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Low = fa. = 0 (1.1)

0 is & d-dimensional region;
T is the boundery of £2;
u = u(x), fo = fa(x), fr = fr(x) ase defined on x € QUT; and
System (1.1) could be discretised somshow, say by the finite difference or
Lia=fi, zeMcCh (12)
where w,, fi € G(fl4): the space of gridiunctions defined on & grid 01, and
L : () = G(Ra)

| An = §, a Q=(01)x(1) as)
umg, en the bomndury of 0
Coempesing (1.3) with (1.1), we hawe

La=4, Le=l Q2=(1)x(81)



Dm&“y*(li)ﬁ(nmh:ﬂn&
uniform grid 0,:

04 = {(2a.00) | (3a,00) = (i4,jR),0S4,) S n}

ing discretised system (1.2)

(1.4)

A= (1.3)

1 =47 (a-tyn(a=1)
&h-b“th“iqﬂ—*(lﬂ)-
|



discussed; then in section 3, the Jocal mesh refinement technique is elaborated;



ﬂghuw.ﬁmmﬂhpﬂnd:MZL

2.1 Notations.
Lsnﬁhethgmﬁﬂuﬁmd'm(lz);mdngi pacination
oximation to u3. The

u}. There are two important measures of v, as an appe
h@:tb(m)muiﬁnéﬁﬂw

e = ug — (2.1)
Therelore, ¢ € G(fla). Un ,hn_::hm&ﬁwnh
jﬂgnmﬁﬁi-thmm:ﬁﬂ However, 88 an alterziative

ra = fo — Lana (2.2)

ﬂﬁuugmﬁmdhﬂq approxis
ﬁm(zl).(ﬂ),gihﬁthdq-—dﬁ-mg..hﬂch
that the residual rj = 0 if and caly if the error ¢) = 0. Nevertheless, it is not

Lam=fi—-n



Lyep, =7y (2.3)

which provides us with the very important fact that the error s satisfies the
same set of equations as the unknown w,, when f, is replaced by the residual

imation vy by a new approxi O defined by:

6 =op+e (24)
This is just the residual correction ides used by the classical iterstion meth-
Let D, denote the diagonal pert of L,, ie.
Dy, = ding(Ls)
The demped Jacobi iteration method for (1.2) is:
oot = o 40D fa - Laof) (29)

where, o is the mih appeoximetion of vy to u} on grid s, and w € [0,1] is



For exact solution of (1.2), we have:
o} ==} +wDP*(fa - Lan})
By subtracting (2.5) from (2.6), we get:
C gt = (I-wD La)e?

e i=u) v}
Denote the iteration matrix as Sa, i-e.

Sy :=I-wDLa

et = Sped
- g
- s

1S ISIT -k

(26)

(27

(2.8)

(29)

Mmﬁﬂ_ﬂiﬁdﬂ(uiﬁh)ml-l_c
Il,:qhmdhn--_-hn(is.). It follows thet ¥ Sl < 1,

K%)= mpx | M) |

(2.10)



where \i(Sy) is the dh eigenvalue of Sy, the following is true:
Jim SP=0 ifandonly f a(Sh)<1

srefore, it follows that the error e* couverges to sero if and only if the
spectral radius of S is less than one.

iteration. Moreover, supposs that p(S)y) <1 and let M be the smallest integer

[as0) ™ <10~

(211)

—logie [#(5h)] on the denominator in (2.11) is called the covergence rate which
It is obvious from (2.11) that the smaller the valus of p(Ss), the higher the

Ao Za) = =y n( B3 + sin* () (1)

pe of Ly defined by (1.4) are

Wye(Ls) = sin(prss)sin(evm), (52,m) € Ba (2.13)

for lSpeSn-1



By(ﬂ),nbuthﬂS;hth-mii-j—ﬂhnE.u

Wpe(Sh) = wpy(Ls) = sin

wzs)oin(gvm), (2a.0) € B

Ape(Ss) = 1 - w[sin*( 5= )+m=("’ ) (2.14)

for 1<pqgsn-1.
ltuéﬂ&g&mim;ﬂhmit-m

tohwe 0<wsl
By using the sigenfenction expension for ¢} along {wpe(Ls)}, we beve:
Q= Y epunll) (218)

