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"9 ABSTRACT - - . L .

S . . 7 .
In this thesis we study the local saturation and inverse'

problkms for Bernstein—type operators S (f t) which include the,~’
\Bernstein pof&nomials, Szasz operators Post-Widder operators

Phillips operators and Baskakov operators under the combinationsf-“i"'

defined by ' “;‘ o ;;v' -',:131,,, . ;'[‘v'i:?"r IR

.
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_f(.t)v -fo.r,_Which the .:op-tv_im.al,'ra_te of eon_vergevn'ce"'_'”s};('f,t) '_+ .l"f(,t)_.' is.'_‘ '

'achieved for f in some interval. A local inverse problem is that

' ’
i .

‘%f det Lmining the smoothness of functions f for which the rate

I
I

'nyergence of S (f )+ f(t) is slower than the ogtimal rate.

In Chapter II+llocal saturationwresults‘for Bernstein poly-

e
vnomials Szasz operators, Post—Widder operators and Phillfps operators,

iy

under combinations given in kl) have been achieved._ We prove that,

,‘\

(t+l)) \

a5
7 if lls (f k 5 t)~ f(t)”c[ b] = O(n ,

tnen{'éz €L [a b]
In Chapter III generalizations in two directions are’ made.o.-'

: firstly, we prove a local saturation result for Baskakov operators

under combinations (1), secdndly, we define ‘a new type of combination
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‘which is more general than the.combination Cl) : The satqration result

for Baskakov operators is similar to the results achieved in, Chapter II.

N

‘The néw combinations that we. dafined contaih»the combination (l)

a special case. - However, a different special casbvfor combinations

fOOf Bernstein polynomials can be constructed for which a polynomial

5 needs results from Chapter IV where we study the inverse problem

e ,»new combinations) , U@ing this result as* an intermediate step, ‘we f::.

.}, Kendall Post—Widder and Phillips are obtained.>;», lj,f_» ’

..

- with the same degree that in (l) w0uld yield optimal rate of n (k+1)

will have the optimal rate n 2 . ="H‘ :_aJQ ‘ ;‘f

3" o The proof of the saturation result for the new combinations,

for Bernstein-type operators 1n the general" combinations (d(

achieve the saturation result for the general combinations.1

[

'; Chapter V is devoted to the saturation and inverse problems
: : ! ' .
for combinations of some exponential formulae of semigroups of
operators.- Using similar teohniques as. in the previous chapters,

saturation and inVerse results for the exponential formulae of Szasz,
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I CHAPTEY. [
. ) N .. "v ’ . ‘.4 ‘ . .' . ’ .(
R AP . INIRCDEC W N
. ‘ ) } B - - ~-

- .. A
. N ’

{_ Theftheoryvof'znr ©  zazien is an ... ¢ and im:ortantisusigbt‘ﬁc'.
infsnalysisb ‘Knowniresu;ts arc vy rich ar exhanstive;lyet.msny g
Htproblems'are.still‘unsolved. o
| nInLthe tneory'of-apprbximscion e ul fha bssic problems"
l. is to"epproximatebawg1Ven_function’ f dn X of .aer by functions from

" gome preassigned classes S (S. cvx);' o by functions, S<(£,')
. . T A A /

- . “A :
ﬁ\"constrnﬁéed" from' f. In'the,first situation;;one considersghested
R Y . R Lo e
' classes : {SX; A € K} such that AUA SA is dense in X, and f

is approximated by elements of S -For example -Sﬁ"are'snbspsces”‘i

of all trigonometric or algebraic polynomials of degree n, ,Infthe~
Becond situation,the approximation processes -{Sx(f,-)} are - families
of 1inear operators on £ such that § (f x) 'conVerges»to f(x)

" some- topology FeJer operators o (f ) and Bernstein polynomials S

Bn(f,ﬁ) defined below ar?fapproximation processes of this type.y

L | ‘Pzif-'f"n B [sih (?+§)u ]<:'f' R RPN
B T v “W[ TS P it
ST i . DR sin-f N B o SRR
R SRR R
- _ RERREE - li S ‘/{: . »_‘y‘.\
G R . noo Lo nik"lk L;__ o
x2) - . B (f c) - -Z <k) e (1-t)" CEED) L.
A natural problem is estimating the rate of convergence of \L;;”‘
Hf - s (f )||+ 0, or dist (f s ) >0 as x + o, Probably the !

first discussions of problems of this type were by Lebesgue [37] and L
g . _ S . S SR AR

.E.l ;',.iy_ R
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vide La Vallee Poussin [59] in 1908. A pioneering theorém of

K] <

D. fackson [34] in 1911 in this direction shows the connection of ‘the

smgothneSs (modulus of continuity) of the given function f and the

. error" (rate of convergence) of dist (f P ), where_‘Pn is-theispace;i

; of trigonometric polynomials of degree n. .

. A Jackson-type theorem is a régult that determines the. rate;,

of convergence of ||f S (f R (resp dist (f, s )) in terms of -

‘ R v

' properties of the given function ';ﬂ A Jackson—type theorem is alsoi

called a direct theorem.v For most approximation processes, the rate -

'of convergence is faster tor smoother functions.‘ hf- 4 v
A direct theorgéjghx Bernstein polynomials d (f'n)hxvasath

.proved in 1935 by T. Popoviciu’ [47], who showed that for o » )

fe c[o 1], If(x) - B (f,x)l <—- w(n ),-where |

S

‘m(h) = gap {if(x) f(x+t)l |t|< h, Xy x+t € [0’1]} is the modulus of
cmWhmﬂyfw'f “"'bly"_;vwli"; - :rl h"lh
| In 1932 E. Vorovovskaja[GO] ss\owed that, 1 fe c [0 1],_ -

o ' x(l x)
then lim n[B (f,x)-f(x)] = f"(x) From this asymptotic :

result, we se;\that even for £ € C [0 1],‘ the rate of . convergence _hiq

b u."-‘--

j’¢f7 B \r,x)**wdgia“not—berfaster“than"that of functions‘tn—‘C;‘*“This—‘—‘“““

leads to the concept of saturation introduced by J. Favarg [24]

\

The saturation problem is that of ermining the family

*w(A) w(A) + O as. A 4 o, ,and-theycla : the saturation class

')II & owcx)) (

dist (f S ) = O(w(A))), but except for "trivial" classes of £unctign95‘

or: Favard claeﬁ, of functions f such"tb' 4 (%,

}h the order of convergence, w(A),, cannot be improved ; The saturation_ f”

"reSult i also referred to as, the "optimal case“ because the optimal

f rate of c nvergence is treated.



N , - PRI 3 / 3
: . ‘_ - e e -
The inverse problem (as being the inverse direction of the
"-rdirect problem), called also the non-optimal case, is that of

'determining the ass :of functio f such that Ilf-S (f ) #”O(W (A))
¢ .

Z.VT(resp dist (f, S ) = O(w (A))) ' where w (A) tends to zero slower
, R
: ,than the optimal rate (A), and is usually chosen to be w_(A), g;

o<acp. o, 1" ; g t» ”',;: 5 S
' In the 1iterature most saturation and.: inverse results for ~
‘operators are on positive operators _ Because of the Korovkin theorem,
“the convergence of a sequence of linear operators is determined by the'
;functions 1 x- and x2 ’ which relate to the first three terms of .

N Taylors expansion and hence one cannot have a faster convergence than
"that of C functions.. Therefore, the saturation classes for positive'
'~'operators would generally contain smoothness properties/up to having - J

,second derivatives.: In order to obtain more efficient apptoximation:'
\-operators one. has to consider non-positive linear operators for which ﬁtﬁ
:faster rates of convergence may be obtained with saturation classes ;;';'f

'-:related to functions having higher derivatives.‘, | | “eftanff'

In this thesis, we investigate sbme non-positive approximation

processes obtained by certain linear combinations of some classical

operators, e. g > Bernstein polynomials B (f t), Szasz operators

A(f t), Post—Widden operators S (f t) and Phillips operators

S (f t), defined by.”.‘:

N (155): ;ﬂ,\~fiu;?7-. B (f c) ey I (A f6~) L
e S o ,ff': k=0 ,:!. :

‘i(igg)ﬁ‘ iﬁlp:;‘ S Qf t) (n l)' ( )n f v Anu/t n lf( )d ;ie;;pnzl;i:f:f
Ll SR B 0 ‘.1];r . B,
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@s sk f e ’“""“) I iLL— f(wdu + et (oy: .

| ar | ey (u-l)'

‘ Baskakov operatore are also treated 1n Chppter III..' st of the ..v . K

"'results ve achieveﬁ dtem frbn similar reaults for Betndtein polbnouiqls._‘5

"j 3 ,‘7:> A aaturation result for Bernstein polyuomials waa first YL
> .

iachIOvcd by K.de uaeuw[lZ] in 1959 rhis reoult was.laber rufined ‘
_‘.by G. G. Lorentz [41]. and by B Bajzanski and R.‘Bojanic [21 Both :hey,ﬁ

(\'technique used by Lorentz and twat of BaJBanski—Bojanic have been

7

.h‘extenaively developed and generalized,_ For the applicatioua and

|y

',.fextensions of Bajﬂanski-nojanic s parabola technique. we refer t:he
reader to the works of V G. Anelkovlc [1}, G Huhlbach [46], -;

"'c c Lorentz and L. schumaker {423, m. Berenc [51 and R. DeVore [15]
Lorentz '8 technique has also been developed By L. J DeLuca,_ w‘-]-"

K. Ikeno, Y. Sdiuki and S Watanabe [13]§Z§33]’ [53] (55] In this .

3: thesia we shall use. the technique of Lorentc Eether than the parabola 1uﬁ“f

7fﬁ—e;ff;e—eLcrentzﬁseaaturatioe;theoree%ﬁé*fﬁqfnFte*#C,Q,

- a global resulc.i He proved that for f e C[O 1], f' € Lip 1 if aﬁdﬁk”&te
ﬂionly if 'B (f,x) f(x)l < M-iil~§— In this theeis We shall achieve
x;lEEEl saturation and inverse theorema foi ccrtaiﬂ lineer combinations » A
l;S (f k‘t) of some "Bernstein-type":operators S (f, t) (which i_!Tlaf;
l;contain the bperators (1 2), (1 3), (1.6) and (1 5) aa well as o |
:-ZBaskakdv operators) : The local problem is to deterutne the snoofhness ;;ﬂ‘;

: _of f ‘An soue interval frbm the rate of aonvergence of

‘ . IR



, o - . - '-‘,’/‘. dg v'“‘y ) ’\ o . _' ‘,"‘ ., T ‘ ‘ E ‘ “.
- sup [S (f k t)Lf(t)l where the supremum ia taken on the same interval o
PR S I -",_’
Chapter II Section 1 is dewoted to the study of the loeal

I h

i
saturation problem for B (f k t), wHich is a. linear combination of o
”i Bernstein pblynomials B (f t) defined by P L. Butzer [8] as ;?ve”:if,"'
N S ] (f K t) - (2 -1) [sz (f k-,1 c)qn (f k-1 c)] b
i‘ii_q)”‘ T>\“; R 2} }i;’ fﬁ“i
T R 3 :N¢ o t) = B (f«c) R
‘)v'.; . , ‘v - o e . .. .v S L ““ Py ‘ ) o S _‘ ‘ .k.” :\‘ a S
The rate of convergence of B (f k t) has heen investigated by LA e

. ' . ! v
l - . |

Butzer in [8] The saturation resnlt we obtained is for f e C[O 1], ?:.

, Q <ac< HL< l (c f., Theorem II 1 2; see alsg [11}),

L i‘3'»‘» In Section 2 of Chapter II, we investigate the eaturatiom

-

clasaes for a nuhber of classi;al approximation processes Sh(f t)’rﬂ"hiﬁ°
. L

-

(e g,i shasz' Post-Widder an?/?hillipa operatora defined 1n (1 z))’ EIS s

I under the comb:l.nat::!.onzs*T (f k t) similar to B (f k t) (c f 95\

equation (2 20) ir Chapter II) He found that in spite‘of their

-\ B

very different a pearances, theae operatore and the Bernatein

polynomials are from the_point of view of~rates of_conyergence,WVEryi;‘ﬁ :

similhr operators In fact we found that the ratee of convergence :
of S ((K”E);,t) +. 0 i = 1 2 3,..., aé' n'+ 0 ﬂ for each of theselzf_i"
. P S

operators are the same as B ((x t) ,t) > 0 for Bernstein polynomials fﬁ“

(c.f., Lemmas II 1 8 and II 2 8) This propertyveasentially determines

the correspondence of the smoothness of the function with the rate of

B -; | _"'_ .

; convergence of Sx(f t) he f(t) Wé therefore refer to thege operatorsé'“{'

and the Bennstein polynomials as the Bernete,h—type operators.:fforgf'f

[ I



e T e

some of thesé operators, for example (1.4), (l 5), no'saturation theory

. L4

even for the positive case “.= 0 was known - e - s
¢ ‘In Chapter TIII generalizations in two different directions
- .

are discussed. In thé first section we . inveatigate the saturation

problem for the combinations of Baskakov operators (the definition é@

of’ Baskakov operators will be given in: Chapter III Definition III 1. l)

v’

- The construction of the Baskakov operatord is a general setting for

Bernsteinetype operators. The Baskakov operators which include the
Bernstekiand Szasz operatorsa are also Bernstein-type operators.

' However “the reSults we have achieved for Baskskov operators. (c f
Th“ em III 1. 2) are only satisfied for functions with growth not
faster than some polynomials while the results for Szasz operators

(e f., Theorem II 2.1) are satisfied for functions with growth not

-

faster than some: exponential functions} Nevertheless, our restriction i

| is still less than the one. u§%d by Baskakov ([3], p. 250) and. Suzuki

([54] pp. 430, 431 and 451) Baséakov 8 convergence theorem and

Suzuki's saturation theorem were only for bounded functions and for :

o

functions with compact: supports respectively

e’

~In the second section of Chapter III we have solved a

problem raised by Butzer.’ in the paper ([8], P. 567) he asked . R &

'

whetQEr there’gxist any linear combinations for Bernstein polynomials

1 . i.

other than the one discussed there (i e., (1.3)), such that it is a.

polynomial of the same degree ‘as B (f k t) but with faster optimal

©

": rates of convergence.- We solved this problem by defining a more; :;

general combihation,gsuch that the combination investigated by Butzer :

¥

.is_a;special case. Butzer defines the combinatﬂbns By induction

o
Ll

\,.’
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i .
(1. e., by equation (1. 3)), while we define the combinations by the

i

explicit formulae for the coefficients"-~; : i-3ﬁ,: - S
. S SX(f,k,t.) = Z“-'C(j,k)’Sd,K(f,t) , .

o oot =0 3 P
S : . k- d o S N
o c@l = T

A T T t=0" 73 0 !

XThe coefficients depend on k+l arbitrarily chosen distinct positive
integers do,...,dk With the proper choice of these 1ntegers

(vik. d' = i+1), formula (l 7) would define a polynomial of degree'

i
‘-(k+l() o
(k+1)n with the optimal r4$e of convergence n (c.fﬁ,
" Remark IIL.Z,S) whi ooor that rate Butzer‘needed a'polynomial;o
degreed'an. T ' S e

o Lo . . . hog

O i

¢

The saturation problem for Bernstein—type operators‘under
PRI - \ {}
‘the general" combingtions (l 4) has also been. investigated and a

o

similar~saturation reSult is also achieved However the proof of this :

B ~ s

thedrem has to be delayed until the end of Chapter IV aff&E\ze»have f

™.
N

achieved the inverse results for the. ‘general“ combinations of the_
Bernstein-type operators.. S Lo s

Chapter IV is devoted to the ipveisewproblemdfor Bernstein-bph
‘type operators (for the "general" combinations) In the literature
the 83srting point of the inverse theorems fgalcws -an inequalié; proved
by Bernstein [7] in l9lf for periodic functions app oximated by -
L e
trigonometric functions,and analogously estimates of Ilzwng (f x)H
, , : X

play the important roles in the proof oﬁ the inverse theorem here\”
An inverse theorem for Bernstein polynomials was first proved by v
Ry

"H. Berens'snd G. G Lorentz in 1972 [S] (see Theorem IV 1 2) They



S ¥ , - o
a applied‘the ‘recen ly developed K-interpolation method of
L

j ~Jr:?eetre ' (c. f., e. g., ([10], p. 165)) to solve the problem.:

,1

According to their remark ([5], p ‘Wl;, an. elementary method has , ;
also been tried but they could oL ohtiia o2 complete solution by such

o a method “R. DeVore had also at :mpted tais problem»and obtained e

“some weaker reSult so' time;ago (c.f., the remark in [5], P 694)

3
After Berens and Lorent

I -

for Bernstein polynomials by using the parabola technique (see [14]

's vesult DeVore solved the inverse theorem N

*

and also [15])

\

We. solve the loeal inverse problems of the combinations

: I un‘ ¢’ ’

. discussed above following the Berens—Lorentz method.v In Theorem IV 1 4
‘we proved an inverse theorem for a number of Bernstein—type operators.i

<

(e.g., Bernstein polynomials, the operators of Szasz, Post—Widder and
Baskakov) under the ' general" combinations. We should however,

particularly mention E%%e, that ve are-not able to prove the inverse

-—

.’,

T theorem for Phillips operators (1 5) ‘“;:'o”v'n" v

By using the inverse theorem as - an intermediate result, we ;‘

/ s

5 . ‘ .
'tufation theorem of "general" combinations of Bernstein~

proved the
dﬁ

"type operators in this chapter (Theorem IV 5 1) This theorem also.vf;
includes the P illips operators (1 ”*.

' As an*épplication, in Chapter v we show a saturation :
. , .
and an’ inverse theorem for linear combinations of exponential formulae

!
a

for semigroups of operators (Theoremo V 3 l and V 3. 2)

*Q-L ' f We would Fike to emphasize here that an attempt to use ' ,
elementary methods has been made through }Mﬂ.the proofs.» Therefore,. P

in some places, more than one proof has been SiVEn.;f;
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SATURATION THEOREMS FOR COMBINATIONS OF

BERNSTEIN~TYPE OPERATORS

Saturation theory is an important part of approximation ;f'--'

g theory{ It is the study of the problem of determining the class of -

N

' functions for which a given approximatioanrocess has the optimal

ST

’ order. The concept of saturation ‘was first introduced by J Favard

a

‘in 1949 for summation methods of Fourier series [24]

For Bernstein pOIYnomials"5~ S ,wf fQ;""v’

o

- " S Lo .

U B(ft)=.2 ()t(lt) f(—)
. R k=0 B

- ',p

T

the saturation reSult Was uroved by de Leeuw [12/, Bajsanski and

"Bajanic [2] and Lorentz [41] The method of proof used by Lorentz andvf'

t

‘-that of Bajsanski ‘and, Bojanic have also been applied to othe&
';approximationoprocesses [33], [53] [55] }l 15_; ,‘b E 'c; /‘;glﬁ
| After obtaining the saturation class for a known approximation
process; the following questions arise naturally Is it possible to S
. construct from well—knewn operators new ones whiéh approximate the™ :;/7
Q,original functions with possibly faster rate? If so how does one -
"construct Such operators, and, can one determine their saturation
4;1classes as. well? ; vr o , l_ ‘ "‘v o

Butzer [8] approached these problems by using the following‘i"

'{ilinear combinations as the new approximation process-‘ :

1 E ~
. - P



10.
B (f,k,t) s-(zkéi) [z Bz (f k—l t)—B (f k-l t)]f:ff

(2.1) . ;,f T4 e e fr-,lw‘
I : B (f 0 c) =B (f c) Lo

The .rateg of convergence for Such combinations have also been
: 1nvestfgated not only for Bernatein polynomials (see e. g., [8]1h \ .,i
and [20]) but also for other operators (e g. for Gamma—Operators

‘ﬂsee [38], where they ihvestigated the case when k = 2) In this

N

'chapter we shall investigate the local saturetion problem for
such: linear combinations formed from a number of classical operators.ﬁ
h;,One should nqte however that Butzer s direct theorem result will

T also be extended here.

