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. 'ABSTRACT -
.

'A“‘Variety of ‘algorlthns for computatlons 1n a matrlx

'rlng over the 1ntegers are con51dered

An 1nteger—ar1thmet1c algorlhhm for the d1v1510n of two '

matrlces 1s given._Derlved also 1s ‘a non iteratlve"method

Vthch\appeats to be asymptotlcally superlor to the Euclldeanu

v

»algorlthm, fbr‘ conputlng a greatest common d1v1sor of two

matrlces, T

Introduced is the concept of a’ normal prlme matrlx. The

]

\decompositlon of ‘an: arbltrary matrlx 1nto'.theﬁ:product, of

. normal prime natrlces,lequ to a nev uniqueness result. .

1

.l
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(i.e., if R is not a field and d(aObf

/“

CHAPTER I

Introduction - v

X

Let R be a-Comnﬁtative Euclidean domain vithAidenfity'1

and with map 4, which assumes integral non-negative values

for all nonzero a in R, such that for any a, b in R, b # 0,

. . Y o - 5 : .
there exist g and'r in R for which a = geb + r and either r

J?w 0 or d(r) < d(b). Then ukn,R), the set of nxn matrices

over R, forms a left Euclidean”donain provided Ri is proper

= d(a)dd(b)‘for every

?

a, b of R) [Sanov; 1967]. If R is proper, then a suitable
~map for H(ﬁ,R) is d(det(A)), where A belongs to M(n,R) and

det (A) is thé determinant of“a."A more ,gg@é:al case 1is

discussed by ‘Brungs [Brungs; 1973], but it is n?t considéred

here.-

.

. - In M(n,R), the follow?ng”theqréﬁ on left division hoids' 
true [Sanov; 19677 : | _ |
Theorenm 1;1. Lét;A;.B belong‘to_n(h,R). If,det(B) ¢+ 0, then
there gxist Q, R in an,R) such that' - '

(1) either A =B s Q, |
(2) .or A =B 9'Q + R and 0 <'d(det(ﬁ§)‘
| S < d(det(B)).
The Euclidean algoriﬁhm can theréfore be aﬁplied ‘in an
dbvious yay to'prove}the'exiStenEe'of a'ieft:gtéatést common

diviSor D '(which is defined in the 'chapfer II) of two



matrices A, B in M(n,R). In chapter II, we show that the
application of the Euclldean algorithm to construct a left

greatest conmon divisor D 1s nontrivial. A more efficient

\ ‘ ‘
procedure for thxs constructlon involves first the

computatlon of the Smlﬁh normal form of both A, B.

/

Thgorgm 1.;. (Smith normal-fbrm) [uewman- 1972 Pp-26~

27] Let A belong to M(n,R). Then there exlst two unlmodular

-

ma}rlces U, Vv in H(n,R) such;that

A =07 e § O'V,.

D

where

n
[

= dlag(Sl,Szf....,Sn)

and 1<i<n-1;and s = wieeu = s = 0 if

Syl Siye r+l i

rank(A) = r. |
The theorem states that Ais _g__valent to a d1agona1 matrlx‘
S. If in addltlon U and vV can be determined so that Vv é_U‘1,3
then 1 is sald to be §;g_l§~ to S. : 9{
. ¢ . v

As ' we . shall see, the: construcflon of a matrix D glven
the Smith normal form :Of A, B is a 51mple procednre,
Furthernore,3.in :the chapter v, we shov that the Bradley's
algorithnm for cdnputing:therhith nocmal fora of matrices is
inexpensive.(relatiVe to Dthe direet application* of' the
Euclideanlbalgorithn :to A, B). Therefore, the procedure wei
recommend for computing a %eft greatest qommon divisor of

two matrlces requires’ essentlally_the construction of the

Smlth normal form.v

The Smith normal form of a matrix A in addition yields
~on. inspection a decomposition of the matrix into its prinme

¥



‘

.

factors, It is perhaps surprisinq to note that unlike the
case for the ~integets ~and polynonials the prine
decomposition of matrices can not be - applied directly for

finding a left greatest common divisor. :(

Tne deeonposition of a natrix into its prime factors is
.1nterest1ng for its own sake, and in chapterSrIII and Iv wve
,dev1ate son;;hat fron the main thenme to explore this subject‘
further. Perhaps the highlight in these two chapters is the 

introduction 'bf a norlal prine natrix vhich leads to some

'strong uniqueness results.

In'ceneiuding this chapter, Oe’renark that for the sake
: f Sinplic1ty, in many of"the results ’to follow; R is.
eétricted to be the ring of 1ntegers Z. The map d is then
be the absolute yalue function ny 1". vIn most ceses,
kovever; it shouidflbet clear that the‘resuits given'cant-

- easily be generalized'td’arbitrary Euclidean‘ﬁpmains.



- CHAPTER II EE ,

. D .
7 . . \
n - )

‘The Euclidean Algorithm for Matrix

Rings over the Integens

\le

v . <

mmigsuugmm_mm; B_ng.S.

In Sanov's paper an algorithn for division in the ﬁing
H(n,Z) is given. His - algorithe’ is briefly summarized ip
seetion 2.2: As: 'is true for integer and polynonial rlngs,"
once 'division is defined,'_the Euclidean algorithn can be
'used to find a greatest comnon divuﬂ@r of tvo elenents in

rn(n,Z).~F1rst, howeverv wq nge some definltlons T
Def;gitign'-2,1; If A,-B are in u}n,Z). B #'0 (the zero .
matrlx) then B lgf; gi des A if X =xB>o‘C?fet some matrix c

in M(n,2).

ggi_g;&;_g ,2 Let A, B be in'n(n,z) one of ' which  is
non51nguiar. Y ;gg_ g_gg_gg; : gggn d'v'so"

‘vdenoted by lgcd(A B), 1s a natrlx D in H(n,Z) such that ‘D

B

oﬁ;h"ande,

left div1des both A and B, and furthernore if D' is any.

-

_other natrlx 1n n(n,Z) whlch 1eft1h1v1des both A ﬁnd B then

DY left leldes D. -(The nqnsxngularlty conditlon_ls\relaxed
in ch%pter Y). '

. o
Theorer 2.1. Let a. 1eft greatest connon lelsor(D of A

"

and- B be non51ngular. If D' is another left greateét common

dlvlsor of A and B then



. B - . pov
. ' Thus, ’ /

w

. . ‘ : . , "
|

j)ﬁ!ab‘-f] ‘ "

wher%hu is a uhinodular matrix in M(n,%).

. N [

S v
. . LN . v
E[OQ: : ‘ . TN - . .

By definition, there exists matrices X and Y such

« b

that o

D=D"eX and D' =D e Y.

