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Abstract

Experimentally-validated nonlinear flight control of a helicopter UAV has two nec-
essary conditions: an estimate of the vehicle’s states from noisy multirate output
measurements, and a nonlinear dynamics model with minimum complexity, physi-
cally controllable inputs and experimentally identified parameter values. This thesis
addresses both these objectives for the Applied Nonlinear Controls Lab (ANCL)’s
helicopter UAV project. A magnetometer-plus-GPS aided Inertial Navigation Sys-
tem (INS) for outdoor flight as well as an Attitude and Heading Reference System
(AHRS) for indoor testing are designed, implemented and experimentally validated
employing an Extended Kalman Filter (EKF), using a novel calibration technique
for the magnetometer aiding sensor added to remove the limitations of an earlier
GPS-only aiding design. Next the recently-developed nonlinear observer design
methodology of invariant observers is adapted to the aided INS and AHRS exam-
ples, employing a rotation matrix representation for the state manifold to obtain
designs amenable to global stability analysis, obtaining a direct nonlinear design
for gains of the AHRS observer, modifying the previously-proposed Invariant EKF
systematic method for computing gains, and culminating in simulation and exper-
imental validation of the observers. Lastly a nonlinear control-oriented model of
the helicopter UAV is derived from first principles, using a rigid-body dynamics
formulation augmented with models of the on-board subsystems: main rotor forces
and blade flapping dynamics, the Bell-Hiller system and flybar flapping dynamics,
tail rotor forces, tail gyro unit, engine and rotor speed, servo operation, fuselage
drag, and tail stabilizer forces. The parameter values in the resulting models are
identified experimentally. Using these the model is further simplified to be tractable

for model-based control design.
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Chapter 1

Introduction

1.1 Background

The helicopter (rotary-wing vehicle) platform offers a number of advantages over
the airplane (fixed-wing vehicle) one, namely in-place hover, low-speed flight in
any direction and vertical take-off and landing!, in addition to fast forward flight
capability. The price is much greater complexity in the piloting, mechanical design
and maintenance, as well as dynamics modeling in the rotary-wing configuration in
comparison to the fixed-wing case. This explains why helicopters were introduced
much later than airplanes: the first production helicopter using the single main
rotor configuration was the Sikorsky R-4 delivered to the US Army in May 1942 [44,
p. 108], while the first radio-controlled helicopter was the fixed-pitch Bell Huey
Cobra successfully flown in April 1970 [121, p. 8].

Academic interest in autonomous helicopter flight control can be traced back
to 1991, the first year of the International Aerial Robotics Competition created
by Prof. Robert Michelson from Georgia Tech. The competition consists of a pre-
specified “mission” which must be executed in a fully autonomous fashion. The first
mission required moving a metal disk between two designated locations separated by
a three-foot high central barrier on an outdoor field, and was successfully completed
in 1995 by a team from Stanford University [133]. As of 2011 the competition is on
its sixth mission, which requires entering a building, swapping a USB flash drive on
a desk with a replica and leaving with the original, all the while avoiding detection
from walking guards and surveillance equipment at the site.

The University of Alberta’s Applied Nonlinear Controls Lab (ANCL) helicopter
UAV project began with the work of [75] who designed and built an avionics suite
for a stock radio-controlled Bergen Industrial Twin helicopter, popular for aerial cin-
ematography due to its considerable payload capacity (9.1 kg) and flight endurance
(30 min). A picture of the UAV in flight is shown in Figure 1.1. The avionics con-
sist of an Ampro ReadyBoard 800 single-board computer equipped with a Pentium
M 1.4 GHz CPU and 512 MB of RAM running the QNX real-time operating sys-
tem; a Microhard VIP2400 2.4 GHz radio modem providing Ethernet and RS-232
communication with the ground station; a Microstrain 3SDM-GX1 Inertial Measure-
ment Unit (IMU) providing triaxial magnetometer, accelerometer and rate gyro
measurements at up to 333 Hz; a NovAtel OEM4-G2 carrier phase differential GPS

! Available to a very small subset of fixed-wing vehicles such as the Harrier and F-35.



capable of centimeter-level accuracy position measurements at 10 Hz; two Measure-
ment Computing CTR1I0HD counter/timer boards used to respectively log RC pilot
inputs and control the helicopter’s servos; and a takeover board used to switch
between manual and autonomous flight control. A GPS-aided inertial navigation
system (INS) was implemented and experimentally validated on this system. This
UAV platform has motivated research work presented in this thesis, further detailed
in Section 1.1.1.

Figure 1.1: ANCL helicopter UAV in flight [75]; note the underslung avionics enclo-
sure and tail-mounted GPS antenna

The current trend among UAV research groups seems to be the small electric
quadrotor vehicle, e.g. [68, 102, 66]. However an outdoor heavy-lift helicopter re-
mains the best choice for applications such as powerline inspection, a current joint
research project between ANCL and BC Hydro [85, 128], which requires carrying
infrared and ultraviolet cameras used to detect existing or imminent damage in
high-voltage transmission lines. Employing a UAV for this task is dramatically less
risky for the inspection crews as exemplified by the following anecdote from [44,
p. 244]:

Five years earlier I rode in a small helicopter while an electrician on
board worked on a live transmission line in Pennsylvania. We were
eighty feet off the ground, and pilot Mark Campolong had to hold his
machine next to a thumb-thick aluminum-steel cable carrying 230,000
volts of electricity. His job, simply stated, was to keep electrician Jeff
Pigott close enough to the cable to do his work, but not so close as to
tangle his ship with the line. New pilots need a football field or larger
when learning to maneuver; Campolong had no more than sixteen inches
of tolerable error (In such a situation, the pilot is conscious of two risks
in particular: an engine failure or accidentally bringing the tail rotor
against the cable. Either would lead to a crash). I watched his gloved
hands cope with the light and variable winds: his hand on the cyclic was
as economical of motion as a bicyclist who is cruising down the street.
After we banked and flew back to the fueling truck, he said that his
mother-in-law asked why his work was so tiring. In her opinion, all he
did was sit around all day.



1.1.1 Motivation of Research

There are two necessary though not sufficient conditions to achieve experimentally-
validated nonlinear autonomous flight control on a UAV: an observer to estimate the
state of the vehicle from noisy, multi-rate measurements; and a dynamics model with
minimum complexity, physically controllable inputs and experimentally-identified
parameter values. These two goals have motivated and been successfully achieved
with the research work presented in this thesis.

The earliest stage of work involved adding magnetometer readings as an aiding
measurement to the existing GPS-only aided INS [75] which had been found to give
incorrect heading angle estimates in hover but correct ones in forward flight exper-
iments. It turns out the heading angle in a GPS-aided INS is only observable if the
vehicle has non-zero lateral acceleration, i.e. is manoeuvering; of course adding a
direct measurement of this angle resolves this issue. The work is reported in Chap-
ter 3 including the mathematical derivation, hardware implementation and extensive
simulation and experimental validation of the resulting system. Using experience
acquired during this work, an Attitude and Heading Reference System (AHRS) was
also designed and implemented. In contrast to the Aided INS’ position, velocity
and attitude estimates the AHRS provides only attitude information, however it
does not use GPS aiding and hence is useful for prototyping attitude-stabilization
algorithms in our indoor laboratory. The AHRS derivation, implementation and
testing is provided alongside the Aided INS in Chapter 3.

Aided navigation, with Mag-plus-GPS Aided INS and AHRS as specific exam-
ples, is fundamentally a nonlinear observer design problem due to the presence of
rigid-body attitude dynamics (c.f. Section 2.4). The conventional design approach
to this class of systems is the Extended Kalman Filter (EKF), which is based on re-
linearization of the system about its latest estimate. This method is universally used
in the aerospace industry c.f. [49, 51] and works very well in practice as demonstrated
in Chapter 3. However, a direct nonlinear observer design is of interest for at least
two reasons other than its intrinsic elegance: first, the EKF is unable to guarantee
global stability due to its reliance on (re)linearization of the system equations; and
second, the EKF algorithm is computationally expensive due to its requirements
of linearizing the system and propagating the estimation error covariance matrix
at every aiding measurement. The research focused on the Invariant (Symmetry-
Preserving) Observer method [27, 28] due to its novelty and successful application
to aided navigation examples [25, 91] whose dynamics possess the necessary sym-
metries (formally defined in Section 4.3). This work is documented in Chapter 4,
using the AHRS and Aided INS examples from Chapter 3, with successful validation
of the results in simulation and experiment. This part of the research required a
substantial investment of time to learn the tools of differential geometry, and made
full use of the experience gained from designing the conventional EKF systems.

Accurate estimates of vehicle’s state enable non-model based control — namely
PID — but a dynamic model is required for more sophisticated control schemes, both
those based on linearization (e.g. Hoo [46]) and nonlinear methods (e.g. MPC [5]).
Since the model is used for control, it must possess the following characteristics:
system equations of sufficiently low order and complexity to be usable yet which
adequately capture the physics of the vehicle; physically controllable inputs, which
requires modeling of the mechanization of the helicopter controls including servo



operation, the Bell-Hiller system and the tail gyro unit; and parameter values iden-
tified specifically for our UAV platform, i.e. not available from the literature. Such
a model is developed throughout Chapter 5 using a first-principles approach to ex-
plain which assumptions are being made, and making extensive use of simplifications
based on identified parameter values, e.g. neglecting servo dynamics based on their
measured performance c.f. Section 5.3.5. The result is a nonlinear model of the
helicopter capturing the full flight envelope (hover, climb and fast forward flight)
and its simplification to the case of hover useful for a first version of model-based
control design.

We mention the highly simplified model introduced in [79] popularly used for
simulation studies of nonlinear helicopter control e.g. [80, 87, 56, 71, 86, 57, 89].
The model itself is unsuitable for experimental implementation due to a number
of unrealistic assumptions (c.f. [59, p. 56]): instantaneous control of main and tail
rotor thrusts and rotor disc tilt angles, whose amplitudes are unaffected by the
system’s state and cannot saturate; ignoring the mappings between servo inputs
and the above actuation mechanisms, which are non-trivial due to the Bell-Hiller
mechanism and tail gyro unit equipped on UAV helicopters; and neglecting state
feedback effects such as translational lift, fuselage drag and rotor-fuselage coupling
which strongly affect the performance of real helicopters. It is hoped the model
developed and identified in Chapter 5, in particular the simplified hover model
mentioned above, can act as a bridge between the nonlinear control techniques
developed in the literature and experimentally-validated designs.

1.2 Literature Survey

1.2.1 Aided Navigation

A comprehensive survey of algorithms which have been employed for experimentally-
validated aided navigation is provided in [49] including the Extended Kalman Filter,
Hoo methods, unscented filters, particle filters, as well as a selection of nonlinear
observers. The EKF method, first employed in the early 1960’s by NASA for the
Apollo lunar landing program [97], remains the most widely-used tool for aided
navigation design [51, 119]; textbook references to the EKF method include [34,
123, 48]. In particular research groups employing outdoor UAV helicopters [122, 74,
45, 59, 132, 21, 3, 134] have all used the EKF for state estimation.

1.2.2 Invariant Observers

Invariant Observers, also known as Symmetry-Preserving Observers are a novel ap-
proach to nonlinear observer design. The method is described in [27, 28] with pre-
liminary versions having appeared in [30, 25, 26]. It provides a systematic method to
build a nonlinear observer structure which possesses the same symmetries (formally
defined in Section 4.3) as the original system, guaranteeing a reduced-complexity
estimation error dynamics (c.f. Section 4.6.3) which simplifies gain selection and
stability analysis. The existence of symmetries in dynamical system under state
feedback was previously studied in [129, 63] and for the observer case in [64]. Ex-
ploiting system symmetries for design first appeared in the context of tracking con-
trollers [120], continued in [90] and more recently [47]; using symmetries for observer



design was first seen in [10, 11]. The invariant observer design method was applied
to aided navigation examples in [91, 93, 92, 94, 95].

1.2.3 Helicopter Modeling and Identification

References for full-sized helicopter modeling include [61, 72, 126, 115, 113, 33].
Radio-controlled (RC) helicopters [121] such as the Bergen Industrial Twin employed
by the ANCL UAV project operate on the same principles, but have a number of
characteristics which distinguish them from the full-sized versions [101, Chap. 5]
including much higher thrust-to-weight ratios and head speeds, hingeless blades,
and the inclusion of a Bell-Hiller mechanism and tail gyro to ease pilot workload.
Modeling specific to RC helicopters includes [60, 76, 81, 101, 21, 36, 116]. Highly
simplified models used for simulation of nonlinear control methods (c.f. Section 1.1.1)
are developed in [80, 131, 37].

Model identification is a broad subject. Frequency-domain system identification
of full-sized helicopters is treated in [127] and the references therein. Application
of frequency-domain methods to UAV-sized helicopters is found in [122, 81, 101].
Such approaches necessarily provide linear models which are valid around the oper-
ating point where the identification data was collected. An alternative time-domain
method is used in [7, 6, 5] which combines nonlinear rigid-body dynamics together
with simple linear parameterizations of force and moment components as functions
of system state and pilot inputs. These parameters are identified using logged flight
data and a least-squares minimization between measured and predicted accelera-
tions. The third approach is to identify a model’s parameters using direct mea-
surements and experimental tests as done by [59, 21, 77]. This approach may re-
quire further tuning of the parameters to match the simulated and experimental
data [65, 22] but provides a single nonlinear model for the full flight envelope of
the helicopter. This is the approach taken in this thesis, and the specific methods
employed for parameter identification will be referenced throughout Chapter 5.

1.3 Outline of Thesis

This Chapter provided a background of the ANCL helicopter UAV project and
the motivations for undertaking the research presented in this thesis, followed by a
survey of existing literature. An itemized statement of contributions will be provided
in Section 1.3.1.

Chapter 2 is a collection of mathematical results used throughout the rest of
the thesis. We first review rotation matrices, their use for changing basis vectors
and measuring the attitude of a vehicle, then the R?® cross-product and its rela-
tion to skew-symmetric matrices. These are used to obtain rotational kinematics,
the nonlinear dynamics of rotation matrices resp. vehicle attitude. We use these
tools to derive the system equations of aided inertial navigation. Next we cover
the parametrization of rotation matrices using in turn axis-angle, Euler angles and
unit quaternions. Finally we review the Earth’s magnetic field, the calculation of
heading angle using the measurements from a triaxial magnetometer, and the prob-
lem of magnetometer calibration whose importance will become clear at the end of
Chapter 3, specifically Sections 3.4.2 and 3.4.3 describing experimental testing of
the aided inertial navigation system.



In Chapter 3 we cover the design of the Extended Kalman Filter (EKF), the
conventional approach to designing observers for aided navigation problems. We
perform the design steps using two examples relevant to our project, an Attitude
and Heading Reference System (AHRS) and a Magnetometer-plus-GPS-aided In-
ertial Navigation System (Aided INS): models of sensor signals, bias and noise;
nonlinear system equations and their numerical integration; linearized error dynam-
ics used by the Kalman observer and their observability properties; discretization;
the Kalman Filter and its adaptation to nonlinear systems, the Extended Kalman
Filter; and implementation details including initialization and aiding criteria. The
resulting AHRS and Aided INS designs are then extensively tested and validated in
simulation and experiment, demonstrating excellent performance and showing how
the deficiencies of the previous GPS-only Aided INS have been resolved.

Chapter 4 treats Invariant (Symmetry-Preserving) Observers, a novel approach
to nonlinear observer design. Using the AHRS example we intuitively demonstrate
the existence of system symmetries. These are then formally defined using the
coordinate-free language of differential geometry, and their existence in the AHRS
and Aided INS examples in Chapter 3 is shown. We review the method of invariant
observer design including the proofs of key results, then apply the method to design
invariant observers for the two examples above. For the AHRS observer, a nonlin-
ear gain design is found which guarantees almost-global stability, although not for
the (more complicated) Aided INS case. For this reason we employ the Invariant
EKF [23, 29], a systematic approach to design the gains of the invariant observer
based on re-linearizing its invariant estimation error dynamics. This method is
applied to both the AHRS and Aided INS systems. Finally a comprehensive simu-
lation and experimental evaluation of the AHRS and Aided INS invariant observers
is made including comparing the performance of the nonlinear gain design versus
the Invariant EKF method.

Chapter 5 develops a nonlinear model of the helicopter UAV and experimentally
identifies its parameter values. The aim of the model is to be of sufficiently low
order and complexity to be tractable, yet to accurately model the real helicopter
e.g. the mechanization of the control inputs. We first derive the rigid-body dynamics
of the helicopter using tools from Chapter 2, then perform subsystem-by-subsystem
modeling of its components: the main rotor and blade flapping dynamics, rotor head
construction and the Bell-Hiller mechanism, tail rotor and the tail gyro unit, rotor
speed and engine, servos, fuselage drag and tail stabilizers. The resulting nonlinear
model is also simplified to the case of hover, c.f. Section 1.1.1. The parameter values
of the nonlinear model are experimentally identified throughout and are summarized
together at the end of this chapter.

Chapter 6 summarizes the work done in the thesis and the resulting findings.
Possible future research tasks which build on the present thesis are discussed.

1.3.1 Statement of Contributions

The following items are claimed as research contributions of this thesis (listed in
order of appearance):

e Integrating the magnetometer calibration proposed in [54] (described in Sec-
tion 2.9) into the Aided INS design and experimentally demonstrating the



resulting improvement in performance over the conventional (hard-iron cali-
bration) method and the uncompensated case, as well as resolving the short-
comings of the previous GPS-only version of the aided navigation system [75,
Chap. 5]. This work was reported in conference proceedings [15] and journal
paper [17].

Implementing an AHRS system for indoor testing of attitude-stabilization al-
gorithms. The design inherits features developed for the Aided INS design
including magnetometer calibration, an orthogonality-preserving attitude up-
date (c.f. Section 3.2.5) and accurately-identified sensor noise and bias char-
acteristics (c.f. Section 3.2.2). The design was experimentally validated using
an indoor motion-capture system as described in Section 3.3.2. The work was
reported in conference proceedings [16].

Design and validation of invariant observers for the AHRS and Aided INS
examples. Specific contributions are: designing the observers in terms of R €
SO(3) making them amenable to global stability analysis, c.f. [38]; finding
a set of gains for the invariant AHRS guaranteeing almost-global stability
(Section 4.8); improving the Invariant EKF method [23, 29] by removing the
requirement for invariant noise and rendering the Aided INS invariant observer
case tractable, c.f. Section 4.9.1; and validating the designs in both simulation
and experiment. The Aided INS invariant observer was published in conference
proceedings [18] while the AHRS invariant observer was submitted as journal
publication [19].

Developing an identified nonlinear dynamics model of the helicopter UAV from
first principles for the purpose of control. Specific contributions include an el-
egant derivation of the rigid-body and flapping dynamics in the style of [105];
simplification of the main rotor and flybar flapping dynamics based on experi-
mentally identified parameter values, c.f. Sections 5.3.1.4 and 5.3.2.1, the latter
including a mathematical analysis of the Bell-Hiller mechanism as a deriva-
tive action stability augmentation system; a simplified version of the nonlin-
ear model to the case of hover provided in Section 5.4.1 which removes the
need for an iterative solution of induced velocity v; (c.f. Section 5.3.1.5) and
analytically explains the rotor-fuselage coupling characteristic of helicopter
UAVs [101, 59, 127]; and obtaining the numerical values of the model param-
eters, tabulated in Section 5.5 with identification details provided throughout
the chapter.



Chapter 2

Mathematical Preliminaries

This chapter presents a number of mathematical results used throughout the rest
of the thesis. Derivations are included in order to make the thesis self-contained.

2.1 Rotation Matrices

We typically make use of two coordinate frames (a set of orthonormal vectors span-
ning R?®): a ground-fixed navigation frame with basis vectors {ni,ns,n3}, and a
body-fixed body frame using basis vectors {by,bs,bs}. The basis vectors for both
frames are orthonormal and follow the right-handed convention, i.e. n; X ny = ng
and by X by = by where x denotes the R? cross-product. Note that the navigation
frame is stationary, making it an inertial frame where Newton’s Laws can be applied.
By contrast, the body-fixed frame moves with the body which may be accelerating
and/or rotating, making the body frame a non-inertial frame.

In order to describe the orientation of the body with respect to the ground, we
express the body frame basis vectors in the navigation frame basis. Using the dot
product - for projection, we have

bi = (b; - n)ni + (b -n2)ng + (b; - ng)ns,  i=1,2,3.

For a given point p we define pg = [pp1 pp2 pps)’ € R® as its coordinates in
the body frame and py = [pn1 PN 2 pN,g]T € R? in the navigation frame. The
coordinates are related as follows:

p = pB,1b1 + pB2bs + pp 3b3

= pp,1[(b1 - n1)ny + (by - n2)na + (by - ng)ng]
+pB2[(b2 - ni)ng + (by - n2)na + (be - ng)ns]

+ pB,3[(b3 - n1)ny + (b3 - na)ng + (bs - ng)ng}

= [pB,1(b1 - n1) + pB2(b2 - n1) + pB3(bs - n1)|m
+ [pB,1(b1 - n2) + p2(b2 - n2) + pp3(bs - n2)|ny
+ [pB,1(b1 - n3) + pp2(bs - n3) + pp3(bs - ng)|n3
= PN,111 + PN,2M2 + DN,3N3.



The above can be written as

DN,1 bi-n1 by-ni b3-ni| (pBa
PN2| = [b1-n2 ba-mg b3-no| (P2,
DN,3 bi-ng by-ng b3-n3| |pB3
SN—— S——
PN R PB

where R is known as the rotation matriz. By construction, the columns of R rep-
resent the coordinates of each b; in the navigation frame. Since {by,bo,b3} are
orthonormal, the columns of R are automatically orthonormal as well, making R
an orthogonal matrix, i.e. R~' = R and |R| = £1. Further, {b1,bo,b3} obey the
right-handed convention, from which it follows that |R| = +1. This subset of orthog-
onal matrices generates the special orthogonal group SO(3), to which all rotation
matrices belong to:

Re SOB) = RcR¥>3 RRT = RTR=1,|R| =1.

The rotation matrix measures the orientation of the body relative to the ground.
In general motion, as the body rotates, the entries of R change with time which we
denote as R = R(t).

The above ideas can be applied to the case of three or more frames, leading to
the composition of rotations. Consider again the fixed point p and the frames N,
B and C, illustrated in Figure 2.1 with offset origins for clarity (i.e. there is no
translation between the frames, only rotation). There exist three possible changes
of coordinates between the frames:

pN = RypB (2.1a)
pi = REpc (2.1b)
PN = R]C\;pC7 (210)

with, for instance, R]E\", denoting a transformation from frame B to the frame N. It
can also be interpreted as the rotation of frame B with respect to the base frame
N. Substituting (2.1b) into (2.1a) and comparing with (2.1c), we see that

pn = RERSpe,

i.e. the C' — N transformation can be performed in two steps, C — B then B — N,
in that order. The composition of rotations will be used extensively in Section 2.6.
Consider the inverse transformation case. From (2.1a) above,

pn = RNpp = pp = (RE)TPM

and so .
(RY)" = R,

the transformation from frame N to frame B.



Figure 2.1: Three-frame schematic; frame origins offset for clarity

2.2 Cross-Product and Skew-Symmetric Matrices

Let z = [3:1 To :L'3]T and y = [yl Yo yg]T be two vectors in R?. By definition
of the cross-product,

T2Y3 — T3Y2
T XY= [x3Yy1 —21Y3 |,
T1Y2 — T2Y1

X being an anti-commutative, homogenous, distributive and non-associative opera-
tion. The cross-product can be expressed as a matrix multiplication:

0 —z3 Y1
rxy=| x3 0 —x1| |y2f - (2.2)
—z2 x1 0 ] |ys
S(x) Y
Remark that S(z) is a skew-symmetric matrix, i.e. S(z)? = —S(z). All R3*3

skew-symmetric matrices can be parameterized using three scalars, or equivalently
S(z),r € R? generates all possible skew-symmetric matrices within R3*3.
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We show that S(x)S(y) — S(y)S(x) = S(z x y) by expanding the left-hand side:

0 —x3 @ 0 —y3s 0 —y3 ¥ 0 —x3 @9
= | w3 0 —n Y3 0 —vyi| — | ys 0 —wu x3 0 -—m
|~z T 0 —Y2 U 0 —Y2 Y 0 -T2 I 0
_—963?;3 — X2Y2 T2Yy1 T3y1
= T1Y2 —x3Y3s — T1Y1 xT3Y2
T1Y3 T2Y3 —ZToy2 + T1Y1
—T3Y3 — T2Y2 T1Y2 T1Ys3
- T2Y1 —x3Y3 — T1Y1 T2Y3
T3Y1 T3Y2 —ZToYy2 + T1Y1
0 Toy1 — T1Y2 T3Y1 — T1Y3
= |Z1Y2 — T2y1 0 T3Y2 — TaY3
T1Y3 — T3Y1  T2Y3 — T3Y2 0

= S(x2y3 — x3Y2, T3Y1 — T1Y3, T1Y2 — T2y1) = S(z X y).

Next we develop a property of R € SO(3) and the cross-product. Recall that the
columns of R are the coordinates of the body frame basis vectors b; in the navigation
frame, i.e.

R=[bin ban bsn],

with b;xy € R3, i = 1,2,3 orthonormal and obeying the right-handed convention
biny X bay = bgn. We compute:

Rx x Ry = (x1b1n + 22bon + 23b3n) X (y1b1n + y2ban + y3b3n)
= 21Y10iN X bin + T1Y2bin X bay + T1Y3bin X b3y
+ z2y1ban X bin + T2y2ban X ban + T2ysban X b3y
+ z3y1b3n X bin + x3y2b3n X ban + z3ysbsn X b3y
= (v1y2 — 2y1)b3n + (¥1y3 — 23y1)b2n + (¥2y3 — 23Y2)bin = R(z X y),
proving that R(z x y) = Rx X Ry, R € SO(3). Note this property does not hold for
general R3*3 matrices.

The last property to be established involves R and S and makes use of all the
results developed above. Note that RT € SO(3) because SO(3) is a group.

RTS(z)Ry = RT[z x Ry]
=RTzxy
= S(R"z)y,

hence RTS(z)R = S(RTz).

2.3 Rotation Kinematics

Consider a point p fixed to a rigid body rotating in space, shown schematically in
Figure 2.2. The basis vectors {b1, ba, b3} are attached to the body, and their origin
coincides with the fixed {n1,ns, n3} basis vectors’ origin at all times. In other words,
the rigid body is free to rotate about an axis which may change orientation, but

11



Figure 2.2: Rigid Body Rotation About Fixed Origin

always passes through the common origin. Consider the vector r from the origin to
the point p; the coordinates of this vector in the body frame are rp whose entries
are constant with time since both the b; basis vectors and the point p are rigidly
attached to the body. As the body rotates, the point p moves in space, and so the
coordinates of vector r in the navigation frame rx(t) are a function of time. The
two coordinates are related by

Differentiating with respect to time,
fN(t) = ’UN(t) = R(t)TB

where vy (t), mathematically defined as the rate of change of coordinates of p in
frame N, are the coordinates of the wvelocity v of point p, where v is an absolute
velocity vector (as opposed to a relative velocity vector) since its components were
measured w.r.t. a stationary origin.

In order to obtain an expression for R(t) we time differentiate the identity
R(t)RT (t) = I, which gives

R(t)R"(t) + R(t)R" (t) = 0 = R(t)R' () = —R(t)R" (t) = —(R(t)R" (1))",

i.e. R(t)RT(t) is a skew-symmetric matrix. We can parameterize this last term using
S(w(t)), where w(t) € R? has a physical interpretation which we will see shortly.
Using this parametrization gives

R(t)RT(t) = S(w(t)) = R(t) = S(w(t))R(t),

and we obtain



This last expression gives the velocity vector vy (t) of a point located by the po-
sition vector rx(t) on a rigid body undergoing a purely rotational motion. From
mechanics we now see that the parameterizing vector w(t) is wy(t), the navigation
frame coordinates of the rigid body’s angular velocity vector w, which measures the
rate of rotation of the body w.r.t. frame NV and is an absolute angular velocity since
frame N is non-rotating. The expression for R(t) is thus

R(t) = S(wn () R(1), (2.3)

the rotational kinematics equation of a rigid body for an angular velocity vector
expressed in navigation frame coordinates.

The kinematic equation (2.3) has an alternative form, which we now develop by
taking advantage of the last property developed in Section 2.2:

R(t) = S(wn(t))R(1)

(t)RT() (wn (8)R(2)

R(t)S(RTw(t))

R(t) = R(t)S(wp(1)) (2.4)

where wp(t) = RT (t)wy(t) is the absolute angular velocity vector of the rigid body
expressed in body frame coordinates. The components of wp(t) can be directly
measured using a set of three rate gyros, each fixed to the rigid body and aligned
with its corresponding body frame axis b;. This class of sensors, known as inertial,
measures absolute quantities (here, angular velocity) despite being mounted on a
rotating/accelerating body.

2.4 Navigation Dynamics

We now derive the navigation dynamics equations used for Aided Inertial Navigation
System (Aided INS) design in Chapters 3 and 4 using the tools in Sections 2.1-
2.3. The navigation problem makes use of three coordinate frames schematically
illustrated in Figure 2.3:

e Body-fixed frame B: Origin rigidly attached to Helicopter’s centre of mass
(CM), with by and by aligned with longitudinal and lateral axes, and b3 pointing
down. The on-board Inertial Measurement Unit (IMU) provides accelerome-
ter, rate gyro and magnetometer measurements in this frame.

e Navigation frame N: Origin is fixed at an arbitrary geographic location, with
n1, ne and ng pointing in the North, East and Down directions, respectively.
The navigation system outputs its estimates in this frame.

e Earth-Centered, Earth-Fixed (ECEF) frame E: Origin is fixed at the Earth’s
centre of mass, with axes pointing towards (0°N,0°E), (0°N,90°E) and 90°N
geodetic coordinates, respectively. The GPS receiver reports position pg in
the ECEF frame.

We neglect the rotation of the Earth, such that £ and N frames are inertial. This
assumption is due to the available resolution of the rate gyros as well as the back-
and-forth flying patterns which nullify the Coriolis effect.

13



Figure 2.3: Body, Navigation and ECEF frames

Let p denote the position vector of the helicopter’s CM with respect to the navi-
gation frame origin, with py(t) the vector’s coordinates in the navigation frame. As
in Section 2.3 we have (d/dt)pn(t) = vn(t), an absolute velocity since its compo-
nents are measured w.r.t. the stationary origin of frame N, and so Newton’s second
law applies directly:

d
E(mv]v(t)) = Fn(t) = man(t) = Fn(t)
where (d/dt)vn(t) = an(t) is the acceleration of the helicopter’s CM w.r.t. the
origin of frame N and Fy(t) is the net external force vector acting on the helicopter
expressed in N frame coordinates; this last term includes the gravity force mgy
where gy = [0 0 9.81]7 is a constant. The expression above becomes

m?}N(t) = FN(t) — mMgnN + magn
On(t) = an(t) — gy + gn
on(t) = RN () (ap(t) — gB(t) + gn

where RE(t) := R(t) measures the attitude of the helicopter w.r.t. the navigation
frame and ap(t) —gp(t) := fp(t), the difference between inertial and gravity acceler-
ations known as specific force f, is directly measurable using a triaxial accelerometer
fixed to the helicopter and aligned with the B frame axes. Remark an accelerom-
eter which is stationary outputs fp = —gp as its measurement, while in a free-fall
condition the output will be fg = 0. The dynamics of attitude R(t) are governed
by (2.4) .
R(t) = R(@)S(ws(?))

where wg is directly measured by the IMU’s triaxial rate gyro. The dynamics of the
navigation system are thus

PN = UN
on = Rfs + gy (2.5)
R = RS(wp)
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with state = [py vy R] and inputs u = [fp  wp|. The outputs of the system
are taken as the IMU magnetometer measurement mp(t) = R (t)my, where my is
the Earth’s magnetic field in the navigation frame, to be discussed in Section 2.8;
and the GPS receiver measurement rg(t) = r% + pg(t), where r and 7° are position
vectors from the E frame origin (Earth’s CM) to the vehicle and N frame origin,
respectively. The r%, value can be measured directly using the GPS receiver, either
at a fixed location or by taking the helicopter’s pre-takeoff location as the N frame
origin. The pg(t) value is written in terms of system state x as pp(t) = RNpn(t)
where rotation matrix R is computed by [51, p. 43]

—sinAcosyp —sing —cos\cosy
RN = | —sinAsing cosg —cosAsing (2.6)
cos A 0 —sin A

where (), ¢) are the geodetic (latitude, longitude) coordinates of the N frame origin.
These are obtained from r%, = [X Y Z] using the closed-form solution [32]

bZ( ,b>
v=arctan— [1+e—=
ap R

Z 4 e'bsin® v (2.7)
p — e2a cos® v
¢ = atan2(Y, X),

where p = VX2 +4+Y2 R = VX2+Y2+ 72 and a, b, €2, ¢ are respectively
semi-major axis, semi-minor axis, first eccentricity squared and second eccentric-
ity of the ellipsoid used to approximate the shape of the earth’s surface. The most
commonly used ellipsoid model is WGS84 [1, Sec. 3] which defines these values
as a = 6378137.0 m, b = 6356752.3142 m, e = 6.69437999014 x 1073 and ¢ =
8.2094437949696 x 1072, In summary the navigation system outputs y = [y, Yp)
are written as functions of state x as

A = arctan

=R'm
Ym ) NN (2.8)
Yp =1 + ReppNn

A navigation system estimates x = [py wvxy R] from sensor inputs u = [fp  wp]
and aiding measurements y = [y, Yy, — a nonlinear observer design problem due
to the form of (2.5).

2.5 Parameterizing the Rotation Matrix

Up to now, the orientation of the helicopter with respect to the ground was described
by the nine-element matrix R. We now show it is possible to parameterize the
rotation matrix using a smaller set of numbers. This can be intuitively seen from
the fact that any rotation matrix has orthonormal columns and a determinant of
+1, so the nine entries of R cannot be independent of each other.

Consider the matrix exponential of a skew-symmetric matrix,

eS(x)G
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where x € R? as before and 6 € R is a scalar whose physical significance will become
clear soon. We have

<eS(m)€) -t — o S@0 _ S@)T0 _ <eS(m)€)T’

i.e. e3®) is an orthogonal matrix hence
e5@9) = 1.
Note that for § = 0, |e°| = |I| = 1, and because both the matrix exponential and

the determinant are continuous functions |e*(®?| = 1. Therefore ¢5®)? ¢ SO(3) for
z € R3, 0 € R — a candidate 4-element parametrization of R, but only if it can be
shown to be surjective onto SO(3).
Before proving surjectivity, we need a formula for calculating ¢°*)?. By defini-
tion,
S@P — [+ 5(2)0 + 5(2)1292 + S(‘?,geg T

By direct computation, we have:

0 —XI3 x9
S(ﬂj‘) = €3 0 —I1| ,
_—xg I O
[—22 — 22 X172 123
S(ﬂj‘)2 = T122 _33% - 33?), XroT3 ,
Tr1x3 23 —x% — 1’%
[ 0 w3 + 2373 + 15 —aiwe — a3 — 231
5(@3 = |—ztrg — 2dxs — m% 0 o3+ T3 + :Elx?,,
| 2w+ 23 + 2wy —a — 228 — 2923 0
0 —XI3 )
= (22 + a3 +a23) | a3 0 —zi| = —|z||?S(z).
—xI2 I 0
We see that
S(a)t = —|lz[PS(x)?,
2
S(x)” = (~l[?)” S(2),
and by induction,
_ k—1
S(@)* = (=DM (l2*)" S(2)?, k=12,

S(@)*H = (—1)F (Jl22)* S(x), k=0,1,...
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Returning to the matrix exponential definition,

eS@0 =14 (S(x)e + S@re" +- ) + <S(x)292 + S(@)"0" + - >

3! 2! 41
z128(x)63 S(2)262 zl128(x)264
:I—i—(S(x)H—H | 3!() +...>+< (2)! i 4(!) +>
. S(x) =]P6? S(x)? (llz)*6*  |lz|*6*
= (”“’”9 s ) e T
. S(z) . S(z)?
S@0 — 14 ﬁsm(usgne) + ﬁ (1 — cos(||z|0)) , (2.9)

known as Rodrigues’ formula. We will use the normalized version of x, a = x/||z||,
such that Rodrigues’ formula takes the form

¢5@9 — T 4 S(a)sinf + S(a)?(1 — cos), |al =1. (2.10)

Note that (2.10) is still a 4-element (candidate) parametrization of SO(3), because a
is constructed of three independent entries, then normalized. To prove surjectivity,
start with an arbitrary R € SO(3). Expanding (2.10), we obtain

2 2

1-— (CL2 + a3)v9 —assg + a1a9vVy as2Sg + a1a3vy 11 T12 T13
2 2 _

azsg + aravg 1 —(ai +a3)vg —aisg+asazvg| = |ra1 7T22 roz|, (2.11)

2 2

—a2Sg + arazvg aiSge + asasvg 1-— (al + a2)v9 r31 T32 T33

eS(a)o R
where a = [a; as a3]”, sy = sinf and vg = 1 — cosf, the versine function.

Equating traces,

tr(R) — 1
3—2(1—cosf) (a3 + a3 + a2) = r11 + rop + 733 => 0 = arccos (%) (2.12)
llal2=1 tr(R)
A property of all rotation matrices, i.e. members of SO(3), is that they possess one
eigenvalue at +1, and the remaining two eigenvalues are complex conjugates with
magnitude 1. Also, the trace of any matrix equals the sum of its eigenvalues. We
conclude —1 < tr(R) < 3, and the domain of arccos in (2.12) is [—1, 1], so € exists
for any {ri1,722,733} € R. Strictly speaking, the solution of (2.12) is 46, because

cos is an even function; we can remove this ambiguity by the restriction 6 > 0,
however. Equating the remaining entries in (2.11), we have

32 —To3 = 2(11 sin 9,
13 —T31 = 2(12 sin 9,

o1 —T12 = 2(13 sin 9,

from which, provided 8 # 0,

a 1 32 — 7123

a2 | = s——> |13 — 731
2sin 6 ’

a3 721 —T12
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which proves the existence of a for any {ri2,7r13,721,723, 731,732} entries of R pro-
vided 6 # 0. Consider the §# = 0 case, which only occurs when tr(R) = 3 in (2.12).
Since R has orthonormal columns, this is only possible for R = I. Returning to
(2.11), we have

1— (a% + CL%)O —a30 4+ a1a20 a20 4+ a1a30 1 0 0
az0+ajaz0 1—(a?+a3)0 —a10+aza30| = (0 1 0f,
—as0 4+ ajas0 a10 + asas0 1-— (a% + a%)O 0 0 1

which is obviously satisfied for any a, meaning R = I is in the range of e5(®? as

well. This completes the proof of surjectivity, and we have shown that ¢%(@? fully
parameterizes SO(3). Comparing this result with Euler’s Rotation Theorem, we
see that a physically represents the (normalized) axis of rotation and € the angle
through which the object is rotated. # = 0 is the no-rotation case, in which case any
rotation axis a can be used in the exponential. From the proof, we see that a given R
configuration yields a unique {a, 8} pair (as long as # > 0 is assumed, otherwise both
{0,a} and {—0, —a} are solutions), except at R = I, where an infinity of solutions
exist. This effect is known as a singularity of the parametrization, because it destroys
the continuous nature of the inverse problem (finding the set of parameters given
an orientation R). Singularities are also discussed in Section 2.6.

Consider the matrix exponential ¢5®), where 2 € R? is not necessarily of unit

length. Clearly,
& ¥ S@) — S/l =]l

By rotating x (changing its entries while keeping ||z|| constant), it is possible for
x/||z|| to span the entire set a € R3, ||a|| = 1; this is true for any choice of ||z| € R.
In this way, e(*) can be made equal to e5(®? |la|]| = 1, § € R, which was shown
to be surjective onto SO(3). Since x € R3, we conclude it is possible to surjectively
parameterize SO(3) with only three parameters.

2.6 Euler Angles Parametrization

Having shown that R € SO(3) can be parameterized using only three numbers, we
now develop a concrete case, Euler angles. We will compose three rotations, each
described by one angle, to produce the final orientation R. The composition of
rotations was discussed in Section 2.1.

b1
b1 V2

b3

ng n3
Figure 2.4: Elementary rotations about n, no and ng

We first derive the rotation matrices about the three basis axes, illustrated in
Figure 2.4. Note that unlike Section 2.1, all three rotations are made with respect
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to the same frame N instead of using the previous frame as the “datum”. This will
be reflected in the physical interpretation of Euler Angles below — however, the
composition of rotations still holds because R measures only the rotation between
two frames, so composing three rotations relative to N is mathematically identical
to the case in Section 2.1. Using the definition of R from Section 2.1,

bi-ny ba-ni bz -my
B
RN: bl-ng b2-n2 bg-ng s
bi-n3 by-nz b3-ns3

we work out the rotations about ny, ny and ng as

1 0 0 i 1 0 0

Ri(v1) =10 COS Y1 cos(m/2+ )| = |0 cosyi —siny |, (2.13a)
[0 cos(m/2 — 1) cosyr | |0 siny;  cosyp |
[ cose 0 cos(m/2 — )] [ cosyy 0 sinqs]

Ry (’YQ) = 0 1 0 = 0 1 0 s (2.13b)
[cos(m/24+7v2) O COS Y2 | —siny, 0 cosvya
[ cosys cos(m/2 +~3) O] [cosy3 —sinvyg 0]

R3(v3) = |cos(m/2 — v3) coS Y3 0| = |sinys cosy3 O (2.13c¢)
0 0 1 | o 0 1

It’s easy to directly verify that each matrix in (2.13) belongs to SO(3).

As seen in Section 2.1 composing rotations corresponds to matrix multiplication,
hence the order is not commutative. Any three-part sequence is valid provided
adjacent rotations are not made about the same axis, which gives 3 x 2 x 2 = 12
possible parameterizations. We choose to use the so-called roll-pitch-yaw sequence,
the most widely used in aerospace literature. This sequence is defined by

RY = R3(v¥)Ra(0) Ry (8), (2.14)

where roll ¢, pitch 6 and yaw 1 are defined as rotations about the x, y and z axes,
respectively. Substituting (2.13) into (2.14) and performing matrix multiplication
gives

coCy
CYSqp
P

SSeCy — CpSyp  CHSPCy + SpSep
S$pSeSy + CopCyp CppSHSy — SpCy | »
SpCh CpCh

where ¢4 = cos ¢, etc. Since Ry, € SO(3) we know RY € SO(3). As will be shown
below, roll-pitch-yaw is surjective but not injective onto SO(3).

Physically, the composition (2.14) represents an ordered sequence of rotations of
the helicopter body frame with respect to the ground. As seen in Figure 2.4, Ry,
Ry and Rj represent rotations with respect to the N frame, so (2.14) corresponds

to the following rotation sequence, starting from a level flight configuration (frames
N and B aligned, R = I):

RE = (2.15)

1. Rotate the helicopter about n; by ¢ (roll)
2. Rotate about ny by 6 (pitch)

3. Rotate about n3 by ¢ (yaw).
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It is also possible to interpret the angles ¢, 6, ¥ from a body-frame point of view.
Starting from R = I, the rotations are made with respect to by, bo and b3, requiring
the transpose version of (2.13) because RX = (RY)T as shown in Section 2.1. Note
the base frame B gets rotated at each step, but once again the mathematical form
of composing rotations remains the same. For reasons that will become clear soon
the rotation sequence is done “backwards” from the one above:

1. Rotate the helicopter about b3 by 1 (yaw)
2. Rotate about by by 6 (pitch)

3. Rotate about by by ¢ (roll)

This sequence of rotations composes to
RE = Ri(¢)" Ra(6)" Rs(v)"
and transposing both sides gives

RY = R3(¥)Ra(0) Ry (8),

which is identical to (2.14) above. In this sense, roll-pitch-yaw represents both the
ground-fixed rotation sequence

Roll ¢ around n; = Pitch 6 around ny = Yaw % around ns,
and the body-fixed rotation sequence
Yaw ) around b3 = Pitch 6 around b, = Roll ¢ around b;.

Consider the numerical example {¢ = —7/2, § = w/2, 1» = w}. This sequence can
be executed in either the ground-fixed or body-fixed order, giving the same final
configuration as illustrated in Figure 2.5. Remark that the body frame axes b are
rotated at each step.

Consider the inverse problem of calculating the sequence {¢, 0,1} given an ori-
entation R. Starting from (2.15),

COCyy  SpSeCy — CpSyp  CpSHCy) + SpSy 11 T12 T13
R = CoSyy  SpSHSy + CopCoyp  CpSeSyy — SpCyp | = [T21 T22 T23] - (2.16)
—Sg S¢Co CoCo 31 T32 T33
By inspection, § = — arcsinrs;. Since R € SO(3) the matrices (2.16) are orthonor-

mal. It follows that |r3;] < 1 and so —7/2 < 6 < 7/2. Consider first the case
|0] < 7/2, from which ¢y # 0 and thus

r
tan ¢ = 32— ¢ = atan2(rsz, r33)
733
T21
tany = — = 1) = atan2(rq1,711)
11
where atan2 is the “smart” arctan function which assigns the correct quadrant
and handles the case of division by zero. Since arcsin and arctan are injective

functions and the entire range of R is in their domain, roll-pitch-yaw is a bijective
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ba b1 b1

ng, 0 nz, P

1 > by
» by \bg’w b ooy by
2 A 2 3
1 > . 8 by, 0 by, o
ng

Figure 2.5: Roll-Pitch-Yaw sequence of rotations, ¢ = —7/2, 0 = /2, ¢ =7

parametrization of SO(3) provided 6 # £6/2. This last condition is a singularity of
Euler angles, discussed next.

Consider the case where 137 = £1 = § = F7/2. From orthonormality, r1; =
r91 = 0 necessarily, and r33 = r32 = 0 since R € SO(3) as well. Equation (2.16)
reduces to

0 ro 713 0 Fsin(¢p 1) Fcos(¢p L)
0 72 7123 = |0 cos(ptep) —sin(¢p )
1 0 O +1 0 0

We see injectivity has been lost for § = Fm/2 because two different roll-pitch-yaw
sequences with the same ¢ + ¢ will map to the same R. This loss of injectivity is
a singularity of the roll-pitch-yaw parametrization, just like R = I for axis-angle
in Section 2.5. As an example consider Figure 2.5 again, which used a (singular)
sequence ¢ = —7w/2, § = w/2, ¢ = 7. A different sequence with § = 7/2 and
¢—1=—7m/2—7 = —3mw/2, for instance ¢ = —7, ¥ = /2, will give the same final
orientation. This is shown in Figure 2.6 using the body-fixed rotation convention.

bl bl

b3,w b270 b17¢
> b1 > bo _— by _— by

b3

62/ v b1 b3
b3 b3

Figure 2.6: Alternative Roll-Pitch-Yaw sequence of rotations, ¢ = —7, § = /2,
Y=m/2

Euler angles can be used to parameterize the rotation kinematics developed in
Section 2.3. Consider the body-frame version (2.4)

R(t) = R()S(wa(1)),
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We use R from (2.15), compute R and solve the above for {¢,9,T/J} Since the R
expression is quite long, we first group terms on the left side then perform the matrix
multiplication in e.g. Mathematica:

RTR = S(wp)
. 0 . s¢9 — Cd)CgT/J c¢9'.+ sqgc@.l/} 0 —WB3 WB2
=S¢t +cpcorp 0 —¢+sey | = | wB3 0  —wp:
—col — spcot) P — sgvp 0 —wB2 WB1 0
Isolating wp,
WBRB,1 ¢ — 891/.1 ) 1 0 —Sp (25
wp2| = cd)e + Sd)cew =10 Ce S$¢Co 0
WB,3 —8¢9 + C¢Cg¢ 0 —sg ceco P
Inverting, we obtain
¢5 1 singtan® cos¢tanf| |wp1
6| =10 cos ¢ —sing wB2|
zb 0 singsect cosgsect| |wp3

or equivalently
gzlb =wp,1 +singtanfwp o + cosptanfwp 3
= cos pwp o — sinpwp3 (2.17)
¢ = sin ¢psec f wp2 + cospseclwp 3
Equations (2.17) are the dynamics of the roll-pitch-yaw Euler angle parametriza-
tion. Remark the dynamics involve trig functions and become undefined at the
parametrization singularity # = 4 /2, making them a poor choice for numerical
implementation.

As mentioned previously, roll-pitch-yaw is just one of twelve possible Euler Angle
parameterizations. It can be verified that all exhibit singularities, and in more
general terms it can be shown that any three-element parametrization of SO(3) will
possess singularities [125]. A practical solution is avoiding configurations which are
singular, e.g. never pitching the helicopter straight up or down. A more elegant
solution is to use a parametrization with > 3 elements which does not contain
singularities, specifically unit quaternions discussed in the next section.

2.7 Quaternions

Quaternions were first introduced by Hamilton as a generalization of complex num-
bers. Just as complex numbers on the unit circle can represent planar rotations via
e’ unit-length quaternions can represent three-dimensional rotations.

A quaternion r € H is defined as

r=rg+rit+reg +rsk

where (rg,71,72,73) € R* and H is a four-dimensional vector space over the reals
with basis vectors {1,4,7,k} € H. A quaternion can be written as r = (rg,7)
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where 19 € R is the “scalar” component and 7 := (r1,72,73) € R3 is the “vector”
component. A quaternion with ro = 0 is known as a “pure” quaternion.
Quaternion multiplication * is defined by
txt=Jxj=kxk=1xjxk=—1,

a bilinear, distributive, non-commutative operation. Left and right—multiplying the
above yields

ixj=k Jxk=1 kxt=7,

jxi=—k kxj=—1 ixk=—j
The multiplication of quaternions r = (1, 7) and s = (sg, §) is written out as

rxs=(rg+rit + 127 + rsk) * (so + s1¢ + s2J + ssk)
=180 + 1051t + 10527 + r0S3k
4+ 7180t + 171518 % T+ 1159t x J + 1183t * k
+1ro50J +1281F *x T+ rased * J +rassjxk
+ r3sok + r3sik x 1 + r3sok x J + r3ssk x k
=(roso — 1151 — 282 — 7353)
+ 1981t + T9S2] + rossk
+ 7180t + 12507 + 350k
+ (ros3 — 1r382)t + (r3s1 — r153)F + (r1s2 — r2s1)k
=(roso — 7+ 8,105+ soF + 7 X §),
where - and x are the R? inner and cross-product, respectively. Note that quaternion
multiplication is mot commutative. By inspection the above can be written as a

matrix multiplication, better suited for numerical implementation (note there are
two possible forms):

ro —r1 —Tro —Tr3 S0 Sog —S8S1 —S2 —S83 To
r T =T r S S S S —S r
res— 1 0 3 2 1 — 1 0 3 2 1
T2 T3 o —Nn S2 S2. —S83 S0 S1 T2
s —Tr2 N To 83 §3 S22 —S1 S0 "3

We define the quaternion conjugate as r* = (rg, —7), and the norm as
7|l = Vr x> = \/7"8 +r2+ 73+

The identity element for quaternion multiplication is (1,6), and the inverse of a
quaternion is given by r~! = r*/||7||2. In this way, quaternions form a (non-Abelian)
group under multiplication. Consider the conjugate of quaternion multiplication

(r*s)" = (rosg— 78, —ro8§ — so7 — T X §),
and now note that

(307 _5) (T()? _T)

= (sor0 — (=5) - (=7), 0(=T) + 70(=5) + (=5) x (—7))
= (TOSO—T'S,—TOE'—SOF—FXE')
(

= (rs)",
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analogous to matrix multiplication; this property will be used shortly.

