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ABSTRACT

Let a semitopological semigroup G have a jo in tly  continuous le ft action on 

a topological Hausdorff space X . In  th is setting, several subspaces of CB(G) 

have analogues in  CB(X). We define an action of the duals of these subspaces 

on the duals of their analogues. This action is an analogue to the first Arens 

product. We consider the topological center of this action of LUC(G)* on 

LUC(G, X )m. As an application, we examine the relationship between almost 

G-periodic points, G-minimal sets, and elements of j3X that are in  the support 

of a G-invariant measure for (3X.

We use Day’s fixed point theorem to show the existence of an invariant 

measure on coset spaces of certain groups. When H  is a closed subgroup of a 

topological group G, we define a new fixed point property for the pair (G : H) 

that is equivalent to  Eymard’s stronger fixed point property for (G : H).
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Chapter 1

Introduction

A semigroup G together w ith a Hausdorff topology for which m ultiplication 

in G is separately [resp. jo in tly] continuous is called a semitopological [resp. 

topological] semigroup. A jo in tly  continuous action of G on a topological 

Hausdorff space A  is a jo in tly  continuous map (a, x) i—► ax from G x X  into 

X , such that (ab)x =  a(bx) for a ll a, b G G and x € X , and such that the map 

x i—► ax, from X  into X , is continuous for each a £ G.

Chapter 2 contains basic definitions and results that are used throughout 

this thesis. The results are stated without proof. We also list some well known 

examples that demonstrate the ideas contained w ith in  this chapter.

It  is obvious that m ultiplication for a topological semigroup G can be 

viewed as a jo in tly  continuous action of G onto itself. I t  is w ith this idea in 

mind tha t we develop our ideas in the th ird  chapter. Under the assumption 

that a semitopological semigroup G has a jo in tly  continuous left action on a 

topological Hausdorff space X , we modify the existing definitions of invariance 

and introversion for subspaces of CB(G) to  obtain sim ilar definitions for sub­

spaces of CB(X). These modified definitions allow us to define analogues of 

the firs t and second Arens products.

In  Section 3.3 we define and examine the properties of several G-invariant 

function spaces in CB(X) which are analogues of common invariant function 

spaces in  CB(G). In  Section 3.4 we examine, in  detail, the action of the dual

1
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space of the le ft uniform ly continuous functions on G on the dual space of the 

le ft G uniform ly continuous functions on X.

The last section of Chapter 3 is an application of the Arens action. (3G, 

the Stone-Cech compactification of G, has an Arens action on ,3X, the Stone- 

Cech compactification of X . We examine the relationship between the almost 

G-periodic points of 3X, the G-minimal subsets of (3X, and the elements of 

(3X that are in  the support o f a G-invariant measure on 3X.

The last chapter o f this thesis investigates fixed point properties of the 

action of a locally compact group G on a locally convex topological space 

X . We use Day’s fixed point theorem to show the existence o f an invariant 

measure on coset spaces of certain groups. We define a fixed point property 

for the pair (G : H), where H  is a closed subgroup of G, such that the action 

of G on X  need not be jo in tly  continuous. We prove that th is fixed point 

property is in fact equivalent to a stronger fixed point property for (G : H) 

due to Eymard, who requires that the action of G on X  be jo in tly  continuous.

2
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Chapter 2 

Preliminaries

2.1 Definitions and Notation

A semigroup G together w ith a Hausdorff topology for which m ultiplication 

in  G is continuous from the left is called a right topological semigroup. If  

m ultiplication in  G is separately [resp. jo in tly ] continuous, G is called a semi­

topological [resp. topological] semigroup. When the topology of G is locally 

compact, G is called a locally compact semitopological [resp. topological] semi­

group. A group G equipped w ith a Hausdorff topology is called a topological 

group if  both m ultiplication and inversion are continuous. When the topology 

of such a group is locally compact, we say G is a locally compact group. It is 

well known tha t a locally compact group G admits a unique le ft Haar measure; 

that is, there exists a unique (up to a constant) regular Borel measure v on G 

such that v(gE) =  v(E), for every Borel set E  c  G and every g € G.

For an arbitrary topological space X , we denote by X j  the space X  taken 

w ith its  discrete topology. When G is a semigroup [resp. group], we call Gd 

the discrete semigroup [resp. group].

Throughout th is chapter, G w ill denote a semitopological semigroup, unless 

otherwise stated.

For any nonempty set X , we denote by £°°(X) the space of a ll bounded 

complex-valued functions on X. Then £°°{X) is a commutative unital C*-

3
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algebra w ith respect to the supremum norm \\f\\oo =  supx€x |/(x )|, where the 

m ultiplication and addition are defined pointwise and the involution is defined 

by pointwise complex conjugation, f* (x ) =  f(x ).

For a topological space X, there are several important subspaces of £°°(X) 

that we w ill consider. We denote by CB (X ) the space of a ll bounded, contin­

uous complex-valued functions on X.  Cq(X) denotes a ll /  6 CB(X ) such 

that for every e > 0, there exists a compact subset K  C X  (depending 

on /  and e) such that j/(x )| <  e for every x e X \ K .  Cc(X) denotes a ll 

/  € C B ( X ) having compact support. We have the natural inclusion relation 

Cc( X ) C Co(X) C CB(X), where equality holds when X  is compact. W ith  the 

operations and topology inherited from £°°(X), both CB(X) and Co(X) are 

C*-subalgebras of £°°(X). Throughout this thesis, we w ill always consider the 

space CB(X)  to have the supremum norm topology, unless otherwise stated, 

noting that CB(Xd) =  £°°(X).

For any function /  € £°°(G) and a e G, we denote the le ft and right 

translations of /  by a by

£J(b) =  f(ab), raf(b) =  f(ba) (2.1)

for a ll b € G. We may also view £a and r a as operators from £°°(G) into £°°(G). 

We denote the le ft and right orbits of /  by

Oef  =  {£af  : a e G }, Orf  =  { r af  :a e G } .

A  linear subspace Y  C £°°(G) is called left [resp. right] invariant if  Oef Q 

Y  [resp. Orf  C Y] for a ll /  6 Y. Y  is said to be invariant if  it  is both left 

and righ t invariant.

Let Y  be a le ft [resp. right] invariant norm closed subspace of £°°{G), and 

let Y* denote the dual space of Y. Y  is called left [resp. right] introverted if  

the function

nef(g) =  n(£gf )  [resp. i%rf{g) =  n{rgf )] (2.2)

is in  Y  for each n € Y*. Y  is called introverted if  it  is both left and right 

introverted.

4
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For any nonempty subset A of a vector space V, we denote the convex hull 

of A  and the convex circled hull of A by conv A and cconv A, respectively.

Finally, we say that a semitopological semigroup G has a left action on a 

topological space X  when there is a map (a, x) i—> ax from G x X  into X  such 

that
(ab)x =  a(bx) 

for all a, b G G and x  G X , w ith the map

i i ax

continuous for each fixed a 6 G. Such an action is called jointly continuous if 

the map (a, x) h* ax is jo in tly  continuous.

2.2 Subspaces of CB(G)

We give below a brief overview of common subspaces of the C*-algebra CB(G) 

that are encountered in analysis. Proofs of the stated results can be found in 

Chapter 4 of the useful book on analysis on semigroups by Berglund et al. [2].

A function /  G CB(G) is called almost periodic if  the left orbit O tf is 

relatively compact in  CB{G). We denote the set of a ll such functions by 

AP(G). AP(G) is an introverted C*-subalgebra of C B (X ) containing the 

constant functions.

A function /  G CB(G) is called weakly almost periodic if  the le ft orbit Oef 

is relatively weakly compact in  CB(G). We denote the set of a ll such functions 

by WAP(G).  WAP(G) is an introverted C*-subalgebra of CB(G) containing 

the constant functions (see [11, Theorems 4.2 and 12.1]).

A function /  G CB(G ) is called left uniformly continuous when the map 

a ?af from G into CB(G) is continuous. We denote the set of a ll such 

functions by LUC(G). LUC(G) is an invariant, le ft introverted C*-subalgebra 

o f CB(G ) containing the constant functions (see [26, pp. 64, 68, 72]).

It is well known that equivalently, a function /  G CB(G) is in  AP(G) [resp. 

WAP(G)] if  the right orbit Orf  is relatively [weakly] compact in  CB(G).

5
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Furthermore, Grothendieck proved that /  E WAP(G) is equivalent to the 

equality lim* lim^ f{aibj) =  lim j lim* f(aibj), whenever the lim its exist, where 

{d i} and {b j} are sequences in G [17].

Since the norm topology of CB{G) is stronger than the weak topology, 

we know that AP(G) C WAP(G). I t  can also be shown that AP(G) C 

LUC{G). In general, there is no inclusion relationship between WAP(G) 

and LUC(G) (see [2, p. 165] for an example). However, when G is a locally 

compact topological group, WAP(G) C LUC(G), Co(G) f l AP(G) =  {0 } and 

Cq(G) C WAP(G). Consequently, WAP(G) =  AP(G) if  and only if  G is a 

compact topological group. Thus, in  the case that G is a compact topological 

group, Cq{G) =  AP(G) =  WAP(G) =  LUC{G) =  CB{G).

2.3 Means and Amenability

We state the definitions for a mean and invariant mean on subspaces of £°°(G). 

We state some well known results concerning means, and we state the defini­

tions of amenability for semigroups and for discrete groups.

Let X  be an arbitrary set, and let Y  be a norm closed subspace of £°°(X) 

containing the constant functions. Denote the characteristic function of a 

subset A  C X  by Xa- A mean on Y  is any linear functional m E Y *  such that 

m (xx) =  1 =  ||m ||. We denote the set of a ll means on Y  by M (Y ).

Remark 2.3.1. (a) The set M (Y) is a convex, weak* compact subset of Ball (F*), 

the un it ball of Y*. (b) We define the evaluation map 6: X  —> Ball (Y*) by

S(x) =  Sx,

where

<W ) =  /( * )

for a ll /  E Y . The set conv {<JX : x € A } is weak* dense in  M (Y ) (see [6, 

p. 281] and [7, p. 513]), and the set cconv{<5X : x E X }  is weak* dense in  
B all (Y *)w*.

6
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Let Y  be a le ft [resp. right] invariant norm closed subspace of £°°(G) 

containing the constant functions. A mean m € Y* is said to be a left [resp 

right] invariant mean (LIM  [resp. RIM ]) if  m(£gf )  =  m (f)  [resp. m(rgf )  =  

m (/)] for a ll g € G and /  € Y. We denote the set of a ll such means by 

L IM (Y )  [resp. R IM (Y)]. We say m is an invariant mean (IM ) if  m is both 

a LIM  and a RIM

G is said be to left [resp. right] amenable if  there exists a LIM  [resp. RIM] 

on £°°(G). G is amenable if  there exists an IM  on £°°(G).

Let G be a topological group. It  is well known that there exists a LIM  

for £°°(Gd). In  this case, there is also a RIM for £°°(Gd)- For th is reason, a 

topological group G is said to be amenable as discrete if  there exists a LIM , 

RIM, or an IM  for £°°{Gd)-

2.4 Arens Product

In  this section we recall the Arens product on subspaces of £°°(G). We refer 

the reader to  [1] for a description of the construction of the Arens m ultiplica­

tion, and to  [7, §6] for results on the application of Arens’ ideas to  semigroup 

algebras.

