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Abstract

The objective of this thesis is to design an optimal LQ-boundary controller for
SCR, which is a model of coupled parabolic-hyperbolic PDEs with an ODE. The
problem is a boundary control one because the manipulated variable u is the ammonia
gas at the inlet (2 = 0).Our purpose is to find an optimal u®”* to reduce the amount
of NO, and ammonia slip as much as possible.

The augmented infinite-dimensional state space representation is used to solve
the optimal state-feedback control problem. By using the perturbation theorem, the
thesis shows that the system generates a CO-semigroup on the augmented state space.
Furthermore, the dynamical properties of both the original and the augmented sys-
tems are examined. Under some technical conditions, we show that the augmented
system generates an exponentially stabilizable and detectable C0O-semigroups. The
linear-quadratic control problem has been solved for the augmented system. A de-
coupling technique is implemented to decouple and solve the corresponding Riccati
equation. Monolithic catalyst reactor and Selective Catalyst Reduction (SCR) mod-
els are used to test the performances of the developed controller through numerical
simulations.
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Chapter 1

Introduction

Diesel engine is one of the most extensively used categories of engines in industrial
equipment and commercial vehicles, especially in heavy duty ones such as trains,
buses, trucks, and ships. This is due to its durability, low cost and also because of
the safety of the diesel fuel, since it is less volatile and its vapor less explosive than
gasoline [43]. A diesel engine is a compression ignition engine. Air is introduced
into the piston during the cylinder downstroke. The piston then moves upwards,
compressing the air which increases its temperature and pressure. Near the top of the
stroke, fuel is injected, which ignites. The chemical reaction releases heat, which forces
the piston down, changing chemical energy into mechanical work. However, diesel
engines have many disadvantages, especially environmental ones. The pollution is one
of the major drawbacks of diesel engines, especially for NO, and ammonia slip N H;
which are dirty and hazardous to health [40]. To deal with this challenging problem
many approaches have been developed in various aspects such as improvement of the
fuel quality, diesel oxidation catalysts (DOC), diesel particulate filters (DPF) and also
exhaust gas recirculation (EGR) to control the oxides nitrogen (NO, ) and the engine
efficiency. All of these desirable techniques are called after-treatment techniques.
Reduction of NO, emissions using the selective catalytic reduction (SCR) technology
is one of the most cost-effective technologies for this task. SCR can convert NO,
into N, with the aid of a catalyst .This is done by injecting urea solution, which
is stored in a special tank, into the hot stream at the inlet of SCR, where urea
decomposes into gaseous N Hs and can be stored in the catalyst. After that we

use the stored N Hj to convert NO, into Ny, HO and a small amount of carbon



dioxide (C'Os). Nevertheless, the SCR is not a perfect device since there are some
technological drawbacks such as its high cost, high back pressure of pipes and space
requirement. In addition, there is a risk to produce the ammonia slip during the
process. Ammonia slip refers to the emission of ammonia, which is the result of
excessive ammonia injection. However, when comparing to its advantages we can say
that the SCR technique is one of the most promising technologies which guarantees
the reduction of toxic emissions and saves a large amount of fuel [48]. It is obvious
that the injection of urea would be the most important factor to get good results
in reducing NO,, however, inappropriate urea injection can lead to bad results. For
instance, if we inject an amount of urea that is less than the optimal amount it
would result in the insufficient input of N Hj3 needed to optimize the reduction of
NO,. On the other side, injecting a higher amount than the optimal one of the urea
results in the ammonia slip which is undesirable ( [37,138]) and here appears the main
challenge. Therefore, we need to build an optimal control system that can reduce the
emissions of NO, and at the same time make sure that the ammonia slip is below
the allowed limit. Unfortunately, few studies have been done to perform this task
especially because the entire model of SCR is a huge system with a complex Partial
differential equations (PDEs).

Partial differential equations (PDEs) are used to describe a wide variety of phe-
nomena in science and engineering. Dynamic systems that are described by PDEs are
usually called distributed parameter systems. Control problems for those systems can
be studied by using infinite-dimensional state space description. This representation
has a main advantage of keeping the distributed nature of the system ( [22}23}34]).
PDEs are classified into hyperbolic, parabolic and elliptic, and each one has its ap-
plications in real life. Moreover, the dynamics of some systems can be described
by coupled PDEs of different types. In our case, SCR that carries out gas-solid
phases, such that the transport phenomena in the gas phase are dominated by con-
vective mechanism and are modeled by first-order hyperbolic PDEs concerning the
concentrations and temperature, whereas the dominant transport mechanism of the
temperature in the solid phase is diffusion and the transport phenomena are modeled
by second-order parabolic PDE. Moreover, in the same solid phase the concentrations

are modeled by ODEs.



Linear quadratic (LQ) optimal control plays an important role in the control lit-
erature. The linear quadratic regulator design involves the determination of an input
signal to drive a linear system from initial state to a desired state while minimizing
certain quadratic cost criteria. The main advantage is that the optimal input is ex-
pressed as a state feedback that guarantees the exponential stability of the closed-loop
system ( [20,123]). The infinite-dimensional state space approach, which is based on
the well-known operator Riccati equation, has been used for both hyperbolic PDEs
( [5H8LL0L12,(13}|164|19]) and parabolic PDEs ( [11,]14,28,31]). In the hyperbolic case,
the operator Riccati equation has been converted into a matrix differential equation,
while in the parabolic case, the eigenvalues and eigenfunctions of the system gen-
erator have been used to convert the ORE into a set of finite number of algebraic
Riccati equations. In [17], optimal control of coupled parabolic and hyperbolic PDEs
has been solved by using state-space approach combined with a decoupling base tech-
nique to solve the corresponding Riccati equation. The present paper extends the
state-space approach to a system of interacting parabolic-hyperbolic PDEs with an
ODE. Moreover, the focus here is on a boundary control system in which the input
variable appears in the boundary conditions. Hence, an extended state space ap-

proach is used to solve the control problem ( [23]).

This thesis is organized in the following manner. In Chapter 2, an introduction
of Distributed Parameters is presented, then the notion of Semi Group Theory is
introduced, and some properties of Reisz spectral operators are shown. Then we
highlight the Cauchy problem in a Hilbert space and introduce the method of dealing
with the boundary control systems. We also introduce important concepts in the
control problems, such as stability, stabilizability and detectability. Finally, we gave a
brief idea about the Linear quadratic problems. In chapter 3, we describe of the Linear
quadratic (LQ) optimal control in the general case of coupled parabolic-hyperbolic
PDEs and an ODE with a description of the scalar coefficients of the non-linear PDEs
model of interest and its linearization. Moreover, the augmented infinite-dimensional
state-space representation of the linearized system is demonstrated on a Hilbert space.
The has been solved for the parabolic subsystem .Also we focuse on the analysis

of the dynamical proper ties (generation property, exponential stabilizability and
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exponential detectability) of the system, which are needed to guarantee the existence
and uniqueness of solution of the control problem .Then we show the main work, where
the linear-quadratic optimal control problem is solved and develop an algorithm to
solve the corresponding operator Riccati equation. We then give an expression of the
state feedback regulator. Finally, the case study of monolithic catalytic reactor is
studied and our developed algorithm is applied to the reactor model where numerical
simulations are performed to show the performances of the LQ-feedback controller.
chapter 4 focuses on the entire model of SCR as a case study of the general case
the only difference is that the coefficients of the system are not anymore scalars
but matrices, so we applied the same algorithm where numerical simulations were
performed to show the performances of the LQ-feedback controller in the case of the

entire model of SCR.



Chapter 2

Introduction of Distributed
Parameters systems

A wide variety of phenomena can be described by partial differential equations (PDEs)
and this kind of system is called distributed parameter system. Concerning con-
trol problems, distributed parameter systems can be formulated in the same way as
lumped parameter systems (those described by ordinary differential equations) just
instead of working with finite-dimensional space and matrices we work in appropriate
infinite-dimensional space and appropriate operators. The power of the control of
infinite-dimensional systems is that you will be able to catch all phenomena, because
neglecting the distributed nature of the original system may lead to false conclusion.
In the next section we introduce an important notion in the infinite-dimensional sys-

tems, which is the semigroup theory.

2.1 Semigroup Theory

In finite-dimensional spaces we always study matrix exponential functions as a solu-
tion of any type of our control problem & = Az + Bu, so it is natural to ask whether
similar properties of those exponential functions can be found in infinite-dimensional
spaces. Semigroup can be considered as the exponential function of an operator,

which, however, is no longer bounded [24]

Definition 2.1.1. :
Let X be Hilbert space and (T'(t))i>0 C £(X) linear bounded operators
Vi>0 T(t):X — X is called Cy — semigroup on X if it satisfies:
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T0)=1
Tt+s)=TH)T(s)t,s >0
Tt)r — z,t — 0V € X

Example 2.1.1. If we consider A as a real matriz such that A € R™*™ the family

(e)s50 is Cy-semigroup on the Hilbert space R"

Definition 2.1.2. Let (T(t)):>0 be a Co—semigroup on Hilbert space H . The operator

A is called the infinitesimal generator of the Cy — semigroup (T'(t))i>o if

T(t)x

Az = lim % Vz € D(A)

t—ot

D(A) is the set of elements in H such that the limit exists.
Theorem 2.1.1. Let (T(t));>0 be a Cy — semigroup on Hilbert space H with the
infinitesimal generator A . ¥x € D(A) and Yt > 0 the following properties hold:
(i) T(t)z € D(A) and 4(T(t)x) = AT (t)z = T(t)Az.
(i) T(t)x—ax= [, T(2)Avdz.

As the infinitesimal generator of any C0-semigroup is very important we always
need necessary and sufficient conditions for a linear operator on Hilbert space H to

be the infinitesimal generator and those conditions are described in the following

Hille-Yosida theorem .

Theorem 2.1.2 (Hille-Yosida Theorem). : Let H be a Hilbert space and A is a linear
operator on H. A is the infinitesimal generator of a Cy — semigroup (T(t))i>o if and
only if

(i) A is closed and D(A) is dense in H.

(ii)  there exist positive constants M w and € R

YV B > w, such that B € p(A) the resolvent set of A, The following hold

IR(3, AP) < A Wp> 1

where R(B,A) = (81 — A)~! is the resolvent operator

in this case ||T(t)|| < Me*t.

After introducing some notions of a linear operator, we introduce adjoint of this

linear operator which is always needed in control problems.
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2.1.1 Adjoint of a linear operator

Calculus of Adjoint of linear operator is very important in the domain of control
because it is very useful to solve Lyapunov or Reccati equations.

The inner product on Hilbert space H is given by :
1 —
<zy>=<y,xr > = / z(2)y(2)dz Vx,y € H
0

Definition 2.1.3. Let A € £(Hy, Hy), where Hy and Hy are Hilbert spaces.the ad-
joint operator is the unique operator A* € £(Hy, Hy) that satisfies :

< Ax,y >p,=<x, A%y >p,

Definition 2.1.4. Let A be a linear operator on Hilbert space H. D(A) Domaine of
definition of A which is supposed to be dense in H. The adjoint operator A* : D(A*) C
Z — Z of A is defined as follows. D(A*) = [y € Hsuch that there exists a y* €
H satisfying < Az,y >=< z,y* >V € D(A)]

Yy € D(A*) the adjoint operator A* is defined in terms of y* by A*y = y*

Example 2.1.2. Let H = Ly(0,1) and A the operator which is given by :

(Az)(&) = ‘Zl‘z (&), where D(A) = {z € Ly(0,1)|z is absolutely continuous with %

L2(0,1),2(0) = 0} A is a closed linear operator .

¢ ©

We caclulate its adjoint as follows:

< Azy >= — [ 2(&)y(€)d¢ = ~[x(y(O)]s + [, #()GL(&)dE

this can be written in the form < xz,y* > if and Only if y(1) = 0 and % e H
So A*y = % with D(A*) = {y € Ly(0,1)|y is absolutely continuous with ffé €
L(0,1),y(1) = 0}

Example 2.1.3. Let H = Ly(0,1) and A the operator which is given by :

(Az)(§) = =95 (€), where D(A) = {x € Ly(0,1)|x, %

La(0, 1), %(0) = (1) = 0}

A is a closed linear operator .

) dg

We caclulate its adjoint as follows:

< dny == [ OO = (On@l - [ oL

15 absolutely continuous with dg S



TR N
= — - —=(&)d
OGN~ [ o6 G
This can be written in the form< x,y* >if and only if 2—?(0) = 2—2’(1) =0 and % eH
So A*y = % with D(A*) = {y, fl—z € Ly(0,1)|y are absolutely continuous with % €

d d
In the most of cases concerning linear partial differential systems it is hard to find the
exact solution .So we always need to find the best approach to deal with this situation

that’s it is very important to introduce the following section of Riesz-spectral operators.

2.2 Riesz-spectral operators

This section gives a representation of a large classes of linear partial differential sys-

tems of both parabolic and hyperbolic types.

Definition 2.2.1. A sequence of vectors {¢,,n > 1} in Hilbert space H can be a
Reisz basis for H if the following two conditions hold:

(1) spanf{(én)n>1} = H

(i)  there exist positive constants r and R such that : VN € N and (a,)1<n<n € R

N N N
Pl <1 andnl? <R Jan|?
n=1 n=1 n=1

Theorem 2.2.1. Let A closed linear operator on Hilbert space H has simple
eigenvalues {\,,n > 1} and its corresponding eigenvectors {¢n,n > 1} form a Riesz
basis in H.

(i) If {tp,n > 1} are the eigenvectors of the adjoint of A corresponding to the
eigenvalues {\,,n > 1}.Then the {1} can be suitably scaled so that {¢,},{¢n}
are biorthogonal

(i) Yz € H has a unique representation

oo
2= <z > é,
n=1
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Definition 2.2.2. Let A be a linear closed operator on a Hilbert space H, with eigen-
values {\n,n > 1} and corresponding eigenvectors {¢,,n > 1} form a Riesz basis in
H

A is a Riesz-spectral operator If there is no two points a,b € m can be joined

by segment entirely € {\,,n > 1}.

