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;o ~ ABSTRACT B

N . . -
- * * .2 .
»

\ N - ) !. . .
% The two sample t-tcst based on the paired differences may be used to
compare the means of two normal populatlons provxded the observatxons are inde: -

oy

- pendent not only among the two populatlons but also within the populatlons This

h 'l , :
study was undertaken to examine the effec‘t ‘on the test when one of the samples

" consists of observatlons from a statxonary lmear Gaussian Markov process " An
f:asymptotlc -expression for the probability den51ty furiction of the F = T? statistic
is dernved Moreovcr the effect of the dependence on the 51gn1ﬁcance levels of the

§ Lt »

test is examined using some numerical results.

b
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CHAPTER 1 /
INTRODUCTION :
| !
‘ Let X(t):te€ T and Y.(t) : 1€ T be two independent tin\c series ami
(z1,91) = (X(0), Y (02), (22,92) = (X(t2),Y (#2)),- - (2miym) = (X(tn). Y (tn))
be a pairc:d ‘sarpple of observations obtained at time points t; < t; < ... < tn.
If u(t) and v(t) are the expected values X (t) and Y (t) respeeti‘vely,'th(;n at time

t € T we may write

X(t) =p(t)+e(t) - —

Y (t) = v(t) +n(t)
where E('{) anf‘m(t)aare random error terms.
Suppose we are interested in tc?ti.ng_thc null hypothesis

“ M

‘
.
U

wlth= vl

against the alternate hypothesiy,

’

‘ < ,
Hya: oou(t) # v(t), //\/'a—
j” L8 ‘
forallte T. - .
Consider a discrete set of time points t; < ty < ... < In and de-
fine €; = e(t,) and 7; = n(t;), +=1,2,...,n. If it can be assumed that .
(65,m);1 = 1,2,...,n are independent identically distributed bivariate normal

random variables with mean (0,0), we can use the following test_statistic:



or, equivalgntly, o ‘ _ Co . R

]\ | o FoT?. ¢ .

~

(whero d=1%d, St = »-L«) S (di — —(2)2 and d;.= Ty~ ¥ 1 = 1,2,...,n),
|
since under the null hypothesls T has a Student s t-distribution with n-1 degrees

of freedom and F has an E-distribution with 1 and (n-1) degrees of freedSm.

However when the independence of obqerva.tnon cannot be assumed the

t-testor the F-test may b(e’mvahd since the dlstnbutlons of these statistics becomc

unknown. Chapter 2 surveys the, lnterauure dealing with this pr'oblem for certain

4

tyaos of dependence.
In this thesis we consider a special case in which {e;};1=1,2,...,nare

observations of a stationary linear Markov process; i.e.

~—

and e;’s are i.i.d. N{(0,1) random variables, whileni;1 = 1,2,...,n are)ndependcnt

observations from a normal process, that is the n;’s are i1.d. N(O,l) random

variables. In Chapter 3 it is S}lOW{l that the fgobability density function (p.d.f.)

.

of F for large n is approximately given b‘,,

o 1)1 (1 PR (= A = 2B (=)

g(F) = — |
| - A : “

3 e —_—
e e (MY P8 — pﬂz+2ﬂ p
' A .
where R : .
CpoVFEiE
24 ’ ‘

A=np[bi- 1)1+ (1- P2 4




and, . i 3

’

J

| B {{t (1= e (14pt) (o 14 F) 20K}
Furthermore it is shown shat as p tends To g(F) t(‘nd:' to the exact density

f,unc(ion of I for p=0, which is the F-distrib'iion with degrees of freedom 1 and
(n'l). . Q\
Finally, using the renormalized g(F), critical points to reject the null

h)"potlhﬁs at¥.05 level of significance are calculated and plotted against p for

several values of n. /



o »
CHAPTER 2:

. LITERATURE REVIEW

‘The T-statxstxc is used for testmg hyprotheses concermng the mean of a
£

' normal pOpulatlon havmg unknown varxance One of the ma,_]or assumptlons be-

hmd this- test is that the observatlons drawn from the populat;on are statlstlcally‘

ndependent If it is not msen51t1ve to the condltlon of dependence then the mfer— .

ence drawn-on- the Basis of a t test thh a sample of dependent observatlons w1ll
= be mcorrect Thus, con51der1ng the robustness of the t- test it-is of consxderable

1mportance to examme the sen51t1V1ty of the dlstrlbutlon of the T-statistic to. the

vxo]atlon of the mdependence assumptxon ‘ . /

Several authors ha\e studied thls problem under dn‘ferent types of de-

pendence and in this chaptcr we su;nmarxze the outcome of their work. -

Lo Gastwn'th and Rubm(lgul) have .compared the effect of ‘the dependenjy

-

' on | the asymptotlc levels of the sign, Wllcoxon ‘and t tests when observatlons are

ot [

from a statlonary stochastxc process For any sequence of statxstlcs T, with means :

’

s

E[Tn] and- ‘variance V(T,L) such that - Lo ad
T-E(T) g
: V)T o
2 _ ‘
is a_s}rmptot'icall)r anll\f(O?l‘/)' random vafiable, the ¢ritical point K, cOrrespon'dingv B
a right-tailed test of size a is determined by the relation : Co . Ls\ .
. 1-8(K,) =

‘ where ®(z) is the cumulatlve dxstrlbutlon functlon (c.d.f) of the standatd'normal

dlstrlbut ion. Wheu the observatlons are from a statxonar, process, the varxance

; : - ) e



hY

of the statxsmc Tn dlffers from its value in the case of md,épendent 1dent1cally dis-
trlbuted (i.i. d ) observatlons wit t e same margin dlstrlbutlon Suppose we
, denote the asyrnptotlc vanance of Tn by D, its valt}é in the case of i.1. d observa—

2

tlons by V and the ratio D/V by 7. If we use t}(e same crmcal value I\ for the

dependent data then the level of the test is 3ﬁprox1mately‘; ; B
* ,
* u (//
- . 1 _ @(K T'i1/2) :'—Q\ ’ A e
: ar, ) :
2 'y : ‘ ; 7 ‘
.

1 . . }.’ S e

-"Deriving the variances of the staﬂgti‘cs' correspond to the sign, Wilcoxon

, andt tests, Gastwirth and Ruléinfexami;ned the behaviour of the asymptotic levels

3

. of these tests wgn the ob;é’r\'ations are from: 4

: -/ - | | | |
(i) a completely r/e/gular Gaussian process whose autocorrelation sat'isf;
) ‘ , . _

S b

J/ e
3 pi < do and py > 0 for all k, SN .
and _ 7 v . S _
B : //v ‘ . ) ' b . L
, (ii) a ?rrét order_autoregressive Gaussian process with a negative autocorre-

1at10n éoefficient p. , ' o o .-

They shoWed that for both case&the Ijevel of the sxgn test changes ]ess than the™

level of the Wilcoxon test whxch changcs less than the level of the't- te!,s&t Furthcr- '

I

more, they haye proven that for case (i) the levels of al] three fests exceed the

‘ c‘orresponding.values for independent data while in case (ii) “they are less than the

levels for mdependent data B

. Scheffe(lQoQ) studled the model where X = (X1, X2,. .-, Xn)’ has a mul-
‘tivariate normal distribution w;th mean §= (u,u, e ,u)"and‘thc‘cov'arizmcemaf

P

w(



~ trix X where

1 p 0O 0 00
pﬁl-ap.O 0 6 O

5 2Op'lp 000

=0"| . . . .

| 00 0 0 ... p 1 .p
0000 ... 0 p 1/

He showed that a necessary and sufﬁc’ient condition for ¥ to be -positive definite.

s,

. ; ‘ T 0 T _‘1 . )
|p] < ! y
o ' |p| [ cos(n + 1)] . o

‘and, under these conditions, - - e

w hcre A and S‘ arc thg sample mean and samp]e var1ance respectlvely Then the
_T- c;tatlstlc is asy mptotlcalh 7\’(0 1+ 2p) and the asymptotlc level of sxgmﬁcance
‘of the right-tailed test of 'Ho i =01is o o :
v N . "- 3 " 1 .
$ 1 fﬂ<I>(I,(a(1 + 2p)72)

o

» A more generai form of the Scheffé"s model was studied by Albers(1978).
His model ha.s the observations X1, )&2, , Xn which are norn;xdlly distribukted with -
wmean u as takert by Scheffe(1959) but m—dependent that is, they have zero serxal.

correlatlon coefficients of lag k¥if k > m for some p051t1ve integer m. Thus the

€

covariance matrix X has elements ,
: A

N ) s ;

P iy 1< )i— 7 <m

c.. = cov(X;, X;) = 9" Pli-jl» l = = :

A '(f»ﬂ {&‘ ifli—jl>m S

§ U



57 =12,..0,n

where pi, k = 1,2,...,m are constants such that ¥ is positive definite. He showed

-

that if

_ : ’ m ;
Jo e d +2§:p}¢ >0
d o , : k=1

~ therr the T-statistic is asymptdyically . -

wr

- N k "_;\
N<o1+zzpk1——)) ;
. k=1 . .

and the size of the right-tailéd t-test of Ho:p=0is

; : | v . :

i '* N 2 -

’ _ 1-¢ I{ { +22pk(1——>] ‘ + o(1).

