Definition 7.7 in the supplementary

31



density
density

(a) Parameter € = 1. (b) Parameter € = 5.

Figure 2.2: Convergence of D, with respect to the constructed process in Corollary 2.4.14
for a = 2, 5,10, 20.
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material) mentioned in this chapter as special cases. Assume that P* is an hNRMI
depending on a parameter a > 0 and some other parameters studied in (Favaro et al.,
2016), where the parameter a is the same as the one in our work when the hNRMI becomes
a normalized generalized gamma process or a generalized Dirichlet process. If {X;}"; is a
sample from the hNRMI P, in the sense that the sequence of exchangeable observations
{X;}, are defined on (2, F,P) with values in X in such a way that, given P*, X;,--- | X,
are i.i.d with distribution P%, then the posterior distribution of P* can be computed with

the help of a latent variable U, as follows ((Favaro et al., 2016, Proposition 4))

~.a ~a

k
PalUn,Xl,-u,Xn ~ Pn = QO&UnPUn +ZSO?,U”5X;7
j=1

where given U, = u, PZ is an hNRMI admitting a stick-breaking representation and
{X7}k_, are the distinct values of {X;}}-,. To compute a Bayesian statistic, we need to
compute some functional of the posterior probability measure PZ For example, to find
the quantile ¢, such that PZ((—oo,tq)) < q < ]52((—00,75(1]) for some given ¢ € (0,1)
or to compute [y, f(z1,- ,xq) P (dzy) - P (dzg) and so on (e.g., (Ferguson, 1973),
(Zhang and Hu, 2021)), which is usually complicated due to the complexity of ]5?]”.
However, when a is sufficiently large the probability measure P?]n is approximately a
normal distribution, then we can use the normal distribution to approximate pin in the
computation of these Bayesian statistics. Let us also point out that in some situations the
normal approximation is sufficiently good for reasonable size a (from the figures in this

chapter, we see that when a = 5, the graphs are already close to normal distributions).

2.7 Appendix

In this section, we present the necessary definitions and propositions for the processes
(random measures) considered in this chapter and give the proofs for the propositions

and theorems in the main body.
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2.7.1 Definitions

Let (2, F,P) be a complete probability space and let (X, X') be a measurable Polish space,
namely, X is a separable complete metric space and X is the Borel o-algebra of X. Let
H be a nonatomic probability measure on (X, X) (i.e., H({z}) = 0 for any =z € X). A
random measure is a mapping P from 2 X X’ to R, (we denote this random measure by

P=(Pw,A), weQ,Aec X)) such that
(i) when w € Q is fixed, P(w,-) is a measure on (X, X);
(ii)) when A € X is fixed, P(-, A) is a random variable on (€2, F,P).

In the following definitions we shall always assume that P is a random probability measure,
which are given by their stick-breaking representation. Different assumptions on the stick-
breaking weights give rise to different processes. The first one is the classical Dirichlet

process.

Definition 2.7.1. Let a > 0 and let H be a nonatomic measure on (X, X). A random

probability measure P is called the Dirichlet process with parameter (a, H), denoted by
P ~ DP(a, H), if it has the representation (2.1)-(2.2), where v; w Beta(1,a).

In fact, this process is defined differently and the above definition is a result of (Sethu-
raman, 1994). To state the original definition of the Dirichlet process as the following
proposition, we need to recall the concept of the Dirichlet distribution. Throughout this

section we use the following notation to denote the standard simplex in R™:
Sn—{(sl,-'-,sn)eR“: 5i >0, Zsi—l}. (2.7.1)
i=1

In case of no ambiguity we also write S = S,. A random vector (X;,---,X,) € S
follows the Dirichlet distribution with parameters (aq,---,a,) € [0,00)", denoted by

(X1, ,X,) ~ Dir(ayq, -+, ay), if the joint probability density function of (X, -+, X,,)
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is given by
I'(|a - _
f(xlf"?xn):?’LLD‘)Hx?z 1:H_§(ZE1,"',[E”),

where || = 3 a;, ['(a) = [, 2% 'dz (a > 0), is the gamma function, and Ig is the
indicator function of the simplex S. With this notion of Dirichlet distribution we can

write the following proposition.

Proposition 2.7.2. A random probability measure P is the Dirichlet process with param-
eter (a, H) if for any measurable partition (Ay,--- ,A,) of X (ie., Ay, A, € X, A1 U
UAg=Xand A;NA; =0 for1 <i<j<n), the random vector (P(Ay),---, P(4,))

follows the Dirichlet distribution with parameters (aH(Ay), -+ ,aH(A,)).

Proof. We refer to (Sethuraman, 1994) or (Zhang and Hu, 2021) for the proof of the

equivalence between Definition 2.7.1 and Proposition 2.7.2. O]

Definition 2.7.3 (Pitman and Yor (1997)). Let b € (0,1) and let —b < a < co. A
random probability measure P is called the two-parameter Poisson-Dirichlet process or
the Pitman-Yor process, denoted by PDP(a,b, H), if the stick-breaking weights satisfy the
following:

V1, Vg, - -+ are independent,
(2.7.2)

v; ~ Beta(l —b,a+1b), i=1,2,---

Definition 2.7.4 (Favaro et al. (2012)). A random probability measure P is called the nor-
malized inverse Gaussian process with parameters a and H, denoted by P ~ N-1G(a, H),

if the joint distributions of the stick-breaking weights {vy, v, -} are given through the
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following conditional probability densities recursively:

( o) = a%x_%(l —z)! a
for (@) = 2P K (0 K1<m>, (2.7.3)

o () = LS =) R (1) E
Un|V1,*,Un—1 -

L a

\ n=23" (2.7.4)

where a > 0 and K, is the modified Bessel function of the third type (see e.g., (Gradshteyn
and Ryzhik, 2014)).

Similar to what we did for the Dirichlet process, we present the original definition of

the normalized inverse Gaussian process as a proposition.

Proposition 2.7.5. A random probability measure P is the normalized inverse Gaussian
process with parameter (a, H) if for any measurable partition (Ay,--- , A,) of X, the ran-
dom vector (P(Ay),--- , P(A,)) follows the normalized inverse Gaussian distribution with

parameters (aH (A1), -+ ,aH(A,)) given by the following form:

6“@"1—[?:11{(140 - (aH(A;))
flzy, - z,) = 1T X K _n Zzl .
n HAZ 2 7% n 3

where S is the simplex defined by (2.7.1).

Proof. We refer to (Favaro et al., 2012) for the proof of the equivalence between Definition
2.7.4 and Proposition 2.7.5. O

Definition 2.7.6 (Favaro et al. (2016)). P is called the normalized generalized gamma
process with parameters o € (0,1), a > 0 and H, denoted by P ~ NGGP(o,a, H), if the
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finite dimensional joint distributions of the stick-breaking weights {vy,vq, -} are given

by the following conditional distributions:

;

a7 (1—xz)7 e o~ (1 —0); as i a
Fal®) = om0y 22 5 et rar) e

oT((n — 1)o)z= (1 — 2)"o~!
Fos ) = T

o (1—-no); ac J.
D T = (” a <1fw>”H?;f<1*w>">
oo (1—(n—1)o); ac 1 _J.__ _a ’
ZQZO ,]' 1 H;L;II(l_ )JF (TL 1 o) nil(l—?)i)”)

n=23 -, (2.7.6)

where I'(c,x) = fxoo u¢te%du is the upper incomplete gamma function.

Definition 2.7.7. We call a random probability measure P on (S, F) the generalized
Dirichlet process with parameters a > 0, r € Nt and H, denoted by P ~ GDP(a,r, H), if
for any measurable partition (Ay,--- , A,) of X, the joint density of (P(A;), -, P(A,))

18 given by

n

' a o0
flxy, - ) L)/ tra—tert [H @g_l) (a;L,_1;raj;te;J,—q)| dt
0

[Ii=; D(ra; i
) [ [z x Ts(ar, - s a), (2.7.7)
i=1
where a; = aH(A); L,y =(1,--- , )T, I,y =(1,--+ ,7—1) are r—1 dimensional vectors

and ®Y (b; ¢;x) is the confluent form of the fourth Lauricella hypergeometric function (see

e.g., (Exton, 1976)), and S is the simplex defined by (2.7.1).

It is trivial to verify that the Dirichlet process is a special case of the generalized Dirich-
let process with parameter r = 1. Although the expression (2.7.7) looks very sophisticated,
its mean, variance, and predictive distribution have been computed (see e.g., (Lijoi et al.,
2005b)). This process also admits a stick-breaking representation (e.g., (Favaro et al.,
2016)). However, the corresponding stick-breaking representation is more complicated

to use for our study of the limiting theorems. So, we rather use this sophisticated finite
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dimensional distribution than the more sophisticated stick-breaking representation, which
we omit.
For the Beta process, the stick-breaking representations are given in (Paisley et al.,

2010) and (Teh et al., 2007). We use the former as our definition below.

Definition 2.7.8. A random measure P is called the Beta process with parameters a > 0,

v >0, H, denoted by P ~ BP(a,vH), if it has the following representation:

( 00 Kj
P = Z Z w09, ;, where (2.7.8)
=1 j=1
i—1
wy; = vf}, w;j = UZ(ZJ) H(l - vfl])) for i=23,---,and j=1,2,---, (2.7.9)
\ 1=1

(1) iid

where all variables are iid and r; Poisson(v), v;; ~ Beta(1,a), 0; Y H are mutually

idependent.

As we are presenting the functional central limit theorem of P, we need to recall the
definition of the Brownian bridge process of parameter H (see e.g., (Kim and Bickel, 2003)

for more details).

Definition 2.7.9. Let H be a measure on (X, X) and let By = (B (w, A),w € Q, A € X)
be a stochastic process (random measure) with parameter A € X. It is called the Brownian

bridge with parameter H if the following two conditions are satisfied.

(i) By is Gaussian. Namely, for any elements Ay,--- , A, € X, B4 (A1), -+, By (4,)

are jointly centered Gaussian random variables on the probability space (0, F,P).

(ii) For any Ay, Ay € X, the covariance of By (Ar) and BY(Asy) is given by

E [By(A1)Bj(A2)] = H(A1 N Az) — H(A1)H(A). (2.7.10)

To state the functional central limit theorem we also need the space D(R?) introduced

in Section 3 of (Bickel and Wichura, 1971). The characteristics of the elements (functions)
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in D(R?) are given by their continuity properties described as follows. For 1 < p < d,
let R, be one of the relations < or > and for t = (t;,--- ,t;) € R? let Qg, .. g, be the
quadrant

OQpyrg = {(s1, "+ ,84) ER?: s, Ryt,, 1 < p < d}.

Then, z € D(RY) if and only if (see e.g., (Straf, 1972)) for each t € R?, the following
two conditions hold: (i) rg = lim, ,; co z(s) exists for each of the 2¢ quadrants Q =
Or, . r,(t) (namely, for all the combinations that Ry = “ <", or “>7, ... R;=“<”
or “>7) and (ii) #(t) = xo, . .. In other words, D(R?) is the space of functions that
are “continuous from above with limits from below”, which are similar to the space of
the cadlag (French word abbreviation for “right continuous with left limits”) functions in
one variable (i.e., d = 1). The metric on D(R?) is introduced as follows. Let A = {\ :
RY — R? 2 A(ty, -+ ,tq) = (Mi(t1), -+, Aa(tq))}, where each )\, : R — R is continuous,
strictly increasing and has limits at both infinities. Denote the Skorohod distance between
z,y € D(RY) by
d(w, ) = inf{min([| 2 — yA |, | A ) A € A},
where || 2 —yA = ) sup [#(t) — y(A(t)] and || All= D sup [A(£) —¢]-

n—1 ltI<n n—1 ltI<n

Having introduced the metric space D(R?) we can now explain the concept of weak
convergence of a random measure on this space with respect to its Skorohod topology (the
topology on D(R?) induced by the Skorohod distance d(x,y)). Let Q, : Q x B(R?) — [0, 1]
be a family of random probability measures depending on a parameter a > 0 and let

B : Q x B(RY) — [0, 1] be another random probability measure. Define

Qults, ta) = Qu((—o00, ty] X +++ x (—00,td]), (t1, -+ ,ta) € R

Definition 2.7.10. We say Q, converges to B weakly on D(R®) with respect to the Skoro-

hod topology, denoted by Q, Wl B i D(RY), if for any bounded continuous (continuous
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with respect to Skorohod topology) functional f : D(RY) — R we have

lim E[f(Qa(,---, )] =E[f(B(,--- )] - (2.7.11)

a— 00

Before the proofs of our results in the main body of the chapter, we would like to give
the mean and variance of the stick-breaking random measure P as defined in (2.1)-(2.2).

For any A € X,

E(P(4) = E

Z w1591(A)
=1

:EJMWWMﬁE

= > E (w)E [14(6))

o0
> w
i=1

H(A) = H(A), (2.7.12)

=E Zw? (d0,(A) — H(A))?
+2E Z wiw; (99,(A) — H(A)) (8, (A) — H(A))

= H(A)(1 — H(A)E

f:wfl : (2.7.13)

2.7.2 Proof of Proposition 2.3.1

Proof of Proposition 2.3.1. Using the binomial expansion and using the fact that v; €
[0, 1] we have

Bt = 3 (7) CUEL

k=0
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= E[U?] — mE[v?—'_l] 4+ ( 1)mE[ m—&-n}

—E[u] + O (Ej™)) =E[}] + 0 (ER})) ,  (27.14)

n+1
where the last equality follows from the assumption lim Igfl 7 ]
a— 00 ’Ul

v; € [0, 1] and since we assume that vy is not identically zero, we have E[(1—v;)™] € [0,1)

=0foralln € Z,. Since

and

R = (=T

7=0

B 1
1—2?0( ) (—1)E[v]]

B 1
mE[v1] + 3775, (7) (-1)VE[]]

1 1

= - 2.7.15

mE[vy] o (mE[vl]) ’ ( )
: B
where the last equality also follows from the assumption lim [ =0forallneZ,.
a—00 Ul

This proves (3.1)-(3.2).
Now we use (3.1)-(3.2) to show (3.3). Denote

IT=E

E D1, D2 Dk
wilwm w%] .

1<i1 << <1 <00

By the construction of the stick-breaking sequence {w;}2,, we may rewrite Z as

T =
i—1 im—1 ip—1
1 o \PLL L Pm _ Pm .. Pk o \PE
E E v H (1 —ve) Vi (1 =g, )™ o H(l Vey,)
1<y <ig<--<ip<oo =1 l=1 =1

Since 1 <11 <ip < --+ < 1 < 00, we can rearrange Z by putting v’s with the same index

41



together to obtain

i1—1

T = Z E Uzpll(l — Uil)m:k H (1 _ Ugl)plikvf;(l o Uiz)p&k
1<i1 <ig <+ <ip <00 0=1

io—1 im—1

H (1 _ Ue2)p2:k e Uﬁ;n(l _ Uim>pm+1:k H (1 _ vem)pm:k (2716)
lo=i1+1 b =im—1+1

ip_1—1 in—1

o /U’IL):__ll(]' - Uik—l)pk H (1 - Uék—1>pk_1:kvf: H (1 - /Uék)pk :

Ly 1=ig—2+1 Lp=ig_1+1

From the independence of {vy, vy, - - } it follows

e i1—1 oo
T=Y B[ 0w [L B0 - w3 B[ (- w)™]
i1=1 l1=1 io=t1+1
19—1 00
I Bl —v,)™ - Y Bl (1—w,)" ]
lo=i1+1 im=%m—1+1
im—1 fe’e)
[T Ela-w Y E[T 0w )]
b =tim—1+1 tp—1=tg—o+1
ip—1—1 00 ip—1
H E [(1 - vfkfl)pkiltk] Z E [Uf:] H E [(1 - Uﬁk)pk] :
Ly _1=ip_o+1 ip=tk—1+1 Lp=ik_1+1

Denoting the general factor in the above expression by

> im—1
Su= > E[r-uv)] I El-w,)™,
tm=tm-1+1 i 141

for m € {1,2,--- ,k}, we can write

T=8S8 8. (2.7.17)

From the fact that {vi,vq,-- -} are identically distributed and by (3.1)-(3.2) we have for

42



oo

Sn=E[f" (1= v+ 3 (E[(1—vy)me] )im—im—l-l

Im=tm—1+1

= (<o) ) (g + (e

B (B

pm:kE[Ul] pm:kE[Ul]

Substituting this estimate into (2.7.17), we see

1= H (pmk]Eul O(%))

E[U1 J- - E[v]"] E[vy*] - E[vy™]
 prapak - prk(Efv])F o < (Efv1])* ) '

This prove (3.3). If we take p; = 2 for all j € {1,---,k}, then p;, = 2k. The identity

(3.4) is hence a straightforward consequence of (3.3). O

2.7.3 Proof of Proposition 2.3.2

Since vy, vg, - - - are no longer identically distributed, the results established in the previous
proof cannot be applied and we need some new computations. We shall still use the general
method of moments. To this end, we need to recall some results about the hypergeometric

functions and we refer to (Aomoto et al., 2011) for further reading.

Definition 2.7.11. The hypergeometric function oFi(a,b,c;z) (of parameters a,b,c € C,

the complex plane) is defined by the series

o F1(a,b,c;x) —ZC(L

n=0

for |x| < 1, where (q),, is the Pochhammer symbol defined by

0 for n=0
qlg+1)..(¢g+n—-1) for n>0.
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This function is defined for |x| < 1 and may be extended to x = 1 and/or v = —1 by

continuation.

We need the following result obtained by Gauss: when Re(c —a — b) > 0 (real part
of ¢ —a —b), the hypergeometric function can be extended to z = 1 and its value at this
point is given by

L(e)l(c—a—10)
I(c—a)l(c—b)

oF1(a,b,c;1) = (2.7.18)

We introduce a variant of the hypergeometric function that will be needed in the following

calculations.

Definition 2.7.12. For any b <2, n € Nt, a > 0, m > 0, ¢ > 0, define the increasing

coefficient hypergeometric function 2Q1 ((a,b),c, m,n;x) by the series

oo n—1
7+1
(@ Dhesma) = 5 Lo+ 05+ ) o s
k=0 (=1 ( + 1) k!
for |x| < 1 and we may extend the definition to x = 1 and/or x = —1 by continuation.

In the above product we use the convention that H?:l ¢ = 1.

The next proposition describes a Gauss type result for the increasing coefficient hy-

pergeometric function.

Proposition 2.7.13. Let b < 2, n € Nt, a >0, m > 0, ¢ > 0. Then, the increasing

coefficient hypergeometric function can be extended to x = 1 and its value at this point is

given by
n—1
a+m
1) = :
2@ (a0 eomons ) = [T(a 4007
Proof. By (2.7.18) we have
o X Lra+ (n+i—1)b
21 (@@ comm 1) = T+ ) 3T 0=
=1 k=0 i=1
n—1 n—1
a a+m a+m
= bl) oF | + L, —+11) = bl 2.7.19
[T+ o (Gont v t1) = [Jesmi 0 @1)



proving the proposition. O

Now we are in the position of proving Proposition 3.2.

Proof of Proposition 3.2 Denote

00 im—1
S,, = Z E [UfS(l _ vim>pm+1:k:| H E[(1 — v, )Pm+],
Im=tm—1+1 em:imfl“!‘l
for m € {1,2,--- ,k}. Then we can write
7:=E > Wl -l | = 5185 Sy

1<91 <2<+ <1 <00

We shall compute Z by computing S,,S,11 - - - Sk recursively on m = k, k—1,--- 2, 1.

First, by using (2.7.18) we have

-1

Sk _ Z (1 — b)Pk Zi_[

(I+a+blix—1))

(a + bfk)pk
(Lt a+0(l, —1))p,

ip=lp—1+1 Pk g =iy 1+
(1 — b)pk a . a + pr .
= Fi | = _ 1,1, ——— _ 1:1
(1+a+b7f-k71)pk2 1 b—Hk 1+ L4 b + i1 + 1
1-5b
= ( )pk (2.7.20)

(pk: — b)(l +a+ bik—l)pk—l ’

Now we want to compute S,,,S;11 - - - Sk assuming that we have already computed S, 11 - - - Sg.
To make thing clear we will explain how to compute S;---S; from the expression of

S, -+ S, General case is similar. We assume

Sy S, = (a+b(z’1+1))~-(a—i—b(i1+k—2))H (1—-0),,

(1 +a+ bil)pzk,1 Pik — (k‘ — 1+ 1)b

=2

45



Then, by Proposition 2.7.13

k

(1_b)p-
I=88 -8 =(1-b d
s b= )plz]:!pi:k—(k—i-i-l)b

i a+bzl (@ + b+ k —2)) Hl (a+bl1)p,,

l+a+ b(zl ))pl:k =1 (1 ta+ b(gl - 1)>p1:k

=1

k
= (1 _ b>p1 (1 — b)Pz
(@+1)p,, -5 piw— (K —1+1)b

2@1 ((CL, b)? 17p1:k7 k? 1)

k

(1=10)p, (1 —=0)y, a —+ P1k
= a+ bl)————
(a+1)p1ki_2pzk_( —i+1 berjl: plk_kb
C(a4b)(atbk-1)) 7 (1-Db),
Ot Qs Mg —(k—it 10
B 1 ﬁ (1—b),,(a+ bi)

~(a+ kD) (a+ 1)) 1 ik — (k=i 4+ 1)b

This proves (3.5).

When p; =2 for all j € {1,--- ,n}, we have easily

_ 202 ... w2 _(@=b)"a+b)---(a+bn—1))
1=k Z Wi Wiy | nl(a+1)---(a+2n—1)

1<41 <9<+ < <00

proving (3.6).

2.7.4 Proof of Proposition 2.3.3

Proof of Proposition 3.3. By the stick-breaking representation of N-1G(a, H) and the for-

mula (3.471.9) in (Gradshteyn and Ryzhik, 2014), we find that the joint distribution of

n :
{v;}, can be written as

a,n+1 2

n 00
e’a _1 n43—i n . S S A—
flor, - u,) = — | |vi 2(1—wy)” & / e 2 BN O gy
0
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Thus, by using Fubini’s theorem, we have

£|3 | -x S llo- oy

BT [ ).

1

e 2T HIIE 1(1 viddvy - - - dopdt . (2.7.22)

To evaluate the above multiple integral, we shall use the formula (3.471.2) in (Gradshteyn
and Ryzhik, 2014):

1

1
/ (1-— v)”_lv“_lefﬁdv = F(M)/B%G_gm/vl—%u—n’g(ﬂ)? (2.7.23)
0

where W is the Whittaker function. For large 3, by the formula (9.227) in (Gradshteyn
and Ryzhik, 2014), we have

/01(1 — o)l e dy = D(p) B e (1 o (%)) | (2.7.24)

as 8 — oo. In particular, when p = %, we have
! L1 s 1 . 1
/ (1—v) v 2e Twdv=T (=) 2" (1+0(=]]. (2.7.25)
0 2 g
Denote f; = . )1‘512 . for ie{l,---,n—1}. We rewrite (2.7.22) as
Un)1le=1
el n+1 n—2 1 3
/ / / "+1 e (H vy (1= )
2 i=1
po1
vh 2(1—wv,)~ g/ 21—, 1)P” Ze (1 ne 1)dvn 1dvy - - - dvy_adv,dt.
0

Integrating with respect to v,_; by applying (2.7.25) yields

S e () )
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n—2
1 _n+3 _t _3 p-1 -1  nt2-i
1 — t~ 2 2(1 — n) 2Un 2 | | L 2(1 — ip 2
( +O<a>> ) ( ’ ) ’ <i—1 UZ ( U> >

1 1 Bn—3
-1 4 __Pn-3
/ v, %1 — v, 9)P 2e T2 duvy - - dv,_sdv,dt.
0

We repeatedly apply the above procedure to integrate v,,_s, v,,_3, - - -, v1, each time using

(2.7.25). After these computations we obtain

S “fi( (5 (se) ) (o)

¢ pl
T e a0l 2 (1-— Un)_%dvndt

2
1 e® 2 e o2 1
/ / Up—* (1—v)2e T 2 (1—|—o( )) dvdt. (2.7.26)
a

Again by using Fubini’s theorem and by the fact that v € (0,1), we take the sum to

obtain
> aq i _ o? ¢ 1

= / / Z (1—0v) =N e THuI-wt 272 (1 + o0 (—>> dudt
0 0 n=1 a

* ea(IQ 3 1 __a? t 1
= / / P2 (1 + (1 — '0)5> e Tt 2eT2 (1 +o <—>> dvdt. (2.7.27)
o Jo 27 a

Then, the result (3.7) is obtained by first applying (2.7.24) when we integrate the integral

®

with respect to v, and then by applying the formula (3.471.9) in (Gradshteyn and Ryzhik,
2014) when we integrate t. Here, we also use the approximation that for fixed v and for
large a, K,(a) = \/Fa 27 (1 +0(2)).

When p = 2, we want to show that the leading coefficient in (3.7) is 1. This needs some

more delicate computations. First, we have

e a”“ nl _1 _n—1—i
-y [T /M(Hw )

1

Svolw

(1—v,)72

t
Xt~ "3 e 2 FIL “ vid dvy -+ - dvuy,dt.
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Notice the fact that the power of v, 4 in the above integrand is —% and to compute the

integral with respect to v,,_4 we can use the following nice integral identity

20, (2.7.28)

After this integration with respect to v,_4, we obtain an expression for v,,_5 which also

has this form and we then integrate v,,_5 and so on. This procedure can continue until
- and then

integrating v;. Hence, we compute the integrals for v,,_4, and then for v,,_s5,

M\H
Swlw

for vy recursively to obtain
n—"7

S]] [
(1 —wv,)" T

% (1= vp3) T (1= Ups)" T (1 = vp_q)"

2
— a 7 t
X e 2M=vn-3)d=vn2)0=vn-1)U=vn) {7267 2dv, 3dv,_odv,_1dv,dt.  (2.7.29)

By Fubini’s theorem and by the fact that v; € (0,1), we can take the sum first [There

is no need to sum up the index n in v,, v,_1,V,_2,v,_3 since we can call them by other

notations. But for consistency we still keep these notations.]

