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Abstract 

 

 Natural deduction and the axiom method, as two derivation methods of formal deductive 

logic, are extensionally equivalent in the sense that they prove the same theorems and they derive 

the same premise-conclusion arguments: one has a derivation of a given conclusion from a given 

premise set if and only if the other does. They differ significantly, however, from an epistemo-

logical point of view. Being based on the notion of hypothetical reasoning, providing the most 

logically detailed steps within a derivation, and being tied closely to the conception of logic as 

attempting to model mathematical reasoning are some features that give natural deduction 

systems an epistemic flavor the axiom-based systems, to a large extent, lack. This work 

investigates these features through a comparison of the two sorts of deduction systems. 

 Analyzing the historical background of the advent and flourishing of the two methods, 

looking at the real examples of mathematical reasoning, and taking into account the way a 

rational agent carries out a logical derivation, give historical, experiential, and phenomenological 

dimensions to the work. All these features turn around the epistemic insight that deductive 

reasoning is a way of coming to know whether and how a given conclusion logically follows 

from a given set of premises. 

 The general results include finding the main characteristic feature of natural deduction as 

having a method of making a hypothesis and deriving some conclusions from it in combination 

with previous premises if any. Also the notion of epistemic rigor is defined which proves to be 

useful in investigating the significant advantages of natural deduction. Epistemic rigor can be 

measured by looking at the simplicity and purity of the rules of inference. Another distinctive 

feature of natural deduction is the two-dimensionality of its derivations which is due to the fact 
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that the formulas that occur within the scope of an assumption are not at the same level as other 

formulas outside the scope of that assumption. Furthermore, it is shown that, to a large extent, 

the best way of formalizing mathematical proofs is using natural deduction. The whole work is 

done within the framework of an epistemic approach to logic which characterizes logic as the 

science of reasoning. 
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 Logic, in the most extensive sense in which it has been thought advisable to employ the 

name, may be considered as the Science, and also as the Art, of reasoning. It investigates the 

principles on which argumentation is conducted, and furnishes such rules as may be derived 

from those principles, for guarding against erroneous deductions. 

―Richard Whately, 1826 

 

 

 Logic seems most naturally conceived as a system of inference rules that are typically 

applied to extralogical subject matter, rather than, for example, as an axiomatic system of 

logical truths. It is easy to verify that in actual argumentation, on any subject matter from 

politics to mathematics, the use of logic seldom involves the actual insertion of logical truths into 

the argument. 

―Benson Mates, 1972 

 

 

 What distinguishes logic from the other branches of knowledge? Quine starts his 

elementary textbook by implying that logic is the science of truth. That is where I part company. 

If we must have a one-word answer, logic is the science of deduction. 

―Ian Hacking, 1979 

 

 

 The leading idea of natural deduction is that actual reasoning is hypothetical, based on 

temporary assumptions. Such hypothetical logical reasoning had been the norm in logic since 

Aristotle’s times. However, logic got carried along in the wake of the axiomatic mathematics that 

became fashionable in the second half of the 19th century: Frege, Peano, Russell, and Hilbert 

and Bernays had turned logic into an axiomatic discipline that got, little by little, removed rather 

far away from its intuitive origins as a science of reasoning. 

          ―Jan von Plato, 2014 
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Chapter 1 

Introduction 

 

The object of reasoning is to find out, from the consideration of what we already 

know, something else which we do not know. Consequently, reasoning is good if it be 

such as to give a true conclusion from the premises, and not otherwise. 

                  ―Charles Peirce, 1877 

 

1.1. The thesis statement 

Natural deduction and the axiom method are two derivation methods which are widely used in 

the practice of formal deductive logic. The two methods are extensionally equivalent in the sense 

that they prove the same theorems and they derive the same premise-conclusion arguments: one 

has a derivation of a given conclusion from a given premise set if and only if the other does. 

They differ significantly, however, from an epistemological point of view. Being based on the 

notion of hypothetical reasoning, providing the most logically detailed steps within a derivation, 

and being tied closely to the conception of logic as attempting to model mathematical reasoning 

are some features that give natural deduction systems an epistemic flavor the axiom-based 

systems, to a large extent, lack. This work investigates these features through a comparison of 

the two sorts of deduction systems. 
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 There are several threads interwoven in this study. Analyzing the historical background 

of the advent and flourishing of the two methods, looking at the real examples of mathematical 

reasoning, and taking into account the way a rational agent carries out a logical derivation, give 

historical, experiential, and phenomenological dimensions to the work. All these features turn 

around an epistemic axis: the insight that reasoning is a way of coming to know whether and 

how a given conclusion logically follows from a given set of premises. Admittedly, as opposed 

to formal, mathematical discussions, rarely could clear-cut distinctions be found in an 

epistemological study of derivation methods; one has to rest content to present a spectrum and 

try to underline the extremes. For that matter, the apparent overemphasis on natural deduction’s 

being epistemically oriented by no means demonstrates that the axiomatic systems are entirely 

devoid of any epistemic elements. 

 Choosing classical logic as the field of study doesn’t mean that the author holds that 

classical logic is the only true logic or even that it is the best logic. The only reason was that he 

was more familiar with classical logic than other logics. Besides, the results of this study could 

be extended to extensions of classical logic as well as to non-classical logics. 

 

1.2. An outline of the dissertation 

This dissertation is organized in eight chapters. The introductory chapter opens the work with 

some preliminary points. Chapter 2, Characterization of natural deduction, is concerned with a 

brief history of the invention of the axiom method and of natural deduction and a survey of 

different systems offered by different logicians to reveal the main motivations behind the 

development of the two methods of doing logic. Also discussed are various ways of 

characterizing natural deduction and of drawing a demarcation line between that and other kinds 
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of formal deductive methods. The upshot is that the main characteristic feature of natural 

deduction is having a method of making a hypothesis and deriving some conclusions from it in 

combination with previous premises if any. Chapter 3, Epistemic rigor vs. formal rigor, starts 

with the notion of a gapless proof as an ideal of mathematical reasoning, which can be called 

formal rigor, and goes on to argue that both derivation methods in question satisfy this 

requirement. Then another feature is introduced, namely epistemic rigor, which proves to be 

useful in investigating the significant difference between the two methods. In Chapter 4, various 

ways of representing natural-deduction derivations are studied and it is shown that the common 

feature of all different representation methods is to deal with hypotheses or auxiliary 

assumptions. This result not only supports the claim that the characteristic feature of natural 

deduction is utilizing hypotheses but also introduces a distinctive feature, that is two-

dimensionality, which can be used to compare derivations carried out in a natural deduction 

system with those carried out in an axiom system. The next chapter, Chapter 5, examines a 

number of mathematical proofs found in the mathematical literature and tries to decompose and 

formalize the proofs in order to demonstrate that, to a large extent, the best way of formalizing 

mathematical proofs is using natural deduction. 

 Chapter 6, Natural deduction and the epistemological approach to logic, is concerned 

with the study of epistemic status of natural deduction as compared with axiom systems using a 

general classification of logical systems. According to this classification, various systems can be 

divided into three categories depending on what they are purported to codify: logical truth, 

logical consistency, or logical reasoning. It will be argued that this classification is a fruitful one 

in order to connect the derivation methods to the ways one conceives as the main goal of logic. 

Chapter 7, Aristotle’s logic: A case study, is devoted to applying some of the comparison points 
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between the axiomatic method and natural deduction, especially the truth-vs.-reasoning 

approaches to logic, to the research program of interpreting Aristotle’s logic. A suggestion would 

be that, alongside trying to find the best logical system in which Aristotle’s logic can be 

formulated, investigating his conception of the nature of logic and its goal could also be helpful. 

Finally, the closing chapter, Concluding remarks, summarizes the issues that have been 

discussed and shows how different aspects of the comparison contribute to the main theme that 

natural deduction has a more epistemic slant than the axiom method. Also, it shall be explained 

that the results of this study are not limited to classical logic: in any logical system of any sort, an 

axiomatic formulation draws the boundaries of logical truth in that system, whereas a natural 

deduction formulation demonstrates how deductive reasoning is carried out within that system. 

 

1.3. The scope of the study 

As mentioned, the logic under study is classical logic, and more specifically, classical sentential 

logic. In some cases, in order to deal with examples, the logic might extend to the first-order 

predicate calculus. Let us first introduce the language L that is used here. 

The language L 

The language L is restricted to the following vocabulary: 

 Logical constants: , , , ,  

 Sentence letters: p, q, r, s, ... 

 Punctuation marks: (, ), [, ], {, } 

In the metalinguistic usages, such as expressing rules or axioms, the uppercase letters are used as 

sentence schemas. 
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 The recursive formation rules for making up sentences out of the vocabulary are as 

follows. (P and Q are metavariables ranging over sentences of L.) 

 1- Every sentence letter is a sentence (an atomic sentence). 

 2- If P is a sentence, then so is P. 

 3- If P and Q are sentences, then so are (P  Q), (P  Q), (P  Q), and (P  Q). 

 4- Nothing is a sentence unless it is formed by applications of the above rules. 

Where no confusion results, the outer punctuation may be dropped. 

Model theory 

The semantics corresponding to language L is the standard two-valued one. The following 

characteristic truth-table shows the truth conditions of each connective. 

 

P Q P P  Q P  Q P  Q P  Q 

T T F T T T T 

T F F F T F F 

F T T F T T F 

F F T F F T T 
  

TABLE 1. The characteristic truth-table of the connectives of classical sentential logic 

 

The truth-value of any compound sentence is determined solely by the truth-values of the 

sentence letters of which it is composed. Each row in a truth-table, i.e. each truth-value 

assignment, is an interpretation. A sentence P that is true in all interpretations is said to be 

logically true and is called a tautology (in symbols: ⊨ P). A premise-conclusion argument is an 

ordered-pair whose first member is a premise set  and whose second member is a conclusion P. 

A premise-conclusion argument which has the property that under every interpretation if the 
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members of the premise set  are all true then the conclusion P is true as well is a logically valid 

argument (in symbols:  ⊨ P). 

Derivation methods 

Two derivation methods which are dealt with here, namely natural deduction and the axiom 

method, have been defined in various ways and formally represented in yet more various ways. 

As the study goes on, several systems shall be studied and compared, but in order to set a 

standard for this dissertation, a specific system for each method is chosen: the Mendelson-system 

as the axiomatic sentential logic and the Bergmann-system as the natural-deduction sentential 

logic. Both systems use the language L. 

ASL: Axiom system 

This system, which will be called Axiomatic Sentential Logic, ASL, developed by Mendelson 

(2009),1 containing three axiom schemas and one derivation rule, is as follows.  

 (A1)    P  (Q  P) 

 (A2)    (P  (Q  R))  ((P  Q)  (P  R)) 

 (A3)    (P  Q)  ((P  Q)  P) 

And, the only derivation rule is modus ponens (MP) or detachment: from P  Q together with P 

one can derive Q. 2 

 Other connectives are defined in terms of  and  in the following way: 

 (D1)    P  Q =df   (P  Q) 

                                                 
1 This is the latest (5th) edition of the book. The axiom system, in fact, was developed in the first edition 

published in 1964.   
2 If we introduced axioms instead of axiom schemas, we would have to include the rule of substitution as 

well. 
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 (D2)    P  Q =df   P  Q 

 (D3)    P  Q =df   (P  Q)  (Q  P) 

 A derivation of a conclusion P from a set of premises Γ is a sequence of sentences 

arranged such that the sentences of the premise set Γ come first and then each sentence is either a 

premise, an axiom (that is, a substitution instance of one of the axiom schemas A1-A3), or 

obtained from two above sentences using the rule modus ponens. The last sentence of the 

sequence is the conclusion P. The derivability of P from Γ is symbolized as  ⊢ P. If a sentence 

P can be derived without using any premises, namely that the set Γ is empty, P is a theorem 

(expressed as ⊢ P). The derivation of a theorem is called a proof. 3 Here is an example of 

deriving a conclusion from a set of premises ({p  q, q  r}⊢ p  r) followed by an example of 

proving a theorem (⊢ (p  p)  p). The annotations in the right column, which is called the 

justification column, refer to the clauses in the definition of derivation. 

 

1. p  q Premise 

2. q  r Premise 

3. (p  (q  r))  ((p  q)  (p  r)) An instance of (A2) 

4. (q  r)  (p  (q  r)) An instance of (A1) 

5. p  (q  r) 2, 4, MP 

6. (p  q)  (p  r) 3, 5, MP 

7. p  r 1, 6, MP 

 

                                                 
3 To follow Carnap’s terminology: “A derivation without premisses is called a proof.” (1934, p. 29) 
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1. (p  ((p  p)  p))   (p  (p  

p))  (p  p) 

An instance of (A2) 

2. p  ((p  p)  p) An instance of (A1) 

3. (p  (p  p))  (p  p) 1, 2, MP 

4. p  (p  p) An instance of (A1) 

5. p  p 3, 4, MP 

6. (p  p)  ((p  p)  p) An instance of (A3) 

7. (p  p)  p 5, 6, MP 

 

NSL: Natural deduction system 

The chosen natural deduction system, due to Bergmann et al. (2014),4 and called Natural-

deduction Sentential Logic, NSL from now on, introduces eleven rules of inference: the rule of 

reiteration and five pairs of rules of introduction and elimination for the five sentential 

connectives. There are no axioms in this system. In the course of a derivation, one can assume a 

sentence (called a hypothesis or an auxiliary assumption) and then discharge it. Of course, by 

‘assume’ I do not refer to the mental operation usually indicated by that word. Here ‘assuming’ 

is entirely syntactic. The vertical line segments, called scope lines, are mainly used to keep track 

of auxiliary assumptions. With each auxiliary assumption, a new scope line begins and it ends 

once the assumption is discharged. The main scope line is the one which connects the premises 

to the conclusion. Similar to the terminology used with axiomatic systems, a proof has the 

premise set empty. 

                                                 
4 This is the latest (6th) edition of the book. The set of rules, in fact, was developed in the first edition 

published in 1980.   
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Reiteration  (R)  

      P 

►  P 

 

 

Negation Introduction  (I) 

 

Negation Elimination  (E) 

        P 

 

        Q 

        Q 

►  P 

 

         P 

 

        Q 

        Q 

►  P 

 

Conjunction Introduction  (I) Conjunction Elimination  (E) 

      P 

      Q 

►  P  Q 

 

       P  Q         or 

►  P 

      P  Q 

►  Q 

Disjunction Introduction  (I) Disjunction Elimination  (E) 

      P                or 

►  P  Q 

      P 

►  Q  P 

      P  Q 

       P 

       R 

       Q 

       R 

►  R 

 

 

Conditional Introduction  (I) Conditional Elimination  (E) 

        P 

 

        Q 

►  P  Q 

       P  Q 

      P 

►  Q 
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Biconditional Introduction  (I) Biconditional Elimination  (E) 

       P 

       Q 

       Q 

       P 

►  P  Q 

       P  Q         or 

      P 

►  Q 

 

      P  Q 

      Q 

►  P 

 

 

The two following derivations illustrate the natural deduction system. For comparison, we use 

the same respective premises and conclusions used above. It will be shown that {p  q, q  r} ⊢ 

p  r and that ⊢ (p  p)  p: in other words, that p  r is derivable from {p  q, q  r} and 

that (p  p)  p is derivable from the null set. 

 

1. p  q Premise 

2. q  r Premise 

3. p A hypothesis to use I 

4. q 1,3, E 

5. r 2,4, E 

6. p  r 3-5, I 

 

1. p  p A hypothesis to use I 

2. p A hypothesis to use E 

3. p 1, 3, E 

4. p 4, R 

5. p 2-3, E 

6. (p  p)  p 1-5, I 
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The fragments of a derivation that fall in a scope line other than the main one are called 

subderivations.5 Allowing subderivations to enter to a derivation is the most salient feature of a 

natural deduction system.  

The equivalence of the two systems 

In a derivation system (of any kind) if every theorem is a logical truth, that is, for every P, if ⊢ P 

implies ⊨ P, that system is sound. If a derivation system can prove any logical truth, that is, if   

⊨ P implies ⊢ P, that system is complete. If any sentence that is derivable from a given set of 

premises truth-conditionally follows from it, that is, if  ⊢ P implies  ⊨ P, the system is 

strongly sound. And, if a system can derive the conclusion from the set of premises of any valid 

argument, that is, if  ⊨ P implies  ⊢ P, the system is strongly complete. 

 It can be shown that both derivation methods in question, namely ASL and NSL, are 

sound, complete, strongly sound, and strongly complete with respect to the truth-conditional 

model theory mentioned above. Consequently, they are extensionally equivalent in the sense that 

they prove exactly the same set of theorems, and also, they show derivability of the same 

sentences from the same set of premises, or in other words, they demonstrate the validity of the 

same set of premise-conclusion arguments. 

  

                                                 
5 What is called a subderivation here has got various names in the literature; for instance, Fitch (1952, 

p.20) called it a ‘subordinate proof’, Leblanc and Wisdom (1965, p.77) named it a ‘subordinate 

derivation’. 
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Chapter 2 

Characterization of natural deduction 

 

Here and elsewhere we shall not obtain the best insight into things until we actually 

see them growing from the beginning. 

         ―Aristotle; Politics 

 

Natural deduction as a formal derivation method of deductive logic was invented in 1930s when 

symbolic logic had grown enough to have yielded significant fruits in mathematics and 

philosophy. Although, as we will see, the way mathematical proofs were offered, even before the 

advent of logistic systems, can be seen as some kind of pre-formal natural deduction, 

mathematicians and philosophers were content with the logistic systems available at the time. 

The derivation methods of the time consisted mainly in axiom systems as a legacy of Frege and 

Russell. A significant number of axiom systems had been developed in the first three decades of 

the twentieth century. It seems helpful to the discussion of natural deduction if we start this 

chapter with a brief history of axiomatic systems. 

 

2.1. Background: axiomatic systems 

An axiomatic derivation system can conveniently be defined. It has to be mentioned, to begin 

with, that in modern logic axiomatic systems are defined over a formal language, a language like 
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L defined in Chapter 1. Following Church (1956), an axiomatic derivation system defined over a 

formal language, together with a formal semantics, is called a logistic system. (More on this in 

Chapter 3.) The derivation system, in turn, consists of a set of axioms, which are logical truths, 

and a set of rules of inference that produce logical truths from logical truths. The set of axioms 

can be determined in two ways. Either we have finitely many, usually a few, axioms and 

accordingly we need the set of rules of inference to include a rule of substitution to produce more 

logically true sentences in the same logical form as the axioms. Or otherwise, we have axiom 

schemas and any sentence in the same form as an axiom schema, or in other terms, any 

substitution instance of an axiom schema, counts as an axiom, and so we have infinitely many 

axioms. In this case the rule of substitution is no longer needed. The set of rules of inference, 

besides the rule of substitution if needed, usually includes a rule of detachment. The latter in 

most cases is the rule of conditional-detachment or modus ponens, but in some cases, such as in 

Nicod (1917), it gets other forms. 

 Another point of division is whether the proofs in a system can start only with axioms or 

whether they are allowed to start with non-logically-true premises. The latter is called ‘proof 

from hypotheses’ by Church (1956, p. 87).6 Note that if a system allows for premises, then there 

must be restrictions on the use of substitution rule, because the substitution instances of the 

premises cannot be entered into the derivation. The axiom system ASL introduced in Chapter 1, 

which is Mendelson (2009), is a system of sentential logic using axiom schemas and modus 

                                                 
6 Fitch (1952) drew this distinction as categorical proofs vs. hypothetical proofs, the latter being “formal 

proofs that posses one or more hypotheses” (p. 14). In the present work, the main assumptions that can 

occur in both axiomatic and natural deduction derivations are called premises, and the auxiliary 

assumptions that occur merely in the applications of rules of natural deduction are called ‘hypotheses’. 

Consequently, hypothetical reasoning refers to part a derivation in which at least one auxiliary assumption 

is used, or in Fitch’s terminology (p. 20), a subordinate proof is utilized. 



14 
 

ponens as the only rule and allowing derivations to start with premises. Below several axiomatic 

systems of classical sentential logic are reviewed. To express the axioms of the following 

systems the language L is used. The exceptions are Church (1956) and Nicod (1917) in which‘ f ’ 

(falsum) and ‘|’ (Sheffer stroke), respectively, are added to the vocabulary. Also, throughout the 

following, axiom schemas (using upper case letters ranging over the sentences of L) are used, 

although some systems originally introduced axioms and a substitution rule. Let’s begin with 

Gottlob Frege who made up the first logistic system. 

Frege  

Frege in his seminal work Begriffsschrift (1879) set forth an axiom system for the first time and 

so counts as the founder of logistic systems. His system is comprised of six axioms as follows. 

Note that the primitive connectives are  and . 

 (A1)  P  (Q  P) 

 (A2)  [P  (Q  R)]  [(P  Q)  (P  R)] 

 (A3)  [P  (Q  R)]  [Q  (P  R)] 

 (A4)  (P  Q)  (Q  P) 

 (A5)  P  P 

 (A6)  P  P 

The rules of inference are modus ponens and substitution, although the latter is not explicitly 

stated as a rule but is used throughout the work. In the preface added after the treatise had 

finished, he mentioned that (A5) and (A6) could be stated together as P  P which could make 

some proofs simpler (p. 8). 
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Russell 

During the flourishing period of modern logic after Frege, Bertrand Russell offered several 

axiom systems, three of which are as follows. 

 In Principles of Mathematics (1903) he proposed an axiom system with six axioms using 

the primitive connectives  and  (pp. 16-7). 

 (A1)  (P  Q)  P 

 (A2)  [(P Q)  (Q  R)]  (P  R) 

 (A3)  [P  (Q  R)]  [(P  Q)  R] 

 (A4)  [(P  Q)  R]  [P  (Q  R)] 

 (A5)  [(P  Q)  (P R)]  [P  (Q  R)] 

 (A6)  [(P  Q)  P]  P 

The rules of inference are modus ponens and also substitution, again the latter applied but not 

explicitly mentioned. 

 Later in (1906) in a paper titled “Theory of implication” he set out another axiom system 

using  and  as primitive connectives and modus ponens and substitution as the rules of 

inference. 

 (A1)  P  P 

 (A2)  P  (Q  P) 

 (A3)  (P  Q)  [(Q  R)  (P  R)] 

 (A4)  [P  (Q  R)]  [Q  (P  R)] 

 (A5)  P  P 

 (A6)  (P  P)  P 

 (A7)  (P  Q)  (Q  P) 
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 Finally, in his best-known logical work Principia Mathematica (1910) co-authored with 

Whitehead, he offered a system in which the primitive connectives are  and , although in the 

axioms and one of the rules of inference, namely modus ponens,  is used as an abbreviation of 

P  Q. The other rule is substitution. (pp. 98‒101) 

 (A1)  (P  P)  P 

 (A2)  Q  (P  Q) 

 (A3)  (P  Q)  (Q  P) 

 (A4)  [P  (Q  R)]  [Q  (P  R)] 

 (A5)  (Q  R)  [(P  Q)  (P  R)] 

It is worth mentioning that Paul Bernays (1926) found that this set of axioms is redundant. 

(Linsky 2011, p. 52) The fourth axiom can be derived from the others, so by omitting (A4) the 

system would get rid of redundancy. Other changes have also been proposed by others. (Church 

1956, p. 157) 

Nicod 

Following Henry Sheffer’s (1913) discovery that the sentential connective known as Sheffer 

stroke ‘|’, meaning ‘not-both’ or NAND, is truth-functionally complete, Jean Nicod in (1917) 

found a single axiom that suffices for all theorems of sentential logic to be derived.  

 (A1)  (P|(Q|R))|{[S|(S|S)]|[(T|Q)|((P|T)|(P|T))]} 

The derivation rule is that R follows from P|(Q|R) and P. 

Hilbert 

Another well-known axiom system is Hilbert and Ackermann’s (1928, pp. 27‒28) in which the 

primitive connectives are  and , and  is defined in terms of  and . It contains four axioms. 
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 (A1)  (P  P)  P 

 (A2)  P  (P  Q) 

 (A3)  (P  Q)  (Q  P) 

 (A4)  (Q  R)  [(P  Q)  (P  R)] 

The rules of inference are modus ponens, which they call ‘the rule of implication’, along with the 

rule of substitution. It can easily be realized that this system is an improved version of 

Whitehead and Russell (1910). Here the fourth axiom of Russell’s system is omitted and the 

second axiom slightly changed. 

Łukasiewicz 

Łukasiewicz is one of the prolific logicians who proposed several axiom systems one of which is 

the following from his (1929, p. 28). This system is also mentioned in Łukasiewicz and Tarski 

(1956, p. 43). 

 (A1)  (P  Q)  [(Q  R)  (P  R)] 

 (A2)  (P  P)  P 

 (A3)  P  (P  Q) 

The rules are modus ponens and substitution. 

 Although in 1934 the new way of formalizing logical proofs, namely natural deduction, 

was announced independently by Stanislaw Jaśkowski and Gerhard Gentzen, many logicians 

continued developing more axiom systems. So our survey can go further by adding a number 

more. 

Kleene 

The following set of axiom schemas is introduced by Kleene in (1952, pp. 81‒2). The only rule 

of inference is modus ponens. Since these are axiom schemas, no rule of substitution is needed. 



18 
 

 (A1)  P  (Q  P) 

 (A2)  (P  Q)  [(P  (Q  R))  (P  R)] 

 (A3)  P  [Q  (P  Q)] 

 (A4)  (P  Q)  P 

 (A5)  (P  Q)  Q 

 (A6)  P  (P  Q) 

 (A7)  Q  (P  Q) 

 (A8)  (P  R)  [(Q  R)  ((P  Q)  R)] 

 (A9)  (P  Q)  [(P  Q)  P] 

 (A10)  P  P 

The interesting point about Kleene’s system is that it uses almost all the usual sentential 

connectives, the only exception being .  

Rosser 

Rosser proposed a system with three axiom schemas (1953, p. 55). The set of primitive 

connectives consists in , , and . 

 (A1)  P  (P  P) 

 (A2)  (P  Q)  P 

 (A3)  (P  Q)  [(Q  R)  (R  P)] 

As usual, the only derivation rule is modus ponens. 

Meredith 

As has been seen, some logicians were interested in making up systems with fewer axioms, 

Nicod (1917) being at the extreme with only one. But the latter used the Sheffer stroke as the 
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primitive connective, which is not among the usual connectives. Meredith (1953) proposed a 

system with a single axiom in which  and  occur as the primitive connectives. 

 (A1)  {[((P  Q)  (R  S))  R]  T}  {(T  P)  (S  P)} 

Interestingly, in addition to substitution rule, the only rule of inference is the ordinary modus 

ponens. 

Church 

Finally, Alonzo Church in his Introduction to Mathematical Logic (1956), in addition to a 

wonderful survey of a myriad of axiomatic systems and putting them in an historical order, 

suggested his own system, in which the primitive connective is , and f is also introduced as a 

primitive constant. The symbol f denotes “the truth-value falsehood” (p. 72). The axioms are as 

follows. 

 (A1)  P  (Q  P) 

 (A2)  [P  (Q  R)]  [(P  Q)  (P  R)] 

 (A3)  [(P  f)  f]  P 

The rules of inference are modus ponens and substitution as usual. Moreover, he introduces 

another system (p. 119) in which the symbol f is omitted and  is used as a primitive connective, 

and accordingly (A3) is replaced with the following. 

 (A3’)  (P  Q)  (Q  P) 

 

 Now, let’s take a closer look at the one dozen systems just surveyed. The first point is 

that these systems try to use the least possible number of rules of inference; in fact, either one or 

two. The substitution rule is dispensable, if you choose to introduce axiom schemas. Even when 

it is utilized, it doesn’t count as a rule of inference or derivation in the strict sense. It is needed 
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just to facilitate the formality of the system. The rule of modus ponens, or the corresponding rule 

in the case of Nicod (1917), however, is common to all of them. The steps of a derivation are 

taken using the rule of detachment and this is indispensable. As Lewis Carroll (1895) noted if 

one puts several axioms together no conclusion can be drawn out of them unless a rule is at 

work. Whitehead and Russell (1910, p. 99) were well aware of the fact that a rule of inference 

cannot be stated as an axiom. (More on this in Chapter 6.) Therefore, it is fair to say that in an 

axiomatic method the use of inference rules is minimal and is limited to what is necessary.7 In 

Frege’s terms “Since it is therefore possible to manage with a single mode of inference, it is a 

commandment of perspicuity to do so” (1879, p. 17). Besides, the systems tend to minimize the 

number of axioms.8 Łukasiewicz and Tarski (1956, pp. 44-5) and also Church (1956, p. 138 and 

p. 159) surveyed several attempts to reduce the number of axioms of sentential logic to only one.   

 This fact coheres with the historical background that the motivation behind the invention 

of a logistic system by Frege and its full development by Russell was to contribute to the project 

of logicism―to formalize a set of logical truths to which all mathematical truths can be reduced. 

Logical truths and mathematical truths were considered as aspects of reality. Thus, Frege stated 

“I assign to logic the task of discovering the laws of truth” (1918, p. 290) and Russell, also, 

famously held that “logic is concerned with the real world just as truly as zoology”. (1919, p. 

169) In fact, as Linsky points out, Russell’s metaphysics “motivates or at least explains many of 

the features of” his logic (1999, p. 2). With this picture of logic in mind, the main concern was to 

build a logical system which formalizes and organizes all logical truths with mathematical 
                                                 
7 As Richard Zach pointed out to me in personal communication, Paul Bernays was an exception who 

studied the replacement of axioms by rules of inference in 1918. See Mancosu et al. (2009, p. 376). 
8 In the case of those systems that introduce axiom schemas, the axioms are infinitely many anyway; 

accordingly, to minimize the number of axioms means to minimize the number of axiom schemas, or let 

us say, the templates axioms are substitution instances of. 
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precision, regardless of how artificial or natural its derivations look. To summarize, these 

systems aimed at modeling logical truths rather than logical reasoning, and accordingly were 

reductionist―the smaller system the better. 

 The latter point makes us notice that, with the exception of Kleene (1952), none of the 

systems involves a full set of sentential connectives. Although all the systems are classical and 

define all sentential connectives in the standard way, they tend to use the least number of 

connectives possible. Seen in this trend, Russell’s point in his introduction to the second edition 

of Principia Mathematica (1925, p. xiii) would not seem strange:9 

 

 The most definite improvement resulting from work in mathematical logic during the past 

fourteen years is the substitution [...] of the one indefinable “p and q are incompatible” 

(or, alternatively, “p and q are both false”) for the two indefinables “not-p” and “p or q”. 

This is due to Dr. H. M. Sheffer. Consequentially, M. Jean Nicod showed that one 

primitive proposition could replace the five primitive propositions [...]. 