Albers(1978) a]so‘s',tud__i‘ed' the model in which the {X;} afe from a sta-

o -

tiona,‘;y a&toregressi\’e process of-drder m, i.e., | . o
(2.1) La;, KXick = b y=2Z;, i=m+l..,n .
' i Sk=1 }

where ag = l,a(l,ag,‘...,am are constants and Zy41,...,4n are 1.1.d. N(O,r2)
U 4 . .

* ‘random variables. Moreover,.the ay are such that all roots of the c(iuation .

,totically. A

Zakwm-—k =0 ‘\

) k": 1

k]
lie msxde the umt cxrcle whxch is necessary and sufficient for the existence of a

statlonary solutlon of (2.1) Under these condltxons he showed that T is asymp-

L N ( akpk/(z ar)? + O(r—:'))ﬁc
k=0 k=0 :

Q.



For each model, AlbWrs proposed a robust rnodiﬁcation of the t-test. He
demonstrated that under mdependence both of the proposed tests would require,

- asymptotxcally, mK & addltlonal observatlons to obtain the power of the null t-test.
L In studying the eﬂ'ect of dependent observations on the level of the t- test

Hotelllng(1961) defined the statlstxc - e

nn/flzl—l/Z »
(Z Z Aij)n/2 y - h

.

where Yis the covarlance matrix of the n-dlmensmnal random vector X (X1 , Xa,

y Xn ) havmg the multlvarxate normal dlstnbutlon with mean 0 = (0,0,...,0),
“and A i is the ‘ljgh element of ¥, For large values of t he showed that R, approx-
imates the ratlo of t’ne probabxhty that T-statistic exceeds't under dependence to

that under mdependenco ,‘ o

o)

For a model which has the correlatlon between ith and jt observations -

pli=3 for some |p! < 1, Hotelling found Ry, to be

\ . o (1 p)1/2

R, = : ,
(l—p) [1+2p( ) ln—l]rt/z _

v

while for a model with observations, each with correlation p with each of the others

and all with unit variances,.

: . L g-1/2 .
- . Rn:[1+__.} . . o , «
. . R 1 _p N « N

. Motwated by the w0rk of Hotelhng, Ali(1973) consxdered the dlstrlbutlon
of the T-statistic when X = (,Xl,Xg,... ,Xn) is N(0, Z) with

BT~
-
-

\."'ppp..‘.lnxn



? .

and the correlation coefficient p satisfying

. -1 . ; \
-—-:'i < p < »
He der_ived the density of T to be ' S
? . (e
g(t) = — - )

o
-

1 o : . .
A X - s X .

: : -1 nf2
. ‘np 2 - o
b {<1+ bp‘) n-1 +1} \

R

which is symmétric_ and agrees with the Student’s t-distribution on (n— l)ﬁdegrees'u
of freedom wilen p= &"Using several numerical results Ali defnonsﬂrated that if
p>0(p<0) thé level of the t-test for dependent data is higher (lower) than the
lével of mdependent data. | » ‘
Babb(1982) exammed the- drstrlbutlon of F = T2 statistic when the
observations are sampled'from a stationgry :ﬁpgt‘ o’rld‘e‘rf.-‘_auypfe'gtcss;ve Gausslani
- process. i.e.,{Xi} have the relationship ;f:x . -f» ’.4»‘ .
X; _ pXi1 + €, = Q,’#l-,;ti, .
T | -
where |p| <1 and e;’s are i. id.’ N(O 1) random error terms. ¢For a samplc of size

n=2, ‘Babb derwed the exact probablllty den51ty of F to be

(1-p%)
7r[1+p+(1— )F]\/_

¢(F)= 0< F.



B

%

. L]

Hé also sﬁo?&ed that for ]afge n, the proba:bility density of F may be appr&?cima'ted

\

oy |
©o_ [n Ka /31~ pp) 1y, :
| g(F) Vn-1 VFEQ1-p*6) 1+Ofn 2 '0'<1‘
with : ' ‘ ' . . S . N~
C gy = LA+ F(L= o)) J(n 1) W+p ) + F 1= p)*/(n - D] = 49
and N ‘ *

L}

K :.@*p)r(%) F 3n-1mn , p(nf-l)F 3nt+ln+2 ,
= TmrEy [P\ T, m. o\2z 2 "
C p2(n_1)(n+1)F éwn+3. n_+,4‘p2
n(n+ 2) 2’ 2 ' 2
Pln=1)(n+2)(n+3) (3 n+5 nt6 , -
n(h+ 2)(n+4) . 2’ 2.0 27

- .

where F(a,B;v;2) is the hypergeometric function. He also showed that.g(f) .

approaches to the F-distribution with 1 and (n — 1) degrees of freedom 85 p tends
- ...\'v'.'}\ ’
A different type of v101atlon of the mdepender{ce assumptwn has been

to zero.

Studl(,d b) Cressxe(1980) He consxdered the observations Xl,Xz, . X as a se-
quence of martmgale dxfferences which are not in general mdepenﬂent but are
uncorrefated. Then by using a result of &ldous and Eagleson(1978) he showed

that as n tends 'to oo the T-statistic converges in dlstrlbutlon to the standard

) normal random variable. Thus asymptot.cally, the t- test is insensitive to the mar-

!
tmgale type of dependence; problems arise when correlatlons within observatlons

)

are intrgduced.

10 .
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CHAPTER 3

~ AN ASYMPTOTIC APPROXIMATION EQR THE P.D.F. ‘
\ OF THE F-STATISTIC |

_ ' «
We wish to find the ptﬁ)ability density function of the statistig,

L}

: b2
. nd
F=-= ;
= S . a-3° .
-where * d =, 8T = S—‘(n_l ) , d; =€ -—"171-‘ , € = pei_1 + e; and
€1,€0, . €ny NMsM2s- -7y are 1.i.d. N(0,1) random variables.
We may wv'rite, : R - )
e ,F:“(n—l)r
‘ ' o (n—r)
where  ~ S L3 . ‘
2 R
- :_(Ed:) . . ‘ § r‘?& .v:}‘%\u . : N
7L r
If g and h denote the j)robability density functions of F and r respectively then we
have the relationships L o | -
' | dr n(n — 1) - nF
3.0.1 Fy=nh — = h . F>0
(@.0.1)  olF) M ar| = Frn-1p <F+n—1>;- ’
and
dF| " n{n-1) (n-— ljr '
3.0. - h{ry=¢g(F)|—| = i 0<r<n,
(3.02) (r) = g(F) dr (n—r)zg( n—r ) ‘r_n
/ In this chapter we shall find an asymptotic approximation for h(r) and °

transform it using (3.0.1). ©

*. All summations in this chapter are from ¢ = 1 to ¢ = n unless otherwise

‘indicated.



~

Note that,

e o

where ¢ = (3°di)? and ¢ =Y d7.
This is done by ai;plyin'g the Daniel’s (1956) version of Cramer-Geary

2

invcrsidn formula (see Appendix IT) which ‘provides a technique for determining

. the.p.d.f. ‘of a ratio from the joint moment generating function of its numerator

and the denominator. ) . ' ' {
» ‘ S



N

3.1 Tho‘\Moment Generating Functidn of the Joint Distribution (
) - ' . ‘ B

l;il'\‘ .“ ' . : ‘ ’

/
A\

ifice we ~ass_t'1mc that the n,’s are i.i.d. N(0,1) rahdom variabl'és, the

. _ i oy
! ) Ei(" SN2y - ’nn) = (21{,)'%6_%” ndnladn%-" sdnn
W ’ ,
3 . . ;
- ! i = (771’772,'--,7]71),‘ ¢

Also €1, €2, ...,en is a sample of observations from the first order stationary limear,

g v

autoregressive Gaussian process

€i = per-1 €&

a—~

where the e;’s are i.i.d. N(0,1) random variables. Following the g{acthod given in

Fuller (1976), it can be shown that,

.o 1
o . Var(e;) =15
L]

and ?

