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Abstract

Nanotechnology has advanced research and development in various engineering disciplines, for

instance, charged nano-confinements with overlapping electrical double layers act as charge-

selective pores, thereby benefiting a wide range of technologies such as desalination, membrane

technology, and renewable energy. In this regard, a sound knowledge of nanofluidic transport

is essential. This doctoral dissertation contributes to this research area by providing a better

understanding of flow through charged nano-confinements.

As an essential forcing mechanism, a gradient of electrolyte concentration along a charged

nano-confinement can cause fluid motion without the need of an external electrical field or

pressure difference. This phenomenon, known as diffusioosmosis, is frequently encountered in

micro/nano-fluidic devices and biological systems. In this doctoral research, we numerically

investigate diffusioosmotic nanoflow in a charged nanochannel connecting two reservoirs of

different salt concentrations–a typical fluidic configuration for a variety of innovative appli-

cations. Under a wide range of parameters, our simulation results show that the flow speed

inside the nanochannel is linearly dependent on the concentration difference between the two

reservoir solutions, ∆c. On the other hand, the flow direction was influenced predominantly

by three key parameters: nanochannel length, height, and surface charge density. Based

on a comparative study between chemiosmotic and electroosmotic flow, we identified a non-

dimensional number to delineate different diffusioosmotic flow directions, thereby providing

a feasible strategy for flow control in a charged nanochannel. We also investigated diffusioos-

motic flow in a tapered nanochannel, where we found a significant dependence of the nanoflow

through the channel on the nanochannel taper angle and tip diameter.

ii



An interesting application of diffusioosmotic flows can be observed in the case of renewable

energy generation through reverse electrodialysis (RED). We numerically investigate such a

process of renewable power generation using a two-dimensional single cell model of RED.

Our numerical model consists of constant inflow of salt solutions of different concentrations

through two reservoirs, which are connected by a charged nanochannel. We compute the

coupled flow, ion flux, electrical potential, and resultant electric outputs in the nanofluidic

RED cell. The results of nanochannel resistance and power output density reveal a power-

law relationship on the concentration difference, quantitatively shedding light on the optimal

RED flow designs. Our simulations at different inflow velocities show that the electrical out-

put parameters remain nearly constant at low speed but increases at high velocity when the

advection effect becomes significant. To examine renewable power generation by harvesting

salinity gradient energy through RED, we designed a fluidic cell, consisting of two reservoirs

separated by a nanoporous cation-selective (Nafion) membrane. Two electrolyte solutions of

different salt concentrations flow through the reservoirs, creating a salt-concentration differ-

ence across the membrane. Using our single cell experimental setup, we investigate the effects

of salt-concentration variation, ∆c (between the two reservoirs), and flow velocity on the re-

newable electricity generation. The current-voltage (I-V ) characteristics of the single RED

unit shows a linear relationship. Similar to the predictions from our numerical simulations,

the variation of internal resistance reveals a power-law dependence on ∆c, while the open-

circuit voltage shows a logarithmic relationship. For the range of flow rate explored, change

of inflow velocity has an insignificant impact on the I-V data of the RED cell.
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Chapter 1

Introduction

The study of fluid mechanics at the laboratory-scale can be broadly classified into three

categories: millifluidics, microfluidics, and nanofluidics [8]. While millifluidic and microfluidic

setups have at least one of the dimensions of the flow apparatus in the scale of millimeters and

micrometers, respectively, nanofluidics deals with devices where at least one dimensions are

in the nanometer scale. Due to the different length scales, the surface area to volume ratio in

these three classifications are significantly different. Dominant surface forces are witnessed for

micro/nanofluidic setups, which are insignificant in larger scale flows, causing flows through

micro/nano geometries to be distinctively different from conventional large-scale streams. The

present doctoral research investigates fluidic systems in the nanoscale regime using numerical

and experimental techniques.

1.1 Fundamentals of nanofluidics

Nanofluidics is a branch of fluid mechanics that investigates fluidic interactions and influences

at the nanoscale regime. In general, nanofluidic transport deals with length scales ranging

from 1 nm to 100 nm [8]. Since such minute geometries and fluid interactions are not visible

to the naked human eye, sophisticated magnification technologies such as scanning electron

microscopy and atomic force microscopy are used to visualize such systems. Fuelled by the

rapidly growing interest in nanofluidics, path-breaking nanofabrication techniques have been

1
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reported, such as electron beam lithography, optical projection lithography, X-ray lithography

[9]. In addition to these conventional techniques, researchers have also fabricated nanostruc-

tures through self-assembly [10], nanoimprint lithography [11], and scanning probe lithogra-

phy [12]. The boom in nanoscale research over the past few decades can be attributed to

the close resemblance of nanofluidic setups to naturally-occurring biological systems, such as

charge-selective membranes, cell pores, which can bring us closer to building structures in

close resemblance to that found in nature.

Due to the higher surface-area-to-volume ratio in micro/nano-fluidic systems, several

surface-related phenomena are found to be dominant over other volume effects. Some of

the significant surface effects at the micro/nanoscale are described below:

Surface tension

The tendency of fluid surfaces to minimize their surface area to the lowest possible value is

originated from surface tension. This minimization of the surface area is the result of the

inherent tendency of molecules to remain in the state of lowest energy. Surface tension is

proportional to the strength of the adhesive force in a solid-liquid interface and is measured

in force per unit length. This surface property plays a crucial role in a number of daily-

use products, for example, paints, pharmaceuticals, detergents. Fluid motion can also be

initiated in specially designed apparatus utilizing differences in surface tension, which is widely

known as Marangoni effect [13]. By exploiting surface tension between solid-water interfaces,

superhydrophobic surfaces are synthesized for a variety of applications, for instance, drag

reduction [14, 15], self-cleaning coatings [16], and anti-icing systems [17]. Due to the higher

surface-area-to-volume ratio, surface tension can also play a very crucial role in nanofluidic

transport.

Capillary action

Capillary action is the ability of a liquid to flow in narrow spaces without the assistance of

external forces [18]. Capillary action has many benefits to current technological equipment,

such as in manometers and barometers [19] and liquid chromatography [20]. Biological appli-



3

Figure 1.1: Electric potential distribution in nanochannels of different height: (a) h = 20 nm,
demonstrating the overlapping of EDL and (b) h = 50 nm, showing no EDL overlap. The
electric potential, ϕ has been normalized with zeta potential, ζ. The red and blue dotted line
represent the 1-D electric potential profile from the top and bottom surfaces, respectively,
whereas the solid black line is the resultant electric potential in the nanochannel.

cations of capillary rise can be witnessed in plants, where capillary action is utilized in the

supply of fluids to leaves and branches from the roots [21]. The capillary force has been ex-

tensively utilized in nanofluidic equipment and for different nanofabrication techniques, such

as to fabricate various polymeric structures using capillary force lithography [22].

Electric double layer (EDL)

Due to the presence of free electrons or holes near the surface, many substrates develop a

fixed surface charge when they are in contact with certain electrolytes [23]. This makes such

surfaces either positively or negatively charged when placed in contact with such solutions.

The electrostatic attraction by the surface charge causes the counter-ions near the surface to

form a layer of fixed charges (or the so-called Stern layer). Above the Stern layer forms the

diffuse layer, which consists of loosely-held counter-ions. The ions in the diffuse layer can be
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easily displaced under the effect of some stronger driving force [24], such as external pressure

gradient, or electric field. These two layers are essentially termed as EDL, which plays a very

significant role in the dynamics of fluid motion through these thin confinements. The Debye

length, λD represents the thickness of the EDL, and for a monovalent symmetric electrolyte

(i.e., ionic valence, z+ = z− = 1), it can be mathematically expressed as:

λD =
√

ϵ0ϵrRT

2F 2c0
(1.1)

where c0 is the ion concentration, ϵr is the relative permittivity of the medium, ϵ0 (= 8.854 ×

10−12 Fm -1) is the permittivity of vacuum, and F (= 96,485 Cmol-1) is known as Faraday’s

number. Overlapping of EDL is observed in narrow nano-confinements, which causes signifi-

cant variation in overall flow, and gives rise to charge-selective behavior in certain nanoporous

membranes [25]. For a quick introspection, λD ≈10 nm when c0 ≈ 1 mM, and thus, in this

case, nanochannels of height ≲ 20 nm will experience an EDL overlap whereas wider channels

( ≳ 25 nm) would not.

1.2 Electrokinetic flow in nano/micro-fluidics

The study of fluid flow of electrolytes fluids through charged nano-sized compartments is

broadly referred to as electrokinetics [26]. Some types of electrokinetic flows are described

below:

1.2.1 Pressure-driven transport

Pressure-driven transport, predominantly used in large-scale fluidic setups, can also be useful

in micro/nano-fluidic systems. However, the pressure difference that needs to be applied to

nano-confinements is higher, and thus, the compressibility of fluids needs to be considered

when the channel dimension is ≤ 10 nm [27]. There are a plethora of engineering applications

of nanofluidic flow driven by a pressure gradient. For example, pressure-driven nanofluidic

transport was implemented to generate renewable energy [28, 29], to study the transport be-

havior of DNA molecules [30], and to generate high-velocity flow through carbon nanotubes
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[31]. In a comparative study regarding solute separation, Xuan et al. reported that solutes

with different valence are more effectively separated via pressure-driven flow, whereas elec-

troosmotic flow is more efficient in separating charged ions with different mobility [32].

1.2.2 Electroosmosis

Fluid flow is a micro/nano-fluidic setup due to the effect of an electric field is termed as

electroosmosis. Electroosmotic transport is caused by electromigration of ions due to an

external electric field or induced one (caused due to interaction between surface charge and

ions in the electrolyte). Under the effect of an electrical body force, Fe, the electroosmotic

velocity, uEO, for a charged nano-confinement of constant zeta potential, ζ, along its surface,

can be described using the Stokes equation as shown below [33]:

µ
∂2u

∂x2
− ∂p

∂x
− Fe = 0. (1.2)

where Fe = qEx: q is the charge density and Ex is the tangential electric field in x-direction.

Considering 1-D distribution of charge, the charge density q is related to the electric potential,

ϕ, and can be described by the 1-D Poisson’s equation, which is given by:

ϵ0ϵr
∂2ϕ

∂x2
= −q, (1.3)

In addition, for a simplified 1D analysis, the concentration distribution can be expressed

using the Boltzmann distribution of ions:

c± = c0 exp(∓
ezϕ

kBT
) (1.4)

where kB is the Boltzmann constant and T is the operating temperature. Using these three

equations, we can obtain a simplified 1D formulation of electroosmotic velocity, uEO [24, 34]:

uEO = −
ϵζEx

µ
(1.5)

Electroosmosis plays a prominent role in plant physiology, and the resultant transportation

of fluids [35]. To name a few industrial applications, electroosmotic flow finds its usage in

sludge dewatering [36] and micropumps [37].
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1.2.3 Electrophoresis

The motion of suspended particles in an electrolyte solution under the influence of an exter-

nal electric field is known as electrophoresis [38]. A simple electrophoretic system includes an

electrolyte solution with two electrodes of opposite charge which supplies the external electric

field (E⃗). In such a system, the electrophoretic velocity of a colloidal particle (v⃗ep) is propor-

tional to the applied electric field, and can be expressed as v⃗ep =mE⃗, where m is known as the

electrophoretic mobility of the particle. Electrophoresis has several biological applications,

including the manipulation and segregation of DNA molecules [39], protein separation [40].

Due to its ability to mobilize charged particles, it has been widely used for the segregation

of biomolecules, such as DNA [41], cells [42], proteins [43]. Electrophoresis has also been

frequently used for abiotic applications in the chemical separation of charged particles [44].

1.2.4 Diffusioosmosis

Another kind of electrokinetic flow is caused by the transport of electrolytes along a charged

surface due to a concentration gradient across the nano-confinement. This type of fluid flow,

termed as diffusioosmotic flow (DOF) [45, 46], has not been addressed in detail in the liter-

ature for unconventional geometries. This doctoral thesis, thus, investigates diffusioosmosis

in various geometries for different flow configurations. A typical schematic of DOF through

a positively-charged nanochannel with constant flow of solutions of different concentration is

shown in Fig. 1.2.

Diffusioosmosis primarily consists of two components, which drives the fluid flow. One

part due to the driving force of concentration difference is known as chemiosmosis, whereas

the other component is electroosmosis, which arises due to the induced electric field inside

the nanochannels. Since electroosmosis has been discussed before, we will focus on the math-

ematical description of chemioosmosis in this section.
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Figure 1.2: Schematic diagram of a two-dimensional model of diffusioosmotic flow through a
positively-charged nanochannel.

Chemiosmosis

When a flow adjacent to a charged surface is subjected to a concentration difference, ∆c,

across its length, a chemical potential gradient develops in the compartment. This initiates

fluid flow from one side of the compartment to another and is referred to as chemiosmotic

velocity, uCO. In a simple system assuming no velocity fluctuations in the transverse direction

(i.e., velocity in the y-direction, uy = 0), this flow configuration can be described using the

Stokes equation [33, 47]:

µ
∂2u

∂x2
− ∂p

∂x
− (c+ − c−)ze

∂ϕ

∂x
= 0. (1.6)

−∂p
∂y
− (c+ − c−)ze

∂ϕ

∂y
= 0 (1.7)

where ux is the velocity in x-direction, p is the pressure, c+ and c− are the cation and anion

concentration, respectively, ϕ is the electric potential, z is the valence, e is the unit electronic

charge, and µ is the viscosity coefficient. After appropriate mathematical simplifications of

the above equations, the chemiosmotic velocity can be expressed as [48, 49]:

uCO = −
kBT

µ

ln(1 − γ2)
2πλB

∆c

lc0
. (1.8)
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where γ = tanh zeζ
4kBT : ζ is the zeta potental of the surface, kB is the Boltzmann constant, and

T is the operating temperature.

1.2.5 Diffusiophoresis

The migration of particles in an ionic solution under an external concentration difference is

termed as diffusiophoresis. Diffusiophoresis can be useful in many day-to-day activities such

as cleaning of stains in clothes [50], effective deposition of aerosols in lungs [51], and efficient

interaction of digestive enzymes with bacterial cells [52]. By causing faster deposition of

particles in membranes, diffusiophoresis can be harmful in specific micro/nano-fluidic systems

by contributing to membrane fouling [53]. In addition, chemical reactions, crystallization, and

sedimentation in abiotic and biotic systems can cause local concentration variation initiating

diffusiophoretic flow, which can either be beneficial or detrimental to the system operation

[54].