Let Y  be a le ft introverted subspace of £°°(G). The Arens product is a map 

from Y* x Y* to Y* defined by:

(m , n) t-> m On,

where

m O n (f)  =  (m ,m f)

for a ll m, n e Y* and /  € Y. The Arens product is associative, distributive, 

and weak*-weak* continuous in the firs t variable. Also,

||m O n|| <  |H |||n ||,

showing that the Arens product makes Y* Banach algebra. O is commonly 

referred to  as the first Arens product on Y*. The topological center of Y* w ith

7
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respect to  the first Arens product is defined to be

Zt (Y) =  {m e  Y * : the map n ^ m O n is  w*-w* continuous on Y *}.

When Y  is a right introverted subspace of £°°(G), the second Arens product 

is defined for Y* by

(m, n) m □ n,

where

m □ n (f)  =  (m, 7V/) •

The second Arens product is associative, distributive, and weak*-weak* con­

tinuous in  the first variable. Furthermore, Y* is Banach algebra w ith this 

product.

I f  Y  is a le ft [resp. right] introverted subspace of H°°(G), then Y* is a right 

topological semigroup under the firs t [resp. second] Arens product.

Let Y  be introverted. It generally not the case that the firs t and second 

Arens products agree. In this case, the topological center of Y* is defined to 

be

Zt(Y) =  {m £ Y* : m O n =  m D n for all n £ Y*}.

Y  is called Arens regular when Zt(Y) =  Y*,

The topological centers of various Banach algebras have been studied by 

Dales and Lau [5], Lau [23], Lau and Ulger [24], and Neufang [27], to  name 

a few. For a discussion of the Arens products on the second duals of Banach 

algebras, and for a discussion of the topological center of the Arens products 

in  such a setting, we refer the reader to [24]. The reader w ill also find many 

new results and examples regarding the topological center of second duals of 

various Banach algebras in [5].

8

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



2.5 Examples

Example 2.5.1. Let G be a topological group w ith  a closed subgroup H. G 

has a jo in tly  continuous left action on the coset space G /H  defined by the 

map
(a, gH) t-* agH.

Example 2.5.2. Let G =  (N ,+ ), the commutative additive semigroup of 

the natural numbers. Let X  = /?N, the Stone-Cech compactification of G. 

Addition in G extends uniquely to a binary operation *  on X  such that a+b =  

a *  b for every a, b G G, and such that G has a continuous left action on X  

defined by
(a,x) >-> a *x ,

for a e G  and x 6 X.

Example 2.5.3 (Bohr [3]). Let G =  (R, + ), the additive semigroup of the 

real numbers, w ith the usual topology. Every continuous periodic function on 

G is almost periodic. It  follows that every trigonom etric polynomial

N

f ( x) =  5 3  fne*®"*, x, an € R, € C
71=  1

is almost periodic.

Example 2.5.4. Let G =  (R, + ). The function

x
x ^  ^— r r

i  +  M

is a function in LUC(G), but not in  WAP(G) [2, 4.4.19].

Example 2.5.5. The free group on two generators is not amenable [18,17.16].

Example 2.5.6 (Day). As a discrete group, the special orthogonal group 

50(3, R) contains the free group on two generators as a closed subgroup. Day 

proved that if  a discrete group G is amenable, then every closed subgroup H  of 

G is also amenable. By Example 2.5.5 and the previous statement, 50(3, R) 

is not amenable as a discrete group.

9
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Exam ple 2.5.7. The “ax+6” group, or affine group of R, consists of matrices 

of the form
a b 

0 1
a € R , b £

w ith the topology inherited from the half plane in  R2, and w ith the group 

operations of m atrix inversion and m atrix m ultiplication. It is well known 

that the “ax +  b” group is a solvable, hence amenable, locally compact group.

Exam ple 2.5.8. The Heisenberg group over the real numbers consists of ma­

trices of the form
1 x y 

0 1 2 

0 0 1

w ith the topology inherited from 1

x ,y ,z  €

and w ith the group operations o f ma­

trix  inversion and m atrix m ultiplication. The Heisenberg group is a nilpotent 

locally compact group. Hence it  is solvable, and therefore amenable.

Exam ple 2.5.9. Let H  be a H ilbert space, and denote the space of bounded 

linear operators from H  to H  by B(7i). Ball (B(H)) w ith the weak operator 

topology (WOT) is a compact, right topological semigroup, where the semi­

group operation is the composition of operators.

Let S , T e  B a ll(£ (ft)). Clearly \\ST\\ <  ||S||||T|| < 1. To see that 

m ultiplication from the le ft is WOT continuous, take a net {Sa} C Ball (B(7i)) 

such that Sa —* S in  the WOT. Then

((S,T)x,y) =  {S„(Tx),y) -  {(ST)x,y)

for a ll x, y € H. The WOT and weak* topologies agree on norm bounded 

sets, hence Ball (B(Ti)) is WOT compact.

10
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Chapter 3 

Main results

3.1 Introduction

Let a semitopological semigroup G have a le ft action on a Hausdorff space X. 

We begin this chapter by defining translations, invariance, introversion and 

amenability of subspaces of £°°(X) w ith respect to  the le ft action of G on X. 

These definitions allow us to define actions that are analogues to the firs t and 

second Arens products, and that reduce to the firs t and second Arens products 

when X  =  G. In  Section 3.3 we introduce a number of G-invariant subspaces 

of CB{X), We discuss some properties of each subspace; in  particular, we ex­

amine the conditions of invariance and introvertib ility. The focus o f Section 3.4 

is the space LUC(G,X), where X  is a locally compact space. We consider 

the action of the Banach algebra LUC(G)* on LUC(G,X)*. Using ideas of 

Lau [23] and Wong [31], we prove that when G and X  are locally compact, 

the measure algebra M.{G) is a subset of the topological center o f the action 

of LUC(G)* on LUC(G, X)*. In  Section 3.5 we show that for discrete G and 

X , the set of almost G-periodic points of f iX  is exactly the set o f elements in 

(3X which belong to some G-minimal set. We also show that under certain 

conditions, there exist non almost. G-periodic points in  f iX  which are in the 

support o f some G-invariant measure of fiX .

11
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3.2 Invariance, introversion, and the Arens 
action

Let a semitopological semigroup G have a left action on a nonempty set X . In  

the case that X  has its own semigroup structure (that is. an associative binary 

operation, X), it  is convenient to distinguish between translations

o f a function /  on X  by elements in G and translations of /  by elements in 

X . W ith  this in  mind, we denote the left translation of a function /  6 £°°(X) 

by an element a € G by

=  f(ax)

for a ll x  e X . We can regard A„ as an operator from £°°(X) into £°°{X). We 

also define an analogue to the right translation defined in (2.1) as follows: for 

/  € £°°(X) and x € X, define the function

Pxf {a) =  f{ax),

for a ll a € G, noting that pxf  is a function of G. Both functions are well 

defined. We can regard px as an operator from £°°(X) into £°°(G). We define 

the le ft and right orbits of /  € £°°(X) w ith respect to G by

0 \ f  =  {Aa/  : a 6 (?}, Opf  =  {pxf  : x € X },

noting tha t Opf  is a subset of £°°(G).

Let G have a jo in tly  continuous le ft action on a topological Hausdorff space

X .

Definition 3.2.1. Consider a subspace of CB (X ) that is defined purely in  

terms o f the action of G on X  and the topologies of G and X  (i.e. defined 

independently of the algebraic structure of X, if  any). Hereafter, we w ill always 

w rite such a subspace as Y(G ,X). We define the incident space o fY (G ,X )  

to  be Y(G,G), the subspace of CB(G) defined by the same conditions of 

Y(G, X ), w ith  X  replaced by G. For convenience, we write Y(G) for Y(G, G).

12
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The notion of the incident space allows us describe an analogue of right 

invariance w ith in  the framework of the le ft action from G.

A linear subspace Y  C £°°(X) is called left G invariant if  0 \ f  C Y  for 

a ll /  G Y. A subspace Y (G ,X ) of CB(X) is called right X  invariant if  

Opf C Y (G) for a ll /  € Y (G, A ). Y (G, X )  is invariant if  it  is both left G and 

right X  invariant.

We define functions sim ilar to those in (2.2), and use them to define ana­

logues of le ft and right introversion. Let Y (G, X )  be a norm closed, left G in­

variant subspace of CB(X), and let n € Y (G, X)*, the dual space of Y(G, X). 

Y (G, X )  is called left G introverted if the function

n\f(g)  = n(Xgf)

is in  Y (G) for a ll /  € Y. When Y(G, X )  is a norm closed, right X  invariant 

subspace and m e Y (G)*, Y (G, X ) is called right X  introverted if  the function

mpf(x )  =  m(pxf )

is in  Y (G ,X ) for a ll /  £ Y(G, X ). Y (G ,X) is introverted if  it  is both left G 

and right X  introverted.

We have the following useful lemma concerning the above functions n \ f  

and mpf .

Lemm a 3.2.2. Let Y (G, X ) he a norm closed invariant linear subspace of 

C B(X) containing the constant functions. For every f  £ Y(G, X),

(i) { n \ f  '■n e Y (G , X)*, ||n|| < 1} =  cconv {pxf  : x 6 X }P

(ii) {mpf  : m € Y(G)*, ||m|| < 1} = cconv {Agf  : g € G }P

where the closures are taken in the pointwise topologies of the respective func­

tion spaces.

Proof, (i) Let /  € Y(G ,X ), n <E B a ll(y(G , X)*). By Remark 2.3.1(b), we 

may take a net {n Q} c  Y (G, X)* of linear combinations of point evaluations
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Y li= i& x i, w ith Ya=i I?*I ^  suc^ na - *  n weak*. For g € G, w rite 

n \f(g )  as ^

lim /V ^ A , ]  { \gf )  =  ] im ( ^ 2 ^ p X i] f{g).
a V tr  J a a V tr  ; a

The proof of (ii) is sim ilar. H

Remark 3.2.3. (a) We w ill say that Y (G ,X ) is le ft or right invariant [resp. 

introverted], w ith the understanding that we refer to le ft G or right X  invari­

ance [resp. introversion], (b) When X  has its  own associative binary operation 

and X  G, do not confuse our definition of right X  invariance w ith the usual 

definition of right invariance for a subspace of £°°{X).

The following definition of a G invariant mean on subspaces of £°°(X) is 

due to  Greenleaf, who first studied such means when G is a locally compact 

group (see [15]).

D e fin itio n  3.2.4. Let Y  be a left G-invariant, norm closed subspace of £°°(X) 

containing the constant functions. A mean m E Y* is said to be a left G- 

invariant mean [GLIM] if  m (\gf )  =  m (f)  for a ll g E G and /  e Y. We denote 

the set o f a ll such means by G LIM (Y). X  is said to be left amenable if  there 

exists a GLIM  on £°°(X).

The new notions of in trovertib ility allow us to define analogues of the firs t 

and second Arens product as introduced by Arens in [1].

