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" ABSTRACT ' -

: -y .
[ll], that of co lderlng permutatlon groups through functlon modules

o

,QThd ' pose. of thls thesis is to use the nee method of H.'w'elandt.f gf
K . | ]

. prove two theorems on B groups' .éhapter I glves ba51c deflnltlons o ~

' permutationfgrodps andnauSUmmary‘o/jzlelandt 's method as‘related to B- groups

: - ) : .

ijhapter II c0nta1ns the work tp flnd functlon modules 1nvar1ant under- the o

.taetion of Certaln qroubs .\Flhelly, 1n the th1rd chapter we prove tha% the .;;-;

' oo o .

;:product oﬁ}the quaternlons of order elght and an abellah grqup of odd order

fe . S

is a. B—group and that the group Z4 x Z z : 1s a B-group for p) _dﬁ. ;' }ei

"eh”odd prlme where ]Zn: As the cycllc group of order Ah.;:;f ': ~'ff»?%;:( ‘Mht;
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\:‘{fs"tzon groups of degree n and it 1s these groups and thelr variousiprop—~.'lf

Fe g s e ’ T

RN
S
(

oL
’

]
.

 1ntfdductioh:jff.*7"}"~“"37

. CGiven a set ~,Q''cont"a"ix'(-iit'i.g.r’n“ elements, the set of bljective if}?

J« e i 1‘

5.mappings from Q.- to 1tse1f forms a group, known as the symmetrzc group

(_faf\dagneef'n: and written:fsn | The subgroups of S _fare the pe;muea-ztle

l

s'erties that we shall study

Do H§1.'1BaSic Definitions;'_f:”]; "f‘inii’ai i;jf*5‘7“

| -Léf‘t-".“'é l;egin : ‘;i-th SQﬁ'ej‘d-ef‘fﬁitiO“S.ﬁ essetial to our work.
Let G be a suhgroup of S aﬁd;agﬁaze-¢héié¢tioﬂubleggéicyf o
s on Q€ S2§ ,y BRI w~71193§4,.’

RIS

"'.ﬂD’ef'in‘iEidnA.1:"-"' Define the felation .~ , a,B ¢ @, by o

LAy

. . ) . . Ly

"\)

This is an equivalence relation which partitions Q‘1intnﬂe&ﬁivaiencefffﬁf’quif

4

. classes known as’ the orbtts of G :_ffivﬁ.fﬁ::°:

FE

Lo SEER IS P '-g-" - , S R
, DefinitionLi‘Z s"’Let ;.‘ Q A is a fixed.block if and only df A

Ty

  fLeJ geA fm'ﬂl ge "deA'




\

;_;fand oy a‘ o B 9‘ B

t1{‘_.that

| - .

- ,0f .G on. { are, Q and thelempty sé! ¢ AhdequiVélent définition.

T Wl
.

“of transitivityfis' for all a,ﬁ € Q there?exists'a”.g'e-G“nsuch”that
’ﬂnﬁgfé’Br,: ThlS means that there is always an element of G whlch

;'enables5us‘to move;;from;one po;nt of thjtofanother;'

“:.‘" l. :
4 s ey =

It is thls deflnitlon that we extend to define multlple trans— :v:“

b'}l‘itiv1ty 'bzggf'fﬁjﬁjﬁ“ffrf‘” f;, lg'“ .j,a_.'f;g»ff;-f“ﬁyl;rjfifcfﬁﬂ

"nl;iDeflnitlon l 4 G'“is r-— transttzve if given any tWO ordered r‘_'vd}v:""

'tuples (a ..jai) and (B 82,.t.,8 ) with a ,B e Q for all i

1’ 27": "3
for all i # j then there existg a g € G‘ such

g ' R
(al,az,...,a ? (81'32""’8 ),

e
' s

~;.So, for example, 2 transitivity (often called double transitlvity) is

J‘the ability to

'fto’enyzother*ordered

"L’;g € G we have either. Ag nA- = A or Ag A = ¢

yéi (31,8 ) of Q (B #B )
: _,lpf_ffénSitivify1i§;"of7coursé;'theysame,ﬁéytrénsitiyity;dggﬁ"
VDeflnition 1, 54 A bZock is a subset A of Q such/that for each

A .
.\.‘

L A 1s a subset which is’either invariant under the action of

".?é,gfcuo“elemenfaor_iejtakenfto,afeetiwithfno'poidtjiﬁ'common.?itbiigﬁﬁ’fﬁ3ﬁ-

"s

Clearly, ‘a fixed block is a block and so are- Q ¢ ’y and

the single point sets of Q .;:

from any ordered pair (al,a ) of Q (a #a ) eIEQ; .




are 0, ¢ and the 31ngle p01nt sets of 2 aﬁh G is traggitigé oh @ .-

vh'clear in definitlon l 8.,Ah

| :fDefinition:1 7 Any abstract group can be realized as-a permutatipn

- group in the following way

We thus get a permutation group‘ G '-'{g J g€ G} of:degree11|C] e

" PR . : :
where Q G and G G O e

[ ~

Definiéion 1+6r G '1s caTled przmzttve if- the oni;?ploeﬁs'off G_'o_n”.‘s-‘2 L

»

'Itfean,befseenffrom;the1definitions that . N
.6 2 - transitive => G primitive => G transitive. ..
o U ',- P L R i ' ' L

) ey . I . L . " N _‘\. v
~

Hence pr1m1t1v1ty 15 a property lying between 2 - transitivity and tran—‘,T

R

.,‘51t1v1ty Those groups which are primitive but not 2 ~ transitive have:‘7”:‘"'

scome under special af%ention under the name uni—primitive groups.:'
It is the relati nship between 2 = transitt@ity ahd primitiv~‘ .

ity whlch is the underlylngxtheme of this thesis. This will be made

¢ : o K . . . B .

TR .
'/ .

‘Let G']be aﬂgroup; {Then\if"zg € G define . g by

Fan
/

o/ ol L R Lo ch - i A R S LY
'¢‘::g-: is known as the rzght regular representatzon of G :(A;ﬁﬁfs» Sl

t

left regular representation is obtained by taking multiplication on the
/

left ) For example, 1f we denote the cyclic group of order n by Z 1ftj5fffﬁ

We obtain 'z, xZ2 as a subgroup of 38 in th__fphf_d"-ﬁl’hi:ib

4




Telo and wloved, u31ng character theory, that every cy, ,

.‘of Bercov [l]

.:,Theorem l 9'- Let H be abelian, P xSylow p subgroup of H and a
.~-v—‘————y———-

The true motivating force of this th351s is the study of f': ' g;sf

.\,/ . [ . ;

-'Burnside groups henceforth known as B = groups named after the \,.5-.

English mathematic1an w Burnside, and we are at lastcin a position to .

v

o

glve their definition ')f»d ~hi:,' di.':i | o | f:

Y Lo . P . PR

ﬁ finition l 8: A group H- ','B’; groupiifieuery-primitive”group-'.