15p4Sn=1

Oitbn#hpdiihﬂﬂll).th onend qn-H(L.)mﬁé
ingto1Spest- lmﬂihﬁq—qu‘—ﬂﬁmﬂﬁﬂd
c{ﬂhﬂhispﬂsnsimaﬂﬁmﬁ

pe(Sh) = wypg(In)

Satpe(Sa) = Mpg(Sa)00pe(Ss)
by (29), we have:

=574
=5 T apmnlle)

1Soase—1



= T apSTen(S)
1<paSn—-1

= Y apAn(Sa)wp(Sh)
1$p4Sn-1

= Y apAn(Sa)ep(Ls)
1<p.g<n-1

= Y An(Sa)[apwpelLs)] (2.16)
1$paSn-1

From (2.16), we may discover some very interesting facts. If we take p=g =1
in (2.14), we have

Mu(S0) = 1 wfein® () + sn*(G)
=1~ W'(E;-)
~1 -b(f,ﬁ)’
0"

=1-=-#

=1-0(M)

which approaches ons whea A — 0 for sy 0 < w < 1. Therefore, by (2.16),
we know thet the error componsat @y 9y;(Ls) bes remeined almost undamped
after several iterations for any 0 < w S 1. In other words, 20 metter how
wm&mmm&“mmﬂdle—ub
demped offectively. The smalier the mesh sise A, the worse the convergence
rete for smooth erzor componsats.

On the other hand, lot's consider the amoothing effects of the cecillatory
ervor compencats, sy, s the extoems case Aera-1(Se):

domta-i(80) =1 - ofoin? (B ) 4 gt (B
= 1 =~ Swein®( L2 )



H we choose w = }, then
MacransSe) =1 - it (1)
oot (® -21)-&)
Tty
- o)

&tm“dhﬁ.hMﬁﬂbdﬁﬁ-pﬁ
h«n)-uk*(vho-bbhdbph_).hmnh




gid Qn C Q) C 0. Genenally speaking, we mey choose the grid sise H such
Let Sh : G(f) = G(04) be soms classical iterstion operator, and vy be
roximation of u. Thea,

s := Sa(wa, i) (217)
a:mup—8

Laea =7, (2.18)

ra = fi ~ Lath (2.19)

1n



Miwmd\!(zm)dbhﬁi{,ﬁh—i-bdﬂﬁ
because
wW=dh+eg
Unfortunately, todﬁ(z_l!)mb-ﬁm-ihdﬁ(l,!) Never-
- nhﬂt&ﬂegi:mhm-d

Ghawd-iﬁl!i;ﬁp:‘;,
(I)Cdmhhﬂuf:-i;hﬂ-
ra = fo — Lawm;
(2) Restriction of residual:
ra = Rffra;

en = Lg'rm;

(6) Prolongation of coerection:
o := Ihen:
(8) Corvection of »:
h=nte
whare,
RY : O(04) — G(Qy) is the sesiciction eperator;
1} : O(Bx) — G(Qs) is the interpalatic operater; end




Ly is the discretised operator of L on grid Qx.

