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-E;f}bivariate distribution fdnction H(x;y) mEex, y < -, -”Qi' e

<-..<X' N

(1 n)— (2 n) (n n) denote the X-variate order statistics. and " Sl

[1'n]’ [2 n]"""fh n] denote the ooroeSponding‘vaariates associated

Rs respective'y,-with the above ordered X

Hetin's: T gy e f

;termed in the.literature as induced order statistics or concomitants or order EEO
fstatistics., Asymptotic distribution theory or runctions of thlse 1nduced orderifﬁfgﬁ

T w

'\Ktatistics, including their appropriate linear combihation Qave been studled b)v/"
“ ifseveral authors (e g,, Bhattacharya (197u), Davld, O Conﬂell et al (197?%
: g{and Yang {1977) and (1981)) Their results are userul ln application to.non—-;-;_

'j:;jparametric testing and estimation problems concerning the—regression function

-imi'M(X) = E(lezx) aé>well as t0. certain' Y—variate prediction and selection
"ff‘problems based on information contained ln X-variate order statisgics. @1ﬁﬂ,;j;f:~’
I . - k . : '“::-‘ oo
tPart I or this thesis, containing Chapters II and III. we study the asymptotic R

L4

I:normality of a linear combination ofglndueed order statistics Y[if 7' 's, with PO

j;}double weights, namely,' Sy defined by .1, 1) below where the. weightjfdepend .

fon the ranks of j(i s (among the x observations) and ranks of

RN _ £1 "]
‘f':(among the Y-observatlons).:“ ._”vffh.i ':}tf;‘xfﬂ";f“?j 'l"SIﬂ

o o Uy gkl o
Ak L T e : s 2
l i B



.‘ - .ai8°v;[11]) These results‘!?i:-x'7 :”

e ;;o ;,n,'prob,iems or' t,esting d estimation of paramet t% ot‘ eond tional

'?1”;distr1bution of Y given Xlasx.' Our results exte d those of Yang (1981)

..;.'igler (19714)_"

SRR B g X o e
(1 1 2) below which is a; nonparametric estimator of the Ath quantile,  iHL}€.
BT S o o i i

-_3f< 1 of the eonditigxal distribution prffis given x proposed __py‘

o’

Mehr'a 1986)

e

v-*f-,f”

'fﬂ,ggeﬁgf'{én} is a sequence of positive numbers which gpes to zero as. e e,

B L AL

.13 the marginal empirical.distribution function of the -X-observations,.

g xg [cn(xj) G (x )) ST
(y) . e, K p— I(Y (y) .,..,:‘.-.’ ‘ e ST
X0 o nén J =1 -ju'P'fanl ER - e ‘_}y "i;a;ﬁ.j-i'lh-«:'




"~35Teehnique" and prove some preliminary results which assist -us. in Chapter III.-J:

-é&énbhgl“x'
o -,,acg B 3 <-,;;
"uﬁ*(i 1 1) uheﬁe the weights depend on the-rankéwor x,fff
. ] s only.;‘i' p;«;?,;; ‘ L

The methods of

A BRIEF SUMMARY OF‘THE RESULTS‘_ I" Chapter II we approximate S=VV“‘“ :

'”ﬂ»fsum of’inﬁependent and identically dietributed (iid) rv s usinﬁ'the "Projection i(fn

i N <

4:5,"»- ; -

Chapter III is eoncerned with the aeymptotic normality of S foc;which

9 s

'f"fwe make use of the results obtained in Chapter II, and with oztaining the

'_results in Theorem 1 of fang (1981) and those in Theqrem 2 of StigIer (1974) as;,"'?

,".-‘ " . - ,f I . . S . ,~_,

- . . P SRR . K . '0-.

q7§gspecial case§ | ‘fﬁ. : _;a:u ;,vj"’§~"_ : !A
In Chapter IV, ve prove the weak consistency of Q (X)fﬂ?;ffffr“ff fﬂv‘ mih
S . ; . ‘.7v ! o N °’-."l'-'..'. R } ’
Chapter v deals with the asymptotic normality of Qn (A) utilisiﬂg 8he hﬁ;-'

ol reeulta_obuainedfin Qhapter_lv.'uThe;resuits”of ¢napter”lvf7and;Chap7frfv'are"

T Je
e
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= 51;3;- NOTATION :ND TERMINOLOGY.- Most of the notation_La.introduced inthe .

'
they appear more fr‘equently ir&the text ,

' representing_.he same value in each appearance ; ﬂ'-f

(ii) jf'The inverse'of a function is defined to be left continuous h

xnr_{xgc(x)-> t}:.g]7“’,
‘ N

G‘—; A(t) =

) etc., (or K(m)

AT TR I AP
S 3

: @ -»respectively, the first order partial derivative, second order

”\_first argument, evaluated at (61,9 ) However the notatlon'
(m) :
L, . . :1 )
CERR AN . x g - (m)
S ‘:for‘convenience.i K. (6 6 ), K (61,9 ) etc., and K (e

4m1,m )

12 f

2 (9 6 ) denote the (m +m ) th

T are similarly defined K 1

Mo order mixed derivative of K obtained by differentiating m,

'w‘times with respect to: the first argument and m2 times with

‘gfrespect to the second argument, and evaluated at (61,6 )

(1#).1;;tgv<e>,fg,<a)-étc.,1(" e™e), e 2....5--qenote,tne,first;

"derivative' second derivative etc., of g evaluated.at 9,

o(v) . Forany‘real numbers 'x and 'y, k'A,v‘_indicates “min(x,y).
B o T g T e . AP

'ftain regularity conditions on the sequence } {a }, the kernel_:

?f%iffu;: rfi)g._ ‘C1, c. etc.,» denote absolute positive constants, not neCessarily

?-: functions : _and K and the joint distribution H(x,y) =m < X, y ] :'of

text as and when necessary However, the following terms should be noted aS"'f';“

(8,,0,),- m_- 1, 2..},) denote |
: partial derivative etc., of the function K »with respect to the.y

A L
(6~ e ) is u:ed in case of higher order derivatives only,zp‘ '

1’.6))..‘

R 4 p : /

St



._.‘:::f'i:”iTZTR;: :'T g’;,Jﬂ ,:c.ix.;:fn '? O : ;” .. T

i) nhe OPdeP symbols 0., o Op‘ and op ‘are- used’in'their standard

notatlon.‘_hj..-7j~

‘¥12: .75‘ﬁ’f ;if: }:"

'_C?ii) '7  I(A) denotes the indicator function of the set A,.

the end of a: proof The following abbreviatlons are also usedf

!

FEY

il

- on® o SETRI ANURAD A T ;.,;f‘u”-“¢;a’
DER unless, otf w1se specifxed ,‘.'- e

K  f‘ v" E_IA;_Z;fi1uhléSs,Jo§herwise'épécifiédg'"

o

e



:’;[iﬁ]f%;}fj u;{f};. CHAPTER i

e “*.f PROJECTION s or s“ AND VARIANCE OF - s

k

The object of Chapters, II and II! ”’ to- establish 'the asymptotic
”-: normality of statistics of thé’form S ‘?seejz 1. 1 below) which is a ”;

linear combination of‘ induced order statistics with double weights weights S

r

.

depending on the ranks ot‘ the observations.' In the present Chapter namely,,_' _';{ .

0 ,
Chapter II we shall prove some preliminary results concerning S -_‘ which
assist is- in proving the asymptotic normality of‘ S (in éproperly 'ﬁ -
PPRENEE . R U 3

N normalized t‘})rm) in Chapter III A brief outline of‘ the method of prooi‘
employed in proving the asymptotic normality of‘ S ,7- namely, HaJek'

(3 projecéion approach is givén in Section 2 1. In Section 2 2 we - f‘1nd the £
o pr_ojy_ectnion Sn _o{‘ S and the asymptotic variance of‘ S ,‘ is: obtained in
S ‘ B s

';2;1-_?'PnELIMiNARIEsf*.Let (e ¢ ),...,(x Yv)" e 11d rv's;f Wlth common.

continuous bivariat distribution f‘unction H(x y), :—. » < x, y < Let_ .
(‘n)'( X : << X(n._,n) denote the X:'variage order statistics and‘ S
I1 n]' Y[2 n] _"""'_Y_[_n':n,] denote }he corr gponding ‘.Y—va;riate‘induce.d‘f .
order statistics._ We- c%nsider statistics of‘ the f‘orm' oL e ‘
' B e R f»j‘a _
yhere R ‘is‘the .rank ‘of . Y[i n] when. [i n] s, 1 <1< n, eare arr'anged

s -

in ascending order of “the values and J(u v). 0< u, v <‘ 1 is a su'itable L

‘ bounded score function satisf'ying certain regul‘arity conditions. T ;

N ] . a Rasl .
s - . : T



of thod of proof in proving the asymptotic normality of S is the

fsame as that employed bxv/$tigler [17] and Yang [22], namely, the use of the

_aﬂlPrOJection technique introduced orkginally by Hajek This method enables ug ff"?'*

fto demonstrate that S can be suitably approximated 1n mean square by lts

«
A"

o progecti&n S (deﬁdinéd below) . n‘fié,f Sn being a sum of 1ndependent

7l{r v?'s 'with finite second moments, the above approxlmatfon and the standard

S R : : . ,
“dcentral limit theorem gives the asymptotic normality of s Eor'convenlence,'

Fowe. state HaJek'

s [7] projection 1emma here .as lemma 2,151.

(Haj k's (1968) Projectlon Lemma) Letf'121;22;.r;,2nv-be»2'

—

”‘Lemma 2 1.

'*f.independent r v. Sv-and i F be the Hilbert space of almost sure eQUlvalence.

s

" ,-classes of square 1ntegrable statistlcs dependlng gnff Ziﬁt: i be

.‘,_.,-—,

'"7'the closed linear subspace of F consisting of statistics of the form' o
Z 1 (Z ) ’ where -2ildare functionsvsuch,that 'E[l-(Z )] (ORI Then,‘lf
i1 T T T T o

'~S'evé,_ une prOJection of s on S isiglven él .

(22 s = Z E(SlZ ) - (n-l)E(S)
. S SRR £ R o

Thus E(s) B(s) and
(2.1.3) U EGs-s ey - BB "<\<“ S

2ig PROJECTION'<§6 OF sh.;~FoIl¢wipg-Lemma;2;1;1 ‘Wwe defire the projection - .

vy

Sy of fsnf5aslf': M .
e '_g - A D (SR =
o(2.2.)y Z z(s |x ,x ) (n 1)E(S )

-——

..‘,"Z' '.'-»‘ Let S e



e T LT T e S e
S . T :Z'g.‘.t s »‘-3“_':n‘. -‘-ysg
d\ B

(as defined 21\ (2 2 1) 1s given by

' :Lémmé}zfé.j f fgfhé?§f63§étIQd?‘§éslgf;:§
| ST Ty ey T '

P S, 1) (n 1) . o ; .
s = LY [ I Z J( ]p (x yf)] SR L
.TU?HWﬂ-'ik 121 S=1f"- i-1, S 1 o g_7 :_'7."inﬂ\.’]“ o
T R LT B e

N
fine1) L2 [ DR J(i*‘ .2 )pf"ng 1(u v)]
B T L LR

E .,,-%/‘-

'&‘I(Xk$u$f¥k>?)YdHLQ;V)«,:faf5~' A

° ;.‘f 'Xf J(;;1 ' s+1) §n1?; 1(u v)]I(X <u Y <v)vdH(u v)

-i,f-i?f" { ,Z.: Z.}J(:l ]p;n12; 1(u v)]I(X >u Y >V)VGH§%QY),
e [ b Z J( 3’1] (n-2) (u, v)]I(x UY, <v)vdH(u v)

— )P
1= s=1 LI n' - 1 S ! R

' where' - ={n-1)E(S ), is a constant depending on n,J and H," and = °

 “‘(2,2.3i pfni(u v) = P[exactly

ii;X's‘.abe ’gpu, énd exaétiy‘ szls'°are < y: o
Qub‘d{ independently and identically distributed

r‘v"s (X )' k = 1 2,0...“]

k k -i- s+k

- REO, e EY'(s k)t(n-r s+k)- MECEA R T

’. w1th;; _ :'91?'1P(Xiﬁgjyi£y?f}:”;f“‘ "92'7'P§x1iu'¥1>v)’<-b

\' -,

93 .~g(xL39,Yfgv)_ “2295, 8y f(xi>p,xi>y).