-,containing the right (or left) regular representation of H ‘as g tran—:q'

'121'51t1ve group’istZEfltransitive. '_»:"-jf:‘;l' “'f.'~' : _h’- oy

| Burnside wa& the first to consider groups with this property

\
14 N

.:up whose

?vorder is of the form p , (p prime, m > 1) is a B - group.; Since that

f}timt a considerable collection of groups have beenyshown to be B -

°

groups, though Burnside s. assertion that all Abelian groups which are

Tf-not elementary Abelian are B - groups has been shown to be false by

. Manning u51ng an idea of W A Manning The results were obtaiqu
through either character theory or glhur Ring theory, both of these

methods being used iny Very slightly in the work of thisﬁhesis The Sl

vresults ;fo abelian groups can be summed up in the following theorem ;~“"
Soia e s e e

g_ener_ated_ by,,:: a l Then H‘ AXBXO where P = AXB ang C is’of order =
- prime to Tp e, o g . a_' ,‘ ) ._0" . ' - L ! . ' ,‘.
. ':(a)'_If B # 1 if of exponent p8 < p (and a 2 3 if p ) ,

'.jfthen/either H is a direct product of groUps of the same tn%f,ﬁ;flf

S

PR

[ERIEEL PR

S

v']an element of P of maximal order,'rpg Let A be the cyclic group ;;<:_,.1

R 4'\
L~

."orderogreater than 2 or. else H is a B - gr0up.¢d J'pfi~i'ﬁfff;ffi




ds
*\ T ¢ -3 'If~ B =1 then"H‘ ia-a'B - group unleés' c=1 and a = '.W
»l",.A; '.. .‘ \ . [y . l- '.v
o fW 1 I n. this,the51q we will con51der the case g =:> R ﬁ ,!)> 2 »
r'as well as the non abelian caae where H = PxC with P belng the quat-‘ »‘:

fernlon group »of - order 8 o fjf‘f:' ’_ o

1 :‘”;7. For completcness, we list the non~ahe]1an B -~ group results

-known to date ‘?h f_i Hf . L gy l'>' i- el d":;'

, "Theorem"l'."l:():v_ o

“,(?j Mlelandt f9]
o R : e B
Every dlhedral grOup is'a. B - group.
. ¢ oL

RO : T TR O

' ,j(b) Scott [8, pg 416] S e ;£1~ N \_

B EERE i.Every generalised dlcyclic group (defi ed by ng = 1 . R e
R S yoo=ex vy xy x )\ is a B - group - e

n~‘

.le (Cjn'Nagal [5] and Nagao [6] ;'ﬂ!“l L

' ~giEvery non~abelian group of order 3(2 3 +l) ',3(6£+i) ,15','2.'
‘a B - éroup,‘where l and p fare prime hﬁvéijh;ja:>‘2 ;

s . : X o ,'.\_ ) o : o
g B : 3 ‘q .

i!’y{"; -T”, Groups of nllpotence class two which have a maximal cyclic ,.'g-

:?'subgroup and do not have order 16 are Qv~~groups.q- 'ffth,, R

et e

) ; S i

S ﬁj§2;'fThe'FunctioanpaCeffifﬂ. o T T T S ltk[”‘f’_' -

&,

;?h_,li ; Character thedry and Schur Ring theory w\/e’the two main B

. methods of proving permutatlon group results until H Wielandt [ll]

J

' introdu‘cid a new approach in 1969 To illustrgte the idea with respect

to \B - gEOW{g he produced a rather beautiful proof of Burnside s orig-' ~‘¢$§*

1nal theorem and 31nce then Bercov [2], using the same method has pro-(]

,’01

e gty FEEEN T g
PRI . . :



' . ‘N\ . "
duced a ney elegant proof of Wielandt's generalization of Schur's

" . !

Jmain . B - group theorem.  Hence the hope has risen thag,new results may

‘Wielandt's method and give the important results dbtained by Wielandt -
. L ' @ , . ‘ a .
] ) ) o

. A o e
that will be used in subsequert chapgers‘\\u
AV y - o -
_.Defidition 1.11: Let G be a permutation group acting on § .

1} .

For aAgivén field F. Qewdéfine.the f;nbtion spaée ?k as
the space of ‘functions. from the cérﬁesian”prpduct ”Qk_~;pj F-.,

o

Taking addition and muitiplicatiOn as .being pointwise,- Fk-‘

o,

is a commutative, associative.algebra for which the characteristic func-

Ltons o e potais oF 8% thm & biss.. Tor skaple, . PR
‘tions of the points of ' §i'  form a basis. 'For example, Fl s whifﬂ'we

. shall write as F ~from now on, hds, as'a basis, the n “function$ D

"o a e 2 where' . : R L T T

if"Wé define,thé éétion'pf_ G ,0n-?Fk‘*byA‘
A T |
( SR =t ) gec; feF a2

o Definitﬁoh'l!lgi _A §U5m0dU1é4 Mv-Oft‘F

o

k. -is a G.. m0dule , (ertten

..M,S_Fk) if énd‘bﬁ1y~if M;ﬂiSfin@%iiént,uhder the-actibn;of"GV; e,
G . e L e T e
feM=> 8 ¢ M forall geG . |

G

1

AL G- algebra is a G - module closed under multiplication.

.



! -

. \ . ) ‘ . ) : , ) .
For example, the set of constant fpnatiShs Ck defined by

= lEe Fk‘l f(d)-:\é' for all ‘o e O, fixed a €F}

is a G - modql{yof :Fk" »[WriteVFC_.for the set _Cl';]" .
R R | T 8 ' .

RN Now‘ﬁe'give-Wielandt'sfChérécﬁérizaﬁion of primitivity..

L)

. Theorem-l)13'[1l;j§g. 59}: G, is'priﬁitiyé’on..ﬂ if and only if F is
. . o : SR : T S
*the only-'G<- algebra whichspfoperly contains the constant. functions C .

. R . }

" rSince it is impoftant t6ﬂproduce'a' G 5héigebpa't0finvok¢ S

.,this chafaCterization_wé nongive'variéus méthods'fot”findiﬁg_ e
e e - DR R
_modules. It is from these modules that.we will hope to produce the. . =

" algebras.

~,

d S .

| Definition 1.14: Let M , N be¥podules of ' F . =

' L : S : Y AT _ S o
© . (a) Défine MN_ as the smallest module which contains the set of =
: . ) . ) . i " . FI . [N ‘- . ‘ﬁ . . L o
functiong’ . .~ -

o lfglfeM,gent o L

- (b) 'Définég'M{N ‘as the Smallesﬁ méﬂulefwhich‘ééntaiﬁs;fhe.Sétl6f f,_.,f'
fdncﬁidns' . e
_ e lenenr .

Theorem 1.15 '[11; pg. 58]: let M , N be G - modules of Fi . Then - -
" (a) MN , MMN., MN and M:N are G - modules. . - -
(b) 'M:N ‘is a G - algebra if M < N ..

AR ST T Ca po T
C o : o L e e



| . o ._/  o

‘For example; for any G - module M, M:M is a G - algebra
and the "square" M2A= MM";s‘a G - module.

