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ABSTRACT

Switched magnetic field gradients, used in magns<tic resonance imaging and
in vivo spectroscopy, induce eddy currents in nearby conducting structures.
These eddy currents give rise to time-dependent magnetic fields which cause
troublesome artifacts. However, they can be suppressed by surrounding the
primary gradient coil with an appropriately designed shielding coil, thereby re-

ducing the inductive coupling with surrounding conductors.

Such a shielded coil can be designed using the so-called target field ap-
proach, recently outlined by Turner, whereby the current distribution on a cylin-
drical surface, which gives rise to a specific magnetic field profile, can be found.
This approach also enables cylindrical coils of minimum inductance to be de-
signed, this being important in achieving gradient pulses with short rise and fall
times. In this thesis, the target field approach is developed in detail.

A cylindrical shielded transverse gradient coil was constructed for an
animal-size magnet in the in vivo NMR facility located at the University of
Alberta Hospital. Conducting paths, which allow the required current distribu-
tion to be approximated, were milled in copper sheets which were then glued
on to cylindrical formers. The use of sheets milled to the desired shapes gives
rise to a coil of much lower electrical resistance than the use of discrete wires
whose diameter is equal to the thickness of the sheets, thus providing a larger

gradient for a given power dissipation. Details of the novel construction process

are deseribed.

The magnetic field distribution inside the shielded coil, was found to
correspond to a gradient which was uniform to within about 0.5% over a 10 cm
by 10 ¢ by 10 cmn cube. The maximum fringe field outside the shielded coil
was found to be between 2% and 5% of the maximum fringe field generated by



the primary coil alone. The AC resistance of the coil measured at 5 kHz is
considerably larger than the DC resistance, indicating that eddy curreats and

skin depth effects are important at this frequency.
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Chapter One

INTRODUCTION

Since its discovery in 1945, the phenomenon of nuclear magnetic resonance
(NMR) has been extensively applied in chemistry, physics and biology. However,
it was not until 1973 that it was widely appreciated that the proportionality of
NMR frequency to the strength of an applied static magnetic field enables the
cross sections of objects to be imaged by the application of a magnetic field
gradient (Lauterbur 1973, Mansfield and Grannell 1973). It was also realized
that these principles could be applied in medicine to produce cross sectional

images of the human body that show the spatial distribution of protons and

other magnetic nuclei.

The selection of a slice to be imaged involves the application of a pulsed
magnetic fleld gradient in a direction perpendicular to the slice. Moreover, the
most successful and widely used technique for forming an image of the slice,
namely the two-dimensional Fourier transform (2DFT) method (Kumar et al.
1975), requires the application of additional magnetic field gradient pulses, in
orthogonal directions within the slice. The time dependent magnetic fields asso-
ciated with the switching of such gradients induce eddy currents in conducting
structures surrounding the gradient coil. These induced eddy currents gener-
ate slowly decaying inhomogeneous magnetic fields which cause image artifacts

(Henkelman and Bronskill 1987, Robertson 1989).

Another important application of NMR in medicine is NMR spectroscopy
in which spectra are obtained from small regions of the human body. Volume
localization is achieved, in many cases, using magnetic field gradient pulses.

The associated eddy current fields have been found to cause spectral artifacts



(Ordidge and Cresshull 1986).

One way to compensate for the effect of the eddy currents is to modify
the shape of the current pulses fed to the gradient coils so as to cancel the
eddy current field in the sample space. It has been found in other laboratories
(Jehenson et al. 1990, Van Vaals and Bergman 1990) and in ours (Robertson
1989) that eddy currents do not always generate uniform gradients. However,
this problem can be overcome {Van Vaals and Bergman 1990), at the expense of
complexity, by feeding time dependent current pulses to the higher order shim
coils with which magnets are equipped in order to improve the homogeneity of
the magnetic field. Apart from the complexity, another disadvantage of the pulse
shaping approach is that the eddy currents remain in the conducting structures
of the magnet, and so does the associated Joule heating which can cause an .
increased boil-off rate of the cryogens. A possible disadvantage is that the
decay of the eddy currents may depend upon the level of the cryogens in the
superconducting magnet and, in that case, any compensation scheme would

require frequent adjustment to take account of changes in cryogen levels.

An entirely different approach is to prevent the eddy currents occurring
in the first place, by magnetically shielding the gradient ceil. This can be done-
by passing a current througk a suitably designed shielding coil which surrounds
the main gradient coil (Mansfield and Chapman 1986). Chapman et al. (1987)
and Turner et al. (1988) obtained NMR images of greatly improved quality by
using such shielded coils. Despite the loss of some sample volume taken up by
the shielding, the trend nowadays is for new magnetic resonance imaging (MRI)
and magnetic resonance spectroscopy (MRS) systems to be equipped with such

shielded gradient coils.

Until recently, longitudinal gradients, i.e., G, = 0B,/0z, where z is the

direction of the main magnetic field, were generated by Maxwell coils (Tanner

2



1965); orthogonal transverse gradients, G = 8B;/0z and G, = 8B./dy, were
generated by Golay (saddle) coils (Golay 1958). In an important development,
Turner (1988) showed how to design gradient coils which give a more uniform
gradient by distributing the current over the surface of a cylinder. Moreover,
such coils can be designed to possess the minimum inductance for a fixed coil

efficiency (gradient per unit current), this being important in achieving gradient

pulses with short rise and fall times.

The project described in this thesis is the design, construction and test-
ing of a cylindrical shielded transverse gradient coil of low inductance and low
electrical resistance for a 40 cm bore, 2.35 Tesla animal-size NMR imaging sys-
tem located at the University of Alberta Hospital. The low electrical resistance,
needed for small power dissipation, was achieved by cutting narrow grooves in
thick copper sheets, which were rolled to the appropriate radii. The locations
of the cuts followed a pattern provided by Turner (1989). The most important

part of the work was the development of a method of constructing such a coil.

Basic concepts of NMR and MRI are given in Chapter Two. The theory
of magnetic shielding of gradient coils is presented in Chapter Three. Design and
constn.ction of a shielded transverse gradient coil are described in Chapter Four.

Test results are presented and discussed in Chapter Five.



Chapter Two

BASIC CONCEPTS OF NMR AND NMR
IMAGING

The theory of NMR has been extensively treated in several excellent texts,
ranging from introductory {e.g. Farrar and Becker 1971) to very comprehen-
sive (Abragam 1961, Slichter 1978, Morris 1986). In this chapter, we briefly
review relevant aspects of the theory of NMR and then describe some basic

priaciples of MR1.

2.1 Nuclear magnetic moments and their behavior in a
magnetic field

Many nuclei are known to possess a magnetic moment g and an associated spin

angular momentum hI. The two quantities are related by
p =kl (2.1)

where v is the magnetogyric ratio which is different for different nuclei, and 4 is
Planck’s constant divided by 2.

In quantum mechanics, an isolated nucleus, placed in a magnetic field of
strength B, in a direction defined as z, has 2I 4+ 1 discrete energy levels given
by

E = —vhBgm; 7 (2.2)
where m; is the quantum number of the z component of the angular momentum
RI which takes the values I, I —1,...,—I. Transitions can be induced between

these levels by applying an rf magnetic field of angular frequency

wo = 7B (2.3)



directed at right angles to B,.
The equation of motion for the expectation value of the nuclear magnetic
moment < g >, which is exposed to a magnetic field B, is

d<u>
= =<E>x1B. (2.4)

In a static magnetic field B,, the expectation value of the magnetic moment
which is inclined at an angle @ relative to the magnetic field, precesses about

the direction of the field with a frequency given by

w, = —vB,. (2.5)

The interaction energy of the expectation value with the magnetic field increases
as the angle 8 increases from 0 to 7. This angle 6 can be changed by applying
an rf magnetic field perpendicular 1o B,.

The above behavior of the expectation value of a magnetic moment in a

magnetic field is identical to the behavior predicted by classical mechanics.
2.2 Classical description of NMR

In general, the complete treatment of a nuclear spin system requifes quantum
mechanics. If, however, the system contains only a group of identiczl spins, in
the absence of relaxation, the macroscopic magnetization obeys the equation
(Slichter 1978)

~— =M x+B (2.6)

where M is the sum of the nuclear magnetic moments per unit volume. In other
words, such a spin system obeys the classical equation of motion. Since most
spin systems studied in MRI fall into this category, and the classical description

is simple and intuitive, we shall present it here.



In the basic NMR experiment on nuclei with positive v, the nuclei are
exposed to a combination of a steady magnetic field B, and a magnetic field B,
which rotates in a counter-clockwise direction when viewed aleng the positive

z-axis. Thus one can write

B =B,+ B, (2.7)
where
B, = Bok (2.8)
and
B, = By(icoswt — Jsinwt) (2.9)

where w is the angular frequency of the rotating field. (For an NMR experiment.
on nuclei with negative <, the magnetic field B, must rotate in the opposite
_sense). To describe an NMR experiment, Eq. 2.6 is not complete, and relax-
ation effects must be considered. In order to include relaxation, Bloch et al.
(1946) assumed that both the longitudinal and transverse magnetizations relax
exponentially. The longitudinal component returns to the equilibrium static
magnetization Mp with a time constant called Ty, while the transverse compe-
nent of the magnetization decays back to its equilibrium value of zero with a

time constant called T. This leads to the so-called Bloch equations, namely,

dt T;
dl;fy = 'T(M;Bl coswt — MgBO) - %3 (2‘11)
2
M, — M
DL O Bysimut + M Broosut) - T (212)
: 1

To visualize the behavior of the magnetization M under the influence
of B, and B, more clearly, we introduce 2 rotating frame (z',3',2') whose z'-
axis coincides with the corresponding axis of the previous fixed frame, known

as the laboratory frame. The rotating frame rotates about its z'-axis at w, the



frequéncy of the rotating magnetic field B,, and in the same sense as B,, so
that, in this frame, B, is static. Since the axis of rotation coincides with the
direction of B,, B, will also be static in the rotating frame. If the z'-axis in the
rotating frame is taken along B,, Eq. 2.6 becomes

(&)

/ rot

(M xyB) — (w x M)
= MX7(B+£)
~

= Mx~y [k’ (Bo - %) + i’Bl]

= Mx "}’Bcff (2.13)

where
Bys=k (Bo - g) +i'B,. (2.14)

B.s; is known as the effective field because of the similarity between Egs. 2.6
and 2.13.

Eq. 2.13 indicates that, in the rotating frame, the magnetization pre-
cesses about a time-independent field B.ss with an angular frequency vB.y;.
At resonance, w is equal to 7By, and the effective field is given by

Be; = i'B,. (2.15)

The magnetization now precesses with an angular frequency vB, about B, in
the rotating frame. If the magnetization is initially parallel to the static field
B, as will be the case for spins in equilibrium with the lattice, it will precess

in the y'-z’ plane of the rctating frame, always remaining perpendicular to B,.

I B, is applied as 2 rectangular pulse of duration t,, the magnetization

will precess through an angle
9 = ‘TB]_tp (2.16)

ac shown in Figure 2.1a. If £, is chosen such that § = 7/2, the magnetization will
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Figure 2.1: Precession of the nuclear magnetization M (for v > 0) in the rotating

frame about an “on-resonance” B, field through an angle (in radians) of (2} 6,

(b) /2 and (c) 7. The primes here refer to the rotating frame.



be turned from the z’-axis to the y’-axis as shown in Figure 2.1b. Such a pulse is
referred to as a “90° pulse”. If # = 7, the magnetization is inverted so as to be
antiparallel to the static field B, as shown in Figure 2.1¢c. Such a pulse is referred
to as a “180° pulse”. After a 90° pulse, the magnetization remains stationary
in the rotating frame in the absence of relaxation. However, because of the
longitudinal and transverse relaxation processes, the magnetization will relax
towards its equilibrium value of M. After a 180° pulse, only the longitudinal

relaxation occurs, causing the magnetization to relax from — M, back along the

z-axis to M,.