CLotor 1 =02,

" PROOF." - From (2.1.2) ‘we h

i A T ST LhL ?[4 -(a ) o n]lxk 1;-; <1>E(S>

PR I 1 FE".J"’. Y IX 'Y
S ks MR [L n] ke

We.;shall f‘irst evaluate the condltional expectations 1nvolved 1n; (2 2 ll) ' Fér*;,g'"v :

(n 1)E(S )

1 < 1 < n we may w‘ite

n . n.'n .
. . : a3

(225)° E[J(% in) [i n}lX X .Y =Y] S
, , Rin) . | ( :
[i n] (1 1 ni- 1)

e sri i.n - AT A
‘f. f:E[q(5f%'*__)Yttmnll(x <x(1 it 1))|x =x =y T

<X <x(1 n- 1))|X Snttn Tt

E[J( |

'-n. n n’ T n
: R L --3, SR ;15 o
- E[J[—." 1"] [1 n] (X >X(1 :n- 1))]X = X Yo =¥l

Sincé R, ‘, Z 1(! <Y

“in o 5oy [1 n])' using the obvious 1mp1vicatic?n3‘ .

(1 1..—15 5 xnﬁx(i in- 1) xxr;ﬁ)f=:xn ‘?“Ygiih];"¥h:fj.:'f‘}._l ST

s _::n,,, S
SATy )

' = y.nE\[AJ(H",- on o )I( (1 1:n~ 1)<xn5x(1 :n- 1) lxn' ' Yn'?’,n‘]'

cel céntihué'ﬂ_

N



(1 1 n 1)<xn§X(1 n-1) ,};]-5,;53Qu-519'; 8

1 3*1 (n 1) |

ey, z J( ,,} ffy ‘;_ ORI N
3 I(Y <Y[1 n]) T TR

'E[J[ril s 1 TR -t 1 n] 1(x, <x(1 -1in- 1)”)(' =x"Yn "l i

“__ﬁn;i.: ::,1':_ o
ynﬁifi n] Z I(YJ<Y[1 n])

) [1 n]I{x <x

"' ?rom which, using the implication f'nf,{ﬁ . L
‘ we obtain “=  fﬁ“ IUREE e sl

X(X

n = ) ti 1 - 1JI(x <x(1 . n_”)q

5i:f,

BEC
e _I"(_‘Ynﬁ.‘()_"fx‘I(Y <’v_)_ et DI
f(né1YIIVE[J(a‘.,‘f5 o d=1 C ] 1( 11, <u) = 1 2)]I(xh§u5dH(u;V)*.

”"V.f,t“» J’,'fh _' ‘,‘ .351;%

lﬁn-f)ff‘V[ Z J[ s)pfnzzg 1(u v)]I(y >v)I(x <u)dH(u v)'
Lgnﬁi)ffﬁ[-_Z J[H"_?L‘)pinzzg 1(u v)]I(y <v01(x <u)dH(u v),’..'

I

(n-1)ff[ [ J(1 s] :nZZl 1(u,v)]I(x <u,y >v)vdH(u v) ' , "3,", L
EEPR s-1 N

_'f-‘-, , r fﬂ;t o _con;inged



ﬂ" u1

,s

. T é\
proceeding d

(n 2)

"'_ b K
v

<n-1>m thi »5:5%)

‘+ (n-1) ff{ 2 J(
R s=1 i

Hence f'or- 1 < i < n, '-,»jqe have. . f‘rorn (2 2 5) and the expr‘easions f‘or' .

) o
(‘I’ and

SQ

jo F RS .

SR kf-h-jv‘i.
+ (n=1) ff‘['z J(Ef'

os=1

-y we may write FEEE

o

F:( Now,;fbni i =-

Y[l;n]lxn =

1 2 s-

1 1, s— i

s+1) (n 2)
i 1 , 8- 1

i _) (n 2)

oAy . S
R
;43&?same lines as for- B, we find that

o 'd .«.~' .

(u v)]I(x >u y

Tl

fvs) (n 2)
1“2 s- 1

i ‘fs+f”'(ﬁ7é)
n T-fﬁ—)pi -2,9-

1 -1 '8~ 1

e (n'z)
.n )pi 1,8~ 1

(u V)]I(x <u.y

._r

(u V)]I(x >u y <v)vdH(u v)( .;L

(u, v)]I(X <u Y >v)vdH(u v)

<v)vdH(u v). and e

U,v:, .

>v)vdH(u v)

D ~.-' . i
k SRR L

f

1(u v)]I(x <u y <v)vdH(u v)

(u-;‘v'Y]’.I<>_<;>~_ix;,¥n;y)vd'ﬂ'(q.y)__ -

(u v)]I(x >u,¥ <v)vdH(u v)

~ continued




k. ¥[ _i-,i_]i-(?‘ 5 n_”) |x f'?sn,.-,. Ll

e

R SR R R I o
3 " . T
o E[J(— n)y[1 n]I[X >x(1 e 1)]lx ann =yn] D

i It is. easy to see that . "'» T : - S

A ‘Yn ; \_H n po s~ 1 ’y R i e B

8=l s

. '0: (n-1) L 19 (n )p0 (u v)]I(xh>u,:_yn>v,)vdH(‘{1‘,v.’)v L

j-+ (n-1) ff [ Z J( ) (n 2)(u v)]I(x >u,y <v)vdH(u v)
. o s=1 : , _

n. 0 S 1

so-that,

e el

N ORI A(tD) J(% ]p(()nsz)(d",'vi)&].iv(‘Xn‘)u'-,f-_\_.’;")fv)'V'dH_(uv';w‘/') o

. R (n-j)r _rj[sLJ(_,; s+1 ]pénsz) (u,v) ]I('xn>'l1"-.‘y}}£‘,:)v.d}-{'(u,;%i) “
CFor 4 'n}‘.';wéim%y. 'writ.e T
nn S
L
,__".‘vf‘?[f]_(hu——)Y[n nlg(x ”‘(m n_,)]kx AN

e [J[1 _ ] [n a1k 1(x <x(n e 1))lxl_“‘

'Agéin,,}ttisfeasyiﬁo:sée that



- ‘[J{*l ) [n n]lx .Y ] T

n. -
(n 1)
z J(1 —Jpn 1,8+ 1(x Y )

s 17R§ffl_fifj: . (n 1) ;f[ z .J(1 —) énzzg 1(u v)]I(X <u Y >v)vdH(u v)
SN v..'f s=1 s S T e e T

‘.+ (n—I) ff[ Z J(1 — pingzg T(u v)]I(X <u Y <v)vdH(u v)
: 3=1:

'31"§ A qygpetric argument shows that when conditioned pn any (X Y )
expressions for the conditional expectations in (2 2, 6), (2 2 7) -and

‘12 2 8) remain valid with .(Xn@Yd).3replaced:by (X Y ) ror- :
<;k[s,1’§"#o-n*1rv' ‘ |

-

| Now: (2 2, 2) follows by using the’ above expressions' (2;2}6)“‘tof’>vl
'.(2-2~8) (2 2.1) . and this proves ‘the lemma . ¢~“fv o g

: -tThe rollowing { emiia is useful in section 2.3.

5 "., o

f’Lemma'2~2“2 Let K( ,) be any bounded continuous\function. Let e !1);

‘ »'jfﬁ='1,..,,n be 1ndependently 1dentically distributed with a continuous

Ix.d;f; . H(x,y) - o < x, y < @’ with marginal d r 's of X and Y denoted

1by G(x) and. F(y). .respectively 1so ror any fixed real numbers ‘“',Eﬂﬂ,tﬁ

' v let f pin;(u v) bezgg defined El (2 2 3) above. _f’

'n
1%; 8=

-“].(1*1) 3y K(a ( )., e (—) . an) f“’(u v) K(c(u> F(v)) o
: 1=0.s=0 - "7 - R e R

Ile V

K N -)Pin)(u v) + K(G(u) F(v)] as ‘new



1.= {# x'$ < uj”“and T {# x's < v}

'7.; are Binomially disbributed with*parameters (n G(u)) and (n)F(v)) respectively,Q‘lw
fﬂ'f and that ",1}‘ ‘i?f“* °; ‘f}ﬁé»3?)" o R

s,).. .

et m ) |- - G(u)|< n ”3 | - F) | <n ‘-,’3

.

T

ﬁfjg,

'1f232?9) | 2 Z K( ) (n)(u V) (o), FO)|
Gt S =0 S=0 , o e = E
: ;‘f:ﬂg‘f : '5' S rgf » 1=0 s=0 B " -

T

ZZ | K(— a—) - K(G(u) F(v)){p(n)(u v)
(1 s)eB z'.. B :
L K(-— ) - K(G(u) F(v))]p(n)(u v)

, : D b (i,s)eB f”7gv";“ ST SR
N°""m' S 0-4*'n”.',., 1"'i;£ g *:u‘;;- I I I

) IK(f ’~—) - K(G(u) F(v))|p1n)(u v) < w(K 1 3,q'T/3) Zz p1 )(u v)

(i.s)eB B s)cB é

vy

T (2.2.10) . ~-f' w(K u v) - modulus of COntinuity of K at (u v) o
S . |x1 x2|<u L o

ly, y2|<v

ms




. ‘_.1

{ +. 0 és n > ”; for a > 0. since K 13 a eontinuous

A

o B
o funetioh Hence the first terp on ‘he g H S of (2 2. 9) + 0 as n - -ﬁlf\

R

p
X,y b 5

/ s(u v) < 2 sup ]K(x.y){ ZI (n)(u v)
o . ;p,';a'”.d v ffo (1-5)€B -

ST fe by ;;v; 
L wmy T : oo BN K

RS 2 sup lK(x,y)I[P I—lkr G(u) |>‘n jii) + P(l—--' F(V)|>" 1/3)] -

B 4
N

Applying Tchebychev s inequality)to the binomial probabilities on the
© RLHTS s.‘ apd since' K ¢1s assumed bounded we' find that the R HiS. > o as-;ﬁ,f*e

'“d" Thus both terms on the ‘R H S.Zvof (2 2 9) go to 0 aér

<

nff_p_dénd"
'bhence (i) of the 1emma rollows §f:f ;~~;§] ”:‘u : }.fg :;} L'”'f  ?ﬂ'j\ o
(i1) We write -

’k22n> lz z«p;gg%;¢;+ )‘”mvr*tmmﬁdn+wﬂft%g;

+
o~
~1
=
r—\
=
u
o
'-—A
=
IDV
P
C
<
"N
I
X
—
(=]
-~
[=4
M
"q
A
-
31

(1) . (2)’ say;'d“i:":

“4

. ’(zlnfgoes\tblzend as mn e lby part (1) of the lemma

Now *

-

. Ly g S e

(s}



_,_where“-w-- is the modulus of‘ eontinuity as derined by (2 2 10) Since W(K su v)

33 (K 1a ~1| Ib e T
et kb 4

! ' -0 3‘0

(x |a-1| : lbl 1c 1| *Idg‘i)

: Vhictr gces 80 zero as ,*4‘ sinceu /a"" -

and .8 i's a continuOus function. "H,e'n"ce : ‘(111')" .o‘f""‘."_t:‘h_ve"'_:lﬁex_ﬁ_hgﬁa‘ rpll’eﬁsv'flf‘r'bm"

(2 2 11)., [1 | «

:'.-‘»” .