\

Définitién 11L6;  Lef A Pé ény $Qbsét of‘ FkH and  rf ?6y haturalﬂx “
t..h”m:er' %héﬂ»the rA—féstufé'of A ,eriﬁten 'A(r? ;»isﬂdefihealg§{fj
. T (r)c if and only.lf for e&erf set {Qi;dz;;ﬁ';q;}:%df r’ ?§int$¥
of Qk, there e#lsts.a ‘g € A SUCh_thapvl | - A '
é(ai)-?'f(ai)a for ;}l‘:.iﬁ=vl;,.;bf? . 3*' , ‘.1

? - S . ]
'so taking r - closure'mofé than

Note th_at [A(r) (1‘) )

bnéé wiil~pot produce a~larger G - quu}e.

Fy theﬁ.;ﬁ<?) F,'-.and f "»~'{

@IA T

Theorem 1.17 [11; pg. 60]: . If M

" Ol/'\

)
‘Fk i:M

Definition 1.18: lLet f ¢ F, .

”1»(b)ﬂvForvéﬁy mOdule-iﬁ of F".définel hlf(by

coMt = (£ ;-Fk<|'f'_-h 0 - for all m e M} .

Theorem 1.19 [11; pé;'éiléizif M< Fk'vfhén"~M +'M*7fisfan anti-

- submodules of F

' n'm

 isomorphism of the lattice of gll,

o Fbr}eiaﬁple;f Cf7<'F-.
R N = 4 . L "'G



fh\l\_\\To end both the section and the chapter we shall g1ve a brief
summary of the- tactlcs -we shall be u51ng in Chapter III to gain our ,.:’

v B - group results.

Sy v Since, in the right regular representatlon of an abstract
| group H - R the set Q is 1n fact the group H ,.to show that a group
'H_ is a B ~'group we may a35ume Q to be H- and any G > H to'bei.'
*yhacting on ‘H rather than Q | ThlS ‘makes the action of H oniitself ;‘:
' merely multipllcatlon\on the right’ i.e.A ,"‘t .p.i'g,fuo-t:: :gfiii.. ;
."iff‘,"‘ ‘ﬂ»:'i:f,;?’=-gﬂ,',fof.511 ‘ ?;h’s H'l
| Hence we will begin by f1ndidg all the H - modules of F
' and 51nce a, G - module must be an ‘H - module if G > H we will have
plnned down the modules that could possibly be G - modules. This first f';hi

.;i hf‘.step is so ba31c to our work that the whole of Chapter II is devoted to.

- 'f'f the caICulation of the H - module structure for certain groups H

-

Having found the H‘;Wmodules; the H = algebras, if any;p
.»- will be isolated for they play an’ important role.. OUr initial aSSump-"
tion will be that G is'not 2 - transitive and we will hope to show :"h
‘that G 1s therefote not primitive by flnding a G‘-~module I lying

‘ inside an H - algebra A # F but not equal to IC‘, S0 that the alge—ilia

bra generated by/ I and C will be contained in A and therefore o
:i'“{' l 13 W1ll glve the desired resuIt. To do this ve shall consider a G

'-; endomorphism ¢ ' (an endomorphism ,¢ with the property ¢(ag) ='.3" .
e . SRR
[¢(a)]g ) its 1mage,‘ Im ¢ 5 ‘which is clearly a G - module,and certain 'Jgfgpa

» : SR
other G —,modules obtained from it by using l 15 1 17 l I9 and the map

K



[

Iﬁ préctise,Zwe willihot knbwﬁﬂIm ) ,very”ffeciéely4,andf

©owill therefbre,hAye‘;o'cbhsidér;a'nUmber.of»éasesA ‘

._>.1' .,;>  :;£;-:j.‘1l ::.l; >5:w;L*j ° t }y.!  : i‘}, 

Fx

10.



CHAPTER TI

1 H - Module Structures S x }1ﬂ

+1In thlS chapter we con31der some sjmpre examples of groups \g
-ﬂbcontalnlng a cyclic subgroup of 1ndex 2. They.are.the~abelian'group-
4 2 ; the dlhedral group Da- of‘orderw*S ) and thequaternion groups Q2 E.‘F‘
~.and Qa‘ or order 8 and 16 respectlvely, IWe also give some general .
results on groups “of the form AXB ; where B s an abelian group of ,q:ff
“lforder prlme to the order of A and where the A - module structure is
Cwom. 3;;5_'§<
Throughout sectlons ,l to 4, of thrs chapter F {0 l}
§1. O DT T e e e
éﬁ:”.g . ;ﬁ_ig”ﬂh' - T e T e B A E e

B DR j_‘ - o x4 =‘ 1 , }'23 l j:éna xyuyx :-‘ ._..:‘r . o O g 3 - '

gwe:mej ﬁfitevahy}fuﬁotion%":”

i R E s BB

e .

o wheré,7fil'55di»fzi'arg‘fun&tiéﬁs~from ﬁix;v‘toi?fafahamj~ e
e T T T T

1_‘ . ﬁ £, (x )' ifj,o '

(fl,f )(x yj) - <

i

f@);ﬁd@@ﬁ‘




:Thus,?f_;f_4.(f1wf2?,?h?L-ff_ = (fpfy) and £ = (£5,6)

(1) Deflne Af by Af f +fzIH'pré'thét;:Afb=:(A£i,Af2)-._i-

R |
S N

(:i_'i) Defme the functlons x, i and i b’y'_n)(..‘

;X‘ and” 1 - a3y S gt
| l,x?:, e

.ll
><

jw Ax ‘ x1 i = A x
(iii) Define the degree of f ¢ F . as. the smallest integer’ n. su¢h‘fhnr

N that -A. f= 0~; RS
5 IR R

: Wtj'_ite] ' d(f) forthe degreeof :_‘, f":.‘;'.r;@ . -

. The four functions (x 0) J (w 0)‘, (1 0) ) (1 0) and the j_fj_,, 

.' _v-;four functions formed by acting on them by y are linearly independent:

‘flittle less time—c:onsuming A

”obséﬁiétioﬁjz;éig;;Qﬁﬁ‘v«_;;i~v

’h'and form a basis for F i e

| vgf;F;?:ﬁfzf;fgS?inviwféiffé1{?2X%béwf¢;1+dg)gﬁ;;yﬁ:'-"

- r K




fis‘qontainédiihian.,ﬂ f;module;,M; thén.i?“ SETRE  ;:.‘__ S ;"”

If”f(wfpléfci?fZ)'é M thénﬁA

[If d(f ) > d(f ) then cgnsider the function (fzrf ) = fy T”

S module M Therefore

13.

This i& true because of theffélloWihgﬁ7.Ifn (Xfal¢¥bii¥é*;fé)'

. & A S, .
- L AR L

+ ,i'  o
(x,f2+alAf +(a b )A £. +(albl+cl+(a +b. )a )A £ ) € M .o

A Y-
» .

_L_FH. R . (w f2+b Af +(b +§1?AI£22;€'M: e

(i+c f ) € M theh}ﬁ : B
‘?’\. - L

: 4;515[*fn5f‘f  'L" (i £, +c Af PoeM L e

(b) u@ “33d 0“1Y COnSider those modules c0ntaining functions 3:["""

£ (f f ) whe:;e d(f ) = d(f ) or f2 0"';[. v

This iS because if d(f ) > d(fZ) then we Can ShOW that: the

G - module also contains a function (f 0) where d(f ) & d(f )

,.i

1. .