1.2.6 Thermo-osmosis

Transport of fluid due to a temperature difference in a fluidic system is termed as thermo-

osmosis [55]. This phenomenon is receiving a lot of attention lately, due to its ability to utilize

waste heat from industries to mobilize fluidic systems [56]. Researchers have even utilized a

thermal gradient in a nanofluidic setup to harness heat energy [57].

1.2.7 Thermophoresis

Similar to diffusiophoresis, thermophoresis is the transport of particles in a fluid medium when

a temperature gradient is applied across it. In certain fluidic systems with no scope of external

electric field or concentration difference, thermophoresis offers a convenient way to mobilize

charged or uncharged particles. As a result, thermophoresis is frequently used for many bio-

engineering applications. For instance, investigation of droplet motion by thermophoresis

in a carbon nanotube was reported [58, 59], protein interactions in abiotic systems under

microscale thermophoresis was studied [60]. Researchers further reported the mobilization of
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single-stranded DNA through thermophoresis by infrared heating of the solution containing

DNA strands [61].

1.3 Ion-exchange membranes

Ion-exchange membranes (IEMs) are a particular type of membranes that allow ions of only

one kind of charge to pass through, while blocking the other type of charge [62, 63]. This

specific property arises since these membranes acquire surface charge during their interaction

with electrolytes and as a result, attract counter-charges while repelling away co-charges.

This spectacular property of these membranes allows them to be used for many engineering

applications. Depending on this ion-selective property, IEMs can be of two kinds:

1. Cation exchange membrane (CEM): This kind of membranes allows cations to pass

through, whereas blocking the passage of anions. Some commercially available CEMs

are the Nafion membrane, alumina membrane (Sigma-Aldrich).

2. Anion exchange membrane (AEM) These membranes typically promote the pas-

sage of anions through them, and prevents the flow of cations. A few examples of com-

mercially available AEMs are fluorinated membranes [64], Xion (The Fuel Cell Store).

Ion transport adjacent to IEMs includes a number of processes i.e., diffusion, electromi-

gration, and convection. These processes cause non-uniform concentration distribution along

with the pores and can be mathematically expressed using the Nernst-Planck equation [65]:

−∇⃗ ⋅ (D±∇⃗c± +
D±
RT

z±Fc±∇⃗ϕ) + u⃗ ⋅ ∇⃗c± = 0, (1.9)

Here, c+ and c− are the cation and anion concentration, respectively, whereas z+ and z− are the

corresponding valence of the ions. u⃗ is the flow velocity vector. T (= 293 K) is the operating

temperature, R (= 8.314 JK-1mol-1) is the universal gas constant, F (= 96,485 Cmol-1) is the

Faraday’s number, and D+ and D− are the diffusivities of the cation and anion, respectively.

The terms in the above equation describe the contribution via diffusion, electromigration,

and convection of ions, respectively [24]. Due to its unique property of charge selection, these
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membranes play a crucial role in several industrial processes, such as water desalination, power

generation, and waste treatment.

1.4 Applications of Nanofluidics

With improved lithographic and etching techniques, nanofluidics is presently implemented for

the improvement of many processes that deal with fluidic systems. For example, nanofluidic

transport finds its application in various areas of engineering and biomedicine, such as water

purification [66], renewable energy generation [67], biomolecule separation [41], flow detection

[27]. In this section, we will discuss two applications of nanofluidic transport.

1.4.1 Water purification

Providing clean and safe drinking water to the rapidly increasing population has been a

significant concern for under-developed and developing nations. Traditional water purifica-

tion involves several steps, such as sedimentation, disinfection, and filtration, which is both

time-consuming and cost-intensive. In this regard, various membranes with miniature pore

dimensions have demonstrated great potential for desalinating water, which could play an

essential role in reducing the total time and overall cost of water purification [68, 69]. With

recent advances in membrane technology, composite membrane, synthesized from readily avail-

able bio-based renewable polymers, have demonstrated high water rejection properties [70].

Besides, these membranes manufactured from natural sources have a low environmental im-

pact and purifies water faster than conventional techniques. Some examples of nanoporous

membranes used to water purification purposes are polysulfone membrane, polyethersulfone

membrane, polyamide membranes [66].

1.4.2 Renewable energy

Conventional energy sources, such as coal, gas, petroleum has powered the world for a very

long time. However, there are major drawbacks to using these energy sources, for instance, its

non-renewability, environmental pollution, and the greenhouse effect. According to estima-
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Figure 1.3: Schematic of a reverse electrodialysis cell, using a single ion-exchange membrane.

tions in 2005, with no new oil reserve discovery, the present oil reserves will run out in 32 years

[71], which does cause serious questions to the sustainability of life on the planet, unless we

successfully find alternative energy sources. In this regard, extensive research is going on to

find alternative renewable sources of energy, such as solar energy [72, 73], wind energy [74, 75],

fuel cells [76, 77], hydropower [78, 79]. Another such a source of renewable energy is salinity

gradient energy (SGE), which refers to the available energy due to thermodynamic mixing

of two solutions of different concentrations, and can be harnessed using charged nanoporous

membranes, such as reverse electrodialysis (RED), and pressure-retarded osmosis [80].

Reverse electrodialysis

Reverse electrodialysis (RED) is an emerging technology for harvesting SGE and has been

investigated in detail in the present thesis, both numerically and experimentally. A typical

RED cell stack, illustrated by Fig. 1.3, consists of ion exchange membranes assembled to

form alternating compartments of high salinity and low salinity solutions, with electrodes at

the end to harness the Gibbs free energy of mixing [67].

The concept of RED was first introduced by Pattle [81] by flowing salty and freshwater
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separated by alternate acidic and basic membranes. Through this setup, he demonstrated

the possibility of energy generation using charge-selective nano-confinements by obtaining a

maximum power output of 15 mW. To understand the inherent mechanism of ion transport

and electrical interactions in RED, Osterle and colleagues analytically studied the behavior

of charged membranes for small [82], and large concentration differences [83] between the

two solutions. In their theoretical analyses with Debye-Hückel linearization, they found that

the dimensionless membrane potential increases with an increase in concentration ratio and

a decrease in pore size. They further reported a high efficiency of energy conversion for very

narrow confinements (i.e., when O(h) ∼ O(λD), where h and λD are the nanochannel height

and Debye length respectively). Recently, the analytical estimation of the maximum power

density of RED stacks was reported by Vermaas et al. [84]. They concluded that with the

present technological advances, a maximum power density of 2.7 W/m2 could be achieved.

Moreover, significantly higher power densities (∼20 W/m2) could be reached by decreasing

the membrane resistance and cell length. Vermaas and co-workers further designed a RED

cell with recirculation of the feed water, theoretically achieving an efficiency of more than

50% through co-, counter- and cross-flow methods [85].

Through small-scale laboratory experiments, several studies have shown the feasibility of

generating power using RED. Similar to Pattle [81], Turek et al. designed a RED experimental

setup using alternating cation and anion exchange membranes, and observed power generation

for different solution concentrations and flow velocities [86]. They concluded that a low

concentration of dilute solution (∼ 0.56 g/L) and an optimum flow velocity (∼ 0.54 cm/s) can

generate maximum electrical output (∼ 460 mW/m2). Suda et al. designed a 59-compartment

RED setup with ion-exchange membranes to investigate SGE generation [87]. They reported

an exponential decay of power output with time, which may be explained with a capacitor-

type equivalent electrical circuit. Post et al. [88] focused on the energy recovery of RED

cells and reported that internal energy loss could be reduced by lowering inter-membrane

distance. Galama et al. experimentally studied the effect of salinity gradient on the cation

exchange membrane and its resistance, reporting that the membrane conductance is mainly

determined by the lowest external concentrations [89]. In the quest to improve the efficiency
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of RED, researchers have fabricated new membranes and implemented improved stack design

of RED cell [90, 80, 91]. Designing a nanocomposite membrane with organic and inorganic

components, Hong and Chen reported a power density of 1.3 W/m2 [92]. More recently,

Zhang et al. [93] reported considerable improvement in power generation through RED by

use of resin beads packed compartments as nano-confinements, instead of traditional ones.

To achieve the fundamental understanding and efficient design of RED cells, several nu-

merical investigations of RED were undertaken. To this end, most of the numerical work

focused on the analysis of a single nano-confinement (nanopore or nanochannel), instead of

an entire membrane for computational simplicity [4, 94, 5]. Assuming insignificant effect of

electrokinetic flow on RED electrical characteristics, Kim performed a two-dimensional numer-

ical analysis of RED and concluded that power generation can be maximized by minimizing

the cross-sectional area, increasing surface charge density, and optimizing the length of the

charged nanochannel [4]. This study was improved by Kang et al. by inclusion of electroki-

netic flow [5]. In this investigation, Kang et al. modelled a numerical simulation of RED using

anodic alumina nanopores with experimentally determined values of surface charge density.

They reported an increase of the diffusion potential and a decrease of electrical conductance

with an increase in nanopore length. With optimized design parameters, they achieved a

power output density of 9.9 W/m2. However, Kang et al. did not analyze the effect of ex-

ternal flows, which can be frequently encountered in steady-state experimental models of an

RED cell. In this doctoral thesis, we numerically investigate RED through a single charged

nanochannel without neglecting the effect of external flows through the reservoirs.

On the experimental front, investigations of RED power generation was performed using

various charged membranes, such as microfiltration membranes [95], polymeric membranes

[96, 97], silica nanochannels [98, 99, 100], porous diaphragm [101] and Al2O3 membrane [102].

One such membrane which demonstrates excellent charge-selective characteristics is the Nafion

membrane. Previous investigations using the Nafion membrane focused on the electrokinetic

energy conversion characteristics [103], and the effect of temperature [104]. Our experimental

investigation reports a detailed analysis of state-state electrical measurements of a RED cell

using a Nafion membrane for different concentration difference across the membrane and
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different solution inflow rate.

RED pilot plant:: In order to test the feasibility of power generation from salinity

gradient, a pilot plant was installed in Afsluitdijk, The Netherlands, in 2014 [105, 90, 106].

This plant has the capacity of generating 50 kW of power, with a power output density of

2.6 W/m2. Through this pilot project, it was estimated that the total potential of electricity

generation through this process for The Netherlands alone is 200 MW, which is about 5% of

the total energy consumption.

1.5 Overview of the thesis

The present doctoral study deals with numerical and experimental study of flow through

charged, nanochannels, with particular focus on its applications in the area of renewable

energy generation. Since three out of the four studies performed in this doctoral thesis involves

numerical simulations, the details of the basic numerical modeling framework, performed in

COMSOL is presented separately in Chapter 2.

Chapter 3 reports diffusioosmotic flow in a straight nanochannel. In this chapter, we focus

on the change in the flow direction of the solution with the change in control parameters. For

the first time, a non-dimensional number based on nanochannel parameters has been proposed

with can predict the flow direction in a nano/micro-junction.

Chapter 4 concerns the diffusioosmotic flow in a charged, tapered nanochannel, where

we have investigated the effect of the angle of taper on the flow magnitude and direction.

In addition, the impact of other vital parameters, such as nanochannel tip diameter, length

concentration difference, and the flow rate has also been investigated.

In Chapter 5, we analyze one of the engineering application of ionic interactions of elec-

trolytes through nanochannels, by studying its power generation capacity through RED. In

this analysis, we investigate the key parameters affecting the power output of a RED cell

and report a power-law dependence behavior of internal resistance and power output density

on external concentration difference. Through our simulations we aim to develop a better

understanding of variation of energy conversion efficiency and power density with solution
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concentrations, concentration gradient, nanochannel dimensions, and flow rate.

Lastly, the experimental observation of power generation through a RED cell was reported

in Chapter 6. In this chapter, we discuss the use of the Nafion proton-selective membrane to

capture energy from solutions of different salinity.



Chapter 2

Numerical model

A significant part of the present doctoral thesis was undertaken through numerical investiga-

tion of ionic flows through nano-confinements. Hence, a detailed description of the numerical

model is quintessential. The numerical models were implemented using the commercially

available finite element-based numerical simulation software, COMSOL Multiphysics 5.3a [1].

A few advantages of using COMSOL Multiphysics can be listed as follows:

• No requirement for any other external applications or meshing software, since COMSOL

Multiphysics is a complete package which includes built-in meshing application and

solver. Only in case of complicated geometry, there may be a need to use specialized

design software.

• COMSOL offers easy coupling of multi-physics problems. The user gets to choose

whether he/she wants to implement a full coupled solution or partial coupling of the

solutions.

• COMSOL can help with an easy tackle of solving complex problems in a complex (flu-

idic) geometry, which often presents numerical challenges for common direct numerical

simulation methods based on a finite difference scheme.

• It is possible to easily switch between simple (with physics-defined mesh), and compli-

cated models (with refined user-defined mesh).

16
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• COMSOL Multiphysics a user-friendly graphical user interface, where the user decides

how much details of the simulation and solver he/she will be working.

• Even though simulation time depends a lot on the system configuration, COMSOL

Multiphysics, through an efficient in-built selection of best numerical approach, provides

the simulation results in relatively less time.

However, like every numerical software, there exists some limitations of COMSOL. Some of

them are relatively less control on meshing, and complicated process of creation of the model

geometry. In this project, we are dealing with a multi-physics problem that involves coupled

solution of Poisson’s, Nernst-Planck and Navier-Stokes equations. Since COMSOL Multi-

physics is an excellent numerical tool for analyses involving multiple physical phenomenon,

this software was a reasonable good option.

The following section provides details of the simulation flowchart that was followed for our

numerical investigation. Section 2.2 describes the geometrical model for diffusioosmotic flow

in a straight channel, and a RED cell used for investigating renewable power generation from

a salinity gradient of electrolytes of different salt concentration. The grid Independence study

was also conducted for this numerical analysis and has been reported in Section 2.3. All our

numerical models have been benchmarked by comparing our results with existing analytical

and numerical results of simplified models related to diffusioosmotic and electroosmotic flows,

which is elaborated in Section 2.4.

The geometry, boundary conditions, and benchmarking of tapered nanochannel are not

reported in this chapter, but on chapter 4.