. R plkl , ' -

| COU(Ei—.k,Ei) =1-7
for any integer k.Thus € = (€1,€2,--- ,€n)" has a multivariate normal distribution

B - . EY -
with density." ' . D
. / “ _n _l 1 ,' -1 '

(3.r.2) - dFy = (27)7% |Z¢| % exp —-2-(6 2. €)



to obtain the joint distribution of (€152, -y Eny 11, M25- 4 Mn

AN

where

and

and

{

: ]
Thus the joint distribution of (€1,82,...,€n,M1,72;.-- \Mn) is,

B

(E o - )

2 ' n

r;,—l n-2
g @

14

‘As the e’s are independent of the n’s, we can ¢ombine (311) and (3.1.2)

. . . . ‘
e 5(2%)—"]2{“%011){—'50'2’10}.d51d52 ...depdnidny . dnpn

-+ Also,

dF =

-

L

N

L] 0 = (El,nl)l

EE Onxn

T =

B

1

SIS = —
EI=E =TT

v, !
Onxn

3

Onxn

Inﬂ.x n

[ 4

Onxn‘ Inxn anzn

N

)y

»

’

ol

Here Iy, and-Opxp are the nxn identity matrix and zero matr

-

L
ix respec-

—— 1

‘ 1 1z 1 \\\ S
(27)~™ <———1 — ) erp {,—50'2"10}@516{52---dEndmdﬂz codnn



and the moment geﬁerating function of the joint distribution of ¢0 and ¢ is
. : . (S “-
(3.1.3) M(To, E[ec"T"“T] .
~~(-L;-:;rp~——-/ / ezp{Toco+Tc—--02 l0}
) dede, . .. dsn(‘imdm ( . dr)n , 2
\ ., L .
where ¢y and ¢ are given by " / ~

d o . -
. > |

L ? Onxn , _
(Ce)y=e{f o T

Onxn Anxn

On.xn 171.)(11.

ST R Y U

Inxn Onxn ‘ v ’

i



) - " . 16
Thus, - . - >
) laxn Onxn Onxn  lnxn Onxn Onxn
c=0 00 0+6 0 -
‘ \Oan Onxn ‘ Inxn Onpxn ()ra;xn 1nxn
1nxn —Lnxn
= 0, 3 0 .
i
\'lnxn Liexn
Als s '
50 ' G '
Inxr} Onxn 3
Y oel=d 0
Onxn  Onxn
Onxn. OHXYL
L ni =40 0
Onxn, Inx’n [ ]
On)(ﬂ-” In)(fl
-~ 2 Z 51"771' = 01_ 0 ’
Inxn Onxn .
R ‘ .
Q
“and hence,
Inxﬁ “_Inxr'z ]
co =0 0 _
“Inxn Inxn el
Thér’c’fore, \ —
: T l 1~ 1 ! )
) o+ Te — ~0'S™16 = =4'HO
. 2 v 2 f.
where, ‘ ‘
- . ‘
‘ _Inxn —Inxn Lpxn —Inxn' 2;1 Onxn P e
" H = —2T% - 2T . + -
—Inxn Inxn —pxn loxn Or'xn Inxn

~
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¥

Substituting this result in (3.1.3) we/get,

M(To, T) = (1"” / /

It follows from the theary of multivariate normal distribution that,

{

1 ,
- 5o’no} deydey ... depdnyydn, . . dy,

(3.1.4) _ M(To,T) = (1~ p2) V2| ;|12 «

since :
1 [ o 1,

: (2r)"/ / ezp{—“BO'HO} derdes .. .dendnydyy .. d}n = |HI d
e oo - ~

— (8]




e

. - [ .
¥3.2 An Asymptotic Approximation for N2t}

a‘s‘l
‘where
- Rl —

-and

The (2n, x 2n) matrix H can be partitioned into fbﬁr

Rl ‘—.» zTiuxvt AEQR3 + '2T1nxn ‘

H = < . "’

'\ Rs+2T1axn Rz~ 2T1nxn

1-2T, —=p 0 0 ... 0 0 \

(

n X 1) matrices

=p oz = O .. 0o 0
0 —p'. z —p “."j"': 0 0
o 0 =p z ... 0 -0 )
o L B X
0 0~ 0 -0 T —p
o 0 0 0 .. —p 1,—}27’0‘ nxn

‘ R3:2TOIan K

:I:"—'—‘. 1 + p2" - 2T0

4

Défining 1, to be the n-dimensional column 'v‘eétor‘with each element 1,

7Y
ot

the determinant IHf’maybe written as the

i

-

‘i_e., 1’", — (1;]_’,..’.?»1)1)(7114 , -

.l'1

18

(2n+2)x (2n+2) bordered determihant‘ .



]
. ‘Cl"; R : .- ‘

1 -2y, 2T, 0

R || 0w Ri-2TLpn Re+2TLaxn On
N < | I
. s o . ‘ 0. R3+2T1nxn RZ._ 2T1axn On :
. | 0 2T1!, . '=LG—2T1',, 1 )| .

# where 0,, is the n-dimensional column vector of Which each element is zero.

r

Pre-multiplic&tion of C; by the (2n+2)x(2n+2) partitioned matrix,

yields, ~3 .
' -1 —2T1, 271, O

' ] 1, Ry Ry  On
Cof = LiCy| = . ‘ »
. . 01; ‘ Rs e R, -1,
’ : R
0 -2T1!  -2T1), 1
Sirice '|11|:1A'w\e‘hav,e, ‘ ' . v _ T h.,
|Cy| = 11 G| = [LICi] = [C1] = H]
o . '
Now define 12 to be the partitio'ﬁéd' matrix,
' 1 o, 0, 0
,Ori 'Inxn Onxn O | B
. 12 = . '
0y ‘Onxn Inxn On
1 U ‘ 0, 1 (2n+2)%(2n+2)



|Cs] = LGy = -
. . . . n R3 ' R_-2 —1n
1 0! o 1
1 -5 -6 -6 -5 —6 5 6: 6 & 6 - &-'0
~1 @« —p. O 0 0 ~ 00 ... 00 .0
-1 -p B -p 0 -0 0 ~ O 0 O 0
-1 0 —p B 0. O 0 0 ~ 00 -0
-1 0o 0 0 B =p 0 0 O v 0. ol
-1 0 o 0 -p a’ 0 00 ~. 0 ~ . 0 .
0 ~ 0 0 0o 0 « 0 0 ... 0 0 -1
0 0 ~ O 0 0 0 a O 0 O -1
0 0. 0 x 0 0 0 0 «a 0 0 ~1
0 0° 0 0 N0 0 0 0 a 0 -1
0 0 0 0 0 y 0 00 0 o -1
\ 1 0o 0 0 0 0 00 0’.. 0.0 1
where 4
Ca=1-2Tp:", ’
.ﬂ:1+p2_2T0 ) N . : ': S
7:21‘0.1 3 '
’ .
and L : 'f
.6 =2T

I ) . . N . - B
‘To produce more zero elements in the first row, define A; and A2 to satisfy the two

s

simultaneous equations (see Routledge(1972))

¢ H

—9T + Ay (L + p? — 2o — 2p) ¥ 2Toha =0



and
T_hen.
(3.2.1)

and

(3.2.2)

J

Y2 =

Yys =

Ndw _'deﬁne N to be‘the

21

2T + r\g(l - 2T — 2p) + 2TpA =0

o

N - 9T | .
Ty ATZ — (1-2To)[(1- p)T—2T5) °

—~r X
v _
PTATE - (1- 2T (1 - )% - 2To]
(2312)):(2}14%2) partitioned matrix of the form: - L

1 Al A1),

0

. On Lixn Ouvn 00 | v
. ‘ 13 o ) 5 \
072 Onx n. In){yl 0
50 0L 0
s o o >
Since JI3|=1, premultiplying C3 by I3 yields, -
* vi y O, us
' \ -1, .R;y Rs Oy
- |H| = |Cy| = [I;C3j = o ,
' / On Rg R2 ) —-ln <
(L 1o o 1 |
J v
- where, _ ‘
’ Yy = (y27 0) 0, ..., O! yZ)a
y=1-ni’ .
—2T + (1 - 2To — p)M\+ 2T5A2 = p(1 - PA

—n)\z



. 7
Mg

Singe |p| < 1 and considering the order of Y2 refative to y1

y, for large n, and hence, -

(323) . . [H ~[1+n0e- M)A
where, 7 . s _
| ‘ o [R1 Ra),
A
' Rs R

* It follows from (3.2.1) and (3.2.2) that,

2T[1+ (1 —}»)2]

22

and y3, we can ignore

Ao = A = ‘
2T AT 4TE — (1 - 2To)|(1 - p)? - 2T0)
. o 2Ti+ (1—p)Y
" 2Ty — (1 - 2T0)(1 - p)?
Substitutinghth 2 (1.6) from Appendix I in (3.2.3)_gives,

t

- 2Tl + (1-p)?]
(8.2.4) 'HlN{I*Z’J‘o—(l—p)%l—zTo)}_ -

- and

o « p"(1 - 2To)"[2%(a — 2)? = 22" %(1 — az)?]
(1 - 2%)en ’
where, ¢
) . 1—4T% o
Q@ = — '."
_‘ / o p(l—-ZTo) o
R b:a+p , ,/
‘b4 Vb — 4
z = —

2

5

. is the root of r? — br + 1 =0 with [z] < 1

ey



3.3 An Asymptotic Approximation for the P.D.F. of r as an ‘Integral f
As obtained at the end of the last sectidn z and 27! are the roots of

rf—br+1=0.