If the frequency of B, is not equal to the resonance frequency 4By, a situ-
ation called off-resonance, the magnetization will precess about B,y which is no
longer along the z’-axis of the rotating frame (see Eq. 2.14). In this case, inver-
sion of the magnetization can never be achieved. Moreover, a pulse which would
cause a 90° rotation if “on-resonance” will, if applied “off-resonance”, leave some
longitudinal magnetization, thereby creating smaller transverse magnetization.
While it is possible to adjust an “off-resonance” pulse to rotate the z magneti-

zation through 90°, it will no longer be directed along the y’-axis.
2.3 Detection of NMR signals

In an NMR spectrometer, the rf magnetic field that excites the spins is generated
by applying an rf voltage to a transmitter coil, which is wound in such a way
that the rf field is perpendicular to B,. That generates a linearly polarized rf
field which can be decomposed into two contra-rotating components of equal
amplitude. The component which rotates in the same sense as the precessing
nuclear magnetic moments is the B, referred to in Eq. 2.9. It generates a
rotating transverse magnetization, whereas the other rotating component may

be neglected near resonance.



The rotating transverse magnetization induces an rf voltage in a so-called
receiver coil which is wound with its axis perpendicular to B,. This voltage
is subsequently amplified and detected. Because of relaxation, the rotating
magnetization decays to zero and so therefore does the rf voltage induced in the
coil. This decaying rf voltage is called a free induction decay (FID). In many

cases, the same coil serves as both the transmitter and receiver coil.

For practical reasons, the high frequency component of the rf signal is
usually removed by phase-sensitive detection in which the rf signal is, in essence,
multiplied by a reference signal whose frequency is normally the frequency of
the pulse that excites the spins. The resulting signal has two components with
frequencies equal to the sum and difference of the rf signal frequency and the
reference frequency. A low-pass filter then filters out the high frequency com-
ponent. By using two phase-sensitive detectors with reference signals differing
in phase by 90°, one can distinguish signal frequencies which are higher than
the reference frequency, from those which are lower. The use of such phase-
sensitive detection is equivalent to observing the motion of the magnetization
from a frame rotating at the frequency of the reference signal, instead of from

the laboratory frame.

Fourier transformation of the detected FID converts it into a frequency

spectrum. Provided the duration of the pulse satisfies the condition
t, < (Av)™ (2.17)

where Av is the width of the NMR spectrum, the Fourier transform of the FID
corresponds to the spectrum obtained in a continuous wave (cw) experiment
(Slichter 1978) in which a weak rf magnetic feld is continuously applied while
the frequency or the main magnetic field is swept through the resonance region.

Eq. 2.17 implies that the whole spectrum is uniformly excited.
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2.4 Spin-echo techniques

If the main magnetic field is perfectly homogeneous, the transverse magnetiza-
tion decays with a time constant T3, and so therefore does the corresponding
FiD. If the magnetic field is not perfectly homogeneous, nuclear spins in dif-
ferent regions of the sample experience different values of the field, and hence
precess at different frequencies. This results in a dephasing of the spins, so that
the resultant transverse magnetization decays more rapidly to zero. In many
cases, the decay is roughly exponential and the decay time is then given the

symbol T;. In that case, one can write

1 1 1
—_— ==t = 2
T‘z- T!z 21&30 (....18)

where AB, is a measure of the spread in the static field over the sample. For
nuclei in liquids and gases, the field inhomogeneity usually largely determines
the decay of the transverse magnetization. Hahn (1950), however, discovered
that the intrinsic decay of the transverse magnetization, with its time constant

T, can be observed in the presence of an inhomogeneous magnetic field by the

so-called spin-echo technique.

In a typical spin-echo pulse sequence, 2 90° pulse is applied, followed at
a time 7 later by a 180° pulse (the so-called 90°-7-180° sequence), as shown in
Figure 2.2. Following the 90° pulse, spins experiencing different values of the
magnetic field are dephasing, spins with a Jower precession frequency lagging
behind those with a higher one and vice verse. At 2 time ¢ = r, applying a 180°
pulse rotates all the spins so that the spins with a lower precession frequency are
now an equal amount ahead of those with a higher one. It follows that all the
spins come in phase again at a time ¢ = 2 and form a transverse magnetization
with an amplitude governed only by the decay with the characteristic time T3.
The signal generated is called a spin echo. If the 180° pﬁlse is in phase with the

12



n/2 pulsealong x'  w pulse alongy’
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Figure 2.2: A spin-echo experiment. A 90° pulse along the z'-axis rotates the
magnetization to the y'-axis. The signal arising from this magnetization decays
with a characteristic time T3. At time 7, a 180° pulse is applied along the
y'-axis causing the magnetization to refocus at time 27. The magnetization at
9r is reduced from its initial value of My because of T3 processes which are not

reversed by the 180° pulse
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90° pulse, the spin echo is inverted as compared with the FID. If the phase of
the 180° pulse is shifted by 90° relativa to the 90° pulse, the spin echo is of the
same sign as the FID. The spin echo produced by a 90°-r-180° sequence can
be considered as two “back to back” free induction decays with their maximum
amplitudes at a time ¢ = 27 after the 90° pulse, as shown in Figure 2.2, In this

figure, it has been assumed that the phase of the 180° pulse is shifted by 90°
relative to the 90° pulse.

Spin-echo techaiques were originally developed for measuring spin-spin
relaxation times T,. Now they are widely used in high-resolution NMR spec-

troscopy and in magnetic resonance imaging.
2.5 NMR imaging

Since NMR imaging was initially proposed in the early 1970s, many imaging
methods, such as point, line, planar, and three-dimensional imaging, have been
reported. In recent years, two-dimensional Fourier imaging (Kumar et al. 1975)
has been widely used and adopted in most commercial imaging systems, and so

we shall confine ourselves to describing this technique.

As we have seen, the NMR frequency is proportional to the applied static

. _magnetic field. If this static field has a known space dependence, one is able

to obtain information about the spatial dependence of nuclear spin density and
other NMR parameters, such as relaxation times, from the frequency domain
representation of the NMR signal. A spatial dependence of the magnetic field
can be achieved by superimposing a uniform magnetic field gradient G = VB,
on the static magnetic field so that the z component of the total field is given
by

B(r)=By+G-r. (2.19)

13



(The transverse components of the gradient field, B:(r) and B,(r) are unim-
portant since they are perpendicular to the large main field By, which is in the
longitudinal, z, direction.)

For two-dimensional imaging, it is necessary to isolate a slice of the ob-
ject to be imaged. This can be achieved by applying 2 uniform magnetic field
gradient in a direction perpendicular to the slice, say the 2 direction, and then
using a so-called selective 90° rf pulse which rotates all spins, whose resonance
frequencies lie in a narrow frequency range Aw, through 90°, but does not ex-
cite those outside that range. That is, the frequency profile of the pulse has
the shape of a top hat. Therefore, in the presence of a uniform magnetic field

gradient G,, the spins which are excited iie in a plane of thickness

Aw
Az = . '
z ~G. (2.20)
normal to the z-axis and centered at
w— By
_-_— 2.21
2= 221 221)

where w is the frequency of the rf field.

It is known from Fourier transform theory (e.g. Brigham 1974) that a
top hat function in the frequency domain corresponds in the time domain to a
sinc function which extends out to infinity. Time limited pulses are obviously
requirzd in practice. One possibility is to use a gaussian modulated rf pulse,
which gives a gaussian profile in the frequency domain (Brigham 1974), and
hence in space. A pulse which is closer to theideal top hat shape;is a sinc function
in the time domain multiplied by a gaussian function (Hutchison et al. 1978).
The Fourier transform of this is a gaussian convoluted with a top hat function.
Although an ideal 90° selective pulse in the presence of a uniform magnetic field
gradient will rotate 2ll spins in a slice normal to the field gradient from the

z-axis into the z-y plane, the excited spins accumulate different phases at the

14



end of the slice selection (Morris 1986). However, since the phase distribution
is almost proportional to the z coordinate, the problem can be largely overcome
by reversing the direction of the z gradient immediately after the rf magnetic
fleld is switched off, and leaving the reversed gradient on just long enough for

the spins to refocus (Hoult 1979).

After slice selection has been achieved, the location of spins within the
slice is encoded into the NMR signal by employing two orthogonal gradients
which are perpendicular to the gradient used for the slice selection. If the slice
is perpendicular to the z direction, then a gradient G. in the x direction, say,
can be used 10 encode z positional information into the frequency of the NMR
signal and a gradient G, in the y direction can be used to encode y positional
information into the phase of the signal.

The frequency encoding in the z direction can, in principle, be achieved
by applying only one z gradient pulse and recording the time domain signal
during the puise. However, dephasing of spins during the finite rise time of
the gradient pulse causes serious loss of signal. To overcome this problem, two
z gradient pulses are used as shown in Figure 2.3, in combination with the
spin-echo techniques discussed in Section 2.4. The first z gradient pulse, called
the read compensation gradient pulse, causes the spins to dephase. After the
gradient is switched off, a non-selective 180° rf pulse is applied, followed by a
second z gradient pulse, the so-called read gradient pulse, which has the same
polarity as the first. This causes the spins to rephase and a spin echo to form at a
time when the time integral of the read gradient pulse is equal to that of the read
compensation gradient pulse. The spin echo can be adjusted to form at a time
well after the rise time of the read gradient pulse by choosing an appropriate
strength and duration of the read compensation gradient pulse, so that the echo

is formed in a constant field gradient. Another important requirement is that
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Figure 2.3: A pulse sequence for two-dimensional Fourier imaging

16



the echo is formed at the same time 27 at which the echo is formed in the
absence of gradient pulses. This ensures that there is no loss of signal due to an

inhomogeneity of the main magnetic field in the y direction.

The strength of the read gradient must be such that the separation of
adjacent channels in the frequency domain, corresponding to the desired spatial
resolution, must be greater than the spectral width associated with the field
inhomogeneity. The rate at which the echo is sampled must satisfy the Nyquist
condition, namely that the dwell time, At, be given by

w

Al € ————
TG:.-xmar

(2.22)

where z,,.- is the extent of the slice in the z direction. The total acquisition
time is then n Af, where n is the number of channels in the frequency space.

Fourier transformation of the acquired data gives a projection of the slice onto

the z-axis.

To obtain a two-dimensional image, a phase-encoding gradient of ampli-
tude G, and duration 7, is applied in the y direction between the 90° rf pulse
and the spin echo, as shown in Figure 2.3. Its effect is to introduce a phase shift,
+Gy4yiTy, to the signal from the spins in the slice whose y coordinate is y;. That
is, the y directional information is encoded into the phase of the echo signal. By
incrementing the amplitude of the y gradient pulse by a small constant amount
several times, and repeating the imaging sequence for each increment, a two-
dimensional image can be obtained by two-dimensional Fourier transformation
of the resulting time domain signal. The required increment in the amplitude
of the y gradient is governed according to the Nyquist condition by the extent
of the slice in the y direction. The number of increments is determined by the

desired resolution in the y direction.
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Chapter Three

THE THEORY OF MAGNETIC SHIELDING
OF GRADIENT COILS IN MRI

To prevent eddy currents from being induced in the conducting structure of
an NMR magnet by switched magnetic field gradients, it is necessary to use
magnetic shielding so that the magnetic field generated by the gradient coil
is essentially zero everywhere outside the coil (Mansfield and Chapmar 1986).
This can be achieved by surrounding the coil with a conducting shell of suffi-
cient thickness, provided the current in the gradient coil does not possess 2 DC
component. This is called passive shielding (Turner and Bowley 1986). Since
this thesis deals with the construction of a gradient coil that will receive cur-
rent pulses which do have 2 DC component, we shall confine our discussion to
so-called active shielding, in which the shielding is achieved by passing a time'.”‘ll;;:
dependent current through an appropriately designed coil wound outside the

gradient coil. Also, because of the cylindrical geometry of the magnet in which
our coil will be installed, we shall be discussing a shielded gradient coil consisting

of two coaxial cylinders.

In this chapter, we shall derive theoretical expressions for the magnetic
field generated by a current distributed on the surface of a cylinder. These ex-
pressions are then applied to the design of cylindrical coils by the target field
approach (Turner 1986) in which the current distribution on the surface of a
eylinder, which generates a specified field profile, is determined. An important
property of a gradient coil is its inductance since this, together with its resis-
tance, determines the rise and fall times of the gradient pulses. We therefore

derive expressions for the inductance of a cylindrical coil and the condition for its
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minimization. This enables expressions for the current distribution in shielded
transverse and longitudinal gradient coils to be derived. The presentation is
based on the theory briefly outlined by Turner and Bowley (1986) and Turner
(1986, 1988). Attention is drawn to two errors in the expressions presented by

these workers.

