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‘ / . ABSTRACT a

~ N la

In this ‘thesis the long~term optimal operating problem of

multireservoir power 3ystemé undér different water conditions fis
! ¢ bEL | )
o

discussed.- The sé@eduling problems are:soived by the use of fgnctlonéi\'
aéZlysis, where %he miniQﬁd nq%m formulation is employed.

Optimal 'scheduling:;’proglem; '_for géf%es aﬁd paraliel o ;
: multiresérvoirvﬁower sygtéhgrhaviqg’linéar storageielevgtion curves-énd

= s p —
constant  water conversfon factors are discussed. The total benefits

obtained:viﬁ. this case are greater than those obtained using the

Decoqposition Abproéchrand Dynamic Programming, 4nd  the computing time

is léss';by se%eray?bfders of magnitude>than that using ,the Dynamic

| Prdgramminé. For {bower, systems in which the water heads vary by. a

¥ |

;rconsiaerable :ﬁﬁqudt,"the assumption of constant ‘water conversion
. factors is not ;rgé: “:The optimal scheduling problems of multireservoir
powér systems haVing a linear storage-elevation curve, and a variable‘

‘water conversion factor dre discussed. ;e assume a iinear relation for

- a

"ﬁhis’vagiatiog;with erﬁhér the net‘head of the plant‘or,thé‘storage of

the reservoir. The - total benefits obtained using this linear mvdel are

better than thosefobfained using other approaches, and the, computing
B — B L o

. - . ot

tiqébis'vefy small compared to that of other approaches.

- B Y

The"éésuﬁption ofgglingar.stbrage-elevatioh;curvgs .énd linear

ﬁatér_ convérSion faqtors dﬁy field.a:siénificént error in the.-stprége

. féf*ﬁsome j;eservbirs,j whigh.may bevgreatéﬁ tﬁan the p;ﬁimgm nétﬁfél'
_inflpw ;Qﬂthése':EBgerirg; 45Fof this ;e§sbn, we é?huhe:a vhénlihganj
q§aqrét§c  sﬁé:ggg—eiéQatioﬁ éurQéf and a ﬁ8ﬁfl@nea£ qaédfétic' Qater% w 

éonﬁersioﬁifdctor'in‘ﬁodélling.the éysfem, The @ost-fﬁﬁct;on in this

.v" - . E » . - . .




case is highly nonlinear; we define a set of pfeudo-state variables to

cast the problem into a quadratic problem. T ‘total benefits obtained

"in this case are better than those obtained sing the linear model.' On

the other hand,nodspillage t00k-placevat all.
New.‘ optimal eduations for ‘scheduling ‘the operation of . a
multireservoir power system under critical water conditions are
developed. To meet all the requirements during this‘ period, wve _
maximize the generation from the syatem during this period, and we make

the generation during this period uniform. The load on the system and

the transmission lineJlossea which may be‘included in this, load are
' 1’ i %

. taken ;into account. The load in this section is equal to. a certain

percentage of the total generation at the end of each year of the

7critical period" (a variable load). The model used in this case is a
"’ : (‘ N

fnonlinear model of the average storage; to avoid undereétimation in

production for rising water levels and overestimation for falling water

_levels, we define a set of pseudo-state variables to cast the problem

_A'into a quadratic problem. The total benefits obtained using this model

.

- are greater by a significant amount than those obtained using the .

Dynaumic Programming and the computer time was very small compared to
the computing time using the Dynamic Programming.

»Newﬁyoptimal equations’- for optimizing the firm hydro energy

' capabiiiky‘ from multireservoir power systema are deVeloped under

“?cEitical ‘water conditions. The cost gunction in this study is a highly .

3 “inonfinear function, we define a set of pseudo—state variables to cast

.(:'} )

PN

’

the problem into a quadratic problem.

»



In this thesis the stochastici\ty of the river flows is taken {nto

~ .

adgount.- We wuse the average va%u s of the random variables (the

~ ' [y \

v/

expedted value for the statistically fMuependent random variables wifh'

‘normai distributioﬂ), tHe' times of watér travel bethen upstteaml-and
doﬁpstream reservoirs are assumed to- be shorter than a month, for this
reason those times are not takeﬁ~1nto account; the reservoirs water
losses due té evaporation, seepage and irrigation are also neglected.
‘The’ cémp tational aspeéts of7th£ obtained scheduling gquations

are discussed. Practical examples are also given to 1illustrate the

results obtainedﬁJ/

’
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CHAPTER I.

¢ INTRODUCTION

1.1 Backgrbund

The hydro optimization problem involves the planning of’ the usage
of a limited resource over a period of time. Tﬁe resource is the water
available for hydro—generation. Most of the hydro—elgctric plants are
multipurpose in nature. In such cases, ig is netessary to meet certaln
obligations othe} than power generatioh. These may ;ﬂélude a animum

~ forebay elevation not to be exceeded due to floqd prospect.s,a and a
minimum plant discharge and spillage to meet irrigational ' and
navigational commitments.. Thus, the optimum operation of the hydro
syste@ depends onn thé ‘conditions which exist over tﬁe entire

optimizgtioﬁ interval (3 .

Other digtinctions among power. systems are the number of hyaro
stations, their location and special operating characteristics; The
problem 1is quite different if the hydro stations are located on the

same: stream or on different onmes. An -upstream station will highl;

-
<

influence the operation of the next downstream station. The latter,

however, also 1influences theAsttream plant‘by its effect on the tail

8

water eléfation and efféctivé~head. Close coupling of stations by such

a phenoménon is a complicating factor (31). ©. / ¥

The problem of determining the optimal long~term operation 6f~ua"
multireéegvoit power system "has "been the subjeét of numerous
| publica;;onsv over 'the "past forty ~years, ’ahdi'yet ﬁo»iéomﬁietely

“satisfactory solution has been obtained, since in every publicaticn the

>

v
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problem has been simplified in or&er to be solved (1).

nAggregaEion of the multireservoir hydroplant {nto a single
comélex equivalent reservoir and solution by 'stochastic dynanmic
programming  (SDP) is one of the earlier ap?roaches that haé been  used
(3,4). Obviously, such a repreéentationvof thg réservoir cannot take

into account all local constraints on the contents of the resefvoir,
, .

water flows and hydroplant generation. This method can perform

satisfactorily for systems where reservoirs and inflow characteristics
\

are sufficiently “similar” to justify aggregation 1into a single

N

reservoir and hydroplant model (11).

>Tu:geon (1,2) has proposed two methods for the solution of the

H

problem: The  first igs real%y an extensign to tﬁe aggregation method,
.ghd ‘iﬁ b}eaksfthe prdblem ig;o a tw0flevel.prob%sm. "At. theA.second
llevel the pfoblem is to aetermine tﬁe monthly gener;tion of the'valley.
This problem .15 solved by Dynamic Programﬁing. The problem at the
- first level‘is‘toialiocate that generation to the 1nstallati§n, fﬁis is
done by f%nding fuﬁctions that relate the water level of each regervoir
tb’the'total amount of potential energy\Stored in the valley (41). \The

second  .method.1is the decomposition method by coambining many reservoirs

into Qne'resgrﬁoir'for the pﬁrpose of optimization of a wmultireservoir
: : o o '
power - system connected In series om a river, Aand using the dynamic

progrgmﬁing for squing}n—l problems of two étate‘variables”each. The

“solutipn’ obgéinea by this method is a function of the water content of
.that,;;esefvéir iagd ‘the; total; energy«'cogteﬂt of. the1- downstream
reéégvoirSL_"Thé ‘main d;awback‘i;'that thé‘aparoach avoids answering
bgsié quéséion“ as fp hoy'the individual reée;vqirs 1 the §ys;em afe

/
o
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to be operated in an optimal fashion. Also the Iinflows .to some
reservoirs may be periodic in phase with the annual demand bycle, while
;ther reservoirs have an inflow cycle wﬁich lags by a cert;in time (12).

Stoch@htip dynamic programming with successive approximation
(DPSA)  has beén proposed ‘to solve the .problem of a  parallel

multireservolr  hydroelectric powef system (2). The  successive

a ’

- {
approximation 1involves a “one—at-a—time” stochastic optimization of

-

each reservoir. The major drawback of this approach is that ii ignores
the dependence of t&e operation of one reservoir on the actuar"ené;gy
content of other reservoirs.

In tﬁe AggregatIon—Deg9mposit}on (AD) approach (2); " the
optimization of a system of n reservoirs is broken into n subpéobléms
in which one reservdir is optjmized knowing the total energy content of ,
the rest of the ;eservoirs. For each subproblem one of the reservoir-
hyd:oplaqt quels is retained and the remainiﬁg n-1 are aggregated.into
an equivalent reservoir hydro—plaﬁt model. A compgrison of ghe iést
two aébrgécﬁes, DPSA and AD, has been done in (2) on a siéulafioﬁ Bas;s

for: a six complex reservoir system. The results indicate that the AD,

-

approach gives better results and the computational effort" increases

only linearly with the number of reservoirs. More precisely, for each
| s

new reservoir added to the éyétem, only one .additional Dynamic
R - .

)Programming prbblem of two-state variables has to be 'solyed, The

cbmputing time for each one of the last two approaches was‘le minutes

-

~

in CPU units. ,
. o RV 2 o ) - i ,
In Ref. 5, lineat and Dynamic Programming have been applied to

the opﬁimizgtioq of the ﬁroduction of vhydrde}eckric‘ pover. the

Y > £
0 ) . . - . .
4 . ¢
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solution was obtained in two steps with linear and Dynamic Programqfﬁ% -

methods. The models that have been used are deterministic. The first
step 1in the solution was the long~term optimization problem; this
problem was solved by a linear programming (LP) method. The vartation

in the efficlency of the turbines, the variation of the water heads and

the time delays are neglected. The second step is the optimal short-

term run of the turbine-generator units, .this 1§“determ1neq by. the
dynamic ptogrammiﬁg (DP). The total computation time on a typical
minicombuter was 1 to 3 min. per power station.

In Ref. (42), successive Linear Programming, an ¢ptimal control
élgorithm, and a combination of linear iprogrgmming and ﬁynamic
Programming :SLP—DP) are employed to optimize tge operation of
multi;eservoir‘ hydroA systems given a detefministic inflow forecast.
The 'aigégitﬁm maximizéa the total bénefits froh the system

(maximigation of enquf,broduced, plus the estimated value of water

remaining 1in storage at the end of the planning period). the LP-DP.

algbrithm i1s dominated: it takes longer to find a solution and produces -

°

significantly less hydropowér than the other two procedures.

" Successive linerr programming (SLP) appear to find the global maximunm

#

and is eésily 1mple&ented. The optimal control algorithm could find
the: optimum in about one fifth the timé required by SLP for small
'systems, but 1is Qérder to implement. The computing costs were

. ‘reasonable ‘with SLP and the optimal -control.- algorithm and 1increases
only as the square of the number of reservoirs in contrast to- .the
. ( 3 ‘ . :
v ’ . : (.
expornential growth of (Dynamic Programming.

4 -
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Halliburton  and Sirisena ~(12) compared three methods for
seheduling releases from the hydrostorage reservolrs of power systems
operating both hydro and thermal statioans. The three wmethods are:
stochastic dynamic programming, the open-loop feedback controller and 4
linear feedback law. Stochastic Dynamic Programming is capable of

finding . the true optimal solution. However, this method 1is

©

computationally infeasible for a multireservolir model. An open loop

feedback controller (OLFC) involves a deterministic algorfithm wusing

mean yalues of stochastic variables. Only the results of the first
time interval are actually implemented. At the end of‘this.period the
algorithm is repeated using updated values. Linear decision rules have

been lused by water "resources managers and can be adapted for the

hydrothermai problem. They,compared the/above three'methods on the

. basis of one reservoir system. pThey concluded 4that the OLFC solution

ie‘ the‘beet that can‘be obtained bf nsing a detefministic method, but

Is not a;'good as that éiﬁen using a linear feedback rule, with chance
' N .

constraints.

\

Marino "and Loaiciga (44) applied a quadratic optimization model

1

‘ to a 1arge scale- reservoir system to obtain operation schedules. The

4

model used has the minimum possible dimensionality, treats spillage and

. oA

* penstock releases as decision variables, and takes advantage of system :

2
A

dependent features to rednce the size of the decision;=sgace, They

COmpated the'quadratic'model"with a simplified linear model.

.

i. 2 Scope of the Thesis o oo

NN

In this thesis, optimum generation schedules will be, developed'

for a hydro electric power system. The seheduling problem'is solved by ’

-
v
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use of functional analysis where the minimum norm formulation 1{is

Py

employed. The powcr'sysiem considered contains an arbitrary number of

plarits.  The optimization problem is ;eééribgd and formulated as the

optimal cogtroi of a muliivariable state-space model in which the state .
and control variables éré ctonstrained by a set of équali;y and

inequalify constraints to satisfy the multipurpose stream  use

requirements. Lag;ange and KuhnfTuckef multipliers are used to adjoin

these constraings to the objective functiqn.

Chépfet II is concernéd with the problem of multireservoir -power

systems connected elther " in series on a river or in. parallel on a

. JU—

A

multiriver system. The system.-has a constant water conversion factor
( p

: and this conversion factor 1s equal to the average megawatt-hours
produced inna month py an outflbw of one Mm3 (1¥m3=106m3). Section
(2.1) ip concetnéd Qith-a series mult}resetvoir_ pover éyétem. AThe
st;rage—eievation curve used is linear. The tétal bengfitsPégzgiﬁed'ih
this section is greater, by a significant amount, than that‘obtained by
the dynamic brogramming for thé éﬁme‘System; However, the computing
. ‘time is less by.several orders of mégnitudeﬂthan that ﬁsing .dynamic
progfamming.' Secgion (2.2) is cqnée;ned with 4 parallel muliireservoir
.égwéf system. fhe‘wgter conyérsion'factér‘used Is.;ﬂ50'¢on§t;ntv and
the sEorégé*eievatibn curve is linear.

bhaptér III ~ig’ concerned‘wi;h thé qaﬁg bf&b;em hentioped ‘ih
 Chapter; * Ii,; but 'fhg: watér‘ cqnveré;on faé;br assigned for each
hydroﬁlant‘is‘aﬁv;riable, aﬁdvgﬁislvatiétion hasha line%f relation’ with
the hea@f in éeéfion<63.l). But.in séctio@ (3,2) th;s-LVériatioq 18

4 s

-1inear with the .average storage. 7Thé'problem formulated 1n._thfé///
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.

chaptef, has a more accurate representation thaﬁ that solved in Cﬂapter
1. ' ) _ -

Chapter IV s concerned with Sélving_ the, long-term optimal
operating problem of a multireservqir.power aystém’with a nonlineasy
atorage-elévation curve. Section (4.1) is céncerned with a serles

multireservolr power system. Section (4.2) 1s concerned with a

parallel wmultireservoir power systeh which may coqpain‘a run—-of-river
hydroplant. Since the'run-of-river'plants have little storage capacity
and use water as it becomes available, 'thgrhydro generation from these

plants is equal to a constant times the discharge through the turbines.

The .same problem mentioned in section 4.2 has been solved again'-in

-

section 4.3, but the water conversion factor assigned for each

hydroplant has a noplidear relation (ﬁuadratic; reié{ion)m with ~‘the-

%) . -
. average storage between two successive moliths not the starage of the

previous “month. This 1is done in orderfto avoid -underestimation = of

_production for rising water levels énd»overestimation fof'failiﬁg water. -
e igfels\ We also compare .the two models we used in ‘both_sections 4.2

~and 4.3. - e

vl

-~ There 1s a period in the wétér managémgnt during wﬁich the -inflow C

to.the sites 18 very iow, ;and‘thé feservqir should be drawn'dbwn' frém'
. : ; - B . . ’. - ' i ) \ ' . - 7
full to empty. This period is referred to as the "critical period”,

and the stream flows %hich occurred during the criiical. period® are -

called the "critical strgam’flowsfg.':Chaptefiv‘is,boncerned with the

'optimal'operqtidn of & parallél multitése}ﬁoir péwer syéteﬁfdu:ing ;hiSf

° .
B &

'\"pgr;odfl In. this éhapté; we,maximizgfthe'totai generation  from ‘the - T

: Sységm “during fhis period. : In pi7;;6n 5.1, ihé;model-usédlﬁorzxgacb .
. . N REEET : . . ) : . “ . v o : E '

o )
0y I X -
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’

reservolr is a§linear model of the average head. By using this model

\the error in the storage of éome\ieservoirs 1s greater .than the minimum *

A

“« 7 )
natural infloeoto the reservoir,

For this reason, in section.5.2 we use

a - more-accurate model for the reservoirs, quadratic model; ‘from “the

\

' storage-because the higher terms are:nealigible.

~“Chapter VI is concerned with ‘the maximization of production from

multiresetvoig_rpower systems during the “critical perjod”, but the

ha gene&tion_ is

geperation at

R tio ?(g}i);
NI

storage. In.

fayerage storage. The problen in this chapter is"a highly - nonlinear
(\ ® . he : )

\

problem; _ we

problem to a qnadratic.problem. -

a

‘Chapter VII 1s concerned with the«naximization‘of'the firm "hydro-

e T

~

Il system 1in this chapter has a gpecified monthly generaxion, and - this

. _ K '
.equal to a certain percentage (a ) of the &total

tbhe end of each year of the "critical period”. In

‘the model used is a nonlinear, quadratic model with the
’ r's

'section (6.2), the model used {s a quadratic model with

‘define‘la set of péeudo—stete variables: to reduce the

.

‘energy capability of a multireservoir power system with a. fixed 1load

(d ) during the
"be uniform during that period. = The model nsedein this section for the
v ’ L e

generéting function- 1s similar .to that used tn settion (6'2) The

lv

A

ptoblem in ﬁhis chapter is a highly nonlinear problem, “we define a get

»

' of pseudo-state variables to ‘cast the problem into a quadratic one. .

Only the titles and the broad outline of the problems consiﬂered

in this thesis: are mentioned here. A more detailed description of each”
: of the problems and its relationship to the previous work in this area7

‘ will be found at each chapter.

o

« ?.A »

tcritical period » at the same time this energf shoild

e
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1.3.HaEhemat1éal éackground

| OQur object 16 this section is to state one imp:rLanL minimum norm
result which plays an J{mportant part in the sol;tion of ”problems
treated 1a this work. Before we do this, a brief discussion of

»

relevant concepts from functional analysis is given (37)
4
A. Norms (37)

A norm, commonly denoted byl[-|| , 1Is real-valued and positive

definite. The norm satisfies the following axloms:

(1) || x| >0 for all x X, [[x||=0 1f and only 1f x=0
. L]

(@) [{x+y|1<] x| [+]]y]] for each x,ycX

* £ (3) Ilax||=|0|-|’x|[ for'all scalars a and each x¢X.
A normed linear (vector) space X is a linear space in which every
vector x has a norm (Length). The norm functional is used to define a
disfAnce and a convergence measure
. &
d(x,y) = |Ix-yl|
" ‘ C e B
For example let [1,K] be a closed bounded intervdﬁ; Tﬁe space of
the discrete function x(k) on [HEK] can have one of _the following
norms:
("1 o
. ' K .
“o Mkl = T x|
- k=1 .
Ty H X 2 1/2 2 e
& ) 12 s
] xtl,= 13 Hxco] 1)
.. . ' B . /—
B. Inner Product .(37) ' ¥
. . N ”. B & .
A very important concept in Euclidéan geometry is the concept of
;gfthqunality Qf two vectors. Two vectoggﬁare orthogonal 1if thelir
A% a ‘ :
L4 Y
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inner product is zero. Extension of this concept to more peneralized
spaces leads to powerful results. The concept of orthogonaligy 1s not
present 1in all normed spaces and leads tg the definition of an finner

product defined on XxX denoted by <.>. The tnner product satisfies

(1) <x,y> = <y,x>
(2) <ax+8y,z>.= alx,z> + #<y,z>
(3) <x,x> >0, <x,x>=0"* x=0
(4) <x,x> = I|x[|2
Hilbert Space (37,38)
A linear space X 1s called a Hilbert gpacc 1f X is an finner

. product space’that 1s complete with respect to the norm induced by the
- ™

‘

inner product.

Equivalently, a Hilbert space is a Banach space whose norm s

induced by an inner product. Let us now consider some spec\ific
"~ examples of Hilbert spaces. The space E" 1s a Hilbert space with igner

product as defined by

T
<x,y> = xy
or

n
<{x,y> = Z xiy1 .
i=1

The space LZ(kokf) is a Hilbert spécg with lnner product

L b
<x,y> = ) x (kT)y(kt) - -

‘ k=k
o



Ca

-

An extremely useful Hilbert space is used in this study. The
Pléments of the space are vectors whose components are functlons of
time over the Interval [kokf]' We can define the Hilbert space

anB(k ,ke). The {nner product in this case is given by
A
k .
f T R
<V(k1), UCkt)> = ) Vv (kt) B(kt) U(kr)
k=k

O

for every V(ky) and U(ki) in the space. 4\\\

Hilbert Space of Random Variables (38)

If P(g) {s the probability that the randon variable x assumes a

value less than or equal to the number €. The expected value of a

discrete random variable g denoted by u |, 1s defined by ‘
. X .
L ;
E(x] = u = ) g(e)P(E)
X

& -
~

where Z means sum oveg,all x values.
x .
Given a finite collection of real random variables

(xl,x,,...,...,xll], we define thelr joint probability digtribution P

as

R (T ERINER PR 30 | -

,i.e., the probability of the simultaneous occurrence of xLS£i for all

1. The expected value of any discrete function g of x,'s is defined by

i

r

E[g(xl,xz,..‘.,xn)]" 2‘g“(El,Ez,--.,in)?(él,...,in) \ ]



Two random variables xi,xj are sald to be uncor:>\a(od if
i 3

E(xixj) = E(XL)E<xj)

With this elementary background materlal, we now construct a
Hilbert space of random variables. Let (yl,yZ,...,y ) be a flnlte

m

2
collection , of random variables with E(y1 )<= for each 1. We define a
o 1 .
Hilbert space H consisting of all random varlables that are lionear

combination of the yi’s. The inner product of two elements x,y in H is

defined as
<x,y> = E(xy)

If x= Z ﬂiy

= I ¢
i’-y Z 1Yi) then

E(xyS\FE[( Lay ) ] 8 y*),)
,‘ SRR

N

The space H is a finite~dimensional Hilbert space with dimension equal
to at most m. If in the Hilbert space H each random variable has
an expected value edual to zero, then two vectors x,z are orthogonal if

they are uncorrelated: R
\ )

\
<x,z> = E(x)E(z)=0
\

§

-

A

The concept of ‘? random variable can be generalized in an

»

important directiqn., Aﬁ\n—dimensional vector-values;5andom:variéble X

»

is an ordered collectfbn of n scalar-valued random variables.

m

Notationally, x is wtitten\hs a column vector

\
-
\ .
\
\ K
\ .

\



x“col.(xl,xz,XB,...,xn)

(the components belng random variabl;s). x in the above ecquation 1is
referred to as a random yector.

A Hilbert space of random vectors can be generated from a glven
set of random vectors 1in a manner analogous to that for random
variables.v Suppose [yl,yz,...,ym} is a collection of n-dimensional .
random vectors. Each element Y4 has n components yij; i=l,2,...,...,n
each of wh;ch is a random variable with finite variance. We define the
Hilbert spaceHd of n-dimensional random vectors as consisting of. all

vectors whose components are linear combinations of the components of

the yi's. Thus an arbitrary element y in this spacelcan be expressed

as

+ K + .... + Ky

y=K 2Y2  n’n

171

where the Ki's are real nxn matrices.

If x and z are elements of H, we define their inper product as

’ n
<x,z> = EC) x,z,)
=1 11

which 18 the expected value of the n-dimensional inner product. A

convenient notation 1is

) | <x,z> = E(x'z) -

The norm of an element x in the space of n-difiensional random

vectors can be written as



~—-

[lxllf[Trace E(xxT)]l/2 ,

[

where
E(xlxl) E(xlxz){ ..... E(xlxn),
E(xx1) = EGox ) EGgxy)eenen. E(x,x )
E(xnxl) E(xnxz) ...... Eanxn)

is the expected value of the random matrix dyad xxT. Similarly, we

have ) . ~2

T
<x,z> = Trace E(xz ).

A Minimum Norm Theorem (31,37,38)

\ iéth the preliminary definitions and concepts outlined above, " we
are now in a position to introduce one powerful result in optimization
theory. Qur result is a gengralization of the idea that the shortest -
distance from a point té a line is given by the orthogonal to the line
from the point. n

Theorem. Let B and D be Hilbert spaces. Let T be a bounded linear

transformation defined on B with values in D. Let u be a giyen vector

"in B. For each £ 1in the range of T, there existsva unique element uEEB

o >

that satlsfiles

£ = Tu ' -

while minimizing the objective functional

. T



JCu) = llu-ul!

i

s

x..\~ »,//

The unique optimal u ¢B 1is given by :; . 3

u = TT[E-Ta] + u

L4

where the pseudolinverse operator T 1s given by

Tre=r (7T ) ke

. « )
provided that the inverse of TT exists.
We can obtain thé'above result by using a Lagrange multiplier

argument. Here we consider an augmented objective

n

Y -sz
J = [Ju=u]|® +&,(€-Tu)>

where A 13 a multiplier (in factxﬁeD) to be determined so that_ the

constraint €=Tuiis satisfied. By utilizing properties of - the inner

o

x :
products we can write

\ . .
I=| Ju=a-T /2| | 2= T 02 | 2 6>

h ]

only the first norm depends explicitly on the choice of u. To minimize

N
J we therefore require that

u

c marT O/

The vector  (A/2) is obtained using the constraint as the -solution to

eTasgT O/ o <;’

&

Pl



or
(%) = (17 17 2 =Tu)

”
P
\

- R x
‘It is therefore cledr that with an invertible TT we write
x K _1 - N
u£=T [TT ]} "[£-Tu] + u

which 1s the required result.

The theorem as stated 1s an extension of the fundamental minim@m

norm problem where the objective functional 1is
TORRINY
l .
the optimal solutiop for this case is
x  x ~]
ué;“T [TT } “¢.

In applying this resultﬁto'our physical problem we need to recall

two important concepts from ordinary constrained optimization. These

are the Lagrange multiplier rule and the Kuhn—Tué§er multlpliers. An’

\
1

‘augmented objective functional is formed by -adding to the original

functional terms correspbnding to the constraints using the necessary
W,—xkggliig}iers. The object in these cases is to ensure that the augmented

functional can indeed be cast as a norm in the chosen space.

v A \ '
. .-

16



CHAPTER II
A MULTIRESERVOIR POWER SYSTEM WITH A CONSTANT WATER

CONVERSION FACTOR AND A LINEAR STORAGE—-ELEVATION CURVE

2.1 Background

\

In this chapter the long-term optimal operating problem of a
multireservolr power system connected either in series on a river or

series—parallel on a mwmultiriver system is considered. The systen

t

considered here is characterized by @aving a constant water converbion

;
factor (HWh/HMB), and this conversion factoq;is equal to the -average
. (

number of megawatt-hours produced in é month b* an outflow of one Mm3.
The optimization of the monﬁhly ogerating policy of a
multireservoir )hydroelectric power sxgtem 1s a stochastic nonlinear
problem. Hor a small system this problem can be solved %y dynamic
programming,_.but for a large syste? another méthod is required.

. )
Various optimization techniques have beén proposed in the past to solve

this} problem.
Aggregation of the uwmultireservoir hydroplant 1into a -single

complex equivalent reservoir and solution by Stochastic Dynamic

"

Programming (SDP) is one of the earlier-approaches that has been used

'(3,4). . Obviously, such a representation of the reservoirs cannot take

into account all local constraints .on the contents of the reseivoirs,

water flows, and - hydroplants generations. This“model can perform

‘*satiéfacforily for systeﬁs‘where.reéervoirs and inflow characteristics

are sufficiently “"similar” to justify aggregatibn into a.,éingle

[}

-



(‘(,}‘

reservoir and hydroplant model (11).
Turgeon (1,2) has proposed two methods for the soluticn of the
problem. "“the first wmethod (1978) i{s really an extensian to the

aggregation method, and it breaks'the problem Iinto a two-level problem.

-

At the second level the problem is to determine the monthly generatiéh

of the Qalley. This problem is solved by Dynamic Programming- Thé

- problem at the first level is to allocate that generation to the

installation. This is done by finding functions that relate the water
/ ' o

level of each reservoir to the total amount of potential energy stored
A .

in the valley. The second me;hod (1981) 1s the'decompogitibn method by
combining many‘ reservoirs 1into one reservoir for the ‘gu;pose of
optimization of operation of a multireservoir power Sygfem in sg;ies on
a river and using the Dynamic Programming for ;olving n-l problems Aof
two state variables each. ’The‘golutioﬁ.obtained by this method ié‘ a
function of the water coutent-éf that reser;oir and the ‘£otal energy
content of the downstream rééervoirs.The main drawbaék is that the
approach avoids ahswering the basic questign,as to how the indiYidual
reservoirs in the sysiem are to be operafed in an ;ptimal fashion (15).

Also, the inflows to some feservoirs mdy be periodic in phase with the

. annual demand' cycle, while other reserjvoirs have an inflow cycle which
= . .

lags by a certain time (rzi:

.

Stochastic Dynamic Programmin

with successive approximation

(DPSA) has been _prdposed to solve the problem of a -parallei
e - . ' " i :

multi:gservoir hydfdoelectric powelr system (2).. The successive

-apprOXImation involves a "one-at-fa-time"” stochastic optxmization of

t

b o
8 repeated over all the reservolrs

o L
A

each reservoir.  The 'ﬁfocedu:e

18



until convergence .is attaine® The major drawback of'this approach 1is
that it ignores the dependence of the operation of one reéervo;r on the
actual energy content of other reservolrs.

In the Aggregation—DecgmpbsitiOn (AD) 'approach (2), the
optimization of ‘a system of n reservolisis brok;a into n subproblems in
which one reservoir is optimized knowing gpe total energy Eontent of
the rest of the reservoirs. For each suggioblem one "of the reservoir-
hydroplant models ‘is retained;and the remaiégﬁg n—-1 are aggrepgated into

an .equivalent reservoir hydro-plant model.

‘A comparison of the last two approaches, DPSA and AD, has been

LAt . l/’
: e : . A
done in referenceé®£&f} on a simulation basis for a six complex reservoit

pos

_system. The results indicate that the' AD approach gives better results

and the comﬁutational effort increases only linearly with the number of

reservolrs.- More precisely, for ' each new reservoir added to the

system, only one additional Dynamic Programming problem of two-state

variables has to be solved. The computing time for each one of the

I

last two approaches was 150 minuteslih CPU unifs.

Unfortunately, all the present techniques used for'solving the

long-term s8tochastic optimizationtproblem areiiimitedk to stochastic

Dynamic Programming - which suffers from'major pfoblems, _when 1t 15

!

applied to a multidimensional problem, including excessive demands- on o

computing time and,storége requirements (2). o

series and parallel multireservoir power systems 15_ considered. We -

- assume that the water conversion factor assigned for each hydroplant is

- . . . LY ) e ’ ) .
a constant, and this conversion factor 1s equdl to the average number

-~ ’ i
<

l

//7

In this chapter the optimal long-f%tm optimizatioh‘problem' for -
- .. , ] @ L
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of megawatt—hours préduced in a month by an outflow of one
3

-

'Hm3( 1Mm

elevation curve i{s linear.

2.2 A Seriés Multireservoir Power System*

2.2.1 Problem Formulation

2,2.1.1 The System Under Consideration

The system under copsideration consists of n reservolirs connected

in series on a’river. wé'will number the installations from upétream’

to downstream (Figure_Z,f), and dehote by the following:

-

yik A random Va:iable representing the natural Lnfloé‘toﬂreservoir i
3 3,363 -
’ in period k in Mm” (IMm =10 m™ ). ~ These are statistically
independent random va:iables with, normal distribution
K | . 3
Xy The storage of reservoir 1 at the end of mon;h k in Mm™,

L f

where xi‘and ;1 are tthminimum and maximum‘Storages in Mm3'

3

’

s k - The spill‘from the reservoif i_dd%ing a period k in Mm

@

% ~
Ve

_* A version of this section has been{aééepted’for bubiica;ion in the S

Journal _of Optimizatien-ihebry énd Applicatidnk(JOTAQ, Jépuqry‘Al§85,7g

Ref. 23. . * ’

-

LT 6 3 * " -
=10"m7). Also, we ‘assume -that the reservolir's storage-

.:n
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Figure2.1 A Séries'Multireéewcﬁr Powér System
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Coom e n
LIPEL) Vi(x, + ]

Hydfoeleetric power plants in series on a river.“ In vmachematical‘

N

Cterms, che prqblem?for the power system of . Figure (2 1) 1s to deCermine

-

the discharge u k. i I,...,...,n, k 1,...,...,K that maximizes

1 ’

A= od

k
i s
{é‘- .
k — k . o . B .
where uy and u, are the minimum aphd maximum disctiarge. ' If
kK —k k — k- S o
u;orouy then, ug Ty is discharge{ through the spillway
. Ko ok=ly .. o
H (ui ,x1 ) =  The generation of plant 1 in period k in MWh
flVi(xiK)i Valqe of the water remaining in reservoir-{ at the end of
the last period studied in dollars /
éck ‘ Valueiid’dollars of one MWh genérateq anywhere’on the riyer
1. "éhb3criﬁt denotihg the installation humber} i’i,.i.,...;q -
k ‘Superseript denoting the month; k*l,:..,...,K
s g - '|‘ ,.' - . 3 N } ) .. . ) .
‘ 2 2 1. 2 Statemenc of the Problem. o ”‘*\;\( ' :
‘The problem 1s to d&Ehrmine the optimal operating policy ‘n,

’



" for the turbines. The second set 1s determined by the discharge

'
Subject to the following constraints

.8 '
(1) The reservolr dynamics may be adequately described by the

following discrete continuity equation

-1 ‘ k . ,
x K . x K l+y1k+u k-'u k+s kfs s (2.2)

where
\ /
° k-1, k. k k  ky,—k k-1, Tk k K ky~ k
- : - 5 +s + - . »
Cey "y ps gty T )T TR T ey sy ey g )y
k k - ' -
kg _ 2.3
s, and Xgoxy . ( )
o, othérwisea
(2) The operating reservolr constraints are '
. K _ .
< < 2.4
X X ( )
e et ) (2.5)

. - \n
The first set of the inequality constraints simply,6 states that

[
toy

the reservoir storage (or elevation) may not exceed a maximum level,

’ nogﬁ:be lower than a'hinimum level. For the maximum level this is

determined by the elevation of the spillway crest or the top of the
splllway gates. The minimum level may be fixed by. the elgvétion of

the 1owé§g,au;let in the dam or by conditions of operating efficiency \\>

capacity of the power plant as well as its éfficiency (32) we are given

<



0 k k-1
X, , Hi(u1 » Xy

K .
{ )'Vi(xi ) and parameter ck; the symbol E in equation

(2.1) stands for the expected value.

%

2.2.1.3 Nodelling of the System

The conventional approach for obtaining the equiQalent reservolr
and hydroplant is based on the potentlial energy concept. The‘reservoir
on a river 1is mathemaf&cally régresented by an equivalent potential

\) energy balance equation. The potential energy bélance equation s
obtained by multiplying both sides of .the reservolr balance—of—wptér

' g
equation by the water conversion factors of at-site and downgtream

hydroplants (3,4). We may chboserthe following for the function

. K )
O Vi(xi ) (1) -

n
v = T nax N s (2.6)

_where h 1s the average water conversion factor (Hwh/MmB) at site j.

]

In the above equation we assumed that the cost of thls:-energy 1s one
dollar/MWh (The average cost during the year).
The generation of a hydroelectric plant 1s a non-linear function

of the water discharge u k and the net head, which {tself 1s a function

i

of the storage. In this section, we will assume a " linear relation
\ ,
between the storage and the head (the storage-elevation curve 1s linear,

and the tailwater elevation 1s constant independent of the diécharge).
k-1

e .
1 , ?i )y (1)

We may chbose the following for the function Hi(x

4

= b - (2.7
{ ) = a u, + biu} Xy MWh A .(2 )

. k k-1
Hi(u1 ,X



ax
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where ai and b1 are constants for the reservoir 1. - These were obtalned

by least square curve fitting to typical plant data available.
e P TR )
Now, the cost functional in equation (2.1)-becomes

n n n K
K ~ k k k., k k-1 .
J=H Z N ,hjxi + 7 7 (Ai uy, tuy BTy )] S
1=1 j3=i i=] k=1
(
where
kK ok . *
A1 C ai
k k
B1 c bi

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

The problem now is that of maximizing (2.8) subject to satisfying

constraints (2.11-2.13).

2.2.2‘A Minimum Norm Formulation

r3

The augmented cost functional is obtained by adjoining to the

cost function (2.8) equdtion (2.11) via Lagrange's multiplier, A

the inequality constraints (2.12)and (2.13) via Kyhn-Tucker multipliers

L

3

k, and

N



(40). One thus obtalns

™ n n n K v
K k k. k k-1 S L k-1
3= + +u, B + -x, +
3=E| z y thi ; 5 (Ai u u B xy 'y ( X,oHxy
i=1 j=i i=1 k=1
+ + k—u +s k—s k)+e (x, —-x k)
Y Y- 7Y TPl SRS B

<u15-u )) ] (2.14)

K .
where e, » e , f and filk are Kuhn-Tucker multipliers. These are

equal to =zero, 1f the ¢Constraints are not violated and greater than
o \

zero 1f the constraints are violated (32).

Pefine the following nxl column vector such that

o
H = col. (Hl’ .,....,Hn) (2.15)
k=
where
n - ’ .
He =] h, ' (2.16)
3= | -
A(k) = col. (Aik,....,....,Ank) ' . (2.17)
2
k
x(k) = col. (xlk,.L..,....,xnk) . (2.18)
u(k) = col! (ulk,....,....,uuk) »v _//' . - (219
k k

y(k) = col. (yl TEEEFREETNS ) ) ‘ _ (2.20)



= (2.21
s(k) = col. (sl , ) S ) ( )
k
A(K) = cole (A, ,eeceyunensh ) : (2.22)
1 n
\ .
k 1k k .
= - ,(2.23
by T ey e, ( )
k k .
4 (k) = col. (ul R RN ) (2.24)
k 1k k
= - 2.2
vy f1 ) fi | ‘( 5)
k k .
v(k) = col. (wl R ) (2.26)

Define the following nxn diagonal matrix

1
4

' |
Ky (2.27)

‘ k
B(k) = diag.(B, ,.ueepeene,B

Furthermore, define the following lower triangular matrix M whose \\\

elements are given by \

(1) my, =" 15 1=l,...5.0050

S

(11) m 13 3%l,eeee,eena,n-l o (2.28)

(3+41)3

(1i1)the rest of the elements are equal to zero

Using all the above definitions, the augmented cost functional in

equation (2.14) becomes | ¢
' ‘ #

*

Sy

.ﬁ.
<
N
]



=

K
Fee(nTx(x0+ T (AT GOulO+ T (OBGOR(K=1)
k=1

+ AT(k)(—x(k)+x(k-l)+Hu(k))+Ms(k))
+ L0 x O+ GOui) ] (2.29)

Employing the discrete version of integration by parts (33)*, and
dropping terms explicitly independent of x(k-1) and u(k), one thus

obtains
t

\ T T Koo
J=EL (- () x0T (0)x(0)+ T (' (k)BGO)x(k~1)
k=1

+ ) =aCk=1)+u(k)) Tx(k=1)

+ (AGKO)+MEAGO) M A +p(k ) Tu()) ) ] , (2.30)

*The discrete version of integration by parts 1is as follows
K T T, T T

Z ) x(k)= 0 (DIx(D)+ 2 (2)x(2)+. e ete oot n (K=D)x(K-1)4+2" (K)x(K) .
k=1 ' ' '

" If one adds AT(O)x(O) and 8ubtfécts»AT(0)k(O)_from the right hand side

.

of the above equation, one obtains

AT 0% 0==2T(0)x€0) AT (RIKCK)+H(ATC0IKCON+ . o o abuv s o+ AL (K=1)x(K=1)
1 . ¢

it o~

k .

K1 x T T K T .
TN Rx(K)== A (0)x(0)+ X (KIx(K)+ 7 A (k-1)x(k-1)
k=1 - k=1 :

28



N, '
It will be noticed that J in equation (2.30) is composed of a

boundary part and a discrete integral part, which are independent . of
each other.
If one deflnes the vector X(k) such that

xT(k) = [xX(k-1), ul(k)] (2.31)

v .
Then, J in equation (2.30) can be written as

K .
T=E((H-A K Tx ()T x(0)+ T (XTGOLUOXGO)+RTOX (k) ) ] (2.32)
k=1 :
where
— 0 1/2 B(k)_1
L(k)= ' is 2nx2n matrix (2.33)
. 1.
and
RYGO=[ O =D+ )T, (At T O+ T (2.34)

!

Note that terms which do not.expkicitly depend on X(k) are dropped in

equation (2.32). o \ . s | p

If one defines the vector V(k) such.that

;

29
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™

then, the cost function 1n equation (2.32) can be written {in the
following form by a process similar to completing the squares as

K .
JOXCO+1/2v00) TGO (KO +1/ 2V (k)

J=E[{ (= (K)) Tx ()2 T(0)x(0)+
- " k=1

- 174 VIGOLGOV) )] | (2.36)
The last term in equation (2.36) does not depend explicitly on

X(k), so that it is necessary only to consider

N T T, .
J=E[ (H=» (K)) "x(K)+x " (0)x(0)

+V LXGO+ 1/2 v TLaO GO+ 1/2 v())Y] (2.37)

k

b ~1)

1

. . Y .
To maximize J-in equation (2.37), one maximizes the boundary and

the discrete integral parts éeparately (40). Hence one can write:

L]

Max.s; Max.E[(H—x(K))Tx(K)+AT(0)x(0)]
[x(K),X(k)] =x(K) ;

4

L |
¥ Max.E[ ] (XGO+ 172V TLOO (X(K)+ 172 v(k))T]
X(k) k=1 o : ,
P ‘ ‘ I o ‘ - < | _'-(2-38).

.
1

V(k) = L UORMK) R (2.35) ¢
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K I

The discrete integral part in equation (2.38) defifes a norm,

hence this part can be written as '
-
Max.J, = Max-E(|[X(k) + 1/2 v(k)!l]L(k) (2.3
X(k) X (k) o 3

2.2.3 The Optimal Solution

There 1s exactly one optimal solution to the problem formulated
in equation (2.38). The boundary part in eqdation (2.38) is “‘optimal

/
when
E[A(K)] = H ' - © o (2,40) *
' O
> . . o

because 6x(K) is arbitrary and x(0) is constant.

Since it is desired to maximize J in equation (2.8), the problenm.
.1s mathematically equivalent to minimizing the norm in equation (2.39).
This norm is considered .to be an element of the Hilbert space because-
) ‘ FAAREN

" X(k) is always positive. Hence, the discrete integral part in equation - v ,)

P

(2.38) 1s maximized when the norm of equation (2.39) is eqpél to zero.
. . ' - -

E[x(k)'+:1/2 v(k)] = [0] ” ; (2.41)

Substithting from equation (2.35).1nto equa;ion'(z.él) for V(k), one
finds the optimal solution is giyen byf | “ I

| ‘;:E[R(k) + 2L(k) x(ki] = [0] : : (2.42)

. Writing equation - (2.42)‘explic1tly and éddingv\thg 'contindiﬁy

' equatiop;(Z.ll), one obtainsmthe following long-term éptimal equations

]
»



Xariables (AO)v

for a series multireservolir power system.

/

t

) E[—x(¥)+x(k—1)+y(k)+Mu(k)+Ms(k)] = [0]

E[ A (KY=2(k=1)4, (k) +B(k)u(k) = {0]

E[ACK) + MO (k)+M5 (k)4 () +B(k)x(k=1)] = (0]

*

We camn now state the optimal solution of equations

(2.45) 1in component form

k “k k k k k k k-1
Efc aiFX1+l Xi +“i+1 Ty +wi +c bix1 ]

(2.43)

(2.44)

(2.45)

(2.47)

=‘O;i='l,....’,...,\'1'(2.48)

" ‘Besides the above equations, one ?as_che following limits on the

o,
If x k < X vtheﬁ ﬁf
If x5 > %,, ther '
. x1 xi, then put
k. k-
If U< Uy thgn pét
kK -k

If u, > u, , then put'




L

One also has the following exclusion equations which mudt be

satlsfied at the optimum (32)

k k .

(ﬁi - xi‘? 70 ' 7

R 1

_ /
eilk(xik - xi) =0 ’
. .(2.50)

k, k Ky . )
fi (gi u, ) =0 ,

Ik, k _— ki
fi (ui Ly )=0

Equations (2.46-2.50) with equation-(2.40) completely specify the

" opt{mal solution. The following algorithm is used to solve ghese
N ) ]

equations. : ' o
L ’ 7

2.2.4"Algorithm for Solution

- ~

Assume given: “the number of resérioirs_(p), the expected value

‘energy in S/MWh‘ck.

1

Step 1 - Assume initial guess for the variable u(k) such that

.

U(k)SU(k)<U(k) . i=iteration gumber; 1=0

’

‘Stgp' 2  First assume:thét’s(k) is eq;al to zero. Solve equattion
T | (2 43) forward in stages. with x(O) given |
Sgep 3 _ Check the lipits on x(k) If x(k) satisfies the . ;nequality,\
= o .- 55x(k)<x . i; . o et o

Step 4~ Calculate the new discharge u(k) from the following equation

’

-2 -

CEluCl) 1=EL M) M (k) =x(k=1) =y (K)) ] -

-

for the natural inflow yik, the initial std;age xf), and the cost of

R 86 to Step 10;:‘othefﬁise put x(k) to its limits and go to’

33



QO Step

-

Step

Step

“Step

Step

5

8

10

St:ei) 4 t

Uput (k) = 0

.

Ch;ck the iimits on ﬁ(k). ‘If u(k) satisfies the inequallty
’ u(k)cu(k) ulk)
go to Step l4, othgrwige put u(k) té its limits and’go to
Step 6 |
Calculate the'spill at month k from the following
: E[s(k)j’E[[M]_l(x(k)fx(k—l)‘y(k))‘G(k)]
If s(k) <0, put s(k)=0

Calculate the discharge from the following eqdation

ELu(0) J=EE[1] 7 (x () =x (k=D =y (k) =115 (K)) 1} -

‘Solve equation (2.43) forward in stages with x(0) given, and

using_the‘yalue of s(k) calculated in Step 6

Check the limits on x(k). If x(k) satisfies the inequality
N ¢ ) .

x < x(k) < x

go t? Step 10, otherwise put x(k) to its limits and go to
\ - . L i .

v

CWith w(k)=0, solve équac;on‘(Z,Aé) backward in stages 'with

equation (2.40)'asﬁa terminal condition

' C%lculate thn~Thcke;‘multLpliers for'h(k),’ $(k), from the

Afollowing equation

ELu () 1=EMTBEAO0OTHTX (km)-BGOx (k=1)-ACK) ]~

 If u(k) satisfies theiinequality S o

() € ul) < TW. L

, - - . @

R B

Note tﬁat, the * above vequgtion for p{k) "is ;bbtaihéd' by’

" . multiplying 'equétion (2.44) by [MT],' and subt;@cﬁing thé

-1

7

34
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Step 12 .

Step 13

™~ Step '14

Step 15

. Step 16

. §tep 17

. Step 2. - . - ' a e

resulting equation from equatiénA(Z.QS)

-Determine a newy control iterate from the following equation

i+1 *

“Elu (k)] = E[u (k) + aDu (k)]

where-

E[Du(k)] = E[A(k) + MTX(k) + B(k)x(k-1) + ¢(k)]
and a 18 a scalar ‘'which 1s chosen with consideration. given
to such factors as convergence

+1 i+1

Chéck the limits on ui (k). If u (k) satisfies %he{}‘

ihequality

u(k) < u (k) < uk)

"go to Step 14, otherwise put u1+l(k).tp its limits and gqﬂto’

'bAr

"Solve the following equation.forward in‘Stages

E(ACk-D)] = E[BCOuC)-(" 17 a0 -1 )7 BGOx(k=1) ]2

Determine Kuhn-Tucker multipliers for x(k), u(k), from ‘the

!

; following equation

/

Determine a new state iterate from the’approximatipﬁ :

E(uCk)] = EC-a00-1¢1 T Aw0-1uT1 7 Bk
If x(k) satisfles the inequality

3 < x(k) < ;

put_u(k) = 0

Elx )] = Elxt @) + apx (1))

A

where T ' - ST o ‘f T

a o~

E[Dx (k)] = E[A(k) - x(k-l) +. u(k) + B(k)u(k)]

_Repeat the calculation scatting from Step 3. Continue until  .f

the - state x(k) gnd_ the contrQl u(k?) do"hot."change -

. - S o - v
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significantly Frvm fteration to iteration and J In equation
" (2.8) is 'a maximum

2.2.5:Practical Example (1) - > -

The algofichm of the last sec;ion'has been used to determine the
optimal monthly operation for a period of a year for the same system

- meationed in Ref. (1). This syscem consists §f . four reservoirs (n=4)

-connected. in series on a river, the characteristics of which are given

)

tn Table (2.1).
1f d© denotg'tg;/::lper of days in month k, then -the maximum and

minimum releases in Mm3 during a'm%nth k 1s gdven by:

%

ﬁik = 0.0864dk(ﬁaximum effectiye discharge in mj/seé)
| (2.51)
- Ko ¢ K, , , .3
: u = 0.086Q$ (minimum effective discharge in m”/sec)
o . s ' _ .
where the maximum and -minimum effective discharges are given in Table

- =3
2.n. - - o

- As we mqntioned eariier in ;his chapter;a the storage elévatio?

‘cgrve }g- Iinear. iIn tables (2.2-2.5) we give the variation " in the

" percentage error of - the water convérsion factor ;tﬁwh/Mm3)' with the
’ . ! ’ ’ . ) . - ‘\, R . { . . " - l" b K
'stérége,' We - assumie that the efficiency of the pIant 1is constant.

’ - - - R R

.From thiese, tables one can notice that the percentage error 1in the .

MWH/MmQ'ggperatéq hnde;jthis_assumptibnvié;very‘Smélil
'Thé‘lMWhggéﬁerated'af‘each

¢
R [
1 : P -

power ‘house for the four reservoirs is ..

36



. N
k k—1 k -3 k-1 k
Hl(u1 » Xy ) 11.8u1 +1.3x10 X, ‘) MWh
H.(u k‘x k—l)‘=231.5u k+9.532x10‘3x k—lu k MWh
22 % 2 Y2 e
oK K a0 o0 K10 667x00 3% K h K } (o)
3243 0 %3 20T, X 3
kK k-l ok ‘ -3 k-1 k
”4(”4 » X, ) A37.0u4 +11.173x10 X, u, Mwh

We have simulated the monthly operafion of the system for widely
different water conditions. In Tables (2.6-2!11) we have reported the
results obtained in two typical years. One with high flow and one with

low " flow. the natural inflows to the sites in the year of tigh flow,

which we call year 1 are given“fl‘able 2.6.
In Table 2.7 we give the optimal wmonthly release from each
reservolr and_-the"profits realized in year | fo:7the optimal' global-

feedback solution. In Table 2.8 we als~ -give the optimal storage for

each reservolir during year 1. .

: %
The moﬁthly natural inf15WS/20 the four-sites in year 2, which 1s
thewyeﬁr'of the low flow are given in Table 2.9. In Table 2.10 we also
givé the optimal monthly releases from each resérvoir and the profits

realized durlng year 2. In Table 2.11 we give ‘the optimal storage for

" each reservolr during year 2. We began both years with
. " . ) S

x5(0) = [6588.5, 557.9, 48.9, 3347.4) Mnm>

The processing time tequired to detérmine the optimal monthly
operating poliéy for a period of a year for the system just described’

was 1.2 sec. in:CPU units, ’ . -

/
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. 3
Table 2.2: Variation of MWh/Mm~ with the storage and the

percentage error for the first reservoir

Storage | Given Calculated % Error

Mm> MWh/Mm3 HWh/Hm3

0 11.28 11.80 4.610
1925.6 14.41‘ 14.30 -0.741
3851.2 17.02 16.81 '~1.254
5776.8 19.54 19.31 -1.178
7702.4 - 21.97 21.81 -0.714
9628.0 24.32 24.32 0.000

Table 2.3: Variation of HWh/Mm3

percentage error for

o

with the storage and the

the second reservoir

Storage Given Calcula;ed % Error
M Mih/Mo® | Hh /M

0 231.53 231.500 -0.0130
114 232.68|  232.587 -0.0412
228 ; 233.81 233.673 -0.0585
342 /. 234.89 234.760 -0.0553
] i ~
456 f 235.94 235.850, -0.0396 .
570 { 236.96 236.933 . -0.0113




Table 2.4: Variation of MWh/Mm3 with the storage and the .

percentage error for the third reservoir

Storage Given Calculated % Error
Mo Mh/Mm> | MWh/Mmd
0 - 215.82 215.82 0.00000
10 215.95 215.95 0.00000
20 216.08 216.07 -0.00463
30 216.20 216.20 0.00000
40 216.33 216.33 0.00000
50 216 .46 216.45 ~0.0031
Q

Table 2.5: Variation‘of.MWh/Mm3 with the storage and the

percentage error for the fourth reservolr

Storage Given Calqulated Z Error
ﬁm3 Mwh/Mm3 MWh/Mm3
‘ A
0 431.75 437.00 1.22
684 441.99 | 444.64 0.60
1368 4@9.94 452.28 0.50
12052 " 456.54 | 459.93 - 0.74
27% 462.32 |  467.57 1.14
3420 . 467.52 | 475.21 | 1.6




Table 2.6: Monthly inflows to the four sites in year 1

and the cost of energy

Month ylk yzk y3k yak ck
k Mm> M Mm> Mm> $/MWh
1 828 380 161 1798 0.78
2 829 331 82 | 1201 0.93
3 578 224 41 810 1.03
4 394 146 32 486 1.34
5 265 95 18 302 1.42
6 233 82" 14 258 1.34
3;7 193 68 6 194 1.21
'8 219 127 279 1485 0.98
9 1101 614 181 3239 |°  0.83
10 1887 781 205 2560 0.73
11 1150 X 491 | 146 1583 0.70
12 824 | 363 132 1454 0.76




Table 2.7: Optimal monthly releases from the reservoirs and

the profits realized in year 1

Month | ° ulk uék u}k uék Profits
k Mm3 ; Mm3 Mm3\ Mm3 S
1 0 368 528 2253 990816
2 | 1037 1418 1499 2700 1828432
3 853 1076 1118 1928 1473793
4 1071 1465 1547 2244 2300938
5 968 1130 {098 2855 2656644
6 1071 . 1336 . { 1400 | 3161 | 2785338
7| 1037 1127 1133 1580 1475190
8 0 0 229 | 1310 609669
9 0 446 . 627 2326 1051100
10 * 0 506 711 2330 979250
11 0 491 637 217 | 873310
12 0 363 495 1794+ 788087
<
Value of .water remaining in the
reservoir at the end of the year‘ 10414598,
Total‘Profits : 28227174
{




Table 2.8: Optimal reservoir

—

J

. !

storage for year |

Month x]k X xzk ka" xé.k
k Mm3 Mm3 Mm3 Mm3
1 '7517 570 “50 | 3420
2 7309 520 50 | 3420
3 , 7034 520 50 | 3420
6 6357 272 0o | 3209
5 5654 205 50 | 1755
6 4816 22 0| 253
7 3972 | 00 0 0
8 4191 127 50 404
9 5292 295 50 1943
10 7179 570 50 | 2884
11 8329 570 50 2987
12 9153 570 50 3142
S



Table 2.9: Moq}hly inflows to

\

the four sites in year 2

Month y k y K y K y k
g e ’ e

k Mm Mm Mm™ Mm
1 "sé; . 227 29 708

2 442 173 150 772

3 460 171 22 608
4 - 505 187 22 601
5 324 116 22 272
6 305 113 "9 307
7 208 81 13 219
8 161 119 259° 1327
9 498 301 64 1539
10 ’é42 274 51 886
11 429 169 22 605
12 527 229 (->75 895




1

Table 2.10: Monthly releases from the reservoirs and the profits

realized in year 2 ‘

Month ulk u2k ué% uAk Profits
k Mm3 ’Mmj Mm3 Mm3 S
1 o| 215 | 343 878 405647
2 ."1037 1262 | 1412 | 2242 1573185
3 881 | 1052 | 1074 1524 1308419
4 1071 | 1465 [ 1537 | 3107 2829756
5 968 | 1319 | 1341 | 2855 2759020
6 1071 | 1260 1299 | 2628 2380707
7 | 1037 | 1118 | 1131 | 1418 1383345
8 0 0 209 | 1470 675513
9 of o 64 | 1454 541237
10 0| 115 166 91 75287 .
1 .| o] 169 191 | 114 | . 93025
12 ol 229 304 154" | 144909
L Value of water remain;ng in
- the reservoir at the end of
. the year A »J__;fﬂl%?5203
T Total.ﬁenefits LT 21335253 n
M i

H
1

a s - . . f.