In Section 2.5, we have shown that R € SO(3) can be surjectively parameterized
by a rotation axis a, ||a]| = 1 and angle 6 via the matrix exponential. Define the
associated quaternion

q = (cos(0/2),asin(0/2)). (2.18)

Remark that ||¢|| = 1 by construction. We now show that (2.18) is also surjective
onto unit quaternions

q= (q07q_)7 q(2] + ||q_”2 =L

For the scalar part,
cos(0/2) = gy = 0 = 2arccos qq,

and since |go| < 1 for a unit quaternion, # can always be found. For the vector part,
consider first the case 6 # 0:

1 q1 q—-‘
asin(f0/2) =¢d=— a = 5 |42 =W7

i.e. a unit rotation axis a can be found for any values of §. Now consider the case
0 =0:
I=0—=q=1=¢=0,

and the axis is
asin0=0=a € R® = a=0;

i.e. we have chosen a = 0 when # = 0. Note in this case, ||a|| # 1 in Equation (2.18);
however, ¢ = (1, 6), still a unit quaternion. We conclude that (2.18) is a surjective
parametrization of unit quaternions.

We now relate unit quaternions ¢ written as (2.18) to R € SO(3). For the case
0 # 0, ||a]] = 1 and we use Rodrigues’ formula (2.10):

— —

2
q . q
R=I1+4+S5|— |sin(2arccosqy) + S | ——=| (1 — cos(2arccos q))
(N/l—q(%) \/1—q8
_ 2g0\/1 — qf 22(1 — g3)
=1+ 5(0)—F— +5@)"———=~
\/1_q0

1—q8

1 0 0 0 —g3 @ —q3 — 43 q192 q193
=10 1 0| +2¢0| g 0 -—q|+2| e —-d-3 ¢
0 0 1 @2 @ 0 q193 ©a —d— B

[1-2(¢3 +43) 2q192 —2q0q3 29193 + 29092
= | 2q192 + 29093 1 —2(¢} +43) 24203 — 2q0¢n
| 2193 — 290g2  2g2g3 + 2q0q1 1 —2(¢% + ¢3)

For § = 0, ¢ = (1,0), which gives R = I above, which is consistent because 6 = 0
denotes the no-rotation case. We conclude the matrix above, equivalently written
as
G+ —a—a  2(@ee—qa) 200193+ 90g2)
R=| 2(qe+ewp) @-d+6E-6 20@e—q00) |, (2.19)
20193 — q0a2)  2(q2a3 +qom) @ —ai — a5+ 43
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is the rotation matrix corresponding to the unit quaternion ¢. An immediate benefit
of quaternion parametrization is that (2.19) does not use trig functions, as compared
to e.g. roll-pitch-yaw in (2.15).

Using parametrization (2.19), we can investigate the injectivity of ¢ onto SO(3).
As with Euler angles, begin by equating (2.19) to an arbitrary R € SO(3),

R+d—-B -3 2qe — q09s) 2(q193 + qoq2) il T2 T13
20102+ 9093) B -G +dE— a3 2(qqz—qoq1) | = |ra1 rae T3
2(q193 — qog2) 2(¢2q3 + 001) @ — G — B+ 4 T3 T32 T33

(2.20)

Equating traces, and using the fact that ||¢]| = 1= @ + & + ¢ + ¢ =1,

38 — (@ + a3 +q2) =111 + 72+ 733

4¢3 — 1 =111 + 122 + 733

1
qo = i5\/1 + 711 + T2 + 733.

As shown in Section 2.5, —1 < tr(R) < 3, s0 go € R, |go| < 1 as expected. Also note
there are two possible solutions to gy — this will be discussed below. From (2.20)
we also have

4q0q1 = 132 — 123
4qoqo = 113 — 731

4q0q3 = 21 — T12,

> _ T32 —T23 "3 —7T31 21— T2
N g BT g BT g

Since the g sign choice is arbitrary, it follows that both ¢ and —¢ map to the same
R, i.e. unit quaternions provide a two-to-one covering of SO(3). From (2.18) this
is equivalent to saying (0, a) and (—6,—a) produce the same rotation. This issue
is easily resolved by always picking the gg > 0 value when converting R to q. The
other ambiguity is the gy = 0 case, which occurs if § = £7 in (2.18). We investigate
the limit

lim ¢ = lim 32 128

q0—0 =0 4qo

Using (2.19), this can be rewritten as

. 2q293 + 29001 — 2q2q3 + 2901 . qoqu
lim = lim —,
q0—0 4qo q0—0 qo

and by using ’Hopital’s rule,
lim ¢1 = q1,
q0—0

i.e. a (unique) limit exists. The analogous result holds for ¢, and ¢3, which completes
the proof that quaternions form a two-to-one covering of SO(3).

Although we have proven the limit to exist, numerical problems will appear as
go — 0 in the formulas above. To resolve this issue, we return to Equation (2.20)
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and arrange the diagonal entries as one of:

B=r11 — 12 —133=3q¢1 — (6§ + & + q3)
C=—r11+7r2—133 =3¢ — (6§ + 4 +d3)
D=—ri1—7ro2+733 =3¢ — (6 + G + &),

which result in

+V1+ B +V1+C +v1+D

quT’ q2:Ty q3 = 2

respectively. Clearly if A = rq1+r99+1r33 = 0, then B,C, D # 0 and one of the above
qr. solutions can be used to find the remaining three entries of g. Since ¢ will be
used in the denominator of the remaining entries, we use “option” max{.A,B,C,D}

to reduce numerical problems. The conversion formulas for each option are provided
below:

A: B: C: D :

Vi+ A _ T32 —T23 T3 —1T31 21— T2
w=" “Toirs T aire T awiep

_ T32 —T23 V1+B T2+ T2 _ riz+ra
PEIFA T “Toite "Taaep

_ T13—T31 T2+ V1i+C _ T23 +T32
LT irA BT aoArB 2T W >

T2l — T2 Tz +r3n _ T3+ 732 V1+D

B9 AT A B= /I B B= o Are ="

We develop two useful properties of unit quaternions. Consider a rotation matrix
acting on a vector:

#'=RU, ReSO(3):7,7 R

Let v = (0,7) and v" = (0,7”) be two pure non-unit quaternions. We will show that
for the unit quaternion ¢ parameterizing R above,

vV =qrvxg =gxvxgt.
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Using the angle-axis form (2.18) of ¢ and assuming 6 # 0 so that ||a| = 1,

g*xv*q*
= (co/2:asg/2) * (0,7) * (cg/2, —asg2)
= (cga, asgs2) * (17 as@/z,vcm + (a x )sg)2)

(—a-(ax?)s; 6/2 69/211 + 2cg/250/2(a X U) + sg/za(v a) + 39/2a x (a x D))

0
=(0,(1— 33/2)17+ sg(a x ¥) + 33/2a(a - ) + 33/2a X (a x )
= (0,04 52, (ala-0) —¥(a-a))+sgla x T)+ 52,50 x (a x T
( 32 (ala-0) =T (a-a)) +sp(a x 0) + s5,5a x (a x ¥))

llall?=1

ax(axv)
0,7 —1—239/2a>< (a x T) + sg(a x V)
T+ (1= ¢p)S(a)(S(a)?) + 595 (a)7)
,(I+s9S(a)+ (1— c(;)S(a)2)17)

If9=0,q=(1, 6) = ¢*, and v' = v, which is correct since # = 0 corresponds to
R=1

The above leads to another property of unit quaternions. Composing rotations
as in Section 2.1, assume we have

7' = R¥, 0" = RyU’; 7,7",7" € R®, Ry, Ry € SO(3).
It follows that
= RyR,¥.

Using pure quaternions, the above are equivalent to

/ * " / *
’UZQ1>|<’U>|<q1, VvV =(Qg2 %0 *q2,

and by substitution,

V' =gk qi kv g *qs
= (q2*q1) *v*(q2*xq)"

It follows that g9 * ¢1 corresponds to the composed rotation RoRq and so g * ¢ is
a unit quaternion. This means that unit quaternions form a subgroup of H whose
group operation * composes rotations just as in the SO(3) group.

We will now use unit quaternions g to parameterize the rotation dynamics (2.4)
R = RS(wp) obtained in Section 2.3. Expanding RTR = S(wp) using (2.19) we
obtain four equations:

q090 + q1G1 + q242 + 4343 0
9 —<hq:0 + QOQ:I + Q3Q2 - Q2q:3 _ |wBa

—Qq290 — 9391 + qoq2 + 4193 WB2

—q390 + G291 — 9142 + 043 WB3
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equivalent to
9 @ 92 g3 | [4o 0
-1 q g3 —q| @] _1|wsa
-9 —q93 qQ Q1 qo 2 |wBe

—q3 9@ —q@  Q q3 wB,3
Inverting,

do %o —q1 —q92 —q3 0

@ _llen e —g ¢ | |wBa

@ 2|l @ @ -—-al |wsz2|’

q3 3 —q¢ q1 Qo | |wWB3

the matrix form of the quaternion multiplication

.1 -
qg= §q * (O,WB) (2.21)
which can also be expressed as
qo 0 —wp1 —wp2 —wB3| [
Q| _lijwpr O wp3 —wB2| |Q
o 2 |wB2 —wgBg3 0 wB,1 q2
qs WB3 WB2 —WB]1 0 q3

Similarly for (2.3) we have RRT = S(wy) and obtain

qodo + q1d1 + q242 + q3¢3 | 0
—q190 + qoq1 — q3G2 + G243 | _ |WN1
—q2qo0 + q391 + qog2 — q143 WN 2
—q3q0 — 92491 + q142 + qo4q3 ] WN,3
o0 @ 9@ g3 [do] [0

-1 q0 —q3 G2 q1 1 fwni
—q2 93 Qo —q| |¢ 2 |wnN2
—q3 —q2 @1 qo | |g3 (W3

do dg —q1 —q2 —q3 0
q Tlar a0 a3 —qf |wNi1
42 212 —q3 q @ WN,2

| 43 93 @ —q1 qo | |wN3
[ 0 —wni1 —wn2 —wns| [9
_Lllony 0 —wns wh2 | @
2 |wN2 wWhN3 0 —wnN1| |92
[ WN3 —WN2 WN,1 0 q3
1
= = 5(07@’]\7) * (2.22)

2.8 Earth’s Magnetic Field

The Earth’s magnetic field m can be visualized by modeling the Earth as a magnetic
dipole, with magnetic field lines emanating vertically from the southern magnetic
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Figure 2.7: Earth’s Magnetic Field

pole, running nearly parallel to the surface near the equator, and sinking vertically
into the north magnetic pole as illustrated in Figure 2.7.

We distinguish between magnetic and geographic (“true”) north: the magnetic
north is defined as the geographic location where the magnetic field lines point
vertically down into the ground, while geographic north is defined by the location of
the Earth’s rotation axis which also defines latitude 90° N. The magnetic north is
not fixed; for instance in 2010 it was located at 84.97° N, 132.35° W, drifting North-
West at approximately 55 km /year. For this reason geographic north is always used
for navigation, and the N frame’s n; and ng axes (c.f. Section 2.4) are defined as
pointing respectively in geographic north and east directions. A hand-held compass
measures the direction of magnetic north and its reading must be corrected by the
declination angle A between true and magnetic north at a given geographic location.
In Edmonton A > 0 indicates magnetic north is east relative to geographic north.

The SI unit for the magnetic field is the Tesla. A 1 T field is extremely strong
so a more common unit is the Gauss where 1 T = 1 x 10* G. The magnetic field
vector m varies in magnitude and direction over the surface of the Earth, but can
be taken as constant for a given geographic location. The on-board IMU’s triaxial
magnetometer directly measures mp with a range of £1.2 G and a resolution of
0.2 mG on each axis. The reference magnetic field vector coordinates my as well
as declination angle A can be computed for a given location and date using the
International Geomagnetic Reference Field (IGRF) [2] or World Magnetic Model
(WMM) [98] models!. For instance the ERCHA flight field located at 53°25'12” N,
113°23'58” W, alt = 712.2 m has the magnetic field value

my = [0.1404 0.0386 0.5578]" G, A =1538°

for September 1, 2011 using the IGRF model.

! An online calculator is available at http://www.ngdc.noaa.gov/geomagmodels/IGRFWMM. jsp.
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2.8.1 Computing Yaw

During the navigation system’s initialization phase, the magnetometer is used to
calculate the yaw angle 9 of the helicopter w.r.t. the ground-fixed frame IV, i.e. the
angle of the longitudinal body-fixed axis by relative to geographic north direction ny.
Together with roll ¢ and pitch 6 angles, this is used to compute the initial attitude
Ry € SO(3) of the vehicle.

The roll and pitch angles ¢g and 8y of the helicopter during initialization can
typically be taken as zero since the helicopter starts out level on its landing skids.
More generally these angles can be computed from the accelerometer: as discussed
in Section 2.4 a stationary accelerometer outputs fg = —gp where gg = R gy,
gy =[0 0 g]* and using (2.15),

jjBJ CHCy CH Sy —Sp 0 Sp
f_B72 = — [5¢50Cy — CpSyp  S¢pSHSy + CopCyp SpCh 0] = —S¢Co | g
fB73 CpSeCy + SpSyy  CpSeSyy — S¢pCyp  CppCo g —CpCh
such that _ _
¢o = arctan <@> and 0y = arcsin <@>
IB3 9

are the initialization roll and pitch angles of the vehicle provided it is stationary.
Remark the range of both arctan and arcsin is [—m/2, 7/2] but the helicopter is not
expected to exceed this range during initialization.

Once initialization roll and pitch angles ¢, 6y are available, the yaw angle 1y can
be computed from the magnetometer. Let my := [B, B, B.]|T be the (known)
reference magnetic field in the navigation frame. We directly measure mp = RImxy
and from (2.14) and (2.13) we have

cy sy 0] |Bg cg 0 sp| [1 O 0 mp1

—Sy Cy 0 By = 0 1 0 0 Cp —S¢ mpB2

0 0 1] |B:] |—s9 0 cp| [0 s g mp 3
ey By + syBy | [ co  spsy sece| [MmBa
—S¢Bx + CwBy = 0 Co —S¢ mp2
B, ] | —s9 Ccpsy cocy| |MB3

The first two vector entries give
Cwa + S¢By =cymp,1 + 8¢89T7LB72 + C¢89T7LB73 =X
—8y By +cyBy = cgmpo — sgmp3 =Y
Combining the above two equations leads to:
XB, — VB, = sy(B; + B})
XB, + VB, = cy(B2+ B})
And so

XB, - VB,

t —
Y= B, T+ VB,

= ¢ = atan2(X B, — YB,, X B, + VB,),
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or written out explicitly,

1) = atan?2 <By [CQmB,l + S¢Sgmp2 + C¢8977LB,3] — B, [C¢T7LB72 — S¢m373],
(2.23)
B, [CGmB,l + spSemp2 + C¢36mB,3] + B, [C¢mB,2 - 3¢mB,3]>

Equation (2.23) provides a direct calculation for 1, the yaw angle relative to true
north. The disadvantage is the reliance on my which is calculated from a theoretical
world magnetic model and may be different in experiment due to warping of the
local magnetic field by things such as ferromagnetic building materials or active
magnetic field sources such as power lines. We will revisit this point in Section 2.9.

An alternative approach to computing yaw is to consider a different ground-fixed
frame whose first axis points in the direction of magnetic north. We denote this as
the magnetic frame M where m3 points vertically down just like in the navigation
frame such that ms points in the direction of magnetic east. The magnetic field m
expressed in M frame coordinates becomes my; := [By 0 BV]T where By and
By are the horizontal and vertical components of the magnetic field vector. The
vehicle’s yaw with respect to the magnetic north is known as the azimuth ™. The
azimuth can be converted to navigation frame yaw ¢ by @ = 9, + A where X is
the local declination angle as discussed in Section 2.8. The advantage of using ™
instead of 1 is that (2.23) simplifies considerably for m;:

Y™ = atan2 (—cymp2 + S¢MB.3, CoMB1 + SpSeTMB2 + CpSeTMB3) , (2.24)

which does not employ the reference value of m. In addition to ¢ we compute the
value of the my; reference field using ¢g, 6y and mp: from (2.15),

By * * * mp,1
my=| 0| =] * * * mpB,2
By —8¢ S¢Co CoCo| |MB3
and so
By = —sintlymp,1 + sin ¢ cos 0y mp 2 + cos ¢g cos Oy mp 3

(2.25)
Bp = \/m2B,1 + m23,2 + sz,s - B\2/

2.9 Magnetometer Calibration

The measurements made by a magnetometer sensor are affected by the surrounding
environment (e.g. structural steel in buildings, power lines) as well as the vehicle
itself (e.g. ferrous metal parts, engine magneto). Since the earth’s magnetic field is
very weak, uncompensated magnetometer readings cannot be trusted.

Field distortions present in the environment, e.g. inside a building, have an
unknown spatially-varying nature and cannot be compensated for in practice. For
instance, we have observed the measured magnetic field inside a lab shift by 90
degrees just from moving the sensor close to the wall. For this reason all indoor
testing is done in a prescribed section of the lab where magnetic interference has
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been verified to be minimal, and the magnetic frame M is used as the ground-
fixed frame to remove the need for a theoretical magnetic field value. Conversely,
outdoor testing is conducted on a flying field situated far from buildings such that
the reference magnetic field value my is reliable and the navigation frame N can
be employed. This is important for GPS-aided navigation because the Rg matrix
in (2.8) specifically requires the use of the N frame.

Field distortions caused by the vehicle body are fixed w.r.t. the magnetometer
sensor, and can be quantified and removed from subsequent sensor readings by a
calibration procedure. The simplest approach is to collect a set of sensor readings
{m} while sequentially rotating the vehicle about the body-fixed axes by, b and
b3, each aligned with the magnetic East-West line. Since the theoretical magnetic
field vector m is constant, the collected data points should trace out a 3-D sphere
centered at zero with radius |m|. As shown in Figure 2.8 below, the actual sensor
readings will trace out a warped, offset sphere, whose center b,,, = mean({m}) can
be computed and used to correct future measurements by m — b,,. This method is
commonly known as Hard-Iron Calibration and is often found as a firmware feature
on commercial magnetometers, including the IMU used in our helicopter UAV. It
has the advantage of a simple calculation and not requiring knowledge of the local
magnetic field amplitude. Its disadvantage is the inability to compensate for field
distortions which show up as a warping of the spherical shape.

A novel compensation approach is proposed in [54]. The magnetometer sensor
model is taken as

&1 0 0 Cl
m= €9 8in p1 €9 COS P1 0 m+ |G| = Knm+ by, (2.26)
€38in py cOS p3 €38N p3 €3 COS Pa COS P3 (3

where ¢ represent the sensor scaling errors, pp the sensor misalignment angles,
and (i the sensor offsets of the individual magnetometer axes, 1 < k < 3. Physi-
cally (2.26) models the following sources of magnetometer error: scale factor, mis-
alignment, null shift (sensor bias), hard-iron and soft-iron errors [54]. Remark that
(2.26) reduces to the Hard-Iron Calibration model by taking e = 1 and py = 0
resp. K, = I.

Equation (2.26) is inverted to m = K,,}( —b,,) and substituted into m3 +m3+
m3 = |m|? where |m| is known and constant, c.f. Section 2.8, resulting in

Clm% + Camyma + Czmyms + 04771% + Csmaoms + Cﬁmg
+ Cymy + Cgma + Comg = Cyg (2.27)

where the coefficients C; are nonlinear functions of ¢, p, ¢ and |m|. Assume a
magnetometer calibration data set {m} has been collected, consisting of N data
points for which (2.27) holds. The system is rewritten as

m%,l myimey -+ g | [C1/Cho 1
: : : : =], (2.28)

~2 ~ ~ ~
miy manmaN - mgn| |Co/Cro 1

from which a least-squares solution for the numerical values of C1/Cyq...Cy/Cig is
performed. This produces a system of nine nonlinear equations in nine unknowns ¢,
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p, ¢, which can be solved numerically. Using ¢ =1, p = 0, ( = 0 as initial guesses,
the solution converges rapidly. The calibration constants are then substituted back
into (2.26), and future sensor readings are corrected as K,,! (7 — by,) :== A + be,
a linear mapping.

1
HI
0.5 0.8
e 0 2 0.6
£ E
-0.5 0.4
A Full
1 0 Raw
-1 -05 0 0.5 1 8 5000 10000
m, [C] IMU sample

Figure 2.8: Magnetometer Calibration, Engine Off: Raw Sensor Readings, Hard-
Iron Compensated, Fully Compensated

The data collected during engine-off calibration is plotted alongside its hard-
iron and fully-compensated versions in Figure 2.8. Observe the original data’s offset
centre is corrected by both methods, but only the full compensation (2.26) corrects
the elliptical distortion. The magnitude plot in the bottom-right corner confirms
the improvement in accuracy. The impact of magnetometer calibration on the ex-
perimental performance of an aided inertial navigation system will be covered in
Section 3.4.2.

Running the helicopter’s engine creates substantial distortions in the measured
magnetic field. For this reason, a separate engine-on calibration data set is collected
and the calculations above are repeated. The two sets of constants are given in
Table 2.1. The change in parameters is pronounced, confirming that the running
engine has a significant impact on the sensed magnetic field. This will be shown
through flight experiments in Section 3.4.3.
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Table 2.1: Magnetometer Calibration Constants
£ P ¢
1.0044 | —3.292° | 0.0795
Engine Off | 1.0884 | —3.934° | —0.1978
1.1423 | 6.242° 0.2412
1.0373 | 4.211° 0.0616
Engine On | 1.2658 | —6.862° 0.0149
1.3635 | —12.380° | 0.0020
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Chapter 3

Extended Kalman Filter Design
for Aided Navigation

As mentioned in Section 1.2.1 the Extended Kalman Filter (EKF) is the conven-
tional method of choice for aided navigation design. We apply this method to two
examples used for our helicopter UAV project: an Attitude and Heading Reference
System (AHRS) and a Magnetometer-plus-GPS Aided Inertial Navigation System
(Aided INS). The resulting designs are implemented and validated in experiment
and provide a foundation for the invariant observer design in Chapter 4.

3.1 Overview of EKF

The method of the Extended Kalman Filter is to linearize the system dynamics
around a nominal trajectory and use the resulting model in a Kalman filter, an
optimal linear time-varying observer used to estimate the state of the linearized sys-
tem from sensor and aiding measurement signals corrupted by noise. The resulting
estimates are then added to the nominal trajectory to obtain state estimates for the
nonlinear system. A nonlinear system with noise inputs is written as

Yy = h(l'v U)
where x and y are the state and output (aiding measurements) vectors, u is the
input (sensors) vector, and w, v are process and measurement Gaussian white noise
vectors with zero mean and known covariance. Let (Z,u,0,0) represent a nominal
(noise-free) trajectory of (3.1), i.e. one which satisfies

&= f(&,u,0)

§ = h(#,0) (3:2)

where ¢ is the nominal output. Linearizing (3.1) about the nominal trajectory we
obtain

of of

af

= f(Z,u,0)+ o . (x — &)+ 90 - (u—wu)+ Em - (w—0)
. Oh . Oh
y_h(l"())—i—%@o( _33) %Q,O(U_O),




and after defining dz = =z — 2, dy = y — y and the Jacobian matrices F(t) =
(0f)0x)(2,u), G(t) = (0f/Ow)(&,u), H(t) = (0h/0x)(%) and L(t) = (9h/0v)(Z),
we obtain the LTV system

§i = F(t)dz + G(t)w

Sy = H(t)éx + L(t)v (3.3)

The nominal trajectory & can be either computed ahead of time as & = Z*, a design
known as the Linearized Kalman Filter (LKF); or & can be taken as the estimated
state of (3.1) itself, equivalent to re-linearizing the system about its latest estimate,
which is known as the Extended Kalman Filter. We use the latter approach since the
motions of the vehicle cannot be predicted a priori. The EKF is an ad-hoc design
because the convergence properties of the observer depend on the trajectories of
the nonlinear system and we cannot formally prove non-local stability. Nevertheless
the EKF works well in practice due to its inherent robustness to sensor noise and
tolerance of aiding measurement drop-outs. We will revisit the issue of observer
stability in Chapter 4.

3.2 EKF Design

3.2.1 Complementary Filter Topology

For Aided INS designs, the EKF is used inside a complementary filter topology [34,
Chap. 10]: the nominal system dynamics (3.2) are numerically integrated using
high-rate, low-accuracy sensor signals u to produce the (roughly) estimated state
& =: 2~ of the nonlinear system (3.1). Whenever a low-rate, high-accuracy aiding
measurement is available, 2~ is used to obtain the linearized model (3.3), used
by the Kalman Filter together with v and y to estimate 0%, which corrects the
nonlinear system state as £~ + 62 = 7. The updated state £+ is output to the
user and becomes the IC for the next integration of (3.2). Conversely if an aiding
measurement is not available at the current time, ™~ is output directly and used for
the next (3.2) integration.

The complementary filter setup is ideal for Aided INS applications because of
the multirate nature of the on-board sensors: in our system, the IMU provides
accelerometer, rate gyro and magnetometer information at 100 Hz whereas GPS
information is available at 10 Hz and is subject to service drop-outs due to environ-
mental conditions. For the AHRS, all sensor signals are available at 100 Hz, however
the aiding rate may be set lower to conserve CPU cycles since the numerical inte-
gration is computationally much less expensive than the Kalman update. This is
particularly useful for implementation on low-power embedded systems.

3.2.1.1 AHRS

The topology of the AHRS is shown in Figure 3.1. The task of the system is to
estimate the attitude of the vehicle, measured by the rotation matrix R € SO(3) of
the body-fixed frame relative to the ground-fixed magnetic frame (c.f. Section 2.9).
The name AHRS comes from aviation where “attitude” means the roll and pitch
angles of the vehicle i.e. its attitude w.r.t the horizon while “heading” is its yaw angle
to magnetic north [9, p. 3-22]. The design is a complementary filter consisting of
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high-rate integration of a rate gyro signal @ from the IMU and low-rate correction of
the resulting estimates using magnetometer and accelerometer aiding measurements
via the Extended Kalman Filter.

Gyro w AHRS | ﬁc ....................................................
y Dynamics :
. Y
5 Output
L Equations
v 5 _im )
Ym X Ym
PACAL I VI UL M
Extended C)(‘F . o8
Kalman Iga
Filter <§y‘.’ ........ A <. - .g.“. . Accel
< cce

Figure 3.1: Topology of AHRS; signal rate inversely proportional to dot spacing

3.2.1.2 Aided INS

The Mag-plus-GPS aided INS topology is shown in Figure 3.2. The system provides
estimates of the position, velocity and attitude of the vehicle relative to the ground-
fixed navigation frame. The high-rate signals are the accelerometer f and rate
gyro @ measurements provided by the IMU. The low-rate aiding measurements are
obtained from the on-board magnetometer and GPS receiver. Remark that unlike
Figure 3.1 the system’s EKF employs input (sensor) signals « in addition to aiding
measurements y.

IMU f’.(:) %aVigat%On .......................... i ................................................... >
: ynamics :
. Yy
5 Output
T Equations
— _Om i
Ym ’ Ym
7T D)< L gm Ma
Extended O+ ) &
> Kalman “p
Filter oy X Y
TP < P GPS

Figure 3.2: Topology of Aided INS; signal rate inversely proportional to dot spacing
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Table 3.1: Identified Noise Parameters — Engine Off [75]

g Ow Bf Ovf B Obw Om
(m/s%2) | [rad/v/s] | [1/s] | [m/s?] | [1/s] | [rad/s] | [Gvf5]
0.0079 0.0017 | 1.89/178 | 0.0042 | 1.89/562 | 0.00029 | 0.00058
0.0074 0.0017 1.89/562 | 0.0020 | 1.89/562 | 0.00038 | 0.00051
0.0090 0.0021 1.89/562 | 0.0016 | 1.89/562 | 0.00032 | 0.00051

3.2.2 Sensor Models

The on-board IMU is equipped with a triaxial accelerometer, rate gyro and magne-
tometer, respectively measuring specific force fp = pp—gp, angular velocity wp and
the Earth’s magnetic field mp = RTm¢ at a rate of 100 Hz where mg = mas or my
is the magnetic field vector in the ground-fixed frame coordinates, taken as known
and constant as discussed in Section 2.8. The measured data exhibits significant
bias and noise effects, which must be accounted for. The proposed sensor models
with frame subscripts omitted are

f:f+bf+uf
w=w-+b,+ v,

m= K, m+ b, +vn,

(3.4)

where each v represents a Gaussian white noise vector with zero mean and diagonal
covariance matrix entries o2. The noise properties of the accelerometer and rate gyro
sensors were analyzed using the method of Allan Variance [12] by [75, Chap. 4], who
proposed modeling both bias terms as b = by + by where by is the constant turn-on
bias to be computed during initialization, and b; is the time-varying part described
as a Gauss-Markov random process

bt = —3bs + \/%Vb

where 1/ is the time constant of the process and v, is a Gaussian white noise vector
as before.

The K,, € R33 and b,, € R? in (3.4) are constant terms used to model the
warping of the magnetic field, found by performing a calibration as described in
Section 2.9. For later convenience the magnetometer signal is rewritten as

m = K Y —bp) — K vy = 55, = m + 15,
—_——— ~——
o Vi
where as in Section 2.9

ge, = Agn+be,  Aci=Kpb bei= Kby
is the compensated magnetometer measurement, and vy, := A.v,, is still a Gaussian
white noise vector due to the linear transformation [123, p. 60], with covariance
(0¢)? = B(ve,(ve)T) = Aco2,(A.)T. The identified noise parameters for the engine-
off case are provided in Table 3.1.

A GPS receiver measures the position of the antenna mounted on the tail of

the vehicle w.r.t. the ECEF frame origin r% where by Section 2.4 r% = r¢, + Rgp‘}v
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with r%, Rg constant terms computed during initialization. The GPS receiver
runs its own Kalman filter, which provides position measurements g, = r* + v,
along with their estimated standard deviations o, and diagnostic information at
10 Hz. Using carrier-phase differential GPS the receiver is capable of providing up
to 2 cm circular error probable precision, however atmospheric conditions may cause
periods of decreased accuracy or measurement drop-outs which will be addressed in
Section 3.2.10.2.

The accelerometer measures the difference between the vehicle’s inertial accel-
eration and gravity, known as the specific force f = a — ¢g. The standard practice
in AHRS design is to use the accelerometer as a tilt sensor by assuming a = 0,
which holds if the body is stationary. This assumption also holds for a stationary
engine-on vehicle exhibiting vibrations due to E(a) = 0. Clearly, this assumption
is violated under any vehicle manoeuvres. For reasons explained in Section 3.2.6.1,
in the AHRS design we take the accelerometer bias model as by = byo where by is
the constant turn-on bias which is found during initialization. The accelerometer
output measurement (for the AHRS case) is thus written as

f%_g:>f_bf0_Vf%_g:>?ja%_g+Vfa
N——
Ya
where = is used to emphasize the a = 0 assumption does not always hold.
3.2.3 Dynamics and Output Equations
3.2.3.1 AHRS

The AHRS is described using states R and b, measuring attitude and rate gyro
bias, respectively. Employing the body-frame rotational kinematics (2.4) with sensor
models (3.4) the AHRS dynamics are

R=RS(@ — by — )

) (3.5)
bw = _ﬁw(bw - wa) + 2ﬂwybw
The measured outputs are written as functions of state
g, = RTmay + 0%
Ym M Tm (3.6)

Jo = —RTgnr + vy

where mys, gy are respectively the magnetic and gravity field vectors in magnetic
frame coordinates. The nominal (noise-free) trajectory & dynamics are

R=RS(& —by)
. . (3.7)
bw = _/Bw(bw - wa)
with corresponding output
Um = RTmM
(3.8)

ga = _ﬁTgM
As discussed in Section 3.2.2, the y, model implicitly assumes zero vehicle acceler-

ation, which may be violated. The rate gyro constant turn-on bias b, is computed
during initialization.

39



3.2.3.2 Aided INS

The IMU is assumed to be located sufficiently close to the vehicle’s centre of mass
to directly measure its acceleration. Using sensor models from Section 3.2.2 with
navigation dynamics (2.5) from Section 2.4 gives

DN = UN
in =R(f — by —vy) +gn
R=RS(@— by, — 1) (3.9)

by = —Br(bs — bso) + /285wy
i)w - _/Bw(bw - wa) + 2Bwaw

The nominal dynamics of the system are the noise-free version of (3.9)

PN = 0N
iy =R(f - Ef) + 9N
R=RS(@& —bo) (3.10)
by = —B1(bs — bro)
b = —Bus(bu — buo)

As in the AHRS the constant turn-on bias terms byy and b, will be computed
during the system’s initialization.

The output (aiding) measurements of the system are the position of the tail-
mounted GPS antenna reported in F frame coordinates and the compensated mag-
netometer output in the B frame. From Section 3.2.2

Jp =% + RY (py + RIlB) + 1, (311)

Yoy = R'my + vp, '
where 7%, is the position vector of the navigation frame origin w.r.t. the ECEF frame
origin, Rg is the rotation matrix between N and FE, [p is the position vector of the
GPS antenna w.r.t. the body frame origin, and my is the reference magnetic field in
the navigation frame. The terms r% and Rg are computed during the initialization
period, c.f. Section 2.4. The lever-arm term [p is measured directly from the vehicle’s
geometry. The value of my is available from a magnetic reference model as discussed
in Section 2.8. The corresponding nominal output equations are

gp =13+ RE (ﬁN + RlB)

) (3.12)
Um = RTmN

3.2.4 Numerical Integration

The AHRS and Aided INS nominal dynamics (3.7) and (3.10) in Section 3.2.3 are
numerically integrated at the IMU sampling rate of 100 Hz. As discussed in Sec-
tion 3.2.1 the resulting estimated state 2~ is periodically updated using the high-
precision, low-rate aiding measurements via the Extended Kalman Filter.
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Instead of directly numerically integrating the equations using e.g. Runge-Kutta,
we solve them analytlcally then apply numerical quadrature if required. For be
dynamics in (3.7) and b I b, dynamics in (3.10) we left-multiply by the integrating
factor

o Ps _ eBli=to).
then integrate the result between t =ty and ¢ = t;. This gives:

eﬁ(t—to)g( )_|_eﬁ(t to) ﬁb(t) B(t— to
( Blt—to)j(p) ) Blt—to) 3

/t:l jt ( Blt—to)j(¢ )) dt = /t:l eA=10) B th,
Pti=to)j(,) — Blto—t)j(s0) — (emtl—to) _ eﬁ(to—to)> b
b(tr) = e~ =to) (5(750) - bo) + bo
For R dynamics in (3.7), (3.10) we right-multiply by the integrating factor
o~ Jig S@(s)d
where @(t) := &(t) — b, (t), then integrate the result between t = to and ¢ = #;:

Rit)e” o N _ R(p)s(a(e oS <

t1 d N t N t1
a — i S@s)ds g _ ’
/t dt( t)e” Juo >dt /t 0d
Bt)e Jro S@Es _ pyyem i S@(s)ds

R(ty) = Rity)elin 5@

where we used the matrix exponential properties d/dt(e?t) = AeAt = eAtA, =4t =
(eA)~1 and e%x3 = I. We evaluate the integral using the trapezoidal rule

' a
/ fx)dz ~ (b~ a)w

so that the update equation is

. . t —t ~ . ~ .

R(t1) = R(to) exp <(1270)s [@(to) — bulto) + (1) - bw(tl)D
Alternatively, define ¢ € R? as

(t1 ;to) [Gj(to) — by (to) +@(t1) — Bw(tl)} ~ /tol o(s)ds

§:=

and use Rodrigues’ formula (2.9) from Section 2.5 to express the exponential of a
skew-symmetric matrix:
S) .

Rty) = R(to)eS9 = Roto) (f + 7 sinlel +

S()?
€112

(1 cos 1))
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which is equivalent to the previous numerical update but does not require computing
a matrix exponential.

The 5 and py dynamics in (3.10) are directly solved by integrating both sides.
The trapezoidal rule then gives

(t1 — to)

{)N(tl) = @N(to) + 5

[R(to) (Fto) = by(to)) + Rit1) (F(tr) = by(t)) + 29N]

and
(t1 — o)

pn(t1) = pn(to) + 5

|:@N(t0) + @N(tl):|

3.2.5 Linearized Error Dynamics

The EKF requires a linearized system model (3.3) with state dx = x — 2 for the
error between the true and nominal system trajectories. In order to handle the terms
R— R we use the following standard approach [51, 59]: use the ground-frame rotation
kinematics (2.3) R = S(wy)R and define wy =: dvy/dt where v € R? is a vector
which will be used to measure attitude error; remark ~ is expressed in navigation
frame coordinates. Multiplying the above by dt and taking the approximations
dR~R— R, dy~~v—4 = v gives

R—R=~ S(6y)R
which is left-multiplied by RT and right-multiplied by RT, giving
RT — RT ~ RTS(6v)
Transposing both sides then gives
R— R~ —S(67)R or equivalently R~ R+ S(67)R (3.13)

where we used the fact that S is a skew-symmetric matrix. The term v will be
used to represent the error between R and ]%; the remaining states will use the
default 6z = x — & definition. The reason for redefining the attitude error is that as
mentioned in Section 2.5, the 9 entries of R € SO(3) are not independent of each
other and so using R— R as the error state would lead to a singular covariance matrix
P (ct. Section 3.2.8) in the EKF which is numerically difficult to maintain [84,
Sec. VIII].

The EKF is an observer which estimates the state dz of the linearized sys-
tem (3.3) using sensor (input) signals @ and aiding (output) measurements §. The
estimate 6y C dx is used to update R to R; however, using the approximation (3.13)
for this purpose causes R to lose orthogonality, creating significant problems in the
algorithm wunless the resulting matrix is numerically re-orthogonalized after each
update, typically using SVD [51, p. 469]. A more elegant solution is to use an at-
titude update which preserves orthogonality [17, 59]: for (2.3) R = S(wx)R the

integrating factor is
o~ S S(en(9)ds
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which left-multiplies the rotational kinematics (in contrast to Section 3.2.3):

o~ ftto S(wN(s))dsR(t) e ftto S(wN(S))dSS(wN(t))R(t) =0

t
% (e Fo SNt pyy) — g

Using wy(s) = dvy/ds as before with R(to) = R, R(t;) = R we have
R = ol Stv/ds)ds fy _ S(—3) pp — SO0 fp (3.14)

an attitude update which preserves orthogonality:

RRT = SOV RRT ¢=5(67) — S@EQA-1) _
where we have used the identities (e4)T = e?" and e Equa-
tion (3.14) is used with v from the EKF to correct the state R obtained from

numerical integration of the nominal dynamics. The remaining states are corrected
directly from the definition of dx as

AtleAtQ — eA(t1+t2).

T =2+ 0x

We now work out the linearized error dynamics and outputs for the AHRS and
Aided INS dynamics in Sections 3.2.3.1 and 3.2.3.2, respectively. For attitude errors
R — R, starting from (3.13), we have

RS(& — by — 1,) = RS(@ — by) + S(6%)R

(R + 5(57)1%) S@ — by — 1) = (R + S(57) ) & — b))+ S(OH)R
(R + 5(57)}3) S(@ (13 4 oby) — 1) = (R + 5(67) )
(R +S(67)R) S(—6
RS(=0b,, — 1) + S(67)RS(—6b, — v1,) = S(04)R
~0
S(—6by, — 1) = RTS(6%)R = S(RT6%)
—8by — vy = RT6%
6% = —Rbb,, — R,
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where the neglected expression consists of quadratic (i.e. non-linear) terms. For bias
errors b = b — b, we have

Sh=1b—1b
= —B(b—bo) + /2B, + B(b — bo)
= —B(b—b) + /28w

8b = —30b + /28w,

an exact expression since the bias dynamics model is linear, c.f. Section 3.2.2. For
Aided INS, the velocity error v = v — ¥ dynamics are

06 = R(f — by —vy) +gx — R(f = bs) — g
— R(f — by —vg) = R(f — by) + R(f —by) — R(f — by)
= —Rob; — Rvp + (R — R)(f — by)
= —Rob; — S(3v)Roby —Rvy — S(8v)Rv +S(67)R(f — by)
~0 ~0
= —R(Sbf — ]A'?l/f + 5’}/ X (R(f — l;f)) = —R(Sbf — ]%l/f — (I:f(f— Z;f)) X 5’y
60 = =8 (R(f —by)) & — Resby — Ry
and for position error ép = p — p the dynamics are
op=v—0=0v
The magnetometer output error is
Ym = Upm — Im
= RTmqg + Ve — R'me
= (R — ﬁ)TmG + v,
AT
= <S(57)R) ma + vy,
= —RTS(6y)ma + 5,
= —RT (6y x mg) + 5,
= RT (mg x 6v) + 5,
Sym = RTS(ma)oy + V5,
where mg = mys for AHRS and mqg = my for Aided INS. The AHRS accelerometer
output error 6y, is obtained simply by replacing mqg by —gn and v, by vy in the
last line above: X
8y = —R"S(gar)y + vy
For Aided INS the GPS output error dy, is
5yp = gp - @p
=79 + RN (pn + Rlp) + v, — 7% — RN (hn + Rlp)
— RY (5p +S(07)R zB) +up

= RYop — RYS(RIB)dy + v
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In each case the linearized error dynamics form the continuous-time LTV system

(c.f. Section 3.1)
0t = F(t)dx + G(t)w

oy = H(t)ox + v,

where the entries of F(t), G(t) and H(t) are read off the expressions above. The
resulting linearized error dynamics are summarized in Sections 3.2.5.1 and 3.2.5.2.

(3.15)

3.2.5.1 AHRS
The error system (3.15) is

) =lo 2l o)+ [0 v )
] =[S o) o] (2]

and the process and measurement noise vectors w and v are characterized by the co-

variance matrices Q = E{ww?) = diag(c2,0?,) and R = E{vvT) = diag((c¢,)?, 0]%).

(3.16)

3.2.5.2 Aided INS
The error system (3.15) is

5p 0 I 0 0 0 Sp
& 0 0 —S(R(f-bs)) —-R 0 ||dv
=10 0 0 0 —R| |y
sby 0 0 0 —Br 0 | |dobs
Sby 0 0 0 0 —B,] Lobs
0 0 0 0
"R 0 0 0 Zf
+l0 —-R 0 0 “ (3.17)
I/bf
0 0 28; 0 v
0 0 0 28,
op
ov

5y, RY 0 —RNS(RIg) 0 0 vy
= ST 5/7 + c
0Yrm 0 0 R'S(my) 0 0 oy

dby,

The process and measurement noise vectors w and v are characterized by the

covariance matrices Q = E{ww!) = diag(aj%,afj,agf,agw) and R = E(w!) =

diag (0'12,, (an)Z).

3.2.6 Observability Analysis

As mentioned in Section 3.2.5, the LTV systems (3.16), (3.17) are used to the design
the EKF, an observer which estimates the state dx from inputs u and outputs y
where u represents sensor signals which enter the Jacobians F'(t), G(t), H(t) and y
represents aiding measurements. We first verify the observability of these systems.
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3.2.6.1 AHRS

Following [40, Theorem 6.012], for a LTV system with state dimension n we define
the observability matrix

No(t)

Ni(t
o) - 1.( )
Np—1(t)
where

No(t) = H(t)
Nit1(t) = N (6)F(t) + (d/dt) Ny (2), m=0,...,n—2

where F'(t) and H(t) are the state and output matrices. For system (3.16), n = 6
and we would need to compute terms up to N5(t). We have

ST g
oo = 16 = | F750n )
and by (3.7), k= RS(& — b,) = RT = —S(@ — by)RT. We now compute

Ni(t) = No(t)F(t) + No(t)
[ RTS(may) 0] [o ] [—S(az—bw)RTS(mM) 0]

RTS gM 0] 10 —Bw §

B 'o —RTS(mar)R } [ S(@ — by)RTS(may) o]

0 RTS(gum)R

‘—S(W—pw)@TS(mM) —RTS(m Z

| S(@—b,)RTS(gn)  RTS(gm)R

The observability matrix O(t) has the structure

RTS(may) 0

No(t) —R"S(gu) 0
Nl(t)} = |=S(@ — by)RTS(mpr) —RTS(myr)R
* S(@w—by)RTS(grr)  RTS(gum)R

Consider the left half of the Ny(t) line, written as

sl =[5 w50

Since R € SO(3) is always invertible, we have

Sl R R
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The magnetic and gravity field vectors are respectively my = [Bg 0 By]? and
gu =[0 0 g]7 and so the term above expands to

0 —By 0
By 0 — By
(mM) . O BH 0 .
rank [—S(QM) = rank 0 p 0 =3
—g 0 0
| 0 0 0 |

Next, consider the right half of the Ni(t) line, written as

e e e A A I

and with R € SO(3) always invertible, we have

s3] oo S

since the expanded form is just a sign change of the earlier term. Due to the lower-
triangular form of the Ny(¢t) and Ni(t) lines in O(t), we know (e.g. [67, p. 25])

rank [%?Eg] >3+ 3 = rank [%?Eg] =6 = rank O(t) = 6,
i.e. the observability matrix O(t) is always full rank. The LTV system (3.16) rep-
resenting the AHRS linearized error dynamics is therefore observable at any time
t € (—00,0), and so is said to be instantaneously observable [39, p. 187].

The AHRS system in Section 3.2.3.1 could be expanded by including accelerom-
eter bias as a dynamic state, i.e. adding

by = —Br(by — bgo) + /2By

to (3.5) and using g, = f— l;f in place of the current g, = f— bro. In this case the
LTV error system (3.16) increases its dimension to 9 and an observability analysis
reveals the system is not observable unless it is rotating [51, p. 369]. We chose to
include the rate gyro bias b, rather than accelerometer bias by as a state because
the former is used to integrate the rotation kinematics, hence a detailed model of
b,, is more important than by for accuracy of the AHRS.

3.2.6.2 Aided INS

The original implementation of a navigation filter for our helicopter UAV [75] used
the GPS position g, as the sole aiding measurement, which was found to provide re-
liable yaw estimates for trajectory flying but not in hover. An observability analysis
of the LTV system (3.17) using dy, as the only output reveals the -3 state is unob-
servable unless the vehicle is manoeuvering [117], meaning ¢ will remain uncorrected
and slowly diverge in hover. This can be shown intuitively as follows: the only coef-
ficient of & in (3.17) is S(R(f — Bf)) := S(fn) where fxy denotes the bias-corrected
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accelerometer measurement expressed in the navigation frame. Expanding S( fN)
via (2.2) we see the coefficients of 43 will vanish when fNJ = ng = 0, i.e. zero
lateral acceleration. Thus, unless the vehicle is manoeuvering, dv3 cannot be ob-
servable; the - term in dy, cannot be distinguished from dp and does not alter this
behaviour.

This effect can be eliminated by adding an aiding sensor which provides d;3
observability, e.g. a magnetometer. The output equation 0y, in (3.17) contains
S(my)dy and gives non-zero 673 coefficients provided my # [0 0 4 |m|]T, which
would only occur at the magnetic north or south poles. A different source of 3
information such as a two-antenna GPS receiver [135] could also be employed.

The triaxial magnetometer part of the output matrix in (3.17) generally provides
correction information for all three components of -, i.e. it provides updates for the
roll and pitch axes in addition to the yaw axis. This is due to S(my)dy = muy x §v
in (3.17) providing observability for the part of 6 which is not parallel to mpy. This
is why dv3 becomes unobservable at the magnetic poles and why dv; and dv. are
observable from dy,, as long as the rotation axis is not parallel to my. However in
some situations the magnetometer should only be used to provide information about
the yaw error state dys [50, p. 28]; this will be further discussed in Sections 3.4.2
and 3.4.3.

The yaw-only aiding equation is obtained as follows: starting from y — § =
RTmy + v¢, — RTmN, assume that roll and pitch are perfectly estimated by the
navigation filter, i.e. ¢ = ¢ and 6 = 6. By (2.14) we have

R — R = R3())Ra(0)R1 () — Ry(vh) Ra(0) Ry ()

and from (3.13) R A
R () = R () ~ S(10,0,07]") Rs (¥))

Using these expressions, we obtain the yaw-only magnetometer output equation
8Ym = RTS(mn)[0,0,0v3)T + 1<, (3.18)

which clearly provides observability of only d+s.

3.2.7 Discretization

Since the aiding measurements are sampled, we use the discrete-time formulation
of the Kalman Filter, which requires a discretized version of the linearized error
system (3.15). The details of how the resulting model is used by the EKF algorithm
will be covered in Section 3.2.8.

Let tg, ty+1 denote successive sampling times with 7 = ¢4 — tx and 2y be
the state estimate at ¢t = t;, then evaluate (3.15) at Zj to obtain Fj, = F(&y),
Gy = G(&), Hy, = H(&) which are assumed constant on ¢t € [tg,tx11]. The
resulting LTT system is then solved as

tht+1
dxpp1 = e K oxy, —I—/ eFk(t’““_t)ka(t)dt = Qo) + wy
ty

5yk = Hkéxk + v
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where wy, represents a white sequence whose covariance is given by
Qr = E (wiw])
tet1 tet1
=F </ eF’“(tk“_t)ka(t)dt/ wT(s)Gzng(tk“_s)dS

tk tk )
)

¢ t
& </ k1 / k+1 eFk(tkH_t)ka(t)wT(S)GgeFkT(t’““_s)dt ds
te th

tht1 tk+1 Fy(tiy1—t) T L (trg1—s)
GkE< (Hyw" (s)) GE dt " ds
tr tg
(s t)

t

Qr = / e eFk(tkﬂ—S)Gchgng(tkﬂ_s)dS (3.19)
2%

where we used the definition of continuous-time white noise [34, p. 92] as a stationary

random process with autocorrelation E(v(t)v(t + s)) = 02§(s) where § denotes the

Dirac delta function. The Q) term (3.19) can be numerically evaluated using the

following method adapted from [130]: form the matrix

A1 Bl:|

M:[o Ay

where Ay, As and Bp are square matrices with the same dimensions. Due to its
upper block-triangular structure, the matrix exponential of M takes the form

=[]

Since (d/dt)eM! = MeM! and ¢® = I, we obtain the set of matrix differential
equations

Ci(t) = A1Ca(t) Ci(0)=1
Cy(t) = AyCy(t) Cy(0) =1
Dy (t) = A1 Dy (t) + B1Ca(t) Dy(0) =0
whose solution is
C1(t) = ettt
Cy(t) = ef?

t
Dy (t) :/ e =9) B eA25 g
0

where D1 (t) is found using the integrating factor approach employed in Section 3.2.4.
To evaluate (3.19), form the matrix

M= [_Fk GkQGﬂ

0 ET
and recall 7 =ty — tx. Evaluating the matrix exponential eM7 then gives

M _ Ny N _ e~ Pt fT —Fp(r— sGkQGzngst
0 N3 0 eFn T
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Using the change of variables s = tp41 — t,
T T
Ny = e_FkT/ eF’“SGkQGgeFk Sds
0

tr
= (eFkT)_l / o eFk(tk+1_t)GkQGgeFkT(tk+l_t)dt

ty

and referring to (3.19),
Qi = (N3)" N,

Remark that (N3)7 = ef+7 = &, the transition matrix of the DT system.

