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CHAPTER.I. . E
/*L o CINTRODUCTION e
‘The genafdjprobfemfénd”the'}e1ated_therha1.}nstabj]ity"
’,problem fon'hohﬁzonta1»t1uid 1ayersuhave béen'inyestigatedq
extensively in necent years. fheziitﬁfature dnhthefmat;.
;1nstab11aty 1s very extens1ve “An excellent'accodnt~of
the hydrodynam1c and hydromagnet1c stab111ty was g1ven by
Chandrasekhar [1] in 1961. - Slnce then severa1 rev1ew
art1c1es [2 7] have a1so appeared in the 11terature
) The: therma] 1nstab11ity for the onset of stat1onary
a

'10ng1tud1na1 vortex rolis in a- hor1zonta? p]ane Po1seu111e

,f]du was: 1nvest1gated theoret1ca11y by Nakayama, Hwang and o

Lheng LHJ and exper1mentally by Ak1yama, Hwang and Cheng

,[9]., The prob]em was further extended to. the thermaT

'enthance reglon cons1der1ng ax1a1 conduct1on term in tﬁe~
- energy equat1on for the bas1c flow by Hwang and Cheng [10].

The exper1menta1 1nvest1gat1ons on convect1ve 1nstab111ty

e

“in, a hor1zonta1 p]ane Po1seu11]e flow heated from be]ow

'"were neperted by Ostrach “and Kamotan1 []1,1%] In the Tow

4

fPeclet number flow reg1me, the assumptlon of un1form fluid

',temperature at the thermaT entrance is apparent]y unreason:»'f

r,,

'able because of the upstream heat penetrat1on through the
L therma] entrance.‘ In.1ow/Pec1et numper flow regjme, the. ‘én,

-



. . ) .- . . . ] “ "
h o, P \ X . . - :
- ° N +
°

“.ftqgesiﬁon tegarding‘theodnSEt of transyerse'vortei_rol1s
ﬁt?]'a1so arises. o ' | ”
'Consideratibn is‘hekt giVen'to the'Hartmann flow.in
a hor1zonta1 para11e1 p1ate channe1 heated from be]ow°

Phys1ca11y, when an adverse temperature grad1ent exists

S

A1n the d1rect1on oppos1te to the grav1tat1ona1 force, then
\
the bas1c f]ow system is. potent1a11y unstab]e because of

the top heavy sgtuat1on Apparent1y,"the onset of secondary
f]ow in the form of stat1onary 10ngltud1na1 vbft}ces in the
therma] entrance reg1on of Hartmann flow is of p.act1ca1 .
Jnterest |

B S1m11ar1y, the thehma] bdundary 1ayers:tn B1asnins‘f
'f1ow heated from be1ow is a]so potent1a11y unstab]e ‘For\

'the 1am1nar forced convect1on Drob]ems 1nvo§v1nq me1t1nq of

2~‘1ce .or so]tdrf1cat1on of water, the maximum density effect
on therma] 1nstabTT1ty 1s also of pract1ca1 tntérest.stnce
_one may w1sh to f1nd the cond1t1on at wh1ch -free convect1on
.starts to affect the f]ow Apparent]y, the therma] 1nstab1— @'
'11ty of. the Biasius . f1ow has not® been studied - in the past

| In this thes1s, ‘the con;ect1ve 1nstab111t1es 1n p]ane
-P01seu111e, Hartmann and B]as1us f]ows are. stud1ed by the.
method of sma11 d1sturbances where a 11near12at1on about

the basic'f]ow is made For the cases “of p1ane Po1seu111ev

and B]as1us f]ows, the effects of maX1mum density on. convec-

;;%ve 1nstab111ty are a]so 1nvest1gated . In the’ 1Jnear -

g;uﬁ—“—\—«

1nstab111ty ana]ys1s for fu11y deve1oped Hartmann flow in )

p

paraliej p]ate




°
. & : -
o

'-cﬁanﬁe1.‘the effectg of ax1a1 conduct1on, v1scous and
Jou]ean dlss1pat1ons are 1nc1uded In connectnon M1th the'

f p]ane Po1seu111e f]ow the effects v1scou5 d1ss1pat1on:-

- on thermal 1nstab111ty in: the therma] entrance region of

ia hor1zonta1 para11e1 p]ate channe] heated from below are rd
a1so stud1ed F1na]1y, N1e1d s 11near stab111ty [13] for B
a hor1zonta1 11qu1d 1ayer cons1der1ng surfaCe tens1on angd.,
;buoyancy effects is extended to the case of water with max1-;
mum’ dens1ty effect for the temperature range 0 30°cC.

/..> ' In.ordervto §how c]ear]y the phys1ca1_prob1em%.con—‘
sidered‘ih;thfe thesis; the c]assiffcatien of‘the'prohlems

is giVéﬁ be]dwf(See'F;g',J);f‘ | ' '
h\ “Plane. Po1seu11]e Flow : | “f_%\

(a) Therma] Entrance R&GLOn Prnh1pm,fﬂm Low pnr]of

o

”Number Flow Reg1me (Bas1c Flow So]ut1on)

FT T =T at X = - (Chapter II)

ST 2’ -0 : ‘
(b) .Axraﬂ Conduct1on Effects on Convect1Ve Instab1—

-p;11ty, Ti' .'2, T ? Ty at X = - (Chap%er III)

() Max1mum Dens1ty Effects on Convect1ve Instabi-..
. ) >

‘11ty, 1 < Té, T = TO it X e w00 (Chapter IV)
Coe ’ (d):.V1scous D1ss1pat1on Effects on Convect1ve f:
_lnstab111ty,‘TT > TZ’.T'z-TO at % T 0" -

~ (Chapter V). . . D
' 2. Hartmann F]ow ‘ | ,
(a)' Basic- F]ow So]ut1on w1th Ax1a1 Cdnduction,

Jou]e Heat1ng and V1scous Dtss1pat1on Effects,

STy Ty T"='ro at‘X,= 0 (Chapter VD).



e
v . . .
o C . o

. (b)) Magnet1c Field Effects On Convect1ve Instab1-a
- o 1 '
N : - 11ty, TT >, Tz T = TO at X 0 gghapter,¥IP%

3. Hor1zonta1 Liquid Layer w1th Free Surface

0 e

»'g.(a) Maxwmum Dens1ty Effects on Therma] Instab1—
11ty Induced by Buoyancy and Surface Tens1on,
T, 0T >J

. o 1 < Thax < T2 (Chapter VIII)

4. _BIa51us F10w
i(a), Convect1ve Instab111ty of B]as1us FIow,.'

~

Tw > T (Chapter IX)

°

(b) Maxrmum Dens1ty Effects on Convect1ve Instab1-

- ) N 5 X N S - ) ' , o .
. o Tity,. of B]as1us FIow Tw-< Tmax - T,?o : m-fwnﬁ
(Chaoter X) B v

-

A remark regard1ng the structure and the method of

<

' presentat1on for the present d1ssertat1oﬁ*1s now in oroer

"_After carefu] con51derat1ons, 1t is. dec1ded that each

uchapter w111 be treated 1ndependent1y The- ndependent
presentat1oh of each chaptew affords one to d1scuss clearIy"
the scope of " each 1nvestlgat1on and the results obta1ned a
i.there1n Thus the conc]us1ons and s1gn1f1cance for each ‘

: probIem may be assessed read11y

a -
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CHAPTER In

L

LOW PECLET NUMBER HEAT TRANSFER IN THE THERMAL
ENTRANCE REGION OF PARALLEL PLATE OHANNELS
WITH UNEQUAL WALL TEMPERATURES

.(I : . .
The problem Qf Tow PecTet number thermaT entry heat

‘_:transfer for pTane Po1seu111e fTow in paraTTeﬂ plate

- channeﬂs with un1form but unequal wall temperatures is.4
approached by the e1genfunct1on expans1on method ut111z1ng

‘the Gram Schm1dt orthonorma11zat1on procedure ~ The formula-=.

t1on con51ders ax1aT heat conduct1on and a]]ows upstream

Lo Lt <

‘heat penetrat1on through the therma] entrance Numerlcal»

-]

:resuTts are obta1ned foruthe cdse with entrance conaition

il

”parameter'ﬂo'—,}.auq-feciet number Pe = 1, 5, 10 and 50.
The effect of Peclet. number on temperature°d1str1but1ons

r1n both upstream and downstream reg1ons is studied. - At

LIRS

50 the concept of ‘thermal boundary Tayer ds app]1cab]e

.and the present series soTut1on does not y1e1d phys1ca11y

¢

reasonab]e temperature dlstr1but1on ]ocaTTy near the upper

' -

p]ate at the thermaT entrance The d1ff1cu]ty may be‘

attr1buted to the nature of therma] boundary cond1t1ons

< e

at the therma] entrance ~and the trans1t1on from e111pt1c

_prob]em to paraboT1c probTem w1th the 1ncrease of Peclet

number R Sl e R .
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Nomenclature =~ . R , .
”,Bh,Cn,Dn \ = coeff1c1ents of ser]es expans1on in
. equations (S) and (6) .
A . 4
a%,bg,cJ,dJ = coeff1c1ents in equat1on (13)
Efj,sj,“', . = torthondrma] ﬁunctions" " o '4;;
h],‘h2 = local heat transfer coeff1c1ents af g
1ower and ugber plates- ‘ A
v»~, X : s e ' o , : .
kK iw 0 = thermal conductiyfty S
: . ) ’ "I‘ ) ' ‘“ . . : T ° L)
L,? =. height of channel and L/2
‘Nu1,Nu2} s loea1’Nusse]tPnumbers,_nil/kuand hzﬁ/k'
Pe = Peclet number, 4'Uﬁ2/a‘"
Dn,qg "?’t?, = coéfficients fn equation (j@)‘
@ . ° . ) ‘ / B
97,99 S = rates of heat transfer per,- uh1t area at
o - : lTower. and upper p]ates - Aj e
TQTOQT],Té’ = >?fuid temperature, unifarm entrance,
' teﬁperature, uniform but’dffferent lTower
, ' o and upper plate temperatures, respect1ve1y
,ngb’Tml . =~ bulk temperature and ST] +'T2)/21
U,Uh,u PR aaxial and mean veﬂqtities,_and'U/Um 3
X, Z = axial and transverseucoordinates
*X,2Z. ) d1mens1on1ess coord1nates, X/(3Pe2/8)
ST ~'_and Z/Q e k .

'
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_eigenfunctions

transformed coordinate, (= + 1)/2

i

thermal. diffusivity
eigenvalues -

Kronecker delta

.dimensién]ess temperature énd_uniform
‘€ntrance temperature, (T-Tm)/(TZQTﬁ)

and (Tg-Ty)/(T,-T,)"

o

o

Qemperatuke distributions in the ups tream
and-downstream-fegfons and bu]k;temperaf

ture

T

kinematic viscosity
dimensionless temperature profile,

(1 - 8)/2.
'orthbnorméT:function$  |

2 : : C k.



2.1 Introduction . .

When the axial heat conduct1on effect is: 1mportant'

for the thermaT entrance region probTem in tubes or channe]s,
the assumpb1on of uniform entrance temperature at X = 0

used in the cTass1caT Graetz formuTat1on [lebecomes phystc;:
ally unreaT1st1c because of the upstream heat penetratlon
The eTT1pt1c energy equation w1th the ax1aT conduct1on

term has been so]ved by several 1nvest1gators [2- 6] con-
s1der1ng th&-reg1on extendlng from X 7= to X = o for PR
fuTTy deveToped Tam1nar f1ow 1n tubes or channeTs us1ng
d1fferent theoret1ca1 soTut1on methods The thermaT bound-
ary cond1t1ons cons1dered so\}ar are: e1ther unlform ‘wall

,temperature 9; un1form waTT heat" fTux for - the downstream

'reg1on (X > 0) w1th the upstream reg1on (X\< 0) perfectly

o

fAsuTated. In add1t1on, the fTu1d temperature 1s taken to'
be un1form at X = co, A - .f-.l N 'ﬁ T -

. Conswder1ng the case of. pTane Po1seu1TTe fTow f‘\{:
horizontal paraTTeT-pTate channe]s s, the thermaT boundary ~;‘
cond1t1ons at the upper and Tower pTates may be d1fferent
>1n pract1ca1 app]1cat1ons The 1nterest1ng case of un1form:
afbut unequa] waTT temperatures [7] for Graetz problem does

not appear to have been 1nvest1gated in the p st using the

exact formuTat1Qp [4] cons1der1ng the ax1a] heat conduct1on

effect ‘
=3

The purpose of thws study is to present heat transfer~f.

,resuTts in the therma] entrance reg1on of p]ane Po1seu1TTe
s

flow between two hor1zontaT paral]e] pTates ma1ntanned\at

o .- . ’ - .
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’unéqual but constant wall témperatures A The analysis
based on a r1gorous formu]dtwon [4] and the main concern
here is the heat transfen charf”%&rist1CS 1n the low
Pec]et number flow reg1me The presen‘tanalys1s is motiv-
ated by the thermal 1nstab111ty ana]ys1s (Chapter III) to%
the onset of 10ng1tud1na1 and trans‘ﬁ}se ro]]s 1n para]lel—
plate channels heated from be]en ahd serves as a bagnc flow’
solutlon As compared w1th the earlier works [2- 6]: thﬁ k'.
present prob]em 1nvo]ves two d1st1nct sets of elgenva]ues
related - % even and _odd sets of e1genfunet1ons [7] whereas

.‘the pub]lshed and analyt1ca1 so]ut10ns are concerned only

w1th even ewgenva1ues and e1genfunct1ons

2.2 Theoretical Analysis .- .

2.2.1 GoizrningiEquatidns

Neg]ect1ng the viscous d1ss1pat1on effects, the energy

'equat1on and . the boundary condi tions 1n d1mens1on1ess form _'a7

for the therma] entrance reg1on prob]em (see Fig 1) w1t%

nnax1a1 heat conduct1on can be wr1tten as [4]

do 2 g 2 2 . S e
2 138 3-8 8 >73%8 . . T , =
BRI rialben AR - I O
3 ax_“az - *3Pe’ ‘axz T ‘e

.'for_;w’<-x-5 o o -’.*" "«(2)
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E]

iandﬁeigenfunéfiohé,’réépectiygly, for the adiabatic regfénéi”

n . . .

- Q0 - é

. -

. ,

n

4 .

8 . ¢ . .
. - \v .- . - ! . : N
N « oo _ . . »

a

where o 7 ¢ and Y _,'F -are the even- 3#nd odd eigenvalues "

- ; \; : . | ; . . — 0
‘Qé(m\z),=.0f, nz(xil) = 1, Uz(x,—]).z -1 for 0 « ;
. . )
o P—
A - . - . - - o ; . -
ﬁT(Q,z) ,02(0.2), 301(0'2)/dx~ UHZ(O,Z)!JX at xE‘ 0
- o )
where the dimensionless varfables are defined in Nomencla-
. . X . . (4] . 4 i - 0
ture and-u = (3/2)(1 - i?)‘for'p]aﬁe Poiseuj11e°ﬁ]OWu As
Pe ~ -, one tecovers the~case of neg]igiblé axial conduc-
. o o' . . ) : "
ti'on []].. - L D o ‘ . 0o L
. . . R . S ¢ »
. 2.2.2 Salution . l
The temperature distributiens in:thé:ddjabhxic and
the thermal entrance regidns satisfying th§~§ondition5'at :
‘X = 4+ _« are Soudhtliﬁ the fo]fowing form'f4,7]f
- s A .‘_?A.,,U_,,-',,,’,,,_,Av e -
ﬂ:(x:z) =3 4 § B Y (Ey:éip (azxf
-..;]. s & -O ) n-___«]'. nh 4 - n R
+ )A : A'( )°” '("'Zx) S e & ‘x‘ <o .
WL BT N EITEXP NERXS, <X S
n=1 . : .
i o -B
- 0 =
. - .‘ N * B ' - » ' ‘ - ;o
vz(x,%) = z"4 nil Qan(z) exp (;an).
[} . . .

t
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’ St Pt S &
s e g o o 'ﬂ . i} A : -e~mph
L ’ . ‘ . - T - p:!»
: S1m1]ar1y,_8n; Ynf and R, :Zh are the even and odd eigen-, = . .

T "fhvalues and. e1genfunct1ons, respect1vely,_for the therma]

o —\

. eptrance reg1on f The as%oc1atéd cha?acter1st1c equat1ons

fand boundary cond1t1ons awe " ;s T
PR - - .

.—.-..\-

'd?Yn ,  Ba-2 » A T
442 +»‘n [S3PQ) = (17~ z )]tmlz O%AQYH(i]}/d? = q.,; . _(7)

- ‘. : -v ‘ 0 o " . : -C. .

dZFn .'2' 8€n,_ 2 . 2 ’ . ] ‘ . - - e i A. ’ VA_ .
b g bgpe) (1 - 29 F ='Q>,"an_(i1.)"/‘dz.‘=_ 0 ,'A-_\.(_g)ﬂ.

|~
d'ZRn - ‘é~} 85n'? T 2 fV - R ' o o J.“"*___'
a7 St Blape) (- 2D IR, =g, Rplel) =0 (9)
. 7 = -
d?z: 2 ; :

i fit'{s noted“that'ae Pe »‘ﬁl the set of equat1ons (9)

\\\\\\;and (10} reduces to the type of the Graetz prob]em [1]

\ e
thrs study, equat1ons (7) to (]0) are so]ved numer1ca11y by ‘
fu31ng a fourth order Runge Kutta method [9] ‘ Two hundred. o

equa] steps are emp]oyed and the boundary cond1t1ons at

Z = O are used as the start1ng po1nt The e1genva1ues ;re
1mproved by us1ng the var1ab1e secant method [9] wh1ch )
requ1res assum1ng two. tr1a1 va]ues with a d1fference of

say 0. 005 at the start The even e1genva1uesvgn‘are 11sted

el ”3pe L A e DL IR A I D



‘ &, are found R ééree with tho

> o L A PR .
. L.

t‘1n reference [4] for Pe =71,”5;A10, Sbrendicen‘he_uéed as
;the'1n1t1a1 va1ues 1n this stndy hThe nuhber'Of‘iterAtibne
) ';eqd1red to have a to]erance of dYn( )/dz, dF (1)/dz,v |
,VR (]); or Zn(l)-n_197§ depends on the 1n1t1a1 gues§ for o
each eigenvaiUe.but 1t usua11y takes 3 to 7 1terat1ons N
hThe spectrum of the e1genva1ues is checked by p]ott1ng N ;;‘
.cn;-ﬁn Qr.yn‘versus n.. The,e1genVa1ues_fqr~Pe = 1,f§,.10,
.”Sb_are 1j§ted'in_Tab1e§;T and ‘“d fhe‘even‘eigenva]des‘dt‘

' breported in reference [(4].

The ser1es expans1on coeff1c1ents A Bn’ Ca,;Dn.are

'determ1ned ‘by app1y1ng the match1ng cond1t1ons at x = 0,
equat1Qn (4),: for the two reg1ons ' Subst1tut1ng.equatipns:

-

(S)Gand-(G) into (4) X1e1ds:

o .. . ' ;'» =3 ', " . _ , v oo 2
. HZ"Can(Z) "hz]‘BnYn(;> 5,80’“hz1 Can n( X
+ nz B-n;‘a Y. (z) =0 (11-) 
nzT Dnzn(Z) - nzl AnFnKZ) =,st nzl DnYnZn(Z)
+ ? A e2F.(z)'= 0 S (12)
n=l n-n : R

< -

Since the -axial conduction term.is retained, the eigen-

- .
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‘_funct1ons 1ack the orthogona11ty property and the e1gen—
funct1on expans1on techn1que common]y used for the Sturm—

7L10UV1]]€ system cannot be used here 1n eva]uat1ng the e

) @

‘ser1es expans1on coeff1c1ents Fo]]ow1ng the procedure
descr1bed din reference [4], the four complete sets of tr1a1

?crthonorma] functwons in terms of ¥ ,'?ﬁ, Rn’ and Z

Vrespect1ve1y, can be constructed by a ]1near comb1nat1on_

°

in- the fo110w1ng form"

_ . J T J IR
o= 1wy (23, fo= Y 4R (2,
Toonsr MRS 3 gy . ;
0 e “}'T ."'T.' o 3'. o 13)
i oo S - o o
: 3 - 3 - SRR
é w2 Yo adR (), s Yocdz i o
Tommp MRS T gy e
P o - 'ID" ! E . . ) - . ' Q-e,(} o ’.4 03-‘ e
"where \f By0; dz = %4503 = 1,2, ... and a similar rela-
't1onsh1p ho]ds for f QJ and Sj‘ The Gramm Schm1dt ortho-

norma11zat10n procedure can now be app11ed step by’ step as
‘ descr1bed(1n references {4, 10] ‘ By . the f0110w1ng 11near
transformat1ons [4], the e1genfunct1ons can be expressed

- S e -

converse]y 1n terms of the orthOnorma] funct1ons as .

ﬁYn{z)'zij].q?¢j(Z): Fd(i)'%k;ZT'tsfj(z) “
; " (14)
’-v:f n - . e an, n - ’ -



‘The coeff1c1ents q vf?;.pg and t can be obta1ned from

 the - matr1x equat1ons [q] [b]'] .[r] [d]'], [p] [a]
and [t]-= [c]” 1.- Subst1tut1ng equat1on (14) 1nto equat1ons_
(11) and (12), one obta1n5r

Lot 8. pSu) - 7 B (Y ael) =6
. n= n,j=1 J7J n=1 T Jj=1- JJ . 0 o
Q. | y (‘1%)‘
n=1 n-n F=1 j J nic] n-n J:] j j ’
v | SRR N
@ n n g . n ,n..
Yoo ¢ s) -7 3 = -
ngl ?dKjZ] rqu) IUZT An(jz1 J?J) .z | |
. . : , ; S ,;(165 o
3:0 Dan( g rns ) 3 of A .Ei(og tnf) IS L
asy 0 ge, nfr nnlsty B

L. By not1ng the orthonorma] propert1es for w ¢j,-sj
""“f :;7 ‘

"and”f., one obta1ns the fo11ow1ng sets of equat1ons after

',etruncat1ng the 1nf1n1te series at n =,N.

- X ' L A;': . /
e LTI ’{ "4 . ) j] -

.. C p.G. . - B ( q. - ¢ .p.dz) = 6 v.dz
=1 M= YN sy MogEyn g I o 0¥

N n N N _

- 2 n . 2 n

C el . + B o % 0
F%l. np"(J§1 pq\f $50i92) nE] ”anf Z qJélJ)
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Vn( 2 N -fb sjfidz) + Z:'A en(
o9 n=1
“Incthis study, N 15 takes to be 20 for Pe = 1, 55010, and 50

The two systems of s1mu1taneous equat1ons for the co—m

eff1c1ent B ,-Cn and. A ,QDn_are so]ved by uswng the Gauss1an

e11m1natron method'(IBM SSP DGELG) on IBM 360/67 w1th a

oure1at1ve tolerance of - 10 " The results and the re]ated

: ;constantsvare ]1st%d in Tab]es 3 6 The ser1es expansqon

vcoefficients”with N’e 20 are a1so obta1ned by us1ng a method
:for nonorthogona] ser1es descrlbed by Kantorov1ch and Kry]ov

r[]]] but 1t y1e1ds neg11g1b1e 1mpnovement 1n the accuracy

lof the ser1es expans1on coeff1c1ents ifter obta1n1ng the Se T

coeff1c1ents, the match1ng cond1t1ons at x = O glven by

c * .

'-equat1on (4) are checked : The first match1ng cond1t10n

'O] = 0 o s sat1sf1ed very we]] and three s1gn1f1cant flgures
. agree exclud1ng the po1nts near the - upper and lower plates
"The second match1ng cond1t1on 26 /ax 38 /ax,1s me t satis-.
'factor11y but the agreement is one order 1ower _hIt.ts“;'b
:expected that the match1ng cond1t1ons at z = +1 n$11‘notuw
"be sat1sf1ed 1n v1ew of the d1scont1nu1ty of the boundary
'COnd1t1ons at X =~Oi_ It 1s a1so found that four s1gn1f4cant

<fwgures agree for bu1k temperatures at x =h0.

o -

s .

.



‘ 'ujwhereutheuﬂiik teﬁpefatufe.eb isfj'u"

‘2.2.3 Local Nusse]t Numbers=

The 1oca1 Nusse]t numbers Nu and Nu “at the 1ower

1 ,
'and upper p1ates def1ned by the fo]]ow1ng equat1ons for the-

cas.e - of heatlng from be]ow (T] > T ) are- of pract1ca1

}1nterest 1n th1s study

o ﬁ:h”64z) ey me,
_ o 44 1 : 4 2y oL )
B R LfFL M =T, - Tvg 5z ). . (9

B3

H

Na(A2) 4y Y. 4t ey

1 I

Nu " (20)

LB s [-»_uuuz/f . udz - - 0 T(21)

”Substituting equatjoh:(s);{ptuiequéyiqqsixj39vtog(Zl)_yTelds, -

4+4[ 2 C dR (1)/dz)exp( 8 x) Z D (dZ (1)/dz)exp(«y x)]
“Nuy, 5 = —-n=1 . n-

1+(3/2) Z C exp( B x)[(dR (l)/dz)/s +(88 /3Pe Ian(z)dz]
S =1l " »

”. ST T —2— Z]Cnexp(_snx) [———2-— (3Pe) fo Rn(Z)dZJ(23)



2.3 Results and‘DﬁscussTon'h

‘the reg1on -30 < "X < -4 can be regarded to be a pure ax1a1

20 .

Vo

The bulk temperature in-the adiabatic seétion is

L,
. e . 3 oy 8 .
Cp = 9 v 5 (3p8)

2 a2 BN oar
5 ‘ e, B an,‘v ex.p"(qh?(:)‘ 'fov Ynt_z)d:z » (24)‘

1 n

T g

o o .
P
S

'One may note that the case Pe + 00 corresponds to that of no -

«
aX1a1 conductlon ' R el .‘,f._ -
} . . .

-
4

The prof11es of the f1rst e1ght e1genfunct1ons on]y

‘_for-Y N’ R ,'Zn‘and F -are shown in F1gs 2 to -5 for,Pe,s 1;

n
‘"The deve10p1ng temperature prof11es, ¢e =;L(17?- 8), versus.
"the transformed coord1nate z = (z * 1)/2 1n both upstream

and downstream reg1ons .are’ presented in F1gs 6 to 8- for ‘

,aPe,= ] 5 and 10, respect1ve1y, w1th &0 3'T. In ng

(Pe*=;1), the temperature profile is seen to be f]at up-

tstream of x = —4 (¢8 = 0 27). At x‘ .—30’,one obta1ns .
,ﬁé'? 0. 027 Th1s suggests that at Pe 21 the ax1a] heat‘

'conduct1on effect 1s felt throughout a rather extens1ve up—

'“stream reg1on For the upstream reg1on X <.-41 the effect

of the 1ower p]ate x >0 at temperature.T] disappearsftom—

plete]y and the. transverse conductwon term el e/azz,inhenergy“

Hes,

equat1on (T) can. be neg]ected ent1re1y Thus,.at Pe = 1.

“b.

,conduct1on regwon ‘The ful]y deve]oped temperature prof11e
7% seen.to be atta1ned at x ® 6. In the reg1on —O T < x < O 1

" the change of the temperature prof11e is rather gradua] In

-

® -



bhtemperature pro

‘Fig: 6, the ax! al d1str1but1ons of: the wa]l temperatures
in the ad1abat c reg1on dre’ also of 1ntérest

. The effec_ of the ax1al heat conduct1on oM deve]oplngA

1]es in both ad1abat1c and heated regrons
pers1sts for Pe = 5 and 10 as, shown in F1gs 7 and 8, -
' respectjvely;.'l “is a]so seen that ‘the un1form entrancer
f1u1d temperature ¢8 = 0 1s pract1ca]1y reached at x ='—2
:mnd -1 for Pe % 5\and 10 respectjvely; At Pe =‘50;shoan
in’ F1g 9; the'ax1 1 heatuoonduotton‘etfect.is eont%ned to'fd'
a ratherrsmall reg on 0 < é < 0.3, -0.05 < x:< 0. The up-
stream heat penetrat1on 1n the region near the upper platev

»

p 6 < z < 1. 0, -1071 < «x < IO 3 15 apparent]y not a phys1ca]

':solut1on and the tem erature f1e1d is ¢0 = 0 there _ The.

1mpos1t1on of the d1scont1nuous boundary cond1t1ons

©

3¢ (0 1)/82 =0 and 0,1) = 0 coupled with the un1form .

62( .
Aentrance temperature cond1t1on ¢e] =0 at x = - for ®

v 7
e

0.6 < 2z < 1.0 is appar_nt]y the source of d1ff1cu1ty The

'1ﬁ.mathemat1ca1 conditions} ment1oned are 1ncompat1b1e w1th the

phy51éa1 91tuat1on and- one thus concludds that the mathe-
lmat1ca1 so]ut1on fa115 for the small region 0.6 <.z < 1. O
--10 =3 < x g 10 3. From pract1ca1 v1ewpo1nt‘31t is seen.

that the ax1a1 heat conduct1on is- not s1gn1f1cant at Pe > 50.
It shou]d be po1nted out that the above d1ff1cu1ty ar1ses
on]y when the boundary cond1t1ons at 1ower and“upper p]ates
. are_d1fferent, Thls also serves to emphas1ze the differ-
‘ence between the oresent_arob1em“and that of:pubiished.

wark [43)

1
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a

ihr“the‘preseht problem the matching of the tempera—

tures, andaaxial temperature gradlents at x_-oO 1; er1t1cal
'Band the}results for ¢6 at x‘= O‘arehshown in Fig. 10 for ‘
Pe =1, 5; 10 and 50. The'matchingiis satisffed very weJ]“
“ﬁor Pe”e t, 5 and 10 but the- numer1ca1 resu1t for Pe 5oﬂj'
near the upper p]ate is. not a phys1ca1 so]ut1on Phys1c¥
;ally, one knows that the upstream and downstream tempera-bn
tures, ¢Gt and ¢92’ shou1d be conf1nuous at X s_Q 1nc1ud1ng
-upper_andw1ower<p]ates .Fig. 10 shows that at the 1omer._“
'pPate g = the temperature d1scont1nu1ty for oe 1ncreaseso
‘withfthe 1ncrease of Pec]et number bn the-otmer hand at
‘the upper p]ate Z =)‘@ the agreement for ¢e] anq ¢é2 .
jb:.etter_for Pe = 50 than for Pe '=4»1'_g. At pe = 50, . the d1-s~ -
continufty'for ¢é at 2~:-1:1s c]ear]y the source of d1ff1-}
“.cu1ty s1nce the ser1e§vsolut1on for oe must be cont1nuous
and oe‘= 0 for 0. 2'< z°< 1.0. The %athemat1ca1 d1ff1cu]ty
near the upper plate at x = 0. for Pe = 50 can.also be
exp]alned from the" energy equat1%n (1) . when the Pec]et’ .
number 1s 1arge, the concept of therma] boundary layer-is °
rvapp11cabde and’ aO/ax sand. 3 e/ax2 are; zero,1h the»ne1ghboun;-
hood of the upper p]ate near xZ?'O.j As:a'resulu,’one obta1ns<1

“f z z 0 on]y and the transverse conduct1on term cannot
be baTanced by the-convect1ve term. One. notes that the
above- s1tuat1on does not occur near the lower, p]ate where'
one has therma] boundary 1ayer ‘ The above exp1anat1on~,ﬁ'Q

A»represents another source of d1ff1cu1ty bes1des the thermal

’ boundary\cond1t1ons at X =10; Further 1ncrease of the

L=}
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numbel‘of ser1es coeff1c1ents ton = ?4,does not improve r
the numer1ca1 requts,for Pe = 1, 5, 10 and 50 near x-’= 0.

It.;is found that'with n = 26, the Gram determinant [4]

4~ 0 for the odd e1genfunctxons Z and the .series co-ah

n

‘_eff1c1ents cannot be obta1ned It ds a]so found that w1th

.n,='26, the e1§!nfunct1on Z is ‘of, the order 10 -3 (see a]so-

Figs 4). -It is thus seen that as n 1ncreases Z decreases

The effect of Eeclet number on the ax1a1 d1str1but1on

of the b&]k temperature is. shown in Fig. 11‘and the numeri-

cal resu]ts are 1rsted in Iable 7. oAt_Re =.1, the axial

;heat conduction effect is quite appreciable but at Pe = 50

. the effect may be pract1ca1]y neg11g1b1e The upstream and',

'downstream deve]opment 1engths for atta1n1ng the asymptot1c

©

b

'values 8, = 1 and 0, respect1ve1y,“depend on-Pec]etknumber.

The local Nusselt number results at the lower and

upper plates are'Shown in Fig., 12 f&r Pec=:], 5, 10, 50 and

0

o owith B = I and the Aumerical results are listed in

Table 8. "The behavior of the local Nusselt number at.lower
plate Nu] is genera]]y 51m11ar to that reported in refer;
.ences [a, 10] Near x = . both Nu] and Nu become quite

‘,un1form w1th the decrease of Pec}et number when the axial

‘Feat eonduct1on is. neg]?g1b]e (Pe -+ «),. Nu] - o as X - 0

-and Nuz is Zero throughout some therma] entry region .near.

X = 0. The case of Re = ® is also d1scussed in reference

‘[7j. It is seen‘that'both Nu] and“Nu’ for various Peclet

numbers approach the same fu]]y deve]oped va]ue 4.0 and the

" thermal entrance 1ength 1ncreases wi-th the decreasefbf
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Peclet hhmber;

2.4 Concludinthemarks ,
: 1. For 60 = 1, the present phys1ca] mode] is not
app11cab1e when Pe > 50 and the c]ass1ca1 Graetz formula-
“tion neg]ect1ng ax1a1 heat conduct1on shou]d be used. Tt
appears that: the mathematlcaI d1ff1cu1ty arlses as the
phys1ca1 prob]em changes frOm elliptical problem to para-
bolic prob]em ~ When Pe < 50, the ax1a1 heat.conduct1on-
effect on bulk temperature ‘and .1gcal Nusée]t numberé fs o

:rapprec1ab1e The numer1cal resu]ts for 80 # 1 can a]soAbe

'obtatned w1thout d1ff1cu1ty

) 2.' The ‘even e1genva]ues an’.Bn Checkjvery well with

'those reported in reference [4] and can also be used in
ascerta1n1ng the- ezgenva1ue spectrum .The.characterfst{c
equat1ons (7) and (ersuggest that for Pe < ]; the»approxi—,

- ‘mate eigenvalues for an ?”d-b can be obtained by the fo1low-

. [»4
ing relations.

. L ,,
2 _ 8p i .
a,n = T (n - »1)77: On = 2, 3, ’
. o
2 8pe 1y i ’
.bn. - T (n - 2)'”', n ]9 2’ 3,

Genera11Y, the above-approximations fmprqve with the increase
of n. It is found that the above approximations can still

.
3

<
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be used for Pe = 5 but.the accuracy decreases by one order

" of magnitude as compared-with the case of Pe = 1. It s

. .also found tpat'cn = “an *_Ph+1)/2 and Yn = (Bn + ‘n+1)/2 )
for any Pe. For Pe = =, the eigenvalues B,s Y, from rejsr;j;,f““

ence [7] areIUSed -
‘ 3. The present numerwcal resu]ts as shown in F1g -,
c]early br1ng out the nature of the ana]yt1ca1~so]ut1on for
the present e]]lpt1c prob]em W1th Pe'=‘50, The local mathe-- i;
' mat1ca1{d1ff1culty for Pe = 50 near the upper p1ate at -
;x = 0 is noteworthy and the phenomenon does not -’ appear to
-;'have been po1nted out. in the past. At Pe = 50, the d1ff1—
-culty,ws confined to the ‘Jocal regibninear‘x ='0'and z-e 1
but the bulk temperature appears to be reasonable as shown
" in Fig. t]. o
,_4.' for low Pec]et number f]ow reglme, the ax1a1 hedt
conduction can cause a cons1derab]e 1ncrease in thermal .
:d;velopment 1engths for both upstream and downstream reg1onsU
| <§. For low Pec]et number’ flow (Pe < 50), oné can-

%

clear]y 1dent1fy three d1fferent reg1mes, name]y pure ax1al

Lheat conduct1on, deve10p1ng and fu]]y developed reglons, for _
the therma] entrance reg1on prob]em when heat1ng is from‘“t‘
~below (T > T ), therma] 1nstab111ty problem concerned w1th

rthe onset of secondary fgw in the form of ]ong1tud1na] vor-
t1ces or transverse rolls ar1ses at a certa1n AT = T]’- TZ‘ C

rThe 1nstab111ty problem is stud1ed in Chapter III . and the

‘present so]ut1on serves as a bas1c f]ow so]ut1on

E
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] Table-a.

:"Ipze' = ]O E l.‘ o 19

2 n Q, ‘ . Cn - - Dn ™
"1 0. 8919186E+00 -0. 9u6u5u1a+00
a2 20.1335596F¢00 (.616B914E+00
_ 3 026208682E-01:-0.5065044E+00
5 4:=0.3855233E-01 '0.4481160E+00
°5.'0+2731553E=01 -0. as1a227n+oo‘

&.-0.2089380B~01" 0.3862228E+00

7r 0% 168G396E-01 -c 367967T9E+00

'-o A400247E-01 0°3502948E+00

o . 0.71198076E-01 -0.3438547E+00

i o 0. 1046403E-01 $43358301E+00

0011, 0,.9292193E-02.40. 3297 140E+00

Yo 12 Zo. B366U492E-02 - 0. 3251958E+00

S 13 $0.3623542E=02 -0.3227T125E+00

. .14.-0.7027T615E-02 0. 3204253E+00
‘:.}5. "0.6533578E-02>~0.3202435E+Q0 -

7 .16°-0.6143181E-02 0.3218769E+00
e % 477 0VSBBU9TBE-02 <0.3260194E+00 .

- 18 -0.5653665E-02 (.. 3344835E+00

“19  0.536CJ02E-02 =0.3352307E+00

S 200 -0 8u93uzpe-02 o ssoesuszooo

R v

e “Pe .= Boh’wf e S e :

: n l o G, e ;f o DDA .

"1 0. 1173517401 . =0 206&899E*01
22 =0.2672103E+00 . 0..2202653E+01 "

;. 7°%3.°0.313438B8E+00 -0.2289122F+07
e 4 -0,6870827E-01 0.2230526E+01"
.. <57 0.4802351E~01 -0.2089294E+01
e 6020 35u3@233-01'°@.1929623E¢Q1:

7.0, 291354 7E-03. -0.1784788E+01

o .8 0. 2415891E-01 . C.1664559E+01 -
BRI I 1 )4 205717og-of =0.1568214E+01

“ 110 -0.1788212E-01" 0.1491690E+01
“.11. 0.1579968E-01,-0.14:30730E+01"

:;TQ.-0.141QGQQE 01 0.1381813E+01

3B/ 1280749E-01 ~C.. T342290E+01

18 -0.1)70593E-01 .f0.1310243E+01
% 19, 0.1078596E-01 -0.128u369E+01.

165~ 0. 1004443E-01 0% 1263963E+01

17, 0,9201800E-02 -0.1248134E+01

18 -0.9612815E=02 . C: 1245612E+01

19 0.6512986E-02 ~0.1215001E+01

20 -0. 1063265E—01

o.-° o - o

0.13397903{915

-'g'

Ser1es Coeff1cTents for Pe. = 76‘“50

: B-n ..
~0.2892040E+00
0.1251294E+00
0. 3088&962-01
-0.5772156E=-01
-0.1912460B-01

0.1281S74E+ 01

-=0.8991931E~02
0.64737638=-02
-0.4710562E-02
0.3414628E=02

0.1633614E-02

-0;98373392603

0.4273208E-03
'0,7039815E=-04

-0.5402192E~03
0.1016211E-02

-0 154'76898-02
© 0.2226568E=02"

=0 3233073E 02,
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K \ﬂ " . . .

. B.‘i .'D" i
n
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-0 16838763-02
0.16336383—02
-0.8145717E=02

0. 16568982-01"

-0.2422258R-02 -

%I “

A
. 1
R
0.5903097E+Q0
~0.3653355E+00
0.6207773E#00

-0.2708927E400 "

0.2296907E+00
=0.1955116E+0C

"0.1663082E+00
=0.1406017E+00 °

6. 1173516E+00.
-0.9579600E~01.. . °

0.75337738--01
~0.5546776E=01
0:3570048E-01

-0.1551238E-01"

~0.5747644E-02

-0, 1642383E-01
0,,1125556E=01 -
=0.14525TUE+ 00O .

-0. 766769“8-02

0.5073201E-02
<0.3195984E-02
.0.1548979TE-02

~0.26400°38E-03

-0.8498411E=03
D:1867187E=-02-

-0.2852022E~02

0.3862825E=02

-~0.459477T40E=~02
,0.611Y490E=02;
<0.72106238=02'

0.7726018R»02

-p0.65u50263ﬁ02

o

o

°0. ?900392?-014-

~e,55770225s01

.8887634E~01
<0. 13u35553*00
0. 2050235F+00

o
o . .

.. A .
. ,n
-0, 27111258-01
0.9177557E= 01
~0.1855223E+00.
0.2363296E+00

40'22§519usooo_

0. 19u39153obo

0.8765537E-0)"

=0 2359u065—01

-0.4673073E-01
0. 12“35&1?000

=0.2114489E+00

0.3114783E+00
~0.4293466E+00"

0.5707804E+00 -
~0.7385%06E+00 .

0.9189002E+00-

lo 1048759E+01

0.9714917E+00, -

-0. 5091M6OE#00
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‘Table 5.

R I B

0:1542929E+0'1 -

1
;_ o 4680637E+01,
‘3 -0. '7822316E+01
47 0.1096401E+02

-~ 5.-0.1410566E+02 °
6 0.172u730E+02
.7 -0.2038893E+02.
"8 0.2353055E+02
9 -0.2667217TE+02
10° 0.2981376E+02"
17 -0.3295533E402
12 0.36096B5E+02
13 <0.3923827E+02

1u 0. u23795uz§@2

15 -0.4552058E+02 .
1% . 0:4866127E+02

17 -0.5180146E+02
18 .0.509U094E+02
19 - 035807547+ 02

0.6121670E+02

“Per = 5.

n | Rn (1)

1 -0.14793u3E+01
"2 0.45503B6E+01_
3 -0.7689307E+01

4 o 1083221E+02

5 .1397801E+02
.s° o ﬁ7117523+02

7 -0.2025980E+02"

8 0.234C192E+02

9 ~0.2654393E+02
107 0+2968585E+02
11 -0.3282768E+02..
12 0.3596941E+02
13 -0.39,11102F+02
14  0.4225245E+02

~0.4539363F+02

16, 0.4UB8S534U4E+0Q2
17 ~0.5167474E+02

0.5481432E+02

19 -0,5795293E+02

0.519902u3+02

0.6332777TE+00
'-0,2205305E+00

0.13C7080E+00 .~0.9901758E+00 -0.2858931E

=0.927 19975k~ 01
0.7181920E-C 1.
-0.5860316E~ 01,

Constants for Pe & |

: .

~0.9718497F+00
0.98537988400

0.992606 7E+00

~0.9940740E+00-~0,365C1C7E-0

0.9950554F+00

; Yn(z)d4ﬂ

: 0

0 1003635P‘L
0. 2487996 F "01
02
0.8573151E ¢33

-0.1880612F 03

0. “90936&E-01 -0.9957577E+00 ~0.1093154E~-01 "

-0.4283458E-01
0.3775464E-01"
=0.3375170E~ 01

“0.9962848E+00

~0.9966944E*+00

0.9970210E+00

0.6906848F (U
=0.4638502E0Y
0.3264906E 0Ou

0.3051613E-01 ~0.9972865E+00 -0. 2383416F-04

~0.2784653E~01 -
0.2560637E-01
- 0. 23699652y01
0.2205714E<01
~0.2062729E~01
0.1937144E-01
-0.1825934E-01
0.1726787E-01
=0.1637793E-01

ﬂ
.-J Rn(z)dz
N
0.6255824E+00
~0.2471675E+00 -
0.1437973E+00
-0.9984576E~01
0.7620965%E<01
~0.6155989E-01
0.5161474E~01°
~0.4442847E-01.
"0.3899535E-01
-0.3474455E~-01
0.3132847E-01
-C.2852338E-01
0.2617897E-01
-0.2413033E-01
0.22u8227E-01
<0.2099917E-01
0.1969948E-01
-0.1855084E~01
0.175286 1E~01
~0.1661252E~-01

0.9975048E+00
-0.99768558+00

0.9978345E+00-

-0.9979558E+00

. 0.9980515E+00
~0.9981224E+00

0.9981680EB+ 00

-0.9981870E+00
0.9981769E+Q0

7,0 ()

~0.8870738E+00

0.9325373E+00
-0.9532163E+00
D.96432T3E+Q0

~0.9711887E+00.

0.9758450E+00
~0.9792074E+ 00

0.9817483E+00 -

'~0.9837352E+00
0.9853305SE+00

-0.9866385E+00"

'0.9877287E+00
~0.9886493E+C0 _
0. 989u3a13+oo
~3.9901077E+00
0.9906876E+00
~0.9911865E+0CC
0.9916132E+00

‘; fon. \

0.1794583EF 04 _
~0.1382625E-04
ND.10914B7E  0u
~0.8722032EF -05
0.7.149447F-05""
~0.585C6UBE- (S
0.4968200F 05

-D.4113237E-05 . -

0.3635954E.05

LY (z2)dz

c. 1097ouca+o"
0. 1355337s+o?
~0,1030541F 01
0,3537791E-02
~0.1578519E 02
.0.8364927E-03
~0.4955463F 03
0.3174060E=-01

=0.2153866F~-023.
0.1528110E-03

~0.1123004F 03
C.BU95129E-0u4 -
~0,.6578752E 04"
0.5201762E-~04
~C.4179376F-0u4

o



.20

12

2¢C

S Table s

]

PRHXj)

-0.145094 1E+01

1
2. 0.4399766E+01
3 -0.7516604E+01
‘U ., 0.1065870+02
.5--0.1380 ‘38E+02
6 0.1694780E+02 "
7 -0. 20091683+02
8 0. 2323511E+02
‘9 ~0.2637818BE+02
10 0.2932097E%02-

11 -0.3286353E+02

0.3580589E+02

13 -0.3894803E+02°
14 Q.4208992E+02

15:-0.4523149E402
16- 0.4837266E+02
17 -0.5151327E+02 .
18, 0.5465314E+02

19 -0.5779200E+02

0.6092954E+02
- Pe.'= 50 . ©
n » _ ‘Rn (])

1 -0.1430361E+.01

2 . 0.392166B8E+01
3 -0.6526332E+01
4 0.9381547E+01
‘5 -0.1200030E+02
6. 0.1549773E+02
7 -0, 1862880E+02
8. 0.2177358E+02
9 -0.2492367E+02

10 0.°2807555E+02
-0.3122766E+02 . 0 .
~0.3681980E-01 -

11

12 0.3437935E+02
13 ~0.3753032E+02
14 0.4068045E+02
- 15 ~0.4-382964E+02
16 - 0.4697782E+02
17 -0.5012490E+02
18 0.5327072E+02
19 -0.5641508E+02

 0.5955770E+0Q2

'y

N 1 .
foRd(z)dz.

7 0.6221126E+00

~0.2694375E+00
0. 1586751E+ G0
-0.1086674E+00
- 0.8178658E-01

-0. 6533700E 01.

0. 5“327893-01

-0 -3646587E-01

0.405T929E=01.

=0.360%030E-01 -~

0.3236270E-01

-0'2938Q05E 01

0.2690626E~01
-0 2481292E-01
“0,2302122E- 01
~0.2147024E~01
‘0.2011470E=01

-0 1891957E-01 ~

" 0.1785823E-01

‘-6.16908?23~0)

0.6195853E+00-
-0.3136271E+00
0.2180790F+ 00

-0.1606071E+00

0.1219932E+400
-0.9553246E~01

0.7710212E-01
-0.6394882E-01
0.5428896E-01
-0.4698805E-01.
'0.4132185E-01

.0.3316898E~01
-0.3015562E-01
0.2763031E-01

~0.2508559E-01"

10.2364317E~01.
~0.2204401E-01
0.2064386E-01

-0.1940767E-01

Constants for Pé =

10, 50 '

'.Zn|(‘]). '

<0.8234686E+00 0

"0.8777721E+00

~0.9118169E+00 .
0.9316426E+00.

“0.9443031E+00

0.9530353E+00 .
~0.8741264E-03
0.5701851F~03. :

-0.9594095E+00
0.9642633E+00
~0.9680807E+00

~0.9736962E+00

-0.977619DE+00
0497916288+ 00

-0.9804977E+00
0.9816589E+ 00 .

-0.9826729E+00
0.9835593E+00
~0.9843324E+ 00
O 9850026F+oo

z'(T)
=0.7255992E+00
0.6941612E+00

~0.7173387E+00
0.7513932E+00

-0.7827980E+ Q0
".0.8088148E+00 .

-0.8298795E+ 00

0.8470042E+00 -
-0.8610975E+00"
0.8728580E+00 .
~0.5576744F~03. -

-0.8828024E+ 0D
0.8913119E+00
~0.8986704E+00

04 9050922E+00
=0.9107411E+00

0.915744 1B+ 00

-0.9202006E+ 00"

0.9241892E+00._
-0 9277723E+00

0.9309997E+00-

0.9711605E+00 .

0.9758186E+ 00

33

OYn(z)dz
0.1454703E+01
0_278205ub+00‘
0.5467240E-02

~0.7086805E- 02

~0.2605437E-02
0.1437739E-02

-0.3921973E~03

0.2811812E 03 .

-0.2083805%~07
0.1587004E-03

“0.1236121E-03 .

0.9818372E-04 -
-0.7923377E~04 -
0.6492889€E-0u
-0.5379070E- 04
0.4517595E 04
~-0.3817156E~ 04
0,3272955£~ou

E ] R ,‘
(Y (z)
. Jo n .
0. 8922377B+02»;
0.1145040E+02

0.1063733F+01

0.2069817E+00 |
0.4233084E- 01
Q. 56201682 02
~0.1271895E=02

0. 1147005E-02 -

~0.8870667E-03
0..6988601E~-03

0 4508095E-03

'~0.3688738E-~03

0.3052741E-03
=0.2552221F~-03

0.2154448E-03
~0. 1833656E-03

0.1573830E-03
'~0.1359350E~073

0:1183396E~03
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- -6.0000 .

-4.0000
-2.0000
-1.0000
© =0.1000"
-0.0500. -
-0.0100 -
.=0.0050
©-0.0010
0.0001
d.0002
0.0004
0.0006
C.0008
0.0010
0.0020
- 0.0040
© 0.0060C
0.0080 -
0.0100.,
0.0200
0.0400
0.0600
0.0800
0,1000
.0.2000
0.4000
0.6000
0.8000
1.0000
2.0000
4.0000
6.0000
8.0000
10.0000°

e

Table 7 Bulk Meén Tempera tures i

. &

:\.'—]

0.492

0.387 -

0.262

0. 192

.0.128

0.124
0.122
01271

0121

0. 121
0.121
0. 121
0.121
0.121

0. 12 1-"

0. 121
0.121
0. 121
0.121
0.121
0.120
0. 119
0.117
0.116
0.115
0.109

"0.098

.0.088 .,

0.079
0.071

0.042

0.014

0.005 -

0.002

0.001 -

-
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[
0.0001
0.0002
0.000u4
0.0006

‘0.0008
0.0010

10.0020

0.0040

" 0.0060

. 0.0080
0.0100

0.0200

0.0#00

- 0.0600°

-0.0800

0.1000

0.2000

0.4000

0.6000
0.8000

1.0000 -

2.0000

4.0000

', * ,Pe
©0.0001
. 0.0002
b.0004
¢.0006

7 0.0008

0.0010

0..0020"

G.0040

-0.0060 -

0.0080,
.0.0100
0.0200

c.0400.

6.060C

0.0800 _

06.1020

« £0%2000

0.4000
0.6000
10.8000
1.0000

©2.0000,
4.0000"

Table‘S ussglt Numbers -
) ‘ BT

'N“L:

31.141
3.
31,049

30.988
30.9217

30.866"
30.565
129.978
29.409
28.858

_Nu2

25.298
25,273 .

'25.222
25.172

25.122.

25.072

24,824

24,342

28.323 -

25.889°
$.22.001

19.095

15.175
.10% 554

7.497

. 6.306
5.657 -

' 5.248

4.413°
4.081

39.166

38.800

38.084
37.390.
36.717

36..065
33.083

28.294
. 24.688

21.928

19.781

13.919
19,992

8,437

7.567
*7.001

5.697
3,876
R4.537

%.341

4,218
4,021

4.000

23,874
23,422

22.984
20.991

-~ 17.824
15.463

16.884

13.680

" 12.306

- 8.630 -

6.246

5344
4.869
4.582

T 4,067

-.3.966

10°

© 9,373

9.489

- 9.149

. 8.933

- '8.725
8.525
7.635

€.287

S.347
4.679

4.192

3.026

2.384

~ 2.185
2.112
2.095
2.288

-2.884 .

“3.325
3.596

3.756.
3.978.
4.000

o

e

’dNu]

36.543
36.367
136.020

35.679-

.35.343

35.012

33.434

30.619

28,198

24.296
18.128
12.°671
10.330

. 9.028

B.186

6.270°

5.104

4.664

4.433
4.294
4.049

4.001

. 79.130

75.818
69.834

64.601

60.010

55.969
41.683
28.177.

22,142
18.775
16.613

11,790

. 8.867
7.689
7..016
6.567

5.506

4.824
4.506

4.306

4.182
4.012
4.000

528

Nu2
16.664
16.578
16 .407

. 16.239
16..074
15.911
15.140
13.779
12.625
11.643
10.803

: 8.035 .
"5.734
4.803
. 4.309
- 4.005
S 3.427

3.323
3,448
3.589
.3.705
3.950
3.999

50
1041.693
983.580

879.791ni

790.343
712.957 -
“645.749
415.936
+213.529
- 131.038
89,113
64.669
- 21.396
. 6,253
2.966
1.776
1.261
1.246
2.601
3.299
3.630°
~3.798
3.988
4.000 -
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CHAPTER'II]

AXIAL HEAT CONDUCTION EFFECTS' ON THERMAL
INSTABILITY OF HORIZONTAL PLANE PDISEUILLE '

. . FLOWS HEATED ELOW

A linear stab111ty analys1s used to study the

effect of ax1a1 heat conduction on the onset of 1nstab111ty

for 10ng1tud1na1 and transverse vortex: d1sturbances for

p]ane Po1seu11]e flow iln the therma] entrance reglon of a

hor1zonta] para]le]—plate channe] heated from below w1th

v

[N

‘a constant temperature d1fference betweeﬁ’two p]ates _ The

“basi¢ flow so]utlon for temperature (Graetz problem)

»

"‘=1ncorporates axial heat conduct10n effect and the f1u1d

vtemperature 1s taken to be un1form at far upstream 1ocat1on
Y.é._m,to a11ow for the upstream heat penetrat1on thrOugh
thermal entrance‘x = 0. Numer1ca1 results for cr1t1ca1
'Ray1e1gh numbers are obta1ned for entrance temperature para;ph
“meter bo = 1.and Peclet numbers 1,5, 10,.50. It is found.
that the‘transverse vortex d1sturbances are preferred over

14 .
the longitudinal: vortex dlsturbances for. Pe < 1 and Pr.> 1

~

<(lowoRe) in the deve]op1ng reg1ons upstream and downstream
of the.thermal entrance For other cond1t1ons, the 12hg1-f
.~tudinal tolls have pr1or1ty of occurrence The Prandt]
dnumber effect on the’ onset of the ]onQItud1na1 vort1ces is

‘clarxfzed

,'45‘“*-‘“ .
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Nohenclature
| L
coefficients of infinite series 'in
eqs. (5) and (6) - 3

wave numbers in x and y directions and

2, 2\1/2
(ay +.23) 3

‘-amplfficatioh or damping factor, c = 0

-

at onset of instability . R

d/dz

-Grashofinumber, gB(AT)LB/vZ

“gravitational acceleration

R N ,
height of channel and L/2
fluid pressure (P, + P') and basic flow

Dressuré
Peclet number, 4 U /s = RePr
\?P“randt] number’ \'/L\

dimensionless perturbation pressure,

i

P/ (evEsL?)

Riyleigh number, PrGr |

"Reynolds number, 44UmQ/v

v

fluid iémpérature (Tb + 8'), basic flow
téﬁperatufe, (T] + Té)/Z'and uniform up- v

. ‘ 2
stream temperature
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= = kinematic viscosity

| 50
| L
.= constant-lower and upper plate temperatures

= axial.and mean ve]oc:lli't]'efl and (UBI/U'm)

_ of'bésic flow %
! 4 ) ‘ e .
= disturbance velocity cdmponents
= dimensionless herturbatioh velocity
. - "
components (U';V', W')/v/L) ' .
= Cartesian coordinates-with ofigin'at
lower plate
= coordinates with origin at center of
.channe1 o |
= (X,Y,Z)/L -
= (X'/(3/8)tPe, Z'/Q)
= .%ransfofmed'coordfna$es, (x/(3Pe/16),z)
‘=" eigenfunctions- "# )
= .thermal diffu§ivity-
. ‘ >4
_ : e
=  eigenvalues i
: =»:cog§gicientqof thermal-expansion
= dimehsi0n1e5§sdisiurbance temperature,
e t/AT .
= dimensionless témperaturé and.uniform S
L i o = o
e - .-
qpentrance temperature, (Tb Tm)/(T2 ,Tm)

3 ?’ ) ] ‘ » . - °
é?and (TO - T,m)/(T2 - Tm) : :
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Superscripts and SuRsCripts

'

~density’

 transformed perturbation varfable or

.51

dimensionless basic velocity'and, tempera-
' 2

ture profiles, (1/2)ub‘5 3(z - z27),
(1 - eb)/z
(T, - T,)

perturbation quantity,

amplitude of disthrban;é quaqpity

critical value .

basic ‘flow quantity in-uﬁperturbgd state

v

upstream and dohnstregﬁ.fegions B /

-]



3.1 Introductibn
Thermal instability of a plane Poiseuille flow con-
cerned with the onset of a secondary flow in the form of

o

longitudinal vortex rol]s in the therma] entrance reqion
of horizontal paral]e]—p]ate chann‘ls heated from belowl

. was studied theoreticaiiy'by Hwang and Cheng [l]’consider_
ing the axial heat conduction term in the energy equation
for basic.flow. - RECEHt studies by Hennecke. (2] and Hsu
£3] on Graetz prob]em With axiai heat conduction effects
show - c]early that the wsual therma] condition of uniform
entrance fiuid‘temperature:at‘x = O‘used_in-therclassicalj
Graetz prob1em-is unrea]istic'for-lon Peclet number-tlow
regime (Pe < 50) because of the upstream heat penetration_

through thermal entrance X = 0 and the f]UId temperature

must be taken to be unifqorm fag upstream at X = -2 In view

-

of the»predominance of the axial heat conduction effects
near the therma] entrance Xf=-0 for very 1ow Peclet number
t]ows, the instability analfsis [1] based on’uniform entnance
»temperature at X = 0 for baSic f]ow solution must be regarded
=as an approximate one when Pec]et number is very smaii

" A deductive ana1v515 of the Graetz problem by Ostrach
'[4] c]arifies the importance of the axial heat conduction
.term in the energy equation. However, for very 1ow Pec]et
number. f]ow regime, the prob]em is of eliiptic type and the
concept of the thermal boundary layer s not applicab]é \
Consequentiy, the thermal boundary layer thickness cannot

_be used as a characteristic length in normaiiZing the equa-
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tion. -An explicit criterion for the neglect of viscous

e

dissipation-is also clearly given in [4]. | When the
j.small. a questipn gn the.priority

Reynolds number is ver

L0

of theioccurrente of transverse rolls [5,6,7] over longi-
tudinal rolls arises. 'Recentfy, KamotamieandLOStrach [8]
determined experwmenta]ly the cr1t1ca1 Raytleigh numbers for
therma]]y -developing laminar channel fTOW°and compaved the ,
exper1menta1 resu]ts with the resu]ts from Tinear stability
theorv [Wj A difference as 1arge as an order of magn1tude
between the two results is observed but apparently th1s is
'somewhat similar to the d1screpanCy between the experwmenta]
[91] ‘and theoretwcal [10-13] results for Iong1tud1na1 vortex
1nstab111ty of natura] convectlon f]ow on 1nc11ned surfaces
The d1fference can be attr\buted to the 1nf\n1te51ma1 dis-
turbances in theory and the measurable dlsturbantes in
egperlment

The pUr;ose bf'thfs inveatigatﬁdn'is to;study“the
effects of ax1a1 heat conduct1on on therma] %nStability of

~a plane Poiseuille f]ow between two- horlzonta1 flat p]ates

'.where the 10Wer p]ate is ma1nta1ned at a. hwgher constant

temperature T Vo> 0) and the upper p1ate at T wh1ch

1 2
ndentwcal with the un1form entrance f1u1d temperature TO at
far upstream (X :d';)i The mathemat1ca1 formulat1on for
the basic - flow in the'thermal entrance reg1on of the )
'para11e1-p]ate channel heated from be]ow 15 s1m1lar to

that used by Hennecke [2] and Hsu (371 wh1ch is conswderedv

t be‘the?mo>t rigorous aralysis of_the~Graetz problem.



where the dimensionless

e

variables. are ,defined in Nomenclature

1% >
: F "\»\hl -~
The onSet of conv@%tive 1mstabJ@jty va bd%ﬁ“%ﬁng\tud1nal
- e -“Q‘ o .
and transverse vortex H%ll@ & e low Pe@ﬂb‘ nuwber f1low "A
v' . /,‘.ﬁ'
reglme is studled by u51ng ]1near 5tmp‘;ﬂty theory.° JW
. ‘ AR et
. V;” . “u 3
3.2 Température Solutjons f&hwpasiﬁ*ﬁﬁow‘
Neglectiﬁg_the viscous.dis;ipatfon effects, the govern- -
ing equation§ in dimensionless form for the thermal entrance
,regidn-prob]em (see Fig. 1) with axial heat conduction
. ‘ . 4
are. (31
2 2!
2 gty (87 38y .
3% T T T2 3Pe 2
: 3z . R
\b](—‘\)z ) = t\*oy 3\b]( )/\Z = 3’\‘b1( ‘])/\}Z = O
) . for -8 < xt 10 (2
b:(\u’z') = \fs ‘b2(x ’1) = ]i sz(-% v_]) = ']- ..‘
for 0 < x' <« | 3
4 ;
p(0.20) =0 ba! O Z ) b](0 z')/3xt = 32y (0,27 ) /pxt S
at x' ='0 : {a)

n.
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. _ , . . ,
and u, = (3‘.&(! - z:‘) tur a plane Poiseuil]e flow. A,”
lollow1nq the procpdurps outllne [3.14], the-
tE‘berature %olutions Ub] and v, in ®he adiabatic and
heated reqgions,. respectively, satisfying the conditions
at x' = +v can be written as. '
' ' P ¢ - ! 2 '
pr{xtaz®) = g e T BLY (2 )explapx ')
n=1
+ ; Anfn(:')exp(:nx'). v <Xt 0. (5)
n=1 :
i 1 ' : «:'\‘4“ ] ‘2 ¥
b’(x vZ') o= ozt o+ 'n_;] C'an(Z )exp( n* )
. . ’ ,.m
ey D ‘Z'-(z.')exp(-v.'ex") 6‘< x' o< (6)
SRS ERRUILE noo s

where SH;_fnfand Yn} #n-are the even Jnd Qdd e1genva1ues
'and eiéenfbnétibné, respect1ve1y,A£or the ad1abat1c-reg1on.
<im335r]y,‘§h,"ﬁn and. R Lh are the even and odd eigen-’
values and e1genfunct10ns. respect1ve1y,lf0r the -heated F
reg1on.f~The detat]s of the SO]Ut]Oﬂ method and the computed
ie1genva]ues and eigenfunct1ons as wel] asuthe series expan-
s-ion coeff1c1ents for the case 60 .] are glven in Chapter‘
II A Fourth order Runge Kutta method []éﬁ u51ﬁg two hundred

equal steps is. employed t'o obtaxn the e1genva1ues and etgén-

:*unctwons from the nUmer1ca1 so]ut1on of;@he charauter1st1c

L@
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"equa%IOns and thexr boundary cond1t1on§ ' Th'i$EY1es co— R
- *~4 &

eff\clents are calculated by match]ng both the“temperatures-
and.the axial temperature gradlents at Xt = 0 after construet¥

~ing orthonormat funch1ons from the nonorthogona1 e1gen!
ufunet1on§a[3] . Im-this study, the 1nf1n1te serwes are
tfuncated at n‘? TE nd 8 for Pe ;‘1 S'and Pe = ]O,eSO;J"
;:lrespect1v€1v.: For the 1nstab411ty prob]em,vit is.more

.eor»enlent to sh1ft the coord1nate orlg1n to the lower plate

_a:lshowp_1n*?jg. i. »Thevba51c temperatuxe prof1]e now .

befomes 1 = {1 - inZ)
e : : R
. & . | e : - ’ A
) 5%;37;9emturbatfoh'Equations' P s j oy,

\.ﬁ ¢

vthe derxvatton of the perturbat10n equat1ons 1s based

“o; tre ~etnod.of sma]l d1sturbances (a 11near1zat1on about

:the h~aa<1t rlow) us1nq the Bouss1nesq approx1mat1on Introduc—a.
 :Rh§T: ne - sum of ‘the bas1c F]ow and the d1sturbance F]ow as'

g,y RTE st“v;,~w;= W'*'I'= T hor and P b Py

: Hy h S W =Ty ! - Py |
S Ssubtra r1qq out the ba51c f]ow eunt1ons from the conserva/'
rige equa"ens for mass, momentum and energy,‘one obta1n5u :
~tﬂe;fo}low1ht j1sturbance equat1ons after neg}ect1ng non-
a'\ T \ n%'te Y"P?‘»i, S :vt 4 . ’ . IRTRER T i ' ey . !
, e (R '
- - “ e T
4 IV U oW i
- + + = B
RS O s iR+ S R (7)
;'J . \\ R
: 3, o ) <
. 1 1 \ 3 BPI . .
,_...L- + W :_Pi = - l - ‘(8)
o Y - ERS o oX - . o
2 . . s
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where 2 - / X + 9 / g+ a /JZ and the d1sturbance< B
. ad

.tktbn“ 6 8F L 1
‘are taken to be 1-3£pe n}wﬁ ime [1, 8 0]

POl hod - *

-:After 1ntrodut1ng the d1mens1on1ess var1ab1es,,

§

. (X,y,Z) =, (X’Y!Z)/L! (u’-v.’,w)' = (Ul )/(\‘/L)9 C

p =_Pi/(pv%/L2)Q<Q =-ﬂ'/(AT) and’ the parameter’

L.

