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ABSTRAC%
In this thesis, equations are der1ved for the state est1mates
' and error- -covariances of d1screte and cont1nuous nonlinear, systems w1th:
\“~ and without de1ays, corrupted by white noise as we11‘as_non—wh1te noise ‘ o

.

rocesses. ’
proce . ‘

In the fase of continuous systems, new filtering algori
are. oer1ved fon. non11hear systems w1thout de]ays, 1mbedded i
noise, corre]ated notse and noise free processes. The resuits obta1ned
‘for white noise sequences are exact. and opt1ma1 with respect to the
constralnts 1mposed on the f11ter1ng dynamic equations, m1n1m1z1ng the
error-variance cost funct1ona1s .The main technique makes use of - the
matrix m1n1mum pr1nc1p1e g 4together with the Ko]mogorqy and Kushner
equat1ons to der1ve the opt1ma1 values of the coefficients in the
estimation algorithms under the requ1rements that the estimates be .
-.unbiased. For nonawhite noise processes the results obtained are
suboptimal since an approximate assumption'has been made.
| The a]gor1thms can be 1mp1emented in computer evaluation
and are recurs1ve in nature. under the assumption that the cond1t1ona1
probability density functions of the estimator-errors are Gausstan
Various nonlinear systems were simu1ated»and compared with results
' obtained from some wide y used finite dimensionaliapproximate nonlinear
¢ _fiiters.' The resu]ts clearly indicate the superiority'of the proposed ’,
‘minimum variance filter. Results perta1n1ng to linear prob]ems can
be easily deduced from the nonlinear est1mat10n a]gor1thms, they agree '

well with those. der1ved in the 11terature using other optimization

techn1ques.

iy



‘

In the case of discrete-time systems, new nonlinear estimation
algorithms, that direct1y yter the_fixed:ieg, fixed-point and. fixed-
- interval smoothing and the filtering algorithms, gre derived .for
jmonlinear delayed systems with hon-deiayed measurements and multi-
channel t1me de]ayed measurements, corrupted‘by wh1te noise, correlated.

noise and colored noise processes. The der1vat1on makes use of the

.

concept of the gradient matrix to m1n1mrze “the error- -variance, takem . - -

to be the est1mat1on cr1ter1on, under the cond1t1on that the estimates
.be unbiased. The der1vat1on is stra1ghtf0rward and c]ear]y indicate
the close. 11nk between three dwfferent c1ass1f1cat1on of smoothers

and the filtering est1matorf, )

For systems with product types and polynomial non]ineartties,
the on]y assumpt1on needed to implement the a]gor1thms in computer
eva]uat1on, is to, assume that the conditional probab111ty density
. funct1ons of the est1mator errors are Gauss1an They are_expeqted
to be»computat1ona1]y efficient, since no augmentation of.state.
var1ab1es &re 1ntroduced And the results obta1ned are exact and
opt1ma1~w1th respect to the 1mposed constra1nts on the dynamic
equat1ons of the estimators, min1m1z1ng the error variance cost
funct1onals

The results can also be app11ed tb various special cases'

of non11near as well as 11near systems with and without delays. FOr

]1near systems, the results are 1dent1f1ed w1th those in the literature.
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CHAPTER 1 ‘ ‘
S om

* GENERAL INTRODUCTION . -

1.1 INTRODUCTION - B

‘ Physical systems are designed and bui]t'to:perform certain
defined functfons. In order to determine whether a system is performing
: properly and ultlmate]y to contro] the system performance the engineer
» wou]d 11ke to know the state of h1s system To determine the state of
hjs system, the engineer must take measurements or make observations on
his system. These measuremnents are-genera11y contaminated with noise,

caused by the electronic and mechanical components of the device used.

The problem of determining the state of a system from.noisy
. S
measurements 1s ca]led estimation and is the main subJect of this !
“research prOJect. In genera], it 1nc1udes the problems of f11ter1ng,

predittion‘and smoothing.

In many app]1cat1ons, it is mean1ngfu1 to assign a cost
'funct1on to an est1mate represent1ng a quant1tat1ve measure of how good
- "an estimate" is._ With a knowl dge of the rost funct1on, ‘the system

states, and parameters, one ca'-detenn1ne the best. contro] wh1ch

minimizes (or max1m1zes) the g::t function.

The problem de11neat above‘is'a rather old prob1em, dating
back a]most two centuries to Legendre (1806) and Gauss (1809) Gauss

was 1nterested in detenn1n1ng the orb1ta1 e]ements of a ce]est1a1 body



v {

leaTt-squar est1mat1on.

In e.ean1y 1940's, Wiener‘fl] and Ko]mogorov[z]‘discussed
problems of linear ieast¥sqdaresiestimation for stoohastic processes
corrupted hy additive noise, Their sd]dtion\was dependent upon the
assumpt1on of stat1 nar1ty, ergodicity, and knowledge of the entire

past of observed pro esses. Ry in dctual pract1ce, the 51gna1 and

noise processes may not be sap_\Onary, nor may the observat1on time

always start at t =

-,* Since then, numerous attempts have.been made to remove one
or both of the above restriétions ‘The notable work by Kalman [3,4]
and Ka]man and Bucy [5] resulted in by far the most successful
solution to “the problem. They cons1dered the nonstat1onary linear .
k system from the state space point of view with measurements corrupted ®
| by white Gauss1an noise processes, and obtained recursive so]ut1dns
‘ for both the cont1nuous and the discrete 11near cases. The original -
derivation was based upon the derivation of the W1ener-Hopf equation,
ustng the Orthogonal.Projection Lemma [3]. This theory'has become
known as Kalman-Bucy f11ter1ng, and because of the obvious computat1ona1
advantages of the recursive a]gor1thms, it has found numerous app11cat1o S
-1n the field of szs11e guidance, space-vehicle nav1gat10n, state ‘ }._
estimation for state-vector control, plant identificatibn'for.adaptive

‘process control and orbit determination, etc.

|
:
!



After the appearance-o%JBucy'e and Ka]manfs work the

study of linear estimafion prob]ems was further genera]ized‘to the
“non-white noise problems, that is, colored or no- no1se in one or more

of the measurements. One bf the first, and in many ways one of the

most comp]ete treatments of colored noise in continuous syséems was
presented by Bryson and Johensen~£6] The discrete colored

lnoise pnoblems was exemined by Bryson and Henrikson [7]. More recently,
Stubberud [8], Stear and Stubberud [9], and Sarachik [10]~considered ‘

colored nqise.

Judging by.the ]iteréture{\recursive solutions for the

;. smoothing problem have been thought -to be harder to obtain than recursive
.filterfng solutions. Previous‘mefhods have been proposed by Bryson and
Frazier [11] utilizing the ea]eq]us bf variatfons; Reuch, Tung and |
Striebel [12] adepting the maximum l¥kelihood method, Meditch [13]

using ortho@ona} projection, and most recently,.Kailath [14] and Keilath

and Frost [15] made use of the innbvations.

Ho&eyer, dynamic message models and measunemenis models for
.the~majerity of rea]istic control pneb]ems are inherently fionlinear.
Most of the work in non]1near f11ter1ng is very theoretical, some are
no more than a ph1losophy of approach rather than a procedure 1ead1ngN

" to the der1vatlon of pract1ca1 est1mat10ns

One of ‘the main lines of-attack to the non]inear'estimation



° ‘ o : /
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LN ﬁ
problem }s the probability approach p1oneered bxé:tratonov1ch [16], ‘ : L

ham [19], Bucy [20].
)
and Mortensen [21].  The truly optimal non]1near f11ters for\systems

corrupted. with additive white noise, wére g1ven in Kgshnen~El 22],

however, their exact solutions requ1red 1nf1n1te d1mens1ona1 systems

and subsequent]y taken up by Kushner (47, 181; W

which are ’ ~ impossible to realize except in trivially simple

cases. ¢

“The prob]ems of obtaining a goed approx1mat1on to the exact

l

”solut1ons of the non]1near est1mat1on prob]ems are, therefore very | 4
important. Extens1ve work has been carried out to approx1mate the

A opt1ma1 non11near filters by suboptimal f1n1te dimensional filters;

amongst them, Cox [23] used the dynam1c programm1ng method, Detchmendy

and Sridhar [24]. used the technique of 1nvar1ant imbedding, Fr1ed1and

and Bernsteln [25] used the variational techn1ques, whereas Bass et al.

[26] assumed-that'th1nd and higher order central moments are neg]igib]e.

.-As a resu]t,.the'cdﬁéftional means and,coVariance'equations are approx-

imated to either tjrst or second-order finite dimensional filters.

The majority of the suboptimal finite dimensidna] filters
intrdduced in Titerature involves, the Taylor's series exnansion of = *ﬁg%
the non11near funct1ons, but not all non]1near funct1ons can be expanged i
"1n Taylor S series moreover, for systems with h1gh1y pronounced non-

11near1t1es, Kushner [27] pointed out that the first order filter

cannot estimate the states of the Van der Pol osc1]1ator Schwartz and

,ﬁ.—

Stear [28] concluded on the ba51s'of some.s1mu]at1on results, that the .



"added computational comblexity(may not improve the performance of

? the nonlinear filter.

Recently, Sunahara [29] proposed to reb]ace the nonlinear
functions By quasi-linear functions via stochastic'lihearization, but
| the resulting filters are yet to be tested and compared to all .other

approximate filters.

Sage and Ewing [30, 31] and Sage [32] utilized the methods
of max1mum 11ke]1hood and invariant 1mbedd1ng to derive approx1mate
- fi]ter1ng as we]] as smooth1ng a]gor1thms for n0n11near contlnuous and
discrete systems. The cont1nuous time a]gor1thms follow from the

discrete-time algorithms v1a the Kalman fonma] limiting argument [4].

; Other works on nonlinear smoothing were presented by
Lainiotis [33], Lee [34] and Leondes et al. [35]. In particular,
Leondes et al, derived the exact functional differentia] equations for
the smoothing density funcfions and the smoothed estimates; bOt their
solutions are prohibitive except in trivially simp]e'cases, and hence,
approximations‘are deve]oped for sequentia] nonlinear smoothing An
1terat1ve technique is a]so sugges ted for cases where the non11near1t1es

may be Severe.

‘However, the above nonlinear est1mat1on prob]ems are only

concerned with nonlinear systems corrupted by additive white noise.
%

To the author's know]edge opt1ma1 nonlinear f11ter1ng as well as

smooth1ng for non-wh1te noise processes have not been derived.

o
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A§ far as state estimation prob]éms fbr systems with time
delays are concerned, Kwakernaak [36] used thé method of orthogonal
projection to derive filtering equations for linear continuous systems
with multiple time delays, which, when so]ved, also yield smoothing
estimates. Priemér and“Vacroux [37, 38] later considered the estimationh
problems in linear discrete systems containing multiple delays in
ﬁhe message model. Farooq and Mahalanabis [39] rederived the estimation
algorithms of Priemer and Vécroux using the state.augmentationl
€?¢hhiqué,hdweVer,'it was pointed out Th'[37]1thaf the augmentation -
of state vectors has the effect oﬁljhgreésing the dimension of the

systems; and thus lead to a filter that is(computationa]]y inefficient.

" Recently, Biswas and Mahalanabis [40] presented smoothing results for

the continuous syétéms with time delays by first discretizing the

continuous systems and then employed the state augmentation technique.

To the author's knowledge ﬁon]ineaf filtering and smoothing
a]gorithmf for nonlinear tihe-de]ayed syétémslcorrupted by additive
white‘noiée as well as non-white nofse processes have not been derived
in literature. |

2

1.2 SCOPE OF THE THESIS

In this thesis, exact -and approximate, discrete and continuous
state estimation algorithms are derived for non]ingar systems, with

and without dé]ayS'in;the message models and meashrement models,

- involving white Gaussian noise, correlated noise and colored noise

processes.



In Chapter II, some basic concepts of state estimation -,
. v K
theory and mathematical preliminaries essential to the work of this

thesis are presented.

Chapter III deals with continuous-time nonlinear systems
without delays corrupted with additive white noise as well as non;white
noise processes. In Section 3.2, the.noise processes are assumed to
be Gaussian white, the basic approach makes use of the matrix |
minimup principle [44] together with the Kolmogorov [2] and Kushner
estimation criterion. However, the exact algor1thms derived in sueh
a manner require infinite dimeheional systems to realize, whiéh is
computationa]1& impossible In order that the estimation algorithms
can-be phys1ca]]y realized, it is assumed that the cond1t1ona1
probablllty density funct10ns of the estimator errors are Gauss1an

¢

An'example is included to show how one can evaluate the proposed

‘o

algorithms under the above assumption.
J . . ‘ . (I

For the purpose of assessing the performance of the proposed .

res

minimum var1ance f11ter and to compare it w1th various other approx1mate
finite d1mens1ona1 f11ters, in Section 3.3 three d1fferent types of
non11near systems are se]ected and s1mu1ated on the d1g1ta1 computer
Discussions are included ‘to explain the apparent discrepancies amongst
the proposed minimum variance‘fi]ter and all other approximate“finite
dimensionaj fi]ters. | -

In oractical situationsﬁ nontinear dynamic systems are

jmbedded in non-white noise processes. Therefore, in'Sectionse314'and

i

BN



3.5, we turn our attention to more general nonlinear estimation
problems, they are respectively, correlated noise and noise free
processes , and the colored noise problem can be c6nsidered as a

special case of the noise free estimation problem.

In Chapter 1V, discrete-time filtering and smoothing~
algorithms’are.derived for nonlinear time-delayed systems imbedded in
white Gaussian noise processes. In Section 4.2, the measurement
—%edels do nbt involve any time de]ayé whereas in Section 3.3, the
.me;snrements can be cons1dered as the sum of_ s1gnals propagated with
d1fferent de]ays. The main technique makes use of the matrix m1n1mum
brincip]e to 'derive the optimal values of the coefficients in the
estinati%!;algorithms under the requirements that the estimates be
unbtased. The resulting algorithms can be recursively evaluated under
the assumption that the probability density functions of the estimator
errors are Gaussian. Examp]es are 1ncluded to 111ust;ate the use
of the proposéd estimation algor1thms, in part1cu1ar, they prov1de better |
1ns1ght as to, how one cen properly substitute for the discrete-time
indices, in order td~arr{ve at the filtering, fixed-interval smoothing,
fiked-point smoothing and the fixed-lag smoothing algorithms. The r
linear estimationvproblems are considerég7solved, sjnce theybcan be

treated as a special case of the nonlinear estimation problems.

Chapters V and VI deal with disgnete.nonlinear time-delayed
systems.invo1ving, respectively, correlated noise and colored noise
processes. The derivation as we11 as the presentation fo]]hw that of

Chapter. IV. Similar to that of Chapter IV, the linear estimation




'

algorithms for these problems can be obtained from the nonlinear
estimation algorithms.

Chapter VII summarizes most of the results presented in
Chapters III to VI. Also outlined are some recommen&ations for further’

research.



CHAPTER I1

BASIC CONCEPTS AND MATHEMATICAL PRELIMINARIES.
2.1 BASIC CONCEPTS

Expectation: If x, is a discrete random variable, the expectation

of the function h(xi) is defined by

Eth(x;)) = I h(x;) f (x;)

where E denotes the expectation opgrator,.f(x{) is the density function
associated with the random variable and the x; are the values of the

discrete random variable for which f(xi) is defined,

‘In the same way, if x is a cbntihuous random variable, the
expectation of the function h(x) is defined by . 5
E{h(x)} = Jf h(x) f(x) dx "

where f(x) is the density function associated with the random variable x.

The expectation operator E{-} has a number of rather obvious

properties: -
1. EChy(x) '+ hy(x)} = EChy (X)) + EChy(x))
2. E(C h(x)} = C ECh(x)}

3. E{C} = C; where C is a constant. &

10
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4. E{h(x)} > 0, if h(x) > 0 for all x.

The expectation is also called the mean, the average and the

>

first moment.
Variance: The variance is definéd for the discrete case and for the -
density function f(xi) as

v, = 3 [xs-Elx)12 F(x)

x §-H i oY

and for the continuous case

v = .ji [x - Eﬁf)]z f(x) dx

Thé.variance is also called the second moment.

Unbiased Estimate: x is said to be the unbiased ‘estimate of X, if it

satisfies the relation

E{x - x} = 0.
Correlated notse: Two random white-noise processes v(f) and w(t) are -

said to be correlated if they satisfy the relation .

ECV(t) W' (s)) = i 8(5)

"~ for all t and s. Where T is the matrix transpose,
\ . 4

VW

is-nat equal to

4"

»}‘ L} ("



zero, and § is the Dirac delta function. - ©

Colored notse: A colored noise process is a t1me-corre1ated process,
that is, it exh1b1ts corre]atlon between d1fferent 1nstants of t1me

Cons1der v(t) as a ngored noise procéss, then

R

‘E{v(t)'vT(T)} #0 forr#t.

~y

In gene}el, one tends to describe the_colored noise by a shaping fi1ter

[42] -given by the equatioh
v(t) = A(t) v(t) * w(t)

where A(t) -aid the wh1te noise process w(t) must be chosen so that v(t)

has. the prescribed statistics.

Linear estimation problems: Assume that the measurement process of a

dynamical system-is given by
. 2(t) = H(t) x(t) 4 v(t)

in the continuous-time case, and

® 2(K) = H(K) x(k) + v(K)

a

in the discrete-time case; where t denotes the continuous time with
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vy

t Z.to' to is fixed; and k = 0,1,... is the discrete.time fndex. Here,

13

'z and v are m-vector measurement and measurement error vectors, respectively.

N

: . Any estimate of x(k),%k =0, 1, ..., which is based on the

sequence of measurements' o
{2(0), z(1)s ..., z(3)} -

Jj > 0 is denoted by ;(k/j). Similarly, in the continuous-time case,
;(t/s)'is the estimate of x(t) derived from the measurement set
{z(1), t, < T < s}. These estimates are classified [3] in the following

'according to the value of k or t relative to that of J or s, respectively:

Discrete Process Continuous Process

1. Prediction : y k > t>s

2. Filtering : . k=3  at=s
3. Smoothing :- k<j ‘ <s

In géﬁera], the state estimation problem is to obtain
an estimate of the state x(k) or x(t), such that it is "bs€t" or

optimal according to some estimation error functional.

Smoothing: The smoothed estimates can be divided into three separate
classes [43] )
1. Fixed-interval smoothed estimate x(k/N), k = 0,1,..., N-1, N = fixed

positive integer.

2. Fixed-point smoothed estimate x(k/j), j = k + 1, k+2, ..., k = fixed

integer.

-

3. Fixed-lag smobEhed estimate_;(k/k+Nfﬁ k=0,T,..., N = fixed



positive integer.

Similar classification can be made in the continuous-time case.

.

2.2 THE KALMAN FILTER

Kalman and Bucy [3,4] considered the minimum mean-square -
yf11ter1ng problem of Tinear time-varying systems and driven by a white
noise process. The message model and the measurement model are
'diven by - | |

o

F(t) x(t) + G(t) w(t)

X .
—
ct
~
"

and

H(t) x(t) + v(t) ~

N
—
P
~—
]

respective]y; Where w(t) and v(t) are independent, zero-mean Gaussian

white noise prbcesseS'with positive definite variances ww(t) .and
¥ (t), respect1ve]y ' |
Their b]ock diagrams are presented in F1gure 2.1.

The opt1mum 11near f11ter is obta1ned, in the form of an

algor1thm su1tab]e for d1rect computer eva]uatlon

-~

1

R(6) = R X8+ () [2() - KO K0T
UL = F(E) V(1) + V(0) FT() - K(e) v, (6) K(E)
X X X )

.+ Ga(t) ww(.'tj'G'T(t)

Crraprr

14



Input

-

x(t) . Cx()
wit) 1 z(t)
Observed
signal
Fl) b
Méssage model {-—l——-} Measurement model
Figure 2.1 Block diagram of the message and measurement models

Lo
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where  K(t) = V_(t) HT(t) ¥1(), X(t) = O

The block diagram for the above optimum linear filter is

presented in Figure 2.2. »

‘Because of its practicality in so]vinghfhe estimation problem,
the Kalman filter is immensely popular in aerbspace,app]ications, such .
as in navigation and'guidance control, and also in ihdustfia] process:
~ control applications.
2.3 . GRADIENT MATRIX
In this section, the basic concept of a gradient matrix isb
defined and some identity equations are presented. The basic idea and

more complete'treatment of this topic can be found in Athans and

—_—
+
3\

. Schweppe [44].
" Let X be an nxn matrix with elements xjj- Let f(+) be a.

scalar-valued function of the X; 5

f(x)=f(x-|-|’ x-lzg s ey X]n’ XZ-I, ....,'in, ...).

As an example, the trace of the matrix X is a scalar-valued

function ' .
. K4

f(X) = tface [X] = ;7 * X5 f‘... X -

- The gradieht matrix of f(X) with respect to the matrix X is



Kalman gain.

+

—p@-—-; K{t)
Observed - ..

~signal 2(t)
, )

— X(t)

Hi) -

—~—

Figure 2.2  Block diagram of the Kalman filter



th

fined to be the nxn matrix whose ij " element is the following partial

darivative

M 1] i!j= ]’2’ .....n. : ! '
35§ _ : .

The gradient'matrix is. denoted by

ol | -/

i

-and the gradient of the trace of X satisfies the following relations:

3 : -
Y trace ,[X]f-_l

-trace [AX] = AT

ol
x -

QlQr .
> .

trace [AxT] = A
%7' trace. [AXB] = ATB'
3 trace [AX'8] = BA
3 - tra;e [AXBX] ﬁ'AT*T T TXTATV o

B" +8B

Q
><

18



3 trace [AXBX'] = ATxBT + AXB

*

Additional relations can be obtained.through the use of the

following trace identities

-~ trace [AB] = trace [BA]
. trace [AB'] = trace [BA']. |
2.4 MATRIX MIN_ UM PRINCIPLE
2.4.1 ¢ tinuous-Time Matrix Mingmam Principle

Consider a system with "state matrix" X(t), “Control matrix"

. Ut), whose elements are respectively, x;5 and uo. Assume that U(t)
1y i

He Q, describéd by the matrix differential eduation- 3

X(t) = FIX(t), U(t), t] ;

and the cost functional is defined as
: : | T
3= KDUDH TD - KEK(E), g1+ [ LDK(8), (o), €] at 5
B l « N ' t . . B A
S o

t6 and T are fixed

_where L[] and K[-] are scalar-valued functions of their argument

satisfying the usual differentiability conditions.
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.

Let P(t) denote the costate matrix. Define the scalar

Hami]tonian‘function H by
HIX(E), P;;), £, 0(8)] = LIX(t), U(t), t]
+ trace (F[X(t), U(t), t] P1(t))

CIf* s used to indicate opt1ma] quant1t1es, then there
ex1sts a costate matr1x P*(t) such that the fo]low1ng necessary
cond1t1ons are sat1sf1ed
(1) First Necessary.Cond1tions

/

Xkt = ‘ﬁ1€7' - FXR), Un(t),

- aH ’ T
Pr(t) = - 3xrey Ix.
U(t) l* =
(2) Boundary Condifions
| . - aKEX*(tg)ut, ]
s . wlr | o
At the 1n1§1a1 time X (to) 3X*(to)

At théfterminaT time -

-

PH(T) = sy KDH(T), T



- where P(k) is the costate matrix.

!
I

2.4.2 Discrete-Time Matrix Minimum Principle
\ ) ' .
Consider the discrete system defined by the equation

X(k+1) = F[X(k), U(K), ij,'k = 0,1, ..., N-1

with scalar cost functional defined by

e . N .
K[X(N)- N] - K[X(O) 0] + E-O LIXx(k), U(k), k-

Then the Hamiltonian function can be defined .by the relation

L[X(k) U(k), k] + trace {F[X(k), U(k k] pT (k+1)}

It is assumed that F[-1, KE-] and L[-] satisfy the conditions

required by the discrete minimum principle [45].
Then the diécrgte matrix minimum principle states that there
~ exists a costate matrix‘P*(k), k =0,1, ..., N, such.that the fb]loWing

equations are satisfied

“4 (1) First NeceSsary Coﬁditions

| "*“‘*” " ey |-

\

-

\P*(“tl)\\ax B{Q) e

.\\

21



aH = 0
aU* (k)

(2) Boundary Conditions

" ren k=0, P(0) = SreroykIx*(0),0]

~ Whep k=N, P(N) = sy KIA(0 . N



. CHAPTER 111

EXACT AND APPROXIMATE MINIMUM VARIANCE
- FILTERING FOR NONLINEAR CONTINUOUS SYSTEMS

3.1 INTRODUCTION

This chapter is devoted to the estimation problems of
~ nonlinear continuous systems without delays corrupted by white Gaussian

noise as,we]] as non-white noise processes.

Research in the area of’ non]1near filtering has been
mushroom1ng dur1ng the past few years as evidenced by the 1arge number
of publications and reports on this topic. In general, there are
two distinct methods of approaclhf; one such'approach extends the Kalman-
Bucy filters to the nonlinear dynamics systems using the so-ca1]ed
first-order, quasilinear fi]ter,vor extended-Kalmap fiTter [11 23, 25;'
etc ]. Another method 1s developed by Kushner [22], which is based
: upon the determ1nat1on of the exact equat1ons satksf1ed by the -
~ conditional probabili'ty dens1ty funct1ons and cond1t10na1 expectations.
This approach uses - the stochastuc Ito [46] ca]cu]us, the results
obtained are optimai however,-they cannot be rea]ized‘by finite
~dimensioha]‘systems' In order that the so]ut1ons be physically rea11zab1e.
‘ the exact equations are approx1mated to der1ve suboptimal finite
dimensional filters [17, 18, 20,’22, 26, 27, etc.]. However, in spite
of the abundance of papers'on optimal and sqboptima]ihon]inear‘fi]ters

corrupted by white noise processes, to the author's. knowledge optima]

23



4
nonlinear filtering algorithms for non-white noise processes have not

been deyived in literature.

