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Abstract

Information transfer between a microwave field and light, also known as microwave-to-
optical transduction, is a key area of research in quantum communication technology
aimed at developing an interface between the superconducting processing devices op-
erating at microwave frequencies and optical photons used for transferring quantum
information over distance. Atomic vapors offer a good platform for such interfaces
since they naturally support transitions at microwave and optical frequencies. In
this work, we explored microwave-to-optical transduction in rubidium ensembles. We
proposed a transduction method based on microwave-optical double resonance, where
we can control the ensemble optical properties via non-linear interactions with a mi-
crowave magnetic field. With this method, we demonstrate the transduction of an
audio signal from frequency-modulated and amplitude-modulated microwave fields
to optical intensity modulation. We also present a protocol for engineering atomic
spin polarization with microwave-assisted optical pumping and consider its applica-
tions for polarization-selective frequency conversion and microwave-controlled optical

rotation.
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Modulation-frequency bandwidth measurements for three values of mi-

crowave power corresponding to the following Rabi frequencies: Qg /27 =

18 kHz (green), 60 kHz (blue), and 180 kHz (purple). (a) FM transduc-
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the modulation frequency, measured at the detuning with largest am-
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ters. Figure adapted from [62].. . . . . ... ... ... L.
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ulate the microwave carrier w,. (b, ¢) Optical transmission of ampli-
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via cable (b) and 30-cm-separated antennas (c)] for microwave input
power P = —5 dBm and may = 15%/V. (d, e) Optical transmission of
frequency modulated signal at mpy = 150 kHz/V. (d) Signal transmit-
ted over cable for microwave input power P = —10 dBm and w,, /27 =
6.834 874 610-GHz. (e) Signal transmitted over 30-cm-separated an-
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Schematics of the proposed microwave-to-telecom transduction prin-
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system driven by phase-modulated field. The simulation is done for
m =1, wnm = 0 = 0.5Qr, and I'1 = 2I'y = Q. The dashed line
indicates the steady-state level for a two-level system by a field with the
same parameters with no modulation. (b) Fast Fourier Transform of
the simulated steady-state population oscillations for § = 0.1wy, (blue
solid curve) and § = 0 (red dashed), with the rest of the parameters

the same as in (a). Figure adapted from [63].. . . . . . . .. ... ..
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(a) Simulated evolution of the ground-state population in a two-level
system driven by phase-modulated field. The simulation is done for
m =6, Qr = 1.5wy, 0 =0, and I'y = 2I'y = 0.8w,,. The dashed line
indicates the steady-state level for a two-level system by a field with
the same parameters with no modulation. (b) Fast Fourier Transform
of the simulated steady-state population oscillations for § = wm (blue
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the same as in (a). Figure adapted from [63].. . . . . .. . ... ...
Rabi resonances for second (F,) and fourth (F,) harmonics for (a) m =
0.25 and (b) m = 2. The amplitude of the fourth harmonic is scaled as
indicated. As the modulation depth is increased, the peaks experience
a shift with respect to their original positions Qr = 2wy, and Qg = 4w,
indicated as A, and Ay, respectively. (c) Shifts of the peaks as a
function of the modulation index. (d) Heights of the resonance peaks
as a function of the modulation depth. For the fourth harmonic, we use
the right-hand peak. Curves indicate the power dependence on m. In
all graphs, the simulation was made for § = 0, and ['; = 2I'y = 0.08wy,.
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Rabi resonances for second (P») and fourth (P,) harmonics for (a) m =
0.25 and (b) m = 6. The amplitude of the fourth harmonic is scaled as
indicated. As the modulation depth is increased, the peaks experience
a shift with respect to their original positions Qr = 2w, Qr = 4wy,
which is indicated as A, and Ay, respectively. In all graphs, the sim-
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from [63]. . . ...

xxii

81

84



5.6

5.7

5.8

(a) Schematics of the laser beams arrangement and transitions for the
magneto-optical trapping and the optical molasses. During the optical
molasses, we switch off the current in the anti-Helmholtz coils and
sweep the cooling laser detuning. (b) Schematics of the microwave
setup and transitions for double-resonance imaging. Figure (b) was
adapted from [63]. . . . .. ...
Transmission (blue curve) of a 46 uW probe in the double-resonance
imaging of a laser-cooled atomic cloud released from the optical mo-
lasses. At t = 0 atomic population is in F' = 1. For clarity, we
show only the first 1.2 ms out of a total of 5 ms of expansion. The red
dashed curve corresponds to the numerical fit. The insets show the Fast
Fourier transform applied to the signal’s tail, where the Rabi oscilla-
tions are damped out. Each spectral component is labeled with an in-
teger number, corresponding to the harmonic of wy,. In all insets, axes
have the same scaling. (a) Unmodulated microwave field on resonance.
(b) wm/2m = 4 kHz, m = 2x, 6/2m = 7 kHz; (¢) wn/27 = 4 kHz,
m = 2m, § ~ 0. Figure adapted from [63]. . . . . . .. ... ... ...
Rabi resonances for the amplitudes of the second (red squares) and
fourth (blue circles) harmonics for m = 2w, 6 ~ 0, and the probe
power of 46 pW. Each point and its error bar correspond to an average
and variance of five values extracted from a tail of a double-resonance
signal, respectively. The vertical dashed lines correspond to the mod-
ulation frequency values satisfying 2w,, = Qg and 4w,, = Qr. The
points were obtained by two numerical methods: (a) using numerical
lock-in detection (Egs. 5.11-5.13); (b) from fitting the observed signal
to Eq. 5.16. Figure adapted from [63]. . . ... ... ... ... ...
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5.9

6.1

6.2

6.3

(a,b) recorded double-resonance signal for the probe power of (a) 0.54 W,

and (b) 0.06 uW, for the cases of a phase-modulated (red) and unmod-
ulated (blue) microwave field. The microwave source power is 10 dBm,
and the modulation frequency is wy, /27 = 4 kHz. (c¢) Simulation of the
two-level system response to a phase-modulated microwave field in the

underdamped case corresponding to (b), with simulation parameters

Qr = 2wy, and I'y = 2Ty = 0.02w,,. Figure adapted from [63].

Schematics of the microwave-controlled optical switch in a three-level
system. (a) With no microwave field the switch is in the OFF-state
where the probe is fully absorbed. (b) Applying the microwave field
reduces the steady-state population of |1) and puts the switch in the
ON-state, where some of the probe is transmitted. . . . . . . . . . ..
Principle of the optical pumping (a) and microwave-assisted (MA) op-
tical pumping (b) in a four-level system. . . . . .. .. ... ... ..
Possible population distributions between Zeeman sub-levels of level
F' =1 which can be created by microwave-assisted optical pumping.
All sub-levels of level ' = 2 are assumed to be coupled to the opti-
cal field (not shown). (a) In the case when the microwave field vector
is parallel to the quantization axis, we can selectively empty out a
particular mpg-state by controlling the microwave frequency (the case
of |FF'=1,mp = —1) is not shown). (b) Using a microwave field per-
pendicular to the quantization axis allows to empty out or fully oc-
cupy |F =1,mpr = £1)-states (the case of |[F'=1,mr = —1) is not
shown) depending on the microwave frequency. (c) If a microwave
field perpendicular to the quantization axis is amplitude modulated
at twice the Larmor frequency will empty out |F' = 1,mpr = —1) and

|F'=1,mp = 1) states, without affecting |[FF'=1,mpr =0). . ... ..
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6.4

6.5

6.6

Polarization-selective microwave-controlled optical switch in |F = 1)
state of 8Rb. Optical pump is not shown. Solid and dashed ar-
rows represent transmitted and absorbed component, respectively. (a)
With no microwave field, the atomic population is distributed equally
between the Zeeman sublevels, fully absorbing all three polarization
components of the probe resonant with |F'=1 — |F' = 0)). (b) Driv-
ing the |[FF'=1,mp = 1) — |F = 2, mp = 1) transition, make the vapor
transparent for o~ -polarization component of the probe. (c) Driving
the |[F'=1,mp = —1) — |F = 2, mp = —1) transition, make the vapor
transparent for o-polarization component of the probe. . . . . . ..
(a) Schematics of the optical setup. The labels are described in the
main text. x and y axes indicate the horizontal plane. The vacuum
system is not shown. (b) Optical transitions used in the experiment. .
(a) Optical signal during a microwave frequency scan detected by PD1
and PD2 for circularly polarized probe in case when the static magnetic
field B is parallel to the probe beam. Inset shown the orientation
of the static magnetic-field vector and the polarization of the probe
electric-field vector E with respect to x and y axes from Figure 6.5(a).
The probe polarization lies in the zz plane. The microwave detuning
is given with respect to the clock transition. (b) Schematics of the
microwave (blue arrows) and probe (yellow arrow) transitions, and
the expected relative distribution of the atomic population between
Zeeman substates corresponding to peaks I and II from (a). The probe
polarization is indicated with respect to the static magnetic field. The
pump is not shown. (c¢) and (d) are same as (a) and (b), except the
static magnetic field is perpendicular to zy-plane. Signals in (a) and
(c) are shown on the same scale. Microwave source power output is

—10 dBm. The frequency sweeping rate is 35.5 Hz. . . . . . . . . ..
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6.7

B.1
C.1

(a) Optical rotation during the microwave frequency scan detected as
a change in the photovoltage on detectors PD1 and PD2. The green
curve corresponds to the sum of the two voltages. Microwave detuning
is given with respect to the clock transition. The microwave source is
set to —10 dBm, the microwave frequency is scanned at a rate of 35 Hz.
The estimated optical rotation angle corresponding to peak I is around
0.025 mrad. (b) Schematics of the microwave (blue arrows) and probe
(yellow arrow) transitions, and the expected relative distribution of the
atomic population between Zeeman substates corresponding to peaks

I and IT from (a). The pump is not shown. . . . . . .. .. ... ...

Several examples of polarization of field b with respect to the z-axis.

Examples of different types of modulation. (a) Square-wave amplitude
modulation between A =1 and A = 0.5 at the modulation frequency
is wp. The carrier frequency is wy = wy,. (b) Square-wave frequency
modulation between w = 2w, and w = 4wy,. (c) Square-wave phase

modulation between ¢ = 0 and ¢ = 7. Red solid curves correspond to

the signal s(t), blue dashed curves correspond to the modulating signal. 128
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F total internal angular momentum quantum number
Q quality factor

I total longitudinal relaxation rate

Iy total transverse relaxation rate
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H Hamiltonian operator

D density matrix operator

A wavelength

B static magnetic field vector
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Chapter 1

Introduction

The physics of interactions between electromagnetic fields and atoms and molecules,
known as atomic and molecular optics, greatly impacted modern technology and
fundamental science. In the first half of the 20th century, attempts to explain the
rich structure of the emission spectrum of hydrogen lead to the creation of whole new
areas of science, such as quantum mechanics and quantum electrodynamics. Later,
research on microwave transitions in molecules resulted in the creation of the maser
- the first source of coherent radiation and a precursor of the laser, the technology
that shaped the world as we know it. These new technologies provided us with
high-precision spectroscopy tools allowing even better measurements of atomic and
molecular structures, fundamental constants, and properties of elementary particles.

These new tools were then adapted to control atomic properties. The effect of
electromagnetic radiation on atomic motion was used to create the coldest matter
in the universe and to study its unique macroscopic quantum properties. The effect
of electromagnetic fields on the atomic quantum state provided us with several gen-
erations of the most accurate clocks, and precise and portable electromagnetic field
sensors. Nowadays, due to the ever-increasing precision and accuracy with which
atomic motion and quantum states can be manipulated, the field of atomic optics is
gaining influence in quantum information and communication by providing promising

platforms for quantum processing, quantum simulation, and storage and transduction



of quantum information.

During my doctoral research, I investigated microwave-to-optical transduction in
rubidium vapor and its applications for magnetometry and quantum communications.
In the context of this work, we refer to transduction as a modulation transfer between
two electromagnetic fields. In our case, we implement transduction via nonlinear
interactions between the electric-field component of laser light and the magnetic-field
component of a microwave field in a rubidium vapor. The transduction idea builds
upon the fact that the vapor’s optical properties, such as absorption and dispersion,
depend on the quantum states of the atoms interacting with light, while the atomic
quantum states depend on the microwave field applied to the vapor. The main focus
of my work was to develop tools for controlling the optical properties of a rubidium
vapor via microwave interactions for microwave-to-optical transduction with several

potential applications discussed below.

1.1 Applications

Microwave-to-optical transduction in atomic vapors plays a significant role in mod-
ern technology, including precise magnetometry, microwave frequency and power stan-
dards, conversion of radio signals to optical intensity signals, and shows great promise
in quantum information science. Below we review state of the art in these techniques

and discuss their relevance to our research.

1.1.1 Quantum computing

Unlike classical information, which consists of discrete zeros and ones, quantum infor-
mation relies on a quantum system’s ability to simultaneously be in several orthogonal
quantum states, allowing encoding of information in a superposition of zeros and ones.
As a result, a computer based on quantum-information principles can perform certain
computational tasks at unprecedented speeds compared to classical computers [1, 2].

In addition, quantum information gives access to novel cryptography tools, improving



the security of communication [3].

Currently, some of the most promising candidates for a processing unit in a quan-
tum computer operate in the microwave range [4], including superconducting cir-
cuits [5, 6], solid-state spins [7, 8], and trapped atoms [9-12] and ions [13]. At the
same time, the long-distance transfer of quantum information mostly relies on opti-
cal photons [14-16]. To bridge the gap between the two, one needs a system that
can coherently transfer quantum information between the two frequency ranges [17].
Several different systems can potentially implement such wavelength conversion, e.g.,
optomechanical systems [18-20], spin ensembles in solid-state devices [21-24], electro-
optical modulators [25, 26], magnons [27], and atomic ensembles [28-32].

Rubidium vapors naturally support transitions at microwave and optical frequen-
cies, making them a good platform for microwave-to-optical wavelength conversion.
Besides, rubidium ensembles can be cooled below 1 pK, which offers a good coher-
ence time for storing quantum information [33, 34]. By studying microwave-to-optical
transduction in rubidium vapors, we hope to get one step closer to realizing quantum

information transfer between these frequency domains.

1.1.2 Frequency standards

Transduction of microwave frequency modulation to the optical intensity in alkali
vapor cells is used in compact frequency standards [35-38], i.e., devices providing
stable signal serving as a frequency reference for calibration and frequency-locking.
The transduction is based on the microwave-optical double resonance [39], where the
two fields are close to resonance with the corresponding atomic transitions. Due to
non-linear interactions between the microwave and optical fields, the optical absorp-
tion experiences a resonance when the microwave frequency matches a frequency of
one of several hyperfine transitions. Because the transition frequency depends only
on the fundamental constants, it can serve as a frequency reference providing the

frequency standard. The transduction based on the double resonance can operate in



a continuous-wave regime, simplifying the experimental setup and making the fre-
quency standards based on this technique relatively compact, portable, and versatile.
We will cover the physics of atomic transitions and the microwave-optical double

resonance in Chapter 2 and Chapter 3.

1.1.3 AC magnetometry and power standards

The double-resonance setup discussed above also allows the transduction of microwave
phase modulation to the optical intensity. In the case of harmonic modulation, the op-
tical intensity varies periodically, with its spectrum depending on the relation between
the microwave power and the modulation frequency. The optical signal response to
varying the modulation frequency depends only on the microwave power and funda-
mental constants [see Chapter 5], providing a precise measure of the microwave power.
Originally this technique was proposed to provide a microwave power standard [40—
42], but nowadays, it is widely used for measuring the amplitude of the microwave

magnetic field [43-49].

1.1.4 Radio-over-fiber communication

Another common application of microwave-to-optical transduction in atomic vapors is
radio-over-fiber communications [50-61]. Here, an analog or a digital signal encoded
as a frequency, amplitude, or phase modulation of a microwave field is transferred to
an optical carrier. The atomic vapor cell here serves as both the receiving and the

demodulating device, which is lightweight and electrically isolated [51].

1.2 Novelty of this work

This work aims to bring together various types and applications of the microwave-
to-optical transduction discussed above under a single theoretical framework with an
emphasis on the quantum nature of the process. During the research, we made the

following contributions to the field:



e We adapted the double-resonance technique for radio-over-fiber applications,
where this effect was used in room-temperature rubidium inside a microwave
cavity to transduce an audio signal encoded as frequency and amplitude mod-
ulation of the microwave field to the intensity modulation of laser light. In
a proof-of-principle experiment, we demonstrated the transduction for a mi-
crowave carrier transmitted via cable and free space. The experimental setup
in our method is simpler and more suitable for real-life applications than the
one used in the conventional technique based on electromagnetically-induced
transparency. The quantum nature of our technique makes it potentially ap-
plicable to quantum information. These results were published in [62] and are

discussed in detail in Chapter 4.

e Through numerical simulation and experiment, we studied the quantum-dynamics
of a two-level system driven by a phase-modulated field with a large modula-
tion index. Our findings could potentially improve the precision of microwave
magnetometry in systems with limited interrogation time, making it feasible
for the ultracold atoms, as demonstrated in our proof-of-principle experiments.
These results were published in [63]. Chapter 5 provides the relevant theory

and details of the experiment and simulation.

e We showed that microwave-optical double resonance can be used for frequency
conversion based on optical switching. Within this approach, we also intro-
duced a microwave-assisted optical pumping technique that allows controlling
the population of specific Zeeman sublevels in the ground state. In Chapter 6,
we describe the technique and show that it can be used for polarization-selective

frequency conversion and microwave control of optical rotation.



Chapter 2

Background

In our experiments, we study how rubidium vapor interacts with electromagnetic fields
at microwave and optical frequencies simultaneously. In particular, we are interested
how one interaction can affect the other one. By examining what effect the variation
in microwave parameters has on optical properties such as absorption and dispersion,
we develop tools for microwave-to-optical signal transduction. In our setup, we use
optical and microwave fields with frequencies close to resonance with electric-dipole
and magnetic-dipole transitions in the rubidium-87 (*’Rb) isotope, respectively.

In this chapter, we discuss a brief overview of the relevant concepts in atomic
optical physics to provide essential background and context for my research. To
begin with, we introduce the energy-level structure of ’Rb (and hydrogen-like atoms
in general) and provide a description of the main physical effects contributing to
it. Next, we move on to level splitting due to magnetic-dipole interaction with a
weak external static magnetic field (the linear Zeeman effect), which gives rise to a
family of microwave transitions observed and employed in later chapters. Finally, we
introduce the theory of atomic transitions due to interactions with external oscillating
electric and magnetic fields and conclude by discussing ensemble effects on quantum

evolution.



2.1 Energy levels

Atomic optical physics studies interactions between an electromagnetic field and a
single atom or ion, several atoms or ions, or a macroscopic ensemble of neutral' atoms
weakly-interacting with each other. In our experiments, we work with ensembles of
neutral atoms in the form of dilute vapor either at room temperature or laser-cooled.
In contrast to condensed-matter systems, weak interactions between atoms within
such ensembles do not significantly alter each atom’s energy-level structure. Thus, all
atoms within the ensemble have approximately the same energy-level structure and
interact with external fields independently. This fact allows us to model an ensemble
interacting with an external electromagnetic field as a single atom and to treat the
ensemble effects phenomenologically (see Section 2.4).

When we describe the energy of an atom in atomic optical physics, we mostly focus
on the energy of its electrons. As an alkali metal element, 8’Rb has an odd number
of electrons, with a single unpaired electron above a closed core of filled electron
shells (see Figure 2.1). Compared to the outer electron, the core is very robust under
the influence of external fields. Below, we refer to this outer electron when we discuss
the energy structure of alkali atoms. Because the closed core effectively neutralizes
the positive nuclear charge of all but one proton, the energy level structure is similar
to that of a hydrogen atom. In a nutshell, the energy levels can be represented as
a gross structure due to Coulomb interaction with the nuclear electric charge, which
splits into the fine structure due to spin-orbit interaction, and is further split into the

hyperfine structure due to magnetic interaction with the nucleus.

! This is an intended tautology frequently used in the field to highlight the difference from charged
ions, which employ a completely distinct set of experimental tools. In this manuscript, unless
explicitly specified, all atoms are presumed to possess a neutral total electric charge.
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Figure 2.1: Illustration of a hydrogen atom and an alkali atom, using “Li as an
example. In the case of 7Li, two inner electrons form a closed core that neutralizes
the positive electric charge of two protons.

2.1.1 Gross structure

As was discussed above, the closed electronic core reduces the effective nuclear charge
interacting with the outer electron. As a result, the gross structure energy levels due

to Coulomb interaction are similar to those of a hydrogen atom and are given by [64]

Roo
E(n,l) = —27Thcm, (2.1)

where n is the principal quantum number, [ is the orbital quantum number, A is the
reduced Planck constant, ¢ is the speed of light in vacuum, and R, is the Rydberg
constant. The quantum defect 9; takes into account the fact that the outer electron
can penetrate into the core, which reduces the screening effect. The penetration depth
depends on the shape of the wavefunction, determined by [, with the highest contri-

bution for the s-state where [ = 0. In 8"Rb , the lowest energy level is characterized

by n =5 and | = 0 with quantum defect ds = 3.19 [64].

2.1.2 Good quantum numbers

Before moving on to the next-order corrections to the electron’s energy, I would like
to introduce a concept of “good” quantum numbers. This is terminology which is

usually used in atomic physics to describe fine and hyperfine structures of atoms. An



eigenvalue a of a quantum operator A is considered a good quantum number if A
(approximately) commutes with the atomic Hamiltonian. In this case, because the
expectation value of 121, which coincides with a, does not evolve in time, it provides a
good way to describe a quantum state at any given moment. Good quantum numbers

are analogous to constants of motion in classical mechanics [64].

2.1.3 Fine structure

Taking into account the electron’s magnetic moment associated with its spin splits
the gross levels into a manifold know as the fine structure. When the electron moves
through the nuclear electric field, it experiences an effective magnetic field propor-
tional to the electron’s speed.

This effect can be qualitatively understood in terms of the Bohr model of a hydro-
gen atom if we move to the electron’s reference frame, as is shown in Figure 2.2. In
this frame, the nucleus orbits around the electron with an orbital angular momentum
—I1, where 1 is the electron’s orbital momentum vector in the nuclear frame. Since the
nucleus is charged, its motion creates a magnetic field aligned with its orbital mo-
mentum. Because the electron’s orbital angular momentum determines the direction
and magnitude of this field, its effect on the atom’s energy due to magnetic-dipole
interaction with the electron’s spin s is called spin-orbit coupling. It can be expressed

as an additional term in the Hamiltonian [65]:
e = Al 8 = A (L + 1,3 + 1252 (2.2)

where Ag is the constant describing the strength of the coupling. Note that, even
though the above model provides us with the correct qualitative dependence of the
energy on 1 - s, in order to calculate the coupling strength, we would need a fully
relativistic treatment [66].