D e fin itio n  3.2.5. Let Yi(G, X ) be a le ft introverted subspace of CB(X). For 

m G V i(G )*, n E Yi(G, X)* and /  G Yi(G, X ), the left Arens action of Yi(G)* 

on Yi(G , X )*  is defined by the map

(m ,n) i-»- m 0 n ,

where

m O n (f)  =  (m ,nxf ).

Let Y2(G ,X ) be a right introverted subspace of C B (X ), let m G Y2(G)*, 

n G Y2{G, X )*  and f  G Y2{G,X). We sim ilarly define the right Arens action

14
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o f y 2( G r o n y 2( G , X ) * b y

n B m (f)  =  (n,mpf ).

It is easy to see that the le ft and right Arens actions are each weak*-weak* 

continuous in  the firs t variable.

P roposition  3.2.6. Let Y (G ,X ) be a left introverted subspace of C B(X ). 

The left Arens action o fY (G )* on Y(G ,X)* has the following properties:

(i) IfY (G ,X ) has a GLIM n, then fo r every m € M(Y(G)), m Q n  =  n.

(ii) Y (G ,X)* is a left Banach-Y(G)* module.

(Hi) For any g € G and x € X , 5g ©<5Z =  8gx.

Proof, (i) Let n € G LIM (Y (G ,X )). Then n \f(g ) =  n (f)  for a ll g € G and 

/  € Y (G ,X ). Hence

m O n (f)  =  (m,nxf ) =  (m ,n { f) • 1) =  n {f)

for a ll m G M {Y(G)).

(ii) y (G)* is a Banach algebra w ith the firs t Arens product, O • For 

I ,m e  Y(G)*, n e Y(G, X )*, /  € Y(G, X )  and g ,h e  G,

^ghf =  ^h(^gf)i 

Z g M )  =  nx( \gf ),

and so

(mg{nxf))(g ) =  (m, i g{nxf) )  =  (m , nx(Xgf) )  =  m Qn(Xgf )  (3.1) 

=  (m Q n)xf(g).

Thus

(lO m ) O n (f)  =  lO m (n xf )  =  {l,m t (nxf )) (= 5 (I, (m © n)A/ )

=  lQ (m  © n) ( /) .

15

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Rirthermore,

||m © n|| =  sup |m(nA/) | <  ||m|| sup ||nA/ | |  =  IH I sup sup|n(Aa/) |
11/ 1 1 = 1  11/ 1 1 = 1  11/ 1 1 = 1

<  ||m ||||n||.

( iii) For g € G, x  6 X  and /  € Y(G ,X),

Sg QSx( f)  =  <*„ (4 )a / )  =  f(gx ) =  5gx(f) .

■

Definition 3.2.7. Let Y(G, X ) be a left introverted subspace of CB(X). We 

define the topological center of Y(G, X)* to be the set

Zy =  {m e  Y  (G)* : the map n >-+ m On  is w*-w* continuous on Y (G, X )*}.

3.3 Invariant subspaces of CB(X)

When a semitopological semigroup G has a jo in tly  continuous le ft action on a 

Hausdorff space X , we are able to define the almost periodic, weakly almost 

periodic, and le ft uniform ly continuous function spaces on X . We examine the 

properties of these function spaces.

Definition 3.3.1. A function /  6 CB(X) is almost periodic if  0 \ f  is relatively 

compact in  the norm topology of CB(X). We denote the space of a ll such 

functions AP(G , X ).

Lemma 3.3.2. A P (G ,X ) is an invariant C*-subalgebra o fC B(X ).

Proof. Clearly we have le ft invariance, since {As/  : g 6 G} =  {Aa(Ap/ )  : g € 

G} for a ll /  € C B (X ) and a eG .

Let /  e A P (G ,X ) and x e X . To see that pxf  e AP(C), start w ith  

sequences {<7r»fc} C {<?n} C G such that ||A?nfc/ —F\\ —► 0 for some F  6 C B{X). 

Then,

\ K M f )  -  ^ 1 1  =  I W ( * )  -  - ft2)! *  I I W  -  f ll -zeG x
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showing that AP(G, X ) is right invariant.

Take f u f 2 e AP(G), a sequence {gn} C G, a subsequence { tfn j of {pn}, 

and F i, F2 € CB{X) such that

= 0, * =  1, 2.

Then,

I I +  h )  -  (P i+ f i) ll < E I I  V » /i -  f i l l  -  0.
i=l,2

and

IIV. i f i  ■ A) -  ( f i ' f>)U ^ IIV ,/i -  fillllAII + IIK t h  -  -Fill llf.ll -  o.

Thus, / 1 + / 2  and f \ - f 2 G AP(G, X ). Consequently, AP(G , X )  is a subalgebra 

o fC B (X ).

To see that AP (G ,X ) is norm closed, take { / n} C A(G ,X) such that 

II fn -  f\\ - *  0 for some /  € CB{X). Let {gm} be a sequence in G. For every 

m and n, the function A9mf n is in  AP(G,X). Using the diagonal process, we 

find a subsequence {gmk}  o f {gm}  such that for every i,

l im | I W i- f l l= °  <3-2)

for some F, € CB(X). Now, for j  > i  and large values of k,

IIF -  F j|| <  ||F,- -  A^/,-11 +  ||F* -  ASmfc/j||

< ii** -  w *  ii+m - ji\\+ iiAflmfc (fi - m
(3.2)
<  W fi- M -

Thus there exists F  6 C B (X ) such that Fn —*■ F  uniform ly. We claim that 

||ASmfc/  -  F || -+ 0. Indeed, for every *,

I I W  -  F || <  ||Aflmfc/ i -  F ill +  \\Kmkf i  ~ KmJW +  11*1 -  F||, 

and so, for large values of i,

l™ I I W  -  F|| < lim P s, J i  -  Fill '= 0.

Thus /  € AP(G, X ). a
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Theorem 3.3.3. Let Y (G, X ) be a norm closed, involution closed, translation 

invariant, linear subspace of CB(X) containing the constant functions. For 

any f  e Y (G ,X ), the following are equivalent:

(i) f£ A P (G ,X ) .

(ii) {Pxf '■ x  G X } is relatively norm compact in CB(G).

(Hi) The map m i—> mpf ,  Ball (Y(G)*) —*■ £°°(X) is weak*-norm continuous.

(iv) The map n i—► n \ f ,  Ball (Y(G, X)*) —> £°°(G) is weak*-norm continuous.

(v) For every m € Y(G ,X)* andn G Y(G)*, the function mpf  is in Y (G ,X ), 

the function nxf  is in Y  (G), m On(f) =  n □  m (f), and the map (m, n) 

m Q n (f)  is weak* continuous on B all(Y (G )*) x Ball(Y(G !, X)*).

Proof, (i) <=> (ill) Define a map Vi : B a ll(Y (G )*) —> £°°(X) by

Vi(m) =  mpf.

Vi is weak*-pointwise continuous. By Lemma 3.2.2,

Vi (Ball (Y(G )*)) =  c<x>m{\gf : g £ G Y .

I f  (i) holds, then by Mazur’s Theorem [10, V.2.6], cconv {Xgf  : g G (? }"" is 

compact. Thus the norm and pointwise topologies coincide on Vi (Ball (Y(G)*)), 

and Vi is weak*-norm continuous. If  we assume (iii), then {mpf  : ||m|| <  1} 

is norm compact. But by Lemma 3.2.2,

{ V  : g 6 G }"'" C {n tpf : ||m|| < 1}"'",

showing tha t /  G AP(G , X).

Sim ilarly, (ii) (iv). We define V2 : Ball (Y(G,X)*) —>• £°°(G) by

V2(n) =  nxf .

V2 is weak*-pointwise continuous. By Lemma 3.2.2,

V ^B all (Y(G, X)*)) =  cconv {pxf  : x € X y .

18
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If  we assume (ii) then, cconv {pxf  : x G X }1111 is compact, and the norm and 

pointwise topologies coincide on !^(BaU (Y(C r,X )*)). I f  we assume (iv), then 

{ n \ f  : ||n|| <  1} is norm compact. Relative norm compactness of {pxf  : x  G 

X }  follows from  noticing that

M  : x  S C {nx f  : ||n|| <  1}"'".

(v) => (i) Let /  £ Y(G .X ). Define a map IV, : Ball (Y (G)') -*■ CB(Ball (Y(G, X )"))

by
[W i(m )](n) = m Q n (f).

W\ is weak*-norm continuous by [2, Lemma B.3]. Then {W i(5p) : g € G} is 

relatively norm compact, as {5g : g e G} C Ball (y(G )*). Notice that

Agf{x) =  Sg O SX( f)

for a ll x  G X , and so

{A „/ :g e G }  =  { [ ^ ( f , ) ]

which is a relatively norm compact set in CB(X).

To prove (v) =► (ii), let /  G Y(G, X ). We define a map W2 : Ball (Y(G)*) -► 

C 'B (B aIl(7(G )*)) by

[W2(n)](m ) = n B m (f) .

The proof continuous in the same manner as the proof of (v) => (i). W2 is 

weak*-norm continuous, and the set {W2(5X) : x G X }  is relatively norm 

compact.

Pxf(g) =  SxB6g{ f )

for all g G G, and thus

{ pxf  : x  G X }  =  {[W2(6x)] o  S : x G X } ,  

which is a relatively norm compact set in CB(G).
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(ii) =*• (v) Let f  eY {G , X ). Recall that from Lemma 3.2.2 and the equiv­

alence of (ii) and (iv),

{ n \ f  : ||n|| <  1} =  cconv {pxf  : x G X }1111 C y(G ).

Assuming (ii), and since Y(G ,X)* =  span{5x : x € X }  , n \ f  € Y{G) for a ll 

n € Y (G, X)*. Next, we claim that the map (m, n) Q n (f)  is continuous 

for a ll m € BaU(K(G)*), n G Ball (Y{G,X)*) and f  e Y {G ,X ). Indeed, let 

{m a} C Ball (y(G )*) and {np} C B a ll(y (G ,X )*) such that ma -» m and 

rip —► n, both weak*. By (iv),

\m © n (/) — ma Q np(f)\ <  \\m\\\\nxf -  (np)xf\\ +  ||m — rrzdl|l(n^)A/|| 0.

To see that mpf  G Y (G ,X ), notice that the continuity of the map (m ,n) ^

m O n {f)  is a ll we need to show that {Agf  : g G G } is relatively norm compact 

(see the proof of (v) => (i)), and then by (iv), the map V\ is weak*-norm 

continuous. As already seen in the proof of (i) =» (iii),

{m pf : ||m|| <  1} =  cconv {Agf  : g G G }1111 C Y(G , X).

The fact that Y(G ,X)* =  span { ^  : r  G i f  proves that mpf  G Y(G ,X ) 

for a ll m G Y(G, X)*. I t  remains to be seen that the map (n, m) n 0 m (/) 

is continuous for a ll m € Ball (Y (G )*), n G Ball {Y (G, X)*) and /  & Y (G, X ). 