2.1 Simulation Flowchart

A graphical representation of the simulation procedure, identifying the key elements and

interrelationships can be conveniently illustrated through a model flowchart. Thus, a basic

flowchart for our numerical simulations is provided in Fig. 2.1. Each key computational step

listed in the flowchart is elaborately described below [1]:
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Figure 2.1: Flowchart of our numerical procedure. The simulation is implemented in COM-
SOL Multiphysics 5.3a.[1]
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1. Governing equations: The very first step for any numerical modeling is the mathe-

matically formulate the problem. In this regard, we first identify the governing equa-

tions for our problem. For the analysis of a steady-state RED problem with a single

nano-confinement, Poisson’s, Nernst-Planck and Stokes equations are used to solve for

electrical potential, ionic concentrations, and flow fields.

2. Geometry: The second step for numerical modeling in COMSOL Multiphysics is to

create the geometry of the problem. We investigated a 2D model of reverse electrodial-

ysis to study ionic flow and electrical output using a positively-charged nanoslit. Our

geometry consists of a single nanochannel and two reservoirs, through which solutions

of different salt concentrations flow. This particular configuration can be treated as

micro/nano-junction, where the reservoirs represent the microchannels.

3. Boundary conditions (BCs): This step in probably the most critical undertaking

for the numerical model. After careful analysis of the actual experimental system, the

boundary conditions for each boundary of the computational domain has to be decided

for all the governing equation such that it can provide outputs which is comparable

to experimental observations. The boundary conditions for the governing equations of

the present problem were decided based on the underlying physical mechanisms and

reasoning as well as previous numerical models of RED without external flow [4, 5]

and other experimental reports which concern the BCs for modeling surface charges of

nanopores [107, 108] and flow field (with no-slip and no-penetration BCs) [109].

4. Mesh independency study: It is an essential step to check the mesh independence

of the numerical simulation models. Starting for a course mesh (with less number of

elements), we gradually increase the mesh size until we do not observe any variation in

the results with further increase in mesh. We identify the mesh size after which there

is no significant change in output. Henceforth, we always use a mesh with has equal

to or greater number of elements than the identified mesh size. In this project, we

systematically increased the total number of elements in our numerical simulation to

examine the reproducibility of some important output parameters.
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5. Solver: For the current analysis involving multiple physics, COMSOL uses a multi-

frontal massively parallel solver (MUMPS), which is a direct solution method, based on

Gaussian factorization [110]. MUMPS is an algorithm based on a multifrontal approach

to solve linearized equations of the form of Ax = b, where A is the (differential operator)

coefficient matrix, x is the vector of desired variables to be solved for, and b is a known

vector calculated based on the numerical, discretized differential equations used. The

solution technique of MUMPS can be broadly divided into three parts [110]:

(a) Analysis: This is the pre-processing stage, where the solver decides on the par-

ticular Gaussian factorization method to be used by analysis of the matrix, A

(i.e., checking whether the matrix, A, is diagonal, symmetric, etc.) to simplify the

solution method used.

(b) Factorization: In this step, the matrix, A, is factorized into either A = LU (where

L and U are lower and upper diagonal matrices, respectively) or A = LDLT , where

D is a diagonal matrix, and the superscript T denotes transpose of a matrix.

(c) Solution: At this stage, the factorized matrices are solved to obtain the final

solution, x for the linearized set of equations, Ax = b.

6. Computation: As already discussed, we have used the commercially available software,

COMSOL Multiphysics 5.3a, for our numerical computations. This software uses finite

element method to solve numerical problems, using various algorithms and solvers. We

have used the built-in MUMPS solver described above.

7. Validation: Validation forms an essential step for any numerical simulation, where we

develop credibility of our model by comparing with previously established analytical,

numerical, and/or experimental results from the literature, or our experiments. This

step helps build trust and confidence in our model. Due to the absence of experimental

results on such miniature nano-confinements, we validated our model with previous

analytical results and numerical findings (see Section 2.4 for details).

8. Parametric analysis: After the benchmark of our numerical model, we systematically
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vary the various parameters and study the resulting electrical characteristics of the RED

cell, and the corresponding flow. In our problem, we analyze the effect on output char-

acteristics for change in model parameters, such as nanochannel height, h, nanochannel

length, l, and concentration difference, ∆c.

2.2 Model geometry

The basic geometry of our problem is shown in Fig. 2.2. The positively-charged nanochannel

connects the left-hand and right-hand reservoirs. The far end of the reservoirs are fitted

with electrodes for electrical signals. Solutions of different concentration flows through the

two reservoirs at the same flow velocity. Through the left-hand reservoir flow a solution of

higher salinity, whereas a dilute solution flows through the right-hand reservoir. The charged

nanochannel allowed preferential exchange of ions between the two reservoirs. This problem

involves interactions among various ions, electrical voltage distribution, and the effect of flow

of solution, which can be represented by simultaneous solution of the Poisson’s, Nernst-Plank,

and Stokes equations. Generally, the continuum model is still valid for liquids in nanofluidics

when dimensions are not less than 5 nm [111]. In accordance with this hypothesis, we have

kept the geometric parameters in our model more than 5 nm for all our cases.

2.3 Mesh independence studies

We verified the reproducibility of our numerical results by performing mesh independence

checks for the current-voltage (I-V ) characteristics of the RED model. We plotted the linear

I-V curves for different mesh sizes and total numbers of elements, shown in Fig. 2.3, and

further confirmed the mesh independence with the values of open-circuit voltage, ϕ0 and

nanochannel resistance, Rc, summarized in Table 2.1. It can be seen that the reproducibility

of the results is enhanced significantly (with around 5% variation) when the total number

of elements is greater than 20,000, which was used for all the computations presented. We

describe the uncertainty analyses performed during our simulations to ensure systematic and
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Figure 2.2: Schematic of the model geometry that was implemented in COMSOL

consistent results in 2.5.

When the total number of elements is greater than 20,000, the reproducibility of the results

is enhanced significantly (with deviations within ≈ 4%). Therefore, the typical mesh number

for all computations were greater than 20,000.

2.4 Validation

The present numerical configuration is a 2D steady-state problem using Cartesian coordinates.

The numerical study has been implemented using a finite element method with COMSOL

Multiphysics (version 5.3a) [1]. We validated our numerical model based on previous analytical

as well as other numerical solutions of a simplified model.

2.4.1 Benchmark with analytical results

Analytical description of 1D electrokinetic flow in a narrow capillary of a surface potential

under an external electrical field (without external reservoir flow and concentration difference)

was previously reported [2, 112]. We computed similar situations by modifying our present
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Total number Open-circuit Internal
of elements voltage resistance

Etotal ϕ0 (mV ) Rc (MΩ)
2156 89.58 113.84
5472 73.30 193.07
6738 58.96 190.74
11752 141.52 252.46
17536 115.06 249.01
21582 114.89 264.49
26918 118.12 253.61
29952 108.81 249.15

Table 2.1: Mesh independence studies based on the current-voltage data of the RED cell,
revealing the changes and convergence of electrical outputs, ϕ0 and Rc, with increasing the
total number of mesh elements.

Figure 2.3: Mesh independence studies showing consistent results obtained when the total
number of elements (Etotal) is greater than 20,000 and the number of edge elements (Eedge)
is larger than 850.
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Figure 2.4: Comparison of non-dimensional electric potential along the transverse direction (y-
axis) of our two-dimensional (simplified) numerical simulation with one-dimensional analytical
results of electrokinetic flow under an external electric field without external flow nor external
concentration difference, reported by Burgreen and Nakache [2]. The numerical results are
shown for different electrokinetic radii of h/λD = 1 ( ), 2 (∎) and 4 (▲), compared with the
corresponding analytical results (#, ◻, and △, respectively) by Burgreen and Nakache [2].

simulation model (but using the current 2D computational domain), with a surface charge

σ ≈ 1.55×10−4 C/m2, which corresponds to a constant zeta potential [113] of 23.5 mV (used in

Fig. 2 of Ref. [2]) along the charged nano-channel without external reservoir flow. Shown in

Fig. 2.4 is the comparison of the analytical and our simulation results of the electric potential

profile across the fine channel. Albeit different computational geometries used, the comparison

between the simulation and analytical results by Burgreen et al. [2] show good agreement,

with the percentage relative error of ≈ 5% for the different cases of h/λD = 1, 2, and 4.

We first validated our numerical model with the analytical solution of electrokinetic flow
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of a dilute electrolyte under an external electrical field by Burgreen and Nakache [2] In the

theoretical analysis without any external flow or concentration difference, they formulated

the generation of streaming potential in fine capillaries and analyzed the dependence of the

resultant flow on the channel radius and Debye length. This 1D analytical simulation, based

on surface potential, ζ, has been compared with our 2D numerical simulation, based on surface

charge density, σ, using the well-known Grahame relation: σ = ϵ0ϵrζ/λD [114]. Illustrated

in Fig. 2.4, the transverse electric potential profile (non-dimensionalized with the surface

potential, Φ0) of our (simplified) 2D simulation agree well with the 1D analytical solutions of

the electrokinetic flow by Burgreen and Nakache [2] (maximum deviation ≃ 5%).

2.4.2 Benchmark with numerical results

Kim previously studied electric outputs of a RED process without considering flow field [4].

Our model, with required adjustments in the governing equations and boundary conditions,

provides consistent results with theirs. Fig. 2.6a illustrates good agreement between our test

results and those reported by Kim [4] concerning the average concentration profiles. As shown

in Fig. 2.6b, the overall profile for average electric potential agrees well (except near the end

of the nanochannel at x > 200 nm with a deviation of ≈ 10%).

In addition, we benchmarked our simulation with an investigation of electrohydrodynamic

transport by Pivonka et al. [3]. They reported transport of ionic solution across a negatively-

charged slit opening subjected to an electrolyte concentration gradient, but without external

electrical forcing. The nano-slit was connected to two steady reservoirs with no external flow

(i.e., vf = 0). With appropriate modifications in our simulation, by implementing h = 10 nm,

l = 150 nm, σ = −0.01 C/m2, cL = 10 mM and cH = 20 mM, we compared our results

with those of Pivonka et al. [3]. Shown in Fig. 2.5 are the simulation results of the average

cation and anion concentrations over the cross-section (in (a)) and average electric potential

(in (b)) along the nanochannel. The average cation and anion concentrations between the two

numerical models agree well, whereas a 10% deviation of average electric potential is present

at the junction of the left reservoir and nano-slit. We further investigated this discrepancy,

and compared the membrane potential (i.e. the potential difference across the nanochannel)



26

Figure 2.5: (a) Average cationic ( ) and anionic (∎) concentrations, and (b) average elec-
tric potential (▲) obtained by our simplified numerical model of diffusioosmotic flow without
external flow (i.e., the current model for steady reservoirs, but with vf = 0). The corre-
sponding comparisons are done based on the numerical results (#, ◻, and △) by Pivonka et
al. [3]. Here, we investigated a 2D steady diffusioosmotic flow through a negatively charged
slit (of height h = 10 nm, length l = 150 nm, and surface charge density σ = -0.01 C/m2).
The nano-slit is connected to two reservoirs (of dimensions 30 nm × 30 nm) with electrolyte
concentrations of cL = 10 mM and cH = 20 mM.
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Figure 2.6: Comparison of the current numerical results with those of RED model without
external flow (vf = 0) by Kim [4], revealing good agreements of (a) average concentration of
the cation, c+,avg (#) and anion, c−,avg (△) and (b) average electric potential, ϕavg (#), for
h = 20 nm, l = 160 nm, cL = 0.5 mM, cR = cH/cL = 100. Here, these simulations use a
negative surface charge density, σ = -0.1 C/m2.
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Figure 2.7: Validation of the present numerical model based on the results by Kang et al.
[5] h = 10 nm, l = 100 nm, cL = 0.1 mM, cR = cH/cL = 10, σ = 0.01 C/m2, and Ic = 0.
(a) Electrical potential profile, (b) cation concentration, and (e) anion concentration reported
by Kang et al. The corresponding results by our simulation are shown in (b), (d), and (f),
respectively.

from our results (∆ϕ ≈ 4.8 mV) with results reported by Westermann-Clark and Christoforou

[115](∆ϕ2 = 5.7 mV), which demonstrated a better agreement when compared to Pivonka et

al. (≈ 3.2 mV).

We further validated our COMSOL simulation by a comparison with the results reported

by Kang et al. [5]. As shown in Fig. 2.7, we found a good agreement between Kang et al.

findings [5] and our results for a simplified model without external flow.

2.5 Uncertainty Analysis

In the previous section, mesh independence tests were done with respect to the I-V data

of the nanochannel RED, such as open circuit voltage and internal resistance. Mesh with

more than 20,000 elements demonstrated about 5% variation with simulations using highest

number of elements (≈30,000). Systematic uncertainty for our simulation was minimized by

fixing the relative tolerance to be 10−2 for all our simulations. Our simulations in COMSOL

were terminated when the relative error of computed variables becomes less than the relative
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Figure 2.8: Representative curves illustrating variation of error, εr with iteration number for
our numerical simulations for different nanochannel heights, h = 10 and 60 µm.

tolerance. Relative error, εr, is calculated using the weighted Euclidean norm [1], as follows:

εr =
√

1

M

√
ΣM
j=1

1

NjWj
Σ
Nj

i=1 (Ei,j)2, (2.1)

where M is the number of fields, Nj is the degree of freedom in each field, Wj are the weights

determined from the residuals, Ei,j is the current residual. Fig. 2.8 shows representative

curves of calculated relative error, εr, varying with each subsequent iteration for two different

channel heights, h = 10 and 60 nm. To determine the appropriate relative tolerance value

for our simulations, a number of simulations for a sample numerical result were tested with

relative tolerance varying from 10−1 to 10−6. It was observed that reducing the relative

tolerance value below 10−2 did not have a significant impact of the numerical results. Hence,

a relative tolerance of 10−2 was used for our simulations. For majority of our numerical

simulations, the relative error was less than 10−3, as shown in Fig. 2.8.