3.1 The magnetic field generated by a current distributed
on the surface of a cylinder

In the following derivation we assume that the frequency of the current is suf-
ficiently low so that displacement currents may be ignored. This assumption
is reasonable because the switching rate of the magnetic field gradient in MRI

experiments is of the order of a kiloHertz or less.

We shall consider the current confined to the surface of a cylinder, and
use a cylindrical coordinate system in which the z-axis coincides with the axis
of the cylinder. The coordinates of a point in space (p, ¢, z) are thus related to

its cartesian coordinates (z, y, z) by

p = 2 +y?
tang = 2 (3.1)
z
z = 2.

We suppose that a surface current of density J(r'} which vanishes at
infinity flows on the surface of a cylinder of infinite length and of radius ¢, and
that there is no current flowing in the radial direction. The contribution of the
current flowing in an area a d¢’ dz’ near a point (a, ¢’, 2’) to the vector potential
A(r) at a point (p, ¢, 2) is given by

o J(r)adg'dz’ -

dA(r) = ] (3.2)
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where

r = pcosdi+ psingg +zk

!

r = acos¢’ i+ asing’ j+ z'k.

The three components of dA(r) are given by
po Jor(*')sin(é — ¢") adg’ d=’

dA,(r) = e |1"—~1"| (3.3)
i) = ROt
da(r) =. Podz(r)adé’ds (3.5)

4r  |r — 1|
The components of the vector potential A(r), caused by the surface current
of density J(r’) which vanishes at infinity, are therefore given by (Morse and
Feshbach 1953a)

ar) = L2 [ agsinte-¢) [ d'J"'("?' (36)
As(r) = ‘;—"‘5 dg'cos(d — &) [ dz 'ljéf'jl (3.7)
A(r) = @ / d¢ j d’i‘f’r),l. (3.8)

To derive the required expression for the current distribution, it is im-
portant to use the Green's function (Jackson 1962)

1
v — |

= - E j dk e™®=¢Y cos k(z — 2') In(kp<) Km(kps) (3.9)

where I,(z) and Kn(z) are the mth order modified Bessel functions of the first
and the second kinds, respectively, and p. is the smaller of p and a, while p,, is
the larger of the two quantities. If the trigonometrical function cos k(z — z') is

expressed in terms of exponential functions, Eq. 3.9 can be written as

1 U F
= = im(¢—¢’) Jik(z—3z")
P m_z_m [ dk e NeH N (p YK (kp5)
+‘ / dk ™) =M= L (kp ) Kom(kps).
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By replacing k& by —s in the second integral of the above equation, one obtains

1 L& e ]
= T n | ke e (o ) Ko (kp)
1 & e N
-= Z -/; ds et‘m(é—é )els(z-z )Im(—SP<)Km(—sp>)
* m=-co
or
! S im(e—o') jik(=2') -
lr — 7] = _Z ,/ dke In(|klp ) K (15]05)

m=

Ly f ds e == (|s]p<)Kmlslp>) (3.10)

T m==00

where |s| and [k| are the absolute values of s and k. In obtaining Eq. 3.10, we
have used the identity

b 3
/ Flz)dz = — /;, F(z)dz (3.11)
and the fact that k and —s are always positive. Changing the integration variable

s in the second integral of Eq. 3.10 back to k, one obtains

1 ) o
rrer IR I BBl a g ACIRER(TS
+2 3 f dk &m=$1H=V L ((|p ) Kn(K1p5)

which is identical to

1
|r — /|

1 & im{g=0') 1k{z=2'
=5 L | keI (ko) Kn(lkles).  (312)

m==00

It should be pointed out that Eq. 3.12 is not the same as Eq. 6 in Turner
and Bowley’s article (1986) which reads

1

R

f dk ™M= (ko VKn(kps).  (3.13)

m==—00
In their expression, the arguments of the modified Bessel functions, namely kp<
and kps, are not always positive, which is incorrect according to our derivation

of Eq. 3.12.
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It is useful to define the Fourier transforms of the components of J(r')

as follows (Turner and Bowley 1986)

Trk) = 31-.; / " gl emime f ¥ d Jo(a, ¢’y 2= (3.14)
1 ,
iy = o= dé’ -ime _[ dz' Ju(a, &, 2')e (3.15)
so that the inverse Fourier transforms are
A T :md' ikz'
Jola,é,2) = 27r j dk J7(k)e (3.16)
ot 1 m imo’ |k-
Jo(a, ) = = Z j dk J™(k)e . (3.17)

By substituting Eq. 3.12 into Eqs. 3.6, 3.7 and 3.8, and using the definitions 3.14
and 3.15, one finds that the components of A inside the cylinder (p < a) are

A(r) = B2 55 [T G Ip(k)em e (Lms(Hlp) Kmea(l]a)

4w __m

- m"ll(lklp)rfmﬂuwa)] (3.18)
ar) = B2 5 7 dkapryens & (L (1Flp) K ([Fla)

+I:+f(71lp)xm+1(1k|an (319)
4.(0) = E2 z j dk JT(k)e™ % I, (|k10) Kom (k] ). (3.20)

One can write similar expressions for the components of A outside the cylinder

(p > a) by exchanging the positions of p and a in the integrands in Eqgs. 3.18 to
3.20.

In order to obtain the expression for the magnetic field B, we use Eqgs. 3.16
and 3.17 to derive an important relation between JI'(k) and J'(k). In the

absence of charge accumulation, the equation of continuity states
V'-J@#') =0. (3.21)

If the current flows only on the surface of a cylinder of radius a, Eq. 3.21 can

be written as
1 aJé- aJ
a a¢'

=0. (3.22)
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Substituting Eqs. 3.16 and 3.17 into Eq. 3.22 yields

r,., > f dk [—J?(R)HJ”‘(FG)] e =0, (3.23)

“ m==co

For Eq. 3.23 to be true, the sum of the two terms in the square brackets must

vanish for «uch value of m. That is, J3'(k) and J*(k) are related as follows .

Jm(k) = —-%J;“(k). (3.24)

By taking the curl of the vector potential A and using Eq. 3.24 and the

recurrence relations for moditied Bessel functions, namely

Inoy(z) = I:,,(z)+§m(x) (3.25)
Lnsi(z) = In(z) = =In(2) (3.26)
Kn-i(z) = Kn(z) = =Kn(2) (3.27)
Knp(z) = -K:,,(z)+§xm(z) (3.28)

where I’ (z) and K] (z) are respectively derivatives of In(z) and K,,(z) with
respect to z, the components of the magnetic field B inside the cylinder can be

written as follows

B,(r) = “‘0“ z j kdk JP(R)ems e I (kK (Jkla)  (5.29)

By(r) = g;‘;m_ f dkJg‘(k)e""%"“mIm(]kIp)K’ (Ikla) (3.30)
B,(r) = ‘”°“ Z f’ k| dk T2 (k)e™ e L, (|10 KL (kla).  (3.31)

Again, exchanging the positions of p and a in the integrands yields the compo-
nents of B outside the cylinder.

3.2 Magnetic shielding of cylindrical coils

The current confined to the surface of a cylinder of radius a produces a magaetic
field both inside and outside the cylinder. To reduce the magnetic field to zero at
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a finite radius outside the cylinder, let us introduce a second current of density
(b, ", z""), which is confined to the surface of a cylinder of infinite length and
of radius b, where b > a. According to the result obtained in Section 3.1, the
components of the magnetic field B outside the cylinder of radius b, generated

by the currents on the surfaces of both cylinders, can be written as

B(r) = 42 _Z [ kak [agz(e) L (lkle)

+b?;’*(_;f kb)] ms ks K (ko) (3.32)
Bur) = —35 3 / gk (272 () (lRle)

+612‘(k)f' (|k|B)] ™4™ (|| o) (3.33)
B.(r) = m;m j Ikl dk [aJ3 (k)T (|kla)

+ b7 (k)L (|K[B)] €™ Kon([K|) (3:34)

where J3'(k) is given by Eq. 3.14, and j7'(k) is defined similarly as
.m _ l T o —imd" [ gu "o ik =
gy = o [ dgreme [~ da joulh 8", e (8.35)

It can be seen from Egs. 3.32, 3.33 and 3.34 that for the magnetic field

everywhere ouiside the larger cylinder to be zero, it is required that
aJg (k)L (Ikle) + 555 (R} (|k[b) = O (3.36)
for all m, which leads to

(k) = b = Em:)) TP (k). (3.37)

Using Eqs. 3.24 and 3.37 one obtains a relation between the Fourier transforms
of J+(a, ¢',z') and j.«(b, ¢",2"), namely

oI (|k|a)

jo(k) = “W-ﬁ“ (%) (3.38)
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where J7'(k} is given by Eq. 3.15, and j7*(k) is defined as

. 1 " _—imd'" [ AP T T
e =o dqo é/ dz" jun(b, 8", 2")e %", (3.39)

27

Eqgs. 3.37 and 3.38 can be used to find the current distribution on the outer cylin-
der that will magnetically shield a coaxial cylindrical coil of smaller diameter

which carries a current of known distribution.

Using Eqgs. 3.29 to 3.31 and Eq. 3.37, the components of the magnetic
field inside the shielded coil are found to be

Bp(‘r) — z#oa Z / kdk J¢ (k)e"né tkz

-

m(lé,a,b) L, ) (3.40)

.. _Hoa im gikz

By(r) = -‘pm--m f g T (e ¢ gik
S (%], @, b)Im (IkIP) K. (|kla) (3.41)

B.(r) = ‘f?fm_z_j f k| dk J7(k)eimS e
Su(|kl, &, D) I ([k|p) K (|K]a) (3.42)

where

. I(kHa)KL(kE)
Sl a:0) = 1= 3 (RB)RL ([Fla)

(3.43)

It can be seen that if the factor S,(|k|, ¢, b) is set to unity, Egs. 3.40, 3.41
and 3.42 become Eqgs. 3.29, 3.30 and 3.31,respectively. Since the radius b is as-
sumed to be greater than the radius a, both I} (|kla)/I}.(|k|b) and K] (|k|a)/ K, (]k|b)
are less than one. Also, since I, (|k|a)/I.,(|k|b) and K,(lk|a)/ K, (|k|b) are pos-
itive, the factor S,(|k|, ¢,b) falls between 0 and 1. Therefore, shielding a coil,
while maintaining the same current distribution in it, reduces the magnetic field
inside it. This is reasonable because the magnetic field generated by the cur-
rent in the inner or primary coil is partially cancelled by that generated by the

current in the outer or shielding coil. (We use the term primary and shielding,
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respectively, when referring to the inner and outer coils. We use shielded when

referring to the pair connected together.)

The factor S (||, a, b) varies with b for fixed k and a. If b is equal to a,
i.e. the shielding coil coincides with the primary coil, Sm(|k|, a,b) becomes zero
and the magnetic field vanishes everywhere in space. In this case, from Eqs.3.37
and 3.38 we know that the required current in the shielding coil has the same
distribution as the current in the primary coil, but flows in the opposite sense.
If one lets b go to infinity, which is equivalent to removal of the shielding coil,
then Sn(|k|,a,b) goes to unity, j(b, ¢”, ") becomes zero, and the magnetic field
given by Eqgs. 3.40, 3.41 and 3.42 is identical to that pro.duced by the current in

the primary coil as expccted.
3.3 Minimization of the inductance of a cylindrical coil

In many MRI experiments, it is necessary to switch magretic field gradients
rapidly. The rise and fall times of a magnetic field gradient pulse depends on the
ratio of the inductance L to the resistance R of the gradient coil which generates
the gradient. Since R must be kept small to ease power supply requirement, the

coil should have a low inductance.