D=DeY e X, , o - . y
_ since D 1is nonsingular, det(Y e X) ‘nu§€~ be the

-

idehtity e1enent inhi, and X,QY are theféforg Epth

unimodular matrjices in N(n,2).

L . ‘ Q.E.D.
The Euclidean Algorithm for Matrix Rings :
° Y ’

Given an arbitrary natrix A and a nonsingular matrix B

o
-

‘in M(n,2), this aléqrithn’ finds their greatest ‘commom .

divisor. B )
. Stép 1 {Division) : ( o S o .
Set f

R <=- A 'mod B

4 . A <= B el . )

© . B <-- R. o

B . . (3 . . v !
° Step 2 (Termination) :

. o o o
~+ ~ If ‘B = 0, then terminate with A as the answer; else
go to step 1.
“ - ’ ‘ ' 3 V)

Tovshdﬁ the validity of the algorithm ve first state
vithou®d@proof . that if a matrix A left divides both B and C

“then A léﬁt divides B ¢ X + C o Y for any“matrices‘X} Y in

9

Lo o - - SR



 M(n,7).

Proof of the Euclidean Algorithm :

T

First, left ' divide A by B getting, according to

‘Sanpv‘s ‘Fivision algorithm, a quotient Ql and
s el ras _ | X
remainder. Rl-suc? ;hat A. = B e Ql + Rl with 0 <
ldet (R} | < ’'ldet(B) 1. If det(R;) = 0 then Ri = 0

s}

(see (Theorem‘ 1.1) and B 1left divides A so that

lgcd (A,B) = B. If det(R)) .+ 0, we divide B by

T . o L]

1
= R, *+ Q, + R, with 0 < |det(R))| < ldet(R)I. If

R, getting a’ quotient Q, and remainder R, such that B

1 2
det(R2) = 0 the procedure again terminates; whereas,
if'def(R )y £ 0 we repeat to obtain ‘Rl = ‘Rz . Q3 +

R with 0 < jdet(R.)] < |det(R.) |-

3 3 27 )
Eventually the process must terminate with a zero

remainder since the' decreasing sequéﬁce of

nonnegative numbers

ldet (B} | > |de£(Ri)| > [det(R) 1> «ouenn

~can be repeated at.most [det(B) | times. We therefore

cdbtain the equations :
3 .

[-4

A = '
B- Ql + Rl

B = R ; Q. +

Re3™ R & R | - m
Re2® Beog® O + By

Ry = B Qg

ﬁ'where,det(Rk) > 0.

D



We now show that Rk,'thqylast nonzero remainder,

'is a left greatest common divisor of A and B! Since

R left diVides R,_,. and R, left divides R v the

next to the last equation in (1) implies that R, left
divides R, ., .
that R, left divides A and B.

This process may be continued to show

Oon the other hand, if some other matrix R' left

divides A ang 3, then it follows from the .second

- )
EA R

equation in (1) that R' left divides F,. Continuifg -
this arqument step by sfep, we finally have  that \kﬂ -

A

left divides R_ . Thus R

divisor of A and B, so that lgcd(A,B)‘= Ry -

is a left greatest conmmon

. o S | . Q.E.D.

- S

2.2 : Sanov's_Ratiopnal-Arithmetic Division Algorithm

e
A short déscription of the Sanoﬁ'sv-divisiOn .algorithm
. for two matricééiA, B in M(n,Z) with B nonéingular folldws T
'Step 1 (Tfiangulation) : |
| Pefform elementary -COlﬁmn operétions-on A and B to
get, respectively, lover triangularvmatrices At ahd‘ S
B'. Let X be the unimodular matrix such that A' = A e
. . : : ,
Step é'(Inversioﬁ)‘: . )
Find the.inverse mat;iqes (g;)‘l, X—1, *
Step 3 (Multiplication)’:
L . Compﬁte the, lower triangular matrix Q = (qii) =

! (B')—1 e A'_. n ‘ ";

I

Step 4 (All pompohents of Q afe integers) :



if ail’componenis of .Q are inteqéfs then return
xgh{ with . R gof 0 (in this_céselBiléft divides A).-

§tgp 5 (Q has“nqn—intégral diagénal elements) :

MIf some elemeﬁts on the _diaQqnal ‘of Q are non-

integral, then construct a lower. triangular matrix R"

“with components (f'ﬁ) asvfollovs.:

1, S if qii is an integer,
e =
T , |
9, ~ tg ' if tqii‘is, not an integer.,
Vo= ¥ TN
rjj qij if i # j.
Then set

R <~- B! e R' e X-1
and return.
Step‘6 {Q has inteéﬁal diagonal elements but non-integral
offfdiagonal éléments) : &
Let the f;rst'nonfinteger eleméﬁt be gy - A matrix
‘R' with compénents -(rSQ” ié‘ then construpﬁeg as
‘followf : )
1(1) : Diagonal elements :
0, if j = i, its, -
. Tyt o= |
. A &
' 1, otherwise.
(2) : Upper off-diagonal eiements :
-1, if 3 =i, 1= i+s,.
Ty s |

"o, otherwise.

(3) :: Lower off-diagonal elements :



i : Along the sth offfdiagénal : !

0, if 9 < i,
l’."j+sj= ¢ qj+SJ' O'. if i < j,
| QQ@1 = Y9i4s1 ¢ otherwise.

. ii : Otherwise.:

0, ;+ if 3 -1 <s,
r'jz = . | v \’\ .‘ t
Gy v Ef § - 1 >s. .

~, Then set -
R <——- B' e R' e X—1

and return.

4« Section 2.3 An‘Igtéger-ggithEQELC'Dirision ngorithh
LRy . . o | R . .‘ o
Sanov‘sv diyiéion algorithm 'involves‘ arlthmethlc
operariohs onv ratiohal : nuibers.«lCOmputatlonally such
operations are unde51rab1e, since in order to 'ninimize thg
growth of 1nterned1ate results, common_ factors must be
rremoved. Tﬁis requlres_ rhe cdnéutatlon ‘of the greatest,
common lelSOt of numbers which could be large in nagnltude.
In this sectlon, therefore, a new d1v1510n algorlthm vhlch
requires only lntegrql ar1thnet1c operatlops is given. At
this Stage vof the‘ research, however, no- c1ains~6n fhe
‘ebmputational superiority of the _newr algoritha shall “Ee //
‘_mﬁde. ; . : !b ‘ o R /

Integer-Arithmetic Division Algorithm : L/

. ’ Lo : PO C . ;
Given an arbitrary matrix A and a nonsingular matrix B

[N [

in M(n,2), this algorithm finds (A mod B).