2 3 ASYMPTOTIC VARI.ANCE QF S He shail dempnstrate in Chapter III that the
1/2( ' A -1 za'..'-

'. statist.ics :T.n. n s' €5, ) and ' T (s <ES, )," are asymptotically

equlvalent in mean square by showing that E(T -T ») _‘ : A\(a'ff‘(j'rn-‘)-'l-,Vaif(Th) ;'_”_(t'}as

‘no» As a f‘irst step towardh that, »1n'th_i$».sefc.t;-i__o_'

variance ot' 'I' . v_ B A

Q r{, q ‘and - Q. denote the following expressionsi

eyl TSR s ey
i Qn(h,.V)'z ): J(T )pi 1 s- 1(u V) .

s -, veog T ud ,_:-'-)pi‘“,?g 1(u v "
! : ‘ : o : " .»‘ '. . : ' ° - / - .

-

Qe T J(%n) 1(“1‘: 1(u v) BRSO




S L
S L
1

f.w;.sb*i[ SRR
AT

b 4
-

(s
R

=]
t

Q“(u” ‘15155 .YJ.(, )pi t,s- 1(“ ‘f) S,

o _’»USIng the above notation and the réct that PR BRI AR

__"",_1(x <u Y, V)' I(X s u) = I(X <’,"u;'“'¥-{-"'<*\7)‘.]"';-"'-i':?'

> 1-I(X¢<u)-1(x >uY<v)

el LTI v uy Y & v) I(¥ < v) - 1(x < u, Y < v)

(2220 mayveredrittenas 0 oo
’~j+;n; Z (n-1) {ff[Q (u v) - Q (u,v)ﬂI(X <u)vdH(u v) 4}::.f' 

f‘f,A,-f'_ k= SRR
T R R RN
f?ff [o (u ). q, (u v) + o (u v) o W v)]I(X <u, x <V)VdH(u v’r

e ff[o’(u v) -.q (U v)]I(Y <v)vdH(u v) ;?f?£¢=j *fii-?ffgfl}i'
‘.* ff b (u V)VdH(u v)] - ﬁn; J1>:f:v
We make the fOllowing assumptions on 3'1:1"””'

(2 3. 3) f J(u v), 0 < u, v < 1 ia a_continuquS'fgﬁction} tﬂ;f=j'-

(2.3. U) 'J(;}liilposséSSés- béuhdéd,¢0n£1nu§usTpartiéi Qerfyativgsfuﬁ,to the

.thirdiordefg<: 



.18

'-‘,‘)

U

(2 3 3) and (2 3 u) m_e'n'f"

the followlng fff”

as ‘n :'4):"’?.?”"" .- co

by

’f5§)1 (ﬁ—1)£o*<u ﬁ& -'qh(ﬁ_

v)] 7, (c(u) F(v)) “h,f;m;

; . ,.w. - .

T(aafff (n~1)[Q (u v) z o (u V) @;» J cfu) F(v)) ;'§3 'n-f.,.J'*

- .' Yo s

J ()

.;,/

(In (é;BgSiiaboVe. : )L denote reSpeetiv&AY. the rirst orderr-ff

partial’deriyatives jk{r;f to,Lhe flrst and second arguments. The notation =

(...) usad below have a 31milar obv1ous connotatlon ) .

-ﬁqﬂﬁffilia e e and. J12

.

RECTEE T RURT L

‘,"‘, . ﬁ- L . "»_ ' ‘ . L. . . - » ‘ .

. - The result follows by using -(if) of lemma . 2.2.2.

U W0 N0 B _' ISR C
i*1 vs+1] 1+1 _ _)] (n 2)

(»Y | an(u,V) - ‘Qn(u’,v-) = K 2 z,[J(—— ’ ) 1 1,8-

(q{y);

L P . .
e e 4 . . . < .

o (ji +1

=1y

'f]By:?aqur“s eipénsioni6f,,J(E%;L, 3%1) ”arodﬁd_ﬁhe-pofnt , =) and;‘

f
E)

f.sinéé,the,secghd derivatfveslare assumed§90undéqjvwé‘havél' '

- s . e Lo : B .




: . ‘A" : - v .: ) : ’ T
L e A h n"'] n-1 '

RIS Jz.(i:—n‘;-,‘Jp(n 2 (” ") ' 0[ =)

D‘
A
C
<
V
.

R D
A
C
:3
:3|_.

4=1s=1 1=1,8-17

,z T qz(f.,s‘n.)pi’}s’cumo< ),

p 13 "E‘ 5 Qn+2 ; g;l) (n-2),
2

n " : 1 )9

ey S \ B
'Since J2 is assumed bounded and contlnuous, lemma (2,2,2)

.(2,3;6) (n-1)[Q tu v) - Q (u. )] ol (u, v))+ ol =)

§ -;3 Q( i= O 8= 0

:applieé to;ﬁne;j -

\.' first term on- the R.H.5. of (;;3.6) anduwe have o v
‘(n-1)[oh(u,v) a»Qh(u,v)]u» QZ(G(U),FKV)]! as:’ n's e,

':'kc) follows exactly on the same' llnes .as (b)

[ S

; (d), From (2. 3 1) we_have'*'vf d~ SR f'
| e R InE : 1 s “( -2)
- Q (v, v) - Q (u V= YT [d( 2)-uE, 2, {u,
| S 11s1g“ nee !

Since the seeond derivatlves of J 'aré,:aSSUmed'bounded;_the Tayior'expanslonhof

J(1;1 . §); around (%,;fgj yields

- - Lo n-1 n-1- . & e - A
N P 1 rei (n=2) . 1
=Qn(“!’) f:Qn(g'v)‘= o D) ( v ?121 M7 (U V) * 0(-5)

ﬁ'softhétf»'

- .“"i_: . . .f;"f "W.}; n~1 v ‘f.}‘i (htZ) = i
(237 -@ﬁ.7’~{9nf9'v),.'9n<“'v 1]_- -1 L 3,5 3 )pi Voo 1(u W+ old e
. sinoeﬁ J 1s bounded and continuous, lemma 2 2.2 'aoplies tolthé'flrSL Lerm on

the - ‘R H S. of (2 3.7) agaln as in the case of  (2.3.6) and we naveg

(n-1)[o (u v= QG v)] (c(u) F(v)) as a’#!:."\":.aa'

’



-

. LEMMA 2.3.2. - Under the. assumptions of lémma 2.3.1 ‘we have .,

3.8 g van(T) =P

‘where oo e

(2.3.9) taz(qfa)ue 1 Ja(G(u)~F(V)]v2dH(u'v).
. ffff[ [G(u ) F(v, )) NCICRE Fv ))[cﬂq;Auzy'—-c(u15q(q2>]:*'
"+7J2(d(gi),Egvi?)dé(d(uz};F(Vz)][FfviAvé)-ﬁ(yijf(yz)]:gb:

 ._“5124(0(gf)'F(?i))J;(G(&2)’ F‘Yg))[l(u <u -G(u )]

+20(etu) Fv )y, (c<u ), F(v ))[I(v <v-Fly )1

. 2J;(Gfu1)fF(?;)JJ (G(u:);F(v‘))[H(d'.V')-G(u’)F(v‘)] .
"‘»J(G(d1)’F(Vi2] (G(u Y, F(v )]]v V. dH(u1,v )ﬁH(u ,v )

o

- - ‘?.' » . . . . R

‘PROOF:*  Since v(xk,x ), K = 1,2,...,n are all independent, from equation
 (2.3.2), we have | .
(2.3.10) - Var(T.) = n var(s )

AT
| - Var (A BT D)
‘where
ST Ak'f-¥k9n<xk’yk)_'A .

(2.3.11) | R ,
S(2:3:10 T . E |
B = S DG, () - Q1T <ulva(u,v)

,:flnzo_J;¥?¥  3



©. final limiting expression for Var(T )

~

" see that

e

ff ("‘1)E0 {u, V)-- Q (u v) + Q (u;v) Q (u V)]I(X <, y <u)vdH(u v)

Dy f= i (n—1)[Q @, v) Q L ILCY, <V>V°“‘“ .

’"

We shall first obtain the expressions in the 11mit ror each of the variance and

covariance terms on the R H s _ and then put them all together to obtain the"

.;;u~ ;:ﬂe,',q,‘-

4

ll

B ,‘Var(A'k‘:j" ff v [Q (u V)] dH(u V) - (.”,., vﬁ‘;;’(uyyf‘):dh'(u,v)‘;]'2

‘ e\IJ_V_[dh(n,v)],dH(uiv)f

s‘: lJ_'

N

TR

‘Since-fjlﬁh(u,v)|;< sup IJ(x,y) J X o, and EY? < w,- ankabplicationhof-f

. Lebesgue Dominated Convergence Theorem '(LbCT)“ aiong'uithfbemma 2.3.1 - gives .’

(2 3 12) ’ Var(A ) _ o : i .

x ff J (c<u> F(V)) dH(u v) - ffffJ(G(u ), F(v )]J(G(u Y, F(v ))

v

. R S ‘} 3f ' ‘
XV Y dH(u; ,v )dH(g2IY2)'

1 k\

© Now oniﬁsing;Fubiniﬁs,theorem‘;o;take the»expectation ihside‘the-inteérais we .

(2.343) Var(B) = SIS (G (v ) = QD0 (G ()0 (v )]

B

,f[6(91A“é)'q(u1)qx”2)1v182adH‘“i?V1)d”(uz'vz)‘

By assumption (2 3. ) on J and (2.3.7)}_wejsee that. (n-l)[Q (u v) Q (u v)]

isf 0(1) and’ since s(y ) ¢ = ~ LDCT applies tn (2.3.13). -Hence an



S T e RN
‘applitation of: LDCT along with lemma 2. 3 T yields R

“'Aﬂ' ffffJ (0501)?F(Y))Ji(Q(@zzi?(féf)[g(ﬁiAuzlfC(ﬁi)G(ﬁé)]'}f”

v1v2dH(u1,V )dH(uZ.V )

uSimilarly, an application of LDCT along wlth lemma 2 3 1, also gives gﬂ(
L y‘ | ' ¢ SRS ‘ ' s
. (2.3.15) kim Var(C ) = kim ffff(n 1)[Q (u ) o (u1.v )+o (u1,v )- a (u,.v )] .

5‘fi3;x (n 1)[0 (u ,v ) = Q (u .v ) + Q (u .v ) Q (u WY )]

[H(u Auz,v Av ) H(u1,v )H(uz,v )]

N

e "‘””gf,Y1Y2gH(“Tfyf?qH(“??y2)f»'-’ “;:»'

'f'(2 3. 46” k&m Var(D ) = h;m ffff (n-T)[Q (u1,v ) - (u v )]
B R R B TN
' ‘ . '. . : - x. (n 1)[Q (U ,V ) (uzyvz_]‘ : ’
Iy

‘5*:’*.”'.