‘Sl. The Saturation Result for Bernstein Polynomials

' T : . . - . - ,\‘\f\:-‘»

,He shall prove the saturation theorems for Bernstein poly~\\
S

t

‘“nomials ié’this section

- Definition I, 11 T

-

An approximation ptocess [s;°.§ﬁ a space X -isAcalled. :
! satureted“ if there exists an: "optimal" order w(x) where w(A) > 0 :

and lim w(A) = 0 and a degenerate class of functions L(S 5 such{fh
Claat B | kS A,_oh:.“' 5 | “_1‘g';iﬂf}“"' L -"' ol
« IISA(f DE f( )lfu o(¢(x)) if and only if R L(S )

(ii) there is a function f € L(s ) SﬁChvthat::;

Hs (f . ) f ( )H = 0<wm)



. ’v11'_v :

. given in the following theorem N~‘f_ ‘Lfgf' :_.ﬂ

.'LTheorem I1.1. 2 'f?j-f_ f,'_

_ Let f € C[O 1], 0‘< a < al <ib1 < b:< 1 ni'sj?oz .

Then in the following

;‘I(f n k,ﬂ b) = n : “B (f k )= f( NIC[ ,b]*

o '(1) —>(2) > (3) and (4) > (5) =m>. (6)

@ I(f ni,k,a b) - 0(1), ni * w; ey
f(Zk'l-Z) . Lw[a’b]

g

@ f(2k+l) Adc. (a b) ‘and

Nor I(fnkal.w—om, mowy

gf( >g i(f*“i‘k’a’b);f.°(1’ “1'ff‘s\;;;zi
. fSlv'f.e’Czk+2(é,b)>:end | 2§+? ;(i k; t)f(i)(t) =0,
S ST o iﬂﬁL
'T t e (a b), where Q(i k, t) are polynomials depending
'on- k ’
@ I(f nka, > - o(l), e L

'eWe shall prove this theorem by induction. In case k = 0
‘_this theorem has been proved by@de Leeuw in [12] However, we would
'Zvlike to point out that the proof given below also can be uaed to »

‘,.prove the case \k = 0 directly. o

;lfsl 1 Outline of the Proof of the Bernstein Polynomials Saturation :ff

Theorem.,

,\.'
N

| Since the proof is lon ¥: d intertwining, We shall outline
u,ithe proof in this 3ﬁ§i59tion and give the details in ‘the following

f;;subsections. There are seven basic steps in our proof. R



T _..~; »‘. _,._._-_E - .;_Y | _:  . hfhf\fj_" - .

(I) We first observe that, for each k and any bo ded function

f continuous at t, the relation hnl m, B (f k t) = f(t) holds by

!

.f‘applying the defining relation (1. 1) We use the folluwing lemma to |
reduce the saturation result of 'nk+H|B (f k <)-f(- )||=-O(lp (or o(I))

to'that of 'n “B (f K, )-n (f,k, )||= 0(1) (or "o(1)).

O

Lemma II 1, 3

.

If fe C[O l] and By 2 n0 _.theh in thevfellowing

'(l) i (2) > (3):

. ,f T ow k+1IIB (5 ke )-E(: )HC[ b SM forall 4
AP <2> nk“HB (f_de-.-)'—B (ks )H évé'»f,"'-f'df‘all 1;
(3) nk+1HB (f k, > f( ;H a& <'4M, for all 1.

T

(II) Using Lemma 1T, 1. 3, we have

k+1HBZ' (£, k, )-B (f,k,-)“ b] <‘M7. Since for any g e c j auch :

‘that vaupp«g c (a b),' we have g € L [a b],vthe dual apace of which

7ie L [a b], then by means of Alaoglu a thﬂorem, there exista an '

h € L [a b] eand a Subeeqeunce {n }ﬁ‘of {n } Such that for any '.7"7'
‘ : _p‘_' : , L
'g as above we: have v

'S -

(III) In an effort to investigate the expreesion (2 2),we

vderive an asymptotic relation for n [B (f k )~B (f k )]

"‘p ptovided that £ € 02k+2‘ .



boh A N pgbn SgE A amer
\,‘\Xi )'"I: ""’E{s (g ‘5’" Y l’&“ ' {} . /

) i
b ' 13,
”L&malLiM’ v o )

R : $, : o LT S

~Let fe cfo, .18 £9e) Sextots, then be o

) . . .. ‘ ' . ‘ R \' )[2,‘1
@ e, e (k0] = ) AWk D 1oy
i . Caomna s jukd1 SRS ;

P . g 5AP2k+2(D)_f(t)+o(1’)
S o -A, i :@. ‘,1 ':. i .
vhere Q(k.t) are polynomials in ¢ and also .
. .‘Q(_2k+2,k,t)_ = Cl[t(l-t)] S Q(2k+1 k t) = e [t(l"t)] (l-Zt)

Moreover, if f € CZk+2[a b], then (2 3) is uniform on

every- interior subinterval [al,b ] < (a, b)

—am

(IY) As a consequence of Lemma II.l 4 ve have for f e C [a b],,

e g.e'Co with supp g c (a b),‘ the following relation.

(2.4 la ‘<n§*1f32 CEK,)-B (£,k,)], g(-)>
g ‘sz;2<D5f('5;g<;)’ff"f(f”P;i+£(b>sf-i5 .

B

”-: wherel P2k+2(D) is the dual operator of’ 2k+2(D) g (In this case, ;

in fact it is nothing but a result of integration by parts )

(V) Now suppose fv satifies statement (l) of the theorem., For

Such f we shall prove fe )e L [a b] as an intermediate result

.which wiﬁl be used in furtherestimations.v This fact follows by the
, s
following lemma, and the induction hypothesis that the theorem holds
L \ : . - - :
.for _k—‘.:: o “__":; hﬁ_”-'f‘»,; : ;

[



R}
W

'_Lemma TI.1, 5

0
‘.

P Lét f e C[O l], 8 > O and n =ﬁn621. Then

' k HiBz (f k, )’B (f k, )“C[ b1 < M implies

niugzn_(f,k-l,-)-g (f k-1, ) Cf_ b1 < < M ,;

hLet L1 [a b] = {f ¢ C[O 1] £ 2k € Lﬁia,b]}., .eQUipPed with

the. .porm ll]] 2k n'5?~defined by.'v
1[ab] - v

‘Hfl"- lfl v o nf‘”u
1 [Lfk[a,bl E[o 1 ey L, [a, o1

2k+2

Since C[O 1] n C [a,b] dense in Ll [a, b] W.T. t.I[

L IIZk,
: 2k+2 1
there exists a sequence {f } in C[O 1] n C’ [a b] cquerging

~to f in “ [LZkfnorm
1
In,considefing the expression of

”'(2.5):. Jlim - 1im\,<n -l[Bz‘,Cf-;k,‘)*B ‘(f»’k’,),g(')s.<ﬁ
- 2n 2772 ng- L7 >
: 2 + ni + 73 i 7 : 1~ :

- for suth“a'seduénge_ifg’ Lwe'need the following crucial lemma:

. P o RS e

. . “\
‘Lemma II,1.6 .

ﬁet' £ e L [a b], gfe”czb with aupp g < (a b) Theﬁ.'ﬁ
gy ”\I.", B IO 77“
eo ' .%n;fs,ks -, ,<f.=k»..>\1,s.<=>>u
g o : 2k
ST [a,bﬂ |

‘there ,Mffdepen&s ¢n~vg.,(énd its derivatives).

S



J‘K

.
5
\

Do

T

- )

_\ kaﬂl

‘differential-equation for

15,
'Thus, for {f } e 02k+2[a b] n c[o, l] converging to £
‘ Rt

in ||. ',Zk norm, the limits in (2. 5) can be interchanged.,’

L _ ‘ A
1 3 -
: Consequently,’if 'fv satisfies (l) in the theorem, 1t also .

satisfies (2 4). Combining this and (2 2), we get <h (- ),g( )> =
 /\.
'=<f(%), P (D)g(-)> Nfor. all g € C with supp B X (a b).
2k+2 et o
. ,g.- W
;,a@ o This implies 2k+2(D)f(t) = h(t) sinée they are S

euqal as’ generalized functions. However, as .a first order linear
(2k+l)

7 .

R with the non—homogeneous term,

which can‘be represented in terms of f( ), i < 2k , and h ,"1ﬁ

L, [a b],. we deduce that f(2k+l) € A C. [a b], and'hence o

€ L [a, b]

'-y. - (Y

AN

L - @ ) ) ’ ' ' e
% (VI) The "little o" part is similar with only one difﬁerence' ;

 instead ofv'<h(-)gg(');1?.<f( 5 P2k+2(D)g( )2, “hwe have

EC) By (DE()> = 0.

(VIl) The implications (2) =-> (3) , and (5) xS (6) 1n tﬁai‘

'.theorem are slightly stronger than Lemma II 1 4 But as .

&,

Q kr.

€ A. Ca[a b], and f Qk+D

'a b], we have £ e Lip (l a b). B

- The rest of these proofs ‘are comput'tional and will be omitted..

. Proof'of Leﬁ&a“II 153

given in the following sections.

The proofs wof the four lemmas stated in this section is .

5.2 Probf'of.SomevAuxiiiéryvLeﬁmasa-(LémmAs'ir;1,3«aﬁdfi1;1;5)‘g;f_;_l;”

~

sThe first implication follows directly from the triangular P

- inequality. i.'“_"xiﬁ _”;_A AT Af'” h' ' "_{ Qf



k+1 o ,i l ’.L o

n‘;:
bl

k2 (k”l’(z )“”H (f k=5 )H b

k+l
IIB <f k )f( )Ilc[ b]

Cslam
~‘< For the éecond impiiéatibn,"‘fv "1 5'_ IR o L v

‘, . \ ‘ k+l”f( )"B (f k )”C[ b]

A o kel ',fv, S
* : O ’ L = lim n 11B (fslk).')';B ’ '(-:f’ki")‘ ; 3
R FEEN s m + @ i» Hzmni I n‘ i a ”C[a)b]

< um Z Pate 1)(k’"l){(z
SR =l

kL
1’-' ;

L (f k, )—B - i (f K )HC
Al [ b]}
B R

<I'A '._.

4M

|~ Proof of Lemma II.1.5 - . . e

’=Usiﬁgj:h§,ré¢hrs1cnzréiatioh'(2.1) anéf:ﬁi - goz?-,'_we have -

PR

z(u) @ -1) Z 2By (£, c)-B (B “

S _ﬂwi‘“_,"_v | I o : L
‘.N i , B

N S 2 2k {2 34 (f k- 1 t)-Bz (f k—l t)} -

R S Z 2kt (f k 1, c)~n (f k~1 t)}
§T B |  .‘__, iso “r. o o L i, S

i 2k(N+1) {B (\'f,k*{'l_ ’t)- B (f’k-]_,t)} —

|  ." - 2 {3 (f k=i t)-B (f k—l t)}
S TE o




Using £he éssumptidhiof our{iemma, R

o

ol s @t |ty o

i 1 et . . > f ' '
o . N .

@ ety g

- and' thexefore',.‘ . : .

”2 N {B nN+l.(:f,k l’)BRN (f k- 1 )}“ C[ b] L

1

~ -
/ R ,'<{(2-1) (12 >'_“ﬂ“k+‘”
wnichfconcludes.thé prOOf.>

: 5113*'A5Recursion Rélation-" ‘

The proof of the other tw0 lemmas quuires further results :

. ;\“ - v-‘,:‘
,_.which we prove in this section . These tesults w111 also be used in o
1-_ \‘ [ i A o PR

'subsequent sections U ~; S

TR S

 First we se define the following notation:

e W(n ¢ u) Z « >(1 t)“ ms( - —-)

U B (e Awf(’vn‘-,'i:;ii;) £(w) du

: C '
- ’ o e

_ 6(~), 1sjthe .roﬁéékgf;ﬁrfﬁﬁﬁﬁipﬁgf

For W(n € u) défined H§ (137);53'j1?ﬁ ;yﬂf’ﬁ‘fg9';>~: *;;??f iT
» - -t .-: .. “ e a L ! ; _‘ o ‘ .
- at W(n t u) e (t) W(n t u)(u-c) »



where p(t) = t(1=1).
:‘:Pfoof t

.‘.. B “L iy ) p
W(n t u) = Z ( ): (1 t)“ mc( E) B

-~ Sad R
X ( )t (1 t)n m6(u - @}ﬂ;‘n-m L \

-t ¢

V. \"’3

- _- W(n, t,u) u - T‘ W(n £ u/+ L W(n € u)u ' o
o . . - R . . :’, . . ‘ S l ’-,:,1: “‘_; " ) (
=== t(l t) W(n t,u)(u-—t) _ P : .

Lemma II. 1 8

k;];?'u"f Let A (n t) be given by B ‘:,-?fvjw;“} ¥ f7e‘.1 f'.{..

(2.9) ‘ : Am(n,t) ::2 nm f w(n’:t’u) (U‘Tt)mdu" ’ .
B Rl fv_. O_,::ﬁﬂ . SRR

. then -

'(.g)f‘..‘“ m(“/” - mp(tm <n t)+p(t) -3 Am(nt)

S A

: . . . ,r~ . o . . . PRI S L
S \ IR . e R . S

4(551“A (ngt) is a—polynomial in,_e*.end _ 'g:fi_gif ,';eﬁ_%;'f'?

>

(e) 'The degree of A (n t) in n is [—] .; rltJlﬁ;T"'

B (d)v'The coefficient of n ' in the polynomial Az (n{t) is
E lAc p(t) and 1n the polynomial A2m41(n t) is ‘

2 P (t)p (t)

_ ‘The ;eeu:eionfformule~(§Iif§‘ .es from Lemma II 1 7

S v . . . . . . P . LA ‘

The

s

ey FEN



e ’,rest‘areederived’froﬁb(e) and induction, - W
. S, . o : S L ,
151.4'_The‘Voronove1 2ja- zge Relation

Using the formulae established in the last section we v

prove Lemma II l 4 in this section S ':‘““”- 4,' IR

. “‘:’l"‘.;kl:‘ .\4:‘_],:i“-rjilw
[3,Gk0.= -c(‘j,k_mj (0

‘ . . SRCHE TR k+1 ’ } N S
. B (f k, t)—B (£,k,t) = Y. a(j k)B ;c)u
- Q,I} o j— ; /v :

"d_

’7-0bvibusly“ C(j k) and (g, k)
k.

o<

(2 1), and satify Y C(j k) =1,

are constants thac depend only on ﬂt

Mofeover we have the following :
RO J“ '

property for a(J,k) which will be useful in proving LEmmas II 1 4
: and ri 1 6 L

-Tﬁ¢{memﬁa“ir;1.9 -
Let o(j k) be defined by (2 10)

2aans Z a(J zsc)z“*‘"‘j é, s for'm =0,1,... .k

ETREE R :y,f;¢';* ﬁjf;:_uif_;li;igﬂ'jé;’

'Proof .c-,?~;[; - fjiif'"‘ . f;l“-~"ff, R

1_g it is eaeily seen that 'a(O,Q) ='-l a(I 0) =) l
'.'a(O 1) & l __and therefore (2 ll) is

al We proceed by induction On one o

.¥

h ST

a(l 1) =f—3 and u(2 l) = 2 :



S~

K Proof of Lemma II.1.4

PR ,515 | Z @(J,k—l)z Jm

(z --1)[32 (f k t} B, (f k,t)]

Qo oy

_ . kfl
. : .=(2-n ) a(j,k)B
4 - , o L

while by the relatLo(?}.vl) "to‘gether‘,v‘rit‘h (2.10) R

S . . . . : o

k .. ¢ ' '
N (2 fl)[BZn(f,k,§{;Bn(g,k,§)] IR

=0 2

'Th'er"efb'fe- (2 -Da(d, k)'—L a(J -1 k—l) a(J,k-—l)

(2 -—l)a(O k)<—'—a(0 k—l) : gnd (2 —l)a(k+l k) =

B kL

L3 N

(2 -i) 2 e, k)2 -im i_zk Zﬂ a(J -1 k—1)2 jm SRR

9

gm0

- , RO R
. T

for m=0,1,...,k1, by the induction hypothesis,

. : S

3 T RENIPE °

Ry a(j—l,k¥1>253kk; a(j k—1)2 j?

T e~—am o s

SRS

-

oy

; Suppose f (2k+2) t
‘ . e e CE
eitpanéio_n, we' hdve S
N o 3

il BERREE T I i
: =Y ) oL B Co R . . L : . )
T Y e s
" Ll R . - d A . N .

(f,t)f;

=2 z a(j,k=1)B (£,t) - Z a(d,k-1)B .
' J-H'n- . 3=0 o 235

qu/

.a

RPN

+< §,< k,

,q =

To

2%al(k,k-1). Thus,
okl

('f.j’t) | s

n

( ) iité;g'ny;(%-lo);f(2;77,7ahd9Ta§lorf8"

? .



(N

‘[an(frk:t)-Bﬁ(qu’t)llv' B R

-~ : w , N Sk
. . . . , .
) P

kbl e q e 2km (m:, .

. ek '
TN = =n~l Z.a(j k), [ W(Zntu) Y 5——7‘—9—(:1 c) +
SRS S J=0 - 0

g om0 - <z
T T RN o B ’ - + «f& @ o
RO Fo L + EOnt)(thZk z]dung4’ P T
. t. . . . u. ':‘ f .
. i _ $» - X . . . L . o

= Ll I R

. Dl S e , .
.whére’Aieéu,t) ; 0 bas" u §ut;lhalso,' é(ﬁ't) is»bé;nded; :'f“ l_;
o First we célculaté. Ii: It follows from Lemma IIL. 1 8 that )
‘ S: n A (n t)’ f W(n t u)Tu~t) du is a p%lynomial 1@» an&n t.
B Morebver, follohing the séagfiemma wé:see thaL the highest order f:. k
o > : ° .

of‘ci-ﬂiéﬂ i, whilb the'lowest order is L— + 1] Thus, by
oy n R SO kEL e
Lemma II. l 9, we. havev Z a(d,k) ﬁ W(2 n ot u)Cp—t) du = 0 ‘for
- R Ce L T T
m < k, and for > k+l TS a(j k) f w<2 'n,t. u)(u—t) au is -
.o, ’ . . ' J=0, )

. >
=z 2 . <

';vequal to (~O multiplying a polynomial in “(%)“and‘ t., \ ther ?“';

In other
. + ﬂy ) |x,>' . -
e ords from Lemma II l 8 we obﬁhin L L ,,,aﬁ‘v,f-%' o .
. . o oo . L e ST
: . . . 'wﬂ an.‘ :“;0 R . e ‘ ,V, _.\ :
s S T AT
R “ 2k+2“ -

£A212) L1 =t LY, k,Jt)f(j)u) + o(l) I T
R o T .
C -!.e" | (D)f(t) + 0(1) >agﬁ-:ﬁ*+'m".,uf-' R

. . y 2k+2 . & iew . SRR e .
o ,;55\; ‘ T N T

where Q(2k+2 k,t) = (2k+2) [t(l—t)] and e s

A » .
n .