The next theorem gives us the representation of operators based on its eigenfunc-

tions and eigenvalues.

Theorem 2.2.2. Suppose that A is a Riesz-spectral operator with eigenvalues {\,,n >
1} and corresponding eigenvectors {¢n,n > 1} {1b,,n > 1} are eigenvectors of A*
such that < ¢pn, ¥y, >= 0pm - Then A has the following representation :

Az =) A< 2,0, > ¢, Vz€ D(A)

n=1
With, N
D(A) ={z € H| > [M\f’| < 2,0 > |* < 00}

n=1
Example 2.2.1. Let H = Ly(0,1) and A the operator which is given by :
(Ax) (&) = —%(S), where D(A) = {z € Ly(0,1)|z, ‘fi—”g is absolutely continuous with ‘C%” €
La(0.1), 2(0) = (1) = 0}
A has the eigenvalues \,, = —n
bn(€) = V2cos(nmé) forn > 1, ¢y =1 form an orthonormal basis for Ly(0,1) A

15 the Riesz-spectral operator given by

272, n > 0 and the corresponding eigenvectors

Az = Z —2n’1? < z,cos(nm€) > cos(nw€) Yz € D(A)
n=1

Where .
D(A) = {z € Ly(0,1)| Zn47r4| < 2,V 2cos(nm€) > |? < o0}
n=1

2.3 Cauchy Problem in a Hilbert space

Let A be the infinitesimal generator of a Cy — semigroup (T(t)):>o on H
homogenous Cauchy problem is given by:

{:'c(t) = Az(t) t>0

z(0) = z9 € D(A) (2.1)

9



Based on Theorem 3.1.1 the solution of this Cauchy problem is that :

On the other hand the non-homogeneous Cauchy problem is that:

{MﬂzAﬂw+f@ t>0

2(0) = 29 € D(A) (22)

Definition 2.3.1. z(t) is a classical solution of (2.2)) on [0,t¢] if the following prop-
erties hold:

(1) the function x and its derivative are continuous on [0,t]

(ii) x(t) € D(A) and satisfies vt € [0, t/]

Remark 1. z(t) is the solution of (2.2) on [0,00) if z(t) is the classical solution on
[0,2] vt € [0, ]

if f is a continuous function on [0,%¢;] and x is a classical solution of (2.2)) on

0,t7].So Ax(.) is a continuous function on [0, ¢;] and x is given by:
¢
z(t) = T(t)xo + / T(t—0)f(0)do (2.3)
0

2.3.1 Perturbations and Triangular systems

In control f of the non-homogeneous Cauchy problem is determined by the following
state feedback:
fit)=Dx(t) D e £(H)

The new Cauchy problem :

%ﬁ%ﬂA+DM@,t20
z(0) = xg

With the corresponding mild solution:
t
z(t) = T(t)zo +/ T(t—0)Dx(6)do
0

Theorem 2.3.1. The operator A+ D is the infinitesimal generator of a Co—semigroup

(Tp(t))e=0 which is the unique solution of the following equation
t
TD(t)CEO = T(t)f[)o +/ T(t — H)DTD(Q)ﬁon, To € H
0

10



In a large scale of control applications , we often deal with multivariable and
coupled systems . It may be easier to make those systems on the triangular form
to use the next theorem, which gives us a good way to deal with Cy — semigroup
generated by multivariable triangular operator from the one which is generated by

the diagonal entries of such operator

Theorem 2.3.2. A, and Ay are the infinitesimal generators of respective Cy —

semigroups T1(t) and Ty(t) on respective Hilbert spaces Hy and Hy Assume that

|Ti(t)]] < Mye™t, i=1,2. and D € £(Hy, Hy) Then the operator A = ( 1;1)1 X )
2

is the infinitesimal generator of the Cy — semigroup T(t) on H = Hy & Hj

with D(A) = D(A) ® D(Ay) , T(t) = < n) Ot) ) and |

S(t)  Tu(
S(t)a = [, Tu(t — 0)DT;(0)do

2.3.2 Boundary control systems

In many applications the model does not fit into the standard formulation ([2.2)).
Therefore we need to reformulate this problem to get the standard form and that is
possible for sufficiently inputs. However to do that we need to extend the state space.

Let a class of abstract boundary control problems to be on this form:

(t) = Azx(t), z(0) =zo
Ba(t) = u(t), (2.5)
y(t) = Cx(t),

where 2 : D(2) C H — H, u(t) € U a separable Hilbert space
B: D(B) C H— U such that D(2() C D(*B)

Definition 2.3.2. The control system 1s considered a boundary control system
if the following hold:

(i) The operator A : D(A) — H which is defined by:

Az =z Va € D(A) with D(A) = D() N D(*B) is the infinitesimal generator of
a Cy — semigroup on H

(ii) There exists a B € £(U, H) such that Yu € U, Bu € D(2). the operator AB is
an element of £(U, H) and BBu = u,u € U

11



Let suppose that (2.5)) is a boundary control system .The following abstract dif-

ferential equation on H is well posted

{2(15) = Az(t) — Bu(t) + ABul(t), (2.6)

Theorem 2.3.3. Lets take the boundary control system (2.5)) and the abstract Cauchy
problem (2.6)).by considering that w € C*([0,7]; U) V1 > 0.

if zo = xo — Bu(0) € D(A), then the relation between the solutions of (2.5)) and (2.6)
18 :

2(t) = x(t) — Bu(t)

and the classical solution of (2.5)) is unique

However, and after reformulating (2.5)) to (2.6)) the derivative of the control term
is included, and to avoid this undesirable term we have to extend the state space to

H¢ =U @ H and we put the new augmented state as follows: z¢(t) = ( :Eg ), and

the new input is @ = 4. Then we get the new augmented system :

() = ( s g > 2(t) + ( A )a(t) (2.7)

2.4 Stability, Stabilizability,and Detectability

In the design of feedback controls the stability is one of the most important phenom-
ena.lt is always desirable to guarantee this aspect of stability.
2.4.1 exponential stability

Definition 2.4.1. A Cy-semigroup (T(t))i>0 on a Hilbert space H is exponentially
stable if there exist positive constants M and r such that: | T(t)|| < Me™™ ¢t >0

ris called the decay rate

An important criterion to prove the exponential stability is Lyapunov criterion

12



Theorem 2.4.1. Let (T'(t))i>o be Cy — semigroup on Hilbert space H, and A be its

infinitesimal generator.

(T'(t))e>0 is exponentially stable if and only if there exists a positive operator P €
L£(H) which is the solution of the following Lyapunov algebraic equation

PArx+ A"Px+x =0 Vz € D(A) such that P(D(A)) C D(A™)

2.4.2 Exponential stabilizability and detectability

Definition 2.4.2. Let A be the infinitesimal generator of the Cy — semigroup T(t)
on Hilbert space H and B € £(U, H), where U is a Hilbert space .

(i) We say that > (A, B, —) is exponentially stabilizable if there exists a feedback oper-
ator K € £(H,U) such that A+ BK generates an exponentially stable Cy—semigroup
Tpk(t)

Let C € £(H,Y) which Y is a Hilbert space

(ii)) We say that Y (A, —,C) is exponentially detectable if there exists an operator
L € &Y, H) such that A+ LC generates an exponentially stable Cy — semigroup

Tro(t)

To relate between the stability and detectability properties of the boundary control

systems to the extended systems we introduce the following theorem:

Theorem 2.4.2. Considering that the boundary control system 15 exponentially
stabilizable Y (A, B,C) and its extended system is that »_(A¢, B¢, C*),

(i) Assuming that 0 € p(A) and AB # 0 the > (A®, B¢, C°) is exponentially stabiliz-
able if and only if

ker(sI (AB)")Nker(0 (sl —A)")Nker(I —B*)=0 Vse (CTJ{

(i1) Assuming that 0 € p(A), the Y (A¢, B¢, C¢) is exponentially detectable if and only
of
ker(sI — A®) N kerC® = {0}

13



2.5 Linear Quadratic problem

LQ-optimal control is widely used in control problems for infinite-dimensional state
space systems which can be obtained from the Operator Riccati Algebraic Equation.
Let, > (A, B, C) denote the following linear time-invariant infinite-dimensional state-

space systems:

{:‘c(t) = Ax(t) + Bu(t), x(0) = (2.8)

y(t) = Cu(t)
Such that the state z(t) € H areal separable Hilbert space with inner product < ., . >,
the input u(t) € U and the output y(t) € Y, where U and Y are real separable Hilbert
spaces also B € £(U, H),C € £(U, H)

Let put the cost functional as follow:

Iagiu) = / (< y0)up) > + < ulp), ulp) >)dp (2.9)

Our main goal is to minimize this cost functional. According to Zwart and Curtain(
[23]) if the system > (A, B, () is exponentially stabilizable then Vxy, € H and there
exists an input u € L?([0,00); U) such that the cost functional I is finite. That’s
why the exponential stabilizability guarantees the well posedness of the minimization
problem. We can get this optimal feedback by solving the following Operator Riccati
Algebraic Equation .:

[A*Q + QA+ C*C — QBB*Qlx = 0Vx € D(A); (2.10)
where Q € £(H) is a positive sel f — adjoint operator and Q(D(A)) C D(A*).

Theorem 2.5.1. Consider the infinit-dimenstional system » (A, B,C'). Assume that
(A, B) is exponentially stabilizable and (C,A) is exponentially detectable. The Op-
erator Riccati Algebraic Equation has a unique positive self-adjoint solution
Q € £(H) and Yzo € H. The functional cost I is minimized by the unique control
Uopt Which 1s :

Ugpe (1) = Ka(t) t >0, a(t) = eATBEI .
where K = —B*Q € £(H,U)

A+BK)t)

The feedback semigroup (e ¢>0 is exponentially stable .
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Chapter 3

Control of parabolic-hyperbolic
PDEs-ODE

3.1 Mathematical Model

In this chapter, we are interested in the following coupled 3 by 3 parabolic-hyperbolic
PDEs and ODE in one spatial dimension.

( Oz 0%z
a_tp = d 85279 + fl(Zp,Zh,k)
8zh 8zh
Y QO et 3.1
o v o€ + fa(zp, 2n, k) (3.1)
dk
L % = f3(2pazhak)

with the following initial and boundary conditions

0z 0z
a_£p|§:0 = a—;\gzl =0 and 2,({ =0) = 2zpn

2,(€,0) = 2,0(§) and 2;,(€,0) = 2,0(€) and k(0) = ko

(3.2)

where (2,,zn, k) € H = L*(0,1) x L*(0,1) x R denotes the state variables of the
system, £ € [0,1] and ¢ € [0, 00) represent the space variable and time, respectively.
The functions fi, f, and f3 are non-linear continuous functions. The function z ;, €
L*(0,1) is the input variable. The parameter d and v are positive constants.

To solve the corresponding linear-quadratic control problem, the linearization of the

above system around a steady-state profile is needed. For this purpose, let us denote
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by z,ss and 25,55 and kg the components of the system steady state.

(0Z 0%z - - 7
B = At +mn(©F + mial€)% + mis(OF
0z 0z - - =
8_th = _“a_; + ma1(§) 2, + moz(§) Zn + mas(§)k (3.3)
dk N i -
| 5 = m31(&)Zy + ms2(&)Zn + ma3(§)k
with the following new initial and boundary conditions
2 %,

a—gkzo =0 5 et =0 and  Z,(§ =0) = 2,(§ = 0) = 2n,s5(§ = 0)
Zp(£7 0) = Zp,()(g) - zp,ss(g)v 2h(§7 O) = Zh,(](é) - Zh,ss(é) and ]::(0> = kO - kss

(3.4)

where 2, = 2z, — 2pss, Zh = Zh — Zh,ss, and k=k— kss are the state variables in
deviation form and the functions m,;,0 <14,;7 < 3 are the Jacobians of the nonlinear

terms evaluated at the system steady state.

o afl(zzn Zhs k) . 8fl(z:pa Zhy k) o afl(zzn Zh; k)

mi(§) = ——5— s,  m(l)=——7—"|s  m(l) = on s

azp aZh
(9 ) 7k (9 s ’k a , ,k
ma@) = R () = SRR = D
P
8 ) 7k 3 s ,k’ a , ,k
min(€) = LB ) - %| mse) = 2L,
P

~ T N
Let us denote by z = [ Zy Zn k ] the new state and by w = Z,({ = 0) the new
input. Then, the above linear system can be formulated as an abstract boundary

control problem on the Hilbert space H [23],

dz(t)
pu— t pr—
7 Az (t) 2(0) = 2o (3.5)
Bz(t) = w(t)
where 2 is the linear operator defined by
82
d8_£2 +myi(§) miz(§) my3(§)
Y = 0 3.6
may (€) —Ua—g +maa(§) mas(§) (3.6)
mz1(§) ma (&) ma3(§)
on its domain of definition
_ s oz 9% - Az dz, %, o 3
D) = {z € H:z, %, TS are absolutely continous, i X i X T € (L*(0,1))
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and %]5:0 =0), and %ig’\g:l = O} .