Therefore, this chapter presents a modified approaCh to
solve hon]inear state estimation problems involving (1)Janitive white
hoise, (2) correlated noi§e, and (3), noise-free processes. The basic
approéth,makes use of the matrix minihum.princip]e tominimize the
error variance cost function, which is obtai;ed from the exact
conditional probability déhsity’fﬁhttiOné,Eé'pkésehted‘ih'KUShn;FA
and Ko]mogokov's equatidns..,Therefore, it is not unexpected that the
lexact nonlinear filtering equations ohtained in this thesis.for white
nd;se'prob]ems closely resemble those derived by Bass et al. [26].
The only différence is that the argument of the expectations’have been '
transformed from x(t) tnto its estimator error x( ). “As a honséquence,v‘

”j'for 'filtering problems w1th po]ynom1a],product types or pleceW1se

, cont1nuoqs nonlinearities, the proposed algorithms can be evaluated

24

without any other apprqximations under the assumption that the conditional

probabj]ity density functions of the estimator errérs are Gaussian.

Here, the estimation algorithms derived for non-white noise

.brocesses are Suboptimal,'since the'change in'probabiTity-density funétipn:

dqe to the differential measurements 6Z is not known, and is neg]gcted
tn oﬁr derivatidn.'”To the author's,know]edge.the filtering a]gorithms
presented for non-wh1te noise processes are new and are reported in
4[47 48] In ‘the part1cu1ar case that the dynam1ca] systems are 11néar,
the resulting a]gor1thms are opt1ma] and agree wel] w1th those of the :

‘11terature [6 49].-
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" Since there is a lack of pub]ished:papérs that give clear oF
| cdmparisons‘between‘the performance of various approximate nonlinear
fi]ters,\ggg in order to test the performance of the proposed minimum

: , , @ o
variance filters, extensive simulation results accompanieq with

discussions -are presented to compare the performance charatteristics.

of fhese fi]ters.

3.2 OPTIMAL MINIMUM VARIANCE. CONTII‘JUOUS NONLIIVE’AR EILTERING WI TH

WHI TE NOISE PROCE’SSES

Consider the class of\nonl1near systems descr1bed by the

stochastic d1fferent1a] equatlon [46]

. _ i
L) - fx(e), t] 4 6Ix(t), tTw(t) T (3)
witp the meaéurement‘given by k -
“2(t) = hIx(t), t] + v(t) R ) B

Where x(t) and z(t) ékéuthe n-dimensional state and m-dimensional B
measurement vectors, f and h are, re;pectively: n and m-dimensional -

nonlinear vector valued functions, and G is. @ vector valued matrix.

The randomivectors w(t) and y(tf;ake, statistically

hat for all

independent zero-mean white Gaussian noise processes suc
t > t N | B | - o
s T 0 ‘L\ . " o



Covim(t), W(z)} = ¥,(t) 8(t=1)
n (3.3)

. o L
Coviv(t), v(x)} = w,(t) §(t=1)

-

and Cov{w(t), i)y =0 =

| Awﬁeré'thelva}iahcés;wé(t)Aandmwvlt),aféfhthnegathé definite and
positive definite, respectively. : o S )
The initial state vector x(to)‘= xo~is a zero-mean Gaussian ,

random process, independent of w(t) and v(t) for t 3fto’ with a

positive definite variance matrix

¥
w'

Varix(t), x(t )} = V, (t,)

gﬁh the typical fi]tering prq&]em,<it is required to cohpute

4,

N , k2 3 . -
x(t), the unbiased estimate of x(t) conditioned on_the set of measurements >

% .
2(t) = [z(s)/t, <5 < tl . ok
. . . . . f | ) g& -.
such that the cost fun;tidn for © > t
J(x) = ELIx(x) - x()F M) [x(x) - x()]) (3.4)
definite

- 26
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The filtering algorithm is assumed to satisfy the general

non]inear.diffenential equation | | t
x(t) = alx(t), t1 + K(t) z(t) L (3.5)

where 2[2( t), t]- and K(t) are yet unknown Then the estimation prob]em
~is to determ1ne the t1me varying- non11near vector va]ued function
n[x(t). t] and the gain algorithm K(t) such that the cost function of

Equation (3.4) {s minimized.

‘In fact, the nonlinear filtering equat1on may be assumed td

take. var1ous forms, however, once ‘enough information concern1ng x(t)

and z(t) are included in thé estimator mode], the resulting filtering

Bt

algorithms would be unique. For‘example, other dynamic filtering
. . ”44 " ,

equations such qsr
Cx(t) = alx(£), t] + K(t) (2(t) - E[z()]) ©(3.6)

can also be éseuméd. Comparing'tne structures of Equatibns‘(3.5) and
(3.6), it is obvioae that an.extra term -K(t) E[z(t)] is’included'in"
’ ﬁquation' (3.6), hbwever,.the'resulting fi]teringjalgorithm'using R
either one of the above eetimator models, would result in exactly the |
 same nonlinear fi1;ering{aigbrithm. Y , _ |

Fooe _ )
Now, ﬁeéi%(t) Henote the estimator error defined by | ‘.

-

M s x(er- X o 3.7)



1.

_using Equations (3.1), (3:2)‘énd (3.5), the derivatives of Equation .

{3.7) becomes

F() = FIX(0) + A(6) £] + BIX() + R(6), thw(t)

-

- efx(t),t] - K(t) {hEX(t) + X( ), t]+ V(t) 7(3-8)

/ .

Since ;(t) is requ1red to be an unb1ased estimate, it therefore .

requ1res the expectat1ons of both x(t) and x( ) be zero. Hence, if
the expectat1ons of both s1des of Equation (3.8) are taken, it is
necessary that - o , ‘ : : L
WR(E)s t] = FIR(E) + x(£), €1 - K(£) {RLX(E) + x(t), th
; | | (3.9)

wherd”- . o | o
FR(E) + x(t), t]<=v-.E{f['>\<’(i).+A;<(t), /2y
h[X(t) +§(-£_§', t] EtniX(E) + A (1), £j/;(_t'$}‘
Then the estimator er;or can belsthn‘to sétfgfyvthe relation
e =;f*[§(t'). X, ¢1 + G*];')‘f(t)-’;(:f)- ] w(t) (3.10)

where

28
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FIX(t), K(), €] = FIX(E) + X(6), t] - FOH(E) + X(t), t]

+K(8) €RIX(t) + x(t), t] - hIX(t) + x(£);t}

and

° A, ‘ | ~ | w(t)
G*[X(t), x(t), t] = [G[X(t) + x(t), t], - K(t)] {(t;l

- Furthermore, Equation (3.2) can be rewritten as

z(t) = hIX(t) + x(t), t] +v(t) ~ (3.11)
now the fiitering problémiof Equations (3.1) énd‘(3-2)-has been -.
- transformed into that of Equations (3 10) and (3.11). o

Let ¢[x(t)] be a tw1ce cont1nuous]y d1fferent1ab]e function
of the vector x(t), by def1n1t1on.of the cond1t1ona1 expectatlon

'operator

dEGIHOD < [ oXO] Gk, 2D 4R - (3.02)
4 ’\J -' ) ’ ,‘ . ) .
Where p[x(t), t/Z(t)] is the conditiona] probability density function.
Next, the change in pIX(t), t/Z(t)] dUe to the dynam1c N
equatlons of (3. 10) and (3 ]1) must be computed It can be shown that

~

[46] . | . B | . a L . .,



O
o -
o

; pLX(t + 5t), t + st/2(t), 62]’;/EE3(%7T/t/Z(t)]

PIX(t + ot)y t + st/2(t), sz] - pIX(t), t/2(t), sz]

+ BIX(E), v/2(t), o2] - pIX(E), t/2()] - - (3.13)

:where the f1rst two tenms are s1mp1y the change due to the dynam1c N
-equat1on of (3. 10) and the last two terms are due to the d1fferent1a1
~measurements §z. These two changes are g1ven by Kolmogorov and

Kushner's equat1on [20 22]. Therefore,

dE{s[X(t) ]}

Gt T EL o[X(£)]) + ECIX(t)1EhIR(E) + X(t), t] |
- RIX() + x(8), 1) v, (0) Tez(t) - ALx(t)
eX), AT

where

O] = | ), <o), 6 S

i axi
1 B n T CdTrve iy oy
rz b T, K0, 4] ule) eTIR() K (0) DG
»J= : . L )
_3_%["_(%11 . 4 . (3.15)
3X axj L

Then the error-variance equation is obtained from Equations’

30 .
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- < T .
(3.10), (3.11), (3.14) and (3.15) by setting o[X(t)] = X(t) X (t).

For which

a, (t) - | S

—— = EX(t) #TIR(L), x(t), ] + PIX(E), x(8)s £ X (£))
+ EGELX() + A(t)y t] %, (8) GTIR(E) + X(0), 8]

| T :\, ';,T T'f\,"
+K(E) v (8) KT(6)) + EX(t) ¥ (t) nTIR()
~ R, €] - V(0 ARG + A(6), €]

"6 G2(e) - ALK(E) + X(E), t]) (3.16)

\

where it can be shown that -

) TIX(E)s R(6), D) = ER() FTIR(E) + X(£), €] o

- X(t) hTIX(E) + x(t), t]K(E)}
On the other hand, the initié] condition is gfven by

(t)) = EdIx(t,) - x(¢)ITx(t,) - x(E)DY = V. (t)
X ° . _ ~ O

Now, the estimation problem takes the form‘df an optiﬁal.control .

L
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problem in'whieh K(t) is.the only variable available fer manipulation

such'that the cost function,of'Equation(3.4) is minimized.
5

However. Equat1on(3 4)can be expressed 1n a more conven1ent
form by observing that for any two column vectors x and Y, the

'f0110w1ng 1dent1ty equat1on ho]ds

xTy = trace [y xT]

it follows that

-

‘ T
+9(1) = Etrace[M(<) X(z) X (x)]
S T e
trace {M(<) E[Q(r) X ()1} ‘ ‘

trace {M(<) V (1)}

. X
"To use the matr1x minimum pr1nc1p1e to so]ve th1s prob]em,
S a costate matrix P(t) is def1ned “and "the Ham11ton1an is given by

f H = trace {Qm(t) PT(t)} 5
X :

Using the cohcept of gradient matrices [44]-the necessary

‘condition which ‘the optimal‘K(t)vmdst satisfy Ys obtained as



CK(t) = ECX(e) RTER()t X(2), t) v, , (3.17)

N

note that K(t) is independent of the costate matrix P(t) and the

weighting factor M(t).

" Then'the’filtering'estimate and the error-variance equati'ohj

become- - - - - -
. S : f. €
x(t) = FIX(t) + x(£), t] +ELX(t) O (3.18)
+‘;(fj; t]} Wv-l(t) {z(t) - ;[Ygt)ﬂ+.;(t), t]y
“and- B | e “
| @, (t) s |
—'5%;— = E{X(t) fT[??(f) + x(t), t]+ f[?_(t) .

. /

N\,
N

4 x(t)s t1F - EX(E) hTIR(E) ¢+ -

. oy PUNE i
X(£), €1 v, 7 (£) ECRER(E) * x(2), t1X (1))

R B 4
+ EX() X (£)TI(E) + x(t), ] - V, () h'IX(t)

¢ 500, t11 v, ) alt) - ALX(E) + R(8), tD)

-L‘\

o v :_ .
ORES %1)3 # EGIR(E) + x(t), t] v, (t) GTIX(¢)

(3.19)
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,respectively. A

It should be noted that before the above algorithms can be

physically rea]j;éd, a number of'diffiCUIt expectations must be evaluated.

They'involve'infinite dimensional systems except\in trivially simple
cases. Also notice that the presented a]gorithms closely resemble

the exact equations due to Bass et al [26]. The only difference is
~‘that the argument of the expectations have- been transformed into

X(t). Such a transférmation is part1cu1ar1y s1gn1f1cant for f11ter1ng

| prob]ems with po]ynom1a] product types or p1ecew1se continuous non- |
11near1t1es - In such cases, the filtering algorithms can be
obtajned without amy further approximations,.under the assumption

that the probability density fumctions of the estimator errors are

Gaussian.

For example, cons1der a nonlinear system with message and
measurement mode]s descr1bed by

. o . 3

“x(t) -smxu)+uw

:and y(t) = x (t) + V(t) _ §

respect1ve]y ‘where u(t) anﬂ &( are zeéro-mean white Gaussian noise

processes, with var1anees Y (t) }Sd )s respect1ve1y
. -.—x‘)\* )

Assum1ng that?%ﬁtgﬁgs a Gau551an process "then the expectations

of the non]1near funct1ons can be evaluated as fo]]ows

: L B .3
EDC(6)] = ECCX(E) + x(£)13) = 3, (t) x(t) * x (t)

14



| S ) -V, (t)/2
E[sin x(t)] = E{sin[X(t) +x(t)]r = sinx(t) - e X
. -V (t)/2
E[X(t) sin x(t)] = - cos x(t) v (t) e X
aﬁd |
mz U3, ' 2 - ~3
E[X (t) X7(t)] = 9v, “(t) x(t) + V_(t) x (t)
4 X X
Hence, Equations (3.18) and (3.19) become
v JE
KE) = sinA() e X4 [3v2(8) + 30, (1) X ()7 [y(t)
' X S .
“ 3
=3V (L) x(t) - x (£)] -
and " SAG |
() = -2y (t) e cos x(t) + v ()
X : i :
S | ’ . A2
- D320+ 3v (6) X (032 v, T )
X X ~

\ .

g . 3
+ [6V 2(t) X(t)] ¥y (t)[y(t) -3V (t) x(t) - x (t)]
X

'respectively.

Note that in the evaluation of the expectations the only

assumption needed is the Gaussian assumpt1on of the est1mator error,

+

whereas a]] other finite d1mens1ona1 a]gor1thms delete some of the

[

' h1gher order terms, in particular the h1gher order terms -of the error-

variance. When the. nonllnear funct1ons in- Equations (3. 18) and: (3 19)
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are approximated by Taylor series expansions, the results obtained can
be identified'with various other approximate édnlinear filtering

7/

algorithms in literature [23, 24, 26, 28].

Furthermore, the above derivation can be extended to'filtering
problems with non-white noise processes. Howevér, in such cases, the
change 1in p[x(t), t/z2(t)] due to the d1fferent1a] measurements 8z -is

-'not ava1]ab]e in the 11terature, and to the author s know]edge opt1ma1
non11near f11ter1ng a]gor1thms for such prob]ems have not yet bée\
derlved ‘

‘As an apphoximation, the'effeet due to the differentia1'

——~vv::measufements 8z is neg]ected, and Equation (3.14) becomes simply

n ' : ' |
s T L= B¢ eX D - . - (3.20)

It is noteworthy to mention that when such an.;pprox1mat1on
is made, the resu]ts obtained for the f11ter1ng problem eorrupted by
wh1te noise processes are equ1va1ent to that of the stochast1c linear-~
1zatfon-due tquunahara [29]. In such a case the random forc1ng term
in the error- var1ance equation of Equat1on (3.19) is neg]ected, whereas

the f11ter1ng algor1thm of Equat1on (3.18) remains unchanged.

When Equat1on (3 20) is used in p]ace of Equat1on (3. 14 to
obta1n the error-variance equation, and the nonlinear functions are

approximated by second orderfTaylor series expansions, the resulting, - -

-



!

algorithms are ‘commonly called modified minimum variance filter [28].
0 3.3 ILLUSTRATI VE' E'XAMPLES AND DISCUSSIONS

In order to test the perfonmance of the proposed m1n1mum
variance filter and to compare it with var1ous other approx1maoe nonlinear
filters [23-24, 26-28]. Three dwfferent types of nonlinear systems are
selected, the stochastic equat1ons are transformed to Stratonov1ch S

"forms, and then simulated on an "IBM 360 computeriusing CSMP. The
51mu1at1on results presented only show the estimates = for one simulation-
run . The integration was performed by the rectangu]ar and fixed _

i- .
_ fourth- order Runga -Kutta method, the:step s1ze chosen ranged from 0. 001

© K

to 0.00005.

Meanwh11e var1ous structures of dynam1c f1n1te d1mens1ona1
- f11ters and the1r error-var1ance equatwons are, respect1ve1y, 11sted

in Tables 3.1 and 3.2, where the sca]ar case is considered.

It can be observed thet'amongst the trunceted "the quast—
_moment and the mod1f1ed minimum variance filters, the only d1fference is
the random forc1ng term that appears in the error-variance equat1ons
This is also true in comparing the stochastic linearization filter and

\

_the minimum variance filter proposed in Section 3.2.

For Figures (3.1) - (3.10), the system models'eorresoonding

to the examp]e of Sect1on 3.2 were simulated, the random forcing term

. for such systems is given by

37



Fi]ter~($unahara)

Proposed Minimum

Variance Filter

Same as Eq. (B’

: L}

The prime "*" denotes

,thé first deerative with respéct to.the argument.
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Table 3.1 Dynamic Equations of Various Nonlinear Filters
) - System Dynamics X = (k) + g(x) W
’ Measurement ModeT~__ z = h(x) + v
Filter Nomenclature Filter Dynamics - °
Modified Minimum Variance - x = f(x)+ $V_ £U(X) O (A)~—
o o R o . e B ,,,_,_,_,,-_«_-,,.u/_.,._i:,;vr;.,_—.—- T T
Filter - + vmh'(x)wvf’{z-h(g)ingVzﬁ-'(x)}
- X _ i X
T;uncatgd Minimum Variance . o '8
| Fi]ter Same as Eq.” (A). . ) |
) , : <
Quasi-Moment Minimum -
N Same as Eq. (A)
Variance Filter ' 4 .
- Stochastic Linearization . ; ' B TN R
T x = fx* EIXCh(x)] v, [z-h(x)] ~ (B)



Table 3.2 Error-Variance Equations of Various Non]inear Filters

R

1 .
* . Systems Dynamics x = f(x)+ g(x)w
Measurement Mode] z=h(X) +v ‘
,Filter Nomehclature ' Err0r~Varian¢e¢Equations
Modified Minimum Variance Vm 2V ! (x) +fg (x) ¥, | (c)
F11ter‘ , - - 2 B! (x) ¥’ 1
. ’ ' x e R R _— —
| —— —_— i
-I;Eﬁtatgg;fjnimum . vV, = Right—hand-side”of Eq. (C)
| - X - 2

.'Vériance.Fiffér\\;\<g L

-~

h"(x)w {z h(x) E-V h"(x)}

. Quasi-Moment Minimum - "1ght hand side of Eq (C)

| Variance Filter  w (k) {z-h(x)f x th!'(i)} |
Stochastic L'inéa‘rizeit'ion - 2E[5?f(x)j+ ECg2(x) .‘ij o
o , X ' N
Fi1t¢r (i5§ahara) : -{Et; ﬁ(x)]}? wv-] o
Probosed Minimum . 9m R1ght hand-s1de of Eq. (D)
Variancg Fi]tef T + E[xzh(x) -V h(x)] \y [z~h(x)]‘
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3
2 " -1 : NI
o (8 X(8) v, (0) - 3 V(1) X(2) - x (2))
g f
FOEEJgets of prior statistics were assumed, the results-aré

very interesting.

In ngures'(3.1) and (3;2),:the statistics are given by
'i(0)=¥3:0;";(0) 0.0, & H§m>'tfphrA"
V (0) 2. 25, Y, T ?v J .0

LA

reas in“Figures (3.3) and (3.4)

x(0) = 1.5,  x(0) =

X i e s G
SR S

o v: Q > UYL P
",'W“ For these two sets of statlst1cs, theoret1ca11y, 1t can- be S

-

4,‘ \

\ shown that the contr1but1on due to the random‘forc1ng term 1s not

~s1gn1f1cant at a]],-therefore. it-'can' be expected that’ the results from

and are obv1ous from F1gures (3.1} - (3 4).

£
the truncated the quas1 moment and the mod1f1ed minimum var1ance f11ters

are not cons1derab1y different from. one another, and a]so the stochast1c
et »
11near1zat1on f1]ter wou1d not dev1ate from the proposed minimum var1ance

f1]ter 1n any s1gn1f1cant way. Both are verified exper1menta1]y

14

.@ » e

However, from F1gure§ (3. ]) - (3 4), it is obvious that :the

-?performance character1st1cs of the- stochastwc 11near1zat1on and the

'proposed nnp1mum var1ance filters are 51gn1f1cantly super1or to all other

&

« - ’ s
- . B

YA G o Ca L

T 40
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\
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o 05 0. s “ 20 25
E A TIME (sec) |

g

Figure 3.15" The output run of the est1‘tor error for systems

with x(O) 0.C, x(0)--3 0 Y, 'fv-].O and V')\(:—Z.ZS
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X
y=x3+v ¥
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-

1.8

EXTENDED KALMAN FILTER
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o

ERROR VARIANCE
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VL
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g‘?gure_ 3.2 The output run of the e"rror-v'aria’nce for systems

’ “ with x(0)=0.0, x(0)=-3.0, ¥ =¥ =1.0, and Vy=2.25
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—SINX + U ¥, =01

X
Yy =x3+v ¥ =01
V-(0) = 2.25 X(0) =1.5

o
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X

E EXTENDED KALMAN FILTER

M MODIFIED MIN. VAR. FILTER
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V PROP. MIN. VARIANCE FILTER
L STWHA§TIC‘ LINEARIZATION

“ESTIMATOR ERROR
o

P -

>

oL AT B T B N B | -
L0 ., ol . 02 03, . oM 05
& .. TIME {(sec) |

'Figure 3.3 Theloutput run of the estimatdr errok for systems

- with %(0)=0.0, x(0)=1.5, ¥ =¥ =0.1 and V3=2.25.
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ERROR VARIANCE

.24

L 4 . . .

. X = =SINX + U ¥, = 0.1

B y=x3+v Y, =00
Vi(0) =225 X(0) = 1.5

_ E EXTENDED KALMAN FILTER .

1.8 | "M MODIFIED MIN. VAR. FILTER
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. A V ° PROP. MIN. VARIANCE FILTER.
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s
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o sTIME  (sec)
Figure 3.4 '.The' oﬂtput\ run of theverror-—v‘ariancé‘fqr‘ systerﬁs"
. with x(0)=0.0, x(0)=1.5, ¥, =¥ =0.1 and Vy=2.25
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first or second order approx1mate f11ters, this 1s due to the fact

that {E[x(t)h(x)]} is s1gn1f1cant1y d1fferent from that of ' J(x )}
X

Figures (3.5) and (3. 6) presents the estimator errors and

-their error-variahces for various structures of filters with statisttcs

given as
x(0) = 3.0, R(0) = 1.0

V.(0)=0.1, ¥ =¥ =1.0

It 1s 1nterest1ng to observe that the results obta1ned from
the proposed minimum. variance filter comes very c]ose to that of the
, quas1-moment minimum var1ance f1]ter, whereas, ‘the stochast1c ]1near-
ization f11ter comes very c]ose to those of the mod1f1ed filter and the'
extended Ka]man f1]ter - Moreover, the error-var1ances of’ the 1ast
three fi]ters are considerably ]ower than those of the first two filters, T
'.while the estvmator errors for the ]ast three f11ters are cons1derab1y
greater than- those of the f1rst two f11ters The fact. that the 1ast
three filters underest1mate their. error-var1ances is qu1te undes1rab]e,
in some cases, 1t may produce detr1menta] effects, s1nce the f11ters

B

think they are performlng very we]],but Jn rea11ty they are not.

Using this part1cu1ar set of stat1st1cs, it can be shown that
the random fbrc1ng term " has very s1gn1f1cant effect, whereas, the

'd1fference be tween {E[Y(t) h(x)]} and {V_ h" (x)}‘ﬁs very 1n51gn1f1cant
X

’“The conc1us1on drawn from these theoret1ca11y cons1derat10ns agree we]l

g
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ESTIMATOR ERROR

~SINX+U . ¥, =100
=x3+v -, = 1.00
©) =010 . X(0) = —3.00

EXTENDED KALMAN FILTER
QUASI-MOMENT MIN. VAR. FILTER"
MODIFIED MIN. VAR. FILTER v
PROP. MIN. VARIANCE FILTER . . S
STOCHASTIC LINEARIZATION

0 01 . 02 03 o4 o

e

TIME. (sec)

“Figure 3.5 _ The odtput_ run of the estimator error for systems:

' 7 with x(0)=-1.0, x(0)=-3.0, ¥ =¥ 1.0 and Vy=0.1
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ERROR VARIANCE®
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o

EXTENDED KALMAN FILTER
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-(0) = 0.10 - © X0l = -300
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0 0.1 0.2 03 .. 04 | 0.5
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Figure 3.6 \‘The output run o-f,thé error-variance. for syétemé

with x(0)=-1.0, x(0)=-3.0, ¥ =¥ =1.0 and Vy=0.1




~with the preceeding experimental observations.

In Figures (3.7) and-(3;8), the prior statistics are chosen
. as. .
x(0) = -8.5, x(0) =0.5

v.(0) = 5.0, ¥, =¥, =10
X .

o]

f1n1te d1mens1ona1 f11ters are moderate]y d1fferent from one another
In partlcular, the first-order extended Kalman f11ter is almost as

' good as the second order mod1f1ed minimum variance f11ter and is’
moderate]y better than the second- order quas1-moment minimum var1ance

filter.

ll(z/ﬁonever; the error- vartances appear to cluster into two
's1gn1f1cant1y d1fferent resu]ts, the results taken from the proposed
.m1n1mum variance f11ter, the stochast1c T1near1zat1on filter and the
quas1-moéent m1n1mum var1ance f11ter c]uster together, anJ are
" s1gn1f1cant1y smaller than those of the: mod1f1ed m1n1mum f11ter and the

: extended Ka]man filter.

o a
It is obvxous that ‘some of -the various second order f11ters

and the stochast1c ]1near1zat1on f11ter, may have very d1st1nct

perfonnance character1st1cs, in some Cases,: their perfonnance character-

istics may be almost as good as those of the proposed minimum var1ance

.y filter; but in other cases, they may produce terr1h]y poor‘est1mates,

" even worse than the first-order extended Kalman filter,W ¥st of -all,

The estimator errors obtained“from‘variouSﬁSfFUCtureS“Of"'“'*'"'

48



49

0 -
X = =SINX + U v, = 1.00
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Figure 3.7 The 6utput run of the estimator erro'r. for systems

with x(0)=0.5, x(0)=-0.5, ¥ =¥ =1.0 and V3=5.0
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Th‘e output run of the erfr‘or_-variance for systems

with x(0)=0.5, x(0)=-0.5, ¥ =¥ =1.0-and \3=5.0



they may underestimate their error~variances This makes the seconh .
order filters and the stochast1c 11near1zat1on f11ter very undes1rab1e

“and unre]iable

-Figures (3.9).- (3.11) are concerned with another s}stem

given by

3 e
[}

-‘X+5"‘+.7u 4‘ . |l ’ fn

y=x>+ Voo

R , ,
‘and theoretical discussijon and exper1menta1 observat1on s1m11ar to
those of Figures (3 1) to ( ‘can be carr1ed out. They indicate that
‘the performance character1st1cs of the stochast1c 11near1zat1on fllter
!