&



Step 1 (Computation of the adjoint matrix) : S ’%’

ﬂ

Find the adjoint matrix, B+, of ‘the matrix B.&E;.rw

a

Step 2 (Hultipliédfioﬁi': _ I "ﬁ‘ - W  ' Y

S : o L
/{et c <~=' Bt e S o L
Step- 3 (Smlth nornal forn) s - SR R

Flnd the Smlth nornal fotm s, - with dia§0nal 

R

‘ components (Si)r of the matrlx c such that

| S'=n-c_-v_. .
'Siep ﬁ‘(Splif‘matFiiy : . - o .‘.' |
| The matrix s is splf% 1nto the sum of two dlagonalb

matricesf Q' R wlth components (q' i),.- (r* i),‘f
”;espectlvely. The couponents q'i, r'i are coagtructed

,as follows:-

(M = I_f ‘det(B) divides S+ set ‘ y ;\f’

‘r!iké det(B),

g = sy / det(B)) - .
 (2), : If det(B) can nqt d1v1de si, set.’
| N r"i = si -Ls “/ det(B)J . det(B),

Q' = tsy / det (B)4.

Step 5 (R' has all elements equal to det(B)) “\ ;.

If | all elements. of R' are egqual to det(Q\ then

N
N

.retnrn Hlth R <== 0. . R 5._ ’ T

Step 6 (R has some elenent less than det(B)) :
If some eleqent of R! is not,equal tq . det(B), theh_

Cy

set :
R <~ A= Be (U Q' eV
. . and return.

__EQQf gf. the .n:c._gg__u_l.:cﬂ_e_t_lg Mm A_g_l o_r_lt. hm

™~

\\
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: , «s{ v L S .

‘féﬁf‘ Theorem 1.2, éhere exist two unimodular matrices
, U, v 1n n(n,Z) such that ]

- . 7
H* . l . U . S e V,

'
£

'<where S, with dlagnoal conponents 51' is the.‘SmitHf
.‘normal for ;of the natrlx B+ e A. Butffof:all’i) A

' there are imtdgers q\i, r'; such ‘that

A

i wlth

‘»si]*qui‘ aét(B) + 'y S : ‘l;,

0 < "1 < det(B). .

..1‘_".

glet Q' 'nd R' be: alagonal latrlces vith ith diagonal
‘éienents g' ‘%nd r i' respectlvely. There .are tvo

o cases to coh51der : '
)] A If r'i = det(B) for all i ='1,...,n; then

/ B"’vQ'A‘—‘U.S.‘vA}..

U e (det(B) ' Q' ¢ RY) eV

1]

v:~"_ﬂ1' o .det(q)_- De (' +1I) oV
By Left iultipiyiﬁg the above equation By_B; Gé
e , f ;” _
. A.;JB'O'(U . (@ s 1) e M.
 Thus, B left diV1des A.v }
(2).§ If r'i # dgt(B) for some ‘i, then
0 < ldet(R')l < |det(B)|

vOn the othe: hand,

B

]

O e (det(B)-- Q' + R') o V'

'det(B)-ﬁ‘U © Q' e ¥
. 4T eR' eV @
'withﬁ. |

0 < jdet(u . Ru’._v)| < jdet(By1". (3)



' 3 ‘then

4 Re = . (W)
ﬁ'* and - 'qafrii/vR satisfies
’ihe'condltion o - ’
. “ 0 < ldet'(R) |) | “.'.|det'(3) L_ . |
v. \" By ;left nultlplylng equatl n (u) by the matrlx_
| .‘ B+ and conparlng wlth~ the gqu;tlon' 2y, it

A \

folloWs that Y

Thus, det(R)‘ # 0, and moreover by .inequality

B+ ¢ R =U o QR.'l o V.

RE . e
@Idét(R)l.= ldet(u.i Rf,f'V)l / ldet (B%H) | -
- ' u<';det(e)|h/ {det (B) |n -1

ldet (B) .

6.EiD-

_In c0nc1ud1ng thlS chapter an. exalple_ is given which'

1llustrates the 1nteger-ar1thnet1c lelSlon‘algorithm;

Example o R o T
‘ Co : S 7. - .
Given two matrices

P10,

A=y |
L4 L
F10,

B = | T

vt 24,

 We firSt obtain

e WV SO



and

BY o A = | l

¢ 3 4,

13

By"'applying"sdme 'algori£hﬁufor obtaining “the Smith

nornal.forn,'ve get
Bred
r 2 "1'i"r 1 04 ¢ 1 4,4
= I TR Y R
L3 -14 L0 B4 L0 14,

S
{

That is;,the‘Snith normal form S is

r1 04 : -
s=1 1
o 84, o
aﬁd
| r2 =14
U ={l {
L 3 -14,
R
v=1 |
L0 1 4.

Now split the matrix S according tb .the

obtain

step 4 to



r0 04
Q' = | e
Lo 3 4.

The quotient Q is then given by

F0 -3,

Q=0 e0Q' oy = | —

and the remainder R by

R=A-Boe Q=] 1

L4 13 s,

" Note that

1 = |det(R) | <‘idet(B)| = 2.

14
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CHAPTER IIT

One-side Decomposition

for Matrix Rings

3.1 : Defipition of A_Ppjme Matrix

From Theorem 1.1 wve khoy that the matrix ring M(n,R)
. over a Fuclidean domain R is a left‘Euclidean domain. One of
the most interesting properties'of principle ideal domains
{(and therefore of Euclidean donalns as vell) is that such
rlngs admit a theory of unlque factorization [HacLane. 1967,
pp.15u-1553.‘09eluethod for decomposing a matrix into"its
prime . factors  is discussed by SanOV'[Saﬁov; 1967 ]. In this '’
‘chapter a-different decomposition of a matrii in H(n,ZY into
1ts prlme factors is introduced. Thls decomp051t10n permits
os to exhibit certaln_ unlqueness result vhlch are not
: possible\using Sanov's deconposition. '

With'the demonstration of thie fect in mind; ve 'first
.give the following definition : "
Deﬁinition-lixl.-.h natrix P im M(n,Z) is called a prime
matrix (i.e., P is a prime elenent'in M (n, 2)) if |det(P)| >
1 and P has no.:other 1eft d1v150rs be51des unlmodular
‘matricee and matrices which are right equlvalent to lPt
(matrix‘ B- isv seid to_be‘right”equivaleht to A if B =Rk o
v for some unimoduiar matrix V). '

This definition is ,equivalent' to'vsaying that"for: any
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decomposition, P = A e B, of P, either A or B |is

unimodular.