I
{' \.*w);
Therefore, - |
(3.3.1) z+-=b=p+ta
z
1-4T —
- p(1- 2To)
2 1 ‘
p p(l—2Th)
Thus, . L o
J _ 1 _ pla+ 2z —p2t—p
p(l—2Tp) pz 7 -
and
? ° G? - k -
. : * z
3.3.2) - ' (1 = 2Ty) = :
( A)", ( 0) p2z p22+23"—p/
. Also, . . :
N 2Ty — (1 — p)*(1 — 2To) = 1= (1 — 2To) — (1 - p)*(1 — 2T0)
g T=1-[14(1-p)Y(1 - 2T0).

* .

- Substitu‘ting (332) -_.for (1- ZTO) yields,

—p(1 ~ 2)*
plz — pzt + 22— p

o
. \ o



Setting To = u — rT in (3.3.2) we get,

1 - 2u+2rT = = ki z
] piz—pzt+2z—p
e = 20"t ~plz+p2 —2+p
_ ‘ plz —p2 +22—p
. , — 2u + (p—2)(1.—p2)’ e
o ptz — pz? -
- : ' v
.Then L ST
} . P !
. (3§4) ¢ 2T = _2__t_l’_+ (p—Z)(l—pZ) . ‘ '[
o r o r(plz — p2t + 2z - p)

Equations (3.3.3) and (3.3.4) can be combined to obtain

2nT(1 4 (1 - p)?]
2To - (1'-— p)2(1 - 2T0)

=-n TSN R L —pz) | (Pz = pt+ 22— )
T [1+_(1 .P)z]{ ; +"(p22“l’,22+22—p)} )

._—n . | i
= T Ut oz - 4 22 ) o= 20 =)
Therefore,
| . //
' (_3_3.5) 2nT(1 4 (1- P)2]

2T — (1 — [_))2(1 — 2To)

ro(l — z)z —n[1+ (1 - p)¥[2u(p?z — p2? + 2z — p)+ (p— 2)(1 — pz)]
- (11— 2)? "

- From (3.3.1) we can derive,

(3.3.6) zla—2)=1~-pz ,

P



‘/?nd . K , /

-
.

p(} (3.3.7) | |—az= z(p — 2)

. Substituting (3.3.2), (3.3.5) through (3.3.7) in (3.2.4) yields,

rpG»* z)* — nll.ir(l - p)* ][2U(p z - pz2 +22—p) + (o= 2)(1 — p2)]

{H| ~ : -
- Pl " ro(1 - 2)?
n {1 = 2t = o= P i
(p%z — pz +22—p) (1 - 2%)2" ‘o

L= p))[2u(p= = p? + 22— p) + (o — 2)(1 ~ p2)]}

St () S G 2)*|
r{p?z — pz? 42z — p)"(1- RF(1 - 2*)

~ Since |z| < 1,we can ignore the 2*" terms, and hence

H|~ {TP ? 1+ (1 - )2l2u(p®z — p2* + 2z = p) + (p = 2)(1 = p2)l}

. ) Y

*+ Substituting this value in (3.1.4) we get,

s

(3.3 8). M(u—'rT ;f‘;lfrn'%(pzz—pz2 + 2z —p)%(1'._z)(1.__ 22)§
o ) ~p1£—‘¢(u,z)(1 T#pz) .

where S L | N

s . > R Y

[N

P(u,z) = {f’p(l - z)?g_,n[l +(} — p)?)[2u(p?2 — p2° f2z —p)+(p —-z)(l —pz)]}*



Differentiating (3.3.4) with respect to z yields,

v OTHY - —p(1-— z%)_.
é\z T 2r(ptz —p2¥ + 22 — p)?

B{Zd with (3.3.8) we can write
4

.-
> N

N 9T (= M) (pPe — pet 422 — p) 71— ) (1 - &)
-0z 2r%pﬂ'5§¢(u,2)(1' — pz) L

-~ . ‘ -

Thercf(.)m,
A r . "
8T ) "
2 [M(u—rT,T) 5] im0

U '  n-2
—n(1— p")4[1 + (1 - p)*)(p2 — p2" + 20— ) (- 2) 2)(1 - 2%)
273 p"T {rp(1 - 2)? —n[l + (1 -0 — z)(l..— pz)]}7 (1 - pz)

~

'Apply this result in the Cramer Geary inversion formula, equatlon I1.4 in Ap-“

pendix II and we get an asymptotxc approx1mat10n for h(r) given by,

7, v

ps9) gy~ A=A ?Zf’:}% IREER

4 TP

.
(p*2—p2®+ 22— 0) T (1 - 2)(1 22)
3 ’
z

{re(1 = 2)? = nt+ (1= p)’l(p — 2)(1 - p2)) (1= p2)

(3310) . q>(2) =

and T, is the path of the integ;ation ‘which will i)e analyzed in the next section. -

<

26



L]
L3 v
3.4 The Path of Integration - !
| 1

o ' " ’ . !
»

The equation (3.3.1) can be written as

o1-2Tp) -1

1
" , | Z+';—;‘p+ p(1—2To).
s . . 4 . [ _p2+2 1
’ p " e(1-2T0) =

1

Setting Tp = u — rT with u = 0 we have,
N

A
2 .
2
(3.4.1) SRR S S S
. z p p(1+ 2rT)
2 .
% pe+2 1
= —_— =p(1+2T))
. p v (v=p(1+2rT))
, , )
. pt+ 2. ' 1
1 - 25 (S=—=—) ,
. p " ,( 'Zv‘)
.
. 2
= w Qw:p + + 25)
. p

§ s

Thetefore (3.4.1) consists of the elementary mappings:

‘ , ) » "A: v=p(l+2rT)
A |
B: S=-— ,°
2 \ .
2 2
: . ' w = aalld + 2S5
P P
- 1
\—: ‘ D: z+-=w
z
. N . I
/\'f * A: maps the T-plane cut along the interval from
o .
) t . t
' Rt 0 ) —(1-p)*

N,

2T+ (14 )] ® 21+ (1-0)?

o
-3



»

onto the v-plane cut along the interval from

’ )
I} . .
N N p p ‘ %
. . to
. . 1+(1+p?2 ., 1+(1-p)? =
\
[
B: maps the v-plane cut along the interval from { .
\{ p p v
- — A to —— .
1+ (1+0p) 1+ (1-p)

onto the S-plane cut algng the interval from ‘

Iy 1+ 1 (=0

. to €
/ . 29 pgp . o

‘

¢
C: maps the S-plane cut along the real interval from

A )t ~1+ (1-p)
¢’ 2p T - 2

ohto the w—plénc cut along the real.interval f{ém —2. to 2.

.-~ D: is the Joukowski Transformation which. is discu;sed in Babb (1982). By
his a;gufnent it is shown that D maps the w-plane cut along theﬁ real
interval from -2 to 2 into the interior of the unit circle |z| = 1.

Our particular interest is I'z, the p.ath of ihtegfation ih the z-plane, which is the

transformed path of the imaginary axis of T-pl.ane transformed by (3.4.1). From

equation (3.4.1) we'can write,
. ‘,'\
vld’

_ e(p—2)(1—p2)
(3.4({ N T= 2r(p%z —p2? + 2z — p) \

/
! /



’ S | . ‘ . ' 29

L 4
Setting z = z + ty and solving the equation
k] - '
& T . - RC(T) = 0 )
. ) -i.

it can be shown that the point z = (z + fy) off the path satisfy the conditions

2 '

(i) oy'+By'+C=0 , ,
where Be= 2ptz? — (2p3 +3p)r + pt+pt+2-,

CZWMH44)~@”4ﬂﬂM@2+U—if%;F] ((ﬁ\

(i) Jzl<1 , . '

-

17} x,v are real.
(117)  x,)

!

LY .
) 4

Theiefore, the path is symmetric about the z-axis. To obtain the end points of = ~

the path of integration in the z-plane, note that from (5.4.1),
‘ 1'2‘+2 |
R £ as T - tico.
z . p
But, if. '
| 1 2+ p° : .
, , Lol _2te ,
© p
_ther \
pzt— (24 p*)2+p=0 S
and
..... . Z__(2+p2)i\/(2+p2)2—4p2 -
- ~ 2p . I
(2 + p?) £ V4 + ¢
) = 2 :
p

The solution in the interiorof |z] = 1is

(2 +p%) — V4 + ot
z2 =



Also from (3.4.1) we have

A
h ¢ ’ »

1 - ) S,
z+ - =p+ - if T=0, {
Lz P

. ™~
and the solution inside the untit circle is z = p.

Thus for 'positive (negative) p, as T traverses the imaginary axis from

—{oo to 0, z moves clockwise along a path in quadrant i (iii) from (fo,0) where

&}‘ ' \ . j

2+ pt — /4 +p* e
fo = .