 

 Furthermore, in addition to efforts to reduce the number of primitive connectives, 

axioms, and rules, the issue of the independence of axioms were always important, though, as 

                                                 
9 Although Linsky (2011, p. 40) makes Russell’s remarks less jarring by suggesting that Russell’s 

compliment of Sheffer’s and Nicod’s work has to be read another way. “It is clear that this is intended to 

be the most definite improvement to the first edition of  Principia Mathematica, not the most definite 

improvement in mathematical logic in general.” Still, one can insist on the importance of the discoveries 

of Sheffer’s and Nicod’s from Russell’s point of view by pointing out that the two works are among the 

list of twenty-odd works that he singled out among the huge mathematical logical literature of the time as 

“the contributions to mathematical logic since the publication of the first edition of Principia 

Mathematica” (1925, p. 65). 
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Church (1956, p. 163) points out, the formal methods for investigating the independence of 

axioms and rules were found by Bernays, Łukasiewicz, and Huntington in the 1920s and 1930s. 

 It is worth adding that in the currently-used textbooks that treat sentential logic 

axiomatically, such as Goldfarb (2003) and Mendelson (2009), usually three or four axioms are 

introduced with  and  as primitive connectives. 

 

2.2. The history of natural deduction10 

On the other side, for both Gentzen and Jaśkowski―the inventors of the natural deduction 

method―the concern was to study how mathematicians performed mathematical reasoning and 

how they moved from premises to conclusions through the process of carrying out a derivation.11 

As we will see later, these two logicians were among the pioneers of the reasoning-approach to 

logic as opposed to other approaches that saw logic as a science of logical truths or a science of 

valid premise-conclusion arguments, i.e., of the logical consequence relation. 

 Gentzen coined the term ‘natural deduction’, while Jaśkowski called his method as ‘the 

method of suppositions’. What is widely known as natural deduction today,12 an instance of 

which, namely NSL, laid down in Chapter 1, is in fact a mixture of these two systems. Making a 

pair of introduction and elimination rules for each connective comes from Gentzen and the 

representational method, with some minor improvements, comes from Jaśkowski. 

                                                 
10 The history of natural deduction is extensively discussed in Pelletier (1999). 
11 Logic aims at modeling correctly carried out derivations which are the products of a series of mental 

acts. The subject matter of symbolic logic is the products not the mental procedures. 
12 By this I mean in philosophy-oriented logic books. This qualification is in order since many 

mathematics-oriented proof theory texts, including Takeuti (1987) and Troelstra and Schwichtenberg 

(2000), define natural deduction in Gentzen’s tree-like way and don’t even mention Jaśkowski’s 

linearalized method. 
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 Here we briefly review what they said in their seminal works concerning the natural 

deduction method of classical sentential logic. Both works cover predicate calculus as well as 

some form or another of intuitionistic logic. Gentzen also introduced another logical system 

called ‘sequent calculus’ and worked out its metalogical features in detail. Both demonstrated 

that their natural deduction system is extensionally equivalent to the logistic systems. These 

topics other than natural deduction for classical sentential logic, though similarly interesting and 

insightful, are not mentioned here. Incidentally, and as a matter of terminology, Jaśkowski’s term 

for an auxiliary assumption―or a hypothesis―is ‘supposition’, and Gentzen called it an 

‘assumption formula’. 

 

Jaśkowski 

Stanisław Jaśkowski, a student of Łukasiewicz’s, formulated what he called ‘the method of 

suppositions’ in his article “On the rules of suppositions in formal logic” (1934). He didn’t use 

the term ‘natural deduction’, but his system in fact is what is today known as natural deduction. 

The motivation behind his attempt was to formalize the proof method that was used by 

mathematicians in their work by incorporating some rules which allowed introducing an arbitrary 

hypothesis into a derivation. The historical background is stated in the opening paragraph (p. 

232): 

In 1926 Professor J. Łukasiewicz called attention to the fact that mathematicians in their 

proofs do not appeal to the theses of the theory of deduction, but make use of other 

methods of reasoning. The chief means employed in their method is that of an arbitrary 

supposition. The problem raised by Mr. Łukasiewicz was to put those methods under 

the form of structural rules and to analyse their relation to the theory of deduction. The 

present paper contains the solution of that problem. 
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By ‘the theory of deduction’ he refers to the logistic systems of the time, and by ‘the form of 

structural rules’ he means an entirely formal language and formal deductive system. He chose  

and  as the primitive connectives of his language, though he decided to use the bracket-free, 

Polish notation in which ‘conditional’ and ‘negation’ are symbolized as the letters C and N, 

respectively. We shall use our standard notation here rather than his. 

 First of all, using the example of the theorem of classical logic ‘p  [(p  q)  q]’ he 

shows how his system works. First we suppose p, then again suppose p  q, then from the two 

suppositions we get q (by modus ponens). Now we see that under the second supposition, 

namely p  q, the sentence q has been derived so a conditional is obtained whose antecedent is 

the supposition and whose consequent is the result of the supposition, that is (p  q)  q. This 

sentence is not under the supposition p  q any longer. Then by repeating this strategy, another 

conditional is obtained, that is,  p  [(p  q)  q], and, again, this is not under the supposition p 

any longer. Since the final sentence is not bound by any supposition and is obtained solely from 

the rules of logic, it is a theorem. The derivation is symbolically arranged as the following. The 

letter S abbreviates the word ‘Suppose’. 

 

 1. Sp 

 1.1. S(p  q) 

 1.1. q 

 1.  (p  q)  q 

 p  [(p  q)  q] 
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The prefix numbers are intended to keep track of suppositions. So ‘1’ means the first supposition 

and any other sentences under that supposition should start with ‘1’, and ‘1.1’ means the second 

supposition and any sentences under that supposition should start with ‘1.1’. All the sentences 

under a second supposition are still under the first supposition as well, and so on. A supposition 

is in effect until a rule comes in play such that the supposition is discharged.   

 Then he shows how his system is going to govern negated sentences by explaining how it 

proves that ‘(p  q)  (q  p)’ is a theorem. 

 

 2. S(p  q) 

 2.1. Sq 

 2.1.1. Sp 

 2.1.1. q 

 2.1. p 

 2. q  p 

 (p  q)  (q  p) 

 

In this derivation the first three sentences are chained suppositions. The third supposition is a 

negation, under which q is obtained which contradicts an active supposition, namely the first 

sentence, that is q. Now, from p a contradiction follows, so p is true as a result by reductio ad 

absurdum. Other lines involving only  are governed by the rule for conditional as explained 

above and modus ponens as well. 

 In a footnote (p. 234), Jaśkowski mentioned that in another work presented in 1926 he 

had drawn boxes (squares or rectangles) around the sentences of a derivation in order to 
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determine the scope of each supposition. In this method, the first example would be represented 

as follows. 

 

 p  

 p  q  

 p  

 q  

 (p  q)  q  

 p  [(p  q)  q]  

 

 

Each box starts with a supposition and ends when the supposition is discharged. The last 

sentence which is out of any boxes is a theorem. Note that in the third line the sentence p is 

repeated. This is a matter of formality. When the rules are defined such that they can apply only 

on the sentences within a scope you have to repeat a sentence from an accessible scope into the 

current one. The second example of his in this format would look like the following. 
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  p  q   

  q   

  p  q   

  p   

  p  q   

  q   

  q   

  p   

  q  p   

 (p  q)  (q  p)  

 

The various methods of representing natural deduction derivations, including Jaśkowski’s two 

methods just mentioned, accompanying by more examples, are analyzed in detail in Chapter 4. 

 Let us move on to the four rules Jaśkowski sets forth for sentential logic. In his technical 

treatment of the rules, he uses the notion of ‘domain’ which is, to a large extent, the inverse of 

the notion of ‘scope’ in Bergmann-style rules. When we start a derivation we are in the 

narrowest domain which is the domain of pure logic. When we make an assumption P, we have 

created a broader domain, that is, a domain in which P is also assumed to be true. And if we 

make yet another assumption in the second domain, a third domain has been created which is 

broader than the second. Since each domain includes the narrower domains, the sentences that 

are in narrower domains are in the broader domain as well. Having explained the notion of a 

domain, a simplified version of his rules are as follows. 
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 Rule I: In each domain, a supposition is allowed to be introduced. (In fact, by introducing 

a supposition a new domain is created.) 

 Rule II: If within the domain of a supposition P a sentence Q is accessible, a sentence of 

the from P  Q is obtained in the immediately narrower domain (and so the supposition P is 

discharged). 

 Rule III: If within a domain two sentences P and P  Q occur, the sentence Q is obtained 

within the same domain. 

 Rule IV: If within the domain of a supposition P two sentences of the form Q and Q 

occur, the sentence P is obtained in the immediately narrower domain (and so the supposition P 

is discharged). 

 Now, using his method of writing line numbers to the left of the sentences of each line 

along with annotations to the right, his two examples would get the following representation. 

 

(1) 1. Sp I 

(2) 1.1. S(p  q) I 

(3) 1.1. q III 2,1 

(4) 1.  (p  q)  q II 2,3 

(5) p  [(p  q)  q] II 1,4 

 

Note that neither the line numbers nor the annotations are in the object language and, since the 

prefix numbers show the limits of the domains of suppositions, both are dispensable. Finally, 

here is the second example. 
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(1) 2. S(p  q) I 

(2) 2.1. Sq I 

(3) 2.1.1. Sp I 

(4) 2.1.1. q III 1,3 

(5) 2.1. p IV 3,2,4 

(6) 2. q  p II 2,5 

(7) (p  q)  (q  p) II 1,6 

 

Gentzen 

Gerhard Gentzen, among other contributions, offers a system of natural deduction in the first part 

of his two-part article “Investigations into logical deduction” (1934). Interestingly enough, when 

he states his motivation, it sounds quite similar to what Jaśkowski reports as his intention. 

Gentzen writes (p. 288): 

 

My starting point was this: The formalization of logical deduction, especially as it has 

been developed by Frege, Russell, and Hilbert, is rather far removed from the forms of 

deduction used in practice in mathematical proofs. [...] I intended, first of all, to set up a 

formal system which came as close as possible to actual reasoning. 

 

He starts by introducing his formal language which uses all the five sentential connectives. After 

many more preliminary things, he goes on to explain what a piece of ‘actual’ mathematical 

reasoning looks like by giving, as an example, the following proof of the theorem ‘[p  (q  r)] 

 [(p  q)  (p  r)]’. (p. 292) For the sake of conformity, his notation is translated into ours. 
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Suppose that either p or q  r holds. We distinguish the two cases: 1. p holds, 2. q  r 

holds. In the first case it follows that p  q holds, and also p  r; hence (p  q)  (p  r) 

also holds. In the second case q  r holds, which means that both q and r hold. From q 

follows p  q; from r follows p  r. Thus (p  q)  (p  r) again holds. The latter formula 

has thus been derived, in general, from p  (q  r), i.e., [p  (q  r)]  [(p  q)  (p  r)] 

holds. 

 

 His formal system of natural deduction comprises a pair of introduction and elimination 

rules for each connective, except the ‘biconditional’ for which he didn’t bother to make such 

rules, plus a single rule formalizing ex falso quodlibet and to which he didn’t give a name. He 

utilizes the symbol f as well to stand for falsum. The derivation rules are as follows. (p. 293) The 

formula at the bottom of each horizontal line is obtained from the formula or formulas or the 

specific array of formulas at the top. 

-I 
P        Q 

  P  Q 
-E 

P  Q         P  Q 

   P                Q 

-I 
    P                 Q 

P  Q           P  Q 

 

-E 

             [P]   [Q] 

P  Q     R     R 

           R 

 

-I 

   [P] 

   Q 

P  Q 

-E 
P    P  Q 

     Q 

 

-I 

 [P] 

 f 

 P 

-E 
P     P 

   f 
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And, finally the last rule which is not given a name is  

 f 

 S 

meaning from falsum any arbitrary formula follows. 

 Square-bracketed sentences are assumption formulas. When a derivation is drawn, which 

is a tree-like structure with the premises at the top and the end result at the root, one has to keep 

track of assumptions and what follows from them. His own representation of the formal natural 

deduction proof of the above mentioned theorem, namely [p  (q  r)]  [(p  q)  (p  r)], 

helps us understand how a derivation goes. Note that two copies of some assumptions need to be 

cited. 

     1  1  

 

-E 

-I 

-I 

-E 1 

 

 1  1  q  r  

-E 

-I 

q  r 

 p  

-I 

p  

-I 

-I 

q r 

2 p  q p  r p  q p  r 

p  (q  r) (p  q)  (p  r) (p  q)  (p  r) 

   (p  q)  (p  r)  

-I 2 

 

 [p  (q  r)]  [(p  q)  (p  r)]   

 

 The immediate complaint that comes to mind is that in this representational method the 

flow of reasoning is not depicted well. The most perspicuous example is the application of -E 

in the above derivation. The two assumptions p and q  r, which both marked as 1, seem 

irrelevant and only after the assumption  p  (q  r), which is marked as 2, comes into play, does 

the relevance of the first two assumptions become clear. Gentzen himself was aware of this 



32 
 

problem, saying: “In this example the tree form must appear somewhat artificial since it does not 

bring out the fact that it is after the enunciation of  p  (q  r) that we distinguish the cases p, q  

r.” (p. 294). So it is not unexpected to see that after Gentzen got familiar with Jaśkowski’s 

methods of organizing derivations he found them helpful. “Gentzen found Jaśkowski’s work by 

June 1936, when both were in Münster, and considered its linear arrangement of formulas an 

improvement, a “liberation from the straitjacket of the tree form”, into one that reflects “the 

linearity of thinking” (the former from unpublished notes, the latter from Gentzen’s thesis).” 

(von Plato, 2008, p. 8) In general, as Hazen and Pelletier (2014, pp. 1109‒12) pointed out, from 

the epistemological and phenomenological points of view, Jaśkowski’s representational methods, 

especially his box method, are superior to that of Gentzen. The most important point of 

difference between the tree method and the box method is located in their representation of 

subderivations, meaning the part of derivations that occurs under an assumption. More on 

epistemological considerations concerning the representation of natural deduction derivations is 

to come in Chapter 4. 

 Note that Gentzen’s rules for negation are such that his system is intuitionistically valid, 

and in order to make the system embrace classical logic, he simply adds the law of excluded 

middle as an axiom. 

 

2.3. Some remarks 

Allowing premises 

As had been the tradition in axiomatic systems, the natural deduction method, in its first 

appearance, didn’t pay attention to premise-conclusion arguments. Both Gentzen and Jaśkowski 

took for granted that at the end of a derivation what you had to have was a theorem, and 
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accordingly, in all their examples, all assumptions were to be discharged at the end. In fact, in 

any derivation aimed at deriving the conclusion from the premises of a premise-conclusion 

argument, you can add a single step in which a conditional is introduced whose antecedent is the 

premise (or the conjunction of the premises, if they are more than one) and whose consequent is 

the last line of the derivation. Consequently the sentences of the premise set are discharged and 

the derivation yields a theorem. So a derivation for 

 Γ ⊢ Q 

can be conveniently turned to a derivation for 

 ⊢ '  Q 

in which if 

 Γ = {P1, P2, ... , Pn}, 

then Γ' is a sentence in the form 

 (P1  P2  ...  Pn). 13 

Fitch (1952) and then others such as Suppes (1957) and Lemmon (1965) made starting from 

premises and leaving them undischarged the ordinary fashion. 

 To see the significance of distinguishing premises from hypotheses, one would keep in 

mind that while axioms and theorems are necessarily (sc. logically) true sentences, premises are 

contingently true (referring to the a posteriori facts of observation or some theory or other), but 

hypotheses are solely posed to see what follows from them without any claims about their truth. 

Hypotheses could be seen as ‘unasserted propositions’ in Russell’s terms and the distinction 

                                                 
13 The equivalence of Γ, P ⊢ Q and  ⊢ P  Q is called the deduction theorem and in the case of 

axiomatic systems it is important since it is used for making derivations of theorems easily converted into 

derivations of premise-conclusion arguments, and vice versa. 
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between axioms and premises on the one hand and hypotheses on the other would be stated as 

“the distinction between a proposition actually asserted, and a proposition considered merely as a 

complex concept” (1903, p. 34).  

Expressive power 

Gentzen introduced a full language of sentential logic with all the five connectives, although 

regarding truth-functional completeness this set of connectives is redundant. Many logicians 

prefer a lean set of connectives, like {, }, {, }, {, }, etc., to make the metatheorems such 

as soundness and completeness easier to prove. Nowadays, axiomatic systems are usually 

introduced in this kind of limited language. But following Gentzen using a richer language 

became more popular in natural deduction. Still, since  was not considered so much more than 

two conditionals in opposite directions, Gentzen didn’t make introduction and elimination rules 

for it. It appears that Fitch (1952) was the first one who organized introduction and elimination 

rules for all the connectives including the material biconditional, and this manner was followed 

by Anderson and Johnstone (1962), Lemmon (1965) (though in a sequent natural deduction) and 

Leblanc and Wisdom (1965).14 Incidentally, the latter (p. 75) coined the term ‘intelim rule’ for a 

pair of corresponding introduction and elimination rules.15 

 From a purely logical point of view, it doesn’t matter which connectives are involved. As 

long as the set of connectives is truth-functionally complete, the system can be organized such 

that it is extensionally equivalent to any other system for classical logic. So, if one concocts a 

new system of natural deduction simply by omitting the intelim rules for , , and  from the 

Bergmann system (NSL) and keeping the rules R, I, E, I, and E, this new system, call it 
                                                 
14 Although in many textbooks, the rules for  consist merely in the definition of P  Q as 

 (P  Q)  (Q  P). 
15 Although before them, Fitch had called natural deduction derivations as ‘intelim proofs’ (1952, p. 25). 
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NSL2, is equivalent to the original NSL. But the point is that in translating formulas containing 

non-primitive connectives to formulas containing only primitive connectives, our understanding 

of the relations between formulas does not remain the same. Since our approach is epistemo-

logical, it is worth comparing two derivations one of which is carried out in NSL and the other in 

NSL2. Suppose one aims to show that in classical logic conjunction is distributive over 

disjunction. Proof-theoretically, there is no difference if one chooses NSL in which  and  are 

primitive or if one uses NSL2 in which  and  should be defined in terms of  and , but 

epistemically, there is a significant difference. For example, coming to know some aspects of the 

nature of the logical connectives  and  is facilitated by following the steps of a derivation that 

shows the validity of the following argument reflecting the distributivity of conjunction over 

disjunction:16                      (1)       {p  (q  r)} ⊢ (p  q)  (p  r) 

One derivation for (1) in NSL is as follows. 

1. p  (q  r) Premise 

2. p 1, E 

3. q  r 1, E 

4.   q A/E 

5.   p  q 2, 4, I 

6.   (p  q)  (p  r) 5, E 

7.   r A/E 

8.   p  r 2, 7, I 

9.   (p  q)  (p  r) 8, I 

10. (p  q)  (p  r) 3, 4-6, 7-9, E 

                                                 
16 To prove the distributivity of conjunction over disjunction, the other direction of this argument, that is, 

{(p  q)  (p  r)} ⊢ p  (q  r), should be proved as well. To save space, just one direction is proved 

here. 
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Now, in order to handle the argument (1) in NSL2 one has to translate it into the argument (2): 

 (2) {[p  (q  r)]} ⊢ (p  q)  (p  r) 

The derivation of (2) in NSL2 would look like the following. 

 

1. [p  (q  r)] Premise 

2.    (p  q) A/I 

3.       p  r A/I 

4.          p A/I 

5.             q  r A/I 

6.                q A/I 

7.                  p  q A/I 

8.                 q 4,7, E 

9.                 q 6, R 

10.               (p  q) 7-9, I 

11.               (p  q) 2, R 

12.             q 6-11, I 

13.             r 5,12, E 

14.             r 3,4, E 

15.         (q  r) 5-14, I 

16.      p  (q  r) 4-15, I 

17.      [p  (q  r)] 1, R 

18.    (p  r) 3-17, I 

19. (p  q)  (p  r) 2-18, I 

 

The point is that the information one can get from the first derivation concerning the interactions 

between conjunction and disjunction is totally missed in the second derivation, and this is not 

unexpected because the latter inferential system lacks the rules specifically made for  and . 
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The first derivation not only formally demonstrates the validity of (one direction of) the 

distribution law but also, through the applications of intelim rules for conjunction and 

disjunction, shows how the conclusion logically follows from the premise. It is not hard to 

predict that carrying out a derivation for the argument (2) does not have a similar effect. The 

knowledge of how a conclusion logically follows from a set of premises is what one expects to 

obtain from carrying out a derivation―otherwise, truth-tables suffice to simply answer the 

question of whether a conclusion logically follows from a set of premises. 

 So, we can attribute a property of expressive power, which is usually attributed to one 

language as compared to other languages, to natural deduction derivations, and accordingly 

characterize a derivation system with intelim rules for a full range of connectives as more 

expressively powerful than other systems that introduce rules for a limited number of 

connectives. (A comparison between natural deduction derivations in general on the one side and 

axiomatic derivations on the other side is to come in the next chapter.) 

 So far we have talked about the superiority of a system covering the five sentential 

connectives over a system with fewer connectives, but why one might not like to work with a 

language with even more connectives. Note that by using more connectives, one can represent 

the all sixteen possible binary truth-functions (meaning f(v(P),v(Q)) where P and Q are variables 

ranging over sentences and the valuation function v takes either T or F as values) with simple 

sentences containing no more than a single connective or with sentence-constants ⊤ and ⊥. See 

Table 2 (page 39). A richer language could admit the symbols |, , ≢, ⊅, ⊄, and  as binary 
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connectives, and also ⊤ and ⊥ as sentence-constants.17 To be sure, there are no logical 

restrictions to prevent us from including the eight additional symbols in the language and to 

design introduction and elimination rules for them. Of course all truth-functional connectives 

have to be handled in a complete logic system, but choosing a set of connectives as primitive and 

leaving others as defined connectives is based on the epistemological criterion of the 

contribution each connective makes towards formulating a mathematical model of deductive 

reasoning. There seems to be at least two reasons why one would not like to add more 

connectives as primitive. First, the new connectives don’t have senses independent of the 

previous five connectives, and can be fairly seen as abbreviations or some shorthand written 

symbols. From the aspect of understanding the language, they don’t add so much to it. Second, at 

least for some of the new connectives, specifically in the case of NOR and NAND, to make 

intelim rules for them is not as easy as to form rules for the usual ‘and’ and ‘or’. For instance, 

Price (1961, p. 117) came up with three rules of inference for the Sheffer stroke (NAND) two of 

which have two auxiliary assumptions. In Stroke Elimination, from the two assumption P and 

Q|P a formula of the form Q|Q follows; and in Double Stroke Elimination, from the two 

assumptions P and (Q|Q)|P a formula of the form Q follows. The rules are as hard to handle as 

the connective itself. 

                                                 
17 Note that in some cases using other logical connectives and constants such as  or ⊥ makes some rules 

simpler. We have two options: either add them to the language and make intelim rules for them, or 

replace what we have already defined as primitive with these new connectives or constants, for example  

with ⊥ and  with . The first option unnecessarily increases the number of logical constants and rules, 

and the second option makes the language and the derivation system peculiar and complicated. The 

reasonable way seems to be to keep the set of primitive connectives as it is and utilize more connectives 

and constants, if need be, as defined. 
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P T T F F Truth-
functions 

using usual 
connectives 

Truth-
functions 

using extra 
symbols 

Q T F T F 
Tr
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f1 T T T T P  P ⊤ 

f2 F T T T (P  Q) P|Q * 

f3 T F T T P  Q  

f4 T T F T Q  P P  Q 

f5 T T T F P  Q  

f6 F F T T P  

f7 F T F T Q  

f8 F T T F P  Q P ≢ Q 

f9 T F F T P  Q  

f10 T F T F Q  

f11 T T F F P  

f12 T F F F P  Q  

f13 F T F F (P  Q) P ⊅ Q 

f14 F F T F (Q  P) P ⊄ Q 

f15 F F F T (P  Q) P  Q 

f16 F F F F P  P  
 

* The connectives |, , ≢, ⊅, ⊄, and  are defined here following Church (1956, p. 78). 
 

TABLE 2. The sixteen possible truth functions 
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 By the same token as the first reason given above, I have to admit that adopting  as a 

primitive connective and introducing the intelim rules for it doesn’t add anything to the richness 

of the language or of the derivation system. After all, a ‘biconditional’ formalizes a sentence in 

which two sentences are connected to each other with the truth-functional phrase ‘if and only if’ 

or a similar one, that is obviously the result of putting two ‘if-then’ sentences together. Also, as it 

were, the introduction rule for  is nothing but two applications of I formed in opposite ways, 

and the elimination rule for  is just an application of E regarding one of the directions of the 

biconditional. At least it is obvious that  is not as fundamental as  for natural deduction to 

which the rule of ‘conditionalization’ is essential. But still the use of this connective in the 

language can be argued for from a formal point of view. As illustrated in Table 2, when all the 

five connectives are involved, all the sixteen truth-functions are represented with the sentences in 

which no more than four symbols (two connectives and two sentences) occur, and omitting it 

would lead to producing longer formulas which is not a desirable feature of a system. 

 The next question worth pondering is why one does not want to include many other 

principles of classical logic as derived rules of inference and rules of replacement in one’s 

derivation system. For example Bergmann et al. (2014) introduce a system SD+ which is the 

system SD (what is called NSL in our work) plus three rules of inference, namely Modus Tollens, 

Hypothetical Syllogism, and Disjunctive Syllogism, and a group of rules of replacement such as 

Commutation, Association, Distribution, and De Morgan. Evidently, SD+ is not logically 

stronger than SD, while it has many more rules. Another example is Copi (1954) in which even 

more rules of inference, such as Constructive Dilemma and Destructive Dilemma, are used. 

Admittedly, using these additional rules, which are derived rules in the system NSL, would 

shorten some long derivations and make carrying out some derivations much easier. But I would 
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argue against them being introduced as primary rules because the exact senses of the connectives 

are already manifested in the intelim rules and these complex rules seem to be shortcuts that 

combine the simple senses of the connectives. As I shall argue in the next chapter, a derivation in 

which derived rules are used is not an epistemically gapless since it contains some inferential 

leaps. 

Manifesting logical force 

I have tried to argue in favor of the idea that introduction and elimination rules are the best way 

for the logical sense, or the logical force, of the connectives to be manifested. This is a weaker 

claim, and one more relevant to our study, than the claim that the introduction rules, or the 

introduction rules together with the elimination rules, are going to be definitions of the 

corresponding connectives. This latter claim which is the main source of a school in semantics 

called ‘proof-theoretic semantics’ (Schroeder-Heister 2012, p. 1), and has resulted in the 

‘inferentialist’ theories of meaning, such as Brandom (1994), was made by Gentzen in the very 

article he introduced natural deduction (pp. 294‒5): 

To every logical symbol &, , , , , , belongs precisely one inference figure which 

“introduces” the symbol―as the terminal symbol of a formula―and one which 

“eliminates” it. [...] The introductions represent, as it were, the “definition” of the symbol 

concerned, and the eliminations are no more, in the final analysis, than the consequences 

of these definitions. 

 

An important objection to this claim would be to target its generality. Even if this idea works in 

the case of truth-functional sentential connectives, it would not work in the case of ‘intensional’ 

operators such as modal, epistemic, deontic, etc., which have exactly the same rules of 
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introduction and elimination while they have significantly different meanings. (Pelletier and 

Hazen 2012, pp. 398‒402) 

 A more modest and more defensible claim is that the rules facilitate the “understanding of  

the logical force” of the connectives, as is made in (Leblanc and Wisdom 1965, p. 75): 

 

 The introduction rule for a given connective shows a way of obtaining a compound with 

that as its main connective, and the elimination rule for the connective shows what can be 

obtained from such a compound. By exposing and clarifying the roles that the various 

sorts of compounds can play in legitimate inferences, the pairs of intelim rules make for a 

different and in some respects deeper understanding of the logical force of ‘’, ‘’, ‘&’, 

‘’, and ‘’ than do truth-tables. 

 

Independence 

As a result of the abovementioned considerations, the question of the independence of the rules 

of natural deduction less frequently arises and is rarely discussed. In fact the goal of being more 

comprehensive overrides the formally desirable feature of independence of the rules. Usually 

there is a long discussion of the independence of the axioms in axiomatic-based texts, for 

instance Church (1956, pp. 112‒4) and Mendelson (2009, pp. 34‒6), in which they use many-

valued logic to show that corresponding to each axiom there is a truth-value assignment such that 

other axioms get the designated truth-value and the axiom in question doesn’t, and therefore the 

latter is independent of others. However, natural deduction textbooks, such as Fitch (1952) and 

Bergmann et al. (2014), don’t go through the details of this topic. The latter (p. 168) just has a 

footnote mentioning “Two rules of SD, Reiteration and Negation Introduction, could be dropped 

without making the system incomplete. This is not true of the other rules of SD.” 
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2.4. Logicians’ reluctance to embrace natural deduction 

Natural deduction was introduced in 1934 but remained unfamiliar for a long time and longer 

until it was welcomed. The usual18 logical apparatus of the time, that is, logistic systems, kept 

being dominant until the works of Fitch (1952), Suppes (1957) and others made natural 

deduction popular. (Pelletier and Hazen 2012) In this section some reasons for the reluctance 

which logicians showed to adopting natural deduction as a formal method of logic are 

conjectured. 

Anti-psychologism 

One reason why the average philosopher in the 1930s and 1940s was reluctant to admit natural 

deduction seems to be in its setting the goal of presenting a model of real mathematical 

reasoning. As a consequence of Frege’s and Husserl’s anti-psychologism (Kusch 2011), both 

mathematicians and philosophers who worked on logic focused on the formal features of logic as 

represented in logistic systems and didn’t go through formalizing real reasoning. Many people 

would have thought that studying logical reasoning as people perform could take them at the 

verge of psychologism, and that would be negligence in taking Frege’s warning seriously that 

“always to separate sharply the psychological from the logical” (1884, p. x). An instance is 

Łukasiewicz’s statement  that “It is not true [...] that logic is the science of the laws of thought. It 

is not the object of logic to investigate how we are thinking actually or how we ought to think” 

(1957, p.12). 

Systematization of logic 

For a while, after Frege, the main project of logicians was to systematize logic as a theory. As a 

theory, logic should have gained virtues such as simplicity. In the case of logic, simplicity 
                                                 
18 To allude to what Paul Bernays said, in the introduction to Gentzen’s 1934 article (p. 288), when he 

talked about “the equivalence of the calculus of sequents with the usual logical calculus”. 
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amounts to having the fewest axioms and rules possible to be able to reduce all truths of logic to 

a small system. Furthermore, what had to be theorized was logical truth and an axiomatization of 

the set of all logical truths was thought to be enough for this goal. 