P
[
|

D f*?* <w,a 14 ) M T s

"‘fofﬁi Ag€ ; (i 82) R M

function to the 4

L .

For example. 1et f =‘(x, 2w+b i+02) be contained in a0 H e




‘uxﬁ@@df;

~-we can obtain . e T e

';j:Finally, if # 0 then (X,w)"'(o,lb), (X:O)GM 5

n tcu1ated. Two example.tﬁ

: . calculated - E I

14,

‘-,1§f'";f(*¥5éw*béi)_é,§ 5%;£_._:ﬁ;j_f_  _ "523"""'

0 en N henee -

Co e e
01y = (1,00% €

Using this last function|enables us to'obtain: -~ -7 -

. .%' . ;

o e, e

A similar process is used for functions of the t pe (w, 2) Y

/\/ Diagram I shows ’

'(x1x>?e?nf:
s «muo . M'”

"




oo

s,

.,.Thus the smallest H - module containlng the function (X’§5°

'_.four dlmensional module with basls {(X,x) > (w w) (i i) . (L,l)} _ﬁb S
] .We shall call thlS the module generated by (x x) and write it as_e'f

( B

£'<X’X>tf' _‘f‘iivxe:;i';;.ﬂé;;.y‘kl:;i -y  ju

n .-

f"(x" x+w¥i+i) 'ei M =v(x+1p+1+1,x)

Comen ers @D L <Af>yn=~<w+i+1 o8 e
,  - 1FA2£ﬁ (a1 “\£ﬁ3f)y - (i+l 1) = A fx-+na £ ;:"ef;},ff
"Véﬁ&f?453f‘ ;Klrl?""e%fe ¥e f)y-= (1 1) = A3f ""'°‘ e

IS -

:‘_If7;'e'(2)1.\: Let - e

ll ) .Il

L T eI A O ol S AT U S SR A
- So  <YXHHIHL>_ 1s.a 6-ditiensional module and 1s equal fo S, XHP .

To find the Hiffaigebree]hefheed:;ﬁéfmﬁltiﬁlitétiéhlpaﬁle_f HRERY

) PR

' which 1s

G = )




So <x,X+1> is an algebra.. The complete ligt of algebras is: '
SR x> <0

B S I SRS BT RN
C<dd> il o, <1,0> and BRI IS E R

N



oo G e g

b




' have generatorsf x'; y suCh'that x’{+ =1 ;_y2l=}l s e
_y—lxy.éjx_l‘ The same. notatlon is” used as, that in §l - The actiph'pfly,f
'y remains’fﬁe same. i.e. :_'-=v(f2,fi) but the action of A is

c,,"

o different

Af = (Af,A £,). . where At =f - 4 f sothat: .-

coove e Ny e L, AL =1
| Sooo T U ANy=l e, and AL1=0

'f&{ xf E b'. The H'— moduié'struéturé'wéé“caICulgté ‘_n £he'samg5f§§hi9ﬁ4“
V as Sectlon l and is shown in Diagram II Here’,géih are 21¢xédbles to,

-

‘A“hlllugtrate ‘the calculations.;» , :

oy .-Lét L= <>< ><> en AT S
| Then ‘_ Af = (‘w $+1+1) €M , "lj(Af)?’é.»‘(wiﬂ,w) Y S S SR
(1 1) <M, (A f)y '=_'A?4f Lyl

T4

R 2,

S

and, -‘A?f:. Cawen, <A3f>y E A

iﬂ‘Q_Heﬁée_f?x;x§g is'éfﬁediﬁénsidﬁa1?{H;¥ m?i§1é; ff;*{ ;_. '
2,

(x,x+w+1+1) e M': fy- f + Af + X 't A f :

R

=3
ES
>

*h

II

2

(A f)y f+A

<A3f)>'

>
u'-'

(i i+1) € M

}‘,;-ljigl,, '5}
~ e

N
PR
N T
R
o
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g
e

-’a_lgebr'as_"a,re, T | S k

<X XHPHA1>  is a 4-dimensional module.” .
v - s . - N . i v

) F " ,d), _' /-"

P’

‘; §XX> Gy xS _<;>ﬁ<,_x+‘w>._}.:‘;* <x,-X+"1’:i"" 'Z'-Ni‘<i',<0'>

<, 1:53;, BRI RN ,<1-,0->'\_j-'and" X1,15

A

{ The multiplication table i;syf/c-??_“l course, the same and the H -



0.

XN ot \/

Gx.,vx RVA X X g ¢ .nt?&..v A....,..#w..w.x,v_ < ,.Tmﬁ,% < 0« .Hv A &a.x xv A...ﬂirRRVA sf . ...v A .n..?a.xVA.q.on.?ﬁxv




N

'Lét Q2 havelgengratqrs‘_x'; y ‘éuch that x4_$
1 3 . S
/

e

. action of A and y . -

S ko S
- Af = (Afl,Aifz) where A i3 as'in section 2.
=g yE) and oo

1,y

= X

2

But now”Ej

_ X = X+i. Yo 1 =i, R
P* =yl , and (1

Ty

'Diagrém'ill‘sﬁqwsithe“-Hv—‘modple'lattice for Y = Q2 ...'.

’

(l)i‘Lét :. fK?'(X;X)lg M o

(:p’lp*'i'f'l) € M ? ) (Af)y

S

" Then  Af

ate @'Y =%

[]

(1,1). ¢ M~ .

’ @y ek L

|

e and'~4
. -. . " . \

= a

.

: fx;Xs~ﬁis-af6-aimensioﬁal quuié.

_ (25'-Lé£ j:Ef' ‘(x;X¥w+i+i)Befﬁ ;;_.-'i“fY'

L}
~~
<
=
~

- ~ Then _JAEL‘_(¢,@+1)‘£}M';3;f:'f o -

N

S m
=B,
S
+
D>
(98]
1)

- L ;”,l,'z Lo
(14 €M 50 (A% s

o PR

‘and 43¢

|

[}
rn

-anex L @’

A - I‘i
R ,

L SXeXHPHHL> = <y, xhp> s a 6-dimensional module. - .

‘(¢+i.w): f'

Yo

»o

Y Ty =x oL Again, with.the_notéfibn‘of~sedpigp‘2,'we cohsid;}fthe -

-



/

.

The .H = a

lgebras are . =

-

~-

S

{i,"i> .