“and-"the -proposed minimum variance filter are much superior to those of

the_first_and the second order approximate filters.

Figures (3.12) - (3 23) are concerned w1th the Van der Po]

osc11]ator w1th systems descrlbed by

o
1%
‘l _ . 2 B
AR A R
and o . o
Lo, . 3, : - o
Y= X - 0.1 %7 4 v. L .
o - Figures (3. 12) and (3.13) are, respect1ve1y, the. measurements
y for v 50and05 | |

From F1gures (3 14) - (3 21)," 1t is obv1ous for both cases of

pr10r stat1st1cs, ‘the performance character1st1cs of the proposed m1n1mum

5]

var1ance filter are much super1or to those of the stochastic 11nearlzat1on 3



ESTIMATOR ERROR

52

’
*}?\t !
1.6 ’ /
X=-X+5+U W, =010
. y=x3+v v, =010 .
"»l.2 VA0 =225 X(0) = 1.5 .

w

QUASI-MOMENT MIN. °VAR. FILTER
TRUNCATED MIN. VAR. FILTER =
MODIFIED MIN..VAR. FILTER ‘
PROP. MIN, VARIANCE FILTER - .
STOCHASTIC LINEARIZATION

o
Qo
I
r<ZH0

o
H
] N

0. .ol 02 03 o4 05"
Ll -TIME (sec)’
Figure 3.9- The output run of :the estimator error for systems -

'w1_th x(o)f0.0, x(0)=1.5, -wﬁf?v=0f1 apd V;=2,25



ERROR VARIANCE

30

24

0.6

Figure 3.10  The output run of the error-variance for systems
. . PR i °,

o
i
. X=-Xx+5+U ¥, =010
v =x3ev e ¥, =010 -
V:(0) = 2.25 O X(0) = 15
2 'Q - QUASI-MOMENT MIN.. VAR. FILTER
‘ T TRUNCATED .MIN. VAR. FILTER
M - MODIFIED MIN. VAR. FILTER
V. PROP. MIN. VARIANCE FILTER ' .’
L STOCHASTIC LINEARIZATION. L
. "‘é .
s
A B et
EEE ‘ ;
1 ] '. ] { ] ¥
0.1 02 03 04 - 05
TIME. (sec)
“«» . T oy
L W

Withex(0)=0.0, x(0)=1.5, ¥ =¢ 0% and Vy=2.25 .

%

Jo



.54

ks
IS
N
for*
r! o
w, PO v 'Y
. .
R ] e e
R
i - W
. { ]
. fd
.
' s . %
s
- [
- .
& Fa ’
o
L] - ) A
" I
. ‘9 .
| N - . <
N e

O -
™

075 |, et

X(0) = ~300

o, . . 2 o

fpiee o QUASI-—MOMENT rqu VAR. FILTER

' S T TRUNCATED MIN. VAR. FILTER . g%
M, MODIFIED MIN. VAR. FILTER . 4"
W« , V."PROP. MIN. VARIANCE FILTER :
" L STOCHAST’IC LINEARIZATION

-1.50

'ESTIMATOR ERROR

»—w g 0 ﬁ(nd vm-z 0

“~s a f* & . :‘.7' - ‘-:,' . _
. b g PO <, . '
. R
' 47 ’-",,
- o




s .

[\

S

v,

¥

L
a3
oo
. )

EMENT Y

3

_“THE MEASUR

R Y ; : J
LR ‘ « . a"‘ .

;:""’ry""F‘_i,gure 3,12 The output run@of thie measureernt*Jﬂ for systeéns m@ W—S 0o

X, =
2
S 12
w
N Y

Y =
Vi,00)
V,5(0)

t;‘

Lo L Vaator

o

= x2 .

=X, + 3X,01 —)g, )’h
X, — 0.1%,3 + ' .
| B ..’ '

= 5.0

=00 . -
A

=.20

f{ X” )

ff*

»

X(0)=

i ‘j'?wé(mng(m -

. 55

1
o
‘c

b ‘.

w, @

o

S .‘,".“6

TIME

h

4T

"-,,g .

e

3"9 .
0‘
(sec’)

¥

i

‘ .

. .",
oo

- _J (33 a
. N



4
wip

| .THE_;MEAS_UREM?'ENT* vy

“falig
: J:;hfl ik M,

0

—

./'

Xy = 'X2

(/ ;_ - 2~
Xg = =Xq + 3 (1 -x3%

o 5 ,
.‘Y—.x]&-r Q.Ix1 '+‘v,

: , T

V11(0) - 5.0 ‘ f](O) =

12‘0’ = 0.0° Xpl0) =

‘l”’

' ‘,.IL “"’

K"

x1 (0) =2.0

‘x o100 =00 o

i “l]

]rm

.

i

o

. ¢
wqth wv =Q. 5 |

;g.
R
LY "

B N

o TIME ‘(sec) -

’
[ S
»
vy

. ,Figdgg‘3.l3' . The output run of fhe~meaSQrement”y for systems - .

- 56

g

- 0 , r i "
, o 'p]“f ' ) N i
..3 ,_. N :‘. ‘ '

I . 0’.‘ u , * '_ T
‘6 — ‘: 1 | l 1 R B B 1 |



ND . THE "ESTIMATES -

A\

-

X1 A

V  PROP.

L}

A N

- ' 2
=X+ 3X,(1 = X;%)

3
X4, —01 X4 + ‘V

.

‘V'.‘

MIN. VARIANCE FI

LTER
L STOCHASTIC- LINEARIZATION

o

PR
. o

." It
. Pl
"‘vl"l\'n

/- ) (RN i
LN a

-

P

¥ V”?S;O, V]2=0.O and V22=20

TW\E '(§éC')

Figure 3.14 The dutpdt run'of.\x‘] and: the estimatesﬁ'for ;yv=5..0,

57

= True state“X1’ s

LA

-5

Pt



- "V PROP. MIN. VARIANCE FILTER

S - L STOCHASTIC LINEARIZATION

True state X, ~

"

I True state X2

1 [ N R DI BN

& _ . }
~ /’ .

"F19UY‘e 3.15 T@utput run of x?_ and the es‘tmgtgs for ‘y 5 0

d’
v]] =5.0, V12 =00 and v22-2o

ssi




L)

C N

D THE ESTIMATES -

“‘v.v .o

‘ | Vlvﬂ“)ﬁ':
30

[
.9
o

!
N
©

,0‘.

o

]

X1 AN

t:*_”’

N Y PROP MIN VAR!ANCE FILTER
L STOCHASTIC LINEARIZATION «

1

U

L - 1= |

'
-
N h
8
.
A .
’ L
LT e
b
<
~ e ."l.\r-

. 2.
=Xp + 3X00 - X34

t
= +w 3

- True state X1

Y. IR
o 3

ook

Figure 3.16

6" -
TIME (sec)

f | ’ V]]—S:O v]2 =0.0 and v22

L

Ny

2y

The output run of x] and the est1mates for 4 -O 5,

7
N

S v G
< 7w

C N

s
X '
b ol # Tt
W i
o
N . va;:‘
. f -
o !
. .



X2 AND THE ESTIMATES
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filter. Also, the comparison of Figures (3. 14) %o (3 17) mth
respect1ve1y, those of F1gures (3.18) to (3 21) shbws that the .

~
-

. K
stochastic 11near1zatton filter underestimate itsverror-variances,

whereas the error-variances obtained from thé‘proposed filter clearjy
. ™ . L
indicate the perfonnancélof its‘fi]teringiestimates.

The above observat1ons can also be exp]alned by the fact tH’E
\' e

in these cases, the random forc1ng “terms. ‘are Very s1gn1f1cant« Therefore,
the de]et1on of the random forc1ng terms may result <n m1slead1ng
est1mators ’ .

" In Figures (3r22) and. (3.23) ,-another set of statistics7 Ry G
was chosen, in th1s case, the random-forc1ng tenn 1s not s1gn1f1cant

_ at a11, therefore, 1t can be expected that the two d1fferent f1]ters

»y1e]d\much the same resu]ts.
. R ) " L. . Y 2

On the bas1s of Figures (3 1) - (3.23)'as well as many more .
" runs not presented 1n thlS thesis, 1t can be conc]uded that the . )
‘.performance of the proposed q}nimum var1ance f11ter is Much superior to
-any other type of f1]ter 1nvest1gated It also po1nts outﬁ?he danger S
s of adopt1ng any other f1n1te d1mens1ona] filter , s1nce the?random '
;vforc1ng terms as we]] as the approx1mat10n 1ntroduced to 1ts non-

}1near1t1es may be o) s1gn1f1cant that 1ts deTetion resu]ts in un-

' acceptable as well as m151ead1ng system e§t1mates..mi o v
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3.4 MINIMUM VARIANCE GENERAL com’ﬂvuous NONLINE’AR FILTER = " . B
’:)':7 . . . ', -‘M‘v T '@ a" L] . A4 ’ 4:1.“ N TR o v v ‘- ) . . o )
T Cons1der.xhe generaP noninnear m€ssage mode] L SR
| : V. ' ) ~. . :, 4‘ . ~," . . “'V‘ﬁ . | 4 . . f e
x(t& f[x mtl + et&(é).,tgiw(t”fu E[x )€ ult) »'(3;;2-1);.
v “ . v‘/ - . W u . -
PPN v 'V. v -‘" ;! ' i : n
.“fv ¥ s ,"" * . ' : 2. - . )
P . . .

w1th measurement‘g1ven T L e Lo e
— 'A,_',., ...,‘_ . ,__.__,.._‘.-“A, g - :
% ‘*"‘j Ao : - "4, ’ D U A

“ (3 22)

g, R : 4, vv

- z(t) h[x' tx,t]wﬂt +yt) |
g e

’ ;nhere u( ) and y(t).ar kno 1npub t1me funct1onss w( ) and m(t) are - ;1,
X %W .

[ 4
H

eorre1ated no1se procesgeé w1th mean Mg (t) and p ) respectave]y, and

'also 1 SR Lt
v o - , e
v - S
' o . F
*Qf
v . a 6) . w
‘and a1l other pr1or stat1st1cs fo]low that pf Seet1on 3 2
. . . .
. & . .
< PR Follow1ng the deve]opment of Sectaon 3. 2, and neg]ect1ng the _
: s ’ i o

change of P[X t/Z(t)] due to- the d1fferent1a] measurements § z(t) v

then the f11ter1ng a]gor1t§m is g1ven hy coL R, i\', S

T k) = IR +R(e)st] + BIR(E) + K(8)S ET(t), -
SRR (), t] le) #K(E) G20 S a(e) ty(e)

| ko (3.24) ", .
. i o ‘ ‘ g ‘-55‘ ‘



where thS_ga1n ag20r1tnp R TR

g ME o e R,

3.417 '\ o
T () e nTTHE)  x(),6] % aLthr
ﬂfhjj] ‘;;‘ el j' = ., - ".?_« ¥ _,ﬁ*' 3.' V3

jrfipe

- - ,uv' g . ' : o t .. .
. o o w

) - suu)ﬂut)xx t1+ﬂm; ORI R i

;®

-

M ,,"“.' » ".‘ % . . , . . . ""“a

w ' . . ‘ : T ’\’ ‘ﬂ; - 3 . A !'%'a \‘l‘
R - E{GEX(t + X t?&t]w (t )6 L}(t);+ x(t),t3} - IR
LA o .\ ’ ' S . R S e
oo . ) $ . .,’0 o “s.. . -' r -v)q,'“w::" : Lo . . [ .
;- NG AT
! o g " ) ’. i (3‘26)
s, - - o e >
"‘ .‘ ‘. ° . -v”‘ : g : ' ..’ A ': A - Y.
T R s B AT . "
'1"A’ . ,§ Tb the author S know]edge, the relults presented 1p th1s -_,
_ u .

sect1on are new

E aud E are 1ndependent of the- ?%até’var1ab]e, name]y ". . “:f .

BN

flx{t), SE “F(t) »(t 5 o - omy

In~the part1€u1ar caséiﬁhat f‘?nd h amﬁ 11near,qﬁ AT

"e,hhﬁ)]é H(E) X(2), ;
L G(x(E),E] = 6(t) and ~' DR R :
I TR v - R L A S :
S EIxe) sl =y L e T
; . . . . : .  ‘ : ‘ - . g . .. Q - . .",». X »" ".':i.
£ ’”;”“:’° : Then Equatuons 3 247 < (3. ZGJ'are respectrve]y, o ;.';
. e SRR
s col s ,
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where w(t) is zereﬁmean“ wh1te %o1§e uhth non negat1ve defxn1te var1ance

v (t) h[x(t) t] TS cons1deredr o be of fu11 rank otherw1se an ,

aequIValent z(t) of 1ower diuens1on can be used

ry

. _ e .
S1nce z(t) 1s no1se free Y, (t) 1s non:negat1Ve def1n1te whenf»
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z(t) 1s d1fferent1ated some of 1ts e]ement may not conta1n any whlte 's‘

no1s‘e

Therefore each e]ement of z( ) has to be d1fferentﬁatéd and.
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. * . . ‘.y : 3. .
s Equat1on (3. 1) is Qﬁed to §ubst1tute for

] e
""‘; o i

o ) The s1gna]s obta1ned can be arranged 1nto two sets.l
. [

RL

Sﬁ% der1vat1ve of the state

var1ab1e unt11 wh1te noise 1s obta1ned in the der1vat1vesabf each

lement in z(t). RJFW' - ';: s S
o N
In the- - _

“ o

-

s1nce 1n p]ace of Equat1on (3 27), there ani Uud sets of measurements..

l
-

. _]_ -4 Here z, (t) is con51dered as a known 1nput, 1t does nbt contaln» “
g the development of Sect1on 3. 2 the

any new 1nformat1on, and fol]ow1n
: »
-‘—».\ ,
- 1
[ Vs o he
L =

f1rst set J, ‘t., 4 . : ‘3 'i ’
L .‘._' Co . . . N\ L. o L
L . T . . By, . o i ,
. ST T . el T o : )
L BRI P ST St St S s 0y
: - .‘.' Z](t) .= :h][x(‘t?’?] - " . .- ) } -".‘ : ' _'~ . at s :_\‘-‘ tk, ‘, ?
'ﬂlwhxchﬁgﬁmpr1sesnEquat1on (3. 27& and a]hv71near1y 1ndependen§:der1vat1ves "
.qof z(t) that aie nouse«free.. N l“wi' B gug N | &
G ', " b \ o o N4 L ".“ T s-:f, K '
T # In the secoﬁd set r;. ‘ B} B . w G ,
. L s . ] : 3 - < ¢
B A t&! » o > \:;’f{ . S S
DR ﬁﬁ NN ‘ A ;o‘ . )
Sty '“zz(t) = hz‘gx t),tqw N[x(t) t] wit) e ST :
. . ’ : \% l. t: " . ‘.‘"? r" .. T . . ’: | d .U
.4““?“-. . t.:’l‘. . '- ~ ) ] X
3"“é’wh1ch compr1ses a]] der1vat1ves of z(t) that conta1n‘l1ﬁ§ar]y 1ndepeﬂdent o
. 'white no1se." AT AR . “"4 N e
S Q'h'-“~ * .* O T g
o 5‘;‘ S It 1& ﬁggumeq that the f?]ter1ng'est1mate x(tg 1s g1ven by ‘; ,
. R . s -r' T LR IO ' ,‘ : : -
. - o

&
x(t)u[x(@t] ; @](t) z,(t) : K2< om0 o



" following filtering a‘lgori’tﬁﬁ is obtained'

,‘_ ’é}' P ' ;(t) f[x(t) + x’t) t] + K t){z hz[x 4 X(t t]} e L
. y L : ..m:“i,‘_, * ' N .

with the gain algorithm’ AT . | . | - W

‘%(t) -‘E{x(t)» h [x ) + x(t) t] + GLX( t) ;(ﬁt]w

e f S , g ; | .
e o ‘ f‘t R M m&’ . M i :
o ‘ ﬂ [X(t ) x(t), t]J[EINIX(t) + x(t),t]y, (t) N [X(t) 'y

“, .- . { . . R -
IR o ) . T ’ . -
- - .o S
4,
: B .'..'.'."
. ALY

SR ’5 x(t), t]}l T

_ 6 L
PRl . Y -3 ) . [
N ~ - e ’y N o ,,»' . ' . {“ ‘
s AR . . g o he P
. . o » ’ ,(‘1 - o ‘_,n “-'
. and the error—vamance eiquatmn 15 g'lven as SRR ISR SR R % G

‘ . . SN S s A
. “u % g ”'4‘ R f\," " .. ‘:‘ ot L ,
e e et . 3 o s .,' a0 - - ]

Y - B RN
) . . .

BT vm(;):Qisffci) fT[X(t) ¥ x(t»,tJ w\f[x(t) + X(t), 1% (6))
' — D SR o >— -

P N - o ‘ . . . L : ” . B

S EGIRCE) + X(0,8] (0 61X X0, 8

Q':‘t'c“ .

..

- . : T J- : o N A : :‘.'_," ‘."':‘,' ,_'A L '.
. X PP 4 Kz(t)E{N[?((.t) +'-'xt(t),t] ‘Pv}(t)NlExE(t,) + x('t)',‘t}}Kfé_T_(t)- . 4
" To the author s knowledge, thegresults pr‘esented here are a]so o

”

ﬂnew._ In the case that the Vector va]ued fynctmns are 11near, the resu]ts

presented vher;% ﬁ
) . -

-
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3.6 CONCLUSION . =+ - g BT g ,
Inugh1s chapter. nonT1near f11ter1ng a]gor1thms for corre]ated

t

uncorre1ated or no1se-free processes were der1ved¥ To the author S ~g‘.'

know]edge the f11ter1ng alg$r1thm5¢presented for non- wh1te noise
k]

processes are new. In order that—the-systems be phys1ca11y rea11zab1e<

/Q

/
the assumpt1om that the probab111ty dens1ty funct1ons of the est1mator

..+ . Brror _are. Gaw%s1an is needed to. expand the expectattons.r;Tsw_”m;,;“p.i.;;-;15“;,

1

! 'e,In SectJon 3, 3, var1ous non11near systems ‘were 51mu1atedk “"j~

v
.

« the noise processhs assumed are wh1te Gau551an theyﬂare co@pared WJEH . . ,ii-

; resu]ts ob;ained from varlous othe?’?ﬁnite d1mens1ona1 approxzmate $4f.'.=;§f
. ',)- ) o .‘.‘ . "
non11near f1]ters The resu?tsre]ear]y 1nd1cate ;he super1or1ty‘of _f‘*_:‘

e

-the pro arlance fT1teY over those oﬁ'othe¢3f11ters 1nves%q¢
'eoretftal exp]anat1on are a]so g1ven for the appareﬂt poor p
AR ' ; ol v . 1%
. ? .é-v‘ g e
performance'chahgcter1st1cs of var1ous other f11ters cons1dered ‘, Y
2 e R gia .‘. ) . . ) . . t .'
- In the case that’fhe systems are Tinear, the proposed m1n1mum o

N : I
B ll

: variance f11ters agree we]] w1th those of‘the opt1ma1 f11ters in .

‘11terature [6,_49]- : e ' o e
U SRR i T N ' S '
‘ . R - - . - - o ' R
s R S L e ' : : A
N . * ) ' '
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o MINIMUM.:‘T' AR-IANCE FILTERII‘ AND SMOOTHING e % -
FOR%CRETE NONLINE?\R DELAYED SYSTEMS WITH ADDITIVE WHITE NOI&SE ip f e
a& . L Izvmovuc'ﬁ'ozv ':;\_‘ SR .' T "Q:" T ’ i “
, " “This® chapter dea]s with discrete-tyme’ filtermg and smoothing” e
estﬂnatmn Of noﬁfnear systems w1tll mu]t1pj"de]ay§< 1mbeﬂd,ed iRy add1t1ve~-~".-'~-~»
W’:J;nte n@ase processes” ¢ Jn genera], the fﬂtermg a]gorf@rﬁaehab‘les ,4.‘ »

.nterest us1ng

- one to. estamate present vau]'és of ﬁﬁ var1a'
I e

present data, where‘as the smoother aﬁows a,t past va1ues, ,;‘v 1. w & N

t ﬁiﬂ

A. ‘t_yp1ca1 *smoothlng prob]em is the p .gﬂ matmn of thev T1gh{; ~ 5l

b

path oﬁ a m1ss11e‘based on trackmg system measurements durmg the B ,, o

.'v -

ent1re durat-lon of the fhght I the est1mates of the m1ss11e s R

pos1t1a¢ and ve]oc1ty at one part1cu1ar fhght point are des1red the

4 be » . ~‘. 9\)“}"{" at
est1mates can be based upon all the measurements recogded, 1nc1ud1ng :
’ * ew oy : o A,.J@QAO P
those made hefore and aftei that part1cu\ar fh,ghy po1nf T e

<

Inf the est1mat1on probléms for 11near systems w1thout»de1ays -

1nv01v1ng add1t; ve wh1te no1se processes, nl}merous paperS/f)\ave been .
S wgﬂ:ten to deal WIth f]]termg and smoothmg est1mat1on, however, most i

+
*o'f\them ard mere]y Nderwatwn of e«ar/her recursave a1gor1 thms

presented by Car]ton [50] Rauch’ [51]3nd Bz_yson and Fraﬁer [11] '-or : .

R
reformuiatlon of pr*ob]ems us1ng ‘various est1mat1on techmques

o % o 3 . —

HoWever, Ke]]y and Anderson [52] po1nted out that the

o, . E 1;_»/‘ . . e e e

&
n‘,) .
1
N
4

»
N



' is

K
g
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w5 14’

el

a*§7 dgﬂﬁns1ons, wﬁere n 1s ‘the order of the message mode] and N is the

3

1] may be unstab]e and thereforév ,"M-PJ
impraetiéa*l'. “To be mOre' exp . a]thoug:;%7 the ﬁxed -lag smoothmg |
;equatlons are bounded 1nput and b‘ ded- output stabTe, rea11zat1ons of e
these ln [43, 51] conta1n a subsystem wh1ch is’ unstab]e in the sense.‘f -

"of Lyapunov In [53],'1t is po1nted out that the apparent cu]pr1t is -

an uncontro]]ab]e and unstab]e block 1n the ’ smoother state equatlons

»;whlch~can~be removedew}thput»affeetqng~themigput*outputrcharacter1st1ee7~-miﬁgﬁﬁ:
’ P “‘ . ) o
P frf_ LBB], a computat1ona1]y stable smooth1ng algorithm is

‘%ertved for~11near d1§crete systems conta1n1ng t1me de]ays, bs1ng the

method of orthogona] proaect1on. The smoother for 11near d1screte
CR A

systems w1@hout de]ays Qan be cons1dered as a Spec1a1 case of the above v

&

prob]em3 w1th t1me de]ay 1ndex settTng to zero‘ The - resu]ts of [38]
3

are rederlved 1n a s1mp]e mihner “in [39], us1ng the state augmentat1on AT
- s

technlque .,However, the smoothers der1ved n suchra manner- are o nN ey

%mount of the f1xed lag o ‘éﬁf' Co e e o R

‘!

In th1s chapter, the matr1x minimum pr1nc1p1e is app11ed to

o non11near d10trete time mu1t1p1e de\ays systems, resu1t1ng ln neW‘ I L

o~

: dynam1c discrete es mat1 n a]gor1thms,' they are reported in [53, '543._1.,§~_
n-~
" In Sect1on 4/2 the m e modeT’1nvo]ves mu1t1p1e t1me de]ay% but R

- - Y

<

- thg measurement is w1thout de]ay «&n Sect1on 4 3, more genera] non-

]1near system models are cons1dered where both the,message and
4
measurement mode1s cpntaln mu]t1p1e time. de]ays
. <’ . . - . h N . ’ ' b.
S O . R : : . - PR . . -
’ &, . - i . ‘ . : - '

vy B
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For'non1inear.estimation problems, the results obtained in
this,chapter'are new, recursive in nature and‘direct]y yie]d*thek.

f]xed interval, -fixed- ]ag, fixed po1nt smooth1ng and the f11ter1ng

| algorithms. The. der1vat1on is stra1ghtforward and shows the c]ose

Jink between the sMooth1ng and f11ter1ng est1mat10n algor1thms

' The esagmat1on a]gorlthms presented 1ncth1s chapter, can be

. ea51]y applled to v;$1ous spec1al cases of nonlinear est1mat1on prob]ems,:“

for example, the est1mat1on prob]em for non]1ne£‘\systems w1thout

de]ays, the est1mat1on of nonf&near systems ith mu1t1p1e de]ays on]y
, W

'75 appear1ngﬂ1thhe measurements, hhe Jlimgar esﬁﬁmateon of systems w1th

nay . (,

' OY‘ Wh‘ﬁb%ﬂ#]ays, %C ;: A‘““ “ ‘ o::# ‘37 & V e 2 . -:' .