The spin-orbit coupling term H., commutes with Z2 and §%, but not ZZ and 5,

meaning that [ and s are good quantum numbers, but m, and m, are not?. On the

2See Appendix A for more details on angular momentum operators and their eigenvalues.
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Nuclear Frame Electron's Frame

Figure 2.2: Toy model for the spin-orbit coupling in the Hydrogen atom. (a) In the
nuclear reference frame, the electron circles around the nucleus with momentum p.
(b) In the electron’s reference frame, the nucleus circles around the electron with
momentum —p. This motion produces magnetic field B with the magnetic dipole
associated with the electron’s spin s.

other hand, if we define the electron’s total angular momentum as j =1+ S, then 52
and jz commute with Hy,, and both J and m; are good quantum numbers.

Therefore, the spin-orbit interaction splits the energy levels according to the value
of j. In the ground state of an alkali atom, the total angular momentum includes the
electron’s spin only, so the ground-state level does not split due to spin-orbit coupling.
On the other hand, the first excited state with [ = 1 splits into a doublet with j; = 1/2
and j» = 3/2. Following the standard spectroscopic notation, we refer to the transi-
tion lines between these doublet states and the ground state as the D1 and D2 lines,
respectively. In 8’Rb the wavelength of the D1 line is approximately 794.978 nm [67],
and the wavelength of the D2 line is approximately 780.241 nm [67].

In the fully relativistic treatment, there are other terms that contribute to the
Hamiltonian on the same order as the spin-orbit coupling, namely the second-order
relativistic correction to the kinetic energy and zitterbewegung [66]. Another en-
ergy shift of the same order comes from the quantum electrodynamics and is known
as the Lamb shift [68]. All these effects do not provide any additional insight for

understanding the fine structure of alkalies and are not discussed here.

2.1.4 Hyperfine structure

Because protons and neutrons have magnetic moments associated with their spins,

the nucleus possesses a magnetic dipole moment proportional to the total nuclear
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spin I. This nuclear magnetic moment interacts with the magnetic field produced by
the electron’s motion and magnetic dipole moment. The additional energy due to

this interaction is given by [69]
[:[hfs:Ahfsi'j:Ahfs (jmia:—i_jyiy—i_jzjz) ) (23)

where Ayg is the isotope- and transition-specific constant determining the interaction
strength. This interaction causes the fine-structure levels to split according to the
value F of the total atomic angular momentum? F = j + I, with the new levels
forming the hyperfine structure. The hyperfine levels are characterized by new good
quantum numbers F' and mpg, while m; is no longer a good quantum number. For us,
of a special interest is the hyperfine structure of the ground state in alkali elements.
In the absence of external fields, it consists of two energy levels corresponding to
Fy = |I —1/2| and Fy = |I + 1/2|. The nuclear spin of 8Rb is 3/2, which gives the
ground-state levels with F} = 1 and F, = 2, respectively, that are separated by a
transition at a microwave frequency of 6.83468261090429(9) GHz [67]. The hyperfine
structure of the D1 and D2 lines is shown in Figure 2.3.

For heavy elements like Rb, taking into account the finite size of the nucleus leads to
noticeable corrections to the hyperfine structure, such as the isotope volume shift [69]
and electric-quadrupole interaction between the electron and the nucleus [67]. These
effects do not play an important role in our experiments; therefore, we will omit their

details.

2.2 Linear Zeeman effect

In a static magnetic field B, a system with magnetic dipole moment p acquires
energy H; = —p - B. For a quantum system, it is usually convenient to choose the

z-axis along the direction of the magnetic field vector and consider the quantum-state

3Here we use lower case letters for parameters describing a single particle, i.e., an electron, while
the capital letters correspond to systems of many particles, such as a nucleus or an atom.
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Figure 2.3: The hyperfine structure of the D1 and D2 lines in®"Rb . Arrows in-
dicate the energy splitting between levels in units of frequency and wavelength.
Electric-dipole and magnetic-dipole transitions are labeled as E1 and M1, respec-
tively. Adapted from [67].



evolution in the basis of eigenstates of fi,. We are interested in the low-field limit,
where the interaction energy is much smaller than the hyperfine coupling, and we can
treat it as a perturbation. In this case, the magnetic dipole moment is coupled to the
atom’s total angular momentum, and the magnetic energy can be expressed in terms

of the good quantum numbers F' and mp as

where ugp is the Bohr’s magneton, and

j(j+1)+s(s+1)—l(l+1)} {F(F+1)+j(j+1)—l(]+1)
2j(7+1) 2F(F +1)

is the Landé g-factor.

As a result, a hyperfine level |F') splits into 2F + 1 sublevels |F, mg), with mp =
{=F,—F +1,...,F}, and the energy difference between two neighboring sublevels
is given by gpupB. This phenomenon is known as the linear Zeeman effect and we
refer to the new states as Zeeman sublevels. As the magnetic energy ugB becomes
comparable with the hyperfine coupling strength Ayg, higher-order terms of B have
to be taken into account, and mg is no longer a good quantum number.

In the ground state of alkalis, Eq. 2.5 reduces to gr = +1/(s + I), with the
negative value corresponding to the lower energy level. In 8"Rb, the ground state
g-factors are £1/2, leading to Zeeman splitting between two neighboring sublevels
by AE; = +2r7hB x (0.70 MHz/G) [67], where & is the reduced Planck constant
measured in the SI units, and B is measured in Gauss. Despite its small value
compared to the linewidth of the optical transitions in Rb, the linear Zeeman splitting
can be resolved through the microwave-optical double-resonance spectroscopy and

plays an important role in our experiments, as will be discussed in Chapter 3.

2.3 Transitions due to oscillating fields

An electron within an atom can change its energy and quantum state due to inter-

actions with an oscillating electric or magnetic field. Most experiments in atomic
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optical physics employ transitions due to electric-dipole and magnetic-dipole interac-
tions with an external field. This chapter will focus on these transitions in the case

of a monochromatic field, which allows solving the quantum dynamics analytically.

2.3.1 Selection rules

An electromagnetic field can drive a transition between two atomic states only if the

following conditions are satisfied.

1. The driving frequency is sufficiently close to the energy difference (in frequency
units) between the two states. This condition is analogous to the resonance

condition in a driven classical harmonic oscillator.

2. The result of the action of the coupling operator V on the initial state i) has
a nonzero projection on the final state | f), i.e., (f|V |i) # 0. In atomic optical
physics, this condition is usually formulated as a set of the so-called “selection

rules”.

Below we present the selection rules for electric-dipole and magnetic-dipole transi-

tions.
Electric-dipole (E1) transitions

When the wavelength of the electromagnetic field is much larger than the atomic
dimensions, the leading term in the interaction between the atom and electromagnetic
field is the interaction between the electric component of the field, E(¢), and the
induced electric dipole of the atom. Such transitions are known as electric-dipole or
E1 transitions.

For our purposes, it sufficient to consider the interaction in a semi-classical picture,
where we describe atomic parameters using quantum operators but treat the field as

a classical vector. In this picture the interaction term is given by

~

Va=—et-Et), (2.6)
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Allowed ‘ Exceptions
Al = +1 AF =0, +1 ‘AmF:O,ifF’:Fandmpzo

Aj=0, £1 | Amp =0, £1

Table 2.1: Selection rules for El transitions in a hydrogen-like atom [70]. Only
transitions that satisfy all criteria in the left-hand table, except those indicated in
the right-hand table, are allowed. Transitions with Ampr = 0 and Amr = +1 are
allowed only in the case of 7m-polarized and o*-polarized fields, respectively.

where e is the absolute value of the elementary charge, and r is the position of the
interacting electron with respect to the nucleus.

The selection rules for E1 transitions are given in Table 2.1%. Their unique feature
is that the electron orbital number must change by 41, which a consequence of the
parity of the electric-dipole interaction. The rest of the rules can be understood as
conservation laws for a single-photon absorption or emission. Transitions that do not

satisfy the selection rules are usually referred to as “forbidden.”
Magnetic-dipole (M1) transitions

In a similar way, an oscillating magnetic field B(¢) interacting with the atomic mag-
netic moment g can lead to magnetic-dipole (M1) transitions. In this case, the
semi-classical interaction term is Vm = —f - B, with the selection rules provided in

Table 2.2. Unlike E1 transitions, M1 transitions require that neither the principle

Allowed Exceptions
An=0,Al=0| AF =0, £1 Amp=0,if F/ = F and mp =0
Aj=0, +1 Amg =0, +£1

Table 2.2: Selection rules for M1 transitions in hydrogen-like atoms [70]. Only tran-
sitions that satisfy all criteria in the left-hand table, except those indicated in the
right-hand table, are allowed. Transitions with Amg = 0 and Amg = +1 are allowed
only in the case of m-polarized and o*-polarized fields, respectively.

nor the orbital quantum numbers of the electronic wave function change. Classically,

4Polarization types are discussed in Appendix B
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it can be explained by the fact that the magnetic-dipole interaction cannot change
either the electron’s kinetic or Coulomb energies. Besides, the opposite parities of the
electric-dipole and the magnetic-dipole operators guarantee that the corresponding
transitions are mutually exclusive. As a result, only one or neither of them can be
allowed between two given states. In our experiments, E1 transitions correspond to
optical frequency range and connect states from different fine-structure levels. Mean-
while, M1 transitions due to microwave fields are used to couple the two hyperfine

levels of the ground state.

2.3.2 Quantum evolution

To show how the atomic state evolves during a transition, we will consider only two
atomic levels and assume that the frequency of the electromagnetic field driving this
transition is close to the transition frequency. This is known as the two-level system
approximation, and it is sufficient to understand most of the effects in atomic optical
physics.

Experimentally, it is impossible to have a fully isolated atomic system since there
will always be some interactions with the environment and the vacuum electromag-
netic field. These interactions lead to spontaneous transitions between quantum states
and quantum decoherence of the wavefunction. We will call these processes relaxation
and consider their effect on the two-level system evolution phenomenologically. Qual-
itatively, depending on how the coupling strength {2gr between the driving field and
the two-level system compares to the relaxation rate I', we can separate two limiting

cases:

1. Qg > I'. In this case, the system undergoes coherent Rabi oscillations be-
tween the two states [71]. In our experimental setup, it can be observed in M1

transitions.

2. Qr < I'. In this case, after a couple of oscillations, the system reaches a steady-
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state, a statistical mixture of the two levels that provide a balance between
excitation and relaxation. Experimentally, this regime is observed in E1 tran-

sitions as resonance fluorescence [72].

We will treat these two cases separately, starting with the more straightforward case

of the Rabi oscillations, and then extending to the resonance fluorescence case.
Rabi oscillations

Here we consider a quantum system of two orthogonal non-degenerate levels |1) and
|2) separated by fw, that are coupled by the interaction term V cos [(w + 8)#], such
that the diagonal terms are zero, i.e., Vj; = Vo5 = 0, and the off-diagonal terms are
equal, i.e., Vis = V3. For now, we assume that |1) and |2) form a complete basis,
and there is no relaxation between these levels. The Hamiltonian of this system in a

matrix form is given by

. 1 0 9 01
H:@ +D

cos [(w+ 0)t] = @62 + hQRr6, cos [(w + 0)t],
2 \0 -1 2 \10 2

(2.7)
where ¢, and ¢, are the Pauli matrices in the basis of |1) and [2), and Qg = Via/h is
the coupling strength, also know as the Rabi frequency.

In general, the system’s quantum state is defined as a time-dependent vector [¢(t))
in the basis of |1) and [2). We will describe the two-level system in terms of the

pseudo-spin v, also known as the Bloch vector, defined as

v(t) = (a)(t) = (Y1) & [¢(1)), (2.8)

where & is a three-dimensional vector whose components are the Pauli matrices.
In this definition, the x and y components of the pseudo-spin are proportional to
the real and imaginary parts of the coherence between the two levels, respectively.
The z component equals the population inversion | (2|4 (¢))|> — [(1] (t))|*. Note that

the pseudo-spin coefficients are real numbers, and they uniquely define the quantum
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state |¢(t)). A set of all possible pseudo-spin vectors forms a sphere of unit radius,
known as the Bloch sphere.
Next, we will rewrite® the two-level Hamiltonian as a linear combination of the

Pauli matrices and the unit-matrix 1 i.e,

h

H =2 (ol + by + 0, + Q.6:) = g (Ql+0-5), (2.9)

where €2 is a real vector that we will call the pseudo-field. It can be shown that the

evolution of a two-level system in terms of the pseudo-spin and pseudo-field satis-

fies [73]
v(t) = Qt) x v(t), (2.10)

which is analogous to the classical equation describing a gyromagnetic system in-
teracting with a time-dependent magnetic field. In the case of a time-independent
Hamiltonian, the pseudo-spin precesses around the axis of 2 [see Figure 2.4(a)] at a
frequency Q = |€2].

Let us consider the Hamiltonian in Eq. 2.7 when (2g = 0, so there are no time-
dependent terms. In this case v precesses around the z-axis at a frequency w. We can
simplify the problem by going to a frame of reference rotating around the z-axis at
frequency w + ¢ in the direction of precession. Mathematically, such transformation

is given by a unitary operator

~

U(t) = exp [—i(w + 5)t%} =Tcos? 5t. (2.11)

t —1i6,sin

In the rotating frame, the original Hamiltonian from Eq. 2.7 is replaced with

e od g R
H = U7 HU +ih <U ) O =3 (QR% 86+ W(t)) , (2.12)
where W (t) = 6, cos [2(w + 0)t] + &, sin [2(w + 6)t] corresponds to a pseudo-field ro-

tating in the new frame around the z-axis at a frequency 2(w + ). Provided that

5This can be done for any Hermitian operator from the 2D matrix space.
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Figure 2.4: Evolution of a two-level system in the rotating frame due to the rotating-
wave Hamiltonian in Eq. 2.13 for two values of detuning § = 0 (blue circles) and
d = —1.2 x Qg (red squares). The simulation is done in QuTiP [74, 75]. For the
simulation, the system is initially in state |1), and we use units such that hQdg = 1.
(a) Pseudo-spin precession on the Bloch sphere around the pseudo-field vector. The
pseudo-field direction is indicated with an arrow. (b) Rabi oscillations of the excited
state population.

V2 + 02 < w, the effect of the counter-rotating term W can be neglected, resulting

in the Hamiltonian

i = g (Qmb, — 66.). (2.13)

In the laboratory frame, this is equivalent to replacing the linearly-polarized field with
a rotating field, so this approximation is known as the rotating-wave approximation.

In the rotating-wave approximation, the evolution of a two-level system in the
rotating frame is a precession of the pseudo-spin around the pseudo-field vector ' =
(Qr,0,—0). If at t = 0 the system is in state |1), the probability of the system being

measured in state |2) oscillates in time as

Py(t) = |(2| () = valt) + 1 L SCRVAL s 52:5. (2.14)

2 T 2rer T 2
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These oscillations are known as the Rabi oscillations and are depicted in Figure 2.4(b).
On resonance, the system’s population harmonically oscillates between the two states
at the Rabi frequency (2g. Note that this probability does not depend on the reference

frame, and is the same if we measure the system in the laboratory frame.
Damped Rabi oscillations

Whenever there is relaxation or decoherence in a quantum system, we can no longer
use a single wavefunction to describe the system’s state. Instead, the system is
characterized by a statistical mixture of wavefunctions, known as a mixed state.
Mathematically, a mixed quantum state can be described in terms of the density
matrix p = Y, pr |¥k) (Y|, where pj, is the probability of the system being in a state
|¥k)-

The density matrix evolution in an open system is given by the Lindblad master

equation [76]

%,@ SR ESS % (2Ll ~ pLiLy — L L) . (2.15)
where L, are referred to as collapse operators, and the summation goes over all re-
laxation processes. The decay of the population from state |2) to state |1) at rate v,
is described by collapse operator L = V1 [1) (2]. In terms of the pseudo-spin vec-
tor, which is redefined below, this type of relaxation affects the z-component and is
therefore known as longitudinal relaxation. According to Eq. 2.15, longitudinal re-
laxation at rate 7y, is accompanied by the damping of the off-diagonal density matrix
elements, known as transverse relaxation, at rate y;/2. In some situations, quantum
systems can have transverse relaxation between two levels that does not affect their
populations. In this case, the collapse operator is given by Loy = \/g&z, where 7, is

the transverse relaxation rate.

For a mixed state, the pseudo-spin definition from Eq. 2.8 should be generalised as

N
—~
~
SN—
I
—
Q>
~
—~
~
S~—
I

T (1) - 6], (2.16)



where the pseudo-spin components have the same physical meaning as before. The

two-level system master equation in terms of the pseudo-spin has the following form:

FQV:D 0
v(t)=Qt) xvt)— [T, | —| 0|, (2.17)
Fll/z Fl

where I'; and I's are the total longitudinal and transverse relaxation rates, respec-
tively. If the pseudo-field €2 does not depend on time, Eq. 2.17 has the stationary
solution v(t) = vy, such that vy(f) = 0, known as the steady-state. In the case of
'y # 0, the steady-state does not depend on the initial conditions and is uniquely
defined by the pseudo-field and the relaxation rates. For the Hamiltonian in Eq. 2.13,

the steady-state pseudo-spin is given by

)
! Qnl (2.18)
v, = . .
T3+62+ 0202 | 07
I3+ 0

The pseudo-spin evolution is a spiraling motion from the original state towards
Vg, as is shown in Figure 2.5(a). The analytical solution for population inversion for

atoms starting in state |1) is given by [77]
t) = 1 ot (cos Ut 4 =2 sin Ot 2.19
v,(t) =vs. — (1 + 152 )e cos 2t + o Sin , (2.19)

where ' = /Q% + 2 [see Figure 2.5(b)]. The excited state population in this case
undergoes damped oscillations until it reaches its steady-state value
02 L

1
P22s = 5 Sl : (2.20)
I3+ 62+ Qf (%)

According to 2.19, cycles of the damped Rabi oscillations can be observed only when
Q' > T'y. In our experiments, this condition is satisfied for microwave magnetic-
dipole transitions between the two hyperfine ground levels, which allows observing
the damped Rabi oscillations as a change in transmission for a resonant light, as will

be described in Chapter 3.
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Figure 2.5: Evolution of a two-level system with longitudinal relaxation in the rotating
frame due to the rotating-wave Hamiltonian in Eq. 2.13 for two values of the Rabi
frequency Qg = 3 x I'y (blue circles) and Qg = 0.4 xI'; (red squares). The simulation
is done in QuTiP [74, 75]. For the simulation, the system is initially in state |1),
and we use units such that Al'y = 1 and I'y = 2I'y = §. The pseudo-field direction
is along z-axis. (a) Damped pseudo-spin precession on the Bloch sphere around the
pseudo-field direction towards the steady-state vector (the steady states are indicated
with arrows) (b) Damped Rabi oscillations of the excited state population.

Resonance fluorescence

In the case of optical E1 transitions, there is always transverse and longitudinal relax-
ation due to spontaneous emission. For the D1 and D2 lines in Rb, the spontaneous
emission rate I'y, is on the order of 27 x MHz, which makes observing the Rabi oscil-
lations a non-trivial experimental task that requires relatively large optical intensities
and fast detection [78]. In our experiments, we work in a regime where the optical
Rabi frequency is much less than the spontaneous emission rate. In this case, the
quantum system reaches the steady state directly, as is shown in Figure 2.5. In this
state, the system continuously absorbs and emits light at a rate I's,pa2 5, which results
in a fluorescence signal that has a Lorentzian shape in terms of the detuning with a

peak at 6 = 0. The same shape has the absorption coefficient, which is proportional
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to vy.
Usually, there is more than one level the excited state can decay to, in which case
the two-level approximation is no longer valid. Nevertheless, the results obtained

above can provide a good starting point for describing the three-level dynamics.
2.3.3 Optical pumping

Optical pumping is a multilevel effect that can act as a tool for creating a population
imbalance between quantum states of an atomic ensemble via interaction with a
“pump” light. Here we present the most common optical pumping schemes that rely

on transferring the population to states that do not interact with the pump light.

@ ®©) meg=-1 mc=0 meg=1
Fr=2 Fl=1— : -
§ % Spontaneous

Pump Decay
Iy Ig
F=2

ate

Dark State

Figure 2.6: Optical pumping schematics. (a) Optical pumping in a A-type three-level
system. Light resonant with |F' = 2) — |F’ = 2) transition optically pumps atoms to
an off-resonant dark state |F' = 1). (b) Optical pumping in a system with degenerate
Zeeman sublevels. o'-polarized pump transfers atoms to a Zeeman state with the
highest mp, which does not interact with the pump due to selection rules.

Figure 2.6(a) illustrates the optical pumping principle in the case of a A-type
three-level system excited by a monochromatic optical field. The key component for
creating the population imbalance is the existence of a “dark” state - a ground state
that does not interact with the driving field. The other ground state that is coupled
to the field, is known as the “bright” state. If there is a significant energy splitting
between the two ground states, the dark state occurs naturally, provided that the

pump field frequency is on resonance with a transition between one of the ground
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states and the excited state. According to Eq. 2.20, the large detuning between the
driving field and the second transition leads to negligible excitation of the second
ground state, making it dark. In the example depicted in Figure 2.6(a), the pump
light resonant with |F' = 2) — |F’ = 2) transfers atoms from |F' = 2) to the excited
state, where they can spontaneously decay to either ground state. Atoms that decay
into |F' = 2) state continue to absorb light until the whole population is accumulated
by the off-resonant dark state |F' = 1). The optical pumping rate can be estimated
as a product of the probability of being in the excited state and the decay rate to the
dark state. Provided that the Rabi frequency is much smaller than the spontaneous

emission rate in Eq. 2.20, the optical pumping rate for resonant excitation is given by
I'y=—T4, (2.21)

where I'y, and I'y and are the rates of emission to the bright and dark states, respec-
tively. Here we used the fact that for spontaneous emission I'y = 2I'5.

The optical pumping can also be achieved in a degenerate ground-state level if
the pump light is polarized. In this case, one of the sublevels becomes dark if it
does not interact with the driving field due to the selection rules. For example, a
circularly polarized light optically pumps the atomic population to a single Zeeman
sublevel, as is shown in Figure 2.6(b). Here, the absorption of a photon changes
the atomic magnetic number mp by one. After several cycles of excitation followed
by spontaneous emission, the atomic population accumulates in the dark state that
corresponds to either the highest or the lowest myr depending on the circularity of

the pump field.

2.4 Ensemble effects

So far, we have considered a quantum system as if it was a single particle. This
approximation may be valid for an ensemble of identical particles, provided all par-

ticles interact with the driving field and the environment in the same way. In this
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case, these interactions have the same effect on the ensemble’s quantum state as on
the quantum state of each individual particle. One example of such effects is the
homogeneous broadening of the fluorescence and absorption resonances due to spon-
taneous emission. For El-transitions, spontaneous emission leads to relaxation that
broadens the resonance line according to Eq. 2.20. For atoms of the same isotope,
this relaxation happens at the same rate. As a result, during the interaction with the
external field, all atoms are in a state with the same density matrix. The ensemble
resonance line, representing the steady-state fraction of atoms in the excited state, is
the same as pay ¢ of an individual atom.