-Theoreg'§.1. The determinant of amny prime matrix in
M(n,Z) is a prime element in Z. Conversely, - if the
determinant of some matrix in M(n,2) is a prime element in
Z, then i£'nust be a prime matrix in M(n,Z). |
Proof : -

The. second part of the theorem is obvious, and the
proof‘of the first part - can be vfound -in [ sanov;

" 1967].

2

Q.E,D;

Fromllthis.theorel, ve know that diag(1,.{;,p}1,,..1),

with p a prime in Z} is.a prime matrix immediately.

Let

t

oA =P o PZ.Q ce- P A 4 o \:& '~o -(1)
be a decomposition of a matrix A_in M(n,Z), into thé prinme
factorg ék' 1 <X < The exist ce ogisuchva &ecompo%ition
is vproien by Sanov. vGiyen the ,decoqposition .(1). and
érbitrdry‘unimodqlor oatriceS'Ul » |
. U;‘) f ..,,1

- = ' -1y - ,‘ . '
A= (pp e 07T 2 (O 2B
© (g 2% Pp_1® Ugly) o (Ug_q® Pp)

is another"deconposition,of A.  Since, iq’aintioﬁ,‘n(n,Z).is

non—oomhutative, the question .of uniqueness - of the
. a ¥ . -

decomposition is a nontrivial one. To make this problem more
tractable, Sanov restricts the prime matrices to be of
lover—triangular type. This leads to unigueness results

which are too confining. In the remainder of thiS‘chapter;
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ve discuss the decomposition of a matrix into ,norma1 prihe

factors. Some interesting‘results on uniqueness then follow{
o ' ' /

3.2 : mm_zuu_nmisg:s.

ggjinigign 3.2. 1 prin;\;htpii-P in.H(h;Z) is a ggg!g;
Egiggvhgtgix if it is‘sinilar to diag (1, ..., 1)p), vhere 'p

&

is a prime element in 2. By

Examples : !
1 : Let \
r -2 -12 1

o

Bed&useﬂdet(P)’é 2 is-a‘priie of Z, the matrix P is a

prime matrix. Moreover, by taking

R I I
U= |
[V | uu‘J, .
thén ~ “””
w1 04 .
UepPe U1 = { “l 4
| L;b"z s,

T

~ Thus, P is also a normal prime matrix.

- 2.: Let
r2 14 ) .
Q=1 | ° ‘
L1 24, |

BeéauSe det(Q) = 3 is a prine.of Z, the matrix Q is a

)
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prime. on other hand, there does not exist any
uniuodular matrix U such/}hgt |
U e Qe U-t = diag(1 3. ' ‘

Thus, the matrix Q is not normal priue.

ngini tion 3.3. A deconposition of. a nons1hgular matrlx

A, which is not unimodular, in H(n.z) into the form

A:»P .pz..,,'oplﬂog' “

‘where P, 1 €k < m, are conmuting normal prime nmatrices,

1

k
and U’ is ‘a - unimodular . matrix is called a left normal

' decomposition of A; ' e
s B /- \
3

3': Existence of 4 Left Norma] Decomposition.

~ . -

{ . » q ‘

From Theé:en 1.2, ve kﬂoﬁ ‘thsg for 'any. ~nonsinquiar
’matfii.'htlih; H(n Z), A is equivalent to its Smlth ‘normal
1,52,....,5 ), i. e., there' aie' two unimodular
:natrlces 0, Vin. u(n,Z), such that :

form . dlag(s

A uu . dlag(51'52,ono.'8 ) L8 v. [ "" (2)
unents, ve know that all conponents sk,-1 £k

! -

~.< 'n, can be deconposeq.lnto p:oducts of,prlnes in Z. Let us

By standard arg

Ly
o : »

répresent then as follows :
Y

nr L -« : \
p : "K,= 1yeascern
1k ' ‘

e ?k

Pc—

| C .eo

'qu iet_us take a quk:aththe latrtx . .)
LT h POV | I /
vith s; on #he“poSiEioﬁ (k*k) and 1's in the other diagonal
positibns:xwlt is’ obv1ously that 'such ‘a. natiix -Can'be
deconposed 1nto products of- prime matrlces as follovs :

|

|
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v

dia§(1,...1.sk,1,...,1) . .
= diag(1,c.s1,P s 15ee, ) appears r times
kl k1
e diag(1,..,1,p ,1g-es ) appears r times
4 g k,
) . T . '
. L
¢ ’ !
e diag(l,eerVyp +1,..,1) appears r times.
‘ n, ° ’ ! n
k ‘ k
. (3)

However, equality (2) implies that
A =0 o diag(sl,1,...,1)

L] di&g(‘,szli'l..""“)

S

° diaq(1,...,1,sn) » v,

‘which together with (3) yields the decomposition

A=UepPepPyec..op. oV, - { | ()
where | ' '

P = diag(lyeesTup slsenns) | |
ah@ Pk,'Pk+l are nqt vnqcessarily different. As mentiqned
befofe, e . cén‘~ put in-'ény unimodular matrices W,
Wt betvee;pPk'and ék+l to obtain anothef decomposition.

Given the 'dedBmposition (u),ahouever; wve choose instead to
consider only /
A = (U . Pl. U"") [ J (U/ “ Pz. U—‘) .-.oi L4 (U L4 pm L4 U-‘)

o (U o V) .

| Lemma 3,2. The matrices U o Pko U—t are comnuting normal

G
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prime matrices.
Proof : \
. !

I
For each P there' is a unimodular matrix Uk' such

kl
that |
Uk' @Pk "(Ukl)—l =‘ diag(“'\--;"l"pk)

( Let

Then

D o (71 e B e D) e (D)7

= (U, e [ e U—x) e P o (U o U—1 o (U, "= 1)

s F0t e Pk:: (0 1y~

| =Vdiag(1,.....1,pk).
Thus, each U e P e U-! is a.normal prime matrix.
urThe conmutatiVity‘is dbvious.
‘ ’Q.E.D;
We have theréfore proved

Theorem - 3.3. Ahy nonsingulat matrix A, which  is not

&ﬂiﬁodular, in M(n,2) has a left normal decomposition
A= (U e Pe U=1) o (U ® Pye U-1) e.... o (U o P o U713
-« (U V), |
wvhere. each Pk is of the form'diag(T,...,1,pk,1,...,1) and

P, is a prime element in Z.-

3.4 : Upniqueness of Decomposition

For any nonsingular matgix A in M(n,Z), by some
algorithm, we can transform it into its Smith normal form

A-= 0 -'diag(sl,.....,sn) o Vv,
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and then obtain a left normal decomposition o S/

A=(U e P « U1 eL..e (U B e U1y

° U‘-l) ° (U L) PZ

1

e (U V) .
. LT

Although\&the Smith anmal form of a matrix is unique,
there are many different pairs of unimodular matrices T, Vv
such that U e A o ¥y ié the smith normal form of A (e.g:,

different algorithms may result in different U, Vf.