Indeed, let {m a} c  Ball (Y(G)*) and {rip} C Ball (Y(G ,X)*) such that ma —>• 

m and np —► n in the weak* topology. By the weak*-norm continuity of Vi,

In B m (f)  -  npBm a{f)\ < \\n\\\\mpf  -  (ma)pf\\ +  \\n-np\\\\(m a)pf\\ -^0 .

Clearly, 5g OSx( f)  =  5 *0  8g( f)  for every g G G and every x G X . By the 

jo in t continuity of the maps (m ,n) i-> m G n (f)  and (m ,n) i-> n 0 m (/), 

m (z)n(f) =  n & m ( f ) for a ll m G B a ll(y(G )*) and n G B an(y(G ,X )*), and 

thus holds for a ll m G Y (G)* and n G Y(G, X)*.

(i) => (v) Let /  G AP(G ,X). By Lemma 3.2.2 and Mazur,

{rripf : ||m|| <  1} =  cconv {Agf  : g G G }1111 C Y(G ,X).
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Assuming (i), and since Y{G)* =  span{<Sff : g € G} , mpf  € Y(G, X )  for a ll 

m € Y{G)*.
Next we show that n x f 6 Y(G) for a ll n e Y(G ,X)*. Let {m a}  C Y(G)* 

and {np} C Y(G, X )* such that ma -* m  and n $ -+ n  in  the weak* topologies 

of their respective spaces. By the continuity of Vi,

\n B m ( f) -n p B m a(f)\ <  \\n\\\\mpf  -  [ma)pf\\ +  ||n -  n0\\\\{ma)pf\\ -+ 0.

As in the proof of (v) =» (i), {pxf  : x € X }  is relatively norm compact. Then, 

applying (iv), Lemma 3.2.2 and Mazur,

{n x f • IN I <  1} =  cconv {pxf  : x  € G }1111 C Y(G).

■ i ■ — i.. ■■

Once again, using Y(G ,X )* =  span{5* :x  e X ]  , we reason tha t n x f € 

Y(G) for a ll n € Y(G ,X)*. By the weak*-norm continuity of V2 , the map 

(m ,n) m Q n {f)  is continuous on B a ll(y(G )*) x B a ll(y (G ,X )*). Finally, 

the equality m O n (f)  =  n 0 m (/) follows as in  the proof o f (ii) => (v). ■

C o ro lla ry  3.3.4. AP{G, X ) is the largest involution closed introverted sub­

space Y  (G, X ) o fC B (X ) containing the constant functions with the following 

properties:

(i) m © n =  n[Hm fo r all m 6 Y(G)*, n G Y(G ,X)*.

(ii) The mapping (m,n) —► to © n  is jointly continuous on norm bounded 

subsets ofY(G)* x Y{G ,X)*.

D e fin itio n  3.3.5. A function f  € CB(X) is weakly almost periodic if  0 \ f  is 

relatively compact in  the weak topology of CB(X). We denote the space of 

a ll such functions W AP(G ,X).

Lemma 3.3.6. W AP(G ,X) is an invariant C*-subalgebra of C B {X ) con­

taining AP(G, X ).

Proof. The inclusion AP(G ,X ) C W AP(G ,X) is triv ia l, as norm compact­

ness implies weak compactness. Left invariance follows from observing that
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{Aa(Agf ) : a 6  (?} C {A0/  : a € G} for a ll g € G. To show right invariance, we 

need only to show that lim* Urn,- pxf(d ib j) =  lim , lim* pxf{(iibj) for sequences 

{a*} and { 6j }  in  G. Notice that pxf{<kbx) =  ^ i(A ai/)-  A ^ / has the double 

lim it property, as shown in  the next theorem.

Let / i ,  / 2 € WAP(G , X ). Choose a sequence {gn} C G and a subsequence 

{<7n*} c  {^n}  such that for a ll <f> € CB(X)*,

m 9n j i )  -  < t> m -+0, i  =  1,2, (3.3)

where F2, F2 6  C 5 (X ). Clearly,

W V ,( / i+ A ) ) - W + f i) l 2  +  l- ’ 0 ,

and so / i  +  / 2 € WAP(G , X ). To see tha t / i  • / 2 € W AP(G, X ), we identify 

C B (X ) w ith the space C (ft) of continuous complex-valued functions on the 

compact spectrum of the unita l C*-algebra CB(X). The weak convergence of 

Xgnkf i  and \ 9nk to Fi and F2 (respectively) implies the pointwise convergence 

of Xgnk( fv  f 2 ) to Fv F2. Furthermore, ||Affnfc( / i- /2)|| <  ||/i||||/2||. The pointwise 

convergence and norm boundedness is equivalent to  the weak sequential com­

pactness in  C(Q) (see [1 1 , Theorem 1.3]). As a result, / 1  • / 2 € W AP(G ,X), 

and so WAP(G , X ) is a subalgebra of CB(X).

To see that W AP(G ,X) is norm closed, take { /n} C W AP(G ,X) such 

that || f n — /|| —► 0 in CB(X). For a sequence {gm} C G use the diagonal 

process to  produce a subsequence {<7mfc} such that for each i  and each € 

CB(X)*,

~  ^  0 (3.4)

for some Fi € CB(X). For j  > i,

H f l- F J -  sup -  (<j>,Fi}\
M <i

4>€CB{XY

=  sup lim  I {(j), Ag f j)  -  (0 , Ag f i)  I
!f<fr||<i fc 

4eCB(X)-

=  \ \ f j~  /ill-

2 2
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This implies that {Fn}  is a norm Cauchy sequence in  C B (X ), and as such, Fn 

is norm convergent to a function F  G CB(X). For every i  and (j> €  CB(X)*,

W W ) -  ̂ 1  *
+ W M  -  «W )I 

< M ilF -  Fill + \md -  + M il/. -  /II-

In  particular, for very large i,

i™ -  m i  < i m  -  <ka*,/<)i =4) o,

proving that W AP (G ,X ) is norm closed in CB(X). ■

Theorem 3.3.7. Let Y (G, X ) be a norm closed, involution closed, translation 

invariant, linear subspace of C B(X) containing the constant functions. For 

any f  G Y(G, X ), the following are equivalent:

(i) f  eW A P {G ,X ).

(ii) {pxf  :x  6  X }  is relatively weakly compact.

(Hi) lim jlim jf{g iX j) =  lim jlin ij/(<&£.,•) fo r sequences {<&} C G and {x j}  C 

X , whenever all limits exist.

(iv) fo r every m G Y(G)* andn G Y{G ,X)*, the function mpf  is in Y (G ,X ), 

the function n x f is in Y(G), and m Q n (/) =  n Q m (/).

Proof, (i) O  (iii) Let f  G W AP(G ,X). In  [17], Grothendieck showed that the 

relatively weak compactness of {Agf  : g G G } is equivalent to that set having 

the double lim it property in  {5X : x  G X }. Thus, for sequences {$ }  C G and

{ x j }  C X,
]im]imSXj(X9 i f )  =  lim lim tf*X \ 9 if ) ,

i  j  3 *

whenever a ll the lim its exist.

(iii) o - (ii) Notice that for sequences {<&} and {x j}  as above,

f(9iXj) =  Pxjf(9i) =  S9i(pXjf) ,
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showing that {pxf  : x G X }  has the double lim it property in  a bounded subset 

of CB{G)*. By the double lim it theorem, this is equivalent to {pxf  : x  € X }  

being relatively weak compact in  CB{G).

(i) =» (iv) Let /  G W AP(G ,X) and m G Ball (Y(G)*). We w ill only show 

that mpf  G 7(G , X). The proof that n x f € Y(G) for n G Ba31(Y(G,X)*) is 

sim ilar, so we safely omit the proof. Define a map 4>: Ball (7(G )*) —*■ £°°(X) 

by

and is weak compact in Y(G ,X). Thus mpf  G Y{G ,X) for every m G 

Ball (Y(C?)*).

Next we show that m © n ( /)  =  n 0 m ( /)  for a ll m G V(G )* and n G 

Y(G ,X)*. The weak topology is stronger than the pointwise topology, and 

so the weak and pointwise topologies coincide on <ji>(Ball (Y (G )*)). Thus <f> is 

weak*-weak continuous from Ball (7(G )*) to £°°(X). We use a special case 

of Grothendieck’s completeness theorem [2 , Proposition A.8 ] to extend the

(j> is weak*-pointwise continuous, and by Lemma 3.2.2

0(BaU (7(G )*)) =  cconv {Agf  : g G G}P.

Now, consider a bounded function F  G cconv {Agf  : g G G}P,

where Yli= i l^il <  1, for a ll x G X . Then,

j j
/  •

Since Y (G ,X )* =  span{<Sx : x G X } W , F  G cconv {Afl/  : g G G }W. Assuming

(i) and applying a theorem [10, V.6.4] of Krein-Smulian,

^(B all (7(G )*)) =  cconv {Xgf  : g G G}W
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continuity of <f> to 7(G )*. For any n € Y(G, X)*, define a linear functional un 

on Y{G)* by

v n(m) =  {n,mpf) .

un is weak* continuous on Ball (Y(G)*) by the definition of <f>. Next, apply 

Grothendieck’s completeness theorem to show that there exists a function 

Fn € Y (G) such that for a ll m € Y(G)*,

u;n(m) =  m(Fn).

Then un is a linear weak* continuous functional on Y(G)*. Since n EY(G, X )* 

was arbitrary, <j> is weak*-weak continuous from Y(G)*. We claim that the 

mapping n i—► Fn is weak*-weak continuous and linear. Indeed, linearity fol­

lows from the linearity of n. I f  {n Q} C Y(G, X )* and na —► n weak*, then for 

any m € Y  (G)*,

m(Fna) =  una(m) =  (na,mpf ) -*■ (n .mpf )  =  m(Fn).

We also have

F s M  =  Sg(FSx) =  u M )  =  (Sx, (5g)pf )  =  8 X B 6 9 (f) .

The linear span of the point evaluations is equal to Y(G, X )*, and thus for a ll 

n e Y (G ,X )* ,

Fn( g ) = n B 8 9 (f).

That is, Fn =  nxf, and so

n B m (f)  =  (n,mpf ) =  m(Fn) =  (m ,nxf) =  m  0 n (/).

(iv) => (iii) For /  € Y(G ,X) and sequences { f t}  c  G, { x j ]  C X , 

lim lim /(fta ;j) =  lim  \]xm 8 x B 8 gi( f ) )  =  lim 5x Q5Si( /)  =  lim 5Pi © 5x{f)
i  3 * \  J /  * *

=  $ 9  © 4 (/)  =  5x B5g( f)  =  lim 4  BSg( f )  =  lim 4  OSXj( f)
3 3

=  lim  (lim  4  © 4 ,( / ) )  =  lim lim /(ftS j) 

whenever a ll the lim its exist. ■
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Corollary 3.3.8. W AP(G ,X) is the largest involution dosed, invariant, left 

introverted subspace o fC B (X ) containing the constant Junctions that satisfies 

the following:

(i) Y (G ,X ) is introverted.

(ii) m(Dn =  nE\m fo r all m €.Y(G)* andn e Y(G ,X)*.

(iii) The mapping (to, n) i—► m O n is separately continuous.