” 2p -
to (p—, 0), and as T goes ajong the imaginary axis frpm 0to +100,2 travelé clockwise
] . -

(i) 556m (9,0) to (5o, B '

in quadrant 1

. Considér the equation,
*
L ‘;
(343)  rp(1—2)? =1+ (1= p)7(e—2)(1—pz) =0 i
././‘ / -
which is a {iladratic equation of the form
//e( . ) /S
’/ -
. r .

A2~ Bz+A=0

\

. -
N RS
)

- ' (Z\:np[1+(1—}))2]—rp

; . B=nll+(1-p))(1 +0%) ~2rp

Therefore (3.4.3) has two roots § and @‘1 where

B — VB = 4A?

b= 24 o




(> |
L4
If r = 0 then, | \ 4

a

A=np[l+ (1~ p)f

]

B=n{1+1-p%01+0Y) ,
B? — 4A% = n?[1 + (1 - p)*2[(1 + p*)% — 407

]

s » 22
s =n*(1+ (1~ p)*)*(1 - p%)
" B - \/B2—4A2—n[1+1—;‘>)][(1+p (1-0%] ,
% V’
v /- = 2n[1 + (1 - p)?|p? = 2pA
and hence , ' // .
ﬁ}::? N . M
If r = n then, < -
A¥np(1-p)?°
B=n1+(]- p)?(1 + p*) — 2np
=n(1-p)*(2+0%) ,
. BY— 44 = n*(1-p)'[(24+7) ~ 4]
=n?(1-p) (4 o") )
and
_ ﬁ—B VB2—4A2 (l—p )22 + p* — V4 + p!]
) - 24 2np(1 — p)?
’ 2+ 92 — 4+ p*
=7 P = o
2p
4
N'Thus fr=0,0= pawhile if r =n, 8= /0o . J{\ -

Now consider,

g 1 dB _ [2BE - gAdd B—\/B"—4A"}gl_é
¢ dr 24 ; 2\/32_4/12 2A% dr

\\



O
e

v o,
Smce ,—Zp and = —p we have,
dp —’i{_z [~ 4pB+8pA] +2p[B—\/Bz~— 4A?]
dr 24 ° 2,/32 4A? 4A2 |
_=p H’ (24 - B) L, P p[B vV B? — 4A?)
A VBT—aA?) A - 24
= - (24-B)  [B-VB?-44%]|
- A ' B —4A% 24 .
~ —p(B — 24)|B - VBT - 44" 4A’-]
2A2VB? — 4A? -
(B -24) =n1+(1- )1 +0 )o 2rp 2npll + (1= 0)? +2r0
=1+ (1 p)Y1+ 0 - 20)
L 'W=n11+(1*p)](1—p) ‘
Therefore, ‘ ’ -
dg —pn[le'r(ld—p) (1 - p) [B \,/BZ—4A 1 {<0‘, if p>0;
dr 2A2\/’B2_4A2 >0, ifp<0.

32

Thus for |p] < 1,f is a strlctly decreasmg (p>0)ora strlctly mcreasmg (p 0)

function of r (0 < r < n) and hence, |

(3.4.4)

-

“min(p, fo) < B < maz(p, o)

K\i

_so that 8 (a branch p:gint singularitY)'lies inside the contour of integration.

(3.4.5)

‘Thus we can write, -

N

rp(1 - z52 . n[,l + (1 _»p)zl(p - z')(l — ,Dz) N ,

:,{_;ipl_l + (1= 0] ~ro}le - B0~ 62)/B



~

Fig 3.4.1 The Path of Integration on the z-plane

7

W p>0

el

o

z Y )
o ¢, |
-1 O
L R




Also p%z — pz? + 2z — p can be factorized as

(3.4.6) plz— p2t + 22 = p = p(z = o) (1 - 280)/ Bo

f

and’hence ®(z) can be written as,

® < n-2 L a ' |
B (2) = - PT(l—Z)(l—z)2{(z—ﬂ0)(1_—ﬁoz)}1—252 y
T et (= ) = - B) 1 = ) p2)80T

which has branch poirts at z = 1 1, ﬁ, and 1fn is odd, at z2’=fyand z = ﬁl—

Let, o .
(é -ﬁ) (0 ﬂ) t(6+2k7r

y where R(0 ﬂ) is the length of the vector w1th initial ‘point at z'= B, making an

angle 6 with the posmve direction-of the real ax1s and terminating on the contour .

:'1'

-

of integration. Then we have -

o

(o= 0)F = [ROF ]

. T - , ¢

- which gives two solutions, ; IR R

(22— g)*% = [R(O,ﬁ)]'%é“(%{")i ’ (Principle aeterm'ination),‘

(z - ,8) _ (0 ﬂ)] (T+3") - (Secondary determination).

Ve ) ’ . o L~ - ’ ‘
" o make (z = ﬂ) 3 singlé vah{e‘d we take it to be the principle determi-

nation’ and cuf the z-plane (assumlng p> 0) from —oo to [f S0 t"i we are unable

to cross the cut and reach the seeondary determmatlon

—

2



N

Similarly to ensure that (.z——[io)!"’z_2 is single valued we take the principle

determination

(2 - Bo) T {R% Bo) "7 e ‘+

- _
Note that i in cuttmg the z-plane from —-00 to ﬂ , 1t is automatncauy cut

from —oo to fBo, as requlred “Also to rnake 1+ )% smgle\valued we ¢

prmc1ple determination

' and the z- plane is alread3 cut from —oo to ~1.

Finally we V\xsh to be able to cross the X-ax1s between B and p. Since

0<fo < B < p < 1, we cut the z-plane from 1 to oo and tgke the secondary
determinations of (z — 1)%, (- ﬂz)"% and (1 - ﬁoz)%%g

Taking

‘ (1 Bez) = [R(g,_}_)} o272 (9+27r)]

(1 — ﬂz):ﬁg == [R(o, %)].—iei[%‘lﬁ‘\?ﬂ]
a.nd ‘

(1= 2)t = [R(0,1)) 3T

we make (1 — ﬂozlﬂf‘z, - ﬁz)"%7 and (1 - z)% single valued and avoid the

singularity at z—= %.

35



‘3.5 An Asymptotic Evaluation for the Integral ' _w‘ :
The equation (3.3.9) cap be written as,
‘ ) ' .
. . A 1 1 - 2 1-— 2 & "g
 (@s) pir) = MO (B)
. _ anrd T ‘ A. ,
whgre'
g L e
(52 B U
. 3 r: (z — ﬂ)%
' A=npll+(1=p)]=rp , e
and ’
: s K -
T (1-2z ]‘~z25p2z—pz2+2;:—p"-5’=
BPPRR R (e [t L -0

. (1-p2)(Bz-1)F

Since we wish to abﬁly the integration formula developed in Babb (1982)
to eya]uate I, it is required that the path of integration should go through the

origin. i.e. Bo = 0. Therefore we make the linear transformation,

2p V-

(3.5.4) | | v= ﬁ(z — Po)

l.e. " _ .
b= Vi +pt— (2497 —2p2)
" V4+ ot

Then
’ J 2~_v_-\v/4+p4+(2+p2—-.2pz)




and .. ] o .
0(2 _ v) — (4 + P4) - (2 +p2 - 2/’2)2
. (4+9)
N/ " 4p .
= ( +p4)(vp22—pz2+2z—-p) ,
or » .
' . : . 44 pt
plz—p2l 4 22-p= P v(2 - v)
. 4p ,
Also from (3.5.4) we obtain, ’
“ f . . | ) z= ﬁo + bv !

vgherc, as deﬁnéd before,

ﬂé“—52+p2— 4+ pt

2p ’
and where ‘ .
| b= Vatet
20
Then"
,dz=bdv ,
and . |
L f(e) = 1)tz - 0}
. 'where . : .
(o) = (L= Bom b0l = (Bo + b))%
" (1= pBo — pbv)(Bbv + Bfo — 1)’
 Also, ' ‘
ﬁvﬂ=b@“ﬂﬂ )
where

_ B =P
. Bo=—5—



| T};us | : ‘ 'Q
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I — __M—dz s
rx (Z "ﬂ)% ‘ ‘ _
. / l(v)vﬁi_z(Z - v)‘li‘z'p%z&"“zbdv
= v b%(v—ﬁz)% _ ‘ -"‘. .' -
or | o
© (3.5.5) I =3,
. \
- N
where b

(v)v T (2 — )T

Jl' :/ 3 dv
o o w-£8)2 4

and I’y is the image in the v-plane of I'; in the z-plane transformed by the«lilﬂ"ear( ’

transformation~(3.5.'4) and is illustrated in Figure 3.5.1.