Q(2k+l k; c) =“c [t(l~t)] (1-2%) . @i“ , 4’( S e s

bl
R 5_ . . ."’ ' ,g. of E v ) »
\;f We have to show'* 2_=’b(l), For this endvvwe“estimate the .
i " ) : ‘:-Q_ . ~ ‘ . »_ L o L < : ..‘ .
typical;expressig@ Ly j S f:g_" S ’
’ . . L }'v U:f»q, . . S f . .“u o o
St : 2 A i . __12:' K 7;
o Jn_ k+1 f w(n,r,u)s(uqt)(u t) k 2 L “ s
5 S mT . \ 0 » S . .
Q- ‘ B » ', !
- Y ‘o ST S



~ Let e > 0 be given Choose a. ';= G(e t), such thet‘m-
S RS _
when 1u~t[ <8, »we;ggye !e(u t)| < €. Then,'we geﬁ:

L
W(n t u)e(u t)(u—t)2k+2 QU SRS

R

v+'m f B W(n t u)e(u t)(u-;t)2k+2 :o

I <€én ‘J" S W(ntu)(u—t)2k+2 du
LT lu-t]<s

A

he
ST, € -—l" l”e(u t)ll ’ W(n t u)(u—t)2k+4
e u-t|>6 ,

otg : R 0
—<._ -‘—‘2' N .}n' . .~l - A. . ’ - . . . R »vv . ' ">

. /

.LeHeoce,o lim 'IJnI.ﬁ‘Mle-;.'Since e is arbitrary, we have ,..‘

Tim 'lJn{;%'oﬁ"xn other words, Ié ="0(1)" as o + o, This proves:f:.."
o> S e T e T '
relation (2. 3) o - e ',',‘ "f‘?;“fao"f’f‘ e

When f € CZk+2[ b], (2k+2) is uniform cor cinubus in“_[é;o]. o

. Le£¢}[a b1] < (a b) We observe for',t € [al’b ]

. ;.'" ". tﬂg\little ‘o in (2 12) is uniform , (in fact T

equals to a polynomial in ;%- and t) ;:":ﬁ: ’,Z"

o{ii).ﬂfn estimating Iz" We can choose 6 < m{n {a a b b }

independent of (by the uniform continuity of ¢
k+2 B *j.m ‘ C i”a
fa i [ ,b]), e



and so thehhnifqrmity of (2.3) follaws. . - | _ o
B B '1”
" §1.5 _The Crueial Step o Do ,

- -
3

Lemma IT.1. 6 which in our opinion is crucial for the proof

o

of this theorem will be proved here. ‘ S .
o S Let;hf?e'ﬁ-k'[a,h],‘tahd“ g € C:. with supﬁig\c {;;b);h
"By (2 10) ahd Tafler 8 expaneion .we cah estimate o

<[B (f,k )-B £k, )],g( )> '_as-follows;

_(2.13),'-gn~:{;[an(f,k,-)-Bn(f,k,§

P o .
'usz a(q, k)W(Zjn t u)f(u)
004%0

k+

2k+42 1 '( L

R "E ';- (u)(t—u) dtdu B I

c e 1 1 k1" o o Ll T
Q\gf;“k+1'j-;f,. 2‘ a(j k)W(Z n,t u)f(u)g(u t)(t_u) k+2 dtdu

o

n
~
o+
R
-
+
H

| We estimte vI'Z - firet, using :.emma 1’:['.1_.‘8,".\_-*

(2.14) E!Izl_i‘sup leCe,w @y - ;,Z, }a(J k)]
[ L =0

* max nf*L j-;w<2?n5c,u><t-u)?¥f2dcau‘,,:
B .2,;‘0‘,03, e

PR
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) . i ’ . R . ‘ : e

To estima;e' N Ve eva1da§e the following typical expréssion

| | k |
@.15) 1=k j f 2 e k)W(Zjn t u)[f(u)g( )(u)u Lelaeaw
. : . a 0 j=0 . . . / o
kbl ' B , S '
k+1 ) (j k) f f W(n t;u)¢i(u)tidtdu -
j=0.- | AR

m

' w».

"whére ‘ns %‘gj n, and ¢ (u) f(u)g( )(u)u , ;‘ Note that ¢(2k)
”'with ‘supp. ¢i c (a, b) . Since | | |

S N i, (m+1) eoo {mbi) - m
(2.16) , .{) Win,t,u)t d‘v‘:f mZ:O (n+l) - (a+i+D) Sa = D)

~y

‘,thenj

s k U T '# i.- L
> N, A e D) L ()

' k+l k‘il

j’O

jk) ( +1) %n +1+1)

I i('n )( f*n.)."' G

L, 55' L jjJ | "¥'.5p‘j | j

e
?

PR

LA
-

-

Further, we can write

kbl
n.

(n,+1) ... (n

) D

DR s ¢ ”Q  ; "'1"7 " nj",A,

,and}

A

R
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O . S S B
: - gy 1 o N
R IRTEIIC B o B )(5—)1 g
3 3 . }J J J. =0 37
where neither dl,...,dk' nor By & i 1 depends on j. /‘_
al Using the Euler-Mciaurin formula ([4], PP. - 268-275),

"f,obtéin

. "1" b
(2 18) =~ ) ¢ ( )(—~) =f f 4y (wuTdu + R’

cla, i)] i R Can T
(/j ) " .

:‘ where for y(u) = ¢ (u)u = f(u)(g( )(u)u )

2 .

R T @0 TRD
TR By m,§- ’r P (t)" (a+“ (”’"))dt’ A ko’i'“j‘l,'
: '“Q : :

e a )-n
Using the fact that HPZk“C[O 1 ( 1)“92k 2) = ( 1) 2k k]

- (2k)!
Zké—) is the Bernoulli polynomial at-— éﬁd BZk is the BE:TOulli .
_ number, we - estimate R as : :

fwhere B

CL & »

l ()l Ly
Rl < "2 Z y f l (a+n (t+m))|dt
2k,2k+l

PRI < 7y y _°--: ,:f ' '

ey d L T

k2 | <2k>(t>:dt -;»
a(,zk)fj e

' oy R Tt (y) (y) Yy
Sine y(Zk), can be expreased as polynomial of f 1 2 3, o
by ‘Zk’ml < M nax {<b~a> n le "0 <c>| o <vl e,
SR | RSN B ¥ SEA
: ,9« < Yz < 2k+2 ‘max (0 2 2k) < Y3 Y1+Y2-Y3 = 2k} . ;n'o:he,r_',} S
.;words: | ' ‘ 2 ”f' l Zk T ' ' "':‘V"

: el W [a b]
j 1

- "1




r

k+l

IT l < nk+l
Sl

- [Ja ¢i(u)u au + y! G

o k+1
LY lacs, k)l
j=0.

+
h.

e o
. The second term is O(n

- §l 6 Remarks

7.

"1, One cae write Theorem II 1. 2 in such a way that the

_conditions are necessary and aufficient, as is common for saturation

“dy

1

2#0'

2k |
M'n ”f” 2k + 0(1)

‘results, as the following. 1r,£_,_

Theorem II 1. 2

(1) - (2) vand (3) | <> (4)

é..

‘With this.ﬁotation; the‘esﬁxﬁate'fbr eTi ,

Y ald, k)(l +-—— t .. +dy

‘j

. [a ,b]

A .

R

v’( > I(f n k a B) < M(a B)

3:'1(2) §2k+1)

(5) I(f n k m 8)

o 2k+2

A C (a B)

2o

all [a B] c (a b)

o(l

and

)

Let f be as in Theorem II l 2.

'and

B

b . o f‘*
e, w.v"‘-‘“] |

" for m'=40;1,}.,,k;-'and tﬁerefore the firstfterm is

0(1) " at mos

26.

=0
- 3=0 -
3 By

t.

. ‘Then in the following -

for all [a,B} < (a b) ;

f(2k+2)

A
'V', .

f o e s
en e, for

for all [a B] C (a b),
2k+2

Q(i k,:)f

i=k+l

(i)

(:) =0 o (a SR
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';*2; The gap between the necessary and sufficient conditions -

)

in Theorem II 1. 2 namely, the fact that the conditions are not on. the

~“aame intervalsa though not a big gap, is vital o o - ' ""\\%m
| When the intervals are changed to be the same the theorem
remains true only for some special cases, for instance, the case of

A
functions with compact Supports in the interior of the interval. That

i
"is, modification of the end-points, either for functions under

-consideration or for intervals being dealt with 18 necessary. Weiare'

i e

v»not doing any. further investigation&is this direction.

I

In the general case however, the result will not hold if l;
a, =a or. . l = b | |
- The followins counter example is "essentially" due to
jButzer [4], where he has p oved the Case k=1 for another.purpose;'

R R

.:Examgle I
‘ ‘Let - O < q < 2 There exihts a function

' ‘f- € C [a b] n C[O 1] with the following property'

- For each k fk F‘0,1,25.a.);' there_1$~anf;M£ > O,stuch7t

hﬂ?-f

]B (f ,k ) - f (a)l > Mk n ."";f“ ',-'-'>“
- - AR Q,<‘.-'

In other.words, no matter.how smooth a function .f s

inside [a b], it is possible that B (f*k a) f(a) f O( —(k+l)), »

‘or even not of O(n ) (even, still worsr}y # O(n ) for any B > 0)

‘V:Thus, the example\jusﬁifies the condition in Theorem II 1. 4 of

.'}shrinking the é@rresponding intervals . i | |

A



f
DT

B Let_ af=v%,, b >

N

o » and o€ (0,2). Let. £ e c[0,1]
>béidefined.as ' C B ' | - |

S R . ".(-—'~x)‘°,‘ xf_%

n

(%)
- o 'dtﬁerﬁiée e :
» ‘ » y ’f\,

- Then we have

1
'

o Bn(f:,%—? 526. Greva- -})“"f(ﬁ)

<

- 1_n 1 ,,(r\}))‘“(% _g)a .
2 Ty .= o

_i Further, = -

Ble

In othgp wordé’flgn(ff‘E?_='5?§D(|§:ivxl" §? .5 ,Fél}qwipg _
(161, pp. 565-566), we have



1

&
L~
N[
1
L
|

nvle’

where ‘En‘+0 as n > o,

 Thus,. by (1.10).

2°n.

Lo 3 -—j(2-2>+e
SRR 2c<j DR . 23

. 'ql’ ,.1‘ ! l _ -]; z ) Ll ' l-_ l
‘_‘.V..‘,_"__;‘sh(f_,_k,‘ £ § LIEROLE (f,.z?—f(z}

i : . o L '\ . ¥
y . RN
- % " § 1 a . . N

»

“n (f x) f(x)H _ # 0(—) ifn
: SRl CO SRR
the point ' '

o

r(' W(n t; u)l—-f ul® |

‘ &lé o

29;

u .

. cvo_n t'ains ‘a n‘eighbourhopd _



Example II:

- and for x #

:n-»oo, _ '

That'ig,

" Let

£(x) € C[o,1] be defined by -
SRR ‘

}sin

v

It 18 easy to verify that f"(—O

;g

i Let Q be, say, the closed interval

limn”B (£, t)-f(t)H 13
[Z' Zﬂ
1 2
lim nfB (f, =
e 2

|’v‘

‘7;‘3.’
35" 2 .2
‘ [(lom-i-l)w]

§ mnn

Sl "_ '

Tim n “B (f t:) f(t:)H

n—roolv C[l

4

, ]x;.ll-' ‘ Xff’
2l

exists

(4m+1)
'~ﬂ o

o form=l,2,... C

Nha'j

N

and equal to 0,

—]

‘Then we have

R R = TR B

3
4]
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The Extension of the Saturation Result to Other y

Bernstein—mgpe Operators :
:
. _:“‘. - '

The combinations of Bernstein Polynomials discussed by

Lo

"Butzer [8] and byous in Section 1 form a new class of operators

converging to-the function with fasrbr“rate " One can apply the same
. ‘ . T .

combinations to many other operators and obtain new approximation
processes with faster convergence properties.,.:fa_ o . ““

*

For instance, we, shall apply these combinations to operators
‘of the’ form, o -,"f |

;'Si(f’t)'*if'TBZ(X:tQU)f(ﬁ)'du o

0. T

‘ vwith the kerne4;'thven in (2 19) below, andlshall'ohtain slmilarl:‘
saturation re3ults'for these new operators.“,'

;,/f;) L
A(f c) - f w (A t u)f(u)du, '116;1,2,3,4, o

'wi(A;c;u)'

wt.p

».—tA Z (tA)--.G(
: ’A.k?O '

szf“_'f;io[f’. (n-I)’ (—) -'"““/ T

| . ) =y 7_"—.: y a : a l .
a_W3(A;t;“)_ .e.A(F+u) XC‘(Ans)Cn“lj F s(u)lrt

. n=1

E ”(igf-'.-xcu-t) 12 \”'<~Ax




A

'r:espectively\k Some of the pgbpertiqﬁ'
,rﬁéently been investigated in [21f
"[291

ffSi‘f?t) as follows.~‘

'Q(Z'?O):l-:

' Theorem II 2 1

G

)

are essentially due to Post-Widder Rhillipe and weierstree

N

v_’-‘ -

;of these operamots have

Similar to Section l we definéﬁtheJcombinetions for .

)

e

AR N
, sxcf;o,c>-e§sx<f,t>;

A&
. Do
s

. . N B . “ ..v“‘..
Also, let- .© ]51..Qf:

"f).

1 (f A k 4 b) =3 lls ( k, )-f( MIC[ b]

" Then we héVé{che following?reenlt;",i'lgy N LR

iany i e {l 2 3 4} the following implications hold

» .(1) - (2) - (3) and (4) ==> (5) - (6) where'e'f‘

(l)

T

”;f(fffniﬁ'”

A '°+~m’!vv k , .

f(2k+2)_J L [a h]

“\‘:""
* (
ZI
}
\

ey S

A §Q@ lsoﬂtpe classical text :

: N Le IIC[O w), [f(t)l <. M eN: forlsome M lend N s

s (f t) is commonly known as Szasz s operator.” S (f t) 1w 3 4

,'0 <a< o % b1,< bcom, ; and’ Am <A 2m 1fé/3,..tﬂ; qut fgfl,,?



(4) I (f A k,a b) :‘0(1) A > CeE

R NIRRT W N 2k+2 . B
- ‘(5‘)'-', £ec? Z(a.b) . t}d, R Qi(m Kk t)f( )(t) = 0 in (a b),

'“where Q (m,k t) are polynomials depending on k and i~ L
(6)" I (Fnk al.b ) =‘oc1>, nxa,
The basic ideas from the proof of Theorem II 1. 2 will apply
and we shall only discuss the points for which necessary changes

.’; 3

'\have to be made. L #.,,vé ' [';

- }

«

";'; §2 1 The Necessary Changes\in the Proof of theantuLation Theorem

' First of all one notlces that for the cese k = -0
/-f'" : Do N s Lo .

-"hendftoﬁeuooo;t nsfeefe;stert;ngipoinfiof ghé;indﬁctiéﬁfﬁfoéegg;;5§ _;T_QZ.A'-
;tfherefore we assume'the theorem ie true for kﬁﬂ for. Seasz.operators
- while for the other three operators we do not use. inductioz;gn’iid‘

) The eesential difference beggeen this theorem and thea/
fn'Theorem II l 2 namely, the unbounded intervaIS, d& modulated by

»d‘the growth condit}pn [f(t), < M eN . This condition, o§?hg to the i

following lemma( aesures us that the operators will converge. S

Lo u.\, a
R en T ARy

"'Lemma II 2 2 5 |
.Forteny7:6f$“d;f&'$3b,,m¢>’obvfiked{;there'holds C?”i]ﬁf“

e

SR ,n-t,>6 ; , : S 7ﬁf‘ o



2}

R VOrds, we have the; following

l'm.av1,2,3,;,.'. Then for each 1e {1 2 3 4} . thewfollowing‘holds:"

\ . . e a - } o : 32&' '

1

Lemmas corres *ding to Lemmas II. l 3 and I1.1.5 in the

o

| _ppoof of Theorem iI 1. < are stated and proved similarly.‘ In other o

/' .‘ @

Lemma 11.2.33_;'- L ”,_ o B

' : K : =]

Let- f. satisfy the conditions in the theorem and '.Am % 2™

W k” Hsl (f k, ) ~£(- )H = 0(1) 1s equivalent
o k+]1 52 2 <f ks2)= SA (£, >ll (ap] =0 5

o ' ' try
. (2) . For any fixed 5 > 0 o Ak+5H 2x (f k@ ) -~
S

2 o ..° L
, B o R a.

- sA (£,k, )”c[ b] = 0(1) implies .

.__; ”Szx (f k =1y) - Sx (f k- 1 )H b]

a : v
. o . ’f‘

Ll We nemark that we. s.

Y

;‘Il~not use Lemma 11, 2 3 \2) for the

~'op.é..t‘at.o'*s i = 2 3 4, However,_ e do need this lemma to;éonclude :
E : that;.in the cése of Szasz operatoxs (Zk)_e L [ ,b] if_ f s‘;h ;;
f satisfies (1) of the theoremtxn : SR )
" | The lemma correspondihg to ﬁemma II 1 4 is alBo similar while
the proof 18 nnt as simple e h:"f. ; :_.;_'(—"" ’ : . | <
Lemma~11.2.4- ' T O c

- . . s

Let -f - satisfy the conditions in the theorem ' If; in

addition, é?k 2)(t) ‘exists, then ,.-.’

o? .

AP T .
10(1) A T



!

. " S kJ, ! .
(2.22) . (SZA(f k, c)-s (f k, ;)) . )
N - \ . O“ ‘(.3 ' .‘ ‘. :‘n"-,’ o "
S L 21{”‘* Y -
. . S "Z.~ Q,(3, K t)f (cz + (1) .
P ) LT ) j-k*'. }
. T : |
- £ oo . i o |
T BRI ko) -, .
, . ) o » - . ., :‘t - .-_x ] .
"where Qi(j,k‘ t) - are polynomials in t. 'v'Horeoyer,"' T E
B R 2. , Te e J . - - e -
: QKT ) = s gkt
: B T OB :
o TR P, ()% (1) °
o e S K ’O» > . 12 i ‘ pi’. : 114
where R - e '
: st % .

o

4

: g X .
o, - - .
I [

SR ) R . . -~ . L
5. . : — e
a ' . . A . : v Ty L

‘o - - . - .

_and the 'ci;j are absolute constant.
£ N o

B

: L » [ '. - o , _ 4'20“‘ » . ,
@:23) - p(e) =k, -92<t> -dfk, - Pg(t) =2¢

B

~

If fe C2k+2[a b], then (2 22) is uniform 1n evety

1nterior interval [al,b ] c (a b). .
&

' ',' E Inﬁthe"le

: are necessary. Fi_stly, we need to replace [Ifl]—»s

f,r in this-case, the supremum is unbounded Secondly,

o - °

_a corresponding to Lemma II 1,6 twa changes

up If(t), forv>i

(;

for the operatots

:other than the Sza32 operator, since we have not had f(zk) 6 L [ b]

from the induction hypothesis,.we cannot chopse a sequence {f }

converging to f in the,:"L [a b]-norm = a norm depending on ;Z}

/ TR,

2k~derivatives of the function.. ."--P;“' ~f’ff"k"

S S

’l_hf . First, ye define the modified norms as follows-f_li.

Notations.dia : CNIO w) = {f € C[O w) If(t), < Me

K s/:"

E Fid

P

(PR

} and SR

[a b] = {f € C [O,w) ;Zk ‘€ L [a b]} Define norms f, ]
LN o o

R =1y

. ..
° .
o
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. ']A ST - R R 3

,l ', Zk[ f] on CN[O °°) _and - LN [a;b] respectively as follows
. a,b : RS _

LN

e

i

ST D

. "New we can'state'the”reotifiéallem@a:‘

'.Leﬁma Il.Z.

LI =nfnCN e [0

5 @

»

14

L~

ilfH csup - |£(t) e M.
CN' 0<t<m . . :f;.-

‘la, Otz hylbl ot

/

ot Lét _éfelc‘l with supp g < (a b) Then the following holda"”

"

N f(l)ﬂ If fe cN[o m) then for 12 13,4,

(2.24) |

! B
APV

lﬂ‘2325) lx

: where Kl

‘llderivatives

k+1

ey

k+l

and K

o

ARt <[s2A(f k,. )-s (£,k, )],g( )>| < KﬂlfH

<[s 2,\(f k, - )—s (f Ky )],g( )>l < HfH T

2.

¢ al

b

LN[ab]
'ére'constanté,depénding enly.in,é..3n§~it9il'

- ';-'--]" Thii lemma will justify the change of order of limits 1n f{

17'f(2;26)ff lim lim A [sé&’(f k, - )-s (f K, ),g( )>;'
. M - 4 i

@*ﬁ?ll{f”:"

L

(. where - fz'yiohé'copveigéﬁt_ééQuéngé’lgv Lgk[a;bj,ij35l o

kL
o 'a. B _4*’"g'

lim lim A [ (f ,k )—S (f k,. , ( 9>
3 %.u{g? w &l. 21 2 , /18

. .\-

Vo
A
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§2.2 ' The Asymptotic Result
/Inwordef‘to"provéJﬁemma'IL,Z.d, we begin with Some ﬁrelimihapy

lemmas.