Example
Let
i 14 24
A = | ! #
¢t 10 18 4.
By taking
r 1 -1,
U= | |
L -1 24,
r 2 ’3‘1
v =] |
L -1 2 3,
ve det
Uedev ~
r 2 0 4
9 = | |
L 0 6 4.
f on the ofher hand, if
r 1 0 4
' = | i .



and
then . .o .
L 0 6 4

. | )
also results in the Smith normal forn.

22

There is, however, a brelationship between different

pairs of matrices U, V.

unimodular, in M(n,Z).

1f
A= (0 o Py U-1) o (U . pz; U-1) e.... ®
.« (U eV |
and ,
A= (U0 e B e (UMY ¢ (U7 e Bye (TN

-‘(U; . pm e (U')—1) - (U* o V')
be two 1ef£ normal deéompositiogs of A.- Then,
unimodulat matrix X suéh that
=X e U | |
) g' e V' = (1/det(A;)'o X e (0e7V) ¢ At o
where the matrix X satksfies the condition

A+ e X ¢ A =0 mod (|det (A) |)

with congruence being elementwise congruence.

. Proof :

PSS

.Lemma 3.U4. Let A :be a nonsingular matrix, which is not

(U e Pﬁ e U-1)

‘there exists a
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We have that - ' o - ’

(U o Uf‘) e A

-

U' o [U! ©(U @ Pye U=1) ] ec..e(U o p_ oU-1)

* (0 o V) -

]

Ut e (plt...;pm e V') o (V)—1t o p-1 .T(U e V)

U' ¢ [pi®-.uop ¢ (U)=1 o U' o ¥']

*[(V)=1 e (UN)=1 e 0'] e 0=t s (U e V)

]

(U e Pl e (U')-1] e .'... [U' .. Ptn . (U")_'_l]‘
e (U' @ V') o (_U' Y V|)—’1 O;U' ° YU—n
e (U b'v) -

Ao (U' e V')=1 o (U* o U—t)_& (U o V)..

i}

This implieé that

(U' o U=1) o A

sk e (U e Vi)y-1 o (Q¢ OVU’I) ° (U e V). (5)
Byrtakiﬁg X =“VU' ¢ U=t (hence X is unimodular) and by

multiplying both ‘sides of equality. (5). by - the

adjoint, A+, of A, it follows that

At o X e A

= det(A) * (U' o V1)-1 o X'O.kU . V). Ty
Therefore, | '

At o X o A =0 mod(|det(Ai|)'.
and ’ '

U' = X o U. R

From equality (6) we ha#é
1/3det (A) o A+ o X o
- (U' e V')~1 e X o (U o V). - _ (7)
" But it can easiiy be shown tﬁat O

(1/dgt(a) e A+ o X e A)-1
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1/7det (1) 'IA* . X;'l s A
=0 ~ mod (ldet (A) ).
- Taking the invefse on both,sideé of equality (7)., we‘
finally obtain
| (1/dét(x) o At o X o A)F‘
= [(U' e V')—1 i X o (UevWV))t; e
that is, B )
'v1/det(A{ o A+ & X-1 ¢ A
. (v . v)—x o x-1t .'(ﬁv . V). - _ ;7
Thus,u | .
Ut o V' = 1/det(R) o (U e V) o A+ e X-1 o A.

Q.E.D.

Defipition 3.4. For any nonsingular matrix A in
| M(n,2), a unimodular matrix X in M(n,Z) such that

At o X e A

i

BV mod(]det(l)ll_ ;"'- - i...v“

is called a unicongruential matrix of A.

Proposition 3.5. For any nonsingular matrix A, which is-

not unimbdular, in M(n,Z), the set of all unicongruential
. ] 5 :

‘matrices in M(n,2) of A forms a -subgroup,@ the

‘unicongruential subgroup of matrix A , of the group of units

in ‘H(n,Z) (i.e., the set of all unimodular matrices in

%g(n‘.zn'.. | e | :

.. Let u be any nonzero‘elenent in Z, then the principal

congruence subgroup of the group of units of level u is the

. LI ’ :
set of all unimodular matrices ¥ such that
=TI mod (u) .

Further studies on this kind of subgroup can be' found- in
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[Newman: 1972, chapter VIIJ}. \

Proposition 316; Let A be a noﬁsingular matrix, @bich

is not.unimodular, in M(n,2). Then the prinoipa1‘ cOngrueuce

o

isubgroup of 1eve1'det(h)vis-a subgroup of the uncongruential

isubgroup of the matrix A.,
./ ) N . » : »
From the prop051tions above we 1mmediate1y get thattthe
r

unicongruentlal subgroup - of any non51ngular ‘and n-

©

unlmodular matrix in H(n,Z) is a nontr1v1al group (a tr1v1al

group con51sts of the identity matrix only).
& :

R

Theorem 3.7. (Uniqueness of Lefr-Normal 6ecompo$itiqn);

!

Let A be a non51ngu1ar matrix, which is not uninodular,f in

u(n,Z)@ Then, there exists a left normal decomp051t10n
) . ) . .\’ «J'; ) .
A= Ple on'...- Pso G.

Moreover, if .

v

A= Qe Qéo .,,Q'Qro v oo : -
is another left normal decomposition. Then r = s,jandvthere
l existe a_matrix X ihithe unicongruential‘éubgroup‘of_A such
that | .

Qj = X o Py e X1

V==X 0Te (At ¢ Xm1 e A).

e

lge]
n)
o}
S
0

Let. A be a nonslngular matrix, which is not

- unimodularnvin u(n,Z). The existence of a 1eft nornal '

decomposition vas proved in the section 3;3. Now
assume: that matrix ‘A has another left normal

. decomposition given by

A -
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P

_decom9031t10ns becone
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A = Ql . Qz. LR I LJ Qr L Y' ) )
Then by the fact that the determinants of matrices’
1 and 0 are prime numbers, it is easy to see that

thg‘number, s, of matrlces Pi 'should be equal to the~i

l

nunbe;, r, of matrices Qj .
vaecondly, by tﬁe féct that the matrices Pi’are

“commuting normal primé _matrlces, there exists «

)

Tahimodular matrik ¥ so that W-1 o-Pi o W = P'i' for

all i, where Pt is a dlagonal matrlx (see Thm u.3

\

for -the: proof of thls fact). Slmllarly, there exlsts

: {
a‘ﬁnlmodular natrlx Y so that Y-! . Qj o Y = Q'j, for:

all j, wvhere Q' is a diagondlv'matrix. Thuas, the
, 7 A : |

&

(W. = P‘lo‘w~1) .,_.,;:.,(w e P! e §—1)

A=
ey v e
A= (f ° Q' e f4ii . ceee @ (Y g.Q-S? 1-1)
' e (Y e WY, S B
ﬁhere ,/ - | | o
P

and
Y evr=v,
Furthermore, by a suitable rearrangement . of ‘the.