Chapter 3

Diffusioosmotic flow in

nano-confinements

3.1 Introduction

Nanofluidic transport has lately attracted significant interest due to the advent of nanofab-

rication [116, 117, 118, 119] as well as its beneficial surface-dominant (or induced) effects

[120, 55, 8, 121]. For instance, nano-slits (typically of the order of 10 – 100 nm) can become

charge-selective due to overlapping electrical double layers (EDLs) in an electrolyte solution

and, hence, allow electrical interaction and manipulation [117]. This underlying mechanism

has recently been applied to various promising applications of nanofluidics for desalination

[98, 122, 123, 124], membrane technology [23, 125], cell biology [126, 118], and sustainable

energy using reverse electrodialysis [5, 101, 127, 128, 129]. Nanoflow generally can be driven

or manipulated by several external forcing mechanisms, such as, via temperature difference

[130, 131], capillary action [132, 133] or external electrical field [121, 47, 134]. For example, the

electroosmotic flow (EOF) is commonly used, and is driven by an external electrical field and

affected by the induced ion distribution within the EDLs along a charged surface [24]. Less

attention, however, has been given to the flow generated across a charged nano-confinement

under an electrolyte concentration gradient [135, 38, 49]. This so-called diffusioosmotic flow

30



31

(DOF) is a combination of two effects: namely, chemiosmosis and electroosmosis. chemios-

motic flow is fluid motion due to diffusive flow which induces a pressure gradient under an

electrolyte concentration gradient along the charged surface [136, 137, 138], whereas the mo-

tion due to the electrical interactions between spatial charges and the electrical field induced

within the double layers is termed as electroosmosis [139, 140, 141]. On the other hand,

motion of a charged colloidal particle under such a concentration gradient in the solution is

termed as diffusiophoresis [47, 49].

Most previous analytical studies of diffusioosmosis considered an electrolyte solution sub-

jected to a concentration gradient along a homogeneously-charged surface, with simplified 1D

Poisson-Boltzmann distribution of electrolyte concentration [142, 136, 137, 143, 45, 144, 145].

Keh et al. reported a closed form expression of diffusioosmotic velocity of the electrolyte,

equating the net equilibrium force acting on the solution to zero [136]. In the limit of small

zeta potential or wall surface charge density, Keh et al. found a monotonic increase of dif-

fusioosmotic flow with increasing zeta potential [136]. Keh et al. further demonstrated the

non-linear increase of diffusioosmotic velocity with decreasing porosity in a charged porous

medium with a 1D formulation of diffusioosmotic velocity as a function of EDL thickness, ion

diffusivities, and pore diameter [137, 45].

Another unique characteristics in nanofluidic flow is the phenomenon of ion concentration

polarization (ICP) observed in specific geometries. The phenomenon of ICP is indicated

via a strong concentration gradient (or polarization) of the electrolyte concentration within

a nano-confinement [146, 147]. For instance, under d.c. bias, concentration of a cation-

selective membrane could deplete significantly in the anodic side, resulting an ion-depletion

zone. Simultaneously, the cathodic counterpart can become highly concentrated to form an

ion-enrichment zone [124]. Motivated by bio-sensing and bio-medical applications exploiting

ICP in nano-confinements, recent numerical investigations consider 2D configuration of micro-

nano junctions to investigate DOF [138, 148, 149]. These studies of 2D DOF problem reveal

a significant dependence of diffusioosmotic velocity on surface charge, concentration gradient,

and dimensions of the nano-confinement. More specifically, diffusioosmotic velocity was found

to increase with increasing surface charge density [148] and increasing nanochannel aspect
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ratio [138] whereas demonstrating non-linear dependence on electrolyte concentration [148,

149].

Intriguingly, the reversal of diffusioosmotic flow was found with a small zeta potential of

planar charged nanochannel [136, 45], at a low electrolyte concentration [148] or by tuning

width-to-height ratio [138]. However, one study reported that DOF in nanopores only occurs

from the high concentration reservoir to the low concentration reservoir [149]. In spite of

insightful findings by these investigations considering a planar or homogeneous flow geom-

etry, common experimental setups involving nano/micro-junctions [150, 151, 102, 152] are

quasi-2D or 3D problems of nano-slits connecting micro-channels and are hardly considered

theoretically or numerically due to the complexity of the flow geometry. To fill this litera-

ture gap, specifically regarding the better understanding and manipulation of diffusioosmotic

nanoflow, we numerically investigate DOF in a charged nanochannel without any external

electrical forcing.

Our numerical model consists of two reservoirs with inflow of solutions of different concen-

trations, connected via a positively-charged nanochannel. The results under various concen-

trations show a linear dependence of the DOF magnitude on external concentration gradient.

The numerical results suggest a critical characteristic dimensionless number that conveniently

delineates the parameter regions into different DOF directions for various channel dimensions

and surface charge.

3.2 Mathematical modeling

We numerically compute the flow, electrical, and ion concentration fields of a 2D steady-state

diffusioosmosis problem, where two steady-flow reservoirs of different electrolyte concentra-

tions (of KCl) are connected by a nanochannel with a constant (positive) surface charge

density, σ (see Fig. 3.1). A steady flux of electrolyte solution of high concentration (cH) is in-

jected through one reservoir (on the left), while a low concentration (cL) through the other (on

the right). Interaction between the two different solutions via the nanochannel is significantly

affected by the nanochannel surface charge, resultant electric double layer, and concentration
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Figure 3.1: (a) Schematic of the simulation model of a 2D diffusioosmotic flow through a
charge-selective nanochannel connecting two reservoirs of different electrolyte concentrations;
(b) the boundary conditions of the diffusioosmotic flow through a charge selective nanochannel
of height (h) and length (l). In (b), the number corresponds to the Eq. number described in
the mathematical model (chapter 1).
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difference. The thickness of EDL can be characterized by the Debye length, λD. For a symmet-

ric monovalent (z+ = −z− = z = 1) electrolyte, λD can be expressed by λD =
√
ϵ0ϵrRT /2F 2c0,

where c0 is the molar concentration of the electrolyte solution [153, 154]. Typical λD of our

system varies between 10 nm (for c0 ≈ 1 mM) and 100 nm (for c0 ≈ 0.01 mM), estimated using

the average electrolyte concentration in the nanochannel. Narrow nanochannel with overlap-

ping EDL causes the nanochannel to be charge selective due to the repulsion of co-ions and

attraction of counter-ions from the charged wall. This charge-selective effect is diminished

for wider channel due to insufficient screening of the co-ions (with like charges). Simulta-

neously, a concentration gradient across the nanochannel due to the difference in electrolyte

concentration drives the chemiosmotic transport of the electrolyte solutions. Due to the com-

plex interplay of these different phenomenon, it is fascinating and useful to numerically study

diffusioosmotic flow in micro-nano junctions through the conservation of mass, momentum,

species and charge.

The distribution of electric potential, ϕ, is governed by the Poisson’s equation due to

spatial net charges [154]:

ϵ0ϵr∇2ϕ = −F (z+c+ + z−c−), (3.1)

where ϵ0 (= 8.854× 10−12 Fm-1), ϵr (= 80.1) and F (= 96485 C mol-1) are the permittivity

of a vacuum, relativity permittivity of water, and Faraday constant, respectively. c+ and z+

(= +1 for K+ ion) are the concentration and valence of the cation, whereas c− and z− (= −1

for Cl– ion) are the concentration and valence of the anion.

The ion concentrations in the solution (i.e., c+ or c− for the cation and anion, respec-

tively) are governed by the conservation of ionic species and described by the Nernst-Planck

equations. Considering a steady problem, these equations for c+ and c− can be modeled as

[155, 65]:

−∇⃗ ⋅ (D±∇⃗c± +
D±
RT

z±Fc±∇⃗ϕ) + u⃗ ⋅ ∇⃗c± = 0, (3.2)
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where T (= 293 K) is the operating temperature, R (= 8.314 JK-1mol-1) is the universal gas

constant, and D+ and D− are the diffusivities of the cation and anion, respectively. Corre-

sponding to the diffusivities of K+ and Cl– ions, D+ and D− are assumed to be 1.96 × 10−9

m2/s and 2.0 × 10−9 m2/s. Physically, the governing Eq. (3.2) describes the conservation

of ionic species via diffusive, electromigration, and convective ion-fluxes due to the presence

of concentration gradient, electrical forcing, and fluid velocity, respectively, which are rep-

resented by the each sequential terms in Eq. (3.2) [24, 65]. The competition among these

factors dictates the ionic flux inside the nano-confinement. Integrating Eq. (3.2), we can

obtain the cationic (J+) and anionic (J−) flux, as shown below:

J⃗± = (−D±∇⃗c± −
z±D±Fc±

RT
∇⃗ϕ) + u⃗c±. (3.3)

The flow field, u⃗, is simulated by solving the steady-state Navier-Stokes equations [65, 156],

along with the Continuity equation. The Navier-Stokes equations are simplified to the Stokes

equations due to the negligible effect of inertia at a low Reynolds number flow (Here, our Re ≈

10-5 for l = 100 nm and vf = 0.01 mm/s):

∇ ⋅ u⃗ = 0, (3.4)

−∇⃗p + µ∇2u⃗−F (z+c+ + z−c−)∇⃗ϕ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

F⃗e=qE⃗=−q∇⃗ϕ

= 0, (3.5)

where µ is the liquid viscosity (for water, µ ≃ 1 mPa⋅s at room temperature), F⃗e is the electrical

body force, and q ( = z+c+ + z−c−) is the net charge. Eq. sets (3.1)–(3.5) are non-linearly

coupled, and we numerically solve for velocity, u⃗, pressure, p, electrical potential, ϕ, and ion

concentrations, c±.

The boundary conditions for the governing Eqs. 3.1—3.5 are illustrated in Fig. 3.1b.

Along the nanochannel wall, a combination of no-slip (ut = u⃗ ⋅ t⃗ = 0) and no-penetration

(un = u⃗ ⋅ n⃗ = 0) conditions are implemented. A constant velocity, vf , was maintained at

the inlet and outlet of the reservoirs in this steady-state model. Solutions of different salt
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concentrations (cH and cL at left side and right side reservoir, respectively) flow in through

the two reservoirs, and interact via the nanochannel due the concentration gradient. This

interaction is also affected by the surface charge density of the nanochannel, σ, which was

assumed to remain constant and positive for a simulation. This boundary condition can be

modeled as: dϕ/dy = −σ/ϵ0ϵr, via the discontinuity of the electrical field in the direction

normal to the surface, due to net surface charge [65]. σ was varied as a control parameter.

There was no external pressure difference applied to this nanofluidic setup. The boundary

stress SB ( = −p+2µ∂u/∂n) was assumed to be zero along the reservoir boundaries as shown

in Fig.3.1b.

3.3 Numerical modeling

The numerical simulations were implemented in 2D Cartesian coordinates, based on a finite

element model using COMSOL Multiphysics 5.3. We verified our numerical simulations by

comparing our results with existing analytical and numerical results of simplified models

related to DOF and EOF flows, as explained in details in Chapter 2.

3.4 Results and discussions

We numerically studied the influences of nanochannel dimensions (height h, length l), surface

charge density (σ), and electrolyte concentrations (cH , cL) on 2D DOF driven by electrical

and diffusion processes. For the 2D nano/micro-junction geometry, due to the nonlinear and

coupled Eqs. (3.1) – (3.5), we carried out more than 100 simulations in total, by varying the

ranges of the key parameters: l = 40 – 160 nm, h = 15 – 80 nm, σ = 0.001 – 0.05 C/m, cH

= 0.01 – 1 mM, with a fixed cL = 0.01 mM.

3.4.1 Effect of nanochannel dimensions

Shown in Fig. 3.2 are the numerical results for a medium-sized charged-nanochannel of

h=60 nm, where the double layers adjacent to the wall do not overlap. Fig. 3.2a shows
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the distributions of electric potential, ϕ, as well as the electric field, E⃗ (in white arrows).

The notable variation of electric potential in the transverse direction (i.e. along the width of

the nanochannel) demonstrates the non-overlap of EDL. Without an external electric field,

the imposed positive surface charge along the nanochannel leads to positive and maximal ϕ

adjacent to the charged wall. The electric field E⃗ (= −∇⃗ϕ) directs outward from high towards

low electrical potential (i.e., outwards from the nanochannel towards the two reservoirs at the

junction). Fig. 3.2b shows that the distribution of cationic concentration, c+, in our numerical

domain. The figure illustrates a higher cationic concentration in the high electrolyte concen-

tration reservoir (of cH) due to Coulombic repulsion from the positive-charged nanochannel

surface. As illustrated in Fig. 3.2c, a net of negative charges merely accumulate close to the

positively charged nanochannel, whereas due to comparable cationic and anionic concentra-

tions, a large fraction of of the nanochannel is electrically neutral. Fig. 3.2d reveals that

anions accumulate right adjacent to the nanochannel wall because of positive surface charge,

and the overall nanoflow field is directed from the reservoir of low towards high concentrations.

For a larger h, the electrical neutrality of nanochannel results in weaker electroosmotic effect,

and flow is driven primarily by chemiosmosis. Under a concentration gradient between the

two reservoirs, water molecules move from cL to cH towards equilibrium, thereby producing

such flow direction.

Fig. 3.3 shows the numerical results for a narrow channel of height, h = 10 nm. Studying

this nanochannel configuration with an overlapping Debye length is important for understand-

ing the inherent mechanism of the charge selectivity and the resultant flow in the nanochannel.

The electric potential (ϕ) profile in the 2D geometry is shown in Fig. 3.3a, along with the

electric field (E⃗) in arrows. Due to the overlapping of EDL in this case of h = 10 nm, the

variation of ϕ along the width of the nanochannel is less significant when compared with h =

60 nm.

Fig. 3.3b reveals a low cation concentration in the nanochannel since the cations as co-ions

are repelled away from the positively charged nanochannel. Therefore, in the high concentra-

tion reservoir, cations accumulate in the left bottom corner. On the other hand, as counter-

ions, the anion concentration, c−, increases significantly inside the nanochannel, resulting in
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a net negative charge inside the nanochannel, as illustrated by Fig. 3.3c. The distribution of

anion concentration, and velocity profile is shown in Fig. 3.3d. Due to the ion-selective effect

of nanochannels with EDL overlap, the cation concentration inside the nanochannel is negli-

gible, and hence the net charge profile (Fig. 3.3c) and the anion distribution (Fig. 3.3d) looks

identical. The flow rate inside the nanochannel is from high concentration (cH) reservoir to

the low concentration (CL) one. Unlike the case of non-overlap of EDL (h = 60 nm), electrical

neutrality is not seen in majority of the nanochannel, and electroosmotic flow is dominant. In

the absence of external electrical driving force, the local electric field due to surface charge,

and resulting charge imbalance directs the overall flow in this narrow nanochannel with EDL

overlap (h = 10 nm) from the reservoir of high concentration (cH) to that of low concentration

(cL).

The most striking difference is that the direction of the bulk flow is reversed (from the

reservoir of low to high salt concentration) for a relatively wide nanochannel (with a higher

h), comparing to that of a narrow (h = 10 nm) nanochannel. This reversal of flow direction

by tuning nanochannel size can have useful applications of nanofluidic devices for flow control.