(or at least asymptotically)."!
The algorithm of the two-grid methed is as follows:

Given spproximation », o u,
o-relaxation (s times):

& = ST (o0, ok
(2) Coarse-id corvection:
(2.8) ra:=fi - Lads;

(2b) ru=Rfn;

(2¢) eu:mLy'ra;

(2d) o= Then;

(20) Himthtan

Fiest of oll, for stape (1) and (3), dus to the smesthing pocperty of most
13



The simplest one is called injection. It is just the case that vy on the cosrse

ﬁmmmﬁmmmmbﬂﬁn
Therefore, for ono-dimensd 7

»|z

vp(ill) = vs(2ik), O

IA
A

va(ill,jH) ;= w(2ib,258), 0SijsS % (2-20)

lome, it is defined as:

onGH) = L(n (- W)+ Im(AW) + (@ 4TV, 1S5S T

(i, ) s (35— DM 2 = DA) + (3 = D25 + 1)
+ oa((35 4+ 1)k, (3] = DIR) + on((3 + DA (3 + 1)
+ Nou(Bi, (3] — DA) + oa(BA, (3 + 1)
+ oa((3 = 1A, 278) + w((3i + DA ZR))
remAGY), 1SKISF- @)

]



It should be pointed out that unless the coefficints of the problem vary wildly,
injection is the natural and convenient choice for restriction.

Thirdly, for prolongation operator I} in step (2.d), in order to have the
full eficiency, the order of I} should be no less than the order of the differential
equation. Nevertheless, practically speaking, higher prolongation order has no
cbvious advantage. Therefore, for second order problems, corresponding to one-
wMM&M«WW&&m
choice, i.e. for one-dimensional problems, the prolongation is:

ua(2jh) := on(G H), 0<s;js¥
{..((zjn)a):-}(-.umn.(uum 0<sj<§-1
and for two-dimensional problems, we have
' wa(2ih,25A) = on(ill, i H), 0siis¥
(2 + 1)h,2jA) := }(vur(iH, i H) + vu((i + 1)H, jH)), '
{4 n(2ih,(2j + DA) == § (v (i, H) + vu(iB, G + D)),
na((2 +1)A, (25 + 1)R) := {(ow(iH, i H) + ou((i +1)B, j H)

+ou(ill,(j + 1)H) + on((i + 1)A,(j + 1)H)),
| 0Sijis§-1

(2.22)

hn(!x).ﬁ.mt.bhagwhhdh.
I could be cbiained by o similer discretisation as Ly om the cosrser grid Qy.
Purthermose, by locking st step (2.c) more carelully, we con immediately dis-
m“.“h“.ﬂbﬁh“unbhw
m.“bﬂwwbﬁhﬂbplcr.wﬂlh
gid Oy is not coarse casugh. However, bﬂnd&ow-&dp
vides ws with & very nstusel way to ovescems the dificulty hese. chdn
Lm-r.b*thho.ﬂ-hl--a.“’ﬂﬁu This



&smheﬁd“Mﬂth&Mpﬂﬁg. Then,
muwﬂ.hwhdudmbmhegﬂ-
M.M-uﬂmmbhdﬁﬁi
Mbﬁc“ﬂwwna&pﬁmi A good imitial
Aﬂmmw&ﬁﬁlwwwﬁﬂiwgﬂ
wmmmx-qm)ummﬁanﬁﬁm
ﬁdﬂm:%mﬂwm
is independent of mesh specing. Nw,bmuﬂi-ﬁdﬂhdig:ﬁ
Mbmﬂﬂdhﬂmﬂﬁmn@ﬁﬂéﬁﬁ
mwuum,uwmmm-ihﬂ.

L is limees. m.qdhp“wﬁhdmh-#ﬁ
ﬂwbum#
m”bﬂﬂ*ﬂ-hbﬁi“ﬂ-
ﬂmwmmwdﬁ-ﬁ—p&
b”.nbh.dwﬂhcqgﬂtbiﬁﬁl
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For convenience, we rewrite (1.2) here:
Lima=fi, X€EMHCH (229)
where, up, fa € G(f), and
E..G(ﬂ;)!bg(m)
is a nonlinear operator.
The residual equation is as follows:
Lyea=ra (2.2¢)
Laea m Ly(wa + &) — Lama (2.28)
ry 1 fo = Lana.
By (2.25), we know thet [y = Ly if Ly is lmear.
ry are smooth functions. mﬁ.ﬂ'hhﬁﬂmhﬁ,—
ﬂﬁhwhﬁﬁﬂﬁﬂﬂm“ﬂ.ﬁm:ﬂ-
Thlqpﬂh(ﬂ)ﬂﬂgh
La(REw +ox) - Lu(Rf'nn) = Rfns (2.99)