-

factors in the equatlons (8) and (9) and by dpmma

-3.4, wve have

Qi Y e Qii; yét

]

=X e W e Pt e F—1 e X-1

IA
")

IA

n
»

SXeRpexh, 1
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vhere X is a nunicongruential mat;ix- of A. In
qadition,
V=YeV' pn

"

(1/8et(h)) o X o (F o U') o (a+ o X=1 o B)

]

X e U's (A1 e X-1 o 7).
| | Q- ED .

:'~In concluading this chéptet, ve point.out‘that the oﬁe;
sided decpﬁpositidnv.bf; matfi;eéAgiven ébove does not bear
-exactly the same‘ neaniné as the theoren of. ~unigque
fa@torization Qin ,p:incible ideél,GOhains, because we‘have

restricted our ‘'prime factbrs' to be a subclass of all prime

‘elements in M(n,Z).
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CHAPTER IV

Normal Prime Matrices in M(n,Z)

The normal prime matrices introduced inl the previous .
chapter possess some special'properties; and-we'devote £his
" chapter to exploring'these. In Section.u.Z Qe show that two
_commut;tiye normal .prime"matricés can. be diagonalized

simultaneousiy. The first section gives two lemmas which

permit us to prove this result. [

4.1 _Prelimipary Lemmas

nglgkgél; Let P diag(1,...fi,p),
0= U-1 e 2iag(ly.--1,q) o U
be two nbrmél'érimefnatrices vith |
R L :

r 3

u=q L
l-‘U2 u. J.
If PeQ=20QeP and w# 0
'then ve havé ‘
g 0 A
Q =1 - |
‘ Lo . qi.
Proof : - S /
Let | | |



T

¢ Qn—1 QF 1

Q=1 . |
L Q2 x 4
_witﬁ Qn-1 (n;i)x(n—1)jmatrix
| Q. ¢ (n—-1) =column vector
Q2 :‘(n-1)-row veciér.

Then, by assumption
PeqQ=20c¢P,

so that N

rQn"_Q“\'.rQn".1 Qip 1

. pQZ pX 4 [N QZ ;} Xp 3.

But p> 1, so vwe gét
r 04
RO

Q-

and

Q2 = (0yece-es0).
Furthermore,’from'

g = U=t e diag(1,-.-,1,9) * 0

~ we have
 Cue % diag(13e.-,1,9) .U,
-r gn -1 Ut 4 Q““'" v0ﬁ1
| BN S

Lgz . u 4L O x4

P ¢ T R 0 O VI S A A e e T

29
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TR U MR e L et i e e

<

r In=t 0 4 . UD~1 g1

it

i.e.,
- dn-l.. Qn—-1 Uix 4 FUn-t gy
v o=
L g2 e Qn-1t .. yx 21 LqU?l,' qu 1.

Then we gef the following equations :
gn—1 3,Qn!x = Uﬂdl;
Ul' .Ax = U‘l,.

N

ux = qu..

)

(2)

(3

30

But Dby assumption u ‘# 0;,Thus from equation'(B) it

follows that
| x =q#+ 0.

rCombinidg this with éqﬁation (Z)IHe-have
| Gt e« x = U1 e g = U1,

so that

r 04

I * 1

Ut '= | e |
e
Lo,

Moreover, because U is unimodular then u = +1.
- Therefore, from

u e (det(Un—1))

t+ (det (Un~-1))

det (U)

i1‘
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We have proved that 0UD-1 s a unimodular patrix.
Now by equation (1), wé conclude that

Qn-t = T ’
which coﬁpletes the proof.

- Q.E.D.

i

Lemma 8.2. Let P = diag(l,...,1,p),

Q

fl

70—! e diag(1,...,1,9q) = O
" be fwo.nofmal prime matrices with ' |
| rp Un=t g1 4
o= |
Cgz 0 4.
If P e Q'= Q . P.A then we have

r Q=1 0 4

with QP'~t being 'a normal prime matrix.

. Proof : ) : N

~

As in the proof of Lemma 4.1, the matrix Q must be of

the form o
S F QMY 0 4 _ : o N
Q=1 o )
.» - L 0 x J. o N L .\A‘\‘

" Furthermore, Ut # 0, othervise U is not unimodular.

Now . from

0 e Q = diag(l,..a 1,9 o U,

i.ec, _. ', . \l]



LT T L |
S I |
L g2 0o 3 ;L 0 x J
¢ IN-1 0 4 ¢ 01 U1,
= | b |
! : R
«. 0 g4t pz 0 J;
i.e., | . .
',:Uﬁ#! . Qn‘l'dﬁix L S R L |
Y S R
L U2 e Qﬂ;! 0 4 L‘qﬁz \ 0 4,
“and ve.gef the following equatiﬁns :
. gn-1 . ant = gh-1, } ‘ : .(u)
Ut 4,x_=361-15 R o S (5)

From eguation (5) and the fact that U1 # O ve get
x =1,

By

and therefore

ldet (@P=1) | = |det(Q) | = q.

i
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' Now, ip order to'prove QU-1 is normal prime we need

to find -a unimodular matrix TOU-1! such that

PO-1 o QU1 e (TR-1)=1

=‘diag(1,..;;i7q) |
'But,;if-wé let f”_ - S - l'
r Tn-1 0 1: ' | “ |

T N (3

then o R ' -



3.3

r TO"1 04 Q™1 04 ¢ (TP O 4

) 14 v p 14 ¢ 0 B

1]

diag(1'.¢-l'1lql1)

Y-t e diag(1,...,1,9) =« Y,

r I-2 0 0 4
. Y = | P ,0 1 ]

L ‘b 1 0 4
ht ) N .
i.e.,

(Y «T) ¢ Q ¢ (Y e T)—1? ~ o
= diag(l,...,1,9)
Thus, ifatheré exists a matrix T -1 which transforms

-\ . ' - .
Q"—1 to its Smith normal form, then the matrix Vv = Y

e T transforms ¢ into its Smith normal form. The

matrix V = Y e 'T assumes the special form

e V-2 y1 0 4

V=1 0o a 1§ S T,

" Therefore if such a matrix V can be constructed, then

Th~1 can be obtained-from T = Y-1 o V and will assume

‘the form (6). - . ‘ i

‘= q, we get that U®-t must be a singuiar matrix.