///// % (Vn—3Vp—2Vp_1)" q%(l—vn )2 (1 — vns)

(1—v )fg 1+ \/(1 — U 3)(1 = vp2)(1 — vp1)(1 — vy)
" I—(1=v,3)(1 —vp2)(1 —v,_1)(1 —vy)

2
_ a Tt
X e 20-vn—3)(=vp_2)0-vn_1)(0=vn) t =32y, _sdv,,_odv,_1dv,dLt. (2.7.30)

K\Jh—-
|
RIS

M\w

X (1 —vp-1)"

Now we integrate ¢ by using the formula (3.471.9) in (Gradshteyn and Ryzhik, 2014)

obtain

w

3 _5
7%(1—1)” 3) 4(1—1)71,2) 4

t\.’)\»—l

! 2e0q3
5 Un73vnf2vnfl)
2

1 el /(1= 0p3) (1 — vp2) (1 — vym1) (1 — vy)
(L= o) (= o) S S o A = oo (1 = o)
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a

K s
-3 (\/(1 = Up3)(1 = vp2)(1 = vp1)(1 = vy)

) dvy,_3dv,_odv,_1dv,, .

Approximating the above modified Bessel function K_s of the third type by the formula

N

(8.451.6) in Gradshteyn and Ryzhik (2014) we have

1 1 1 1 e“a2 1 3 2
I :/ / / / —Q(Un—fﬂvn—2vn—l)_§v7‘2b(1 - Un—3)_§<1 - ,Un—2)_§
o Jo Jo Jo (2m)

sl + \/(1 — Un3)(1 = v 9)(1 — v, 1) (1 —vy)
X (=) 2 (L= 0n) S e A o ) (=)

2
_ a 1
X e \/(1_”7173)(1_”7172)(1_”71,71)(1_“”) (1 _|,_ o (a dvn_den_den_ldvn‘

[un

M\O

To evaluate the above integral we make the following variable substitutions.

(

a2

v =1 g

_ 1 _(yota)?* .
Un-1 =1 (yot+y1+a)?

v -1 (yo+y1+a)® .
n—2 (yo+y1+y2+a)?

(yo+uy1+y2+a)?
(yo+y1+y2+ys+a)? -

Up3=1-—
\

The integral Z can then be written as

//// ( yofa))g(1_%>—%

><<1— (y0—|—y1+a) ) (1_ (vo+y1 + 92 +a)? )
(Yo + y1 + ya + a)? (Yo + v1 + y2 + y3 + a)?

_ _1
x( (yo+y1—|—y2+a)2 ) ( (y0+y1—|—a)2 ) 2
(Yo +y1 + Y2+ ys + a)? (Yo +y1 + y2 + a)?

_0 _3 a
X ( (yO + Q)Q ) ? ( a’? > 2 1+ (yo+y1+y2+ys+a)
(yo + y1 + a)? (yo +a)? 1— a”

NI
(NI

2
2

(yo+y1+y2+ys+a)?
24a2
X 3
(yo+a)(yo+y1 +a)(yo+y1 +y2+a)(yo+y1 +y2 +ys +a)
1
e~ Yo—Y1—Y2—Y3—a (1 +o (_>) dyody1dydys. (2.7.31)
a
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When a is large, we have the following asymptotics:

1 a2 _ 2ay0 + Y5 :@4—0(})'
(yo+a)?  a®+2ayo + 2 a al)’
1_ (yo + a)? :%+0(1),
(o +yi+a)? a a)’
1_ (o +y1 + a)? :@_'_0(1),
(Yo +y1 + y2 + a)? a a)’
oty tyeta) :%%—o(l)'
(Yo +y1 + 12 +ys +a)? a a)’
a’ _ (yo + a)? _ (o + 11 +a)’

(yo+0a)2  (yo+wm+a)? (yo+y+y2+a)?’

_ (vo +y1 + 2 +a)? :1+0(l>.
(Yo + Y1 + Y2 + Y3 + a)? a)’

1
I+ . :2+0(—>;
(Yo + 1 +y2+ys+a) a
_ a’ :2(y0—|—y1+y2—|—y3)+0(1)'
(Yo +v1 + 2+ ys3 + a)? a ’

a

24q? 4 1
=—4ol|—].
(o+a)yo+yi+a)(yotyi+y2+a)(yo+y+y2+ys+a) a <a4)
Substituting the above asymptotics into (2.7.31), we see that when a is large the integral
7is
3 _1 _1 _1
////22y022y122y222y32
a a a
2—46*90*91*”*%*“ (1 +o0 (1)) dyody,dy2dys
Z/0+y1+y2+y3) a

1
//// ?/o?h y32
0 a7r2y0—|—y1—|—y2+y3

1
% e YO—Y1=Y2=Y3 <1 +o <_>> dyodiy dyadys . (2.7.32)
a

o1



The above integral can be further evaluated by making the following variable substitutions:

;

Yo = to;

Yo+ =t1;

Yo+ y1+y2 =t2;

With these substitutions, (2.7.32) can be written as

////

4 to t— o) "2t — t) "2 (t5 — to)”

\y0+y1+y2+y3:t3.

am?

1
<1 +o <a>) dtodtldthtg

Now we integrate ¢y by letting tg = uty,

4 tl Utl % tl —utl)_

i3

%(tz — tl)_%(t3 — 752)_%

[ e
(1+0(1

a

) ) dudt1dt2dt3

l3

1 1
U(5)t3(ta —t1) 2(ts — to) 2

L

Similarly,

6

2
1
X e '3 (1 +o0 (5)) dtdtadts.

we integrate 1, {9, t3 one by one in this order to obtain

completing the proof of (3.9).
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(1+0(_

1
a

))
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To prove the results (3.8) and (3.10), we denote

—_ p1,,,D2 Pk
L=E E W Wi wg )

1<t <t < <1 <00

We have
i1—1
— P1 P2:k P1:k ,P2 P3:k
L= E E Vi, (1_Ui1) : H(l_vfl) ' Uiy (1_Ui2) :
1<i1 <t < <1 <00 l1=1
12—1 Im—1
X H 1 _'Uﬁ ka: Ui;"(l _Uim)pm+1:k H (1 _Ugm)pm:k
lo=i1+1 bn=tm_1+1
ip_1—1 ip—1
L PE=1701 _ Dk _ pr—1:k vPE _ Dk
Vi1 (1 Uzkfl) H (1 Uékfl) Vi H (1 Ufk)
Lp_1=ig_o+1 Lp=ip_1+1
(2.7.34)
Using the explicit form of the joint density of vy, --- ,v;,, we have
a Zk+1 X - a
} : 3t TR (1w
L= / / / Zzﬁl 2 e ze = !
1<t <2<+ <1 <00
a-l +3-¢ if+3—i
k 1 pl—f _ 'k —1
P1:k— . \P2:k
X Hvel (1 —vyg) v, (1 —vy) 2
=1
im—1
_1 ip+3—Llm p _1 ip+3—im
2 _ Pm:k—— 5 mTo _ 3 Pm+1:k—— 5
I vo2—v) v, (1—w,) 2
b =tm—1+1
1p—1 L st
—= %+ k pk—— 3
2
H vy, * (1 — vy, )P v, (1 —w;) 2dvy - dv;,dt.  (2.7.35)
Lp=ip_1+1

Notice that the integrals of v;, ,41,vi, ,+2, - v;, with the sum of i from i;_; + 1 to oo

is the same form as (2.7.22). Thus, by the computation (2.7.26), we have

a2

e 2k+1 ) — .
L= E / / / @e—%e 26(1—v;, ) 1151 (1=v)
1k+1

1< <2<+ <1 <00

21— 1 , N
H Uﬁ1 (1 — Vg, Vl:ki%vzl (1 B Uz'l)pzjki
l1=1

i +3—ig
2 R
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[0

-1 _1k+3 fp—1 -1 _
H vékil(l - ,Ufk—l)pk 'Upk ' (1 - Uik—1)

-1
L 1=tk —2+1

F(%) <2t(1 Viy,) l(%’;_f(l - Uj)>_2
« (1 +o (1)> doy - dus,_dv,, dt (2.7.36)

eta - 1+2 _ip—atd
= > =

1<i1 <ip <+ <ip_1 <00 T =t —1+1

ip—ig_1—1

s, -1 ig_1+4—¢ _1 ig_1+4—i
[T ot (=gl - >* =
=1
1=l 1 +4 ¢ 1
-1 k-1 k=1 pp_;—1 _4
H ’Ufkil(]' - Uék—l)pk U’Lk 11 : (]' - Uik—l) 2
Ly _1=ip_o+1
a2
i —ip_q—4 T 1
Uf:(l o Uik)%e 2t(17vz‘k)njk:11(17vj> (1 +0 (_)> dvikdvl ce dvik_ldt'
a
(2.7.37)
By a similar calculation to that of (2.7.27),
el zk 1+1 i 143
S // / <> g
1< <t <-+<ip_ ) 2
ol ig—1+3-0 pl,l tp—1t3—01
X H Ué 1 _ Uf pl k—ivll (1 _ 'Uil)pzzk_f
6=1
1=l 1 +3 ¢
L _Zk 1 k=1 pp_1—5 _3
H vékil(l - Uﬁk—l)pk ,Uzk 11 (1 - Uik—l) 2
Ly 1=t _2+1
.
x e MU= 0y, duy - dug,dt (2.7.38)
We can perform the analogous computations for ¢_1, ix_o, - - -, 1 in this order repeatedly
to obtain (3.8).
When p; = -+ = p = 2, similar computations to that in the proof of (3.9) can be
carried out to obtain (3.10). O
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2.7.5 Proof of Proposition 2.3.4

Proof of Proposition 3.4. By the identities I'(c,z) = e "¢ fo (1 + u)*"tdu and

> im0 (]? 29 = (1—xz)", we can rewrite the joint density of stick-breaking weights vy, - - - , v,
as
A ) ao" ! ﬁ "1 )~ ni)o =
VL, Up) = 077 (1 — v Lo o 0w
b [[(1—o)]"I'(no) 11
oo _ at
« / (L= (148 51 4l T g (2.7.39)
0

We make the substitution ¢ = M in the above integral. Then, when a is large,

namely, when ¢ is small, we have

_ I[, (1 - 'Ui)as

aa

(1+1)77 =

H
|
Q>
|
—

Y

where and throughout this chapter we use j < v to represent lim £ = 1.

The integral in (2.7.39) is then approximated by

> 1 S — " (1 —v)""T(no)
L= (14 ) Eyr1(1 4 pyrte Tt gy = i (= v . (2740
| a—aso ) (2740
Thus, for large a, the joint density of vy, --- , v, has the following asymptotics:
f(vl’ . 71}”) - (ao')”*no ﬁ /U70-<1 _ Ui)no-Q_(n—i)o'—le_ H?zl(al,vi)o ) (2741)
IOl

=1

Now the identities (3.11) and (3.12) follows from the same arguments as that in the proof
of Proposition 3.3 and from the use of the following identity, which holds true for any
qgeR:
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= e %(ac)” M1 + 0(1))/0 s % %ds

a
1
=e *(ac)’ 'T(1 - o) <1 +o0 <—)> : (2.7.42)
a
where the last equality follows from the substitution s = # — a and the following
asymptotics:
1 1 ]
) = (12 —1-—2 4o,
a+s a+s o(a+s) a
To obtain the exact asymptotics in the case when o = % and p=p; =+ =pp = 2,

we first prove (3.13) using the same argument as that in the proof of (3.9). The only
differences are as follows. First, we integrate v, _,,, Vp_m_1, -+, v1 recursively in this

order by using (2.7.42). After these integrations, it remains to integrate the variables

Un—ma1,** ,Up. This multiple integral is now evaluated simultaneously by using the
substitution
1
vy =1 — a+yo+ -+ yi1 7 i=0 - m—1.
a+tyo+ -ty

The identity (3.14) follows from (3.13) by the same argument as that in the proof of
(3.10). O

2.7.6 Proof of Proposition 2.3.5

Proof of Proposition 3.5. When P ~ GDP(a,r, H), we will prove the weak convergence
of D, in the part (i) of Theorem 4.15. Combining with the fact that GDP(a,r, H) also
admits the general stick-breaking representation as in (2.1) and (2.2), we can obtain the
desired results by using the same argument as that in the proof of (4.5) in Theorem

4.4. [l
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2.7.7 Proof of Theorem 2.4.2

Proof.
P(A)— H(A)|™
P(IP(A) — H(A)| > ¢) < [1P( >em (A"
1>z wi (06, (A) — H(A)) |"]
em
_Z p17 7pk HE |59 ( ) Z}
x E Z witwp? e wpt | (2.7.43)
1< <9<+ <1 <00

where the first sum is taken over all combinations of nonnegative integers {pi, - ,pr}

k m m!
such that k € {1,--- ,m} and ) _;_, p;, = m and where c(py,--- ,px) = (pl,--~,pk) = T
are the corresponding combinatorial coefficients. For any combination of {py,--- ,pg}, if
there exists i € {1,--- ,k} such that p; = 1, then the product in (2.7.43) will be 0 due to

the fact that
B [0 (4) — H(A)] = E[L4(0)] — H(A) = | aH = 1(4) =0.

That is to say, p; > 2 for all 7 and thus k& < 3.
First, assume P is one of DP(a, H), PDP(a, b, H), N-1G(a, H), NGGP(0,a, H), GDP(a,r, H).
We choose m = [ 2], where |z] is the smallest integer that is greater than or equal to z.

Then, from Propositions 3.2-3.5, we have

—_

1 1 1
E wltwP? -l | < < — = —= —.
sl X wpoan]s e lo Lot

1<) << - <ig <00

A

3

=

If p ~ SPG(pq, H), then we can choose m such that for all 1 < k < m/2,

m(gz — ¢1 2
> qPi_kQIZ¥Z;

2
1<i<k,p1+-+pr=m

o7



Then, from Proposition 3.1,

1 1
p1, P2 P | o —
Z E Z wil wig e wl: - azle ap; —ka1 < N2 :
1<) <t < <1f <00
Since the series Y %_, % converges, it follows
> P(IP(A) — H(A)| > €) < 0 (2.7.44)

N=1

for any of the processes presented in the theorem. This implies (4.2) by the Borel-Cantelli

lemma. O

2.7.8 Proof of Theorem 2.4.4

Before we proceed to the proof of Theorem 4.4, we need a preparatory result about the
joint moments of multivariate normal distribution. To state this result, we introduce the
following notations. Let n be a positive integer and let p = (p;;,1 < i < j < n) be a

multi-index. Denote

pl= > py (2.7.45)

1<i<j<n
and denote
e
Zj>1p1j when m =1,
|Plm = < Zj>m Pmj + ZKmpim when m=2,--- ,n—1, (2.7.46)
Y icn Pin when m =n.

\

The following proposition is about the joint moments of Gaussian random variables. Sim-
ilar or more general results may be found in literature under the terminology of “Feynman
diagram” (e.g., (Hu, 2017, Theorem 5.7) and references therein). But we could not find

the exact result we need. So, we give the following proposition.

Proposition 2.7.14. Let the random vector (X1, Xo, -+, X,,) follow a multivariate nor-
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mal distribution N,(0,%), where 3 = (0y; = E (X, X)), <, and 05 = o2. For any
nonnegative integers T, - Ty, the joint (ry,--- ,r,) moments of (X1, Xo, -+, X,) is

given by the following formulas.

(i) When Y ,_, ¢ is an odd integer, we have

E[X]'-- X" =0. (2.7.47)

(it) When Y ,_, 1¢ is an even integer, we have (we use the convention that 0° = 1)

BX[ - X))

m— ﬁlm Dij
Tl!.../)"n! anlgfn ‘p H1<. < O'A.]
) m <i<j<n % (2.7.48)

| Y

pec 22 1Pl [ (i — |Dlm) /2)! H1§z’<j§npij!

where |r| =ry+---+r, and

C:{ﬁ:{pij’1§i<j§”}$ 0<pi <riNAry,

Tm — |Plm m=1,-+-,n, are all even} : (2.7.49)

Proof. We shall use the moment generating function to prove it. On one hand, we see

o0

" t .. T
E [eze:ﬁm] = > EEXPX] (2.7.50)
i Tp-

1, ,rpn=0

On the other hand, by the moment generating function formula for multivariate normal

variables, we have

E [ezzzltm} — 2E[(Ti teX0)’] (2.7.51)



_ T (teo)* (titjou)P
o Z 51_11: 2p1ng H .

|
0<py,psj <00 1<i<j<n P
1<t<n

1<i<j<n
2p1+|p 2pn+Blm n 2 i
tlm Bl 2P |B]m H Uepz O-z‘jw (2752)
o Z Op1+--+pn ! piil o
0<py,p;; <oo =1 1<i<j<n 1Y

1<t<n
1<i<j<n

Comparing the coefficients of ¢]* - - -t/ of the two representations (2.7.50) and (2.7.52) we

obtain
ﬁ 02;014 pw
E[X] - X"] = £ , (2.7.53)
P l
2p1 P =1 pe! 1<i<j<n Pij-
where pg, pij, 1 <€ <n,1 <i<j<nsatisfies the relation r, = 2p,+|p|, for £ =1,--- | n,

which implies that >, re = 2032, pr + D 1<, j<, Pij) i an even number. This also
proves that E [X" --- X/*] = 0 when ),_, r, is an odd integer. This proves part (i) of the
proposition. When >, 7 is even, by the fact that {py,--- ,p,} are nonnegative integers
and by the relationship p, = % for ¢ =1,--- ,n, one see the summation in (2.7.53)

is over the set C defined by (2.7.49). O

Now, we are in the position to prove Theorem 4.4.
Proof of Theorem 4.4. We first prove the part (i) of this theorem.
For any A € X, the variance of P(A) is given by (2.7.13). Using Proposition 3.1, we

have

Var(P(A)) = H(A) (1 — H(A)) (

From the definition of D,(A) we have

Da) = |1y 1= a1 (it o (21 P - HO).

By the Cramér-Wold theorem (e.g., (Billingsley, 1995, Theorem 29.4)), to show (4.5) it
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is sufficient to show that for any (¢1,--- ,t,) € R"

n n

Z t;Do(A;) 4 Z t; X5,

i=1 =1

where and throughout the remaining part of the chapter (Xi, - - , X,,) are jointly Gaussian

with mean zero and covariance given by (4.6). For any positive integer n and a nonnegative

integer sequence {r;}? ,, consider the joint moments of D, (A1), Dy(As2),- -, Da(Ay):
s T oo
T V1 g (Bl (B o N )
11 [Hum(l H(A) (QE[Ul] n (Ew))] e | [T ) - sa)

-0 (B (BD)]

11 <Z wj, (0, (Ai) = H(Ai))> ] : (2.7.54)

i=1 \ji=1

E

We expand the product of the infinite sums inside the above last expectation as

E ][] (Z wj, (J,, (A;) — H(Az-))) ]
i=1 \j;=1
= Z C(Q) 81, 5, Sn, 81,17 e 75q,n)I(Q; 815, 3y Sn, 51,17 e 7Sq,n> 3
where the sum is over all the nonnegative integers {q, s1,- -+ ,sn;8;; : 7 € {1,--- ,q};i €

{1,--- ,n}} satistying
i) s;=>1" sji>1foralje{l,---, q}
(i) = Z?lej,i >1forallie{l,--- ,n}
() 1<q<XL

(iv) ?:1 85 = D iy Ti
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(v)  C(g;s1, -+ ,Sn, 81,1, * ,Sqn) are some constants (that are found later on) de-

pending on ¢; sy, ,8p, 81,1, " , Sqn and

[(Q7 Sty 3 Sny S1,1, 00 78q,n)

Z ﬁwzj: ((596j (Ay) — H(A1>>Sj,1

1<e; < <eg<oo j=1

=K

+ (B, (An) — H(An))Sj,n] : (2.7.55)

With these notations, we can write (2.7.54) as

n

[1D:A)

i=1

E

- G ()]

C(q7 Sty 5, Sn, 81,1, 0 0 7Sq,n>I<Q; Sty 3 Sn, 81,1, 0 75q,n) . (2756)

We will divide the discussion of the limit as a — oo of the terms in (2.7.56) into three
cases according to the indice {¢; s1, -+ ,sp;85::7 € {1,--- ,¢};i € {1,--- ,n}} appeared
in (2.7.56) satisfying (i)-(iv).

Case 1: There exists at least one j € {1,--- ,q} such that s; = 1 or there exists at least
one pair (§, k) such that s;j, = 1.

From the fact that

B [60(4) — H(A)] = E[L4(0)] = H(A) = [ aH = 1(4) =0,

we see that in this case the corresponding terms in the sum of 1(gq; s1,- -+, Sn, S1.1,- ", Sgn)
are identically equal to 0.
Case 2 Alls; >2, %" 1 is odd or Y. | r; is even but # > q.

We substitute (2.7.55) into (2.7.56) and we consider the expectations of v;’s. By

Proposition 3.1, when excluding the terms discussed in Case 1 the remaining terms cor-
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responding to this case have the following asymptotics

_ZiTi 14 5j S (| 0%
o([Bet) LBl ) [ Bl R e

E[v1] E[)) ] Ziei

From the assumption (4.4), it follows that when )" | r; is even and when ¢ < Zn:Tlr, the
expectation of the terms in the sum of 1(g; s1, -+, Sn, S11,° - , Sqn) Will converge to 0 as
a — 0o.

Similarly, when > | r; is odd, since ¢ is an integer and s; > 2 for all j, we always have

q < Zn:Tlr Therefore, the expectation of the corresponding terms satisfying the condition
that > ", r; is odd in the sum of I(g;s1,- -+, Sn, S1,1," -+, Sqn) Will always converge to 0
as a — 00.

Case 3 Alls; >2, %" r; is even and # =q

The only terms that may not converge to zero are the terms that are not covered in
Case 1 and Case 2. This means that the only terms that have nontrivial limits are the
terms satisfying the conditions that

Z?:l T

Z r; iseven and ¢ = 5

i=1

With the condition (iv), we have }7_, s; = > L r; = 2¢. But s; > 2 for all j. Thus it

is easy to see this is possible only when
sp=---=s5,=2 and s;,€{0,1,2}

for all j € {1,--- ,¢} and for all i € {1,--- ,n}. We shall discuss this nontrivial case in 3
steps.
Step 1: The form of I(q; sy, -, Sn,S1.1," " Sqn)-

For ¢ € {1,--- ,Z?:Tlr} the factors in I(q;$1, -+ ,8n, 811, ,Sqn) are either of the
form w?, (9p,, (As) — H(A;))(de.,(A;) — H(Ay)) for 1 <i < j < n (we call this factor the

(1j)-mized term, and if there is no ambiguity to omit the pre-index (ij), we call this kind
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of factor the mized term) or of the form w?, (dy,, (Ag) — H(Aq))? (which we call the power
two term of Ag) for d € {1,--- ,n}.
Step 2: Computation of C(g;s1, - ,Sn, 511, ", Sqn) -

For each ¢ € {1, - ,#}, let

Dij :#{(laj)al §Z<]§n, Sg?i:Sg’j:1} .

Namely, for each pair of 7, j such that 1 < i < j < n, p;; is the number of (ij)-mixed terms
in the product of I(g; s1,- - , Sn, 81,1, - , Sqn). Notice that, in order to obtain a (ij)-mixed
term, we need to multiply the form we,(ds,, (A;) — H(A;)) (we call this form the power 1
term of A; and there are r; power 1 terms of A;) and the form we,(d,, (A;) — H(A;)) (we
call this form the power 1 term of A; and there are r; power 1 terms of A;). Moreover,
there are p;;! ways to get as many as p;; (ij)-mixed terms. Therefore, there are totally
[Ti<icj<n Pij! mixed terms in I(g; st Spy S11, " 5 Sgn)-

Now for each d € {1,---,n}, after picking up ps power 1 terms of A, there will

be Td—zg'>d Pdj— i< Pid

5 power 2 terms of Ay left for us to pick up. Thus, for each d €

{1,---,n}, there are ry power 1 terms of Ay, in which Z?’>d Paj + Y _icqPia of them will
be used to construct the mixed terms and r4 — Z;; aPdj — D icqPia of them will be used

to construct the power 2 terms of A,;. They have to satisfy the conditions (denoted by C)

(
T — ois1 D1y 18 even,

Te—= D Pt — D icgPie s even, for £€{2,--- n—1},

| 7n — Y icnDin is even.

Thus, for each d € {1,--- ,n}, we can construct the mixed terms and power 2 terms of
A, as follows. Since there are Z?>d Pdj + Y ;g Pia mixed terms, we choose
(Prds -+ D(d=1)d> Pd(d+1)s " -+ > Pan) (some of them could be 0) out of r4 and then combine

the remaining ry — Z;; aPdj — >_iqPia Power 1 terms of Ay as the power 2 terms of Ag.

64



Thus, the number of terms from the above steps is

( rd ) (Td_2?>dpdj_zi<dpid) (Td_2?>dpdj_zi<dpid_2) . (2)
Pid> P(d—1)d>Pd(d+1)»"" Pdn 2 2 2
(Td_2?>dpd7'_2i<dpid> ]

5 !

without ordering. After the above steps, all the mixed terms and power 2 terms of A,

.y - .
can be ordered in =5—! ways. Noticing that pg,a, € {0,1,---,74, A74,}, the coefficient
C(q7 81, ,8n,S1,1, """ 7Sq,'n,) is then
C(QJ S1,°° »Sn,S1,1, 00 Sq,n)
AT n ( Td ) (Td_2?>dpdj_27l<dpid) Ce (2)
. Z H Pids P(d—1)d>Pd(d+1)»" Pdn 2 2
Td_27>dpdj_21<dpid |
pij:0,1§i<j§n d=1 2 .
(i.j)€C
n
) (2=,
Dij: 9 :
1<i<j<n
AT n Td _ n R i . |
(p1d,'-' P(d—1)d>Pd(d+1) " :pdn) <rd Zj>dpd3 ZKd p“l)'

pij=0,1<i<j<n d=1 5 2

(i,5)€C
Z?flré
L =1 |
|| pij! ( 5

1<i,j<n

Z II <Td—2?>dpdj—zi<dpm>'2w X aPdj—2i<dPid

AT | |
i Tp:

- Z <T1_2j>1p1j>| . <Tm—2j>mpmj_zi<mpim>| . (Tn*2i<npin>|

pij=0,1<i<j<n 2 2

(i,5)eC
<Z?§1 e ) '
(2.7.58)

I :
1=1T¢ <i,j<n P ..
22 21 Tem 1< j<n Pis <H1§i<j§n pU!>

Step 3: Computation of E[[]'_, Dli(A;)].