Formal elegance 

Another reason would be the lack of formal elegance attributed to natural deduction. Defining an 

axiom system is more straightforward than defining natural deduction. An axiom system is 

characterized by its axioms which are logical truths together with one or two simple rules, and 

then derivations are defined as sequences of formulas chained together using the rules. Natural 

deduction obviously lacks this formal brevity and elegance. There are several rules that use 

auxiliary assumptions, and therefore, are in need of setting forth restrictions on how assumptions 

come in play and how they can be legitimately discharged. For that matter, a natural deduction 

derivation cannot be characterized as a deduction in an axiomatic system. To keep track of 

subderivations, one needs to develop, for example, a graphical representational method and 

derivations cannot be simply characterized as sequences of sentences. On top of that, formulating 

metatheorems such as soundness, completeness, and independence had made logistic systems, 

with regard to mathematical precision, very attractive. Even Gentzen himself had to admit that in 

order to obtain the advantages of the natural deduction method, “a certain formal elegance” 

should have been sacrificed (1934, p. 294). 

Deduction theorem 

Yet another point is that natural deduction was not even identified as an entirely independent 

method of logic. For example, Church’s judgment was that Gentzen’s and Jaśkowski’s project 

simply consisted in “the idea of using the deduction theorem as a primitive rule of inference in 

formulations of the propositional calculus” (1956, p. 164), and later on Blumberg (1967) 
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mentioned “conditionalization, or conditional derivation, rests on the deduction theorem” (p. 25). 

Admittedly in an axiom system the deduction theorem facilitates working with premises and 

turning a valid premise-conclusion argument into a logical theorem and vice versa, but equating 

the function of the deduction theorem with the function of hypothetical reasoning in natural 

deduction is not plausible because the rules such as I and I are applied within derivations as 

object language entities whereas the deduction theorem is a metalogical feature of an axiom 

system expressed in metalangauge. Furthermore, one would rather put ‘the idea of using the 

deduction theorem as a primitive rule of inference’ as the main characteristic feature of sequent 

calculus in which each line is a derivability claim and the rules are used to manipulate the 

formulas in either sides of the derivability sign or to move formulas from one side to another. 

 

2.5. Various characterizations of natural deduction 

If one compares natural deduction systems with the axiomatic ones surveyed above, one might 

want to characterize natural deduction as a system that utilizes a full language and offers a large 

number of rules of inference and adopts no axioms, as opposed to axiom systems with limited 

languages and just a few axioms and a minimal number of rules. In fact, two systems ASL and 

NSL introduced in Chapter 1, which are widely used now and are current exemplars of, 

respectively, the axiomatic and natural deduction systems, satisfy these features. ASL is defined 

over a language with two sentential connectives and contains three axiom schemas and a single 

inference rule, whereas NSL uses a language with five connectives, has no axioms, but offers 

eleven rules. However, these features fall short of characterizing natural deduction since 

counterexamples are abundant. 
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 It is true that many natural deduction systems are defined over a full language, as is the 

case in Gentzen’s system. But the Jaśkowski system is a jarring counterexample that uses a 

language with two connectives. On the other hand, some axiom systems, such as Hilbert and 

Ackermann (1928), Rosser (1953), and Kleene (1952) adopted languages with three or four 

primitive connectives. Furthermore, making the domain of comparison broader and looking at 

some other proof methods, the majority of tableaux systems use full languages (some with the 

exception of ), from Smullyan (1968) to Priest (2008). In addition, the majority of sequent 

calculi, following Gentzen (1934), utilizes full languages as well, such as the contemporary 

proof-theory textbooks like Takeuti (1987) and Troelstra and Schwichtenberg (2000). So, 

although using a full set of primitive connectives is typical in natural deduction, this feature is 

neither necessary nor sufficient for a system to be considered as natural deduction, and 

accordingly, cannot be a characterizing feature of it. 

 Another point that could be used to distinguish natural deduction from other methods is 

containing a series of rules of derivation but not any axioms. To be sure, this feature is typical in 

natural deduction systems, however, Gentzen system is the immediately noticeable 

counterexample in which the law of excluded middle is added as an axiom to play the role of 

classicizing principle. On top of that, as Carnap (1934, p. 94) pointed out, to choose a rule or an 

axiom “is frequently a matter of choice”, and there can always be trade-offs between axioms and 

rules,19 and transforming an axiom to a rule, or vice versa, would not change the nature of a 

logical system. 

 The most salient feature of natural deduction that can arguably be identified as its 

characterizing feature is the existence of hypothetical reasoning in it. First, a comprehensive 
                                                 
19 Historically, Paul Bernays was one of the first logicians who examined the equivalence of a series of 

rules of inference to corresponding axioms. See Mancosu et al. (2009, p. 376). 
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survey of the textbooks that have offered natural deduction since the 1950s, as has been carried 

out in a series of papers by Pelletier (1999; 2000) and Pelletier and Hazen (2012) shows that the 

most common feature in the spectrum of very different styles of formulating natural deduction is 

to use hypotheses or auxiliary assumptions, that is, assumptions that are used within the rules, in 

the derivations.  Second, both Jaśkowski and Gentzen included a rule for conditionalization and 

another for reductio ad absurdum, and in fact these two rules were essential to their systems 

since they tried to design a logical system that intended to be a model of mathematical 

proofs―which usually utilize conditional and indirect reasoning. In other words, what charac-

terizes natural deduction as a distinct derivation method is the feature that there is a certain sort 

of structure in its derivations that allows some steps (viz. some lines) to belong to a pattern, and 

some formulas to be the result of a pattern of formulas rather than some single formulas. We 

shall come back to this topic in Chapter 4. 
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Chapter 3 

Epistemic rigor vs. formal rigor 

 

After deserting for a time the old Euclidean standards of rigour, mathematics is now 

returning to them, and even making efforts to go beyond them. 

                 ―Gottlob Frege, 1884 

 
3.1. Euclid and the axiomatic method 

The founding fathers of modern logic had in mind the problem of filling the gaps in the 

deductions of Euclidean geometry. Euclid’s work in geometry was one of the first attempts to 

organize a science as a systematized body of knowledge through arranging its propositions into 

two categories, namely, underived, self-evident, primitive propositions as axioms and postulates, 

and derived propositions.  The claim was that all true propositions or theorems of geometry were 

shown to be deduced logically from the primitive propositions. But later on, two important 

problems were identified. The first problem was that Euclid not only appealed to the explicitly 

stated axioms and postulates, but also utilized his intuition about geometrical facts. The second 

problem was that the underlying logic deployed throughout the deductions was not formulated 

accurately and presented explicitly. 
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The problem of unstated assumptions 

It is quite famous now that, in the course of proving theorems, or in other words, deriving some 

propositions from other propositions that are already known, Euclid uses some assumptions that 

are not explicitly stated. As an example, this happens in the proof of the first proposition of Book 

I concerning how to draw an equilateral triangle based on a given line segment. (Heath 1956, p. 

241) The method is to draw two circles with the radii equal to the given line segment and such 

that the center of one of the circles is on the left endpoint of the line segment and that of another 

is on the right endpoint of the line segment. Then the upper intersection point of the two circles 

is chosen as the third corner of the triangle and is connected by drawing two line segments to the 

first-given line segment. Finally it is demonstrated that the two new drawn line segments are 

equal to the first line segment and consequently the triangle is equilateral. Euclid’s proof is 

elegant and fascinating and each sentence is marked with a reference to the definition or the 

postulate it deploys. But commentators have found that there is an unstated assumption here. “It 

is a commonplace that Euclid has no right to assume, without premising some postulate, that the 

two circles will meet in a point C.” (ibid, p. 242) The reason is that the fact that the two circles 

will meet is so obvious that it easily evades attention. 

 Since the problem of unstated assumptions is not the main focus of this chapter, it will 

not be discussed further. (Though another example of this sort is mentioned in the next section.) 

It is worth mentioning in passing that one advantage of using symbols in constructing deductions 

is to prevent mathematicians from assuming something inadvertently due to the familiarity of a 

concept. 

 

 



50 
 

The problem of the unanalyzed, intuitive, underlying logic 

The second problem is more germane to the topic of this chapter. Throughout the axiomatization 

of geometry numerous propositions are to be deduced logically from primitive propositions. 

Derived propositions are known to be true since they are deduced according to the rules of logic 

from propositions that are already known to be true. The justification of the acceptance of the 

truth of derived propositions, therefore, comes from the primitive propositions being self-evident 

and also the fact that the reasoning is done correctly, that is, the rules involved in deductions are 

truth-preserving. This implicit logic may well be referred to as the underlying logic. (Church 

1956, p. 58)  The underlying logic is presupposed and constantly used but since it is considered 

as obvious it is not formulated. 

 Let us use Church’s (1956) terminology and definitions to draw a distinction between 

formal and informal axiomatic methods and also to distinguish logistic systems from axiomatic 

methods.20 A mathematician treats a branch of mathematics in an axiomatic way when he 

identifies, first, a list of primitive undefined terms and then specifies a list of primitive 

propositions (assumptions or postulates) involving primitive terms. Then he derives the theorems 

from the primitive propositions using the methods of deductive logic. If the methods of 

deductive logic deployed, namely the underlying logic, are not explicitly introduced, the method 

is called the informal axiomatic method. If, however, the underlying logic is introduced and fully 

                                                 
20 An historical remark, pointed out to me by Allen Hazen (personal communication): 

“Historically, Church was in a special position with regard to this distinction, namely, formal vs. informal 

axiomatic method. There was a lot of study of axiom systems in the informal fashion in the late 19th and 

early 20th century carried out by, among others, the people known as “the American postulate theorists”, 

notably Huntington and Veblen, the latter being Church’s PhD supervisor. Some of Church’s own early 

work was of this nature: informal axiomatization of theories of transfinite ordinal numbers. So he was in 

the position of seeing the transition from informal to formal axiomatizations in his own career.”   
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analyzed, the method is referred to as the formal axiomatic method. In a formal axiomatic 

method logical and nonlogical terms can be left undistinguished and logical and nonlogical 

assumptions can be presented together as well. The logistic method, then, is going to obtain more 

clarity and precision through accurately specifying logical terms and logical assumptions and 

distinguishing them from terms and propositions that have to do with the branch of mathematics 

under study, such as number theory or geometry. The merit of the logistic method, consequently, 

is that the underlying logic thus specified can be studied independently. There is more on the 

logistic systems in section 3.3. 

 

3.2. Frege and the ideal of a gapless deduction 

Frege was the one who first provocatively announced the necessity of using gapless chains of 

reasoning in constructing a body of knowledge. Any gaps either in the form of unstated 

assumptions or in the form of taking steps without being explicit in how and according to which 

rule taking the step in question is legitimate should be avoided. Below I present, first, Frege’s 

detection of an unstated assumption in Leibniz’s proof of the proposition that 2+2 = 4; then, his 

motivation for constructing a firm logic that facilitates performing gapless reasoning is 

explicated. 

A problem in Leibniz’s proof 

The example of an unstated assumption in the proof of the first proposition of the first book of 

Euclid’s Elements was mentioned in the previous section. Here is another example in the field of 

number theory mentioned by Frege in The Foundations of Arithmetic. Frege discusses a proof by 

Leibniz. Leibniz’s (1981, pp. 413‒4) proof of the mathematical truth that 2+2 = 4 is as follows. 
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That two and two are four is not quite an immediate truth. Assume that ‘four’ signifies 

‘three and one’. Then we can demonstrate it, and here is how. 

Definitions. (1) Two is one and one. 

               (2) Three is two and one. 

               (3) Four is three and one. 

Axiom. If equals be substituted for equals, the equality remains. 

Demonstration. 2 and 2 is 2 and 1 and 1 (def. 1)         2+2 

         2 and 1 and 1 is 3 and 1 (def. 2)       2+1+1 

         3 and 1 is 4                      (def. 3)      3+1 

Therefore (by the Axiom) 2 and 2 is 4. Which is what was to be demonstrated. 

  

Although the proof is well organized and elegantly articulated, there is a hidden problem in it. As 

Frege said “If we look more closely, however, we can discover a gap in the proof, which is 

concealed owing to the omission of the brackets” (1884, p. 7). The problem, as he pointed out, is 

that when Leibniz, using the definition 1, shows that 2+2 equals 2+1+1, he leaves the latter 

ambiguous. It can be read as (2+1)+1 or 2+(1+1). To disambiguate this sentence, one has to 

notice that it is the second occurrence of 2 in 2+2 that is broken down, so the correct sentence in 

the second line of the demonstration should be 2+(1+1). Now, the gap Frege detects is shown. 

The demonstration needs another step to get (2+1)+1 from 2+(1+1), and then it would be 

possible to obtain 3+1 using Definition 2. Leibniz presupposed the property of associativity of 

addition. 

Gapless deduction 

For Frege the dynamic force of making up a new logic in Begriffsschrift was aiming at gapless 

deductions. “To prevent anything intuitive from penetrating here unnoticed, I had to bend every 



53 
 

effort to keep the chain of inferences free of gaps.” (1879, p. 5) In a gapless chain of inferences 

no unwarranted jumps are allowed. All mathematical and logical assumptions should be stated 

clearly and the transition from any step to the next should be done according to the restricted and 

regimented rules of logic. 

 The problem, according to Frege, is to find a way to demonstrate with mathematical 

precision how a conclusion rests on the intuitive ideas either as the facts of mathematics or as the 

rules of logic. Not only should the mathematical and logical ingredients of deductions be set 

apart but also an exact logic should be designed. The latter project is relevant to our study. The 

only way to obtain gapless deductions is to sharpen logical tools and “by producing a chain of 

deductions with no link missing, such that no step in it is taken which does not conform to some 

one of a small number of principles of inference recognized as purely logical” (1884, p. 102). 

Frege complains that his predecessors didn’t pay enough attention to this aim. “To this day, 

scarcely one single proof has ever been conducted on these lines; the mathematician rests content 

if every transition to a fresh judgment is self-evidently correct, whether it is logical or intuitive.” 

He acknowledges that being so explicit in reasoning is a hard thing to do, but “The demand is not 

to be denied: every jump must be barred from our deductions. That it is so hard to satisfy must be 

set down to the tediousness of proceeding step by step” (ibid., p. 103). 

 Following this goal, Frege’s Begriffsschrift is the first fully-analyzed, entirely formal 

logistic system with an accurately defined formal language, explicitly stated axioms, and strict 

rules of inference. His ideal can be described as “formal rigor”. 

 

3.3. Formal rigor 

We can define the notion of formal rigor to represent the formal, mathematical precision 

required in characterizing a system of deductive logic. Frege’s work (1879) was the first 
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axiomatization of logic with formal rigor, and following Frege, Hilbert and Ackermann (1928), 

Łukasiewicz (1929), Kleene (1952), Church (1956) and others gave other formalizations of logic 

in the same vein. Also, natural deduction systems formulated by Jaśkowski (1934) and Gentzen 

(1934) and others all satisfied the requirements of formal rigor.21 Formal rigor has a syntactic 

part as well as a semantic part. Here we define the syntactic part of formal rigor similar to the 

Church’s characterization of the logistic method (1956, pp. 48 ff) with a slight extension to apply 

to both axiomatic and natural deduction methods. A rigorously formal system of logic should 

have the following components. 

Vocabulary: a list of all symbols that can be used in the formal language. These are referred to as 

primitive symbols. The primitive symbols are divided into two classes of logical symbols (or 

logical constants) and nonlogical symbols. The list of logical symbols is finite and that of 

nonlogical symbols, such as sentence letters or individual names, might be infinite, but it should 

be countable. In fact nonlogical symbols could be thought of as composites made up from 

finitely many basic symbols, e.g. a variable defined as a string of an x and, zero or more, primes. 

Formation rules (or grammar): a list of rules that determine which combinations of the symbols 

are accepted as expressions of the language. In other words, the grammar of a formal language is 

used to distinguish, through recursive definitions, well-formed formulas of the language from 

other randomly formed combinations of symbols.  

                                                 
21 Today the judgment that axiomatic systems and natural deduction are equally qualified as formally 

rigorous is obvious and, in a sense, part of common knowledge. However, in the case of natural deduction 

it took a while until its formal rigor got acceptance. “In the 1950s and 1960s, not everybody recognized 

the formal rigor of natural deduction. It was often thought of as a sloppy, quick and easy technique, 

suitable for undergraduates and philosophers! Anderson and Belnap’s ‘test formulation’ of Fitch-style 

derivations, in “Pure calculus of entailment” (1962), makes historical sense: when it was written the point 

that natural deduction was formally rigorous had to be made.” (Allen Hazen, personal communication) 
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Axioms: a list of well-formed formulas that are accepted as true without proving them. The 

unproved formulas can be called primitive formulas. 

Rules of inference: a list of rules that determines which transitions from known or assumed well-

formed formulas to new well-formed formulas are legitimate in a derivation.22 

 The specification of all the above notions should be effective, in the sense that for any 

single symbol there is a method to determine in a finite number of steps whether it is a primitive 

symbol of the language, and for any combination of the primitive symbols whether it is a well-

formed formula, and for any well-formed formula whether it is an axiom, and for any sequence 

(or pattern) of well-formed formulas whether it is a legitimate application of a rule of inference. 

The most important result of the specification of vocabulary, grammar, axioms, and rules of 

inference is that derivations of the system are decidable. No ambiguity can penetrate the 

language and no gaps can go through the lines of a derivation. This must be exactly what Frege 

was looking for, that is, a logical system “to be operated like a calculus by means of a small 

number of standard moves, so that no step is permitted which does not conform to the rules 

which are laid down once and for all. It is impossible, therefore, for any premiss to creep into a 

proof without being noticed” (1884, p. 103). 

 The semantic part of formal rigor of a derivation system consists simply in primitive 

propositions being logically true and rules of inference being truth preserving. 

 All the logical systems studied in this research, and maybe almost all systems introduced 

in the twentieth century following Frege and Russell, satisfy the conditions of formal rigor thus 

defined. The notion of formal rigor doesn’t admit of degrees. Any derivation system either fulfils  

the requirements of having introduced an effective procedure for specifying the syntactically 

                                                 
22 Among the above mentioned four lists, the only list that can be empty is the list of axioms. 
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correct and the semantically true expressions of the language and the syntactically correct and 

semantically truth preserving structures as derivations, or else it does not do so. And when it 

does, there are no issues of elegance, convenience of application, ease of following and 

understanding, and the like. All aesthetic, epistemic, or pedagogical features that make, often 

significant, differences among derivations carried out in various systems are out of the realm of 

‘formal’ rigor. 

 

3.4. The cogency of a deduction 

Deductive reasoning is meant to convince the intended audience either of the truth of a 

proposition or that a proposition logically follows from a set of premises. According to the 

conception of logic accepted here (and explained in detail in Chapter 6), logic is seen as a branch 

of epistemology, in the sense that it gives a mathematical model of correct reasoning.23 The latter 

is at the service of gaining knowledge, or more precisely, inferring knowledge from what is 

already known. Although natural deduction systems were specifically invented in order to 

provide a model of the basic patterns of correct reasoning and how deductive reasoning works in 

the way of inferring knowledge, it is the main goal of all logic systems to show ways of 

demonstrating the truth of theorems and the validity of logically valid arguments. So it is quite 

plausible to ask about the justificatory power of a derivation. 

 It is customary to explain a derivation to an audience. Sometimes, in the case of a 

complicated or unexpected proof, it takes some time for the community of mathematicians to 

accept it: the proof is on the table, and people discuss it. Two levels of evaluation regarding 

formal derivations can be distinguished. The first level is the attempt to verify whether a 
                                                 
23 To emphasize that logic is a mathematical model of correct reasoning is important because logic as we 

study here is not able to give a model of mistakes in reasoning. 
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derivation has been carried out correctly with regard to the formal constraints of the system in 

which it has been performed. Using our own terminology, this level of evaluation has to do with 

verifying whether a derivation satisfies the requirements of formal rigor of the corresponding 

logical system. This procedure is a purely formal one and can be carried out mechanically.24 The 

second level of evaluation is conducted in order to see how convincing a derivation is―to 

examine its justificatory power. One way of performing this evaluation is to consider the 

informal, or let us say the pre-formal, reasoning people entertain to convince themselves of the 

truth of the theorem or the validity of the argument a derivation is intended to derive, and to 

compare the formal derivation with informal reasoning to see to what extent the former has 

formalized the latter. To be sure, since the process of informal reasoning is epistemological in 

nature and hence dependent on the logical and mathematical knowledge and expertise of the 

people involved in the discussion, the comparison between the formal derivation and informal 

reasoning would be subjective, and accordingly, this level of evaluation would not yield clear-cut 

results. But, still one can see the difference between different derivations carried out in different 

logical systems. 

 Let us consider first a simple example: the logical truth that ‘p  p’. The first derivation 

below is in the axiomatic system ASL and the second is carried out in natural deduction NSL. 

 

 Derivation 1. 

 1.    [p  ((p  p)  p)]  [(p  (p  p))  (p  p)]       Axiom (A2) 

 2.    p  ((p  p)  p)                  Axiom (A1) 

                                                 
24 The computer programs that operate the procedure of checking the formal correctness of logical 

derivations have been worked out successfully since 1970s. One example is the project MIZAR. See 

Matuszewski and Rudnicki (2005, p. 5). 
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 3.    (p  (p  p))  (p  p)         1,2, MP 

 4.    p  (p  p)                            Axiom (A1) 

 5.    p  p                                      3,4, MP 

 

 Derivation 2. 

 1     p          Hypothesis/I 

 2     p          1, Reiteration  

 3   p  p     1-2, I 

 

The first level of the evaluation is to verify if the derivations have been carried out in a formally 

rigorous way. The following passages can do the job. 

P1. ‘Derivation 1 is a correct derivation. The lines 1, 2, and 4 are axioms of the system. The line 

3 is the result of the application of the rule MP on the lines 1 and 2, and the line 5 is the result of 

the application of the rule MP on the lines 3 and 4. Since there are no premises involved, the last 

line of the derivation is a theorem of the system.’ 

P2. ‘Derivation 2 is a correct derivation. In the first line p is assumed in order to start a 

subderivation to apply the rule I. The line 2 is an application of the rule Reiteration. In the line 

3, according to the rule I, the hypothesis is discharged and the sentence p  p is formed.’ 

What the passages P1 and P2 are trying to state is essentially captured by the annotations in the 

justification columns accompanying the derivations. In simple derivations such as our examples, 

the content of the passages P1 and P2 is so obvious that readers need not think about it. For 

someone versed in logic the justification columns are dispensable. Due to the formal rigor of the 
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derivations everything is clear. Furthermore, the justification column is written in the meta-

language and, strictly speaking, is not part of the derivations (See Church 1956, p. 53).25 

 The second level of evaluation has to do with the pre-formal reasoning as an attempt to 

convince oneself or others of the truth of the theorem p  p. 26 The following passage is an 

example of this attempt. 

P3. ‘Assume you know that p. Once you assume p then you have already had p, so p follows 

from p. So: if we have p then we have p.’ 

 Note that P3 is a piece of logical reasoning that tries to show the derivability of the 

theorem, and therefore the notion of truth-value is not involved. Another way of articulating the 

justification for p  p could be ―a semantic justification―as follows. 

P4. ‘As a sentence, p is either true or false. If p is true, then both the antecedent and the 

consequent of the material conditional p  p are true, so it is true. If p is false, then both the 

antecedent and the consequent of the material conditional p  p are false, so it is true.’ 

This line of reasoning is not relevant to our present discussion. 

 The justificatory power, or the cogency, of derivations 1 and 2 is manifested in the 

second level of evaluation, that is to compare the flow of formal reasoning in derivations with 

the informal reasoning contained in P3. It is quite evident that the natural deduction derivation is 

much closer to P3 than the axiomatic one. 

                                                 
25 Although there is a subtle difference between derivations carried out in axiomatic and natural deduction 

systems, due to the use of auxiliary assumptions and subderivations in natural deduction which 

necessitates the inclusion of some tools to indicate the starting and the ending points of subderivations. 

This issue will be worked out in next chapter under the title of ‘two-dimensionality of natural deduction 

derivations’. 
26 The pedagogical procedure of giving guidelines how to make a derivation (sometimes called derivation 

strategies or heuristics) is still another issue not to be confused with the epistemic procedure. 
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 At the expense of verbosity, another example is to follow. Suppose one reflects upon the 

validity of the argument {p  (q  r)} ⊢ q  (p  r). A pre-formal reasoning one could entertain 

could be the following. 

P5. ‘Suppose I have the premise p  (q  r), that means if I were able to assume p, then q  r 

would follow. Since I’m trying to prove q  (p  r), I should assume q and try to prove p  r. 

But trying to prove p  r would allow me to assume p and try to prove r.  Now, let me assume q 

first, then assume p. Then, considering the premise, from the assumption p follows that q  r, 

and from the first assumption, namely q, together with q  r, r follows. So the assumption p 

leads to r, meaning I have p  r, and the latter is obtained within the assumption q, therefore I 

get at  q  (p  r).’ 

 Now compare the epistemic cogency of the derivation 3 carried out in ASL with the 

epistemic cogency of the derivation 4 carried out in NSL. 

 Derivation 3. 

1. p  (q  r) Premise 

2. [p  (q  r)]  [(p  q)  (p  r)] Axiom 2 

3. (p  q)  (p  r) 1,2, MP 

4. [(p  q)  (p  r)]  {q  [(p  q)  (p  r)]} Axiom 1 

5. q  [(p  q)  (p  r)] 3,4, MP 

6. {q  [(p  q)  (p  r)]}  {[q  (p  q)]  [q  (p  r)]} Axiom 2 

7. [q  (p  q)]  [q  (p  r)] 5,6, MP 

8. q  (p  q) Axiom 1 

9. q  (p  r) 7,8, MP 
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 Derivation 4. 

1. p  (q  r) Premise  

2.     q Assume/I 

3.       p Assume/I 

4.      q  r 1,3, E 

5.      r 2,4, E 

6.   p  r 3-5, I 

7. q  (p  r) 2-6, I 

 

Needless to say that derivation 4 is much more similar to P5 than derivation 3. 

 We can push the discussion further and recognize two aspects, formal and epistemic, in 

each derivation. This distinction corresponds to the one drawn in the literature of ‘general proof 

theory’ between deductions as ‘epistemic entities’ and formal deductions or derivations as 

linguistic entities. (Schroder-Heister 2012) It is emphasized that, in fact, it is the epistemic side 

which is regarded as “fundamental entities by means of which we acquire demonstrative 

(especially mathematical) knowledge” (2012, p. 3). Hence one can distinguish between proof as 

a string of symbols and proof as an epistemic device utilized to convince oneself or others of the 

validity of an argument. 

 The distinction can be compared, as well, to the distinction  between “proofs-as-objects 

and proofs-as-demonstrations” in Martin-Löf’s ‘constructive type theory’ in which the focus is 

on the statements of the form t : A, which means, in effect, that ‘t is a proof of A’. “Martin-Löf 

has put this into a philosophical perspective by distinguishing this two-fold sense of proof in the 

following way. First we have proofs of statements of the form t : A. These statements are called 
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judgements, their proofs are called demonstrations. Within such judgements the term t represents 

a proof of the proposition A. A proof in the latter sense is also called a proof object. When 

demonstrating a judgement t : A, we demonstrate that t is a proof (object) for the proposition A. 

Within this two-layer system the demonstration layer is the layer of argumentation. Unlike proof 

objects, demonstrations have epistemic significance; their judgements carry assertoric force.” 

(Schroder-Heister 2012, p. 11) In this vein, it makes sense to talk about ‘a refutation of a proof’ 

or ‘a proof of a proof’. ‘Proof’ in the expression ‘a refutation of a proof’ and the second 

occurrence of ‘proof’ in the expression ‘a proof of a proof’ are linguistic in nature, whereas 

‘refutation’ in ‘a refutation of a proof’ and the first occurrence of ‘proof’ in the expression ‘a 

proof of a proof’ are epistemic in nature.  “A refutation of a proof (demonstration, deduction) is 

a demonstration that it is not cogent, not conclusive—that its step-by-step chain of reasoning 

does not establish its conclusion for its intended audience, e.g., contemporary mathematicians. 

[...] a proof of a proof is a cogent demonstration that it is conclusive—perhaps despite initial 

appearances.” (Corcoran and Masoud 2012, p. 473) 

 Considering the epistemic part as the actual mental process27 performed by a person, say 

a mathematician, and the formal part as a symbolized linguistic entity formalized in logical 

theory, one can think about the ‘gaps between logical theory and mathematical practice’ 

(Corcoran 1973). Corcoran makes a significant distinction between the internal logic people find 

within their mental acts when they perform deductive reasoning and the mathematical models 

developed to codify the ways of correct reasoning, in other words, the gap between the real 

                                                 
27 The mental processes, or mental acts, mentioned here are regarded as the steps of reasoning involved in 

the process of justification, the latter regarded as an objective, normative process. So, by mentioning 

mental acts, we don’t want to mix our discussion with that of subjective, descriptive, actual process of 

reasoning which is the focus of the study of reasoning from a psychological approach. 
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phenomenon and the ideal mathematical model of it. Therefore, one would look for, as an ideal, 

a ‘mapping’ between the steps taken as mental acts of reasoning and the steps taken in a formal 

derivation according to the rules of a logic system (Kreisel 1971, p. 111). 

 Now, the question is whether we can measure how close a derivation is to the 

corresponding  justification process. Looking back to the examples, regarding the theorem p  p 

the derivation 2 is closer than derivation 1 with respect to the justification process articulated in 

the passage P3, and also derivation 4 is more similar than derivation 3 to the passage P5 as a way 

of explaining how q  (p  r) is deducible from p  (q  r).  Some more extreme cases could be 

derivations carried out, for example, in Meredith’s system with 

 [(((P  Q)  (R  S))  R)  T]  [(T  P)  (S  P)] 

as the only axiom schema. One could judge that there is little connection, if any, between the 

epistemic layer and the formal layer in deductions formed in such systems. Therefore, obviously 

in some derivation methods the formal side is closer to the epistemic side than in others. The 

question of whether and how it is possible to offer some criteria to compare different logical 

systems from this point of view is investigated in the next section. 

 

3.5. Epistemic rigor  

As we have seen, formal rigor is not meant to be a gauge to see how derivation methods help 

users of a logical system derive a conclusion from a set of premises smoothly and convincingly. 

Let us make up a technical term, epistemic rigor, for a feature by which the justificatory power 

of a deduction can be measured. In an epistemically rigorous derivation, accordingly, the 

maximum amount of logical detail is provided in passing through each line. The notion of 

epistemic rigor can be deployed in parallel with the notion of formal rigor: ‘rigor’ in the case of 
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formal rigor means gaplessness, in the sense that all steps are taken according to the rules of a 

system and no leaps are allowed. Epistemic rigor is defined as providing the maximum amount 

of logical detail in such a way that no further explanation is needed. Some rules obviously seem 

primitive in the sense that they couldn’t be broken down into simpler or more primitive rules. 

One would like to argue that the introduction and elimination rules of a natural deduction system 

like NSL are the most primitive rules of inference possible, in that they cannot be broken down 

into more primitive rules. In other words, the rules of inference in NSL describe the steps of 

deductive reasoning in such a way that those steps cannot be reduced to smaller steps. But how 

would one like to explicate this idea? Is it even possible to explain it? 