The input operator B : H — R is given by
B=[0 Lo 0]

The objective is to find an operator B € L(R, H) such that for all w € R, Bw €
D(20), the operator 2B is an element of L(R, H) and BBw = w. If B is chosen under

the following form

bp(§)
B=| by | -1 (3.7)
b (€)
then the condition Bu € D(2l) is satisfied if:
dbp(w) (o v by o by
e =0 =w i E=0=0e 72(E=0=0 (3.8)
and
dbp(w) oy dby dby oy _
e =0 = w e =D =06 T2 =0 (39)
Also, the condition BBw = w is satisfied if:
(bh(g)w)‘gzo = bh‘gzow =W <= bh(£ = 0) =1 (310)

Now we are in a position to define the operator A : D(A) — H by Az = 2(z on its
domain D(A) = D(A)(ker(B). Let us consider the new state v(t) = z(t) — Bw(t)
and the new input u(t) = w(t). Then

o(t) = 5(t) — Bur(t) = Az(t) — Buio(t)

= A(v(t) + Bw(t)) — Buw(t) = Av(t) — Bu(t) + ABw(t)

By using the augmented state x = [ Z } € H =R & H, the system can be written

as follows . .
t(t) = Az(t) + Bu(t) z(0) = xg
) (3.11)
y(t) = Cx(t)
where the operators A, B and C are given by
; 0 0 A I A
a4, 8] s=ly] cmem e
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The operator 2B is given by

(AB), daa—;g + mn mi2 mi3 by
AB = (Q[B)Q = mo1 —Uagg + Moy Mg bh
(Q[B )3 ms1 m3a ms33 b

Due to the fact that the operator 2B acts on elements on R (space independent
elements), then if we assume that the functions b, and b, are constants (In this case
and according to Equation (4.31)) b, should equal to 1), the operator AB can be

simplified and becomes

my1by + Mg + mysby %!
AB = mlgbp + Moo + m23bk -1 = Y2 i
ma1b, + Mz + ma33by Y3

In this case, the operator B becomes

PolLT (3.13)

3.2 Eigenvalues Problem

In functional analysis the eigenvectors of a compact self-adjoint operator form an or-
thogonal basis for the Hilbert space, but for large classes of linear partial differential
systems of parabolic and hyperbolic types the operators are non-self-adjoint, whose
eigenvectors may not be orthogonal but that do form a Riesz basis, which is a very
important concept. Indeed, any element in the state space can be uniquely repre-
sented as a linear combination of the Riesz basis (even if the basis is not orthogonal)
by using the corresponding bi-orthogonal sequence (i.e. the eigenfunctions of the ad-
joint operator). This concept plays an important role in view of solving the Riccati
equation associated with the parabolic subsystem. In this section, the eigenvalues
and eigenfunctions of parabolic operator Ay; are found, which are used in Section

to solve the optimal control problem.
2

2.
An = dd—gz +mq(§) - 1

The domain of definition of Ay is:

d d d
D(A) = {2z € L*(0,1) : z and d—z are absolutely continuous — -

df‘&zo - d_g‘szl B 0}
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If X\ is an eigenvalue of the operator A;; and ¢ is the eigenfunction associated with

A. The eigenvalue problem associated with the operator A;; is given by

A11¢(5) = )\¢(5)

which can be written as:

8 4 ) - N0 =0, g€ o

¢'(0) =¢'(1) =0

The above problem is challenging due to the fact that a = my1(§) — A is space-

(3.14)

dependent. To address this issue, we divide the interval [0, 1] into a finite number of
segments (h), such that the value of « is constant at each segment and equal to the
average value of the function «(¢), which is defined by
i/h
a,-:h/ al)ds, i=1,2,--- h
(i—1)/h

Under this assumption, the boundary value problem (3.14) can be approximated by:

*¢i(8) n ma(§i) — A
e d

subject to boundary conditions:

¢z(£) :07 56 [6@'761’—!—1]7 L= 172a"' ) S (315)

¢1(0) =0 (3.16)
Gi1(&) = ¢i(&), G 1(&) = ¢i(&), i=2,3,-- .5 (3.17)
¢5(1) =0 (3.18)

Condition ([3.17)) is a consequence of the fact that ¢ and ¢’ are absolutely continuous.

Each boundary value problem has a non-trivial solution if

A
wf:%>0, i=1,2---,5 (3.19)

Under this condition, the solution of (3.15)) is given by :
¢i(§) = a;sin (wi€) + bicos (wif), €€ [, &l =12, s (3.20)

where a; and b; are integration constants. Observe that conditions (3.16])-(3.18) con-

sists of 2s equations, however, 3s unknowns (a;,b; and w;) should be found. Then
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to simplify the calculations, it is assumed that for all 1 < ¢ < s, a; = b; — by (this
assumption is compatible with condition (3.16|) which gives us that a; = 0). In this

case, the eigenfunctions are given by

¢i(&) = bi [cos (wi€) +sin (wi€)] — bysin (wif), € € [§, &), 1=1,2,---,5 (3.21)
Conditions (3.17) can be rewritten explicitly for all 1 <7 < s as follows

b; [sin(w;&;) + cos(w;&;)]—bi—1 [sin(w;—1&;) + cos(w;—1&;)] = by [sin(w;&;) — sin(w;—1&;)]
(3.22)

and
by [w; cos(wi&i) — wi—1 cos(wi—1&;)] = biw; [cos(w;&;) — sin(w;&;)] +

bi—ywi—1 [sin(w;—1&;) — cos(w;—1&;)]
(3.23)

The above equations can be written in the following compact form

A; B; bi | _ | G
R iraN 520
where A;, B;, C;, AL, B! and C! are given by

A; = sin(w;&;) + cos(w;&;)

B; = —sin(w;_1&) — cos(w;_1&;)

C; = by [sin(w;&;) — sin(w;—1&)]

Al = w; [cos(w;&;) — sin(w;&;)]

B} = w;_1 [sin(w;j—1&;) — cos(wi—1&;)]

LC} = by [w; cos(w;&;) — wi—1 cos(wi—1&;)]

\

(3.25)

The solution of Equation ([3.24]) is given by (provided A; = A; B, — A.B; # 0)

BIC; — BiC" ACl — ALC,
= DA P gnd by = e i

b A, A,

(3.26)

which leads to the following relation between w;, w;_1, and w;_s

Bl_,Ciy— BiaCl,  ACl— AC;
Ai—l B Az

(3.27)
On the other hand, Equation (3.18]) implies

bsws cos(ws) — bsws sin(ws) — byws cos(ws) =0 (3.28)
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and then
by

hy=— — L 3.29
1 — tan(ws) (3:29)
Also, by using the expression of w, in Equation (3.26)), one gets
by B.C, — B,C"
— s S — h(ws, wWe_ 3.30
1 — tan(ws) Ay (s, ws-1) ( )

To get all w;, it is assumed that w, is known. Here it is chosen to be an infinite
sequence of the form wy = (W)p>1 = (n7),>1. In this case, Equation implies
that by = by and consequently ¢ = b, cos(w?). If we choose by = b = V2, then
the orthonormality of the base ¢! is guaranteed. Therefore, ws_1 = (W' ;)n>1 can
be found by solving Equation (3.30]). Finally, we can get all w] by solving Equation

(3.27)). The corresponding eigenvalues are given by the following equation:

A =mq1(&) — d(wl)2 (3.31)

(2

3.3 Dynamical System Properties

This section is devoted to the dynamical properties of system such as generation
property, exponential stabilizability and exponential detectability. These properties
are needed to guarantee the existence and the uniqueness of the solution of LQ-control

problem. The following result holds.

Lemma 1. Let us consider the operator A defined by Equation 1} then A is the

infinitesimal generator of a Cj semigroup on H.

Proof. According to |23 Lemma 3.2.2], it is enough to show that A is infinitesimal
generator of a Cy-semigroup on H since AB € L(R, H). Note that the operator A

given by (4.38al) can be written as

82
d8_§2 0 0 mix M2 M3
A= 0 0 + | ma1 mag maz | = Ag+ D
—v— 0
(95 ms31 1132 0
0 0 mas
2
The operator da_§2 is the infinitesimal generator of Cp-semigroup on L*(0,1) (see
0
Example 2.3.7 in [23]). Also, the operator _U8_§ is the infinitesimal generator of
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Co-semigroup on L*(0,1) (see Example 2.2.4 in [23]). Hence, the operator Ay is the
generator of a Cy-semigroup on H since all diagonal entries of Ay are the generators

of Cy-semigroups (see [23, Lemma 3.2.2].

On the other hand, D is a bounded operator (since all the functions m;;,1 <
i,7 < 3 are bounded), therefore we can conclude by the perturbation theorem that

the operator A generates a Cy-semigroup on H, see |23, Theorem 3.2.1]. O

The following result states that, under some technical conditions, the functions b,

and by can be chosen to guarantee the exponential stabilizability of the pair (121, B)

Proposition 1. Let us consider the operator pair (A, B), where A and B are given
by Equations and , respectively. Then, b, and b can always be chosen
to guarantee that there exists an operator K € £(H,R) such that A+ BK generates
an exponentially stable Cy-semigroup on H. Moreover, if 0 € p(A) and Vs € (CTJ{,
ker(sI (2AB)*)Nker(0 (sl —A*))Nker(I — B*)= {0}, then the operator pair

(A, B) generates an exponentially stabilizable Cy-semigroup on H.

Proof. First, let us prove the exponential stabilizability of (A, B). If K = [ky, ko, k3] €
L(H,R), then the operator A+ BK can be expressed as follows

Ao +mu +bky  mia+bke Mg+ ks
moq + ]{31 —U% + oo + k‘z mo3 + /Cg
msy + bk Mm3a + biks mas + brks

A+ BK =

Now let us choose k; = —(,Bern)b;l(ﬁ >0), ke = —mlzbgl and k3 = —m13b;1 and

substitute in the operator A + BK. This results the following form

d2 — 0 0
A+ BK = oer P 5

moq + k’l _Uﬁ_f + 11 (12

maz1 + bpky o1 Q29

where the functions a;;,1 < 4,7 < 2 are given by
= — bt = — bt
Q11 = M2 — My20, , Q12 = Mag — M130,

-1 -1
Q21 = M32 — bkmnbp ;  Qlgg = g3z — bkmlsbp
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According to 35, Lemma 5.1], the operator daa—; — [ generates an exponentially stable
Co-semigroup on L?(0,1). Therefore, it is enough to show that the operator
A= |: —U(%-FO(H 0412]
Q21 Q22
generates an exponentially stable Cy-semigroup. To do so, the operator A can be

written as follows

0
A:|:_v8_§+a11 0 :|+|:O CY12:|::AO+D0

Q91 99 0 0
Since the operator —va%—i—ozn generates an exponentially stable Cy-semigroup (see [6]),
then the operator Ay generates an exponentially stable Cy-semigroup Tjy(t) if the
function ays is negative. In this case, there exist positive constants M and « such
that
| To(t)]| < Me™™, for t>0.

Therefore by using the perturbation theorem |23, Theorem 3.2.1], the operator A

generates a Co-semigroup Tp(t) such that
| Tp(t)]| < Mel-atMlaDt

Hence b, and b can be chosen in such a way to guarantee both (1) agy < 0 and (2)
—a + M|ags| < 0. Consequently, the operator A generates an exponentially stable
Co-semigroup and so is the opeartor A+ BK . The exponential stabilizability of (A, B )

is an immediate consequence of |23, Exercise 5.25]. O

Similarly, the exponential detectability of the operator pair (C’ , /Al) is stated in the

following proposition.

Proposition 2. Let us consider the operator A given by Equation (4.38a)) and C' =
Cy - I, where Cy is any matrix of bounded functions and rank(Cy) = 2. Then there
exists an operator L € L(H) such that A + LC generates an exponentially stable
Co-semigroup on H. Moreover, if 0 € p(A), then the operator pair (121, é) generates

an exponentially stabilizable Cjy-semigroup on H.

Proof. Let Cy = (¢45)1<ij<3 and let us consider L under the following form

L 00
L={0 16 0
ls 1y s
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The operator A + LC' is

2
dﬁ—g +myy + lies mia + l1C32 mig + l1c33
Moy + lacsy _Ua% + Mmoo + lacso Mag + lacss
ma1 + l3ci1 + lacor + lse31 Mg + lscia + lacog + l5c30 Misg + I3ciz + lacas + lscs3
Let us choose |; = —mncg_ll, Iy = mzlcgll(cgl # 0) and I3, 14, l5 are the solutions of the

following system of equations

lsc11 4+ lycor +lsc31 = —magy
lscio + lacoy + l5c30 = —misg
lsc13 + lycoz + l5c33 = —mgg —n  for some 17 >0

provided that rank(Cy) = 2. In this case, the operator A + LC' becomes

82

A+ LC — da_gz Mg + licso mis + l1c33
0 —U% + oo + lgCgQ mos + l2033
0 0 —n

The resulting operator is triangular and all its diagonal entries generates an expo-
nentially stable Cy-semigroup and so is the operator A + LC. The exponential de-
tectability of (C', A) is an immediate consequence of [23, Exercise 5.25]. O

Remark 2. Note that the choice of L assumes that c31 # 0 however, if c3; = 0 it is
possible to change the form of L to triangularize A+ LC. More general, if we choose
a full matrix L, it may be possible to generate a weaker condition of detectability.
Indeed, it is enough to have L as solution of the equation LCy = Dy where Dy is a

diagonal matriz with negative entries.