The covariance of v, the measurement noise white sequence, is found as follows:
first consider a continuous-time signal f(t) with Fourier transform F.(w) and sample
it with a period of 7. The discrete-time Fourier transform Fy(2) of the resulting
signal f[k| can be shown to be [82, p. 636]

Fu(®) = L F. <¥>

where F;(Q2) has a period of 27; this relationship holds irrespective of whether f(¢)
is bandlimited or whether it is sampled above its Nyquist rate. A continuous-time
white noise term v is defined by its autocorrelation R(7) = E (v(t)v(t + 7)) = 026(7)
or equivalently by its power spectral density function

Su(w) = Fu (R(r)) = / o25(r)e T dr = o
The sampled version of v is the discrete-time white sequence v([k], defined by the
autocorrelation Ry[k] = E{(v[k]v[k + k]) = 026, or equivalently the power spectral
density function

Sa() = Fa(Rglk]) = > 030" = o]
By the above we have
1 Q o?
5u() = 1.5 <?) -z

and so the sampled version of v possesses the discrete-time covariance 0’3 =o?/T.
For the measurement white sequence vy, this means

1
r=(2)r
T
In summary we have converted (3.15) into the discrete-time LTV system

011 = Proxy + wi E(wkw@ = Qs

4 (3.20)
oy = Hpdxy + vg E<Uk?)k> = Ry,

where @, Hy, Q) and Ry, are calculated as above using the current state & = &(t)
and interval between aiding measurements 7 = 11 — ti.
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3.2.8 Kalman Filter

The Kalman Filter applies to linear, discrete-time systems of the form (3.20) where
wg, Vi are white sequences with known covariances Qg, Ry, respectively. We also
assume that

E(wpl)y=0  Vk,I

The reason for this assumption will become clear in the derivation below; physically,
this means the process and measurement noise are uncorrelated with each other.
This is a reasonable assumption as seen from (3.16) and (3.17) where the process
w and measurement v noise vectors are composed from different sensors. Note the
Kalman Filter can be modified to allow wy and vy, to be correlated, c.f. [34, Sec. 9.2].

Define the pre-update estimate of the linearized system state dxj, as 62, and the
associated estimation error as e, = dxj, —d&; with covariance P, = E {(e; ) (e )").
The Kalman filter is the linear observer

0Ty = 5:%,; + Ky (dyx — Hkéi:,;), (3.21)

where K}, is chosen to minimize the trace of P, = E <(5azk — 0%)(6xg — &ik)T) =
E <ek e£>, the post-update error covariance. This last condition is the cost function
to be minimized, representing the sum of the variances of the individual entries of ey,
the estimation error vector. Substituting (3.21) into P and expanding via (3.20),

Pk =F <(5£k — (5@]; — Kk(éyk — Hkéi];)) (5a;k — (5@]; — Kk(éyk — kaszf?];))T>

_ _ _ _ T
=F <(ek — Ky (Hye, + Uk)) (ek — Ky (Hype, + vk)) >

Py = (I - KxHy) P, (I — KpHy)' + K R KL (3.22)
where we took E <e,;fuk> =F <e;> E (vr) = 0 due to the assumption that vy and wy
are uncorrelated. Equation (3.22) gives Py as a quadratic function of K. Using the
matrix differentiation formulas d (tr(AB)) /dA = BT, d (tr(ACAT)) /dA = 2AC,

we compute d (trPy) /dK} and find its minima:
d (tI‘Pk)

dKy,

= K, = P, Hi (H,P; Hf + Ry) ™,

= 2(H. P +2K.(H.P HL + R,) =0
(HipP,) w(H P, Hj, ) (3.23)

where K}, is the optimal observer gain in (3.21). Using this value, we update the esti-
mate dZ, using (3.21) and find the post-update error covariance of 62, using (3.22).
Finally, we propagate the post-update &y in time using (3.20) as

0Z) 1 = Ppoly (3.24)
and the covariance P as
P =E <(5$k+1 — 0y )0k — 5j1;+1)T>
=F <((I)k(5ﬂjk —0zg) + wi)(Pp(dz — d2)) + wk)T>
Py = O P®) + Qp, (3.25)

where F (epwy) = E (ex) E (wg) = 0 because wy is the process noise during the
propagation interval (5:%k,5:%,;+1] and hence uncorrelated with e;. The 02, ; and
Py, terms are used on the next Kalman Filter pass as 6%; and Py, respectively,
making it a recursive algorithm well-suited for computer implementation.
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3.2.9 Extended Kalman Filter

As explained in Section 3.1, the Extended Kalman Filter re-linearizes the nonlinear
system (3.1) about its latest nominal state & and output 3. The standard Kalman
Filter algorithm in Section 3.2.8 is thus modified as described below.

Whenever an aiding measurement is available, the latest nominal state and out-
put are obtained from integration of (3.2) as 2, and g, , respectively, where the su-
perscript ~ is used to denote pre-correction quantities. The states of the linearized
error system (3.20) are then dx, = x,— 2, and dyi = yr— ¥, , the estimated Kalman
states are 04y = Iy — 2 and 0%, = 2, — &, = 0, and so the update step (3.21)
simplifies to

Ty = Lf?]; + K, (yk - Qk_) (326)
where K, is computed by (3.23) and Py is updated by (3.22) as in the conventional
Kalman Filter. After update (3.26) is performed, the updated state & immediately
becomes the linearization trajectory, so dxp = xp — T and 0L = T — T, = O.
This means the estimated state propagation (3.24) becomes trivial and is omitted.
The covariance matrix propagation step (3.25) still requires ®; and @y, which are
calculated by the method in Section 3.2.7 using the just-updated state zy.

An important point for implementation is that the aiding measurements may be
aperiodic, and so the EKF should not propagate P; forwards in time. Instead, after
performing the update (3.26), we save a copy of the updated state estimate Zj, the
error covariance Py obtained from (3.22) and the current aiding time ¢,. The next
time an aiding measurement is available and the EKF is entered, we use the saved
state as Zp_q to build Fj_1, Gi_1, compute 7 = t — t,, calculate ®,_1, Qr_1 and
use these to propagate the saved P,_; to P_ by (3.25). This works because the
calculation method for ®; and (), in Section 3.2.7 is time-invariant and requires
only the elapsed time 7.

In summary, the EKF algorithm consists of the following sequence of operations,
executed whenever an external aiding measurement is available:

1. Propagate previous covariance matrix: P, = (IJk_lPk_lcl)z_l 4+ Qr_1

2. Compute Kalman gain: Kj = Pk_HkT(HkP,;Hg + Ry)~t

3. Update estimate: £ = 2~ + Ki(yx — 7}, )

4. Compute covariance of updated estimate: P, = (I — KpHy)P, (I — K Hp)T +
KRy Kl

Following the above, the terms & and Pj are retained. On the next EKF pass, the
saved Z is used as Tj_1 to build Fj_1, Gi_1 to calculate ®,._1, Qr_1, and the saved
Py, as Py in step 1 above. To initialize the (recursive) EKF algorithm, Zj_; is
assigned as the vehicle’s initial state estimate 2(0), computed during an initialization
period discussed in Section 3.2.11. The P,_q is assigned as a zero matrix, which
results in sub-optimal estimates for the first few EKF passes but is numerically safer
than over-estimating the entries [34, p. 261].

3.2.10 EKF Implementation

The EKF algorithm from Section 3.2.9 is implemented for the AHRS and Aided INS
as a Simulink S-Function block written in C, using the open-source GNU Scientific
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Library (GSL) for vector and matrix operations. The same code block is used for
both offline and real-time operation.

The magnetometer compensation terms K,,, by, resp. A., b. (c.f. Section 3.2.2)
are computed by (2.26) in Section 2.9 using parameters from Table 2.1. The entries
of the continuous-time process and measurement noise covariance matrices @), R
in (3.16) and (3.17) are taken from Table 3.1 in Section 3.2.2, and are then discretized
to Qr and Ry, as covered in Section 3.2.7.

3.2.10.1 AHRS

As mentioned in Section 3.2.9, the EKF algorithm can handle aperiodic aiding
measurements by keeping track of the time elapsed since the previous update. We
use this fact to allow the magnetometer and accelerometer aiding to be performed
at independent, user-selectable intervals T, and T,, where T,,,T, > 0.01 s, the
IMU sampling period. The main reason for this is that the Kalman correction
step is computationally much more expensive than the numerical integration step
(c.f. Section 3.2.4), so if the hardware cannot maintain real-time performance due
to e.g. a low-power processor or an expensive control algorithm such as MPC, the
user can lengthen the aiding period(s). In practice, we have never encountered
a problem due to the tremendous computational power provided by the on-board
Ampro ReadyBoard 800, however this tuning capability may be useful in the future
as more complex control algorithms are implemented.

Dual-rate aiding uses the DT model (3.20) with partitioned output matrix
Hy, = [H}"; H}] and measurement noise covariance matrix R, = diag(R}", R}).
The variable 7 is (still) used to measure the time elapsed since the previous Kalman
update, whose type is irrelevant, and the EKF algorithm described in Section 3.2.9
is run using the stored & and Py and the (Hy, Ry) pair for the current aiding mea-
surement. Note that if both aiding measurements are available at a given time, the
second EKF pass sees 7 = 0 in which case the propagation step becomes trivial: the
stored P is used as P_, so step 1 of the EKF algorithm is omitted.

The ability of the EKF to handle aperiodic aiding measurements is useful in
another way. As discussed in Section 3.2.2, we assume the accelerometer measures
only gravity, which is incorrect under acceleration. We test each aiding measurement
by computing ||7.|| and comparing it to ||g|| = 9.81 m/s?, considering it as reliable

if ~
[l —9-81]

9.81
where tol > 0 is the accelerometer tolerance factor selected by the user. An overly
low tolerance will not work well in experiment due to noise and time-varying bias
affecting the measurement; we have found tol = 0.5 performs well in practice. If g,
is outside the prescribed tolerance the accelerometer aiding step is skipped such that
the next EKF pass will use a larger 7 value. Conversely g, aiding is re-established
once the unit ceases to accelerate.

< tol

3.2.10.2 Aided INS

The dual-rate aiding discussed in Section 3.2.10.1 is used for Aided INS by partition-
ing the output matrix of the DT model (3.20) as Hy = [H}; H}"'] and measurement
noise covariance matrix as Ry, = diag(RY, R}"). This allows using the magnetometer
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at a user-specified aiding period T;, > 0.01 s corresponding to the IMU’s 100 Hz
measurement rate. The magnetometer aiding can also be disabled altogether.

As mentioned in Section 3.2.2 the GPS receiver reports the standard deviation
op and solution status of every measurement, nominally available at a period of
T, = 0.1 s (10 Hz rate). The reported standard deviation is used to build the
discrete-time covariance matrix as R} = diag(ag). The solution status is a metric of
the accuracy of the position measurement [108, Thl. 47]; we employ solutions with
floating narrow-lane ambiguity or better for aiding and discard others [75, p. 95].

3.2.11 Initialization

Both the AHRS and Aided INS designs employ an initialization period during which
the vehicle is known to be stationary with given roll and pitch angles ¢¢ and 6.
Throughout initialization we compute a running average of the (compensated) mag-
netometer, accelerometer and rate gyro measurements, as well as GPS measurements
in the Aided INS case. For a sampled signal y;, the running average is computed

as [123, p. 90]
1

Y = T [(k = 1)7g_1 + k]

When the user switches out of initialization mode the vectors 7, f, @ and 7* contain
the averaged sensor readings for this period. These are used as follows:

3.2.11.1 AHRS

The magnetometer average m is used to calculate initial magnetic frame yaw 7"
as (2.24)

Yyt = atan2 (— cos ¢ e + sin ¢ M3, cos 0y My + sin ¢g sin Oy T2 + cos ¢g sin Oy m3)
The set (¢o, 0o, 14") gives the initial attitude (2.15)
CoCyy  SpSHCy — CpSyy  CpSHCY + S¢Sy
Ry = [cosy 54895y + CpCyp €508y — SpCyp
—Sp S4Co CpCh
Using 7 we calculate the reference magnetic field my = [By 0 By]? as (2.25)

By = —sinfgmy + sin ¢g cos 0y s + cos ¢g cos 0y i3

By = \/m? + 3 +mj — B}

The vector f gives (c.f. Section 3.2.2)

f=E(f)=FE{ao—go+bso+bs+vs) =—go+bso

where
x % —sp| [0 —sin 6y
go = REgur = |* = spco| |0] = |singgcosby| g
* ok ceco| |9 cos ¢q cos Oy
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such that bpy = f 4 go is the constant turn-on accelerometer bias. The vector @
gives
W= E<w0 + wa + bwt> - bw07

the constant turn-on rate gyro bias. The initial state of nominal dynamics (3.2) is
2(0) = [R(0) b,(0)] = [Ro buo]

also used to initialize the EKF as discussed in Section 3.2.9.

3.2.11.2 Aided INS

We have the initialization conditions pg = vg = 0. As discussed in Section 2.8 the
reference magnetic field my = [B, By BZ]T is known. We calculate the initial
navigation frame yaw 1y as (2.23)

1Py = atan2 (By [Ceoml + S¢oS0,M2 + Coy 890m3:| — B, |:C¢Om2 — Sd)omg] ,

B, [Cgoml + S0 S6,M2 + Cpy Sgomg} + By [c%mg — s%mg])

then use (o, 0o,%0) to build the initial attitude matrix (2.15)

COCy  SpSOCy — CpSy  ChpSHCy + S¢Sy
RO = |CoSy SpSHeSy + CopCyp  CpSHSyy — SpCup
—Sp S¢pCh CypCo

As in Section 3.2.11.1 we have byy = f + go and byo = @ where

—sin 6y
go = |singgcosfy| g
oS ¢g cos g

and the initial state of nominal dynamics (3.2) is

~ ~

2(0) = [p(0) 8(0) R(0) bp(0) bu(0)] =[0 O Ry bso buo

also used to initialize the EKF in Section 3.2.9.

The antenna position 7 is converted from ECEF to geodetic coordinates (A%, p®)
using (2.7) in Section 2.4. The resulting coordinates are used to compute the
antenna-centered rotation matrix (RY)® by (2.6) from which

7 — (RE)*Rolp =%

i.e. the helicopter’s centre of mass is used as the navigation frame origin whose
position vector w.r.t. the ECEF frame origin is r%,. We then convert r% to (X, ¢)
by (2.7) and use (2.6) to obtain RY, the rotation matrix between ECEF and navi-
gation frame.
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3.3 AHRS Testing

3.3.1 Simulation Results

The desired reference trajectory is generated and converted into m, f and w signals,
which are then corrupted by simulated white noise and time-varying bias employing
the engine-off noise parameters in Table 3.1. We generate the following trajectory:
the system is initialized for 5 s with (¢g = 0,6y = 0,77 = 45°) attitude. Next,
the system is transitioned to (¢1 = 90°,6; = 60°, 97" = 90°), (p2 = —90°,09 =
—60°, 95" = 0), (¢p3 = 0,63 = 0,95 = 0) at times t; = 10 s, to = 15 s, t3 = 20 s,
respectively. Adjacent segments are connected using three-point splines in order to
reflect the smooth transition between motions in a real experiment. The attitude at
t = t3 is held constant during a 5 s interval while the system is shaken along its three
axes, described by the acceleration profile ay = Ay, sin(wyt) where Ay € (4,8,6) m/s>
and wy, € (2.5,2.5,3.3) Hz; these values were experimentally identified from an IMU
sensor data log collected while the unit was violently shaken by hand. The shaking
is then terminated and the system is left at rest for 5 s to allow the estimates to
re-converge.

As per Section 3.2.10 the process and measurement noise covariance matrices
and R are (also) taken from Table 3.1. The magnetometer compensation terms are
taken as K,, = I, b,, = 0 since we did not warp the sensed magnetic field in the
simulated data. The aiding intervals are selected as T}, = 0.04 s and T, = 0.02 s,
i.e. magnetometer and accelerometer aiding rates of 25 Hz and 50 Hz respectively,
and the latter’s tolerance factor is set to tol = 0.5. The resulting state estimates
are plotted versus their reference trajectories in Figure 3.3.
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Figure 3.3: AHRS simulation: estimated states (—), reference states (---).

For the post-initialization, pre-shaking interval 5 < ¢ < 20 s the states estimated
by the AHRS follow their reference values quite closely. The shaking phase on 20 <
t < 25 s exhibits a much larger discrepancy due to violating the a = 0 assumption
in Section 3.2.2; the error is partially rectified by using the accelerometer tolerance
factor tol. Once the shaking is stopped, the estimates re-converge on 25 < t < 30 s.

The error between estimated and reference attitudes is plotted in Figure 3.4.
The AHRS provides sub-degree precision under normal operation and bounds the
errors to below 10° during the shaking period. The estimates re-converge once the
unit is stationary on t > 25 s; remark the roll and pitch errors re-converge faster
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than yaw due to the lower aiding rate of the magnetometer.
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Figure 3.4: AHRS simulation: error between estimated and reference attitude angles

3.3.2 Experimental Results

The AHRS is now run experimentally in an indoor lab equipped with a Vicon
motion-capture system. Using a set of passive optical markers attached to the vehi-
cle, this system provides high-precision attitude and position measurements at up to
240 Hz. We set the Vicon output rate at 100 Hz and use the attitude measurements
as a comparison for our estimates. Since the Vicon system uses the starting vehicle
position as its ¢ = 6 = ¢ = 0 datum, we report AHRS yaw as ¢ = ¢™ — 1) where
g is found in initialization, c.f. Section 3.2.11.1.

The experimental procedure is very similar to Section 3.3.1: after an initializa-
tion period where the unit is level, it is picked up by hand and maintained level.
Next, a set of positive and negative roll, positive and negative pitch and negative
and positive yaw motions are sequentially executed, returning to the level configu-
ration after each one. After this the unit is violently shaken by hand and then set
down. The AHRS system parameters are identical to those used in Section 3.3.1,
except for using magnetometer compensation K,,,b,, resp. A., b. factors found by
performing a (full) calibration a priori, c.f. Sections 2.9 and 3.2.2.
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Figure 3.5: AHRS experiment: estimated states (—), Vicon attitudes (---).

The experimental AHRS state estimates and Vicon outputs are shown in Fig-
ure 3.5. Using the Vicon data as a reference we see very good attitude estimation
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performance from the AHRS, in most cases achieving sub-degree accuracy and with
peak errors of about 2° in the ¢ and # and about 3° in v data outside the shaking
period which occurs at 116 <t < 122 s. This is more clearly seen in Figure 3.6 which
plots the errors between attitude angles from both systems, as well as ||| used to
pinpoint the shaking interval. The AHRS bias estimates in Figure 3.5 do not have
a reference trajectory, but we see the estimates are nearly constant throughout the
experiment except during the shaking interval, after which they re-converge. This
is consistent with the simulated results in Figure 3.3.
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Figure 3.6: AHRS experiment: error between AHRS and Vicon attitudes; ||7q]|

3.4 Aided INS Testing

3.4.1 Simulation Results

The Aided INS is first tested in simulation by generating a reference trajectory in
the navigation frame described by smooth position py and Euler angles (¢, 6,1))
functions of time. These are analytically differentiated and converted to IMU mp,
fB, wp and GPS r{, signals using lever arm ip = [-0.8 0 — 0.5]7 for the antenna
position'. A 45 s initialization period is added to the start of the trajectory, and
the generated signals are then corrupted with simulated noise using the parameters
provided in Table 3.1.

The EKF filter’s process and measurement noise covariance matrices @@ and R
and bias decay constants § are (also) taken from Table 3.1. The reference magnetic
field value my was provided in Section 2.8, and we perform magnetometer aiding
at a period of T}, = 0.02 s. In order to validate Section 3.2.6.2, a GPS-only version
of Aided INS is also employed by disabling magnetometer aiding as discussed in
Section 3.2.10.2. As in Section 3.3.1 we do not warp the magnetic field in simulation
such that K,, = I and b,, = 0; the effect of magnetometer calibration on Aided
INS performance will be comprehensively studied in experiment in Sections 3.4.2
and 3.4.3.

!This has been measured directly from the helicopter UAV.
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3.4.1.1 Hover Simulation

The first case deals with an idealized hover. The vehicle starts out on the ground
facing geographic East (19 = 90°). It then flies vertically up by 5 m, executes a 180°
counter-clockwise turn and hovers facing geographic West, each stage taking 5 s with
the vehicle stationary in-between; this is achieved using quintic and cubic splines
to respectively transition the position and attitude between the given points [75,
p. 102]. The resulting state estimates are shown in Figure 3.7, and the case with
magnetometer aiding disabled is shown in Figure 3.8.
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Figure 3.7: State Estimates: Simulated Hover
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Figure 3.8: State Estimates: Simulated Hover, GPS-only Aiding

The simulated hover using magnetometer aiding (Figure 3.7) shows essentially
perfect estimation with p; = po = 0 and qg = 6 = 0 as the vehicle climbs 5 m
and yaws 180° counter-clockwise from the starting 1& = 90°. The bias estimates
I;f and b, are nearly constant throughout. By contrast Figure 3.8 with GPS-only
aiding (magnetometer disabled) shows markedly worse performance. The system
incorrectly assumes ¥y = 0 due to the lack of the initial yaw calculation (2.23)
and @ remains uncorrected during the climb interval 45 < t < 50 s since it is
unobservable to the EKF. Integrating the nominal dynamics (3.10) using the rate
gyro signal w correctly identifies the —180° change in 1, however the error in the
actual ¢ value leads to errors in p and © estimates due to the lever-arm [ g of the GPS
antenna creating errors in y, aiding measurements. Although the velocity estimates
re-converge to the correct v = 0 value on the stationary hover period 55 < ¢t < 60 s,
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the p; and py estimates each exhibit a steady-state error of almost 2 m. The bias
estimates b r1 and bw 1 bw 2 are (incorrectly) perturbed at ¢ > 50 s, the start of the
turn manoeuver, although the relative importance of this error is smaller than that
for position, velocity and attitude estimates.

3.4.1.2 Trajectory Simulation

We now consider a more complicated flying trajectory: a three-dimensional figure-
8, requiring motion in all six degrees of freedom and producing significant lateral
accelerations due to banking turns. The trajectory is described as a parametric
curve in the navigation frame,

x(t) = M sin(2nt/T) + xo
y(t) = (m/2) sin(4xwt/T) + yo (3.27)
z(t) = (—H/2)sin(nt/T) + zo

where M = 50 m, m = 25 m represent the major and minor diameters of each lobe,
respectively, H = 10 m is the total vertical height of the trajectory, T = 50 s is
the period of one complete figure-8 circuit and (zg, yo, 20) = (0,0, —15) m are the
NED coordinates of the geometric center of the trajectory. We define the associated
attitude such that the yaw corresponds to direction of travel, pitch is proportional
to rate of climb, and roll to the turning rate:

B(t) = atan2(y' (£), (1))
0(t) = —a2'(t) (3.28)
¢(t) = BY' (1),

where a = 1, 8 = 1 are the pitching and banking coefficients, which should be set
proportional to the speed of the trajectory, which in turn is inversely proportional
to T. The complete trajectory consists of the initialization period with ¢y = 90°,
followed by a 10 s transition to the ¢ = 0 point of (3.27), (3.28) using splines to
generate a smooth transition trajectory as in Section 3.4.1.1, and a 200 s interval
of flying a three-dimensional figure-8 pattern. As in Section 3.4.1.1 we employ
magnetometer aiding at T, = 0.02 s and for comparison consider a GPS-only aided
design i.e. where magnetometer aiding is disabled.
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Figure 3.9: State Estimates: Simulated figure-8
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Figure 3.10: State Estimates: Simulated figure-8, GPS-only Aiding

The figure-8 trajectory estimation results are shown in Figure 3.9 for the mag-
plus-GPS aided INS case and in Figure 3.10 for the GPS-only case. The clearest
difference between the plots is the zﬁ estimate, which is initially 90° in error in
the GPS-only case but slowly converges to the same trajectory as the mag-aided
case due to the lateral accelerations providing observability of d-+3 as discussed in
Section 3.2.6.2. The magnetometer-aided case provides superior estimation perfor-
mance. This is clearly seen in Figure 3.11 where the errors of all 15 estimated states
from their reference trajectories are shown for both designs.
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Figure 3.11: State Estimation Errors: Simulated figure-8, Mag-plus-GPS vs GPS-
only Aiding

3.4.2 Experimental Ground Test Results

We now turn our attention to experimental results. In the first test, the engine-off
helicopter was manually carried around the perimeter of a rectangular landing pad
set up at the ERCHA flight field mentioned in Section 2.8. The vehicle was picked
up at the southern-most corner of the pad, kept pointed in the direction of travel,
executed a stop and 90° counter-clockwise turn at each corner, and was set down
at the start point after two complete circuits. The sensor readings from the IMU,
magnetometer and GPS were logged to disk and input into the Aided INS using the
engine-off magnetometer calibration constants in Table 2.1 and the data in Table 3.1
as the EKF parameters.
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3.4.2.1 Full versus Yaw-only Magnetometer Aiding

In our initial experiments, we used 3-axis magnetometer readings, compensated
using the parameters in Table 2.1, as an aiding measurement via the linearized
error system’s output matrix H in (3.17). The resulting state estimates are plotted
in Figure 3.12. The position estimates are qualitatively correct: a plot of ps vs pq
traces out the rectangular shape of the landing pad, while pg correctly identifies
the pickup and put-down events. Similarly, the estimated roll and pitch ¢, 6 are
held close to zero, with oscillations created by the gait of the operator carrying the
helicopter, while the estimated yaw ¢ increases by m/2 at each corner. However,
we see problems in the velocity estimates, which incorrectly estimate a non-zero
velocity before and after the helicopter is carried.
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Figure 3.12: State Estimates: Ground Test, 3-Axis Mag Aiding

The incorrect velocity estimation problem was diagnosed by zooming in on the
pre-pickup estimated states, t < 60 s, shown in the bottom plot of Figure 3.12. The
position estimate p; is seen to be affected by the incorrect v; estimate, however this
is mitigated by the EKF, evidenced by the 10 Hz “sawtooth” pattern created by the
aiding measurements from the GPS receiver. This bounds the error in the position
estimates. The estimated roll and pitch angles are updated from zero to ¢ ~ 1°,
f =~ 2°, which is incorrect since the helicopter remains level. Under the initial
yaw angle ¢ ~ 50°, the helicopter is estimated to be tilting southwards, causing
negative growth of v; due to the R term in nominal dynamics (3.10). As seen in
Figure 3.12, the growth of vy is bounded due to GPS updates, however it creates
jitter in the position estimates and affects the accelerometer bias estimates by 1, by o,
which will affect the accuracy of the integration of nominal dynamics (3.10). This
chain of events is caused by the updates of roll and pitch during the pre-pickup stage,
created by errors in magnetometer measurements remaining after compensation. As
discussed in Section 3.2.6.2, the triaxial magnetometer output equation provides
direct observability of roll and pitch via dv; and 79, respectively, which cause the
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residual sensor errors to feed through into ¢ and 6.

20 0.6 :
E 10 pl . 04f b11 |
e Py E o2 [ 1
1% 60 80 100 120 140 160 a o b
2 T T v T T f.2
- B _o02 ‘ : ‘ ‘ ‘
£ 4 W Vg ol | 20 60 80 100 120 140 160
z WM St Uy 0.03 .
%0 60 80 100 120 40 160 - 0.02 w3
_ 200 T o0y bo1
o =
— o
e m ““u -0.01f b,
2095 60 140 160 0025 60 80 100 120 140 160
Tlme [s] Time [s]
0.2
- P
E 0
= P )
Z-02 s 2
045 50 55 60
— 3
D 2
S 1 0
2_0 ._@é—v‘cgq).v/———w
35 50_ 55 60
Time [s]

Figure 3.13: State Estimates: Ground Test, Yaw-Only Mag Aiding

The above discussion motivates the switch to a yaw-only magnetometer update
by replacing the 3-axis dy,, in (3.17) with the yaw-only 0y, (3.18). The resulting
state estimates are shown in Figure 3.13. We remark the estimated velocities in the
pre- and post-carry phases are correct and that the accelerometer bias estimates
change much less. The zoom-in view at the bottom of Figure 3.13 confirms the roll
and pitch angles are not corrected, and exhibits smoother position estimates; the
same conclusion was made in [50, p. 36]. We have found the opposite effect in flight
testing, however, which will be covered in Section 3.4.3.

3.4.2.2 Comparison of Calibration Methods

We now compare the performance of calibration methods discussed in Section 2.9
in the yaw-only magnetometer updates version of the filter. Using the logged sensor
data from the ground test, we compensate the magnetometer readings using in
turn the full model (2.26) with engine-off parameters from Table 2.1, hard-iron
compensation, uncompensated (raw) sensor data, and with magnetometer updates
disabled. The overhead position and yaw angle estimates for each of the four cases
are plotted in Figure 3.14. The dimensions of the landing pad and angle w.r.t. true
north were measured directly and used to generate the reference trajectory. The
reference yaw angle was generated by using the measured yaw angle of the first
vertex and adding 7/2 at every corner turn.

The full compensation case gives good navigation filter performance, with the
estimated yaw and overhead positions tracking the reference trajectory fairly closely.
A part of the tracking error is caused by imperfect alignment of the helicopter with
the edges of the landing pad during the carry. The hard-iron compensation case
shows good performance as well, although the yaw estimates differ from the full
compensation case, visible in the start and end configurations. Since the same
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Figure 3.14: Magnetometer Calibration Comparison, Ground Test, Yaw-Only Mag
Aiding: Overhead Position; Yaw Angle

sensor data is used throughout, this discrepancy is necessarily an effect of the com-
pensation method. The raw sensor case produces significant error in the yaw esti-
mates, which also affects the position estimates due to the antenna lever arm term
in dy, equation (3.17). This confirms the assertion from Section 2.9 that uncom-
pensated magnetometer readings cannot be trusted. The magnetometer-disabled
case demonstrates the observability of §v3 under lateral acceleration discussed in
Section 3.2.6.2, with the estimated yaw initialized at ¥y = 0 gradually converging
towards its reference value once the helicopter starts moving.

3.4.3 Experimental Flight Results

In the second experimental test, the helicopter takes off from the landing pad, hovers
in mid-air with a fixed heading angle and then lands, all under control from an
experienced pilot. The ANCL helicopter is equipped with a Futaba GY401 heading-
hold gyro [58], standard equipment for R/C helicopters, which regulates the in-flight
yvaw angle using angular velocity as the sensed output and the tail rotor pitch as
the control input c.f. Section 5.3.3.2. The remaining degrees of freedom are much
less precise; the helicopter is an underactuated and relatively light vehicle being
flown in unsteady wind conditions, making perfectly stationary hover extremely
difficult. This fact will be reflected in the plots below. The estimated states were
used to generate an animated helicopter model, which was compared against a
recorded video of the hover flight, giving a qualitative estimate of the accuracy of
the navigation states.

The running engine creates significant vibration in the airframe, in addition to
disturbing the sensed magnetic field. The noise covariances of the accelerometer, rate
gyro and magnetometer signals were re-computed using IMU sensor data collected
while the engine was running, and are listed in Table 3.2. The engine-on parameters
in Table 2.1 were used to compensate the magnetometer readings. Due to the fuel
limit of the helicopter, we were unable to collect a sufficiently long data set to
accurately analyze bias dynamics using Allan Variance (c.f. Section 6.2.1); instead,
the engine-off g and o3 parameters in Table 3.1 are re-used. Due to the uncertainty
of the bias dynamics, the entries of the initial covariance matrix F, corresponding
to dby and 0b,, were experimentally tuned to 1 x 1072 and 1 x 1075, respectively,
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Table 3.2: Modified Noise Parameters — Engine On

of O Om
(m/s32] | [rad/v/s] | [G/V/5]
0.1748 0.0079 | 0.00414
0.2792 0.0124 | 0.00875
0.3847 0.0022 | 0.01042

and the remaining entries of F;” were tuned to 1 x 103 due to their dependence on
bias estimation via dynamics (3.10).

3.4.3.1 Estimation Results in Flight

As in Section 3.4.2.1, we investigate the performance of 3-axis versus yaw-only mag-
netometer updates while keeping the other filter parameters constant. The plots for
the 3-axis case are shown in Figure 3.15. Before take-off, the pilot increases throttle
input to the engine, identified as the spool up in the plots, causing a counter-torque
on the helicopter body which is in turn compensated by the GY401 unit. The dip
in v represents a “tail wag” effect of the helicopter prior to take-off, observed in the
flight video. This is likely caused by integrator wind-up of the GY401 gyro, which is
known to use a PI control law on the sensed yaw angular velocity [58], although the
exact details of the algorithm are proprietary. The helicopter takes off, and after
a transient period visible in the plots, a stable hover is established with the yaw
angle held nearly constant. The remaining states drift around as the pilot actively
compensates for the turbulent atmospheric conditions, with roll and pitch motions
of the helicopter causing motion in the lateral and longitudinal directions, respec-
tively. After landing, the start of the engine spool down phase and resulting change
in 7 is visible before sensor logging was terminated.
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Figure 3.15: State Estimates: Flight Test, 3-Axis Mag Aiding

In addition to the hover phase, where the yaw angle is known to be nearly
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constant, we focus on the pre-takeoff phase, with the helicopter’s skids on the ground
such that ¢ = 6 = 0. A plot of the estimated attitude angles during this phase
is shown at the bottom of Figure 3.15. The tail wag effect discussed above is
clearly visible in the plot of ). The ¢ and 6 estimates oscillate and exhibit a
mean value of approximately 2°, indicating the attitude estimates are imperfect but
bounded. The errors are caused by a combination of factors, including imperfect
071 and 479 updates from the magnetometer discussed in Section 3.4.2.1, significant
noise levels in the rate gyro measurements feeding through into attitude estimate
R via dynamics (3.10), and the unmodeled effect of engine speed changes on the
IMU sensor outputs. This last effect is clearly visible in the sensor data plot in
Figure 3.15 which exhibits a pronounced change in the measured signals during
engine spool-up. The estimated bias states in Figure 3.15 show the navigation filter
compensates, however we can reasonably expect noise and bias model uncertainty
to create errors in estimated attitudes. In spite of these factors, using the estimated
states to animate a helicopter model and comparing it against the flight video, we
find the results are in agreement with reality. Design improvements including better
vibration isolation of the avionics unit from the helicopter body, better modeling of
the engine-on sensor dynamics, and upgrading to a higher-quality IMU can further
improve the performance of the system.

Switching to yaw-only magnetometer updates gives results shown in Figure 3.16.
Unlike Section 3.4.2, this method provides significantly worse performance, partic-
ularly in attitude estimates. The estimated v in hover exhibits drift, while the ¢
and 6 estimates are visibly different from those in Figure 3.15. The error is par-
ticularly evident in the estimated attitudes prior to take-off, shown at the bottom
of Figure 3.16, with estimated ¢ incorrectly rising during counter-torque, and ¢
approaching 20° despite the helicopter being level. This issue is discussed below.
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Figure 3.16: State Estimates: Flight Test, Yaw-Only Mag Aiding

For flight testing, the errors created by imperfect dvy; and dv» updates from
the magnetometer are negligible compared to the errors resulting from discarding
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these updates. Of course the error system (3.17) is theoretically fully observable
with yaw-only magnetometer updates, c.f. Section 3.2.6.2, however in practice the
attitude updates depend on f —b ¢ which enters as a coefficient of dy in the dynamics
matrix of (3.17), and whose accuracy will in turn be affected by noise and bias
dynamics model uncertainty. During spool-up, the combination of increasing engine
throttle and angular acceleration of the main rotor leads to a complicated time-
varying vibration response of the helicopter, and in Figure 3.16 we can observe a
clear correlation between the start of the spool-up period, the increase in f and @
sensor noise levels and their respective estimated biases, and the growth of error
in ¢. The error in 6 is bounded, likely due to the lever-arm effect of the tail-
mounted GPS receiver providing aiding for §v2, not available for §v; resp. ¢ since
the GPS antenna is mounted in the vertical mid-plane of the helicopter. The error
in 7, visible in pre-takeoff as well as in flight, is caused by violating the assumption
¢ = qg, 0 = é, i.e. perfect roll and pitch estimates from the navigation filter, which
was used in Section 3.2.6.2 to derive the yaw-only magnetometer aiding equation.
The parameters of the EKF were re-tuned in an effort to reduce the error in 4, ¢
during spool-up. However, no significant improvement in performance was achieved.
It is still feasible that these errors could be reduced by a combination of re-tuning the
filter parameters, using better models of engine-on bias dynamics, and mechanical
vibration isolation of the IMU unit. A practical solution would be to disable the
EKF during spool-up given that its performance during flight is comparable to the
3-axis magnetometer update. We propose to simply discard the yaw-only aiding
design for flight testing and rely on the 3-axis version with filter parameters from
Section 3.4.3 for the final set of flight experiments.

3.4.3.2 Comparison of Calibration Methods

We now provide a flight performance comparison of magnetometer calibration meth-
ods using 3-axis updates. As in Section 3.4.2.2, we consider four cases: full com-
pensation, hard-iron compensation, raw sensor readings and magnetometer disabled.
The set of engine-on parameters listed at the beginning of Section 3.4.3 is used. The
mag-disabled case is manually initialized at the correct vy initial yaw angle. The
estimation results are plotted in Figure 3.17, and we plot only attitude estimates
due to their strong dependence on magnetometer aiding.

Full Hard-lron
60, 60,
— v
D 40 M 40| M
3,
g 20 (0] 20 (0]
L g g ey
50 100 150 50 100 150
Raw Sensor Mag Disabled
_ 60 gg
[=2)
g 40 " 0 9
=R e g
< 0 -60)
-20 9 189
50 100 150 50 100 150
Time [s] Time [s]

Figure 3.17: Magnetometer Calibration Comparison, Flight Test, 3-Axis Mag Aid-
ing: Estimated Attitude
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The full compensation case is the same plot as Figure 3.15, and serves as a refer-
ence for the other three. The hard-iron case produces the correct trend in the flight
estimates, although the in-flight yaw angle is in error by approximately 10° from
the fully compensated case. This may be caused by the significant warping of the
magnetometer readings which cannot be compensated for by hard-iron calibration,
seen by comparing the engine-on €, p parameters in Table 2.1 with e =1, p =0
for hard-iron compensation. The raw sensor case has higher errors in yaw angle;
in addition, the roll and pitch estimates differ from the reference case, caused by
01 and dv2 mag aiding using uncompensated sensor readings. The magnetometer-
disabled case shows a complete divergence of v, which makes it clear a yaw sensor
is critical in hover flights. As expected, the ¢ and 6 estimates behave identically to
the yaw-only mag aiding case in Figure 3.16.
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Chapter 4

Invariant Observer Design for
Aided Navigation

4.1 Overview

The Extended Kalman Filter covered in Chapter 3 relies on re-linearization of the
system about its latest trajectory, an ad-hoc approach which works well in practice as
seen in Sections 3.3 and 3.4, but which makes it impossible to analyze global stability
and difficult to quantify the region of attraction of local stability, c.f. [124]. For this
reason a direct nonlinear observer design for aided inertial navigation systems is of
great interest to us.

This Chapter focuses on the nonlinear design method of invariant (symmetry-
preserving) observers [27, 28]. This approach provides a systematic method to obtain
a nonlinear observer structure which possesses the same symmetries (formally de-
fined in Section 4.3) as the original model. Using this observer, an invariant version
of the (nonlinear) estimation error dynamics exists which simplifies the process of
choosing the observer gains. We will demonstrate that both the AHRS and Aided
INS treated in Chapter 3 possess the necessary symmetries to make use of the in-
variant observer design method. An early version of invariant observer theory [25]
treating an example of velocity-aided navigation was in fact the initial motivation
for studying this method.

After considering a motivating example in Section 4.2, we formally define system
symmetries in Section 4.3 and find them for the AHRS (Section 4.4) and Aided
INS (Section 4.5). We cover invariant observer theory in Section 4.6 and derive
invariant observers for AHRS and Aided INS in Section 4.7 using rotation matrices
R € SO(3) (c.f. Section 2.1), a singularity-free one-to-one parametrization of the
SO(3) manifold, making the invariant estimation error dynamics amenable to global
stability analysis [88, 38]. With the exception of [28] the invariant observer designs
found in the literature are formulated in terms of unit quaternions ¢ € H, ||g|| = 1
(c.f. Section 2.7) making a global analysis impossible due to their two-to-one covering
of SO(3) as noted in [27, Ex. 3].

While choosing the gains of an invariant observer is simplified, the process is
non-systematic due to the requirement of stabilizing a nonlinear system using e.g. a
Lyapunov analysis. We have found a stabilizing design for the AHRS case which
guarantees almost-global stability, c.f. Section 4.8. However for Aided INS a nonlin-

69



ear stabilizing design has not (yet) been found. A natural approach to systematically
achieving stabilization is to apply the EKF to the nonlinear invariant estimation dy-
namics, an approach originally proposed in [23] and termed the Invariant EKF, later
applied to aided navigation examples in [29, 96]. We introduce the Invariant EKF
method in Section 4.9 and adapt it to our AHRS and Aided INS examples in a “nat-
ural” way, removing the need to formulate the system using invariant noise terms
as in [23], c.f. Section 4.9.1. We then provide a comprehensive performance compar-
ison of the invariant observers in both simulation and experiment in Sections 4.10
and 4.11.

4.2 Motivating Example

Consider the AHRS from Section 3.2.3.1. For simplicity we replace the Gauss-
Markov process model of the bias dynamics with the Wiener process model b,, = vy,
The nominal version of (3.5), (3.6) is then written as

R = RS(w—by)

b, =0
Yo | RTa

o] =lin]
where as before R € SO(3), the rotation matrix from body-fixed to ground-fixed
frame, expresses the attitude of the system; S is the skew-symmetric matrix de-
fined in (2.2); w and b,, are the measured angular velocity and its bias, respectively,
the former available from the on-board rate gyro, the latter an unknown constant;
Yo and y,, are readings from the on-board accelerometer and magnetometer; and
a=1[0 0 —981" m/s*, m=[By 0 By]" G represent the ground-frame grav-
ity and magnetic field vectors which are known and constant as discussed in Sec-
tion 2.8.1. As in Section 3.2.2 we have assumed y, directly measures gravity i.e. zero
translational acceleration and that y,, has been compensated for magnetic field dis-
tortions. The task of the AHRS is to estimate attitude R and rate gyro bias b,, from

the signals w, y, and y,, — an observer design problem.
Defining x = (R b,) and u = w, the nonlinear dynamics (4.1) are written

b= fo,u) = (RS(“O_ bw)) .

Consider the change of variables

(4.1)

;o RRy I _ pT
T = <R§(bw N w0)> , u = Ry (w+ wo) (4.2)

where Ry € SO(3) and wy € R? are constants. We directly verify

f(l‘/, ’LL/) _ <RR()S (Rg(w + w(o)) — Rg(bw + o.)o)))

_ <RROS (R%(w - bw))> _ <RS (w . b)) R0>
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and )
i (g o) = (i) = (F0™™)

ie. ' = f(2/, ') under the above change of variables. Similarly, the output in (4.1)

v=1ta) = (gire)

)= ((Gigem) = (i) = ()

which “induces” the change of variables y' = h(z’) under the definition

becomes

System (4.1) can alternatively be written in terms of unit quaternions g € H, ||¢|| = 1
using rotational kinematics (2.21):

o1
¢=5q%(w—bu)
b, =0 (4.3)
va| _ [axaxq
Ym] gt xmxq)’
where * represents quaternion multiplication and ¢~" is the quaternion inverse;
the R3 vectors w — by, a and m are understood to be taken as pure quaternions

v = (0,7) when multiplying ¢q. Denoting the dynamics of (4.3) as & = f(x,u) where
x=(q by)and u = w, consider the change of variables

1

/ q *qo / -1
T = _ u = * (W + wp) *
<q01*(bw+w0)*q0>a ) ( 0) q0

where qo € H, ||qo|| = 1 and wy € R? are constants, we directly verify

1 _ _
f(x/,ul):5(1*(]0*(qol*(w+w0)*QO—qol*(bw-Fwo)*QO)

1 _
:§q*qo*(q01*(w—bw)*qo)

1
:§Q*(W_bw)*qo

and

L q* o _( dxa Y _ 1 qx(w-by)*q
dt dt \ gyt * (b 4+ wo) * o @ *by*q) 2 0 ’

so once again ¥’ = f(2/,u) under the proposed change of variables. The output

in (4.3) X
. g xaxq
y=h(z) = [q—l*m*q:|
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transforms to

n [(@xg0) P xaxgxq]  [agtxq  xaxgxqo|  [agt *va*qo
h(z') = 1 = =

(g% qo) ™t m*q*qo go " g7t xm kg qo 4" * Ym * Qo

and induces the change of variables

) = [qo‘l*ya*qo}
@G * Ym * Q0

such that y' = h(z').

We have directly verified that the AHRS equations (4.1) or (4.3) are invariant
with respect to certain changes of variables to z, u and y; we refer to these changes
as the symmetries of the system. The mathematical details of the transformations
are quite different for the two cases, however they represent the same symmetries:
the transformed state 2’ corresponds to rotating the body-fixed axes by Ry or qo,
and adding the constant wg to the sensor bias. Provided that v = w, the sensed
angular velocity in the body-fixed frame, is also transformed by Ry or qg and wy,
we intuitively expect the governing dynamics to remain the same, which is verified
above. The same physical interpretation applies to the output y’. We have seen
that invariance is independent of the attitude parametrization used, and the the-
ory will be formulated using the framework of differential geometry to make this
independence precise.

For a system with symmetries, there exists a constructive method to be covered
in Section 4.6 to build a (nonlinear) observer which possess the same symmetries
as the system. The resulting estimation error dynamics possess a reduced-order
form which simplifies stability analysis and gain selection, c.f. Section 4.6.3. We
work with the same two examples as in Chapter 3 using a Wiener process model for
the bias dynamics: the AHRS (4.1), and the Magnetometer-plus-GPS-Aided INS
introduced in Section 3.2.3.2 whose symmetries will be provided in Section 4.5.

4.3 System Symmetries

The coordinate-free formulation of the smooth (C°°) nonlinear control system & =
f(x,u) is the commutative diagram [107, Sec. 13.5]

F TM
x A
M

where B is the total space of a smooth fiber bundle over M equipped with the
surjective map w : B — M, TM is the tangent bundle of M with the natural
projection map wpr : TM — M, and F' : B — T'M is a bundle map, also known
as a bundle morphism. By definition of a smooth fiber bundle, B, M and TM
are smooth manifolds and 7, F' and my; are smooth maps. The base manifold M
represents the state space of the system, and for each x € M, the fiber 7~!(z) C B
represents a state-dependent input space. In this way, diagram (4.4) can describe

B

(4.4)
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the dynamics of systems under state feedback, and is used in e.g. [129, 63] to define
system symmetry as the commutativity of

[4
B ! B (4.5)
R y
m TM ——TM m
(pg)«
M M
Pg

where 6,, ¢, are group actions of a Lie group G' > g on the manifolds B and M,
respectively, and (¢g4). denotes the pushforward of the map ¢g.

We briefly elaborate on how (4.4) relates to the usual & = f(z,u) coordinate
dynamics. A smooth fiber bundle consists of a smooth manifold B together with
a surjective smooth map 7 onto the smooth manifold M. For each x € M, there
exists a neighbourhood U of z and a diffeomorphism ® : 7=1(U) — U x V, where
V' is a smooth manifold, such that the following diagram commutes:

where 7y is the projection on the first factor. The smooth manifolds B, M and V'
are known as the total space, base space and standard fiber, respectively, and ® is
the local trivialization of B over U. For any zg € M and by € 7 (z0) C B, we

have the coordinate functions (z1,...,Zn,u1,...,Uy,) = (z,u) around ®(by), such
that (x,u) is a local coordinate expression for the total space B. Returning to (4.4),
the standard coordinates for T'M are written as (x1,...,Zpn,v1,...,0,) = (z,0),

where z are the same coordinate functions around zo € M as above, and v are the
coordinate representations of the component functions of the vector field described
by F : B — TM, given by the right-hand side of # = f(z,u). In other words,
the coordinate representation of F' : B — TM is given by F(xz,u) = (z, f(z,u))
which recovers the dynamics # = f(z,u). As seen in (4.1), (4.3), two coordinate
representations of F' may look very different from each other.

Because inputs to the observer are not directly functions of its state, we are able
to take the total space B in (4.4) as the product manifold B = M x V, making B a
trivial fiber bundle over M, where the standard fiber V' is the input manifold which
is independent of the state manifold M. Remark this simplification does not apply
to invariant controller design problems [120, 90, 47].

Using the trivial bundle B = M x V, take ¢, : G x M — M and v, : G x
V — V to be smooth Lie group actions (c.f. Section 4.3.1) acting on the system’s
state and input manifolds, respectively, where G is the Lie group associated to
the system known as its symmetry group. We define the system dynamics to be
G-invariant [90, 27] if

(Pg)F(x,u) = Fpg (), ¢g(u)) Vg €G,
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a coordinate-free definition which is consistent with the general symmetry case
shown in (4.5). In local coordinates, this is equivalent to

%(‘pg(:")) = [lpg(2),¥g(w))  VgeG,

or simply @' = f(2',u), the change of variables used in Section 4.2. Similarly, for
the output map H : M xV — Y where Y is the output manifold, the system output
is G-equivariant if

pgH (z,u) = H(pg(),1q(u)) Vg € G,

where p;, : G XY — Y is a Lie group action on the output manifold Y, which is
“induced” by ¢4 and 1, as seen in Section 4.2. The coordinate version of this is

pgy = h(wg(x),bg(u)) Vg e G,

or equivalently ¢’ = h(z’,y’). The set of Lie group actions (g4, ¢g, pg) which verifies
a system’s G-invariance and G-equivariance are known as its symmetries.