G =;§w(iT)L3/V?, ‘the d1sturbance equat1ons become

o Du v dw
' =+ =+ = =0
X IV @2 N
o - T e ¥
i ¥
CLT e , g | *
- . N . ‘
TS Re@u-?i‘+ Re dz?”w ¥ - %%,+ \Zu
, R b ¢ .

Rei. JV _2Py VZ
Revy 3xi™ 3y V.
. ) - 4 LT, ’
. ’ - oW
L Re?u 3x
L3 .
- 38 .
N O
D e (Y | -
Redy ax. o -
o AR N
) s. ; . '

..
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R = . . . .

ot : a . . .
R . - . : >
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. " R A B ) ° ° Te , . -
1t
e

- T)/aTo= (1 - ub)/L and
' .

N N AT

where & :.3 f Q- z),¥¢“m= (T

thé dbérator’ns understood to be V

- wl ' » " T ’
\‘/izz. The;dependent varmab]es BE v and p can be‘eliminé

ated from the Lont1nu1ty and three momentum equat1ons and

‘ppe_obtalns a 51ng1e.equat10n as. LA ..
_ .2“ . . . bl
R SRV Yuoow L 2,2, vy 24 - -
.Re‘u Sif(\ w) - Re ——?— ™ —;» VewTH Gr vie . (17)-.
) . ) .- . .. N - . /:
R T S . : ‘ -~ 5 '
-where \? = . L/3x2 +. 32/\yC and VZ = V$ + a /Dz2

¢ . ' 4

A separab]e solution” for W and 0 may be sougnt in the
following form [11. | |

.

| o f(xsy.2) = (2 exp [ex + 1‘a1x{+’52y7] (ie)
) \.‘ I : -‘ fﬁ*-. . ) . ’ . '

t
LY

,where c is the amp11f1cat1on factor and the wave numbers al
and'az;are rea] Conf1n1ng attent1on to neutra] stab111ty,
'oﬁe.has‘p‘a 0. After sub§t1tut1ng equat1on (18) for the

_distﬁrbahcésmw’and 0,‘respect1ve1y, 1nto equat1ons (]7ﬁkand

,(16),'one.05§ains‘

| : - ‘
(DZV— éz)zw - 1a]Re¢h(U2'- a-)w o+ ialﬁe(d2$d/¢zg)w+
' - = 6r a‘e” “(19)
. .‘ éﬁ) . * - "-’ f:
X ; . .



~equation (12) gives [6]

+ - . '
& o= Pro*, u’ = Re u*, Ra = GrPr -and one obtains:

6Q

R ) ' 1 o . ]
2 2, -+ ) + + , + T
B Yo -'1a1Pe¢u0. = Pr [u DwO/Ax + oW A@U/Jz] S{20)

v . ) B

where @2 =£$$'+uag'and'0 = d/dz. The above two disturbanqe'

S

. o . . .. ‘ . : .
. .equations involve three unknowns and u remains to be speci-

~ fied. The following two cases [6] are of interest in this

1., For longitudinal ro1is (a1 = 0), the.x-momentgm»
~equation (13) gives e -
(0% - a2')uﬂ+ =‘Re'('d®u/d.z)w+ L (21)
u " ) ) 4 ) “-'}ri‘-'

[t is noted that at neutral stabi[{ty the x-dependence for

)

_the disturbance quantities can be neglected and one has

sp/sx = 0. T .

2. For transverse rolls (a2 = 0), :the continuity

~

L . 3 a o= T.Dw+/a2' o S . (22)

At this_point, it is more coﬁwenient'tq'fntroduce }he

+ +

f‘:trqnsfcfmations, xia_(3Pe/]6)§, z f”?, ul. = Re u*, W =_Q*,

+

1. Longitudinal rolls - kg




N ’ 60
o, o 5 : \ .
(D% - aj)u* = (db /dz)w* " SR
T2 o0 L ‘ ST ,
(D) —°a2)0* = (16/3Pr)u* ¢y, /3x + w** AF: . (25)
| Fl L] . ‘ : ’ h .:
»2: Trénsverse noi]s W
(02 .. a2) %% < ia Res (D% - ad)wr + ia Re“(dz?\/dz’)zw* ’
17 17y v 1 N u o
- < o o
@ - = Ra.afer T (26)
i o » >
* : !
T Sou*= ('i_/alee) Dw* o : (27)
TR R
~ P . . ’ o a "‘ . . - X o .
(0" -~ ay)e* & ta|Pes 0% = (16/3Pr)u*3¢0/5X‘flw*3¢0/32 ooo(28)
’ K3 - . - _ ; - “ N ‘. : -
= ﬁ{é . 3,,; . M ' ] [ X -
: : . a-
.The boundary Jondit ®ns afﬁkhe r'gid and hfghﬂ3SConduct1ve
wa]lé_abplitebie'io :nf above ‘two type$ of d1séurbances are
T Wt = Dwt o= Ut = 0% =0 at 7 = o?d 1T (29)

o ~ | |

© - In th1s study, the o&]1que modes Aay #.0,a, # 0) are
=f}‘not cons1dered [6] since the above two modes are observed
exper1menta11y For trénsverse ro]]s, the disturbance u*

omay’ be e11m1nated by <uhst1tut1ng equatlon (27) into equa—

tion (28) and on]y the reaT part of the dlsturbance equatlons

i

i )
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> RO
is considerédbko have physicaT sfqnificance It isnﬁeen

Rl

that 9quat10n (L6) is the Orr- Sommerfe]d type equaf1on dnd

Afe
is coupled with the energy equatlon (28).

¢ o
3.4 ;ﬂgfhod of.Solutfdn s
_ Egdnsidefingbfhé expreﬁsions forithe baslg temperatdre..
;}6Fi1es It dnd 5bﬂ'iit is obv1ous that an ana]yt1ua]'
.>olutlon of. the present character15t1c va]ue problem ‘is

AEQ

%

‘not prdct1galr 1terat1ve technlque u51nq-the h1gher

“order frd'g
eous solu M‘:_ é cou&@%d d:sturbance equat1ons [1] The .’

aiTs bfﬂ b ;’ mer1gal so]ut1on method are in Append1x [

? r

5. %@re;' G1ven the basic. proflles ¢ and é for the. spec1f1ed

8

T'valueﬂ of Pe and 00, the 1terat1ve.procedure for the.case
A 4 ) AN R s . N

- of the 10ng1tud1na1 h011§,consﬁsts of the fo]lowihg'mainx

step>

N *

. At a g1ven ax1al pos1t10n*x, a va]ue of the wave'

numbig 2, =-2.5'(say) is selected and an elgenv tue Ra is
fas$umed.- The dlsturbance ve10c1ty w:fis taken_in_the form
#»'of' w':- - 2¢1 - .k/M), k = 2.3, M and Ra = 1708 is -used i
this study . ,. » : ‘ ' -4,»4 T

2. The f1n1te d1fFerence solut1on of equatlon (24)

L _ L . , .o =

Jg]yes UE‘ » e .
‘3;~ After know1ng wﬁ and uL ﬁhe'energy_eduation;(ZS)"

~.can be so]ved to obta1n‘0§ ' af f

.
o .k , : M
. . . . . . ST N A
e : . . . . ) £ - : -
. 5 -

47  New, values for;w* canAbe”foﬁnd from the flqj:§}
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FER o C : R o o
° differeﬁbe solution of equation (23)1 . l
Jg. An 1mproved e1qenva1ue (Ra) ‘can be computed
by us1ng the fo]]ow1ng equation {17] , K
. N _ . \ - . 2 . ] / 2 . . *- 2 ]‘/.2‘ .
n \<5:)new . (Ra)o]dFE (\gk)o]dJ /[% (wk)new] N -, (50)
o ‘ C oL . .
‘ . ~ - - . . . ‘?
° The maqn1¢ude of wt is readjusted by the fc]low1ng equat1qv
" in order to return to the orlglnal orde&}of magn%gqﬁe,for Lo
computatwon .. o ' ' ' = .:f4
, oo N .
b By
. “ . ) : B X
NN . . : s ' 1) o
- f& o ¥ f new . (Rd)new/(Ra)old ' ' '(é])
Y
6

the
fq]lowwng preass1qned converqence Lr1ter10n is sat1sf1ed

-

o . The steps (2) to (4) are repeated unt11

[

P
- - : :
: ~
“

I

- 7. The mmmupRavlexgh number s thenis‘cm It

' is found that only 3 to 5 1terat1ons are requ1red to satlsfv

..mhe above cr1ter10n and f1ve sign1f1cant f1gune§*gre correct
»for cr1t\cal Ra. » ’ _ ' .
The numer1ca1 method "of 'solution for the 'sé"of

transverse ro]ls 1s genera]]y s1@11ar€to that d1scussed

~.

-above. WIth the f0110w1ng dlfferences

— R ) . _ ) SR | .{( -6 - R - .
E gfwz)”eﬂ A k °1dl/E ’(w:)new < 10 o (32)



CY,

‘lfw The d1sturb&nce quant1t1es W, o and -* are
§Tar ‘
now Lomp1e\ a

2. ‘The~initiaj vaiuesvfor wt are taken as N

201 < k/M) w2000 - KM, ks 2,3,

*Q;- A new and’ 1mproved e1genva1ue Lan be caleulated

T~

: V
by using the fo]1ow1ng equat1on [18] : ' o ;

“where (

1
L

12 : - e
(Ra)new (Ra ld[\( k o]d(wﬁlqjd] /[E(wﬁ)new(wk)newJ (33

)_ the conguqate of the complex d1>turbance ﬁw

|
4
‘f.

.4. The converqence cr1ter1on based on equatIOn (32[:uv R

b

"His.ﬁ_m IQ The‘%umber‘of 1terat1ons requﬁreﬁ to- satisfy .

-

thL above cund1t10n ranges- from 20 to 25 and four >1gn1f1-

eant F1gure> a(e found tp be correct for“crltypa] ‘Ra at the

ra

~onset of transverse rolls. - : o SR - \,f\7\

[ i ’ . .

3.5 Resu]ts and D1scu5510n A v S

The cr1t1ca1 Rayleigh numbers at th% onset of second-
ary mot1on aré of.pr1mary‘1nterest 1n th!s study .The~

graphical resu]ts are presented\1n Fig. 2 to '8 and theu-

‘numerical results are summar1zed in Tables J to S for .the . zo

Case 45 = T;‘ The effects of. Prandtl number on the onset of

longitudinal vortex>rolls in both the upstream and down—

°§tfeam regiens- are shown'1n-F1g 2 to 5 for Pe 3f1, StkiO

and 50, réspecﬁivélyw

“Fdr'90'= 1 and Pe = 1, theainStebili¢y resu1t§ fdr).

bd
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Pr = O.ﬁi‘l. 16, 100 and ¢ are prdrticdliy identical and
.the critical Rayleigh number decreases monotonically from
the asymptotic value of Ra* = « at X -6'to Ra* = J7OS at
x = 3.0 for a linear basic temperature prof11e The

1ndependence of the ;r1t1ga1 Ray1e1gh number Ra* bn Prdndtl

Tper“be exp‘am-ed

from péyturbation equatian (25).'-It is found that when

i

number for Pr > 0.7 in the case of Pe

“Pe = 1, the relative magnitude of the ratwo'RA= (3:5/3:3’
(:2.,/32) is less than 1073 and caonsequently the forcing

term (16/3Pr) (22 /3 x)u* ondshe right- hand side of}equat10n

(18) can be neglected in comparisan w1th ‘the term (X ~*)w*

\

for the range [ = 0.7 -, Thus. the coup]edwéffeut of the

verticd] basic Lemperature aradient F:J"z and the yertic 1

Ve]OLWt) d1<turbence w* domxnates. On the other hand wheﬁ\

i -
Pe = 5 and 10, the ratwo-R 15 found to be. less than 10

‘and 10‘1, respectively. It 13 thus séen'that the 1nstabw-
Tty reéult is independent-of Prahdt] number when Pr': 10
forJPe = 5. and Pr > 100 for Pe = 10. The above argument

as sumes that the ax1a1 and verticaT basic temperature

_grad1ents, KR, / X and :./22 are of the same order of maqn1-

tudé which 1§ ver1f1ed bv the. numer1ca1 resu3t> of Chapter

T, Fr@m the fOF8901nq discussion,- it is also clear that

.

the role\gf Prandt] number becomes increasingly important

N

bas the'Pran t1 number decreases for a g1ven Pec]et number.

when P; 1</éma11 - the term'(15/3Pr\u*\ /‘x a]so destab1~,
. el

lizes tne €law. As is seen from‘Fig¢ 2 to 4, a‘1ocal minimum

. . . oot : : ' F !- 3 -
for Ra*«exists when Prandtl number is small. This means

%
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that when Frnndt} number is tmal], the region near Unt
tnenmdl entrance .x' =0 is more unstable than the tully
devplouédfregiOn ang thé practical implications are
. believed to be important for liquid metals. 'Notind that
the basic temperature‘profile':é i; a‘function of Peclet
numbér»only. one sees ‘that the gﬁfect ofrPrandtl‘numbet
appears through the disturhéhce,equtidn (os) on1y:

The instability rESults.for Fe - 50 are shown in- Fig,
WWgre the nnpub;ished results of”tne earlier anafysi§ fl]
na§éd on’ the assumptfdn that the fluid temperature is uni -
orm-atithe thérmal entrance X- = O'Sre afso'plotted for com-
bArison} one should note that the 4mp11f1ed model [1)pre-
'dicts'Ra*_: v at x s 0 whereas the present model preﬁic&s?&
finite value for Ra* at x = 0. At Pe } 507, the'cohcept of

B

tneumal béunddrV’layer is app]xcable (Chapter II) and the

lower Ra* at é g1ven N from []] for a given Pr cap be.attri-

iy,
w2y

buted to the 1avqer unstable thermal bog@?ary Iﬁyer thick- .
ness taused by *he somewhat art1f1t1a1 abspn@éiof the-up-

stréam neat penetrat1on through X =,O.t The*ef?eét\of the

Taxial neétucﬂnduction'ié seen to decréase the thermal bound-

ary laver: thickness and the ax1a1 tempﬁratdfe gradient

G:AKAY. One should note that at Pe = 50,  the lower limit

for ?r>estts becausenof the ‘critical Reyno]ds-number

\

At Pr = 0.1, the entrante reglon i'sh seen to

“be more unstabT 'than the fu]]y developed reglon

crrtwca]ly exam1ne the effect of upstream

5

In order t

Heat bAndUCtION On tr1t1ta1 Ra*, the 1nstab111ty results

g ’\ R

. ol B R . . . A

- [ . A
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for-Pr = 0.7, 10, 100 and Pe = 5 arp'compared against tho

s

unpublished results of the earlier study [1] neylécting -

the upstream negt penetration throuyh X .- 0.in Fig. b.
. / ‘ . <} " as i
At Pe =75, the earlier mo QGI is apparently 1nadequdtc in .

Drediqtinu_Rd*. It is'notgd that the trend of the Prandtl
number etfect- on Ra* netween tnv:yresont and‘egrlker

analvses tor Pe S0 (see Fig. 5\ and fe :.5v¢s just oppno-
Site. This is caused by thé ract that at Pe = 5. §h§

v

prodlam is hasically waraboiic and the concept of thermal

boundafy‘TSJer is.dpp11gab1e whev(a< at Pe .= 5,'fﬁe‘prob1§mf
3 h . ' .

is elliptic ;nd the heat rrow t ' lower ptate a}ready pene-

:ra@esuto the upper plate at x = 0. "lt.is then ciearwfhat

:he_lakﬁer\unstable fluid'layéT Hear‘; = O“from the'Prgséhﬁ

phyvs oai mode leads 'to the considerably Tower Ra*.kﬁ

FiPeclet number on .Ra* for Pr = 0,7 tair)

is‘shdwh_in The Pedlet number~efféct on Ré* in the
Jg§tredm region is seen.uo be opp%\1te to that in the down -
"st}eaw'rewion. rThe 1ower Ra* for We =Y ﬁn the adxabatxg
“ecﬁﬂw is due to the 1arqev unstaple fluid layer causéd”by_
- the ax1al heg: condqctx@q. The-devélobjng‘tehperafdrg pro--
files Shoanfp Chapter II QTeqyjy'cbnfirm'the above’sgate-
ment.  The iﬁst&bf]i;y results; for Er,: 10 (water) are also

. shown in<Fig, §. The thermal entrance length for Pe =1

is longer tﬁap thosé of Fe ;‘S, @, 50 and correspondingly-

the.asvmptotic value Ra* = 170 ﬁoﬁ a fully devé]oped basic

flow with a linear temperature profII 15 approached at a:-

i

~farther downstream location. - : 4,
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The case of transverse rolls is of special 1ntéves£ s

in SPIS >tudy and the numerlual resthé tor Pe « and

-

Pro- 1. 100 are listed inp Table &.° The grapnical. results

~. Al

.,are presented in Fiq 9 where the ipstability resutts ror s
the. case af long1tud1na1 vortex rolls are_also[plotted'for

Lompar1son. It is'seen that the onget or/*he transverse
: . T : .' w [ '.";\

- rolls Ras priority over-that.of:the Tonqitudrnal roll in

e C R . ' /

the upstream region as well as-part of the downstream "

reaion {x -~ 1.2). Note that:- the case of Pr =100 is more
unstable thaﬁ.that of Pr = 1 for trensverse ro]ls but the 3'

.. L _ ' S
opposite is-true for longitudinal roll ‘It is also found g
that tor Pe = 1, Pr v 0.1 the trqnsverse rolls -have "no v
priority over the 10ngxtuqlna1 rofls.._5rm11arly;.numer1cal

results ‘reveal tHe; Ra+ for transverse ro]ls is.higher than’
.fhatefor Ionqitud}ﬁal ro]ls at x_="0 for’Pe1> Su-.It is o \'I
thus’ concluded that the onset of the tfansverse rolls has.
pv1or1tv over that of ‘the Jong1tu¢1nal ro]]s only when‘ .; t A .
?e'« 1 and Pf‘; f (or smal] Re) and 1t occurs in the_upstreSWv
:"d downstream regions. mear the therma] entnance.f =9. % /
For tp]ly_qeveggped region, the longitudinal rO]fs'appear

te nave prioritv but the difference in Ra* is so small that

the transverse ro]ls may occur under certa1n condltrons.

-

‘ For a given Pe, as Pr = ~ one obta1ns Re - 0. The
e ¥ .

perturbat1on equat1ons feor. *ransyerse rolls in the ful]y.

deveToped req1on then become . { S e 'j' RN




3

."
Lo

o hhset of ins tablIItv 15 shown 1n Fig. 10 for the fu]]y deVe—
.’h, . R .

1
the value of 1703 for lonaitu

: t\ v
. ; {
" /(_/‘I
B} Y. o - . o
(0. - a?)“' - d]Pe¢ R AN s LRI
. L
. 8]
? * M1
where 19 /057 - .0, The calculatfon tor Pe = .| -qxvc ‘Ra* )
71706 and ay = 3.1}7. The fac St Ra'}is: arger than;

01Lb suggests that the
torm i‘.nvolv'ing_P’e_ in equation -

ay. have a stabili¥ing
W | , ‘

¥

.

eftrect.

\ ;kThg phyﬁica?\rgjﬁdns ﬂ;n?fge ﬁrioriﬁf of tﬁ@ ”Efan;—‘ h
,Vei.s'e_vo,.'te(-distlur'baﬁcév‘"r thc I«or.\qxtudxnal vorte\ |
digtuybanceﬁ” under the';ondht10ns 5tdted earlier &r?’f////
”1mmed1ate}y'g1ear rrom the study of the d\ turbance egqua -

.tions and.a censiderat1dn df the energy etuhange between

*the.main flow and' the’ perthrbatlon . HoweVer' it appears

'that when Re is Iarqe the transvevse rol]s tend to be washed

s d .-

'ou:. In add1t1on one nates that the developmnq basic

¥ -

*empergtur -prof11e5 show negatlve axral temperat¢ve grdd—

i

ient near upper plate (7 0.6 \~1 0) For x> -O.jfa p _fi
Pé = } (Chapter IL): At Pekgaé,_thg'région of‘hegagiye! |
axial temﬁEfature'grédieqp {s hathér small and néglig{bﬁe'
{Cﬁaﬁter 1), It appeérs that:the.horf;pntalldehsity‘

gradients also play some role for the onsef of transverse

rolls. ' 7 S o . ”\;.‘

The <*reaml1ne pattern of the transverse roll type
dlsturbanges 1n a Tong1tud1na} CPOSS sectlon is of part1uu1ar'

1"terest and the segondary rlow f1eld conf1gurat10n at the

1 Ded LOQth]O" with Pe = 1, Pr-= 100, Ra* = 171 .07,

- \ o



,5? © 3,117 The stream function is defined by u - - el
. " ' : -
- : %Pd w o g/ ix: .From the normal mades of divturbances, one
LW o T ; oo _ . ‘_. L
" hdi W oUW (z)om}x and ¢ = ¢ (z)‘d]x. Noting that w Wt
(1 . P

‘,ﬁr obtatns y i*fW'/ial)"dlx where only the real pant is

gon51dered to hAve physical weaning. The contour lineg ‘are

based. on ium“' = 1 and the dimensionless wave]ength.

o v

v Sv/di ?’J.OPSb The \tredml1n94pdttprn 15 quwte srﬁilnr
to that of the lonq1tud1nal volls and the ?}S off the vor-

tices.are seen to be tocated at the center of the chaunel .
S ‘ -  _~ : .
R Concludinq Remarks : :

.

1. The effeuts of axial heat tonduc;ion an the thermal
? !

“"Stab‘]‘ty of hor1‘0ntal Dldﬁé Pofseuille\flow"héateh from

below are Studied for both longltud1na1 and transverse vor -
L
t ex dlsturbances.' It is found that the tr#nsverse rolls

w1th Qxes normalkeo ‘the main flow are the mreferred mode of,

- ‘ .
dnsturbances for very 1ow Peclet number re@1me (s ay Pe < )

. 4% /
. 4

w1th Pr N (or }ow Re) in the developrng reg1ons upstﬂeam .

.and down:tr dm of the thexmal entrance "Far other gon!‘

twans. the - long1tud1nal ro]ls w1th axes paral]e1 to £ e,

de1L veTocwty are the pveferred mode of d1sturbanue,;f

' observed PeLIet number effect on dlsuurbange modes'
swstent w1£h exper1mental resu]ts for comblned freé and

?or;ed convect1on in ponou> media [10] |

{

AT 2L For 0gven entrance temperature panameter QO and

b

Peclet number. the 1nstab111ty mechanism relat1ng to the'

randtT number effect on the onset oF Tonqltud1na1 vorter

vi



v . P , o
v A - . j
rolls in fhe therma] entrance region is clarif 1ed by s‘udj:,

.ing the re]at1ve order of maqn1tud€ nof the forrunq terms

1nvolv1ng ax1aJ and tndnsverse bas1c temperature grad1ents

n the energy d1sturbance equat1on (25)‘~

v3.~.For Tow Peclet number reg1me (say Pe < 509, the
~assumption df‘un1form entrence‘fludd temperature atothe
thermal éntrance x = 0 for ba@1c temperature ;o]utlon #s
not valid beeause of upstream heat penetrat1on through

\

X = 0 1nto the upstreamead1abat1c feg1pn. * At Pe = 5 and

. . .~ - K} . ., : N

vv0f=,]g‘the.prediet10ﬁs of critical Ray}eigh'number for
"19Qy?tddine1 vortex rg}1§ shbw,constderab1e dtscrepancy_
7betWeen the tWO mode1§ w}th and .without upstreaﬁ heat pene-
‘tﬁetion. The,discnepancy'ﬂneneases with thetdecreasejof
_Peclet number, ' | |
Q.” The present 1n%tab111ty results can. be used 1h
'pred1ct1nq &he onset Qf free convect1on effect on 1am1nar
heat tnah;fer'ln hgr1zonta]:w1de,rectangu1ar channe1s [87].
err Pa P Ra*, Qne has finite amp11tude thermaj convect1on.
‘preb em'and the\e1assfca1 Graetz formu1at10n for therma]A
ehtrance region problem 1n;a para]iel-p]ate chénne1'isbnot
apd]icab]e ~ It shou]d also be noted that the ex1stence of .
stat1onary lo$g1tud1na1 vortex ro]] is conf1rmed in experi-
ment [8]2 However, the case of transverse vortex rolls
%emaihs to be.confirmed by expériment. |

5. The numerical expe?iﬁehts using 20 eigenvalues

are elso.carried out to confirm the accuracy of the present

numerical results. For x > 0.1, the accuracy of Ra* is

A}

1

e



within one percent for Pe = 1, 5, 0, 50 and at x = 0,

the error of Rax* tégabout.one percént for Pe -~ 1, 5 and R
. . - X )

two percent for Pe = 10N The conVErgenre of ‘the humer1Cd1}

so]ution is. thus conf1rmed
."j6. QPhys'ica’l]y, as é Tow voJocitylmdih'¢HOW is imposed
on Bénard'ce1ls~thé transverse vortex d1sturbarfeé“ appear
first. Nlth further 1ncrease of steady main f]ow‘ye1o:ity;
fthe f]ongytud1na1\vortex disturbahoed“?appear.‘ The effect
:of'superposéd stéédy\f1ow on unstable fluid layers déscribed
 in'[5,20] is consistent with~the present theoretfcoliresultg.
‘ 7. The-viscous d1ss1pat1on effects are neg]etted

w1¢h1n the scope "of present work but shou]d be studled tn
future Apparent]y, the thermal rad1at1on effect and other

th%rma] boundary cond1t1ons such as convec&#ve boundary -

condition are a]so of pract1c3] 1nterest. o C .

A

@ .
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Table 1 Instability Results for Pe = 1.

Pr ©0.00] 0.010 0.100 "~ 0,700

b3 a* * Ra* a* - Ra* a* . Ra~ ar Ra*

=2.0CC 2.89%5 486.7 - 2.951,3215,2 3.078 6559.9 3.1Y0 7169.6
-1.750 2,886 LUC.2  2.948 2827.1 3.079 5653.7 3,11t 6167.7
=1.500 2.877 .397.9 .2.946 2494 2 3,080 u8B81.9 3,111 5315.3
-1.250 2.869 260.6 2.945 22C05.6 3,079 4226.9 2.111 4591.8
-1.000. 2.862 328.8 2.946 196(,0 3.082 3673.9  3.111 3980.,1
~0.800 2.R58 207,89 2.90449 1794,0  .)383 3296,7 2.112 3561.6

- =0.600 2.854 291,55 2,983 1655.0 2,084 2971.8 3.113 314996
=0.400 2.852 " 260.8 2.960 1544.2 3.087 2695.2 . 3,114 2889.3
-0.2C0 '2.852 277.6 2.964 1Tu64.1 3.090 2464.6 3,114 2627.2

=0.100 2.852 279.9 2.966 1437.4 3,091 23€6.1 3.114 2513.6.0
=0.060 2.852 281.8 2.969 1429.5 - 3,992 2329.9 -3.114 2471.4
$=02010 2.852 285.1 2,969 1422.2 3.092 2287.3  3.114 2021.3
~C.006 2.853 285.5 2.969 1421.8 3.092 2284.0 2.114 °417.4
0.0 2.853 "285.9 2.970 1421.1 3,093 2279.1 .3.115 24116
0.006 2.853 286.S 2.977 4420,7 3.093 2274.5 3.115 2606.0
- 0.060 2,855 292.9 2.974¢ 1419.6 3.095 2233.5 3.116 2356.5
0.7100 2.856¢ 298.2 2.973 1420.4 3.096 2205.3 3.%17 2322.°
0.200 2.859 314.4 2.986 1426.9 3.098°2142:C 3.117 2244 .7
C.4C0 2.868 355.2 3,073 1451.0  3.102 2040.9 23.117 2119.8
0,6C0 2.878 4CS5.T 3.019 1481.2 3.105 1965.5  3.117 2026.2
0.800 2.889 -4A2.8 3.038 1512.5 3,108 1909.4 3.117 1955.4
1.0C0 2.907  530.3  3.047 1542.2 3.11C 1864.8 3.117 1901. 3
1.250 2.919 . £22.0 3,062 1575.3 3,111 1824.0 3.117 1850.8
1.500 2,938 724.2 3.073 16°3.3 3.113 1794.2  3.117 1814, 7
1.750  2.957 820,33 2,283 1626.3 3.114 1772.2 3.117 1787.5
$2.00C  2.976 939.5 3.097% 1644.7 3.115 1756.0  3.117 1767.9
2.25C 2,955 1C46.4 3.297 1659.3 3.116 1743.9 I.117 1752. 7
2.5C0 3.713 11481 3,172 167C.6 - 3.116 1734.9 3.117 1761. 1
3.0C0 3.046 71325.9 3,709 1686.2 3.114 1723.7 3.117 1726.6
k.C00 3.088 1554.9 3,114 170C.6 3.117-1712.7 3.117 1713.8
L8 A ’ i . .

o



,<}{‘ Yyﬁti* le 1 Continued
- (\, . ‘,’j,./’o‘fi
Ay 1.000
X a* Ra*
-2.00C 3,112 72c2.n
=1.75C 3.112 6195,1
Fto=1.5000 3,113 53384
=1.250 3.713 up11,2
=1.000 3.113 3996,5
-0.800 2,712 2575 g
=0.600 3.114 131311.8
-0.40C 3,114 2999,¢
-0.2C0 3.115 2628,8
-0.100 3,116 2521.4
=0.06C 3.115 2478.9
=C.010- 3.116 2u28.3
=0.CC6 3.116 2424.4
0.0 3.717 2u18. 6
C.006 3.117 2413,0
C.06C 3.117 2263,.0
C. 160 3,117 2328.4
0.200 3.117 2250.0"
0.400 3,117 2123.9
0.6CC 3.117 2(¢29,2.
¢.8CC 3.117 1957.8
1.C0C 3.717 1901.7
1.250 3.117 1852.2
1.500 3.117 1815,9
1.750 3,117 1787.7
2.0CC 3.117 1767.56
2.25¢C  3.117 1752.¢
2,500 3,117 17414
3.0C0 3,117 1726.8
4.€0C ,.117°1712.9

Ra*

T270 .4
6253,

S387C 6
465238

Mk s
3605.9
3237.6
2921.5
2654, 1
2537.9
2494, 7
2443,3
2439,3
24334
2627.7
2276.7
2341, 3
2261.4
2132.5
2012¢.49
1962.8
1907.1
1855, 1
1817. 10
1789, 3
1768.7
1753.4
1742, 0
1727.1
1794, ¢

100.000

ax*

3.117
3.117
3:117

"3.117

3.117
3.117
3.117
3.118

"32.118

3.119
3.119
3.119
3.119
2,119
3.119
2,11y
3.119
3.119
3.119
3.119
3.119
3.119.
3.119
3.118
3.118
3.118
3.118
3.118
3.117
2,117

Ra*

7277.3.

£259.1
5392.6
4658, ¢
4034 49
3609.0
3240.3 "
2923.7
2655.9
2539.5
2496, 2
2404 8.
2440,.8
2434, 8
2431,.1
2378.0
2342.,6
2262.5
2133 .4
2036.5
1963,3
1907.5,
1855.73
1817.4
1789.5
17683, 8
1753.5
1742, 1
1727.1
1714.,0 =

x

a* Fa*

3.117 7278,
3.117 6259,
3.117 5393,
3.117 4657,
3.117 4035,
3.197 36C9Y.
3.117 32405
3.118 2924,
3.118 2656,
3.119 2539,
©119 2496,
119 2u4u,
119 2440,
.119 2435,
1
3

19 2429,
19 2396
119 2342,
. 119 2262.6
119 21373,
.119 207,
.119 1963,
.119 1907.
3.119 1855,
3.1713 1817,
3.118 1789,
2,118 1768,
3.118 1753,
3.118 1742,
3.117 1727.
3.117 1714,

1
5
1
t%
3

3
p

&
1
7
4
9
Y
0
3
7
8

u
6
5
S
4
y
5
>
5
1:)
2
0

o
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Tablé 2 Instability Results for Pe 0 &

Pr 1.0t X 0.7 ‘ !

X Loax Ra* - a* * Ra* | Coar Ra*
-0.6C0 3.026 10249, 30 3.1C8  20092.30 3.115 20916, 70
-0.400 3.0%6 ' 51387,25 3.101 9622.75 3,109 9YEG 00
<0.200 . 3.C13 +2863.11 3,102 4760.96 3,109 UR 33,
-0.100 3.019 2171.63 3.102 1384.01 3.113 WL 0Y

'=0.060 3.0 1980,93 3.108 ° 3003.92 3. 116 31976, 672
-0.010  3.CHi4  1812.39 2,113 2630.41 3,119 2686, 70
-0.006 3.0 1802.53 3.4 2635,24 3.119° 26549, 41,

0.0 3 1788. 83 3.114 256A.79 3,120 2h21.54
0.006 3 1777.77 3.114 2534.56 3.121 265805, 18
0.060 3 1716.93 3.119 228R8,45 2,124 2324,08
0.10¢0 AP - 1695.9u4 121 216,46 3.2 214929
0.200 5. Y1678, 20 2@ 1962.62 3,120 1378,.29
0.400 3 1683.57.- . S3AERALO6 .00 3.121. . 18C1.

0.6C0 3.106 169,58 T39.93 3.119 1741, 94

18 1719.52 31.118 1720,
18 1712.05 3,118 171241
15 "1708.95 3,118 1709.C7

t.c00 3.117 1703.75°

1
Y

1

1

.1
1.250 3.117 1706.03 1
3

3.
3,
3
3.
0.8010 3.114 1700.017 7 3.
’:
3.
3

.17 1708.12
1.750“’3.117 1707.45 - 3.117. 1707.84, 3.117 1707.89
2.000 3.117 1707.63 3.71%7 - 1707.78 . 3.117. 1707.78
2.250 3.117 1707.71 3.117 1707.76 3.1 17C7.77
+2.500 30117 1707.74 3.117 1707.76 3.117 . 1707.76

1.500 43,117 17C7.02 . 17 1708.07

Pr 10 _ 100 o
-0.6CO 2,132 22716.90 3.133  22918.20 3.123 22897.86
‘=0.400 3.127. 10687.80. 3.129  12771.60 | 3.129 1076 3. 2¢C
-0.200 2.127 5145.76 3.129° 5180.67 3.129° 5177.11
-0.170 3.13¢0 3667.48 - 3,132 3690.05 3.132 3687.79
-0.060 3.121 3237.46 3.132 3256.02 3.132 3254,.15
-0.012 3.133 2879.19 . 3,134 2823.31 3.134 - 2821.99
-0.006 " 3.173 2779.90 -33.134 2793.69  3.134 2792,31°
0.0 3.133 0 2737.134 3.134 2750.63 3.134 2749, 30
0.006 3.3 2696.830 3.135 2709.57 3.135 2708.2Y
0.060 3.113 24C1.95 3.134 2507.490 3.134 249,990
0.1¢C0 3.132 2249,17 3.133 2255.93 3.132 2255.25
0.200 3.129 .2010.£8 3.129 2014.54 3.129 2014, 18
0.400 3.122 . 1812.89 - 2,123 1814.15 3,123 . 1814.C2
0.6C0 3.12¢C 1746. 31 3.120 1746.79 3.120 1786, 74
0.80¢0 20119 1722.74 - 3,119 1722.33 3.119 1722.31°
1.000 . 3.118 1713.13 . 3.118 1713.21 3.118 1713.290
1.250 . 3.118 17C9.32 ° ~3.118 17099. 3 3.118 17G9. 4
1.500 | 3.117 1798, 2C 3.117 - 1708.21 . 3.117 1708..21
-1.7590 3.117 1707.88 3.117- 1707.89 = 2,117 .-1707. g9
2.000 3.117 1707.79 3,117 1707.80 3.117 1707.80
2.250 . 3.117 1707.77- 3.117° 1207.77- 3.317 . 707,77
2.590 3.117 1707.76 3.117 1707.76 - 3.11F 1707.76



x|

- =0.200
T =0.100
-0.060
-0.010
-0.006
0.0
0.006
0.060
0.1n0
0.200
0.400
0.6C0
0.8C0

1.€00°

1.250
1.500
1.750
2.Cn0
2.250

©2.500,

Pr

~0.200
-0.100
-0.060
-0.010
-0.006
0.0
-0.006
0.060C

0.100

0.200

c.400

0.600
0.800
1.000
1.250
1.500
1.750
$2.000
2.250
2.500

3 Instability Resutts tor e

Table
.00
a* Ra*
2.98% S6UT .97
L 2.987 2434 .50 "
2.986 1817.137
2:997 13I86.76
2.998 1367.77
3,000 1344 .03
3.001 1346.43
3.0l 1340, 26
3.056 1378.74
3.092 1486 .00
3,117, - 1620.4%
3.119 167u4.76 .
3,19 1695.249
3.118 170e3.02
3:118 1706,33
"3.117 1707.33
3.117 1707.67
3.117 1707.72
35117 1797.-75
3.117 1707.76
10
3.152  18801,90
1.154 7423.62
3.152 5226,81
3.1 3519,22
3. 164 3421,27
3.165 3282,.79
3.160 3161.08
3.152 - 2451.40
3. 138 2191.78
2,124 1894,69 .
3.12C 17640, 35
3,118 1713.%6
3.116 178,29,
-3.118 1707.65
3.118 1707.66
3,117 1707.72
3,117 1707.76
3.117 1707.76
.3.117 1707.76 .
3.117  ©1707.7e6

dk

3.Ca9%
j.C98
3.014
3. 116
1.117
3.118
2.121
3.133

3.1y
3.131

3124
3.120
3.118
3.118
1,318

37117

2,117
3.117
3.117
3.117

.7

L

Ra*

1T4642,00 "

.5922.55
4237.54
2950.03
2878, 6¢
2779.71
2695, 5R
2218.,95
2041.75
1R 34,473
1726.49

1709,18 .

1737.08
1707. 26
17:07. 4C
1707.62
1799, 74

1707.76

1707.76
1707.76

.100

3.158

3.159

3.160
3.167
3.16u4
3.169
3.169
3.162
3.154
3.138
3.124
3.12¢
3.118
3.118
3.118
3.117
3.117
3.117
3.117
3.117

~

19147,90
T547.,22
5307.46
3564.38
. 3464, 18
©3223.44

3197.03°
2468.39°

2202.u4
1898.79
1741.26
1713.31
1708.37
1707.67
1707.63
1707.73
1707.75
1707.76
1707.76

1737.76

Wiw W wwWwww

Wl Www W w'w

d *

3.126
.
1,116
31.127
3,120
3,132,

. 158
.159
.160
167
. 164
.169
.169
.162

" 3.154

2,138
3.124
3.120.

3.118

.118
.118
L1117
L1117
.117
.117
.117

Ro#

169905, 90
(’)}u‘i;{'>
US1R,. MK
115,29
3036, On
2926 .97
2836, 1
2291, 07
BEARI RN aNS!
SIRS Y,y
1721, 06
1710, 4R
1707 .49

T1707.37
1707.59
1727,

T1707.74
17C7.76
17¢7.76
1707.76

a0

19186.90
7561.15
5316.54
.3569.46
369,00
3327.89
321Cc.07
2477 .56
2205.41
1901.0C9

-1742.95

1712.56
17C8.99

/1707.80

1707.70
1797.72
1767.76
17C7.76
1707.76
1707.76

1



Pr

’

1
2
ou

0
0

0.0
0.C
0.0

0.C76.

0.0089

0.010

0.020

C.0u0

0.060
C.080
S 0.106
0.200
0.400
0.6C0
0.800
1.000
1,250
1.500

Pe = =

9.001

c.cC2°

n.00y
0.0%6
0.c08
0.010
0.020
0.0u0
0.060
0.089
0.1GC
0.200
o.ucce
0.600
0.800
1.0C0
1.25%0
1.500

W W W w W W w W o tO fO
.

972
sY9FE
n29
rs2
769
~82
L122
142
183
153
T2
142
3.127
3,121
3,718
3.718
3.117
3,117

*' .

Table 4 Instability Results, for pe 50

.700

Ra*

5162.4
4Bu9 1
439y, 4
yrey,. 5
30z, 0
1600, 7
2999.7
2061.7

"2197.9

2039.9
192€.4
1734, 9
€500
17C1.9

170507
17071

1707.6
1707.7

—

2984, 2
02,5
Icul,6
359,90
3213.2
2093,
2694,0
2259,4
2097,2

1959,7

1875.7
1715.7
1697, 6
17C1.6
1705.7
17¢7.1
17¢7.6
17¢7.7

9

1.000

d*
L d

.18
. 128
3,144
3.156h
L1646
3.173
2,191
3.189
1,179
1,177
3.163
3,143
2,127
3,121
3,118
3.118

- ad

Y

3.117.

3.117

2.988
3,021
3,097
2.118
3.133

3,170

3,182
3.176

3,169

31,163
3.144
3.127
3.121

3.120
2,118
3.118
21,117

3.117

Ra*

Ines, 8
6571.13
857155.5
5226.N
un2y,?
45781
35658.1

-2751.1

2376.6
2160,2
202%.9
1758,
16948.9
1702.9
17¢6.C
1737.2
1767.6
17¢7.7

5550 .9
5197.2
43070
4C77.¢C
3859.,1
3171.9
2546.0
2243, 3
2065.6
1951.5
1736.7
1€ 96 . 4
1702.5
17C€.C
17C7.2
17¢7.6
1707.7
1707.8

. 3.324

10.000

a* Ra*

A,HO2248575 .8

1.80220625 .9
3.80219A4 3.4
3.74512650 .5
1.6941066 3, 6
3,648 9253 4
3.475 5786, 2
1604 .8
2862.,0
2u62.7
27225.9
1807.2
1706.6
1704 .9
1706.6
1707.4
1707.7
1707.7

3.256
3.218
3.19u4
3.1u8
3.126
3.120
3.118
. 3.118
3.117
3.117

2.33431395.9
3.44822157.5
3.950614549,7
3.50411159.1
3,489
3.470
1,287
3.292
3.242
3.211
2.190
.47
3.126
3.121
3.118
3.118
3,117
3.117

792R.6
5021.2
3296.73
'2657.8
2327.5
21230, 0
1780.9
1753.6
"1704.6

17¢6.€

1707.7
1707.7

T 3.117

92€8.3

1707.4.
©3.117

“100.000
Ra*

a*

4.,10u339547.,5
U 10225337,
4,00218415 ¢
3.94214511, 5%
3.AN412000, 3
3.77410263,7
3.532 A161 ;4
3.344 376€.,D
3.26% 292~ .4
3.223 2u97.,4
3.197 22014
3.4 18121
3.126 1707
3,122 17051
3.118 17¢6.7
3.118 1707 .4
17¢7.7
17¢7.7

e

3.117

4.02355779.9

"3.871319813 .y

3.7491815¢ ., 5
2.66213120.1
3.61110L74.5
2,565 A827.6
2,429 S226.0
3.308 3395.4
3.250 2707.4
3.215 2357.1
3.192 21494
3.148 1785.4
3.126 1703.71
3.120 17Cu.8
2.118 17C6.7
3.118 1707.0
1767.7

3.117 1707.7



100

Ra*

2.32663°9.,4

2. BUKTU6CE, ¥ .

L
“
: LY
Table & Instabilify Results for Transwerse RO« at Pe t
Pe 5
- » .
Pr 1 100 -1
X a* ’ Ra* a* Ra* Ca* Ra* a*
-2.000 2.771 ern7.Q 2.7731 sa99q._y
=1.590  2.769 usCu.6 2,779 4u9yg. g
-1.0"0 2.787- 34285, 8 2.783 22,8 2.77267928 .5
-0.60¢0 2.817 SB°8,4 0 2,815 2806, 2 2.78519110 .4
-0.1C0 2.903 2299 46 2.905 2297.8 2.078 3u02.7 2.7139
=0.06C 2.913 ~2¢9.7 2.9 2268, 2.720 3064..7 2.772
-0.010 2.927 2213.6 2.929 2232.¢ 2.801 2764,2 2.856
~-C.0 . 2.930 2226.4 2.932 2224.,7 2.830 2718.Q 2.886
0.0 . 2.927‘2236.7 2.928 2235.4, 2.810 2711.9 2.8u46
0.060 2.929 7273.,4 2.948 2204,0 2.91S5 2532.2 ° 2.967
0. 100 2.946 2205.u4 2.961 2184 .7 2.967 2u37.u4 3.019
0.%CC "2,r¢5 T9Y9.1T 1,067 1997.4 3.065 2000.7 3.11u
1.0C0 3.0396 1900.3 3.097 189g.6 3.065 1965.6 3.114
1.29C 2,104 1856, 3.1C6 185%4.6 2.065 1961.8 3.114
1.5C0C 3J.109:-1822.5 3.111 1821.¢ 3.065 1960,7 3.113
1.750 3.712 1797.0 3.%'14 1795, ¢ 2.065 1960.y4 3.113
2.0(0.' 3.113 1777.7 3.116 1761.7 3.065 1960, 3 3.113
2.500 3.714 175321 3.%17 1750.7 3.665 1960. 3 27113
3.000 3.115 1737.5 3.117 1736.2 3.065 1960.3 3.113
4.06CC. 3.115 1724.5 2.117 1719.1 3.065 1960.3 3.713
5.000 3.%15 172C.2 0117 1721707 3.765 1960, 13 2.113
6.CCC 3.115 1718.9 3.117 1717.1 3.065 3.113

1960.3

13081
AcrT6.4
271601
2666, 6

2665, 8
2486.9
2392.0
1965, 7
1941.9
19219
1928, 2
1927, 1,
1926.9
1926.8
1928, 8
1926. 3
1926.8
1926.8
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CHAPTER 1V

w

MAXIMUM DENSITY EFFECTS ON CONVE LTIVL
INSTABILITY OF HORIZONTAL PLANE POISEUTLLE

FLOWS IN THE THERMAL ENT.RANCE REGION

A linear stability anglysis is usedftp Study the

conditions marking the pnset of secondary flow in ‘the. form

< . - 3

of Tongitudinal vortices for p?ane Poiseuille flow ofﬁwater
in the therma1bentrance~region.of‘a horizontal parallel-
plate channeﬁ by a numerical method. The water temperature
range under consideratjon is,0 - 30°C and the maximum_den;
Eity effect at 4°C is of primary interest.. The basic #1low

solution for temperature'fntiudes axial heat conduction

4

effect and the entrance temperature is taken‘to be uniform

'at far upstream 1ocat1on X !£ZD to allow for the upstream
R N

heat penetrat1on through thermal entrance X = 0. Numerical

resu]ts for cr1t1ca1 Ray]e1gh number are obtained for'

Pec]et number§ 1, 10,050-and_therma1 condition paramet§r§
] -0.5 and -1.0 < KZ
1.4, The analysis 1is motivated by a des1re to determ1ne

(?], ;2)\1n'the range of-—Z“O < A

I

g s

,the free convection effect on freez1ng or thaw1ng in channel

-
A

f]ow of water

» .91



. Gr

9J

Pe

Pr

Rq

Re

Nomenclature

temperature difference ratio,

(T1 B Tmax)/‘ﬂ“T '

coefficients of infinite‘serieg defined
by eqs. (5) and (6)

dimensionless wave number
operator,'d/dz&

(} SRERE $4)
Grashof number defined below eq. (14Y)

gravitational acceleration

height of channel and L/2..

~Liquid pressuri‘(Pb‘+>P')ra%d basic

flow pressure

Peclet number, 4 U%z/i = Re Pr

o

Prandt] humber, SV

dimensionless perturbation pressure,

Pr/ (/LY

Rayleigh number, Pr Gf

'Reyholdsvnumber, 4 Um@/v;

ES \

water temperature'(Tb + 2'), basic flow:
temperature, (T] + TZ)/Z‘and uniform'

ups tream température

- ..



T.,,1
12777 max

TR
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oo
constant lTower and upper plate tempoerda-
tures, and maximum ‘dens ity temperature
(4°C)

axial and mean velocities and (Ub/Um)

of basc flow

dimensionliess perturbation velocity
components, (U',V',W')/(./L)
Cartesian coordinéteS‘wjth origin at

lower plate

' <X9sz)/L

(x'/(3/8)Per,2'/%)

transformed cbordiaétes,"(x/(3Pe/16),;7
) ’ ) . Vo

eigénfunctigns

t;ansverse cqbrd{hate'wifh oriéim at

center of channel S

thermal diffusivity

eigéﬁva]ues

temperature coéfficients for densitx—

temperature relationship

dimensioniess temperature disturbance;

9I/AT ’ v

_.dimensidn]ess température and uniform

entrance temperature, (T ;'Tm)/(pz ST

and‘(TO - Tm?/(TZ - Tm)



" max

thermal condition parameters, detined

below eq. (13)

kinematic viscosi

{
|

ty

density and maximum density at

(¢, - 1), dimensionless basic velocity

and temperature profiles,

4.0 -

W
—— "
N

t

b

Superscripts and Subscripts

n

it

5]

.

) /2

perturbation'quanfity

AN

amplitude of disturbance quantity

transformed-perturbation variable or

critical value

(1/2)u

b

e

basic flow.quantity in unperturbed state

’

upstream and downstream regions

~fully developed v

pvg
atue

I



4.1 inir‘udm?i()n

thermal dnstability analyeis tor hovisonstal oigutd
layers with a density Max imum was made hy Veronis (1],
bebler (21, Tien [3] using a parabol i temperature dens ity
relationship valid for the t,wr_r1m-~n1‘~\u‘«\ randge O 8» ( and
recantly by Sun, Tien and Yen [ 4] using a “hird degree
polyrmmiéa? erxpansion for the tvmbwr‘a*qrw—df.‘nﬁit‘J redlation-
snip applicable to the tempevature 0 to 30 0, The onset
0* convectionvin a horizpntd] porous meaedium containing
Piguid with a density maximum was also‘étud%ed by Sun, Tien
and Yen-[S]. [t is noted that these thermal instability
agﬂ1yseS"a}e conéerned'with a horizontal liquid layer with-
oaut main flow and represent an extension of the classical
Benard problem to the case with maximum density effect.

The objective of this investigation is to study the
effects of maximum density on the onset of longitudinal
Qor?ex rdl}g in the thermal entrance region of a horizontal
plane Poiseuille flow where the lower and uppervplaté
temperatures are maintained at T] and T2, respectfveTy, with

Ty = szor Ty 7 T,. (Recent theoretical analysis [6] based

3
on ?oussfnesq approximation and experimental inveétigation
[7] show that the instability sets in as steady longitudiral
vortices in thg thermal entrance region of a horfzonta]
para11e1-p1£te ;hanne] heated from below when a critical
temperature difference.is exceeded. For b;sic flow in the
~low Peclet number regime, the upstream heat penetration

through the thermal entrance X = 0 becomes sighificant and
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the boundary conditvon ot ot btore ot ranc e Lot tempera ‘W
ture must bhe <hiftoed from X Dot the tar dpstream Do g -
tion at X (3] to allow tor the dpstream heat Conductian,
The presont work G motivated by the intereat in determining
the et tedt of Sy convecttan on 1oe farmation or tnawing
tnonordvontal narallel-plate chanpels Sino e water on905y0.
Taximum o density oat 4 °C. The wafvr‘fvmperquPS under con-
Slhderation range fr(nn’Q Fo 36 0 and the temperatyre regine
1s also of Interest in studying tre decay and growth of 1ce
in nertnern lakes or rivers.
4.0 Upstream and Downstream Temperature Solutions for
Basic Flow ‘
‘ )
If one negiects the viscous dissipation effects, the

energy equation and the boundary ¢

onditions in dimension-

lTess form for the thermal entrance region problem (see
Fig. 7. with axial heat conduction can be written as
2. - 2.

2 b b . , 8 " b

e ST T e T (1)
”blk_ ,2') = R 'b]ix‘,1;/~z = “:blfx s -1/ .z = 0

for -+ <« x' <0 {2)

'bz(raz )t Nf’ b~2‘\x ,]> ]9 GBZ(X',-]> = -] for OiX <= (3)



~ture and u

ij(Ozg')"= sz(o,z“){*30b1(Q;z')/}x* = 09,,(0,z27 ) /ax
o at x' = 0 (4)
=N . R ) .

where the dimension1ess variab]es are-defined in Nomencla-'

b (3/2)( - ) for a plane P01seu111e fTow.

The so]thOn methods descr1bed in [8 9] may be adapted"A

o

to the present prob1em and the temperature so]ut1ons 6b1

and b2 in the adlabatwc and heated Peg10n5,,respect1Ve]y,

can be wr1tten as(Chapter II)

ipp(xtazt) = 90 0 Jexplatx"')
) s n ] . B
v DA F (2 exp(fxt), —o < x' & 0 (5)
n:T . . ;
@ o |
--52(5‘,2') =z' + nz}: C R (z')exp(-3"x")
# L0z (2 exp(-vix), 0 < %t <o - (6)
n=1 ) )

Where,dn; e ?and Y”, FA’are-the even and-odd‘eigenva]ues

B

'and e1genfunct1ons; respect1ve1y, for the ad1abat1c (up-

stream) region. S1m11ar1y, Bn’ Y and R ,=Zn are the even -

and odd e1genva3ues and e1genfunct1ons, respeet1ve]y, foF

~the heated (downstream).reg1on. The deta1]s of the solution

J



method;‘the cometed eigenvalues and the serieS‘eXbansion
coeffieients.for the case OO = 1 are given 1ﬁ ”Hepter IT.

A fourth order Runge-Kutta method [107} us1ng two hundred
equa] steps ‘is emp]oyed Lo obtain: the e1genva]uer and eigen-
funct1ons from the numer1caT so1ut1on of the character1st]cA
equations and the related boundar/ cond1t10ns The, series
coeff1c1ents are calculated- by us1nq the match1ng cond1ﬂ
t1ons.a; X = O for both the temperature and temperature-
,grad1ents after construct1ng orthonorma] funct1qn5’from the
nonorthogonal elgenfunctnons [8]. Inhth%s étudy; tﬁe
infinite series are truncated at n = 12 and 8 for Pe é\1

and Pe = 10, .50, Fespective1y »For the 1nstab111ty ana1y51s,

it is more conven1ent to sh1ft the coord1nate origin to the

b1 T
i

o

lower D]aLp asshown—inFig.—F~As—a ?c:u’t, he—basic

temperature profile now becomeé S, = (1 —-Gb)/Zn

4.3 Perturbation Equations
[f the basic-fiéw field is perturbed, one obtains

U=y o+ U, =~V‘,»w—r"~'“'w" T =T +8',P="P +P' and

b b b
o= ot éc."lntroduc1ng the d1mens1on1ess variables,
(oyaz) = OGYLZ)/L (uavaw) = (U000 /(8/L), p =
P'/(ovZ/L') 5 = &'/(aT) and ‘applying the linear stab1]1ty

ana]ys1s (5, 6] us1ng Bouss1nesq approx1mat1on, the perturba-

t1on equations 1nad1mens1on1ess form become’ o

@
o
@
<

|
|

y'+%—‘;—=0 C(7)

e8]
x
[e%4
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; dé o . ‘
: au : ¥ a.p. 2 ;
: Reloy S5, W gzl = - &+ (8)
by 2V 0p 2
Ret =i Tyt VoV ) ) (9)
Red _3_""_ S - ip oy =2 - ':E_QR (10)
e 3x 5z e 2 o 9
T ; 3¢ d¢
P-Y: %% 0. _ 1 .2
Reﬁu X T X v 32 Pr Ve . (11)
where ¢u = 3z2(1 - z), Py __(Tb - TZ)/AT:= {1 '10b)/2-?”d
LAY LY P SVATEFI | e

‘The dens1ty temperature re]at1onsh1p for water in the

- _’,‘\

temperature range 0 to 30°C s g1ven as f51

_Here the‘temperature at maximum: density T

)2

- 4» o 3 .
Yl(T _ Tmax. __YZ(T -_Tmax)'] (12)‘
| tmax 'S assumed to
lie between the lower and upper p]ate temperatures TT and
o- Con51der1ng the: change in the dens1ty, Sp -= o(Tb"f ') -

Tﬁ

(Tb), caused by the temperature perturbat1on Gy,

one obtains,

the fo]]ow1ng expression after neg]ect1ng the terms involw-

S

ng ()

“.= 1Qm3X[2y](A4T)8

and (e')3

L

1 G2y AT I - age + 2,681 (13)
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whete V= (S1/A)[V + (3y,/v,) (AST)1/[ + (3,127} (AT
o (A TGy, 2y ) ARTI/ [T + (3% /ZY])(AA 1 e, =

(T

t

Tod/aT, &= &, - 1, AT

9

\77 and A = (T, =T - }/aT.

b 1 ma X

~The thermal parameters X] ahd"'>\2 were first introduced By

Sun, Tien and Yen [4,5].

©

The dependent var1ab1es u, v and p can be e11m1nated

[y

v frbm the three momentum equat1ons by ‘using’ cont1nu1ty equa-

tion. 'Noting that o = Phax from Boussinesq approximation,

one -then obfains

Red . — (Tzw) - Re ”Zu éﬁ = 72V2w
, . dz 3 X
. y + Grv [(1 ;,A]ch + A2¢2)e] : ' (1'4) ;
c L | |
where Gr = g(ZY]AAT)(AT)L3 [1 + (3yé/2y])(AAT)j/v2 and -
. ? - {“: - ) v
-?{ = }Z/QX? + 32/ay2. S1nce the disturbance var1ab1e u

appears.also in energy equat1on,(11)¥iequatyons (8), (14)_
and k]i) now become_the set of.govenning berturbatfon equa-
tidns It is seen.that because of the presence of (AT)2
in the expression for Gr, the onset of secondary f1ow.'s'
poss1b1e for heat1ng from be]ow as ‘well as above. ﬂl

At the onset of 1nstab111ty 1n the form of steady
‘1ongltud1na1 vort1ces (the type. of Tay]or Gort]er vort1ces)

+(z)»»]ay for '

one may assume the perturbat1on form of f = f

‘the d1sturbance quantities w, u and @ [6]. Furthermore,

o



for vortéx—type_instabf]igy'8p/?x_=

w oo

turbation equations becomes:

o

¢

o
where f =

(DZ-- az)2 W' Gr[a“f - l—g]a
de
02 o 2 + . + u -
(D - a )U = R?e w a—z——
L ’ 3 3
2 2.+ + %% +
(D —vio)e = Pprlu Ix ° W 3
. : v . o
T - A0+ 2,0 and D = d/dz. .
In drder to use the parameteré Pr,

L.

¥
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0 and the set of per-

s ot
* L (15)
(16)°
¢ :
6 o
3T (17)
Pe and- Ra instead

“one - may further 1ntroduce the transformat1ons, X

zy

DA.
™o

Ty +

U = Re u*, w =7W*; and §F =

o

Rala®(1- a7 + 2,9

]

T+ {('im * 2X,9) A
. oX

-

; o do -
(DZ.-'bz)w* = wH __qr
. dz
(0% - a%)ex = (16 yx o,
. X

Pr 6%,

"~ One

2 ' : ,
=+, (—9> }(3Pe),Je%

“and—Gr whi&” dppear 1n the above set of equat1ons,

= (3Pe/16)x,

thus obta1ns

(20}

-



_ o » . o ' ;1102
" The boundary conditionsiforht@e disturbances at the walls are

<

For QTVenIVaﬂues of PO,Y r, Pe and x,‘one is 1nterested
1n determ1n1ng the m1n1mum cr1t1ca1 Ray1e1gh number and the
correspond1ng wave. number through the squt1on of the .
cdupled equat1ons (18) to (21 ) The numer1ca1 method of
squt1on [6] empToy1ng the h1gher order f1n1te d1fference
scheme deveIoped by Thomas [II] may . be app11ed to ‘the present

e1genVaTue prob]em The detaw]s are g1ven in Chapter III

R . .