1
(-]

" 11 can be written as,
‘

" [ g(v\)""
- | Il_/v—_——(v—ﬁz)%dv,

where

o(v) = ("7 (2 - v)°F"

Now applying the following integration formula developed by Babb (1982):

'( . g(v)- ;—4z'g(ﬁ2) 26 1_% . _ |
/n,v(u_ﬁz.)%d”“ mw*ﬁz/o'y 9082 = Bv) = 9(B)ldy



,, ¥
 Fig 3.5.1 The path of Integration on t‘le‘v;pla:ne

) L
" \ . . Y

w
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‘we can write,

5= —_‘i/'lﬁ(fz) VT (2 - )T R .

o T e - -
. + [ y*3/2[z(§2—-ﬂzy)ﬂffz (1-9)"F (2= B+ o) T
| o | - BB (2 ﬂz)“’lldy
'|“ __—4:’l(ﬂ) PR :
) T )
K +21ﬁ{rl v 3 106, - ﬂzy)(l—y) (2—ﬂz+ﬂ2y)

B2 B)T | dy,

ic. : ’ :
. J . n=3 ' n=2 c. n-3 . . .
) .

= [ v e - -9 - ﬂz+ﬂzy)71—l(ﬂz)(2—ﬂz) ) dy,

W

= [P g aw)T (1= )"F 200~ )T d,

and where A(y) ='1(B; — P2y) and hence A(0) = {(B;). Expanding A(y) in Maclau-

rin’s series we haye,

k=1

1k
=0+ Y S

* and hence, Coor

:/ B vt {}(o)(z—ﬁz + )5 (- 0)F A0 A)T

@ +) I;' Fl-y) T (2 - ﬁz+ﬂzy)" }dy .
k=1

A4



\
C_ ’ X‘g .
or
o ; o0 Ak(0) ,
(3.5.7), =) |
. k=0 . (
where . .

1 —— '
Io = 2 1— )22 — (2 - B)"T :
0 /0 {( By + Bay) T ( y) —(2 - 52) } "
| .
and for k=1,2,3,.... ‘

Iy = /01 V(2 — By 4 Boy) T (1 - y) " dy
:
To integrate Ip by parts, let
= =Bt )T (- )T - 2 4)F an
Then \ | \

du = (""2)(2—52+ﬁ2y) T(1-y)T (1-ﬂ2(1~y))dy ; w:‘-~2y—£.\

and hence

1

Jo= —2lim

5—00

{(2—ﬂ2+ﬁzy) (1—y) —(2-B2)" T }

y§

[4

1 | .
“2fn-2) [ yE - et 0)F (-9 T a1 -9y

2 ) 2l {(2 ~Brt 5o) (1 - )T — (2= 5)°T }

57

—Z(n—2)/oly b2 — B + ay) T (1~ 1) (1 = B2(1 - v))ey
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Applying the L'Hospital’s rule we can show that y .,

lim

z-*O

{(2 By + Bre) 1 _ o) -2
‘ et

. and therefore,
(3.5.8) Ig= 2(2“152)&3‘2 —2(n - 2){(1 - B2)J1 + B2 T2},
where for k=1,2,3,..... -

: 1
Ji /0 yk~ “(2~ﬁ2 + Bay) T (l—y)‘rdy

Also,

1 , '
L= [ Hes s b 00T
= (

(=]

1, ozt L :
/Oy" 72—-ﬂ2+ﬂ2y) T (1- )T ((2-F2) — 201 — By x Bay®) d

(2 = Ba)Jk = 2(1 — B} kg1 — ﬂsztz-

v . oy "
Now consider, ...» ¢
.-
1 ~ ,
. Q A o
A (S (2—ﬁ2+ﬂzy)—rdy
Setting £ = 1 — y we get o
[ i‘;&'v‘v
1 A : “
n—4 k_a n—4
szf 277 (1+1)°7%(2— fez) 7 dz
o .

- 1 ‘n— i n
:27_‘/ :t:"’f1 l—x)k"’i(l—%gz)—’f'dx
n-s Lk — n—2 — - ,
_ % ( Zk(a )F _n 4,n 2,n+2k 3 B2
I(25) 2 2 'z )’
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where F is the hyperg;eomctric function (slee Gradshteyn and »Ryzhﬂ? (1976)) which

is defined by

b 1)b(b + 1) 2? 1 2 : .
F(a,b;c; 2) z,‘1+_a_z+“(a+ )b(b + )i_+a(a+ J(a+2)b(b+1)(b+2) 2
' '
ala+1)...(a+7)b(b+1)...(b+5)
4ot | :
cle+1)...(c+J) (7 +1)!
Using the relationship - '
Vo ’

F(a,bje;z) = (1— z)c”“'bF(c —a,c—b;c; 2)

we can write, -

» n—2 ‘ ) . . ‘
1 Tk~ T g 223=tp <2n + ;k -7 2k2~ 1t 221\ - z,gé_)

Now consider the (j-H)f" term t;4; of the hypergeometric series

p(2nt2k=T 2k=1 nt2k-3 b
<2 2z ' 2 2]

-] | |
o ) (g ) (2 /)Tﬁj'\ ‘
. (B33 (m2E) (ARG )t \2) -
n+2k—3 n+2k—-1) \n+2k+27-3)/ ‘
x(k_l> (k+l>....<k,+2j~1‘> ,ﬁj“ '
.2 2 .2 (7 +1)!

Since 22 =1 + 2=t =1 4 O(n™!), we can write -

o= trsoen (-5 (o) (55 25




’ Therefore,

P(

b

2n+ 2k -7 2k-—1'n+2k—3.@_2_

2 2 2 ’2)

00 - . ;+1 ‘
:{1+J2=:0<k—%>(k+1/2)...(k+2121>'(fil)‘!}{1+0(n’l)}

T TEoTrG )

o~ Dkt 1) ‘ﬂ"“} (1+0(x™"))

3=0 “
= - ) 1+or™} . N
Thus, . ’
1Tk - D) 2 - g _
Jk: 2k-—% I\(ni22kv3 ((1_;2)"‘_% {1+O(n l)}
3 or - I
53 n— 2 — B n-5 I‘(Ik-—-;-.)
(3.5.9) 5= (" ) A= 0 ey
. 2 B X ) .
: 2(1‘132)} {t+0(™h}
and hence o ’
\,/
2-8) (k-3
Jk-H 2(1 — ﬁ2) (n;S n k) Jk
(2-P2) (2k-— 1)
20— Bo) (n+2k—3) "
Thus,
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and hence, to the order considc_rcd, all Ji;k = 2,3,... may be nogloctcd rolat}vo :

to Jy.

{4

Now from (3.5.9) we have

. n — ~ -5 I 1 - S : GO
Jy =T < > 2) V2(1 = B)(2 — ﬂz)n’ﬁ (!(.;:._)1_) {2(21 fﬂ[;z) }’\{}490‘&%:")} -
r(%32) (2 - ﬂz L

PN J v ;

(o

_ -1 . . .
SR o ] J
Therecfore, (3.5.8) becomes o .
, et e ,.
fo ~2(2 - B2)" T —2(n - 2)(1 - ﬂg)\?—gtl;; (\2/2_(,1[3*,\2)[32)
2 .
:2(%52)5_2_\/;12(;))(2 B 221 -F) .,

k4

and, since I k=1,2,...

Iy ~ 2A(O)(2 = ) F — At

= 21(B2)(2 — B2)

may be neglected relativ* Iy,

a ) ’ | PR

(_!22) (0)(2 - B} T 2v/2(1 - _ﬁ2)

2

¥—\'/—F(g) (82)(2 = B2) *#2/2(1 - f2)
2

e}
Substituting this in (3.5.6) we get,

14\/—

1(82)(2 - Ba) T\/—_l_:_ﬂ—z—ﬁz )

3 o
" /7 I‘(z) 1(B2)(2 - ﬁzu'f’zv 1—ﬂ2ﬂ2

(=)

e



‘Now'
A (A—fo- bﬂz)[l — (Bo'+ bﬂz) 13 “
- - bt bﬂ?mﬂ(ﬂo + bﬂg) RS

;ind '

ﬂo+bﬁz~ﬂo+b(ﬁ ﬁ°) -8 .

Therefore,. : -
" L _ _and
| . (1 - pB)(#% - 1)}
1=

. S PpY

'

and hence

SRR A f--,,vx(“i—ﬂz>*'<_@).-§f(f}9£(zi—. m}&;ﬁ

| ' | ,g—-r%;.pﬂ)

ﬁﬁii%f’ | B—VBz—ﬁﬂﬁf i
RAIEIE b=—1 . -7

A= {n[1+(1 - p) ]—rip ,"' W

- R o B=nld P~Mﬂ1+pﬁ ?w‘l - R

AN
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.I;I-ow apﬁlying (3.0.1) we-ol;iain an asympt0£ic approximatiqh for the distribution

T of F,

AN C(n= D)1+ (1= p)T(3) [(1-p)(2+ 02— 208))  (1-5)
D T [P R
< . ng\? Ap'?ﬁ—‘pﬂuzﬂ;p‘ T
_, x‘<_:4—> ( p >
where, -. |
_.B—.\/B?—‘Ui2 |
- 24 ’

A={n(n— 1)[i +(I=p)’l+n(l-p)*F}p ,

B=nl1+(1-p)}(1+p%)(n=1+F)- 2npF

{



T@%f o ;'.7ﬂy~9¢¥_

. and

3.6 The Limiting Distribution ofrasp—0

If p = 0, not only the two samples but also the observations within
both samples are independent of each other. Therefore the F-statistic has the F-
. Shatistit o

distribution with 1 and n-1 degrees of freedom and hence the probability density

function of F is given by,

g(F) = § T)IT(*3%)

. . otherwise.