<i)0> ‘:.",' l .
$1;1+i>‘ ,j-éi;0>-'Lahd <1,1>

22,
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- Let’ Q4 ~heVe generatorst-%<, y such that x8-=t1 , y2 %;xﬁt;b
'Y- xy.= x ’1_;{ Because of the size of this group a slightly different S

i

notation will be more convenient, '3’"

: Let X:# i' a“d X AiX"} vSOp‘X?. is the constant function -
. from - <x> - to F; For the action of y we have fy = (f2 ,f ) so that _
SRR RPN SR T e T

1 ) (X)x .'. E . 4 ‘«' L
RS I S | 5 D
¥ 2\X L 2 TR

R SR G

D Lo T T UL ?‘:ﬂ'—il:;ff"ﬂl.;,'; ST
© The action of A de AF = (Ae AXov Lo low tgmbo e e
. The action of'éA“?iS"Affsl(Afl;A le?*wherew'é_f §t£3~t;* £ so that

BRI R S e TR (A

X =X e A ‘
o S "*z‘ﬂvv»aa;,.f>~
The H - module structure was calculated in the usual Way . fffff
F°r examPle. g . oi;_ﬂ

By

'~"“'Lé?'1fﬁ,f~% <x3-x3+x4+x7> oM _774;27"*;(x3txfgx?il,:f¢;A}““'~

“‘T,Théﬁ;iA”Aff; (X ’X ) ¢ M i.:;i A(fy) - (x +x o +x.+x +x )

_!s

(xs.x5+x6+x7) “s f-;; \ = Af + Azf e

3f y (X ’X ) % M - -;“'f'f RS (?f..,y.‘)?.fA -ffif“-A%fi R
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T . "-:.‘; B

Mra ol xen 0 B@) =Bt ,

"

‘ )‘ o . . K .

‘Hence <, % 4x'> 15 a 6-dimensional module:

| g fftleheimq1€ipiiéa§idn'ﬁab1§ i§{'f”

\ T 6 LI 4 3 g g

R R

.{‘a-ﬂ

>
;*ﬁﬂ*??*fﬁxfﬁxx xféx.”x‘f_f

" The H - module  <x*,0>. is an algebra. -
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i > 9T Csamigiey e o m v.« ,ww,*m,n.”.mv «._. _m*m.my«

g PRZTRLTY: .,J.._w.,m.v.«. :

<G+ T V.A,.,._._.m _.,,.m YA .._o ,ﬁ v,..,Am%n& 3 3.»&0 A m n v A m.mz.. C « n,& .n v

re

< .o ‘T3




*§5}e H.F'AXB’.-i;d

: K

Let H AXB where B is abelian of order prime to the

:torder of A and prlme to the characteristlc of the fleld F

(”i‘ 2 In this situatlon we are assuming we know the H module
"»structure when H A and will find out how the "attaching" of an abel— '»_h
BES S LANETIN '.Vf»'.
'1'ian group of order prime to the order of A affects this structure..;fﬁﬁ L

Tr;.The results are due to Bercov [2] f g[{li;'f

e First we extend the field F s used when u = A by the mth?
il'f{jroot of unity, where IBI = m .: This is in order that the seg L of 311}'}:}

‘iilinear characters of takes on its values in the new}field [Note.“wlj'fd{

:i»iThis is our sole excursion into character theory ] ﬂThe H - m0du1e ol

“

.fn" n be affected by this field ‘extension. E

/structure of

module will contain more functions but to all intents and purposes we A

o can regardit as being unchanged but new nodules hay;arise, e gf

o
<w w+a1> a e F ; appears when A
!

extension is known
If we let F

An be,the set of’functions which ‘are’ zero outside

.vaf_t of A then FA




.M,Qﬁté@aﬁtﬁéréféré;

- - SR L]e o - ‘ ,
'ﬁAgain; 'F is clearly A - iSOmorphic to FX for all A € L

| _360‘we7khowltﬁe A = modules of FA . namely the set

. However, =«

T g e AT g T
ey aepE s Ty et
b~1.€‘_B~ :', : blBl IR

= X(b ) Z A(blb)f -13 A(b ) ‘:4J;. ) AR
. : b : B IR S LRI e

module Qf FA F.ﬁ;if:v”‘"'

Tﬁus we know all the H ~ modules of Fk for all ‘A € L

To get the H modules of F we have the following lemmas. LIER

ok wLemma23 ¥ 'i's_ rhduectsumfthe F*A eL.. " { Faate e

Proof Suppose the sum of ther FA is not direct.;




- 0 :;' ; - . c o S )‘. a_-’ . ;V . at R L L . .
e 1;-A:9«?s5fj“a,t_ 1 i>1 (a) T ST P

‘0

édlcontrary to the wellenown fact [7, pg._326] that L is .an independent =
jtset over F Since each FA has F - dimension equal tQ that of FA » the '17A

:hﬁ;direct sum. has dimnnsion m times the dimension of FA' which is the dimen-"t
'?:ision of F Thus the pr0°f iS complet | |

' v : "2 A .',"; L

For any H - module M ’ we put M ‘aM . @
R ~“-A;~' e -'-'w-'li;lgi.,'_)"guﬁ_.f.”,f ?..f'?fi'iie e .
. Lemma 2. 4 Let M be an. Hlé,modhlé;jfihen;fnﬁgisjthe'directﬁpemtof;ff

ﬁ}the MA ;A egL";’”“'

DR

'tvffProof We have than the sum is direct from the previous lemma. Thus to if”ﬂi'h
"Iﬁshow that M is the sum of the fﬁ* it suffices to show that if

'j.,hiwa'+if.f“ ﬁii belohgs to M thenn fA belohgégtqffM;}{'Iffwe;heyefégéhﬁ-jf?ffff

A A

a function, say g , with k A s # A“[without 1ossuof}generalityi'ii;';ffu'h:7

..,} ] then we may write g as. e




. Choose b e B with A(b)#

s
R S e e ;
‘For’ information about multiplication we have the following

C lémma. o

 lemma 2.5:
@ PP for all A e 'Lﬁ-.__‘;{' o
'(b):-lf- N’ ia-an:algebralof' Fi then the module M of F ';' ff.gE d;:'-
B defined by M = Z N L= span N is an algebra of F .
. S XeL S :
| Proof: Let .ae A, be B el T e

e = P en) - f@aeg@um

S ’ fg(a) ;\Ll(b)ta (fg)Au(ab). "' .
vf'f{Tﬁiégé£Véé;oothf(a)eénd:(bieffgﬁl“?'ksﬁi’

Finally, for information on the action of G -“endomorphisms

H —»modules, where G > H ; we. have the following lemma

Lemma 2 6 Let ¢ be an endomorphism_on: Fo ‘xﬁe&

Proof Suppose not.- Then for some‘functions f”' £

l # u and f,g f 0 ;»we have

SR T



‘ .

¢<(f > ¢<Mb)f ).- x(b)g e 1 A(b) £t
A #u o

.*(¢'i(_fk)'>,b”; -'u(b)g +' Z A (b) fi e

l#u R

V?Since ¢ is an H = map these expressions should be equal but

:_::WOUld contradict 1emma 2 3

© 31,

th_is e



< takfné ehe perpendicular of .a’ module M

.'ﬂltheorem 1. 19 we know the dimension of

”ﬁ?;:*feontain all the information require“

. e

~ §6". . Perpendiculars and Kernels.

°
4

':-PerpendlcularS'v It w111 be useful to. know expllcitly the effect of .rv";f

4ow1ng M . Because of”

*]” lmmed ately and finding the ~”:'

"correct module does not prove to be difficult 1n the cases dealt with

L 1‘ : . D
':in sections l 3 We need to find every Be€ F such that R

;-

"vz f-g(afp#‘Ol .forlellvlff;é_M}f'lftlvi_"

'Every function in the module <x X> has non-zero values on an even

e - $,00

_number of points of H and every function not conbained in '<$ x> has
o l .