In this section, analytical expressions for the inductances of unshielded
and shielded coils will be derived. The optimal current density distribution,
which minimizes the inductance of a coil and generates a desired magnetic field

profile in a certain region, will then be found using the method of variation.
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3.3.1 Inductance of an unshielded coil

The magnetic energy E due to a current of density J(p, ¢,z) is given by

=:[a-Ta (3.44)

where A is the vector potential, and the integration is over entire space. For
a cylindrical coil where the current is confined to the surface of a cylinder of

radius a, Eq. 3.44 reduces to

E = %/:d¢'/_:adzA(a,¢,z)-J(a,¢5,z)

1 T [s ]
= 5 f ds j_ _adz(Aeds + 4,7.). (3.45)

A

On the other hand, for a coil of inductance L, the magnetic energy due to a

total current I flowing into the coil is given by
1.
E= ELI . . (3.46)

By equating the right sides of Eqs. 3.45 and 3.46, the inductance of a cylindrical
coil of radius ¢ is found to be given by

1 ” =)
=5 [ ]_ _ads(Asds + ALTL). (3.47)

Using Eqgs. 3.16, 3.17, 3.19, 3.20 and the recurrence relations for modified Bessel
functions, Eqgs. 3.25 to 3.28, Eq. 3.47 becomes

O I IAICEYAG

m=-00""

_ _F002
L = I?

2

[RL k) + ol a1l

poa’

+ B2 5 [ Gk S (R (Ha) Kn((Ela).  (3.98)

m=—0o0

In deriving Eq. 3.48, use has also been made of the relations

d¢ ei(m+m')¢ - 2176"1,'_’“

-t

/ T dz R = ons(k 4 k)
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where b —m is equal to unity when m’ = —m and is zero otherwise, and §(&' +
k) is the é-function. By definition, Jg ™(—k) and J7™(—k) are the complex
conjugates of JI'(k) and JI*(k), respectively. Moreover, J7(k) and J*(k) are
related by Eq. 3.24. Therefore, Eq. 3.48 can be simplified and becomes

a? & e ,
L=-52 5 [ kiR (kK n(kle). (3.49)
Turner's expression for the inductance of a cylindrical coil, namely
L=-£2 5 [° kPP ka K (ke), (3.50)
g e Y P

differs from our expression in not taking the modulus of & in the Bessel functions.
However, the modulus must be taken in order to evaluate K, in the expression
for L. Eq. 3.49 can be used to compute the inductance of any coil formed by
winding a wire on the surface of a cylinder, if the configuration of the wire is

known.

3.3.2 Inductance of a shielded coil

Consider a cylindrical shielded coil, consisting of a primary cylindrical coil of
radius a surrounded by a coaxial cylindrical shielding coil of radius b. We assume
that the same current I flows into each coil. Using Eq. 3.47, the inductance of

the shielded coil can be written as

L = % /:, dé f_ :, dz [A%(a, 6,2) + A3(e, 4, 2)| Jo(a, $,2)
+ % e d¢ /_co dz [AZ(G': o, z) + A;(a, o, z)] Jz(a, ¢’z)
+ % _: dp [ Z dz (456, 6,2) + A3(b, 6:2)] jalb, $,2)
b ) ‘
v [ a8 [ delAr(b6,2) + A2 6,2 iulb8,2)  (351)

where we have used AP and A®, respectively, to denote the vector potentials due

to the currents in the primary and shielding coils. By regrouping terms on the
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right hand side, Eq. 3.51 can be written as
L = -}; f_:adq‘) /_:dz [45(a, 6,2)5 + A2(a, 6,2):]
+% [ vds [ dz (43066, 2)is + 43(6,6,2)i]
}2- ad<pj dz [A3(a, 6, )5 + Al(a, 6, 2)J.]
+F j_ bde /_ ; dz [A2(5,6,2)js + A2(6,6,2)i.) . (3.52)

The first two terms on the right hand side of Eq. 3.52 are, respectively,
the self inductances of the primary and shielding coils, L, and L, say, which can

be written as

b = M _E_f dk |JZ (K) L, (1Fla) K (| kla) (3.53)
= e A TP
L= =5 m;m,/ dk |3 (R [I,’,,(lk]b)] L. (|kIB) K, (1k[b) (3.54)

using Eqs. 3.37 and 3.49. The last two terms on the right hand side of Eq. 3.52
are caused by coupling between the two coils. Using the method by which
Eq. 3.49 was derived, one finds that these two terms can be expressed in the

form

2[100.

[ arzor | FEE nmren. o)

m==-o0
It can be seen that this expression is equal to —2L,, so that the inductance of
the complete shielded coil is given by

L = L,-L,

#ua

S [ ARSIk, o, DI M) Ka(kle) (3.56)

where Sn(|k|, a,b) is given by Eq. 3.43. Thus, the inductance of the shielded
coil is reduced because of the factor S,,(lk|, a, b) as compared to the inductance
of the unshielded coil. As was shown earlier, the magnetic field in the shielded
coil is similarly reduced by the presence of Sn(|k{,¢,d) in Egs. 3.40 to 3.42.
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We note that the current distribution involved in the expressions for the
magnetic field and inductance corresponds to closed loops on the surface of
a cylinder, since they are based on Eq. 3.22. The problem of approximating a
theoretical closed loop current distribution by a current flowing in series through

several discrete paths which are not strictly closed, is discussed in Section 4.1.2.

3.3.3 Minimization of the inductance of a cylindrical coil

It remains to find the current density distribution in a cylindrical coil which has
the minimum inductance and which generates the desired magnetic field profile
(not necessarily 2 uniform gradient) within a volume of interest. Since only the
longitudinal component of the magnetic field is important in MRI, we confine
ourselves to specifying the values of B; at a set of N points thh.:z the volume

of interest, which is generally inside the coil. Thus we write

B:(Pm P, zﬂ) =B, (357)

where B,, n = 1,2,..., N, are specified values, and the p, are less than g, the

inner radius of the coil.

We now need an expression which can be used to minimize the induc-
tance subject to the condition 3.57. For this purpose, we define a functional
F[I3(k), I3 (—F)] by

N
FUE), I5(=B) = L= 2 2aBilns o) (3.59)

where A, are known as Lagrange multipliers. In Eq. 3.58 we treat J3*(k) and its
complex conjugate J;™(—k) as two separate variables, which is something that
Turner (1988) did not do in his derivation. The reason for doing this is that
JT{(k) is, in general, a complex quantity, so its real and imaginary parts can

be considered as independent variables. In other words, J3'(k) and its complex
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conjugate J; " (—k) can be varied independently (Morse and Feshbach 19535,
Landau and Lifshitz 1958).

For a shielded coil, B:(pn, #n,za) and L are given by Egs. 3.42 and 3.56,
respectively. For the sake of symmetry, we first write Eq. 3.42 as follows
B.(pn,bnizn) = —EZ Z f k| dk T (k)emén giken
: m(lkl aab Hon([klon ) Ko (| R le)
-£2 Z [ 1kl db T3 (k)eimén ieen

: m(lkl,a, b, Mm(|E|pn) Kro([K]a). (3.59)
In the second term on the right hand side of Eq. 3.59, substituting —& for k
and —m for m, noting that I_,(z) = I.(z) and K_.(z) = Kn(z), and using
the identity 3.11, we write B.(pn, ¢, zn) in the following symmetric form with
respect to JI*(k) and its complex conjugate J3™{—k)

B:(Pmﬁﬁmzn)——”—c’a' Z / lk'dk [j'“(k 'ménetk.,.

me==

+ J5m(=k)emmengmikn] S, ([kl, 0, 8, )In(|Flon)Kn([Kla).  (3.60)

Substituting Eqs. 3.56 and 3.60 into Eq. 3.58 yields

FIIT(k), _2 [ kPR, =k (3.61)
where F[JF(k), J;™ (k)] is deﬁner:l o
FlIg k), Jg™(-k)] = "#D?éfy(k)@“(-k)ffn(lklaw' (lkla)Sm(lk|, a, b)
+i ‘z k| [J3(k)emeneikan 4+ Jom(—k)eimén g=ikin]
- mukﬁ,b)rm(|k|p..)f<:,,(lk|a). (3.62)

For F[J}(k), J;™(—k)] to be a minimum, it is required that its first
variation be zero, which leads to Euler’s equations
oF oF
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Substituting Eq. 3.62 into Euler’s equations, one obtains
a bt 111 -~
— B0 75 (= k) Sl IRl, &, DI Ikla)K (| kla)

+ 292 5 eimengitns (8], 0, O (Ko Kp(Kla) = 0 (364

n=1

and
#}f I3 (k)Sm(lkl, a, ) (Ikla) Kr (|%la)

“““Z|k|e--m¢~e-'*-nsm(|k|ab)rm(|k|p,,) ! (Jkla) = 0. (3.65)

Egs. 3.64 and 3.65 both lead to the following expression for the optimal J7'(k)

o) = —F i)\ emiméng=ikn I (|k[p,) (3.66)
¢ 4n ' (Jkja) = mALELPn)- )

Substituting Eq. 3.66 back into Eq. 3.42 at the points at which the magnetic
field was specified, we obtain

Bilpoi, o 2) = MZ‘\ [ 2 f S (D) ((Ilkklla))

n=1 ==00
- Ln(|¥lp) In (1K1 p0)Sm([E, 0, B)e ™ (4= ém)gMri=2)] (3.67)
where | = 1,2,...,N. The expression 3.67 contains a set of N simultaneous
equations with N unknowns A,. Solving the simultaneous equations for A;, one
can determine the current density J(a, ¢,z) and j(b, ¢, z) using Egs. 3.16, 3.17,
3.24, 3.37 and 3.66.

It should be pointed out that Eqs. 3.66 and 3.67 are different from the
corresponding expressions for the optimal J3'(k) and B.(ps, $n,2s) given by
Turner (1988), namely

kI

N
m Z Aneimén e"““Im(kp,,) (3.68)

n=1

Jg (k) =

and

poI K:u(ka)
Bz(Ph ¢h "f - 8772 ZA [ _z:oojm kzdk T (k )
+ In(kpn)In(Ept)Sm(k, @, B)em(Bridndeiklat=al] - (3,60)
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where
I' (ka)K., (kb)
I' (kB)K! (ka)”

Firstly, Turner’s expressions do not include the modulus of k. However, as noted

Sp(k,a,b)=1—

(3.70)

earlier, the modulrs must be taken in order to evaluate A7 in the expression for
B:(p1, ¢1, z1). Secondly, the argurnents of the cxponential functions involving ¢,
and z, in Eqgs. 3.68 and 3.69 have the wrong sign. This stems from an unwar-
ranted assumption that the J7'(k) are real. Nevertheless, Turner's expressions
will give correct answers in cases where the desired magnetic field possesses cer-
tain spatial symmetry and provided the modulus of & is taken where necessary.
For example, if the desired field profile is a uniform gradient in the z direction,
Turner’s expressions will give the correct current distribution and field gradient.
If the desired field profile is 2 uniform gradient in the y or z direction, they will

give the correct current distribution, but the gradient is of wrong sign.

To evaluate the inductance L of a shielded coil, one substitutes Eq. 3.66
back into Eq. 3.56 and obtains

K a? \k| I XN
— 0 U hid B , im(¢n— n’) ik(zn—2,,
L= > [.e [4rral',’“(|k[a)] > 5 dude

m==—c0 n=la'=

’ m(lkl,a,b) Ln([k|pn) Im(|Klpw ) (| Kla) K (1K )

which can also be written as

HUI - 2 m(lkla)
E*[ ,E""'m_sz/m"d"ruk|)

- In(1klpe) In([Flow)Sm([Kl, 0, Bemon=suleien=sa)] | (3.71)

By comparing Eq. 3.71 with Eq. 3.67, it can be seen that the terms within
the square brackets on the right hand side of Eq. 3.71 are simply equal to
B.(pn, @n,2s), the specified magnetic field at the point (pn, $n, 2s), whose value

is Bn. Therefore, the minimum inductance of the shielded coil is given by a very
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simple expression, which is

E AnBa. (3.72)

n-l
Such an equation is not restricted to the shielded coil. It applies equally well to
an unshielded coil, where the specified values of the magnetic field B, and the
current I are the same as for the shielded coil. In that case, the values of the

Lagrange multipliers A, will be different.

3.4 Shielded gradient coils of minimum inductance

The results obtzained in Section 3.3 are quite general. In this section, we apply
the results to shielded coils which generate uniform magnetic field gradients.