1’,1 h\ N “ ,“:‘l é’, ) ~\’,. » & i@v »
R £ Iﬁ the“partl,cutar case Of ]meammess‘age and measurement

'mode1s w1th non dedayed measurements, the proposed f1Jter1ng and;f1xed 1ag
Smooth1ng a]gorlths~agree we]l with- stab]b est1mat10n,aﬁgor1thms
presented by Pr1emer and Vacroux [37 38], and Tater exﬁénded by B1swas |
and Maha]anab1s [55], aud Shukla and Sr1nath [56], to fixed point |

* smqoth1ng of the Same systems and f1xed ]ag smooth1ng for systems w1th

o
: ]
mu]tlp]e de]ays 1n the measurements, resqgct1ve{& 4 -
. - " ‘ s .
4 MONLI NEAR DISCRETE DELAYED t,S'YSTE’MS W TH: IVOIV-DELAYED ME’ASURE’MEIVTS
!
’ .

. This sect1on is concerned W1th‘nqn11near d1screte t1me By{ag1c )

systems conta}n1ng mu1t1p1e t1me de]ays with non de]ayed measurement
v .“ P S “l"
sequence 1mbedded'un add1t1ve white, no1se processes _ I

2 a
' a1

° In Sectjon 4;2.1, the_prob]em_statement is presented.A.Sectfon :

. . N | e

~

AN

-t
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- 4.2 The ProbZem Statement , ' - o RO

The processes cons1dered 1n }h1s sect1on are descr1bed by

> the fo]]ow1ng vector d1fference equat1on ~ . _ I
. . .
4 e . S « .
' o x(k1) = Z f [x(k 3, k-j] + GLx(k) kI w(k) -~ (4w2.7) .
o : ‘ | .' - j=0 , e o . CL {

R

oL ‘5.. C AN
where the measurement is given by =~ #

"

h[Q(k),k1'+ vik) 'f‘ S .(4.2,2)'

Y

'y<k>‘

. : . . : ~ L <
',—. R : ’ : : . )

Here, X: the (“pte 1s an n- veqi‘r y the measurement an m- vector,.

-

_ 4the random input, dn r- vector V- \he measuremeﬁt noise, an m-vector, ’ : v
"o ¥ : . -,
6, a non11neanrstate dependept n x r matr1x, k\\,O ?ﬁ\ s the

. »
> /dlsgrete t1me 1ndex The non]1near vécior va]&ed funct1ons fJ and h .
. ¢ , ot :
. are, respect1ve1y, n: and m.- d1mens1ona] R ,";j"; *"?“*_ ' %Ea ~..
L‘ Thg random vectors w(k) and V(k) are 1ndependent zero- mean
‘ ’ o S .o
‘ wh1te Gau551an sequences, for wh1ch T IR

- . . X .' . N ., . K
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ECv(k) v ()} =¥, (K) 6
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CEtw(k) V()

B
o

o = ' ’ ‘ - N N
. & e

for aH- 1ntegers K aner, whére E{ } @otes the. exl,_'cfzatwn oper‘ator,

'T the matmx transpose, ‘SJk ’the K?onecker de]ta, and. w and ¥, are

L]
mé'm and rxnr pos1t1ve definite matmces, respectwe]y

s
v . . 1

Tt }'g., The mipal s;ates x(O) and. x( J)» for J= 1:’"-._,' 'L_‘are zero-.

mean Gauss1an random vectors, ﬁndependent of v(k) an%w( ), for® wHich
,.v.“: . . . e ) ; N

. . ~
i . . . .

* . . S .

. . g

[
bt

. ) S . 7 . : ST e,
: - o . . . ) . - " : ’ @

- W Ex(-J) Wik} Re gy T R S £

- ] _anq )

-~ . . . . .o B
- \ ‘ . - . .
. * . - . ., v Wa, . I -~
w . . v

- ELx(=3) vT(k)'}fi‘uo T T
v - REE LT P ) . o . ¥
for J = 0 1 ...3 *, and k = = 0,1, ~%.,with a positive definite covariance - e

B 1 N T
| . e . L v“?h!b\. - - e ﬁ‘. e \, N -
. E{‘X(J)X(E) =V(u».i§¢ 9 o o -
; C ey ¢ Y ; . B - ) -
:.\'_ B o S b-&7-l . ' e E ." T ‘ \.nS . - "l‘. V:, ' “':\ .

-

',.for: “Js 2~‘= 0) seay Lo 0 Tl ,"4‘5‘4-“ S “ ) .
"': R _-) - S bl ) A‘ ‘_" ‘ s . . et N .4--".“"

P " Th'e smoothmg prob‘l‘em 15 to obtam x( —2+1/k+1), the ‘unbiased

Y T " . . , o

-
-
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W), = 5(0), v s y(kT)

» such -t.g\gé: the cost function
., . .

Tr'ace [M ‘?.’\

. >
FLh -

¥

LIMX"

. ‘ ,}’)"

b-or1/ien] o (4’.2.3)

s 1s minimized Here M(J) is sﬁe non- negatwe deﬁmte we1ght1ng matmx, '

. and V (J z+1/3+1) 1s defmed b)( , o

) Aﬁ.' ’ X . '{‘]p:l . ) - S B . ' * ‘. ., ’ ~
SN :~_ . ."{ #‘ . . s
L ~.V3\((%f“,]/9"ﬂ)- +1[{‘x 5- £+1 X(a~£+1/3+1) I

"P‘"‘

e v

'v".“ l .,‘ . W. v ' V' . . ‘y . ] . .v‘ N ) . '
‘_.:.;'.“- L e . DL B e ,‘T‘x}_
' where EJ+]{ ) denot%s the expectat13n operatwn cond1t10ned on the
A o

set of measur\ements Y(J+1) L P
: L : N
v R

._,,

("

to ‘ﬂnmmzmg the: tracg of V (J 2+1/J+1) at each 1nd1v1dua] samp]e po1nt
-~ x 3 ! Lo ) - — ‘ .‘ Yo
‘J [4‘9] e \n‘ e S g e . \, )

DS c . : .-
RN t . . PE .
. . . "‘A s : . . L . w

. 4 2. 2\ The De.m&vbtwn of the &rroothér ;'__.‘._j_ ’ o L ‘

r

: l,- © L It s %’Ssumed that the smoothmg a]gomthm 1s desembed by the ' E

8‘51 A - . o
nonhnear d1fferent1a] equat1on 'ﬁ' B

’

(G- S xG@-/FDYT 0 (a,2.8) s

S1nce M(J)‘ 1s known m1n1m1z1ng Equat1om5,4 2 3) is equ1va]ent

v



- _‘ ) L R . ' L ' ‘ ;
' ' , x(k-2+1/k+1) = Z b [x(k -4~ J/k), k 2- J] + Kk+1>’(k+1) 14. 2 5)
. | 3=0

. L | ""1

Here, the assumpt1on of 11near1ty in 1nnovat1ons is made.- The non1ineaf
' - L
functions } b [x‘k Zg- J/kh;lujf-J] and Kk+1 ane yet to be determ1ned

. J=0 )

In fact
A

- however3-1t i

«

othing JQuat1on may take var1ous forms.

\ l-/

essent1a] that enough 1nformat1on concern1ng x( -2 Jfk)

-~
-l

. -and y(k+1)

e 1nc1uded in the est1mator mode] S1nce the message .
. mode] cons1dered 1n'th1s sect1on cons1sts ofitﬁk suquf'n0n11ned¥

A e

'
’

’ fnnct1ons conta1n1ng mu]t1p]e tﬁme de]ays, 1t 1s§rqu1st1c to assume that %

R ("
RO
o g

rithé sméoth1ng estnmate as a 11near comb1natﬂon 0 e’ “SUm: of non11near.; ,-;A
;*ﬂfunct1ons'of x(k 2= J/k) to atcount for the tlme de]ay character1st1cs,~“<'.if

‘g ﬁ v . .
\Feﬂg and -the present measurement y(ktl) Here X(k %- J/k) 15 s med to, have L
_ K RO R I

v

made opt1mum use of a]&wk‘e measurements ub to y(k)
avyt ‘-5,.

*Yﬁ{f , The prob]em for%glated 1n such a manher may therefore 1e€d 1;r_.e'

v : :

to a sméother, opt1mum§§$th.respect to the 1mposed constra1nts but S }{
. SIS {3

not 1dent1ca1 td thé t yuopt1ma1 one. .

e

S\ s~
_ Such a& e o
'.‘ \~ K : ., : (X" S IR . S T . . et : . P N . ) oL
T . X’ . . o ‘ T T, . ) A U A - a2
LA ;::j; gl S . ot R P v y 7
R 4 : r o s S A
»

1;/f1 x(k0a+1/k+1 - z ‘bjix(k er/k} k 4 J]+ K§+1§xk+]jk);Jféﬂgﬁa_;fzj'. i

. : PR Cae :
.t" s o o P -t

0 thes smooglwgg, a]gomthm %y SRt NG dynamic equations’- . 're il
) . et

o,

. ’Where y(k+]/k) (k+1) - Ef{y k+1 } It represents the "new" 1nformatnan~af_

A ¥

conta1ned 1n y(k+1) stnte the pgst est1mate*of y(k+1) g1ven ?(k), naméty,.b'h

R R
3 . . A4 . B -
i -~ PRI R - oL . . ‘. . . . . - 3
I T . o e . . R <o
5 r 3 . 4 . . L . - - . .
. N o - ' . . . P i
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-nonhnear vertor funchOh b .[xf(k-“l :]/k) k - ﬂ, and” the a]gomthm

* "'Ki;] such that the tr‘ace of V.. (k- 2+1/’;+1 é mmmuzed

E {y(k+1)} is subtracted: from y(ke1) to obtain y(k+1/k), which is
»

genera]]y known ‘as the 1nfzovat1on The «('esu'ltmg smoother us1ng e1ther‘

~

quuat19n (4. 2 5) or (4.2, 6 wou]d d exact'ly the same dynam1c .
smoother Ims can be exp]awed bg the bact"that the two equatwns '

contain exactly the same amount of 1nfonnat1on, that 1os y(k+l ) contains

-4

as much 1nformat1on as that of Jits 1nnovat1on ygdl/k) [14]
o Nz

_ Now the est1mat1on prolﬂem is to detenmne the t1me varymg
s e

e

J=o SR 3‘::‘:

_,Let X(k 2+1/k+1)«¥te the° smOothmg error "deﬁned by %

e Rkt kY) = x(kegel) - X(eer1/ke1) 0 Y (a2

. ~;<'(,k"',2+]./’k+1'). ) f’j-[x:(kfz-j")'&.!ggz-jlf G[_x(k-z),‘itfg]w(kf-z_)

Lenl T re

R L .
h) Uy

}f 3. [x(k 2- J/k), k-1 J] Kk+]{h[x k+1) k+]] \

A
JO . .
o . - . . Lo . !
0 . - o L
- L .\ YN

» . A

* - T T S R

oo Doy TR Gy

. ; . . . , : . .
- E . ) N
.o P v LR T . - o . . x. . N fy *

o PR R I - M g e e oy =
et “ ' » ) o E ", o - o R o . r-' R At

1t is necesslary that ' AR LT
L Z b, [x(k z-;/k) k R.-J] 2 f [x(k JZ-J) k l-J/k] o

".} o T C AU ¥

e kthx(km) k+1_‘kf]‘ ’ ¥ ;_ga;sz‘.s) .
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. . ) .
Cowere o Tl
y filx(k-2-3), k-2-3/k] = Ek{fj[X(k-l-J). k-2-37}
. 4 ) . L
and . - - | ’ |
RLx(k+1), k+1/k] = E {h[x(k+1), k113 . |
-‘ “'A‘ : | ) . ' . . ,
. Substituting Equatiazz\fﬂ;zigl‘jdto (4.2:5),the smoothing
‘algorithm becomes: ~ - o e oo e
| ‘
]

X(k=2+1/k1) = x(k-2#1/k) + KE, 1 {y(k+1)

v

7 = hIx(k#1)y k#1/KD) S (s.2.10)

J

“for k= 0,1, ...,and 0'< 2 <kl

“Where o . ' k
. . L. o | A
x(k-2+1/k) = Z fj[x(k-z-j), k-2-3/k] - (4.2.17)
: J=0 ' .

~ Equation (4.2.8) can be rewritten as

r

X(k-2417k41) = X(k-2+1/K) = Kf, o (ROx(k+1)/7K] + v(k+1)) (4.2.12)
- where i o S ' e
- . » . . . . . P /
- BIx(k#1)/K] = h[x(k+1), k+}] - h{x(k+1), k+1/k]  (472.13)
. _ Tﬁeréfoke,'the-smoothing error—variénce equation iS~givén by
= ¥ ol . - -~

Ry o .



V, (k=2+1/k+1) = V, (k-2+1/k) - E (X(k-2+1/k) & [x(k+1)/k])
X * X

[

o
.o % T
Kﬁ+1-Ki+]Ek{h[x(k+1)/k] X (k-2+1/Kk)}

%

T
k+1 ¥ (k+1) K

’

k+] k“‘[x(kt.l /k] h [X(k+] /K1Y Kk"‘]

Here, K ; is the only'v§riab1e'availab1e’for manipulation
The necessary condition for.minimiiihg the trace of Vm(kh2+l/k+]) and
subject to the constraint ‘of Equation (4.2.14) is provided by the matrix

minimum principle, for-which K£+] is considered as the control variabl

The necessary'conditioh can now be pbtained from the conditijon

— Trace[V, (k-2+1/k+1)] = [0] B ©(4.2.15)

where [0] is the Tiull matrix, and the result is
. .

Kk+] k{x(k 1+1/k) i [x(k+])/k]} [W (k+])

4 E RIx (k1) /K] K Tx (ke 1) 760y T (8.2.18)
*EAN Y

_ . _ ,
and Equation (4.2.14) becomes

k+] ’ ) (4:2- 4




~

“ . . .

V (k=g#1/k+1) = V_(k-2+1/k) o ’
. x x.

L Ehlx (ke Vki‘T k-2+1/k 2.17

Kia EgthIx (k+1)/k1x ( -2 /k)} : (g. 17)

‘And since, it “is seen
|

' L e
X(k-241/k) =77 ?5[x(k4t-j)/k] + G[x(k-2),k-2Jw(k-2)

» J=o Y.
where " . 7 - Yo o
’ fJ[X(k-Q-J)/k] = fj[X_(.k-iij)’( k-Q,-’j]
= FiIx(kep-0) s ke2-3/K]
then . . - |
o L T
V, (k-241/k) =T T Ek{ i (k-2- 1)/k] fDx(k-2- J)/kJ}
X . =0 Jj=o _
N + G[x(k-2), k¥£]iww(k-2)_GT[x(k-i), k-z] (4.2.]85
: v ‘ _ T

and one can also obtain

%

V. (k-2-1, k- z-J/k) v (k R-1, k-g-3/k-1) - St

X

.m T .
= K§+’Ek-]fhtx<k)/k-1]§ (k-t-3/k-1))
o | ) - (4:2.19)
for 0 L EH, +J < ks Whe”e v (k g-1, k-Q-J k) is defined by the

X

_ relatlon

84
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T o ‘ | T
TV (ke k=g-3/K) = E X (k-2-1/K) X (k-2-j/K)}
x . ‘ ) * ) . ‘

For‘ k<0, there is no 1nput to. the smoother and therefore one
. can !et x( il-1) to zer% for j = 0,1, ...y L which resu]ts in
e . ‘ » )
Ray =gy o T
and - | |

v,\‘(—j,-l/-])' = 'VX(J.’Q)
X ' .

for j, £ =0,1, ..., L. o : A : | | e
Since the smoothing estimat'oriis unbiased, the_éxpectations
that are in Equations ('4.2,.16)‘ - (4.?.19)'can be replaced by ‘the

following ' T R L

L '\,T. . ' ’ T , :
E (X (k=2+1/7k) B [x(k#1)/KD}= €, (R(k=2417K)0 ' [x(k+1), k41])
~ , f (4.2.20)

" T I
E CROx (k1) /TR [x (ke 1)/k3= €, (hDx(k+1), k#TIn [x (K1), k#11)
- h[X(k”) k+1/k]h [x(k+1), k+1/k]

(422])

and

/

85



e , T
’ 4"
£ (¥;[x(k-2-1)/Kk] £50x(k-2-3)/KI} ©
C T
PE FiIx(kori)y ki) [x(kap-3), koamily 0 (4.2.22)
- - T
.- fi[x(k-a—i), k-2-1/k] fj[x(k-z-j), k-n-j/k].
It should be noted that in the case of nonlinear systems
the above. expectations require infinite dimensional systems for their
" realization. The problem of obtaining a good approximatibn to the

above expectations is, therefore, of practical importance.

For practicd] rea]ization, it is assumed,that\the conditional
probab111ty density funct1ons of the smoothing error X are Gauss1an,
then the expectat1on can be obtained without any further approx1mat1on

- for systems w1th product types or polyromial non11near1t1es.

-~

_ To eva]uate-thé\above expectatioﬁ. one'can'ﬁake use of
Equatidn (4.2.7) to rep]ace the state var1ab]es by the sum of their
‘respective eétimatprs and the estimator errors. . For examp]e, in the
scalar case of o

o hDx(kt1), k1] = x7(ke)

from Equations (4.2.20) and (4;2f7),it cafi be shown that

-

8f
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@
" nT . i
E (X(k-241/k) h [x(k+1)/K]} = E (X (K=2+1/K)

. 3 | 2 ~ ’ -l( Ca .
Yo [X (k+1/K) + 3 X (k+1/k) x(k+1/k) + 3 X(k+1/k)
.2 .3 - , a2
0 x (k+1/k) + x (k+1/K)T} = 3 V_(k-2¥1, k+1/k) x (k+1/K)
. X *
¢ 3 (et k1K) V (ke 1K)
X . X

L] ~— / . .
Not1ce fhat in the eva]uatlon of the expectati6h, the only

assumpt1on needed 1s the Gauss1an assumption of the est;mator error.
And it can be eas11y,shown that if the non11near1tygs were expanded in
terms of first or second order Téyﬂor's series, thé-&ast term in the-
preceeding'equation would have been dropped. In sucﬁ a casé the

reéu]tfng fi]ter is equiva]eht to an intelligent application of an

>extended Kalman’ fﬂter ’ r

S1m1]ar1y, it is obta1ned from Equat1ons (4 2.21) and (4.2.7)

-— i~

‘ : T : N e
E (Rlx (k+1)/Kk] ﬁ'[x(k+10/k]}

<= Ek{x6(5+1)} - Ek{x3(k+T)}2 = [15 Vé(k+]/k) :
. 2 ‘ t"“, Az - -. ) N
4 45 Vo (k+1/k) x (k+1/7k)+ 15 V_(k+1/k) S
. B : x n 2

4. , § 4.6y 3 ' t

©x (kH/K) F X kAT C IX (k1K) + 3V (k#1/K)
: AR . ' . X ‘
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i Jthe particuiar case that higher—orderitermS”do’not"improve*syétem

ce 88
! / - t
. \v
A \
P " 2 _‘ 3 2 2 )
v, « x(k+1/k)]° = 15 Vm(k+1/k) + 36 Vm(k+1/k) x (k+1/k)
. X X

) 4 | 2 N
+9°V,_(k+1/K) x (k+1/K) |

s .
The preceeding evaluation is rather straightforward. In

accuracy, one can delete the higher-okder terms and approximate the
. .

expectations up to arbitrary order, as desired.

4.2.3 The Nonlinear*Fixed-Lag Smoothing

Replace k+1 ‘and 1'by k and N, respectively, WhérevN<K, from .
. Equations (4.2.10), (4.2.11), (4.2.16) and (4.2.19) one would then

obtain the following recursive noni%near fixed-1lag smoothing d]gorithms:

.

Cx(k=N/K) = x(k-N/Kk-1) + kﬁ{}(k) - hx(k), k/k=1]} (4.2.23)
X (k=N/k-1) 5;] ;ffj[x(k—N-j), k-N-1-j/k-1] _ (4.2.28)
L RE
. e A " .
l?fg«ﬂ's.k:]{%{sﬁ-uég]) h [x_(k)’/k-m‘[wv(k) + Epqthlx(K)/k-1]
'Tﬁh?: e o
", 3 LSk _-l . . i \
hex(k)/k-1131"" .  (4.2.25)
v {k-N/KJE= V_(R-N/K-1) |  (4.2.26)
o Ny o »
s e -'Kk(Ek_]{h[x(k)/k-l] X (k-N/k-1)}
& i) @

: ’f’. " - . - 9
e



L
v (k=N/k-1) = ) Ey ]{f [x(k-1-N- 1)/k 1]
i

o
j
+ ¥, (k=1-N) 6T[x(k-1-N), k-1-N] -

V, (k=1-N-1, k=T-N-j/k-1) = V_(k=-1-N-i, Kk-1-N-j/k-2)

?( X
~ o R Ey- (X (k=1)/k-2]
T
! X (k-1-N-j/k-2)}
‘ Also
Cn L AT :
V (k-Ny k+17K) = B (x(k-N/K) [ £ BxXk-3)7K])
and , o ' '

o

LT L Y -
Vo (k+17k) = T T B (f[x(k-1)/k] f;Ix(k-3)/k]}
X 1=0 J=0 o0

.

L 6x(k), kD ¥ (k) GT[x(K) K]
4.2.4 The.NonZinéar Fim%ﬁ-Point Smoothing
Setting ¢ =
(4.2.11), (4.2. 16) (4.2. ]8)

recursive non11near f1xed -point smooth1ng a]gor1thms

X(N/K+1) = x(N/K) + T

Bl

one wou]d then have the following

Keor | Wy (k#1). = Rx(k#1), ks1/KD)

(4.2.27

¥ k- 1-N-3§/k=112 + GIx(k=1-N), k1]

(4.2.28)

(4.2.29)

K - N+1-where k+1 > N, from Equations (4.2.10),

)

L 3

l

-



. L .
XOVK) = T FSIxN1-3), N-1-3/K) )
» j=o v | : g . il
KN - x N/k KT[ (k+1)/k]1} [¥ (k+1) i
N AT : 1
+ €, (h[x(k+1)/k] b [x(k+1)/k1}]
| LN
V(N/K#1) =V (N/K) = KEVD ERDx (e ) /KD X (/Y ¢
X X . \ '
L L v | : f\,T ot \ .
V_(N/K) = ) BRI (N-1-9)/K] £5[x(N-1-5)/KD)
X 1=0 J=0 ) ,
+ GIx(N-1),N-1] ¥ (N-1) GT[x(N-1),N-1]
. ' -
OV (N-1-4,N-1<3/k) =V, (N-1-1,N-1-3/k-1)
X CX
r'y 4 .
R . T
kW e R (K)/k-11 X (N-1-3/k-1))
and’ _
N £ AT : _ k
V (N, k+17k) = E, (X(N/k) ] fj[x(k-j)/k]} //)
X ~ j=o » ] N

'} (k+1/k) is the same as Equat1on (4.2.29),. and also from

Equation (4 2. 19), it can be shown that

AN}

r

) , ) . | - BV , T )
V(N ke3/k) = ¥ (N ked/k1) = TN B DX O0/K-TTR (ke /ke 1) -

| > X X



.‘im o N
4.2.5 The Nonlinear Fixed-Tnterval Smoothing

Sett1ng k+1=N, 2=N- k where N>k, Equations (4.2.10), (4. 2 1),

(4.2.16) - 1{4.2.19), would yield the fo]]ow1ng recursive non11near f1xed-

)
.1nterva1 smooth1ng algorlthms

PS

T X(KN) = I(kaIT)”¥'K:‘k {y(N) = R[x(N), N/N-1T}
x(kN-1Y= T F5Ix(k-1-3)5 k=1-3/N-1] .
S |
N-k "N ) -’bT o
Ky Ey- X (K/N-1) h [x(N)/N-1]}
= |
4"
[v, (N) + £y ThDx(N )/N 1] h X (/N3]
e o AN
T ) = T k) - KK g (X (/N1 X (k- )
- X X _
. L | L N )
V (k/N-1) = ] ] Eyq[fIx(k-1-1)/N-1]
X = J=o , .
t\,T < : T g N '
fJ[x(k -1 J)/N 117 + G[x(k-1) k-1, (k-1)6 [x(k-1),k-1]
K\ T
| v;(k-l-i;k-l-j/n-l] = vm(k-l-i.k-1-j/NL2)
X ' X ‘ ' e -
. - T
- Kﬁjf*‘EN_z{ﬁ[x(N-1)/N-z]% (k-1-3/N-2)}
and - *

: . L o
V,(ky N/N-1) = Ey (TR (k/N-1) T FiIx(N-1-NN-1T)
X . | N-] . 2i:=o 1 B)k

[



’

.3'wnon11near f11ter1ng algorithm can be easily 0bta1~§d from

,s (4 2.10), (4 2.11), (4.2.16) - (4 2. ]9-) by setting 2 = 0.

x(k+1/k+1) = (k+l/k) k+]{y(k+1) - REx(kH1), K 1/KDD-

92

* In order to provide an-insight into the structure of the

- smoothed estimate, consider the particular case of Tinear systems and

measurements with : ® .
_ ‘ ; ® o

L L .
Z ijX(k-j),k-j] = Z Fj(k) »X(_k-j) -

J=o ' j=o

Lx(k),k] = KO x(K)

—_

~ L . -
x(k+1/k) =} fj[X(k-J). k-j/k1.
j=o - ’
.Kk+'l = Ek{x(k+1/k) h [x(k+])/k]}[‘i’ (k+1)
N ' AT -]
+ Ek{h[x(k+1?/k]_h‘[x(k¢1)/k]}]
and - ' o . :
T Ty
: Vk(k+]/kf1) = V%(k+1/k) k+]{h[X(k+1)/k] X (k+17k)} }
whereas ; ‘ _
- v_(k¥1/k) is given by Equation (4.2.29).
o o | o
4.2.7 Estimation in Linear Discrete Systems _ o
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-
t -
~and W )

v GIx(K),k] = 6(k)

Then the 11near fixed- lag smoothmg a]gor1thm can be d1rect1_y .
obtalned from Equations, (4 2. 23) to (4 2. 28), respectwe]y aS\tN‘
foHowmg A o ) -

x(k-N/k) = x(K-N/K= ‘*ﬁg{y(k) ij’(k) x(k/k=1))

R . L -

x(k-N/k-1) = Z -Fj(k-N-]) x(k-N—]-j/k-]).'