. Lemma II.2.6 I RN

For ;i’mllg 2, and 4, there ﬁplds :

(.21 . Ay (A £ u) (t) i(x ¢ u)(u- SU R {7»_ |
‘where pi(t) are given in (2. 23) : o
.Proof;;”* . NP . s

L The 'p'fOOf leles 1
R N

. . (-]
‘ 9 RN = ' SRORNENTY & § '
= W;(A-t~u)~ﬁ~~kw (A, t,u) + e -2 ¥

3t 1 ” :- . 1a’1 g kZ

. J'= ‘t‘ wl(}utsu) (u—t) o

. -«" 4“”’ P

For the kernel W (A t u) relation (2 27) is not s; ;
| satisfied This fact makes the investigation of S (f k t) difficult
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but more intereéting.' We have-theifbllowing lemma instéad: |

. Lemma II.2.7 . _
If P=t(1+2%:a1+2p4 L%, &here p=d
éhenf ' .

!

"P.Vs(?‘}téﬁ).' "—"?3-(*-.‘5’.‘%?“? :

Proof. - o ff | T

FBeginniﬂgfwith ﬁhe.exp:eséion’ = o L ’

: -_é"}\i ‘ _';‘.m.‘_ (l t)n n- 1 :
0 - [ Lzl e s e s

Zy-wg diffeféutiaﬁé;twiteiwith’rgspéct'tb .t on bdth sides to Obﬁainif°7"
Ca P R yii» e RS

R 2 e o ST

"ﬂfefF<1+AD>21sx(fst>,37%4(fﬁieffmw5<x,t.q>uf(u)aar;;..
R B S R S

' - P S a
Dividing both sides by eat': yieldsithengquited”-ﬁ

‘.,,relacion..‘ R R SR

. "Remark . .
. R : ?"i_

In order to calculate S (x ,t),; one. should simply computes

H’P . i,l We show BOme exanples in the followin"table.' 
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to
N
N

’/

PP 1. t;5;+v 201%—; + 120

X
L "- : 7 | .'t6 PR fiv;'t QI"'i‘vt f:; ELQ,_é ; B j'ﬂ i ﬁﬁ;hﬁw 
Blm el g By gy 2 +:4200 S5 1 12600 £ 4 15779 £5 +.5040 L \uky v,
- ' AT 2‘f SR A32 - Aal : . :isi‘”.« : &
7 [ o . S .
X

. Psl" ‘t8 + 56 't

o+ 141'120'.—6' + 40320 2 R & UE

S+ 16934{00 N3 + 1451520 £y 362880 N T R I
S T g 90 —- -+ 3240 --+ 60480 L 635040 L 3810240 Lo
5ol 2 3. 7 5.0
AN S A% AT R
S+ 12700800 S+ 21772800 : ﬂ;eazg&oo 5 3628000 ~9 R

A A L 8 S AEAR L

L._:ilf .f_,ll : '10 -9, .8 7_} "Z:A, G
P™ 1 = + llO T + 4950 —7 + 118800 R + 1'663200 = e T

4+ 13970880‘-3 + 69354400 -5 + 199;84000 e
AT AT Y L
: SR NPT TR
S +_, 29937’60(1):-—5'.4";"119'9"584000:%—i 443*'39,9.16800:"-25—',?_‘:
S ey R T SR ‘j'*v.-’-Am" ;




R - g0 9 g
R S e L S T 7260 £ + 217800 £ + 3920400 L.
: : AT 2 TETTT R < 4

o S SRR LAY
- 1-43908480——-+.307359360'——-+ 1a17254400 £
~ F4390848 A5 0 T8 ¥ 131725440 A7‘,

t

o4 .3 ' 2
L+ 3293136000 = + 4390848000‘-Z-+ 2634508800 TR

AT _A LA

G e
s

+d479601600 £
, ST Y

| Lemma 1:.2.8 -
Let . A (A,t) be given by =
(2.28) . A O, =" [ W 00t ,0) (i)™ gu

o m=0,1,2, ..

L

. - T % o _ SR
- Then for.each”fi,'ei.s.132,3:4 the f°11°Win8 statemenks:hold"

(1)';A (A t) is a polynomial in A and "dﬂf;-‘

.ff(2)’dthe degree of | A (A t) 1n A is EEI :

'(3); the coefficient of A in the polynomial A (A t)

,'.';_"i‘ d is pi(t) and in the polynomial A2m+l(A t) isiz.ﬁl

i

i .

'e,(z 23).

| Proof. =

'JO'

For i # 3, we can easily deduce from Lemma II 2. 6 the'_

“recursion relation, 3 

40,

pi(t)pi(t), where pi(t) are given in equation‘¥3gu”



Am(x,’,t/) f}m}‘ pi(t) A 1(2s t) + pi(t) A (A t)

.and the':eat fellows'eegilifbyiiﬁddction.‘ S - o
For { =3, we. first prove an intermediate result:
h:.Asserﬁiené';’

” Y If PE t:v(,l'.+-IA—))2_ y - f:‘é € Cw, .then
B(f°g) = (Pf)g + T tf(Dg) -.— £-(Dg) + — D{fDg] .

© - Proof ofgthe‘ABBeftidh:

Observe;that, R D . [ SRRy

P(fg) = e+ 2D+ E—)fg = t{fg + -2-"(Df)fg»+ -1- (sz).g-+

S R 1‘».}\'..,}\2 ‘ A . 2 o ‘,
o+ ng + = fD g + (Df) (Dg)}

P A Az x

_ Substituting (Df)(Dg) fo;'_D(ng) -‘f(ng);"we'ohtain"
‘L‘the relation._-i - R :
We use’ induction and the above assertion to prove thel“u‘

'lemma for i = 3,

The lemma is trivial for m = O 1 2 Assume that the 7

lemma is true for integers leas than or equal tc m. Applying the ,“Zhﬁ;(“ -fb
"operator (—— D + £ Dz) = P-t @ t:o both sides of (2 9), we have o,
' AT ‘ ,

'-:v‘-Z-EDA(A t)+—D2A(A :) ' ’"
A 32 ,

;h{éiiyff,TWS(i;t;ﬁi(h-ﬁ)mduié_t;x?-f iW3(A;t;hyéu;t)midu



!

= AT RO ] () T - 0 [ Wy(h,t,0) (u-t)mdu}‘
E O 7T e 0 | S

+20™t ws(x,t;u)n(uet)m du . -
Ty e HwRtee) ST

-t "Am-? j wj()\,t;gi)Dz(u-‘t)mdu _
o . ] ‘:\Ov. ) , L
S+ 2ea™ 2 g [ Wi £, u)D(u-£) "du
S e o - L
‘: Ztm ‘ 3 ‘
=73 DA 1()\ t)

ol 7

»Thus, fquiilé‘B,’the 1emma is provedbby induction.ht."
' Lemma II 2 4 now follows easily by the above lemma, the

‘analogue of Lemma II 1. 9, and the appropriate modifications of'e

. : \ ’ ! "'.
'_the proof of Lemma II.1. 4, the details of wh ch we 8ha11 omit.
o

e

"§2 3 Justification of the Interchange of the Order of " Limits'ﬂ'

C Proof of Lemma II. 2. .5

1

The proof of this lemma which allowa us to interchange the
| “'1imits in (2 26) is quite involved 80 we shall divide the proof into
_several steps.x The first five stepe will prove part (1) of the‘»i B

lemma, while the remaining etep deals with part (2)

- lé We first get the integration over ‘a; finite interval
_land break the integration into several parts which are easier to

’iestimate

=
5



mb - 43.
,For‘ g € Cm supp g c (a b), and by using the analogue

3

to equation (2 10) we have

Ak+l<[séx(f’k’.) -'Sli(f"’k")]:g(')) :. . o
« Akt [ A7 a(j,k)wi(zjx,c,u)f(u)g(: udt
0 0[3=0. ST
~ R [0 Z a(j W, (ZjA t u)f(u)g(t)}du dt B o
supP 8 0 i=0 . S o
o k+l B : |
SRl }Mdt+OUMﬂ%~.

o s supp Booas T

| { “er 3 odude + o(1‘)H,fI'L:'N' PRI L

v By Fubini's Theorgm, thisiéxpiessiqﬁ_cén be rewfitténvas

R SRR
N Gy s olld]
o a 0 , L ".‘ O
b 2k KL ' o _
oYY Ly, k)w (zjx t u)f(u) .
| “a oy-o '3=0 Y: ‘)

‘ (Y)(u)(t u)Ydt du f'i’ f; o ' ;5'>J

b omoRRL

A allou, 23, 6,w £ et (eow 2 2aedy
' a 0 1=0 e T R

+owlidly
. X,., xk”.)’ I 2%— (3,00 (2N e, 0E@ - e
Cymg e g ogmg YR NIRRT



Cow
Ao .

P o(l)”f”
T W e,

6n7chéiother'hand;'this;glso may ﬁé réwritten as

- : T e b .o kAl o s

RIS e O I A 2' EIERST (zjx £,V (u)tYdt du

2 IR - 'YnO »a»)_o j—- . )

LA f‘ j 2 aly, k)w (2jx £, u)ﬁ(u)s(t u)(é@u) 1"*‘*"‘cu:‘fm
o Talosma

Ity e

- wherg

SR o 2k2 - ﬁéﬁi7  ”(hj3 m¥V

+
o

III

AN 7“:(1)‘w (1) s
(No#e‘Fh?s 'M2k+3 2k+3 D G

E 2 'mIn this atep, we estimate Zk+3f(<%) (" M2k+3(i))

for 1 = 1,3 4.,4;f,""

Firs t, notice that

“]..



by Lemma 1.2, 8

1.For i = 1 3 -and 4

bFutther,'bji <M by Lemma II 2 8 since

5-|e(t,u)l 2 s (2k+2)

(Zm).’ (&)l

-4—~——-1|g<2k+2>h

= (2kt+2) ! C[ b]

el < JETI !:fncN o
T follsvsithat.'; 5 | : i

b k+l

z

-a j=,=0

|2H¢m<M@§ Hl%/:i:M%wﬁwf? fng”

.0 1

ddt

;éfa&X:tQF) (e 2o, oo

w T .
T .

5 :.".} o ‘.I !
| casgs. 2k+3(i) can bé estimate§ -as followsv SN I

R

e T oS T CRR

o b+l b B | ff o
o Ak*l [ [ w (A t u)(t-u) 2 ude

m .
L
SR R |

.t 18 bounded, and, again

pi(t) is a linear polynomial in t.: In‘mnch ',

| wi(i,é;ﬁ)(c;a)25+?’qg"dc‘_5“" :



~ kHL
L3y X
S < M

" By cheoé;ng_ m.i k+3; weaarr1Ve af J2‘< ML

- 3% ‘For. estimating I

,'lasymptotic relation ‘, : 6’ L

" Lemma 1152.9‘

If
' 2k

f ci;é9)'fvrrn(k,c).f a7 (e

J'O

SR R »_ j=

ST

) B

e‘then for any fixed peeitive in
'fﬁrelation |

VN

L (k,
| ,hqlas.

,°

'7ia direct consequence of che abo

| .k*lf fW(ntu)(

<

e ? 2 2ma
S @ n. ; (

/ W (A - u)(t )2k+2(t—u

2m s
b) dudt

k
pi(t) +m+l

(t.b) L ‘ B .; B

Zk+3(2)" ‘we need the fpllowing

o

J 2k nJ (n—c—j 1)'
) (j) T@ol

j (Zk)  ’ n3+i‘— :. R
(n-c)(n-c-l) ~-»y(ﬂ-¢jj)1.'

N ‘_:‘

;egers.ﬁk and 3 ,,;theiaeymppqtic -

Tk

%)?a{b(;)f o *?‘Q:eﬁcffwej'l .

S

ve assertion. In fact

u_t)2k+2 -du'e

; @? é}ﬂ

)( l)j Qk+2 j[n (n2j)

The required relation, namely,e 2k+3(2) - 0(1),‘;18 Qe,'

o LT

B e



- Proof of the Lemﬁzé A

The proof uses igduction on k

Direct calculatfon shows

)

©

(1,0 = nfe

( :

it

Sa - o =

. a )(1-5*;1—)

v s

| .

:9(1)'.

ﬁow assumeb F (k c)\— 0(1) fo

S S TOREEE e E
‘ as.:n +.}f Since _( J+l) (’Cj:) =
~‘7jF<EfQ§fg§rm.witbh - 1) ' tern and (;j+1)‘.,»

,:_in o

2k+2

: - J 2
f“hg F (k+l c) = nkfl X ( l) ¢

e _n’ ) j=0 , .

. to-:obtca,in o R ‘ T

2k+l
(k+1 c) - n“ﬂ: T - 1)i+1

e - (et |
B ¢ S s - :

r any c € {l ? },g.% ‘$ '
2k+l | SR

j+1) :-we can combine f

Mw

e e e

RO
L&
R PR

k+2 ':%?'f; ’ ‘iﬁkfi:

lfdr‘éhyvpdsitiveﬂiﬁﬁegbfs‘fé.

2R ToFLe

S IR s ' -
“: 'fU'i(l ;un%£% S ? .{<l'

j (2k+l

‘ 3=0‘_;_” (1=

e

& ‘frui}.lé;-‘




: — - b ‘ v . \‘“
Notice that - - - .
’ ’ : i ” ey
R - _ 2kt o ,
»‘Z,;\f'-" - (C+j+l)( ) (C+J+l) j (2k+l j)l 5
o . ~——i2——)—- {(c+l)(2k-j+1) + (c+2k+2)j}
« .7 J (2k+l-j)' e
\ o '-.=a (q,+1)(2k)\r (ct2k42) (2K) ! o
- @D T GED TGy g
= (oD (‘2‘3k ) 1“7(_Z:+2k+2‘)»(§.1_‘1"7)’-
| Therefore, we have . = R R
R k{ vty %k o« 1>j (2k>
‘ F (kt1,e) = n° {(ct2k42) § :
IR S j=0 (1-—) «ﬁij—_)
R %k L (1)j (ZJ“)
- (C+1-) . -0
RN 1m0 (1-——) ——i~>
oot C+2;‘f+2 - )é'R"c+2) -—-«- F (k c+l) .
. ‘ : c 3 e+l s
SR (-1--)(1-—-'- 1 - £ '
Yo TR SR L o )
Th ‘ 8, the. proof of the lemma is complete ' ‘ N
‘ ‘ This completes the estimation in Step 3. -
4° It remains to estimat:e- ZI (1) ‘o M. (i) “Y < 2k+2
-bForv i = 4 it would be more convenient to consider vMy(é) In-
this case e, look at the typical term Ry U

R

48,



\e'

b el e e 5 e
e k+1 1. Y.l
Mo(4) = AT [ | ¥ a(j ,k) f W, (2 A c u)(u—t) de fe
LA o a Y/! j” . o :

._ﬁi‘f(u}gFY)(u) du - .

By the ‘symmetry of (Aft;u) in t and u,- Leﬁma If;Q.B; andc )
B l . v . . i4 e ) .
- Lemma II l 9 R - &. . SN

b k17 . A (2 A u)
\ =k+lf ”\l_»' z C!(J,k) j
Jooo Vl=e T <2*> o

L0ty =00,k

f(q)g(ﬁbydu‘l

"rd(i)uf“cN_ Sy m kbl 2002 L
_5°  The estimate for LY(i) 9 i.=ﬁ2,3;;”will fequigéktﬁé.‘.

.‘following lemma ", o N ;-?“nA: 

A. Lemma 11.2.10 B

L Let  ue [ab]c (0,), im0,12,... J2k+2, and
: pi = 2;3; 'Then 3:‘1 ": 7,‘af~_fg'. ’ '
,“(l)' Aj(u) f W’(Xnt u)t dt ! is,a polynomial in
u ’arid % plus B (}\ (k+l)) . '. N | v,_: .
(2) . The :‘;,e’gréé" of A?('u)' in ‘u 8. § ; L
L S _'»1“ L _.; c ‘ e BRI S

(3) Thg/gbeffihiéﬁf“bf_ ul in,“A;(u)_ is' 1. Lt



b . [ker

k+lf Y_% Z a(j k) f W (2 A »t u)(u—-t)Ydt .

M (4) = x
| §=0.

. .f'(u).g(Y)_._(L:x‘)‘rf"du e
By the symmetry of W,(Ajt,d) in t and u, Lemma II.2.8] and

Lemma II 1 9

;‘ SR il' b f\ Kkt ffi A (zjx W T
. Ty . .a/ . j’=0 (2 ) . Looe

it

o Ayﬂ=_o;i;h,;;k;;

.°»<1>H.fﬂﬁ¢; L s

5° The estimate for IY(;L) y 1= :2’3." Cwill require ___the.'
A following 1emma/ - ) . R - »
B Lo - C;?’r’“-‘-‘n ‘»

:”Léﬁma-li.Z;lO

o Let yeres2k#2, Cand 7

[

1=2,3, Then . ”zp~';¢ﬁ;‘i,fFQ;{f;.~*7fx

»_,(l)"- ) ‘A‘:;(U)__"' ynomial in E

f-a.
(D
D)

Ceng
o
= o

<k+1>) RS

u and%’ plus o(}\
"f(z)'ﬂ*The‘degreévof Ai(uyv“in wu'“is j ;
"(3) The coefficlent of . J ins A (u) is 1(;}77jf'}tffj*ﬂ“~'




w oo

;A Proof}\' ‘: o A
For i:= 2, the lemma follows from the relation: .
n om2eptg oo
:(ﬁ‘-‘l) T R

f _Wz(p,t;ujtj dt =

L 0. S

'and_theuTaylpf expansion o
= N

(1/(1-—)) S 12,

- i - To prove'thé pé :
"similar to;thoée u!gﬁcih‘

enma I1I.2.8 for this éase.hﬁ

(SO

, Fifét'dffall,-d

:ectichécking sﬁows‘phaifth§ 1emma’1é_k
trhe‘fbr i = 0,;,2.' In

act, we have! " RS

S w3<x,t;u)¢3 dt =
T

We shall obtain a recursion relatlon that will allow the

induction First,'we integrate : A (u) by parts twd times to ‘v

: » , TR v _ o ." .~  :__ v_v.
. obtain;' S S IR T . o S

.Ai(g) = [ W;(ﬂ;t:u)tj éE-;2
o 2 s

- 1“'f . j+1 T T
= - — (DW (A t u) , .. S
j+l . 3 ,

S R
ST 0 R

4,

5

 itff6l1ows that: ,"‘ fj%'j'f°-’

" 50.

for ”ig=”3,. weLshal;buse;techniQuésf'i:
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--[0 ! PWéKA.t.u)]tj dt ;ifo WBKXft;u)tiflbot,.‘
= f [( 2 D)W At u)]t

J<"'+’1>- 3 _(ii
alaeers .Aj_ (w)
AT

o r:
-¢v

,‘Since PW,(A,t,u) = Ws(k,t,u)u,ibtﬁé ebove'teiation implies

jthat | | LT T
S R o Aflg~iv Pl e e
<u>—uA(>+—l—~—(+1 A()“'Jﬂ(fild 3
j+1 3 2
| | ‘0\7

The lemma readily follows by induqciou. .

_—

” The estimation for I (i) i = 2 3. follows from the .

' application of the above 1emma and Lemma II 1 9

.o .‘: . . ‘ \%ﬁ ) .
6 We shall deal with the Szasz operator (i = 1) inh j

}thislste . We emphasize that this is the 0n1y SteP we assume

‘Prf‘e Lékf h] §&gthe induction hypothesis
' Since it is obvious that, for I..N [a,b], S
e A " ' Aot B
| HfH g Hfll ‘,_'s‘ we can use Steps 1° 4@ 2° for this operator
By LN [a b] S R "' N L
_ -by changing [flL’; to ”f” aK. ' f‘;; . o
P N .LN ta b] ‘w'?