3.4.1 A longitudinal gradient coil of minimum inductance

The magnetic field generated by a longitudinal gradient coil is independent of
the azimuthal angle ¢. Thus only the m = 0 term exists in the expression 3.67,
and the axial component of the current density vanishes according to Eq. 3.24.
Since the axial component of the magnetic field is antisymmetric about the
z = 0 plane, the azimuthal component of the current density must also be
antisymmetric about that plane. That is, the current density is an odd function
of z. The Fourier transform of the current density must have the same symmetry
property with respect to k. By taking the above constraints into account, it
follows from the expressions 3.67 and 3.66, respectively, that the magnetic field
at a specified point within the coil is given by

_ POI 2 K]_(ka)
Bulpugn) = g2 [ ea ey Selksa:8)

Io(kp;)Io(kp,.) sin kz; sin kzn. (3.73)
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and the Fourier transform of the current density in the primary coil is given by

. N
700k) = ——EL__ S~y r(Iklpn) sin ke (3.74)
¢ 4wal\(|kla) 3 " " ’

The Fourier transform of the current density in the shielding coil, j9(k) can
be found using Eqs. 3.37 and 3.74. The current densities in the primary and

shielding coils are found by inverse Fourier transformation of J9(k)} and j3(k),

respectively.

While it is possible to design a longitudinal gradient coil merely by spec-
ifying the magnetic field at a set of points along the z-axis (where z = y = 0),
a more uniform gradient should be obtained by specifying the magnetic field at

points on the surfaces of two, or more, cylinders coaxial with the coil (Turner
1988).

3.4.2 A transverse gradient coil of minimum inductance

Since the magnetic field a__.ssog:iated with 2 uniform transverse gradient is directly
proportional to z for the z gradient or to y for the y gradient, and since z =
pcosd and y = psin ¢, only the m = L1 terms exist in the expression 3.67. We
shall derive expressions for the magnetic field at a specified point within the coil
and for the Fourier transform of the current density for an z gradient coil. A y

gradient coil can be obtained simply by rotating the z gradient coil through 90°

about z-axis’..

The axial component of the magnetic field generated by the coil in the
region enclosed by the coil is directly proportional to z, hence to cos¢. By
taking the symmetry property about the z coordinate of the magnetic field, the
expressions 3.66 and 3.67 become

ekl y
TE(E) = R%}THT) 5™ AnTa([{n) €05 o cOS k2 (3.75)

n=1
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and

_ kol u © 2, Ki(ka)
B(p ) = —55cos ¢,£An €0S ¢ jo Rk 51k 0,
« Li{kp) L1 (kpn) cos kz; cos kz,,. (3.76)

The Fourier transform of the axial component of the current density is obtained

using Eq. 3.24, the result being

k& )
An k n n . .
4ma2kI{(|k|a) 2 Aahi([klpa) cos ¢a cos kz (3.77)

n=1

JE (k) =7

It can be shown from Egs. 3.75 and 3.77 that the azimuthal component of
the current distribution J; is an even function of both z and ¢ but changes sign
with respect to the transformation ¢ to 7 — ¢. On the other hand, J; is an odd
function of both z and ¢, and is invariant with respect to the transformation
é to ™ — ¢. It follows that a transverse gradient coil consists of four identical
quadrants connected in such a way that the current flows in the opposite sense

in adjacent quadrants when viewed from outside the coil.

While it is possible to design an z gradient coil merely by specifying the
magnetic field at a set of points along the z-axis (where y = z = 0}, a more
uniform gradient should be obtained by specifying the magnetic field at points
on the surfaces of two, or more, cylinders coaxial with the coil (Turner 1988).
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Chapter Four

DESIGN AND CONSTRUCTION OF A
SHIELDED TRANSVERSE GRADIENT
COIL

4.1 Design considerations

4.1.1 Coil dimensions

The shielded transverse gradient coil was designed to be installed in a 40 cm
bore, 2.35 T superconducting magnet, which forms part of an animal-size NMR
imaging system manufactured by Bruker Medizintechnik in Silberstriefen, Ger-
many. This system is part of the University of Alberta’s in vivo NMR facility
and is located in the University of Alberta Hospital. Exis‘ting shim coils and
unshielded gradient coils with an inner diameter (ID) of 35 em are situated in
the magnet bore. Since the shim coils must be left in place to provide the re-
quired main field homogeneity, the new z, y and z shielded gradient coils must
fit inside a diameter of 35 em. The coil that was built was the innermost one
which we call the = gradient coil. To allow room for the y and z gradient coils
which will be constructed later, the diameter of the z shielding coil was chosen
to be 31.6 cm. As the ratio of the radius of the primary coil to the radius of
the shielding coil approaches unity, the magnetic field within the coil approaches
zero because of the opposing magnetic fields generated by the currents in the two
coils. That would cause the gradient to vanish. On the other hand, if the radius
of the primary coil is much less than the radius of the shielding coil, there would
be little available sample space. In order to be able to accommodate animals as
large as cats, without unduly sacrificing gradient strength, the diameter of the

z primary coil was chosen to be 23.6 cm.
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4.1.2 Selection of the type of conducting paths

As was stated in Section 2.5, the resolution of an NMR irnage is limited by the
strength of the magnetic field gradient, a large magnetic field gradient being
needed to obtain a detailed image. In practice, the usable gradient strength
generated by a gradient coil is largely dependent upon the power dissipated
within it by Joule heating. This is because excessive temperatures cannot be
tolerated and because the size of the power supply is largely determined by the
power dissipation in the coil. Thus, a useful “figure of merit” for a gradient coil
is the gradient strength which corresponds to a fixed power dissipation within
it. For a coil with a given number of turns, the gradient strength is proportional
to the current and so it is advantageous to reduce the resistance of the coil, in

order to achieve a higher current for the same Joule heating.

Since the theoretical current distribution in the primary coil is confined
to the surface of a cylinder, the equation of continuity (Eq. 3.22) implies that
the current flows in closed loops ca the surface of the cylinder. It follows that
the current distribution in each quadrant has a well defined center and a well
defined edge which may extend out to infinity in some directions. In practice, it
is necessary to approximate this current distribution by discrete current paths
and a convenient way of achieving this is to connect these discrete paths in series.
This can be done by winding a coil with wire, which is essentially everywhere
parallel to the required distribution of the current flow, the separation between

adjacent turns being such as to produce the required current distribution.

Copper is an obvious choice for the conducting material of the coil, be-
cause of its low resistivity. The resistance can be reduced by using wire of large
diameter. However, there is a limit to the diameter of wire that can be used

since, if this is excessive, valuable sample space will be Jost.
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If the number of turns of wire, A, is varied while keeping the wire di-
ameter fixed, it can be shown that the “figure of merit” is proportional to V.
The optimal coil design using wire therefore requires as many turns as possible

to be wound until adjacent turns touch in the region of maximum theoretical

current density.

Since the theoretical current density is far from uniform, there will be
many areas on the cylinder which are not occupied by the wire. It is obvious
therefore that constructing the coil out of a continuous sheet which is cut to
provide the same number of turns will have a lower resistance than will a coil
wound with wire whose diameter is equal to the thickness of the sheet. It was
therefore decided to construct the coil using copper sheets of uniform thickness,

rolled on to a cylindrical former and cut to provide the required conducting
paths.

The dependence of the “figure of merit” on the number of turns is different
for a coil cut out of a uniform sheet than it is for a coil wound with wire. The
resistance of the coil is proportional to A2, provided the cuts take up negligible
area and skin depth effects are ignored. (The length of the conducting path is
proportional to A, whereas the width is inversely proportional to A.) Thus, the
current I, which flows in each turn, will vary as 1/ for a fixed power dissipation
in the coil. It can be seen from Egs. 3.29 to 3.31 that the magnetic field and hence
gradient generated by the coil is proportional to J3'(k), the Fourier transform of
Js(a, ¢, z), for a given form of current distribution. However, the current density

J{a, $,z) is related to I by the relation
’fJ(a, 8,2\ - (n x dr)| = NT (4.1)

where the line integral is taken from the center of the pattern of the quadrant to
the edge, and n is a unit vector perpendicular to the surface in which the current

flows. Thus, the gradient generated by the coil is proportional to A'I. But since
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the current I is inversely proportional to A for a fixed power dissipation, the

“fgure of merit” is independent of the number of turns.

It is also interesting to examine the dependence of the L/R ratio of a
gradient coil, constructed out of a sheet, on the number of turns A. It can be
seen from Eq. 3.49 that the inductance is proportional to (J,;"(k)/l')z, which,
from Eq. 4.1, is proportional to A2, Thus, L/R is independent of V.

An often quoted property of a gradient coil is its coil efficiency, namely
the gradient generated by unit current. Since the gradient is proportional to
N, it follows that the coil efficiency is proportional to N.

To summarize, changing the number of turns constructed out of a sheet
will change the coil efficiency and the resistance of the coil, which in turn may
affect the choice of gradient power supply. However, it does not affect the
gradient which corresponds to a given power dissipation, nor does it affect the
L/ R ratio, which determines the rise and fall times of gradient pulses.

It may appear, therefore, that the choice of the number of turns is ar-
bitrary. However, that is not the case because other factors need to be taken
into account. The number of turns cannot be very small since, in that case,
the actual discrete current distribution would be a poor approximation to the
continuous theoretical distribution. Moreover, because of the skin effect, high
frequency components of the current will tend to flow around the outer edge
of each conducting path, instead of being uniformly distributed across it. On
the other hand, the number of turns should not be too large since, in that case,
excessive area will be taken up by the cuts. Moreover, machining the cuts would

be very time consuming and expensive.

As a compromise, the number of turns in each quadrant of our primary

coil was chosen to be twenty-two, which corresponds to a minimum width of
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about 5 mm for the conducting paths. Two quadrants of our primary coil are
shown in Figure 4.1, where the curves indicate the locations of the spiral cuts
which define the conducting paths. The angled cuts shown in the figure are the

means whereby the loops are connected in series.

The four quadrants of the primary coil are connected in series, to ensure

that the same current flows in all of them. As discussed in Section 3.4.2, the
quadrants must be connected in such a way that the current flows in the opposite

sense in adjacent quadrants when viewed from outside the coil.

I all four quadrants of the shielding coil are connected in series, and
the primary and shielding coils are connected in series with each other, there
will be only eleven turns in each quadrant of the shielding coil, corresponding
to a minimum width of about 11 mm because of the lower current density
needed in that coil. To provide a better approximation to the desired current
distribution, the two halves of the shielding coil (on either side of the cylinder)
are connected in parallel, thereby increasing the number of turns to 22 and
reducing the minimum width of the conducting paths to 5.5 mm. We note that

in this case the coil has to be symmetric, otherwise the same current may not

flow in all quadrants.

= The locations of the cuts in the primary and shielding coils were kindly
provided by Turner (1989) in the form of a series of closely spaced coordinates
(a¢, z) and (bg, z). In order to avoid an oscillatory behavior in the current den-
sity, the Fourier transform of the current density was apodized with a gaussian
function of the form, exp(—2k2h?) (Turner 1988), where h is chosen to give the
appropriate degree of apodization.
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Figure 4.1: Pattern showing the locations of the spiral cuts in two quadrants

of the primary coil. For clarity, the origin of the coordinate system is displaced
from the center of the pattern to one side. The currents must flow in the opposite

sense in adjacent quadrants, as indicated by the arrows.
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4.1.3 Mechanical stresses on the coil and former

When the gradient coil is installed in the 2.35 T main magnet, the conductors
comprising the coil will experience a mechanical force per unit length given by
I x B, where i is the unit vector indicating the direction of the current I and
B is 2.35 T in the = direction. The force will be in the radial direction, either
inward or outward depending upon the direction of the current. It can be seen
in Figure 4.2 that the forces are distributed in such a way as to bend the primary
and shielding coils in the opposite sense. However, the forces on the shielding coil
are substantially smaller than those on the primary coil because of the smaller
current distribution, so that cancellation of the stresses cannot be achieved by

firmly bonding the primary and shielding coils together.

If the current I is 200 A (the maximum value anticipated), the maximum
force per unit length on the conducting paths will be 470 N/m. Given that the
minimum width of the conducting paths is about 4 mm because of the width
of the cuts, the maximum force per unit area on the conducting paths will be
about 1.2 x 10° N/m?2. As can be seer in Figure 4.2, the force will tend to pull
the conductors away from the former in some places. In others, the former will

be compressed.