S
[F(v . 2 - %k( IF(V))

vy dH(u 'Yi)da(yszZ)V ,

- 1515 [G(u ), F(v )) (G(u s F(v ))

[p<v w,) = Fy, )F(V )]v AdH(U{sV7565(%gyVé)rf

.

" Now from (2.3.11); we have



S e e T
R

: C e

. E(AkBk) =”[v16n(u1 ,_V'])][(n 1)J'f {Q (u2,v ) %‘“z"’z”““ <u )]

.. v-:?'.‘ dH(U1,v )v dH(u ,v ) f;;’.*

ffff g (u1,v )(n- 1)[0 (u s ) Qn(u v >];@g;§gé)§iyé3;Tig;j;~* -

and i Ll

"

v sy

n

R (iz"‘».'v-f)dﬂ.(?j,. )

(ff(n—1)[Q (u v, ) Q (u v, )]c(u )v dH(u B2 )) B

ffff Q (u ,v )(n 1)[0 (u .v ) o (u )]c(u )v Vs
7»x dH(u1,v )dH(uZ,v ).

:Qt“AgaIn applyin8 LDCT and  Lemna 2 3 T ylelds e

<.12'-,3-'*7,,>1:< j‘;ampo‘v‘(?*k-é?ki- - ke 1 '%(uﬁ,'*ﬂ_@f@IQAw )
7 (K - o s, v ot

k. =jffff;J(d(u15;E(v )) (G(u > (. ))
V 150n.the same 1ines, we ¢an see that E

.(2 3 18) him Cov(A ,D ) - fff J(G(u ), F(v )) (c(u )y F(v ))
' o [I(v <, ,) - F(v )]v1v

ggégl,j1?dﬂ(u2yyzlfi-*

Tl

N :'i' .
LR

S _3°i' : : k [I(u <u ) G(u )]v v-dg(uT,vj?dﬂ(ggﬁyzi{éﬁiJ;

-
h



e g |

Wl

kim Cov(A ) o

Y239 | kim Cov(B .c )

ﬂ
O

o

s e np

;ff (2.3.20) k&. Cov(B ,n ) =-k1m ffff (n-l)[Q (u B2 ) o (u ,v )]

']’j'x (n-})[Q (u ~y ) Q (u v )][H(u *V - G(“ )F(V )]
Uk Viv dH(u1,v )dH(u ¥V ) '

""3€¥’IIIIJT(Q(QJQJF(v ))qé(qxué),pgv2>)
[H(u1,v ) G(u )F(v )]v v, dH(u1,v )dH(uz,v ) B
‘;;iThe lemma now rollows by . using (2 3 12) and (2 3. 1u) ﬁ (2 3 20) wlth

- -

'f_“(z 3.10). e f,Dv‘i



CHAPTER III

ASYMPTOTIC NORMALITY OF: S

.

‘; In this chapter we. prove the asymptotic normality of S - as defined by o

:_(2 1 1), in a’ properly normalized form.: This we shall do by first establishing3'

' f;pthe asymptotic equivalence in mean square of T -and *T . and then proving the’fvv'

'1:asymptotic normality of T where T and T o are ‘as defined in section 2 2

v.._(also given by (3 1. 1) and (3 1 2) below) A sequence of rv's -j{xg};iis_?[" o

"-asymptotically normal with mean ’“n and ;varianoe‘ s§73if fdﬁ > 0 for all

' sufficiently 1arge and

——-—-—- - N(O 1) in distfibution as. n+we '
E -'X'-u o fl\'\ S T T C
1.e.,  |P(=——¢ t) = ¢(th| +0, as. n'> e for - = SE<e,
e 'n : : A S T g L

" -where .@(t)” is‘the standand normal distnibution’funotion; SN

',,Inlsection 3 1. we state our ma1n results and establish the asymptotic

f“,eQuivalenoe.dfa T, and T while using the results obtained in Chapter II. The o

proofs of the main results are given in seﬂtions 3 2 and 3 3. v 't<\ ,

; R N . B

1

' 3u1 . asyproTIC EQUIVALENCE OF s, AND Asnt. Let S, and- 3 be as :Ivef -

\CUb® (2.1.1) "dnd  (2.3.2) . respectively and let . =
. .'-.‘ ‘,' ‘. ‘. » | . | "\_’ —‘ "-l/z . - . |

Ga s T e »(sn ..E‘(‘Sn)]‘_‘_

) ,. . ’ - . A.' 1/2 - A ‘

(3.t.2). .~ T =n’ (5 -E(5)) ;



" Theorem 3.1. 1. Assume that E(X 2y <a and E(Y ) < ®, Let\\J(u v)
.thhu;Vv'é'l be a bivariate score function~satisfying assumptions (2 3 3) Cand

vd(2,3,h)., Then, if,_H is continuous and B (J H) > 0 1]‘};: . mﬁ~f‘i:jijt

: Theorem 3;1,2;‘ VIflthe function vJ.’in-Theorem 3 1 1 above satisfies - fﬁﬁﬁe

26

‘_:"\

”'=fﬁi o

'fas'derihed'in~sectionséf2 In this section we establish the asymptetic' ff:';-

, equivalence of T ; and T ’ in mean square. But we first state the main

-

result'of this chapter, namely. the asymptotic normality dT T as Theorem 7’

. f3;1u1h and the two important special cases considered by Yang [22] and

Stigler (17] as Theorem 3 1.2’ below ~:_;7'”

"E(Sr) T SER e T T

("ETE‘T') DO, T

[}

——m . § e— . NI

as’ s, where, o (J H) =11m nVVar(sh)j‘1§;33131Vén by (2.3.9). .. V.,

o ~(ai7',J(u v) = J(v) O'< v < i then the assumptions -and conclusionsrof <%
S PR vl D - o"o .
‘.Theorem 3 1 1 reduce to those of Theorem ’2 of'stigler £17]» '-;?,

. ~
: g el : SN SRS
.

- with g (J F) given by R -Iﬁl'_;‘*: «faa\,f'iﬁ C
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'-*3.2 ASYMPTOTIC NORMALITY OF S . quthis sectiOn we shall prove Theorem

,_331,1 whieh esthblishes the asymptotic normallty of S .

: PROOF OF THEORBﬂ 3 1. 31n¢e T" (s ES ) and T ;' 1/2(5 ES ) are?'

asymptotically equi¢a1ent %n mean square, it suffices to prove that T ‘fisf
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o which implies that n
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3f‘where A 1ies between [%ﬁ and G(u) and A 11es between
{f5 0n using the appropr1ate relatxons from (3 1 33) and since J1, J -
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 PROOF OF THEOREM : 3.1.2.

“;(197u) and Yang (1981) under the assumptions J(x.y) = J(y). 0 < x, y < f, and
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ff”ﬁqw_beipé 1{3;3,3)" (3 3 5) (3 3 2) we see that
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V(S ) glven by (2 3 9) reduces to LR
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CHAPTER IV )) ”;’ e

N » This chapter essentially deals w;ith t'_e consistency of a nonparametric
e K ] : *) . '/ '.
estimator Q (A), ot‘ the A quantile 0;< A < 1 ‘, proposed by Mehra [12]
, Lo o :

(See li 1. 1 below) of the c0nditional distributibn ot‘ Y given X X -

"Certain preliminary results obtained in this regarld are also referred to in L '
Chapter V. In section 14 1 the main result of‘ this chapter, namely, the

consistency of‘ the estimator Q (A) Ls sta&ed aloug with«a brief‘ outline

'_"of” 'thelim‘ethod‘ af.- proof and; a useful decompos{tion "of"l)'. 0h . (A) i is. o’btained R
. ' R v _ SLCHE ST

e which s basic i‘or ‘hll bhe subsequent results. In section A 2 we def‘ane L

the conditional emp,irical process ahd show that 1ts supremum is

tochastically bounded under certain conditi-onsi "’I‘hough this result 1s
4 / Q‘ ’ . T
required here only in proving our main theorem, 1} may also be of some - - P

:independent inter(*)est ' Sections li 3 and 14 ll ‘are! deyeoted to prove some.

f‘urther preliminary results and the proof‘ of‘ the main result 1s given 1n

u1 THE ESTIMATOR Q (A) _{.eti‘"*f (x"1 ,Y’l'),‘-()('?'”23812‘)",‘.;.;,.r,'(,x\r"l,'i.-n). be -

e

‘independent and identically distributed rv 'S with absolﬁtei‘? "COnti'nug'_v L ‘

'v‘cumulative distribution function (cdf‘) H(w), and contirubus Joint

'vprobability density o%mction h(x y) - < x, y < Let SO ) _4“ —”‘
: <<e..< X denote the x variate order statist?cs "'.and
4 (hn) - (Z.n) _ ( ) : TR ,
‘ Il n]' Y[2 n)""’Y[n ]_ denote the corresponding Y var}/ate induced drder }«._’
statistics. .Let_ {a } be a sequence of‘ msitive numbers such that ahj» 0.
: . Q . ;. ] . Tv ‘ B »
g as T oo, The following estimator Q ( ) is proposed by Mehra [12] as'a: {;
' ) i



'-nonparametrlc kernel estimator of the AFh quantile of the conditional

oo ,;"‘..~»"? S ( ). =
Comaa) e (). .;‘;E-K( {azn)

tfwheré G ( ) is the marglnal emp1r1cal dlStPlbutlQn runction of

'Adistrf%utlon of Y given :X_il Xy (for_-vw <Xy < m, 0 < A < 1)

G (x ) {an X, ( [1 n]) | tf;. iff

<& Kl - — = ~’ v
o mal. ié?l‘f'if*inanﬁ,f S oA [1 n] e

CX= observatlons,
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l-'onbsényétions'giyen_ x'=230 oefinedfbyf,‘*=:
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<'(pdf) dlth v(u & v < 6) ‘Eounded part1a1 derivatives and has
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Let G.g(F f) denote. respectively, the marginal cdf and pdf of -

;,X(of Y) AlSO. lét F (f ) denote the conditional cdf(pdf) of.vr 81YEHW~‘, N

0
o

Lo .'.x._."Th'e_. :x;;th q'uantiAl'e‘,-ok'_f‘_t'h_'e' ;c‘o‘na iti:o'na'l":d'is_trfi'b"u‘t'j_;on: ;of'f'_'z’Yw given X-'= TR

W75t Q) = F2N(A) = nffe: F o) 3k, 0 <t
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'*The main object of this chapter is to prove the consistency of the estimator

(A) viz.ﬁ to prove that Q (A) p» Q (A) as 'n<’ w, 0ur method of ‘:? ;:E.dfy
o»__ T X XS e ‘ T

'pno0ff1sfas:follows: Frrst}»wd‘shall decompose' Q... (x), dby theuTaylor7»g,:-:;k'L
9rO0F 19 82 folious: Firat, veganall docomposs (1), by the. Taylor

_expansion usinghthefdiffenentlabllity,pnopébtigs:off{K;aas g jiiﬁ

L N A L R
;;den1Vatrve;tnenms-and"-R includes all the terms with second and higer order

L e E -

d'eriimtis}e's’of K. Using the dif‘f‘erentiability properties of K _thef'&’j, ,te.,,»_m -

'Ls rurther decomposed by the Taylﬁr expansion to 131:+‘I32';‘l30+ﬂﬁ'n;: nhere.
R o ' & BRI " R .
'”I3i- and 132~ are. respectively, the “constant" and first order derlvatlve C "

o N 1
- terms with resqsct to 5K , 130 is’ that part of 13 termvwhich does not
. . Q

=
'"1nclude K~~ and~-R' includes all the terms with second and higher order
derivatives of K y, SO that we have the final decomposition or Q (l)*
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We shal&‘ asﬁte that E(Xg*) <= and E(Y )< L) ”throughout Chapter's

: We also make tﬁe fQ}Lowing assumptions on . the Joint dlstribution p )
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Y1,n - 4 n*

n,x and }[F (y ) A]
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*f l | [vl < 1 Then the following Taylor's expansions are valid for

sufficiently large n, say, n,) N.'