4.4 Numer1caT ResuTts and D1scuss1on . - : 1:

N

The Prandt] number of water var1es from 13 6-at 0°C
to 7.02 at 20 ¢ awd 1s taken to be IO Tﬂ th1s study The'
temperature coeff1c1ents for water [12] are y] = 7L73T9‘¥
TO .( ), and Y, = -5, 1821 x 107 (46)3'with a standard
dev1at1on of 0:4 x']O;S. The detaﬁTs of the determ1nat1on
“of “the coeff1c1ents Y and Y2 using the method of regress1on
'are g1ven 1n Append1x ITI. ‘One notes that the parameter '

(T _Tmax)/AT is aTways p051t1ve and x] is aTways’nega—.
t1ve for the temperature range 0-30°C under” conSIderat1on
The express1on for: AZ reveaTs that - the value AZ 1§ negat1ve7
huhen T] > Tmax (heat1ng from be]ow) and posjtjve'whén OSC <
-T]fs Tmax (heat1ng from above) For T] > 4° C the potent1aTIy
‘Vunstable Iayer is conf1ned to the reg1on T1 > T > 4 C near
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the lower plate, vSimi]arTy,’when~O ;-T}‘< {°C the ‘poten-
tially unstable layer with temperature ranging from T] to»
4°C is also Tocated near the lower pTate; It is noted
ﬁthat w1thout maximum dens1ty effects, the case of heatingﬂ

from above is always stab]e As. T - Tmax A > 1 and- t_e»,

whoTe channe] becomes potent1a11y unstable whether T] i" r

1 = : \
problem - here the hor1zonta] fluid Tayer 1s unstable only

-

when heat1ng is from below. Also, as T] > T max’ A + 0 and,

or T, > 4°¢ This is in contrast to the classical Benard\

the whole layer- becomes potent1a11y stable.
The typ1ca1 numer:ca] results for cr1t1ca1 Ray1e1gﬁ

.number and wave number are 11sted in Tab]es 1 to 5 for

-Pe =1, 10, 50~ and ‘the ranges of parameters —2 0 <‘K] < —0.5;

=F.0 < Zi: T;ﬁ.‘aTheLspecuan case of kz =0 corresponds to
the parabol1c dens1ty temperature re]at1onsh1p (AZ = 0) for
the temperature range 0-8°C and the parameter A] becomes‘
s1mp1y X = (-1/A). The effect of PecTet number on ‘thd

ax1a1 d1str1but1on of the, cy1t1ca1 Ray1e1gh number is ‘shown
.1n F]g -2 for x].; -0. 5 (or A =Q2) and AZ = O (or Y, = 0) e
The ax1a1 heat conduct1on is cTearTy seen to have a destabi-
Twz1ng effect néar the- therma] entrance (Y =t0) and the
Ttrend reverses before approach1ng the asymptotic value of
Ra* = 2275 correspond1ng to a 11near bas1c temperature pro-

fi]e The upstream temperature profvTe oe, becomes‘practic-ﬂ

a]Ty un1form at x = -2, —j and -Q.OS for Pe‘=*1,'10 and .50,

-

4

'respect1ve1y (Chapter II), and it is conc]uded“that Ra* + =

there L . T _ &
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The instability/results .for Pe = | and Aoz -0.5, -1
are presented graphically in Fig. 3 for various values of

A,. Since the upstream temperature profi]e is uniform at

2

. ‘
X = -2, the asymptotic value .for Ra* in the upstream reg1on
is 1nf1n1ty The downstream asymptotic resu]ts agree

exactly w1th those reported in [4] and the parametric

effect of x2i1s also similar to that of Fig. 4 in [4].'CThe_
-two special case§ of T2 =w0°C and T]': O C [4] are of con-
'sidera&]é-practiea1 1nterest since they correspond to the
cases of melting from be]ow_(heatlng from below) and melting
fromuabove,(heating trom above), respective]f. \%he_physica1f
1nterpretation‘of the numericgl results can best be pho-

~1ided by considering a specific example. ) From Table 5 of

~_~___ﬂ_LL}_£opwuH+4a5e—e#—me+t+ﬁg—+rom*be+mv =0 for a horic

zonta] 11qu1d layer, one finds that at A] = -1.014 and_x2 =

_—0}3010(T] %718°C), the theoret1ca1 and exper1menta1 values

~of Ra* are 4;021 and. 4,663, respect1ve1y ~The therma]
;1netabi]ity of a horiZOntal 11qu1d layer considered in .[4]

Vcorreéponds to the fully dé@e]oped cage thh a linear basic
temperature prof11e (independent of Peclet number) in-the

©

present problem. A sample 11near 1nterpo1at10n of the .

asymptotic resu]ts for X, = 0 and -0.5 with A;-= -1.0 in
“Table 3 gives Ra* = 4,10 .0 and A, = -0.3.
Fig; 3 a]sooshows that th 'sult agrees with
Ra* = 4,021 for a, = - i -O.%O]ﬁgiven.tn [4].

1
Noting the parametric efi gsof K] for a given -value of X2

~Shown in F}g. 3,.0ne sees that the trend of thé present

-



., K f . 105

wr

/asymptotic results also agreee with the experimental and’

theoretical resyltsrgiven in Table 4 of [4] for the case

-

of melting from above (T] =0, heatingcfrqm above). The

above.qua]itaeive comparisoh suggests that tre preseht

’1nstab111ty analysis may be used in pred1ct1ng the onset.

of 1ongwtbd1na1 vortex rolls 1n a hor1zonta1 parallels:plate.

channe] with main flow 1ﬂvo]v1ng melting from below or above.

This unformat1on is of partwcu]ar interest in assess1ng the

free convectron effect on ice formation or thaw1ng in hor1s

”_zonta] channe]s

Further instability results for Pe = 1 and Ay, = 1.4
are shown in'Fig. 4 with A1 asuparameter. ‘AS'ﬁeted earlier,

pbsativerlz signifies heat1ng from ‘absve with 0°cC < T] <

Vs
40(:. The verti ca1 d‘lsj:r‘1hllf1nn< of the d- Y—S—I—H-Pb-a‘l‘ﬁ:‘cb u*;

Kl

w* and 6* together w1th the bas1c pro files ¢ and ee are

2d1lustrated in F1g 5 and 6 for Pe = 1, A1 = -0.5 énq,

Ay o= "-1.0 at various axiaT-pésitions. In the alottfng,_the

maximum_amp1itude:ofkeach disturbante is taken to be 0.1

The prof11es for u* and 6% at X =5 .are furtherc‘”
”i1]ustrated in ng 7 for Pe = 1, X],= -0. 5 and Ay = 0.8,
-1.0. It is seen that u* is negat1ve near the lower plate

.and poswt1ve near- the upper p]ate The re]at1ve1y weaker

disturbance u* near, the upper p]ate For )2 = -1.0 as com-

“pared with u* for XZ = 0, 8 is apparent]y re]ated to the

sma11er unstable 1ayer th1ckness .pear the 1ower p]ate wh1ch
is 1nd1cated by the h1gher cr1t1ca1 Ray1e1gh number. In

contrast to the reversa] of s1gn for u*, the profile 6* for
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Vo -1.0 7is quite similar to that of A, = 0.8 except that
the position of maximum * is located nearer to the lower
plate. The"informatton,On-the looation of maximum'u* is

u&efulhih“the experimental.determination of critical Rayleigh

‘number,by measurement. of spanwise temperature distribution

[71.

54.5 Concluding Remarks y,

1. The accuracy and convergence of the numerical . ..
so]utionuare checked by'an excellent agreement‘befween the
_present downstream asymptot1c results and the theoret1ca1
resu]ts for 11qu1d layer reported in [4]. .The latter

theoretical results in turn are confirmed by the expéri?

mcntd]’%ﬂVFSTfQHTﬁﬁﬂfH§;}nﬁffﬁféaﬂBiifﬁg compa;1son"shownf
in Fig. 7 ot [4]. The matching of thevcritica1 Ray]eighl'
'numbers for the upstream and downstream reg1ons at X ='O
also provides a severe test for the convergence of the
°numerical so]ut1on and the critical Ray1exgh numbers for
the upstream and downstream reg1ons are found to agree w1th—
in three s1gn1f1cant digits at x = 0. The numer1caT resu]ts
can be seeu in Tab1es 1 to-5. Furthermore, it is” found
that the increase of the number of e1genva1ues and ‘series
coeff1c1ents to 20 for the basic temperature so1ut1on
\‘,1mproves on]}gs11ght1y the degree of. the match1ng at X = 0.
2. The resu]ts of the present therma] Tnstab111ty

ana]ys1s show that the effectsbf axial heat conductIon on

the onset of longitudimal vortex rolls in hor1zonta1~p1ane;

<



.northern lakes or rivers.

.07

Poiseuille flow is important when Re =" 5 or Pe < 50. For

e}

water w1th T] S Tmax S TZ’ the density inversion effect

‘must be considered in thermal instability analysis [4]. -

The present analysis may be used in assessing the import-

ance of free convection effect on melting and ice formation

‘problems in horizontal parallel-plate channels by consider-

ing the case with T, = 0°C or T, = 0°C. The free convection

1 2,
effect involving the density inversion is also of interest

.in studying the medting of ice formation problems for

o

3. Since the entrance temperature parameter 60, two
thérmal condition parameters (A ],,xz) and Peclet number

are involved, only sample numerical results with 8 = 1,

A

are presented The numerical method 15 conf1rmed to be

applicable to the ranges of parameters, -2.0 < Ay i -0.5

- 2

and -1.0 < A, < 1.4. Outside these ranges:, ‘the unstable
1ayermwith temperature “distribution in the\range,TT < T .<

Tmax near the lower plate becomes so thin that the-bwoyancy'

effect tends to be washed out by the forced main flow. . In

other words, as A decreases or the re]at1ve magn1tude of

( - = .

\T1 Tmax) decreases, with respect to AT 'T] T2, then
correspond1ng1y the unstable Tayer th1ckness a]so decreases

It is also noteworthy that the parametrwc ranges for A1 and

A, in this study are narroWer than those 1nd1cated in [4].

4. When one assumes the entrance temperature at

X = O to be un1form as 1n the case of :classical Graetz pro-

“blem [6], then the therma] boundary Tayer deve]ops”start1ng
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at x - 0. Ffor the basic flow solution for temperature
considered in_th{s study, the fluid temperature is taken
to be uniform at x = -w in order to accommodate the effect
of upstream conduction and consequently the.thermal bound- :
ary layer thickness is not zero at x = 0. As a matter of
fact, the basic temperature profiles at ‘X = O\fof Pe‘=l1
and 10 [10,11] show that the heat>p1réady peneirates to the
upper plate and the whole cross section is potentially .
unstable (see Fig. 1). It is-then seen that for Pe = |
and 10, the concept of th?rmal'boundary 1ayer'fs no 1ongef
app]jcab]é: The foregoing fact -accounts for the decrease
of critical Rayleigh number near X = 0 wjth the &ecrease

of Peclet number as shown in Fig. 2. .When Pe > 100 or

at

a0
y—at—x¢ U

fed
¥ ~% = 1t

Pe o = the critical Ra* becomes—infini
5. The experimental instability data in the thermally
deQelopihg region'of a horizontal cHanne] flow of water in
'the‘temperature range O ~ 30°C do not appear to be avai]l
able in the Titerature. In view of the importance of
environmental heat transfer pfbb]em (freeiing or thawing)

involving 456 for water, the éxperimentél»investigation-is
appaheﬁt1y in order. . . '.v {
‘ 6.:.%he pofehtia]]y unstable Tlayer Wit% tempéhature
kahging_ffom T, to T . near the:1owér plate{may be seen
more clearly by. considering the‘fu11y deve]dped region 7
‘Qhere the'basic'temperathe profile is 1inear.>.The upper
Timit bf'the unsfab]e layer is then given by z =71”— -
'(Tméx -"%é)/(TT "_TZ)' By'kgeﬁing T2'6onstaﬁt, one finds |
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that (5z2/0T,) -0 for the case | .= 1, (heating ftrom
| I I : M X l

'

below). This means that as I]“fncreuses the unstable
1ayervqhickness also increases. On the other hand, by -

keepingi'T1 constant one obtains (dz/aT?)T < 0 indicating
S L : 2T,

o . % ” B :
that as T2 Increases the unstable layer z decreases when

T (heating from above). Physically, positive or

7 Tmax
negative value of \2 signifies heating either from ab;tg

or below whereas the larger value of l\]l‘indicate§7thé
smaller j;stable layer with theicorre§ponding higher crfticé]
Rayleightnumber. The above observation }s useful in phyéi—
cal interpretation of Ay and -\, and agrees with the results

shown in Tables 3, 4 and 5 of [4].
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b
CSTABLE 1. Instability Results Yo7 oGS A, 0 and Pe s AoE -2
L .")‘
- : 0
)
e
Pe 1 - 10 50
X ax* Ra* ax o Ra* Cax Ra*
0.001 3.081 . - 3311.4 5575.6 - 5.001 77289.7
0.005 3.0817  3305.3 54G1.9 3.932 26780.7
0.010 35081 3297.8 5195.9° S 3.702 16909.3
-0.020 3.080 - 3283.0 4829.8 3.505 10334.8" .
0.040 3.080 .  3254.1 142693 3.358 6402.5
-0.060 3.078° - 3226.0 3876.9 ©3.291 $4952.7
- 0.080 3.078 3189.9 . 3592.7 ©3.253° " 4199.8
0.100- _ 3.077 - 3172.5 -3379.4 3.229 3743 1
0.200 - . 3.07a 302a§éL, 2819.8 - 3.172. . 2862.2
T 0.400 - 3.072 bt A 2482.9 3.139 2501.4 -
0.600- - 3.073 .- 2726.3 2380:.9 3.128 2395.9
0.800 3.075 " 2623.5 2336.2 3,122 2343 .2
©1.000 - 3.077 - 2546.0 2312.2 3.121. 2313.8
. 1.250 3.082 _  2474.4- 2295.4 3,120 2294.3
1.500 °  3.086 © 2422.7 2286.3 3.118 '+ 2284.6
@0 7, 3.088 . 2384.9 2281.2 . 3.118 2279.8
2. 000 3.092 235771 2278.5 . 3.119 2277 .4
5.000° 3.112 - 2277.9 2275.1 3.118. 22751
Pe i, 1] s )
A : 1.4 . o 0.8 0.2 .
X L oca* o Rax . ax - Ra* a* Ra*
-0.70 3.319 11791.0 3.436 342440
C-0.50 - -3.301 -10353.0 3.336 26781.0,
--0.10 3.174 . . 7749.1 2.960 © 15566.0
-0.05 03.148 . 74510 2.892 14476.0
-0.00 3.126 7183.1 2.829 - .13605.0
+0.00 3.211 - 71291 2.996 1149770
0.05 13.124 6995.3 . 2.798 -12774.0
0.0 3.057° + 6621.7
0.50 2.930 .+ 5376.1
0.7¢ 2.923 . 5079.% .
1,00 2.937 . 4810.3 - ' ’
700 3.022 4496.3  2.902"° 7425 .6 co :
5.00 3.111 4401.9 3.146 7343.5 3.614 15153-.0
~7.00 . 3.121 "~ 4399.0 3.175 - 73368 3.666 15060.0
10.00 - 3 4. 3.187. 2 15015.0



TABLE 2. Instability Results for P02 o, SR N
: .o : ° o e . -
7\2 - » 1.4 7 . e .8; ) o 0.2
: . . [&] ) . .~
X a* . - PRa* - a* Rax . . . la*-. Ra*

S =200 . 3.132 5891.5° 3.130 7290.8 3.128 9562.0-
=1.00 3.17¢2 3433.9 3.155 £147.8 7 3.1%8 5235.0
-0.70 3.187 - .2953.1° 3.163 35384 3.126 4410.3 .
-0.50 3.194 2680.1 . 3.166 - 3195.0 3.123 . . 3950.5
-0.10 3.191 ° 2227.9 T 3,158 2635.8 3.109° . 3219.3
-0.05 S .3.188 2180.0 . 3.156 - 2577.2 3.107 - - .3144.7
-0.00 3.186 « -2145.0 ~ 3.154 2522.8 3.105 3074.4
+0.00 3.230 2188.6 . 3.189 2566.6 3.115-, 3091.3 .

0.05 - '3.190 " 2098 .4 "3.155 7 2476.0 3.103 .- -30190.3
0.10 . '3.]75/ 2046 .1 °3.144 2417.7 3.098 - . 2945.2
0.50 3.1490 1805.3 - 3.124- 2131.3 3.0€8 = 2592.2
0.70 3.144 1732.3 3.121 2043 .4, 3.088 2482 .7 7
1.00 3.140 o 1656.6 3.120 7 - 1951.6 3.090 T 2367.6
2.00 3.137 - 1546 .2 3.120" - 1815.8 3.100. 2194.7
5.00 3.125 1502.3 3.120 .0 - 17860.6 3.115 2122.8
7.00- "3.120 1501.0 , . 3.117 1759.0 37J16 . 21206
10.00 3.120 1500:9 3.117 17588 3116 2120.4
- S0l - 0.5 LS. e
X ' ax* o Ra* | a* ) Ra* . a* - Ra* .
- T T o . ".‘ T : . v -t ' . ' <
-2.00 C2.126 0 10670.0 3.121. . 15020.0 - 3.111 _+ 25359.0
-1.00 3116 5735.6 3.070° 7532.5 2.978 . 10940.0
-0.70 - 3.109 4803.7 - .3.048 © :6175.3 2.928 : 8601.1 .
-0.50 3.103 °~ 4286.9 0 3.032 . - 5436.4 2.897 4376.8
-0.10 . 3.087 *~ 3472.8  3.007 ~ 4307.8 - 2.858  ° 5508.7
-0.05 "3.084 - 3390.6 3.005 - 41977 . 2.856°. 5231.1-
-0.00 3.0817 . 3312.7 . -3.000 - 4090.3 2.850 = _ 5065.1
+0.00 - 3.08% 3312.9 2:957 . 8012.1-. 2.720 4986 .1
0.05 3.079 '3239.9 2.993 ¢ .3983.0 . 2.83V .5084.0
.10 3.077 2 3172.5 7 - 3.001 C3911.1 0 22,861 . 5014.7
250 3.073 2790.1 $3.014 . 3429.6 " 2.910 . 4376.2
0.70 3.073 2671.2 3.022 _ 3280,3 2.933 ©4784.9
1.00 3.077 2546 .0. 3.034 .3123.2 2.964 . 3985.9
2.00 3.092 2357 .1 3.066 - 2383.3 3.033 . 3679.3°
5.00 3.112 - 2277-.9 3.110 2780.3 3.117° . 3542.8
7.00 03.112 2275.4 3.118. - 2777.0 3.33 3537.9
10.00 3.118 2275.2 3.123 2776 .5 - 3.140 - 3537.1

a
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/ Instability Results for Ay 7 =10
e
L 1.4 0.8 . Q.2
X a* Ra* o ax Ra* ax Ra*
-1.00 3.189 45970 ~3.170 5973.9 . 3.135 8523.5
-0.70 3.202 ©3937.9 - 3.173 5052.4 © . 3.121. 7036.7
~0.50 "3.207° 3560.6 - 3.7 14529.6 . 3.107 6208.0
-0.10 3.188 2923.8 - 3.142 3664.6 - 3.060 48782
©-0.05 3,182 . 2854.6 3.155 3573.0 3.052 4740.8
-0.00 . "3.178 . 27911, 3.131 £ 3487.4 o 3.045 4611.3 °
+0.00 3.247 2883.6 - 3.182 3572.6 - 3.063" 4650.4 [
0.05 ©3.187 2740.7 - 3.131 © " 3416.0 “3.039. 44944
0.16  -3.160  -2662.9 3:114 . 3321.6 3.029 4374.9
0.50”%;sw'3.122 . 2325.5 3.081  2888.0 "3.007 3772.8
0.70 3.116 - 2226.6 3.077.  2760.7 - 3.010 3598.9
1.00 3.114 . 2125.7 . 3.079 7 2630.6 3.021 ©° 3422.5
1 2.00 3.120 .1982.6 -3.096 . 2444.5 -3.061 3165.2
5.00. 3.122  1927.5 3.115 2371.3 3.111 3067.6
7.00 2.120 1925.9 - 3.114 2369.1 ©3.119 . 3064.3
10.00 3.119 7 1925.8 3.118 2368.8 .3.122. % 3063.9
c X, : .. 0.0 -0.5 -1.0
X ag Ra* a* Ra*. ax* Ra*
-2.00 3.155 - 20036.0 '3.178 43921.0
-1 3.115 9933.8 3.018. . 16887.0 .-
-0.70 3.092 .- 8090.6 2.956 12848.0
-0.50 3.072 . 7074.6 . 2.910 - 10757.0
-0.10 3.016 5467.4 2.8¥4 . 7681.0 g R
-0.05 -3.007 . 5303.5 2.800 7383.8 '
" -0.00 2.998 ° 5147.8 2.784 7096 .1 .
+0.00 2.998 . . 5147.7° ©  2.790 7105.2 -
. 0.05 ©2.990 . 5003.1 2.760 £805 .6
0.10 2.983 - 4g72.2 .2.772 6637.7
0.50 2.969 4183.9°  2.789 56124
-0.70 2.976. - 3988.3 © 2.829 5347.5
-1.00 2.992 - 3791.1 :2.877 5097.3 S o
2.00 - 3.046. 3508.5 . 2.997 4731.4 $2.941 . 6905.6
5.00 3.112. 3394.3 3.127 4580.3 . 3:214 6739.6
. 7.00 - .3.3122 3390.5 345148 4574.2 . 3.252  -6724.5
10.00 3.126 - 3390.0 3.156 4572.9 3.267 - 6719.0



TABLE 4. Instability Results for | o,y -C.H
v 1.4 . “ 0.8 : 0.2
X : a* _ Pa* S an ° Rax a* © . Ra*
3877.5 S 3.013 5715.5 3.212. 10788.0
2713.8 3.073 7 .3917.0 3.241 . 6993.4
2165.7 NERDE 246580 3.224 . 4652.9
2273.1 3,331 S3166.3 7 .- 3.260 4722.5
1809.2 3.227 2373.9 3.168 7 34551
1620.2 3.222 2091.1° 3.147° . 2933.6
1319, 0 3.142 17268 "3:114 2200.5
14443 3.130 173370 3.113 ©2161.°9
14721 . 3.122 1745.3 3.115 0 2139.4
1496.2 . 3.118 1752.5 . "3.117 21221
1500.9 .3:118 1758.8 3.118 2120.3
1500.9 ..3.118 1758.8 3.118" 2120.3
0.0 % -0.5 S , -1.0 »
Ra*- a*
- NG
5620.1 3.000
- 0.0 " 4056.4 .  2.833
© . 0. G 3379.4, 2.804
0. 3. \\\\2420.0 3.060
0.70 3.180  \2354.§ 3.090
.00 3113 . a312.2 3109
2.000  3.116 2298.5 - 3.123
5.00  3.118 2275.1-. 3.128 -
7.00  3.118 2275 3.124
5 R
x ax* . - Ra*
+0.00. -~ 3,449  3383.2 ° .8 3.467 O
0.05 3.271 2472.2 2 3.119 A
0.10 . 3.262 2196.8 4 3.052 4
- 0.50 3.¥57 °  1866.3 . 5 3.087 .3
" 0.70 ©3.137 1883.0 .2 3.100 .8
1.00 3.125 19041 .3 3.1 3.4
2.00 - - 3.119 1923.8 .3 3.122 .8
5.0 3.119  1925.8 . .8 3.123 .9
7.00 3.119 1925.8 - .8 3.123 3.8
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CPage 2. TABLE & . A :
Instability Results for . Pe = 16, Y, = -C.5

, 0.0 . ©o-0.5 100
X. ax Ra* ax - © Ra* ax - Ra*
+0.00+ - 3.392  17890.0

0.05 2.942  9601.9 |

0.10 2.865. _ 7137.1 L | =

0.50 3.065 .° 4042.2. 2.989 6596 -4 '3.312 - 13310.1
° 0. 70 3.092°  3757.7° . 3.085. 56509 . 3,268 9952.5

1.00 3.111  "3559.4 31130 .. 5045.0 - 3.276 = - _.8037.1
2.00 3.126 3405.0  3.156 46131 3.271 - '6824.2
5.00 3.128° - 3389.9: 3.158 45721 3.270  6717.7
7.00 3:128  3389.9 3.158.  4572.7 3.270 -6717.7



CTABLESS.  Instabilily Results. for Pu =

.128

158

f, 0. iy - 5
. i
- 1.4 0.8 0.2
I a* ' Ra* < a* Rax ax* Ra*
+0.00 : : o :
0,05 3.255 1961.7 3.267 2714.5 4.297 ©.4399.5
1 0.70 S3.161 1433.4 3.174 1650.4 3.206 3045.9
0.50° " 3.113 1365 .8 3.118  -1684.8 3.127 2194.2
L0.70° . . 3.115°  1425.6 3.117 1719.9 3.122 2163.7
1.00 03117 0 1469.5 . 3.117 1743.6  3.119 2139.8
'2.00 3.119.  1499.1 3.118 1757.9 ., 3.118 2121.6
5.00 3.119 1500.9 - 3.118  .1758.8 ~ 3.118 2120.3 -
3, 0.0 . =05 -1.0 ‘
X a* Ra* ax . Ra* ~ ax © Ra*
+0.00 - o :
0.05 3.320 5542 1 3.650  15211.0 -
. 0.10 ©3.229 3743 3.458 8498.5 _
"0.50 3.133 2438.2 3.162 3360.2 3.263 5259.9 .
0.70 3.125°  2365.6 . 3.142 13074.8 3.192 4329.6
1.00 3.121 2313.8 ©3.131 2896. 3 3,159 .. 3834.9
2.00 3.119 2277 .4 3.124 2783.4 3.142 3553.5 ..
5.00 3.118 . '2275.1 3.124 2776.5 3.141 3537.0
) 1.4, 0.8 0.2
X ax* " Ra* o ax Ra* ’ a* Ra*
+0.00 E S . - -
0.05 3.260 2664.7 '3.282 - 4273.9 ©3.399 10687.0
0:10 3.165 © 1942.2 3.189.. - 3029.4 3.297 6805.0
0.50° 3.116 -~ 1803.7 3.125 2402. 3 3.151 3571.8
0.70-° - 3.112°° -1862.4 3.121 - 2395.6 3.137 3338.4
1.00 3.117 °© T1901.2 3.119 2383.4 - 3.128" 3178.4 -
. 2.00 . 3.118 . . 1924 :4 3.116 2369.8 3.123 3070.6™
5.00 - 32119 1925.8 3.118 2368.8 3.123 3063.8
A 0.6 e 0.5 R B
X a*  Ra* a* Ra* a* " Ra*
+0.00 S
0.05°  ° 3.722  20578.0
010 ~3.489 11324.0
0.50 - 3.173  ° 4246.1 3.360 7621.5
1 0.70 ©3:150 3831.4 3.237 5929.0 3.648  10725.0
1.00 . 3.136 3568.1 3.185 . 5072.3 3.383 8087..6
2.00 - 3.128 * 3400.3 3.160 4600.1 3.276 6788.8
5.00 " 3 3389.9 3 4572.7 3.270 . 6717.7

¢



8u

&

< .

«—— |[oM dlioqolpy

,...EH@Q Smc%go.ou pue |apow _.S.chm .._ b4
. menj mzoﬁcz \:_O_EEOA ﬁ\\ ( A-
, R \S:w ——— = o
19AD7 3|qDIS S
_ NL‘
QV\SE\AQ < < co:umm
. y T | IOM 21oqoipy —t
: g . « s
- | . N_V\Lq\ < ...‘.v
D R e N -q4- ,rxw‘ o NI o
| 6 LIRS 1 g\ o, q ° L=
P P 77 P P
SN N B -
AL ‘ A




<119

v
[

N

0. = Ucm 50~ = Ly uoy x pUR 43qUNU .
:mﬁmhxqm [E913 140 UaaM}aq UOLIR(ad O 399443 UBqUNU 33123 ‘g By
x
(LA L O S 11 B S 111050

—~¢€

[ = 84
. -1y
Il’, R 48
Ol T 9
a4
g
<46

« O



s | - o 120

ST I N ! _ T | 1
=10 0 05~ . 20 .35 5.0.7 6.5

., Fig. 3. Ra* Vs. x with ,\-Z.as parameter for Pe = 7, A] =-0.5,-1.



Pe=]
Ay
X'/ =-2.0
-1.5
10
L4 —0.5
103 - L - ] 1 . i ‘
100 0 10 3.0 50 7.0
; A
F1g Ra* vsS. ;(—With \] as param'eter.f‘or‘vpe = 1".“ ].4-

il



12

9d yiLn *3;*3.Low S9| Lj04g o0U

- = Oy

PQUNISL(

G by




12

L

5 o= « ‘§°0- = "X ‘| = 94 4o}
x5 9oURQUNYISLD pue "9 3| 1joud aunjeuadwal orseq buidojerag 9 By
0
0
N0 /oN
\ ..
\ \ 420
\ \
n K | \
\ 8
“N\[% 170
\
\
3
\ <190

. 4 —-— \

) 8 \

. ¢ \ |
[0 \.‘BEQ\ \ <4 80
amxmo-ax,

= 84



. Tt = 7 opue gig- 2 Ly
- ¥ L s W . PUR L0 40y 530 L 40ud adUeqUNISLy s by
Z W i
- R . . (e
20l Cé0 5.0 090 A0 0€0 glo 0
0lL0-
Q
-~ OQO..
-1200-
—0
1200
1900
oo

NG



CHAPTER ¥

VISCOUS DISSIPATION EFFECIS ON CONVECTIVE
INSTABILITY AND HEAP TRANSFER &N FLANE
POISEUILLE FLOW HBATED FQDM BELOW

Eas

3

The effects of v1scous d1ss1pat10n on the onset of
1hsteb111ty forv10ng1tud1ndl vortnges 1n the therma]

entrance region of 2 horizonta: (;YaIIeI—pIate channe]‘

o~ ~

are studied by & rn_.~ “ica: methed “or ‘the case when the :
lawer plate is hea-ed izother—-ally znd the upper one is
cepled jéothermaII). Numeri.al res.lts are obta1ned for

'_ePP,= O.I;.OTIEEJO anc 100. Tt is “ound’ that viscous heat-
ihe'hae'a‘desta&iliz%ng ntiaence. -Theeeffect is sngn]f1-e
:cant for Iarge Prandt] neﬁ&er f]uid.(RFHE'IQ):Buf'ie
un<1qn1f1cant for small PeaedtIenumbef'%IuId (Pe <“d 7)
vﬁe‘V -cous dlss1pat1on.effeefs'dh thermal entrance reg1on‘
heat trahs}e%,for besIc row»(Qithdut'seeondary-fIOW) are

also Sfudied.'
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P/ ov LY

/’.
. Nomerntlature

v

‘dimensionless wave number
. / , '

?rinkman nuinber, uUm&/(kBC)

coefficients in-the series expansion

specific heat at constant pressure

S d/dz

Grashof~numbér, gs([rT)LB/v2

gravitational acceleration

and upper pTgteé

plates and, L/2

local Nusselt numbers, h1(4l)/k, h2(42Y/k_

G

~thermal %onductjvity

fluid bfessﬁre'(Pb + P

for basdc. flow

PecTet numbér, 4 U t/a

.Prahdt1'numbéhd v/

A

B chf%icientsjdeffned by eq. (10)

B ]26 n’-

f}oca1'heat transfer coefficients at Tower

jia,distance'bétween two horizontal f]aﬁ

and pressure

RePr

P}
.

372

2

-

;dimehsion]esslperthrbati%n pressure,-

H.

S e



@

b’"m
< ’ 8]
U, Vv,w

C e

@

o ° ‘ &}4 ' .
o= 127 -
S . B .
= rate of heat tran<fer per un1r area, e
- n“J, : o .
. (BT/ )Z=—£ (BT/dZ ) =1 - : e
s ‘ . h o 3, - s Ty
Ray1e1gh number, gﬁAWL./vc = PrGr - _ .-
. s ' . . . ’ ’ . . . P o 00 (1.0
© = number, 4 U /v % . o .
N " Soemo ST . o
° / B ‘ s LR : - » ’
= even and pdd~eigenfUnc%ioms-ﬂ et -
, 3 . : . © . A ‘z;_ i o ¢ a
Toe f1u1d temperature:(Tb o)y f]u1d R )
. - 1p>€emperatare of bas1c f]ow, bu}k témpera~ Y
: . o © L °
° o Aturagand un1form°entrance temperature .
. (=2 0,, o ) N ?_,‘0 v'o . -
. = constant 1ower and upper p%ape tempera— 'E
" ' tures,ﬁand (T] * T.)/2 RS . o Rf.A
. . a o, . e hid
o v o N 2 o e R ’ o
o = ax1a1 and mean ve1oc1t1es and (U /U ) N
o ;of bas1c f]oW . GV, S e : >
. 3 P d1mens1on1ess perturbat1on ve%af{/
\&Wts (U" ) o °
= Partes1an cdordqnates wath or1g1
o bt : . A . : ‘ 2
. lower Qlate \ o Q;\__“[‘” ;' S
s 4 a °o s AR Sl
- /(3/16) TRt TP ’
.= 'déhensinniess cooYdinates, (X“YCZ)/L:
- O - . Q . g
= d1mens1on]ess c00rd1nates Wi th orfg1n at
Center of channe1 (X/(3/89Pe£ z! /z
Zz‘k Tf' _C _' L
C,. .. = tPansverse cqord1nate w1th or1th at SR
o center of channe1‘» u' I ﬁ? ‘ : !
e = -therma?:diffusivityi' ;
\Yf?k*_,' o T ) ] i .



S = coefficient of thermal expansion
L oo C : " o ’ o
bn’yn = even and odd eigenvalues -

S ) v . . ) 4 ) o . .
B = dimensioniess perturbation, basic flow | -

- . > - .
g . » and’entrance temperatures, 8'/AT,

(ﬁb ;-Tm)/(TZ.l Tﬁ)’ }TO E~Tm)/(T2 =

o ° ‘ R .o o o

gharacteristic temperature diffefénce

.. v

)

m w

i

o ' (T, = T = (T, - Ty)/2, and dimension-

Jdess fluid temperatures defined by eq. (3)

2

pértunﬁatfoﬁband dimensionless -bulk

o ‘ - temperatyres | Se T L
N . - . s . . C

H

PR et
]

fluid viscosity

o . ¥ o : ] )
R o T U o . R
‘o = k]lnema‘t1°(:’ % \OS"ltx. s e LT .
o I Co &
° =, fluid'density o .

0. - 3 . z ) ° o

L0 . dfménsiﬁnTess‘basic‘VeIOCity and tempera-<

=
IR
i

e B }f'” . :furelpﬁof{1e§ (I/Q)Fb = 3(z - zz)é
o (1 ”95)/2c . o.‘

L=

o

e

AT - ~4= ('T'] '""Tz')v ='—28C . 3

a ) o

 SuperscTiptsﬁéndﬂ&ubscriﬁts“ _' . - ‘— 4 : '“g-

W = ¢p§rturbgzion quantity = . o f e
+ = amplitude of .disturbance quantity
o x = fransfbrmed"perturbationbvariab]é or == ’
Ccriticel value

Hod
.
1i

" bhasic flow "quantity in'uﬁpérfurbed'state
fﬁc S e . fu]ly'devg1pped value .

a
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RN : © = "coefficient of: thermal expansion
S Vn o =. even and odd eigenvalues
RIS - = dimensionless perturbation, basic Flow

. and entrance temperatures, 8' /AT,

ATy = Tph/ (T = T (To';.fé>/(T2,' Tl

cr'lettf = 'chéracteristic‘téﬁperatdre dfffﬂrente
(Tz - T, = (T, - Ty)/2, and d1mens1onf
less fluid temperatures defined by eq. (3).
ﬁl,ﬁbm v o= perturbation and dimensioh1es$ bulk =
}emperafures
wo o = fluid viScosityA' ‘ - S B
a X N . ) . .
T - = kinematic viscosity I

o T - = .fluid density - , 5 R

: .
¢u,:s B _ué_ dimensithe;s basiF.Véiocit;Aénd tempghé% ’
‘ 'é‘-. . v §3rq¢profj]§§ (]/2)@b = 3(z:¥;22)7 ) o-\.
0 | | O -2 ' ' ' \
A%s.» , L =.,§T1:__Té) = -28
§qpefsdr&pts;ana}SQbséripts
- = péﬁfﬁrﬁgtiéh qLantity ) .
”;” ;ﬂ:amp}jtude,of‘disturbancenquantity ;

*
il

=~,.transformed. perturbation variablé or

g . .

critical value

b S , ' basic'floquugntiq§)?;~z>be1$urbedastate

]

-+
i1

Afg]]y'dgveloped‘va1ue.
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5.1_-Irtrod0ctionv
Thermal instability of a plane Poiseuille flow in
the therma] entrance reg1on of a horizontal parallel-plate

channe] heated from below hass been studied theoret1ca1]y

Lby Hwang and Cheng [1] and experimentally bytKamotani and

Ostrach [2]. For'Graetz'prob1em'(therma] entrance region

problem) in’pipes ot channels, the effect of v1scous dlss1pa—

tion on convect1ve heat transfer is represented by the fric-

t1ona] heatwng Warameter, Eckert or Brinkman number. When

i

the value ot the parameter is not sma11'tsay Br > 0.01),

s

Nt is expected that the viscous dlss1pat1on will have ah

effect on the onset of lonq1tud1na1 vortex’ ro]ls in the
paralle]-p1ate channe1 and on'‘ heat transfer in the subsequent
post-critical regime. .
Thermal ﬁnstabi1}fy in a horiionta1 f]uid 1ayer'with
a non- T1near basic temperature profile caused by a un1form
internal heat generat1on was stud1ed by Sparrow, Go]dste1n4

and Jonsson [3]. It is noted that the role of the Viscous

dissipation'term in the energy equation is qua]itatfve]y

o

.s1m11ar to that of 1nterna1 heat generat1on term. The.

1nf]uence of Viscous d1ss1pat1on on Benard finite amp11tude
convection was studied by Turcotte et al. [4].- The.viscous
diesipafion effedt on Benard problem arises only if the
main'tlow exists and apparently the prqblem-haé not-been
conside}ed in the past. | ”

The purpose of this investigatiqn'ﬁs to study the role

of the Vviscous dissipation in thermal instability of the
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.p}angjpoiseuilTe flow between two horizontal flat p]ates

'where the Tower b]ate is malnta1ned at h1gher temperature

°

T] and the upper p]ate T w1tm un1form»entrance temperature

TO =-T2. It s knOWn that thelinstability eets in as steady
ailomgitudinal vort1ces in the thermal entrance region when
“:a critical temperature d1fference is exceeded [1,2]. Since
tne:basic temperatureqprofile is required in the present
thermaT instability_analyejs, the Graefz prbbdem‘With vis-
cgue diSSipatjon:effects wiT1'Be'considered_first and the
heat transfer results will also be presented.

S

5.2 Graetz Problem with V1scous D1ss1pat1on Effects and
“Basic So1ut1on

For Graetz prob]em_(as shown in F1g 1) with viscous“

heatwng, the energy equat1on and the assoc1ated boundary

’conditions in d1mens1on1ess form can be wr1tten as’

. <, B } A
3a 373 duy -
% Up *:3 = = 2 + Br ( _b)z" o Y
TO9X . 3X dz o -
0p(0.2) = 2ge @ (1) =0, s (5-1) = 1 (2)
\ ) ’

o
’ . ) . < 3 - N . . ' .
where the dimensionless variables and parameters are defined

Nomenc1afufe‘and;ub'= (372) (1 - 22)'f0r“p1ane‘Poisedil1e

Taking.cogﬁizance of the fully developed condition,



'wherg f(z) = (3/8)(1 - 2

131
2
the solution of eq. (1) can be written in "the toliowing

form:-

where Uf (fully developed solution) and . (difference.

temperature) satisfy the following two sets of equations:,

o
4y
T _ o
7t 96y ¢ =0, 2 1) =1, e (-1) = (4)
) 2 398 }208" ®y
(1 - 7)) =2 - =& | s (0,7) ==
_ 5X 3z° e 0
Je(x,l) = e(x,~1) =0 (5)

‘The solution for 2_ is

"
N
+
slw
>@
=~
—_~
—
i
N
-
H
N

7+ Brf(z) | (6)

gt —4 2 ' L ‘
). The general solution of eq.

(5) can be constructed in the form of infinite serieS‘[SJ‘as



where e Y and Rn, SH are the even and odd eigenvalues-

and eigenfunction, respectively, of the fu]]oWﬁng Sturm-

Liouvillie problems.

> ”
d Rn 2 2

;jtr*;‘n'(] = Z7)R, = 0L R (#1) = 0 (8)
7 .

dZSn 2 =2 o i )

E:?—'+ Y, (1 - z‘)Sn = 0, Sn(il) = 0 (9). -
z , ) _

The e1qenva1ues and eigenfunctions are obta1ned by applying
the fourth-order Runge Kutta method [6] emp10y1ng two |
Ihundred 2qual steps. App]ying the boundary condition at
the channé] entrance x = 0 ‘and’ us1ng the orthogonality pro-
perty of the Sturm- L1ouv111e system, one obtains the follow-

ing expressions for Cn and Dn

Cn = Cgvf Br‘Kn . ‘> ’ :(10)
» - -f 2 o 2 -
where Cé = [60 f (- *)R (z) dz]/[f (1 - 2z )Rn(z)dz]
: 0 _ o
T -2 = = 22,
and.Kn = -[/ f(2)(1 - 2 )Rn(z)dz]/[f (1 - 2 )Rn(z)dz]
.70 o

g 2ve ey ] 202,y =y
o, = -[/ zZ(1 - % )Sn(Z)dZ]/[fO (1 - z°)SS(z)dz]=- (11)

2

i
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" Here Simpson's: rule (IBM-SSP) is used for numerical inte-

gration. "It is noted that when OO = ],uthe first coefti-

cient Cé is identical to that of the Graetz problem and

the second coefficient Kn corresponds to the viscous dissi-

pation effect.

well as &

- The first eight.values for C/, ﬁn, D,

'n"yn are listed in Table 1.

AlTthough the basic‘so1ution to be used for the thermal

instability problem is.of primary interest here, the local

Nusselt numbers Nu].and Nu2 at the 'lower and upper,p1ate§

defingd‘by the fol1owing}eqdations for

from below (T]

“"Nu, =

where

“bm

t

> To)laré also of pract}ca] interest.
h]\dx) (4 a, _ 4 (;6b)~.
- 3 —_ = -
ook Uy s Tyg) D T e g e
h,(4%) _(82) 5 i a (3_@5)__
k k (Tbm —‘TéT 1T - Som 37 z=1
‘the bulk temperafure ebm is -
» _
< ' n . 1 o
T = 1 o e
(‘bm - Tm)/(T2 - Tm) f_]abubdZ/f_] Uvbdz
: . = : 2;. 1 ";2 -
(24/35)Br + (3/2) T Clexp(-8&x) [ (1-Z°)R _(Z)dz
n=1 n n_ o - -n

Of particular practical interest here are the following

the case of heating

(13



asymptotic results (x »~ ) valid far downstream from the

thermal entrance. Nuje = 41 + 3Br) /(1 + 24Br/35%),

-

Nuzfgw

401 - 3Br)/(1 - 24Br/35).

e T T 3/4)Br (1 - ), = (24/35)6r )

. e

5.3 Perturhatibn Equations for Thermal Instabj]ity Problem -

WWthin_fhe thermé]zboundary 1ayer, a top—heaVy situation
prevails aqd the layer 6gcupying Qhﬁy partial region o%.the
channel 1is potentia]iy unstable. It.is readi}y seen that!the_
zherma]~50undaryaﬁayér is more stable than the %u]]y—deve]oped
régioﬁ where. the whole region is subjeﬂtea to an adverse
-temperature gradient. At this point;_it 1$'Eonvenient to
shift the cobrdinate-qrigin to thé lower plate as shown in
<ng..1 for thermal‘instability pragiem. Applying the method
of small diéturbances’(a‘1inearizatioﬁ about ihe basic flow)
and .wusing the éoussiﬁesq approximation,'the perturbatian

equattons in dimensionless. form can be written as [1]:

¢

. dZ: i .

3 > | > :
Re(: — T w - CREL P T“Vzw + Gr Tze . - (16

U 3x*- d 2. 2x . 17 - -

Z .

¥L ' d¢u ;E 2 ’ ‘ ‘
- ~ - - S : . \
'Re(-u xT W dz ) ) X j u (7
Re: 23,y 2o, 7Cs o1 20 ase 93y (Y, Wy g
TuoNx 3x 52 Pr "~ 7 Pe dz 3z 3x’ -



where the dimensionless quantiytic. and Parameters are dot e
vl

1 » ~ N it 2 = _ 5t N - i o /D
n Nomenclature, b (I/L)ub 3(z z"), L (i ‘h)/“'

Y Y " . . - . , - P
v? St /axtt )2/«y2, and v - JZ/JX'Z + )Z/ov' A

[t is noted that the terms IHVO]V?HQ Br on the right-hand
q#dh‘of perturbation eq. (18) represent the viscoueAdissipa—
tion effect .

At the state of neutral stability, one may assume
that the perturbations , w, and u have. the fdrm,
t = F+(z)eidj, for instability in thé form of longitudinal
vbrticeSA(the tjpe of Tay]ar—GBrtfer vortices) [1]: The

set of perturbation equations then becomes:

i _ .
N L A 3 (19)
- .
"‘J,'k'\h
s rdy
D~ - a%)y’ - Re& 29 W' (2o
ER 3o de
2 2. ) + Y + ¥ 4Br vy + 571
(D - a") = PF(U — tw S—*) ﬁ?dl Du N (;],
where D = d/dz. In view of the dimensionless basic flow

variables, it is convenient to introduce. the transformations,

o

. + . V ' '
W= wr, ot = ppeax T o Reu*, x' =_(3/16)P9x~qnd'one

fiha?]y'obtafns,



I 3h

(D a Jur g, W (23
. h N d:
; 3 T aBr "y . )
A T L Prog. VUT R
W Dw* = u* = % 0 qt s, . 0 and ] (°5)

For given values of Br and Pr, one is interested in
.
determini 1q the crftical'Rayleigh number and the correspond-
ing wave number for the onset of instability through the
solution of the set of eq. (22) to (25). The method of
olution tor the eigenva]ue problem used in [1] may be

dpplied to the present problem and the details of the

numerical solution will be omitted.

5.4 Results and.Diseqssion

5.%.] Heat Transfer Resu

._,'-'—) -5
LR

The umerLca* resuTts\am{‘obta1ned fpr "‘ﬁ ‘cérﬂﬁé—
- - *\ “'\ 3 ‘. = 3 ;

ponding to. the ease w1th the entranc temperature T being

PO

equal to the upper pTate temperature T2 The develop1ng

‘A?"‘

hemperature prof11es aﬁe shown 1n F1g T and 2 for Br = 0O

a

and —2.5f_res§ec¢ﬁve1y The BrInkman number effect "or

temoerature proﬁ =H0.06, 0.2 and 2 is shown in

Fig. 3 to 5 wﬁere;fhe'ioca1»bu1ging of ‘the profile near the

upper and_Tofi Aphateb s apparent]y caused by viscous heat-

. v "
“tne tenperaeure prof1]es become fully esta-



Blished, In anterpreting the veubt, 1t 1 well Lo no' e
that in practyae the Eckert number (o« Br/rd can be ot
0
r-fer one. fonwequently, Bro 10O, tor example, 1 poras
. " .
trcable only ot PFrandt! number i4 ot order 107 An
.

tnspection ot the developing temporature protiles veadils

identities the region of the channel Croas -sectivon where

the top-heavy situation existe, The axial distribhution:,
o i ’

ot tne bulhk mean temperature "bm and the lqeal Nusselt

numb e Hu], Nu, are shown in Fig. 6 and. /7, respectively.

shows that as the magnitude of Br-increases, the

vialue ot Nu} decreases and that of Nu, increases.. The
chanas ot sign ‘for Nu] is related to the reversal of heat

transter direction. Equaticon (12) shows that as bm -1,

Nu, - + « depending on the siqgn of (:ub/;z)z:_‘. Apparently .,
o

the sincularity for Nu, has no particygar physical signifi-
. 15 . .

-

cance. [n Fia. 7, the effects of Brim N number on the

ésymptdtic results are of special interest.

Pops
1
2N &

.. Instability Results '

{a

-

The ‘riluence of viscous dissipation on the onset of

Tongitudinal vbrtices in the thermal entrance region of

~

olane Poiseuille flow between two horizontal plates with _

-

neating from-below is of principal interest in this study.

The instability results are shown in Fig. 8 and 9 for

2 ) } q
Pro= 0.1, 0.7, 10 and 107, respectively. As noted ifh [1],
with Pr = 0.1 the flow is more unstable in the thermal

ertrance region than in the fully-developed region. The



,// o

, . . - . . . ..
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u“/41slous,heatingrjs clearly seen to be a destahi]iz3ig
.effégf but 1t depends dlso on Prgmdf1,nuhbef. With Pr
U.{,'Br :f;Oﬁl dndfﬁr = é.?w By = —lfnfhé viicouo heating
effect on'gritical Rayleiq% nﬂmber§ in the therma] boundary
laver a pear\,to be- neg]1g1b]e pragt]ca}1y For Pr = 10

)

and 107, a 1oca] ma x_ imum for Ra* appear- qi X 0.4 before"

dpp!Odkh.ﬂQ tne asymptot1c vaJue when the maqnltude of Br

QX Cu eds a-certain vakue S1nce this: phenomenon does not

~

occur for *he case’ w1thout V1SLOUS d1§s1pat1on effects [1

'onn mav attv1bute the cause to the . comb1ned effect of the

C .-

S foreing terms on "the v1qht hand sidé or_the distwrbande 

Ceq. (24). U In ‘this Lonneut1on one should note that the’
-xdevplopfnq bAsic;tgmperature profi1e§ ;”kdepénd on Br'onlyq
The reason for the 1ocalostabi1ization near x = 0.4 is not -

'immédidge]y clear and hemaihi to be c]ar1f1ed
At éf S the effedt ochrandt] number on Ra*'in

the Ent#y ﬁegidn;is shown'in Fig. 10 where the cr1t1ca1

Rayleiagh numbeF is seen to be a monoton&ca]]y decreas1ng

f@n;tjonlof_(. One alspo 0b<erve€ that Prandt] number has

Ca itabi}ﬁz;ng'effect,bub the ffect d1m1nlshes as, fu]]y—

adqveIOped_fondftROntis approached It i§ found'that for -

o /‘

:fully—developed‘f]ow'the at10 of the term /3Z)W* ever

v d{ds vz )Du* on the right-hand s1de of eq. (24)

e Sea

_ ‘ u

is of order 10° for By = -, Thus, the critical Rayleigh

"H'v*wy\ for Pro= 0.7 and 100 differ vér‘_v Tittle at Br =--]
‘ . v ¢ _ Tt

a5 X

For taermally fully-developed Poiseuille flow, a
‘ ~

R
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qua]itatfve eomparisqn.hetween the, present thermal instabi-

Jitx problem:and that of a horizontal‘fTujd layer with

uniform-heat sources [3] is possible.* For_fu]ﬂy'deve1oped
mobthims be‘/ix = 0. Ffurthermore, withput viscous

N .
4tﬁon (Br O) the’ pertugbat1on eq. (23) is not

requ1red and the resu1t1ng set of equat1ons becomes

‘The above set of perturbat1on equat1ons is apparent]y equi-.
valent!' to that of [3] or the classical Benard - problem and

the crit1ta1 Ray]e1gh number/1s known to be 1708. For a

.hquzontaT't1uid,1ayer withﬁ@niform'heat §ourees,‘the basic.

—

temperature;profije'can be'@ritten as [3].

where the heat source parameter N is. def1ned in [3] Oon
‘the other nand the fu]]y deveWoped temperature pror11e_

r; far the present prob1em is given by

ca

02 = (0 ) w (<38) (2 - 322 ¢ az3 - 228 (28) .

€
tl
—
i
]

Based on eqg. (27) and (2 ’8) for basic temperature prof11es,

'none may contlude that the heat sburce parameter N {3]~1s

% %
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eunWalent to the v1xcous‘d15x1pat1on parameter (fjﬁrfi
.It is goied that the basxc temperature pfq??!eSGSHONH‘fgf'

a

;Fxg 5 ﬂre somewhat 31m11ar ‘to those ShOWijﬁ Fig. 2 of

[(31. The 1nstab171ty resu1ts for the fullyideveloped flow

are shoyn_1n F}g.'11 where the curve'for }1 \ Tﬁ.,N5_\ 0

,s%own iﬁ Fig. 3.3f‘[3]«is also djsp]qyed’fpr ckmpdrlson )
In.Fig. 11, oné'sees t%ét wi:th v%scousf&issi%é}icn.effect,
',bthé fully- deve1oped cht1ca1 Ray] 1qh number dobeﬁds In -
Prandtl - numhex For a g1ven Pr,"one can clearly 1dent1fy
the:xangefof (-3Br);whgre Réf is pract1ca1]v‘equal to ;pat
“of the 1%near'temperatu}e casé:CRa*,=_]7OH). As \-3B;TL 5
1%cfeqse§, Ra* decreasesg ati?ﬁrst s]owi;‘and féter réther
Yapiﬁﬁy. In th1s respect .the.pﬁeSént 1nstab111tv resulfs
are qualitatively s1m11ar to the cr1t1LaY Ravl‘ igh number
’QbehéQioF'fpx a horizontal flyid Jayer'wfthvheat sources [3].
'FiQQ 11 a{so show§€f;é>differeﬁce bet@eén the tw@ fhstabi-
11'=,P,yAp>r'0bTémvs. o B R , , -

The viscous. dissipation efféttsfqﬁ fully de%eToped

@E¥stability curves are shown in'Fig. 12 for Pr = 100
anj"x = 5.. .The viscous heating is CTedr]y‘seen to be a

destabilizing inf]uence "Within’~ the range of present
. o Tow o . -
investigation, the fu1Jy de ve]oped rnstabiTﬂtﬂ,resule tor

PT.:‘O.7rand 10 do not d1ffer apprec1ab1y frow that of

- A

Pyl

1]

100.
5.5 Concluding Remarks
1. .The,éiicous dissipative heating is an innerent:

/
; .
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irreversible process and it is d><1rab]e to os%ab]ish the

range of parametric Va]ues fov Br1nkman ‘number or Eckert

‘o “

number where the V1scous heat1ng 1s-s1gn1f1cant in 1orced

o

»convect1ve f]ow< In this 1nve<t1qat16n2 the viscous. -

d1sswpat1on effects on Graetz problem [5] and on thermal
-‘jnstabj1wty problem [1] in the’ thermg]lentrance régibn 0k
plane Poiseuillé'?ﬂow'between_tWO hofiipnta] flat. plates o

thh heatwnq from 5g1ow‘are studied.
2. It is found that the' destabﬂwmg effect o
viscous dwsswpat10n is significaﬁt for 1arge‘9randt1 numbér
fluid (say Pr > 10) but the. effect‘is insignificant for .
small Prandt] number f1u1d (saerr < 0.7). ; 4 “
3. fhé»present iﬂsfabiiifylfesdlts for fhe 1jmitihg
cﬁég of‘Br = 0 aqree wwth those of []]“for Pe -~ «. For
fu?]y—developed f]ow,‘the de§tab111z1ng effect of‘viscdu;'
heatlnq is found to be similar tofthag of internal heat
rgeneration in a horizbﬁtal'f]uid.léyér diSéussed'“n [3]
- 4. (; 1:\ob5erved that the uombwned effect of Prandtl
"and Brinkman nuﬁbe{> in the_nevturbat1on eq._(24) may lead
to "a ]OLJ]]) stabilizing efﬁett resulﬁind in a 1oﬁa1 maxﬁmpm

Cfor Ra* before réaching'the~fu]1v developed region.

¢

5. In this study,~the v1scou9 d1SS1pat1on effect in’
(2}

the péfturbétioﬁ eq. (24)-ﬁs reprgsenteo by the Eckert
- \- . =) ’ 3 ] <
“nugber (Ec = 8r/Pr). In th]x connection ~ 1t may be of some
v o interest to po1nt out the re]at1onsh1p betwaen thé Eckert

numb ey and the v1scous d1551pat1on parameter, Di = géLch;

appeartng in Benard finite amplltude convect1on problem [4]. \\‘
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Interpreting gc(Ti - T,)L as {characteristic veiocity}
- ) f A 2 “ i .
and the_ characteristic “temperature difference a?ﬂ(T] - i

it iy seen thdt‘the‘pafameter\D%'i’gAL/cpgih [i]fis equi -
valent-to the Eckert number fOr{the pregent_pfchem.

6. . The present analysis-is based Oh~constant physical
prqperty.asgumptﬁon and thé,vériab]e property effect is not

considered. The complete numerical results are listed in

Table 2 to 4. ) ' B . -“”“J" .
7.. With viscous dissipation effects, the entrance-
condition of uniform fluid temperature at x = 0 must be

o

regarded as an approximate one. . R o -
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CHAPTER VI

THERMAL N TRANCE REGION HEAT TRANSFER 1+ OR Moo

LAMISAR FLOW IN PARALLEL-PLATE CHANNELS

i

WlTH UNEQUAL WALL TEMPERATUR!

The problem or thormal entry heat trans*er tor

dartmann fiow 1 parallel-plate channels with uniform by

anequal wall temperactures considering viscaus dissipation

Joule heating and avial conduction effects is approached

3
-
(24
w
4]
~

pj
Cot

by the eilgentunction expansion méthod. e s

sTon coefficients ror the nonorthogonal cigen“unctions ar

i

obtained by using "a method for nomorthogonal series des

by Rantorovich and Xeylov [20]. Numerical results are

obtained for the case.with entrance condition parameter

o > band oper circuit condition Kk = 1. The parametric

vilues of Ha = 0, 2, ¢, 1d-and Br = Oy -1 are Jonsidered

- : . («‘f“f‘ : ™ -
(s}

for Hartmann and Brinkman numbers, respectively.

v

1

v
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= . thermal conductivity

pne-halr ot channel l"wl\mf
magnetic tield induktﬁnh Veo soroans
mggnithde‘of-app1iod Mmagnetics Tiedd
ernkm&n'numbér, oy J‘l\k
coerticients in the series exnansion o
'C. See g, \'16\

specific heat at constant pressyre
g e{ectric field Intensity vector and

component

= even and odd eigenfunctions

. ) 102 .
Hartmann number, (s/u.) ‘

. r L\
Tocal heat tyansfer coefrficients at lower

and upper plates

= electric current density vector and

Jomponent

= external loading parameter, E_ (B .U
, o Q QO m

= Jocal Nusselt numbers, hla-k and hsa'k.

respectiveiy : .

: tluid pressure -

= Pecliet number; PrRe
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o] Introdag. tdn

Magnetohydrodynami o tlow 1:1‘ the ontranc e oo ot
paballel plate channel has been tadied by many 1toves o)
Tator. 1o the Pt f?l‘(“ probiom ot famirar toroed Conve
Tron tear transter tor tully developed M.‘_H‘\ Slow (Hartmann

oWy the thermal entrance pegion of parallel-plate

, ~
nanceds has also been s ootdied tor fhe \,J'\‘ ot constant

wall terperature [T-o] and constant wall heat tiuy [»-8].

)
i taris o tne rorced convection nheat transter of an MEQD

Fow th tne hvdrodyvnamic entrance vegion of @rallel-plase

ranne s o has o heer dnvestigated for both uniform wall tempera-

b

a9 and uniform wall heat flus [13]1. Combined

“orced and free convection heat transter tfor MHD. flow in

vertical parallel-plate channels has bee’r;ﬂﬂ.in‘vestigated

-

Sxtensively in orecent vears for the rully developed flow

i
!
L

Jase. Recently, the problem @f combined forced and tree

convedctioan magnetohvdrodynamic flow in the entrance region
of 3 vertical parallel-plate channel was studied for. both .
/ .

“he constant wall heat flux and constant wadll tempergture
- . < *

-

..

onditions (14
T - . /4,
Sor o magnetanydrodynamic tlow in the . thermal /ar‘.trange

regior 0f a horizontal paratlel-plate channel hea/{ed‘r‘row
pelow, thermal dinstability problem conderning thée onset of
o . ‘ - . 1 /'/

dinai vortex rolls [15] arises. After a critical

-
oo

3

Pl
.
~+
-

value 0of Rav:ioiagh number is reached, the flow assumes a

[

hree-dimensional character and consequently the published

, , ' _ . !
neat transfer resualts.tor thermal entrance region may no



(21

longer be applicable. A literature surviey Sshows than.tne

#

published works on thermal entrance region.heat trins%er

~are concerned with the thermal boundary condition of either

Jnifdrm Wa11-temperatu}e'or uniform wall heat flux only at

.botb’ubper and lower plates. The purpose of this study is

to present the heat tranéfer results in the thermgl entrince

region.of Hdartmann flow between horizontal parallel plates
S W . ¥} ". : . )

at unegual but constant temperatures. The present procblem -

deals’ with the basic flow solution required in the thermal

14

j jnstébi1it§ analysis aiscussed in Chapter VII.' In the ..

aﬁa]ysis, the internal-heat generation tgfms due to both
Joule ‘heating and viscous dissipafioh as well as.akf;14
conducpion term [5] in lﬁe energ}cequation are reta{ned:_f
As noted in t16];.heét traqsfek pfoblem”in_the'the?mAT
entry }ﬁgjah'for fQIT},deyé1opéd lTaminar flow between

parallel plates at uniform but unequal walT temperatures .

Cinvolves two distinct sets of eigénvéiugs related to odd

';and'eveﬂ sets of ejgenfdnctions, r9§ﬁgctive]y.

k]

6.2 Governing Equations

v

Consideration is given to a steady, viscous, incom-

pressibie, electrically-conducting fluid with constant

bhysicaT properties flowing in a horizontal . parallel-plate

channel under the action of % constant, transverse magnetic
field By. The laminar velocity profile is already the

fully developeéd Hartmann profi]e'at'a certain cross-section

£ = 0 (see Fig. 1) and the'f1uid'tehperature TO 1s constant
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T : - N~ : o
up to X = 0. For'X > 0, the wall temperatures at igwer rang
upper plates are-maintained at - ronstanb va1JDs TT,and TZ’
’reépéktively.‘ For the stead/ system undpr uons1deratlon,

the basic equ%t1ons are the equations of cont1nu1;;, momen-

tum and energy, Maxwe11 5 equat1ons and Ohm's Law: - In

L

vector notation, one obtawns F177

£ .

- (V-n)V=- Lop v %+ LTxw (2)

’ :cp'(v T o= k7l o+ 2+ LT3y S (3)

° \

. 5 -0, X B =, J, E=0, "X E =0 (4)
By, T = A(F + WxB) (5)
wnere V = (U,0,0),.3 = (0,J_450), E-= (0,E ,o),"'B? = (0,0,8,)

Yy, * . 0 r**.,, ’ v 0
for the present. problem and © = v1§cous d1ss1&a€1on func-
tion. The effect of the 1nduced magnet1c f1e1d B is-

assumed to be negligible in comparison with the app]ied

0
Fig. 1, the energy equation becomes

field B,.. . Qeferring to thé‘gobfdinate system shown in




\ .
. It
J 2
Z .l e ) )
BRI S R auy® L Ty
CD U X k('xg' + _2?'/ + f‘(dZ/ -

and the simplified version of the
Ohm's Taw without Halll effect is used. Introducing the

dirménsionless variables and parameters,

(x,2) = [alixPe,z), U = [U_T(u), = = (T-Tm)/{TéiTm),:f‘f
o . A
L= T - = - L = PrRe .= - Ioaly
0 (TO Tm)/(T2 Tm , Re NUma/ff, Pe PrRe ”prma'h’
: . i 1/2 s o o i 2‘ .
Ha = (=/ug) 7% Bpa, K = Eg/Bg Uy Br = w US/ (ks ) |
a y ’ :
- . ‘a . - . . LN
. 2a), T. = = T,-T =u(T,-T,)/2
W‘thwum {a~qu/(2J), T (Ty*Tp) /e, 27 (To-Ty)/
equatiéh (6) becomes
- _ 2. 2. L2 -
PR 1 - 275 2 T du,. 2 Z - \
u = =- + + Brl (=) + Ha®(K-u)~] (7)
<X Pez ;xz 122"- ndzt I - -

The thermal boundary conditions at the thermal entrance, the -

walls and thermally fully developed region are . .

(052) = 245, Fx,1) = 1, a(x,e1) =e-1, 2(<,z) = B, (B)

"It is seen that viscous, dissipation and Joule heating repre-

< >
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. T€5
sent the heat.source terms in the enerqgy quatioh. ror: -
magnetohydrq¢ynamic fully developed Taminar f]dw,'tge
well-known Hartmann solution [17] of equation (2) 1is

© . ’ . . v w
u'= Ha(cosh Ha-cosh Haz)/(Ha' cosh Ha-sinh Ha)
T = Cilcosh Ha-cosh Haz) ‘ (9)
» I '
. . 4
where C] = Ha/{(Ha cosh Ha-sinh Ha). I[t.is noted that when
' Ha =0, one obté1n§ u = (372)(1 - zz)w' . -
6.3 Sé]utfon.of‘the.Enefgy'Equatioh
It is‘ConVeQHént to seek the solution efbéquation (7)
v _ o - v PO . T
in the following form. '
: 3 : .
s pla) s () ()

where 5f i's thevfu]iy'deve1ope¢‘solution and Ee is the -

excess temperature satisfyihg'tﬁe fo]Towjng set;of.equatighs.l

. :-\d 2‘:: - S 2 :‘ B ' . i
et e e (3Y) a2 (ku)?T = 0 (1)
; 2 svtdz o _ ~ _ -
- _ dz ‘ E : S, ‘ S
z-: /
with the boundary conditions, L
Se(1) =0, s (e1) =1 e T (12)

. / \'\\
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‘e 1T " Ye Ve
U . = —— - =+ '—?—-‘ {]3
) _ porx Pe? axz IX
@ . l t « ‘,‘
| | |
with the entrant% and boundary Eond{tions,
? T
‘ : . e
= . ! = s _ to {
e(O_,z)s' 00 1o (x5 1) e(,x’A ) 'O (14

Substituting -equation (9) into equation (11) and integrating

© tWice, using the bbundafy’coﬁ@ition,*One obtains ‘the solu-

tion for F; in thé'fd1lpwiﬁg form:

L)

‘g =z + Br{(ci/4)(cosh 2Ha-cosh 2Haz) +:2C,C,(cosh Ha

N : - . . “ »
n . N
.