Definition 3.3.9. A function /  € C B (X ) is called left uniformly continuous 

if  the map a i—► Xaf  from G into C B (X ) is continuous. We denote the set of 

a ll such functions by LUC(G, X ).

Lemma 3.3.10. LUC(G,X) is an invariant, left introverted C*-subalgebra of 

CB{X).

Proof. Let {<7a} C G such that gQ —► g in  G, and let /  € LUC{G ,X). Left 

invariance follows from observing that

l|ASa(Aa/ ) - A fl(Aa/) || =  ||AaSa/ - A as/||

for a ll a € G.

To show right invariance, fix  x € X . Then

¥ga(pxf) ~ eg(pxf)II =  sup \e9 a(pxf)(a) -  £g(pxf)(a)I
a €G

=  sup If(g aax) -  f(gax)\
aeG

=  sup I f(g az) -  f{gz) |
zeG-x

<  sup I f(g ay) -  f{gy)\ -► 0 , 
y e x

since G • x  C X  and /  € LUC(G , X).

n \ f  is in  LUC(G) for a ll n 6  LUC{G, X)*, since

¥ g « M )  ~ Z g M ) II =  sup |n(ASafl/ )  -  n{Xgaf) \  -+ 0,

by the weak* continuity of n, and by the le ft uniform continuity of / .
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To see that LUC(G, X ) is a subalgebra of CB(X), let / i,  f 2 £ LUC(G, X ), 

and take {pa} as above. Then,

l l ^ f l a ( / l  +  h )  ~  +  / 2 ) l l  ^  l l - ^ S a / l  “  V l l l  +  P f f a /2 -  \ f 2 \ \  -+  0 ,

and

IIV(/i • /a) -  V / 1 • /a)ll < ll/illllV/2 -  V2II + M il V / i  ~  V ill  -  0

by the le ft uniform continuity of f i  and f 2.

Finally, to see that LUC(G,X) is norm closed, take {& *} as above and let 

{ /s }  C LU C (G ,X ) such that converges uniform ly to  some F  € CB(X). 

Then

WKF -  V II ^ I I -  V/*ll + IIK b  -  v * ll + IIV* ~ V II -

by the norm convergence of to F, and by the le ft uniform continuity of each 

fp. Thus F  £ LUC(G,X). U

We w ill take a closer look at the Arens action of LUC(G)* on LUC{G, X )* 

in  Section 3.4.

Lemma 3 .3 .11 . AP{G ,X) C LUC(G,X).

Proof. Let /  £ AP(G , X). Clearly the map g t-* Agf  is pointwise continuous. 

0 \ f  is relatively norm compact, so the norm and pointwise topologies agree 

on th is set. ■

Lemma 3.3.12. Let G be a locally compact group. Then W AP(G ,X) C 

LUC(G ,X).

Proof. Let /  £ WAP(G, X ). We claim that the map g Xgf ,  from G to 

W AP (G ,X ) is weakly continuous. Indeed, if  the net {#Q} c  G converges to 

g £ G, then (5x,Xgaf )  —> {6 X, Xgf) .  Therefore {A9af }  has at least one weak 

cluster point, Agf .  The relative weak compactness of 0 \ f  implies that {A3af }  

converges weakly to Agf .  A result of Lau [22, p. 151] (see also [25, Theorem 7]
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for the proof when X  =  G) shows that the map g ► Xgf  is norm continuous. 

For the sake of completeness we give the details of the argument.

Define an action of G on M(WAP(G, X )) by:

(a m ,/) =  (m,Aa- i/ ) ,

for a G G, m G M(WAP(G, X )) and /  G WAP(G, X ). The map (a, m) i-* am 

is continuous when WAP(G, X )*  has the weak* topology. Indeed, we show 

that the map is separately continuous. Let {aa} C G such that aa —► a G G. 

Then

(aQm ,/ )  =  (m,Aa- i/ )  -► (m,Aa- i/ )  =  (am ,/),

by the weak continuity of the map g i—>■ Agf .  Let {mp} c  M(WAP(G, X )) 

such that m/3 ~ m weak* in  M (W AP(G , X )). Then

(am/3, / )  =  (wi/9 , Aa- i / )  -+ (am, /) .

E llis’ result [12, Theorem 1] implies that the action (a, m) i—> am is jo in tly  

continuous. Next, suppose that /  0 LUC(G,X). That is, suppose there 

exists e >  0 and nets {aQ} c  G, {x Q} c  X  w ith att -> a G G such that

e <  I AO0,/(a:a) -  Aa/(x a)|

for each a. Choose a subnet { x ^ }  C {xQ} such that 8 Xâ  —»• m weak*. Then,

0 < e < lim  | {5Xay, Aao7 / )  -  {8 Xai, Aa/ )  |

=  lim | (a 5̂x̂ , / )  -  (a"1̂ , / )  | =  0.

As a result of this contradiction, /  G LUC(G, X ). ■

Remark 3.3.13. Easy calculations w ill show that the space CB{X) is invariant.
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3.4 Arens action of the Banach algebra
LUC{G)* on LUC{G, X)*

In  th is chapter we shall consider the topological center Zluc of the Arens 

action of LUC(G)* on LUC(G,X)*. Using ideas of Lau and Wong, we show 

that if  G and X  are locally compact, then the measure algebra M (G ) is a 

subset of ZLuc-, and that in  general M (G ) C ZLuc-

Let Z  denote the set of a ll m € LUC(G)* such that the function mpf  is in 

LUC(G, X ) for a ll /  € LUC(G , X), w ith m & i =  n □  m for a ll n € LU C {G )\ 

We begin by proving the following equivalence:

Lem m a 3.4.1. Let m € LUC(G)*. The following are equivalent:

(i) m € Z.

(ii) m €  Zluc-

( iii)  The map n mOn is weak*-weak* continuous on norm bounded subsets 

ofLUC(G ,X)*.

Proof, (i) (ii) Suppose m € Z, and suppose {n Q} is a net in  LUC(G,X)* 

which converges weak* to n. Then, for a ll /  6  LUC(G , X),

m Q n a( f)  =  na B m (f)  n B m (f)  =  m Q n (f)

(ii) => (iii) is triv ia l.

( iii)  => (i) Consider /  G LUC(G,X). F irst we establish that mpf  is in 

C B (X ). Let {x 0} be a net in  X  converging to x. The norm bounded net 

{dXa}  converges weak* to Sx in  LUC(G,X)*. We then have that

mpf( x a) =  m{pxJ )  =  m O SXa( f)  — ► m Q5x(f)  =  mpf{x ),

thus mpf  € CB(X).

Suppose tha t mpf  £ LUC(G,X). That is, suppose for a net {aa} which 

converges to a in  G,

0 < e <  ||Aao(mp/ )  -  Aa(mp/) ||. (3.5)
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Let {0Q} C Ball (C B {X )*) such tha t for every a,

(9a,K a(mpf )  -  Xa(mpf ) )  =  ||Afla(mp/)  ~  Aa(m/>/) ||. (3.6)

We claim  that for 0 G CB(X)*, f  € LUC(G,X), and a e G ,

{0, Xa{mpf ) )  =  {mQ{8a Q 9 ),f) .

This claim holds for the case 6  =  8 X, x G X . Indeed, by Proposition 3.2.6(iii),

(6 X, Xa(mpf) )  =  mpf(ax) =  m(pax/)  =  <m, (S ^ x f)  =  m ©<$ax(/)

=  (m O(da OS£) J ) .

Then, if  9 >  0, \\9\\ =  1, apply Remark 2.3.1 to obtain a net of convex 

combinations of point evaluations 00 — E i= l such that 9p —>9 weak* in 

CB{G)*. By (iii),

(9, Xa(mpf) )  =  lim (0/j, Aa(mp/) )  =  lim (m  © (da O 0 /j), f )

=  (m O ( 8 a O 0 ) , / ) ,

which proves our claim. Prom (3.5) and (3.6), we have that

e <  (0a, Xaa{rnpf )  -  Xa{mpf )} =  \(m O ( 8 aa ©0a) -  m ©(<5a © 0a) ,/) |

<  \(m Q(5aa Q9a) - m O ( 8 a O 0 ),/)| (3.7)

+  |(m © (da © 0) -  m©(<5a ©0a) ,/) |-  (3.8)

We may assume that 9a converges weak* to 0 in LUC(G ,X)* after passing 

to  a subnet, if  necessary. Furthermore, the action of G on the un it ball of 

L U C (G ,X y  defined by (a, 9) ► 8 a © 0 is jo in tly  continuous. Indeed, let

{aff}  C G and {0 J  C LUC(G,X)*, 9t >  1, ||0t || =  1 such tha t aff —► a in G 

and 0t —>■ 0 weak* in LUC{G , X)*. Then for a ll /  G LUC(G , X ),

Sa, O 0L{ f)  =  < ^ , (9t)x f) =  0t(X ^ f)  -  0 (A ./) =  da © 0 (/),

by the definitions of /  and 9L. Assuming (iii) and taking a  sufficiently large, 

(3.7) and (3.8) are each less than e/2, which is a contradiction. Therefore 

mpf  G LUC(G, X).
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To show that nQ m  =  m © n, we firs t claim that this is true when n =  6 X, 

x G X . Indeed, for a ll /  G LUC(G,X),

{Sx B m )(f)  = (5X, rripf) =  mpf ( x ) =  m{pxf )

= (m, (5x)xf ) =  (m © Sx){f).

This also holds for convex combinations of point measures. Applying Re­

mark 2.3.1 by w riting any n 6  LUC{G ,X)* such that n >  0 and ||n|| =  1 

as the weak* lim it of a net of such combinations, we obtain that for every 

fe L U C ( G ,X ),

n B m (f)  =  (n,mpf ) =  lim  (na,mpf )
a

= lim  m © nQ( /)  =  m © n (/).
a

Thus, m  G Z. ■

When X  is locally compact, let t *  denote the locally convex topology 

on M (X )  determined by the fam ily of seminorms {pf : f  G LU C (G ,X)}, 

where p/{p) =  | J /  dp|, p G M .{X). Each p G M .(X) defines an element in 

LU C (G ,X)* via (p, f )  =  J f  dp. Let tq  denote the locally convex topology 

above for the case X  =  G.

Lem m a 3.4.2. Let G be a locally compact semitopological semigroup with 

jo intly continuous action on a locally compact Hausdorff space X.

(i) For every p G M (G ), the map n w  p © u is weak*-weak* continuous on 

norm bounded subsets of LUC(G,X)*.

(ii) For every n G LUC(G.X)*, the map p *-*■ p Q n  is rc-weak* continuous.

(iii) For p G M (G ), v G M {X ), p O u (f)  =  {p * i/, f )  fo r all f  G CoPQ.

(iv) n G G LIM (LUC(G , X )) i f  and only i f  p On =  n fo r any p G JAq(G) =  

{p  G M( G)  : p >  0, |H | =  1}.
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Proof, (i) Consider a net {nQ} C LUC(G,X)* such that na —► n weak* in 

LUC(G,X)* w ith | |n j ,  ||n|| < K.