The concept of invariance appears in standard differential geometry references
in the following context (e.g. [83, p. 93]): let G be a Lie group, and define left
translation L, : G X G — G as the map L,y(h) = gh. A vector field X, : G — TG is
said to be left-invariant if

(Ly)Xy =Xy, Vg9 €G.

The G-invariance of a system defined above can be viewed as a generalization of
this definition, and we will see further links between the two in Section 4.6.2. On
the other hand, equivariance is a standard concept and applies exactly as above,
e.g. [83, p. 212).

4.3.1 Lie Group Actions

A Lie group action 0, : G x M — M can be either left or right. A left group action
8, verifies
Og, © 04, (p) = 0g,9,(p) V1,92 € G,VpE M
0 (p) =D Vpe M

while a right group action 6, verifies

Ogy 004, (p) = 0419, (p) V91,92 € G,VpE M
ee(p) =D Vpe M

We deal exclusively with smooth Lie group actions, meaning 6, : G x M — M is a
smooth map for all g € G and p € M. Under this assumption, the inverse 6,1 for
either action type is smooth, making 6, a diffeomorphism.

For our purposes, we will always work with g4, 14, py, as being left Lie group
actions. We will demonstrate that this is done by correctly defining the group mul-
tiplication gi1go € G. The reason for this is that two steps in the invariant observer
design, finding the group invariants (Section 4.6.1) and building an invariant frame
(Section 4.6.2) assume a left Lie group action is being used. Although the procedure
could be modified to use the right group action case, there is nothing to be gained
from doing so. In the sequel, any Lie group action is understood to be left unless
explicitly stated otherwise.
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4.4 AHRS symmetries

Return to the AHRS in Section 4.2, using version (4.1) written in terms of rotation
matrices. Let G = SO(3) x R? be the Lie group acting on x = (R b,), u = w,
Y= Yo Ym), and let g = (Ry wp) € G. The changes of variables were actually
the Lie group actions

oo (5) = (rrg ) 90 (6) = (BG4 wn)) %(ijz(ggg)

Clearly, for ¢ = e = (1,0) € G, pc(x) = z, Y(u) = u and p.(y) = y. In order to
meet the left group action assumption in Section 4.3.1, we require g4, 0 Qg, = g, g, -
Consider g; = (R, w)) € G and g2 = (R}, w() € G. We compute

. RY RR} - RR} R},
e ) TN BGT bu ) T \(RG)T(RE)T (b + 0 + )

based on which we define group multiplication g1g92 = (Rj R, w( + w() € G, under

which
RY RRé’Ré
Por2 bo) (R()’Rf))T(bw + wé + wg)

proving ¢, is a left action. Continuing with the input action 14, we verify

Ygy 0 gy (w) = Vg, (RY)T(w +wp)) = (RY)T (R (w + wf + wp)
and
Pgigs (W) = (RGRH)T (w + wpy + wp) = (R (RY)T (w + wh + wp)

hence 1), is also a left action. Finally, for the output action
oy © P <ya> = <(R6/)Tya> _ <(R6)T(R8)Tya>
7T \ym " \(RS) ym (Ro)" (RS) ym

P <ya> _ ((Rng))Tya> _ ((Ré)T(Rg)Tya>
792\ ym (RGRY)" ym (Ro)" (BE) yim
hence p, is a left action as well. Using the more “natural” multiplication definition
9192 = (RGRj, w) +w() € G can be directly verified to yield right actions pg, 1g, pg
which are not suitable for our use. Note the Lie group actions g4, 14, py can also

be taken as acting on (4.3) by writing them in terms of unit quaternions, resulting
in different calculation details but the same results as above, c.f. [91].

and

4.4.1 Ground frame symmetries

The AHRS symmetries considered so far physically represent the rotation of the
body-fixed frame. A different set of symmetries can be obtained by considering
rotations of the ground-fixed frame. Consider system (4.1) and take x = (R b,,),
u=(w a m),i.e.treat the ground-frame magnetic and gravity fields as additional
inputs to the system. Let G = SO(3) x R3 3 (Qg,wp) = g be the symmetry group
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of the system where Qg represents a constant rotation of the ground-fixed frame.
Defining the Lie group actions

w wo +w
R\ [ QoR _
g (bw> B <W0 + bw> ’ Yol o) = Goa ’
m Qom

we verify

£y (a) g u)) = (QORS(wo +6u —wp — bw)> _ (QORS(SU - bw)>

% (D,(2)) = % <w§2i}§w> _ <QORS(SU - bw)>,

and so the dynamics are invariant w.r.t. ®,, ¥,. These induce the output action Y,
as

Ya _ _ (QOR)TQOQ _ RTg [ Ya _
TQ <ym> - h(q)g(x),\llg(u)) - <(Q0R)TQ0WL - RTm - Y = TQ =1d
Let g1 = (Qp,w(), g2 = (Qf,w() and compute
R Q// Q/ Q//
g1 © Do, <bw> = ®a <w6’ E)F bw> - <w6 —|—0ng+ be
from which we define g192 = (Q(Qf, wj + wj) to make @, a left group action:

o (R\_( el
9192 \ p,, wh + wp + by

Remark that the g1go definition happens to use a “natural” multiplication order
QR0 Considering ¥,, we have

w wh +wy +w
o AN
\1’9192 a | = QO 0
/ 4
m QyQom
w wh +w wh +wy +w
Vg oWy, | a | =¥y Qoa = QoQga )
m Qym QuRem

verifying W, is a left action. Finally, T, = Id is a trivial Lie group action which is
left (or right). We have thus shown that the AHRS example (4.1) is G-invariant and
G-equivariant w.r.t. the Lie group actions ®,, ¥,, T,, which physically represent
rotations of the ground-fixed reference frame.

4.4.2 Combined symmetries

Since the body and ground-fixed frames can be rotated independently of each other,
it’s logical to construct a set of combined symmetries containing both @y and Ry
terms. Consider (4.1) with z = (R by), v = (w a m) and y = (ys Ym) as
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the state, input and output spaces, respectively, and define the symmetry group
G = S0(3) x SO(3) x R? 3 (Qo, Ry,wo) = g, where Qo and Ry represent rotations
of the ground and body frames, respectively. The candidate Lie group actions for
this case are

RT(w+w0)
R\ [ QoRRy A
o) = (gt to0) w(a) = @),

and we directly verify system invariance:

F (@), vy(w) = (QORROS (R (w+ Buo) — R (b, + wo)]) _ (QORS(wO— bw)R0>

60 = i () = (P0)

The induced output action g, is
~ ((QoRRo)"Qua _ [ R{ya Yo\ _ [ REva
h(&g("n)’l)g(u)) - <(Q0RR0)TQ0"7L - ngm = Qg Y - ngm

Take g1 = (Qy, Ry, w() € G, g2 = (Q, Rj,w() € G. We have

780\ ) =0 \ BT +wl)) T \BOT R (b +y+ )

and thus define g1 g2 = (Q(Qq, Ry R{), w( +w() such that &, 0 &g, = £4,g,- The input
action v, verifies

w (R Rp)" (w + wp + wp)
Vgiga | @ | = Q6 8“
m QuQim
and
w (Ry)™ (w + wyp) (Rp)T (R (w + wh + wi)
Vg OVUgy | O | = Vg an = Q/O /0/a ’
m Qom QuQom

while the output action g, verifies
Ya | _ (Rng))Tya
092 \ym )~ \(BERY) "y
o oo (V) — o (BT _ (BT (BT,
g1 92 Ym g1 (Rg)Tym (Rf))T(RS)Tym

50 &4, Vg, 04 are left Lie group actions as required. Remark that by taking Qo = 1
or Ry = I the actions reduce to (pg,14, pg) and (P4, ¥y, T,), respectively.

and
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4.5 Aided INS Symmetries

The second example to be treated is the Magnetometer-plus-GPS-Aided INS intro-
duced in Section 3.2.3.2. As in Section 4.2 we take the b; and b, bias dynamics
models as a Wiener process b = v. The nominal version of Aided INS dynamics (3.9)
becomes

p=v

v=R(f—bs)—a

R=RS(w—b,) (4.6)
bp=0

b, =0

where p, v are the position and velocity of the vehicle relative to the navigation frame
origin, R € SO(3) measures its attitude and by, b, are the constant, unknown biases
of the specific force f and angular velocity w signals measured by the on-board IMU.
The outputs of the system are

Yp =D

4.7
Ym = R'm ( )

where y, and y,, are measured by a GPS receiver and magnetometer, respectively;
for simplicity, we have taken the vehicle’s position p as directly measurable, which
assumes the rotation matrix Rg and navigation frame location 7%, have been found
(c.f. Section 2.4). The vector m = [B, B, B,]T is the navigation frame magnetic
field which is known and constant (c.f. Section 2.8) and y,, is assumed to have been
compensated for magnetic field distortions as in Section 3.2.2.

The state of (4.6), (p v R by b,) ER*xR3x SOB)xR3xR3=Misa
smooth manifold and we take the symmetry group G = R? x SO(3) x R? x R? >
(po Ro bgo buo). We propose the Lie group actions

p P+ Dpo
v v
f RE(f +byo)
Plpo,Rosbsobo) | 1| = T Rfo » Ypo,Robro,buo) (w - R(%(w + bio)
by Rg(bw + bwo)

from which we directly verify

v v
RRy [RE(f +bso) — RE(by +bgo)] —a R(f—b;)—a
F(g(2),0g(u)) = | RRoS [RY(w + buo) — RY (b +buo)] | = | RS(w — bu)Ro
0 0
0 0
D+ Do D v
d d v Y R(f—by)—a
o0 = RRy = | RRy | = | RS(w —bu)Ro
R (by +byo) R{by 0
R (buy + buo) RTD, 0
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and so the system is G-invariant. We then find p, which makes the system G-
equivariant:

N +
pesta) o) = (it ) = oo () = (%220)

Next, we must define the group multiplication on G' making ¢, ¢4, pg left Lie group
actions. Let g1 = (py Ry byy byo) and g2 = (py Ry by ). We have

P p+g p+ 1o+ 1o
v v v
Pg1 © Pgo R | = Pag1 RRS = RRg 6
by RT s+ W) | | ()T (BT g + b+ 1)
be, (Rg)" (b + V1) (Ro)T (RE)T (b + b0 + b]0)

and so define g1g2 = (py +py  RoRy byg + g bg + bg) such that

p p+py+ 1) p
v v v
Pg1g2 R | = RRE)/RE) = Pg1 © Pgo R
by (RoRy)™ (by + by + Vo) by
bu (RERG)T (buo + b0 + blg) be

The input action 1) is left:

. <R3>T<f+b;¢0>> - <<R6>T<R3>T<f+b;0+b;z0>>
Vo © Ve <w> = Yo <<R3>T<w+ 1) = (BT (R (@ + by + 1)
and

. <f> ) ((Ra’Ra)T(f 0+ %))

9192 \ w (Rng))T(W‘i'biuo“’ 00)

The output action p is also left:
e () () - (5
200 ) =0 (R ) — \BOT (B o

) <yp> _ (yp+p’o +p’o'>
99 \Ym (RGEG)" ym
Instead of rotating the body-fixed frame as above, we can rotate the ground-
fixed frame by Qo, such that the symmetry group G = R? x SO(3) x R? x R? with

G 3 (po, Qo, bfo, buo) = g acts on the state and input manifolds respectively by @,
and W,:

and

+
]zj QO(gOOU P) f bro + f
w wa +w
Plpo.Qobsobun) | B = Qolt  Yo.Qobgobeo) | 4 | = Qoa |’
bf bf(] + bf m Qom
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We directly verify the G-invariance of (4.6) to ®, and ¥,:

Qov Qov
QoR(f+bf0—bf—bf0)—Q0a QQR(f—bf)—Q()CL
F(@y(2), Uy(w)) = | QoRS (@ +boo —bo—buo) | =] QRS (w—b)
0 0
0 0
Qo(po + p) Qov
; N Qo[R(f ~by) ~a
Eq)g(lﬂ) = % QOR = QORS(W — bw) s
bro + by 0
b.o + by 0

and find the induced output action T :
oo~ ($8520) = (2)- (4%)

4

Take g1 = (p Q) b’f0 o) and g2 = (pg Q) b’;o o). We have

P o +pp) Qo Qo (p + po +pp)
v Qov QoQuv

Py 0P, | R | =y Q4 = QLQ0
by bf+b’]£0 bf+b}0+b;£0
bw bw + Z;(] bw + bin + Z)O

and defining g192 = (p + . QoQ0, Vg + Vo, by + Vo) verifies @y, 0 @y, = Py, 4,

P QuQ0(p + P +1p)
v QLQov

<I>9192 R | = QIOQg
bf bf + b}o + bljﬁo
bu b + 00+ b

We also verify ¥, o W,, = ¥, 4, for the input action:

f [+ [+ + b f
w w+ b w4+b ,+ b w
\Il.th o \1’92 a = \1’91 Q/O/aw0 = QE:JC??’O/CL “WO = \1’9192 a
m Qym QHRHm m

and Ty, 0 Ty, = Ty 4, for the output action:
4 /! / 4 / !
T, 0T, (Z/p) =T, < o(p —|—p0)> _ (Qo@o(yp + Do +p0)> =Ty (Z/p)
Ym Ym Ym Ym

This confirms ®,, ¥, and T, are left group actions.
As in Section 4.4.2, we consider the combined case of rotating both the body and
the ground frames. The symmetry group is G = R3 x SO(3) x SO(3) x R® x R3 >
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(po Qo Ro b 10 bwo) = g and the state and input actions are

p Qo(p + po) T
A (MR (e
GIR|=| QRR |, v = w0
by Rj (by + byo) ‘ g o
b, RT (b, + buo) m omm
which verify f(ﬁg(:n), vg(u)) =d/dt(&y(x)),
Qov
QoRRo [RE(f +bgo) — RE(by +bso)] — Qoa
FEy@)vgw) = | QuRR0S [RT(w + bun) — R (b + bp)]
0
0
Qo(p + po) Qov
d d Qov Qo [R(f —by) — a
Efg(w) = % T?()RR() ) = Q()RS(OJ — bw)Ro
Ry (b +byo 0
R(%(bw + bwo) 0

and induce the output action g,

6o 0) = (g2 onn) = o (1) = (Y5

Take g1 = (py Qy Ry Yy bio) and g2 = (py Qp Ry by bly). We have

p 0(p+pp) QyQ4(p + Py + py)
v Qg QLQ4v
591 © 592 R | = ggl QE)/RRIO/ = QIOQ/OIRRgRE)
by (R)" (bs + Vgg) (Ro)"(RG)" (by + Vg + Vgg)
be (RE)T (byy + b)) (Ry)T (RE)T (b + b0 + b50)

and so we define group multiplication as gig2 = (py + pg, QoQo, RoRy, by +
b;ﬁo, bl,o + bo) such that &, o0&y, = &gy gy

p QoQ0 (p + ppy + 1p)
v / //,U
. / Q/(/]QO 1" I
59192 R | = QOQORRORO
b || (RERY)T (g + Uy + )
b, (R Rp)" (b + b + o)
We verify vy, o vg, = vy, 4,
f (R (f + V) (Ro)"(BE)T (f + Vo + 1)
o oo ey (@@t | _ [ BT @+ b+ 1)
g1 92 a g1 an Q6 6/a
m Qlim QyQim
f (RoRo)" (f + Vo + Vo)
o || | BT i + i)
9192 a - Qé]an
m QyQim
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and gg, © 0g, = 0g19

<yp> = 04, < o(Yp —|—p6’)> _ <Q6Q8(yp+p/0 "‘p/o/))

(Rg)Tym (Ré)T( 6,)Tym
0 yp ) _ (QoQo(yp + )+ 1o)
N9\ Ym (RGR) yim

50 &g, Vg, 04 are left actions.

4.6 Invariant Observer Theory

4.6.1 Invariants and Moving Frame

Using notation from Section 4.4 define the Lie group action ¢, = ¢4 X 14 X pg
of the symmetry group G acting on the smooth manifold M = X x V x Y with
dim(M) = m, dim(G) = r and r < m. A real-valued function J : M — R is defined
to be an invariant of G [110, p. 77] if

J(pg(p)) =J(p) VgeG, VpeM

We will cover an algorithm for obtaining the complete set of invariants of G which
are used in Sections 4.6.2 and 4.6.3 below. This procedure uses a mowving frame
which is obtained using the constructive method in [52, 112].

We first review some definitions associated with Lie group actions:

e The orbit O, of p € M is the set {¢4(p) : g € G}
e G acts semi-regularly on M if the orbits O, all have the same dimension

o (G acts reqularly on M if it acts semi-regularly and in addition, each p € M
has arbitrarily small neighborhoods U C M whose intersection with each orbit
in M is a connected subset of the orbit

e The action ¢, is transitive if for every p € M, O, = M

e The isotropy group G, of p € M is the set {g € G : ¢4(p) = p}

e An action ¢, is free if for every p € M, G, = {e}

e An action ¢, is locally free if for every p € M, G, is a discrete subgroup of G

We deal exclusively with regular Lie group actions; the additional conditions over
semi-regular actions are easily satisfied except for pathological cases e.g. [112, p. 158],
and in exchange much stronger results can be proven specifically the following
adapted from [111, Thm. 2.23]:

Theorem 1 Let G be a Lie group acting reqularly on an m-dimensional manifold
M with s-dimensional orbits. Then, around every point py € M, there exists a
“flat” chart U with local coordinates (y,z) = (Y1,---,Yss Z1y- -, Zm—s), Such that
any orbit O, intersects U either in the empty set, or in a single s-slice S C U
defined in coordinates as S = {(y,2)|(z1 = ¢1,...,2m—s = Cm—s} for some ¢ =
(c1y...,Cm—s) € RS,
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Remark: This says that the “flat” coordinate functions z; : U — R are constant
along any orbit passing through U C M. The actual set of values c is different for
every orbit, and can be used to (locally) distinguish between them. Because each
orbit is the set of points {¢4(p) : ¢ € G}, the flat coordinate functions define a
set of (m — s) invariants of G, (Ji(x),...,Jm—s(z)) = (21,...,2Zm—s), which exist
in a neighborhood U around any point pg € M. Any other invariant J(x) can be
uniquely expressed as an analytic function of this set [112, Thm. 8.17]: J(x) =
H(Ji(x),...,Jm—s(x)). Note that although the theorem guarantees existence of the
flat charts, it says nothing about how to actually find their local coordinates; this
is done using the constructive method of normalization discussed below.

Theorem 1 is a consequence of the Frobenius Theorem, used to prove that a
Lie group acting smoothly with constant rank forms a foliation of the manifold
M, where the leaves are the individual orbits. Semi-regular actions (i.e. acting with
constant rank) are sufficient to prove existence of the foliation and its associated flat
charts, however the intersection may occur in a countable union of s-slices, which
is why we demand the action to be regular. A proof of the Frobenius Theorem and
the existence of foliation is given in [83, Chap. 19].

Theorem 1 can be visualized by considering a simple example. Consider the
Lie group of planar rotations SO(2) acting on R?, a smooth manifold. We know
SO(2) acts regularly on R?\{0} [112, p. 162]. The orbits of SO(2) on R? are circles
centered at the origin shown schematically in Figure 4.1, and the dimension of each
orbit is 1. Consider the chart of polar coordinates on R? with U = R?\{0} and

coordinate functions
0(x1,z2) = atan2(zq, 1)

r(wy,x9) = /22 + 23

In this particular chart, any orbit of SO(2) intersects U either in the empty set for
the circle with radius zero, or in a single 1-slice defined by {(0,7)|r = R}, i.e. a
circle centered at the origin where the value of R distinguishes individual orbits.
The real-valued coordinate function r(x1,z2) = /2% + 23 = ||| is an invariant of
SO(2) because planar rotations do not alter lengths. The existence of this flat chart
is guaranteed by Theorem 1, although finding its form is not constructive; remark
that a different chart (U = R?\{0},1d2) on R? with coordinate functions z; and
x2 is clearly not flat because z2 is not an invariant of SO(2).

Each orbit of a regular action forms an s-dimensional embedded submanifold
of M [83, p. 174] due to the existence of s-slices guaranteed by Theorem 1. We
can thus define a cross-section to the orbits as an (m — s)-dimensional embedded
submanifold K which intersects transversely [83, p. 203] with each orbit at most
once. Specifically, this means that for k = O, N K, the tangent spaces 7,0, and
Ty K (with dimensions s and m—s, respectively) span Tj, M, and that k € M contains
at most one element.

For our simple example of SO(2) acting on R?, the cross-section isa (2—1) = 1 di-
mensional line segment from the origin illustrated in Figure 4.1, which transversely
intersects with each orbit at most once because O, N K = k is a single point and
the one-dimensional tangent spaces T}, 0, and T}, K together span 7; R2.

We will prove the existence of a cross-section through any point p € M. Let V
denote a chart around p € M with coordinates (x1,...,x,,) — note V is an arbitrary
chart, i.e. not necessarily the flat chart of Theorem 1. Fix the first s coordinates,
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Figure 4.1: Orbits of SO(2) on R? and cross-section K

such that K = {x; =¢1,...,25 = ¢s} is an (m — s) slice in V, which makes K into
an (m — s) dimensional embedded submanifold as desired. We now need to prove K
intersects each orbit at most once. Assume the set of invariants (Jy(x),. .., Jyn—s(z))
is available and has been expressed in the current (not necessarily flat) coordinates
(z1,...,Tm). Recall their existence is guaranteed by Theorem 1, and we will cover
their actual construction shortly. The Implicit Function Theorem [83, p. 164] guar-
antees that if the matrix

O(J1y ey Im—s)

8($s+1, PN ,:Em)

(z0)

is nonsingular at the point zy (which is automatic since the (m — s) invariants
Ji are functionally independent), then in a neighbourhood of zg, the level set
(Jiy..oyJIm—s)(x) = c exists if and only if (xsy1,...,2m) = F(x1,...,zs) for some
smooth map F. Since level sets of the fundamental invariants define individual
orbits (distinguished by ¢), and since K was defined by {z1 = ¢1,...,25s = ¢s},
we conclude any orbit intersects K at exactly one point, (c1,...,cs, F(c1,...,Cs)),
proving that K is a cross-section as claimed.

Finally, having proven the existence of a cross-section K such that any orbit
intersects both transversely and at most once, we introduce the method of normal-
ization. Assume the Lie group G acts semi-freely or freely on M. The necessity
of this assumption will become clear below, but for now, this only means that for
dim(G) = r, the orbits of ¢, are r-dimensional [52, Prop. 2.5].

Let x € M be an arbitrary point, and O, its orbit. Define the cross-section K in
coordinates as {x1 = ¢1,...,x, = ¢, }. We have just proved that any orbit intersects
this K at exactly one point, and so we can define the map £ : M — M,&(z) =
O, N K = k, which maps an arbitrary point = in M to where its corresponding orbit
O, intersects K. By construction, {(z) = k = {(¢g(x)), i.e. £ is necessarily invariant
with respect to the group action. Writing £ in the same coordinates as those used
to define K, it follows (&1(x),...,&-(z)) = (¢1,..., ¢ ), the set of constants used to
define the cross-section; and that {&,,—.(x),...,&n(z)} are the complete set of m —r
invariants of the group action, whose existence has been guaranteed by Theorem 1.

Clearly, if we can construct &, we will obtain the set of invariants of the group
action. This is done as follows: write the group action ¢, in coordinates, and write
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the components as ¢4 = (¢, qﬁg) € R"xR™™", choosing K such that ¢ = (¢1,...,¢)
are in the range of ¢g. Now, we just need to solve qbg(:zt) = ¢ for g; since ¢,
has r-dimensional orbits everywhere, the Jacobian matrix d¢g /0g is non-singular,
and so by the Implicit Function Theorem, ¢g(x) = c is locally guaranteed to have
the solution g = 7(z), known as the moving frame. Once 7(z) is found, we have
£(r) = ¢y(z)(x), and so QS‘;(QC) recovers the constants defining the cross-section K,

and gbf’y(x) is the complete set of (m — r) invariants.

From the definition of invariance and composition of (left) Lie group actions, we
also obtain

¢:(:c) (z) = ¢:(¢g(x))(¢g($)) = ¢g(¢g(x))g($) = 7(z) = v(¢g(2))g,

or equivalently y(¢,(x)) = v(x)g ™, the “right equivariance” property of the moving
frame, which implicitly requires ¢, to be free as shown next: let h € G, the isotropy
group of x € M such that ¢, (x) = z. Then,

v(@) =v(gn(x)) =v(@)h ' = h=e

and so G, = e, i.e. ¢4 is necessarily free. We can relax this requirement by demand-
ing only local right equivariance of y(x), i.e. v(¢4(x)) = v(z)g~! for all g close to e,
for which G, can be a discrete isotropy group and ¢, a semi-free action.

While the concept of cross-sections to orbits is geometric and globally defined due
to being based on foliations, the normalization procedure is intrinsically local, since
the solution to ¢f = c for g = () is guaranteed only locally by the Implicit Function
Theorem. An important exception is the class of problems where ¢y represents G
acting on itself by left or right translation, an action which is regular, free, and
transitive [83, p. 209]. This was seen in Section 4.4.1 for an AHRS’s symmetry to
ground-frame rotations, for which we had

R\ [ QR
w(i2) = (@),

where SO(3) x R3 acts on itself by left translation. In this case, we can choose
c = e € G and the solution to ¢3(z) = e is g = r7! = ~(z), which is clearly
defined globally. The moving frame is right equivariant due to the freeness, and the
invariants are given by qSl;(x) = qbfﬁ,l as before. This class of symmetries is a subset
of the general problem and is the case treated in [28].

4.6.2 Invariant Frame

A vector field w : M — TM is defined to be G-invariant if

(pg)sw(z) = w(py(x)) Vg eG,

essentially identical to the definition of G-invariant dynamics in Section 4.3.

Since T'M is by construction a smooth vector bundle of rank m, we can define
an invariant frame [111, p. 67] as an ordered m-tuple of G-invariant vector fields (w;)
which form a global frame for T'M over M, i.e. for each p € M, (wl (p),... ,wm(p))
forms a basis for the fiber 7=1(p) = T, »M, an m-dimensional vector space. The
following Theorem, adapted from [27, Lem. 1], provides a constructive method to
build an invariant frame.
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Theorem 2 The vector fields defined by

wl(x) = (gpy(x)a)*vi 1= 1, cee,M (4.8)

where y(z) : M — G is the moving frame constructed previously, and v; € T,M are
basis vectors of the tangent space at some p € M, form an invariant frame.

Proof: We use the following two properties of pushforwards [83, Lem. 3.5]: If F :
M — N is a diffeomorphism, Fi : TyM — Tgq, N is an isomorphism; and (GoF'). =
GyoF,.

Since T, M is an m-dimensional vector space [83, Lem. 3.9], a set of basis vectors
(v1,...,vm) can be chosen. Since ¢, is a diffeomorphism, (¢q(g)-1)« : TpM — T, M
is an isomorphism, proving (w;(x)) is a frame.

We prove invariance of w; by direct verification. Applying ¢4 to w;(z) above,
we have

wz(‘ﬁg (ﬂj‘)) = ((’D'Y(<Pg(x))71 ) Vi

and because () is the moving frame, y(p4(z)) ™ (’y(:v)g_l)_1 = gy(z)~!. We
thus have

wi(0g(2)) = (Pgr@)-1),vi = (99 0 Pr()-1),0i = (#g),, 0 (Oy()-1) vi = (pg) ,wil),

i.e. wi(x) is G-invariant. QED.

The particular case of M = G and ¢, = L, above is well-known in differential
geometry, where vector fields verifying (Lg).w(h) = w(gh) with g,h € G are said to
be left-invariant (c.f. Section 4.3). The set of all left-invariant vector fields on G can
be shown to form a finite-dimensional Lie algebra denoted as Lie(G), with dimension
equal to dim(G) [83, Thm. 4.20]. For this case, the moving frame is computed to
be v(g9) = g~! (as discussed earlier for G acting on itself by left translation), and
the corresponding invariant vector field w(z) = (Lg).v; with v; € T, G is in fact the
isomorphism between T,G and Lie(G) used to prove the latter is finite-dimensional.

The isomorphism between Lie(G) and T.G is used extensively in differential
geometry: for a given Lie group G, we define the Lie algebra g as the vector space
T.G equipped with a Lie bracket chosen such that Lie(G) and g are isomorphic as
Lie algebras. Since the state manifolds of the AHRS (Section 4.2) and Aided INS
(Section 4.5) are products of the Lie groups R”, SO(3) and H; C H, we can use
their Lie algebras and p = e to immediately obtain expressions for the v; € T.G
basis vectors used in (4.8):

e Euclidian space R™: The Lie algebra is R™ with the trivial bracket [vq,vs] =
0 [83, p. 96]. The basis vectors of TyR™ can thus be chosen as v; = e;, i.e.

0

1 0
v = 0 s Vo = 1 s V3 = 0
0 0 1

e Rotation matrices SO(3): The Lie algebra so(3) consists of skew-symmetric
matrices S(v),v € R3 under the commutator bracket [83, p. 205]

[S(v1), S(v2)] = S(v1)S(v2) — S(v2)S(v1)
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The basis vectors for T7.SO(3) are taken as v; = S(e;), specifically
00 O 0 01 0 —1
U1:00—1,’U2:000,’U3:1
01 0 -1 0 0 0
e Unit quaternions Hy: The Lie algebra consists of pure quaternions (real entry
equal to zero), with quaternion multiplication used as the Lie bracket [83,
p. 204]. The basis vectors are the quaternions ¢, j and k, i.e.

v = Vo =

O O = O
o= O O
_ o O O

In order to compute the pushforward in (4.8), we use the following method from [83,
pp. 76-77]: for any X € T,M, define the smooth curve I' : R — M whose tangent
vector for R > 7 = 0 is X then, F, X = (Fo)'(0). In our case, we have F' = ¢, ;)1
and X = v;, define I'(7) = v;7, and obtain

= w;(x) (4.9)
7=0

d
(‘Pv(x)*l)*vi =i <‘pv(x)1(vi7)>

4.6.3 Invariant Observer, Invariant Output Error

For the system dynamics & = f(z,u), y = h(z,u), an invariant observer is the
System )
T =F(&u,y)

with the following three properties:
o (0g), F(&,u,y) = F(pg(2),¥g(u), pg(y)) (F is G-invariant)
o F(x,u,h(x,u)) = f(z,u) (F is a pre-observer)

e (—x) = 0ast— oo for all £(0), or for all £(0) close to x(0) (the observer
error dynamics are globally or locally asymptotically stable)

A constructive method to build the invariant observer will be given below. One
ingredient of this construction is an invariant output error, the smooth vector-valued
map E(Z,u,y) with the following two properties:

e E(Z,u,y) =0<= y=h(Z,u) (E is an output error)
o E(pg(2),14(un), pg(y)) = E(&,u,y) (E is an invariant)

We recall Section 4.6.1, where the group action ¢, = g4 X 1, X pg acting (regularly)
on the product manifold M = X xV xY with dim(M) = m and dim(G) =r,r <m
gave the complete set of invariants of G as gbf’y(m) () : M — R™ . Let dim(X) = n,
dim(V) = o, dim(Y) = p denote the number of states, inputs and outputs of our
system, respectively. Since Y clearly depends on X and V' through the output map,
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we further assume r < n+o and define I(z,u) as the set of functionally independent
invariants

I(z,u) = (cpf’y(m) (), Yoy () (u)) € RO (4.10)

and Jp(x,y) as the remaining invariants

Jn(x,y) = pv(w)(y) € RP.
We now prove that the construction

is an invariant output error. Assume y = h(&,u); clearly FE(Z,u,h(Z,u)) = 0.
Conversely, assume FE(#,u,y) = 0. From (4.11) where Ju(Z,y) = pya)(y), we
see y — E(&,u,y) is invertible for any #,u because py(y) is a diffeomorphism
for any g € G, as discussed in Section 4.3.1. This guarantees E(Z,u,y) = 0
for a single y value, meaning F(Z,u,y) = 0 = y = h(&,u). This proves E is
an output error, i.e. E(&,u,y) = 0 y = h(z,u). The invariance of (4.11)
is verified directly: Jy(¢q(Z),pq(y)) = Jn(Z,y) because J, is an invariant, and
In(20(®), b2y (8), 6y (1)) = Tn(9(2), pgh(E,10)) = T2 (), 9y (5)) simce the sy
tem output is G-equivariant. QED.

Equation (4.11) is obviously not the only possible invariant output error; how-
ever, we can prove that any other invariant output error is written as E(Z,u,y) =
L(I(Z,u), E(Z,u,y)), where L is a smooth function such that L(I,E) =0 <= E =
0: since E is an invariant, E(Z,u,y) = F(I(Z,u), Jy(&,y)) where F is an analytic
function as discussed in Section 4.6.1. We have Jy(&,y) = Ju (2, h(Z,u)) — E(Z,u,y)
and since J(#,h(Z,u)) is an invariant, it must be a function of the fundamental
invariants I(#,u). It follows that E(Z,u,y) = L(I(%,u), E(Z,u,y)). Since both E
and E are invariant output errors, £ = 0 <= y = h(%,u) <= 0= E = L(I, E).
QED.

Using the constructions above, we now state the main theorem regarding invari-
ant pre-observers [27, Thm. 1]. Convergence will be addressed afterwards.

Theorem 3 & = F(&,u,y) is an invariant pre-observer for the G-invariant and
G-equivariant system & = f(x,u), y = h(z,u) if and only if

F(z,u,y) = f(&,u) +Z£ E(Z,u,y)) w;i(z), (4.12)

where 1(Z,u) is the set of invariants (4.10), E(Z,u,y) is the invariant output er-
ror (4.11), L; are smooth functions such that L;(I1,0) = 0, and w;(Z) are the invari-
ant frame vector fields (4.8).

Proof: (<) We first verify that (4.12) is a pre-observer: for & = z and y = h(z,u),
we have

F(z,u,y) = f(x,u) —i—ZE E(z,u,h(xz,u))) wi(x)

= fla,u) + Z,ci (I,0) w; = f(x,u).

i=1
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We also verify G-invariance of (4.12) directly: I(#,u) and E(Z,u,y) are invariants
thus so is £; (I(%,u), E(%,u,y)). By G-invariance of f(&,u) and w;(Z), we have

F(ipg(&), g (u), pg(y)) = (g), F(&,u) + Y Li (I(&,u), B(&,u,y)) (¢g), wi(£)
i=1

= (@g)* F(:ﬁ,u,y),

the last equality due to the linearity of the pushforward.

(=) Let & = F(&,u,y) be an invariant pre-observer. By the discussion in
Section 4.3, the dynamics F (&, u,y) map to the tangent bundle 7'M, so they can be
expressed as

F(2,u,y) Zquywl)

where F;(Z, u,y) are smooth real-valued functions and (w;(%)) is the invariant frame
(4.8), which was proven to be a global frame for TM in Section 4.6.2. Since F is
G-invariant,

F(ipg(&), vy (u ZF (09 (), g (1), pg(y)) wi(e(£))

n

= (@g)* F(jvuvy) = (909)*2}7%(@7“73/)102'(@)'

i=1
Since (¢g), wi(Z) = wi(py(2)) and the pushforward is linear, it follows that
F; (10g(2), ¥g(u), pg(y)) = Fi(2, u,y),
i.e. F;(Z,u,y) are invariants of G. Since F' is a pre-observer,
f($7 ’LL) = F(ﬂj‘, u, h($7 ’LL)) = Z E($7 u, h(l‘, u))wl(gj)v
i=1
and we can then write
F(2,u,y) = f(&,u) +F(i’ u,y) — f(&,u)

= f(z,u) +Z (Z,u,y) — Fi(Z,u, h(2,u))] wi(z),

and since F; are invariants, we conclude
F’Z(jv u, y) - Fl(jv u, h(jv ’LL)) =L; (I(jv ’LL), E(ja u, y))

with £; (I,0) = 0 because E is an output error and F' is a pre-observer. QED.

Equation (4.12) has an equivalent form obtained by re-writing the real-valued
gains £;(I, E) as L; E, where each L; is a 1 x p gain vector whose entries are arbitrary
functions of I and E. The invariant pre-observer (4.12) is rewritten as

F(i,u,y) = f(i,u) + > [Li B(#,u,y)] wi(#), (4.13)
i=1
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which clearly satisfies £;(I,0) = 0 for any L;, including constant entries. Concate-
nating the vector fields as W (%) = (w1(2),--- ,w,(#)) and the gain vectors as £ =

g T _
(/Jip, e ,ﬁg) , (4.13) can be written as F(z,u,y) = f(&,u) + W(&) L E(Z,u,y).
We now address convergence of the invariant pre-observer (4.12) resp. (4.13).
Not surprisingly, there is no general constructive procedure for choosing gains £
or L to guarantee convergence. However, the stability analysis of the invariant

pre-observer can be greatly simplified by considering the invariant estimation error

77($7 :ﬁ) = Py(z) (i‘) = Pry(x) (l‘) (4'14)

Clearly, x = n = 0, and since @, is a diffeomorphism Vg € G, & =
Oy(@)-1M(x, %) + z, hence n = 0 <= = = . We also verify n(z,#) is an invari-

1(2g(2),09(2)) = Pr((2)) (Lg(£)) = D (1)) (Lg (X)) = Pr(ipg(2))g () = (i (2))9 (%)

and since y(¢q(x))g = () by the right equivariance of v(z) established in Sec-
tion 4.6.1, (4.14) is an invariant: 7 (¢4(x),4e(Z)) = n(z,2). The convergence of
x to & is equivalent to the stability of 1 dynamics, whose analysis is (potentially
greatly) simplified due to the following result [27, Thm. 3|:

Theorem 4 The dynamics of the invariant estimation error n(x,z) depend on the
system trajectory only through the set of fundamental invariants I(x,u), i.e.

En = T(n7[($vu)) :

Proof: As shown above, 1 is an invariant: n(x, &) = 1 (g (), pe(Z)), from which it
follows

Dot ) = L (pyle). 00(@)

Using the chain rule, we have

d W On, .d on, .. d.
_on. . M, e
= 20,0 f ) + 2, 2) (0, i, 0)
= O'(ﬂj‘,i‘,u),
d on d on d

=

(g (@), 09(2)) = 5 (9g(2), 9g(2)) 09 (2) + 52 (02g(2), 09(2)) 09 (2)

- %(wg(w)v q(2))f (g (@), g (u)

+ gg (pg(m), g (2))F (pg(2), g (), h(pg (), 1bg(u))

= 00y (@), 0 (&), iy (),

i.e. the function o(z,2,u) is an invariant. We have & = ¢, (;)-1m + 2 = F(z,7n) as
before. Since o(x,&,u) = o(x, F(x,n),u) is an invariant it must be a function of the
fundamental set of invariants I(x,u) as well as n: o(z, F(z,n),u) = Y(n,I(x,u)) =
o(x,z,u) = (d/dt)n. QED.
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The key point of Theorem 4 is that the convergence properties of the invariant
observer (4.12) or (4.13) depend on the system trajectory through the invariants
I(x,u) rather than (x,u) as in the general case. This guarantees a simplified stability
analysis and gain selection because by (4.10) I(z,u) € R"™°~" where n, o are the
dimensions of the state and input manifolds and r is the dimension of the symmetry
group G.

It can be shown that for a subclass of G-invariant systems, namely those with
X = G, dynamics of the form

d
pri F(z,u) = (Lg), u
and which are G-invariant to ¢4(z) = Ryx and ¢4(u) = (L,-1Ry), u possess invari-
ant error dynamics which are autonomous from the system trajectory (z,u) [26, 28];
a concrete example is the AHRS (4.1) without bias estimation,

R = RS(w)
Yo | RTq
ym| — |RTm|"
Autonomy of the n dynamics greatly simplifies convergence analysis, however it can
only be guaranteed for a small subset of symmetry-possessing systems. In particular
the AHRS (4.1) and Aided INS (4.6) do not possess the required form, and the n
dynamics computed in Section 4.7 are dependent on the system trajectory through

I(z,u) exactly as stated by Theorem 4.
We will employ Theorem 4 using the estimated version of invariants (4.10),

This holds because (d/dt)n = o(x,Z,w) is an invariant and thus a function of I(z)
and I(2,u); but 1 = @ @) (%) — @y () always contains I(x) = gpi’/(x)(a;) as a
subset, and the remaining part is necessarily a function of I(Z,u) since n(x,Z) is an

A

invariant. It follows that o(z,Z,u) = Y(n, I(z,u)) = (d/dt)n as claimed.

4.7 Invariant Observer Design

We now apply the invariant observer construction method in Section 4.6 to the
AHRS (4.1) and Aided INS (4.6), (4.7). The symmetries of both systems are known
from Sections 4.4 and 4.5 and all the steps are systematic.

4.7.1 Invariant AHRS Design

The AHRS system dynamics written in terms of rotation matrices R € SO(3)
are (4.1)

R=RS(w—by)

b, =0
Ya | R"a
Yym| — |RTm|’
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4.7.1.1 Body frame symmetries

The first set of symmetries physically represents rotating the body-fixed reference
frame. The Lie group actions of G = SO(3) x R? > (Rg,wp) = g are

o () = () w0 = (o) () = (E)

We first find the moving frame and complete set of invariants as in Section 4.6.1.
The composite Lie group action ¢4 = ¢4 X 14 X p, acts regularly and freely on the
product manifold M = X x V x Y. Since dim(G) = 6 and dim(X) = 6 we partition
bg as ¢ = pg and qbg = (¢4 X pg) and solve ¢g(z) = c for g, the image of the moving
frame vy(x):

o (o0) = (g 2 am) = () = 9= ") =10

The complete set of invariants is then gbf’y(x) (x) = o(2) X P~(z) Which we partition as
I(x,u) = thy () (u) = Prr _p,) (W) = R(w — by,)

a R a
Jn(z,y) = p“/(w)(y) = P(RT,~bo) <yym> N <RZ:/ym>

The invariant output error is computed by (4.11)

~

R PR . RRTq R . a— Ry,
Bau) = (e hGe ) = e = (nn ) = (o) = (" o)

From Section 4.6.2, the invariant frame for the state manifold X = SO(3) x R3 is
defined by the set of vectors (4.8) where vZ = (S(e;) 0)T and v¥ = (0 ¢;)7T, i =
1,2, 3 span the tangent space T, X. We have y(z) = (RT, —b,) = vy(z)™! = (R, by,)
and we compute the invariant frame vectors using (4.9)

=0 0

wil(w) = % <90(R,bw) <S(Z’)T>> _ d%— <S(€6)RT>
wf (z) = % (@(mbw) <607>> e % < RT(eiS . bw)> - (Rge)

The invariant observer is written as (4.13)

7=0

be (22 E] RTe;

1

3

7

We re-arrange the observer to obtain a more compact expression. The invariant
. .. . —R
output error column vector is partitioned as E = [El  EL]T and the row gains £; ,
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Z;J are each partitioned as £; = [L; 4 L] giving

A

R

3
RS —bo)+ > {ZfaEa + meEm}S(e,-)R
i=1

by = {T.Fu+ LB e,
i=1
Remark {--} € R so the R terms can be factored out:

> {CiuBa+ LB } ()

i=1

R=RS(w—b,)+ R

3
3 {Z;‘jaEa n Z‘;ijm}ei
i=1

bo = RT

The [-+] terms are now written using matrix-vector multiplication:

R =RS(w—by)+ S(LEE, + LEE, )R
o (4.15)
b, = RT(LYE, + L E,,),

where each L is a 3 x 3 matrix of gains such that L = L(I,E). The invariant
estimation error associated with (4.15) is computed using (4.14):

) B R R\ (RRT -1\ (nr
@v(w)(:p)_@v(x)(x)_QD(RT,—bw) l;w — P(RT ,—by,) by, = R(Z)w—bw) = N

For convenience we re-define ngp = RRT, such that R = R <= nr = I (instead of
0). We now compute the dynamics of 7, which by Theorem 4 are known to depend
on 1 and I only. Remark

E.,\ a—f%ya _ a—RRTa [ a—ngra

Epn, m — Rynm, m — RRTm m — nrm
i.e. both terms are functions of nr and the known constants a and m. Time differ-
entiating the identity RRT = I we have

RRT + Ri(RT) 0= i(RT) = —RTRRT

dt dt
By direct computation, we now find
d Sopooad o p
—nr = RR R—(R
s + R (RY)

RS(w—b,)RT + S(LEE, + LEE,)RRT + R (—~RTRS(w — b,)RT)
RS(b, — b,)R" + S(LEE, + LEE,,)RRT

= RRTRS(b, — by)RT + S(LEE, + LEE,) RRT

— RETS |R(by — b)| + S (LEEq + L En) RET

d
R = nrS(—nw) + S(LEE, + LEE,, ) g,
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which together with F = E(ng) confirms Theorem 4. Remark the dynamics of ng
are nonlinear, coupled with 7, and autonomous. Moving to 7, we have

%m, — Rlby — bo) + R(by — b)

= RS(w — by)(by — by) + RRY (LY E, + L% Ey,)

= RS(w — by + by — by)RTR(b, — by,) + RRT (LY E, + LY, Ey,)

- {RJ%TRS(w — b,)RTRRT + RS (b, — bw)RT} R(b, — by)
+ (RROT (LY By + LY By,

- {(RRT)TS [R(w - Ew)} RRT + 8 [R(Bw - bw)] } R(b,, — by)
+ (RR"Y'(LYE, + LY, En,)

={(r)" S (2,u)]nr + S ]} me + (nr)" (LY Ea + Ly, Em)

d .
Zo =8 [(nr) " T(&,w)] ny + (1) " (LG Ba + Ly Bm),
where the last line follows from S[n,]n, = nw X Nw = 0. Theorem 4 is confirmed
once again; remark that 7, is not autonomous, but dqpendSAon the system trajectory
through the (known) estimated invariant I(z,u) = R(w — by).

4.7.1.2 Ground frame symmetries

We now consider the AHRS symmetries representing rotations of the ground-fixed
frame covered in Section 4.4.1. The symmetry group G = SO(3)xR3 > (Qo,wp) = g,
where () represents the rotation of the ground frame, acts on the system through
the Lie group actions

+
R . QR w . wo e Ya\ [ Ya
i) = , U,.lal= Qoa |, T =
9\p wo+b g 7 \y Y

We have ¢y = @4 x ¥, x T, acting on M = X x V x Y. With dim(G) = 6 and
dim(X) = 6, we partition ¢, as ¢ = ®, and qbz = (Vg4 x Ty) and solve ¢%(x) = ¢
for g = v(x). Remark that in the present case ®, is the Lie group G acting on itself
by left multiplication, which guarantees the global existence of «y(x) as discussed at
the end of Section 4.6.1. The calculation procedure is identical to Section 4.7.1.1:

% (5e) = () = (o) = o= "m0

The complete set of invariants qﬁﬂ’/( ) (x) is partitioned as

w —b, +w 1,
I(:E,’LL) = \If,y(x) (’LL) = \II(RT,—bw) a = R;:CL = Ia
m R'm I,

In(@,y) = Ty@)(y) = T(rr s, (5:2) N (5:2)
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The invariant output error is given by (4.11)

E(3,u,y) = Ju(@, h(#,0)) — J(d,y) = (RTG> - <y> _ (ETa—ya>

RTm Ym

The invariant frame for the state manifold X = SO(3) x R? is defined by the set
of vectors (4.8) where v/t = (S(e;) 0)T and v¥ = (0 ¢;)T, i = 1,2,3 span the

)

tangent space T,X. We have v(z) = (R, —b,) = v(z)~! = (R, b,,) and by (4.9)

(@) % <®(R7bw) <S(%i)7>> - % (ngei)7> - <RS(§€¢)>

w()_i <1> 0 _d 0 (0
Wikt = g7 T (Rb) e;T O_dT b, + ;T T=0_ e;

The invariant observer is given by (4.13)

T=

Z [Z;JE] €;

i=1

b

As in Section 4.7.1.1, we partition ZZR and Z;-U as L; = [Liq Lim) and E =
[ET ET]T using the invariant output error E computed above. We get

3
R=RS(w=bo)+ > { Lo+ i B | RS (e:)
i=1

by = {TiuEa+ TiEn e
=1

This can be equivalently written using matrix-vector multiplication as
R=RSw—by)+ RS (LfEa + LﬁEm)
(4.16)

A

by = LYEq + LY Ep,

where L are 3 x 3 gain matrices such that L = L([, E).
The invariant estimation error associated with this observer is obtained from
(4.14):

X R R RTR—1 nR

As before, we re-define ng = RTR, such that R = R < nr = I instead of 0.
Finally, we compute the dynamics of 7. Remark

E,\ RTa—ya - RTa — RTRRTq | 1s—nrl,
En) \R'm—-yn) \R'm—RT'RR"m) \In—nrln
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where I, = RTa, I, = RTm are (known) invariants, and so E is a function of ng
and I(Z,u). The dynamics of n are found by direct computation:

d d « R
—np=—(RYR+ RTR
L dt( )R+

— RTRRTR+ RTR
— —RTRS(w—b,)R'R + RTRS(w — b)) + RTRS (LfEa + LgEm)

= —S(w— by + by — b )RTR+ RTRS(w — by) + RTﬁfS(LfEEa + LﬁEm>

= —S(I, +nu)nr + nrS(L,) +nrS (ijEa + LﬁEm>

d
i nrS(1w) — S(Lu)nr — S(w)nr + URS<LaREa + LﬁEm>,

which together with E = FE(ng, I, I,) confirms Theorem 4. The dynamics of 7,
are very easy to compute,

& = by — by = LYE, + [* E,,
dtn a + m

and also confirm Theorem 4.

4.7.1.3 Combined symmetries

The final AHRS design considers the case of combined symmetries in Section 4.4.2,
where the body and ground frame are independently rotated. It turns out this case
isn’t interesting as shown below.