If different parts of the ensemble interact with an external field differently, for
example, due to atomic motion or the field inhomogeneity, they will end up in different
states with different resonance lines. In terms of the ensemble, these effects can
be taken into account as an additional relaxation or a shift and broadening of the
resonance line. Below we will discuss some examples of these effects relevant to our

experiments.

2.4.1 Doppler broadening

Due to the Doppler effect, atoms that move relative to each other interact with a
traveling electromagnetic wave differently. In thermal atomic ensembles, it leads to
a significant inhomogeneous broadening of optical transitions, known as the Doppler
broadening.

To illustrate this effect, let us consider a single atom moving in the laboratory frame
with velocity v that interacts with a traveling wave with a wave-vector k, as is shown
in Figure 2.7(a). In a non-relativistic case, the frequency of the field in the atomic
rest frame is shifted by —k - v. As a result, the resonance line of a moving atom is
frequency-shifted with respect to the stationary atom’s line. The value and sign of the
this shift is proportional to the atom’s velocity component along the wave-vector [see

Figure 2.7(b)]. Atoms, whose velocities differ only by an infinitesimal value, have the
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same resonance lines. We will call this group of atoms a velocity class. The fact that
different velocity classes have different resonance frequencies in the laboratory frame

leads to a broadening of the ensemble resonance, known as the Doppler broadening.
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Figure 2.7: (a) Illustration of three different atomic velocity classes defined with
respect to the wave-vector k of a driving optical field. The ensemble temperature
determines the fraction of atoms in a particular velocity class. (b) Resonance lines
for three different velocity classes (solid curves) weighted by the corresponding frac-
tions of atoms in those velocity classes, as is determined by the Maxwell-Boltzmann
distribution (black dashed curve). The central line corresponds to the zero-velocity
class.

In a thermal ensemble, atoms occupy velocity classes according to the Maxwell-

Boltzmann distribution

m mu?
- _ 2.22
g (V) kT P ( QkBT) ’ (2.22)

where gygp(v) is the fraction of atoms in a velocity class v, m is the atom’s mass,
T is the ensemble temperature, and kg is the Boltzmann constant. Assuming that
the only source of relaxation is the spontaneous decay, for each velocity class the

resonance line is a Lorentzian centered around 6y = —kv:

L(5,0) = Pl (2.23)
T T A0 — kv + 20

where 0 is the detuning from the resonance of the zero-velocity class. The ensemble

resonance line will be a sum of contributions from all velocity classes, weighted by the
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fraction of atoms occupying that velocity class. Mathematically, it can be expressed
as a convolution
+o0

gv(0) = /OO L(6,v)gump(v)dv, (2.24)
known as the Voight profile. Physically, gv(d) corresponds to the steady-state fraction
of the excited atoms in the ensemble driven by a field detuned from the zero-velocity
class resonance by ¢. In the case when kg7 > hl'y,, gv(9) can be approximated by a
Gaussian with characteristic width proportional to /7.

In a room-temperature Rb vapor, the Doppler broadening, defined as the full
width at half maximum of the Voigt profile, for D1 and D2 lines is on the order of
21 x 100 MHz, which is much larger than the hyperfine splitting in the excited state.
As a result, a single laser field cannot resolve transitions to different hyperfine states
for states originating from the same ground level. On the other hand, the Doppler
shift for microwave fields is negligible because of a small k. Thus, combining optical
and microwave transitions in the double-resonance imaging, as will be discussed in
Chapter 3, allows us to resolve hyperfine transitions whose linewidth is of many orders

of magnitude smaller than the Doppler width of the optical line.

2.4.2 Transverse relaxation due to inhomogeneous static field

In this section, we want to describe how an external field’s inhomogeneity leads to
transverse relaxation in an ensemble. As an example, we will consider an ensemble
of two-level systems in an inhomogeneous magnetic field. We assume that at least
one of the levels is susceptible to the linear Zeeman effect, and there are no other
interactions or relaxations in the ensemble. According to Eq. 2.10, the two-level
system evolution is a precession of the pseudo-spin around the pseudo-field. In our
case, the pseudo-field vector is proportional to the magnetic field.

Next, we assume that the magnetic field vector points in one direction everywhere,

but its magnitude varies across the spatial extent of the ensemble. In this situation, all
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Figure 2.8: Illustration of a spatially-inhomogeneous magnetic field (a) Pseudo-spins
at different locations experience different magnetic field, which affects their precession
frequencies. (b) Misalignment of the individual pseudo-spins due to the difference in
angular frequencies leads to a decrease in the transverse component of the average
pseudo-spin .

pseudo-spins precess around the same axis, but their precession frequency varies across
the ensemble, as is shown in Figure 2.8(a). As a result, after some time, the transverse
pseudo-spin components of different parts in the ensemble diverge, causing a reduction
in the average transverse component, as is illustrated in Figure 2.8(b). Effectively,
this is equivalent to transverse relaxation of the ensemble pseudo-spin, even though
there is no relaxation for each individual two-level system. The same effect occurs for
any pseudo-field €2, that is spatially inhomogeneous across an ensemble of two-level

systems.

2.4.3 Relaxation due to thermal motion

Another type of inhomogeneous relaxation occurs if the external field is spatially
limited and occupies a smaller volume, which we will call the interrogation region,
than the size of the ensemble. In this case, only a part of the ensemble interacts with
the field at a given time. When describing the quantum state of the ensemble, we can
focus our attention only on this interacting part and treat the rest of the ensemble as
the environment. In this case, in terms of the interrogated ensemble, the exchange of

particles between the interrogation region and the environment acts as a relaxation.
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Figure 2.9 illustrates this idea using a hypothetical pump and probe experiment
broken into stages. Here the interrogation region is defined as the space occupied by
the laser beam. Let us assume, that before the experiment all atoms in the cell are
in state |1). During the first stage [see Figure 2.9(a)], a laser pulse optically pumps
all atoms within the interrogation region into state |2), in which case the quantum

state of the ensemble within the interrogation region is p; = |2) (2|.

(a) Optical pumping (b) Mixing (c) Probing
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Figure 2.9: [llustration of the concept of relaxation due to thermal motion. (a) A
laser pulse pumps atoms into state |2), represented by red circles. (b) Atoms in states
|1) (blue circles) and |2) mix via thermal motion. (c¢) When probed with the same
laser beam, the ensemble population of state |2) after mixing is less than right after
the optical pumping, meaning that thermal motion act as a relaxation. In all figures
the interrogation region is enclosed by the dashed rectangle.

Next, we let atoms fully mix via to thermal motion [see Figure 2.9(b)] and probe
the ensemble with the same beam [see Figure 2.9(c)]. If we assume that atomic state is
preserved and that the atoms are uniformly distributed across the cell, the fraction of
atoms found in the state |2) is given by the ratio of the interrogation region volume
to the total volume of the cell. In terms of the interrogation, the thermal motion

results in the relaxation of the ensemble to the state

m=@—%)wm+%m&u (2.25)

where V; and V, are the volumes of the interrogation region and the cell, respectively.
If the atomic state is affected by the collisions with other atoms and with the cell
wall, the relaxation is directed toward the density matrix of thermal equilibrium, e.g.,
b=
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Chapter 3

Microwave-optical double
resonance

In this chapter we present the microwave-optical double resonance - a phenomenon at
the core of our transduction experiments. The double resonance method originates in
spectroscopy [39], where it allows detection of hard-to-observe microwave and radio-
frequency transitions via their effect on the absorption of light in the sample medium.
In the context of our experiment, double resonance manifests itself as a change in the
absorption of a resonant optical field in a rubidium vapor as a result of a non-linear
coupling to a magnetic component of a microwave field resonant with a hyperfine
transition. This effect is the strongest when both fields are on resonance with their
corresponding transitions, giving the technique its name.

We begin by introducing the physical principle and theoretical model of the double
resonance method. Next, we describe the apparatus and experimental procedures.
Finally, we present a set of measurements performed to characterize our experimental
system and develop a better understanding of the technique. These results provided
us with essential insights leading to the development of our method of microwave-
to-optical transduction, and they lay the foundation of the work presented in the

remaining chapters.
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3.1 Principle

To illustrate the double resonance principle, let us consider a lambda-type three-level
system with two ground-state levels |1) and |2), and an excited state |e). The ground
levels are connected by an M1 microwave transition, and each of them can couple
to the excited state via an E1 optical transition. As was discussed in Section 2.3.3,
an oscillating electric field resonant with the |2) — |e) transition will optically pump
the atomic population to the dark state |1), and the medium becomes transparent
for this field [Figure 3.1(a)]. We will call this field the “probe”. If a microwave field
is simultaneously driving the |1) — |2) transition, then for the total field, |2) is no
longer a dark state, and the atomic population is redistributed between |1) and |2) to
achieve a balance between the microwave drive and the optical pumping. As a result,
the medium is not fully transparent for the probe, with the transmission coefficient T’

depending on the microwave parameters [Figure 3.1(b)].

(a) Probe only (b) Double resonance
Probe T=1 Probe T<1
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Figure 3.1: Schematics of the double resonance in a three-level A system. (a) The
probe field resonant with |2) — |e) transition optically pumps the atomic population
to the dark state |1), which results in an increased steady-state transmission 7. (b) A
microwave field driving |1) — |2) creates coherence and redistributes the atomic pop-
ulation between the ground-state levels. In this case the probe transmission depends
on the microwave parameters.
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In the case of a dilute vapor, the probe transmission linearly depends on the atomic
population in state |2), corresponding to the density-matrix element pgs. It can be

seen from the Beer-Lambert law, where the transmission is given by
T = e 2% 5 1 — npylo, (3.1)

where n is the vapor density, [ is the optical path length, and o is the absorption
cross-section.

If the optical pumping rate I', (see Eq. 2.21) is much larger than the microwave
Rabi frequency, we can exclude the excited state |e) from the description of the sys-
tem’s dynamics by treating the optical pumping as a longitudinal relaxation from |2)
to |1) at the rate I';. In this two-level approximation, the steady-state population
in level |2) is described by Eq. 2.20, which is a Lorentzian centered at the resonance
frequency of the |1) — |2) transition. By combining Eq. 2.20 and Eq. 3.1, we can
see that the steady-state probe transmission depends on the microwave detuning as
a negative Lorentzian, with a dip when the microwave field is on resonance with the
corresponding transition. This allows detection of microwave transitions with an op-
tical signal, which can be used to measure a static magnetic field (see Section 3.6.2)
or to provide a microwave frequency standard [35-38]. The fact that the probe trans-

mission is linear in p9s provides the basis for the microwave-to-optical transduction.

3.2 Experimental setup

Figure 3.2 illustrates the experimental setup for the double-resonance imaging and
microwave-to-optical transduction in warm atomic vapors in our experiments (the
setup for the cold-atom experiment will be described in Chapter 5). Below I describe

the key components of the setup.

32



Microwave source RF source Oscilloscope

AAAAAAAAAAAAAAA Rb dispenser

PD2

Test chamber

A 7

Turbopump valve

Buffer gas
&

Buffer gas valve

780 nm

Figure 3.2: Schematics of the experimental setup for microwave to optical trans-
duction experiments in warm rubidium vapor. Helmoltz coils for bias fields are not
shown. Relative dimensions of the components are not preserved. The signal from
radio-frequency (RF) source provides modulation input for the microwave source and
triggers the oscilloscope. Points A and B indicate holes drilled for optical access. The
inset shows the cavity cross-section in the yz plane.

3.2.1 Vacuum system

The rubidium vapor is prepared in a stainless-steel vacuum system connected to a
vapor cell located inside a microwave cavity The system was initially assembled by
Clinton Potts and Timothy Lee and later modified by Timothy and myself. ConFlat
technology provides the sealing for the connections between components. The system

is evacuated with a turbopump connected via an angle- or a gate-valve.

3.2.2 Vapor cell

The transduction is realized in a quartz cell, centered inside a high-QQ copper mi-

crowave cavity. The cell’s location and dimensions are chosen to enclose the region
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where the microwave field is most strongly localized. The cell’s dimension along z, v,
and z axes are 30, 12.5, and 12.5 mm, respectively. A hollow “stem” is attached to
one end of the cell and connected to the rest of the vacuum system via a bellows,
with the connections sealed with Viton o-rings. The cavity has a pair of holes drilled

across its body (at points A and B in Figure 3.2) to provide optical access to the cell.

3.2.3 Microwave cavity

We use the cavity, designed and manufactured by Clinton Potts, to amplify the
magnetic-field component of the microwave field. The cavity has a cylindrical shape
and supports the TEg;; mode [79] at around 6.8 GHz, with the magnetic field oscil-
lating along the x-axis. The cavity length with both caps is around 57 mm, and we
can tune the exact resonance frequency by adjusting the position of one of the caps.
The inner and outer diameters are 58 and 68 mm, respectively. The copper’s high
quality and surface treatment provide the cavity with a quality factor of () ~ 27000
at room temperature. As a result, the microwave field can be transmitted to the
cavity via SMA cable or over free space via antennas directly from the microwave
source without an intermediate amplification. A pair of holes were drilled across the

cavity body to provide optical access to the cell.

3.2.4 Rubidium source

We introduce the atoms to the system by running an electric current through a
dispenser: a metallic strip containing the rubidium salt of chromic acid (RbaCrOy).
The heat produced by the electric current breaks down the salt, and the released Rb
vapor fills the whole system. By changing the electric current, we can control Rb’s

steady-state concentration in the system.
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3.2.5 Optical probe

For the optical probe, we use light from an external-cavity diode laser at around
780.24 nm derived from the optical system used in ultracold atom experiments carried
out in our lab [80-83]. In Section 3.5 we discuss the particular optical transitions used
for the probe. The laser operates in a continuous-wave regime at constant frequency
and power, with the setup for optical frequency and power control described in [81].
We used optical power in range from 10 to 300 uW, with a typical beam waist around
2 mm. A fast amplified photodetector (PD1 in Figure 3.2) converts the probe power
transmitted through the cell to a voltage signal, which is then displayed and recorded
on a digital oscillograph. For a typical probe power of 10—20 W we set the detector’s

amplification to 60 dB.

3.2.6 Electronics

Depending on the availability, we borrowed from the Davis lab the following mi-
crowave sources from Berkeley Nucleonics’: either model 845 or model 865. For
microwave modulation we used an external signal from radio-frequency source Agi-
lent 33220A. We use the same signal also as the oscilloscope trigger for the optical
signal detection and averaging.

To control the static magnetic field in the vapor cell, we use a solenoid wrapped
around the cavity and two pairs of Helmholtz coils whose axes are orthogonal to
each other and the cavity axis. The typical currents are on the order of 10 mA, and
are adjusted by observing the double-resonance signal of Zeeman level described in

Section 3.6.2. The typical magnetic field magnitude is on the order of 0.1 G.

3.2.7 Buffer gas compatibility

Vapor-cell atomic microwave frequency standards are usually filled with a buffer
gas [84], consisting of atomic or molecular species or a mixture of species weakly

interacting with the atoms of interest. A buffer gas effectively “freezes” the thermal
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motion of the atoms, increasing the microwave interrogation time, reducing Doppler
broadening, and suppressing the relaxation due to spin-flipping collision with the cell
walls. On the other hand, collisions with the buffer gas lead to a pressure-dependent
shift of the transition frequency and broadening of the resonance.

Our warm-atoms system supports a buffer gas injection, but several trials with
dry nitrogen as a buffer gas did not show any benefits for our experimental pur-
poses. While it needs additional investigation, we were satisfied with our system’s

performance and did not use any buffer gas in our experiments.

3.3 System preparation

Before assembling the vacuum system, the inner walls of its stainless steel components
need to be properly cleaned and dried. The cleaning procedure that we follow in our
lab is described in [80]. We evacuate the air from the system with a turbopump. To
desorb water residues and other contaminants from the inner walls, we “bake” the
system by wrapping metallic parts with heater tape and aluminum foil and gradually
raising the temperature to 100°C. During the bake, we also run about 3 A of current
through the dispenser to desorb contaminants. Typically, we bake the system for a
day or over the weekend after each time the dispenser is replaced. Before we stop
baking, we activate the dispenser by gradually increasing the current to 5 A. At this
point, laser absorption and fluorescence can be observed in the test chamber. We
finish baking by gradually lowering the temperature, closing the pump valve, and
switching off the pump.

During the first experimental trial, we could not detect any absorption of the
light coming through the cavity and vapor cell, which was an indicator of low Rb
concentration there. We speculated that the most probable causes of this problem
could be the absorption of atoms by the cell walls or a high differential pressure
due to a narrow connection between the vapor cell and the system. Since the latter

problem would require a redesign of the system, we decided to focus on the other issue.
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Fortunately for us, a similar problem was encountered in the experimental set up for
Rb-based atomic clock described in [85], where the proposed solution was curing the
cell with rubidium. We decided to give it a try and performed curing by running
the dispenser at 6.4 A overnight while keeping the system at 50 °C. After that, we
were able to observe the absorption in the vapor cell. Since then, the dispenser had

performed as intended producing rubidium as the current is applied.

3.4 System troubleshooting

In this section, we discuss some issues we encountered in the experimental setup

described above and the actions we took to analyze and resolve those issues.

3.4.1 Test chamber

During our first experimental trials, we had issues with detecting any absorption signal
in the vapor cell, so we introduced a small test chamber connected via a Tee to the
dispenser and the bellows. Because of good optical access and a higher optical density
compared to the cell, the chamber gives a better absorption signal to characterize the
dispenser performance. To produce this signal, we divide the probe into two beams
with a beamsplitter [“BS” in Figure 3.2] before the cavity and send one of the beams
through the test chamber towards photodetector PD2. In addition, the test chamber’s
top window allows observing resonance fluorescence with a near-infrared viewer [see
Figure 3.3(a)], which gives a quick check of the laser frequency stability or suggests

that there is no rubidium in the system.

3.4.2 Rb dispenser issues

We noticed that in our system, the dispenser performance degrades over time, as we
needed to increase the electric current to maintain the absorption signal. Additionally,
the time interval between applying the current and observing an increase in the

probe absorption increased. At some point, the dispenser stopped releasing rubidium
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(b)

Figure 3.3: (a)Fluorescence from a laser beam in the characterization chamber ob-
served with a near-infrared viewer. The beam is highlighted with a red dashed curve.
The picture is taken on a smartphone camera. (b) A white residue can be seen at the
end of the bellows connecting the vapor cell to the vacuum system. The red arrow
indicates a large residue conglomerate.

and had to be replaced. We were able to prolong the dispenser’s lifetime to one
month by pumping out the system overnight with the dispenser current set to 3 A.
Yet, this lifespan is inferior compared to the ultrahigh-vacuum systems for cold-atom
experiments [80] where a single dispenser can operate for years.

The most probable potential reason for the dispenser degradation is the high pres-
ence of reactive gaseous contaminants, such as oxygen, that would chemically interact
with an activated dispenser. To test for the leaks in the system, we ran a couple of
helium leak-checks. In this procedure, we connected our system to a pump with a
built-in helium detector and sprayed helium gas around the connections between the
system’s parts. Because the helium has the smallest atomic size among the elements,
it would infiltrate the system through the location of the leak and reach the detector.
In our case, no leak was detected, and we were not able to identify the exact cause
of the problem. Another possible explanation is that our system did not operate
under ultra-high vacuum conditions, which would require more advanced pumping
and sealing technology. Practically, it means that even though there is no apparent

leak in the system, smaller atoms or molecules can penetrate one by one, causing
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degradation in the long term.

While we continued with our measurements replacing the dispensers as needed, we
decided to replace our cell with a custom-made sealed cell filled with enriched 3"Rb
for the next generation of experiments. As we installed the new cell in December
2020, we discovered a white residue at the ends of the bellows [see Figure 3.3(b)].
The residue is likely to be rubidium hydroxide that forms when rubidium interacts

with water, and whose description matches the observed appearance of the residue.

3.5 Atomic transitions for the double resonance
measurements

In our experiments, we use a double-resonance configuration with the microwave field
coupling the two hyperfine levels |F' = 1) and |F = 2) of the 8Rb ground state, and
an optical probe that couples the |F' = 2) state with one of the hyperfine states of
5P5) level. Because our probe was provided by the laser used in the cold-atom quan-
tum memory experiment, in order to run both experiments simultaneously, we used
a frequency in between the |F =2) — |[F' =2) and |F = 2) — |F’ = 3) transitions.
Even though this frequency does not seem to be a perfect choice for optical pumping
necessary to observe the double resonance, to our surprise and our labmates’ envy, it
produced more than a satisfactory double-resonance feature.

To explain why the seemingly off-resonant probe works, we need to consider Doppler
broadening. As was discussed in Section 2.4.1, atoms are distributed over many veloc-
ity classes in thermal vapor. The Doppler shift compensates for the optical detuning
from a particular transition for several velocity classes. In our case, there are three
velocity classes for which the probe is on resonance with the corresponding transi-
tion, as is shown in Figure 3.4(a). Here, the probe optically pumps velocity classes vy
and vy into |F' = 1) state [see Figure 3.4(b)] in a process known as “velocity-selective
optical pumping” [86-88|, and atoms from these velocity classes contribute to the

double-resonance signal. Because of the selection rules that forbid spontaneous emis-
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Figure 3.4: Illustration of velocity-selective optical pumping and velocity classes con-
tributing to the double-resonance signal. (a) Schematics of the relevant levels. Dotted
arrow indicates the probe frequency in the laboratory frame. Solid arrows show tran-
sitions resonant with the probe in three velocity classes. (b) Black solid curves show
atomic population in states |F' = 2) (top) and |F' = 1) (bottom) as a function of the
atomic velocity along the probe’s wavevector (the horizontal axis is not to scale). The
probe is on resonance with transitions |F' = 2) — |F' = 1), |F =2) — |F' = 2), and
|FF=2) — |F’ = 3) in velocity classes vy, vo, and vs, respectively. Due to selection
rules, only velocity classes v; and vy are optically pumped to |F' = 1). Velocity class
vy contributes to the absorption, but not to the double-resonance signal.

sion from |F’ = 3) to |F =1) (see Section 2.3.1), atoms in velocity class vz do not
undergo optical pumping and continuously scatter the probe.

Because the Doppler shift at microwave frequencies is negligible, the microwave
field interacts with all velocity-classes simultaneously. Combined with the velocity-
selective optical pumping, this effectively makes the double-resonance imaging a

Doppler-free technique.
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3.6 Experimental characterization

This section presents our experimental investigation of various aspects of the microwave-
optical double resonance that we carried out to learn more about this phenomenon
and characterize the atom-cavity coupling. In all of these experiments, the probe
laser operates in the continuous-wave regime. The transmission signal is obtained by
digitally averaging several samples triggered by the signal that was used to modulate

the microwave field.