\(na)xf(a ) -  (na)J{b)\ =  |nQ(Aa/ )  -  nQ(A6/) |  < ||na||||A0/  -  A6/||

< K\\Xaf  -  A ft/ll

for a ll a, b € G, which shows that {{na) \ f }  is a equicontinuous fam ily of 

functions ([21, p. 232]). We have pointwise convergence of (na) \ f  to nxf, 

since

\M x f ig )  ~  «a/(p)| =  l«a(Agf )  -  n ( \gf)\ -> 0

by the weak* convergence of na to n. By [21, Theorem 7.15], (na)A converges 

uniform ly to n \ f  on compact subsets of G. Now, for /z w ith compact support

U, 

| j ( n a)xf  dii -  J nxf <^| < Jsup \(na)xf(g ) -  nxf(g)\ dfi - *  0 .

Such measures are norm dense in  M (G ), and

IIM a /II =  sup|(na)A/ ( 0 )| =  sup |na(Ap/) | <  ||na||||/|| <  K\\f\\.
g€G 9&G

Thus i i  Q na —* fi O n weak* for all fi € M (G ).

(ii) Consider n € LUC(G, X)*. Let { f ia}  C M (G ) converge to n in  the tq  

topology. Then for a ll /  6  LUC(G, X ),

Ha O n (f)  -  h © n (/) =  J  nxf  dfia -  J  nxf  dfi -► 0 ,

since n \ f  G LUC(G). Therefore fia © n  —> fi © n weak* in  LUC(G,X)*.

(iii) Let n G M (G ) and u G M (X ). M (G ) has an action on M (X )  defined

by

J J  /(par) dn{g)dv{x) =  J  f{gx) d{n * u){gx), 

for /  G Cq{X) which makes M {X )  a Banach module over M (G ). From [15,
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p. 299], C0 (X) C LUC(G, X ). Thus, for /  € C0 (X),

H O v(f) =  v M )  =  J  v\f{g) dii(g) =  J  v{Xgf) dp(g)

=  J [(A */) (a?) du(x)dp(g) =  JJ  /(p x ) du(x)dp{g)

=  JJ  / M  dp(g)du(x) =  J  f{gx)d{p * v){gx)

=  * * ',/} •

(iv) To see notice that M q{G) contains the point measures 6g. Let 

p =  5g. I f  p O n  =  n,

« (/)  =  $ 9  O n (f)  =  J  nxf  dSg =  n(Xgf )

for a ll g € G, which proves that n is G-invariant.

“=*►” For any p € Mo(G), take a net {/xa} of convex combinations of 

point evaluations such that pa converges weak* to  /z  in  LUC{G)*. Then pa 

converges to  /x in  the t g topology in M (G). By (ii), | ia 0 n - > // 0 n weak*. 

By Proposition 3.2.6, pa O n =  n since n is G-invariant. Thus /z ©  n  =  n  fo r  

a ll p € M 0 (G). ■

Theorem  3.4.3. Let G be a locally compact semitopological semigroup with 

jointly continuous action on a locally compact Hausdorff space X. I f  p € 

M (G ), then p e Zluc-

Proof. By Lemma 3.4.2 (i), the map p m O p  is weak*-weak* continuous 

on norm bounded subsets of LUC(G,X)*. By Lemma 3.4.1, p € Zluc- ■

The following result was suggested to me by Lau (personal communication).

Exam ple 3.4.4. In  general, M(G) C Z luc - Take G to be an in fin ite semi­

group w ith the discrete topology and w ith a product defined by ab =  b for 

a ll a, b <E G. Let X  =  G. Then LUC(G) =  LUC(G,X) = e°°{G), and 

M(G) =  f (G ). Clearly Zluc ^  £°°(G)*. To see tha t £°°(G)* C Zluci let
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{n a} C £°°(G)* such that na —► n weak*. Then,

IIM e f  -  nef\\ =  sup\{nQ)tf{g ) -  nef(g)\ =  sup \na{£gf )  -  n(£gf) \
geG S<=G

= sup \na( f)  — n (f) \ -> 0 , 
g€G

and so

m © na if) =  (»». («<*)«/> “ ♦ nef) =  m © « (/)•

Thus ZLuc =  £°°{G)* =  while M (G ) =  £X{G), a non-reflexive space.

Remark 3.4.5. (a) Lau proved that if  G is either a locally compact group or 

a cancellative discrete semigroup and X  — G, then Zluc — M {G ) (see [23, 

Theorem 1]). Recently, Neufang [27] used a different technique to  prove the 

same result when G is a locally compact group, (b) Lemma 3.4.1 and its  proof 

are based on [23, Lemma 2]. Lemma 3.4.2 and its proof are based on [31, 

Lemma 3.1].

3.5 G-minimal sets and supports of G-invariant 
measures

Let G  be a discrete semigroup w ith a le ft action on a discrete space X . In  this 

setting, the spaces LUC(G) and LU C (G ,X) are simply £°°(G) and £°°(X) 

respectively. We then consider the action of £°°(G)* on £°°(X)* as defined by 

the Arens action.

Let (k ,  (5X) be the Stone-Cech compactification of X . For discrete X , ,3X 

is homeomorphic to the character space of In other words, we regard

j3X as the space o f a ll m ultiplicative linear functionals <f> on £°°(X) such that 

0(1) =  1101! =  w ith the weak* topology inherited from £°°(X)*. More 

precisely, for x  € X  we identify k ( x )  € ,3X w ith  the evaluation functional 5X € 

£°°{X)*. I t  is easy to see that for any subset U C X, the set {« (x) : x  € U }w 

is weak* closed, and that its  complement in  open in (3X. Thus a ll closed 

and open subsets of (3X are of the form (k (x ) : x e U }w , for U C X . For 

convenience, we denote the weak* closure of a set V  by V  hereafter.
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The action of G on X  extends to  an action of /3G on (3X. For any a € G 

and h , f 2 e A0( / i • h )  =  { \ af i  • K h ) .  Then

m 0 n (/j • f 2) =  (ro, nA( / i • / 2)> =  (m, nA/ i  • nA/ 2) =  m 0 n (/i)  • m © ra(/2)

for any m £ f3G, n £ f3X, which shows that m Q n  € /3X. Since «(<?) C 

we may also define an action of G on PX  by

(a, n) i—̂ /c(a) © n

for a € G and n 6  fiX .

Remark 3.5.1. By Lemma 3.4.1 and Theorem 3.4.3, the map

n i—► n(a) © n

is weak*-weak* continuous for a ll a 6  G and n £ fiX .

For a fixed n £ @X we denote the set of a ll products

k(G) © n =  {K(g) © n : g £ G }.

For a fixed g £ G and any subset U C (3X we denote the set of a ll products

K(g) Q U  =  {«(</) © n : n £ U}.

I f  K  C G and U C /3X, we use the following notation:

{k (K ) } ' 1 O U  =  {n  £ PX : n(k) Q n £ U for some k £ K }.

I f  A C G and K  is as above, we denote

{K y ^ A  =  {g £ G : kg £ A for some k £ K }.

We have an isometric ^-isomorphism T  from Cc((3X) =  C B(fiX ) onto £°°(X), 

f  f i  where

f { x )  =  f(K(x)),

for /  € CC(PX) and x £ X . By the Reisz representation theorem, we identify 

CB(f3Xy  w ith M (P X ) in  the usual way:

< r n , f ) = p i ( T 'n ) .
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Proposition 3.5.2. n £ GLIM (£°°(X )) i f  and only ifT *n  is a probability 

measure on /3X such that (r*n )({/c(p ) } - 1  ©  U) =  (T*n){U) fo r all g e G  and 

Borel sets U C (dX.

Proof. “=>■” Suppose n £ GLIM(£°°{X)). T*n is a regular Borel measure for 

13X such tha t \\T*n\\ =  1 . Let f  £ CB(PX), f  >  0. Then

(TX<g)f)(x ) =  X K(3 )f{K(x)) =  f{n{gx)) =  (T f){g x ) =  Xgf(x ),

for any x £ X  and g £ G. By the invariance of n,

J A*(sr) / d(T*n) =  (r*n , K(g)f) =  <«, V> =  <"•/> =  <r*n., /> =  J /  d (T n ).

Since /  £ C B (fiX ) was arbitrary,

T *n ({*(g )}- 1 O U )= T *n (U )

for a ll Borel sets U C (3X.

To see notice that

(g)XU-

for any g £ G and Borel set U C @X. For any function /  £ £°°(X), we can 

approximate /  £ C B(fiX ) by simple functions. As a result,

(n,f) =  J f d ( r n )  =  J A ̂ ! d ( T n )  =  <n,A, / ) .

■

Definition 3.5.3. Let n £ £°°(X)*. T*n is called G-invariant if  n £ 

G LIM (£°°(X)).

Definition 3.5.4. n £ fiX  is called left almost G-periodic if  for every neigh­

bourhood U of n there exists a subset A c  G such that there is a fin ite  subset 

K  C G w ith  G =  {K }~ XA and k(A) © n C U. We denote the set of a ll almost. 

G-periodic elements in  @X by AG,X.
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D e fin itio n  3.5.5. A  nonempty subset U of (3X is called G-invariant if n(g) ©  

U C U for all g G G. U is called G-minimal if  it is closed and minimal w ith

respect to th is property. We denote the elements of (3X which belong to  a 

G-minimal set by BG'X.

We denote by K G'X the elements in  (3X which are in the support of some 

G-invariant measure.

Exam ple 3.5.6. Take n G 0 X . Clearly, for a ll a e G, «(a) © k(G) ©  n C 

k(G) © n. Thus, k(G) © n is a closed G-invariant set.

P ro p o s itio n  3.5.7. Let n G GLIM(£°°(X)). Then supp(T*n) is a 

G-invariant set.

Proof. Suppose m G supp (T*n) and let g G G. Let k(A) be an open neigh­

bourhood of K,(g) (Dm, so that m G { « ( < ? ) } - 1  <Dk (A). By Proposition 3.5.2,

showing tha t k (A) c  supp (T*n). Consequently n(g) © m  G supp (T*n). ■

Let U be a closed subset of j3G. In  the case where X  =  G, it  is well known 

that for a ll n G M(£°°(G)), supp (T*n) C U if  and only if  n G conv U [30]. 

The same can be said when X  is an arbitrary discrete space.

P ro p o s itio n  3.5.8. Let n G M(£co(X)), and let U be a closed subset of (5X. 

Then supp (T*n) C U  i f  and only if  n G  conv U.

Proof. “=>” The set U is of the form {8x - .xG V }, where V  C X. Next, w rite 

n as the weak* lim it of convex combinations of point evaluations to obtain the

But &)a =  1 for each a.  Since (T*n, Xu) =  1, i& rja  C U for each a.

0 < T X fc te ) } - 1 Q k(A)) =  T*u (k (A)),

formula

(T*n, xu) =  (n, Xv) =  lim  (xv), (3.9)a
a

“<*=” Notice that for n =  w* Ihlla (E i= l & X A  G conv U, equation (3.9)
a

=  i .
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Theorem 3.5.9. A°'x =  BG,X.