The symmetry group in the combined case is G = SO(3) x SO(3) x R?® >
(Qo, Ro,wo) = g so dim(G) = 9 and we require ¢j € RY. Since & € RS, we
need to use a component from the input action v to construct ¢g; we choose vy =
vg(a) = Qoa. Remark this extra step was not required in Sections 4.7.1.1 and 4.7.1.2,
however the method of normalization in Section 4.6.1 is unaffected and manually
picking components of ¢g is normal when solving for the moving frame [112, p. 163].
Using ¢ = §; x vy we find (),

R QoRRy I
¢3 | b | = | RE(bw +wo) | = [0]) = Qo=1=~(z) = (I,R",-bs),
a Qoa a

and the complete set of invariants is

w R(w — lA)w)
b m | m ~(I(z,u)
Py | T Ry - (Jh(x,y)> '
Ym Rym,

We see that the I(z,u) and Jy(z,y) terms are identical to Section 4.7.1.1, the body-
symmetry case, and so the invariant observer for the combined symmetries case has
already been worked out as (4.15). Further, since Qo = I in ~y(z), the invariant
estimation error n(x, Z) and its dynamics will be identical to those of Section 4.7.1.1
as well. In this sense, we have not gained anything from using the more complicated
symmetry group actions, although they still lead to a valid invariant observer design.
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4.7.2 Invariant Aided INS Design

We now consider the Mag-plus-GPS-Aided INS in Section 4.5. The system equa-
tions (4.6), (4.7) are

p=v
v=R(f—bf)—a
R = RS(w —by,)
by =0
b, =0

Yp _ p
Ym RTm
4.7.2.1 Body frame symmetries

We verified in Section 4.5 that the Aided INS admits the symmetry group G =
R3 x SO(3) x R? x R® 5 (po, Ro,bso,bwo) = g, where Ry physically represents a
constant rotation of the body-fixed frame, through the set of Lie group actions

b D+ po
v v
¥ (po,R0,b£0,bw0) R | = . RRy
by Ry (b +byo)

be, RE (b + buo)

(
f RE(f+0
¢(p0,R07bf07bw0) <w> - <R§éw + bi%;)

P(po,Ro,bso,b <yp> = <yp+po>
(po,Ro,b50,bw0) Y RoTym
Following Section 4.6.1 we take ¢g = ¢ = gog(p, R,by,b,) and qﬁg = cpg X 1hg X pg
such that dim(¢3) = dim(G). We then solve for the moving frame:

D P+ Do 0

64(z) = ¢ —> R\l RRy, |
g\*) = Pwo.Robrobuo) | o | = | RT(bs + bgo) 0
bw Rg(bw + wa) 0

— g= (_p7 RT7 _bf7 _bw) = 7(3:)
Using v(z) = (—p, R, —bs, —b,,), we obtain the complete set of invariants as in
Section 4.6.3,

) gpl;(x)(v) v I,
I(x,u) = (@), V) (1) ) = =|R(f—0b =11
(@ = (A @ ¥rio ) o) <£> R((a{—bf,; I

In(2,Y) = Py@) (W) = Pya) <5Z> N <y§y_mp>

and the invariant output error E(Z,u,y) is
. . . p—p Yp — D D= Yp Eyp
h — —= A~ A —_ ~ —= ~ s
In(@,h(@,u)) = Jn(2,9) <RRTm> ( Rym, ) <m - Rym> <Em>
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The invariant frame is computed as in Section 4.6.2. We have v(z)~! = (p, R, by, by),
and for each {p,v,bs,b,} € R3, T,R3 5 v; = ¢; while R € SO(3) = T.S0(3) >
v; = S(e;), i = 1,2,3. Denoting w;(z) and v; as the concatenated invariant frames
and basis vectors, respectively, we find

w; () = (Py()-1), s
d
= E <90'y(m)1(2i7—)>

e; T
€T 7=0
T+ p €; wf
d e;T e w;
= S(e;)TR = | SR | = | wh(=)
T RT (e + by) RTe; w?f(a:)
R (e;7 +by) o RTe; wf“(x)

The invariant observer is then given as (4.13) in Section 4.6.3 where we parti-
tion the row gains L; as [L;), Lim,] and the invariant output error vector as
E=[El EL:

3
p=0+Y {Li,Ep+L;  En}e; =10+ LPE, + I8 Ey,
i=1

o=R(f—bs)—a+ f:{ZZpEp + L mEn}ei = R(f —bs) —a+ LYE, + LY, Ep,
. 3i:l
R=RS(w—bo) + Y {LiEp + LiomEm}S(e) R
=1
= RS(w—by,) + S[LEE, + LEE,]R
by = i{Z?ﬁ,Ep + L En}RTe; = RT(LYE, + LY E,,)
=1

3
b P Yo : T ([ bw bw
b = Z{ﬁivap + LimEm}RTe; = RT (LY E, + LYY Ey,)
i=1

(4.17)
where the L terms are 3 X 3 matrix gains whose entries are in general functions of
I(z,u) and E(Z,u,y) by Theorem 3. The invariant estimation error n associated to
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the above observer is calculated from (4.14)

N = Py(x) (i') — Py(x) (Z’)

p—p p—p p—p p
A’lA) v A{) —-v s

= RRT — RRT =| RRT" -1 | =|np—1I
R(by — by) R(bf —by) R(by —by) lbf
R(bw — bw) R(bw - bw) R(bw — bw) Nbw

where as before we have taken 7z = RR” instead of RRT — I for convenience. We
will work out the dynamics 1 below, which by Theorem 4 are guaranteed to depend
on the system’s trajectories only through the invariants I,,, Iy and I, found above.
The invariant output error components can be expressed as

Ep=p—yp=D—p=mp
Em:m—Rym:m—]A%RTm:m—an

and we proceed to compute the individual 1 dynamics:

Np=D—P
=0+ LB, + LI Ey — v
=y + LE, + LI Epy,
ﬁv:é_i)

=R(f —bs) —a+ LE, + LY Ep — R(f —bs) +a
= If+ LyEy+ Ly, By — R(f — by + b — by)

=Ip+ LYE, + LY, Ey — RRTR(f — by) — R(by — by)
= Iy + LyEy + LY, B — (1r) Ty — miy

in — RRT — RRTRRT
= RS(w—b,)RT + S[LEE, + LY E,]RRT — RRTRS(w — b,)R"
= RS(b, — bo)RT + S[LEE, + LEE,,|nr
= —RRTRS(b, — bo)R" + S[LEE, + LEE,,]nr
= —nrS(w) + S[LYE, + LE En]nr
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iy = R(by —by) + R(by — by)
= RS(w —by)(by — by) + RRT (LY B, + LY E,,)
= RS(w — by + by, — by,)(by — by) + (ng) " (LY B, + LY E,,)
= RRTRS(w — b,)RTRRTR(bs — bf) + RS(b, — b,)RTR(bs — by)
+ (nr) (LY By + LY EL)
= (mr)" SLu)nrmes + Sy + (nr)" (LY E, + LY E,,)
= S[nr)" L + mew| oy + (nr)" (LY B, + LY E,)

e = L(by — by) + R(by — by)
= RS(w — by)(by — by) + RRT (LW E, + L% E,,)
= RS(w — by + by — be,) (b, — by) + (nr) T (LY E, + LY E,,)
= RRTRS(w — b,)RT RRT R(b,, — b,,) + RS (b, — by)RT R(b,, —
+ (nr)" (LY E, + LYY Eyy)
= (r)"S(Lo)nrMs + S (Mo )is + (M) (Lo Ep + LY Epy)
= S[(nr)" L] e + ()" (LY Ep + LYY By, )

The above error dynamics clearly verify Theorem 4. The error system is non-
autonomous and depends on the estimated states R, b + and b, as well as input signals
f and w through the Iy and I, terms. Remark the 7 dynamics are independent
of both position and velocity p and © which simplifies stability analysis and gain
selection over the general case.

by)

4.7.2.2 Ground frame symmetries

We now consider the ground-frame symmetries of the Aided INS for which the sym-
metry group is G = R*x SO(3) xR3xR? > (po, Qo, bfo, bwo) = g where Qo represents
a constant rotation of the ground frame. From Section 4.5 the corresponding Lie
group actions on the state, input and output manifolds are

P Qo(p + po)

v Qov
(I)(P07Qo7bfo7bwo) R | = QoR

bf bf + bfo

bw bw + wa

f f+bgo

w | | w+buwo
Ypo.Qubsoteo) | 4 | = | Qua

m Qom

Y Qo(yp + po)
T (p0.Qo.b0,bwo) <yi> = < ?jm )
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We partition the Lie group action ¢g = @5 x Uy x Ty as ¢ = &7 = ®¢(p, R, by, by)
and gbb <I>b x Wy x Ty and solve ¢f(z) = c for the moving frame:

p Qo(p + po) 0
a R o QOR I _(_ T _ _
bw bw + wa 0

The complete set of invariants is then

pRT bf7_bw( RTU Iv
f—=»o I
(I)b f f f
I(z,u) = < WE)QC)) = w w_bw = | L
\IJ'Y(I)(U) \P( —p,RT _bf7 bo) a CL Ia
m Tm Im
Jn(z,y) =T T =
n(@,9) = Ta@)(y) = T(prr—5;-b.) ym ym )

The invariant output error is
E(ja u, y) = Jh(ilv h(ilv ’LL)) - Jh(:i'y y)
(R -D)\ _ (R wp—D)\ _ (B G—w)\ _ [ Ep
RTm Ym R m —Ym Em

For the invariant frame computation, we have v(z)~! = (p, R, by, b,) and the same
v; as in Section 4.7.2.1. We find

d
~dr (q)v(x)l@ﬁ)) B
€T
d e;T
= E q)ﬁ/(x)fl S(ei)T
e;T
GT 7=0
R(e;T + p) Re; wf(a:)
d ReiT Rei U)Z}(.Z')
== RS(e;)T = | RS(e) | = wﬁ(‘r)
T €T+ by e w?f
et +bo /| e; wb
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The invariant observer is then
. 3
p=0+ Y {L},Ep+L,Em}Re; =0+ R(LDE, + LV, Ey,)
i=1

o =R(f—bs)—a+ i{ZZpEp + L} B} Re;
=1
= R(f —by) —a+ R(LYE, + L%, Ey,)
R = RS(w—by) + f:{zprp + L En}RS(e;) (4.18)
=1
= RS(w —b,) + RS[LEE, + LY E,,]

3
: —b —b
by = AL/ Ey+ LinyEm}e: = LY E, + LY E,,
=1
) 3
bo =Y {Li2E, + LimEne; = LW E, + LI E,,
i=1

where as in Section 4.7.2.1 the L terms are 3 x 3 matrix gains whose entries are in
general functions of I(Z,u) and E(#,u,y). The invariant estimation error n for this
observer is

n= (I)—y(x) (‘%) - (I)'y(:c) (‘T)

RT(p—p) RT(p—p) RT(p—p) T
RT@ RTU RT(@ — U) Mo

= RTR — RTR =| RTR-1 | =|np—1
by — b by — by by — b U
bw — bw bw - bw bw — bw Mbw

The invariant output error £ components are written as

E,=RY(p—yp) = RTRRT(p — p) = (nr)"p
En = RTm — Ym = R'm - R"™m =1, - RTRR"™m =1I,, - NrIm
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We now work out the 7 dynamics:
= —R"RR"(p—p)+ R"(p — p)
= —RTRS(w — b,)RT(p — p) + BT (@ + R(IZE, + I, E,,) — v)
= —S(w — by + by — b)) + ny + RTR(LLE, + LP, Ey,)
=5 [Iw + nbw] Tlp + My + 1R (Lng + Llr)nEm)

= —RTRRT (6 —v) + RT (0 — 0)
= —R"RS(w — b,)R" (0 — v)
+ RT{}?(f - l;f) —a+ I%(L;Ep + Lanm) — R(f — by) —I—a}
= =S(w = by + b = b)iw + 11l + 0 (LyEy + Ly, Em) = (f = by + by = by)
= —S[L+ w0 + nrIf + nr(LyEp + L)), Ep) — Iy — moy

— —RTRRTR+ RTR

= ~RTRS(w — b,)RTR + RTRS(w — bu) + RTRS[L By + Ly B
= —8(w = by + by — bo)nr + nrS (L) + RS [Ly By + Lyt B

= —S[L, + mow| R + nRS(L )+nRS[LRE +LEE Ep]

s = by — by
=LY E, + LY E,

w — Bw - i)w
= LYE, + LY Ey,

The ground-frame symmetry version of the invariant observer has properties similar
to the body-frame symmetry version in Section 4.7.2.1: the estimation error dynam-
ics i are a function of the system estimates via R, bf and b, as well as inputs f, w
but independent of position and velocity p and .

4.7.2.3 Combined symmetries

In Section 4.5 we also considered the combined symmetry case of rotating both the

body and ground frames. The corresponding Lie group actions were denoted by &g,

vy and p4. Based on Section 4.7.1.3, we may expect this case to reduce to one of
the previous results.

Take the Lie group action ¢4 = &, x vy X g4; with the symmetry group G =

3 x SO(3) x SO(3) x R? x R? > (po, Qo, Ro, bo,bwo) = ¢ and state manifold

X =R3xR3x SO(3) x R3 x R3 5 (p,v, R,bs,b,) = g both of dimension 15, we

logically partition ¢7 = &g, qbz = vy X o4 and (attempt to) solve for the moving
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frame:

P Qo(p + po) 0
v Qov 0
G| R | = QoRRy =11
by RE(bs +bgo) 0

We immediately see two problems:

e Qov = 0 has no solution for Qg € SO(3) except in the trivial case of v = 0.
In the more general case of Quu = ¢, ¢ € R3, a solution will exist only if
o]l = lle]l-

e QoRRy = I has a non-unique solution: Qy = (RRy)T or alternatively Ry =

(QuR)T.

We deal with this problem by a different choice of ¢ components, c.f. Section 4.7.1.3.
We remove the £;(v) component and replace it with vg(a) which provides a system
which can be solved for the moving frame:

p Qo(p + po) 0
a Qoa a
¢Z R - QORRO - 1 — g = (_p7[7 RT7_bf7_bw) = ’Y(Z’)
by Rg(bf +bso) 0
be RE (b + buo) 0
and the complete set of invariants is
v v
f R(f = by)
o w | [Rlw—>by) | (I(x,u)
(@) m N m N Jh(‘ra y)
Yp Yp — P
Ym Rym

which are precisely the invariants in Section 4.7.2.1, such that the invariant observer
for the combined symmetries case will be identical to the earlier design. The invari-
ant estimation error and its dynamics will also be identical to Section 4.7.2.1 due
to the Q9 = I term. While using the combined symmetries case is valid, it results
in greater complexity and provides the same design as a simpler case. A combined
symmetries version of invariant observer design was used in [92] for an Aided INS
example with different dynamics and outputs than (4.6) and (4.7).

4.8 Nonlinear Observer Gain Design

So far, we have not said anything about gain selection for stabilizing the observer.
As mentioned in Section 4.6.3, there is no general systematic approach for choos-
ing the nonlinear observer gains L. Using the invariant AHRS observer (4.15) with
body-frame symmetries in Section 4.7.1.1, we now show how a particular choice of
gains reduces it to the “explicit complementary filter with bias correction” in [88,

104



Thm. 5.1], for which almost global asymptotic stability [78]! has been proven us-
ing a Lyapunov analysis; this is the strongest result achievable since any system
whose state manifold includes SO(3) cannot be globally asymptotically stable [20].
Observer (4.15) is repeated here for convenience:

R=RS(w—b,)+S(LEE, + LEE,)R
by = BT (LYE, + L% E,,)
We make the following gain choices:

LE =kpl,S(a) LE =kpl,,S(m)

(4.19)
LY = —kjl,S(a) L% = —kilnS(m)

where kp, k7,14, 1, € R are user-selected constants and a,m € R3 are the ground-
frame gravity and magnetic field vectors used previously. This set of constant gains
obviously satisfies L = L(I, E) and so the observer is invariant. Remark that we
have reduced the tuning degrees of freedom from 4 x 9 = 36 to 4.

Using the above gains and the invariant error definitions F, = a — ]A%ya, by, =
m — Ry, in (4.15) gives

R=RSw —b,) + S(kplaS(a)(a — Rya) + kplnS(m)(m — Ryn))R
I;w = RT( — krlaS(a)(a — Rya) — kil S(m)(m — ]A%ym))

since S(a)a = a x a =0 and S(m)m = m x m = 0, we have

R = RS(w — by) — kpS(1aS(a)Rya + LnS(m) Rym) R
k1 RT (1,5 (a) Ryq + LS (m) Ry, )

Using RTS(v)R = S(RTv) = S(v)R = RS(RTv) from Section 2.2, we have

~

R = RS(w — by) — kpRS(1,B7S(a) Ryq + L BT S(m) Ryy,)

b = ki (1a BT S(a) Ryq + L BT S (m) Ryy,)

We also have RTS(v)R = S(RTv) = S(§,) where v = a,m:

R = RS(w — by) — kpRS(1aS(Ja)¥a + LS (Gim)ym )
bo = k1 (1S (9a)Ya + bn'S i)

And since S(Gy)Yy = U X Yp = —Y» X Y, We obtain

-

= R(S(w = bo) + kpS (latia X o+ bt X 1))

l;w =~k (laya X ga + lmym X @m),

LA system is almost globally asymptotically stable if all trajectories starting in an open dense
subset of the state space asymptotically converge to a stable equilibrium; or equivalently, the
set of initial conditions for which the trajectories do not converge form a set of zero Lebesgue
measure [103].
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which is identical to [88, Eqn. (32)] modulo choice of notation.
It is also possible to reduce the ground-frame symmetries invariant observer
(4.16),

R=RSw—b,)+ RS (LEEa+ LEEn)
by = LYEy + L% En
to [88, Eqn. (32)] using the (different) set of gains

LE = kpl,S(RTa) LE = kpl,,S(RTm)

X . 4.20
L¥ = —kfl,S(RYa) L% = —kilnS(RTm) 20

where as before kp, kr,l,,l,, are constant scalars. Note that in Section 4.7.1.2,
we computed I, = RTa I, = RTm and so the above gains respect the invariant
observer condition L = L(I,FE). Using these gains and E, = RTa — yu, By =
RTm — y,, in (4.16) gives

R = RS(w—b,) + RS[kplyS(RTa)(RTa — y,) + kplynS(RTm)(RTm — y,)]
by = —kiluS(RTa)(RTa — ya) — kilmS(RTm)(RTm — ypm)

using RTa = o, RTm = §m, S(x)y = 2 x y and y X y = 0 we obtain

X

R=RS(w—by,) — kpRS(lafia X Ya + bnGm X Ym)
bo = k1 (lafla X Yo + b X Ym)

and then from x X y = —y X x we have

R= R(S(w = b) + kpS (laga X o + bntin X ) )
gw = —kr (laya X Ja + lmYm X ij)v

the observer [88, Eqn. (32)]. Remark the gain choices for L are different for the body-
frame symmetries observer (4.15) and the ground-frame symmetries observer (4.16),
but in both cases the observer in [88] is (a particular choice of) an invariant observer.

A nonlinear design for the gains of Aided INS observers (4.17), (4.18) remains
an open problem. Recent work in [31, 24] provides direct nonlinear gain designs
for a GPS-aided dead-reckoning system (c.f. [51, Ch. 9]) guaranteeing local, almost
global or global stability depending on the level of assumptions made about the
system’s state and inputs. Dead reckoning is a 2-dimensional aided navigation
problem and so it is reasonable to expect the analysis method can be extended to
Aided INS (4.6), (4.7) in Section 4.5, however no results have been obtained at the
time of writing. Another source of ideas are the direct nonlinear observer designs
in [69, 118] for the velocity-aided inertial navigation example considered in [27].

4.9 Invariant Extended Kalman Filter

Although a direct nonlinear design for the observer gains L is the most elegant ap-
proach, it is also difficult and non-systematic. In this Section we propose a method
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of gain assignment based on the Extended Kalman Filter covered in Section 3.2.
The Invariant EKF re-linearizes the invariant estimation error 7 dynamics (instead
of the system dynamics f(x,u) as in the conventional EKF') about the latest esti-
mated state and computes optimal observer gains L for the resulting system. This
provides a fully systematic approach to obtaining the observer gains, which are also
automatically updated in the case of changing noise conditions due to the optimality
of the Kalman Filter. The obvious disadvantage is that the Invariant EKF guaran-
tees only local stability whose region of attraction is difficult to analyze as discussed
in Section 4.1.

Using an EKF to find the gains of an invariant observer was first proposed in [23]
and applied to different examples in [29, 96]. The method in [23] was formulated
for the class of systems where the Lie group G acts on itself by left or right transla-
tion (c.f. Section 4.6.1) and required defining invariant noise terms which preserve
the symmetry of the system. We adapt the method to apply to the general class
of G-invariant systems defined in Section 4.3 and such that the noise terms can
enter the dynamics naturally as part of the sensor models, c.f. Section 3.2.2. The
modified Invariant EKF can thus be applied to AHRS with body-frame symmetries
(Section 4.4) and Aided INS (Section 4.5).

4.9.1 Invariant EKF Overview

We first review the continuous-time Kalman filter, e.g. [34, Chap. 7]. The filter
applies to LTV systems
&= A(t)x + B(t)w
y=C(t)x + D(t)v
where w and v are the process and measurement Gaussian white noise vectors with

covariances Q = E{ww’), R = E(vv"), respectively, and zero cross-correlation:
E{wvT) = 0. The Kalman filter for (4.21) is

(4.21)

& =Ai+ K(y—C#)
K = PCT(DRDT)™! (4.22)
P =AP + PAT — PCT(DRDT)"'CP + BQBT,
a linear optimal observer designed to minimize the covariance of the estimation error
e = & — z, specifically min(trace(E(ee’))). From (4.22) and (4.21), the estimation
error dynamics are
é=1—a
= A2+ K (Cx + Dv—Cz) — Ax — Bw
=(A-KC)(&—x)— Bw+ KDv
é=(A—-KC)e— Bw+ KDv (4.23)
The method of the Invariant EKF is as follows: introduce the sensor noise models

U =u+w, §y =y+ v from Section 3.2.2 into the nominal system dynamics and
corresponding invariant observer as

flx,u) = f(z,0 —w) (4.24a)
(4.24D)

RN
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Using the existing invariant estimation error 7 (4.14) for this system, compute
(d/dt)n using terms (4.24) which yields the nonlinear dynamics

d

4 4.9
il (4.25)

[1]
2
&
e
E
=

a more complicated system than in Theorem 4 due to the use of (4.24); note =
necessarily reduces to T (1, I(#,u)) when w = v = 0. Let 77 denote zero estimation
error, e.g. p = I and 7,, = 0 for the Invariant AHRS observer in Section 4.7.1, and
define 0n := n — 7. Due to the form of the invariant estimation error (4.14)

N = Py(x) (‘%) — Py(x) (‘T)

when computing Z, the terms & (4.24a) and & (4.24b) which respectively contain
w and v, K (K denotes the matrix of observer gains L) do not appear together in
product terms. Thus linearizing (4.25) about n =7, w = 0 and v = 0 leads to the
same form as (4.23),

on=(A—-KC)n— Bw+ KDv (4.26)

from which we can read off the (A, B,C,D) and K matrices and use (4.22) to
compute the observer gains L which make up the matrix K. Remark that the
entries of the A, B, C, D matrices will in general be functions of (Z,a), so as stated
in Section 4.9 we are re-linearizing the invariant estimation error dynamics about
the latest state estimate.

4.9.2 Invariant AHRS EKF design

As mentioned in Section 4.2, we model the AHRS bias dynamics using the Wiener
process model b = v. We also employ the rate gyro sensor model & = w + b, + v,
and accelerometer and magnetometer output models §§ = y + v from Section 3.2.2.
Under these noise models the dynamics of (4.1) become (4.24a)

R=RS(@— by — 1)

(4.27)
by = v,
where w = [v, l/bw]T is the process noise vector. The system outputs with noise
are -
Ya Rta+v,
U = 4.2
[ym} [RTm + ym] (4.28)

with v = [V, T the measurement noise vector; as discussed in Section 4.2 we
assume the accelerometer measures the gravity vector and the magnetometer reading
has been compensated.

4.9.2.1 Body frame symmetries

The nominal invariant observer is available from Section 4.7.1.1 as (4.15). Using the
noise models in Section 4.9.2 we obtain (4.24b)

A

R=RS@ —by)+ S(LEE, + LEE,)R

2 R - - (4.29)
b, = R (LYE, + L% E,,)
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where @ is the measured rate gyro signal. The E,, E,, invariant output errors
in (4.29) and I(Z,u) invariants used below are also available from Section 4.7.1.1:

<g;> - (TZ _ %ﬂ) . I@3) = R@ - by), (4.30)

where ¢4, ¥ are the output measurements and I(Z,u) is known and will appear
below. The invariant error n (4.14) is a function of z and & only and remains
unchanged from Section 4.7.1.1, i.e. ng = RR™, n, = R(by — b,). As explained
in Section 4.9.1, computing (d/dt)n using (4.27) and (4.29) will cause the process
noise vector w = [u, wa]T to appear along with the measurement noise vector
v=1[va vUm|’ embedded in E. Starting with 7 we directly compute

: d

g = RRT + RE(RT)

S(@ —b,)RT + S(LEE, + LREE,,)RRT + R (—~R"RS(& — b, — v,)RT)

= RRTRS(b, — by)RT + S(LEE, + LR E,)RRT + RS(v,)RT RRT
= RETS |R(by — b)| + S(LEEa + LEEn) RRT + S(Ru) RRT
ik = nrS(—nw) + S(LEE, + LEE,)nr + S(Rv,)nr
and for 7, we have
o = R(by — by) + R(by — by)
— RS(@ — by — ) (by — bo) + R {RT(L;fEa + L9 By — ybw}
= RS(& — by + by — by)(by — by) + RRT (LY E, + L¥ E,,)
— Ry, — RS(wy)(by — by)
= RS(& — by + by — by)RTR(b, — by,) + RRT (LY Ey + LY By
— Ry, + RS(by — b
- {RS(GJ — bo)RT + RS(b, — bw)RT} R(by — by) + (RRT)T (LY B, + L% E,,)
— RRTRuy, + RS(by, — by,)RTRRT Ry,
— {RRTRS(@ — b)R"RR" + S [R(b, — )| } R(bu — b.)
+ (RRT)T (L E, + LBy — (RRT) Rup, + S [R(Bw - bw)] (RRT)T Ru,,
— (RRTYT'S [fz(w - Ew)] RR Ty, + ()" (LY By + LY, Eyy)
— ()" Ruy, + S [n] (nr)" Ry,
e = S [(nr)T1(2,%)] nw + (1r)" (LY Eq + L ) — (nr)" Ruy, + S [nw] (nr)” Ry,

where the E terms are written as
E, [ a-— sza [ a— R(RTa +ve) \ [ a—nra— Ru,
En) \m—Rjn) \m—-RR"'m+v,)) \m—nrm— Ry,
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which contains the measurement noise vector v = [V, vp,|T. Remark I(%,4) ap-
pears in the 7, term above, and as expected setting w = v = 0 reduces both
dynamics to the form (d/dt)n = Y (n, I(#,u)) guaranteed by Theorem 4.

We now linearize the above ng and 7, dynamics about jp = I, 7, = 0and v =0
to obtain system (4.26) with states 6n = n — 7. The E,,v € {a,m} terms become

5EU:EU—EU:’U—T]RU—EVU—’U—I-T?RU—FEDU:—(5T]R’U—EVU

Ev:v—ﬁRv—Rﬂvzv—v:O
Linearizing 71z we obtain
OR = 1R — R
= nrS(—nw) + S(LEEa + LY Ep)nr + S(Ru,)nr
— RS () — S(ERE, — LI Eyn)Tip — S(R)iTR
— (6nr + R)S(=0ny — ) + S[LE(Ey + Ea) + LE(SEm + Em)] (g + 1R)
+ S[R(Ov + 7)) (O + 7r) — 1rS(~1) = S(LEEa — L7 B )ig
- S(Rﬁw)ﬁ}%
= (0ng + 1r)S(—0nw) + S[LESE, + LESE,,| (ong + 7r)
+ S[R(6v.)] (9nr + 7R)
= rS(—0nw) + S[LESE, + LESE,, | ig + S[R(0v.)] iR
=S(-on,) + S[LGR(—&]RCL — Rl/a) + Lﬁ(—&mm — Rum)] + S[Rl/w]
where we have dropped quadratic terms in § on the second-last line in order to
obtain a linear equation. For 1), we obtain the linearization
0T = Moo — T
= S[(nr)" 1(2,@)]m + (nr)" (L Ea + L En) — ()" Bve, + S[nu)(nr)" Ry
= S[R)" 1@, )]0 — (18) (L5 Ba — Ly Bm) + (15)" R,
— S (r)" Ri,
= S[(@nr + 0r)"T(#,@)] (Ons + 1) + Gnr + ir)" (L (OFa + Bo)
+ L8 (0B + Bm)) = (0ng + 71r)" R(0w, + 7,)
+ S[on. + 1) (5nr + 71r) T R(6v + )
= S[(7r)"1(&,@)]0n. + (7R)" (L§OEq + L0 Er) — (7r)" Row,
= S[I(&,@)]én, + L (—0nra — Rv,) + Ly, (—6nrm — Ruyp,) — Ry,
where we have again dropped all quadratics in 4 on the second-last line abpve. We
further simplify the above expressions by re-expressing dng = ng — 7g = RRT — I
using the same technique as in Section 3.2.5: take the ground-frame rotational
kinematics (2.3) (d/dt)R = S(w)R and define w = dvy/dt. The kinematics get
written as dR/dt = S(dy/dt)R = dR = S(dy)R. For the linearization point
fir = I, we can write IR~ R— Rand dy=%—7,andso R— R~ S(y —v7)R =

RRT — T = S(3% — ) = onr = S(47), where 8 gets used to represent attitude
error in the linearized system in place of dng.
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Using dnr = S(d) in the g and 7, expressions above, we obtain
S(8%) = S(=6nw) + S[Lg(=S(67)a — Rug) + Ly (=S (67)m — Rvm)] + S[Ru.]
S(3%) = S| — onw + LE(S(a)dy — Rvg) + LE(S(m)dy — Ruy,) + R,
8y = —0n, + [LfS(a) + LT,RIS(m)]M — LRRv, — LE Rv,, + Ru,
for 7R, and for é7,, we have
e = S[I(#,@)]on., + LY (~S(37)a — Rvg) + L%, (—S(6v)m — Rvy,) — Rug,
= S[I(z,1)]0n, + L¥(S(a)dy — Rua) + LE(S(m)éy — Ruy,) — Ruy,
0w = S[I(&,@))0n., + [L2S(a) + L2,S(m)] 6y — LY Rvg — L¥, Ruy, — Ruy,
The 6% and 67, expressions are rewritten as (4.26)
M| {0 —I oy LE LE1[—-S(a) 0] [ &y
o) 0 Sl @) |one] T (28 2] [~Sem) o] [on.
| ——

A K C

R ] R 4.31
R O0] [we] LE LETT-R 0] [va (4.31)
0 R||w.] [Ly L]0 —R] |vm
— S~—~—
B w K D v

Using the set of matrices (A, B,C, D) along with the (identified) noise covariances
Q = E{ww?), R = E(vwT) we use (4.22) to calculate K and use the resulting gains
L in the invariant observer (4.29) resp. (4.15).

4.9.2.2 Ground frame symmetries

We also design an Invariant EKF for the AHRS ground-frame symmetry case covered
in Section 4.7.1.2. Under additive noise, the system dynamics and outputs are still
given by (4.27), (4.28)

R=RS(@&— by, — 1)

b, =1y

Ya | RTa+ v,
Gm| — |RTm +vm
while the observer (4.16) becomes
R=RS@ - b) + RS (LEE, + LEE»)
by = LB, + LY By,

where E, = RTa—ga, E, = }?Tm—gm. The invariant estimation errors ng = RTR,
Nw = by, — b, are unchanged from Section 4.7.1.2, and we compute their dynamics
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below:
— RTRRTR+ RTR
= —RTRS(@ — by, — v)RTR+ RTRS(@ — by,) + RTRS(LfEa + LﬁEm>

= nRS(jw) - S([Nw)nR - S(nw)TIR + nRS <LaREa + LﬁENm> + S(Vw)TIR

ﬁw = l;w - i)w
=L¥E, + L E,,

where I, = & — by, as well as I, = }?Ta, I, = RTm are the invariants of the system,
the latter two appearing in the invariant output errors:

Ea:]A%Ta—gja:RTa—RTa—Va:Ia—RTJA%JA%Ta—l/a:Ia—nRIa—l/a

Em:RTm—g]m:}?Tm—RTm—l/m:Im—RTR}?Tm—Vm:Im—nRIm—

Next, we linearize the above 1 dynamics about g = I, 7, = 0 and 7 = 0. The E
terms will become
6E~a:E~a_ a:Ia_nRIa_Va_Ia+ﬁRIa+Da:_577RIa_Va
5Em:Em_Em—I TIR[ Vm — m""ﬁRIm"’_Dm:_anR[m_

where Ea = E,, = 0. Using énp = S(67) as in Section 4.9.2.1, we have
0Eqy = —S(07) 1 — va = S(Ia)0y — va
0E;, = —S(67) I — vm = S(I;n)6y — v,
Finally, we calculate the linearized 7 dynamics as
1R =R — TR
=S (L) = Sy — Snonm + nrS (LEE, + LB ) + S(vs)ng — 0
= (0nr +11r)S (L) — S(L,) (R + iir) — S[6n. + ] (6nr + 7R)
+ (O + 1R)S (LG Ey + Ea) + LE(SEp + ) )
+ S[ov + 2] (0nr + 1r)
= onrS(L) = S(L)onr — S(0n.)in + TnS (LEOEa + LESEy ) + S50
S(6%) = S(67)S(L,) — S(L,)S(d7) — S(on.,) + S(LfaEa + LﬁaEm) + S(w)
6% = 0y x I, — 6n,, + LESE, + LESE,, + v,
= S( w)0y — 0N + LR(S(Ia)éy — I/a) + Lﬁ (S(Im)(W — Vm) + v,
and ]
0N = T — T
= LYEy + LBy — vy, — LY Ey — LS Evy + 1,
= L“SE, + L% 6E,,
= L5 (S(La)dy = va) + Lin, (S(In)87 = vin) — v,
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which is rewritten in form (4.26) as

E R A R g e R

1w 0 0 | |07 Le L@ | |=S[RTm] 0] [onw
A K C
_ 4.32
[-I o0 qurLf LETT-I 07w, (4.52)
0 I||w, | |L¥ L= |0 —I||vm
——— N — - ———
B w K D v

Which provides the set (A, B,C, D) used in (4.22) to calculate the gains L of the
invariant observer (4.16).

4.9.3 Invariant Aided INS EKF design

In order to assign the gains L to the Aided INS observers designed in Sections 4.7.2.1
and 4.7.2.2, we use the Invariant EKF methodology of Section 4.9.1. We consider
both the body-frame and ground-frame symmetries versions below. Using the ac-
celerometer and rate gyro sensor models (3.4) f=7r+ by +vp, W =w+b, + 1y
from Section 3.2.2 along with a Wiener process model for the bias dynamics b = v

as mentioned in Section 4.5, the Aided INS dynamics (4.6) become (4.24a)

p=v
0=R(f~by—vs)—a
R=RS(@—by,— 1) (4.33)
i’f = Vbf
i)w = Vbw
with process noise vector w = [Vf Vo Ups wa]T. The nominal output equa-
tions (4.7) become
Up _ D+
2 ]

where v = [, V)7 is the measurement noise vector. As discussed in Section (4.5)
we assume the Navigation to ECEF rotation matrix Rg and location of navigation
frame r% have been found such that the vehicle’s navigation frame position p is
directly measurable. The vector m is the navigation frame magnetic field vector,
c.f. Section 2.8, and g, is assumed compensated such that v, = vg,, c.f. Sec-
tion 3.2.2.
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4.9.3.1 Body frame symmetries

From Section 4.7.2.1, the invariant observer (4.17) with noise models from Sec-
tion 4.9.3 takes the form (4.24b)

p =10+ LEE, + I¥ Ey,

b=R(f—bs) —a+LiE, + L E,,
R=RS@ —b,) + S[LEE, + LEE,|R
by = BT (LY B, + LY E,,)

b, = RT(LYE, + LY E,,)

where Ep =p—yp and Ep=m— ]A%gjm. The invariant estimation errors 7 remain
unchanged, and the dynamics 7 are expected to contain the invariants I, = 0,
It = R(f —by) and I, = R(w — b,). By direct computation:

ﬁp:ﬁ_ .
:@+L£Ep+Lfanm—v
=T +L£E~1p+Llr)nE~1m

ﬁvzé_b

Il
=5

(f = bg) —a+LYE, + LY Ey — R(f — by —vp) +a
~f + LgENp + Ltr)nEm - (WR)ij —npy + Ruy

It + LBy + LY Em — (1) I5 — mog + (nr)" Ry

ir = RRT — RRTRR”
= RS(@ — b,)R" + S[LFE, + LY E,,|RRT — RRTRS(® — b, — vs)RT
= —nrS (M) + S[Lpr + LﬁENm] nr + RS(VM)RT
= —nrS(Mw) + S [LfENP +LEE,ng + RS(vy,)RTRRT
= —nrS() + S[LFE, + LY Ey]nr + S[Rvu|nr
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iy = R(by — bs) + R(by — by)
= RS(@ — by, — v,)(by — by) + RRT (LY E, + LY E,,) — Ruyy
= S[(T]R)T[Nw + T]bw] T]bf + (T]R)T (Lngp + L%ENm) — RS(VW)(l;f — bf) — Rbe

= S[(mr)" L + 1] oy + (nr)" (LY E, + LY By ) + RS[by — bylv, — Ruy
= S[(mr)" L + ] oy + (nr)" (LY E, + LY Ey,) + RS[by — byl RT RRT Ry,
— RRTRbe
= S[(nr)" L + ] mor + (nr)" (LY By + Ly Epn) + Slins)(nr)" B
- (UR)TRbe

Mo = R(i’w —by) + R(i)w - bw)

= RS(@ — by — 1) (b — by) + RRT (LY E, + LY E,,) — Ry,

= S[(WR)Tjw]nbw + (UR)T(ngEp + L%)Em) - RS(Vw)(Bw —by) — Ruy,

= S[(WR)Tjw]nbw + (UR)T(ngEp + Llr)ri;,)EN‘m) + Rs[l;w — bu]vw — Ry,

= S[(nr)" L)y + (nr)* (L2 E, + LY E,,) + RS[b, — b,]RT RRT R,

— RRTRI/IM
= S[(nr)" L) o + (nr) T (LEE, + LY E,,) + Sl (nr)” Bvw — (r) T Rug
where we have

Ey=p—Gp=0—D—Vp =1l Vp
Nm:m—Rgm:m—f%RTm—f%Vm:m—an—Rym

We now linearize the error dynamics above about 7 =0 (7z = ) and 7 = 0. The
invariant output error terms become

5~p:Ep_Ep:np_Vp_ﬁp"‘ﬁp:57710_”17

0Ey, = By — Ep,
=m — npm — Rvy, — m + rm + Ry, = —6npm — Ruy, = S(m)dy — Ruy,
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where we have used dnr = S(67) with 0y = 4 — v as explained in Section 4.9.2.1.

Remark that Ep = F,, = 0. We now proceed to calculate the linearizations:
577p = ﬁp - ﬁp
=y + I2E, + L8, By — 7y — LBE, — LB By,
= 6ny + LYSE, + LD, 0Ey,
= &y + LB(6m, — 1) + LP, (S(m)dy — Rup,)

Oy = Ty — 1o
= Iy + LyE, + LY, En — (nr)" Iy — g + (nr) " Ruy
Iy~ LBy — Ly + (1) Ty + iy — () Ry
= L;éEp + LY, 6By — (0nr)" I — 6nos + (Ong + Mr) R(6vs + 7y)
= LY0E, + L30Em — (5(67)) " Iy — 6nyy + (7r)T Rovy
= Ly (6np — vp) + Ly, (S(m)dy — ]A%Vm) — S(I)0y — Smps + EVf

onr = 1R — IR
= —nrS (M) + S [Lpr + LﬁEm} Nr + S(Rl/w)nR -0
— —(6nR + 11R) S [6mhe + 7] + S[LE(SE, + E,)
+ LE (6B + Ew)] (5nr + 1r) + S[R(6ve + 2,)] (9nr + iir)
51 = —1rS(0m,) + S[LESE, + LESE,, |7k + S[Rov,) ik
S(69) = S(=0mu) + S[LE(0ny — vp) + LE(S(m)dy — F)| + 8 [Rv,]
8 = —0mps + LE(6mp — vyp) + LE (S(m)éy — Ruy,) + Ry
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Onpf = Mg — Ty
= S[mr)" Lo + new] oy + (r)" (LY B, + LY E,)
+ S[nbf](ﬁR)TRVw - (UR)TEbe -0
= S[(577R + ﬁR)wa + (577bw + ﬁbw)] (577bf + ﬁbf)
+ (6nr + i) (Lgf (OE, + Ep) + LY (0Em + Em))
+ S[6nwy + Tivg] (Onr + ﬁR)TR(CSVw + 0y) — (6nr + ﬁR)TR(5be + Uyf)
= S[(7r) " L) omy + () (LY OB, + LY E)
+ S[(S?’]bf] (ﬁR)TR(SVw — (ﬁR)Tﬁél/bf
= S[fw]énbf + Lf,’,f (6mp — vp) + LY (S(m)d~y — Rum) - Rl/bf

57;’bw - ﬁbw - ﬁbw
= S[nr)" L] + (r)T (LY E, + LY E,,)
+ Sl (nr)" Ry — (r)" R, — 0
=5 [(577R + ’F/R)Tjw] (5771)0.) + 'F/bw)
+ (6nr + 1) (L?f" (0B, + Eyp) + Lb (0, + Em))
+ S [0m + 7] (1R + ﬁR)TR(CMU + 0,) — (6nr + ﬁR)TR(5ubw + V)
= S[(18)" L) + () " (LOE, + L1 0B )
+ S[anbw] (ﬁR)TRéVw - (fIR)TR(Sl/bw
=9 [fw] O + ng (5771) - ’/p) + LY (5(7”)57 - RVm) — Ruy,
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The preceding are rewritten in the form (4.26):

0I 0 0 0 81y
00 —S[I;] —-I 0 50
=100 0 0 —I]|ody
00 0 S[IL] 0 s
00 0 0 S[]] [0k
A
Ly L o7p
- fﬁ ?ﬁ 70 0 0 ] ‘i;z;’
Lgf [ L0 0 —S(m) 0 s
_ng L%) ¢ 577bw
~—_——
K
[0 0 0 O] Ly Lh
-k 0 0 of | Lé N I
~|o R0 o] |% Lo {0 —R] [ﬂ
0 0 R 0 be Ly L. Ryt
|0 0 0 Rl —Z Lhe Lh D v
B

which provides the required (A, B,C, D) matrices to compute K via (4.22) giving
the gains L of observer (4.17).

4.9.3.2 Ground frame symmetries

From Section 4.7.2.2, the invariant observer (4.18) with noise models from Sec-
tion 4.9.3 takes the form (4.24b)

D

o+ R(LYE, + LP E,,)

o= R(f—b) —a+ R(LLE, + LY, Ey,)
R=RS@ — b.) + RS[LEE, + LR,

by
b

— LY E,+ LY E,,
bw 77 bw 17
=L, Ep+ L) Ep
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As before the 1 expressions are unchanged by the addition of noise. We directly
work out their dynamics below:

= —R"RR"(p—p) + R"(p - p)

= ~RTRS(@ — b, — v)RT (5 — p) + RT (@+
= —S[L + now]p + Mo + nr(LBE, + LE, Eyy)
= —S[Ly + M| Mp + 0o + 1R (LLE, + LE, By, ) —

R(LLE, + L, En) o)
+ SR (p — p)

77;0 Vw

= —RTRRT (% —v) + RT (¢ — 0)
= —RTRS(& — by, — v)RT (0 — v)
+RY{R(f —bs) —a+ R(LLE, + LY, Ey) — R(f — by — vy) +a}
= —S[Lo + o) 10 + nrly + nr(LyEy + L, )
— I —myy + S(ww)RY (0 —v) + vy
= —S[L, +mw]me + nrly +nr(LYE, + LY Ey) — Iy — mop — S(n)v, + vy

— _RTRRTR+ RTR
= —RTRS(@ — b, — v,)R"R+ RTRS(@ — b,) + R'RS[LEE, + LEE,,]
= —S[L + ]k + nrS(Ly) + nrS[LEE, + LEEn,] + S(ve)nr

iop = by — by
= Lngp + L%Em — Upf

ﬁbw = Bw - i)w
= ngEp + L,?YL;EN‘m - wa

A

where I, = @ — l;w, I r= f— Ef as well as I,,, = RTm which appears in the invariant
output errors:

By = R"(p—gp) = R" (b = p = vp) = RTRET(p — p) = BT v = (nr) 1y — Ry
E., :]A%Tm—gjm :]A%Tm—RTm—Vm :Im—RT]A%JA%Tm—l/m =1, —nrlyn — Vm
We linearize the system about 7 =0 (575 = I), ¥ = 0. We have

5B, — i, F,
= (nr) 'y — R" vy — (r) 1)y + R
= (Onr +7r)" (9np +17p) — RTw,
= ()" onp — RTl/p = 0np — ]%Typ
§Ep = By — B,
=1, —nrlym — v — Iy + 9L + U,
= —(6nr)Im — vim = =S(67)Im — v = S(Ln)0y — v
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and for the invariant estimation dynamics
Onp = Ty — Tlp
= —S[L + ] p + 0o + 1R (LEE, + L2, Ey) — S(ny)v, — 0
= =S [ Lo + O + 7] (811p + 1) + 6 + 770
+ (0 + 78) (LB (5B, + By) + I8, (6B + Eyn))
= S[omp +11p] (12 + )

= ~S(L)dn + on, + iir(LLOE, + LE,0En)
= —S(L)onp + 811y + Ly (0np — B vp) + L5, (S(Lm)6Y — vim)

81y = Thy — T
= —S[fw + Ubw]% + 77ij + nR (L;E'p + LanN’m) — I~f —Mf — S(M)Vw + v
+ S[ L + oo — Trly = TR (LyEy + LB + Iy + vy + S ()7 — 7y
= —S(1,)ns — S[6M + Tow] (570 + 1) + Snrly
+ (0 + 718) (LY (5B, + By) + L3y (0B + En) )
— 6y — S[6n0 + 7] (6v + D) + v
= —S(1,)dns + S(67)I; + Tr(LYSE, + LY, Ey) — Smoy + vy
= —S(L,)dns — S(I)6y + LE(5mp — RTvy) + L2 (S(In)0Y — vim) — 1y + vf

ONr =NrR — TR
= —S[Lo + ] nr + nrS(Lw) + nrS[LEE, + LEEn) + S(ve)nr
+ 8L + o Tir — TRS (L) — RS [LEE, + LEE,] — S(7.,)7r
= —S(L,)onr — S [0 + e (9nr + 71R) + nrS(L)
+ (on + 70) S [LE(OE, + By) + LE (5B + o) |
+ S[6vy + 7] (Onr + 71R)
onr = onrS(Lw) — S(I.)ong — S[0nw] ik + MRS [LESE, + LESEy,] + S[6u.] ik
S(64) = S(6v)S(L) — S(1.)S(6v) — S[0m] + S[LESE, + LESE,] + S[w)
8y = 6y X Ly — Oy + LY Ey + LY 6 E, + 1,
= —S(L,)87 — 6wy + LE(6mp — RTvp) + LE (S(In)6y — vin) + 1
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Onby = Mg — Ty
= Lngp + L%Em — Upf — Lngp — L%Em + Upf
= LY (61, — RTvp) + LY (S(1n) 67 — vim) — vy

577bw = ﬁbw - 'flbw
= ngEP + L?:Em — Vbw — ngEp — L%)ENm + Upy
= L0 (51, — Rvp) + L (S (In)3y = ¥im) — Vb

We then rearrange the above expressions into form (4.26):

51y —S(I,) I 0 0 07 [6n]
1 0  =S(w) =SUy) —I 0] |dny
=1 o0 0 —S(I,) 0 -—I||d
O s 0 0 0 0 0| [0my
Oy 0 0 0 0 0] [97w]
A
Ly L np |
LV LV
AR EI[-T 0 0 0 o] ‘?Z;’
m . Im
Lgf L0 0 S(I,) 0 0 5y
Ly Lby ¢ O
~—_——
K
00 0 0] b Ik,
-1 0 0 of |/ Ly Ly, -
— o -1 oo |+ Lg"' LR [—é% 01] [V”P}
bf f bf - m
00 oY ng LZZ ——
[0 0 0 IJE [rhe
B Y K

giving the set of (A, B, C, D) matrices used with (4.22) to compute K resp. the gains
L of observer (4.18).

4.10 Invariant AHRS testing

4.10.1 Implementation Details

The invariant AHRS observers were designed in Section 4.7.1 and will be summarized
below. We numerically implement the equations using the modified Euler method,
e.g. [35, p. 280]: for & = F(z,t), z(ty) = xo, the approximated states w; = x(t;),
t; = tg + ¢1" with T representing the step size are calculated by

wo = X9
T .
Wi+l = W; + 5 (F(tl,wl) + F(ti+1,w,- + TF(tZ,w,))) 1=0,1,2,...

As in Section 3.2.1, we employ a complementary filter topology: the system dynam-
ics part of the observer f(Z,u) is integrated at the IMU sampling period Ty to
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produce rough state estimates &, which are periodically updated using aiding mea-
surements ¥,, Ym resp. Fq, Fp, and observer gains L at the user-selectable period
Taia = Tivmu. The terms L are available either from the direct nonlinear design
in Section 4.8, or from the Invariant EKF in Section 4.9. In the latter case we
numerically integrate (4.22)

P = AP+ PAT — PCT(DRDT)"'CP + BQBT
at the period of Th;q and from K = PCT(DRDT)_1 obtain the matrix of AHRS
observer gains
Ly Lf
h= [Lz: L::J |

The @ and R process and measurement noise covariance matrix entries are taken
from Table 3.1 in Section 3.2.2 and the initial covariance matrix is assigned as
Py = 0Ogxg, c.f. Section 3.2.9. In both methods, the initial observer state I is
computed during an initialization period described in Section 3.2.11.1 and we choose
Taig = 0.04 s, i.e. an aiding rate of 25 Hz.

4.10.1.1 Body frame symmetries
From Section 4.7.1.1 the invariant AHRS observer is (4.15)

R=RS(w ~b,)+S(LEE, + LEE,)R
by = RT(LYE, + LY Ey,),

with invariant output errors

E,| |a-— Rya
Em B m — Eym
The observer gains L are available from a direct nonlinear design in Section 4.8
as (4.19)
LE = kpl,S(a) LE = kpl,,S(m)
Y= —krlaS(a) LY = —kil,S(m)

whose parameter values are chosen as kp = 2.5, kf = 04 and [, = [,,, = 0.01
to obtain good performance. Alternatively, the gains can be computed using the
Invariant EKF method of Section 4.9 with the set of matrices (4.31)

=10 qaerin) 2= [0 B o= o o= Y

4.10.1.2 Ground frame symmetries

From Section 4.7.1.2, the invariant AHRS observer is (4.16)
R=RS(w—bo) + RS (LfEa +LEE,)

by = LYE, + L¥ E,,
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where the invariant output errors are
E,| RTq — Ya
Em B RTm — Um

By direct nonlinear design in Section 4.8 the observer gains L are (4.20)

LE = kpl,S(RTa) LE = kpl,,S(RTm)
LY = —kil,S(RTa) LY = —kil,nS(RTm)

with the same parameter choices as before: kp = 2.5, k; = 0.4, I, = [,,, = 0.01. The
gains L can alternatively be computed using the Invariant EKF method using the
matrices (4.32)

SR L e R e S R v

4.10.2 Simulation Results

We use the following reference trajectory for simulation: the system is stationary
for 5 s with attitude (¢, 6,4) = (0,0,0), the initialization period. Next, the system
moves to (60°,—60°,60°), (—60°,60°,—60°) and back to (60°, —60°,60°) at times
t1 = 10, to = 15, t3 = 20 s, respectively. This last attitude is then held constant
while the system undergoes linear vibration j = Asin(wt) during 20 < t < 25 s
where A = 8 m/s” and w = 2.5 Hz are representative values for the hardware unit
being violently shaken by hand; the sensor model y, is in error during this period
as discussed in Section 3.2.2. The system is then stationary for 25 < ¢ < 30 s to
allow the observer estimates to re-converge. This reference trajectory is converted to
rate gyro, accelerometer and magnetometer signals, which are then corrupted using
additive bias and white noise terms whose parameters are taken from Table 3.12.
The resulting IMU sensor log is used as the input to the observer designs.