‘ The estimate of I (l) for 47 < 2k*2 is Similar to the
U 5 . o R &
proof oﬁ Lemma 1I. 1. 6 for the case of Eernstein polynomials ¥ This

estimate also involves the &se of the EulersﬂcLaurin formula and
T N R O | o

oY



' details will be omittéd. -

s édmplete.'

Tﬁévproof of Lemma II.2.5, and an¢e pf:Theorém 11,2.1;.‘

52,



: ' CHAPTER III
v\‘ ,.-_"' "A . ' [

- o GENERALIZATIONS = -
51 Saturation Result fbb.BQSkakOV‘Opgfdtbfa
We have seen in the last chapter that a number of operators
‘ have similar convergence properties" A natural question arises' -
Does a similar result hold for some general operator7 -
’ In a private converation Professor G.G. Lorentz inquired
)as to- the possibility of obtaining a similar saturation reSult for
some'beneral” operators for instance the Baskakov operators. The'
N 3 \

saturation results for these operators are re501ved in this chapter.

B The definition of Baskakov operators given below can be

‘found in [54] _ _sj'i L w'_'_,-;spf;.;, ,} . ,,.f;ﬂa, ;
R ) ‘ . L C - L . » 'Jju & L K H.:Q"d}] "l:.‘: . .
" Definition IT1.1.1 o R ST T U e em ey g
I B SR T e e TR
The family of operators. {M } are Baskakov operators i e
S . , . k . o
o »_‘”-': R ¢ R - ¢( )( ) 'k K.
G.Ho ()= ] -nk -1;—.-—— X f(—) .
. S S S : k=0 i h;f o _ ’

a

WHere {¢ } s a family of real-valued functions having the following
' Properties." oy o

':( 1) - ¢A(x) can be expanded in Taylor's series in [0 8)

L [+

‘ (B may be equal to m)’ ;o
'}-‘2) ¢A(0) = l‘fi# | : | P :&‘
;.;(3) ( 1)k¢(k)(x) > o (k 0 1 2’_..> for xe [0 B),
l _é; :E (4) (k)(x) $Kk l)( '_(kf;;iaz,.a,), x. €. [0 B) fbr',i

-3;453'l r._,r‘

o .



5¢
some constant c; . »
(5) For.any %ixed_conStant M;-'~ lim ¢ (x)x =0 for
o S ‘ Cox e ]

k=0,1,2,... M.

_Examples of Baskakov operators are:
‘ , ¢

(a)' (X) = (l-X) (e = -1) y

; Bn(f )Vx)

N

3 B (a1 |
k=0 VoL

®) 4,00 =™, (oo,

o ‘h; -nx v k. n x
S (£,%) = e kgo.ffn) P

(&) 4.0 = (™ | =1 i

£k ) n(n+l) (n+k~l) ¢

L (f x) = (l+x) - Z
o O

I>—*
L&

@ ~¢Acx)'='(1+c#> ‘°-»;J:'(c 0y .

» Bernstein poiynomials éndoSzan'operators reepectively a% special

cases, on. the other hand (a) and (cy are special cases of (d)

,‘\L‘

We ahall investigate the’saturation problem for the same = -

'r combinations as were investigated in the previous chapter Explicitly,"

we define the following notation by induction
) - ‘ v . . N .‘ - . o k '. 1&
(3,2) , 'Mk(f,k,t) f'(Z,fl) [2 2A(f k-l t)—M (f k-l t)]

e (f 0. t) =, c)

Xk
k, I
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Tn [54] Suzuki has investigated only the ‘case of continuous '

functions with compact supports (c.f., also [3])52
- i

Thezsaturation

result he achieved for Baskakov operators can a:tually be extended

to functions with growth not faster than Some. polynomials, that is,
to functions satisfying ]f(t)l < M(l+t) for some M. and A>0

(see Lemma III 1. 3 below) : This refined version will serve as the»

starting point for the proof of the following theorem
- . ‘

Theorem ITI.1. 2 o f . "" o ;a..,

“let fe c[o 8) and If(t)] < M(1+t) for some M and °

k+l

A>0. 1If A=A 2 and  B(£,), k \a b) [l (f k - f( Mo bj’

’ [ J’g : B
then, in the following, - (1) =>(2) : =>" (3) and--(a)_=s> (5)'==>(6);

o 1<“ kab)—O(l);

L@ 'f(,?kfl) € A~C-(e,b) and f(2k+2) [ b]
3) I(,Aka b)-o(l) ; ;
(4) I(fv‘aliak:a‘:b)-:=-~°(l) I .
O Gmiay a2 RS
- (5) f(%k+z)'e C(a,b)‘”and' " Z Q(i k t)f(i)(t) a o
- whereviQ(i,k,fj-’are polynomials;in‘:t: thar dependf Ea
PR e Y
»"-,v. (6) I(f")‘»’_l,(’al’:bl) = O(l) PRELES SR N q .. ‘E i

o5 , , B e
" The proof is similar 'to the proof of Theorem II 2.1.. There—f

/

fore we shall not go through the details of the: proof but shall state:

and prove ‘the necessary changes "'W DR o

Ry}
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. -For conveniencei let Yy (t) =, (l+t) ' be'the dominating
function in the statement of the theorem. Also, let W(A,t,u) =

{9 gy

")Z D" k:

k=0
':Baskakov operator MA(f;t).

E §(u - %) be the kernel that_gives rise to the

- l’. .

© §L.1 ‘DescriptiOns of the Changes'in therProofL l:

-~

First of all in order towenSure that M (f k t) -is-
.really an approximation process of functions f‘ that are dominated
"by w (t) -for some A >"0 and that a similar saturation theorem

to. the one obtained in [54] remains true for such functions we: shall
prove the following lemma for general positive linear approximation
Aprocessea.‘ The lemmas of this section will be proved in later ’

sections. ’ S

_Lemma'III.l.S

Let’ 5,(f,t) = f W (At,u) f(u)du 5 X €N . be apositive
. T S
;hlinear approximation process such’ that

(1) §,y(1,t) =1, - . T PO §

! -
. 4.

() 'there ekists an‘am5“ such that S

»

S ((x-t) .,:) = O(¢A(t))’ where ”¢i(t):f 0 as

%, A e iuniformly;in any,bounded interval.

.c,‘ .l Lt : . X . o : : ) . .': -"3’@.“ .

gjeover, assume a function g > 0 is given Such that S (g »t) ..ish:,ﬁ'

. ! & o 1 vv ' )
uniformly bounded in any bounded interval Then if any of‘the

: :following o - : N . , X

L o S RRRUER , o S
SN CY x(f t) > f(t),‘ A >i= pointwise (or unifoymly)

| _for. te [a b], h'ﬁifl 1 -r't;_ B



'(ii) the condition IIS (f t)- f(tﬂl Q(o(}n)s

57,

1‘ .
(or o(o(l ))) would imply fl[ bl belongs to a

‘class L[a,b], where ff'i S .ﬂ. P
P R o
' o - ‘ 2 ' a o .
o ey o g = ot
or - L o ) - : . ’ . | ", ‘l "';",

" (i1i)  the condition

LN '

fl[ ,b]

€ L[a b] would’imply o

lIsye, -, 4p = 0O (or o(.o‘(xmr,

VL

is- true for functions having con‘lct supports, then the corresponding

result is also true for functions |f(t)| < Mg(t)
, Remarke;_e‘ -(,>//if e
:(l),_g(t).ﬁcan'be'chOSen at least as |1+E[ge;
. (2) . The condition,(2)'ean7be*fepiaoed by S

.',nggglz ; g f'f

&

. W (x t, u)du = 0(¢ (t))
[u-t|>6 L
. "o

‘ For‘theiaoovejlemma; we‘neeg'phe”folloﬁing“lemma.V'k

‘:Lemma 111 1. 4

O

For any positive integer‘ m; fthe Beékakov operator satisfies .

T m=0 L

@y man™y

om > B“

" where '[a",b"'l'c":'[a',is] and |6 m”i el

O(G(A)) .

or
. ':b(:{!‘f\’

>y

Q



uniformly in any bounded intervala

’ t I
above lemma can be re—represented as »

“,:,

L o -

=0(A"")

Sectipn 1 1 we again reduce the saturation result for
k+l

k+1”MéA(f k, ) - M (f k )H = 0(1) ’(or‘ o(l)) _in_a:comnieteiy‘l

ERPCS ot

analogous way

'_ If we denote the kernel of M(f t;L#§ W(A t u) Then the B

: _ftﬁé putline of the proof given in. Chapter II

’IM (f k )-f( )” 0(1) (or o(l)) to ‘that of S

-

o

; The proof proceeds without change until we need an asymptotic

result similar to Lentna II 1 4, the proof of whdch is more complicated e

SRS

“.'} e L'

| Lemmd III.1.5 -

“‘.,. -

;Let .f satisfy the condition of the theorem

(2k+2)

addition “(t )' exists then

‘ ."" B .

BRTCH R [M?)‘(f o - u (f K, c)]

2k+2

Ca y . Q(j,k t)fu)(t) + 0(1) ’,"..-:""

h; o o :;"'f.' mj=k+l ‘

N .

fkwhere"Q(j§K,t) are Polynomialéﬁinfﬁtﬂ uMorepvef; S

O 1‘_.

Q(2k+2 k t) =yc p(t‘

-__"' BT FEREIR

EEP L -Q(2k+1’katfa%9¢§<l+%thfgt)?f"*
' . " 0.‘..‘ . e ! . - ‘ :
where P(t) = t(1+ct), 1, j"é are - constants,‘and

of. condition (4) of Definition III l 1.;

If, inl ' R

'iaﬁtheﬁoOnetant*;‘

e L
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o

If f e c2k+2

interval [al,b ] <. (a b)) “15 o
:‘ Proceeding through steps 1v and V of. the proof in Chapter 11,
Section 1. 1 we only need the analog to Lemma II 1.5 . for the operator

Mé* £, k ) - M (f k ) and for functions satisfying f € C[O B)
i . .

L

[a b],g then'(3(4) ie‘uniform'in’every interior

g

°

'and If(t)l < M(l+t) for some M and A > 0% The proof is entirely

y4
similar 8o we shall not elaborate.

Cooa e However, the crucial lemma which allows the. interchange of

» J
Z

limlte in the analog to equation (2 5) does require further explanation)h

' Lemma III.1.6 S

g€ C:-,' Bupp g < (a b),' then

| *iﬂ sz(f k) - ’f‘i('f*k,’ RUCHR -
- <Xl |
wanere,ﬁ,-"-’ TR i -
o :? . : . o 'Tz S :
Hellyy = sw |f<t)|¢A (t) + max ”f(i)“L [a b]‘

zoitéw ‘ Ofi<2k
'and K is a constant depending only on g and its derivatives.hl

.\ )
A

AN

In the remainder of this chapter we ehall proveﬂthe above lemmas._'~p,:'

'-é.

§l 2 Some Preliminary Results

In the f°11°Win8 lemma, we shall study the- variOus properties'rr'

of the kernel W(A t u) of MA(f t) _ This X Sult will simplify the

nLet‘ £ccl0,8) and f(x) ~<g¢A<g>._ I f( k) et [a*p], L

TAT DI

' The rest of the proof proceeds as in Chapter II Section l l.j,f
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ce e

‘rémainiﬁg_estiméteé.f‘ ,

PN R B : R ) o - , RER R

Lémma ‘III.1.7

<

' Cen. -‘”}‘.‘f i) ° M -1p-_7':A= ' wif';' ;_»u e ": ' ‘ 3:
(.60 T ey _.ETESFE(A,c,g><u”§)‘ AR

‘whefé 'p(¢Xi? ﬁ(l+¢t).7‘ e f"‘vﬁj_' Al ., ' jcﬁkn

o o

. "Proof, B

10.R3°311’fh8fa.¢l(x) _can begeipaydeg'in TaYlé§ sériea..>Heﬁcé%-5

:>we,,v'.:haj‘;7§‘ L o " R _' - o B
(k)(o) :.k:.t' .}.,
¢<x>=_z~—~k,~x ;i
kfo . KT

. and 1.j'; ~-' _-:" :1:'7.'f”_’ St S ;"»_b. :’%{AV: ' T

S, T T

@] %-(lk AR
VR = KT o

A

’ r&pm”;he gonaitian*' s

“"ww“‘ Yo ms goea,

‘I“.

" we have

q’)(\l_:i(o) =’ ( l) (l+C) (X+2c) .. ()\"’kc) PR

°¥f(+l>~A(X+¢) ?é (A+(k 1)c><*+k° e

A+kc

(k)(o)

‘Hence,



ST A el

. (k) L
: B (0) ' ,
o ™ T kZO T (l+ E ° Xk

(k 1) . T
A+c (0) k1l

v s Py

cb}\(x)-cxi
({i ' . : k=l

[ §
i} 5

,¢A(*i.‘3°x¢x+c(x)

4.

o DT ¢A+c<x) l+cx ¢>\(x) s -

(AR
o

-vNow" R : . . S - @3 /—‘

(k)(x) - ( -1 (A+c) ce Ry, (0

o -

/

= (-1)kx(x+cy‘l;._(A+(k-1)c)¢x(x) L (kg

el

‘“( )(1 + X

l+ X : S - S
~ Thus,

: ..__W()\ t u) =‘ 2 (-1) ﬁ__% (k)(t)G( k)
- w0 E .

S AT —rw(ﬁ)(c)é( L

k*O

s

) %) = E—W()\,t,u)u -

o R Kt SN i |
o mmm L o arko¥men-B

. RS Y
- o 1tet

e =



e
- =R i :
T+ct V(A’tf“)“

]

_ a reault similar to Lemma II 1. 8

.—:..‘y . s i
_. t—(]—}'-_C-E_S—W(A’t’“)(u—t) .

: (Q.E.D.) '
N
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Following Lemma III 1 7, ‘one can easily deduce by induction o

The first step of the induction is

3

justified since M (x t)-# ti for i = 0,1 (see Baskakqv-{B},
p. 249) o / . . .
. : - v ooh ]
[ e e /
///Cérollary,III.l;S_p o _ :
o } . . 2o : o W SN
L If A (At) = A7 [ WOLE,u (e-t)Mdu “mo= 0,1,2,...
v L ' R R R T L
then the following holds .
. ot :g | .
| - 4 .
(l) ; (l t) = mlp(t? - l(l t)+P(t) dt A (K t) H
- (2) vAﬁKA,t)"is}afpolynqnial'i __A"and Lt
(3) the de'_grv"e_e‘o'f“ _:.'Aﬁ‘_(fx,_c)' in A ds [253] ; 3
o 4) the coefficient of Am in the polynomial A2 \l t)

R

and

p(t) = t(1+ct) B , «3

The next lemma provides the’estimates needed in’ the

of Lemma III 1. 6

~ Lemma I11.1.9

L If g»elgoto,s),_

— - P

supp g°C (a b) < (0 8)s .

I

'%ﬁ'

h“j..
;

s ey p(0)

' [
in the polynomial A (R t) - is ¢ (1+2ct)p (t) where.
J 2m+1™ , '



o o T 63.

?7”13 fixed integer,ﬂtheh for _y.a_o,;,Z;,;;,M;ﬁ the_fbllowing‘equation

‘.hol&e. S .(//”".» R "»:‘J*f" - 7, ) o ’ "1“, B

' | BB oo L
@B fof WL twg(utidr du = ' :

a

— v _—

T
5

I TIE EE .-(2 ib:) g( ) (A c)(x SPSY (ag—cyﬂ)c)

CProof:. o ” "Q PENTES

Firsf?‘&eﬁéfQ&éJEhévfeliowiﬁgQassettioh; L B  “ S
o P (m)/ L ' L k! R S
38 s Jm {0?, (t)t at o= C)(A—Zc) (A—(k-mu)c)‘

. a8

N Tlal -‘Jv
KRN . o

. ,_‘1 <, \—‘\ 4: A N v H
for non*hegative integers k and ‘m such‘mhdm k-m <M. 7
)" . .-q. S . 'm
- The ﬁroof is by induction First from O 'f}‘_ T
-1) . (k) i % s e
A . (t) ‘, }\ (t) s we) h}}ve o o Lo

-'*’o'“?x ©at T_f@s-'i-?c,“"x-'amd?ff;z_%__-éo? "5 -
Hence (3‘8) holdﬁ for SO 0 k= 0 For m'=0 fixed, we-proceed“

t

by induction on k., §uppose k+l < M ‘ using conditions (4), (2) and

P

' (5) in Definx%ﬁaﬁ II;Ll 1”and the integration pe:;s we have -

:,‘=f ‘_"_*?5,

k+1 —~
B RO '

(t) t

k+l ,fctbA (t)t dt

JEH ok R D!
A=c (A=2c) .. (A (k+2)c) (A—c) ()\—(k+2c)

"o



b

" and k = 0,1, 2 M.

hypothesis, we. bbtain

by the induction hypothesis. Therefore, (3.8) 1is valid for m= 0

. ' P L
. . . . "
) ; . e . .

Y

Now assume (3 8) holds for m-l and all positive integers

‘ 'k 2“M We'first show by i duction that (3 8) holds for m and .
k—m < M—l. By usingts sim:I:%\technique to-above, we have’
;fj"¢§m)(t7’tk;dt o f (m 1)(t) ‘ dt ‘_;‘ _ 5 %.
SRCI |
- ! ) ’k" .
D" (A—c) » (A—(k-m+l)c)

Next for m and 'k4m =:M; by using cogditions (4), (2) and (5"

of Definition IIIil l, the integration by part and the induetion

o

el f q>(m)(t)_-1;mr"M dt = - f A ¢(m 1)(t) tm+M at o
o : . - O e - ] - e
‘. - -. ." N N B {‘ ot . :
U U C o (m) m+M- -
o : e A(m+M) f Mc u.d.t\
) . ot : e _e- 'g
SRR § “ = (m+M-1)' Zo ¥,
LT DT A 2o LLTamEDS
Hence. the proof of equation.(3 8) is completed R .v,’ﬁ-;'E,‘
. . I. . ’ 4
- Using relation (3. 8) for’ k\~ m+y, Y =f0,l,2;.;.;M, "
. we hevénlfl S ’-"‘- ,_.:‘ 13 : '.'i"y- 'f;';f
f W(A t u)t dt = Z ( 1) f ¢(m)(t)tm+Y6( “5 dt |
o ‘mmp ™ , e
— , : ’v_‘4m=0 m! (A—c)(A Ze) sy } f
B 'f.A . ) a ’l’ .
o R TR
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' /
f f g(u) W(A L u)t dt du
a - .

)

S '(E)'L' . Gt
m '(3 y AT ml (A-c)(R-2¢) ... (A= (y+l)c)
_XE a]b’ . - . )

PR

. ' ,'.fl _ : n{‘ - (Q.E.D.)

51,3 ',Proofs of Lemmas I11. 1.3, 1111, 4 and_ .I’i-I',.'l_'.S'-' 7
o “We. first prove Lemma III 1. 3 .
:'E,‘ Let h € C (Q) be a ‘function ‘with compact supporc, such thatn
inh(t)‘= 1. on [a—6 b+6] for some 6 >0, and ' ]h(t), =1,
: o t € Q

e

Now assume lf(t)] < M g(t).
\ v If condition (i) in ‘the lemma holds for functions with

."compact supports,.then for te [a b] we,havcv_ o f'ﬂf“f"'_'

LI

G s - 'W*'O,t;m?(u)h(#)vdu'—r f(f)fh(t) 4
U A ¢ T S R :

R e WO u)[f(u) f(u)h(u)]du
AR Q—[a-‘&b-*—é] |
]’éhd since; 

-',(.3.’110)'-“'_'] R (A t u)[f(u)-—f(u)h(u)]du
2= [a—G b+6] .

11
N . . :
{

o <oam 5'“? [ 0new u-t]® gewydu =

" from which ucingﬂtha CauchyéschWarzﬁinéqmnlicy.we‘obfain o




'vqﬁ;

O

(.1 1) < L W) et P l’ztf W \A 087 (wdu]’ L
- ST e e | o

“’”(t))

R 0<¢
Hence (i) is also true for functions [f(t)| < Mg(t) (For the case
'.of uniform convergence it is enough to notice that the estimate in
" (3.11) is uniform in [a, b] o .;t

. Now suppose .Il (f t) f(t)H _'O(G(A ))

. <or o(d(A ))> If(t)l < M g(t), and assume éii) is true for

functions with compact supports Choosing h as-above, we have S

- £6¢ t e [a,b] .