 The question, that is, would be in virtue of what a rule could be regarded as primitive. 

This is a hard question to answer but an interesting one to ponder. A plausible answer, in my 

opinion, can be provided through reflecting upon some pieces of informal reasoning such as that 

of Gentzen’s, quoted in section 2.2, and the passages P3 and P5 in the previous section. (More 

cases to come in Chapter 5.) What one is able to detect as a common way of reasoning in these 

cases is that they try their best to deal with a single logical connective in a single step. The prose 

of such passages seems to be organized in such a way that no gaps are left for the reader to fill 

in―either something is assumed, or a composite sentence is broken down into parts, or a new 

sentence is formed through attaching existing sentences by a logical constant, etc. To be more 

concrete, at least two features can be regarded as the factors that make a natural deduction 

system such as NSL epistemically rigorous: simplicity and purity of the rules of inference. A rule 

of inference is simple if it adds a logical connective as the main connective to one or two 

previously given sentences and forms a new sentence, or deletes the main connective of a given 

sentence and yields one immediate part of the given sentence as the new sentence. A rule of 
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inference is pure if it involves only one connective in transition from given sentences to a new 

sentence. For example, in each occurrence of I, from two given sentences P and Q, a new 

sentence is obtained in which the main connective is . Also, no other connective than  occurs 

in the application of the rule.28 

 To observe what the features simplicity and purity as just defined amount to let us 

consider some rules of inference that are not either simple or pure. For example, Disjunctive 

Syllogism as shown below is simple because it eliminates  from the first premise but, since its 

application involves an occurrence of  in the second premise, it falls short of being a pure rule. 

 

       p  q 

       p 

▶   q 

Hypothetical Syllogism, on the other hand, is not a simple rule for it neither introduces nor 

eliminates a connective, however, since its application involves only one connective, namely , 

it is pure. 

      p  q 

      q  r 

▶   p  r 

                                                 
28 Epistemic virtues are those virtues that have to do with the justificatory power of a derivation. 

Justificatory power can be seen as providing the most logical detail, that is, providing a system in which 

the steps are minimal steps, and minimal steps can be defined as involving only one logical connective at 

a time. It is worth noting that although there can be some connections between the notion of justificatory 

power and the psychological issues of the ease of finding proofs, understanding proofs, and verifying 

proofs, the notion of justificatory power is epistemological in nature and not psychological. 
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Many other rules are neither simple nor pure, such as Modus Tollens and De Morgan laws. 

 A derivation enjoys more epistemic rigor when it is deploys inference rules such that 

each step in the derivation is a minimal step in the sense that one cannot provide any further 

detail that makes that step of reasoning simpler. For instance, a derivation that includes an 

application of Modus Tollens is not epistemically gapless for there are non-minimal inferential 

steps in it―one could provide further details. Compare the following: 

      p  q 

      q 

▶  p 

with the more rigorous derivation which would be as follows. 

      p  q 

      q 

        p 

        q 

        q 

▶  p 

To be sure, it is technically possible to organize a derivation system in which some rules such as 

Modus Tollens and Disjunctive Syllogism are primitive and others such as intelim rules for  

and  are derived rules. The epistemic argument against this transformation, however, would be 

that these rules involve more than one connective and the results don’t seem to be immediately 
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inferred from the premises.29 If one tries to explain Modus Tollens to newcomers, one would 

very likely appeal to a piece of reasoning similar to the longer derivation fragment mentioned 

above, not vice versa. And this fact is what I’m trying to articulate using the notion of epistemic 

rigor. 

 To mention more examples, E is preferred over Disjunctive Syllogism because the latter 

combines the inferential sense of disjunction and negation while the former manifests 

exclusively the inferential sense of disjunction. In the same manner, it can be argued that the rule 

E is epistemically superior to the axiom (A  B)  A. In an application of E one gets one of 

the conjuncts immediately from a conjunction, whereas to use the axiom, after having A  B one 

has to use modus ponens, which is essentially a rule for material conditional, to get one of the 

conjuncts. Therefore, the axiom does not provide an immediate inferential pattern. Note that in 

order to gain the simplicity and purity of rules of inference through choosing a limited number of 

connectives as primitive and certain patterns of inferential moves as primitive rules, the 

simplicity and expressiveness of language would be sacrificed. Of course, this can be compen-

sated by allowing defined connectives and derived rules to be used in the systems. 

 At the end, let us review the rules of NSL with respect to simplicity and purity. Evidently, 

the rule Reiteration30 and the intelim rules for , , , and  are simple and pure. In the case of 

disjunction, I is simple and pure like other rules, however, E is a minor exception. In an 

application of the latter, a single connective  is eliminated and not any other connectives are 

                                                 
29 Note that here the mental process of reasoning is not under study. Accordingly, an immediate inference 

does not mean a step of reasoning that is taken quickly; rather, it means that that step is taken without the 

mediation of further steps. So immediate (= immediate) here refers to the gaplessness of inferential 

moves. 
30 Indeed, Reiteration doesn’t involve any connectives, so it is vacuously simple and pure. 
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involved, but it is not the case that  is removed from the premise and some remaining sub-

formula of it takes the place of the result. Therefore, E violates the second requirement of the 

feature of simplicity. This problem can be considered as harmless since one of the most common 

steps of reasoning utilized in mathematical literature is ‘separation of cases’―either this fact or 

that fact is the case and both facts leads to a same result. So, it can be argued that E codifies a 

gapless chain of informal reasoning. 

 If one extends the discussion to the intelim rules of predicate calculus in the style of 

Bergmann et al. (2014), one would notice that E suffers from the same problem as E does: the 

result of an application of E is something that might be irrelevant to the formula in the premise 

which is in the form of (x)Fx. Also, in all the other three rules, namely I, I and E, one side 

is a quantified sentence and the other side is a substitution instance of it, so strictly speaking, this 

sort of ‘sub-formula property’―the second requirement of simplicity―is not completely 

satisfied. Again, the problem can be alleviated by realizing that these rules are quite faithful to 

the fragments of informal reasoning of which they are going to be formal models. For example, 

the immediate result one could get at from ‘for each x, Fx’ is that ‘F holds for an individual a’. 

 These exceptions, though minor and somehow manageable, force us to admit that the 

formal features ‘simplicity’ and ‘purity’ fall short of precisely capturing the epistemological 

notion of ‘epistemic rigor’ which is intended to be a bridge between pieces of informal reasoning 

and corresponding formal derivations. Besides, one has to keep in mind that, as opposed to 

formal rigor, epistemic rigor admits of degrees and consequently evades a firm characterization. 

Therefore, simplicity and purity would be regarded as mere approximations. 

 Note also that, by attributing the features of simplicity and purity to the rules of natural 

deduction, we are not trying to place classical logic above other logical systems. According to 
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our definition, both I and E are simple and pure, but this doesn’t count as an argument in favor 

of classical logic which uses both and against intuitionistic logic which rejects this form of E. 

Here the comparison is made between natural deduction and axiom method―the former being 

more epistemically appealing by taking minimal steps. The similar comparison could be drawn 

in the case of axioms and rules of non-classical logics. 

 To sum up, epistemic rigor has to do with the justificatory power of derivations and is 

defined in parallel with formal rigor. Epistemic rigor is the epistemic virtue of a derivation 

system in which no intuitive leaps are allowed and all steps are minimal steps. Simplicity and 

purity of the rules of inference of a logical system guarantee that the steps of derivations are 

minimal in the sense that only one connective is involved in each step. 
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Chapter 4 

Representation of natural deduction derivations 

 

In the Peano conceptual notation the presentation of formulas upon a single line has 

apparently been accomplished in principle. To me this seems a gratuitous 

renunciation of one of the main advantages of the written over the spoken. After all, 

the convenience of the typesetter is certainly not the summun bonum. For 

physiological reasons it is more difficult with a long line to take it in at a glance and 

apprehend its articulation, than it is with shorter lines (disposed one beneath the 

other) obtained by fragmenting the longer one―provided that this partition 

corresponds to the articulation of the sense. 

                 ―Gottlob Frege, 1897 
 

4.1. Structured derivations vs. linear derivations 

Defining derivations in a natural deduction system differs from defining them for an axiomatic 

system, most importantly, in that natural deduction systems contain structured31 rules of 

inference, that is, rules that start from auxiliary assumptions or, in other words, rules that need 

subderivations. 

                                                 
31 I use the term ‘structured’ to emphasize the distinct nature of the rules that utilize subderivations: each 

of these rules has an inner structure. This term does not have to do with ‘structural rules’, such as 

Thinning and Contraction, that in the context of Gentzen’s sequent calculus (1934, p. 296) have the 

technical sense of manifesting the structural features of a deduction system. 
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 In an axiomatic derivation, each line is either an axiom32 or is obtained from two of the 

(not necessarily immediately) previous lines by an application of the rule modus ponens (MP), or 

in the case of a system that doesn’t include  as a primitive connective a corresponding rule of 

detachment. In the first case, the sentence depends on nothing; in the second, on the two 

sentences it has been gotten from. Let us call this sort of derivation a linear33 derivation. In a 

linear derivation, if the set of premises is empty, all the sentences that occur in the derivation are 

theorems (logical truths). Below is an example of a derivation (in ASL) to demonstrate that the 

following is a theorem: ⊢ (p  p)  p. 

1. [p  ((p  p)  p)]  [(p  (p  p))  (p  p)] Axiom (A2) 

2. p  ((p  p)  p) Axiom (A1) 

3. (p  (p  p))  (p  p) 1,2, MP 

4. p  (p  p) Axiom (A1) 

5. p  p 3,4, MP 

6. [p  p]  [(p  p)  p] Axiom (A3) 

7. (p  p)  p 5,6, MP 

 

Since the sentences 1, 2, 4, and 6 are axioms they are obviously theorems. The sentences 3, 5 and 

7 are also theorems simply because each one is the result of an application of MP on two 

theorems, and MP is a truth-preserving derivation rule. So, in this example, all the seven 

                                                 
32 Since we follow the standard in which the general forms of axioms are represented as axiom schemas, 

all the instances of axiom schemas are axioms. 
33 Not to be confused with derivations carried out in ‘linear’ logic. 
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sentences of the sequence comprising the derivation are theorems. So one could write down the 

above derivation as follows with each sentence being prefixed with the sign of theoremhood.34 

1. ⊢ [p  ((p  p)  p)]  [(p  (p  p))  (p  p)] Axiom (A2) 

2. ⊢ p  ((p  p)  p) Axiom (A1) 

3. ⊢ (p  (p  p))  (p  p) 1,2, MP 

4. ⊢ p  (p  p) Axiom (A1) 

5. ⊢ p  p 3,4, MP 

6. ⊢ [p  p]  [(p  p)  p] Axiom (A3) 

7. ⊢ (p  p)  p 5,6, MP 

  

 In a linear derivation, if the set of premises is not empty, the non-axiom sentences of the 

sequence need not necessarily be theorems (although some might be accidentally theorems). As 

an example, consider this derivation made to demonstrate that {p  q, q  r}⊢ p  r. 

 1.    p  q            Premise 

 2.    q  r            Premise 

 3.    (p  (q  r))  ((p  q)  (p  r))      Axiom (A2) 

 4.    (q  r)  (p  (q  r))                    Axiom (A1) 

 5.    p  (q  r)           2,4, MP 

 6.    (p  q)  (p  r)    3,5, MP 

 7.    p  r                  1,6, MP 
                                                 
34 In fact, some books represent some derivations this way, for example see (Curry 1963, p. 98). 



73 
 

Set the premises (sentences 1 and 2) aside, sentences 3 and 4 are axioms and hence are theorems, 

but sentences 5, 6, and 7 are not. Interestingly enough, there still is a uniform judgment that can 

be made about these last sentences: they are derivable from the set of premises: 

 5.  {p  q, q  r}⊢ p  (q  r) 

 6.  {p  q, q  r}⊢ (p  q)  (p  r) 

 7.  {p  q, q  r}⊢ p  r 

Since any theorem is derivable from any arbitrary set of sentences, for the sentences 3 and 4, 

these vacuously hold: 

 3.  {p  q, q  r}⊢ (p  (q  r))  ((p  q)  (p  r)) 

 4.  {p  q, q  r}⊢ (q  r)  (p  (q  r)) 

And, because any sentence is derivable from a set of sentences including itself, these are true of 

sentences 1 and 2: 

 1.  {p  q, q  r}⊢ p   q 

 2.  {p  q, q  r}⊢ q  r 

 To summarize, in any linear derivation carried out to demonstrate the derivability of a 

sentence P from a set of sentences , for every sentence Q that occurs in a line of the derivation, 

 ⊢ Q holds. If  is empty, for all Q that occurs in the derivation ⊢ Q holds meaning all lines 

are theorems. From this point of view, all sentences of the sequence comprising a derivation are 

on a par. (This could be regarded as a reason to call this sort of derivation a ‘linear’ one.) 

Consequently, the notion of scope is not a topic in the discussion of axiomatic systems. In the 
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case of proofs of theorems, all formulas are in the scope of ‘logic’ itself, and in the case of 

derivations for premise-conclusion arguments, all formulas are in the scope of the premise set. 

 Let us consider natural deduction derivations. In the natural deduction system NSL, as far 

as the six rules Reiteration, E, I, I, E, and E are concerned, the derivation goes linearly. In 

the first three (R, E, and I) the resulting line ties only to one line, and in the last three rules 

(I, E, and E) the resulting line ties to two previous lines. Regarding the remaining five rules 

(I, I, E, E, and I), however, a derivation should contain subderivations: a single 

subderivation for the first three (I, I, and E) and two subderivations for the last two rules 

(E, and I). 

 In fact, as we saw in Chapter 2, the main motivation for the first attempt to invent a 

deduction system which we today call natural deduction was to incorporate structured rules into 

a derivation. When a structured rule is used, the result does not come from some specific lines; 

instead, it comes from a structure―an entire pattern of sentences. In the case of I, the pattern 

consists of a subderivation starting from a sentence as the auxiliary assumption, which will be 

the antecedent of the resulting conditional, leading through the subderivation to a sentence which 

will be the consequent of the resulting conditional. The rule I contains two structures like that 

of I: one with the same structure, the other one with the order of the starting assumption and 

last sentence of the subderivation inverted. In the case of I and E, the structure starts from an 

assumption and leads to a sentence and the negation of that sentence. Finally, E needs a 

sentence in the disjunctive form and two subderivations each of which starts from one of the 

disjuncts and both lead to one and the same sentence. The latter is the result of the entire 

structure. To repeat, the main point in an application of a structured rule is that the result follows 

from a structure, or a specific pattern of reasoning, rather than just from one line or two.  
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 Since the reasoning in a structured derivation is more complex than that of a linear 

derivation from an epistemological point of view, it is worth a closer look. In the case of a linear 

derivation, as we have just seen, if Q is a sentence being used anywhere in the course of deriving 

P from , then Q could be simply said to be derivable from . Tracking the derivability relation 

in a structured derivation, however, is not so simple. In a subderivation, an extra sentence, 

namely the assumption, is in effect and it is so until the end of the subderivation when the 

assumption is discharged. To be able to discuss the matter in detail, let us classify the sentences 

that occur in a structured derivation. Within a structured derivation, each line is either (1) an 

assumption (a main assumption or an auxiliary assumption), (2) a sentence obtained by an 

application of a linear rule from one or two of the previous lines which are in the same or wider 

scopes, or (3) a sentence obtained by an application of a structured rule after the auxiliary 

assumption(s) of that rule having been discharged. Assumptions come into play arbitrarily and 

don’t have to be derivable from any previous sentences occurred in the derivation. Sentences 

obtained by linear rules, by definition, are derivable from some certain sentence(s) occurred 

previously, some perhaps being active auxiliary assumptions. Finally sentences which are the 

result of structured rules are derivable from the whole structure. Therefore, although each 

derivation is a derivation of its last line―either from a set of premises or from the null set―not 

all the sentences within a derivation are derivable from the set of premises (or the null set). 

 It can be seen from this elaboration that in a structured derivation, as opposed to a linear 

derivation, not all the sentences which occur in the chain of reasoning are at the same level. With 

each auxiliary assumption a new space of reasoning opens in which yet other assumptions can be 

made. In a sense, each subderivation can be thought of as an independent chain of reasoning and 

when nested subderivations are used, interestingly, several chains of reasoning begin within each 
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other while the previous one is still open. Let us coin the term ‘two-dimensional’ to refer to this 

feature of structured derivations as opposed to the linearity (‘one-dimensionality’) of axiomatic 

derivations. Needless to say that a structured form of reasoning is epistemologically more 

interesting than a linear one. For one thing, it resembles the hypothetical reasoning rational 

agents perform when they assume something as true just for the sake of reasoning.  

 

4.2. Two-dimensionality of natural deduction 

Although structured derivations are interesting and natural, and structured rules are in themselves 

obvious and intuitive, the formalization of the application of structured rules is not so trivial. For 

this reason, unlike axiomatic derivations for which there are no concerns about the manner of 

representation, in drawing a natural deduction derivation the manner of representing the 

derivation does matter. The two-dimensionality of the structure of reasoning requires a delicate 

representational method. 

 Habitually, at least in the derivations drawn in this work so far, in each line of an 

axiomatic or natural deduction derivation, in addition to a logical sentence (which is in the object 

language), there is a counting number to the left side of the sentence that determines the order of 

the sentence in the sequence, and there is an annotation to the right side of the sentence that 

shows the entitlement for putting the sentence in that line. So usually there are three columns: 

numbering column, formula column, and justification column. In the case of axiomatic 

derivations, the justification column (and a fortiori the numbering column) is not as significant 

as in the case of natural deduction derivations. In the former, what one sees in the justification is 

either the name of an axiom or two numerals and a rule such as MP (modus ponens). In the 

natural deduction derivations, however, due to the structured rules, the justification column 
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contains more information regarding the subderivations. In an application of I, for instance, the 

justification goes like m–n,I. The form ‘m–n’ (instead of ‘m,n’) shows that it is the reasoning 

from line m through line n that yields the conditional sentence, and this is not what merely 

follows from the two lines m and n. This is not so obvious that it can be ignored or simply left to 

the reader, especially in the case of nested subderivations. In structured derivations justification 

columns, and accordingly numbering columns, are much helpful in guiding the reader through a 

derivation. 

Annotations as guides  

As a case study, consider Warren Goldfarb’s textbook Deductive Logic (2003) in which in the 

first two parts (which are on sentential logic) no justification columns or, in his terms, 

bookkeeping entries, are introduced. For example, the proof of the theorem ‘p  p’ simply goes 

as follows: 

 p  (q  p) 

 p  ((q  p)  p) 

 (p  (q  r))  ((p  q)  (p  r)) 

 (p  ((q  p)  p))  ((p  (q  p))  (p  p)) 

 (p (q  p))  (p  p) 

 p  p 

“The sequence”, he explains then “is a derivation because the first formula is an axiom, the 

second formula results from the first by substitution of “q  p” for “q”, the third formula is an 

axiom, the fourth formula results from the third by substitution of “q  p” for “q” and “p” for 

“r”, the fifth formula results from the second and fourth by modus ponens, and the sixth results 
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from the first and the fifth by modus ponens” (p. 82). Likewise, the theorem ‘(p  q)  (p  

q)’ is proved this way: 

 p  p 

 q  q 

 p  (q  p) 

 (q  q)  (p  (q  q)) 

 p  (q  q) 

 (p  (q  r))  ((p  q)  (p  r)) 

 (p  (q  q))  ((p  q)  (p  q)) 

 (p  q)  (p  q) 

In a similar fashion, he explains “Here the first three and the sixth formulas are axioms, the 

fourth results from the third by substitution as does the seventh from the sixth, the fifth results 

from the second and fourth by modus ponens, and the eighth results from the fifth and seventh by 

modus ponens” (p. 83). 

 In these examples there are no justification or numbering columns. Each derivation 

consists merely of a sequence of sentences. The flow of the derivation from the beginning to the 

end is considered so clear that it is assumed that any reader can figure out how it goes.35 In the 

third part of the book, ‘Polyadic quantification theory’, interestingly enough, because of the rule 

of conditionalization having been introduced, “To avoid confusion in deductions, we had better 

keep track of what premises are operative at each stage. Thus we shall require that deductions 

contain, aside from the schemata themselves, various bookkeeping entries” (p. 182). This case 

                                                 
35 It is unlikely, though, that the proof of more complicated theorems can be written just as a sequence of 

sentences without any annotations  and with readers expected to see the flow of the derivation. 
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demonstrates that including justifications is crucial to the representation of a derivation in which 

structured rules are used. The importance of this point becomes more clear when we see that 

Goldfarb calls a proof system with the method of supposition “a system of natural deduction” 

and claims that it deserves this name “because to a certain extent it mimics certain natural ways 

we reason informally”(p. 181). Notice that according to Goldfarb, as the system of natural 

deduction is closer to what we do in reasoning informally than the axiomatic system, while we 

don’t need to include justification for axiomatic derivations, for natural deduction derivations we 

do. 

Scope lines as essential part of derivations 

The above case showed the importance of accompanying numbering and annotations to help the 

reader follow the chain of reasoning; but without them a derivation still would count as a 

correctly formed derivation. The usual practice is to define a derivation as a sequence of 

formulas; the numbering to the left and the justifications to the right are not officially part of the 

derivation but an annotation of it. However, returning to the issue of two-dimensionality, it is 

essential to keep track of subderivations in one way or another. The sentences of a structured 

derivation are not at the same level, some of them being hypotheses which have to be discharged 

and at some point in the derivation could not be in effect any longer. For this reason, strictly 

speaking, a structured derivation is not simply a sequence of formulas. The formulas must be 

differentiated according to their positions with respect to auxiliary assumptions. Consequently, 

only one coordinate, namely the place of a formula in the sequence, is not able to locate the 

formula in a derivation; a second coordinate is needed as well―hence the term ‘two-

dimensionality’. Thus, in the case of a system like NSL, scope lines are indispensable and, in a 

sense, required to obtain formal rigor. 
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 Another way of arguing in favor of the idea of two-dimensionality is to consider 

derivations, correctly carried out in axiomatic and natural deduction fashions, offered as merely 

ordered lists of formulas, that is, just one-dimensional. Suppose one would like to design a 

computer program to recognize what is going on in such derivations―to fill in the gaps of the 

justification column of each derivation. Without loss of generality, we focus on ASL and NSL. In 

the case of axiomatic derivations, each line is to be checked first to see whether it is an axiom. 

This step would be easy because the list of axiom schemas is finite and it is decidable whether a 

formula is in the same form as an axiom schema. If a formula is not an axiom, the program 

would look within the previous formulas in the list for a pair of formulas such that one is a 

conditional whose consequent is the formula in question and whose antecedent is the other 

formula. However, in the case of natural deduction derivations, this procedure would not be so 

straightforward. Some formulas are hypotheses, independent of the previous formulas, and being 

revealed that they are so only when the corresponding subderivation ends. So the program should 

be equipped such that it can conditionally accept a formula to see what happens after. As a result, 

there might be many parallel possibilities that have to be enumerated and examined. Admittedly, 

since the list of formulas is finite, and there are finitely many rules of inference, after finitely 

many steps the structure of the derivation would be figured out, but this seems much more 

complicated than for axiomatic derivations. A plausible conjecture is that the number of steps the 

program should take in the case of an axiomatic derivation is determined by a polynomial 

function (of the number of the lines of each derivation) while that of a natural deduction 

derivation amounts to an exponential function. 

 The computational aspect of the above comparison is not germane to our discussion. It 

suffices to realize that for a human agent it is practically impossible to detect what is going on in 
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a fairly long derivation with nested subderivations. Just as an example, take a look at the 

derivation below which is a proof of Peirce’s law carried out in NSL and represented as devoid of 

scope lines as a merely list of formulas. 

 (p  q)  p 
 p 
 p 
 q 
 p 
 p 
 q 
 p  q 
 p 
 p 
 p 
 [(p  q)  p]  p 
  
  

 To sum up, scope lines or any other feature that can function as a second coordinate is, at 

least practically, essential to natural deduction derivations. The next section surveys various 

ways this requirement could be fulfilled. 

 

4.3. Different forms of representing natural deduction derivations 

From the first days of the development of natural deduction method logicians have 

acknowledged the importance of demonstrating explicitly where a subderivation begins and 

where it ends. Pelletier (1999) enumerates four methods of representing natural deduction 

derivations each of which has a specific way of bordering subderivations. Two methods were 

introduced by Jaśkowski in his (1934); first, a box method, and second, a bookkeeping method. 

The third is Gentzen’s (1934) tree method. These three representational methods have been 

explained in Chapter 2. 
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 The last method which has been devised by Suppes (1957) to some extent is similar to 

Jaśkowski’s bookkeeping method (in using numbers to keep track of hypotheses) but in essence 

is a variant of Gentzen’s (1936) ‘sequent natural deduction’. (Hazen and Pelletier 2014, p. 1108) 

Suppes defined the notion of dependency set and represented derivations such that the 

dependency set of each line was mentioned next to the object language formula of the line. Each 

premise and each hypothesis depend on themselves and other formulas depend on the formulas 

they are obtained from. The notion of dependency is hereditary: when a formula depends on 

another, the former inherits the dependency set of the latter. When according to a rule such as 

conditionalization a hypothesis is discharged, its number is removed from the dependency set of 

the result. In fact, in this method each formula is derivable from the formulas in its dependency 

set and therefore each line can be thought of as a sequent―just put a derivability sign between 

the dependency set and the formula. Consequently, each line stands on its own and derivations 

are not, strictly speaking, two-dimensional anymore. If we agree that the notion of two-

dimensionality is the main feature of natural deduction, Suppes’s system would count as a weak 

form of natural deduction.36 

 Let us compare these four methods by looking at an example of each: the derivation that 

demonstrates the validity of Destructive Dilemma, viz. the derivation of p  r from the pair of 

premises (p  q)  (r  s) and q  s. Note that since the aim is to show the representational 

difference, not the specific rules each system offers, the notation and the rules used are those of 

NSL. 

 Among the abovementioned methods of representation, the first one, namely, the 

graphical  method of Jaśkowski has proved to be more convenient and has been increasingly 

                                                 
36 Hence, Hazen and Pelletier (2014) preferred to call it ‘sequent natural deduction’. 
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used, though with some minor changes, by logicians generation after generation. Two variants 

which are now in use are Fitch’s (1952) method and Copi’s (1954) method. The Fitch style, 

which has been adopted by Bergmann et al. (2014) was introduced in Chapter 1. Copi utilized 

arrows to show the boundaries of subderivations. A little arrow from the left side points to the 

hypothesis, a vertical line segment starts from the tail of the arrow and extends to the last line of 

the subderivation, and a horizontal line segment separates the last line of the subderivation and 

the next line which is the result of it. Examples of Fitch-style scope line and Copi-style arrow 

methods are to follow as well. 
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(a) Jaśkowski’s box method 

 

1       (p  q)  (r  s)   A. 

2       q  s                 A. 

3       p  q                    1,E 

4       r  s                     1,E 

5         q                       A/E 

6            p                      A/I 

7            q                      3,6,E 

8            q                    5,R 

9         p                       6–8,I 

10       p  r               9,I 

11       s                        A/E 

12          r                       A/I 

13          s                       4,12,E 

14          s                    11,R 

15       r                       12–14,I 

16       p  r               15,I 

17     p  r                 2,5–10,11–16,E 
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(b) Jaśkowski’s bookkeeping method 

 

1.1. (p  q)  (r  s) A. 

2.1. q  s A. 

3.1. p  q 1,E 

4.1. r  s 1,E 

5.1.1. q A/E 

6.1.1.1. p A/I 

7.1.1.1. q 3,6,E 

8.1.1.1. q 5,R 

9.1.1. p 6–8,I 

10.1.1. p  r 9,I 

11.1.2. s A/E 

12.1.1.2. r A/I 

13.1.1.2. s 4,12,E 

14.1.1.2. s 11,R 

15.1.2. r 12–14,I 

16.1.2. p  r 15,I 

17.1. p  r 2,5–10,11–16,E 
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(c) Gentzen’s tree method 

 

 (pq)(rs)   (A.)  

E 

E 

  (pq)(rs)   (A.)  

E 

E 

 p    (A/I)            pq   r   (A/I)           rs 

 q   s  

qs  (A.)    q         s    

   

I 

I 

    

I 

I 

E 

 

 p  r  

 pr  pr  

   pr   
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(d) Suppes’s dependency-set method 

 

{1} 1. (p  q)  (r  s) A. 

{2} 2. q  s A. 

{1} 3. p  q 1,E 

{1} 4. r  s 1,E 

{5} 5. q A/E 

{6} 6. p A/I 

{1,6} 7. q 3,6,E 

{5} 8. q 5,R 

{1,5} 9. p 6–8,I 

{1,5} 10. p  r 9,I 

{11} 11. s A/E 

{12} 12. r A/I 

{1,12} 13. s 4,12,E 

{11} 14. s 11,R 

{1,11} 15. r 12–14,I 

{1,11} 16. p  r 15,I 

{1,2} 17. p  r 2,5–10,11–16,E 
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(e) A Fitch-style derivation 

 

1       (p  q)  (r  s)     A. 

2       q  s              A. 

3       p  q                 1,E 

4       r  s                  1,E 

5         q                 A/E 

6            p                A/I 

7            q                3,6,E 

8            q              5,R 

9         p                 6–8,I 

10       p  r            9,I 

11       s                  A/E 

12          r                 A/I 

13          s                 4,12,E 

14          s               11,R 

15       r                  12–14,I 

16       p  r            15,I 

17    p  r               2,5–10,11–16,E 
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(f) The Copi-style arrow method 

 

1.       (p  q)  (r  s)     A. 

2.       q  s             A. 

3.       p  q                 1,E 

4.       r  s                  1,E 

5.         q                 A/E 

6.            p                A/I 

7.            q                3,6,E 

8.            q              5,R 

9.         p                 6–8,I 

10.       p  r            9,I 

11.       s                  A/E 

12.          r                 A/I 

13.          s                 4,12,E 

14.          s               11,R 

15.       r                  12–14,I 

16.       p  r            15,I 

17.     p  r               2,5–10,11–16,E 
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The necessity of structured rules 

The main goal in using various representational methods is to handle the applications of 

structured rules, namely, I, I, E, E, and I, in a clear way to prevent confusion and 

mistakes. But what if one transforms the structured rules into linear rules? There are possibilities, 

to be sure. Here are examples: 

 

Negation Introduction*  (I*) 

      P  Q 

      P  Q 

►  P 

Negation Elimination*  (E*) 

      P  Q 

      P  Q 

►  P 

Biconditional Introduction*  (I*) 

      P  Q 

      Q  P 

►  P  Q 

Disjunction Elimination*  (E*) 

      P  Q 

      P  R 

      Q  R 

►  R 

 

But isn’t it possible to dispense with structured rules altogether and get rid of the complexity of 

derivation representation all at once? The answer is no. In a lean natural deduction where we 

don’t have any axioms, we have to keep at least I. The reason is that in order to prove 

theorems, in the absence of any axioms or any premises, one must start from an assumption. 