- cosh Haz) +-(c2Ha%/2) (1 - 2°)] = z + Brf(z) - (15)

5

ere. C2 = K - C] cosh Ha &nd‘f(z)\i terms inside square

f
e general solution of equafign (13):can be Eon§tructéé{=

n the form of infinite series as . .

S

| Dan(@)explvx) o (6)

>

!
N~y ]

SN b1

bfrackets. When HaTZUQ, one obtains & =z +.(38r74)(1 7 2%),

-where “n» T and E,> Onﬁare'the even and- odd eigenvalues and™

eigenfunctions, fespzctiyely{ of the fdl]onng characteris- -

tic equation and the associated bounda®y conditions.

-

; . - )

w L~
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l dZEn , ‘inz
—>— + (s u + —=5)E =0, E_(+1) 0 17)
: dz n. Pe2 n n
d20n | Ynz ( )
5 (v.u + **g)Qn =0, 0n(11) = 0 (1

Qo
N
- O
=D

o~

It is noted that as Pe - n,ﬂequations £17) and (18>
feduceé fo‘the C1;$sica1 Sturm?Lfouvi]1e systems'fxpified
'by fhp Graetz -type prob]em neg]ect1ng axial conduction term,.
Tne eijenvalues and the correspond1ng ewgenfunct1ons are
1ef°rM1ncd tn th1s study by solving equations (17) and (18)
| u51qq the fourth—ordervRunge-Kutta ‘method [18]? Two hundr%d;
;gua]~steps are empﬂé&ed and the bouhqary conditions for \,

lEn and'Or at;the‘sfartih§ poinp are EH(O) = 1, dEn(O)/dz = 0

3

and On(O) = Q,'dOﬁ(O)/dz = 1, respect%we]y. The eigen-
values are imbrovedgby using variable secant method [19j

or'yn with

o,

which fequ{rgs‘gssumiﬂg two trial values for &/
“the differehce/of say 011 at the start. The even eigen-
values ?a aré 1istéd‘fn'[é]n%or'Ha~¥ 2; 6, 10 anavfe = 1,
10; 102, u'énd'cén ble JsedJas the initial values in this
,‘study. The number og\iterations required t;:reach‘En(j).
or 0 (P) <'1O'8 depends on- fhe 1n1t1a1 va]ue-o% 56 or vy,
but usua]]y it takes o 1& 5 to 7 1terat1ons Tﬁe.spectrumb
_pf e1ggnva1ues ds pheck d by p1ott1ng.(.£~n’)1/2 or (Yn>f/2

versus n.

Thé sertes expahsipn'coefficiehts Cn and~Dri remain to



[

o determined by the application of the entrance condition,

J1n(e the axial conduction term %s. retained, the eigentunc-

(r\} ;'lﬁﬁ iba@gkon technique for Sturm-Liouville system no
.t‘

PR A
Tonger applies. To overcome the difficulty the method for

o

}%& Aack the property of orthogonality and the eigenfunc-

,/‘*

~u

nonorthogonal series described in [20] is used in this
study. From the thermal entrance condition at z = 03 one

obtains

N

S~
—
jn}
3

Here, one- notes that [80 - Brf(z)] is an even function and
Z is an odd function.»TAfter multiplying both sides of
equation (19) by Ei(z)ﬂand integrating it, one obtains a

- system of N eqUétions by taking the first N terms< of the

series. ’
N i : 17
7 .Cc 7 (z)E (z)dz = [ [ - Brf(z)JE.(z%dz,
- A T i . 0
i T2, n ) " (20)

H

In practfcé,‘the lower limit of the integral may be repTaced
by 0 and Simpson“s rule (IBM-SSP) is used for numerlca]
dintegration. The system of N Tinear simultaneous equations

~with N unknown coefficients is.solved by Gauss-Seide] method



» -

~

(IBM-soup ). Similarly, for the odd coefficients D, s one
obtains !
N ] 1
’ : r (7 / - - [
: D” | ﬂ” )0] z)dz J 1)Ui(/)dz, =142, N
n-l 0 0
Considering the &3g¥xof heating from helow (Tl S T,), tne

*:u\,’:f A ’ . ‘ . ) -
espressions for (9 tocal Nusselt nifhors Nujy and Nu, at

Pt
e % o xr .
the lower and upper D]ates,-respecf“ﬂg'iﬂ are defined by

g
[o¥]

9 _ 1. e f

=z
C
—
1!
=~
W
Py
=
-
e
|
—
+
—
R
N
—

Nu, = —o— = N
2 k b - TZ 1 Hb 32 7=

-

where the bulk temperature b is
L 1 .
b : i‘( ‘.7UdZ/[1‘;UdZ

S

The following limiting éxpressions corresponding to the

fully developed condition (x - =) are also of interest

- -

Ky
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(.] . (jl‘ N -
L (hr/?)[;)~conh v Ha Ly (3 % Cooh Ha)
t 4 (,] (,‘,,-i - covh 2Ha - MJ;/{] sinh JHa ¢ L:)(r(u o
~ | i ) 2
SO, CosNIal s s ey o D A I o
_] 2 I Ha I -
. Ha Ha
_C]2
Nu]f 1 - Baﬂa‘~?¢ z1nhu2Ha + ZC]CE sinh Hea
—
A 2 ' . .
PO, Ha /G - ) : (26)
[
¥ o o |
. ‘ » 'rC] ) R
Nuzf = [1 + BrHa;—?~ sinh 2Ha + C]C2 sinh Ha
v e, fHa 1M+ ) (27)
g “bf

-

6.4 Numerical Results and Discussion

\\

The present p?oblém involves five parameters (Pe, Ha,

g,'Br, wo)—and tﬁé range of variation of eac%-paramgter
wh{ch is o?‘practica1 interest in this study is Pe = 10 - é,
Ha = 0 = 10, K =0 ~ 2, Br = 0 ~ l1; 59 = -+ ¢ =, respec-

4 Ctively. 'Bgcause of‘the numbg% of parameters Qfesént,'qompdta—
tions are madegfdr.the parémetric Qa]ues of Pe = 10; 102,
“..oHa = 0, 2, 6, 1D,IK”=’1‘€opén.c}kquit gonditioﬁ);;ér =.O,
-] aﬁd-ﬂo_%i}(TO ;fTZ) only’ Thése arevdgijgned to study‘thew

! A‘(& )
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e

asial.caonduy tion, Hartmann numbeér and viscous dissipation

ottects on thermal entrance pregion heat treanster,

The o1 qemsalines L P and the coefticient, C , O
- n i - LA A

tor o Ty, 10, -~ and By - 00 =1 are listed in th}un |
to 4 tdr the casen of Ha D, 2, 6 and 10, respectively,
with o l oand ¥ 1.7 The.eigqenvalues . and . are

0 : . r n
tndependent of the values for 9 and ¥ The numerical
values nof C -are’a function of =, and K. as well as bBr.

’

~ihe values of,Dn are¢ vindependent of Br and a function of

.

and ¥ only as can be seen from equation (21).

0

Thé deve]épinq temperature profiles (: = % (1 - ) .
versus z' = % ﬂi + 1)) at various axia1‘posjtions‘in the
thermal entrche region are preseéted in Figs. 1 to 5. MWith
Woe (the ygwe;t current or open circuit case), the Joule

;
—

heating is 'minimum and the viscous dissipation produces more

Heating ﬂhan the Joule heating. Fig. 1 shows.that with

1

Pe = 10; Ha.= 0, Br = 0, a fully deve]oped.1inear tempera-

ture p?ofi1e is already attained at x = 5.0. It is found

\
that twelve elgenvalues are not suff1c1ent to yield conver-
gepg solut1on oear the thermal entrance x - 10'3. The case
s
of Br = -1 [(heating from below) represents dominent overall
/ - e . N

///dissjpatjon and Brinkman effect can be seen c]gaf]y by a -

comparison between Figs. 1 and 2. Fig. 2 also shows that

“viscous héating effect i1s particularly appreciable pe&r

theé upper and 1owerﬁwa115; Similar ploftings for Pe = 10

,and Ha 2 2 are $hown‘in‘Figs..3 and 4.fo Br £ 0 and -1.0,

respectively. With Br = 0, Hartmann number effect can be



ceensby comparvigg Fig. 4 owith ), L oand one notv‘.&hd'
thermal entrance lt'r}q th '4fu¢~'-, not appear P) be artected by
magnetic fidld at Ha - doobigs 4 whow, that dissipation
fftects are turther magnitied by Joule heating at HMHa ’
Fhv'bvhdvioh of fully develaoped Mwnpvrdfﬁru proYiIu Lnown
in.Fir;. r&. can be un.h'r‘.t()wi by invoking ',hu. nemhrane ang-
1oqy. for equation 111). In equation {15), the term Br ()
apparently represents the dissipation cfvatS.“ fhe Hartmann
number effects on developirng temperdturé profiles (:) and
on bulk temperature distribution (“b) are further $tlustr- .
“ated in Figs, 5 (Pe :‘10) and 6 (Pe = 100), respectively.
One notes that fhe differeﬁée between the axial bulk tempera-
ture distributions for Pe = 10 and 100 can hardly be dis-
‘fﬁnguLshed graphica]]y: ‘

of partjcularrpracticaT infereét in this study are

the effects of Hartmann number on 1qca] Nusselt ﬁumber varig-

tions at the lower and upper plates and the results are

presented in Figs. 7 and 8 fer Br = 0 and -1, rgépectively;

~and in Table‘S and 6. The éffect o% magnetic field on °
=zcal heat transfer 1s‘c]ear1y seen in Fig. 7 for Br = Q.
At Pe = 100, the axial] conduction‘éffect is practicql?y

negligitle and.the local Nusselt number Nu, at the lower
plate increases with the increase of Ha. Similar effect

"also exists at. the upper plate but the local Nusselt number

is seen to be zero up to a certain axial distance (x = 8 x
TC_Z). At Pe = 10, the axial conduction effect is quite

pronounced and the local Nu1 decredases as Ha increases up



; , . «

oo« oo but turther down  teeam the trond ra o,
and Tao Similar o that gt P foey A the upper il 1'»».~.
the ditterence in local Nusoelt numbers "Ny ) betweor

) co
P 1O and 100 vy very uuml] but the Cyhe 0 Peooo 0
tas higher value tor a given Ha. btote seen cleardy thae
Phe axtal conductinn effect disapprars completel, ot . b

wl‘fhy-i*r -y the Tocal Musselt number bhohavior i

more rv>m;)1ic(1iv(i than th.1t~r)t'ffr O Iln fa1qg. 8, the }cfﬁu

Nusselt number signifies a4 change in the direction ot ‘the
heat transfer-at the wall, At Br -1, the viscous dissipa-

tion etfect is5 dominant and the Hartmdqn number effect is

'
1

similar for Pe 10 and 100. The local Nuy decreases as

Ha increases and the trend is opposite id that ot the case
e 100, Br = 0. The merging of the two curves for Pe =

1% and 100 with‘the same Jalue of Ha at a certain axdiail
distance x indicates the vanishing axial conduction effect.
The behavior of the fully developed Nusselt number Nu]f

‘can be explained from the fully deQe]oped'temperature pro-
files at « 5 shown in Fig. 5 where the fluid temperature
15 5een to be higher th&n the lower wall temperaturie.

the viscous dissipation effect, the 1oéa1'Nassel£

;

number Nui at the upper plate is not zero near the.therma]

w
©
3
u
e
wn
4]
O
“h

- : 7 :
entrance x = 0 and the Nusselt number Nu2 decreases mono-

tonically -toward a fully developed value depending on Ha.

Y]

Nusselt numbars Nu? can

ot

The effect of Ha on fully déveloped

be exnlained from the corresponding temperature drofiles

snown in Fig. 5. ‘

O
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conuequent iy numerical calculation is not made for Pe - 10.

Trothin refnect the present numerical resul s as well as

S,8) must be understood. under this
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4, Tho present soﬂut1on Serves as a basic tlow solus
.'tioh for therma] 1nstab111ty of Hartmann Flow in horizontal
para]}ej—p]ate channe] heated from below which will~
discus;ed.wn Chapter VIT.

5. Within the range of p@rametrhc va1ues studied,
therﬁa] entrance -lTength does not appear to be affected by
magnet it f1e1d up to Ha': 10. It is-noted that the heat
transfer resujtséare independent:oF.Prandt1 number.  In this
study, the numerica) computation;ts']imited‘te‘Ha <10 in
order to checfethe even eigenvalues-against,those given in'
[57. .However,'ho'computetiona1 difficulty ie expected for
Ha % 10-. Ohe ndtes'thét the influence of the f]attehihg
Hart@ahn ve]ocity profile otheat transfer contihwes with
Afdrther\increése'of the Hartmann number ‘The fTat velocity

d1str1but1on for Ha\+ “.Qor s]ug f]ow is pract1ca11y

'approacwed at Ha :'20.

Q.

~
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Tobieo T Vol of eiqenvalucs . anct
corftficient . C D for Ha 0, =1 and L1+ .
A . N’ e 0 : )
) C D
. R “‘ﬂ_ . o B _ Jl_
Pe N ; Br=0 By =
L S P I
T -0.185887 (1) 0.836433 (1) 0.1217¢ (1) 0.20847. (1) -0.719451 (1)
2-00.18247¢6 (?) -0.301671 (2) -0.34295 -0.49417 - 0.19448, (1)
3 70.432620 (2) -0.570574 {2) 0.21798 ' 0.26642 -0.20517 (1)
4. 0.712974 (2) 0.858383 (2) -0.16688 -0.38819 o 0.21345 (1)
R 5 0.100594 {(3) 0.115510 (3) 0.13603 -0.14678 -1 -0.21786 (1)
10 6 ’0.13054% (3) 0.145685 (3) -0.1144) ©=0.12034 ' 0.21962 (1)
7 0.160898 (3) 0.176173 (3) 0.98342 (-F) 0.10185 ~0.21998 (1)
8- 0.191501 (3) 0.206871 (3). ~ -0.86028 (-1) -0.88235 ( 1) 0.21972 (1)
9 0.222278 (3) 0.237716 (3)° 0-.76390 (-1) 0.77851%(-1) -0.21933 (1)
2 10 0.253180 (3).-0.268666 (3)  -0.68759.(-1) -0.69772 (-1) 0.21920 (1)
11 0.284172 °(3) 0.2996956 (3) 0.62831 (-1) 0.63561 (-1) -0.22014 (1)
12 0.315235 (3) 0.330787 (3) ' -0.59519 (—1)'—0.60076 ( -1)- 0.22708 (1)
1 0.188491 (1) 0.898327 (1) 0.12033 (1) 0.2065% (1) -C.18510 (1)
: 2 0.213379 {(2) 0.390500 (2) - -0.30630 - . -0.44992 - 0.16842 (1)
100 3°.0.619270 (2) 0.899226 (2) 0.17282 0.21717 “-0.16550 (1)
4 0.122948 (3) _0.160894 (3)- -0.12552, . -=0.14601 - S 0.17177 (1)
5 .0.203638 (3) 0. 251044 (3) ~ 0.10747 . 0.1195] -0.191124 (1)
6 0.302968 (3) - 0.359259 (3) -0.11587 - -C.1R51¢6 0.25310 (1)
. ] ] : ’ T~ :
O e e
1 0.188513 (1) 0.399048 (1) 0.12030 (1) 0.20654 (1) \\%&\12237 (
2 0.214315 (2) 0.392071 {2) -0-30538 . -0.44881 A 0.1 {
3 0.623116 (2) 0.907599 (2) 0.17137 0.21553 " --0. 16363\(1
4 0.124537 (3) © 0.163647 (3) . -0.12369 -0.144Q2 ' 0.16889 (1
5 0.208091 (3) 0.257868 (3) - -0.10548 - 0.11743 -0.18757. (1)
6 0.312979 (3) 0.373423 (3) -0:11403 -0.12338: T 0.24990 (1)
(n)

-Aﬂote:- The numbers 1in parenthéses represent 10



Table 7 ojaenya e nt o »wd
Ccoefficients C ;' D for Ha=z, =1 and © 1
- n ﬂ : . e Lo -
: Cn : : Dy,
IR - U
, Bre0 Bre-1 5
L .ol n - e
0.191166 (1) ©.83385% 71" - 0.122510 (1) 0.215654 (1) -0.194332 (
0.181273 (2) 0.239776 (2 = -0.352en03 0.498455 . 0.193044 (
0.43036C (2) 0.5738196 (20 .- 90.220%897 $.280144 - -0.201945 (
0.710624 (2) 0.356133 (2 -0.167509 -0.197170 - 0.209563 (-
0.100332 (3) ©0.115311 (?) 0.136073 . 0.152434 -0.218132 (
0.130363 (3) 0.145510 {3) -0.114413 -0.124102 0.216383 (
G:160733 (3) 0.176012 (3) . 0.9282211 (-1) 0.704456 - -0.217273 (.
'0.191353 (3) 0.206721 (3) -0.8618224 (-1)-0.901222 {-1) 0.217497 (
0.222145 (3) 0.237589 (8) . 0.766031 (-1) 0.792847 (—T)—O.2]7529 (
0.253058(3) 0.268550 (3) - -0.690253 ( 1)-0.709202 (-1) 0.217802 (
+.0.194003 (1) 0.895478 (1) 0.121240 (1) 0.213977 (1) —0.187107‘(])
0.212029 (2) 0.336464 (2) -0.320382 . -0.458045 0.170463 (1)
0.612283 (2) 0.833748 {2) 0.181044 0.234387 -0.167443 (1)
0.1214%96 (3) 0.158988 (3) -0.131183 -0.158547 *0.173315 (1)
0.201233 (3) 0.248104 (3) 0.111463 . 0.128534 © -0.191391 (q)
0.299462 (3) 0.355163 (3) © -0:115508 .--0.128892 0.243595 (1)
0.194033 (1) 0.896196 &) 0121212 (1) 0.2139471 (1) =0.186912 (1)
0.2%24%4 (2) 0.337925 (2) -0.319568 -0.457037 0.169706 (1)
0.616035 (2) 0.896783 (2) 0.179759 0.232869 .- -0.165856 (1)
0.123017 (3) 0.161620 (3) -0.129550 -0.156705 ©0.170824 (1)
0.205487 £3) 0.254618 (3) - 0.109683 0.126622- -0:188273 (1)
0.309018 (3) 0.368671 (3). -0.113937 -0.127338 0.240907 (1)

CNote:

(o

NValues of

et T QT G G S R L S
e e e e e et e e e et

The numbers in parentheses réﬁreéent ]O(n).




TR
: Lo R w
Table 3 VaTues of eleggvaluey,

coefficients C - 0, for Ha €, ==

et e e el e e P N e e
. N

— e e e e
'
>

Pe AR S ’ ?fn : Br= O
12 0.209393 (1) 0.834994 (1) 0.12g935 (1\ 0.431537 (1) -0.194704 (1
©27.0.178949 (2) 0.295533 (2)  -0.38517¢9 -0.442307 0.190468 (1
3 0424963 (2) 0.562266 (2) 0.231335 . 0.317296 - -0:194213 (1
47 0.704579 (2) 0.850217 (2) -0.170250 -0.225077 0.199415 (1
10 5 0.993159 (2) .0.114776°(3) 0.136509 - 0.173224 -0.203870 (1
6 0.129859 (3) 0.145037 (3) -0.114487 -0.139811 0.207291 (1
7 0.160289 (3) 0.175601 (3) 0.988010 (-1) 0.116707 -0.209995 (1
S 3, 0.190961 (3)+ 0.20636] (3) -0.871307 (-1)-0.100099 -  0.212518 (1
9 0.221794 (3) 0.237256 (3) 0.783543 (-1) 0.879261 (-1)-0.215610 (1
10 0.252741 (3) 0.268248 (3) -0.718893 (-1)-0.792509 (-1) 0.220124 (1
1 0:21314% (1) 0.8975h7 (1) 0.124227 (1) 0.230618 (1) -0.190674 (1
, 2 0.208549.(2)* 0.377727 (2) -0.3667¢€8. -0.517457 0.177678 (1
10% "3 0.596792 (2) 0.365089 (2) ~ 0.208415 °  0.287380 -0.174294 (1
-4 0.118182 (3) 0.154607 (3) -0.149736 -0.199853 ~0.178603 (1
5 0.195679 (3) 0.241284 (3) 0:123744 - 0.159284 ~0.191771 (1
6 0.297300 (3) 0.345596 (3)  -0.114574 ~ -0.142739 - .0.218127 (1
- 1 0.2131807(1) 0.898278 (1) ©0.124210 (1) 0.230596 (1) -0.190563 (1)
2 0.208956 (2) 0:379090 (2) -0.366275 -0.516797 '0.177246 (1)
3 0.600244 (2) 0.872420 (2) 0.207630. + 0.286350 -0.173383 (1)
© 4 0.119526 (3) - 0.156935 (3) -0.148737 -0.198589, . 0.%77172 (1)
5 0.199510 (3) 0.247138 (3) 0.122670 0.157998  -0.189934 (1)
& 0.299368 (3)  0.357701 (3), ~ -0.113674 - -0.141767 0.216567 (1)

Note: The numbers in—parenthesgs represent 10(n).‘



i
Table 4 Values of eigenya bue SR an !
coofficients €, D for e, o o1, Ko
n n ) 0
) N ) (r o 0
A Y Em L Bl e )
- .
] 0.219632 (1) 0.84%124 (1) C00126137 (1) 0.236829 (1) -0.194235
2 +0.179137 (2)  0.294636 é?) -0.e02524 0 -(0.581681 - - O.]@ZQGQ
_ 3 . 0.423256 (2)! 0.560051 (2) 0.232657 0.336793 -0.193240
10 4 0.702089 (2)'-0.847617 (2) -0.172993 |, -8.239637 - 0.196301
5 0.995556 (2) 0.1J4522 (3) 0.137638 r.1286200 ~-0.200945
£ 0.129615 (3) 0.144805 (3) -0.115460 -0.151910 0.205151
7 0.160070 (3) 0.175394 (3) 7..100165 0.128136 =0.209483
& 0.1907660 (3) 0.206177 (3) -C.890387 (-1)-0.110897 0.214046
.1 0.224012 (1) 0.912733 (1) 0.125743 (1)“ .0.236334 (1) —O.]9385O
> 2 ,0.208932 (2) 0.376115 (2) -0.391823 - -0.566737 0.184256
10 -3 0.592571 (2) 0.857707 (2). 0.224773 " -0.317751 -0.180643
S 4 0.117076 -(3) 0.153085 (3) = -0.160316 -0.222857 . 0.183303
5 0.19369¢ (3) 0.238806 (3) 0.129455 0.176207 -0.192136
& 0.288292 (3) 0.342030 (3) -0.113738 -0.151338" 0.207382
R 0.224064 (1) 0.913503 (1) ‘0.125733 (1) »O.236320.(1) -0.19377S
¢ Q.209343 (2) 0.377464 (2) ~(.391510 -0.566302 . 0.183978
g 3 - 0.595953 (2) 0:864848 (2) * 0.224266 -0.317056 . -0.180056
/ .04 0.118415 (3) 0.155386 (3) - -0.159673 -0.221995 0.1823843 .
Y5 0.197397 (3) 0.244450 (3) -C.12877¢2 0.175329 -0.191000
6 0.296543 (3) 0.353677 (3)

-0.113159 -0.150651-- 0.206339

- . ' n
«Ote:  The numbers in parentheses reprent 10< ).

3

b
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Table
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0
0
o
0
0
C.
.

5 Nu

-

J)O)D’j)

0.
C.
0.
..
n.
o
0.
C.

0011

"0.0031

N.00865
0.0122
C.09193

'0.3936

0.6284
0.7683
€.8513
029796
0.9999

.0000

D

0

.

n
€210

.

C.0229

C.C963
0.0118

r.0901

C.3914

.6281

£.7692
n.8530
£.9808
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1.0000
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13.75CnH 16 T7,06000
16.2(CC 75,6600
12.4K00C 34,9600
9.9940 73,9700

3,2820 19,3500
7.C700 16.86C0C
‘4.,291n 11.8900
i 2.4310 8.4723C

2.31390 6£.8270
2.7680 5.855(

1.9020 5.198¢0C

1.531G 3.6420
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1.2130 2.5970
©1.155%0 2.505¢C
1.1120 2.4560"
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.1.0C00 2.372C

.0C0C 2.3730
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18.8100 185.80070
16,2820 .+30.000"
12.5700 . 45,8770

v 10,0900 32.99730
8.381¢C 27.1000
7.1710 23.6900
4.2870° " 16,2500
2.910¢ 11.093%6
2.3960 8.805C

. 1230 7.4690
1.950C» 6.577C

1.5590 4.512C

1.319¢0 3.399¢C

1.2200 . 3.0790

1.1570 2.939C

1.1130 2.864C

1.0180 2,.7530

1.000¢C . 2.7360

1.0C00
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.
XL
]

£20C

16.04CC
2.25C0

Y
. 94860
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7080
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L7500
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.5020C
.1560 -
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.2692

.Q975

-1,&#60

-1.
.737¢C
-5
.36C0
-6.

-

-6

18.
15.
12.
9.
7.
.5510
2.55%90
1%

6

3710
4650

3640

¢

580¢C
980¢
17C 0
6070
8240

8630

1.2160C
C.8U4G7
J.5794

-C.

.1830
-2.
<2770
L4100
.5790
-9.
£9300

-3
-4
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1817
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Table &

Continucd

. 0.C01

“80'002

0.00u
0.C06
0.008
0.010
0.C20
0.040
"0.060
0.080
0.100
0.260
0.u400
0.6C0
0.800
1.000
2.000

5.0C0 .

8.000

. 0.001
L 0.c02
0.004
0.006

0.c08. -

¢.010
0.020
0.040
~0.C60
0.080
c.1en
t0.200

= 10

c.uCQO

0.600
G.800

1.000-

2.C000

5.C0CC.

CR.E0D

SRR s

)DIAOADODNOO0
L
DD ODDODDO

.
u[J2

DODODDO

o'Dc
QOO OODODDLDHZIO

L0023
1.0057

D.0111

0.0877
0.3905

0.8615
0.9845

1.6000

1.0000
1.0C00

.

.

0.3%05

- 0.62325

C.7769
N.7769

N.8615 -

0.98u45
1.000N0
1.C000

s

© 0.6324 .

]

16,2600
18,5100
11.8C00
" 9.8580
8.4380
7.2790
4,7300

3.1840

2.6190
2.3110
2.1110
1.6500
1.358C
1.2380
"1.1630
1.1120
1.0150
1.0€00

1.0C00

13.6000
12.5C00

10.6900

9.3000
8.2100
7.3490
4.9u80
3.3570
'2.7500
2.4160
©2.1980

1.6940

- 1.3760
1.2430
" 1.1640
1.1100
1.0130

~1.0C00..

1.0000

r
I(Ur,

I

-329.1001

179.5000
102.1C00
75.8100

£2.2890

53.85C0

34.94C0

72.690C

17.620C

14, 7400

12.8700

8.6040

‘' 6.19u0

5.4160
5.0570
4.863C
4.5900
4.5560
4.5560

511.700C
294 ,3999
169.1090C
124.1C00
100.0000
B5.9600"

-54.150C -

34, 7500
26.930C
122.540C,
19.6800
13, 1u40¢C
9.3440 .
8.0690
7.475¢
7.1540
6.7130
" 6.6630
6.6630

Jul
“15.140¢C
17,2500
10.3000C
8.16890
6.5900

S.4010C -

2.3340
n.3765
-0.449¢4
-1%.9709
-1.3640
-2.7270
-5,0670

-7.7680 -

=10.9100

=14.3300 -

-27.3200

. =31.0000
~=31.0000

1€.86C0 -

9.5970.
7.5120
5.8830
4.5960
3.5660
0.5918

-1.6120

-=2.6320

-3.3180

- =3.8610

" -5,9370
~9.9180
-14.74C0O
~-20.4400

-49,6900
-55.4100
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T-26.6800 O
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Fig. 1 Coordinate System for MED channel flow and developing
temperature profiles for Pe = 10, Ha = O ard 8r = 0
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Fig. 3 Developing temperature profiles for Pe = 10, “
: ; Ha = 2 and Br = 0
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CHAPTER VII

THERMAL iNSTABILITi»OF‘HARTMANN FLOW IN THE
THE RMAL ENTRANCE REGION OF HORIZONTAL PARALLEL—
PLATE CHANNELS HEATED FROM BELOW K
The onset of instabi]%ty in the fdrm of 1ongﬁtudiﬁal
-vort1ces for fully deve]oped Hartmann ]am1nar flow 1in the‘
thermal 2:??ance reg1on of horizontal para11e1—p]ate - -
chahne]s is 1nvest1gated by a numer1ca1 method for the

-

case with a upiform vertica] magnetic field and heating
from below. ~Numerical results are obtained for Pr = 0.7,
0.01, Pe = 10, 100, =, Br = 0, -1, and Ha =0, 2,6, 10.

The effects of Prandt1, Péclet (axial conduction),.Brinkman.

(v1scous d1ss1pat1oa~and Joule heating) and Hartmann n%mbers
on therma] 1nstab111ty of magnetohydrodynam1c flow are

- studied. , : ‘ - o
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Nomenclature

c

dimensionless wave number

i

a =

B = magnetic field induction vector,
;(090380)

Br = Brinkman number, u U2/(k6‘)

, o _ _ R I C

b = dimensionless perturbation vector of

1mpresse? magnetic field, (bx’by’bz)
i . .
Cn,D = coefficients in the series expansion
' of 8 o ’
e:

9p' = specific heét,ét constant pressure

D = __dydz

E = electric fié]d intensity vector, (O,EO,Q)

E,»0 = even and odd eigenfunctions

e = - dimensionless pértufbation-vector:of
electric field, (ex,e;,ez)

, . | C oy 3,2

Gr = Grashof number, ge(AaT)L /v v

g = gfaVitgtiona] acceleration

Ha = Hartmann nt 'u#)]/zBoi

J = electric cuw y vector, (O,Jy,O)

Joi = OBOUmJ

N - ﬁ . ' -
dimensionless poerturbation vector of J,

(Gy2dy»3,) | o



o

.. Pe

CPr

extennal loading parameter, EO/(BOU

thermal conductivity

m

).
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a distance between two infinite horizontal

flat plates

L/2

r

number aof divisions in Z direction

fluid pressure (Pb + P‘) and pressure

for basic £low:

Peclet number, PrRe

4

Prandtl number,

o

Spre/k

2

dimensionless perturbation pressure,

Ra

Re

Rm

magnetic

TR

-1

Ray]eigh

Reynolds

fluid temperature be + 6'), fluid

entrance temperature

o

numBer, gBATQ%/va

-

s

"temperature of basic flow and uniform

uniform but different lower ‘and upper

plate temperatures, and'(T

[~

of basic flow

COmponents

-

S

Yo ]

+ TZ)/Z

dimensionTess perturbation velocity

Reynolds number, UmL/(l/#éO)‘

"axial, meancgnd dimensionless velocities N
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velocity vector (Vh V), basic velo-

city vector (Ub,O;O) and perturbation

velocity vector (U',V',W')

Cartesian coordipates with origin at

lower plate
dimensionless coordinates
LY

transfof&;d coordinates,. x/Pe,z = z.

dimensional and dimensionless transvérse

‘coordinates with origin at centre ofv

~channe]l

- thermal diffusivity

“ettf .

o]

-

“electric conductivity

.coefficient of éhenmaT expansion

even and odd eigenvalues

dimensionless:perturbation, basic -flow

G

.and entrance- temperatures

characteristic témpefature difference
(TZ,_ T.) = (Tzlf T1)/2, and qimengion—
less fluid temperatures.defined by eq. (7)-

magnetic'permeability and viscosity of’

- fluid

y

kinematic viscosity

'-.f]ufdbdenSity

©

viscous dissipation functiogn

©

'12! S
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I = dimensionless basic velocity and tempera-

ture profiles, Ub/Um and (Tb - T2)/AT

~

dimensionless stream function

1

AT = (T, - “TZ) = -2u

Superscripts'and Subscripts

perturbation quantity

L , : = amplitude of disturbance quanity

*
i

transformed perturbation®variable or

critical value . .

o
H

basic quantity in unperturbed state ;

2

|

k . = ‘sbace subscript of a grid point




204

7.1 Introduction
In recent years, the problem of the laminar forced
convection for fully developed MHD laminar flow in the ' L
thermal entrance region of a parallel-plate channel has
been studied by many investigators for the thérma] boundary
" conditions of both uniform wall heat flux and constant
wall temperature. fhe literature on the subject is well
reviewed.in [1,2] and in Chapter VI. It is known that whéﬁ
a horizontal f]uid layer is subjected to an adverse tempera—
ture gradient, a top-heavy situation results and the system
is potentia]]y.uhstable da; to the buoyancy forces. With
-a superpoigd fully developed laminar flow between two hori-
zontal flat plates, heated from below, the onsct of the
******** seeﬂﬂéary»+}ow~1n the—form of‘%cngt1udTnaT Vort1ces*[3”ﬁﬂ“”"“*mf”“**
is characterized by a cr1t1ca1 Rayleigh pumber. With the
appearance of the vortex rolls, the flow takes on a three-
dimensiona1 character and fhe heat transfer rate is expected
"“to increase with the Ray1e1gh number. Thus, it is of:prac- ‘
t1ca1 interest to determine the conditions for_the onset
of secondary flow.
" The eﬁfect§ o% a Qertfcal uniform magnet1c field on
the therma] 1nstab111ty of horizontal stat}onary fluid
‘1ayers were studied theoretically by. Thomp&on 8] and
Chandrasekhar [9,10] and exper1menta11y by Nakagawa [11-14].
?The thermal instability of a magnetofluid in a vertical
rettangular channel heated fkom,be1dw was iavéétigatéd.ﬁy‘

Yu [15] quotihg.the related references. The thermal instabi-
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Tity ot a Hartmann flow in the thermal entrance region ot
a hOFi;Oth] parallel-plate channel with heating from below
does not appear to have been studied in the past. The pur-
pose ot this study is to determine the conditions marking
the onset of lonqitudinél vortex re@lls in the said passage
where the two plates are maintained at uniform but different
surface temperatures. The present study can bg regarded as
a first step toward investigating the change of heat trans-
fer rat® due to the thermal instability for a Hartmann flow
and represents an extension of the.theFma1 instability
problem for a confined horizontal fluid layer studied by
Thompson [8]‘andehandrasekhar [9.10] to the case with a
superposed fully developed laminar f]owﬁl The basic velocity
_M_w",wﬁﬂﬂmLempetatupewiielésm#n~%hﬁw%herma+LentraﬁtE”%egion of )
the channel required for the present thermal instability

analysis are reported in Chapter VI.

7.2 Formulation of the Thermal Instability Problem

7.2.1. Basic F1ow and Temperature Fields
Consideration is given to a Hartmann flow between two
horizontal flat p]ateé under the action-of a homégeneous
transverse magnetic field BO and heated from below.  The
basic equations of motion, of Maxwe]l, }nd of energy apprpprit
ate to the thermal entrance regioniheat transfer problem
[3] are:

D]

TV =0 ‘(1)



—s

b ; !
(V- vy, Pt v ! boxod
R 0, Xt a“J, f 0, Xt 0 (t ¢ va
(Vo= )T L ;o (J-0)
(p b §) b . '
0 .
’ = = - - - o T
where Vb = (Ub.0,0),’J (O,Jy (LO bLO,,O), 3 (0
R - N L2 S 2 N4 .
B = (O,O,BO), : yf(dUb/dZ Y© and D S Y/

0t

(4)

energy equation (4) and the coordinate system is defined in

Fig. 1. The bygundary conditions are:

Introducing the following dimensionless variables and physi-

cal parameters, [X,Z') = [;](§ge,z'), Uy ~ [Um](ub), Cy

(T - T/ (T, = T ), bg = Ty = T )/ (T, - Ta)» Re = oU i/uc,
I3
_ N . _ ..o N1/2 N '
Pe = PrRe = “’dem‘/k’ Ha = (u/uf) BO-, K o= EO/(BOUm),
) 4

Br = ufUm/(kﬁc): where U_ = {ﬂ Upydz's(z2:), T, ° (T] tT5)/2,
o7 T5 - Tm = (T2 - Tl)/Z, the well known Hartmann solution
[16] for equation (2) and the solution of energy eduation-
(4) considering both the viscous dissipation and axial con-

duction effects can be written as



J 2
/ _ ,; :
' fo ';E : _ ‘ ) 207

| t ,
! L
j ° ’/ . . , .
Ub,='Wa(cosh Haj? cosh Hq,z')/(Hﬁ cosh Ha - sinh Ha) .
ia . R o:;; B ‘ . .
:”q](cosh Ha - cosh Ha, 2' ) - (6)
/ | ‘ i : — =
" \& | ) )
. :“Eb =.vc(z") f};ﬁ":’é.(x',z Y L (7)
where Ve :rz"+3Br[(C$/4)(cQsh 2Ha - cosh 2Ha'z():+
' : . P o ) ) .- > :
2 C]Cé(coSh Ha - cosh Ha z) i+ (CZ‘Ha /2)(V - z'9)7, C2_=
K = €y cosh Ha, v, ?tn§1 CnEn(z )exp(—ﬁnx) + HZ]-DnOn(z )

.exp(-“nx). The details of the ihfinﬁte.segies solution for )

"are given in Chapter VI and the express1on for ¢ 1s ‘given
here f ot reference purpose on]y At th1s po1nt ﬁt is con=
ven1ent to shift the coord1nate or191n to- the bottom plate

_for the 1nstab111ty problem and One obtains z = + (z' + 1)

POf— N
—~ :
—_

i
<&

o
~—r

and the deve10p1ng temperature prof11e OO

L]
. -

7.2.2 Perturbat1on Equat1ons
In order to study the therma] 1nstabi1ity concerned
with the onset of secondany f]ow in the form of 1ongjtudinaT

vortices for-the horizontal Hattmann flow heated from below,
the perturbatien_quantitie§ are superimposed on the basic:

quantities as

= [Ub(Z) + U:,V',N‘J, T f Tb + o0ty Pv:.Pb + P

<
1
<<
“+
<
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Eo= B o+ e’ = (eX By ¥ ey“;ez ), B =B +b
= (b ',br ',By + b ") | o PR (8)
T o= Jp *+ 30 = (3, 9yt i, 0.5,

The above perturﬂ%tion quantftiéﬁaffe considéred tb be in.
the steady ?tate'and ére of awfu%@ffon of space vafiab]e;
’X,'Y aﬁa.z §ﬁ1y.: After appTying the.Tinear stabi1ity,£heer-
and using Boussinegq approximation, the perturbatioh equa- .

tions become: -

o Tay Tar T 0 o )
du. . -
Ay c9Phy L apt 2, .. . .
o(Uy S * W gzr) 7 o- s tougVTU (b, v B3 ) (10)
v 3P 2., o B
PUp 33 = - 5y T MgV VT - By (1)
W' 3P 20, o . 3 ’
oUb X - a———+ ufv W' - Job + pgB?od (12)
1 R
, 3T 5T
36 9T C 9 by L o2,
pcp(ub x * u vt W 3——) kv©e .
du J
by, 3U" Jo .,
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‘/ (O | - ' Py 3 i =3 ' _ B UI

i ole,' + BgV')s 3y (e, - Byl

o i o o o

> - 9,9 = - ' 14)
Upb, )., ale,' + Upby ) (13)
v.-e =9, vke' =0, V- b'=0, VKb #u 3 (15)

. .

where v2 = 3%75x% + 3%70v2 + 5%/02%0

Introducing the following n0n-dﬁ@ensiona1 quéhtitjes

and physical parametér§,
D v
ﬁX,Y;2)~= Lix,y,z), (U',Vv' W) = U (a,v,w), 8" = (AT)8
. s} ]
1 . ‘2 ' T ' = . ' (o] 1 A o) ]
Pt = (oUdp, (b, L by b ") Bo(bx,byhbf), (e, el )

1
m
(e»]
—_
[19])
T
¢}
S
L)
Camn Y
[
M
[
- '.'
o
g
1l
Q
Q
' (e
3
——~
.
x -
-
[

ek = 38T ) e
-f——;?T_ﬁ > m- e - °

o
-

sy T, - T2 = (AT)@S, JO = gBOUmJ

a§§$notnhg_that Ub =‘Um¢u b =
JBOUm(K - ¢ ), AT = (TJ - T2) St —26%, the perturbation equa-

u

tions become

w,c/
x|
+
o)‘c)
-+
@|w
N‘i
n
o
o
,\ .
>
&
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do¢ :
U U _ _ 3p 1 2 2Ha .
*y IX o dz 32z + 2Re Viu.t Re (Jbz * Jy)- (17)
Jv dp 2 2ta’
Wik T Ty P 2Re YV T TRe X (18)
3 i 1 2 oua? 26G |
4 —w = - P - —‘_a . ; r \' ) :
‘u 3x 5z " 7Re ' W re 0 T 70 o (19)
o ' U‘ . . ©
. 3¢ ¢ o de - -
3 [S] . 2. . “ u du 2 N
Zpe[Qu 3‘)‘("*' Uu =—— + w 3_2_—] = V 8 — Br[az-— a—i—a"’ 4Ha \JJy] . (20)
Iy i'K?x * v, Jy =_Kgy -u - ¢ b, j, = Ke, + ¢Uby ‘ (21)

Here it is ‘unﬁto’od'that. the operators V2 and .7 are
dimersionless. | |
After eliminating u, v, p and using continuity equation, -

the “three momentum equations. can be combsged into a s;jingle-

equation as:

02 R . d ¢
2.2 2 3w 3 2 AW us . . 4Gr _2
- AMen T s PReley x YW - S T ) T Rer i°
32 dz : .
- , 2 o 2
: 2.0, 2. 3b, ds, 3b, 3%, _
3 ; n _ o
' * 4Ha [J(V1px * axaz)_ 2 dz  3x ?u X3z ' (23)
where '\7$ = 32/?»(.2 + éz/ayz.



/
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From equations (20), (23) and hof%ng furtherﬁthat for
"vorteX—g)pe/%nstabi%ff}vab/ax‘= 0, one has 7 unkpqwng.uau
W, O’,bx’ b%, jy and éy. Conseqyent]y; one needs éddi—
tionally oqe momentumVéquétion, Ohm's law, two magnet%c

induction equations and one electric field equation as

~follows. - . g : ‘
. A ‘
L2 v - U _ o u - . Bk :
' Uj-sze by 5x T 2Rew g - 4H§L(K B ¢U)b? vk 7'(24)
o‘]_y - Ke_y - v '¢’u Zz ™ (25)
' 3b Tode, -
2 Ca X sy, _Tu. L
v Ex h ZRm.¢u ax - ?Rm[az'+ dz bz] . (?6)
. o 3b_ '
2 oz _ W ‘
v bz - 2Rm Sy T T —?Rm =3 A (27)
A
V =
e, 0 (28)

The boundary conditions are

u ='w f-%%.: Q = O‘ at z = 0,71 (r%gid walls)
3, =0 at'z = 0,1 ‘(non-conducting walls)
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For the d1sturbances 1n the form of . 1ong1tud1na1

vort1ces3 one may assume the d1sturbance form [6] f =

Fr(z)e 1ay_for‘the disturbance guantities. The set of équa—

tions then becomes:

- 2 2,2 - 2.2
(02 - %)% ) 1
Q x\\ -
~_
4Gr _2_+
A+ _Re a‘> 0 (30)
2 2 v a4 doy v Che iy
(D" -"a®)u - 4Ha“u = .2Re rral w' - 4Ha [(K - 2¢ )b_"] (31)
. _ z T Tz Sl
’ 3¢ . 30 .
2 2 6 + 9%
B (D° - a%)s ZPe[u ax W 5
Y S -
' doy o R O
+ Br[a;~ Du - 4Ha“(K - u)Jy 1 (32).
+ + + +
i, = Ke ' - uT-eb, 533)
(D2 - a%)b T = 2rm(but 4 L b T N (34)

M:(354)A

'(36)




where D =.d/dz,‘\/2 = 0% - a? and V? = —az. A study of the

é]ectrdmaghetic bbundary‘conditions s now in Otdef. When
the magnet1c Reyno]ds number Rm 15‘very small, an order o%
magn1tude ana]ys1s reveals: that the r1ght hand s1des of
‘equations (34) and (35) can-be neglected. From Maxwell's

equations -and eqliations (34), (36) dnd (29)_it“can be shown
» _— + + + ’ . L
.that e, - ey e, | bx 0] for_the‘whole domain-and the

details are given in Appendix IV. It is convenient to

introduce the transformations x .= PeX, z = zs u' = Reu*,
w+ = w*, 0+ = Pee*f j t o Rej *. b v Rmb _* aad one obtains
: Yy 'y Pz Zz - e . :
[(02 --a%)% - ana®p?Iw* = 4Ra ae* - . (37)
do o -
2 2 21 % . Uk L 2 Rm | &
[((pS - a%) - 4/Ha7]‘u = 2 az vt [4H’a (K - 2¢,) gg b,*1 (38)
o u % 3. Cde .
(D2 - az)ﬂ* = 2[%% —:9.+,w*_ ;?]v+;%£f[Re —Y pur
' Ix 2z r dz
- 4Hal(K - @ )j'A*] : "' (39)
u _Y E
J7 = cur S Lo, R b o] (40)
-'u Re "z .

Since Rm/Re is vefy small, the terms involving Rm/Re in

equations (38) .and (40) can be neglected [17] entirely in

LJ
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comparison with.-the other terms. Thus, one sees that the ©
vpresent‘eigenva]ue prob]em can be solved independently of
the boundary c0nd1t1ons on the magnet1c f1e1d The physical

parameters are seen to be!Pr, Pe, Br, Ha and Ra. The

LN

boundary conditions are
S w* o= Dw* = 9% = 0 .at z = 0,] oL (e

§It 1g 1nstruct1ve to note that the term 4a2Ra0* in

equation (37) represents the effect of buoyancy forces and.
s ba]anced by the-viscous. term (DZU- 2)Zw*vand the Lorentz—

2202y %)

force term ( 4Ha In equat1on (38) the 1nert1a term

w* )@ /az is caused by the coup?ed effect of upward d1sturb-
ance velocity w* and the vert1ca1 grad1ent of bas1c ve]oq1ty

prof11e,function and is seen to be ba]anced by the v1scous

term (02 - az)u* and the Lorentz force term (—4Ha2u*).

Furthermore, in energy equat1on (39) there are two convec--

>

tive motions; one is the conVective tﬁrm caused by the
;boup1ed effect of ve]oc1ty disturbance u*‘and bas1c tempera-~
ture grad1ent Wo /3x in the main flow d1rect1on, and the
.other is the convective term caused by ve]oc1ty disturbance
w* and the bas1c temperature grad1ent ata/az in the vertlgal
direction. It is seen that the two-convecti%eﬁterms,,a
viscous dissipation term'(Br-Re/Pr . d@b/dz‘; Du*), and a

{-aHa? (K - 6,003, *1 are

2

Joule heating term [(Br?Pr)

balanced by the conduction term (D —-az)a*. Equation (40) -
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shows that the current dlsturhanee dmp11tude in y-direction
15 s]mply equal to the negative velocity ‘disturbance ampli-
tude in“x—dyrection. One also notes that the terms invd1v—
:ing;HaZ are preceded by a negauive sign suggesting that the

transverse magnet1c f1e1d has a stab111z1ng effect on the

1nstab111ty UW1thout the(effects of magne¢1c°f1e1d, Jou}e

heating and viscous dissibation; the present thermal 1nstab11

Tity problem reduces- to that studied’in‘EGJ. For given
OQa]ués‘ of Pr, Pe, Br and Ha, one is interested  in determin—

0

.ing the minimum critical Ray1eigh‘number dnd .the correspond-
ing wave ‘number for the onset of instability as;stationary
glongitqdinal Vortices through ‘the 501ntfon of equations

o.

- (37) to (41). : T -

7.3 Numerical Solution o g
In view’ of the express1ons for “the bas1c ve]ocxty ‘and
femperature profiles, an ana1ﬂm1ca1 so]ut1pn of the char—
\ acter1st1c va]ue prob]em 1S apparent1yonot pract1ca1 A
finite- difference method us1ng an.1terat1ve techntque 'is

used .for the simultaneous solution.of the disturbance equa-_

tions [6]. - stng the higher order finite-difference scheme

-

due to Thomas [18], equation -(37) and its boundary condi -

tions: may be transformed into a quidiagonal system of matrix

.for a set of algebraic equations and two tridiagonal systems

result from equations (38) and (39) and the1r boundary condl-'

t1ons Noinng that for given values of Pr, Pe, Br and Ha,

©

the basic profiles &u and ¢9 are known, the solution of a



”
coupled set of equations (37) to (41) can be carried out by
using an iterative procedure consisting ot the following
main §tep5:

1., At:a given axia]lposition Y;-a value of the wave
numﬂer a is i$1ected and gn eigenvalue Ra i3 assumed .’ Theﬂ
disturbance velocity w;* is taken as w,* = 2(1 - k/M),
k= 2,3,...,M to conform to the primary mode of disturbance.

2. The f1n1te -difference solution of equation (38)
then y1e1ds uk

o 3.  After,knowiqg Qk* and ul*, gquétion (39) is so]vedi
to obtéjn ﬁk*. , ) | .

4. .Since the right—hand'side of eéuation (37) is now
:Known,cnew value for W, * car be found. ’

5. An improved eigenvafue (Ra)new can be computed.

by using the fo1Tow1ng‘equation[19}:
o K 20/2, 60 .y 24172
(Ra) oy = (Radorall (™) g94°) 0 Mg, S0 (e2)
The magnitude.ofdthe quantity wk* is readjusted by the

f@1loW1ng equat1on in order to. return to the original order

of magnltude for comﬁﬁtat1on

wk* :'(wk*)new (Ra)new/(Ra)old (43)

6. The steps (2) to (4) are repeated until tHe follow-

ing prescribed convergence criterion is satisfied.
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. N * __6
* - * * . :

é 1<Vk )new (wk )o]d!/& (wk )new 1o

‘1t is found that only a few iterations are required to

satisfy the above condition and five significan.t figures

are found to be correct for critical Ra.

7.4 RNesults and D{scussion

Before presenting.the numerical results, itlis well
“to hote tﬁat the basic fu]]y-deve]opmj?mﬂocity_pr0f11e ‘u
depends»On Ha only and the basiéytemperatdfe profi]ebxp’G 1s
a function of tHe parameters Pe, Br and Ha and 1; independ-
ent of Pr.  The~typfca1 érbfi]es for ¢, are shown in Chapter '
VI. In the perturbatipn équations (37)'to.(39), only. two
prescribed parémeters Pr énd Ha appear. fhe numerica]
results will be presehted’in such a way!to i]]ﬁstrate the
effects of the aforementioned physical parémeters on thermal
instability. | w

‘The effects of the Hartmann number oh disturbance'proJ

files w*, “* and u* are shown in Figs. 1 and 2, respectively,

for fully developed condition (X = 10) with Pr = 0.7, Pe =

10 and Br = 0,-1. From the normal modes pf the disturbances

]

and the definition of the stream‘functiqn Q' sv/9z, W o=
—--/Jy; ohe .obtains ¢+ = (iw+/a)eiay and one may ;ombute_the
“stream function Sy nbtingethat physical meaning is
attached.onTy to tHe/rea1 part. The resu]tg‘are shown 1in

Fig. 3. In Figs. 1,2 and 3, the magnitude of the maxiﬁum

disturbance quéntity is taken to be one. The neutral

o



stability curves for Pe = 10, Pr = 0.01 and 0.7 are shown
“in Figs: 4.and‘5, respectively, where one may see the
effects of Hartmann and Brinkman numbers c]ear]yﬁ

The effect of Peclet number on_critical'RaJ1eigh
numbers -Ra* along the axial coordinate x is show& in Figs.
-6 to‘9‘with Pr = 0.01, 0.7 and Br = 0, -1 for Ha;: 0, 2, 6
and 10. In Fig. 6 (Ha = 0) with Pr = 0.7. the critical
Ra* is seen to decrease monotonically with x until an
. asymptotic value is approached. On the other hand, with
Pr = 0.01 and Br = -1, a local maximum value for Ra* exists
at.a certain ax1a1 location before reaching the asymptotic
value. Furthermore, the region near the thérma1 entrance
(x = 0) is seen to be more unstable than thé region near
the fully devé]oped region (x > 10) for Pr = 0.01. vIt is
found that the curve for Pe = 100 can be regarkded as Pe = =«
practic§11y.. The merging of the two curves for Pe = 10
and 100 at some axial position signifies the di;appearéncé
of the axial conduction effect. With Ha = Br ? 0, the
asymptotic value of Ra* = 213.47 which 1is indepehdent of
Prandtl number agrees with the weT{—known value. of 1708/8
for the Benard prdb]em._ This can be exp]ained'from the
perturbation eqﬁatipns.' Folk fully deve]opedvflow, Dceisx = 0
in equation.(39).and with Ha = Br = 0, equations (37) and
(39) become idenlicg] withnthose of the Benard problem.

[t is diffiéu1t to explain the reasons for the occurr-
ence of the local maximum for Ra*.in the thermal entrancel

region as .noted earlier. Considering the case with Ha = 0,
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it appears that the cause for the phenomenon is due to the |

combined effect of the convective term (u‘/Pr)Hwn/kx and

, . ~ . \
the term involving Br on the right-hand side of the perturba-
tion equation (39). Noting that the basic profiles ﬁu(z)

and + (x,z) are independent of Pr, one may conclude that the
relative magnitude of Pr and Br also plays some role lead-
ing to the occurrence of the phenomenon. ‘tigs. 7 to 9
reveal that as the value of Ha 1nc;eases, the phenomenon
becomes 1es§/appreciab]e. The effect of the Hartmann

number on the asymptotié value of Ra* is of intérest since
for the Fui]y developed flbw, one has 3¢ /4x = 0 and the
perturbation equations (37) ‘and (39) become identical with
those of Chandrasekhar [9] when Br = 0. It is found that
the present asymptotfc resﬁ1ts with Br = 0 agree with those
of [{9]. From Fig. 6 to 9, it is seen that with the increase
of Hartmann number, the effect of Brinkman number on the
asymptotic value of Ra* becomes less appreciable. Figs.

10 to 13 sHoQ clearly the effects of Ha and Pr on the .
distribution of Ra* along the raxial direction x fer given
values of Pe and Br. The present investfgation shows that
“"magnetic field has a stabi]izihg effect and the decreasing
Prandtl number has a destabilizing effect in the thermal
entrance r-gion. The effects of Ha and Br on the d{stribu—

tion of Ra* along x are shown in Figs. 14 to 17 for given

values QF'Pe and Pr. For reference,'the distributions of
the wave numbers a* corresponding to F¥g. 14 and 15 are-:

shown in Fig. 18 and 18, respectively.
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/.5 Concluding Remarks
1. The analysis [9] on thermal inutability of a

horizontal fluid layer qontined between two rigid plates
(8]
subjected to a vertical unitorm magnetic tield is extended
ty
to the case with main tlow (Hartmann flow). The present
.

analysis includes the axial conduction, viswcous dissipation
and Joule heating etfects, o

L S
2. The numerical Pesults are obtained for Pr - 0./

(air), 0.01 (liquid met,ﬂ),@e - 10, 100, -, Br 0, -1,

and Ha = 0, 2, 6, 10 with K ="1 and UO -1 only. The case
%Q\\with K = 1 signifies the open circuit condition and L
v mﬁ;{means TO T2 (entrance temperature is equal to ubper plate
9§heﬁygmperature). At Br = -1, the viscous dissibation effect

may be considered to be appreEfable. [t is found that fhe
axial conduction gnd‘ﬁhe magnetic field have a sfé%&@izing
effect and the effect of Brinkman number appears %p be
.dependent upon cther Qarametersts%ph as Haoand Pe. It is
observed that the combined effect of Prandtl and Brinkman
numbers in the perturbation equation (39) may lead to a
Tocally stabilizing effect in some region of therch;nnel
before the fully-developed region. -
3. For high Prandtl number fluid, the°flow is more

stable in tha the;mal.entrance region than in the fully-

developed region, but the‘dpposite is the for ;mall Prandt]
- ‘number fluid. Howevef, the Brinkman number has a destabi-

lizing effect in the fully-developed region. When Pr is

small, the critical Rayleigh number does-not change appreci-

EO.



dbly throughout phe.who]é entrance length at say Ha = .10.

4. The accuracy anq céhvérgence of ‘the humericéﬂg
ﬁo]ution gro checied by‘cgﬁgar%hq tho@present'therical
ybsulfs with th6SeVrepdrted infthgqliteréture‘for'the'11mit-.
ing cases {6,9]. ° |
5. The preséﬁt'instability reéu?ﬁs;arerusefu} in

predicting the onset of longitudinal vortex rolls in wide

horizontal rectangular channels and "ne complete numerical

results for Ra* and a* - 1 ved 11 i-ole 1 to 3.
: : : O

6.~ ‘As noted in lnhapter VI, for 1:~;?eclet numbér
flow }ebﬁme with -viscou: dissipation ef-2cts, the ehtrqnﬁe
condftionibfuuni¥orm f}ui. temperature ati; QAO mpsf be |
fegarded,as”an approxima}e G Fonsgqueﬂt]y,‘numericél

calculation iéinotjmade for Pe < 10.
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RSN oNeNoNa]

Fabke 1 Instability Results for o - 0, k1, Pe 10
ta = 0 ‘ ' .
Br = - i 0 - _ -1 .
Pr _ 0.01 ‘ 0.7 0.01 o 0.7
X Coar © Ra*-  ag* Ra* Ca* Ra*  a* Ra*
00T 2,918 11. 25933 8CS.0 2.989 13.0 '3.012 306.3
02 2.918 11. 2.946  756.C 2.984 12.5° 2,013 '299.9
Co4- 7 2.917 10. 2.97C 6B1.3 2,976 117.9 3,017 288.7
06 2.9 10. £.990  626.6 2.969  11.4 3.021 279.3
LC0R 2,915 10. 3.007 S58u.6 2.964 1122 3.026 271.2
.01C  2.9%4 - 10, 3.221 551.0 2.958 11.0  3.032 264.1
C.020  2.908 . 3.073 4u4B.2 2.936 10.8 3,057 238.1

1.120  358.1  2.902 12.0  3.092 208.8
3.140  314.3. 2.872 3.9 3.111 91,9
3.148 287.7 2.842 16.4 3.121 180.8
3.152 269.7  2.809  19.3 3.126 172.9
1.149  229.4 2,566, 40.3 3.129 1S4,.2 .
"3.136 0 213.00 2.597 ¢+ 47.8 3.120 145.3 "
0.60Q 3.052 3.129 211.8  2.712 37.8 "3.115 143.4
9-8C0  3.271  1710:0 . 3,122 212.4 2,702  32.1 3.116 142.6
t.CcCe 3,084 137.6 3,120 212.9 2.702 29.0- 3.118 1u41.9
2,000 - 3.098 168.5 3,118 213.2 2.702 26.8  3.120 141.2
5.0C0 3.°15 209.2 3.117 2132.5 2.802 2.8 3,124 140,72
§.700 .3.117 13, 3,117 213.5 2.802 23.7  3.125 139.8

C.040  .9C0
C.C6C 2,897
0.080 2.897
0.0 2,801
G.2C0 2,941
c.4Cc0 3.018

NONdUVWWUNDODLODOD b
L .

DN R ek ad es s

N
-—
Y]
8

0

Q.01 3,287 20,3 3.310 1617.7 3.214 0.6  3.266 2003.5
0.022 3,285 23.5 3.331 1486.9 3.216 29.3  1.315 1800.°2
3.00 3.7081 "2.3  3.365 1292.8 13.21y 27.5 3.385 1510.2
C.006 3,277 21.5. 3.391 1154.7  3.213 26.3 3.432 1313.7
0.008 3,273 20.9 ° 3.,411°1050.7 13.208 25.6  3.464 1171.5
C.010° 3,270 20.6  3.427 '969.2 3.201 25.1 3,488 1063.6
C.022 2,25: 20.2 3,468 729.0 3.165 24.5° 2,544 764.0
0.240  3.23% 21.8 3,481 533.4 3,101 26.7 3.554 541.1
0.060 3,721 20,4 3.47C 4u85.2 . 3.054 30.4  3.%35 -447,.2
0.C80- 3.219 27.7  3.457° 394.3 3.024 34.6 3.512 395,2
¢.1CC  3.I223  "31.4  3.4U3 361.1 3.009 39,0  3.489 362.2
0.200 3,286 S3.9 3.401 "290.4 3.059 55.9 3,412 294 .1
C.4C0 3.,40C 103.8, 3.368 262.2 3.189 ° 57.7 2,355 2¢66.8
C.6CC  3.430 147.6™ 3,355 259.1 3,201 - 50.5 3.342 2671.8
0.8C0 3,421 184.6 13,348 259.4 3.201 45.5 3.342 259.5
1.000 3,399 213,99 3,345 259.8 3.20F  42.5 3.346 257.6
ZeCC0 3,27 23R,2 0 3,340 260.1 -3.201 40,3 13.3527 25%5.7
5.000 3.346 258.9 3,343 26(.3 3.201 37.9  3.361 252.8
8.000 2.243 260.2 2,343 260.3 3.201% 3%.2  3.365 251.8

-
<
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Table 1 Continued

Ha -
.
T
. Pr

X

L0

C.on2
C.C0rL
0.026

Q.0C8

c.o010
¢.020

o, Qul.

G.060

c.cro

BRI Fa o I

C.20C
S.uce

C.oC0

¢.ACO
1.¢0en
. 000
H.CCC
r.0CC

CLOr

0.CC7
0.0y
0.CCo
¢.0C8
J. 010
0.020
C.ou¢

©.060

€.C80
0.100
0.2¢7
C.uC2

L. 60C0

I.3C0
1.0C0
2.C00
H.C07

H.0(0

6
0.01
a* Ra*
G995 35,0
4,919 28,8
4,408 120.6
4.879  215,9.
4,852 2713.6
4,Rk28 212.9
4.727 120, 3
4,607 250,9
4,530 282.7
4,484 311.5°
4,453 2327.0
4,386 U26.0
4,337 5C9.5
4,281 543,0
S Ww.252 857.0
4,239 563.0
4,232 "566.0.
4,228 567.5
4,728 567.6
10
5,813 u93,7
6.708 Qu2.,5
H.hl2 696, 0
6£.554 1008, 3
b 4BL 1N18R,. 4
A U416 1037.9
6.171 1121, 4
5.859 1245,2
5.655 .1284,8
S.512 1278.7
5,010 1254.6
5.171 1135.6
5.045 1070.3
5,004 -1NER,L R
W.,987 1073.2
4,980 7C76.,0
4,977 1077.6
4,975 07804
4,975 1078.4

0.7

ax*x

4,995
5.043
S5enNT7
5.075
5.099
S.037
4.915

4,733

4.618
4,539
y.482
4,344
4.268
4,246
4.235
4,231
4,229
u.228

4.228

Ra*

Q

133265.C
10524.0
TU66.
5831.8
4815.1
4121.6
2094, 1
15244
1170.2
986, 4
874.6
656, 2
575.5.
566.C
566.¢
566.7
567.2
5€67.6
567.6

6.6U247793.0
6.57731098.0

6.515

1833C.0

6.44513124,.0°

6. 374
6.307
6.8 1
5.730n
5.550
5,631
54347
5.143
5.031
4.998
4.984
4.979

4.376

4,975
4,975

10305.0
RSUC. 2
482s.8
2858, 4
"2180. 4
183637
163C. 1
1227,2
1089, 3
1074.3
107%.1.
.1076.9
1077 .8
1078.4
1078.4

0.

axr

4,910

4.931
4.871

4.801

4.721
4.650

‘4,380

4,171
4.170Q
4.214

4,257

4.389
4,493
4..531
4.551
4.571
4.591
4.600

4.6C0 |

8.231
8.101
7.890
7.711

"7.561

7.431

6.871

5. 851

5.315

5.104
5.018
4.959

"5.047

5..193
5.193
5.232
5.262

5.292
5<30C

01

Ra*

306.5
298 .3
287.8
202.2
280.0
279.9°
292.8
322.1
34,7
337.5
326.4°
320.9
289, 2
206 .4
252.72
243.5
237.90
229.9
228.1

1651.8
1610, 3
1535.2
1242, 3
1036.9
95779
913.8°
886.6
866.2
_8u4.1
838.9

a*

226

.7

. Ra*

5. 44116261.0

5.9519120013.0

S, 448 7889.7
5.372 5919.,7
5.309 4770.3
5,255 4018.,2
©,065 2351.7
4.848 1424.,5
4.717 1099.9

4,625 935,6
4.555 833.2
4,363 650.6.
4,249 58,5
4.228 571,44
4,232 566.6.
4,242 S62.6
4,254 - 553,6
4.27C. 553.0 -
4.275 . 551.3

7.41345517.0
7.06128%27.0C
6.82016324.0
6.67111556.0

6.570
6. U8
6,199
5.882
5.691
9.567
5.47C
5.194

-5.013

4,976
4.979
4,992

'5.007
£.028
5.03u

3027.2

“TU46T A

4213.7
2526.9
1957.2
1674, 2
1507, 4
1200.3
1098.8

1084.9

1077.5
1070.7
1062.7
1052.73
1049.5
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Table

Ha 0
Br :

Pr 0
_X (i*
L0010 2,918
.C02  2.43%
L(04 2.932
LE0R 2,928
.08 . 2.492s8

0.010 2,920
0.020 2,910
0.6un 2,896
C.060 2,892
0.08D 7.89u
C.1C0 2.1399
0.2CC 2.9u7
0.400 3.02¢
0.6CC 1,056
0.80°0 3,772
1.06Cn 3,785
2.000 3,099
5,000 3,716
B, Cr0 3,117

Ha =72
L0010 3,342
LON2 03,1337
LOoou 0 3,31
LCC6 3,300
LCC8 3,94

G.n10 3, o8¢
¢C.Cz0 3,252
0.0uC 23,7222
C.0f0 3,211
N.08D - 3,211
S.100  31,21n8
QL2070 o 0gs
QL400 L1
Q.H0C "y
0.8¢0¢ 1
1.072 98
2.000 0 3,372
S.000 7 3,345
R,.0CO 3.3

.01

Rax*

.
'»DLJJ?\)CDO\C\CJ_U"GL‘\)\J\J\J

..