From equation (4) and from the fact that.(det(Q -1) |

. Moreover, by Theoremw1.2, there exist tvo unimodular

matrices H'-%+ and KBM—1 such that.

»

Hi-t e yi=-1 e KO-1

. L i
= diag(u?,...,u*2,0)

o
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with u é 0 for i = 1,e..,n-2
Now let
¥
. HO-1 O 4

r Kn-1 0O 4

K = | "
L o 1 4.
Then,
H e U e K

= | 0 0 1
L Z 1 0 4.
Takihg ) "
rIN-2 -W 0 4
S =1 0 1 0 |
vﬁ 0 0o 14,
so that
r IN-2 W 0 4
S—t = | ‘O‘ 1 0 | )

we obtain
S e (HeUs+®- K) o K-1 = Q & K
e (H ®» U «'K)y—1 & S5—1
=S e He U e Q‘o U-1 e H—1 e S-1
=S e H e diag(l,...1,9) * U e U~1 e H™1 e 5—1

diag(1,..-,1,9) ® H e H-1 e 5—i

1]
0
L 4

= S e diag(t,...,1,9) * s
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= diag(1,..-,1,9) .
' On the other hand,

S e (H o U) , ' :

S e (HeU e K) e K-1

r IT=2" -W 04 (U'M-2 0 W,

b Jd2 j 0 |
Lt 0 0‘ 14 )
r 0'1=2 0 04 ¢ Jd"%2 Jrv 9, ¥
=f O 0 19§ J2 5 0 |
Loz 1 04 v 0 . 0 134
. } gri—-2 o Jgn-z2 g'n-2 e J1 0 1
= | | 0 - .0 1 ‘

L Z e Jl-2 4+ J2 Z e Jt + 4 03
Therefore, let v = S e (H e U), and this is the
-desired unimodular,matfix of the form (7).

.

Q.E.D.

4.2 : Diagonalization of Normal Prime Matrices

Any two matrices A, B in H(n,Z),'éven if they are
Commutativg, can not in general be diagohalized by the same
sequence of eiementa:y operations. The situation, hoﬁéver,
is quite different if A and B are both normél prime

matrices.

Theorem 4.3. Let P, QO be two normal prime matrices in

"M(n,2). If
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Pe Q=0 P
then there exists a unimodular matrix - U in M(n,2) such
that; U—t & P » U  and U=t e Q 7T are both - -of diagonal
form. . J : _# |

v Proof

Step 1 :
By the definition of a.normalnprime matrix,
there ié‘é unimodﬁlar métr?x' U' such that‘
Ut-1 e P o U' = diag(1,...,i,p).
Step 2 : |
Apply U' to fhe matrix Q to obtain
U'-1 e O o ﬁ = Q';
Since = Q! is .still.; cbmmﬁtative © with
diag(1,...,i,p), by lemma 4.1 and lemma 4.2, Q'
can aésume one of two forms. |
Step 3 : i

Iif

v 0 q-,
then U' is as desired'and.ue have finished.
. Steé 4 =
¥ Otherwvise,

r.Q'n.','l 0 4 - S
=1
L 0 1 2

and Q'n—1 jis still a noﬁ%&ﬂ prime matrix.

Thus, there exists a matrix U"n—1 such that
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(Uun—l)—l ™ an—l ° U"nFl
= diag (1yee~s1,9) -
.Step 5 : |
Obviously,
¢ (Unn-1)-1 O 1‘r Q'n—1 Q0 4 ¢ OgU0-1 QO 4
T |  | | I o
L 0 B ,L‘ 0 14 v 0 14
_ = 'diag(1,....,1‘,<j,1) .
Stepv6 :
By taking

(@w-1) 0 4

o o" _: 14,
the theorém follows.

\ Q.E.D.

Bywinduttion we can easily generalize the- theorem above

for m commutative normal prime matrices.’

" Theorem 4.4. Let P!, P2,...,P" be normal prime matrices.

“*

If they are commutative,ﬁ then there. eiists a

& .

matrix U such that U-1 e Ple y is a diagonal mairix for

I T

all i, " 1 €1 < nm.
4.3 : Ex es

In concluding this chapter we give two examples .to
illustrate Theorem 4.3.
ELQEBL§§>=
1 |

Let



r T2
P = |
S

ru‘3
v o=
L-1 1
then
U—1 e P e U =
[ ]
U—-1 e Qno U =
Given two matrices
e
P=1 -8
A

38
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r 52 15 -30 4
Q.= 1 38 11 -20 |

L 102 30 -59 4.

| F 52 .15 =30

P eQ = j .26 11‘~-16 i
L 98 30 =574

::QO P. B

PO ) bl

Hence, P and Q are commutative.

'He first obtain

r 2 1 0 - ~
gy = | 1 1 2 |

and ' ..
(U')-1 ¢ P o U' = diag(1,1,3).
Apply U' to the matrix Q to obtain

Q' = (U')-1 e Q o o

. 0 2 0,
=1 -1 3 0
L 0 0 1 3.

Then according to the step 4 a matrix O® can be
obtained such that - Yy
(Un)—l .’(Ql)z Y (U“)

r1 01 ; s : ' a

= | N _ :
Lo 24,

vhere -

fé,



e 2 14
o =1 |
e 1.

anav

r 0 24
'z =1 |
L =13 4.

" The matrix U is then given by -

r 0" 0 4
U=u"-| |
L 0 14
r 5 3 0 -
=1 .3 2 2
Lt 40 6 14
. and
¢ =10 =3 64 __
u=t. = | 17 5 -10 | "
L o=2 0 " 14,
Then_ﬁe havé'
e 1o
U-1 epeuU=1] 0 1
C 0 0
.o o

ko .
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CHAPTER V

A Non-iterative Algorithm for Computing

A Left Greatest Common DiviSQr

5.1 : The ALgorithg‘ - ,"

Unlike theicaSe.of tntegers and polynomials; because. of
the‘ non-commutativity of matrix ringe, the ﬁrime
decomp051t10n of two ;matriees does not yield their left
greatest commen divisor. ‘Having defined an algorlthm for the'
divisioa of_two,matrlces; hovever, the vEuclldean algorlthm
éan‘ be used to obtain a greatest ‘common divisor. In thlS

~chapter, a new aléorlthm' for the computatlon of a 1eft
greatest common divisor is given. ‘This algbrithm‘requiree
enly the computatlon of the smith normal form of . a matrix,.

and thereby av01ds the 1terat1ve nature of the Euclldean

algorithm..