“Lgﬁﬁ#ﬁﬁﬂﬁgiﬂﬂ.



vy = Rffop +en
f8 ;= Ly(R{va) + Riira
by (2.26), we have
Lyvg = ff (2.27)
Therefore, rather than solve the error ey, we compute vy, the full solution on
4. Once we get the approximation vy, we prolong the error and update vy

vy =y + I%(UE - ﬂ o) (2.28)

which we may expect to be a better approximation v, to u}.
Now, let's go back to look at (2.27) more carefully. In fact, the right

hand side of (2.27) f{ can be expressed as

8=yl (2.29)

rfl ;= Lu(Rf'w) - R (Lans) (2.90)
By (2.30), we know that term 7ff actually is the truncation error on Oy
grid Q,. Rt is very important to mention that this ides is the hay point of our
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3. Local Mesh Refinement Techmique.

3.1 Introduction.

For many vroblems, because of the properties of the problems themselves
(say, with the unbounded domasin, contsining singular points such as sources or
sinks, or with discontinuous solutions or shock phenomena), or becsuse of the
constraints of our computing facilities (memory, project funds, etc.), different
resolution in different parts of the domain should be considered.

For example, let's consider our model problem (1.3)

{A--'L in Q=(0,1)x(0,1) 8.1)
u=mg, on the boundery of 0

with
£ = [4a?((1 - 2)* + (1 - 9)*) - da] - esp[—a((1 - 2)* + (1 - ¥)")]
e ezp[-a(1+(1-y))), i =0 aad 0<ysS);
_ | espl—o(1-9)), f s=1 ead 0Sy<)
s esp[-a(l-l-(l-:)’)], f 0<2<1 and y=0;
esp[—a(l — 2], f 0S2<1 and y=1.
where a is a perameter.

We know thet the amalytical sobution of (3.1) is:
w(s,9) = esp[-a((1 - 5)* +(1-9)*)] (32)

Howsver, when a is lerge, say a = 100, the solution w(s,y) will chenge
Mmb’aﬂ(u)'&h'l—ﬁm-diﬁb

poist (1,1). Thus, the segien aser (1,1) should be sefined.

thet chould be takem into consideration.™ Pirst, intsoduciag such & loeal mesh
n .



Mnﬁ:pﬂ.hﬂﬂﬂnmnﬂﬁtb—. Moreover, dus to the compli-
uumﬂhhhm-ukhthﬁﬂmnh‘“ﬂ
mhmhmﬁﬂdﬂémbbhhﬂnﬁlm
dats management work. mﬁhﬂﬂhﬂilwﬂhﬁ
such a grid structure. hih&_ﬂﬁhmﬁi
Mﬂmnhﬁm-ﬂm
hﬁs.ihutin—?b—i;—-d# mmﬂ:ﬂ

Miﬂﬁlb—ihmhmﬂﬂﬂﬂ
m:-ﬂﬂn-ﬁﬁ huﬁbp_ﬂ;ﬁ—iﬁlﬂ




(8)%“&3-"““@3(“
of domein)?
“composite-grid”, i.e. the union of a series of uniform grids, and is besically
similar to Brandt’s MLAT algorithm;#{"! however, in order to avoid introducing
wibsm“mmﬁﬁ-wﬂﬂ

Now, let's look at the structure of our composite grid. For simplicity, we
Huhmudmwhhﬂmhﬂﬁu
should be refimed. mwuwa-mma-;

Qa is the finest grid. As wemal, we choose grid sise Ay = 2h441; moreover,
lot every other grid lime of fyy; be the grid line of 0. However, walike the
of N, segion, i.e. the region that needs to be refined.