- J=o0 : . .
.‘, . o : . . /
K- V, thNok/ke1) HT (k) CH(K) b, (k/k=1) HT (k) + vyt
| . v N -. : s . [Y
A V%(k-N/k) = V%(k-N/k-]) - Kk H(k) v%(k,k-N/k-]) - ’

LN

L L. B
V,(k=-N/k=1) = J . 7 F.(k-N-1) Vo (k=1-N-1,k=1-N-j/k-1)
X 1=0 J=0. X .

B ' T,
- F5(RN1) + 6(k-1-0) ww(k&ﬂ-N)‘G (k-1-N)
Vo (k=T-N1,k-T-N-3/K-1) =V (K=T-No1,k=1-N-j/k-2)
X ’ X . o
§ K 1[H(k "DV, (-1, k-1-N- -3/k-2)1

B L ’
Also * V, (k-N.k#1/k) = § v (kN ke J/k)*FT(k)
‘ X j=o X

. ,.l

Ny,
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. r’N’ ,
and finally, ’ ' o : ' I .
' . ‘ i A ) ' ’ ’
| L L o .
' Vm(k+1/k) = Z Z Fick) Vm(k-l.k-J/k) Fj(k) _
e X i=0 J=o X . -
‘ + 6(k) ¥, (k) G'(k) | ’
e B - -
‘_ » - . u
It can be eas1]y 1dent1f1ed that the structure of the above

linear flxed lag. smoother is s1mp1y the stable fixed- lag smoother 1
introduced by Pr1emer and Vacroux [38] In the same manner, one can.

ident1fy the linear f1er -point smoother for linear systems w1thout .,'
delays with that of Biswas and Maha]anaﬂ!s [55]. S1m11ar]y, the results
‘Presented in Section 4.2.5 and'4.2.6'can be easily applied to yie]d‘theu

’fixed-interva],smoothing and the fi1tering a]gorithms, réspectivél}

Thus. a unified approach to obtain the f11ter1ng and smooth1ng
a]gor1thms for linear as well as nonlinear delayed as we]] as non-" ‘

Y

de]ayed systems has been presented

@ _ L o .

4.3 NONLINEAR DISCRETE DELAYED SYSTEMS WITH MEASUREMENTS CONTAINING
MULTIPLE DELAYS | B |

‘In this sect1on, nonlinear smoothing a]gor1thms are der1ved

'for dIScrete nonlinear de]ayed systems with muﬂt1channe1 measurements
containing time delays. 1mbedded in ‘additive white noise processes.
' . . .. v' " \h H .
Section'4l3.1 presents the problem statement. .Section 4.3.2
is presented with the der1vat1on of the nonlinear smoother Sect1on

4.3.3 gives an 111ustrat1ve examp]e to show how one can eas11y obta1n



. the fixed~ 1ag, fixed- p01nt, f1xed intervat smooth1ng as we11 as the
filtering a]gorlthms. It a]so 111ustrates the use of the presented
algorithms to arrlve at phys1ca]1y reaT%zab]e non]1near est1mators
Reference equations for var1ous smooth1ng as well as f11ter1ng algorithms
are not presented, since they can be eas11y obta1ned from Sect1on ‘

4 3.2 by properly substituting the discrete time 1nd1ces

4.3, ]J.,:’I'he Pﬁoblem Statement '

&

Consider the d1screte non11near message mode] of Equat1on t; ;_ -

4 2 1 w1th the mu1t1 channe] measurements g1ven by

y(k) =) hi[x(k-3), k-3] + v(k) (4.3.1)
J=0 K ‘ .

o

oo

where hj is an m-dimensional nonlinear vector>valued function. All

other prior statistics and initia] conditions follow that of Sectioh-4.2.1.

The smoothing problem is- to obta1n the unb1ased smooth1ng

estimate x(k 2+1/k+1) of the delayed state x(k 2+1), where 0 < 2 < k+1,

"l

cond1t10ned on the measurements

| YR = 00), Y, e yleny
Yo : o

" such that the cost function

l

 3(ke1) = Trace[M(k) Vi)l (4.3.2)



isﬁminimized, Where M(k) is also a non-negative definite weighting
matrix. - ' o | “
o ‘o Here, a different cost }unction'is burposefully chosen. In
otharddappearahce, the cost function of Eqﬁatibn (4.2.3) is different
from thst of (4*3 2). In real essence, the two cost functlons are |
exactly the same, since M(k) is” known,. it can be shown that m1n1m1£}ng
Equation (4.2.3) is the same as mfn1m1z1ng (4.3. 2), and is a]so

equivalent to minimizing the trace of ¥ gk/z+]/k+1) [49]

| 4.3.2 The De:mlvation of -the Smoother ,

With- reason1ng 51m11ar to that of Sect1on 4.2,2, the smoothing -

’ ,a]gor1thm is assumed to be constra1ned by ‘the fo]]ow1ng dynamic
2
.'equat1on*

x(k-2+1/k*1) =} - bj[x(k-z-j/k), k-2-3] +'K§+1.y(k+1) (4.3.3)

* It can be shown that othef dynamic equations such as
L~ o g,
x(k z+1/k+1) h) bj[x(k—z-j/k), k-2-3T + K7 ¥(k+1/k)
. _J=o _ - e

where  §(k+1/k) = y(k#1) - ELy(k+1)/Y(K)]

 would result in exactly the same smodthing algorithm. - .

|
\

\v



, Now the problem is to determine the time-varying nonlinear
. . - . L T A 11
-vector valued function.'z bj[X(kfl-j/k); ké2-j] and the gain algorithm

. j=o T .
Kﬁ+1 such tgat the trace of V%(k—2+]/k+1);isﬁminiﬁi;eq. B
Let X(k-2+1/k+1) denote the smoothing error defined by
v R(k-2+17k#1) = x(k-2+1) = x(k-2+1/k+1) o (4.3.4)
: » o
~ then one can obtain
. L"’ . ) - T‘ - | :
CX(k=e#1/k#1) = 7 filx(k-2-3), k-2-3] + 6[x(k-2), k-g]
‘ J=0 - - o
” ’ :
B o L ~ . .'
. w(k) - Z bj[x(k-z-J/k), k=2-3]
" J=o o
¥ . :
2 N . . ‘
- Kk+] { §=0 hj[x(k-J-”)" k'J+1]-+ V<(k+]')} o

: ) L4
In order that x(k-2+1/k+1) is an unbiased smoothing estimate, it is

necessary that

g% bj[i(k-z-j7k),?kfz-j];= % :%j[x(k-z-j), k-2-j/k]
j=o < J=o0 S
| : g N . :
<K L hylxbednaked ikl
' . - (4.3.5) .
- '

Where ‘ . '
Fibrthonsde kead/k] = Ejixthersd), keadl)



and l
hy [x(k J+1 k- J+]/k] Eelh; [x(k-3+1), k-j+11}

Substituting Equation (4.3.5) into (4.3.4), the smoothing

algotithm becomes

~

“ N N .
x(k-2+17k+1) = x(k-2+1/k) + Kg, {y(k#1). = ] h. X (ke3+1)sk-317KD)
v j=

09
. (4.3.6)
for k;;,o,.],_Z._..L,,ahd_O <L <k+1,.
where ‘
L R L .
x(k-2417K) = ] f5[x(k-2-3)s k-2-3/k] o (a3.7)
T Jeo _ v
A / _ ‘
Substitution of Equation (4.3.6) into (4.3.4), yields
T n .A2, :'N"\:" -
Xik=2+17k+1) = X(k-241/k) = K| qf 2 h; 5[x(k-3+1)/k]
§ V(1)) N |  (4.3.8)

e

;

N S < R : ,
hsDxCk-3#1)/k] = hiDx(k-3+1), k=3+11 = hlx(k=3+1)5k-3+1/k]
Therefofe, the smoofhing error{variance equation is given_ by

- \ .
Wtk z+]/k+1) Ve z+]/k) (ik{&(kfzfl/k) L [x(k $41)/KD)
A . N jo 7

< . - . ~.



\\\ g N T o
\ . Kk+] Kk+] k{§ oh [x(k-3+1)/k] X (k-2+1/k))

T : ,
pe ) K (4.3.9)

.
——

+ Kk+

v

/ .

N n ‘ C r\,T .
.+ Kk+1Ek{§ Y hi[X(kr?+1)/k]hj[X(k4J+1)/k]}',”

. The necessary. condition\ for. m1n1m121ng the . trace of . L

[V (k- z+l/k+1)] is provided by the atrix minimum pr1nc1p1e [71, for

which Kk+] is cons1dered as the contro] variable, and ts obtained

from the cdndition' 0

2 Trace[V, (k-2+1/k+1)] = [0]
K41 X

" Hence, the gain algorithm is.given'by

n

AT
h [x(k-3+1)/k1}

L=

Kpaq = E (X (k-2+1/k) .

>

o N A _ ,
[y, (k1) + E () ] hlx(k-i+1)/k] (4.3.10)
' _ 1=0 J=0 ' . : .

AT ' 1
hj[X(k-J+1)/k]}]

\

and E;>§t10d1(4;3.9) is reduced to A



V (k=2+1/k#1) = V_(k-g+1/k) - (4.3.11)
X',‘ X . ' . . :

3

. . N :\, . . ” ,\IT L

- K., +E. h.[x(k-J+1)/k] x(k-2+1/k)}
k+1 k'J=0 J Sl s
J < 4

Using Equations (4.2.1) and (4.3.7), there is the,reia;ion

1

L

X(k-241/k) = ] F;[x(k-2-3)/K] + GIx (k-2), k-2] w(k-2)
. ‘ R J=0 . . » ‘ .
- -Where: -
’ n, N . ’ >
ijXCk-l-J)/k] = fj[x(k—z-j), k-2-3] - ijX(kjl-j). k-2-3/k]
Then the.fo]]owing reCursive’smoothing a]gofithms can also be
derived . » .
e, > . ™
O N AT oo -
V_(k-2+1/k) = Z_ Z- 'Ek{fi[x(kfz-1)/Kg fj[x(k-l-j)/k]}_ o
X 1=0 J=0" N . _ .
> , : . '
+ Glx(k-2), k-2] ¥ (k-2) 6'[x(k-2), k-2] (4.3.12)" °
“and | o '
V (k-241, k-m+1).= V, Tk-2+1, k-m+1/k) 23 (4.3.13)
x. : x . . ’ » “.‘.v.‘ !

,2' N o . "'\aT
- Kis Ek{§=o hsLx(k=-3+1)/KIX (k-m+1/K)}

for 0 < £, m < k+l.



~ " -

For k < 0, there are no inputs to the smoother aﬂdwtherefore
[

;(-j/-l) is set to zero for j = 0, 1, ..., [, which in turn leads to

i

X(=3/-1) = x(-3)
and b (3o r/o1) = ()
RN
for-j, & = 0, 1, «vey L.

- As shown in Section 4.2, the fixed-lag, fixed-point, fixed-
interval smoothing and also the filtering algorithms together with T
the1r error- var1ance algorithms tollow 1mmed1ate1y from Equations (4f3;6),
(4 3. 10) to (4.3.13) by properly subst1tut1ng the .indices k and %.

And “in the part1cu1ar case of 11near message and measurement models,
the. resu]ts presented for the f1xed lag smoothing est1mate can be shown
Jto~;e equ1va]ent to those of Shuk]a and Sr1nath[56] whereas for linear

prob]ems with’ de]ays only appear1ng in the message model, the above

algorithms agree well with those of Priemer and Vacroux [37,38].

A1So notice thét in the case of nonlinear systems, thev
preceeding a]gor1thms requ1re infinite d1mens1ona1 systems to rea11ze

the various terms involving the expextat1ons

¢ : In‘ordernthat the smoother can be physiﬁa11y realized; it is

- assumed that the cond1t1ona1 probab111ty density functions of the E hk///
. smoothing errors ‘are Gauss1an, and Equat1on (4.3.4) is used to substlzﬁ/e
for the state var1ab1es by the sum of their estimators and smooth1ng

errors. This is particq}ar]y_significant for systems with product types



o

or polyhomial nonlinearities, since in such cases, the smoothing

2

algor1thms can be evaluated without much difficulty and are phys1

reallzab]e without aﬁy further approx1mat1on

- On the other hand, the majority of other finite piménSi

” fi]ters«reqUire the Taylor's series expansidn for/the.system non-

linearities, in ggnera], they lead to the deletion of some of the

_ higher order terms of the estimators and the error-covariamces.

cally

onal

Moreover, the smoothing estimators are already required

to be unbiased, therefore, the expectations that are in Equations

(4.3.10) to (4.3.13) can be further simplified as

: N ’ ' N nT .
E (X(k-241/k) T h.[x(k-j+1)/Kk]}
¢ jeo 3

L
= E X(k=-241/K) § b T[x(k-3+1)s k-3+11)
k §=0 J _

‘n g AT

Ek{z By Dk 141)/K] R Dx(k-341) /D)

1,j=0 | J o

- E {2 hi[x(k-i+1), k=i+1] hI[x(k-3+1), k-3+11}
i,j=0 . J '

- S K .T. .
- Z Ahi[x(k-i+1), k-1+1/k] hj[x(k-j+1), k-j+1/k]
’ 1,J=0 ) '

&

and

(4.3.14)

(4.3.15)



L n AT "
E () fo[x{k-2-1)/k] f.[x(k-2-3)/k]}
k i.5=0 i J

L |
= E(]  fylx(kemi)y kenei] £10x(k-2-3), k-2-31.

1,j=0
‘L R N :
- Z ' fi[x(k-z-i), k-2-1/k] fj[x(k-z-j), k-2-j/k]  (4.3.16)
1,3=0 o

4.3.3 fZZustrative Example and Discussion
In order to illustrate the use of the preceeding algorithims.
consider the fo]]owing scalar nonlinear smoothing problem

] \

x(k+&) x3(k) + 2x(k-1) + w(k)

y(k)

x2(K) + x(k=1) + v(K)

-

r - .

where w(k) and v(k) are independent Gaussian noise procesées with
variances ww(k)'and wv(k). respectively. The initial conditions x(0)
and x(-1) are zero-mean Gaussian with respective moments ;(0/0) and

;(-]/0), and are independent of both V(k)yhnd w(k), and also

ECx(-3) x" (-2)} = V,(3,2)
. -X

¥

for j, £ =0, 1.

'The expectations of Equations (4.3.14) to (4.3.16) can be

obtained as follows,respectively



E (X (k-2+1/K) [xP (k1) + x(k)])

" mz n ~ N,
= Ek{x(k-2+1/k) [X (k+]/k)'+ 2x(k+1/k) x(k+1/k)

2 -
+x (k+1/k) + X(k) + x(k)]}

=2V, (k=2+1, k¥1/K) x(k*1/K) + V_(k-2+1, K/K). (4.3.17)
) S : X

D) + x(01%) - [ O30A) + x(k 2 -

= EIx(kH) + 2 xB(k#1) x(K) + %2 (K)}

. .
= DV (K+17K) + X (k$17K) + x (k)12
. X '

2 4

= 3 V2(kRIK) + 6 x (kKE1/K) Y, (K$17K) + % (K+I/K)
X X i ‘
| A B
+ 2[2V, (k+1,k/K) x(k+1/k) + V,_(k+1/k) x(k) + x (k+1/k)
' X ) X

A | 2 .2 .
e x(K)T+V (k) + x (k) - [V, (k#1/K) + xCke1/k) + (k)12
X X ,
N 2 0
=2 V_ (k¥1/k) + 4 ¥ _(k+1/k) x (k+1/k)
X X :
£ AV (kH1,k/K) X(KF/K) +V_(K) 7 (4.3.18)
w N

and__:



E (D3 (k2) + 2 x(k-2-1)1%) - [Ek{£3(k-z) + 2 x(k-2-1)112

-

- Ek{xﬁ(k—1) + 4 x3(k-2) x(k-2-1) + & x2(k-2-1)}

C 30 . ,
- [3 v, (k-2/k) x(k-2/ky + x (k-2/k) + 2 x(k-z-]/k)]z

C | , 2
' =15 VA k-a7k) + 36 VA(kn/k) X (k-2/k)
X T X : L

4 o . .
(k-2/k) + 12 Vm(k-z.k-z—l/k)
X

9

+ 9V, (k=2/k) X
X

L ' .2
*V (kK) + 12V (k-2, k-2-1/K) x (k-2/k) - (4.3.19)
X - X , : : - :

)
A

+ 4V, (k-2-1/k)
x .

" Then Equations. (4.3.6), (4.3.10) to (4.3.13) caib€ obtained
with the substitution of Equations (4.3.77) to (4.3.13). In particular
when 2=0, Equations (4.3.6), (4.3.10) to (4.3.13) directly yield the
nonlinear filtering algo?ithmé.//%gme]y,

X(HT/k+T) = X(kr1/K) + KD, Ly (k1) =V (k#1/k)

a2 N
- x (k+1/k) - x(k)}

where ‘



N ~ ' ’ -~ A3 ~
x(k+1)/k) = 3Vm(k) x(k) + x (k/k) + 2 x(k-]/k)'
X o :

ey = [2%, (K176 X(ks1/k) AR
. 2 : ‘ C ~2 3
Ly, (k+1) + 2V0(k#1/k) + 4V (k+1/Kk) x (k+1/Kk)
. X X :
~ + 4V, (k+1, k/K) x(k+17k) + V_(k)]™]
. X X . -~
- A.lso’ c - - .- EPN - - ER— Ceem c. MU | . .,_._-’tJ I‘

i

V(K1) = v (/) - K2+][2V;(k+l/k) x(k+1/K)

&

4V (k+1,k/K) T
x |

-and

3 2 -~ .
v (k&]/k) = 15V (k) + 36V (k) x (k-2/k) . _
. _A4 ...'
+ 9V, (k) x (k) + 12V_(k,k-1/k) V_(K) e
X X ’ X :

-2 | .
+ 12V, (ksk-17k) x (k/k) + 8V, (k=17K) + ¥ (k)
X X : )

_ The fi&ed—]ég smobthing algorithms are‘obtained from Equations:
(4.3.8), (4.3.10) to (4.3.18), with the substitution k and N for k+1 and

%, respectively.
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N

Y

X(k-N/K) = x(k-N/k-1) + KNy (k) - ACTSIRRNCTR)

- x(k=1))
~ where | ' , | 1 _ | .z; .
x(k=N/k=1) = 3V_(k-1-N/k-1). x(k=1-N/k-1)
X
30 . |
+ X (k-1-N/k=1) + 2 x(k-2-N/k-1)
and . - : - | i
| = [2V, (k-N,k/k-1) x(k/k=1)+ V, (k-Nok=17k=T) — -
X X Lo /'\ .
_ L o 2 _iwi;
L Ly (k) + 2V (k/K-1) + A, (K/K-1) x (K/k=1) o e
X X ST o
+ AV (k,k-1/k-1) x(k/k=1) + V_(k-1)]7T L
X T - % - . DR

| Also N , _
" Y§$k‘N/k) - V;(k-N/kjl) - Kﬁ[zv%(k-n,k/k-1) ;(k/k-])‘

VL (keN, k-17k-1)]
- X

;%z In a similar manner, the f1xed 1nterva1 as well as the fixed-
point smooth1ng a]gor1thms can be obtained from Equations (4.3. 6), (4 3.10)
to (4.3,13), (4.3.17) to (4.3.19) by properly substituting the 1nd1ces
k and 2. As a consequence, the effecgiveness'of the proposéd aigorithms'
is illustrated. | | o o

Notice thatliﬁ the abqyg;éVaiLatibn, the’only'as§Umpti6n needed

is the Gaussian assumption Of the estimator error. And it can be easily
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4

_— t - . ‘ . ’ . N \
shownvthat if the system non]inear1t1es were expanded 1n terms of the

////» f1rst or second-order Taylor s series. the h1gher order terms of the
'error-tovar1ances as well as the est1mators would have been dropped
Wh1ch when applied to est1mat1on problems with re]atlvely large

rq;ttal error covariances, may 1ead to erroneous results. .

To qua]itatively.assess the performance, characteristics
of the proposed nonlinear est1mat1on algor1thms; extensive numer1ca1
- ~~“simulation and comparative studies must be carr1ed out to compare R
the above est1mators w1th those of other f1n1te d1mens1ona] filters,

however, th1s is. not’ 1nc1uded in this sectlon.

~

8 e
In th1s chapter, d1screte estimation a]gor1thms are derived for .

e 4.4 CONCLUSIOI\?

non11near multiple de]ayed systems with s1ng]e channél non de]ayed

_measurement as we]] as measurements with mu]t1p]e delays, 1mbedded in
additive white noise pnocesses.- The resu]ts are new, recursjve in -
nature and directlyhyieldgthe fixedfinterva], fixed4point, fixed-

* lag smoothing and the fi]terjng a]gorithms..”Thetderfvation is
strafghtforward and-cleariy shows the close link between the smoothing
and fi]tering estimation algorithms. | |

The presented.algorithms are_physica]]y rea]izabie under
the assumption that the probabi]ity density-functions of the estimator
herrors are. Gauss1an, they ‘can be obta1ned without any further approx-
imdation for systems ‘with product types or po]ynom1al hon]1near1t1es-They

i}are ) expected to be computatlonally faster than app}y1ng an extended
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-

Kalman filter to an augmented system with no explicit delay times.

In the particular case of- linear system modé]s: the ©
smoothing algorithms are stable, and for the nonlinear case the
stability behavior needs o be further investigated; but‘it,isjéasy“\‘;
- to-observe tiat the basic structure of the nonlinear estimator’
is.thé samé as the 1ineér counterpart, hénce there is a good reason
to be]ievé that the corresponding nonlinear estimatbr,ﬁi]1"be-stab1e
4 prqvi_déd:tﬁe original message model is also stable. o

The results derived inrthis}thesis can be extended to
continuous time prbblems through a formal limiting pr0ced0re~[4].

The presented'appfoach can also be exfendéa to:nonlinear distributive
systéms with or without &e]ays. |

O
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™™ CHAPTER V

'MINIMUM VARIANCE FILTERING AND SMOOTHING FOR NONLINEAR
. SYSTEMS WITH CORRELATED NOISES ~

, | W
5.1 INTRODUCTION '

In Chapter’IV, the noise processes considered are assumed
to be Gaussian white and motue]]y {ndepehdeof;.however; in prectica1
sitﬁations~such assumptiohs are invé]io, since in physﬁca1‘systems;
1ndependent.wh1te no)se processes ‘simply do not exist. Therefore, ft
is natural to extend the new est1mat1on techn1que deve]oped in

- Chapter IV to morevreaT1st1c problems, where message noise processes . .

4
are correlated with measurement noise processes.

The treatment of linear estimation problems for~systems

" without delays‘imbeddedgin correlated noise processes can be hand]ed
by the’ uncorre]ated algorithms if one can- uncorre]ate the message and
measurement no1se‘processes Recent]y, Raja Rao and Mahalana s [57]
derived est1mat1on algorithms for linear systems with de]ay imbedded
in corre]ated noise processes, however, the1r results appear to have

a fundamental m1stake in the procedure g1ven which 1eads to se]f—

contradictory results; th1s is reported in [58]

_To .the author s knowledge est1mat1on a]gorlthms have not
been derived for non11near systems with or w1thout delays 1mbedded 1n
correlated noise processes, th1s is due to the inherent difficulty in

o o - ,
. finding the conditional-mean estimate equation and the.associated error-

o

110



*
”

variance. when the noise. processes are correlated.

) In Section 5.2, new recurs1ve est1mat1on a]gor1thms are
derived for discrete non11near mu1t1p1e de]ays systems with non- -
delayed measurements 1mbedded 1¢ correlated noises. Handy sets of ;
reference equat1ons are prov1ded for each specific case of smooth1ng
and a]so the f11ter1ng estimation; general linear est1mat1on a]gor1thms

-

are a]so prov1ded

In Sect1on 5 3, new recurswve est1mat1on algor1thms are
der1ved for dlscrete non11near delayed systems w1th multi-channel
.measurements involving time de]ays ane imbedded in eorre]ated no1se}
processes. . An eXample is given to illustrate the use”of"fhe proposed

Smoothing algorithm, and also derived are the general linear estimation

[ 3

‘In this chapter, the ba§ic technique makes use of the matrix

algorithms.

‘minimum principle to derive the optimal values of the coefficients
in the estimation a]gorifhms under the reQUirements that'fhe:esfimates
‘be unbiased and the error-variance, which is'taken to be the estimation

‘criterion, ie minimized; they are reported in f59;60].

4

5 2 NOIVLIIVEAR DISCRETE DELAYED S.YSTE’MS WI’.T’H IVOIV—DELAYED ME'ASUREMENTS

IMBEDDED IN CORRELATED NOISE PROCESSES. '
. R
In this section, estimation algorithms are derived for non- ~

Tinear discrete de]ayed systems with nonéde]ayed'measurements imbedned

in correlated noise processes.

a
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Section 4.2.1 presents the problem statement Sect1on 4.2.2 deals |
with the der1vat1on of the smoother. In Sect1on 4.2.3 to 4.2.6, non-
']1near estlmators together with the1r error-var1ance equat1ons are obta1ned :
.lfor the fixed- lag, f1xed po1nt, fixed- 1nterva1 smoothing and the
f1]ter1ng estimation, respectively. Section 4.2.7 presents the genera1
smooth1ng a]gorlthms for 11near d1screte delayed systems, wh1ch can be
easily converted to yield the f1xed -lag, fixed-point, f1xed 1nterva1
'Adsmooth1ng and the f11ter1ng a]gor1thms, by proper]y subst1tut4ng

the time indices.
5.2.1 The ProbZem Sta_tement

- The state equation of‘the d1screte nonlinear time- de]ayed

systems under cons1derat1on is descrlbed by

(k1) = ;;0 £lx(k-d), k-1 + GLx(k), 5 wk) s (5.2.1)
and.the measurement‘ds given-by | , | - | o
! : ' :
Y(K) = hix(K), K]+ 'V(kjjl o . | -_ _'V(‘st.z'.Z)f
where k = 0;‘1 . ., is the d1scret;{t1me.1ndex, the state x 1s

r"* .