LT POt b TR I IS AR
@l Sl g i, owh.

.le2(?¥>'-e“:F}3- S .f".f ( F oy (A‘* a. v)) ;* fjangD3v*ﬁ?hvnfa:u?bh
' ‘5t‘vi ~_' + azuvD5 + 0(a3),'

e h[Gjp(G(xd)‘f_é"u);QF,l (A+aan]_'

LTI e -

‘ ‘g'agnvDs + 0(a3),

S e e st

where iD= Dy(xg,A) = T

.‘n(u;1;2§{i€§_;_:vpép, P2§¥o'*?‘% - r;O(v O(A))/Zf {F

» 03.= 03(x .x) = —5?7)[“ [,x .F g;))—x.,g_.(g_o')];

oW :;‘. R AP ‘continued -



b

(h1.26)

|.> 8=D (x )A) ="

(=]
i}

o
n
U
—~
>
o>
~

§ = Dylyih) —--—u—l————{g(x )H [(x % Fl (x))- 33 (x,)
Lo Zg(x)
S {m

. ',_:x 'HJ( .F (A)]- x{g (x )%(x ) = 3(g (x )) ]]

S

H21(x- F o) s

el = : Ol Xy i B o o
5 -.tDS‘(_*o’;” o ?&_ o e L

AT A

SIS W
- Dgtag) = -

ol L F O )g () gRx) o

(o))
I

QX .-
<o

R o %o

o _‘-.‘g(x'o)h (x ,F u)) 38 (x h [x‘(').,:p';

2g3(x b h:(xoi,,.Fx‘(A)_)..v‘ |

S0 .A e" :

S » s o LN N Wye

. Blxg
T A VR
h12(x F (x)) . g 0x )r (rx.,‘m)._-__:,
*s . , . .o "o :
xo.Fx‘ (x})]

:. o

n?(



‘ :By:l'

=
x, POU R yiek
ERON R S "ﬁ"ézv

“;'pgoofgf(i) J_Fiaylbﬁjsﬂéxpansibn:qf?.E*;},aboﬁt fxf yfélde_*

Gy iy
ST F*:()*?:Y)”=4F (A) + ‘, — A
B A R

. .1x .
MR OO :v"_ 0

H1(x,y) ~

F (y) ——ET;7—~— and hence L

i) g;ﬁsg; notettnga weléah weite oo 4

::H;I., (G(x )+a u) (A+anv}J_‘

O

e (o) -
[G(x )+a u) x L},

L
v:.‘
J

1the Taylor expan310n of the 1nside functions first

T 'u ! 'fu '4 . - 2 2 o
.'[x e ' Y -

>”7,Hj o' g (x )" o 283(X )

g (x IR O(a3)

fij‘.  :
a2

el f“‘?‘q.’f%&'”

..‘0-x

‘a v

mr L

;q %o

P A “”a’-"“‘g)}’?’ ‘

ff2f3l( (X)] x 0.
L0 o B

e ) S BN R S
- Now ‘expanding -Hj"about (x { (A)) and’ g about X

N UE T a u ,-ranu o : (.3) f(' 3;
glx x.'. )+ Q{a ‘

: -2 2 .

: Ty o au. afu g'(x )»- -

= | (g (x)) ( Lo )y (x
T _ . : g(x ). | 283(*o’>'" 1

o’ x..
0

,F*?(A))“?

~continued vl it

o

(F (X))" .7“' 



22 2

:'r; (F O(A)) H12(x ,F (x)) —-;2;44- (x .F (A))

(x)) Yo o 232(x ). ‘

,'f;*é§UV‘I'- ,‘;"'lif‘a' o
——-——‘———— 1]2(x .F (A)) . O(a )
h(x (x))

| ; 2h2 _,. | |
I R R

(8(x))° + —— s(x ) + o(a ) |
. Co 28 (X )

=1

i " . o arv :
vt (kg 5 m) —— ey (xF
f'gi(xo)f" o , o n(x X F O(x)] Rt

n

[ R L [g(x M, (x JF (x)) —ng(x')u"( (A)] S VN A
o 2g“(x ) 2o L 3;9‘;1 o ) 2n( (A)]f ( ?(;)J~ |
gy e NPTt o . Yo Yo

£, (7 (A)) 122(x .F ()2).7-fx!(Fxggx))H12(Xo.Ex.(l))}4

" ‘a UVH112(X .ﬁ, (A) 3 _ anu _ 2 2 E B S
‘.A‘:'_- "':’j'--+ .'L = U . . O(a ) I S 8 (x ) _ .~—_— ’g'v' (x ‘)é(x ¢)
it h[xé;F (A))g(x ) L 82(X ) °;‘-_zg“(x0)‘ SR

PRI e f<-,»fi~ iﬁ*"k o .m\f'ﬁf' , -7”f- L oaferdl 2"+" 3,
RS N R _ 3(37(xoo) ] ‘O(?n)l"ﬂ'

T FRRPE M N S A e PR o S 22
P e R ¥ AR atu®
X 5F (X))— _Xg'(-vxo)):"t ———— H12(X .F (U) + _ﬁ——
(R ) C e XQ T ,h(xo,Fx (1)) S .o 2. (x )
" e "' "‘.'_’ ,”’“‘.‘.”;"‘;,”.'t,"".vv‘ . : : o : ‘ - » T -

f ’?'l:‘ lf(§?)n**( ¥ (x)) L#b{#;;(X?)S?}#é)%x(sﬁ(fq)g(xo)—ffgi(xo))2]}’

) ‘.:\ ] et

B e t e B . . . LY ) . A



2h(x ,' EY)E} (F (A) }[f (E o(x)) 122(x _? Q(A))

-;f: ._ S TR ”—J BT o ﬂ;: o
H112( _xagx{) e (xo) 3 S
nlgF ))el) gfryy

o]

- X .
; 'XO o

e 12( *;.;m)]";'a‘.ew_
. o .. .

n
,};j
200y =A-h(x,y') .

"l o

*N 122(X'Y) gy h(x.y) [s(x)f (y)] g(x)r (y) |

“theléoeffiéient;of .ahv. is equal to one and that of aﬁvzv'is equal to zero .-

- 1n the above expression and hence is (11) of the lemm&!

(111). - Proceeding.on the same lines as in (ii), we have

= :”'-v.fi S P

: : 3[9 ,(G(xo)fanu)]fx.[va(AfanV)]
o . T To

O “ ; S T

o ) (“sH

h(x_ ,F_(x)) + e :

ety g(x,)

ll

L2

e

22 2 2

;‘.1 ] "o ?:1 KR A
—_—_ F_(a))th,(x (A)) A W (e F )
Carg (Rl0) o Yo 2 o 282(x ) e M BT

continued .



Lasuv
(X)) + —-'-—————h

,9;: ﬁ'_? h[xﬁ F (A)}

12( ,F (x)) + O(a ) 1_l

. i.

Lt )2 O, "x ) s 0(a3) e en)
o 2gz<x ) o5 S PR Ak e

Yol Ty

(F, (x)ﬁl)‘

au Mg B ) hz[

B ﬁ(XI,F (A))
' ° I s SR + ne

(A))

R + - - . v ’
g VR . N I

slx )t (F ( (A)] : 8(%6)‘h(x0§Ex'§}))wu relF 0] h{x JF (A))

A o Yo - o 8T . A

é"'..‘ s

- f";&. e 27é5;f  \ g(xo)h (x ,F (x)) - g (x )h (x .5

=PRI R
"‘_’,ﬂ_'L-.:. R ’ . e ‘O . S,

(A)J [x WF (xi)-f' (F. (A)]h (x ,F (A))
o . o '-.o"-v.o- _ o,,
I | ‘“(*binb‘ﬁ?)_;

oontinuéd' L



[xv,F

. [ (x)) (F Y

*o Yo %o

—- 8 ) 700) + ot

TP
o(-“'» g’ (x )

2 2

o | 28 (x )

e To

33 L
an) L

-

oalve 2(
-~ %n

i ?0;;(; (iT":v

[s_(x )s(x )- 3(3 (x )) ] ‘7f

—i,, o 51’( R
(x)] T (px.(x))

o o To

Lfﬁ(

. O

(A)} L 8lx )’ 1

(F (A) h(‘xo

.‘.g(xo?hj(xg,Fx (AZ)_-J38’

(Xo)h%(xo X

(x) ’rx;(px () |

8"(x )g(x ) - 3(8 (x )]

£ (F 0, (x ) F

3
h(xo,va(

N

V) e

B

7o "o

g(x )

Dy (xgF, 0] e

ST
F (()}fx

0°."0 S o-

o ot K - N -(1 ‘ - ‘ N
;-h[xorF&'(X))g
‘ o

(¢ m) - 3(r; (¥
‘Q O O

3] e

o no

o

uv

Dl

( (A))
>xo %o

-1, N ," | ,.; f(
xo.de(g))fg (xo)fx.(Fx

0

+ 2 .
120

(x))] + 0(a3).<
Ko

-1, ’
X, F (x)) :

o '



fif?vz(k),f7£§3{.5"2’"h'v

f;fifSineéﬂfHki;§

MmO e s me ne cswmem,

B3

‘-{€we see that bhe coefflcieﬁts of 33

. r”

: and arzv2 in the above expresslonnf.ﬁx”7

‘“ige both equal to zero %nd conseqnéntly (111) or the 1emma rollows. o f_4 Q""

“]-y;;;'_. THE cowo!lhONAL EMPIRICAL PROCESS ,{ﬂ (y). m<y<o} in phisﬁ

:sectlon we shall apply some results of Stute [18], [19] and the crlterion

of tightness of a sequence of Pandom funct1ons to show that the supremum of‘

o nthe nonditlonal empirlcal process defxned below ((u 2 1)) 13 stochastically 4~, e
' bounded *l-_ ~eg{_w'3 = &,jtildv . »_4' N ]_ :g,ngi L - b

e'Let' X, YSJ;“ .1.2,....n, be iid with absolutely cqntinuous

~;f-cdf'IH(x;y) and Joint“density h(x,y) Let G(x) p(y); p;(y) denote tﬁe -

marginal cdf of X marginal cdf of Y and the conditional ~cdr' of Y

i

given ‘x“='x; respectively We define the conditional empirical prccess‘t
(y) S o ;?"ﬁ-;’:.“' S T o I .7‘

(4.2.1) @ L (y) = (nan)’/ (. n (y) - Fx(y)] ’7'°'<_y Cmy T

o

IR : « G (xj) Gr(xo) : L RERUUETIR I
- where- i x(¥3 nan; Z K A \?‘I(YJ vy) 'a5(d9f1“eq byf(571’?)’f“5




" J
;gdistribution H ar'e satisfied a‘rid K satisfies hsSumption (ll 1 ll) with

. ‘na.; @ "but na’ ¥ 0.--.;.