By Proposition 3.1, I(q;s1,- -+, Sn, S1,1,* -+ ; Sgn) Can be rewritten as
I(Q? S1,° 0 3 Sn, S1,1, 00 7Sq,n> =
EigL > >
2 n Td—2.j>d Pdj ~2.i<d Pid
2
E 2 [T w2 | [T E G0 - A

1<e1<<esn LT <oco j=1 d=1
i=
2
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H (E[(0g(A;) — H(A)) (89(Aj) — H(A)))])™

J
1<i<j<n

Sy YT
1 <Ewﬂ) ? (EWﬂ) ?
- T R + 0
23 (B )y ARl £l

T (H(A)( — H(A) 252 [ (—H(A)H(A)P (2.7.59)

1<i<j<n

From (2.7.56) and (2.7.58), (2.7.59), we can compute E [, Dl (A;)] as follows.

- oo (3522
a7y S5l o2 Zi
o Elg EL)@H) wo (505)

Z 7’1!"'7°n!
<T1_2j>1 P1j

| Tm_zj>mpmj_zi<mpim | Tn*ZKnpm |
p;j=0,1<i<j<n - 9 ) 2 N/ — )

(i,5)€C
Dy Ti |
5 !

1w oo y
P=1Te— 21 <i<j<n Pij |
23 2 <i<j<n (H1§i<j§n pw.>

n

T[(H(A)Q - HA)™ 2 ] (—H(A) (AP

1<i<j<n

TiA\T;

_ Z rileeery!

/- 7'1*2]'>1plj | Tm72j>mpmj72i<mpim | rn_zi<npin ]

pjj=0,1<i<j<n | =™ o | 5 I e R
(z,5)€C

1

LSS cicienPis
=17 1<i<j<n Pij .|
22 <i<j<n <Hl§i<j§n p”.>

_ H(A)H(A;)) " )
1<E<n ( \/(1 — H(A;))(1 - H(Aj))> +o(1)

'I‘i/\’f'j ' |
a—00 riie s Tp
DY
/- T1=> j51Ply ] Tm =35 m Pmi = icm Pim | Tn—=2 i<n Pin |
pij=0,1<i<j<n | T 5 | ¢ 5 S s w— R
(i,5)ec

1

1 Zn ..
11 Te— 1< i< j<n Pij .
923 <i<ign (H1 cicien p”.>
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H(A)H(A)) P
1<E<n<_\/( — H(A:))(1 - (;))) ’ (2.7.60)

which is equal to E [T, X;*], where X, - - - , X, are the multi-normal distribution defined
in Proposition 2.7.14. Now, by multinomial expansion we see that for any positive integer

k and for any (t,--- ,t,) € RY,

k

i tiDa(A )

- (i) B e
ey +kn7k Li—1
s e
=1

ki+--
Z tiXZ-]
i=1

= E

By the method of moments (see e.g. Billingsley (1995, Theorem 30.2)) it follows that

itzDa(Az) i) ithz as a — oQ.
=1 i

Part (i) of Theorem 4.4 follows then from the Cramér-Wold theorem (e.g., (Billingsley,
1995, Theorem 29.4)).

Now, we prove the part (ii) of this theorem by proving the weak convergence of finite
dimensional distributions and by verifying a tightness condition. The finite dimensional
weak convergence of Qg can be shown directly by part (i), i.e., for any finite measurable

sets Ay, -+, A, in X% we have

(Qua(AL), - Qua(An) 5 (By(AL), -+, By (AL).

By Theorem 2 of (Bickel and Wichura, 1971), to show (4.7) we only need to check the
tightness condition, i.e, inequality (3) of (Bickel and Wichura, 1971), with v, = v, = 2,
f1 =P =1 and pu = 2H. Obviously, p is finite and nonatomic. For every pair of Borel
sets A and B in B(R?), by the proof of part (i) of this theorem and the Isserlis’ theorem
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(Isserlis, 1918) we have

E[|QH,a(A)|2|QH,a(B)|2]

The last inequality is due to the fact that H(-) € (0,1) and thus H(-)?> < H(-). Therefore,
the tightness condition on D(R?) is verified. O

2.7.9 Proof of Theorem 2.4.15

Proof of Theorem 4.15. Once we have Proposition 3.2-3.4, the proofs of part (i) of this
theorem for the various processes except the generalized Dirichlet process follow from a
similar argument to that in the proof of part (i) of Theorem 4.4. So, we shall omit the
details.

When P ~ GDP(a,r, H), We need the following result about the variance of P from
(Lijoi et al., 2005a):

Var [P(A)] = H(A) (1 - H(A) T,

where Z, , is given by

T [e's) x
i e d
wr = alr) Z/ R | WO

a(r)oT(ra) <= (-1 1
= —"—= F o 2;=Jr 1) . 2.7.61
rraI‘(Ta + 2) le D ra,ay;ra + 2 r 1 ( )
Here a = (a,--- ,a+2,--- ,a)” is a r — 1 dimensional vector where the k-th element is
a+2 and all other elements are equal to a; J,_; = (1,--- ,7—1)T; and Fg_l) is the fourth
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Lauricella multiple hypergeometric function (see e.g., (Exton, 1976) for more details).

Letting x = i we have

1/°°
r=a %) adl‘
k:1k 0 <1+ )
1 [ t
=a Py —dt .
1a 0 1+ak §1<1+aij>

When a is large, we can approximate Z, , by

_ S @), (2) | (2.7.62)

Denote )
= () . (2.7.63)
=t (3)
Then
Do)~ e (P() ~ H()) | (2.7.64)

H()(A-H("))

where ~ means that the two sides converge to the same distribution as a — oo. We shall
prove the result for n = 3 and the case for general n can be handled in a similar way:.

By the integral representation of the confluent form of the fourth Lauricella hypergeo-
metric function (see e.g., formula (1.4.3.9) in (Exton, 1976)), the joint probability density
of P(A;), P(As) admits the following form:

(1, 72) = ['(ra) (r!)  T(raH,)T(raH,)T(raHs)
P T () D (raHo)T (raHy) 7ol (ra) [D(aHy)D(aHo)D(aHs)]"

2aH,~1, 2aHs—1 -
><.fc1“ e (U 3 R

0 Jo<uV oV <1 Jo<ulP 4 ul? <1 Jo<ulP ol <1
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r— 1 r— 2
xexp{_g-i-g( i b b iy b 3 b (1—$1_x2>>}

.
3 . . aHl-—l
XH [uﬁufn)l (1—u1 ~~—u1(21>] dugl)u'dugl
=1
dul? - du® P - du®, dg, (2.7.65)

where H; = H(A;) for i = 1,2,3. Using the expression of (2.7.64) and the above density

form (2.7.65), we can obtain the probability density function of D(A;), D(As) as follows:

fy,y2) =T X fi(y1,42) ,

(2.7.66)

where

— \/];[1(1 - Hl)H2<1 — HZ)F(T'CL) Hl(l — Hl) raH;—1
Jh = cal'(raH,)'(raHy)I'(raHs) ( Y1+ H1>

Hy(1- H refel VH(1 - H) A AT N

—_ —_ _|_ —

% ( 2 2)y2—|—H2> <H3— 1 1)Y1 2 292>
ca v Ca

(2.7.67)

and

1(Y1,92) / / /0<u<1>+ ) <1/ /0<u<2+ <
S Lo H[ Ll (1= —--._ugal)rf“ o
) exp{ [Zk g ( - j/;_aHl)yl T H1>
. g u® ( Ha \1/c__a T)ys +H2>

r—1 \/7
1 —Hy)y + Hao(1 — Hy)yo
+ Zk‘ug’) <H3
= vea
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dulV - dulM dul? - du® dl? - du®de (2.7.68)

To determine if the density of f(y1,y2) has a limit or not and if yes, to find the limiting

density, we shall find the limits of 7; and f;(y1,y2) separately.

Step 1: Limit of 7.
By Stirling’s formula I'(z) = Om2i i (1 +o0 (i)) when z is large, we have the

following approximation:

raH,—1 raHs—1

ra (1—H1)<1—H2) (1—H1) (1—H2)
= 1 —_— 1
Ji \/ Hs; caH bt caHs Y2+

Hov/ca

2 JEEED 1 (1) ot [0,

(1 — Hy)
caHs

+ Hjlog (1 _ VH(L = Hoy + VH(1 - H2)312> } } :

o (1 VA R H>) (10(2).

+H210g y2+1

Hyv/ea

An application of log(1 + \/L;) =0 — 2—12 +o0 (%) for large z yields

z

_r V(1= H)(1 - Hy)
c 2/ Hs

2 2 H{H.
Ui + Y5 + 2020 A D 1
X exp{ I \ G=H)(—H2) } <1 +0 (—)) . (2.7.69)
&

I
2a=m) (=) a

T

Step 2: The limit of fi(y1,y2). This is much more complicated. We first obtain
the leading terms of f; as a — oo.

To make the presentation clear, denote the integrating variables by

T
7 — <u§1)7,.. A u® @ W@ ,uf”_)l,f)

71



and denote

g <ugl)7"' ) fnl)l,u?),--- ) 7(~2)17u§3 y T dur 17§>
= D oa = log [u? -y (1w =~ )] + (ra— 1) log0)
H1 1—H1 y1 H2 1_H2)y2
ku'l Kl H
{Z ( Jea >+Z ( Jea R

VH(1— Hy)yy + v/ Ha(1 — Hy)yo
+ Z b (HS . (2.7.70)
k=1 vea

This function g attains its maximum at its critical point
0 SO G (3) g
Zo = (ul,ov Ty Up 100 Uyttt UrZ 00 Ur gyt 7ur—1,07£0) ) (2.7.71)

where

- L k=1, ,r—1,i=1,23;

& = (ra—1) <Z%> .

By an elementary calculation we have

(S52) (=) 4 (S701) (a- ) YRR g,y

(Z;:1 %) (1-12)+ (Z§:1 %) (a—1) —HQ(\}CZGHQ)W J.

9'(20) = L - )

[(Z;l %) (1 — %) — <Z;:1 %) (CL _ %) \/H1(1—H1)yi/%\/H2(1—H2)y2 Jr_l
0
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where J,_; = (1,--+ ,7 — 1)T and

M, Ny
M, Ny
g//(Z()): )
Ms N3
NT NI NPT -1

(ra-1)(p2t 1)°

where the empty entries should be filled with a (r — 1) x (r — 1) dimensional zero matrix

and where for i =1,2,3, M, isa (r — 1) x (r — 1) matrix given by

e I
r-1 r2 [(r—2)2 47 - r?
M= —(at; = 1) (%) : : S |
= & (12 477

and V; is a (r — 1) column vector given by

(rl)(@JrH)

ca

T

With these notations we have when a is large
(r!) F(raHl)F(mHg TCLHg
fiyr, y2) = ral
/- / / /
0<u(2>+ +u(2> <1 0<u + +u <
_ )(CLHl) 2 (CLHQ 2 CLH3 / / /
72 (v/27)3 =26 (ra) """ o<ufV 4l <1
/.../0<u52)+m+u(2_)1<1/.../0<u§3)+m+u@l<lexp {g(zo)
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a

+g'(20)7 (2 — 270) + %(z — 20)7¢" (20) (z — zo)} (1 +o (1» dz. (2.7.72)

Step 3: Evaluation of the leading term of f(y1,y2).

In order to evaluate the integral of (2.7.72), we use the change of variables

"

fork=1,---,r—1,i=1,2,3, and
1"711
{—fngT@—l( %>s

Thus, we have

r—1

(r!)(aHl)% (aH,)= (aHs)™=
r2 (\/%)37”72677% (Ta>ra7%

[y, y2) =

w

3 r—1

1
: ng VaH\/(r =k)?+r (31 1)

X /_Z~~/_Zexp {g(zo)+th— %tTAt} (1+0 (é)) dt

_ (T!)3 (Z:::l %)3 . (det A)~

AT (ViR 1)
X exp {%bTA‘lb} (1 +o (é)) , (2.7.73)

T
where t = (tgl), e ,tf,Q_)l,t§2), e ,tfi)l,tf’), e ,t7(n3_)1, 3) , and where a direct calculation

N

from ¢'(zg) gives

_VrVi-Hip B
Je

_ \/F\/mw B

_ Ve
b= _ﬁ(\/Hl(17H1)y1+\/H2(17H2)y2)B ‘ (2.7.74)

VevHs
0

The matrix A in (2.7.73) can be found directly from ¢”(zo) and will be given below when
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we study it. The above last identity (2.7.73) follows from the fact that

eg(zo) — [(TCL — 1) (2221 %)];a_le(ral)
[ (k7))

and the multivariate Gaussian integral formula. By a simple algebra we can write

Ao B

A B
A= ’ 1, (2.7.75)
AO B3

B BI BT 1

where Ay is a (r — 1) x (r — 1) matrix whose entries are

1 ifi=j
[Aolij = )
\/(rfi)2+r:\/(rfj)2+r2 if 4 7é J-

and for i =1,2,3

Vea
1vH, 1
P N = (1+0(k))
() S (10())
B; = — rvat;/(r—2)2+r2 — _ | vir—22 402 Va
o () | R (14 ()

rvaH; \/(1)2—}-7"2

Step 4: The inverse and the determinant of A

We need to find A=, First we find A;'. From the expression of Ay we can write

N

Ay=D+vw' = D3 <I n D—%VVTD—%) D}

5



where
r—1)24r2
v = v/ (r—2)2+72

and
r—1)2
(1”(71)2#2 0 0
(r—2)?
D= 0 (r—2)2+4r2 0
0 O 121_ir2

Hence, the determinant of A, is given by

NI

det(Ap) = det (D

—det (D) (14 (D) (D) Jaer (0

B (r—1)! e 1

N (H;j (r—k)*+ 7"2) i k=1 (r— k)Q)
> ()7 .

(V= k)2 £ )2

Now, by the Sherman-Morrison formula we have

) det (I + D_%VVTD_%> det (D%>

N

)

1

-1 __ ™—-1_ p—-1 __
AO —(D_'_ff) =D 1+fTD_1f

DflffTDfl )

As a result we obtain

R/ o e et o

[A—l].. — Sho1(3)? (r—i)2(r—j)2 ifi £y
O T S (P o) (e
ZZ:I(%)2 (T*’L’)2

ifi=j.
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The determinant of A can be computed as follows.

det(A) = (det Ag)’ (1 — Bf Ay*Bi — Bi Ay'By — By Ay ' Bs)

= (det A)* (1 — BYAy'B) | (2.7.76)

where
1
Vra/ (r—1)2+4r2 (1 to (

1
o
2 a1

B—_ | vivi2ree (1 o <ﬁ>>

(r—1) 1
Vra/ (1) 472 (1 to <\/5>>

From the relation (2.7.76) of expressing det(A) by det(Ay) and B we have

(S ) (S ()

det(A) = (det Ag)* (1 — B"A;'B) = . (2.7.77)
I (VO =R+ )
Moreover, by the block Gaussian elimination method, we find A=! as
A (1 + BiB{ Ay " A BiBI A" Ag BiBI A _AB
0 0 m m m m
AngQflTAgl A5 ( Iy + BzB Ay ) AngQfa.TAgl _Ag;Bg
A;'BsBTAS! A;'BsBTAj! BsBT A; A;'Bs |
(0] ml 0 0 m2 0 A <IO + 3 > _ Om
Bf Ag' B Ag! Bi Ag! 1
T m T m T m m
(2.7.78)

where

m=1— Bl A;'B, — B A;'By — BY Ay' Bs
and Iy is the (r — 1) x (r — 1)-dimensional identity matrix.
Step 5: the limit of fi(y1,v2).
Combining (2.7.78) and (2.7.74), one finds

,
b’A™'b :EBTAo‘lB <(1 — H)yi + (1 — Hy)ys

7



(\/ Hi(1— Hi)yr + /Ha(1 — Hz)y2>2>

+ T
2 2 HyiHy
Yi + v+ 201920 o o) 1
~C - VU (1 to (—)) . (2.7.79)
¢ (—H)(1- 1) ¢

Substituting the expression (2.7.79) and the formula (2.7.77) for the determinant into
(2.7.73) yields

2, 2 Hy Hy
) = ;exp <£ - 1) Yy +v; J;ley; (1—H)(1—Hz) (1 ‘o (2)) (2780)
(—H1)(1-Hz)
Combining (2.7.80) with the asymptotic (2.7.69) of J; and the relationship f(y1,y2) =
J1 X f1(y1,y2), we see f(yi1,ys) converges to the desired Gaussian density, which completes
the proof of part (i) of the theorem when P ~ GDP(a,r, H).
The proof of part (ii) of this theorem follows from the same argument as that in the

proof of part (ii) of Theorem 4.4. O
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Chapter 3

Large sample asymptotic analysis for
normalized random measures with

independent increments

3.1 Introduction

Bayesian nonparametrics has been undergone major study due to its various applications
to many areas, such as biology, economics, machine learning and so on. As a lavish
class of Bayesian nonparametric priors, normalized random measures with independent
increments (NRMIs), introduced by (Regazzini et al., 2003), include the famous Dirichlet
process (Ferguson, 1973), the o-stable NRMIs (Kingman, 1975), the normalized inverse
Gaussian process (Lijoi et al., 2005b), the normalized generalized gamma process (Lijoi
et al., 2003, 2007), and generalized Dirichlet process (Lijoi et al., 2005a). We refer to
(Miiller and Quintana, 2004; Lijoi et al., 2010; Zhang and Hu, 2021) as reviews of these
processes with their properties and applications.

In Bayesian nonparametric statistics, samples are drawn from a random probability
measure that is equipped with a prior distribution. To be more precise, let (2, F,P) be
any probability space, let X be a complete, separable metric space whose o-algebra is

denoted by X and let (M, Mx) be the space of all probability measures on X. A sample
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X = (Xy, -+, X,) that take values in X" is drawn iid from a random probability measure
P conditional on P, which follows a prior distribution ¢ on (Mg, Mx). That is to say,

itd

Xy, X | PE P, P~Q. (3.1.1)

Two natural questions in literature are raised as follows.

(i) A frequentist analysis of the Bayesian consistency (Freedman and Diaconis,
1983): by assuming the “true” distribution of X is Fy, we are interested in whether
the posterior law, that is the conditional law of P|X, denoted by @,, converges to

dp,, the Dirac mass at the “true” distribution, as n — oo.

(ii)) What is the limiting distribution of centered and rescaled P|X? In particular,
is there a Bernstein-von Mises like theorem and central limit theorem for P? If so,

what is the limiting process of /n(P|X — E[P|X])?

These two questions are always very important in statistics, as the posterior consistency
can guarantee the model behaves “good” when the sample size is sufficiently large, and
the limiting distribution of the posterior process is the key to construct confident intervals
and conduct hypothesis tests.

Many inspiring works corresponding to the above questions have been done. Referred
to question (i), (James, 2008) obtains the posterior consistency and weak convergence
for the two-parameter Poisson-Dirichlet process, which is not, but closely related to an
NRMI (Pitman and Yor, 1997; Perman et al., 1992; Ghosal and Van der Vaart, 2017).
The posterior consistency of the species sampling priors (Pitman, 1996; Aldous et al.,
1985) and the Gibbs-type priors (Gnedin and Pitman, 2006) are discussed in (Ho Jang
et al., 2010) and (De Blasi et al., 2013). It is worthy to point out that there are overlaps
among the species sampling priors, the Gibbs-type priors and the homogeneous NRMIs.
Whereas, non-homogeneous NRMIs are totally independent from the species sampling
priors and the Gibbs-type priors. As for question (ii), the Bernstein-von Mises results

have been established for the Dirichlet process (Lo, 1983, 1986; Ray and van der Vaart,
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2021; Hu and Zhang, 2022) and for the two-parameter Poisson-Dirichlet process (James,
2008; Franssen and van der Vaart, 2022). Along the same line, we would like to answer
the above two mentioned questions when P is an NRMI.

Since NRMIs are constructed by the normalization of completely random measures
(Kingman, 1967, 1993) associated with their Lévy intensities (see e.g., section 3.2), it is
quite natural to study their properties based on the corresponding Lévy intensities. In
this work, we discuss the posterior consistency of non-homogeneous NRMIs (including the
homogeneous case as a particular case) and provide a simple condition to guarantee the
posterior consistency of non-homogeneous NRMIs. As a result, when F, is continuous,
the posterior consistency doesn’t hold for NRMIs generally, and when F, is discrete, the
posterior consistency holds as long as our proposed condition is satisfied.

Furthermore, we obtain the Bernstein-von Mises theorem for the normalized general-
ized gamma process (NGGP), which is a flexible class of Bayesian nonparametric priors
includes the Dirichlet process, the normalized inverse-Gaussian process and the o—stable
process. Through the posterior consistency analysis, the NGGP is posterior consistent
when the true distribution F, is discrete or when the parameter ¢ — 0. The case that
o — 0 would reduce the NGGP to the Dirichlet process. Thus, we should emphasis the
case when the true distribution F, is discrete. However, there should be a bias correction
when we use the Bernstein-von Mises theorem for the NGGP when F, is discrete. Thus, in
order to construct the “correct” confidence intervals that cover the true parameter value,
we suggest to de-bias the bias term. The comparison of confidence intervals with bias
correction and without bias correction is illustrated in the numerical computation. In the
application, the model parameters of NGGP are chosen by some estimators, we show that
the Bayesian estimator or maximum likelihood estimators of the model parameters of the
NGGP won’t affect the convergences in the Bernstein-von Mises results.

The outline of this chapter is as follows. In Section 3.2, we recall the construction
of the NRMIs and their posterior distributions. In Section 3.3, we discuss the posterior
consistency of the homogeneous NRMIs and present a simple assumption on the cor-

responding Lévy intensities to guarantee the posterior consistency of the homogeneous
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NRMIs. Examples are given to see the applicability of the assumption and the posterior
consistency results for some well-known Bayesian nonparametric priors. In Section 3.4,
we derive the Bernstein-von Mises theorem for the NGGP and provide the analysis of
the bias correction with an numerical illustration. Finally, in Section 3.5, we provides a
discussion of our results and some ideas that can be studied in the future. In order to

ease the flow of the ideas, we delay the proofs in the Supplementary Materials 3.6.

3.2 Normalized random measures with independent

increments

3.2.1 Constructions of NRMIs

We start by recalling the notions of completely random measures (see e.g., (Kingman,
1967, 1993) and references therein for more details), which play important role in the
construction of NRMIs.

Let Bx be the space of bounded finite measures on (X, X) endowed with a suitable
topology so that the associated Borel o—algebra Bx can be introduced (Daley and Vere-
Jones, 2008).

Definition 3.2.1. Let pu be a measurable function defined on (2, F,P) that takes values
in (Bx, Bx). We call p is a completely random measure (CRM) if the random variables
(A, -+, u(Ag) are mutually independent, for any pairwise disjoint sets Ay, --- | Aqg,

where d > 2 is a finite integer.

See e.g., (Regazzini et al., 2003; Lijoi et al., 2010) for a more detailed discussion of
constructing Bayesian nonparametric priors by using completely random measures.

As CRMs can be defined via Poisson random measure, we shall first recall this concept.
Denote S = R x X and denote its Borel o-algebra by S. A Poisson random measure
N on S with finite intensity measure v(ds,dx) is a random measure from Q x S to R,

satisfying
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(i) N(A) ~ Poisson(r/(A)) for any A in S;

(ii) for any pairwise disjoint sets Ay, - - - , A,, in S, the random variables N(A;),--- , N(A,,)

are mutually independent.

The Poisson intensity measure v satisfies the condition (see (Daley and Vere-Jones, 2008)

for details of Poisson random measures) that

/ooo /Xmin(37 1v(ds,dr) < oo

Let & be the random measure on (2, F,P) that takes values in (Bx, Bx) defined as follows,

:/ /sN(ds,dx), VAe X. (3.2.1)
o Ja

It is trivial to verify that pi is a completely random measure. It is also well-known that
for any B € X, i(B) is discrete and is uniquely characterized by its Laplace transform

as follows:

E [e P = exp{ / / e v(ds d:c)} . (3.2.2)

The measure v is called the Lévy intensity of i and we denote the Laplace exponent by

/ / v(ds, dz) . (3.2.3)

From the Laplace transform in eq. (4.2.2), we shall study the completely random measure

it by its Lévy intensity v, which usually takes the following forms in the literature:

(a) v(ds,dr) = p(ds)a(dz), where p : B(RT) — R* is some measure on R* and « is
a non-atomic measure on (X, X) so that a(X) = a < oco. The corresponding [ is

called homogeneous completely random measure.

(b) v(ds,dx) = p(ds|z)a(dz), where p is defined on B(R') x X such that for any = €
X, p(:]z) is a o-finite measure on B(RT) and for any A € X, p(Alx) is B(R")
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measurable. The corresponding [ is called non-homogeneous completely random

measure.

It is obvious that the case (a) is a special case of case (b). Usually, we assume that « is
a finite measure so we may write a(dz) = aH (dx) for some probability measure H and
some constant a = a(X) € (0, c0).

To construct NRMIs, the completely random measure will be normalized, and thus
one needs the total mass fi(X) to be finite and positive almost surely. This happens
under the condition that p(R™) = oo in homogeneous case and that p(R*|z) = oo in
non-homogeneous case (Regazzini et al., 2002). Under the above conditions, an NRMI P

on (X, X) is a random probability measure defined by
Py =20 (3.2.4)

P is discrete due to the discreteness of ji. For notional simplicity, we denote T' = i(X)

and let fr(t) be the density of T throughout this chapter.