3.6.1 Optical pumping and Rabi oscillations

As was discussed in Section 3.1, double-resonance imaging can be considered as a
combination of optical pumping and coherent dynamics due to magnetic-dipole cou-
pling by the microwave field. We can observe both effects by continuously monitoring
the probe transmission as we switch the microwave interaction on and off. The latter
is achieved by modulating the microwave frequency with a square-wave voltage signal.
We set the modulation parameters so that the field is on resonance with the clock
transition when the voltage is high and is far off-resonance when the voltage is low.

In the second case, we effectively switch the interaction off.
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Figure 3.5: (a) Probe transmission (red solid) due to periodic square modulation (blue
dashed) of the microwave field in the continuous-wave regime. (b) The Rabi frequency
as a function of the microwave power. Red dashed line shows the linear fit. The Rabi
frequency was determined via the fast Fourier transform.
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The resulting optical signal is shown in Figure 3.5(a). When the microwave field is
on resonance, a series of oscillations in the probe transmission are observed. Fig-
ure 3.5(b) shows a linear relationship between the oscillation frequency and the
square-root value of the input microwave power, and thus the magnitude of the oscil-
lating magnetic field, suggesting these are the Rabi oscillations. Due to relaxation in
the vapor, the oscillations damp out to a steady-state level, where the optical pump-
ing is balanced by the microwave driving. As the microwave interaction is switched
off, the optical pumping transfers the atomic population to the dark state, increasing

the probe transmission.

3.6.2 Double-resonance imaging for Zeeman spectroscopy and
scalar magnetometry

The double resonance enables the detection of the microwave transitions between
Zeeman sublevels of the hyperfine ground levels, and estimation of their transition
frequencies. Below we demonstrate how the structure of the observed signal allows
us to estimate the magnitude of the external static magnetic field. We use this
information to adjust the microwave parameters and bias magnetic fields for optimal

signal transduction.
Zeeman levels

Figure 3.6(a) shows the Zeeman structure of the 8"Rb ground state with all possible
microwave M1 transitions. Each F-level has 2F" + 1 Zeeman sublevels, resulting
in nine transitions that satisfy the M1 selection rules [see Section 2.3.1]. We detect
these transitions with a conventional double-resonance technique [89] by performing a
symmetrical linear sweep of the microwave frequency through the hyperfine splitting
value of 6.834 682 612 910 GHz. The linear sweep is achieved with a saw-tooth
modulation. Figure 3.6(b) shows the results for two cases: a typical ambient magnetic
field and a bias-canceled field. We assume that for a sufficiently slow frequency

sweep, the atomic population quasi-statically follows the frequency-dependent steady
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state. Each microwave transition results in a Lorentzian-shaped dip in the probe
transmission centered at the transition frequency. The validity of this assumption

will be discussed in Section 3.6.4.
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Figure 3.6: (a) Zeeman level structure of 8’ Rb hyperfine ground state (see Figure 2.3).
Purple lines indicate possible microwave M1 transitions. Transitions indicated by
crossing lines have the same frequency and contribute to the same double-resonance
dip. Numerical value next to a line shows the transition strength relative to the clock
transition |F' = 1,mp = 0) — |F' =2, m/x, = 0). (b) Contentious-wave optical trans-
mission during a linear microwave frequency sweep. The z-axis shows the detuning
from the frequency of 6.834 682 610 904 GHz. When the ambient magnetic field is
canceled, all transitions are degenerate and contribute to a single peak.

A constant magnetic field splits Zeeman sublevels [see Section 2.2], introduc-
ing a difference in the transitions’ frequencies, which results in several observed
transmission resonances, seen as “dips”. The central resonance corresponds to the
|FF=1,mp =0) — |F' =2, m/, = 0) transition. This transition is insensitive to the
linear Zeeman shift and has the largest matrix element [see Section 3.6.3], making it
the transition of choice for the microwave atomic clocks, and it is therefore referred to
as the “clock transition.” Each pair of crossing lines from Figure 3.6(a) corresponds
to transitions experiencing the same frequency shifts with respect to the clock transi-
tion, which contribute to the same resonances. This reduces the number of observed

resonances from nine to seven.
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Scalar magnetometry

The distance between double-resonance dips during the microwave frequency scan
depends on the magnitude of the applied static magnetic field, making this technique
suitable for scalar magnetometry - a procedure for finding the magnitude of the
magnetic field. In a weak static magnetic field B, the double-resonance dips are

separated by the Larmor frequency

usB

2= (3.2)

WL, =

which allows us to find the magnetic field magnitude B from the frequency separa-
tion and fundamental constants. If there is no external magnetic field, both hyperfine
ground states are degenerate, and a single transmission resonance dip is observed.
This technique can be employed to assist in canceling out stray magnetic fields or sin-
gling out a particular microwave transition in magnetic-field sensitive experiments [90]
where, due to physical constraints, the magnetic field can not be measured directly

with a magnetometer.

3.6.3 Relative depth of double-resonance dips

As can be seen in Figure 3.6(b), the depth of the double-resonance transmission signal
varies from transition to transition. This implies that different transitions couple to
the microwave field with different strengths. Below we discuss the three main factors
contributing to these differences: the transition matrix element, cavity resonance and

bandwidth, and the orientation of the external field with respect to the cavity axis.
Matrix element

As was discussed in Section 2.3.2, the coupling between two atomic levels due to
the interaction with an external electromagnetic field is proportional to the matrix
element of the quantum operator describing this interaction, calculated between the

two coupled quantum states. The magnetic-dipole interaction term for a microwave
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field with vector b is characterized by the operator

~ . S ] mei
Vin=—f-b= (Igs!ﬁ + \gz!;L — 91571) b, (3.3)
p

where m,, is mass of a proton, g; =~ —2 and g; & —1 are electron’s spin and orbital g-
factors respectively, g; is the nuclear g-factor, and the angular momentum operators
are given in units of h. We use absolute values of the electron’s g-factor to avoid
confusion between different conventions, keeping in mind that the electron’s magnetic
moments are always antiparallel to the corresponding angular momenta. Because
me/mp < 1, we ignore the last term in (3.3).

If we consider the case of ground states of alkali metals only, in which case [ = 0,

the coupling operator becomes
2uB . .

where b, is the vector component tangential to the quantization axis (usually set
by a static magnetic field causing splitting of Zeeman levels), and b, is the com-
ponent perpendicular to the quantization axis. The tangential component b, drives
m-transitions, contributing to three of the seven resonance dips in Figure 3.6(b), while
the transverse component b drives o*-transitions contributing to the remaining four
resonance dips.

The matrix element for the m-transitions between the two alkali ground-state levels
is given by [91]

A

Sz

n

M, = ‘<F—|—1,m}?

F mp>’ = (1 +1/2)\/(1 +1/27 —m = \/1 - gtm?.

(3.5)
where gp is the Landé g-factor defined in Eq. 2.5. For the clock transition mp = 0,
and the matrix element does not depend on the nuclear spin I, and is the same for
all alkali atoms.

For the o*-transitions between the two alkali ground states, the matrix element is
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given by [91]

Sx

1 1
F +1)| = 1 2 — .
h‘ , Mp >‘ 2I—|—1\/( :FmF) 4 (36)

M, = ‘<F—|—1,mp

The matrix elements for each microwave transition in our case are indicated in Fig-
ure 3.6(a). From equations 3.5 and 3.6 it can be shown that the clock transition
has the largest matrix element. Thus, all other parameters being equal, it gives the

largest double-resonance absorption.
Magnetic field orientation

As was discussed above, we have three types of transitions driven by different mi-
crowave field polarization components, defined with respect to the quantization axis
[see Appendix B for more details on polarization]. In the lab frame, the microwave
field is linearly polarized along the cavity axis, so its polarization with respect to the
static magnetic field B depends on the angle 6 between B and the cavity axis [See

Figure 3.7(a)]. As a result, the Rabi frequency for the 7 transitions is given by

1 1
0, = §Mﬂ(mF)uBbT = §Mﬂ(mp),uBb| cos b, (3.7)

while for the o*-transitions, the Rabi frequency is

1 1 .
Q5 = 5 Mo (me, mp)ppby = 5 My (me, me) upb| sin 6], (3.8)

where M, and M, are the matrix elements from Eq. 3.5 and Eq.3.6, respectively, and
the prefactors come from the rotating-wave approximation.

Figure 3.7(b) shows the double-resonance scan in two limiting cases of the magnetic
field orientation. Here, we first tune the bias magnetic field to cancel out the ambient
field and then apply excessive field in a direction either parallel or perpendicular to
the cavity axis. In the parallel case, § = 0, the microwave field has only a tangential
component: b = b,. In this case, we observe only three peaks corresponding to
the m-transitions and separated by 2wy,. In the perpendicular case, the microwave

field has only a transverse component: b = b,. In this case, we expect to observe
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Figure 3.7: (a) Orientation of the microwave field vector b and a static magnetic field
B. The microwave field oscillates along the cavity axis indicated by the dashed line.
With respect to the quantization axis, vector b can be decomposed into tangential
b, = bcos and transverse b, = bsin # components driving the 7- and o*-transitions,
respectively. (b) Double-resonance spectrum for two orientations of the bias magnetic
field, plotted as a function of the microwave detuning from the clock transition. Blue
solid curve corresponds to the case when the bias field is perpendicular to the cavity
axis. Red dashed represents parallel orientation.

only four peaks corresponding to o*-transitions, while in fact, we can see the central
peak corresponding to the clock transition. A possible explanation is the bias field’s
inhomogeneity that does not completely cancel the ambient magnetic field along the
cavity axis. Because the clock transition has the largest matrix element, and its
frequency is the closest to the cavity resonance, it results in a signal that is sufficiently

strong to be noticeable.
Cavity resonance and linewidth

We use a high-Q cavity to amplify the microwave field and increase the coupling
strength. A downside of this approach is the small cavity linewidth, which is an
inevitable consequence of the high Q-factor. As a result, only microwave fields at
frequencies close to the cavity resonance are enhanced, while the fields at other fre-
quencies are suppressed. In terms of the double-resonance spectrum, it means that

the depth of a transmission dip depends on how close the corresponding transition is
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Figure 3.8: Double-resonance spectrum as a function of the microwave detuning from
the clock transition for two values of the cavity resonance frequency. When the cavity
resonance frequency matches the frequency of the clock transition (blue solid curve),
the observed spectrum is symmetric. In the case when the cavity resonance frequency
is higher than the clock transition frequency (red dashed curve), the spectrum is tilted
towards higher-frequency transitions.

to the cavity resonance.

In our cavity, we can mechanically adjust the resonance frequency by moving one
of the endcaps. This might be useful if we want to selectively enhance a particular
transition, which is usually the clock transition. Figure 3.8 shows that the mismatch
between the cavity resonance and the clock transition frequency results in an asym-
metric shape of the double-resonance scan (red). This measurement provides a quick

way to detect a shift of the cavity resonance from the clock transition.

3.6.4 Signal shape and frequency-sweeping rate

When we were discussing the shape of the double-resonance signal above, we as-
sumed the atomic population stays in the steady-state as the microwave frequency
is varied. In this case, each microwave transition provides a Lorentzian dip in trans-
mission, which is symmetric with respect to the transition frequency. When we first
obtained the double-resonance spectrum, the observed dips did not have the expected

symmetry, which was a puzzle at that time. A closer investigation showed that the
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asymmetry does not depend on the actual microwave frequency or the direction of the
frequency sweep [see Figure 3.9(a)], which was a hint that the issue was an artifact

of our measuring approach.
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Figure 3.9: (a) Double-resonance signal during the back-and-forth frequency sweep.
The dashed blue line indicates the triangular modulating signal. The modulation
repetition rate is 120 Hz. (b) Double-resonance signal for a constant frequency sweep
duration of 20 ms for three different values of the frequency sweep rate R;. The rate
is varied by adjusting the frequency span. (c¢) Double-resonance signal for a constant
frequency span of 2 MHz for three different values of the frequency sweep rate Rj.
The rate is varied by adjusting the sweep duration. (d) Hypothetical correspondence
between the signals shown in (a) and Figure 3.5(a).

Below we demonstrate that the asymmetry arises at a higher microwave frequency
sweeping rate, which suggests that in this case, the atomic population does not have

sufficient time to keep up with the changing steady-state. In our setup, we control
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the microwave frequency with an external sawtooth voltage with a constant repetition
rate. This gives us two different ways to control the sweeping rate. For the measure-
ments shown in Figure 3.9(b), we change the sweep duration by varying the control
signal repetition rate, while keeping the frequency span constant. For the results
shown in Figure 3.9(c), we vary the frequency span at a constant sweep duration. In
both cases, a symmetric signal is observed at a lower sweeping rate.

In order to explain the asymmetric shape, we would like to highlight the resem-
blance between the two parts of the double-resonance dip in the high-rate case with
the double-resonance signal at the falling and rising edges in the case of square-pulse
modulation shown in Figure 3.9(d). This suggests that as the frequency is swept
towards the resonance of the corresponding transition, the dynamics are dominated
by the microwave drive, while after the frequency crossed the resonance, the main
contribution is from the optical pumping. A slow sweeping rate allows the atomic
population to quasi-statically follow the steady-state where these two processes are
balanced.

To see how close the double-resonance signal is to an actual steady-state transmis-
sion during a linear sweep, we measure the latter directly. As it turns out, measuring
the actual steady-state transmission in our setup is complicated. All our double-
resonance measurements are done in AC coupling regime of the oscilloscope, where
any constant offset of the voltage signal is filtered out. This is necessary because
the double-resonance signal is only a very small correction to a constant transmission
level (see Eq. 3.1), and our oscilloscope can not resolve the signal in DC coupling
regime.

To overcome this issue and estimate the shape of the steady-state transmission in
the AC regime, we use square-pulse frequency modulation [see Figure 3.10(a)]. As the
reference point, we use the transmission signal on resonance. For the case of a positive
microwave detuning, we set up the modulation parameters so that the low signal of

the square-pulse train corresponds to the resonance frequency, while the high signal
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Figure 3.10: (a) Example measurement for the data-point corresponding to transmis-
sion (red solid) at the frequency detuning Af, = 100 kHz. The blue dashed curve
shows the frequency-modulation signal with the low level corresponding to the reso-
nance frequency. The modulation rate is chosen to allow the transmission to reach
the steady state. The blue and black arrows correspond to data point coordinate in
(b). (b) Comparison between the double-resonance transmission during a linear sweep
(green solid) and the steady-state transmission measured “by hand” (red dots). Red
dashed curve corresponds to Lorentzian fit through the steady-state values. Both
signals are normalized so that zero and one correspond to the lowest and highest
transmission values, respectively. The star and horizontal dotted line correspond to
the reference transmission for the steady-state measurements.

shifts the frequency proportionally to its value. We adjust the pulse duration to allow
the transmission signal to level off. We use the difference between the maximal and
minimal values of the transmission signal as an estimate for the steady-state value at
the corresponding microwave detuning with respect to the resonance value. We do the
same procedure for the case of negative detuning by reversing the sign of the square
pulses. Figure 3.11(b) shows the normalized steady-state transmission estimated in
this way, which is in a good agreement with the corresponding continuous-wave signal.

The square indicates the data point corresponding to the signal from (a).

3.6.5 AC magnetometry with a phase-modulated field

Even though we can directly estimate the strength of the microwave coupling by mea-

suring the frequency of the Rabi oscillations, this method’s precision depends on the
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number of the observed Rabi cycles, which is limited by relaxation processes. Because
of the straightforward relationship between the Rabi frequency and the magnitude
of the oscillating magnetic field, the process of finding the Rabi frequency is com-
monly referred to as the AC magnetometry. Below we discuss how we can extend the
precision of AC magnetometry by using a phase-modulated microwave field.

First, let us consider a phase-modulated magnetic field
b(t) = bcos|wt + O(t)] = bcos(wt + m sin wyt) (3.9)

where w is the carrier frequency, wy, is the modulation frequency, and m is the mod-
ulation depth. Here, the quadrature phase 6(t), is what we refer to as “the phase”.
The time-independent rotating-wave Hamiltonian i in Eq. 2.13, now needs to be

replaced with a time-dependent periodic Hamiltonian

Hy=" (s = 6+ b)) = i~ g

5 0 MWy, COS Wiyt. (3.10)

It was mathematically proved [92] that an open quantum system driven by a periodic
Hamiltonian with period 7" has a dynamic steady-state solution ps(t), such that ps(t+
T) = ps(t), where the “dynamic steady state” refers to the time-dependent quantum
state at times much larger than the relaxation time. Practically, for us it means that
applying a phase-modulated microwave would result in a periodic steady state with
an arbitrary large number of cycles instead of a few Rabi oscillations decaying to a
constant level.

Figures 3.11(a) and 3.11(b) show the double-resonance optical transmission for
the case of a phase-modulated microwave field. As is expected, it is periodic, and
its spectrum consists of spectral components at multiples of wy, [see Figure 3.11(c)].
The spectrum has two curious features. First, the relationship between the ampli-
tudes of the odd and even harmonics depends on the carrier detuning 6. Surprisingly,
when 0 = 0, the spectrum contains only even harmonics [see Figure 3.11(d)]. Sec-

ond, the amplitudes of the spectral components show a resonant behavior when their
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Figure 3.11: (a) Double-resonance signal (red solid curve) of the dynamic steady
state for microwave phase modulation 0(¢) = msinwyt (blue dashed curve), with
m = 21 and wy, /27 = 15 kHz, and the carrier detuning 6 = 10 kHz. (b) Same as in
(a), except 6 = 0. (c-d) Fast Fourier transform of the signal in (a-b). The integer
numbers next to the peaks indicate harmonics of w,, the peaks correspond to. Plots
are on a semi-logarithmic scale. For § = 0, the odd harmonics are suppressed.

frequencies are close to the Rabi frequency [93, 94]. For a two-level system, the
analytical form of the Rabi resonance lines can be obtained in the small-signal ap-
proximation [41], where m < /211 /wy, and wy, > T's. Under these conditions, the

dynamic steady-state population contains only two harmonics, with the excited state

population given by [41]

p22s(t) = Py cos(wmt + ¢1) + Pasin(2wit + ¢2), (3.11)
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with amplitudes

me Q25
j 2 Cm R , (3.12)
[Pg + 62 + g—jgg] \/(wfn —02)* 4 T2
2
m)? Q2T
P, — (3) “miT , (3.13)

T3+ 02 + F203] V(w2 - 403)% + 4T3,

and quadrature phases

gbl = —tanfl |:P1:1—wwm‘| s ¢2 = tanfl [;Twwm] . (314)

In agreement with Figure 3.11(d), Eq. 3.12 predicts the disappearance of the first
harmonics when § = 0. In addition, according to Eq 3.12 and Eq 3.13, amplitudes P;
and P, experience enhancement, known as the “Rabi resonances,” when the frequency
of the corresponding harmonic is resonant with the Rabi frequency, w, = Qg and
2wy, = (g, respectively. The Rabi resonances allow finding the Rabi frequency by
scanning wy,, which is widely used for microwave AC magnetometry inside cavities [46,

95], waveguides [42, 43, 96], and in free space [45, 46, 48, 49, 97].
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Figure 3.12: (a) Amplitude of the second harmonics as a function of the modulation
frequency of phase modulation for three values of the microwave power. Measured
on the clock transition with m = 7. (b) Extracted Rabi frequency as a function of
the square-root value of the microwave power. Linear fit (red dashed) gives a slope
of 58.6 kHz/mW*/2.

Figure 3.12(a) shows the second-harmonics Rabi resonance in our system obtained

with a lock-in amplifier for several microwave power values. Here, the lock-in amplifier
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serves as a source of the control signal for the phase modulation at w, and as a
spectral analyzer of the double-resonance transmission. For the latter, the lock-in
amplifier integrates the photodetector voltage with an internal sinusoidal reference at
twice the modulation frequency and applies a DC filter to the result. The outcome is a
DC voltage proportional to the amplitude of the analyzed signal’s spectral component
at the reference frequency 2w,,. In our case, the lock-in amplifier automatically adjusts
the integration time during the analysis as it scans wy,. Figure 3.12(b) shows the
expected linear dependence between the square-root value of the microwave power

and g extracted from the location of the Rabi resonance peak.
Meditations on the nature of the spectrum

For a long time, we could not find a comprehensive theory that would explain the
spectra observed in Figure 3.11(a-b) neither in literature nor in discussions with our
colleagues working on similar experiments. Especially curious is the fact that the
dynamic steady-state contains only even harmonics when the carrier is on resonance.
Even though Eq. 3.12 describes this behavior for the first harmonics, it is a rather
mathematical result that does not provide an understanding of the essence of this
phenomenon. Here we propose a qualitative explanation of the observed spectra,
which is based on the insights we gained from the experiments on microwave-to-
optical transduction.

We begin by noticing that according to Eq. 5.1, the phase modulation (t) effec-
tively acts as a perturbation to the carrier detuning, which we take into account by
introducing the effective detuning 6(¢) = 6 +6(t). Next, we assume that the modula-
tion period is much larger than the response time of the two-level system, which allows
the system’s quantum state to quasistatically follows the instantaneous steady state,
which we define as a stationary solution of Eq. 2.17 with the pseudo-field ©(¢) treated

as a time-varying parameter. The instantaneous steady-state population P(d,t) of
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the excited level is obtained by substituting § with 8() in Eq. 2.20, yielding

P(5.) = proal6 + 0(1)] = i (3.15)
T s 2T2 4[5+ 0(t)2 + Q312 '
1
Expanding Eq. 3.15 in a series of H(t) = Mwy, COS Wyt results in
+oo
P™ () n
P(8,t) = P(0) + Zl 1 (mw cos wat)", (3.16)

whose spectrum consists of integer harmonics of wy,, explaining the experimental
spectrum in Figure 3.11(c). For example, the component corresponding to n = 4 is

given by

PW(§)

P4(5, t) - 4‘

PH(§ 3.1 1
mtw? cost(wpt) = 4|( )m4w;4n <§ + 5 cos 2wt + g ¢os 4wmt) :

whose spectrum consists of the second and fourth harmonics. Since P(J) is an even

function, its odd-order derivatives P*+1)(§) are odd functions, and thus
P (0) = 0. (3.17)

As a result, when § = 0, the right-hand side of Eq. 3.16 has only even powers of
cos wyt, whose spectra include even harmonics only, explaining the absence of the
odd harmonics in Figure 3.11(d).

We would like to stress out that our results obtained in the quasi-static approx-
imation qualitatively agree with the experimental spectra but do not capture the
resonance behavior of the spectral components, which can be considered as a result
of the interplay between the dynamics of the instantaneous steady state and the

two-level system response [94].
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Chapter 4

Microwave-to-optical transduction
of an audio signal

This chapter presents our results on the transduction of an audio signal from a mi-
crowave to an optical carrier, which was published in Ref. [62]. For the transduction,
we developed a novel method based on the microwave-to-optical double resonance,
with the audio signal encoded as either frequency or amplitude modulation. This
approach makes the technique readily available for radio-over-fiber communications
with a simpler and more robust experimental setup compared to previous atom-based
audio transduction techniques.