3.4 Optimal Control Design

In this section, the aim is to design an optimal linear-quadratic (LQ) state feedback
controller for the linearized system E(fl, B, C’) given by Equations |D‘D Our

objective is to find a control law to minimize the following cost functional:

J (2o, u) = /OOO(@(S),Py(S» + (u(s), Ru(s)))ds (3.32)

where the operator P = P-I = (p;;-I)1<; j<a such that the matrix P is symmetric and

positive semi-definite and R = r- I such that r > 0. It has been shown in the previous
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section that the pair (A, B) is exponentially stabilizable and the pair (PY/2C, A) is
exponentially detectable. It is well-known that, under those conditions, the solution

of the LQ-control problem can be obtained via the corresponding Operator Riccati

Equation (ORE) ( [23]).
[A*Q+ QA+ C*PC—QBRB*QJz =0 Vz € D(A) and Q(D(A)) c D(A*) (3.33)

which admits a unique non-negative self adjoint solution and for any xzq € H, the

quadratic cost (4.34)) is minimized by the unique control u given for any ¢t > 0 by

ut) = Kz(t) = —R'B*Qu(t), x(t) = eA 8Ky (3.34)

Moreover, the Cy-semigroup e(A+BK)t generated by the closed-loop system is expo-
nentially stable on H. Let us assume the operator Riccati equation (4.35) admits a

diagonal solution of the following form:

¢ 0 0 0
10 @ 0 0

Q=10 0 @ o (3.35)
00 0 q

where ¢; € £(L*(0,1)), 1 < i < 4 are non-negative and self-adjoint operators. Equa-
tion (4.35)) gives the following system of equations:

0 =puc; —rq (3.36a)
0 = 71q2 + piacica + rbyqiqo (3.36b)
0 = 72¢3 + p13cics + rqigs (3.36¢)
0 = 3q4 + p1acics + rbrqi1qs (3.36d)
0= A} g2 + @2 A1 + P22t — rblg5 (3.36€)
0 = ma1q3 + gamia + pazcacs — rbyags (3.361)
0 = m31qs + gama3 + P2aCacs — TybLG2qs (3.36g)
0 = A3yqs + g3 Az + pssc; — rq; (3.36h)
0 = m32q4 + q3mas + p3aczcs — Thrqsqy (3.361)
0 = ma33qs + qamss + pascy — rbiq; (3.36j)

Note that the operators by, by, , andby are operators defined from R to L*(0,1)
under the form Bu = b(z)u. The adjoint operator of B is defined from L?*(0,1) — R
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and is given by X
B*x = / b(z)x(z)dz
0
which represents the average value of the function bz on the interval [0,1]. With
this fact, the Riccati equation is to become a set of integro-differential equations that
are not easy to solve. To avoid this problem, the output of the adjoint operators
by, by, and by are to be substituted by the distributed functions instead of the average

values. However, the average values will be used to calculate the optimal input which

is defined in Equation (3.34) and can be found by the following expression:

u(t) = —r! [qlxl(t) — b, /01 G2(2)x2(t, 2)dz

_thi/o [q;;(z)xg(t,z)]idz—bk/o q4(z)x4(t,z)dz] (3.37)

where q1, g2, 3, g4 are the unique solutions of Equations (3.36al), (3.36€]), (3.36h]) and

(13.36j)), respectively. Now, we can solve these four equations separately and use the

matrix P to force the other equations to be satisfied.

e Equation ([3.36a)): This equation is very easy to solve
pnC? - TQ% =0

which gives

a1 = e /2 (3.38)

e Equation (3.36¢€]): The equation can be written as follows
[AECIQ + G2 A11 + Paac — Tb?,qg} r=0 Vxe D(An)

Let us put a = paocs and S = byrb,. To solve the above equation, the inner

product form of the equation is to be used. For all x,y € D(A;;), one has
< @r, Any >+ < Anz,qy > + < fr,y > — < @z, aqy >=0
If we take x = ¢,,, and y = ¢,,, we have the following equation

< q2¢maA11¢n >+ < All¢va2¢n >+ < 5¢ma ¢n > —< Q2¢mvaCI2¢n >=0
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To use the eigenvalues and eigenvectors found in Section 3, the above equation
is solved on each subdivision of the interval [0, 1]. Indeed, the equation can be

written on [&;, &;41] as follows
A < G0s B > AN < G o)y > + < Bbiy, 8y > — < ol Ay, >= 0
By Setting ﬁqznn =< 6¢2n7¢7ﬁ > and qa,mn =< qg(b;n?(b;z > for i = 172 ©t S, We
obtain the following equation:
(A + AXn) @ mn + Brn— < @apm, 02y, >= 0 (3.39)
On the other hand, any element z € L?(0,1) can be written as follows:
T = Z < x,¢r > ¢ and then the following holds:
k=0

o0 o
< gyl bl >=< ghdl, Y < aghdl, ) > B >= Y < aghdh, ¢ >< ghdh,, b >
k=0 k=0

[e o]

o0 o0
= <G 0tk > G = Y < GO D> < A, &) > G > G i
k=0 k=0 k=0

00 oo 00 o0
= Z Z < OZQSZ, QS; >< qagbz'm ¢; > q;,mk = Z Z aqu;,nlq;,mk

k=0 1=0 k=0 1=0
where af, =< a@t, ¢! >. Then Equation (3.39) becomes

k=0 [=0

If it is assumed that V n # m q;mn = 0 is a solution of equation |D one gets

the following quadratic equation:

which admits two solutions and only the positive one is to be used.

i At V) B,

2nn ot (342)
Finally, the expression of the function ¢ is given by
ghr = V) <z, ¢l > @b (3.43)

i
n=0 ¥

27



e Equation (3.36h)): The equation can be written as
[A§2Q3 + g3 A2 + p33c; — rq?ﬂ x=0

Remember that Ay, = —vd% + 1m9s defined on

D(Az) = {h € L£(0,1): his absolutely continuous h(0) = 0} and its adjoint

Al = Ud%—i—mgg defined D(A3,) = {h € £(0,1) : h is absolutely continuous h(1) = 0}.
Then Equation (3.36h|) can be written as follows

d(qsx dz
v (quz. ) + Mooq3T —+ qs (—Ud— =+ mQQQf) - qu.r +p33C§I‘ =0
Then the function g3 should satisfy the following differential equation
dgs 2 2 _ —
Ud_f + 2maaqz — 7q3 +p3zcz3 =0, g3(1) =0 (3.44)

The condition g3(1) = 0 is equivalent to gsz € D(A%,) for all x € D(Asy) then
(gs)(1) = 0.

Equation (3.44)) can be solved numerically. However, if we assume that the
function masy is space independent, an explicit solution can be found. Indeed,

let us introduce the following notations.

2
r ma2 P33C3
a; = —, Gz = , a3 =
v v v
e — 2 _ 2
as — /a3 + ajas as + +\/a; + ajas
H1 = ; Mo =
a1 3]

1
= 2:/a2 + ajas, G =
e 2 B

Using the above notations, Equation (3.44]) can be written as follows

dq
d_g = a1q; — 2a2q3 — az = a1(qz + 1) (g3 + p2)
On the other hand, the derivative of g; with respect to ¢ is
dgg _ dgs 1 a(gstm)lgs+pe)  a(gs+ pe)
d§ d¢ (g3 + p1)? (g3 + 111)? g3+

aigg = pe) -
= - = —a1 — K343
q3 + 1
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Consequently, Equation (|3.44)) is converted to the linear initial value differential
equation
dg, 1

43 To = — G.(1) = —

which has the following explicit solution

7 (6) = (i I ﬂ) oHa(1—) _ M
M1 M3 3

and then the function g3 is given by the following expression

—1

e Equation (3.36j|): It is a quadratic equation that can be solved easily. It can

be written as follows

rbigE — 2masqs — pasci =0 (3.46)

which has two solutions and the positive one is given by

2 2 1
_ mzz+ \/m33 + rbipascy
= 2

rby;

(3.47)

q4

Remark 3. It can be easily observed that in order to solve the equation ,
(5.30€), (3.56h]) and , the values of the constants pi1, pa2, P33, Paa and r

are needed. The remaining off-diagonal elements of P can be found by solving

the remaining equations. In what follows, an algorithm to solve the general

Riccati equation .

e Algorithm to solve ORE (4.35)):

— Choose positive pi1, pa2, P33, paa and r to find qi, q2, g3, qa-

— Solve the off diagonal equations (3.36b)), (3.36¢)), (3.36d]), (3.36{]), (3.36g),
(3.361) to get explicitly p;;, 7 # j.

— Check if the resulting P is positive. If P is not positive then,

— Choose a new pi1, P22, P33, pas and 7 to find new ¢, ¢2, g3, g4 and solve

again the off-diagonal equations until we get a positive P.
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e State feedback control: To implement the state-feedback control given by
Equation (4.39), we need to rewrite it in terms of the original variables. For
this purpose, let us substitute © = w and =1 = w, 3 = Z, — byw x3 = Z;, — bpw

and x4 = k — byw in Equation (4.39)

—ri(t) = o) = by [ w(:)(5 = s

_ thi /0 lq3(2)(Zn — bhw)]i dz — bk/O q4<z)(]~g — byw)dz

7 +/0 (b,%CIz(Z) + D b lgs(2)bnl; + bifh(z)) dZ] w(t)

i=1

- /0 (bpcm(Z)ip(Z) + Y b fas(2)7]; + ka4(2)l~€> dz

i=1
Then the function w satisfies the following linear differential equation

w(t) +Tw(t) =~(t), w(0)=0 (3.48)

where 7 is a constant given by the following expression

¢+ /0 ! (bﬁqu(z) + b, lgs(2)bn); + b§q4(z)> dz]

i=1

r=r"!

and 7 is a function of the SCR states and given by

’7(519, fh, ]~€) = r*1 [/O (bqu(Z)ép(Z) + Z bhi [qg(z),%h]i -+ ka4<Z)l~€> dZ]

Consequently, the optimal (to be injected ammonia) state feedback control is
given by

CRas(0) = w(t) + z0(0) = ™ { / "y (Zp(t), Zn(t), k(t))dt — G(O)} + 24,0(0)
(3.49)

where G is the anti-deriavtive function of e™~(t).

3.5 Case Study: Monolithic catalyst Reactor

Monolithic catalyst reactor (see Figure 1) is used to demonstrate all the above theo-

retical development. In this reactor, an endothermic reaction A — B takes place and
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Figure 3.1: Monolithic catalyst

the objective is to keep the temperature at the surface as high as possible.

The energy balance law is used to describe the dynamics of the gas tempera-
ture, surface temperature and housing temperature. The gas temperature (7}) is the
temperature of the gas that enters to the monolithic reactor. Since the monolith
represents the solid-phase in the catalytic, its temperature determines how fast or
slow the surface reactions will take place, it is called the surface temperature (7%).
The housing temperature (7},) represents the heat transfer from the monolith to the
catalyst housing and subsequently to the ambient environment. It is assumed that dif-
fusion transport phenomenon is negligible in the gas phase and the only controllable
input is gas temperature inlet 7,(0,¢) = w. Under these assumptions, the process

dynamics can described by the following dimensionless PDEs (see [62]):

vT's
8Ts(z,t) 8 T 1 +T
o ¢ + age —b(T T) (TS—Th) (3.50)
OTy(z,1) t) oT,
—ar a_gg + ay(T. — T,) — b, (T, — Ty) (3.51)
dTy, B 4 4
% = ah(Th — Ta) + bh(Ts — Th) (352)

with the following boundary and initial conditions:

OT.(0,t)  OT,(1,1)
e oc

=0, T,00,t) =T, =u, T(0)="T,&0)=T,(&0)=0
(3.53)

where T;, is the dimensionless ambient temperature; b, c,, aq, by, a, and by, are the

dimensionless heat transfer coefficients; v is the dimensionless activation energy and

as is the dimensionless heat of the reaction (see [21]). The control objective is to
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regulate the catalyst temperature around its desired value along the reactor by ma-

nipulating the gas temperature at the inlet of the reactor.

To simulate the model equations (3.50)-(3.53) at steady-state, the values of the
system parameters are given in Table 3.1} Also, we choose the manipulated variable
at steady-state equal to 2. By using MATLAB, the steady-state profiles for the gas,

surface and housing temperatures are given in Figure (|3.2]).

Table 3.1: Model parameters for Monolithic catalyst Reactor

Parameter € Qs v b Cs ag | by ay,
Value 0.01 |-0.03 |-14 1.0 15.62|0.5| 0.5 0.001

temeratures at steady state

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.2: Surface,gas and housing temperatures at steady state

Except mq; and mas, all the functions m;;,1 < 4,7 < 3 are constants and given

by
mig9 = 1, mi3 = 1562, mo1 = 50, Moo = —100, Moz = 50, msz1 = 002, mszo — 0.

On the other hand, it has been observed that the variation of mgs is very small and it

can be estimated by mg3 = —0.02. For m;y, the interval has been divided into 5 subin-
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Table 3.2: Values of my; over space

¢ [0,02][]0.2,04][[0.4,0.6] [ [0.6,0.8] | [0.8, 1]
mi(€) | -182 | -20.3 214 203 | -183

tervals, where the function m;; is estimated by its average in each subinterval.Table

(3-2)

To calculate the eigenvalues, it is assumed that the length of the reactor is divided

into 5 equally spaces. The first five eigenvalues of the parabolic operator are given
by:
A ={-18.22, -18.62, —18.21, —20.22, —20.22, . ..

A2 = {—20.38, —20.72, —20.31, —22.36, —22.36, . ..

A3 = {—23.46, —23.42, —23.34, —23.46, —23.39, . ..