3.2.2 Posterior of NRMIs

We will recall the posterior analysis (James et al., 2009) of NRMIs, which is a key topic
in Bayesian nonparametric analysis. Let P be an NRMI on X. A sample of size n from
P as in eq. (3.1.1) is an exchangeable sequence of random variables X = (X;)" ; defined
on (§2, F,P) and taking values in X", such that given P, (X;);>; are iid with distribution
P, ie.,

P[X) € Ay, X, € Ag|P] = [ P(4). (3.2.5)

i=1

Let Y = (Y})?g) be the distinct observations of the sample X and let n(m) be the number

of unique values of X. This means, m = (i1, ,ip,," - 7@'%(#)) is the partition

77’7171-(»,1)_17 e

of {1,---,n} of size n(m). The number of the jth set of the partition is n;, so that
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Z;’Liq) nj =n, and Yi = XZ — ... = Xin17 o 7Yn(ﬂ') = an(n)—1+1 — .. = an(n). Let

Tr(u,Y) = / she " p(ds|Y) for any positive integer k and YV € X. (3.2.6)
0

With these notations, the posterior distribution of P conditional on the observations

of the sample X1, -, X, is given by the following theorem.

Theorem 3.2.2 (James et al. (2009)). Let P be an NRMI with intensity v(ds,dz) =
p(ds|z)a(dx). The posterior distribution of P, given a latent random variable U,, is an

NRMI that coincides in distribution with the random measure

~ n(m)

mn% + (1 —ky) ; % , (3.2.7)
where
(i) The random variable U,, has density
A R
fu, (u) = F(”)/o t"e " fr(t)dt. (3.2.8)

(ii) Given U,, [, s the conditional completely random measure of i with the Lévy

intensity v, = e~ U"*p(ds|x)a(dz).
(tii) {J1,- -+, In=)} are random variables depending on U, and Y; and having density

s e p(s]Y))

fr,(8|Un = u, X) = <o . (3.2.9)
Jo~ smemeplds|Y;)
() The random elements [y, ) and J;, j € {1,--- ,n(m)} are independent.
— 77 — T(Un)
(v) Tw,) = by, (X) and ki, = Ty +305 5
(vi) The conditional density of U, given X is given by
n(m)
fonx(u X) ocu" e T 7, (u, 7). (3.2.10)
j=1
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The above theorem shows that, given the latent variable U,, the posterior of P is a
weighted sum of another NRMI % and the normalization of Delta measure of distinct
observations Y}, dy,, multiplied by its corresponding jumps J;. This gives a rather com-

plete description of the posterior distribution of NRMIs. More details of the posterior

analysis of fi and P is discussed in (James et al., 2009).

3.3 Posterior consistency analysis for the NRMIs

In this section, we aim at discussing the posterior consistency for NRMIs as pointed out
in question (i) in the introduction. Assume that X = {X;,---, X, } is a sample from
the “true” distribution Py in Mx. Namely, X = {X;,---, X, } is iid Py— distributed.
Let @, denote the probability law of the posterior random probability measure P|X.
The posterior distribution is said to be weakly consistent if (),, concentrates on the weak
neighbourhood of Py almost surely. More precisely, for any weak neighbourhood O, € Mx

of Py with arbitrary radius € > 0,
Qn(O,) — 1 a.s. — Py,

as n — 00. And F¢* is the infinite product measure on X*°.

Before presenting the main result, we shall give the following lemma, which provides
the moments of the posterior P. And the lemma plays an important role in the proof of
the main theorem. By recalling ¢4 in eq. (4.2.3), we denote

k
V) () = (_Ukew(y)%em(w ,
y

(3.3.1)
for any A € X.

Lemma 3.3.1. Let X = (X;)", be a random sample from a normalized random measure
with independent increments P. The moments and the mixed moments of the posterior

moments of P given X are given as follows (we use the notation of Theorem 3.2.2).

86



(i) For any A € X and m € N, the posterior moments of P are given by

S D DI (WG § et

I'(m +n) O<tittry<m ;

n(m)
e (1 e Tooar (U, Y
VOE(A) (ll+ +ln(7r))) (u) | | J+ZJ ( .7)

J=1

(3.3.2)

(11) For any family of pairwise disjoint subsets {Ay,---,A,} of X and any integers

{mq,---,m,}, we have

E[P(A))™ --- P(A)™|X] = L(n) >/OO u" fu, x (u|X)

L(m+n) /o

g+l i m; (mi—(li44ux;)) Tnj+l; (u, Y5) d
1 KD DI PR Lot RAV Svrn ol FEG

luin
i=1 | O<ip4-+lg ;) Smy P JEA

(3.3.3)

where m = >0 my, Agrr = (UL A)C mgpr =0, s ={j : Y; € A;} is the set of

the index of Y;’s that are in A;, and #(\;) is the number of components in ;.

The above lemma provides the posterior moments of NRMIs without including the
latent random variable U,. Such results can be reduced to the moments of NRMIs by
letting the sample size n = 0. The proof of lemma 3.3.1 is inspired by the idea in (James
et al., 2006) and the details are given in the Supplementary Materials 3.6. To apply the
above lemma, one needs to deal with the term Vofa) (y) defined by (3.3.1). We give the

following recursion formula

where &(y) = [, 7i(y, x)a(dz).
To answer question (i) that is mentioned in the introduction, we shall study the weak

consistency for more general NRMIs. To do so, we need the following assumption.
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Assumption 3.3.2. Let 7(u,z) be defined by (3.2.6) and let p(s|z) be a function such
that u% is nondecreasing in u and bounded from above by k — Cy(x) uniformly for
allk € Z* and x € X, where {Cy(x)} is a sequence of functions from X to [0,1). Namely,
there is an increasing positive function ¢(u) with lim, . ¢(u) =1 such that

Tr41 (u,z)

Tk(uvx)
sup ————— < o(u), YueR,.
S E = Gyl = :

Theorem 3.3.3. Let P be an NRMI with Lévy intensity v(ds, dx) = p(s|x)dsa(dz), where

p(8) satisfies Assumption 3.3.2. Then, we have the following results.

1. If Py is continuous, then the posterior of P converges weakly to a point mass at

CiH(:) + (1 — C)Py() a.s.—Pg°, where C, is the population mean of {C1(X;)}2,,

that is to say C; = lim,_uo w

2. If Py is discrete with lim,, @ = 0, then P is weakly consistent, i.e., the posterior

of P converges weakly to a point mass at Py(-) a.s.—P§°.

Although the assumption 3.3.2 looks complicate, it is quite easy to check as long as
p(s|z) is given. For instance, the intensities p(s|z) for almost all popular NRMIs are
gamma type, and we shall check assumption 3.3.2 for these NRMIs in example 3.3.8,
example 3.3.9 and example 3.3.10 to show how the assumption 3.3.2 works for these
processes. This allows more applicability of Theorem 3.3.3.

As a comparison between Theorem 3.3.3 and the results in (Ho Jang et al., 2010) for
the species sampling priors and (De Blasi et al., 2013) for the Gibbs-type priors, Theorem
3.3.3 considers the consistency results for the non-homogeneous NRMIs, which is a more
general class of Bayesian nonparametric priors than both the species sampling priors and
the Gibbs-type priors. On the other hand, the conditions in (Ho Jang et al., 2010; De Blasi
et al., 2013) are not trivial to verify for homogeneous NRMIs, even though the predictive
distribution of homogeneous NRMIs is given (Pitman, 2003; James et al., 2009).

In Theorem 3.3.3, we require lim,, @ = (0 as a condition to guarantee the posterior

consistency result when F is discrete. This condition is true almost surely by the following
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remark.

Remark 3.3.4. When F, s discrete, lim,,_, @ = 0,almost surely. When Fy is contin-

wous, lim,,_, @ = 1,almost surely.

Proof. Note that Py is the true distribution of X, i.e., X < P,. Recall that m(n) is the

Pt ;Xi(‘_) be the empirical probability

number of distinct observations of X. Let P, (-) =
measure.
If Py is discrete, we denote the collection of atoms of Py is D, then D = {x1, x5, - - }.
For any k € Z", we have m(n) < k + nP,({xg41, Trs2, -+ }). Thus,
m(n) 7(n)

lim —~ = lim lim ——=
n—oo N k—ocon—o0 N

k
< lim lim — 4+ P, ({Zg+1, Tago, - })

k—oon—oo N,

= lim Po({13k+1,$k+27 T }) = 0’
k—oo

almost surely, where we use the Borel-Cantelli lemma when taking the limit of n — oo.

If Py is continuous, we have w(n) = nlP,(X) and thus lim,, ., @ = lim,, 0o P, (X) =
Py(X) =1, almost surely. O
By the identity that L7 (u,z) = L [ ske™p(s|z)ds = —Tp41(u, z), we can have

the following assumption that is equivalent to assumption 3.3.2.

Assumption 3.3.5. p,(s) is a function such that u-In (7,(u,x)) is nonincreasing in u

and bounded from below by Cy(x) — k for all k € Z* and z € X.

Remark 3.3.6. Theorem 3.53.3 can be extended to more general constructions of NRMIs.
For example, (James, 2002) introduced the h-biased random measures fu by [, g(s)N(ds,dzx),

where g : Y — RT is an integrable function on any complete and separable metric space

Y.

One interesting quantity to be considered is n(7), the number of distinct observations

of the sample {X;}? ;. In Bayesian nonparametric mixture models, n(m) is the number
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of clusters in the sample observations and thus is studied in a number of works that
are concerning the clustering and so on. Among the literatures let us mention that the
distribution of n(7) is obtained in (Korwar and Hollander, 1973) for the Dirichlet process;
in (Antoniak, 1974) for the mixture of Dirichlet process; in (Pitman, 2003) for the two-
parameter Poisson-Dirichlet process. For the general NRMIs we have by a result of (James

et al., 2009):

Proposition 3.3.7. For any positive integer n, the distribution of n(m) is

nu" -1 — [ [°(1—e~¥%) p(ds|z)a(dx) : Ji T, (0, 2)a(de)
P(n(r) =k) = i e E | | T du,
. ;!

(n1,ng) j=1

(3.3.4)

where k = 1,--- ,n, and the summation is over all vectors of positive integers (ny, - -+ , 1)

such that Z?:1 nj =n.

As we mentioned above, the assumption 3.3.2 is in fact quite easy to verify. We provide

in the following examples to see the applicability of Theorem 3.3.3.

Example 3.3.8. The normalized generalized gamma process NGGP(a, 0,0, H) (Lijoi
et al., 2003, 2007) is an NRMI with the following homogeneous Lévy intensity

1

v(ds,dz) = T =0

s 177 % dsa(dr), (3.3.5)

where the parameters o € (0,1) and 0 > 0. It is easy to see that the Laplace transform

for i(A) is

E [ )] = exp {_@[(A Loy — 90]} |

When 6 — 0, this NRMI yields the homogeneous o-stable NRMI introduced by (Kingman,
1975). Letting o — 0, this NRMI becomes the Dirichlet process (Ferguson, 1973). If we

let o0 =0 = % then this NRMI becomes the normalized inverse-Gaussian process (Lijoi

et al., 2005b).
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It 1s easy to check that for any nonnegative integer k,

1 * kool —(utf)s g _ I'(k—o)
) =) = gy [ e

Tet1(We) g ko o increasing in u with the upper bound k — o. Thus,

It is obvious that u () u+t0

the assumption 3.3.2 is verified and Theorem 3.3.3 yields that the normalized generalized
gamma process is posterior consistent when o — 0 (i.e., the Dirichlet process), or when

Py is discrete.

Example 3.3.9. The generalized Dirichlet process GDP(a,~, H) (Lijoi et al., 2005a) is

an NRMI with the following homogeneous Lévy intensity

Y Gijs

v(ds,dx) = Z .

=1

dsa(dx), (3.3.6)

where v is a positive integer. The corresponding Laplace transform of fi(A) is

E [e )] = (%> a(A) |

where for ¢ > 0, ¢, = % 1s the ascending factorial of ¢ for any positive integer k.

When ~v = 1, the generalized Dirichlet process is reduced to the Dirichlet process.

We see easily that for any nonnegative integer k,

g
k
Tk(u, ) = 71 (u) = —_—.
jzl (u+ )"
~ T (wa) g ] (utg)TF ! k. k. e g T () k
This means s k ij-zl(wj)”“ € (uﬂ, 1), which implies u s = Yater
Tr41 (u,z)

18 1ncreasing in u with the upper bound

with some constant c¢(y) € (1,7). Thus, u

75 (u,x)

k. Theorem 3.3.3 can then be used to conclude that the generalized Dirichlet process is

posterior consistent.

Example 3.3.10. As a non-homogeneous example, we consider the extended gamma
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NRMI whose non-homogeneous Lévy intensity is given by

~Ba)s
v(ds,dz) = “——dsa(dz), (3.3.7)

S

where f(z) : X — RT is an integrable function (with respect to o(dx)). Such NRMI is
constructed by the normalization of the extended gamma process on R introduced by (Dyk-
stra and Laud, 1981). More generally, (Lo, 1982) studied the extended Gamma process,
called weighted Gamma process on abstract spaces.

By a trivial computation, for any nonnegative integer k, T(u,x) = % and thus

Tret1(u,x) k

s = Yarem and the assumption 3.5.2 is satisfied. Theorem 3.3.3 implies that

the extended gamma NRMI is posterior consistent when B(x) is integrable with respect to

a(dzx).

Our theorem can also be applied to more general NRMIs which haven’t been investi-
gated in previous works. For example, we may naturally consider the following generalized

extended gamma NRMI by letting the Lévy intensity be as follows:

" e Bil@)s
v(ds,dz) = Z ‘ . dsa(dz),

i=1

where r € Z* and f;(z) : X — R* are integrable functions (with respect to a(dzr)). A
similar argument to that of example 3.3.9 and example 3.3.10 implies that the generalized
extended gamma NRMI is posterior consistent when §;(x) are finite for all i € {1,--- ,r}.

Relying on the results in this section, we have answered the question (i) addressed
in the introduction. The posterior consistency of NRMIs when F, is continuous doesn’t
hold generally, as the posterior distribution of NRMIs is inconsistent when C; # 0 or
H # Py(P,,). However, it is rare to choose H to be the “true” distribution Py and it is not
possible to let H = P,, before a sample is observed. Thus, the assumption C'; = 0 should
be made to guarantee the posterior consistency for the NRMIs when F, is continuous.
And, whenever p,(ds) is gamma type, C; = 0 would reduce the corresponding P to the

Dirichlet process or the generalized Dirichlet process.
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3.4 Bernstein-von Mises theorem for the generalized
normalized gamma process

The Bernstein-von Mises theorem links Bayesian inference with frequentist inference. Sim-
ilarly to the Bernstein-von Mises theorem (Vaart, 1998) in Bayesian parametric frame-
work, one can derive the Bernstein-von Mises theorem in Bayesian nonparametric frame-
work. There has been some works in the literature. One example is the Bernstein-von
Mises theorem for the empirical process P, = EH:TI(SX (van der Vaart and Wellner, 1996;
Vaart, 1998). With the fact that the maximum likelihood estimator of Fy in the Bayesian

Zizé ®X: one can conclude the limit law of \/n(IP,, — Py) is nor-

nonparametric sense is P, =
mal distribution. Based on a similar idea, we would consider the limit law of the posterior
distribution of \/n(P —P,) given an iid sample X from Fy. To explain the Bernstein-von

Mises theorem in the Bayesian nonparametric case, we temporarily let P € My be any

random probability measure and define the functional as follows:

T B Y e

n

where f : X — R is any measurable functions.

Let IF be the collection of functions f, the Bernstein-von Mises theorem in the Bayesian
nonparametric case considers the distribution of {/n(Pf—P,f)|X : f € F} and {\/n(P, f—
Pyf) : f € F}. It is worth to point out that there have been many works for the weak
convergence of stochastic processes indexed by elements of Banach space of functions,
we refer the statisticians to (van der Vaart and Wellner, 1996; Vaart, 1998) for further
reading. When the function collection F is finite, both {\/n(Pf —P,f)|X : f € F} and
{V/n(P.f — Pof) : f € F} are random vectors in Euclidean space. Otherwise, it is con-
venient to consider the F to be Py—Donsker. Here we recall that F is Py—Donsker if the
sequence \/n(IP, f — Pyf) converges to B%, in distribution in the metric space {*°(FF) of
bounded functions g : F — R, equipped with the uniform norm ||g[|r = sup ;g |g(f)|. And

B%, is a Brownian bridge with parameter Fy or Fy— Brownian bridge, so that E[B%, f] =0
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and E[B%, /1B, fo] = Po(fif2) — PofiFof:. An notable result is that a finite set F is
Py—Donsker if and only if Pyf? < oo for every f € F. For the infinite Py—Donsker
classes, one can find details and examples in (van der Vaart and Wellner, 1996).

In order to define the weak convergence of y/n(P —P,) conditional on X to B}, , we

can use the conditional weak convergence in the bounded Lipschitz metric (van der Vaart

and Wellner, 1996) as follows:

sup |E{h(v/n(P —P,)|X} —E[rB})]| — 0, (3.4.1)

heBLq

as n — o0o. The expectation in (3.4.1) is taken for the random probability measure P,
and thus the left side of (3.4.1) is a function of X. The convergence in (3.4.1) refers to the
iid sample X from F, and can be in probability or almost surely. The supreme is taken
over the set BL; of all functions h : [*°(FF) — [0, 1] such that |h(f1) — h(f2)| < ||f1 — fallF,

for all fi, fo € 1°°(F). We denote the above convergence as
VA(P = P)[X ~ B,

Under the convergence criteria we explained above, we will present the Bernstein-
von Mises theorem when P ~ NGGP(a,0,0, H). For simplicity of interpretation, let
pr _ E?:(q) 6Yi‘

" n(m)

Theorem 3.4.1. Let X be a sample as defined in (3.1.1) with P ~ NGGP(a,0,0,H).
Let F be the finite collection of functions such that Pyf? < oo and Hf? < oo for any

f € F. We have the following convergences almost surely under P5°.

(1) If Py is discrete,

Jn (P - {Pn Lol gy ﬁ»n)}) X~ B, | (3.4.2)

n

Vi (P —E[P|X])|X ~ B, . (3.4.3)
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(11) If Py is continuous,

Vi (P ={(1-0)P,+0H}) X
V1 — 0By ++/o(l1—0)BY +VoZ(Py—H), (3.4.4)
V(P = E[PIX])IX

~ V1 — 0By ++/o(1l—0)By +\oZ(Py— H). (3.4.5)

Here By, , By are independent Brownian bridges, independent of the standard normal
random variable Z. Moreover, the convergences hold in probability in [*°(F), for every
Py—Donsker class of functions F for which the NGGP(a, 0,60, H) process satisfies the cen-
tral limit theorem in [°(F). If in addition that Py||f — Pof||3 < oo, then the convergences

is also Pg°—almost surely.

We refer to Theorem 2.11.1 and 2.11.9 in (van der Vaart and Wellner, 1996) for more
details of the discussion for F such that the convergence holds in [*°(IF).

When P is continuous, there is a “bias” term o(H —P,,) in the convergence in (3.4.4).
And the term vanishes only when o = 0, under which P becomes the Dirichlet process, or
when H =P, (H = F,), which is unrealistic. Moreover, the o equals the C'; in Theorem
3.3.3. Thus, it suggests that one is not expected to use NGGP for continuous F.

On the other hand, it is interesting to see that there is a “bias” term %(”)(H -P,)
in the convergence in (3.4.2) when P, is discrete to make the limiting process is B%, . We
n(r)

can not drop this “bias” term directly, although lim,, . = 0 a.s.. The term can

be dropped as long as lim,, ., % = 0, in the sense that the number of atoms {z;} in
Py should decrease fast enough when n — oo. For a formal condition of Fy to make

lim,, % = 0, we have the following Corollary.

Corollary 3.4.2. Under the conditions in Theorem 3.4.1, when Py is discrete, we have

the following results.

(1) If Po({z;}) < j%, for some positive constant C' and o > 2 and F is the class of

uniformly bounded functions, then \/n(Py, —P,)|X ~~ B, in probability in [*(F).
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(it) If the function h(t) == #{x : Py({z}) > 1} is reqularly varying at oo of exponent

n with n < % and T is the class of uniformly bounded functions, then /n(Py, —

P,)|X ~ B, a.s. in [%°(F).

(iii) IfF is a class of functions f such that f({z;}) =< j° for some 8 > 0 and Py({x,}) <
].%, for some positive constant C' and o > 2 + 2f3, then \/n(Py, — P,)|X ~ B%, in

probability in [°°(TF).

The proof of the above Corollary follows directly from the Corollary 2 in (Franssen
and van der Vaart, 2022). And we recall that if h is regularly varying at oo with exponent

n € (0,1), then for any ¢ > 0, we have lim,,_, %;:)) = t". Moreover, for such regularly

varying function h, we have % — I'(1 = n) a.s., and h(n) is n" up to a slowly varying
factor. We refer the appendix in (Haan and Ferreira, 2006) and (Bingham et al., 1987)
for more details of the regularly varying function.

As the application of the Bernstein-von Mises results in Theorem 3.4.1, we may con-
struct the confidence intervals for Fyf when n — oo. The choices of f determine the pa-
rameters Py f, for which the credible intervals are constructed. For example, if f(z) = x,
the credible interval is for the mean. Since the posterior consistency does not hold for the

case when P, is continuous, the credible intervals for Fyf is not correct in this case, thus

we shall only give the credible interval for Pf when F, is discrete.

Corollary 3.4.3. If P, is discrete, under the conditions in Theorem 3.4.1, we have the
probability of Pyf € <L,Wf — P Hf —Bof), Lgf — Z(H S @nf)) is B — a for
any f such that Pyf? < oo and H f* < co. Here L, is the a—quantile of the posterior
distribution of Pf|X and > «.

One direct interpretation of the above Corollary is one may want @ — 0 to make

the “bias” term vanish and therefore the credible interval for F,f becomes a regular form
(Lnof, Lngf)). Otherwise, the correction %(”)(H f=P,f ) is necessary as a bias correction
to the credible interval. We provide the numerical illustration that corresponding to this

scenario in Section 3.4.1.
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However, F, is of course unknown in the real application and we shall consider Theo-
rem 3.4.1 without the information from F,. One important parameter that one needs to
pay attention especially is o, and it is easy to see from both Theorem 3.3.3 and Theorem
3.4.1 that if ¢ — 0, P is posterior consistent and the Bernstein-von Mises results hold
without the bias terms for any F,. But this corresponds to the case that P becomes
the Dirichlet process. Thus, one should at least expect the parameter o to be small.
Usually, the model parameters are chosen by the empirical Bayesian method, and people
can estimate the model parameters by using the maximum likelihood estimators condi-
tional on the observations X. A well known conclusion (Pitman, 2003, 2006) in Bayesian
nonparametric framework is the observation X from NRMIs induces a random partition
structure for {1,--- ,n} as we introduced in Section 3.2.2. The random partition struc-
ture is characterized by the exchangeable partition probability function (EPPF) (Pitman,
2003), which also plays the rule as the likelihood function of ¢ as explained in e.g., (Favaro
and Naulet, 2021; Ghosal and Van der Vaart, 2017; Franssen and van der Vaart, 2022).
And the EPPF for the NGGP is given as

H;ﬁrl) (1-o0) (nj—1)
I'(n)

Ha(nla U 7nn(7r)) = / Un_l(u + Q)N(W)U—neg((u-ﬁ-md—eodu,
0

L(nj—o)
I'(l1-o)

where (1 — 0)@m,;-1) = . From Theorem 1 in (Favaro and Naulet, 2021), the max-

imum likelihood estimator &,, exists uniquely. Furthermore, the results in Theorem 2 in
(Favaro and Naulet, 2021) implies that 6,, — oy in probability with a rate \/log(n)n~ %,
when P is discrete with atoms z satisfying h(t) = #{Py({z}) > 1} is a regularly varying

function of exponent oy € [0,1).
Theorem 3.4.4. Under the assumptions in Theorem 5.4.1, we have the following results.

(i) If &, is an estimator based on X that converges to oy in probability, then the con-
vergences in Theorem 3.4.1 hold in probability by replacing o, by &, and replacing
o by og. In particular, this is true for the mazimum likelihood estimator &, if Py

is discrete with atoms x satisfying the condition that h(t) = #{Py({z}) > 1} is a
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reqularly varying function of exponent oy € [0, 1).

(ii) If o ~ L,, where L, is the prior probability law on [0,1] that plays the law of o,
then the convergences in Theorem 3.4.1 hold by replacing o, by o on the left hand

side, and replacing o by o9 on the limiting processes.

The proof of the above theorem follows the same constructions as the proof in section
4.2 of (Franssen and van der Vaart, 2022). For the posterior consistency of &, we refer
to the details with proofs in section 4.3 of (Franssen and van der Vaart, 2022). The
maximum likelihood estimator is not quite interesting since 6,, — 0y with o9 = 1 when
Py is continuous, and oy # 0 when P, is discrete (Favaro and Naulet, 2021).

Besides the parameter o, the parameters a and 6 don’t appear in the asymptotic
results in Theorem 3.3.3 and Theorem 3.4.1, and thus estimators of a and 6 based on
prior distributions or maximum likelihood method won’t affect the convergences when
a << +/n and 8 << n?. And the cases when a, and @n converge to oo as n — oo are

beyond the scope of this work and can be considered in the future works.

3.4.1 Numerical illustration

We present the credible intervals for Fyf when P, is discrete with different behaviours of
the number of atoms. To be more precise, let Pyf = Py([2,¢]) for Py = Py, Ps, P, Py,
where we describe Py, P, P3, Py as follows. Let the probability distributions of Py, P, P3, P,

be on Z™T are as follows.