There are other ways, to be sure, to keep another structured rule as it is and treat others, 

including I, in a linear fashion; but anyway, at least one structured rule is necessary. This fact 
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verifies the insight of founders of natural deduction that this proof method had to be developed in 

response to our need for a ‘method of supposition’.  

 Since the point of departure of natural deduction from axiom methods is to pay more 

attention to logical reasoning than logical truth, the graphical methods of representing structured 

derivations serve as tools of reasoning, and accordingly, deserve to be considered as 

epistemologically significant. In the following section, we focus on this matter. To have an 

explicit terminology, let us call all the methods of representing natural deduction derivations 

‘two-dimensional’, and keep the term ‘graphical representation’ for Gentzen’s tree method and 

Jaśkowski’s box method and its variants such as Fitch’s scope-line and Copi’s arrow methods. 

Therefore, the bookkeeping and the dependency-set methods are excluded from the category of 

‘graphical’ representations. Also, due to their disadvantages, mentioned in Chapter 2, Gentzen 

trees will not be included in the discussion below; so the focus of the next section will be on 

Jaśkowski’s graphical representational method and its variants. 

 

4.4. The epistemological significance of graphical representations 

As it has been shown, natural deduction derivations, due to subderivations, are two-dimensional 

in nature, and they have to be accompanied with some representational tools such as scope lines. 

In this section the graphical tools are studied more specifically. It shall be argued that graphical 

tools are much better than other ways of specifying the scope of each auxiliary assumption.37 It 

does not mean that the other methods don’t satisfy the requirement for two-dimensionality of 

                                                 
37 Although some people might want to defend Gentzen’s tree-form representation as the best because 

other methods linearly order sentences whose order is irrelevant to the rule in question. When P  Q is 

inferred from P and Q by I, it is irrelevant which of P or Q comes first, but in other methods than 

Gentzen’s one has to be above the other. In Gentzen-style tree, this irrelevance is shown better. 
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derivations. They do for sure, but the claim is that graphical methods do the job in a way that is 

epistemologically more beneficial. 

 Here the comparison is between graphical and non-graphical representations as the main 

categories. Also it is shown that Fitch-style has some advantages over other methods of this 

family, namely, Jaśkowski’s box method and Copi’s arrow method in demonstrating the most 

salient features of natural deduction. These advantages will be explained at the end of this 

section. 

 First, let us place the use of scope lines in the time-honored tradition of logician’s 

utilizing graphical representations in order to learn, teach, and in general, to facilitate 

understanding and manipulating logical relations and logical rules. To name a few of the most 

familiar graphical representations, one should mention the square of opposition used to illustrate 

the logical relationship between categorical sentences A, E, I, and O, Leibniz’s use of line 

segments to visualize the relationship between classes corresponding to the subject and the 

predicate of a categorical sentence, Venn diagrams for categorical syllogisms, and Frege’s two-

dimensional representation of logical sentences. As the examples show, graphical tools have 

been present in almost all periods of the history of logic. 

 The study of graphical representations will be more useful if we can categorize them. 

Moktefi and Shin (2012) divide them into two broad categories. The first category (using a 

diagram to represent a logical fact), contains those which are used just for help: the visualization 

helps understanding, memorizing, and so on. To this category belongs the square of opposition, 

as an example. That an A-sentence and its corresponding O-sentence are contradictories is a 

logical fact which is demonstrated independently. That they are located on the opposite sides of a 

diagonal line in the square of opposition helps a logic student to see this fact alongside other 
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similar facts regarding mutual relations among categorical sentences. Other examples belong to 

another category referred to as “logic diagrams” which are essentially logical in the sense that 

they replace logical symbols and can be seen as alternatives to symbolic representations. 

Concerning the validity of arguments, for example, and information-theoretically speaking, logic 

diagrams carry the information contained in the premises and provide an easy device to see if the 

information of the conclusion is contained in the information of the premises. Venn diagrams 

and Leibniz’s line segments, for instance, show the relationship between the classes of objects 

corresponding to the subjects and predicates of the premises of a syllogistic argument and then 

no more than a quick look is needed to figure out whether or not the relationship between the 

subject and the predicate of the intended conclusion satisfies what is the case in the diagram. So 

one could contrast Venn diagrams with the ‘distribution rules’ of traditional logic:  both describe 

and show how to determine the validity of an argument, but in two very different ways. 

 Until the last decades of the nineteenth century logic diagrams had been used mainly in 

the study of categorical sentences and syllogistic arguments. Moktefi and Shin (2012) distinguish 

three kinds of logic diagrams in this field: spatial diagrams, such as those of Euler, Venn, and 

Peirce, in which classes are shown by circles; linear diagrams like line segments used by Leibniz 

to show the existence or absence of overlaps between classes; and tabular diagrams used by 

Marquand and others to improve the power of spatial diagrams. 

 The use of diagrammatic representations did not remain limited to these. Through Peirce 

and Frege, new ideas came on the scene. Peirce invented a proof method called ‘existential 

graphs’ using a new notation with circles and Frege, famously, made a two-dimensional notation 

known as Begriffsschrift (concept-writing, or ideography). In Peirce’s notation, in which 

primitive connectives are negation and conjunction, the negation of a sentence is shown by 
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drawing a circle around it, and putting two sentences adjacent to each other means their 

conjunction. Accordingly, in this notation, the sentence (p  q) would be shown as follows: 

 

               p  q 

 

Frege uses negation and conditional as primitive connectives. The sentence p  q looks like this 

in his notation: 

    q 

    p 

 To which category, ‘visual aids’ or ‘logic diagrams’, do the scope lines used in natural 

deduction derivations belong? We have seen that scope lines are crucial to derivations, therefore, 

the possibility that they are just visual aids is ruled out at the outset. As the example of the square 

of opposition shows, graphical representations which are thought of as just visual aids are not 

essential to carrying information or to demonstrating a logical fact. Contrary to this, scope lines 

form part of a derivation and without them a conclusion cannot be shown to be derived from the 

premises because the line of argument would be missed. On the other hand, it is not easy to 

decide whether scope lines are among logic diagrams. Moktefi and Shin (2012) are inclined to 

consider as diagrammatic those representations which are used as alternatives to the strings of 

symbols and as representations of logical sentences. In the case of scope lines, however, the 

sentences are written in their standard symbolic forms and what is done by scope lines is to flag 

the starting point and the ending point of subderivations. They are logically substantial but not as 

an alternative to symbolic representation; they have to be present alongside the symbols as an 

addition to the symbols. They are not used to show logical relations between classes, sentences, 
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etc.; in fact they are used to guide the reader through the process of reasoning. They show the 

line of thought in reasoning. The structure of scope lines corresponds to the structure of 

reasoning. Therefore, we might have to define a third category of diagrams so as to include 

logical tools like scope lines. 

 Now, let us turn to our discussion of the epistemological significance of scope lines. To 

explain the epistemological functions scope lines perform in derivations, let us draw on what 

Frege and Peirce thought about diagrammatic representation of logical sentences. As was 

mentioned, Frege and Peirce were not only the pioneers of modern logic but also among the most 

important figures who developed graphical representations of logical relations. Although the 

scope lines used in natural deduction are not conceptually very similar to Peirce’s circles and 

Frege’s fork-style lines, their ideas about the importance of graphical representation are 

applicable to what we are talking about. Perhaps Frege and Peirce had several reasons for 

preferring a graphical notation to a linear string of symbols, but according to Moktefi and Shin 

(2012), one can fairly state that the main advantage of doing so from Frege’s point of view was 

‘perspicuity of logical relations’ and from Peirce’s point of view was ‘facilitating fruitful 

reasoning’. It will be explained below that these two advantages belong similarly to using scope 

lines as graphical tools in natural deduction derivations in comparison with linear derivations in 

which no graphical tools of that sort are used. 

 First, scope lines make logical relations perspicuous. The salient feature of the natural 

deduction method is the possibility of making an assumption and seeing what follows from it. 

This is not limited to the main assumptions, that is, the premises of an argument, but includes the 

auxiliary assumptions as parts of structured rules. Five out of the eleven rules of derivation in the 

Bergmann-style natural deduction NSL are structured rules in the sense that they utilize 
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subderivations and two of these five rules, namely, E and I, use two subderivations. Each 

subderivation starts from an assumption. So, in natural deduction derivations subderivations and 

assumptions are abundant. Setting simple, short-sentence, few-premise derivations aside, usually 

a derivation is a complex of various subderivations some of which are nested in others. Each 

scope line singles out the assumption and separates the sentences that follow from that 

assumption from other sentences and shows where that assumption is discharged and the result 

of the subderivation appears. This is perhaps the most important point one needs to grasp what is 

going on in a derivation. Scope lines are guides to what follows from what. 

 It is worth mentioning again that, in a natural deduction such as NSL, since there are no 

axioms, proving logical theorems always needs structured derivations. The usual way to prove a 

theorem in the conditional form is to assume the antecedent and obtain the consequent. This 

needs a subderivation to apply conditional-introduction. The first line of the subderivation is the 

antecedent and the last line is the consequent. Therefore, the scope line makes the logical relation 

built into the theorem perspicuous. This is also true of the theorems not in the conditional form 

that are usually proved by reductio method using negation-introduction or negation-elimination. 

(Theorems in the conditional form can also be proved by reductio proofs.) The negation of the 

theorem locates in the first line of the subderivation and the contradiction that follows, in the 

form of a sentence and its negation, occurs in the last lines. We need not enumerate various 

possible combinations of the structured rules in derivations from premises or proofs of theorems. 

It is clear from what has been said that, as far as the perspicuity of logical relations is concerned, 

scope lines play an essential role. 

 It can be added that the variety of ways a natural deduction derivation can be built up 

shows the variety of ways the logical relations within the sentences and the sub-sentences 
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occurring in the derivation might be seen. This observation also corresponds to what Frege had 

in mind when he defended his two-dimensional notation. “The spatial relations of written 

symbols on a two-dimensional writing surface can be employed in far more diverse ways to 

express inner relationships than the mere following and preceding in one-dimensional time [...]. 

In fact, simple sequential ordering in no way corresponds to the diversity of logical relations 

through which thoughts are interconnected.” (Frege 1882, p. 87) 

 Second, scope lines facilitate fruitful reasoning. If we consider conditionalization and 

reductio proofs as the main facilities natural deduction has made available to make logical 

reasoning easier and faster, then the significance of scope lines as essential tools for this method 

of reasoning follows obviously. To be sure, since axiomatic systems of sentential logic are 

equivalent to the natural deduction system, all valid arguments are derivable in those systems. 

But the fact is that the latter usually needs complicated moves and complicated sentences. In 

axiomatic derivations one has to start from long sentences as axioms then break them down to 

approach to the conclusion. In contrast, in natural deduction derivations one would use I, for 

instance, to build a conditional sentence from shorter sentences as antecedent and consequent. As 

a result of structured rules, an agent can make derivations so close to what she has in mind as 

reasoning from the premises to obtain the conclusion, and scope lines are at service to visualize 

the natural moves of reasoning. 

 To end this section, some advantages of using Fitch-style scope lines over using 

Jaśkowski-style boxes or Copi-style arrows will be mentioned. The advantage of Fitch-style 

scope lines over boxes is that while in the box-method the assumption of each subderivation is 

not specified visually and it just appears as the first line of the box, in Fitch style there is a short 
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horizontal line segment that separates the assumption from the rest of the subderivation.38 (This 

would be even more important if we had rules, like some rules for such connectives as Sheffer’s 

stroke, in which a subderivation has more than one assumption. See section 2.3.) The advantage 

of scope lines over arrows is that in derivations using the latter the premises (the main 

assumptions) are not specified graphically. Furthermore, in both Jaśkowski-style and Copi-style 

derivations if the last line of the derivation is a theorem it has to be out of any boxes or any 

arrow cycles, whereas in Fitch-style derivations always there has to be a main scope line and this 

                                                 
38 Some authors preferred to declare the formula that is going to be derived from a subderivation at the 

beginning before the subderivation is started. Kalish and Montague (1964) and Kalish et al. (1980) use a 

box method with the mentioned feature. For example, their rule of Conditional Derivation (1980, p. 22) is 

such that one has to write down ‘Show P  Q’ on top of a box and the first line inside the box is P and the 

last one is Q, and when the subderivation―inside the box―is complete, the word ‘Show’ has to be 

crossed out. So a completed form of Conditional Derivation looks like the following: 

 

Show (P  Q) 

     P  

     .  

     .  

     .  

    Q  

 

As Jeff Pelletier pointed out to me, there is also a surprise, hidden advantage (in the derivations of 

predicate logic) of putting the conclusion first, when it comes to the rule of E, or in their terms 

‘Existential Instantiation’. Recall that, for example, Bergmann et al. (2014, p. 480), in addition to other 

restrictions, have to add the restriction that the ‘instantiating constant’ should not occur in the result of the 

application of this rule. Kalish et al., however, just need to say that “the variable of instantiation does not 

occur in any preceding line” (1980, p. 144), because what is supposed to be the result of the application of 

the rule has already been mentioned in the ‘Show’ line. 
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corresponds to the specification of a system of deduction in demonstrating the derivability of a 

sentence P from a set of sentences , that is, for example,  ⊢NSL P. 

 To summarize, it was argued that, structured derivations are epistemologically superior to 

linear derivations not only for their greater similarity to the natural reasoning human agents 

perform especially by using auxiliary hypotheses to examine their logical consequences, but also 

because structured derivations are equipped with visual tools to represent the structure of formal 

reasoning in a way that corresponds to the structure of human reasoning. 
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Chapter 5 

Real mathematical reasoning 

 

Logic, so far as we mathematicians are concerned, is no more and no less than the 

grammar of the language which we use, a language which had to exist before the 

grammar could be constructed. [...] The primary task of the logician is thus the 

analysis of the body of existing mathematical texts, particularly of those which by 

common agreement are regarded as the most correct ones, or, as one formerly used 

to say, the most “rigorous”. 

        ―Nicolas Bourbaki, 1949 

 

5.1. Introduction 

As mentioned in Chapter 2, the invention of natural deduction was motivated by the complaint 

that the then existing systems of logic, mainly the axiomatic methods of Frege, Russell, and 

others, were not genuine, representative models of what mathematicians were really performing 

in their work and that the new methods proposed by Jaśkowski and Gentzen were going to offer 

much closer models. Neither Jaśkowski (1934) nor Gentzen (1934) gave examples of real 

mathematical reasoning. However, an investigation through mathematical literature makes this 

claim plausible and provides strong evidence that mathematicians perform deductive reasoning 

and set forth proofs for mathematical theorems in an informal natural deduction fashion. In this 

chapter, a number of proofs carried out by different mathematicians are studied. Then, regardless 

of the content of each proof which might belong to arithmetic, set theory, or any other branch of 
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mathematics, the form of the proof is abstracted and various moves taken in different steps of the 

proof are distinguished.39 

 The diversity of the selected cases is intended to convince the reader that the set of 

examples is representative of all mathematical proofs. The examples have been chosen from 

various topics, different authors, and with different prose styles―from very succinct sentences to 

detailed elaborations. Furthermore, the works the examples have been excerpted from are from 

different points in the history of mathematics: before and after the advent of formal natural 

deduction. 

 Admittedly, the examples consist of very simple proofs; but there are two reasons for 

this: first, the complexity of complicated proofs would distract us from their logical structure; 

and second, complicated proofs usually utilize many definitions already introduced and many 

theorems already proved, and this falls out of our current interest which is to investigate the 

patterns of reasoning. The goal is to find a fine-grained layout of the component operations of 

deductive reasoning as deployed by mathematicians in practice. 

 

5.2. Examples of mathematical proofs 

Example 1. 

One of the most frequently mentioned books in mathematics that has a great historical value is 

Euclid’s Elements. The opening example of this section is Proposition 4 of the Book I of the 

Elements (Heath 1956, pp. 247‒8). 

                                                 
39 Needless to say that mathematical logic focuses on proofs carried out correctly, and the study of 

mistakes in reasoning is beyond its scope. Also note that the present study is logical-epistemological and 

is not concerned itself with psychological issues of how logicians come up with logical derivations. As 

pointed out to me by Michael Dawson in personal communication, “a published proof need not reflect the 

complicated process used to come to the final derivation.” 
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Proposition 4. If two triangles have the two sides equal to two sides respectively, and 

have the angles contained by the equal straight lines equal, they will also have the base 

equal to the base, the triangle will be equal to the triangle, and the remaining angles 

will be equal to the remaining angles respectively, namely those which the equal sides 

subtend. 

 Let ABC, DEF be two triangles having the two sides AB, AC equal to the two sides 

DE, DF respectively, namely AB to DE and AC to DF, and the angle BAC equal to the 

angle EDF. 

 I say that the base BC is also equal to the base EF, the triangle ABC will be equal 

to the triangle DEF, and the remaining angles will be equal to the remaining angles 

respectively, namely those which the equal sides subtend, that is, the angle ABC to the 

angle DEF, and the angle ACB to the angle DFE. 

 For, if the triangle ABC be applied to the triangle DEF, and if the point A be placed 

on the point D and the straight line AB on DE, then the point B will also coincide with 

E, because AB is equal to DE. 

                                                  A                                  D 

 

                        

                                    B                 C                E                 F 

 

 Again, AB coinciding with DE, the straight line AC will also coincide with DF, 

because the angle BAC is equal to the angle EDF; hence the point C will also coincide 

with the point F, because AC is again equal to DF. 

 But B also coincided with E; hence the base BC will coincide with the base EF. 

[For if, when B coincides with E and C with F, the base BC does not coincide with the 

base EF, two straight lines will enclose a space: which is impossible. Therefore the base 

BC will coincide with EF] and will be equal to it. 

 Thus the whole triangle ABC will coincide with the whole triangle DEF, and will 

be equal to it. And the remaining angles will also coincide with the remaining angles 

and will be equal to them, the angle ABC to the angle DEF, and the angle ACB to the 

angle DFE. Therefore etc. 

 (Being) what it was required to prove. 
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The proof starts when the author has set the scene by drawing arbitrary triangles and declaring 

the goal by rephrasing the theorem in question in terms of the hypothetical triangles. Let us 

analyze the proof of only the first claim into its steps. 

 

1. Let ABC, DEF be two triangles having the two sides 

AB, AC equal to the two sides DE, DF respectively, 
 

To state a premise 

2. and the angle BAC equal to the angle EDF. 
 

To state a premise 

3.  I say that the base BC is also equal to the base EF. 
 

To set the goal 

4. For, if the triangle ABC be applied to the triangle 

DEF, and if the point A be placed on the point D and 

the straight line AB on DE, 
 

To make up a graphical setup 

5. then the point B will also coincide with E, because 

AB is equal to DE. 
 

To infer an obvious consequence 

of (4) 

6. The straight line AC will also coincide with DF, 

because the angle BAC is equal to the angle EDF; 

hence the point C will also coincide with the point F, 

because AC is again equal to DF. 
 

To infer an obvious consequence 

of (4) 

7. When B coincides with E and C with F, To reiterate the results of (5) and 

(6) 
 

8. if the base BC does not coincide with the base EF, 
 

To make an assumption 

9. two straight lines will enclose a space: To find the consequence of the 

assumption (8) 
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10. which is impossible. To realize that an impossible 

consequence (9) would follow 
 

11. Therefore the base BC will coincide with EF. To apply the reductio rule: to 

discharge the assumption (8) and 

to state its negation as proved 

 

This proof contains an application of reductio ad absurdum which is abundant in proofs in 

geometry. Reductio as a kind of hypothetical reasoning is facilitated in formal natural deduction 

with intelim rules for negation. 

Example 2. 

The following is a case in which the author gives his proof of the theorem in question in a very 

succinct way. Indeed, the proof is stated as a parenthetical expression and it takes only a single 

sentence, but it can be transformed to a gapless proof in a natural deduction fashion without 

distorting the order of reasoning the author has deployed. This is the proof of a theorem in 

arithmetic selected from Huntington (1917, pp. 10‒11). The theorem is shown to be a 

consequence of two postulates. 

 

Postulate 2. If a < b, then a and b are distinct. 

Postulate 3. If a < b and b < c, then a < c. 

[...] As an immediate consequence of postulates 2 and 3, we have 

Theorem I. If a < b is true, then b < a is false. 

(For, if a < b and b < a were both true, we should have, by 3, a < a, whence, by 2, a ≠ a, which is 

absurd). 

 
Now we extend the proof by filling in the gaps. 
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1. If a < b, then a ≠ b. (Postulate 2) 

 

 To state a premise 

2. If a < b and b < c, then a < c. 

(Postulate 3) 

 

 To state a premise 

3. If a < b is true, then b < a is false. 

 

 To set the goal 

4. Assume that a < b is true. 

 

 To make an assumption 

5. Assume that b < a is true. 

 

 To make an assumption 

6. If a < b and b < a, then a < a. 

 

 To form a substitution instance of (2) 

7. a < b and b < a. 

 

 To form a conjunction out of (4) and (5) 

8. a < a. 

 

 To apply Modus Ponens to (6) and (7) 

9. If a < a, then a ≠ a. 

 

 To form a substitution instance of (1) 

10. a ≠ a. 

 

 To apply Modus Ponens to (8) and (9) 

11. a ≠ a is absurd.  To realize that from the assumption (5) an 

absurdity follows 

 

12. So, b < a is false.  To apply the reductio rule: to discharge the 

assumption (5) and to state that it is false 

 

13. Therefore, If a < b is true, then     

b < a is false. 

 

 To apply the rule of conditionalization: to 

discharge the assumption (4) and to form a 

conditional out of (4) and (12) 
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Examples 3-5. 

This section goes on with examples of proofs in arithmetic selected from Tarski’s (1946) 

Introduction to Logic and to the Methodology of Deductive Sciences. Since the main goal of this 

textbook is to teach how to perform deductive reasoning, the following proofs are expressed in 

more detail than what is usual for a text in arithmetic. For our purpose, therefore, it seems 

appropriate to begin with these simple proofs which are stated in maximal detail without being 

elliptical or too succinct. The examples 3-5 are Theorems 1, 3, and 4, respectively, of Tarski’s 

chapter on arithmetic. All the three selected theorems are implied by the following axioms: (p. 

157) 

Axiom 1. For any numbers x and y [...] we have: x = y  or  x < y  or  x > y. 

Axiom 2. If x < y, then y ≮ x. 40 

 
Example 3. 

Theorem 1. No number is smaller than itself: x ≮ x. 

Proof. Suppose our theorem were false. Then there would be a number x satisfying the formula: 

(1) x < x. 

Now Axiom 2 refers to arbitrary numbers x and y (which need not be distinct), so that it remains 

valid if in place of “y” we write the variable “x”; we then obtain: 

(2) if x < x, then x ≮ x. 

But from (1) and (2) it follows immediately that x ≮ x; this consequence, however, forms an 

obvious contradiction to formula (1). We must, therefore, reject the original assumption and 

accept the theorem as proved. (pp. 157‒8) 

 

The proof is repeated below with its steps separated and the justification for taking each step 

provided. 

                                                 
40 Note that the second axiom of Tarski’s system was proved as a theorem in the Huntington’s 1917. 
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1. If x < y, then y ≮ x. (Axiom 2) 

 

 To state a premise 

2. x ≮ x. 

 

 To set the goal 

3. Suppose our theorem were false. Then 

there would be a number x satisfying the 

formula x < x. 
 

 To make an assumption 

4. If x < x, then x ≮ x. 

 

 To form a substitution instance of (1) 

5. x ≮ x.  

 

 To apply Modus Ponens to (3) and (4) 

6. This consequence, however, forms an 

obvious contradiction to the assumption 

(x < x). 

 

 To realize that from the assumption (3) 

a contradiction ((3) and (5)) follows 

 

7. We must, therefore, reject the original 

assumption and accept the theorem as 

approved. 

 To apply the reductio rule: to discharge 

the assumption (3) and to state the 

negation of the assumption as proved 
 

Example 4. 

Theorem 3. x > y if, and only if, y < x. 

Proof. It has to be shown that the formulas: x > y and y < x are equivalent, that is to say, that the 

first implies the second, and vice versa. 

Suppose, first, that 

(1) y < x. 

By Axiom 1 we must have at least one of the three cases: 

(2) x = y,  x < y  or  x > y. 

If we had x = y, we could, by virtue of the fundamental law of the theory of identity [...], replace 

the variable “x” by “y” in formula (1); the resulting formula: 

 y < y 
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constitutes an obvious contradiction to Theorem 1. Hence we have: 

(3) x ≠ y. 

But we also have: 

(4) x ≮ y 

Since, by Axiom 2, the formulas: 

 x < y   and   y < x 

cannot be hold simultaneously. On account of (2), (3) and (4), we find that the third case must 

apply: 

(5) x > y. 

We thus have shown that the formula (5) is implied by the formula (1); conversely, the 

implication in the opposite direction can be established by an analogous procedure. The two 

formulas are, therefore, indeed equivalent, q.e.d. (Tarski 1946, pp. 159‒60) 

 

This proof can be analyzed into the following 16 steps. 

 

1. x = y or x < y or x > y. (Axiom 1) 
 

 To state a premise 

2. If x < y, then y ≮ x. (Axiom 2) 

 

 To state a premise 

3. x > y if, and only if, y < x. 
 

 To set the goal 

4. It has to be shown that the formulas:   

x > y and y < x are equivalent, that is 

to say, that the first implies the second, 

and vice versa. 

 

 To analyze the goal (to make subgoals) 

5. Suppose that  y < x. 

 

 To make an assumption 

6. If we had x = y, 
 

 To make an assumption 

7. we could obtain y < y;  To substitute equals for equals in (5) 
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8. but we know that y ≮ y.  (Theorem 1) 

 

 To deploy a theorem already being proved 

9. The formula y < y constitutes an 

obvious contradiction to Theorem 1. 

 

 To realize that from the assumption (6) a 

contradiction ((7) and (8)) follows 

10. Hence we have: x ≠ y. 

 

 To apply the reductio rule: to discharge 

the assumption (6) and to state that it is 

false 

 

11. By Axiom 2, the formulas x < y   and   

y < x cannot be hold simultaneously. 

 

 To rephrase an axiom 

12. So, x ≮ y.  To apply modus ponens to (2) and (5) 

 

13. We find that the third case must apply: 

x > y. 

 

 To apply disjunctive syllogism to (1), (10), 

and (12) 

14. Therefore, y < x implies x > y.  To apply the rule of conditionalization: to 

discharge the assumption (5) and to form a 

conditional out of (5) and (13) 

 

15. Conversely, the implication in the 

opposite direction (that x > y implies  

y < x) can be established by an 

analogous procedure. 

 

 To follow a procedure analogous with (5)-

(14) 

16. The two formulas (x > y and y < x) 

are, therefore, indeed equivalent. 

 

 To combine the two conditionals (14) and 

(15) and to form an equivalence 
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Note that the rule of substitution of equals for equals used in the above proof is formulated in 

Bergmann et al. (2014) as the rule of Identity Elimination (=I) according to which it is allowed to 

obtain from an identity (t1 = t2) alongside a formula P containing at least an occurrence of one of 

the terms, say t1, a formula P(t1 / t2), that is the result of replacing one or more occurrences of t1 

with t2. 

Example 5. 

Theorem 4. If x ≠ y, then x < y  or  y < x. 

Proof. Since 

 x ≠ y, 

we have, by Axiom 1: 

 x < y   or    x > y; 

the second of these formulas implies, by Theorem 3: 

 y < x. 

Hence we have: 

 x < y   or   y < x,         q.e.d. (Tarski 1946, pp. 160‒1) 

 

1. x = y  or  x < y  or  x > y. (Axiom 1) 

 

 To state a premise 

2. If x ≠ y, then x < y  or  y < x. 

 

 To set the goal 

3. Since x ≠ y, 

 

 To make an assumption 

4. we have by Axiom 1: x < y  or  x > y. 

 

 To apply disjunctive syllogism to (1) and (3) 

5. By Theorem 3: x > y implies y < x. 

 

 To deploy a theorem already being proved 

6. Hence we have: x < y or y < x. 

 

 To replace the second disjunct of (4) with 

what it implies 
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7. Therefore, if x ≠ y, then x < y or       y 

< x. 

 To apply the rule of conditionalization: to 

discharge the assumption (3) and to form a 

conditional out of (3) and (6) 
 

Note that the step 6, although taken as an immediate inference, is not a simple and obvious one 

and remains in need of some explanation. What takes place here is an application of separation 

of cases41 in which two applications of disjunction introduction are embedded. A disjunction (4) 

is considered. The first disjunct (x < y) implies itself, which in turn implies ‘x < y or y < x’. The 

second disjunct (x > y) implies ‘y < x’, which in turn implies ‘x < y or y < x’. So the latter 

follows according to the rule of separation of cases. These steps were too obvious to be 

mentioned. 

Example 6. 

The following two examples are excerpts from  Kleene’s (1952) Introduction to 

Metamathematics. The first is the proof of a corollary stating a fact about finite cardinals. (The 

Corollary A, concerning cardinal numbers of two sets one of which is a subset of another, 

alluded to in the proof is the following: If M ⊆ N, then cardM ≤ cardN.) 

 

Corollary B. If n is a finite cardinal, n < 0א. 

Proof: Because n is the cardinal of the subset {0, 1, 2, ... , n-1} of the natural numbers, by 

Corollary A, n ≤ 0א. Assume, contrary to the corollary, that n = 0א. But n+1 is also a finite 

                                                 
41 The rule of separation of cases can be thought of as a linear rule to the effect that from the three 

formulas in the forms of ‘P  Q’, ‘P  R’, and ‘Q  R’, the formula R follows. It can also be conceived 

as the structured rule E. The informal use of separation of cases seems more similar to the latter 

formulation, that is in the form of E, since rarely one forms the conditional sentences. What often 

happens is to mention a disjunction and to show that an exactly same thing follows from the both 

disjuncts. 
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cardinal, so similarly n+1 ≤ 0א, which with n = 0א gives n+1 ≤ n, contradicting n < n+1. Hence the 

assumption n = 0א is untenable, and the remaining alternative n < 0א is established. (p. 13) 
 

 Now, let us analyze the proof into simple steps. 

 

1. If n is a finite cardinal, n < 0א. 

 

 To set the goal 

2. Assume that n is a finite cardinal. 

 

 To make an assumption 

3. If n is a finite cardinal, then n is the cardinal 

of a subset of the natural numbers ℕ. 

 

 To deploy a definition 

4. n is the cardinal of a subset M of the set of 

natural numbers ℕ. 

 

 To apply Modus Ponens to (2) and (3) 

5. If M ⊆ N, then cardM ≤ cardN. 

(Corollary 1) 

 To deploy a theorem already being 

proved 

 

6. If M ⊆ ℕ, then n ≤ 0א. 

 

 To form a substitution instance of (5) 

7. So, n ≤ 0א. (Either n < 0א or n = 0א.) 
 

 To apply Modus Ponens to (4) and (6) 

8. Assume, contrary to the corollary, that         

n = 0א. 
 