—_ =~

AL = £220.30, —22.56, —20.64, —21.75, —23.95, . ..
AP = {—18.20, —28.07, —57.68, —107.03, —176.43, ...}

The corresponding eigenfunctions are given by:

i— {\/§COS(1.4§), V2 c0s(0.65¢), V2 cos(—0.12€), V2 cos(1.43¢), v/2 cos(1.42¢), .. }

62 = {1.5cos(0.28¢) + 0.13sin(0.28¢), 1.96 cos(0.65¢) + 0.54 sin(0.65¢),
1.4 cos(1.4€) — 0.0025 sin(1.4€), 4.73 cos(1.43€) + 3.3 sin(1.43¢),
4.7 cos(1.42¢) + 3.31sin(1.42¢), ...}

¢ = {10cos(1.4€) + 8.59sin(1.4€), —7.72 cos(1.42€) — 9.14 sin(1.42¢),
3.1cos(1.39¢) + 1.67sin(1.39¢), —1.2 cos(1.4¢) — 2.62sin(1.4¢),
—1.17cos(1.41¢) — 2.6sin(1.41¢), ...}

¢t = {—13.37,-0.0037 cos(1.5¢) — 1.418 sin(1.5¢), —1.35 cos(0.58¢) — 2.77 sin(0.58¢),
1.67 cos(—1.2€) + 0.25 sin(—1.2¢), 0.22 cos(1.9¢) — 1.2sin(1.9¢), ...}

> = {\/5, V2 cos(7€), V2 cos(27€), V2 cos(3E), V2 cos(4mE), .. }

To solve the corresponding Riccati equation ([3.44)) in the case study, the algorithm
developed in the previous section is implemented. The output operator is chosen to
be C = I and p;; = 0.3,p22 = 0.2, p33 = 10,py4 = 10 and r = 10. In this case, the

functions ¢;, 1 < i < 4 are given by the following expressions
q1 =3.1623 and ¢4 =12
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The expression of the function g, at each subdivision is expressed by using (4.43)) :
@7 = 4.29(2" d1)d1+4.2(2" 67) 1 +4.3(2" 61)91+3.88(2" 61) 61 +3.87(2" ¢]) ]

g3z = 3.85(2" ¢3) 9y +3.8(2" 93) 5+3.864(2" 63)93+3.5(2" ) d3+3.52(2" 93) b

G5z = 3.3652(27 ¢3) 3 +3.36(27 ¢2) p24-3.38(27 ¢3) ¢3+3.3625(21 ¢3) p3+3.372(2 ¢3) b5
Go2 = 3.87(2" §1)¢1+3.5(2" ¢7)¢3+3.8(2" ¢) 91 +3.36(2" ¢1)93+3.3(2" 67) ]

G52 = 4.3(2" ¢5) d5+2.82(2" 93) 93+1.32(2" 93) 95+0.74(2" ¢5) d5+0.45(2" 93) 5

The exact expression of ¢3 is given by the following expression:

gs(€) = [200.05¢*1 -9 — 0.05] " —0.05

By solving the off-diagonal equations, the matrix P is given by

03 00054 0  —1.7286
00054 02  —0.0063 —0.1004
P=1 "0 00063 10  —0.0009 (3:54)

—1.7286 —0.1004 —0.0009 10

which has the eigenvalues [0.0005, 0.1997, 10, 10.3] and then the positivity of P is

guaranteed.

The state feedback is given by Equation . This controller is applied on the
nonlinear system . The closed-loop responses are shown in Figures [3.3}3.5 It can be
observed that, the designed optimal controller is able to reject the effect of the initial
condition in 5 seconds and surface, gas, and housing temperatures converge to their

desired steady-state profiles .
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0.14

Figure 3.3: Closed-loop surface temperature.

7
i s s e I
W I

=
——

Figure 3.4: Closed-loop gas temperature.

The closed-loop errors are shown in Figures confirms our results and it

is observable that the errors converge to zero in 5 seconds which means that our

controller drive the closed-loop to the steady states for any initial condition.
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0.14

0.12

Figure 3.5: Closed-loop housing temperature.

-0.02

Figure 3.6: Closed-loop trajectory of Ty — T .
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Figure 3.7: Closed-loop trajectory of T; — T} ss.
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Chapter 4

Optimal Control of Selective
Catalytic Reduction

4.1 Process Description and Modelling

4.1.1 Reaction Mechanism

The reaction Mechanism describes how the chemical reactions occur. We consider
that the only species adsorbed on surface is the N Hs. In this case many studies have

been reported [39,/41,42], where we can find the details of this mechanism

An aqueous urea solution is required to reduce NO,. Urea plays the main role
concerning the formation of gaseous ammonia. Urea decomposition is described in

the following reactions [29):

The thermal decomposition reaction takes place upstream of the SCR catalyst.
The NHj3 formed is further adsorbed on the surface of the SRC catalyst.It has been
observed that the hydrolysis reaction has significant effect concerning the for-
mation of N Hs. Then it is much better to take this reaction into account.

After the step of NHj3 formation we now describe the process how this NHj can
reduced the nitrogen oxides by converting it to nitrogen and water which are less

harmful than NO, The reactions are |29):
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The reaction (4.3) is the best pathway because it can convert NO, to nitrogen and
water very fast and it is preferable to reaction (4.4) and reaction (4.5)).The oxida-
tion of ammonia can be an obstacle for maximum conversion of NO, The reaction

mechanisms are [29]:

4.1.2 The Complete SCR Model

The SCR catalytic converter typically consists of a ceramic substrate in the form of
a honeycomb monolith with thousands of parallel channels of about 1 mm hydraulic
radius. The surface of the channels is covered with a washcoat containing a catalyst.
We consider a single channel as being representative of the converter as a whole. We
model the channel as a right circular cylinder and this case can use a 2D axisymetrical
model. Further, by using a lumped capacitance model in the radial direction we can
further reduce the model to a single spatial dimension [45]. We have to consider the
bulk gas phase and the surface, with the two being coupled via heat and mass transfer
coefficients. The complete model [46,47] of bulk gas contains four species (NO, NOa,

NHj, and O3). The mass balance equations are PDEs as follows:

The Mass balance

0cl(z,t) ocl  koa. :
M0 M e ovovovmo

Equation(4.8) describes the masse balances of each components, and it is considered
as a hyperbolic class of PDEs.

There are three terms in Equation(4.8]) which are: accumulation of species ,convective
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term, and diffusion of mass from bulk gas to washcoat

¢;,V,km,a, and e are the concentration of component ‘5’ the linear gas velocity
which is assumed constant along catalyst channel, the mass transfer coefficient; the
mass and heat transfer area per unit of catalyst volume; the porosity in the catalytic

washcoat layer or the void fraction .

The mass balances of each component in the washcoat pores are shown in the

following equations

acs(z,t ,
M = kla(c) —c;) £ GZakrk, j=NO,NOy, NH;, O, (4.9)

Equation (4.9)) is the same as the pervious one, just in this case the accumulation
takes place only in 1 — ¢, and instead of a convective term we have a heat source
which is generated by the chemical reactions. The accumulation of species in the
surface is very small compared to other terms , that is the reason behind neglecting
this accumulation term. So the final form of the mass balance at surface is, where G
is active catalytic surface area and oy, is the stoichiometric coefficient of each reaction,

71, are reaction rates of each reaction
kha(c — ) =+GY owre, j=NO,NOy, NH;, O, (4.10)

The mass balances of intermediate species :
Intermediate species are the adsorption/desorption of gases on the reaction sites
on the surface. They have have a significant role in modelling SCR. Thus the ammonia

intermediate species surface coverage equation can be written as follows:

dQNH3 (Z, t) a
= ca (Tad — Tdes — 7’4) (411)
dt QO

Qnps is the coverage of stored ammonia on the surface of catalyst; Q2°? is the

storage capacity.
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The Energy balance

The total enthalpy balance in the bulk gas gives us the gas temperature as follows:

oT9(z,t) _UﬁTg hma
o 0z  pIcpde

(T° —19) (4.12)

Equation is a hyperbolic PDE which consists of three terms :the accumula-
tion of heat, the heat convection, and inter-phase heat transfer from gas to monolith.
|hm,p? ,cp?, T9,and T* e are the conductive heat transfer coefficient between bulk gas
and monolith ,the exhaust gas density, an exhaust gas specific heat capacity, temper-

ature of exhaust gas, and the surface temperature.

The total enthalpy balance in surface gives us the surface temperature as follows:

8T5(z7 t) _ NS 02T _ hma (Ts . Tg) . Pextlert
ot pieps 022 peps (1 —e€) piep*(l —e)

5

a

- AHr; 4.13
psts(l _ 6) ; JTJ ( )

(Ts o Tea:t)

The Equation (4.13)) is a parabolic PDE X is the thermal conductivity; T is the

temperature of surroundings; and AH is the standard reaction enthalpy. respectively.

We conclude that the model of SCR includes hyperbolic and parabolic partial

differential equations (PDEs), and ordinary differential equation (ODE) that are cou-
pled.

Reaction rates
The reaction rate defines how fast the chemical reaction consumes reactants and

produces products. In our case reaction rates are introduced as the following:
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-3007

r = 2.53%10% T* CNOCNO, N Hy (4.14)
1+ 1.2042 * 10 -3¢}y,
—7151 L
ry = 2.36% 10% T° CNOONH; (4.15)
1+ 1.2042 % 1073c3
80T L
ry=T56x10% T 1.2&022*]%‘_307% (4.16)
—15034
ra=132%10"¢ T° Qg (4.17)
—14503 .
10 s 0,CNH3
ra =0l 10%e 1 (1+1.2042 % 1073c3, 5, ) (1 + 1.5053 % 10-3¢5), ) (4.18)
Tad = 0.82¢% 1, (1 — Qi) (4.19)
—12992(1 — 0.310Qx,)
Taes = 3.67 % 10% T Qnr, (4.20)

Note that the unit of the reaction rates r;, 1 < i <5 is mol/ s.m? and the unit for
Taa and Tqes is mol/s.m3.

The parameters, mass and heat transfer coefficients, and functions used to express
the reaction kinetics that are used in Equations (4.8])-(4.13]) are shown in Tables
and respectively.
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Table 4.1: Model parameters for SCR [29]

Parameter ~ Value  Unit ‘
a 2666  [m*m 7]
Qext 1 [m2m 3]
hest 35 [Wm 2K
€ 0.68 (%]
p° 1770 [kgm™3]
cp® 900 [Jkg 1K1
A 1 [Wm 'K
QN 209 [mol /m?]
AH,  -378.534 [kJmol™\]
AH, -407.129  [kJmol™]
AH; -341.664  [kJmol™]
AH,  -316.839 [kJmol ]
AH; -226.549  [kJmol™]

Table 4.2: Mass and heat transfer coefficients for SCR [29)

Parameter Equation Unit ‘
B, = 19+ 0.174879 — 18.318 x 107°(T9)? [Wm 2K 1]
kNO = 2.745 % 1075(T9)L.75 [ms™1]

kNO2 = 2.212 % 1078(T9)17 [ms™!]

kN Hs = 2.959 % 1075(T9)L75 [ms™1]

kQ> = 2.399 % 1076(T9)1-7 [ms™!]

4.1.3 Control Objectives

The SCR catalyst technology theoretically can reduce up to 90% percent of NO,,
but this is not the case for many reasons. For example, there are some disturbances
that may affect the control performance of a SCR, and one of them is the continues
fluctuations of NO, concentrations because the speed of diesel engine is not constant,

also the urea solution has a direct effect on the ammonia, so the under/overdosage
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of urea can lead to disturbance in the control of SCR, Finally the disturbance of
the gas temperature at the inlet it may affect the SCR performances. Our control
objective is to keep the performances of SCR as high as possible and to drive this
system to achieve the optimal performances regardless, of the previous disturbances.
The ammonia dosage at the inlet is the only manipulated variable, so finding the
optimal dosage of ammonia is our challenging objective. Good control performance is
achieved if the tailpipe concentration of NO, is less than 50 ppm, and the ammonia
slip is less than 20 ppm, so we need to perform some simulations by changing values of
concentrations and temperature of gas at the inlet to determine which is the perfect

steady states that we can linearize around.

4.1.4 Abstract Cauchy problem on the Hilbert space Z

In this section we reformulate our boundary control problem to an abstract Cauchy
problem which fits our standard formulation . It is possible to reformulate such
problems on an extended state space so that they do lead to an associated system in
the standard form [23].

The Final models of SCR with the Boundary Conditions are given as follows:

( aTS t )\S aQTs hm hel‘ exr
(Z, ) =—— — - —— a (Ts o Tg) . H#(Ts o Tezt)
ot piep® 0z piep (1 —¢€) pep(1 —€)
a 5
a1 Z A
orI(z,t)  OT9 hoa To _ T
o oz pgcpjffeo( -7
I%o(z,1) e knCa
%:— —ZZO‘F (cho — cvo)
aC?VOQ(th) — 86‘(]]\,02 + k’%OQ(I(Cs _ Cg )
o - NO2 T CNO2
Ocyms(z,t) _UaC?VH3 i kasa(cs —
—g B = 0: NH3 ~ CNH3
Octy(2, ) _ _Uacoz K a(cs — )
ot 0z e 92 o2
dQNH3 (Z, t) . a
dt - Q}:\?Z (Tad — Tdes — T4)
\ 3

(4.21)
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With the following Boundary Conditions:

T9(0,t) = T,

cé’((),t) :C?,MN j = NO,NOQ,NH;;,OQ (422)
ars(0,t) " ors(L.t)
o 0z

We reformulate the problem to match the general case. The system can be written

as follows:

o o2
Fe =d5F + (2, 2, k)

%0 V4 gz, k) (423)

dk = h(Zp, Zh k‘)

dt

Such that the states are:

T T
__ s _ 9 g g g _ —

S

The coefficients are: d = ——, V = diag(v.1y)
pScps

Finally the non-linear functions are:

hma a

hextaext 5
f(z), 2, k)= ——-"F—(T5-T9) —— (T -T) —— N AHjr;
(2 21, K) prep*(1 — 6)( ) prep*(1 — 6)( ) prep*(1—e) 2jer AT
h(zpa Zh, k’) = QCTP('Fad — Tdes — ar4)
" (10— 79)
pgcpgg
khCa s g 21(2p, 2n, k)
(cvo — cvo) P
NO2, g2(zp7zh7k)
g(Zp7 Zhs k) = m (C}QVO2 — C?VOQ) - g3(2p7 Zhy k)
ENH3, g4(zp72h7k)
= (chms — Chms) 85(2p, 2n, k)
kQ%a
i ——(cha — Cba) ]
The final models with the boundary conditions are stated as follows:
(9% _ daQZ}7 + f(2,, zn, k)
T pr =l
8zh 8zh
v k 4.24
ot 3§ +g(zp7zha ) ( )
dk
| 5 = h(z,, zp, k)
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Where the boundary conditions are:

0z 0z,
o le=0 o€ le=1 and  z;(§ = 0) = 2, (4.25)

2p(&,0) = 2p0(§) and 2;,(£,0) = 25,0(§) and k(0) = ko

where (2, 21, k) € H = L*(0,1) x (L*(0,1))° x R denote the state variables of the
system, ¢ € [0,1] and ¢t € [0, 00) represent the space variable and time, respectively.
The functions f and g and h are non-linear continuous functions. % 5(§ = 0) the
component number 4 of the function zp;, € L*(0,1) is the input variable. The only
difference between the previous case and this case is that V is diagonal matrix rather
than scalar .