© an n-vector;’ the measurement y an m- vector, the state no1se sequence
W an r-vector, the measurement nO]se vV an m vector, G, a non11near
state dependent-nxr,matr1x The nonllnear vector va]ued funct1on§\

f and h are, resbect1ve]y. n. and m d1mens1ona1



~ The noise sequences w and 'V, are zero-mean white Gau551an
with non- negat1ve -definite covar1ance ¥ ~and pos1t1ve definite v v

respect1ve1y Also
) _—
E{v(k) w (j)} = (k) Sy 3

for a]] 1ntegers k- and Jjs where E denotes the expected value, § Ky j
9

. the. Kronecker delta, and w : 1s-non-negat1ve-def1n1te; o

The initial states x(0) and x(-j), for j = 1' seey L are
zero-mean Gauss1an random vectors, wh1ch are 1ndependent of v(k) and

w(k), with a positive def1n1te covarLance matr1x

E(x(-3) x| (- z)} v (J.z)

for j, £ =0, 1, ..., L.
- The smoothing problem is to obtain the unbiased smoothed
estimate x(k z+1/k+1) of: the state x(k-£+1), where 0 < 2 < k+1,

-cond1t1oned on the set of measurements

)

Y(k+1) = 1y(0), y(i), ey (K1)}

- such that the cost function

I(k+1) = Trace[M(k‘)«Vm(k-2+]/k+1)] . o o (5.2.3)
. . . o X : ) - .
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is a minimum. Here M(k) is some:non-negative defimite weighting matrﬁx,

and vV, (k-2+1/k+1) is defined by
X R A

~

v (ka1 /1) = g [0 (ko2#1) = X(K=2#1/k#1)3

(x(k=2+1) - x(k-2+1/k+1)}1] (5.2.4)

- l
. . 4 N {
: . : !

where Ek+]{'l denotes the expectation operation conditioned on the
set of measurements Y(k+1).
{ .

5.2.2 The Derivation of the Smoother

!

_-with reasoning similar to that of Section 4.2.2, the_smoothed

estimate is assumed to be constrained by the nonlinear gynamic-equation*'

B

x(k LH1/k+1) = Z [x(k- =j/k), k-2- 3] + Kk+1 y(k+1) (5 2.5)

-

(_1

" * It can be shown that when other dynamie equations such‘aS'

L R | : -
x(k-z+1/k+1) ) .[x(k-z-j/k),k-z-j]+Ki+]{y(k+1)—EkEy(k+1)]}
 §=0 I ST AR

is assumed the resulting smoothing estimator wou]d be exact]y the:

same as those us1ng Equatlon (5. 2. 5)

[



L

where Z bj[;(k-z-j)k),k-2+j]'and Kﬁ;] aré‘yet to be determined.
J=o ' - o j
Let X(-2+17k*1) denotes the smoothing errorj defined by
X(k-2+1/k+1) = x(k-2+1) - x(k-2#1/k+1)
“then we pbtaih,_ : R -
X(k-2+1/k+1) =.Z fj[x(k-z-j), k-2-3] + G[x(k-2),-k-2] , - .
j=o 9. - . o \
. L . : L
< w(k-2) - ] blx(k-g-3/k), k-2-]] (5.2.6)

J=0

- Ki+]{h[x(k+]),’k+]] + V(kfj)}

" Since it is required that the smoothed estimate be unbiased,

nit is necessary that

L. . - L . - -
§=pbj[x(k7£-3(k)s k-2-j] = §=o fj[x(k'l’q)'.k‘sz/kJ

- K&»1 h[x(k+]) k+1/k] - (5.2.7)

where
O Ejelkern)s kete3 KB a(eE-g) ket 3,

and

[



hLx(k+1), k*1/k] = E (hDx(k+1), k11)

 With Equation (5.2.7) substituted into (5.2.5), the smoothed

estimate becomes

X(k-2H1/kF1) = X(k-2#1/K) + Kp o1 {y(k+1)

-

o RDx(k+D), k*VKTY - (5.2.8)
for k =0, 1, 2, ..., and O g_ﬁ < k+1. . -
Where ' < '
) L. . o -
x(k-2+1/k) = J fj[x(fk-,z-j), k-2-3/k] - . (5.2.9) -
| jo 4 " | 3

Equation (5.2.6) is now simplified as

X(k-217k+1) = R(ke2t1/K) = Kby ALk (kF)/KT + v (k1)) (5.200)

- "‘ [}
”‘. - ) e . Ty . C - ) e
’ X

- with | o
ROx(k#1)/k] = hLx(ke1) s K#1] = RLx(ke1), k1/K]

" Then, the error-variance equation.is~given as
: . ) "M" , -

t

Vket1/81) =V, (ke2#1/K) - K E (RDx(ke1)/k]
P P

s e

¥
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\

’\'T . n " "y
© X (k=2#1/k)} - E {X(k-241/k) h [x(k+1)/k]}

RN ) 2
fKe) T * Kyt R (K,

T

k+]Ek{h[x(kﬂ)/k] h [x(k+1)/k]}(Kk+])
(s.2211)

)y

.- The necessary cond1t1on for m1n1m1z1ng the trace of

V (k—2+1/k+1), can now be obta1ned from the condition
X

'2 Trace[Vm(k-z+1/k)] = [0] .

AaKkH X : ) ‘

Hence, the gain algorithm Kt is given by

9,‘ n, | | '\4T . ' ..
Kk+1'= E (X(k-241/k) h EX(kf])/k]}

. o T L
o, (k+1) + E ChDx (ke 1)/ It CxCkes1) /KD

and Equation'(s.é.ll) becoméS',

B ) ”?F . n .
V;(k-£+[/k+1) = vggk-g+1/k) = KyarE (B (ke1) /K]

T
X (k-2+1/k)}

(5.2.12)

(5.2.13)

17/
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and if the matrix V_(k-2+1, k-m+1/k+1) is defined as
. X R : »

. - N L .
V, (k-241, k=mt1/kb1) = B (X (k=21 7k )x Tkeme 17k 1))
X : ]
then

V ik- Z+1, k-m+1/k+1) Vm(k-2+1, k-m+1/k)
X_M,__,,,U ] X e

L M o T
-Kk+]Ek{h[x(k+1)/k]x (k-m+1/k)} (5.2.14)

for 0 < 2, m < k+1.

Now, there remains the problem’ of eva]uat1ng ) (k 2+1/k)
X

in Equat1on (5.2.13).

o

Even though substract1ng Equat1on (5. 2. 9) from Equat1on (5.2.1)

'would eas1]y yield

L '\‘ . - M .
X(k=-2+1/k) = § Filx(k-2-3)/Kk] + G[x(k-2), K-2] w(k-2)
| o o ~

. (5.2.15)

[ X
n

where it is defined that
L
Filx(k-2-3)/k] = fiDx(k-2-3), k-2-5]

- ?j[x(k-z-j),'k-z-j/k]
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19,

Y

it is seen that the error-variance equation can not be obtained by
taking the expectation of Equation (5. 2.15) mu1t1p11ed by its own

transpose, s1nce the expectat1on of

o , e .-‘-.‘ .
. ~£~f§:;fj[x(k 2-3)/k] w! (k-2)}

‘tan.not be 'explicitly evaluated.

-

On the ther hand, following the est1mat1on techn1que presented
pen

above, the unbiased estimate .of the state x(k 2+1) can be obtained as

- ' r .
x(k-2+1/k) = Z fj[x(k-z-j), k-2-3/k-1]
J=o v | .

ety (k) = RIx(K), k/k-113

5.
[ 4

which in turn leads to

x(k-£+]/k) = Z fj[x(k-l-j), k-2~j/k-1] _ (5.2.16)
J=o ) .

LR

- ERIX (K) /K17 + v(k)) 4 6Lx(k-2),k-2Ju (k-2)

' \

The opt1ma] value of the matrix Kk can be determ1ned from
N the _necessary cond1t1on that _ ; \
. . ' "_"'D‘
25 trace [M(K) V_(k-2+1/k}] = [0] o (5.2.17)
Ky . ‘ X ' :
k

[

Since V €k-2+1/k) is the expectation of- Equation (5.2.16)
) x . . . ’ - N



mu1t1p11ed by its own transpose then using Equat1on (5. 2 19) the

result is
!
L L n Y AT )
< “LEpoqC ] Filx(k-2-3)/k-11 h [x(k)/K-11)
. '»J=0 -

* GLx(k-2)s k2] ¥, (k) 6y 2] . (5.2.18)

'-[YQ(k) + Ek_]fﬁ[x(k)/k-ll Exfx(k)/k-l]}]1]~w
and V. (k-2+1/k)is simply

‘ L., o " Coad S S
V (k-2+1/k) = Ep-p{f;[x(k-2-1)7k-1] fj[x(k-i*j)/k-l]}. -
X 1,J=0 . ‘ : - , -

_+‘G[x(k;ﬂ),k-z]?w(k-R)GT[x(k-z);k-z] .(5.2.19)

- Ki[w (k- z)GT[x(k 2) k-2 F 5k k -5

S LT '
o+ ;k_]{h[x(k)/k-jj §=o fj[x(k-z-j)/kfl]}j

{
also

o L. o o T .
V (k=2+1, k-m+1/k) o) Ek_]{fi[x(k-z-i)/k—]]¥j[x(k-m—j)/k-1]}
X ST AU e l

+ GLx(k-z),k-z]ww(k-zjak_g’k_mGT[Q(k-m),kam]

A



- xﬁ[wvw(k-m)ék’k_mGT[x(k-m).k-h] ’(5.2.20)
" . _ L' AT :
+ ;k_1{h[x(k)/k-11:§=ij[x(k-m-j)/k-1]}1

for 0 < 2, m< k+1.
‘When the dlscrete t1me 1ndex k<0, there is no 1nput to the )

smoother and therefore x( J/ 1) 1s set to zero for J = 0,,1, 'ff!:L??'

~wh1ch resu]ts in

3 o

K31 = ()

and | | | 1u
v, (-3:-2/-1) =V (§,2)
X .

for j, £ =0, 1) ..., L.

On the other hand, since the smoothing eetimator is unbiased, -

the expectationsethot are in quattonsv(5.2;12),to.(5.2.]4), (5.2.18) tb'
- (5.2.20) can be replaced by Eouatiohs (4.2.20) to (4.2.22) and also

| Ek_i{¥j[§(k-2-i)/k-1] gj[x(kJmfj)/k-1]} - (s.2.21)

| /;‘Ek_]{fifx(h—z-i),k-z-i] f}[x(k-m{j), k-m=j]}
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. ) B .T ' i : o .
- Filx(k-2-1)s k-2-1/K-1] £, [x (k-m-3) sk-m-3/k-1]

¥

! It must be noted that in the case .of non11near systems the
\
above expectat1ons requ1re 1nf1n1te d1mens1ona1 systems to realize,

.

Therefore, as an approx1mat1on, it is assumed that thel
cond1t1ona1 probab111ty dens1ty funct1ons of the smoothing error X
_are GauSSIan. It is 1mportant to note that under such an assunpt1on,
the algorithms presented in th1s chapter can be physica?]y rea11zed
w1thout any further approximation for systems with product types or

-,po]ynom1a1 non11near1t1es

-

The estimation a]gor1thms presented‘pere are not on1y new
~and- recurs1ve in nature, but a]so directly y1e1d the fixed- lag, f1xed-

| point, f1xed -interval smooth1ng as we11 as f11ter1ng algor1thms, this .

is. dong/by/the proper sUbst1tutJon of indices 2 and m.

=T ' »
5.2.3 The anZinear'FixedLLag’Sméothing

when k and N are. subst1tuted in place of R¥1, and 2, into
Equat1ons (5.2.8), (5.2. 9), (5.2. 12) and (5. 2 13) and a]so Equat1ons
(5 2.18) to (5.2.20), where k>N, the resu]ts obta1ned are the recurs1ve

Lo
-y

non]1near fixed- 1ag smooth1ng algorithms; they are respe#t1ve1y, as - SR

Zfo]]ows P

X(k-N/K) = x(k-N/k<1) + KN {y(k) - ALx(K), k/k-1]}
. i . 'ac' . . v‘ "v . !




. L. ' :
x(k-N7k) = T FEx(k-1-N-3) k<1-N-j/k] -
j=o

D T e
. n .
Ky = Eg_y(X(k-N/ke1) h Ex(ig/k1ly

e
[y (k) + E_q0hIx(k)/k=11 b [x(k)/k-111]"]

Y (K-N/K) = V NES 1) - Kk " ]{h[x(k)/k 1
X@

T ”: . ; _ j:‘”- L '4_.,
X (k-N/k=1)}. " . o

N LA N o
KT = Ep_ol] fiIx(k-1-N-3)/k-2] h [x(k-1)/k-2]}
? §eg s , I

‘ + G[X(k-]’N); k-l-N]W (k ]) Gk ] k ] N]

¥,
il

Iy (k1) + Ek_zf.x’t‘f[x(k-]v)/k‘_-z] v [x(k-J)/k-zJ}J"‘.

.

V (k=N/k-1) = Eﬁ? E, Z{f [x(k 12N-1) k- 2]q$~ _ .
) 1,J=0 A 4 ‘ - . : . -
. fj[x(k-l-N-j)/k-Z]} +'G[x(k-1-N),k-]-N] o

.. L S
©y, (k-1- N6 [x (k- 1N)ok-1- N] -y 1Ley (k-1-N)

w’h =
o tf

]
o e
e

G’[x(k-l-!),kf]-N]dk_]’k_]_N + Eyos

e
B

- (RLx(k-1)/k-2]



L I\,T‘ . ‘ .
© 1 F5lx(k-1-N-3)/k-213]
J=0 . :

—

. : . .
Vo (k-,k-m/k=1) = [ €, _,{f.[x(k-2-i-1)/k-2]
X 1,j=0 " S

“n . . . T
, [x(k -m-j- 1)/k 2]}+G[x(k 1-2), k -2- 1]w (k~- 1 L)

'Gk-l-z.k-l-mGfo(k‘l-m),k-l-m]'

<,

- Kﬁ_]Eva(k-lzm)sk_l’k_]_mGTﬁx(k-l-m),k-l-m]‘

: , " ' L T
+ E _,{h[x(k-1)/k-2] Z . [x(k-1-m-3)/k-21}]
‘ k-2 : §=0 J , . :
: - (5.2.22)
.5.2.4 The Nonlﬂinear Fized-Point Smoothing
When ¢ = k -"N+1 (whéré k+1>N) is substituted into Equations -
(5.2. 8),'(5 2. 9) - (5.2.12), (5.2,13) and (5.2.18) - (§.2°99), then the

recursive f1xed povnt smoother is given by the fo]]ow1ng
X(N/k#1) = x x(N/K) + KE+¥+‘ {y(k+1)

- RIx(k+1),k+1/k]}

_ L B
x( N/k) =1 f;[x(N-1-3), N-1-3/k]
J=0 '



Kt+?*’— Ek{x( VKO W Ix ey

‘ . o . mT . =1
Dy (ke1) + Ek{h[x(k+l)/k] h [x(k+1)/k]}]
v (V) = LK) = KM E k)i

T - | o
<X (N/K))

PR e el . N e .. .:.,'_T.A,. T
o, L N o a o
VQ,(N/k) = ;,J_:oEk_]{f-i[X(N"]-'l)/k"]] ffo(N-]-J)/k-]]}

J‘O

- + GLX(N=1),N-17 ¥, (N-1)&T[x(N-1) N-1]
- ek, vw(N I)GT[x(N N1 ak NoT
- '\,’ L ',\,T o RV '
-+ Ek_]{h[X'(k)/k‘]J Z fj[X(N-]-'j)/k_-]]}]
| S
Kt‘”+]' [E, _ ]{Zf Tx(N-1- J)/k 1] " [x(k)/k 115 + 6lx(h- 1) N- 1]]

. wwv(k)ék’N;]][wv(k)+Ek_i{g[x(k)/kjf]

"’T . . O
* h [x(k)/k-111]

and Vm(k-z,k-m/k-l) is the same as that of Equation (5.2.22).
X ‘ . / .

;-



5.2.5 The Nonlinear Fized-Interval Smooéhing

Setting k+1=N, “2=N-k where N>k, then Eduations-(s.z.s),;

recursive a]gom thms for f1xed~1n‘ rva'l smoothmg . They are

XIK/N) = X(/N-1) + Ky KLY ON) - ALx(N) N/KD)
L e
X(k/N-1) = ) Fi[x(k-1-3), k-1-3/N-1]

o j=o
Nek o m T ,
Ky = EN'_]{x(-k{N-l)‘ h‘[x(N')/N-l]}
v " o ;\,T : ' -].
e, (N) + By_qChEX(M/N-1T0 Ix(N)N-113T77
| A

V (K/N) =V (k) - K Rey, (TR (/N-1T
X X o ;‘. '

T i

X (k/N-1)}

. ‘ L " |
V, (k/N-1) = z Ex- 2{f [x(k 1- 1)/N 2]
X »J=0
5

[x(k 1- J)/N 2]} + G[x(k- 1) k-11 ¥, (k-1)

SN-T,k-1 * En-g(RDX(N-T)/N-2] T £ [x(k-1-3)/N-2]}]
SR o J= o

: GTLx(k-l),k-l] - ALY (kDG Lx (k1) k1]
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5.2.6 The Nonlinear Filtering |

_ When g is set to zero, Equat1ons (5. 2. 8),. (5 2.9), (5.2. 12),m,'d

(5 2.13) and (5.2.18) - (5.2. 19) become the f11ter1ng a]gor1thms

Name]y

o o
Rt el

x(k#17K41) = x(kr1/7k) + KO, (y(k#1) = RLx(k#1),k+17k])
X L. -
x(k+17k) = J  f5x(k-3),k-3/K]

© gm0 3T

0 k) B k+1)/k]}
Kk""] = Ek{x(' 1/k) [X( )/ } '

»

- . o o
Lv Get1) + B EhDx(ke1)/kD B Lx(ke1)/kD) ]

V,(kF/kH) = ¥, (k17K - K Kot E hDx(ke /KD X (k01703
x X . L

e
'j=oEk_]{fi[X(k-i)/k—1]fj[x(k-ij:E;J]}

+ 6Lx(k),k] ¥, (k) GT[x(K),K]

-t

. OV (k#1/K) =
X S
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- kLY, (K) GT[x(k).k]

o Lo |
T Ethix(k)/k-1] §=o fslx(kea) k11

E

‘and ftna]iy
S -‘ 0 L 4« : T T
! ' cp = [E_q{] Filx(k=3)/k-11 h [x(k)/k=11} + G[x(K),k]

e o . T '
v (K2 (K) + By CRDx()/k-11 B Dx(k) k133771

. 5.2.7 Estimation in Linear'Discrete Systems »

In this sect1on, genera] 11near estimation algorithms are

'r~=\& obta1ned for d1screte de]ayed systems w1th non- de]ayed measurements
corrupted by corre]ated no1se processes - The a]gor1thms ‘can be

' ea511y coniverted to y1e1d the f1xed ]ag, fixed-point, fixed- 1nterva1
‘smoothing and the f11ter1ng est1mators together with their respect1ve

i error-variance equat1ons Th1s 1s done by mak1ng the proper choice

\

of discrete 1nd1ces, as Shown 1n Sect1ons 5. 2 3 to,5 2.6.
For Tlinear discrete systems, we have - N
L | L . ,

L filx(kd),ke3 = )RSk x(k=3)

J=o.

hDx(K),k = H(K) x(k)
ahd . |
G(k)

Glx(K),k]



; ’ . . . 1y
gﬂ, . R .,
’ ;4 - ‘. ’ 4 .
B :l B ) . ( . ’

. .

Thenlfhe general linear estimation algorithms are obtained

from Equations (5.2.8), (5.2.9), (5.2.12) - (5:2.13) and (5.2.18) -

e

. (572.20), by making tﬁe §?qvé'rep1acement-‘

~

™~

*(k-2H1/kHT) = X(k-1/K) + KE, {y (k1)

OH(kM) x(k1K)Y

R . L ’ - " . .
x(k-2+1/k) = Z . FJ.(k-JL) x(k-2-3/k)

J=o -
K m v (ke k1K) HT (k)
k+1 X S
e Tipar) oy T -1
o Ly (k1) + HO(k+1) .V, (k+1/k) RO (k+1)]
B | CX S
| vyck;1+1/k+1) = V}(k-z+]/k) - Kiad H(k+1)
\ oV (kH1,K-241/K)
X : h
| .

. - R N - |
- Vm(k-z+1/k) =y . Fi(k-z) ym(k-z-i,k-zej/k-l)
- X 1,j=0 = . X R

~—

;_Fg(k-zj_+“G(k—i) §w(k-£);g7(k-g)

.. M T3

- b (ko2) 6T (kon)

. o
+H(K) T V. (Kok-2-3/k-1) F(k=2)]
J=o X : _KJ; g



™
g ko [P R
Ky = [Z F.(k-2) V (k-2-j,k/k=1) H; (k) -~
g T Ty
J=o , X _
. L _ T_‘ -]
. [wv(k) + H(k) V_(k/k=1) H (k)]
, X .
. . _ o . | . .
and V, (k-2+1, k-m+1/k) = ) 'Fi(k-z)vm(k-zfi,k-m-j/k-]) Fi(k-m)
X s§=0 X o I
ot G(k-z)ww(k-z)sk_z’k;me (k-m) T

' : B ~ : ~,

- z.”' T L | |

- Kk[wvw(k-m)sk’k_me (k-m) + Z H(k)
. i J=0
* v, (kykem=j/k=1).
X g
Jo T Filkem)
| ‘"It can be easily shown that in the special case of discrete

‘system§'hithoht_deléy, the results obtained_fbr the filtering a]gorithm

agree well with fhose in.thgijiteréture [49], but the smoothing results

, qu N . - 0 S _
Invthé barficu]ér tase of.linear discrete delayed systems -

with uncofre]ated»noigé'prbtéssés, the filtering and fixed-lag smoothing
algorithms obtained here can be shown to agree with those of Priemer

. and Vacroux [37,38].
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>

5.3 IVONLIIVEAR DISCRE’TE DELAYE'D SYSTEMS WITH MEASUREME'NTS CONTAINING

i MULTIPLE-DE‘LAYS IMBEDDED IN CORRELATED NOISE' PROCE'SSE'S

In this sect1on, est1mat1on a]gor1thms are derived for. non-
,11near discrete de]ayed systems . w1th measurements containing. mu]t1p1e

delays tmbedded in corré]ated,nonses.

In Section 5. 3 ] the prObtem statement is presented

.. Section 5.3.2. der1ves the d1screte nonllnear smoothing. a]gor1thms, |
~.wh1ch can be directly app11ed to yield the_f1xed-1ag, f1xed-po1nt,
fixedéinterval,smootning.and'the fi]tering algorithms, with tﬁg?proper

substitutﬂon'of‘discrete indices.

Section 5.3.3, bresents an example to <indicate how one can

apply the proposed algorithms to ph}sicé] systems.evaluation.

\

w®, Section"S 3. 4 presents the genera] estimatibn algorithms

:‘*for the. ]1near counterpart of the above problems; the resu]ts are

1dent1f1ed w1th those of the 11terature

5.3.1 The Problem Stgbemen't _

_Consider the discrete nonlinear multiple time  delays message

i R

model of Equation (5.2.15 with the measurement model described by

N : - ;l'" .
00 =T w0, ks )

L (5.3.1)
- j=0 - .

l. . . . ) . . . ‘
-where hj-is an m-dimensional nonlinear vector valued function, v is

. zero-mean white noise sequence correlated with w, with prior statistics

2

ENECY
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. i ‘ ‘ = o .
and all initial conditions identical to that of Section 5.2.1.

" The state'estimation problem also follows that of Section 5.2.1.

'5.3.2 The Derivation of the Smoothér

With reasoning similar to that of Section 4.2.2, it is

‘ |
assumed that the smoothed estimate satisfies the dynamic equation*

. - . \ - o
Cox(k-g# k1) = T bilx(k-2-3/k)y k-2-31 + Ky (kD) <(5:3.2) 0
j=o . o ‘ LT

L3

Since ;(k-2+]/k+]) is required to be an unbiased estimafe,
] “
it can be shown that

o
a f

L . | L . i
I bylxbk-i-3/k, k-2-31 = ] filx(k-2-3), k-2-/K]
J=o ‘ =0 ‘
K '§ h.[x(k-j+1) ]
- K ‘ 2L X "j+ s k'J+]/k i
- - | Pk 5 T ' \
where ' S : ‘ N
o

"? When other constraining equations such as

-~ L ‘A . - ‘
x(k-2+1/k+1) = § b [x(k-2-3/k), k-2-31 + K 4 {y(k+1)

- £ Ly 1)}

PRkl ~ . "

is used, the resulting smoothed estimate remains the same.
o g ) ¥.
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%j[)((‘_k"‘l-j), k'l'j/k] = Ek{fj[)((k'l-,j), k'l“j]}
J

L
and n | \L
PS . ) S .
hi[x(k-3+1), k-3+1/k] = Ek{hj[x(k-j+]), k-j+11}
Also that,
1 fiIx(k-2-3)5 k-2-3/k] = x(k-2+1/k) - (5.3.3)
J=0 . _ ' }
. Then - b

A . - oA - N ~ .
x(k-2+1/k+1) = x(k-z+1/k)+K§+]{Y(k+1)-Zhj[X(k-J+1):k4J+1/k]}
' J=o0”.
| / - : (5.3.4)

m——

whereas the smbothing errowgsatisfjés thé.re[ation s

- . L .

a, . "\, 2 Noo ‘ '

X(k-2+1/k+1) = X(k-2+1/k) - Kk+]{ Z ) hj[x(k-j+1)/k] + v(k+1)}
7 ~ - J=0 -

(5.3.5)

where it is defined that

R}[x(k4j+])/k]‘= hy[x (k=3+1), k=j+1] - ﬁj[x(k;j+1),k-j+17k]

~and the matrix V, (k-2+1/k+1)
X
and (5.3.5).

can be determined fron Equationé.(5.2.4)

" In order that fhé cost functipn Qf,Equatfon (5.2.3) is minimﬁzed;—



S . RES

thqboptfmal value of the matrix K£+1 is obtained by setting the -

gradient of J(k+1) equal to the null matrix. Hénce,

. - N T | , | -
Ky = Ek{X1k-2+1£§)v§=ovhj[x(k-J+1)/k]} . - (5.3.6)
- ' , N, . g0 -
s [wv(k+1) + Ek{iz. hi[x(k-1+1)/k]-hj[x(k-j+1)/k]}] T
g : T30 P
‘ - IR . N o
and V&(k-2+]/k+1) = Vm(k-2+]/k) - Kﬁ+] Ek{z ﬁj[X(k-j+1)/k], - ///(
X T X . J=0 IR
‘ mT L » ' ' _ : ,
X (kewbK)y o (5.3.7)

also if the matrix Vm(k?n+], k-m+1/k+1) is defined as

X e . RN

T

[}

Vm(k-n+1, k=m+1/k+1)

By (X(k=n#1/k41) X (k-mt1/k#1))
X "

<

.then it can be shown that .