This chapter’s content follows that of the publication rather closely, with more
details and discussions provided here. We begin by briefly introducing the field of
radio-over-fiber communications in Section 4.1. Next, we describe the principle of our
transduction technique in Section 4.2 and the experimental setup in Section 4.3. After
that, we present the measurements used to characterize our method in Section 4.4 and
the final results of the audio signal transduction in Section 4.5. Finally, we discuss
our method’s practical advantage and feasibility compared to other techniques in

Section 4.6, and provide a brief overview and possible future directions in Section 4.7.
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4.1 Introduction and motivation

This experiment was motivated by the field of radio-over-fiber (RoF) communica-
tions [98], and atomic radio [51] in particular. The primary motivation for the radio-
over-fiber communication technologies is a growing demand in wireless communication
operating in GHz frequency range with a trend toward microwaves (in some literature
referred to as radio waves) with frequencies of 20 — 30 GHz and higher [99, 100]. The
challenge encountered by this trend is that electromagnetic waves at these frequen-
cies do not penetrate efficiently through walls and experience significant attenuation
when propagating in cables, which limits their suitability in home-area networks and
urban areas. The RoF approach addresses this problem by mapping the radio signal
to an optical carrier, which can access hard-to-reach areas via optical fiber. A device
performing the conversion is known as a transducer or an optical antenna.
Room-temperature alkali vapors are promising candidates for microwave-to-optical
transducers in RoF applications. In these systems, there have been recently demon-
strated successful transduction of amplitude (AM) and frequency (FM) modulated
analog signals [51, 53, 57], AM and FM digitized signals [54, 56, 58, 101, 102], and even
music recording [61, 103]. All these experiments use microwave electric-dipole tran-
sitions between highly excited atomic states, known as the Rydberg states. Atoms
in Rydberg states have large AC electric polarizability and couple strongly to the
electric-field component of the microwave field. This coupling results in the Autler-
Townes splitting of the coupled levels, which depends on the magnitude and frequency
detuning of the microwave field. Modulating these microwave parameters leads to
modulation of the splitting, which is mapped onto the intensity of a probe laser beam
via electromagnetically-induced transparency created by a second higher-frequency
laser addressing one of the involved Rydberg states. Below we propose an alternative
signal transduction method based on magnetic-dipole coupling, which increases the

repertoire of atom-based transducers for RoF applications.
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4.2 Principle

In our approach, microwave-to-optical transduction is based on the double-resonance
scheme discussed in Chapter 3, where a room-temperature rubidium vapor simultane-
ously interacts with resonant or near-resonant optical electric and microwave magnetic
fields E(t) and b(t), respectively. To explain the transduction principle, we will use
the same three-level model, as in Figure 3.1 . The microwave field couples |g;) and
|g2) states from the hyperfine ground state of ’Rb, which can be either the degen-
erate levels |F' = 1) and |F' = 2) or isolated Zeeman sublevels, e.g, |F'=1,mp = 0)
and |F = 2, mp = 0). Qualitatively, the transduction performs equally well in both
cases, but the degenerate case gives a better signal-to-noise ratio since all transitions
contribute to a single double-resonance dip. The optical field couples |g2) to an ex-
cited state |e) and serves both as the optical pump and the probe. The experimental
details and parameters used in this chapter will be given in the following section.
As was discussed in Section 3.1, if the optical and microwave parameters are kept
constant, the atomic population reaches a steady state that determines how much
light is transmitted. In a dilute vapor, the transmitted optical intensity is propor-
tional to the steady-state population and depends on the microwave parameters. As
we have also seen in Chapter 3, time variation in the microwave parameters leads
to dynamic change in the transmitted optical signal. Provided that the variation is
sufficiently slow, the signal follows the analytical shape of the steady-state popula-
tion. In addition, in the case of the variation § X (¢) of a microwave parameter X is

sufficiently small, the optical transmission linearly follows the variation:

TIX 4+0X(t)]~T(X)+ §—§5X(t). (4.1)

This linear relationship allows us to transduce a baseband signal by encoding it in the
microwave modulation § X (f). The idea here is similar to the principle of frequency-
modulation spectroscopy [104], except in our case, the derivative is obtained through

an auxiliary field, rather than modulating the probe itself.
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The double-resonance scheme allows signal encoding as either a frequency or an

amplitude modulation. This fact is evident from the Hamiltonian
H=Hy—d-E(t)— i1 -b(t), (4.2)

where H, is the atomic Hamiltonian, and d and f are the electric and magnetic
dipole operators, respectively. For the harmonic fields E(t) = Eg cos(woptt + @opt) and
b(t) = by cos(w,t+¢,), the three-level rotating-wave Hamiltonian takes the following
form:
MNop Qe v 0
H==C Qoppeifont 0 Qre—n |, (4.3)
0 Qpein 27,

N | S

where A,y and A, are the optical and microwave detunings respectively, and €2, and
QR are the optical and microwave Rabi frequencies, respectively. The Hamiltonian
is given in a rotating basis obtained from {|e),|g2),]g1)}T by applying the following
transform:
elortt () ()
U(t) = o 1 0 |- (4.4)
0 0 ent
In the above Hamiltonian, modulation of the microwave amplitude and frequency
affects Qg and A, respectively. As was discussed in Section 3.6.5, the phase-
modulation’s effect on the optical transmission is proportional to the modulation
signal’s derivative, which makes this type of modulation too complicated for signal
transduction.
Figure 4.1 illustrates the principle of the AM and FM transduction in terms of the
double-resonance profile. In the AM case, the modulating signal V' (¢) changes the

microwave magnetic field amplitude, such that

bam(t) = bo[1 + mamV (t)] cos(wut + @), (4.5)
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Figure 4.1: Illustration of the AM and FM transduction principles in terms of the
double-resonance profile. (a) In the AM case, the modulating signal V' (¢) modulates
the depth of the resonance profile. Effectively, the transmission level (indicated by
the dot) travels between profiles of different depths. (b) In the FM case, V (¢) mod-
ulates the microwave carrier detuning A, so the transmission level glides along the
resonance profile.

where may; is the relative amplitude-modulation sensitivity [see Appendix C for more

details on modulation]. This results in the following modulation of the Rabi frequency:
QR(t) = QR70 [1 + mMawm - V(t)] s (46)

where (g o is the value of unmodulated Rabi frequency. In terms of the resonance
profile, the amplitude modulation at a constant carrier frequency is equivalent to
modulating the resonance depth [see Figure 4.1(a)]. The resulting modulation of

optical transmission is given by

orT
TAM(t) ~ Ty + mAMV(t)QR,O (8_QR> s (47)

which is linearly proportional to the modulating signal V (¢).

In the FM case, the affected parameter is the microwave carrier frequency, so that
bFM (t) = bo cos[wut + mFMV(t) -t 4+ gbﬂ]’ (48)
where mpy; is the frequency-modulation sensitivity. As a result, the microwave de-
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tuning in the Hamiltonian is modulated as
Aut) = Ao +meuV(2), (4.9)

The resulting transmission is given by

T™M(t) = Ty + menV (t) ( (;Z) : (4.10)

The frequency modulation at constant microwave amplitude is equivalent to gliding
back-and-forth along the resonance line [see Figure 4.1(b)]. As a result, for efficient
transduction the microwave carrier frequency must be off-resonance, where the deriva-
tive 91'/0A,, is non-zero. The characterization of the optical response to microwave
modulation, including the dependence of the transduction coefficients kay = 0T /OQg

and kpy = 0T /0A,, on the microwave parameters, will be discussed in Section 4.4.
4.3 Setup

Signal Source T(t) Recorded Signal

Microwave
W Source b{V(E)}

Microphone
Input

Figure 4.2: Experimental setup. An audio signal V(t) is applied to the external
modulation input of a microwave frequency source. The modulated microwave field
is transmitted via cable (solid) or antenna (dashed) to a microwave cavity with a
vapor cell inside. The atomic vapor transduces the modulation from the microwave
carrier to the optical probe intensity, which is converted to voltage via a photodiode
(Thorlabs PDA36A) and recorded via a microphone input of a laptop. Figure adapted
from [62].

Figure 4.2 shows a schematic of the experimental setup. The main part of the
setup is the same as in Chapter 3 with the audio transduction implemented in a room-

temperature ®*Rb vapor cell inside a microwave cavity. The optical probe addresses
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a transition within the D2-line at around 780 nm [see Section 3.5 for more details].
The microwave power and carrier frequency vary depending on the measurement with
the exact values indicated in the caption of the corresponding figure. In all cases, the
detuning A, is given with respect to fy = 6.834 682 610 GHz.

The microwave field is modulated by the microwave source itself in the “external
modulation” regime, where the modulating signal V'(¢) is applied to the corresponding
modulation input of the microwave source. The way the modulation is applied is
slightly different in the FM and AM cases. In the FM case, we set the microwave
power and the carrier frequency directly, and by adjusting the frequency-modulation
sensitivity mpy, we set the deviation of the output microwave frequency from the
carrier frequency, with typical values used ranging 10 — 200 kHz/V. In the AM case,
we still set the microwave power and the carrier frequency directly, but this time the
amplitude-modulation sensitivity may sets the relative deviation, as was shown in
Eq. 4.5. Neither of our microwave sources provided sensible results as we varied mar,
so we chose to work with Berkeley Nucleonics 845, which we calibrated by looking at
the relative amplitude of the sideband frequency components on a spectral analyzer.
From this calibration we extracted a value of may = 15%/V.

Depending on the measurement, we used different sources for the modulating signal
V(t). For the single-frequency response measurements in Section 4.4.1, the signal was
derived from an RF source Agilent 33220A. For the measurements of transduction
coefficients presented in Section 4.4.2 and signal bandwidth presented in Section 4.4.3,
we used the Zurich Instruments HF2LI lock-in amplifier. For the audio transduction,
we originally obtained the audio signal in the form of electric voltage from a laptop’s
headphone output. In order to apply the audio signal to the modulation input of
the microwave source, we cut off one speaker from a headphones pair and soldered
the corresponding contacts to a BNC jack. To record the transduced signal from
the optical field, we applied the photodetector voltage to the microphone input of a

laptop. To do that, we cut off the wire from another pair of headphones and soldered
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its microphone contacts to another BNC jack. For the signal recording and editing
we used the free software Audacity.

In the spirit of radio-over-fiber applications, we demonstrated successful transduc-
tion with the microwave field transmitted to the cavity via air. For this purpose,
we used FXUWB10.01 3-10GHz Ultra Wideband Flex Antennas from Taoglas con-
nected to the microwave source and the cavity, as the transmitter and the receiver,

respectively.

4.4 Transduction characterization

4.4.1 Single-frequency response
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Figure 4.3: Single-frequency responses of optical transmission (grey) in the presence
of microwave fields modulated at wy, /27 = 500 Hz (red dashed) with input microwave
power P = 2 dBm corresponding to Qg /27 = 74 kHz. (a) Sinusoidal and (b) square-
wave amplitude modulation with modulation sensitivity may = 15%/V measured at
A,/2m = —5 kHz. (c) Sinusoidal and (d) square-wave frequency modulation with
modulation sensitivity of mpy = 40 kHz/V, measured at A, /27 = 95 kHz. AM and
FM depictions are not to scale. Figure reprinted from [62].

To analyze the performance potential and limitations of our method, we carried

out a range of measurements, starting with the optical response to a periodic mod-
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ulation, which is shown in Figure 4.3. All measurements here are done using the
clock transition, which is separated from adjacent transition via the Zeeman effect
from an applied static magnetic field. The microwave power was set to P = 2 dBm,
corresponding to Qg /27w = 74 kHz. Here and below, we calculate the Rabi frequency

from corresponding to the microwave power value using
Qp = 27 x 1071dBmI/20 5 58 6 kHz, (4.11)

obtained from the calibration Section 3.6.5.

As is expected from Eq. 4.1, in the case of a harmonic modulating signal V' (t) =
Vo sinwpt, both AM and FM responses [Figure 4.3(a, ¢)] are harmonic oscillations at
wm and slightly out of phase with respect to V(¢). A response due to a square-pulse
modulation V' (t) = Vosgn[sin(wnt)] [Figure 4.3(b, d)] shows that in both cases there
is a finite response time for the optical signal. As a result, the amplitudes and relative
phases of the optical signal in both AM and FM cases depend on wy,, which limits

the transduction bandwidth, as will be discussed in Section 4.4.3.

4.4.2 Double-resonance profile and transduction coefficients

To provide some context for the bandwidth characterization, we begin with measuring
the profile of the microwave-optical double-resonance line, shown in Figure 4.4(a). We
performed these measurements on the clock transition isolated with a bias magnetic
field. The measurements are done for three values of the microwave power: —10, 0,
and +10 dBm, corresponding to Qg /27 of 18, 60, and 180 kHz, respectively. The
optical signal is obtained in a continuous-wave regime while the microwave frequency
is swept by an external saw-tooth signal at a 50 Hz repetition rate. In all cases, the
FM-modulation sensitivity is set to mpy = 1.33 501 MHz/V. For a better resolution
for each power value, we adjust the span of the frequency sweep by adjusting the peak-
to-peak value of the saw-tooth voltage, which in turn affects the sweeping rate. These

peak-to-peak values are +2, +1, and +0.5 V, with the larger values corresponding to
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a higher microwave power. In each case, we make sure that the sweeping rate is low
enough to provide a symmetric resonance profile [see Section 3.6.4 for the discussion
of the relationship between the observed resonance profile and the frequency-sweep
rate].

Next, we analyze the transduction coefficients kpy = 07'/0A, and kan = 0T /0y
obtained via lock-in detection. In both cases, the corresponding microwave parameter

is modulated by a sinusoidal voltage
V(t) = Vog + Vo sinwyt (4.12)

provided by the lock-in amplifier. We keep the amplitude Vj constant, and vary either
the voltage offset V¢ or the modulation frequency wy, as a parameter. The modulation
results in an oscillating optical signal, similar to the one shown in Figure 4.3(a,c).
On the lock-in amplifier, this optical signal is mixed with V'(¢), which allows us to
extract the amplitude and phase of the signal’s spectral component at w,,. According
to Eq. 4.7 and Eq. 4.10, the amplitude is proportional to the transduction coefficient,
provided that Vj is sufficiently small. For the kpy and kan measurements discussed
below, we program the lock-in amplifier to scan either parameter of V' (¢), performing
lock-in detection for each parameter value. The duration of V() is automatically set
by the amplifier, depending on the value of wy,.

Figure 4.4(b) shows kpy as a function of the microwave carrier detuning for the
same three values of microwave power as in Figure 4.4(a). For each set of measure-
ments, we vary the detuning by varying Vog from —0.5 V to 0.5 V, while keeping
mpy = 1.33 501 MHz/V, V5 = 0.1 V and wy, /27 = 1 kHz constant. The microwave
source is operating in the DC-coupling regime of FM modulation, sensitive to the
DC offset of the modulating voltage. According to Eq. 4.9, the resulting microwave

detuning is given by

ALt) = Ao +mem [Vos + Vosinwmt] = Ay o + men Vo sin wit, (4.13)
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Figure 4.4: Microwave-to-optical transduction calibrations, varying microwave power
[Rabi frequencies Qg /27 = 18 kHz (green), 60 kHz (blue), and 180 kHz (purple)] and
modulation frequency for FM (b-c¢) and AM (e-f) signals. Symbols indicate identical
conditions across subfigures within FM, AM categories. (a) Optical probe transmis-
sion vs. microwave detuning; (b) lock-in detection signal amplitude for 1-kHz-FM
modulated signals, including absolute-value amplitude response (filled) and single-
quadrature response (open); (c) lock-in detection amplitude for Qg /27 = 180 kHz
at FM modulation frequencies wy, /27 = 0.1 kHz (pink), 1 kHz (purple), and 10 kHz
(navy). (d) Amplitude response during AM at 1 kHz vs change A(Qg) from the nom-
inal Rabi frequency, Qg o, where the value of A, for each €y is chosen to maximize
the AM response measured in (e); (e) absolute-value lock-in detection amplitude for
1-kHz-AM modulated signals; (f) amplitude response, as in (c), for AM modulation
when Qg /27 = 180 kHz. Figure adapted from [62].
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where Au,o = A, 0+ mpmVog is the new value of the carrier detuning shifted by Vig.
Physically, A%O in Eq. 4.13 represents the same entity as A, in Figure 4.4(a), which
is a location on the resonance profile. For this reason, we label it simply as A, in
Figure 4.4(b,c,e,f).

Figure 4.4(c) shows the same measurements for P = —10 dBm and three values
of the modulation frequency. The fact that the higher modulation frequencies do
not affect the peak’s position indicates that at these modulation frequencies, the
transduction is still in the linear regime where the higher-order harmonics of wy, are
negligible. As is expected, the shape of the curves in Figure 4.4(b-c) corresponds to
that of the first-order derivatives of the curves in Figure 4.4(a).

To obtain kay as a function of the microwave detuning shown in Figure 4.4(e.f),
we operate the microwave source in both FM and AM regimes simultaneously. Each
modulation type uses its own modulating input: the AM input receives a sinusoidal
signal with no offset, and the FM input receives a constant voltage. These two signals
are provided by two separate channels of the lock-in amplifier. As before, the lock-in
amplifier scans the constant voltage, and for each value, it mixes the photodetector
signal with the sinusoidal modulating signal to retrieve the parameters of the spectral
component at wy,. The resulting graphs show nontrivial dependence on the microwave
detuning with prominent peaks that can be used to optimize the signal.

These results suggest that to optimize the transduction efficiency, we need to choose
microwave parameters corresponding to peak values of kpym(A,) and kan(A,). Not
only does it give a stronger signal, but it also guarantees that the next-order correc-
tions to the signal are suppressed because the second-order derivative is zero. These
peak values on the graphs are indicated with special markers.

Figure 4.4(d) shows how kay depends on the Rabi frequency Q. For these mea-
surements, the microwave source operates only in the AM regime with the modulation
input as in Eq. 4.12. Unlike the FM case, the modulating signal in the AM regime does

not allow us to control the amplitude directly but only relative to the unmodulated
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value. According to Eq. 4.6, the modulated Rabi frequency is given by
QR(t) = QR,O [1 + MmawM - V:)ff —+ mAM% sin wmt] . (414)

To see what effect the voltage offset has on the Rabi frequency, we set V5 = 0 in
Eq. 4.14 yielding

Qr (Vo) — Qryo _ AQg
Qro Qro’

mAM%ﬁ = (415)

which is what we plot on the z-axis in Figure 4.4(d). For each power level, we choose
Ap that corresponds to a peak in Figure 4.4(e). The graphs show broad plateaus,

suggesting that kay is insensitive to small power fluctuations.

4.4.3 Bandwidth measurements

@
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FM modulation freq., wm/2m (Hz) AM modulation freq., wm/2m (Hz)

Figure 4.5: Modulation-frequency bandwidth measurements for three values of mi-
crowave power corresponding to the following Rabi frequencies: Qg/27 = 18 kHz
(green), 60 kHz (blue), and 180 kHz (purple). (a) FM transduction coefficient vs. the
modulation frequency, measured at the detuning with largest amplitude response. (b)
AM-transduction coefficient vs. the modulation frequency, measured at the detuning
with largest amplitude response. For each type of modulation, markers corresponds
to data points from Figure 4.4 measured at the same microwave parameters. Figure
adapted from [62].

Next, we estimate the signal bandwidth of the transduction for the optimal pa-

rameters obtained above. Figure 4.5 shows the transduction coefficients as a function
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of wy, for three values of the microwave power. These measurements are performed
via lock-in detection in the same fashion as in the previous section. For each value of
microwave power, we use the value of A, that maximizes the corresponding transduc-
tion coefficient in Figure 4.4(b,e). We use the same markers as in Figure 4.4 for the
data points corresponding to the same microwave parameters as the marked points
in Figure 4.4. From Figure 4.5, we estimate the modulation frequency bandwidth to
be on the order of 1 kHz, which is consistent with the square-wave modulation re-
sponse measurements in Section 4.4.1 that give a typical response time of about 1 ms.
The shape of the observed curve resembles the frequency-response curve of a driven
damped harmonic oscillator. It is also similar to the shape of the Rabi resonance
discussed in Section 3.6.5, which is probably a manifestation of similar origin of these
phenomena.

Before moving on to the main results, we would like to highlight the difference be-
tween the modulation-frequency bandwidth discussed above and the carrier-frequency
bandwidth. The modulation-frequency bandwidth determines what frequency com-
ponents of the transduced audio signal can be efficiently converted. This is different
from the carrier frequency bandwidth, which determines what microwave frequencies
can be used for efficient signal transmission. In our setup, the carrier-frequency band-
width is ultimately limited by the cavity linewidth. Within this limit, this bandwidth
can be extended by operating on magneto-sensitive hyperfine transitions whose fre-
quencies can be adjusted with external static magnetic fields. If the carrier-frequency
bandwidth is an issue, it might be advantageous to increase the cavity linewidth while

sacrificing the Q-factor and coupling strength.

4.5 Transduction results

Figure 4.6 shows our proof-of-concept results on the microwave-to-optical transduc-
tion of an audio signal in both AM and FM regimes. The baseband signal corre-

sponds to a license-free song and is shown in Figure 4.6(a), where the voltage from
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the headphone output was applied directly to the microphone input. We demonstrate
successful transduction not only when the microwave is transmitted to the cavity via
cable [Figure 4.6(b,d)] but also when it is transmitted via air between two antennas

separated by 30 cm.

(b) AM, via cable

(c) AM, via antenna

E (a) original signal

[N

o

(e) FM, via antenna
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Figure 4.6: Audio signal transduction. (a) Original audio signal V() used to mod-
ulate the microwave carrier w,. (b, c¢) Optical transmission of amplitude modu-
lated signal at w,/27m = 6.834 682 610-GHz [transmitted via cable (b) and 30-cm-

separated antennas (c)] for microwave input power P = —5 dBm and may = 15%/V.
(d, e) Optical transmission of frequency modulated signal at mpy = 150 kHz/V.
(d) Signal transmitted over cable for microwave input power P = —10 dBm and

w,/2m = 6.834 874 610-GHz. (e) Signal transmitted over 30-cm-separated antennas
for MW input power P = +8 dBm and w), /27 = 6.834 877 610-GHz. In all cases, a
static bias magnetic field is applied to cancel stray magnetic fields. Figure adapted
from [62].

For the recordings shown in Figure 4.6(b-e), we pass the photodetector voltage
through two AC filters that cut off DC voltage offset and AC frequency components
above 20 MHz. For the sake of experimental integrity, we made sure that the recording
software did not perform any signal editing, such as digital filtering or noise reduction.
However, we note that using these techniques greatly improves the signal quality.

To monitor the transduction quality in real time, we applied the photovoltage to a

speaker and an oscilloscope, which allowed us to listen to the resulting signal and see
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its shape. In each scenario, we choose the microwave parameters that provide the best
audio signal clarity and most symmetric waveform. We note the optimal parameters
obtained in this case are different from those maximizing the transduction coefficients

in the previous section, which requires additional investigation.