To solve the corresponding linear-quadratic control problem, the linearization of
the above system around a steady-state profile is needed. For this purpose, let us

denote by z,ss and 2, s and ks the components of the system steady state.

¢ 93 2z 7

% B a&);p +my3(§) 2, + mua(8§) 2 + mus(§)k

% - _V%_? +my; (€)Z, + my(€)Z, + mas(§)k (4.26)
e im0 mal© - my(©F

With the following new initial and boundary conditions

03 3 i
aig’kzo =0 and 2| =0 and (€ =0) = 2,(€ = 0) — z.s(€ = 0)

Z(€,0) = 20(6) = 2p,55(&) and Z,(€,0) = 2,0(€) — 2n,55() and k(0) = ko — ks
(4.27)

Where 2, = 2, — 2,55 and 2, = 25, — 2,45 and k=Fk— kss are the state variables in
deviation form. The functions m;;,0 < 7,5 < 3 are the Jacobians of the nonlinear

terms evaluated at the system steady state.

of(z,, zn, k of(z,, zn, k of(z,, zn, k
e T R e
P
0g(zp, zn, k 0g(zy, zn, k 0g(zy, zn, k
m21(£) = %ks; m22(§) = ggfhh)hsy m23(§) = %L&s
P
oh(z,, zp, k oh(z,, z, k oh(z,, z, k
m31(£) - %bsa m32(£) = %Lsa m33(§) = %hs-
P
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From the other hand and to clarify more we have that:

mi, = Of (zp,2n, k) | Of (zp,21,,k) ‘ Of (zp,zn k) | Of (zp,2n, k) ’ Of (zp, 21, ,k) ‘
12 = Ozn1 Ozha 88 O0zn3 i O0zha Ozns s
B 8 5 7k T -
081 (2p,2h,k) |SS 081 (2p,2n,k)
Ozp —|
g2 (zp.2n.k) Oa(Spen k)|
Ozp |55 # ‘ss
Moy, (5) _ 3g3(2p,2h7k)| m23(£) _ 8g3(2p,zh,k)|
o Ozp 88 - Ok ss
8g4(zp,zh,k) | 8g4(2};zhvk) |SS
9z ss
Bgs(zp?zh,k) | W ‘ss
L Ozp ss - -
[ 9g1(2p,zn,k) ‘ 0g1 (2p,2n,k) | 9g1 (2p,2n,k) | 0g1 (2p,2n,k) | 081 (2p,2h,k) ’
Ozp1 S8 Ozpo 85 Ozp3 88 0zna S8 O0zps 85
832(Zp72h:k) | 082 (2p,2n,k) | 082 (2p,2n,k) | 082 (2p,zn:k) | 0g2(2p,2n,k) |
9z ss 2ha ss CE ss s ss 92ns ss
Mo, — | 983Gp:2n:k) | Oga (zpsn.h) lss aga(zp,Zh,k) | 983(2p,2n,k) | 083 (2p,2n,k) |
22 dzn1 EX] 0zna Oz ss Ozna EE] Ozns S8
9ga(2p,2n,k) ‘ Oga zp%h,k) | g4 (2p,2h,k) | 0ga(2p,2n,k) | 0ga(2p,2n,k) ’
Ozp1 88 Ozpo Ozp, 88 Ozna 88 Ozps s
3gs(zpvzh7k)| 985 ( ZpaZth)| 335(%7%, )| 3%5(Zp72h,k)| Bgs(zp,Zth)|
i Ozp1 58 Ozna Ozp3 58 Ozha Ozps ss ]
My — Oh(zp,zp,k) ’ Oh(zp,zp k) ‘ Oh(zp,zp,k) ’ Oh(zp,zp k) ‘ Oh(zp,zp,k) ’
32 zp1 Ss 9zha ss 0zn3 Ss zna ss zns ss

To get the steady states many simulations have been done using different input values
of gas temperature/concentrations. Using finite difference method in MATLAB at

the optimal boundary conditions of SCR. The simulations of steady states are shown

in the figures 4.3
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Figure 4.1:

Concentration of Qxg3 at steady state
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Figure 4.2: Concentrations of gas components at steady state

We use those values of steady states to get the functions m;;. The functions

are given as follows:
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Figure 4.3: Gas
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and Surface temperatures at steady state
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pgcge
0
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picpe
4.8+10~Ca(cly o —cXo ) (T'9:55)0-75 _k')l’)\]l,ossa 0 0
€ ss ¢ NO2
3.871*10*6(1((:‘;’\,02—c?\}o2)(T9'SS)O'75 0 _km,ssa 0
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( - —
0
0
0
Moz —
0
0
9 0
—12992(1-0.3102 N (13 55) 15043
 QNH3,ss[47.7%109(1—0.310Q 5 113 55 )€ Ts,ss +19.84%10'0ge Tsss ]
m31 — Qcap *T2
NH3 5,88
mgp=(0 0 0 0 0
712992(170.31OQNH3 SS) —15034
1.48+10100 2
0.82¢5% 1y +(——— —NH3:55 4 3 67,106)¢ Ts,ss +1.32a%107¢ Ts.ss
. NH3 Ts,ss
ms3 = — Qcap
\ NH3

Let us assume that the new state is by 2z = [ Zp Zn k ]T and the new input is given
by w = Zp,|e=0 = [ 0 00 Ilge O ] Z, = MZ,. Then, the above linear system
can be formulated as an abstract boundary control problem on the Hilbert space H

([23]),

dz(t)
e Az(t) 2(0) = 2o

Bz(t) = w(t)
Where 2l is the linear operator defined by

(4.28)

2
daa—52 Fm©)  ma©)  mi©)
A= my; (§) —V% +my(§) ma3(§)
m3; () mjy(§) m3;(§)
and:
D) = {z € H:z, 2, CZ—? are absolutely continous, C(lj—? X 62—? X Ci;ép € (LZ(Oa 1))3 and

The input operator B : H — R is given by
B=[0 M 0]

The objective is to find an operator B € L(R, H) such that for all w € R, Bw €
D(1), the operator 2B is an element of L(R, H) and BBw = w. If B is chosen as
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Bun(€)
By(€) 1 Buolf)

follows: B = | Bp(&) -1 |, such that By(§) = | Bus(§) |, where Bu € D(21).
1 Bra(€)
Bis(€)

Bi(§)

To get B we need to use those two conditions:

First conditions is Bu € D(2() which gives us the following :

d(By(w) . v dBy, o dBy o oy _
S E=0 = (e =0) £ E=0=0  (42)
" (By(w)
d(By(§w) . . @ o @ N
d—g(g_l)_wdg(f—l)—()(:) dg(f—l)—() (4.30)
Second condition is BBw = w which is hold if:
MBh(f) I = Bh4|£:0w =W < Bh4(§ = 0) =1 (431)

Lets assume that A : D(A) — Z such that Az = Az, and D(A) = D(A) () ker(B).
By transform the state as we did in the pervious section into v(t) = z(t) — Bw(t)

where the new input is u(t) = w(t), we get the following abstract Cauchy problem:

i(t) = Ax(t) + Bu(t)  x(0) = xo
. (4.32)
y(t) = Cu(t)
Where the operators 121, B and C are given by
A 0 0 ~ I A
AZ[Q[BA}; B:[_B}, C=C[B I (4.33)

Such that ¢z = diag(ci;), 1 < j <5, where ¢; are scalars.
The operator B is given by

(Q[B)l daa_zg + myy mj m;j3 Bp
MAB = | (AB)y | = my; _Va% +myy IMpg3 By | -1
(AB)3 ms; mss ms3 By

Due to the fact that the operator 2B acts on elements on R (space independent
elements), then if we assume that the functions B, , Bj, and b, are constants (In this
case and according to Equation (4.31)) bs4 should equal to 1, then the operator AB

can be simplified and becomes

m; B, + m;yB), + m3B; %!
AB = | m;eB, + mypB, +muBy | - 1= | v | -1
mgz B, + mge By, + ms3 B, V3
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By taking : Ay = daa—; +myq, Ay = —Va% + my, the extended operators A and B

0 0 0 0 1
. A 7 A myp mys A -B
are given by: A = I, B= |
& Y Y2 Mo Agp Mg —By,
Y3 IM3; I3z 1133 —Bj,

4.2 Eigenvalues Problem and Dynamical System
Properties

4.2.1 Eigenvalues Problem

As we introduced in the pervious section of eigenvalues problem the same process is
going to be apply on the new values of my; in order to get eigenvalues and eigenfunc-

tions . We have that my; varies over the space as follows:

-40

45 4

50 - 4

— 55 | 4

60 - 4

65 - 4

Figure 4.4: Variation of mi;
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¢ [[0,02][[0.2,0.4] [[0.4,0.6] | [0.6, 0.8] | [0.8, 1]
my(§) | -65 -59 -54 -50 -45

To calculate the eigenvalues, it is assumed that the length of the reactor is divided
into 5 equally spaces, and by applying our procedure as it is described in the pervious

section we get The first five eigenvalues of the parabolic operator as follows:
A = {-65.02, —65.42, —65.01, —67.02, —67.02, ... }

N = {-59.08, —59.42, —59.01, —61.06, —61.06, . ..}
A2 = {—=65.06, —56.06, —55.94, —56.24, —55.99, ...}
A\ = {50, —52.26, —50.34, —51.45, —53.65, ... }
N> = {—44.9,-54.77, —84.38, —133.73 — 203.13,...}

The corresponding eigenfunctions are given by:
b = {\/5008(1.46), V2¢05(0.65¢), V2 cos(—0.12€), V2 cos(1.43€), v/2 cos(1.42€), . . }

#? = {1.5c0s(0.28¢) + 0.13sin(0.28¢), 1.96 cos(0.65¢) + 0.54 sin(0.65¢),
1.4 cos(1.4€) — 0.0025sin(1.4€), 4.73 cos(1.43¢) + 3.3 sin(1.43¢),
4.7 cos(1.42€) + 3.31sin(1.42¢), ...}

¢ = {10cos(1.4€) + 8.59sin(1.4€), —7.72 cos(1.42€) — 9.14 sin(1.42¢),
3.1c0s(1.39¢) + 1.67sin(1.39¢), —1.2 cos(1.4¢) — 2.62sin(1.4¢),
—1.17cos(1.41€) — 2.6sin(1.41¢), ...}

¢ = {—13.37,—0.0037 cos(1.5¢) — 1.418sin(1.5¢), —1.35 cos(0.58¢) — 2.77 sin(0.58¢),
1.67 cos(—1.2€) + 0.25 sin(—1.2€), 0.22 cos(1.9¢) — 1.2sin(1.9¢), ...}

P> = {\/5, \/5008(7?5), \/5008(27?5), \/§COS(37T£), \/§COS(47T§), .. }

4.2.2 Dynamical System Properties

Our approach to prove the exponential stabilizability and the exponential detectabil-
ity is the same. Rather than dealing with v as scalar we have now a matrix V. So the

following results hold by the same proofs.

Lemma 2. Let us consider the operator A defined by Equation 1} then A is the

infinitesimal generator of a Cy semigroup on H.
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The following result states that, under some technical conditions, the functions B,

and By can be chosen to guarantee the exponential stabilizability of the pair (fl, B)

Proposition 3. Let us consider the operator pair (A, B), where A and B are given by

Equations (4.38a) and (4.38b]), respectively. Then, B, and B}, can be always chosen
to guarantee that there exists an operator K € £(H,R) such that A+ BK generates

an exponentially stable Cy-semigroup on H. Moreover, if 0 € p(A) and Vs € CT?,
ker(sI (2AB)*) Nker(0 (sI —A*))Nker(I — B*)= {0}, then the operator pair

(A, B) generates an exponentially stabilizable Cy-semigroup on H.

To guarantee the exponential stabilizability of (/Al, B) we need to verify that the

choice of B, and By give us that ass < 0 and in the same time give us %ﬁzo) =
dBT’UEg:l) = 0 which are two conditons

dBp(§=0) __ dBp(§=l) _ 0 (2)

d¢ d¢

{0422 <0 (1)

By setting that B, = b, = I the condition (2) holds. Concerning the condition (1)
the figure (4.5)) shows that the condition(1) also holds

-0.0392344

-0.0392346

-0.0392348

« -0.039235

-0.0392352

-0.0392354

-0.0392356 L L L I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.5: Variation of aus
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The exponential detectability of the operator pair (C’ , fl) is stated in the following
proposition.
Proposition 4. Let us consider the operator A and C' given by Equations (4.38a)
and , respectively. If Cy has full rank, then there exists an operator L € L(H)
such that A + LC generates an exponentially stable Cy-semigroup on H. Moreover,
if 0 € p(A), then the operator pair (CA',/Al) generates an exponentially stabilizable

Co-semigroup on H.