‘“[non zero values on an odd number of points of H so to show a module N ‘ﬂf

-,is not YML we need only find a g e N such that }iiéié.:fiii éf'ﬂ:f

llff{g'( <X;X> for some 'fffng.a;“A

| S 0 mE
N Pl :.*"~-‘.;. T SRR E
b ekaple, et B = 2z and e el | A

L0 becamse (GO =60 o

.- and | T

Ca

M # <i 1+1> because (x x) (1 1+1) = (x,O)

Sy e
- Hence  MUis <i 4> oy e

" turnin‘

therefore;

t'fthe lattice structure "upside down really ”oei'work and they,




"5ﬂﬁso easy, yet it happens for the group 4 2 ,~ that the fif:'f,:tf“ft:f‘\;'

‘Q‘of ker. ¢

33.

& T S T L
Injthe cjsg\ H_?¢Q§§~,iwhere'the lattiqe of modules is shown
for H=A, and B “is abelian and of otder.prime to the otder'of';A ;i kS
sectlon 5 tells us what the lattice stnucture is 1ike.' Taklng perpendicu—_'

.lars, in this case, causes the module you would expect to appear in the.

"component to appear 1n the o l‘ componentgh Fortunately, 1n;one case-~‘f

that We con51der 1n‘phapter 3 can pfove.that‘lii‘

) 1f°=M5‘§.NA.§fh¢g_QM. _:e,nxzf‘“férﬁ M <F and N.<F; '

: ol e

+ so'the tgiuighye effect of U fs stil} correct.

eG - endomorphism ¢f;'an it -

Kertiels: ~In chaptér 3 we shall create t
ker ¢ Ifgye know the imagev R

| fwillibe-usefnlﬁto1know‘the kefnel“of"

of'this:map, Im ¢ 5 then we can’ use’ the identity

D tui’ﬁt iv?_'j T ¢ F / ker ¢

A *

’:'ana.gecausgvﬁ¢"ié a'c ;_énasmo:phismfthisﬁig;a’;qll;isqsggbhism;.f}}

Given Im ¢ s the dimension of ker ¢ is easily calculated.

9 .

.fffind the moddles of this dimension which obey the above identity 13 not
.7_on1y possibility for ker ¢ is (Im ¢)l o Hence again Diagram I -ih*::
:-scontain;the information in Pictorial form.i' o _

- Ve gi&eltwoﬁexAmplesshoWingvthefca166lationfofna,kétnel;L":'f""'“

.;/'

1‘2“1 S g o R J"?fj@:fﬁ.*;xpm, e
\f L H = Zaxz2 and 1et Im ¢ <i i> ;Hehbegtﬁéfdimensien;;;'ti L




», '(‘4 IR N - . - . - £ ,4 ' “~ . o
. 5 - o o o : L TR 34,
& S y I R

S et ¢(x.0) =.ali, i) +b,1), a, beF . o

B

T SR Therefore "¢(O,xf a(l,l) + b(l 1) and so'A :
Bl

RN

a(1,1) + b(l 1) + a(l,L) + b(l 1) = 0

B "

H

Also : ff ¢(Wi0) .#(l,l)‘ éha‘fﬁerefpréf 

0.

i

¢(i,o)

Thus the module X é> 1s contalned 1n ker ¢ but the dlmen51on
- \ ! . . ) X
) X X>

¥ of ;ier ¢»*isi:6 .'.Hence“ké§ ¢ = '1 O

Let H='Q, and Im_$. <wtw>,. " Hence the dimension.of
o kef isc.4. o s T f'. >ﬂ“ﬁ{fA..;T
- . S .o . L, . ) “‘9 . ‘(. :

)

| Let ¢(x,0) = a<w " + b(l 1+1) " c(l 1 +aq, 0) {.ﬁ

L a, b ) © ; ae F T

- o - |

N $00,9) —" (i, 1) ‘anaf';,

te N P e -
.'_,\ ' \\ ‘ " , ¢(0,¢) = a(1+l 1) + b(l l) .

Hencs ';‘L5¢f¢)¢fi) a(i;i4iy»+ b(l»ii*f' B

a(1+l i) 4+ b(l 1[_;}‘  ‘- 'v.f:M:‘f@ A}:.,'.j
ey 1) DR R

S

K

: .(.:*'.

Thus . Ker $.= <hp+ln

ki

. e - . } : e
v, - - . . . <
»

Therefore e, 0) = a(l.;+1) * b(l 1) __,,,»f R é;,itj;~=
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Now we are armed with the ‘H - module structure of several
- groups and several,lemmanfrom ChapteEDI:to.deal:withithem; uWe_a:e,'ﬁﬁ
' therefore3in‘a‘position‘t0'6qnsideftthe ooSSibility of_some‘of}theee :iff B

f‘groups,beingh B 4hgroups.

S We begin by constructing a G - endomorphism and give a use—‘i~;h

o ful lemma concerning this endomorphism

(6L the G- Badomorphlen. R T e
We need to use ‘a small amount of Schu} Ring theory to construct_'

o his map\ _—

Sy

,_5 We assume that G > H is transitivelbut not Z-transitive on |

H and therefore the orbit S of G = {g € G | 1g = 1} which contains .

,gz» is’ not equal to H/{l} Y [10 p 63] Taking r - s or Cre SU{l} *; S

- ?according as S is even or odd we define a G = endomorphism ¢ by
= 8 = g
¢<___x_1) ><T X1 ) (cb(f)h -and | ¢(f1+f2> ¢(f1> + ¢(f2)
"Thiﬁ'map-is1&éliadéffﬁeq'51ﬁ¢¢fjT-‘ié[iﬁvAtiéﬁt]ﬁnqerﬁ5cif;}>=;;;f;a';fisi*f; |
L e e T T T T e e e R T

o Denote the G - module i@fﬁfﬂeﬁa?fkéﬁ*é};byL*I?fﬂﬁd5fof£3’”
frespectively i - : | e
© Lemma 3.1: Let u AE with A;;_ 2,52, or. 0 and B an

o
{




‘, gréhpuofjdddfordeﬂ;' If’ Ia. is generated by f ¢(xl) s, tﬁeh”v'
I . is generated by. .g ¢(X1 ) Where g(a) f(a )"for all

) \

"o a €A,

.+ Hence. .

s _for all ‘a €. A -‘n.fff'ff?{;ftjfj_f;;E ;f; 7

Lo

 ?fo6f‘ If S is an orbit of G1 then S l | t e S} is also an -

-orbit of Gl ’ [10 p. 57] : SO ‘we have S = S because orbits are
- equal or disjoint and therefore T T_‘ﬁ.r~ o

"'

 ;*%;' Z X(b)x ‘ sbffdf;>§ £‘Ai; é;é}B' ,: B P IR

"iflfagéc}’; ¢(x1)(ac) - ¢{ z A(b)xb1<ac> - z A(b)¢(xb)] (ae)

.“v

Z A(b) (ac) =Z >\(t ac) o
beB be ,-;_x teTnaB RN

- j f(a) = Z; A(t a) for all 8 A S
- teTnaB ‘ . R A

t?}gTdéB:f;f;1fj'ffﬁ;£éThaf;3fL }g’

'.?:sincé-if"7' }_e TnaB then t erTnBa ;1‘, ff- a

For the following two sectiousz'e shal,'takk

. .required extention of the field {0 1} ;:;__;'iwﬁf;'



- 37.