L SN D b b s -
_a‘:\J_CDU\LU_JOJJ\I\J\J\)\l\J_:
e e .

-—
—_

139.5
- 170.3
209.6
213.5

1646

16,4

6.2
16..2
16.2
16.4
7.5
2.5
2209

23.7

1.9

S6.4
©107.3
15C. 4
86,8
215.7
J39.%
259.0
760.3

a*

2.945
Z.4965
2.998
3.718
3.n37
3.051
3.997
3.133
3.147
31.151
3.153
3.149
3.136
3.127
3,122
3.120
3.118
3,117
31.117

3.357
3.385
3.425

3,450,
1.468

3.479
1,501
3,492
3.47R
3.u56
3,441
3.398
"3.367
3.351
~3.2u48
3.345
1,344
3.343
2,343

.7

Ra*

51314.,9
T513.C
480, 1
456.C
L37,.2
421.8
370.7
'317.7
288,72
269.0
25,4
223.9
211.8
211.6
212.4
212.9
213.3
213.58
213.5

1742.1
1058.7
939.,9
87,9
79¢.6
748,95
601.6
470.2
40%.6
366.4
40,1
282 .6
260.4
258.8.
2549.3
259.8
26C.1
26C.3
26(0.3

"2 Instability Results for vy

0.01

a*

3.0%
1.00R

2.998

2.989
2,981
2.974
2.944
2.900
2.866
2.8233
2.796

.Z2.528

2.592
2.712
2.702
2.702
2.702
2.702

2.802

3,401

3.378
3.344

‘3.317

3.296

- 3.275

n

3.200

3.1¢c7

32052

23,021
3.008-

:3.063
3.190

3.202

3.202

3.202
3.202
3.202

1,202

Ra* .

263.7
258, 4
249 .9
203, 1
237.4
232.6
215.0
194, 1
181.4
172.8
166.6
151:5
1wy, 6
13,2
42,5
141.8
141.2
140, 2
139.8

3.9
18,6
18.5
18.5
T8.6
18.9
20.5
t?u’.?
9.4
34.3
39,3
57.6

- 58,3

5004

42. 4

37.8

. 37.8

37.2
37.2

[
S e ed D cd b b D e e
BN = o b NN i P

T8 DX T DL O

«
1
.7

el
jo7]
*
.

. . .
W aO oL O

-—h D
T W2 OXTDE LI

LN a2

&=
)
.

ug.7
27.8
32.0
28.9
26,7
24,4
23.7

1285, 4
1173.7
1019.3
916.1
84C .9
782.9

612,77

470.0
403 .8
3651
339.8
286.C -
264,.8
261,13
259.3
257 .4
755.6
252.7
251.8
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Tablée 2 Continued
Haw b
b 0 | .
[T 0.0 L 0.7 S0.01 0.7
X ] a* h Ra* . V a* Ra* - ax Ra~* a* ~ Ra~*

176.5 6.62110176,0 ~

VRS 15501 5.512 9691.8 1
1 175.3 6,246, 777107
1
1

. 6.1

SO0 S.Y98 156.3 0 5,487 7735.8 5.9

5.069  159.5 5,432 S514.7 5.6
5.3
[N

.

)
") =
non

184 .6 5,902 5364,9
LCCE 0.Y82 163.4 S.367 4W3T9.1 | 194,06 5.712 4183.3
L0088 4,922 167.8 5.302 3683.4 S,184 203.6  S5.476 3479.C

C.010 4.87¢ 172.5 5.241 32)9.2 5.024 213.2 5.164 3008.2

C.020 4,714 . 196.9 5,711 2072.2 4.481 258.1 4.878 1913.1

C.0u0 4,572 41,6 4,761 1348.6 4.152 312.0 4,727 1246.0

C.06C 4.502Z2 279.1 4,624 1067.3 4.156 329.5 4.626 996.0 .

G.68C 4,860 310.5 4.537 '916.6 4.204 332,2 4.551 865.4

0.12¢ 4,434 337.1 4,477 823.C 4.256 332.4 4,35  785.9

.200 4.781 427.8 4,338 637.4 0.392 319.6 U4.246 -632.2

Q.40  4.327 511.5 4.266 S571.0 4,495 288.8 . 4.228 S78.0

C.6CC 4.279 S44.2 4,204 565.7  4.540 265.8° 4.233  570.2

0.80C 4,252 '557.7 4,235 " 565.8 4.565  251.6 4.283 566.C

1.000 4.739 S63.4 4.231 SA6.T 4,580 243,00 4,254 . 562.2

2.C00 4,232 S66,1 4,229 567.3 4.591 236.6. 4.271 558.3

SO0 w28 S67.5. 4,228 S67.6 U4.602 229.8 4,275 552.9

SO0 T4,228 %6706 4,228 567.6 4.605 228.1 4,275 S551.3

D OO O
L]
—
(>
&
n

Ha - 10
S.001 77,0196 61703 9.4C13C23€.C. B.101  568.9 10.56725454,0
C.C%2 7.033 648,55 7.97121239.0 ° 7.921 6C6.8 . 8.61518223.0
CoCCu AL 798 706,04 7.32G12193.0 7.641 6B0.C 7.63211351.0
C.C0C6 ©.635 759.6 . 7.029 9765.2 TJ.4ub  TIS0.4  7.252 8392.56

C.C0R 6.5%6  HOB.9 6.828 7875.7 - 7.292 A18.3 7.012 6765.4
C.010. 6,024 85U4.5 b6.672 6671.9..7.165  £883.9 6,833 5731.8
0.020 6.738 103,77  6.201 4CU2.3  6.671 1174.2 6,343 2483.7

0.040  S.R28 1208.9 5,777 254€.1 5,791 1524.9 S.921 2232.0
C.O0&0 5.628 1252.6 5.564 1999.5 5.291 1602.3 5,708 1784.0
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CHAPTER VIII

MAXIMUM DENSITY FFFECTS ON THE RMAL
INSTABILITY INDUCED BY COMBINED BUOYANCY
o : °©

S« AND SURFACE TENSION
Nield's lincar stability anagdysis (1964) for a
horizontal liquid layer considering surface tension and

3

bubyancy effects 1s e&xende%ﬁto,the,case of water with.
' ¢ e

¥ Y qf«‘c ST
maximum -density effect’ Hor @ge téinperature range 0 - 30°C. -.

e R N N ;

Two thermal. parameters (\], \2) and three physical para-

meters (Bi, Ra, Ma) appear in the analysis. Typical

results are presented for -the cases involving heating from
8 : . : ) .

below and above.
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(T.

Nomenclature

-7

)y /d

1 max

Biot number,

90

dimensionless wave

d/K

temperature difference ratio,

number

liquid layer thickness

thermal conductivity of liquid

gravitational acceleration

/

/

/

number-of divisions‘fofﬂ1?quid layer

Marangoni number, QO(AT)d/(ua)

pressure

dimensienless perturbation pressure,

P/ (pyun/d?)

rate

time

temperatKre, lower plate temperature,

~tree upper syrface

~Raylejgh number {see equation (10))

Oh

of change with temperature of the -

Fate of heat loss per unit area from

;%

free surface temperature, respectively .

time’

‘ o= .
X,Y3Z, directions

5

3

-

H

perturbation ve]oci[y components: in

Vv



ULV.woo- . ¥ dimensionless perturbation velocities,

(U VW) /(/d)

X.Y,/ o rectangular codrdinatos

X, Y, 7 _ - dimensionless coordindtvs,,(X,Y,Z)/d
thermal di ffusivity

= coetficient of thermal expansion

Vit ‘ T temperature coefficients for density-
“ temperature relationship
X ’ : dimensionfcss_temperaturu disturbance,
B AT
viscosity
e \i{\, : = therma]-parameters defined in equation
ay ‘ .
= kinematic viscosity
. e
’ . . 2 ..
g = density, reference density
0 SN ’ = negative of the rate of change of sur-
face tension with'temperature
! . vertical temperaturo gradient
(Ty 7 Ty)/d SRR
T o temperature difference, (T] - T2) = (d
: -6

-l

Superscripts and Subscrﬁpt&‘
. N . e ) :
prime, perturbation quantity:

Ny



max

F

value

at

d

density maximum
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8.1 Introduction _ T

In recent years, experimental investigations on the

onset.of convection in a horixoq@g] water layer have begen

1

rvpurtvd in the Titerature for the thermal 0nd1t1ons

°

lnvolv1nq both melting []-4] and formar1on [1,5] of ice. -

In thvsu‘studxes, the-whter ayer is characterized by

stable upper region ahd'potehtia]]y unstable lower region
separatedsby an, 1hterfdce w1th maximum dens1ty at 4<¢C and

; Lhamfl.q ]ayer thickness., Theoret1ca1
Haldig stdb11§$y of a horizontal Tiquid

. J:‘-%(*‘f"
studies on

»

ns1ty have also been presented for
“lous boundary conditions corresponding to rigid cand tree

@t aces [6-101. Previous theoretical and expe:1mentdl
A _ .

ESsinvestigations on thermal 1nstab111ty wrth mdx1mum dens]ty

'Y

'vt}vcts are confined to Ray]e1gh problem’on]y where the

driving force for convection 1is buoyancy force. For thin

torizbntaﬁ 1iqufd Tayers with an upper free surface, it is‘
kﬁownvt atmthe onset of cbnvecéﬁbn can be induced ig surface-
ivnsion gradients [11] and bqoyancy forces [12, 13]

7 The purpoqe of th1s study s to determ1ne the stabi-
Fity rrireridAfor the onset of cellular convect1on drlven
by . \U!Tdtv ron§1on and buoyanr} forge In a hor1zontal thin

Tiquid laver by considering the denswty 1nvevs1on effect

“Tor water using a cubic temperature dens1ty re]at1onsh1p

The Jower boundary is taken to be r1g1d ‘and therma]1y con--

Ju\t1nu whlle at the upper free surface Pearson S boundarv

condit ons [11,12) are 1mposed to fac111tate the analys1s

-



v

With the maximum dénsity ettect, the liﬁuid.ldyer can be
unstmhlo reqardlnss df whether heating is from below or
above . \Th;.physipal model in the pregent instahi]ity
analysis is patterned (1f'tex‘.-tr1(1t of Nield L12].  The maximun

density effect for water temperatures ranging from 0 to
A ) . ' . - : . . '
30°C of primary concern in this study. The temperature

. " . ' : 5
regime under consideration may be observed under northern

&

Qlimatic conditions. The results of present-andlysis may -
o : . . T ’

be used in adsessing the importance of cellular convection

in the growth and decay of ice in contact with a thin water

layer. The dincorporation 6t the maximum density effect in

v 1n§tdb1]?{y analysis on buoyancy and surface-tension induced

i N . . : : .
cellutar éonveptlon does not appear to have been considered

: / .
in the past. . . o : ,

-

Sod 0 bormulation of w FThermal Instability Problem

Following the known procedure. for linear stability

inaly§1s fl0.14,¥5] and referring to the coordinate'system

shown in Fig. 3, the perturbation equations cagﬁge *{i%ﬁ§$§ﬂs
: o AN ) v ‘ ks, ,

U av W ' "
Xty g oo Lot
;;"'""i\
U Va2 - o
T oy X Y Yy, U - (2)
) oV P02
U TRy Y Vv v (3)



o
i

W 1 ap! 2
\.‘rl > y(')' a7 X.¥,2 "
o W -l .
. L “w X,Y.Z(
‘hi“‘ L .?/\K? N 12/)Y2 ' )&,f
TeEere -\'(‘Y'/ / A s

quantities for temperature, pressure
by |1 FoCZ) 6 (e, X,Y,2), p o= Pb +
respectively. As shown in [12], the

the lower boundary are

Jho

and the perturbed
and density are detined
P'oand p = on {ENTCIN

boundary conditions at

- R
J :
W 0, T%‘* 0 and v' = 0 at : 0
while at the uppeﬁ‘boundéry
| 2 2 2
R w Yoo ! ¥ (\'
W 0 N i\ -~ - \ ( TR "7"“") an d
1\272 0%, x2 1yl .
- K SAUN q.0" aﬁiq.: d (7)
RV o
The density—tempefaturef%é1ationship‘for water can be
approximated by the fo1lowing equation for thé temperature
range 0 to 30"C [10].
- [1 - v (T - T 2 3 | 8) -
~ Mmax b7 \]< B m&x) \Z(T h Tmax) ]_ . (8)
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Considerving the change jin the density &0 cgused by Lhe

temperature perturbation o', one obtains the tollowing

, "
expression atter neglecting the terms containing (0') or

higher order .

| 5
// ) ‘ ' 3 \ 9 .
N _ N [ N : o \ 1 . )
o ‘ ‘maxl‘\1(é”]) b 7Y] (Avt) ]
/ 2,°
\ it [¢]
Co ey, (T (9)
. .. }";.(‘}""
"2 AR :
. Lo+ 3 = (AaT) 5= (AAT)
, Y. o : 2y
w he re 3 ( - ] ) e e _']_ [ i \ B ( .], ) s ]> e e g e
} CA - 3Y2 S 2 A, 3 Vo
o 1+ 5—= (AATY) 1 e 5 = (ANT)
L - <Y ] : : . (‘ K 1
: - /0T a AT = - - o e ara-
A (T, Tmax),uT.and AT =Ty Ty td . The thermal para

,met'ers“\_l and \2 were first introduced .by Sun, Tien and
Yen [10] .- |

| tIntroducing fhe dfmensianess Vériab]es (X,Y,Z) =
Oayaz)y (UMD = (w/d) (uavaud, Poos (ogansd®)p, o =
{T)o, and_elimfnating ulv % Qs{nq cdntinuity equation,
one.obtains the following perurbatjon:equations by aséumind

the principle of exchange of-stability to ‘be valid [10,15].

U2v2w = - Ra(l ™+ \,z +‘\222)v2o : . \:(TO)'
AT 1474 ] _ _.
veo = o (11)



where Ra tl(l’\I/\.\l)(‘\l)d‘l'l ! (""/‘)\I)U\“'l)]'/(wl)'

o ) ) ’ ) » Y ) ) ) v
\ /xS y Vot /et and \"‘ V/x N VA
The boundary comiittions are
o~
B ‘W
W - ‘ 0 at . 0 (r,
S w . S L : ,
LW LN v Ma P and - Bivoat o | (13)
where Ma '”(‘\.T)d/(ll\t) = Marangomi number and B3 = qod/l\’
Biot number. In contrast to the classical Benard Problem,:

the onset of convection is possible with heating from below

2 .
GOroabose tecoause of the presence of (AT)Y .in the expression

Torosan e g omgmber. Since restriction is made to the case
Where oLt ity first oappearstin the forg of cellular
. [N L
Ry

. ..
SRS

“rorather than oscillations associated with over-
stavality, the following normal modes can be assumed for the

disturbance gquantities.,

Substituting equation (14) int’okequations {(10) and (11),

one obtaing

ro
.

o | .
(D ~"a? w'o= aZRa(1+\



Jhy

(0 a4y ! (10)

With the boundary condit tona

t t +
W Dw x 0 at 0 (17)
N
‘\.\
+ ;‘ t+ “ + + Lt .
W O, D' w - a ' Mar and #r‘ - Biooat oo (189
R L ) :
whore D d/dz and a (d] boan) 1s the wave number of
5 (& “
“the disturbance. For the limiting case.Ma - 0 and B\ Ty
the pe ~ntoeigenvalue problem reduces to that discussed

by Sun, lien a . [10]. When .Ra.- 0, the problem redqeeg
~to that Solvod‘;rson [11]. The limiting vq]u_e’s Bi = 0
and.¥ correspond to constant heat flux and constant tempera-
ture and the surface is usually réferred to'aé ”insu]ating;
amnd “thorma]l; conducting" respectively. For given thermal
;oundary conditions {(given Y ‘> and Bi) and a given |
Marangoni numbher Ma, the neutral stability relations give

Ra as a function of a and the crjtfca] (minimum) Réy]eigh
numbpr is sought, Conversely when Ra is kﬁown,lqne can
determine thé critical Marangoni number and the correspond-

i ng ane number. Apparentiy, the present problem can be
solved by analytical method f10,12,15‘16] as well as finite-.
'differen;e method.

The finite-difference scheme used is due to Thomas

Eh



’ [
(17,187 and the iterative wolution starts with equatraon (1)

. t . . . :
by WS oW sin(2nk /M), Kk < .M tor the disturbance
Ve
. 4 . .
velocity w . The mesh <ize used 1s M - 50 and a new and

~improved eigenvalue Ra or Ma is calculated by the tollowing

equation [19].

3

, 2 1/ ! 1772
! L. t . 3
(Ra M. . . ) B 9
\l\.Ml)”“w (Ri,Ml)Uld [L (wk )nldJ /Lk (Wk nvw] (19)
o
The convergence criterion is
!,
~ + + R + = -6 ,
. ! . ( l.\ )
i (wk )new (wk )01d|/z PAWy )neW|w 10 (20)
i
|
|

It is found that only a few iterations are fequired to

catisfy the above criteripﬁ§anQLfive significant figures

for critical eigenvalue are correct.

S.3 0 Numerical Resglts ana Discussion

Because of the number of parameters inVo]ved,,only
:ybical'numerica1.resu1ts can be presentéd here, The therma!
condition parameters \]: \2 depend on A as well as AT = ud.
For the temperature range (0 - 30°C) under @onsiderétion,
A is always positive'qnd \] i%fgyways negativef Fuffher_

( )

A

s oftorder’

more, the temperatuve coefficient y

positive

-5 C g
1072 and V., (negative) is of order?
o .

vy

for \, reveals that v, s ”egéfﬁvé'for hok

& . . P B ,
- R I8



and povitive tor heating 1rom above., “In oaddition, the

unstable Trquid Tayer i always conftined to the region near

the hottom plate and inctabaility ¢ocurs only when I] e

, .
For heating trom below and when o “( for heating trom

.above

Fige. 1 oand 2 show nout,rnwm)’ility curves tor various

cases and the eftfect of the parameter can be seen clearlty.

The Timiting cases of Ra 0 ®md Ma - 0 corresponds to
_var\un problem [11] and Rayie}gﬂw problem, requctivglyﬁ
The diutrihutions"o{ eigenfunctions w* and at afé shown in
r>iq. 3 tor Ma 10, \

-1.5, -0.2 (heating from below)

1 2
with Biot number as parameter. It is seen that the curves
ave quite similar in the lower region up to the location

where the value s maximum. Near the upper free surface,

the Biot number effect is quite apprécjab]e particularly

B

for ~1.'.Iho disturbance profiles for X] = =2, v, = 0.4
(hoatinq‘from qbové) and Bf =_T00 are Shown in-Fig. 4. With
Ma - 0, the ﬁisturbaﬁcé qua%tfty becomes negative.’ Other-
wise the curves for Ma = -30 and -1000 are similtar.

The relation between critita[‘Marangoni number Ma*
and Rayleigh nmeer 1s shown in Fig; 5 for a range of Biot
numbers with ' ;‘_1.5 and \, = -0.2 (heating from below).
As B anfeascs,\the critical Marangoni number also increases
supporting thé‘physica1;eXp1anation given in [12] for the
case of conducting free surface (Bi = ~). Fig. 6 illust-

“rates the variation of the critical Rayleigh number Ra*

-with the Marangoni number for a. range of Biot numbers with



b

\Iw .0y and \” 0. IThoe qungrul trend 1 Ssimilar to
?4hu{ shown an Fig. ot [13] which corresponds to the
I}mf(ﬁnq Case without maximum density ettect. For smaliler
Biot ﬁumhnrn, the Marangoni eftect i; seen to be appreci -

able. As explained in [12], the crvitical Rayleigh number

v . “ " . L.
for a tixed value ot Ma iu clearly seen to be ay) increasing

w

function of Bi. FThe expression for the thermal parameter
r,oreveals that V) 0 when O (parabolic dehgity-

temperature relation valid for temperature range 0 8UC)
or T]' Imdx' For given values of Marangoni number, the .

relation between critical Rayleigh number Ra* and Biot

number is shown in Fig. 7 for \] = -1.5 and \2 = -0.¢ (heat-
ing from below). At Bi - 104,:the asymptotic value Ra; =
J023.4 9s reached.  In interpreting the}@ghavior of the
curves for Ma = lOOvand 1000 at the othe% end, it is useful

to note that for a given Mardngoni number a critical value

of Ra* does not exist below a certain value of Bi as shown

in Fig. 6. Similar plot for tﬁé case of heating fro@ aboyé
’with ‘v =2.0 and Vs 0.4 1s shown in Fié. 8. On¢valso /
notes the‘existence‘of the asymptotic value for Réfvat
Bi 104. Selected numeriﬁal instability resu]ts/ére listed
A
in Tab]9§ I and 2 for future reference. For the/case when

buoyancy‘effects.are,negligibje (Ra = 0), the yalues of the
‘Critica1 Marangohi number and the correspondiﬁg wave number

agree éxce]]ent]y with those listed in [t2,20] for various

values of Bi. On the dther'hand, with Ma = 0 and Bi = 104,

_ r
the values of Ra* = 7023.4 and a* = 2.99? compare well with



-

". correct) ',_; S o 'aﬁ

‘[12] but the d1mens1on]ess wave number for ‘the present

Bt

'Thue,\one'ma} onc1ude that the present numer1ca] resu1ts

-

are suff1c19ntly accurate (f1ve s1qn1f1cant f1gures are

v
-~

N1e1d [12 25] conc1udes for the case of 11neaT dens1ty

Lvar1at1on that the cdup11ng between the buoyancy ‘and sur-.
?'face tenswon effects 1s surpr1s1ng1y t1ght for a11 va]ues

'of 81 and especna11y t1ght for B1_=‘O} st is 1nstruct1veq“\

e \

;to compare the present resu]ts cons1der1ng max1mum dens1ty

effects w1th those sden in F1gs ] and 2 of [12] The

o

3compar1son 15 shown 1nﬁF1gs 9 (p]ot of Marangon1 and
cRay1e1gh numbers for marg1nal stab111ty) and ]O (p]ot of
"wave number correspondInq to marg1na] stab111ty against

norma]uzed Ray1e1gh number){n F1g 9. shows that w1th max1mum'-'

dens1ty effect the coup11ng 1s rather weak ‘and the B1ot

Cr

number efﬂect 1s characterist1ca1]y d1fferent . FurthermOre,
N1e1d 5 resu]t []2] shows that the form of the relat1onsh1p

between Ma and Ra is‘a rather weak funct1on of the B1ot

« , R u

number but th1s 1s not so for the present probiem As noted

-

by N1e1d [12 25] the departure of an actua] curve#from'the

‘stra1ght 11ne Ra/R% + Ma/Ma =.], represent1ng perfect

coup11ng, is a measure oF the amount of uncoup11ng Rac'is

the cr1t1ca1 Ray1e1gh number correspond1ng to Ma 0 and

‘Ma' corresponds to Ra 'O;IVIn F1g ]G, one sees that‘when

the free-surface is insu1at1ng (81 = O) the coup11ng ts

o

espec1a1]y t1ght for the case of ]1near dens1ty var1at1on

[

o N ;l h ‘J"‘ .

\

o

- . - N B - v . X
B I e e : DA -
.. - . ‘ ’ K - o Lo e 2 . ‘l/' . .
s ) oo S S Lo

JRa* = 7027.86 anu.a?:=*2 987 11sfed in [21] for BT =

L]



o e e

: ﬁhpblem var1ev cons1derab1y as thNVB1ue of Ra/Ra 1ncreast'

' from 0 to . F1q 10 a]so shows that 1arger ce]]s or
‘ N

.

.sma11e:!wave ;Embers are assﬁc1ated w1th the 1nsu1at1ng A_'f=

v

. a )
0bservat1on that w1th an 1nsuTated boundary i

=

tor temperature perturbat1ons to be set up [12]L’ As B1

casé Bﬁ 0.‘ At tnns po1nt F1g 3 a1so suppjrts the'

is, easier

-1ncreases, the correspondlng wave number 1ncreases ang the n

s1Ze of the convectqon ce]] decreases ~f 7
. N ’
ﬂ - ‘Stream11nes 1n Benard convectlon ce11s 1nduced by
“surface_tensiohﬁand buoyancy~are g1ven:by N1e1d [22] The:,h

.o

stream11nes in the two vert1ca1 p]anes of symmetry of. a

hexagona] ce11 at the onset of convect1on are shown tn

Fgo: 11 a) and. (b) for 1, - -1;5;,;x2 = 0.2, Ma, = 1o, and

Bi = ]OO by us1ng equat1ons,£4) and (5) of’[22] .In F1g

'11? }he 1eft hand margwn represents Xhe ce11 boundary and
”the r1ght hand marg1n corresponds to the ce11 centr.. In‘[
fcontrast to the stream11ne patterns shown in [22] the eyes
of the stream11nes are seen to be Tocated. nearer to the
.Jower r1g1d p]ate F g 3 also shows that the max1mum
vert1ca1 d1sturbance w 1s 1ocated nearer tO'the bottom ]
‘p1ate‘ One notes that for the present prob1em the unstab]e~
x;»_1ayer 1s s1tuated near the bottom p]ate ‘ v

L - . .
| 4

' \ 8.4 Conc]ud1ng Remarks. 2

‘\ o J. The phys1ca] mode1 [12] assumes that the free upper
11qu1d surface rema1ns undeformed : N1e1d S 11near stab1]1ty

2

ana]ys1s [12] cons1der1ng surface tens1on and buoyancy

.

RN



‘265

effects has been confirmed by eXperiments [23 24] .The

11m1tat1on of the assumpt1on that departures of the upper

urface from~a hor1zontal p]ane are neg11g1b1e ‘as. wel]

the p0551b1f1ty for osc1]1atory 1nstab111ty 1s we]] d1scussed
by N1e1d f257. Future ana1y51s should 1nc]ude surface

v1scosvty effect and surface deformat1on po1nted out by

Scr1ven and Stern11ng [26] v

LR |

2. The case.of heat1ng from. above may have d1rect

r

app11catlon in surface melt1ng 1nvoTv1ng ice 1aﬂer on a

et

1ake or pond 'The present ana]ys1s can be used in preb]ct—‘f
B 1ng the- onset of convect1on for a th1n 11qu1d 1ayér on'icef /L
| dr1veh by surface tens1on grad1ents and buoyancy forces
-QQ‘ W1th1n ‘the scope of present study, a.fu]lipara—ly~
fmetr1c study of the pgoblem 1s not practwca] since two |
thermal cond1t10n parameters (x vé)landathree,fTow para?
“meters (Bi Ra,‘Ma) appear 1n the analysds. ;The gpaphica],
resu]ts presented are Lsefu] 1m-assess1ng the effectseof
fo, Ra and Ma: on the onset of Jnstab111ty i |

.4, _Tae Biat number effect is s1m11ar to that dis- =

TCUssed in [12] ' The deta1]ed phys1ca1 exp1anat1on g1ven
_¢5\‘ in [12] prov1des further 1ns1ght 1nto the ro1e of- max1mum

dens1ty in the present 1nstab11ﬂty prob]em

- . L. '_.a
- * . i R
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Fig, 1. Neutral Stability Curves for 3y .=7-1.0, 2, = -0.3, B
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CHAPTER IX,

THERMAL INSTABILITY Of BLASIUS FLON
ALONG HORIZONTAL PLATES

The thermal 1nstab111ty of 1am1nar forced convection
flow a]ong a hor1zonta1 sem?-1nf1n1te flat p]ate heated
1sotherma11y from be]ow or coo]ed 1sotherma11y from above
is 1nvest1gated for disturbances in the form of stat1onary
]ong1tud1na1 vortices wh1ch are per1od1c in the spanwise
d1rect1on ‘The ana]ys1s uses non—para]]e] f]ow model
cons1der1ng the var1at1on of the bas1c flow and tempe:g}ure
fietds with the streamw1se coord1nate as we]I as the trans-
verse ve]oc1t& component in the d1sturbance equat1ons
Jhe_chtqcaJ va]ues of the Grashof number-GrL = Gr /Re3/2
are'obtained fov”PrandtI.numbers ranoing.from'lo 2 to 10%;

V The Prandt] and Reyno]ds numbers effects on vortex type
‘ldnstab111ty for B]aswus flow along hor1zonta1 p]ates age

clar1f1ed
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, ngrévitationa] acceleration

(nf' - £)/2

" Pressure
dimensioniess pressure, P'/(oUi/ReL).

(U X/v), respectively.

‘temperature
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o

Nomenclature : .

wave number, 2m/Xx

d/dv . L

dimensionless stream function

Sy

TNl - N N

Qigenva1ue;wﬁ?[7R§t"
Grashof number based on L, g@(AT)Ls/vZ
U : 3,2
Grashof numqsr,based on X, g8(aT)X /v ,
e 172 |
Characteristic length, (vX/U_)

number-of divisions in y direction.

~

Prandtl number, v/a

Reynolds numbers)i4UmL/v) = Re;/? and

velocity components in X,Y,Z directions -

. L. T e )
dimensionless perturbation ve]ocities,‘ﬁ“ e

(U, V' W)U

"rectangular coordinates o ‘ T

dimensionless coordinates, (X,Y,Z)/L
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Subscribts and Superscripts

*

!

.-

=~:therma1~diffusivity

286

fal

coefficient of thermal expansion

51m11ar1ty variable, Y/L = Y (U, /\)X)]/2 =

d1mens1onﬁess temperature d1sturbance,ﬂ

0t /AT

dimehsionless wavelendth of vortex roTTs,

2r/a -

i

kinematic viscosity

density

dimensionless temperdture, (T, - T;)/AT

. . . 4 . -, -
temperature differgnce, (T, = T.)

critical value or dimehsion]eSS'disturb—¢
. o ‘L

ance amp]itude. : ' Q\h

pr1me, d1sturbance quant1ty or d1fferent1a-’

t1on with respect ton
basic_f]ow'quantity'
Qa]ue at wall

free stream condition
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9.1 Introduction

‘Buoyancy effects in laminar forced convective‘flow
T over a heatedihorizontal semi-infinite f1at,p1ate were' o
~first studied by Mori [1] and Sparrow and Minkowycz [2]
independent]y These early studies apparently mot1vated
further 1nvest1gat1ons [3-6] in recent years. Nhenya
horizontal laminar boundary‘]ayer~ishheated from below or
-cooled from above, the 1ayer is potentially unstable because
‘of 1its top-heavy situation»due to the density variation'o?
fluid nith‘temperature The situation-is somewhat ana]ogous
to the thermal instability of p]ane Po1seu111e flow [7- 10]
or the wel]—known Gortler 1nstab111ty of curved boundary

layeré [11]. The problem of hydrodynam1c stability for the e

lTaminar boundary layer 1nvo]v1ng the solutlon of Orr- fh'””
- Sommerfeld equation has been studied rather extensive]y ‘€,

N,

-in the past. In contrast, the thermal 1nstab111ty prob]em -WE

C e
3

Lo

'does not appear to have been reported in the 11terature -
The purpose of th1s study is to determine thedretic-
alu"tﬁe conditions marking the'onset. of 1ongitudiwa1 vortex
ro]]s in a horizontal B]asius flow where the flat p]ate is
heated isotherma11y'from below or cooled isotherma]ly from
'%bovet After the onset of vortex ro]]s, the flow aﬁd
temperature fields assume a’ three d1mens1ona1 character
-_and the ex1stﬁng f]ow and heat transfer results for 1am1nar
forced convect1on over a‘'flat p]ate ‘may no. 1onger apply

It is then obv1ous ‘that the preéent prob]em is of cons1der—

“able - pract1ca1 1nterest T ) . .
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9.2 The Basic Flow
Consideration is given to a horizontal laminar
boundary-layer flow with free stream velocity U, and free

stream température T, along a flat plate where the»wa11, .

temperature T (> T ) is constant. The Taminar forced convec-

tion flow prob]em is governed by the f0110w1ng set of equa~'

tions [12].
f‘lll +.lff" __O v (])
2
* [
L] ] |'. .
T + 5 Pr f 7' = 0 . (2)

Fl0) = £7(0) = <(») = 0, £ (=) = t(0) = 1 -3

&

o

~where the Blasius similarity variable. is n = N(Um/vx)l/z ="

Y/L(X) with L(x) = (vX/Um)]/Z, the stream function y =

({{XUOO)I/2 f(W)P the normalized temperature t(n) =

i v AY
(T, - T L)/(Ty - T,) and Pr = v/g - Prandtl number. Equation

(1) is solved by the fourth orderlRunge Kutta method and the

temperature d1str1but1on T is

ES
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o ‘ . Y

o

: (&}
The basic flow is a two-dimensional boundary layer flow which

depends .on streamwise and transverse directions.

9.3 The Thermal Instab4lity Problem
To study the vortex instability of the basic Blasius
flow heated from below (or cooled from above), the perturba-
{ Q

%]

tion quantities are superimposed on the basic quantities as

a
¢

U = UbQX,Y) + U'(Y,2), v = Vb(X,Y) + V' (Y,Z), W = N'gYOZ)

M

n
O

T o= T (X,Y) + 8'(Y,Z), P = b T, g Y 4 P(Y,2)

© ]

b(

Q C
o 2 "
As discussed in [13,14], all of the flow disturbance quanti-

ties are taken to Be a functioq of Y and Z only for neutral
stability involving Gorler vortices. Furegérﬁdetajls

regarding the‘assumed form of distu;bances and some experi- :
mental fact are eibjained c]eariy in [13]. After a}b]ying :
the linear stability gﬁéory and using_Boussinesq apprdximaf
tion, the pérturbation;equaiions referriné to the coordihaté

system shown in Fig. -1 become ? ' >

Q
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‘ s ”.,,g,go’
V' L OW' ey
: B T S &8
& e | © "
. aU o BU : » .
1 N b .. aUI 1 b‘\_ 2 ] N :
A SN b A A G AT . (7)
. " 3l ' ‘ .
w2\ oV ?- ! _____b = - ]_ __p g2y ! i 8Y)-
sy BV gy I A AR (&)
N i R : v :
AW 1 oapt. 2, gy
‘ / , : | ’
o T 3T, : o ' :
DBy oy eb oy B8 o2, Y- &
§] stV 5V + Vb Y .gv1e, ‘ ‘ (10)
) a ) . Q.’
5 v where V? E_BQ/SYZ +f82/822 and the“terms?inVkoiﬁg Vb,
NPT /ax and 3T /éX'are retéined : The term Y'av, /BX ié
q§eg1ected fo]]ow1ng the boundary 1ayer approx1mat1on
GV /DX = 0. - The nQn para]1e11sm o* the bas1c f]ow 1s found
'E.to be 1mportant in recent 1nvest1gat1ons [13 14] dea11ng
,w1th.the.vortex 1astab111ty of natura1 convect1on flow on
a,1nc11ned fsctherma] p]ates Tbe ba51c f1ow and temperature
quant1t1es can be wr1tten in the foﬁlowwng form
- T U S CD (v, /ZRe )(nf' -~ F) = (U_/Re )F,
' ‘ \\?: . . o’ ‘(.I.l)
’ \ T, = T, + aTt(n) '



T S ee
CwheresRe = U L/v = (Ux/v)1727s Rel/Z k< (afg - 7)/2
: L » [+9] o 03' X . /5\"";.
Ccand AT =T -T‘.* ’ U X
) . W ) . - ° . . . }
After 1ntroduc1ng the f0110w1ng dlmen51on1ess vari- i
ames, (x,y = nm,z) = (X,Y, z)/L(x), (u,v W) = (U VLW U,
p ='P'/(bU£/Rel), ék= 8! /AT the d1sturbance equat10ns cmn
 be recast intb the»dimens19n1egs form as. . T
o — -'89 AW e “ I . o
POl ety b Re, v v . L (13)
y 2,0 L . o C
:hV‘ 4 Tt 2 T 3“ - " . : ‘ 4
F 5y Tz VoS V.XH- ay“+ Ge . _ (1 )
‘Ql";: 2 -_‘_3_2 . o | ‘ -
Fay = viw - 25 - : (15)
Va
i_ -1 . o 1.2 ° . |
F oy -2 r)'[ U + ReL TQV .v-Pr Y 0 S l (16)
where G = ga(aT)LRe, /U2 = Gr /Re,, Gr, = a8 (aTyL3/02 =
, R L A
. Gr /Re):i/2 er"= gg(Af)X3/v2 and v2'=‘3273y2 +‘32/3;2. Upon
. o ) . R o&n

éliminating the dependent Variéble w and the pressure terms
ffom;equatjons (14) and_(]Si using cqntinuﬁty eauation (12),
o Onefobféiﬁé 7 ‘

-



; : 2’ g ‘ .o .a.E. .]_ - .l ¥ = . ’ /‘|:.I'-. . , S ' '4 ' .
] vou - Fe v 2 qf u = Rey i Voo . (1?).
2 2 3 2 T 2 226" .
va-F———vV-—f"vV - G (18)
, 3y 2 8‘2
S .,» ) Z
k 5 .
(.-0 . 2 o - 56 _o ° I ‘ ]' . '; o ‘. ‘ .
o VTo —PY‘F:T ;.PY‘T_‘ (RE'LV. - §‘I.Y'[U) ¢ | . (]9) .
7
' The bouﬁdary cohditions are u = y.= v = 8 = 0 dt'y 510‘ o

and‘;.- For the stationary long1tud1na1 vort1ces wh1ch are
per1od1c 1n the spanw1se d1rect1on and neg]ect1ng the x-
',dependences [13 14] at the neutra] stab111ty, the f0110w1ng

dlsturbance forms are app11cab1e

v A “ | =
- & : : - L < -

¥

uo= u'(y)exp(iaz), v = vi(yJexp(iaz), o = 6% (y)exp(iaz) - (20)
The quant1ty a 1s the wave number of the d1sturbance
Subst1tut1ng equat1on (20) 1nto the perturbat1on equat]ons

‘(]7)'to (19), the fo11ow1ng set. of equat1ons resu]ts

[(0% - %) - FD 4 Zaf lub = Rey vt T 21y
2 2.2. 1T ., 2 . 2.+ ' '
[(0% -,a%) "= F(D7 - a®D) -5 nf (D" - a%)Jv" = a%ae”  (22)
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T . )

£y

€

(0% - .a%) ! PrEp]e™ =" Pr ' (Re v’ - %‘nuf) (237
‘ + " T+ o+ C
-where D = d/dyef By<sett_ng u = u*, ReLy = y*, 0 = 9*
ahd GRe, . rp . the payameter ReL does not appear exp11c1t1y w
and the resu1t1ng sy tem of equat1ons becomes :
2 ] 1 —_ 11
[(D® - a%) - FD + 7.nf Ju=* frivy (24)
2 2,2 2 1. 2 2 2
[(D® - a®) - F(D” - a“D) - 7 nf' (D% - a%)]v* = a®ar 6* (25)
2 o . '_ _ . l ’ . _l ‘. ‘:. .
[((D” - a%) - Pr FDJ]6* = Pr 1 (y* '-E‘nu*l* . (26)
The boundary conditions are
. "Q
V?ﬁ*:z vk = Dy* = g% = 0~ and h.;'o and-m 4 L (27).

o !

bl %

'For'the conventiona1 para]]e] f]ow assumpt1on for the
basic flow, the terms 1nv01y1ng F as well as the X = der1va-

t1ves of the basic quant1t1es are neg]ected In the d1sturb—

../

-

ance equat1ons, the'terms oh’ the right-hadeSiqe may;be'
regarded.as'the dhiving terms Equations?(24) to (27) form
an e1genVa1ue problem and the so]ut1on will be effected by

A

a numer1ca1 method



9.4 Method of"‘smution : S R

o I . o

e

The fqurth- order f1p1te d1fference soheme used

~this study is duf to Thomas [T5] 1n h1s study on the

o

" stab111ty of p]ane Po1seu1]1e flow and the deta1]ed der1va- a

tions are. g1ven by Chen: [16] in a study on the’ hydrodynam1c.

stab111ty “of deve]op1ng f?ow in a para]]e] p]ate ‘channel.

e

In the present finite- dlfference so]ut10n, a f1n1te value

of n must be prescr1bed to sat1sfy the boundary cond1t1on- S

at n = e [17] For th1g purpose, two cases are cons1dered

1depend1ng on- the Va]ue of Prandt} number “When Pr > 1, the,

n-= nT correspond1ng.to T < 10

o -

condvt1on at 1nf1n1ty for 8* is replaced by e* = O‘at

-8 s1nce as T - O one has

T' - +.0.’.Euqat10n (26) revea]s that the f]ow f1eld is stab]e

<

Cto (fr -[1) <10

for the reg1on n n] T On the other hand when Pr < 1

the boundary cond1t1on u* =0 as set at n ='n2vcorrespond1ng

} ; ) .
-8 and the cond1t1ons v* ;'ef 0 are: set

- ‘ 8

at.n = m](> Ny ) correspondtng to T < 10 As f' +-]; one

'nhas fr' o 0 and equat1on (24) shows that u* % ) for’the

. o

i,

region n ¥-n] ?~w. Not1ng that with Pr.<'1 the th1ckness'

of the thermal boundary 1ayér is 1arger than that of the

‘ hydrodynam1c boundary layer, one obta1ns v, énet-? O for the
-‘reg1on_n f n] ~. o from equat1ons (25) . and (26) The sat1s-.'

factory va1ues for the step s1ze Ay, the ﬂumber ‘of d1v1s1ons

M and the end pos1t1on ”T for var1ous Prandt1 numbers are

I <

1.

in Tab]e T w1th n2'f1xed at ”2 ? 10 4

: = found by numgr1ca1 exper1ments and the resu}ts are 1ﬁsted

~The f1n1te-d1fference technique transformSveﬁuation
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y .~
o

‘(2€ ‘and its boundary cond1t1ons.1nto a qu1d1agona] system

of matrlx for a. set of a]éebra1c equat1ons and s1m11ar1y‘
v"two d1agona1 systems resb]t from equat1ons (24) and'(26)_
qand the1r boundary cond1t1ons The numerlca] so]utlons of
the qu1d1agona1 and tr1d1agona1 systems are reported

| [18] and [19], respect1ve1y,‘and will not be e1aborated
‘here- ' | '

| of the three perturbat1on equat1ons cons1sts of the follow- -

-'1ng main steps : o

d. With theobas1CIve10c1ty and temperature g1ven, a

- 1

i . . o

|

‘value of the wave number‘1s se]ected for a part1cu1ar Prandt]
|
1

number.'_ c

-

The 1terat1ve procedure for the s1mu1taneous so]utxon‘ |

-«

*2.. The 1n1t1a1 values for the eigenyaLuenGrL and tThe-
dwsturbance ve]oc1ty vk iln the vert1ca1 d1rect1on are.
ass1gned ~The - se]ect1on of the 1n1t1a1 va]ue for vk should

‘,;correspond to the’ pr{mary mode of d1sturbance In this-

'_study,'vE;= 2(J k/M) K =;2;3, - M 1s used. ; However, oneg’vt

may note that the 1n1t1a1 d1sturbance in the form of vk =

51n[k‘¥' )n/M],__ —.],2,.;.,MJ1 ~also leads to a sat1sfactory_

1
"result Any arb1trary form of the d1sturbance prof11e

satwsfy1ng the boundary cond1t10ns may be used but the pro-

‘f11es ment1oned above arelfound to y1e1d a ﬁaster converg—.”
Lo .

_ence. . _ co

3,' The f1n1te d1fference form of equat1on (24)

§

.so1ved to obtain uk R ' o \‘

4. With vy andau; known, the finite-difference form



| °f equatwn (26) is solved to obtain ef. ' .
5. The. r1ght hand s1de ef equatlon (25) 1s now known,'

and new va]ues of vk are obta1ned by the f1n1te,d1fference

-

,so]ut1on of equat1on (25).

A6. A new and 1mproved e19enva1ue can now be comguted

‘by. the f0110w1ng equat1on [?O]

72 av

A:The magn1tude of the quant1ty vk is readJusted by .the fo11ow-_,l'

lng equat1ON’Tﬁ Uraer to retU?n to" tﬁe or1g1na| order of
. e
‘ magn1tude

.*z

) Vi3 . (28)

(Y:)new (GrL)new/(GrL)old

P o

| ft'tsdwe11 to note that the absolute value for vk canndt'be 

7.determ1ned from the 1lnear1zed theory and the c0rrect pro—

f11e sat1sfy1ng ‘the govern1ng equat1on is sought. . .' _
“‘7: ThE'StepS‘(3) to (6) are repeated unt11 the fo]]ow-

r'm,

:1ng convergence criteria are. sat1sf1ed

ey s E |<v,‘)new C D orgl/L (P penl £10700 (29
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. L , . .
L)new (GrL o]dd/(GrL new = 10 e .(39)5.

. \\ ) . R ’ B o ' ) .o &

=4

Ndh@rica] experiments show that only azfew iterations are

thequ1red to sat1sfy the above cond1t1ons

By vary1ng the wave number a- and carry1ng ou't- the'
above 1terat1ve procedure, ‘a minimum e1genva1ue GrL, h1oh
permTts a so]ut1qn of the set of\the d1sturbance equat1ons

\

can be found. The minimum eigenvalue and the correspond1ng

’ weve number are the critjical va]ueS‘wh1ch‘correspond to the

“u" L . ; : e

onset-of instability.  .°~

2

9.5 The-NeutralvStabf]ity‘Resu]ts and Discussion

e

S PEY‘T,UI"DEG VEIOC1Ey erna lemperature l"IEIUS

" mined by u51ng the linear. sfabil1f

,M;fn@ A]though the primary obJect1ve of th1s 1nvest1gat1g$,
is“to obta1n@the cr1t1cal value. of the e1genvalue for the‘

onset of stat1onary 1ong1tud1na1 rol]s wh1ch are per10d1 i
i

in the spanwxsetd1rect1ow, a study of the perturbed VeTo—

city and temperatUre'fie1ds may proque some 1ns1ght.1nto

'-the phys1ca1 mechan1sm of therma] 1nstab111ty ngs b and

2 show the dxstr1but1ons of the bas1c prof11es for f' F and,

T with. the d1sturbance amp11tudes u*, v*,and e#‘super1mposed";
a - .

for the cases of Pr

0.7 and ”%hww*:pective]y.~ Since_the

magnitUdes'gf the disturbance :HwﬁtiAfr cannot be deter-

,,,,,

*eﬁﬂy,;the magn1tude

of the maximum d1sturbance_quf y is taken_tg‘be O.IH

A

the'p1ott1hg. In.order td»étudy the decay ot the dﬁgturbancen
. v i b ’ . ) ) ’ o (4
. . . )
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5

quantity in the vértica] directidn,'the distributions of

"the d1sturbances are a]so shown in F1g 3‘for Pr = 0.7 and

10 where the 1argest magn1tude of ‘the disturbances u*, v*

'and U*A1s aga1n taken to'be 0.1. It 1s_noted that.the
'horigontal'disturbance velocity u* i’s negative suggesting

that the\secOndary'f1ow also derives 1ts.energy from the

main f]ow through mutual interactions as represented by the

sec0nd and th1rd terms on - the 1eft hand s'ide of equat1on

K25) The prof11es for u* and 8* are seen to be qua11ta—

4

The secondary flow pattern at the onset of 1nstab111ty

)

1s of cons1derab1e 1nterest ‘ For th1s purpose one may

o

»-def1ne a‘stream:function w with v = aw/az and w = -daw/ay

4

".sattsrying tne.cont1nu1ty eguatton av/oy + 3w/az = 0. From

"the normal mades of the d#sturbanCes, one -has v = vf(y)eTaz
and y = w+(y)e1a?.f Us1ng Vv = 3y/3z and v* ='ReLV*,<one
obtains v = [1v*(y)/a]e7§?. The physical meanind is

attached on]y to the real part of the stream funct1on and

a

the contour 11nes are shown in F1gs. 4 and 5 for Prff 0.7

andulo, respect1ve1y It is noted that the~dimens\on1ess

_anelength 1s A = 2n/a and Y is taken to be one. One

max .
1mmed1ate1y not1ces the striking resemb]ance between the

stream11ne pattern of vortex d1sturbance for F]ow over con-.

cave wa]] [11] and the present secondary stream11ne pattern-

caused by buoyancy forces as 11K%strated in Figs. 4 and 5.
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9.5.2 The Neutral Stability Results

The neutral stability curves for Prandtl numbers 0.7

and 10 are presented ih Fig. 6 where the eigenve1ue GrL is
b]otted'hgathst the“ane humber a.  The .numerical results
for the critical (ﬁinimum)ivalues of.the Grashof number
Grf'and the cdrresponding wave‘nUmber a*Lare listed in
Table 2 for various Prahdt] numbers for future‘reference
Vend'the effect of Prandtl numper on ‘the critical:Grashth
number-Gr* is shewn in’ F1g’ 7. . | SRR ;

L
Tak1ng cogn1zance of the re]at1onsh1p GrL 3 Gr /Re3/2,

the effect of Reyno]ds number on the cr1t1ca1 Grashof
number er can be stud1ed read11y and the results are pre=

sented in F1g 8 using 1ogar1thm1c coord1nates It is of

———'———‘——VErtTtU*aT*ThTETestftp*tpmpﬁre—the—present resuit w1tn

Sparrow and M1nkowycz s resu]t [2] for f1ve percent 1ncrease
in local heat trans fer rate due to buoyancy effect based ono

pure .forced convect1on f]ow For this purpose, thecurves

3

on Fig. 1 of [2] are also p]otted 1n F1g 8.A'To study the
- } 1mp11cat1on _of the present. resu]t cons1der the case of

Prandt1 number 10£ The intersection of the two curves for

. Pr =10 indicates that ataReX = 4.8 x 102

vortices ma.y- set. ih at Gr = 7.9 x. 10 Ihe present results

the Tongwtud1na1

c]ear]y suggest the p0551b1e upper 11m1t of the app11cab7—-
Tity of the pub11shed resu]ts [1- 6] Fig. 8 a1so shows
that for the lower Reyno]ds:number_flow, the criticélx
.Qreehof number'Gr;-is 1ower-¢or atgiven Phandtflyumher{

c4
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9.9 Conc]usﬂng Remarks
1. The therma] instability of the horizontal Blasius
f1ow heeted from below or cooled from above is studied by,
,Qsing 1jnear stabi]ity tﬁeory based on non-parallel flow |
model whereby the variations of the basic flow quant1t1es,
Ub and Tb’ w1th X as well as the transverse ve10c1ty dompon- -
ent vb are retained in the perturbation equat1ons. Some
simitarity exists~betWeeﬁ the present problem and the |
Gortler problem. -« ‘ o | e
2. The result shown {n Fig. 7'reveals that the mini-
mgﬁ'critice1 va]ue of Grf is_]ower for higher Pr%ndt} nupber,

The Prandtl ﬁqmber'effecx can be ekp]ained from the defini-

tion dberL. For the pfréelaminar forced convection problem

b

[ -~y £ +4 [ o, .nAd-‘

A P + B oA » h BRIV 3~ be Yo
LTICﬁaIIU O the—thrermaa—DoOun ar_'y‘—laycﬁiﬂT cCKht T

+
LT

-1/3

ess—ove
ve1?city boundary-layer thickness is known to be 8 /6 = Pr
approximately with 6 - 5.83(vi/U_) /% = 5.83 L. Noting the
abqve°expres§ion and cqnsidering'the same T = Tw - Tw'andb
‘Re,  for two different Prandtl numbers, the ratio of fhe
criticé]-Grashof eumber Gr:;cen be readily shown to be

(Gr ) (Gr = (gB/y2)1/(gs/v2)2. For ‘example, with‘(PY)] =

L)2 . _

0.73 and (Pr), = 1170, one finds the'ratio (Gr*) /(Gr))., =
2 \\ 1/6r )5

(4:2 x ]06)/( 17 x.10 L\and the order of magn1tude checks

»w1th the resu]ts fr@m the present ana]ys1s It is a]so noted

that the temperature grad#ent (AT/@ ) for 1arge Prandt]

" number’ fluid is much 1arger than that of small Prandt]

ﬂﬁ

‘number fluid. 1In o¢her words, the unstable reg1on for - 1arge

Prandt]l number fluid is confxned to a sma11 reg1on inside
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the velocity.boundary iayer. Oﬁ the other hand, for ém&]]
Prandtl number fluid, the unstable region extends over a
‘region/ou;side fhe velocity boundary layer.

3. The basic flow solution for pure forced convection
usgd in this analysis is not valid when Rex is small (say .
< 0[102]). For small Rex; the terms aZUb/?)X2 and.DZTb/?)X2

must be included. When Re, =0, ‘the eigenvalue -problem does

X
not exist. and a freelconvecti§n on aiheated horizontal semi-
finite flat plate a;ises. “On the othér'hand,‘ﬁﬁe éppréxi—

mate limit of boundary”1qyer theory is ReX < 5 x‘105. In
interpreting the present results, it must be pointed out

‘that ngZancy effgcts aré_cons{dered ohly.jn thé,pertqrba—
‘tion_eﬁuations. An exact aha]ysié wo&lﬁ have ta consider‘ .

S

. . :
together with the vakiabje proper§y effect»réméins to be |
. investigated in future. . { o N
4. The experiﬁenta] data do'not appear to be ay;}ﬁapJe
“for comparison‘with the present re;u1t§..-lt rehains for

future exp‘er%ments“ to oﬁain ‘the vortex instability data.
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Fig. 8 Critical Grashof number  (Gr*) - Reynclds _num-bcr’(Re,) relation
- " and 5 percent buoyancy effeCt on local Heat transfefr from [2]'_



CHAPTER X

MAXIMUM DENSITY EFFECTS ON THERMAL INSTABILITY
| OF HORIZONTAL LAMINAR BOUNDARY LAYERS

Lfnear stabi]ity:theory is used to fnvestigate the
.onset of 1ongitudina1 vortices in laminar boundary layers
a]ong'horizontal sem1-1nf1n1te flat plates heated or coo]ed°
1sotherma1]y from be]ow by cons1der1ng the dens1ty 1nverS1on

' effect for water using a cubic temperatdae dens1ty re]at10n—
ship. The ana]ys1s emp]Oys non- para]]e] f1ow mode]l incorporat-
ing the var1at1on of. the basic flow and temperatu;e f1e1ds
eew1th ‘the streamw1se coord1nate as well as “the transverse °
ve]oc1ty component 1n the d1sturbance equations. Numer1ea1

" results for the cr1t1ca1 Grashof number GrL = GrX /Re;/z'are
presented for thermal cond1t1ons correspond1ng to‘—O 5 < A]

. “ ”

<1 2‘

< -2.0 and -0.8 < XZ < 1.2. . .

]

. ' .. 314
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'NomeHC]afure
a - I ~wave number, 2n/kl
- D | . = operator [d/dn -
Fo- ‘ = (nf' - f)/2.
b.‘ \ . . . v- . ©
L - = dimensionless stream function
g¥f = gravitétibna] dcceleration
G’ | o = . eigenvalue, GrL/RQL
Gr, B = Grashof anber‘baséd on L
er‘ : ' = Grashof  number based‘on X
ST S o 1720
L = characteristic length, (vX/U_)
M ' ' = number of divisions in y diréction
P .. = pressure v ' .
Pr C "= Prandtl number, v/a
. A . : . - . 2 ’
p = dimensionless:pressure, P'/(oU_/Re)
.. . ) ‘ 1 . ) . '.. ]/2 .
.ReL,ReX ~ .= Reynolds numbers, (U_L/Vv) = ReX and
‘ (U_X/Vv), respectively
S = temperature
U,v,W : ) ;, vé]ocit’_éompohents in X,Y,Z, diréctions”
U,v,W - = dimensionless perturbation velocities,
.<UI,V|,’NI)/U-G>> |
.X,V,Z ' . = rectangular coordinates

* _— B N e g et




*

XY, 2 : = dimensiqnléss coordinates, (x,Y,2)/L
Zi j . - thefma] diffusivity

f ' - céeffiéient'of thermal expahsioh
Y1,Y2 ' = témpevatﬁre coefficients forLdensity—

temperature relationship

n = .simi]afity variable, Y/L =y

G : o= dimensipniess'teﬁperature disturbance,
8' /AT
/’ ) . . N
X = dimensionless wavelength of vortex

rolls, 2n/a

x],l2 L T = thermal paFameters-defined by equation
,(]2) }

v : =" kinematic viscosity

o B . = density

T . — dimeﬁéion1essfbésic.tEmpératUre,
(T, - T,)/aT

e _ = T =01

LT = temperature differente,v(Tw - T.)

Superscripts. and Subscripts

1]

critical value or dimensionless disturb-

“ance amplitude

-prime,‘disturbanCe qyantity orrdifferentia-

© ~ tion with respect to n
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TO.T -Introduction

'Thermal instabiTity probTems 1nv01v1ng a hor1zon+a1
G . ‘ﬁ‘ . "
layer of. water with max1mum§den§1ty effect have been

stud1ed by var1ous 1nvest1gato’s [EEGT‘1n¢necent years.

o

E&perqmental 1nvest1ga¢1ons ut1T1z1ng & meTt1ng [7 TO] or

DY

freez1ng [TT] horiZontal ice Tayer were aTso'reported

recently. The maximum dens1ty effect s known to be import- -

Qa

~ant for free convect1on phenomenon'1n water exposed to near

P

”ﬁreezingvtemperatures. A Titerature survey shows that the-
publisheo therma1 instability results w1th max1mum density
effect are ma1n1y conferned with the 'n1t1a11y stat1onary'
T1qu1d layer dOn the ¢*-her hand, one notes that T1tt1e ‘ oT

attent1on has been focussed so far to the reTated therma]

;

)

"1nstab111ty prob]ems w1th main : fTow
- when a body . of water w1th temperatures rang1ng from

0° C to ay 30° C fTows 1n ‘a hor1zonta1 d1rect10n there'.

~,ex1sts a poss1b111ty for the onset of secondary mot1on'

regardTess of whether the T1qu1d Tayer is. heaﬁed (or cooTed)
from beTow or above Th1s is obvnous .since part of the -
fTow1ng T1qu1d Tayer 1s potentlaTTy unstable w1th dens1ty

1nvers1on due to a top heavy s1tuat1on Thehtemperature

5] . PN »'»,."v .

fTow1ng water near the 1ce cover: in northern rlvers or lakes.
The phys1caT modeT chosen for stu&g here is a BTa51us,

f10w (Tam1nar boumdag& Tayer FTow) aTbng ‘a hor1zonta] flat

“sem1—1nf1n1te pé§?c w1th a constant waTT temperature T

’

The rree stream temperature is T; and the T1qu1d possesses

o

'reg1me ment1oned may be- found in naturaT phenomeaa such as ;5£
Et( At

~
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a.maxfmum dehsﬁty'oveh~£h//temperatuhe rande betwéen TA.dnd
T@.' The purpose: of th(é study is to determxne the cond1—y=
t1ons marklng the shset of "stationary 1ongxtud1na1 vort1ce§'
in. a hor1zonta1 laminar boundaryf1ayen w1th max-dium den$1ty
effect.' Afier the onSet of 1ongftudina]vvortexhnoils, the
:f1ow resumes a three d1mens1ona1 characteh andnthe EOnvénQ
t1ona1 heat transfer resu]ts based on steady two- d1mens1ona]
f1ow mode] may no. 1onger app]y The resu1ts of present |
1nvest1gat1gg may a1sp prdv1de some 1ns1ght-1nto the,growfh
-dnd decéy‘ofqice 1ayeh*inAcontact wibb?fdowing.weter undeh

(S

~certain.conditions. . T o - ' o

10.2‘~F0rmu1ation of‘the Thernad Instab111ty Probl e

. The bas1c flow so]ut1ons for ve1oc1ty and tempenature
in the steady 1am1nar boundary 1ayer f]ow paséwa hor1zonta1
flat p]ate are~we11 known.[12] Referrlng to ‘the coord1nate
system shown in F1g 1Aénd 1ntroduc1ng the fo110w1ng var1¥f'

abtes, = (wxu )V 2e(n), 0" T(u, /\)X)]/Z =" Y/L,

.]/2

YvX/uO) and ‘~(n)'~ (T, = 1 )Y(T“_-.T;), the govern1n9

b-, '«
equat1ons and the boundary cond1t1ons become []2]
f |‘ "1 .b +

l 1"((')'),: f'(b) = 1(=) =0, f‘(%) = t(0) =*1;viﬁ bgv(?)_
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The B1a51us prob]em 1s so]ved by the fou?th arder ' Fo -

. Runge Kutta method and the temperature d1stn1but1on b@eome507'

.DA

e Tl I “")_.“ ) . ’ o ® o - '.f: ) ‘ », o : 9.
“ﬁs the %emperatufe d1ffereace ]¥?°;’T&[ 1ncr@ase‘s3 e

. 1 .
wy @ . o g .

;he vortex ro11s w11] appea% eventua11y in ih@ 1am1nar ) 4~._.:‘

boundary 1ayer To study the vortex type 1n§tab1L1®y of £1f“ '
: @ o, | . o . &
the B]as1us flow W1th & max1mum denthy value at Tmax 5‘wu Lo SO

between T and T the perturbatlon quant1t1es awe super_fvc ﬂ.*

1mpgsed om the bas1c quant1t1es as”

c 7 Qo " oz o - P oot
‘o’ e . . K PR, - . o o

o

e UTE o ) TR Y205 Ve v xY) (i) W -

‘ S
4 . "
O . <

- © ‘e = °
° =N . . e, e i o . a

. : G
. . B A .

\v(“
.

-
c

The assumed d1sturbance forms for the 1ong1tud1na7 vort1ces

Y

e d1rect1on ;are S1m14ar to

wh1ch are perwod1c~vn the spanW1

those g1ven i [13} i} Sbec1f1ca11y the secondapy f]ow ,'g”°‘: T

”w?;'vortwces (Gart1er vort1ces)‘are assumed ta.be unchang1ng

2 4 3

P =
'w1th time and .ion- osc111atory in the streamwase d1rect1on o

[+
s 0. -

The amp11f1ed d1stupbances are assumed ﬁo grow ine the main .. :’Vf

PN
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A Q f]ow d1rect1on but since the neutra] stabi]ity-is of .