P L T PRI £ . I
QLEMMA h 2 1 Suppose assumptions (4 1 11) .‘Jz gﬁ 1. 15) on the jBiﬂﬁ{”‘A7' f”: 

t {a n} be any sequence _.of_»positive number-s such that »n-'"; 0_,« RN
K '4: ',-".‘”}':l - - R .: C L . "' ..‘ %.-;,"‘:;r *

==

2.2

©+ where L. (y) ' is defined by’

[N

e aen
L‘... 5

. PROOF: . Define 'z = F.(Y.);'i & 1;l.g;n and let = R (y) -w<y<m ,"‘”

»'r:_
l

Fx,(Fx»(p))-th.

4-«_- ’.m ( ,y G co} | co

’"»ifobtained from (x YZ) 1. 1, 2,.'.,n weimay as. well study the traﬁefgﬁméd_}; B

' conditional empirical process "[ (t) 0 < t < 1}' obtained from

,nx
o

weT

(X Z ) ERe B 2,...,n. namely, S

*(4;2;3)"Q"n:4x(£) (na )”2 [F (t) = F (t)] - (na ) (t) t],
' ' o o X5 Xy

. Hhere. _-Alv.v-_ .: v. _— -' . . . '.i - T L - . _. - ‘, E b ‘ . E .
. L *' SRR G (X ) G (x ) SRl ‘_N ’ - L .
»(a,g.u) -'fgn;¥‘tfi ey : Jz K.( | ‘an[‘ : )I(ZJ oF ;»10'§5§ £t

1/2[




R RR TR St AR g LI L T e
'-jSo it sufrices to show that Sup | H v(t)l = 0.(1), Let H - and H. "o oo

Lo

o .denote, respectively, the Joint cdf vand the bivariate empirical f'*”'f‘"j;;

';,;fdistr1bution functlon of (X;Z) Observe that (u 2 3) can be rewritten as

o e N : "'.é.';a}"ill.hn . R S B
'a;(u 2 5) (t) (na ) [an’ffx (——= °y I*Z(t)dH (x z) - t]
L e T T e T
- Since K is twice differentiable, the Taylor expansion of: K*} I (4,2.5)
1fyfeids j'~ , _ : Do
. G(X) G(x )

(4‘2_6) '.'nr (t) = (na )1/2{ N ffK (‘D - 3 - O ] I(Z(t)dH (X Z) - t]
0 ' : T A e ’ o

T B s
B R 1/2 =2

" G0)-Glx )

o+ (na ) ff[G (x) c (x )= G(x)+G(x )]K Al

‘ .'n ' .';.
(- . T

i o T
o T(zgt)dn (x,2) -

"*K*TYA¥'n);ef,
[I[G (x) -G, (x ) G(x)+G(x ) e

'..gyﬁ'(na )1/2 3

i e T T U M
B T PP  ‘ R R -.dv-I(Zitjﬁﬂn(”'Z)‘u"

. G~ -Glx ) | R
e )1/2 n1ffK (——) I(z<t)[dH (x z) dH x 2>] B
T e V;v3. _n o : bl . |

' . G(x) -G (x, )
1’2[a 11K (

=) I(i<t)dH (x z) - t]

a , 'T:Hf :*._;'5"~
e _-n‘ & . e S
1/2 2 g ¥ L' G- Gx ) L
ff[G (x) G(x )- G(x)+c(x )] (=

R (na R — _.“
. A

R T
I1(z<t )aH (x,2)



: TR e

L | R A FEREEE
S 5¢_ (na J 3 II[G (x) c (x ) G(x)+G(x )] g e e

B TR T Y ltewmeten o

P P R
R ='Un{X(F)'f*vn}kKF),+'wn}i(p),‘jgn.xgt)'ef'gay*'f.ff'
g Ao =6 (v 3) and cam Mo G-Glx ). We shall
, where A&4i Afes between »an,(o"(x)’on(xq)) ‘évq'ﬁan (G(n)_q(xo)]l, ﬂe sh;ll_
. f:uv N . : o o . ;. ‘v . : N

prove the lemma by showing that each one of éup ] U gt) | B
,HX - .

AT o 3 n S 0t e
ST T

“Sup. IVn x(t)l Sup Iwn x(t)! -and 'SUPv-l,ﬁn;ii?);|c ls‘job(1l,. We ‘consikler

0<t<1 o O<t<1 T 124 23 B N S P

,th);;ﬁ{rsta_Nsrﬁ.- T T e
SO e T S R oo

(u 2. 7). 'sup“-;:pn x (t) | (na ) 3 ff[G (x) c (x '—G(x)+c(x )] Cemd e

O<t<1 - o T B L L ° e

-«
s

‘e;By the same argument as: used 1n 1emma ~1f of‘Stute [18&;- 1t follows that the. A ‘7k

R H S. oﬁﬁ (k 2 7) converges to O 1n probabllity as n R m,' Because of

. ¢
.

) _"the rrequent reliance on tth argument with réSpect to~severa1 other terms also
""_in the latter part or ;his chapter we reproduce 1& mere for oonvenlence once f}

-

‘-v for all Since K has compact support, say, [ 1 1] without loss of L B -
””.generality, the above expansion of F (é) holgs true'wlth integration
S ML ¥ , e ~° B .& ‘ e -

s restricted to those x for: which | G (x) =G (x ) [ <A The e

-:-“

g Devoretzky-Keifer-Holfowitz ’1956) bound for the tails or ' Su? | G (x *G(x)l
.’;«b N ‘ . e . ' ; . :



-y1elds that for given e > 0 there exlsts some finlte C > 0 such .hat
. » » Lo v xﬂv .
'ﬂSup | G (x) G(x)ﬁf < C n (? for all h;' up to an event of probability less SRR

:“;than or equal to ; Let thls set be denoted by A '»On75A33'7ﬂ‘f.
flG (x) G, (x )|<a . 1mp11es R :“; ' {ﬂiv ..fﬁif- Cenens

|G(x) G(x )I |G(x1 G (x)+G (x) G (x )+G (x ) G(x )I

e e T a
< ' —1/2 R

: ':_'}f,i n f 2C.n vif.c1‘ n=.

SRR a .‘fi*“ﬁ che g e 31" Zbi:_ L ﬁ: fs;u

. c e o N2 st R R TR L

-;fer;some 5C1q<-w_ (slnee::(n ~1§h)_;3 goes tQ;ZSFOvGaS( n o+ o), Sl

-

" '”r

o

~ lemma 2.3 in Stute [19] assertdg

X = sup

w28 s
B {x [G(x) G(x ;':f

(na ) |Gr.;flg~‘x_>'—-cx'~l(xo)—)G(g)w'_cj.(xo)|
lne?{_< ;_-5_-"f3,v.! o

'ef‘fis 0 (1) n >, Hence,,'ffém (u 2 6) we have _i=  . v '
82 ]

(N 2 9) o Sup | (t) f < (na ) ) fj]
i O<t<1 g~”?f.o et 5

LA ~ .."
.>«“A ;

——éézf—dl- | dH (x Z)‘- on the - .

set” A_. -Since K  is bounded@}jB" x*-iisy'Op(f).:na?.+,bf,and;_e 1s ,f"

“‘o,“

B _aﬁbitrery} Ethe.‘fR‘H?S.-"t'e'rm 1n (u 2 9) converges to zero 1n5probability as .
o h34m_; and hence so does : Sup |;P ‘.'(t)nl Thus we have AR
: : , n,x S
o e 0CESH el '
(l.2. 10) ‘s"%up e (t) | 0. m SR
PR 2% ;~;1 . e

w




e

-A". Sl : ' e ,,—--»‘,‘_..-.

3i ﬂp have Sup l - (t) [ < a ff[—%—]j/zlc (x) G (X ) G(x)+G(x )l
S i o<t<1 v],f~°“. Lo S

¥ [Q_;tﬁﬁfqﬂﬂ:'tVﬁ§f1_ N R T :;lx_ ———5————9—]}dH*(x z)
R S T RS e S n- :

g

o R v L B o
s BY the -same- argurnent ag'?ysﬁw at. (14 2 7) above ~we:can wmte S

FRSY

oy

Stk ;1ffﬂl-%-} Sup |W ntx (t)|< B '%JF"¢ﬁ,x"“a T

0<t<1-_ “o {V><‘o» X 0.

."..v_'fi‘;i%_ _ if*f;"'-dl o f' ’ ,;: f;.v ' V_G;, _:_ ’ i,"].dd?f"'.'i
”f”rfﬁheﬁe jBﬁv*uli{s aé'giv§nﬂby (U 2 8) and BRSPS COUN LA
S TEaXg T T _ . AR
R G(x) c(x’j n sty
Sy e ff[K —3— ]|dd (x z) = "z,{x ;( el |
Y o u_n e ﬁﬁ-, n 1:1 e

R A
)

'-: Now, by the Markov inequallty, ﬁor any M > -0 _:j”: .#3_a

B

'@ﬂﬂ;"‘f

:" G(x) G(xo) S
A ]IdG(x)

et

L fiK},(u)Iduv- c .u.°'dﬁfu. P T

» e

o e RV W =y ;; - ‘ ' oA
vsince-xK. is bound d and vanishes‘outside a bounded interval because of

Hence for any : 0 the R H S‘- quantlty can be made«

Tasmpudflul

. K by,bhoosing M sufflciently large which proves that Tntk is 0 (1). '

._nib;grso"ob(l);.it}n¢WffoL10ws;frpm;

;(4 2.11) that

T

(t)r om B

0<t<1 “'x

S v.,1 G(x) G(xo) R
. Observe that. = .a, fxtif. ) dG(x) =_'»"' gy (u)du.

1 . VL‘..‘ ¢ o o = I C B '(J_;‘ L R

(1G(x))/a

o -G(x )/a ,.;" o 1;¢  3:~§‘T



e o AT

.

n > n . Hen"_

.*u 2. (;fﬁ vii'

(ﬁ) = (na )1/2 f K (u)[x: (L)+a uD (x j*azu Dh_(\x, ,t)-vo(a3) t,]

ogeer o

% «

(u 2. 1u) | (t)

P
L}

' = (.nan) - f Kv .(L_‘,) [

wher‘e the 1ast equallty follows upon tr‘ansf‘or:matiorx ot‘ vamables Now i, slnce
T

\

expansl on of F

s

](c)

_..0

'-D3(x t) =

(

na

.1/2 K
) . .a f K":i[;‘j», a

T TR N
o Since;K y‘naanoundedrSupport (E 1, 11)

we may wr'ite f‘or Lo >

s

[G(x )+a u)

2

Y

.

o<tet

R
T

28

qu (u)du = 0. and na5

'JS“p 'ffvn:x

(t) lw?f

_v,,.