S

' Q':§é.'VHf;.Q *B'}t

In thlS sectlon we conslder the gronp H AxB where Q2
 and ‘B is an,abelianfgroup of odd crderL The H - module structure R

' comes_from sections 3‘and 5 offchapter'l; and 1s”shown'in'piagram“v,

TThebrem'3;2¢3 g“is'a B - group. = S R
' IR Lo ';: 4 fwﬂA: e

; Proof: We assume that a group G contalns the right regular represen-vi ;Aij::,~fﬂ

\‘

... tatlon of H as a tranSltlve-group but that G 1s not 2 tran81tlve ?1[’" I

NWe shall show that thlS implles that G is. not primltlve by assuming?{&t*."'“*' ‘

G is prlmxtlve and then prov1ng that I Im ¢ does not exist,

‘,.‘;{,14*,‘;3‘&-,;,';‘ p ,'7 :

'obtalnlng a. contradlctlon.A - 5t_.ff’*;:
. D . . o
Let D(M) max - {dlmen91on of M } -T;?::f

: AeL LA L

@ z c

“abraof ¢(xl lis 1 on’ T and 0. on the complement of szﬁfﬁm'

'gls not a constant functlon ‘f .»3'flafcg?;'ﬂ75£'* L

7_12)“1;_ D(I) # &

'!,-proofw ¢(x )= 6( 2 xh) = X ¢(x1 1
S T Chen 7 heH Aiar

2 2 X '7*f}TFﬁfij{*j;:5uw-;:
- heﬂ er- Hh L |
:f_So K # ¢ and hence 1 # F -fﬂifﬂ-:;?5»f“
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jwe.Eah'get'the.G?mdddie- N:;.'ZiTF%;?@'}"Jl T

- Now Fl < N N 51nce' Fle,f; A £or all X [2 13] but F 1 N N for-
: ,all A e S sxnce Fl f N... Hence N N lS ‘a G alg\» [1 15} containzng

.C but strictly %ess than F 2 contradlctlng 1 13 ;fd,ttfif»;L_-J_e";ﬂﬂfz?fd{

Proof~f B D(I) < 3 then I < Span <1,0>» and so the algebra generated df»f{ififi:
:,by I and C 15 strlctly greater than C but xs contained 1n
d7”span»<1,0> ; contradlctlng l 13

. : ERTN
ey S

ey

'-ffgéiddf.‘ We may dlscount al fthose modules’which:ar qenerate'
ui:than one functlon, for‘ﬁ,é”7iv'Jfll

e (xi) S
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, _Piggg: B If. -I')‘ = <.dz ‘w+w.i+‘a'>. - then [ker '¢']A, : is of the.'- form : -
' <er+w¢+81> for some B e F Therefore Ik n ker ¢ Sigi+W>3“3

iy

o For those components ,I'" W1th dlmens1on less than .:ny,' tr

Q;\:

.”?f753 I n ker ¢ I, f{?flﬁ:.

ST I ” ker ¢ < SPan' <1.0> and D[I n ker ¢1 = 2

e
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. 'l.Th:.s property, that T _ for all m. pr:une to* the order of H " also

. ¥ r

: must be geng&ated by a @ar,aqterlstlc functlon fbr all

f;fv_'tells us that I

¢ c TnaB for all m l(mod 4)

,._;.Hence, if‘the order ‘bf b 1s p i by SUitable Chomes AT
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. ;P,fbof? B For various’ f{xhc’;t'ﬁjion's f We éhgw.'.'th'at".if sz ;ij-.'tfh.éh'
£ % tspan m M foraly o e

L byg1vmg 4 '_'b‘;‘:‘bijn_ts‘io:fff_ H ,on"'})&hiéhn.no-‘f/

function of span N - & o, all pen.

e “."4 Points -. . o

clax s yexty

ol x o, xy, Ky
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"one function, whereas.fi?5 is generated by one function, ¢(x1) for allfff;i o

 Proof: Parts (a) and_(b)jatévsimilar_to?3.2?parts (1) ‘and:(2). . .

Part (c) is true because if D(I) < 2 theu§~i ﬁ.Speﬁ <i,05 ;

- contradicing 1. 13.-

tt' Part (d) és from our knowledge of ker ¢ ’ ~t;=_’57
| \ggw , L

-fiI‘f-,D(I), 57 tneh :'d:f(?) é;s‘p;an'éi;_r‘» SR (F)J ez

I
"
N

e b -6 then 4700 < son <0 a s 019’ @ -

n o

Il
N
O
i3

16 b(x)“_,§ﬂ3tﬁéﬁi!&?(é);giébééﬂgi{o> and. b[¢ (F)]‘7

t;[In fact D(I) 7 and D(I) = 5 may be discounted for another reason,”

::namely that all components of this dimension are generated by more than:L,'

oeLd i;;~31;113¢»rs~'

o ;e;?(é)vﬁnki)”*f3?;fj L

E
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By reference to the kernel of ¢ we have that D[¢(I

| -and‘SO‘ ¢[(I(4))2] < span <i 0> E The algebra generated by ¢[(I
’and ¢ contradicts 1 13. 5 | o

. : .a, .-. :%;,. L
g?c' for all o e L .iff.,;if7€;gih"'v
3L££29it';i 1-15 generated b& one. function, namely ¢(x1) 5y but <?: >0}:‘.
is a module which is generated by more than one function ,,D_:*

iProof : By using 3 5 ve. may Split the situation,n ig*?ﬁﬁtéiﬁfﬁg dfl'~’“"'
g <¢ W+i> ;. for some - 0 f 1 into 3 cases,, L
(4)]l s lbf" 'iff'ri;*gfiJS -

. ( ) [I = <“”W‘1> T oL

Yy 0

(a) ""[I(A)]z < span <x’x> .~and vthe
e forﬁa11;,x such that dimeneio 1

crgn

By @éfﬁrsncéitei Ker ¢ 5
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.'then~ (1;0)0‘6 I(A);.

'Pfoéf:-‘Usiﬁg‘the hotetidn of4éi‘=.2x> . A2_=;§35 y .o
;Number:efquinfsiftomz  :‘v B S o ‘».;.>
ApB. A IS
S R SR usg (1 0)

if-;ti;O)df,isveeﬁeiero'onfbothrpdinfs»OET Ale‘ then?use”»'(l‘,())c 3

' fif.'(1;0)0"ie,n6ﬁfzeto on only one point of Ale then use C (1 0)

Cer. 0 ;_,' e ,:(v::}, ;'f b[,_;;

This claim tells us that if I = <w w+i> , 0 # 1 > and

[1(4)11 b g then (i 0) € 1(4) ”énd hy 3‘3i ,( ) < span <¢-W

"-iHence

[1(4) cr= <w w

By considering Ker ¢ 5 o e

'§[;(5?}}§_§péﬁ:<i;1>>;:a56-;{¢(154?)1¢'=f{1,1>°.e§. ;e£'   1 -v';'1

:3 1 The algebra generated by ¢[I( )ﬂ and C céﬁtfadietg'l,l3. ”;Ffi‘i;

s . RO . .