3.4.2 Influence of electrolyte concentration difference

The effect of electrolyte concentration gradient on the flow velocity was also studied. Illus-

trated by Fig. 3.4, the numerical results show that the magnitude of average flow velocity

< ∣u∣ > in the nanochannel is primarily governed by the concentration difference ∆c (= cH −cL)

between the two reservoirs. As shown in Fig. 3.4b, < ∣u∣ > increases linearly with ∆c. A best

least square residual fitting shows < ∣u∣ >≃ 0.88 ∆c. The value of this linearly fit coefficient

is consistent with that estimated with a characteristic flow velocity, U = 2RTλ2
D

µ ∇c, predicted

by Keh et al., for a constant ∇c along a flat charged surface with ions following the Poisson-

Boltzmann distribution [137]. To compare with our result, we estimated ∇c ≃∆c/l and, thus,

U ≃ 2RTλ2
D

µl ∆c. Accordingly, for an average anion concentration of 5.48 mM (λD = 4 nm), the

theoretical linear coefficient was estimated to be 0.87, which agrees well with our numerical

result.

From our numerical results, surprisingly, ∆c does not play an important role in determining
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Figure 3.2: Simulation results of diffusioosmosis in straight nanochannels, showing (a) electric
potential ϕ (Volts) and field E⃗ (V/m), in arrows, (b) cation concentration profile c+ (mM), (c)
net charge q (C), and (d) anionic concentration c− (mM) with velocity field u⃗, in arrows. For
this simulation, we have used nanochannel height, h = 60 nm, nanochannel length, l = 100 nm,
concentration of dilute solution, cL = 0.01 mM, concentration of concentration solution, cH
= 0.15 mM, surface charge density, σ = 0.01 C/m2, inflow velocity, vf = 0.07 mm/s.
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Figure 3.3: Numerical results of the steady-state diffusioosmotic flow in nano/micro-junctions,
showing (a) electric potential ϕ (Volts) with electric field E⃗ (V/m) in arrows, (b) cation
concentration c+ (mM), (c) net charge q ( = z+c++z−c−) (in C), and (d) anionic concentration
c− (mM) with flow velocity u⃗ in arrows. The parameters used are h = 10 nm, l = 100 nm, cL
= 0.01 mM, cH = 0.15 mM, σ = 0.01 C/m2, and vf = 0.07 mm/s.

the nanoflow direction. Nanoflow in both directions is observed for a wide range of ∆c imposed

(see Fig. 3.4a). The nanochannel size, on the other hand, influences the nanoflow direction

significantly. As shown in Fig. 3.4a, narrower nanochannels (h = 10, 30 nm) tend to have an

electroosmosis dominated flow due to the net (negative) charges in the nanochannel with an

overlapping Debye length. At the nano/micro-junctions, electrical body force is strong and

dominating in the region close to cH with the electrical body force towards right from cH to

cL. As a result, the nanoflow moves from the high (cH) to low concentration (cL) reservoir.

Conversely, for a relatively large nanochannel (e.g. h = 60 nm), with a significant fraction

of neutral charges, the nanoflow is determined primarily by a diffusion process via an ion

concentration gradient, causing the nanoflow to occur from cL to cH reservoir.

3.4.3 Controlling nanoflow direction

Our simulation results examining the influence of σ, cH , cL, h, and l on a steady-state

diffusioosmotic flow show three different modes of flow in the charged nanochannel. These



41

Figure 3.4: Effect of concentration difference on the nanoflow velocity for l = 100 nm: (a)
Average nanoflow velocity in x-direction, < ux > and (b) Net average nanoflow velocity, < ∣u∣ >.
Different symbols represent different nanochannel height used: h = 10 nm ( and #), h =
30 nm (∎ and ◻), and h = 60 nm (▲ and △). The dashed line (- - -) shows the best linear
fit, with a slope of 0.88.
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Figure 3.5: (a) Phase diagram of diffusioosmotic nanoflow revealing different flow directions
for different nanochannel parameters of h, l, and σ. Flow regime (I), denoted by  , represents
the flow from high to low concentration reservoir; Regime (III) ⧫ represents the flow from
low to high concentration reservoir; Regime (II), denoted by ∎, represents the mixed flow of
both directions. Representative flow profiles observed inside the nanochannels are shown for
(b) Regime (I), (c) Regime II, and (d) Region III. Variation of (e) h/λD, and (f) a critical
non-dimensional parameter, C ( = h/

√
lλGC), with average velocity in x-direction inside

nanochannel, < ux >. In this analysis, 5 different values of σ in the range of 0.001 – 0.05 C/m2

have been used, as denoted in (e) and (f).
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distinct modes of nanoflow encompass different flow directions: (i) opposite and (ii) parallel to

the direction of concentration gradient as well as (iii) a mixture mode of these two directions.

By analyzing and plotting different nanoflow regimes against different control parameters,

we found that nanoflow direction is primarily controlled by merely a few key parameters for

the parameter ranges explored. These major influences are (1) nanochannel height (h), (2)

nanochannel length (l), and (3) surface charge density (σ). We noticed that the values of

cH (ranging from 0.001 – 1 mM) and ∆c (with a fixed cL of 0.01 mM) have an insignificant

influence on the nanoflow direction.

Revealed in Fig. 3.5 is the influence of diffsioosmosis on nanoflow direction from more than

40 simulations at different h, L and σ, keeping other parameters constant (cL = 0.01 mM, cH

= 1 mM, vf = 0.07 mm/s).

Since ion-selectivity of nano-confinements is dictated by the extent of overlap of EDL

[23], it is also important to see its effect on DOF. We, thus, investigated the variation of

diffusioosmotic velocity < ux > with h/λD, where λD is the Debye length (estimated using the

average concentration of anions inside nanochannel). However, as evident from in fig. 3.5e, in

case of our 2D geometry focusing on micro/nano junction applications, the ratio h/λD does

not seem to play a vital role in determining DOF direction.

Through the phase diagram analyzing the effects of σ, h and l on direction of diffusioos-

motic flow (Fig. 3.5a), and scaling analysis, we found a non-dimensional number, C, which can

be used to collapse our data separating different nanoflow regimes and predict the direction

of DOF through a nanochannel with the known values of l, h, and σ:

C = h/
√
lλGC . (3.6)

where λGC is known as Gouy-Chapman length, a characteristic length based on the surface

charge density σ of the nanochannel, and can be estimated as [157, 158]: λGC = 2ϵ0ϵrRT /σF .

Gouy-Chapman length, λGC is related to Bjerrum length, λB, as: λGC = e/2πσλB, where λB

(=z2e2/4πkBT ) provides us an estimation of electrostatic interaction between two particles in

a solution [55]. The dimensionless number, C, indicates the ratio of the nanochannel height

to a characteristic length scale associated with the influence of surface charge density on net
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charge inside nanochannel.

Figure 3.5f illustrates the variation of average diffusioosmotic velocity in x-direction < ux >

with the parameter C.

Below a critical value of C ≃ 2.5, the nanoflow is directed from the reservoir of high concen-

tration (cH) to that of low concentration (cL). Above the value of C ≃ 3.5, the bulk nanoflow

is in the opposite direction, from the low (cL) to the high (cH) concentration reservoir. In

between these two critical values, circulation and mixing are present inside the nanochannel.

These critical values of C were calculated based on the range of surface charge (σ) explored,

between 0.001 and 0.05 C/m2. These numerical values of critical C are very likely specific

to the complex 2D nano/micro-junction geometry considered. Previous theoretical study of

diffusioosmosis flow under a homogeneous concentration gradient along a charged flat plate

shows that Zeta potential [45] or channel aspect ratio [138] plays an important role in the

direction of the nanoflow. For our complex flow geometry of nano/micro-junction, we found

that C is a better parameter delineating different flow regimes.

The non-dimensional number, C, can be physically interpreted through the interaction

between electroosmotic and chemiosmotic flows, which is briefly explained below, and in

details in the supplementary document. electroosmotic velocity, uEO, is caused by electro-

migration of ions due to an external electric field or an induced one (due to interaction between

surface charge and ions via a concentration gradient). Under the effect of a tangential electric

field, Ex, it can be shown that uEO for a charged nano-confinement of constant zeta potential,

ζ, along its surface, is represented as [24, 48, 34]:

uEO = −
ϵζEx

µ
(3.7)

where ϵ ( = ϵ0ϵr) is the permittivity of the medium, and µ is the fluid viscosity coefficient.

Using the boundary condition of constant surface charge density [65] (∇⃗ϕ ⋅ n⃗ = −σ/ϵ), for an

estimation of the electric field, E⃗ (= −∇⃗ϕ), and neglecting the y-component of electric field

compared to the x-component), Eq. (3.7) can be approximated as:

uEO ≃ −
ζσ

µ
. (3.8)
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When a nanochannel is subjected to a solution concentration difference, ∆c, along its length,

a chemical potential gradient develops and initiates fluid flow from one reservoir to another.

This flow, known as chemiosmotic velocity, uCO, can be expressed as [48, 49]:

uCO = −
kBT

µ

ln(1 − γ2)
2πλB

∆c

lc0
. (3.9)

Here γ = tanh(ezϕs/4kBT ): ϕs is the surface potential, z is the valence of ions, e is the

electronic charge, kB is the Boltzmann constant and T is the temperature. c0 is the reference

solution concentration, λB is known as the Bjerrum length and is related to Gouy-Chapman

length, λGC (= 2ϵRT
σF = 2ϵkBT

σe
), as [55]: λGC = e

2πλBσ . After considerable simplification (such

as linearized Boltzmann distribution of ions [153]) described in details in the supplementary

document, we obtained the ratio of chemiosmotic velocity (Eq. (3.9)) and electroosmotic

velocity (Eq. (3.8)) to identify the effect of dimensions on electroosmosis and chemiosmosis:

∣uCO

uEO
∣ ≈ ( ezϕs

8kBT
)
2 λGC

l
exp(− y

λD
) . (3.10)

Potential gradient along the charged surface can be estimated as ∇⃗ϕ ⋅ n⃗ = dϕ/dy ≃ ϕs/h.

Surface potential can, thus, be approximated as ϕs ≃ −σh
ϵ . We substitute this expression for

ϕs into Eq. (3.10) and obtain:

∣uCO

uEO
∣ ≈ 1

8

h2

λGC l
exp(− y

λD
) = 1

8
C2 exp (−y/λD) . (3.11)

where C (= h/
√
lλGC) is the non-dimensional number characterizing the direction of nanoflu-

idic transport inside the nanochannel. For y << λD, we can assume exp(−y/λD) ∼ 1, and thus,

∣uCO

uEO
∣ ∼ C2

8 . This allows us to express the critical C, C∗ to be equal to 2
√
2 when uCO ≈ uEO. In

other words, the number, C, can characterize the dominance of either chemiosmotic (C > C∗)

or electroosmotic(C < C∗) flow. More details of the analytical formulation of C is provided

in Appendix A. In our numerical analysis, we proposed a critical C between 2.5 – 3.5, which

agrees well with the analytical prediction.

Based on charge conservation described by Eq. (3.2), diffusioosmotic flow is governed

by diffusion, electromigration, and advection. When the nanochannel is narrow and long

with sufficiently large Gouy-Chapman length, i.e., equivalent to a smaller value of C, the
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electromigration term dominates, and due to charge selectivity of the nanochannel, anionic

flow is dominant in the nanochannel and supplied by the solution flowing from the high to

the low concentration reservoir (fig. 3.5b). Conversely, for wider and shorter channels of a

relatively small Gouy-Chapman length (i.e., a large C), electroosmotic effect diminishes due

to almost neutral electric field induced in the bulk. Consequently, the chemiosmotic effect

dominates, with water molecules moving from low to high ion concentration area (fig. 3.5c).

However, very close to the channel, the electromigration of ions is still dominant within the

EDL and resulting electric field. In intermediate scenarios, neither of these effects dominates

and a combination of these effects causes circulation and mixing in the nanoflow (fig. 3.5d).

3.5 Conclusion

We investigated the effects of the nanochannel dimensions and surface charge on diffusioos-

motic flow in a charged nanochannel connecting two reservoirs of different electrolyte con-

centrations, which is a common flow geometry for reverse electrodialysis and micro/nano-

junctions. In the parameter ranges explored, we empirically quantified a critical non-dimensional

number C = h/
√
λGC l which can essentially predict the direction of the nanoflow, thereby

affecting the convective electrical flux in the nanochannel. Essentially, the dimensionless con-

stant C describes a ratio of height to surface charge effect, where
√
λGC l may indicate a

length-scale, characterizing the effect of surface charge along the nanochannel length. A high

value of C ( ≳3.5) indicates an insignificant electroosmosis, and due to chemiosmosis water

flows in the same direction as the concentration gradient (from low to high concentration

reservoir) for a positively charged nanochannel. In contrast, for a lower value of C ( ≲ 2.5)

electroosmosis directs nano-DOF from the high to low concentration reservoir (against the

concentration gradient) due to local electrical body force in the nanochannel. The nanoflow

speed is, however, independent of this non-dimensional number, C, but linearly depends on

the concentration difference. In terms of applications, the quantification of the nanoflow di-

rection is important for building nanofluidic devices enabling flow control, currently attracting

attention towards nanofluidic desalination and water purification. Our simulation results re-
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veal the key quantitative parameter, C, for controlling nanoflow by tuning the nanochannel

parameters of length, height, and surface charge.



Chapter 4

Diffusioosmotic flow in conical

nanopores

4.1 Introduction

Flow through miniature geometries of the order of nanometers, referred to as nanofluidics, is

dominated by several key surface effects, such as electrostatic interactions, surface tension, and

capillary force [120, 111]. Exploiting these profound surface interactions, various fascinating

micro/nano-fluidic observations, for instance, capillary condensation [159], charge selectivity

[34] and DNA deformation [160], have been reported with significant applications in water

purification [123, 124], renewable energy [67, 128], and biosensing [161, 162, 163].