- Table 2.11: Optimal reservoir

1

storage lnwyear 2

Month X lk X 2k x :3k x Ak
| k Mo® | Mo’ M® M
1 7257 | 570 50 3420
2 6662 | 518 50 3362
3 6240 | 518 - 50 3420 ]
4 5674 | 312 0 2452
5 5030 | 76 0 1210
6 4246 0 0 189
7 3435 0 0 121
8 3596 | 110 50 187
9 .1 409 | 411 50 337
.‘10 4736 | 570 50 1298
1 5160 | 570 50 1980
12 f‘5687 570 "50 3025
}




2.2.6 Discussion

From Table 2.?, it will be noticed that the total benefits from
the system during the first year (we; year) using ouf approach is
$28,227,174 with computing time 1.2 sec. ‘in CPU units; while for the
game using the decomposition approach and the Dynamic Programming (DP)
éé’ mentioned in Ref. 1 1s $28,165,760 wifh co@puting time 12 sec. 1In
CPUlpnits. The Increases 1in ghe total benefits during the first year

is $61,414 ‘while the computing time is less by several orders of

magnitude than the computing time required by Ref. 1.

On the other hand from Table 2.10, the total benefits from the
system during the second year (dry year) using our approach 1is

'$21,335,253 wi%h computing time 1.2 sec. 1in CPU units, 76;;; for. the

samé system as mentioned 1in - Ref. 1 1s $21,155,030 -using ‘the

3

decompbsition approazh and the‘Dyﬁamic Programming with computing - time

12 sec. ’'The increase in the total benefits is $180,223 which is less .

<x

than one percent (0.85%).- Althoﬂgh the total benef;(élére'the same,i

the computing time using our approach is very small compared to the
. = ',} ' : .
computing tdime using the Dyfiamic Prpgramming (one tenth ‘the computing

time usmg DP). \ B
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2.3 A Parallel Multireservoir Power System*

In section 2.2, we proposed a new attractive and efficient
approach to solve the 'opfimal long~term operating _probiem“ of

multireservolr ,power sgsystems  connected In series on a river. The

problem is -formulated as a minimum norm problem. We_ compared—Our
approach with one of the well-known approaches, Dynamic Programming,

through an example. The computing time using our approach was very
. , . - K
small compared to the.computing time using Dynamic Programming for the

same systém. At the safie time the total benefits obtained using the

\

proposed approach is greater than the total benefits obtained using the

3

Dynamic Programming.
*This section 1is devoted 'to solviné the optimal long-term

ogtsstidg problem of a parallel .multireservolr’ power system., -In

formulating the prbblem as a minimum norm problem, we assumed that the

water conversion factor assigned for each hydroplant is g‘@ﬁgécﬁﬁk, and

the time of water travel between upstream and downstream resarvoirs are

assSumed to be shorter than a month, for this reason, those times are
.. )

not taken into acggﬁnt. Transmission line losses are also neglected.

2.3.1 Problem Formulation

2.3.1.1 The System Undér Consideration .(2)

The . system under consideration consists of m independent rivers,

with one or several reservoirs.and gower .plants in series on each, and '

o

r

* A  version of ,thiéASeccioq has been accepted for‘qublicationv 3ﬁ;-

Journal of Optimi;atibd Theory and Applications, January 1985, Ref. 24.

[ _



" {ntwerconnection lines to the neighboring system through which energy

may be exchanged (Figure 2.2). We will denote by the follow%:éz

N
~

~

=

yijk A random variable representing the natural Iinflows to reservoir 1
. o 3, 3_..6 3 A
on river j during a period k in Mm (IMn™=10"m™). These are
statisticaldy  independent random- variables with normal
distribution
uijk The effective discharge from reservoir 1 on river j in period k.
fn Mm>. This is the water released from the reservoir to- the
» allied power plant to produce electricity;
u k k 5 k
13 < Y%3 = Y4y
o k _ k . ) - -
where: Eij and uij are the minimum and maximum discharges. If
uijk>613F and the 'rgseryoir is ﬁdllﬂ then uijk—ﬁijs‘"Mm3‘ is
discharged tihrough the spillways., . '
. k /: . o . - h ,\,“‘
Xy 3 The content of reservoir 1 on river j at the end of month k in/}
a MﬁB; v o : - F
A4 k ‘ , : ' - s
X k ; ‘ s
=1j 13 = "13 ‘

where x and X, 4 are the.midimum aﬁd-maximum storages

-1} 1y

Hy (uijk ijk-¥) The generatioh\of plant 1 on river j tn period k- in
. ‘ N X :
. MWh., It is a function of the discharge uijk and of the water

head, which itself 13 a functiopﬂof the allied reservoi;“storaée"

3



‘ i.e. find the dischalie uijk.that.maximizes

K

(x ). Value 1in dollars of the water remairing in reservoir 1 of’

Vigt*yg - el
river j at the end of the last period studied

¢,  Value {n dollars of one WWh produced an;yhere on the river j

7 )
s k ~The spill from reseerir 1 on river 3 K; Mm3\ ijk“o

< ’ “
n Number of reservoirs onlyive; j N\

N

-
1

k - Supef5cript.denoting the period, k=ls....,... K
m - “aNumber of rivers

s - »

’
/
3

2.3.1.2 Statement of the Problem

The problem {s td determine the monthlf%mptimal Operating policy

.of" a muitireservoir hydroelectric power system in ‘parallel (Figure

2.2). . In wmathematical terms, the problem for the power eystem of

' Figure 2. 2 is to determine the discharge uy é& that maximizes the total

benefits from the system (benefits from hydro generatL{E\and from the

. ~amount of =~ water ,eft in storage at the end, of ﬁ@? planning period)

E =~

» ) \
n

.5 ko3 K :
Jeg[ ) Z v 9T T T RIS (2.53)
g2l i=1" e S T
)Sdbjéctvto satisfying therfolloﬁing'constraints ' o ’1_

x

A

(1) The reservoir dynamics may be described by the following discrete

: i
continuity equation
o |

K . . k-1 k kK k. kK ok

137 %137 iy PPa-ny T Te-ng Py

(2.54)
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(2) The operational reservoir constraints are

K -
X, . TX, ., X, | (2.59)
—1)yT 1) T 1)
u ey Mg K : (2.56)
—ij —1j — 13
o
where
p
k-1 k k : k ky — k k-1
+ + - - .
Gy Mgy e - Ry Ty TGy
k k k k — k k
LR + + - . : - ,
543 . +yij u(i—l)j 3(1_1)1 xij ) Uy | and iy o> X (2.57)
. 0, otherwise
and given xﬁ 0 i=1 n j=1 . | m, the fumgptions H, (u K
i g g3 5 1heeeseeny, j=1,...,...,m, 3 1380
k-1 ‘K k
. th met ; th b E stand f
_x;j ) and Vij(xij )} and the parameter cj P e, symbol E stands for

.-

the expected +value. The expection in equation (2.53) is taken with
respect to the random variable yijk

2.3.1.3 Mathematical Model

e

The generation of a hydroelectric plant is a nonlinqar function
: 2

of water discharge u

13

function of storage. In this study we will assume that the storage;‘

and reservoir head, whi¢H  in turn, 1is a

elevation curve is’approximately linéar, We may choose the following

. . - ko k-l i Ky . .
fgr‘Fhe,functions Hij(qij_,xij yand Vij(xij ) (1) | 3
Uk L k=ly oo oo k-l k B '
,ﬁij(gij ,T;J _‘) :fij‘*ij ? Uiy MWh L ‘(2.58)
S SR ' o W

e



n
K J K .
= S L N 2.59
‘ O A M T I R FEPEFRRN I (2.59)
v=i
where
k-1 k-1 3
= + MWh/M 2.60
fij(xij ) aij bijxij /Mm ( )
and aij’ bij are constants, these were obtained by least square fitting

to typical plant data available. (
: ‘ I

. [
Substituting from equation (2.60) into equation (2.58), one

obtains

k k-1 4 k k k-1 ’
u (o w = a | .
nij\hij ,uij P, uijllij +bij\lij xij MWh (2 61)

.Q

. In equattion (2.59), we modelled the amount of water stored at the

last month studied by mhltiplying this amount 6f,watef by the water
6 . . LY i *

conversion factor of at-a+site and downstream Treservoirs, and we

assumed that the cost of this énergy is ‘one dollar/Mwh (the’ average

-

cost of enérgy during the year).

\ Now, the cost,functional in equation (2.53)-becomes

-

n, n n

S 3 S j K : " Lk -1 } L
J=e[ | ] 1} hvjxin+ !l 1 {Ai.ku1?'+8%¢kui.kxi.k l}j (2,62)
j=1 i=1 v=i j=1 1=1 k=1 3 13 713 13 . ‘ ‘

Subjeéf tohsatisﬁﬁing"the following constraints
4
x = x s

137 "1y iy Ma-ng M Pa-ng g

k k,l k k k — k k (2.63)

&



K x
—1

213713 g

u k'u k(ﬁ k
Sy =My =g

where

2.3.2 A Minimum Norm Formulation

(2.64)

(2.65)

‘ (2.66)

1 ' . X .
The augmented cost functional is obtained by adjoining to the

cost function in equation (2.62), the equality coanstraints (2.63) via

Lagfange's multiprier ~and the inequality constraints (2.64-2.65) via

«
Kuhn-Tucker multipliers, one thus obtains

a

~
Wm0 . m i K
JE[ } 'V ] hvjxi§~ ) {AljkuijktBijkul]k l]k‘l
o :3=1 i=1 v=i j=1 i=1 k=1

k, .k, k=1,  k_ k, k., k
( xij,+xijAf +u(1_“_l)j Ty +qij-)+eij (

C ok, k= K, k. kyi. Ik
R TRASTIR TR ®



k ' k "1k ..k 1k
E A e ' d R 3 -
where 13 ie Lagrange s an eiJ , eij , fiJ —and fi) are uhn

’

: } ‘
Tucker multipliers. These are equal to zerdg if ége cénstraints are

not violated and greater than zero, 1f the ¢

straints are violated

(32).
Now, defline fhe folléﬁing column vectors such tha
< =
n ' ‘
Py ' |
H, , = S R G WU S TS S, 2.68)
Tk LG P Ty S
b ol H ) (2.69)
. . 1° 1oty ) .
Hl = COl°‘<H11""""’H1m) | ‘ ; (2.70)
o . .
"\ y . -
H =VC9I. (Hlm"""'{ilunm ? ‘ ' (2.71)
_— 3
’A(k) = col. (Al(k),...,...,Am(k)) ‘ (2.72)
5 - k + k
\ Al(k)’ col. (A11 ”"""'Anll ) , (2.73)
. = L. STk ' ' -
< A (k) = col. (A ,..._,...,Anmm-) L (2.74)
‘u(k) = cole (k) ,eneyee,u (k) . (2.75) *
u, (k) = col. (u k,...,...,u( k),, L » (2.76)
1 11 : n, _ ‘ ,
K ) .. .. . k ‘ . ,kA * R .
_‘”um(g) -'cq;.,(glm TRETEEETL S ) (2:77)
; : - .



x(i) = col. (x (K),eeeyeen,x (kD) ' (2~78)

x (k) = col. (x. %, eiiyeeyx 1 (2.79)
1 11 n 1l .
1
. & .
x k- col. (x k,...,...,x k) (2.80)
“m Im am
m
Lk k Tk k A
qij yi_‘] +S(1—1)j —sij (2.81)
q(k) = col. (ql(k),...,...;dm(k)) : «-,ng.szi
4. (k) = col. (q. .5, .i,iemqg O L . (2.83)
1 11’ a1 _
' 1
©k k » .
qm(k) col. (qlm ,...,...,qn . ) - (2.84)
m
y(k) = col: (yl(k),...,...,ym(k)).; A "(2.85)
y, (0 = col. (v sunnsennny O (2.86)
) n,1
0y _
. ‘ k Vo k » . .
ym(k) col. (ylm,,...,...,yﬂ_m ) B (2.87)
’ . m
s(k) = col. {sl(k),..,,...&sm(k))‘ o . 7(2.88)
- . ‘ ' ‘ . ' '
s, (k) = col. s k,...»,...»,fs_, - k) ‘ -7 (2.89)
1 11 ~ il : |
. - o ', 1‘ . -
./‘ K u' » . '(,‘?
L DR o, o Lo - .
k .° k . ky . '
Sm R Ccl. (Slm "IOO’O",snmm ) . .‘ ) . . (24.90)
h. s . [ . B ’ ‘ (v‘ v-‘x . . ‘, N Q"E

O



A(k) = col. (xl(k>,.;.,...,x (k))
. m .

\

\
"k k

11 et

Al(k) = col. (X

k k
Am(k) col. ()\Im seeeseees A o

L) = cole G (k)
bo(k) = col. (u, %,... Ky
Lll col. u“ ygoesyesayhd 1
u (k) = col. (u
ﬂ.m

13. 1) 13

_#(k) = col. (wi(k)’°"""’wm(k))

. ’*ﬁé
L K k
_w;fk)ﬁ col._(wll ,...,..f)wﬁl% )
ey k. k
v (k) = c°l°(wlm"'f"1f"wn o )
) . . m
. s
g' .
_Furthermore, define the following diagonal matrices
v o . T o oW o ®
."B(k):-jdiag.‘(Bl(k),...;..h,BQ(k)j. :
- b ’ | N 7:; —
- S .

I

(2

(2.

(2.

(2.

(2.

(2.

(2.

(2.

(2.

(2.

(2.

.91)

92)
93)
94)
95)
9)
97)
és{

99)

100)

1017?:
NS Y

o
.

PR

(.

i

102) -



-

o
\~

X B (k) = dlag. (B k,. seee,B Ky (2.103)
1 11 n l
1
- k k
Bm(k2 diag. (Blm ,...,...,Bn o ) (2.104)
m
! .
[
M = diag. (Ml,...,...,Mm) . ~ (2.¥05)‘

!! ) - -

N . : -
where the matrices Ml,...,Mm are lower triangukér ‘matrices whose

elements are given by

(1) m

11 = ~1; i=l,...,...,nj; =l, ...,

m(v+1)v=l; V=ld...,...;nj~1; *l,..e,...,m (2.106)

. : . :
(111) the rest of the elements are equal to zero

-

Now using all the above definitioné, the cost functional 1in

g

1

equation (2,67) becotes

K

Y T T ’ T T .
J=E[H x(K)+ ] (A"(k)ulkd+u (k)BO)x(k=1)+ " (k) (=x(k)+x(k-1)+
. k=1 '
+ q(k)+Mu(k))+u (k)(x(k 1)+Mu(k)+q(k))+w (k)u(k)]] - (2.107)
¥ ) : i
o . g . | F 0=

5
R

7Note;that'constant terms are. drdppedrabove .

i
¢ i

s Employing,the discrete version of integration by parts (33), and

dropping terms expliciEly iddependent of x(k 1) and u(k), one" obCains

- “)A



K

& T T T
J=E[(H-2(K)) “x(K)+x (0)x(0)+ ) (1/2x (k-1)B(k)u(k) +
‘ : k=1
y
RS ‘ T T v
T+ 1/2 u (k)B(k)x(k-l)+(A(k)—*(k—l)+u(k)) x(k-1) +
) T o yanT T |
s+ AG)HMEAGOHM u(O+e(k)) Tu(k) )], A (2.108)
S LV . .
It will be noticed that J in equation (2.108) is composed
of a oundaryw?art and a discrete integral part, which are independnet
o : - o4 '
of each otheXk, .
1f one defines the vector X(k) such that
- oo = kD, WTooT .
N oo
Then J can be written€as
. N ) I ®.
& d -
"\;‘ “ - T‘ T b ’ ' '
CI=E[(H-XMK)) "x(K)+2 (0)x(0) +. ‘4 . NS
-7 ’ e R . “
K ? K N : : . B : ) ‘f
T, " " v
~ 1 (x (k)L(k)X(k)tg (E}f(k)}] : . (2.110)
k=1 . N P A > ‘< ‘ . . >
A <% .
S N : - y
. where ; ‘ . i '
. “ . .. d . AY
o . %o ©1/2BG0) | B .
) . 1 o : . .
\ o to-
L e
~ L(k) = I B (2.111)

| Loy 0, A ,ﬁ'jj‘ffﬂ\g o

of 4
.....
- .

. ) ST 2 o -
R o et e N
- e et e S :
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ve

W

-

R (€Y X(k) '}/;42 o - B

and
;
R ()= (A (k=2 (k=1)+, (k)) T, (GO +M0 CO+nT L GO+ (o) T (2.112)
& 7 ' 4
N
(2.110), one .max{mizes the

To mwmaximize .J 1In equation

boundary and the ‘disecrete integral parts separately (40)

can write ~
[ : . R
k- = Max. L (-2 () Tx (0BT (0)x(0)]
Tx(K) X () ] x(X)
o
S
N +erEka(knm0ﬂkHR(mxw)H
: x{k) ® v

LS

‘*.

© ( R //If one defines/tﬁg\;EEQOr V(k) such that

L]

o = LK) RO

X .
N : . i ‘

[N
-
N -

-

~then,

Lck)é;(k)+ 17200 T

Mé?\d = Max.E. [[ 2 [(X(k)+ 1/2V(k))T
, .

K=1."

3

PO

 7 1}4 VT(k)-L(kika)J]

>4

1

Hence, one

(2.113)

(2.114)

¢ the discrete integral part of éﬁuqﬁion (2.113) cancbe wrhtten in

e : :
the following form by a process similar to completing the -squares as

'M'"’;' ) 3 * ‘I \\ - .
- - T

’

@b



The last term in equétion (2.115)"wes not depend on X(k), . so that it

is:-only necessary to consider . ’(_\
? y
K ' PRY T C '
Max.J, .= Max.E[ J (X(k)+ 1/2V(k))"L(k)( X(k)+ 1/2v(k))] . (2.116}
: ) k=1 . . , :
X)X : -
' )

Equation: (2.116) defines a narnm. Hence equation (2.116) can be

ﬁ" . ! Y . - .
" written-as o7 . . AT -
s Fa o ’ D* !
Sy Max-Jp = Hax-EL[IXCO+A/2 VOO [y - (2.117)
| X(k) X(k) '
f . ~
,

2.3.3 The Optimal Solution

o

)
(.

a

Substituting from equatibn

Y

There ~is:exactly‘one optimal‘solution to the problen férmulated
’ ~ . . N 4

in equation (2X117). - This solution is clearly achieved when

i ,
EIXGO + /230 = (o} . (2.118)
B ° . :

3

- '

(2.114) 1into equatior (2.118), one finds

-

that the optimal solution is givem by . AR
Vd : .
.. . ' - ‘
E[R(K) + 2L(k) X(k)] = (0} - " 7% (2.119)
', : ' ) ) . » . . ) ) .
- . rJ . & . /. . - . | . | . +
. . SR ¢ - .
The boupdary part- in equation (2.113) 1s optimized when
S A ‘ I .- iv B AN

-

4
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v

KK

. on
g 4 <
‘ because 6x(K) is arbitrary and x(0) {is constant. ' -
. RS Equations (2.119) and (2.120) are the optimal solution- for - the
.ﬁ e long-term operation.-
N .

4

» Writing equatlion (2.119) explicitly and adding the continuity
3
. o~ ‘
quation (2.63), one obtains the following set, .
P it

z

EL-x () +x (k=D +y () +HuO+Ms (1) 1= (0]

tZ.LZl)
- ) :
Y E[A (k)= (k=1)+u(k)+B(k)u(k)] =-[0) (2.122)
'3&*#)‘ N ) ’ : / !
. , -
E[AGO+ A ()1 1 (kO+9()+B(Ix (k1) ] = (0] (2.123) L
! : . . ‘ \
\ 1
..We can state the optimal equations (2.121-2.123) 1in component |
_ o N : ’ .‘)- ) a ’
& fora as A . .
: ' . i
kK, k-1, k k_ k koo kg oo
. Bl %y Y1y M-y Yay SSJ—I).j Syy ] ,
‘ . { - ‘ .o N A
s Y ] . (‘- N e"" . ,“i' - » . ) "
B o v . ifl,..;;.;L,nj; 3=l e yeee,m (2f124)1f5
Ten kL, kol kK | =0 1= - |
‘ E[%ij,ixij +u j fcj bijuijtl ;O: J 1,...,...,nj,j lyee0,m .
. - S \\w 4 | ‘
L ; & o ‘ I | o C(2.125)
o ) > . ’\» A ‘| . N L - . ‘:- - : .
;) / ‘ ; Sy i 3 - _ . . ’
N T A |
N - T SR . !
o Sy - ;. ’, , <
IR IR ' - T
;~7 ; “ , ( ' \' ’ ~
. , ' 5 \ ,
fe . R



, k- k_. k koo ko kK k=1,_,. ‘
oo EBlegraggMinnygy Ty eaaeny THrg treg Oy PggX 1y }=0; ;
- . J N .
NG E BT SO LTRSS PRRRTRREN (2.126)
v Besides the above equations, one has thé following Kuhn—Tucker
. . L -
exclusion egquations which must be satisfied ‘at the optimum
a k k " %
J (—ij X j ) 0 (X (2.127) .
. 4
k, - k _ .
i / Jl (xij -xij) =0 .. (2.128)
" k_, K .
! 13 (gij 13 <\» Q (2.129)
1k k — k- '
. fij (uij --uij ) =0 (2.130) -
P ’ )
. | .
One also has the following‘limits on the variablesg
, 4 )
\" .
©If'x, X< xy, then we put x, “=x ) -
L 1_1 ‘4_13, : pu ij '—1j -
! ’ &
kT k_= |
1f x,, > , th =
xij _ xij en we put x1j xiJ- .
c ' (2.131) o
. ) k * k ' -'
. If u j < uij ’- then We put uij _13 ’ R
T .k k.~ k
If > ‘- . .
| ,uij ,uij » thén we put uij"uij : . ’
R e . . ) o
—_ R ‘ o
) | 7 ) e



»
~

Equations’ (2.124 -'é.l}l) with tquatibh. (2.120). completely
v & . e 7

specify the optimum solutiapn. The following'élgoritﬁﬁ'is used to sblve &
‘these optimality-equations.

2:3.4.Algorithm for Solution

Assume? given: The numbérﬁof rivers :(m), the number 6E‘re§érvoir

on each river (o

the initial gtorage X

Stép 1

©

!

\;Ste% 2

K

Step 3

'~ Step 4

Step 5

B ° . ~ .
Assume first that #k) is equal to zero.

* Check the‘limité"on»ugk)i"Iﬁrpgg?-satisfiés.thé

wk) <u) <uto) L ! '//f

equation £

e

Vi,
ky &7
] )

), the expected value for the natural ififlows

b

0 B .
1 and the cost of energy on each river (c

Assume initial guess for u(k) such that

&

TN S SR
E(k):pi(k) :_;kk);_}=1teration number, 1=0 ‘

-

-« ‘.;t‘?&‘«

-

go to ‘Stébsé, otherwise put x(k) to Its lémits and 37/ to

Step {o e _ o o - /
= . : :

‘ | “ o )
Calculate the new discharge, u(k),. from the follgwing

Efu(ki] = Ef[M]—;(x(k)fx(k;l)_y(k))]' | V?F y

iﬁeﬁuglity

L% -

. /. \
go to Step 14, ophérwiée put u(k) to 1its lipits and go to

stepb S .

'Caiculace;qihei;Spiil s(k) at month k' ffsm,.the,‘followﬂng'
! AR N - K o ! - . 3 E ‘.\ o .

[
LN P
i

. ¥

. o T : M . bl
(2.121) forward in gtages with x€{0) given ; -
: o \ 3 | |
Check the limits on x(k). -If x(k) sgtisfi?s the inejuality
x ¢ x(kK)< x IR . 3 r
= .. ) ' , /
S s

fr

»

Solve equation™ ,

oG

S



Step 7

Step 8

Step 9

Step 10

Step 11

Step 12

d

A

Els(k)] = E[(M] T (x(k)=x(k=1)=y(k))=u(k) ] e
If s(k) = 0, put s(k) =0

Calculate the new discharge from the following equation

~
¢ \

Efu(k)] = EE[M] (x(k)=x(k=1)-y(k)-Ms(k)) ]

v

Solve again equation (2.121) forward in stages with x(0)
~ .
given and using the value of s(k) calculated {n Step 6
Check the limits om x(k). 1f x(k) satisfles the inequality
N .

-

x - x(k) - x

go to Step 10, o;Herwise put‘x(k) to fts limits and go to
Step 4

Wwith ©»(k)=0, solve equation (2.122) backward in stages with
equation (2.120) as a terminal condition

Calculate Kuhn-Tucker multipliers for u(k), w(k), ffqm the

’

following equation
E[v(k)] = E[MTB(R)u(k)fMTA(kfI)—A(k)-B(k)x(k—l)]

N N
If u(k) satisfies the inequality; u(k)-u(k)<u(k) put ¥(k)=0
The above equation for w(k) is obtained by multiplying
equation (2.122) by MT, " and subtracting the resulting

equation from equation (2.123)

Determine a new control iterate from the following equation

el ()] = Elulo+eml ()] ;5 tmireration number

where

65



Step*13

Step 14

Step 15

Step 16

66

e )
! , IS
E[su(k)] = E{A<k)+Mr\(k)+B<k)xck—r>+w<k)]

and a is a positive scalar which ts chosen with
consideration given to such factors as convergence.
+ ' {+ '
Check the 1limits on ui l(k). If © 'l(k) satisfies the
i+1 -, .
fnequality; u(k) u (®)-ulk) go to Step . l4, otherwise put

3

+
ui 1(k} to its limits and go to Step 2

Salve the following equatian forward in stages

E(x (k1)) = E[B(k)ulk) - [MT]_IA(R)‘lMI]_lﬂ(k)x(k—l)]
Determine the Kuhn-Tucker multiplier for x(k), u(k), froa

[N

the following

E[y ()T = E[= CO-[M 1 aGo-10 ) Bk x(k=1) |

»

1f x(k) satisfies the inequality
x - x(k) < x
put ,(k)=0

Determine a new state iterate from the approximation

Elx** 0y - E[xi(k)+ani(k)2diZ
where

ot

E[&x(k)] = E[A(k)=A(k=1)+p(k)+B(k)ulk)]



Step 17 Repeat the calculate starting from Step 3.
. the state x(k) and the control wu(k) do
significantly from {teration to {teration
function J in‘equation (2.62) is a maximunm
2.3.5 Practical Example

and the

Continue until

. e ’
not change
¢

cost

Theraigorithm of the last seption'has been used to determine * the

monthly >obt1mal operation during one year for the example mentioned in

section (2.26), but with the following arrangement:

rd

(1) On river 1, reservolrs number 1,2,3 and 4 are

serles £n1=4) .

(2) On river 2, reservoirs number 1,2 and 3 are

series (n2=3) .

N

river 3, reservoirs number 1 and 2 are
i

j

(3) On

series (n3=2)

The natural inflows to the sites are given‘in Table

Tables (2.13-2.15), we gilve the monthly release from each

-

connected 1in
-

a

connected In

connected in

(2.12). In

reservolr and

the profits realized for the optimal global—feedback solution; we began

e

with

x,(0)=[6688.5, 557.9, 48.9, 3347.417 Mo

: ‘ T A 3
x2(0) [6688.5, 557:9, 48.9] Mm O

and

x,(0)=[6688.5, 557.9]7 Mo

67



It 1s assumed that no correlation exists between flows of

tndependent rivers and the times of water travel between upstream and

downstream reservolirs are assumed- to be shorter than a month, for this

reason those ' times are not taken into account. Transmission line

losses are also neglected.

~ The processing time required to determine the optimal monthly

operating policy for a period of a year for the system just described

was 2.9 sec. in CPU units.

68



Table 2.12: Monthly inflows to the reservolrs

O

. River_ number 1 River number 2 River nﬁmbe;‘
Month |y 1 vy | v | v | o Y?ék v32" | Y13 'Yzjk
K Mm> b Moo | oMoS | Mmoo Mmjh - Mm> Mm@ m3
1 828 380 | 161 |1798 | 828 | 380 kibl 828 | 380
2 | 829 | "33 82 [1201 | 829 | 331 82. | 829 3
3 578 224 41 81Q 578 224 a1 ~ 578 224
4 394 |, 146 32 | 486 | 394 | 146, 32 394 146
5 %95(/ 95 18 | 302 | 265 | 95 | 18 [ 265 | 95+
6 | 233 82 | 14| 258 4 233 | 82 | 14 | 233 | 82
7| 193 68 6 | -t94 | 193 68 6 | 193 68
8 | 219 127 279 | 14857 | 219- | 122l 279] 219 127
9 | 1101 | a4 | 181 (13239 | 1101 614 181 1101 | 614
10| 1887 781 205 | 2560 | 1887 781 205| 1887 | 781
11 | 1150 491 146 | 1583 | 1150 491 | 146} 1150 | - 491
826 | 363 | 132 |wss | 363 | 132 | 132] 20| 363

69



-~

Table 2.13: Optimal m5nthly releases from the reservoirs and the

profits realized on the first river

PR

Month u11k~‘ u21k u31k uAlkA Profits
Kk ‘ Mm3 Mm3 Mm .‘11113 S
0 . 0 368 | s28 | 2253 ¥ 990,816
2 1037 | " 1418 | 1499 | 2700 1,828,432
3 853 | 1077 | 1118 | 1928 1,473,793
4 1071 1665 | 1547 | 2244 | 2,300,938
5 968 | 1130 | 1098 | 2855 2,656,644
6 1071 1336 | 1400 | 3161 2,785,338
7 1037 1127 | 1133 | 1580 ﬁ3,475,190
8 0 | . 0| 229 | 1310 609,669
| o 0 w6 | 627 | 2326 | 1,051,100
10° 0 | 506 | 711 | 2330- 979,250
11 0~ 491 | 637 | 2117 873,319
12 0 363 | 495 | 1794 , 788,087
Value of water ré;aining 1;
the reservoir at the end of v
the year . . 10,414,598
Total profits (benefits) 28;227;174
A . - |




N

[N

Table 2114: Optimal monthly reledses frththe feservolrs and the

profits realized on-the second river

Honth“ uizk uézkdv uszk Profits
kK | Mo’ I S
1 0 .| 368 528 157,061
2 | 1037 1393 7| 1475 624,632
3 925\ | 1149 1190 565,478
VR T 1465 1547 915,163
s 48 1230 1318 863,611
6 | 1071~ 1174 + | 1188 736,193
7 1037 1138 1144 640,632 -
) 8 ‘ q' .94 T} 324 | aé,9za
9 o | 181 | 3620 | 100,008
. ’ . N
10 0 682 | 887 / | 257,640
11 0 481 63ﬂ/ ,/ ;77,945
12 o ] s | 43;,//'~ 146,793
Value of ﬁate:,tégéining
in the reseryoir at the
end of the ygar .9,524,836
Totglbenefﬁ&s N 9,799,920

IO
\
-

\



vTable 2.15: Optimal monthiy,releases from the rebervoirs and

the profits realieed on the third river

3

Month u13k u23k . Proffts
k Mo o S
- 0 L 368 67,956 ¥
2 1037 1382 325,283
3 1028 1252 327,889 ’
4 1071 ’ 1396 458,666
5 - 968 1328 469,001
6 1071 1270 | 422,918
7 1037 1105 331,831 -
\? 1 0 - 83 18,906
4
' 9 0 . 560 107,706
10 82 826 141,206
11 0 © 407 66,280
12 0 202 ~ 35,923
? - : Value of water
’ remalning in the
reservoir at the
end of the year 2,336,758
ﬁf’ ‘\ Total profits '-5,110,333
{ ,




~

Tabéf 2.16: Optimal total benefits ffb@ the system
River 1 2 3
Profits 28,227,147 9,779,920 5,110,333

$ .
.Total 43,117,400
Profits
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2.3.6 Discussion

We have presented -In this section an effeclent and’'new approach

to solve the-. optimal long-;erm‘operating problem for a parallel
. : \

multireservolr power system. The problem is formulated as a minimum
r
norm problem using functional analysis. In formulating the problem as

a minimum nﬁrm problem, we assume that the water conversion factor
(MWh/Mm3) assigned’for each hy%}o plant {s a constant and the storage-~
élevation curve for each reservoir is a linear curve. -

wé applied our qlgorithm to a practical system consisting of
“three rivers; the first river has four series reservoirs, the'_second
fiver jhas three series resegvoirs and the third rivef has two series
reservdirsf The computing tiﬁe to get the optimal solution for a
period of a yeaf was 2.9 sec. 1in CPU units, which 1is veri small
compared to other techniques.  (A. Tufgeon 150 min. in CPU ufits for a

system of six complex reservolrs, wusing the aggregation/decomposition

approach). - , E ‘ , \

hd
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) CHAPTER TII \
MULTIRESERVOIR POWER SYSTEMS WITH A VARIABLE WATER ok

CONVERSION FACTOR AND LINEAR STORAGE~ELEVATION CURVES
S

b Y

3.1 Background w

S

b

In Chaptet 2 the long-term optimal operating. problem of
multireservoir power systems cotmected eitﬂer in'ierles on a river or
in parallel on a multiriver gsystem Is considered.‘ In formulaging the
problem as a minimunm norm préblem, .we aSsumed a consfant waters
conversion factor assignéd for each hydro]flant and Lﬁis cochrsiun
factor is equalﬁto the e&erage number of megawatt-hours produted in a
ménth by an outflow of one Hm3(1)l jIn hydro electric power systems fin
" which the water heads vary byia*considerabLe amount this assumption Is
not co%rect, which 1s the case in this chapter. |

. o ¢ , :

This ehabﬁer is devVvored LS the‘soiution of the leng-term opiimgl
opérating. probleéem Qf multireservoir‘éower systems.connectgd either 1n
series on a £ivef'of in pafallel on a multiriyer'sfétem. " The system

4

'considered Here i§ charaéterized‘by haQing a-varia?ié'watgr ponversioﬁ.
faﬁtor“(&ariable head), and a linear‘Stopage;glevatioﬁécprve.

A wide Qériety,éf techniques for séividg,sﬁch a broblem hav?.beéﬁ
reported ip the'}iteratdfe; The modéllin Refs. 3 énd'ﬂ was 6bcaingd
by_aﬁplyiﬁg chve_fi£t1ng to past generation déta’withOut auny asspfﬁﬁce
: sghétxan optimal, even a good,'épérating policy has been followed.' fheA

other hbéels .subpoéé'that;\,l>vthe proncE%qn of a hyaroélgﬁt ié~ a
~cohéta‘nt ;me the,'dischargé; 2) sp’illagevvi'il ‘not iéccur or wiAll. accur

-at evéry~$1te.when.i; doés;. 3) ‘the reservoirs will not become empty.or

- .v‘ . - ‘ | 75
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will all becomé empt;.simulténéously. 'All t ese assuaptions hax;/ﬁan
uséd to . obtain exact éémposite models of thé valleys.

In‘addicion to being inexact , these composite models do not give
‘any’ {ndication of how the total productionhof a valley should ‘"be
diviagd among its installations. On the other hand,‘ the assumption
that ,the  pfoduction of a hydréplant is a coﬁstant time the ' discharge
(goﬁétant‘fwafer:conversion factor) has no meaning especially for the
.hfdréglgntiwhich have a considerab@e water head variatlion. Also, the
secand éssumption aont spillagé which may occur from one of the
res;rvoirs, while 1t does not occur from the other Is ‘not  valid.
Finally, regarding the third assumption, may be one of the reservolirs
becomes empty while, ’at the same time the other reservoirs .are not
eméty. For all these reasons, the ougflow of péténtial energy from the
composite reservoir wilI not.be equal to the.actual number of :Wh
generated. Therefore, a generatioﬁ functién must be constructéd that
relgtes the actual generation to the !Wh outflow and the energy content
of the composite reservoir (1). -

Stochastic Dynamic Programming 1s, in principle; the opcimization
technique most studied to solve this kind of problem. Computing time
and storage requirements'however,; make 1t impractical -for systems with
mofe than three. reservoiré, since ﬁhey grow exponentially jwith ‘the

+

number of state varlables:
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3.2 A Serles Hultireservofr Power\éxstem* (25)

\ ’ t

3.2.1 Problem Formuylation

N\
3.2.1.1 Thé\§35tem Under Study

The system under ¢onsideration consists of n reservoirs {n serles

on 1 river. This system has a considerable water head .varfatfon
(varlable coaversion fact.r). The reservolrs are characterized by
having 4 1ilnear storage-«ieviation. We wili number the Installatlons

from upstream to dowustream, and denote by the following (Figure 3.1)-

K

v, A random variahble representing the natural .inflow to*site fn 1in
3 3_...6 3 . .2
émrlod k 1n Mm (IMm"={0"m” j. These are statistically
Indegendent random varlables Wwith normal distribution
hi " The net head of &£he reservoir { at the end of period k in meters.

We ~ assume that the tailwater elevatlon {s  coaustant (the

referente elevation used i constant)j = .- L
"' o
. .o k o .
,ohpohy ey

where Ei and Ei are the minimum and maximum heads respectively
) .

R
T .
.4
A

[

Pl

- o 3 —— —

L x A version of this Section has been accepted for publication in the

- Journal of Optimization Theory and. Applications, May 1985 (Ref. 25).
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" Demand

‘Figure 3.1 A §¢_arie,é Multireservoir Power System
with a Variable Conversion Factor

.
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uik The discharge from reservoir 1 during the period k in Mmj;
k k - k k _ 0
R e B

k =k :
where Yy and u, are the minimum and maximum discharges. If

k — k -k : 3 '

uy >u, then uik—ui Mm3 i1s discharged through the spillwayi

Hi(uik,hik—l) The generation of plant { in month k {n MWh. It {s a

function of the discharge and the net head
Vi(h;K) Value 1in dollars Qf water remaining in reservolir { at the

end of the last period studied

sik The spill from reservoir { during a period k in HhB;
k k ~ AN
Sy z 0 ; s =0 N
) \
k -
c Value in dollars of one MWh produced dnywhere on the river \\v’///—’/
i Subscript denoting the installation number; i=l,...,...,n
n Total number of installation .
k Superscript denoting ;he month; k=1,...,...,K

3.2.1.2 Statement of the Problem

The long-term oppim;l operating problem aims to find the release
u, ; 1’1,...,...;ﬁ, g-i}...,...,x~ from each reservolr that méxim;ges"
tﬁe total expected benefits (benefitglfrom the generation and benefits
from the amodﬁt éf water left in storage at the end of the .planning
horizon). In mathematical terns, t?e problem for the power system In

Figure 3.1 is to determine the discharge u k

1 that maximizes



k-1 :
)] in $ (3.1
: \

Subject to satisfying the following counstrafints.

(1) The reservoir -dynamics. may be described by the following discrete

Continuity‘Equation

k k-1 k k k k_ k (3.2)
g ~
(2) The storage—elevation curve may be adequately described by the

following linear equation

X K s a + b h ko (3.3)

[n the above equation, we assume that the tallrace water elevationds

constant

'(3) The operational reservoir constralnts are

b

h, < h, "< h . (3.4)

L o (3.5)

"Substituting from equation (3.3) 1ianto equation (3.2), one obtains

the following continuity equation



s

X . k-l

k ;! Tk , k k k
= + ! 2
h h1 + l/bi Yy | l/bi u

101 l/b1 u, + l/b1 s,

(3.06)
where ay and b1 are constants for each reservoir, these were obtained

by least square curve fitting to typlcal plaﬁt data available;

bl

and
p
k-1 K k ky ~ k k-1 k k k k
b + + - - ; +s -
( 1h1 up tYy tsi bihi ) uy ,If(blh1 Pu )Yy *S ) bihi )
K ~ k L
s, =4 uy and  h/ o, hy A (3.7)
0, otherwise
X

k k-1

and for given Vi(hiK)’ Hi(u1 ,h1 ), hio and the parameter ck in

$/MWh. ~ The symbol E in equation (3.1) stauds for the expected value.
The expectation 1n equation (3.1) is taken over the randou variable

K

N\

.3 Modelling of the System

" ’ ?
The water conversion factor of at-a-site as a functid% of the

‘head is given by the following equation

c®=an®  i=1,...,...0 (3.8)

where

- d, =2.723 0 i7l,...,...m

1

~

ﬁi=The efficiency of the hydropower plant. In this study we

@



assume a constant efficlency for each hydropower plant.

To model the amount of water left in storage at the end of the
planning period, we multiply this amount of water. by the water

conversion factor of at-a—-site and downstream reservoirs; we may choose

K i
the following for the function’Vi(h1 ) :

K n
v.(h )= ) d h

L K(ai+bihix); {=1,...,...,n in Q0
j=i |

3

The generation -of a hydroelectric power plant is a nonlinear

function of the discharge and the net head. We may choose the

k k-1

following for the function Hi(ui ’hi )
.4
ko k-1, _ k-1
OIS I W T (3.10)
Now the cost function in equation (3.1) becomes
n n n K
J=E( ] ¥ djth(ai+bih1K)+ 1 Man e frs (3.11)
i=1 j=1 1=1 k=1 @
Subjéét to satisfying the following constraints =
.
ko, k-l k K k k ok
h,” = h + + - - -
" { l/bihy1 1/bi U ' }/b1 u, ot ;/bi Sy 1/bi sy
(3.12)



h,~ ° h (3.13)

4, - - u o (3.14)

R \

" The problem now 1s that of maximizing (3.11) subject to satisfying

constralints (%.12—3.14).

3.2.2 A Minimum Norm Formulation

The augmenFed cost functional is obtalned by ?djoining equation
(5.12) to .tﬁe cost function via Lagrangeﬁs multiplie%s, and the
inequality constraints (3.13) and (3.14) via Kuhn-Tucker mﬁltibliers.

N

One thus obtains !

~ n n ) n K
K K k k-1 k k k k=1
J=E[ } ) djhj (a,+byh, )+ 7§ (cidjh ™ Tu mea, T(=hy T4y
i=1 j=i i=1 k=1 '
ok k k "
+l/b1y4 + 1/b1 ug ot 1/b1 S, I‘/biu1 l/b1 8, )‘
&
k k Ik,, k=
+e ('i hy )+e1 (h1 hi)
J
k/ k_ k lk, k_—k t )
- + - .
+f1 /31 uy ) fi (ui u, )] | - (3.15)
]
where A k is /[Lagrange's multiplier and e, ., e lk, fbk and f tk are
1 e b 1 1 1

Kuhn-Tucker ultipliers, these are equal to zero, 1if the constraints

are not violated and greater than zero if the constraints are violated

/ .

(32)- /'/
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where

t

A= col. (A ,eeeyeinyuna A)
1 n
{
A, =d X a
to %
h(k) = col. (h 5, ., n ™)
. 1 n
ulk)[= col. (u k, c,e-a,U k)
1 n
Kk k
y(k) = col. (y1 R )
s(k) = col. (s k,. t 5,8 k)
1 n
) k
Ak) = col. (A ,.oeyuea,d )
1 n
kool _ Kk
¥y i 1
. . k
u(k) = col. (ul ,f..,...,u k)
n
k 1k k
v K . -
i fi fi

k
n

v (k)= col. (w‘l“,h.,...',@ )

Now define the following n column vectors éuch that

(3.16)

i . (3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24).

(3.25)

(3.26)
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Furthermore, define the following matrices

C is nxn matrix whose elements are viven bv:

(1) By = bidi i=1,...,...,n
(3.27)
i o= | = b d = - —
(11) gj(j+l)g‘ g(j+1)j 1/2 4 (j+l) j=1, ,n-1
v .
“ is nxn lower triangular matrix whose elements are given by
(1) mij = —l/bi ; 1=, ...,...,n
(3.28)
(11) D(ye1) 4 = l/bj+1; =1,...,...,0-1
B = diag. (1/by,.euse.u,1/b) (3.29)
: k k
D(k) = diag. (¢ dl,...,...,c dn) : (3.30)

o | /

Using all the above definitions, the augmented cost functag:;l in

&
IS

.equatio (3.15) becomes

N . T ' T ‘K
J=E[A"h(K)+h (K)Gh(K)+ }

(ul(k)D(K)h(k-1)
k=1 -

3

+ 2T (k) (~h(k y+h(k=1)+By (k )+Mu (i )+Ma(k))

JToonton aoumr . (3D

85



Note that constant terms are dropped in the above equation.

Employing the discrete verslom of {Integration - by parts,

substituting for h(k) and dropping ¢terms explicitly independent of

h(k-1) and u(k) (33), one thus obtains

.

T=E(T (K)GR(K)+(Am (K)) Th(K)+ T (0)h(0)

(1/2uT(k)D(k)h(k—1)+ 1/2 hT(k—I)D(k)u(k)

+
I~

. (A(k)—ALk:iZIi(k))Th(k—l)

-

S o O GO (0) Tk ) ) ] (3.32)

§ ! . e
It will be noticed that J in equation (3.32) {is composed_ of a
boundary part and a discrete integral part, which are independent"S:

@ -~ v
each other. To maximize J 1n equation (3.32), one can maximize the

" boundary and the discrete fntegral parts separately. If one defings

the following:vector sucthhat._

s s
TN = A - AR (3.33)
W) = 6E NR) | - (3.34)
3 ) ’.
- XT(k) = [hT(k-l)’; uT(k)] ] < R ‘ T4 (3.35)

-i)’
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0 1/2D(k)

1/2D(k) 0

and

\

RY (k) =[ (k)= (k=40 (kDT 15 ot GO+ (o) T

Then the boundary part can be written as

d
e

TR

5 LRG0+ 172 W) 6RO+ 172 W(K)I= 1/4 %

TSR (OIS I

Since, it/ fg'desired to maximize J withxrespect,to

1

I's

problém is equi&éient to

FELRCO+ 172 W0 GG+ 1/2 W(KYY )

»

. o , | |
because' W(K) 1is independent of h(K) and h(0) 1is consrant.

(3.39) defines.a norm, hence it can be written as:

tHax.J, = Max.E[ | [n(K) + 1/2 Q(K)J]]C

h(K) ’ h(X)

(3.36)

(3.37)

(3.38)

h(K); the

(3.39)

Equation

(3.40)



Also, Lhe’ discrete 1integral part In equation (3.32) can be
written as
: T T .
Max. J, = Max. E[ ) T(X (k)L{k)X(k)+R (k)X(k)]}] . (3.41)

2 k=1
X(k) X(k) ‘ ‘ B

N ~1x

o
A

If one defines the following vector such that

V() = L (kOR(K) (3.42)

-

then the discrete integral part in equation (3.41) can be written in

the following form by a process similar to completing the squares as

K
Max.J., = Max.E[ ) (X(k)+ 1/2 v(k))TL(k)(x(k)+ 1/2 V(k)

2 k=1 o .
X(k) X(k) .

- 1/4 VT(k)L(k)V(k)]]_ T (3.43)

¢

"Since it is desired to maximize Jz with respect to X(k), the problem is

-

equivalent to ' : ' \

K 2
, = Max.E{ E (X(k)+ 1/2V(k))TL(k)(X(k)+.1/2 V(k))] (3.4%) g

k=1 , , e
X(k) * X(k) : ) o -

Max. J

‘because V(k) 1is independent of X(k). Equation (3.44) &efines a norm,



-! hence equation (3.44) can be writ%Fn as

Max. J. = Max. E{[iX(k) + 1/2 v(x)|!]

2
|

L(k) (3.45)

X(k) x(g)
e

3.2.3 The Optimal Solution

There 1is exactly one optimal solution to the ﬁroblem formulated
in equations (3.40) and (3.45). The optimal solution for the problem
formulated 1in equation (3.40) is obtalned, when the ‘norm of - that

equation 1s equal to zero
E(h(K)+ 1/2 W(K)] = [0] : (3.46)

'Substltu§hng from equations (3.33) and (3.34) 1into equation

+

(3.46); one finds that thehoptigginfoundafy condition is given by

E(»(K)] = E[A+2Gh(K)] - (3.47)

/

Also, the aptigal solution for the probigg formulated In equatton
(3.45) is obtained when the norm of that equatibﬁéf&iequal totzefo.

-’ ! !

E(X() + 1/2 v(k) ] = [0]. (3.48)

L1

\

Substituting from equation (3.42) into equation (3.48), ome finds that

: o , ; : .
the optimal condition for the discrete integral part is given by

hY
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E(R(k) + 2L(k) X(k)] = [0] 3.

writing equation (3.49) explicitly by substituting from equations

(3.35-3.37) into that equation and adding equatfon (3.12), one obtalas

the following set of optimal equations:

El-h(k)+h(k-1)+By(k)+Mu(k)+Ms(k)] = (0] (3.
E[ 3(x)= M k=1 Hu(k)+D(k)u(k)] = [0} (3.
LT T ' - :

EfM Ak }+M k) +0(k)+D(k)h(k-1)] = [0] (3.

We can - state the optimal equations (3.47) and (3.50-3.52)

component form as

K K | ,
Elry =250duhy =bid ey iy Rien)

)

a1)

i
Ko7 d.a,1=05 1=1,...,n (3.53)

=1
k. k-l x Kk Kl ok
E[~h, +51 +1/bi(yi by Tmug o bsy s, ) ]S04
‘ [ S " S P (3.54)
ko=l 1k kg k. koo
E[Ai Ai » +(gi' e, )fc d,u, 1=0; 1=1,...,...,n;

11

UK=L, eeiyeea,K | - (3.55)

”
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k X LK Kk
- a - ‘A/\ i -
El- /50 i o s Ce g "l )
1Kk L. ik ke K k-1
p— — : -— N h { =
1/bi(ei ey )+ { ‘ f{ )+c dt [ ] L, , a5
. .
® v .
) k=1, ..., ..,k (3.56)

Besides the above equations, one has the following iimits on the

variables

k k
If h1 < Ei’ then we put hi Ei ’ N
If'h K > h,, then we put h k=g K
{ L’ O
A {3.57)
k Ko _k
If ui < u, ,then we put u, T,
If u k > u k‘LF n w ut Kag X /
L ui , {e e p ui ui
One also has the following Kuhn-Tucke;'exclusion equations °*
k - k .= ’ i
ei (21 hi ) =0 L (3.58)
Ak, k= . | -
e, (h1 hi) 0 . L A (3.359)
ek, k_ ok o S )
CEpQe e ) , 0 . » : (3.60)
EAA T I o : (3.61)



”

\ - -

%

(3.93-3.61) or equation (3.47) with equations (3.50-3.52Y
N . \ - . .
and aagations (%.57-3.61) completely specify the optimal solution. the
Aliani ’ "

follob?%g algorithm is used to solve these equations.
3.2.% Algorithm for §%lution\
) & ¢
Assume g%fen: the numper of reservoirs (n), tge expected vafue

{

/

for the natural inflows to-each site yik, the initial head hlo, and the
cost of energy ¢ 1in S$/MWh.. . o : .
C e 7 “ : :
Step 1 Assume initial guess fot the variable u}(k), such that
. . e
o1 - ‘ s I
u(k)<u"(k)<ulk); i=ireration counter; {=0 .

v o

Step 2 Assume first that s(k) 1s.equal to zero. Solve eduation
(3.50) forward in stages with h(0} given
Step 3 Check the 1imits on h(k). If h(k) satisfies the inequality

“+h < h(k) <h | o

Step. 4 . ' o ," '
¥
Step 4 Calculate the new discharge from the following equation

E{uCO) 1=E[ (1] " (h(k)-h(k=1)-By(k))]

v

Step 5 Check the limits on u(k). If u(k) satisfies the inequalify

h.A

aCor € u(k) < i)

' _fgo.,tb'Step 14, otherwiée put u(k) to its limits and go to

{Step 6

i
%
3¢

B

go to Step 10, otherwise put h(k) to its ﬂ;:g and go to
¢! - .
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Step 6

Step 7,

Step 8

Step 9

Step 10

Step 11

93

" Calculate the spill at the month k from the following
A

equation

CE(sGO J=EL(M] 7 (k) =h(x=1)=By(k))=u(x) |

<

If s(k) is less than zero, put s(k) equal to zero

Calculate the discharge from the following equatton

E[u(k)]=E[[M]—l(h(k)—h(k—l)‘By(k)—Hs(k))]

® .
Solve again equation (3.50) forward in 'stages with h(0)

-

given

Check the llmits on h(k). If h(k) satisfies the inequallty

~h < hk) <h ‘ y

go to Step 10, otherwise put h(k) to its limits and go to
Step 4 -

With u(k)=0, solve equation (3.51) backward in stages wlith
eéuatién (3.475 as the ierminal conditon

Ca%culate the Kuhn-Tucker multiplier for wu(k), ¥(k), from

-

’
the following equation
T T
E(¥(k)]=E[M D(k)u(k)-¥ A (k-1)-D(k)h(k-1)]
If u(k) satisfies the inequality

u(k) < uk) < ulk)

put ¥ (k) equal to zero



Step 12

Step 13

Step 14

Step 15

Determine a new control iterate from the folwing equation

~

ot k)] = Elut(O+aDul(k) ]

where
1 T
E{Du (k)] = E[M A(k)+uv(k)+D(k)h(k-1)]
and a ifs a positive scalar which s chosen with

consideration given to such factors as convergence

+ +
Check the limits of u1 1(k). if u1 1(k) satisfies the

inequality
w0 < uto < uto

-+
go to Step l4, otherwise put u1 1(k) to 1ts limits and go to

Step 2

Solve the following equation forward in stages

E(»(k-1)] = E[D(k)u(k)—[MT]TID(k)h(k-l)]

(

Célgulate'Kuhn-Tucker multipliers for h(k), ,(k), from the

following equation . /\\g’A&

Elu(k)] = E[=GO)=-[M" ] DO R(k=1) ]

If .h(k) satisfies the inequality
h < (k)< h

put u(k)=0



Step 16 "Determine a new state iterate from the approximation

(k)] = (nlGo)+apnt (k)
where

E(DhI(k)] = (2 () =r (k=1) +u(k)+D(K)u(k) ]

Step 17 Repeat the calculatlon starting from Step/3. Continue until

the state h(k) and the cootrol u(k . do not change

significantly from {teration to lteration and

function J in equation (3.11) is a maximum

'

3.2.5 Practical Example

The algorithm of the last sectlon has been uSed to determine the

the cost

optimal monthly operation of a two series reservolr power system far a

period of a year. The characteristics of the installations
in Table 3.1.

1f we let dk denote the number of days in month Kk,
maximum and minimum releases are glven by

Gik = 0.0864dk(maximum effective discharge 1in m3/sec)

k k
u,o= 0.0864d (minimum effective discharge in m3/sec

where the maximum and minimum effective discharges are given

£

3.1.

The MWh generated at each power house 1is givenby

are given

then the

(3.62)

in Table

K

kY



Ky g 0 R am (3.63)

k. k-l k. k-l N g
H = i N . 4
.12(u2 ,hz ) d2u2 hz | Wh : (3.64)

where d1 and d2 are given in Table 3.1 (we assume a constant efficiency

for each reservoir).

The expected natural inflows to the sites in the year of high
flow which we cal; year 1 and thé cost of energy are given 1in Table
(3.2). In Table (3.3), we give the optimal monthly release from each
reservolr and the profits realized in year lvfor the optimal global-
feedback solugion. In Table (3.4) and Table (3.5) we give the optimal
head and the spill for each reservoir 1in year 1.