A

(c) The claim of part (b) still holds but in this case we only know

Lt

e .
. S ;



o . . .
L T : - .

: and the A component of

~ and

:¢[I(4)] 5_5pan <i?1> :,' <1 1> < [¢(1(4))] < <1 i> f,:

".Again the algebra generated by ¢[I( )] and' phvcnnttedictSfl.iB«’

o v,

| Thisicon?letee the ptgof:df (4).'r'- 0. .

‘

NORES 1° # <x',j(+.l>fv, or. <)(,.)'(-Fi4:.l.>~. _for all 0 elL,0fl.

.:Proof It is sufficient to show I # <x,x+1> because <X,x+1> and

]'<X X+i+l> would interchange if a different coset representative in A .;:

L -y
[

,.“had been chosen, i e. xzy instead of y . 15«:"".;f-//7‘ifa.f Jgf itﬂ’ﬁ'

The proof is similar to (4) in that we deal with 3 possible o

:Eases, the. final two. needing a claim about 4-C108ure.: f z

( ) [I(A)lvr= <X x+1> S ty‘h: *:T.{l‘qi';:”‘l;; ;;Q?f-~‘;. R
.2 AR ,.A: -;/ - ‘:"7! ‘*['ﬂ- S T

. | [1
9,07

D(¢1ﬂ1§ﬂ2)?1).ﬁ'3 3“d ¢[(I(4))2] < span <X-X> ;lf§7JA -

(‘") 1 ariq | C 'gives the usual contradfc- . -

The algebra generated by ¢[(I

tion to 1 13 _,’D‘;'d

”‘71;(fh?};i“tji“

[1(4)]? <X X> for all A such that dimen-'“d‘v e
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1@, then (00 € 14

'We-maké‘theffolioﬁing'ciéimF‘ C

Coctatn 3.75 18 @07 € 1Y ana ot e

. o: s - .o . - . T

H (X’X) has “Qn;zéf-P Avaiﬁeﬁ’"‘ént 4 poines, use ‘(1'.1').:‘1’._-'..‘ i

If (X X) has non-zero value on 3 points, zero on 1, use’

‘ _(1 1) + C (x+1,x+1) l e F .-

_ If (x,x) has non—zero value on 1 Point, zero on 3 u8e ;,‘ | Co

o ' I e T e
'C2§X‘X) \"”2 € F "l'-' A R ‘:f_"a.‘gfl, e

L ‘v
) : L

"Ifw (x x) has non—zero value of 2 points, zero .on’ 2 then wepf;f'i"
: f_hmust have that 2 points are in the set {l,y}XB and 2 points in the setsf!f-

‘{X xz’x39XysXZYax y} X B . '—j .

If 2 points are contained in {xz,x3,x2y,x y} use S(W,W)

ﬂ' If 2 points are contained in {x x ,xy,x y} use (i i)

If 2 points are contained in {x xz,xy,x y} (¢+i+l ¢*1+1)

,,lffrh;s.covgfgfalifﬂbésibiiifies{fop‘the”Ajéhgéen}po;ntgiﬁfj;guﬂoiﬁf'"1-”*
From 3. 3 we have that 1(4) < span <X:X> and with thie claim iff__,_
it means’ that if I = <x x+1> then o ST

(4)1 <x,§,

| Conotdering ker ¢,
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- ¢t1(?)],fgspanis¥¢1>:u?nd (¢[I(4) 0 <1 1> 1;_h‘ SRR IR

. The algebra generated by #1111 and " gives us the contradiction. 0

'(éy':<[1‘4)11:5'<

e

- -

| We use. the claim of part (b) ‘and - 3:3 to give that if .

e I

b s epanedis a0 ¢ [¢(1‘4’>1°
T Jf;:f;:,ﬁlﬂf'zj.* S ‘,’,“,
~¢l177"] [and. C .gives us the contradiction.

Clea ol T

ey ‘4’ 1 #‘<x,x>=A .sx1x+iéf{9iﬁﬁfi;05;;fiﬁffcs:;1:'vt

: ',Proof9  If thls were the case then D(I) 4 butfliwould*be containedn

-~

'”4.usual contradlctlon. . : ,f _f"_‘,:.f‘“;;V T

._;0‘-




’-ff; <1 1> ,c}

© @SN e
BT s B x,x*l

& ~éiheeiejc)»féﬁa’ (Di‘ would 1nterchange with ‘a diffetenb cholce

} of coset representat:.Ves m Z4><Z2 ' we shall only consider (C)

,,,,,,,,,,

e T ‘%~‘“ e l ;nf:."ﬁ L
R SRS D(¢(I‘4) ] = 2 and ¢(I (4));‘&' span <i,0> ..o

(4)

'rhe algebra generated by ¢(I ),.. and C contrad:.

(2) 'I‘f;- “11 1s not a. 4-d1mensional con;ponen_ th_

o ar G # 1 and a r f a" for all 1ntegersvbn such that_

el

”f-figfieitheff,(?)}axq%a<$x;x>f~b¥,*TXb)a*u-*"‘

e ey %i?%.ﬂ‘;*r;~ Ve

(a) By consz.der)z.;g ¢(C ) if necessary

L Therefore ii;%jlifljﬁi e

o

b' e ..‘"‘ .'




: 1f there 1s a p ¢ <G> v <T> Qifh 1P # 0 then <1,1>1 < [1 ]

 ~< span ,fi!°> If Ip 0 for all p ¢ <0> U <T> then

‘<1'1?; f,IZbiiiz < F contradlctlhg 1 13 ‘f-;'xfj;{ ff;,.<~‘

- f:?i ;(bi and ( ) follow 1n a s1m11ar fashlon.= i*f?f '

Celg e B e T
. L - B . I N N

In thls situatlon the only I
_ '67'

"V]"étéiﬂl := <110> ' If there 1s no q # 1“ such that-;”*“”

con51dering the 1mage under ¢ of CL

been dealt w1th 1n part (2) y l.e_

suchathat

for all 1ntegers n

a1 =<10> 1 L'i’: ~ '

{<1 o>

3 "‘Therefore}“""‘"‘ T




R TR [1 ] - <X:§> [1 ]p - <x,o> for all p ¢ <T>u<o>

and A T e s R S R




@ 1 V;‘<\.Q,1;0i>'_- e e

B g_

. [Note: -:-<‘i"é> 18 not generated b'; ‘bae
. M e} ) E L A :.
L

e, 1
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(8) I = <X’X+1>1A 4+ Z

1

I ~: <X x+1>

s i‘l

l

<X ,X>

0'

. + Z <1,o> .- ;

i=1

p-1

T a0




L fjl5ff ,;35}:w*056'*7;*:\'-;;f&* o
'-'ENoW,consi‘der kirwb" \(t tells us that: R

Ay
o

(1) ¢< (x x) ) - ¢(x )= SRR
o ng {1 y} |

(11) ¢( Z (1 o)p) z ¢(x{1
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b
Of {lgy} and Qf <X> OSO .

n.f

Finally, for b = l T contains an odd number of the cosets 7 -

Ty = Uayaxlyyh s (o duyd o b yixydy) cor (xga xyl o5

T

but by our. choice of ’1‘ s x2 € 'I" and so
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