4.6 Practicality and feasibility of our method

In this section, we would like to discuss how our transduction method compares
to atomic transducers based on the electric-dipole interaction coupling to Rydberg
states. First, our method requires only a single 780 nm laser, while the Rydberg-based
approach in the case of ' Rb additionally uses a 480 nm laser, which makes the setup
significantly more expensive and complicates optical alignment and stabilization. Sec-
ond, at the time of writing this manuscript, other Rydberg-based methods have only
demonstrated transduction in vapor cells that are directly exposed to the traveling
microwave field. Practically, it means that the location and orientation of the vapor
cell with respect to the microwave field is critical for good reception, while the precise
alignment of the probe and coupling beams required for the electromagnetically-
induced transparency significantly limits the portability of the setup. In our case,
the microwaves are picked up by an antenna non-rigidly attached to the cavity. This
allows optimizing the reception by adjusting the antenna while keeping the vapor cell
stationary. Finally, the Rydberg states are highly susceptible to stray electric fields,
which is not the case in our approach.

The main drawback of our method is the limited option concerning the choice of
the carrier frequency. In our case, it is tied to the ground-state hyperfine splitting
of our atom of choice, while the electric-dipole approach allows switching between a
broad range of carrier frequencies without any alterations to the setup by choosing
different pairs of Rydberg states [51]. Still, our approach is feasible if the device
needs to operate at a particular known carrier frequency. In this case, this frequency

can be addressed by carefully choosing the atomic species with the closest transition
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frequency, which can be further shifted by external magnetic or electric fields, while

selecting appropriate cavity dimensions.

4.7 Conclusions and outlook

In conclusion, we developed a novel method for microwave-to-optical transduction
for radio-over-fiber application and demonstrated proof-of-principle transduction of
an audio signal in FM and AM regimes. Our approach is based on cavity-enhanced
magnetic-dipole interaction between the microwave field and an alkali atomic vapor
and requires an easier and cheaper setup compared to atomic transducers based on
the electric-dipole coupling. Via lock-in detection, we characterized the transduction

performance and bandwidth that show non-trivial dependence on several microwave

parameters.
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Figure 4.7: Schematics of the proposed microwave-to-telecom transduction prin-
ciple in 8Rb. (a) In the absence of a microwave field, 780 nm light tuned to
}551 2, F = 2> — |5P3/2, F= 3> transition optically pumps atomic population into
the dark state |551/2, F = 1) via off-resonant excitation to [5Ps, F' = 2) state. (b)
Microwave (MW) field creates non-zero population of state |551 /2, F = 2> and 780 nm
light creates non-zero population of |5P3 12, B = 3>. The latter affects absorptive and
dispersive properties of ‘5P3/2, F = 3> — ‘4D5/2, F= 4> transition at 1529 nm.

We believe that the transduction method presented here can be further extended.

First, for practical applications, the simplest dipole antennas used in our setup for
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microwave transmission and reception can be replaced with horn antennas to re-
duce the power losses during transmission. Second, Figure 4.3(b,d) suggests that the
method is readily available for digital FM and AM signal encoding. Third, as will be
discussed in Chapter 6, with a microwave field, we can control not only absorptive
but also dispersive properties of the atomic vapor, which suggests this method can
be extended to encode information using phase-shift keying [54, 58, 105]. Finally,
we believe it is possible to upgrade our method for transduction from microwaves to
telecom C-band light at 1529 nm. Figure 4.7 illustrates the transduction principle
with the relevant levels and transitions. In recent experiments on Faraday lasing in
Rb vapors [106, 107], it was shown that with 780 nm, it is possible to alter optical
properties of 8"Rb vapor at 1529 nm, corresponding to 5P3/5 — 4Ds5/; transition.
This is done by creating a non-zero population [108] in the excited 5Ps/, state with
780 nm light. Through a two-photon transition, this population will be affected by a
microwave magnetic field coupled to the ground-state hyperfine levels, which provides
opportunities for microwave-to-telecom transduction using the same principle as the

original method.
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Chapter 5

AC magnetometry in cold atoms

This Chapter presents our investigation of the dynamics of a two-level system with
a phase-modulated coupling going beyond the standard approaches based on the
small-signal approximation. Chronologically, this was the first project completed
during my Ph.D. program, done while waiting for the warm-atom apparatus com-
ponents from Chapters 3-4. It started out as an attempt to numerically simulate
the Rabi resonance in a two-level system with phase-modulated coupling used in ex-
periments on AC-magnetometry in warm atoms, such as described in Section 3.6.5.
The resulting dynamic steady state showed a much richer spectrum than that re-
ported in the literature. As it turned out, the high modulation depth is what made
the difference, and lowering its value in the simulation yielded the only two har-
monics expected from the literature. Curious if this was a physical result and not
just a numerical artifact, I convinced my colleagues, who were at that time work-
ing indefatigably on the quantum memory experiments [109], to let me use their
ultracold-atom apparatus to make a set of proof-of-principle measurements. The
apparatus had the capability of driving the hyperfine transitions with a microwave
system set up by Christian Prosko [110], but it was not consistently used. Together
with Taras Hrushevskyi, during the last week of 2017, we readjusted the microwave
system and tweaked the ultracold-apparatus settings to observe the first microwave-

optical double-resonance signal in cold atoms. In the case of the strongly-modulated
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phase of the microwave field, the observations were not too different from the simula-
tions, at least qualitatively. These findings motivated further research of the quantum
dynamics in this setup and its possible practical applications, which we published in
Phys. Rev. A 99, 043402 (2019) [63].

The content of this Chapter rather closely follows that of Ref. [63], with some
additional details and discussions. Since this was our first attempt to study the
double-resonance, we were still developing our understanding and intuition of this
phenomenon. As a result, some of our research directions were exploratory and spo-
radic. In the following narrative, I tried to preserve our original logic and motivation
while establishing connections to the theoretical framework presented in Chapter 3.
After a brief introduction in Section 5.2, we discuss our results of the numerical sim-
ulation of a two-level system driven by a phase-modulated coupling. Section 5.3 and

Section 5.4 describe the experimental setup and results, respectively.

5.1 Introduction

This project expands upon the “atomic candle” technique, which exploits the Rabi
resonances arising in a double-resonance signal in a two-level system driven by a
phase-modulated microwave field [see Chapter 3 for the description of these phe-
nomena|. It was first developed in warm atomic vapors for microwave power sta-
bilization [111] and later modified for warm-atom AC magnetometry. The practi-
cality of the atomic candle technique for AC magnetometry was demonstrated in-
side microwave cavities [46, 95], inside microwave wave-guides [42, 43, 96], and in
free space [45, 46, 48, 49, 97, 112]. It was also shown that using multi-species va-
por cells [46] and external static magnetic fields [95] extends the AC-magnetometry
bandwidth and allows using of the vapor cell as a vector network analyzer.

All these experiments were demonstrated in warm-atoms with continuous-wave
laser and microwave interrogation. In this case, the phase-modulated microwave can

be operated in the small-signal regime where the microwave signal is dominated by the
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first two harmonics of the modulation frequency, allowing a straight-forward analytical
solution. In our approach, we explore the cases of interaction beyond the small-
signal approximation. Even though we did not aim for any practical applications at
the beginning of this project, we present our findings in the context of a possible

adaptation of the atomic-candle AC magnetometry for cold-atom ensembles.

@t=0
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(b) t > 0, thermal expansion (c) t > 0, hole-burning
o0 ®
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% 08 S 0029)
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0'!0'0:0‘0 G
@ 9 090

Figure 5.1: Illustration of two processes limiting optical interrogation time in a cloud
of cold atoms. (a) Right after the laser-cooling stage, a dense atomic cloud efficiently
absorbs the optical probe. (b) Thermal expansion decreases the number of interro-
gated atoms. (c) Momentum transfer after absorbing a photon from the probe burns
a hole in the cloud, reducing the number of interrogated atoms. In real experiments,
both processes happen simultaneously.

The use of the atomic candle-technique in cold atoms faces the following challenges.
First, the double-resonance imaging can not be applied during the magneto-optical
trapping and optical molasses cooling [will be described in Section 5.2]. The reason
is that during these stages, the atoms interact with a bichromatic laser field and
undergo continuous excitation-emission cycles, which compromises the theoretical
framework of the double-resonance imaging. As a result, the interrogation should
be performed after the cooling stage. In this situation, the interrogation time is
limited due to the thermal expansion of the atomic cloud [see Figure 5.1(b)] and a

hole-burning caused by a momentum transfer from the probe laser [see Figure 5.1(c)].
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The limited interrogation time dramatically reduces the method’s sensitivity due to
a small number of observed cycles. This chapter investigates how going beyond the
small-signal regime and focusing on a higher-order harmonic can help overcome this

challenge and make the technique applicable for cold-atom systems.

5.2 Numerical simulation

5.2.1 Theoretical model

To simulate the atomic response to a phase-modulated magnetic field, we use a two-
level model. The excited state |2) corresponds to a Zeeman sublevel from level F' = 2,
and the ground state |1) corresponds to a Zeeman sublevel from level F' = 1. We
assume that the microwave field couples only these two levels and that the coupling op-
erator V has only off-diagonal matrix elements, such that (1| V' [2) = (2| V 1) = hQg.
For a phase-modulated field b(t) = by cos|wt+6(t)], the two-level system Hamiltonian

in the rotating-wave approximation is given by

() - g (s — 15+ (05 (5.1)

where 0 is the carrier-frequency detuning from the two-level resonance. For the rest

of this Chapter, we will always assume harmonic phase modulation
0(t) = msinwpyt, (5.2)

where m is the modulation depth, and wy, is the modulation frequency. We do not
directly include in the model the interaction with the optical probe but take into
account its effect on the quantum state as the transverse and longitudinal relaxation.

Assuming that the rotating-wave approximation is valid, we describe the evolution

of the two-level system using the pseudo-spin approach introduced in Section 2.3.2.
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In terms of the pseudo-spin components, Eq. 2.17 can be written as

iy = [6 4+ 0(8)]v, — Tovs, (5.3)
vy = —[0 4+ 0(t)]ve + Qrrs — Doy, (5.4)
Dz = —QRl/y - Fl[l/z + 1], (55)

where I'; and I'; are the longitudinal and transverse relaxation rates, respectively.
We are particularly interested in the level populations, which can be found using the
fact that v, = pas — p11 and pogy + p11 = 1. We solve Eqgs. 5.3-5.5 in Python 2.7 using

the built-in integration function odeint from the SciPy package.

5.2.2 Time evolution: weak modulation
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Figure 5.2: (a) Simulated evolution of the ground-state population in a two-level
system driven by phase-modulated field. The simulation is done for m = 1, w, =
0 = 0.5Qg, and 'y = 2I'y = Q. The dashed line indicates the steady-state level for
a two-level system by a field with the same parameters with no modulation. (b) Fast
Fourier Transform of the simulated steady-state population oscillations for § = 0.1wy,
(blue solid curve) and 6 = 0 (red dashed), with the rest of the parameters the same
as in (a). Figure adapted from [63].

Figure 5.2(a) shows the numerical solution of Eqgs. 5.3-5.5 in terms of the ground-
state population for relatively weak modulation depth. In this case, the dynamic
steady-state population oscillates around its unmodulated value. This fact can be
considered as rationale for the small-signal approximation, which we already encoun-

tered in Section 3.6.5. In this approximation, f(t) is treated as a perturbation [41],
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which allows us to rewrite the steady-state pseudo-spin component and the population

as

p22(t) = pazo + paom(t), (5.6)
Ve (t) = Vo + Vem(t), (5.7)
vy(t) = vyo + vym(t), (5.8)

where pag o, Vs 0, Vy 0 are the steady-state value with no modulation, and p22 m, Vam, Vym
describe the correction due to the phase modulation.
From Egs. 5.3-5.5, it follows that the dynamic part of the steady-state population

is given by

oz + D1t Bhpmam = =50 [Cavyan + O+ 0 + 0] . (5:9)

Here, the left-hand side describes damped harmonic oscillations, while the right-hand
side can be interpreted as the driving force caused by the phase modulation and coher-
ence between the levels (described by v, and v,). In the small-signal approximation,
defined by the conditions m < \/m and 'y < wy, Eq. 5.9 has an analytical
solution, given by Eq. 3.11.

According to the analytical solution, the dynamic steady-state is comprised of
oscillations at two harmonics of the modulation frequency, with the first harmonic
vanishing when the driving field is exactly on resonance. Figure 5.2 (b) shows the spec-
tra of the dynamic steady-state population p;;, simulated for 6 = 0 and 6 = 0.1w,,,
which are dominated by first and second harmonics. In agreement with the analytical
predictions, the first harmonic disappears when the carrier is on resonance. The simu-
lation shows that the dynamic steady-state spectrum also contains higher-order third
and fourth harmonics. This is probably due to the fact that the relaxation rates are
comparable with the modulation frequency violating the small-signal approximation.
Below we investigate the behavior of these higher-order harmonics on the modulation

in the strong-modulation regime.
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5.2.3 Time evolution: strong modulation
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Figure 5.3: (a) Simulated evolution of the ground-state population in a two-level
system driven by phase-modulated field. The simulation is done for m = 6, Qg =
1.5wy, 6 =0, and I'y = 2I'y = 0.8w,,. The dashed line indicates the steady-state
level for a two-level system by a field with the same parameters with no modulation.
(b) Fast Fourier Transform of the simulated steady-state population oscillations for
d = wm (blue solid curve) and § = 0 (red dashed), with the rest of the parameters
the same as in (a). Figure adapted from [63].

A general solution for the steady-state dynamics of a two-level system driven by a
phase-modulated field was obtained in Ref. [113] for the case of I'y = I';. Yet, there is
no simple analytical form for the case of strong modulation and arbitrary relaxation
rates, so we study this case numerically.

Figure 5.3(a) shows the population in the ground state simulated for m = 6 ra-
dians. Unlike the case of weak modulation, the average value of the dynamic part
is significantly shifted from the unmodulated steady-state level, meaning the effect
of phase modulation can no longer be treated as a perturbation. The calculated
spectrum in Figure 5.3(b) shows that the dynamic steady state consists of integer

oscillations at multiples of the modulation frequency:

p1(t) = Z P, sin(nwpt + ¢n,), (5.10)

where n is a positive integer number, and ¢, is the relative phase of the particu-

lar harmonic. Similarly to the weak-modulation case, all odd harmonics disappear
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when 0 = 0.

5.2.4 Rabi resonances

In this section, we examine the resonances behavior of the amplitudes of the second
and fourth harmonics simulated for § = 0. For the analysis, we take the steady-state
part of the population evolution, corresponding to ¢t > 1/T";. From these data, we

extract amplitudes a,, and b,, of the quadrature components of the oscillations using

N
1
ay, = N Z p11(tx) sin nwpty, (5.11)
k=1
L
b, = N ; p11(tx) cos nwpty, (5.12)

where ¢ are evenly spaced time points, and N is the total number of points in the

analyzed data set. The overall amplitude of the n'" harmonic is given by
P, =2Va®+ b (5.13)

Eqgs. 5.11-5.12 represent a numerical implementation of the principle of lock-in

detection. It relies on the fact that, for n # m,

1 [ 1 [
lim —/ sin(nwt) sin(mwt)dt = lim T/ sin(nwt) cos(mwt)dt =0,  (5.14)
0 0

T—00 T—o0

and

1 /7T
lim —/ sin(nwt) cos(nwt)dt = 0. (5.15)
0

T—o0
Because in our case, N is finite, the contribution to P, from the unwanted harmonics
is small but noticeable. To reduce this contribution, we perform numerical spectral
filtering to the data set before extracting a, and b,. During the filtering stage, we
apply the Fast Fourier Transform (FFT), null the unwanted harmonics in the Fourier
domain, and apply the inverse transform. To eliminate the numerical artifacts arising
from the finite duration of the analyzed signal, we additionally apply a Hamming
window after the inverse FFT. The functions for the FFT and Hamming window

were taken from the SciPy and NumPy libraries, respectively.
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Low relaxation rate

Figures 5.4(a) shows the extracted amplitudes P, and Pj in the case when I'1, I'y < wy,
and m = 0.25. In the simulation, we vary the Rabi frequency while keeping the
modulation frequency constant. The second harmonic shows a resonant behavior
around (g = 2wy,, which is in agreement with analytical results in the small-signal
approximation. The fourth harmonic shows two peaks: one around g = 2w,, and
the other one around 2r = 4w,,. The second peak is similar to a frequency response
of a damped harmonic oscillator with natural frequency i driven at frequency 4wy,
and that is what we expected by analogy to the Rabi resonances of the first and
second harmonics. The origin of the fourth-harmonic resonance at Qr = 2w, is
unknown, and the fact that we apply digital filtering before extracting the amplitudes
guarantees that there is no contribution from other frequency components. Note that
both fourth-harmonic peaks are three orders of magnitude lower than the second-
harmonic peak.

Figure 5.4(b) shows that as we increase the modulation index, all resonances shift
towards lower values of Qg /wy, with respect to their weak-modulation positions. Fig-
ure 5.4(c) depicts how the shifts’ magnitudes depend on the modulation depth, show-
ing that the location of the 4w, peak is not affected as strongly as that of the 2w,
peaks. Besides, the 2w, peaks experience a distortion in their shape, leading to an
increased linewidth.

Another effect of the higher modulation depth is the increased peak amplitudes.
Figure 5.4(d) shows heights of the second-harmonic peak (i.e., P»,) and of the higher-
frequency fourth-harmonic peak (i.e., Py, ), as a function of m. As is expected from
the small-signal approximation, P, shows a quadratic dependence on m at weak
modulation, which is no longer the case at larger m. Meanwhile, P, scales as the
fourth power of the modulation depth. This fact provided us the original insight for

our argument towards the possible origin of the harmonics as the series expansion of

83



0003 T T T T T T ] 15 T 71 7 T ] T T
N (a) P, 7 N (c) o" - ]
0] C ‘ ] C . ]
30.002_— I c 1- n=2_.7" —
= - P, x 1000 - 3 - a" n=4
a ¥ * ] S ¥ . 0®
£ 0.001 . 0.5 o8 o ]
< - : - C L :
)
. ] C ns 0000’ ]
1 1 ’. 1 I 1 I 1 I 1 I 1

O g__ 'b T T T T E o O__*('j.'*'l!P'| T |2' T | T | T |4'll 7
r ( ) A 1 3 L ( ) occm ocmy A
v - 2. ] E 0.1+ ,"..-I.PZ,r i ]
o - P 4A_4 ] [« - Ja 5} : R
3 g ] E i i'. -l o ]
_ r D ] I , , b
3 0.05F Pax 15 s 2 005k b ®ag” Pa X4
5: - ] § i ’,'- J‘" -.-l. i
C ] L ) o® i
0 ! ! ! = 0 ___..'T. L J..‘.“?‘.:. | ! | | | | 7

0 1 2 3 4 5 6 0O o5 1 15 2 25 3 35

QR/wm m

Figure 5.4: Rabi resonances for second (P,) and fourth (P,) harmonics for (a) m =
0.25 and (b) m = 2. The amplitude of the fourth harmonic is scaled as indicated. As
the modulation depth is increased, the peaks experience a shift with respect to their
original positions Qg = 2w, and Qr = 4wy, indicated as Ay and Ay, respectively. (c)
Shifts of the peaks as a function of the modulation index. (d) Heights of the resonance
peaks as a function of the modulation depth. For the fourth harmonic, we use the
right-hand peak. Curves indicate the power dependence on m. In all graphs, the
simulation was made for § = 0, and I'y = 2I'y = 0.08w,,. Figure adapted from [63].

the double-resonance signal, presented at the end of Section 3.6.5.

In summary, using the strong modulation in a low-relaxation regime leads to a
higher peak amplitudes and thus might be used to improve the signal-to-noise ratio. In
this setup, the higher-frequency fourth-harmonic Rabi resonance shows a larger height

and lower width, making it a better candidate for the AC-magnetometry applications.
High relaxation rate

From the small-signal approximation, we expect the second-harmonic resonance to
widen as the relaxation rates increase. This is what we observe in Figure 5.5(a),
and this effect holds true for the fourth harmonic as well, for which the two peaks
now overlap. Even in the case of weak modulation, the second-harmonic resonance

is significantly distorted from a Lorentzian shape, signifying that the small-signal
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approximation is no longer valid. Yet, the peak’s position is almost unchanged. In a
strong-modulation regime, shown in Figure 5.5(b), the broadening and distortion of
the resonance line make the technique unsuitable for applications in magnetometry

or power standards.
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Figure 5.5: Rabi resonances for second (P,) and fourth (P;) harmonics for (a) m =
0.25 and (b) m = 6. The amplitude of the fourth harmonic is scaled as indicated. As
the modulation depth is increased, the peaks experience a shift with respect to their
original positions Qr = 2wy, 2R = 4wy, which is indicated as A, and Ay, respectively.
In all graphs, the simulation was made for 6 = 0, and I'y = 2I'y = 0.8w,,. Figure
adapted from [63].

5.3 Experimental setup

The experiment was done in the ultracold atom apparatus designed for quantum
simulations with 8"Rb Bose-Einstein condensates. The apparatus itself is described in
great detail in Taras Hrushevskyi’s M.Sc. thesis [81], so here we will briefly cover only
the main components relevant to our measurements. The experimental measurements
are done in a vapor cell attached to an ultrahigh vacuum system. The system is
designed to maintain the pressure inside the cell below 10~ Torr, with 3’ Rb atoms
introduced to the cell in a controlled manner. The cell provides optical access for
several laser beams. The laser system for the frequency stabilization and control is

analogous to the one used in the warm-atom experiment. The static magnetic field in
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Figure 5.6: (a) Schematics of the laser beams arrangement and transitions for the
magneto-optical trapping and the optical molasses. During the optical molasses, we
switch off the current in the anti-Helmholtz coils and sweep the cooling laser detuning.
(b) Schematics of the microwave setup and transitions for double-resonance imaging.
Figure (b) was adapted from [63].

the cell is controlled with three pairs of coils in Helmholtz configuration aligned along
three orthogonal axes. An additional pair of coils in the anti-Helmholtz configuration
is used for creating a quadrupole magnetic field during the magneto-optical trapping,
as will be described below.

The experiment consists of several steps continuously following one another in a
cycling manner. After the last step is completed, the cycle repeats itself. For the
control and automation of the experimental parameters and steps, we use LabView

software. The experimental steps are described below in their corresponding order.
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The utilized laser-cooling techniques are introduced very briefly. More details on their

working principles can be found in my M.Sc. thesis [80].