P(X=1)=02P(X=2)=02P(X=3)=02P(X=4)=03,P(X =5)=0.1,

P(X=k)oak™, P(X=kok?  P(X=k ok,

Obviously, n(r) = 5 for P;. From the result (see e.g., Example 4) in (Karlin, 1967), we
have the regularly varying functions h(t) corresponding to P, P, P, are proportional to
t%,t%,t% respectively. And when n — oo, the distinct numbers n(7w) of Py, Ps, P, are

proportional to n%,n%,n%, respectively, from Theorem 1 in (Karlin, 1967). Thus, the
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n 10 100 1000 10000 100000
P 1 0.791 0952 0.961 0.967  0.986
P, 1 0.695 0.857 0.928 0.917 0.931
Py | 0712 0.785 0.811 0.727  0.754
P, 10.601 0.292 0.078 0.000  0.000

Table 3.1: Proportion of coverage of the true value for the 95% credible interval without
“bias” correction.

n 10 100 1000 10000 100000
P, 10977 0989 0.991 0.995 0.997
P, 10914 0938 0.951 0.933 0.941
Py 1 0.863 0.931 0.962 0.960 0.978
Py 10901 0.955 0.969 0.966  0.956

Table 3.2: Proportion of coverage of the true value for the 95% credible interval with
“bias” correction.

“bias” term for P, P, P3, P, goes to 0,0, some constant, co, respectively.

For the NGGP, we let P ~ NGGP(1,0 = 0.5,1, H), where H is standard normal
distribution. We simulate P through its stick-breaking representation with the generating
algorithm in (Favaro et al., 2016). To make sure the simulation of P = > .° w;dx,
is accurate, we truncate the infinite sum at some N such that the weight of the tail
Yoonwi < \/Lﬁ, where n is the sample size. We simulate 10000 replications of the sample
X from Py, P, P3, P, with the sample size n = 10, 100, 1000, 10000, 100000 respectively.
For the sample from P;, we construct one 95% credible interval for each sample for
Pi([2,00)) with the “bias” correction as in Corollary 3.4.3 and compute the proportion
that the true value P;([2, 00)) belongs to the intervals of 10000 replications. And we also
compute the same proportion without the “bias” correction. The results of Pi, P, P3, P,
are given in tables 3.1 and 3.2.

Since the “bias” terms for P; and P, vanish as n — oo, the proportions of the coverage
of the true value are large for both with and without “bias” correction. And the 95%
credible intervals for Psf and P,f are not performing good without “bias” correction.

As for the normality convergence, we draw the marginal density plots in figure 3.1
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for Pi([2,00)) given the sample X with size n = 10, 100, 1000, 10000, 100000 respectively.
Both plots are generated from 1000000 replicates, the true mean of P;([2,00)) is 0.8 The
marginal density for P;([2, 00)) is skewed when n = 10, 100, and symmetric when n = 1000

and larger.

02 04 08 08 10 06 07 08 08 078 079 080 081

I I I I I I I I I I I
0794 0796 0798 0800 0802 0804 0.80¢ 0.798 0.799 0.800 0.801 0.802

Figure 3.1: The marginal densities for Pi([2,00)) with sample size n =
10, 100, 1000, 10000, 100000 follow the order from top left to bottom right.

3.5 Discussion

To the best of our knowledge, the Lévy intensities of the well-studied NRMIs up-to-date
are given in the form of the gamma density: s~ ~'e=#*. It turns out that with the shape
parameter ¢ = 0, the posterior consistency is always guaranteed for any “true” prior
distribution F,. Otherwise, the posterior consistency only holds for discrete prior F,
but not for diffusive prior F,. Such phenomenon does naturally make sense due to the
discreteness of NRMIs (the completely random measures (Kingman, 1975)). As explained

in the Bayesian literature, if F is diffusive and the prior guess for the sample distribution
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a # Py, then the prior guess will always contribute to the posterior, no matter how large is
the sample size. In such sense, the Bayesian nonparametric models never behave “better”
than the empirical models asymptomatically. However, this doesn’t mean the NRMIs are
not useful. On the one hand, we are not able to know the “true” distribution of a given
sample with any size n, also the sample size n will never be oo, a prior guess of the random
probability measure based on experience could make the model suitable. On the other
hand, the NRMIs behave great for the data from discrete distributions. Furthermore, the
mixture and hierarchical Bayesian nonparametric models based on NRMIs are showing
great success in the applications and consistency behaviours (Lijoi et al., 2005). And
the class of NRMIs is much larger than we expected, so that more study is necessary
to develop more flexible subclasses of NRMIs or more general NRMIs like classes that
are satisfying the consistency property. The results in this work provides a guideline of
choosing the proper intensity p,(s), for example, the generalized Dirchlet process and
the generalized extended gamma NRMI are good choice in the Bayesian nonparametric
applications and they both show some flexibility. Besides, we may let ¢ — 0 by assigning
a randomness on o, or one may construct o to depend on p, to deduct C4.

Due to the complexity of the posterior of the NRMIs, it is not easy to present a
Bernstein-von Mises like result to give the limiting process of posterior of general NRMIs.
The result for the normalized generalized gamma process, along with the works in (Lo,
1983, 1986; Ray and van der Vaart, 2021; Hu and Zhang, 2022; James, 2008; Franssen
and van der Vaart, 2022), shed some light in discovering the Bernstein-von Mises theorem

for general NRMIs.

3.6 Appendix

In this section, we prove Lemma 3.3.1, Theorem 3.3.3 and Theorem 3.4.1.
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Proof of Lemma 3.3.1

Let Z = E[(P(A)|X)™]. Then, by Theorem 3.2.2, Z can be computed as follows.

< [0, (A W& gy (A
:/ E N(U")< ) +Z ’ YJ( ) Jo,x (u]X)du
0 : =1 .

(Z)F // vE

ZJ(SY (A)

e ~y(T() +377 J)M(U )(A) -

fUnIX(u|X)dydu' (3.6.1)

Noticing that T(v,) = i, (A) +fiw,)(A), where iy, \(A) and fi;, ) (A€) are independent,

we can rewrite the expectation in (3.6.1) as

( ) / / m— 1E e —Yii(u,) (A )M( )(A)m k] E [e—yﬂ(un)(Ac)}
0

k

p”qg

B
Il

n(m)

E | &5 ) ZJ(SY (A) | | fo.x(uX)dydu

— (m) 1 /Oo /OO -1 —k {dm_k —yiig,)(A) —yii g, (A°)
- S Yy H—=1)"PE | ——e YEom A | B [eVRwa)
kz:% (k) I(m) Jo Jo =) dym+ [ )
k ")
Z Lo g H J Oy, (A) | ] foax (u]X)dydu

m 1 oo oo dm*k . ~ c
=>. (7}?) [(m) / / Y () Bl e e B[ em ()

0

n(m) 1.

db
2. (11 k In( >)E[H(_1)lj@€_wj5%(/l)] Juux (ulX)dydu.,

Jj=1

where the sum in front of ( ) is over all the vector (1, - -, l,(x)) such that Z;f? lj =

k
byl ()

k. Taking the derivatives inside the expectation and using the Laplace transform of
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fi,)(A), we have

m 1 qm—k i )
1= m—k ~ Rl Yiwn) DRE[e YU (A°)
> o], [ agrree IR |
n(r)
T+, (0 + v, Y))
J oy. (A u| X)) dydu
Z(ll,--- 7ln(7r)) = Tnj(U,Y}) Y]< ) fUn\X( |1 X)dy
m m 1 /OO /OO 1 ( B ) ,¢ ( )
=Y. Yy Vo (uy)em Y
=0 (k) I'(m) Jo Jo (4)
llv Tty ln(ﬂ') J=1 Tnj (U, Y}) J nl ’

(3.6.2)

where ¢x(u,y) = [; [77 (1 —e¥*)e " p(ds|x)a(dx). By the fact that

Jux (u]X) o< u e vx() H o, (1, Y]

and e~ ¥x(We=¥x(wy) — =¥x(uty) e further simplify (3.6.2) to

" m 1 & > _ _ m,k) _
I = —/ / Y™ " 1VCE (u+y)e ¥x(uty)
Z (k) L(m) Jo Jo 4)

k=0

n(m)

k
2 (11 o g )) H%H u+y,Y;)dy;(A) | dydu
m n(m)
:Z (k) / / m—1 un lvm k)(u—l-y)e_wX(wy)HTnJ-(u-l-y,Yj)
k=0 j=1

n(m)
Z(l ) sl ])5Y(A) dydu .
1,° 7n

o, (U419, Y5)

Jj=1

The change of variable (w, z) = (u + y,u) yields

m m 1 fe’e) w
7= —/ / w— 2 ml“V(m’“ T (w,Y;)
Z(k)F(m) 0 0( H ’ !

k=0
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k ) Tn -H‘(wv j)
— dy,(A) | dzdw
Z (lla" 7ln(71‘) j=1 Tnj (w,Y}) !
Using
w T r
/ (w - Z)m—lzn—ldz — wm—i—n—l (m) (n) ’
0 ['(m +n)
we obtain
7 _i m\ 1 T(m)['(n) /oo Ly R (3 =0 ﬁ (w,Y;)
- k=0 k)T(m)T(m+n) ) v a(a) W)€ = Tn; (W, I

n(m) Tn] w,
Z(h,--- n(ﬂ)) H H )] dy;(A) | dw

T'(n) < m - (m— (1 +n ()
:—F(m—i—n) Z (h,"' >/0 w fU"(w)Va(A)l+ A () (w)

[
0<li+-+ly(my<m ()

n(m)
Tanrlj (U], Y;) S
LI =S5y (A) | dw.
| ey
This is (3.3.2).
For any family of pairwise disjoint sets {A;,- -, A,} in X and for any positive integers
{my,---,m,} we denote Aq+1 = (UL, 4,)¢, mgpr =0, and m = > 7, m;. For any sample

{X;}, from P, let {Y} " be the distinct values of {X;}7,. Let A; = {j : Y; € A;} be
the set of the index of Y;’s that in A; and we denote by max();) the maximal value in ;.

We can compute the following moments easily.

L :=E[P(A)™ - P(A,)"™|X] (3.6.3)

:/OOOE [P(A)™ -+ P(Ag)™|Un = u, X] fu,x (u[X)du
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m;

q+1 n(m)

/ / m-1p | —u(Tut 3] (")J)H +ZJ5Y fu.x (u|X)dydu

q+1 m;
N {2[]
k=0

k
E e_y(zg‘e)\i J5) <Z J]) }fUn|X(u|X)dydu .

JEN;
A similar computation as that for Z yields
n(m) q+1 m;

gz% /Ooo mrmle HTnJ H{ > (ll,wT,nl;az(Ai))

i=1 \ 0<li+-Flmax(x;) <mi

(mi—(1++maz(x;))) Ty 41, (0, Y5)
VO‘(AZ') (W) <H Tn,; (w> Y}) w

JEN

:% /Ooowmfunx(w|X)qﬁ{ i <ll,---mi )

l .
i=1 0Sll+"'+lmax()\i)gmi s bmax(N\;)

(mi—(l4+maz () T4, (W, Y5)
Vatay (@) <H Ty )

JEN

This is part (ii) of the theorem. Then the proof of lemma 3.3.1 is completed.

Proof of Theorem 3.3.3
We need the following lemma to prove Theorem 3.3.3.

Lemma 3.6.1. Under the assumption 3.5.2, we have for anyy € X and k € Z™,

o0

lim Te(w, y) fu, x (u]X)du = k — Ci(y) . (3.6.4)

n—oo 0

Proof. Let gn(u) be a constant multiple of the density of fy, x(u|X) given by (3.2.10).

Namely,

n(m)

) lu) H Ty (u
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n(m)

:un—le—afX I3 (1—e=v) p(ds|x) H (d) H / Snje—usp(d8|yj) (365)
j=1""
Jox (ulX) zoo%& : (3.6.6)
Iy~ gn(u)du

The derivative of g, (u) is computed as follows,

2pix) T §2 T )
) =25 [ 0075 | =1 {0 f ot + w0

Let hy(u) = u [, 71 (u, y)a(dy), then bl (u) = [ (11(u,y) — urs(u,y)) a(dy). By the as-

sumption 3.3.2, umgu Z; < 1. This means h/,(u) > 0 and then h,(u) is nondecreasing in u.

Similarly, from the assumption 3.3.2, it follows that u% is also nondecreasing in u

for all n;. Thus, we have

~ Tni+1 uvy;
= a(dy) 4
G (u) U/Xﬁ u, y)o(dy) +Z (Y

is nondecreasing in w. Since g,(u) is a continuously differentiable function such that

fo gn(u)du < o0, it is then bounded and attain its maximum point at some point un ()

satisfying g/, (u? n(my) =0or G (u? n(my) =1 —1. Note that g, is also a continuous function
and is then bounded on bounded interval. We claim that ufm(w) — 00 asn — oo. In

fact, by assumption 3.3.2, uTHl(uy < ¢(u)(k — Cx(y)), Yk € ZT and y € X, for some

T (u,y)
function ¢(u) € (0,1) which is nondecreasing in u and lim, ,o ¢(u) = 1. Assume that

2 n(m) Tn j+1(w,Y))

Up iy < 00 as n — oo. Then, qﬁ(ui’n(w)) = o < 1, which implies » "7 rn].(u,Yj)
a (n — Zjﬁ? C}(Y})) Therefore,
n(m)
n—1=g (unn(w)) < unn(ﬁ)/7-1<u () Ja(dy) + a "‘ZOJ(YJ) )
=1
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which implies

n1—a)+a> G —1< w0 / (2 ) dy) < oo

which is a contradiction.

Denote
Tk+1 (Ua y)

7~'k(ua y) = Tk<u, y)

And let uy, ,x) be the positive square root of uim(w), thus w, »(x) — 00 as n — oo. Then,

we have the following inequalities,

_Jo 7w, y)gn(U)du

k;—ck(y)z/ooou T (4 )fUnIX(ulx)

(U, y) fooo gn(u)
>fuoo (U, y) gn (1) du - )f"j() ()du
= Z Tg\Unn(r), Y

fo gn(w)du “ Jo~ gnlu
1
~ fou”’"(”> gn(u)du
== Tk(un,n T 711) 1 + 00
) 22 an(w)du

~1
foun?nw gn(u)du

[0 g, (u)du

n,n(mw)

> %k(un,n(ﬂ’)a y) 1+
" —1

Jo "™ gn(tinnim)du

fu mon(T) 9n (un n(w))du

n,n(m)

—1
un,n(ﬂ)gn(un:n(ﬂ'))
= Tk(un,n s 7y) 1+
(™ (ui,n(ﬂ) o u”v"(”)>gn(u”v”(”))

> 7~—k<un,n(7r)u y) 1+

Tk+1(un,n(ﬂ')7 y) ni>°° E— Ck (y) . (367)

= (un,n ) 1)
™ Tk (un,n(w)y y)

The last limit in eq. (3.6.7) is due to the following form

(un,n Ty 1) ~
ATI@ (un,n(ﬁ)7 y) )

lim (u -1 i1 (Unnir) ) = lim
n—00 () Tk(unn (m)> y) n—0o0 Un, n ()

(un,n(w)_l)

and lim,, o, —-

= 17 hmn—)oo 7~—k(un,n(ﬂ)v?/) = hmu—>00 %k(uay) =k — Ck(y) by as-

n,n(mw)

sumption 3.3.2. This completes the proof of the lemma. m
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Now we are ready to give the proof of Theorem 3.3.3. To emphasise the finiteness of
a, we use the notation that a = aH, where a = «(X) is finite and H is some probability
measure.

We would follow the similar idea as that in (Freedman and Diaconis, 1983) to define
a class of semi-norms on My such that convergence under such norms implies weak con-
vergence. Let A = {A4,;}°, be a measurable partition of X. The semi-norm between two

probability measures P; and P, in Mix with respect to the partition A is defined by

o0

[Py = Pala= | > [Pi(A) — Pay(A)]2. (3.6.8)

=1

In order to show the posterior distribution of NRMI concentrates around its posterior

mean, we have the following lemma.

Lemma 3.6.2. For any given measurable partition A,
E[|P - E[P|X]%AX] = ZVar -0, (3.6.9)

a.s.-Pf° as n — oo.

Proof. To prove this claim, we shall evaluate the first and second posterior moments of

P for any A € X. For the first moment we have

E[P(A)|X] = %/000 ufUn(u)VOE (o (u)du + — Z/ u fu,1x (u|X) Tn]JrEiqu/))(Syj(A)du

n(ﬂ'

- E/OooufUn(u)/ATl(u ©)H (dz)du + — Z/ uf,x mx>%@j(mdu.

n )

For the second moment we have

a

E[P(A)2X] = ) / T f i (ulX) /A o (ut, ) H (dr)

n(n+1) Jy

~|-n(na—il)/ooou2fUnX(u|X) (/Aﬁ(u,x)H(dx))Zdu
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Tn]+1(u,Y}) T (u, x)du
s A) [ () H ()

)

u fUn|X UlX

n(7r T oo
n+1 Z/ @ fu,x (u]X) nﬁ(i ;/;)53/ (A)du

Tog+1 (U, Y) Tn]Jrl(ua Y;)
Ty (u7 Yk) TTLJ (u Y; )

UZfUn|X(u|X)

Then, we can write
> Var[P(A4)|X] =) (E[P(A)|X] - E[P(A)X]) =T + o+ Ts + Ta
— i=1

where the terms 71, Jo, J3, Js are defined as follows.

7= 1) /0 2 fx (ufX) /X o1, 2) H (dax)

:n(n +

n+1 Z/ u? for, x (u[X) (/ 71 (u, x)H(da:)>2du
- —Z (/ ufu,(u /A ﬁ(u,l‘)H(dI)qu : (3.6.10)

/ o fux (ulX) Tnﬁz(u%yi) ()

143

T =2 +1§;

Jj=

oo n(m)
T (u, z)du —2— U T1(u, z)H (dx)du
[ o By 2 2;/ fontu) | ) H ()
X /OOO ufUn|X(u|X)%6yj(Ai)du; (3.6.11)

oo n(m)

Tn]+2( )
Js = n+1 ZZ/ u? fu,x (ulX) Y Oy, (Ai)du

1 oo n(m)
_EZ

=1 j=1

(/ wfu,x( “lX)Tnﬁzz(L ’Y§>5y (Ai)du)Q (3.6.12)

)
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Tng—&-?(u’y;)
= n+1 Z/ ufUn‘Xu|X) o Y)d

» =]

n(m) s
- > ( /0 fu (X)L (fj‘yy)) du)2 ; (3.6.13)
and
L e T
B 2_22/ ufo,x (u]X) TnHE(uYYk)(SYk(Ai)dU
i=1 j#k k)
x /0 mufUn|x(u|X)%5yj(Ai)du. (3.6.14)

We will first consider the terms 7, J3, J1 and then [J;. But before dealing with them,

we need some prior preparations. By the identity E[P(X)|X] = 1 we have

n(m)
a [* 1 > Tn-—&-l(uij)
— H(dx)d — X)—/——du=1.
“ et [ @+ 3 | )

By Lemma 3.6.1, we have the approximation

%/OOO ufUn|x(u)/XTl(u,:c)H(dx)duN - (3.6.15)

as n is large. On the other hand, let u, »(r) be the maximal point of gn(u) as in Lemma
3.6.1. Under the assumption 3.3.2, we know that ur (u, z) is nondecreasing in u for all x.

We have

Un,n ()
o [ wfoxtw) [ 7o) (3.6.16)
0 X
foun’n(ﬂ ugn (u fx Tl H(dx)du
=a

Jo gnlu
< AUp n(x) / T1 (un,n(rr)> ,I’)H(dl’)
X

fou"’”<”) gn(u)du
fooo gn(u)du
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J
= AUnp n(r) /XTI (un,n(ﬂ')7 I)H(dl’) (1 + fur:;:l((:))

< AU, n(r) / T (unvn(ﬂ)’x)H(dI> L+
X

Up, () (un n(m) — 1)gn(un n(7r)) -
= QU (r) /Xﬁ (Un (), ) H (d) [ 1+ — ) ;

Up,n(m)Gn (Un,n(w) )

=a / 1 (Un (), ©) H (d) (3.6.17)
X

which goes to 0 as n — oo by the Monotone convergence theorem, since 7y (u,z) is
decreasing to 0 in u for all z. Combining the above computation with the approximation

(3.6.15), we have

lim — >
vl ZN(W) C,. (V)
j=1 Ln; L

/OO wfu, x (u) /Xﬁ(u, x)H(dz)du = 1. (3.6.18)

n,n ()

Step 1: Evaluation of 7.
Notice first that for any A; and Yj, by the assumption 3.3.2, we will have
I .= /OO UQM(SY (Ai)/ T1(w, ) H(dx) fu, x (u|X)du
0 Tnj (U, Y) ! A; "

< (nj — Cp, (Y7)) 0y, (A;) /000 ufUnx(u]X)/ 71 (u, z)H (dz)du . (3.6.19)

On the other hand,

o n; 7Y'
I > / 2Tt )5 / 71 (u, ) H(dx) fir, x (u] X ) du
Un, n () Tnj <u> YJ) A

a

n; n,n(m)» Y; o
> sy Tt Yi) 6 g / o, x(u) / 1w, 2) Hde)du.  (3.6.20)
’ Tn,; (un,n(w)7 Y) ! u ! X

n,n(mw)

By the above inequalities (3.6.19), (3.6.20) and the approximation (3.6.15), (3.6.18), we

can see as n becomes large

Tnj+1 (U, Y;)

A UQfUn\X(u|X) Ta, (U, Y)

(53/].(AZ»)/AV7'1(U,Q7)H(dx)du
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~ /OooufUn(u) /Ai Tl(u,x)H(dx)du/OooUfUn|X(U|X)W j

Thus, for large n, we have

oo n(m)
722 (e = ) B = G 0

i=1 j=1

« /0 " fux (Ul X) / 1 (u, 2) H () du

A;

n(m)

(s e B Y = o) [ () [ () (),

J=1

This combined with (3.6.15) yields

(n - 525 €, 1) (15 € 1))

L -2
T2 n?(n+1)

: (3.6.21)

which has order O(2).
Step 2: Evaluation of J;.

For J3, notice that under the assumption 3.3.2, we have

o Tga2(W,Y5)  Tuio(w,Y)) o Tpa(u,Y))

= U Uu
Tn (u,Y}) Tnj+1<u7Yj) Tn; (U,Y})

is nondecreasing in u and is bounded by (n; +1 — C,,11(Yj))(n; — Cy,(Y;)). Using a
similar approach as that in Lemma 3.6.1, we have as n is large,

Tn]‘+2<u Y; )

/0 o e 0l X) S

du 2 (ny 41— Copa (V) (ny — Coy (V7)) (36.22)

Combining it with Lemma 3.6.1, we have as n becomes large

n(m) n(ﬁ)

1 1
N 4 1—=0C. (Y _ Vo)) — — )2
\73 n<n _'_ 1) ;(n] + Cn]-i-l( J))(nj n2 ]:1
)
1
:nz(n + 1) ;(nj - an (YJ)) (n + (n + 1)an —n; — nCnJ-—i-l)
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L (S 6, v7)
- n(n+1)

: (3.6.23)

which has order at most O(2).

Step 3: Evaluation of 7.

2 Ty, +1(u,Yg) Tnj+1(u,Y5)
Tny (’I.L,Yk) Tnj (uvi/j)

For J,, we have that under the assumption 3.3.2, u is nondecreas-
ing in u and is bounded by (ny — Cy, (Yx))(n; — Cy,(Y;)). Using a similar argument to

that in Lemma 3.6.1 leads to

> 2 Tng+1 (u’ Yk) Tnj+l (U, Y})
y ulX du
/0 Joax(u[X) To (U, Yi) Ty (0, Y))

n o Tn l(uyyk) /OO Tn-+1(u7Yj>
~ U w|X) e TR gy U u| X)—L———du
[ X P [ )

~ (i = G (Vi) (n; — Co (Y5))

Thus

aite (s )2 — Co (V1)) (g — Coy (V7)) (A1), (4)
1 j#k
. 22#,4 ~ Co (V) — Gy (1)
n?(n + 1) ’

1=

which has an order at most O(=).
Step 4: Evaluation of 7.
Finally, we deal with the term J;. Notice that E[P(X)?|X] = 1. Using the computation

we obtained for Js, J3, Ji, we have

1 = E[P(X)[X] :ﬁ /OOOquUnX(u|X)/XTg(u,x)H(dx)du
+%/m o2 for, e (4 X) (/Xrl(u7x)]:l(dx)>2du

N T, +1(u, Y5)
n+1 Z/ u? for, x (| X) =5 T (1, Y) /Xﬁ(U,JJ)H(d:L’)du
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n(m)

Tnj-i-?(u)}/])

>4

X Tt (U, Yi) Ty 1 (1, Y5)
2— / u? w|X) et ! du
n(n+1) ; 0 Joux(ulX) T, (1, Yy) Tn].(u,Yj)

xn(na+ ; /O T f i (ulX) /X o1ty 2) H (dar)du

2

n(n“+ 3 / T 2f x () X) ( /X Tl(u,x)H(dm))2du
(259 ¢, (%) (= (339 €, (1))
n(n+1)
Dy 41— Coyin(Y)) = "2 (g — Co (V7))
n(n+ 1)
(n — Cuy (Y))
) |

+2

z
zy;z% — Coo(Y2))
n(n+1

This implies

n(na+ 1) /OOOUQfUnXWX)/XTz(%iE)H(dx)du

2

b [t ([ n(u,x)H<dx>)2du

< e y)) SO o (YL O — O O
L, Nt Zj:l n; (Y5) 23:1 (n; n; (Y3))(1 + Gy nj+1 )

n
~

T . (3.6.24)

Combining the approximations (3.6.15) and (3.6.24), we have

s /OOOUQfUnX(u|X)/XTQ(U,:E)H(dx)du
s [ ([ n(u,xm(dx))zdu

_ Z_z < /0 "o, () /X Tl(u,x)H(dx)du)z

+2§ /0 o, () /A (0 2)H () /0 " fu (1) /A ) Hidr)d
_2;/ & o (ufX) / 1 (u,2) H (da:)/ 1 (u, 2) H (der) du
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n(m) 2 n(m) ”j—cnj
n+ <2j=1 an (Y;)> - Zj:l (nj — an (Y}))(l + an — an+1 - )

n(n+1)

n
~Y

(27“;’ c ™)

+2—Z / wfu, (u / 71 (u, 2) H (dz)du /0 OoufUn(u) /A | 71(u, z)H (dz)du

i

_2n(n—|—1) ;/0 u? for, x (u|X) Ai T1(U,x)H(dx)/ 71 (u, x)H(dx)du . (3.6.25)

Ay

We now treat the above last two summation terms. First, we have

22 / ufy, (u / 71 (u, ) H (dw)du /0 OoufUn(u) /A | 71 (u, ) H (dw)du

1#£l Ai

z ( /O " (1) /X Tl(u,x)H(dx)du>2

and
22/ u? fr, x (u|X) / 71 (u /Tl(u,a:')H(d:c)du
1#£l Aj A
2
f”\LJ\/ Uu fUn\X U|X (/Tl ) du.
0 X
Thus,

n? — nzj 1 ( = Cn, (V) (1 + Cry = Cpjia) — (Zn(ﬂ) Coy (Y; )>2

i~ n2(n+ 1)
It is easy to have that
n(m) n(m)
(n; = Coy (V) (1 + Gy = Cryir) <30 ) (0 — Cy(Y5)) < 3n°.
j=1 j=1

Thus J; has an order O(2).
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Summarizing the above four steps for evaluating 7y, J2, J3, J1, we have

S VarlPAXI 205 50 s oo

Now, we can give the completion of theorem 3.3.3.