We have simulated the monthly operat%on for widely different
water conditions. In Tables (3.6-3.9), we have reported the reSQIts

for year 2, which is the year of the low flow. We began both years

with L

h(0) = [184.4 128.9]% meters

In Table (3.6) we give the expected natural inflows to the sites

’

in year 2. In Table (3.7) we give the monthly release from each

reservolir and the profits realized in year 2. In Tables (3.8) and

(3.9) we give the optimal head and the spill for each reservoir for the
same year. ) ‘ ' , \
N . ‘
The computing time requlred to determine the optimal wmonthly

operating policy for a period of a year for the system just described

was 0.58 sec. in CPU units.
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A

Table 3.2: The expected monthly inflows to the sites

and the cost of energy in year I

Month ylk _yzk K
k Mm> Mm3 " S/MwWh
] 892 689 1.4
2 922 454 1.4
3 462 319 1.4
4 310 176 0.8
5 280 103 0.8
6 253 116 0.8
7 698 190 0.8
8 2712 1227 0.8
9 3417 1324 0.8
10 5388 2136 0.8
11 4566 1995 1.1
12 2631 1097 11
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Table 3.3: Optimal monthly releases from the reservi.irs in

year 1 and the profits realized

Month ‘ ulk uzk Profits
k Mm3 Mm3 S
1 1515 2735 | 2,190,067
2 1487 1617 1,601,528
3 1021 1125 1,116,710
4 475 1120 . H648,575
5 399 967 370,524
© 6 462 700 319,871
7 2327 2562 1,395,888
8 | 2997 4240 1,956,095
9 i 2900 .| 4103 | 1,891,709
10 , 2997 4240 . 1,978,378v
11 2997 | a2e0 | 2,922,978
12 72900 3998 '] 2,831,300
{i: Value of Qater
remaining in the
reservoirs at the
end of the year 19,679,840
focai«préfits. 138,704,069
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Table 3.4: The optimal reservolr head iﬁ year 1

\
i Month | h15 .hzk ’ ’
g k m @ .
1 182.4 120.9
2 180.6 125.4
3 178.9 128.4
4 - 178.4 | 121.9
5 178.0 11524
6 - 177.3 113.7
7 |os17200 p a7 '
8 | 17141 11422
9 C 17247 115.9 - o
10 i80.3 128.3 ‘
1| 1844 | 12879 \ - .
12 183.6 _1é8.9 ' ' '
, ,
o



Table 3.5: Optimal spill

from each reservolr {n vear I

Month slk szk‘
k M Mo
1 0.0 0.0
2 70.0 0.0
3 L 0.0 96.0
4 0.0 0.0
5 0.0 0.0
6 0.0 0.0
7 0.0 0.0
8 0.0 6.0
9 O.o 0.0
10 0.0 0.0
11 275.51 980.82
‘ 12 0.0 0.0
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Table 3.6: The expected monthly inflows to the sites in year

-

Honth ylk yzk

‘ k Mm® Mo
1 847 358

2 371 344

‘ 3 234 261
4 227 176

5 205 113

6 266 155

7 b \ase 204

8 04 1123

\

9 3223 1508

10 3402 1312

11 2585 677

12 1305 311

Iy

7
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Table 3.7: Optimal monthly releases from the reservolrs i{n year 2

and the profits realized

Month ulk ‘uzk Profits
k Mo Mm S
) 1 847 2301 . 1,553,883
o7 1123 969 1,088,689
3 1058 1i§3 1,134,116 |
4 1 228 - 1020 326,051
5 200 | 376 156,776 ,
6 228 382 1@5,261
7 1058 | 1135 625,63 | . -
- 8 " 1064 1611 735,535 - L
9 2900 | 4071 1,999,555 .
10 2097 | 4200 2,138,921
11 2110 3171 | 2,142,324
12 © 2900 2826 2,383,476
Value of the water
.remalining an the
end of the year 18,434,656
e ] ' Total profits 32,884,877 |
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Q
Table 3.8: Opti@al reservoir head in year 2
' \
k k
Month . hl h2
k m m
i 1 1 1844 113.7 *
2 182.0 120.6
3 179.4 123.1 .
4 ,179-4 114.5
s 179.4 113.7
\ /
6 S 17905 | 113.7
7 177.6 C115.5
8 | 180.6 123.5
D I 181.6 128.9 )
10 182.9 | 128.9 ’
11 184.4 123.6
12 _' 179.4 128.9
I
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Table 3.9: Optimal spill from each reservolr In vear .

Kk k
Month ?} ' s2
k Mm3 WmB
1 -0 0
2" .0 0
3 0 0
N 4 0 0
. 5 . 0 0
ST + \
6 0 0
N o
. 7 0 0
8 -0 0
9 0 0 M
~
10 0 | 69.3
11 0 0
]
12 0. 0
"
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3.2.6 Discussion

In this séction_ the optimal long—term operatling problem of a
multireservoir power system connected in serles on a river "has been
discussed. The watér conversion factor variation 1is taken into
account. In this secdtion we assume that the storage-—elevation curve is
linear. We report the results obtained for an actual system In
operation) this'system consists of two reservolrs In series.

,(; \Exp;essing thé storage és a linear function of the head may yield
a léfge error in calculating the storage, which for some reservoirs is

greater than the minimum nataral inflow to the reservoir. For example,

for the reservoir R1

s 23902 Mm3 using this linear function, but from Table 3.1, ‘tHe:

194 B
reservolr storage corresponding to this head 1s 24763 Mm . The

difference between the two storages 1is 861Mm3, which is greater <Than

the minimum natural inflow to the reservoir (the minimum infld@;égbathe
‘AL
reservoir as glven in Table 3.2 ts 253 Mm3!ét k=6).

On the other hand, the modeiling of the hydroplant generation as
. {

a function of the _discharge and the head of the previous month,

k-1
Hi(uik’ hi ), may cause an underestimation in production for rising

water;%ﬁyels and overestimation for falling water levels.

" : &
¢ i

the storage'at the maximum head, which is 184.4m, .,
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3.3 A Multireservoir Power System in Parallel*

In section 3.2, the long-term optimal oéeratidg problem for a
multireservolr power system connected in series on a river has betn
discussed. The system described there 1is charac;érized by having: a
variable water conversion factor, this varlation 1s linear with the
head, and a linear storage elevation curve. We reported the /;esults
obtained for a system consisting of two reservolrs in series on a rilver
for Qidely different water conditions.

This section is devoted to solve the long-term optimal operating
problem for multireservoir power systems connected in parallel. The
systems described here are characterized byl having a variable water
conversién factor (linear variation with the storage), and a 1linear
storage—-elevation curve. In the formulation of the generating
function, an average of begin and end-of-time step storage 1s used, to
avoid underestimation of broduction for rising water levels and

overestimation for falling water levels.

3.3.1 Problem Formulation

3.3.1.1 The System Under Study

The system under consideration consists of.mbindependent rivers,
with one or several reservoirs and power plants 1in serles, and
intercononection 1linés to the neighboring system thrbugh which. energy

may be exchénged. It 1s assumed that no correlation exists between

* A version of this sectlion has been submitted to IEEE PES, Summer

Meeting, 1986.



flows of independent rivers or of different perifods of time (Figure

3.2). We will denote by:

K A random variable representing the natural inflow to reservoir {

y
1] :
of river 3J 1in perlod k ef; Mm3 (le3=106m3). These are
statistically independent random variables with .normal
distribution
x1Jk The storage of reservoir { on river j at the end of periaed k, In
Hmj;
, k2
Xig = %13 = %1
uijk The effective discharge from reservoir { of river j in perlod X
in Mm3. This is the water released from the reservoir i to the
allied powerpiaut to produce electricity;
u\k u k 3 k
—43 = 13 = 1]
"k - k
where gij and uij are the minimum and maximum discharges. 1f
k ~ ok k- k 3 B
- 5 ' th h h
uij > u1j , then uij uij Mm~ s discharged roug the
spillways. Water 1s spilt when the reservolir {s filled to
capacity, and the inflow to the reservoir exceeds uij
G, ,(u k i/Z(x k+x k—l) The generation of plant 1 on river j fin
period k in MwWwh. It is a function of the discharge and the
average storage between two successive months
K
Vij(xij ) Value 1in dollars of the water remaining in reservoir {1 of
river i1 at the end of the planning period
k
cj Value in dollars of one MWh generated anywhere on river j

sijk The spill from reservoir i1 on river j during period k in Hm3;
. sijk > 0 f ,
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Network ¢
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IS\emand r

|
\

: \
Figure 3.2 A parallel multﬁ'esevoi\‘r power system with a Szariable water
) ‘conversion factor. - ]
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nJ‘ The number of reservoir on river j
m Number of rivers
k Superscript denoting the period; k=1,...,...,K

3.3.1.2 Objective Function

The long-term stochastic optimization problem determines the

K
1] 3’

maximizes the value of energy generated by a hydropower system over the

discharge u ; i=l,...,...;n j=1,...,...m, k=1,...,...,K that
planning perlod plus the expected future returns from water left in
storage at the end of that period. In mathematical terms, the problem

for the power system in Figure (3.2) is to determine the discharge uij

' that maximlzes:

L R0 Ky k k-1
J=E{ } ) vij(xij » ) o) ] <y Cij(uij , l/2(xij Xy )] $
j=1 i=1 j=1 1=1 k=1
— ) (3.65)
Subject to satisfying the following constraints
(1) The reservoir dynamics may be adequately described by the
following discrete continuity equation
k_ o k-l -
kg, K (3.66)

X =X + k+u k-u k+5 ‘ -
13 13 Y13 TP¢-3 Y13 TPa-D g 13 y

(2) Storage 1levels and discharge can be bounded above and below to

-

allow for recreation and flood control objectives.. These bounds are

given by



zij ;>x1j - xij (3.67)

k Kk - K .
Yy - upyo o uij (3.68)
where
p k-1, k k, kK ky - k. k-1, k
(xij +y1j +u(i—l)j +s(i—l)j xij ) u1j ; Lf (xij +y1j
k k k k, - k k -
= + + - . and x . 3.69
15 ) Ui-1)3 -3 %ty ) Vi 1y > Xy (3.69)
_ 0, otherwise

The 1initial storage x and the expected value for the natural

0
1)

inflows into &8ch stream during each month are assumed to be known.

3.3.1.3 Modelling of the System

To model the water left in storage at the end of the planning
period, we multiply this amount of water by‘the'waCer conversion factor
of at-a-site and downstream reservoirs. In this section we assume that
the water conversion factor at the end of the planning period has a

linear relation with the storage at that period. _ We may choose the

following for the function V_,(x K)

15 713

» o

K K

LN R o (3.70)

n,
K !
Vij(#ij ) vzi xij (

In the above equation;- the term between brackets 1s the water
N .
conversion factor, HWh/Hm3, and we assume that the cost of this energy
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1s one dollar per MwWh, (the average cost during the planning period),

since no—-one knows when this energy will be used in the future.

4

The generation of a hydroelectric plant is a nonlinear function
of the water discharge uijk and reservoir head, which {tself 1is a

function of the storage xijk. To avoid underestimation of production

. o
for rising water levels and overestimation for falling water leved, an

average of begin and end-of time step storage is used. We may choose

; k K, k-l
h
the following for the function Gij(uij , l/2(xij +xij )

Kk k - ~ k
G, .(u ,1/2(x1 +x )) = a,.u 3 + 1/2 bijyxij fxij )uij

Substituting from equation (3.66) into equation (3.71) for xijk’ one \"

obtains:

k k k=1 . k k k k-1
G, ,(u ,1/2(xi- +x ) Aij Uy g +bijuij xij

131 j 13

+ 1/2b K(a w, ) mwn (3.72)

k
1313 Y- Y

where

) - (3.7
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Now the cost functional In equation (3.65) becomes:

n, n,

n . J J . ,
K t K
J=E| Z . ? Z (a +b x )X, . ;
j=1 i=1 v=i vi vivj 1] ‘ ¢
m n) K
Ko k. ko ko k-l kK k kK ok
+.Z y_ 5” (inj uij +Zhij 15 Xij Pij uij (u(i"l)j Uij )}
j=1 i=1k=1
(3.74)
Subject to satisfying the following constraints
. k k-1 k k k
/ = - .
x1j x1j +qu +u(i~l)j uij (3.79)
k= .
iij‘—xlj .—xij ‘ (3.76)
k k - k
.7
Eij ->uij < uij (3.77)
where
a k k k
=c A
13 3 13 .
(3.78)
k "k
Y ="1/2 c, b
13 J 13

The problem now is that of maximizing equation (3.74) subject to

satisfying constraints (3.75-3.77).
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3.3.27A Minfimum Norm Formulation

“,

The augmented cost functlonal J is obtained by adjoining to the
cost functional J in equation (3.74), the equality constraint (3.79%) via

Lagrange's multiplier and the inequallty comstraints (3.76-3.77) via

Kuhn-Tucker multipliers, one thus obtains

e Ky kg ko, Koy kg k k=1, ok, k %
813 Y1y Y- Y1 T Ty g 93 "Mt~ Y1
K k Ik, k k k k k -
+ eiJ (iij—xij )+e1j (x1j 13 )+fij (Bij _uij ) \
+ f lk(u k3 k))} (3.79)

where A i{s Lagrange's multiplier, this i{s to be determined so that

k
1
k Ik
the corresponding equality constraint {s satisfied, and eij , eij ,

k and Lk are Kuhn-Tucker multipliers, these are equal to zero if

fiy 3

the constraints are not violated and greater than zero 1f the

constraints are violated (32).

Define the following column vectors such that

A= COl'(Al""""""""Am) . (3.80)

Ap = coli(A,alenyee oA ) (3.81)

Am-col'.(Alm,....,....,....,An m) . (3.82)
’ m



j
A .= '\‘ a ) i'zl’ b ')n b Jﬂl)
i3 L, v 3
u(k) = col.(u (k),...,...,u (k))
1 m
u, (k) = col.(u k,. ..,.Fé,u K)
1 11 nll
u (k) = col.(u k,...,...,u Y
m lm nom
m
x(k) = col.(x (k),.eu,--u,x (k))
1 m 4

-

k K

xl(k) = col.(x11 ,...,...,xn 1 )
1
. k K
xm(k) col. (xlm ,...,...,xn n )
m
~

y(k) = Col.(yl(k),...,...,ym(k))

Ll

k
Yl(k) = COl'(yll I k)

= k k.
ym(k) col.(ylm yeneyecesY )

s(k) = col.sl(k):..'.,...,sm(k))
&

K k

s (k) = col.Cs) ™yennsnnn )

, ' K
sm(k) = COl"(Slﬁ seevreees8 )

(3

(3

(3

(3.

(3

3

(3.

(3.

(3.

(3

(3.

(3.

(3.

.83)

.84)

.895)

86)

.87)

.88)

89)

90)

91 )

.92)

93)

94)

95)
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u(k) = col.(ul(k),.-:C{:-,;)(hl(k))

Ul(k) - COl-(ul1 y oo

um(k) = col.(ulm b -

Y(k) = col‘..(dli“(-k) Yoo

wl(k)

wm(k) - éOIf(wlm
q(k) = col.(ql(k)!...
qIZK) = col.(q11
qm(k? - col.(qlm yoon
(k) = col.(a l(k)""'

] . :
al(k) col.(a11 e

k

k

T

= col.(a,“k

i

k

k

k

vk ¢ i1k ,_‘A(/ k
13 1] 13

gy o ..

y .

y s e

k
> . nxnll )
Kk
’ - yHl )
n m
m
2 :J)m(k>)
ok
> * '.’U'n 1 )
k
’ - ;‘.’Jn' m )
m
> - ,qm(k))
k
seeerd )
-1
k
R P )
m.
,---xxm(k))
k
IEER S )

BN

(3.

(3.

(3.

(3.

(3.1

(3.

(3.

(3.

(3.

(3.

(3.

€

(3.

96)

97)

98)

99)

101)

1029

103)

104)

105)

106)

.107)

108)
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k
1 (k) = col.(a y ey nayd ) (3.109)
m Im
Furthermore, define the following matrices
4o o= diag.(ﬁl,...,.t..,ﬁ ) (3.110)

. im are given by

(1) ﬁ11=bij ; 1='1,'...,nJ s 3=1, ,m
(3.111)
(2) ﬁ(v+l)véﬂv(v+1)=l/2 b(v+l)j ; v=l,...,nj—l,_J°1,...,m
1 @ k % K . ' 9
‘l(k) diag.(*ll 3o v ey e ey’ n 1 ) © (3.11;)
u ok - k)
“m(k) = diag.(‘lm ,...,.‘.,'nmm N (3.113)
M= diag.(Ml,...,...,Mm)- (3.114)

»

where Ml,..;,...,dm are lower triangular matrices whose, elements are

~

glven by .0 : «
' !
(1) mii=—l‘; 1=], e, 0an, nj ; j=1, S ,m | ,
) . (3.115)
- ° , .
(2) ?(v+1)v’ 5 vel, oo, .,njﬂ_1 7 J=1,...,n
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e

Using all the apove‘dgfﬁnitions, the augmented cost functional J

\

N
{n equation (3.79) becomes

Hina B2

J=EfATX(K)+x L(K)8x(K)+ (TGO u k) +u (ks (k) x(k=1)

k=1

r k=18 GOulO+ul (0 & (OMaCk) 43 (k) (=x (k)

+"x(k-l)+Mu(k))#UT(k)x<k)+ﬁT(k)u(k))} ‘ (3.116)

N, -
?igwb that constant terms are dropped in equation (3.116).
T \ \
AY "\

Employing the discrete verslon of lntegration by parts (33),

subsnﬁguipg for x(k}) and droppling termgy explicitly 1independent

B
\ L

of x(k-1) and u(k) .Mme obrains .

SN

j“E[{XT(K)BX(K)+(A-A(K))TX(K)+AT(O)x(O)) X

I~

_[uT(k)s(k)Mu(k)+xT(k_l)8(k)u(k)+uT(k)8(k)x(k_l) .
NI T .\ vidal T
+ (A=A (k=1 1u(k)) " x(k=1)+(a(k)+M A(k)&ﬁt?(k)+w(k)) u(k))] (3.117)

N \ 7 - )
If one defines the following vector such that - ’ A\

NCK) = A= A(K) (3.118)

ER

=Y



. ,'f;&«
W(K) = 2 IN(K) : (3.119)
xTk) = [x k=1, ui (k)] ‘ (3.120)
0 s (k)
L(k)= (3:121)
g (k) ;‘,(k)H ~
and
RTCGO=1( ()= (k=1 GO e GO+t G+ T (o (k0 ) (3.122)"

then the cost functional In equation (3.117) can be written as

J=E[(x(K}+ 1/2 w(K))Ts(x(K)+ 1/2 W(K))- 1/4 wT(K)ﬁ4(K)+xT(0)x(O)
N \

+
~—R

(T OLUOX O)+REOX () ) ] : (3.123)
k . .

]

1‘

A" .
It will be noticed that J in equation (3.123) is composed of a

bouﬁdafy part and a discrete integral part, which are independent of
N
each other. J 1in equation (3.123) can be written as

. *

J = Jl‘fij

2

: where the bbundary part is given by

119
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. & <
3, =ELGx(R)+ 1/2 WY (x(KO+ 1/2 W(K)) ] (3.124)

because W(K) is independent of x(K) and x(0) is constant, and the
< >

discrete integral part 1s giVen by

1

K :
3,E0 ] xTGOLGOXGO)HRT (0K ())) (3.125)
k=1

/

If one defines the vector V(k) such that

v = L k) RO (3.126)

P

thep, equation (3.125) can be written as

K
LEl T (XGO+ 1/2 V0 TLOO KGO +71/2 VGO)= 1/4 ¥ GOLIOV() ]
k=1 :
) (3.127)

e

) The last term in equation (3.127) is constant indefendent of X(k), then

" we can counsider only

: K ' : _
3Bl §' (XGOM1/2 VOO LX) + 1/2 V()] (3,128)
k=1 . _ )

-

emeea

Now, equationfﬁa;}24) defines a norm, hence ome can write

equationﬁ(3.12&) as

Max.J, = Max.E [|[x(K) + 1/2 W(K)||] (3.129)
: 8

x(K) x(K)
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Also, equation (3.128) defines a norm, hence one <can write

equation (3.128) as

YO Max.d, = MaxcEL [RGO+ 12 VOO [T (3.130)

X(k) X (k)

3.3.3 The Optimal Solution -

Lfhere 1s only one optimal solution to the problem formulated in

equafions (3.129) and (3.130). The maximum of JL is achieved when

E[x(K) + 1/2 W(K)] = [0] (131)
<

Substituting from equations (3.118) and (3.119) into equation (3.131)

(3.132) | /)

E[x(K)] = E[A + 2ex(K)] 13)

one* dbtains the following optimal equation at the boundary

The above equation gives the value of Lagrange's multiplier at
the end of the last period.

_ //The maximum of J

zvtn equétion (3.130) 1s achieved when

E[X(k) + 1/2 v(k)] = [0] ’ - (3.133)

Substituting from equation (3.126) into equation (3.133) for v(k), one

obtains



E(R(k) + 2L(K) X(k)] = (0] _ (3.134)

Writing eqution (3.134) explicitly by substituting from equations
(3.120-3.122) and adding the continuity equation (3.75), one obtains

the following set.

g

-

< E[—x(k)+x(571)+y(k)+Mu(k)+Ms(k)] = {0] (3.135)
E[)\(k)—A(k-l)*‘u(i()+28(k)u('k)] = {0] (3.136)
Ela (O+M 0 (O+M T ()4 (K)+28 (K)x(k=1) +

+ 28GOMCK)] = (0] | (3.137)

We can now state the optimal equation (3.132) and equations

(3.135-3.137) 1in component form as follows

]

n. n_ -1
. K ¢ J K, _
E[Aij ] =E[ vzi avj+2bijxij + wzl b(w+1)jx(w+1)j ]=0
' (3.138)
k k-1 k k k k k
Elmxy g%y 4y ¥y ™Yy S0y Siy ) T 0
(3.139)

k. -k

-1 k
EDyy Py hygy

k k o
+e by Sl 0 o - (3.140)

ra
ro



k k ko ok k-1

K- '
Yoy ey ey g ey By

k k

’

+ c kbij(u(

c K_u JK)J _ (3.141)

1-1)j "t
&

Besides the above four equations, one has the following limits on

the variables

If x < x then we pat x = x

1] 21y 13 Xiy

If x ko X then we put x = X

1j 13’ A3 1)
(3.142)

k k
,then we put u = u

If u 15 Yy

' k
13 213

k - k k - k
If u u ,then we put uij - uij

One also has the following Kuhn-Tucker exclusion equtions which

must be satisfied at the optimum (40)

k k
(x

ey (Kyyxpy ) =0 ' (3.143)

eijlk(xijk-;;J) =0 . (3.144)

)o‘ﬂ 0 | (3.].[05)

£ (u, o mu, ) =0 ' © o (3.146)



Equations (3.138 - 3.146) or equation (3.132) with equations
(3.135-3.137) completely specify the optimal solution. The following

!
algorithm is used to solve these equations

A

3.3.4 Algorithm for Solution

i

Assume given: The number of rivers (m), the number of reservoirs

on each river (n,), the initial storage, x(0), the expected natural

]
inflows to the reservoiis, y(k), and the cost of energy on each river,
cjk, in $/MWh.
Step 1 Assume initial guess of the control variable ui(k),'such‘
that
g(k)iui(k):p(k); i=i{teration counter, 1=0 |
Step 2 '‘Assume first that s(k) is equal to zero. Solve equation
(3.135) forward in stages with x¢0) given
Step 3 Check the limits on x(k). If x(k) satisfies the inequality
x < x(k) < x
go to Step 10, o&herwise éut x(k) to its limits and go to
Step 4
Step 4 Calculate the new discharge from the following equation
E(ui)] = E[[M]}(x(k)=x(k=1)=y(k))]
Sfeb 5  Check the limits on u(k). If u(k) satisfies the inequality

u(k) < u(k) < u(k)
go to Step 14, otherwise put u(k) to its limits and go to;

Step 6

124



Step

Step

Step

Step

Step

11

O

Calculate the spill at month k from the following equation

Els()] = E(M) T (0 -x(k=1)=y (k) -u(k) ]
If s(k)<0, Suc s(k) = 0

Calculate the discharge from the following equation
EluC)] = EL(M] ™ (x(0)=x(k=1)=y (k)~-Ms(k)) ]

Solve again equation (3.135) forward in stages with x(0)
given

a

Check the limits om x(k). If x(k) satisfies the inequality

X < x(k)< x .

go to Step 10, otherwise put x(k) to its limits and go to
Step 4

With 1, (k)=0, solve equation (3.136) backward in stages with -
equation (3.132) as a terminal condition

Calculate Kuhn-Tucker multiplier for u(k), ¢(k), from the

following equation
E(v(1) J=E[ 24 BCk)uk) =M A(k=1)=a(k)=28(k )x(k-1)-
- 28(k)Mu(k)]

If u(k) satisfies the inequality

u(k) < (k) < Glk)

put, ¥(k)=0



Step 12

where

Step 13

Step l4

.

Step 15

Determine a new control i{terate from the following

Elutt () 1= (ut () +aDut () )

E[Dui(k)]=E[a(k)+MTA(k)+w(k)+2s(k)x(k—1)

+ 28(k)Mu(k)]

and a 1s a positive scalar which is chosen with
consideration to such factors as convergence

+ + '
Check the limits on ui l(k). If ui 1(k) satisfies the

4

inequality :
w0 < o ao< G

+
g0 to Step 14, otherwise put u1 1(k) to its limits and go to
't

©
<

Step 2

Solve the following equation forward in stages
T,-1 T
E{a(k-1)]=E[[M"] ~(2M B(k)u(k)~a(k)-28(k)Ix(k-1)
= 28(k)Hu(k) )

Determine Kuhn-Tucker muitiplier for x(k), p(k), from tﬁe

following equation



~

E(y(k) ]“E[—WTI—I((x(k)mTA (k)+28(k)x(k-1)
+ 28 (k)Mu(k)]

If z(k) satisfies the inequality; f~x(k)«}, put u{k)=0

Step 16 Determine a new state iterate from the following equation

Elx (0 1=E(x ()4 Dx T (k) |
where
E[Dx(k)J=E[x (k)=x (k=1 M (k)+28 (k)u(k)]

Step 17 Repeat the calculation starting from Step 3. Continug until
the state x(k) and the control u(k) do not change
significantly from i{teration to {teration and J in equation
(3.74) is a méximum

3.3.5 Practical Example

The algorithm of the last section has been used to determine the

optimal long-term oberacion of a real system in operation. The system .

consists of'fhree rivers; .each river has two series reservolrs. | The
characteristics of the installations are given in Table (3.10)}. The
optimization is done on a monthly time basis for a period of a year.
The  times of water travel betwe§n upstream and downstream reservolrs
are neglected,. also transhission line losses are neglected.

If dk denotes thes number of days in é month k, then the maximum

and mig*mum discharges are given by



<
kg

; k . 0.086/«1k (maximum effective discharge)

13

uijk = 0.0864dk (minimum effective discharge) -

where the maximum and minimum effective discharges are given_in Table
(3.10).

The expected monthly natural {nflows to the sites in the year of
hiigh flow, which we call year 1, and the cost of energy are given Iin
Table (3.11). In Table (3.12) we give the optimal monthly releasé
from each resérvoir and the profits realized in year 1 for the optimal
global-feedback solution. In Table (3.13), we give the optimal storage
for gaéh reservoir during the first year and in Tablé/(B.lé), we glve
the optimal spill from each reservoir during the first year.

We have simulgted the monthly operation of the system for widely
different water conditions. The expected monthly natural inflows to
the siteé in year 2 which is the ygfr of low flow are given in Table
(3.15).  In Table (3.16) we give the optimal monthly release from each
reservoir gnd the profits realized during year 2. In Tables (3.17) and
(3.18), wé give the optimal storage and the optimal spill for éach
reservoir during year 2. We started both years with' the reservoirs

full.

- The processing time required to get the optimal solution for a

period. of a year for the system just described above was 1.6 sec. 1n

CPU units, which 18 very small compared to what has been done so far

using other techniques.



Table 3.10: Characteristic of the fianstallation

-

4

®

S .
o]
Maximum | Minimoum Maxioum Minimum Reservolr Constants
Storage | Storage Effective| Effective
Reservolir Discharge| Discharge
— 3 3 3 3,
xij(Mm ) lij(Hm ) | m™/sec o /sec aiJ bij
R, 24763 | 9949 1119 85 268.672 | 7.62x107
Ry, 5304 | 3734 1583 85 148.467 | 3.3x10 2
R, 74225 [33196 r81877 283 274.100 | 1.91x107°
R,, 0 0 1930 283 100.735 0
R, 45264  [R4467 1632 283 224,061 | 5.621x107°
R, s 9175 | 8886 1876 283 116.500 | 1.892x10°

129
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Table 3.11: The expected monthly 1gflows to the sites in year 1
and the cost of energy
; !
f
r . h ’
' Month ‘ y K . k y k- y/vk , k , K ok
11 21 12 22 13 45| 723

k Mm3 Mm3 Mm3 Mm3 Mm3 Mm3 $/MwWh

1 948 826 2526 30 . 2799 318 1.4

2 482 189 1226 14 1632 193 1.4

3 350 148 1001 15 1336 221 | 1.4

4 300 113 849 8 1035 | 1234 0.8

5 238 83 724 7 825 | 164 0.8

6 225 .78 644 8 767 169 0.8

7 385 160 962 7 796 | 229 0.8

8 1388 910 4558 53 2017 373 0.8

9 4492 2143 17322 147 15509 .| 1920 0.8
10 5028 2026 7660 76 6453 1 999 0.8
11 2685 963 | 5195 69 4953 712 1.1
12 1402 " 580 2349 29 3376 | 414 1.1

N
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‘Table 3.12: Optimal releases from the reservoirs i{n year |

and the profits realized

Month u“k u21k J ulzk uzzk ul3k u23k Profits‘
k Mm3 Mm3 £;3 ﬁmB Hm; Mm3 S
L {2396 | 3255 | 4483 | 4514 | 4371 4689 1 15,461,752
2 2220 1875 | 4391 | ‘4405 | 4230 | 4422 13,816,672
3. |19264 | 2017 | 4ss0 | 4565 | 4178 | 4399 13,337,558
4 831 1355 | 3344 | 3356 | 3054 | 3535 5,366,083
5 621 | 1523 | 2959 | 2966 |-2744 | 2903 4,506,654
6 688 | 1058 | 3348 | 3357 | 3079 | 3249 4,741,587
7 710|870 | 3219 | 3226 | 2983 | 3212 4,445,930"
8 |1002 1912 | 3361 | 3414 | 3152 | 3526 4,943,712
9 973 | 3116 | 3294 | 3461 | 3179 | 4863 | 6,453,121
10 | 24791 3897 | 4761 | 4837 | 4371 { 5025 " 9.092.486
11| 2997 | 2997 | 4928 | 4996 | 4371 | 5025 12,942,779
12 12900 | 3480 | 3532 | 3562 | 4230 | 4643 11,800,057
| Value of.watér reééining,in the feservoi;s
| gglegfthe end of the‘Year. : 93}236,7?& W
. Total profits | o |e00,125,205 |-
;. , - _ :




Table 3.13: Optimal reservolr storage durihg year 1

12

5304

Month xllk o | % 50 |
K Mm> o ,Mm3 Mm® Mo
B 123315 | 4771 72297 | 44100 | 9132
2 21577.| 5304 69131 | 41502 | 9132
3 20003 | 5258 | 65582 | 38703 | 9132
4 19472 | 4848 63083 | 36683 | 8886
5 19080 | 4026 | 60822 | 34735 | 8886
6 18617 | 3734 | $8117 | 32422 | 8886
7 18292 | 3734 | 55858 | 30232 | 8886
8 18677 | 3736 | 57056 | 28097 | ssss
9 . 22196 | 3734 | 71083 | 41426 | 9122
10 24744 | 4342 | 73982 | 44508 | 9132
11 24432 | 5304 | 74248 45091 9132

22933 73064 | 44236 | 9132

132



Table 3.14: Optimal spill from each feservoir in year |

12

0.0

- Hoath 811 821k sz | o 513k %23

k Mm3 Mm3 Mm3 MmB. Mm3 Mm3

1 0.0 0.0 0.0 0.0 0.0 | 0.0

2 0.0 0.0 0.0 0.0 0.0 | 0.0

3 0.0 | 0.0 | 0.0 | 0.0 | 0.0 [.0.0

4 0.0 | 0.0 0.0 0.0 0.0./] 0.0

e 0.0 0.0 - | 0.0 0.0 0.0 0.0

6 0.0 0.0 0.0 0.0 0.0 0.0

7 0.0 0.0 0.0 0.0 | 0.0 0.0
8 0.0 0.0 | 0.0 | 0.0 0.0 0.0

9 0.0 0.0 0.0 0.0 0.0 0.0

b 10 20.0- | 0.0 0.0 0.0 0.0 334

11 0.0 0.0 | 0.0 0.6 1 0.0 | s

0.0 | 0.0 [ 0.0 0, 0.0

ad



Table 3.15: The expected monthly inflows to the sites in year 2

Montn y11k :V21k lek Y22 y13k y23k
k Mm3 Mm3 Mm3 Mm3 Hm‘ Mm3
1 551 220 | 1987 23 2260 531
2 361 | 285 12‘ 14 991 169
3 316 298 1054 | 15 849 84
4 z7zix 129 744 10 720 54
5 245 \\\\lfl_\ fo1 6 s99 | 72
6 265 92 |\ 563 7 579 90
7| 608 251" | 1182 14 598 96
8. | 1593 925 3898 “4 2336 ‘, 432
9 3851 2065 7487_ 73 5872 668
10 4566 | 1630 2556 | 30 4179 675
11 2701 | 1137 1828 22 3299 865
12 1080 1813 22 2664 852

2348

~/
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Table 3.16: Optimal releases from the reservoirs in year 2

and the profits realized

Month \ﬁlk u21k u12k uzzk u13k u23k Profits
k Mm3 Mm3 Mm3 Mm3 Mm3 Mm3 3
1 2997 3197 4420 4443) 4371 4902 16,015,177
2 2485 2769 4369 43841 4230 4398 14,196,242
3 1296 2884 4567 4582] 3448 3532 11,565,489
4 227 | 636 | 1873 | 1883| g¥s | 1275 2,464,047
5 205 | 205 | 1485 | 1e91] 710 | 780 1,464,047
6 227 227 1873 1879} 1039 1129 1,965,371
7 220 220 1747 1761 1007 1102 1,873,458
8 529 1140 1903 1956 1268 1700 2,%47,102
"9 | 2900 | 461 | 1843 | 1916| 1667 | 2335 4,961,431
10 2997 | 4239 | 2033 | 2064} 2852 | 3281 6,446,289
11 2997 4134 3405 34281 4195 '5025 12,075,924
12 2900 | 3980 | 3317 | 3339 4230 | 4863 11,599,919
‘Value of water remaining in the reservoirs .
at the end of ‘the year 84,799,056
Total proff£; 171,855,992
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Table 3.17: Optimal reservoir storage durlng year

9

<

Month k K k X k X k

11 21 12 13 23

k Mm3 Mm3 Hm} Mm3 Mm3
1 22317 5304 7i821 43561 9132
2 20192 5304 68678 40322 9132
3 19212 4014 65164 37722 9132

4 19258 3734 64035 37466 8886

5 19289 3744' 63023 37334 8886
6 19327 3836 61713 36874 8886
7 19714 4086 61148 36464 8886
8 20778 4400 63143 37532 8886
9 21728 5304 .68786 41736 8886
10 23297 5304 69308 43063 9132
11 23000 5304 67730 42167 . 9132
12 2248 5304, 66226 40601 9132
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Table 3.18: Optimal spill from each reservoir in year 2

Month | sy 521 12 522 13 33
k Mo M Mo Mm M Mm>
1 0 0 0 0 0 0
2 0 0 0 0 0 0
3 0 0 0 0 0 0
4 0 0 0 0 0 0
5 0 0 0 0 0 )
6 0 0 0 0 0 0
7 0 0 0 0 0 0
8 0 0 0 0 0 0
9 0 0 0 0 0 0

10 0 388 0 0 0 0

11 0 0 0 0 0 35

12 0 0 0 0 0 218

e
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3.3.6 Discussion

In this section functional analysis and dinimum norm formulation
have been used to solve the long-term optimal hydrdoelectric geeration
of a multiregervoir power system. The method takes into account the
water conversion factor variation, and the stochasticity o£ the river
flow. In formulating the problem as a minimum norm problem, we used an
average of begin and end-of-time step storage to avoid underestimation

of production for rising water levels, and overestimation for falling

water levels.

Numerical results are presented for -a real systhm In operation
including up to six reservoirs for widely different water conditions.

The proposed Qgthda i1s computional efficient compared to previous
N
techniques. )

We wused a linear relation for the water conversion factor with

the storage. This may vyleld a big error in the water conversion

factor, for example for the reservoir R11 at the maximum capécity the
water conversion factor using this linear relation is 447MWh/Mm3, but

it 1is . actually equal to ASZMWh/Mm3 with percentage error equal to -

1.1%. On the other hand, the water conversion factor éc the wminimum
storage 1is equal to 344.5MWh/Mm3 using this linear relation, but it is
actually equal to 336.3MWh/Mm3, with percentage error equal to 2.5%.

Also, for the reservoir R the water conversion factor at the

12°

maximum storage using this linear model is edual to 323.5MWh/Mm?, but

it is actually eqhal to 316MWh/Mm3 with percentage error equal to 2;4%,
and so on for other reservoirs. In conclusion, using a linear model

for the water conversion factor may cause overestimation in the total

benefits.from the system.

-t ,_ - \‘ . {
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CHAPTER IV

MULTIRESERVOIR POWER SYSTENMS WITH A NONLINEAR WATER

CONVERSION FACTOR AND NONLINEAR STORAGE-ELEVATION CURVL

4.1 Background

In the previous ¢two chapters the long-term optimal operating

problem for multireservolr power systems connected either in serles or
i »

in parallel, and having elther a constant or a variable water

conversion factor has been discussed. We assumed that the storage-
I
‘ b
elevation curve for both cases was linear.

This chapter is devoted to solve the long-term optimal operating
problem for multireservoir power systems connected either in series on

¢

a river or 1q parallel on a multiriver system. The systems described
here are characterized by having a nonlinear storage-elevation curve
and a nonlinear water conversion factor. We used, for both a quadratic
function of the storage; the resulting problem has a highly nonlinear
objective function and linear constraints. We propose a transformation
such that the system equations are reduced to a iinear-quadratic form.
Lagrange aﬁd Kuhn-Tucker multipliers are used to adjoin the equaliFy
and the inequality constraints to thé objective function.

The éroblem of optimizing the operation of a multireéervoir power
system 1is a difficult problem because first, it has a nonlinear
objective function. Second, .the production energy function of ‘the
hydroplant 18 a non-sepérablg %unction-of the discharge and the head,

which 1itself is a fundtion of the storage. Third, there are linear

constraints on both the state {storage) and .decision (release)
v
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variables. Fourth, 1t s a stochastic problem with respect to the
river flows (41).

Over the past several years a number of methods have ‘been
developed to solve the problem. « Aggregatiun of the multireservolr and
hydrdoplant system 1into a single equlvalent ;;servoir is one of the
earlier appreoaches that has been used. Obviously, such a
representation of the reservoifs cannot take into account 711 local
constraints on the contents of the reservolir. Stochastic Dynamic
Programming 1s wused to solve the resulting one state proble@r (3,4).
Stochastic Dynamic Programming with successive.approximations was used
to solve the parallel multireservoir problem (2).

The Aggregation/Decomposition method was used for the solution og
two—state variable optimization subproblems. The solution obtained by
this method appears questlionable, because the 1inflows to some
reservoirs may be periodic in phase with the annual demand cycle, while
other reservoirs may have an inflow cycle which lags by a certain time.

In this case the decomposition has no \meaning (12). Also, this

approach avoids answering the basic question as to how the individual

reservoirs in the system are to be operated in an optimal fashion (15).

Recently (42), successive Linear Programming, an optiﬁal controi
algorithm and a combination of Linear Programming and Dynamic

Programming (LP-DP) are employed to optimize the operation - of

multireservoir hydro system given a deterministic inflow forecast. The

algorithm wmaximizes the value of energy produced, plus the estimated

value of water remaining in storage at the end of the planning period.

0}
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The LP-DP algorithm is clearly dominated: 1{t takes longer to find a
solution and prod‘ces significantly less hydropower than the other two
procedures. Successive Linear Programming (SLP) appears to find the
global maximun and 1is easily implemented. For simple systems (one
reservoir or maximum two reservoirs) the optimal control algorithm
find;- the optimum in about one fifth the time requi;ed by SLP but s
harder to implement.

In reference (5) a combination of Linear and Dynamic Programming
i1s applied to optimize the productlon of hydroelectric power fof a
svstem consisting of six reservoirs. Tﬁe computing time to get the
optimum using this approach on a typiéal ninicomputer is | to 3 minutes
per power station.

In this chapter functional analysis and minimum norm forulation
have/ been used to solve the opéimal long-term opera;ing problem of a

Y

se{ies and a parallel multireservoir power system.

A.2 A Multireservoir Power System in Series on a River?*

This section is devoted.to the solutiopwof the long-term optimal
operating problem for a multireservolr power s;steﬁ in series .on a
river. The system described here 1is characterized by ihe noﬁlipéarity
of the storage-elevation jcurve and the stochastié¢ity of fhe‘ river

/ . .
flows. In formulating th%;problem as a mdnimum norm problem, we assume

* A version of th}s section has been hccepted for publication in, the

Journal Qf.OpcimizatiOn Theory and Application (JOTA), -ﬁaj 1985, Ref.

27. S .

-
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that the times of water travel between upstream and downstream
reservoirs are shorter than a month, for this reason those times are
not taken into account. Transmission line losses are also neglected.

4.2.1 Problem Formulation

4.2.1.1 The System Under Study

The system under consideratlon consists of n reservolrs connected

in series on a river. We will number the {nstallations from wupstream

<

to downstream, and denote by the following (Figure 4.1).

O

I K S4A  random variable repreéenting the natural inflow to site 1 1n

1
pe;iod k 1in Mm3. These are statitstically 1independent random

¢ N

variables with normal distribution

u The discharée from plant 1 during a period k in Mm3. This is the

water released to the allied plant to producebelectricity;

@

k _
where Ei.a and uik are the minimum and maximum releases. If

k —k — ’
u, Uy, then uik—uik are discharged through the spillways
3

X The storage of the reservoir i at the end of month k in Mm™;

where Ei and’Ei are the minimnum and maximum storages

A
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Figure 4.1 A SériesmMUItiresvervoir Power S'ys\tem
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Gi(uik,xik_l) The generation of plant { in month k in !fWh. It is a
function of the discharge and the head, which 1itself 1is.a
function of the storage, - and this fuanction 1is a nonllnear
functlon .

k : k k
s The spill from reservoir { during the period k; Sy =0, S, 0.

Water 1s spilt when the reservoir 1s filled to capacity and the

inflow to the reservoir exceeds ;ij

K X
Vi(x1 ) Value 1n dollars of the water left {n<storage at the end of

the planning period

ck Value In dollars of one MWh produced anywhere on the river
k Superscript denoting the period; k=1,...,...,K
i Subscript denoting the reservoir number; i=1,...,...,n

4.2.1.2 The Objective Function

The problem for the power system of Figure 4.1 is to find the
i=l,...,...,0; k=l,...,...,K that maximlzes the value

discharge ug s

of energfﬁ generated by the system over the planning period plus the-
expected future returns from water left in storage at the end of that

period. In mathematical terms, the basic optimization ‘problem for a n

reservoirs system can be written as:

K k-1

. s ~(4.1)

n n
JEL § v (x4 ] c“c, (u,",x

° i=1 i=1 k=1

Subject to the following constraints



(1) The . reservolr's dynamic equation is described by the following

difference equation

k_ k-1, .k Kk k k_ k
= —_ 4 —_
X, Ty +IL +u1_l upts TS (4.2)
where
/
k-1 k k k ky - k k-1 K k k k
+ + + - - ; + 5 -
(xy I otuy Hey | x )muy LEGe T AL T s, e )
k £ -k kK =
. Nz . 4.
sy uy and X Xy (4.3)
0, otherwise
.
(2) Storage levels and discharges can be”bounded above and below to-

allow for recreation and flood control objectives

&~ x, xS : | (4.4)

& @

u < uyg f’ui : ‘_ . (4.5)

The initial storage xio, the expected natural inflows into each

. k
and the parameter ¢ are assumed to be

0

. ) . K
stream, during each stream I1

v ¢

known. -

4,2.1.3 Mathematical Model

-

To model the amount of water left in storage at the end of the
planning period we dultiply this amount by the water conversion factor
of at-a—-site and downstream reservoirs. In this study we assume that

the water conversion factor of at—a-site 1s a.nonlinear function of the

storage; and this function is a quadratic function. Then, the value in

£~

w



&
dollars of the amount of water left In storage at the end of the
planning period is given by~ ' -

Ky. T K K,2, K
V. (x, )= Z (0 48 x 4y (x, )7 )x, ; 1=1,...,...,n (4.6)

S SR FE M S T D B
where ai’ﬁi and YL are constants. These were obtained by least square

.

fétting to typlcal plant data avallable.
The - generation of the hydroelectric plant in MWh is a noallnear
funcfion of the water discharge u K and the head, which ftself 1is a

1
' ' . k k-1
function of the storage. We may choose the following (,i(u1 Xy ).

G, (u k,x k= u k+8 u kx k—l+Y u k(x k—l)Z ) (4.7)

The above equation 1is a highly nonlinear fumnction. If ‘oﬁe
defines the following n dimensional pseudo-state variables such that

(17)

(4.8)
"
- Then, equation (4.7) can be written as
LI S T k=1, ko k=1 o ('))'
1% 0% Gy ThRYY X Tyl Yy AN

)

RN

Now, the cost functional in equ&tiop (4.1) becomes .



n s a K
T 3 $ : N ¥ ; : K K-
J-’-‘F[ > ) x,h(u,ﬂi'x,hﬂ,}«", )+ ‘). Z ‘(leu‘ +(‘\ U ~
i=1 j=1i J b i=1 k=1 ) : L% k
<
RS (4.10)
y,cou, v, } : .
b i 1 @%
Subject to satisyling the following constraints
)
g
\#
— k k-1 k k k k k- : ’
= . + —_ . N F .. RV R A.
\‘tﬁi X, +I1 +ui_1 Pi Si_| By 1‘1, ,n;k=1, ,K. (4.11)
k k.2 .5
Yy =’(xi )T i’l,...,é;k=l,...,.-.,K é% (4.12)
. 2
X K x 1=} L n;k=1,. ;K .Jgg | (4.13)
_1 _ i _xi’ ". b ) ,"°', l .
k kK -k,
- s 1=, ...,.0.,n; k=1, .0, 4.14
ugoLuglus i=1, , »n; k 1,  , ,K (4.14)

4.2.2 A Minimum Norm Formulation’

{

\,»  The = problem now 1s that of maximizing (4.10) sybject to

satisfying constraints (4.11-4.14). We can now form an augmented cost
i ’\' ' . .
functional J by adjoining the-équality constralnts via Lagrange's

‘multipliers, 'A.k and uik, and the inequality constraints via Kuhn-

i
Tucker multipliers..‘
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. \ ‘ - »
’ . - n n K K K n K k k
J=E{ y X x, Ca #8. X, ty.y, )+ ) F (A, u .
: 17373 "1y : i1
1=1 =1 Ci=1 k=l N
. )
k k k-1 k k k-1 . >
Ao + : - ,
. ._V-_'w +B1 ug Xy Ci_ui Yy | ( \ .
k k k-1 k k k k k k, - k. Y k :
. - +I, + -y, + = <y 4
th o e T Ty ey s sy ey oy )%
1k k k, , k_— 1k, k. k K, k —k .
- — - + — 3 .
e (xy ey vey (R Tex gy (uy ey ey (uy ey D (4315
: k. 1k k T
-where e1 » _ei_ ,/ 8y - and gi are: Kuhn—-Tucker multipliers. These are
) n .
- equal to zero if.f‘the constraints are not v\igléted and grcater than zero
if t{xe{/cc.mstrairits. are violated (32). . The values of Lagrange‘;s
. multipliérs, Ai and ik , are to- be- determined such that the
. E . . ‘ 5. :
. ; . -~ )
corresponding equality constraints are satisfied. . o
7, " ‘ S
Now, define the following nx! column.vectors ° -
A' H . , * . & A ¢ [N
| o SRR I
A= coi.(Al,.'..,_..._,Any LT (4.16)"
where T ‘ Y - j_\'
. n ’ 4 _ ‘ .
) YA ¥ jaj"; e B N ¢ ¥2)
. ) . j=1 . i : s ’
€ . ’ . . ¢ o o.: .
. ‘ oo to o sy
x(k) = colf.(xl, oo ayae ,xdk)ﬁ;" R \.\'/ (4.18)-
1 . ﬂ- :>°o *
- ¥ . ; vo o
_\ N _ IR .
" ‘, -t y(km ‘- Col‘\'(yl 90 e ,.- o.,yn )'.ui : ”6 ; ’ i - (4-19)\
.‘:‘ L " . ) S A v © N
i *’
.c;- . . .
s - e . N 0,‘"" ’ .
- e ‘ o k : - .
- ou(k) = 'col-.(ul_, peessees ,ga}()‘ (4.20)

-
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whare

’

s(k) = col.(s, , s ,S k)
1 n
I(k) = col.(1 k,...,...,l k)
1 n
o
CAK) 2 ool (A,
1 n
p(k) = col.(u, ,een,eea,u k)
. -1 n
A(k) = col.(A k,...,...,A k)
) 1 n
A k_= c a,
1 i ’
L S
i g i
B k k
v(k)\;a col.(v1 semeaee sV )

Furthermore, define the following nxn matrices

cws

1

s

ML 1k
1 8178

k

p(k) = COl-(Wlk,}--,-‘-,wn )

a(k);=“gx;g.(nlk,..,,.,:,ank>
? -

¢

»

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

S (4.26)

Q#4'27)

(4.28)

(4.29)

(4.30)

(4.31)
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3.

a~
k .. k
= 2
By ¢y
k
C(k) = diag.(C1 yeeayea-,C
where
k k
C -
¢ T

B 18 nxn matrix whose elements are given by

(1) bii - 81; ;i=1,...,n

(2) b 3™t

=1/2 8

j+1;

n

k)

1=l,...,...,05321,...

’

.

.,n-1

C 18 nxn upper trilangular matrix whose elements are given by

Fl) Ci1” gl

Y C1(3+1)” Yya1?

M 18 nxn lower trilangular matrix whose elements are gi#én by
@® - ’ .

Using all the above def;nftions; the augmented cost functional in

(1) m, ,=-1 ;

T i=l,...,n

2 2 gp1ye

.

~equation (4.15) becomes -

1=1,..

A

cyees,m

-~

; I=1,...,n; 3=1,...,n-1

1=1,...,053=1,...,0-1, 1 = j+l

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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}=E[ATX(K)+XT(K)BX(K)+XT(K)Cy(K)

»

ATOulO+ 172 xT(k-1)BUOu(k)+ 1/2 ul(k)B(K)x(k-1) _

+
I ~1)

172 WTUOC) Yy (k=104 1/2 y (k=1)CUOulk)+ AT() (~x(k ) +x(k=1)

S

Lk ) +Mu(k)+Ms (k) )+ T (k) =y (k )+x L (k) Hx (k)

+

aoxo+ T GOu))] | . (4.38)

+

\ . >

Note that constant terms are dropped id the above equation, H in
the above equation i1s a vector matrix in which the vector index varles

from 1 to n while the diménsidn of H 1s nxn*(17).
- SIS ;_ s

*If the index is equal tp 1, then the matrix H Is given by:

- a

H = ¢ 0 -0 0 ...... 0 i1s nxn matrix

Also, 1f the 1ndex'i$ equal to 2, then the matrix H i1s given by:

- v

0 0 0, .l1....0

~

H =" 01 0 ..... . 0 ) 18 nxn matri%

< | 0 0." 0 ......0 ‘ ‘
‘Finally, if thé index!is equal to n, the.métrix ;jis éiven_by:

. 0 0.0 .....,:0 T _

H= ‘ .0 0 0 .......b 1s nxn matrix

0 0 0 eeeend L .



*

Employing the discrete version of integration .tﬁ? parts

dropping constant terms, one thus obtains (33)
v T, 3 T/vyu T T
J=E{ {x " (K)(B+u (K)H)x(K)+x " (K)Cy(K)+(A-) (K)) x(K)

Ty -xT00u TC0 ) Hx (041 TC0)x(0)+, T(0)y (D))

K .
T G D=1 Hx (k=104 1/2 %3 (k=1)BCk Du(k)
k=1

+

+

3]

+

O (O =A =1+ v (k) Tx(k=1)+(A )M GO+ Ty (k)
U S E

+

o) Tu) = w T (k-1)§(k-1))]

5 X - '
It "will be noticed that J in equation .(4.39) is composed
: ‘ t '
bouqdaryA part and a'dLscrete-integ;al part, which are independe

‘ éi@ﬂ’ocher.n

" If one defines the vector Z(K) such that

?‘?4'-

L fwo = 1w, Y]

®

$= . - :
' Then, ihe boundary part can be written as: ¢

9, E2T(00ZK) + FIZ) T

. . -

© e

1/2 u (K)BUR)x(k=1)+ 1/2 ul (K)C()y(k=1)+ 1/2 31 (k=1)C(kIu(k)

152
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, and

BN

(4.39)

of a

nt. of,
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where
- .
BHu (O 1/2C
Q(K)= {s 2nx2n matrix (4.42)
1/72¢T 0
it - 3 ) p—
and o “.(
, ‘ . 1
FL(K)=[ (A=A (KD T, = wT(x)] (4.43)

Note that, since the problem is to maximize J1 with respect to

Z(K) and x(0), y(0) are consrants, we dropped. constant terms in

-~

equation (4.41).

Now, define the follawidg vector such that®

v = QN OFK) o - (4.48)
| : . ,

- Con

_ then, "the boundary ~term can be written in the following form by a

-

process similar “to comple;ing‘the squares as

’

—c—

" N ‘ . o .
L3 ELR)+ 172 VOO QU2+ 172 VK))= 174 VIRIQUOVIK) ]

\ . ‘ S (4.45)
. “ " ) “ ' . '. ) ) i . ‘l’ L4 .

" since it is desired to maximize J; with respect to -Z(K), the problem is -
. o - . 4 . . £ \_‘

'

8 lig -

;\./ : ' ’l Y ' b 'V'. ’ : ' ,f‘ ,.. “ : /‘.
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equivalent to

nax.Jl-Max.E[(z(K)+1/2v(K))TQ(K)(Z(K)+1/2V(K>)J " (4.46)

Z(K)  2(K)

because V(K) 1s independent of Z(K).
| jﬁi Equatfoﬁ‘ (4.46) defines a norm, hence this equation can be.

'Awritten as (38)

Max.Jl”Max.E[[|Z(K) + l/2'V(K)||]Q(K) ‘ : (4.47)

Z(K) Z(K)

If one defines the folloQing.vector‘X(k) such that’

X"(k) =[x (k-1), yT(k=1), wTCO] _ (4.48)

;Atheﬁ, the discrete integral part can be written as

Ve

\ i - . _ ‘\,'",
- K T | T A : -
JL"El ] (XT(RLCG)X(K) + R™(k)X(k)]] \ (4.49)
’ k=l - ’ ’ '
where S f
T - ’ ] . P
- uw(k=1)g 0 1/2 B(k) - o ‘ R
| T ‘ o | R B
L= . 0 0 -~ K2 C(k) +{is 3ax3n matrix' - (4.50)
o ‘> ) ," ‘..: ) ’E.‘ ‘ - N . . .
1728(k)  1/2¢(k) . O - ‘
: - A 2
RS 7
) - "'_,',: ‘.'1.
) \ ‘:& ,
s 3 2SI
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and

-,

RT()=( (1 (k)=A (k=D+v (k)T =T k=10, (A G+ (e (k)
407 - (4.51) =

Now define the vector W(k) such that

-

W) = L aORKk) (4:52)

then Jé can be written in the fdllowing form by a process simila to

EoN

3

.
completing the squares as (40)

.

Max.J,Max.EL J ((XQO+1/ 20D TLAO(XAOF 1/2 W(K)
k=1 ¢ ‘ o
X(k) . XxGx) 7 '
- /6 WROOLGOWK)) ] (4.53)
’ -

, with rgspect:‘to X(k), the *

»‘.} N . v
~ "Since ' it is desired to maximize J
problém is equivalent to

i . B ¢
“w

. oo ; 4 . ' .
Max.J,=Max.E[* } ((X(k)+ 1/2 RO TLAO (XGO+ 172 W(K)))] (4.58)
, k=1" . ' '
X(k)  X(k)

. -
. “ X i

because * W(k) 4§;independeﬁt 6f‘X(k){ _Equation (4.54) also defines a

N\



“ obtalned in a similar fashion to that outlined previously. To be

-

norm, then equation (4.54) can be written as (38)

-~ ~

Max.J

2 L(k)

X)X | .

=Max.E[|[X(k) + 1/2 W(k)|]|] (4.55)

(4.47) 15 given by

“optimality equations at the boundary,” . -

4.2.3 The Optimal Solution

As has now begome obvious, the problem is finally in the minimum
g X

norm form. The optimal ‘solution is of the standard form and is

&

specific;, the optimal solution for the.problem formulated in equation

E(Z(K) + 1/2 V(K)] = (0] , (4.56)

o ‘ o

Writing equation (4.56) explicitly, ogg obtains the féllowing .
. N &

R . _ _

' T, *- , - s :

E[2Bx(K)+2u (K)Hx (K)+Cy(K)+A-A(K)] = [0] o (4.57)
) . .\q a < ot ‘

£[L(K) - cTx(0)] =-{0]° o s

(’(' o
\ .

, T ' TR -
Also, the optimal solution for the. problem fogmulated"iﬂ edﬁatioa

(4.55) is givén’by . . - .

© .

CEIXGO + 1/2 W00 = (0]
<. . o ‘ V/. e
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Writing equation (4.59) explicitly and adding equations (4.11)°

"and (4.12), one obtains the following set .

E{=x(k)+x(k=1)+I(k)+Mu(k)+Ms(k)] = [0] - (4.60)
El-y(O#x (OHx(k)] = (0] ¥ o (4.61)
. : o 77
/s E[-u(k-1)+C(Du(k)] = (0] . (4.62)
»".. NRY ' )
E[ (=2 (k=14 (k) 420 T (k=1 ) Hx(k=1)+B(k Ju(k) ] = (0] (4.63)

E[A(k)+MTA(k)+MTA(k)#ﬁTv(k)+w(k)+B(k)x(k—1)

" 4CC)y(k-1)] = (0] | ' (4.64)

»

We can now state the optimal sojution of eqdations"‘(4.57—4"58)

and equation’(4.60—4.64) 1n component form.