An intriguing electrokinetic phenomenon in nano-confinement is the motion of electrolyte

along a charged surface owing to an ionic concentration gradient. This phenomenon, widely

known as diffusioosmosis, has been studied extensively in straight 1D nanochannels for sym-

metric electrolytes [142, 136, 137, 143, 45, 144, 145, 164, 165, 46]. A closed-form expression of

one-dimensional diffusioosmotic velocity was reported by Keh et al., demonstrating its mono-

tonic increase with increasing zeta potential [136], and non-linearly increase with decreasing

porosity [137, 45]. Gupta et al. recently formulated a general one-dimensional analysis of

diffusioosmotic velocity inside nanopores for axisymmetric electrolytes [46]. These insight-

48
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ful mathematical formulations were performed with 1-D Poisson-Boltzmann linearization of

ion distribution, and consideration of thin electric double layer. However, finite length of

nanopores in nano/micro-junctions causes such configurations to be either quasi-2D or 3D in

nature [152, 150, 151, 102]. In this regard, numerical investigations of DOF was conducted

with 2D configuration for straight nano-confinements [148, 149, 138]. These 2D studies re-

veal an increase of diffusioosmosis flow (DOF) with increasing surface charge density [148]

or increasing nanochannel aspect ratio [138], but report a nonlinear dependence of DOF on

electrolyte concentration [148, 149]. Researchers also reported the reversal of DOF direction

at a small zeta potential of planar charged nanochannel [136, 45], at a low electrolyte con-

centration [148], by tuning of width-to-height ratio [138], or through specific combinations of

nanochannel parameters (of h, l, and σ) [166].

Diffusioosmosis has been utilized for a number of engineering applications, for instance,

the manipulation of micro-particles using ultraviolet lasers [167], particle motion in dead-end

pores [168, 169], and zeta potential measurement [170, 171]. In particular, electrokinetic

flow in nanochannels of various geometries, such as, conical, hourglass, has been reported to

demonstrate a nonlinear electrical response with low-current (high-resistance) ionic flow for a

certain voltage bias, whereas a high-current (low-resistance) ionic flow when the voltage bias

is reversed, which is commonly referred to as ion current rectification (ICR) [172]. Due to its

unique ability to promote or restrict ionic current depending on the applied voltage bias, ICR

is useful and significant in several biochemical applications, such as chemical separation [173]

and biomimicry [174], which in turn has promoted detailed investigations of ICR [175].

ICR in tapered nano-sized compartments has been reported to vary with EDL and tip

size [176], surface charge [177], electrolyte concentration [178], and the type of electrolyte

[179]. Inversion of ICR has also been reported due to concentration depletion at the tip [157]

and at the over-limiting current threshold [7]. Research on the numerical front focused on

the influence of various control parameters on ICR, for instance, the effect of nanopore tip

dimension [180], non-uniform surface charge density [181, 182], pore length [183], solution

pH [184, 185]. Concerning the tapered nanofluidics, on the one hand, numerical simulations

performed by neglecting the flow field have reported surface charge density, salt concentration
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gradient, and nanopore geometry as the primary factors affecting ICR in tapered nanopores.

[175, 7]. On the other hand, researchers have demonstrated the importance of electroosmotic

flow in conical nanochannels by reporting significantly different ICR characteristics for systems

with and without the consideration of nanoflow [186, 187]. These results hence, strongly imply

the importance of the flow field for a more systematic and complete analysis in the model.

In spite of many analyses of ICR in nano-sized compartments, less attention has been

given towards the detailed analysis and mechanism of the flow field through a charged, tapered

nanochannel. Investigating such diffusioosmotic flow (DOF) in tapered pores can be instru-

mental in our understanding of selective ionic transport in biological systems [188]. In this

article, we will focus on the analysis of the diffusioosmotic flow field in a tapered nanochannel

under a variety of operating conditions. Through our two-dimensional numerical analysis, we

aim to report the effect of critical parameters, such as cone angle, nanochannel tip diameter

and length, as well as concentration difference on DOF velocity through a charged, tapered

nanochannel.

4.2 Numerical model

Fig. 4.1a illustrates a schematic of our computational domain. In the model, two reser-

voirs are connected with a tapered nanochannel of uniform surface charge. Two solutions

of different salt concentrations flow through the reservoirs (cH and cL in the left and right

reservoir, respectively), generating a concentration gradient across the nanochannel. The

positively-charged nanochannel repels cations and thus demonstrates charge selectivity, with

an anion-exchange behavior. Due to the interaction between the nanochannel surface charge

and ions in the electrolyte, an electric double layer (EDL) forms along the channel, which can

be represented by the Debye length, λD; for symmetric (z+ = −z− = z) monovalent (z = 1) elec-

trolyte: λD =
√
ϵ0ϵrRT /2F 2c0, where c0 is the molar concentration of the electrolyte solution

[153]. Due to the taper geometry of the nanochannel, the fraction of overlapping of EDL (i.e.,

λ/h) will not occur uniformly throughout the length of the nanochannel. Consequently, vari-

ations in the local electric field along the nanochannel would be observed. Besides, the angle
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Figure 4.1: (a) Schematic of a positively-charged conical (diverging) nanochannel, connecting
two reservoirs through which electrolytes flow at a specific velocity. A solution at high concen-
tration (cH) flows through the left-hand reservoir, while a dilute solution (cL) flows through
the right-hand reservoir. The corresponding boundary conditions used in the numerical model
are shown in (b).
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of the tapered nanochannel, α (also known as the cone angle), is expected to influence the ion

concentrations and, hence, concentration gradient along the nanochannel. Therefore, here we

investigate the significant effect of α on the diffusioosmotic flow field through the nanochannel.

In addition, we report the dependence of diffusioosmosis flow velocity on nanochannel length,

tip diameter, concentration difference (0–1 mM), and flow rate (over five orders of magnitude).

With appropriate adoptions, the present numerical model can be designed to investigate the

fields of flow, ionic concentrations, and electrical potential in a micro/nano-junction, where

the reservoirs can be considered to be a part of the microchannels.

4.2.1 The governing equations

Nanofluidic transport of ions through nano-confinements involves the coupled interactions

of ions and solvent due to surface charge and local electric field, and is dictated by the

conservation of mass, momentum, charge, and ionic species. Firstly, the Poisson’s equation

correlates the distribution of electric potential, ϕ, with the spatial distribution of net charge,

q, due to net ionic concentrations (ci) [65, 154]:

ϵ0ϵr∇2ϕ = −q = −F∑
i

zici, (4.1)

where ϵ0 (= 8.85 × 10−12 Fm -1), ϵr (= 80.1), and F (= 96,485 Cmol-1) are the permittivity

of vacuum, relative permittivity of water, and Faraday’s number, respectively. ci and zi

represent the ionic concentration and valence, where the subscript, i denotes the cation (+),

or the anion (−), respectively.

Secondly, the concentration of ions, ci (for both c+ and c−), is modelled by the steady-state

Nernst-Planck equation [65]:

∇⃗ ⋅ (−Di∇⃗ci −
ziDiFci
RT

∇⃗ϕ) + u ⋅ ∇⃗ci = 0, (4.2)

Here, Di is the diffusivity of the respective ion, denoted by i (=+,−), u is the flow velocity

vector, R (= 8.314 J K-1 mol-1) is the universal gas constant, and T (= 293 K) is the

temperature of the solution. In the present study, KCl is used as the dissolved salt, with D+ =

DK+ = 1.96×10−9 m2/s and D− =DCl− = 2.0×10−9 m2/s, such that D+ ≈D−. The three terms
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in Eq. (4.2) represent the contributions to the ionic flux by diffusion, electromigration, and

convection, respectively. Similarly, the cationic (J⃗+) and anionic (J⃗−) ion-fluxes consist of the

diffusive, electromigration, and convective contributions and can be obtained by integrating

Eq. (4.2) [65]:

Ji = (−Di∇⃗ci −
ziDiFci
RT

∇⃗ϕ) + uci. (4.3)

The current across the nanochannel cross-section, I, can be calculated from the integration

of ionic fluxes using Eq. (4.3):

I = ∫ F∑
i

(ziJi) dA. (4.4)

Last but the least, the steady-state Navier-Stokes equation is implemented for the in-

vestigation of velocity profile inside the nano-confinement [156]. For the present nanofluidic

system, the Reynolds number, Re (= vf l/ν, where the nanochannel length, l ∼100 nm, inflow

velocity, vf ≈ 10−6 − 10−2 m/s, and kinematic viscosity of water, ν ∼ 10−6 m2/s) varies within

the range between 10−7 and 10−3. Due to such a small Re, we can neglect the contribution

of the inertial terms. The velocity distribution in our geometry can, thus, be simulated using

the Stokes equation, along with the Continuity equation:

−∇⃗p + µ∇2u + −q∇⃗ϕ = 0; (4.5)

∇ ⋅ u = 0, (4.6)

where p is the pressure.

4.2.2 Boundary conditions

The boundary conditions for the governing equations are represented in Fig. 4.1b. The walls

of the tapered nanochannels were considered to be positively-charged, with no-slip and no-

penetration of fluids and ions, i.e., u⃗ = 0 along the nanochannel surface. The positive surface

charge was numerically implemented by assuming the surface charge density, σ, to be constant

along the nanochannel, and can be modeled by the following equation [154]:

∇⊥ϕ = − σ

ϵ0ϵr
, (4.7)
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where∇⊥ symbolizes a gradient operator in the direction perpendicular to the tapered nanochan-

nel. We investigate a steady-state flow problem by using constant and equal inflow and outflow

velocities in the reservoirs. An influx of ions into the reservoirs occurred at specific concen-

trations, i.e., at high concentration, cH (saline water) and low concentration, cL (freshwater)

through the left and right reservoirs, respectively. There was no external pressure difference

across the nanofluidic setup. For the investigation of diffusioosmosis without any external

electric field, we did not apply any external electrical potential difference in our model (i.e.,

we considered ϕc = 0, where ϕc is the electrode potential in the left-hand side).

4.2.3 Validation

Motivated by nanofiltration technologies,Balannec et al. investigated pressure-driven nanoflu-

idic transport across conical and hourglass-shaped nanopores [6], reporting significant ICR

due to co-ion exclusion at the pore tip, and varying electric field along the pore. We validated

our numerical model with this numerical investigation of conical nanopores [6], as shown in

Fig. 4.2. Our results of the average concentration of anions demonstrated a reasonable agree-

ment with those reported by Balannec et al. [6]. These consistent results of insignificant c−

values also illustrate the charge selectivity of the positively-charged nanochannel.

Shown in Fig. 4.3 is further validation of our model performed with the results of ICR

for different voltage bias, reported by Rosentsvit et al. [7]. The numerical simulations were

conducted for the negative and positive voltage bias of the same magnitude, and the ICR

factor was determined with the ratio of the corresponding current obtained via Eq. (4.4) [7]:

ICR = ∣IV0<0∣
∣IV0>0∣

, (4.8)

where IV0<0 and IV0>0 are the currents obtained for a negative and positive voltage bias (of

the same magnitude), respectively. Overall, in spite of the complexity of the simulations and

geometries, consistent values and trends of the ICR variation with voltage are obtained by

our model, with our results deviating by 11.6 % from those by Rosentsvit et al. [7]
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Figure 4.2: Validation of our numerical model of a tapered nanochannel by comparing the
average anion concentration profiles (c±) reported by Balannec et al. investigating pressure-
driven ion transport through conical nanopores [6]. The geometries of the nanopores simulated
are shown in the figure (not to scale), and the simulations were performed at constant surface
charge density, σ =-1 mC/m2, and a solution concentration of 1 mEq/L, as used by Balannec
et al. The results from Balannec et al. for divergent and convergent nanopores are represented
by  in (a) and ∎ in (b), respectively. Our corresponding results are shown by — in (a) and
— in (b).
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Figure 4.3: Comparison of ICR factor from our numerical model (—) with the that from
the investigation of ICR inversion effects by Rosentsvit et al. (▲) for divergent nanopores
[7]. The figure inset shows the geometry (not to scale) of the axisymmetric model simulated.
Following the parameters used by Rosentsvit et al., we assumed σ =-0.06 C/m2 and c0 = 1 µm
for this comparison.

4.2.4 Mesh independence analysis

To perform a grid independence study, we used the same geometry as Rosentsvit et al. [7],

which is described in the previous section. While keeping σ =-0.06 C/m2 and c0 = 1µm

constant, we changed the mesh size in increasing steps to identify the optimal grid spacing

(which did not alter the simulation output). The results of the mesh independence analysis

are illustrated in Fig. 4.4, with the total number of elements ranging from 294 to 246,426.

Approximately with a mesh number greater than 10,000, no significant deviation of results

was observed. Hence, all further numerical simulations were carried out with the total number

of elements exceeding 10,000.

4.3 Results

Diffusioosmosis primarily comprises of two essential components, namely chemioosmosis and

electroosmosis. Chemioosmosis is caused due to the concentration gradient inside the nanochan-
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Figure 4.4: Grid independence study of our numerical model, based on the ICR factor for σ =
-0.06 C/m2 and c0 = 1µm. The corresponding dimensions and model geometry are shown in
the inset of Fig. 4.3.

nel, whereas electroosmosis occurs as a result of the induced local electric field due to the EDL

and surface charge. In this particular case of a tapered geometry, besides these two effects,

the cross-section changes along the channel length, which based on the mass conservation

can either accelerate or decelerate the overall flow for a convergent or divergent nanochannel,

respectively. A complex interplay between these effects contribute to the resultant diffusioos-

mosis flow through a tapered, charged nanochannel. The geometric parameters in our model

are kept more than 5 nm for all our cases, in accordance with the acceptable results for

continuum modeling in nanofluidics. [111]

4.3.1 Impact of cone angle

We investigate the effect of cone angle (α) on diffusioosmotic flow velocity, with a constant

tip diameter (dt), nanochannel length (l), concentration difference (∆c), and solution inflow

velocity (vf ). To observe the behavior of both converging and diverging channels, we vary α in

the range of ±20○, while keeping dt, l, cH , cL and vf fixed at 20 nm, 100 nm, 0.15 mM, 0.01 mM,
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Figure 4.5: Anion concentration distribution (color map) and diffusioosmotic velocity profile
(in arrows), for a nanochannel of length l = 100nm and tip diameter dt = 20 nm, for a tapered
geometry of tilt angle α = 15○ (diverging) in (a), and α = -15○ (converging) in (b). Here,
vf=7 µm/s and ∆c= 0.14 mM.

and 7 µm/s, respectively. Typical flow fields for α = +15○ (diverging) and -15○ (converging)

tapered nanochannels are illustrated in Fig. 4.5. Flow, in both cases, is directed from the edge

with the smaller orifice to the wider one. Due to the effect of (positive) surface charge along

the nanochannel wall, the anion concentration is higher inside the nanochannel compared to

those of the two reservoir flows of the dilute and concentrated electrolyte solutions. There is a

greater EDL overlapping adjacent to the smaller orifice due to the narrower gap between the

charged walls. As evident from Fig. 4.5, the concentration of anions near the smaller orifice

is greater than that close to the wider orifice. Therefore, a stronger concentration gradient

locally develops near the smaller orifice, which results in a more dominant chemiosmotic

flow (of water movement) from the nearby reservoir towards the smaller nanochannel orifice.