Proof. “D” Let U C @X be G-minimal, and suppose m € U. Clearly, k(g) D  

m e U for ail g e G. i.e., «(G) © w C U. Since U is closed, k(G) 0 m C U. 
However, since U is G-minimal, U C k(G) 0 m. Thus U =  k(G) Gm. Let V  

be an open neighbourhood of m. Suppose there is some v € U\({k(G) } ~ 1 D V ). 

Also suppose that n(g) Dv  G {«(G ) } _ 1  © V for some g G G. Then there exists 

some heG  such that

n(h) Qfi(g) D v =  K,(hg) O v €. V,

and so v G {k(/i<7) } - 1OV, contradicting v £  {k (G )}_1QV. We have K (g )O v  £  

{« (G )}- 1©V, and K,(g)(Dv e U since U is G-minimal. Thus L /\({k (G )}- 1 ©V') 

is a closed and G-invariant set. By the G-m inim ality of U,

U n (k(G ) } - 1  © V ) =  0 ,

i.e. m £  {/c(G ) } - 1  Q V  and («(G) (Dm) f l V =  0 . This is impossible since V  

is open and m € U =  {^(G 1) } - 1  © V . Therefore 17\({/c(G )}-1 © V ) =  0  and 

U c  (k(G ) } - 1  © V . Now, U is closed and thus compact. So there exists some 

fin ite  K  C G such that

U C {k(K) } - 1 (DV.

Let A =  {g e G : K,(g) D m  € V}. By the definition of U, for any g € G there 

must exist some k € K  such that

K,(k) D{K(g) Dm) =  n(kg) D m  e V,

giving us that kg € A. Since g was arbitrary, we have that G =  {K}~lA. 
Clearly, k(A) D m  €V.  Thus m 6  AG,X.

“c ” Suppose m G AG'X. Let U be a G-minimal subset of k(G) D m  and 

suppose that m &U . Then there exists an open neighbourhood V  of m such 

that V  D U =  0 . Since m G AG'X, there exists A c  G and fin ite  K  C G such 

that k(A) D m  G V  and G =  {K}~XA. Now, k G K, g G G and kg G A im ply 

that

K,(g) D m  G {/cCfc) } " 1 D (k(A) D m ) C { « ( & ) } - 1  ©V.
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Hence

k {G) (Dm C M K ) } - 1 OV.

An easy application of Remark 3.5.1 show that

{ k (K ) } -1 O V  C M # ) } - 1  © V .

Therefore
U C k(G) (Dm C {/c(RT)}_1 © V .

Choosing k £ K  such that ({«(fc) } - 1  O V) n U ±  0, we see that for some 

n £ f3X,
K(k) O n € V D (/c(fc) ©J7) C V f l *7 =  0  

by the G-invariance of £7. Since this is impossible, we must have

u  c  («(G) 0 m) n u  c  M } - 1 o v) n c/ =  0 .

This contradicts U ^  0 . Hence we have that m £ U, and we conclude that 

m £ Bg’x . ■

Remark 3.5.10. The proof for Theorem 3.5.9 is essentially due to Fairchild, 

who states the theorem w ith the additional condition tha t G be left amenable 

([14, p. 85]). The reader w ill notice that neither of the proofs make use of an 

invariant mean.

Corollary 3.5.11. When G acts amenably on X , AG,X C K G,X.

Proof. Let n £ GLIM(£°°(X)), and let U be a G-minimal subset of f3X. Sup­

pose that supp (T*n) C U. By Proposition 3.5.7, supp (T*n) is G-invariant. 

Since U is G-minimal, supp (T*n) =  U. ■

We now find conditions on X  and G that im ply K G,X\A G,X ^  0 . We 

make use of the following definition, lemma and theorem.

D e fin itio n  3.5.12. For A C X , let

d(A) =  sup {m (xA) : m £ G LIM (e°°(X ))}.

A  is called a C-subset for the pair (G, X )  if  d{A) >  0 and d({R ’} - 1A) <  1 for 

a ll fin ite K  C G.
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Lemma 3.5.13. Let A  C X , g £ G. Then

{K (g )}-1 Q k (A} = M g ) } - 1 ©  k(A) =

Proof. F irst take k{x) G /c ({s}_1A ). Then n{g) Q k(x) =  K(gx),  but gx G A. 

Thus

C {« (s ) } _ 1  O k (A).

Applying Remark 3.5.1,

{/c(p ) } - 1 Q k (A) C {«(p ) } _ 1  O k (A).

We now need only show that {k ( < ? ) } - 1  O k(A) C k ({p }- 1A). Take n G 

{/c(p) } _ 1  O k(A), and let k(xq) be a net converging to n. By Lemma 3.4.2,

n{gxa) =  n(g) Q k(xq) —► k(g) O n G « (A ).

Since k(A ) is open in  fiX , there exists some ao such that a >  a0 implies 

K(gxa) G k (A ). But k(A)C\k(X) =  k(A). Indeed, clearly /c (A )n K (X ) D k(A). 

Now take some m G k,(A) f l k(X). Then m =  k(xo) for some xq G X , and 

m =  w* limAc(ay) for a net {ay} C A. In  particular,

| ( m , X x 0> “  ( « K ) 1X x 0) l  =  IX x o ( ^ o )  -  X x o K ) !  -►  0 .

i.e. for large values of 7 , xo =  a-y € A, showing that m G k(A). Hence 

K(gxa) G «(A), and so xa G {p }_1A. Then

n =  u;* lim /c(xa) G « ({p }- 1A) C « ({p }- 1A).

■

Theorem 3.5.14. I f  left amenable G acts on X  and U is a closed G-invariant 

subset of fiX , then fo r each n G U and m G LIM(£°°(G)), T*(m O n) is a 

G-invariant measure with supp (T*(m O n)) c U.

Proof To the see that T*(m On) is G-invariant, we need only check that m ©n 

is G-invariant. Let /  G £°°(X), g G G. Then,

m O n ( \gf )  =  {m,nk(Xgf) )  =  (m, As(nA/)>  =  (m ,nA/ )  = m Q n ( f) .
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Let {ma} be a net of convex combinations of point measures w ith ma —► m 

weak*. By the G-invariance of U, ma O n  G conv U for each a. But then

m O n  =  lim ma O n  € conv U.
a

By Proposition 3.5.8, supp (T*(m On))  C U. ■

Theorem 3.5.15. I f  G is left amenable and (G, X ) has a C-subset A, then 

D A ^ *  = 0 and ~k (A) n K G'X ±  0. Thus AG’X C K G’X.

Proof. F irst suppose that there exists some n  G k(A) D Ag,x. Notice that 

k(A) is an open set, and so, since n  G AG,X, there exists a subset B C G and a 

fin ite  K  C G such that G =  {K }~ l B and k(B) O n  C k(A). By Lemma 3.5.13

k(G) O n  =  « ({K }- 1B) O n C {k (K ) } _ 1  Ok(B) O n  

C {k (K ) } -1 0 < A ) =  k ({K }~ 'A ),

which gives us tha t k(G) O n  C k({K }~ 1A). By Proposition 3.2.6, for any 

I € k(G) O n  and any m G LIM((°°(G)), m © I G GLIM(£°°(X)). Apply 

Theorem 3.5.14 to  see that

supp (T*{m O l ) )  C k(G) O n  C K ({A r}- 1A).

i.e. T*(m  ®1)(xk({k } - ia )) =  contradicting that A  is a C-subset for (G ,X). 

k(A) is open, and so

k(A) n Ag'x  = k(A) D AG’X =  0 .

Next, notice that for some 0 G GLIM(£°°(X )),

0  <  4>(xa) =  ${TXk{a)) =  (T*4>){x k {a))•

Therefore there exists some a G A such that k(o) is in  the support of T*4>, a 

G-invariant measure. We conclude that k(A) D K g'x  ^ 0 , ■

We next consider the case when (G, X )  has no C-subsets.
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P roposition  3.5.16. Let G be left amenable. Suppose that the pair (G, X ) 

has no C-subsets. Then K G,X C AG'X.

Proof. Take n € K ° 'x , and let U be an open neighbourhood of n. There 

exists a subset A c  X  such that n € k (A) C U. Consequently there exists 

(f> € GLIM(£°°(X)) such that 4>(Xa) > 0 . A  is not a C-subset for (G,X), 

and so there exists a fin ite  subset K  c G such that d ^ K ^ A )  =  1. By 

Remark 3.5.1 and Proposition 3.5.2, there exists m 6  GLIM(£°°(X)) such 

that

supp (T*m) C /c ({iir}_1 4̂) C {/c(A ) } - 1  O k(A ).

By Proposition 3.5.7, there exists a G-minimal set V  c {/c(.K' ) } - 1  ©  k(A). 

Choose I € V  and k e K  such that K(k) ©Z € k (A) C U. Then,

n(k) o l e U  n (k (k) o V )  =  U n V

by the G-invariance of V. By Theorem 3.5.9,

u n B G'x  =  u h a g x  ^ 0 .

Since U was arbitrary, n € AG,X. ■

Remark 3.5.17. Section 3.5 is an adaptation of a paper by Fairchild [14], in  

which it  is shown that the set of almost periodic points of j3G is exactly the 

set of elements which belong to a minimal set, and that if  (G, G) contains a 

C-subset, then there exist non almost periodic points of j3G that are in the 

support o f some invariant measure for (3G.
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Chapter 4 

Fixed Point Properties

4.1 Introduction

This chapter is concerned w ith fixed point properties of locally compact groups 

on compact convex subsets of locally convex topological spaces. In Section 4.2 

we utilize Day’s fixed point theorem in a functional analysis proof of the exis­

tence of a C-invariant measure on the coset space G /H , where G is amenable 

as a discrete group and H  is a closed subgroup of G. Simon proved that a 

locally compact group G has the strong fixed point property if  and only if  it  

has the fixed point property [28]. In Section 4.3 we prove a sim ilar result in  

the setting of coset spaces.

4.2 Existence of a G-invariant measure on coset 
spaces

Let locally compact group G be amenable as discrete, and let H  be a closed 

subgroup of G. We prove, using Day’s fixed point theorem [8 ], that G /H  

admits a (^invariant Radon measure; that is, a regular Borel measure \l on 

the coset space G /H  such that g{gE) =  fx{E) for a ll g € G and a ll Borel sets 

E  of G/H. The proof uses an idea of Izzo in the proof of the existence of the 

Haar measure on locally compact abelian groups using the Markov-Kakutani
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fixed point theorem (see [2 0 ]).

Day’s fixed point theorem is as follows.

Theorem 4.2.1 (Day). Let K  be a compact, convex subset of a locally convex 

Hausdorff topological vector space. Let S be a semigroup of affine continuous 

transformations of K  into itself. I f  S is amenable as a discrete semigroup, 

then there exists a point k £ K  such that Tk =  k fo r a llT  € S.

For our proof, we also need the following two lemmas, both of which are 

given in  [20]. For the sake of completeness, we provide the details of Izzo’s 

argument.

Lemma 4.2.2. Let G be a topological group and let U be a symmetric neigh­

bourhood of the identity in G. Then there exists a subset V of G such that fo r  

each g eG , the set gUU contains at least one element o fV , and such that the 

set gU contains at most one element o fV .

Proof. Define the fam ily T  of subsets of G by

F = { T c G : p~lq $ UU for a llp ,qe  T}.