Because of the large mechanical stresses, an adhesive with high mechan-
ical strength must be used to bond the copper conductors to the formers of the
primary and shielding coils. In addition, the formers should be mechanically
strong enough to withstand the stresses. It was therefore decided that the cylin-
drical formers would be made of fiberglass, 6 mm thick. Since the current in the
gradient coil is pulsed, the force acting on the coil will change rapidly, tending
to cause a mechanical vibration. Such a vibration would result in an oscillation
of the field gradient, which would in turn affect the NMR signal. However, it
is felt that 6 mm thick fiberglass formers should not vibrate unduly. If they
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Figure 4.2: Cross section of the shielded transverse gradient coil in the z-z
plane, showing the mechanical forces acting on it when installed in the magnet.
The dots indicate the current flowing out of the paper, while the symbol (x)
indicates the current flowing into the paper. The arrows indicate the direction

of the forces.



did, supports would have to be placed at appropriate locations to reduce the

vibration.

4.1.4 Estimate of the temperature rise in the coil due to Joule heat-

ing
It is anticipated that the y and = gradient coils will be bonded to the outside of
the z gradieat coil, each coil being separated by a 4 mm thickness of fiberglass
and adhesive. Since each coil is 2 mm thick, and since the innermost or z gra-
dient coil is bonded to a 6 mm thick fiberglass former, we consider a worst case
scenario in which a conductor is embedded 19 mm deep in fiberglass, and can

only lose heat by conduction in one direction through the 19 mm of fiberglass.

If a round wire of diameter D is embedded with its center at a depth d
in a semi-infinite insulating slab, the rate of dissipation of heat per unit length
of wire, g, is related, in the steady state, to the temperature Ty at the surface
of the wire and the temperature Tp at the surface of the slab, by the relation
(Kreith and Bohn 1986)

g=Sx(Ty —T). - (4.2)

Here « is the thermal conductivity of the insulating medium and S is a dimen-

sionless shape factor given by

-1

S=or [cosh-1 (2d/D)| (4.3)

While this expression refers to plane geometry, it should be a reasonable approxi-
mation for our cylindrical geometry. Since our copper conductors are 2 mm thick
and the narrowest width of the conducting paths is 4 mm, the smallest cross
sectional area is 8 mm?2. We therefore assume an effective diameter of 3 mm.

Substituting d = 19 mm and D = 3 mm into Eq. 4.3, one finds that the shape
factor S is 1.9.
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The rate of heat dissipated per unit length ¢ can be calculated using the
equation

g=1Ir (4.4)

where r is the resistance per unit length of the wire, which is 2.5 x 1072 Q/m if

the resistivity is 2.0 x 1078 Q - m (the resistivity of copper at a temperature of

60°C). For the power supply which will be used to drive the shielded gradient

coils, the maximum continuous current delivered is 90 A. Using Eq. 4.4 we find

that ¢ for such a current is 20 W/m.

For fiberglass, which was used as the material of the formers of our coil,
the thermal conductivity & is about 0.25 W/m°C. Substituting the values of
x, S and q into Eq. 4.2, and assuming that T} is equal to 25°C, we find the
temperature at the surface of the wire, Ty, to be 68°C. Since the turns of each
coil are close to one another, the actual temperature on the surface of the copper
sheets in the coil will probably be higher than the calculated value, and could
well approach 100°C. Fiberglass can easily withstand such temperatures, but
many adhesives do not. It is therefore important to choose an adhesive that has

good high temperature properties.
4.2 Construction of the coil

Cold-rolled, hard-temper copper was used in sheet form to construct the coil,
because it can be machined more easily than other varieties of copper. Each
quadrant of the primary coil consisted of a 432 mm by 369 mm by 3.2 mm (17"
by 14.5" by (1/8)") sheet, which was held flat on a vacuum table on a vertical
CNC milling machine. The required pattern was miiled to a depth of 2.5¢ mm
(0.1") using 1.6 mm {(1/16)") diameter solid two-flute tungsten carbide end mill
cutters (#SEM-062-2), thereby leaving a residual thickness of 0.63 mm (0.025)
of copper at the bottom of each groove. Each quadrant of the shielding coil was
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similarly prepared by milling the required pattern in a 535 mm by 495 mm by
3.2 mm (21.1" by 19.5” by (1/8)") sheet of copper.

Each quadrant of the primary coil was sandwiched between two sheets of
#12 gauge (2.75 mm, 0.11” thick) steel satincoat and rolled into a semi-cylinder
of radius 118 mm (4.65") on a hydraulic pressure roller located in the Technical
Services Fabrication Shop. Tke purpose of the steel was to ensure that the
copper did not buckle at the grooves during the rolling process. Each quadrant

of the shielding coil was similarly rolled into a semi-cylinder of radius 158 mm
(6.227).

Copper leads, 100 mm by 10 mm by 2 mm, were welded to the outer edges
of two quadrants to provide input and output connections to the primary coil.
Two copper collars, 6 mm (4.236") in diameter and 4 mm (0.157") long, were
welded to the inner surfaces of the other two quadrants, near the outer edges
to allow electrical connection to be made between the two halves of the coil.
Identical copper collars were also welded to the centers of tk: spiral pattern on
the inner surfaces of all four quadrants to allow connection to be made between
the quadrants in each half of the zoil. In case of the shielding coil, two copper
collars were welded to the inner surface of each quadrant, one at the center and
another near the outer edge, to allow the quadrants on each side to be connected

in series and the two sides to be connected in parallel.

The cylindrical former of the primary coil was a fiberglass tube, manu-
factured by the Triple M Fiberglass Co. in Edmonton, which was turned down
to a thickness of 6 mm (0.236”) and an outer diameter (OD) of 232 mm (9.14").
The cylindrical former for the shielding coil, made by the same company, was
similarly turned down to a thickness of 6 mm (0.236”) and an OD of 314 mm
(12.36"). Four longitudinal grooves and one circumferential groove of 6 mm
(0.236") wide and 2.1 mm (0.084") deep were machined on the inner surface of
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each former to accommodate rectangular copper leads, 6 mm (0.236") wide and
1.6 mm ((1/16)") thick, which connect the various quadrants of each coil. Holes
were drilled through each former to accommodate the 6 mm (0.236") diameter

copper collars referred to above.

The primary coil was the first to be assembled. The copper quadrants
and formers were degreased using a solution of detergent, and then washed with
acetone or toluene. Because of the strength tests described in Section 3.1, the
copper quadrants were immersed in an etching solution for 1 to 1.5 minutes,
rinsed in cold deionized water immediately after being etched, and then dried
with compressed air (Mahoney 1930). The etching so':%...1 consists of 15 parts
by weight (pbw) of 42% aqueous FeCl; solution, 30 pbw of concentrated HNO;
(s.g. 1.41) and 197 pbw of deionized water. PC-7 epoxy adhesive, chosen on
the basis of tests described in Chapter Five, was applied to the outside of the
former and the inside of the copper quadrants, care being taken to fill all the
grooves. The quadrants were then clamped into position on the former using

flexible hose-clamps, until the adhesive had cured.

The primary coil was then placed on a lathe and the excess copper was
removed to expose the grooves. Some of the copper was ground off using a
power driven belt-sander. However, it was found that the quadrants of the
primary coil were “out of round” by up to about 1 mm, because of an uneven
application of the PC-T epoxy adhesive and because the flexibility of the hose-
clamps. Thus, a substantial amount of copp:i-had to be removed by hand filing,

a time-consuming process.

To avoid similar problems with the shielding coil, several circumferential
rows of nylon spacers were screwed into the outer surface of the fiberglass former
so that they protruded 0.76 mm (0.03") above the surface of the former, this

being judged to be the optimum thickness of the epoxy layer. Since PC-7 epoxy is

48



very viscous, several equally spaced 1.6 mm ({(1/16)") diameter relief holes were
drilled through the fiberglass former to allow excess epoxy to flow away from the
bond area. PC-T7 epoxy adhesive was then spread uniformly on the outer surface
of the former and the inner surface of the copper quadrants. The quadrants were
clamped into position using rigid cylindrical aluminum clamps which forced the
quadrants on to the spacers. This procedure ensured coaxial geometry so that
the outer surface of the shielding coil was almost exactly circular. That, in turn,

allowed the excess copper to be ground off by the power driven belt-sander.

Finally, the leads were glued into the grooves on the inside of the formers

and were soft-soldered to the copper collars to complete the electrical connections

of the coils.

Two acrylic rings were constructed to form spacers which would maintain

a coaxial geometry of the primary and shielding coils.

A photograph of the assembled shielded gradient coil is shown in Fig-
ure 4.3.
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Figure 4.3: A photograph of the shielded transverse gradient coil.
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Chapter Five

TESTING OF THE SHIELDED
TRANSVERSE GRADIENT COIL

5.1 Selection of epoxy for bonding copper and fiberglass

The mechanical strength of bonded joints between copper and fiberglass was
measured using a 50,000 /b universal test machine located in the Department
of Mechanical Engineering at the University of Alberta. A tested set consisted
of flat copper and fiberglass plates bonded over an area of 6.45 x 1072 m*® (10

square inches).

The surfaces of the fiberglass and copper plates were prepared by abrad-
ing with coarse sandpaper, rinsing with water, and then degreasing with toluene
or acetone. Immediately after surface preparation, fiberglass and copper plates
were bonded using each of the following five epoxy adhesives in turn: K-POXY,
PC-7, 83HA4, DEVCON-F and ARALDITE. The fiberglass was bolted firmly
to the base of the test machine and the copper was pulled upward slowly until
the bond was destroyed. The maximum strength of the bond was taken to be

the maximum force registered by the machine divided by the bonded area.

DEVCON-F and 83HA4 were tested once, and the corresponding maxi-
murn strengths of the bonded joints were 2.6 x 10° N/m? and 3.4 x 10° N/m?2.
ARALDITE was tested twice, the maximum strengths being 2.0 x 10° N/m?
and 3.5 x 10° N/m? for the two tests. The maximum strengths of the K-
PCXY bonded joints varied widely in nine tests, rangi- -, from 1.3 x 10° N/m? to
6.1 x 10° N/m?. In all these cases, the failure of the boad occurred at the epoxy

and copper interface. When the surface of the copper was sanded smooth and
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then etched as described in Section 4.2 instead of being abraded, the strengths
of two K-POXY bonded joints were 5.5 x 10° N/m? and 6.1 x 10° N/m?. How-
ever, when heated at 120°C for 24 hours before being tested, two other sim-
ilar K-POXY bonded joints had low strengths, values of 2.1 x 105 N/m?® and
2.3 x 10° N/m? being found. Failure again occurred at the epoxy to copper

interface.

Bonds made with PC-7 epoxy were consistently strong for the two surface
preparation procedures and for different thermal treatments. Table 3.1 gives the
maximum strengths of the PC-7 epoxy bonded joints. In the first three tests,
the copper was abraded and cleaned as described earlier. In the fourth and fifth
tests, the surface preparation procedure was the same except that the bonds
were heated at 90°C for 24 hours before being tested. In the last two tests, the
copper plates were etched using the etching solution described in Section 4.2,
and the bonds were heated at 120°C for 24 hours before being tested. In all
bonds made with PC-7 epoxy, failure occurred due to separation of the fiberglass

layers, and aot at the epoxy to copper interface.

It can Be seen that the values of the maximum strength in Table 5.1 are
at least 3.6 times greater than the maximum stress on the copper conductor
calculated in Section 4.1.3. It is concluded that the PC-7 epoxy is by far the
best of the adhesives tested for bonding the copper quadrants to the fiberglass

formers in our coil.

5.2 Measurement of the electrical resistance of the shielded
coil

The electrical resistances of the primary coil alone, the shielding coil alone and
the complete shielded coil were measured, in turn, by passing a DC current of

approximately 4 A through them and measuring the voltage developed using 2

[4)]
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Table 5.1: Mechanical strength of the PC-7 epoxy bonded joint between copper
and fiberglass. In Tests 1 to 5, the surfaces of the copper plates were abraded
with sandpaper, while in Tests 6 and 7 the copper plates were etched. Before
being tested, the bonds were heated for 24 hours at 90°C for Tests 4 and 5, and

at 120°C for Tests 6 and 7.

Test | Maximum Strength of the PC-7

Epoxy Bonded Joint (10° N/m?)
1 5.0
2 4.3
3 4.5
4 4.5
5 5.0
6 4.3
7 5.5




four-terminal method to avoid errors due to the resistance of connecting leads.
To avoid errors due to thermal EMF’s, measurements were repeated with the

direction of the current reversed.