5.3.1 Magneto-optical trapping

The first step is the magneto-optical trapping, schematically shown in Figure 5.6(a).
Here, the anti-Helmholtz coils create a quadrupole magnetic field with a node in
the center of the cell. The exact position of the node is adjusted with three pairs
of Helmholtz coils. The magneto-optical trap is created by three pairs of counter-
propagating laser beams, referred to as the “cooling light,” intersecting at the mag-
netic field’s node. One pair is aligned along the field’s axis of symmetry, and the
other beams are lying in the perpendicular plane. All cooling beams are derived from
the same laser and have the same frequency and approximately the same power. The
idea is to set up the laser frequency and the polarization of each beam in such a way
that the laser-atom interaction creates an effective potential well, confining atoms in
the trap, and an effective viscous force, reducing the average kinetic energy of atoms
in the trap.

Both trapping and dissipation effects happen simultaneously and originate from the
imbalance in the number of photons scattered from the counter-propagating beams.
To create an effective friction force, we want the atoms to scatter more photons from
the laser beams traveling in the direction opposite to the atomic velocity. In order to
achieve this, the laser frequency is red-detuned from |F = 2) — |F' = 3) transition
of the D2-line. Due to the Doppler shift, the frequency of the oncoming beams is
closer to the resonance in the atomic frame, resulting in a higher scattering rate. The
resulting force vector is opposite to the atomic velocity, slowing the atoms down in a
process known as the Doppler cooling.

To create a trapping potential, we want the laser beams to push the atoms towards
their intersection, serving as the trap center. This spatial preference results from the

presence of a quadrupole magnetic field, which shifts the atomic energy levels due to
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the Zeeman effect. The sign and value of the shift for each Zeeman sublevel depend on
the atom’s location with respect to the field’s node. The polarization for each beam is
chosen in such a way that a combination of the Zeeman shift, which counterbalances
the optical detuning, and the selection rules guarantee that the photon scattering
rate is higher for the beams pushing the atoms towards the trap center.

During interaction with the cooling light, there is a finite excitation probability
for the atoms to undergo off-resonant transition |F'=2) — |F’ =2), after which
they can spontaneously decay to |F' = 1). This results in optical pumping of the
atoms to state |F' = 1), in which they no longer interact with the cooling beams. To
contentiously restore the population in |F' = 2), a low-power “repump” beam resonant
with [F' = 1) — |F" = 2) is applied.

As a result of the magneto-optical trapping, an atomic cloud forms in the trap,
which has a higher density and lower temperature compared to the rest of the vapor
in the cell. The typical duration of this step in our experiment is 5 — 10 seconds,
resulting in the cloud with atom number on the order of 10° and the temperature on

the order of 100 uK.

5.3.2 Optical molasses cooling

For the second step, we switch off the quadrupole field and sweep the cooling light
frequency. It improves the efficiency of the Doppler cooling and adds an additional
dissipation mechanism known as polarization-gradient cooling [114], which decreases
the cloud’s temperature down to 70 pK. In terms of the effect on the atomic motion,
the region where the laser beams overlap act as a viscous medium, and is called the
“optical molasses”. Because there is no restoring force anymore, the atoms eventually
diffuse out of the cooling region, so the typical duration of this step is relatively short,
on the order of 10 ms. At the end of this stage, we turn off the repump light 1 ms
before switching off the cooling beams to optically pump the atoms into |F = 1) state

for the following microwave-optical double-resonance imaging. In our case, the typical
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atom number after the optical molasses cooling is on the order of 10%.

5.3.3 Double-resonance imaging

The final step of the experimental cycle is the interrogation of the atomic ensemble by
a microwave magnetic field. The magnetic interaction effect on the atomic population
is evaluated through the microwave-optical double-resonance imaging of state |F' = 2).
The imaging principle is the same as described in Chapter 3, except in this case, the
atomic population starts in |F'=1). The population of |F = 2) is sampled with
probe light resonant with |F' =2) — |F’ =2) transition, which is the transition
typically used for absorption imaging in cold-atom experiments. Because the Doppler
broadening effect in cold atoms is greatly reduced compared to the thermal vapor,
we assume that, unlike in Section 3.5, the probe addresses only a single transition.
The microwave field is provided by SRS SG384 microwave source with built-in
phase modulation connected to a wave-guide pointing at the cell, as is schematically
shown in Figure 5.6(b). Before the wave-guide, the field goes through an external
amplifier providing microwave power at the output of about 2 W. We keep the mi-
crowave field applied during the experiment and control the interaction by adjusting
the microwave detuning. During the cooling stage, it is shifted 100 MHz away from
the atomic resonance, so the field does not affect atomic states. During the magne-
tometry step, the microwave is mixed with a 100-MHz signal, so one of the produced
side-bands is resonant with the atomic transition. A detailed description of the mi-

crowave setup can be found in the undergraduate report by Christian Prosko [110].

5.4 Experimental results

First, we demonstrate the double-resonance imaging in a laser-cooled atomic cloud
as it expands after being released from the optical molasses. Figure 5.7(a) shows the
transmitted probe power in the case when the microwave is on resonance, and no

modulation is applied. In this case, we can observe a few Rabi oscillations before
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the population reaches the steady-state, whose spectrum does not show any distinct
oscillations. The steady-state signal shows a slight slope, which we will further investi-
gate and discuss below. Figure 5.7(b) corresponds to the case of a strongly modulated
field, whose carrier frequency is slightly off-resonance from the hyperfine transition.
In agreement with the simulations, the observed signal shows consistently maintained
oscillations at integer multiples of the modulation frequency. In Figure 5.7(c), we use
the same microwave parameters, but the carrier is now on resonance. In this case,

the odd harmonics in the spectrum are suppressed.
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Figure 5.7: Transmission (blue curve) of a 46 uW probe in the double-resonance
imaging of a laser-cooled atomic cloud released from the optical molasses. At ¢t = 0
atomic population is in F' = 1. For clarity, we show only the first 1.2 ms out of
a total of 5 ms of expansion. The red dashed curve corresponds to the numerical
fit. The insets show the Fast Fourier transform applied to the signal’s tail, where
the Rabi oscillations are damped out. Each spectral component is labeled with an
integer number, corresponding to the harmonic of wy,. In all insets, axes have the
same scaling. (a) Unmodulated microwave field on resonance. (b) wy, /27 = 4 kHz,
m = 2w, 0/27 = 7kHz; (¢) wn/27 = 4 kHz, m = 27, § = 0. Figure adapted from [63].

To show that we can qualitatively interpret the observed signals as a response of
a damped harmonic oscillator with natural frequency €2g driven at multiples of wy,,

we fit the data in Figure 5.7 with function

6
flt) = /A2 (Bt)? + Cre 11t 4 Che T2t gin? (%t + ¢) + Z P, sin(nwpt + ¢y,).
n=1
(5.16)
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In this model, the first term takes into account the change in the cloud’s density
due to interaction with the probe, where A corresponds to the initial density and
B corresponds to the hole-burning rate. The second and third terms describe the
Rabi oscillations with longitudinal and transverse relaxation at rates I'; and I'y, re-
spectively, where parameters C; and C5 are the proportionality coefficients between
the level population and observed signal, and ¢ is the quadrature phase of the Rabi
oscillations. The last terms describe oscillations at the harmonics of the modula-
tion frequency, where P, and ¢,, are the steady-state amplitude and phase of the n'®

harmonic. Based on the FFT spectrum, we keep only six harmonics in the fit.

, Qu/4 Q2 /4 Qe/2
i L il L il L T L il T T il L ]
Sef @ i T ®© +H'++++‘+# ]
. 5_ 1 . ]
&r ! T ! * ]
ger ++++++ T N L e
=i + | Mﬂ—: v | ]
£ 2 1 1 -1 1 00 ..I 7]
<l ++M*“+*.}p?ﬁ Y i e
ol 1® il v T e ]
0 1 2 3 4 5 0 1 2 3 4 5 6

Wn/2n (kHZz) Wn/2n (kHZz)

Figure 5.8: Rabi resonances for the amplitudes of the second (red squares) and fourth
(blue circles) harmonics for m = 27, § & 0, and the probe power of 46 pW. Each point
and its error bar correspond to an average and variance of five values extracted from a
tail of a double-resonance signal, respectively. The vertical dashed lines correspond to
the modulation frequency values satisfying 2w,, = Qr and 4w,, = Q2g. The points were
obtained by two numerical methods: (a) using numerical lock-in detection (Eqs. 5.11-
5.13); (b) from fitting the observed signal to Eq. 5.16. Figure adapted from [63].

We would like to highlight the fact that the presented results correspond to a single
experimental cycle. In general, there is a discrepancy in the observed spectra with the
relative peaks’ height varying among consecutive experimental cycles with the same
parameters. We believe this is due to variations and noise in the radio-frequency mixer

response, resulting in the variations in the value of the carrier-frequency detuning.
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For the analysis of the Rabi resonances presented below, we use values of amplitudes
averaged over several cycles.

To analyze the Rabi-resonance behavior of the second and fourth harmonics, we
look at their amplitudes as we vary the modulation frequency at constant microwave
and probe power. The results are shown in Figure 5.8, where we extracted the
amplitudes using two numerical methods: Figure 5.8(a) shows the values found by
the digital lock-in detection (Egs. 5.11-5.12), Figure 5.8(b) shows the values found
from the fit to Eq. 5.16. Both methods are in a qualitative agreement with each other,
showing that the amplitudes of both harmonics peak as the modulation frequency is
scanned through Qg/2 = 27 x (3.8 & 0.3) kHz, where Qg was determined from the
data corresponding to the unmodulated field. The uncertainty in Q2g corresponds to
the variance of several data points and probably, in the same way as the uncertainties
in the harmonics’ amplitudes, originates from the variation of the radio-frequency
mixer response time. From the fit of the unmodulated response, we extracted the
relaxation rates as I'y = (2.0 £ 0.1) x 10 s7! and 'y = (0.97 £ 0.04) x 10 s~!, which
are on the same order of magnitude as (g and wy,, corresponding to the regime of
high relaxation. Even though this regime is of no practical interest, the experimental
observations seem to qualitatively agree with our simulations. The fact that the
measured relaxation rates satisfy within uncertainty the relation I'; = 2I'y suggests
that the transverse relaxation is a consequence of the longitudinal relaxation, and
there is no additional inhomogeneous contribution.

To test whether the observed steady-state slope is due to thermal expansion or
hole-burning by the probe, we perform the double-resonance imaging for several val-
ues of the probe power. Figure 5.9(a,b) shows that reducing the probe power from
0.54 uW down to 0.06 W exterminates the slope, suggesting that it was caused by
the probe. In addition, lower probe power results in a reduced relaxation rate allowing
to observe more Rabi oscillations. This is a manifestation of a transition from over-

damped to underdamped oscillations. Figure 5.9(c) provides results of a simulation
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Figure 5.9: (a,b) recorded double-resonance signal for the probe power of (a) 0.54 uW,
and (b) 0.06 W, for the cases of a phase-modulated (red) and unmodulated (blue)
microwave field. The microwave source power is 10 dBm, and the modulation fre-
quency is wy /27 = 4 kHz. (c) Simulation of the two-level system response to a
phase-modulated microwave field in the underdamped case corresponding to (b), with
simulation parameters Qr = 2wy, and I'; = 2T'y = 0.02w,,. Figure adapted from [63].

for the underdamped case, which shows a good qualitative agreement with the data
in Figure 5.9(b). The simulation of the overdamped case was shown in Figures 5.2-
5.3, where the theoretical model assumed a constant atomic density, so the simulated
results do not show a steady-state slope.

The effect of the probe power on relaxation can be explained by optical pumping
transferring the atomic population from |2) to |1), which is equivalent to a longitudinal
relaxation in a two-level system. A similar effect was also observed in Ref. [41], where
an increase in the optical probe power (meaning an increase in the optical pumping
rate) leads to broadening of the Rabi resonance. Note that using a higher probe
power has its benefits: it provides a significantly better signal-to-noise ratio, and
the increased relaxation makes the system reach the steady-state faster, allowing to
sample more steady-state oscillations. From a practical point of view, the optimal
probe power will be determined as a trade-off between the aforementioned benefits

and its hole-burning effect.
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5.5 Conclusions

In conclusion, we investigated the behavior of a two-level system driven by phase-
modulated coupling in the regimes where there is no analytical solution to the prob-
lem. Via numerical simulation, we demonstrated that the dynamic steady state con-
sists of oscillations at multiples of the modulation frequency, with only even harmonics
present when the carrier frequency is exactly on resonance with the two-level transi-
tion. The analysis of the amplitude of the fourth harmonic shows that it experiences
two resonances as the modulation frequency is varied. At lower modulation depth
and relaxation rates, the peaks are located at Qr = 2w, and Qr = 4w,,, but they
experience a shift as the modulation depth is increased. The peak at Qr = 4wy,
has a quartic dependence of its height on the modulation depth. Besides, it shows
a smaller linewidth and shift compared to the second-harmonic resonance. All these
facts combined suggest that the fourth-harmonic resonance might be a promising al-
ternative for the atomic-candle applications and AC-magnetometry in systems with
a weak absorption signal and limited interrogation time, such as cold atoms.

Experimentally, we performed contentious-wave measurements of the population
transfer in a cold atomic ensemble due to interaction with a microwave magnetic
field. In the case of a strongly phase-modulated microwave field, the observed spec-
trum of the steady-state oscillations contains multiple harmonics of the modulation
frequency. To our knowledge, this is the first recorded observation double-resonance
in cold atoms and the first observation of high-order harmonics in a phase-modulated
double-resonance signal in an atomic vapor. The observed qualitative behavior of the
harmonics is in agreement with our simulations.

All in all, our findings improved our understanding of the dynamics of a two-level
system driven by a modulated field, and provided us with value insights that we used

for the transduction experiments in Chapter 4.
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Chapter 6

Microwave-controlled optical
switching, and optical polarization
rotation.

This chapter presents the results from our most recent project finished in sum-
mer 2020. This project started out as an attempt to modify the microwave-optical
double-resonance scheme described in previous chapters for microwave-to-optical fre-
quency conversion, i.e., an increase in the optical transmission due to applying a
resonant microwave field. In the beginning, we experimentally realized the con-
version in the double-resonance setup for an additional optical field in the form of
microwave-controlled optical switching. Next, a closer theoretical evaluation of our
approach showed that the level structure of 8’Rb offers an optical transition experi-
encing dichroism, which could make the optical switching polarization-selective. To
describe this effect, we introduced a multi-level model going beyond the three-level
approximation. In this new model, we discovered that in the non-degenerate case,
combined microwave and optical coupling in the double-resonance arrangement leads
to a transfer of atomic population between the Zeeman sublevels in the F' = 1 ground
state. With this effect, which we call microwave-assisted optical pumping, we propose
a method of creating spin polarization or alignment in an atomic ensemble by address-
ing specific microwave-transitions. Finally, while trying to experimentally confirm the

occurrence of the microwave-assisted optical pumping, we accidentally discovered op-
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tical rotation that depends on the microwave frequency. To our knowledge, this is
the first observation of the optical rotation induced by a microwave magnetic field,
at least in an atomic vapor.

This chapter presents the concepts and results in a logical order. We begin by
introducing the field of optical switching and magneto-optical rotation in the atomic
vapors in Section 6.1. Next, we describe the principles of the microwave-assisted
optical pumping in Section 6.3 and its implementation in a polarization-selective
microwave-to-optical conversion in Section 6.2. In Section 6.4, we present our experi-
mental results demonstrating the microwave-controlled optical switching and optical

rotation.

6.1 Introduction

The experiment discussed in this chapter can be conceptually divided into two parts.
In the first part, we show the applicability of the microwave-optical double resonance
for optical switching and frequency conversion. In the context of this chapter, we will
use the term “optical switching” to denote a process of controlled switching on and
off the absorption of an optical field in a device, which we will call the optical switch.
Atomic vapors offer a good platform for all-optical switching, where the control is im-
plemented by applying additional optical fields. Typically, the all-optical switching
in thermal atomic vapors is implemented using electromagnetically-induced trans-
parency (EIT) in three-level [115] and multi-level [116] systems. Optical switching
controlled by a single photon was demonstrated in cold atoms using Rydberg exci-
tations [117-119] and cavity-enhanced EIT [120]. It was also demonstrated that the
phase of a microwave magnetic field can be used as a control signal in an EIT-based
optical switch [121], in which case the magnetic-dipole interaction with the microwave
field interferes with the EIT established by two optical fields.

In the case when applying the control field leads to an increase in the probe trans-

mission through the switch, the optical switching can be considered as a frequency-
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conversion process: the control field at one frequency is converted to the probe field
at another frequency. For example, the EIT-based optical switch from Ref. [115] is
a frequency conversion between two optical fields. While the double-resonance effect
considered in previous chapters can be used for optical switching, we do not consider
it a frequency conversion because, in this case, applying a microwave field leads to
absorption of the optical probe. Later in this chapter we will show that this effect is
reversed for an additional optical field leading to the microwave-to-optical frequency
conversion, which for a specific optical transition can be polarization-selective. We
will also present a model of microwave-assisted optical pumping that shows potential
for engineering macroscopic spin polarization of the atomic ensemble.

In the second part of the experiment, we demonstrate a magneto-optical rotation of
an off-resonant laser field polarization induced by the microwave field in the extended
double-resonance setup, with the angle of rotation depending on the microwave pa-
rameters. The magneto-optical rotation results from the circular birefringence due
to the spin polarization in an atomic ensemble, and it is widely used in optical mag-
netometers [122-128| as a passive tool to non-destructively monitor the evolution
of atomic spin-polarization created by optical pumping, which allows extracting pa-
rameters of the ambient static or slowly-varying magnetic field. In our setup, the
magneto-optical rotation is used to control the optical polarization, bringing new

prospects for microwave-to-optical transduction.

6.2 Microwave-to-optical transdcution via double
resonance

Here we propose a microwave-controlled optical switch based on the microwave-optical
double resonance in a thermal atomic vapor. Figure 6.1(a) illustrates the operation
principle in terms of the same three-level system as we used to introduce the double-
resonance in Section 3.1. Here, the switching is performed for the probe resonant with

|1) — |e) transition. The population in |1) is controlled by a continuously running
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Figure 6.1: Schematics of the microwave-controlled optical switch in a three-level
system. (a) With no microwave field the switch is in the OFF-state where the probe is
fully absorbed. (b) Applying the microwave field reduces the steady-state population
of |1) and puts the switch in the ON-state, where some of the probe is transmitted.

strong pump light resonant with |2) — |e) and a microwave field coupling |1) and |2),
which acts as a control signal turning the switch on and off.

When the microwave field is not applied, all atomic population is optically pumped
into |1). We assume that in this regime the vapor optical density is enough to fully
absorb the probe, corresponding to the OFF-state of the switch. Applying the mi-
crowave field reduces the steady-state population of |1) enough to make the vapor
transmit some of the probe power, corresponding to the ON-state of the switch. Unlike
in the optical switching schemes based on electromagnetically-induced transparency,
in our approach, the probe and pump do not have to form a closed A-system and can
address different excited states. On a single-photon level, the switch operation cor-
responds to the destruction of one microwave photon and the creation of one optical
photon and thus can be considered microwave-to-optical frequency conversion.

The three-level model presented above can be applied to a 8Rb atom when there
are no external static fields, and the hyperfine levels are degenerate. In this case,
states |1) and |2) correspond to the hyperfine ground states |F' = 1) and |F = 2),
respectively, and the microwave field couples to all Zeeman sublevels of |F' = 1) at
once. In a non-degenerate case, the microwave field can at most couple to two Zeeman

sublevels of |F' = 1), which leads to an accumulation of the atomic population in
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the uncoupled sublevels via a process that we will call microwave-assisted optical
pumping. Below we take a closer look at the process of microwave-assisted optical

pumping and its possible applications.

6.3 Microwave-assisted optical pumping

(a) Optical pumping (b) MA optical pumping
%\ le) ?%\Id
Pump § Pump §
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Figure 6.2: Principle of the optical pumping (a) and microwave-assisted (MA) optical
pumping (b) in a four-level system.

To illustrate the principle of microwave-assisted optical pumping, we use a four-
level toy model shown in Figure 6.2. In this model, |e) represents an excited state,
and |1), |2), and |3) are the ground states. We assume that all three ground states can
be coupled to |e) via an electric-dipole transition and that states |2) and |3) can be
coupled to each other via a microwave magnetic-dipole transition. When the pump
field drives the |3) — |e) transition, the atomic population accumulates in states
|2) and |1) due to optical pumping [Figure 6.2(a)]. Note that we assume that the
energy differences between state |3) and the other ground states are large enough, so
that the optical field does not excite |1) and |2), making them dark states. When
we simultaneously apply a microwave field that couples |2) and |3), state |2) is no
longer a dark state for the combined microwave and optical electromagnetic field. As
a result, the population of |2) undergoes the |2) — |3) — |e) transition, after which it

spontaneously decays to any of three ground states. After several excitation-emission
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cycles all atomic population is accumulated in the dark state |1), decoupled from the

electromagnetic fields [see Figure 6.2(b)].

Qa) Microwave field parallel to the quantization axis R
=1 E——

Mg Me=0 ——
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f(b) Microwave field perpendicular to the quantization axis )
Mg = 2 —_—
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(c) AM microwave field perpendicular to the quantization axis
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Figure 6.3: Possible population distributions between Zeeman sub-levels of level ' =
1 which can be created by microwave-assisted optical pumping. All sub-levels of level
F = 2 are assumed to be coupled to the optical field (not shown). (a) In the case
when the microwave field vector is parallel to the quantization axis, we can selectively
empty out a particular mpg-state by controlling the microwave frequency (the case of
|FF=1,mp = —1) is not shown). (b) Using a microwave field perpendicular to the
quantization axis allows to empty out or fully occupy |F = 1,mp = £1)-states (the
case of |[F' =1, mp = —1) is not shown) depending on the microwave frequency. (c) If
a microwave field perpendicular to the quantization axis is amplitude modulated at
twice the Larmor frequency will empty out |F' = 1,mp = —1) and |F' = 1,mp = 1)
states, without affecting |F' = 1,mp = 0).

In the case of 8 Rb, we have more than four levels, but the same principle ap-
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plies, and the atomic population accumulates in the ground-state Zeeman sublevels
uncoupled from the microwave field. Figure 6.3 shows possible population distribu-
tions between Zeeman sublevels of level F' = 1, which can be created by microwave-
assisted optical pumping, assuming that all sublevels of level F' = 2 are coupled
to the pump field'. By choosing the microwave frequency and polarization, we can
fully occupy or clear particular Zeeman sublevels. This can be used to create spin-
oriented states |F' = 1, mp = £1), and a spin-aligned state, in which |F' = 1, mp = 1)
and |F' = 1,mp = —1) are populated equally. Potentially, we can create atomic spin-
polarization transverse to the quantization field by using an amplitude or frequency
modulation of the microwave field to generate sidebands coupled to |F = 1,mp = 1) —
|F=1,mp=2) and |F =1,mp=—1) = |F =1,mp = —2) [see Figure 6.3(c)]. In
this case, the microwave field vector is perpendicular to the quantization axis, the
carrier frequency is resonant with the clock transition, and the modulation frequency
is twice the Larmor frequency. Due to the selection rules, the carrier wave does not
drive the clock transition, and the atomic population should accumulate in the state
|FF'=1,mp =0).