~ \' . - . $
ik, e - k8 ok
E{28 & "+8 Ky g x K42 A
R 1-j§1 Z B R G j23 o ¢
n JK‘ )
+ L o, +rx M =8 1m0 (4.65)
- s e j 1 r - . -
. : : J=1 . .
: N .
< K ' L ' y e . ; . ~
EM, -y, L. x.1.0 3 1=1,...,0 S (4.66)
. .
Ef-;” +x -L+I +;" -u,: +8 -3 k];'O' i=1 'H!'i¢$v'f"(6 67) .
1 Xy T TYgep U TSy By TV SERRRA -67) .

-
POWESE
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equations which msut be satisfied at t

¢

One also has the following limi

’

- ”

k ] ’
< 51,.then we put X,

k

i

If x =

i

> X =

If x X,

then we put x,

i

then we put u

"1f qi

k

<4y » then we put u

If u,™ > uig,

i

158

Bl-y, + (x!0%) = 0; 121, in (4.68)
i ’
E['“ikil + e uik] = 0; 1=1,..., .} (4.69)
) . ' v '
» .
k k-1 k k-1 k-l k
E[/\1 —Ai v, +2ui X, +81c u, ]=0; 1=1,.... ,? (4.70)
\
T N k 4 k k k. k. .k— 1,
CE[a, eV +A -2 —v A, 48 + =) 5. = .
Eloyeleh ) i ey g R tBe X ey R0 AT e >
. (4:71)
& 3
Y
asldes the above equations, one has the following exclasion

he optimal (402. g

Y

(4.72)
kN
(4.73)
(4.74)
(4.75)
» "
{
ts on the variables (4®)
. .
\
£1¢ K
. xi ,

-t i (4:76)
uk o
Y .

5 K
i J .



¢ ‘ﬁgpations (4.60-4.64) with equations (4.57) and (4.58) or
i ¢ ; ’

,,eqhgtions (4.65-4.76) completely specify the oﬁtiegl solution for the

AT hd ’ g

Ca
e
gt

1*Systeﬁ; The following.algorithm is used to solve these equatios.
)

i’ ’ q L Y ’

. 4.2.4%Algorithm For Solution R
.Aﬁe given: the number of reservoirs(n), the expected value for

.

.QO " the natural ‘inflows to each site Iik, the initial storage Xy and the -
)Eﬁgﬁl of energy ck in $/MWh.
! Step I = Assume 1initial guess for the variable;u(k) such that
< . L
u(k)<u (k)-ulk) ; t=iteration number; 1=0
- i
t
Step 2 Assume fiYst that s(k) ;& equal to Aero. Solve  equatlons
N . (4.60-4.62) forward in stage with x(0) ‘given
L
.-Step 3 Chect the limits on x(k). If x(k) satlsfies the inéquality
x < x(k) « x
. ' / ‘ . o
o go to Step 10;‘ othe:wise'pdc-x(k) to itg limits and go to
lpl\g N ,, ) 2 “ . N .
‘:" Step 4
Step 4 Calculate the new discharge from the following equation
' ! : \\\ - ’
) r.

Elgg(k) ] = ELIM] Y (k) =x(k-1)-1Ck)) ]

Steb 5° Check the;li&its on p(k). If u(k) satisfies<the’ipequality

-

T e a0 <uk) < W)

t . ' . . : ) . N

159
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v

-
b go to Step l4, otherwise put u(k) to its limits and go to
Step 6 -
Step 6 Calculate the spill at a month k from the following equation
ElsCk)] = E[[M] M (x(k)=x(k-1)=1(k))=ti(k) | o
If s(k) {s less than zero, put s(k) =9 .
Step 7 Calculate the discharge from the followigg equation
s
i . 3
EluC)] = E[[M) 7 (x(kd=x(k=1)-1(k)-Ms(k)) ]
Step 8 Solve again equations (4.60-4.62) forward in stages with
. ‘ . )
- x(0) given
Step 9 Check the limits on x(k). If x(k) satisfies the inequality ,
x < x(k)- X
go ° to Scep’lO, otherwise puteg(k) to its limtis andhgo to
Step 4 N
Step 10 With o(k)=0, solve equation (4.63) backward in stages with toe

equation (4.57) as a terminal‘cbndition
Stép 11, Calculate Kuhn-Tucker multipliers for u(k), w(k), from the -

following equation |



Step 12

_go to Step'ls,

° 161

k . E-3 1, 7 . "‘/
T T T PRI : o
E{o(k) ]=E{M Bk u(k)+2M u (k)C(k)Hx(k+1T v .
. . ) ‘ . &
- B(k)x(k—l)—c(k)y(k—L)—Hr\(k—l)—A(k))
* . ‘ .
If u(k) satisfles the finequality
ulk) - u(k) - u(k)
. e e Xy
puty (k) = 0
Determine a new control iterate from the followlng equation « eﬁi
N L '
"
Elut™ )} = Elul (+abut (k)]
where ‘ o , .
. e, T . ~ . )
E{Du(k)] = E{ACK)HM A(k)+4(k)+B(k)x(k-12+C(k)y(k-1}] d
h
and o 18 a positive’ scalar which {s  chosen  with- )

consideration to such factors as convergence

e

i

Check the limits on u1+l(k). If u1+L(k) sét@sffg
inequality " . —~

. + —
u(o) < oo - a) 1 .

S ‘ . . ‘
-OtﬁQFW133'RUC oL o tes limits and go to

9 ;

Step 2 .. 2 N s, .
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Step 14 Solve the‘fbl}éwing eéuation forward in stages
L \ .8 ) ,-
A J=E R 5 T, -1
E[ (k;l)]-s[s(k)u(k)-{u ] "B(k)x(k-1)-[M"] "c(k)y(k-1)

PR

v o,
.~

¥ TG DHx-D-1 17 a0 )
Step/1§ Determine Kuhn-Tucker multipliers for x(k), v(k), from the

following‘equation

-

£{v(k) 1=E{-[MT ] T AGO) -2 O-(MF] 7B (O x (k-1)

: T,-1

; - M) "C(k)y(k=1)]

If x(k) satisfies the inequality; 55x(k)<§} put v(k)=0
Step 16 Determine a new state iterate from-the following equation

-

CET 0] = B oO+anx (00 ]

where

E[Dx(i)] = E[A(K)-A(k=1)+v(k)+2u T (k=1)Hx(k=1)
+ B(k)u(k)]

Step 17 Repeat the calculation starting from Step 3. 'Continﬁe until
the state i(k) and the  control u(k) do not change.
significantly from iteratjon to iteration and J in equation

- *(4.10) is a maximum.’

|
.
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4.2.5 Practical Example

The algorithm of the previous section has been used to determine
the monthly optimal operation for two reservoirs connected in series on
a river. The characteristics of these two reservoirs are given in

Table' 4.1. The optimization is done on a monthly time basis for a

period of a year. The times of water travel between upstream and

®

downstream reservoirs are assumed to be shorter than a month; for this
reason, those times are not taken into account, also reservoirs water

losses due to seepage, evaporation and irrigation are neglected as are
. /’

transmission line losses. . .

. {

The expected natural inflows to the two sites an% the cost of
energy are given in Table (4.2) for the wet year, which we call year 1.
In Table (4.3) we give - the optimal monthly releases {rOm each

,

reservoir and thse profits realized in yea; 1, for the optimgl global

~ feedback solution. In Table (4.4), we give the optim reservoir's

storage in year 1.

We tested ourialgorithm for widely different water conditions.
In Tables ((4.5)-(4.7)), we reported the results for a dry year, which
we call year 2, We started both years wigh reservoirs full. . The
‘computing gime to get the optimal holutién for the system just

described was 0.58sec. 1in CPU units, which is less than the computing

time using other approaches.
. . [
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Table 4.2: The expected monthly inflows to the sites

in year 1 and the cost of energy

Moﬂth Ilk Izk ck
k Ma® Mm3 $/Mwh
» 1 892 689 1.4
2 922 454 1.4
3 462 319 1.4
4 .316 176 | 0.8 e
5 280 103 0.8
6 253 | 116+ 0.8
N 7 698 | 190 0.8
8 2712 1227 0.8
9 3417 1324 0.8
A 10 5388 2136 . 0.8
11 4566 1995 1.1
12 | 2631 | 1097 1.1

,. .
-,
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Table 4.3: Optimal montchly releases from the reservoirs

\

and the profits realized in year 1

e

N

Month | ulk uzk Pfofits
ko S omd M -8
1 T g3 3213 3,011,408
2 2341 2796 ' 2,686,580
3 \ 2288 2608 2,545,721
4 1465 1898 976,04&
5 | 1251 1226 720,880
6 1432 1467 836,165
7 1363 1506 815,377
8 1444 - 2721 1,142,981
9 ‘ 1964 3288 1,465,964
10 1708. 3844 1,538,007
11 2345 4239 2,602,937
12 2900 3997 . 2,822,082
\Value of waterntemaining I ‘ |
in storage at the 1 ,
end of the year 20,206,320
Total profité

41,370,466




e

Table 4.4: Optimal r?servoir gtorage during year 1 - ]

@

Month xlk x2k
k Mm3 Mm3
=

1 23131 5304

2 21712 | 5304

3 19885 | 5304

4 18729 5304

5 17757 5176
6 ‘16577 | 5257

7 15911 5304

8 17179 5304
9 18632 | 5304
10 22311 | 5304

1 24531 ‘5304."
12 24262 -{. 5304
L

Ay

f

m\;:
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Table 4.5: The é%pected'mbnthiy inflows to
the‘sitesviﬁ yeaf 2

<o

1 K '?847 . 358
L 2& Can | 3w
3 [ 234 261
4 227 176

s | 205 | 113

4
e | 6 | 266 [ 155 o
| 7 456 | 204 .
8 |- 2004 1123 }
9 3223 1508~ |
10 3402 | 1312
1 “'2555 e
‘12 7] ages | an
- B! . : . ;
. s
—“\’ ' A ) 7 b“i' ’
> ‘ . P



Table 4.6: Optimal monthly releases from the -

& ~

reservoirs and the profits realized in year 2

Honth ulk uzk ?rofits
K Mm® Mo $
1 2997 3355 3,372,875
2 2900 3243 °| 3,219,276
3 1254 3085 2,109,900
4 .225 | 227 126,752
s 205 205 | 115,31§
6 | 227 | 23 130,417
7 220 | 414 169,988
¥ 27| 227 139,342
9 220 | 1725 | 511,848
10 . 2997 4239 2;143,635-
11 2997 3613 |- 2,757;101 "
12 2900 | - 3211 2,542,615
{ ‘ Value of water
remaining in _
storage at the s '
end Qf, the year 18},66.8,544
Total profits | 35,997,612
NI
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Table 4.7: Optimal reservolr storage during year 2 .

Month xlk xzk

k Mm3 Mm3

’1,‘ - 22163, 5306

2 20086 | 5304

3 19962 3734
vb ‘f19062, 3910 .
s | 19060 4023

6 19098 - 4168
7 19336 | 4178

8 2ut  .530;

9 26114 | 5304
100 ] 2es20 | s304
11 {26107 | 5304

R ';4 1z | aas12 | s304
fa\;»_
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4.2.6 Discussion

N

The total expected ﬂgnefits for thisg system in yeér 1 wusing a
iinear model as-mentioned in Table 3.3 is $38,704,069 but from Table
4.3, the tétal expected benefits using a éuadraﬁic model for the same
s;stem in éhe game year 1is $41:370, 66. The percentage Increases 1in
ghe fotal benefits is about 6.9% iﬂ yéar 1.

Cn‘ the other hand, the tétal‘expected benefits in year 2 as
mentioﬁed iﬁ Table 3.7 wusing a linear wmodel for tﬁis system is
$32,884,877  but frém Table 4.6; the total expected bemefits for tﬂe

- 2

same system using a quadratic model .is $35,997,612. The percentage

increases in the total benefits is about 9.5% in year 2.

P

ot
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4.3 A Parallel Multireservoir Power System*

This  section 18 devoted to the solutlonﬁof long-term optimal
operétion of a parallel multireservoir power syst%ﬁ, which may contain
run—of;river downstream reservoirs. The systems considered Iin this -

"section are characterized by having a highly nonlinear hydroelectric
generating function of the egzrage and the discharge, and, the water

'conversioe faetor assigned for eacﬁ hydroplaut is a nonllnear function
cf the storage. — |

'4.3.1 Problem Formulation

MR

4.3.1.1 The System Undet Study
The sygtem‘under.consideratfdn\consiets of t'r;Qets,a~each ~ri§ef

~ has nj.eepies reservoirs; J=l,...,...,T, mj ﬁrom.these‘teservoite”ere s -
run-of-river downstream reeervoirs. More precisely iﬁere are.

J J

series cont:ollable. reservoirs on eachvkivdr. We will number 'tﬁe _:/)'

installatfdnS' from upstream to downqtream and denote by the followingy
’ : : < . 1 S ”J- - j, L.

(Figure 4 2).

Iijg‘ A random variable representing the natural 1nflow to site A cpi

L 4

'
v

river j i= l,...,...,nj, j'l,...,...,r 1n month k k 1,...,...,&_

K RIN ) 3)

in Mm (1Mm =10 . These are statistically independent tAndom t,-

variables with normal diatribution. It is assumed that ‘no

‘ '
o ! N

‘correlation exists between flows of independent rivers or of ‘a.

different petiod.of time.

. : : L - , ‘
x A version of this section has been accepted for publication in’ ‘the 'f: ",j:::

If[ Canadian Electrical Engineering Journal June 1985 Ref (30)
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A Controllable reservoirs
[ ] Run-ot-river reservoirs

. .Demand .| = ..

 Figire 4.3 _ A Parallel Hydroelectiic System ~ .

e



174

(‘\
‘xijk 'The storage of reservoir i on river j at the end of period k in
.3 ' )
Mmn”; i=1l,...,...,n,@,; J=l;i..,...,1; k=1, .,...,K;
y oy
X, < xS x
213 - 13 — "1
where xij'and xij are the minimum and maximun storages.- =
uijk The discharge from reservolr 1 on river j during the period k “in
Hmj; vq
w Feu Xeou, K fill K u '
=13 = %13 =%y 0 Yoy ' :
. ) k _ k . oy i . . ’f i}
where u ;3 and u1j are the minimum and maximum discharges of the
. . . / )
: k — k : k‘_—' k 3‘
‘ allied power plaut. If uij i,?ij , then utj uij llm™ of water
; 18 discharged through the spil‘?ays.
Sijk Thé spillage from réservoir i on river j during the period k& 1in
Mm™; sQj Of ?13‘51 O,‘ / , | N
cjk Value in dollars; 6f one MWh produced anywhere on the river j 1in
2 k<P
$/Mwh.
rj( 13 ) Value in'doliaIS'of theiwaier left in storage in reservoir 1
of river j, 1""""’nj-mj ;j-L;,,;,.g;;:,*éq-thé end. of the
planning period.
hijk' The water CQﬂvepsion factor in MWthm3 of powet‘plant'i oh; river - -
" j 1id perfod-k. -In this study it is assumed that *
. . N - - . ‘.' R : . ) ’
Koo 4800 (x, )2 M; /Mm R ‘79")'--_
My “15 Bij 13 +Yij 13 O i
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. i § 0
‘1-1,...,...,hjfgj; j=1,...,...,r for the controllable reservoirs
v '
and . \
-
LY
- h kwa . MWh/Mm?; L-nj—mj+l,...,nj; (4.78)

13 13

j=l,...,...,r for run-of-river réﬁervoirs.

, k k-1
Hi3Cogy o*gy

MWh. It 16 assumed that

) Ghe generatfon of plant 1 on river j during period k

H, ,(u k k=1

k-1 k
1380y xij ) h1j uij ,‘1 l,.cc,ee.,n —m (4.79)

i3

L S
13 ’71)

i=n -m +1,...,n (4.80)

X k-
( Pty T 3

Hy

" 4.3.1.2 Objective Function

The long-tefm etoéhaétdc optimization problem determines the

¢

discharé; u i'l,...,...,nj;‘j?l;.».,...,r that maximizes the total

k-
13 °

expected benefits from the system,ﬁhileﬂsatiszing certain constrain

In mathematical terﬁs, the'prbBieﬁ for the power syétemlin Figure .2)
1s to deterngine qisk that maximizés

t

2

A

n,-m

. 370 . _nj 'K"
v Ag K., v : ‘ k -
PR S S A T SR R IO B
- j=1 =1 T 421 41 k=1 3
5 | - (4.81)
ca e S ’ . )
Subject tb‘satlgfyiﬁﬁ thevfollpwing;constraintsw
(1) For,the coiitrollable reservoirs . ':‘ S
(1) - x;:a ;eservoin'sJ’dyﬁamics_ ;Ay be dééciibed““By"tﬁe'.folloﬁing
diffey evéﬁuation ; : AT ',.' B S e
Yo ‘::ua [N ¢ : . : ¢



k k-1 k k k

_ k_ k. Ch
xij xij +Iij +u(i-l)j hij +S(i—1)j Sij R ¢ l,:..,..., \\
, n,~m,; j=l,...,...,r (4. X)
3 ] N
|
(2) The operational reservoir constraints are .given by

< < x ®ox (4.83)

~1j-"1] — "1}

ok k — k

Eij i uij i.uij . + (4.84)

where

k. Ky~ k k-1, k

¢ k-1 k k _ 4 .
(x 3 +s(i—1)j +u(1_1)j #ij ?.uij ’If(xij +Iij

4
Ii

-

: K Ky — k ' ko
P13 Fe-ny Muing )>“13 and xij > Xy,

i

N 0, othervise.

(11) For the run-of-river downstream reservoirs

(1) The reservoir's dynamics may be described by the following

difference equatiOnkin which the inflow is equal to the outflow

Kk ko k_ k..
?1j t8(1-1)3 B1g gy ¢ ITmyTRgtLeeeesee

0 u(i—l?j +

';nj_,; J*l,eve,eee,r . , | (4.86)
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(2) The operational reservoir constraints are given by

k kK — k., _ o
D T I B AR LIS B
(4.87)
where ,
' k,; k ky— k k,: ky o~ k
ey Mg 8-y 200 S LECucy 1)3 Hyyrscenyg )7 Yy
& .
k, . L
13 : (4.88)

0, otherwise

" 4.3.1.3 Modelling of the System

“ To model the amount of water left in storége (to . change this
agount into equivalent MWh) at the end of the planning period, we

multiply this amount by the water conversion fi$tor of at-a-site and

downstream hydroplanté. If x K is the amount of water left in storage

. 13
-at the last period studied, K, then the value in dollars of this amount

is given by

T L T (4.89)

iJ 11 Z 11 Cugui®vs e &y

v=1i

-

In, the above equation we assume that the coét of energy is one
dollar/Mwh, whie 1s the average cost during the planning peri@d.
- Using equatipns (4.79) and (4.80) for the generating functions,

the cost functional in equation (4.81) becomes
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. n :
k-1,2 k, + j K k k
+y, (x Yhu,  + ) ] J e, a, ]
1371 1] 3=1 {=n -m +1 k=1 Iy
3 (4.90)

k-1

+ Bijxij

The cost functional in equation (4.89) is a highly

To cast the problem into a quadatic problem, we may define

functional.
r

the following N, N = Z (nj-m ), pseudo-state variable as (17).

- j:l

A Ka(x k)2; 1=l,...,...,n o j=1,...,r (4.91)

S Yyy Ty 3

J

‘Fhe cost functional in equation (4.89) becomes

, n dj-mj nj ; §
. K : K K )
ImE [jZI Ll Ry et )

o MMy
k k k~1 k-1
. + -
" 1§1 L L et Gty gy )

r nj K
‘ . k k
B N I : (4.92)
j=1 i=nj-mj+lk=l , ’ f
subject to safisfying the constraints (4.82-4,.88) and the following

N

constraint

k k)2 . : (4.93)

nonlinear
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The problem now, 1is that of maximizing (4.92) subject to
satisfying the constraints (4.82-4.88) and (4.93).

4.3;2 A Minimum Norm Formulation

A%

The augmented cost functional J is obtained by adjoining to the .

cost . function (4.92) the equality constraints via Lagrange's
multipliers and the inequality constraints via Kuhn-Tucker multipliers

(40). One thus obtains

- nj~mj n -mj r n —mj n
v
¢ K K K. K
=L T ] )} x,, (a +#8 x4y .y )+ )} ] a X,
J-.:l {=1 v=i 1j Vj Vj Vj Vj Vj j=1 {=1 v=n_-m +1 V] iJ
n,-m
. § zj 3 § UL S SURL L k;lc k, k k-1
je1 1=1 k=1 133 13 3 13 i3] joi3 13 ij
k k k-1 k k k k k k k
+ )‘ij (—xij h(ij +I1j +“(1—1)j Ty +S(i—l)j rsij )+“1j (-yij
k,2 k k 1k k — k k k
+ (xiJ ) )+eij (Eij—xij )+eij (xij X, )+f ; (Eij —uiJ )
=2 . Q
B r nj K :
hz = 1k k — k : k: k k k
R 2 (u -u ) I+ Z Z z {c, a,,u,., +x,. (u
SRS S N IR S PRRE IR S LS B S B CE2 OF
j 1
K -k vk k k, k  k lk, k— k )
P Iy g PSaany Ty g Gy ey My Gy eyl
‘ (4.94) .
Kk k o
where Aij and uij are Lagrange's multipliers. These are to be
determined such that the corresponding equality constraints are
- ko 1k K 1k T
satisfied, and eij , eij , fij and fij are  Kuhn-Tucker

-multipliers, these are eqbal to zero if the constraints éré not

- violated, and greater than zero if the conat;aints'are violated (32). =

.
~

A
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. . To obtain a norm related formulation, we may define the ;?1ldhing ¥

végtors(AO)

nj . L .
- 1,..., T ST (429
A;? szi avj ; 4 n, 7oy 3 r €4.95)
. r
A%col.(A ,...,...,A ) 1s Nxl ; N = ! (n,~m) 2 (4.96)
=1 33
A1=col.(All,...,...,A(nx_ml)l) is (n,-m )x1 (4.97)
Ar'col.(All_,...,...,A(n n ) ) 1is (nr—mr)xl (4.98)
r t'r
x(0) = col.(x (KD ,nenynen,x (K)) 18 Nl O (4.99)
j
k ' k
xl(k)=l col.(x11 seeesee e X _l ) ) is (nl—ml)xl (4.100)
‘ 1171
|
k )/, k g . N
xr(k)= col.(xlr ,...,...,x(nrlmr)l ) is (nr~mr)xl * g (4.101)
y(k) = col.(y,(k),.evyunn,y (K)) 15 Nxl ' o (4.102)
f o
- K K .
yl(k)' col.(y11 seseaeess Y o) ) is (nl—ml)xl ’ (4.103)
/ 171
/ & | N
, . k : / k
' yr(k)' col.(ylr REEFRTRY S ) is (n_-m )x1 ' (4.104)
r r'r r r
‘ k ro|. o
u(k) = col.(ul(k),...,u..,ur(k)) is ( Z n&?xl (4.105)
/ u, (k)= éél (u“»k iy k) i ) 1 ‘ ‘ (4.106)
1 | . 11 ’...’...,,~un1'l 8 nlx ) ‘ .

L ' . ¢ J
’ - N : '
.



TR
- > o @ u
ur(k) col.(ulr ye oo

r
. r-‘ . ‘
AMk) = colo(A (K),eenymnnsh (K)) 48 () n )xl .
1 r ) & j
j=1
- k k .
Al(k) c\ol.(x11 "."."’A“1¥ ) is n;f;
- Tk . k
Ar(k) col.()‘lr ,...,...,An . ) is nrxl
' r
k _ k. k -, -
Ve e1J eij ; 1=1, , ..,nj ; jhl,...,...,r
13 fij fij ; 1=1,..., ..,nj y 1=l ,0..,T

v(k) -‘col.(vl(k),...

k

vl(k) - col.(v11 yooe

v () = cal.Cu ¥,

p(k) = col.(wl(k),f..
N

-k
wl(k) ‘,COI'(wll""'

b () = col.ty *,...,

g(k) = col.(sl(k),..

T
yeeesv (K)) 1s () n x1)
T j=1 <j

k
,...,vnll ) is nlxl

RPN r) ﬁ? nrxl

9 ,\Ur (k)) ié;_n‘:_XI

k
..,wnll ) is nlxl

-
.

k :
"’wntr ).isinrxl

~

r
.,...,sr(k)) is ( Z n,x1)

jh ™
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. (4.107)

(4.108)

(6.109)

(4.110)

(4.111)°

v

(4.112)

(4.113)

(4.114)
- (4.115)
¢

(4.116)

(4.117)

w5
13
I

{4.118)

(4.119)



M= diag. (], . e, . M) s (NRN)

(3 e .
Vo N ) o . (I
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%
J s. (k) = col.(s k . ., k) is n x1 (4.120) “
1 RSO URARA AR W 1 A
- K s K (4.121)
Sr(k) col.(slr ,...,.._.,snrr ) 1is nrxl
K ‘. v
~ ;
A(k) = col.(A, (k),...,...,A (k) 1s ( } n_xl) (4.122)
1 T 3=1 i o
A (k) = col.(c ka e k& ) is n. x1 " (6.123)
1 R S & O (R | nll 1 )
A (k) = col.(c ku c ka ) is n x1 (4.124)
S RS SREE § S n t r
r
I(k) = col. (I (k)},...,...,I (K)) is ( ) n,x1) (4.125)
‘ 1 r j=1 b ‘
) . 4.126
Il(k) _col.(Ill ,...,...,Inll ) is nlxl ( )
(k) = i ok : 4 ha27)
Ir(k? = col.(I1r ,...,...,;n . ) is nrxl ] .
p T . ({;
. Fu;thermore, ?efine the following square matrices B |
' . e H . . ;
. B(k)ﬂdiag.l_(Bl(k) seeesans ,Br(k)) is NxN matrix ' (4.128)
B 4 - : 3 e
OB (k) = k ‘ k . w2 )x(n, -m, (4.129)
‘Fy(k) = diag».(c1 Bll"‘ff"”gl S(ﬁl‘ml)l)isgnlfml)X(nlﬂPI)“ -
- B (k) = diag.(c'kB v 'c‘kB : jiéinl-mh)x(n “m )" (4.130) g
'rv ] : r '.11‘"". g ooy r (nr_mr)r r r r ] r ) . )
C (4.131)
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4

Eg_ where Ml""""”r are lower triangular matrices whose elements are

4 »

8 given by

(1) mvv'-l ; v-l,...,...,n_j 3 J=l,...,...,T

(11) “1; §®l,eeeyenn,T (6.132)

m(v+1)v-l; v-l,...,..:,nj

(111) the rest of the eléments are equal to zero \

r T
B'diag.(Bl,....,Br) 1s¢( E n,-m, )x( Z nj—-mj) matrix (4.133)

=1 30

B, is (n

1 1

I-ml) square matrix whose elements are given by

jml)x(n

B8 ; 1=1,...,...,n

(1) by = 84y e

1
" (4.134)

A0 by T ) T M2 Buanyr 3 Ve on eyl

.

g; Br is (nr—mr)x(nr-mr) square matrix whose elements are given by

(1 b11 - Bir ; 1'1,...,...,nr—mr

(4.135)

(11) b 1/2°8 ; v=l,...,n -m -1 .
D S 8

(wDv " ) T V2B (s

r 1

: . r .
C= diag.(Cl,...,...,Cr) 18 () nj-mj)( ) nj-mj)matrix (4.136)

: C, is (nl-ﬁl)x(ni-ml) upper triangular matrix whose

elements are given by
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T - ~e = -
(1) ° = v 471,y W (4.137)

(i1) ; v'l,...,...,nl-ml-l

C - Y
v(v+l)‘ (v+1)v

N k4
C. 1s (nr-mr)x(nr-mr) upper triangular matrix whose ﬁx\ |

. J
elements are given by

C - - = — .
(1) i1 Yy, ; 1 1""f%t m (4.138)

c -y ;vel,... o)
T L S

(11)
Using all the above definitiong}lthe augmented cost functional in -

A

equétion (6.93) becomeé~

TeELaTx(K)+x T (K)Bx(K)¥x T (K)Cy (K

K ‘ ‘ .
v T T Ou0+xT (k=1DBEOUR)+ (K)C)y(k=1) - _
k=1 A N

+ AT (D42 (DAL MUk ) +18 (1) )

+ uT(k)<-y(k)+x?(g)ux(k;>;dT(k)x<k)+¢$(k)u§k)]1 T (4.139)

[ v

> :
H 18 a vector matrix in whid}

tthe vector
X ) |8 .

In the ~abové equation
) . . -y ) X ) - . L
index varies from-1 to N, while the matrix dimenston of ¥ ip NxN (17).. |

a
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Employing the discrete version of integration ,by‘ parts,

substituting for x(k) and dropping terms which do not depend on x(k-1), .
. _ . | ~A

y(k-1) and u(k) (33), onc obtains

o
\

' E-E[kr(x)(B+MT(K)H)x(K)+xT(K)Cy(K)+(A*X( ) Tx(x)

-~

;e

TG0y (0 -x T (0TI Hx(0)+2 Tt x(0) 46T (0)y (0)

K T T > T T ‘
Y (x (k=1)u (k-1)Hx(k=1)+x" (k=1)B(k)u(k)+u (k)C(k)y(k-1)

k=1

+ -

-+

Ak =A(k=1)+v(k)) Tx(k=1)+(A(K)+M A (i )+ (k)

v()) Tu () -uT (k-1)y (k=1) 1] . : (4.140)

‘4

\

It will be noticed that J in equation (4.140) is compbsed of a
boundary .part and a discrete integr4l part, which are independent  of
L]

~ . ‘
each other. To maximize J in equation (4.140), one maximizes the

boundary and the discrete parts separately (40). g \
To formulate the boundary term as a norm, one defines the vectdr
- 2Z(K) such that ' L ‘\

- ) . : . |

2T(K) = [x°(K), yo(K)] ’ (4.141)

~can be written as

3T RWERZ0HKT (0Z(R) ] : A (4.142)

\



b
where °
pr T g ‘ - N -

B+b " (X)H 1/2 C o
W(K) =, : ' - is 2Nx2N matrix (4.143)

1/2 CT 0‘
and

Q=(ar k)T, - Ty | (4.144)

‘Since x(0) and y(0) are constants, they are dropped 1in equation

(4.142). o S .

Now define the vector V(K) such that

VO W0 o (4.165)
' . . : " ‘ N ﬂ
then the boundary term (Ji) can be written in thé‘"fqlloking form

similar to completing the‘squares as \

3B+ 12 VOO E0+ 172 V(R)= 1/6 VIGONKV(K]  (6.146)

4

“Since {it. is desired'té maximized1 with'respect' to Z(K), the

'pioblem 1s equivalent to’ -
Max.J, =Max.E[(Z(0+ 1/2 VOO WEO@E) + 172 V(OY] ~ (4.147)

z(®) oz . oL
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Equation (4.147) defines a norm, then equation (4.147) can bhe

written as .

S

Max.J =Max.E(||2(K)+ 1/2 v(x)ll]W(K)-‘ A (4.148)
Z(K) Z(K)
-

To  formulate the discrete integral part (JZ) as a norm, define

the vector X(k) such that
XT(k) = [x(k=1), yl(k=1), ul(x)] (4.149)

then, the discrete 1ntegral part, J2, of equation (4.140) can. be

written as

K

5=l ] (XTOOLGOXGO+RT (0% )] © (4.150)
k=1
where
~ ’ _
Ja-DE 0 1/2B(k) ]
Lk) | 0 0 " 1/2C(k) 18 3INx3N (4.151)
1/28()  1/2ck) 0 ' |

ARIGO=[ G002 D+ 0T, -1 T (k=1 (ARt MT WO+ )T (4a152)

A

/

' vv'ybw.define the fo}lbwinbﬁﬁectbrvNCkz/aﬁch that -
C? . , ‘\“,. S -
N , e

\\"‘\ /
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NGO = L () RGO (4.153)
¥

then, equation (4.150) can be written in the followiag form similar to

completing the squares as

K . .
LEC T (GO /28 TLAO RGO+ 1/2N(k))= 17687 (OLGONCK) ) ]
k=1 ,

(6.154)

/, . . . 9

Sifice 1t 1is desired to maximize Jz with respect to X(k), the

problem is equivalent to ’
. _ K . | . ~

Max.J,=Max .E[ Y (X(k)+ 1/2N(k)) L(k)(X(k)+ 1/2N(k))] (4.155)

k=1 '
X(k) . X(k)
Equation (4.155) defines a norm, hence equation (4.155) c;n‘ be
written as .

Max.Janax;E[]|X(k) + 1/2 NGO 1y (4.156)

X(k)  X(k) - '

. /
4.3.3 The Optimal Solution )

There 41is only optimqﬁ solution to ghe"problem féfmulated in
.equationsf(4.148)éénd;(4.156).' The maximum Of,Jlﬁin éqhation '(&:ias)if
"Is-clegrly”aéhieved.Vhen the ngrin of that equation is,equal to'zerd

CTEl |z # 2y} 1 =0, L - (4.157) -7

LT
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%

%

3

'e

&
\?.l.“ .
N
0

Substitytfhg ™ from equation (4.145) into equation (4.157), one finds
, %
that the optimal.condit01.§or the boundary term is given by

f o

E(Q(K) +‘"vzw<x>z<.;o£1 = (0] (4.158)

a Ea !
. . . ¢ ’ 0 s v ) .‘ S
Writing equation (4.158) explicgtlz, one obtains the following .

- terminal obt%m&f equatioﬁs \ !
oo _ . : X D
' E(ASAGK#2Bx(K)+Cy (K)+2uT (KHx(K) ] = (0] (5.159).
E(CTx(K) - u(K)] = (0] (4.160)

Equaf:i'o‘hé (4.159) and (4.160) give the values %grange's

. multipliers, A(K) and p(K), at the last period K. Qﬁ}

o

The maximum"ofAJ2 is cleérly achieved for
. ;

"

B[ ||x(k) + 1/2 N(K) ||] = (0] (4.161)

Substituting from: equation (4.153) into equation (4.161), one finds

that the optimal solution ig given by

[

CUEIR(K) #2LGK) XGO] = (01 (4.162)

\
éwriging' ¢qua:ibn.(4.162) explicitly and adding equation (4.82),

£ one obggi%é , N - >

e
A ;Agg :A SR
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Ef-x(k)+x(k-1)+1(k)+Mu(i)+Ms (k) ]=[0] (4.163)
I3 ‘T > i -
E[-y(kY+x (k)Hx(k)] = [0] (4.164)
s E{~u(k-1)4C()u k)] = [0] | (4.165).

’

E[A(k)—x(k—l)+v(k)+2uT(k—1)ﬁk(k—1)+B(k)u(k)] = (0] (4.166)
E(AGO)+MTACO+MT v(k)+p(k)+B()x(k=1)+C()y(k=1)] = (0]

(4.167)

Besides the above equations; one has tte following exclusion

equations which must be satisfied at the optigum (40)

123

e (Eij-xijk) = 0 (4.168)
eijk(xijk—;;j) -0 | (4.169)
L R .
kK, k k : -
£yy Cay g muy =0 | (4.170)
1k, k— 'k
£y Gy =0 B (4-171)

one also hés the following limits on the variables (40)



If x <

If x , »>

If u <

If u >

u k, then put u -

e 191

X then put

_.1J’
;ij’ then put x,, =X
| (6.172)
u k,then but

—13
13-

Equations  (4.163-4.172) with equations (4.159) and (4.160)

completely

specify the optimum solution. The following algorithm 1is

used to solve these equations.

4.3.4 Algorithm for Solution

Assume given: The number of rivers (r), the qumber of reservoirs

on each river (n,), the number of run-of-river reservoirs on each river

]

(m,), the expected monthly natural inflows I(k), the cost of energy on

each river c k in $/MWh and the initial storage (xijo)'

Step 1

Step 2

Step 3

3

Assume initial guess for the control variable u(k) such that ' -

»

E(k)jyo(k)jﬁ(k) i=iteration number, 1=0

Assume first that s(k) is equal to éero. Solve equations
(4.163-4.165) fo;ward in staées with x(0) given

Check the limits on x(k). If x(k) satisfies the inequality
x < x(k) < x

go to Step 10, otherwise put x(k) to its limits and go to

" Step 4

Step-4

‘Calculate the. new dischatgé fromsthe following equations



Step 5

Step 6

Step 7

Step 8

Step 9

Step 10

Step 11

) 192

E(uCi)] = E((M] e =x(k=1)=I(k))]

Check the limits om u(k). If u(k) satisfies the inequality
u(k) < u(k) < u(k)

go to Step 14, otherwise put u(k) to 1ts limits and go o

Step 6

Cglculate fhe spiil at month k from the following equatiyn
E(s(k) J=EL[M] ™ (x (k) =x(k=1)-1(k))u(k) ]
If s(k) < 0, put s(k)fO
Calcualte the new discharge from éhe following equation
E(u(k) J=EL [M] ™ (x() -x(k=1)=I (k)18 (k) ]

Solve equations (4.163-4.165) forward in stages with x(0)
given ‘ |

Check the limits on x(k). If x(k) satisfies the inequalfity
x < x(k) fp;

go to Step 10, otherwise put x(k) to its limits and go to

Step 4 . ]

With v(k)=0, solve equation (4.166) backward in stages with
equations (4.159) and (4.160) as terminal conditions
Calculate Kuhn-Tucker multipliers for u(k), ¢(k), from the -

following equation



Step 12

Step 13

u(k) < u(k) < u(k)

E{o(k) J=E[M B u(k)+2M 1 T (k=1 )Hx (k=1)-M A (k=1)~A(k)

- B(k)x(k-1)-C(k)y(k-1)]

where
E(y(k)] = E[xY(k)Hx(k)]

1f u(k) satisfies the 1nequality

. then put ¥(k) =0

Determine a new coantrol iterate from the following .

L

Eful™ (k)] = Eful(k) + abul(k)]
where

E[Du(k) 1=E[ACK )+ A (k)4 (K)+B(k)x(k=1)+C(k )y (k-1) ]

and @ is8 a positive scalar whiich™is chosen with
consideration fo such factorg as convergence
Check the limits on u1+1(k). If ui+1(k) satisfies the

inequality

a) < o) < )
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Step 14

Step 15

Step 16

+
go to Step 14, otherwise put ui 1(k) to its limits and go to
Step 2

Solve the following equation forward in stages
E[)\(k—l)]'E[B(k)u(k)+2uT(k-1)HX(k‘1) .

- T a0~ ) GO x k=D -1 ) ety (k-1))

where

Ely(k)] = E[x (k)Hx(k)]

Determine Kuhn-Tucker multipliers for x(k), wv(k), from the

following equation

E[v(k)] = E[-[M"] T CAGK)+MIA(K)+B(K)x(k=1)+C(K)y (k1)) ]

If x(k) satisfies the inequality (

x < x(k) < x

put (k) = 0 .

R o3

Determine a new state iterate from the following equation

)

o 9

elx )] = Efxto+apxt(k)]

where
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E{Dx () J=E[A (k)=A (k=1)+v (k)+2u ~ (k=1)Hx(k~1)

+ B(k)u(k)]

4 Step 17  Repeat the calculation starting from Step 3. Continue until

the state x(k) \and the control u(k) do not charge
significantly from iteration\to iteration and J in equation

(4.92) 1s a maximum.

*%.3.5 Practical Example

The algorithm of the last section has been used to determine the
monthly long-term optimal operation of a hydroelectric power system »

. consisting of three rivers (r=3). The first river has two serles

controllable reservoirs (51'2, ml'O), the second river haé one

controllable reservoir and one run-of-river downstream reservoir (q2=2,

mz'l), and the third river has two controllable réservoirs (n3'2,

. . < $j
m3'0). The characteristic of the installations are given 1in Table

(4.8).

Thf\maxidum and minimum discharges in Mm3rare given by

ﬁijk'0.086ﬂdk(maximum effective discharge in m?/éec)

- gijk-0.0864dk(minimum effective discharge in m3/sec)
where dk the number of days in month k, and the maximum and minimum
effective discharges are given in Table 4.8.

The MWh generated at each power house is given by



k k-1

P k k. k-l k.. k-l
137713 ’713

- 2
G199y Brgey *1y 0 TYagtey gy

) )T MWh

and Y are given in Table (4.8). These values were

a 8
where 1y’ 13 1j

obtained by least squares curve .fitting to typicai plant daéa
available. \

The expected vélue of the natural inflows to the sites for a year
of high flow{ we call year 1, and the cost of energy are given in Table
(3.11). 1In Table (4.9), we give the optimal monthly releases from each
reservolir -and the pr;fits realized in year 1 for the optimal global-
feedbafk solution. In Table (4.10), we glve the optimal reser?oir

A . ' j
storage in year 1.

We have simuléted the opefation of the system for widely
different water éonditiqns, i.e,. a year ;f high flow (wet year) and a
year of low yeatr (dry year). The expected value of the monthly natural
.inflows to the siteé forlihe yeaf of low flow, which we call yéar 2,
are given in Table (3.15). We give in Table (4.11) the optimal monthly

releases from each reservoir and the{;rofits realized in year 2. In

Tablé.(4.12), we give the optimal storage in the same year.
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Table 4.9: Optimal releases from the reservolrs and

the profits realized during year 1

Month u“k Q21k ulzk u22k u13k u23k Profits
Lk M Mo Mo M Mm> Mmo $
-
1 1919 3134 4088 4118 4042 | 4361 9,859,915
2 1837 1352 | 3962 | 3976 | 3929 | 4142 8,690,246
3 1914 1847 | 4096 | 4109 | 3916 4137 ) 9,013,311
4 1690 1803 | 3848 | 3855 | 3698 | 3932 4,797,369
5 1534 1614 | 3459 | 3466 | 3331 | 3490 4,264,354
6 1670 17649 | 3850 | 3858 | 3623 | 3810 4,624,607
7 1616 1776 | 37217 | 3728 | 3474 | 3770 4,440,306
8 1671 "2581 3852 | 3905 | 3514 | 4014 4,720,464
9 1597 3740 | 3727 | 3874 | 3534 | 4863 5,122,684
'-;><:>10 1723 3748 | 3874 | 3950 | 3600 | 4602 5,419,§;;//
11 2079 3042 | 4163 | 4231 | 4371 5025 8,146,824
12 1858 | 2438 | 3861 | 3890 | 4230 | 4643 7,484,473
Value of the water remaining in the ? o
reservoirs at the end of the year 89,414,256
Total profits 165,998,560 -
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Table 4.10: Optimal reservolir storage during year 1

Month k x K X k X k R
, 11 .21 : 12 13 23
k M Mo T Mo Mm
1 23792 4415 72692 44428 | . 9132
2 22436 5089 69956 42121 9132
3 20872 5304 66863 - 39595 | 9132
4 19482 5304 63864 | 136932 9132
s 18177 5304 61103;;‘ 34397 9115
6 16731 5304 | 57897 | 31540 | 9115
7. 15499 | 5304 | 55137 28860 | 9048
8 15016 | ‘5304 55844 27362 _-8921
9 18110~ | 5304 69438 39336 9132 .
10 7 21415 5304 73223 | 43189 | - 9128
1 22021 5304 74255 43772‘ 9132
12 21564 | 5304 72742 é§\42918 S 9132,
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Table 4.11: Optimal monthly releases from the reservoir and

the profits realized in year 2

e
Month Q;Ik u21k ulzk u22k u13k U23k ) Profits
1: Mm® . Mm> Pﬁnj MmO Mm> s
. 1688 | 3145 | 2530 2553 | 2260 | 3037 6,934,622
Py 1633 | 1614 7| 2450 | 2464 | 2291 | 2214 - 5,764,761
3 1675 | 1683 | 2531 | 2546 | 2358 | 2441 6,012,178
“ 1619 | 1500 | 2469 | 2479 | 2302 | 2356 3,296,474
5 1671 | 1239 | 2226 éz;g" 2089 2158 | 2,946,267
6 1613 | 1529 | 2470 | 2476 | 2289 | 2388 3,275,203
. ' o
7 1513 | 1812 | 2389 | 2403 .| 2225 | 2321 3,233,888
8 1612 | 2538 | 2470 | 2523 | 2293 | 2725 3,563,849
9 1551 | 3616 | 2390 | 2463 | 2221 | 2889 3,802,820
'in 1597 | 3625 | 2473 2503 2290 | 2965 3,855,912
11 1620 | 2720 | 2504 | 2527 '23;4 3179 5,262,758
12 1562 2622 f2424 2446 | 2343 | 3195 5,180,320
Valué of water left in storage at the “ " ‘_
end of .the year - : T 89,377,792
Tdtgl profits | -142,506;846
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Table 4.12: Optimal reservolr storage during year 2

Month X k x k x k X k X k
: 11 21 12 13 23
k Mn® M Mo Mo M
| )
1 23626 4047 gjffz 45672 8886
2 22353 4315 72487 44371 9132
3 2094 4641 71010 42862 9132
4 19648 4888 69264 41279 9132 .
5 18414 5129 67532 | . 39768« 9132
6 17066 5304 65624 38048 | 9132
7 16112 5304 64417 ,36421/ 9132 -
8 16092 5304 65845 | 36463 9132
9 18391 5304 70941 40114 | 9132
10 21360 5267 71024 42002 9132
11 2240 5304 70347 7| 42987 9132
23245 69736 43307 9132

12

e
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4.3.6 Discussion

We have considered - in this section a hydro-system consisting of r
14

rivers with each river having nJ reservoirs; j=l,...,...,r connected in

series. These reservolrs 1lanclude both storage reservoir-plant and run-

of-river plants. In formulatlng the problem as a minimum norm'problem,’

Lagrange's mulfipligrs are used for adjoining the equglity:constraints,
while Kuhn—-Tucker multipliers ‘are gmployed for 'theA inequality
constralints. 7 A -
It should be noted that 1n this section we have considered a
practical example conSistiné of three rivers with each river having two
%
series connected plants\ The same system was solved numerically 'in
Ref.2e. However, by using thé mofé accurate representation for the

reservoirs employed in this section much better results were obtained

than in Ref. 28. For example, in this case no spilling of water ;oék'

place at all and the computed benefits were considerably 1larger than

those found for the system in Ref. 28,
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"In section 3.3, the problem of optimal operation of a
. multireservoir power system in parallel is discussed.” The model used
for each reservoir is a linear model with the average storage. The

error in the storage for this model is greater than the inflow to some

reservolrs. For example, for the reservolr R11 the error in the

atpragéﬁg}evat;on CUPVQ. at some p91nt is 5.6% of the total capacity
which 18" 5304 Mm;, this .error is equal to 297 Mm3 which 1~ =oo preat.
.ihe total benefits obtained by using this model ar. ._.timated as
.well. In section 4.3 we Bolvedlthe safme problem, but the model used in
i';&’that case 18 a nonlinear model with the storage of the previous month.

Thié‘modél méy cause an overestimat}on of production for falling water

levels and underestimation for rising water level.

In this section we solve the same problem for the. same sysﬁé”mép

The * model used in this section has a nonlinear generating function of

the average storage. ' To cast the problem in a quadratic form, we
- o
define a set of pseudo—state variables (17).

4.4.1 The Problem Formulation
~ T

-

4.4.1.1‘The*§&stem Under Study
' -4" ‘&y

Thelsysiém under study consists of m independent rivers with one

4

or several reservoirs and power plants in serles on each, . and

interconnection ‘lines to the neighbouring system thréﬁgh which energy

may be exchagged.: We will denote by (Figure 4.3).

“3 .

R

-

*A version of this section' has been submitted to Optimal Control and,

Calculus of Variation_Meeﬁing, West Germany, June 1986.

{

4v4 A-Multireservolr Power‘System in Parallel with an Average Storage*
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Iij A random variable representing the natu;al inflow to the o
reservoir 1 on river j during a period k in Hm3. It 1is assumed
that no correlation exists between flows of independent rivers at
different periods of time. Theee random vériables are
statistically independent with normal distribution (1 ﬁm3-106m3).

xijk The §torage of reservoir i on river j at the end of perio@ k in

‘Mm3
K \
u1j The discharge from reservoir 1 on river j during a period k 1in
Mm3
. s
:ijk\ The spill from reservoir 1 on river j during a period k in Hm3
1jk Value in dollars of ome ﬂWh produced anywhere on river j

;ij The maximum storage»of reservolr 1 on river j in Mm

Eij The minimum storage of reservoir i on river } in Mm

Gijk The maximum discharge through the turbines in Mm3

Eijk The minimum discharge through the turbines 1in “mj

G, ,(u k,l/Z(x k+x bk-l)j The generation of plant 1 on river j during

13713 ij 1j : .

a period k in MWh. It ;e a nonline€ar function of the discharge
uijk and the average gforage between two successive moﬁths
Vij(xijx) Value in dollars of the water left in storage at the end of

< the planning‘horizon |

nj Number of reservoirs on-river j; iﬂl,...,nj;vj-l,...;...,m

m Thebtotal qumber of rivers |

k Superscript denoting the périod; k“l,.,.,;..,k

-
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~424.1.2 The Objective Function

\

The 1long term optimal operating problem aims to find the

k
discharge uiJ ;3 i=l,...,...,n.; 3=1,...,...,m that maximizes the total

]
expected benefits from the system (benefits from the generation and

benefits from the amount of water left in storage at the end of the

planning period), while satisfying certain constralnts. In

" mathematical terms, the problem of the power system in Figurg 4.3 is to

find‘the discharge uijk that maximizes

[rf ;j K rf EJK k ©k k. k-l
J=E V, . (x,. )+ Z c. G, . (u,. ,1/2(x,. +x M1 s
j=1 1=1 1315 j=1 i=1 k=1 3 o130 4) 1]

\

| - (4.173)

Subject to satisfying the follbwing constralints
(1) The water conservation eduation (continuity equation) for each

reservoir may be adequately déscribed by the following difference

equation

-3 ! (4.174)

where . ) ) \
r \ '
k-1 k k k v k — k k-1 k k
# s, Ly, =% - ;
(g3 *yg Ma-ng Sa-ng Xiy 0 7% TG L TGy
) k { ‘*’S k k - k \\(' - )
s,, = - =Xe: ) > u : .
13 (i-1)3 1j ) 1 and xij\ > xij s
0, otherwise
\ .

water is spilt when the reservoir is filled to capacity, and the inflow
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(2) To satisfy multipurpose stream use requirements, such as flood

to the reservolr exceeds u

control, irrigation, fishing and other purposes if any, the following
upper and lower limits on the variables should be satisfied

(a) upper and lower bounds on the storage
2T

x 4.176
iij < xiJ N xij ( )
(b) upper and lower bounds on the dischargé
oy X i‘E k , (6.177)

S13 = Y1y 1]

The first set of the inequalit} constraints simply states that
- N

the reservolr storage may not exceed a maximum level, nor be lower than
a minimum level. The maximum level 1is determined by the elevation of
the spillway crest or the top of the spillway gates. The ﬁ}nimhm level
may be fixed 'by the elevation of the lowest outlet in the dam or by
conditions of operating efficiency for the turbines. The second set is
determined b; the discharge capacity of the power‘piént as well as its
efficiency (32). | ' ' - //

The 4initial-storage x 0 and the expected value for the. natural

13
inflows into each stream during each month are assumed to be knbwn,

4.4.1.3 Modelling of the System

The value in dollars of water left in storage at the end of the

2
N

p
planning period is obtained as follows
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(a) Multiply the amount of water left in storage by the water
conversion factor of at-a-site and downstream hydroplants. (1.e.)
we convert this amount of water to the equivalent electrical
energy MwWh.

(b) Sdince no one knows when this energy will be wused 1in the

future, we assumed the value of this energy |{is 1S/MWh, the

average value during a year . Following the above two steps we
. may choose the following for the function Vij(xin).
%3
K K K K,2
(x, )= x,, Ca +#8 x , +y_ (x_,)7) in (4.178)
T T PRI ’ :

Q

In equation (4.178), we assumed that the water conversion factor

el 3 «
(MWh/Mm i at-a-site has a quadratic relation with the stocage. (The

storage—elevation ‘curve is a quadratic). The cohstants aij’q BLj and
Yij were obtained by least square curve fitting to typical plant data
available.

-

The geheration of a hydroelectric plant is a nonlinear function

of the water discharge uijk and the reservoir head, which itself 18 a
\ ;

\ .
function of the\storage. to avoid underestimation of production for
A a

. rising_ water levels and overestimation for falling water 1levels, an

average of begin and-end-of time step (mouth) storage is used. We may

choose the fo%low%ng for the function Gij(uijkk; 1/2(x1jk+xijkf1))
k K Kkl k. k-l
1:]( 1] ,1/2(x 3 + 13 ))= aijuij +1/2813u1j +xij )
k k-1.,2 '
+ 1/4 Yijuij Xy +xij ) (4.179)

\ 3
L
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Substituting for x1J from equation (4.174) into equation

(4.179), one obtains

* I
K ok k-1,... k. k kK, k k-l
Cij(uij ’l/Z(Xij +xij )) bij u1j +uij dij xiJ
k, k Tk k k k~1.,2
+ uy g fij (u(i-l)j Uy )+Yijuij (xij )
k k,2 k2
176 vy 9% 99
, K. k-1 Kk Ky k k.2
+ wijuij‘xij (u(i—l)j -uij - 1/2 Yiju(i—l)j (u1j ) (4.180)
where
k,, k k. k - ‘ '
955 "Iy *S(4-1)4 %13 , (4.181)
k_ k k2
biJ ?1j+ 1/2 By 494 4 + 1/4 Yij(qij ) (4.182)
k. k _ '
dij Sij+71jqij (4.183)
£ ka8 w12y X (4.184)
13 1313 :

13

It will be noticed that the generating function 1in equation

"~ (4.180) 1is a highly nonlinear function. If one defines the following

pseudOfstaﬁe variables such that (17) . ‘ » N
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=(x, % 121, .50 54", ...,mk=1,...,K (4.185)
Y4 11 j 3 ;

k’= k 2_ - 4. 3= e :
2y, (a0 1L n 53wk K (42186)
r k—l'u kx k—lyiﬁla s 53", ..., ,m3k=1, ’ ,K

(4.187)

{

Then, the function G in equation (4.180) becomes

13

k k k-1 k k k k k-1
Cij(uij ,1/2(xij +x1j ) bij Uy +u1j dij xij

k k k k k k—1
+ uij fij (u(i—})j -uij )+YijuiJ yij

\\ -

ok (2

k
15 '13

k .
+1/4 u (1-1)§ +zij )

k-1 k k) k k

-1/2
* (eyiryy Uy 73R ey

4.
Yijrij ( 188)

Now, the cost functional in equation (4.173) becomes
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n n

n
o 3y 3 m j K ,
J=E[ ) Xi.K(av.+8v.xv.K+7v.yv.K)+ ) (c_kbi_kui,k
j=1 =1 v=g 0 YD VIV VIV gk
Kk k, k. k-1, k k. k kK k
4+ Cy Uy dij Xy +cj Uy g fij (u(i_l)j~ Uy ) : «
+ Cc, v, .U ky kji
J 13713 13
&
\
Kk k. ky, k k-1 Kk k
AP IPICISEE SRS MeiviTy o gy g )
k k k
- 1/2cJ Yijzij u(i—l)j 11 (4.189)
Subject to satisfying the following constraints.
k K2
Y1y (xij ) \ . ‘(4.190)
k k,2 '
ziJ (u1j ) (4.191)
k-1 k k-1
-rij Uy xiJ | (4.192)
k k=1,  k Kk k
xij xij **'quj -0-u(i 1) -uij : (4.193)
ﬁ;.-_gdj‘i xij < xij _ (4.194)
kO k - k
Eij"i.uij :-Pij . . (4.195)

. Now, the problem 1is that of maximizing (4.189) subject to

satisfying the conétraints (4.190—4.195).
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4.4.2 A Minimum Norm Formulation

. AV
We can form an augmented cost functional J, by adjoining to the

cost function in equation (4.18%9) the equality constrainﬁs, (6.190-
4.192) via Lagrange's multipliers, and the 1inequality constralints

(4.194-4.195) via Kuhn-Tucker multipliers (40), one thus obtains

N m 6_] \nj_ « m nj -K s
: K K K k.. k t
JE[ ] L 1 x,, (e 4B x .ty .y )+ ) VT Y dle, b u,.
j=1 i=1 v=i 13 | vi vj v} vi'v] j=1 1=1 k=1 j 13 13
ko k., k. k-1, k_ k. k k_ k
+ cy Uy dij Xyy ey upy fi4 (u(i-l)j ug g )
k K k-1 k- k k k
togvgguyy Yy P MA ey ey teyy)
K k-1, K k K k
- K
Fey vty (ﬁ(i—l)j Ty TV 20y 475 Y-y
k k k25, k k k2 k k-1 k k-1
+ uij (_yij +(xij ) )+¢ij (-Zij +(uij ) )+wij ( rij fuij xij )
Ak k, k=1, X Kk k,_ __ k lk, k.=
+ 13 (—xij +x1j +?1j +ui-1)j Uy )+eij (Eij Xy )+eij (x4 xij)
k k k 1k k k ' :
+ 8y (Eij Uy )+giJ (uij 431j )}] (4.196)
where U K, $ k ¥ k and 2 k are Lagrange’'s multipliers, they are to
13 * %130 Y13 8°¢ Y44 LeI8,
be determined, so that the correspcading equality. constraints are-

k e 1k k aﬁd
13 %13 - 844 iy

these are equal to zero if the constraints are not violated, and

1k

satisfied and e ' are Kuhn-Tucker multipliers,

greater than zero if the constrainté'are violated (17).