 To make an assumption 

9. If n is a finite cardinal, so is n+1.  
 

 To deploy a theorem 

10. n+1 is also a finite cardinal. 
 

 To apply Modus Ponens to (2) and (10) 

11. So, similarly n+1 ≤ 0א.  To follow a procedure analogous with 

(2)-(7) 



113 
 

12. n+1 ≤ 0א with n = 0א gives n+1 ≤ n.   To substitute equals for equals (using 

(8) and (11)) 

 

13. n+1 ≤ n is contradicting n < n+1.  To realize that (12) contradicts an 

obvious fact 

 

14. Hence the assumption n = 0א is untenable.   To apply the reductio rule: to discharge 

the assumption (8) and to state that the 

assumption is false 

 

15. Consequently, the remaining alternative, i.e. 

n < 0א is established.  

 To apply disjunctive syllogism to (7) 

and (14) 

 

Example 7. 

The next case is a demonstration of the Russell’s paradox, that is, it is not possible to define a set 

with the property of having as members all those sets that are not members of themselves. 

 

The Russell paradox [...] deals with the set of all sets which are not members of themselves. Call 

this set T. Is T a member of itself? 

 Let us assume, for the sake of the argument, that T is a member of itself, i.e. in symbols 

T∈T. The assumption says that T is a member of T, i.e. T is a member of the set of all sets which 

are not members of themselves, i.e. T is a set which is not a member of itself, i.e. in symbols 

T∉T. This contradicts the assumption T∈T. Thus far we have no paradox, as the contradiction 

between T∈T and T∉T has arisen only under the assumption T∈T. By reductio ad absurdum, we 

conclude that the assumption is false. Thus we have now proved outright, without assumption, 

that T∉T. 

 From the established result T∉T, we can argue further. The result says that T is not a 

member of the set of all sets which are not members of themselves, i.e. T is not a set which is not 
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a member of itself, i.e. in symbols T∈T. Now T∉T and T∈T are both established, so we have a 

paradox. (Kleene 1952, p. 37) 
  

Let us rewrite this piece of deductive reasoning in the following way: 

 

1. Suppose we can define the set T, the set of all 

sets which are not members of themselves. 
 

 To make an assumption 

2. Is T a member of itself? 
 

 To set the goal 

3. Let us assume, for the sake of the argument, 

that T is a member of itself, i.e. T∈T. 
 

 To make an assumption 

4. T is a member of T, i.e. T is a member of the 

set of all sets which are not members of 

themselves, i.e. T is a set which is not a 

member of itself, i.e. T∉T. 

 

 To apply the definition embedded in 

the premise (1) to the assumption (3) 

5. This contradicts the assumption T∈T. 

 

 To realize that the result (4) 

contradicts  the assumption (3) 

 

6. The contradiction between T∈T and T∉T has 

arisen under the assumption T∈T. 

 

 To look back in order to find under 

which assumption the contradiction 

(5) has arisen 

7. By reductio ad absurdum, we conclude that 

the assumption is false. Thus we have now 

proved outright, without assumption, that 

T∉T.  

 

 To apply the reductio rule: to 

discharge the assumption (3) and 

state that it is false 



115 
 

8. The just established result, i.e. T∉T, says that 

T is not a member of the set of all sets which 

are not members of themselves, i.e. T is not a 

set which is not a member of itself, i.e. in 

symbols T∈T.  

 

 To apply the definition embedded in 

the premise (1) to the line (8) 

9. Now T∉T and T∈T are both established,  

 

 To realize that the lines (7) and (8) 

contradict each other 

10. so we have a paradox. 

 

 An absurdity follows from the main 

assumption: the premise (1) 

  

 In this case, the last step is to find that the first assumption leads to a contradiction, and 

since the assumption is conceived as an obvious triviality of the naive set theory, the next 

otherwise usual step, that is, applying the reductio rule, is not taken; instead, the result is stated 

as the assumption is paradoxical. The message, however, is that the premise (1) is problematic 

and could not rationally hold. 

Example 8. 

This case is chosen from Mendelson (2009, pp. 231‒2), a comprehensive textbook in logic which 

covers set theory as well. One shouldn’t forget that this book adopts an axiomatic system as its 

proof method and there is no mention of natural deduction in it; so this example is again a piece 

of evidence that the informal way of reasoning in mathematics falls within the category of 

natural deduction.42 The following proof is a demonstration for “Proposition 4.3”, that is, 

                                                 
42 Although even formal proofs carried out in this book, due to the deduction theorem and some other 

corollaries and derived rules being allowed to be used as rules of inference, are already more similar to 

natural deduction derivations than to axiomatic ones. See for instance the proofs of theorems in Chapter 3, 

Formal Number Theory.  
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‘⊢ (x)(y)(u)(v)(x,y=u,v  (x=u  y=v))’, 

which shows that the formal definition of an ordered pair X,Y as {{X},{X,Y}} is a sufficient 

condition for recognizing the place of each member in the pair. 

 

Proof. Assume x,y=u,v. Then {{x},{x,y}}={{u},{u,v}}. Since {x}{{x},{x,y}}, 

{x}{{u},{u,v}}. Hence, {x}={u} or {x}={u,v}. In either case, x=u. Now, 

{u,v}{{u},{u,v}}; so, {u,v}{{x},{x,y}}. Then {u,v}={x} or {u,v}={x,y}. Similarly, 

{x,y}={u} or {x,y}={u,v}. If {u,v}={x} and {x,y}={u}, then x=y=u=v; if not, {u,v}={x,y}. 

Hence, {u,v}={u,y}. So, if vu, then y=v; if v=u, then y=v. Thus, in all cases, y=v. 
 

Let us now analyze the steps of reasoning in this proof. 

 

1. Assume x,y=u,v. 

 

To make an assumption 

2. Then {{x},{x,y}}={{u},{u,v}}. To replace each side of the equal sign with its 

definition 

 

3. Since {x}{{x},{x,y}}, 

{x}{{u},{u,v}}. 

To substitute equals for equals in an obvious 

fact 

 

4. Hence, {x}={u} or {x}={u,v}. 

 

To use the concept of set membership 

5. In either case, x=u. 

 

To use the concept of extensionality 

6. Now, {u,v}{{u},{u,v}}; so, 

 {u,v}{{x},{x,y}}. 
 

To substitute equals for equals in an obvious 

fact 

7. Then {u,v}={x} or {u,v}={x,y}. 
 

To use the concept of set membership 
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8. Similarly, {x,y}={u} or {x,y}={u,v}. 

 

To skip a step like (6) and obtain a result like 

(7). Now, combining the results in (7) and (8), 

we have two possibilities. 
 

9. If {u,v}={x} and {x,y}={u}, then 

x=y=u=v; 

 

To find the consequence of the first possibility 

(y=v) 
 

10. if not, {u,v}={x,y}. 

 

To declare the second possibility 

11. Hence, {u,v}={u,y}. To use the identity in (5) and to substitute equals 

for equals 
 

12. So, if vu, then y=v; To utilize the law of excluded middle, and to find 

the consequence of the first possibility 
 

13. if v=u, then y=v. To find the consequence of the second possibility 
 

14. Thus, in all cases, y=v. To apply the rule of separation of cases twice 

 

 The general structure of the proof is conditionalization―to assume the antecedent and get 

at the consequent. The consequent consists in the conjunction of (5) and (14). The theorem is a 

quantified sentence, to begin with, so the result of the proof, that is, x,y=u,v  (x=u  y=v), 

would yet undergo four stages of universalization. Since from the beginning, all the variables are 

arbitrarily chosen, one need not mention the steps of universalization. Also there are several 

places within the proof where some steps are taken without being explicitly stated. For example, 

two disjunctions are obtained in (7) and (8), namely, ‘{u,v}={x} or {u,v}={x,y}’ and ’{x,y}={u} 

or {x,y}={u,v}’. The commutativity of identity results in the second disjuncts of both being the 

same, then using the distributivity of ‘or’ over ‘and’ the result would be ‘{u,v}={x,y} or 

({u,v}={x} and {x,y}={u})’; and this is what the separation of cases in (9) and (10) applies to. 
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Still, the whole make-up of the proof is a case of informal natural deduction with applications of 

I, I, E, etc. 

Example 9. 

The concluding example is an informal demonstration of the truth of an axiom carried out by a 

mathematician as well as logician, namely Frege. Consider Frege’s elaboration in Begriffsschrift 

on the statement (2) which is his second axiom of sentential logic. (1879, pp. 29-31) To save 

space, I transform his notation into ours. 

 

(c  (b  a))  ((c  b)  (c  a)) means “The case in which (c  b)  (c  a) is denied 

and c  (b  a) is affirmed does not take place”. But c  (b  a) means the circumstance 

that the case in which a is denied, b is affirmed, and c is affirmed is excluded. The denial of 

(c  b)  (c  a) says that c  a is denied and c  b is affirmed. But the denial of c  a 

means that a is denied and c is affirmed. Thus the denial of (c  b)  (c  a) means that a 

is denied, c is affirmed, and c  b is affirmed. But the affirmation of c  b and that of c 

entails the affirmation of b. That is why the denial of (c  b)  (c  a) has as a 

consequence the denial of a and the affirmation of b and c. Precisely this case is excluded 

by the affirmation of c  (b  a). Thus the case in which (c  b)  (c  a) is denied and c 

 (b  a) is affirmed cannot take place, and that is what the judgment (c  (b  a))  ((c  

b)  (c  a)) asserts. 

 

1. (c  (b  a))  ((c  b)  (c  a)) means 

[((c  b)  (c  a))  (c  (b  a))] 
 

To rephrase a conditional sentence in terms of 

 and  (to use a definition) 

2. c  (b  a) means [a  (c  b)] 
 

" " " 

3. [(c  b)  (c  a)] says that that 

[(c  a)  (c  b)] 
 

To rephrase the negation of a conditional 

sentence in terms of  and  (to use a 

definition) 
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4. (c  a) means that a  c 
 

" " " 

5. Thus [(c  b)  (c  a)] means that 

(a  c)  (c  b) 
 

" " " 

6. But the affirmation of c  b and that of c 

entails the affirmation of b 

 

To apply modus ponens to two subformulas of 

the formula in (5). 

7. That is why [(c  b)  (c  a)] has as a 

consequence a  (b  c) 
 

To conjunct the result of the previous step to 

the formula in (5) and to re-arrange the 

formula 

8. Precisely this case is excluded by 

 c  (b  a) 

To realize that the consequence in (7) 

contradicts one part of the assumption (the 

formula in (2)) 
 

9. Thus the case 

 ((c  b)  (c  a))  (c  (b  a)) cannot 

take place, and that is what the judgment 

 (c  (b  a))  ((c  b)  (c  a)) asserts. 

To apply the reductio rule: To conclude that 

the assumption (the negation of which stated in 

(1)) is false, so its negation is true. 

 

Note that to prove the truth of the formula in (1), that is, [((c  b)  (c  a))  (c  (b  a))], 

first of all, three unstated steps are taken: first, its negation is assumed; second, a double negation 

rule is applied which yields a conjunctive formula; and third, the conjunction is broken down 

into its conjuncts. Then in the course of the proof it is shown that a consequence of one of the 

conjuncts contradicts another conjunct, and consequently the assumption is false and its negation 

is true. Therefore, this proof is an indirect proof. It is not unfair, in my opinion, to formalize 

Frege’s proof in terms of the following Fitch-style derivation. For the sake of brevity, let us use a 
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rule of Definition that allows us to replace any formula in the form of P  Q with (Q  P),  

(P  Q) with Q  P, and P  (Q  R) with [R  (P  Q)], and vice versa. 

 

1.  ((c  b)  (c  a))  (c  (b  a)) A/I 

2.  c  (b  a) 1, E 

3.  ((c  b)  (c  a)) 1, E 

4.  (c  a)  (c  b) 3, Def. 

5.  (c  a) 4, E 

6.  a  c 5, Def. 

7. a 6, E 

8.  c 6, E 

9.  c  b 4, E 

10.  b 8, 9, E 

11. c  b 8, 10, I 

12.  a  (c  b) 7, 11, I 

13. [a  (c  b)] 2, Def. 

14. [((c  b)  (c  a))  (c  (b  a))] 1-13, I 

15. (c  (b  a))  ((c  b)  (c  a)) 14, Def. 

 

Also, one could notice that there are occurrences of permutation of the conjuncts of a 

conjunction without explicitly mentioning that this is a legitimate step in the proof. A more 

perspicuous example of taking the commutativity of conjunction for granted takes place in 

Frege’s explanation of the truth of another axiom of his system, namely, the statement (8). 
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 On p. 33 of Begriffsschrift, he explains the truth of (d  (b  a))  (b  (d  a)) in the 

following way. 

 

d  (b  a) means that the case in which a is denied but b and d are affirmed does not 

take place; b  (d  a) means the same, and (8) says that the case in which b  (d  a) is 

denied and d  (b  a) is affirmed is excluded. This can also be expressed thus: “If two 

conditions have a proposition as a consequence, their order is immaterial”. 

 

As pointed out, here Frege presupposes that conjunction is commutative and immediately states 

that both d  (b  a) and b  (d  a) have the same meanings. If he wanted to stick to his ideal 

of gapless reasoning, he would first replace d  (b  a) with the denials of a  (d  b), and b  

(d  a) with the denial of a  (b  d), then after mentioning the commutativity of conjunction, 

he would be entitled to claim that both formulas had the same meanings. (Compare this with his 

criticism of Leibniz in (Frege 1884, p. 7), as mentioned in Chapter 3.) So there are rules of 

inference that are more primitive than the axioms he is offering―more primitive in the sense that 

they are needed in order for him to convince us that the axioms are logically true. 

 

 To summarize, as the examples show, mathematical reasoning is replete with, among 

other rules, conditionalization (I), reductio ad absurdum (I or E), and separation of cases 

(E), which are specifically included in the natural deduction method. Even in explaining the 

truth of axioms and in undertaking informal reasoning about logic itself these rules are intuitively 

used. Therefore, an informal natural deduction can fairly be thought of as an underlying logic for 

mathematical reasoning, even when the formal systematization adopted is a kind of axiomatic 

method.     
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5.3. A proposal to categorize the components of deductive reasoning 

In the remainder of this chapter, I shall try to propose a categorization of steps which one usually 

takes in deductive reasoning. The aim is to summarize the case studies of the previous section 

and also reveal the similarities and dissimilarities between formal and informal reasoning. It 

seems that the components of informal deductive reasoning can be categorized in five groups as 

below. 

I. Starting-off moves: 

These are the steps taken without referring to other steps of a proof. Start-off moves can use 

either sentences known to be true, or the premises of a premise-conclusion argument, or 

sentences that are assumed only for the sake of reasoning. 

 Sentences that are known to be true include the axioms of logic, the axioms of the theory 

one works with, the logical or mathematical theorems that have been proved earlier, and the 

definitions already introduced. Definitions can be thought of as equivalences (biconditional 

sentences). Premises of an argument need not be sentences known to be true or postulates one 

has to adopt as true within a theory. Premises constitute raw materials of the problem in question. 

(e.g. ‘Consider two isosceles triangles with the same vertex angles’.)  The proof purports to show 

that the conclusion follows from the premises. All the sentences known to be true and the 

premises of an argument can be thought of as the ‘premises’ (main assumptions) of a formal 

derivation.  

  Another type of sentences that can enter a proof are hypotheses or auxiliary assumptions 

posited for the sake of reasoning. Not only hypotheses need not be known to be true but also 

frequently they are known to be false. In a reductio proof, the negation of what is argued for its 

truth is supposed to be the case. 
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II. Immediate inferences: 

These are moves carried out to use one or more sentences that are present in the proof. This 

category, which corresponds to the division of ‘linear rules’ discussed in Chapter 3, includes the 

applications of modus ponens, modus tollens, conjunction introduction and elimination, 

universal elimination, and so on. Reiteration also belongs to this category: one can use what has 

in disposal without any changes several times. It often happens that an immediate inference is 

carried out without mentioning; for example, making a conjunction out of two sentences or 

taking conjuncts apart are too obvious to mention. Using modus ponens is just implicit in a 

phrase such as ‘since P, therefore Q’ which stands for ‘since if P then Q, and since P is the case, 

therefore Q follows’. 

III. Patterned moves: 

This category contains moves that correspond to the application of ‘structured rules’ in formal 

derivations. Such inferences start from hypotheses and go on to take several steps in a certain 

pattern, such as in reductio, conditionalization, separation of cases, existential elimination, etc. In 

some cases an acceptable result is expected to be obtained, as in conditionalization; while in 

some others an absurdity is expected to come out, as in reductio proofs. In any case, these moves 

are more intricate than the category of immediate inferences. As discussed in detail in Chapters 3 

and 4, formal natural deduction, especially in the Fitch-style representation, is a very helpful 

device to keep track of the patterns to be followed and to make the inference moves perspicuous.  

IV. Consideration pauses: 

These are usually included in informal reasoning whereas in formal reasoning they are 

considered as the restrictions on the applications of some rules which are not mentioned in the 

object language. For instance, there are restrictions to be watched in order to apply I and E. In 
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the case of generalization, for example, the variable over which universal quantification is going 

to be applied should be arbitrarily chosen and cannot have any occurrences in any open 

assumptions. This restriction should be observed but there are no places to mention it in a formal 

derivation, while in informal reasoning, it is sometimes mentioned to make sure that the 

restriction is not violated. Here is an interesting example: 

 

Though the idea I have in view whilst I make the demonstration, be, for instance, that of an 

isosceles rectangular triangle, whose sides are of a determinate length, I may nevertheless be 

certain it extends to all other rectilinear triangles, of what sort or bigness soever. And that, 

because neither the right angle, nor the equality, nor determinate length of the sides, are at all 

concerned in the demonstration.  It is true, the diagram I have in view includes all these 

particulars, but then there is not the least mention made of them in the proof of the proposition. 

(George Berkeley 1710, p. 16) 

 

V. Announcements: 

This category contains the phrases one uses to make the flow of reasoning easier to follow. The 

examples include stating the goal of a proof or the subgoal of a segment of a proof (‘the aim is 

that ...’, ‘we try to show that ...’), realizing certain facts (‘here a contradiction arises’, ‘this is 

absurd’), discharging an assumption (‘we have now proved outright, without assumption, that 

...’). In formal derivations in a system like NSL, there are no mentions of this kind of 

announcements in the official proof and can only be written as annotations, for example, in the 

justification column. 
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Chapter 6 

Natural deduction and the epistemological approach to logic 

 

A correctly understood notion of axiomatization does not apply to purely logical 

theories. In the latter the only relevant kind of axiomatization amounts to recursive 

enumeration of logical truths. [...] Axiomatization cannot usually be motivated 

epistemologically, but it is related to the idea of explanation. 

              ―Jaakko Hintikka, 2011 

 

6.1. Three classes of logical systems 

One can distinguish three different classes of logical systems each of which is developed by 

focusing on a specific logical notion. The three notions are logical truth, logical consistency, and 

logical reasoning. This classification, to a large extent, follows Corcoran (1969) in which logical 

theories are divided into three classes, according to their goals: ‘logistic’ systems that are 

intended to codify logical truth; ‘consequence’ systems that are devised to codify valid 

arguments; and ‘deductive’ systems that are supposed to codify logical derivations. This 

classification which has proved to be useful in categorizing logical theories (Aberdein and Read 

2009, p. 614)43, helps us to distinguish different logical methods and provides another way of 

                                                 
43 John Woods uses a similar classification to make a claim against formal logic being a model of 

reasoning (2002, p. 42). Also, to some extent, it resembles to the distinction Paul Thom offers in the study 

of Aristotle’s work. “Aristotle’s logical and metaphysical works contain elements of three distinct types 

of formal theory: an ontology, a theory of consequences, and a theory of reasoning” (2010, p. 228). 
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looking at natural deduction as a logical system among others. Let us begin this chapter with a 

discussion of this classification. 

Logical truth 

The first class is based on the notion of logical truth. Logic, in this view, is concerned with the 

systematization of the body of logical truths and the relationships among them. Accordingly, 

first, the material to be used in logical systems contains only true propositions, and second, a 

logical system is going to work merely with truths. Obviously, logistic systems fall under this 

category. As mentioned, pure logistic systems didn’t allow derivations to start from premises not 

known to be true. Note that according to Carnap’s (1934) terminology adopted in this work, 

derivations without premises are called proofs. So this kind of logical systems is concerned 

exclusively with proofs in this strict sense. Accordingly, proofs utilize only logical axioms and, 

of course, on the mathematical side, the axioms of a branch of mathematics. Furthermore, “the 

aim of proof is, in fact, not merely to place the truth of a proposition beyond all doubt, but also to 

afford us insight into the dependence of truths upon one another” (Frege 1884, p.2). The main 

relation in question is ‘logical implication’, and “the essential property that we require of 

implication is this: ‘What is implied by a true proposition is true.’ It is in virtue of this property 

that implication yields proofs. But this property by no means determines whether anything and if 

so what, is implied by a false proposition” (Whitehead and Russell 1910, p. 98). 

 The point is that among the motivations for constructing logistic systems was the now-

discredited view that they could somehow be used to demonstrate that mathematical truths are 

logical truths. In logic and mathematics one deals with only necessary, true propositions and 

there is no room for ordinary, contingent propositions which might be false. The relationship 

between contingent propositions is not the subject of study. When one works with logical and 
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mathematical propositions, the only task is to draw the boundary of the truths and then to 

construct a hierarchy in which some primitive propositions are at the base and others are shown 

to be deduced from them. Setting the project of logicism and especially the mathematical part of 

it aside, what is our interest at the moment is that logistic systems are about logical truth. Indeed, 

adopting ‘substitution’ as a general rule can be regarded as further evidence that all the formulas 

appearing in the steps of a deduction are considered as logically true sentences, otherwise the 

rule of substitution is legitimately applicable only to some lines. 

 All axiomatic systems introduced in Chapter 2 are in this category. Note that some 

logicians such as Church (1956) and Mendelson (2009) defined derivations so that they could 

start from premises other than axioms in their systems. These systems can be regarded as in 

between truth-based and consequence-oriented classes. 

 It is worth mentioning that if we expand the domain of discussion and consider using 

truth-tables as a formal way of determining the logical truth of a formula, at least in the realm of 

classical sentential logic, this can also be regarded as a logical system that works with the notion 

of truth. Some form of a truth-table is always needed to demonstrate the truth of axioms. Then 

one might want to work only with truth-tables for the method of truth-tables is an efficient way 

of verifying the truth of all theorems beyond the axioms. With the method of truth-tables, the 

difference between the class of axioms and the class of theorems obtained from axioms vanishes 

and therefore the deductive aspect of logistic systems disappears and the only notion involved is 

truth. So the method of truth-tables is also associated with this category of logical systems. 

Logical consistency 

The second class comprises all the systems devised around the concept of consistency. Logical 

consistency is a key notion in defining the validity of premise-conclusion arguments. It is said 
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that an argument is logically valid if and only if it is not possible for the premises to be true and 

the conclusion false, and if we define logical possibility in terms of logical consistency then a 

valid argument would be an argument in which the set containing the premises and the negation 

of the conclusion is inconsistent. Here the notion of logical truth is not at the center; rather, what 

is important is the inconsistency of the premises and the negation of the conclusion of an 

argument, regardless of the actual truth value of the premises and the conclusion. In this sense, 

the conclusion of a valid argument is said to be the logical consequence of the set of premises. In 

this approach, in Graham Priest’s terms, “logic is about validity, what follows from what” (2008, 

p. xviii). Accordingly, what matters is the two ends of a derivation, namely the premises and the 

conclusion, and what is in between that justifies the conclusion being a logical consequence of 

the premise-set can come from any method. 

 Yet another notion involved in this category is satisfiability. An argument is valid if and 

only if the set containing the premises and the negation of the conclusion is not satisfiable, in 

other terms, if and only if there is no interpretation on which the premises and the negation of the 

conclusion could be true together. So a group of notions, mainly semantical, including logical 

consequence, consistency, inconsistency, validity, invalidity, satisfiability, and unsatisfiability 

are at the center of attention in this category of logical systems. Here the notion of consistency 

has been chosen as the title because many other notions can be defined in terms of it (Bergmann 

et al. 2014, p. 105), and furthermore, it can be thought of as a neutral concept common between 

model-theoretical and proof-theoretical families of concepts. In the case of sentential logic, a set 

of sentences are truth-functionally consistent if there is a truth-value assignment on which all the 

sentences take the truth value ‘true’; and a deductive system is said to be consistent if it is not 

possible to deduce a sentence in the form of ‘P  P’ in the system. 
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 Three logical methods can be thought of as paradigm cases of this category, namely, the 

method of truth-tables, the method of analytic tableaux, and the method of resolution. That 

analytic tableaux and the resolution method work with the notion of satisfiability is obvious, but 

truth-tables can also be included, at least in the case of sentential logic, since, although in truth- 

tables the truth-values ‘true’ and ‘false’ are involved, the main goal is to find the interpretations 

which satisfy a set of sentences. 

 The logical systems in this category are not completely independent of the logistic 

systems of the first category, since there is a bridge that brings them closer together and further 

apart from the third category which comprises the systems that concern the notion of logical 

reasoning. The bridge is the deduction theorem. The deduction theorem turns a claim of logical 

consequence into a claim of logical truth, and vice versa. Besides, the notions of consistency and 

satisfiability are not entirely absent from the minds of the logistic logicians. The way Frege 

demonstrated the truth of the axioms of his system in Begriffsschrift (1879) was in a sense by 

showing that the negation of the formula in question was not satisfiable. (See the last two 

examples of Chapter 5.) Besides, as Bernard Linsky (personal communication) has pointed out, 

the attention Russell showed to the innovative idea of the Sheffer stroke was probably due to the 

close tie between the stroke as a sentential binary connective and the notion of unsatisfiability. 

After all, ‘P|Q’ means P and Q are not consistent; they are not satisfiable together. 

 There is a difference between the truth-table method and others in this category in that 

the latter usually utilize the negative notions of inconsistency and unsatisfiability to define other 

logical concepts, but in the method of truth-tables the truth of a formula and the validity of an 

argument can be verified directly without appeal to the trick that its negation is not satisfiable. 

Hence, this method can be thought of as common to both the first and the second categories. 
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Logical reasoning 

Logical reasoning is another key notion around which some logical systems such as natural 

deduction and the sequent calculus have been formed. As opposed to the two previous classes of 

systems, it is not the end result that is mostly significant, it is rather the process of deductive 

reasoning and the way of getting at the result that is going to be analyzed and formalized. To be 

sure, as discussed under the title of “formal rigor” in Chapter 3, all the logical systems in 

question possess mathematical precision and provide gapless derivations and hence satisfy the 

formal requirements necessarily needed for a logical system. But the point of departure is that in 

the first two categories the emphasis is put on the product, that is, to determine whether a 

sentence is true or whether an argument is valid or whether a set of sentences is consistent, 

whereas in the third category, without denying the significance of the product, it is the process 

that is primary. So the subject of the study here is how a person performs deductive reasoning to 

deduce a conclusion from a set of premises regardless of the truth-values of the premises. 

 Another notion which could be regarded as a focus of this category is derivability. A 

sentence P is derivable from a set of sentences Γ if there is a gapless chain of reasoning starting 

from the members of Γ and getting at P in which each step is legitimately taken according to a 

rule of the derivation method adopted. The derivability of P from Γ can also be shown, however, 

without considering the chain of deduction steps. This is shown indirectly through using a truth-

table, for instance, to demonstrate that the sentence P is true on every truth-value assignment on 

which all the members of Γ are true, and then using the completeness theorem to state that there 

has to be a derivation of the sentence P from the set of sentences Γ. But the main aim of the 

derivation methods like natural deduction and the sequent calculus is to clearly analyze what 

happens in the process of deduction and how a person derives the conclusion from the premises. 
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 The classification can be summarized in the following table. 

 

 
The key notion and 

other related notions 
Logical systems 

 

The first 

category 

 

 

Logical truth 

Theoremhood 

Logical implication 

 

 

Logistic systems 

Truth-tables 

 

The second 

category 

 

Logical consistency 

Logical consequence 

Validity  

Satisfiability 

 

Analytic tableaux 

Resolution 

Truth-tables 

 

The third 

category 

Logical reasoning 

Deduction 

Derivability 

Natural deduction 

The sequent calculus 

 

TABLE 3. The classification of logical systems 

 

Some remarks 

First, notice that this classification cuts across the semantic-syntactic distinction, that is, the 

distinction between proof-theoretical and model-theoretical systems. In the case of the first class, 

one can show that a sentence is a theorem by deriving it from the set of axioms of a given axiom 

system as well as by constructing a truth-table and demonstrating that the sentence takes the 

truth-value ‘true’ on all the truth-value assignments. What is important for our classification is 

that the result of utilizing either of these methods is to draw the boundary of logical truths. In a 

similar way, in the case of the second category, the consistency of a given set of sentences is 
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demonstrated by various methods among which the resolution method is proof-theoretic, 

whereas the method of truth-tables and the method of analytic tableaux are model-theoretic. The 

third category is mainly within proof theory since the nature of the analysis of deductive 

reasoning is purely proof-theoretical. 

 The second point is that to demonstrate that a sentence is logically true, or that a given 

sentence is derivable from a set of sentences, providing derivations suffices, but to demonstrate 

that a sentence P is not logically true or a given sentence Q is not derivable from a set of 

sentences Γ one needs to come up with counter-models. In sentential logic one needs to find a 

truth-value assignment on which the sentence P is false or a truth-value assignment on which all 

the members of Γ are true while Q is false. So the range of applicability of the logical methods is 

not all the same. 

 In this classification natural deduction and the axiom method are not contrasted as two 

opposite methods, rather they are located within a more general categorization including many 

other logical methods. Here the difference between the two methods is shown by the main focus 

of each one: the axiom method is used to draw the boundary of the logical truths whereas natural 

deduction provides a formal model of deductive reasoning. In Chapter 2, while trying to find the 

defining feature of natural deduction, some ways of distinguishing natural deduction from the 

axiom method were examined and it was shown that, except for deploying hypothetical 

reasoning, they are neither necessary nor sufficient for defining natural deduction. Nevertheless, 

the typical points of difference can be explained more clearly now. That natural deduction 

utilizes more rules of inference than axioms, that it uses a full set of logical connectives rather 

than a minimal set, and that it provides a pair of introduction and elimination rules for each 



133 
 

connective, all can be explained by considering the aim of this logical system which is to model 

actual deductive reasoning. 

 Yet another point is that the three classes of logical systems form a hierarchy. The 

concept of logical truth, which is the subject of the first class, is captured in the systems of the 

second class that are based on logical consequence, for a logical truth (theorem) is the logical 

consequence of an empty premise set, and also the negation of a logical truth is not satisfiable. 