]

V, (k=n#1, kem+1/k+1) = V_(K-n+1, k-mt1/k)
X ' X '

. nn" N "' ; mT § |
- Kk+]Ek{§=o h;[x(k=3+1)/kIX (k-mt1/k)}
‘ | ' (5.3.8)

for any integers n,m with 0-< n,m < k1. .

As is presented in Section 5.2.2, the unbiased estimate
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,;(k;z+l/k) of the statéﬁvector x(k-2+1) ‘can also be obtained as

?j[x(k-z-j),k\z-.j/k-l] ' A"':-:“. K
' N LA '. . o . .
+ o {y(k) =) h.[x(k-§)s k-3/k-11} :+ (5.3.9)
KT 3= | R
. andﬂthe;obtimal_vaiue.ofﬂxﬁ iS,ngen,by”:V..,u R
e Lo N T X
< = LB gl TyDx(k-g-1)/k=11 T hDx(k=3)/k-113 o
N b« B J=0 o Fe
+Gx(k-2)s k=2 v, (K) &, 1 T (5.3.10)

| N W7 ; |
[y, (k) + Ek;]{g’j=bhi[x(k-i)/k-1] hj[x(k~q)/k-1]}]'1. |

1

~ where
Filx(k-2-1)/k-11 = £ [x(k-2-1), k=2-i] © Flx(k-2-1),k-2-1/k=1]
and: _ _
o L. .
: V%(kfnfj,k-m+1/k) =;;.j=ozgkf]{fi[x(kfh-1)(k-}? B

R AT ) . B | .

- o fylx(kem-3)/k-113 ' S
. - G[x(k-h){k;n]ww(k~n)Gk_n?k_me[x(k-m?;k-m] :

- K:[Wwv(k‘m)sk-ﬁ,kth*‘k'ﬁ)?k?ﬁ]if(5Q3:11) o
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' o N oW T | .
oy Ek71{§=ohi[x(k-i)/k-1] (J S
I f5lx(k-m-3)/k-1]3] N
j=o : : |

whereas V (k-z+17E) can be obtainedffrom'the above equation by setting
. v _ _
both n. and m equal to z

A

It shou]d be noted that three different types of smooth1ng
:jtand the f11ter1ng a]gor1thms all fol]ow 1mmed1ate1y from Equat1ons
(5.3 3), (5. 3.4), (5.3.6) - (5.3. 3) and (5 3.10). - (5 3. 11) W1th the

following subst1tut10n » - |

b

Y ' . . -

The replacement 'The-replacémEht

for k+1 - fora
The fi]tering'eStfahtfon k] L 0
The fixed-lag smoothing o k . B | N
The fixed-point smoothing _ TS B T K=NH

‘ R } -

The fixed-interval smoothing 4 N N-k

‘Also notice that in the case of nénlinear systems, the
preceeding7algorithms:ﬁnvo]ve infinite dimensional'systems for
rea11zat1on, wh1ch is pract1ca]1y impossible except.in tr1v1a11y
s1mp1e cases. ‘ .
. Ky
: _‘ In order that the smoother can be 1mp1emented in computer ‘

'1 eva]uat1on, it is assumed that the cond1t1ona1 probab111ty dens1ty

funct1ons of the smooth1ng errors are Gauss1an This is very

!



,fvar1ous types of state est1mat1on prob]ems

SN e

j:_stat1st1c :

g
@

. * .-
s1gnif1cant for systems with prodqct types or po]ynom1a1 n0n11near1tes,

s1nce in these cases, the. smooth1ng algorithms can be eva]uated or
\

phys1ca11y rea]1zed w1th6ut any further approx1mat1on ‘ : \

.‘,,

Moreover, the smooth1ng estimators are a]ready requ1red to

.be unb1ased therefore the expectation terms thqt are in Equations

(5.3.6) - (5.3. 8) and (5.3. 40) - (5 3,11) can be further s1mp]1f1ed
by Equat1ons (4 2. 201 - (4 2.22) and (5 2 21) and also

"
P

<«

Ek;]{hjtx(k-i)/kfj] hj[x(F';)/k‘lgﬁﬂf

RE D T egiedd

. ; S T ' L
- ;‘-‘hi[x(k~i)k-i/k-]] hj[x(k~j),k-j/k-1]

f., Tberefore the est1mat1on a]gor1thms preSented fn th1s tK

[

chapter are not on]y new and recur51ve 1n nature, Bﬁi a?so very

effective computatlonally speak1ng and shows the c]ose 11nk betWeen

;;

2

15 3.3 IZZustratzve Example

To 111ustrate the useuof the preceed1ng algor1thms consider

? f

fnthe nonlinear systems equat1ons presented in Section 4 3‘3 However,

\l

“' noise: processes v(k) and w(k) arexcorrelated Wlth the fo]]owing



"‘.‘:. E E{v(k) WT(J)} = ‘va(‘k) ék..j

% The initial conditions and prior statistics are the same *
as Section;4.3.3.

(-3
-

Tﬁen following the eva]ﬁatidn as presented in Sectibn 4.3;3,

and applying Equations (5.3.3), (5.3.4),_(5,3.6)3 (5.357) and (5.3.10),

| ”—“.é«' ) L | - ~ A3 . . A ) 3 M '
- x(k+1/7k) = 3V, (k) x(k) + x (k/K) + 2x(k-1/K)
X N :

with- ¢ set to zero, the filtering algorithms aré'obtained\as follows:.

K1) s K1)+ Qo)
,’. ) 02‘ ;4 | S -
-V, (k#1/K) = x (k¥1/K) gx(K)}.
: wx(k)3
Kgﬂ_i[.Z.V,y(k.”/k)~’z(k.”/,k).+'v;(k”’k/k.”

Loy (k1) + 202(ke1/K) 40y (ke1k) 4
- X X :

0\2.' ' o P ' 4‘ "_
x (k$1/k) +AV, (k$1,k/K) X(k+1/K) + ¥, (k)]
' X X

. 3
P : o< B
N ;u o

VL1741 = (k1) - '.KEH[ZV}I(kH/k\)

| X.(k+1/k-)‘}+:v,%,(kf1,k/lg*?] o e



: : 2
V,\I(k+1/k) = 15\/_,‘3(k/k-]) + 36V5(k/k-])' x (k/k-1)
X T X X .
A4 ‘ ‘
o+ QVN(k/k-]‘)' x (k) + '|2Vm(k,k-1/k-1)'V,\‘(k/k-'l)
X _’,_’». . X . : X
. .2 -
+ ]ZVN(k,k'-],/k-'l) x-{k/k-1)
x' .

— 4v}1k71/k51)
v N (k) - kpl¥y (k) + 2v2(k/k=1)
‘ fw " | St
\ . Y . n
\ + AV (k/k=1) % (k/K-1) + 4V, (k,k-1/k-1) x(k/k-1) *
X : - X v
- +‘1kaAI5}‘tET
where, ) |
kg = (8, (6) 67X (K) K]
122K (K1) + (ke 1keT) U (KfkeT)
i v X o X . ‘ X :
A ,;;_ Co ‘ ~3 L ‘ . - - ' o . ’
! * 10V, (k/k=1) x (k/k-1) +.3V_(k/k-1) x(k/k-1) x(k=1/k-1)
2. s 3
* 3V, (k.k-1/k=1) x (k/k=1) + x (k/k-1) + x (k/k-1)
'-”Q(y-l/k-1)f+ 4Vm(k-1;k/k-1);;(k/k-1) + 2V (k=1/k-1)
- R o X ) ,‘ X ' S T

. . 2 L
+ 2x(k-1/k=1) V- (k/k-1) +_2x(R-Wk-1) x (k/k-1)
o . X ) - ST ’ ’ '

. . C - : : . ’ ' RN
- J . 2 e K s o f
. : . vy
v .. . Cel ™



~ interval smooth1ng a]gor1thms can be obtained from _Equations (5.3.3),.

. (5. 3 4), (5.3.6), (5 3.7), (5 3.10) and (5.3. 11) by proper. choice of -

2

+ 4V (k/k-1) x
- X

+ 20 (k=1/k=1))+ (¥, (k) + 2V2(k/k-1)
. X

~ 2 " R
(k/k-1) + &V, (k,k=1/k=1) .,
B :

cx(k/k=1) + V_(k-1)} L
X

" In the same‘manner, the'fixed-]ag, fixed-point and fixed-

+discrete time indices k and %, as listed in Section 5.3.2.

Notice that 1n‘the_above evaluation, the only assumption

needed is the Gaussian .assumption of the estimator error.

5.3.4 Estimation in Linear Discrete Systems'

In th1s sect1on, the message and measurement mode]s of the

estwmatlon prob]ems are linear and d1screte | It can be cons1dered

!

as a spec1a1 case of the non11near estimation problems, sat1sfy1ng

the fo]]ow1ng re]at1onsr

-and

%
0

L
] f EX(k-J),
J=0

-

)

. N
' Z h. [X(k J)s_
J | :

¢ e

‘eifi. o -
-
-3 = § - F50) x(k-3)
jo ° -
N - L
=] 0 e
ARSI

'.
-
~

=.9 S N -

-, . - b

. AT - TR L
. - - . . . . i . ' "

3

a[x(k>, K= 6(k)



from resu]ts presented in Sectlon 5.3.2. They are;

Then the 11near est1mat1on a]gor1thms can be obta1ned d1rect1y

x(k-41/k41) = x(kea#1/k) + K ty(ke1)

N

Y ' J=0 '

S L n i
x(kog#1/k) = T Filk-2) x(k-e-j/k) =

j=o ¥ -

=0

. . . T

N e |
[wv(k+1) FL L H )V (19, ke 137k H (k)T
: i S S .

i,j=0

V_(k-2+1/k+1) = v, (k=241/Kk) - Kk+i {Z

TR ';' L
*V(k=3+T,k-2+1/K)}
X

. L - , o
Y (k=241/k) = T Fo(k-2) V_(k-2-1,k-2-j/k-1)
X | X |

1,J70

»"-.'F}(kig)‘+ Gik-i) gw(kLz),GT(k=2)i

By oy T N
Kk[wwv(k-z) G (k-g) f

A

L

-7  H5(k+1) ;(k-J*l/k)i 47‘

O Y et ey eT e
_Z=,Hj(k)lvi(k-1fk-z-3/k-1)iFj(k 27

141



}

. and } S
‘ L N S
=[] 1 Fik=2) V,_(k-2-1,k-3/k-1)
2o jo T % T

~ filtering a]gor1thms for d1screte nonT1near de]ayed systems with non-

5.4 concLusion

'est1mat1on probhems

THyk) + G,(k-iz_) v, (k=2)]

ANCE z (k) (k=T ke3/keT) M (k)17
1yj=0- : X

The three d1fferent types of smoothlng and the f11ter1ng

a]gor1thms a]] fo]]ow immediately from the above equat1ons w1th

the proper choice of k and 2 ]tsted in Sect1on 5.3.2.

For linear state and measurement models wdthout delays,

the resu]ts~agree well w1th those in the literature [49]. And if

l J

oy and N are set to zero, the resu]ts of th1s section become the

WV
stable est1mat1on a1g0r1thms as was presented by Pr1emer and

'Vacroux [37 38]. For linear systems with uncorrelated noise processes

the resu]ts,also agree well with that of Shukla and Srinath [56].

o

In th1s chapter a new- un1f1ed approach has been presented to

obta1n the fixed-Tag, f1xed po1nt, f1xed 1nterva] smooth1ng and the

de]ayed measurements as wel] as mu]t1channe1 de]ayed measurements
corrupted by corre]ated noise processes The der1vat1on is stra1ght-

fonward and shows the c]ose 11nk between the smooth1ng and f11ter1nga B
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~ The results are new, recursive in nature, and physically .

'rea]1zab1e under the assumpt1on that ‘the probabllity den51ty functions

of ‘the estlmator errors are Gaussian, they can- be obta1ned without.

any further approx1mat1ons for systems w1th product types or ponnom1a]
nonlinearities. They are expected to be computat1ona]ly faster than -

. app]y1ng an extended Kalman filter: to an augmented system With no

: exp11c1t delay terms S1nce the augmentat1on of the state leads to

higher d1mens1on systems, this, is part1cu]ar1y s1gn1f1cant for systems

L
w1th numerous de]ay parameters

For 11near est1mat1on prob]ems, the resu]ts agree well w1th
those of the literature and are computatlonally stab]e however, for
non]wnear est1mat1on a]gor1thms the stability. behav1or of the systems

) needs to. be further 1nvest1gated

The resu]ts presented can be extended to cont1nuous time

' prob]ems through a fonma] 11m1t1ng procedure | e
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T CHAPTER VI

S . MINIMUM VARIANCE FILTERING AND SMOOTHING
FOR NONLINEAR SYSTEMS WITH COLORED NOISE :

6.1 INTRODUCTION
i
. Th1s chapter extends the techn1que deye]oped in preceed1ng
' chapters to.another phys1ca]]y reallst1c est1matton prob]em That T
1s, the state estimation of nonlinear discrete delayed systems with |

non-delayed measurement as we]] as measurements conta1n1ng mu1t1p1e .

’delays 1mbedded 1n co]ored noise sequence

In the past for 11near est1mat1on prob]ems without time
de]ays, two methods have, in géneral, been employed to account—for : _ ot
| time- corre]ated measurement noise in a linear f11ter 'The f1rst :
.method, proposed by Ka]man [3] employed the state augmentat1on method.
'»'1t involves the construction of a hypothet1ca1 shap1ng f1]ter whose
}1nput 1s wh1te no1se and whose output 1s no1se of the requ1red
corre]at1ons Heré the dynamics of the shaping f1]ter are included
as a part of the system dynam1cs, and 1ts states are est1mated :
together with the system States. The second method was deve]oped by
_‘Bryson and Henrikson [7], it emp]oys output d1fferenc1ng techn1que,

wh1ch dev1ses a new mod1f1ed measurement, that subtracts the most

o recent past va]ue of the measurement weighted by the’ no1se corre]at1on

,,coeff1c1ent matr1x, from the present measurement. - As a result, the ’

-mod1f1ed measurement only conta1ns wh1te noise processes
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| Recent]y, Priemer and Vacroux [37, 38] reported f11ter1ng
and f1xed ]ag smoothlng algor1thms for linear d1screte time-delayed
systems corrupted‘by white notse sequences, using the orthogonal
projection method. " Biswas and Mahalanabfs, employed.the,state
augmentation technique.er.linear discrete time}de!ayedvestimatfon :

_problems involving colored noise processes [55, 61].

| To the author s know]edge, nonlinear estimation prob]ems

h_ for systems w1th or w1thout de]ays, ~imbedded 1n co]ored noise processes,
are stilT outstand1ng As an 1nnovat1on, this thes1s presents o

'1 a direct derivation of estimation . a]gor1thms for d1screte non]tnear

_ t1me-de]ayed systems with non- de]ayed measurements as wei] as multi- -
channeﬁ'measurements 1nvo]v1ng t1me delays and be1ng 1mbedded 1n .

co]ored noise processes

"‘The derivation does not require the aogmentation of the
state vector,'and hence does not require an increase in the order of
the system and 1eads to a f11ter that 1s computat1ona]1y eff1c1ent
The proposed techn1que makes$ use of the mat rix minimum pr1nc1p]e to .
der1ve the opt1ma1 values of the coeff1c1ents in the est1mat1on
a]gor1thms under the requ1rements that the estlmates be unbiased - and

the error-var1ance be minimized; they are reported in [62,63].

6 2 IVOIVLINE‘AR BISCRETE’ DELA.YED SYSTEMS WITH NON-DELAYED MEASUREMENTS

j .ZMBE’DDE‘D IN COLORED WOISE

In this sectidn, estimation algorithms” for all three-

cases of smoothing and the fi1tering estimation are derived for non-

H]inear.discretejtime-delayedasystems'with non-delayed measurements’ ';ﬂgcz}-
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imbedded in.colofed noise.

Section 6.2.1 p}esenté the statemeﬁt of the~pr06iem.'
Section 6.2.2 desc}ibes the_dérivation,qf the non]ineqr smoother.
Sections 6i2.3»and.6.2.4 respectively, present the ffxéd-]ag smoofhing
and the fixed-point smooﬁhing algorithﬁs.. Fixed;intefvél smoothing
“and filtering g]gorithms'are not_presented, they ;an be obtéinéd from

the kesu]ts of Section‘6.2.2, with the proper choice’ of discrete .
time indices. B ) &
~ - o _
For linear estimation problems the three cases of . smoothing
0

. and.tﬁe filtering a]gokithms fo][ow‘imﬁediate1y from the results
presentéd in Section 6.2.5. They are identified with'varioﬁs results .
in literature. »

6.2.1 The Problem Statement

The_bhocésg.considered fn this section is described by

U C SRR _ o
x(k+]) =7 fj[x(k-j), k-31 + G[x(k),k] w(k) - (6.2.1)

- J=o0 e o |

whebe the measurement is_given by
y(k) = H(K) x(k) +y(k) - (6.2.2)
~and ﬁhe'measuremeﬁt'no%se y(k)‘is-a colored sequence gfven_by

Y1) = ALK ¥(K) + (k) . (6.2.3) .



" Here, k=0,1,2, ..., is the discrete tf@e index, the state x is an
n-vector; the measurement y an m-vectori.the‘state noise seouence W
_an r-vector, the measurement noise Y an m- vector, G, a non11near state
dependent nxr matr1x f , @ non11near n- d1mens1ona1 vector va]ued

funct1on, H and A.are respect1ve]y, mxn and mxm matrices.

The noise sequences w and v are correlated zero-mean white

B R

~Gaussian with known statistics . . ... .,

1

E{w(k) vT(J)}'

y (k) 6

Ew(k) wild)d = ¥,

k G

and

E{v(k) v (i)} f,wv(k) 6k,J

for all 1ntegers k and j, where E denotes the expected va]ue, dk
t

the Kronecker de]ta, the matr1ces ¥ and Wﬂ» are non- negat1ve def1n1te} |

- whereas ¥y is pos1t1ve def1n1te _ %

The 1n1t1a1 states are zero-mean Gauss1an random vectors,
wh1ch are 1ndependent of v(k) and w(k) And for all pos1t1ve 1ntegers

mand 2, of interest it is required that

Etx(-m) X (-2)} = V. (m,2) . | o o . (s.2.9)

(k) 5 J . '«.. ) o '- 2.
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&H

The smoothing problem is to obtain i(k-2+1/k+l),‘the.unbiased'

‘smoothing estimate of x(k-2+1) for non-negative integer values: of 2,

~ conditioned on the set of measurements
. ° b

V) = 1y(0), ¥(1)i evs y(ke1))

P ' : . ;

_ such that the gost function

J(k+1) = Trace [Vm(k-1+1/k+1)]’ ' (6.2.5)
- X ' ' . -
is m1n1m1zed. ,

6.2.2 The Derivation of the Smoother

Examinafion.of Equations (6.2,2)'and (6.2.3), indicates that -

a modified observation z(k+1) can be defined such that it is a white

Gaussian sequence. ‘ThatAis" . L .
. - . &: R T;/.'
S k) = y (k1) - A(k#TRK) y(K)
4. | . .
which can be further simplified as . o : s
z(k+1) =} dj[x(kfi), k-3 + H(k+1) ' oy

o

f .‘G[x(k), k] w(k) + V(k),li



a
hwhere \ |
L | B | |
) d EX(k i)s k- JJ = H(k+1) Z FiIx(k-3)5 k-31
— 9:0 T ) ) J o ' .
” ALK B x(K) - (6.2.7).

Note that,the mod1f1ed obseriht1on z(k+1) conta1ns as much 1nformat1on N

as’ that of y(k+1)

It can be assumed that the smoothed est1mate qs, constra1ned

by the d1screte non11near dynam1c equat1on

L]
(1993

J=0

. L. - : o o
X(k-2+1/k#1) = § bilx(k=2-3/K)s k-2-3] + Ki\q 2(k#1) (6.2.8)

o

" Let %(k-z+]/k+1)_dénot@fthe‘smoothihghenror defined by

X(k=241/KH1) = X(K-241) = x(ke2+1/k$1) L (6.2.9).

~ In order that:the.émoothed estimate is unbiased, it can bé'shown-tggt

§_ pylxlkes-3/k), “J? L flxkeesd), keegod
B | o T

) J=o0

IR

L

o

where the following identitiesmérei?ntroduced‘

Kk;] Z -&j[x(kfj),'k-j/k]}(slz;]q)h;it
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and . - Oy

dilalked)s k300 = EAIxk), kgl

%

W1th Ek denot1ng the expectat1on operat1on cond1t1oned on the set of
.,/ _lv_'/ .

L °

measurements Z(k)

USIng Equations (6 2. 1), (6 2 8) and (6.2. 10), the smoothvng |

error. equation of Equat1on (6 2. 9) can be. s1mp11ff@d as . . o 5

) N . v T | ’ S R
» X{k-2+1/Kk+1) =) '¥-[x(k-2-j)/k].+ G[x(k-2), k-2] = oA
‘ o - ) J=O. J v : ‘ S . . . :

LA wen) - K ) GIX(K) KT Wlk) e
- . L » . R . - lv ’ )) : .
- L L " o o ;'
+ v(k) + ) d;[x(k=g)/k1}
N o v
1 F5Ix(k-2-3)/k]= fj[x( ‘1°J)s k -2-3] 3 f. EX(k-z-a) k=2-3/k]
L o o~ ‘ . ' o i—- .

g [X(k-J)/k] d; [x(k-a), k=31 - dlx(k-3)’, k-3/K]

N .



¢
-t

The error-variance matr¥.V (k-z+1/k+l) can be obta1ned Qy - B
X .
taking the expectation of Equat1on (6 2. 1]) mu1t1p11ed by 1t s own'
- ) [ . * .
] transpose ., : ' ) ‘. ‘. ! '5(‘;":7‘*

.
faist

] N

~ Then’ the optama] va]ueuof the matrix Kk+] can- be obta1ned by
“*setting the grad1ent of Equat1on (6.2. 5) equal to the nu]] matr1x,
therefore, ] v ) : }““ o |

- : . .
. [ ] . i . ., ’
- 2 -

,4_!". - v‘ L -‘ N T '.-. "'JTA = ..A..,A.
Kis1 = _[Ek{; i fi[x(k-z-1)/k] dilx(k=3)/k]

+ G[x(k-z) k- tT’w ok z) 6, kGT[x(k) 3l HT<k+1) e

3 S G[x(k 2y ked]. G 2): ck " kJ ‘,':v"ff”f""x-xl_('6".2:.12')

*,;uti;(g) ¢ H(k+1) é[ggy)fglﬁygkﬁ)"GTgx(Eiikj!HT(k+1)_' N

tEAL i Ix e Xk
T PN [ FERS AR S O I
T = U P U T S
- *Hk+T) 6Lx(K) kD ¥, (k) * Al G-‘-D‘g,(k),k] H (e

- e

-~

A B s ‘,:;, 3_J;i_. . Z&E
s %)
The’ smooth1ng est1mate anq 1ts e,ror-covar1ance equat1on are g1ven

' by .r_) . - . B ‘”: ,.-. N e ».
- .

S

RS 2(k4141/k+y) z ' [xik.z -3, k-2-

-




B2

. - H(k+1) 7 fJ[X(k J) k‘jlk] = A(k+] k)
R S ' J=0. 3 Uv- -
. - s :

T HK) x(k)

and'

. - ’ . b . L
Vo (k=mtl, k-4 1/k#1) = [E L]
X . : . ',_1 ’J=

- I | R

e fj[xgkfzr'
- - - B ’ i

i “‘ :

: “+ G[x(krm), k m] v (k-m&é L
. O L 'i' ’?Y . . /N . '-.L"_‘&"' ) ¢

. - PO ‘. + . ;. D 9
v : f' PRV / St @ %

A ol . ) . *‘GTLx(k-z k= ﬂj]", ' ' T
; ) : ’ B ey / e . ‘-,"-, e v o o.
- e ,.f.\ . . . ".’1\;-" ! " . ‘r\‘ : v

E Hﬁﬁd W1VUf[MMEth

» P .'

‘%" 2

+ H(k+1)e[xdk) kv, ( )ak k- 2e [x(k z) k- z] B

. T STy kosi] s
e **w“*”hbﬁ[“““**”ﬂw?nn

.« respecigxefy,l And v (k 2+]/k+]) can bagobtalned from EqUat1on (6. 2 14) _“ﬂ4b
' ' X vt N
v - by seff“hﬁ m equa] to 2. S ,4‘ e ,3fh“”‘éif

A]so, 1t canabe shown that. . e _ '1;‘l,‘

K e L
L @ o




"  “where , V;(k4m+],k-£j1fk)ﬁf Ekizy.

';1:' . N - H(k*1) x(k+1/K)

o L' R - i '
s T fIx(ke-j)k-2-j/k] = x(k-2+1/k) (6.2.15)
 §=° FRHEE A 6 S :

'Y

-:‘fhenJEqUat%oqs (6.2.13) and (6.2.14) can'be respéctive]y rewritten as:

CX(ke2H1/kHT) = Kb 1/k) * KE Gy (k1)

: L ALK Dy(K) - HOK) R(K)])

o R ‘
oV (ke k=241 /k#1) =V (k-m+1,k-2+1/k)

X , _ L .’x' . s .
- R 0 - ; T
o e R S I
T R gkl

r\,T' B -i - —.A - s ‘..‘
o Tylx(k=2-3)/k]} v

.