3 . : N

{—#ﬁLruaﬁF%u+;aFrﬁl F>0

Applying (3.0.2) we obtain the distribution of r to be,

_1y T(B) NP1y
hr) = M=) Ilg) ( 1 ).[(” l)f] (1+
: (n-n2r@)re) \n-1/ L n-r 1o
or
. . (%) = ﬁ:_r n=3
(3.6.) k() = {—*—p(ug_!)m( a7
‘We h'g{ie that,
.ﬁ__B—\/BZ—4Ai'
| - 24 ’
‘where . ‘ o ' N

.A=np[1+(1—_-p)""‘]—-rp ,
B=nu+u—pmu+yﬂ—wp

" .

Applying L’Hospital’s 'rulef\‘veAcam show that, as p — 0

~ L
NP

St _\i_
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B 2n—r
- —_—
p 2n .
l
o
Then, . ‘
| B _ p co_m-r 11 ok
ATAETAT A m morom N
Also, 3 - . )
2 2
- piB-Bp+26—p .
— =pB-B*+2B8/p-1
R : . N §
2(2n —r) n-—r
- —— | —————— — 1.=
Thus h(r) given by (8.5.10) has the limiting value | o & ‘
. L | . ’ N ! | |
- N AN S i\
lim h(r) = = f Glg( LY (rzr) ©
. p—0 5 fi,{. I‘("—Z-)\/;T—r 2nv . on
. My "_)T |
r(2)/nnr n
which is exactly the same as (3.6.1). e

u I
2

section 3.5 tends to the exact probability density function as p tends to zero.
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~ Therefore the approximate proBability density function of r derived in



3.7 . The Efi’e}t of the Dependence on the‘(Z'Level' of Significance
In this section we examine the sensitivity of the size of the test to the

d A y function of F given by the equation (3.5. 11) for several values of p and

~ different sample smes. The ¢critical value of F to reject Ho 1s selected so that

the size of the test under the assumptxon of 1ndependence is 0.05. A computer

program written in FORTRAN-77 (see Appendix ITI) is used for the calculations

A8y
-

and the results are summarlzed in Table 3.7.1 and 3.7.2. 4

vy The results m Table 3.7.1 clearly indicate that the test is sensm\e to
,-'th"e dependence For p051t1vely serially correlated {X;} the size of the test is
| increased while it is decreased for negatlvely correlated observatlons That is,
positive (negative) serial correlations seem to\lead to the T-statistic being he;;vy
(ligllt)-tailed. "Further‘mo're Fiéure 3.7:1 indicates a much \higher sensitivity to

& ;xosmve correlatlons than to negative ones

It can also bﬁseen from Table 3.7.1 that increasing the sample size does

not 1mprove the robustness of the test by reducmg the sensitivity to dependence'

Critical F values to reJect H, W1th a 0.05 level of significance under the approx-
imate distribution of F are given in Table 3.7.2 and plotted acgalnst p.in Figure

3.7.2 for samples of size 21, 41 and 121.

50

degre; of dependence by computmg the tail area under the approxxmate probability



Table 3.7.1 Area Above the 5% Critical Value. =~ * .

n-1 20 40 120, ,

: -0.60 | 0.0114 | 0.0098 | 0.0085
-0.50 | 0.0157 | 0.,0144 .| 0.0133
-0.40 f~ 0.0206 | 0.0196 | 0.0187
-0.30 |~ 0.0262 | 0.0254 ¢ 0.0247
-0.20 | 0,0326 |.0.0321 | 0.0317
-0.10 | 0.0404 | 0.0402 | 0.0399 .

0.0 0.0500 | 0.0500 | 0.0500
0,10 | 0.0626 | 0.0629 | 0.0630
0.20 | 0.0793 | 0.0800 | 0.080f
0.30 | 0.1025 | 0.1033 | 0.1034
0.40 | 0.1353 | 0.1360 |[~0,1358 |.
0,50 | 0.1827 | 0.1826 | 0.1814 .
0.60 | 0.2520 | 0.2494 | 0.2460

n-1] . 20 ‘ 40 120
AN :
-0.60 2.4081 2.2292 2.1432
-0.50 2.6920 | 2.5213 2.4203
-0.40 2.9831 2.8176 2.6988
-0.30 3.2819 3.1179 | 2.9784
-0.20 . 3,5884 3.3885 3.2281
-0.10 3.9432 3.7315 3.541%6
0.0 4.3500 4.0800 . 3.9200 |
0.10 4.8351 4.5147 4,3450
0.20 | - 5.5475 - 5.1379 " 4.8957
0.30 6.4136 5.9653 5.6999
0.40 7.8286 7.2154 6.7673
0.50 9.9692 9.0629 8.5654
0.60 13.8782 12.2429 11.3603
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Figure 3.7.1 The Effect of p on the Size of the Test '
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APPENDIX I
EVALUATION OF |A]

We want to evaluate thé 2n X 2n determinant,

R; R;
|A| =1 )
R; Rq
3
where : - N
1-2Ty —p O o ... O 0. \
-p z —p O 0 0 ‘
' 0 —p T . —p 0 0
TRy = 0 0 —p =z 0
0 0 0 0 .  —p
0 0o 0 0 —p 1-2To ) nya
?

~z=1+p'—2Ty

Al

Ry = (1 - 2TO)Inxn y

R3 = 2TOI'3‘Z(n .

—

Since Ry and R; are non-singular we can write,
R: Rs

Rz Ry

56 .



A R: O "0 Rs
L = i + "
0 R, kRg 0
R, g (I @ R;! O 0 Ry
? ey B +v’
L0 R, o r o R;y'J\Rs O
R, O 1 R;‘Rs
= - ;1\‘: .
0 RZ R;lRa f‘ 2
Thus, - - . *
. ) | RIIR;;
(1.1 '
—_— R;'Rs I

Applying the theory of partition matrices, (Aitken(1959)), we dén-wriie,

)

I / R{IR; o 1 R;‘R;:,»HI = 0
~R; R o N
R2_1R3V I . l 2 3‘ R2—1R3 Y S | llO R.Z—IR;;
iy P . R{'RsR;'Ra| «
" R; Ral L
Rz Rs| R;'R;  R;'Rs s
1 I1- R7!IR3R;'R; Rf‘RzR{‘R'q
" |R; 'Ry

0 7,_ , R;'Rs

o =I- R;'R:R; R

= I-R'RIR;'| ,_since Ry is diagonal.
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T herefore, from (I.1) we get /

» L 4

¥ o
A| = R Ro ||l - RT'RIRS|

= |[R1R; - R}

; T =|(1-2T)R — 4T31|
or, _
(1.2) | (A] = p"(1 — 2T0)" An

where A, is the n®n _detérminarit,

i

‘i‘ 3
: ¥

L K A; -';‘,1, A; = ab -1 etc. '

o RIS o ; K .
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In general,

NS = bA; ~ A,

or
(1.3) ' Ajyg— A, +A;=0 .

Let E be the forward operator of the calgulus of finite difference defined by,

E(f(7)) = f7+1)

:i:hen‘ (1.3) can be written as
(1.4)

Ihé"éxuxiliary equation is

¥

G

which has two roots

’
b+ Vb -4 1 b—Vbr—4 N
z = and - = ,
2 z 2
and hence
1
z+—-=05b .
z @
Thus the general solution of (I.4) is 8 )
) . . £
: 4" - Ky2) K
(1.5) ; LA = K2 o



N
N

‘ and, applying the conditions . .

Al =a A;-:‘ab-—l ,

we get - ; .
' ‘ K K
a.r=K1z~{_—"—"—z—2 and‘ ab—l—Klz +——2

whose solutioné for K; and K; are .

1-az . z2(a—2)
Ki T 2 and Ko -
Thus from (1.5) we gel &
., (1-az) ; 2(a—2)1 ,
~ . ArT T aw v

- But

so that - R - )

'a(gl — az) n—1 ) a‘z(a _"z) 1 ) (1 _az) n—2 z(a —_ z)

: An=‘(—1’:?)‘z;_ + (l_zz‘-)—zn-l f-.(l—,z?)z . QL;_ 2%)
S ____1__._3{a(1.-az)z2"‘+az (a—z) (1—az) =2 _

(1 —22)2"

L
= {H(d) —az— @z + 2

* @ +Y)
(1 — 2%)z" »;
= e radal i zz"-,2(1’)§az)2}?f

(1 =22z

"

Finally ‘from,’(I.Z)-V\"e get"‘

)({*.6) | LA|='%{;@Q)2\ ‘2n‘z( az)}

— 221~ az ~ az +a’z

K

2,2

zﬂ.

a — z’) 23}..‘ ’

—2

)}
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. | | -

S.