Conversely, adjacent to the wider orifice, the concentration gradient is not as strong as that

in the smaller orifice. Hence, due to a smaller driving force, this flow is overtaken by the

stronger chemiosmotic flow from the smaller orifice towards the wider gap.

To investigate the contribution of the electroosmotic component in these two flow scenar-

ios, we observed the distribution of electric potential, ϕ, and electric field, E = -∇⃗ϕ of our

simulations (with their corresponding figures given in section 5.5. In both the diverging and

converging nanochannels, the average electric potential at the small and large orifices was

comparable, resulting in a similar electroosmotic effect. The electric field directed away from

the nanochannel near the orifices for both diverging and converging nanochannels. Here, we

noticed the maximum electric field near the center of the nanochannel, instead of close to the
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Figure 4.6: Variation of average velocity in x-direction (solid line) and velocity magnitude
(dashed line) with angle of taper, α, in a nanochannel of various length l and tip diameter
dt: (i) l = 100 nm and dt=20 nm ( ), (ii) l = 100, dt = 40 nm (∎), and (iii) l = 200, dt =
20 nm (▲). Other control parameters were kept constant: ∆c=0.14 mM, vf=7 µm/s, and
σ=0.01 C/m2.

nanochannel tip. This is probably due to the overlapping of EDL near the nanochannel nar-

row tip, leading to a reduction of the electric potential gradient and, hence, the electric field.

Thus, in these cases of investigations, the electroosmotic effect was found to be negligible

when compared to its chemiosmotic counterpart.

A comparison of the diffusioosmotic flow (DOF) velocity for various taper angles, α, is

shown in Fig. 4.6 for three different scenarios of l and dt. Since there is stronger DoF flow

adjacent to the smaller orifice of the tapered nanochannel, the overall DOF direction is in

the direction of increasing nanochannel height or gap-thickness, h (i.e., from high to low

concentration reservoir) for a positive angle of taper (α > 0). Similarly, when α is negative,

DOF occurs also in the direction of increasing nanochannel height, h (while, in this case,

directed from the low to the high concentration one). This preferable flow direction reveals

that the cone angle (α) plays a vital role in the direction of DOF. In addition, the DOF flow

velocity increases with an increase in the magnitude of the cone angle.

The effect of the cone angle was also investigated for different tip diameters, dt, and
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nanochannel length, l. Keeping nanochannel length fixed (l = 100 nm), when the tip diameter,

dt is changed from 20 nm to 40 nm, weaker DOF is observed when α<15○. Moreover, in

this case of dt = 40 nm, the change of DOF velocity with a taper angle was approximately

linear (when compared to the other cases studied). This observation can be attributed to

a substantial EDL overlap in dt = 20 nm, which causes a higher chemiosmotic transport,

whereas a much weaker or nearly no-overlap of EDL in case of dt = 40 nm. Therefore,

according to the mass conservation, for a higher nanochannel dt without overlapping of EDL,

the diffusioosmotic velocity in the ’2D’ geometry changes inversely linear with the change in

flow cross-sectional area (A = dt ∗w, where w is the thickness of the nanochannel, and can be

assumed to be of unity for the 2D geometry). Keeping dt = 20 nm, when l was changed from

100 nm to 200 nm, an insignificant variation in the DOF results were observed.

4.3.2 Effect of tip diameter and nanochannel length

To carefully analyze the effect of nanochannel length, l, and tip diameter, tp, we analyzed

the x-directional velocity profile inside the nanochannel, illustrated by Fig. 4.7. To facilitate

better visualization, we non-dimensionalized the x-coordinate along the nanochannel with

the nanochannel length, l, with the zero (reference point) in the normalized x-coordinate

representing the left-hand side edge of the tapered nanochannel. Under constant cone angle,

nanochannel length, concentration difference, and inflow velocity, we observed the effect of

varying dt on DOF in the range of 10 − 50 nm, as shown in Fig. 4.7a. In all the simulations,

we observed the maximum flow velocity at the narrowest orifice of the nanochannel. This

observation is consistent with the mass conservation principle because the flow rate remains

constant throughout the nanochannel and, hence, the maximum velocity would occur near

the minimum flow cross-section area.

Theoretically, DOF velocity decreases with the increase of the diameter along the tapered

nanochannel. Even though the taper angle and nanochannel length are the same for all the

simulations, we observe that a decreasing in velocity with increasing channel height is more

rapid for smaller tip diameter. With α and l kept constant for all the simulations in Fig. 4.7a,

we observe that the diffusioosmotic velocity decreases as the gap-diameter increases, with the
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Figure 4.7: Average velocity in x-direction along a nanochannel of constant cone angle, α = 10○,
inflow velocity, vf = 7 µm/s, and concentration difference, ∆c = 0.14 mM to study the effect of
(a) nanochannel tip diameter, dt, in the range 10 – 50 nm, with l=100 nm, and (b) nanochannel
length, l, in the range 20−200 nm, with dt = 20 nm. The x-coordinate is normalized with the
nanochannel length, l.
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maximum value at the (narrow) tip and the minimum amount at the (broad) base of the

tapered nanochannel. This decrease in DOF is more rapid for nanochannels with a smaller

dt. For instance, in case of dt = 10 nm, the flow velocity near the base (vb) is about half of that

at the tip (vt), i.e., vt/vb ≈ 2, which is consistent with the corresponding (cross-sectional) area

ratio At/Ab = dt/db ≈ 1.88). Meanwhile, for dt = 50 nm, average DOF velocity is comparable at

the tip and the base; in this case, vt/vb ≈ 1.2 is consistent with the ratio of cross-sectional area,

At/Ab ≈ 1.35. This shows that the effect of the tip diameter is enhanced for smaller dt-values,

when the EDL overlap is more pronounced, which in turn causes a stronger concentration

gradient.

In addition, DOF decreases non-linearly for smaller dt (10 − 20 nm). The overlapping

of EDL can cause higher concentration in the nanochannel, and, hence, results in a higher

concentration difference when compared to the electrolyte concentration in the reservoir. This

results in a stronger chemiosmotic effect, contributing to an overall higher diffusioosmotic flow

for smaller dt. However, in the case of larger dt (30−50 nm), there is much lesser EDL overlap

near the smaller orifice (See SI for quantitative analysis). The above effect of higher DOF

due to EDL overlap was not observed in such channels with wider tips. Flow velocity in

nanochannels with larger dt, thus, shows an approximately linear decrease from the tip to the

base along the length of the nanochannel due to dilation of the 2D cross-sectional area, which

is proportional to the gap thickness. For further illustration, we looked at the simulations

results shown in Fig. 7a, and found that a tapered nanochannel with dt = 50 nm has a much

smaller average anion concentration (⟨c−⟩) of 0.65 mM at the tip, when compared to that of a

nanochannel with dt = 20 nm (⟨c−⟩ =1.33 mM). As a result, the corresponding diffusioosmotic

velocity near the nanochannel tip is u = 0.32 mm/s in case of dt = 50 nm, which is much less

than that for dt = 20 nm (u = 0.58 mm/s).

To obtain a complete picture of the effect of dimensions for tapered nano-confinements,

we vary the nanochannel length (l), while keeping the other parameters constant. Shown in

Fig. 4.7b are the results of our investigation of variation of l in the range of 20−200 nm. The

maximum speed increases with an increase in l, even when dt remains constant. With a larger

l, the total surface charge is higher, and thus, the overall effect on DOF is stronger via the
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electroosmotic component of the DOF, which is manifested by a higher DOF velocity at the

nanochannel tip. The minimum speed inside the nanochannel is of comparable magnitude for

various nanochannel length for l > 20 nm. Fig. 4.7b further demonstrates that the decrease

in velocity in terms of the normalized x-coordinate is higher for a larger l.

4.3.3 Influence of concentration difference

We investigated the effect of concentration difference on the DOF velocity in a tapered nan-

oduct, by varying the concentration cH , while keeping cL constant at 0.01 mM. The external

concentration difference, ∆c (= cH − cL) was varied from 0 to 1 mM while maintaining con-

stant values of the other control parameters, as illustrated by Fig. 4.8. The diffusioosmotic

velocity shows a nonlinear increase with an increase in ∆c, for all the three simulated cases

of different nanochannel dimensions. The increase of DOF with ∆c can be fitted using a

quadratic polynomial (i.e., uDO ≈ a(∆c)2 + b∆c+ c, where a, b and c are fitting resutls, which

may be a function of nanochannel parameters). For example, in case of a tapered nanochan-

nel of dt = 20 nm, l = 100 nm, and α = 10○, the fitting results show a = 0.75, b = 1.7, and

c = 0.17. This quadratic relation observed is in contrast to the observations for straight,

charged nanochannel, where a linear dependence of DOF velocity with ∆c was reported [166].

The nonlinearity may arise due to the changing gap-thickness, which causes the fractional

EDL overlapping (i.e., λ/h) along the nanochannel to vary. This partial overlap of EDL causes

variation in local (anion) concentration along the channel, affecting the chemioosmotic flow

along the channel. Further, the electric field, perturbed by the local variations in concentration

influences the electroosmotic component. The complex interplay between chemioosmotic and

electroosmotic flows depending on ∆c, contributing to a nonlinear dependence of DOF velocity

on ∆c. When the tip diameter was increased from 20 nm to 40 nm, a significant reduction in

DOF magnitude was observed. For instance, in case of ∆c = 1 mM, average velocity inside the

tapered nanochannel reduced from 1.15 mm/s for dt = 20 nm to 0.75 mm/s for dt = 40 nm.

Moreover, the nonlinearity in ∆c dependence also increases. These observations may be due

to the fact that the nanochannel tip diameter, dt, affects the overlap of EDL, and hence, the

overall flow. On the other hand, an increase of nanochannel length from 100 nm to 200 nm,
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Figure 4.8: Variation of average velocity in x-direction (solid line) and velocity magnitude
(dashed line) with concentration difference, ∆c, in a nanochannel of (a) length, l=100nm and
tip diameter, dt=20 nm ( ), (b) l=100, dt=40 nm (∎), and (c) l=200, dt=20 nm (▲). Other
control parameters were kept constant: α=10○, vf=7 µm/s, and σ=0.01 C/m2.

while keeping dt constant at 20 nm, did not cause a noticeable variation in the DOF velocity

for different ∆c in the range of 0 – 1 mM.

Even when there was no concentration difference across the tapered nanochannel (i.e., ∆c =

0), non-zero DOF was still observed inside the tapered nanochannel. This flow can probably be

attributed to the taper in the nanochannel, resulting in local concentration differences along

the channel due to partial EDL overlap. This local concentration difference and induced

electric field drive localized chemiosmotic and electroosmotic effects in tapered nanochannels,

causing an overall flow.

4.3.4 Effect of inflow rate

We studied the effect of inflow velocity, varying over five orders of magnitude in the range

of 0.7 µm/s − 7 mm/s. The inflow velocity, vf , was kept equal for both the left (high

concentration, cH) and right (low concentration, cL) reservoirs. Revealed in Fig. 4.9 are our

simulation results of the diffusioosmotic flow velocity for various vf in a semi-logarithmic plot.
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Figure 4.9: Average velocity in x-direction (solid lines) and velocity magnitude (dashed lines)
along a nanochannel of length l = 100 nm, tip diameter, dt = 20 nm, cone angle, α = 10○,
and concentration difference, ∆c = 0.14 mM. The x-coordinate has been normalized with the
nanochannel length, l.

For the range of flow velocities analyzed, the inflow velocities did not alter the flow pattern

inside the nanochannel. A higher inflow velocity (e.g., vf= 7 mm/s) causes an increase in

the y-component of DOF near the edges of the tapered nanochannel, illustrated in Fig. 4.9

by the high value of velocity magnitude. However, we observe the insignificant impact of the

inflow rate on the DOF speed inside the tapered nanochannel, as the velocity in x-direction

and velocity magnitude matched with each other. Hence, the flow inside the nanochannel is

dominated by x-directional flow, with an insignificant y-directional velocity component. Such

an observation is likely due to our investigation in the low Peclet number regime (Pe = vfh/D ≲

0.1, where vf ≤ 7 mm/s, h ≤ 50 nm, D ≃ 2 × 10−9m2/s). Here, higher flow velocity was not

investigated, since such high flow velocities are difficult to implement and are rarely reported

for micro/nano-fluidic experiments. In case of very high inflow velocity (vf = 7 mm/s) in

Fig. 4.9, we observed that a large reservoir inflow velocity could influence the DOF near the

edges of the tapered nanochannel, which is manifested in terms of high-velocity magnitude

near the nanochannel orifices.
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4.4 Conclusion

We present a two-dimensional numerical analysis of diffusioosmosis in nanochannels of tapered

geometry to investigate the importance of various operating parameters, such as cone angle,

nanochannel dimensions, and flow rate. In the low Peclet number regime (Pe ≲ 0.1), an

insignificant variation of DOF inside the nanochannel was observed when the external flow

velocity of solutions through the reservoirs was varied over five orders of magnitude. The

angle of taper was found to have a very prominent effect of the direction of diffusioosmotic

velocity, where positive taper angle (i.e., diverging shape) facilitates flow in the direction

towards increasing gap thickness (i.e., from high to low concentration reservoir in our setup).

In contrast, a negative taper angle favors flow in the opposite direction from low to high

concentration (but still in the direction towards increasing gap thickness). The primary reason

for such an observation is likely due to the overlap of EDL at the narrower orifice, causing

a higher concentration gradient, which in turn promotes greater chemiosmotic flow (from

the nearby reservoir towards the smaller orifice via water transport). By the same token, a

smaller tip diameter increases the DOF. Due to an influence of the surface charge on the ionic

concentration distribution inside the nanochannel, a longer nanochannel length increases the

flow velocity via higher net surface charge and, hence, electroosmotic effect. In contrast to

previous analysis in a straight, charged nanochannels, reporting a linear dependence of DOF

velocity on ∆c [166], a nonlinear increase of DOF with an increase in concentration difference

was observed, which can be described via an empirical relation of a second-order polynomial.

The nonlinearity of this dependence increases when the tip diameter is smaller, whereas a

change in channel length did not cause a significant impact on the overall DOF.