L + h1k+1oetx<k),k]ww(k)sk,k,RGTEx(k;ﬁ):5?21_ B

-

J ~
fi[x(k-m-i)/k]
i,j=0 . 2o ,

gt

N

R
T e

“

1vo

‘ S B Ut R S S .
tz’w“zatﬁﬂ_ o S ?Vw(k-g)ék:k’ﬁGTtx<kfz){k-l]]‘;:(6’2.]7)-’L e

S T i;?}[x(k;z—j)zzj}vf,GEx(kéés;k-m]Qw(k-ﬁ) SR
- - | T -
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ak_m;k;leT[x(k-z),k-zJ - (629

 Here, Equatjdbpi6.2.12), (6.2.15) - (6.2.18) form the

recurswe smoothm' é 1thm startmg with 1mt1a1 cond1t1on x( 2/\ 1)

J va?lues of m and 2. The above equations can .

be modified to g{vé"ui

x(-2/0) = x( "/*”;fi_’ﬁﬁ;@ },.;4 "“ .
X X v | “
~where : "'745

=V (-1, 0/1)H(o [H(o v(oo/nHTo)w(o)J‘

St AL . .
. '.l . »

' Not1ce that in the above derw t1on the resu]ts obtamed are
4

. exact and optimal w1th respect to the cdnstramts of Equatmn (6 2.8)

s

. @mmmzmg the error-variance cost’ funct1ona1~ j}iowever, in the case . -
) o

of nonhnear §ystems, the preceedmg a]gomth%peqmre 1nf1n1te

“ d1mehs1ona1 sfstems to- reahze the var1ous térms fnvo]vmg the | o .

-

. expectatwns ‘ -
B In o'rder' that+ the smoother can “be physma]]y reahzed the
-ff‘.cond1t1ona1 probabﬂuty dens1ty functmns of the smoothmg errors are
assumed to be Gauss1an, and Equatmn (6.2. 9) can be ‘used to subst1tute

for the state variables. This is partlcularly s1gn1f1c§mt for systems

h -,

w1th product types or po‘lynomai nonhneamhes, s1nce 1n these cases, .



i~

o~

- the smoothin‘g'a1gor1‘thms can be evaluated without much difficulty and

| are phys1ca]1y reahzab]e w1thout any further need of appr‘ox1mat1on

\"\'ﬁ

)

It must be noted that the resu]ts presented 1n th1s chapter
are.'new, the Smoothmg algorithms can,‘benmp]emented in the computer
eva]uation, ‘the ,computations are expected t‘o be ,eff‘icient, since no
augmentatwn of” state vamab]es are 1nvolved Another very sagmﬁcant

contr1but1on of the presented der1vat1on is the fact. that aH three-
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. _cases of the smoOthing m:ghlems and_the_ﬁltermg estwmatwon fol]ow e :
-
immed1i ate%f fmg.,the above results %nth ‘the propér choice of d1screte
, AN PO . : “\\
time 1nd1ces k& 'n;.\.é'.:'[jtéy“a ,
- f‘ ; --';;,S: "’.“:’.\;: >
i o |
| i '%’-:.-“»’-‘&; b ;-Replatiny Rep]acement
» ." | %x.‘:‘ ,.13 d' - for &
The filtering estima : 0
The fixed- 'lag smoothing ‘ k-1 3 N
. -Thtﬁxed po1nt smoothmg ok O k=N#T
¥ .- o ] - ' o
.The“ﬂed interval smoothing N-1. . N-k ;
o : 4 o v . V“'Q _ “ o . Cae
It is clear that ‘a un1f1ed approach has been deve]oped to
derive the three d1fferent classifications of smoothers and the
fﬂtemng a]gomthms for d1screte nonhnear de'layed systems mvolqug
co%@red no1se The derivation c]earfy shows the c]pse 11nk between?
. ‘_g m‘:ﬂ ;
~the various smoothers and filter. .. * R S 7-,::";-%‘;‘?
- . ‘p ey - . ) . _, . _\:'a‘:‘_} 3;’-1"'“
6.2. 3 The Noanea.r Fw:ed—Lag TS)noothtng S Lo T
. - ST .
* ’ S T S g
! £ In thls .section, nonlinear fixed-lag smoother-and it's emygny ¥

- -~y
St
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e

. variance equations are presented. They follow immeqiate]y from'

Equations'(6;2.12); (6.2.15) - (6.2"1§),‘wjth.substitutioniof¢k aﬂg€7‘“*”"

‘;g? N fork+}-and 2, respectiVe]y. The results are: [ ' R
- o P P ) . ) ) I ' N ] SR P !

R - 5 X(k /i) KN{Y(k) - HK) x(k/k- N
B e S -

= ARy (k1) < H(A) x(k-1)T)

~ - ! L ~ "“ ) -
' X(k-N/k-1)-= § Filx(ket-go1), KoNeg=1/k1]
' j=o ' '
| : &
; - L
K = [Ek_]{z %, [x(k N-i- 1)/k 1] d, [x(5 1-3) /k 1]

’ | ' ’ ,J ° " o,
| P L
’ . . . . . £ - - .
“ GLx(k=1-N) ,k-1-N] ¥, (k=1-N) &, ; k_]GT[x(k-]),k-]]
- » i kT

- ,-?H_T;'(.k)fGtx<.,'s-1-~>,k-1-'~1;l'wwv<k-"1-~'> eioier]
| - [y, (k -4) + H( G[x(k 1, kgll v (k 1) GT[x(k 1) k- 1] S

;.
e, 3

- HT(k) + E,_ ]{z 3, Extke1- 1)/k 38, Ex (ke )/kAT]
_ | i,d=0 ' |
+ H(klﬁﬁ[x(k Tk T (k- Vo, (k1) 6 Dx(ke1)5ke1]
- HT(k)]-] : n
/ R
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. k \‘\ 4 >y
o - : : ' o . e
et 5 -
. CR

S5

| )'” ) k[ L:“ﬁu-«a) 1]
V (k-N/k) = k=<N/k-1) - E k~ds k
,;('( / x(%/ k]§‘3 | X i)/

e

. ¥5tx(k71-ﬁ-5)/k-1]}f+'H(k;llp[x(kfl),k-ljww(gfl)' K

C 8 ,g_i;NGTEX<'K-1;N )s k=1-N]

. . - ' ,. ‘ ' T - . ’ . - ’v .
| | f,Yvwikzl;ﬂ):§k‘1,k_}_N9,[x(k51;N).351:NJJﬁ;

F:V§(k-N/ké1I"= Ey-11] .= fi[x(k-j-N-i)(gglg .

T3 1D SR )

Kl

-~

- (k=1-N) GTgx(kflfN)ék-]ﬁN]< '
B - - .
: ‘ 6 2 4 The Noanear ‘szed—Poznt Smoothzng Sy

X At
X
s .

' obta1ned from Equatmbns (6 2 12), (6.2. 15) - (6 2 18), with. k= N+1 _

.& o . . .
In tpts §ectﬁon ? non11near f1xed po1nt smoother 1s L

”fisubst1tuted for 2. Then

LXK = X(v/k) + RENET {y(k+1)

oK) X1/ (ALK Ly ()-HK) R (K

. ~ L C A - - - o
o X(NZK) = F o Elx(R=143), N-143/K]
I o S

-
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s

%

X

. oy

o

LK

k+1

k-ne1 P L

W

= [E (] . f. Ix(N-1-1)/k] d EX(k 3)/K1
_ 'IJO,

B GLx(N-1),N-1] ww(N-i§fsN_1’kGT[x(k),k]"HT(k+1)“

e »
- )

. '
f G[x(N-j);N-l] Y (N 1) 6N 1 k]
o , ‘h*Q )
[w (k) + H(k+1)d[x(k) k]w (k)G [x(k),k] HT (k+1)
.J ' . 20 T ‘4)‘

_ 'L " P L,
+EA] ‘diEX(k-i)/kJ dj[x(k-j)/k}}_ .
K=o 1T L e

RO TBEX(6) KT (k) + v (K) GTER(K) ]

. HT(kﬂ )]"1 o
’-‘ ! ALY R
\h{ . © . o 5 e

b 1) = 3 () - ﬁ+7+’[5 {z | d [x(K—1)/k] L

X

' '\,T. SR S .’b -
- D15/ fH(k41)GEX(k),k].fw(k).‘

Gy NG DX (N1, * 9 N-108y 6 Ex(H-1), 017

. c B
*Ekfg'.; FiIx(N=1=1)/k]f s [x (N-1-3) /K]}
1sJ=0 o o - L
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6.2.5 Estimation in Linear Discrete Systems

The estimation prob]em of linear discrete systems can be

considered as a special case of the nonlinear: est1mat1on prob]em§

'sat1sfy1ng the relat1on that : | l".'W di
L : . T ..L“. ' . . .
T F5Ix(ed)oked] = Fy(k) x(keg)

=0 I

t o alx(k) k] = a(k) T,

W o
~, -

\‘\A

From Equat10ns (6.2. 12), (6 2.15) - (6 2. 18) the resu]t1ng

11near est1mat1on algorithms are as fo]]ows

Cx(e2t1/k1) = K(kens1/K) + K gy(kel)

' g/ e H(k+'|) x(k+1/k) - A(k+1 k)[y H(k)*k
. ' N . L - . | A" . .
‘where - x(k- 2+1/k) Z F, (k-2) x(k-2-j/k)

Ki® [z i (k-2) v, (keteisks k) F] ('1;.

T
CHUK) + T Fo(ken) ¥ (keg-1,k/k) HT (k)
o =0 . . X -

©AT (kLK) + Gk(k'-z)ww(k-z)%_z _kGT(k;z)HT(kh)
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and

-+ -

A 1K) = v (ko1 ) k+][§ H(ke1) F, (K)
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+ G(k-2) wwv(k-z) Gk-m,k]_ ) P

" LY (k) + HE)G(K) ¥, (k) 6T (k) HT (ke1)

o S

H(k#1) T Fo(K) Y, (k-i,k-3/K) FI(K) HT (k+1)
i,J=0 Xt J_ ;

—

'

Lo ~ [ : .
HOK1) T Fo(k) V, (kei,k7k) HT(K) AT (k#1) o o
. X S

i=0 '
- J A(KH1) H(K) V, (Kok=3/k) FI(K) HT (k+1). | o
J=Q _ S X J . . - o
AR )Y (k) WO ATe) e
+ K1) G(K) v, (K) z{wvw(k):GT(k) W (ke1)77]
. . \

-~

’

sJ'o Q.v, )

. o f' ‘ L o
Y (k-1,k-2-3/K) F}(k-z) + 7 Alk+1,k) H(K)
o X aiT0

: vm(k,k-z-j/k) F§(k42)'
X : S .
+ H{k+1) G(k-¢) ak’k_zww(k-z)s(k-z)

. .

+ ¥y, (k-2) GT(k 2 ak " z] _
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. , | | . , .
- where, v, (k-2+1/k) = 2 F (k 2) v (k g-1,k- i- J/k)
‘ X 1.J=o ‘

1

Filkes) # G(k-2) ¥, (k=2) 67 (k-2)

o Three different classifications of smoothers and the
f11ter1ng a]gor1thms can be obta1ned from the preceed1ngjalgor1thms

w1th subst1tut1on for k and z,t1dent1ca] tp those of Sect1on 6.2.2.

" In the part1cu1ar case of 11near message mode] without
de]ays, the results presented above agree we]] with a]gor1thms

deve]oped 1n the Titérature [6 7] ““For the case’ of ]1near message '?kh

v

- model with delays, the results presented for f1xed lag smoother and

f1xed -point smoother can be: 1dent1f1ed with- those presented by Biswas
- .° ' » \>

and Maha]anab1s [55, 61] ‘ s

”\3“ » R : S -

6.3 NONLINEAR DISCRETE DEZAYED SYEQEMS MITH MEASUREMENTS CONTAINING

P

s
X3

& MULTIPLE DE’LAYS IMBEDDED IN COLORED IVOISE' .

R

. b

‘This sect1on derives non]1near estimation a]gorfthms for

‘,non11near discrete de1ayed systems w1th measurements conta1n1ng

-

multiple time de]ays, corrupted by co]ored noise. The resu]ts are nev,

“pecursive in nature ‘and directly yield the three d1ffereht cTa551f1cat1on'
. of smoothers’ and the filtering estimator.

_ Section 6.3.1 presents tﬁe'statement of the@prob]em, in

* -Section 6.3.2, the nonlinear smobther are derived. Sections 6.3.3, 6.3.4
and 6. 3 5 respect1ve1y, present the non]1near f1xed 1ug, f1xed -point

smoothers. and the f11ter1ng a]gor1thms

"
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Genera] 11near est1mat1on ~algorithms are presented in
Sect1on 6.3.6, the resu]ts can be d1rect1y app]féd to the f1xed 1ag.
| fixed- po1nt,.f1xed -interval smoothers and the f1Tter1ng estimatar.

The results obta1ned here for linear discrete systems are also new. 4y

' 6.3.1 The Problem Statement b

‘tn“f;;‘“' In th1s sectlon, the dlscrete non11near t1me dé]ayed

message modeﬂ 1s descr1bed by Equat1on (6 2 1), the measurement noise
sequence,y(k) is mode]led by Equation (6.2.3),_and the,measurement
model is given by ' o " ' \l

. T | e e
.' X(k-j? + 'Y(k)' R " (.673.1)

'here, HJ is an mxn d1mens1ona1 matr1x Al] 1n1t1a1 conditions and’
*Tpr1or1 stat§§t1cs are the same as that of Sectr&f 6.2. 1 .The smooth1ng

. FRs ,
;est1mat1on prob]em is a]so 1dent1ca1 to that of Sect;;n SJZ LS
’ . - '{1'-' A KR . ks

-

‘6" 3.2 Tkaemvattm of the .S‘moother :

s : . v kY Y . =

Exam1nat10n of Equations (6 3 1) and (6‘2 3) indicates that
'modified’ measurement s1gna1 z(k+1) cons1st1ng of an add1t1vé wh1te no1se :

"sequence can be obta1ned by mu]t1p1y1ng y(k) by ACk+1 ké and shbtract-'

v

ing it fron Y, forwhich L s ie
2(ke)) = y(ke]) - AL KD W) (632

Notice that subtracting a function of the pnevibUSfobseryatiOn.in no

oAy
LR

¥ : ) ‘ o
™ L el
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way affects the present observat1on, and hence the est1mate cond1t1oned

- on Y(k+1) is equivalent to that with Z(k+1)

ay”

Eq“at‘°”s(§:§L2)~eﬂn"be‘furth57$§qﬁp Fied o

Ty

M - - ;
I, i gDxlkednis kegei)

z(k+1) e”
: =0

o0

.—Jo
e~ r~

M : . S

) H (k+1) G[X(k J),l =31 w(k-3) + w(k)  (6.3.3) .. -

J T e .

o L M : ' o

EX(k “3=i)k=d=i1 = [ T H (k+1) f.lx(k-3-1), 5
' i=o " j=0 9 e

k- J 1] A(k+1

v

It "is assumed that the smoothed est1mate is constrained by
1ithe dlscrete non11near dynam1c equat1on _ o
- x(k=2+1/k+1) =) bj‘[x(k—’z-j/k), k-2-3] + Kisq2(k+1) . (6.3.5)

and since it is required that theﬁsmoothed;estimateais'unbiased, the ‘
following relation. is obtained . | - | S T
) bilx(k-2-3/k)5 k-2-31= o f | ea-3), k-g-/k] |
§ep 40T B Oy el T
s e e e D
kk+1 2 ) odilx k‘j-l) k-3 1/k]~~*

o Sea I EETIITIN
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" where - .

= o .

‘Also . o '  T 2 o ’_

[x(k-3=1)s k-3-i/k]

L . N o
] Filx(K-2-3) ke2-3/k] = E] (£ Ox(k-2-3) k-2-332(k)37¥
. . 3 N S ¥

Y disIx(kei-1), ked-i1/z(k)Y T T
J 2 o L

N

e

NQ;{?\f -_ On. the basis of Equétion'(6.2.1), the following identify is -

~ obtained

L]
.'(‘ ” L

v x(k=2+¥k) = z : fj'[x(k-n-j), k-2=3/K] .
o N J:p ‘ - V : -

’ .
P

‘then Equation (6.3.5) can be simplified as
\

X(k-2H1/kH) = X(k-2#17K) + K, (a(keT) -

B

DY

L R ‘
)L [x(k-J i), k—J 1/k]}
1

'

Subst1tut1ng Equat1on (6 3 2) 1nto (6 3. 8), and us1ng the

(6.3.7)

1dent1t1es of Equat1ons (6'3 4). and (6 3 6) the smooth1ng error takes .'.

L . ,)
3 th§ form. - : . '

'.

Fers1/k) = Xke n+1/k) - Kk+,{z Hy <k+1) ke /k)

LT
o .
. "o

m}&3£).ffffv
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¢
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amahce equat1on’ for V (k £+1/k,) CaQ be
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5) equal .'fo the
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w
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In th1s chapter, a new’ un1f1ed approach has' been presented

“"oothmg as
S AU
Jweﬂ as the fﬂtermg algor1 thms for nonhnear as well as’ T,i;nearg

to obta;n the f1xed Tag,. fixed- point, . f1xed 1nterVa

a

2 ‘anhehdelayed measurements corrupted by co]ore ,' 'se. The

.

: yed -‘urement, aTT tHe resu]ts obta.med' are, new. -I"_ ) " .5“

PESTES agree we]%mth those m the T1tera¥re.

The resu]ts obtamed are exact and opt1ma1 w1th respect |

~to thgeglven tra1nt' on the dynam1c equatmn of, the smoother.
&r .

m1mm1z1ng t "ror var1ance co$t ffunctlonal

1 . . . v ,
p . - -~

The results can be recurswei!y eva]uated under the assumptwn -

»

-

~ that’ the( pgobabﬂ]ty denyty fuhctmns of the™ estlmator errors are °

« A4

Gauss1aTY they can be obtamed w1thout any further app(ox1mat1on§"for (

. systems w1 th product(cypes or no]yn€m1a1 honhneari'mes They are-

expected -ta be comutatlona]ly effi cﬁer‘t, smce there ls no

augmen%atmn of state va\mab]eé Ll ';: Lo :‘ s ’
The resu’lt{ can a]so be ei‘fended to contmuous tme probTems -
through a formal hm1t1ng procedure&‘ - ‘. : o o
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no1ge‘ corqg]ated no1se3 co1oﬁ%d noise as we]] as noise- free pro, -

) 1 ;
. . . i‘ o ] E . )
) LY

E§Zn though conc]ud1ng rema?ks have been made 1n Chapters III td»,fé:;ﬂ
/ H
J% 1s the purpose 0f thJsmsect1on t0'summar1ze the-ha1n resu]ts of

th1s dlssertation

@Wln Chapﬁer LII, non11near f11t; ;7:

for contlnubus nonTihear systems w1thout de]ays corrupted by wh1te “vﬁwlf.g g

no1se corre]ated no1se and no1se free pggfesses For systems - e
_ . “ S S
. icorrupted with. addut1ve wh1te no1se, the der1vatﬁqn 1s neu;ands‘;-

1te no1se processes, the rgsutts 0-» o
: , " THgomain: tecﬁ ™
. \?m § X _ o g
i the tnatr1x m1n Um pr1n LDIe together w1th the Kolmogohdv and , s
o Y' e CL "HA
. Kushner equat1ons to m1n1m1ze the errqr var1ance taken to be the RS SNy
. h . . . = ’," R o, - : RN .1“'»‘ o '_. - '°'T' /- A.
‘,est1mat1on cr1terton :, o & . h“ FEAEE T I'."vf'. ﬂy~_-~ Ll

i“f In order that the Systems be phys1ca11y reallzab1e the .
;assumpt10n that thé'probab111ty deNS1ty Funct1ons oﬁ the est1mator -

o e i
~errors are Gauss1an 1s needed to exﬁand the’eérectataons 1nvolved 1nfj

. 3
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i de]ayed systems w1th non,-delayed measuremenﬁa‘: wellas mu’1t1-

&

“, pr1nc1p]e to-der1ve the opt1ma1 va]ues of the coeff1c1ents ln the

an est1m?t10n a]gor1thms under the reqd?rements that the est1mates be

£

,cons1dered In the part1cu1ar case. of 11near systems, the,resu]ts ;'

| egrEe we11 w1th those of the,11terature S

m1n:m1z1ng the error—war1ances The a]gor1thms der1ved can be

S Ten T N V1

the est1mat1on algor1thms Var1ous nonllnear systems were s1mu1ated —

the noise processes are assumed to be addjt1ve wh1te, they are

o compared with results obta1ned from var1ou§ other f1n1te dlmenSIOna1

© - i

' apppox1mate non11near fllters The resuIts cléariy’yy 1cate the

Jt - ]“-., 4

_superlor1ty of the proposed m1n1mum varlance f]]teQ'ovér'f‘osg of

ad

'-other filters 1nvest1gated and theoret1ca] exp]anat1ons are glven

(o

: for the apparent poor performance character1st1cs of var1ous ofher f11ters'

-

o S N v

[ V' <;.' S ;'&!' e e ) ,‘:,e,‘ [OOSR S

I B - ! r. el

New non11near est1mat1on a]gor1thms for d1sc;ete ngp11near
[

ite. no1sey corre]ated ,
‘ab) . .

channe1 t1me-dp1ayed measurements corrppted
na1se and co]ored no1se processes are respect1vé1y der1ved 1n Chapters '
IV v and VI "The estJmat1on a]gonathms d1rect1y y1e1d the flxed 1ag, o

f1xed-p01nt and f1xedi1nterva] smooth1ng and the. ft]ter1ng a]gor1thms, r
. s » . 3
W1th proper subst1tut1on of the d]screte t1me 1nd1ces hheﬂproposed S,

techn1que makes use of the concept of the 2rad1ent matr1x, thenﬂpn1mum ' ﬁ#;y_
m . . v -
s -,,,

i RS i

i unb1ased and ‘the. erro;:var1ances m1n1m1zed The der1vatﬁon is’ stralght-

forward and c]dhxly 1nd1cage the c]ose 11nk between Qhree dﬂfferent ,}Z

o

c1ass;f1cat1ons of. smoothers and the f1]ter1ng estﬁmator :' A

R : e Wt
""‘; The results obta1ned are exact and opt1ma1 w1th respect to ,-.,;’.
" the: 1mposechonstra1nts on ‘the’ dynam1c equat1ons of the est1matogs, 5ff5’; bt

}.
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”probability density. functions of the estimator errors are Gaussian.

For systems with product types and po]ynom1a1 nonl1near1ties, no

further approximat1on is' needed to evaluate the expectat1ons 1nvo]ved

in the algerithms. They are expected to .be computational]y‘eff1c1ent,

sihce‘no;aubmentation of state variables are involved. oy

The results can also be applied to various specia1 cases of

“nonlinear as well as Tinear est1mat1on prob]ems, for example: - “The” " T

est1mat1on problems for ]1near 0r~non11near systems without delays,

the estimation of linear or nonlinear. systems with multiple delays  V

" .only appeaﬁjpg in the measurements and the linear estimation problems

of time-déiayed systems corruptéd by white noise as well as non-white
noise'brocés§l;, etc. |

For linear éstimation prob]ehs the results obtained are

identified with pub]hshed resu1ts in literature. In the partfcu]ar

. case, of ljnéar timejdelayéd systems corrupféd by additive white ~

noise, the results are stable, but the stability behaviour of the
nonlinear estimators are yet to be investigated. ‘ )

The results obtained: in Chapter IV, V and VI can be

dexteﬁded'to continudus time syspems-with formal limiting argument [4].

-

179



180 °

7.2 Suggestions for Further Research
A unified approach has been”developed to derive estimation .
.a]gorithmsdﬁor various types of non]dneer est?matioo p:oblems. But
many more nonlinear estimation algorithms need toébe.derived for
various other nonlineat systems; for example: noise processes inyolving
- delays, signals measured through_iumpedroce5§@s,,multistageucorfelatedt_“
processes. Systems with jump.effeot-or4disco;tinuous non]inedfities
Bes1desﬁprob1ems considered in this thes1s, estimation for cont1nuous
systems with d1screte measurements are yet to be deve]oped Nonlinear
smoothers for continuous nonlinear de]ayed systems with white noise
and non—wﬁite'nojse)processes are yet to be extended osing-the formal
limiting argument. s . - IV ‘ 1
Besides deriving estimetion elgorithms, one also needs to
know more apout the performance characteristics of the est1mators, the
sens1t1v1ty, d1vergence and mode111ng problems are of extreme
1mportance The prob]ems of error compensat1on, mode1]1ng error and
enror,detect1on, data editing,. data compression.and data ordering in
real systems epp]ication are yet to be considered. One very
’1mportant prob]em which requ1res 1mmed1ate attent1on is the stab111ty '
behav1our of the estimators developed in this thesis.
Extens1ve computer simulation also needs to be undertaken
to test the est1mators developed in Chapters IV to VI, and they are
to be compared it other finite d1mens1ona1 est1mators where one would

have used the extended Kalman Filters to approximate the nonlinear

estimation problems.



S

s

Sincq~the estimation techn1que developed here is s1mple,

stra1ghtforward and effective in dea]1ng w1th wide-ranging non11near-

systems one wou]d immediately th1nk of its paralle1 deve]opment to
®

parameter esﬁtlon, 1dent1f1cat1on and nonhnear mean-square.

- control problems. Once can also thwnk of the ‘extension to estimation

problems for distributiv® paramet&r systems. . .

- Last but not least, the nonlinear estimation algorithms are

bound to replace the role of linear estimators in the field of
communications,.guidance and control. Therefbre gmtensivé research
and deve]opment work is yet to be carried out to emp]oy the nonlinear

estimators to real systems app11cat1ans.
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