Teking our model pechiem (3.1) s an emmple, wo may comstruct ous

composite grid aser (1,1) es shown in Pigurs 2.1 (for cloar lustes lon, enly
two grids ) and Q4¢3 heve besn shown hese). We hove:
Qeom =R UB U... UK URapa V... Uty 39

whase, 0 is the coassest grid and Oy is the finest gid.



1

L 2

—
—4—1
) ¢ # R . |

0, =eUeUpy
| D441 =0UAUNUX

Figure 3.1
It is very important to emphesiss the role that Qs pleys. In the regions
ﬁhﬁ,hh“ﬁhﬁﬁhﬁiﬂﬂm
ﬂsu.-iﬁﬁ-pﬂ—hiﬂhngh_ﬂnhﬁﬂpﬂpﬂ
h_—ﬂ:ﬁhnﬂd.pﬂmhﬂsh



Qe

\ &
¢

follows:

Lavivwss = foer, X€EQnCH (34)

and an approximetion wyy; %0 u3,,,
(1) Provelaxation (» times):
"ot 1= S (%1, faorr) (38)
(2) Coarse-gzid corvection:
w = U3 (LR 9001) + Ry (fors = Lovamanr))  (36)
%



wae1 = oper + [0 (v - Ry 9e1) (3.7)
(4) Post-relaxation (» times):

et = Spng(vaers fae) (3.8)

Notice that the right hend side of (3.7) can be express as: LA+
R:«nfux)"hﬁ‘

1 .m LR, va41) = Ripi(Lanroa) (3.9)

hhh“bmf‘ht&uﬂmaﬂgiﬁnﬂﬂ&b
MMWM(LM}G&“FHQ-:

Given an approximetion va41 bu{,,uthbd@pﬂﬂ;ﬂ‘
(1) Pro-relaxation oa local region grid fa4s (% times):
oas1 1= Sphy (Ve fonr s
(2) Coasse-grid corvection:
(a) Calculate residuals oa the imer points of local region e4s
(corresponding to poimts X ad @)
rae1 1= faer — Lasa®eni
(b) By wsiag the flux belence method, calculste residusls on
those local boundary points corresponding o &
ras1 = fasr = Dova(90e1, %)
whese Loss =qn-)*q&-)h-#ﬁl
o Qemi
(€) Rasteiot oll susiduals obtained by both (s) and () to coarss
grid Qa:
ry = By T



v = L7 (La(RY 901) + 1)

(3) Corvection:
oaer 1= oaps + I (0 — Ry )i
oa41 = Spi (a1, farr)-




J IR - L= (310)
where m s the normal direction of the boundary 35.

Fgure 3.3

ﬁh’&hhﬁ!ﬂiﬂﬁﬁm“mﬁ

hhﬂhi.%:hﬂﬁﬂb&ﬂhmbl Now, by wing

(1)




and from (3.1) and (3.10), we have the following five-point finite difference
equation:

9 _ A9 .
v&’. + 'ﬁ’n + '&’n + '(t‘q,’n - 4".4!; = fim (3.12)

N’l"//'.f“‘l-

tions.)
3.4

where,

’

.
(-] X

M

4

.'..o. LT TXY »
[d
[}

A3

Pigere 3.4



’l‘ln,vew %:—l by 2—-—'!1-“ . /
AB
v,—v Ay h.ﬂ ﬁ o,
by Sasth b by o [ Ry -ﬁ——ﬁ-,, B (3 +

M“Mw-o&bubm
®)
-
/ ;‘ —.-L‘-“—”:‘ -5“‘4._!1.!“7:51 Mn+-ui—“-m 'l»n
(3.13)

mmu%wtm(m..q)uuumu
Mpoiﬂ-(m&m): '
Lavi(vasr ) ('“1 + 'ﬂ] - ”‘:-21) + %('Qn + '(:4’»1 - h(h?n)
+ 5('54’»1 +oih "'g’n - o) (3.14)
(anhmﬂh-ﬁ»; for the simplification.)
h&“p&uhubﬂdhm'ﬁ.m

are ssveral choboss. mu—a&-wm--mm
finite volums as in Figure 3.5 (a). Thes,

= (o + of® - 2ef20) + Qi + of2, - 20
08 + o2 - o - o) (338)