Similarly, both the concepts of logical truth and logical consequence are captured in the systems 

of the third class―those systems that are intended to work out logical derivations: that a formula 

is a theorem and that a sentence is logically implied by a set of sentences can be demonstrated by 

carrying out appropriate derivations. In this sense, to some extent, we can say that the systems of 

the second class provide more information than the systems of the first class, and similarly, the 

systems of the third class provide more information than the systems of the first and the second 

classes. The qualification ‘to some extent’ is in order because, as mentioned, there is a difference 

between the sort of information a truth-table can give and the sort of information a derivation can 

provide, for the former enables us to detect that a formula is not a theorem or a sentence is not 

logically implied by a set of sentences whereas the latter doesn’t.  

 The final remark is regarding the two logical systems located in the third category, that is, 

natural deduction and the sequent calculus. As far as this classification goes, both systems 

concern themselves with the notion of logical derivation. We shall see in the next section that 

both systems also belong to the epistemic approach to logic as opposed to other approaches. I 

shall argue in section 6.3 that they can be distinguished by a closer comparison of the two 

systems based on their treatments of deductive reasoning. 
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6.2. The epistemic approach to logic 

The classification briefly explained in the previous section can also be seen from another 

interesting viewpoint. Logical truths, consistent sets of sentences, and valid arguments, on the 

one hand, and logical derivations, on the other hand, do not belong to the same categories. 

Logical truths, consistent sets, and logically valid arguments count as part of the real world, or in 

more precise terms, they are linguistic representations of some aspects of reality. In contrast, 

logical derivations represent the ways rational agents start from a set of premises and go through 

a sequence of steps and finally get at a conclusion. Accordingly, logical systems that focus on 

logical truth and logical consequence are, in fact, concerned with the discovery of some aspects 

of reality, while those systems that focus on logical derivations are concerned with epistemic 

aspects of the sort of behavior that ideal rational agents perform in the process of reasoning and 

coming to know some facts, namely, that a sentence is a logical truth or that a sentence logically 

follows from a set of sentences. 

 There is some epistemic ingredient in any logical system of any sort. After all, in order 

for a claim that a sentence P is logically true, or that a sentence Q follows logically from a set of 

sentences Γ, to be justified, one has to provide some pieces of evidence to demonstrate that P can 

be obtained merely from the truths and rules of logic, and similarly that Q is obtained from Γ 

together with the truths and rules of logic. This demonstration would be formed within the 

framework of one of the existing logical systems. To put it another way, reasoning, in general, is 

among the various sources of knowledge and specifically in the case of the knowledge of logical 

propositions reasoning takes place within logic itself and by using the legitimate moves of a 

system adopted by a community of inquiry. Therefore in this respect, a minimal epistemic 

feature is present in all the mentioned systems. 
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 When we talk about an epistemic approach to logic which could be contrasted with other 

approaches, we mean a specific epistemic feature that could be found in some logical systems 

and not all of them. This specific feature has to do with the subject of study each logician 

attributes to logic as a science. In the epistemic approach to logic, the subject matter of logic is to 

analyze how a conclusion is derived from a set of premises, or in other terms, how a deduction 

goes. In contrast, other approaches focus on the end product which is truth or consistency, and 

the way a person gets to the conclusion is not of primary importance; in other words, the main 

concern is the study of reality as opposed to the study of the process of reasoning and gaining 

knowledge. While, for example, in the truth-approach to logic taken in the logistic systems, each 

line of a derivation is seen as a logical truth or the logical consequence of previous lines, in the 

epistemic approach of natural deduction each line of a derivation is thought of as a step from 

what we have assumed (premises) towards the consequence of that set of assumptions 

(conclusion). In the former the steps of a derivation have no significance, whereas in the latter 

the steps are analyzed carefully and seen as important as the end result. 

 To make this distinction more salient, notice that when one studies a derivation one might 

look at it in two different ways; first, asking what are the premises and the conclusion, whether 

the premise-set implies the conclusion, and whether the derivation is legitimately regarded as 

evidence that the implication holds, and second, examining how each step is taken and whether 

the derivation is a good process of reasoning, for instance, whether it is intuitively convincing. In 

other words: 

 

Bodies of information may be used in more than one way. The difference between two of 

these ways in particular seems to me to be of great importance to logical theory of the 

standard sort and to have been neglected by a majority of logical theorists of the standard 
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sort. There is intuitively a difference between using information to tell you how the world 

stands and using it to tell you how you may reason. That is, you may treat it as a guide to 

the facts or as a source of inference tickets. A good analogy comes from computation 

theory: as von Neumann pointed out, one and the same series of symbols can function as 

program or as data to suit the occasion; as program it operates on input much as a proof 

operates on its premises, while as data itself it may be the input to or output from other 

operations. (Slaney 1990, pp. 74‒5) 

 

 It should be emphasized that what are considered as different approaches to logic are 

approaches to the very same logic, that is, in this work, classical logic. As has been mentioned, 

all the logical systems under study here are extensionally equivalent. So these different 

approaches can be adopted towards classical logic as well as other logics. Accordingly, the 

epistemic approach is a general approach to logic, not just to a specific logical system. In the 

epistemic approach, logic is conceived as the science of deductive reasoning and various logical 

systems are thought of as different formal ways of modeling logical reasoning.  

 To illustrate the contrast between the approach to logic as a science of reasoning and 

other approaches such as the truth-oriented approach, it seems helpful to review the ideas of 

different logicians on the subject matter of logic. Here a few are mentioned. Of the truth-based 

approach to logic: 

 

I assign to logic the task of discovering the laws of truth, not of assertion or thought. 

(Frege 1918, p. 290) 

Logic is concerned with the real world just as truly as zoology, though with its more 

abstract and general features. (Russell 1919, p.169) 
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Logic is not a body of doctrine, but a mirror-image of the world. (Wittgenstein 1922, 

p. 84 (6.13)) 

Logic is the systematic study of logical truth. (Quine 1986, p. vii) 

Logic is often described as the study of reasoning. Knowing basic logic is indeed 

essential to being able to reason well―yet it would be misleading to say that human 

reasoning is the primary subject matter of logic. Rather, logic stands to reasoning as 

mathematics stands to carpet cutting. [...] Nevertheless, this does not mean that logic is 

itself the science of reasoning. Rather, logic is the science of truth. (Smith 2012, p. 4)  

 

And, of the reasoning-based approach to logic: 

 

The central topic of logic is the theory of formal or deductive inference. (Popper 1947, 

p. 193) 

Logic seems most naturally conceived as a system of inference rules. (Mates 1972, p. 

vii) 

What distinguishes logic from the other branches of knowledge? Quine starts his 

elementary textbook by implying that logic is the science of truth. That is where I part 

company. If we must have a one-word answer, logic is the science of deduction. 

(Hacking 1979, p. 290) 

Logic is the study of principles of reasoning. (Goldfarb 2003, p. xiii) 

Logic is defined as the study of the principles of reasoning. (Hedman 2004, p. xiii) 

 

 It is worth mentioning that logic as the science of reasoning is meant to analyze logical 

reasoning as it is correctly performed in the most carefully carried out proofs―like that of 

mathematicians―but not either to teach people how to reason nor to analyze how ordinary 
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people actually do reason. But the point of departure is whether the goal of logic is considered to 

be the study of logical truths and to delimit the boundary of logical truths systematically or to 

give a formal, precise, and rigorous account of deductive reasoning. Accordingly, the systems 

classified in the first two categories of the previous section are not meant to provide the material 

for a study of reasoning since they focus on what derivations are evidence for, and not the 

derivations themselves, and hence they work regardless of how artificial or natural the 

derivations look. In contrast, the systems in the third category are suitable for an epistemological 

analysis of logical reasoning. 

 The fact that there are computer programs that convert, for example, natural deduction 

derivations into axiomatic derivations shows that there is not so much difference between 

different systems from a proof-theoretical point of view. The difference, instead, should be 

sought in their approach to logic. 

 

6.3. Looking through epistemological glasses 

In the remainder of this chapter, three interesting topics are considered and it is argued that one 

can shed light on them by approaching them with respect to the epistemic features of different 

systems of logic. This is to show some virtues of the epistemological approach. 

To distinguish natural deduction from the sequent calculus 

In the first section of this chapter, it was argued that both natural deduction and the sequent 

calculus should be located in the same category of logical systems, namely the class of the 

systems that focus on the notion of logical reasoning. This is so in spite of the fact that the 

essential ingredient of natural deduction, which is hypothetical reasoning, is absent from the 

formulation of the sequent calculus. Note that Gentzen invented the sequent calculus just for the 
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purpose of proving the Hauptsatz that at the time he thought couldn’t be proved for natural 

deduction directly (1934, p. 289). Although he emphasized several times that natural deduction 

was supposed to reflect “actual reasoning” (e.g. in p. 293), he never made such a claim about the 

sequent calculus; rather, he stated clearly that the latter lacked the essential feature of natural 

deduction which is to deploy rules which needed assumptions. The opening paragraph of the 

section in which he introduces the sequent calculus is as follows: 

 

What we want to do is to formulate a deductive calculus (for predicate logic) which is 

“logistic” on the one hand. i.e., in which the derivations do not, as in the calculus NJ 

[intuitionistic natural deduction], contain assumption formulae, but which, on the 

other hand, takes over from the calculus NJ the division of the forms of inference into 

introductions and eliminations of the various logical symbols. (p. 295) 

 

 Having said that, we can still put emphasis on the similarity of natural deduction and the 

sequent calculus, which is to analyze carefully what happens in each step of correctly performed 

deductive reasoning. Arguably, the virtue of epistemic rigor (discussed in Chapter 3) can be 

attributed to the sequent calculus as well, since in each step of the derivations taken according to 

the majority of operational and structural rules, either one connective and/or one formula is 

added to or deleted from the antecedent or succedent, or an interchange of formulas is taken 

place. The exceptions are the cut rule and the rule of conditional-introduction-in-the-antecedent. 

The latter is a rather complicated rule which is supposed to compensate for the absence of 

assumption formulas in this calculus. Therefore, it is justified to consider the sequent calculus to 

be a model of deductive reasoning and put it alongside natural deduction in the third category of 

logical systems. 
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 So far, I have tried to explain the similarity of the two systems, but how would one 

distinguish them in this framework? The point is that there is a significant difference between the 

approach that natural deduction takes towards deductive reasoning and the approach that the 

sequent calculus takes. While natural deduction is intended to be a formal way of reasoning, the 

sequent calculus consists of a series of facts about the features of correct reasoning. The rules of 

sequent calculus can be thought of as meaning ‘if there is a proof of the form X, then there will 

also be a proof of the form Y’. Consider as an example one of the simplest rules of each system, 

the &-I of natural deduction and its corresponding rule in the sequent calculus, namely &-IS. 

(Here the notation is that of Gentzen’s (1934)). 

 

&-I : 
A        B 

 A & B 
&-IS : 

Γ → θ , A         Γ → θ , B 

          Γ → θ , A & B 

 

Obviously, &-I shows how a step of joining two sentences together and obtaining a conjunction 

takes place in the course of a derivation. In contrast, &-IS describes the act of making a 

conjunction from an outside viewpoint, or in other words, from a meta-level. Accordingly, in &-I 

what we see is only the sentences abstracted from other things, whereas in &-IS the rule tells us 

something to the effect that if ‘either θ or A are derivable from Γ’ and also ‘either θ or B are 

derivable from Γ’, then ‘either θ or A & B are derivable from Γ’. In natural deduction in each 

line we have a sentence but in the sequent calculus in each line we have a derivability claim. 

This explains another fact, that in the sequent calculus we need structural rules in addition to the 

operational rules to state explicitly the structural features of logic while in natural deduction 

these features, such as thinning and contraction, are left implicit within the pattern of the rules. 
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 To sum up, it seems fair to say that the sequent calculus is suitable for talking about the 

features of deductive reasoning, while natural deduction is intended to show how deductive 

reasoning is carried out in practice. 

The ‘naturalness’ of natural deduction  

Gentzen chose the name ‘natural deduction’ for the logical system he formulated and this name 

won over Jaśkowski’s suggestion of ‘the method of suppositions’ in the literature. Clearly, the 

naturalness of natural deduction has been seen in its “close affinity to actual reasoning, which 

had been our fundamental aim in setting up the calculus. The calculus lends itself in particular to 

the formalization of mathematical proofs” (Gentzen 1934, p. 294). Other logicians acknowledged 

the connotation of this nomenclature. Quine in his article titled “On natural deduction” stated 

that “it corresponds more closely than other methods of formalized quantification theory to 

habitual unformalized modes of reasoning” (1950, p. 93) and Church, after expressing his 

negative attitude towards natural deduction, added: “But this disadvantage may be thought to be 

partly offset by a certain naturalness of the method; indeed to take the deduction theorem as a 

primitive rule is just to recognize formally the usual informal procedure (common especially in 

mathematical reasoning) of proving an implication by making an assumption and drawing a 

conclusion” (1956, p. 165).44 

 In fact, it is a common knowledge today that natural deduction, as compared to the 

axiomatic systems, is easier to use, and easier to teach and learn. In my opinion, this can be 

explained by the specific epistemological feature, namely epistemic rigor, that is essential to this 

logical system. In the sense explained in Chapter 3, the formal rules of natural deduction are the 

closest models of the steps of reasoning people take to convince themselves of a sentence being 
                                                 
44 From a formal point of view, Dag Prawitz (1965, p. 1) sees the naturalness of natural deduction in its 

ability to produce ‘normal’ proofs. 
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logically true or that a sentence is logically implied by a set of sentences. An interesting example 

is Frege’s explanation of the truth of the axioms of his system (cited in the previous chapter). 

Here the emphasis is put on the rules being intuitively accepted and not that the rules are always 

followed by people, since obviously there are mistakes in real reasoning. 

 This way of explaining the naturalness of natural deduction puts aside the debate about 

the distinction between rules and axioms. Natural deduction systems can contain axioms and 

other systems can have rules. On the other hand, it is not always the case that axioms are 

complicated and hard to use and rules are simple and straightforward to apply. In Corcoran’s 

terms (personal communication): 

 

It is a mistake to frame the distinction between natural and artificial deductive systems 

as one between rule-based systems and axiom-based systems. Some rules are quite 

artificial; no person would ever use them unless by some extraneous motivation. Some 

axioms are quite natural; any person in a suitable situation would automatically use 

them without instruction or prompting. The word pairs ‘intuitive’ and ‘unintuitive’, 

‘automatic’ and ‘mechanical’, and ‘spontaneous’ and ‘forced’ come to mind as 

relevant to making the necessary distinctions. A system of deduction that is natural for 

a given person is epistemically relevant; it helps in understanding how that person 

gains knowledge that a conclusion follows from given premises. A system of 

deduction that is unnatural, artificial, or unintuitive for a given person is epistemically 

irrelevant; it gives no help in understanding how that person gains knowledge that a 

conclusion follows from given premises. 

 

This can be regarded as an application of taking the epistemological aspects of logical systems 

more seriously. 
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 As a final remark consider the method of resolution in which some rules45 are remarkably 

easy to apply, for example the rule of binary propositional resolution: 

 

P  Q          Q  R 

P  R 

Could one describe this rule as natural? I would say ‘no’, for although this rule is simple and 

easy to use, this kind of move is not usually performed intuitively. When one learns this rule for 

the first time, one has to convince oneself that it is truth-preserving by paying attention to the 

fact that if both ‘P  Q’ and ‘Q  R’ are true, and because Q and Q cannot be true at once, the 

truth of at least one of the premises must be due to truth of the other disjunct, namely, either P or 

R, hence ‘P  R’ is true. So it is not always the case that the convenience of the application of a 

rule implies the rule being intuitively accepted; rather, sometimes some reflection is needed to 

grasp why a rule is truth-preserving. 

 Compare the example of the previous paragraph with the law of excluded middle which 

is the axiom of Gentzen’s (1934) natural deduction for classical logic, or with the axiom (A6) of 

Frege (1879), namely, ‘P  P’. Due to the intuitively clear sense of these axioms, they are 

deployed even in ordinary reasoning, in such expressions as ‘either something is the case or is 

not’, and ‘if something holds, then its negation must be denied’. So some axioms are utilized in 

actual reasoning. This qualifies Benson Mates (1972, p. vii) statement that “it is easy to verify 

that in actual argumentation, on any subject matter from politics to mathematics, the use of logic 

seldom involves the actual insertion of logical truths into the argument”. In fact, as mentioned, 

some logical truths can be used naturally ‘in actual argumentation’. 
                                                 
45 Mainly the rules for sentential logic, since for the predicate logic, the rules of resolution need the 

unifying method which is quite hard to grasp and harder to apply.  



144 
 

The axiomatization of logic 

As has been discussed in detail in Chapter 3, the axiomatic method of constructing a science 

presupposes an underlying logic, and therefore from this point of view logic is thought of as a 

formal deduction system in which the truths of, for example, geometry, arithmetic, etc. are 

deduced from the primitive propositions of that science. Here I shall argue that the notion of 

axiomatization as is applicable in the case of other sciences which presupposes logic cannot be 

attributed to logic itself in which it doesn’t make sense to presuppose another logic. 

a. The independence of axioms 

The first interesting point about axiom systems of logic is that, as opposed to other sciences, in 

order to demonstrate the independence of axioms, one cannot assume an axiom to be false, since 

it is not possible for an axiom of logic which is a logical truth to be false. The mere assumption 

of the falsity of an axiom amounts to a contradiction from which everything follows. In Russell’s 

terms: 

 

It should be observed that the method of supposing an axiom false, and deducing the 

consequences of this assumption, which has been found admirable in such cases as the 

axiom of parallels, is here not universally available. For all our axioms are principles 

of deduction; and if they are true, the consequences which appear to follow from the 

employment of an opposite principle will not really follow, so that arguments from the 

supposition of the falsity of an axiom are here subject to special fallacies. (1903, p. 15) 

 

This is not to say that there is no way to show the independence of the axioms of a given system; 

in fact this can be carried out through the established method of using a three or more valued 
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logic. However, this reveals a significant difference between the axioms of logic and the axioms 

of other sciences. 

b. The problem of self-evidence 

In sciences other than logic, axioms are the most obvious statements supposedly known by all 

the members of a community of inquiry or at least the most easily accepted. If one has to appeal 

to some more basic propositions to explain why one should accept an axiom, those more basic 

propositions would be adopted as axioms instead of the one in question. In logic, in contrast, 

since the axiomatization consists in a systematization, it might happen that a very far from 

obvious sentence takes the place of an axiom. The extreme examples are the single axioms of 

sentential logic proposed by Nicod (1917) and Meredith (1953) as mentioned before. It is 

systematically possible to build an axiom system of logic with only one axiom, as interestingly 

suggested by Wittgenstein: 

 

It is clear that the number of the ‘primitive propositions of logic’ is arbitrary, since one 

could derive logic from a single primitive proposition, e.g. by simply constructing the 

logical product of Frege’s primitive propositions. (Frege would perhaps say that we 

should no longer have an immediately self-evident primitive proposition. But it is 

remarkable that a thinker as rigorous as Frege appealed to the degree of self-evidence 

as the criterion of a logical proposition.) (1922, p. 84 (6.1271)) 

 

One could probably defend Frege’s view that some axioms are more self-evident than others by 

appealing to the simplicity of axioms that do not require much reflection to grasp their truth. But 

still this doesn’t explain completely the selection of axioms in Frege’s system. 
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c. To deduce a proposition from axioms 

In other sciences than logic, a scientist acquires non-axiom propositions by deducing them from 

the axioms of the field in question, so there is a hierarchy of statements in which the axioms are 

at the basic level and other derived propositions are at the higher levels depending on which 

premises are needed to deduce each proposition. In logic, however, all true statements are on a 

par. So in an epistemological account, the very notion of a ‘primitive’ proposition of logic is 

problematic. Again let us quote one of the memorable statements of Tractatus: 

 

All the propositions of logic are of equal status: it is not the case that some of them are 

essentially derived propositions. Every tautology itself shows that it is a tautology. (p. 

84 (6.127)) 

 

Moreover, one should notice that ‘deducing’ a logically true sentence from two other logically 

true sentences cannot be conceived, strictly speaking, as an inference. From an information-

theoretic point of view, in a deduction, the conclusion makes explicit some part of the 

information that was implicit in the premises of the deduction. However, since logical truths are 

devoid of any information, talking about ‘deducing’ some part of their information does not 

make sense. In fact, one can verify the truth of a formula of sentential logic without carrying out 

a derivation; instead, this can be verified conveniently by constructing a truth-table. Using the 

method of truth-tables equates the epistemic status of all logical truths of sentential logic. 

d. The underlying logic 

In the axiomatic method of representing other sciences than logic, there is always an underlying 

logic which governs the process of deducing non-primary propositions from primary ones. This 

framework, however, is not applicable to logic since if we suppose that there is an underlying 
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logic, the latter in turn would need another underlying logic, and this would amount to an infinite 

regress. It seems that the solution is to consider logic as an exception. Logic is a self-sustaining 

system that works without using any resources outside of logic. If it is so, one can argue against 

axiomatic systems being the self-sustaining logic, because, as mentioned before, the mode of 

reasoning used in the practice of those systems does not resemble the method offered by the 

systems. 

 Incidentally, in this sense, a system of the natural-deduction type would be a better 

candidate for being an underlying logic. This is due to the fact that deduction is a rule-based 

activity and rules of inference are more primitive than the majority of axioms in performing 

logical reasoning. Considering logic as the formalization of deductive reasoning, which is in 

essence an activity, would imply the centrality of the rules of inference which can be thought of 

as the representations of acts as opposed to axioms which are the representations of truths. 

e. The inevitability of rules of inference 

Finally, it is possible, in principle, that in other sciences than logic the whole body of knowledge 

can be captured in a series of statements ordered by logical relations, and since the logical rules 

are outside the science in question, no rules need to be added to the system. This cannot be 

possibly done in the case of logic, for in any axiomatization of logic, as Lewis Carroll (1895) 

demonstrated in an interesting way, at least one rule is needed in order for the system to get off 

the ground. And since a rule cannot be stated in the form of an axiom, the axiomatization of logic 

would always remain partial. The significance of the fact that it is not possible for a rule to be 

stated in the form of a proposition was known to Frege who mentioned that the rules “cannot be 

expressed in the ideography” (1879, p. 28). 
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 That the rules are indispensable in a logical system is explained, again, by considering the 

fact that while the axioms are statements of truth the rules are guides for action, and logical 

inquiry is not merely the declaring of a series of true propositions but involves essentially the 

activity of deducing some propositions not known to be true from other propositions already 

known to be true. 

To summarize, the above arguments demonstrate Hintikka’s insightful statement (2011, p. 

69) that “a correctly understood notion of axiomatization does not apply to purely logical 

theories”, and that an axiomatic ‘derivation’ system is nothing but a “recursive enumeration of 

logical truths”. The ‘axiomatization’ of logic would rather be called a systematization. 
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Chapter 7 

Aristotle’s logic: A case study 

 

The great richness and power of modern formal theories, together with the 

substantial understanding of their natures and properties which has been 

accumulated over the last century, often permit us to see more clearly the properties 

of Aristotle’s own construction. 

                     ―Robin Smith, 1989 

 

Aristotle’s logic, from the very beginning, has been taught, studied, and interpreted by many 

scholars. It had been the only logical system for many centuries. After the founding of modern 

logic, Aristotle’s logic started being investigated and interpreted by means of new methods 

which had been made available. In this chapter, which could be regarded as an appendix to the 

previous chapter, I’m going to give a short discussion of Aristotle’s logic from the viewpoint of 

the classification I provided in Chapter 6. It will be demonstrated that, in addition to the efforts at 

offering formal interpretations and reconstructions of Aristotle’s logic, it is a worthwhile attempt 

to locate the nature of logic form Aristotle’s point of view in the ternary division of logical 

systems into truth-based, consistency-based, and reasoning-based. I shall try to argue that the 

general idea of logic manifested in the Prior Analytics is closer to the third category, namely, the 

category of logical systems that focus on logical reasoning. This chapter starts with a brief 

description of Aristotle’s logic in the Prior Analytics, and goes on with some modern 
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interpretations of it, and concludes with a discussion of its salient features which arguably are 

mostly epistemic. This case study shall reveal the usefulness of the classification of approaches 

to logic. 

 

7.1. A review of Aristotle’s assertoric logic 

Aristotle didn’t write an independent book with the title of “logic”. They were commentators 

who gathered some of his interrelated treatises, which they thought were some devices for doing 

philosophy, in a collection titled Organon. It consists of six books, among which the third one, 

Prior Analytics, and especially its first part, is thought of as what is nowadays called ‘formal 

logic’―as opposed to the ‘informal logic’ of the Topica. Some parts of Aristotle’s logic concern 

modality; but here only the non-modal part, also known as assertoric logic, is under discussion. I 

follow the terminology of Smith (2011). Translations of Aristotle’s own words are taken from 

Smith’s translation (1989). 

 The Prior Analytics is concerned with syllogismos―translated as ‘deduction’. To connect 

Aristotle’s logic with our terminology, one should notice that he calls valid arguments 

deductions and sound arguments demonstrations. (More precise definitions of ‘deduction’ and 

‘demonstration’ are to come in section 7.3.) What “logic” is about is valid argument disregarding 

the truth of its premises. 

 

A deduction is a discourse in which, certain things having been supposed, something 

different from the things supposed results of necessity because these things are so. By 

‘because these things are so’, I mean ‘resulting through them,’ and by ‘resulting through 

them’ I mean ‘needing no further term from outside in order for the necessity to come 

about’. (24b18‒23) 
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 Let us take a look at the structure of deductions. Each deduction consists of two premises 

and one conclusion. The sentences Aristotle uses as premises and conclusions are subject-

predicate sentences. The subjects and predicates of premises and conclusions are called terms. 

There has to be a common term between the two premises, it is called the middle term. The 

middle term doesn’t occur in the conclusion. So, each one of the subject and the predicate of the 

conclusion comes from one of the premises. The term which is the subject of the conclusion is 

called minor term, and that of predicate is called major term. The minor and the major terms are 

called extremes. The premise which contains the minor term is referred to as the minor premise, 

and that which contains the major term as the major premise.    

 Aristotle has two kinds of divisions of subject-predicate sentences. First, either the 

predicate is affirmed of the subject or denied of it. Second, either the predicate is universally 

predicated of the subject or particularly predicated. So, we have four sorts of sentences: universal 

affirmative, universal negative, particular affirmative, and particular negative. These are called 

categorical sentences and referred to as A, E, I, and O, respectively. Using ‘a’ and ‘b’ as terms, 

examples of four categorical sentences are ‘Every b is a’ (A), ‘No b is a’ (E), ‘Some b is a’ (I), 

and ‘Some b is not a’ (O). Aristotle puts the predicate before the subject in categorical sentences; 

so, an A-sentence in his style is expressed as ‘a belongs to all b’, etc. Categorical sentences can 

be shown symbolically as Aab, Eab, Iab, and Oab. One important property of categorical 

sentences is that A and O are mutually contradictory, and also E and I are mutually 

contradictory. 

 Deductions, according to the arrangement of terms in the premises, are divided into three 

groups called figures. Deductions in which the major term is the predicate of the major premise 

and the minor term is the subject of the minor premise belong to the first figure. Deductions in 
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which both the major and the minor terms are predicates of the major and the minor premises 

belong to the second figure. Finally, deductions in which both the major and the minor terms are 

subjects of the major and the minor premises belong to the third figure. From sixteen possible 

combinations of the premises in arguments in each figure, some form valid arguments which are 

called moods. For example, the first mood of the first figure (Barbara) is as below: 

Major premise: ‘a belongs to all b’. 

Minor premise: ‘b belongs to all c’. 

Conclusion: ‘a belongs to all c’. 

Or symbolically as: {Aab, Abc} ⊢ Aac. 

In the following table, the valid arguments in Aristotle’s syllogism, with their medieval 

mnemonic names are listed. 

Figures Mnemonics Valid Arguments 

First 

({‒ab, ‒bc} ⊢ ‒ac) 

Barbara {Aab, Abc} ⊢ Aac 

Celarent {Eab, Abc} ⊢ Eac 

Darii {Aab, Ibc} ⊢ Iac 

Ferio {Eab, Ibc} ⊢ Oac 

Second 

({‒ab, ‒ac} ⊢ ‒bc) 

Cesare {Eab, Aac} ⊢ Ebc 

Camestres {Aab, Eac} ⊢ Ebc 

Festino {Eab, Iac} ⊢ Obc 

Baroco {Aab, Oac} ⊢ Obc 

Third 

({‒ac, ‒bc} ⊢ ‒ab) 

Darapti {Aac, Abc} ⊢ Iab 

Felapton {Eac, Abc} ⊢ Oab 

Disamis {Iac, Abc} ⊢ Iab 

Datisi {Aac, Ibc} ⊢ Iab 

Bocardo {Oac, Abc} ⊢ Oab 

Ferison {Eac, Ibc} ⊢ Oab 
TABLE 4. Figures and moods of Aristotle’s syllogistic 
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 Note that, as later on added to the Aristotelian logic, it could be possible to define the 

fourth figure in which both the major and the minor terms are predicates of the major and the 

minor premises of deductions. Also, the deductions that have a universal conclusion could have 

yielded a corresponding particular conclusion as well. For example, from the premises of 

Barbara, in addition to a universal affirmative (Aac), a particular affirmative (Iac) follows. This 

weaker mood has been added later and called Barbari. Similarly, corresponding to Celarent, a 

weaker mood, called Celaront, with a particular negative as conclusion, has been added. The 

fourth figure and the weaker moods are not mentioned in the Prior Analytics. 

 Aristotle regards the four moods of the first figure as complete (or ‘perfect’) deductions 

and all moods of other figures as incomplete (or ‘imperfect’).46 By complete, he means those 

deductions which are self-evident and don’t need to be proved. Incomplete deductions, however, 

have to be proved by means of the complete moods and the law of conversion. 

 

I call a deduction complete if it stands in need of nothing else besides the things taken 

in order for the necessity to be evident; I call it incomplete if it still needs either one or 

several additional things which are necessary because of the terms assumed, but yet 

were not taken by means of premises. (24b23‒27) 

 

 He uses two methods of proofs: direct (to be carried out ‘probatively’) and indirect (to be 

carried out ‘through an impossibility’). The methods are encapsulated in a remarkably clear way 

in the following paragraph: 

 

                                                 
46 Although he then shows that the first two moods, namely Barbara and Celarent, suffice to deduce all 

other moods including the other two moods of the first figure―Darii and Ferio. 
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It is furthermore evident that all the incomplete deductions are completed through the 

first figure. For they all come to a conclusion either probatively or through an 

impossibility, and in both ways the first figure results. For those completed 

probatively, this results because they all come to a conclusion through conversion, and 

conversion produces the first figure. And for those proved through an impossibility, it 

results because, when a falsehood is supposed, the deduction comes about through the 

first figure. (As, for instance, it is proved in the last figure that if both A and B belong 

to every C, then A will belong to some B: for if it belongs to none and B to every C, 

then A will belong to no C: but it belonged to every C. And similarly in the other 

cases.) (29a30‒40) 

 

 In direct proofs, one starts from the premises, then using the laws of conversion one of 

the moods of the first figure is obtained and the conclusion of the latter, or its conversion, counts 

as the conclusion of the deduction in question. By conversion, one can conclude from a sentence 

another sentence in which the subject is the predicate of the former and the predicate is the 

subject of the former. The conversions of both A-sentences and I-sentences are in the form of an 

I-sentence, and the conversion of an E-sentence is an E-sentence. O-sentences don’t have any 

conversions. Consider as an example the second mood of the second figure, Camestres, that is: 

Major premise: ‘a belongs to all b’. 