The results of measurements on the resistances of the primary coil alone,

the shielding coil alone and the complete shielded coil are presented in Table 5.2.

Table 5.2: Resistances of the primary coil alone, the shielding coil alone and the

complete shielded coil. The estimated errors in each case are £0.1 m.

| Frimary coil | Shielding coil | Shielded coil

Resistance {mfl) 83.3 23.0 115.9

T

As described in Section 4.2, the coils were constructed by grinding off a
thin layer of copper until the milled grooves were exposed. The uniformity of the
grinding process was checked by measuring the resistance of each quadrant in
the primary and shielding coils. The results are given in Table 5.3. It can be seen
that the resistances of the individual quadrants in each coil are in quite good

agreement with each other, showing that the quadrants are of fairly uniform

thickness.

The resiscances of the two branches of the shielding coil including the
leads, which are: connected in parallel, were also measured and those results ars
given in Table 5.4. The resistances of the two branches of the shielding coil are
essentially the same, indicating that any errors arising from different currents

flowing in the two branches of the shielding coil should be very small.
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Table 5.3: Resistances of individual quadrants of the primary and shielding
coils. In each coil, quadrants 1 and 3 are on the same side of the former, while
quadrants 2 and 4 are on the other side and opposite, respectively, to quadrants 1

and 3. The estimated errors are 0.1 mfl.

Resistance (mf2)

Quadrant | Primary coil | Shielding coil
1 19.2 21.3
2 19.4 22.0
3 19.8 20.6
4 18.9 20.3

Table 5.4: Resistances of the two branches of the shielding coil. Branch 1 copsists

of quadrants 1 and 3, and branch 2 consists of quadrants 2 and 4. The estimated

errors are 0.1 mf2.

Branch | Resistance (m2)

1 45.8

S+

45.9




5.3 Measurement of the inductance and AC resistance of
the shielded coil

The inductance L and the AC resistance R; of the shielded coil were measured
by passing a known AC current I of frequency v through the coil and a resistance
R connected in series with it, as shown in Figure 5.1. The voltage V' developed
across the whole circuit was fed into an EG&G 5208 lock-in analyzer and the
voltage V,., developed across the resistance R was used as the reference voltage
for the analyzer. The inductance L and the AC resistance R, were then found

from the relations

1 V.

L = ETSIHG (5.1)
V _Ifre

R, = Lsi,———f (5.2)

where 6 is the phase difference between V' and V.. as measured by the lock-in
analyzer. A noninductive 0.3 Q resistor was used as the resistance R and the
measurements were carried out at three frequencies: 500 Hz, 1 kHz and 5 kH=.
The primary coil alone, the shielding coil alone and the complete shielded coil

were all measured in turn and the results are presented in Tables 5.5 to 5.7.

Important features to note here are that the AC resistances of the pri-
mary, shielding and shielded coils increase considerably as the frequency is in-
creased from 500 Hz to 5 kHz. This frequency dependence is due to skin depth
effects and the proximity effect. Firstly, as the frequency of the current flowing
through each conducting path is increased, the current tends to flow on the sur-
face, resulting in a decrease of the effective cross sectional area through which the
current flows. That increases the AC resistance of each coil. Secondly, additional
eddy currents are induced in each conducting path by the radial component of
the magnutic field generated by the current in other conducting paths on the

same coil. This effect is important in our case because of the wide conducting
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Figure 5.1: The circuit for the measurement of the coil inductance. L and R,
are the inductance and resistance of the coil, respectively.
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Table 5.5: Dependence of the inductance, Ly, and AC resistance, Ry, of the
primary coil on the frequency, v, of the current flowing through it. The estimated

errors for the inductance and AC resistance are =1 uH and 1 m(2, respectively.

[v @]z, ) | B (@)
500 314 0.112

1000 309 0.153
5000 298 1.090

Table 5.6: Dependence of the inductance, L,, and AC resistance, Ry, of the
shielding coil on the frequency, v, of the current flowing through it. The es-
timated errors for the inductance and AC resistance are 1 pH and +1 mQ,

respectively.

v (Hz) | L, (uH) | By ()
500 113 0.032
1000 114 0.052
5000__ 107 0.330

Table 5.7: Dependence of the inductance, L, and AC resistance, Ry, of the
shielded coil on the frequency, v, of the current flowing through it. The estimated
errors for the inductance and AC resistance are £1 pH and +1 m{Q, respectively.

L, and L, are the inductances of the primary and shielding coils, respectively.

v(Hz)| L (gH)|L,—L, (uH) | Rt (2)
500 196 201 0.149
1000 | 196 195 0.169
| 5000 | 188 -1 | 0.738




paths and the close proximity of adjacent conducting paths. Thirdly, a similar
eddy current will be caused by the magnetic field generated by the other coil.
That this is occurring in our case can be seen by noting that the AC resistance
at 5 kHz of the complete shielded coil is smaller than that of the primary coil
alone. That occurs because the magnetic flelds generated by the primary and

shielding coils tend to cancel each other.

It can be seen that the inductances of the primary, shielding and shielded
coils decrease slightly with increasing frequency. This is believed to be because
the eddy currents induced in the coils, especially those flowing in the central
elliptical region of each quadrant (see Figure 4.1), produce a magnetic field
which opposes the field produced by the input current, thereby reducing the
magnetic flux intercepted by each of the coils. Since the inductance of a coilis a
measure of the magnetic flux threading it, the inductances of our coils decrease

as the frequency is increased.

It can also be seen in Table 5.7 that L, — L,, the difference between the
inductances of the primary coil alone and the shielding coil alone, is very close to
the value of the inductance of the shielded coil at each frequency, in agreement

with the theoretical result given by Eq. 3.56.

The measurements were repeated with the shielding coil disconnected
from the primary coil, and shorted out to mimic passive shielding (Turner and
Bowley 1986). The inductance and the AC resistance of the passively shielded

coil are shown in Table 5.8.

By comparing the results in Table 5.7 with those in Table 5.8, it can be
seen that the inductance is almost the same at each frequency for active and
passive shielding. The AC resistance, on the other hand, seems to be slightly
smaller in the case of passive shielding than for active shielding, presumably

because the skin depth is not much smaller than the thickness of the copper
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Table 5.8: Dependence of the inductance, L, and AC resistance, Ry, of the
shielded coil on the frequency v when the shielding coil is disconnected and
shorted so as to mimic passive shielding. The estimated errors for the inductance

and AC resistance are =1 ¢ H and £1 m{Q, respectively.

—

v (Hz) | L (uH) | Ry (Q)

500 197 0.139

1000 196 0.168

5000 188 0.716

conductors. Thus, the current induced in the shielding coil in the case of passive

shielding is less than it is in the case of active shielding.

5.4 Measurement of the magnetic field generated by the
shielded transverse gradient coil

The spatial dependences of the magnetic fields generated by the primary coil
and the shielded coil were measured at interior and exterior points. This was
done by feeding a sinusoidal current through the coil and measuring the voltage

induced in a small cylindrical search coil, placed at various points.
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5.4.1 Determination of the magnetic field strength from the voltage

induced in the search coil

The voltage induced in a coil by a time dependent rﬁagnetic field B(?) is given
by

v =-20 (53)

where @ is the magnetic flux linkage. If B(t) within the coil is uniform, Eq. 5.3
becomes

V(t) = —.4N%at—) (5.4)

where the product AN is the area-turns of the coil. If the voltage induced in the
coll is sinusoidal with a frequency v, the magnetic field which induces it must
have the same wave form. Then the amplitudes of the voltage and field, denoted

respectively as V' and B, are related by

V =2xvANB (5.5)
which can be also written as
Vv
= 2mvAN’ (5-6)

5.4.2 Description sf the search coil and measurement of its area-

turns

A cylindrical search coil, approximately 10 mm in length and diameter, was
wound with 100 turns of #32 gauge copper wire.

The area-tumns of the search coil was measured using a fluxmeter manu-
factured by the Cambridge Instrument Company. The search coil was placed in
a uniform magnetic field of 0.672 T provided bty an NMR magnet, the axis of the
coil being parallel to the field. The change in the reading of the fluxmeter, when
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the search coil was removed from the magnetic field, was found to be 6.10x 102
weber-turns. It follows that the area-turns of the search coil is 9.08 x 10~ m?,
The calibration of the luxmeter was checked using another search coil of known
area-turns. (Its geometry, however, was unsuitable for measuring the magnetic

field generated by our gradient coil.)

5.4.3 The magnetic field profile inside the unshielded primary coil

The longitudinal component cf the magnetic field, B;, inside the unshielded
primary coil was measured at y = 0,+5 cm and various values of z and z, by
feeding a 1 A, 1 kHz current through the coil. The voltage induced in the
search coil was measured using a Hewlett-Packard 3410A AC microvoltmeter.
The calibration of the microvoltmeter was later checked using an EG&G lock-in
analyzer. It was also found using the analyzer that the voltage induced in the

search coil was in phase (or antiphase) with the voltage across the primary coil.

The measured values of B. are plotted in Figures 5.2 to 5.4, as a function

of z at z = %5 cm and at y = 3 cm, 0 and =5 om, respectively.

It can be seen that B, falls off quite rapidly with increasing |z|. Moreover,
the behavior is fairly symmetric about z =0 at z = £5 cm, ¥y = 0, but is quite
asymmetric about z=0atz=%5cm,y=5 cmand z = +35 em, y = ~5 om.
The lack of symmetry is believed to be due to the axis of the search coil not
being exactly parallel to the z-axis in these measurements. The coil therefore
picked up a transverse component as well as the longitudinal component of the

magnetic field.

In order to check the uniformity of the field gradiert, the method of linear
regression was used to fit the data of B; zs a function of z at y = 0,+£5 ¢cm and

at z = —6.3 em, -0.3 cm and 5.7 cm. The slopes and intercepts of the resulting
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Figure 5.2: The longitudinal component of the magnetic field, B, generated by
al A, 1 kHz current passing through the unshielded primary coil, plotted as a

functionof zat (2 z=5ecmandy=5cm,and (b)z=—-5cmand y =5 cm.
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Figure £.3: The longitudinal component of the magnetic field, B., generated by
al A, 1 kHz current passing through the unshielded primary coil, plotted as a

functionof zat (a) s =5cmandy=0,and (b)z=—-5emand y =0.
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Figure.5.4: The longitudinal componeat of the magnetic field, B:, generated
by 2 1 4, 1 kHz current passing t'h.rough the unshielded primary coil, plotted
as a function of z at (a) z = 5 cm and y = -5 ¢em, and (b) = =5 cm and

y=—-5cm.
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best fits are listed in Tables 5.9 and 5.10, respectively. Figure 5.5 shows a plot
of B: as a function of z at # = 0 and = = —0.3 em. The straight line in the

figure represents the best fit to the data obtained by linear regression.

It can be seen that B, is proportional to z in the region |z| £ 5 cm. The
slopes of the straight lines at z = —6.3 ¢em and at z = 5.7 crn are smaller than
those at z = —0.3 ¢m, indicating that B. falls off on both sides of z = 0, which
is consistent with the data shown in Figures 5.2 to 5.4. Along the y direction,
the slopes of the straight lines are similar at = = —6.3 cm and at : = 0.3 em,
but are not so similar at z = 5.7 ¢m. Since the magnetic field B, was generated
by 2 1 A current, the average value of the slopes is the coil efficiency of the

primary coil alone, which is 8.5 x 107 T'/m - A.

5.4.4 The magnetic fleld profile inside the shielded coil

The longitudinal component of the magnetic field B, inside the shielded coil was
measured at y = 0,£5 cm and s. various values of z and = by feedinga 1 4
AC current through coil. For these measurements, a more rigid support was
used to maintain the axis of the search coil parallel to the z-axis, to aveid the
problem encountered in measuring the magnetic field profile inside the primary
coil. In this case, measurements were made at two frequencies, namely 1 kH =
and 5 kH:z. The 1 kHz data are shown in Figures 5.6 to 3.8 as a function of z
at £ = £5 cm and y = 0,£5 em. The 5 kHz data are shown in Figures 5.9 to
a.11.

it can be seen that B. is much more uniform along the = direction for the
shielded coil than for the primary coil alone, in the range |z{ < 5 em. This is
as expected since the shielded coil was designed to produce a uniform gradient
whereas the primary coil and the shielding coil separately were not (Turner

1990). It can also be seen that the magnetic field generated by the 1 4, 1 kH=z
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Table 5.9: The slopes of the best fits to the data of B. as a function of z at
y=0,x5cmandat : =—-63cm, -03cmand 3.7Temforal A. 1 kH = current

passing through the unshielded primary coil.