0(

-1

Cas’ in (ii

=1

,:whehef‘fxsee (u;1.26)>~-'”""‘°
LT R

——4144—[ 1 (x t)

(x )

a ‘,‘

H Qs
. ¢

[g(x )H
(x )

’.-'.'51' é-e © o .Sup. ’ID':( ,t)| < o (by 'Ia_ési:m”

+,0 Casilin e e,

. S

ﬂencé it remains to" show that Sup B

-'nv,' -

U () | =T0L(1).
0<t<1 Be¥o TP

0 <-c<§“>f<b(, and

":?_ ri the last 1ntégr'a1 is equal to one for' suff‘iciently large n, say, for'

¥'
H

R v
3 Ce

..nlc(i)%dix_)nf; .f C
BRI

I
L

F (t) - -t]&u

,G (G(x )+anu’)

e
" H is fOur t1mis difterentiable -whlch follows from assumptlon «(u 1. f$'

i p,_f.». 1_ emma - li . ~1- o

vO

tg (x ‘]

(x .,t) =8 (x )H (x.
"'3t(8 (x ))

pt;ons j(u;1.11) ‘tp

o

;}yieldSi j"

. '_iﬁ’_f"ql.l'qw's"' from b

Thgs*Wéthaiifﬁd'byvf'

':a;f*;O  an‘x
. n

ldcf*f

s
s

L]

L3

T}\s:

-Taylor's; "

t)’tg (x )E(x ) ?/'

ﬁ:"

- 2g (x )H (&'Jt)jg'7'

(u s 15)) F (t) =t
L v:O =
(u.2<15),thax S
E . ST SR

e



'".“;provlng the tightness of: the sequence {U _' } on the D[O 1] The'hedgihédfhesultp
will then t‘f‘olJ.ow from Theorem 15 2: of [2] 3

The tightness will be proved by vemfying the conditiona of Theorem 3

"’.', 15 5 .of‘ [2] Since Ty (o) -% 0 for' all ,-f by the oontinuity assumption

F. : oondition (i ).7 of‘ T’heor'em 15 5 of' [2] is tr'ivially satisfied
"Hence, 1t suf‘fices to show that conditlon (11) of‘ Theorem 15 5 [ [2] 1s also

satisf’ied, namely, f‘or- each positive 'fg{' and n thepe eX1sts a 6, Q‘ <_§.‘< '.1_?,.
~-such that e e L

Y .(:u.z.;w) T T Rl s) s *e:'}' <.~i~n Lo
S L P I R ,~n>,xo,. B

,f'or all sut‘t‘iciently large {1.,. where w (6) wmé) is the -modulus of continuity -
,of the f‘unction U as der‘ined &y (8 1) of [ZJ X e S

s _.-_i'Now f‘ix | c and n. Suppo_se ,Q £ s < 4 < 1 'l?nOm (u 2 6) we:"havef t 4
. - ; Lo h . a -
Ll "9 o R L «_.-..-f.n |

, (X) G(x ) N
"_HK.., L--——a_—-—)l(s <z < t"

)I(s < ZL<_t)

(i Where .o L Ty =K () T(sicz o) L

. ,Since T' are a11 lid r'v's RN SR S
(!8.218) E'.(«yrl, .'Xét‘) .-_911',§c’£_s_) ) = _.“;_T"’é' [ﬂ E( - 5?1‘)‘ .v‘*v.3.n‘>('r'x-.‘1.)'.{E[_T14TET1')’ }] .



_Sin‘c':é fvfi's‘ar_e_ all ndﬁhe’éatj ve | ’t:v;s_', we 5¢.e .'tr'uma_t':v--"'., RSNy '
29 e et ey cesr Ry 0T g
N e T e e
G-y
B R AR BRI PRURIE SUPEN .
T, ) (RER GG

"o

SR ZG(x) G(xo) **;. R T

T e (K (= f“)(F(t)F h))dcu), s

T e .I;i:Wﬁﬁf' e e e
G fﬁ ]‘.infffK(f*f;———MF(t)F m)mou>) Ve T

mo

s Since t,he eonditlonal d.en51ty f*(y)i "is assumed ‘to be bounded uniformly in
. and y," we may wmte T e e ' t. \'

. e . . L
A BRI . v -

X 4.'.

G20y | E) - File) P oC,(es) where Cp - sup > |} (2) |

By, 4.2.20) and the fact that »'fk;* is'bounded it ff“dlllbwzs_ffr;dm" _(ul'é.-19‘) that
'. R G’(x) G(xo> ¥ |
CE(T, - E._TT-) < C (t -$) J’{ —)} dG(x) v, C (t—s)f{K (——
L . e . Lo 4..,n'v‘ : .‘,. . e . .

. L .
L o ';‘ ‘ . i '

..

G(x) G(x )

q..

R oI T ¢c<;)f‘*,
: S ge £ (C»S) R SR ' L, \'

'._ where tha last in_equality t‘ollows upon tr'ansformﬂtion of var-iables Note that the

'-‘f“ Lz) only We also have, .




where the: constant Cu >:0 again depends on the bounds of - K.-and' " f_(z) =
only.-;_ .1' : o

“-.

- Now, from (u12¢19);7(y,2.2i)_ and (4.2.22), we havet . el

Bl ((80)T < a2 (bme) 4 30y(tme)®

Hence'fbr any -0 <s,t <1, oL L

[ : : FE . - S R v ; L o B

Co(e2.23) Z.’.j'5|uﬁ,*(t0fu ' (s)| 4< _§_+t s|+C |t s] ‘ o B
and,'if‘ - It s| (with e(l), _ we have‘ - ' Lo

"(u;é;gu):;.; ;1:: | (t) f U"

'Vfw'h‘e'r};:e:'the 'co_nstia\nt' 'C54 depends on the bounds ot‘ K and f (z) only Nd« '

sU'desé, tha_‘t;;‘ P 1s a number' satisfying € < p,' a.nd consider' the r'v's : ‘

« SRS DR T LR j“,f:' -
(s+1p)-U (s+(1 1)p) vi é71;g;;,,;m,:'Where‘ m,;s,a“posit;yefiﬁtegehg'
: L K "o S T e T T
‘;_Bthﬁedpéﬁ 12 27 of [2]

F\"\

e B

kS e

” ol '2 i ;;.i R
P{max|u s+1p)-u (s)|>A} ——ﬁ-‘m p T T

e RE
e2a2sy T




T

[

(t) U (s) = (na‘) 1:/22,2;-'}'. [

' T 17 Q(X%G(x )3

b ".-,

n,x
."f o e

"‘"“’U'“k(s%'-'ff.g:i ,'j'ﬂaa,;;ff‘ B AR

R J e A . R S ; AN
: ‘¥ G(x )- G(x ) v .

-K ,j-:?——i)I(Z <s+p)

R AR S c(x) G(x ) W
P S ]I(Z(s#p)dﬁ (x z).
L St O "» P -.~n . S ,:..1 o o

TR0 ),

]I(ZCt)dH.(x,z).-‘ﬁ: I
Jl X .‘1 :

4,

;;;’-4‘ ‘ 1/2 G(x7 G(xo) DoAY
,‘ff,l (s+p)-U (sé] * [T“f)fq_I{K*(-——-a—————)l(t<z<swp)ﬁﬂ (&,z)

'('g)_.f]‘_?r-_""(: ), fm (——T—-O—)I(s<z<s+9)dﬂ (x.z)

ey . } ) -, AL . i o ‘
4 . F A T . N . .



’,(”12f27)‘,i?ﬁ"3[ n, x(t)-U X (87] s_(f——Jv;,ffkf(“ff“““]l(S(Z(t)dH (x z) e

0 o U TR |

[y

e IS éXK.E*T;———JHZﬁa)
R R (S POV P ;:.f--¥=‘1-vf4"=‘nfi' S

fh-?i/é' G(x) G(xo) '
o = (F) ffKr(—f—f—;———-JI(s<z<t)dH (x z)
‘~; . “ " . 'n .
| T LG —G(x.)
o= (na ) 3 Z K (———f;—-—ﬂg-)x(s<z <t)
i=1 n-

B R Sl e S

, 1/2 G(x) G(x )
: _____-————)I(s<z<s+p)dH (x Z)

W

il

é (n )

wo. : T

NG G- G(x 5 | SRR
(=) ffK_( — )I(s<z<s+p)dH (x z) f, R B
Sat : ac T e e A
SERLUNE oo “q<543¢ SR R -
S T T PR A 1 R :

S e o L T R

" Hence from (4.2.26) and (¥i2.27) weihave . 8 f

W e T S e et e T e S L
S e ST R A SRR

(s+p)-U ~_(§)|.;h;;f;ﬂﬂf

g
[ 3 .
: L d

L

(u 2, 28) ] (t)-U (s)|<|un %

. I_:_.( ek ; .:/ B Lol

e 172 Gx)-G(x

(s»p) Uy (T ) (e
_ R

L R cee T ;‘, . .'-w‘\ -
e v SN

T . Coed
M e S e -
S o : Crenho L0 I(8K2K8#p)AH (x52) -

S o ) L B oo . .
T e e Nty L R .
SR S R SR



~ But the segond v't;'g;rni‘_.p'}frl'_'-théi‘Rv'.‘H'.S._i 'or (.2, 28)
R SNy V2 2 G(x) G(xo) PSRRI S
S AR e B )[F (s+p) F (s))dc(x) s

R - W

< (na )1/2 vC,1..

‘e

[
.

by ' (4.2,20) and the'fagt that ~ K 'is a’density‘funCtionzs-Hence.ge-hayg; .

., <

,}(u 2. 29) [ (t) y_ (s)|<|u <s +p)- un x(s>|+(na ) pc{

S for s <t <sep. But (4.2.29)  implies

' Gl . ' .'; - ‘ | o
(u 2.30) "'Sup 1 :
‘ s<t<s+mp n' rr:x

o R i(m .

L Now Suppose ‘that ;-E— < p < —___;;____ﬁL-
. wnd 1/2
: n. (na ) 1

'Q*Then (N 2 25) app&ies and 1t follows by (H.2;30);:tha£} :

S = R SR . x 1‘]_ ) IS
(4.2.31) *7 P sup fu (8)-U | (s)|>deli¢ 'C's— n?pd.
St sStgsfmp. Mo e L et
G S “fW' R

~.Choose 6~ so'that . £& ¢ 0+ hen fr’\ (u 2, 31) we have

1??
‘U101

N

‘s<t<s+6 "n, xo _

('13:‘:‘2{.:3"23"'} o PT Sup (t)-U (s)IZ‘ié'}AS ne, . i‘.

RS

RV A
: ' )

l. . - , ) ‘ - ) w\.< l‘?\.

_provided there exists- a ''p'"-and ahfinpégqp 'ﬁ! f$uch-£Hat? mﬁg;fﬁ,; anq5‘ '

T

. .
N 4 ’

(t)- y (s)l < 3 maXIU (55f5>‘uﬁ'g(s’lk“aé)lyzﬁcf*
) , VX m o Xy L



,_n:-(‘p(v £
,M,nv-.' (na Y

1/2 is satisfied or equivalehtly, there exists an integer 'm"
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*g!*C";4.96)-'EKz )E(q3) = o(a ) A"*» ?xii?f G
" Now; using _(y,u,9a).,to SCR® 96) in (5.4.91)," we get: R
I AT U,,-,f;-~;,-;"_;; oLy
: (‘fll97) “ Cow(. : anI1,n 312)

ff K. (u1.v )K(u1.v )x(p (A))_gu dv",]: - 3 r fff“.;f,f‘?

I PRI R -,.-'f SRR ey
. .+j25fff:%2(q1?v1)g(ul,y1)i2;§ o(x)v1n1+( L‘A?]?iV
ii?kf?f1(x))2u'n ]du av o

S :xo~‘ _ 1.6 LR B
',{-g_lffff K (u X (uz,v >K<u1-v )I(V @ )( o(x)) 5&19Vfduédvgf 1

~

’>,i+0(a)

‘Observe that

eaY a2 sl Ty ey |
: ( ‘l.ll. 98) COV[ a I--l 1“ aIlI30) = nal’l quy[n_a zqi U Ep ] _'
. LI e . o, _;.: rl )

I-'

3 Z Cov(qi,pi)

Z Z Cov(q ,p.) ;
1J.ij'nai,_

=
'::w

a

3 C°V(91’91)’~,

a
. Yl"

_.where ‘q's: are defined by (lt ll 86) ,and pJ's are defined by (u u 72)

G(x )- G(x ) F (’ i G(x ) Glx) F ‘y )“‘

‘an.,,. ;3“ : 3%"17 "'an : __,‘..-_an‘- S

t"ﬂéjhan_ E(Q1P1) - IfK(

zpmm’



'”L It now follows from
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ll

PR

%_.3155;'3'
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rotag).