4.10.2.1 Body frame symmetries

The body-frame symmetries observer simulation results are shown in Figure 4.2
where we plot the estimated attitude R (using Euler angles) and rate gyro bias
@p versus the reference trajectory. The body-frame symmetry observer (4.15) is
validated to work under both the nonlinear design and the Invariant EKF gain
selection methods. During the manoeuvering phase 5 < ¢t < 20 s the two cases
provide perfect tracking performance and are essentially identical to each other.
The shaking interval 20 < ¢ < 25 s exhibits (bounded) tracking errors caused by
inertial acceleration violating the output model ¥, as discussed in Section 3.2.2. Here
the estimation performance is different between the two gain selection methods, for
instance b% and bY, which are strongly dependent on y, are seen to drift in the
Invariant EKF design, caused by the internal adjustment of gain matrix K due to
changes in the estimation error covariance matrix P. The attitude estimates are in
error during this phase; the ™ for the nonlinear gain design can be seen to have

2The simulated time-varying bias employs a Gauss-Markov process model whereas the invariant
observer assumes a (simpler) Wiener process model.
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Figure 4.2: Invariant AHRS Simulation: Body-Frame Symmetry Observer (4.15)
using gains from nonlinear design (left); Invariant EKF (right)

a slightly smaller error bound than the Invariant EKF version. Once shaking is
terminated, the attitude estimates quickly re-converge to their reference values and
the estimated biases do so at a slower rate.

4.10.2.2 Ground frame symmetries

The ground-frame symmetries observer estimates are plotted in Figure 4.3. The
observer (4.16) for the ground-frame symmetries case is validated to work for both
the nonlinear design and Invariant EKF gain selection methods: the estimated states
track the reference trajectory on 5 < ¢ < 20 s, provide a bounded tracking error
during the shaking interval 20 < ¢ < 25 s with y, in error due to the inertial
acceleration, and restore accurate estimates on 25 < ¢ < 30 s where the shaking has
been stopped.

The performance obtained is very similar to the body-frame symmetries case
in Section 4.10.2.1 and the estimation errors for the two versions will be explicitly
compared in Section 4.10.2.3. In particular, the two symmetry versions of the non-
linear gain design are theoretically equivalent because the gains (4.19) and (4.20)
reduce (4.15) and (4.16) to the same observer, c.f. Section 4.8. As discussed in
Section 4.6.1 the ground-frame symmetries observer (4.16) has the advantage of the
moving frame y(z) being guaranteed global existence.
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Figure 4.3: Invariant AHRS Simulation: Ground-Frame Symmetry Observer (4.16)
using gains from nonlinear design (left); Invariant EKF (right)

4.10.2.3 Estimation performance comparison

We now compare the estimation errors for the body-frame nonlinear gain design,
the body-frame Invariant EKF, the ground-frame nonlinear design and the ground-
frame Invariant EKF. The resulting errors are plotted in Figure 4.4.

During the maneuvering interval 5 < ¢ < 20 s, all four designs provide essentially
perfect attitude tracking performance, with peak errors < 0.5° and typical errors
on the order of 0.1°. All designs exhibit large estimation errors during the shaking
phase 20 < t < 25 s which converge back to zero once shaking is terminated on
25 < t < 30 s; the attitude errors re-converge to zero faster than the bias errors
however. The ground-frame IEKF performs slightly better than the body-frame
IEKF design, with peak attitude errors during the shaking phase approximately
0.5° smaller in the former visible when zooming in. Both Invariant EKF designs
exhibit a drift in the mean value of the estimates 20 < ¢ < 25 s which is characteristic
of the observer gains being re-adjusted by the Kalman filter, and indeed this effect
is not present in the nonlinear designs.

As discussed in Section 4.10.2.2, the two versions of the nonlinear design are
theoretically equivalent, and their corresponding plots are essentially indistinguish-
able from each other. The nonlinear designs provide slightly lower error bounds on
20 < t < 25 s and faster re-converge on 25 < t < 30 s compared to the Invariant
EKF versions. However, the true advantage of the nonlinear design approach is the
big savings in processor load realized by not employing the computationally expen-
sive EKF algorithm. As mentioned in Section 3.2.10.1 our existing avionics system
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Figure 4.4: Invariant AHRS Simulation: Comparison of estimation errors

provides tremendous computing power and can easily run an EKF algorithm, how-
ever these saving would be of great importance on a low-power embedded system
platform such as those used on small indoor autonomous UAV’s.

4.10.3 Experimental Results

We now implement and test the invariant observers summarized in Section 4.10.1 in
experiment, using the dataset from Section 3.3.2 which includes reference attitudes
from the Vicon motion-capture system. The experiment consists of an initialization
period where the unit is level; it is then picked up by hand and executes a sequence
of positive and negative roll, positive and negative pitch and negative and positive
yaw motions, returning to level configuration in-between. The unit is then shaken
along its three axes with attitude held level, then set down allowing the estimates
to re-converge. The yaw is reported as ¥ = ™ — (" where 9{* is found in initial-
ization (c.f. Section 3.2.11.1) because the Vicon system uses the AHRS unit’s initial
orientation as its zero datum for reported attitude.

The observer parameters are the same as in simulation, namely a 25 Hz aiding
rate, kp = 2.5, kf = 0.4, I, = [, = 0.01 for the nonlinear design gains, and @,
R from Table 3.1 and Py = Ogxg for the Invariant EKF. The y,, measurements
are compensated using terms K,,, b, resp. Ae, b. obtained from an a priori magne-
tometer calibration, c.f. Sections 2.9 and 3.2.2. We have also found it necessary to
implement verification of accelerometer data in experiment: as in Section 3.2.10.1,
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each y, aiding measurement is used for aiding only if

[yall = g
g
otherwise aiding is omitted at that instant of time.

< tol = 0.5,

4.10.3.1 Body frame symmetries
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Figure 4.5: Invariant AHRS Experiment: Body-Frame Symmetry Observer (4.15)
using gains from nonlinear design (left); Invariant EKF (right)

The experimental results for the body-frame symmetries observer (4.15) using
the nonlinear design and Invariant EKF approaches to gain selection are plotted in
Figure 4.5. We see the observer works in experiment for both approaches, tracking
the reference attitude trajectory, providing a bounded error during the shaking
period and re-converging to the correct values once shaking is terminated; from
Figure 3.6 in Section 3.3.2, the shaking time interval is known to be 116 <t < 122 s.
Remark that the estimates of b, and b?, are more perturbed in the nonlinear design
than in the Invariant EKF case, but vice-versa for b7. This is due to the way the
accelerometer output error is defined, namely y, X §, = yo X R a in the nonlinear
design (c.f. Section 4.8) and E, = a — Ry, in the body-frame Invariant EKF where
a = [0,0,—g]" (c.f. Section 4.2). For the level attitude during shaking, using the
Euler angle parametrization of R (2.15) we have

~

S ¥ ¥
S ¥ ¥
= o O
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and so RTa = 0,0,%]7 = yq x RTa = [*,%,0]7, i.e. the perturbed accelerom-
eter measurements y, do not enter b7, in the nonlinear design case. By contrast
Ry, = [,%,*]T such that a — Ry, = [*,%,%]7 in the Invariant EKF, so errors in
Yo affect all three components of b,. This effect applies only if the shaking at-
titude is level, e.g. the simulated trajectory in Section 4.10.2 with final attitude
(¢,0,1) = (60°,—60°,60°) does not exhibit this behaviour, while changing this to
(0,0,0) would make it appear. The effect of the perturbed b,, estimates on attitude
error will be analyzed in Section 4.10.3.3.

4.10.3.2 Ground frame symmetries
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Figure 4.6: Invariant AHRS Experiment: Ground-Frame Symmetry Observer (4.16)
using gains from nonlinear design (left); Invariant EKF (right)

The experimental estimates from the ground-frame symmetries observer (4.16)
are shown in Figure 4.6 where the gains are obtained either by nonlinear design
or by the Invariant EKF method. The observer and its associated gain selection
methods are validated to work in experiment. During the shaking phase, the biases
estimates b,, are visibly different than the previous body-symmetry version plotted in
Figure 4.5 in Section 4.10.3.1. For the present observer the invariant accelerometer
output error is F, = RTq — 1o Whereas the previous one uses F, = a — Rya; this
means errors in the attitude state R and measurement y, are added in the present
(ground-frame symmetries) observer but multiplied in the previous (body-frame
symmetries) one. This leads to a difference in estimated states during the shaking
phase where the system is in error due to violating the y, output model as discussed

128



in Section 3.2.2. The effect of these differences on attitude estimation errors will be
analyzed below in Section 4.10.3.3.

4.10.3.3 Performance comparison
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Figure 4.7: Invariant AHRS Experiment: Comparison of attitude estimation errors

We now compare the experimental performance of the body-frame symmetries
observer (4.15) and the ground-frame symmetries observer (4.16) under the nonlin-
ear design and Invariant EKF gain selection methods, for a total of four permuta-
tions. The error between estimated attitude (expressed as Euler angles) and the
attitude reported by the Vicon motion-capture system is shown in Figure 4.7.

Based on the plots in Figure 4.7 we make the following comments: on the pre-
shaking interval 90 <t < 116 s the two nonlinear gain designs provide smaller esti-
mation errors than the Invariant EKF versions. As discussed in Section 4.10.2.3 the
nonlinear gain design method is preferable due to its lower computational require-
ments. For the shaking period 116 <t < 122 s, the Invariant EKF designs provide
smaller estimation error bounds than the nonlinear designs. This is likely due to
the EKF’s ability to adjust the observer gains when the estimation error covariance
matrix P changes, and cannot be achieved by the nonlinear design which does not
adapt its gains during runtime. On the other hand, the shaking interval is intro-
duced as a test for system robustness, and so estimation performance during typical
manoeuvering can be considered as a better metric of observer quality. Finally,
the body-frame symmetry versions of both gain selection methods provide smaller
error bounds during the shaking interval and faster re-convergence once shaking is
terminated on 122 < ¢ < 130 s. This is probably due to the difference in form of
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invariant output errors F, and FE,, in the two designs discussed in Section 4.10.3.2:
for the body-frame version, errors in attitude R and measurements y,, ¥, multiply
which provides an attenuating effect assuming the errors are smaller than unity. By
contrast the ground-frame invariant output errors F,, E,, superimpose attitude and
measurement errors, which does not provide this attenuation effect. In this sense
the body-frame version is superior for experiment even though the ground-frame
version has the theoretical advantage of guaranteeing global existence of the moving
frame ~(x), c.f. Section 4.10.2.2.

4.11 Invariant Aided INS testing

4.11.1 Implementation details

We now implement the Aided INS invariant observers designed in Section 4.7.2 and
summarized below. As mentioned at the end of Section 4.8 a nonlinear observer
gain design for this case is not available, hence we use the Invariant EKF method
of gain assignment (c.f. Section 4.9) whose (A, B,C, D) matrices were designed in
Section 4.9.3 and will be summarized below.

As discussed in Section 4.5 the Aided INS outputs (4.7) assume the rotation
matrix Rg and navigation frame location r% are found during an initialization
period, such that the vehicle’s CM position measurement y, = py in navigation
frame coordinates is converted from the GPS measurement r% of the tail-mounted
antenna position in ECEF frame coordinates by

yp = pn = RN (rl, — r%) — Rig

where [p is the antenna lever-arm vector, c.f. Section 3.2.3.2. The GPS receiver
reports the discrete-time covariance 012) 4 and solution status of every measurement.

The former is converted to continuous-time covariance o2 = E <VpI/T

> » ) in the naviga-
tion frame by (c.f. Section 3.2.7)

o = Taps (RNoL 4RY)

where Tgps = 0.01 s is the nominal period between GPS measurements. The so-
lution status is used to determine whether or not the current g, is used for aiding;
we employ the same criterion as in Section 3.2.10.2 i.e. only measurements with
floating narrow-lane ambiguity or better are used for aiding. The second Aided INS
output is the magnetometer measurement v,, = R’ m where m is the local magnetic
field vector in the navigation frame, available from a reference model as discussed
in Section 2.8. Magnetometer measurements are corrected using the full compen-
sation method in Section 2.9, such that as in Section 3.2.2, y,, = A.m + b. and
(0¢,)? = Aco2,(A.)T are the compensated aiding measurement and its covariance
matrix, where 7 is provided by the on-board triaxial magnetometer and o2, is the
identified covariance of its measurements. The measurement noise covariance ma-
trix R, = diag(af,, (0¢,)?) is used together with the process noise covariance matrix

m

Q, = diag(a]%, o2, agf, o2 ) and the linearized system’s (4, B, C, D) matrices in the
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Invariant EKF computation (4.26) to obtain the matrix of observer gains

X Ik,
Ly L,
K= Lk Lk
Lff b
b Lh

The identified values of sensor covariances o2 are available from Table 3.1 in Sec-

tion 3.2.2. The Invariant Aided INS observers are numerically implemented using
the modified Euler method discussed in Section 4.10.1. Similarly to Section 4.10.3,
if a position aiding measurement y,, is rejected due to insufficient precision of the
GPS solution, the observer correction is skipped for this instant of time, increasing
the time step h used by the observer at the next aiding measurement.

4.11.1.1 Body frame symmetries
From Section 4.7.2.1, the Aided INS body-frame symmetries observer is (4.17)

p

0]

o+ LPE, + LP, By,
R(f—bs)—a+ LYE, + L., Ey,
R=RSw —b,) + S[LEE, + LEE,|R

by = BT (LY B, + LY E,,)

b, = RT(LYE, + LY E,,)

with invariant output errors

Epl _ | P—¥p

Em m— Rym
The gains L are then computed using the Invariant EKF method with the set of
matrices from Section 4.9.3.1

0 I 0 0 0
0 0 —S[R(f—by)] —I 0
A=1(0 0 0 0 —I
0 0 0 S[R(w — by)] 0
0 0 0 0 S[R(w —b,)]|
[0 0 0 0]
-R 0 0 0
A -1 0 0 00 -1 0
B=|0 —-R 0 0| C= } D:[ }
o o B o 0 0 —=S(m) 0 0 0 —R
0 0 0 R

131



4.11.1.2 Ground frame symmetries

From Section 4.7.2.2, the Aided INS ground-frame symmetries observer is (4.18)

p=10+R(LLE, + LF E,,)
b=R(f—bs) —a+ R(LLE, + LY Ey,)
R=RS(w - b,) + RS[LEE, + LEE,,]
by = LY E, + LY B,
by = LY¥E, + LY E,,
with invariant output errors

[Ep] _ [J?T(ﬁ— yp)] .

Em RTm —Ym

The gains L are computed using the Invariant EKF method employing the matrices
in Section 4.9.3.2

—S(w — by,) I 0 0 0 0 0 00
0 —S(w—b,) —S(f—by) —-I 0 -1 0 00
A= 0 0 —Sw-b,) 0 —I| B=|0 -1 00
0 0 0 0 0 0 0 I 0
0 0 0 0 0] 0 0 0 I
-1 0 0 0 0 ~RT 0
“=lo o —S(RTm) 0 0 D‘[ 0 —[]

4.11.2 Simulation results
4.11.2.1 Hover Simulation

The first simulation test is a hover manoeuver identical to that in Section 3.4.1.1: the
vehicle starts off on the ground with ¢g = 6y = 0 i.e. level and ¥y = 7/2 i.e. facing
geographic East and remains stationary for 45 s to simulate an initialization period.
It then flies vertically up by 5 m in 5 s followed by a counter-clockwise turn of
180° over 5 s to end up facing West. These position and attitude configurations
are connected using quintic and cubic splines, respectively. The resulting reference
trajectory is converted to magnetometer m, accelerometer f, rate gyro w and GPS
r% signals which are corrupted with simulated bias and noise using parameters from
Table 3.1 in Section 3.2.2 and employing a Gauss-Markov process model for the
time-varying bias terms. The noisy sensor log is used as an input to the body-frame
invariant Aided INS observer (4.17) and ground-frame observer (4.18) using the
Invariant EKF method of gain selection with @@ and R covariance matrix entries
taken from Table 3.1 and initial error covariance Py = 015x15, ¢.f. Section 4.10.1.
The resulting state estimates are plotted in Figures 4.8 and 4.9 for the body-frame
symmetry and ground-frame symmetry observers, respectively.

Both versions of the observer are shown to work and provide correct estimates of
the position, velocity and attitude states of the hover manoeuver, which are essen-
tially identical between the two designs. The estimated biases by and b,, vary slightly
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Figure 4.9: Ground-Frame Invariant Aided INS: Simulated Hover

between the two observer versions, likely caused by differences in the symbolic forms
of the two observers and associated IEKF matrices affecting the numerical integra-
tion, for instance the estimated attitude R enters the by and b, dynamics in the
body-frame symmetries observer (4.17) but not in the ground-frame symmetries
observer (4.18). These differences are small, however, and the main point of this
simulation is to establish that both versions of the invariant observer work correctly.

4.11.2.2 Trajectory Simulation

The next simulation involves the figure-8 trajectory from Section 3.4.1.2 with posi-
tion and attitude described by the parametric curves (3.27) and (3.28) using the same
parameter values as before: major and minor diameters of M = 50 m, m = 25 m
for each lobe, a vertical delta of H = 10 m and the geometric center of the figure-8
placed at py = (0,0,—15) m with a full circuit flight period of 7' = 50 s. The
simulated vehicle starts out level and stationary on the ground with 1y = 90° for
45 s, then the trajectory splines into the full-speed figure-8 flight over 10 s. The
same Invariant EKF parameters as in Section 4.11.2.1 are used here. The state
estimates for the body-frame and ground-frame symmetries observers are shown in
Figures 4.10 and 4.11, respectively.

As in Section 4.11.2.1, both versions of the invariant observer are confirmed to
work for the simulated trajectory. The flight states are estimated correctly and only
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Figure 4.10: Body-Frame Invariant Aided INS: Simulated Figure-8 flight
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Figure 4.11: Ground-Frame Invariant Aided INS: Simulated Figure-8 flight

small discrepancies are visible between the two designs. This is more clearly seen in
Figure 4.12, where we plot the error between the estimated states and the generated
reference trajectory for each observer.

150 150
Time [s] Time [s]

Figure 4.12: Invariant Aided INS: Simulated Figure-8 flight estimation errors: Body-
frame symmetry; Ground-frame symmetry
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4.11.3 Experimental results
4.11.3.1 Ground Test

This test uses sensor logs from the experiment described in Section 3.4.2: the engine-
off helicopter is manually carried around the periphery of a rectangular landing
pad at the flight field, held level with its heading aligned with the direction of
travel and executing a 90° counter-clockwise turn at every corner for two complete
circuits. The experiment includes an initialization period where the helicopter is
left stationary and level at the southern-most corner of the pad aligned with the
initial direction of travel; the helicopter is also set down at this spot once its circuit
is complete. We employ the magnetometer compensation technique described in
Section 2.9 using parameters from Table 2.1 to construct the terms A. and b.. We use
the same observer parameters as for the simulations in Sections 4.11.2.1 and 4.11.2.2,
namely Invariant EKF process and measurement covariance matrices () and R from
Table 3.1 and initial estimation error covariance matrix Py = 015x15. The resulting
state estimates are plotted in Figure 4.13 for the body-frame symmetries invariant
observer and Figure 4.14 for the ground-frame version.
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Figure 4.13: Body-Frame Invariant Aided INS: Experimental engine-off walk

20 0.4
E 101 By .
= o < 0.2
- 1 P Py, ‘ ‘ E

% 60 80 100 120 140 160 47 0

2 : '
o MM'“\ - M’MWL_ 20 60 80 100 120 140 160
zZ
SZ-1f WW\M/ WW ‘ ‘ ‘ ‘ ‘

20 60 80 00 120 160 - 0.04 W\/W 1
__ 180 " T 002 T e ]
s o —4 o8 b,»
= -gof t”‘\wj m | 82 NS NN N
< -0.02
-180 ‘ J ‘ ‘ ‘ ‘ ‘

40 100 140 160 40 60 80 _ 100 120 140 160

Time [s] Time [s]

Figure 4.14: Ground-Frame Invariant Aided INS: Experimental engine-off walk
Similarly to the simulation case, the two invariant observer versions perform

very similarly to each other. Remark the non-zero component of vy during the
pre-pickup ¢ < 60 s due to the use of 3-axis magnetometer updates as discussed in
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Section 3.4.2.1; unlike Figure 3.12, however, the error is eliminated by the invariant
observer adjusting estimates of by ; and by, such that the end velocity is correctly
estimated as zero. The position and attitude estimates are qualitatively correct:
p1 and pg show the circuit trajectory is repeated exactly twice, psg identifies the
pick-up and set-down times of the helicopter, ¢ and 6 and kept near zero due to the
helicopter being level while v increases by 90° at each (counter-clockwise) corner
turn. Although an exact reference is not available (unlike the AHRS experiment in
Section 4.10.3), we can use the measured dimensions of the landing pad and its yaw
angle w.r.t. geographic North to create an approximated reference trajectory for the
overhead position and yaw angle. This is done in Figure 4.15 for the body-frame
and ground-frame symmetries observers. The two versions are seen to provide good
performance relative to the available reference.
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Figure 4.15: Invariant Aided INS: Experimental engine-off walk comparison: Body-
frame symmetry; Ground-frame symmetry

4.11.3.2 Flight Test

The final experimental test is the engine-on hover flight previously seen in Sec-
tion 3.4.3. The helicopter starts out stationary on the landing pad running the
engine in idle setting. The throttle input is then increased, causing the main rotor
to spool up until lift-off is achieved. After a transient take-off phase a stable hover
is achieved characterized by a near-constant yaw angle provided by the tail gyro’s
heading-hold mode; the helicopter still drifts around due to strong cross-winds and
constant stick input from the pilot required to maintain stable hover. The helicopter
then lands.
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Table 4.1: Engine-on Invariant Aided INS observer parameters

Body Frame Invariant EKF
diag(Qy) diag(Quw) diag(Qpy) diag(Qp.,) diag(R)
[m?/s°] [rad®/s] [m?/s] [rad® /s?] [G?s]
100 - 0.0079% | 10-0.0017% | 1-0.00422 1-0.00029% | 50 - 0.000582
100 - 0.0074% | 10-0.0017%2 | 1 -0.0020? 1-0.00038% | 50-0.000512
100 - 0.0090% | 10-0.0021%2 | 1-0.00162 1-0.000322 | 50-0.000512
Ground Frame Invariant EKF
diag(Qy) diag(Quw) diag(Qpy) diag(Qp.,) diag(R)
[m?/s°] [rad®/s] [m?/s] [rad® /s?] [G?s]
100 - 0.0079% | 10-0.0017% | 0.01 - 0.00422 | 0.01 - 0.000292 | 50 - 0.00058>
100 - 0.0074% | 10 - 0.0017% | 0.01 - 0.0020% | 0.01 - 0.00038% | 50 - 0.00051>
100 - 0.0090% | 1-0.00212 | 0.01-0.0016% | 0.01 - 0.000322 | 50 - 0.000512

The key challenge is the uncertainty in noise and bias modeling for the engine-
on case. As noted in Section 3.4.3, the identified noise characteristics from the
engine-off case as well as initial error covariance matrix Py entries must be tuned to
make the filter work in the engine-on case. In addition the noise characteristics vary
with time, e.g. the spool-up resonant frequency effect discussed in Section 3.4.3.1. As
explained below we found it necessary to adjust the Invariant EKF ) and R matrices
differently for the body-frame and ground-frame symmetries cases as summarized
in Table 4.1. In addition, we set the initial bias estimation error covariances of
by, b, in Py as follows: for the body-frame case, Py = Pro = 1 x 1073; Pr3 =
1x 1077 Pys = Py2 = 1x107% P,3 = 1 x 1077; for the ground-frame case,
Pr1=Pss=Pr3=1x 10~ and P,1 =PFP,2=PFP,3=1x 10~°. The resulting
estimates are plotted in Figure 4.16 for the body-frame version and Figure 4.17 for
the ground-frame version.
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Figure 4.16: Body-Frame Invariant Aided INS: Experimental engine-on hover

Unlike the results in Section 4.11.2 and Section 4.11.3.1, there is a noticeable
difference in performance between the body-frame and ground-frame version of the
observer, with the latter performing much closer to the conventional EKF version
plotted in Figure 3.15 in Section 3.4.3.1; the nearly constant i provided by the
heading-hold tail gyro is clearly visible in Figure 4.17 but not in Figure 4.16. The
ground-frame version is also the case reported in [18].
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Figure 4.17: Ground-Frame Invariant Aided INS: Experimental engine-on hover

The reason for the discrepancy and need for different observer parameters can be
explained by looking at the form of the body-frame invariant observer (4.17) summa-
rized in Section 4.11.1.1 versus the ground-frame observer (4.18) in Section 4.11.1.2:
the estimated attitude R enters the bias by, b, dynamics in the former but not in
the latter. This means that any errors in estimated attitude immediately affect the
bias estimates in the body-frame version, which further aggravates the problem due
to b, used for the high-rate integration of R dynamics. Remark that in the ground-
frame observer (4.18) the estimated attitude R enters the p and v dynamics whereas
it does not in the body-frame observer (4.17). Indeed zooming in on the estimated
position py for the pre-takeoff period of 55 < ¢t < 70 s as shown in Figure 4.18,
we see the body-frame version provides better position estimates (p closer to zero)
than the ground-frame version. However, given that position is directly aided by
the GPS modulo the lever-arm term, the ground-frame invariant observer is more
robust to poor bias and sensor noise modeling than the body-frame version as seen
in Figures 4.16 and 4.17. Of course a better model of the engine-on noise charac-
teristics would reduce this discrepancy, as seen in the engine-off experimental tests
in Section 4.11.3.1 where the noise parameters are well-identified [75, Chap. 4].

Body Frame Invariant EKF Ground Frame Invariant EKF

py, [m]

70 70

60 _ 65 60 _ 65
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Figure 4.18: Invariant Aided INS: Pre-takeoff estimated position zoom-in view
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Chapter 5

Nonlinear Model of a Helicopter
UAV

5.1 Overview

The dynamics of the helicopter are governed by the 6 DoF nonlinear equations
of motion of a rigid body [105, p. 167] whose forcing terms are gravity as well as
force and moment vectors created by aerodynamic effects, both controlled (e.g. rotor
thrust) and uncontrolled (e.g. drag forces), which must be modeled as functions of
the vehicle state and pilot inputs.

In contrast to rigid-body dynamics, aerodynamics are much more complicated
to model due to the large number of physical processes involved, including unsteady
flow through the rotating helicopter blades, wake-body interactions, vortex forma-
tion and turbulence at the rotor tips, blade stall, flow compressibility effects and
aeroelasticity of the blades. High-fidelity helicopter models use a finite-element ap-
proach to accurately model the physics of the flow. For control design, the better
approach is to use lumped-parameter models of the individual helicopter subsystems
— main rotor, main rotor blade flapping, fuselage body, tail horizontal stabilizer,
tail vertical stabilizer and tail rotor — using simplified aerodynamics equations,
whose parameters are experimentally identified and can be further adjusted to tune
the model output to match experimental flight data. This “minimum-complexity”
approach [65], originally applied to full-sized helicopter modeling and control studies
carried out by NASA [43] has been used for helicopter UAVs in [101, 59, 21] with
excellent results.

A visual representation of the proposed model structure is shown in Figure 5.1.
The rigid-body equations of motion are derived in Section 5.2. We develop expres-
sions for the individual subsystems’ forces and moments as functions of the helicopter
state and pilot inputs throughout Section 5.3. The resulting model is summarized
in Section 5.4 and its identified parameter values are listed in Section 5.5.

5.2 Rigid-Body Model

In this Section, we derive the 6 DoF rigid-body dynamics governing the motion of the
helicopter, shown schematically in Figure 5.2. The ground-fixed (inertial) navigation
frame has orthonormal basis vectors (ni,n2,n3) and the body-fixed (non-inertial)
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Figure 5.1: Helicopter Model: Overall View [59]

body frame has orthonormal basis vectors (b1, ba, b3). The origin of the B frame is
placed at the centre of mass of the helicopter.

n3

Figure 5.2: Navigation and Body Frames on Helicopter

By inspection of Figure 5.2, the position of any point p on the helicopter body is
described by the vector p? = p¢M + rP where by construction p? and p©M start at
the N frame origin while rP starts at the B frame origin. Using frame coordinates
this is written as

iy () = o5 (t) + R(t)r,
where the rotation matrix R(t) € SO(3) is the coordinate transformation matrix
from B to N. Physically, R measures the attitude of the helicopter, e.g. R = I

means the B and N frames are aligned and so the helicopter is level with zero yaw.
Differentiating with respect to time gives

o (1) = o§M (1) + R(t)rh, (5.1)

where v}, (t) and v§{M(t) := vn(t) are the velocities of p and the centre of mass
w.r.t. the navigation frame origin.

The linear momentum vector of a point mass m is G = mwv and its angular
momentum vector about a point P is HY = d” x mv where d” denotes the vector
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from P to the mass. The linear momentum vector of a rigid body is defined as the
integral of infinitesimal linear momentums, i.e.

G = / vP dm, (5.2)
1%

where vP is the velocity vector of the infinitesimal mass element dm = pdV, where
vP and mass density p vary over the volume. Similarly, the angular momentum
vector of the rigid body about a point P is defined by

HY :/ d? x vP dm, (5.3)
\%

with d¥ the position vector from P to dm. The G and H' vectors are expressed in
the same frame as their integrands, i.e. using (5.1) in (5.2) gives

Gr(t) = /V (5w (1) + (el ) dim = B (1) /V dm + B(t) /V v dm = mo (1) (5.4)

where m is the total mass of the body. The second integral in (5.4) is zero by
construction: the CM position vector p of a rigid body is defined by

p:i/wm,
m Jv

but due to placing the B frame origin at the centre of mass, we have pP = rP,
p=7=0and 7fp =0 = [, 7}, dm = 0. Next, using (5.1) in (5.3) and taking
P = CM we have

HGM(t) = /V d$M () x T (t) dm + /v dSM () x R(t)rh dm (5.5)

Using d$M (t) = R(t)d5M and dGM = r¥, the first integral in (5.5) becomes
/ R(t)rly, x on(t) dm = —on(t) x R(t)/ riydm =0
v v

due to [;, 7%, dm = 0 as above. Using the rotational kinematics R(t) = R(t)S(wp(t))
where w(t) is the angular velocity vector and S is the skew-symmetric matrix such
that = x y = S(z)y, z,y € R along with the identity S(Rz) = RS(z)RT, R €
SO(3), the second integral in (5.5) becomes

/ R(t)rly, x R(t)S(wp(t))rl; dm = R(t) / St S (wp(t))rlydm.
\% \%

Denoting r, = [z y 2]T andwp(t) =[p ¢ 7|7 the integrand becomes

8

[0 -2z y 0 —r g¢q
z 0 —=z T 0 —p| |y
-y 0 —q p O z

S(rp)S(ws(t))ry =

[—raz + pz? — quy + py?
= |—-ryz+ q22 + qx2 — pxy
| ry? — quz 4+ ra? — paz

[y? + 22 -y —xz P
= —xy 22+ 22 —Yz q
| —12 —Yz z? + y2 T

7 wp(t)
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Returning to (5.5) we have

HGM(t) = R(t) /V Twp(t)dm = R(t)Jwp(t) (5.6)

where J = fVI dm is the inertia matriz, a function of the geometry and mass
distribution of the body. Remark Z hence J is symmetric and so it is always diag-
onalizable. Physically this corresponds to correctly orienting the body-fixed frame
B, whose origin is still required to be taken at the centre of mass. In this case
J = diag(Jya, Jyy, J2z) and (b1, b2, bs) define the principal azes of the body. For
now we leave J as a general (non-diagonalized) inertia matrix.
The dynamics of a rigid body are governed by Euler’s laws of motion
d CM d CM

F = aG(t) and MY = aH (1), (5.7)
where F, MYM are the net external force and moment vectors acting on the body.
Equations (5.7) hold under the following conditions:

e The mass of the body must remain constant,

e The moment and angular momentum vectors must be taken about the centre
of mass of the body,

e The linear and angular momentum vectors must be expressed in an inertial
frame.

Note it is possible to treat systems which do not meet one or more of these con-
ditions by generalizing the laws of motion. The case of time-varying mass, impor-
tant in e.g. rocketry where the fuel burn rate creates a significant loss in mass is
treated in [99, Art. 53]. Taking the angular momentum about a general, possibly
accelerating point will be developed in Section 5.2.2 and involves defining an an-
gular momentum relative to the moving point. Finally, it is possible to formulate
the problem in a non-inertial frame by using the principles of relative motion [99,
Art. 38], which transforms the velocity and acceleration observed in a non-inertial
frame to their absolute values by employing the acceleration and rotation of the
non-inertial frame. The present system avoids these complications, however, and
so (5.7) holds.

Using the linear momentum vector (5.4) (expressed in inertial frame V) in (5.7)
gives

F(t) = S (mow (1) = F(t) = min (1), (538)

i.e. the familiar F' = ma. It is possible to express (5.8) in the body frame, for reasons
which will be explained shortly. We have

R()Fs(t) = - (mR(0)o5(0)

= mR(t)op(t) + mR(t)vp(t)
= mR(t)S(wp(t))vp(t) + mR(t)vs(t)
R(t)Fp(t) = mR(t)wp(t) x vp(t) + mR(t)vp(t),
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and left-multiplying by R”(t) yields
Fg(t) = m(wB(t) x Tp(t) + éB(t)>, (5.9)

the body-frame version of F = ma where © = [u v w]’ denotes the velocity
vector of the helicopter’s CM expressed in body frame components. Although (5.9)
is more complicated than (5.8), the reason for using it is that the aerodynamic forces,
e.g. the main rotor thrust, are naturally formulated in the body-fixed B frame. The
one exception is gravity which always acts downwards and must be transformed into
B frame coordinates as R (t)gy where gy =[0 0 g¢]7.

Using (5.6) (taken about C'M and expressed in the inertial frame N as required)
in (5.7) gives

Left-multiplying by R”(t) then gives
MEM(t) = wp(t) x Jwp(t) + Jop(t). (5.10)

Together (5.9) and (5.10) are known as the Newton-Euler equations, e.g. [105,
p. 167], which govern the translational and rotational dynamics of the helicopter.

As discussed above, the J matrix can be diagonalized by properly orienting
the B frame axes. We assume the helicopter’s roll-pitch-yaw axes are sufficiently
aligned with the principal axes such that J ~ diag(Jyz, Jyy, J.2). Although this
assumption is not required, it greatly simplifies the form of (5.10) and has been
used in other experimentally-validated helicopter models [59, 101, 122]. Expanding
out (5.9) and (5.10) with gravity force mgp = mR” gy we obtain

i =1rv—qw+ R319+ X/m
0 =pw—ru+ Rsag+Y/m
W = qu — pv + R3zg + Z/m
p=qr(Jyy — Jo2)/Jex + L) Jue
q=pr(J.— Jm)/']yy + M/Jyy
= 0q(Jax — Jyy)/ oz + N/ Jz

(5.11)

where (X,Y,Z), (L, M,N) are the components of the aerodynamic force and mo-
ment vectors expressed in the roll-pitch-yaw body frame, respectively. The dynam-
ics (5.11) are integrated to obtain vg = [u v w]’,wp=[p ¢ 7]’ which in turn
are integrated through the kinematics

R = RS(wp)

. (5.12)
pN = Rup

to obtain attitude and position of the helicopter with respect to the ground-fixed
navigation frame.
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The mass m in (5.11) is measured directly using a digital scale. The location of
the CM was identified by balancing the side of the helicopter on a knife-edge and
is shown in Figure 5.3, where the CM is located on the vertical centerline plane of
the vehicle. The mass moment of inertias J;., Jyy and J.. were first attempted to
be measured using a trifilar pendulum apparatus [114, p. 3.18] as suggested by [36,
Sec. 6.3.2.2], however this method proved unusable due to lateral swinging motions
of the helicopter during experimental testing [53]. We then successfully obtained
the values using a torsional pendulum apparatus described in Section 5.2.1.

Figure 5.3: Helicopter UAV with identified CM location

5.2.1 Torsional Pendulum

The torsional pendulum system is sketched in Figure 5.4. A circular disk with mass
myg, radius rp and mass moment of inertia Jy (around the vertical axis) rotates by
angle 6 as shown. The disk is supported by three long, thin wires of uniform length
[, fixed above the disk and attached at the outer rim.

L/ L/
L
l l
l
mo,To,Jo | | |

==

Figure 5.4: Torsional pendulum schematic

We derive the pendulum’s equation of motion using Lagrange’s equation. Since
the top supports are fixed and the cables have constant lengths, the disk must move
upwards when it rotates away from its neutral configuration. Consider the side
view of a single cable subject to a disk rotation of 8, shown in Figure 5.5. The cable
bottom advances by 796 units horizontally, while the whole disk rises vertically by
h.

From Figure 5.5, we immediately see h = | — /> — r302. The Lagrangian
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th

Figure 5.5: Geometry of support cable; disk rotated by 6

L =T —V, the difference between kinetic and potential energy, is

1 .
L = 2Jo(0)* = mog <z —\/12- r392> :

from which the equation of motion is obtained by

d (dL dL . mogra6
dt<d9> ag ~ V=0 2—re2

a nonlinear ODE. Consider the denominator of the second term,
12— 7202 = 1 ]1 - (TTO

If the support cables are made much longer than the disk radius, ro/l << 1 and
hence (r9/1)? ~ 0. The equation of motion then becomes

mogre
l

an undamped linear oscillator with natural frequency

J(]é—l- 0 =0,

2 _ Mogrg
Tol

(5.13)

Equation (5.13) is used to find Jy by giving the disk an initial rotation then allowing
it to oscillate back-and-forth about its vertical centerline. The period of oscillation
T = 27 /w, is directly measured and substituted into the above to solve for Jp.
Consider a body with (known) mass m and (unknown) mass moment of inertia
J. The body is rigidly attached to the disk in Figure 5.4, such that the vertical
disk axis passes through the center of mass of the measured object. The derivation
above now uses mass mg + m and inertia Jy + J, giving the natural frequency

o (motm)grg (2w
" T Do+ )l \T )

where T is the period of oscillation of the composite system. Solving for the unknown

inertia,

(mo + m)grgT*
472l a

J= Jo (5.14)
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the measured body’s mass moment of inertia about the vertical axis, so the mea-
surement is performed for the yaw, pitch and roll axes of the helicopter, the last
requiring using a stand attached to the disk in order to hold the helicopter in po-
sition. The stand must be accounted for by measuring its mass ms and identifying
Jo of the disk-stand assembly using Equation (5.13) with mass term (mg+ms). We
also reiterate the need for the support cables to be as long as possible such that the
linearizing approximation holds. Pictures of the experimental setup for the pitch
and roll axes are shown in Figure 5.6; remark the stand used for the roll axis as well
as the hanging weight used to align the helicopter’s CM with the center of the disk
below it. The computed J;., Jyy, J.. values are provided in Section 5.5.

Figure 5.6: Experimental measurement of J using a torsional pendulum [53]: pitch
axis, roll axis.

5.2.2 Extended Moment Equation

As mentioned in Section 5.2, it is possible to generalize the second Euler equa-
tion (5.7) to take moments about a general (non-CM) point. This will be used in
Section 5.3.1.3 to derive the flapping dynamics of the main rotor.

A general rigid body is shown schematically in Figure 5.7 where NN is the ground-
fixed inertial frame, B is the body-fixed frame with point o on its origin, p is an
arbitrary point on the body, pP and p° are the position vectors from the origin of N
to points p and o, respectively, while rP is the position vector from the origin of B
to p. The rigid body and its attached frame B are free to accelerate. By definition
the rigid body possesses a center of mass, but its coordinates are not important at
the moment.

By inspection of Figure 5.7 we have the vector expression ph (t) = p%(t) +
R (t) whose components are functions of time due to the motion of the rigid body.
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Figure 5.7: Rigid body with body frame fixed at arbitrary point o

Differentiating with respect to time we obtain

vy (t) = v (t) + vy (t) (5.15)

where v} (t) := (d/dt)r; (t) physically represents the relative velocity of point p with
respect to point o; remark yﬁ)\, is a non-inertial measurement if o is accelerating.
Following (5.3) we define the relative angular momentum of the body as

15(0) = | (0) x o (0ydm (5.16)

Since H%(t) is not taken about the centre of mass or a fixed point, Euler’s equa-
tions (5.7) do not apply directly. Instead we take the time derivative of (5.16) and
obtain

GHNO = [ 20y xR0+ [ 740) % o 0y,

where af(t) := (d/dt)v(¢) is the relative acceleration of point p w.r.t. point o, a
non-inertial measurement if the body is accelerating. The first integrand above is
zero. Differentiating (5.15) we obtain af,(t) = a(t) — a%,(t), a difference of inertial
accelerations. We have

%E’ ():/Vr*?\,(t) xag’v(t)dm—/vrfv(t) X 0% (#)dm.

The first integrand contains af(¢t)dm = dF};, the external force acting on the in-
finitesimal point p with mass dm. We thus have fV R (t) x dFy, = Mg, the net
external moment about point o acting on the rigid body. The second integral be-
comes

—/ R (t) x af(t)dm = afy(t) x / i (t)dm = a(t) x mr$M (t)
|4 1%

by definition of center of mass location r¢M = % fv rdm; physically r](ffM (t) repre-

sents the position vector from o to the CM expressed in N frame coordinates. We
have obtained

D HR (1) = Mg, —mr§M (1) x a (). (5.17)
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We now return to (5.16). Using & (t) = R(t)rf and i, (t) = (d/dt)rk(t) =
R(t)ry = R(t)S (wp(t))r] we have

= / R(t)rly x R(t)S(wp(t))rdm
\%4
Just as in Section 5.2 we use the identity S(Rz) = RS(z)RT, R € SO(3) and obtain

/ S(r2)S (wp(t))rhydm = R(t) /V Towp(t)dm = R(t)J°wp(t)

where we wrote 7 = [z y° 2°]T and defined
(yo)2 + (zo)2 _xoyo — 050
I° = —x%y° (2°) + (2°)? —y°z° and J° = / Z%dm.
— 00 _yozo (.1'0)2 4 (yo)2 14

Remark Z° resp. J¢ are taken about o whereas Z and J in Section 5.2 were taken
about the CM; the mass moments of inertia can be related using the parallel-axis
theorem J° = J + m||r®M||2. Taking the time derivative of the last H%(t) above
gives

%ﬁo (t) = R(t)J°wp(t) + R(t)J°wp(t) = R(t)S(wp(t)) J°wp(t) + R(t)J°ws(t),

and substituting this into (5.17) gives
R(t)S(wp(t))J°wp(t) + R(t)J%wp(t) = Mg — mrGM (t) x a%(t)
which is pre-multiplied by R (¢) to give

cM

M = wg(t) x Jwp(t) + J°0p(t) + mrSM x a%(t), (5.18)

the “extended” [33, p. 363] version of the Euler equation (5.10) from Section 5.2. As
expected setting r5M = 0 in (5.18) recovers (5.10) since in this case the moment is
taken about the CM. Alternatively, setting a%(t) = 0 gives M3 = wp(t) x J°wg(t) +
J%wp(t), the dynamics of a rigid body rotating about a fixed (or more generally non-
accelerating) point o [99, Art. 25].

5.3 Aerodynamics and Subsystem Modeling

5.3.1 Main Rotor

The following suite of assumptions is used for modeling the main rotor [61, 42]:
e Rotor blades are rigid in bending and torsion
e Both the flapping angle 5 and inflow angle ® are assumed small

e The effects of helicopter body motion on flapping are limited to the helicopter’s
angular velocities p, ¢, angular accelerations p, ¢ and normal acceleration (ap -

b3)
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e The reversed flow region is ignored and compressibility and stall effects disre-
garded

e The inflow is assumed uniform across the rotor disc and no inflow dynamics
are used

e Tip loss is neglected

The above assumptions are considered valid for advance ratios p = V/(2R) < 0.3
where V is the helicopter’s forward velocity. For the Bergen Industrial Twin with
Q = 1650 RPM and R = 0.810 m, this works out to V' < 42 m/s, well above the
maximum speeds achievable in forward flight.

5.3.1.1 Induced Velocity

The main rotor consists of two airfoil blades rotating clockwise at a rate of 2. As
the blades rotate, a mass flow of air is sucked through the rotor disc traced out
by the spinning blades (illustrated in Figure 5.1) which generates a reaction force
perpendicular to the rotor disc known as the thrust 7'. The average velocity of the
airstream passing through the rotor disc is known as the induced velocity v;, which
is understood to be parallel to the thrust vector.

We first consider the hover case, where the relationship between v; and resulting
thrust 7" is worked out using control volume analysis [104, Ch. 5], assuming the flow
is steady, inviscid and incompressible and using the stream tube shown in Figure 5.8
as the control volume.

1)25

T

Figure 5.8: Rotor inflow in hover

In Figure 5.8, the fully developed wake region has stream tube area As and
average flow velocity vs. The top of the stream tube A; represents an area far
upstream of the flow where the velocity is zero; A is the area of the rotor disc and
is known from the helicopter blade length. The continuity equation gives pAv; =
pAavz = 1, the mass flow rate. The momentum equation gives F., = |  vpv-ndA,
and since vy = 0 the force on the flow F,, = 0—vpvsdy =— T = v% pAs, the reaction
force on the helicopter body. Finally the energy equation gives W, = fcs epv - ndA
where W is the rate of work done on the flow and ¢ is the total specific energy of
the flow, taken as the kinetic energy ¢ = v?/2 since we neglect changes in internal
and potential energy. We know W,, = T'v;, the power imparted to the flow by the
helicopter rotor, so Tv; = (v% /2)pve As = v; = v2/2 using the momentum equation.
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Using the continuity equation we also have A/2 = A,, the wake contraction shown
in Figure 5.8. Using the last two results we obtain T' = 20v?pA.

The same control volume analysis applies in vertical flight where the helicopter in
Figure 5.8 is climbing with velocity V. In this case, the flow velocity at A; is V, the
velocity through the rotor disc A is V +wv;, and the wake velocity at Ag is V 4+vy. The
continuity equation gives m = pA1V = pA(V + v;) = pAa(V + v2), the momentum
equation gives Fp, = VpV A1 —(V4v2)p(V4v2)As = Vin—(V 4+v9)ih = T = vamhr
and the energy equation gives W, = —%V2pVA1 + %(V + v2)2p(V + 19) Ay =
T(V +v;) = Vugrn + 2vdih. Combining the last two results gives vorn(V + v;) =
Vgt + v3 /2 = v; = v2/2, just as in the hover case, and so T' = 2v;(V + v;)pA
which correctly reduces to the hover thrust expression above when V = 0.

Figure 5.9: Rotor inflow in fast forward flight

Fast forward flight is shown schematically in Figure 5.9. As before, we assume
uniform inflow v; across the rotor disc; based on experimental testing results [115,
p. 124] this assumption is not as accurate as in the hover case, however this is
mitigated by the fact that V' > v; [72, p. 126]. In order to obtain a relationship
between v; and T', we view the rotor disc as a fixed, finite-width wing and employ
lifting-line theory [13, Sec. 5.3], where v; is the downwash which reduces the effective
angle of attack of the wing and creates the induced drag D; parallel to the local
inflow. This is illustrated in Figure 5.9, where the rotor must generate the induced
drag force D; in addition to the usual thrust force T' to maintain unaccelerated
flight. We assume an elliptical distribution of circulation across the wing, which is
known to yield uniform downwash over the span of the wing [13, p. 411] as desired.
For the elliptical distribution, the relationship between lift and drag is analytically
calculated to be [13, Eq. (5.43)]

i
Cp,i = TAR’

where Cp; = D;/(¢e0S) is the coefficient of induced drag with goc = (1/2)ps0 Voo
the free-stream dynamic pressure and S the wing planform area; C, = L/(¢x0S5) is
the coefficient of lift with L = T perpendicular to the local inflow; and AR = b?/S
is the wing aspect ratio with b the span of the wing. For the helicopter rotor disc
b=2R and S = 7R? = A where R is measured from the blade geometry (A was
previously used in Figure 5.8). From Figure 5.9 we have

v, Cp;  C% T T

Ve Cp  mARCp Ly V2ZSnR)Z/S ' 2paVed

tan a; =
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We now seek a universal expression for v; which applies to any flight condition
of the helicopter. The control volume used for this analysis is shown in Figure 5.10.
The stream velocity V shown corresponds to the helicopter flying up and forwards.
The velocities perpendicular to the horizontal cross-sections with areas Ay, A and
Ay are thus V sin o, V sin a+v; and V sin a4 w9, respectively, where v; is the induced
velocity at the rotor and vy is the downstream induced velocity as in the vertical
climb case.

Figure 5.10: Rotor inflow in general flight

The continuity equation [ _pv-ndA =0 gives pV sinaA; = p(Vsina + v;)A =
p(Vsina 4 vy)Ay = 1, the mass flow rate perpendicular to the horizontal cross-
sections. The momentum equation F., = fcs vpv - ndA along the vertical direc-
tion gives FY = VsinapVsinaA; — (Vsina + va)p(Vsina + v)Ay = T =
—V sin arm+ (V sin a+wvq)1mh = vern. Finally, the energy equation Wy = s EPV-NAA
where ¢ represents the specific kinetic energy of the flow (1/2)v? gives T(V sina +
v;) = —(1/2)V2pV sinad; + (1/2)[(V cosa)? + (Vsina + v2)?]p(V sina + v2) Ay =
—(1/2)V210+(1/2)[V 242V vy sin atv3]m = Vg sin arm+(1/2)v2m = verm(V sin a+
v;) = vg = 2v; just as in the hover and vertical climb cases. The momentum equa-
tion thus becomes T' = 2v;m. Although m represents the vertical mass flow rate,
following [62] we redefine m = pAU where U = /(V cos)? + (V sina + v;)? is
the total velocity of the stream at the rotor disc. Using this definition the induced
velocity is

T
"~ 2pAy/(Veosa)? + (Vsina + v;)%

For vertical climb ov = /2 and (5.19) becomes v; = T'/(2pA(V + v;)) which agrees
with the earlier analysis. For fast forward flight « = 0, V' > v; and (5.19) becomes
v; = T/(2pA\/ V2 +0?) = T/(2pAV) which also agrees with the previous analysis.
This is precisely the reason for redefining r as above; although this step is not
mathematically rigorous, [72, Sec. 4-1.1] points out that v; predicted by (5.19) agrees
with experimental data as well as more complicated theories. The result has been
accepted in newer helicopter books [115, 113] and used in experimentally-validated
helicopter models [59, 21]. Remark (5.19) is an implicit equation for v; which can
be solved using numerical root-finding [72, p. 129].