T  has a maximal element V  by Zorn’s Lemma. Consider j  e G. There 

exists some v € V  such that g~l v £ UU, for if  this were not the case then 

V  U {<?} £ IF, contradicting the maximality of V . Thus gUU contains at least 

one element of V.

Now suppose tha t gU contains two distinct elements u, v € V. Then

u~lv =  u~lgg~l v £ U~l U =  UU,

contradicting the definition of V. Thus gU contains at most one element of 

V. m

Lemma 4.2.3. Let X  be a vector space. Give X * the weak* topology. I f  K  

is a closed subset o f X * such that fo r each x £ X  the set {(j>(x) : <f> £ K }  is 

bounded, then K  is compact.
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Proof. For each x € X , denote by b(x) the least scalar such that \(f>(x)\ < b(x) 

for a ll <j> G K , and let D(x) be the set of a ll scalars a such that |a| < b(x). 

Let I  =  Ilze x  D(x)i an<i  give h the product topology. Tychonoff’s theorem 

gives us that I  is compact w ith this topology.

The elements of I  are functions ^  on X  such that |^ (x )| < b(x) for a ll 

x 6  X. Thus K  c  X *  f l / ,  and as such it  has both the weak* and the product 

topology of X* and I  respectively. In fact, these topologies coincide on K. 

Indeed, fix  a <f>o € K , and choose {x j} " = 1  C X  and e > 0. We define the 

following sets,

Wi =  {<{> € X* : |<£(xi) -  M xi)\ < i  =  1,. • •, n }

W2 =  { f l G /  : |flix fl -  <t>o(xi)\ < * =  1, • .. ,n }.

Letting {x i} " = 1  and e range over a ll possible values, we have that the sets W i 

form a local base of the weak* star topology of X* at flo, and also that the 

sets W2 form a local base for the product topology of I  at flo. Now, since 

K  C X* f l I ,  we have W i f l K  =  W2 D K . Thus the two topologies coincide on 

K.

Next we claim that K  is closed in the product topology of I .  To prove 

this claim, firs t consider some € K 1. Suppose x, y € X , a, fl € C, and let 

z =  ax +  fly and e > 0. The set

Vz,e =  { f l e l  : \ ( f l- f lo ) { x ) \ , \ ( f l- f lo ) { y ) \ , \ ( f l- f l0)(z)\ < e }

is a product topology neighbourhood of flo, and so there exists flZf€ e K(~\VZy€. 

We have that flo is in  X *. Indeed, for any x, y € X, a, fl 6  C, any e > 0, and 

setting z =  ax +  fly ,

flo{ax +  fly) -  a fl0 (x) -  flflo(y) =

{flo ~  flz,e)(ax +  fly) +  a{flz,€ -  f l0){x) +  f l( f lz,e -  fl0){y),

and thus

\flo(ax +  fly) -  aflo(x) -  flflo{y)\ < (1  +  |a| +  \fl\)e.
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Finally, for 2  € X  and e > 0, a sim ilar argument shows that there exists a 

V>z,e € K  such that

\ M X) ~ i>x,e(X)\ < e-

Since K  is weak* closed, ipG £ K . K  is then compact in the product topology. 

But the topologies coincide on K, and thus K  is weak* compact in  X *. ■

Theorem  4.2.4. Let G be a locally compact group which is amenable as a 

discrete group, and let H  be a closed subgroup of G. Then G /H  admits a 

G-invariant measure.

Proof. Let G be a locally compact group which is amenable as discrete. Let 

H  be a closed subgroup of G. We proceed by showing that there is a nonzero 

positive linear functional on Cc(G/H) which is invariant under the translations 

of f  £ Cc(G /H) by elements in G.

For each a £ G we define Ta : Cc(G /H)* —► Cc{G/H)* by

<Ta,<f>){f) =  0(Aa/) ,  <t> £ Cc(G /H )*, /  € Cc(G/H).

Each Ta is continuous and affine, and S =  {Ta : a £ G} is a representation of 

G.

Fix a symmetric neighbourhood U of the identity in G such that the closure 

of U is compact. Let K  be a ll positive linear functionals (j) £ Cc(G/H)* which 

satisfy:

1- 4>(f) <  1 for a ll nonnegative /  £ Cc(G /H ) that are bounded above by 1 

and supported in  (xU)H  =  {{xu)H  : u £ U }  for some x £G,  and

2. 4>{f) > 1  for a ll nonnegative /  € Cc(G/H) that are equal to 1 on 

(xUU)H =  {(xuv)H :u ,v  £ U }  for some x £ G.

Clearly K  is weak* closed and convex in  Cc(G/H). Also notice that by a 

partition  of unity argument, every nonnegative function in  Cc(G /H) can be 

expressed as a fin ite sum of nonnegative functions each w ith support contained 

in  (xU)H  for some x £ G /H . By condition 1 of the definition of K , it
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follows that for each /  € Cc{G /H), the set {<f>(f) : <p € K }  is bounded. By 

Lemma 4.2.3, K  is weak* compact.

To see that K  is nonempty, take V as in Lemma 4.2.2 and consider the 

functional

v€V

We show that ^  € K. Indeed, take / i  as in condition 1 of the definition of 

K . The support of f i  is contained in  (aU)H  for some a £ G. aU contains at 

most one element of V , and thus

m )  =  <  !•
vSV

Taking fa as in  condition 2 of the definition of K , we sim ilarly notice that

^ {h )  =  ^ h { v H )  >  1 .
v€V

Thus € K .

I t  remains to show that each Ta maps K  onto itself. This follows from 

the definition of K; for if  <j> G K  and /  is as in condition 1 of the definition 

o f K , ||Aa/|| < 1  and the support o f Aaf  is contained in (a~lgU)H  for some 

g € G. Thus (Ta, o ){f) =  4>{\af) <  1- Similarly, if  /  is as in condition 2 of 

the definition of K, (Ta, <p)(f) >  1-

By Day’s fixed point theorem, S =  {Ta : a € G} has a common fixed 

point in  K . K  contains positive linear functionals on Cc(G /H ). The Riesz 

representation theorem states that each positive linear functional on Cc(G /H ) 

determines a regular Borel measure on G/H. We have shown that there exists 

a regular Borel measure for G /H  which is G invariant. ■

Remark 4.2.5. (a) Lemma 4.2.3 is essentially Alaoglu’s theorem [10, V.4.2]. 

(b) The proof presented in  Theorem 4.2.4 is new even when H  =  {e }.
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4.3 A Fixed Point Property for the pair

Let G be a locally compact group w ith a closed subgroup H. The homogeneous 

space G /H  possesses a quasi-invariant measure. We denote the space of a ll 

essentially bounded complex-valued functions on G /H  by L°°{G/H).

Eymard defined the following fixed point property for the pair {G : H) 

(see [13, p. 11]).

D e fin itio n  4.3.1 (E ym ard). The pair (G : H) is said to have the fixed point 

property (FPP) if  every jo in tly  continuous affine action of G on a compact 

convex subset K  of a locally convex topological space X  which has a fixed 

point for H  also has a fixed point for G.

Furthermore, Eymard proved that there exists a GLIM on L°°(G /H) if  

sind only if  (G : H ) has the FPP.

In [28], Simon considered the following weaker condition of the action of G

D e fin itio n  4.3.2 (S im on). A weakly measurable affine action of G on a 

compact convex subset A” of a locally convex topological space A  is a rep­

resentation o f G by continuous affine maps ag : K  —*■ K  such that for each 

<j> € X *  and x  € K , the map g ■-* (0, ag(x)) is measurable.

We define a second fixed point property for the pair (G : H), and we show 

that (G : H ) possesses this fixed point property if  and only if  it  has the FPP.

D e fin itio n  4.3.3. The pair (G : H) is said to  have the FPP2 if  every weakly 

measurable affine action of G on a compact convex subset i f  o f a locally convex 

topological space X  which has a fixed point for H  also has a fixed point for 

G.

on K.
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Theorem  4.3.4. For G a locally compact group with a closed subgroup H, the 

following are equivalent:

(i) There exists a GLIM on L°°(G/H).

(ii) (G : H) has the FPP2.

(Hi) (G : H ) has the FPP.

(iv) There exists a GLIM on LUC(G,G/H).

Proof, (ii) =>• (iii) is triv ia l, since every jo in tly  continuous affine action is also 

a weakly measurable affine action.

(iii) O  (iv) follows immediately from the fixed point theorem of Eymard [13, 

p. 12], and a theorem of Greenleaf [15, Theorem 3.3].

That (iv) (i) is due to Greenleaf [15, Theorem 3.3].

(i) => (ii) Consider a weakly measurable action of G on K  such that

hx0 =  cth(x0) =  x0

for a ll h E H. Let A (K )  be the Banach space of a ll continuous affine maps 

from K  to K. For every <j> E A (K ), we define the function f<j> by

MdH)  =  {4, Wo) ■

<f> is bounded on K . Thus /<*> G L°°(GJH) since the action is weakly measur­

able. Let m be the le ft invariant mean on L°°(G/H).

Next, we define a function T  on A(K) by

(T, 4>) =  {m ,U).

Notice that T  is linear. Indeed, let a, /? E C, and let <j>, tj; E A (K ). Then, 

f â +gi(gH) =  (a<p +  fab, gx0) =  a(®, gx„) +  B(ii, gxc)

=  ( a u +

This gives us that

(T, a<l> +  (3$) =  (m, =  (m, o / 0  +  (3 fa) =  a(T, (j>) +  /5(T, tJj).
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Moreover, from the definition of T  we find that in fkeK<f>{k) <  (T, <j>) <  

SUPkeK f° r any real valued <f>. Thus T\x- 6  X**.

Let Q be the canonical embedding of X  into X** via {Q(x), <f>) =  <j>{x). We 

proceed by firs t showing that for some k0 £ X , T\x* =  Q(k0)- Then we use 

the existence of a le ft invariant mean m to show that k0 is a fixed point for G.

To show that T\x- =  Q(k0) for some k0 £ X , we must show that T  is weak* 

continuous. The Mackey topology on X *  is the finest topology such that X* 

has X** as its dual space. Thus, it  suffices to show that the convergence of 

<£7  to  <j> in  the Mackey topology implies convergence of (T, 07) to  {T,<j>). <p7  

converges to  0 in  the Mackey topology if  07  converges uniform ly to  <j> on convex 

weakly compact subsets of X**. But Q{K) is such a set. In  particular, we 

may assume that

{(p^gxo) =  M g H )  U{gH) =  (<f>, gx0)

uniform ly, i.e., is norm convergent to f<j> in  L°°(G/H). Now m is a mean 

on L°°(G /H), and so T  is indeed weak* continuous.

For any <f> £ X* and any a,g £ G, notice that

h A g S )  =  (a„<s)(9 i 0) =  K{4(gxo)) =  K (U )(gH ). (4.1)

Then, for a ll g £ G,

Hgko) = (KWh) = <r, V >  = (= ’ (m,\,(U))
=  {m, U ) =  <T, <f>) =  4>{k0), 

by the invariance of m. Hence gkQ =  k0 for a ll g £ G. ■
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