- G(x ) G(x )

'f?;ﬂ3§': ‘fy:u

j(q;u;13);tqgetngpuwich,lemma‘usi;1-_give;;,rarfn;gfn;;_,;]

a2 2y x<u1.v K. (u1.v )[p (A)+a V.0 +a2 2, +o<a3)}2

0

22,
anu1B7 a u1v1D8+O(a )]

0 .

‘-f‘.(’x)) du19v1 |

6 du1dv1v

3ff K(u1,v X, (u1,v )[2xF (x)v D +( (x)) vaF )2

. %o *o .'_‘, o
.  i:u196]dujdin
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e

a ’
U

) ( — )

. . adr a
oon n o
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. .‘_

1y2 x(y )dH(x .y )dH(xz.y )

-

'a@dvbyfthg'ﬁsﬁél tnéﬁsfdrméti6nQof yahiables,-Qé'immédiately seg.thaﬁfﬂ';
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: D
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I
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.
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(u u 97) and (u u 101) 1rg4(‘y.u;~9q_)_; yield e T e e

COV(U1 /2 I 1/23 (

% -_1':“ 312 30’) e

e —-!fff K (u )K (u )K(u1.v )I(v <V, )( m) 2auav,audv,

| + O(a,) + o( ) .. o(——)
o na,

' 7jand by letting n - w, qe have

_._.(u-,-._v_'u;.j.o‘z‘), i %‘%’«E.C"v‘( Sy I | n(1312 30))
R N R (u )K (uz,v )K(u1 SIS )
Yo Bt ol I o

du1dv duzdv2

o éut”és.in?;(ﬂ,h:BB) we can write .

:QQ,N;TO3Z-Q.{1I1I1I1K (E.IK (u,, Z)K(ursf1?;(*1gv2)du?qY1du2gyz s
B B B A ‘i\». A e
el .ff1f.1 e Kv(-‘-‘fv"’i)‘(f Kz(ue"’z)d"z)f"’ﬁﬁ‘.’“fz’:

-1 f K (u )K(u1,v )K(u ,v )du dv dv

-1t |

u‘.,'

2 .

. sincé  K(u}I)if Ob for ail';u,,

'1;9f"_"'1f"f o 1 ivv
L - fK (u K (uy W, )K (v )du dv
_11 .

1

by integrating out Use o

"‘Hence we have (u.u.89), andvthe'proor of the lemma ~ M, 4.4 {s complete.. . b'h
‘Now, from equation (4.4.2) and lémmas 4.4.1 to ‘A.4.k4, 115 follows
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.;._f.',i_l,-u Sk 1/2 i ”2 S SCIER
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T R - =.(F (A)) 152 (u, V)dudv . ( (x)) ffK (u)zxg(y)dgd.v :
T P '— 2[9\(;\)) HK (u)K (v)K(u v)dudv
. X0 o o
T ( (x)) ff[K(u v) K" (u)K (v)] auav.(7§j_;f~ e é;

| 4.5.. CONSISTENCY 'OF Q_ (.A)«‘.-We-now"gi vé-t_né"proof of Theorem u11 .' in this :
Coe o o - : E :
Cgo - : e
sectlon which proves the, conslsbeney »of Qn (A) v e
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. PROOF OF THEOREM u 1. 1 Fran (u 1 19) “we can w_rit'g." It

el

B,
3."]
. ! .

oE

m nm*

L B TR B PR X
(4.5 Qp ) -0 = s (-0, (0] + ] g+ Lyge W A
S ‘o 0 o O am=2 0 o m=2 : . #’

:"_Bec,aué}a of lemma ll31 1t remains t\oi shdw that [Sn .xé”l Q .é'.” ] oon ver'ges to
F.HZét“"o in prf)l)vabi-ligy:'_a..s: .“n}.-> m I'R_e.ié:t;,ic).n (.’7!.‘4.1:‘014') mpli.fesw;hatv; :
_ "\I'ar»'[Sh’A')v((X)' " Q;((A.).]:v-_" jgoes'lté;ze'r;o és'”_'n;l'm,_ Henceit suffi c-‘e.s” to ¢'$[}6w t 'h“at_‘ : .
L TNe T T e T T et e T
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o T T T C o
' Sn,,‘xg-x)gz I+ ;1'2, + 31-311'"»'”;312 + I§_2‘i + 132?- ' "I.-3Q

'« so that we can write -

- ( 312 30) + 5(1 ‘_) g z(.:13?._»2)..
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S S e -atx) - BT S
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. 3ince x-1 1s bounded and . E |.Y | < @y . S0 it rot;;ows sfrom - (4.5.3)  that

Clsa) B s ofl) L e L

wh_i.chb'éoeSj to. zeroasn + = since .r]a'g-f'“ho. From (4,4.3) Qe'_héVe"'.'v
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R Sre e AR vac Y T a S SRR
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na . - R A _ S Sy
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'iN by transt‘or'matxon of‘ variables (ll ll 18) An the 1ast 1ntegr'al and using :

Taylor' expansions t‘r'om lemma ll 1 1, we haye fOr' n 3 noll'

(45.:8)  E(2) - a3 {_1{1__’;.‘3(“2)."_2(“1 IRICAGERR SR SIS N
‘ [A+an 2 3 *anv- +a2u§Du+aiu2v1D +O(a )]
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ey,



' -‘By making Lransformation of variables (u u 13)

e B e
o %‘ |
= |

4 ijince f K (u v)dudv = 0,
-1 .

e

e - anﬂffrom (u 5 7) and (u 5 8) we have
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the'rirst integral 1n~the last expression vanishes

ahdfu31ng.faylor expansions - .



-'As Ln (M 5 8) the rirst integral 1n the 1ast expression vanish -

\ .from (u 5. 10) and (u 5 11)

{i’€;(u 5 12) 5(130) = f T K (u1,v )[XV D *F (X)V *AF (x)u  ]&@;&2.
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ded 260 E | Y | s, From (4.5.14) and (4.5.15) - .

N L A B ) R

- ihf°h é¢¢S:t9fZ¢h9Qas n o+ e Frdd (N.A.6)we write . - C
L tksan E(I"'ez) has 1% E<_t j~— ST
‘ ) . : .n jar‘l; 13‘] ) . . AP
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B P I PO NI S S B PR S Lt e
- (v.5.18) " CYre o) S SR B Ty LI
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”By transformation of varlables ,(N u 13) ahd,hsing Taylor §xpansi¢ns:frbm’“
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[ 1+anu‘06+anu D'f*.anuYDS*.O(an )]dquV1 i
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L Lo . L ' o L ST -l SRR
~3?J81nce ffK(u v)dudV ffux(u v)dudv Q.;’JfbK(u'v)dudv and (by assunptions

'..1 : %

.3 to. (u 1. 5)) and 7; l"rx.(X) =Q,0) S follows that S
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% S T A
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®

,vuaaz”<n:5;n) (. 5. 6),_(u 5. 13), 5. 16) (4i5.18) andc gu 5.20). tbgééheh::‘..‘ B
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: *‘f; ASYMPTOTIC NORMALITY OF Qn X

In this chapter we prove the asymptotic normality of the 00nditional;.vb;‘j_t}1y

‘mfu quantile estimator :‘ (A) in a suitability normallzed form where

(A) 15 defined by (u"1 1) “é»¢°5@inﬁe—to>usei¢he“réprésentatrqn S
¥ . e
m '=,s“' (x) ‘+ R .Rn.

o

'e comprised of more terms now than before.' First we show that the ;_,';

'er order terms (after proper normalization of Q (A)) converge to zero?‘yl

o in probability, L goes to '@; so that 1t then suffices to prOve the

'f} asymptotic normality of S (A) (1n the normalized form) Our.method of'

"n | injl

f'i‘proor of this is essentially the same as - that used in the case of the _;:""

B statistiﬂif E J(( Y in Chapters 2 and 3 We'shallwuse
‘ HaJek's projection lemma (lemma 2 1 1) to approximate s :(i) in;mean
’ . : . . . . ’.,0; ‘. _'. . P

.;.f8quare7by'af~sumhoﬁ iid rv s‘ and the asymptotic normality of the latter isL

f_then proved alonglclassical 1ines.' Ig section 5 1 the main result of thlS:i  E

L 7 v
5chapter, namely, the asymptotic normality of Q) (k)i is stated as Theorem o

'&_* 'ike’ '.O_.

~}f5£1;j, jand ,Corollorﬁﬂiifﬁi Irl&eétion. 5 2.‘ we establish,the asymptotic

equivalence in mean square of St- (Al to that of a sum of iid rv's while

4
v

;using some of the results obtained in chapter b, f‘Thefproofsfof‘the,Theorem o

”ff?and the Corollary are given in section 5. 3.

'(A)yfiafaa{giyen@by (u 1+ 21) but the higher order terms R ‘and ;fgﬁ-:'i_
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3 ;SaT.E'PROJECTION: S (A) OF S '(X)-5 In this section we state ?UP main ”‘js?7{ -
ST g _ ,_o o_ N S L
- resuls or this chapter as: Theorem S 1 1. and gorollavy 5 1«1 and obtaln tﬁé

S

prOJection of S (A) ,

TN

"1f?EEEQBE§'5F1?14fFiLe£ aQ” !ix)ﬁ; o'<?x <i1 IES as’ defined by 1) with K
T C 7 T j B o
= and K’ satisfying assumptions (u 1 3) ta (u b 6) with v - 6 and f1‘5vf;'

, Ty
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LA
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. LR e
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1 K, v)du . e el e e
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e g - L

' ¥f~C0R0LLARY_~5.1¢1 : Under the hypothesis or Théorem 5 . 1 we have - Ly

———
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A .
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»
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First observe that slnce K' is six times diffeventiable and K’ {1§' ‘ffoﬂ,‘71

four times differentiable (under the hypothesis of Theorem 5. 1 1) the

following representation of Q (A)? can be obtained exactly on the same ?3};.? 1"1 

lines as (u 14 20) was:ppta;ned;‘ | j"“z,_}f'V;',3_gjf'*'

R ST S SO u e
(5:1.57 Q) () = sn'x(x) 2 Lo

‘.' e : Q"__ ‘:v ' o‘_ = e ,'- T ,
L wbere S (A) is ‘as given by (H * 21), Mo (m 2 3 u and 5) 1s~éiven-byl(u;j}¢u)fgj
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; e (G<x 6lx) oy TGy St s
WA )K ——, — I(y y ) v

[ACER T : R . G

‘(5 l 8)

,_?\.

e

RN x?ﬂ,_fp JG (x ) c (x ) G(x )+G(x )] an (x1.y )dH (xz,yz).
o hf The following 1emma shows éhat the higher order terms ;nm"s ah&:nnm€$"ihfpheh

normalized rorm of Q (A) eonverge ‘to: zero in prqbability}és ;hg»hé,"'::v
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<o :

L fﬁ'{e’n': the pnbg ection

LEMMA FEBNE ’3-(?_)_,1
are satisf‘ied with v = 6 v = ll K and assumptions ’

: the ioint distr'ibution H are - sat;ist‘ied Let

Suppose assumptions (ll 1' 3‘) :iz ‘

‘\..?~

A,

e Dositive number‘s with/ a4 0 and nanu‘. 4,_ we then have v "‘ - ',
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