1nterest-here the f1rst der1vat1ves of a]] d1sturbance

°

Qquant1t1es w1th respect to X are-‘zero. Furthermore, %he .o

1: second onder der1;at1wes 3 /aX2 Qf the d1sturbances are ’
i neg]ected 1n conform1ty-W1th theoboundary 1ayer approx1ma-.
j'“§'t1oh/[1§ 14] Based on ‘the forego1ng d1scus&1on, the. dis-

¢ turban@e quant1tPes are taken. to be a funct on of Y and Z

el ‘onTy f: ;ld‘ 'f"-a‘ e
iM;J'- o B . . ? -
Rl ' B App1y1ng the 11§ear stab111ty theory and us1ng the
Bouss1nesq approx1mat1en, the governlng equat1ons for the
”°'d1sturbed flow can be wrttten asi = 7

N ) .
o . o EE— @ L \\
. B PR . n R - B T . b
’ . ’ = L T - -

°~_ . ’ ) o ,av‘“,., . \ : 4
-0 i , 8Y + a ° ’:“(t 5)
a i:’ Pl ) ’ ﬁ N ’ D? ' A _"

) T ST | S
7 s e, o L.b gt o b - \2\,\
. T—— 4 - = sy " .
RE A Vo 3V PV sy leu.‘_ (6)
' 21 a d ’ e e ° <
N ° - . ')v o o
. A S Vb T J__ 5P fe . 2 , éﬂ o
] 5 ° Vb /)Y /‘o+ V —-—8 " o BY +;)qu 'f*arpnbg (7)
] Te : [ ° v 9 : . ¢
T w 1 3P 2, |
e = - — + .
\ e Vp3v S5 aT vV (8)
g cc °. ) . < ) n- o o o : ,»;..
o . N < o . - ’;: \ )I
° e aTe . =T . P
|‘ b o', LT b 969‘ _ - 2 1 a
U_ e Vﬁ-;Ya'+ Vp 3ve S 2V (9)
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(b where 5 .? aTjay +.8 . It fs noted that non para]]el

17 , : 3

A£1OWymode1 is emp]oyed by reta1n1nq the terms. 1nvo1v1ng

Vg, AUg/9X and BT, /0X. The term V'av, /aX s neglected

s}nce JVS/EX = 0 accord1ng to the boundary 1ayer approx1ma—'
tion; .Recent 1nvest1gat1ons (13, 14] on vortex 1nstab111ty‘f
of ndtural. convect10n f]ow on, 1ncL1ned suhfaces~shOW'thatv:¥

the conventignal para11e1 flow‘assumptﬁon is 1napp11cab]e

for the pred1ct1on of ‘the onset of steady 1ong1tud1na1 yor—

N

: The dens1ty inversion mffect 1s of primary intg?est

_here and the equat1on of state for water can be approx1mated

<

by the fo?ﬂow1ng equat1on for the temperaturetrange 0 to

.‘,u

30°C [R]
e e (1t )
ma x . max=-"'1 ma X -

‘For_the”pekturbed”f1ow,,the tempehature difference

becomes . L : | . ‘,;
T max = b 79 e Tpayx 3 (T = T (Th ~ Tnax)
° +o = (BT)(e ¥ A+ 8) . L Lany

VTS T,

w omax’/ Vw7 e

b3
-y
1%
-y
[49]
o
I
—
-]
t
~
~
>
—
1
~
|
-
b
1
—
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| - S+ 3 2oaar 372 pa7
"o where Ay = (- 1) A iandii = ( ])i“ 2y
T T T AT 3 75 2 = 72 TH,
1+ 5 — AAT - R T+ 2 —SAAT
2 Y1 TTJ o ,2"]‘ ‘J

Sun, T1en and Yen [5]

: .negat1ve for heat1ng (T

form

o323

8 ='6‘/AT and AT = Tw - T Cons1der1ng the change in the
dens1ty Gp .caused. by the perturbat1on 9" Jn»the temperature,

one obta1ns the fo]10w1ng expre531on for —6p/p after neg]ect—

.Y1ng the terms 1nvoTV1ng 82 a&nd 63.
Sp _ 5o : o L3 Y 3 2 oy
- 2Y1(AAT)Q(ATLI].+’7-VT (AAT)](T - A]t_+ A2¢ )““ - (12)

r3

Theethermal parameters A] and Aé were'firét'introdUCed By .

The temperature coeff1c1ent Y]

(pos1t1ve) 15 or-order'TO -5 and Yo (negat1ve) is of;ordere

-7

1077, It ds’ noted that A s always: positive and A] is alway$

negat1ve for the temperature range (0 ‘30° C) under cons1dera-

't1on ~The express1on for AZ reveaTs that the va]ue AZ s -

o

Tm)-and pos1t1ve for cooling

(Tw-ﬁ T ). In addition," the unstable layer is a]ways con—

~fined to the reg1on near the p]ate and 1nstab1]1ty occurs

-

on]y when T > 4 c for heat1ng from beTow (Tw > Tm).andrwhen

Tw <,4°C for cooling from beTow (Tw <-T_).

L

Not1ng the bas1c f]ow quant1t1es 1n the- f0110w1ng
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Db = me"m), Vb.=?(u®/2RéL)(nf' - f) = (Um/ReLyF (13)

o

. Whe-r‘e '.ReLf:"UmL/\)‘k: (U X/\))m/Z_:Re]/'Z . L:.(nfl _ f)/z and

wntroduc1ng the fo110w1ng dlmens1on1ess var1ab]es,

(X _y = W Z) = (X Y Z)/L (u V W) (Ul ,l. )/U p=

P /(oul /Re')"‘p = 6'/AT the d1sturbance equat1ons in 11near-

~ized d1mens1on1ess form become

T _a_.. _a_‘v_v‘: 1 :
Y + vz 0 (14X
2 Ju 1 ) — Tien |
Vou- - F -7 + 72 nf u ReLf (]5)
20 cav T ., ap
v.v - F y > nfl'v = 3y - G(1 - A1¢ A5 Yo (16)
2 ow _ 3p
V'w - F W 7 (17)
2. 80 _ o oy S ey
| _V 8 - Pr F 3y - Pr T (ReLv - §.nu) o ',' _(18)
5 A A
where G = -(v/umL).(gL‘3/v2')‘(AT)@['zyi(AAT“){] + (3y2‘/‘271)\‘("AA‘T)}]
= Gr /REL,‘ r, - (9L3/v2)(AT)[2Y](AAI)I1 +,(3Y2/2YT)(AAT}}]
2 .2 "2 L2, 2 o . >
where v = 3 /3y~ +-37/3z . In the expression for Gr, , one



can readi]y recogn]ze the quant1ty 1ns1de the square bracketr
.as the equ1va1ent coeff1cient of therma1 expans1on ) Further—‘
more, the 1nstab1]1ty is poss1b1e with heat1ng or coo11ng' -
from below because of the presence of (AT)2 Upon e]iminat—

1ng p and w from equat1ons (16) and (17) using continuity:

equat1on (14) one obta1ns }, ) : C -
| 'v2\7‘“2‘v - F 2 g2 | l £ rvly = .G‘(1'. Az' +'>\‘:"¢2)"32'8' .(1"9-)
PTG L A R LR 522
The boundary conditions are u = v ;,v' =6 =0 ét'y =‘0 end o -

For the stat1onary 1ong1tud1na1 vort1ces, the fo]]ow-
 1ng d1sturbance forms are app]1cab1e for the present neutral

stab111ty analys1s [13 147].
w61 = [0, v 005 070 T explian) - (20)

Substftnting equation'(ZO) 1nto equatlons (15), (19) and

‘(18) and’ further resett1ng ut o= ReLu*, va= v*,,'e+ ="'Re[__e-?*,
one obta1nsf‘ | | -
[0 - a®) —Fo+ Jneque = erie ()

:‘%3?  A'c;
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hL(DZ -‘a2)2>4 F(D? - aZ)D - % nf (ol - az)lv*
2 e ' ' N
| = a erL(L - A+ A e7)ax | . : (22).
o . '
(0% - a2) - pr FDJo* = Pr ot (vh - Lo BRRTPeS
(0% - a%) - pr FDJe* TV - )

]

_,whEre"D'% d/dy. The bouhdary conditions* are -
U* = v* = Dv* = 8% = O aty =0 and w. - (24)

It is seen "that the present e1ghth order e1genva1ue prob]em
is 1ndependent of Reyno]ds number ReL ‘For g1ven Pr, X1;

~and A there estts the funct1ona1 dependence of GrL on a

5
and the m1n1mum cr1t1ca1 value of GrL correspond1ng to the
»onset of ;ong1tud1na1 ro]ls with axes in the d1rect1on of
ithe steady flow is sought W1th the existence of 1am1nar
, ma1n f]ow, the ana]}t1ca1 so]ut1on does ‘not appear to be -

practwcaI and a numer1ca1 method of so]ut1on is emp]oyed

10.3 Method ‘of Solution’
‘The h1gh order f1n1te d1fference scheme’due to Thomas

[15] 15 used 1n the preSent s tudy-. ‘The detai]ed dehivation

'1s a]so g1ven by Chen [16] In carry1ng out the numerical

so1ut1on, St is necessary to ass1gn a finite value of n to
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-,
eetnsfy'the bonndary COnditioné-at’n = - [l7].ﬁ'W1th
Pr = 10, the therma] boundary 1ayer is inside.the hydrof
dynamic boundary 1ayer After numer1ca1 experiments, the,
'cond1t1ons at 1nf1n1ty for Q* and v* are rep]aced by. those
-8

at n = 5.0 correspond1ng to t <. 10 since as T > 0, one

has ©' -~ 0. “An examination of equations (22) and (23)

reyea]s that the f1ow f1e1d is stab]e for the region n

I

(€3}

5.0 ~ e On the other hand the .condition for u*_at n"
is also ;et at n = 5.0 since v* vanishes for n > 5.0 in
equation (21).. It is of interest to-note that at n = 10.4

one has (f' -.1) < 1078

and f.' > 0 for the'regjon-n =
1@.4V~.w. 'tn,addition, the Steptsiie’Ay =l0.dé ond the
.number of dfvisions:M;= 250 are found to be satisfocfor}.

tTheAfjnite’dffferenoe transformatfon of:equation (22)
dand its boondar} conditions leads to a quidiagonaT sy&tem:
[i8] of'matrtxufor e set of algebraic equatwons and s1m11ar1y )
two. tr1d1agona1 systems [19] result from equatwons (21)'and°
(23) with their boundary conditions. Since the dependent |
fvérieb1es_arera11 coup]ed.tnrougn a set of'equatione'(Zl)
to'(23); dn {terative procedure with the foTiowing'main steps
is used: for the nUmer1ca1 so]ut1on ‘It is noted that the

.bas1c ve]oc1ty and temperature d1str1but1ons are known and

Pr = 10. . S S
T. The initial values for wave number a and e1gen-
va1oe GrL are assumed. The d1sturbance Ve]oc1ty vk is taken

as vE= 201 - k/M), ko= 2,3, .M.

2. ‘The finite-difference solution of equation (21)
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yields u;.‘ o R o

3. After knowing yE and u;,-equation (23) is solved
to abtain O;. ,
) . v - 4
4. The right-hand sfde of equation (22) is now known
and new values for vk can be found. o //

51 A new and 1mproved e1genva1ue can be confputed by
N . '
using the fo]]ow1ng equation [20]." :

) (25)
Loold [2 (v*>new1”2

“(Gr (df

L)new

The magnitude of the quantity'v: is readjusted by the follow-
ing equation in ordgr'to return to thé original order fpr

compuiatjon.

* ..— *’
.Vk“— (vk)new (GrL)new (GrL)old

6. The steps (2) to (4) are répéated unti]fthq follow-

ing convergence criterion is- satisfied.

) * - * » - * ' -é
g J{Yk{new ) (VkXojdl/g r(vk)newl <107

(27)

Y

NUmerica] experwments show that only a few iterations are

requ1red to satisfy the above cond1t1on and f1ve 51gn1f1Cant

v

)
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figures for cr1tica1'GrL are found to be correct.

10.4 Results and Discussion BN

y . R

The present numerical’ so]ution'also yie]dS‘resu1ts for
secondary flow pattern and - d1sturbance prof11es for u*, v*
and 0* 1n addition to neutra).stqbi11ty results. The results
are presentéd 1n F1gs 1 to 4 for some typical cases. The
vstream funct10n y defined by v = dyp/oz and w = -3y9/dy can
be obtained by considering the néfmal modes of the disturb-

ances, v = vi(yJel?% and'y = pT(y)e'?%, as.

- [iwr(y)zalet®r | (28)

The contour lines shown in Figs~R®-eand 2 for heating and

cooling from be1ow, respectively, -are~obtained by ‘noting
lthat physical meaning iS’attachquoﬁ1y to the réa1‘baft of;
the stréam'funct1on. In Fig. 3,athe magnitude of the maximuni
disturbance quant1ty is taken to be 0.1 and the d1sturbance
amp]rtudes are super1mposed on'basic quant1t1es | The hori-’
zonta1 d1sturbance velocity" amp]1tude u* is’ seen to be negaj
tive 5uggesting that the-secondary flow also derives its»ﬂ l{
enefgydfrom the maiﬁ‘fToQ.> ‘, ' R ’ ’Z%L
The neutral results -for the criticaﬁ values of the |
Grashof number‘Gr: and'thé cérresﬁondiﬁg';* ér9:1isted/ing
Table 1 and also p]otted in'F{g. 5. The marginaf'sfa511ity

_curves are shown in Fig. 6 for illustration.
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,]arger number of d1vms1qns M;

330
Ty,
In interpreting the numerical results, one notes that

the parameters \] and X? depend on A as well as AT

- : 3 X Vo \
(T, T.,). When AT and (Ty = Tnax) are known, poand A,

-can be computed. ﬁ“Because of the rﬁther complicated expresslons

~ for A] and AZ’ one cannot reqdi]y understand the physical

situation corresponding to a particular combination of Aq

aB A,. In Fig. 5, the effect of X,

by considering the case of A, = 0 representing a parabolic

on GrE may be understood

2
density-temperature relationship. For this case, one_obtains

. —].:_ _ i ‘ ) _ ‘ . . ] X
Ay AT (Tw Tw),/(Tw Tmax) and it is seen that for

a given (Tw - Tw) = AT, the magnitude of A] increases as the

temperature difference (Tw‘— Tmax) decreases. When.(Tw -

Tmax) is smh]], the unstable liquid Tayer near the plate is

small and consequently it is more stable as represented by

higher Grt In Table 1‘-the numerical solution does not

converge for h1gher GrL than those listed. This is presum-

é@yefvr‘) &;1ng a yet

s
s $heé113¥1d
S P T

ably due to the rather.ﬁﬁﬁn_dgn
¥ ,
For ﬁ;g1ven X,

i w"""n

k

1ayer becomes moreﬁstab?eyvnﬂ~ _6creg§es
% .

layers wlth both r1grd‘rrg1d awd r1g1d‘v rface cond1-
tions agree exce1lgig1y w11h the e«per1menta1 resu]ts. With

the except1on of §§%;character1st1c 1ength the present

. ~
e

def1n1twon of the%ﬂ%shof number1s comparab]e to that used
in [5,21]. A]t gﬂithe presemt 1nstab111ty prob]em with

‘steady 1aminar‘ ] ?flow (B]asnusmflow) is d1fferent_from



<

that of a horizontal liquid layer withou} main flow, the

trend of thv instability result~ regarding X] and \,

[

ef fects shown in Table 1 agrees With those listed in [21].

[t s of some interest to comparé the present instability

«

- . N . o
results with those of the rigid-rigid case rgported in

[5,21] since the boundary conditions for the disturbance
5}

o

uantities are comparable. For given A, AT or \], x?, the
ratio of the critical Iafrom this study over that of
“«{5,21] simply becomes Gr L/(Grd cr (L/d)3 where d = liquid

]Pyer thickness [5]. At this p01nt; it.appeafé to be more
‘reasonable to use the thermé] boundary 1ayer‘thiokness dT
instead of the character1st1c length L for the compar1son
From- the boundary ltayer theory [12], it is kmawn that-éT/é =
13 approximately with 6 - 5.83(vx/u_)' /2 - 5.83L. It

is then found that L = ¢.370 §; and the A becomes

* . . ° . . _ . > .
GrL/(Grd)cr 0.051 after setting §; = d. On the otheh

. s * i N
.§th%gp, the ratio GrL/(Grd)cr based on numerical results fron

this study and Table 2 of [21] gives the value which is

approx1mate]y one order h)@her than the value of 0. 051

Th1s suggests 1mmed1ate1y that the above rather s1mple dntui-

t1ve compar1son 1} not coerrect. However; the above simp]e
hdiScstion‘senves to émphgsjie the'esséntial difference
_between the pF%sent,ihstabi]ity phhh]éﬁ{and thé‘classica1

o

Benakd,prob?em with maximum density effect [5,21].

10.5 ConcTuding'Remérks

.

1. In contrast to the classicalnBehar ‘problem, tHe

4

< 3 g
¢ ;



present therma] 1nstab111ty prob]em for the B]as1&s flow -

.1s character1zed by the ex1stence of the stab]e upper 11qu1d
layer above the unstab}e Iower 1ayer near the p]a*e LW1th_
Pr 10, 1t is known that 6T/6 = O 464 and the ‘thermal] - .
"boundary 1ayer is 1ns1de the hydrodynam1c boundary 1ayer

The bas1c temperature proflle for the present 1nstab111ty
Tprob]em s non- ]1near . . — ‘

2; By- usxng(the character1st1c 1ength L the\efgené
"va1ue érL is shown to be 1ndependent of Re To study the
Reyno]ds numb e r effect based on the fam111ar def1n1t1on

‘Re (Y X/v), one must use the relat1onsh1p GrL = Gr /Re 'f'

X

ar «/Reg’? where Gr, - <gx /vZ)(AT J[2y; (AAT) (1 + (3y, /ZY](A’)T)}]E_

3} “In app1y1ng the present 1nstab111ty resu]ts, 1t iS"

'use!ul to reca]l that the approx1mate 11m1ts of the- ]am1nar
5

hboundary 1ayer theory are 0[10 ] < Rex,< 5 X 10.. The exper1- o

@

menta] data do not seem to be ava11ab1e for compar1son w1th

the present theoret1ca1_resu1ts SO

hetvr ]
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CHAPTER XI

CONCLUSIONS .

11.1 Scope of Resylts
This thesis investigates a class of thermal instabi-
1ity problems fnvo1ving plane Poisehﬁ]]e,.HaktManh and

nset .of secondary flow driveh by

Blasius flows. Tﬁe
byoyancy force fdn'the above,mEnt?ongd“fu11} déveloped
',iamjnar ffow is ofléonsiderable practical 1pteresf since
after the onset of instability the»f]ow'takés-bn a three-
d?me@sioda] characpe? and the heaf ﬁransfeﬁ'Fate iévexpecped
.'td,increase.with Rayleigh humbefi “The f1ow confjéuratfonsv;
under consideration occur in many indust¥iaf operations and
processes and the critiéal~Ray1eigh numbers marking the on-
set of ihstabi]ity are required in désign.' Foratﬁe case of
plane Poiseuille f}QQ-in the tﬁerma]‘entrance‘}egfon-of a
horjzohta] pé?a]]elrplate channe]'heaied_fﬁom below, both
the 10ngitudina1"a;datrénsver§e vortex.djsturbances_are'coh—
sidered. For e=-h 1fnefﬁ insﬁabi]ﬁty‘ana1y§15,,typfca]

numerical instability rééu]ts are opta{ned'to c1arify the
variou§nbhysicaT effégts. Among'the various physicaT effects
considered, the maximum density effects on'convéctivq'
jnstabi]ﬁty @f‘water faxén with main fTow {§ noteworthy

" since the instability resd]ts are appljcab]é td"the-melt{ng

of ice or ice formation involvding main flow. It ;hbuld be
S o - o o .
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&

which the 1nstab111ty prob]em 1S @1%&{ed neg]egtﬁwﬂhe
free convection effect and theuba? olocity profile
remains to be plane Po1seui1]e“aHart nn»or Blasijus flow.
Jhus, the problem is to find the cond1t1on at wh1ch the

free convection starts to affect the main flow. Further-

more, it is'assumed that the 1nstabili‘ sets in as station-
ary. convection since the stationary 1ong1tud1na1 Vortices
are observed in experiments. The assulption is a]so_coh—
Sisteht'with prevﬁbus'investigations.
Besides ‘the convective instability. in horizontal fﬂuid
flows, the max1mum dens1ty effects on thermal 1nstab111ty
in a th1n hor1zonta1 water layer dr1ven by comb1ned buocyancy
and surface tens1on gradients are 1nvest1gated The prob]emv;
represents an extens1on of Nield's 11near stab111ty ana]ys1s '
in 1964 to water in the temperature range O T 30°C. | “
The coupled perturbat1on equat1ons for each 1nstab111ty
prob]em are solved by 'a higher order finite-difference method
using an 1terat1ve procedure It is found that the 1terar
. tive numerica] solution is very efficieng’and powerfu1‘fpr
the present instability problems. Apbarent]y,.the numériéaj“
technique. has ecwiderapplicability Fbr thefreJated'instabie‘“

lity-problems.

11.2 Conclusions and Significance
"The low .Peclét number convedtive.heat‘trénsfer probfem

in the .thermal ehtrance region of a'pérq]le1-plate channel

-



- ”‘ o 345
with uneqnaj constant wall temperatures is. approached by
the“%igenfunction expansion'methbd egploying the Gram-
Schmidt orthonormalization procedune.' When Pe < 10, the’

ax1a1 hEaL/chduct1on effect on heat transfer is consider-~

able but when Re > 50, the afial heat conduction may be

negligible: The ¢ 1t1ea1 Ray}e1gh numbers versys the channel
distance are determined for both upstream and downstream
regions of’the channelhﬁith Pe =1, 5, 10. For Pe =v50,
instability resu]te.are ohtained for dOWnstream region only.
1t s estab]ished,that”the transverse vortex disturbances:
are the preferred mode over the longitudinal vertex.disturh-
ances for Pe < 1 and Pr > (o} 1ow Reyno1ds‘nnmbeY dew)
in the reg1ons up§tream and downstream of the therma1 entrane
For other cond1t1ons, the 1ong1tud1na1 vortex ro]]s have
priority of occurrence It 15 noted that genera11y “the

~axial heat conduct1on has a destab111z1ng effect in the upa'
stream region and a stab511z1ng_effect’1n the downstceam
region. The.theoretica];instahi]ity-Tesu]ts;dpns{derjng
maximum density effectsaﬁqrtwateh'in the'tempehatnre 0‘~ 30°C
are'usefuT in asseséing the free‘convection ef%ect on.freez—
ing or thawing in channel flow of water. The \)iﬂsncj‘ou,s ‘.dis',si.—
pation effect on cdnvectiVe‘instahi1ity is quaiitatﬁve1y
51m11ar to that of 1nterna1 heat generat1on in a horizonta]
fluid layer and represents a destab111z1n§ﬁ£nfTuence It

is found that the v1scous dissipation effect'1s significant

",for Pr » 10 but is 1ns1gnfT1cant for Pr <4p 7.

The bas1c f]ow so]ut1on for Hartmann f1ow cons1ders -
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the effects of axwal conduct1on, v1scous dlss1pat1on and

a

Jou1ean heat1ng but neg]ects the ax1a] heat penetrat1on
L through the therma] entrance o The magnet1c Reynords number

is assumed to be. sma‘T and the Ha11 effect is neg]ected

N,
( when the magnet1c Reyno]ds number is- very small compared

'ﬁé'_to un1ty, the magnetjc f1e1d is not.dnstorted by the flow.

£
e

‘,In engwneer1ng prob?ems, Jt 1s d1ff1cu1t to ‘obtain the

magnet1c Reyno]ds number greater than un1ty because of .the
1ow eIECtr1ca1 conduct1v1ty of ‘the usefu] f]u]ds.- ThetHalj

\ . . . .
effect €an be neg]ected when ™t 7 f1u1d_ha3’a scaWar'electri}

ana1y51s of
e

“hor1zonta1 Hartmann flow in the thermal entrance reg1%9 o_-‘

5 1 c%nduct1v1ty The c0nvect1ve 1nstab1

a para11e1-p]ate channel cons1ders the effects of Prandt]

- Peclet Br1nkman and Hartmann numbers. It is. found that the

":magnet1c f1e1d has a stab111z1ng effect and a decrease‘in '

: Prandt] number has a destab111z1ng effect in the thermalv'l

entrance reg1on o o B ' o R

The max1mum dens1ty effecés on therma] 1nstab111ty
dr1ven by comb1ned buoyancy and surface tens1on prov1de

further physnca] 1ns1ght 1nto the thermal 1nstab1]1ty prob]em_k'
JRE— A

d1scussed by N1e1d in 1964 The 1nstab111ty resu]ts may haveiz
dJrect app11cat1ons 1n pred1ct1ng the onset of" convect1on ina.'
L surface me1t1ng 1nvo]v1ng 1ce ]ayer on a northern Take or-

ﬁbnd ' S1m1ﬂ2r1y,rone is a]sq 1nterested 1n pred1ct1ng the'

_onset of convect1on 1n a thin freez1ng water 1ayer 4;¢‘ -

The convect1ve 1nstab111ty ana1ys1s of~Jam1nar forced <

convectwon a?ong a hor1zontal sem1-nnf1n1te f]at'pTate:with: o



-

'Uniform-wa11:tEmperature is beldeved tp be one of the basic

T

'prob]ems and comp1ements the hydrodynam1c 1nstab111ty ana]y—

'The max1mum dens1ty effects on convect1ve 1nstab111ty of

1boundary 1ayers a1ong ice surface where me1t1ng or so11d1f1ca~"

'__t1on occurs

‘s1s of 1am1nar boundary 1ayers reported in th8 11terature

‘mﬁa

hor1zonta1 1am1nar boundary 1ayer are’ stud1ed in order to~

pred1ct the onSet of free convect1on effect 1n 1am1nar

,‘hx . ) . ‘. . y
‘ij‘ : - o “ﬂ G B
. . B . “-,_“ 3 : . . ."“
11..3 Recommendations_ y%;
This theoret1ca1 1nvest1gat1on demonstrates‘the app]1c— af
ab111ty of the numer1ca1 method 1n pred1ct1ng the cr1t1ca1 |

Ray]e1gh number for var1ous thermal 1nstab111ty prob]ems

It s be11eved that the numer1ca1 method used 1s a powerfu]

~one and can be app11ed to many 11near 1nstab111ty ana]yses

A

“wh1ch rema1n to be exp]ored in future.ﬂ¥

i'z’

-4
: Exper1menta1 ver1f1caQﬂon 1% requ1red to substant1ate

the theoret1ca] results reported in th1s thes1s The experr-

?"ﬁ% - g iﬁg

. menta] 1nvest1gat10ns on the 1ncrease of heat transfer rate

fw1th the increase of Rayleigh: nwmber after the onset ofo

:lnstab111ty may pave(!ﬁe way for theoret1ca] 1nvest1gat1ons

-hMHD channel f?ows may include the- 1nf1uence of Ha]] effect -

TN
on f1n1te amp11tude convect1on problems

Futur '1nvest1gatﬁons an convect1ve 1nstab111ty of

'5ahd dron s]1p 1n add1t1on to the v1scous d1§s1pat10n, Jou]e

‘ana1ys1s of . therf :

: hea\1ng and ax1a1 heat conduct}pn fects-7 In-the present
Gé&g

. \.& Q' R - Myt T .’-,’
i stab111ty%; 1as1%g f1ows along a ;Qb'

o ¢
D S P R
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Ariiontalﬁp]ate, the free cohvédticn éffectﬁ'are'nof con;
’inithe"basic fld&'solution Because of pract1ca1

: . |

intére t in- the pred1ct1on of the onset of therma] 1nstab1-

"sidered

]1ty in flow over a: hor1zonta1 f]at plate, the thermal

1nst@b1]1ty of combwned forced and free 1am1nar convectxon

a]qng a hqhxzpntal f]at p]ate w1th respect to statlanary

“16ngitﬁdfna1"vortex-d1sturbances should be- 1nvest1gated i _~'

“future. ?iha}ly,rohe notes that'the therma1 rad1at1on

effects on7c0nVéct1ve 1nstab111ty ‘of var1ous hor1zonta]

'f1u1d flows may prove to be fru1tfu] and 1mportant re earch

t0p1cs for future theoret1ca1 1nvest1gat1ons,

-



. L APPENDIX 1

DERIVATION ‘OF HIGH ORDER FINITE-
' DIFFERENGE APPROXIMATION

'The high order f1n1te d1fference approx1mat1on due
te'Thomag [l],;who‘gsed it . in a study on the stab111ty of
"Plane Poisehilje ffow, ié'empIOyed in th1s thes1s for the
~humhrica1 Selution ef~thé thermal 1nstab111ty prob]ems
The detailed der1vat1on of fhe approx1mat1on is g1ven by’

Chen [2] 1n a study on the hydrodynam1c stab1]1ty of

develpp1ng f]ow 1n a para]]e] p]ate channe1 For convenﬂence,)

the der1vat1on is summar1zed here | |
The var1ous orders of der1vat1ves of a funct1on gz )

can» be expressed in- f1n1te d1fference form as:

1 13 SUCTUERE (RO R 8 :
2o p e E ueT g e - T ue) g us i de (1)
2o -2t 4 1.6 1.8 1

D g TR 12 *50°% - 558t ’9 £2)

\' "
3.1 £3 1 5 7_sT ‘ v oy
Dg—F{_ué g usT gy ustiiilg T -»(_.3)

- K

. 389 -
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‘D':q, —,,~_4_‘{'5 - 6:“ + 740 3.7 .oy . | | (4) .

0% = 5 (6% - 7 6B g S e

T e IRt

o
>
"
N=
.
c
(o)

e (8)

‘v““*‘" where D. § the hnear operator,‘v D;:ii d/dz, and.h the finite- H..

d1ffe;}ence ~mesh 51255 L
By- defnnng th@ averamng op?brator u. }an@gthe centra]
~_-d1fference operator S one obta1ns \
. _ ;

SR  U9(Z)'f %7f9(z +.%) + gz - %@T’ (9
{) o : s9(z) = é(z + B - gtz - A1)

" n+]
&

alz) = 5"tz + 3) - 89z - )5 01,23, .0 (e



T T8

In order to reduce the truncation error, Thomas [1]

g' introduced a new var}aple g‘hélatfng'to the dependent vari-
N able, 'say &,,andvjts:derintﬁves by:the expression
h%p%s (13)

. ) L ~,'. . o - . . Q‘ \\‘.',. i S
By_su55t1tut1ng this new variable into egquations (1) S

%é (8), it can be shown ‘that the truncation errors in ‘% and

15 1 7
usg  + 3~0—}16 -m.lléc + ...1g

|‘
R . " o
—~~
. <
C o,
]
| —

1,33 1 55 o
\
L
1 .44 1 6.6
. B *‘6““*?‘9"6,“”‘? (15)

! dits derivatives become ¢f higher or¢er![2].>:0ne thus obtains

ah
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33, 0 3.1 s 7 7
h™D7¢ = ‘{Ua‘\ "7 us> o+ 155 us g
:
1- 5 ] 7.7 7
+ g h7D .35 h D ¢ (16)
© g g 4 1% . 7 8 v .66, 1 ,8 g%
h™D ¢ =°{8" - —6—»'\ :‘+ 240 N e. gt 3 h™D b-‘“9~0" h D d. (17)
. . ) ry T, - “’
4 “3‘“ n
. 9 SR ’
5.5, 5 1 -7 o AT AR . e
) h™D7p = {ud - 3 u.S -+ Ll dg * E;h Dy - §-6~th ¢, (18)
. . ) ) - : N o :‘,'}}‘\;—:} 5
) b ,;_". ' . . .
hopfan- (68 - L s8 % yg + L n8p8y - 1 p10pl0, (19)
) N A 6 - 90
L rg‘ . ' -
’ TNT e T 1 ,9:9 11, :
- hD "r’, - . {U‘S‘ . . }g + G_Uh D ¢ - '9_6‘ h‘ D (b . : ) «(20)
« | o ,
CnB08s - (8 L g Jg"hm”m@ i '9‘]6 h120‘1‘2¢ © )
For even order, one m approximate'equation’%’216&“
. - o rd : ' . o .
) h808 - 58 Wi " (22)
.- _
mhere the terms of order h] Aand higher order 'are negTect'ed.
o :
£
T Subsf ut1ng equatmn (22) into equat1on (19), and
e
successweT_y us1ng these resu]ts from equat10ns (17), (15)‘,

Y
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_and (13), oqé}pbtajhs". o o ‘
‘ h506¢'- {s® --%? 68}9 (23)
4.4 - 4 1.8 .

h™D d) | = {§ - m §7} g ( 434 )

2.2, _ .2 1 .a 1 .8 .
h™D7¢ = {87 + 35 67 - zopm §°19g (25)
_ 1 N 2 - "~| 8L - ” 67 . 8 . A'.m - ‘ Chrhe ToAeb

‘E = {1 + 61-;:(5 + "3‘*6-*0—.5 307700 & kg v ) (26)

~Similarly, for -odd ofdér;Aequation (20) becomes

3

h50§¢ = {ués - & u67}g (28),1
P
h3D3¢ = {usd - T% st - §%l-u67}g (29)'
. - 37 .3, _
« ~hD¢ = {us + 70 us“lag »}30)

[N



Since the highest order of the governing-differential

equation. is fourth order},equationsn(24)

~and (30) can be written in the form as’

oy [,
Rl 10 5 0 305
hD$ 0 1 0 0 o0
202 1 _ | s ‘ a
% = 1D 0 10 g
,‘ ‘ >
h3p3s. 0 0 0 1.0
hip%s 0 0 0 0 1
L /X a
18 .
- . . .-67 88
where "0 " goveoo " D ¢ £3
_ .1 4.5, -
LR FI R Y
.. -67..6.8
2 7 &ogg "0 ¢

,u.éy usfﬁg équations (9) to‘(ll), one obtains

.

, (25), (26), (29)

(31)

(32)



At
(8]
[Sa]

/ N % "N N
g o 0 1 o0 0 g(z --2h) )
u6b 0 L 0 1 0 g(z - .h)
9 > '2 N
2. '
s g = 0 1T -2 A 0 q9(z) (33)
i ' . L. '_', 1 !] ) .
,UO3g j f%‘ 1 0 -1 ?' g(‘Z +h)
4 . | |
187g 1 -4 6 -4 1| tg(z + 2hJ
N/ > A N
Substituting equation (33) into (31), one obtains
. . - T .
7N (L a2 N ((Z_éh')\ (U
b 360 35 60 45 360 | |9'ZTen)) 0
hD# o 1 oo 1 o g(z-n) | 4 he o‘
® 2 2 B SRS BN S
Wlol o o232 o oy L2 ~
h-Doe. 1z 3 "2 3 7| |92 A - (34)
3.3 1 1 1 - WO S N
| nop e 710 -1 5 g(&h) R A
ot l e ca e ca | glzeen)] | onte, |
. J .\ : / 2 N2
which is the’resu]tfng'matrfx for thé différentia] equatiph;“
of order fbur. A . .

Similarly, for the differential eauation of order two,

one can -use the'fo11owing;ma§rﬁxx

o



o1
ho4 = | iy
h“D%y ]
\ . ) N
where té
8
o O ¢ ]
to,

o

<

~ r AN
15 g{z-H)
]
5 g(z)
1 g(z+h)
) L
L 6.6
7320 N D¢
1, .
i “?BB°;
1,46
560 " 0 ¢
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ALGORITHMS FOR PENTADIAGONAL AND

1. Algorithm

for 1 <« i < R
y T
THe algorithm

L3

&

APPENDIX 2%

-

TRIDIAGONAL MATRICES

y

for Pentadiagonal Matirik [3]3/_

with a, = b] = a, f eR_] = dR‘— eR = 0.

is as follow8. First compute

RS EAS RS T VAL TR S N S VA

and ‘ .

Then for 3 < i < (R-2), compute

<y S = (dy - by )/uy,,

NI = ‘ _ N :
92/U2:2‘Y2 (fz sz]//UZ

-




AN
\

y

Next compute

J,

e

\\
\.
3\
\

5 -
\

>
ir
(1]
—e
~
=
—_

R-1 ~ BR-1*R;ﬁ)/“R-1V”

s

~

N

-~

\

w0 YR TRy T BRy YR 7 ARy YRo3) AHp
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. ‘ 1 \
) M *
ang.
#2
. = - 5
¥ A T N O
: T N S T A
YR = (fR DR.Y-R"‘I - aRYR‘Z)/“R "~
¥ ‘ )
L hl
The‘B}‘and‘uivare used only to combube 61’.Ai and Yo

»
and need not bq spo

red after they are computed .- Theﬂdi, N
and y, must be stored, as they are used in the back solution.

This is' : N g
- B . | ‘. J
UR = YR ! /
n ! / B
/
: : HR-1 TYR-1 T ORYR /
i 4 ./f
and u, = vy, - SiuLgy - SLug,, for (R=2) > i > 1./// -
u . g
V '. 4 ' ; . : ’ P
2. Algorithm for Tridiagonal Matrix [4]. ///
ajVioy Tobyvy gV T ody r
{ 3



N

~for 1 < 4

¥

 First compute

< N owith

. 360

AN e .. ot ]
N o SN -
\ y =*0. "The algorithm is as follows.
| \-.\\M 2 ~
%, NN ™

Yio= (g - agyg ) /8,
y .
. The By and Y, must be stored, as they are used in the
}'ddk;soTUthﬂ. This s o : .
L V(» ’
J ) - VN__ =_ YN o
.\ | v i :'
and YiﬂF Y CiVis1/8; for (N_]B 2z 0. ’
PR ” .,v'.. o ' .- A \k.. .- E e
» n T v -~ % e e
. K
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METHOD ‘OF REGRESSION FOR TEMPERATURE

EFFECTc ON DENSITY OF WATER BETWEEN 0”@

AND 30°¢ [53 e
9

o

Consider the relationship,

and sett:ng y‘

13

where_a

'vaTues

o, X
one obta1ns PR

for the temperature range O ~

n

Q-

L _;y,g'tz[] + a]x€;+ aéx3]
—_— L *
7f§ S

. N ",
1 = <Y],'ahd eé = ¥yé.
From Dorsey s, Tab?e [6]

one obta1ns 310 pa1rs of

. 30 C as,

o

. =
n* N .= S

361
.
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| N A S~ o
The error in-the. fitting, that is, the residbal Eis is

qiven by e

The sum of the squares of .the residuals Ts given by )
- : * | :’\
; VA
— ‘- 2 b. -
P = 2_61. . -
. e
Minimizing P, one obtains "
. . (. e . . o °~ .
U ' ] A ap :
- ~ =— =0, =/ =0
i.e., ‘ SR
ot
‘[.‘ ’ v
. - . o 4 . R - 5 ‘ . ' 2 . 2
RS AT g - R
= o Lagxg teragxy T ) yxg - L CpXj 5

L Vo

R O TR TR coo 3 .
o LAt Ty =] YiXiz LSaXy S

-+ Solving the above set of equations, one obtains ‘;> 
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.~
x
—-I-L_b
B~
x
N

N 5 e .
i z X1 Z X . “":v e

- ,The numerical resuits are" i o L L

-4 TN -
¢ . B . o

- e

7.731937895 x 10°° -

'
>
N
]

*

- -5.182117468 x 105 &+ . -

<
N
I

‘g

Yp/¥q = - 6.70222334 x 1077

LNy

‘standard deviation = 3.797 x 107°%

N
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. - . SO ) R ; .- . e PRI

¥ [ s .

‘ﬂ’“In Téblé A] Co]umn A represents the va]ues 11sted \?

1n Tabhe 93 of [6], and Co]umn B 11sts the va1ues calculated

bx eﬁuat1on (1) us1ng the resu1ts of the regress1on analys1s
2. RJ e Lo ," X s . ) e Sla +
' ’ A J‘ : . : - T »

]



one has .

9. I L 2N
‘ ’ "\ APPENDIX 4
Lo ' + +‘
| PROOFwFfR ex = ey
. . 8 .’i.‘v
o .

1. From equation.(22b)

one-obtaijins s

;

By ugfng~thé d%sturbance form f = f+(z)e1ay{yone obtains

v Ty ; . el Lo
+Hence e, =0 for the whole domain.
N Rl A . B “

Kl

T .-“.

‘=-~e ,:b':o ?

ahdftonsidering the z-component

C .

o N E

N

(2. From eauation (21).and the boundary condition (2)

[N

-

»
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Since by T 0 at z7= 0, 1, one obtains .
o \ '
] e, =0 at z = O./1 .
';M“b‘. ’ .
This implies that
n' . -
) ”~
4 . .
e, = 0 at’ z = 0, 1
1

- From the'zrcomBU(;;t of the electric field equation

one obtains

e -

A ' ) . . ’ . )
Thus one cong]qdes‘that,é; = 0 for the whole domain.

3. From equation (22d), the z-component gives

Q
R éij = (EEX - iEi)v= 0, ‘at -z - 0, 1
Y2 ax. 9y » 0 9.

This implies

SN

?
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After the order of magnitude analysis, equation (34).becomes

’ ' ¥
2 2\
(0" - a®)b, = 0 /
Hence, one concludes tﬁat b; = 0 for the whole domain.

4 : ‘ D . .
’ The y-component of equation (22d) is

1
«

In terms of the amplitude quantities,_one obtains

.

. A +
s 2Rm3y = Db_x

. o
Singce b: = 0 for the who]e”domaﬁh,“oné concludes thain; =0
. for the whole domain., Firom equation (21)- one has
& - L
=
Jy = ke - u - ¢Ub2
Since u ='¢u,=‘0 at z2= 0, 1, and j; = 0 for fhé'who]é,domaih,
"one'obtains S AR

.~
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From equation (36) one has

- . ( ) .
-Henca\Qif concludes that e; =g for the whole domain.

' , | - .



APPENDIX 6

o . : >
DERIVATION 0OF STREAM FUNCTION FOR ‘ ’ -
v HEXAGONAL CELL [7]
‘ “ )
The perturbation equations in diménsionlo@s form are? 'Q~f
TN
/ DR | -
) e f‘“ =0 . ’ . (1)
X 1y )z .
r L. \ ’ . . ] \,v-’*/
au - _ uP ;2 [h T . ‘ '
] T v o (2)
( v P, 2
By - ‘Ty- + Vv (3)
“\._ N +
aOW LP_ ,2 . 2\ .
R + J%w % Gr()] +')1z +?x22 Y (4) )
N R

. .
- . - . .
.

Taking pértia] derivatiive of equation (2) with respext to

y -.
“minus partial derivaties of equation (3) with respect. to -x,
ong obtains v ; -
S N
L 4 @ N
C 245U Juy
= - 7 ](gy ay) 0 9?)
< “ " H‘ - - \
o h ¢ :

- 369
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This equation can he'so?ved.by writing

‘ .U LK ;.‘.‘K" , .
3 - Dohxe Ty Ty X
whervwc'is unrestricﬁed and
- o "
g 212 ’
[Tt'" -V ]\/]vp = 0
I LR
1 2 2
IX oy

»

Then the continuity eduation requires that

- . .-
W Ju avy TP
_—F - —_— S = ¥
Nz “<3x ay). V1®,

\

Imposing the condition [9]

.
o

‘Viw + aZWj= 0,

o

then
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where ' denotes g plane-harmenic function 0‘1-/' nd y.
At the «ylindricdl\hounddry. along a plane oQuaymmvtry.

u and v must satisfy the condition

- o v

0 - u cos(x,g) + v cos(y,n),

_.;L . %ﬂ according to eq. (6) (11)

For steady state, from equation (7), one obtains

vzv‘]?w =0 : (12)

every point in®he
‘ - .
boundary; and when 3w/%n = 0 at the boundary, according to

If" r is constant and .,if 3y/3n vanishes at

[

equétion (10), one obtains ¢' is constant. Then from equa-

fions (6), (8) and (10), one has

Q2

R EY

)

x
?
N
.
)
p
a
<
H
mq
—
(69
<
QL
N

u = _%
a

- [

The solution for ‘the hexagonal pajttern was found by

Christopherson [8]. The sq]ution'ig\\\

-

1o+ ’ 21mx 2ny. 4y \
Wes 3w (z){2 cos =—= cos 3L + cos Fp%t, | (14)
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where L measures the sides of the hexaqon, :
An alternattve fosm of thcosolut1onp19 R
Q
© hid O.
) Ry " I ‘e ¢
' : LT ar /3 L1 o
W =4 w (2)dcos 5 (5 x"+ 5 y)
. 3 ] o ? 0
* I8 o‘ ¢
) T
. 1
. " : o . - - 4 N4 .
+ o008 %f‘('% Xo - % y) *+ cas f%&} )
: a O - ’ ' ;
o 0 3 )
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o L)
0 represent -the“plane of
g . e

i¥

¢
One notes that x =+ 0 qnqby

try, and the mqtiO@tjs two-diMepsioﬁal. Thug for x =
’ 144 -
one obtains - : OL--‘ e ‘ o
- s C ) . e, X o
3 ‘ . - . .0 -
, ¢ ‘/_r . . . F
Rl Q 2
1 9w _ Q
“e c u %,\;2- axaz - 9, L e i
’ [o} ‘ [¢] ~
o - . 2 ) . o ¢
Vi s - + o Al ©
o1 aTw, o .Dw 4 2)’”! Lo 2my
v 3 Ay T T 37-(b + 2 cos 3L )‘.%J.n«,“3L .
a 3a= s ¢ .
.4 G ) 'C - B .
o PR - - o - . K] B
T . _ ¢ o o ;
- 1+ ’ 2ry "o G0 4wy ,
W T oW (3 eos §t1-+.cos 1T )iﬂ g
- R . o - ™ o
N T o) % o
»§' The eqguation, -dy/v. = dz/w, gives the sgreamlines
,,"' N ° B - c > 5 . . . :_ Lo
the (y,z)wp]@ne and can be readily imtegrated by using
o ) - T - e <
equations (17) and (18) to give . )
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2ry, e
1+ 02 cos(—_l) 24, |
3L 7 2my W (2) «
{ T+ cos(gﬁlq sinogth . Constanp
3L f{’u‘ max
‘ . - . .
Similarly, for y = 0, ong obtains
.;? X9z N 3a2‘E;§ f;?
. Q l
° ]
v = 0°
+. 271')( ’
W = =w (2 cos + 1),
L v g )

and the equation fo

: d}/u = dz:/w,, which
i . B " \.
- oL
[(1 - cos 27Xy
. Lv/g_

[

f’the streamlines in the (x,z)-

gives “ @
2/3  + » |
sin Zni} E;LAL = constant
’L/31 CWoay

» .
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(26)

is

The streamlines of the éecondgry flow from .equations (19)

and (23)

VIII.

¥re plotted in Figs

. (11a) and (11b)
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1

2

3

PROGRAM FOR -CHAPTER II.

DECK FOR CALCULATING EIGENVALU S AND EIGENFUNCTION

IMPLICIT REAL®*8 (A-H 0-7)

DIMENSION YN (20,201), RN (20, 201)\PN(20 201)
+ZN(20,201),DY(20,201),DR (20,201) ,DF (20,201)
+DZ(20,201) ,AL (20),BE (20) ,EP (20) ,GA(20) , VI (2),
LEF(207), Dn(zof),AN(zo) BN(zo)}cw(zo),nu(zo)

WRITE' (6,5)
READ . (5,6) pg.
WRITE (6,7)

. PORHAT»('O"'IUPUT N FORMAT XXXO0. XDX FO pr]
~ FORMAT . (D8. 1)
PORMAT ('0",'PECLECT NO. =',F5.1)

KE=201
N1=20 =~ . s
READ (5,50) (AL (N),N=1,N1)

~READ ' (5,50) (BE(N) ,N=1,N1)

READ/(S,SO)'(EF(H),N=1,N1)

READ (5,50) (GA(N),N=1,N1)

READ (5,50) (CN(R),N=1,N1)

" 'READ (5,50) (BN (N),N=1,N1)"

PEAD (5,50) (DN(N),N=1,N1)
READ (5,50) (AN(N),N=1,N1) "
H=1.p0/ (KE- 1)

" CALCOLATE .AL & YN

14

10

15

" DO 10 N=1, N1
VI =1,

VI(2)=0.

EI=AL (N)

CALL DRKG(PE,VI,EI, EF,DE KE, 1)
DO 14 K=1,KE - .
YN(N,K)=EF(K)'

bY (¥, K) =DE (K)

CONTINUE

KL (N) =EX

CONTINUE -

CALCULATE BE & RN

DO- 11 N=1, N1

VI(1)=1.

VI (2)=0..

EI=BE (N)

' CALL DRKG (PE,VI, EI EP DE, KE 2)

DO 15 K=1,KE
EN(N, K)—EF(K)
DR (N, K) =DE (K)

.CONTINUE
BE (N) =EI

|

o
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.

11

17

13

50

61

71

i 9
CONTINUE

DO 12 N=1,K1 .
VI(1)=0. ' e

VI(2) =1.

EI=EP (N)
CALL DRKG(PE,VI,EI,EP,DE, KE ,1)
DO-16 K=1,KE -

FN(N,K)= EF(K)

DF (N,K) =DE (K)

‘CONTINUE ,
"EP(N) =EI

CONTINUE

DO 13 N=1,N1

VI (1)=0. A :
vVI(2)=1. ~
EI=GA (N)

CALL DRKG(PE,VI, EI EP DE, KE 2)

DO 17 K=1,KE

ZN (N, K) =EF (K)
DZ (N, K) =DE (K)
CONTINUE

GA(N) =EI

CONTINUE ., .

WRITE (8,71) (KL(N),N=1,N1)
WRITE (8,71) (EP(N),N=1,N1)
WRITE \(8,71). (BN (N) ,N=1,N1)
WRITE (8,71) (AN (N),N=1,N1)

WRITE (8,71) ((YIN(N, x),x 1,KE,10) ,N=1,N1)

WRITE (8,71) ((FN(N,K),K=1,KE,10),N=1,N1)
WRITE (8,71) ((DY(N,K),K=1,KE,10),N=1,K1)

WRITE (8,71) ((DP(N,K),K=1,KE,10),N=1,N1)

WRITE (10,71) (BE(N),N=1, u1)
WRITE (10,71) (GA(N),N=1,N1)
WRITE .(10,71) (CH(N),N=1,N1)
WRITE (10,71) (DN (N),N=1,N1)

WRI'TE; (10,71) ((RN(N,K),K=1,KE, 10),N

=1,N1)

WRITE (10,71) ((ZWN(N,K) ,K=1,KE,10),N=1,N1)

WRITE (10,71) ((DR(N,K) ,K=1,KE, 10) ,N
WRITE (10,71) ((DZ(N, K),K 1,KE,10),N

FORMAT (4D20.10)

- FORMAT (8D15.6)

FORMAT (6D20. 10)
FORMAT (5D16.9)

.STOP
_END

SUBROUTINE DRKG(PE VI, EI EF,DE , KE, IN)
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19

12

" IF (IT.GE.2) GO TO 12
 ER1=ERR. R
EIG=EI S

IMPLICIT REAL*8 (A-H,0-2) &
DIMENSION VI(2),EF(201)‘DB(201)
SIGN= (=1) #*IN

H=1. DO/(KF—1) s

H2=H*H s :
CON=(8./(3. *PE))**2 s .
T9=: 0.5%H2 - . T

EF (1) =VI (1)

. DE())=VI(2)

EPS=0.1D-7

IMAX=20- \

IT=0 ~ ° L )
IT=IT+1, - #
IF (IT.GT.IMAX) GO TO 14
EI2=EI*EI o

T10=CON*EI2 : SR

X=0.

po 11 K=2,KE,
T1=EF (K~ 1)
T2=DE (K~ 1) *H
T3r(T9*EIZ*(T10+SIGN*(1 ~X*X))) *T1

L

 X=X+0.5%H
C TU=T140.5%T2+0. 25*T3 b

TS-(T9*EIZ*(T10+SIGN*(1 -X*X))) *T4
X=X+0.5%H

"TY4=T1+T2+T5

Ts;(Tgrzxz*(T10+SIG§¢(1Z4X*k)))*Tu

CTT=(T3+2.%T5) /3. °
- T8=(T3+U4.*TS5+T6) /3.

EF (K} =T 1+T2+T7 * L
DE'(K) = (T2+T8) /H o

- CONTINUE

ERR=EF(KE) .
IF (IN.EQ.1) ERR=DE(KE)
F .(DABS (ERR) .LE.EPS) GO TO 14

————

o

.

EI=EI+0. 001 : A
Go TO 10 . e
ER2=ERR S
AK=(EI~ EIG)/(EBZ—ER1)' i
EIG=E1 L o
EI=EI-~ER2*AK ) o

_ER1=ER2

GO TO®10 - - ’ : L
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14 CONTINUE _ _ Lo
WRITE (6,60) IT,PE,EI . -
~ 60 FORMAT ('0*,'NO.. OF ITERATION =',I3,5X,'PECLECT NO. =1
o 1 D8.1,5X,'EIGENVALUE =',D20. 12) ~ ‘
" RETURN ‘ o T
END :

14



50
51

10 -

11

12 -

1
2

INPLICIT REAI."‘B (A~H,0~2)

DIMENSION RN(20,201),YN(20,201),PN(20,201)
/2N (20,201) ,AL (20) ,BE (20) ,BP (20) ,GA(20) ,G (40)
,DT (20,20) ,T1(§600) ,T2(201) ,E (40, uO),p(zo 20)
.Q(20,20) , PH

201) +PY (20,2017)

-REAL*8 L1(40),n1 (“0)

" READ

WRITE

FORMAT (D8.1){
PORMAT ('0°,

N1=20

(5,5) PE

(6,6)

N2=N1%2
‘KE=201

THE=1.

H=0. OOSDO

READ
READ
READ
READ
READ
READ

‘READ

"READ
FORMAT (1X,4D20.12)
FORMAT {1X,5D16.9)

DO 1Q. I=1,N2

(15, 50)

(15,50)

(15,50)
(15,50)
(15,51)

{(15,51)

(15,51),
{(15,51)

ECLECT KO. =',D10.2)

.

(AL (N) ,N=1,H1)
(BE(N).,N=1,N1)
(EP (N) ,N=1,N1) °
(GA (N) ,N=1,N1)

((YN (N, K),K11 KE) , N=1 N1)

((RN (N,K) ,K=1,KE) ,N=1,N1)
((FN(N,K),K=1,KE),N=1,N1)
((ZNAN,K) ,K=1,KE) ,N=1,N1)

CALL ORTH (RK,P,PH,N1, KE H) t
"WRITE

WRITE

(6,66)
(6,60)

((p(xr,qy,J=1, N1),I 1 N1)

CALL ORTH(YN,Q,PY,N1,KE, H)

WRITE

" WRITE

(6,67)
(6,60) -

((Q(x,J),Jd= 1,N1),1 1, N1)

CALL EMA(XL,BE,PH,PY,P,Q,N1,KE,H, E)

o4(1) =0

DO 12 H=1,K1
DO 11 K=1,KE
-T1(K)—°H(N K)

-

CALL DQSF(H, T1 T2,KE)
G (N) =THE*T2 (KE) 4

K=1

DO 13 J=1,N2
DO 13 I=1,N2
=E (I,J)

T1(K)

- i S
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13

14

15

16

17

60
6.1
66

68
71

K=K+ 1"

WRITE (6,68) . o

. EPS=0.1D=7
- CALL DGELG(G,T1,N2,1, Eps 1ER)

WRITE (6,61) Ipa
WRITE (6,60) (G(I),I=1,N2)
WVRITE (7,71) (G(I),I=1,N2)

CALL ORTH (ZN,P,PH,N1,KE, H)

"WRITE (6,66)

WRITE (6,60) ((P(I,Jd),J=1,81),I=1,N1)
CALL ORTH (FN,Q,PY,N1,KE, u)

WRITE (6,67)

WRITE (6,60) ((Q(I,Jd),J=1,81),I=1,K1)
CALL EMA(EP,GA,PH,PY, P,Q.u1 KE, H,E)
DO 14 I=1,K2

G(I)=0.

DO 16 N=1,N1

‘DO 15 K=1,KE

72=H* (K- 1)
T1(K)=Z*%PH (N, K)

CALL DQSF (H,T1,T2,KE)
G (N) ==T2 (KE)

K=1 ,

DO 17 J=1,N2

DO 17 I=1,N2

T1(K)=E(I,J) A : . _

K K"1 ' . 2 . . - °
WRITE (6,68) -

CALL DGELG(G,T1,N2, 1 EPS,1ER)-

WRITE (6,61) IER '

WRITE (6,60) - {(G(I),F=1,K2)

WRITE (7,71) (G(I),I=1,N2)

FORMAT (8D15.7)
FORMAT (*0*,*ERROR INDICATOR OF DGELG', IS)

 FORMAT ('0°*,*P/ MATRIX')

FORMASD ('0',*Q MATRIX') ~ ?
FORMAT ('O',*THE COEFFICIENTS')

FORMAT (4D20. 10y -

STOoP .

- ERD

SUBROUTINE .ORTH (RN,P,PH,N1,KE, H)
INPLICIT REAL*8 (A-H,0~-%Z) '

"DIMENSION RN(;o,zo1),rd(a00),T2(2o1),p(2oy

384



11

12

13

14

15

16

17

18
3

19
29

2G

1 .

Bl

REAL*8 L1(20) H1(20)
o 12 A=1,N

DO 12 N=n, N1

Do 11 K=1,KE

TY (K) =RN(M,K) *RN (N, K)
CALL DQSP(H,T1,T2,KF)
DT (K, N) =T2 (KE)

DT (N, M) =T2 (KE)
CONTINUDER .

/DT (20,20) ,A(20,20),P(20,20) ,PH (20,201

D(1)—DSQRT(DABS(DT(1,1)))

DO 14 N=2,N1
K=1

DO 13 J=1,N
po 13 ' 1=1,N
T1(K)=DT(I,J)
K=K+ 1.

D(N)—DSQRT(DABS(D1))
CONTINUE

Do 15 J=1,u1

DO 15 1=1,M1

A (X,J)=0
P(I,J\A=0.
DO 21 N=3,N1
IN=N-1
DO 21 J=1)N
DO 29 IR=1,N
IF (IR-J) 16,29,17
K=IR
GO TO 18
K=IR=1
CONTINUE
DO 19 IC=1,IN
A(K,IC)'DT(IR I0),
TINUE
TINOFE
x t
Do 20 1C=1, IN
DO 20 IR=1,IN
T1(K)=A(IR,IC)
K=K+1

CALL DBINV(T1 IN, D1 L1, M1)

P(N,J)=D1

~ CALL DMINV(T1,N,D1,L1,N1)

~)

385
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21 CONTINOE
DO 22 J=1,mM
Do 22 1=1,N1 ' o
22 A(I,J)=0. ,
A(1,0)=1./D(Y) ’ g
DEN=D (1) *D (2)
A(2,1)==DT (2, 1) /DEN
A(2,2)=DT(1,1)/DEN
DO 23 N=3,N1
DEN=D (N) *D (N-1)
DO 23 J=1,N
I=N+J 2
ANN=(=1,) **T*P(N,J)
A(N,J) =ANM/DEN
23 CONTINUE
K=1 .
DO 24 J=1,N1 - R
DO 24 I=1,N1 .
T1(K)=A (1,9
24 K=K+ 1 ]
CALL DMINV(T*',N1,D1,L1, n1)
DO 25 J=1,N1 ‘)
DO 25 1=1,u1
25 P(I,J)=0. - o ?
K=1 .
DO 26 J=1,N1 ,
DO 26 I=1,N1 A o
P(L,J)=T1(K) ¢ .
26 K=K+1 ) _
po 27 K=1,KE : . °
DO 27 N=1,N1 . o
27 PH(N,K)=0. ,
po 28 J=1,H1
DO 28 X=1,KE
DO 28 N=1,J
. 28  PH(J,K)=PH(J,K)+A(J,N)*BRN (N,K)
) RETURN A ~
END
SUBROUTINE EMA(AL,BE, PHSPY, p,Q,n1 KE,H, E)
INPLICIT REAL*8 (A-H,0-2)
DIMENSION PH(20,201),PY(20,201),P(20,20),0Q0(20,20) °
1 L,E(40,40),T1(201),T2(201), BE2(20),AL2(20)
2 ,DT(20, 20),AL(20),BE(20) o
N2=N1%2 .
DO 10 N=1,N1 ¢
AL2 (N) =AL (N) #*3

,-F‘ ’ v/’\‘

0.
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15-

10 .

13

14,

1%

BE2.(N) =BE (N) #%2 .

<

‘DO 13 J=1,K1 ' %f

po 13 I=1,KN1
DT(I,J)=0.. _
pe 11 J=1,N2 o
DO 11 I=1,N2 '
E(1,J)=0:

DO 15 H=3,K1 7 -
.DO 15 N=1,N1 o < a
DO 14 K=1,KE
T1(K)“PH(H,K)*PY(N K)
CALL DQSF(H,T1,T2,KEf
DT (M, N)=T2 (KE)
CONTINUE

—

DO, 17 M=1,N1.

.DO 17 N=M,N1

B (M, N) P(H M)
E(N1+M,N1+N) = ALZ(N)*Q(N M)
CONTINUE

DO ‘20 IR=1,N%t.

[

387

19

20

©

DO 20 IC=1,N1

Cc1=0.
c2=0. ‘ |
po 19 J=1,IC

" C1=C1+4Q (IC,J) *DT(IR,J)

C2=C2+P (IC,J) *DT (J, IR)

- CONTINUE"

E (IR, N14IC) ==-C1
E (N1+IR, IC)“BE2(IC)*C2~
CONTINGE

'RETURN

END e,

12
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1
2
3
4
5

'Y

"PROGRAM FOR CHAPTER 11T
o

« S .

IHPLICIT REAL*S(A H ,0-2)

- DIMENSION. 002(41),PT:(u1),PTZ(a1),zy(30)

#A3(41),B3(41), C3(41) ,A5(41) ,B5(41),C5(41)
¢D5 (41), 25(41),6(41) caA(u1),X(30) - o
WL, vu(u1),p0(u1),rn(u1) :

. I.BE(ZO) GA(20) ,BE2(20) ,GA2(20) ,RN(20321)

-, 2N (20,21), DRN(20421),DZH(20 21),CN(20), DN (20)

COMMON /A/M, NI, M1 :

COMMON /B/BE2,GAZ,CN,DN,RN, zn DRN DZN, N1, K1,

READ (5,5). PE,PR,L1,IN, IB ID

READ - (5,6) (X(L) L= 1 LY

WRITE (6,7) PE,PR,L1,IN,IE,ID _

FORMAT (2F5.1 012) , e e

" FORNAT. (13F6. 3)

1‘

FORMAT ('1','PECLECT NO.=',F5.1 5x,'PRANDTL uo._
,D9.2,5X, 313 'INDICATOR*' 2)
I1=15

‘N1=20 : L
K1=21 . o

M=40
EPS= O 1D~-5
AI=N~1

388

50

Mi=M+1
DZ=0C.025D0
DZ2=DZ*DZ
DZ4=DpZ2%DZ2
PO (1) =0.D0
PU(41) =0.D0
TH(1)=0.D0
TH(M1)=0.DO
W(1)=0.0D0 .
W(M1)=0.DO .

NN (1) =0.D0 .

_WN(M1) =0.DO e

_READ (15,50) ((DRN (N, Kf K1 /21) ,R=1,N1) .

THE=1. o :
READ  (15,50) - (BE (N) ,N=1,N1)

READ (15,50) (GA(N),N=1,N1)

READ (15,50), (CN (W) ,§=1,N1)

READ (15,50) (DN(N),N 1,N1)

READ “(15,50) ( (RN (N,K),K=1,21), N= 1 N1)
READ (15,50) ({(ZN (K,K),K=1,21),8<1,N1)

READ (15,50) ((DZN¥ (N, K) , K= 1,21) ,8=1,N1)
FORMAT (5D16.9).
DO 10 N=1,K1

BEZ(N)=BE(N)**2

g
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44

.15

éA2(N)=GA(nyf*2

CONTINUE
DO 41 K= 2,8

DOZ (K)=3. DO* (1.D0-2. DO*DZ*(K—1))

Al1=K
W (K)=2. *(1 °A1/H) o
CONTIHUE '

a

~.DO 100 L= IN, IE‘

xk=x(L) . o
¥RITE (6, 163). X (L)
CALL BTEM (ID,XA,PTX,PTZ2)
WRITE (6, 164)

WRITE (6, 160) (pTX(x),x=1,n1y

WRITE (6, 160) (PTZ(K) ,K=1,01)

“IRA=1

IA=1_
RA=1708.0D0
A=2.50D0.