W . ' APPENDIX II _
A METHOD OF INVERSION TO DETERMINE THE DISTRIBUTION B
. OF A RATIO FROM THE JOINT M.G. F OF ITS NUMERATOR

~ AND ITS DENOMINATOR e

o The followmg result Wthh is knovs;n as the Cramer-Geary mversmn for-
mula i is a form of Geary s (]944) extension of Cramer’s theorem further extended
3 Let the statlstlcs c and ¢o where co is almost sure@posmve have the .

joint‘prpbabxhty den51ty functlon [(cos¢)- We wish to find the distribution of
r=c Jeo

N

The Jacobian of the transformation. v

-

‘¢ =rcg, €o=¢p s
Ay ﬂ . N
1 . ‘1

L o { co, \1 ll 0 ‘: C' PR
. R n d(co,r r ° e
‘ and the Jomt probablhty dlstrlbutlon functlon of the dlstrlbutmn of ¢cgandris.
S '
g(r,co) = cof(co,red -
The density of r can now be obtained as a marginal p.d.f. by integrating over co

‘to give i = .
(I1.1) - h{r) =;./ caf(co,reo) deo .
‘ T 0 v e

? ¢ '
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g - 1 ) — o
' /0 ‘f(Co,rCo)ef‘?O'.tffk-‘c’)j/ <2wz)2//Mu—rT T)e “°°dudT) e“odey
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Let M (To,T) be the joint'moment generating function of ¢ and c.

‘M(To,T) = E (é-(T9C°+T°))‘ L b

e o BN

. \“‘

Then by the Fourier inversion theorem - " .

o . : ) . W -
;\ -

1 / y —‘c— " |
. ¢ : * h ‘ .

where integration is along the imaginary axes in-the Ty and T planes from -'if'ouo to |

ico or along any allowable defarmation of these paths. Thus,h - \"

~ fleo,reo) = @y / / M TO,T) —(T0+'T)C° dTg dT -

Consider the transformation i

' [
u=To+rT T=T 4
~ with J‘aqobian, _ )
e | T 1T

Then To = u — rT and I ‘ - 7 o >
Flcor P (4 — F) g™ tco k T R

; ,f'(co,rlco)_ iy // M(u -rT,T)e dud

the inner integration being along th.(;vimaginary axis in the u-plane or along a)ny

allo'x;vable déférrﬁation of it. Then, _'

/ > / M(u - rT,T) “““’du) "“’dco}dT‘.'
(2m 0. 27n



But by the Fourier Inversion Theorem,

[ 00 1 vy B » ) .
) ) _ Yo oy Uco Jpo = - _
/o ((27”,) /M(u | rT,T)e " u) € ¢o M(u- rT,T) .

>

Thus, ‘ , .
1 R RN P
/ f Co,TCO)e Odco = W/M(u T T)dT

Differentiating under the integral signs with respvect to u, we get

N 1 ‘
(4] —_— —
(11.2) / f co,rco)coe dCO = (2 7 / 3 M(u rT, T)dT

and setting u¥0 we get ' : RO

/ f{co,reo)co dco 2 ) /——M u—rT T)|y=odT |

Thus from (IL.1) we have

(I1.3)— h(r) % S

&) / %M(u‘ =T, T)|u=o0 dT € .

If-we wish to. transform from T to some other x%riablé z by
T = T(z,u) ,

then o _
| M(u—eT.T) 4T = Mlu- T(z,u),:r(z,u))g;:r(z,‘u) dz .

" Substituting this in’ (IL 2) glves, "

/ f co,rco)e"“’dco /M(u (z,u.))gzz—(z,uv)-'dz,

—
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integration being along the transformed contour, iqme z-plane. Finally differenti-

-

ating w1th respect to u and setting u=0 we obtam w

g
Aﬂ

(I1.4)  h(r) = o ! )/:u {M( —1T(z, ) T(z,u) T(z,w}
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APPENDIX III
A PROGRAM TO COMPUTE THE SIGNIFICANCE LEVELS
AND CRITICAL VALUES T

This program Whichlis written in FORTRAN-77 computes:
(i) the size of the test for given critical F,p.a.nd n,

and | | ‘
(ii) the 5% critical Fét'alue for given p aALn'd n. - 0

under the approximate distribution of F derived in this the51s To compute the area

under under the density curve the program calls the IMSL subroutme DCADRE

Since
o .
FC<F<oo¢:b—-—ri—c—‘——<r<n- .

| _consjdering the snmplmty of computation, the tail area is calculated using the
density function h(r) of r given by the equatlon (3.5.10). Also, to 1mprove the

accuracy the result is renormahzed by d1v1d1ng by the whole area under h(r).

66

The program handles multlple 1nput lmes Each 1nput line con51sted of:

[

(i) N- the sample size, . | '
o ( i) RHOMIN and RHOMAX - ‘the minimum amd maximum values of p to
| ' | be used for the calculatxons, '
| (iii) RHOINC - the step in which p should be"increment.ed for computations
and’ " : .. | O . ;
(IV), 5% critical F under the mdependence assumptton ie., F1,n—1,0.05-
— The prograrn outputs the tail area above F, ,,_.1 0.05 and ‘the 5% critical

[ N to RHOMAX w1th mcrements RHOINC for

- F for the va_lues of p»from’
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REAL DCADRE,F,X0,X1,X2, RHO RHOMIN, RHOMAX,RHOINC,FVALUE
INTEGER N, NPLDTS

EXTERNAL F

. COMMCON FN,RHO

88

70

72

PI=3.141592654
AERR=0.0
RERR=1.0E-4
READ(5,*)NPLOTS,ERRB
ARUB=0.05+ERRB
ARLB=0.05-ERRB
DO 999 I=1,NPLOTS
READ (5, * )N, RHOMIN, RHOMAX, RROINC, FVALUE:
< 12)1 (N-1)
13) |
14)
15)
FN=FLOAT (N)

X0z10. 0% (-7)

X 1=FN*FVALUE/ (FN-1. O+FVALUE) .

RHO=RHOMIN-

IF (RHO.NE.0.0) THEN :
TAREA=DCADRE(F,X0,FN,AERR,RERR, ERROR, IER)
AEEA =DCADRE (F, x1 FN, AERR, RERR, ERROR, IER)/TAREA

ELS
AREA=0.05 ;

ENDIF o \

WRITE(7, 16)RHO, AREA

RHO=RHO+RHOINC

RHO=ANINT (RHO*100,0)7100.0

IF (RHO.LE.RHOMAX) GO TO 88

WRITE(7,11)

WRITE(7,17) -,

RHO=RHOMIN

X 1zFN*FVALUE/ (FN-1. O+FVALUE)

XHzFN

XL=0.0

IF (RHO.NE.0.0) THEN:

TAREA=DCADRE(F,X0,FN, AERR,RERR,ERROR, IER)
AREA=DCADRE (F ,X1,FN,AERR, RERR, ERROR, IER) / TAREA
IF (AREA .GE. ARUB) THEN
XL=X 1 o \
X1=(X1+XH)/2.0
GO TO 72 |
+ ELSEIF (AREA _LE. ARLB) THEN
XH X1
=(X14XL)/2.0
| GO T0 72
ENDIF

—~——



- 999
11

13
14

- 16
17

FV=(FN-1, 0)*X1/(FN X1)
ELSE . §
FV=FVALUE

ENDIF

WRITE(7,16)RHO,FV

RHO= RHO*RHOINC :

RHO=ANINT (RHO*100. 0)/100 0

IF (RHO.LE.RHOMAX) GO TO 70

WRITE(7,11)
CONTINUE
STOP ‘ ,
FORMAT(//1X) . :
FORMAF(//15X,’ Plot # 12, (n-1)=’,14)
FORMAT (15X, ' “1/)
FORMAT (5X,* Rho 7X," Area Above the Null’) -
FORMAT(15X 5% Critical Value'/)
FORMAT(F8. 2 F15.4)
FORMAT(5X,’ Rho’ ,7X,' 5% Cr1t1cal Value'/)
END \
REAL FUNCTION F(RY)
COMMON FN, RHO :

Y1=(1.0+(1,0-RHO) **2) : ‘
A= RHO*(FN*Y1 -R) =
B=FN*Y1x( 1, 0+RHO**2) - 2 0*RHO*R
DEL= SQRT(B*B 4 . §xAxA)
BETA=(B-DEL)/(2.0%A)
RB=RHO*BETA

X1=(2,0+RHO**2-2.0%RB) /R

x2=(1,0-BETA)/(1.0-RB)
X3=BETA/(RHO* (FN*Y1-R))
X4={RB* (RHO-BETA)+2.0*BETA-RHO)/RHO

CF=SQRT(X1) * X2 = X3*%(3.0/2.0) * X4xx((FN-3. O)/2 0)

RETURN
END ’ . %

b

o
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