3 . . o o . ) . . V]
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Define whe following column vectors:

Aij-. Z a

A=COLl. (A, ,.ue,ees,eesa,rA) t/
1 m°
s .
A gol.(All,...f...,...,A 1)‘€§¥?
. Am-col.(Alm,...,...,...,A )

b(k);col.(bl(k),...,..;,b (k))
m

\ “ k. k
bl(k) col.(c1 b11 R

kK, k _
bm(k)-col.(cm b1m yeayaensC kb k)

x(k)=col.(x (k),..j:)..,x (k))
, ‘ 1 o m

r . k .
xl(k)-COl-(Xll ’...,.'.’xn lk)

1

WA,

‘k)

n m .
m

fm(k)'col.(xlﬁk,...,...ﬂ

y(k)=eol.(y (k) ennyenn,y (k)

' - k © ke
Yl(k) (?Ol'(yl ;"”"')ynll )

“

(42197)

(4.198)

(4.199)

(4.200)

(4.201)

(4.202)

(4.203)

(4.204)

(4.205) -

~ (4.206)

(4.207)

' (4.208)
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k k
ym(k) COl-()’Im pem e ey )

u(k)=col.(u, (k),...,...,u (k))
1 m

@
k k
ul(k) col.(u11 R R S )
1
: k k
um(k) col.(ulm ,...,...,unmm )

z(k)'col.(zl(k),.,.,...,im(k))

- ko - k
Zl(k) C01°(le yeeeseensz )

zm(k)'col.(zlm yeseyeeesz )

N} - m

f(k)'col.(rl(k),...,...,rm(k))

ne k k

rl(k) col‘.(r11 AL )
1

()= k | k

rm(k) cpl.(rlm peseaneer )

/u(k)-col;(ul(k),:..,.f.,um(k)

. R " L v‘ k ' k
Ul(k)-col.(ull -’...’...’p_nll )

"k

m
m

)A

N k L
um(k)fcol.(plmg,...,..,un

(4.209)

(4.210)

(4.211)

(4.212)

(4;213)
(4.214)
(4.215)
(4.2}6)
(4.217)

(4.218)

(4.219).

(4.220)

(4.221)
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p(k)=col. (6 (k) nyenyo (K))
¢1(k)'col.(o11k,...,...,@nllk)
om(k)-col.(¢lmk,...,...,¢nmmk)
w<k)-co;.(gl(£§¥fl.,..{,wm<k>>
wl(k)‘col.(5§z ,...;...,wnllk>
| ¢m(k)'col.(¢1mk,...,...qwnmmk)
A(k)meoL. O (KD, neynee b (K))
>

Al(k)-col.(xllk,...,...,xn11k>
Am(k)'col.(klmk,...,...,Anmmk)
'q(k)-col.(ql(k),...,...,qﬁ(k)
.

ql(k) Col-(qll ,oo.,ooo,qn L)

1

- v

k..

L a - k ‘
| qm(k)._col.(qlm seeeseensd )

o
m
X

-s(k)'gol,(gl(k),...;;.l%sm(k)

(4.222)
(4.223)
(4.2249
(A.zzs)

(4.226)

N\ (4.228)
’ R
(41229)

(4.230)

(4:231)
(4.232)
| (4.233)

(4.234)

(2]
y—
w
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k k

sl(k)=col.(s11 ,...,...;sn 1 ) (4.235)
a.l
k k .
sm(k) col.(slm‘,...,_...,snmm )] (4.236)

v ok 1k k

- - ' 4.237
: ij..eij eij N (4.237)
, }
v(k)acol.(vl(k),...,...,vm(k)) e (6.238)
\
v)mcal (v Ky S (4.239)
4 En 11 ? |
1
ko k -
vm(k) col.(vlm ,...,..a,vnmm ) v‘ (4.240)
. | ,
/‘\L
k 1k ’
®13 "B1y T8yy (4.241)
0(k)mcol. (0, (K),uueyuny0 (K)) 50 R (4:242)
: k K ' . : :
E™ - (4L R
o, (k)=col.(o,] ,.,.,,.,..,onll ) _, ; \4.243).
(43 : ) ' ‘
o (k)= (o K X o 5 ‘4 244 |
m(k) ,C01'. lm ,-...,.-.,Un m ( . )
Fu:thepmofe, "defi’ne the follov}ing, mat_r'icéa |
B-"diag'.(Bll,.'..;.;._,Bm) - | b2y
AB”’is _hlinl':'mécrix"jﬁhoée elements are given by: N .' E .

1
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8
s (1) bii-‘ail i'l,...,..,n1
(6.246)
2 - - . - Py N\
(i.i) 'b(v+1)1 b1(v+1) 1/28(v+1)1’ v 1,...,...‘,n1 1
)
Bm 1s o xo_ matrix whose elements are given by
(1) ‘b‘i‘i-sim i"l,...,nm | \A
- (2.247)
(11) b(v+1)1fh1(v+1~’-)-1/2 8-(v+1)m; V-l"""""nm—l - , ‘
c < d1ag.(CrpennyennsC) P (4.248)
C1 i1s upper triangdlar‘ matrix whose eleéxts are given by
" (1) TP TR I L RPN %
" (4.249)
‘(i;) c,(v‘\".l) 'Y(,‘V"'l)l ; .V-]‘.,...-,..-,nl’l N ' - AD

Clll -18 upper triangular matrix whose elements are given by"‘

’ . ) .‘/.,_.\
‘.. M ; s . . . . X
(1) . cii.ﬁim,#ill,...gnm
’ g (4.250)
- v(i'i_l) . Ci(v-fl)-y(Wl.)m ; v-l,...»‘,nl'n-l
: < P 3 S
. dGk)mdlag.(d (k) ,enesetnde()) . (4.251)

Y . f
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‘dl(k)=diag.(clkd

v

k
11 °
k

N (k)=diag.(c_d
m m 1lm

£(k)=d1ag.(f (k),...

£ (k)=diag.(c Kf ¥
1 1
k
f (k)=diag.(c £
o n
C(k)’diag.(cl(k),...
o
Cl(k)=diag.(c1

110

k
Cm(k) diag.(cm Y

.M-dzag.(Ml,...,...,Mm)

y .

lm,’o.

g o

gy e

T

k
lm >°°°

(4.252)

(4.253)

(4.254)

(4.255)

(4.256)

(4.257)

(4.258)

4

e

(4.259)

A\

(4.260)

where any matrix M.;...,...,M 18 a lower triangular metrix, whose
1 . o .

elements are given by

(1) m, 4

(11) LI O vel,...,n

(111) the rest. of the elements are equal .to zero

~

=-1 N 1'1,...,..‘.,11

3

j-l

(4.261)
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. N'diag.(Nl,...,...,..,Nm) T (4.262)

where.dsgy matrix Nl""""’Nm is a lower triaqgular matrix whose

elements are given by N
(1) nii-l ;_1-1,...,...,11j A
=] ; R T (4.263
(11) B 1) v 1 ; v=1, s ,nj 1 3 (4 )
(111) the rest of thes elements are equal to zero )
o
) <
L'diag.(Ll,...,...,...,Lm) .. (4.264)

where ‘any matrix Ll,...,...,Lm is a lower triangular wmatrix whose

elements are given by

'v-1,...,n -1

S Lvi1)vt 3 j

(4.265)

(11) the rest of the elements are equal to zero

~

Using-all the above definitions, the augmented cost functiomal in

equation (4.196) becomes

'3



A K

JoE(A X (O+x T (K)Bx (K)+x - (K)Cy(0+ [ (b (k)u(k)
k=1

0T () d (k) x(k=1)4uL (k) £ (kOMuCk)+ul (K)C(k)y (k-1)

+

-

176 oTOOCUONZOO)+r T (k=1)C(k)Mu(k)= 1/2 2 (k)C(k)Lu(k)

w00 =y () +xT GO Hx (k)46 T (=2 GO+ T GOHu(K))

Sog
+

0T (=1 (k-1 +uT (OHx (k=1)) 42 T(k) (=x (k) +x (k=1)+q (k)

<+

+

Mu(k) )+vl (k) (x(k=1)+q(k)+Mu(k) +o - (K u(k) )] ' (4.266)

In equation (4.266) . H is a vector matrix in which the vector
m

index varies from 1 to z n

3 wh;le the dimension of H 1is
j=1

Iil m
( n, )x( n.) (17).
=1 4 5 3

.o

Employing the discrete version of integration by parts (33), and

dropping the constant terms, one obtains

S =N

220
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* }'E[xT(K)(B+uT(K)§)x(K2+xT(K)Cy(K)+(A—A(K))TX(K) ' ‘

W Ty (K)+x L (06 T (0)Hx(0)+A T(0)x(0)+1T(0)y(0)

K >
7 DT DxkeD 4T GO0 x k=1 +uT (0 £ GO M)

k=1

wT()C)y(k=1)+ 174 uT ()CUONZ()+r " (k=1)C()Mu(k)

+

1/2 zT(k)c(k)Lu(k>-uT(k—1)y(k-l)—¢T(k)z(k)+uT(k)¢T(k)Eu(k)

1

0T 00 =1 +uT (OB TGO Hx (k=1)+ (A (1) =A (k=1)+v(k)) Tx(k=1)

+

(bCk)+MIACK)4MI V(K )+0(k)) Tu(k) ) ] (4.267)

If one defines the following vectors such that (32)

) 2" (R)=[x"(K), y (0] o (4.268)
Toon 1
- B+u"(K)H 1/2 ¢C
W(K)= ’ | (4.269)
| ,
2t 0|
QF=ra-raxn’, -vfx)) ' (4.270)

XT(k)-[xT(k-l)g yTk-1), 2Tk, eFk-1), oF(0)] (4;271), o .



L(k)=

222

_pT(k—l).:l\ 0 0
\
0 Y 0
0 , 0 0
0 (O' ' 0
T, T T
| 1/2(d(x)+ " (k)H) 1/2C(K) (1/8C(xIN"-1/4L"C(k))

0 2aaonTeon
0 1/2 ¢(k)
o . (1/8NTC(k)=1/4C(K)L)
| _ (4.272)
0 1/2 C(k)M
/2aMtet)  (EGome’ (0 ) _

’

RTGO=(0 0= kD0 (10T, 7 T em1), =570, =0T (0, e+ Gty k)

Then,

as.

+ o)) (4.273)

the augmented cost functional in equation (4.267) can be written

7L (2T GOW0 20+ (RZ O+ (00 T(0)Hx(0)

T T LSNP SRS |
+ 27 (0)x(0)H (0)y(0))+  §, (XT(RILUDXTK)HR™(KIX(k))]  (4.274)

k=1 ‘

Furthermore, 1f oné defines the following vectors such that
: : -

4
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N =W L (K)QK) (4.275)
v =L (k)R (K) (4.276)

Then, by  using the process of competing the squares equation (4.274)

can be written as:
Je=E[ ((Z(K)+1/2N(K)) TH(K) (Z(K)+1/2N(K))

174N GOWRINCK)+x (0 ) T(0)Hx (0)+A (0)x(0)

- K :
s Ty T (RO)+1/2V(D) TLAO (X(k)+1/2V(K))
k=1 ’
1.

< 3

- 1/ OLGOV(R))] (4.277)
Equation (4.277) can be written as

TmEL ((2(R)+1/28CK)) TH(K) (Z(K)+1/2N(K)) )

¢t

R . /. |
+ 7 [XG+/2VN LU (RUO+L/2V(k)))] (4.278)
k=1 -

. ;@. : ‘ . . :
because.x(0), y(O) are constants aad N(K), V(k) are independent of Z(K)
and X(k) tespectively.
I a\
It will be noticed that J in equation (4 278) is composed of a

boundary part and a discrete integral part, which are independent . of

"each other. To maximize J in equation (4.278), one maximizes the

’



“\
boundary part and the discrete part separately (40). J in equation

(4.278) can be written as

-

A%
J=J (4.279)
with i
3, =ELCZ(RI+1/ 2N () W) (Z(K)+1/2N(K)) ) (4.280)
K T '
J,=El [ ((XGO+1/2v(k0)) "L (XC)+1/2V(k))) ] (4.281)
k=1

J1 in equation (4.280) defines a norm, hence one can write equation

(4.280) as:
J=E( | |Z(K)+}/2N(K) | “w(x) (4.282)
Also J2 in equation (4.281) defines a norm, hence J2 can be written as:
u -t
J,7El [1X(x) + 1/2 v(k)”]L(k) ' (4.283)

4.4.3 The Optimal Solution
The -boundary term in equation (4.282) is optiﬁized,‘when the norm

in that equation is equal to zero.

E(Z(K) + 1/2 NGO] = (0]  (4.284)

\f.
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Substituting from equation (4.275) into equation (4.284) one obtains:

-

(\’ E{2W(K)Z(K)+Q(K)] = (0] (4,285)

Writing equation (4.285) explicitly by substituting from equations

(4.268-4.270) into equation (4.285) one obtains:

E[2Bx(K)+2u T(K)Rx(K)+Cy (KI+A=A(K) ] = [0] (4.286)
~

E[cTx(K)-u(K) 1= (0] | _ _ (4.287)

Equafions (4.286) and (4.287) give the values of Lagrange's
multipliers, *(K), u(K), at the end of the planning horizon.

‘ The discfete integral part in equation (4.283) 1s optimized, when
the norm in that equation is equal to zero (40)

A

E[X(k) + 1/2 V(k)] = [0] _ . (4.288)

By substituting from equation (4.276) into equation (4.288) one obtains

the following equatipn of optimality.
E[2L(K)X(k) + R(k)] = [0] S - (4.289)

‘Writing equation (4.289) explicitly, by substituting from

T —

equations (4.271-4,273) 1nto,reqﬁgtion (4.289), ;;E\\by\ adding the
N\

" equality constraints (4.190-4.193), one obtains the_following\é;t:

~
~
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E[A(k)-x(k—13¥v(k)+2uxrk—1)ﬁx(k—l)+d(k)u(k$i@R§)§u(k>=[01 (4.290)
E[-u(k~1)+C(k)u(k)] = [0] ©(4.291)
E[-6(k)+ 1/4 N C()u(k)- 1/2 ¢(k)Lu(k)] = (0] (4.292)
B(-p(k) + C(K) Mu(k)] = o) | (4.293)
érgzk)+ﬁTA(k)+MTv(k)+o(k)+d(k)x(k-l)+wT(k)§x(k-l) ’
+ OOy (k=1)+ 1/4 cCONTz(k)- 176 LTcoz00+ c) r(x-1)
* 2£(lOMu(k)+29T(OHUO ] = (0] w2 -
oE[-x(k)+x(k-l‘)+q(k)+}1;1(l;)] = [0] “ | .(1'0.295) | i
| | i
‘Eflygk)+xT(k)§x(k)? = (0] L (4.296)
Et-z\u‘c)wT(k)Eu(k)] - [0] B C '(4-297') &
E[~r.(>k—l.)+uT(k)}-{*x(k~l)] = [0] | - (4.298)

Besides the above equatigﬁs, one has the following 1imits on the'

variables (40).

3



5

 4.4.4 Algorithm for Solution

If x(k) < x, then we put x(k) = x 3
If x(k) > x, then we put x(k) = x |
»: | (4.299)
\ 1f u(k) < u(k), then we put u(k) = u(k)
If u(k) > u(k), then we put u(k) = u(k) y

One also has the following exclusion equation which must be satisfied

at the optimum (40)

: B ' “ (4.300)
K Koy Kymg. lk, k— k ‘
813 “213 Y13

completely specify the optimal long—term operation of the System. The

© following algorithm 1s used to solve these eguafions.

b

* golve the optimal equations. . - .:'," .

. Assume given: 'The number of rivers (m), the number of reservoirs
on each river (nj), the natural inflows to each site, _aﬁd the cost - of
enérgy on each valley c k in $/MWh. The following sfeps are used to

Step 1 Assuﬁe initial guess for the variable. u(k) s@éh that

: Egk):pi(k)i;(ks‘; 1 = iteration counter; 1=0

-

~
°. '.:““’<
)

Equations  (4.290-4.300) with equations (4.286) and  (4.287)

227



-Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

-Assume first that s(k) is equal to zero, solve equations
(4.291—&.293) with eq&ations (6.295-4.298) forward in
stages with x(b)‘givén | ‘ ;

Check the limits on x(k). If x(k) satisfies the inequality

x <x(k)< x | _

go to Step }0, otherwise put x(k) to its l1imits and go to

Step 4

Calculate the new discharge from the following equation
-1
Elu(k)] = E[[M] "(—x(k-1)-I(k)+x(k))]

Check the limits on u(k). If u(k) satisfies the inequality
. |

(k) < u(k) < u(k)

go to Step 'l4, otherﬁise but u(k) to 1its limits.ad go ‘ta

Step 6

Calcuiate the'sﬁill at month k from the folloﬁing equation

E(sCk)] = E[O) L (x(k)=x(K=1)=L(Kk))=u (k)]

_ Jqﬁgds(k) is less than zero, put s(k) =0, otherwise go to Step

"7

Calculate the diséhérge from the folloﬁing equétipn
E{uCic)] = B[4 (x(k)=x(k=1)-I(k)=}s(k)) ]

and go to Step 8 .

\‘.
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Step 8 Solve agaln, equations (4.291-4.293) with equations (4.295-
" 4.298) forward in stages with x(0) given, but s(k) has the
value obtained from Step 7

Step'Q Check the limits om x(k). If x(k) satisfles the inequality

x < x(k) < x

go to Step’ 10, otherwise put x(k) to its limits and go to
Step 4 ‘ ‘

Step 10 With v(k)=0, solve equation (4:290) backward in stages with'
"equations (4.286) and (4.287) as the terminal comnditions

Step 11 _ Calculat® Kuhn-Tucker multipliers for u(k), q(k); from the

Al
i

following equétionr
Elo o) 1=E24Y, (k- DfxCi-1 4 a0+ TGOtk

= bU)-MTA (k-1 =a (0 x k=1 =y T O Rx (k=1 =C () y (k-1)
oo™ evar feTors, s S
= 1/4CCRIN"7(k)+1 /4L Clk)z (K)=M C(k)r(k-1)

9 \ !

= 2£00)Mu(k) =26 (K)Huk)]
‘ ' "‘S;

If u(k) satisfies thé‘fnequali'ty" - L §

u(k) < ulk) < ulk). ‘7;.f ’ o | | R f;

. put 6(3)-QA.



Step 12

»Step’lB

e

Cinequality - I -
:'fg(k) <'91+1(k)ﬁsla(k)

: R ,'~. RS PR e
go to Step 14, o:herwibe,put'pi'l(k) to 1irs limits and go to

~Sﬁep 6

Determine a new control iterate from the folldwing equation

Elu}™ () 1= ()+antu(k) )

where \ o .

E{Du(k) J=E{ b(k )4MA (k)+ (k)+d()x (k=14 T (k) Hx (k=19

+ OOy (K-1)+1/4CHON 2 (k) -1/4L (k) 2 (k)

/

+ MTCC) £ (-1 )42£ GoMui 1420 T (O Hu (k) )

¢

and o 18 chosen with cohsideration to . such : factors as

convergence
. -

Check the limits on ul™l(k)." 1f o**!(k) satysttes the

/

»

i -
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Step 14 Solve the following equation forward in stages

E[A(k—l)]-E[ZMT(k-l);x(k-l)+d(k)u(k)+¢T§k)§u(k) ‘

(&

- 1 b0~ T aox k-1

= T Y TaoRixck-1)-147 ) " e (o) y (k=1)

B 24

I e 20

- 1/400 1 eGonTz (R [
# c00rk=1)-207 1 eCoOmatiO-20471 e T(k)Hu(k) )

)

Step 15  Determine Kuhn-Tucker multipliérs for x(k), v(k), from the

. following equation
\ T,-1 T, ,. .
E[v(k)]=[[M"} "(=b(k)-M A{k)-d(k)x(k-1)
" ' | e »

= TR (k=1)~C(K)y (k=1)=1/4C(KINZ (k)

© o+ 16 LTe00)z(k)=Cl0) E(k=1)=2£(kOMu(k) |

= 26T (0Hu) ]

° - If x(k) sdtisffes the ipequality

-
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Step 16

Step 17

X < x(k)< ; - ' ) LQ

put Vv(k)=0
Determine a new state iterate from the following

Elx G0 1=E(x (oO+aptx (1) ]
where

E[Dx(k)]’E[A(k)—l(k—l)+v(k)+2uT(k-l)ﬁx(k—l)

+ d(k)u(k)+wT(k)§u(k)]

Repeat the calculation starting from Step 3. Continue until

o

the state x(k) and the control u(k) do not change

°

significantly from iteration to iteration “and the cost

’

function in equation (4.189) 1s a maximum.
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4.4.5 Practical Exawple

Again, the algorithm of the last section has been used to solve
the same example mentioned earlier in both sections 3.3 and 4.3 using

‘ \
the model of this section. The characteristics of the installation are

given in Table 4.13.

The expected natural inflows to the sites for a year of high"
flow, which we call year 1}, and‘the cost of energy in $/MWh for that‘
year are given in Table 4.14. In Table 4.15, we give the optimal
mdnthly releases fiom each reservoirrand the profits realized at the
end of year 1 for the optimal global-<feedback solution. In’Table 4.16
we give the optimal storage schedule for each reservoir during year 1.

We have simulated the monthly operation of the systen for widely
different water condisions. T;; monthly natural inflows to the sites
'an year 2, which 18 the year of low flow, are given in Tablé'4.17.‘ In

-

Table 4.18 -we give the optimal monthly releases from each reservoilr and
the profits realized at the end of year 2. In Table 4.18 we give the
optimal storage for each reservolr during year 2. We started both
years with the t?ser§oirs full.

The computing time to get the optimal solution for a period of a

year was 3.5 se¢. 1ip CPU units, which 18 very small compared to what

has been done so far using other approaches.
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Table 4.14: The expected natural inflows to the sites in

year 1 and the cost of energy

voneh| 1), L 1,0 T, 1, Ly [y e

k Mm® Mm3 Mm3 Mm Mm> Mm3 - $/MWh
1 948 | - 236 2526 | 30 2799 | 318 1.4
2 aazf:' 189 1226 | 15 1632 | 192 1.4
3 553?‘ 148 1001 | 15 1380 | 221 1.4
4 300 113 849 | 8 1035 | 234 0.8
5 229 80 699 | 7 796 | 158 9;8‘
6 225 | 78 644 8 766 | 170 0.8
7 385 1@6 962 | 7 794 |- 229 0.8
8 1388 910 4588 | 53 2017 | 374 0.8
9 4492 | 2143 | 17322 {147 | 15509 #920 0.8
10 5028 | 2025 | 7660 | 76 7453| boa 0.8
11 2685 | 963 5195 | 68 4953| 711 1.
12 1402 2349 413 1.1

580

29

3376
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Table 4.15:

The optimal releases from the turbines and
the profits realized in year 1
Month’{ uiik uélk‘ ulzk ‘u22k ul3k u23k Profits
_k M Mo® | e’ | Mol [ o | Mo® $
1 1649'\;3451 3821 | 3851 | 3641 | 4010 9898372
2 1589 | 1453 | 3703 3718 | 3538 | 3730 8685940
3 | 1552 11578 3839.} 3855 | 3601 | 3871 8970313
4 1318 .| 401 | 3690 | 3698 | 3294 | 3725 4554491
5 _ ;t1177'n 1257 | 3304 | 3311 | 2931 | 3089 4214638
6 | 1322 ] 140q4J«3ﬁgg | 3703 | 3236 | 3406 4658819
7 {1293 1§3ﬁ' ‘3567 | 3574 | 3092 | 3321 4491206
8 1387 | 2298 | 3599 | 3752 | 3185 | 3559 4886224"
9 | 1318 | 3461 | 3853 | 3730 3150 | 4824 5598097
10 | 1637 | 3662 | 4540 | 4616 | 4371 7| 5025 6627686
EYS 2266. | 3229 5027 | 5169 | 4371 | 5025 9571348
12 | 2706 3256 3416 | 3445 | 4029 | 4442 8345312
Vgldé;of watef left in storage at the
end of the year : 99,334,960
Tdéal benefits ffom~theusx5tem' 179,837,406
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Table 4.16: Optimal reservoir storage during year 1

M h k k k k k
ont *11 *21 12 *13 *23
k Mm3 Mm3 Mm3 Mm3 Mm3 /
f /
1 24062 3828 72959 | 44779 | 9132
2 22955 ,4452'//4 70481 42873 9132
_/’/. T o } )
3 21752 4274 67642 40652 9083 |
4 20734 5304 64801 38393 8886
5 19786 5304 62196 36258 | 8886
6 ‘\\§689 5304 59145 | 33788 8886
™~
7 17780; 5304 56539 31489 8886
8 17780 5304 57397 30320 8886
. \
9 20953 5304 71135 42678 9132 .
10 24345 5304 74255 | . 45672 9132
11 24763 5304 74255 45672 | © 9132
12 23458 5304 73187 450189 9132




Table 4.17: The expected natural inflows to the sites in year 2

Monthi I;," | Iy 1, 1, " | T
k Mm3 Mm3 Mm3 Mm3 Mm3 Mm3
1 551 { 200 1987 23 | 2260 | 531
2 | 361 | 285 | 1226 | 15 991 | 169
3 | 316 | 298 | 1054 | 15 849 33
4 | 273 | 128 s | 10| 720 | e
5 237 io 474 6 578 .70‘
6 | 265 | 92| ses | 7| :s19| s0

7 | 608 | 251 | 1182 | 15 598 | 95
8 |1593 .| 925 | 3898 | 53 2336 | 432
o |38s1 |205 | 7487 | 73 5872 | 668

10 |4566 [1631 | 2556 | 50 | .4179 675
11 {2701 [1137 | 1828 | 23 1299 | 865
12 |2348 [1080 | 1813 | 22 2644 | 851
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Table 4.18: The optimal releases from the turbines and the

profits reallzed in year 2

Total benefits during year 2

»

Month u“k 1421k ulzk u22k ‘ul3k u23k Profits
K .Mm3 Mo | Mo | omwd | Mo | Mo s
-

1 2997 | 3197 | 2426 | 2449| 2260| 2037 8143159
2 2900 3185 2335 | 2350| 1711] 1880 7073434
3 2997 | 3576 | 2491 | 2506| 1957 2041 7588778
4 2300 2148 i888 . 1898) 922| 975 2764157
5 | 2214 2223| 1508 | 1515 685| 754 2399639
6 2310| 2401 | 1902 | 1909| 1026 1117 2843036
7 | 1704 1955 | 1779 | 1794 968| 1064 2439814
8 | 1592 .2518| 1922 1975| 1389 1821 2978143
9 1423| 3es8| 2358 | 2432| 3861| 4283 4949586
10 | 2174 380s| 2555 | 2586 4178| 48s4| 5618122
11 2997 | 4134 | 1827 | 1850| 4371| 5025 7907461
12 2900 | “3980 | 2115 | 2137| 4230 4863 7929455

' © Valué of the water leftvin storagé at : '
the end of the year 90,212,080

152,846,864
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Table 4.19: Optimal reservoir stofége during year 2

Month x11k X)) lek x13k Xy3°
& Mn> Mn> M M Mm
1 22316 5304 73816 45672 8886
2 19777 5304 72706 44951 8886
3 1709 | 5023 71269 | 43843 | 8886
4 15068 5304 " 70124 43641 | 8886
54, . 13091 5304 69089 43534 | 8886
6 % 11045 | 5304 67749 43085 8886
7 9949 5304 67151 462715 8886
8 9949 5304 69127 43661. | 8886
9 12376 | 5304 74255 45672 9132
- 10 14768 5304 74255 45672 9132
11 14472 | 5304 74255 4460 9132
12 13918 73853 4393§ 19132

- 5304

v
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4.4.6 Discussion

It will be noticed from Table 4.15 thét tﬁe total benefi;s during
year 1 using this model 1s'$179,837,406. However, by using the model
mentioned 1in section 4.3, the Fotal benefits from the same system
during the same year ié $l65,998,566; Hence, by using a more accurate
model the total benefits increased by:8.4 percent.

On the other hand, the total benefits during year 2 for the same

system using this model as given in Table 4.18 is $152,846,é64. Byt

/!

9

the. total benefits from the same system using the modél of section 4.3,
during year 2 is $142,506,846. The total benefits increased by 7.3

percent.

From the above results, we conclude that this model is the more
accurate one for .calculating the total expected benefits from a
multireservoir hydroelectric: power system, for optimal long-term

regulation, ‘and by using this model we avoid the: disadvantages of the

other models explained in the preQious‘chapterS.
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/ CHAPTER V
“MODELLING AND OPTIMIZATION OF A MULTIRESERVOIR POWER

SYSTEM FOR CRITICAL WATER CONDITIONS ’ ' K

5.1 Background

_ The period in which reservoirs are drgwn down from full to empty
is referréd to as the "critical period”, and the stream flows whicﬁ
occur during the critical period are called "critical éériod stream
flow”. The duration of the critical period is determined by the améunt
of reservoir storage 1n the hydroelectric Syateh, - the amount 6f energy
support aya;l%fif from thermal, gas turbine blants 'and .bossible
purchase and depends‘ou how these resources are committed t; suppbrt_
the hpydroelect-ric gystemt o ‘ C % @

& The basic requirement fof the crit}cgl pgriod 1;N thai the.' :
generaﬁkpn during this period sho;ld be equal during each year of the
critical period and should sugﬁ?& the required load on the qystem; and
- at the same time the-rese;voirs are drawn down empty at the end of the
" critical period.
| Over ﬁhe past several vyears a number of methods have been
developed to solve tﬁe pprlem. Ihese methods are limited to either
Dynamic Progréﬁﬁing,“ Linear Programming or a cpmbinaéién of them,"but-
they Asuffer from major‘problems, when they are abplied to the multi-
didensional- systems‘including exceésivé dehands 6n'c0mputiﬁé time and -

1

' storage reqdifemeﬂt (1,2).

JIn R (44) .*, 'the maximization of energy papability?in terms of

b

NonLinear Prqéramming methods has bégn-done fpi»&flarge scale system of

' what 1ia - believed to be one of the largest “ hydroelectric Nonlinear
§ ." g o . N * .

4



Programming problems attempted. ~In maximizing the energy capaSility
during the critical period;; the problem 1is formulated as a general
nonlinear'problem.' Next, to account for certain soft conscraints for
which cggstrainfs baramater settimgs.may eliminate the feas}ble reglon,
the objecti?e function 1is modified by adding penalty functions. This
results in a program with a monlinear objective funetiom, ‘linear
constraints equations, and simple bsunds. "A ssi;tion mefhod. is
presented employing the Conjugate Gradient Method (45).

In this chapter, ‘the maximizetion of thex prsduction of
hydroeleetric poﬁer for a mul;ireserfoir power system hes‘been dome.
"The first section of this chspter is devoted to tﬁe maximieacion of the

generation from the system using a linear model of the discharge and
the’ average head between two successive months, snd at the same tipe .

the - generation during the critical period should be equal during each

year. . In the"second section, we maximize the generation for'_a-

'p ker system; the model used 1s a quadratic model of -the’
< R
discharge an the stora§57\ and also the generation during the critdcal

period should ﬁe equal during each year.'

The optimization 1is done.on.a monthly time basis for a period of’
- a year,' the ‘times‘ of water travel becweee upstream and downstseam”'
reservoiss"are assumed to be’ shertet than a month, for this measos'

;hose'times are not Caken intO‘account.- Transmission line losses sre

also.neglectéds

- - . R . b s



5.2 A Linear Model forithe Resefvoir%

In this section, Qe.maximize phe géneratian frop a multireservoir
power system." The model used here is a linear model of the dischapg@%
and 'the_ everage head, - in order to e;oidioverestimetidn for falling
water levels and udder’esﬁimetion'for rising water levels. lWAter head
vériation; addfstbchasgicity of the river floes e;e eaken;ﬁbto aggount.

, : A RN 4
According to the defa‘aQailable here;’ the tail water elevation and:the

efficiency of the plant are assumed be constant.

5 2.1 Problem»Formulation

5.2.1.1 The Systen Under Studj

IS

“The system under consideration donsists of m independegér rivers

with one or several zeservoirs and power plants in series on\each, and
- . - -~

interconnection 1lines "to the neboring system ‘through ~hich energy

: ﬁay‘bé eichanged (Figure 5;1),_We will denote By the following:

y A ‘random variable- representing' the natural 1nflow .to the
. i j ) ] - !

;esérvoirA i of river j in . period K in Mm3. " These arek‘

statisthgi;ly independent , random variables with s no:mal ‘

‘\ ¢

distribdtion. '_It is assumed that no correlation existS‘hetween

flows of independent rivers of‘different periods‘of;timeu

. s

-

-

,;t xﬁ\:ﬁfylzh of this section has been accepted for publication in the

Journal of Optimization Theory and’ Applications (JOTA), May 1985. (Ref.
' et . : . N V
26'). LT ) e o - S
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i %ih;jb The net head“of the reservoir 1 on river j at tho end of period k
¥ AN 9
Y
n in meters;
R : ) - 1
k¢ - .
Byy =Py <Py ‘
where h 13 and h 13 are the minimum and maximum heads respectively
uijk The effective Aischarge from reservoir 1 on river j in period k.
‘ This 1s the water released from the reseerir ko, the alliedkpoyer
’ . - plant to produce electricity, im Mm‘3;f‘l .
' a.
L )
, ok k_— k ‘ _ . y g
s 213 2%y Ty ’ - .
. - ' . :A o A "
1 X P . ‘o. . C A :
where Eij and qij .are the minimnm"and“'maximum discharges
' respectively, Oj ‘}0. T R , ]fgﬂ g
, K — k i I,
N If uij j , and t?e reservoir is full hij 13° then
T ’ :uijk.—ij is diecharged through the sp;}iway§. ' R
. Qij The spill from reservoir + of. rivér j during the period k in Mm3
AN . Ce " %??'“D;gfc
k' . k _ ﬂ » °b°\;‘,~
813 2 0, soi 0 . * ! : N Al -
% v:' v ° HVD :

Q N, o S - o ~ . o , .

g - K, k-l |
i Gii(uij ,1/2(h j j )) The generation of plant 1 on Tiver j 1n
S ,‘,' per{od k in MWh, It is & function of the water discharges arfd -

f§?1~*‘ - average head between two 8ucce831ve months, k=1, k.

. . d ! P
pcj Value 1n ddllars of one MWh generated‘an
N = J ’I'he number of resetvoits on each river.

SEERS
L2 . .
IO\

o)
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5.2.1.2 Objective Function

The optimization objective function is to find the discﬁarge

u k, that maxtmizes the total generating beunefits from the system

1]
during the “critical period”, with acceptable equality in this

generation during each iear of the critical period. This objective

function can be expressed as

m nj wK
k K K k-1
Maximum[J"E[jgl 121 kzl ;4 c“(u1j ,1/2(hij +hy M1} (5.1)

In order to be realizéﬁle, and also to satisfy multipurpose

stream use requirements, the storage management schedule- must satisfy

the wyater conservation equations, and the inequality constraints as

follows: . -

TN

51) The water conservation equation for each reseérvoir may

be adequately described by the following difference equation

k. k-1, -k k_ K k_ k. |
Ry Py Dy Ty Pa-ng Ty -2

where

.
4
.

k
1)

E"period_k'in7Mh3. In this Section, wévassumed that the telatioh between

x is the storage of reservoir i of river j at the end of
the stordéé.and the net head is a linear relation and this relation 1is
~ given by . L o AU
S o ' ;'  -,1§ba. : .-
SO S e . .
. L4 . - k - ) i (503)
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. where and b1 are constants. These were obtained by least square

]

curve fitting to typical data available. In this section the variables

a
i3

are the head and the discharge,- substituting from equation (5.3) into
equation (5.2), one obtains the following water conservation equation

as a function of the head.

o ko, k-l k K k. k
hij hij +1/b1j yij + l/bij Uio1)4 l/bij +uij
_ K K kKo -
+ 1/bij s(i-l)j l/bij 8iJ and hij > hij (5.4)
where N
‘. k-1, k K k_ ky — k, k~1
(bijhij +71j +“(1-1)j +S(171)j ~b1jhij ) Uy ,If(bijhij
K k k k k, — k :
=€ 4+ + -b. :h ' : . .5
513 13 +“.(1-1)j. S(i-1)j O 1j 13 ),mij (5.5
'y ‘ ' ‘ ‘
L o0, o;herwisg/Z, o . g

[+]

(2) To *satisfy multipurpose ‘stream use requirements, such as

flood control, 1rtigation,; fishing and other purposes_if‘ any!“ the

’ N

‘following upper and loyér limits on the variqbles‘should be satisfied.’

(a);npper‘and ;owérrboﬁnds on the head:

- . k _ ‘ ’ : . B ) . T .

. . . N

- SRS ) uppér adﬁldwgr bouﬁds;on ;he dischaﬁge

G e . ‘ ,

. e . S -
: 2 TR . . oY -
R o I . - o



o

k k

< u

< o k .
Eij <u (5.7)

The 1initial head hijo’ the natural inflows into each stream
during each month yijk and the cost of energy cjk are assumed. to be
known. The expectation 1n equation (5.1) is taken over the equivalent

reservoir random inflows.

5.2.1.3 Modelling of the System

The generation of a hydroelectric¢ pladt is a nog~liqgar funccion

of the water discharge uijk and the net head. To avoid underestimation

~of production for rising water levels and overestimation for falliﬂ§‘ \

-vater levels an average of begin and end-of-time sfep head has been '

“used.‘ We may choose the following for the function G J(t.\ jk,
B R-1,
1/2(hij +h1j ).};_ , | B
' k =1y, Ky k,, k-1
Gi_j‘”'13 , 1/2(hij £y ))=1/2 uy g dij(hijl+hij ‘) Mk (5.8)
'whéré _ :
R * |
4 23n, . ‘ L 5.9
.o 1J 7 | j '(, )

Ei
?§;iciency of planc i on river j -

,z¥;bst”func;ional in equgflon (5.1) becghés;
k k - k-]_ o * . : ) A

h +h L .

1J 13 < 13 13 )] FE . (5.10)
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Subject to satisfying the constraints (5.4-5.7)

5.2.2 A Minimum Norm Formulation

The problem 18 now that of maximizing (5.10) subject to

satisfying the constraints (5:4=5.7). We can form an augmented cost
functional by adjoining to the cost functional in équation (5.10), the

equality coanstraints via Lagrange's myltipliers, A and the

1.1 y..

inequality constraints via Kuhn-Tucker multiplieré; One thus obtains:

v m

, k k=1 k k k-1 N
J=E{ } 2 X[I/ZC Kb, S+n >+ A °  (~h ,+h +1/b, ¢ .
j=11=1 k=1 J ij Y13 VM3 Ty 1] | 13 "1} 13 1}

+1/b, . u k_ 1/b,, u k + 1/b, '8 k. 1/5 ; k)r -

13 (4-1)j 13 13 713 T(1-1) 3 11 713

' ¢
ik, k_+ i

+ €1y (hij—hij Y+e 13 (hij hij)

k k k 1k k — k . - )
+ gij (Eij —uij )+gij (uij ‘-uij )11} - ‘ (3&11)

oA

whiere Aijk is to be determined such that the corresponding equality

- constraints must be'sdtisfied, and & lk, e k, g ,k ad g {
_ - » 1y 0 gy 13

to zero, 1f the constra¥mts are hot‘yioiated.and greater than zero, Lif

the constraints-are violared (32).

~Now, dgfihe the following vectors such that

£

i

k are equal

)
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b

Vh(k)?coif(hi(k);...,.a.,hm(k))> SP R '(%.12)
\J{(k) ol(h heo 5 - f '(513)‘-~" 
C 11 ’oo')oc', nll% : . “v‘bi.‘ - .» .

vt

R
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h (k)=col.(h, &, ovyoi 1) (5.16)
m lm m
uCk)=col. (u k), een,nn,u (k) ' ‘ (5.15) |
jﬁ§ TR . o
p . _ul(k)'col.(u11 s ) v (5.16)
u (k)=col.(u k,...,...lu k) | - (5.17) -
m lm A .
MK)=col. (A (k) .ueyenn,h (k) | 0 (5.18)

v AGomcol. 4 ¥, 9 (5.19)

A )meol. . Xl K ‘ C (5.20)
m lm , L

o m
= m
v : ' e .
y(k)'col.(yl(k),...,,.a,ym(k)) : . S (5.21) .
yi(k)-coln(yll“{,.ao,o-’-,yn l ) .‘ , * . (5'22) o B
", o R o A R ¥
.l-':j‘;v\" . qv‘ . : '.‘ ) ~k- . ‘. - k . » zv ‘ ] | - L .
S b ‘ . ‘ _ .. - o " i . ) .'. .
_ a_(.k)"col.(sl(k),...,‘...'v,s‘(k)) A ¢ 18/ Y B
e - me o ' ’ et 7/
" . ' ' P oy !
| A3'(l'<r)'c-’ l"(s k. s mk)" - e ;:i' ?S"ZS)
ke D s S N L R o oo e T

. o R WPV : - i .
. v o . J""N . . : O
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8 (k)=c0l.(S,  ,eceyeeeys ) (5;26)
n lm : A
v = a -e, ., . : (5.27)

w(k)-cox.(¢i<k),...3...,wm<k)5’ ' (5.28)
‘/\

n

- k k
wl(k) COl'(wll,"""'°’w 1 ) . (5.29)

k k '
lbm(k) COlT(wlm ,&-'-,n-,kb ) 4 s (5-30)

#4

nm
m

X 1k Tk
vl -

- ” 5.31
19 813 o814 ; £ )

Wm0l (k) eveyeaepu (KD) (5.32)

- - k k . ]

: ul(k) col.‘(ul.1 pesmaeeal ) ,

X T . .
ky ) (5.34)

nmm' N o

i e ¢

(5.33)

B R R Kk
um(k)-eQ]‘-‘(uLm g c‘" es eyl

* . Furthermore, define the following diagonal matrices
¢ . . . o . v H ' 7 “

. .#_‘-D(k’)i"d_iag...(\l)l(k‘);,_..:.;'.,..'.,Dm(k)) R ¢ X L

3

’
.

=it Kk, Kk, R
,ﬁ.Dm(k) diag.(c_ glm,,fi,...,cmvdn IO S “5.37?ff

. m PRI
. B . . : . . R - . P ;"‘:6"" ” N :
et R - o . ! P
. e e O
e -« oo P : : B S R -
L8 E



deiag.(Bl, .

Bl-diag.(l/bll

Bm-diag.?l/blm,...

M'diag;(Ml,...,...

<

where 'the matrices “1"

elements are given by

(1) mijP-llbij

(;%) m(w+1) 1/b

Using all the above definitions, the auggfnted cost Iunccional in

equation (5 11). becomes.

€

J'E[ Z {1/2 h (k-l)D(k)u(k)+1/2 u (R)D(k)h(k)+A (k)(-h(k)

k=1

.

k1348 (i) (e 9RO

e b, .

Note ‘that constant terms are. dropped 1n the above equation.. ..
& :
Employing “the. discrete version. of integration by parts, and ©

_*substituting fSt h(k), one obtains (33)

“ .
¢

(w +1)j

oA=L,

are lower

.

,yoo

N R

13

triangular

)le

3

&

(5.38)
(5.39)

(5.40)

(5.41)

matrices,

. A

é; i=1, ...,,..;m

7. e

#ﬁT.(_k')um )]

N
W

\

‘whose

(Sugz)'
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\

K

JE[ A TR T+ T (1/2 hT(k=1)D(k)u(k) .
’ k=1 - .

+ 1/2 u?(k)n(g)h(k—l)f 1/2 uT(k)D(klﬂu(k)' ' S
jy(A(k)-A(k—l)+¢(k))Th(k—1)+(MTA(k)+MTw(k3+u(k)+1/2D(k2By(k)
. r _

+ 1/2DC)Ms (k) )ulk))] . _ R (5.445

Note that terms explicitly 1ndepehdenf of h(k-1) andu (k) are dropped
in the sabove equation:
It will be noticed that J in equation (5.44) is composed of a

boundary part and a discrete integral part, which are indpendent of

) each other. If one defines the following such, that ‘ _ s
A LY 14
‘ xT(k)-[h’(k-l), w0 N . . (5.45) Y
FI _' ’ g ! } .
- : ~ | - ¢
) " .1/2Dp(k)
' °
o= o (5.46)
- 1/2D(k)  1/2D(k)H -

4

R A G100 T, G GoTo (+1/20()By (k) +

>

C+ 1/20(00Ms(k) ] C L ’ "_ (5.47),
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r
then, -the cost functional in equation (5.44) can be written as

4

K
!
k=1 .
T ‘ N .

IPE[-A TR+ T(0)h(0)+ (XFUOLUOXO+RT ()X (k) ) ] (5.48)

Téjmaximize J in equation (5.48), one maximizes the boundary part

- and the discréte part‘separaéely. If one defines the following vector ¢
N o .

such that :

Vi) = LNGOR®O) | T (5.49)

L

then, the discrete integral part can be written in the following form
< * ' ) .

by. 4 process simllar to completing the squares as (33)

o

< K L . - ‘ ‘
J,~E[ ) (X(k)+l/2V(k))TL(k)(X(k)+1/2V(k))-1/4VT(k)L(k)V(k)}~ (5.50)
k=1 : .

s

Since it 1s desired to maximize J, with respect to 'X(k), the °

problem is equivalent to ' L
| o | .
.Mé3.qzéﬂax;E['k§1 (x(k)f1/ZV(k2)TL(k)(g(k)+£/2v(k))} - A (5.51) *
Cox(k)  X(k) . 7 o e

bécaqaez V(k) is indepéndent of X(k) Eiuatioh (5.51) defines a . norm,

_;hence'éQuation (5.51) can be written as

‘\'. Lt v .

‘Max.Jp=Max.E[ | [XC)+1/2V0 |1 (5 e e (5.52)

CX(k) X)) T : | y L
. a . -v | ) ) . ) - . L - #\ .

v
>
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©5.2.3 The Optimal 'Solutien,

g LT " L
¥y fheamakimggﬁpf JZ 1s achieved when the norm in equation (5.529 is- °

' _‘Ial to zero * .

\ ‘ . ' ) -
E[X(k)+1/2v(k)] = {0) = : | - (5:53)
(i\‘ ¥ ST
B Substituling . from equationi (5.49) into equation (5,53), one ,
obtains the following optimality‘éindition no e
. . z ' - .
) E[RCO+2L(KOX(K)] = (0] | (5.54)
. <4 ’
_ B ™ - ‘ . ’ R
The boundary term in equation (5.48) 1s maximized when
E[A(K)] = (0] : - (5.55)
/ .
W / :
because h(0) 1is cdpétant and Gh(K) is arbitréry. - ..

\.. -

Writing equatbon (5.54) explicitly by substituting from equations

'(5 45f§A47) inco chf? equation) one obtains the following equations for

[

"long-term optimal operation under critiecal Water conditions

o I3[‘\glek)ﬂ‘(k”%)“BY€'1€')+Ms(k)Jrnu(k-)]‘-.L.IOI ’ o (5.56) L -
i ;\-_. .:"- \?‘ . ‘ :.' | | | v
a5 E (k)= k=14 (k)+D(k)u(k) ] = [0] 1 .57
» -ln‘ - ’ ‘ - .ul-;""’
Lo - j' *
| ;véﬁ?iﬁﬁﬁﬂyfm, 1 Fa
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“E{M?x(k)+MTw<k)+u(k)-l/zn(k>sy(k)—1/zn<k)Ms(k)+D(k)h(k)J =(0]

- of —
T (5.58)

We can now state the optimal solution of equations (5.56=5.58) 1n s,

-

component form

¢
f , . T L.
K. k-l K k. Koo K
,;{-hij +hij +1/bijyij +1/b1js(1_1)j~-1/bijsij —l/bijuij
O +1/b, K1 =0 ©(5.59)
S 13%(3-03 | .
Py /, | A §
k. k-1, k. k K, )
. g[xig -Aij ﬂ+wij +cj dijuij’]' 0 (5.60)
k_ Ak Tk kK, ok
By ey 8007y P Y ey H/005% My
- k Lk k k k
1/2 - ;
/ <y dij/bij Yy 1/2 <y d%j/bij (S(1~1§§ -5 )
'k k. . »
ey diyhyyl (5.61)

L4

ﬁeaidés the above equations, one has the following limits od‘the

|

-variable (40). o ; ' o
1e%, X < b, then ve put b Mo v
S R L S “
‘If hij > hij' then,ve‘put.hij hij~ . ‘
NS ‘ -t . : - : .
R . o p . (5.62)
. - ’ . v » - .
N Do . k ) - k -u': k. ) k . . . . a ' .
,;’If>uijk < 245 s thed we put ?ij E&j . - . / |
x4 =k o kT k ' :
If u >u -,.then Ve_?ut_nij fu1J J -

| i3 i3
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9,
.

( ’ . _ ﬂq

One" also' has the following exclusioé equativs which Tust “be

. satisflegmat the optimum (40).

86 - . o ‘ S

-’

eijk(hijfhijk) o o IR )
eij“‘(hij;_-iij> -0 ‘ | T G560
’ ﬁjﬁﬂufmyi)fol - ¥ B (5.65)
gijlsﬁuijk;ﬁi;k) -0 ‘ S ‘ - (5.66)

1Y

Equafions (5.56-5.66) with equation (5.55)'comp1etély specify the

optimum solution. ° The" foiléwing ;igoiiphm 1s used “solve. these
equations.
5.2.4 Algorithm for Solution ' R

Assume given: The number of rivers (a), ;hé‘number of reservolrs B

%

on each river (n,), the expected value for the natural inflows during’

3

the cricical period (;ijk)’ the ioitial heaq hfjo ané the cast gf
energy on each\};veglé3k”iﬁf$/MWh. | |
Step 1 Asaqu,iniﬁial.guéss,fggﬂghe\vagiable u(k} such. that °
. . - . o ;‘_ .
- . g(iﬁ)_ﬁdi(k_):;x_(k) i‘iteration.‘n‘ukr}i‘!;er';'- ;-Oln‘ __
. “. ) “A o
r: _éteb 2 ,Assume first that_s(k)~i&'?qual.;o~2§ :§.sp}ve the'follqwiﬁg
. stochastic diffeténce‘eqhation ﬂ
*‘§ e R o
* . ¢ ﬁfiix _

‘e

<
a
e

-3’ .

P



.

Step 6

Step 3

Step 4

Step 5

~ ' . " d
\ .
“ E[=h(k)+h(k=1) +By (k)+Mu(k)] = [0] e

forward in stages with h(0) given.
Check the limits on h(k). If H(k) satisfles the inequality

(-

h < h(k) < h

go to Step 10, otherwise put h(k) to its limits and go to
Step'é

Calculate the new discharge from Ehg.following equafion

EluCic)] = E[[M] ™ (h(k)=h(k=1)-By(k))]

Check thé‘limits’on u(k). If u(k) satisfies the inequality

u(k) < u(k) < u(k)

]

v

g0 to Step lA,L otherwise put u(k) to its limits and go ?o

i

Step'6~

" Calculate -the spill at month k from the following equatioh y

Els(k)] = E[[1] " (h(k)=h(k-1)-By(k))-u(k)] S

If s(k) is less ;han';@ﬁ%, put.8(k)=0, otherwise go to Step

4 .
Ny
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Step 7

Step 8

Step 9

Step 10

L step 11

-

. :
~h < h(k) <h

go to Step 10, otherwise put h(k) to Tts limits and go to

-

EDAG=1)] = [A(k)+D()u(k)]

Solve again the following equation forward in stagés

with h(0) given:

Check the limits on h(k). If h(k) satisfies the inequaliQ%

(S

Step 4

equation

backward in gtages with the terminal condition

E[MK)] = 0

the following equation

~

N

o

S

-

. : R A L . .
Calculate the Kuh&:Tﬁfier multipliers for u(k), h(g), from’

EfuCk)] = E({M]) " H(h(k)-h(k=1)-By (k)-Ms (k)]

. E[h(k)] = E[h(k-1)+By(k)+Mu(k)+Ms(k)]

‘

B
Calculate the new discharge from the folldwing equation

© With w(K)'O;”ﬂsolve the following stochastic difference

260
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E[p(k)] = E[MID(k)u(k)=D(k)h(k)~MA(k=1)

+ 1/2 D(k)By(k)+ 1/2 D(k)Ms(k)]
I1f u(k) satisfies the inequality -
ulio) < ulk) < u(k)

put \U(k) =0
¢

-,

' Step 12 - .Determine a new control Iiterate from the following

appfoximétion ‘ 4 S N ' -

E[uifl(k)] - E[ui(k)+aDui(kl],” : @

|
. i
where

E(Du(k)] = E[MTA (k)41 (1) +D(kOh(k)~1/2D(k)ByTk)

= 1/2 DGOMe(X)] oo
B .l. ? “ e
and la; is a poéit;ve séalar which "iai. chosen - with

consideration to such factors as convergence.
i+1

. ‘ PR N 141, - SR v
. Step“13 Check .the limits on'u” "(k).*  If u (k%D satisfies the
, iqequﬁlity . \

W <ud N

k v . . . o T
e : : L ° - X ‘. -

ST EEETE A T ]



Step 14

Step 15

Step 16 ‘

 CE[DRCRYI AK)=ACk=1)+KIO+D(R)u(k) ]

fen

go to Step 14, otherwise put u (k) to its limits and go to' -

Step 6

Solve the following difference eﬁdation
E[A (k-1 F=E(D()u(k)=1/2{1" 17 D) By (k)
+ 1720171 p (koM ¢ L) IM 17 pGoR) ]

forward in stages ~

Calculate the Kuhn-Tucker multiplier for h(k); v.(x),

" the following equation

|

B0 1=E0-A %1727 D) By (k) +1/2F) In ) Bs ()

-

- 017 50ona0 ] .

If h<h(k)<h, put (k)=0

Determine a new state iterate " from the following

approximation
Elh i+1(k)]'E[h1(k)+aDh (CIVE o
- where. . 5
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Step 17 Repeat the calculation starting from Step 3. Continue untv

the state. h(k) and the control u(k) do not change
eigificantly from iteration to,iteration and J in equation
(S.IO)A is a maximum and enual for each'year of the critical

period.

5.2.5 Practical Exampge

3

The previous algorithm haa been used to optimize the 3e“ef8fio§‘

from a hydroelectric power system consisting of two rivers,’ each river‘

has two-eeries‘réserVoirs, for the 43 months critical .period.‘» The
characteristics of the inatqllations are given in Table‘(S f)
The Jainimum and maximum releases in Mm3 can be obtained from the

: reffective nfnimum and maximum discharges through the turbines as:

.

‘u k = Q. 0864d (minimum effective diacharge in m /sec)

N u = 0. 0864d (maximum effective disch&rgelin m /sec)

&
s

4

where d° 18 the number of days in month k, and the maximum and ainicun
L} v . o . - .
effective gischarges are given in Table (5.1).

“ln Tables (5 3-5.5), we glve for.each site;"the Eetorage-head‘é

»gcharacteristics, and the percentage error 1in the storage for using ‘a
. linear function between the storage and the head. y

The expected natural inflows to the ‘sites> during the critical “

\

.'“period are given inriable (5.29;\ In Tables CS 6~5. 9) we give the;_>

¢

»optimal monthly releasea from each neservoir and the profits realized ﬂ;'#“

Trom each year during the; critical petiod. It will be noticed that the R

B -

A
benefits during each year of the critical period are, almost equal.

PN N ,, 4
I : )

o 'Z-.'i".'v'.'
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. - .
In Tables (5:10-5.13) we give the optimal head for each reservoir

during the critical period. We started the critical pefiod with the

reservoirs full and we end up the 'critical period with empty

A}

reservoirs. .
N -ﬁ‘,;\

'

The computin3 ;1me to get the“optimai long=term operd%ion‘fo; the

critical period, which is 43 months, was about 4.41 sec. in CPU units,

which 18 wery small compared to what has been done so far using other

approaches. - “ . . -
. . . W -
.
.
.
!
.
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| Table 5.2: The expected monthly 1nflows to the sites-

during the crit,ical period
Month | “yyy 1 Yy Wiz | Y2 :
x| omd ol om® ] Med Mo

o

796 - | 372 1085
369 | - 184 910
-.288 . [. .140 645
207" 74 © 781
1907 [+~ 81 | 452
- 313 f - 70 © 485
947 " 521 |- 866 }.
1456 |- 849 3898 | 53
2833 | 1307, | 9175 73 . o
14611 - |7 1714 4877 - { 61 ..}
3148 , 895 . 1.1798 T 23

1285 .. 4o 826 . | 1585 {22 |

811 | 387 |+1320 157 -

- 363 183 | 1299 |} 15 .