(5.19)

Vj
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5.3.1.2 Blade lift and drag

A cross-section of the main rotor blade airfoil with infinitesimal width dl and chord
length ¢ is shown in Figure 5.11 where O is the blade pitch angle, (Up,Up) are the
tangential and perpendicular components of the approaching airstream vector with
inflow angle @, « is the angle of attack of the airfoil and dL, dD are the resulting
lift and drag forces, respectively, which by definition are perpendicular and parallel
to the incoming airstream vector.

© . dL

Figure 5.11: Blade cross-section

In the absence of stall, the lift force dL acting on the airfoil section is
1
dL = ngzCLcdl,

where p is air density as before, U = (U%+U]23)1/ 2 is the airstream vector magnitude,
¢ is the chord length of the airfoil and C7p, is the coefficient of lift. The drag force
on the airfoil is

dD = %pUQC’Dcdl,

where Cp is the coefficient of drag. The values of C, and Cp versus angle of attack
« can be obtained from wind tunnel experiments and are tabulated based on airfoil
geometry, discussed below, and Reynolds number

_pVe
I

Re : (5.20)

where 1 = 1.789 x 107° N s/m2 is the dynamic viscosity of air at ground altitude
by the International Standard Atmosphere (ISA).

The main rotor blade is a symmetric airfoil with chord length ¢ = 66.3 mm and
maximum thickness t = 9.3 mm at x = 19 mm from the leading edge; these values
were directly measured using a digital caliper. Based on the ratios t/c¢ = 0.14,
x/c = 0.29 the blade is classified as a NACA 0014 airfoil [8, p. 114], where the
first two integers indicate percent camber and fractional location from the leading
edge (00 for a symmetric airfoil), and the last two integers indicate the maximum
thickness in percent of the chord, which by definition occurs at z/c = 0.3 in all
4-digit NACA series airfoils. Experimental data plots for Cp vs « as well as Cp
vs « for a variety of airfoils and Reynolds numbers — see e.g. [8, pp. 462-463] for
a NACA 0012 airfoil at Re = 3 x 10%,6 x 10%,9 x 10° — show that C, is a linear
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function of o and Cp is nearly constant with « for roughly || < 10°. For symmetric
airfoils we denote
CL = ax

where a is the slope of the lift curve in its linear range.

Experimental data is not always available for all airfoil shapes, e.g. [8] does
not include NACA 0014 data. In this case the alternative approach is a numerical
calculation of the lift and drag forces, which can be done analytically for “thin”
airfoils (t/c < 0.12) by modeling them as a vortex sheet [13, Sec. 4.7], or for more
general airfoil shapes by using the vortex panel numerical method [13, Sec. 4.10].
The latter method is implemented by the online applet JavaFoil' which lets the user
specify the airfoil geometry according to NACA series and computes the lift and
drag coefficients as a function of Reynolds number and range of angles of attack.
The Reynolds number for the main blades is obtained from (5.20) using V' = QR
with Q = 557 rad/s and R = 0.810 m giving Re =~ 6 x 10°. The resulting plots are
shown in Figure 5.12 and the lift curve slope a and drag coefficient C'p are obtained
using a least-squares fit in the linear range; remark « is reported in degrees and the
slope value is converted to Cp /rad to obtain a.

1.4 ‘ ‘ ‘ ‘ ‘ ‘ . 0.12
L2 e " o1
1t
0.08f
0.8 f
I o 0.06¢
0.6/ i
0.041
0.4f
0.2 i 0.02f
0 2 6 8 1 12 14 16 % 2 6 8 10 12 14 16
a [deg] a [deg]

Figure 5.12: NACA 0014 data from JavaFoil: Coefficients of lift and drag vs angle
of attack

We now obtain expressions for the aerodynamic force components dF- and dF l
perpendicular and parallel to the tangential airstream Up which will be used in
Sections 5.3.1.3 and 5.3.1.5 below. From Figure 5.11 we have o = © — ® where the
inflow angle ® is assumed small (c.f. Section 5.3.1) and so ® = arctan(Up/Ur) ~
Up/Ur. Due to the high rotational speed of the main rotor U% > U129 and so
U? = U2+ U% ~ U2. Since Cy, is typically an order of magnitude larger than Cp
as seen in Figure 5.12 we can neglect the contribution of dD to dF*, although we
cannot make this assumption for dFl. The resulting expressions are

1
dF* =dLcos® — dDsin® ~ dL = Spac (eU7 — UrUp) dl

dFIl = dLsin ® + dD cos ® ~ ®dL + dD = %pac (0UrUp — U) dl + %ch’DU%dl
(5.21)

"http://www.mh-aerotools.de/airfoils/javafoil.htm
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5.3.1.3 Main rotor flapping dynamics

Each rotor blade is an airfoil rotating at the rate 2 whose azimuth ¢ denotes the
clockwise angle from the tail boom. The blade is allowed to move up and down
relative to the helicopter’s horizontal plane either via a hinge mounted near the
rotor hub, as done in full-sized helicopters, or by a combination of blade bending
and an elastomeric flapping restraint, the latter design known as a “hingeless” rotor
which is typically used on RC helicopters including our Bergen Industrial Twin.
The helicopter head design, to be discussed in Section 5.3.2, generates the periodic
blade pitch

© = Ag + Ay cosyp + Bysin (5.22)

where Ag, A1 and Bjp are directly controlled through a series of mechanical link-
ages. Since the lift force on an airfoil is proportional to its pitch angle, the Ay,
B coefficients in (5.22) cause periodic up/down motion of each blade known as
flapping, causing the rotor disc and thrust vector to tilt about the longitudinal and
lateral axes, respectively, providing underactuated control over 4 of the 6 DoF’s of
the helicopter.

The flapping dynamics are obtained by performing a moment balance on an
individual blade, modeled as a rigid body hinged at the main rotor shaft and shown
schematically in Figure 5.13. The blade is modeled as a uniform thin plate with
linear mass density p, and length R. The blade’s flapping angle S5 is measured from
the helicopter’s horizontal plane. The torsional spring kg is a lumped model of
the elastomeric flapping restraint and the blade’s elasticity, producing the restoring
moment —kgfB about the flapping axis. The flapping motion is also forced by the
infinitesimal aerodynamic force dF which must be integrated along the length,
and the blade weight mR acting at the C'M located at [ = R/2 since the blade was
assumed uniform. The blade’s angular velocity is a combination of 8 plus main rotor
speed 2 and the body’s roll and pitch rates p and ¢, respectively. In addition, the
hinge point undergoes linear acceleration a® along the helicopter’s normal direction
(bs axis) as assumed in Section 5.3.1, i.e. we neglect the a” and a¥ components. The
actual expression for this term is obtained from (5.11) resp. (5.9) as a* = w+pv—qu,
specifically the third component of the inertial acceleration vector of the helicopter’s
CM expressed along the body-fixed frame.

Figure 5.13: Main Rotor: Blade free-body diagram

The moment balance on the blade in Figure 5.13 will be performed about the
flapping hinge such that reaction forces can be neglected. We place the blade-fixed
frame at the flapping hinge as shown in Figure 5.14 where the frame’s ¢, 7 and k
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axes are aligned with the blade’s feathering, flapping and lagging axes, respectively.
We will employ the generalized moment equation (5.18) developed in Section 5.2.2.

Coap

Figure 5.14: Blade flapping kinematics

The blade-fixed frame in Figure 5.14 is aligned with the symmetry axes of the
blade and so J° = diag(Jy,, Jy,, J7.). The blade is modeled as a thin plate of width
w, thickness ¢, length R and total mass M = mR. The components of J° are
obtained from standard mass moment of inertia expressions, e.g. [100, p. 713], then

approximated using t < w. We get

1 1
° — — M(w?+ ) ~ —Muw?
Jo. B (w* + t%) 3 Mw

1 1 1
° — ~_ Mt?+ -MR>~ ~MR? 5.23
oy 12 *3 R 3 R (5.23)

1 1
Jo, = EMw2 + gMR2 =Jo+JY,

We write Mg = [L° M° N°T, wp = [p* ¢ 7 and a% = [a? ay a2’
which represent the body-frame vector components of the total external moment
about the hinge axis, inertial angular velocity of the blade and inertial linear ac-
celeration of the hinge point, respectively. We have r§ =[R/2 0 0]7 since the
blade is uniform. Using these in (5.18) along with J¢ = diag(Jy,, Jy,, JZ,) and total

blade mass mR, we obtain

Le qbrb(ng - Jg(/)y) J:(n)mpb 0
Me | = pbrb(ng -J2) | + ngqb +mR | —(R/2)a?
N? P (g, — JZ,) J2. 7 (R/2)ay,

Flapping takes place around the j axis so we employ only the second component of
the above equations. Using J2, — J2, = —Jp from (5.23) and defining Js := J;,,
Mpg := pyR?/2 as in [42] we obtain

MP° = Jgq® — Jgpbr® — Mgal (5.24)

In Figure 5.13 we had a* = W + pv — qu, the hinge’s inertial acceleration?® parallel
to the helicopter’s bs axis. For the blade-fixed frame shown in Figure 5.14 we have

a? = (W + pv — qu) cos (5.25)

2Recall we neglect the helicopter’s lateral accelerations a® and a¥ for analyzing the flapping
dynamics, i.e. employ only the normal component a®, by assumption from Section 5.3.1.
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We also need expressions for p?, r? and ¢® = (d/ dt)qb, the inertial angular accelera-
tions of the blade expressed along the blade-fixed frame axes. These can be obtained
by inspection of Figure 5.14:

p’ = —pcosipcos B — gsinpcos B — Qsin B
¢ = psiny — geos) +
r® = —pcostsin B — gsinesin 8 + Qcos 8

Computing (d/dt)q" using ¢ = Q we get
¢® = psint 4+ pQcosyy — geosp + ¢Qsine +

The above are used to expand J5(¢° —p°r?) in (5.24) and higher-order terms are sim-
plified as [42] cos? B ~ 1, sin? 8 ~ 0, p? ~ 0, ¢*> ~ 0 and pq =~ 0; the simplifications
are justified by small flapping angles 5 and p,q < 2. The result is

Jg(qb—pbrb) =Js (B+psin1[)—q' cos Y +2p€Q cos 1 +2¢€ sin 40> cos Bsin ) (5.26)

The net moment about the flapping hinge M¢ consists of the three external forces
shown in Figure 5.13: the blade weight moment M = —(mR)g(R/2)cos 3 =
—Mpgg cos 3; the torsional spring restoring moment A ks = —kgf; and the aero-

dynamic moment M4 = fOR IdF+ where dF* is given by (5.21) in Section 5.3.1.2.
Based on Figure 5.14 the blade cross-section at azimuth ¢ and distance [ from the
flapping axis experiences the airstream velocity components

Ur =Qlcos B+ usiny — vcosp

. 5.27
Up = (v; — w) cos 8 4+ usin S cos ) + vsin Bsint + Bl + plsiny — ql cos (5.27)

where [u v w]T is the body-frame component velocity of the helicopter, v; is the
induced velocity covered in Section 5.14, and p, ¢ are the helicopter roll and pitch
rates as before. The aerodynamic moment integral is

R R
MA = / 1drt = Lpac / z(@U% - UTUp>dl
1=0 2 1=0

Substituting O from (5.22) and Up, Ur from (5.27) into the integrand and assuming
small flapping angles such that cos 3 =~ 1, sin 5 ~ 3 gives

MA = 2—14,0acR2{ —2R [pu + qu + 2Q(v; — w)]
+ |:6UZ'U — 6vw + RQ(3Rq — 4uﬁ)] cos 1)
+2 {R(pu —qu) + 3uvﬂ} cos 2t — [GUZ'U — 6uw + RQ(3Rp + 4vﬂ)] sin 1)
+ [QR(qu + pv) + 38(—u® + vz)} sin 2¢) + (Ag + A cos ) + By sin))
{3(u2 + 0?2 + (RQ)?) — 8RQw cos ¥ — 3(u? — v?) cos 21
+ 8RQusin Y — 6uw sin 21/1} — RS [3RQ — 4v cos ) + 4usin 1/1} }
(5.28)
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Returning to (5.24), using (5.25), (5.26) assuming a small 8 angle and employing
MP° = M™ + MP"s + M4 gives the governing equation for the flapping angle 3 of an
individual blade:

.. M
B+psin h—g cos +2pQ cos P+2¢Qsin Y+ 3 = J—B (w+pv—qu—g)— ?5+JLMA
B B B

Substituting (5.28) into the above gives a linear, second-order, non-homogenous
differential equation for 3(t):

. ,O(ICR?’ B . . k_ﬁ ,
B+ 2475 {3RQ 4vcos¢+4usm¢}5+{<JB+Q
2
4 pacR <4RQu cos 1 — 6uw cos 29 + 4RO sin ) + 3(u? — v?) sin 21[}) 3
24J3
M
:J—B<w+pv—Qu—g>—psinl/z—HJCosw—2chos1/J—2quin1/z
B
] = 2Rl v+ 2000 )] 4 3200~ 20+ B2 cos
24.J5 purqu vi —w viv — 20w q| cos

+ 2R(pu — quv) cos 2¢p — 3 {2viu — 2uw + R2Qp} siny + 2R(qu + pv) sin 2¢)
+ (Ap + Aj cost + By sin) [?)(u2 + 0?2 + (RQ)?) — 8RO cos 1)

— 3(u? — v?) cos 20 + 8RQu sin ) — 6uw sin 21/)] }

(5.29)
In order to get an expression for the flapping dynamics in the helicopter-fixed (non-
rotating) frame, we use the classical method [61, p. 153] of writing the 27-periodic
B(t) as a Fourier series then neglecting all second and higher harmonics:

B(t, ) =~ ag(t) — a1 (t) cosp + by (t) sin (5.30)

where ag, a; and b physically represent the coning, longitudinal tilt and lateral
tilt angles of the rotor disc traced out by the tips of the spinning blades, and
the a1, by signs have been assigned for consistency with Figure 5.1 on p. 140. This
approach is justified by experiment, where the amplitude of in-plane weaving (second
harmonic) is an order of magnitude smaller than the coning and tilting motion.
Differentiating (5.30) twice with respect to time, we obtain

B = Qg — a1 cos Y + a1)sin +blsinw + b1 cos 1)

= ag + (—a1 + b19) cos Y + (a1 + by) sinep (5.31)
B = dg — (1 cos Y + 2a12sin Y + a192 cos i + by sin ) + 2010 cos Y — b1 sin ¢
= ag + (—dl + a1§22 + 2619) cos v + (2(119 + 61 — b192) sin (5.32)

Expressions (5.32), (5.31) and (5.30) are then substituted into the LHS of (5.29)
and the coefficients of the constant, cosy and sin terms are matched in order to
obtain the dynamics of x = [ag a1 b1]”7, the tip path plane angles resulting in the
system £ + D + K = F.
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Based on the results in [42], we are able to pre-simplify our expressions. A key
parameter in flapping dynamics is the Lock number

B pacR*
=7

For the Bergen Industrial Twin, using the identified parameters given in Section 5.5
we compute v = 4.03 and by [42, Fig. 8], we see that the advance ratio u has
negligible effect on the flapping modes for this “low” (v < 8) Lock number. This
means we can disregard the translational velocity terms w, v in (5.29), whose LHS
becomes

3
B+”2“i{3m}ﬁ'+{l}—i+92}5=5+ 5+< +Q2>5

Substituting (5.32), (5.31) and (5.30) into the above and grouping terms yields

Q kg . 9)
d0+%ao+ <J +Q2> a0+{—d1+a192+2b19+%(—a1+b19)
f;

k ks
<JB+Q2>al}cos1,!)—1—{2&19+b1—b192+?9(a19+b1) <J +Q2> }sm¢
B

while the RHS of (5.29) with u =v =0 is

Mg
Jg

(w g) — psingy + ¢cosyp — 2p§lcos 1 — 2¢€2sin 1) + 247Rz{ — 4RQ(v; — w)
+ 3R?Qqcos ) — 3R?Qpsiny + (Ag + Aj costp + By sinh) [3(RQ)2} }

Matching the constant, cos v and sin) coefficients gives

.9, ks | o2 Mg (. gk ’YQ2
i 02 ) ap= 2L (i —g) = (o —w) + LA
o + 8a0+<J5+ > 75 <w g) 6R(U w) + 0

. QO k Q0 402
—d1+2519+L(—d1+le)——6a1:q—2pQ+fy—q+’y Aq
8 s 8 8
. 0 . k Q 0?2
2a19+b1+%(a19+bl)+J—5b1 = —p— 20— %p+7 B
5

(5.33)
The first equation describes the dynamics of the coning mode ag, with natural
frequency wo = \/ks/Js + Q? and forcing terms consisting of normal motion w and
w, gravity g and collective pitch Ag; it can be verified {y = (v€2)/(16wp) although
this term is not required in the sequel. The remaining two equations are a coupled
dynamics system for flapping angles a1, by, which can be rewritten in the form
4+ Dz + Kx=F as

s Q2 . kg 02 .

[91} 1 [7 —29] |:C_Ll} 1| 7, 8 [m] _ —q + 2p§) — q— —Al

b1 202 % b1 % ﬁ_g b1 —p— 2¢9) — ’YSQp + ’Yg B,
(5.34)
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The natural frequencies and damping ratios of (5.34) can be calculated using the
method of complex modal analysis [70, pp. 332-334]. The homogenous version
of (5.34) £+ D&+ Kx = 0 is written in state-space form by defining z; = x, x9 = -

i;‘l . 0 I T
(/'Ug - —-K -D )
The eigenvalues of the above matrix are two complex-conjugate pairs A1 and Ag,

corresponding to the system’s two vibration modes, whose natural frequencies and
damping ratios are respectively calculated by

—Re{)\,}

_ \/Re{)\i}2+1m{)\i}2 and G = \/Re{/\i}2+1m{)\i}2

By direct computation we find

Q. 1
AL = _L + 1 [32(J5Q)2 + 165ks — — (7J59Q)2 + 2J5Q¢
4J5 16

Q. 1
Ay = —L 4T [32(T50)2 + 165k — — (7J5Q)2 — 2J5Q¢
4J5 16

€= \/256(JBQ)2 +956.75k5 — (7]50)2

Remark the only difference between the two eigenvalue pairs is the sign in front of
the £ term. We then have

Q 1/2 Q
_ 2 2 2 2 _ 7
Q 1/2 Q
2 2 2 2 Y
= <52 +wp - ] \/(16w0) - () > G = 1603

where

k‘g 1/2
wo = Q2 )
( Js

is the frequency of the coning mode as before. The vibration modes characterized
by (w1,(1) and (w9, (2) are known as the advancing and regressing flapping modes,
respectively. As discussed in [42] we retain only the regressive flapping mode, whose
frequency is sufficiently low to couple into the rigid-body motions of the helicopter.
A good approximation of this mode can be obtained by setting i1 = by =0in (5.34).
Further, for this low-frequency effect we can omit the effect of angular accelerations
by setting p = ¢ = 0. The flapping dynamics become simplified to

: 0 k Q 02
2519+L(—d1+619)— —Bal = —2pQ+Lq+ il — A
8 Ts 51778
0 ok 10 402
20+ L@@+ b) + by = —200 - Top+ ToB
8 T5 8

Remark each of the cyclic inputs A; and B affects both a; and by in the simplified
equations above. In reality, the control linkages are designed to achieve perfect 90°
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phase lag between cyclic input and maximum flapping angle in order to decouple the
flapping response. Mathematically, this means that in steady-state, the A; cyclic
pitch component should affect only the lateral flapping angle b; and the B; only the
longitudinal aq; this is done by dropping the a; term from the first equation and the
by term from the second one in the simplified model above, as seen in [101, p. 73]
who uses this approach without comment. The regressing mode dynamics become

82 kg v ¥§?
2610 b1Q)) — - —2pQ) + — —A
1+8( )Jﬁm p+8q+8 1
) 82 k:g ~§2 ¥?
20190 4+ —(a19) + =b -2 Q—— ~—B
a1§) + S (a192) + 75 1=—2q 8p+ g b1

and interchanging their order and normalizing the coefficients of A1, B gives

EC'L +a = _Skﬁ b — E _ l + B
782 ! L= ¥Q2J ! WQq Qp !
(5.35)
16 = S, 18 L
Mo LT T S T el Tl T

The dynamics (5.35) are a highly simplified form of the flapping dynamics of the
main rotor. They offer insight into the physics of flapping and can be used for a
simulation model with some parameter identification, c.f. [65, p. 16]. A more com-
plete model of the flapping dynamics can be obtained by returning to (5.29) and
substituting the tip-path plane expression (5.30) but without neglecting transla-
tional velocity terms as done in [42, 21], at the expense of a dramatic increase in
symbolic complexity. The regressing mode approximation could also be avoided by
using (5.34) resp. (5.33) when integrating for the flapping dynamics. We will not
pursue these avenues further.

5.3.1.4 Flapping Dynamics Simplifications

In Section 5.3.1.3 we have used identified parameters values for the Bergen Industrial
Twin to compute the Lock number v = 4.03 and simplify the flapping dynamics.
Using the same numerical approach we can obtain further simplifications of our
model.

The ANCL helicopter uses an approximate head speed of 2 = 1650 RPM =
55w rad/s. We also use the following identified values from Section 5.5: kg =
122 Nm/rad; Jg = 0.057 kg m?. We numerically compute the natural frequency
and damping ratio pairs for the coning (wo,(p), advancing (wi,¢1) and regressing
(w2, C2) modes as

wo = 178.87 rad/s = 28.47 Hz Co = 0.2433
w1 = 349.01 rad/s = 55.55 Hz C1 =0.1247
wg = 43.53 rad/s = 6.93 Hz ¢2 = 0.9999

As predicted only the regressing mode has a frequency low enough (6.93 Hz) to
possibly couple into the motion of the helicopter body, although the other flapping
frequencies will show up in the frequency content of the IMU sensor signal. Re-
mark the regressing mode is nearly critically damped and hence the approach of
approximating it as a first-order system (5.35) is justified.
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Using a 5% criterion the settling time for a unit step input into the regressing
mode is given by [109, p. 233] ts = 3/(Cwy,) = 0.069 s, or for the approximate
system (5.35) with time constant 7 = 16/(~€2) this value is 37 = 0.069 s, identical
to before. Based on these numbers we are justified in taking the flapping response of
the main rotor as instantaneous. Physically this is due to the high angular speed of
the main rotor (2 = 1650 RPM = 27.5 Hz) which makes the transient period of the
flapping dynamics negligibly short. This is the reason why a Bell-Hiller stabilizer
system, to be discussed in Section 5.3.2, is used on the Bergen Industrial Twin and
other RC helicopters — to slow down the effective flapping response of the main
rotor and make the helicopter flyable for a human pilot. A new generation of flybar-
less RC helicopters fly under closed-loop control and allow the pilot to tune the
main rotor response in real-time to suit their preferences.

Neglecting the flapping dynamics of the main rotor is done by dropping the aq,
by terms in (5.35). We can simplify further as follows: since the coning frequency
wo = /kg/Jg + Q? = 178.87 rad/s is less than 4% from the natural rotor frequency
VQ2 = 172.79 rad/s, we can drop the kg/Js term from (5.35). Evaluating the coef-
ficients 16/(y€2) = 0.023 and 1/£2 = 0.0058 we also see that the effect of on-axis and
off-axis angular rates on disc tilt is respectively two and three orders of magnitude
lower than the cyclic amplitude terms A; and Bj. Under all these simplifications
equation (5.35) reduces to the steady-state expression

a1:B1

5.36
b — A (5.36)

In Section 5.3.1.5 we will develop the force and moment expressions for the main
rotor in full generality, i.e. leaving in the flapping dynamics, which can be neglected
later by zeroing all ag, a1 and by terms.

5.3.1.5 Main Rotor Forces and Moments

We now calculate the force and moment vectors resulting from the aerodynamic
forces acting on the main rotor. We first develop the fully general expressions then
simplify down to a hover model.

The main rotor thrust 7}, and counter-torque Q.- respectively defined as the
net body-vertical force and counter-clockwise moment in the body-horizontal plane

are evaluated from
Nb 2 R L
Ty = — dF~ cos B dy
27T 0 0

2 R
sz—/ 1dFI dyp

0 0

where N, = 2 is the number of blades and dFL, dF!l are the perpendicular and par-
allel aecrodynamic forces acting on a blade section given by (5.21) in Section 5.3.1.2.
We will also calculate X, Yy, the in-plane force parallel to the z; and y; axes

given by
N, 27 R R
XW,:—/ </ dF+ sinﬂcosw—/ dF! sinzb) dy
27 0 0 0

Nb 2T R R
Y, = —/ </ dF* sin Bsinv +/ dF!l cos w> dip
2m 0 0 0
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as well as Ly, My, the moments at the main rotor blade hub in aligned with the
xp and ¥, axis directions:

Nb 27 R
Loy = =2 (/ ldFL—i—kgﬁ) sin ) dyp
0

27'('0

—N, 2 R L
M, = — ldF~ + kgB ) cosv dip
2 0 0

By assumption from Section 5.3.1 we take the flapping angle 5 as small such that
cosf~1inT and sinf ~ 8 in X, and Y, above. The Ur and Up expressions
in (5.27) simplify to

Ur =Ql 4+ usiny — vcosy

Up =v; —w+ uf costp + vBsint + Bl + plsiny — gl cos

The dF*, dF |l expressions in (5.21) as well as ©, 8 and £ in (5.22), (5.30) and (5.31)
are repeated here for convenience:

1
dF+ = 5pac (U7 — UrUp) di
1 1
dr!l = Spac (OUrUp — Up) dl + §chDU%dz
O = Ay + Ay cosy + Bysiny
B =ap— aycosy + by siny
B =ag+ (019 —ay)cosv) + (a1 + 51) sin 1)

Using the expressions above we first evaluate the 7., integral:

_ pacRN,
24

Ty { [4(39)2 +6(u? + 1)2)} Ap + 6RO [w v —vA; + uBl}

—3R [u(p +b1) +v(g+ dl)] - 4R29do}

The p, by and q, a1 terms physically represent the lateral and longitudinal angular
velocity of the rotor disc, respectively. From Section 5.3.1.1 we know v; = v;(T,;)
and so T,,, is a transcendental equation which is typically solved numerically using
the Newton-Rhapson method over a few iterations, e.g. [72, p. 129], [65, p. 18], [59,
p. 35]. Since the transcendental equation is quartic it can be solved analytically
as [21, p. 63], however this still does not provide an explicit T, expression due to
the requirement of selecting one of four possible solutions.

In hover with translational velocities, angular rates and flapping dynamics iden-
tically zero, the T},, expression reduces to

RN,
Th - PO {2(RQ)2A0 - 3RQU§L} (5.37)

12

where from Section 5.3.1.1

h
Tmr

h h h
T = 2(% )2p7TR2 = = 207 R2

(5.38)
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We can obtain an explicit equation for T . by substituting (5.38) into (5.37), which
gives

3N, RN, ——
Tr}rlv,r = MAO - e L \/ﬁ Tr}rlv,r = 0717;7“‘40 - DZ;T Tr}rlv,r

6 427
where by inspection CL | DI = are positive constants. By defining x = /T, we

can solve the above using the quadratic formula:

[ —DI + /(DT )2 +4CT A, o~ —DL.— /(DL )2 +4CT Ay
h mr mr mr h mr mr mr
Tmr - 2 or Tmr - 2

Squaring both sides gives

DT 2 DT )2
7t = toag+ Lol prJor gy o Do)

In order to pick a single solution consider Ay = 0 for which
Tyw = (Dpy)? or T =0

but since zero collective pitch is known to produce zero thrust the “minus” solution
is the correct one:

DT 2 DT 2
Ty, = Ch Ao+ % - D,ﬂr\/C,ﬂer + % (5.39)

Equation (5.39) is an explicit equation for hover thrust 7 as a function of the

collective pitch angle Ag where CL | DT ~are constant parameters defined above.

A simplified expression for T = can be obtained by taking 7" = mg in (5.38);

mnr
this assumes zero acceleration along the z, axis®. In this case (5.37) becomes

acR3 N2 acRNyQY |m
Th P - 2 Ao — ; k| Qip — Th ~CT Ay DT\ Jmg

The assumption of zero z; axis acceleration is poor due to the constant adjustments
of the collective input required to maintain hover; for this reason T should be
computed using (5.39).

3This also assumes the helicopter is level, however this is reasonable since mg cos ¢ cosd ~ mg
for small angles.
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The Q. counter-torque expression evaluates to

Qmr = %?2]\@{6@2 + ¢*)R? + 24(w — v;)* — 16R [qu - pv] ap + 12 [uz + vz} ad
+4 [Gu(w —v;) +4RQ + 3pR2§2] ay + 3 [3u2 + 02 + Q(RQ)Q] a? — 12uvay by
—4 [6u(w —v;) + 4uRQ + 3qR2Q] by +3 [uQ + 302 + 2(39)2} b2
+AR| — 8w — 4uay + 4vby + 8v; + 3Rag — 3RQAG + 20A; — 2u31} ao
+2R[6¢R — Suag — 6RQb; + 3Ra; — 4vAg + 3RQA1] i

+2R[6pR + Svag + 6RQay + 3Rby — 4udy — 33931} by

—|—8R_—pu—qv—|—2wQ—2Qvi}A0

+ [ —120(w — v;) + 6qR*Q — 8uRQag — 3(u* — v?)by — 6(RN)*b; — 6uva1} Ay
+ [12u(w — ;) — 6pR%*Q — 8uRNag + 3(u* — v*)a; — 6(RN)*a; — 6uvb1} Bl}

2
4 PeR Ol E?’:’Nb{(RQ)2 +u? +v2}

In hover with zero translational and rotational velocities and zero flapping dynamics,
the above reduces to

no —pacR?N,
mr 96

+ [— 6(RQ)2b1] A+ [ - 6(RQ)2a1} Bl} +

{24(—1)?)2 +3 [2(39)2} a2 +3 [2(1%9)2] b+ 83[ - mqﬂ Ao

pcR*Cp Ny {(RQ)Q}

In hover (5.36) gives a; = By and b; = A; and so Q",. becomes

—pacR?Ny
96

2CpN,
— 6(RQ)%2 — G(RQ)%%} + %&’b{(m)?}

Q= {24(0?)2 + 6(RQ)%a? + 6(RN)%b? — 16RQI Ay

B pacR2Nvah pcRYQ2CpHN,
- 12RQ 8

ThR | Th, | peR'O*CoNy o (n \32 | 0
~ RQ \/2/)777R2+ ) = Oy (Tmr> + Dy (5.40)

where v} was taken from (5.38), T2 is calculated by (5.39) and C%,, DY, are

i
constants whose notation has been chosen to match [79, Sec. 2.2].

{ — 3RO + 2(RQ)2A0} +
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We now return to the X,,, and Y,,, force expressions, which evaluate to
_ —pacRNy
96

+ 4[18@(20 —v;) — 2¢R%Q) + 3uRNag + 12uva; — 120%b; + 2(RQ)261] ao

Xonr {24Rp(w — ;)

+ 3R [pu —5qu + 12Q(w — v;) + 4Qua1} a1 — 120RQa1b; + 3R [qu — 7pv] b1
_4R [4pR + 9vag + 6RQa; — 3udy — 2ROB; + 4361} éo

~R [839% + 15va1 — 3uby + 3ud; — 31)31} i

YR [24(w — ) + 3uay — 21k + 8RQAy — 3vA; + 9u31} by

+ 4[ — 6u(w — v;) + 2pR2Q + 9vRNag + 6v2ar + 4(RQ)2a; + 6uub1} Ao

- [3R(qu + pv) + 24v%ag + 8(RQ)%ag + 24vRQa1} Ay

+3 [3Rpu + Rqu — 4ARQ(w — v;) + 8uvag + 4uRQay + 4vRQb1] Bl}

2
_ pcR QNbuCD
4
and
— N
Y = 7'0&96(5 b {24Rq(w —v;)

+ 4[ — 18u(w — v;) + 2pR*Q + 3uRNag — 12ua; + 2(RN)%a; + 12uvb1] ao
— 3R [pv - 7qu} a1 — 12uRQa1b; + 3R [5pu —qu — 12Q(w — v;) + 4va1} by
— 4R[4gR — 9uag — 6RQby — 3vAg + 2RQA; + 4Rin |

YR [24(w — ;) + 2lua; — 3vby + SRQAg — YvA; + 3uBl] i

+ R|8RQay — 3va; + 15uby — 3udy + 3081 | by

—4 [61}(10 — ;) — 2qR*Q + 9uRQag + 6uva; + 6u’b; + 4(RQ)2b1} Ap

+ 3[ — Rpu — 3Rqu + 4RQ(w — v;) + 8uvag + 4uRQNaq + 4vRQb1] Ay

pcR2QN,
—

4 Cp

+ [3R(qu + pv) — 24uag — 8(RQ)%ag — 24uRQb1} Bl} -

While the X,,., Y., terms are complicated, this is normal as evidenced by the
expressions found in e.g. [41, pp. 7-8]; [113, pp. 108-111]; [21, pp. 234-238]. In hover
withu=v=w=0,p=¢g=0and ay = a; = by =0, the X, and Y, expressions
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simplify to

xh = %@fmb{ [8(39)%1}% - [361%9@?] a
+ [16(39)2a1],40 - {8(RQ)2CL0}A1 + [1239@] Bl}
yh — %ﬁm{ [8(RQ)2a1] ag + [36391}?} by

- [1otr20 ) a0 - [12R00t] 40 - [s(ROPa0] 31 }

Using a; = By and by = A; from (5.36) we get

xh = ZPachNy [ [24390?}% n [16(}29)%1}410
96
= %fm{wm)mo — 3RQvf‘}a1
n _ —pacRNy Wy 9
v, = L= {[2439%]1)1 [16(1%9) bl]Ao}
_ pacRN,

T {2(RQ)2A0 - 3RQU?}b1

and using (5.37) we have
Xﬁw = _Trﬁwal
Yn};r = Tr?w’bl
which is validated by the flapping sign convention shown in Figure 5.1.

The final set of calculations involve hub moment expressions L., M,,., which
turn out to have a simpler form than Q,,,, X, and Y,,, above:

Ly = %‘?2]\[1’{ — 12uw + 12uv; 4+ 6pR%Q + 8RvQag

+3 [ w2+ 2(39)2} ay + 6uvby + 8Rudag + 6R2 Qb

— 16uRQAg + 6uvA; — [9u2 + 302+ 6(RQ)2] Bl} + @
M, = %Q#Nb{ — 12vw + 12vv; + 6qR2Q — 8Rufag — buvay

—3 [u2 ot 2(39)2] b1 + 8Rvag + 6R*Qa

kgai N,
— 16vROQ A + [3u2 + 90 + 6(RQ)2] Ay — 6uvBl} + %
At hover this reduces to
ho_ —pCLCRsz ) _ 9 k‘gble N k,’gble N
L, = Pt 33 2(RQ)? oy — [6(RQ)?| By p + 5= = Tt = gy
—pacR*N ksarN,  kgay N,
Mh, = %{ — 3[2(RQ)?| by + [6(39)2]A1} T

where the second equality is due to a; = By and b; = A; from (5.36) and the third
from N = 2. The final result is validated by Figure 5.1 as well.
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5.3.1.6 Main Rotor Contributions

The main rotor forces Tp,,, Xmr and Y,,, create a moment around the helicopter’s
CM which is added to the moments Q., Ly, and M,,.. The main rotor’s force
and moment contributions along the helicopter’s body-fixed axes are given by

er = er
Ymr = Ymr
Zmr = _Tmr

Lmr = hermr + Lmr
Mmr = _hmerr + Mmr
Nmr = _er

where h,,, is the height of the main rotor hub above the center of mass, measured
directly using the identified CM position, c.f. Figure 5.3 in Section 5.2. The center
of mass is placed directly under the hub by moving the avionics box fore and aft
in its T-slot rails attachment system. In hover the force and moment contributions
become

Xoe = —Thya1

Y, =Tpb

Zpe = =Ty

LM = b T by + Kby
M"Y = hp Th ay + kgai

3/2
Nh = _CT?LT (TT]Z/I‘> - Dr%r
where by (5.39)

DT 2 DT )2
TrerLr = OZLTAO + ( 77217,) - Drj;Lr\/errﬂLrAO + ( ZT)

and where we defined

T . pacR3N,Q? DT . acRNyQ.\/p
mr ° 6 mr *° 4\/%

CQ — 1 DQ — pCR4NbQ2CD
e RO\ 2p mr 8

The kg term was used in Sections 5.3.1.3 and 5.3.1.5 and represents a lumped-
parameter torsional spring model of the blade’s elasticity and the elastomeric flap-
ping restraint within the blade grip. This parameter is experimentally identified by
attaching a set of masses m on the main rotor blade and measuring the resulting
linear deflection of the attachment point. A picture of the experiment is shown in
Figure 5.15, where the deflections are measured w.r.t. the ground with the zero-mass
distance used as the datum for subsequent deflection measurements d. The data is
converted to torque 7 = mgl,, versus flapping angle 8 = d/l,,, where [, is the con-
stant length from the main rotor shaft to the mass attachment point on the blade.
Plotting 7 versus 8 and using a least-squares linear fit provides kg as the slope of
the line, also shown in Figure 5.15. Remark the linear fit is good over a range of
values which confirms that a linear torsional spring model for the main blades is
accurate.
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Figure 5.15: Main rotor kg identification: experiment setup; restoring torque 7
versus flapping angle

5.3.2 Rotor Head

The rotor head system controls the main blade pitch © through a series of linkages.
The input to this subsystem is a swashplate which can be tilted in a plane as
well as raised/lowered through another set of linkages connected to the roll, pitch
and collective servos. The rotor head includes a Bell-Hiller system for stability
augmentation. The design is shown schematically in Figure 5.16 for ¢» = 0. Note
the swashplate consists of two parts, both tilting but only the upper one rotating.

Forward\Mixer\ /D

Washout arm

‘ Swashplate

Figure 5.16: Bell-Hiller system schematic [76] for ¢ = 0, ¥y = 90°; J. omitted for
clarity.

Let 6. € [0,1] denote the normalized vertical swashplate position such that
0. = 0 and 6. = 1 denote the lowest and highest position reachable corresponding
to collective stick fully down and fully up, respectively. Also let §, € [—1,1] and
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dp € [—1,1] denote the normalized swashplate tilt about the helicopter roll and pitch
axes, respectively. The sign convention is shown in Figure 5.16 with 4, =0, J, =0
denoting the swashplate is level in the roll and pitch axis or the roll and pitch sticks
are centered, respectively. The limits 6, = —1 and §, = 1 represent maximum left
and right swashplate tilt or roll stick fully left and fully right, respectively. Similarly
dp = —1 and 9, = 1 represent maximum forward and backward swashplate tilt or
pitch stick fully front and fully back, respectively. Using 6., d, and d, as inputs
allows the math model to handle different types of swashplate layouts, e.g. the 90°
control setup on the Bergen Industrial Twin or a 120° CCPM control used on the
Mini-Titan electric heli; the mapping from § to servo commands will be discussed
in Section 5.3.5.

The Bell-Hiller system consists of a flybar with small airfoils attached to its ends,
mounted at 90° to the main blades and rotating about a teetering hinge inside the
main rotor shaft. The washout arm moves together with the swashplate such that
the input J. does not affect the pitch © of the flybar airfoils but only the collective
component of the main rotor blade pitch © (5.22):

Ag=C.b.+ D, (5.41)

where C, and D, are constants which depend on the mechanical link setup and pilot
settings on the transmitter. Physically these are identified by moving the collective
stick from §. = 0 to §. = 1 and measuring the range of © and its value at J. = 0,
respectively, with D. < 0 being typical. The flybar pitch © is a periodic function
of the swashplate tilt as

O = (Kudy)costhy + (Kpdp)siny (5.42)

where K is the Hiller input ratio of flybar cyclic pitch amplitude to swashplate tilt;
remark the flybar paddle with pitch ©; shown in Figure 5.16 is at azimuth station
Yy = 90°. The 27-periodic flybar pitch function (5.42) will cause the flybar to flap
with the approximate profile

Br(t, ) = —aip(t) costpr + by ¢(t) sine)y (5.43)

where the sign convention has been chosen identical to (5.30). The dynamics of
aijs and by will be analyzed in Section 5.3.2.1; remark that (5.43) has no coning
component because the flybar is a teetering rotor. Using the Mixer arm shown
in Figure 5.16 the cyclic amplitudes A;, B; of the main rotor pitch (5.22) © =
Ao+ A1 cosp+ By sin 1) are controlled by a mix of swashplate tilt and flybar flapping
angles as

A = Kgo, + Kpblf

(5.44)
By = KB5p + Kpalf

where Kpg is the Bell input ratio of main rotor cyclic pitch amplitude to swashplate
tilt, and Kr is known as the flybar ratio® of main rotor pitch to flybar flapping
angle. The three ratios above are functions of mechanical linkage setup.

The Bell and Hiller input ratios Kg and Ky can be measured as follows: tilt
the swashplate by moving the roll or pitch transmitter stick to one of its limits and

4This is standard terminology in RC helicopters. Typical flybar ratios range from .5 : 1 to 1 : 1;
this is further discussed at the end of Section 5.3.2.1
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hold it there. Using a pitch gauge measure max(©), min(©) as well as max(©y),
min(Oy) over a complete 360° main rotor revolution; the input ratios are then given
by

max(0) — min(O) ~ max(Oy) —min(6y)

Kp = Ky =
B 2 ’ H 2

Remark this assumes the roll or pitch stick center position 4 = 0 corresponds to
a perfectly level swashplate, and so it is important to zero out any trims on these
sticks for this procedure.

The flybar ratio K is computed by tilting the flybar to a given angle 3y with
respect to the horizontal and measuring the resulting main rotor blade pitch © using
a pitch gauge. The experimental setup is shown in Figure 5.17; the tilt angle 3y is
measured using a digital inclinometer. We obtain a set of (87, ©) pairs which are
plotted to obtain K as the slope of least-squares linear fit to the data, also shown
in Figure 5.17. Computing the slope of the line we find Kr = 0.66 i.e. a flybar ratio
of .66 : 1.

-15 -10 -5 15

0 5
B, [deg]

Figure 5.17: Flybar ratio Kr identification: experiment setup; blade pitch © versus
flybar tilt Bf

5.3.2.1 Flybar Flapping Dynamics

A schematic of the flybar is shown in Figure 5.18. The flybar consists of a uniform
rod hinged at the center of the main rotor with two paddle airfoils attached to its
ends. The flybar is free to teeter about its pivot and its flapping angle 3y is measured
upwards from the horizontal plane. The ¢jk frame is fixed to the flybar’s centre
of mass so the moment balance is governed by the standard Euler equation (5.10)
rather than its “extended” version (5.18) which was employed in Section 5.3.1.3. The
outer radius of the flybar is denoted R; and the radial distance to each paddle’s
inner edge is € Ry where by construction 0 < ey < 1.

The flybar paddles are symmetric however they are tapered in shape, have a
sharp leading edge and their maximum thickness occurs at the midpoint z¢/cy = 0.5.
The average paddle chord is ¢y = 50 mm and maximum thickness is t; = 4.4 mm
such that ty/c; = 0.09. The paddle is classified as the modified four-digit airfoil [8,
p. 117) NACA 0009-05, where the first four digits function as before, the fifth digit
indicates relative magnitude of the leading edge radius with 0 denoting a sharp edge
(a 6 denotes the standard curvature of NACA four-digit series airfoils), and the
sixth digit indicates the maximum thickness position with 5 indicating mid-chord.
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Figure 5.18: Flybar Kinematics

This geometry is used in JavaFoil to compute the paddle lift curve slope ay using
Reynolds number (5.20) with Vy = QRjy.

Denoting the flybar’s angular velocity vector as [pf ¢/ ¢7]7, the dynamics of
[ are obtained from a moment balance about the j axis (5.11)

Ty + Tl (T = JL) = !

where M/ is the net external moment about the j axis. The flybar is modeled
as a slender rod of mass m, and length 2R; with point masses m, on each end
representing the paddles where by direct measurement m,. = 0.043 kg, Ry = 0.306 m
and m, = 0.025 kg. Using the CM-fixed frame illustrated in Figure 5.18 we have
by [100, p. 713]

ng ~0
Jh, = %mr(ZR?) +2m, R}
JI, = 1—12mr(2R3c) +2m,R} = JJ,
and thus Jgfx — ng = —ng := —J; and the previous equation above becomes
J(g) —plrl)y = M7 (5.45)

The angular velocity components in (5.45) can be obtained by inspection of Fig-
ure 5.18:
pl = —pcostycos ff — gsiny cos By — sin By

qf = psinyy — qcos iy +Bf
rf = —pcosysin By — gsintysin By + (2 cos B

which is exactly analogous to the main blade flapping analysis in Section 5.3.1.3 due
to 1y being measured from the same datum as 1. We directly compute

g = psiny + pQcosypy — Geosy + qQ2siny +Bf

and substituting the above into (5.45) then using the small-angle approximations
cos By ~ 1, sin By ~ (3¢, ﬁ]% ~0as well as p>2 = 0, ¢> = 0, pg = 0 due to p,q < Q we
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get
plrf = —pQeosypy — ¢Qsiny — Q2B;,
Jf(qf —pfrf) = Jf(Bf + psinyy — geos Py + 2pQlcos s + 2¢Qsinpy + Qzﬂf)
(5.46)

which is analogous to (5.26). The moment about the central hinge M/ in (5.45)
comes only from aerodynamic lift, due to the weight moment canceling itself out
on the two sides and the absence of a restoring spring term. The tangential and
perpendicular flow components Ur, Up on the advancing paddle at distance [ from
the central hinge are obtained by inspection of Figure 5.18 or by analogy from (5.27):

Up = Qlcos By +usinty —vcosipy

Up = (v; —w) cos B + usin By cos s + vsin By sintpy + Bfl + plsintpy — qlcos iy
On the retreating paddle, w;} = 1y + m hence sin w;; = —sinyy, cos 1/1} = —cosy
and 7 = =By, By = =By, by = —By:

Ur = Qlcos By —usinyy +vcosipy

Up = (v; — w) cos B + usin By cos 5 + vsin By sintpy — Bfl — plsiniy + qlcosy
From (5.42) the advancing paddle’s pitch angle is the period function

Of = (Kpby)costhy + (Kpdp)siniy := Ay costpy + Bysiny
and it follows the retreating paddle has the pitch angle
= —Ajcostpy — Bysingy = -0y

As in Section 5.3.1.3 the moment created by aerodynamic lift on the advancing
paddle is

Ry Ry
M) = / ldF+ = m/ 1[0 (Uf)? — ULUB] dl
erRy erRy

The retreating paddle creates the moment
Ry Ry
(s T pa C T T T
M7 (1hs) = —/ - = -2 f/ 1 [-0,(UF? — UUR] di
erRy erRy

where the —1 factor is due to positive (upwards) lift on the retreating paddle creating
a negative contribution to M/. The total acrodynamic lift moment M7 = M®*+ M"
is then

1 Ry
M7 = §Pafcf/ l{(Af costpy + Bysiniy) [(U{f«)z + (U})Q] —ULUE + UC?UIQ}dl
erly

which evaluates to
1
M = Z,oafch?c(l - 5?){ [uQ +vi 4 (1+ 5})(Rf§2)2 — (u?® — v?) cos 2¢;

— 2uwv sin 21/)4 (Afcostpy + Bysiny) + [21}(112- —w)+q(1+ si)R?cQ] cos Yy

+ 2uvfBy cos 295 — [2u(vi —w)+p(l+ E?)R?Q] siny

— (u? = v?)Bysin2¢; — (1 + E?)Rfvﬁﬁf}
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and which is substituted into (5.45) along with (5.46) to yield

. arcrRE(1 — )Y . arcpR2(1 — &2
Br + Pases f( f) Br + 0%+ PRses f( f) [(u2 —vz)sin2¢f
4y 4y

— 2uwv cos 21/1f] }ﬁf = —psinty + gcospy — 2pLlcos Py — 2q€hsiny

paycyR}(1 —€3)
17,

— 2uwv sin 2¢f] (Afcostpy + Bysiny) + [22}(212- —w)+q(1+ 6?)R?Q] cos Py

{ [u2 +oi 41+ 63:)(Rf9)2 — (u?® — v?) cos 2¢;

_ [Zu(vi —w) +p(1+ sfc)Rfo} sin q,z)f}

(5.47)
The coefficient group pa foR‘}(l - 53%) /J¢ in (5.47) is similar to the Lock number
introduced in Section 5.3.1.3. Let Jy = 2J3, where Jg, measures the mass moment
of inertia of one-half of the flybar about its flapping hinge®. The term R‘}(l — 5;%) =
R;% — (e4Rys)* measures the length of the half-flybar’s lifting surface i.e. the width
of an individual paddle. We thus define the flybar Lock number

pagcyRy(1 —€})
V=
Jg,
which is introduced into (5.47). The assumed flybar flapping profile (5.43) is differ-
entiated twice w.r.t. time giving

ﬁf = —ayy COS¢f + blf SiHT,Z)f
By = (=ang +b1pQ) cos vy + (argQ+ byy) sin vy (5.48)
By = (s + a1 Q2 + 2b172) cos by + (2172 + biy — b1 Q%) sin gy

analogously to (5.31) and (5.32). Substituting the above into (5.47) and matching
coefficients of cos ¢y and sin )y gives a set of coupled second-order linear differential
equations for the flapping angles a;y and b;y. As in Section 5.3.1.3 we pre-simplify
by numerically computing vy = 0.93 using the identified values listed in Section 5.5.
Since vy < 7 is very small, we are able to disregard the translational velocity effects
by setting u = v = 0 in (5.47) which simplifies to

By + %Bf + Q2Bp = — psintyy + geoshy — 2pQcos Py — 2¢Nsiny

02 Q
Y (Afcostpy + Bysingy) + 2= (g cos Yy — psinyy)

* 8

Substituting (5.48) into the above and matching coefficients of costs and sins

5This by analogy to Js in Section 5.3.1.3 which measures the mass moment of inertia of a single
blade about its flapping axis
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gives

. Q
—dlf + a1f§22 + lefQ + %(—Cﬁf + blfQ) — Q2a1f

0? Q
=g+ 1L, 4 2,
8 8
lefQ + blf — blfQ2 + %(alfﬁ + blf) + Q2b1f
. 0?2 Q
:—p—2qQ+7fTBf—7pr

(5.49)
The above is a set of coupled linear differential equations which govern the flybar
flapping dynamics. They are rewritten in modal form & + D& + Kz = F as
. Q 02
—P =2~ p+ 5By

|:@1f:| 4 % —20 |:(:11f:| n 0 _'Yf892 |:a1f:| _
bip] (22 o | by
(5.50)

782

b1y 20 1=
As in Section 5.3.1.3 we perform a complex modal analysis. The homogenous version
of (5.50) is written in state-space form § = Ay where y = [y; 12]? := [z |7 such

HEEAIR

The eigenvalues of A are two complex-conjugate pairs Ay and As which govern the
natural frequencies and damping ratios of each vibration mode. By direct compu-

tation we find
A LY 2 2
AM=—"2—+7—4/512 — 324/256 —
! 16 16 Vi ety 7

v | g0 2 2
Ay = — 24 I 519 A2 39 [a56 —
2 16— 16 5 f

and the natural frequency and damping ratio of each mode are given by
. —Re{)\i}
VRe{\i}2 + Im{\;}?