Microwave-assisted optical pumping can make the microwave-to-optical frequency
conversion polarization-selective, as is shown in Figure 6.4. Here, the probe is tuned
to the |[FF =1) — |F = 0) transition in 8Rb. Because level |F’ = 0) has only one
Zeeman state mp = 0, each Zeeman sublevel of |F' = 1) can absorb only a single
component of the probe polarization, as is determined by the selection rules [see
Figure 6.4(a)]. We assume that the optical density of the vapor is enough to fully
absorb each polarization component. Selectively clearing out a particular Zeeman
sublevel via microwave-assisted optical pumping will make the vapor transparent to
the corresponding polarization component [see Figure 6.4(a)]. Note that the redis-

tributed population makes the vapor even more opaque for the other polarization

!This assumption is valid since the linewidth of the D2-line is larger than the typical Zeeman
spitting in our experiments.
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Figure 6.4: Polarization-selective microwave-controlled optical switch in |F' = 1) state
of 8"Rb. Optical pump is not shown. Solid and dashed arrows represent transmitted
and absorbed component, respectively. (a) With no microwave field, the atomic pop-
ulation is distributed equally between the Zeeman sublevels, fully absorbing all three
polarization components of the probe resonant with |FF =1 — |F' = 0)). (b) Driv-
ing the |F ' =1,mp =1) — |F = 2, mp = 1) transition, make the vapor transparent
for o~ -polarization component of the probe. (c¢) Driving the |F' =1, mr = —1) —

|F =2, mp = —1) transition, make the vapor transparent for o*-polarization compo-
nent of the probe.

components. Thus, with this approach, the atomic vapor can act as an optical switch
for a particular probe polarization while blocking other polarization components. In
addition, modulating the microwave frequency between different hyperfine transition
should lead to the modulation of the transmitted probe polarization: e.g, switching
the microwave frequency between the |F'=1,mp = —1) — |F =2 mp = —1) and
|FF=1,mp=1) = |F =2, mpr = 1) transitions will modulate the transmitted probe
polarization between ot and o, respectively.

In thermal vapors, thermal motion (Section 2.4.3), inter-atomic collisions, and
collisions with the cell wall can lead to significant spin relaxation. In this case,
microwave-assisted optical pumping does not transfer the whole atomic population
to the dark state and does not completely clear out the coupled states. Nevertheless,
the steady-state population of the dark state is larger than that of the coupled states,

leading to some observable effects, as we will show in the next section.
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6.4 Experiment

6.4.1 Setup
(a) BB (b)
Probe PBS1 P
F=2 ——
Wp Pump
F=1 ———
= { F'=0
T—»X
Probe
BB sk pBs2 ol
MW
Pump
PD2 F=1

Figure 6.5: (a) Schematics of the optical setup. The labels are described in the main
text. x and y axes indicate the horizontal plane. The vacuum system is not shown.
(b) Optical transitions used in the experiment.

For the experimental demonstration of the microwave-to-optical frequency conver-
sion we use the same warm-atom system as in Chapters 3 and 4. The setup schematics
is shown in Figure 6.5(a). Inside the cell, the probe and pump beam are counter-
propagating. To overlap the two beams on one side of the cavity and to separate
them on the other side, we use a polarization beam splitter (labeled as PBS1) and a
50/50 beam splitter (labeled as BS). Before PBS1, the probe is polarized vertically
(perpendicular to the horizontal plane indicated by z and y axes), so PBS1 reflects
the full probe power. After that, the probe goes through a wave plate (labeled as
WP), which is either a quarter-wave plate or a half-wave plate. The wave plate allows
us to control the probe polarization inside the cell. After the cell, the 50/50 beam
splitter reflects half of the probe power, which is now separate from the pump beam.
We use this type of beam splitter to preserve the probe polarization. A second polar-
izing beam splitter (PBS2) splits the vertical and horizontal polarization-components

of the reflected probe between two photodetectors (PD1 and PD2). Both photode-
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tectors are from Thorlabs, model PDA36A. As in Chapters 3 and 4, we monitor and
record only the AC part of the photodetectors’ signal on the oscilloscope (not shown).
To terminate the stray beams coming out of the beam splitters, we use beam blockers
(labeled as BB). Three pairs of coils (not shown) in Helmholtz configuration allow
us to control the static magnetic field inside the cell. Figure 6.5(b) shows the atomic
transitions for the pump and probe fields. For the probe we use a weak beam resonant
with |[F' = 1) — |F’ = 0) transition. Its typical power is 10 — 100 pW. For the optical

pumping we use |F' = 2) — |F' = 2) transition with typical power of 1 —2 mW.
6.4.2 Frequency conversion

We begin with proof-of-principle measurements of microwave-to-optical frequency
conversion of a circularly-polarized probe. Figure 6.6(a) shows the photo-detection
signals as the microwave frequency is linearly swept through the hyperfine resonance
in the case when the static magnetic field in the cell is aligned with the probe beam.
In contrast with the double-resonance measurements from Chapter 3, here, the op-
tical transmission is increased whenever the microwave field is on resonance with a
hyperfine transition, which is a manifestation of the frequency conversion introduced
in Section 6.2. Because the microwave magnetic field is perpendicular to the static
field, only four peaks are observed. The observed feature is asymmetric with respect
to the clock transition frequency, and the asymmetry is reversed if we reverse the
direction of the static field (not shown). We believe this may be evidence of the
uneven distribution of the atomic population between the Zeeman sublevels shown in
Figure 6.6(b). Because the probe is o "-polarized, it can be absorbed only by atoms in
level |F' = 1,mp = —1), whose population is lowered when the microwave detuning
is negative and increased when the detuning is positive. When the magnetic field
direction is reversed, the probe becomes o~ -polarized with respect to the magnetic-
field vector and can couple only to |F' = 1, mp = 1) state, so the observed absorption

pattern is reversed (not shown).
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Figure 6.6: (a) Optical signal during a microwave frequency scan detected by PD1 and
PD2 for circularly polarized probe in case when the static magnetic field B is parallel
to the probe beam. Inset shown the orientation of the static magnetic-field vector and
the polarization of the probe electric-field vector E with respect to x and y axes from
Figure 6.5(a). The probe polarization lies in the zz plane. The microwave detuning
is given with respect to the clock transition. (b) Schematics of the microwave (blue
arrows) and probe (yellow arrow) transitions, and the expected relative distribution
of the atomic population between Zeeman substates corresponding to peaks I and
IT from (a). The probe polarization is indicated with respect to the static magnetic
field. The pump is not shown. (c) and (d) are same as (a) and (b), except the static
magnetic field is perpendicular to zy-plane. Signals in (a) and (c) are shown on the
same scale. Microwave source power output is —10 dBm. The frequency sweeping
rate is 35.5 Hz.

Figure 6.6(c) shows the same measurement in the case when the static field is

applied vertically. Figure 6.6(d) shows the atomic population distribution and optical
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transitions if the quantization axis is chosen along the direction of the static field. In
this case, the linear electric-field component of the probe that is parallel to z drives
o*-transitions, while the vertical component drives the 7-transition. This population
distribution is symmetric in terms of the microwave detuning, so the observed signal
is also symmetric. Because the probe couples to all three transitions, the observed
signal is stronger than when the magnetic field is parallel to the probe.

Even though the measurements shown in Figure 6.6 support our model of microwave-
to-optical frequency conversion, the signal shown in Figure 6.6(a) does not fully match
our expectations for microwave-assisted optical pumping. If the atomic distribution
shown in Figure 6.6(b) is correct, we would not expect to observe peak II at all
or even see a decrease in optical transmission compared to the transmission level
corresponding to the off-resonant microwave field, since the population transfer to
|F'=1,mp = —1) resulted from the microwave-assisted optical pumping should pro-
vide a higher optical density for o*-polarized probe compared to the off-resonant case.
A possible reason for the observed discrepancy is a misalignment of the probe wave-
vector and the magnetic-field vector, in which case the probe polarization with respect
to the quantization axis is not fully circular. In addition, a significant part of the op-
tical signal might be arising from the velocity classes resonant with FF =1 — F' =1
and F' =1 — F’ = 2 transitions, for which all Zeeman sublevels of | F' = 1) will couple
to the probe and contribute to the absorption. To further test that the microwave
field creates asymmetric population distribution, in the next section, we look at the

optical rotation.

6.4.3 Microwave-controlled optical rotation

The optical absorption in a medium is interconnected with dispersion - the frequency
dependence of the phase-velocity of light in the medium, which is characterized by
the refractive index. The fact that the microwave field in the above setup affects

the optical absorption suggests that it also has an effect on the dispersion. We use
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this effect to demonstrate that the microwave-assisted optical pumping creates an
uneven population distribution between Zeeman levels, which results in a circular
birefringence of the atomic vapor and an optical rotation of the probe polarization.

To observe the optical rotation, we use the same setup as for the absorption mea-
surements in Figure 6.6(a), except now the probe is linearly polarized and its fre-
quency is far red-detuned from |F = 1) — |F = 0) transition, where its absorption
is reduced and the dispersion is enhanced. In this setup the probe frequency is not
locked, and we set it by hand to the lower-frequency edge of the Doppler-broadened
absorption peak of the D2-line originating in the F' = 1 level. With a half-wave
plate, we set the probe polarization at 45 degrees with respect to the z-axis (—45 de-
grees with respect to the z-axis), in which case PBS2 splits the probe power equally
between the two photodetectors. In this setup, the optical rotation will result in
opposite changes in the photo-voltage of the two detectors without affecting the total
optical power.

To explain the origin of the optical rotation, we choose the quantization axis along
the static magnetic field, which is parallel to the probe beam. With respect to this
axis, the probe electric-field vector is in equal superposition o*- and o~ -polarized
fields, which couple only to |F' =1,mp = —1) and |F' = 1,mp = 1) states, respec-
tively. Assuming that the single-atom refraction index is the same for each transition,
the ensemble refractive index for each transition is proportional to the population at
the corresponding level. As a result, the phase difference between the two polariza-

tions leaving the ensemble is given by
Ap =kL(ng+ —ngy—) = kLn[N(mp =—1) — N(mp = 1)], (6.1)

where k is the wavenumber, L and the distance that the light travels in the medium,
n is the single-atom refraction index, and N(mp = —1) and N(mp = 1) are the num-
bers of atoms in states |F' = 1,mp = —1) and |F = 1, mp = 1) states, respectively.

This phase difference determines the angle by which the linear optical polarization is
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rotated. While at thermal equilibrium atomic vapors are isotropic and thus do not
show any birefringence, here, the population difference in states |F =1, mp = —1)
and |F' = 1, mp = 1) corresponds to macroscopic spin polarization of the vapor, mak-
ing it anisotropic.

The optical rotation due to spin polarization of atomic vapor discussed above
corresponds to paramagnetic Faraday rotation [129], which is different from the dia-
magnetic Faraday rotation, where the optical rotation angle is proportional to the
magnitude of a strong static magnetic field applied parallel to the optical beam [130].
In the case of diamagnetic Faraday rotation, transitions corresponding to different
circular polarization experience different frequency shifts due to the interaction with
the static magnetic field leading to the circular birefringence. In atomic vapors, both

effects are typically referred to as Faraday rotation without specifying the type.
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Figure 6.7: (a) Optical rotation during the microwave frequency scan detected as a
change in the photovoltage on detectors PD1 and PD2. The green curve corresponds
to the sum of the two voltages. Microwave detuning is given with respect to the
clock transition. The microwave source is set to —10 dBm, the microwave frequency
is scanned at a rate of 35 Hz. The estimated optical rotation angle corresponding
to peak I is around 0.025 mrad. (b) Schematics of the microwave (blue arrows) and
probe (yellow arrow) transitions, and the expected relative distribution of the atomic
population between Zeeman substates corresponding to peaks I and II from (a). The
pump is not shown.

Figure 6.7(a) shows the AC parts of the photovoltage from PD1 and PD2 during
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the microwave frequency sweep. Whenever the microwave field is on resonance with
an allowed hyperfine transition, it results in a positive voltage change from one detec-
tor and a negative change from the other, indicating the optical rotation. The sum of
the two voltages is not exactly zero and corresponds to the part of the signal coming
from frequency conversion. The fact that the signal from each detector is antisym-
metric with respect to the clock-transition frequency means that the direction of the
polarization rotation depends on the sign of the microwave detuning. According to
Eq. 6.1, this is a consequence of a change in the sign of the difference in popula-
tions of levels | =1,mp = —1) and |[F = 1,mp = 1). Figure 6.7(b) schematically
shows the population distribution for peaks I and II. Due to a higher population
of |[F'=1,mpr = +1) in the case of peak I, o~ -polarization component experiences
larger a refractive index and acquires a phase delay relative to the o™-polarization
component, so the linear polarization rotates towards the horizontal axis, and more
optical power goes to PD2. If we turn off the pump light or set its frequency off-
resonance, the observed signal feature disappears, which suggests that the observed
circular birefringence of the vapor results from the optical pumping by the pump light

and not from the non-linear interaction with the probe itself.

6.5 Conclusions and outlook

We have demonstrated proof-of-principle microwave-to-optical frequency conversion
based on optical switching in a double-resonance arrangement. For practical appli-
cations, the switching should provide a good signal contrast between ON and OFF
regimes, which requires a high optical density for the probe beam. The optical den-
sity can be improved by increasing the atomic density in the cell and by increasing
the length of the geometrical path that the probe travels in the cell. To improve the
atomic density, we are replacing the current cell with a sealed vapor cell filled with
enriched 8" Rb. To increase the path length covered by the probe inside the vapor cell,

the probe can be sent along the cell axis rather than across. This approach would
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require a different cavity design that provides optical access through the cavity faces.

In addition, we proposed a technique of microwave-assisted optical pumping that
can be used for engineering spin polarization in atomic vapors leading to optical
dichroism and birefringence. We provided experimental evidence for circular dichro-
ism for light resonant with |[F' =1 — I’ = 0) transition and circular birefringence for
light red-detuned from the D2-line. The optical dichroism can be potentially used
for polarization-selective optical switching and microwave-to-optical frequency con-
version. The birefringence leads to the optical rotation, allowing us to manipulate
the probe polarization by varying parameters of the microwave field. To our knowl-
edge, this is the first demonstration of microwave control of optical rotation, at least
in atomic vapors, and the first discussion of the phenomenon of microwave-assisted
optical pumping. The microwave-controlled optical rotation can be used for optical
switching based on polarization rotation [131] and pulse carving [132]. With the prin-
ciples of microwave-to-optical transduction for radio-over-fiber applications developed
in Chapter 4, we can also use this effect to encode a signal in the optical polarization
angle, e.g., in the microwave-to-telecom transducer proposed in Section 4.7.

We believe that the results discussed in this chapter add a valuable contribution
to the toolbox for atomic microwave-optical interfaces for information and communi-

cation technologies.
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Chapter 7

Conclusions and future directions

In this thesis, we presented our results on realizing various types of microwave-to-
optical transduction in rubidium vapor. In our transduction approach, we build upon
the non-linear interaction between optical electric field and microwave magnetic field
in a double-resonance setup.

In Chapter 3, we showed that the cavity-based approach provides a simple yet
efficient method for enhancing the magnetic-dipole coupling between the microwave
field and the atomic magnetic moment and demonstrated a rigorous experimental
study of the double resonance in a thermal rubidium vapor inside a microwave cavity.

In Chapter 4, we introduced a novel method of transducing an audio signal from
a frequency- and amplitude-modulated microwave field to optical intensity. With a
proof-of-principle experiment, we demonstrated that the method is ready for radio-
over-fiber communications. In addition, we proposed an atom-based microwave-to-
telecom transducer relying on similar principles.

In Chapter 5, we presented our numerical and experimental study of quantum
dynamics of a two-level system driven by a microwave field with harmonic phase
modulation at arbitrary modulation depth. We hope that our results made a valuable
contribution towards the continuing investigation of fundamental and applied aspects
of quantum system dynamics [133].

In Chapter 6, we proposed and realized a novel method for microwave-to-optical
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frequency conversion in atomic vapors based on optical switching controlled by a
microwave field. We also proposed a scheme for microwave-assisted optical pump-
ing, which can be used for creating and manipulating the spin polarization of an
atomic ensemble. Through measurements of the optical dichroism and birefringence,
we experimentally demonstrated that the spin polarization created with this method
depends on the microwave frequency, which can be used for polarization-selective
microwave-to-optical frequency conversion and microwave control of optical polariza-
tion.

For each project, we included possible extensions and spin-off applications at the
end of the corresponding chapter. So far, all our transduction results are of semi-
classical nature, with the transduction is realized between classical field via quantum
dynamics in atomic vapor, so the general direction for all projects is to move towards
quantized fields, particularly expanding the proposed transduction methods for a
single-photon operation. This would require a thorough theoretical investigation of
the quantum aspects of the proposed transduction mechanism and consideration of
alternative experimental designs.

One of the important aspects of transduction that we did not look at in detail is the
spin relaxation in the atomic vapor and the limitations it imposes on the transduction
efficiency. This can be approached by using the buffer gas capabilities that our warm-
atom apparatus offers to look at how the buffer gas type and pressure affect relaxation
and transduction. For this purpose, the system needs to be provided with better
vacuum sealing and to be upgraded to incorporate a pressure gauge measuring the
total pressure inside.

Currently, our group is working on designing portable transducers based on vapor
cells coupled to microwave resonators. One approach is to use a sealed vapor cell
supported inside a microwave cavity by a dielectric material. In this project, Myles
Ruether has been analyzing how the support’s shape and dielectric properties affect

cavity resonance. Another approach is to use microfabricated vapor cells, which are
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currently studied and developed by Brittany Lu.

To move towards quantum transduction, together with the Davis lab we are cur-
rently building a hybrid system that will integrate cold atoms and cryogenically-cooled
microwave devices. The work on the cold-atom apparatus for this system was started
by Michelle Sullivan and is currently lead by Taras Hrushevskyi.

All in all, we believe our results make a valuable contribution to the growing library
of novel devices and methods for microwave-to-optical transduction being developed
at the University of Alberta and worldwide. These technologies will advance the field
of classical and quantum information and communications by providing a platform
for interfacing microwave-frequency qubits with optical photons. Such interface will
allow long-distance transfer of quantum information between separated microwave-
frequency qubits and integrating microwave and optical quantum information proto-

cols.
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Appendix A: Angular momentum
operators

In this appendix we present some definitions and conventions concerning the angular
momentum operators that we use throughout the thesis. As an example we will
consider the total atomic angular momentum operator F. Each component of F
corresponds to the projection of the angular momentum on the corresponding axis. In
general, atomic quantum states are described in terms of Hermitian operators F, and
F2 = F? = F? + Fj + F2, corresponding to the projection of the angular momentum
vector on the z-axis and the square of the vector’s magnitude, respectively. Operators

~

F,and F ? commute with each other and have common eigenstates |F, mp), such that
F.|F,mp) = hmp |F,mp) , (A1)

and

F2\F,mp) = RRF(F + 1) |F,mp), (A.2)

where mp = —F,—F +1,...,F — 1, F, both mp and F' are dimensionless, and F' is
positive.

When the atomic energy does not depend on mpg, we typically describe the atomic
state in terms of level |F'), which refers to a set of all quantum states that differ only

in mp.

125



Appendix B: Polarization in
atomic transitions

In this Appendix we provide more details on the polarization of oscillating fields
involved in the atomic transitions. The polarization type is indicated with respect to

a particular quantization axis, which is typically along the z-axis.

f(a) N\ f(b) N\ ((C) N\
V4 z Z
b |«\\ b
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Figure B.1: Several examples of polarization of field b with respect to the z-axis.

A linearly-polarized field is m-polarized with respect to the z-axis, if its vector is

parallel to the z-axis [see Figure B.1(a)]:

b, (t) = zby cos(wt + ¢). (B.1)
A circularly-polarized field is o-polarized with respect to the z-axis, if its vector
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rotates around the z-axis in the perpendicular plane [see Figure B.1(b,c)]:
b,=(t) = xby cos(wt + ¢) £ ybg sin(wt + ¢). (B.2)

In general, any polarization is a linear combination of 7 and ¢® polarization com-
ponents. For example, a linearly-polarized field whose vector is perpendicular to
z-axis [see Figure B.1(d)] is an equal superposition of two fields that are o*- and

o~ -polarized with respect to the z-axis:

b(t) = xbg cos(wt + ¢) = % [xbg cos(wt + ¢) + ybo sin(wt + ¢)] (B.3)
—i—% [xbg cos(wt + ¢) — yby sin(wt + ¢)] = %bﬁ (t) + %ba (t). (B.4)

If the vector of a linearly-polarized field makes an arbitrary angle € with respect to
the z-axis [see Figure B.1(e)], the z-component corresponds to the m-polarization and
the & component with respect to the z-axis is an equal superposition of o™ and o~

polarization components. The total polarization with respect to the z is
1
b(t) = b, (t) cos + 3 [by+(t) + b, (t)] sin 6. (B.5)

Finally, if the field is circularly-polarized in the plane parallel to the z-axis [see Fig-

ure B.1(f)], the polarization with respect to the z-axis is

b(t) = xbg cos(wt + ¢) + zby sin(wt + ¢) = % [by+(t) + by (t)] £ b (t). (B.6)
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Appendix C: Modulated signals

In this appendix we provide illustrative examples of the amplitude, frequency, and

phase modulation.
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Figure C.1: Examples of different types of modulation. (a) Square-wave amplitude
modulation between A = 1 and A = 0.5 at the modulation frequency is wy,. The
carrier frequency is wy = wp. (b) Square-wave frequency modulation between w =
2wy, and w = 4wy,. (c) Square-wave phase modulation between ¢ = 0 and ¢ = .
Red solid curves correspond to the signal s(t), blue dashed curves correspond to the
modulating signal.

The amplitude-modulated (AM) signal is given by
s(t) = A(t) sinfwot + ¢o), (C.1)

where the frequency wy and the quadrature phase ¢y are constant, and the amplitude

A(t) is a function of time given by
A(t) = Ao [L+manV(1)], (C.2)

where Ay is the unmodulated amplitude, may is the amplitude-modulation index,
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and V(t) is the modulating signal. Figure C.1(a) shows the signal whose amplitude
is modulated between Ay and Ay/2 with periodic square-wave pulses.

The frequency-modulated (FM) signal is given by
s(t) = Agsinfw(t)t + ¢o, (C.3)
where
w(t) = wo + memV (1), (C.4)

mgy is the frequency-modulation index. Figure C.1(b) shows the signal whose fre-
quency is modulated between wy and 2wy with periodic square-wave pulses.

The phase-modulated (PM) signal is given by
5(t) = Aosinluwot + 6(1)], (©5)
where
o(t) = ¢o +mpmV (1), (C.6)

where mpy is the phase-modulation index. Figure C.1(c) shows the signal whose

frequency is modulated between 0 and 7 with periodic square-wave pulses.
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