(12) S 0-EOR® = shno-f0 ¢
| - B
) o f W*(x,t,u)[f(u)h(u)-f(u)]du .
| CoSlamdpds) 0 T
A Y $
. Sinee."ﬁf:! L |
](34135'- . :;};vf. . . w [f(u)h(u) f(u)]dql b1
L Q-[a-5 a+6] : .
| i ‘M'Hdu}‘(t)“l/z»—""‘t“:: ..... 7
= o(a(r)) -,
 we obtain that if ”S (f t) f(t)” :O(o(iﬁ)) | -

-‘resp- O(G(K ))> ,: then 5,

)



5

(3.14) J[s::(fh,t)?f(t)g(t)nc[avb] = 0(a(x)) . <resp. S(a(A))> .
e B Lta,bl ) o

e

Therefore it‘follows,that

'fl'

fhl[ a,p] L a,b1 € Lpaye)

by the hyPOthesis. e L _‘ SR

Part (iii) can be proved 81milarly.bm

Lemma III 1 4 followe readily from the Corollary IIL.1. 8

We note that, since A (A t), and hence M (x ; are polynomials

‘in +t and A 1 M (wA(x) t) is uniformly bounded where

R wA(x)'%.(1+x) . Therefore, the domb&ated function in. the theorem*can
- ;K)’ .

be chosen at. least as. ¢ (x) for any A > O. ff

The proof of Lemma III 1.5 follows ‘the same arguments as¥

LemmaQII}l.Ar Let the numbers (3, k) be defined by e f;i-
S N T
My ) (£, 8) =M, (£,k,t) = JZO (i, k)M jA(f,;) .

Clearly, these are the same numbers as defined 1n equation (2 10) and ¥

so Lemma II 1 9 can be applied Using Lemma II1.1.9 and Corollary
IEI 1.7, the proof of Lemma II l 4 contained in Chapter 11, Section l 4 -

can be appropriately modified to obtain Lemma III 1 5

a. &

51.4 ‘Proof'of*Lemma III. l.6 :: . »'.f T‘r ‘ i‘-‘ ?f

The proof of Lemma III l 6 will be similar to the proof
. of Lemma I1.2, 5 As in step 1° of the proof of Lemma II. 2 5, ',I

'iwe_oan write
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‘where

b w Kkl o ' C

RS S CAb (Y (3,00 L u)y (0 Yatan o

o . Y a0 j=0 o S ' '

(3.15) . - | 2k+2 g )
o W =) (- 1)“‘ Y i twe™ Y

¢ e |

Y = 0,1,...,2k+2

~ b wdet] -
Tipy © R [ Y e, k)W(sz t U)f(u)e(t,u)(t—u)2k+2 dedu e
- a Oj o - ' ‘n. !
el (2k+2)|l

,E(t,u")»l" < ot o

25@;5;7[!8

<

- Since
.
‘ P

R T b w kel | | o
Lk
o zk+3' 2 HfH(A) 1 f f & [a(j k)IW(Z A t,u)cc-wzkﬂdtdu .
in order to ahow ' 12k+3 ‘.‘_.Oi(l),.,‘.“ "it is.su'f_‘f’iéi_ent ‘to show -
' P L e

24N ERy =a- [ f WA, t,u) (u-t) dtdu = 0(1)

.'ﬁaﬁ;beffewritten as . ©

.“'A‘
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-

_ _ b+l b '
T E () = f [ QW(x,c n)(u—t) K dude+

C 4 Ak f, f W(A t u)(u—t) du dt

g" , The fact -that Jl = 0(1) follows from Corollagy III.1.7,

L&

“‘ as the.integfation in 't isibnly over a finite»interial.

" To estimate 2, we notice - that when t > b+l,
S : e e ' K e
0 <t-b < t-u. Hence '- SRR e R

. e p N 2(k+N) |
(3.18) A Y AR TC ) 12—51———~—— du dt
_,ﬂ,. ST e T ™

e b" R 172 O\
= A /o "'-d-t-—N f+ WA, t u)(u t)4k+2 } \

b+l (t=b)2N

D . b.- 1/2 . ’ . "
. :{f‘ W(l t u)(u t:)l'N 2 } -
e - ’ e SRR ‘+ . ; _' . -
R S o LT
Recall that. p(t) = t(l+ct) 1s a polynomial of degree less than or

..equal to 2, ‘and_therefore A (A, t) = f W(A t,u)(u—t} dt isl
. a polyndmfel'in t with degree less than or equal to M. Moreovef;

.0
[

A (2, c) = o(x [m+1/2]) . Therefore, "..]f-_ B

B T Losaedy SR ARE IR S
1 ,W(A;t,u)(u-c)4N'Zdujl/zjg_MA,. ,.2 ( i 2( )) Ve

B4

where P4N 2(t) i&ya‘pQIanmial»in t of degree _4N+21' Hence:(3.1§)‘ o

g
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o 7 :
foliows“
1 | 1/2 )1
S RPN o (B, (t)) b S 7
Jy <A z—-f{s‘_ 4N-] <] W(x,t,u)(u-c),ak”jdu 24
S ' b+l (t—b) . a .
R Ey .Cauc.hy_-Schwarz linequa‘.lity, we' c’an"ifur'the‘r es't‘imatev o
- 'k+:,2—-N s AN— (t). 2 k+2 2
I, 2x 2 ‘————— f f V(Atu)(u t) ' Cdudt
. b+l (t-b)‘ o
”k+—]21.—‘N' :
= ‘ Ll L2 . .
"It iahQuffic1ent té éﬁpw’ Li énd- Lg .are finite integrdls,-fbr,then

by “choosing. N> ktl, J, = 0(1).

;’“' The estimate Li < ® ig trivial; since the integer'éﬁd”
—IR is dominated by ..Mt for some M > 0, ‘and: ot Tdte
(t-b) " ' R T s b+1
iS-cohve?gent. ,To esfimate Lg‘;‘_follqwiﬁg (3(7),'W¢ihaﬁ€
dgfﬁ .‘u€k+2_j'w(xgﬁ,d)tjdt du (0 < J?’ ')“
/i , R .' k » o \b_ . k X
we(a,b) N Vnt (*‘C) "‘,‘
\? Since e
j+1 SR
X <2

(A-sc) X (A—(j+1) 53

and, for m~ A,



[

),

Furthéf,awe-can write

Heﬁce, Fa 0(1);_ Théréfore,rvL and J.

» € 2 2 are
S : T o=

ords,  Losy = 0. .

The estimate of I

: estimate for the case of Bernstein Polynomials.

McLaurin formula. By equation (3. 7)

e k+1 i
PR T
' o 3=0 : “.% €(a,b) '.ﬁj :
Ly _
Ggm 2

C[a:b] o

v y =< 2k+2 | is similar to the

@) (el mhj.j L2 myd
. &I,
it follows t:
| B T 4kek2
o EL T g my
' 2 %‘(apl‘
24683 b R]
a .
-,,where, by estimating integrals by the_reciaﬁgulér formula
b-a) 4k+2
|| < H A

'0(1). In other

'

We use the Eulerf

] Y+l

ERC I B >(m“f’ I 0

=1 b

71,
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, 1
. . SR
S NOTEEE Sk ' o
’ —(;5*—"-2—~=- ”.,'(%‘“‘1—3" ¥ c(-—)“’x +oo\k
Aymbo e Ay Ay ij i
;L S ’ F
v ‘ vl koo
I O L AN CREE o R
S R
where c?' and"av are absolute § nstants, .Innother‘words, We can
ékpréss- I as
K+l | , -k
=2 ag J bE = Z 4 EY + o007

'b, ——e(a:b) jd. j
o ‘ j

~ where qQ 'are'polynomials.

Using the Euler—McLauriy formula as in the corresponding

estimate for the case of Bernstein Polynomials we obtain

= :0'(1)‘ .

‘~, I : o
Y R TH
R (Q.E.DY
LRemarks.IiI}l.lo Avr' » _‘;' : , "‘.‘ SR : ‘r'AJ: 'v’; }f‘f ;‘ih,“

”l?p The saturation theorem for Baskakov operators which we

have just proved is applicable to functions with growth not faster o
1than some ’ (t) = (1+@3A ' The. saturation theorem f0r the Szasz
operator proved in Chapter II is applicable for functions-with T,

'growth not . faster than ‘eAt' Hence, the theorem proved in this :

' chapter does - not contain the result for Szaaz operators proved in

;the last chapter.’;\



P S A S
= '”% oL i.f‘ R ﬁﬁ ﬁh ”fffﬁqs{f‘

l‘

2° The conditions in Definitions III 1. 1 ar?’slightly

different from,those in the original definition (c,f ” [2] and [54])
Sy 3.
The differences are, the corresponding intervals in conditions (1),

-

(3) and (4) have been changed to [0 39, where jBf satisfies_
condi tion (5) .ev'

B These modifications are based on the concrete examples For

“""J:'.

instance in case of Bernstein polynomials M (f x) = B (f x), :

¢ (x) = (l-x) B = l._ In this case, ¢ (x) lwould not satisfy T

k. (k)

e.’condition.(3)!‘ ( 1) n

( ) > o if X > 1 R ?‘;J ’

30 The condition (5) in Definition III.1. 1 is in’fact b

v

,_equivalent to one.of the conditions iee.,

L .E(c5°° Pl o
- (3.19): f,f-. (él)z—A—ETf—-'xﬁ dx = oo s R =0,1,2,...

4 used by Suzuki in his saturation theorem for Baskakov operators_

- ([54], P-. 441) The condition (3 13), as being equivalent to‘
. 1

‘condition (5) of Definition 111 1. 1 s enough for proving the

[}

3.

’ saturation theorem, while the other conditions i. e., conditions (20),-,, o

-"part of - (21), and (22) of [54], are redundant for this purpose.;r

“A We would like to point out that the notation E(c) _used s

Eibby Suzuki is equal to the "B" in our definition. ~The value of f.
1;E(c)_ is-equal to o Whenv c > 0o ~and. is equal to. rT—T when -
;C»<v0i‘ The formula that "E(c) =. ¢ # 0 l't given -

- by Suzuki Ao valid only 1f cj%“;iL“ |

5 \

'.\‘ We shall show in the next proposition the equivalence of

_ conditions (5) in’ Definition III 1. l and (3 19)

.



Proposition IT1.1.11 - :'- | S o
If {¢A(x)} is a family of functions defined in
‘ Definition III 1.1, then the following are equivalent. ‘

L ':(i) for any fixed M >0,

. : lim ¢)\(t)t , k= o,'l,...,M 3
v 3 ! t: + B v
@ -n™ '———T~—+ tdt =>~—, ‘m=0,1,2,...
o .0 m. .f,')\"c )
i‘(B) ,foriany fixéd M,
f ¢(m)(t) £ g g
. .J.
‘ (m+r)' .
(A-c) “(A=(r+l)cy »_‘»r —loil’z" M,
. s ” ’ : m= O,.l,z,. ' -
o o
‘0 {(L I

~ Proof.:

. " The iﬁplicetiph'(3j‘¥;>'(2)*Tie ttiVial:"énd:the

limplicetionf (l)'=->'(3) has been shown in equation (3. 8) It

i

'fremains to show the implication (2) —> (1) First,'for k =0,

Li~we must show 'lim ¢A(t) = 0. This fact followe from conditioni
‘ T t+ B .
(&) and (2) of Definition III 1 l and the following simple

calcualtion

e B \1’ ‘ 1 B' ' 35)‘3 ’

: A P S
. - ‘_ = ¢A(t) f —i“- —}: lim ¢)‘(t)

._aﬁd : lim ¢A(c),read11y,f'ollow§. S e '_



PN BRI - L : 5.
Next, for 0 < k <M, where M is an arbitrary‘bntifixed

. constant, using integratio@-hy parts, we obtain

~A
r : (k) 'k
~ . ' K B ¢ (t) t
(3.20) = g 1) [ 2= .(‘f"l)ﬁ, at
‘/" S R M .- B
5 : e (k(i)l) (t) tk
. ' ke o,
: S k1 N :
: . . LR P o (-1) (k l) k-1
S DT f © T L
R P A—(k—l)c »
yFroﬁ the condition’ (- l)¢(m)( ) f¢(m—l)(t);f we have :>a ' v_,v' 2
oA D Nte o T N ,
(- 1)k+1¢§k(i)l) (t) = g(;;;)e;;. (=(k=1)e) 4, (£). ~ Also
KL eee ! e
, o (k-1) | k=1, _ 1
SR (k—l)' f ¢A (k- 1) (t) £oae T a-kew "

o S

A ": )

Using these facts and the condition i (0) we obtain;from"

i
5
-

equation (3 20) that lim ¢ (t) t 10 i ‘ o '_ _
R : t - 8 . ‘ | : L '
e (Q-E:D-)
r'¥‘,‘, 4° We do.not intend to. sa/ tnat conditidh,(S) of

o

Definition III. l 1 is of more natural form thap the condltlon (3 19)

= ' {

(E(c) ),» The additional condition (5) here was introduced in
'the study of Baskakov 8. operator directly from the original work

of Baskakov, and is independent of SuZUki s work However we .

would 1ike to note that §uzuki is the first one who noticed the

necesdity tQ in;roduce an extrarcondition.-.' ARAPUREI O

” - . (R
i

- . . oL : o



§2rﬁ A General Linear Combination

In his .paper [8], Bntzer asked whether there exists othem:fh
linear combinations of degree not exceeding an _appfoaching f(x)
more closely than the combination B (f k,t). "
v : B
We shall give an anser - to this problem in the present '
section.,
' For convenience we refer to the operators discussed in '
/.
Chapter I together with the Baskakov operatbrs as the Bernstein— |
XE operators. o DA .@‘ - P N e
B 'Definition “1'11.2'.1 B '
‘ ','Let SA(f,t) be any of the Bernstein—type operators ;LeQu;
‘d'_'o’,ql,.‘.._,dk be (k+l) . distinc positive integers, and define
k4
(3.21) S P e T g
IR TN L+ S o '
i?‘j 0 v ‘ /\, “‘
- and L aE S o
(3.22) 8, (f,k,e) = J ClLk)s, L (F,0) . o
- “‘ o "
: ST o o ,
We state the following condition: ,
- Definition ITI.2.2 = IR o o \\ Y
A function. f 18 said ‘to satisfy conditioch A 1f e
fe C(Q) (for Bernstein polynomials : [O l], for Baskakovl
operatbrs. ) [0 B) and for the other operators [O m))

,f(t)f < Mw (t) /(for Baskakov operators,' W (t) = (1+r\A Fa



‘f. lgma._ \“ ot .~ . . ~. J_

C Broof

- & ‘ V—

S o OAE ST
pther;operatows, w (t) = & ), for some A > 0.
B . We have thegfollqwing o ;f: ”.é

Proposition III.2.3

“L._‘Sgppqse' £ satlefies.eqndition A and. let [a,bj c QL;

" Then* . N
o 1. If f(2k+%){£) exists, then -

ISk(f-,k;'E)—f(E)' |= o(x Q‘*l))

<

ERE L ok+ L
2 If fe C2k 2[ ,bl, then the-above relation is

uniform id‘any subinterval fal,b S (a b)

. N N A
< . . .- N

@.' If f(2k+2)(£) exists,;thenj AR o~
s, (1, 8-£(0)]

T D KRR E R YE

where Q(j k ,t) are polynomials in £ Such that Q(2k+2 k t) =

= p(c) : and rQ(2k+l k, t) <, p(t) P (t)

This proposition would become clear by the following
‘Q

Lemma III.2.4 oo o

(3.23y -} c<jv,k>,djm
R A

Consider the Lagrange Polynomial ‘

R
3

77.



L (X) = 2 i i(X) had va ' ‘ ﬁ. .

wherel ' " ‘ i 3
k x.—xfb‘ e
ORI ;Ji§"' ’ x = dp
S 3=0 T3 T4 . '
3#1 -
| Since k m(xi) 0 for i=0, 1,..f,k,, and‘; Lk}m(xi)
is a polynomial of degree "k, (x) .. In'paftiCnlaf .
” N ‘;k,m(ol "o omio,
boouik) = = R
i =0 . 4y Lk;0(9)+l'='} m= 0.

QKQ;E.D5)

A

N

. ' ' ’ -
T pr of of Proposition III 2, 3 is similar to the prgof
‘! %4

o okaemma “L.1.4: expand f(u) " to .the Taylor polynomial at point t,

3>
1

and then yse the_:act that _ A (A t) = f' W(A t u)( u—t) du is
: : ; Tt

" ¥'polynom'al in AL, ang Lemma WI.2.4. The details will be:omitted.

Remarks IZ....5 L i a

1° —If we~chooae d, = 23 - the- combinations defined in

3 "
ﬁ(3 23) reduce to the combinations investigated by Butzer in’ [8],
(c. (2 1)) If however we choose 'dj ¥‘j+l: jo= O’l;"i?k and
use Bernstein pqunomials B (f k) in place of ‘S (f t), we obtain
a polynomial S (f k ,t) which is a’ linear combination of B (f t)

' of‘degxee (k+l)n but approa hing f(t) -with the‘same‘rate as.

oy



B (f,k,t) (defined in (2. l), which is of degree 2 n) Hence, the- -

) Proposition III 2 3 glves a positive answer to the problem raised 7

in [8]. - ' : .

o m—— ) . L

A similar saturation result is also true for this
B N
general" combinations, but we cannot prove it heref

e .

ol " To state:the difficulties we need a s}ightly more - general

‘notation. Let us denote by § (f t; dO’dl""’dk)'vthe lcombinﬁ.?\ié—:‘—\\fjN

| defined in (3.23) corresponding to do,dl,.,
. . 'QQ .. :

we do have a recursion formula
. v T

+sdy . Then, elthough

L . S B S .
Sx(f*t;dO""’de+1) = ﬁ"}“_;' {dk+l SACHLE dl";"d£+l) B
’ LT k+l 0 . . h

. >

: - doﬁk(f,t;_do,.'..,d )}

‘we are unable to prove (directl¥) the induction step Th?t:ié;

'.from o X g . )

l|s (£,t; do,.n.,dk+l)-f(t)|[%'O(Af(ffl))_ .

o (d§> - e e A
. " ~ . ' S .
we'cannot deduca (directly) ‘ f‘&-a : S

"

- . L " )
g Ky
st(f t di ,...,di_)-f(tﬂl =0T g -
.o Tk S :
for any di»',...,'di .- Thus, we cannot cbnclude'the existence'off..
' 0 .k K o R ‘
(Zk) " as out intermediate step T S ;; S - ?"ff’

However, thia problem can be solved by using the res;l
of the next chapter The procedure may look odd from-a logical point

~of view;.namely, before proving the saturation problem (the optimal

EREEN

case) we prove the inverse problem (the non- optimal case) _but in'

. . o
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Lom

-proving the non-optimal case, we need one direction of the result
in the optimal case (the easy direction), the result stated in
Proposition III 2. 3 After proving the non—optimal result we are

¥ able to conciude f e C2k ‘from Y

‘

.

°“]*§X(fﬁi;dof;;?;dké;f(t)” = Q(Xf(k+fL)>~;k ..:.; L

" and this_egaotly is what we heed for proving the_dptimal"case.,



CHAPTER 1V
, ,

3

'THE INVERSE THEOREM

51 Definitions and the.InvereelResult'
‘ Let. Sl(f*t) be the Bernstein—tyoe 0perator. . Let
'S (f k t) be a linear combination corresponding to do,dl,.,;,dk

defined by Definition II1.2.1. That. 48, T

[N

k. ?.

4D s (f k,t) = I edRs, (£,6) ,
o SN - 3=0 d
“~}where f_r n o : R i
| T e s e
(4.2) . CGyk) = -1 ;r#if%;f .
AT e =0 Gy TS

SER N

We have seen [Proposition III 2.3]1 that S gf k, t%\ converges to
(k+1)

- f(t) with the optimal dégree T%is order of convergence

can actually -be used, at least for some special combinations t
determine the smoothness of a: function

In this section we- shall discuss a way of measuriqg the

3
'f‘smoothness of functions when the exact degree of eonvergence is

.slower than the critical order of convergence for S; (f k, t) This

e

is the inverse problem

A [N
Wi . R
BRSH .