CONTINUE

X1= (A*DZ) ¥%2,/0.6D1
X2=(A*DZ) **llt/O 36D 3

389

1

X3= (A%DZ) **2/0. 12D2

B3 (1)==12.D0

C3(1)=0"

‘DO T1 K=2,1

A3 (K)=1.D0-X3 .

‘B3 (K)==2.D0~X3*10'"
C3.(K)=A3(K) . L
CONTINUE L

B3 (M1)==12. DO. S
'A3(M1)=0.D0 -t o
C5(1)=2684.D0*X1-240. no
‘D5 (1) =96.D0*X 1~ 120 DO

- BE5 (1)=0.D0O

BS (2) =56.D0*X2-8. DO*X1 4.D0 -
C5(2) =247 .D0*X2+17.D0*X1+7.D0

D5 (2)=B51(2)

E5(2)=1.D0-X1+X2

€5 ¢3) =246 .DO*X2+18. DO*X1+6 DO

DO 12 K=3,mI
A5 (K) =ES (2) : -
BS (K) =B5 (2) )

5 (K) =C5 (3)

" - D5 (K)=B5(2)

ES(R)535(2) ‘



12

CONTINUE

AS (M) =ES5 (2)
BS (M) =B5 (2).
C5 (M) =C5 (2)
D5 (M) =B5 (2)
ES (M) =0.D0
A5 (M1) =0.DO
B5 (M1) =D5(1) -

. Cc5(M1)=c57(1)

v

D5 (M1) =0.DO

’ES(M1)~O DO

C START ITERATION

111'

60

63

I=1
DO 60 K=1,M1

G (K) =W (K) *DUZ (K) *DZ2
CALL TRID(A3,B3,€3,G, PU)
TENP4=16.D00/3.D0

DO 63 K=1,M1

G(K)-TEHPQ*PU(K)/PR*PTX(K)+H(K)*PTZ(K)

G(K)*G(K)*DZ?
CALL TRID(A3,B3, C3 G,TH)
DO 67 K=1,M1

390

67

70-

75
72

73

G (K) =A*A*RA*TH (K) *D24

"CALL PENTAD (AS, BS cs, DS ES G, ?N)
" A1=0.0D0O .

A2=0.0D0

DO 70 K=1,M1.
A1=RA1+W (K) *%2
A2=A2+WN (K) *%2

RAN= RA*DSQRT(A1/A2)
A1=0.0D0 ™

A2=0.0DO

DO 75 K=1,81

Al= A1+DABS(HH(K)-H(K))
A2%=A2+DABS (WX (K))
TENP1=A1/22 o

IF (TEMP1.LE, EPS) GO To 73
DO 72 K=1,m1

W(K)= HH(K)*BANABA

RA=RAN

I=I+1

TF (I.LE. I1) CO TO 11

- CONTINUE
WRITE (6,161) I,A,RA,TENP1

" CRA(IA)=RA

"A=R+0.1D0O/IRA

,

b3
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o IA=IA+1
: " IF (TA.LE.3) GO TO 15
SIGN= (CRA (IA=1) =CRA (IA- 2))*(CRA(IA 2)-CRA(IA—3))
IF (SIGN) 13,13,15 .
13 CONTINUE \
" IP (IRA.GE.100) GO TG 1a
A=A-3%0.1/IRA " - . : o . :
_IRA= IRA®X10 . R : _ °
- CRA (1) CRA(IA-B) R L
IA=2 | o
A=A+0. 1/IRA
. GO TO:- 15 , : .
14 CONTINOE. -~ ° = =~ o B ) e
100 CONTINUE ' ‘
160 ,FORMAT (8D15. 6) -
. 161  FOBRMAT ('0',°*NO. OF ITERATION-',I# sx,'wavz no“»
o -1 . D12.5,5X,'RAYLEIGH ¥0.=',D15.7,5X, "ERROR= ,D15 6)
163 FORMAT® (to' *AXIAL POSITIOH AT*,D12.4) = . -
164 FORMAT (*0°*,°*THE DERIVATIVE or TEHPERATURE',//)

T
i

, - stop .
LA .END : o ’ ”
o SUBROUTINE BTEM (1D, %, PTY, PTZ)
\-y'n,-.;- 5

IMPLICIT REAL*8 (A-H,0-2)
_ DIMENSIOR prx(uI).pTZ(u1),532(20),ze(zo) cu(zo)
1. ,DR(20),RN(20,21), 23(20 21) DRN (20, 21),DZN(20 2n
COMMON /A/M, BT M1 .
‘COMMON. /B/BE2, Glz CN,DN, RN, ZN, DRN DZN N1, x1 , -
"IF (ID.EQ.1) 6Q-. TO 22 , o er
DO 33 K=1,M1 : S
. PTZ (K) =1.
PTX (K) =0.
‘DO 34 N=1,N1 R
T1= szp(-thzz(n)) : ° : . A
| T2=DEXP (~X*GA2 (N)) A L. @
* IF (K-K1) 35,35,36. . : B T
- 35 KK=K1=-K+1 o g
> PTX(K)= PTX(K)-CN(N)*BEZ(N)*RN(N KK)*T1+DH(H)*GA2(N)
.1 *ZN{(N,KK) *T2
L PTZ(K)—PTZ(K)~CN(N)*DRN(N KK)*T1+DN(U)*DZN(N KK)*T2
4 , GO TOQ 34 -
° 36 ' KK=KxK1+1
PTX (K) = PTX(K)-CN(N)*BBZ(N)*RN(B KK)*T1 DN(N)*GAZ(M
1  *ZN(N,KK) *T2
PTZA(K) = PTZ(K3+CN(u)kDRu(u KK)*T1+DN(N)*DzniN KK)*TZ
34  EGONTINUE ‘
* PTZ(K)==PTZ (K) "

B



T 392

1

.‘PTX(K)-—O S*PTX(K)
'CONTINUE

33

T 220

RETURN:
CONTINUE
DO 23 K=1,41

PTZ(K)=0,"

PTX (K)=0.

DO 24 N=1,N1.

T1=DEXP (~X*BE2 (§) )

" T2=DEXP (=X*GA2 (N))

25

- 26

- _ ‘
" PTZ(K)= PTZ(K)-CN(R)*DRN(N KK)*T1+DN(N)*DZN(N KK)*TZ

1

24 ¢

PTX (K)==0.5%PTX (K)

IF (K-K1) 25, 25,26 —

KK=K 1~K+1 * ‘ :
PTX (K) =PTX (K) +CN (N) *BE2 (N) *RN (N, KK) *T 1=
DN (N) *GA2 (N) *ZN (N, KK) *T2

GO TO 24
KK=K=K1+1
PTX(K)—PTX(K)#CN(N)*BEZ(H)*RN(N KK)*T1+

DN (N)*GA2 (N) *ZN (N, KK) *T2 ‘
PTZ(K) PTZ(K)+CR(N)*DRN(N KK)*T1+ﬁT(N)*DZN(N KK)*TZ
CONTINUE . . ,

23

PF2Z (K) ==PTZ (K) , v o
CONTINUE L o S

"RETURN . , “;. o : .

END. - e ' S e
SUBROUTINE TRID(A B,C,D, PF)

- DOUBLE PRECISION. A(51),5151) C(51).D(51).F(§U
T ' :

#BP(51),0¢51) ,H(5"), pr(51)
COMMON /A/M, NI, M1
BP (2) =C (2) /B (2)
Q(2) D(2) /B(2)

P01 K=3,MI

H(K)= B(K)-A(x)*sp(x-1)
BP (K) =C(K) /H (K) ‘
Q(K)“(D(K)-A(K)*Q(K-1))/H(K)

- CONTINUE

F (M) = (D (#)~ 5 (®) *0 (u1))/ (B (M) -A (H) *BP(HI) )
DO 2 RK=2,M . '

- . K=M1=KK’
F(K)= Q(K)-BP(K)*P(K#T)

CONTINUE

‘PF (2) =({10. DO*F(2) +F(3)) /12

DO.3 K=3,mI

,Pp(x)—(r(x—1)+1o bo*F(K)fP(K+1))/12

CONTINGE o , Y
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» FF(H)=(F(HI)+10*F(H))/12 P

RETURN
_END -
SUBROUTINE PBNTAD(A B C,D,E,F,uN)

'DOUBLE PRECISION A(u1),3(u1) C(Q1),D(Q1),E(u"“
1T Y(41) ,6N(41) OHGA(Q1),BETA(Q1) Gnnu(u1),u(a
'COMMON. /A/M, BRI, N1 ]
OMGA (1) =C(1) I ,
BETA (1) =D (1) s0m6A (1) = = - \
GANM (1) =E(1) /OMGA (1) o
DELT (2) =B(2) R . . SN
OMGA (2) = C(2)—DELT(2)*BETA(1) ' ‘ .
BETA (2) =(D(2) DELT(Z)*GAHH(1))/OHGA(2)
GAHH(Z)“E(2)/OHGA(2) . ,

DELT (4 1)

- .DO 10 N=3,M1

DELT (N) =B (N)—A (N) *BETA (N-2)
OMGA(N)—C(N)-A(N)*GAHH(N~2)-DELT(N)%BETA(H—1)
‘BETA(E)—(D(N)-DELT(N)*Gann(u-1))/oncn(u)

SRy,

.

10 GAMM (N)=E (N) /ONGA (N)
‘BETA(M1)=0.D0 =
GAME (N1)=0.D0 . . R ,
GAHH(H)~O DO B o : ’ ) RS
.n|l)—r‘l)/UﬂbB(l’ .
”H(Z)—(F(Z)—DBLT(2)*H(1))/OHGA(2) - *
DO 20 N=3,M1 ' :
.20 H(u)—(p(N)-A(N)*H(N-z) DBLT(N)*H(N-1))/OHGA(B)
C Y (M1)=H(M1) . ‘ A -
Y (M) =H (M) ~ BETA(H)*Y(H1) o .
DO 30 KK=1,MI
' I=M=-KK =
‘30 Y (I)=H(I)~- BETA(}i*Y(I*1) GAHH(I)*Y(I+2)
: HN(z)—(56*!(1)+2n7*1(2)+56tr(3)+r(u))/360
DO 40 K=3,MI
R VN(K)_(Y(K-2)+56*1(K-1)+2u6*r(x)+56*Y(K+1)+1(x+2))/360
40 CONTINUE

vUN(H)-(!(H-Z)056*1(HI)*2Q7*Y(H)+S6*Y(H1))/360
RETURN
END -
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PROGRAM FOR CHAPTER IV
IMPLICIT REAL®S (A-H 0-7Y) ’
DIMENSION BU(41),DBU(41), me(u1),972(u1),pxX(u1)“
LPHI (41) ,A3(41),B3(41),C3(41) ,A5(41),B5(81)
“,c5(u11 D5 (41), £5( 1),r(u1) G(q1) LCRA(41) °.
(e, un4u1),pU(u1),TH(ua),PXX(u1),AFX(n1)
_ BE(ZO) GA (20) ,CN(20) ,DR(20) ,RN (20,21) '
',zu(20,21) DRN (20,21) ,DZN (20, 21),x(30),z1(30)
COMMON /A/M,MI, M1
. COMMON /B/BE,GA,CN,DN,RN,ZN, DRN, DZN
" READ- ‘(5,8) RAM1, RAHZ .
READ (5,5) PE, i1, IN,IE,ID L : .
- . READ (5,7) (X(L),L=1 L1) ' . .
- ' WRITE (6,6) PE o :
FORMAT (F5.1,4I2) . _ :
FORMAT ('0°, 'PECTECT NO. =',P5.1,///)
FORMAT (13P6.3) o .
"FORMAT (2F6.3) = -
N1=20 _
PR=10. ‘ o : ‘ BN
I1=15 . : ~ :
THE=1.. ‘ e _
EPS=0. 19-5'» , T .

NN & W

o

9

e RSN NE) ]

u=00
.ﬂI:H-_'] 3 : . : -
H“‘:ug]» . . . ) .,
K1=M/2+1" - R . o ‘ o o
f2=1.D0/M . e :
DZ2=DZ*DZ
DZU4=DZ2#*DZ2" e
PU (1) =0 .
PO(M1)=0.  ° ‘ ‘ - : ‘
¥ (1)=0.~ ° B
W(81)=0 IR
an(1)-o. ) . : :
“WN(M1)=0. | ' , ' s '
TH (1) =0. ST - n
TH(M1)=0."° : ' ’
C ‘READ IN THE ANALYTIC SOLUTION OF. BASIC FLOW
READ (15,50) (BE(N) N=1,N1) .
u READ (15,50) N) ,N= 1»u1)
- READ (15,50) (V, 3 ,N:1.N1)
- READ (15,50) (DN (H),N=1,81)
JREAD (15,50) K) . K=1,21) ,N=1,N1)
READ (15,588 ((Z } /K=1,21) ,8=1,KN1) E
_READ (15,58) »K) ,K=1,21) ,48=1,81) o ,
READ (15,50) b N, K) ,K=1,21) ,8=1,N1) ' T
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FORMAT (5D16.9)

C CALCULATE THE VELOCITY FIELD

. 30
31

DO 30 K=1,NM1 S
2=DZ* (K-1) . o .
BU(K)=3.D0* (Z-2#%2)

" DBU (K) =3. DO*(1 -2.*2)

CONTINUE
WRITE (6,31). , .
FORMAT (1HO, °*BASIC VELOCITY PROFILE')
WRITE (6,60) (BU(K),K=1,M1)

. ¥RITE (6,60) (DBU(K),R=1,81)

C DEFINE THE INITIAL PERTURBATION VELOCITY

DO 38 K=2,m .

T3=K
W (K)=2.%(1.-T3/M)
38 CONTINUE N
‘ DO 100 L=IN,IE A S SR ,
WRITE (6,69) X'(L) - e ) o o
XA=X (L) - :
© CALL TEHP(ID DZ, XA, PHI pmx , PTZ, PXX)
"WRITE (6,70) . ¢
"WRITE (6,60) (PXX(K),K=1,81)
—WRMLTE (6,60) (BTX(K),K=1,M1)
WRITE-(6,60) (PHI(K),K=1,n1)
NRITE (6, 60)°(BTZ(K),K-1 LEVI '
DO 39 K=1,mY A
P (K) =1~ RAH1*PHI(K)+RAHZ*PHI(K)**2
S PXX(K)=-RA51*PXX(K)#2 *RAHZ*(PTX(K)**Z#PHI(K)*PXX(K))
39 CONTINUE
. IA=1 v . )
’ IRA=1"’ K
. WA=2.5D0 o ' _ e
RA=1.D5 SR e |
15 _CONTINUE. ° : .

o

WA2=WA*WX . - o {
X1=WA2*DZ2/6 R ‘
X2= WA2*WA24DZU /360 o -
X3=x1/2 . e

o8 DEFINE THE MATRICES

I

°

C€3(K)=Cc3(2) = - @ S

B3(2)==2.D0-10.D0*X3 b
C3(2) =1.00-X3 - - B E

- DO 11 K=3,M o o , Lo S

A3(K)=c3(2),- e
B3 (K) =B 3(2) .

1. CONTINUE o R



C5 (1) =264. PO*X1-240.D0
'D5 (1) =96.D0*X 1= 1zb.oo

E5 (1) =0.D0 : .

BS (2) =56. DO*X2-8,$?*X1-4&DO ’ e
C5 (2) =247.D0*X2+1T%. DO*X1+47.D0 ‘

-D5 (2)=B5(2) . . : “ 4 o

ES5 (2) =1.D0=-X1+X2 : ' : oL

€5(3) =246.D0*X2+18.D0*X1+46.D0
D0 12 K=3,8I B
A5 (K) =E5:(2)

B5 (K) =BS5S (2) ya
C5 (K) =C5 (3) , ‘
DS (K) =B5 (2) ' , ~ T
E5 (K) =ES (2) ) . ,
12 .CONTINUE - : o

AS (M) =ES (2)

B5 (M) =B5 (2)

C5 (M) =C5(2) '

DS (M) =BS (2)

E5 (M) =0.DO0 .

A5 (M1)=0.D0 -
‘B5 (M1)=DS (1) : E
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O

C5 (NT)=C5(M)
D5 (M1)=0.DO
ES5 (#1)=0.D0 ) s
T1=(16.D0/ (3*PE)) **2
po 37 K=1,n1
 AFX(K)= HAZ*F(K)-T1*FXX(K) : : :
37 CONTINUE - . oo ¢

€ START THE ITERATIOH.

- I=1 :
1111 DO 80 K=2,M : )
- 80 G(K)=W(K)*DBU(K)*DzZ2 .
.. CALL TRID(A3,B3,C3,G,PU)
c CALCULATE THE TH .
. : T4=16.D0/3. :
po 81 K=2,4 °
- 6(R)= TQ*PU(K)/PR*PTX(K)+H($)*PTZ(K)
“81 G(K)=G(K)*DZ2 :
CALL TRID(A3,B3,C3,G TH) :

o

C CALCULATE THE NEW W , i : . 7

_ po 82 k=1,mM1
‘82 G(K)“AFX(K)*BA*TH(K)*DZQ
~ -CALL PENTAD(AS5,B5,CS, DS ES5,G, WN)
C CALCULATE THE NEW RAYLEIGH NU&BER v S s
T1=0. L . ,

.
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T2=0. . N
DO 83 K=1,M1 :
T1=T1+W (K) *%2
83 T2=T2+WN(K)*%2 - ]
RAN=RA*DSQRT (T1/T2)
. ' C CHECK THE CONVERGENCE' OF W
T1=0. | , .
T2=0. . . o
DO 84 R=1,M1
T1-T1+DABS(9(K) ~WN(K))’
84 T2=T2+DABS (VN1(K)) o ,
 T3=T1,/T2 : . , .
'IF (T37EPS) 1000,85,85 _ .
C READJUST W -
85 DO 86 K=2,N : -
86 W(K)= uu(x)*aau/aa» : ' - o
RA=RAN o . ) .
CI=I+1 , : S
“IF (I-I1) 1111,1111,1000 :
1000 CONTINUE =~ . . ' - o
WRITE (6,87) °I,WA,RA,T3 , .

" CRA (TA) =RA

WA=WA+0.1/IRA
_ IA=Ia+1 -
. IF (IA.LE.3) GO TO 15 E '
SIGN= (CRA (IA-~ 1)-CRA(IA-2))*(CRA(IA-Z)-CRA(IA—3))
_ IF (SIGN) 13,13,15 A . ’ p
+ 13 CORTINUE . T ‘ C
IF (IRA.GE.100) GO TO 14
WA=WA-3%0_,1/IRA"
IRA=IRA*10
CRA (1) = CRA(IA-3)
. IA=2 e
° WA=WA+0. 1/IRA
. GO TO 15 ,
14 CONTINUE R R .
WRITE (6 88) X(L),RAM1, RAN2 '
ZY(L) . : B . . .
100_CONTINUE ’ , ‘ » S
- WRITE (7, 671) (ZY(L) ,L=IN «IE) '
' 61 FORMAT (10?8 L
60  FORMAT (8D15.6) ‘ : .
69 FORMAT (180, *X=',D10.3) -
70 FORMAT (1HO, 'TEHPERATURE FIELD?') '
88 FORMAT (150 'X=',D10.3, 5x, 'RAu1=',D1o.q,5x 'RAHZ=!,D1O 3)

& : °
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e

87 FORMAT (140, *I=*,I3,5X,*'¥WAVE NO.=',D12.5,5X,

1 JYRAYLEIXGH NO, =" ,D20.1o,5x,-znnon='.o16.7)

’ < STOP ' '
END
SUBROUTINE TEHP(ID pZ,X,PHI, PTX,PTZ PXX)
IMPLICIT REAL*8 (A-H, o-r)
.DIMENSION BE(20) ,GA (20) ,BE2(20); GA2(20) azu(zo) GA4 (20)
1 ,RN(20,21),2K(20,21),DRN (20, 21),Dzu(2o 21, CN(20)
2 ,DR(20), PTX(41),PTZ(01),PXX(H1),PHI(QI)
CONMON /A/H, NI, H1 , L

. COMMON /B/BE,GA,CN,DN,RN, zn DRN, ozu '

N1=20 .
THE=1.
K1=21 o
po 10 N=1,K1
BB2(H)-BE(H)*BB(N)
GA2 (N) =GA (N) #GA [N)
"BE& (N) =BE2 (N) *BE2 (N)
GAU (N) =GA2 (N) *GA 2 (N)

10 /CONTINUE

IF (ID.EQ.1) GO TO 22 L . ‘ <

DO 33 K=1,M1 - s ‘

2=DZ% ll-i\ > <

Z=2%2.D0~1. DO ° ' .
 PHI(K) =1.+427,

PTZ(K)—1 : : -

PTX (K) = ’ = ‘ : L :

pXX(K)=o; . BN

DO 34 N=1,N1 o _ e
_T1=DEXP (~X*BE2 (N)) / U
T2=DEXP (-X*GA2(N)) : .

IF (K-K1) 35,35,36 B ' N

35 KRK=K1-K+1
PXX (K) = PXX(K)*CN(E)*BE“(H)*BH(H KK) *T1- D!(N)*GAa(u)
1 *ZN(N,KK) *T2
PTX (K) =PTX (K) cu(x)*azz(u)*au(n KK) *T1+DN (N) *GA 2 (N)
1 *ZN(N,KK) *T2 -
PHI (K) =PHI (K) +CN (N) *RN (¥, KK) *T14DN (N) $ZK (¥, KK) *T2
PTZ (K) =PTZ (K) ~CW (N) ¥DRN (N, KK) *T1+DN (NJ *DZN (,KK) *T2
GO TO 34

36 KK=K=K1+1.
pxx(x)-pXX(x)+cu4s)*szu(u)*ﬂu(u xx)*T1+Dn(x)*cau(u)
1 *ZN(N,KK)*T2
PTX(K)-PT!(K)-CN(N)*BBZ(R)*RH(N KK) *T1~-DB (¥) *GA2 (X)
1 *ZN(N,KK)*T2 .
PHI(K)—PHI(K)+CN(N)*RN(N xx)tr1+nu(n)*zu(n KK)*TZ



34

33

22

-

PTR (K} =PTZ (K) +CN (N
coqytmua

PXX(K) ==0.5%PXX (K)
PHI (K) ==0.5%PHI (K)
PTZ.(K) ==PTZ (K)
PTX (K) ==0.5*PTX (K)
CONTINUE -

RETURN

CONTINUE

DO 23 K=1,K1

PHI (K) =1.4THE

PTZ (K) =0.

PTX (K) =0.

PXX (K)=0.

- DO 24 N=1,N1

T1=DEXP (~X*BE2 (N) )

"T2=DEXP (-X*GA2 (N))

1

IF (K-K1) 25,25,26
KK=K1=K+1

PTX (K) =PTX (K) +CN (N) *BE2 (N) *RN (N, KK) *T 1-
DN (N) *GA2 (N)*ZN (N, KK) *T2 ,
PXX (K) =PXX (K) +CH (N) *BE4 (N) ®*RN (N, KK) *T1~

)} A AW Ko

21 DN (W)

. GO TO 24

- 26
1

1

24

23

1

KK=K=K1+1

PTX (K) =PTX (K) +CH (N) *BE2 (N) *RN (N, KK) ¢T1+
DN (N) *GA2 (N) *ZN (K, KK) *T2 _

PXX (K) =PXX (K) +CN (N) *BE4 (N) *RN (N, KK) *T1+
DN (N) *GAU (N) *ZN (N, KK) *T2

PHI (K)=PHI (K) +CH (N) *RN (N, KK)*T1+DN (N) *ZN (N, KK)*TZ

o f
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) *DRN (N, KK) *T 14 DN (N) *DZN (N,KK) *T2

G AL (B} KT NNy ) +P2
par(x)—pnr(x)+cu(u);nukn KK) *T1-DN (N) *ZN (N, KK)*TZ
—PTZ(K)—PTZ(K)-CN(N)*DRH(N KK)‘T1+Dl(l)*DZN(l;KK)*T2

PTZ (K) = PTZ(K)+CH(N)*DRN(N KK) *T1+DN (N) *DZN (N,KK) *T2

CONTINBE

PTX (K) =-0.5%PTX (K)
PTZ (K)==PTZ (K)

PHI (K) =-0. S*PHI (K)
PXX (K) ==0.5%PXX (K)
CONTINUE

RETURN

END

SUBROUTINE TRID(A,B,C, D FF)
DOUBLE PRECISION A(51 ,B(51), C(31),D(51) F (51)
BP(51),0(51) ,H(51),FF(51)

COMMON /A/N, NI, H1
BP (2) =C (2) /B (2)

P

7
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N
Q(2)=D(2) /B (2)
DO 1 K=3,MI
H(K) =B (K)~A (K) *BP (K- 1) ) o
BP(K) C{? /H(K) .

Q(K) = (DYK) -A (K)*Q (K=1)) /H (K)
CONTINUE 0 v
F(N)=(D(N)-A (M) *Q (NI)) 7 (B(N)-A(N) *BF(AI))
DO- 2 KK=2,MI
RK=M1-KK
F (K)=Q (K) =BP (K) *F (K+1)
CONTINUE ’ y 0
FF (2)=(10. DO‘P(2)0P(3))/12 ’
Do 3 K=3,M1
PF(K)—(F(K 1) #10.DO*F (K) ¢F (K+1)§ /12
CORTIRNUE
PP (M) =(F (AI)+10*F (M)) /12
RETURN
END _ )

SUBROUTINE PENTAD(A,B,C,D,E,P, ¥N)
DOUBLE PRECISION A(ul),a(u1) C(41),D(41) ,E(41) ,P(a1),
1.Y(41),8N(a1), oucn(a1),szrn(u1) GAMM(41) ,H(41),DELT (41)
COMMOR /A/M, NI, N1

I

e _OMGA(1)=C(1).

S 010

20

30

BETA (1) =D (1) /onGA (1}

GANN (1) =E (1) /ONGA (1)

DELT (2) =B (2) , ‘

ORGA (2) =C(2) - DELT (2) #BETA (1) - \ -
BETA(2)-(0(2)-DELT(2)‘GAHH(1))/OHGA(2)
GAMN (2) =E (2) /ONGA (2)

DO 10 N=3,M1-

DELT (N) =B (N) = A (N) *BETA (N-2)

OMGA (N) =C (N) =A (N) *GAMN (N-2) =DELT (¥) *BETA (N- 1)
BETA (§) = (D (N) =DELT (N) *GANN (N-1) ) /ONGA ()

GAMHE (N) =E (N) JOMGA (N).

BETA (1) =6. DO

GANM (M1) =0- DO

GANMN (M) =0. DO

H(1)=F (1) JONGA (1) o

H(2) = (P (2) =DELT (2) *H (1) ) JONGA (2)

DO 20 N=3,H1

s

H (N) = (F (N) - A(ﬂ)*ﬂ(N-Z)—DELT(l)'H(l?1))/OuGA(HV
Y (1) =H (n1)

Y (B) =H (8) ~BETA (M) *Y (H1) . | .

DO 30 KK=1,8I | R
I=H-KK | .

Y (I)=H(I)~-BETA(I)*Y ()'[41) GANN (I) *Y (I*Z)



40

o, B L7 - . ¢ -

-

,wu(2)=(56trw1)+2u7*7(2)+56§Y(3)+r(u))/360

DO 4.0 £=3,MI ’
UN(K)~(Y(K-2)+56*Y(K-1)02&6*Y(K)*56*Y(K+1)fY(K*Z))/JGO

- CONTINUE

HH(H)=(Y(B-2)456*Y(ﬂI)+2ﬂ7*Y(H)+56*Y(H1))/360
RETURN-

'END . o : - .

e o



PROGRAM FOR CHAPTER vV

<

402,

7

C DECK QaF ANALYTIC SOLUTION OF VISCOUS DISSIPATION,
IMPLICIT REAL%8 (A=— ~Hs0~-2),
’ DIMENSION EIGNE(IZ).EIGNO( 12).DZE(12).DZO(12)oDRZE(12)‘
17 DZRO(IZ).ZE(XZ-ZOI )+Z0(12+201),CE(12),C0(12),"

C

 WRITE.

2 THL(40+51)s TNU(40) +BNU(40) +BMT(40) +X(40)sT1(12+40)»
3 rv(zox).11(201).FZ(xo).sntxs)THU(ao.sl).TZ(xz.ao)
J1=6 o
I1=24 = ‘ <
READ (5,52) “(X(a’ =1,11) "
READ (5,+52) (BR W I=1sJ1)"
52, FORMAT (8D10.3)
L1=201 :
* N1=8 ;
K1=51
H=1+D0/(K1=1) -
DELT=1.D0
READ IN DATA , _ : _
READ (5+50) (EIGNE(N)+N=1,N1) . e
READ (5+50) (EIGNO(N)JN=1,N1) ' ¢
_ READ (5,50) (DZE(N) sN=1,N1)
: READ (S5s50) (DZO(N) +N=1,N1)
' READ (5.50) (DZRE(N) JN=1,N1)
. READ (5,50) (DZRO(N).N—I.NI)”
50 FORMAT (4020.10)
DO 55 N=1,Nt A o
55 READ (5,51) lZE(N.L)oL=i.Ll)
: DO 56 N=1,N1 ) .
56 READ (5.,51) (ZO(N-L)-L 1.e1) .
51 FORMAT (5D16.9) ' :
WRITE (6,61). : T
WRITE (6+471) C(EIGNE(N)sN=1,N1) "’
WRITE (6.,62) - :
WRITE (6+71) (EIGNO(N)sN=1,N1)
WRITE (6+63) ‘ - Co
WRITE (6+71) (DZE(N) oN=1,N1)
"WRITE (6,64) , '
WRITE (6+71) (DZO(N) oN=1,N1)
 WRITYE (6.:65) v ‘
WRITE (6+,71) (DZRE(N)+N=1,N1),
WRITE (6.66) . = - o
WRITE - (6+71) (DZROCN)sN=1,N1)
WRITE (Be+67) . . g S
WRITE (6+71) ((ZE(N+L)+L=1,L1)4N=1,N1)
WRITE (6.,68) : ' :
(6¢71) C(ZOINIL)sL=1,4L1)eN=1,N1) :



e

C CALCULATE
.00 21

VI

61

62
63
6a
65

66
67 -

68
71

75

20
79

69

"WRITE

<

FORMAT(IHO.D'EVEN EIGINVALUE')
*0DD ETGENVALUE?®)

FORMAT( tHO,
FORMAT(1HO,
FORMAT(1HO,
FORMAT (1HO,

"FORMAT(1HO,

FORMAT (1HO,

"FORMAT (1HO,
.6020.10)
'CALCULATE CE AND. CO

FORMAT (1H
READ. (5,50)

FORMAT (1HO,
(6,71)

e

*DZE")

*DZOY)Y |
*DZRE®*)

*DZRO")
‘ZE")
vzov)

(FZ(N);N=1sN1)-
WRITE (6,75)

¢ THE INTEGRAL OF FZ')

AFZ(N) 'N—l 'Nl)

DO 100 u= l-Jf

WRITE (6.70)
FORMAT (lHO-
DO_20 N=1,N1

Te= BR(J)*EIGNE(N)*FZ(N)/(DZE(N)*DZRE(N))
CE(N)=-2, DO*DELT/(EIGNE(N)ﬁDZRE(N))—3'00/2*T6
CO(N)=2. BO/(EIGNO(N) *DZRO(CN) )

"CONTINUE .
WRITE (7,79)
WRITE (7.79)
_FORMAT (aD20.
"WRITE (64+69)
FORMAT "(1HO,
WRITE (6.71)
WRITE (6.71)°

I—loll
(6.72’
K=1,K1

WRITE
Do 22

KE= (K-l)*d*l
L= H*(K—l)_ :
FB8Z= BR(J)*(I DO Z**4)*3/4

T5=0.D0
T6=0+00

BR(J)

‘BR"'DZO 1.0)

(CE(N)-N—I-NI)
(CO(N).N=1-N1)

10)

*THE COEFFICIENTS FO THE SERIES')

(CE(N)’N‘I:NI)
(CO(N)ON—I’NI)

X(I)

,

THUC( I,K)=0.D0 =
THL(1,K)=0,D0

DD, 23 N=1,Nt1
T1(NSI)=—EIGNE(N)**2%X (1)
—EIGNO(N)**Z*K(I)

T2(N+I)=

o

THE TEMPERATURE PROFILE

o

o

<

T3= CE(N)*ZE(N‘KI)*DEXP(TI(N.I))
Ta= CD(N)*ZO(N.KI)*DEXP(TZ(N-I))

TS=TS+T3+Ta
T6=T6+T3~Ta

" CONT INUE

¢

[

<

o

/- 403. .



- 404

THU(L+K)=Z+TS+FBZ
THL(I+K)=~Z+TE4FBZ
THU(T+K )=0.5D0%(1+D0=THUCL+K) )
THL(I+K)=0e500%(1+D0-THL (1+K))
22 CONTINUE . ,
WRITE (6'71)\(THU(I oK)vK'—fvil)
 WRITE (6+:71) YTHL(I oK) oK=14K1)
21-- CONTINUE " - . 3 o » C
.72 FORMAT (lHo._'x=-.Dl}éa.sx.'IEMpERKTURE_PRDFtLé')V
CALCULATE THE BULK MEAN JEMP. AND NUSSELT NUMBER
;D0 31 I=1,11 I © : R
T3=0.00 . . : R ' ' T
T4=0.D0 | L , o
Ts—o'oo ' ‘
DO 32 N=1,.N1 :
T3= T3+DZE(~)*CE(N)#DEXP(T1(N.x))/ElGNE(N)**z
"T4=Ta+CE(N)*DZE(N)¥DEXP(T1(N, 1)) - Y
_ TS5= T5+C0(N)*DZO(N)*DEXP(TZ(N.I)) ' :
32 CONTINUE
BMT(I1)=3.D0/2%(16. 00/35*8R(J)—T3) .
TNU(I)=(1.D00<~BR(JI*I+T4+T5) /(1 .D0~ BMT(I)L}# ,
UBNUCIIZ (1.D64BR(JI*3-TA+TS)/(1.0C+BMT (L)) %4
" WRITE (6,73) X(l).BMT(!).TNu(I) BNU(I) D P
31 CONTINUE 5
73 FORMAT (1HO. -x=-.Dx2,4.sx.'BMT .DaO.IO'SX-‘TNU"p

. D20.10+5SXe *BNU*=H,D20.10.)
1 CONTINUE '
ALL EXIT : ' :

END

P

PROGRAM FOR THE CASE OF vxscous DISSIPATION EFFECTS

IN PARALLEL~PLATE CHANNELS
CIMPLICIT REAL*8 (A=H.0-Z)

DIMENSION RN(20 +¢21) ¢ ZN( 20.21)sDRN(20¢21)'DZN(OZOQZI"

1 CN(20).DN(20).DUZ(41).pTZ(n1).PTx(41).A3(41)..= .

2 A5(41).55(41).c5(41).05(41).55141).F5(41g.03(41).‘

3 W(4a1) . WN(&1)4PU(A1) sTH(41) +,G(41),BETA(20:)+GAMA(20)

4  +B83(41),C3(419.X(50),CRA(41),BR(10),0PU(A41).DTH(41)"
s.va(ax).21(41).ANY(41).CRA¢20).REU(41).RE&(Al).RET(al)

COMMON MoMI 4 M1 .

L1=24 e T
o ‘READ (S5,.7) (x«I).x—x.Lx) o : S :

7 FORMAT (8D10.3) ' ' : . .
oJd1=1" , ) : _ o . .
J=1 , ' ' : o :
BR(1)=-100.
N1=8 .
11=20 '




e ©
M=40 ,
EPS=0¢1D-5 S e
 MI=M-—1- o '
M1=M+1
Kl=M/2+1

”READ IN THE ANALYTIC SOLUTIONﬁOF THE MAIN FLOW

158
150
151

152

153

155

9

161

CTH(M1)=0.D0
W(1)=0.000

DZ=0,025D0
DZ2=0Z*DZ oL
DZ4=DZ2%DZ2 . | -

'PU(I) 0.DO-
.pu(Mr)—O.DO

TH(1)=0.D0

W(ML3=0.00 .
WN(1)=0.D0 . . = =
wN(M1)=0.00 -

RE AD (5,154) (BETA(N)oN 1.N1)
READ (Ss154) - (GAMA(N)'N 1,N1)
FORMAT (4D20.10)

DO 1S5S0 N=1,N1

READ (5,155) (RN(N.I)-I—I.KI)

DO 151 N=1,N1

READ (54155). (ZNI(N-I)elz1,K1)
DG 152 N=1,N1

READ (5,155)  (DRN(N+I),1=1,KF)

DO 153 N=1,N1 . ' ‘
READ (S5+15S5) (DZN(Ns1),1=1,K1)
FORMAT (5016.9) ' _ , o
DO 9 N=1,N1 : e

RN (N+21)=0,DO"

DRN(N,1)=0.D0

"DZN(N+1)=1.0D0
. CONTINUE )
WRITE ALL DATA OUT

WRITE (6,161)
FORMAT (1H 4°*INRPUT DATA')
WRITE (6+5160) (BETA(N)sN=1,N1)

"WRITE (6+160) (GAMA(N)-N=IJN1)‘

160

163

164

WRITE (6,162) o Co.
FORMAT (1H +*RN VALUE®')

WRITE (6-160, ((RN(N'K)OK“I IKl)’N— 1 sN1)

FORMAT.(IH s 7D17.9)
WRITE (6(163) :
FORMAT (1H ,'"ZN VLAUE')

WRITE (6+160) ((ZN({N.K) K= 1.K1).N—1.N1).

WRITE (6,164)
FORMAT  (1H s *DRN VALUE‘)‘

405



0,

_WRITE (6+160) ((DRN(~.&).Ksl.xxJ.N=1.~i) : ' .
. WRITE (6.165) - . L
165 FORMAT (1H » *DZIN’ VLAUE') ' o
WRITE (6'160) ((DZN(N-K).K l'Kl)'N—l'Nl)
. C CALCULATE THE VELOCITY GRADIENT' OF THE. MAIN FLOw
’ . -D0 a2 k=1,M1 ‘
. DUZ(K)=3 .oo*(x.oo 2. DO*QZ*(K-!))
42 CONTINUE o
: WRITE (6+160) (DUZ(K).K=1.M1) S .
. X(31)20.7 '
X{32)=10.
S X(33)=100."
WRITE (6+21) BR(J)
21 FORMAT (1HOs *BR=',D15.5)
READ (5,158) (CN(I)eI=1,N1) S ' : S
READ (S+154) (DN(I}-I 1.N1) S R
WRITE (6,166) ‘ . 4 L
166 FORMAT (1H +°'CN AND DN VLAUE") ’
- WRITE - (6+160) CCN(N) oN=1 ¢ N1 )
WRITE (6+160) (DN(N) oN=1,N1)
DO 100 JP=1,3 ' '
PR=X(304+JP) o o
DO. 100 “L=1,L1 . : ' LT .
WRITE (6,180) BR(J).X(L)
180 FORMAT (*0BR=%301T04¢5Xs *X=0+D110.4) : :
C CALCULATE THE: TEMPERATURE GRADIENT OF THR MAIN FLOW.
. * DO 43 K=1,.M1
PTX(K)=0.0D00

Z=DZ*(K~—1) : ' o . , ¢

PTZ(K)=1.D0~3.D0%BR(J) *(2. oo*z—n.oo»**s
DO 44 N=1,N1 e
AL==X(L)*®(BETA(N) *%2)
'A2 =X(L)*(GAMA(N)*%2)
{K=K1) 45.45,46
"as PTX(K)‘PTX(K)—CN(N)*BETA(N)#tZ*RN(NoKl—K*l)*DEXP(Al)
1 +DNUN) *GAMA(N) **¥2% ZN(N,K1-K+1 ) *DEXP (A2) . £
PTZ(K)=PTZ(K)~CNIN) *ORN{(N,K1~— K+l)*DEXP(Al)+DN(N)
1 *DZN(N, Kl-K+l)¥DEXP(A2) L
GO 'TO 44 B
46 PTX(K)—PTX(K)-CN(N)*BETA(N)#*Z*RN(N.K Kl+l)*DEXP(Al)
1 —DN(N) *GAMA(N) **x2% ZN(NsK=K1+1 ) *DEXP(A2) L
PTZ(K)=PTZ(K)+CN(N)*DRN(N.K~- Kl+1)*DEXP(A1)+DN(N)
: 1 *DZN(N.K-KI*I)*DEXP(AZ)
44 CONTINUE '
PTX(K)=-03SDO*PTX(K)
PTZ(K)==PTZ(K) o :
43 CONTINUE _ - : o
WRITE (6,167) '
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167 FORMAT €1H o+*THE TEMP.. GRADIENT oF MAIN FLOW')

WRITE: (65160) (PTX(K) K=1,MI)
* WRITE (6+160) (PTZ(K)eK=14M1)

DEFINE THE INITIAL VALUE OF PERTURBATION VELDCITY OFw

DO 41 K 2:" . ©
Al=K : ‘

‘41 W(K)Y=2.D0%(1.D0-A1/40)

.C

o

WRITE (6+160) (V(K).K—I.Ml)
IRA=1 . o ; o

. TA=1 o . ' - . R
RA=1708.0D0 o . ‘ S
A=2.50D0

15 CONTINUE

XI—(A*DZ)*tZ/0.0Dl
. X2=(A%XDZ) *%4/0.36D3
X3=(A*DZ)**2/0.12D2

DEF INE THE GAUSS CDEFFICIENT
'B3(1)2~12.D0
C3(1)=0 .o
DO 11 K=2,M T R
A3(K)=1,D0-X3 '
B3(K)==2.D0-X3%10

. C3(K)I=A3(K)

117 CONTINUE . _

- B3(M1)==12.00 S .
A3(M1)=0.D0 ‘

DFFINE THE GAUSSS COEFICIENT'
C5(1)=264.D0%X1~240 D0 . ,
'DS(1)=96.00%X1~120. ‘DO v -
ES(1)=0.D0 ' -
 BS(2)=56.D0%X2-8. oo*xx —-4400 -°
cs(2)= 247.oo*x2+17 Do*x1+7.oo,
DS(2)=B5(2) - -
ES(2)=1.D0-X1+X2" _ : ,
CS(3)=246.00%X2+18.D0*X1+6. DO
DO. 12 K=3,M1" :

AS(K)=ZES(2) .
BS(K)=B5(2)
CS(KI=CS(3)
DS (K)=B8S(2)
. ES(KI=ES(2)

12 CONTINUE
AS(M)I=ES(2) "’
BS(M)=BS(23)
CS(M)=CS(2) -
' DS(MI=BS(2)
ES(M)=0 D0
AS(M1)=0,D0
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BS(M1)=DS5(1) , K S >
C5(M1)=CS5(1) " , e o
DS(M1)=0.D0 ' '
- ES(M1)=0.D0 (I : : _ -

C START ITERATION =~ - A - . S
r=1 . . .

C CALCULATE PU o ‘ '

1111 DO 60'K=1,M1 o .

.60 G(K)"U(K)*DUZ(K)*DZZ oo '

, CALL TRID(A3.83.c3.G.Dz.pu.DPu)

C CALCULATE THE THETA

. TEMP4516.00/3.00" -~ . . ' A
DO 63 K=1,M1. o R
G(K)*TEMPA*PU(K)/PR*PTX(K)#H(K)*PTZ(K) : ’ °

T _+4.DO*BR(J)*DUZ(K)#DPU(K)/PR

63 . G(K)=G(K)IXDZ2
CALL TR!DT(A3.B3.C3.G TH)

c CALCULATE THE .NEw PERTUREATION VELOCITY OF W
DO 67 K=1,M1 .

67 .G(K)‘A*A*RA*TH(K)#DZA-

) CALL PENTAD(AS.BS.CS.DS-ES.G.UN)

C CALCULATE NEW RAYLE!GH NUMBER :
Al=0.0DO LT )
A2=0.0D0 - o ’ o .
DO 70 K=1,M1 , oo
AL =A1+W(K)*®%x2 . S e

F 70 A2=A2+WN(K) *%x2 ’
'RAN=RA®DSQRT(A1/A2)

C CHECK THECONVERGENCE OF w
Al1=0.0D0
A2=040D0
DO 75 K=1.M1 . . g S
AL=A1+DABS(WN(K)-W(K)) - L

7S AZ=A2+DABS(WNI(K)) '

o LEMP1=A1/A2 R

- IF (TEMPI—EPS) 1000, 72472 : ..
C READJUST w : . ' _.43» .
72 DO 73 K=1,M1 C

73 w(K)—uN(K)tRAN/RA

4

v

RA=RAN

I=T+1 : : . ' o

“IF (I-I1) 1111,1111.1000. ‘ . - °.
10C0 CONTINUE' o °o - S
s WRITE (6,174) I1.,PRsARA,TEMP]

CRA(TIA)=RA

A=A+0.1.00/1RA
IA=T1A+1 : : :
IF (TA.LE.3) GO TO 15

£3) i
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" oo

°

oIGN (CEA(IA 1) *CRA (IA~- 2))*(CRA(IA 2)—CRA(IA 3))
“IF (SIGN):@13,13,15
1? "CONTINUE
IF (IRA.GE.100) GO To 14
"A=A=3%0.1/IRA S
IRA=TRA*10 L.
-LRA(1)-CRA(IA-3)
IA=2
A=A+0.1/IRA
. 'GO-10 15 ¢ y
14 CONTINUE . L _
CWRITE (6,171) - e
'WRITE (6, 160) (WN(K) ,K=1,HU1) .
WRITFE (6,172) o Lo : : _
-7+ WRITF (6,160) (PU(K),K=1,M1) . R . L e
° WRITE (6,173) . Do ‘ D
" . WRITE (€,160) (TH(K),K=1,41) ) ; o
101 .CONTINUF , . :
~1CO0.CONTINUE - . - ’ !
"171 PORMAT, (1H , - 'PERTURBATION VELOCITY IN Z DIRECTION' )
172 FORMAT (1H , 'PERTURBATION VELOCITY ‘OF U)

. 173 FORMAT (1H , 'PERTURBATION" TEHPERATURE')

174 FORMAT (%HOC,'I=',I3,5X, *PRANDTL NO.=*,D10. 3, 5X, 'HAVE NO.—';
T D12.«,5X,'RAYLEIGH NO",D15 8 5%, 'ERROR*f,D15 8) )

-

STOP e . : o s
END . ' ' . . i
SUBRCUTINE TRID(A B,C,D, oz, FP,DFF) : .

~ DOOBLE ERFCISICN A(u1),B?u1) SC(41),D(41), F(u1) Bp(a1) S

‘1 L,FF(41, DFF(u1),Q(aT) H(47),D2Z2,T1 .- _ ,
COMMON M,MI,M1- % ) . Lo o L e
BP(2)= C(2)/B(2) o S C :

L 0(2)= D(Z)/B(Z) o : . o S ’
DO -1 K=3,MT o ' : L ‘ ; ' .
H(K)‘B(K)-A(K)*BP(K—1).» . L.

" BP (K) =C'(K) /H (K)
, .+ QO (K) =(LC (K) = A(K)*Q(K 1))/H(K) .
"1 CONTINUE . ' . o °
. F(MN=C.pC . ‘ ‘ ‘
- FAM)=(L (M) A(H)*Q(MI))/(“B(H) A(H)*BP(Hf))
DC 2 KK=2,MI .
K=M1-KK = - :
F(K)—Q(K)-BP(K)*F(K+1) .
CONTINUE o o ¢
F(1)=0.L0 ‘ -
FF(Z)—(10 DO*F(2)+F(3))/12
- DC 3 K=3,MI
. FF(K)—(F(K 1)+1o DO*P(K)+F(K+1))/12 o :
3 CONTINUE . T _ o

N
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o

FF(M)—(F(HI)+10*F(n))/12°
T1=DZ*2

DFF (1) =FF (2) /DZ

nO 4 -K=2,M
'DFF(K)=(P(K¢1)-F(K-1))/T1
CONTINUF
DFP(M’):-FP(H)/DZ T,
RETURN

. "END

SUBRCUTINE TRIDT (A,B,C,D,FF) o T -
DOUBLE ERECISTICN A(41) B (u1),C(u1),D(u1),P(u1)
1 ,FE(41),BP(41),0(41) H (41)

. COMMON M, MI M1

BP(1)= C(1)/B(1)

oML (H/BY . o]

DO 1 K=2,M

"H(K) =B (K) -A (K) *BP (K=1) o

BP (K) =C (K) /H (K)

fO(K)=(E<K)'A1K)*Q(K-1))/H(K)

CONTINUE ’
F(H1)—(D(H1)-A(51)*Q(H))/(B(H1)-A(H1)*BP(H))
DO 2 KR=1,M '

CK=M1-KK -

F(K)‘Q(K)-BP(K)*F(K*1)
CONTINUE ,

DO 3 K=2,M

'FF(K)'(F(K 1) +10. DO*P(K)+F(K+1))/12

'CONTINUE-

FETURN .

END '

SUBKCUTINE PENTAD(A B,CyD,E,P,WN)"

DOUBLE ERECISIGN A (41), B(u1),C(a1),o(u1),B(u1),F(u1),-
T Y(uT),WN(47),CHGA(47), BETA(u1),GAnn(u1),H(u1) DELT (41)
COMMON ¥,MI, M1 ,

. OMGA (1) = C(1)

BETA (1) =C (1) /JOMGA (1)

GAMM (1) =E (1) /OMGA (1)

DELT (2) =B (2) .

OMGA (2) =C (2)-FELT (2) *BETA (1)
BETA(2)—(D(2)-DELT(2)*GAHH(1))/OHGA(2)

- GAMM (2) =E (2) /OMGA (2)

DO.1C K=3,M1
DELT(N)'E(N)-A(N) *BETA (N=—2)

‘ OHGA(N)-C(N)-A(N)*GAHH(N-2)-DELT(N)*BETA(N—1)

-BETA (N) = (D (N) =DELT (N) *GAMM (N=1) ) /OMGA (N)

" GAMM(N) =F (N) /OMGA (N) -

BETA (M1)=0.D0
GAMM (M1)=0.D0



20

30

.u0>

411

GAMM (M) = =(C. D0

vH(1)‘P(1)/OHGA(1)

H(2) = (F (2) ~DELT (2) *H (1) ) /OMGA (2)
DO 20 N=3,M1

H(N)= (F (N) - A(N)*H(N-?)-DFLT(N)*H(N 1) ) JOMGA (N)
Y(MT)=H (M)

Y(H)—H(H)-BETA(H)*Y(H1)

DO 30 KK=1,MI

I=M~KK

Y(I)= H(I)-BETA(I)*Y(I+1)-GAHH(I)*Y(I+2)
HN(2)‘(56*Y(1)*2Q7*Y(2)+56*Y(3)+Y(0))/360

DO 40 K=3,MI.
wu(x)-(z(x-2)+56*1(x-1)+2u6*v(x)«56*v(x’1)+Y(K+2))/360‘
CONTINUE .

WN (M) = (Y (M-2 )+56*Y(HI)+2M7*Y(H)+56*Y(H1))/360

RETURN _
END S



15

16

17

14

20
60
61

62
70

10

Fhl-ERR

- GULI=BE{N)

BE(N)=BE(N)OO 002
GO T0O 12
GU2=BE(N)

.BE(N)=BE(N)- ERR*(GUZ GUl)/(ERR—EQl)

GU1=GU2
ER1=ERR

. TO 12
CONTINUE
WRITE (6.61) L,BE(N)
WRITE (6,60) (EN(N K )yK=14KE),
WRITE (6¢60) (DEN(N.K)eK=1 KE)
WRITE (7,70) (EN(N,K ) ,K= 1sKEo10)
WRITE (7470) (DEN(N.K)sK=1,KEs+10)
CONT INUE
WRETE (74+70) (BE(N).N=1,.N1)
CONTINUE
FORMAT (8016.7)

i

FORMAT ('0'.'ITE".I3.5X.'EIGENVALUE

FORMAT (*1°*, *HARTMANN N0-='.010-3)

"FORMATY (5D16.9) .

sSTOP
END.

*sD20.12)

PROGRAM FOR CALCULATING 0ODOD E IGENVALUES

IMPLICIT REAL*8 (A~ ~H.0-2)

FPS1=0.1D-6
IMAX=1S
KE=201
KE2=401
0z=0,008
DZ2=DZ%DZ%0.5

PE=0.1D0+35
READ (S+S0) (GA(N)+N= 1.N1)
FORMAT (8D10.3)

WRITE (6,62) HA

PE2=PE % PE

T1= HA/(HA*DCOSH(HA)—DSINH(HA))
DO 10 K=14KE2

Z=DZ*0oSk(K~1) .
BU(K)=T.1%(DCOSH(HA) -DCOSH(HAXZ))
WRITE (6+60) (BUCK) s K=1,KE2,10)
DO 14 N=1,N1 . .

L=0
;///q

- DIMENSION DN(16.201).DON(lGoZOl).GA(16)-BU(401)
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12

13

15

16

17

14

20
60
70
61
62

L=+l
IF (L GT,.IMAX) GO TO 17
TI1O=GA(N)*s2/F8E 2"

ON(N 1) R0, "

DON(Ns1)=1, o
I=1

DU 13 K=2,.KE L
TI=ONENeK—1) :
T2=DON(N,K~1)sDZ o
T3==(GA(N)*BU( I)+T 10 )*T1%Dz2
I=I+1

Ta= r1+o.strz+o%g5tr3
rs--(GA(N)tautlr+rno)tr4tozz
I=1+41

T4a= T1+T2@

To==(GA(N ﬁpu«l)¢rno)~ra#ozz
T7=(T3+2%7S) /3.
TB=(T3+48T5476) /3,
ONINK)=T1+T2¢T7
DON(NsK)I=(T2¢T8)/DZ - ~
CONTINUE .
ERR—ON(N-KE) : ,
IF (DABS(ERR) JLE. EPSIY GO YO
IF (L-2) 15,16,16

ER1=ERR : o
GUI=GA(N) o .
GA(N)I=GA(N)+0.002
GO TQ 12

GU2=GA(N)

Bl

17

b

&£

GA(N)I=GA(N)—ERRX(GU2~ -Guld ) /¢ ERR-ERIG)

GUI=GUa - o . 0
ERI=ERR
GO TO 12

‘CONT INUE

WRITE (6461) L.GA(N) o
'Q!TE (6+60) ‘0N(N.K).K=l.KE)

WRLITE (6+60) (DON(N;K) K=] KE)

"WRITE (7,70)" (ON{N+K)sK=1,KE,10)

WRITE (7.,70) (DON(N +K) ¢K=1 4KE 410) o

CONT INUE R
WRITE (7+70) ®GA(N) ¢N=1,N1)
CONT INUE o ) . .
FORMAT (8D16.7) ¢
FORMAT (SD16.9) 5 -

FORMAT (°0's *ITE=",13,5x, 'EKGENVALUE"-DZO.IZ)

o

o

FORMATY (*1°¢, -*HARTMARNN No.=-.010 3)

sTQop
END

414
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PROGRAM FOR CALCULATING THE FDEFFICIENTS OF SERIES
IMPLICIT REAL*S8 (A-H, ~
DIMENSION BE(!Z)-GA(@Z);ES&IZ;ZOI).ON(XZ'ZOI)
vDEN(l?gZOk)oDON(lZ.ZOl)-TF(ZOl)oBU(AO!)
"ED(IZvIZ)OA(144)QRH(lz)ox‘203)9Y(203)

‘pTHT(20-201)-THB(20-201)-TNU(ZO)vBNU(ZO)'TBM(ZOW

ST

.

'CALL PLOTS . .
CALL PLOT(24,24,-3) . -
PE=100. '
N1=6
HA=0. .
IX1=2¢C :
THE=1. - :
o EK=1.D0. . N

N12=N1%2

KE=201

KE2=401

PE2=PE*PRE . L - .

» aDZ‘—j—O'.OO’S. ) . : . _—

° N12 NO. OF EIGENVALUES .

-KE= NO. OF MESH ROINTS

I[X1=NOe OF POINTS ALONG THE x AXIS _ N )
EK=1 FOR THE CASE" OF OPEN CIRCUIT Ll o

_ “READ (5,5) (Ax(x).1—1.1x1) _ L
S. FORMAT (8010.3) ~  ° Lol

©

READ IN EIGENVALUES
RE AD (5,99) (BE(N)-N—!.NI) ) .
READ (5-99) (GACN) s N=1,N1) ) '
CALCULATE THE BASIC VELDCITY PROFILE'

DO 10 K"viEZ : . .. },\'c
©  AZ=DZ%0.S*(K-1) - A
1c BY(K)I=1.5%(1.-AZ%AZ) ~}”-_ o - Ce
- WRITE (6.61) _ ' T S
WRITE 46,60) bBU(K).K 1.&52.10) S
CALCULATE THE EIGENFUNCTIONS“;- °
DZ2=DZ*DZ*#0+5 A
DO 11 N=1,N1 L A

T10=BE ,**ZIPEZ

mCE(lZ).CO(lZ).AM(ZOll.gM(ZOJ)aZT(ZO-ZQl)oAX(ZOX

415
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I=1 . A
DO 11 K=2 KE.
T1I=EN(N,K—1)
T2=DEN(N,K=-1)*DZ _
T3—-(8E(N)*BU(I)+T10)#TltDZZ
"I=1+41
,r4 rl+o.s*72+o.25tr3
== (BE(N)*BU(I)+T10 )*T4%DZ2
1-1+1
TAa=T14T2+TS
T6--(BE(N)*BU(I)+T10)*T4*DZZ ¢
T7= (T3+2*T5)/3.
Ta—(T3+4*TS+T6)I3.
EN(N+K)=T1+T24T 7
DEN(N.K)~(T2*T8)/DZ
11 CONTINUE - ' .
DO 12 N=1.N1
T10=GA( N)*%x2/PE2 ,
ON(N,1)=0% S -
DON(N-I)—lr
1=1:
DO 12 K=2,KE
T1=0ON(NsK=-1)
T2 DON(N¢K—1) *DZ - -
=—(GA(N)tBU(I)+rx0)*71*ozz'
1—1+1'.; : 0
TA4=T14+0.5%T240,25%T3
TS——CGA(N)#BU(I)+TIO)*TO*Dlz
CI=1+41 ' '
T4=T1+T2+TS
T6——(GA(N)*BU(I)+TIOP*T4*DZZ
T7=(T3+2%T5) /3,
TA=(T3+4%xTS+T6) /3,
ON(NsK)=T1+T2+T7
DON(N+K)I=(T2+T8)/DZ
12 CONTINUE

C

=)

3
2 gvz

ra

C e _
' WRITE (6,66) , :
WRITE (6+,60) (BE(N),N=1,N1)
" WRITE (6,60) (GA(N)sN=1¢N1)-
WRITE (6.,68).
'DO 97 N=1aN1 : . = _
97 -WRITE (6+60) (EN(NK) K=1,KE.10) "
: WRITE (6,69)
DO 96 N=1,N1
96 WRITE (6.,60) (ON(N.K).K-l.KE.lo)
C  TF=THETAE -BR*(—-—) o ;



t;ﬁ

PERTI LI
é a o o . ‘o s ) ¢ ¢ - ¢
R . ° '
3 4 a o v o
" 3 °
- ‘ o s .« . o Qg -
. i o , b v o i o a L e
. a - . o
BR=""1 . a e'u <
B o
WRITE ( 2) BR o : _ -
. o ' °
DO 17L=1, . R e °, .
AZ=DZ* (L — 1) ? < e ° ¢

17

CALCULATE THE SERIES CO

TF(RI=THE=0.7S*BR* KL ~AZ*%a) ¢ o5 e

DO 15 M= 1.N1%7 e, o ' T Tes
~—M-1°» RN ST D

"FICIENTS ™" -7 [ » W g e o

N N*l 2, - e '.; - » . ) ) i 4 .:‘_. .
Y DO 44 L=1aKE. s e o e e e fweed
14 AM(L) ﬁN(N'L)*EN(M-L) S e e e LY. '’
o oCALL DQSF(DZ.AM.BM.KE) . WL o L
ED(M.N)eﬁM(Ksi B I S T
. EO(N.M)—BM(&E) ° Cale g 0T S e
;- IFTUNGLTONLD)SGO TH 13~ . . " Lo 0: e, °
HlS“CONTrNUE L oL S e £_ \
L=0 . = | S S
DO, 16 N=T,.N1 is 5 e - - o0, TS
c PO 16 ME 1 eN1¢ S oL . 0 -
U L=U+ . S R : o
16 A(L)I=EQ(M.NI e T . -
. € g e . L2 o =, 0 . : . o 2 ... o
o DO 18 N=T.NL , e ® e P
.. DO 39 L=1.KE "= . S O
19‘;%M(L) TF(L)*EN(N'L) R :
- CCALL DQSF(DZ.AM.BM.KE) o °
¢ o . RH(N)I=BM(KE) g'“vo' : . c
18 'CONTINUE = 'ofn;.lv 2o ’
| XEPS= 0.1E=5 e ’ o,
. CALL> DGELG(RH.A-NI.1¥XEPS.IER) . e -
j o §gITE (6+465) IBR . | 7 o, "<c>.w ;. ;5 , e ac
e R0 N=13N1 . .~ " o TR IR
20" CE(NJWRH(N) D e e e e e e
A'C g : \ ': < °.~:‘ '(: ° vO o :.»“r:. .
o . DD 23 M:l.Nl . ot Ce S . :
) 'N"_M- o i.g.i el - B . AR L . '-. - o . ) .‘ -
[ DO 22 L -1.KE R G A :
722 AM(L)—ON(N.L)*ONoM.Lb :5 " o e o
. CALL DQSF4DZ+AM:BM.KE) o L A ’ R
EU(M.N)-EM(KE)_“ ’ u,,cv., P 4 . )
| EO(NsM)=BMCKE) © T T -,
.. IF (NJLT. Nl) GO TO 217 . .. T s e S '
23  CONTINUE. - [ T A . ) o
L= O ’ s P e e o e ' . v ’ 9 L 2 . : o’ a7 :
DO 24 NE1.N1 T ° AR . >
° DO 24 MI1,N1. , T o 2
. L= L1 o . P Coe ST .
SR ,i ° S . ‘ '
\Aéﬁi_ ) . . S :



v N
2a A(L)iEO(MvN) ) ‘
. DO 25 N=1eN1 - o
T- © | PO 26 LZ1.KE., _ . . ' ,
o ‘ AZ=DZ&(L~1) ° ol ' &
26 AM(L)=—AE*DN(N&L) P
. ALl DQSF(QZ.AM.BM.KE) co s ‘
: RH(N)’BM(KE) i o : IR ®
© 25 - CONTINUE .~ ° et e o e b ; N
Y CALL DGEEG(RH.A.N!.l.xEPS-IER) o R -
: - wRLTE (6,65) I1ER o S - S
. DO 27 N=1,.,N1 i : o 7 .
5 "27  CO(NI=RH(N) 7 : A R SR . b
R - ¢ e S ' e
e WREITE (7,99)° (CE(N)-h—l.Nl) g
. 7Y WRITE (7.99) &CO(N).N=1.N1) )
"%, WRITE> (6+7Y) ° e e : .
| WRITE (6“60) (TFJK).K 1.KE.10) e f T
C . o’ - o
AR " READ (5.99)Q(CE(N).~-1.N1)‘ , I
"2, " READ (5,99) COCN) iN= LN o e
T MRITE (6+467) . . B
T CWRITE' (6460) (CE® N T I T )
) "WRITE (eﬁsp)’(co S N= l.Nl) -
».C Lo s e 5 @
< 7L CALCULATE® THE. BASIC TEMPERATURE PROFILE - . .
° €7 CALCULATE THE: BURK °MEAN TEMPERATURE AND NOSSELT NUMBER
C "tSrTﬁE DERIVATIVE ‘oF FULLY DEVELoﬁéb\JEnp.-u ReTe Z oAT 2Z=1-
. TS=3.%BR o . : ' -
C"Ju o v a; : I . e f o .
e s DB 29 I=1.IX1 -, o L ’ ° )
x0T W3she=as 0 : B
Ve . . ° -'th:l,,ﬁ'TS e . e - I, o - v ) . pe
. ¢ DO 28 L=1,KE. ‘ ° o , o
.7 THTCT.L)=0. ° a7 P . ]
° , CTABCISLY=0. - S -
AM(L)=0. - =~ . : o ’ .
AZ=DZ%(L-T) - - o I Le g
DO 30 N=1,.N1 . - ' s o )
, * TI=CE(NI*EN(NaL)*DEXP(~ BE(M)*AK(I)) - R
To2= CO(N)*ON(N.L)*DEXP( GA(N)*AX(I)) , o o T
. THT (L LX=FHT CT L )+T 1472 TR @ -
CUUTHBC(I WL Y= THB(!,L)+T1-T2 N :
e n<AM(L)—AM(L)+Tl o ° -
30 CONTINUE - e T o o e o
‘ THT(1,U9= THT(I.L)+THE—TF(C)+AZ .03
THBCTLLI=THB(L,L)+THE-TF(L)-AZ . .
K= %2-1° o o S . ’ e £

AM(E);QAM(L)+THEfTFJL))rBU(K)



28 CONTINUE =~ - .
CALL DQSF(DZ-AM.BM.KE)
TBM(T)=BM(KE)
,DO 31 . N=1.N1
Tl—CE(N)*DEN(N,KE)*DEXP(-BE(N)*AX(l)) .
y2= co(N)*DON(N.KE)*oexp(—GA(N)tAx(I))
TI=T3+T1+7T2 . v
 TAa=T4a=T14T2 . : a
31 - CONTINUE = = ‘ ' S

,’,'TNU(I)-T3/(I.—TBM(I))V _ :
BNUCI)=T4/(1..+TBM(L1)) ‘ T - .
"WRITE (6;64) AX(I).TBM(I).TNU(I).BNU(I) T

29 . CONTINUE :
WRITE (7.,70) ﬁTaM(l).l—l.xxx) . '
WRITE. (7+70) (TNUCI)»I=1,1IX1) g ) .
quTEv(7.70) (BNU(I).l—x.lxx) ‘ ' ‘
70 FORMAT '(7D11.4) _
_MRITE (6.63) ‘ . + - : .
. 00.39 . I=L,IX1 - . . _ oo : o e
oy WRITE (6,62) AX(1). e ) . s
' WRITE (6.,60) (THT(I.L).L_l.KE.xo) : :
WRITE (6460). (THB(I sL) oL =1 +KE4 10)
‘F9  CONTINUE ' -

DO 40 Kzd14201" AR .
4Co X{K)=DZ*(K-1) '
" X(202)=0.
" X(203)=0.2 : : o
: CALL AXIS(0e+0ee%Z%s=1+54+00¢4X(202)+X(203)20.)
%Y DO 43 [=1+2042 . — : C o
. DO 43 K-1.101“3 : ‘ g S
' J=(101-K)*241 : 0
J[:(K_ 1)%2+1
ZT(I1+K)=(1e~THB(I+J) )%0.5
, ZT(I-K+IOO)—(1.—THT(I.Jl))*o.
43 CONTINUE
Y(202)=0. ‘
Y(203)=0.2 - L T
CALL AXIS(0.s00+°* TEMPERATURE pROFtLE-.lg.a.-
1 49045 Y(202),Y(203) +20.)
DO 42 I1=1,20,2
DO 41 K=1,201
41 Y(K)ISZT(I.K)

¥

2

CALL FLINE(XAY - 201.1.0 o) <
42 CONTINUE _ . ' .
202 CONTINUE . o o \

CALL PLOT(O0+s04+999)



60
61
62

.63
64

65 |
66 |
67

68
69
71

72
73
99

FORMAT (*0*

A

FORMAT (8D16.6)
FORMAT. (*0*,*BASIC VELOCITY PROF ILE®)

FORMAT (°0%; *AXIAL ROSITION AT*,D10.3)
FORMAT ('0°',*BASIC TEMPERATURE PROFILEY) .
FORMAT (*0%e "AX="4D10e¢3¢7Xe*TBM=2,D184.7+5Xs*TNU=?