Proof. By lemma 3.6.2, the distribution of P(:|X) converges weakly to the point mass at
the distribution of lim,,_,., E[P(dx)|X].
If the “true” distribution P of X is continuous, the posterior expectation has the

following form for any A € X.

E[P(A)|X] :% /0 " fo () /A 1 (u, ) H(dz)du

+ = Z/ ufy,x (u[X) E ]idx (A)du . (3.6.26)

As n — oo, by (3.6.7), the weight [~ ufUn|X(u]X):2 (,X; ;d X 1 — C1(X;), thus the
second part of the summation in (3.6.26) has the form > 7, %(Xj)é x,(A) that converges
uniformly over Glivenko-Cantelli classes to (1 — C;)Py. Since the sum of the weights of
H(dz) and dx,(dz) is equal to 1, we have lim, o E[P(-)|X] = C1H(:) + (1 — C1) Py (*).

n(m)

If the “true” distribution P of X is discrete with lim, .. =~ = 0, the posterior

expectation has the following form:

E[P(A)|X] = %/000 ufUn(u)/ATl(u,x)H(da:)du

| @) -
+ = Z/ o, x (u]X) nﬁzl(b’;/];)(Sy(A)du. (3.6.27)

Tn.+1(u,Y;) n

As n — oo, by (3.6.7), ;7 UfUn|X(U|X)W ~n; — Cy,(Y;). Hence, the second part
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Cn, (V)

of the summation in (3.6.27) has the form Zn(” ) B” dy,(A). Notice that

n

n(m) , n n(r)
5l ) 30 Ly ) - 3 Gl
i=1

7=1

where the term E

0 and we have lim,,_,., E[P(:)|X

Proof of Theorem 3.4.1

As the preparation of the proof of theorem 3.4.1, we shall present the posterior process

of NGGP(a, 0,0, H) followed by theorem 3.2.2.

Lemma 3.6.3. If P ~ NGGP(a, 0,0, H), conditionally on X and a latent random variable

U,, P coincides in distribution with the random probability measure

kP, + (1= ky) Z D, joy; , (3.6.28)

where

(i) The random variable U,, has density

n—1

u _a(y, o
fUn(u) o me '-"( +0) . (3629)

(ii) Given U, =u, Py, ~ NGGP(a,0,0 +u, H).

(1ii) Dy := (Dpya,- -+ s Do) ~ Dir(n(m);ng — o, nyry) is independent of k, and

Py,
(w) The random elements Py, and J;, j € {1,--- ,n(m)} are independent.
~ T,
(U) T(Un) = M(Un)(X) and K, = . Un)

T+ 5
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Proof. The lemma is an immediate result from theorem 3.2.2 and the NGGP intensity

given in example 3.3.8. To verify (iii), we let D, ; := . Since {J1,- -+, Ju(m) } are

z;“? j
independent G(n; — o, u + ¢) random variables with density

(u+0)y= —1_—(u+6
. t UTL = e —tn] g (U+ )t
T ¥ I(n; — o) ‘ ’

By the Proposition G.2 in (Ghosal and Van der Vaart, 2017), we have
Dn = (n(ﬂ-)a Dn,h te 7Dn,n(7r)) ~ Dir(nl — 0, nn(ﬂ'))a

which is totally independent of U,, thus independent of k, and Py . To understand
the independence, we can use the relationship between Dirichlet distribution and the
gamma distribution form the Proposition G.2 in (Ghosal and Van der Vaart, 2017) and

let D, ; = , where v, ~ G(n; — o, 1). O

The convergences 3.4.2 and 3.4.3 are equivalent in theorem 3.4.1, and also the conver-
gences 3.4.4 and 3.4.5 are equivalent. These equivalences can be shown by the following
lemma. To make the results lavish, we will assume {o;}!", be a sequence such that
lim, o0, = o € [0,1) in the following proofs. It is worth to point that, we always
assume that o; < 1 and o < 1 to make sure all quantities in this work are well-defined.
To be more precise, this assumption would make the forms fooo shi—oimle=(ut0)s s « oo

and [ sm 7 tem (T3 ds < oo for any integer n; > 1.
Lemma 3.6.4. For any Py, we have

(i) If Py is discrete,

lim E[P[X] = lim P, + 22 (5 _ ) = By, (3.6.30)
n—o00 n—0o00 n
(i) If Py is continuous,
lim E[P|X] = lim (1 — 0)Py + 0nH = (1 — 0) Py + oM . (3.6.31)

n—oo n—o0
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Proof. Since the convergence of g, to 0 won't affect the proof, and o,, is well-defined as
discussed previously, we may fix ,, and use o for the sake of notational simplicity in the
proof.

By applying the NGGP intensity 3.3.5 to lemma 3.3.1, we have

n(Tr

E[PlX] = %/OOO men( )duH+ Z/ Te)f(]n( )duéy (3632)

To evaluate lim,,_,, E[P|X], we need to find the limits of

5/0 (u+0)1 L f (u)du (3.6.33)
%/0 L fo (u)du (3.6.34)

We will find the limit of 3.6.33 and then 3.6.34. For 3.6.33 by the density of U,,, we have

2/00 f ( )du — %fooo (u+€)n+f (n(ﬂ.)Jrl)de_;(u-‘,-@) du
nJo (u—|—9)1 — fu, (u)du =

foo un—1 +9) du
By the similar arguments in lemma 3.6.1, we use the Laplace method to find the limit of

(3.6.35)
0 (u+9)n n(ﬂ')a

the nominator and denominator of 3.6.35. Let

u” o w1 o
= —5 (ut)” - =2 (ut0)”
g1(u) (u + @) ti-(n(m+1)o ° ’ 92(u) (u+ e)nfn(ﬂ)ae :
Thus,
“(u) = {n(u+0) + ((n(r) + 1o — (n+ 1))u — au(u + )"} u! o (ut0)”
o (u + 9)n+27(n(7r)+1)a
un—2

go(u) ={(n —1)(u+6)+ (n(r)o — n)u — au(u + )7} (a5 gy

As n —, by the similar arguments in lemma 3.6.1, g;(u) and go(u) attain their maximums

1
at Uy, ug, that are both infinity large. Thus, u;, ~ {M}o — 0, and uy,, ~

a
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a

1
{M} ” — 0. Therefore, followed by eq. (3.6.35),

o0

‘ a u . agl(uln)
lim — [ du= i o(un
B Sy oy e = )

1 n n(r _ntl
{((n(wm)al)v _@} ((n(w)ﬂ)a—l) Ay
CI/ a a

= lim —

1 n—1 n
n—oo 1 {(n(w)o—l) ra o 0} (n(w)o’—l)n(ﬂ')o e_n(ﬂ—)—l/o'

n(r -1 —Gal/a(é)l/anlfl/a
. ((n(x) +1)o — 1)z ¢ Do T .
= lim - e . (3.6.36)
oo p(n(n)o — 1)n(7r)*% efeal/a(ﬁ)l/ (n—1)n—1/°
n(m)

Recall remark 3.3.4, when F, is discrete, lim,, . = 0,almost surely. The limit in

3.6.36 becomes

oo U

. a
7}1_{{)10 " ; mfw (u)du

(n(r)+1)— 1 ) /o p
gy L) ¥ Do = DO ot )~ emn) -}

nRN (o — 1)

=0,

1/o
where the exponential part in the last equation converges to 0 by the fact that (W) —

1/o
((;) > 0 for o € (0,1).

n(m)o—1
When P, is continuous, lim,, @ = 1,almost surely. The limit in 3.6.36 becomes
a [ U
lim — —_— d
Ao 11 o (u+0)t-—° fon (w)du

n -1 o o
1((n+1)o—1n"*Y ae_eal/v{(m)” () e}

= lim T e
n—oo M (no—1)""7
_1 no n 1/0 1/0
iy (Do =1 (0t Do — 1) (1 = > 0| (ete) () 0}
1
n—00 n (TLU _ 1)—; n
= 0"

where we emphasis that % > 1 when dealing with the convergence of the exponential part.
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By using the same arguments above for finding the limit of 3.6.33, we can find the limit
of 3.6.34. We omit the details of the computation and can obtain the following results.
When F, is discrete,
1 [ u

lim —
n—oo 1 Jg u—|—0

fu,(u)du =1.
Thus,

n(m)

. 1 : on(r) :

i ELPIX) = Jim 5 2 (= o), = Jim ot 2T —F) = o
j:

where the last equation is due to lim,, @ = (0 and the Borel-Cantelli lemma . That is
to say, the result in 3.6.30 is completed by combining the limit of 3.6.33 and 3.6.34 when
Py is discrete.
When F, is continuous,
1 [ u

lim —
n—oo N Jq U+9

fo,(w)du=1-0.
Thus, combining the limit of 3.6.33 and 3.6.34, we have

. . 1 .
lim B[PX] = lim oH + 21(1 —0)dx, = lim oH + (1 = 0)P, = oH + (1~ 0)Pp.
J:

Thus the proof of the result in 3.6.31 is completed.
O

With the lemma 3.6.4, it is sufficient to proof theorem 3.4.1 by only showing the
convergences 3.4.2 and 3.4.4. The following lemma plays an important role in the proof

of theorem 3.4.1. Here, we recall that an envelop function of F is a measurable function

fe : X' = R such that |f| < fe, for any f € F.

Lemma 3.6.5. Let F be a finite set of H—square integrable functions. Assume that

n(mw) — 0o as n — oo, which includes the case when Py is continuous so that n(w) = n
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and the case when Py is discrete but n(m) converges to oo with a lower rate than n do.

Then
Voun(n)(Py, — H)|X ~ 1 — 0B, a.s., (3.6.37)

in RY. The convergence holds a.s. in [°(F) with an envelop function f. such that H(f?) <

00, and thus the central limit theorem holds for Py, |X in (*°(F).

Proof. The proof relies on the stick-breaking representation of Py, in (Favaro et al., 2016)
and the functional central limit theorem of NGGP in (Hu and Zhang, 2022). And similarly
as discussed in the proof of last lemma, we use o instead of o,, to make the interpretation
easy to read.

By section 4.2 in (Favaro et al., 2016), Py, admits a stick-breaking representation with
dependent stick-breaking weights {v;}32,, and the joint distribution of {v;}32, are given

(Hu and Zhang, 2022) as

ﬁn

k
. _ n —0(] — ; —(k—i)o—1 _Hi?:l(l—vi)a
f(vb 7Uk) [F(l — o)]kf(ka) lel Ui ( v ) €

0o L . Bnt
X / (L= (1+t) o) 11+ ) te MaaG07 g, (3.6.38)
0
where (3,, = 2wt We will follow the same idea as in the proof of Proposition 3.4 and the

g

theorem 4.4 in (Hu and Zhang, 2022). To obtain the similar result as the Proposition 3.4

in (Hu and Zhang, 2022), we will consider the asymptotic result of the following quantity

as n — 0Q.
00 o) 00 k—1
E {ngyx} —E {E{ w?|U, = uX}} —E {E {ngnu —0)?|U, = uX}}
k=1 k=1 k=1 =1

Bnt

X / (1— (148" Y(1+ ) le T0—0% dtfyr (u)du, (3.6.39)
0
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where p is any positive integer. To evaluate 3.6.39 as n — oo, we shall have a further
analysis of the integral with respect to u, which is the only term that relates to n. Consider

the following integral for any b > 0, and any positive integer k.

un !l —(tba (u+0)°
[e’e] kb, d B ( ) fo (u+9) (n(Tr)+k)o' o du
5716 fUn<u> U= 0o un—1 _Hg)gd
0 fo (u_;’_g)n n(7r)o‘ U
(b+1)a u+9 unfl (b+1)a( +9)0'

( ) (fo (wto) _<n(w>+k>o " du + fM wta) - TRe € du

- oo un—1 (u+9) )
fO (que)n n(‘/r)o' du

(3.6.40)

for any M > 0. For any n and any M, we have

/M un—l _ (b+D)a (u+9)gdu
o (g e

Y S ! WOST
o \(u+0)t-e (u + )n—n@=F—Da1° ° u

< M n—1 (M + 9)(n(7r)+k+1—n)a e_w(e)a
(M+0)=7) () +kh+1-n) |

which goes to 0 as n — oo due to the fact that either lim,,_, ., @ =0 or n(r) =n. The
n—1
last inequality holds because <W) is nondecreasing in u for any o € [0,1). Thus

when n — 0o, we have

wn—1 (b+1)a (u+6)° d

k oo
%) (2) f B e —
M 0)n n(m+ke €
/0' /BﬁebﬂnfUn(u)du = - oo u+ )un 1 —a(y

0)o
Jo (ut@)yn—n(me € A0 du

U

This would imply

o0 00 Bl k=1 k (i1 T B
E D X — n - 1— i —(n—1)o— [T, (A=vy)®
2l |, T [ v mieie T

Bnt

x / (1— (L+8)" 7)1 + ) Te o007 dtfy (u)du, (3.6.41)
0

in which we choose M = M, that goes to co as n — oo. In this case, when n — o0,

Bn — o0 as well and we are safe to use the results in Proposition 3.4 in (Hu and Zhang,
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2022) to obtain that when n — oo (thus n(7) — o)

S| = o () e oom= o ()

where the last equation can be computed by the same argument as in eq. (3.6.35) and

E

the computation afterwards. The result of 3.6.37 follows immediately by applying the
theorem 4.4 in (Hu and Zhang, 2022). ]

By the above lemma and its proof, it is interesting to see that when n — oo, we can
have P, < Py, , where Py ~ NGGP(n(m), 0,0, H) for any n(m) — oo. Thus, we can
replace Py, by Pr) in the proof of theorem 3.4.1, the benefit of such replacement is P,
is independent of k, when n — oc.

The next lemma provides the convergence of x,,.

Lemma 3.6.6. (i) If B is discrete, when n — oo,

Vn(k, — Jn?;;(ﬁ)) ~ 0 a.s.

(i) If Py is continuous, when n — 00, k, — o in probability.

Proof. We shall compute the moments of x, = % by the same method that
T(Un>+zj:1 Jj
we use in the proof of lemma 3.3.1. To make it clear, we present the details for E[x,] as

follows.

E[] = E{E[a|U]} = E {E { | et JﬂyTwn)den}}

0

n(m)
=E /0 <—d—IE {6<T<Un>yUn}> ]|_|1 E {0, } dy

Y

oo s o o U +6 n—n(mw)on
=E 1+ U, + §)7 e~ an (HUnt0)7 —(Un+0)7") n dy S |
{/0 “ e yt Ut 6 Y
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where the last equation is a direct use of the Laplace transform of 7y, and the distribution

of J; in lemma 3.6.3. Solving the expectation with respect to U,,, we have

un— 1 _a (y+u+0)°”
E fo fO (y+u+g (n+1) M iDon € 77 dydu
[/‘fn] 00 un—1 — 2 (yt0)on
J e m (0™ g

0 (u+9)n—n(7r)crn

By the substitution v = u + y and z = u on the nominator of the above form

o0 " — T (v+6)on
a fo (v+0) T D=(n(m+Don € on dv
—— (u+9)0n u

E[Hn] = - [ee) un—1
fo e omn d

n e —
(u+9)"*”(7’)"n

which implies E[k,,] % by the analysis of 3.6.33. And we have E[x,| — 0 if Fy is
discrete and E[k,] — o if Py is continuous when n — oo

Similarly, we can obtain the second moment of x,, in the same way as n — oo

(n(m) + 1)1 — on)on
n(n+1)

Y

_oin(m)?

followed by which, we have Var[k,| = % And lim,,_,, Var[k,] = 0 for both
continuous and discrete Py. In particular, if Py is discrete, Var[y/nk,] — 0 as well when
H

n — oo. This complete the proof of the lemma.
. And we give the

Now, theorem 3.4.1 can be proved by using the previous lemmas

details as follows.

Proof. Proof of theorem 3.4.1
We proof theorem 3.4.1 in two parts corresponding to when Fy is discrete and when
Py is continuous. We denote R, =3 7" 7;) Zij(ﬁ) dy,. Then, R, = 27;81) D, ;oy,.
!

(i) When £, is discrete.

It is convenient to decompose \/n (P —P, — J"n(ﬂ) (H—-P )) X as

mﬂ;(w)) (Py. — Ry) + \/ﬁ( )Py, — H) Unz(ﬂ))

x/ﬁ(mn—
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+vn (Rn (1 - %W) - (Pn - %() )) 1X. (3.6.42)

The first term in decomposition 3.6.42 converges to 0 by using lemma 3.6.6 and the fact
that Py, — R, is uniformly bounded. The second term in decomposition 3.6.42 converges
to 0 by using lemma 3.6.5 and the fact that o™ _y () as.. And the convergence for the
first two terms in decomposition 3.6.42 holds for both n() is finite and goes to oo when
n — oo.

The convergence of the last term in decomposition 3.6.42 relaying on the gamma
representation of D, ; in R,. For each j € {1,--- ,n(m)}, we rewrite

L 730+Zzl Vi,
)

Zj:l <’7j10 + Zi:l ’Yjﬂ)

)

where the independent random variables ;o ~ G(1 — 0,,,1) and ~;; ~ G(1,1) for all j
and all 4. That is to say, there are n v;;’s (¢ can take 0) for j € {1,--- ,n(m)}, during
which, there are n(m) independent G(1—0,,, 1) random variables and n—n(7) independent
G(1,1) random variables. Relabel all these n gamma random variables as {¥,;}.; (the

order doesn’t matter). Then

n(m) 1x~—n o~
R, = D, oy, = — . (3.6.43)
; T nt Yl Y
To make the interpretation clear, we denote R, f = R”l, where R, f = M and

R,1 = Lic1 Tt Thus,

n

(- 2289) o220

= ki (R = (1= Z2) ) b i (Rar = (2 = 22081 ) )

It is clear that P, f + %(”)]fmn f — Py f outer almost surely, by the Borel-Cantelli lemma

and the fact that F is a finite set such that Py(f?) < oo, and thus F is a Py—Donsker
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class. By the distributions and independence of {7, ;}i-;, we have

E{Rnl}:E{#}zl—mﬁl as.,

n

n

z >t T, 1< . 1 oun(m)
Var{Rnl}:Var{lTll} :g;\/ar{fyn’l} == —0 a.s. .

Thus, we have the convergence \/n <R 1— <1 — %(”)» ~+ 0. By noting that R, is
uniformly bounded, we obtain —R f\/_ (]_% ( — Znt ﬂ)) ~ 0. To find the con-
vergence of \/n <Rn <IP’ f— e ) we follow the similar way and check the

Linderberg-Feller condition as follows.

( )

E{R.f} = %ZE{%,l}f(Xl —p,f - 2" g, 5.

Var{Rnf} QZVar{vnl}f (X)) = ( 2= UnZ(W)[@an) ’

1 & N
- > E {%%JF(XOﬂm,lf<xl>|>eﬁ}
=1

< max (E {7?,0f2(Xl>]1|7]',0|maxlglgn |f(Xl)|>€\/ﬁ} ,E {’yjz,if2(Xl)ﬂ|’Yj,i\maX1§l§n |f(Xz)|>€\/ﬁ}> ]P)”f2 )

where the last inequality is a verification of Linderberg-Feller condition, and the right hand
side converges to 0 for every sequence X, since P f? < oo and maxi<;<, | f(X;)/v/n — 0.

By the Cramér-Wold device and the linearity of f, we have
R p, - 22 Tp BY
\/ﬁ n.f - nf - n nf ~ Pof

To show the convergence in [*°(F) for any Po—Donsker class, we shall prove the asymp-

for any f € F.

totic tightness, see e.g., Theorem 1.5.4 in (van der Vaart and Wellner, 1996). The mul-
tipliers of the multiplier process \/iﬁ > (s — E{7,,}) F(X)) are independent with 0
means. Thus, the multiplier central limit theorem in Theorem 2.9.7 (van der Vaart and

Wellner, 1996) can be applied once we have the following inequality for any collection H
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of functions.

* *

n

> Gy = E{F3,, (X0

=1

n

Z(%,l —E {Wn,l} + 9 —E {%,,l})f(Xz)

=1

<E

Y

H

Es

A"

H

by Jensen’s inequality, for any random variable ﬁ;%l independent of 7,, ;. It is safe to choose

i w G(1,1) and 7, w G(1,1). Then, the multiplier central limit theorem that is

all %
given as Theorem 2.9.7 (see also 2.9.6,2.9.9,3.6.13) in (van der Vaart and Wellner, 1996),
the asymptotic tightness follows immediately. (We apply the inequality with H to be the
set of f1 — fy for any fi, fo € F, with Ly(Fy) norm of fi; — Py f1 — (fo — Py f2) smaller than
J.)

This complete the proof of the theorem when P, is discrete.

(ii) When F; is continuous.

In this case, n(m) = n. We can decompose /n (P —{(1 —o0)P, +ocH})|X as

VN (Py, — H) kp +vVn(1 — k) (R — Pp) + Vn(kn — 0,)(H —P,). (3.6.45)

For the convergence of the first term in 3.6.45, we first use the discussion below the
proof of lemma 3.6.5 to use P, 4 Py, when n — oo, where P, ~ NGGP(n,0,0,H).
Thus, we can consider the convergence of \/n (P, — H) K, instead of v/n (Py, — H) kp,
the benefit of the former form is P, and k,, are independent. Thus, by lemma 3.6.6, k, — ¢
in probability. By using the result in lemma 3.6.5, we have \/n (P, — H) ~> 1/ 2=2BY a.s..
Thus, we have v/n (Py, — H) k, ~ \/o(1 — o).

For the second term in 3.6.45, R, = Z?:l D, jox,, where D, ; = ﬁ with ud
G(1 — o,,1). A direct application of the result of Theorem 2.1 in (Praestgaard and
Wellner, 1993) implies /n(R, — P,) ~ \/%IBB%O a.s., in [*°(F) if there is a Py—square-
integrable envelope function for F. Furthermore, the convergence in probability is a direct
application of Theorem 2.9.7 in (van der Vaart and Wellner, 1996). By noting the fact
that (1 — ,) — 1 — o in probability, we have v/n(1 — k,)(R, — P,) ~» /1 — 0B}, as. in
[=(TF).
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For the last term in 3.6.45, we follow the same argument as that in lemma 3.6.6
and will have Var[\/nk,| = (1 — 0,)0, — (1 — 0)o, thus \/n(k, — 0,) ~ Jo(l —0)Z.
Furthermore, by the Borel-Cantelli lemma, P,, — P, a.s., and thus /n(k,—0,)(H—P,) ~
Vol oV2(H — ).

The result in theorem 3.4.1 when F, is continuous follows by combining the conver-

gences of the three terms in 3.6.45. O
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Chapter 4

Normalized random measures with
independent increments driven by

Cox process

4.1 Introduction

The random partition structure induced by Bayesian nonparametric priors has been shown
very useful in the statistical inference problems related to clustering, density estimation,
and prediction. Various works have been devoted to study the probabilistic theory (King-
man, 1982; Pitman, 1996; Gnedin and Pitman, 2006; Pitman, 2006) and statistical aspects
(De Blasi et al., 2013; James, 2005; James et al., 2009) of the random partition structure
of exchangeable observations (e.g. (Kallenberg, 2005) and the references therein for more
details). Based on the celebrating work in (MacEachern, 1999, 2000), dependent Bayesian
nonparametric models have gained particular attention due to their flexibilities and the
nonexchangeable assumption (Camerlenghi et al., 2019; Quintana et al., 2022). One type
of the well-studied dependent Bayesian nonparametric models is the hierarchical Bayesian
nonparametric models (see e.g., (Teh et al., 2006; Teh and Jordan, 2010; Gasthaus and
Teh, 2010; NGUYEN, 2016; Zhang and Hu, 2021; Camerlenghi et al., 2019)). In hierar-

chical models, the analytic forms of the random partition structure are complex due to
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the hierarchical levels. To the best of our knowledge, the distribution theory and pos-
terior characterizations are known only for the hierarchical Dirichlet process (Teh et al.,
2006), the hierarchical Pitman-Yor process (Camerlenghi et al., 2019) and the hierarchi-
cal normalized random measures with independent increments (NRMIs) (Camerlenghi
et al., 2019). However, hierarchical structures are “auto” dependent structure, where the
dependence are controlled by the concentration parameters of each hierarchy. Since the
concentration parameters are finite and represent the faithful of the prior, we prefer to
give another “tuning” parameter, which can be used to control the dependence by users.
In this Chapter, we present two flexible constructions of hierarchical NRMIs. We
will construct a vector of dependent random probability measures through two suitable
transformations in the construction of NRMIs. On the one hand, the new constructions
allow the observations to be partially exchangeable. On the other hand, each component of
the dependent vector of random probability measures is assigned a tuning parameter as the
control of component-wise dependence by users. Multiple distributional quantities include
the moments, distribution of the induced random partition structures, distribution of the
number of partition numbers are obtained. Furthermore, we allow each component of the
vector of dependent random probability measure itself to follow different distributions.
1.1 Partial exchangeability As a more general framework, partial exchangeability (see
e.g., (Teh et al., 2004; Camerlenghi et al., 2019) and the references therein) extends
the definition of exchangeability in a natural way. A random sequence is partially ex-
changeable if its distribution is invariant under all finite permutations within subgroups.
Partial exchangeability is also a natural behaviour in many scenarios, when a popula-
tion is decomposed into multiple sub-populations, each of which is exchangeable, and
thus the population is overall partially exchangeable. Formally, let (X, X) be a Polish
space and My be the space of all probability measures on X with the corresponding
Borel o—algebra Mx. Consider a sequence of partially exchangeable random variables
X = {XWM) = (X;,) : k=1,--- ,Nj;i = 1,--- ,d} defined on some probability space
(Q, F,P) that are taking values in (X, X’). That is to say X contains d groups of ex-

changeable groups X(™) of random variables. By the celebrating de Finetti’s representa-
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tion theorem, for any A;,---, Ay € X, we have

P(X(Nl) c A1’ s ’X (Na) c Ad / HPN Qd dpl, ,dpd), (411)
X =1
where PiNi = xi\llPi represents the N,—ford product measure on XV for each i €

{1,---,d}, Qq is a probability measure on (M4, M%) serving as the prior distribution
of (Py,---,Py). Following (Ferguson, 1973), we call X a sample of size N = 3¢ N,
from (Pp,---, Py), i.e., the sample X (V) ESl P; conditionally on P;.