=s

FE===

U 1§ R

boovafocacd

(a)

(®)

Ppoaca

eocsned

(e)



n__® @ _ O 5
Luss(onsr,on) m 2022 b Benyy B Tt (e 4 Bary
® _ o @ _
Uas1 V41 Aa , Mgy, Vg1~ % M b
L veatlG Sy iy oraml T
= %(Og') + v{’ - 20‘:.’.;) + ;(v(:.),, + vﬂ‘ - 3’&;) (3.16)

The third choice, shown in Figure 3.5 (c), is:

o - o, o - o,
Lesr(vasr,on) ™ __h_h -ha + ——”—h - Ry
- Yk %Y
YT e+ oken Hen
=l + w4 o+ W, - », (3.17)

m»mwmdmwmﬁmﬂ
m,nnﬂmh&mm&ﬂﬂhﬁam
in CPU time. Wbbbmdbmﬂlﬁh
m&sﬁﬂwhWbNMWﬁd
mmubw&hwpﬂn’,mnmuﬂﬁﬁﬂm&



4. Numerical Results.

For the model problem (3.1), as we mentioned before, when o gets quite
big, the variation of the solutions near the upper right hand corner will be more
rapid. Therefore, the grids near that corner should be refined to a certain degree
to get more accurate solutions within that region.

For multi-grid method purposes, we construct the first several grids in the
uniform way. For our model problem, we let the first three grids be uniform,
and the numbers of grid points are 3x 8, 5 x 5, and 9 x 9, respectively. Then,
we refine the upper right hand corner twice to get another two finer local grids,
9x9 each. The composite grid 1o is shown in Figure 4.1. The coarsest grid
shown here is the third grid and the finest one is the fifth grid.

Agure .1
A composite grid Roum for medel probiem



nxa-mo,bymw(uo)-thmigﬁnsfﬁdﬁ-
Mmm(w)nbm&,nhhmhlﬁim
Tdk(.t,mmmmcwbdduﬁmmm&ﬁgﬁil.g
Thas, from Tuble 4.1 and Table 4.8, it ia obvious that our local mesh
mwbdummeddmmmmmm:mpd

In secticn 3.4, we have discussed the thres pow_.ole local corner point
treatment choice (b). me“ﬂ(&)a(e),gh—fﬁiﬁﬁtbm
result of the corresponding absclute errors: 0.435206¢ — 2 and 0.435373¢ - 2.
Mdumﬂo(ﬂhwﬁnhﬂﬁﬂﬂpﬂ)

M,wpﬁdubwbuﬁﬂdﬂ-ﬂph
mmmdﬂ“*hﬁﬁnhnmm



No. of No. of No. of CPU Esror
Grid Points | Grid Level | Iterstions | (millisec.) foa - w°|
3x3 1 2 % -
5x5 2 S 121 y
9x9 s 4 654 0.700677e-1
9x9 4 4 829 0.100898¢-1
9x9 5 4 1017 0.434065¢-2
Table 4.1

MMMW..-MM(«-IO’)

No. of No. of No. of CPU Error
Grid Points Grid Lewel Ierations (millisec.) o —w°|
$x3 1 2 u -
85x8 2 3 1 -
ox9 3 4 654 0.700677¢-1
17 %17 4 4 480 0.160867¢-1
383 %83 s 4 15881 0.4300370-2
Tobls 4.8

Faiform malti-grid methed on model probiom (a = 10°)




(a) 3-3 Uniform Grid Structure

(b) 3-4 Composite Grid Structure

(c) 3-5 Composite Grid Structure

8
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