3

Ve begin with\a definitidn of a  left gfeatest common
lelsor, more general than that glven 1n Def1n1t10n 3.2.
’thflnltlon 5.1 : Let A, "B be arbltrary elements 1n H(n,z),
Lg;i~ grgatgst‘ common - divisor of A'and B is an element D,
denoted»by lgcd (A,B) = D, in M(n,z) such that D left divides
both A and B; and if D' is any element in M(m,Z) which 1left

divides both A and B alSo, then D' left divides D.

The Non-iterative LGCD Algorithm :

///76' Given tﬁo matrices A and - B in M(n,z), this new
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algorithm computes D = 1gcd (A,B) and two multipliers X and Y
such that

Ae X+ BeyY=D.

Sfep 1 (Smith normal form) =

H

Augmenf the métiices g, B to form an nx2n matrix C
[ A, B 1.7 Then find two unimodular matrices U, Vv
such that U e C e V=[5, 0 ].is‘the Smith normal
form of C. - | |

Step 2 (Invé:sion) :
Compute Ufl:

s£ép 3i(Termination) :

| D <--- U-1 e (the first n columns of U s C e V).

X <--- the first n rows and firét n columns ofiv.

Y <--- the last n rows and first n columns of V.

Proof Q; the validity of the Algorithm :

By ‘Theorem 1.2, thereb are twb unimodular matrices
FU(nxn), V(2nx2n) such that

UeCevV=[5,0]
is the Snitﬂ normal form'of C.-ﬁaffitidn the matrix V

into four nxn submatrices as follows :

[ AoVl +Be V3, A eV2 +Be ys ]
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I
~
-
-
[o2]
—

" 1]
(==} 0
A
) <
~
w0
-
o
—

[l

[ Ot o S‘I 0 ]

{ D, O J;
i.e.; |
e Vi 4B ev3 =D O
To prove D is a left gteateét common divisor we show
| that D léft divides both ‘A, B and any,other‘left
common divisor of A, B left divides D. The second 
part is quite obvious, and ve'need only to prbve the
" first part.
Since the m@trix v is unimodu1ar, its inverse
r  Wi W2 4
1= x
L W3 §4 3,
where wi‘are nxn matrices, exists.
Then, fron , |
[.A.B]»-v=[.rn,01,
" we obtain |

{a2,B171

i
r~
o
-
.o
hamed
[ 4
<
|1
-

i.e.,



f*“’

" 4y
/.

A = D e W1,

B =D e W2,
Thus, D left divides both A and B. Furthermore, by
setting X = Vi, Y = ¥3, it follows that

A e X+ Be Y =D,

Q.E.D.
5.2 : The Algorithm for Multiple Matrices
The previous aigo:ithms can be applied m - 1 times to

COmpute a left greatest common divisor of m. (m >‘2) matrices
in M(n,Z). It turns out that by making a small modification .
to the non-iterative LGCD algorithm we get a new efficient

algorithm for computing their ¥&ft greatest commom divisor.

The Non-iterative Algorjithm for m Matrices :

Given m (m > 2) matrices At, A2, ..., A™ in M(n,Z),
this algorithm comphfes _b = 1gcd(Al,A2).;.,Am) and ]
multipliers X1, X2, ..., X™ such that.

Al e X1 4+ ... 4+ AM o XYM = p,_

: ot
Step 1 (Smith normal *form) :

Augment the zmatrices~iﬂl, A2, ..., A™ to form an-
~nx(mxﬁ) matrix C = [ At , A2 ,‘;.. ,*A™ ]. Then find
two ‘unimodular datrices U, V  such that

U e«C eV =1[S75 ,VO ,..., « 0] is the Smith ﬁormal

form of C. v ; ., ' =

‘Step 2 (Inversion) :
Compute U-1.

Sfep 3 (Termination) :
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D {=-- (-t -_(the_first n columns of U e C e V).
Xt <--- the first n rovws and first n columns of V.
X2 <--- the second n rovs and first n columns of V.
. X™ <~-- the last n rows and first n columns of V.
5.3 : Complexity Considerations

. There are now - three ﬁethdds of computing a greafesf
commoﬁ divisor lgcd (A,B) of twq matrices A and B, namely,
Hethod_;1) 3
Euelideén algofithm_usingvSanov's division -algorithm
(see section 2.2).
Method (2) :
| Eﬁcl}dean algorifhd using the integer—arithmétic 
algorithm.kseé section_2.3). | B
and
Method (3) :
. The non-iterative 1lgcd algorithm givem in  the

- previous section.
: _ .

' §e first count the‘_number of opérations requiréd t§
perform the divisions in methods 1 and 2; sahov!s algoriihm,'
in stéps 1, 2 and 3 ihcludes the triangulariiétion> of a
matrix, a matrix inversion and a matrix multiplication. This
:eéuires  0(h§)» operations. Stepsv's and 6.‘require an

additional - 0(n3) . operatioms. Thus, . Sanov's division
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algorithm requires at least 0(n?) operations.

-
/

on the 'other hand, the integer—arithmetic division

v'algorithm involves a matrix multiplication, the computation

of  the adjoinf‘ of a matrix, and finding thé‘Smith nqrnal

prm of'a matrix. The Smitﬁ normal form of a matrix cam be
obtained"by means of Bradley's algorithnm, which reQuires
b(n3) +-0(n2.o determinant of the matrixy operations

(Bradley; 1971]. Indeéd, this is the dominating cost of the .

‘integer-arithmetic division algorithm. Thus, vith respect to

total operations required, this crude analysis does not

permit us to deteramine which of the. methods 1 or 2 is

' superior. ; Ty

Methods 1 " and 2 are ‘iterative, requiring at most

min{ {det(A) |, |det(B)| } steps (i.e., matrix divisions)

before termination occurs. Method 3, on other hand, requires

~simply one matrix. inversion, and the Smith normal form Of

one nizh matrix. Clearlyvthén; method 3 is’asymptotically

\ suberior,tp both methods 1 qnﬂ 2 with respect to Vthe total

numbd&r of operations required.

The above analysis has ignored the cost of each of the .

operations involved. Method 1, for example, uses rational

arithmetic; and even if matrices A, ‘B have single-precision

components, ‘ali methods may require ' multiple—precision

arithmétic. Thus, »thé.cost'of the -methods depends not only

on the total number of operations rquirgd,’but also on the

size of intermediate results’ on'which‘multiple—precision

‘arithmetic is being performed. Indeed, we suspédt that all
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three methods suffer because of "intermediate expression
growth", a phenomenon common to most algorithms in algebraic
and , symbolic manipulation. That - is, the length of
intermediate results may be large even for problems where
the length of the initial and, final results is  small. An
analysis of the three methods which takes these matters into
considerétion,‘hqvevet, is a major undertaking, and we leave

it as a subject for further research.

o
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