In the literature of Bayesian nonparametric framework, (), is constructed so that the
random probability measures (Py,---, P;) are discrete with probability 1. Therefore,
there are positive probabilities that the random variables X, = X, that is to say, the
observations within group or between groups could be equal each other. Such feature
induces a natural way to cluster the observations X, and thus induces a random parti-
tion structure of (1,---, N) under ;. The random partition structure is identified by
the exchangeable partition probability function (EPPF) in the exchangeable setting (e.g.
(Pitman, 1996, 2003, 2006)). The EPPF provides a probability function of random parti-
tion of (1,- -+, N) and thus is very important in the study of clustering, sampling schemes,
prediction rules. In the partially exchangeable setting, one can identify the random par-
tition structure by using partially exchangeable partition probability function (pEPPF)
as follows. Let K be the number of distinct observations of X, and (X7, -, X7 ) be the
K distinct observations. For each i € {1,--- ,d}, let n; = (n;1,- -+ ,n;x) be the vector of
frequency of (X7,---, X};) appears in the ith group of observations accordingly, namely,
nig = #{Xi; : Xi; = X557 =1,---,N;}. Thus, n,;; could be 0, Zle n;; > 1 for any
je{l,--- K} and Z]K:1 n;; = N; for each i € {1,--- ,d}. The pEPPF is defined as

H%V)(nl"

/ HHP"” da?) ] . (4.1.2)

7j=11i=1

1.2 Outline The outline of this chapter is as follows. In Section 4.2, we recall the

construction of NRMIs through Poisson random measures. In Section 4.3, we introduce
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the two constructions of dependent vector of random probability measures based on the
construction of NRMIs. In Section 4.4, we obtain the moments of the two constructions
that can be a direct view of the dependence structures of our models. In Section 4.5, we
derive the probability distribution of the random partition induced by the two models.
In Section 4.6, we discuss the distribution of partition number. In order to ease the flow

of the ideas, we delay the proofs in the Appendix 4.8.

4.2 Normalized random measures with independent

increments

4.2.1 Constructions of NRMIs

We start by recalling the notions of completely random measures (see e.g., (Kingman,
1967, 1993) and references therein for more details), which play important role in the
construction of NRMIs.

Let Bx be the space of bounded finite measures on (X, X) endowed with a suitable
topology so that the associated Borel o—algebra Bx can be introduced (Daley and Vere-
Jones, 2008).

Definition 4.2.1. Let p be a measurable function on (S, F,P) that takes values in
(Bx, Bx). We call i is a completely random measure (CRM) if the random variables
(A, -+, u(Ag) are mutually independent, for any pairwise disjoint sets Ay, -+, Ag in

X, where d > 2 is a finite integer.

We refer to (Regazzini et al., 2003; Lijoi et al., 2010; James et al., 2009; Camerlenghi
et al., 2019) for more detailed discussions of constructing NRMIs by using completely
random measures.

In this work, we construct NRMIs driven by Cox random measures (Cox, 1955) in
the similar way as the construction of NRMIs. Let (€2, F,P) be a probability space and

let X be a complete, separable metric space whose Borel o-algebra is denoted by X.
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Denote S = RT x X and denote its Borel o-algebra by S. Let {(dz,ds) be a random
measure defined on (S,S). A Cox random measure N on S is a random measure from
Q x S to R, such that N is a Poisson random measure with intensity v conditioning on

&(dx,ds) = v(ds,dx). That is to say,
(i) N(A)|¢ = v ~ Poisson(v(A)) for any A in S;

(i) for any pairwise disjoint sets Ay, --- , A,, in S, the random variables N(Al), o N(A)

are mutually independent conditionally on &.

The random intensity measure £ satisfies the condition (see (Daley and Vere-Jones, 2008)

for details of Poisson random measures) that

/Ooo/xmin(sy 1)¢(ds, dz) < o0,

almost surely. Let fi be the random measure defined on (€2, F,P) that takes values in

(Mlx, Mx) defined as follows,

:/ /sN(ds,dx), VAe X. (4.2.1)
0o Ja

It is trivial to verify that i is a completely random measure conditioning on £. It is also
well-known that for any B € X, ji(B) is discrete and is uniquely characterized by its

Laplace transform as follows:

E [V ®¢ =] —exp{ | [ = dx)}. (42.2)

The measure v is called the Lévy intensity of i and we denote the Laplace exponent by

/ / U(ds, dz) . (4.2.3)

From the Laplace transform in eq. (4.2.2), we aware that the completely random measure

it is characterized completely by its Lévy intensity v conditional on ¢ = v. To make the
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interpretation easy to read, the measure v that £ can take is usually represented in the

following two cases.

(a) v(ds,dz) = p(ds)a(dz), where p : B(RT) — R* is some measure on R* and « is a
non-atomic measure on (X, X) so that a(X) = a < co. Conditional on ¢ = v, the

corresponding fi is called homogeneous completely random measure.

(b) v(ds,dx) = p(ds|z)a(dr), where p is defined on B(R') x X such that for any = €
X, p(-]x) is a o-finite measure on B(RT) and for any A € X, p(A|z) is B(R')
measurable. Conditional on £ = v, the corresponding 1 is called non-homogeneous

completely random measure.

It is obvious that the case (a) is a special case of case (b).

To construct NRMIs driven by Cox process, the completely random measure will be
normalized, and thus one needs the total mass i(X) to be finite and positive almost
surely. This happens under the condition that p(R*) = oo in homogeneous case and that
p(RT|z) = oo in non-homogeneous case (See e.g., (Regazzini et al., 2002) for a proof).
Under the above conditions, we call the random probability measure P on (X, X) an

NRMI driven by Cox process, denoted as P ~ CoxNRMI(&), if P is defined by
pey = ) (4.2.4)

P is discrete due to the discreteness of fi.

In this work, we only focus on the homogeneous case and denote the homogeneous
NRMIs driven by Cox process by P ~ hCoxNRMI(c, p). Usually, the intensity p is
used to identify the distributional structure of P. For example, the Dirichlet process is
a CoxNRMI with & = v with probability 1 and v(ds,dz) = a(dz)~ds; the o—stable
process is a CoxNRMI with & = v with probability 1 and v(ds, dx) = a(dx)mds;

the normalized generalized gamma process is a CoxNRMI with ¢ = v with probability

1 and v(ds,dz) = a(d:p)r(ll_g)sflf"efesds, where the parameters o € (0,1) and 6 > 0.

To keep the distributional structure of P, we shall assign the randomness of v only on
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a. That is to say, & = a(dz)p(ds), where p(ds) is a given fixed intensity and «(dx) is a
random measure on (X, X).

It is worthy to point out that the hierarchical NRMIs discussed in (Camerlenghi et al.,
2019) are homogeneous CoxNRMIs in the case that o = aH (dz), where a is a positive

finite constant number and H(dx) is an NRMI.

4.3 Models: NRMlIs driven by Cox process

With the construction in Section 4.2, we present two models of dependent random prob-
ability measures (Pi,---,FP;). The first model follows the idea similar to the regular
hierarchical NRMIs, and the dependence between P; and (P;);; are controlled by a tun-
ing parameter. The second model involves two dependent relationships, one is between
P; and P;, another is due to the hierarchical structure across the vector. We use the
notation Hy ~ NRMI(aH, p) to denote the random probability measure Hj, which is an
NRMI with Lévy intensity aH (dx)p(ds).

4.3.1 Conditionally independent hCoxNRMlIs

Model 4.3.1. Let {z}L, be a sequence of random variables that take values in [0, 1].
For any i € {1,---,d}, let fi; be a CRM with intensity v;(dx,ds) = za;H;(dx)p;(ds)
and let fi; be a CRM with intensity v;o(dx,ds) = (1 — z;)aoHo(dx)p;i(ds), where Hy ~
NRMI(aH, p), for some nonatomic probability measure H, and a, ag, {a;}{, are positive

numbers. For each i € {1,--- ,d}, define

i = by + [l - (4.3.1)

Then the normalization of u;

p =t (4.3.2)

136



15 a sequence of dependent random probability measures. We call such sequences of random

probability measures conditionally independent hCorNRMIs.

A trivial result from the above construction 4.3.1 is that yu; are conditionally indepen-

dent with Laplace transform

E [6_ >y )‘i,U«i(A):|

— exp {_ 3" (zia: Hy(A) + (1 — z)aoHo(A)) @(Ai)} : (4.3.3)

i=1
conditional on Hy and {z}¢,, for any A € X.

Remark 4.3.2. The random sequence {z;}L_, is the control of the dependence. When z; =
0, model 4.3.1 reduces to the general hierarchical NRMIs as introduced in Camerlenghi
et al. (2019), and there is an “auto” dependence structure only due to the hierarchical
structure. When z; = 1, the hierarchical structure in model 4.53.1 is gone, and P;’s are
totally independent, but may not be identical, since p;’s may not be the same. Thus, z;
1s a tuning parameter that control how “heavy” the hierarchical dependence is on P;. A

smaller z; implies a “heavier” dependence of P; induced by the hierarchical dependence.
We can trivially extend the model 4.3.1 as follows.

Remark 4.3.3. Let Dy, be a q X q matriz with all entries taking values in {0,1}.
For each i € {1,---,d}, let {zi;}j_, be a g-dimensional standard simplex sequence, i.e.
(Zigs s, 2iq) €ESgi={x e R": > x;=1,2,>0 fori=1,---,q}. Let q1, g» be two
integers such that g1 + q2 = q. Let i, ; and fi,o, be defined similarly to ji; and fi; o in
model 4.3.1 with the random weight z; ; for j € {1,--- ,q1} and z; forl € {¢ +1,--- ,q}
correspondingly.

Define

_ ~ ~ ~ ~ T
= Dqu(Ni,p s Mg M 0,10 T a,ui,O,q)
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as the random vector of CRM (p1,- - , pg)*. And P, = ﬁ presents the general case of

model 4.5.1.
We will continue to consider the following example of model 4.3.1 in the next sections.

Example 4.3.4. If p;(ds) = =ds for all i € {1,--- ,d} and p(ds) = T eyarre ds, for
some o € (0,1), then P;’s are independent Dirichlet processes conditionally on Hy, and

Hy is a o-stable NRMIs.

4.3.2 Conditionally dependent hCoxNRMIs

Model 4.3.5. Let {z}¢, be a sequence of random variables that take values in [0,1]
and a, ag, {a;}&, are positive numbers. For any i € {1,--- ,d}, let ji; be a CRM with
intensity v;(dx,ds) = zja;H;(dx)p;(ds). Let iy be a CRM with intensity vo(dx,ds) =
zoa0Ho(dz)po(ds), where Hy ~ NRMI(aH, p), for some nonatomic probability measure H
and zy = d — 2?21 z;. Foreach i€ {1,---,d}, define

i = s + fg - (4.3.4)
Then the normalization of u;
Hi
P, = , 4.3.5
11i(X) ( )

18 a sequence of dependent random probability measures. We call such sequences of random

probability measures conditionally dependent hCorxNRMIs.

The dependence of P; is given by the dependence structure of u;. It is trivial to see

the joint Laplace transform of u; as follows.
E {6— >L, wm)}

= exp {_ > zia; Hi(A)gi(Ni) — 2oa0Ho(A)do (Z /\Z-> } : (4.3.6)

1=1
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conditional on Hy and {z;}¢_,, for any A € X.

Remark 4.3.6. The construction in model 4.5.5 presents a complicate dependent struc-
ture. When z; = 0 for all i, P;’s are identical to each other, which shows a completely
dependence of P;’s. When z; = 1 for all i, P;’s are independent. Thus, the independence
of P; is mo longer controlled only by z; but Zle 2;. Furthermore, when Hy s determin-
istic, (Py,--- , Py) is still a vector of dependent probability measures due to the common

component induced by [i,.

The model 4.3.5 can be extended by the similar manner as in remark 4.3.3. We will

consider the following example in the next sections.

Example 4.3.7. We can take p;(ds) = “—ds for all i € {1,--- ,d}, po(ds) = “~ds and

p(ds) = ﬁds; for some o € (0,1).

1-0)s

The two models we introduced in model 4.3.1 and model 4.3.5 are both constructed
under the hierarchical Bayesian nonparametric framework. However, the linear random
intensity presents a more flexible dependent structure than general hierarchical Bayesian

model.

Remark 4.3.8. The distribution of Hy in model 4.3.1 and model 4.3.5 is not necessary
an NRMI. A flexible form is Hy ~ Qpg, where Qg represents the distribution of random
probability measure Hy with mean measure H. One example is the two-parameter Poisson-

Dirichlet process.

4.4 Dependent results: Moments

In this section, we will obtain the moment results of the dependent hCoxNRM!Is intro-
duced in model 4.3.1 and model 4.3.5. The variance and covariance results would present
a clear view of the dependent structures.

To make the notations simple, we introduce the following symbols. For any positive
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integer m, k and i € {0,1,--- ,d}, let

) = [ ptds), o) = [T e ntas),

i,m i,m

I(k) — OO —a;¢pi(u) k: d
/0 ue T (w)du
(1) = / e p(ds),  pu) = / (1 - e)p(ds)

A :/ ue” W7k () du .
0

m

4.4.1 Moment results of model 4.3.1

Proposition 4.4.1. Let {P;}L, be the CotNRMIs on (X, X) defined as in model 4.5.1.

For any A, B € X, we have

ziaiHi(A) + (1 — z;)agH(A)
zia; + (1 — z;)ag

(1 — z)%adaH(A)H(A)G,
(zia; + (1 — z)ap)?

Y

E[P(4)] =

Var[P;(A)] =

[(zia; Hi(A) + (1 — 2)aoH(A)) (zia; H;(A) + (1 — z;)aogH(A®)) — (1 — 2;)%adaH (A)H(A)Gy)

zia; + (1 — z;)ag
(1—2)(1 = zj)aga[H(AN B) — H(A)H(B)]G>
(zia; + (1 — z)ag) (zja; + (1 — z)ao)

Cov[Pi(A), P;(B)] =

Y

where

gzz/ wry(u)e” W dy
0

Gio= / UTZ.,Q(u)6_(Ziai+(1_zi)a0)¢i(u)du‘
0

(4.4.1)

The moment results of example 4.3.4 can be calculated by using G, = ITTJ and G, o =

1
G (—ea) e (=) a T And thus, we have

zia; Hi(A) + (1 — z;)agH(A)
zia; + (1 — z)ag
(1 —0)(1 — 2z)?a2H(A)H(A°)
(zia; + (1 — z)ag) (za; + (1 — z)ag + 1)

E[P,(4)] =

Var[P(A)] =
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(e H(A) + (1= 2)apH(A)) (0 Hh(A) + (1 — 2)apH(A))]
(zia; + (1 — z)ao)? (zia; + (1 — z)ag + 1)
(1 —o)(1 —2)(1 — z)ag[H(AN B) — H(A)H(B)]
(zia; + (1 — z)ap) (zja; + (1 = 2z;)ag) '

bl

Cov[F;(A), P;(B)] =

(4.4.2)

Interestingly, the variance and the mutual covariance of the dependent random probability

measures { P}, are not affected by the concentration parameter a of Hy.

4.4.2 Moment results for model 4.3.5

Proposition 4.4.2. Let {P}L, be the CotNRMIs on (X, X) defined as in model 4.3.5.
For any A, B € X, we have

E[P(A)] = H(A)20a0Z)" + Hi(A)za, Ly

= Hy(A) + (H(A) — Hy(A)2%aoZY" = H(A) + (Hi(A) — H(A)zaZ",

(4.4.3)
2 2
Varl ()] = (A2l (57 - (47)7) + s (262 - (57))
+ 2HZ(A)H<A>ZZZQCLZCLQ <$ 0o — O I)Z(O 1)> —|— HZ(A)ZZGI,CE}Q’D
+ H(A)z0a0Z 5" + az3al H(A) H (AL Gs (4.4.4)

Cov[P(A), P(B)] = 2z Hi( A H; (B) (Kiy — L5725
+ ziz0aia0 Hi( AV H(B) (Kio — LSVTEY) + 2200500 H (A Hy (B) (Ko — £5VTS")

+ BatH(AVH(B) (Koo — THVTIYV) + 8a3a(H(A N B) = H(A)H(B)):Koo

+ ZQCL()H(A N B)/Ho’z s (4.4.5)
where for any i,5 € {1,--- ,d}, k,n € Z,

I(mk) - /OO un,]_éﬂm(u)e—zoao¢o(u)—2iai¢i(u)du7
0

i,m

7,m
0

oo
*71':0:/ UTi,l(U)To,1(u)e_zoao%(“)_Ziai<15i(U)du7
0
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e}

Tid Ul TJ 1(UZ)6_30a0¢0(u1+u2)_2iai¢i(ul)_zjaj¢j(u2)duldu2

e[
/

Tia ul TOl(Ul +u2) ZOaO¢0(Ul+u2)*ziai¢i(“1)*zjaj¢j(U«Q)duldu2

8
No\g\

0
o0 oo
/ i1 u2 o 1(U1 +u ) 20a0¢0(u1+u2)_ziai¢i(ul)_3jaj¢j(u2)duldu2
0
o0 o
Koo = To 1<u1 + u2)7_0 l(ul + uz)e*ZOClO(ﬁO(Ul+u2)*2iai¢i(ul)7zjaj¢j(UQ)duldu2
0 0

Hoo = / / 0 2(u1 + UZ)€—Z0a0¢0(u1+U2)—Ziai¢i(u1)—zjaj¢j(u2)du1du2 )
0 0

Note that zoaoﬁé?gl) + z,-ai[,g)o’l) =1for any ¢ € {1,--- ,d}.

The moment results of example 4.3.7 can be evaluated by some trivial algebra and we

have
{p () = T - iz,
Var[P,(A)] = (1 —o0)z2a2H(A)H(A®)

(zia; + zoao) (zia; + zoap + 1)
[(ZZCQH@(A> + Z()CL()H(A)) (Zl(IZHl(AC) + Z(]CL()H(AC))]
(zia; + 20a0)” (zia; + zoag + 1)

Cov[Pi(A), P;(B)]

B, av, L 2%+ 1, Z+ 1)1~ 1
:ZizjaiajHi<A)Hj(B> (3 2( , G20, 15 ap20 + a;2; + aOZO‘I'(I]Z]—f— ) ) >
(GOZO + aizi)(aozo + a,jzj)
+ZizoaiaoHi(A)H(B)<3 2( y o020 + 1, 15 ap20 + a;2; + a020+(ljzj+ ) )
(aozo + aizi + 1)(aozo + a;2;)

Y

1
(apzo + a;z;)(apzo + ajzj))
( )(3F2(1, ag2o + 1, 1; ag2o + a;z; + 2, apzp + a;z; + 1), 1)
(apz0 + ajz; + 1)(apzo + a;2;)

+ ZjZOCljaoH(A)H B

1
B (apzo + a;z;)(apzo + ajzj))

A1, 9.1 agzo + a;2; + 2, agzo + aiz; + 2); 1
+ e H () (Ml T 2 Lton * 05+ 2, oo 51
(apzo + ajz; + 1)(agzo + a;z; + 1)

1
B (apzo + a;z;)(apzo + ajzj))

+ (1= 0)zjay(H(AN B) — H(A)H(B)) + z0a0H(A N B)) x
3F5(1, apzo + 2, 1; ap20 + ajz; + 2, apzo + @iz + 2); 1)
(apzo + a;z; + 1)(apzo + aiz; + 1)

(4.4.6)
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The form 3F5(a, b, ¢; a, B; x) is the generalized hypergeometric function that is defined by

where (a), = % for any @ > 0 and n € Z*. The above hypergeometric function
converges when |z| < 1, or x = 1 under the condition Rz(a + f —a — b — ¢) > 0, with

Rz() denoting the real part of a complex number.

4.5 Random partition structure

Consider the partially exchangeable random sequence X = {X®) :§ = 1,...  d} that
is sampled from (P,---, P;) given by either model 4.3.1 or model 4.3.5. Based on the
discreteness of NRMIs, there is a positive probability (when z; # 1) of X, = X, no
matter that X;; and X, are in the same group or in different group. As we discussed in
the introduction, a random partition structure is thus induced, since X, ; and X,; will be
in the same partition subset of X as long as X;; = Xj;;. The induced random partition
distribution is identified by pEPPF H,(CN)(nl, -+ ,ng) as defined in eq. (4.1.2). We will
derive the pEPPF's corresponding to model 4.3.1 and model 4.3.5 in this section.

In order to have a detailed view of the pEPPFs induced by model 4.3.1 and model 4.3.5,
we would introduce the Local special Chinese restaurant franchise, which is similar
to the well-known Chinese restaurant franchise for the hierarchical Dirichlet process ((Teh
et al., 2006)) and the hierarchical NRMIs ((Camerlenghi et al., 2019)). Assume that
there is a Chinese restaurant franchise consisting of d restaurants located at d different
locations. Each restaurant has infinite number of tables, a shared menu (same for all the
d restaurants) that includes infinite number of shared common white dishes (generated
by H), and a local special menu (different in different restaurant) that includes infinite
number of red dishes (generated by H;). Although we use red dishes to represent the
local special dishes for all d restaurants, we assumes the red dishes between different

restaurants are totally different. The first customer of each restaurant ¢ will choose a
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table and order a dish, which will be shared with all the customers who afterwards join
the same table. Thus, the second customer of the restaurant ¢ will either choose a new
table and order a new dish, or joint the first table to share the dish ordered by the
first customer. According to the scheme, the same white dish can be served at different
tables within the same restaurant and across different restaurants, whereas the red dish in
restaurant ¢ can only be served at different tables within the restaurant i. The preference
of ordering white dishes or red dishes in a restaurant ¢ is controlled by a historical rating
score z;, namely the customers in the restaurant ¢ will prefer to order red dishes if z; is
close to 1 and prefer to order white dishes if z; is close to 0. We denote the dish served
to the jth customer in the restaurant ¢ by X;; and denote the frequency count of the
number of customers in restaurant ¢ who eat the dish X;; as n;; for i € {1,--- ,d} and
je{l,---,N;}. Let r;; be the number of tables in restaurant ¢ with the jth dish being
served and then let g; ;; be the number of customers in restaurant 7 at table [ eating the

jth dish. Hence, there are following relationships for the above quantities.
(1) 22020 @iga = maj and Le {1, mij);
(2) 20, 75 = |7 | is the number of tables with dish j across all the d restaurants;

(3) Zle rij = |Tie| is the number of tables occupied in restaurant i, where K is

the number of distinct dishes served in all the d restaurants to all the N customers.

The local special Chinese restaurant franchise actually describes a hierarchical partition
structure: the N customers are clustered to |r| = 27 Z]K:1 r;,; tables; then the |r| tables
are clustered to K subgroups, which are identified by the K distinct served dishes. It
is worthy to point out that the subgroups corresponding to red dishes only includes the

costumers within the restaurant, but not across the restaurants.

4.5.1 pEPPF for model 4.3.1

Theorem 4.5.1. Suppose the partially exchangeable random sequence X is a sample of

size N from (Py,---,Py) that is constructed in model 4.5.1. Assuming the following
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condition

[T, Hi(dat) ™
H(dx?)

is finite (could be 0) for any j € {1,--- K}, m;; € Z*.

Assumption A Let = C(maj, - ,ma;), where C(myj, -+ ,mq;)

Then
H%V)(nla e, 1y)
d K
=> ) [ (H zia; '”") (HC SRS ,rd,j)> + (4.5.1)
r q =1 ]:
d
D (|r, Al rex)) a' r| H (1-z |rz,.|)]
=1
x H H < " )\II'ENi)(qi,la T QiK)
i=1 j=1 1] i1, 7qi,j,7‘i,j
where the leading sum are taken of all vectors of v and q such that for any i € {1,--- ,d}

and j € {l,---  K}:
(_Z) r = (I'L.,' B ,I'd7.) and ri,o = (T’i,la cee 7Ti,K> € Xf:l{]'?'” ,nm-};

(2) a=(qu," - y A1,k 5 Ad 1, ;i) and qi; = (C_Ii,j,l, T ;qz‘,j,m,j) are vectors

of positive integers such that > ;"% qi i1 = Mij;
(3) W (ranl, o recl) = sy Jo™ wM e " T 7 (w)du

N; o0 — ;4 z3)ag)di(u Ti
(4) W )<Qi,17"'aqi,K):ﬁ o ° uNitlem(mait(1-zi)a0)di( )HJ AT Tig, . (w)du.