Defiﬁitidﬁ iv.l.i '

N

'Suppose-the optimal rate of convergence £6r a family of

¢
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o ?L S

- operators' év(f t) converging to f(t) is ;Q(X) The non—optimal

problem,\or the inverse problem, i to determine the class of ‘

‘functions £ such that.'SA(f,t)ﬁfconverges to *f(t)'-with the{rate

q(k)? for each ‘B;‘fO <B'< l

Inverse problems are, in general more difficﬁlt to solve
.than~the direct problem;, In the direction of solving the inverse "/[;‘

~problems for BErnsEein—type operators Berens_ and Lorentz [5] have ‘f_”l

’

‘:already proved an- inverse theorem for Bernstein Polynomials (not for

L1 b

'combinations) Their result 15'~f1

-

’,'Theorem v.1.2 N R ,_e' o :':. IS

Let 0 <a <2, fe C[O l], ‘and B (f t) be'the”Bernstein”‘

polvnomials Then Ilp(t) [B (£t)- f(t)]“ ' 0' a/2 ) if and only

C[O l]

K -

if f e Lip*(a 0 1) where p(t) t(l~t), and Lip*Ga 0 1) {f € C[O 1],{

'IsTp lf( +t) Zf( )rf(-—t)’ < Mh } is the Zygmund class
t|<h 5 :
Since the above theorem is a global result it would be

interesting to see a 1oca1 inverse theorem,:that is_¢££L£ngrmine

P

the local Smoothness of functions from the local convergence
properties of B (f t) Another question‘is;.can we obtain a‘similar e
result for ' general" combinations of Bernstein—type operators?

 We would: like to have complete answers for the above vi f’i:#if
questions. However the solutions we have obtained so tar do not

# 'ﬂ. " v

fit the Phillips’ operator; which s defined as ]vaiﬂbi R

‘,:.“‘ .‘ . c . oo . 1 a S |
5,(£,6) = [ 7MW 3 ~—-—-—“ '(:) SN f(u)d + M@y .
| - - ﬁ P

I
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For ‘later reference, we use SA(f,t), to refer to

o

"-At. E (At) T

/Si(f’t) = e e f(—) R the Szasz operators;
. k= . . .
] S 1 ® “fu/t n-1 RPN
T(s,t) = T (—) IG e M u f(u)du 5 2 R

e

ST(f,t) = Bh(ﬁ,t)i"the‘Befnstein_poiynomials;
\. ‘ 4‘"'«1 w‘-: "‘lv 2 ‘. ' |
ST(E,t) = f?i‘?.[ 'éfi(“'t) 2 ¢(u) au 3 f
i . v 0 ) 7
” - i (k) o T
- ® N € '

'Ss(f,t) = 2 (- l)k .—j;q—rv- k f(E) > the .Baskakov
LN kT © P, the Baskakov

N

- operator defined in"Defini;ioh 1Ii,i.i.

' The notatiohs in’(4.3), excepr S3(f t) are‘the'same as in (2‘19),

That is, the notation for the Phillips operator in (2 19) is. used forv”‘

. ».(
Bernstein polynomials’ here ’ However, this change will not cause any

‘ ambiguity, for we shall not deal with the Phlllips operators in x
“this chapter. R - L
Before stating our result, we ﬁeedithe folioWing“no;ations .

. . ' .
o . . . LE

- and definitions.

@

Definition Iv.1.3 S

“ “ ‘ _
Jl° A function »f-‘ls said to Satisfy condition A if
n‘f‘e‘C(ﬂ) (for Bernstein polynomials, 79 = [O l], »fpr Baskakov'
'gloperators 2= [O B), ang for the-other,operators,'_ﬂ = [0;*));
if(t)[ < Mw (t) (fox BaskakoQ:operatOrs, '&A(F) = (l+c)A3 ﬂfor : *‘:o‘“:



<.

4
1

other operatotrs, —wA(ﬁ) =‘eAt),'dfor sSome ‘A > 0.
) 29 The kernels of S (f,t) will be denoted by W (A, t u)

That is, st W60 = f W, O, ¢ ) £(u) du.
o Q

3° The various moduli of continuity, _k'(f,h;a,b),_—aré

defined by induction as follows:

D Ak 24 e - ECeth)=£(x)

h h

k+1 '
k+lf(x) = A Ak f(x) = Z (-1) +l Y(k+l)f(x+yh)
b) Klf(x) E'Zﬁf(x) = f(x + gb_- f(k - g) B
i k+lf(x) =53 O

and>

C

(46.4) 'mk(_'f,h,a,b)f_ =sup{{Alzf(_x)l;[tl:h,x,xﬂcg € [a,b]} .

;”' ;’,;v4°'”For 0 <acx<2; " the genenalized'Zygmnhd class is-
" defined as |
4.5 - Ly (akab)—{f ka(fhab)<Mh } .

From the' above definitions; we obserbe two'additional

‘,facéé: , S o
B RN . ) . . ) r
5° In 2quation (4;4),v;A “can be.réplaced?by 'Z,v’thaﬁ is,’

we also have : o : S
’ : ‘ . i ‘ L. . . . . ° ! 9 .

(4.6) ' ‘wk('f,_h‘,a,vb) = sup {lZ\Ef’(é’)]}'f’f[f'i h,x i %ts [a,b]} .
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Also,

(2]

' ' 2m » ‘ .
B x) = ] <;1>i(2m)f<x+<m—i)h) . o
» h 1=0 » . .

6° "In (4.5), when ke=~l,- the class Liz (a,l) jreducesi'

SN 4 : *
to the usual Zygmund class Lip a.
We are now in a position to state our inverse theorem.

‘Theorem IV.1.4 S

| Let 0 < ay<a < i+1\\ i €Q, "i =1,2, 0<ac<2,
and suppose that f satisfies Condition A N Then in the following,
©  the impiicetions (1) => (2) <> (3) =—> (4) hold. '  . i'»» o

7 (D) |

<1>Jts;<f;k,§)f§<t)HC{a bll—-O(x | )

kf {(2) f e.Liz (a,k+i;a2,b2) s
.{;; (3) 1If 1= oa{k+l), then -

(@) m<t<ml, n= 0,1,2,...,2k+1, implies

" i~‘.f‘m? ?Xistévana £(™ € Lib (T—m,az,bz) ;.
~ and i. | | L
- mggg; - .;f1B? T.= whl, m’='6 1, 2‘j  :Zk,b impiieelﬁf(m)' | |
o | exists and f( ) € Lip (1, a, bz) ;;"u '-> S .

=_o<x‘(a/?>(kf1)

(4) Hs (£,k,t)- f<c>H )

c[ 3]

o

' The equivalence of (2) and (3) is known, (c.f., ([58]

bp.'257, 333 and 337). The implication of (3) to (4) when, T is
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3

‘not an-integer, follows easily by applying Holder 8 inequality, but *

we have not found a similar way to show the equivalence when T ’is
an integer> We shall therefofe prove the implication of (2) to (4)
instead of" proving it for the individual values of T‘.in,(3).

. In the following we ' shall use. Sx(f,k,t) instead of‘ ‘
vSi(f;k,t) if no ambiguity occurs B - . e 1 _t L ,lkh

The proof will be divided into two parts We first prove

the,special case when f- is of compact support strictly contained .

inside the open interval (a,b)y and then pass to. the general case{

The method used in proving the case when f has compact

'_ Lorentz‘ We shall show undér. the restriction that 8upp f S (a b).'

s

B ety
' f/r’u ' !
-‘gextjsection., \

,Lét‘ G denote the claa.v?

that the cond tions (l) and (2) in the theorem with - (a i) ,being

replaced by ( 55), are both equivalent to the fact that f belongsz

'to an intermed ate space Co(a,k;a,b), ‘which will be defined.infthe_

B o

R sy
o7

; Let"{agb]' be aafixed interval - and let '[a?;b'],éf(aib).".

-y K A

A'(4'7). | G={g;ge Cikf-?, supp g < [ 'V"B'v"]‘n'}-,

i
i R

‘d(where 2k+2‘\is the space of 2k+2—continu usly differentiable‘

functions with compact Supports) 13*-_ ) i\

¥



aﬁ@here 0 < E < 1 The norms‘in,(4;8) are the Supremum-;

e ey

Further, for functions f-e'Co (space offcontinuous'functions'

. (9 : . 2
with compact supports) with supp fcla',b'], we define a Peetre

K-function by o '. ¢

: t

(4.8 K(E,t) = of [le=gll + £(llgll+[ls*<*?) )y
. T _ S ge — e . )

norms on

|

[SIen

A continuous function f _with compact support in . [a' b ]

is said to belong to C (a k+l al b'), 0 <a <2, 'if ;ff

& . . .

"".'"‘<{e._'9,-)f ~ “f”m s 2 k(e gy '“ SR

O<g<l

is finite.

: o . oo ! e

.gs shall show in this section that under the. restriction R

“‘that’' f has compact support strictly in (a sB), the condition (l)

in Theorem 1V, 1 4 (with al and bl bfing replaced by a and b

respectively) is equivalent to the fact that f. belongs to

c (a k+l ;al b ) for _some [a b ] < (a b) ’_}15 :-; h»f ‘:%2?;;{,‘
: : e
' V First observe that from the condition supp f < (a b)), o
7 ve can choose a'bba", b'T}and b" in such a way that - ‘-?§7 t
‘a.<.a',< a" <'b'l <~b(‘€'b 'and-v supp f < [a" b"] ” 'v*
= he begin with somelestimates involving the K—functionib
defined in (4.8). I
N \ - s ,1 . _ﬁ;
LemméﬁIV.Z.l_“‘ p\\ S ‘~>‘ p.*[‘“' o o \'-v‘l- S J
.\(\ SR

o let a<al <a'<b"<b' <h.iIfofe C, with =

e



~then
410)
‘Prooi;.
Since

3
L

Y

©'1i=0 and 2k+2.

K(E £) < 3M'"

Hence it s sufficient to show that there exists an M

for each 8 € G

"
&

Ly i d
o G ] c2k+2 5y

' In fact, we have.

o 12k+2 ’
| ———
2k+2

e e

j::

‘supp f c [a",b"], and IIS (f,k t) f(t)HC[ b] in A e

K(e.0) <m ix

supp £7c [a",b"],
AW L

Therefore + . : R

'qmﬁfigmq b

2k+2‘.‘ T . : '
(f k t)H b

k
< L

88.

ﬁ (k+1)

3 .

- *-(k+l) i
+ Akt

.9

T gy

- : 3 !

there exists an h € G, such that .

(k+1)
(fkt)l <M X
il kla b} - ,

"

e

(k+1) + Hf(t) -5 (f k c)H

b] 7 ”
N 2kt2 |

) 1

:—z—k—_rz-s (fk L)H

c{ b]] 1,

SUéhgthac,'

R S —

{Hf* n ) “‘*“n <2k+~2’m

<

]

S h»;- AR
(f k t)”c[ ,b] ."”1,-‘, Jbrl.

22 Ca '
iC(j k)IH d 2k+2 f w(d A t u){f(u)4g(u)]du”

C[ b]



T d21<+:z -' L ;
€4.13) 7 H*—m f de 2 t u)(f<u}~g(u))duu

k+"é ST 'o'

._(:7/\ ‘ We first estimepe fvi; “From the relation

N _a‘» .' e . E ~\n\ (Q . o ,).J . :.j'.
P(t) -

feasily/obtain by inﬂpction thatn‘,"

i < . : " .
N .' -~ . Loy 0 " * L -
N : 5 N . < ~ .1. . ‘~': B “

RNty A W(A t u}(u-:) [(1.8), (1.26) and (3.6)], we ¢an

L} , oy

S i=0 _ 3

\2m+l o m s
‘ o m+i+l
er?l W(S\ t U) igo )\.

3

bounded with respect%to ‘Ew for t e [a b] : Henee, we haye"'

. [Lemmas 1. 1.‘8 11.2, 8 and Cotollar)f :M 1. 3]

(Supp f U supp g <. [a b]) —where Mj is independe’nt <of g 4 b.
oo Secondly e eStiméké '12 Estimating Q& for Bernsteint‘
POlynomials is. easy f°r by the formula {l 8) (1). P.

have '» e'_w':3i'p )U?ir; ]f'ff*:*fﬁ .

e B L S R

W(A t u) (u-t)2i+l

:*\'+)5w‘W(A??’“)qzm+1(“’ty'.

i where qi j(n t) are polynomia _fin u (and »—) which are

N

apl

RN

{ - bl‘ m S .
WCA ¢ u) = I "‘“‘w(x £ u)(u-t) qi NG A

v

\3 . |
yoe

|
P o
I
;
! ..

25 in [40], we



Gaw - Tos ) fegmla- 3;1;) . a- —Z%;i S

..' o ‘\ . l . D . h ‘ ‘.' H |
k S f Wy (d n- (2k+2);t u)lg(2k+2)( )l du T
Uk (2k+2)

et j‘% IC(J k)l 118" “C[a b

~ ‘ S
-
"Similar estimates hold for Szasz and £or Baskakov operators However,}

to estimate 2 for S (f t) we have to ‘use a different approach
Since )\ fw()\ t u)u du is a polynomial in t and 7\

whose degree in’ t is' :L [Lemmas II 1 8 11.2.8 and ITI l &lr,it ’

follods that: B | / ‘ g V’:\f.,:-»:""’-/ ' o ‘ G

g f Ut u)uTdy =0 . for ko>,
Tﬁerefore, ae‘,‘av- 1iaear'. eovm'bbinat‘ivoa qvvf" _ﬁhe’ ab.ioVe" eq‘hat:[‘ons‘,

PR

we ‘vhave‘ "

- (4.15) -’f[av"k W()\ t,u)] (u—t) du 7—'0 - for kY4
N PR T B

Now for g € C2k+2 ~we first form = o : VST

| -\d 2k+2 IW(" t “)B(U)du ‘= f [ 2k+2 W(x £ u)]g(u)du "

"~ .
i

ﬁ.'I'a'qugl e;kpansié_ﬁ', S | P \ ,»: B ; P

o P

L . : - Lo R

‘\a‘nd i;séjb,’f'/(4,l5):,'= we have R SR R

. - e Ele P L o [ e



(4.16) ||a 2RFT SA(S t)“c[a b] o B O

1 ‘”‘*“n nm 2“*% g

= “““"am)v | 2 wu t u)l(u—t) e

L | | - B R
'Applying -equation (4}12);wahd'usiqg the aféfeQ:ntibheduleﬁmAS;-we can
H S . e C ‘v J T | Lt PP

. conclude ‘that .~ o ‘ _'f3  o ; e e

: ‘ '?' ZHQ—v ST L . fﬂ 
an _JL*’ o (g,t)nc[ 1 __M“ <2k+2)” R

'jHence””Iz < M Hg(2k+2)” ‘;:‘ “.. . “ , T _

3

"o

The pr&%f of the lemma is now completed... o .
' Lemma r% 2 2 ;_1 o > -‘f.fi o o -~TV. 5_" v”»::;f‘ S

T
\
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o - .
L 0 - .
. A “ o

[Q" . ‘ 9"‘

where M is an absolute constant.
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On - the othe: Ny, assume . ¢ Liz *a;k+l?a ). In

\order“tc,ahow-tﬁat S fa k+lza' b N AN L 5] enough to show .

%2 '\ B A
K(E,£) < ME hen £ 1 qufficiﬁ tlv small, ~ . 7 S
’,,;m“! »V‘ Define gﬁ e;G’i

R - | I s I
7 (4,25) gy(x) = —EEIE_——EE;7 - e [ D B ores EGO T+
T T « k+1) T enf2 s en/2 T roo

' 2k+2 o
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In this section we shall prove the inveree theorem forv’.l*;l

[ ) .
- B . . .
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the general case The proofJ/ill be divided int two patts' Thé*ﬁ
*implicat:ion (2) to (4) and Ehe implication (1) toﬁ3) 'I‘h\e
} equivalence of (2) and (3) As kncwn 1{7}}1 i;p' -
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Before the proof we first observe the following fact which
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Let xi’ Yi, ? = 1 2 ; be chosen euch that  5: 11=' \f{ S
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oy

(m~1) e‘lip (1 G,xl,yl) Next for t € [x2’y2]’ we form
: B S o ‘ ST
K : , —‘,& ,u ) Lo . - . . 'v' -‘, . . °

R "",:, R e T e T

g . : S . .
: . ) g » . e T L , . L . c -
e L - X o .- RIS X . . . . .
. "y ST . . L A .
. - « - g S R . . A .

d

K
B , Z g(J k) f wcd)x t u)f(u)g(u)du - f(t)g(t)
SR R : o
Z

| ..y -  “ ‘ _J,
S 1
<3 k) f w<d A,t u)(f<u) f(t))(g<u>~g<c))du

N jfl

.o

: LT SR R ~-~, : »a“ S
B e R

e

é(t)’f‘f .

b

,‘;';fj~; + Z C(j K ] W(djx,c u)(f(u) f(t))du

+ o(k (k+l)) e '
B R e A

A
,,L?*?.

 ¥k:}9 term ia uniform for t e [xz’y2] (Lemma IV 4 1)

' Thé:estiﬁates for 12 and 13 8 .be made immediately. o

'<ﬁ446>}f.U13“cfg;; llgH *us <f K, 5 fctNI 2,y2]
; = .. 'O(A“T/Z

: : D T T PRI I ST SR
S I A SR e @
P T LB AL e T e T

by the éséﬁavtibnzéfnthi,Q @ma-<ahavf*s»lelé-<a13b;>3;‘Anéf!&

)

.'.:Z' (4'45) ”12”0‘[12’}’2 ”f”C['X y ] "S (8’k t) /g(t)”c[ Z’yz

/2) S

".és{_g é;C:;:vC2k+?;fi'”zﬁ,j f,-¥”f*;ftfzf£ "}ffjf AES

O(A (k+l)/2) O(A




In the estimating of\ ”IH i&e‘s‘ee tﬁet b'y

3
| oy %) 2] , -
induction hypbthesis , e exists on [xl,yll,.. 8o t:hat, .

'l
4

for‘ t € [xz,y2], by Taonr 8 expansion, , _ v . _
G, 46) -,-2 @0 f WAL 60 (£()-£(0) ) (g(u)-g(t))du -
= I I8 T eyo 8 wmj B,c u)(u—:) (g(u)—g(r.))du

| e L R o N ;r . e .
CRd Ty e e IR 9 '

. l
Yt Zo C<J k) f ; W(d ¥ u).(u—t) (f‘“‘ U(
. DT 2

a. .

N}

o et f(m 1)(t:)) g (n)(u-t)du

where 5 ’and nv are between Su anc'l".-t':._“..o -

.o . _‘ ‘ . B rJ' l . \
S | X k) /2, o 2, A
A ” 4“c[;5 ]“' LeE (. )/ )} O(A ’/ ) e

_ Also,/iuceﬁ) F‘y‘ ) e L:Lp (1- ,x

ﬂms\w) ““‘”(5) f"“ ”(tﬂ < Mls- 1“. < MI *ﬂl' o

for some M>0 Therefore, e e e e

B AT T L . )
LY . N .