"4219 [ R A b

188 .67 "

- 184 102 oo
Coo213 1 760
{411 . 288 -
" 1798 ~| 1024
: 3428 . [7°1666

.'2950: | 1168 -} 3
27007 -4 834" W21
1798 1" .683
~..918 | - 493
<7545 L3210 14
293 1 .225- 1 1024 ).
"Q,ZZZ;'”.ZZJ93g;f5i*H.fA}*
A:A;j;190 o) 185
ool o286 ) 146
. S5 S I 1y AU
o). 1623 9sa;u N A
" 3346'- 1637}
235727 | 1229 ' : R >
-} 2526 ;_ .789” | 1737 vy s

1270 | 433 i S IR
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. “Table 5.3: Head~-storage Eharacteriéﬁié and the . SN

@

‘percentage error in the storage for reservoir Ril

Head ,}' Storage . % Error In

L X ¢ * 3 ’ : . 2
m e - Mm : the storage

1 137.10 ‘ “9904. 5 . -3.80

140220 10545.8 ~2.40

[

143.26 . 11205.9 | -l.20

149,35\ * 12616.5. . | . 0.86

156,97 - | 14643.0 I fz.aog,
- ’158‘.“50 b 15096.4 | | 250 1 ”
f 161.54 R ?,16662:é‘i o ' ;,50 | __;\ _ ;  - '_ S
e | weses o p e L L

®

{16766 | -1siss.st | o w.e1

| 17669 | 1926750 | -+ n2s o ’
172;82_’-3 ,‘fzbbbéfi;‘ o ,. ’ Qu?l-.;
B *17}?5& “A;.*--giodi,aap . vf?'j'o;06 L
- mres | Tmamsa :;p;?z’ =

A

179.83 -
182.88. .|  24111.7
. [ . - . R

".22839.5‘ T B fl{ss o 1H o ' |  ” e

.’%<rv“k84§49u_,‘-f' 24763.3¥ T ©=3.50- - 4
‘ =t kS R T g
it ; v i ' h B E’
e




4
o
Sae
>
XN

- " S .
' 268
- . B \‘4
. > i *
Table 5.4: Head-storage characteristic and the percentage . .
. ' Vd
error in the storage for reservoir R21
.
v - -
."Head Storage Z Error in
‘n Mm3' ;bgs storage
7401 1233.6 *-3.35
104.6 12960.5 5.60
113.7. 3762.3 T2.80
o A - n
119.8 " 4317.5 0.64
126.4 4687.4 -0.08 :
1128.9 - 5304.2 ~-5.60 -
i\ 'ipﬁﬁ‘h
& | S




269
. LR ' _

Table 5.5: Head-storage characteristic and the
# . percentage error in the storage for

s " reservoir R, } ’ ' '

12
5

' Head Storage " % Error in g
-3

41\ Mm~™ { . the storage

= h]

135.94 33016.9 _2167,;- o
134.47 - 34403.1 -1.90
. 138.99 | 35839.3 -1.30
C140.52 | 3732604 =070
Caa | 387117 1 -0.10 R | L
{. 183.56 ’,46241.5,/ -0.33 B o
145.09° 426%3.5'~< o 0‘75<f I R N
146.61 43744L5:* 1.10 R |
'A148113““' | as471.9 L4"> 11.35’
149.66 . Ca7255.6 | 1.6 ,
151.18 ; |- as097.9- Cne8 o | . fe
Cusam '”;»TA 51006.4 | 172 :. “ R e o e
154.23 s2085.7 | 1es | o e
| ussa7s | ssosoie | ras
fasras | osmzas | 1200 b
158.80 | sessss | o083 | |
T e e R e

16337 | eea9sis | =0.95T |

| desisi | 700368

167.94 | 7425409 |0 s3.60 o

; . .
: R al
N . 2.
= g L
L N i -
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Table 5.6 6pt1mal releases from the reservoirs and the profits

realized during the first year of the critical period

4 Profits -
3, 3 |3 v ;

o B "J1138 1 1s09 | 2382 | 2405 12,211,074
2 | see | 1080 | 2323 | 2330 1,927,593
3 | 917 | 1057 - 2386 2394 1,950;5;8 A
o | o | 923» o387 | 2395 ‘4;,91?;3n3‘
5 |, 8 | 946 : " 2205 2211 | 1,777,283
6 | 923 | 993 |. 2389 | 2396 1,895,785
7 -"4569 f 1430 | f12330j o 233?' | i,989,025.
BL{'l”'  937 | 1786 |. 2395r .2443' 2,152,412
e  29¢of."v‘a1o3~_ 4153 - 4226 . 4,626,473 T
110 "‘.2997if;ff14239f _5:44876 937 | 5,111;435 -

11 |- o2097 | 4042|2403 | 24260 | 3,805;175..

a2 | o131 oo 2008 | 23as | 2367 . | 2,573,737 :
" The total benefits from the generation . .| 31,937,824 -




Table 5.7:

-

s

Optimal releases from the reservoirs and

the profits realized during the second year'

of the critical period

Month

Profits

$

‘

1T

BRI

e

1312

1312

’1397 
1364
1306
“1108"
,»1192;‘

1566

.':2900 

1 29970
2793,

- fote

1408

1274,

4165

¢L43U f:’
i
el

3079

PR

casst |

1783 .
1761

2792

1796

s’

-»1806‘: 
1778
a6’
égbgbgAl’
Do dses |
EN
2054

'} -7 .Tne sutal benefits from.the generation

1798

1776 -

T
' ;;8bj’fij;
irgyig'f_;,
}:1895‘;1 ;

" ;figbeni ‘}

' 1869
4953 .

| 2709, |

2076

| 2329204

5047

-] 313,819,397

2,085766

1,921,542

~T

1,959,549 -
1,911,283

1,825,635

N > t
1o 1

13,766,817

I}J%A;gls

4,994,847
3;63;;917,7,'

2,831,200

L

N P

S R Y
S '
: ) :

4,865,136 . |
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- Table. 5.8 Optihal releases from the reservoirs and the profits

’ réaiized during the third yc:ar of the critical period

.

272

v

P‘l_opth u“k 921k-, ulzk, u22k Profits
<k M M Mm3v Mo " S
1 ] 1899 f 2007 2373 2396 | . 2,335,056
2 193 ) 2253 2351 2373 23604,947
3 1921 2146 2390 2606 | < 2,558,283
" 1925° 2119 2396 2405 2,521,139
5 1278 1463 2304 2312 2,020,492
6 [ 23 381 2403 2609 | 1,362,521
7 gai 398 | - 2374 2381 1,346,895
8 1623 | '2579. 2420 2473 2,527,237
9 2046 :3eaqv. 3865 “3938 | 3,744,704
10 7 ;1995 pzz@‘ 5022 5067 | 4,173,851
.1 2997 37é§ ) 2725 2748 3,589,547
12 ‘2487 | 2920 ] 2257:' *-;2é71ﬂ 2,885,410 )///f
\ The total benefits from éhe genetation - 31,868,082 . )
T —
L e ” . .



Table 5.9: Optiﬁal releases from the reservoirs and the
pfofits realized during the rest of the
critical period

N k K. K K
~qut§ U Uy 912 , '922 ?rofi;s’
k. Mo Mo Mo® - M '8
1 489 1138" | . 5027 5043 | 2,952,121
2 473 1101 | -4B6s | . 4873 -7 2,808,546
3 489 908 5027 5036 2,778,431
R s95 | . s027 | 5033 2,639,836
s | a2 | - 509 | 4san | . 4546 | 2,329,853
6. |23 | m3i| sses | 4470 2,139,283
7. 465" | 756 | 837 | 844, 731,083
" F\ The.tbtglrbgnefits froh‘the generation 16,379,152
n‘ 3 : . ° : N - .
’ % .J
L]
- '
&
| \

273



Table 5.10: Optimal head during the first year -

. i
of the critical period

Month | huk ‘ huk h12k ' hzzk
k m o' m 1T m

1 © 183.3 128.9 167.5 41.1
2 | 1817 128.9 166.5 41.1
3 | e | 128.9 165.1 41.1
4 177.4 128,9 163.8 | 4l.1
5 175.3 128.9 | 162.4 o
6 - 173.3 128.9 160.9 | 4l.1.
7 173.5 | 128.9 159.8 41.1
8 175.1 | 128:9 -| 160.9 | 41.1
o | 174.9 | 128.9 | 1649 | 41.1
10 180.0 128.9 164.9 41.1
11| 180.5 126.8 164.4 _15 41.1
12 175;; 128.9. | 163.8 41.1




LY

*Table 5.11: Optimal head during-the second yea;aofvfhe

critiéal peribd

#

a

Al

Month h“k hzlk hlzk hzzk
k m m )} m

1 177.5 128.9 163.5 | 4l.1

2 s 176.5 | 128.9 163.1 41.1

3 170.7 | 128.9 162.4 41.1

4 167.0 | 128.9 | 1616 b1
~ 5 163.5 128.9 160.7 41.;,

6- 160.4 128.9 159.6 41.1

b 7 158.0 128.9 - |  159.6 41.1
- . 8 158.8 | 128.9 | 161.4 | 4l.1
N ~ |

' ‘ 9 160.4 128.9 163.2 41.1
Y 160.3 | 128.9 | 162.4 | 1.1

11 160. 126.1 162.0 41.1

12 158.7 123.6 1616 41.1

0.

-
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‘Table 5.12: Optimal head during the third year of -

the critical period

Month | " | h, h)," h, "
k m m m m
1 155.6 | 128.9f  161.4 | 41.1
2 1512 1289 160.7 | 41.1
3 146.0 | 128.9 159.6 .| 4l1.1
4 | 140.7 1 128.9 | '158.3 | .4l.1 ’
0 5 137.2 128.9| 156.9 | 4l.1
6 | 137.2| " 128.9 155.5 41.1 . .,
7 137.2°| 128.9| -154.0 | 1.1
s | 137.2 | 128.9 1554 | 411
9 | 1413 18,9 158.3 41.1 | .
10 146.3 | 128.9| 157.2 | 4l.1
‘ o 146.8 | 128.9| 156.4 | 411
ngwj' . 12 1410 . 128.9] 155.6)A Cs41a1 | oo
|
Y
s v ’



Table 5.13: Optimal'head during the rest of

the critical period

» Month

4 .;'&'2 2“

N 11 21 12

123.7 152.7 | 4.1

117.3 | -149.5 | a1

113.7 142.5 | 4l.1
1n3.7 | 139.2 | %1
113.7 .| 136.0 | 41.]

113.7 136.0 41.1

113.7 | 1461 | 411

- 277
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5.2. 6 Discuasion

In. this Section we maximized the generation from a hydroelectric

1
3

powé} system, the model'usedvfor_each reservoir is a linear‘model. of

N

'storage and the head. " For Ehia model the~errot in the storage for some -

) resetvoira is greater than thernatural 1anQW\to this reservoir during

{

a certa;n month, for example the percentage error in the. storage of the

reservoir R,, at the maximum head is (“5 62) from ‘the maximum storage

21 <
3 3

which is S304Mm ‘This error is about 297Mm , while the minimum inflow

to this restrvoir is 67Mm> during~the fOurth mongh of the second year

of the cr}tical period. ' -

|

Hence, by using this model'which:madeot‘be’accurate, the totall‘

benefits from the system during the last seven moncps of the critical B

e

period 1s small. However, ‘the total benefits during nhe critical

period using this model is;$112,004,460 With_ap-dzstgzz $3L,257,057

which are gfeaCer than the total benefits énddtﬁe' average obtained

for' the same system using the dthér‘appanches.. o
) fo : N R . . o

e

PR
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'formnietion of the problem as a minimum norm problem, "we introduce a

dh;ing each year of the critical peniod (9.

5.3 A Nonlinear Model for the Reservoir* | ) S

¢

In section S 2 ve maximized the generation from a hydroelectric
power system under critical water condirion.‘ The model“nsed for each’
reservoir was a 1inear model, this model is nbt nccunate; since in some
cases, the error inrthe storage for some resefnoirs issgreecer than tne
minimum natural inflow to the reservoi;; . Aa‘ a,'resuit .the total
generation dur&ng the last couple of months of the critical period 1is
smaliq | |

i s, " Lo . .
“In this section we maximize the generation from the same system,
. , on .

+

but the- model use “in this case is a nonlinear model oE storage‘

»

(quadracie_ funccion) To overcome these nqnlinearities during the

.

Y

set of pseudo-state variables to cast thezproblem into a quédratic
. ey ;
‘L N g
form. A set ‘of discrete optimizing equations is’ obtained these

i

“‘equations are solved fgrward and backward An time. In rhe solution of
:these equations it was found.thas it is convenient to let the 'final .

tates be free and assign values to them to get' uniform’;generation

e . \ T

:5 3 1 Tns%Problem Formnlation ’"',l e A

D 3,1 1 The System Under Study

The ayatem under considetation consists of m independent rivers

‘ *’ A vetsion of this Section has been‘accepted for*publication in. the:-

QE:Journal of Optimization Theory and Application (JOTA),: May 1985 (Ref.
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X

with one. of"aeVeral reservoirs and power plants in.geries on each, and’

interconnection lines to the neighbouring system through which energy
may be exchanged (Figure- 5 2) We will denote by the following

"Iijk A random variﬁble representing the natural inflow to the site 1
1)
" of -river J during a period k in Mm3. These are statistically

independen? random variables with normal- distrinution. ‘It 1s

assumed that no correlation exists between flows of independent ~
p .

rivers at differept;pefiods of time.

BN

xijk ‘'The storage of reservoir 1 on river j at the end of period k in
Mm3; ’
‘%,
ji 13 <13 :
‘ﬁhege'gij_and iij are the minimum and maximum storages.
uIJk The discharge from reservoir i on river j in month k in Mm3;
..k k— k k. o - AML' . =
¢ < < . . - & .
=13 =13 =13 % Yoj 0 | -
- K k e
where u1j and Eij“ are the maximtum ‘and minimum releases from the
Lo | k = k k — 'k 3, ¥
turbines. If uij i nij » ~then uij -uij Mm‘ is?:discharged o
through the spillways. |
sidk The spill froh reservoir i of river ) in month k in Mm3;
) N ST L .
k Koo S : x

> 0, 8

sij = Oj =0 _ -
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.
G« k k~1
13°%13 **13 , .
- Mwh. It 1is a'functiod of the discharge uijk and the water head

which itself 13 a function of the reeervoir content;

) The generation of .plant { on rivef%ﬁ in month k 1in

3
in month k. - ]
Tk | ,Superacripgpdenoting the month; k=1,...,K. . \
1 Subscripr denotlng the‘reservoir's numﬁer; i-l,..,,nj;
j Subscript denoring tne~r1ve s number; 3-1,.;.;5.

E

5.3.1.2 The Objective Function

s . ’ :
Consider the electric aystem ‘shown in Figure 5.2, with m'rivers

-and each river has n series reservoira. ~ The problem is to find the

3

. discharge, u jk; as a function of time under the following conditious._

1. The" total hydroelectric genetation from the system over the
optimization interval 1s maximum., |
2. ’The genera:ion during each year of the critical period 1s
equal. .
3;i AThe 'watervICOneervatlon"equarion'for each greserVoir kis'r
adequately deseribeo oy the following difference eduafiohfv'
fijk-gii-jk-l.f I’ijk*‘.‘f‘{i—l )’Jk"‘fij-k“( gty 5-61)

A

w

~where the”aolll at’any_montn k 1s given by R ) ’ '?iﬁ-_ ’

e k. The value in dollats of one MWh produced anywhere on the river j
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k-1 k k Sk ok, - k. k-l
(xij +'Iij +u(i-l)j +S(i..l)j 4 )-uij ,If(xij
k= . k k k- k — k
S'ij + Iij +u(i—1)j +S(i—l)j x1j )>inj and xij
> % ‘
1]

k(5.62)
0, otherwise ’

: o
To datisfy the multlipurpose stream use requirements the

following operational’ constraints should be satisfied

- L (5.63) )
. . — k .
Y4y = qij <u : :

In mathematical terms the objective function

L

for- the
hydroelectric system in Figure g§.2) can be written as:

‘ o j; K ‘ ' -1
Max.[J=E[ Z' Z z ¢ kG (u k,x S )
ST R A I .

(6.64)

T

Subject to Qatisfying the following constraints.

k. k-l k. .k k Sk Lok
- N 45, - -8 %
. Xgy X 3 =D Mg TS(-1) 3 919054f

. (5.65)

1.1:-‘ ,i. B S . ; .,Av.(5‘.66)
| uk<u k- L
oAy = Uy

s G

: Iﬁé.:iniqial‘ storage Xy ”:\thebeiﬁécféd\yglue farﬂ?thé-'natqtgiu?:L

R

PN O
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‘0
inflows into each stream during‘each month, and the cost of energy on

each river are assumed to be known.

5.3.1.3 Modelling of the System
The generation of e hydroelectric plant 18 a nonlinear function

of water discharge uijk and -of the water head which itself'AiB. a

function of‘the reservoir content. It is assumed that the tall-race
elevation at any of the hydro-plants does not change with the water

discharge. We - may choose the following for the funccion -

k. k-l . .
Gij(uij fxij ). / _ |

ko k-l,_ k k. k-l k. k-1,2 .
Gij(uij ’xij ) aijuij +Bijuij xij' *Yijuij'(xij ) (5.68)

ﬁhere a B and Y, , are constants;': These are obtained by least

132 ij 1]
Asquare curve fitting to typical data availablef

£y

Now, the cost funticnal in equation (5 64) becomes

- ( . k, k- k k k-1 . k=12
. - . . ) . ‘ 8/ ‘ :

’ E.(-ng R P T TR re Yy (e O
- : | . cT ’ ' .// - . .

(5.69)

¥

7 It will be noticed that the COBt functional in equation (5 69) is .
'a highly nonlinear function. If one ‘defines the following nj' pseudo-

(fffatate variables such that (17)

-y L ) . . : -
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then the cost functional in equaiion (5.69) becomes

R | | | |
= k k k k. k-1 e % k~1
’ E[J'Zl 121 kzl €3 %13 7%y Pt +CJK.*13“43 Yy |

®

o

) A )

Subject to satis}ying the coonstraints (5.65*5.67) and (5.70).

5.3.2 A Minimum Norm Fofmulétion

| The prébiem now' 1s théc {of'.maximizing' (5.71) éubjeét go ,
;a;isfying. the constraints (5.65-5.67) and (5.70). Qe.éah 'fotQ; an
aggmented cost functional by adjoinigg to the cost functién‘(s.fl)‘.fhé
‘equalityvconstraiqts (5.65) and (5;70) via Lag?angg;s\qulfipiiefg'xtjk,

k and the inequality constraints (5.66) and (5.67) via._KUhﬁéTpckét

My
multipliers (40). One thus obtains: - Y
. m n ) i . . -
he o k. k. k k., k=1, k k. k=1"
J=E( Z z. z (c, @, ,u,, +c, B, u, . x O, Y Uy Yea o
v j=1 i#1 k=1 J 13713 j, 13713 "13 j 1371} ?3 .
K K, k=l,. k; k_ .k ke ko
+ Aij ( %y g +xij flij fu(i-l)j -uij +s(1-l)j 8 4 .)*:
k k k.2
iy gy )
%, ke, 1k, k= Kk, k_ Kk
A+ e giij-xij )+eij (xij —xij)+f1j (Eij Ty )
L 1k, k= ky, . L T
+ fij ~{uijﬁfuij‘))] S o (5772)  ;
. o‘ Co .
‘Awhere Aij and uij are to be determined such that the = corresponding ..
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= »
-,‘ »
e o k it k lie | ‘
igality constraints are satisfied, qnd‘e11 , eij » gij and fij | are .
Kﬁ;ﬁ:fuckér ﬁﬁltipliers.‘ These are equal’to zero, 1if the constraints - ; Q‘;ﬁ
PR L ’ . Y , ‘

\ Co L . ,
aréG%éleviolated and greater than zero, if the constraints are violated
oL . .

(32). A -
¢ ¢ - -
: Define €he following column vectors such thaté(BZ) )
) " ! ,'g -: " ‘Aﬁ A i . '} . )
| u(k acol.(;\xl(k)’,...(,.i..,um(k)} s (5.—73_)
‘ n ' 0 . . )
. : Lo ° < c \. *
s, ()mcol. (i, S ey eenu 9 T | (5.74) -
1" R § UL T § - o o .
. S 1 oy .- .
8 . - -
R LI ky o (5
‘.;“' um(k) COl’,(ulﬁl ?..,?...,uri o ) BRI (55/5)
S m ‘
| ‘ ' : 5 - . o -
x(k)=eol. (x (k),ennyenn,x (K)) B - (5.76) .
s xl(k)'col.@xllk,...,...,xn lk) : ) o (5.77)
. o .
" x_(k)=col.(x k x k) ' . S (5 78)
o Ay perease e X o - e oy .
¥ . - m .
© y(k)=eol.(y (k),uueyenn,y (kD) | (5.79)
y. (0)=col.(y, X,.. S | (5.80)
) L - '. 11 ,o.o,.ol,ynll ) i
‘:‘a | . : . .
KX ’J . ' 4"- -\ iy k ’ k o
) Ymr(k) 001-‘(‘ylm ,;,-“.o’t'"ynmm ) ! . : (5-81)
s 8(k)meol. (8, (k) ;e unyune,a () Y | (5.82)
L ‘ o \ ‘
4 ‘ :
:'5“,_‘ Ty &2 <2
WY



. ; : k
» s, (k)=col.(s yeeesecesS k)
°1 11 1
K "k
sm(k) col.(g1m seessenesSo o )
, m
£(k)=col.(11(k),...,...,Im(k))
k k
Il(k) col.(I11 ,...,...,Inll )
N K K
Im(k) col.(Ilm B S, )
m
X(k)'col.(xl(k),...,...,Xm(k))
k -k
A =
l(k) col.(X11 ,...,...,Anll )
k k
oA =
m(k) col.(llm ,...,...,An o )
m
u(k)=col.(ul(k),...,...,um(k))
2N
e K K
.ul(k) col.(u11 P R XR R )
v . 1
’
3
- k k
um(k) col.(ulm T . )
m .
o Kag ke, Kk
13 1] 1]

v(k)=col. <v_1'(§c) yereseeesV (K))

(5.83)
(5.84)
(5.85)
&(%.BQ)
- (5.87)
(5.88)
(5.§9)
(5.90)
(5.91)
(5.92)

(5.93)

(5.94)

©(5.95)

SRy

287



-

Furthermore, define the following NxN diagonal matrices,

m
,N= 7 n
=1

]

. k
Bl(k)-diég:(cl 811,.,f,7..,c1 B 1

,Bm(k)fdiag.(cmkﬂlm,...,...,c

-

y=col. (v )

vl(k col. TUEAREEREEE nll
K k
Vm(k)'col.(vlm """"’Ynmm )

k 1k k
wij fij fij

bC)mcol. (U (k) ovnyen,b (K))
o k k
wl(k/»col.(w11 ”"?""wn 1 )
(K ymen (4K ' k
wm(k) col.(wlm """':’wnmm )

A(k)=col.(A (k),een,ees,A (k))
1 m

- k
Al(k)_col(c1 ) renesenerCy anll)
- k k
.Am(k) col.(cm alh""""’cm_unmm)

B(k)=diag. (B, (k),..,..,B_(k))

k
l .
kg

m nm
m

)

)

(5.96)
(5.97)
(5.98)
(5.99)

(5.100)

(5.101)

(5.102)

(5.103)

(5.104)

(5.105)
(11&1

(5.107)
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C(k)=daig.(Ci(k);..n,.00,C (D) ' . (5.108) |

C. (k)=diag.(c 5y, ., : ko ). o (5 109)
1 ag-(c, Yll"""f"cl Ynll .

C (k)=diag.(c kY eyt c kY ) : (5.110)
m n lm’ R | nm ' .

M‘diag.(Ml,...,...,Mm) (5.111)

where the matrices Ml"'

elements are given by:

.,Mm are lower triangular matrices. whose

(1) mii--l T ) U
(5.112)

v

(11) m V=l eeeyeen,n,-l | IR

(v L

4Using all the above: definitions, the augmented cost functional,
N
J» in equation (5.72) becomes:

n L T | T, .
TJ=E[ J (A (kDuCk)+1/2x" (k=1)B(k)u(k)+1/2x" (k=1)B(k)u(k)
k=1 . ‘

o
U

+ 1/2 uF (0 CA)y(em1)+1 /2y T (k=1)CCK Ju(k) =T (k)y (k)

+ 2200 uTGORE )+ T (k) (=x (k) +x (k-1)+1 (k)

LK @

 HuORBUOIHTOXMOHTOuON] (54113)



>

In the above equétion H 18 a vectar matiix in whicﬁtthe vector -

. -
index varies from 1 to N, while the dimensfion of the mat;ix,H is NxN;

m .
N= Z n,. ‘ ’

ye1 3 |
Employing the discrete version of integration by- parts .and
dropping terms which do not depend on x(k-1), y(k-1) and wu(k). One

obtains:

4" <>
I=E{ (xL Ou TR )2 L0 1 ()1 T(R)y (K)

+ 2 (0)u T (0IHx(0)4 T(0)x(0) 1 T(0)y(0))

K T T > T
+ ) (x (k=1 (k=1)Hx(k=1)+1/2x (k=1)B(k)u(k)

k=1

+ 1/2 T GOB(R)x(k=1)+1/2u” () CCR)y tk=1)+1/2y (k=1)C(k)ulk)
: T T, oy, T
+ (A (K)=A(k=1)+v(k)) x(k=1)+(A(K)FM A (k) +M v (k)

+ p(k)) Tuk) = T(k-1)y(k=1)) ] : - | (5.114)

4" : .
It will be noticed that J in equation (5.114) is composed of a

boundary part,andva discrete -integral part, which are independent of

each other. If one defines the following vectors such that:

oo = (oD, yieen, WTeor (3.115)

290 -
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W=D 0 1/2B(k)

LGO= 0 0 1/2¢(k)- | ” (5.116) o

1/2B(k) = 1/2C(k) 0

b

RT()=1 A 0)-A =D+ G T, = Tae=1), at) 5 Go+nTy GO+ ey (5.117)

. N ’
" Then, J in equatlon (5.114) can be written asg:

3=E( (2T 00w TOORR )2 TEOX (0 (R y (R)+x T (0 (0)x(0)

o1 T R o yenT
+ 27 (0)x(0) T (O)y(0) )+ ] (XT(RILGIX(R)HR (OX(K)) ] (5.118)
k=1 ) ' :

N .
To maximize J in equation (5.118), one can maximize the boundary
and the discrete integral parts separately (40). If one defines the

vector V(k) such that

v(k) = LT ORM) . (5.119)

[
then, the discreteé integral part can be written as

K A ' G
I,EL T (RG+1/2900) LU (XOO+L/2V () =1/43T (RL()V(K) ] (25;20)
. \/}(:1 . . . ) ) - .

The last term in equation (5.120) does not deﬁend‘expiici%ly on

M_X(k). Thus one needs only to consider. maximizing



K ([' g
J,=E[ [ (X(k)+1/2V (k) TL(K) (X(K)+1/2V(Kk)) ] ’ (5.121)
k=]~ '

Equation (5.121) defines a norm,  hence edhation (5.121) can be wiitten

as _ .

Max.J

2 L{k)

Xk X(k)

5.3.3 The Optimal Sotution

C ot

The optiméi solution to the problem formulated 1in- equation

(5.122) 1s given by

E[X(k)+1/2V(k)] = (0] : Lo (5.123)

Substituting from equation (5. 119) into equation (5. 123) " one obtaiﬂé-

thes following equation, whichlpust be satisfied at the optimum

5

.t

E[R()+2L(K)X(K)] = (0] no (5.124).

BN

N

e\The boundaty term 1n equatibn (5.118) .18 optimizéd when

Elu(X)} =[0] - | G (5.125)

EA(K)] = (0] L : 4i T (5.126)°

7 ) .
=Max.E[ | |X(k)+1/2v(K)|] 1. . . © . (5.122)

292




Wwriting equatior (5.124) explicitly and adding the water
_conservation equzatica (5.65) and equation (5.70), one obtains the

folloﬁing set

E[—x(k)+x(k-;)+1(k)+Mu(k)+Ms(k)} - [0]l ‘ (5.127)

B[-y&k)+gT(k)§x(k)] = (0] . (5;123)
. E[A(k)-x(k—l)+v(k)+2uT(k—1)§x(k-1)+B(k);£k)] = [0] (5.129)~

gL—u(g—l)+2h(k)u(k)].: (0] y 5 (5.130)

-

E[A(k)+MTA(k)+MTv(k)+w1L)+B(k)x(k-1)+C(k)y(k-l)] = (0] - (5.131).

We can now state the optimal solution of equations (5.127-5.131)

N

in componeiit form

N .

E[‘xijk"-xijk—lflijk ru(i_l)jk-—uijkﬁ(i_l)jkfsijkl-o :( 5.132)
E[-yijk : ;(xij“)2 1=0 - (5.133)
E[f}jk'xijk l*”ijk+2”11k-lxijk-1+61j°1k“13k]'9 a3
E[-uik;1+271jcjkuijk]'0 e o (5.135)
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r's -

-k k k-1

E[ c kkx k-A - + e k+ c kx
2555 P aa1)g g V1 TV Ve ?11 3 *13

ko k-l |
+ Yijcj yij ] 0 (5.136)

o

One has the following Kuhn—-Tucker exclusion equations which must

be satisfied at the optimum (40).

eg4(x; ;7x  m0 | . (5.137)

Ik, k.= .. - S ;
€4 41 (xij —xij) 0 , (5.138)

Kk, k_ kel
fij (Eij —uij )=0 _ ) o (5.139)
Ik, -k_= ky_ - |
'fij (uij—-uij )=0 ‘ . o . (5,140)_.
/ . o
One also has theﬂfbllowing“limits on 'the variables .
ok C ehen Ky
If xij < Eij’ then we put xij Eij
k k ’
> Wy
If x11 xij’ th? we pUt,xij xii - N
o ; | ©(5.161)
S k kg ko
If - < - - - . =
. uijn .gij" jthen we put u1j Yy -
k.- k k— K
. > ; . .
1f Pij - “ijli, ,then we put‘giJ -uij v

Equations (5;132-55f31) .witﬁl'equations (5.125) ghd (5:126).

completely specify the»ppti;hl solutiqn. The following algorithm 1is

2

~
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used to solve ‘these equations.

5.3.4 Algdrithm for Solution : «

03

Assume giveni The number of rivers (m), the number of reservolirs

on each river (n,), the expected value for the natural inflows, the 4

initial storage x

]
13

0 and the cost of energy on each river c¢ k‘1n'$/1‘Mh.‘

3

The following steps are used to solve the above equations. In the

solution of these equations we used the expected value for the random

variables.

‘Step 1

Steb42

" Step 3.

Step 4

Assume initial guess for the variable u(k) such that
v p .

2(k)§pi(k)i;(k); i=iteration numb;er; ;1=0
. . . ~
Assume first that s(k) is equal to zero, solve equations
(5.127), (5.128) and (5.130) forward in stages with x(0) given.
Check the limits on x(k). If x(k) satisfies the inequality
P _ .
. }.<x(k)<;
.
go to Ytep 10, otherwise put x(k) to its limits and go to
Step 4.
Calculate the new discharge from the following equation-

E[u(k) 1=E[ (4] (x(k)=x(ic=1)=1(k))]

\A;“

-~



\\*\é;_>8tep 8

Step 5

Step 6

Step 7

- Step 9

Check the limits on u(k). If u(k) satisfies the “tnequality

u(k)<u(k)<u(k)

go to Step l4, otherwise put u(k) to 1ts limits and go to
Step 6. A . L ’ -
Calculate the spill at month k frqmﬁthe following equation

E[s(k)]iét[M]'l(x{k)-x(k-l)QI(k));G(k)]‘

If 8(k)<0 put’é(k)'ol L

Calculate the discharge from'the following equation -

EluCic) 1=E[ [M] ™ (x()=x(k=1)=1(k)-Hs (k)]

»

N

4

_Solve again equgtions\(3.127), (5.128) and (5.130) forward )

in stages with x(0) given.

Check the 1imits on x(k). If x(k) satisfies the inequality

5fk(k)<;

\

go to Step 10, otherwise put x(k) to its 1imits and go to -

Step 4.

296.



Step 10

Step 11
b ' S

Kl
]
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With v(k)=0, solve equation (5.129) backward in stages with

equation (5.126) as the terminal conditions.

" Calculate the Kuhn-Tucker multipliers for u(k),” ¢(k), from A

the follow;ng equation
E[W(k)]-E[MTB(k)u(k)+2MTuT(k-l)ax(k-l)

- B(Q)x(k—l)fcgk)y(lél)—A(k)—MTx(k—;)}
If u(k) sarisfles the inequality
gﬁk)<u(k)<3(k)

éut pek)=0 o o -

Determine a new control from the following equation

Efui+1(k)]“thi(k)+ﬁDui(k)]

. where

;E[DQ(k)}fz[A(k)+MTx<k)fB(k)x(k71)+¢(k5y(k-1)I

. consideration to such factors aé~conVe;gence,“

T :

5 & SE

b

f and - a’  is a positive scalar which is . chosen with
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+l(k)- Aiﬁ ﬁ1+l(k) satiéfies the

Step 13 Check the_limité'on ut
inequality
+ =
3_(k)<u1 Lo<utio

g0 to Step l4, otherwise put ui+l(k) to its 1imits and go to
Step 2. .
Step 14  80lYé the following equation forward in stéges

E[A (k=1) J=E[B(k) o (k) ~{17 ) 1BCOx(k=1) -5 1 L) y (1)
+ 20 e Dix D -0 a0 ]

‘Step 15 " Determine Kuhn‘Tuckér multipliers for x(k), v(k), from the

£

Elv @ 17EL A GO=0F 1 a0~ 1 B (k-1)

ﬁolloﬁing eqpétion-

- 1 oy te1]

- T \

L. If %(k) satisfies the inmequality - - . . . .0 e
N co ' . 1 - /”. - "_‘,'_‘ ’ .

e sk L T
. " then put v(k)=0' -
R S
e ‘ - ’,‘ '_ .
L
" t .. N \ : -
_ BN ~ -
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Step 16 Determine a new state iterate from the following

- -

1+1

Elx (k)]-E[x (k)+an (k)]

where

E[Dxi(k)]-E[A(k)-X(k—l)+2uT(k—1)§x(k-1)

+ B(k)u(k)]

Step 17 Repeat the calculation starting from Step 3. Continue uﬁtil‘
fhe state x(k) and ‘thc‘ control wu(k) do' rnot change
significantly from itetation to 1teration, and J 1n equation

w\

(5. 71) 13' maximum and equal during each ‘year of the

'critical period. ‘

b 3.5 Practical Example
The algorithm of the last section has been used to solve*the same_ ’
;example mentioned in section €5.2.5), but the model uaed 15 a quadraticf i,;;
model. The characteristics of ‘the 1nsta11atious are giVen in Table<1“.'
(5.14). In Tables- (. 15-5 17) we give the Variation of the water;'c'L\
«congerqun factots (MWh/Mm ) with the storage and ‘ gf percegtmger\'l..[;.
error _in thoae factors uaing a quadracic model. It wlll be uoticedo ; :
'vfrom these tables that the quadratic model for the reaetvoir «is 1:
?x adequate, since thé maximum error is very small compared to the 1inear |
t;ijmodel used in aection (5 2y 5) 7;7;. S .A. o ;. : _»%{ ﬁ'-4rx‘:“@_“c o
A “L‘; ‘.’“:.: o '”Af7{,‘;- : fff ) ;,L..;«; ?.J: . i{ :-"i . ;7;0.”, RN
. - - N o ‘ - :.,(3 . : : - ‘I-’&,; P
v.y, v ' '
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&«
The expected natural inflows to the sites are given ' in Table

(23

,f"(S.Zj for the aamelpritical period (43 months). \;
In Tables (5.18-5.21) we give the optimal releases from ‘each
- ’

. AR
reservoir and the profits realized during each year of the critical

period. It will be noticed from these tables that the total benefits

during each year of the critical period are equal.

In Tables (5.22-5.25) we give the optimal storage for. éach
reservoir during éach_year bf_the critical period. It will be noticed
th;&ﬁgwe ;tarted witﬁ the reservoirs full; and we end up the critical
perigd withutﬁe‘feservoirs at the miniﬁum étorage. The computing time

. . !‘w. . : i
to get the optfgal long-term operation during the critical period - for

43 months was 4.84 sec. in CPU units, which is very small compared to

PR C

what has been done so far using other approaches.

-
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Table 5.15: Variation of MWh/MB'with the storage

and the percentage error for the reservoir R11

GGeen MWh/Mm MWh/Mo® 4
Storage Given Calculated Error
9904.50000 | 336.04004 337.55005 _0.44935
10545.80078 | 343.52002 344.28540 0.22281
11205.89844 | 350.98999 351.04199 0.01482
12614.50000 | 365.87988 ) -0.27798
13383.19922 | 373.37988 ~0.35302
14643.00000 | 384.64990 -0.34147
15096.39844 | 388.33008 387.23462 -0.28209
15062.80028 | 395.67993 | 395.26270 | -0.10545
17090.39844 | 403.27002 403.37891 002700,
18158.39844 | 410.62012 411.35522 0.17902
19267.50000 | 418.21997 419.14331 0.22078
20068.07031 | 423.36011 424.45166 0.25783
21007.39844 | 429.48999 430.34473 0.19901
21973.10156 | 435.37012 436.02637 0.15073
22839.50000 | 440.51001 440.79785 0.0Q534~‘
24111.69922 | 448.11011 447.22%%5 -0.19259
451.78003 450.29287 | -0.32916

| _\\3x763.30078
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Table. 5.16: Variation of MWh/Mm3 with the storage

and the percentage error for the reservolr R2

1

Given HWh/Mm3 MWh/ﬁm3 2
Storage Given Calculated Error
1233.60010 181.62000 181.87917 0.14270
2960.50000 256.37012 253.60017 -1.08045
37Q2.30005 278.67993 279.43628 0.27140

g ™
4317.50000 293.62988 294.55322 0.31446
4687.39844 304.89990 303.36499 -0.50341
5304.19922 t 315.92993 315.81812 -0.03539
‘\
N
.
\ -
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Table 5.17: Variation of MWh/Mm3 with the storage and

the percentage error for the reservolir er

hY
Ry

3

MWh/Mm3

Given MWh/Mm 4 Wi
Storage Given Calculated Error /)
4

33020.89844 | 333.10010 333.63916 0.16{83
34403.10156 | 336.80005 3337.13843 0.166&?\\\
135839.30078 | 340450000 340.68311 0.05378 |
37324.39844 34«?30005 1 344.27881 -0.00617
38711.69922 | 348.00000 347.57397 -0.12242
40441.50000 | 351.69995 351.59619 -0.02950

" 42068.60156 | 355.50000 355.29199 -0.05851
43744.50000 | 359.19995 359.01001 -0.05288
45471.89844 | 362.89990 362.74760 -0.04191
47255.60156 | 366.69995 366.50708 '-o.oszeo
49097.89844 370.32990 370.28271 ~0.03164
51006.39844 374.g§995 374.07935 | -0.03223
52985.69922 377.#9990 377.89331 =0.00174
55040.89844 | 381.60010 381.72046 0.03154.
57174.50000 | 385.30005 385.55054 0.06501
59388.80078 - 389.10010 389.37109 0.06965

- 63095.5000 395.10010 395.414551 0.07959
66496.37500 | 400.30005 400.57178 0.06788

405.54639

70036.81250

405.50000

0.01144
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Table 5.18: Optimal monthly

profits realized

critical pefiod

releases from the turbines and the

during the first year of the

Month ulik u21k ulzk u22k Profits
k Mm MmS Mmd Mm> $
1 1527 1899 1805 iaz7 2,226,489
2 1479 1662 1988 1995 | /2,218,467
3 1485 1626 2039 2047 -4 2,225,034
4 1460 1534 2039 2047 2,171,806
5 @345 1426 1892 1898 | 1,998,280
6 1402 1517 | < 2041 2047 ’2,113,491
7 1340 1817 1992 2000 | 2,141,509
8 1341 2191 2043 2096 | 2,584,959
9 1320 2626 4865 4938 3,864,054
10 2997 4239 4876 4937 5,125,145
11 2997 4207 1797 1820 3,550,995
12 1284 1710 | *. 1585 1607 | 1,905,646 -
The totél_,l?énefi‘ts from the gen_efgtion'3 - ‘
during t:'he first year : ‘31,825,875‘
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Table 5.19: Optimal mouthly releases from the turbines

and the profits realized during the second

year of the critical period

A

during the second year

5

Month ullk u21k ulzk pzzk _Profits
k Mo M M Mo $
B 1699 2051 | 2646 | 2661 2,737,787
2 1624 2027 2578 2553 w2,650,984
3 1625 2122 2560 | 2657, 2,689,055
4 1627 1690 2651 2658 2,519,825
s 1503 1266 2642 2449 2,213,943
6 1630 1364 2653 © 2659 2,385,625
7 1644 1715 | 2584 2606 2,447,415
8 1636 2660 2656 2709 2,756,799
9 1609‘ 3275 2592 ‘ 2680 2,931,874
10 1678 2846 2672 2725 2,903,740
11 1699 2533 | 2677 | 2700 2,835,652
12 1674 2357 | 2610 2632 2,747,839
The tétal benefit; frém the>generation ) -
31,830,538
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Table 5.20: Optimal monthly releasés from the turbines and the

profits realized during the third year of the

'~crit1cal period

during the third year

Month .u“k u21k ulzk uzzk Profits’
k Mm Mm3 Mm3 Mm3 $
1 - 1946 2439 12949 2972 3,052,308
2 1867 2246 2872 2894 2,902,146
3 1876 2352 2954 2969 2,950,186
4 1830° 2393 2956 2965 2,898,514
5 1320 1889 2716 2725 2,390,010
6 235 889 2958 2964 1,807,796
7 240 397. | 2879 2885 1,608,273
8 1623 | 2317 2960 3013 ° 2,642,784
9 1731 2314 2887 2960 2,669,109
10 1813 2787 2979 3025 2,998,333
11 1882 2671 2985 3007 3,034,301
12 © 1819 2341 2907 2922 2,871,918
| | The total benefits from the genmeration | ,
31,826,178
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Table 5.21: Optimal monthly releases from the turbines

and the profits realized during the rest of

the critical period

-

ﬂonth uilk u21k‘ ulzk uzzk Profits
K Mm> Mo M Mo s‘
1 - 1259 1445 5027 4872 3,406,992
2 1212 1364 4865 4872 3,243,030
3 1180 1340 5027 5035 3,257,447
4 1128 1386 5027 5033 3,197;263"’
5 215 1318 4540° 4545 . 2,576,443
6 233 712 3890 '”3895 2,038,664
7 465 755 836 844 738,421
e total benefits from the generation

18,524,463
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Table 5.22: Optimal reservoir storage during the first year

of the critical period

Month xllk 21k 12k

K Mo Mo M
1 24032 5304 74255
2 22922 5304 73177
3 21724 5304 71782
4 20471 5304 70524
5 119316 5304 69084
6 18227 5206 67527
7 17833 5304 664600
8 17947 5304 68255
9 19460 5304 72564
10 21074 5304 72564
11 21225 4988 72564
12 21225 4988 72564
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Table 5.23:

Optimal reservoir storage during the second year

of the critical period

’

(o]

Month xllk x21k xlli
k Mm>  Mm VS
1 §é322 5022. 71220
2 ‘fx9050 4802 69940
3 .Lﬁﬁiﬁf7654 4402 68163
4 16214 4406 66392
5 14895 4745 64441
6 13477 5087 62261
7 12243 5304 61416
8 12404 5304 62863
9 14222 5304 67390
10 15494 5304 68707
11 16495 5304 68214
12 16619 5304 67153
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Table 5.24: Optimal reservolr storage during the third year

of the criticél period

Month x“k | x21k | .xlzk
k Mm3 Hm3 Mm3
1 15590 | 5304 | 66327
2 14267 5247 64866
3 j izaaé . 4996 | 62955
.4 | ] 11080 4626 ',' 60725
s 9949 | 4202 | 58656
6 9949 7324 | . 56194
7| 9949 373 53874
8 9949 | 3995 |  ss108
9 11564 | 5049 | 59780
10 133230 \”5304 B 603i5
A1 ] 13965 5304 | 59086
12, | A13415 | sa1s | s74a ’
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Table 5.25:‘E9t1mal%ieégrvoir storage during the

rest of

Month

12814
11951

10995

10015
9949

9949

9949

5304

4133

5304
5304

- 5152

w3734

3734

-

the critical period

N

T
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5.3.6 Discussion

In this section we have used nonlinear storage curves opposed to

the linear model used. in section (5.2) for the same four qeservoirév
. {

It will be noticed that the total benefits using the nonlinear model is

4

$114,007,054 but 1in the case of linear model as mencioﬁed'ln section Af
V(S.Z), the total benefits is $112,004,460, ‘the diffe;énde 1s'iab§ut'
$2,002,594 which 1s a considerable amount. -On ghe'othei‘ ﬁand: ;Q&.
present'.methéd allbws us to ﬁévé the cont;nuity'equation as ; ane§fv

-eqﬁation, this would not have beenv the;case‘ 1f we 1instead Ahad

repfeseﬂted‘ the‘storage as”a quadratic fuhction of the head

Pl

e It will be noticed also_tbat the tbtalvbenefits:during the last

seven months for the critical period, pbing the ﬁonlinear model, 1is

.better than those obtgingd +using a 1linear ﬁodel, and thg total

A

generation during each year'ié almost equai. ) - o
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CHAPTER V1
OPTIMIZATION OF OPERATION OF MULTIRESEVOIR POWER SYSTEMS
| WITH A SPECIFIED MONTHLY CENERATIQN FOR CRITICAL
WATER CONDITIONS

o . ’

6.1 Background

In chapter 5, we maximized the generation from'a hydroelectric

power system duting the critical water conditions. In this

maximization, the required load on the system did nagm:ccount for, that

£y

load may higher in yinter than in summer. This chapter is devoted\'to
the - aolqtionh of the long—term optimal operéting‘ problem of a
multireservoir povwer system with specified monthly generatioh, and this

generation  should supply the required load on the system during- the

@ ~

. critical period, and at the same time the total generation during each

year. of the critical period should be equal and maximum. To meet all

.

these reduirements, “we maximize the generation from the system during

, each year of the critical period taking into account thia specified

>

load in the gysten. In other words, we minimize the differenCe between

the monthly generation and the monthly specified load on the systenm,

which ia equal to -the monthly percentage ‘Load required multiplied by

the total generation x!a}’/he end of the year.

The’ optimal control problem is formulatéd by constructing a cost

functional which penalizes state (storage) and control (releaae)

variables.,z The cost’ functional is augmented by using Lagrange and

Kuhn*Tucker _ multipliers | to adein the equality and inequality

constraints on the system. The resultinghcogtjfunctional is minimieed
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by using the minimum norm formulation of functional analysis. A set of
discrete optimizing equations is obtained, these equations are solved
f;rward and backward in time. inhfhe solution of these equations it
was found that it is convenient to let the final gtates be free and
assign yalues to them to get uniform generation during each year of the
cfitical‘period (9.
The optimization is done o; a monfhly time basis'fér a period of
a year. fhe times of water gravel between upstream and downstream
, reservolrs iére gssumed to be shorter than a month, for this reason
:'those‘times aré-not‘taken into account. Transmission line losses are
'incldded in the Shecified monthly load;

This chapter consists of two sections. The first section 18
: ' - o ' :
“devoted to solve the problem, but the model used for the water

. ‘conversion  factor 18 a quadratic function of the - storage of the

. o
“previous’ wmonth. This assumption may cause an overestimation of

~. production for falling water levels and underFstimation for rising

"'water levels. For this reason the second section in this chapter 1is -

_ ‘devoted ',to solve the same-problem, ' but the model used for the water

: conversion*wféétorjis a quadratic function from the average storage ' of

" two: successive months.

46.2;Tﬁe Water Conversion Factor is a Function from the Previous Monthly

Storage*

In this section the problem of long-term optimal opération of,

* A version of this Section hés. been ) " to the Canadian

Elécrigal»Engfneering Journal,'August 1985.

DA
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aultireservolr power systems with specified monthly generation has been
solﬁeq. The model used fof thebhydropqwer generation is a. nonlinear
‘model, and the Qater"conversion factor assigned for each hydroplant {is
a nonlinear function of the previous monthly storage.

6.2.1 Problem Formulation

6:2./1‘.1 The System Under Study

-

The sdystem under consideration ccusists of m independent rivers

in parallel with one or several reservoirs' and power plants in series

on each (Figure 6.1). We will denote by:

Iijk A ;andom variable representing the natural 1inflow to the
reservoir 1 on river j during a period k in Mm3. These are
“statistically independent random variables . with normal
distribution. It is assumed that no correlation exist bétween
flows of 1ndepend;ﬁt :;vers at different periods of time.
xij* The storage of féservoir i on river j ;t the end of period k in“
Mm3;
X,, <X k¢ x
—-1j - "1 = "1j
:iﬂwheré Eij and }ij are tﬁe min;ﬁum' énd maximﬁm éébrages
~ respectively. : - .
uijk The discharge from reservoir‘i on river j du?ing a period k in
'Mma; » |
u k'<,'u k E;Gijk ; quk = Q
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Eijk and uijk' are the minimum and maximum discharges

respectively. They are given by s

where

Eijk = 0.0864dk (minimum effective diécharge in m3/sec)

Kijk = 0.0866dk kmax;mﬁm éffective discharge in m3/sec)

If u k > u k, then u kQG k Hmj is discharged througﬁ% the
13 130 T Uy My R ° !

spillways. (

dk The number of days in a month k.

sijk The spill from reservoir i on river j during a period k in Hm3;
vBijk >0 ; stku- 0
water 1is sbilt when the reservoir is filled to capacity, and the
inflow to the res;rvoir exceedslaijk.

Gij(uijk1x1jg-l) The generation of plant i on river j during a period k
iumiMWh; It is. a.noﬁlinéar function of the ‘storage and Lthe
discharge.

ak The ratio between the monfhl& generation and the total yearly

‘ geneiation. -In other words, it is‘the specified load during ;
monfﬁAk. This ratio may include the.transmissiOn line losses..
ny " Number of reservoirs oh fiver 3; j-l;..w,.;,m.

mi The total number of rivérs.;‘V' | |

k _Superscript:Qenoting ﬁhe pgfiod; k-i,.,;;;..,x.

o
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_Figure 6.1 The Hydrdélebtric Powek“Systems -



" 6.2.1.2 The Objective Function

Given the syateﬁ'éhoﬁn in Figure 6.1, the problem is to find the

discharge u k as a function of the time over the optimization interval

i}

uander the following counditiomns:

(1) The total generation from the system over the optimization

interval is a maximum

-~

‘(2) The total systen generation should ;atch the load on,‘thé
system. |

(3) The | diffe;ence between the montly generaﬁion and the
specified load should be minimum.

(4) The water conservation equation (continuity equation) for

-

each reservoir may be adequately described by the following difference

equation

K kgoke (6.1)

k k
X b4 +Iij +u(i~l)j'—uij +s(i:i)j sij

where

k -

k-1 ky = k
)-u : ;If xij >'Xij

4 k k k
(rgym Hpg *oca-1)g 8- Fag

1]

1 k k

ok | k- kK, ok k.=
8 1 and(xij +Iij +u(ifl)j +B(171)j X4y ) ? Uy (6,2)

L 0, otherwise

(5) To sa;isfy,muitipurpose stream uae"requirements, such as

~ flood control, irrigation, fishing and otﬁef.pﬁdeﬁés 1f any, the

e !

S4)
PR YO T
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following upper and lower limits on the variables should be satisfled.

(a) upper and lower bounds on the storage

EI ‘1jk <x | _ (6.3)

(b) upper and lower bounds on the discharge

i_u S.G- k ’ (6.4)

In mathematical terms, the object of the optimizing computation

is to find the discharge u k that minimizes

i}
k m o Kk k<1, k@ 9 K k-1
J =E[ z Z ‘fcij(uij ’xij )~a Z Z Z Gij(uij ,xij )]
J=1 i=1 - j=1" i=1 k=1
' . ; : (6.5)
1.

subject to satisfying the constraints (6.1-6.4).

6. 2 1.3 Modelling of the: sttesm
¥

There are different approaches to model the hydroelectric power

generating function. For the:power systemsvin,which the water head

f'variation-is small, we can considet”the generation ffom these systems

is equal to a constant time the discharge, and this constant is equal
to the water conversion factor (41) and this conversion factor is equal

to the average number of MWh genetated in a month by an outflow of one
3

considerable smount, this aasumption is not true, and the water;

'conversion factor ya:iee with_ghe head'vhich itself.is a function of

Mm” . But for the power systems in which the water heads vary with 'a’

320



321

the storage. In this section we assume that the water conversion
factor has a quadratic relation with the storage. For this reason the
generation of a hydroplant is a nonlinear function of the discharge and

the storage. We may choose.the following for the funcgion Gij(uijk’

k-1
xij )
k k-l Ck R kK, k-1,2
Cij(uij ’xij )ﬂuijuij +Biju1j xij +Yijuij (x1j ) (6.5)
where a,,, B and vy are constants. These were obtained by ledét

square curve fitting to typical plant data available.

Now, the cost functional in equation (6.5) becomes

n

o j
k , k kK k-l K, k-1y2.
J E[-g z (aijuij +Bijuij X4y +Yiju1j (‘ij )7,
j=1 i-lA
n t .
38 K K k-1 Kk, k-1,2
-a J ¥ ¥ Cag Uy o +By Uys X +y, U, (x )]
=1 1i=1 k=1 13713 F13743 "1} 15143 713 .
6.7

Subject to satisfying the constraints (6.1-6.4).
The -cost functional vin equation (6.7) is a highly mnonlinear

function. If one introduces the folloﬁing,nonlinear transformation

~ such that

2o R

[}
- !_‘

o
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T // \
o )
/ /
Then, the cost functional in equation (6.7) becomes ' (\
N
n ) n
j : K
ko, k K k-1 kook-1, kT J iqﬁ k
TREC T T Coggvyy *8ygupy *yg tvagtyyay 072 L0 L1 Gy
j:l {=1 “ J=1 i=1 k=1
+ kg, 71 ky Ky 7 ' (6.9

Bigt1y *13 Tag%1y Vi

Subject to satisfying the followiug constraints

Kk k-l.. k kK Kk Kk
Xy x5y Mg ey My PB- g TSig (6.10)
K k.2
Y44 (xij ) ~ - (6.11)
(@
"
X33 2 %13 2%y . : (6.12)
Eijk.i ugy sy : (6.13)

Now the problem is that.of minimizing equation (6.9) subject " to
satif&ing the constraints (6.10-6.13). Tﬁg initial éforage xijo,'the.
percentage logd ak, and the natural inflows into each stream during
each pericd are asshmed.to be known.- ‘The symbol E in 'equation (6.9)v

.stands for the .expected value, this expeétation is taken over the
fandom v;:?ableﬂl k. - ‘ o -
- ki ¥ BRI o | | .
6.2.2 A imum Norm Formulation o .
7 — , |
“We vcan'now form an augmented cost function by adjoining to the

-cost function iﬁaequétion'(6,9j the eqﬁalitytconstraints (6.10) and -



(6.11) via Lagrangé's multfpliers and the ine&uality gonstraints (6.12)

-

and (6.13) via Kuhn-Tucker multipliers, one thus obtains (40)

J=E[ ? ;j (uijuijkd-sijuijkxi‘_jk-lﬂ1juijk)'1jk_1)
3=1 1-1 |
TR R
+Yij“ijkyijk_l"7‘ 1jk('x13k+"1jk-1”.13k+“( 1?-1 )‘jk”“ijk“‘( 1-1) jk“u?
+p1.jk(-'ijt+(xijk)Z)feijk(fij.xijk)ﬂeijlk(xijk-iij)\+f;jk(2;jk-uijk)
vf, M K ) ) | (618

13 Y13 13

M k are Lagrange's multipliers, they are to be determined

i3 °? i3 .
so that the'coxresBondiﬁg equality constraints are satisfied; and e

1k k. 1k
€y fij and fij

zero, 1f the constraints are not violated and greater than zero 1f the
g

where A

k
I
are- Kuhn-Tucker multipliers. They are equal to

constraints are violated.
To formulate the augmented cost functional in equation (6.14) .as
a norm, we may definé the following vectors (32)
‘ % i
ACK)=e0l. (A (KD, oivyennsA (K)) - T (6.15)

- ok k | ey
Alz(k_) col.(all/a ,o.on,ooo’anlllnav“) . | s (6016)

V.
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. Yl(k% cOl.(yll ,-v--,...,yn 1 )

o Y Ck T
ym(k)'c°lf(31m/"f7"f'fyRmm

Am(k)-col.(alm/ak,...,...,a /a")

A-col.(Al,J..,...,A )

u(k)'col.(ul(k),...,...,um(k))

(K)mcol (u. &, .0, )
u1 : col. ull 3...,...,u 1)
um(k)'col.(ulmk,...,...,u )
x(k)=col. (x; (k) yveynne,x (k)

. - k k
xl(k? col.(x11 seseseeesX )

: 1

r

: . . Rl
xm(k)-COI'(x19f4{f'""’xnmq_)

y(k)'col.(yl(k),..;,...,ym(k))

© «

k
1 N

ky

(6.17)
(6.18)
(6.19)
(6.20)
(6.21)
(6.22)

(6.23).