Slope (x10~* T/m)

y=—acm y=0 y=ocm

z=-—63cm | 843+0.07 | 8.36 £0.06 | 8.53 =£0.09

1
e

z=-03cm | 8.79£0.06 | 8.80 £0.03 | 8.77

H-
e
o
[S1]

z=57cm |841+0.09|8.13£0.07) 85%0.1
| J

Table 5.10: The intercepts of the best fits to the data of B. as a function of z
aty=0x5ecmandat z=-63cm, 03 cmand 5.Tcmforal A, 1 kH:

current passing through the unshielded primary coil.

Intercept (uT)

z==63cm| 02£02 | -01£02]-04=x03

z==-03cm | -03+£02| 0.24+£0.1 | 0.2+0.2

z2=5T7cmA| -09£03 | 03+£02 | 1.1+£04
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Figure 5.5: The longitudinal component of the magnetic field, B;, generated by

alA, 1 kHz current passing through the unshielded primary coil, plotted as a

function of z at y =0 and z = —0.3 cm.
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Figure 5.6: The longitudinal component of the magnetic field, B., generated by

al A, 1kHz current passing through the shielded coil, plotted as a function of

zat(a)z=5cmandy=5cm,and(b)z=~5cmandy =5 cm.
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Figure 5.7: The icngitudinal component of the magnetic field, B., generated by
al A, 1EkHz current passing through the shielded coil, plotted as a function of
zrat(a)z=5cmandy=0,and (b)z=-5cmand y=0.
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Figure 5.8: The longitudinal component of the magnetic field, B., generated by

a1l A, 1 kHz current passing through the shielded coil, plotied 2s a function of

zat(a)z=5cmand y = -5 ¢m, and (b) z = -5 em and y = -5 em.
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Figure 5.9: The longitudinal component of the magnetic field, B., generated by

al 4,5 kHz current passing through the shielded coil, plotted as a function of
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Figure 5.10: The longitudinal component of the magnetic field, B., generated
by a1 A, 5 kHz current passing through the shielded coil, plotted as a function

ofzat(a)z=5cmandy=0,and (b)z=-5ecmand y =0.
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Figure 5.11: The longitudinal component of the magnetic field, B., generated
by a 1 4, 5 kHz current passing through the shielded coil, plotted as a function

of zat(a)z=5cmand y=—5 cm, and (b) £ = =5 cm and y = =5 cm.



current is greater than that generated by the 1 A, 5 kHz current at the same

positions. This is because larger eddy currents are generated in the coil at 5 kH =

than at 1 kH .

The method of linear regression was used to fit the data of B, as a function
of z at y =0,£5 em and at = = ~4.7 ¢cm, 0.3 cm and 5.3 ¢mn. The slopes and
intercepts of the resulting best fits are listed in Tables 5.11 to 5.14, respectively.
Figures 5.12 and 3.13 show plots of B; as afunctionofzat y =0and 2 = 0.3 cm

for the 1 kHz and 5 kHz currents, respectively. The straight lines in these

figures represent the best fits to the data obtained by linear regression.

It can be seen that B, is proportional to z in the region |z| £ 5 cm.
Moreover, as can be seen in Tables 5.11 and 5.13, the slopus are essentially the
same at all the locations investigated for a given frequency, showing that the
gradient is indeed very uniform as desired. The coil efficiencies at 1 kH z and at
5kHzare5.3x107* T/m-4 and 5.0 x 10™* T/m - A, respectively, i.e. the coil
efficiency decreases by 6 per cent when the frequency is increased from 1 k¥ =

to 5 kHz, again because of eddy currents.

It can be seen that the errors in the slopes and intercepts are larger in
the case for the primary coil alone than for the shielded coil because of the more

uniform gradient in the latter case.

5.4.5 Shielding performance of the shielded coil

The unshielded case was first investigated by removing the shielding coil and
measuring B as z function of z at z = +18.5 em and y¥ = 0 and measuring
B. as a function of z at £ = £17.3 em and y = 0. These measurements were
made at both 1 kHz and 5 kHz. The shielded case was then investigated by

reconnecting the shielding coil and repeating the measurements of B, and B, at

-1
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Table 5.11: The slopes of the best fits to the data of B. as a function of z at

y=0,+5cmandat 2= -4.Tem, 03 cmand 5.3 cmforal 4, 1 kH = current

passing through the shielded coil.

Slope (x1074* T/m)
¥y=-5cm y=20 y=353cm
z=-47cm |530+0.03 | 5.224+0.02 | 5.26 =0.01
2=03cm [525£0.01 |5.23540.005 | 5.24 = 0.01
2=533cm [5.26+0.01 | 5.24£0.02 5'26. +0.03

Table 5.12: The intercepts of the best fits to the data of B. as a function of z at
y=0,t5cmandat z=-4.Tcm, 03 cnand 3.3 cmfora 1 4, 1 kHz current

passing through the shielded coil.

Intercept (uT)
y=-=5c¢cm y =0 y=35cm
z=—4T7em | —-03+£0.1 |-0.04+0.07{0.03=0.04
z=03cm [ -0.16£0.05 | —0.01£0.02 { 0.04 £0.03
z=33cm (-0.07+0.06 | -0.04+0.06( 0.1+0.1

e —




Table 5.13: The slopes of the best fits to the data of B. as a function of z at

-
- —

y =0,£5 cm and at —4.Tcm, 0.3 em and 3.3 em for & 1 A, 5 kH 2 current

passing through the shielded coil.

Slope (x10™* T'/m)
y=-3cm y=0 y=93ocm
z=-4Tcm 494002 5.00+0.01 |4.97£0.02
z=03cm |494+0.01]4.978 £0.008 | 4.93 £0.01
z2=053cm [494+002| 494001 |4.93£0.02

Table 5.14: The intercepts of the best fits to the data of B. as a function of z at

P

y=0,F5cmandat 2=—-4Tem,0.3cmand 5.3 emfora 1l 4, 5 kHz current

passing through the shielded coil.

Intercept (uT')
y=-=3cm y=20 y=5cm
Il 2=—-47cm | =0.11£0.07 | —0.18 £ 0.05 | —0.14 & 0.06
z=03cm | 008+£0.04 | ~0.07%0.03 | —0.20+0.05
z=53cm | 0.15+£0.05 | —0.06+0.05 | —0.2140.7
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B, (uT)

Figure 5.12: The longitudinal component of the magnetic field, B,, generated
by a1 A, 1 kHz current passing through the shielded coil, plotted as a function

ofzaty=0and z=0.3 em.
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Figure 5.13: The longitudinal component of the magnetic field, B;, generated

by a1l A, 5 kHz current passing through the shielded coil, plotted as a function

of z at y =0 and z =0.3 cm.
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the same locations as before ( which are 2.7 em outside the shielding coil for B,

and 1.5 ¢cm outside the shielding coil for B.).

To obtain additional information about the shielding performance, the
shielding coil was disconnected frem the primary coil and shorted out to mimic
passive shielding (Turner and Bowley 1986). The above measurements were

again repeated.
The various data sets are shown in Figures 5.14 {0 5.21.

An important feature 1o note here is that the fringe field generated by the
shielded coil has not only a component in phase with the magnetic field generated
by the unshielded coil, but also a quadrature component, which is attributed
to resistive losses associated with eddy currents. The quadrature component is
largest near z = £16 ¢m, i.e. near the centers of the spiral windings, indicating
that the eddy currents flow mainly in the elliptical conducting regions located
at the center of each spiral (see Figure 4.1}. This problem could be alleviated

by removing some of the material from these elliptical regions.

The in-phase component of tha fringe field consists of two parts, one being
associated with the inductive part of the impedance of the elliptical sections and
the other due to imperfections in the configuration of the shielding coil. The
reactance of the elliptical sections is naturally larger at 5 tH z than at 1 kH z,

which accounts for the smaller quadrature compornent measured at 5 kH z than

at 1 kHz.

Comparison of graphs (a) and (b) in Figures 5.14 to 5.21 shows that the
shielding is less than ideal. For example, the maximum in-phase components
of the B, field for the shielded coil is about 2% of the maximum B, field in
the absence of shielding. However, this is really equivalent to about 3% for a

given gradient strength because of the reduced coil efficiency of the shielded
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Figure 5.14: The transverse component of the fringe field, B, at ¢ = 18.5 cm
and y = 0, generated by a 1 A, 1 kHz current, plotted as a function of z
for (a) the unshielded primary coil, (b) the actively shielded coil and (c) the
passively shielded coil. In (b) and (c), the in-phase and quadrature components

are represented by (o) and (), respectively.
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Figure 5.15: The transverse component of the fringe field, B;, at z = —18.3 em
and y = 0, generated by a 1 A, 1 kHz current, plotted as a function of 2z
for (a) the unshielded primary coil, (b) the actively shielded coil and (c) the
passively shielded coil. In (b) and (c), the in-phase and quadrature components

are represented by (o) and {x), respectively.
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Figure 5.16: The transverse component of the fringe field, B., at z = 18.5 cm
and y = 0, generated by a 1 A, 5 kHz current, plotted as a function of z
for (a) the unshielded primary coil, (b) the actively shielded coil and {c) the
passively shielded coil. In (b) and (c}, the in-phase and quadrature components

are represented by {o) and (%), respectively.
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Figure 5.17: The transverse component of the fringe field, B, at z = —18.5 cm
and y = 0, generated by a 1 A, 5 kHz current, plotted as a function of 2
for (a) the unshielded primary coil, (b) the actively shielded coil and (c) the
passively shielded coil. In (b) and (c), the in-phase and quadrature components

are represented by (o) and {x), respectively.
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Figure 5.18: The longitudinal component of the fringe field, B;, at z =17.3 em
and y = 0, generated by a 1 A, 1 kHz current, plotted as a function of 2
for (a) the unshielded primary coil, {b) the actively shielded coil and (c} the
passively shielded coil. In (b) and (c), the in-phase and quadrature components

are represented by (o) and (x), respectively.
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Figure 5.19: The longitudinal component of the fringe field, 5., at z = —-17.3 em

and y = 0, generated by a 1 A, 1 kHz current, plotied as a function of 2
for (a) the unshielded primary coil, (b) the actively shielded coil and (c) the

passively shielded coil. In {b) and (c), the in-phase and quadrature components

are represented by (o) and (%), respectively.
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Figure 5.20: The longitudinal component of the fringe field, B:, at = = 17.3 ecm
and y = 0, generated by a 1 A, 5 kHz current, plotted as a function of z
for (a) the unshielded primary coil, (b) the actively shielded coil and (c) the
passively shielded coil. In (b) and (c), the in-phase and quadrature components

are represcnted by (o) and (%), respectively.
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Figure 5.21: The longitudinal component of the fringe field, B.,at z = —17.3 cm
and y = 0, generated by a 1 A, 5 kHz current, plotted as a function of z
for (a) the unshielded primary coil, (b) the actively shielded coil and (c¢) the
passively shielded coil. In (b) and (c), the in-phase and quadrature components

are represented by (o) and (), respectively.

88



coil. It can be seen that the in-phase component of the residual fringe field
for the shielded coil near z = 0 is of the same sign as the fringe field in the
unshielded case, showing that there is insufficient shielding in that region. On
the other hand, the opposite is the case near z = +16 cm, showing that there
is overcompensation in that region. The imperfect shielding is possibly because
of the “missing” current that should be lowing where the cuts are located. The
cuts are about 1.6 mm wide, a significant proportion of the minimum width of

the conducting path (4 mm).

Comparison of graphs (b) and (c) in Figures 5.14 to 5.21 shows that the
behavior is very similar in the case of active and passive shielding. That indicates
that the cuts are essentially parallel to the direction of the eddy current flow in
the case of ideal passive shielding, from which it can be deduced that the cuts
in the shielding coil are essentially everywhere parallel to the desired direction

and that they are appropriately spaced to match the desired current density.

A further test of the effectiveness of the shielding provided by the coil
can be made, after installation in the magnet, by direct observation of NMR,
for example, by studying the shape of the projection image of a square sliced

phantom as described by Rotertson (1989).
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