Proof. Let us consider L under the following form

Ly 0 0
L=|L, 0 0
Ly Ly Ls
The operator A+ LC' is
dg—; +my; + LG4 mio mj3
my; + LoCY _Va% + moo my3

ms; + L3O msy + L,Cy  mg3 + LsCy
Let us choose L; = —my;C7Y, Ly = myCyY, Ly = mgC7H(Cy # 0), Ly = maCy!
and Lz can be chosen (always possible) mss + L;C3 = —n for some n > 0. In this

case, the operator A + LC becomes

A+ LO = daa—;z myo mis
0 —Va% +my Mo
0 0 —n

The resulting operator is triangular and all its diagonal entries generates an expo-
nentially stable Cy-semigroup and so is the operator A + LC. The exponential de-
tectability of (C', A) is an immediate consequence of [23, Exercise 5.25). O

4.3 Optimal Control Design

In this section, the aim is to design an optimal linear-quadratic (LQ) state feedback
controller for the linearized system E(fl, B, C’) given by Equations |D‘D Our

objective is to find a control law to minimize the following cost functional:

J (2o, u) = /j((y(S),Py(S» + (u(s), Ru(s)))ds (4.34)
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P11 P12 P13 Pi4

Where the operator P =P - [ = P21 P22 P2 P | g
P31 P32 P33 P34

Py P42 Pa3 Padg
Such that (p13)ixs = P31, (P23)ixs = Pia,  (Pa3)ixs = Pass  (P33)5x5-
The matrix P is symmetric and positive semi-definite and R = r - I such that
r > 0. It has been shown in the previous section that the pair (121, B ) is exponentially
stabilizable and the pair (Pl/ 20 , A) is exponentially detectable. It is well-known that,
under those conditions, the solution of the LQ-control problem can be obtained via

the corresponding Operator Riccati Equation (ORE) ( [23]).

[A*Q+QA+C*PC—QBRB*Qz =0 Vz e D(A) and Q(D(A)) € D(A*) (4.35)

which admits a unique non-negative self adjoint solution and for any xy € H, the

quadratic cost (4.34)) is minimized by the unique control u given for any ¢t > 0 by
u(t) = Ka(t) .= —R7'B*Qu(t), z(t) = eA+BK) o (4.36)

Moreover, the Cy-semigroup e(A+BK)t generated by the closed-loop system is ex-
ponentially stable on H. Let us assume the operator Riccati equation (4.35)) admits

a diagonal solution of the following form:

Q. 0 0 0
10 @ 0 0

Q=|, 02 Qs 0 (4.37)
0 0 0 Qu

To guarantee that Q is positive we need just to make sure that (Q1)ix1, (Q2)1x1,
(@3)5x5, (Q4)1x1 are non-negative and self-adjoint operators.

Let’s take Q3 as follows:

q11 12 d13 G4 15
q12 Q922 ¢23 G24 Q25
Q3= |13 G23 G33 @3 G35
qia 424 434 Qa4 Q45
q15 Q425 435 (45 (55

56



Equation (4.35)) gives the following system of equations:

Ti = c¢ipjycr — Qir' Q] (4.38a

T{y = 7 Q% + cipiace + Qzﬂ‘zB;Qé (4.38Db

Ty = 13Q5 + cipiscs + Q17 By Q3 (4.38¢

Ti, = % Q4 + ¢iplyca + Qir' Bi Q) (4.38d

Tsy = A7 Q% + Q5 A1 + c5phyco — Q5 Byr' By Qs
T3 = m3 Q5 + Qymuz + c3phscs — Q3 Byr' B Q%
T3, = my Q4 + Qhmys + csphycs — Q5 Bpr' BrQ
Tis = A3Q% + Q4Agn + cipiscs — Q4Byr' Br QY
T3, = m5,Q% + Qimas + cipiycs — Q4 Brr' B Q) (4.381
Tiy = mi3Q) + Qimys + ciplycs — Q4 Brr' B Q) (4.38j
Note that the operators B,, By and the components of the operator B), are oper-

ators defined from R to L?(0,1) under the form B.u = B(z)u. The adjoint operator
of B, is defined from L?(0,1) — R and is given by

Bix = /01 B(2)x(z)dz

which represents the average value of the function Bz on the interval [0,1] as we
stated in the previous section. In our case we have a solution of Riccati equation on
each subdivision With this fact, the Riccati equation is to become a set of integro-
differential equations that are not easy to solve. To avoid this problem, the output of
the adjoint operators By, B; and By are to be substituted by the distributed functions
instead of the average values. However, the average values will be used to calculate the
optimal input which is defined in Equation and can be found by the following

expression:

u(t) = —r! {lel(t) B, /0 ' Oul(2)a(t, 2)dz

1
0

-y B, / (Qs(2)as(t, 2)], d= — B /0 Qu(2)a(t, z)dz] (4.39)
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where Q1, ()2, @3, Q4 are the unique solutions of Equations (4.38a), (4.38¢]), (4.38h))

and (4.38j)), respectively. Now, we can solve these four equations separately and use

the matrix P to force the other equations to be satisfied.

1 Q5 Q% QY are the unique solutions of Equations:

Thx=0
Tioxr =0
‘ (4.40)
Tz =0
Tix=0

respectively. The same procedure is going to be followed in order to get the solution

Q. In order to make this system hold
Thr=0 (1<kh<4, k#h) (4.41)

We use the matrix P to force all off-diagonals of (4.35]) to be zeros.
Solution Qi:
For each subdivision @)} is the solution of the equation T};z = 0, so it is given as

follows:

i Clpi C1
Q== (4.42)

Solution Q:
In order to get Q) we need to solve the equation Thyz = 0.
By following the same method as the previous section we get Q% by the following

expression :

i C Afz + )2+ Bk, i i
TLZO nn

Such that:
CophoCa = ', Bpr'B, = o', B, =< B¢l bl >, Qb =< Q4L 0 > i =
1,2---s

Solution Q}:
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Solving Ti;z = 0 in order to get Q% on each subdivision, we will start by solving

Ty =0
Tazw = 0 — A5Q37 + Q3 Ago + c3pisczr — Q3 Br'biQzx =0

We have that AL, = —Vd% +my,. Assuming that the length of each subdivision is
L. Changing the length to 1 by substituting & by % , so we get that A, = —VLd%%—mgz
with D(AL,) = (h € £(0,1)/h,a.c and h(0) = 0)

We have that V is a diagonal matrix, so (V' L)* = (V L), then (Al,)* = VLd% +mj,
Where D((A,)*) = (h € £(0,1)/h,a.c and h(1) = 0).

Substituting those operators terms into T3z = 0 we get that:

d(Qs dx
(35 ) m},Q4z + QL(—V L= + myyx) — QL Byr'b;Qhx + csplycsz = 0

VL Tz

d 1 * *
VLG% + m3,Q% + Qymas — Q3 Byr'b; Qs + c3pygcs =0

On the other hand we have that Qiz € D((AL,)*) then (Qiz)(1) = 0. We conclude
that we get Q) by solving this equation

(4.44)

VL% + miQ1 + Qimay — QLBrbi QL + c3plicz =0
Q3(1)=0

Concerning others terms Q% we get the same equation except in the boundary con-

dition we have to ensure the continuity of the ()3 so we get the following equation

(4.45)

VL% + m;QQ% =+ Q§m22 - QéBhTinQg + C3p§,303 =0
Qé((zfl)*L> _ Qé—1<(zfi)*L) i>9

S

According to [1, Corollary 6.7.36], the following result holds.

Proposition 5. If we assume that V,pi, > 0, then Equations (4.44) — (4.45)) have a

unique non-negative solution

Remark 1. The condition V' > 0 is usually satisfied in chemical processes applica-

tions.
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a1 Q2 ng g Ags
Q12 Qoo oz (g4 (iog
Let’s put that: pi = | i3 o3 asz @z ass |, so the system of equations
Qg Qg Qi3g Qyq  Qys
Qs Qg5 g5 Qg Qss

(4.44) — (4.45) gives the following 15 Odes :

¢ dqt i i )
U_dél +2r] — DirDj + ci10q1¢11 =0
dat, i kR Qsadls i DR =0
v i _I_ 7’2 -5 1T P} + C11(12C22 =
dgt, i k%,osiafﬁg DirDi =0
Vgt +ry — == — DirDs + crionscss =
dgi, i kmadagl, DirDi =0
Vgt Ty — Tt — DirDy 4 cnnangcy =
dals | i kmissadis DirD: =
v s — =2 — DirDy + cniauscss =0
da’ QkNO aqi . .
v 322 - %22 — Dir DY 4 coai99C22 = 0
d : k;NO @ i kNOQa i . .
v — St Bl Dir D+ epoinscss = 0
dat ENO aqi k‘NH3a i . .
v — Tt — m i — Dir D+ eppacan = 0
< dghs  kNQ.adhs  kpliaghs DirDi = A0
Ve — T = g — Dor Dy + cpp0iascss = 0
: NO i
dgis  2km,s3aqhs ir D =0
v — T — DyrDy + cs30is3css =
dqi, kﬁfﬁ%aq@ kﬁﬁé”w& DirDt =0
v o — = — Dsrl) + c330034C44 =
> NOy o i
dgis  km,s2aq} km?ssaq} i e 1)1
il - fosieths _ Baltths — Dl cxgoigsess = 0
; NH: 1
dgyy 2k 3 aqiy i Dt =0
Vet — T = DD+ caaugCas =
> NH . O i
dg: K s2aq) Fem2s s /) )i
v — s — = — Dir Dy A causcss = 0
> O i
dq? kagssaqi4 D’L DZ — 0
v dﬁ{ — =5 = Dyr Dy + cs50055C55 =
) 1%L . i—1)*L .
(1) = 0, 6 (F55) = @i (5), (6> Tandl <m < < 5)
Such that :

(Di = q11Bn, + qi2Bn, + q13Bn, + €14 B, + @15 Bn;
D} = ¢ioBn, + o Bhy + @53 Bhy + @54 By + @55 B
D% = ¢iyBu, + ¢4y By + @iy Bhy + @B, + @i B,
Di = ¢i, By, + ¢4 Bhy + ¢44Bn, + @iy Bh, + ¢4 B,
Dg = q§'5Bh1 + q§5Bh2 + qég.Bhg + 935Bh4 + qéBBhs

= andly + andly + asidis + andly + asiqi;
Ty = a11q}y + a21Ghy + 3143 + an1qhy + az1¢55
Ty = an(lig + 021%3 + CL31Q§3 + a41q§4 + a51q§5
rh = a11qly + anqhy + as1¢, + andly + as1qi;

Ul 11415 + a21Q55 + a31q55 + A41Q45 + A51¢55
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( a(0.1748—2%18.318+10~ 6Ty o5 ) (Ts,es—Ty,05) —Pim,ss]
a1 = T
D

. 4-8*107GG(CfVO—c?\}SOS)(TQ’SS)U-%
g1 = .

o 3.871*10_6a(c§\70270?\}3052)(Tg,ss)0.75
asr = .

o 5.18*1076a(c?VH3_clg\;§;3)(Tg,ss)0.75
41 = .

_ 4.2%107 6a(ch),—c& ) (T'9:5%)0-75
51 = .

Solution Q:
Finally in order to get Q) we need to solve Ti,x = 0

Tyw =0 — A§3Qi$ + Q4 Az3x + caplyycar — QuByr' BrQux = 0

in our case we have that Ass is a scaler function and we assume that Byr'Bj, = r,i SO

in to get QY we need just to solve this second order equation :
2my3Q} + capaacs — 1 (Q4)* =0 (4.47)

The variation of mss is shown in the following figure : its obvious that the variation

-0.03923445

-0.039234452

-0.039234454

-0.039234456

-0.039234458

-0.03923446

m(9)

-0.039234462

-0.039234464

-0.039234466

-0.039234468

-0.03923447 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.6: Variation of mss

of ms3 is very small, that’s why it’s acceptable to take mgz3 = —0.0392
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so we are going to choose the appropriate pyy to make this equation has two solutions

and finally we choose the positive one ()4 on this form :

. _
ms3 + \/ M3y + 17.C4P44Ca
L

Q= (4.48)

Algorithm to solve ORE (4.35)):

e Choose pi,pby,pis,p,, and ' to find QY,Q5%,Q%,Q’ such that Q is positive

e solve the off diagonal equations 1) to get (pﬁj i # 7) and check if this results

in a positive P'. If P is not positive then

e Choose a new pi;,pby,pis,p%, and ' to find new @Q},Q%,Q%,Q% and solve (4.41])
until we get det(P}) >0 (1 <k <mn) such that n is the size of the matrix P*

State-feedback control: In order to implement the state-feedback control given
by Equation (4.39), we need to rewrite it in terms of the original variables. For this
purpose, let us substitute v = w and x; = w, x93 = z, — Byw x3 = Z;, — Bpw and

24 =k — Byw in Equation (4.39))

—riit) = Quu(?) / Qa(2) (5, — byw)dz

— Z Bh / Qg (Zh — Bhw)] dz — Bk/ Q4 k‘ Bkw)d

—rw(t) =

Q1+ /01 (BiQQ(Z) + Z By, [Q3(2)bs]; + B,%Q4(z)) dz] w(t)

/01< B,Q2(2 +th [Q3(2)2n]; + BrQa(2) )

Ql+i/ h
—i/ih ( B,Qi(= +th Q3(2) 2], + BrQi(2) )dz

i—=1 Y (—=1)h

—TU)

(Bz@;<z> £ 3B QiG] + Bi@i(z)) dz] w(t)
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Then the function w satisfies the following linear differential equation
w(t) +Tw(t) =~(t), w(0)=0 (4.49)

where 7 is a constant given by the following expression

Q1+§;/(

ih
r=r"
)

i—1)h

5
(Bi@é(z) + > Bu, [@5(2)n], + BZQZ(z)) dz]
i=1
and 7 is a function of the SCR states and given by
) 5 ik 5 A -
V(Zp, 2, k) =17 Z/( ) (BpQé(Z)ip(Z) +> b, [Q5(2)5)], + BkQZ(ZW) dz
i=1 7 (i—1)h i=1

Consequently, the optimal (to be injected ammonia) state feedback control is given

by

C%y3(0) = w(t) +2,0(0) = e ™ {/ ey (2, (1), Zn(t), k(t))dt — G(O)} +25,0(0) (4.50)

where G is the anti-deriavtive function of e™~(t).