Minor premise: ‘a belongs to no c’. 

Conclusion: ‘b belongs to no c’. 

The proof is as follows: 

First replace the minor premise with its conversion, that is, ‘c belongs to no a’, then rearrange the 

deduction in the following way: 
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Major premise: ‘c belongs to no a’. 

Minor premise: ‘a belongs to all b’. 

This is in the form of the second mood of the first figure, Celarent, the conclusion of which is ‘c 

belongs to no b’. Finally, turn this sentence to its conversion: ‘b belongs to no c’. This is the final 

conclusion we were looking for. 

 In indirect proofs, however, the contradictory of the conclusion is supposed and then, 

using the complete deductions and applying conversion, the contradictory of one of the premises 

or the contradictory of the very supposition is obtained; in this way, the conclusion itself is 

affirmed. Let us consider as an example the proof quoted from Aristotle in the previous page, 

which is the indirect proof of the deduction Darapti, that is: 

Major premise: ‘a belongs to all c’. 

Minor premise: ‘b belongs to all c’. 

Conclusion: ‘a belongs to some b’. 

The proof through an impossibility starts with the supposition of the contradictory of the 

conclusion, which would be ‘a belongs to no b’. In the second step, using the latter as the major 

premise together with the minor premise of the original deduction, a deduction in the form of 

Celarent is obtained, the conclusion of which would be ‘a belongs to no c’, which contradicts the 

major premise. Therefore, the supposition is impossible and the conclusion, ‘a belongs to some 

b’, is true. Note that there is a direct proof for the mood Darapti as well (28a18‒22). We will 

come back to this later on. 

 For the sake of disproof, i.e., to show that other combinations are not valid arguments, 

Aristotle uses counterexamples. He makes an instance of that combination in which the premises 
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are true and the conclusion is false. For example, if one thinks that this combination is a 

deduction: 

Major premise: ‘a does not belong to all b’. 

Minor premise: ‘a belongs to no c’. 

Conclusion: ‘b belongs to every c’. 

since it works in the case of, for instance, the terms ‘white’, ‘animal’, and ‘raven’, as ‘a’, ‘b’, and 

‘c’, respectively, one has to notice that it yields a false conclusion in the case of the terms 

‘white’, ‘stone’, and ‘raven’. (The example and the terms are got from Aristotle himself 

(27b29‒34).) 

 Finally, the interesting thing is that Aristotle has something to say about his deduction 

system―in modern terminology: metalogic. For example, he mentions that neither with two 

particular premises nor with two negative premises can a valid argument be formed. Most 

importantly, he shows that all deductions can be proved by the two first moods of the first figure, 

namely Barbara and Celarent. (29b, ff) The metalogical remarks are not limited to the mention-

ed cases (Smith 2011, pp. 8‒9), but these seem enough as examples. 

 

7.2. Modern interpretations 

The first scholar who embarked on the project of reconstructing Aristotle’s logic and tried to find 

a modern interpretation of it was Jan Łukasiewicz in his book published in 1951 (the second 

edition in 1957) titled Aristotle’s syllogistic from the standpoint of modern formal logic. His 

work was followed by others like Günther Patzig (1969). 
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Łukasiewicz: axiomatic interpretation 

Łukasiewicz holds that “no syllogism is formulated by Aristotle primarily as an inference” 

(1957, p. 2) and then transforms the premise-conclusion form of Aristotle’s deductions to the 

form of implications, that is, true conditional propositions, in which the antecedent is the 

conjunction of the premises and the consequent is the conclusion. This means, for example, that 

Barbara has to be rewritten as ‘If a belongs to all b, and b belongs to all c, then a belongs to all 

c’. In other terms, he turns each premise-conclusion argument into its corresponding material 

conditional. 

 So, from the very beginning, he departs from Aristotle’s own text in order to build a 

modern framework for it. As Paul Thom pointed out, “Łukasiewicz’s conception of the scope 

and methods of modern formal logic was unnecessarily narrow” (1981, p. 17). Thom lists 

characteristics of a logical system from Łukasiewicz’s point of view: A logical system must be 

“necessarily (i) axiomatic, rather than ‘natural deduction’ in their style of presentation, (ii) based 

on the propositional calculus ...” (ibid). 

 Łukasiewicz holds that Aristotle didn’t explicitly state the axioms of his system. So, he 

provides these four axioms (1957, p. 46): 

     A1: A belongs to all A. 

     A2: A belongs to some A. 

     A3: If A belongs to all B and B belongs to all C, then A belongs to all C. (Barbara) 

     A4: If A belongs to all B and C belongs to some B, then A belongs to some C. (Datisi) 

Another important point in his interpretation is that Aristotle’s logic has to presuppose a 

propositional logic (ibid, pp. 47‒8). Then, he starts to reconstruct Aristotle’s logic by using the 
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abovementioned axioms and also rules of propositional logic, and successfully proves the 

validity of all Aristotle’s deductions. 

 Consider as an example, the mood Festino, namely {Eab, Iac} ⊢ Obc. Aristotle’s proof is 

as follows: 

 

If M belongs to no N and to some X, it is necessary for N not to belong to some X. 

(For since the privative converts, neither will N belong to any M; but M was assumed 

to belong to some X; consequently, N will not belong to some X, for a deduction 

through the first figure comes about.) (27a32‒37) 

 

He simply replaces the major of the deduction with its conversion, and uses the conclusion of the 

deduction that is obtained, which is in the form of Ferio, as the conclusion of the original 

deduction. To lay it out in detail, the premises and the conclusion of Festino are as follows:  

Major premise: ‘M belongs to no N’. 

Minor premise: ‘M belongs to some X’. 

Conclusion: ‘N does not belong to some X’. 

The proof is as follows. First replace the major premise with its conversion, that is, ‘N belongs to 

no M’, then a deduction in the form of Ferio obtains: 

Major premise: ‘N belongs to no M’. 

Minor premise: ‘M belongs to some X’. 

Conclusion: ‘N does not belong to some X’. 

The conclusion of Ferio is what we are looking for as the conclusion of Festino. 

 Now, let us see how Łukasiewicz reconstructs the proof. Since his articulation is very 

neat, it is worth quoting entirely. (1957, pp. 51‒2) 
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The proof is based on two premisses: one of them is the law of conversion of the E-

proposition: 

    (1) If M belongs to no N, then N belongs to no M, 

and the other is the mood Ferio of the first figure: 

    (2) If N belongs to no M and M belongs to some X, then N does not belong to some 

X. 

From these premisses we have to derive the mood Festino: 

    (3) If M belongs to no N and M belongs to some X, then N does not belong to some 

X. 

Aristotle performs the proof intuitively. Analysing his intuitions we find two theses of 

the propositional calculus: one of them is the above-mentioned law of the hypothetical 

syllogism, which may be stated in the following form: 

    (4) If (if p, then q), then [if (if q, then r), then (if p, then r)]; 

The other thesis reads: 

    (5) If (if p, then q), then (if p and r, then q and r). 

This thesis is called in Principia Mathematica, following Peano, the principle of the 

factor. 

 

This case demonstrates how Łukasiewicz rewrites Aristotle’s deduction and its proof in terms of 

a series of implications, and how uses the laws of sentential logic as a background logic. 

Corcoran: natural deduction system 

While Łukasiewicz intended to put Aristotle’s logic in the framework of an axiomatic system 

and knew that his formalization did not closely represent Aristotle’s own writing, from the 

1970s, John Corcoran (1972; 1974; 2009) and Timothy Smiley (1973; 1994) have tried to find a 

way to formalize Aristotle’s logic and to make a logical system which fits Aristotle’s own 
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writing as much as possible. Their accounts of Aristotle’s logic are very similar and here I focus 

on Corcoran’s interpretation. His first article in this field was “Completeness of an ancient logic” 

(1972), and he developed his theory in detail in two longer articles titled “Aristotle’s natural 

deduction system” (1974) and “Aristotle’s demonstrative logic” (2009). 

 According to Corcoran, Aristotle’s logic can be formalized in terms of a natural 

deduction system with no axioms and four sorts of logical rules: the rules of contradiction, the 

conversion rules, the rules of perfect syllogisms, and the reductio rule (1974, p. 106). The first 

three groups of rules have been explained in section 6.1. The reductio rule, in fact, is a rule 

which governs indirect proofs. If the contradictory of a proposition taken together with premises 

yield a contradiction, that proposition itself follows from the premises. So, the moods of the first 

figure, which Aristotle calls perfect syllogisms, are among the rules of inference. This fits well 

with Aristotle’s logic in which these four moods are the most obvious ones and don’t need to be 

proved. Furthermore, in this system and using indirect proofs, it can be shown that Darii and 

Ferio are provable and so are not independent rules. This also fits with what Aristotle shows in 

his metalogical investigations mentioned in the previous section. 

 One of the important advantages of this account is that it doesn’t need to change the 

original form of the proofs and reframe them into implications chained together and it doesn’t 

need to use the laws of sentential logic. As an instance, consider Aristotle’s proof of the first 

mood of the second figure, Cesare, in (27a6‒9). The proof goes with replacing the major with its 

conversion and thereby reducing the deduction to the form of Celarent of the first figure. 

 

Let M be predicated of no N but of every X. Then, since the privative converts, N will 

belong to no M. But M was assumed to belong to every X, so that N belongs to no X 

(for this has been proved earlier). 
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Now, the following is the Corcoran’s annotated reconstruction of the above argument with its 

proof (1974, p. 111). In his notation, the premises of a deduction are prefixed by the symbol ‘+’, 

the conclusion by ‘?’, a repeated sentence by ‘a’, a sentence obtained by conversion by ‘c’, and a 

sentence obtained from one of the complete deductions by ‘s’. (ibid, p. 110) 

 

Let M be predicated of no N                           +Nnm 

and of all X                                                     +Axm 

(conclusion omitted in text).                            (?Nxn) 

Then since the negative premise converts 

N belongs to no M.                                           cNmn 

But it was supposed that M belongs to all X.    aAxm 

Therefore N will belong to no X.                      sNxn 

 

Some remarks  

Both these two accounts of Aristotle’s logic have many interesting aspects in their syntax, 

semantics and metalogic and also have many fascinating formal and technical details which are 

not within the scope of this paper. Although according to Smith (1989, p. xvii) and Striker (2009, 

p. xv) Corcoran’s view is more dominant today, the developments in formulating Aristotle’s 

logic have not been finished. Thom (1981) proposes an axiomatic interpretation of Aristotle’s 

logic but relaxing those unnecessary constraints Łukasiewicz had in mind for a logical system 

and in this way his system is closer to Corcoran’s. Martin (2004) reconstructs Corcoran’s system 

using new developments in natural deduction theory. Most recently, Philip Corkum has been 

working on an interpretation of Aristotle’s syllogistic in which “syllogisms are individuated by 
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unordered premise pairs”, and “the syllogistic can be instructively represented as a sequent 

calculus” (personal communication). One advantage of this interpretation, among others, is that 

since it “treats syllogisms as multiple succedent sequents”, it takes into account the weaker 

moods added later on to the Aristotelian logic. For example, the conclusions of both Barbara and 

Barbari occur in the place of the succedent of the sequent which formalizes the first mood of the 

first figure: 

 Aab, Abc → Aac, Iac 

This means that both Barbara and Barbari are summarized in one sequent. 

 

7.3. The epistemic essence of Aristotle’s logic 

In the previous section, since we didn’t go through the technical details of the modern accounts 

of Aristotle’s logic, we didn’t adjudicate between them except to assert that the natural-deduction 

account is much closer to the text when compared to the axiomatic account that has to 

presuppose an underlying, sentential logic. In this section Aristotle’s overall idea of logic is 

examined and it is shown that its epistemic features are dominant. This can be regarded as 

reasoning in favor of Aristotle’s logic being natural deduction from the perspective that connects 

natural deduction to epistemological and the axiomatic method to non-epistemological 

approaches to logic. This can be seen as an independent way of studying Aristotle’s logic: this is 

not an assertion about how to formulate his logic, but to grasp the nature of logic from his point 

of view. 

 Corcoran (1994; 2003) was the one who urged more than others that investigating 

Aristotle’s view of logic is very relevant to the project of giving a mathematical interpretation of 

Aristotle’s logic. He insisted that the difference between two methods attributed to Aristotle, 
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namely, the axiomatic method and natural deduction, would come from the difference between 

two goals attributed to Aristotle’s logic (1994, p. 11). Hence: 

 

Instead of having as a goal understanding the processes of determining whether or not 

a given conclusion follows from a given premise-set, Łukasiewicz and Miller think 

that Aristotle’s goal is the establishing as true or as false, as the case may be, of certain 

universally quantified conditional propositions, viz. those that ‘correspond’ to what 

have been called valid and invalid categorical arguments with arbitrarily large premise 

sets. For example, the following is to be established as true: given any three terms A, 

B, and C, if A belongs to every B and C belongs to no A, then B belongs to no C. [...] 

In contrast, according to Smiley and Corcoran, Aristotle’s goal rather was to develop 

and apply a method of deductive reasoning to deduce a proposition ‘B belongs to no 

C’ from propositions ‘A belongs to every B‘ and ‘C belongs to no A’. (1994, p. 12) 

 

In the remainder of this chapter three features of Aristotle’s logical work are explained which 

can be regarded as evidence that he would have embraced the epistemic approach to logic. 

a. Valid arguments as opposed to sound arguments 

The overall map of Aristotle’s logic, according to Corcoran (2009) and Smith (2011), is as 

follows. Demonstration is the general subject of Aristotle’s both Analytics―the Prior and the 

Posterior. A demonstration includes what today is called a sound argument that is, a valid 

argument with true premises. But the premises are not just true: they are known to be true. And 

the argument is not just valid: it is known to be valid. Finally, the demonstration is not exhausted 

by the premise set and the conclusion: it also contains a chain of reasoning that shows that the 

conclusion follows from the premises. In short, a demonstration produces knowledge of the truth 
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of its conclusion. An important prerequisite for studying demonstrations is to study deductions. 

A deduction includes what we call a valid argument. But the argument is not just valid: it is 

known to be valid. Finally, the deduction is not exhausted by the premise set and the conclusion: 

it also contains a chain of reasoning that shows that the conclusion follows from the premises. In 

short,  a deduction produces the knowledge that the conclusion logically follows from the 

premises. Categorical syllogistic, in which only categorical sentences occur, is simply a special 

case of deduction. 

 The first sentence of Prior Analytics is as follows: “We must first state what our inquiry 

is about and what its object is, saying that it is about demonstration and that its object is 

demonstrative science.” (24a10‒12) In the third paragraph, Aristotle distinguishes demonstrative 

premises from dialectical ones. “A demonstrative premise is the taking of one or the other part of 

a contradiction [...], whereas a dialectical premise is the asking of a contradiction.” (24a22‒26) 

Then he points out that deduction is a method for working with both kinds of premises. So, while 

in a demonstration the premises should be true, in a deduction the truth of the premises doesn’t 

matter. Furthermore, in the definition of deduction, the truth of the premises is not presupposed; 

it is just that if the premises are true, the conclusion has to be true. Let us repeat Aristotle’s  

definition of deduction: “A deduction is a discourse in which, certain things having been 

supposed, something different from the things supposed results of necessity because the things 

are so.” (24b20) Also, “deduction should be discussed before demonstration because deduction is 

more universal: a demonstration is a kind of deduction, but not every deduction is a 

demonstration” (25b30). Therefore, the overall map is correct. The subject of Aristotle’s logic is 

valid arguments disregarding the truth of the premises. 
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b. Epistemic rigor of the proofs 

Second, if Aristotle did not adopt an epistemic approach to logic, the proofs of the deductions, 

that is, the process of deriving the conclusion from the premises of each deduction, would not 

have been presented gaplessly and in detail, and he would have rested content only with the end 

product. Studying chapters 4, 5 and 6 of Prior Analytics, in which the first, second and third 

figures are discussed respectively, obviously shows that the proofs are stated as cogently and in 

as much as detail as possible. In each step, just one rule is applied, and nowhere are there 

intuitive leaps. So it is hard to accept that he is giving a theory behind which an underlying logic 

could be presupposed. In Smiley’s terms: 

 

Łukasiewicz’s treatment [...] fails to do justice to Aristotle’s theory of the reduction of 

syllogisms. A syllogism may be valid, in that its conclusion follows from its 

premisses, but it may nonetheless be ‘imperfect’ because it fails to show that the 

conclusion follows. Aristotle’s procedure in such a case is to ‘reduce’ the imperfect 

syllogism to a perfect one by filling in its intervals with intermediate steps (An. Pr. 

24b24, An. Post. 79a30). This description makes excellent sense if syllogisms are 

regarded as arguments―to reduce an imperfect syllogism is to make it perspicuous by 

expanding it so that it has a finer and hence argumentatively more satisfying structure. 

(1973, p. 137) 

 

Thus, Aristotle’s articulating of each proof in detail and filling gaps between the premises and 

the conclusion of each incomplete deduction demonstrates his intention of representing the line 

of reasoning which could get us from the premises to the conclusion. 
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c. Incorporating hypothetical reasoning 

As has been mentioned in the previous chapters making auxiliary assumptions and deploying 

hypothetical reasoning can be thought of as the hallmark of natural deduction as a method of 

proof and as the salient feature of the epistemic approach to logic. An assumption in this sense 

can be a proposition not known to be true or even known to be false but just assumed for the sake 

of reasoning, as is the case in the reasoning ‘through an impossibility’. Examples of indirect 

proofs, in which the negation of the intended conclusion is supposed, are ubiquitous in Prior 

Analytics. Two points are remarkable: first, that a mood may be proved directly in one place and 

indirectly somewhere else; second, that the two particular moods of the first figure can be proved 

indirectly through the deductions of the second figure. Let us review these two cases in order. 

 The first mood of the third figure, Darapti, is proved in (28a18‒22) with a direct proof in 

the following way: 

 

When they are universal, then when both P and R belong to every S, it results of 

necessity that P will belong to some R. For since the positive premise converts, S will 

belong to some R; consequently, since P belongs to every S and S to some R, it is 

necessary for P to belong to some R (for a deduction through the first figure comes 

about.) 

 

In this proof the minor of the deduction is replaced with its conversion and accordingly the 

deduction is reduced to the third mood of the first figure, that is, Darii. Here, after the 

completion of the direct proof, Aristotle adds that “it is also possible to carry out the 

demonstration through an impossibility” (28a23), but he doesn’t provide the indirect proof. Later 

on, when he summarizes the methods of proof he deploys, as an example of the indirect method, 



167 
 

he carries out the indirect proof of Darapti (29a37‒40), as we have quoted and elaborated in 

section 6.1. Thus it seems that for Aristotle the justificatory power of an indirect proof equals 

that of a direct proof and he sees no difference between them. This is not to adjudicate whether 

he is right in attributing the same justificatory power to indirect proofs; this is only to show his 

approach to logic which embraces hypothetical reasoning. 

 The second case is that, among the metalogical remarks, Aristotle points out that the 

particular deductions of the first figure, that is the third and the fourth moods, Darii and Ferio, 

can be proved indirectly, although they are among the complete deductions. 

 

The particular deductions in the first figure are brought to completion through 

themselves, but it is also possible to prove them through the second figure, leading 

away to an impossibility. For instance, if A belongs to every B and B to some C, we 

can prove that A belongs to come C. For if it belongs to no C and to every B, then B 

will not belong to any C (for we know this through the second figure). The 

demonstration will also proceed similarly in the case of the privative deduction. For if 

A belongs to no B and B to some C, then A will not belong to some C. For if it 

belongs to every C but to no B, then neither will B belong to any C (this was the 

middle figure). (29b7‒15) 

 

So, Darii can be proved by assuming the contradictory of its conclusion and putting the latter 

next to the major of the original deduction and consequently reducing it to Camestres―the 

second mood of the second figure. In the case of Ferio, in a similar way, the contradictory of the 

conclusion is put beside the major of the original deduction and hence the latter is reduced to the 

first mood of the second figure, Cesare. The point is that, although at the beginning he counts 
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Darii and Ferio as complete deductions and accordingly assumes their validity to be obvious, he 

doesn’t hesitate to provide derivations to demonstrate that they can be reduced to other moods. 

Therefore, he seems to be interested in the derivation of the conclusion from the premises of an 

argument, and not only in the validity of the argument. 

 It is also remarkable that in each case, he provides a gapless derivation and all the steps 

are mentioned and in each step only one rule is applied. So this can count as evidence in favor of 

the epistemic rigor of his logic as well. 

 To sum up, I have argued that, as far as Prior Analytics shows, from the standpoint of 

Aristotle, logic has an epistemic essence. He sees logic as involving valid arguments in which 

the premises logically imply the conclusion, no matter what the truth-values of the premises are. 

Furthermore, he takes some deductions as obvious and self-evident and proves other deductions 

by using them through gapless and detailed proofs. Finally, hypothetical reasoning as the 

hallmark of the epistemic approach to logic is abundant in his logical system. He also gives more 

than one proof of a given syllogism, showing that he is as much interested in the derivations as in 

the results. Therefore, he takes the epistemic essence of logic seriously, that is, he investigates 

the process of obtaining the knowledge of conclusion based on the knowledge of premises. 
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Chapter 8 

Concluding remarks 

 

As a 24th problem of my Paris talk I wanted to pose the problem: criteria for the 

simplicity of proofs, or, to show that certain proofs are simpler than any others. In 

general, to develop a theory of proof methods in mathematics. 

―David Hilbert 

(Quoted from: Negri and von Plato, 2011) 

 

8.1. A look back 

This work has allied itself with the school of thought to which belong those logicians and 

philosophers who take the subject matter of logic to be providing a formal model of deductive 

reasoning. Logical derivations are mathematical entities that are intended to correspond to the 

way deductive reasoning is performed, especially to the way mathematicians employ it when 

they are reasoning correctly. There are several respects in which one can compare logical 

derivations and adjudicate that one seems better than others. I have focused on the epistemic 

features each derivation can possess to some degree and tried to demonstrate that natural 

deduction can be considered as having those features more than others. Accordingly, I have tried 

to distinguish the epistemological approach to logic and to single out natural deduction as a 

suitable candidate for investigations in this approach. The comparison has usually been made 
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between natural deduction and the axiomatic systems, but occasionally other logical systems 

have also been considered. 

 So this dissertation can be regarded as a modest ‘contribution to Hilbert’s last problem’.47 

Logical derivations have been studied from close-up in order to find a fine-grained analysis of 

what is going on in a derivation. This can be regarded as similar to the project of ‘delicate proof 

theory’ in computational logic (Tennant, 1996), which is intended to offer proof-search methods 

so as to provide ‘real proofs’ which would be “nice, readable, suasive natural deductions in 

which every step is made clear; from which one can read off the premisses and conclusion; from 

which one can understand the ‘line of reasoning’ pursued; from which one can see how the 

information has been unpacked from the premisses, and rearranged so as to yield the necessarily 

following conclusion” (p. 353). 

 To achieve the goal considered for the dissertation, after setting the scene in Chapter 1, I 

have taken the following steps: 

 

• In Chapter 2, by an historical overview, it has been shown that the motivations and 

concerns of logicians who advanced axiom systems were different significantly from 

those of the logicians who developed natural deduction. While the former were 

concerned with making up logistic systems with a minimum number of axioms and a 

minimum number of logical connectives and directing their intentions towards the 

formal features such as the independence of the axioms and the completeness of their 

systems, the latter tried to make derivation methods as close as possible to real 

mathematical reasoning, and since the salient feature of mathematical reasoning was 

                                                 
47 I borrowed this expression from the title of Negri and von Plato’s (2011) book, which is Proof 

Analysis: A Contribution to Hilbert’s Last Problem. 



171 
 

conceived to be in making an arbitrary assumption to see where it leads, natural-

deduction logicians put efforts into incorporating this feature in their logical systems. 

 

• Chapter 3 started with a discussion of formal rigor as the prerequisite of any logical 

system. Then it was argued that this formal, mathematical notion is not enough when 

one would like to compare the justificatory power of logical derivations carried out in 

various systems. Hence, the notion of epistemic rigor was introduced in order to enable 

us to measure just how cogent a derivation is. Epistemic rigor consists in a derivation’s 

containing the most logical detail through taking a series of minimal steps. The latter 

could be guaranteed by the simplicity and purity of the rules of inference so as to 

introduce or eliminate one and only one connective in each step. 

 

• Chapter 4 was devoted to a survey of various representations of natural deduction 

derivations. Following the idea of taking the justificatory power of derivations 

seriously, it has been argued that graphical representations are superior to linear 

representations because in the former the line of reasoning and the structure of thought 

can be made more perspicuous than the latter. A further step was to argue that, due to 

incorporating hypothetical assumptions, the formulas in different lines of a natural 

deduction derivation wouldn’t have equal status and this would have to be demonstrated 

in one way or another; accordingly, a sort of two-dimensionality would be attributed, as 

an essential feature, to natural deduction derivations. 

 

• Chapter 5 reviewed a series of mathematical proofs chosen from different works by 

various mathematicians to show by real examples that mathematical reasoning has 
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always contained hypothetical reasoning and specifically indirect reasoning through 

reductio ad absurdum as a special case of hypothetical reasoning. 

 

• In chapter 6 a classification of logical systems has been suggested based on the main 

focus of each system which could be either logical truth, logical consistency, or logical 

reasoning, and it has been explained how natural deduction fits well in the third class. 

Then a distinction has been drawn between the epistemic approach to logic and other 

approaches. The upshot has been that one can locate natural deduction as a derivation 

method within the broad map of logical systems by its epistemic features; in other 

words, natural deduction is coordinated with a general epistemological approach to 

logic in which the notion of logical reasoning is central. 

 

• Chapter 7 has been intended to be an indirect defence of Aristotle’s logic being 

interpreted as a pre-formal form of natural deduction. As an application of the previous 

chapters in which the close tie between natural deduction and the epistemic approach to 

logic has been shown, the nature of logic from Aristotle’s point of view has been 

investigated to demonstrate that his conception of logic falls within the category of 

logical reasoning and his approach to logic can be fairly seen as an epistemic approach. 

 

 As mentioned in the introduction, completely sharp and clear-cut lines cannot be 

expected to be drawn in an epistemological investigation of logical systems. If I can make 

evident, at least to some degree, the contrast that I see between natural deduction and other 

logical systems in that the epistemological concepts of reasoning, justification, and cogency 

pertain to the former substantially, I would feel I have attained my goal successfully. 
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8.2. A look forward 

This study can be extended in different ways I hope I can follow in the near future. Here a few 

are mentioned. 

a. Other logics 

Throughout the dissertation, I have concentrated on classical logic, but this, by no means, shows 

that this study is peculiar to classical logic. One can pick extensions of classical logic, such as 

modal logic, and draw the same comparison. The conjecture is that a similar conclusion would 

result from this comparison as well. In introducing each system of modal logic, in order to make 

clear which formulas are theorems of that system, some axioms are offered. The well-known 

systems such as T, S4, and S5 are simply defined (over the system K with its axioms and rules) 

with the main axioms of each system, that is, from among ‘□P  P’, ‘□P  □□P’, and ‘◊P  

□◊P’. However, in order to see how reasoning can be performed within a system, the rules of 

inference have to be studied. This seems true also in the case of other variants of modal logic, 

such as epistemic logic, or deontic logic. Also note that, to draw the boundary of theorems of 

each system, and more specifically to find out which formulas are not theorems of the system, a 

short-cut through the method of tableaux is available. See Priest (2008), for example. Therefore, 

the classification of logical truth, logical consistency, and logical reasoning works here as well. 

 This classification is applicable also to the logical systems weaker than classical logic. 

For instance, consider the two ways of characterizing intuitionistic logic mentioned in van Dalen 

(2001, pp. 227-30). The first way is to enumerate a list of axioms and the second is to provide 

natural deduction rules. The list of axioms helps the reader figure out which formulas are 

theorems of the system and the table of rules explains which inferential moves are legitimate in 

the deductions carried out in the system. 
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b. Other methods 

I have touched upon other logical systems such as the method of tableaux and the sequent 

calculus in Chapter 6, but my aim was to provide a broad overview and not a detailed study. Still 

a substantial study is needed to investigate their epistemological features. As explained, while 

deductive reasoning is manifested in natural deduction, the sequent calculus enumerates its 

structural features in the form of the structural rules. The epistemological significance of the 

sequent calculus in that it equips us with a framework to characterize deductive reasoning will be 

revealed by further study. 

  It is also worth mentioning that, in the case of the method of tableaux and other systems 

of the consistency-oriented category, one can find a connection with the coherence theories of 

truth, and from there to the coherentist theories of epistemic justification. So verifying the 

consistency of a set of statements might need another mode of reasoning than the kind of 

reasoning which occurs in the process of extracting information from a set of premises. In this 

regard, the epistemic significance of the consistency-based logical systems are also worth 

investigating. 

c. A more rigorous account of epistemic rigor 

In what has been done in this dissertation concerning the notion of epistemic rigor, all logical 

connectives have considered as of the same status. A minimal step is such that only one 

connective comes in or only one goes out in each step. Could we give a more fine-grained 

account in which one could compare different connectives? In the logistic period of the history 

of logic, the connectives were chosen based on the simplicity and elegance of the system. In the 

natural deduction period, the whole list of connectives was welcomed. But, how would one 

explain the difference between introducing a conjunction and introducing a disjunction in an 
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expression? People rarely hesitate to accept as truth-preserving the rule of conjunction-

introduction and to follow it in their reasoning, whereas in the case of disjunction-introduction 

some reflection is needed. It seems that epistemic rigor needs to be characterized with more 

ingredients than purity and simplicity, then one would be able to pinpoint the difference between 

logical connectives in the process of reasoning. 

d. More investigations into the nature of logical reasoning 

To know that the axioms of logic are true and that the rules of inference are truth-preserving can 

be regarded as propositional knowledge, and to know how to choose an axiom to work in a 

derivation and how to use rules of inference to get the derivation to move forward can be thought 

of as operational knowledge. Still, to break the stalemate of the problem of justification of 

deduction and find a way out of the threat of circularity one could explain logical reasoning as a 

complex of dispositions to behave in some certain ways. Delving into these epistemological 

delicacies, especially if combined with the findings of cognitive psychology, would be very 

interesting research and I would like to spend a great amount of my time on it. 
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