It is worthy to point out that the partially exchangeable random partition structure

is a multiplication of two hierarchies:

(i) The exchangeable random partition structure of each of the d groups, this is
identified by the EPPF \IjENi)(qu’ -+ ,q) of each group i € {1,---,d}. Corre-
spondingly to the local special Chinese restaurant franchise metaphor, this is the
partition probability function of separating /N; costumers in restaurant ¢ by K dis-

tinct dishes.
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(ii) The exchangeable random partition structure of the whole d group after the
partition in (i), this is identified by the EPPF WD (|rg | -+ |r, k|), which cor-
responds to the randomness of Hy; and Hjil C(rij, -+ ,rq;), which corresponds
to the unique deterministic part H; of group H;. As to the local special Chinese
restaurant franchise metaphor, this acts the partition across d groups based on the

K distinct dishes.
We also present the pEPPF for the case in example 4.3.4 as follows.

Example 4.5.2 (Continued of example 4.3.4). If (Py,--- , Py) is constructed as in exam-
ple 4.3.4, then the pEPPF can be computed under the Assumption A as

Ny, - ny)

= Z [ (E i, Tz,0|> (1;[1 C(ryj, - ﬂ'd,j)) =+
RO (H“ B ) (U o ]

Jj=1
d K d
1
. ' S i,jo i )
X (E (ziai+(1—2¢)ao)m> (Jl_[l [re il = E (na,j 7’])

where S(n, m) denotes the unsigned Stirling number of the first kind.

4.5.2 pEPPF for model 4.3.5

Theorem 4.5.3. Suppose the partially exchangeable random sequence X is a sample of
size N from (Py,---, P;) that is constructed in model 4.53.5. Under the assumption A in

theorem 4.5.1, we have

0 0 . i

K d
1 g 4
11 x
o1 Tmaxg i \ig s Qg
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K Tmax,j

d
(Tmax) Tmax .
\If ax (rmax,b Tmax K Z0a0 0 Zl 1 Gt z)+
=1

j=1 t;=1
K Tmax,j d Tmax,j
L , ylais | , .
HC(TL], >Td7j) H {\q]t |=1} H zia; H 1 )) " TZ7Qi,j,tj (ul) du )
7j=1 ti=1 =1 ti=1

(4.5.2)

where for any i € {1,---,d}, j € {1,--- , K} the sum of . and q are taking over the

vector of rmax and q, and
. K
(-Z) Tmax = (rmax,lv e 7Tmax,K> with T'max,j S {]-7 e ano,j} and T'max = Zj:l Tmax,js

(2) q= ((h,h ALK, 5 Ady 5, Ad, K) and Qij = (Qi,j,la T 7%,j,rmax,]-) are vec-

Tmax,j

tors of nonnegative integers such that Zt 21 Gig; = Miys

(3) We define 1;0(u;) = 1 temporarily in this theorem for the sake of notational
simplicity;

(4) |q—]t_]>| is the length of the vector (quj4,, -+ ,qajz,) and Q2| is the length of the
vector (i1, 7Qi,j,rmax,j)-

The pEPPF corresponding to the case in example 4.3.7 is illustrated as follows.

Example 4.5.4 (Continued of example 4.3.7). If (Py,--- , Py) is constructed as in exam-

ple 4.3.7, then the pEPPF can be computed under the Assumption A as

K Tmax
- ZZ{ K (ZOGO) (I)(d)(Nh‘“ s Nayayz1, - - ,adzd;N—l—aoZO)x
D) (T2 TV

Ko d 0 K S
{H 4!H<q]1 Y )}H (1= )y | T qut
i= g 1

? ql:.]:rmax,j

-1 i=1 j=1 ti=1 =1
d i o]
Q:Z: di,e
% OD(Ny, - Ngyarzy + Ny, - -+ agzq + Ny agzo) X
= DN (aizi) w,
K Tmax,j d Tmax,j
Clrij - ras) N
g )y Id,j 1,J
11 | II vao=ny | (ID0 0 I T :
j=1 rmax,j . tj=1 i=1 qzv]71’ ) an]vrlnax,j tj=1
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where

q)(d)(ala e 7ad;6d) e 76(1)7)

oo oo d
= / / H(uf"'_l(l—i-ui)’ﬁi) (I4+u + -+ ug) Yduy - - dug .
0 0 =1

From Theorem4.5.1 and Theorem 4.5.3, we see that the random partition structure
induced by model 4.3.1 and model 4.3.5 are both two-level structure partition models de-
scribed by the local special Chinese restaurant franchise. The two-level partition structure
of model 4.3.1 can be separated level by level, in the sense that the first level partition
of each d groups of observations are not affected by the second overall level partition.

Whereas the two level partition structures of model 4.3.5 are affected each other.

4.6 Cluster numbers Ky

It is natural to consider the partition structures induced by model 4.3.1 and model 4.3.5
after the pEPPFs is the distributions of the number of random partitions K. According
to the local special Chinese restaurant franchise, K represents the number of distinct
dishes served to the N customers in the d restaurants. To derive the distribution of
Ky and to make the presentation easy to follow, we introduce a collection of sequences
{(K‘,j)ﬁl i = 1,---,d}, where Y;,|P; % P, and P; is defined similarly to P; as in
model 4.3.1 and model 4.3.5 but with non-random H,. That is to say, we only consider
the first level partition structure of model 4.3.1 and model 4.3.5. For ¢ = 1,--- ,d, let
Kin, = KZ-(}]%Z, + Ki(j\),i be the number of distinct observations in YVi = (Yia, -, Yin,),
where Kl(lj\), is the number of tables occupied in restaurant ¢ and served common white
dishes, Ki(,%\)fi is the number of tables occupied in restaurant ¢ and served special red
dishes. Let Ky be the number of distinct observations for ¢ exchangeable observations
from Hy ~ NRMI(a, H, p), then Ky, represent the number of distinct common white

dishes dishes served on the t occupied tables.

Due to the different constructions of model 4.3.1 and model 4.3.5, (K1 n,, -+, Kan,)
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are independent for the former case and dependent for the later case.

Theorem 4.6.1. Suppose the partially exchangeable random sequence X is a sample of
size N from (Py,--- , Py) that is constructed in either model 4.3.1 or model 4.3.5. Then,
for any k € {1,--- , N}, we have

where Ad:” = {(Th T 7Td) Ty 2 O?Zj:l Ty = n}

The distribution of Ky; and (K%,Kﬁvi) can be derived from Theorem 4.5.1 and
Theorem 4.5.3. For model 4.3.1, we have

1 t
P(Ky; = ko) = — § OO (..
( 0,t 0) Ll <r1 N '7"1%) (7“1, ﬂ"ko)

0-
(T, T ) EAKq ¢

for any ky € {1,--- ,t}, where Ag,, = {(r1,--- ,ra) : 75 > 1,2?:1 r; = n}. And for any

(t;,m;) such that t; +mn; € {1,---, N;}, we have

1 2
P (KR, =t KR, =)

zii 4 (1= 2)ag N; (V)
= \Il,l 71’...’7047...’7/.~ ).
(t’L + 771)‘ Z 7’1 . e rti P thJr’Ih 7 ( 1 t; tz“l"r]z)

(P1se T T4y V€N 4y, N,

For model 4.3.5, we have

1 t
P(Ky; =ko) = — E OO (p ...
( 0,t 0) o <r1 N 'Tko) (7”17 ﬂ”ko)

(P15 yThg ) EARg ¢
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for any kg € {1,---,t}. And for (¢;,n;)%, such that t; +n; € {1,---,N;} for all i, we
=1

have

1 2 1 9
IP) <K§71)\f1 = tlaKl( ])Vl et /)717 e ’KC(IJ)VE[ — tdaKc(lJ)\fd — nd>

s (el )

(r1,1,+,m1 t1+n1)€At1+n1 Ny

(Ta,1 Tt gtng ) €Nt g+1g,Ng

[ (1

ti+m;
{szaz HTsz uz Zoao HTON (E uz)}

Ji=1

) 7, 1 2;a;$; uz) ZO“O¢O(Z?:1 uz) X

Example 4.6.2 (Continuation of example 4.3.4). If (Py,---, P;) is constructed as in

example 4.5.4, the distribution of Ky can be found as

> I

(Tlv"vrk n)eAk 'r]t.j 1

ti+n;  —1

J N;! > Hj,:Tl7 T )
Z H (Pi 15 3Tty 4, ) EAL 40, N,

(t17~--,td)€Ad,t =1 (t + nl) (CL “i + (1 N ZZ')(L() + 1)Ni_1

(M, Ma)€EAGy

Example 4.6.3 (Continuation of example 4.3.7). If (Py,---, P;) is constructed as in

example 4.5.7, the distribution of Ky can be found as

RIEEEE

(7"17“77’16 n)EAk nt] 1

Z Z (H Nizia;®D(Ny, -+ Ng;arz1 + Ny, -+ agzq + Ng; aoz)
. ATt
EAtH-m Ny (tl + 771>~ H

. 4 T
(t1, ta)€Ag (1,150,711 t1+n1) i=1 gi=1 " bJi
)

(771’ o »nd)EAd n (

Td, 1, 5 Tdt g+ng ) €M g, Ny

d aOZONi!(I)(d)(Nh o Ngsarzi, -+ - aqzq; N + @020)
titm :
i=1 (ti +772)'H +71] Tigi!
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4.7 Discussion

Although the proposed constructions provide flexible tools in modelling partially ex-
changeable observations, they show some complications in deriving the theoretical re-
sults. There are further works that should be done for our constructions, for example,
the asymptotic behaviour of Ky when N is large, and the posterior analysis for the two

constructions.

4.8 Appendix

Proof of Theorem 4.4.1

Proof.

= [/ e*u(ﬂi(X)Jrﬂi,o(X))(ﬂi(A) + ﬂi,o(A))du\Ho}
0
= /Oo _iE [e_u(ﬂi(A)+ﬂi,o(A)):| E [e_u(ﬂi(Ac)+ﬂi,o(Ac)):| du
0

du
= (zia;H;(A) + (1 — Zi)(IOHO(A))/ 6_(Ziai+(1_zi)a0)¢i(u)—dfl(u) du
O u

zia; + (1 — z;)ag

Then, E[P;(A)] = E[E[P;(A)|Ho]] is followed by the fact E[Hy(A)] = H(A).
We can further calculate the second moments as follows.
(MA) + Jiio(A) ) |y
115 (X) + f1; (X)

- U e C ) (1, (A) + iy (A))*dul Hy
0

E[F(A)*|Ho] = E

00 2
[T u LR [ o] B [ (A0 (AT gy
o du?

_ / ue—(ziaﬂr(lfzz')ao)@(“) [(Zzasz(A) + (1 — zi)aoHO(A))2Ti71<u)2
0
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+ (ZZCLZH1<A) + (1 — ZZ‘)GQH()(A))TZ"Q(lb)} du .
By the fact that E[P;(X)?|Hy] = 1, we have
/OO uef(ziai{»(lfzi)ao)d)i(u)Ti71 (U/)Qdu
0

1 B gi,2
(ziai —f- (]_ — Zi)a())Q ZiQ; —|— (1 — ZZ')CL() '

Combining with the fact that E[Hy(A)? = H(A)*+ aH(A)H(A)G, (James et al. (2006),
Proposition 1), we can find Var[P;(A)] by E[E[P;(A)? Hy]] — E[P(A)]*.

Since P;(A) and P;(B) are conditionally independent, we have

E[F;(A)P;(B)|Ho] = E[Pi(A)[Ho]E[P;(B)| Ho]

e e ]

Noting that E[Hy(A)Hy(B)] = (H(ANB) — H(A)H(B))Gs + H(A)H(B), we can further

calculate

E[Fi(A)P;(B)] = E[E[F;(A)P;(B)|Hol|
_ (ziaiHi(A) (1 —2z)agH(A )) (zjajHj(B) +(1— zj)aoH(B))
zia; + (1 — z;)ag zia; + (1 — zj)ag
N aga(l —z)(1 — z;)(H(AN B) — H(A)H(B))G,
(zia; + (1 = zi)ao)(zja; + (1 — zj)ao) '

The covariance result then follows. O

Proof of Theorem 4.4.2

Proof. The results of E[P;(A)] and E[P;(A)?] can be found by the similar steps to those

in the proof 4.8.
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For the computation of Cov[P;(A), P;(B)], it is sufficient to compute

E[P,(A)P,(B)| Ho| = Ooo /0 "B [ 505 1 A1 (B) | Ho] s,
= [ e (4) i A0) 3, (B) + B o]
= [T RO ) (B)] o) s+
0 0
/ i / T [ O (A) ()| Ho) dud+
0 0
/ h / TR et OO OO 5 (A)i (B)| Ho) dusdu; +
0 0

| [ Bl () )| Ho] dusds
0

0

where the first three forms in the last equation can be computed in the similar way as

follows.

/ / (e =) (Ao (B)|Ho) dugdu,

[ Cntesons) (osiesiou)

[ uz“z(A) u]/"‘J( ) (’MZJr’Uz]);Ufo |H :| duldu]

= ZiZjGiGjHi(A)Hj(B)’CiJ :
Moreover, we have

/ / e~ i )= g A) i (B)| Ho| dusdu;

:/ / E e_“i”z’(x)—uy’ﬁj(x)—(ui+u]~)ﬂo(x)
0 0

(fio(A N B) + fig(A N B))(fig(B N A) + fig (B N A))| Ho] dusdu;

) ) . d2 i
/ / () i (9~ (i o (ANB)) | T [e= (Ml A0B) | ] dugdu,
? J

/ / i (0 =3, () (i (ANB)ABAAY) | |
_d - ¢
el o] L o] sy
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/ / (39t (6) (s o (ACBJIBE0AN) |

[ (et )o(408) | £ —d [ ()0 B0 ] duyd,
uZ —|— uj d(u; + uj) J
—wift (X) =i (X) = (ui+ug) i (AN B€)U(BNAS))€)
o]
d )
—(uitug)ho(ANB ) g1 = R [~ Witu)ho(BOA) I T dassds
e e widu
d(uz +Uj) [ o d(u; + ;) [ | Hol J

= Zg&gHO(A)HO(B)ICQ’O + ZQGOHO(A N B)HOQ .
By combining the above calculations, we have

E[PZ(A)PJ(B)‘H()] = zizjaiajHi(A)Hj(B)lCm + ZiZ[)aiaoHi(A)H()(B)Ki,o—l-

Z[)Zj(loajHo(A)Hj(B)IClj + ZOCI,OH()(A)H()(B)K:QO + ZoaoH()(A N B)HO,Q .

The result of Cov(P;(A), P;(B)) then follows by the fact that E[Hy(A)Hy(B)| = H(A)H (B)+
(H(ANB) — H(A)H(B))Gs. O

Proof of Theorem 4.5.1

Proof. From eq. (4.1.2), it follows

(.- - ,nd):/ B
XK

We shall evaluate the form Z,(B.(z7),- -, Be(z})) as follows.

ﬁHR ] :

i=1 j=1

where Bc(r7}) is a ball of radius € and center z7 such that e > 0 is small enough to make

Be(x5) N Be(x;) = 0 for i # j.
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Note that

ID<B6(‘IT>7 ) BE(Z‘%))

it

e [T (Bl \ ™
-5 |II= 31_11<—/M(X) )i
e“ﬂlx>||ul ””HO]d]

[ d oo uNifl
=E / —FE
E o LT'(NVi)
& H/oo uNiflE [ *Uﬂi(B*)|H :| H(—l)nivj d™ii E [ —upi(Be(a)
- tJo D(N;) ‘ ° durs |

[ d
Li=

=E |E

(4.8.1)

where B* = X\ (UL, Bc(«})) and the last equation is due to the conditional independence
of y1i(B(7)) for different j. By the famous Faa di Bruno formula (see e.g., Hardy (2006)),

we can calculate the form

dmii
1\ —up;(Be(z
(—=1)mes du"ivjE e |H0]
dni .
— (=1 —lziaiHi(Be(z}))+(1—zi)aoHo(Be(x}))]i (u)
( ) duni’] € !
ni,j N 1 Ti,5
Z [ZiaxiHi(Be(x;)) + (1 - Zi)aOHO(Be<I;))j| v 7 Z < ) HTz gige (1)
) T a Gij,1s " 7Qz]T”
] ]
(4.8.2)
where the sum of q;; is taken all over the vector of positive integers (gij1, -, ijr,)

such that >3 i = ni ;.

Applying eq. (4.8.2) to eq. (4.8.1), we have
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K Ti,5

=TT fye o0 TT( 32 [maBes)) + (1= 2ot 25"

j=1 ri;=1

Tz] Z (q'lea : ,q”r”) Hqu”t ) ] ) (483)

Qi —

Since the expectation is taken with respect to Hy, and Hy ~ NRMI(aH, p), for any

sequence of positive integers m = (my,- - ,mg), we have the following identity.

_ o a® Im|—1_—a¢ -
~ T i | 117
— 0D (g X ﬁH(Be(x;f)) . (4.8.4)

Thus, we can rearrange eq. (4.8.3) as

ID<BE(‘7;T>7 T BE(Z‘;())

(]E HH (ziaiHi(Be(a:])) + (1 = z)aoHo(B m])

IS

= .M

k
gy Nim 1
7(751“2 1 Zz ao d)z < )
1o F(NZ> J];Jl:'rzj Qij1," 7‘]1]7"” ]:[ q”t
K
=Z{H (s (BA))™ +
r Li=1j=1
d
\Ij(lﬂ)(lro,l‘a Ty ’ro,KDa"Orl (H( m.) (HH > + R*}
=1
d 00 N 1 ( e Jon(a k 1 N Tij
~(ziait(1=2i)a0)e: "7 Tiai, (W) du
];11:/0 F(N) Erz] <%317 7%]7"”)];11: it

(4.8.5)
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where the last equation is computed by expanding

E

[T Gt Bt) + 1 - zi>aoHo<Be<x;>>>”’j]

i=1j=1

and applying eq. (4.8.4). The notation R* = R(Be(z7), - , B(x})) is the sum of all the

cross terms with the form

K
’ {H CraoHi(Bela))™ Ho<Be<x;>>ﬁi‘j}
j=1
K
= UG, i) x T ] Cuso il B(w))™ Ho(Bo(a)
j=1

where «; ;, 3; ; are some positive integers, and Cj ;o is the coefficient corresponding to the
form.

Rearranging the form in eq. (4.8.5), we obtain

In(Be(@7), -+, Be(wk))

- { T o) +

i=1 j=1
d K
VI (Jrasl, - oo’ <H<1 - zz»>'”’°'> (H H(Be(x}f))) + R*}x
i=1 ey
d .
H H ( e o )\IIENi)(qi,l, te ,qz‘7k) .
i=1 j=1 T, Qij,15° " 5 Qi

Letting € — 0, one has

R*=0,
/X ) HH (zi0:H;(dz}))"™ = (H (ziaz)""“> (H H(dx})C(ry, -+ ,rd,j)) :

157



Thus, we have

To(dxy, - dxy)

—zzl(ﬁ ) ([, )

1

VD (raal, - lrexl)a (f[ ') (ﬁH(Be(w}f))”

=1
<111
T’z]

i=1j=1

( >‘I’ )<q117' '7Qi,K)-
QZ] 1, °° 7qz,j,ri,j

The result then follows. O

Proof of Theorem 4.5.3

Proof. The proof follows the similar steps in Section 4.8. For the sake of notational sim-
plicity, we denote B; = B.(x}), which is defined in Section 4.8. And let u = (uy,- -+, uq).
By noticing that {u;(B)}%_, are no longer independent conditional on Hy and {z;}%; for

any B € X, we can have the following decomposition similar to that in eq. (4.8.1).
K))

/W.../K""<
-E| [ / (I

d
H E |~ iz uini(B) H 11 (B;)" Ho] du]

=1

IH(BG(:E*)J e 7Be

1
=K

=~
RS

N;—1
i i (5) i
)l el o1 CLAEI T
1 =1 j=1
N;—1

i > E |:€* Z?=1 Uz‘#i(B*)|H0i| X

.

a |l

E

(V:)

d i—1
Ui =3 wipi(B*)
e / (HFM)E[e ] ]
d"e-i d
H(—m-uﬁxﬁz [e*Ei:wMBj)\Ho} dul . (4.8.6)
j=1 [Ti dug ™
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The joint Laplace transform of {u;}%, and the multivariate Faa di Bruno formula (Con-

stantine and Savits, 1996) lead to

N,
_ ™ g [6_ Sy |H°}
[Tz du;™

Ne j d"
= ()
Hi:l du; "

Ne,j d
— o (Bjn) XJ: Z { H (qml, . .ni’j ) } X

(1)

_Zz 1 %A 7,( )¢z(u7,) ZOGOHO( )¢O(Zz 1u’b)

" ma . .. )
max Y q'l T
r az,j_l Qe,j 7.7 =1 »JsTmax, j

dezl ‘Zi,j,ln(Bj’ u) o d2¢:1 9i,5, " max, j n(Bj’ u)

Hd d Qi 5,1 d d 9,5, max, j ) (487)
i=1 @i ITimy du;
where the sum of q, ; is taking over all vectors q, ; such that

(1) Qo,j = (QLJ}L QL rmax,s T s ddgy ;Qdﬂ"rmaxﬂj) is a vector of nonnegative

integers such that Z:mf’{f @iji; = Mij- Note that S iji; > 1 for any j and

t] € {17 7rmax,j}-

The product of the partial derivatives in eq. (4.8.7) can be computed in the following
two cases.
Case I: For any j € {1,---, K}, if there exists at least one t; € {1, -, "max; } such
d
that Zi:l :[I‘{T'i,j,tj>0} > 1, then

d>iaaan(Byu) 4= S (B, )

d qi,j,1 d 9i,5," max, j
[Tiz: du; [Tiey du;
Tmax,j d
Tmax \J
(ZOGOHO H TO ZZ 14,5, t; Z ul + RI
tjzl ’Lil

where R3(B;) is a linear combination of the form H;(B;)* Hy(B;)" for k; > 0, ko > 0.
Case II: All the cases except the Case I.

dzle Qi,j,ln(Bj’ u) o dZ?ﬂ 9,5, 7 max, j n(Bj, u)

d qi,5,1 d qi!j»""max,j
[Tz du; [Tizy du;
Tmax,j d Tmax,j
dex i |CI1 ]|
= (20a0Ho(B [T 7 S i (D u)+] I (zia: H. Tuqm (ui)+
tjfl =1 =1
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R;I<BJ) )

where R3;(B;) has the similar form to that of R%(B;) and |q | is the length of the vector

(Qi,j,la T 7Qi,j,rmax7j) .

Overall, by the analysis of Case I and Case II, we can have a general form of the

partial derivatives in eq. (4.8.7).

d=i=gain(Bj ) @i 9 (B, )

d 4i,j,1 d 4i,5,mmax, j
[Ti=1 du [T, du,
Tmax,j d
Tmax J .
(ZOGOHO H TO Zz 1 94,7, t; Z)+
tj=1 =1
rmax,j d Tmax]
N Iq | *
II Ljarri=1) [[(ziasti( " Tigig, (W) + R (Bj),
tj:1 =1 j_l

where |q—jt_;| is the length of the vector (qij¢,, -+ ,74j:;). And R*(B;) is either Rj(B;)
or Ri;(B;).

Combining the above form and eq. (4.8.7), we have

I (Bla 7

d N;—1
/ / H U, > ey ziaidi(ui)— Zoao¢0(z§i:1 ul) X
(V)

=1
d
1 iy
H >0 11 " x
. Tmaxy‘ Gig 1y 3 Qi g rmax.q
J=1 Tej Qe =1 b Tmax.J
Tmax,j d
ot T e,
ti=1 i=1
Tmax,j d N Tmax,j
H ﬂ{|‘m‘:1} H(Zza H,(B, ))\qz,jl H Tigisi, (w;) + R*(Bj) |du| . (4.8.8)
t=1 i=1 t=1

By a rearrangement, we have

In(-Bh T JBK)
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= Z Z [/OO . /Oo <H QFLI(N )) e Py ziami(ui)—zoao%(Zf:l u1> %
0 0 ; i

K d

1 | I i
H | X
j 1 Tma)gj- i=1 qi’j’17 T 7q7;7j77“max,j

K Tmax,j d
Tmax,j dex H H Z
(Bj) (z00) 0.5 aus, w;)+

'7 1 tJ_l =1

=
—_—
==

=

K Tmax,j d Tmax,j
di; *
H ( H e =1 H(ZiaiHi(Bj))ml’]l H Tisgij,t; (u;) + R*(By,--- , Bg)

tj:1 i=1 tj:I

where R*(Bjy, - - - , Bx) is a linear combination of [, HJKZI Hy(B;)ke
Hy(Bj)k, , such that there exists at least one group of (4, j) satisfying k; ; > 0 and kg ; > 0.

The same analysis as that of eq. (4.8.4) gives when ¢ — 0,

Tu(da?, -, da)

) Z Z [/ / (H ;Z\f;) Tl () zatodn(Zior)

1=1
K 1 d n K
{H NI <HH(dw3’f)) <
j=1 Tmax,j" i=1 qi,j,1, aqz,],rma&j j=1
K Tmax,j d
\I;(Tmax) (Tmax,h to 7Tmax,K) ZOG/O fmex H H ) ZZ 190t 1>+
Jj=1 t;=1 =1
K Tmax,j d N Tmax,j
H C<r17j7 e 7rd,j> H 1{|‘T,t;‘:1} H Zzaz 7, 4))|q7,',j| H Ti,(h,j,tj (Ul)] du] .
7=1 tj=1 =1 tj=1
(4.8.10)
The result follows easily. m
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Proof of Theorem 4.6.1

Proof. The proof is similar to that of Theorem 5 in (Camerlenghi et al., 2019). In our

constructions, we have
P(Ky = k) =P (UKD, =t KR, = ta K2y = e K, = na Koo = Ko} )

where the union is taking over all combinations of nonnegative integers {t1, -+ ,tq, 71, , M4}

and positive integers {ko,t} such that
(1) Z’Ld:l ti =1, ko + Z?:l n; = k;
(i) t; +m € {1,--- ,N;} foralli e {1,---,d}.

The result in this theorem follows immediately. As for the case in model 4.3.1, the result

is implied by the independence of (X i(j\),_, K 1(2]\),) and (K, lg\),l, K, ﬁ%l) for i # 1. O

(3
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