2\ /2 N
_ _ (7 _ e
u’1_Q<2+\/4 (8)) C1‘16&;1

. 1/2 a
wz:Q<2— 4—<—f>> 42:%”_

. Q 02
—G+ 202 =Yg = T Ay

wi = VRe{\;}2 + Im{\;}2 and ¢

which gives

8 16w2

The eigenvalues 77 and 7, represent the advancing and regressing flybar flapping
modes, respectively. By inspection of the last result above, for a “small” v, we have
4> (’yf/8)2 and thus w; ~ 2€2, such that the advancing flybar flapping mode is
much faster than the rigid-body motions and can be neglected. By contrast the
regressing mode frequency ws will be very low.

Using the numerical values v = 0.67 and ©Q = 557 rad/s from Section 5.5 we
compute

w1 = 345.50 rad/s = 54.99 Hz ¢1 = 0.0208

we = T7.18 rad/s = 1.14 Hz (5 = 0.9998
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which confirms the regressing flybar flapping mode’s natural frequency is sufficiently
low, or equivalently the 5% step input settling time t; = 3/(Cowz) = 0.418 s is
sufficiently long to noticeably impact the helicopter’s dynamics. The regressing
mode’s near-critical damping ratio means it can be approximated as a first-order
system by setting d;; = Blf =0 in (5.49) as well as setting p = ¢ = 0 exactly as in
Section 5.3.1.3. The regressing flapping dynamics of the flybar become

: Q 0?2 0
2b1f9+—’yg (—a1f+b1f9):_2p9+—7f8 Aer—’YJ;3 q

0 : 0?2 0
2d1fQ+7fT(a1fQ+b1f):—2qQ+7fT f—%p

We assume the control links from the swashplate to the flybar are phased to decouple
the flapping response, i.e. the roll cyclic Ay = Ky, affects only the lateral flapping
b1y and the pitch cyclic By = Kpyd, only the longitudinal flapping a;y. This is
done by dropping respectively a1y and by s from the first and second equation above.
Normalizing the coefficients of Ay and By gives

ﬁd +a — _ﬁ — l _|_B
’YfQ 1f 1f = ’Yqu QP f
16 . 16

—bip+by=——p+=q+A
@ T T e et T

where By = Kyd, and Ay = Ky, are inputs from the swashplate. Finally, eval-
uating the coefficients 16/(v¢£2) = 0.1392 and (1/92) = 0.0058 we see the on-axis
effect of ¢ on a1y and p on b1y dominate the off-axis effects and the above can be
simplified to

16 . 16
gl tay=——aat Koy
ol 0 Ky '
—=0 1f =——abD H
T T 0 '
where 16/(v£€2) := 77 is the time constant of the simplified flybar flapping dynam-

ics (5.51).
As discussed in Section 5.3.2 the flybar flapping angles enter the main rotor
cyclic pitch amplitudes Ay, B; as (5.44)

A1 = Kgo, —|—Kpb1f
By = KB5p —I—Kpalf

and A; and Bj in turn map to main rotor flapping angles by (5.36)
by = Ay
a; = By

This last relationship was obtained in Section 5.3.1.4 by neglecting the main rotor
flapping dynamics due to their fast time constant. The flybar performs two func-
tions: first, it slows down the main rotor flapping response to swashplate tilt since
0p — a1y — By — ay and 6, — b1y — Ay — by provide a partial rate limit on a; and
b1 due to the first-order dynamics of a; s and by 5. Second, the flybar dynamics (5.51)
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contain negative feedback terms —7rq and —7yp which provide derivative action in
the pitch and roll channels of the helicopter which damps the response to external
disturbances such as wind gusts.

The flybar can be summarized in control diagram form as shown in Figure 5.19
for the roll channel; the pitch channel has the same diagram with (6,,b17, A1, b1,p)
replaced by (0p, a1, B1,a1,q). The Roll Dynamics block represents p = qr(Jy, —
Jo2)/Jex + L) Jye from (5.11) where L ~ L = (hpyTh,. + kg)by, ie. we use
the roll moment expression in hover developed in Section 5.3.1.5 instead of L =
honr Ymr + L due to the complexity of the Y, and L,,. expressions; the key
point of this block is that a b1 > 0 rotor disc tilt provides a p > 0 roll response.
Increasing the flybar ratio K increases the derivative feedback action, making the
helicopter more resistant to disturbances such as wind gusts but also slowing down
input step responses; indeed higher flybar ratios are better for beginning pilots
as well as helicopter competitions which demand stable hover and resistance to
wind conditions, while lower flybar ratios are better for 3D flying which require
very nimble handling of the helicopter. The derivative feedback action can also be
boosted by increasing 7y = 16/(y,€) which by the definition of v; is equivalent
to reducing ay, ¢, Ry and augmenting ey, Jg,. This is why using heavier, shorter
paddles makes the helicopter more stable, while using longer flybars with lightweight,
wide paddles (whose larger aspect ratio (Ry — ey Ry)/c provides higher a values) is
preferred for 3D flight.

P

|
5 N : by oA b Roll 4
. iKH 7O—> Tebig +bif = u - 1 Dynamics
71

Figure 5.19: Rotor head system diagram — roll channel

5.3.3 Tail Rotor

The tail rotor uses a fixed-pitch design, similar to an airplane propeller. We use
the tail blade pitch ©; as the input term as in Section 5.3.1.5. Due to the fixed
pitch design the tail rotor does not exhibit flapping. The tail rotor is geared to
rotate counter-clockwise as viewed from the right side of the helicopter at the rate
Q; = KiQ) where Ky > 1 is the tail to main rotor gearing ratio. We define ©; > 0
as the pitch which creates tail rotor thrust 73, in the positive y; direction and take
the tail blade azimuth position vy = 0 as the blade’s rear-most position. This is
illustrated in Figure 5.20. The tail rotor blades are symmetric with ¢; = 32.5 mm
and maximum thickness ¢; = 3.9 mm at x; = 10 mm from the leading edge, giving
ty/cr = 0.12, x4/, = 0.31 which classifies them as NACA 0012 airfoils. We obtain
at, Cp as in Section 5.3.1.2 using V; = Q4 R, (where R, is the tail rotor disc radius)
to compute the Reynolds number (5.20).
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Figure 5.20: Helicopter tail: Side view (left), Overhead view (right)

By inspection of Figure 5.20, the tail blade airfoil section at distance [ from the
rotor shaft is subject to tangential and perpendicular flow components

Ur = Q¢ + usin iy + w cos ¥y + q(dy + L cos )
Up = viy + v+ p(hy — Isina)y) — r(dy + Lcosy)

where d;. and hy are the longitudinal distance and height of the tail rotor axis
w.r.t. the helicopter’s CM. The tail rotor induced velocity v;; is assumed constant
across the rotor disc as in Section 5.3.1. Using (5.21) in Section 5.3.1.2 the infinites-
imal force components perpendicular and parallel to the vertical plane are

1
dF+ = Sparct (O.U7 — UrUp) di
1 1
dFll = 5 Paic (0UrUp — U3) dl + §pctCD,tU%dl

The tail rotor thrust and counter-torque are evaluated from

N, 21 Ry
T, =52 [ [ artav

2T 0 0

N, 2m R
Q= [ [ 1artav,

2T 0 0

where Ny = 2 is the number of tail rotor blades. The in-plane forces Xy, Y3 and
moments L., My are neglected as small, which is justified due to the size of the
tail rotor as compared to the main one. The T}, expression evaluates to

RN,
T, = %{ |:4(RtQt)2 + 6(u® + w?) + 6qR; (w + 2ds, )

+ 2¢*(R? + 6d§,)] Oy + 2qrR? + 3Ry (pu + rw) (5.52)

— 6(RtQt + 2thr)(?] + Uii —l—phtr — Tdtr)}

The tail rotor induced velocity v; ; is computed as in Section 5.3.1.1. We assume the
main rotor’s downwash is sufficiently far to not affect the tail rotor inflow due to the
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Bergen Industrial Twin’s extended tail boom (c.f. Figure 5.23 in Section 5.3.7.1).
Note that for a smaller helicopter where the rotor disc overhangs the tail this as-
sumption would not hold, e.g. [59, p. 49]. Since the tail rotor disc is vertical, the
general flight inflow equation (5.19) becomes

Ty
20mRZ\/u? + (w + qdiy)? + (v + pher — Tdiy + vi1)?

Vit =

which gives a transcendental equation for 7;, when substituted into (5.52), just as
for the main rotor in Section 5.3.1.5. At hover, the tail thrust (5.52) reduces to

Ry N,
Tgvl“ = %{2(Rt9t)2@t — 3RtQtUZt} (553)
where
h Tk
= - 5.54
bt 2pmR? ( )

We obtain an explicit 7} = T}:(6,) expression by substituting (5.54) into (5.53)
and solving a quadratic equation as in Section 5.3.1.5. The substitution gives

3 N, 22 RNy Q
Tt;;:PCLtCth bt t@t_act + Npte$2e\ /P /t,; — T, — DIJT, I n
6 4/ 21

with O, DI positive constants. The solution to the above is exactly analogous
o (5.39)

DT 2 DTH2
" = C} @t+( 2) —Dg;\/og;@ﬁ% (5.55)
where we have chosen the solution for which ©; = 0 = T2 = 0. A simpler Verswn
of (5.55) can be obtained by employing T = Q! /dy ~ CS,(mg)®? + D%, in
(5.53) which gives

Tgvl“ ~ Cg;@t - <Dg;« \/Crgr(mg)3/2 + Dr%r)

but which requires w = 7 = 0, i.e. zero heave acceleration and zero yaw angular
acceleration, making it much worse than (5.55).
Returning above, the Q- expression is

PaLCt Rf Ny

Qtr = - 48

{ [3qut2 + 4R (pu + rw) — 4(2RQy + 3qdy,)

(v + vit + phyr — rdt,,)} O +3(p* + r?)RE 4+ 12(v + vi g + phyr — rdtr)Q}

4 PCtR%CD,tht

s {6(3@92 + 6(u® + w?) 4 8¢R; (w + 2di Q) + 3¢*(R? + 4dfr)}
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and at hover this simplifies to
RZN, R2Cp N
Q= —7patczgt = { { - 4(2RtQt)”z}ft} O + 12(”2t)2} 4 D t48D’t - {G(RtQt)Q}

. PatCtR?th'Uz}'ft pCtR?Q%CD7tht
 24R.y 8

{4UﬁQﬁ2®t—6RALv&}—%

ThR T" RIO2Cp N, 3/2
_ Agdu tr PCLAL 3L U D 1Vt — thg (Tt};) +Dth

where by inspection CtQT, and DtQT are constants.

5.3.3.1 Tail Rotor Contributions

The tail rotor’s thrust and counter-torque 7. and @4 generate the following force
and moment components along the helicopter’s body-fixed axes:

Xy =0

Yir = Toy

Zy =0

Ly = hiy Ty
My = =Qur
Ny = —dpTir

where hy- and dy. are the height and longitudinal distance, respectively, of the tail
rotor hub w.r.t. the center of mass as illustrated in Figure 5.20; as in Section 5.3.1.6
these are directly measured c.f. Figure 5.3 in Section 5.2. In hover this becomes

Xt =0
h h
}/;T:fzjtT’
Zh =0

L?T’ = ht?"Tt}Tl’

3/2
Mtf;« = _Cg <thi) - Dg
Ntf; = _dtthf;

where by (5.55)

DT 2 DT 2
f_z—wtf:n:cg;@t_i_( tr) _D't:[?:\/CtTT@t_’_( t?“)

2 4
and where
CT L patctR?th(KtQ)z DT L CLCththKtQ\/ﬁ
tr tr
6 427
oQ .— 1 D .— pct RNy Cp (K S2)?
T RKQN 2pm tr 8

179



5.3.3.2 Tail Gyro

As seen in Section 5.3.1.5 the main rotor’s counter-torque on the helicopter body
Q. 1s a function of thrust T;,,, e.g. Qfm = C’y%, (T ,}}L,,)S/ 2 + D,%» in hover, such that
changes in collective input require adjustments to the tail input in order to cancel
the counter-torque. On full-sized helicopters this is done manually by the pilot by
adjusting the tail pedal inputs [121, p. 43]. RC helicopters such as the Bergen
Industrial Twin have relatively small J,, mass moment of inertias and high thrust-
to-weight ratios, which make manual compensation of counter-torque too taxing for
the pilot. For this reason tail rotor control is augmented with an electronic gyro
which provides closed-loop control of the tail input using the sensed yaw rate 7.

The ANCL helicopter employs the popular Futaba GY401 tail gyro [58] which
provides two modes of operation: a Normal mode which stabilizes the sensed yaw
rate r using the tail pitch servo and thus provides damping in the yaw channel; and a
Heading Hold® mode which provides tracking control of r using tail stick deflections
for r..y and a PI control action on the error signal. For zero tail stick deflection,
Heading Hold mode can thus maintain a steady heading angle v in the presence
of exogenous inputs (changes in @Q,,,, wind gusts), while Normal mode will remove
yaw velocity r but exhibit a steady-state error in 9. The GY401 manual [58] calls
this the weathervane effect, where a helicopter hovering in wind under Normal mode
will eventually align itself along the wind vector due to its tail stabilizers, whereas
in the same situation Heading Hold mode is able to maintain a prescribed heading
angle.

The GY401 unit uses two inputs from the on-board receiver, the tail channel and
gyro sensitivity channel, and one output to the tail servo which directly controls the
blade pitch ©; used in Section 5.3.3. In Normal mode, the tail input is added to a
gain on the sensed r and passed directly to the tail servo, whereas in Heading Hold
mode this input is used as r,.y where r..; = 0 is taken as the tail input level at
initialization. The gyro sensitivity input is interpreted as follows: for a “neutral”
signal from the receiver (PWM with Tox = 1.5 ms, c.f. Section 5.3.5) the gyro gain
is set to zero. For PWM signals above neutral i.e. 1.5 ms < Ton < 2.0 ms the
gyro operates in Heading Hold mode with the P and I gain values increasing from
0 to 100% of their maximum values. Conversely for signals below neutral the gyro
operates in Normal mode with 1.5 ms > Ton > 1.0 ms mapping to a P gain from
0 to 100% of its maximum value. In this way the GY401 can be switched in-flight
between Normal and Heading Hold modes, and the feedback gains adjusted to fine-
tune the overall performance. Heading Hold mode is useful for hovering and forward
flight while Normal mode is better for turns as well as certain 3D maneuvers.

The exact relationship between gyro sensitivity input and gain values in Normal
and Heading Hold modes is not available from Futaba and thus requires experimental
identification. The GY401 contains a “Control Delay” trimmer whose setting is
adjustable from 0 to 100%. The exact function of this feature is not explained
although we speculate it acts as a rate limit on the output control signal to the tail
servo; this must be confirmed in experiment and the exact relationship between this
setting and resulting rate limit needs to be identified. Heading Hold mode appears
to implement an integrator reset function, although this is not stated in the manual,

Futaba calls this the Angular Vector Control System (AVCS) mode
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and the reset error threshold requires experimental identification as well.
Based on the above paragraph we can model the tail gyro unit in one of the
following ways, listed in order of increasing difficulty:

1. Use Heading Hold mode and assume the input sensitivity is properly tuned
such that the yaw channel is stabilized and r = .., i.e. discard the 7 dynam-
ics.

2. Turn off the tail gyro by setting the gyro sensitivity input to neutral (Tox =
1.5 ms). The 7 dynamics remain and @, T} terms are computed as in
Sections 5.3.1.5 and 5.3.3, respectively.

3. Include an identified model of the tail gyro as in e.g. [22].

Define ¢; € [—1,1] as the normalized tail input where §; = —1 denotes tail stick
fully left and §; = 1 fully right. The map from §; to the helicopter model has three
possible forms corresponding to the above:

1. 7 = rpef = K0y where ky is identified in flight by commanding a maximum tail
stick deflection and measuring the resulting yaw rate r"™** using the avionics
box, such that x; = |[r™**|.

2. O, = Cy0¢ + Dy where Cy = [@t(ét = 1) — ®t(5t = —1)]/2, D, = @t(ét = 0) are
measured using a pitch gauge’. We have Cy, D; < 0 because a positive yaw
turn (d; > 0) requires Oy < 0 by sign convention of Section 5.3.3.

3. Trey = K¢0; as in 1, then compute e, = 1.y — 7 and O; = kpe, + Ky fer where
kp, k1 are the identified gains of the tail gyro; also include the “control delay”
and integrator reset into the calculation.

For option 1, T}, still appears in the Y}, and Ly, terms summarized in Section 5.3.3.1
and must be computed from

,Ttr = _erdtr
where @, is given in Section 5.3.1.5 and T} < 0 compensates for @), > 0 by sign
convention in Section 5.3.3.
5.3.4 Rotor Speed and Engine
The dynamics of 2 are governed by a moment balance on the main rotor shaft,

. 1
Q=r
"I

(KeQe - er - KtQtT’)a

where J,,,, is the rotational inertia of the main blades and rotor head, K. > 1 is the
engine to main rotor gearing ratio, (). is the torque generated by the engine, Q,,
@y are the counter-torques from the main and tail rotors available respectively from
Sections 5.3.1.5 and 5.3.3, and K; > 1 is the tail to main rotor gearing ratio. The
engine input is a fuel throttle controlled by a dedicated servo. Let d. € [0, 1] denote
the normalized fuel throttle input with . = 0 and d. = 1 denoting fully closed and

"The ©; offset term D; models the design of the tail servo linkage.
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fully open fuel inputs, respectively. Following [59, p. 44] we model the engine output
power P, and subsequently output torque as

Pe
K.Q

P, = Pmes, —s Q, =

where P"* is the engine’s maximum output power. The J. to Qe model is as-
sumed instantaneous since the time constants associated to fuel flow, air intake and
combustion are much faster than the vehicle’s dynamics [59, p. 44].

Internal combustion engines operate most efficiently in a narrow RPM band,
hence maintaining a constant {2 is desirable. This is accomplished using either
an engine governor, which maintains a target ) by controlling §, using a PI con-
trol structure, or through a throttle-pitch curve, a nonlinear map from é. to d.
programmed on the RC transmitter and tuned by the pilot. The current ANCL
helicopter uses the latter solution, with two different versions of the curve used
for no-payload (“stock”) and full-payload flights. For illustration purposes the two
curves are plotted in Figure 5.21; the values come from a lookup table, which is
either built from servo inputs logged by the on-board avionics box or downloaded
directly from the transmitter’s flash memory card.

1, . 1,
0.9 4 0.9
0.8f 4 0.8f
0.7t 4 0.7t
0.6f 4 0.6f
w? 0.5f 1 w? 0.5f
0.4f 4 0.4f
0.3 4 0.3
0.2f 4 0.2t
0.1f 4 0.1f
0 01 02 03 04 %5 06 07 08 09 1 %01 02 03 04 %5 06 07 08 09 1

c c

Figure 5.21: Throttle-pitch curves: Stock (left), Full-payload (right)

Based on the above discussion, we will ignore rotor speed dynamics and take €2
as constant, assuming a well-tuned curve or by physically adding a governor to the
helicopter. The dynamics of 2 are important in autorotations [4]; in this case, the
engine and tail rotors are disengaged through a centrifugal clutch, such that € is a
function of @, only.

5.3.5 Servo Commands

The swashplate normalized vertical position J. and tilt angles d,, d, introduced
in Section 5.3.2 are physically controlled by the collective, roll and pitch servos
through a set of mechanical linkages. Similarly the tail rotor pitch ©, in Section 5.3.3
and the fuel throttle in Section 5.3.4 are controlled by their corresponding servos.
The servos themselves are controlled by PWM signals coming from either the on-
board Futaba R149DP radio receiver or generated by the avionics’s Measurement
Computing CTR10HD card, except for the tail servo which is controlled by PWM
signals generated by the tail gyro unit as discussed in Section 5.3.3.2.
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The servo reacts by rotating an output wheel, where the output rotation is
mechanically limited to a [—-45°,45°] range where 0 is the servo’s neutral position.
The input PWM signal to the servo is a square wave with period Tpwym = 1/70 s &~
14.3 ms and pulse width of Ton where pulse widths of Tony = 1.0 ms, Ton = 1.5 ms
and Ton = 2.0 ms command output rotations of —45°, 0 and 45°, respectively [75,
p. 11]. The same signal type is used for the inputs to the tail gyro discussed in
Section 5.3.3.2 where the above pulse widths are interpreted as “min”, “neutral”
and “max” signals, respectively.

The PWM duty cycle A is defined as

T
TpwmMm

such that for Tpwyn = 1/70 s we have A = 70TpN and 0.070 < A < 0.140 for the
above servo logic. The duty cycle A is the numerical value either logged or output
by the avionics box via its CTR10HD card. For instance generating a “neutral”
signal on the gyro sensitivity channel (c.f. Section 5.3.3.2) corresponds to setting
A = 0.105 on the appropriate CTR1I0HD PWM output channel.

Since the servo output rotations are converted to linear motion by a set of me-
chanical linkages, the full [—45°,45°] output range is typically not used, and in fact
the extreme ranges may cause jamming or breaking of the linkages. For this reason
the normalized system inputs § are used, which respect the servo limits programmed
by the pilot into the transmitter unit. We then need to identify the mapping from
0 to A, such that the avionics box can mimic the signal limits programmed into the
transmitter.

The identification process is made using the avionics box’s receiver logging func-
tionality. For collective, roll, pitch and tail inputs we propose the linear maps

A, = mb. + b,
A, =m,d, + b, (5.57)
A, =mpd, + by
At = mt5t + bt

where
ms = Ag,=1 — As,—0

= t
bs _ A(Sézo } S {Ca T7p7 }

The identified values of the m and b parameters in (5.57) are listed in Section 5.5.
The duty cycles were logged using the “Bergen-02” transmitter programming em-
ployed for full-payload flight, c.f. Section 5.3.4; sample plots for the collective and
roll channels are shown in Figure 5.22 where the corresponding pilot sticks are swept
through their full range of motion. Observe that the collective duty uses a larger
portion of its maximum 0.070 < A. < 0.140 range than does A,. As expected the
roll stick neutral position 6, = 0 provides a duty of A, ~ 0.105 corresponding to
neutral servo output. We identify m. < 0 and m, < 0 from the plots due to the
mechanical linkage setup between servo output wheel and swashplate.

The A, duty cycle input to the engine throttle servo can be stored as a look-
up table as discussed in Section 5.3.4, and is not required if an engine governor is
installed. Finally A,4, the duty cycle input to the gyro sensitivity channel is typically
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Figure 5.22: Duty Cycles A., A, for collective and roll stick sweeps

set to Ay = 0.105 in order to disable the tail gyro for autonomous control purposes,
as discussed in Section 5.3.3.2. Remark the maps (5.57) do not apply to a CCPM
(Cyclic/Collective Pitch Mixing) setup where the collective, roll and pitch pilot stick
each control more than one servo simultaneously, however this is a moot point since
the Bergen Industrial Twin does not employ a CCPM setup.

The servos do not move instantaneously. The ANCL helicopter employs JR-
DS8311 digital servos. A comprehensive identification study [73] proposes to model
these as a combination of a rate limit of 274°/s = 4.782 rad/s together with a
PT,-Block transfer function

1

G8) = 5570.0098s)7

where 0.0093 s is the identified time constant when the system is inside its rate
limits. Since the servo time constant is on the order of the main rotor regressing
flapping time constant calculated in Section 5.3.1.4, and the latter dynamics were
approximated as being instantaneous, the servo dynamics can be neglected as well.
By observation of a human pilot the stick movements required for hover and smooth
flight are small in amplitude and gradual, meaning the servo rate limits are also a
negligible effect for our system.

5.3.6 Fuselage Drag

The fuselage generates a drag force on the helicopter due to velocity drag plus
deflection of the downwash from the main rotor. As in Section 5.3.1.2 the drag force
Fp on a three-dimensional object in airflow is

1
Fp = 5,oU2CDA

where p is the air density, U is the magnitude of airflow velocity, A is the cross-
sectional area exposed to the flow, and Cp is the coefficient of drag, which is a
function of the object’s geometry but can be assumed constant with U for subsonic
flow. The typical order of magnitude of the drag coefficient for non-streamlined
bodies is Cp ~ 1 as compared with Cp = 0.01 for blade airfoils.

In forward or sideways flight, the main rotor downwash is deflected by the fuse-
lage, creating a drag force along the z;, and y; axes additional to the velocity-induced
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drag force. To model this effect we adapt the drag model from [59, p. 47):

U= Vu2+v2+ (w—v)?
1
Xfus = _gpA:cCD,fus u’U‘

1
qus = _gpAyCD,fus U|U|

Zpus =~ 5pA-Ci us (w0 — v)|U]

where A;, Ay, A, are the cross-sectional areas of the helicopter normal to the body-
fixed axes and Cp fys is the (constant) coefficient of drag. We model the helicopter
as a box with vertices parallel to the body-fixed axes and enclosing the helicopter
body forward of the tail boom, for which Cp s = 1.05 [104, p. 612] and A,, A, and
A, are the measured areas of the box faces. We neglect the generation of moments
by the fuselage since its centre of pressure is close to the CM of the helicopter.

In hover with u = v = w = 0 we have U" = v and Z}Lus = (1/2)pA.Cp fus (V)2
where by (5.38) vl = /T, /(2p7R?). Substituting the latter into the former and
using the parameters in Section 5.5 we compute

ACDf
zh = =2 T = 0.019T)
fus ( A R2 > mr 0.019 mr

ie. Z j}us < T and thus fuselage drag can be omitted from the hover model.

5.3.7 Tail Stabilizers

Horizontal and vertical stabilizer fins mounted on the tail of the helicopter increase
forward flight stability by providing restoring moments in the pitch and yaw axes,
respectively. For aerodynamic analysis the stabilizers are modeled as thin plates
whose surface areas Ay and A, can be directly measured.

Just like a symmetric airfoil, a thin plate in axial flow generates a lift force L,
proportional to its angle of attack « [13, p. 328] such that (c.f. Section 5.3.1.2)

1
L,= §pU2apozAp,

where U? = U% + U]% is the (squared) flow velocity, A, is the surface area of the
plate and a,, is the slope of the lift curve, where for a thin airfoil or plate this value
can be computed analytically [13, Sec. 4.7] to be a, = 27. Based on experimental
testing of thin plates in subsonic flow [106, p. 76], maximum lift is achieved at
approximately o ~ 9° then gradually decreases until stall at o ~ 15° although the
change of slope of Cf, versus « is gentle around C7, ;nq,. Unlike the main rotor
blades in Section 5.3.1.2 where Ur > Up essentially guarantees the blades remain
in the pre-stall region, tail fin stall is common and must be modeled [65, p. 17]. We
proceed as follows: a = arctan(Up/Ur) =~ Up/Ur in the pre-stall region and lift
force is

Up

1
L, = §P(U12“ + UI%)CLPU_T

1 U
Ay = 504y <apUTUp + U}%apU—D .
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The Ur denominator term would create numerical issues in low-speed forward flight.
We revert to Up/Ur = « and thus a,Up/Ur = CL 4, the coefficient of lift of a thin
plate. Based on experimental data for a thin plate in subsonic flow [106, p. 79]
Crp ~ 1 for 5° < a < 15°, while for a < 5° we have Up < 1 = UI% ~ 0 which
cancels out the term using the (now incorrect) Cf, &~ 1 assumption®. We therefore
approximate pre-stall tail stabilizer fin lift as

1
Ly~ 5pAp (apUrUp + Up) (5.58)

which agrees with [59, p. 47] where it is provided without explanation. Post-stall lift
is calculated using the Bernoulli Equation which holds since the fluid acts incom-
pressible (Mach number < 0.3). The dynamic pressure at each tail fin is (1/2)pU?
and so the maximum lift force is

max 1
L5 = 5p(UF + Up) A, (5:59)

The tail stabilizer lift force L, is calculated using (5.58) and saturated to (5.59) if
|Lp| > |Ly'%*| as suggested by [65, p. 21] and [59, p. 48]. We neglect drag contribu-
tions as being accounted for by the fuselage model in Section 5.3.6.

5.3.7.1 Tail Stabilizer Force and Moment Contributions

As shown in Figure 5.23, the horizontal stabilizer is exposed to the main rotor inflow
velocity v; while the vertical is exposed to v; ;. Denote the longitudinal distance and
height of each stabilizer’s geometric centre w.r.t. the CM as (dps, hps) and (dys, hys),
respectively, which are measured directly c.f. Figure 5.3 in Section 5.2. The surface
areas of the stabilizers are denoted Ay, A,s and were calculated by removing the
fins, tracing their shapes on paper and manually computing the surface area. The
numerical values are listed in Section 5.5.

Figure 5.23: Tail zoom-in; note main blades overhang horizontal stabilizer

Using Figure 5.20 in Section 5.3.3 with (dy, hy) — (dps, hns), the horizontal
stabilizer is exposed to tangential and perpendicular flow components

U = V/u2+ 02+ (phps)? + (r dps)?
Up =0 —w — qdps

8Remark Uz > Up would invalidate this argument, however this is a moot point since for the
tail stabilizers Ur ~ Up from an order-of-magnitude point of view.
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which by (5.58) give the vertical force
1
Fhs = 5pAns (a,UBUF| + U U

with Fjs > 0 denoting a downwards force as shown in Figure 5.1. The force and
moment contribution to the rigid-body dynamics (5.11) is

Xpe =0

Yis =0

Zps = Fhs
Ly, =0

Mps = dpsFhs
Nps =0

In hover U;fs’h =0, Ulfﬁs’h = vl and so Fl!, = (1/2)pAns(vl)2. From (5.38) vl =

VT /(2pmR?) and so

A
4£2 Th =0.0015T",

where we used numerical parameters from Section 5.5; we see F) }’fs < T and can
be neglected.

Now using Figure 5.20 with (dy, hy) — (dys, hys) the vertical stabilizer is ex-
posed to the flow components

U = /u2 + w? + (dysq)?
U}gs =v—+ Vit + hvsp - dvsr

h __
Fhs_

which by (5.58) give the horizontal force
1 vSs VS Vs vSs
FUS = 5pAU5<aPUP ‘UT ""UP ’UP ’)

and F,s > 0 denotes a force in the —y; direction as shown in Figure 5.1. The
contribution of F,s to (5.11) is

X =0

Yys = —Fos
Zys =0

Lys = —=hysFys
Mys =0

Nus = dusFrs

In hover U;S’h = 0 and U;;s’h = vgft — Fh = (1/2)pAUsv£ft|v£ft|. Using (5.54)
ol = \/T]/(2pm R}) we have

h — Avs
Y A R?

Th =0.048T]

using the parameters in Section 5.5. Since F% is less than 5% of T} we take F, ~ 0,
although this approximation is weaker than F; ffs ~ 0 above.
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5.4 Dynamics Model Summary
Fh57 -Fvs Tail
Stabilizers
A\ /N—g
Fyus| Fuselage
Drag
DC S\
‘ Rigid UL > Rigid W’
[ Ao Main  |T,Q Body Body
5 e N\ Rotor Dynamics pqr) Kinematics—>¢ 70
a,b
O, 0p Flapping
Dynamics
Flybar 1 L
Dynamics 1
Tail Oy Tail [T}, Q4
Ot Gyro Rotor
r !

Figure 5.24: Topology of helicopter dynamics model

The general (non-hover) helicopter dynamics model is shown as a block diagram in
Figure 5.24. The inputs to the system are u = [0, 0, 0p 57 . We have

Collective input 6. € [0, 1] where 6. = 0 and J. = 1 are respectively collective
stick down, swashplate vertically down and collective stick up, swashplate
vertically up.

Roll and pitch inputs 6,,0, € [—1,1] with 6,, = 0 for centered sticks and
swashplate level in the roll and pitch axes, respectively. The endpoints 6, , =
—1 represent roll stick fully left, pitch stick fully up and maximal swashplate
tilt in negative roll, negative pitch axes directions, respectively. Conversely
0rp = 1 represent roll stick fully right, pitch stick fully down and maximal
swashplate tilt along the positive roll and pitch axes.

Tail input §; with §; = 0 representing centered tail stick and zero tail pitch
O¢, while §; = —1 and d; = 1 represent respectively full left and full right on
the tail stick, positive and negative yaw angular velocities r > 0, r < 0 and
O; < 0 and ©; > 0 by sign convention in Section 5.3.3.

The ¢ inputs are converted to servo commands using (5.57). We take main rotor
speed 2 as constant as discussed in Section 5.3.4 and neglect servo dynamics based
on Section 5.3.5.

188



5.4.1 Hover Model
The model is made up of the flybar dynamics (5.51)

de1f+a1f = —qu+KH5p
Trbip + b1y = —74p + Kpé,

with flybar time constant

16 16J3,
T = = (5.60)
f 782 pafoR;%(l - 5;%)9
The main rotor cyclic amplitudes (5.44)
A = Kgo, + KFblf
Bl = KB5p + Kpalf
The main rotor flapping angles (5.36)
ap = Bl
by = Ay
The main rotor collective pitch amplitude (5.41)
Ay =C.o.+ D,
The main rotor thrust and counter-torque (5.39), (5.40)
DT 2 DT )2
Trﬁr = CTJ;LTAO + ( 757“) - DgrﬂLr\/Cg);rAO + ( ZT)
3/2
Q= o2, (18,)" + g,
with constants
T pacR3 N2 T acRNyQ\/p
Cmr = Dmr = =
6 427 (5.61)
T RO 2pm mre 8

The tail rotor pitch with tail gyro turned off for control purposes (option 2 in
Section 5.3.3.2)
©; = Cids + Dy

And the tail rotor thrust and counter-torque (5.55), (5.56)

(Df)?
2
3/2

DT 2
— DZ;,\/Cg;Qt + —( Z)

Tt};, = Cg;@t +
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with

CT N patctR?th(KtQ)z DT acththKtQ\/ﬁ
tr —

6 tr —
Ve ,  (5.62)
09 — 1 D@ — pct Ry Ny Cp 1+ (K Q)
T RUK,Q\2pm tr 8

At hover the fuselage (Section 5.3.6) and tail stabilizers (Section 5.3.7) can be ne-
glected. The force and moment contributions to the helicopter dynamics come from
main rotor and tail rotor with components (c.f. Sections 5.3.1.6 and 5.3.3.1)

XM =T a
Yl =150+ Ty
Zh = _Tf;w

L" = hypy TR, by + kgby + he, T
Mh = hmrT,?w,al + kﬁal — Q?T
N = —Qb, — dy, T}

which enter the rigid-body dynamics (5.11) where cross-coupling terms are neglected
as small in hover,

U= R31g—|—Xh/m
v = R329+Yh/m
w = Rggg—l—Zh/m

q= Mh/Jyy
i =N"/J..

with rigid-body kinematics (5.12)

R=RS (lp « T’]T)

P"=Ru v wl
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where p"” = [pn pE pD]T is the position vector in the navigation frame. The

above equations can be summarized in a single & = f(z,u) expression as

DT )2 DT )2
TTFYLLT = err—‘Lr(Ccac + DC) + % o Drj;ﬂ‘ \/CTET(Ccac + Dc) + %
1 e ciicia+ 0o+ L2 prfer e+ py + 28
. 1 Ky
=—— - —
arf T ajf —q+ b D
. 1 Ky
bif=——bys— —5,
1f T 1f —p+ .
. 1
. 1 3/2
=5 <(hmrTZﬁW + k) (Kpdy, + Kpayy) — CfF (z;h) - Dg) (5.63)
vy
1 3/2
S e 0} h _pe _ h
" Jzz < Omr <Tmr) Dmr dt?ﬂr)
R=RS ([p r]7)

where the flybar time constant 7; is provided in (5.60); the C,%’Q},D;{nz;,’@} and

CETT’Q},D;? Q} parameter groups are listed in (5.61) and (5.62), respectively. The
model parameters and their identified numerical values are summarized in Sec-
tion 5.5. Remark the hover dynamics (5.63) are linear except for the attitude
dynamics R = RS(w). The flapping dynamics alf,blf and angular velocity dy-
namics p, ¢ are interconnected, which models the coupled rotor/fuselage dynamics
characteristic of helicopter UAV’s [127, Chap. 15], [101, Chap. 5].

5.5 Identified Parameter Values

The various subsystem models given previously require a number of symbolic con-
stants as well as coefficient groups. The symbols, their identified values and physical
meaning are provided below, grouped chronologically by subsystem.

A set of identified values for a Bergen Industrial Twin UAV used by a differ-
ent research group are provided in [21, App. B]. The identification details are not
given and their helicopter is configured differently from ours, e.g. the larger R value
indicates longer main rotor blades, which affects other main rotor parameters such
as Jg and a. Nevertheless, the numbers provided indicate our identified values are
correct from an order-of-magnitude point of view.
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Rigid Body Model
Symbol | Value Description
m 13.765 kg | Total helicopter dry mass
Joz 0.36 kgm? | Helicopter z-axis mass moment of inertia
Jyy 1.48 kg m? Helicopter y-axis mass moment of inertia
gy 1.21 kgm? | Helicopter z-axis mass moment of inertia
g 9.81 m/ s? | Acceleration due to gravity
Main Rotor
Symbol | Value Description
p 1.225 kg/m® | Density of air
A 2.061 m? MR disc area = mR?
R 0.810 m Radius of MR disc
kg 122 Nm/rad | MR blade restoring spring constant
Js 0.057 kgm? | MR blade mass moment of inertia about 3 axis
Mg 0.105 kgm MR blade first mass moment = (1/2)(ppR)R
b 0.321 kg/m | Linear mass density of MR blade
Q 557 rad/s MR angular rotation rate = 1650 RPM
a 6.6 Lift curve slope of MR blade
c 0.066 m MR blade chord length
Cp 0.016 Coeflicient of drag of MR blades
¥ 4.03 Lock number of MR blade = pacR4/Jg
Ny 2 Number of blades in MR
P 0.32 m Height of MR hub above CM
K, 90/13 Engine to main rotor gearing ratio
Rotor Head and Flybar
Symbol | Value Description
C. 0.23 rad Slope of Ag = C.6. + D, map
D, —0.05 rad Offset of Ay = C.6. + D, map
Ky 0.28 rad Hiller input ratio (Flybar cyclic pitch to d, or d,)
Kp 0.09 rad Bell input ratio (MR cyclic pitch to &, or d,)
Kp 0.66 Flybar ratio (MR cyclic pitch to a;s or byy)
afp 5 Lift curve slope of flybar paddle
cr 0.050 m Flybar paddle chord length
Ry 0.306 m Radius of flybar rotor disc
Ef 0.712 Fractional location of paddle on flybar
Jy 0.006 kgm? | Flybar mass moment of inertia about 3 ¢ axis
Js; 0.003 kgm? | Half-flybar mass moment of inertia = .J /2
ol 0.67 Lock number of flybar = pafch;%(l - E‘})/Jgf
Tf 0.139 s Flybar flapping time constant = 16/(y2)
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Tail Rotor and Tail Gyro
Symbol | Value Description
K 70/15 Tail to main rotor gearing ratio
dir 1.06 m Longitudinal distance of TR axis to CM
hyr 0.12 m Height of TR axis above CM
at 6.4 Lift curve slope of TR blade
ct 0.0325 m | TR blade chord length
Cpy 0.017 Coefficient of drag of TR blades
Ry 0.163 m Radius of TR disc
Ny 2 Number of blades in TR
Cy —0.30 rad | Slope of ©; = C;é; + D; map
Dy —0.07 rad | Offset of ©; = Cy0; + Dy map
Fuselage
Symbol | Value Description
Ay 0.125 m? | Fuselage area normal to x axis
Ay 0.3 m? Fuselage area normal to y axis
A, 0.15 m? | Fuselage area normal to z axis
Cp,fus | 1.05 Fuselage coefficient of drag
Tail Stabilizers
Symbol | Value Description
dps 0.79 m Longitudinal distance of horizontal stabilizer to CM
hps 0.14 m Height of horizontal stabilizer above CM
dys 0.99 m Longitudinal distance of vertical stabilizer to CM
hys 0.11 m Height of vertical stabilizer above CM
Aps 0.0120 m? | Surface area of horizontal stabilizer
Ay 0.0161 m? | Surface area of vertical stabilizer
ap 6.3 Lift curve slope of thin plate (tail fins)
Servo Commands
Symbol | Value | Description
Me —0.064 | Slope of A, = m.d. + b, map
be 0.140 Offset of A, = m¢d. + b. map
my —0.028 | Slope of A, = m,.d,, + b, map
b, 0.104 Offset of A, = m,.d, + b, map
my 0.020 | Slope of A, = myd, + b, map
by 0.103 Offset of A, =m0, + b, map
my —0.014 | Slope of Ay = md; + by map
by 0.105 Offset of Ay = mdy + by map
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Chapter 6

Conclusions

6.1 Review of Results

The research goals listed in Section 1.1.1 have been successfully achieved. We fo-
cus on the results of the three research topics proposed in the Ph.D. Candidacy
Report [14] preceding this thesis, namely magnetometer integration into an Aided
INS, development of an invariant observer as an alternative to the EKF, and ob-
taining an identified model of the Bergen Industrial Twin helicopter UAV.

6.1.1 Magnetometer Integration

The novel magnetometer calibration technique in [54] was summarized in Section 2.9
including numerical values of parameters identified from engine-off and engine-on
tests of our vehicle. Its integration into the AHRS and Aided INS designs was ex-
plained in Section 3.2.2 as part of sensor signal and noise modeling. Finally its im-
portance to overall system performance was experimentally assessed in Section 3.4.2
for engine-off ground tests and in Section 3.4.3 for engine-on flight tests.

The experimental results have validated this technique and demonstrated an
improvement in performance over the conventional method known as hard-iron cal-
ibration. The deficiencies of the former GPS-only Aided INS design were explained
and resolved by the addition of the magnetometer. The importance of magne-
tometer calibration to the performance of an Aided INS is an important lesson for
any experimentally-validated work: consider [59, p. 21] who simply discarded mea-
surements from the on-board magnetometer to get better heading accuracy. The
same author pointed out [59, pp. 26-28] the inadequacy of this solution for non-
aggressive flight such as prolonged hover, as well as the necessity of calibration.
In [88, Sec. V-A] the authors suggest reducing the weighing of the magnetometer
w.r.t. the accelerometer due to magnetic field distortions created by the vehicle’s
motor. In flight experiments [88, Sec. VI| of a tail-sitter UAV, the magnetometer
readings are turned off completely and the yaw angle is not estimated.

6.1.2 Invariant Observers

The method of invariant observers was treated throughout Chapter 4. The theo-
retical foundations of the method were studied in-depth, including its relationship
to earlier work on symmetries in systems under state feedback, as well as the three
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types of symmetries (body-frame, ground-frame and combined) found in the AHRS
and Aided INS examples. Invariant observers were then constructed for each sym-
metry type in both examples, using the rotation matrix representation of the SO(3)
manifold instead of unit quaternions as done in previously published work. The
choice of rotation matrices over unit quaternions has profound implications for the
validity of global stability analysis of the resulting observers [78, 20, 38]; indeed
the nonlinear design for AHRS observer gains in Section 4.8 guaranteeing almost-
global asymptotic stability is only possible because the system is written in terms
of rotation matrices.

Of course a nonlinear design of observer gains is non-systematic and was not
found for the Aided INS case. Motivated by this fact we adapted the Invariant EKF
method [23, 29] to our examples, developing an approach which does not require
defining invariant noise terms and works for systems whose manifold M and sym-
metry group G are not necessarily the same, c.f. Section 4.9.1. The Invariant EKF
provides a fully systematic approach to observer gain selection, and we performed
the calculations for both the AHRS and Aided INS examples. The resulting nonlin-
ear observers were then successfully validated in simulation as well as experiment.
Comparing the nonlinear gain design versus the Invariant EKF for the AHRS, we
saw the former is able to perform as well or better than the linearization-based
Invariant EKF design, in addition to being dramatically less computationally ex-
pensive and amenable to global stability analysis. For this reason, a nonlinear design
for the invariant Aided INS observer is of great interest for future research in this
area. Early steps have recently been carried out in [31, 24].

6.1.3 Modeling and Identification

Chapter 5 contains a complete first-principles derivation of a nonlinear dynamics
model for the helicopter UAV and the experimental identification of its parameters.
As discussed in Section 1.1.1 such a model was required to bridge the gap between
the variety of nonlinear approaches developed for helicopter UAV flight control and
their actual implementation in experiment. This gap has been pointed out by other
authors e.g. [59, p. 56] in reference to the work of [55]:

For the simplified model used, the method was theoretically proved to
provide tracking controllers for a wide class of trajectories, including
aggressive trajectories involving extreme attitude angles. The mathe-
matical model used for design and evaluation of this controller relied on
a number of unrealistic assumptions: exact knowledge of the tail rotor
torque and moments of inertia, and instantaneous application of pre-
cisely known control moments. While the design approach in its current
state is probably not applicable to a real helicopter, the approach may
potentially be modified to yield a practical control design method for
tracking aerobatic trajectories.

The proposed model is composed of the 6 DoF rigid-body dynamics (5.11), equations
of force and moment contributions of the main rotor, tail rotor, fuselage drag and
tail stabilizers, plus dynamics of the main rotor and flybar flapping angles and maps
from servo positions to the above subsystems. Using a combination of assumptions
and experimentally identified parameter values, we simplified the model whenever
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possible, e.g. neglecting the coning and advancing modes of the main rotor flapping
dynamics in Section 5.3.1.4. The first-principles modeling approach gave insight
into a number of issues which are poorly explained in the existing literature such
as: the superiority of the torsional over the trifilar pendulum for mass moment of
inertia testing, c.f. Section 5.2; a mathematical model of the Bell-Hiller stabilization
action, c.f. Section 5.3.2.1; and the source of the rotor-fuselage coupling obtained in
frequency-domain identification results, c.f. Section 5.4.1. The nonlinear model is
summarized in Section 5.4 and its identified parameters in Section 5.5.

The general model is complicated by the induced velocity v; and rotor thrust T'
forming a set of two transcendental equations in both the main rotor (Section 5.3.1.5)
and tail rotor (Section 5.3.3), in addition to the symbolic complexity of the force
and moment expressions. The model equations can be greatly simplified by spe-
cializing to the case of hover by taking the translational and rotational velocities as
identically zero; furthermore, we are then able to analytically solve the coupled v;
and T equations. The result is provided as (5.63) in Section 5.4.1 and should be
useful for a first version of model-based control design.

6.2 Future Work

Development and implementation of nonlinear model-based control is the next log-
ical step in the ANCL UAV helicopter project. The research work presented in
this thesis was carried out precisely for this purpose, and a number of nonlinear
designs are already available in the literature e.g. the control references listed in Sec-
tion 1.1.1. Based on first-hand experience of developing experimentally-validated de-
signs, this work should be performed in incremental steps, beginning with non-model
based (PID-type) control, moving to model-based hover stabilization using (5.63)
in Section 5.4.1, and only then employing the complete nonlinear model. The value
of the experience gained from the simpler designs cannot be overstated. In addi-
tion, the Sections below list specific research tasks which build directly on the work
presented in this thesis.

6.2.1 Engine-on Noise Characteristics

The Aided INS engine-on flight experiments in Sections 3.4.3 and 4.11.3.2 required
ad-hoc tuning of the filter parameters, in contrast to the engine-off experiments in
Sections 3.4.2 and 4.11.3.1 which employed identified parameters from Section 3.2.2
without modification; the identified parameters were also used as-is by the AHRS
design. To remedy this situation, more accurate sensor modeling is needed for the
engine-on case, in particular choice of bias model and identification of its parameters.
The Allan Variance method [12] employed by [75, Chap. 4] to obtain the parameters
listed in Table 3.1 required logging approximately 14 hours of sensor data, which
is impossible due to the fuel limit and overheating issues of the helicopter’s engine.
This time length may be reduced by either accepting a larger estimation error (set to
10% for the engine-off identification [75, p. 58]) or employing a different identification
method.
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6.2.2 Nonlinear Gain Design for Invariant Aided INS Observer

As discussed in Section 4.8, a nonlinear gain design for the invariant Aided INS
observer remains an open problem. In the AHRS case such a design was found,
and based on simulation and experimental testing in respectively Sections 4.10.2
and 4.10.3, it provides performance which is equivalent or superior to the Invariant
EKF while requiring significantly less computational power. Such a design also
enables a formal analysis of the region of attraction and the capability of finding
gains which provide almost-global stability, making it interesting from a theoretical
point of view. Of course such an analysis is non-systematic and an almost-global
design may not exist, although proving this fact would be a significant theoretical
contribution as well. References [31, 24] as well as [69, 118] listed in Section 4.8
may provide insight into the method of attack for this problem. Theorem 4 in
Section 4.6.3 guarantees a reduced-order form of the invariant observer’s estimation
dynamics, which will simplify the analysis over the general case.

6.2.3 Experimental Testing of Nonlinear Model

The model developed in Chapter 5 requires experimental testing under flight con-
ditions. As mentioned in Section 5.1 the model’s nominal parameter values are
expected to require adjustments in order to match the model’s predictions with
experimental data. The recommended approach is to obtain a log of experimen-
tal data consisting of pilot inputs and estimated helicopter states collected while
the pilot executes a series of step inputs on each of the sticks — collective .., roll
dr, pitch 6, and tail 6; — returning to hover in-between each. From the hover
model (5.63) the dynamics in each axis are decoupled from each other and the col-
lected data could be used with a least-squares formulation to identify the C' and D
parameters (5.61), (5.62) whose reliance on aerodynamic parameters makes them
the most sensitive to model uncertainty. For the forward flight regime, the fuselage
drag parameters A,, A,, A, in Section 5.3.6 and tail stabilizer parameters Ay, Ays
should be experimentally tuned, ideally using wind-tunnel testing to directly mea-
sure the drag forces experienced by the helicopter. The resulting experimentally-
tuned model would provide better performance of any model-based control. Of
course closed-loop control provides robustness against model uncertainty, meaning
that even a poorly-identified model should still achieve satisfactory performance in
experimental autonomous flight.
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