+D14.645Xe *BNU="3D14.6)
FORMAT (°0°, *IER=",13)

FORMAT (*0', *EIGENVALUES®*)

FORMAT ('0°,

FORMAT (*0°*,*EVEN EIGENFUNCTIONS® )
»'0DD EIGENFUNCTION®)

FORMAT (90" ,* THEATER E - BR#*(~—~~)")

FORMATo (%1% 4 "BRINKMAN NOQo.=*,010.3)

- FORMAT (°0° 4 *HARTMANN NOex="*,D10.3)

FORMAT (SD16.9)

‘sTOP .

END

* THE COEFFICIENTS OF SERIES®)



421 -

.. COMPUTE R PROGRAM FOR CHAPTER VII
: | .
| R

d _PROGRAM FOR C LATING TTHE STABILITY PROBLEM
IMPLICIT REAL*8 (A= ‘
DIMENSION BE(12):6G 2).EN(12.21).0N(12 21).dtN(12'21)
WCE(12).,CO(12),UB(A41)+DUCA1)+PTX(41)+PTZ(41)+CRA(200)
sA3(41):B3(41)sC3(41)4AS5(41)+85(41).C5(4a1) .05(41)
SW(A1) . WNE41) ,TH(A1),PUC41)PD(a1),AU(41),.BUC41)
+DFD(81),YAR(40),DON(12, 21),Ax(zo).ES(ax).Bx(al).nH(cxt
C.OMMON. Mo ML, MY : .

P WN -

_PE=10.
HA=1Ca.
N1=8
AX(1)=10.

THE=1 «

EK=1% ‘ - _ S
IMAX=2S ’
EPS=0+1D-5

v

. PE2=PEXPE
HAZ2=HAXHA _ E o . . , .
‘M=40 - ' A _ : e
MI=M=—1 o -
Mi=M+1 _
DZ=1e/M
DZ2=DZ*¥DZ .
DZa=DZ2*DZ2
L KE=21

W(1)=0a
WN(1)=0a
TH(1)=0.
PUC1)=0.
PD(1)=0, s
BX(1)=0,
W(M1)=0,

 WN(M1)=0. : — '
TH(M1)=0. R . : L o o
PU(M1)=0, ' : . o - e
PD(ME)=0. :

. - BX(M1)=0. .

. C READ IN THE BASIC FLOW SOLUT ION

° READ (5,99) "(BE(N)sN=1,N1)
- READ (5 ,99) (GA(N) +N=1,N1)
DO 10 gtl.Nl



nno(\:.

10

v

READ (5+99) (EN(N.K) sK=1,KE)
READ (5399) (DEN(NaK)aK=10KE)
CONT INVE _~

DO 11 N=1.N1 ° °

-11

WRI

12

14

READ (5,99) (ON(N.K)-K—I.KE)
READ, (5,99) “(DON(NeK)sK=1,KE )
CONT INUE )

TE OUT ALL DATA

WRITE (6+61) »

WRITE (6+60) (BE(N) 4N=1,N1)
WRITE (6462) S
WRITE (6+60) (GA(N) ,A=1,N1)
WRITE (6.,65) :

DO 12 N=1,N1

"WRITE (6+60) (EN(NgK) K=1,KE)

WRITE (6.,66)

DO 14 N=1,N1 .
WRITE (6+.60) (ON(NsK)+K=1+KE)
WRITE (6,67) " ’

DO 13 N=1,N1

15

WRITE (6+460) (DEN(N,K) ,K=1 4KE)
WRITE (6+68) o

DO 15 N=1,.,N1 . .
WRITE (6,60) (DON(N.K).K£1?§E)

Bb-"—lo o
DO 101 IBR=1,2 -
BR=BR~-1." .

WRITE (6.,80) BR
READ: (S5+99) (CE(N)sN=1,N1)

' READ (5499) (CO(N)sN=1,N1)

WRITE (6+63)

MWRITE (6+60) (CE(N) +N=i4N1)

uB
DU

DDU =" THE SECOND DERIVATIVES OF U’
DFD = “THE’ DERIVAT(VES OF THE FULLY DEVEL OPED TEMP.

Q

WRITE (6468) . .
WRITE (65,60) (CO(N) eN=1,N1)
IF (IBR.EQ.1) GO TO 101

= THE BASIC VELOCITY PROFILE OF U

= THE DERIVATIVES OF U

Ccu= HA/(HA*DCDSH(HA)—DS[NH(HA))
Cu2=CcuU*Cu

CI‘EK-CU*DCDSH(HA)

Cl12=C1%C1

T1==2,%CU*HA

Do 16 kK=1,M1

AZ=HAX( 2.%DZ%(K=-1)-1.)

X—~COMPONENT

422
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. UB(K)—CU*(DCUSH(HA)—DCOSH(AZ))
DU(K)=T1*DSINH(AZ) ‘
DFD(K)~1.—BR*HA*?CUZ*DSINH(AZ*Z)*O , 5+ 2« %CU
1 *C1#DSIN(AZ)+C12%A2Z)

16 CONTINUE’

" WRITE (6,75)

WRITE (6+60) (UB(K) sK=1,M1)

WRITE (6+69) _

WRITE (6460) (DU(K) sK=14M1)

WRITE (6460) (DFD(K)WK=14M1) !

DEF INE THE INITIAL VALUES OF w
DO 21 K=2M v
T1=3.14159%(K-1)/M o : L
W(K)=DSINH(T1) ’ -

21 CONTINUE

L=1 -

. ‘WRITE (6570) AX(L) ‘

CALCULATE THE TEMPERATURE GRADIENT DF BASIC FLOW

DO 20 K=1,M1

PTX(K)=0.

PTZ(K)=0.

DO 19 N=1,N1

Tl~CE(N)tDEXP(—BE(N)#AX(L))

T2= CO(N)*DEXP(-GA(N)*AX(L))

LF (K=KE) 17.17,18

17 Kl-—KF K +1
PTX(K)‘PTX(K)—BE(N)*EN(N.KI)*TI+GA(N)*ON(N.KI)*T2
PTZ(K)—PTZ(K)-DEN(N.KI)*T1+DON(N.KI)*T2
GO YO 19

18 KI=K-KE+1 . :

T PTX(K)I=PTX(K)-BE(N)®EN(N .KI)*T1= GA(N)*ON(N.K[)*TZ

PTZ(K)—PTZ(K)+DEN(N.KI)*TI+DON(N;KI)*TZ .

19 CONTINUE !
PTX(K)-—-FTX(K)

, prZ(K)——pTZ(Kr—oFD(K) : o ' e

20 .CONTLNUE '

WRITE (6.71) ) o o <
WRITE (6460) (PTX(K) ¢K=1,M1) ' '
WRITE (6,78) _ - T
WRITE (6,60) (PTZ(K) ¢K=1,M1)

. : ya ! v
IPR=0

PR=0.01

41 IPR=IPR+1 .
' IF (IPR.GE«3) GO TO 101

2

423



424

EC=BR/PR
RA=1000.

WA=1,.8

DO 100 Iw=1,20"
WA=WA4+0 .2
WAZ2=WAXWA

XI—DZZ*(HA2+4 *HA2) /12, : ,
X2=DZ22%WA2/12. »
X3=DZ2%(wA2+42.*HA2) /6.
X4=DZAXWA2EXWAR/360.,
UC(2)=1.-xi
BU(2)==2¢-10.%X1
B83(1)=-12,
C3(1)=0.
A3(2)=1.~x2
"B3(2)5-2e¢~10,%Xx2
C3(2)=A3(2)
T1=14-X3+x4
T2=-4.-8, ¥X3+56. %kxa , .
T3=6. +1a.*x3+246 * X4 » -
AS(1)3)=0, .
BS(1)=0,
C5(1)=-286.%T1+T3
05(1)=-112.¢71+2 T2
ES(1)=0.
AS(23)=0.
BS(2)=T2 . ‘ o .
CS5(2)=T1+473 : o X .
DS(2)=T2 ' -
ES(2)=T1
DO 23 K=3,.M
AU(K)=UC(2)
BU(K )=BU(2)
UC(K)Y=UC(2). . o
A3 (K)=A3(2) .
B3(K)=83(2) ‘ ‘ . .
C3(K)=AZ(2)
AS(K)=T1
BS (K)=T2
SC5(K)=T3
D5(K)=T2
ES(K)=T1
23 . CONT INUE_
UC(M)"Oo
A3(M1)=0,
83(M1)==-12,
C3(M1)=0,

1

'-u



2%

26

27

28

24

30

31

1000

APH(K)—DZZ*((PU(K)/PR*PTX(K)+H(K)*PTO(K))*2.+EC

v - : 425

CS(M)I=CS (M) +ES (M)
ES(M)=0.

-AS(M1)=0,.

BS(M1)=D5(1) .

C5(M1)=CS(1) o ~ ‘//

DS(Mi)=0. .
ES(M1)=0. .'2 - _ . . e

I1T£0 -
T ITERATION

IT=IT+1 S

IF (IT.GT.IMAX) GO TO 1000

DO 26 K=2,M

RH(K )= Dzztz.*ou(x)tw(wﬁ ,
CALL "TRID(AU.BU.UCsRH.DZ,PU,PD)

o

DO 27 K=1,M1

*(DUCK) *PD(K )~4, *HAZ*(EK—UB(K))*PU(K)))
CALL TRIDTB(A3.830C30RH;TH)

DO 28 K =1 M1 o ¢
RH(K )=4a, ‘DZQQHAZ*RA*TH(K)

CALL PENTAD(AS'BSvCS-DS ESesRH, WN)

CKLCULATE THE NEW RA ANC CHECK THE CONVERGENCE.O

T1=0,. v
T2=0. .
DO 24 K=1,M1
TI=T1+wW(K)®E%x2 - ¢
T2=T2+WN(K) *%2

RAN= RAXDSQRT(T1/T2)

T1=0. »

T2=0e

DO 30 K=1,M1

o

“T1=T1+DABS(WN(K)-W(K))

T2=T2+DABS(WN(K)) .
ERR=T1/72 )
IF (ERR.LELEPS) GO TO 1000

ACDJUST w AND RA

DO 31 K=l .,M1

M(K)‘HN(K)#RAN/RA

RA=RAN
GO TO 25
CONT INUE
WRITE (6+72) IT,.WAsRAN,ERR
YAR(IW)=RA : '



C

100

101

99

60
61
62

. .63

64
65
66
67
68
69
70
71
72

73

- 74

75
76
78

79 .
80
81

10

‘20

CONTINUE
WRITE (7.99) (YAR(K) +k@l+20)
WRITE (He78) PEHA,BRY¥PR, THE
PR=0.7
GO TO a1
CONTINUE ,
BJ
FORMAT (SD16.9)

. FORMAT (8D16.7)

FORMAY (*0°*,*'EVENEIGENVALUES®)

FORMAT (*0°,°0DD EIGENVALUES®) o

FORMAT (*0°,*THE COEFF. OF EVEN SERIES®)

FORMAT (*0¢,*THE COEFF. OF ODD ., SERIES?)

FORMAT (*0* ,*EVEN EIGENFUNCTIONS®)

FORMAT (*0°,°0DD . EIGENFUNCTIONS® )

FORMAT (*0°,*DERIVATIVES OF EVEN EXGENFUNCTIONS')

FORMAT (*0° ,*DERIVAT IVES OF 00D EIGENFUNCTIONS®)

FORMAT (*0'+*DERIVATIVES OF VELOCITY PROFILE"®)

FORMAT (°0*,*AXIAL .POSITION AT®*,D12.4)

i

1

1

FORMAT (*0°,'THE PARTIAL DER, OF TEMP. WeRaTe X")

P OURMAT ('0'-'!T='.Is.5x"'AVE NOe=*"9D12e65¢5X,
*RAYLEIGH NO,® .Dl“.?.sx.'ERROR'-DlZ.S)

FORMAT (*0*.,*THE AMPLITUDE OF DISTURBANCES® )

FORMAT (*0° ,*PE=" 33SXe*"HA='4D10.3e5X,*BR=1,
D010e3+s5SXe*PR= SXe*THE=® D10 3) :

FORMAT (%0°*,*'THE YC VELOCITY PROFILE OF u*)

FORMAT (*0°,*THE S D DERIVATIVES OF Uu*)

FORMAT (*0°,°*THE PARTIAL DER, OF TEMP.:. WeReT. z*)

FORMAT (%1%, *HARTMANN NO.=*+D10.3) ° o
FORMAT (*0° .*BRIBNKMAN .NOe=° ,D10.3)

FORMAT (6E12.5) , . u “
SToP :

END

SUBROUT INE TR[D(A.e.c.o.oz.FF.Po)

IMPLICIT REAL*8 (A=~H,0~2Z)

‘DI ME NS ION A(41).B(41).C(ax).o(41).F(41).FF(«;).

BP{41).Q(41),H(41).PD(41)

.COMMON MeMI M1

BP(2)=C(2)rB(2)

Q€2)=D(2)/sB(2) N _

DO 10 K=3.,MI o - °
H(K)=B(K)=A(K) *BP(K~-1)

BP(K)=C(K)/H(K)

Q(K)=(D(K)-A(K)}*Q(K—-1))/7H{K)
F(M)—(D(M)—A(H)*Q(N!))/(B(M)—A(M)*BP(MI))

DO 20 KK=2,MI ] o /
K=M1.-KK T :
F(K)—O(K)—BP(K)*F(K+1)

426



427

FF(2)=C10%F(2)+F(3))/12.
DO 30 K=3,MI
30 FF#K)‘(F(K—I)#IO‘F( )+F(K0l))/12. .
FEIM)=(F(MI)+10%F (M) ) /12, -
F(1)=0a
F(M1)=0,
PD(1)=F(2)rDZ
DO 40 K=2,M .
40 PO(K)=(F(K+1)=F(K-1))/(DZ%2)
PD(M1)=-F(M)/DZ : :
RE TURN ’
END
SUBROUT INE TRKQTB(A.BoC-D.FF)
DOUBLE PRECISION A(41),B(81).C(41).,D(41),F(a4),
1 FF(a41)eBP(41)+Q(a1)eH(41)
COMMON MoeMI , M)
BP(1)=C(1)/8(1)
Q(1)=DC1)/B(1)
DD 1 K=2.M )
H(K)#BCK) -A(K) *BP(K~1)
BP(K)I=C(K)/H(K)
QEK)=(D(K)-A(K)*¥Q(K—-1)) /H(K)
1 CONT INUE
F(ML1)=(DIMI1)- A(ux)*o%u))/(a(nx) —A(M1)*BP(M))
DO 2 KK= lo
CK=M1—-KK,
FKF= o(x)-ap(K)tF(K+1)
2 CONT INVE . e o
DO 3 K=2a8- FUEEE
, FF(K)-(Féxrl)ggb‘F(x)¢F ke T 1o fP
3 CONT INUE ¢&%, ~ %%‘ R
. ,RETURN
END " w)
suanuurjwe;bewr&a(A.g c,o.e«ﬁ&
f; IMPLICT T~ REAL*E (A=HLO- z*_, it : ‘
£DINENSJON K€ary, gcﬁ)%cc”w“ %(41). (Axi,F(Ax)
g ;.poo(awgévc~1).“¢41).bé,r( L;.oaeitex).canutal)
2k, wNTeY) D(#l#.éBTk(Al)
" CTGMMON ﬁantﬁnt : ' :
. OMGAE112C(1) e
agva&gr o(x)/ougA(x)

PO T

DEL?%Q 842)"3

-i —cgz)—o&nr(zatsErA(x)
2r=(ot2)- DELT(Z)#GAMM(I))/OMGA(Z)
39 =€ 2) /oMGA(2)
mjo N=3.M1° i y
r(ﬁ)—a(N)-A(w):aETA(N-z)




10

20

30

a0

. GAMM(M) =0,

. . 428

OMGA(N)=CIND ~A(N) *GATIM(N=-2) -DELTI(N) $BETA(N-1)
BETA(N)=(D(N)-DELTM)SGAMM(N=1))70MGA(N)
GAMM(N) =E (N) ZOMGA(N)
BETA(M1)=0.

GAMM{(M]1 )=0. o0

H(1)=F(1)/0MGA(1) ‘
H(2)=(F(2)~DELT(2)*H(I))IOMGA(2)

DO 20 N=3 M1 o

HIN)=C(F (N)=A(N)®H(N~ 2)-DELT(N).H(N—I))/OMGA(N)

T Y(ML)=H(ML)

Y(M)ZH(M) -BE TACMY®Y ( ML) ‘ ¢
DO 30 KK=1,MI ’ :
I=M=-KK

Y(l)= H(l)—BETA(l)#Y(l*l)-bAMM(!)*Y(l+2) '
WN(2)=(S62Y({1)+247*Y(2)+56%Y(3)+Y(4)) /360

DO 40 K=3,MI

WN(K)=(Y(K=2)+562Y (K- l)+206‘Y(K)§56*Y(K+1)+Y(K+2))/360
CONT INUE

WN(M)=(Y(M=2)+SE6RY(M]I)+2472Y(M)+S6%Y(M1)) /360

RE TURN ' : \\
END



ool . a -

. : . e . .
" COMPUTER.PROGRAM FOR CHAPTER vIiil

. B - . |
L ‘ N '

c ‘PROGRAM FOR THE CASE OF A HORANZONTAL LAYER L1QUID" WITH
C "MAXIMUM. DENSITY INDUCED BY SURFACE TENSION € BUOYANCY
C 'DECK FOR THE SURFACE TENSION EFFECTS .

c becx FOR THE CASE OF GIVEN B TO: FIND RA
C -

: [MPLICIT(REAL*G(A HsC=X)

DIMENSION AH(IOI).BHClOl).Cl(101).DH(101).EH(101).
oy .uN(tO:).AT(lOl).BT(101).c7(101).TH(xox) FZ(xox).
2. RH(IOI).U(]O!).CRA(IOO) o : _ o e
c-//' .PARAMETERS RAMI. RAuz.s. ANDAL Musr BE GIVEN
C AL= BIOT NO. ANDvB‘MARANGON! NOo
e M=50 : -
' !ul—fo
MI=M=—1
" DZ2=DZ*DZ o _ , ‘
DZa=022+*022 ° . : ' C ’ .
CIMAX=25 : T )
EPS5=0.10-5
S WC1)=0e , o ‘
T W(M1)=0. .- S; e
_WN(1)=0. , o . . :
WN(M1)=0. R o = ' 2
TH(1)=0. . - - :

.-C. DEFINE INITIAL w .
- DO 10 K=2,m = . I
[ ~. Al _K . o . ' : ‘ - ”(“
L1110 W(K)=2.%(1s-A1/M) ~ o kS
¢ R Y
B=10s" : ;
RAM2==0,2
RAM1==1,% _ ‘
DO 11 K=1,M1] e o .
AZ=DZ*(K-1) ’
11 ,FZ(K) 1.0+RAM1*AZ*RAM2*AZ*‘§.
~ DO 100 IL=1,5
READ (5:6) AL+sWARA
6 FORMAT (D10¢3+s011.4,D12.5)
CL=DZ*AL/6.0 . ' 4

©

WA2=WAX WA’



¢

AT (K)=T4

EE -

ﬁﬂ HAZ*DZ2/6 0 -°
X2= (VA2*DZZ)**2/36

X3=X1/2.0" %

T1=1, O—X1+x2

O T2=-8,0-8.0%X1456. o*xz"

T3=6.0+18.C*X14246.0%X2
T4=1,0-X3 .
TS--? 0=10wQex3 " .

Q,DO 12 K=2,1

AW(K)—T1
BW(K) =
,'CH(K)~T3
 DW(K)=T2
EW (K)=T1 .

BT (K),=TS

CT(K)=Tu4

-CONTINDE [+,

,JfT(2)'0 A :
AT (M1) =2 <*Ta/(1.,+CL)

BT (M1) = 15-10 O*CL*T4 /(1. O+CL)
CT(M1)=0. = .
AW () =0. L.W ’ -
CBW (1) =0.

CTCH(1)=264.%X1-240.,

Dw(1)~ 6.%X 1~ 12
AH(Z) 0..

"cw(z)-2u7 *x2+77 *x1+7

CW (M) =T3-T1 ‘ _
DW (M) =T2-11. /2L*T1
ER(M)=0., [ . ,
AW (M1)=0; N LT e
BW (M1)=0" ‘ o

CH (M) T3—11 /2 *T2+62 *xT1 .
D (M1)=C..

EW (M1)=0.,

START ITEBATION

20 |

IT=0
IT=IT+T

IF (IT.GT.INMAX) GO TO 1000
DO 21 K=1,H7 , .

’

G

E

o

430 -



21

o

22

16

17

AR

DO 16 K 1, H1

®

°RH(K)—-DZ2*E(K) S e
CALL TRID(AT,BT,CT,RH, CcL, TH, n)

S‘~12 0*DZZ*HA2*B*TH(H1)

DO 22 K= ? M1

RH(K)-nza*uAZ*RA*Pz(K)*TH(K)

RH (M) =RH (M) +CS*T1,48.0

A1 O 0 ) e .
AQ-O. ) Toe oy
DO 23 K=1, 51 )
Al= A1+H(K)**2 IR
A2=A2+ﬁN(K)**% .
RAN=RA*DSQRT (A1/A2) -

CR1=CL '-‘,:‘ . °

A2= 0

DO 24 K=1,M1

Al= A1+DABS(HN(KL‘W(K))
A2=A2+DABS (WN (K) )

ERR=A1/A2

L e o ’ N
IF (ERB-EPS) .1000,25,25
CGNTIEUE : SRR
DO 26, K=1,M1—

V(K)—HN(K)*RAN/RAa
RA=RAN. , o
GO TO 20, .»' e
CONTINUE ~

WRITE (6,62) IT,WA,BRA,ERR
CONTINUE ' -

RH(M1) =RH (M1) +CS* (T2/48.~7, /6 *11)
CALL PENTDA(AH sw,cu DW,EW, RH cs,uu,n)

2y

'WRITE (6,61) B,AL,RAN1,RANZ

WRITE (6 63)
TMAx= 04

T1=DABS (VN (K)) . e
IP (T1.GT.YMAX) YMAX=T1
DO 17/K T, M1 .
HN(K)—HN(K)/YHAX,
YMAX=0. .

DO 18] K=1,M1

. T1=Daps(tﬂgx)) N

y | | )

. . \



T

c

71

100

. 65
60,

61
62

63

FORMAT (6E13.6), .

1

"FORMAT ('O‘.}IT".X3-5X.'UAV€ NO o=

1

j . o

IF (Tl-GT-YMAX) YMA X = Tl -0

00 19 K=1,M1 T . ,
PH(K )= TH(K) /YMAX - T e

vRITEv46.60) (uN(K)'K~1.M1r

WRITE (6,60) CTHCK) oK=1 g M1 )

WRITE (7:71) (WN(K) sk=) ,M1) A
waTEa(7.71) (THIK) oK=1, M1) R o
FORMAT (11F7.4) i -

CONTINUE

FORMAT  (8D1546)

'FORMATO('O'-'MARANGQNI NQO.= 'oDll 4.5X-'AL“'.DII.4 SX.

"RAMI=*,010.3,5Xs"RAM2=9,D10.3)

*RAYLE IGH NOL= .Dl4P7.5X.'ERROR=l.013.6)
FORMAT, (*0%, "%k akkk ks )

~

stop o SR

.-

3

10

20

3

[ -

=END ) ‘ ’ ) o

SoM1)=c(1)”

SUBROUTINE PENTDA(A'B.C D'gEo OCSOHNnﬂ)
INPLICIT REAL*B (A= H,0-72)

DIMENSION A(lOl).B(lCl).C(lOl).D(lOl)aE(lOl)-F(lOl)oo

.01205 5x'

.

» 432

7

wN(lOl)-Y(lOl)oH(lOl).DE(lol)'ON(IOI)-BE(IOI)-GA(IOI)

M1=M+1 o -
MI=M=1" - : - o

BE(1)=D{1)/0M(1)
GA(1)=E(1)/70M(1)
DE(2)—8(2) ’ o
OM(Z) C(2)-QE(24*BE(1)
BE(2)= (D(Z)-DE@Z)*GA(I)))OM(Z) .

. GA(2)= E(Z)/DM(Z)

DO 10 N=3.M1 T S
DE(N)-B(N)dA(W)*eE(N-a) . L o
OM(N)=CIN)~A(N)®RGA(N=-2) - DE(N)*BE(N—!)
BE(N)—(D(N)-dE(N)*GA(N—l))/ON(N)
"GA(N)= E(N)/QM(N) '

BE(M1)=0. _ L
GA(M1)=0, N *
‘GA(M)=0% )

H(1)=F(1)/70MC1)

H(2)= (F(Z)—DE(Z)*H(I))/DM(Z)

DO 20 N=3,M1

HIN)=(F (R)=A(N) *H(N—=2)=DE(N) *HI(N=1)) /OM(N)

-9




¢

2

alNaNalel

e o Y T ¥ &

Y(Ml) H(Ml) o
Y(M) H(M)—BE(M)*Y(MI) -
DO 30 KK=1,MI : ) C o
L= M-KK : L

30"’ Y(I)‘H(!) BE(I)&Y(Ifl) GA(I)*Y(I+2)
WN(2)=(56«%(Y(1)+Y(3))+247. *v(z)+v(4))/360 o
0O 40 K=3eMI

40 NN(K)—(Y(K-2)+Y(K+2)+56*(Y(K~l)+Y(K+l))+246#Y(K))/360.

WNIMI=(Y(M-2) 456+ %Y (ML) 4245.%Y(M)+50.5%Y(M1)~-CS/48,)/360.0

" RETURN _ ‘ \
END . C
SUBROUT INE TR:D(A.B.c.o.cL.FF.M) =
IMPLICIT. REAL*8 (A—H,0~-Z) '
D I ME NSTON A(lOl).B(:Ol)fC(101).0(101).F(101).Bp(101)
1 .0(101).H(101) FF(101)

o

M1= M1
MI=M—1
BP(2)=C(2)/B(2)
Q(2)=D(2)/B(2)
DO 10 K=3+M . . . .
H{K)=BCK)I-A(K)*BP(K~1) . .
BP(KI=CA(KI/ZH(K) } ' ‘
Q(KR)= (D(K)-A(K)*Q(K-l))/H(K)
10 CONTINUE
F(Ml)-(D(Ml)—A(M1)¥Q(M))/(B(Hl)‘k(nl)*BP(N))
DO, 20 KK=2. M ¢
K=M1—-KK+1
F(K)—O(K)-BP(K)*?(K*I)A
20 CONTINUE :
'F(1)=0Ce -
DO 30 K=2,M ’
FF(K)-(F(K—x)+10.*F(x)+F(K+1))ﬁnz.o
30 "CONTINUE
’ :“FF(MI)—(F(M)+S *F(Ml))/(G.*(l.+CL)) , o c N
"RETURN ‘ . _ L — - ‘ s
END T . '5 P -
**t*******t*****t****#***t*****t**#*#**t*******t#***#*‘
" DECK FQR THE ‘SURFACE TENSION EFFECTS . .
DECK - FOR "THE CASE OF GIVEN RA TO FIND THE B
IHPLICIT REAL*&(A—H-O—X)
DIMENSION Au(1011.6u(101).cu(101).Du(101).Eu(lol)
1 :-HN(101)-AT(IOI).BT(IOI).CT(lOl).TH(IOI).FZ(IOI)-
2 _RH(IOI).U(IOl)-CRA(lOO) : e
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L2 ,ZY(41) e

M=50 : | o Wy
M1=ms1 - AT
MI=M-1. . - R F .
DZ=1.0/8 . S S
DZ2=DZ*DZ 5 ST -
DZ4=DZ2%*DZ2
IMAX=15
Fps=C.1D~-4
W.(1)=0.

W (M1)=0. v _

S WN(1)=0. : : S o
WN (M1)=0. : :
TH(1)=0.

DEFINE INITIAL ¥ .
‘ .bo 10 K=2,m° = :
© O A1=Rk L o
10 W (R) =2. *(1.—A1/H) O .

‘ RAH1--2 5
RAM2=0.4 .
DO 11 K=1,M1.
. AZ=DZ* (R-1)
11 Fz(K)=1. o+RAn1*Az+Ran2*az**2

IN1=18

- B==2(C0. 4

" AL=0. : '
CL= DZ*AL/G o

DO 101 IR=1, u : L ° : o N
"RA=1000. +1ooo *IR ‘ . '
WA=0.6 -

DO 1C0 IW=1,IW1 co _ : , -
WA=¥A+0.2 . ' o S , _ e

. WA2=WA*HA ‘ : oo DR

' X1=WA2%DZ2/6.0
X2= (HA2*DZZ)**2/360 0

'X3=X1/2.0

T1=1. o—x1¢x2 . :
T2=-U4.0-8.0%X14 o*xz : B
T3=6.0+18.C*x ¥4 -0%X2

Tu.=1.0—X3, :
TS==2.0-1C.0%X3 -



12

DO 12 x 2 M
AW (K) =
BH(K)—T?

CW (K)=T3

DW (K) =T2
EW(K)=T1.
AT (K)=T4

‘BT (K) =TS

CT(K)=Tu
CONTINUE

AT (2)=0. "
AT (M1)=2.%T4/ (1. 0+CL) '
BT (41) =15-10. O*CL*Tu/(t.o+CL)

‘CT(M1)=0.

AR (1) =0. Coe
BH(“)—OQ ' ! ..bn

cW (1) =264,*x1-240. _ .

D¥ (1) =96.%x1~120.
EW(1)=0. .~

AW {2) =0

cw(2)y=247. *12+17'*x1+7.‘
CW (M) =T3-T1

DW (M) =T2-11./2.%*T1

EW (M)=0. .

AW (M 1) =0

BW (M1)=0

T CW(M1) = T3;11 /2. *T2462.%T1

DU (M1)=0
EW (M1)=0.

cl START ITERATION T "\\’~

~

o

20

21

22

IT=0

AT=IT+1 _

IF (IT.GT. IHAX) .GO TO 1000 o ,
DO 21 K=1,m1t \ ‘ _ R
Rn(x)—-nzz*u(x) ; ‘
CALL TRID(AT BT CT,RH,CL, TH, n)

cs~-12 o*nzz*vaz*a*rn(u1)

bo 22 Kk=1,M1
RH(K)—DZQ*WAZ*RA*FZ(K)*TH(K)

_RH (M) =RH (M) ¥CS*T1/48.0  _ L

RH (M1) =EH (1) +C54. ;/ue -7./6. *11)

?

O

435



23

24

25

26
1000

100

101
65
50
60
.61

62

63

"CALL -PENTDA(AW,BW,CW sDW sEWsRH +CS o WNs M)

Al1=0,0 . )
A2=0., ' : , i

‘DO 23 kK=1,.M1

Al =AL+W(K)I®RXR2

TA2TA24WN(K) R %2

A2=A2¥DABSIWN(K))

"IF (ERR-EPS) 1000,25+:25

BN=B%*DSQRT(Al1/A2)

Al=0.

A2=0.

DO 24 K=1,M1
Al=A1+DABS(WN(K)-W(K))

ERR=A1/A2

CONTINUE
DO 26 K=1,M1
W(K)=WN(K)*BN/B
B=BN »

GO TO 20

CONTINUE o
WRITE (6,62) I'T,WAsBN,ERR '* "
ZY(iw)=8 ‘ '
CONT I'NUE . ,
WRITE, (7.65) (ZY(K)eK=1,Iwl) -
WRITE (6,61) RAsALsRAM]1,RAM2
WRITE" (6+63)

CONTINUE

FORMAT (6E13.6)

FORMAT (8D10.e3)

R

FORMAT (8D15.6).

1

1

'RAMI=1*,D10e3, 5x.'RAH2-'.DlO.3)

" FORMAT ('O'.'MARANGONI NO« 'tDll 4.5X.'AL

436

*,D11a8,5Xs

FORMAT (‘O'-'IT*'.I3.5X.'NAVE NOe.= oDKZ-S-SX:

* RAYLE IGH N00=' 0014-7|5X.'ERROR -D1306)

"FORMAT (*arkkne)

STOP

- .END

’SUBROUTINE PENYDA(A.B-C.D'E.F.CS.UN-M)

1

IMPLICIY REAL%*8 (A-H.,0~2)

DIMENSION A(101).a(101).C(xox).o(1ox);s(ibl).ﬁtxox). 
WN(1O1)+Y(101)+H(101)sDE(101)+,OM(101)+BE(101),GA(101)



10

20

3¢

40

10

M1l=M+1 . . “

MI=M-1 o o .
OM(1)=C(1)

BE(1)=D(1)/0M(1).

GA(1)=E(1)/0M(1) »
DE(2)=B(2) &
oM(2)=C(2)~ oE(z)«BE(x) .
BE(Z)—(D(Z)—DE(Z)tGA(l))/OM(Z)
GA(2)=E(2)/0M(2)

00O 10 N=3.,M]1 ]
DE(N)=B(N)—-A(N)®BE(N-2)
OM(N)=C(N)<A(N)*GA(N—-2)~DE(N) *BE(N=-1)
BE(N)=(D(N)—DE(N)*GA(N-1))/0M(N)

GA(N)= E(N)/ON(N)

BE(M1)=0.

GA(M1)=0, . . )
GA(M)=0. ‘ !

CH(1)=F(1)/0M(1) .

H(Z)—(F(Z)—DE(Z)*H(l))/DM(E)

°

. DO 20 N=3.M1 |

HOND=(F (N)=A(N) *H (N~ 2)—DE(N)#H(N—1))/DM(N)‘_3‘
Y(M1)I=H(M]) . c
SY(M)ZHOM) —BE(M)*Y (M1)

D0 36 KK=1,MI

a

LY

t
I=M-KK ‘ ;o : .
YCI)=HCI)—=BE(I)*Y(I+1)-GA( f*Y(I+2)
WN(2)=(S6. t(Y(l)+Y(3))+247 *Y(2)+Y(4))/7360.0
DO 40 K=3,MI

UN(K)q(Y(K-2)+Y(K+2)+56*(Y(K—x)+Y(K+1))+246*Y(K))/360.
NN(M)—(Y(M—2)+S6.*Y(HI)+245.*Y(M)+SO SEY(M] )-CS/48.)/7360.0

RE TURN

END L

SUBREUTINE TRID(AsB +sCeDeCLsFF e M)

IMPLIC!T REAL*S (A- H.O-Z)' .

D1 MENSION A(lOﬁ@:ﬁ(:O;).C(xox).o(xox).F(lox).

1 BP(IOI).Q(IOl).H(lOl).FF(lOl)

&

Ml:Mfl

MI=M-1 i

BP(2)=C(2)/B(2)

Q(2)=D¢2)s8(2) : .

DO 1 K=3 «M : .
H(K%#B(x) A(K)*BP(K—I)

CD%TINUE

*
kol

~



20

»30

F(H1)-(n(n1)~n(n1)*o(n))/(B(M)-A(M) *BP(H))
DO 20 KK=2,M

K=M1=-KK+1

F(K)= Q(K)‘BP(K)*P(K”)

CONTINOE

F(1)=0.

DO 30 K=2,M '

FFP (K)=(F (K-1) +10. *r(x)+r(x+1))/12 0
CONTINUE 4
FF(M1)= (P (M) +5. *F(H1))/(6 * (1. +CL)) \
RETURN _

END

438



' COMPUTEF PROGRAM POR CHAPTER IX .

 Mi=M+1"

C

£ W=

\

PROGRAN FOR THE CASE OF®BLAUSIUS PLOW

IMPLICIT REAL*8 (A~H,O0-Y)

439

DIMENSION Pt6uo1),PD(6u01),PDD(6u01) TA(6u01),TD(6uo1),

PR=0.01

M=1600

MFE1=260

HD=0.04

IMAX=20 . )
EPS=0.1LC-5 . v

MI=N-1
M12=M1%2-1
M14=M1%4=-3

C CALCULATE THE BASIC PLOH SOLUTION

G

.H2=H*H*0,5

H=HD*0.25 )
H3=H/6.
P (1) =0.
FD(1)=0
PDD(1)—O 332057337&00
DO 10 K=2,m14 -

I=K-1"

YO=F (I) -

V10=FD (I) *H -

V20=FDCL (1) *H2

-

. C1==YO*V20*H3
- Y=Y0+V10*0,5¢V20*0,25+C1%0.125
- V2=V20+C1%1,5 -

C2==Y*V2*H3
V2=v20+4C2%1.5
C3=-Y*V2%*H3

Y=YC+V104V30+C3

V2=V20+4C3%3
CU=-Y*V2*H3 '
C5=(9*C1+¢6* (C24C3) ~Cu) *0. 05
C6=C1+C2+C3 _

C7=0.5% (C1+4ClU) +C2+C3

VF (6401) ,VFD(6401) ,TI (6401) ,ETI (6401) ,G (1601)
,AU(1601) ,BU(1601) ,CU(1601) ,AV (1601) ,BV(1601) ,CV (1601)
,DV (1601) ,EV (1601) ,AT (1601) . BT (1601) CT(1601)
,RU(1601) ,PV (1601) ,TH(1601) ,VN (1601)

/



10

an

11

12

13

60
61

62

aann

i

P (K)=Y04V10¢V20+CS o
FD(K) = (V10+2%V20+C6) /H

FDD (K) =(V20+C7) /H2

CONTINUE o

CALCULATE THE BASIC TEHPERATUHB PBOPILB_

GALL DQSF(H,F,TI,N14)
po 11 K=1,M14 )

TI (K)==C.5%PR*TTI (K)

ETI (K) =CEXP(TI (K))
CONTINDE

CALL DQSF (H,ETI,TI, n1u)
DO 12 K=1,M14

TA(K) =1~ TI(K)/TI(H1“)

TD(K) =—ETI(K)/TI(M14)

1

X=H* (K=1)

VP (K)=0.5% (X¥FD (K) =F (K))
VD (K) =C.5*X+FDD (K)
CONTINUE :

HRITE (6,60) PR-
WRITE (6,61)

DO 13 K=1,M14,50
=H* (K= 1)

440

™

WRITE (6,62) X r(x),rn(x) FDD(K) , VF (K) , VFD(K) ,TA (K) , TD(K)

FORMAT - (1HO, 'PRANDTL uo.--,n1o 3)

FORNAT (1HO, 4X,'Xf,10X,*F*,15X,'FD",

-vgn-,1gx,wra',1ux;-mb'),
FORMAT (D10.3,7D16.7)

o

CALCULATE THE PERTURBATION SOLUTION

PU (") =0. \
PU(M1)=0. ‘
TH(1)=0.
TH(M1)=0.

PV (1) =0

PV (N1)=0.

VN (1)=0.

VN (M1)=0.

C DEFINE THE INITIAL VALUE OF PV

WRITE (6,64)
DO 15 K=1,M1
C€5=3. 1u1592553500*(x-1)

14X,

*FDD*

,13x,'vr},1ux,




15

c

16

C DEEFINE THE MATRICES

CT (M) =0.

BV (1)=0.

o - .
we o P R YE
L oad JIW ' o .

Ry
;

N
| Wl
.

. . wQ‘.j E%H?x T
PV(K)'DSIN(CS/H) .u'g?a% -

CONTINUE . .
H=HD N . Y
H2=H*H ‘ “ ’
H3=H2*H

H4=H3*H ' _ ) -
IW1=20 '

GR=5000.

WA=0. . : .
DO 101 IW=1,I41 _ . ¢
WA=WA+0.004 ‘

%

"WA2=WA*WA

CT=H2%*WA2/12

Do 16 K=1,mM1

I=K*U4-3

C1=H*VF (I)*0.5 ,
C2=H2* (VED(I)-WA2) /12

.C3==H2% (2*WA2+VPD{I)) /12

C4=C1%WA2*H2 ,
CS=WA2*HU* (WA2+VFD (I)) /360
C6=C1*PR .

AU (K)=14C1+4C2

.BU (K) ==2410*C2 o R

CU(K)=1-C1+4C2

AV(K)=14C14C3+C5 , ,
BV (K) ==U=C148%C3-CU+56*C5 S
CV (K) =6-18*C3+2u6%C5 ‘ T

‘DV (K) ==04+C1+8%xC3+CH844+56*C5

EV (K) =1-C1+4C3+C5 . ' . - . .
AT (K) =1+4C6~C7 : o e
BT (K) ==2-10*C7 - :

CT(K)=1-C6~-C7 _ S I
CONTINUE : ' ' ST e
AU (2)=0. ' 5 .

Cu(m)=0.
AT (2)=0.

CV(1)°-206¥AV(1)+CV(1) o T .
DV(1)—-112*AV(1)eBV(1)oDV(1) :
AV (1)=0.

EV(1)=0.
CV (2) =AV (2) +CV (2)

" CV (M) =CV (M) +EV (M)



C

N0

EV (M) =0,

BY (M1) =BV (#1) +DV (81) -112%EV (#1)
CV(H1)=CV(H1)-2u6¢BV(n1)
AV(H1)’

~

START THE Itzaarfb
19E=0
20 ITE=ITE+)
IF (ITE.GT.INAX) co TO 100

CALCULATE TH¥ PU

po 21 x=2,331
I=K*l4=3
G (K) =H2% DD (I) *PV (K)

21 "CONTINUP

3

CALL TRID(AU,BU,CU,G,PU,NE1) "~

po 28 K=Mg1, M1 .

28 po(K)=0.

CALCULATE THE TH :
po 22 K=1,m1 o
I=K*4=3
X=H* (K=1)

¢ G (K)~ H2‘TD(I)*PR#(PV(K) -0. S*X*PU(K))

22 CONRTINUE
CALL TRID(AT,BT,CT,G,TH,N)

CALCULATE THE VN
po. 23 K=1,m1 .
I.—.K*u-B . 4
G (K) =HU*wA2*GR*TH (K)

23 CONTINUE -

CALL PENTAD (AV,BV,CV, Dv EV, G,VN n)

Al

ClLCULATE THE NEW GEﬂSHOP HUHBER
€1=0
c2=0
po 24 k=1,m1
C1=C1¢ Py (K) *PV (K)
C2=C2+VN (K)*VN (K)

24 _CONTINUDE -
GRN= GR*DSQRT(C1/C2)

CHECK THE CCNVERGENCE

'c2=0. :
po 25 K=1,M1

€1=0 ' | B T

442
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. C1=C14+DABS (VN (K) =PV (K)9) * ’

S c2ﬁc2+pﬁfS(VN(K))

25 | CONTINUM -~ \ .

- ERR=C1/C2 - A
‘ IF - (ERR=EPS) 100 26, 26
READJUST PV

- 26 .CONTINUE ~ L

< .0 27 K=1,MY :

o .w'PV(K)‘VR(K)*GRN/GR

‘27 CONTINUE
. GR=GRN’
~~ .60 TO 20

1oonconrxnus o

L WRITE (6,73) ITE,PR, wA GRN,ERR ‘ ,

104 CONTINUE R . 3 . S
64 . PORMAT (131, *STABILITY SOLUTION ) S - N
70 - FORMAT (8BD15.6) - - . . - . I DU

71 'FORNAT {10F8.5) 2 f/ S % s

<73 VFORHAT (180,'ITE=',IQ 3X,'PR- ,D10.3, 3X,'HAVE NO.f ,D12.4&,3X,
¥1' 'EIGENV*LUE—— DZO 10 3X,'EEROR—',D12 5) - o :

_ STOP . , o : - R
" END . - S o A R S
J»YSUBROUTINE TRID(A B C,D,PF, n) T R - L\
"”IHPLICIT REAL*S (A-a 0-2).* . / a ' ‘ ‘

- DIMERSICN A (1601),B(160%1), C(teo1) D(1601),F(1601)JBP(1601)
1 .Q(1601) H(1601),PF(1601) o _ ‘
n1 M4l e I :
BP (2)= C(2)/B(2).;_«». e e
042)‘D(2)/B(2) R o
PO 't K=23,MI '
H (K) a(x) A(K)*BP(K-1) , o
. . BP(K)L=C(K)/H(K) . S : o N ,
. Q(K)‘(B(K)-A(K)*Q(K-lj)/ﬂ(K) ’ : o .
1 'cour:uus . o .
: F (M) =(D (M)~ A(H)*Q(HI))/(B(H)-A(H)*BP(HI)) R
&fy/z/z KK=2,MT. | ; A S -
. K=M1-KK - ° ‘ : e S R
- F(K)=QI(K)~- BP(K)*P(K+1) : : - .
2 'CONTINRUE S ,
-~ FF(2)=(10. Do*p(2)+p13))/12 col S : s
DO '3 K=3,MI - BRI o =T B
FF(K)=(£(K— )+1o DO*P{K)+F(K*1))/12 o s
3 CONTINGE R

.ot
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. 13

'Fr(u)—(r(nx)¢1o*r(n))/12

. RETURN
END ' D S
SUBROUTINE PENTAD(A B,C,D, E F, %N u) o wﬁ;' , —
" . THPLICIT REAL*8 (A~H,0-2) . B '

DIMENSION A(1601), B(160vy,c(1601),n(1601),3(1601) F(1601)
1 ,H(1601),Y(1601) ,¥N(1601), DELT(1601) OMGA (1601), BBTA(1601)‘

2 ,GAHH(1601)

MI=N=1

n1=h+1 ) , :

ONGA (1)=C (1) . - o TR )
JBETA(M =p(1p¥ora(yy :

snuu(1 E(1}/0Hﬁ1ﬂ1) . o ~
DELT ( #43(2) :

OMGA (2) = C(QiJBELT(z)*BBTA(1)
BETA (2)= (D {2).- DELT(Z)*GAHH(1))/OHGA(2) v
GAMMN (2) =E (2) /ONGA (2) = K

._‘>

" 'DO 10. N=3, M1

i*vDBLT(*)-B(N)-A(N)*BETA(N-z) ;
- OMGA (N) =C (N}~ A(l)*GAHH(H—2)-DELT(N)*BETA(3-1)l _

S 10

BETA (N)=(D (N)~ DELT (N) *GAHNM (N~ 1))/oaGA(N) :
GAHH(N)—E(N)/OHGA(N) : “ o ' %
BETA (11)=0.D0 L : ' T
GAMM (M1)=0.D0

GANMN (M)=0.D0

H{l1) = P(I)/OHGA(!)

R(2)-(P(%L-DELT(2)*H(1))/OHGA(Z)

DO 20 N=3, M1

"?“%g°n(u)-(F(N)—A(]S*n(n-z) DELT(N)*H(N-1))/0HGA(N)

Y (81)=H(81) Sy — 5&5_ 4
Y (W) =H (W)= BETA(H)*Y(H1) e - LT

" DO 30 KK=1,MI

. I=M-KK- : c '
30 Y (I)=H(I)- BETA(I)*Y(f31) cauu(I)*t(I+2)
' uN(2)-(‘6*Y(1)+2u7*Y(2)+56*!(3)+Y(u))/360 .
. TDO 40 JHT ' ' s
-~ WN(K) = (K-2L#56*Y(K-1)f2&6*Y(K)+5§*Y(K*1)*!(K+2))/360 4
40 CONTINUE ' T
: "HN(H)—(Y(B-Z)056*1(HI)+2M7*!(H)056*!(H1))/360 j
~ RETORN. - :
END . S L
3 K
.& 'Eg"’f . » o ’
% ) Lo a
. . _G?(A ' :%
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/ ) : AR e . v .
/, : ﬁxx\\ . . | ,, - |
[ N\ PROGRAM FOR CHAPTER X - L. o

(s DECK FOR MAXIMUM.DENSITY
IMPLICIY REAL*8 (A<H,0-2)
DIMENSJION. F(160:).F0(1601).Foo(16px).TA(1601).TD(160)'

sVF(1601)sVFD (1601 3»TI(1601).ETI{1601)+EV(401)

+AUC401)+BU(401)+CL(801)4+AV(401),BV(401),CV(401)

.AT(QOl).eT(qox).cr(aox).pv(aox).Pucaox).rntao:)

«DV(401),G(401) :

COMMON /B/M.M1 M1

- C - . S : A :
: PR=10.D0 o , : “ /
HD=0.02 - C
‘M=270
IMAX=1S . : ‘ .
EPS=0.1D-4 ' : - ' T
 Ml=MeL - : ‘ ' ’ P
MI=M-—1 :
S M12=M1%x2-1
Mia=M1%4-3

N & W

C

C. ALCULATE THE BASIC FLou SOLUTION ) , : . »
H=HD*0.25 . . : L R ' /
H2=H*H* 0.5 N - ‘ e T

. H3=H/6. c
St L FC1)=0. R ; e . v

" 'FD(1)=0. Te . ' - = S -
FDD(1)=0.3320573374D0 L : : ‘ o ’ =
DO .10 K=2.M14 - .
T=K=~-1 . » S P .
ya=F (1) A S .

V1O=FD(I)*H : R

. V20=FDD(I)®*H2 - o : : ‘? .
Cl==—YO*V20%H3 : : -

Y= vo+v1o*o.s+vao*o.2s+cxto 125

. V2=V20+4C1%*1.5 o :
C2=—~Y*V2%H3 - ~ T ‘

S V2=V20+4C2%1.5 L : -
C3==Y*V2%*H3

. Y=YO+V10+4V204C3 ‘ el
V2=V20+C3%3. o S ' ; . L ' : o
CA=—Y®Y24H3

C8= (9*C1+6*(C2+C3)-C4)*0 0s : S

S C6=CI+C2%C3 , S .
CT7=0.5% (C1+C4)+C2+C3 ’ T : .
'F(K) vo+v1o+v20+cs o : E o L S
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o

-

FD(K)I=(V10+24V20+C6 )./H

FOD(K)= (vqp+c7)/H2

.10 co~rx~us

C ~ :

C CALCULATE THE BASIC TEMPERA?URE PROFILE
CALL DQSF(HeFoeTIsM14) : '

.

C .o

DO 11 K=1e.M14 )
TI(K)=—0+5%«PR®TI(K)
CETIC(K)=DEXPE{TI(K))

11 CONTINUE :

© CALL DOSF(H.ETI.TI%M14)
DO 12 K=1.M14
TA(K)==TI(K)/TI(Mla)
TD(K)=—ETI(K)/T((N14)
X=H®{(K=1) B 5
VFIK)=0S*{ X*FD(KI-F(K)) | < . .

. VED(K}=0: S¥X*FDD(K) S : : ‘ )

12 CONT!NUE : ap ‘

WRITE (6.60) PR, °
_WRITE (6.,61)
D0 13 K= 19N14010
- X=H®{K=1) :
13 WRITE (6,62) x.F(K).FD(K).FDD(K).VF(K).VFo(f).TA(K).TD(K)
60 FORMAT (1HOe *PRANDTL NO.=*,;010.3)
.62 FORMAY (D10+3,7D01647)

CALCULATE THE BERTURBAT ICN SOLUTION

NaNaWeNs!

PU(1)=0.. o : : ' v
PU(MI)=0. - R B
TH(1)=0, . ‘ L T
TH(M1)=0% . v : a )
PV(1)=0. ' e Lo _ -
PV(M1)=0. o - «
VN(1)=0." § .
VN(M1)=0. « ' - ' & : "
H=HD . : , o . )
H2=H*H R : ' BN
H3=H2*H _ B o
HA=H3I*H &gy v A )
C DEFINE THE - INITILAL VALUE OF PV o .
. DO Y5 K=1.M1 - ) . o NP 4
C5=3.141592653500%(K-1) o



o

C-

14

*RA1==0e5

PV(K)I=DSIN(CS5/M) -
CONT INUE - _
FORMAT (3D10.3) g

RA2=0.8.
WRITE (6.71) RAloRAZ
IH1=15

- WA=1 .46 _
‘DO 101. Iw=1l,1w1

WA=WA+0.02
GR=100.D0

‘DO 14 K=1,M1
. I=K*®4-3 .
TI(K)-I.—RAX*TA(I)+RA2*TA(I)**2

~

CONT INUE o ,
WA2=WARWA o L »

C. DEFINE THE MATRICES -

16

T Ce
AU
"BU(K J=—2+10%C2

c7= HztwAlez‘

00 16 K= I.Ml

I=K*®a=3 *
C1=H®VF(1)%0.3 .
ca= H2*(VFD(K)-HA21/12 .

C3=-H2% (2%WA2+VFD(I) )/ 12
Ca=CL*WA2*H2 | ™
CS‘VAZ*H4*(UA2+VFD(I))/360
3&}*99 : - .
(K 1+c1¢62 o
CU(K)=1-C14C2 -
AV(K)=i+C1+C34CS

BV(K )= -4—cx+e¢c3—ca+=6*é

S CV(K)I=6-18%xC3+246%C5 °

DVIK )= -4+c1+3*c3+c4+ss*cs‘pﬁ

EV(K )=F~C14+C3+CS-

AT(K)=1+C6~C7 .
BY(K)=—2-10%C7
CT(K)=1-C6~C7
CONTINUE = - . -
AU(2)=0,

| CUtM)I=0.

AT(2)=0. s
CT(M)=0. -
CV(l)‘-ZQé*AV(l)fCV(l)
DVE1)==112%AV(1)+BV(1)+DV(1)

’Av(i) C. . e
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[a¥a 0

BV(1)=0.

"EV(1)=0 . ﬁﬁ

CVI2)=AV(2)+CV(2). o

AV(2)=0. . o , _ '
cvim)= cv(M)+Ev(M)' )

"EV(M)=0. , ’ . .

- : BV(MI)—BV(MI)*DV(MI)-IIZ*EV(MI)
: CVIiM1)=CV(M]I)~- 246*EV(MI)
‘AV{M1)=0. .

DV(M1)=04
4E‘V(.Nl )=0e

C ‘A&v g . - ’ _m

€ SXARTL, ITERATION | e

Sl 4 ".5*0 N , ’ : A K,Q;&;«QM;A,.“"
S T

'.anx) GD YO 1oo'

‘rHe pu

ILK#A—B T S

',G(K)’HZ*FDO(I)*PV(K). LS
21 conNTINnUuE S ‘.

. " CALL TRID(AU.Bu.cu.G.pu) A
C CALCULATE THE TH e o o . ‘
e DO 22 K=1.M1 o T e

I=K*4-3 > | S ‘ , S
X=H&E(K=1) ‘ s
G(K)-HZ#PR*TD(l)*(PV(K)—O S*X*PU(K))
.22A:C0NTINUE ) .
+© 7 CALL TRID(AT, er.cr.G.tH)

C CALCULATE THE, VN _ : : .

' DO 23 K=1eM1 . o ' s

- G(K)= —HG*HAZ*TI(K)*GR*TH(K) &

23  CONTINUE ' . ' ’} :
’_CALL PENTAD(AV.BV.CV.DV.EV‘G.VN)'» S

€ CALCULATE THE' NEU GRASHOF NUMBER
C1=0 .
c2=0 - : -
. DO 24 K=1,M1 -
o c1= C1+PV(K)*PV(K)
L C2=C2+VN(K)®VN(K)
24 CONTINUE - : :
GRN“GR*DSORT(CI/CZ). - S e

CHECK THE CCNVERGENCE
Cl=0"

448
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C2=0. .

' DO 25K=1.M1 .
"C1=CluPABS{VN(K)-PVIK))
C2=C2+DABS(VN(K)) . : .

25, CONTINUE - o , : S
ERR=C17C2 . ' : »~
IF (ERR-EPS) goo.ze.zo _ B '
: ERR=DABS( (GRN=GR)/GRN) , , <r .
READJUST PV : , - ‘ ’
26 CONTINUE : o
DO 27 K=1.M1 w;‘f@'- ) o v
PVIK)=VN(K) *GRN/GR S \’W@“ o
27 CONTINUE ' T CL _—
‘GR=GRN ' S ‘ - - A e
GO TO 20 _ ‘ AR o , o T Ey

100 CONTINUE —
"WRITE (6473) ITE.PR.WA+GRNsERR
WRITE (6:66) o _
_ WRITE (6,70) (PV(K) ¢K=1eM14S) .
. WRITE (6+67) . '
v ’URITE‘(6}70)<(PU(K).K=IJMI.5)
unx#s (6.68) S ;
(6,70). (TH('K)OK:IONIOS)‘

“C1HO. 4x.°xr.xox.-F-.lsx.-FD-.xax.-FoD-.xsx.-vF-
1 «14X, *VFD*313X+*TA® 414Xe*TD?) .

66 FORMAT (1HO. *THE PERTURBED QUANTITIES IN Y DIRECTIONY)
67 < FORMAT (1HO, *THE PERTURBED QUANTITEIES -IN X DIRECTION®) .
'68 FORMAT (1HO, *THE PERTURBED QUANTITIES IN TEMPERATURE?®)
70 FORMAT (8D15.6) :

71 FORMATEMiH1, *RAMDA1=*,012.s 0K, &moxa.n _
73 FORMAT A1HOs *TTE=® ¢14¢3X s *PR="¢010+3+3Xe *WAVE NO.=D Lo
1 +D12.5+3X, *EIGENVALUES="+D20.10¢3X3 *ERROR=",012.98)

sTap - , o L “

END - o ' ’
* SUBROUT INE rRxD(A.s.c.o.FF) - ; S N

DOUBLE PRECISION A(401).B(401).C(§01).o(cox).F(aox).aP(aox)
1  +Q(301),H(401)+FF(401) - ' . -

BP(2)=C(2)/8(2)
a(2)1=021s8(2)
. DO 1 K=3.MI e
CH(K)=B(K)-A(K) #BP(K=-1) = -

.

A w2
COMMON /B/MeM1.MI = ) *ﬁﬂk - ' R éfY»

e o » )
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»30

BP(K)=C(K)/HI(K) - o ‘ f o

Q(K)—1D(K)~AlK)tQ(K—l))/H(K)

. CONTINUE

FAM)= (D(N)—A(M)*Q(Ml))/(B(M) A(M)*BP(MI))‘
DO 2 KK=2,MI

K=M1-KK
FIK)=Q(K)-BP(K)%F(K+1)
CONT INUE-
_FF(Z)-(IQ.DO*F(2)+F(’))112

DO 3 K=3,MI
FF(K)—(F(K—!)#IO-DO*F(K)+F(K+1))/12
CONTINUE .

FF(M)-(F(NI)+IO*F(M))/12

RE TURN ‘ ) B . -

'

. END

.- SUBROUTINE PENTAD(M.B-C.D-E-F-UN)

v

. x"‘ ;_-) "
,.» DOUBLE PRECISION A(401),B(401),C(801), E(40lgtﬁi45l)
RS .D(AOlQ.DELvtaox;.v«aox).ngaox).onGx(aox)“
1 .ﬁ%4ox).BETA(401).GAMM(401rJ o )

COMMORN /7B/Mo M1 oMI - v
OMGA(1)=C(1) s _ A B
BETA(1)=D(1)/0MGA(1)"
GAMM(!)-E(I)/OMGA(!)-

- DELT(2)=B(2) S N

20

- GAMM(M1)=0.00

OMGA(2)=C(2)-DELT(2) *BETA(1) ’ ‘f‘
,BETA(Z)*(D(Z)—DELT(2)*GAMM(l))/OMGA(Z) :

GAMM(Z)—E(Z)/OMGA(Z)

DO 10 N=3,M1 - - N
DELT(N)=E(N)-A(N)*BETA(N-2)

OMGA(N)= C(N)-A(N)tGAMM(NbZ)-DELT(N)tBETA(N—l)
BETA(N)—(D(N)-DELT(N)*GAMM(N-]))/OMGA(N)
GAMM(N)'E(N)/OMGA(N) . ?
BETA(MI)—O.DO, ‘ ’

GAMM{M)=0,D0

-HO1)=F(1)/0MGA(1) Ca
H(Z)—(F(Z)—DELT(Z)*H(I))IOMGA(Z)

DO 20 N=3.,M1

HIN)=(F (M) ~A(N) ®*H(N- 2)~DELY(N)tH(N—l))/OMGA(N)
v(nl)—H(nn)‘

.YOM)-H(M)—BETA(M)#Y(MI)_

D0 30 KK= LTeMI :

,‘I“M—KK\
YL EY= H(l)-BETA(I)*Y(I+1) GAMM(I)*Y(I+2)

*5--~;N(2)=(56tV(1)+247*v(2)*56*v(3)+v(4))/360 T
o 0 40 K=3,M1I B ,

450
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'S

_uN(K):(v(x-2)+so¢V(K—1)+246tv(x)+56tV(K+1)+Y(K+2))/360

CONTINVE '
WNIM)=( Y (M=2)4S56%kY(ML)+247%Y(M)+56%Y(M]) /7360

RETURN

END ' o
. ‘ ’ » ' ) - '