3 Z ol 038 ol ow
""A ‘- < M“g l j \‘()m_l), max. ”[ W(d A t u) . .

_\ J i R . tza %3 J ‘. ‘ Iu t] b d"“c[ 2,72]




<M aax Hj' W(d
7ok kg 3 DR 2"’2]

SN

by Jensen's ineqﬁ&lit&; Thue-
N -m+l-6 20 s
(4.49) 111410[x 7, 4 o<x ﬁ )/ )’__~ o

. I oGy

T

by Lemmas II.1.§, _u.-z.? and”_'\'n:r.'1<8. |

Combining the above éstimaﬁés;’ﬁewbﬁtéin -
s m-tgoll, . - 0™ w2y
o ANT22T. o C-[xz,yzl o

At u)[u-—- |2(“’*'1)d “(m+1 5)/2(m+l)

Let ?1"‘,.182‘ < by < By If

Hs (f k t)-—f(t)” ]’)-7
1 1

< r".<"m+i-v25,ﬂ then -

T

"7.‘7:'13(1) (m—l) exists f(m l) e Lip (T m+1 a sb

¢ . :
: T ﬁif m‘-—G* <". <m
(@ fcm-;?i‘éﬁistég‘ (- ;? € Lip‘(l az.b )y

IR

[

v—‘ e
’

s

2) 3

i

_(3)"» f(m) '.-.éitjii‘"s'tsi,v_' _:.'-'f\(!ll.l)v € Lip l(‘l"-m az,b ), : ;

.l Let xi. Yi,‘: f l 2 3 and g be defined as: in'  t Vi.,‘ .

T.

109,

. ‘ime << m+1 2~6 o L E

RV
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RN
oy
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Lemma IV.4.4. As an ihtermediate'reSuit,-Lemna;IV.4.4 yie

_Theorems IV 2.3 and IV 3 1 imply (by virtue of ‘the equivalence

-'f:the nbn-optimal results we have Just proved. Qkﬁ;__ffff

‘;wChapters II and III we needed an intermediate result, that is‘

1/2

llS (fg.k t) fs(t)H )

S C[xz\/é]

o

Furthermore, since fg has cggpact support in [x3,y3] c (xz,yz)

= O(A

(2) <m— (3)) that

-(i) (fg)(’m l) -exists and (fg)( >$}\e Lip (r m+1 bé)’

if m-G <t < m,
L) (gD exists‘ (fg)(m D E Lip (1 a, bz),:.

A(iii) (fg)(m? ? exists and (fg)( ? € Lip (T—m,az,b ),
Gif m<T< mHL-26. | '

oo

" since g(k)lhil‘;oh' [az,b ], restricting ourselves

.. P ) " . N 4
- to'thisvintervar/jae can teplace fg by f in (i), (ii) and (iii)

bv above whiah gives the equation (4 50)

(Q.E.D.)
| e
S - S

'1 §5 An Application to the Saturation Problem of

the General Combinations_

As we have stated in Cha tEr III Section 2 an interesting T

'7application‘to the optimal case of approximationﬁfan be derived from

L

Recall that in the prbofs of the saturation theorems in *JffJ X

R

k4

hﬁﬁ-':,.‘yQﬁ o ‘ L o ; = | - 110,



T PN . I11.

the existence of f(Zk),' todensure mhe\interchange”of Iimits off(

expressions of the form:' o
@(4.51)  lim }fim- <A e k8 (F, k) sald>
N R Y X'.+{m, J ’ zlj.’&_ e _A.‘l."“'

[ T

;which have been proved by induction on.. k- in the corresponding

theorems..
"1»‘:\"

,x“_y

We have pointed out that we are not able to carry the

, induction ptocedures when S (f k t) is representing the general

' combinations defined in (4 l) and (4 2) Therefore, in order

¢

';to ahow the corresponding saturation theorems also hold for such ?

- general comuinations S (f k t) . we. have to. justify the interchanging

4

~

_of the limits in (4. 51) The interchanging of the 1imits would be : f,_y"'“

(2k)

permitted if f [ “ b"]’i (al b") o Bupp 8: Where g is

the corresponding function in (4 51) However, this is. a’ direct

P . AR ,
i .
consequence of the inverse theorem.v (In fact we can conclude from i\)

(Zkfl)

' the inverse theorem that £ € Lip (a a" b") forlany ' i R

e (o n. y o e ;
' Moreover, a slightlyvstronger result can be derived :f jﬂ%;
. “i .

instead of using the subsequence _8;“?.2_16‘ in the statement of

' the saturafion theorems (i e., Theorems II 1 2 II 2 1 and III 1 2),

ib'one caﬁéuse correspondingly any subsequence ii of A Such that ,??ef-
- : @;’ ) = Lo ‘ R -
i+l i+1 . . o f'h.i'k , '"_“'f, e
)' C < Ao 4'__“.7»—’:;—““— o . ». AN .',:‘l“ R ;-V v

: .s.v%n~‘; S

o It is worthwhile noting that the saturation theorem for

general“ combinations holds for Phillips operatots too, since in ii .

.,che proof of the saturation theorem II 1 2 the induction step was ;xi ﬁ?55

””:not used.,-f'



we conclude this section with the following theorem.j S
.‘J'”;"'

P

Theorem 1V. 5.1 o ,-:;f . ":“: ‘5 .”$f"
‘f: Suppoee 0 < a < al < b < b € Q f 'eatisfiea condition A

} (defined 4n Definition IV 1 3), and Aj is a sequence tending to ;} &1'

o infinity not faste’r t:han eome geometric sequence, then for

N N

s A(f k »t) (¢enoting general combinations defined in (4 1) and (4 2))

of a Bernstein—type operator ‘and - for

R I R I {;! ST e
\‘ . . e - . L PR Core ;

Hl.

theimplications (l) -> (2) > (3) ,and (1,) —— (5) —3(6) |
hol’d;_ﬁ.helré: (i) ,...~ 6 are given by S _-‘ L ‘ \4
a ) I(f AJ k - b) ) 0(1) Jk.:l i m‘.‘“;'if. ::‘:;j"t- L :
‘(2) @(2““’ e AC {(La b and f(21<+2) L [ ,b]

(),-.

”(3)_ I(f A k al,b ) = 0(1>,;;‘;,4l§;‘4 

[ '-*v 2k+2 R IR ;ﬂ
) e o <a by ama ) act t>f“’ <t> = (bs -
o ;4-_ , --'“ 14&1 R '

(4)Aﬂ1(f xj,

.”~t € (a b);”

where Q(i k t) erefpoiyndmiéle"

H']:e'depending on k



GupTER v

: s :Semiérbnﬁs":' : Definitio‘l'?s "and .Remgrks: N P

[ N L : SR :
Saturation and inverse reSults for the Bernstein—type cF

dﬁoperators can be fu;ther generalized as we shall discuss in this .

c@apter. Applications to exponential formulae for semigroups of
‘ operators will be given.v.'f'n_ ' _:[x':";' ; - ie_?*f"1":'l4';:1ffﬁ7-'

4l‘-.‘i We begin by stating some definitlgn8¢/ For a detailed

ii‘discuésion of semigroups we refer the reader to the beok of o

EEY

ﬂ'V‘P L. Butzer and H Berens [10] f.57 'li{zl.’;d-: ;{2;,;Rt~x&*

Cmeervas VR e e
| .1‘: A family Of Operators {T(t), t > 0} defined on a [

.. L 4 |
. Banach space x is called a C -semigrbup of.operators if?the

o fﬁllowing conditione are aatisfied-~ o

(1) T(Or = I Che identity operator-defff},ﬂff{_:

(11) T(t +t2) T(t )T(tz)

j.(‘ijn) 7.~11m T(t)f = f (fex) S R T
L T SETIETR R
©2° e operator A };_én‘-'<é’s_uf'>fé>€°e~‘= °f) X detimed by -

- \ . “ '_A}‘;',Jv k

n,"f_;"zgi*‘? n{af3ff:tﬁf Af -Ls 1im !1Il£;~¢ﬁ.jut/]l‘5ei:tr
PR 35f'ﬁ = A“Lf f“f-”‘Fﬂ Rt 0 :1 g "‘f‘l L

whenever the limit exists,vis Called the infinitesimal generatori)fﬁﬁlv

of ‘{T(t)} ?;; ST




o : ~ll.4:'.-
L S N L
The operatorsi‘Ar, T’ l-=n0 1 2 are defined inductively

o : v 1 _ By
_by the relations A‘;h I, A ‘= A and A f - A(A )5 .

I

.\ ‘
Vo .

The subspace D(A ) of_'X:fdenofesfheVdomainVof]-Ar, B
’ TR Conetn ok A,

. -’ R .', L - .,.7
r=0,1,25.0.. ., ,"

By

‘ ‘.d“‘..“ . “.\

' :4 St 52 vExponenEiaiﬂFbrmuiae°1j3<;Tab 5:1 o
O SO R e T

ot A C | sehigroup of.operators {T(t)} can be approximated
by formulae=known as" exponential/%ormulae ([28], p. 359) : The ratés ﬁf
h:of convergence of some of the exponential formulae in terms of the -
;A‘moduli of continuity of T(t)f .and’ AT(t)f were-inveatigated 1:‘;ffii' .

1[10], [16] and [17] A saturation theorem for some of the

'”:i'exponﬁntiﬁl formulaﬁ can‘be found in [22] In [224._We have -pltﬂ_iiﬁn‘:

_investigated the exponentialfformulae of Hille, Kendall Post*W;dder
S e S : : : L :
./ and Philltps. v.x;v o "-@,“ = jv:"UJ., {_ i "~:T ey

The aim of this chapter is to investigate the saturation f“?-“:‘

: . and 1nverse problems for certain linear combinations‘involving these
. o L s

_:exponential formulae.jf73ﬁjﬂf}ﬂ‘;j;--» S ;”;'g'
i “,//4' s - e [T S ~ Segln
“For {T(u)} a C —semigroup of“operetors on’ a Banach—space S
N .YJ e ;D.“i-= S .
x ve define-,,ﬁ i f;:,?-ia;l;'

il

R
i

.:?Definit{on v\p 1 - j- f‘fdf~ﬂﬁlf T’v,,'f_fpiﬁ{sgﬁﬁf;f:
: < ( e
LT The exponential formulae are the operators S
. ) “"" . = .

V-H (A k t) on X given by ’“\

b >

'_,f’(sfi;;., H (A k t)f( ) - Z c_ L

S . . . HEEEE S R
B et e Lo B el S




S ands e

:fexponential formnlae fOr semigroups of operﬁl.

‘where

C e

AL

o7

for distinct positive integers

I
o
N~
‘ O
boag
e
1
l
-

~

ﬁiwzfn;t,ﬁ)gs E (k) e (1-t) ;§<ul

(n—l) YEORTEE ( )

ot

. “

' _—‘A_(_f}u)"- ]

Leg

d =-d,

P

R S ~én t n-l'
e Wyln,tu) u/

ﬁTz? s t’ "’2 7 t

'  C(j k) “ﬂ - ___i;;;j’ v

0’ 1,.‘L;§k;3_j”;,

R R S

. t >ﬂ0; _

H (;\ Q, c), o 1 2, 3 and 5 are usuany,éeanek,

iPost-Widder and Phillips, respectively.,gwgg'””

-'°« -

'Definition v 2. 2 N R

SIS NIRRT

= e e 2k+2
2k+2(t ) {f e X T(f)f é,D(A

)at>t}

-5 f0"€Nt~:\i ;
R SRS et




<

i._and_~t > 0 the following are, true.,{7:”g f"ifftlrﬁ_;'.‘5»;fj];§fffv'bq"

a

<

5.3) L (aid)

Theorem V 3. 1

116, .

isz(a,k,tégb'(k PZQ;H,Z{-qf)f'étefgiven by: o v

{f € X W (f h; E) = O(h ), E > t }

wde

-~

mo

[N

'f"Lip;_'.”(a;to')' '{f € X wT(f h; 38). - O(h )’ 5 g t&{ oy '-

{f € X; (f b ) = o(h“k), g >t } R

3.".‘-_‘

o (ekie)) =

where‘

.

WECESRE) ByPﬂlégfT(t)f}&;,lﬁlif_h;LEJ;Ztggb&+ll”;'
§3 TSaturstion and Inverse Results for Exponential‘Formulaé i.;
. . C L \- -

From the similarities of the expressions for the exponential

.5?/’ .

formulae défined in Definition V 2 1 and the classical operators PR
discussed in- the previous chapters, one would expect that similar B

saturatioﬁ and inverse results would be proved for exponential

formulae for semigroups of operators.'~’

ERERRES J ‘15u“’fft-'.d‘;':‘
- As a matter of fact,'the following theorems can be reduced

easily from our previous fesults. T " { "ﬂ vfﬂ

o . . St - . . S e S ’
1,.,- X . PR -“ 6 . o Lo | S &
PN - i k . . - N e, Lo . T -

ﬁglet f € X and {T(t),_t > 0} be a C -semigroup on x :ffuf%i;
where X ie a reflexive Banach space.; Then for any i =1 2,...; ;};ﬁfi L
R :

“;7j?f i*(1)1 k+1”nicx k t)f T(t)f“c([ b1 < < M(a b) for all

[a b] c; (t ,c +6), if and—only.if f € B2k+2(t ).

-—."

o,

";u;%ﬁ‘fiﬁ, o ; f:;ffr’lffﬂ'f!: R
R B T e




117,

(2) 7 k+l|m (A k t)f T(t)fHC([ b] x) =vo(1) for 511
_ _v _4\ .

f[a,b]_c}(to,c°+g),- is and only if fe D(A T(t ))

2k+2 ' ' ' »
and ¥ Qi(j k,t )AJ T(t )f =0, ‘hhere Qi(j X,
: j=‘k+1 ‘ _ ‘ .
| are polynomialsfdepending onffkigand"i.

B Theorem V 3 2 T'h S ‘_2'; T

L\

P

"k If {T(t);vt > 0} ig a C —semigroup on a reflexive Banach

e

e space X, £ e X tg > 0 and 0 <a.<2, tQZh, for: 1= 1 2 3
. amd 4 we have o T"{f e | . |

%
(k+1) , e e

) | un (A,k, t) T(t)ffk([ ’b] x> < M(a b) s

RN . _a., L

Lot

[ TN

ir’fsr_alla-tai;ﬂge (f;;tofa)g,rif'énafohly_it ;f e'tiz£ (o,kfxgcg);‘

-

. ‘7. S B -, . ' . 4 .
' ot e e
R T Saturation Theorem

Theorems V 3 1 and V 3 2 are conaequences of the theorems

proved in the previous chaptersx To see this we'need a slightly

! . R TR : ‘ Syl

2

more genera' version for those theorems,

.‘4‘

We shall examine this problem more closely,Fbr convenience;;f'

. l,‘ £ 10,

we shall not state the change in the conditions in case’ of Baskakov

operators, since we do not need it in the formulae‘for semigroups 1

o operators. ::.: npirkijolajn:?rtfngh;;“}:?fﬁ',ﬂ:dao ; :

‘.. Suppose f € C([O °°) X),; X is abreflexive.Banach sﬁscé,“;:fi
”f(t)H ;< MeN ”,then S (f k t), k. = O 1, 2,-,'f are functions o .

in C([O °°) X), which converge to 'f(t) po&ntwise with respect

e



to‘thevnorm in‘4X; <
‘To prove the saturation problemﬁ we use first argjmenta |

‘i'similar Qo those of Lemmae II 1 3 and II 2 '3 to show the equivalence

5. . A R

k+1 | L
. HS (f k t) f(t)“c([a b] x) 0(1) R
" and -i:' .”}'f'_'.ﬁ RURSE ;’ .';'-?1-' SR
k+l ”S

2}“(f k t) s (f k; t)”C([ b]

“:1Then, by Alaoglu 8 theorem, there exists a function ‘}e L ([a b] X)
‘and a subsequence {A 1. of {A } such that for any 7,A}.71‘3”“
‘ : " ‘ R i I
* L e e I R
g £ C ([0 °°) X ) X is the-dualispaceuof X,‘ieupp;g~c*(g5ﬁ),
we have v'13 't’. ff;-'-; 1:;M-.}o.n»;T3 :]Ii.a-:- - 'lftf
-3 T 4 R e RS
G4 IS5y (3K, 0)=8y  (£,k,0)1,80:)> > <h(.),g(+)> .0
T Fo - N R e R AR I
S p -‘ e p -d . R .lo e
" Similar toﬁLéﬁmas“11,1;d5ada?11.2.4;ﬁw¢;db;gln e
e 2k+2 SRR (j) Ry
Y Qe (c)+o<1>
) j=k+l ,

ey el oy

/
V]

P;'izg;‘zf<.b>~f.<‘fc..>+.o;c »

u:'whereng(j‘k t) are pqunomials depending only on. the kernels f 3fsz}vf‘: -

f'W(A c u) of 8 ( ,:) ) “v‘,;,.v.j‘:jq}
As with the real*valued cases, we can conclude from (5;5) '-;{fi?ff
2k+2 : I

f:tthét if f 3 c “(la ,b] x), g €c ([0 m) x ) wfzh

supp g < (a b), the following relation holds.g {;fj f}fcfg:fflﬁ_fﬂV




- where -

R T RN T

SNCON ~ lin. <kt [Szx(f k ) _s: (f X, )],8( )) -
*f“”zk%z?@’f?"?8<*‘.>">,=‘-1<'f<f>f-,v';“k+2<if>e<:>i>;-.-., |

. -‘/‘
g . “ i

Following the same argumenﬁ as before we. see it temains ﬂ\'w

Py

B 'to justify the following intetchange of limit3°v

(s 7)‘ lim  1im <Aﬁ_13..[‘sz;\igfzi,flc_‘,‘v)srs_xt-l(v‘fz.,k’,.:\)'] ,g(‘)>

z-»mxw

s

A-*w 2 +ew D
n: ‘

- lin Lm okt 1[ Sar. (fz,k )-s (fz,k )1,3( )” i

et e a1, o g et

.ﬁ-.f '; f" The juatification of (5 7) foll'vs by a relation similar_ﬁ} ”'”;“
) to\Q,ﬁ), @ 14) and (2 25) ,(in Le'_ »

3

II 1.6 and IIQZ:S)

G vkﬂ[sn(f K, )—s (f X, )],s( )>I

| L ‘< M "f“ | tflf;: “;giffffiﬁ;‘2xg_:ﬁlgg;f ;f
T quk([a UL

T "f” 2k . T llf(t)l[ + A
SR a LN ([al,bl,,X) 0<F<m m TR

'-I W

A et e ;+ OI::J:ZI:”# “ C([a by ] x)



"i‘ufW(x t,u) of §,(- S8

' rﬂfversion to facilitate the proaf of Theorem V. 3 1.

‘:f: then the following implication holds'qi(l) - (2) ='=--> (3),.'andjfx

& = & = @, hers

-

'Theoreﬁ'Vk4f1‘ RESPT IR ‘*'f:’f nf- S

;j,;;;:fwllzo;ﬂ'

R TN T T S
The -proof of (5 8) is.aiso similar to (2 6), (2 14) and (2. 25) We
S

']would like to remark that, although the proof for (5. 8) would be b
“.qnite involved if ‘one actually carried 1t out in detail, the '

ﬂi'calculation depends mainly on the basic properties of the kernel

A

. : ,’.',f
e 2

Therefore, we have the foliowfng blightly genexalized

PUSIEN

*70 <a<aj < b1f<b < w,v,ln_+ o not faster than some geometrie

_sequence_and

' r‘ N o e ?,;1'
If f € c([o ) X), l'f(tﬂl NtS»'lfv
k ‘%9 , S

1, Cf P ey b) - Ak*aﬂs (f k ) f( )”C([a b] x> ,IT.?TG_

f<2k*2’ 1 (t *P] x)

f‘ﬁ.:r_,;(zy}} (2k+l) A C ((a b) x)fﬁqnd

k35f‘1 (f A k a b) = 0(1)

L(QD}iI (£, k aub) = o(l), ;1h;‘;!§~ fhf.;fhaffgi}"
. 1:'-hf?‘vf';fh?f'-:;'.‘ 2k+2 . "ﬂf-’ TR e
(s ~f,e;c?kf2(;55);gana, 3 Qi(m k, t)f(m)(t)-u o
v~_;:,;vz¢;~-,~-lvvb_ H;_v m=k+1 | | ” ‘4:aw

are’ polynomials iR

v (a b) where in(m k t) i
',I g &
E depending on k and i 3

»%ff:x§) 1 (f A Jeay b ) , o(l)




.i;‘_'f € D(A T(s)), then A—g— T(t)f (- A T(t)f) exiets and is

Bl S S ST A
ST L T e T T 5 P

As ‘a consequence of Theorem V. 4 1 we can, conclude from/

o ' 'A== —(k+l) o
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