4.4 Simulations

4.4.1 Calculations of @)1, ()9, )3, )4 in each subdivision

After applying our algorithm we get the following results in each subdivision:
1-Solution over [0 0.2]
For £ € [0 0.2] we have that the appropriate values are :

(1

p; = 100

p%2=5
(300 0 0]
03000

pia=10"10 0 3 0 0
00030
(0000 3|

pi, = 0.01

\7"1:0.1

we get that :
Q] = 63.826 (4.51)
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Qir = 0.0384 < 7,01 > ¢1 +0.382 < 2,0 > ¢ +0.0385 < x,¢° > ¢ (4.52)

+0.0372 < z, ¢ > ¢1 +0.0373 < z, ¢} > ¢}
Concerning Q} we solve the ODEs systems numerically with MATLAB using ode45
function, and to make it easy to check the positivity of the matrix, the average has
been taken by using mean function in MATLAB for all coefficients. the solution Q3
are given as follows:
4.7 0.005 0.00033 0.00025 0.0002
0.0005 0.033 0.0006 0.0005 0.0004
Q3 =107 | 0.00033 0.0006 2.761 0.00075 0.0006 (4.53)
0.00025 0.0005 0.00075  0.32  0.0008
0.0002 0.0004 0.0006 0.0008 0.101
To check the positivity we need just to make sure that all eigenvalues of this matrix
are positive.

Eigenvalues are :

o(QL) = 107]0.0323, 0.1001, 0.320003, 2.761, 4.701]

Q; = 0.0587 (4.54)

To guarantee that those values work we get the matrix P! as following:

3 —0.007 35 —4440 —2213 —2861 —4355 —0.1 |
—0.007 5 —4 —-0.02 —-0.02 -0.02 —-0.02 0
35 —4.2 3107 0 0 0 0 1.2
pl_ —4440 —0.02 0 3107 0 0 0 1.2
| —2213  —0.02 0 0 3% 107 0 0 1.2
—2861 —0.02 0 0 0 3% 107 0 1.2
—4355 —0.02 0 0 0 0 3x107 1.2

| 0.1 0 1.2 1.2 1.2 1.2 1.2 0.01 |

Eigenvalues are :

o(P') = [24.12,17.85,0.0087,3 % 107, 3 % 107,3 % 107,2.89 % 107, 2.8 % 107]
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because all eigenvalues are positives we conclude that P is a positive matrix

2-Solution over (0.2 0.4]
For £ € [0.2 0.4] we have that the appropriate values are :

(93, = 100
p2, = 10000
(2 000 0]
02000
P2, =107 0 0 2 0 0
00020
(0000 2|
pis = 100
\7‘2:0.1
we get that :
Q7 = 63.826 (4.55)

Q2 = 84.63 < x,¢) > @) +84.14 < 1, ¢2 > ¢2 + 84.T3 < x, 3 > ¢ (4.56)

+81.87 < x, ¢y > ¢3 + 81.87 < x, 3 > &5

3 0.000018 0.00001  0.0000087 0.000007
0.000017  0.0024 0.000023 0.000017 0.000014
Q3 =10" | 0.00001 0.000023 0.045 0.000026  0.00002 (4.57)
0.0000086 0.000017 0.000026  0.0019  0.000027
0.000007 0.000014 0.00002  0.000027  0.00005

o(Q3) = [486.6, 19288.6, 23755.04, 453591.9, 30000291.54] > 0

Qf = 147 (4.58)
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The matrix P? is given as follows:

100
-9
2655
—1872
—940
—1211
—1836
—11

pP? =

-9
10000
—172676
0.0001
0.0001
0.0001
0.0001
—0.02

Eigenvalues are :

2655
—172676
2 %107

o O OO

—1234.5

—1872
0.0001
0
2% 107

S oo o

—940 —1211
0.0001 0.0001
0 0
0 0

2% 107 0
0 2% 107
0 0
—-0.12 —-0.12

—1836
0.0001

o O O

2% 107
—0.12

—11

—0.02
—1234.5
—0.12
—0.12
—0.12
—0.12

100

o(P?) = [56.72,92.88,8515.57,1.98 x 107, 2 % 107, 2 % 107,2 % 107,2 % 10"] >0

3-Solution over [0.4 0.6]

For £ € [0.4 0.6] we have that the appropriate values are :

we get that :

)
P§2:2 )
1 000
0100
3 5
pa =100 0 1 0
0001
(0000
Pis =1
r3=0.1
Q% = 63.826

_ o O O O

Qir = 0.0153 < z, ¢35 > ¢ +0.017 < x,¢3 > ¢3 + 0.018 < x, ¢35 > ¢
3 3 3 3 3 3

+0.0177 < z, ¢4 > ¢4 4+ 0.0179 < z, ¢} > ¢f

a3~

15 % 10?

18.34
12.22
9.17
7.33

18.34 12.22
1265 24.45

24.45

12000

18.34 2751

14.67

66

22

917 7.33
18.34 1467
2751 22

50000 2934
29.34 7625

(4.59)

(4.60)

(4.61)



Eigenvalues are :

o(Q3) = [1264.90, 7624.90, 12000.14, 50000.04, 150000] > 0

2 =276 (4.62)

to guarantee that those values work we get the matrix P3 as following:

100 —0.1 7393 —27281 —2661.5 —9826 —26336 —276 ]
—01 2 —15 —004 —0.04 —004 —004 0.02
7393 —15 10° 0 0 0 0 20
ps_ | —2728 —0.04 0 10° 0 0 0 61
~ | —2661.5 —0.04 0 0 10° 0 0 61
9826 —0.04 0 0 0 10° 0 61
—2634 —0.04 0 0 0 0 10° 61

| 276 002 20 61 61 61 61 1

Eigenvalues are :

o(P?) = [0.175,2,60000,10°,10°,10°,10°,1.4 % 10°] > 0

1-Solution over [0.6 0.8]

For £ € [0.6 0.8] we have that the appropriate values are :

(4, =100
pa, = 0.001
(9000 0]
09000
Pz =101 0 0 9 0 0
00090
(00009
P = 0.9
\7“4:0.1
we get that :
Q1 = 63.826 (4.63)

Qiz =105 < x,¢} > p3+9.56%1076 < x,¢2 > $2+9.93%1076 < z, ¢ > ¢> (4.64)
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+9.72 %1076 < z, 0] > ¢ +9.32x 1076 < z, ¢} > ¢}

1.4%10° —1027.33 —216.93 —1921.7
—1027.33  5%105 —1044.4 —355.84

Q3= | —216.93 —1044.4 3108 1377.61
—1921.7 —355.84 1377.61 304372
20214  —25.4 41888 1253.46

Eigenvalues are :

202.14
—25.4
418.88
1253.46
12 % 108

o(Q4) = [1.4%10%, 3%10°, 3x10°, 5% 10% 12107 > 0

—22
0

S O O OO

—56
0

O O O O O

Q) = 16.83
to guarantee that those values work we get the matrix P* as following:
9 13e~ 1 43 —58 —7.7
13e~1! 9 —0.009 0 0
43 —0.009 9 0 0
—58 0 0 9 0
4 _ 106
P=10 —-7.7 0 0 0 9
—22 0 0 0 0
—56 0 0 0 0
| 0.016 25e'* —76e7% —0.007 —0.007 —0.007

Such that: e =107 pe Z

Eigenvalues are :

—0.007

(4.65)

(4.66)

0.0016
2.5e712
—0.007
—0.007
—0.007
—0.007
—0.007
0.9¢~6

o(P*) = [0.000048, 0.52,12.12 % 10°,9 % 10%,9 % 10%,9 % 10*,9 % 10°] > 0

5-Solution over [0.8 1]
For £ € [0.8 1] we have that the appropriate values are :

(b}, = 100

p3, = 0.06
(4000 0]
04000

P, =100 0 4 0 0
000 40
(0000 4|

p3, = 0.001

\7’5:0.1

68



we get that :
Q% = 63.826

(4.67)

Q5 = 0.00067 < x, ¢ > @i + 0.00054 < , ¢2 > ¢z + 0.00035 < x, g2 > ¢ (4.68)

4+0.00022 < z, ¢ > ¢ +0.00015 < z, ¢} > ¢f

1060.28 —154.15 —32.55 —288.36 30.33
—154.15 1456.5 —156.71 —-53.4  —3.8

Q3= | —3255 —156.71  993.2 206.7  62.85
—288.36 —53.4 206.7 1716.3 188

30.33 -3.8 62.85 188 1745.4

Eigenvalues are:

o(Q3) = [2002.7, 1631.5, 1540.9, 891.14, 905.5] > 0

Q> = 0.0054

to guarantee that those values work we get the matrix P? as following:

300 —0.0009 6301 —62262 —28134 —38065 —60952
—0.0009  0.06 —63 0 0 0 0
6301 —63 4% 107 0 0 0 0
ps_ —62262 0 0 4 %107 0 0 0
| —28134 0 0 0 4 % 107 0 0
—38065 0 0 0 0 4 %107 0

—60952 0 0 0 0 0 4 %107
| 0.1107 0 -2 -2 -2 -2 -2

Eigenvalues are :

o(P°) = [0.00081,0.06,53.2,4 % 107,4 % 107,4 % 107, 4 % 107] > 0

(4.69)

(4.70)

0.1

Finally we substitute those values in equation (4.50|) to get the optimal input

CRas (0)-
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4.4.2 Implementation and discussions

The developed controller has been applied to the non-linear system and numerical
simulations have been performed on the closed-loop non-linear system. Indeed, the
expression of optimal amount of ammonia to be injected (Equatz'on) is imple-
mented in the closed-loop system. Finite difference discretization method is adopted

here by using the Crank-Nicholson scheme in MATLAB.

e Figure shows the optimal input trajectory

400

350 B

300 -

= 200 H 4

NH3,in

| | | | | | |
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t(s)

Figure 4.7: Optimal input trajectory

e Figure shows that surface temperature increases until it converges to the
steady states. Almost our controller needs 500 second to drive this trajectory

to the steady state

e Figure describes the closed-loop trajectory for the gas temperature, it
shows that gas temperature decreases for the first time, then it stats increasing
until it converges to steady states. Our controller takes almost 500 second to

reach to desired level

e Figures ([4.10], [4.11]) are the same. Those figures show that NO and NO; in

bulk of gas decrease until they reach to our steady states which guarantees that
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Figure 4.8: Surface temperature of the closed loop
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Figure 4.9: Gas temperature of the closed loop

the performance of our controller is good, It is obvious that after 400 second
the gas concentration of NO and NO, at the inlet is less than 50 ppm which is

our objective

e Finally Figure [4.12]is the gas concentration of ammonia slip. This figure shows

that N Hj3 converges very fast comparing with others components, and this is a
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Figure 4.10: Gas concentration of NO in the closed loop

2000

Figure 4.11: Gas concentration of NO2 in the closed loop

good results because ammonia slip is the most dangerous one, it can seen that

ammonia converge to the steady state after just 50 second

e Figure (4.13) shows the L?-norm of the errors between the process states and
the corresponding steady-states at time ¢. This confirms the reliability of the
developed algorithm.
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Figure 4.13: trajectories of tracking errors

4.5 Conclusions

4.5.1 Summary

The objective of this thesis is to design a Linear Optimal Control of a coupled

Parabolic-hyperbolic PDEs and ODE and apply it to the SCR . An Introduction to
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Infinite-Dimensional Linear Systems is described as mathematic tools for the con-
trol of PDEs. Many concepts are introduced to use later in designing our con-
troller. The fact of having the control input at the boundary makes the problem
challenging, since in this case an augmented state space approach is needed to write
the infinite-dimensional representation. After linearization of the Non-linear general
model around steady states, the abstract boundary control problem approach is used
to rewrite the problem in the standard form. Because of this approach the system is
extended. Solving eigenvalues and eigenfunctions problem for parabolic Operator is
needed in order to write this operator in Reisz-Spectral basis and solving Operator
Reccati Equation (ORE).The exponential stabilizability and detectability has been
proved to guarantee the existence and the uniqueness of optimal control input. As-
suming that the solution of ORE is diagonal enables us to decouple the system of
ORE and to make it easier to solve. An algorithm is developed in order to get the op-
timal control input. In order to test the performances of our controller, a Monolithic
Catalyst Reactor(MCR) has been studied as the case study. Models for a MCR are a
combination of coupled hyperbolic and parabolic PDEs, and ODE.The parabolic PDE
represents the solid temperature. The hyperbolic PDE represents gas temperature.
The last equation which is an ODE represents housing temperature. By considering
that manipulated variable is gas temperature at the inlet (v = T9(t,0)) our controller
has been tested on this model and it has been shown that the performances of our
controller are very good, and our optimal input drives the closed loop to steady states
very fast.

The main focus of this study is to test the controller described above on the SCR
models. Models for a SCR consist of coupled hyperbolic and parabolic PDEs and
ODE. The hyperbolic PDEs represent the concentrations of the gas phase components
and the gas phase temperature. The parabolic PDE represents the solid temperature.
ODE represent the coverage of stored ammonia. The main difference between the SCR
models and the general case is that instead of having one hyperbolic PDE, we have
multiple hyperbolic equations. The same proofs are stated for SCR, just substituting
v scalar with V matrix. Also, getting the exact solution of hyperbolic operator is not
realizable as in the scalar case, so a system of ODEs equations are stated and solved

numerically in order to get Q3.
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Good results have been found when we apply our controller, and the closed loop
converges to the steady states at a good real time. The results have also been con-

firmed by the errors between the closed loop and the steady states.

4.5.2 Directions for Future Work

There are many options for the future work to improve the performances of this
optimal control. Design an optimal controller in a discretize the system to make
it technically trivial to apply , and also to avoid the problem of unboundedness of
operators. Also we know that the measurements of the reaction rates and heat and
mass transfer coefficients cannot be made without affecting the systems that’s why in
our future work we need to add some uncertainties to the SCR model. To control our
output matrix, a Kalman Filter is one of the best approaches that we can use it to
estimate all states, especially concentrations which are hard to measure them along
SCR. Analysis of the closed-loop CSR system is another direction of future research
(see [9]).
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