(6.24)
(6.25) -
© (6.26)

v(6;27),

(6028)1 :

(6.29)
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Il(k)’col.(l

I(k)‘col.(Il(k),..f,...,Im(k))

k k
1] 2ol g

kKo, X
I G0meol (1 & eeesuinnr )

s(k)'col.(sl(k?,...,...,sm(k))
s (k)‘col (s

11 ,'..f...,sn 1,)

. o k' .
sm(k)fpol.(slm setrenss )

' A(k)’col.(xl(k),.;.,.;,,X (k))
. . m .

‘ : v e
, Xl(k)'col.(k lk,...,...,kn 1 ?

1

S B
X ()= L A 0)
m(k) co;'('lm"f;'fi'.i nmm.-

<

(k) col. (u 11 ,...,...,un 1 )

qklzﬁ 1

T . ’ k -3‘ 3 v;  ' k;.hﬁ.
Ho(R)=CoLo( M, L eeaiiee, M)
o T m ? _’; ‘f,nmm‘:;A

(6.30)
(6.31)
(6.32)
(6.33)
(6.34)

(6.35)

- (6.36) -

(6.37)

 1(6-38)V
, (6;3§5 |
kg#gé}i

C(6.42)
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V(eSO (¥ (KD yueyenesv (KD

‘..,v )

vl(k)'col.(vllk,..;,.

T (kmcol. (v, Ko v O
m : lm

ok _ . tk_ . Kk
CPay TRy T By

W(k)‘col.(wlsk),---,~47éwm(k)2 _

. " . . . "k . . w k
‘ wl(k) COI'(wll"f'f”'°°’wnll }}

ek "
“wm(k) col.(uglm ,...,...,wnmm,)

Furthekﬁdre, define the following di bqa;'matriceé'

\

B jB(k)fdiég;(Bl(k);:.;;?.J;Bh(k)) f

) Bl(k) dia‘8° (81]_ 18' ’ .’ . ':’,' . '_.,'gr_’]_

‘Bm(k) diag.gglh(a;{,i?,7"1$nﬁm/a ); |

PN
i -

L Cmaag (€ U0 ey, CEN)

|

4

NS
I_‘L' A

(6.43)
(6.44)

(6.45)
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c_(=dtag. (v, /a o sensy /2" : ' : (4.55)

- n m .
i m . -
Badiag.(B ,..,..-,B.) o (6.56)
Bl='diag._(l81l,....,...',_8011) (6.57)
’ ' P
’ B,=d1ag. (8 . eserBy o) e (6.58)
. o ‘
P ’ . J[
cndiag.(clj.ﬁ.,;..;c&) : : L (659
B - - . ’ : * . . ‘ ’ ‘ . . ) e -
" ‘Cl diag»'_(Yll"'?',')"Yn vl) o S {6.60),' )
Cméaiag.(ilm,...,.:.,Yn 2 o (6,61)" .
. R m - . .
| Medlag. (M ,.e,aes M) i (6.62)
- where the matrices M. ,.v..,...,M  are lower triangular. matrices, . whose
- . 17 m e TR T AR 8
elements are given by: - N ;<"; S -
g /(i) '( . ﬁl -,.'-1, "‘(.' ; ‘i'-l’o,o,o .o ,‘n' ; - j.-lj’ovo‘..’tot ,.m . -
o R - i} , S o j o NG : _
L | ' (6.63)
. . ’ ‘(ii) P m(;’+1 )V-l “ H » V-IJ',.'.'. .y .."nj—l;' j.l geengeesyll - Z
. T ) ) . - o IR o . . s [
R r<~'-_jUsi§g- all the above defiritiohs, the cost functional in equation
-  (6.18) can ’Bef,;‘w.r."ittién ast . 5. . I L A
N .‘ g 3 ' . / i".» 4
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Feza® (OuticoHu™ (OB x(k-1) +ul ()T y (k1)

K R i
- kzl (aTucO)+aT (k) BxCk=1)+uT (k) Cy (k=1) FA T (1) (~x (k)

+ x(k-l)+I(k)+Mu(k)+Ms(k))+uT(k)(—y(k)+xT(k)§x(k))

> - + vT(k)(x(k~1)+I(k)+Mu(k)+ns(k))+wT(k)u(k))] (6.64)
. - e 3
In the above équation H is a vec matrix {n which the vector
- * : : . ° . > .
index varies frm 1 to N, while the matrix dimcnsiog of £H is NxN,
\m - ) ‘ - '-
‘N= } o, (17). ¢ - hil

j=1 3 -

‘Employing the discrete version of integration by parts (33), and

dropping terms which do not depend on x(k=1), y(k-1) and wu(k). One

o«
obtains: '

JI=Er xR aonT (x0T R 2 )4 T Ky (0-2T(0u T (0)Hx(0) -

© 42 T0x(0)#T(0)y(0) 1+ (AT (Outk)+ (OBMIx-1)

LT N S P T |
+u (K)C(k)y(k-1)= ] (x (k-1 (k-1)Hx(k-1)+u" (k)Bx(k-1)
T k=1 ‘ ~ S
+ uT )y (k=14 (A (YA Ce=1)F0(0) T ie=1) T (k=D y (k-1

A

-

+ MO+ Ta0))] | (669

™ . - ' . N ..: ‘ . -
If one defines the folloWyng vectors such that:
N ; v . ,

L

)-{xT(k“l)' YT(“’l);,uT(k)]'is 1x3N vectot o (6.66) -

. - )
. - T
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&
o 0 1/2B(k)
W(k)= 0 0 1/2C(k5 is 3Nx3N matrix (6.67)
1/2B(k)  1/2C(k) 0 o
wTae-H 0 1/28
L(k)= 0 0 1/2¢C 1s 3Nx3N matrix (6.68)
L 1/28 1/2¢ 0 ,
. ' y
& T T ~
Q (k)=[{0, 0, A (k)] is 1x3N vector . (6.69)
RT0=[ ()= (k=149 (k) T, T 1), (arn™) Gl (1)
. | T ' B
+ ¥(k))7] ‘ N (6.70)
' 7y
Then, the cost functional in equation (6.65) can be.hritten as:
v > . - >
IR R 00RO RGO AT (02 (0T Ry (0+x T (0)n " (0)Hx(0)
T T T T
+2 (0)=(0)+u"(0)y(0) }+{X" (kIW(k)IX(k)+Q (kIX(k)
= I (XCRLEKRIX (KR (k)X (K)])) : (6.71)
-~ ksl _

v ‘ N .
J in equation (6.71) can be written as two independent terms as:
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Jl'[xT(K)uT(K);x(K)—XT(K)x(K)-uT(K)y(K)+xT(O)uT(O)ﬁx(O)

+ 2700)x(0)+uT€0)y(0) ] (6.72)
: T T L
J,mE[X" (WX ()+Q” (KX (k) - b (X (K)L(K)X(K)
3 k=1 b
I _
+ RT(k)X(k)}) . (6.73)

If one defines the following vectors such that
F(k) = W(k) - KL(k) . (6.74)

P(k) = Q(k) - KR(k) o (6.73)

-

.
then equation (6.73) can be written as:

J,"El ] XT(K)F(RX(K)+PT (K)X(K) ) (6.76)
k=1

Now define the following vector sﬁch_that

/". D
i -
L v = P aOR®) | . (6.77)
' ¢ ~
. o : t |
{
“then, rquation (6.76) can be written in the following form by a process
o : N o :

- similar to completing the squares as: NS

y | - | A
3o L (CXCR)+1/2V (D TFCI) (R )+1/2V(K))=1/4V (O F(OV(K) )] (6.78)

b3



Since the term, I/AVT(k)F(k)V(k) of equation (6.78) does not depend on

X(k), equation (6.78) can be reduced to

K

Hin.Jz-Min.E[ Z (x(k)+1/2v(k))TF(k)(X(k)+1/ZV(k))] (6.79)
k=1
X(k)  X(k)

Equation (6.79) defines a norm; then one can write equation

(6.79) as:

Min. JZ-Min[||x(k)+1/2v(k)|IlF(k) (6.80)
X(k)  X(k)
: o
6.2.3 Tne Optimal Solution : ”~
N

To minimize J in equation (6.71), one minimizes Jl and J2

seﬁarately. The minimum of J, is clearly achieved for:
E[A(K)] = [0] (6.813
E[u(K)] = [0} | (6.82)

because §x(K) and §y(K) are arbitrary and x(0) and y(0) are constant.
Equations (6.81) and (6.82) give the values of Lagrange's
multipliers at the last period studied.

Equation (6. 80) is in the norm form, the minimum of this equation

o

1s achieved for:‘»
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E[X(k)+1/2Vv(k)] = [0] (6.83)

Substituting from equation (6.77) into equation (6.83), one

obtains the following optimal equation
E[P(k)+2F(k)X(k)] = [0] . —«6.84)

Substituting from equations (6.74) and (6.75) into equation (6.84), one

obtains:
N\

~

E[(R(k)—eilK)Q(k))+(L(k)—(I/K)W(k))X(k)] = [0] (6.85)
. |

Writing equation (6.85) explicitly, rand adding the reservolir's

dynamic equations (6.9).and (6.10). One obtains the following equation

for the optimal long~term operation.

E[-x(k)+x(k=1)+I(k)+Mu(k)+Ms(k)] = [0] (6.86)
Bl-y(i)+x (1ORx(k)] = [0] ,,,,_,;> (6:87)
E[AGO)=A(k=1)+2u" (k=1DHx(k=1)+v()+8(K)u(k) ] = [0] (6.88)
E{-u(k=1)+T(k)uCk)] = [0] o O (6.89) .

E[a(k)ﬂth(k>-+HTv(k)+w(x)+e’(k)x(g-;)+r<k)y€1&-1)1 = (0] (6.905
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where
\
Ca(k) = A=(1/K)AK)
B(k) = B-(1/K)B(k) S : C(6.91)
M(k) = C-(1/K)C(k)
h /
We can now state the optimal equations (6.86°6f90)‘1n component
form:

.
)
I

) k k-1 k k k k k
E[-ij fxij +Iij +u(1_1)j -uij +S(i-1)j -s1j ] 0 (6.92)
E[-yijk + <xijk)2] -0 (6.93)
'
k. k-l,, k-l %=1, Kk, k. kg _ -
E[)‘1j -Aij +2uij xij +vij +Bij uij ] 0 (6.94)
E[-uijk‘1+rijkuijk] -0 (6.95)

Kk, k. k,_ k_ k,_ k. k-l k-l k. k-ly_
Elayg M(ie1)g P13 PV+1) V13 Vg Y1y *iy Tiy Yy }'=0

(6.96) _

~ where
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Besides the above equations, one has the following Kuhn-Tucker

N
Ry

(6.97)

exclusion equations, which tust be satisfied at the optimum (40).

e

o 1k
13

k
fij (g_i

1k

£ (uij ij

1]

k(x

.k
13 2137713

-

k — k

)-

0

-u,. )=0

One also has the following limits on the variable (40).

< Xy

> X
a k
~43°

>3, K

11’"

then we

then we

then we

T " then we

(6.98)

(6.99)

(6.100)

(63101)

(6.102)
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"Equations  (6.92-6.102) with equations (6.81) and (6.82)
completely specify the optimal solution for the system. The following
algorithm is used to solve these equations.

6.2.4 Algorithm for Solution

Assume given: The number of rivers (n), the number of reservoirs
‘ ' -
on each river (n,), the expected value for the natural 1inflows, the

3

required monthl& generation, ak, (this may 1include the system

. / N .
transmission losses) and the initial storage, xijo' The following
steps are used to solve the optimal equations.

Step 1 Assume initial guess for the variable u(k) such that

u(k) j_ui(k) :_G(k); i = iteration éountep{ 170
Step 2 Assume first that s(k) is equal to zero.v Solve equations
(6.86); (6.87) and (6.89)“forward in stageéf;ith x(0) given.
étep 3 Check the limits oﬂ x(k). If x(k) sa#isfiea‘the inequality

N
r_ L/
x <x(k) <x

7

go to Step 10, otherwise put x(k) to its limits and go to

Step 4.

Q

Step 4 Calculate the new discharge from the following equation

E{u(k)] = E[[M] ™} (x(k)-1(k)x(k=1))]

335



Step 5

Step 6

-

Step 7

. Step 8

Step 9-

N

Check the limits om u(k). If u(k) satisfies the inequality

u(k) < ulk) < ulk)

go to Step 14, otherwise put u(k) to its limits and go to

Step 6.

Calculate the spill at month k from the following equation
E[8(k) J=E{ [M] ™Y (x (k) =x(k=1)=I(k))=u(x) ]

+1f 8(k) 1is less than zero, put s(k) equal to zero and go to
Step 7.

. . )
Calculate the discharge from the following equation

E(uCk)] = E{[M] 7 (x(k)==(k=1)~I(k)-Ms(k))]

Solve again equations (6.86), (6.87) and (6.89) . forward 1n
étages“y}th x(0) given, but s(k) has the value obtained from
Step 6.

Check ‘the ‘1imits on x(k). If x(k) satisfies the inequality

\ ) -

x <x(k) <x

\ .-

g0 to Step 10, otherwise put x(k) ‘6.\_4;‘tg;1imit8'and go to

Step 4. . e

N
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Step 10 With v(k)=0, solve equation (6.88) backward in stages with
equation (6.81) as the terminal conditiom.
Step 11 Calculate Kuhn-Tucker multipliers for u(k), uv(k), from the"

' O

following equation
E[pCk) 1=(MT 8 () uCi)+2M T (1) TCOHx (k=1)
- 8(k)x(k-l)-F(k)y(k-l)-MT}(k—l)—a(k)]
"éﬁf If u(k) gacisfies the inequality
u(k) < u(k) < u(k)

put (k) = 0.

s
£

Step 12 Determine a new control iterate from the following equation
13

Efat™ 0] = Elul0) - wdui)]

where

-

E[Du(k)] = E[a(k)+MTAtk)+q(k)+6(k)x(k~l)+F(k)y(k-1)]

7
/
«

_— ‘
o and a 1is chosdn with consideration to such factorg, as

° . / . oo e -
. convergence. ; ' B

= g [ ‘!
. s

Q oy



Step 13

Step 14

" Step 15

338

: i+ +
Check the limits on u1 1(k). if ui 1(k) satisfies the
inequality

+1 -
aCo) < oo <uto .

. ' +
go to Step l4, otherwise put u1 1(k) to its limits and go to

B

Step 6.

Solve the following equation forward in stages
EDM (k=1) 1=E{ 80 uCk)-(47 1 800 x =115 1 Rty (k=1) o
20T TR (-1 -7 M ()],

Determine Kuhn-Tucker multiplier for x(k), v(k), from the
E 2 :
following equation:

E[v(k)u-g[-[MT]fl(a(k)+s(k)x(k—1)+r(k)y(k-1)—x(k))]

| L ‘ | :)F

* 1f x(k) satisfles the inequality

x < x(k) <x .

put v(k) =0
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Step 16 Determine a new stateviterate from the following
é[#“(k)] = E(x}(K)=Dx(k)]
where : : : ' ’ , Y/
E[Dx(K)] = E[A('k)-k(k—.l)+v(k)+2uT(‘k—l)l*{x(Jk—ly) | -/

+ B(k)u(k)]

Step 17 Repéat the calculation starting from Step 3.  If the
gfgfution does not converge to the optimal solution, assume .

another 1initial guess'for u(k) ad repeat the éalculatioq

’ - ‘startiyg frbm Step 2. But ;f the solutioen converges'ttﬁf ? @
optimali éolutibn >éohtinue gptil the.atate ‘X(k)vkand the
" 6 . control ‘h(k) do no£ change sigﬁificaﬁtly'from 1teratipﬁ‘;to
) 1terﬁt}9n ;andigfhe' costifunct%qp in équation/ (6:8)l.is a
minimum. - 4 :
‘ 'Thé above algorithm.is summari;ea in the main floﬁt&harg given?in’
Figure (6f2). . j ’ o R R

6.2.5‘?ractica1 Example | . ‘ ) ( B

o Thé éigorithm of the lagt section has'been}ﬂéedyto sélve‘;he same
: examﬁle méntiohediggtliér in»secfion SQZ.S. The optimLthion1is dqné!
on. ;”'mohthly timeﬁﬁéais for{a perfod of ‘a yeér; ftﬁé.éimgs of ﬂwaeéf
trévéi between ‘“upstream and @dwnetféém:feéérvoiré’gfe:assuméd to ~be

“shorteffis than a month, for this reason those timgs'ére“not.taken intq'




Start

!

Read the system

data

R

Assume 1intial guess
for u(k) such that

u(k)<u(k) < ulk)

'.5-
Al
¢

Solve the system
. equations

Assume anthor
different intial
guess for u(k)

NO

(Test of converg.)

YES

Get the optimal
x(k) and u(k)

4

Calculate the
total .benefits

"Figure 6.2: The tﬁhin filow chart
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account. As we mentioped earlier, in the'solution'df the optimal

equations, 1t was found that it isfconveniént_to let the final states.

be free, and assign values to them to get equal generatioﬁ huring each
- - - g . L N [3
year of the critical period. |
The- chéracteristics of ‘the instalietiona ére given ,in Table

(5.14); 'the« required monthly percentage 1oad on the system during one

' yéar'iof the critical period is glven in Table - (6 1) xThe expected_

naturel 1nflows to the sites during the critical period are given :1q_-

5 - !
: 3 - L . - 7{ . IS
table (5. 2) : : 3 . W
: Ih Tables "(6.2-5. 5) we give the optimal releases from the
'resetvoits,)'the percentage “monthly generation and the total benefits

dcring each year of the critical period. © In Tables 5? .6-6.9), we give

the optimal reservoir storage during each year of the critical pexiod

We. started the critical period with the reservoirs full gﬁﬂ end. up the'

critical period with ‘the tesel'pirs empty. ‘ . .

!

e In Tables (6.10-6.13); we glve the valie of" the cost function J

‘at the;optimum, and the percentage error 1n the calculated load. This.-f

'

percentage error is given by: PR RIS

K &

4 Error‘(J /(total benefits at ‘the end. of each year))xlOO where Jk is
given from equation (6 7) e L f:”\
e L . - = ST ]
& . 4 ‘
- . . . ;( 4
- j ) R



K
a
Al e e
‘.‘Q.'.J i:: f‘i’-
) &
<
R .
4
.

no-

_ Tadle 6.1: The percentage mbnthl§ load on the system

-

-

during one year of the critical period

Month k q ngd"
« oct 1| 8.3
'f Nov 2 | 8.87
| pee 3 | 939
/ J#““ -4 9.77
; ééb. 5 -] 8.75 . ;;
CMar 6 | 9.04
o ke
. o - Apr 7 B 7f99 o
May 8 "2.74
Ci o Jumt 9 7.49, 5
. 1% ‘ P
.JdI“ 10 7.43 £§_
. Aqg;. ,ll'm .7164 -
L ser agiforss L
°. - . 5;

Ty
]
A2
b
-
N
.
@
\
.
-
A3
“
. _
. -
.
A
- 4
"
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Table 6.2: Optimal releases from the turbines, the total
benefits and the calculated percentage load

during the first year of the critical period

Month u“k Yy ulzh@ uzzk Profits % load
k um3 M Mn> Mn> Mih Calculated
1 1387 2131 2588 .| 2611 2643421 8.341
2 1522 2341 2715 2722 2810554 8.868
k) 1682 2384 2968 “2§77 2975314 7.388
4 1886 | 1959 1378 3386 3096023 9.769
5 1785 | 1790 | 2982 2988 | 2772653 8.749
6 1892 1860 < | 3089 3095 2864938 9,040
7 «1516 1 1897 2766 | 2773 2532372 |, 7.991
8 1484 1923 | 2624 2677 245343;5' 7.742 -
9 ‘11490 1954 -| . 2386 2060 | 2374029 |  7.491
10 175 | 2889 1876 | 193 | 2354331 | 7.429
11 f1339 2234 o |* 2211 2234 2421756 | - 7.642
12 1304 2081 | 2293 2315 | 2392756 r é7,55oﬂ
‘Total bemefits from the'generation | 31,691,630° 100.00 :
e ,




das

Table 6.3: Optimal releases from~the-fhrbines the
total benefits and the caléulated percentage

load during the second year of the critical period

Month unk u21k ulzk u22k : Pfofits - |% Load
k 1. Mm3 Mm3 Mm3 Mm3 . MWh Calculated
1 1384 2307 2566 | - 2582 2643591 | 8.340
2 1501 2429 2795 2710 2811846 | 8.870
3 2091 | 2188 2879 | 28871 2976766 | 9.931
4 // 1966 | 2032 | 3373 3381 3096872 | 7.769
5 \\\fagi\\ 1820 1, 3026 | - 3030 [ 2774041-| 8.751
6 | 2118 ]\ 2006 2947 2953 | 2865604 | 9.040
17 | o 1780 |+ 2741 | 2763 | 2533057 | 7.991
8 1600 | --1992 |.. 2599 2652.| 2453208 | 7.739
9 1388 | 2703 | 2066 | 215 2374121 7.489 |
10 1353 | 2521 2055 | 2108 |° 2355275 : *f=430 [
11 1461 2295 | - 2202 | 2224 | 2021737 | 7.640
|12 "14083f M 2091 ] 2288 | . 2310 | 2393342 7850~ |»
: Tot:al \b'enefi-tzsv fro;)m the generation | .31,699,460 100.00 - . '
B i R - y
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Table 6.4: Optimal releases from the turbines, the total
benefits, and the calculated percentage load during

the third year of the critical period

Month u“k u21k ulzk uzék Profits . % Load
k Mm3 : Mm3 Mm3 ﬁMm3 . MWh Calculated
1| 1420 | 2238 | 2681 | 2703 | 2644533 8302
2 1548 | 2437 | 2830 | 2852 | 2812179 8.871
3 ].1707 | 2609 | 3031 | 3046 | 2976800 ° 9.390
4 2019 | 2213 | 3407 | 3616 | 3096678 | 9.768
5 1861 | 1988 | 3096 | 3104 | 2773646 8.749
6 1337 | 1403 | 4079 | '4085 | 2865097 9.038 .
7 322 | 356 | 4808 | 4815 | 2533360 | 7.991
8 1524 | 1986 | 2865 | 2018 | 2454439 | 7.742
9 | 1510 | 2331 2414 24&7 2374313 " 7.489
10 1346 | 2574 | 2157 | 2202 | 2344441 7.430
11 - 1‘439'j 2227 | ‘2381 | 2404 | 2421835 | 7.639
bz | a2z | 2002 2404 | 2419 | 2393476 7.550
', Total begefitsé from t‘he i | A
. generation o ‘ 31701907 100.00
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Table 6.5: Optimal releases from the turbines, the.Jg;fits
realized and the calculated percentage load

.during the rest of the critical period

E;nth -uTIk‘ u21k ulzk uZZ% Profits * |% Load
k 1. Mm3 . Hm3 Mm3 Mm? . Mwh . vCalculated
1 991 1766 3143 3158 2480291 | 8.346
2 | 133 | 200 3044 3052 2634390 | 8.865
3 1600 | 1840 3432 3440 2289622 | 9.387
A' , 1315 1379 | 4253 | 4259 | © 2902518 ‘9.767
S 1364 1759° | 3606 3611 |- 2677991 9.0}
6 - 233 | 32 5027 5032 | 2093403 | 8.39 "
" | 465 755 | '4i02 4709 | 2490285°| 8.38 °
| h ‘g?tal benéfifs from ﬁhe generation '.18;4693566 100.00

<y
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Table 6.6: Optimal reservolr storage during the

first yéar of the critical period

Month llk ; x21k : xlzg
k Ma Mm Ma®
%5
1 26172 | 4932 73471 i
2 23009 | 4296 | 71666 7
3 21625 |° 3734 69343
4 19947 | 3734 66745 ) )
5 18352 | 3810 64215 o
6 16772 | 3011 61610 * R,
7 16203 | 4051 59710
8 16175 | 4461 | 0984
) 9 17517 | 5304 | 67772
10 20953 s304" | 70772
11 22760 | 5304 70358 . ’
12 22740 | 5016 | 69650 ‘

P 4
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Table 6.7: Optimal reservoir storage during the

second year of the critical period

) Month TR T I AT .
K o~ " M > ” ‘
"';ﬁi’_ - . , R _ ‘ :
,' g 1 | 22168 | - 4479 | 68403
, PR 21029 | 3734 | - 65906
3 | o1se | 3736 | 64898
) . ,-173?8 ':_ 3734 | ,”62404
5. | 15719 “3se | . 59872
o - ',% E 135i5*‘ 404AA“ B 5?398 o
‘ L7 12456 | 4322 | 56396
8, | lzesy | 4654 57899
- 1 | 14692 | s304 | e29s3 | .
\L 10 - 16289 | 5304 | 64836;_ :» |
| R o [ .i‘ 17528 | 5304 | ouges . | - _
i ';;2 17918 | ss0s |- 64128 |
S e ¥ ,
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Table 6.8: Optimal reservoir storage during the third
year of the crftical period

!

a

¥ |
Month ’ xllk x21k xlzk
© M M Mn>
BN 1 - 17415 4979 63571
B 16411 46411 62171
1.3 14997 3734 60164
4 13203 | 3734 57483 -
! ) s 11532 | - 3791 §3o34
‘6 10430 | 3871 51450
1 10348 *| 3995 47201
8 10447 4488 48529
9 12283 | 5304 | 53675
10 14598' 5304 55052
f. 1l 15595 | . 5304 - 54407
1oz 15442 5067 | s3265°
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Table 6.9: Optimal reservoir -storage during the

rest of the critical period

. ; ) A
k k k

Month | xle x21 | x12
k Mo Mm> Mm> )
S E

O ey, L]
1 - 215109 4567 51502 )
' ¢

2 14106 3978 49295
3 12730 | 3899 | 46552
4 11564 | 3940 s2766 |
5 .+ 10349 | 3734 | 39509
6 * | 10350 | 3734 34893

7. ‘10350 | 3734 13195 2

a6 . ‘
€ - |
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" Table 6.103 The perentagevcaLCuleted load, the percentage error

in that load anq the value of Jk at the optimum

for the first year of the critical period

L4

Month % Calculated . % Error J
k ! Load ) MWh
4 S
1 T 8.34107 0.00108 342.00000
2 8.86844 -0.00155 ~490..00000
3. 9.38835" ~0.00166 ~527.00000
4 ©9.76921 -0.000077 ~245.00000
5 8.74885 ~0.00114 ~362..00000
6 9.04005 © 0.00005 17.00000
7 7.99066 0.00067 213.00000
8 7.74174 + 0.00174 553.00000
» 7.49103 - 0.00103 ; 328.00000
10 ,.7.42887 . -0.00111 - | * ~353.00000
AR ~ o ‘
< 01 | 754163 0900163 | ~ 518,00000
12 " 7.ss012 | o0.00013 41.00000
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Table 6.11: The.percentage calculated load, the percentage

.

" the optimum for the second year of the
) . ..

error in that load and the value of Jk at

eritical period

Month ’ % Calculated Z Error Jk
k- 4 Load  1Wh
1 8.34187 0.00188 ?és.
2 8.87069 0.00070 b 223:
3 9.38997 ~0.00002 " -7.
4 9.76811 ~0.00188 | " -596.
5 8.74914 - ~0.0085 - -269.
6 ’ . 9.03761 ' -0.00238 | -754.
7 7.99119 o.oétéo, . J;Jé.
8 7.76224" 0.00225 |  713.
9 7.48950 ° ~0.00050 -158.
10 ° 7.43031 0.00032 | - 102.
11 7.63940 =0.00060: | ~189.
BT 7.54994 -0.00005 | -16.




4

.o

. sTable 6.12:

The.perceﬁtage calculated load, the pertentage

. - error ia that load.and.the value of J* at
‘§"¢ ’- . the optimum for the third yedr of the critical period
Lo : Y
.;' ’4!ii§ [
. . Month % Calculated % Error J*
ff ok Load MW
¥ .8.33954 - =0.00045 -142.00000,
Sy 8.87033 0.00034 107.00000
3 9.39059 © - 0.00060 * 189.00000
- *9.76947 \|  -0.00051 ~162.00000
, 5 8.75106 0.00107 - 340.06000
~| ¥ 6 4.l 9.039% ~0.00008" -zs.d@ooo
‘ 7 7.99085 . 0.00086 272.00000
8 7.73895 ~0.00103 © ~328.00000
9 7.489?7' +0.00053 ;157.00060
- 10 - 7.43002 - ﬂiipsooooq . '8.66000;
A i1 { _7;53968 : ) -0.00032" ~100.00000
12 | 7.55010 | 6.00011; '35.00000
» : ' N, -
. i, 4
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"Téble 6.13: The percentage calculated load, the percentage error

in that load and the value of 7% at the optimum

for the rest of the critical period

R
Moath | - % Calculated % Error 5~ .
k Load ﬁWh
o 8.3460 0.0060 | 1108.0 .
: 2 8.8650 ""’-o:oos'o +4923.0
3 9.3870 ~0.0030 ~554.0
4 9.7670 ~0.0030 | -554.0
5 9.0120 0.2620 .43390.6
- 6 8.3900 -0.5"500 1-120052.0,
: 7 8.3800 ) 0.3900 | 72031.0

C e
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,gd‘agstiqe during each'yeer of the critical period are almoat~iqual.

6.2.6 Discussion 'h ) I ' .
- l ’ e :
From Tables (6.2-6.5), the total benefits from the systen during

the’ critieal period with this model and naking ‘the loas_on the system~
into account 1s 113,562, SOOMWh with yeafly average equal to‘31 691 860'

MWh;ﬂJIt will be noticed from these tables that the total benefits from'

0

e
+

From the Ta.bles "(6 10-6.13), 1t will be noti.ced that,” ‘at the

e

optimum thq percentage error in. the caiculated 1oad 13 almost zéro and

&

-at this point the.. calculaCed 1oad 18 equal to the required 1oad on the

. .system. RS IR

t . EY
“l

g

»
’

-‘Iﬁv this sec:t:i’oh,f~ the model used “for the géherating function of

each reservoir is a nonlinear model of the dischaqge and the storage of

;he .previous mouth. This model may cause. an overéstima;ion of

-

\

production for falling the vater levels and underestimation for rising

B ’ - PR

’VVWacer “levels. ' To avoid this an average of- begin‘and—end of time ‘step

r

'i ~(month) * stoiage'_L&- usé% which fs ekplaiﬁed“;n, detail' 1n;'£he next

°

section. ' - | . o o Lo .
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6.3 The.Water Conversion Factor is ; Function of the Averégé Storage*

!q In ‘section 6.2, the problem of .long~term optimal operation of a
hydroelectric power system under critical water conditions has been
sqlved. The model used for each hydroplant_was a honliﬁear model. It
was a fﬂnctiQn of the discharge and FPé storage of the previous month,
k k=1 .

uij“’ xij ). This model may cause an undcrestimatioﬁ for rising

-

L
“1j( .
water levels and overestimation for falling water levels. This section

is- an extension to the previous section, the model used here for the

Bame system 1s a nonlinear model, it is a funciton of the discharge

.through the turbines and the average monthly. storage between two

successive months k-1 and k to avoid an underestimatioa .for rising
water levqls and overestimation for falling water levels“in.,the
hydroef%ctr£€ ﬁroduction.
6.3.1 Problem Formulation

6.3.1.1 The Objective Function
A

Given the hydrbelectric system in Figure 6.1, the problem 18 to

find the dischérge_u k as a function of time over the critical period

1
under the following conditions:

(1) The total generation from the system -over the optimization
interval is a maximuh;

) : 3
(2)' The total system generation should match. the load on the syst2m.

(3) The difference bétyeen the moﬁﬁhly generation and the specifiled

monthly load should be minimum.

~
-

/
® A,/ﬁersioh of.this Section has been submitted to -IEEE Transactions

&

on A.C. December 1985



4

(40) The water conservation equation (continuity equation) for each

reservolr may be adequately described by

x

the follpwing difference

équation: y
K k-1, k k. ok Kk
- - + - 6.92
Xy T Xy gy M-y My Ta-ng Ty (6.92)
where
(oo k-l Xk X kK ky~ k. k, . k
(xiJ +Iij 4»u(1_1)_j +S(1—l)j %4y )-uij ,If(x1j +Iij
‘s ke 4 u k+3 k-x k) >u and x k x (5.93)
13 F Y(1-1)3 TP 1y 1j 15 >%g
\ 0, otherwise
(5) To satisfy the muitipurpose stream use requirements, such as

flood control, irrigation, fishing and other purposes, if any, the

> following uppet and lower limits on the variables should be satisfied:

(a)\upper and lower bounds 6n the storage .

<x

- 713

k
13

< X

219

(b) upper and lower bounds on the discharge

i
€

(6.94)

(6.95)



GER
S g:f*" e
In mathematical terms, +the object of the optimizing computation

»

is'to find the discharge u k that minimizes

13

o n j .
k k k k-1
J=E[ Z ) G, (u,  ,1/2(x, [ +x ))-

j=1 1=1 137713 13 713

n,
k & 0 J K Kk k-1 :
- a z X X Gij(uij ,1/2(x1j +x1J )33 L (6-.96)

“. j=1 i=1 k=1

subject to satisfying the constraints (6.29-6.95). : -

Thes initial storage x the percentage  load ak, and the

0
i3’

. )
- expected value for the natural inflows into each stream during each

month are assumed to be known.

s ’

7] . 1}

6.3.1.2 Modelling of the System

The ‘generation of a H%droplant is a nonlinear function of the,

t . ) &
discharge;uijk and the net head, ,which itself is a nonlineat function
. | -

\ : A ) . ,
of the storage. To avoid overestimation of preduction ‘for fzsling
/ . » ¢

w

[

water levels and underestimation fori/rising water levels, an average of °

s
begin, and end-of-time step storage has béen used. We may choose the

<1/2(x k=ly,

following for the function Gij ij s ij %J

k k, k-1,
ij( 13 1/2(x j ij : ))=uij 13 +1/2813uij (x1j +xij )
k1,2
+ 1/4Y1juij (xij +x, 13 ) , (?.97)
S;bstitutihg from equation (6.92) into gﬁuatiqn (6.92) for xijk’ one

n? 3

obtains - , 2 . . ' o



k k ‘k, k_ . k-l : k

Gy y¢uyy ’1/2(x11 13 DTbgguggtuggdggxg g R gy
Ky k-1,2
TS R AT
k k.2 k(2
+ 1/4Y15u1j (Cu 1y ) 4-(u(i 13 )7)
+ Y, ,u kx k—l(u -u k)
T A IO S
-~ . k.2
‘ v + 2 <Gy ' 6.98)
where
)
k _ ot k k ko |
. %13 Ty tea-ng TSy o (6.99)
Lk ‘ ky2' © » .
-8 Y : 6.101
Gy 7 gt gy (6.101)
k ) : k
fij ’1/2 gij + 1/2 Yy 4944 (6.102)

and @ and Y ;re constgnts, these were obtained by least square

130 Py amd Yy
curve fitting to typical plant data available.

- L

& ) . ’
JIt will be noticed that the genérating function in equation
o ) - £ - ~
(6.98) 1s a highly nonlinear function.'If one defines t_he”following'nj

pseudo-state variables such that¥(17)

e



4 k k,2
iy = (xgy0) ~(6.103)
K ky2
z2gy T gy ((6.100)
k-1 k. k-l ‘
13 Y1y *1y- ' X (6.105)
\ -
Then, the function Cij in equation (6.98) becomes: S _ " )
k k., k-l X k. k, k_ k-l
Gij(uij ,1/2(xij +x1j b)) bij uij +u1j dij xij

7

k k

: k, - k
+ Yy fij (u(i-l)j Uy )
ko k-1 k Tk K
+ryijuij Vg +1/4uij Yij(z(ifl)j*+z1j )
: k=1 K ke
S YggFy ey ey )
o |
. C C u
* .t,1/2 Yijzij u(i—l)j (6.106)

Now, the cost functional in equation (6.96) htecomes:



P
Tda .~

Subjec;'to satisfyiﬁg the following constraints

k. k K, k_ k-l k., k
el Zl 121 (byyupy tugy dyy g Fugy Fry (9

-1+ 1/4 u (z

Kk k k k
YY1 Y1y 13 13-y 213
: k- PN K k
gty 1)3 1907 Y2 vy g2y 80y )
n

k¥ Sy k k
-a ) 1 Z {b,, u,, +u,, d,, x
3=1 1=1 k=1 ; 13 13 713 13 13

k, k,. k. k k_ k-1
{’“1; Fyg Ba-1)g g M Y%y Yy

I

(z k k)ﬂ r k.l(u

* /b (1—1)3 213 SIS

k k
13 "13 (1-1)3 13

| k Ky
-1/2 Yijzij u(i-l)j 1]

o Tiy o T Upg %gy

(6.107) -

(6.108)

- (6.109)

ko _ k-l, k Xk o

5 +“(1-1)jf'“13 e

/ : . & A ‘ ‘ ’ L,

(6.110)

- (6.111)

(6.112) .



.’ . . - ": ‘| | ) . . . . ..‘
Sk k= ko ’ - o C - \
. ‘B-ij = “j_j_'i uij SRR p R (6.113)
6.3.2 A Minimum Norm Formulation - . I

‘We can now form anuaUgﬁented.éostvfunctipnai by adjoining to the
. ~. "x . ) . B N .\ .’: i . , P ‘ - . » ' - .
* cost function in equation (6.107)<r\th£ equality constr&ints (6 108~

~

6 111) via Lagrange 8 mulcipliers,. and the inequality constraints via

Kuhn-Tucker multipliers, one thds obtains. i’ . " B

n,

koo B3k k. ok, k. k-l K ' Ky
’ E‘j§1 121"Fb11.“13 +u13‘§ij xij tuyy fyy (“(1 1)3 1y )

+ Y Ky + 1/4 u

N - : S
13 Y1y yij ' B

13 13(2(1 l)j %13

Tl K : k- Ky,
B 1;.713 1j (“(1 l)j j‘)' 1/2 Y13%13 %(1-1)3 )

P n ’ ) .
ook m 3K ‘K k. k, k k-1
© - a X z ‘z {b u,, +u,, d, .. X
j=1 i=1 k=1 ty 1y 1y 1{

1

G
.

ke kK, k_ Ky & k-l .
Uiy f13 (8atyy g 13 ?*Tij“ij S R

\

k k

k=l
Y(1-1)3. 14

MR Yij(zu 1)1 213 )‘*Zifij

r

=12 ky2

. Lk, kT k
YiJ ij Uy-1y3 F yijwij;j t(xij.)

ok Tk k. k-1

ky2, o ko
(-z +(uij )7+ vy CTyy by Ty

%13

k-1, K,

SRk ke, k
Ay Gy Ty *“(1 m PRl

3 lkk-— k k‘ 1k, /k— N ‘
TR PR Tt i ¥ )"313 B TRETRCLEN St

I3



To formulate the problem as a norm, we may define the following

vectors. Define the followingrcolumn vectors:

A ~ e . ‘
"B(k)=col.(B (k),eun, ., Bo(k)) o ' (6.115)
. K, ko K,k
Bl(k) col.(b11 /a ’f"""’bnll /a ) ‘ (6.116)
- B, .
_ k, k ) k, k, -
Bm(k) col.(blm.(a ,...,...,bnmm /a”). (6.117)
b(k)-col.(bl(k),...,...,bm(ki) (6.118)
i ' ? - ! '
- . g l‘ k ’
b, (k) col.sbliif...&...,bn o (6.119)
. o 1
N . o
b (K)=col.tb, X, ..b Ky ' (6.120)
m lm ***2" " 0 m '
“u(k)=col. (u (k) nnynnn,u (K)) C(6.121)
‘ s ke : ' . :
umEk)‘col.(glm.?f..,..,,gnﬁmk} - ‘ | (6.123)
x(k)mcol. (x (k). e vy ve,x () o " (6.124)
o ()mcolo(xi e eeyx (6.125)
A S A ¥ O -
v ; n?",\ . : . ' - B )
Cx (R)mcol.(x, it x ky - : (6.12
L Tlm x et am ) . - .(6.126)
T . : e e
y(k)?so;‘(yl(k);i..,..,,ym(k)) - ?‘ .- (6+127)

e



S | .
yl(k) COl-(yll ,o-\-,-ckO ’ynll )
t . L
k ok
ym(k) col.(y1m ,...,...,Ynmm )
2(K)=01. (2 (K) s ennynnnyz (k)
1 m
zl(k")'col.(z1 5,,..,...,zn 1k)
’ 1
, i . -
zm(k) col.(zlm peseseeesZ o )
m
- r(k)'col.(rl(k),...,5;.,rm(k))
: k K
rl(k) col.(r11 seerseeesT )
. 1
‘ . -k k., .
Fm(k) col.-(rlm """"frnmm )
u(k)=col.(g1(k)...,...,um(k))
- k
~pl(k) col.(ul ’unil )
. . k ' ' -
Um(rﬁ)-COJ.-(qu ,4:%/0 9. .; ,unmml‘() :

A

A¢(k)?col.(¢l(k7,f..,...;¢m(k))f

¢1(k) col,(¢ll ) ’,_":"' , sosy ¢n1

Y

 (6.139)

1) -

(6.128)

(6.129)

“}

(6.130)
(6.131)
(6.132)

(6.133)

(6.135)
(6.136)
(6.137)
(6.138)

A
A
'

(6.140)



Pl

- —

¢m(k)-col.(?1m

-

k .

b

LI

A(k)-col.(xl(k),...

: | .
)‘l(k)‘ cola(lll‘v yoes

A (k)'cbl.(*
m lm

v ke 1k,

13 13 %13

. k
Yl(k)'col.(v11 yeseyens

k .
vm(k)'col.(\)lm seeeseeeV

s k.. Ik
13 B1y

k

»

LI Y

Hv(k)'col.(vl(k),...

k

- 8

yeeesd
yeens

yeees
yeeesA

v
*"n

0 (k)=col. (g (k) ,uvsyene,g (k)

. k '
g, (k)=col.( ceegene
01 / ‘ 011_’ ’ ’On

SN k
:cm(k)-c,OJ-t(qlm geeegeee ,0’ .

ot

,Pufthérdbre, define the following diagonal matrices:

2

l1

n

. y‘FB

K

.

)

]

-~

<
(6.141)
(6.142)
(6.143f
(6.144)
(6.145)
(6.146);
(;.147)

(6.148) .

(6.149)

o

. (6.150)

_(6.151f

(6.152) .

o



~—

d(k)'diag.(dl(k);...;...,dm(k)) (6.153)
k B k % _
dl(k)-diag..(dll ,...,...,dnll ) _ (6.154)
d (k)=diag.(d. © 4 K : (6.155)
o g. lm,...,...,nm) & .1
m
o(k)-diag.(ni(£>,...,...,nm(k)> (6.156)
k, k k. k ‘
Dl(k)“‘di‘ag.(d11 /a ,...,...,dnll /a )y —_— -(6.157)
k, k ' k, k :
Dm(k)fdiag.(dlm /a ,;..,...,dnmm /a’) (6.158)
f(k)’diag.(fl(k),...,...,fm(k)) ‘ (6.159)
£ (K)mdtag. (£ senyenns By ) (6.160)
. Kk k :
fm(k) diag.(flm ,...,...,fnmm ) ‘ .(6.161)
F(k)4d1ag.(F1(k),...,...,Fm(k)) ' - (6.162)
, ; - K, k k, k ' :
Fl(k) diag.(f11 /a ,...,...,fnll /a) A (6.163)

' ' 2

Fm(k)?diag.(fimk/ak,...,...,ﬁ‘ fa) S » (§%16§)

C(k)=d1ag. (Cy (KD /ernyeee;Calk)) o  (6,165)

s



‘ k ok
Cl(k)-d4ag.(Y11/a ,...,...,Ynllla )

| k k
Cm(k)‘diag.(Ylm/a ,...,...,ynmm/a )

C-diag.(Cl,...,.j.,Cm)

Cl-diag.(Yll,...,...,Ynll)

: i
\ W

Cm-diag.(ylm,...,...,ynmm)

M-diag.(Ml,...,...,Mé)

- \

e

- where the matrices Ml,...,Mm are lower triangular

-

elements are given by:

o :
(1) m, =1 ; i'l,...,...,nj 5 3®l,eeeyen.,m

(2) m j

(_Wl)v-l ;Av'l,...,...,_n _1

(3) the rest of the elements are equal to zero

N=diag.(N ,eeeyene,N )

Y

o~

where the matrices NI,.;.,;..;Nm ate lower triangular wmatrices whose

elements are given by:

i (6.166)

(6.167)
(6.168)
(6.169)
(6.170)
(6.171)

matrices whose

(6.172)

(6.173)
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. . : h
(1) n, =l ; 1’1,...,...,nj
() ngyyyy™l 5 Veliees,eee,n ol g (5.174)
(3) the rest of the elements are equal to zero
i J
Lodiag. (L ,.v,--n,Lp) : - (6.175)

L, <
where Ll,...,Lm are lower triangular matrices whose elements are given
by:

(1)

v=1,...,...,nj-l 3 J=1,...,m
- (6.176)

&0+1)v=1;

(2) the rest of the elements are equal to zero

Usfng all the above definitions, the cost functional in equation

(6.114) can be written as:

} Jk-E{{BT(k)u(k5+uT(k)D(k)x(k-1)éiT(k)F(kjuu(k)

+ aTOC0Y -1+ 176 aT(OCHONZ () +rT k=1 CCOMuCx) 3
e | : S
T ST T T
-'1/2 z- (k=1)C(K)Lu(k)}= § (b (k)u(k)+u (k)d(k)x(k=-1)

k=1 \

+ uT(k)f(k)uu(k)+uT(k)Cy(k-1)+'1/4,uT(k)cnz(k5+rr<k-1)CMu(k)

- -1/2 2R 00RO -y (4T (0Hx () 1467 () (-2 e ()G )



;
/

P

+ T () (x(k=1)+q(k)+Mu(k) )+ T (k)i(k) ) ] e (6.177)

e
-

b . -5
In the above equation H 1s a vector matrix im which the vector

. . o N
index varies from 1 to Z nj, while the dimension of H 1is
m m ' _ i=1
( n.x n,) (17). :
= Loy ,

3=1 3=1

Employing the .discrete version of integration by part (33) and
droppingvcpnstant terms, one obtains:

P
=

f ;
TR=ELx T (K) T (RO () =1 TR x(K) = (KD y (KD =x 1 (094 (0)Hx (0)

o+

AT(0)2€0) 41 X (0)y(0)+{ BT (k)ulk)+u’ (k)D(k)x(k=1)

+

uL (K POM (k) +ul (K)Ck)y(k=1)+ 1/4 ul(k)C()INz(K)

’ . K :
rT(k-l)C(k)Mu(k)f 1/2-zT(k)C(k)Lu(kf]- ¥ (bX (S utk)
: . k=1

-+

+

uT<k>d(k>x<k-1>4uf<k)f(k>nu<k)+uT(k)Cy<k-i)+ 1/4 uT(k)CN2(K)
S N

N

(AR EMR=1)+30K0) T (k=1 D+ AT (1) +0060) Tutiod

@ - 8 N

+

- ,_' / m -
47 (k=13 0Muk)=1/ 22" () CLat) -1 (k=1 )y (k=19 +x T (=147 (k=1 DHx(k=1)

-1§£Yk7?(k)+u€ik)¢1(k)§ﬁ(k)é¢T(k)r(§-1?+fok-l)¢T(k)ﬁ§(k)]]

»
' A}

D
-

+ Y00 (=r(k=1) +x T (k=1 Hu (k) )4 (R F(=x () +x(k=1) +q (kM) -
I3

et (64178)

~

\\



{
If one defines the foilowing such that

xTo = (2Fk-1), ¥y, ' (0, 2T, i k-1)) O (6.179)
>
pe T ) T +* -
uo(k=1)F 0 1/2¢d(k)+¢ " (k)H) O . 0
0 0 1/2C -0 S

L(k)= 1/2(d(k)+wT(k)§) 1/2C (f(k)M+¢T(k)M) (1/SCN—1/4LTC) l/ZMTC

.0: : 0 (1/88"c-1/4cL) 0 0

L 0 0 1/2CM 0 o Jd

S (6.180)

~ 0 S0 1/20W) | 0 0 7

0 0, 1/2C(k) o - 0
W =] '1/2000) 1/2€00  FUOM - (1/8c(on-1/74LTc ) /el

0 é /enTe0-1/4c00L) 0 K

Lo o | 1/2¢ )M | 0 0

(6.181)




RTGO=1 02 G+ 60T, =T, o G+ GomTv )T,

- o T(k), = pi(K)] | (6.182)
F\
QY(k) = [0, 0, BL(k), 0, 0] (6.183)

then, the cost functional fn equation (6.177) can be written as:

- =BT R) F RO TR (K) = LK) % (K) =2 TRy (K)=x - (03 L(0) Hx (0)

¢

270201 Ty (0] + (XTaOWGOX )+ ()X (k) -

K .
=T KFOOLOOR)+RTROX(K)) ] (6.184)

k=1
Since x(K) dnd y(K) are arbitrary and x(0), y(0) are constant, then

the cost functional 1in equation (6.184) can be written as:

Tl (TR T R (R)-AT0Ox (0= TR y(x))

K

+xTaowaoxo+Tmx00- T xTaOLaOXOHRTOKK)) ) ]
© k=1 :
' (6.185)

It will b%}noticed that Jk in equation (6.185) is composed of a
boundary part and a digcrete integral part, which are,}ndependent of

each other. The cost functignalliq equation (6.185) can be written as:



. . ) " | . (6.186)

where

v

Jlx-s[xT(x>uT(x>§x<x)—xT(x)x(x)-uT(xiy(x)]

(6.187)

Kk o T T Ko T
J, =E[XC GOWIX()+QT GOX()= | (X GLUOXK)HR (k)X (k)] (6.188)

k=1 ‘ -
I1f one defines the following vectors such that:
r g
AGK) = W(k) - KL(K) (6.189)

- P(K) = Q(k) = KR(K) o (6.190) *

Then, equation (6.188) can be written as:

. * . c »
. K ‘

‘JZ'E[ ) [XT(k)A(k)X(k)+PT(k)X(k))] . (6.191)
k=1 | ‘

e

, b
Now, define the vector V(k) such that
V() = A7 )PK) ©(6.192)
then equation (6.191) cam be written 1in the following

form by a
process similar to comp;eting'the squares as
R

\

t



K
TEL L (QR)*1/2 V() TAGRI(X(K)+ 1/2 V()= 1/4 v (OAGOV() )]

k=1
(6.193)

Since it 1s desired to minimize J, with respect. to X(k), the

problem 18 equivalent to:

a

K
5,mEL ] CROO+ 1/2 VO "AG) (XGO+ 172 V(D)) (6.194)

k=1

. because V(k) is independent of X(k). Equation (6.194) defines a norm,

hence equation (6.144) becomes:

Min.J,=MInE[ | [X(0) + 1/2 VA | [1, ) ©(6.195)

X(k)  X(k)

6.3.,3 The Optimal Solution

To minimize Jk'in equation (6.186), one minimizes each term in

equation (6.186) separately. The minimum of JIK 18 clearly achievéd

4
when 4 - /

)

BB g E[A(K)] = (0] » e (6.196)

: E(W(R)] = (0] | L (6.197)
1 f

because §x(K) and 6y(K) are arbitrary.

The - minimum of Jzk«in equation (6.195) is achieved when the norm

is equal to zero

&



[

CEIXCG) + 1/2 V(O] = (0]

A}
A

(6.198)

Substituting from equations (6.189), (6.190) and equation (6.192)
. : .

iﬁto_equation (6.198), one obtains the following optimal equétion.

&

"UEL(LG)-1/K W())XGOHR(D = 17K Q(k)] = (0]

3, n 1

(6.199)

Writing equation (6.199) explicitly and adding equatfoms . (6.108-

6.111), one obtains the following equations:
E[—x(k)+x(§—1)+I(k)+Mu(k)+Ms(k)] = [0]
s[-y(k)+xT(k)§x(k{1 - (0}

E[-z(k)+uT(§)§u(k)] - 0] )
E[—r(k-1>+u1<k)§k<k4131 - {0]
| E[}(k)-x(k-i)vzuT(k51)ﬁx(kil)+(A(k>+wT(k)§)u<k) '
+ V0] & (0]

E[T(Ru(k) = u(k-1)] = [0]

[

. (6.200)

(5.201)
(6.202)

(6.203)

(6.204)

. (6.205)



E[ 8K )+MIA (K )+ME v (k)40 (K )+(A (k) +o T ()R x(k=1)
T

+ T(K)yCk=1)+2(6 (kK)M+s L (kM) ulk)

+ (1/6TGON- 172 LY r(x))zk)] = [0]

-~

E[=(k)+ 1/4 NT()u(k)- 1/2 T(k)Lu(k)] = [0]°
E[-)+T(k)Mu(k)] = (0]

where

B(k) = b(k) - 1/K B(k)

A(k) = d(k) - 1/K D(k)

I(k) = C = 1/K-C(k) ////?O
= f(k) - 1/K F(k)

6(k) !

We can state the optimal equations (6.200-6.208) 1in
P N B -
~ form as: ‘.

k k=1 X k

‘ ok k, 0k -
Elxyg #%gy  *hyy ¥9a-1)3 g "Ba-1g By 1 7 0

E[_yijk¥g*ijk>21 h-o,'.

(6.206)

(6.207)

(6.208)

(6.209)

" component

(6.210)

-~ (6.211)



k . s 3
E(-zy ,+(u; 7] = 0 ) (6.212)
k-1, k. k-ly _ —— :
E[-rij 11 fij ] =0 ‘ . (6.213)
: 5
koo k-l o k-l k=1, ko k.o o kook,o ok, _ ‘
EDy =hyy *2upy Xy +A1j iy tVeyugy Yy ,0 ,(6.2;5)
' K kel _ .
E{ 13 ij “ij‘ ] 0 ‘ (6.215)
"\ ‘wx '
K kK k., k. k_ k-1, Xx_ k-l
Epgf i (i+1)j Aij ey 1y M1y PPy 1y My M1y
ok k-l k. k K < éh Kk
*Tyg Yy P20y upy Y204, “(1—1)3 (j\ 11 R rij 1
‘ k k k k
kK k K K K
RETI S (6.217)
‘ E[-—wij k Uy 1)jk Fijk“13k1~' 0 A '(6.218)
where ' ) R
‘ R, ko koo k -
» g R, k_
% 13 bij (bij /Ra™)
! A ko, k_ k k
®13 dij (dij /Ka™) | ' |
I3 } L B T © . (6.219)
& . 'Yij-(yij/Ka ) :
: koo k k,, k
£y4 ~CEyy FKa")



Besides the above equations, one has the following Kuhn-Tucker

.~ exclusion equations which must be satisfied at the optimum (40)

k k
= 6.220
eij (iij—xij\\) 0 ( )
lk, k- . J
- - .22
eij (xij xij) : 0 (6.221)
k, . k k
= - 6.222
814 (gij —uij) ’0 , ( )
lk k - ki .
84 (uij “uyy ) =0 ‘ . : (6.223)
One also has the following limits on the variable (40)
ﬂ °
If x, .5 < x,,, th t x, =x
X4 X;4» then we pu X1y "Xy
k | — k=
1f xij > xij’ Fhen we put xij' x1j
(6.224)
ok k k. k
If'uij < Eij s tpen we put uij E&j »
k .~ k ' k— k
If uij > ui.1 » then we put uij uij

Equations (6.210-6.224) with equations (6.196) and (6.197)
" completely specify the optimal solution. The following algorithm 1is
ugsed to solve these equations.

i

. 6.3.4 Q}gprithmifor Solution

Assume given: The number of rivers (m), the number of reservoirs

on each river (n,), the expected value for the natural inflows, the

h]



1fiitial storage x

1j0’ and the percentage load on the system during each
J

month ak. The following steps are used to solve the optimai system

equations.

Step 1

Step 2

Step 3

Step 4

Step. 5

-

Assume initial guess for the variable u(k) such that

) E(k)ipi(k)iﬁ(k) ; i={teration number; 1=0

e

Assume first that s(k) ‘18 equal to‘ zero. Solve %:aquations' e
(6.200-6.203), (6.205), (6.207) and (6.208) forward in
stages with ;KO) given. ’
Check the limits om x(k). If x(k) éétisfleé the inequality

x < x(k) <x* |

~—p :
go to Step 10, otherwise put x(k) t@#

6 1limits and go to
Step 4.
Calculate the new‘disghage from the following equation

D

E(u(i) ], #7841 ¢x()-x(k=1)-1¢e)) )

Check the limits on u(k). If u(k) satisfies the ipnequality

u(k) < u(k) < ulk)
- o

go to Step 14, otherwise put u(k) to its‘limits and go to

Step 6.



Step 6

Step 7

Step 8

Step 9

Step 10

Step 11

E{oC) 1=E{ 28 3 T (D) i (k=1 + T a0+ Ty TGO u(x) 5

Calculate the spill at month k from the following

.

E(s(i)] = E[(M] ™ (x(l)=x(e-1)=1())=u(i0) ] e

If s(k) < 0, put s(k) = 0.

Calculate the discharge from the following equation

- 1
\

Efu(k)] = E[[M)  (xCk)=x(k=1)=I(k)-Ms(k))]

and go to'Step'gl
Sol;e again equations (6.200-6.203) with equations (6.205),
(6.207) and (6.208) forward in.étages with x(0) given, but
s(k) has thé value obfained from Step 6.

Check the limits on x(k). If x(k) satisfles the inequality
x < x(k) < ;; go to Step 10, otherwise put x(k) to its
iimita and go to Step 4.. .

With v(k)=0, solve equation (6.204) baékward in stages with
éqgations (6.196) and (6;197) as the terminal tonditions and
go to Step 1l. | '
Calculate Kuhn-Tucker multipliers for u(k), o(k), from the

following equation

- B(k)—u?kck-la-(A(k>+wr(k)§)x(k-1)-r(k)y(k—l)



Step 12

Step 13

— 208 ()M TCR)HIu(k)=(1/4 T(KIN= 1/2 LT (k))x(k)]

If u(k) satisfles the 1nequ§‘1ty, Eﬁk)(u(k)(G(k), put
u(k)=0.

Determine a new control iterate from the following equation

(¢}

i+l
u

Elu (0 1=E(ul (0= 0]

where

E[DuCk) J=E[8 (k)+MA (k)40 (k)+(a (kK)+p L)) x(k=1) +

+ Ty (k=1)+2(8 (OM+ L ()T ulk) +

N

+ (1/4 T(x)N- 1/2 L'T(k))z(k))

and « is a positive scalar which  1s chosen  with

consideration to such factors as convergence.

Check the limits on u T3 (k). 1If u'*l(k) satisfles the
" inequality : B
' o
+ — °
uGo) <™ o <ac)

go to Step 14, otherwise put u1+1(k) to its limits and go to

Step 6.



Step 14

Step 15

. Step-16

Solve the following equation forward in stages -

el

E(A(k=1) ]=E[ 2u” (k=1 ix(k=1) #8044 GOHuCi)
- T eao-rT 1 aco+ 1T T0oBx(k-1)

- T raoy -1 =207 oo

7 o ue)

- /o) reon-1/2085) 7 o) 2 (0 )
Determine Kuhn-Tucker multiﬁlier for x(k), v(k), from the

fquOWing equat?on
E[v(k)]-ag-[nTl'I{e(k)+MTx(g)
+ (A(k>+wT(k)ﬁ)x(k—1)+r(k)y(§-1)+z(é(k)m+wT<k)ﬁ).
CaCR)+(1/4 TOON-1/2 LT (kD) 2(k)) ]

If x(k) satisfies the inequality, 5§x(k)<;;'put v(k)=0

Determine a new state iterate from the following equation

E{x

o 1=elxt o0-oteto ]

C )
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where

E[Dx(k) J=E[A (k) =2 (k=1)+2u T (k=1 )fix(k-1)
~ + (AT O u )4+ (k)]

Step. 17 Repeat ;he calculation starting from Step 3. If the
solution does mot converge to the-optimal solution, assume
another different fnitlal guess for u(k) and repeat the
calculation -starting from Step 2. But 1f the solution
qggzsifes to the Opiigal continue until the state x(k)
and the control u(k) dor not change signifiéantly from
iteration to iteration and Jk in equation (6.107) 18 a
digimum. - | A N

6.3.5 Two Practical Examples

The ‘algorithm of the.iést section has been used to solve two
practical examples. The first exaﬁple, the same exampie mentioned in
section (6.2.5), 19.splved uéing 'ﬁhis model. | The -second example 1is
the same as the first example except that the operation of the .

reservoirs R, . and R

11 2] 8re cbdstrégbgd‘by a certain treaty contract and

for this example? the ééinta%nanbé,gcﬁequle'EOr_the tucrbines 1s taken
into account. " As a matter‘Of fact, 'Qé foﬁnd that'tﬁe discharge from
thé turbines 1is leés thén thelmaximumiaiséHAIge ffom the turbines
“during ‘the maiﬁtainanée-pering,—l : «

The results for the fifst exémpIefafé reported in Tables (6.l4~

. o R S .. ,
6.21). 1In Tables (6.14-6.17) we give .tlie optimal monthly releases from



1?' he reservoirs, the profits realized and the calculated percentage load

»

Al §
5 the system daring each year of the criticalgperiod. It

wtll be

oy
Py

ég iced from these tables that the calculated percentage load is equal
-

he required percentage load on the.system (a - In Tables (6.18-

?f,
6 217 we give the optimal reservoir storage during the critical period.
¥

In Tables (6&2%-6.25) we give the percentage load, the difference

a

between the J;quired load.'on the system and the caltulated load and the

value of Jk (rhe costfgunction). It will be noticed from these tables

LY

. that as this differepce ‘approdches zero; the calculateé load is
. ' o K 0 . < ’ : a
to the required load (a ). . e

ob;ained from the.éy%}em”us@ng this model

The * total Benefits,/
. . A

N

during the critical period 1s;112,499,920
1s 31,395,327 Muh | .
time to get the solution during the

-

critical period (43 months) was 6.85 sec. in CPU units.

The computing optimal

(23

equal

and’'the yearly average.

o’



Table 6.14: Optimal releases from the turbimes, the profits
realized and the percentage load required during

the first year of the critical period

Monthi u

Profits %Load ZLoad

Mm Mm3 Mm Mm ' MWh Cal. Given

10

11

12

Total benefits frdm the .
generation during the

first year of the critical : , A
period , } 31411168 | 100.00- 100.G9

1@20' 2117 2494 | 2517 2619563 8.340 8.34
2038 |2040 | 2404 |2411 2786490 | 8.871 8.87
1454 2552 2992 {3001 2949777 9.391 9.39
1842 |2424 3107 | 3114 3068649 9.769 9.77
1764 {1837 2957 [ 2963 | 2748784 | 8.751 8.75
1849 {1906 {3091 |3097 | 2839532 | 9.040 | 9.04
1573 {2064 2614 | 2622 | 2510435 7.992 | 7.99
1498 {2079 | 2488 |2541 | 2430745 7.738 | 7.74
1420 [1966 2355 | 2428 | 2352717} 7.490 | 7.49
1232 |2455 | 2062 |2103 | 2333654 | 7.429 | 7.43

1314 2209 2192 | 2215 .2399492 7.639 7.64

1364 [1906 | 2275 |2297 | 2371382 7.549 | 7.55




L)

Tabfé 6.15: Optimal releases from the turbines, profits realized

and the percentage load required during théssecond year

of the critical period

Lonth ullk u21k u12k u22k Profits %Load %Load
k Mo . Moo | , Mm3 MWh Cal. Given
1 1451 2150 2529 2544 2619398 8.339 - 8.34
2 2077 2078.‘ 2438 2453. 2785707 8.869 ‘8.87
3 1475 2594 3041 3049 2949907 9.3§1 9.39
4 1910 2318 3221 3229- 3069785 9.773 9.77
5 1793 1888 3007 3013 2748036 8.749 8.75
6 1872 | 1935 | 3179 3185 | 2839552 9.040 |  9.04
7 1653 1913 2751 2773 2509918 7.991 7.99
8 1529 2126 2542 2595 2431018 | 7.739 7.74
9 1435 2006 | 2382 2471 4 - 2352861 7.491 7.49

10 1267 2435 2101 2154 2333571 7.429 7.43

11 1367 2201 2268 | 2291 2399486 7.639 7.64

12 1370 2053 2288 2310 2371875 7.551 7.55
Total benefits from the |
generation during the second -
year of the critical period . 31411056 | 100.00 100.00




Table 6.16: Optimal releases from the turbines, profits realized
and the pércentage load required during the third

year of the critical period

Mo§th u“k uzlk ulzk u22k Profits %Load ZLoad
k Mm3 Mm3 Mm3 Mm3 MWh Cal. Given
1 1529 |- 2184 | 2579 | 2602 2619493 8.339 | 8.34
2 2049 | 2251 | 2487 | 2509 2786245| 8.870 | 8.87
3 1513 | 2630 | 3091 | 3106 2949134 | 9.389 | 9.39
4 1879 | 2698 | 3173 | 3182 3068526 9.769 | 9.77
5 1830 | 2023 | 3077 | 3085 27640968 | 8.752 | 8.75
6 1771 | 1909 | 3461 | 3467 | 2840465 7.043 | 9.04
7 255 | 390 | 4796 | 4803 2509759 | 7.990 | 7.99
8 | 1583 | 2203 | 2633 | 2686 2432202 | 7.743 | 7.44
9 1488 | 2066 | 2473 | 2546 2353636 7.493 7.49

10 |'1324 2007 | 2199 | 2265 | 2332039 7.427 7.43

11 1410 | 2199 | 2355 | 2378 2399289 | 7.638 | 7.64

12 1636 | 2002 | 2399 | 2414 12370568 | 7.5647 7.55
Total benefits from the * : o \ S
generation during the third year o
of the critical period / 31411152 {100.00 100?00

: o \
/

-~




Table 6.17: Optimal releases from the turbines, profits realized

and the percentage load required during the rest of

the critical period

k k k
Month uy Uyy u, PZ;\”\N/B;°£1;S %ZLoad %Load .
k Mm3 Hm3 ‘ Mm3 Mm3 ‘MWK Cal. Given
1 779 1441 3519 3534 2666724 | 8.393 8.34
2 1180 2203 3099 3106 2602812 | 8.856 8.87
3~ 1444 17 3579 3587 2756584 | 7.379 9.39
4 1207 | 1313 4373 4379 2868556 | 9.769 9.77
5 1624 1608 L 3314 3319 2559364 | 8.710 8.75
6 683 862 >4826 4831 2675327 | 9.102 9.04
]
7 465 755 4410 4417 2337184 | 7.956 7.99
Total benefits from the generation
during the rest of the critical )
period L 18266544 162.165 62.15




Table 6.18: Optimal reservoir storage during the first year

of the critical period

Month x“k x21k xlzk

k Mm &mB Mm3
1 2408839844 5026.95313 | 73565.43750
2 22419.17969 5199.93359 72071.12500
3 21253.19141 4241.70703 69723.81250
4 19618.23438 3734.00000 67397.68750
s 18044 .49609 3741.81177 64892.28906
6 16507.83984 3754.94678  62285.46094
7 15881.36719 3784.47144 60536.80469
8 15838.98438 4052.69971 61946.90234
9 17252.08591 4813.08203 68766.25000
10 20630.50781 5304.19922 71600.43750
11 22463.90234 5304.19922 71205.0000
12 22384.19922 5187.05859 70514.93750




Table 6.19: Optimal reservoir storage during the second

: year of the critical period

L.
Month x“k x21k le#
k Mm3 Mm3 Mm3
1 21704.51172 4914.93750 69304.756001
2 19989.33203 5097.31250 68165.18750
3 18733.31641 4075.27490 65995.68750
4 17010.77344 3734.00000 63653.91797
b) 15400;62500 3741.52342 61138.93750
6 13741.71094 3754.38501 58433.14844
7 12498.86328 | 3782.31079 57420.90625
8 12766.90234 4209.58203 58981.62109
9 14759.15625 5304.19922 63718.12891
10 15442.28906 ° 5304.}9922 65605.62500
11 f7773.22656 5304.19922 65521.16406
12 18202.51953 5304.19922 6481.21797
X - .




Table 6.20: Qptimal reservoir storage during the third year

of the critical period

Month x“k x21k xlzk

k Mo Mo Mo

1 \ 17590.51563 5142.03516 64325.31484
2 16085.42969 5261.57031 63269.335%4
3 14865.00781 4368.90625 61201.72656
4 13212.67578 3742.86377 58754.78125
5 11572.34766 3734.00000 56324.73438
6 10036.80859 3741.15430 53360.37891
7 10021.75781 3763.%0752 49123.04688
8 10061.26953 4099.75000 50683.39844
9 11919.75781 5158.27344 55770.05859
10 14167.24219 5304.19922 57104.83203
11 15282.39453 | 5304.19922 65485.76563
12 15115.46094 5161.42969 55348.51953




Table 6.21: Optimal reservoir storage during the rest of|

critical period

~

Month x“k 21 xlzk
k - Hm3 Mm3 Mm3
1 14993.76953 | 4774.42578 53209.72656
2 16153.11328 | 3913.73535 50947.33203
3 12932.23438 | 3734.00000 48057.27344
A 11873.80078 | 3734.00000 46148.40234
5 10398.88672 | 3833.39600 41184.32813
6 9949.00000 | 3734.00000 36769.14453
7 £ 9949.00000 | 3734.00000 33195.50000




Table 6.22: The percentage calculated load, the percentage

error and the value of J

the first year of the

cri€ical period

at the optimum for

Month .X Calculated % Error Jk

k load MWh

1 8.33959 -0.00040 ~125.00000
2 8.87101 0.00103 322.00000
3 9.39085 0.00636 270.00000
4 9.76929 -0.00070 -220.00000
5 8.75097 0.00098 308.00000
6 9.03988 -0.00011 -36.00000
7 7.99217 0.00218 684.00000
8 ' 7.73847 -0.00152 - -478.00000
9 7.49006 0.00007 22.00000
10 7.42937 -0.00061 -193.00000
11 7.63897 -0.00102 -320.00000
12 7.54948 - =0.00051

~159.00000
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Table 6.23: The percentage calculated load, the percentage

error and the value of Jk at the optimum for

the second year of the critical period

Moanth - Z Calculated X Error ‘ Jk

Ko o load Mvh

1 8.33910 | 0.0D090 ~282.00000
2 8.86855 -0.00144 - =451.00000
3 9.39130 0.00131 410.00000
4 9.77294 0,00295 927.00000
5 8.74862 £0.00137 430.00000
6 9.03997 -0.00002 -6.00000
7 7.99055 0.00056 176.00000
8 7.73936 -0.00062 -196.00000
9 Yl 7.49055 0.00055 174.00000
10 - 7.42913 -0.00085 -260.00000
11 7.63989 . | -0.00101 -318.00000
12 ) 7.55108 " 0.00109 342.00000
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Table 6.24: The percentage caleculated load, the ﬁefcentage
error and the value of Jk at the optimum for

the third year of the critical'period

Month % Calculated X Error Jk

k. Load MWh

1 8.33937 0.00062 195.00000

.

2 8.87024 0.00025 78.00000

3 9.38881 ~0.00118 ~372.00000

4 9.76890 ~0.00109 341.00000

5 8.75156 0.00157 493.00000

6 9.04285 | 0.00286 - 898.00000

7 " 7.99002 | 0.00003 ° 10.00000 v
8 7.74311 0.00312 980.00000 _
9 7.49299 0.00300 942.00000

10 7.42710 -0.00289 ~907.00000
11 7.63833 -0.00166 -522.00000
12- 7.54690 ~0.00309 ~972.00000

| : @




-

S

The percentage calculated load, the percenfage

Table 6.25:
error aﬁd the value of Jk~at the optimum for
rest of the critical peribd
Month %Z Calculated X Error Jk
k Load MWh
R .
1 8.39277 0.052767 15356.0000
2 8.85600 -0.014000 -3823.0000
3 9.37900 -0.011000 -3489.0000
4 9.76900 ~0.001000 ~2943.0000
5 8.71000 -0.046600 -10737.0000‘
6 19.10200 +0.062000 ‘17546J0000
7 7.95600 -0.034000 -11892.0000




The results for tpe second example are reported in Tables (6.26-
- i

6.33), as we mentioned earlier the operation of the first river which

and R, 1is constrained by what . 1s called

contains reservolirs R11 21

“treaty contrac;". The operation oflthe two reservoirs are fixed
according to this contract. In this example we optimized the operation
of the other two reservoirs in such a way that the total benefits from
the system are maximum. In Tables (6.26-6.29) we give the optimal
releases from the rcservolrs, the profits reélized and the percentage
calculated load during the critical period. In Tables (6.30-6.33) we
give the optimal reservoir storage during the critical perlod. It will
be noticed from these tables that we started the critical perfod full
but we did ;ot end up empty to satisfy the treaty requirements.

The total benéfics frog the system under the treaty constraints
is 111,946,688 Wh with yearly average 31,}40,932 Wh. If we co;}are
these results with that obtainedvin the firsglexamﬁle, one can notice
that dué to the treaty constraints the total'bénefits from the system

1s° decreased by 553,232 Wh and the yearly average 18 decreased by

154,395
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Table 6.26:

Optimal releases from the turbines; the

profits realized and the percentage loqg

required during the first year of the

1

critical period under treaty coustsaints

Month u“k u21k ul?_k uzzk Profits % Calculated
K M e e T Myh load
Treaty | Treaty
1 1] 1046 1417|3262 | 3285 | 2610259.000 8.314
2 ‘1123 “| 1307|3622 | 3629 | 2782248.000 8.862
3 | 2123 2264 [2520 3528 | 2942984.000 9.374
4 2123 2198 |2856 | 2864 | 3063773.000 9.758
5 1575 1656 |3075 | 3081 | 2740524.000 8.729
6 1289 1359|3747 | 3753 | 2838911.000 9.042
7 |10 | 1622 3095 | 3102 | 2498796.000 7.959
8 | 78 1607 [3223 | 3276 | 24204437000 7.709 £
19 736 | 2040 |2765 | 2838 | 2346145.000 7.473
10 758 | 2472 [2376 | 2437 | 2326424.000 7.410
11 2333 3228 | 773 | 796 | 2463758.000 7.847
hz2 | 1277 1703|2640 | 2462 | 2362353.000 | - 7.524
f&i}‘:al benefits from the o n
generation 31,396,560 100.00




generation

Table 6.27: Optimal releases from the turbines,'the profits
realized and the percentage load requiréd during
the second year'of the critical perioé under
treaty constraints

- 0
Monkh u“k u21k ulzk u22k Profits % Calculated
k Mm Mm3 Mm3 Mm3 load
Treaty Treaty Mwh
1 1061 1448 " 3307 3322 2618955.000 8.341
2 1117 1300 3712 3727 2788479.000 8.881
3 2123 2220 " 2616 2624’ 2952204.000 9.403
4 2123 2190 | 2932 2940 3068909.000 9.774
5 1575 1677 | 3143.| 3149 | 2747246.000 | 8.750
6 1289 1365 3828 ‘3834 © 2836162.000 9.033
7 1101 y1388 3333 3355 2502941.000 7.972
8 758 1782 3198 | - 3251' 2425440.000 | 7.725
9 734 2400 2614 2702 '2354555.000 | 7.499
10 | 758 | 1926 | 2803 | 2856 | 2329661.000 | 7.420
11 758 | 1592 3145 3i68, 2399335.000 7.642
12 2202 2884 . 959 981 2374175.000 7.5§2
Total benefits from the , ‘ |
s 31,398,000 100.00




Table 6.28: Optimal releasda from the turbines, the profits realized

Ca

and the percentage load required during the third year

of the critical period under treaty constraints

onth u“k u21k ulzk u22k Profits %Calculated
k Mm3 Mm3 Mm3 Mm Mivh load
Treaty Treaty N
1 2047 2540 1813 1841 2615178.000  8.329
2 2348 2670 1841 1863 2782111.000  8.861
3 2578 2803 1967 1982 2952002.000  9.402
4 2578 2772 2314 2323 3065924.000  9.76p
S 1027 1212 4033 4041 2755350.000 8.776
, 6 1137 1283 4159 4165 2846396.000 9.066 v©
7 917 1074 3834 3841 2505565.000  7.980
8 | 758 1714 | 3378 | 3431 | 2427422.000 '7.731
9 734 2370 2740 .2813 2353722.000  7.497
10 758 1987 2863 2909 2329193.000 7.419
11 758 1547 3280 3303 2397031.000 7.635
12 734 1167 3509 3524 2367041.000 7.539
Total benefits from the B
generation 31,396,560 100.00




Table 6.29:

Optimal releases from the turbines, the profits

realized and the percentage load required during

the rest of the critical period under treaty

constraints
‘
Month u“k u21k u12k u22k Profits 7 Calculated
k Mm3 Hm3 Mm3 Mm load
Treaty | Treaty MWh
1 758 1033 3644 3659 2384338.000 8.346
2 771 ff‘;;z 4067 4074 2532555.000 8.865
3 2578 2739 1538 1546 2682864.000 9.392
4 2578 2685 1909 1915 2791420.000 9.771
S 1195 1481 3419 3424 2498024.000 8.744
6 |1137 1738 | 3589 | 3594 2584342.000  9.046
7 1895 3002 \1546 1553 2281606.000 7.§86

Total benefits from 'the

generation

17,755,248




Optimal reservoir storage during the first

Table 6.30:
year of the critical period
Month fllk x21k xlzk
k Mm3 Mm3 Mm3
Treaty Treaty
1 24515.37500 5304.19531 72797.37500
2 23768.09766 5304.19141 70085.37500
3 21938.64063 ‘5304.18750 68210.25000
4 20027.11719 5304.18359 66134.50000
5 18646.25781 5304.17969 63511.50781
) 17673.72656 5304.17188 60248.59375
7 1750;.31250 5304.16406 58019.44141
8 18175.85547 5304.15016 58694.83594
9 20224.75000 5304.14844 67604.25000
’,10 24005.89844 5304.14844 67604.25006
11 24762.43850 5304.14453 68628.75000
12 24762.46094 5304.13672‘ 67773.56250




Table 6.

31: Optimal reservoir storage during the

second year of the critical period

Month x“k x21k xlzk
k Mm3 Mm3 Mm3
Treaty Treaty
1 24515.32422 5304.12891 65785.81250
2 23768.05078 5304.12891 63372.82813
3 - 21869.89453 5304.12109 61628.68359
4 19939.67578 5304.11719 59576.31641
5 18552{18750 5304.11328 56925.60938
6 17479.72656 5304.10938 53570.74219
7 16779.70313 .5304.10156 51977.06641
8 o 17787.04688 5304.09766 52882.38281
9 20429.27734 5304.69375 57387.73047
10 22547.67578 5304.08984 . 58573.84766
11 24430.99219 ‘5304.08594 57612.40234
24021.14063 5304.08203 58201.31250

12




Table 6.32: Optimal reservoir storage during the

third year of the critical period a

Month xllk x21k x22k
k. Mm3 Mm3\ Mm3
¢ Treaty Tréaty ‘//J
7
1 22894.12109 5304.09766 58506.28516
2 21097.67969 5304.09375 58096.28125
3 18818.30469 5304.08594 57152.41016
4 16471.94531 5304.07813 55565\&2?25
5 15638.91406 5304.07031 52178.94531
6 14741.10938 5304.06641 48515.87109
7 14054.51172 5304506250 45240.39453
8 14886.92969 5304.06250 46056.53125
9 17447.17188 . 5304.05859 50876.67969
10 20185.80469 | 5304.05469 5134724609
11 21893.62891 5304.05078 50003.31641
12 22423.92188 5304.046&8 47756.53516

P




Table 6.33: Optimal reservoir storage during the

rest of the critical period

Month x“k x21k xlzk

k Mm3 Mm3 Mm3
Treaty Treaty

1 22326.64063 5304.94297 45492.12109
2 21902.94922 5303.59?66 42261.60156
3 19554.86766 5303.58984 41412.67578
4 17131.37500 5302.13281 39967.72656
5 16090.36719 5099.46875 36899.23438
6 15190.44531 4578.75391 33720.78125
7 3762.21875 33010.80078

©13750.87109




6.4 General Discussions

In this chapter the problem of long-term optimal operation of a
multireservoir ‘power gystem with specifiéd monthly generation wunder
critical water conditions has been treated. The model used for each
reservolr in the first section of this chapter 1s a nénlinear model of
the a1écharge and the storage of the previous month, this model may
cause an overestimatio& of production for rising water levels and
underestimation for fallihg Qater levels. To avoid these wunder and
overestimations of production, an average of begin-and-end-of time step
(month) storage 18 used, this is explained in detail in the ‘second
section of this chapter. The total benefits obtained in the second
. section is less than the total benefits obtained in the first Section.

According to the specifications of the source which provided wus
_with the reservoir data, the operation of the first river, which
contains reservoirs RlL and RZl’ i8 constrained by what 1is cafied
"trggty contract”. We fixed the operation of tﬁis Eiver according to
the treaty pperation, and optimized the operation of the second river,
so that the} total benefits from the system during the critical period
18 maximum. Also, we took into account the maintainance schedule of
the reservoirs. The effect of tﬁis schedule is that the maximum
_discharge from the turbines 1is decréased during the period of
maintainance. As a tter of fact, we found that thé maintainance
schedule has no eff' t in the optimal system operation, s8ince the
’ diachgpge from the turbines at the optima? oper&%lon‘is less than the

maximum discharge during the maintainance period._



In Table (6.34) we-'glive the optimal benefits from the

under difference modes of operation.

system
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Table 6.34: Comparision between different modes of operation

during the critical period

The model used

Total benefits

MWh

Yearly average

1. Nonlinear model
of the storage of
the previous month

of the average
storage

3. Nonlinear model
of the average
storage and
treaty
constraints

R
& ~
2. Nonlinear modeltéﬁgt

ﬁ/113,562,500

. e

112,499,920

¥

111,946,688

31,691,860

31,395,327

31,240,932

9
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CHAPTER VII
OPTIMIZATION OF THE FIRM HYDRO ENERGY CAPABILITY
UNDER CRITICAL WATER CONDITIONS

7.1 Background

In chapter 6, we maximized the generation from hydro electric
multireservoir power systems having a specified monthly load wunder
crijglcal water conditions. This load 1is equal to a certain percentage
of the total generation at the end.of each year.of the éritical period.

&fhe GWh for this lsad during each month varies according to the total
generation at the end of the optimization period.. We found that our
approach was efficient {in calculating the hydro energy generation
during the critical period, and the computing time was. ver; ‘smgll
compared to what has béén done so far using other approaches.

This chapter 1is devoted to the maximization of the firﬁ‘ hydro
capability from multireéétyqir power systems under critical water«
conditions. In this Cgapter the load on the system 1s fixed, l.e.
there 1is no relation be;ween that load and the total geﬁeration at the

g -
end -of optimization int;rval, and at the same time this firm energy

should be uniform during each year of the critical period.

Solutions th this maximization problém have been determined 1in

AL .
the past by skilled engineers usfhg digital computer ~ simulation

programs and “cut and try” methods wherein reservolr storage-management
schedules are successfully modified until it is believed that maximum
energy 'capability for the system (total generation averaged over all

months in the adverse’ streamﬁlow period) with system constraints

 satisfied has been achieved. This approach has become cumbersome with .

408



¢ \
present day requirements to‘deai with a large number of reservoirs and
AY
Y\ .
with a long period (45).

In Ref. (45), the maximization of the energy capability for a
large s8cale hydroelectric system using the Nonlinear Programming
approach has been done, the computing time for such systems was very
large’ (41 minutes 1n CPU units), they considered this time as a
reasonable computing time of whét is bellieved to be one of the largest
hydroelectric Nonlinear Prdgramming problems ever atfempted.

In this chapter, functional analysis and minimum norm formulation

have been used to maximize tﬁe surplus eﬁgrgy from a hydroelectric
. \ P

power sygtem under critical water conditionéi The optimal control

A\,

\

problem é&s formulated by constructing a cost ' funcion 1in which we

A
\
\

maximize the surplus energy (the differenceikpetween<ithe total
geﬂeration during a certain month and the load on‘hpe systém during
that month), and at the same time this surplus energy ébould hé unifornm
over Fhe planning period. The cost functional 1is augmg%ged bg using
Lagrange and Kuhn-Tucker multipliers to adjoin the équalit;k and
inequality constraints. fhe model used ﬁere is8 a nonlinear‘model, \it

is a function of the discharges through the turbines and the averaée

' monthly storage between two euccessive z&gths, to avoid an

underestimation for riaing water level and overestimation for falling

water levels in the hydroelectric generation. ‘ o \

7.2_P:obleﬁ Formulation ) B ‘ ¥

7.2.1 The Objective Fuﬁction

. Given the hydroelectric system in Figure 6.1, the problem for

this systeh- is". to fihd the discharge u k. i-i,...,n: 3=1,...,m;

N

’ e .-
. N o - . s L
. [ ’ . o
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k=1,...,K as a function of time over the critiéal 'period under the
folléwing conditions.

(1) The total generation from the sysfem over the ldptimization
interval i;la maximum. |

(2) The system expected surplus eﬁergy ovér.load for each time

" interval should be a maximum and at the same time uniform.

..

(3 The water conservation equation for each reservoir may be

adequately described by the continuity-type equation

k k-1 F ! X k. . K "k .
xij xij +Iij fu(i—l)j “uij +5(1-1)j -Sij L (7.1)

(4) 1In order to be realizable and also to satisfy multipurpose stream

€.

use requirements, the following {nequalfty constraints must be

satisfied
kS

a) upper and lower bounds on reservoi;Aplant outflows

’

kK © k- k , ,
By = ugy S u a L = ; (7.2)

b) upper and lower gpunds on‘resérioir contents
J X, < xS <K,
=13 - "1}

<Ey (7.3)

In mathematical terms, the object of the optimizing computation

is to find the discﬁérge'uif that maximizes



o
K

m
)
k=1 j=1 1

. k k k-1 K,2
s - 7.4
Cdj(uij R l/2(xij +‘1j ))-d"}"] GWh ( )

he~1 2
—.

1

'Subject to satisfying the comstraints (7.1-7.3).

fhe 1initial storage xijo, the expected value for the natural

inflows {Into each stream during each month, and the value of the load
: : p)

dk are assumed to be .known.

‘ 7.2.2 Modelling of the System

One obtains

The generation of a hydroelectric plant is a nonlinear functiomn

of the discharge uijk and the reservolr water head, which itself is a

- function of the storage. old underestimation ongggduction for

frising water levels and ove imation for falling water levels, an

#

average of begin and end—of-time step (month) storage is used, hence

the generation of plant i1 on river j may be choosen as:

a -

k ; k k
Gij(“ij ’I(Z(Xij;fxij ))"aij 13 Ky l/Z Bijuij (xij +x1j

AN

- ) K k-1,2
. + 1/4 Yij(xij +xij )

(7.5

i

where ij’ Blj and Yij are constants. These wefé~obtafhed by least

‘square curve fitting to typical plant data available.

Substituting from equation (7.1) into equation (7 5) for xijg. .

e
AN

k- 1))

! 11‘“13 '”2"‘13 1. 13 iJ iy KJ *fij 13 ”13311

k
+ 1/4 Yijtij ijn1j 1/4 Yijmij

(7.6)
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where

q

g

13

k;u
i3

k=I

k+s k
13 “{-D3

=aij+ 1/2 Bijq

k
Bij+Yijq1j

kal/2 8 41/2 v

.,“ij,

: k
t

n

m

13

1]

Kuy
13

k

13

1] (“<1 1)3
\
k - k-l
13 Y13 -

(z

Y13 “%(1- I)j

Tiy (“(1 -3

k- k
13 Y(1-1)3

_k
aij

ey 1/4 v

1}

13913

j

k

134913

k

).

2

(7.

. (7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(6.

10)
11)
12)
13)
14)
15)
16)
17)

18)
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Now, the cost functional in equation (7.4) becomes:

K 'nj m
)
k=1  1=1 j=1
k

1/4 Yij§1j

k k
(bif uij +d1j

JETiEE

k k

k
r1J +fij

k_ k_k,2
lllwijm1j d7)7 )]

k
wiy Y1481y

Sugigét to satisfying the followlng constraiats:

k-1
X, , =X

1) "1}

k k

K
gy -1y Yy

(7.

(7.
(7.

(7.

(7.
(7.
(7.
(7;265»

(7.

19)

20)

21)

22)

23)

24)

25)

27)
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k

k
myy T2y (u(i—l)j . (7.28)
K —
Eiji?ij X4y (7.29)
k\ k- k
Eij —pij —Pij (7.30)

The problem now 1is that of maximizing (7.19) subject to
satisfying the constraints (7.20-7.30).
7.3 A Minimum Norm Forﬁulation -

N
The augmented cost functional, J, is obtained by adjoining to the

cost functional the equality coastraints (7.20-7.28) via Lagrange's
multipliers and the inequality constraints (7.29) and (7.30) via Kuhn-

Tucker multipliers. One thus obtains (48):

n
: m ] k k., k. k. k k K
JEL ] ()} ) (by,u, o 4d, Ty . Py a8
k=1  j=1 i=1 13 13 13 "13 713 ¥1y Y1371y

k k k k.2
Y +Y — 4 -
+ 1/6 ijtij ijnij. 1/4 d)

.
191711

LT T

Kk, k,_ k-1, Kk kK k
jo11s Pag (Pray *Rgy Mgy teen g Ty

)

k k . k2 k k
*ougy (-yij +(xij ) )+¢ij (-zij 11

!
k k ]k

k
+ wij (--rij +“13 xij

k-1,, k k k k
70,y Cugy tuyy (Mg 13 ))

k k k. k-1 k k kK, k Kk
* 845 (—gij +uij Yij )+Q1j (-tij uy (z(i-l)j fzij ))



k k k k k k k k k
r - +Vv - +
t Ty Gty Guggoyyy Uy ey Oy PRy YD )
k k 1k k — k k k k
—_ - 2
+ e1j (Eij xij )#—e1J (xiJ kij) 13 (Eij (gij -uij )
!
1k k = k '
£ 7.
+ 14 (uij 14 1] (7.31)
k k k k k k k k k
A ) Q r
where Ay 0, Myt byys bygs O4ys Sqy s gy Tyy o amd vy are
Lagrange's multipliers. These. are to be determined such that the
e k 1k |
corresponding equality constraints must be satlsfied, and eij , eij ;
gijk and Rijlk are Kuhn-Tucker multipliers. Théy are equal to zero if

the constraints are not violated and greater than zero 1if the

constraints are violated (32).

Now define the following column vectors such that (32)

4
4

m

b(k)'col.(bl(k),..;,...,bm(k)) . | (7.32)
» ) ) )
bl(k) col.(b11 ,...,...,bnll ) (7.33)
b_(k)=col.(b, © b5 | b
b S col.(b, ,...,...,,nmm - (7.34)
a(k)=col. (d, () v veyere,d (kD) E (7.35)
—‘d (k)=col.(d. X a 5 ' (7.36)
1 ‘ L] 11 ’...,...’ nll » v N L ]
d_(k)=col.(d, ® a * S .
n col.(d, seeeseedy g P B (7.?7)

‘
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f(k)‘col-(fl(k),...,...;fm(k))
- k ok
fl(k) col.(f11 ,...,...,fn 1 )
1
£ (K)=col.(£. 5, iuusiiye 1
m lm n_m
m
Y220l (Y, ,een,eee,Y )

1 o
Yl=col.(Y11,...,..., nll)
Ym=col.(Y1m,...',...,Yn o’
y(k)'col.(yl(k),...,...,ym(k))

k i -k
_yl(k) col.(y11 ""’7"’yn11 )

k k
ym(k) col.(ylm TS A )
r(k}‘cql.(rl(k),...,...,rm(k))

k

rL(k)-COI‘(rllk""""’rnll )
, k k
r;n(k)"col.(rlm ,...,...,Tnmm_)

(7.

(7.

(7

(7

(7

(7

(7

(7

(7

(7

.
(7.

(7.

O

38)

39)

.40)

L41)

.42)

.43)

.44)

.45)

.46)

47)

48)

49)

50)
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wl(k)-col.(w

g(k)-col.(gl(k),..
gl(k)'col.(gllk,..
gm(k)'col.(glmk,..

t(k)=col.(t, (k),..

k

tl(k)-col.(tll e

k

t (k)=col.(t yos
m im
n(k)'col.(gl(k),..
nl(k)'colf(nllk,..

. - k
nm(k) col.(nlm yoo

k
11 >

k
cyeee,W )
nll
k
E Rt )
m
.,...,gm(k)?
k
‘)"')gnll )
k
creeesB o )
m
.,...,tm(k))
k
.,...,cnll )
k
.,...,tn o )
m
) 1.
.,:..,nm(k)?
. *
k
.,.‘-’n )
nll
k
e gee ,nnm)
. m-

BCK)=CoLo (@, (K),neyene,m (k)
1 . m

oy K
. mlfk) col.(m1 peseseens® )

k
/>1

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

51)

52)

53)

S4)

55)

56)

57)

58)

59)

60)

61)

62)

63)
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m (k)=col.(m k,...,...,m k)
m 1m n m
m
A(k)'col.(Al(k),...,...,Am(k))
k . k
Al(k) col.(A11 ,...,...,An 1 )
1
A (k)=col.() k,...,...,x k)
m 1m n_m
© 'm
x(k)'col.(xl(k),...,...,xm(k))
i, k40 k
xl(k) COl'(Xll perhenex )
1
x (kK)=col-(x, %,.7.,eeurx  5y-
m lm ’ n_m
m
q(k)-col.(ql(k),.:.,...,qm(k))
- k- k
ql(k) COl'(qll ,...,...,qnll )
k k
qm(k)acol.(q1m ,...,...,d; a )
m
I(k)'col.(Il(k),...,...,Im(k))
‘ v
e N
Il(k) col.(I11 ...,...,In 1 )
- 1
k. k
Im(k) col.(Ilm ,...,...,In o )

(7.64)

(7.65)

(7.66)

(7.67)

(7.68)

(7.69)

(7.70)

(7.71).

(7.72)

(7.73)
(7.74)

(7.75)

(7.76)
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s(k?'col.(sl(k),...,
sl(k)'col.(sllk,...,
Bm(k)'col.(slmk,..,,
u(k)'col.(ul(k),...,
u, (K)=col. (uy |, .00,
um(k)'col.(ulmk,...,
u(k)'col.(ul(k),...,
ul(k)";col.(u11 yeses
ISR P
¢(k)‘col.(¢1(k),...,
¢;1(k)'col.(¢llk,f..

.

2

, _ .
¢m(k) col.(¢1m yeceye

 z()meol. (2, (k). vt

;..,zm(k))

A

(7.

(7.

(7.

- (7

(7

(7

(7.

(7

(7

(7.
(7.

(7.

77)

78)

79)

.80)

.81)

.82)

.83)

84)

.85)

.86)

87)

88)

89)
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zl(k)=C°l'(211k’f"’t"’znllk).
‘z;kk);col.(zlmk,.,.,...,zn mk)
m
w(k)’col.(wl(k)~--,---.¢m(k))
wl(k)=cal.(¢llk,...,...,wnllk)
wm(k)=col.(wlmk,...,...,wnmmk)

e(k)‘col.(el(k),...,...,em(k)

k
Ol(k) col.(e11 yeseyses,yd

- K
Bm(k) col.(elm yeesyeceyd

§(k)=col. (6. (K),yeenynen,d (K)
) 1 m

k

11 2t

Gl(k)'col.(é

k
.ém(k)’col.(dlm yeseyensyl

m

)

n m

Q(k)=col.(Q,(k)yeeeyeesyf (k))
1 _ m

-k
Ql(k)-col.(ﬂll' ,oo-,co-,ﬂ

n.1l )

1

k

(7

(7

7

(7

(7

(7

(7

(7.

7

(7.

(7.100)

(7.102)

.90)

.91)

.92)

-93)

.94)

.95)

.96)

97)

.98)

99)

~(7.101)
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k k
Qm(k)‘col.(nlm yeeeseee,it )
. m
1“(k)'col-(l‘l(k),...,-...,1"[]50()
k Sk
Fl(k)'col.(rll ,...,...,Tnll )
k , k
rm(k)‘col.(r1m ,...,...,Tn o )
. o

-

V(k)-col.(vl(k),.\.,...,Vm(k)
e

—

k
Vl(k)'col.(\)11 Jeeeganes nll')
k k
vm(k) col.(vlm , se-osVo o )
m
o Kee lk_, Kk
11 °1j 13 *
keg lk_g k
1} 13 13
h(k)‘col.(hl(k),...,...,h (k))
- ‘ k - k
‘hl(k) col.(h11 """"’hnll )
k k
hm(k) col.(hlm ,...,...,hnmm )

£ (k)=col.( F.l(k),...',..., & (k)

(7.103)
(7.104)
:
(7.105)
(7.106)
(7.107)

(7.108)

(7.109)

(7.110)

(7.111)

(7.112)

(7.113) .

(7.114)
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() k k .
= £
%(k) col.( [ 2orraes “il ) (7.115)
k k
g(k)acol.( Sm yeeeyean, gmm ) . (7.116)

Using the above definitions the cost functional 1n equation

* (7.31) becomes:

K .
Tl GObGOb (O u)+r (kd(k)d T (k) r (k)4 () £k £ (K)w (k)
k=1

N
J=E[

+ gT(k)YYTg(k)+l/l6 ;T(R)YYTt(k)+nT(k)YYTn(k)+l/16 mT(k)me(k)

+

26T ObO)AT () rO+2uT (k)b ) £ (k Yo (k )+2u L (k) b(k )y L g (k)

274 T (b)Y Te()+2uT OBy Talk)= 2/4 wT b)Y Tmli)

+

+

2rT () d () £ () wlk)+2r L (kA )Y g(k)+ 2/6 rh(k)d(k)y Te(k)

+

+

2eT (a0 Tak)- 2/4 £F(a00Y GO+ 000y g

+

2/4 T G £y 0)+26T () IOy Tak) = 276 wT GO £y M)
+ 2/9.gT(k)YyTt(k)+2gT(k)van(k)— 2/4 gT ()Y m(k)
e ‘ \ o '

’

+ 2/4 tT(k)YYTn(k)- 2/16 tT(k)fYTm(k)f 2/4 qr(k)YYTm(k)

+ 2200, 00RO (0 TR GO+ (04 TG0 R (k1)
/o

L
“f
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+ oT 08T (O AuCO+al (06 T fy (k14T (102 T (1) L2 (k)

+ e TaorToFuto+2 o oOquk)
f(z?<k)+AT<k)n—zdka(k;+nT<k)M)u(k>+<—¢T(k>z<k)
+ (—dedT(k)—wT(k))r(k)+(-2dka(k)—6¥k))Q(k)

+ (-2 T Ta)g0+(-1/2 % Tatreo

+ (=235 T-rTao)nao+(-1/2 a5 T Tk))amk)

C-uT () y(k)) + AT(k) (~x(k)+x(k=1))+h* (k) x(k=1)) ] (7.117)

+

Note that constant terms are dropped in the above equation.
Employing the discrete version of\{ntegration by parts, one

obtalns the following equation for the augmented cost functional.

J=E(x T R T (R Hx (KA T (R 2 (K)+ T KDy (K)

- xT(o)uT(o?ﬁx(O)euT(O)y(0)+AT(O)x(O) T
. K - ' o . o
o+ ] (X ILOXOHR(KIX(K))] - (.18)

k=1 ",

. where -
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xT<k)={xT<k—1>,yT<k—1>,zT<k>,rT(k),QT<k>,gT<k),£T<k),nT<k),
,m (k) ,ut () ] | (%.119)
RE GO = CAGO)=AGk=1) +h(k DT, =1 (k=1), - 6T (%), (-9k)-2a%a(x )T,
, (~e00-2°ck) T, (=2a* =), (012 a7,

, (-r0=2d"0T, (veo-172 a9 T, Ceooa™ ao-2d8v 00+ 0) T

(7.120)
{
where
Medlag.(M.peeo,one,M ) ‘ (7.121) )
1 m t
and Hl,...,Mm are lower triangular matrices whose elemenfs are glven
by :
(1 mii-—l ; 1'1,...,nj} =1, ,m -
(7.122)

(11) m(v+1)v'l ; v‘l,...,qj-l; j=1,...,m

and



.Ell(k) , L21(k)

O .. L (7am)
L21(k) . Lzz(k)
- d
., where \
Wae-DRE 0 o . 0 0
0 o 0o = ‘ w0
RAOL o o .0 0 0 (7.124)
0 0 0 a0 o0 (k)
‘ { & T T, ¥
0 0 0 £()A () EGOE (k)
0. .0 ©0 0 /20T (O
0 0 , 0 0 - 1/26T (0O .
Ly, (k) 0 0 0 0 1/2vT (17207 (0L
, aty® 178a00vT oyt -17aa00vT aosTaor/2ar aoF |
. y g |
T 1AEG0YT  £0OYTT S1/4£GO0YT £C0BT ()

(7.125)




le(k)=

Lzz(k)=

o

0

0

0

1726 GOR 1728000

T
YY
l/AYfT

T
YY

*l/éy#T’

b(k)fr

R

1/4YYT

1/16YYT
I/KY{T
-1/16YY'T

1/4b00)vT

0

0

ydT(k)
1/6vd (k)
vd (k)

~1/4vd (k)

U2y o baodT o+

#1/227G0OL  #1/207(OF

YYT

1/4YYT

T
YY

--lléyfT

b(k)YT

°L/4YYT

~1/16¥Y"

—1/4771
1/16YYT

“1/6b)Y

ﬂ
W)
YfT(k) ©

1747 £5 (k)
YfT(k)
176y EX(K)

B(K)E(K)

(7.126)

oI (k)
1/6¥bT (k)
o (k)
-1/4¥b (k)
(k)BT (k) +8 T (k) A+

+ ol )H
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It will be noticed that, J, in equation (7.118° is composed of a

boupdary part and a discrete integral part which are indepe&dent of

\
each other. To maximize J in equation (7.118) one maximizes the

boundary and the discrete integral parts separately (40).

A"

Max.J - Max.E [x L T () =A T (R) % (K) 4 L (KD y (K)

[x(K),y(K),X(k)]  [x(K),y(K)]

= xT0)uT(0)A(x(0)=uT(0)y(0)+A T (0)x(0) ]

K
+ Max] ) (XTOOLOKO)XKO)+RY ()X () ]
X(k)k=1

1f one defines the vector V(k) such that:
v(k) = L HOR®K) ‘
' (7,128)
then, the discrete integral part of equation (7.123) can be written as:

K .
=Max[ }  ((XCO)+ 1/2V(k)TL(k) (X(k)+1/2 V(X))
" k=1 -

Max.J2

X(k) X(k)

- 1/6 VIOOLIO)V(K) Y] (7.129)

0



Since it 1is desired to maximize J2 with respect to X(k), the

problem is equivalent to:

K

Max.J, = Max[ [ ((X(Go+ 1/2 V) TLOO) XU+ 172 V(k))) ] (7.130)
X (k) X (k) K71

because V(k) is independent of X(k). Equation (7.126) defines a norm,

one can write equation (7.126) as:

Max.J, = Max.E[|[XCk)+ 1/2 V() | | JLao) ¢7.131)

X(k) X(k)

7.4 The Optimal Solution
The condition of optimality for the problen formulatdd in
equation (7.127) is that the norm of this equation should be equal to

zZero . -
E[X(k) + 1/2 V(k)] = [0] (7.132)

Substituting from equation (7.124) into equation (7.118), one

obtains the following optimal equation
E[R(k)+2L(k)X(k)] = [0] (7.133)

The boundary part in eqution (7.123) 1s optimized when

-“



l E[’\(K)] = [0] (7.136)

E[u(K)] = 0] (7.135)

Equations (7.]34) and (7.135) give the ‘values of Lagrange's
‘mulcipliers at the last period studied.:
writing equation (7.133) explicitly and adding equations (7.20-

7.28), one obtains thes following optimal equatioas.

E(x (k) =A (k=19 #25 T(k=1Hx(k=1) +p T(OHu(k)+h(k)] = (0] (7.136)
E[~u(k-1)+6 L (I)(k)] = [0] (7.137)
v

\ E[-¢/k)¥ST(R)6u(k)+QT(k)f,u(k)1 = (0] (7.138)
Efey (k) ~2d%d(K)+2d (k)d T (k) £ (k)+2d (k) £ (k o (k)+2d(k )y Tg (k)

+ 1/2 a0y Te(k)+2d()y Tatid= 1/2 d(dy Tm(k)+2d (k)b (Duk)”

+ TT(OFuCk)] = (0] . | (7.139)

E[-6(k)=2dE(k)+2£ (k) (k) r(k)+2£ (k)£ T (K w (k)42 (k)y g (k)

+ 1/2]f(k)YTt(k)+2f(k5YTn(k)-l/2 f(k)vTQCk)+2f(k)bT(k)u(k)]’[0]

- (7.14.‘_0)



E[-6(k)-2a%v+27d ()t (k)+2YE X (k) w(i)+2vy T g(k)+ 1/2 Yy e(k)
T T T -
+ 2yYy n(k)-1/2yY "m(k)+2yb (k)u(k)] = [0] (7.141)
- 2
E[-20x)-1/2 d“v+1/2vaTGrCO+1/2y €100 @)+1/27yTg(k)+1/8v7 ¢ (k)
T T T :
+ 1/2yy n(k)-1/8 vy m(k)+1/2 vb (k)u(k)] = [0] (7.142)
E(~T(k)-2d5v+2va L)t (k)42 v £ () w(k)+2vy g (K)+1/2 vy t(k)

+ 2vyTa(k)=1/2 vy m(k)+2vd  (K)u(k)] = (0] (7.1A§5

[N
\

E(-v(k)-1/2 d“y=1/2 vd ()T (k)=1/2 ¥E (Rw()=1/2 vy g()=1/8 vy t(k)
- 1/2 YYT;I(-k)+1/8 YYTm(k)-l/ZY bT.(k)u(k)] = (0] (7.144)'
ELE OGO -205500+MThC)+ 9T GO Ce-1 )46 (O Ry (em1)

v T0G2 0+ (L2 ()+ (2600 O+ T (RIF) £(k)

+ 2000 ER(O)W)+2b(k )y Tg(k)+1/2 b(idy Tt (e)+2bCk )y Taio)

= 1/2 0oy TaG0+2b00bT (O u+20 T(0Auk)+20 T(ORUC) ] = [0]

~

(7.145)



E[-x(k)+x(k=1)+q(k)+Mu(k)] = [0]
E[-y(k)+xT(k)Hx(k)] = (0]
E{-z()+u’ (K)Hu(i)] = (0]
E[-r()+u (k) Hx(k-1)] = [0]
E[-w(k)+ul (k)Au(k)] = [0]
E[-g(k)+u  ()Hy(k-1)} = [0]
s[—t<k>4ui§k>fz<k)1 - (0]

E[-nCk)+r L (k)Fu(k)] = [0] *

E[-m(k)+z (k)Qu(k)] = [0]

According to Kuhn-Tucker theory,

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

(7.

equations must be satfisfied at the optimum (32), (48)

eijk(iij'xijk) =0

lk(x k_x ) =0

€13 ‘*13 *14

e ke k_ Ky o
C§y gy ey ) =0

146)

148)
149)
150) .
151)
152)
153)

154)

the following exclusion

(7.155)

(7.156)

(7.157)



1k k = k
£y Cugy ugy ) =0

One also has the’following limits on the variables

k

1f xij < Eij’ then
k

Iif xij >-£1j’ theg
k k

if uij <21j , then
k k

If u1j >uij s then

Equations (7.136-7.159)

completely specify the optimal solution for the system.

we

we

we

with equations (7. 1734)

put x

put/:(/I

put u

put u

k
13

k
3

1]
1]

=u

xij

k
13

k.~ k
=u

1]

-gives the main flow charge to solve these equations.

(7.158)

(7.159)

and (7.13%5)

Figure 7.1
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) CHAPTER VIII
CONCLUDING REMARKS
8.1 Conclusions

v
> In this thesis a functional analytic optimization technique 1is

applied to problems of optimal long-term operation of wultireservoir
hydfoeiectrig power systems. Here,('the minimum norm formulation 1is
emplibyed to find the optimum discharge that maximlizes the total
expé&ted ‘benefits from the systems under different water conditions

(thé' benefits from the generation and the water left in storage at the

end';éthe planning period). This investigation shows how the powerful

minithum norm formulation can be applied to complex problems of high

dimension.

“1¢ In chapter 2, the optimal long~terd operating problem of
multireservdir power sysgems haviug‘a linear sfﬁrage—eleyation curve
and 3> a constant water conversion factor is considered. The model used
fdﬁa'eacﬁ‘ reservoir (generating function) is a nonlinear stochdgtic

modél of the storage\and the discharge, and the equations obtained are

sto€hastic discrete equations. It should be noted that the results

obtained in this chapter correépond very closely to those obtained

using Dynamic Programming. .However, the CPU time required to find the

solution by the method presentéd in this is less by several

orders of magnitude than 'the CPU time required‘ Dynamic Programming. -

%
4
" Furthermore, no approximations are necessary in using the present
o » b

° aH

*

O o
metHod.
* For the 2E§IOelectric power é?;tems in which the water heads vary

A

. by @& considerable amohnt, the assumption of constant water conversion
> @
o : . R
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factors, 1s not true. In chapter 3 the optimal scheduling problems of
'mulcireservoir power systems having a linear storage-elevation curve
and a vafiable water conversion factor 1s considered. The model used
for this water conversion facto; is a linear model of tﬁe average
storage to avold underestimation in production f;; rising water levels
and overestimation for falling water levels, and the generating
fungtion for each reservoir is a nonlinear function of the stoéage and
the discharge. Numerical results are presented for a real system 1in
operaFion including up to six resrvoirs for .widely different water
| conditions. The proposed method 18 computationaly efficient compared

to previous techniques.

The " assumption of linear storage—elevation curves. and 1 ear
watér conversion facto:s nay yield a significant efrot in the storage
of some reservoirs, which may be greater than the minimum natural
inflow to these reservoirs. In chapter 4, the optimal écheduling
problems of multireservoir power systems having a nonlinear storage
elevation curve and nonlinear water conversion factors is . considered.
The nonlinearity in the gqst function in this chapter i% reduced to a
quadratic form by introdu;ing a set o6f pseudo-state variables. The

_ total benefits obtained using this model is greater, by a significant
amount, than thHosé obtained using a linear model for the %eservoir.

' In chapter 5 new optimal éﬁhations for‘scheduling the operation

of a multireservoir power syséﬁ under critical water cAnditions are

developéd. To meet all the tequiremehts during this period, we

maximize the géneratiou from the system during this period. In the

2 first part of this chapter the model used for the reservoir ;é



a nonlinear model of the average head and the discharge and the water
converslon factor in‘this case isiproportional to the head. But in the
second part we have used nonlinear storage curves opposed to the linear
models wused in the first.part. It will be noticed that -the -total
benefits have increased consiaerably due to the more exact model wused
here. The present wmodel 1n this section allows us to have the
continuity equation as a linear equation, this would not have been thé
case 1f we instead had represehted the ;torage as a quadratic funct;gn
of the head.

The generation given for the example 1s essentially constant
during the critical period.

In ¢ aégér 5, we maxiﬁize the generation from thd system during
the critica ter conditions. In this maximization, the ;equired load
on the system was not accounted for. In chapter 6 the solution of the
15hg-term,<optimal operating problem of a multireservoir power syétem

N : .
eith specified monthly generatipon is considered. Invthié chapter, we
minfﬁlze .the difference between the monthly generation and the monthly
specified load on the systégzk New optimal equations for scheduling the
oper#tion of th; system are developed. The model wused for each
reser;oir, is a ponlineaf stqchastic model, IWe define a set of pseudo-
state variables to cast the problem into a qﬁadratic problem.

In chapter 7, new optimal-equatioﬁs for optimizing the firm hydro

energy capability from multireservoir power systems are developed under

critical water conditions. The model used in this study is a nonlinear

‘model of the discharge and the average storagé, ve define a set of

pseudo-state variables to overcome these nonlinearities in the cost




functional.

An important aspect of the problems considered in this thesis 1is
the stochasticity of the river flows. We used the average values for
the random variables. Furthermore, the solution for the Kuhn-Tucker
multipliers when the variables violate the constraipts make the problem

converge to the optimal solution in a few iterations.

8.2 ;Euggestiods for Further Research

The minimum norm formulation employed in this investigation . has

demonstrated the capability of solving compex power system scheduling

problems. For example, the long-term optimal scheduling for realistic

systems having therma%e hydro and nuclear power plants may be possible
5
to solve using the same\iechnique.
It may be possible to solve the short—term optimal operating

problem for multireservoir power systems (hydroelectric system only)

daing the results obtalned from the long—term optimal operation for the

.

same system. In this study the losses ¢of the system minimized}ééing

v

the exact load flow model for the network under the constraint of the

availability ,0of the amount of water from the long-term study. - In the

shortfte_

)

'é%ﬁgy the time delay of water flow may be taken into account.
G

*>
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