Chapter 5

Numerical simulation of renewable

power generation using reverse

electrodialysis 1

5.1 Introduction

The quest for clean energy meeting the global needs has advanced extensive research and

development in sustainable energy sources [189, 190, 191, 192], such as geothermal [190], solar

[193, 194], wind [195], and hydroelectric [196, 197] energy. Another promising renewable

source is salinity gradient energy (SGE), obtained from the thermodynamic free energy of

mixing two electrolyte solutions of different concentrations [83, 198]. SGE can be harnessed

primarily by two processes, namely pressure-retarded osmosis [199] and reverse electrodialysis

(RED) [200, 67]. The latter, RED is an emerging and mainstream technology for harnessing

such energy by preferential transfer of ions across ion-selective interfaces, such as nanoporous,

ion-exchange membranes [198, 67, 80, 201] or charged nanochannels using micro- and nano-

fluidics [98, 202, 203, 204]. In these two types of RED methods (using charged membranes or

nanochannels), physically, due to the surface charge of nanopores via electrostatic interaction,
1Chanda & Tsai, Energy 176 (2019) 531–543.
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counter-ions flow through the confinement whereas co-ions are repelled. The transportation

of (attracting) counter-ions and (repelling) co-ions across the nanopore under an external

chemical potential gradient can result in an ionic flow producing electrical energy [80]. It

has been estimated that ideally the maximum SGE of ≈ 2.3 MJ could be captured when 1

m3 of freshwater (from a river) is mixed with seawater [205]. Thus, with a global freshwater

flow rate of ≈ 1.2 × 106 m3/s [206], a power output ≈ 2.7 TW could be extracted. Therefore,

large-scale RED technology could potentially provide adequate sustainable energy and, hence,

is a vital topic.

Pattle first experimentally demonstrated the concept and feasibility of RED technology

obtaining SGE power, by flowing freshwater (e.g., from a river) and salty-water through (acidic

and basic) ion-exchange membranes [81]. Motivated by this exciting finding, theoretical stud-

ies were carried out to understand the mechanism of ion transport and electrical interactions

of such RED cells [83, 207, 82, 208, 84, 85]. A theoretical capillary model (mimicking charged

porous membrane) revealed a high efficiency of energy conversion for narrow confinements,

with the assumption of 1D Debye-Hückel linearization considering large [83] and small [82]

concentration differences. Recently, Vermaas et al. estimated a maximum power density of

2.7 W/m2 with the present technological advances using a RED stack model, a phenomeno-

logical model analyzing various resistance components with the Nernst Equation. [84], and

further demonstrated that a recirculation of the feed water could achieve an efficiency of more

than 50% using co-, counter- and cross-flow methods [85, 209]. However, because of complex

membrane geometry and pore-scales, most previous theoretical investigations on RED use

assumptions or/and simplified geometry of a single nanopore.

Since Pattle [81], various laboratory experiments have been conducted to aim at better

understanding and efficiency for RED operations using membranes [201, 205, 89, 88, 86, 87, 92,

91]. These investigations revealed the effects of different concentrations and flow velocities [86],

an exponential decay of power output with time [87], a better energy output by lowering inter-

membrane distance [88], and a strong influence of salinity gradient on membrane resistance

[89]. To improve the RED efficiency, researchers have recently fabricated new membranes,

used different flow conditions, and improved stack designs of RED cells for optimal power



69

generation [67, 80, 201, 92, 91, 90, 93].

Several numerical investigations of RED have been undertaken to gain the fundamental

understanding of the RED process and corresponding efficient designs. Most of the numerical

work focused on the analysis of a single nano-confinement (nanopore or nanochannel) for

computational simplicity [4, 94, 5] since a full, accurate simulation considering nonlinear,

coupled (flow and electrical) interactions within nanoporous membranes is challenging. A

two-dimensional (2D) numerical simulation of RED concluded that power generation could

be maximized by minimizing the cross-sectional area, increasing surface charge density, and

optimizing the length of the charged nanochannel [4]. However, this model focused on ionic

interactions without considering the fluid flow. The model was improved later by computing

flow field using the Stokes flow model [5], revealing a decrease of electrical conductance with

an increase in nanopore length. More recently, researchers have numerically studied RED

process using a more complex geometry, for instance, pH-regulated conical nanopores [186],

a cell pair with cation and anion exchange membranes [210], asymmetric bilayered nanopore

[211], and nonuniform surface charge distribution [212]. However, these numerical studies did

not investigate the effect of external flow through the reservoirs, as expected in a realistic

RED cell with injections of salt solutions.

In the present work, we consider the addition of external flows through the reservoirs

connecting a charged nanochannel. The simulations aim to develop a better understanding

of the variation of energy conversion efficiency and power density under the influences of

different concentrations of salt solutions, concentration gradient, nanochannel dimensions,

and external flow. In particular, to the best knowledge of our, the effect of external flow on

RED electrical outputs with a charged nanochannel has not been reported numerically.

5.2 Mathematical model

We numerically examine the flow, ion concentration, and electric potential fields in a steady-

state reverse electrodialysis process using a single nanochannel to understand the effectiveness

of a charged nanopore in harnessing SGE. Fig. 5.1a shows the schematic of the model, in
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which a single nanochannel connects two reservoirs with a constant and positive surface charge

density (σ). A salt solution of high concentration (cH) flows through one reservoir (on the

left), whereas a diluted one (cL) through the other (on the right). We inject the electrolyte

streams through the reservoir with the same velocity, vf ĵ, and we do not apply any external

pressure gradient to drive flow across the nanochannel between the two reservoirs. The flow is

therefore primarily driven by the chemical potential due to salt concentration difference and

electrical forcing inside the charged nanochannel.

The charged nanochannel with overlapping of Debye length can exhibit charge selectivity,

allowing counter-ions to pass through while repelling the co-ions. This charge separation in-

duces electrical field adjacent to the charged nanochannel, while a chemical potential gradient

exists due to electrolyte concentration difference (i.e., cH − cL) between the reservoirs. The

interplay between these driving forces and the charge selectivity of the nanochannel give rise

to complex and nonlinear flow, ion-concentration profiles, and the resulting electrical current

and outputs.

5.2.1 The governing equations

The governing equations are based on the conservation of mass, momentum, charge and ionic

species [65]. The distribution of electric potential, ϕ, is governed by the Poisson’s equation

due to spatial net charges [154]:

ϵ0ϵr∇2ϕ = −q = −F (z+c+ + z−c−), (5.1)

where ϵ0 (= 8.854 × 10−12 Fm -1), ϵr (= 80.1), and F (= 96,485 Cmol-1) are the permittivity

of vacuum, relative permittivity of water, and Faraday’s number, respectively. c+ and z+ are

the concentration and valence of the cation, respectively, whereas c− and z− are their anionic

counterparts.

Based on the continuity of electric current consisting of diffusive, electromigration, and

convective fluxes, the concentration fields of ions (ci, i = +,− representing the cation and anion

concentrations, respectively) in the solution are modelled by the Nernst-Planck equation in a
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steady-state [65]:

−∇⃗ ⋅ (D±∇⃗c± +
D±
RT

z±Fc±∇⃗ϕ) + u⃗ ⋅ ∇⃗c± = 0, (5.2)

where T (= 293 K) is the operating temperature, R (= 8.314 JK-1mol-1) is the universal

gas constant, and D+ and D− are the diffusivities of the cation and anion, respectively.

Corresponding to the diffusivities of K+ and Cl– ions, D+ and D− are assumed to be 1.96×10−9

m2/s and 2.0 × 10−9 m2/s. Physically, the sequential terms in Eq. (5.2) describe diffusion,

electromigration, and convection of ions, respectively [24, 65]. The competition among these

factors dictates the ionic flux inside the nano-confinement.

Integrating Eq. (5.2), we can obtain the cationic (J⃗+), and anionic (J⃗−) flux, and is

defined by the following equation, consisting of diffusive, electromigration, and convective

ion-flux [65]:

J⃗± = (−D±∇⃗c± −
z±DiFc±

RT
∇⃗ϕ) + u⃗c±. (5.3)

The ion concentrations in the solution (i.e., c+ or c− for the cation and anion, respec-

tively) are governed by the conservation of ionic species and described by the Nernst-Planck

equations. Considering a steady problem, these equation can be represented as [155, 65]:

The flow field is simulated by solving the steady-state Navier-Stokes equation, along with

the continuity equation. Due to the miniature geometry used here, the dimensionless Reynolds

number, defined by the ratio of inertia to viscous effect, Re ≡ ul/ν ≈ 10−5 − 10−4, where u is

typical nanoflow speed, l is nanochannel length, and ν is fluid kinetic viscosity. Hence, the

contributions of the inertial terms can be neglected. We thus simulate a steady-state Stokes

flow [156]:

∇ ⋅ u⃗ = 0, (5.4)

−∇⃗p + µ∇2u⃗−F (z+c+ + z−c−)∇⃗ϕ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

F⃗e=qE⃗=−q∇⃗ϕ

= 0, (5.5)
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where µ is the liquid viscosity (for water, µ ≃ 1 mPa⋅s at room temperature), F⃗e is the

electrical body force, and q ( = z+c+ + z−c−) is the net charge. Eq. sets (5.1)–(5.5) are non-

linearly coupled, and we numerically solve for velocity, u⃗, pressure, p, electrical potential, ϕ,

and ion concentrations, c±.

5.2.2 Boundary conditions

The boundary conditions (BCs) used for the governing Eq. (5.1)–(5.5) are listed in Fig. 5.1b.

To solve for the electrical potential (ϕ), we first assumed constant surface charge density,

σ, along the charged nanochannel wall. σ is described by the discontinuity of electric field

normal to the wall (in ĵ direction) [4, 154]:

∇�ϕ = −σ/ϵ0ϵr. (5.6)

Even though the surface charge density may slightly vary depending on a number of

factors, such as pore diameter and concentration [5], it was assumed to be constant to maintain

the simplicity of the problem. As shown in Fig. 5.1b, constant electrode potential across the

nanofluidic RED cell, acting as a battery, was modelled, i.e. ϕ = k, where k = 0 for the right-

hand-side electrode and k = ϕc for the left-hand-side electrode [94, 5]. Here, the boundary

condition of ϕc is associated with the operating voltage of the RED battery cell, with a net

ion flux due to diffusion, electromigration, and convection. Along the rest of the walls, due to

no accumulation of a net surface charge, following Eq. (5.6) we used the boundary conditions

of ∇�ϕ = 0, i.e., the gradient of ϕ in the direction normal to the wall is zero.

To compute the concentration of cations and anions, c+ and c− were numerically solved

based on the Nernst-Planck Eq. set (5.5) with appropriately specified boundary conditions

for cation/anion concentrations (c+ and c−) or fluxes (J+ and J−). To model a simplified,

realistic operation of RED with external flow, two different concentrations of electrolyte: cH

for high and cL for low concentration solution were injected and thus specified for both c+

and c− at the two reservoir inlets. Whereas, at the reservoir outlets, ionic flux is conserved

and determined according to the local diffusive and advective ionic flux, without an electro-
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.

Figure 5.1: (a) Schematic diagram, (b) boundary conditions, and (c) equivalent electrical
circuit of our computational model studying reverse electrodialysis flow, comprised of two
reservoir flows of different salt concentrations connected by a positively charged nanochannel.
In (c), ϕ0, ϕc, Rc, Re and Ic are the open-circuit voltage, operating voltage, nanochannel
resistance, external resistance, and circuit current, respectively.
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migration counterpart (as ∇�ϕ = 0 at the reservoir outlets). Along the charged nanochannel

and vertical surfaces, the boundary condition of J�± = 0 is used [4], corresponding to no net

fluxes of ions outwards (in the direction normal to the surfaces). This vanishing ionic flux

at the boundary is due to non-perpetrating ionic flow and a constant surface charge (steady

σ on the nanochannel surface or zero on the vertical surfaces) and, therefore, zero normal

component of the ionic fluxes (J�± = 0) at these boundaries.

For solving for the flow field, a combination of no-slip (ut = u⃗ ⋅ t̂ = 0) and no-penetration

(un = u⃗ ⋅ n̂ = 0) boundary conditions for the flow velocity was imposed along the nanochannel

wall. More specifically, u⃗ = ut = un = 0 along the non-moving solid walls. Two different

concentrations of electrolyte (cH for high and cL for low concentration solution) were injected

at the two reservoir inlets with the same speed u⃗ = vf ĵ. Along the side-boundary of the two

large reservoirs, the boundary stress (= −p+2µ∂un/∂n) was assumed to be zero (as we do not

impose a pressure gradient horizontally across the RED cell). As a 2D model, the parameters

were considered independent of z direction.

5.2.3 Electrical outputs computed

Fig. 5.1c shows the equivalent electrical circuit for the present RED model. The central grey

portion represents the modeled RED cell, which essentially acts as a miniature battery with an

electric potential (ϕ0) and internal resistance (Rc), providing electrical energy to an external

circuit. When connected to an external resistance (Re), the voltage supplied by the RED cell

is ϕc with an electric current (Ic). Since a fraction of ϕ0 is consumed by the nanochannel

internal resistance, Rc, the effective RED cell voltage (ϕc) can be expressed as:

ϕc = ϕ0 − IcRc. (5.7)

As visible from the electrical circuit diagram shown in Fig. 5.1c, the operating voltage (ϕc)

can also be expressed as:

ϕc = IcRe. (5.8)

The current Ic can be calculated from the cationic and anionic flux across the nanochannel
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cross-section [65, 155], using

Ic = ∫ F (z+J+ + z−J−)dA. (5.9)

The maximum supply voltage of the RED cell is termed as open-circuit voltage, ϕ0 [84, 93,

5] (when no external current Ic is present). The maximum current that can flow through the

circuit for a given configuration is termed as short-circuit current (Isc) and is mathematically

expressed as Isc = ϕ0/Rc [94]. Isc can also be defined as the current flowing through the circuit

when there is no external resistance.

In the simulations, we obtain the current-voltage characteristics of the RED cell using

the numerical integral of Eq. (5.9). The method consists of using several different values of

operating voltage ϕc (or equivalently, varying external resistance Re) and obtain the resultant

Ic using Eq. (5.9). The resultant I-V curve of the RED cell reveals a linear relationship

described by Eq. (5.7), and we perform a curve fitting of least-square residuals. The corre-

sponding open-circuit voltage, ϕ0, and nanochannel resistance, Rc, are calculated from the

y-intercept and the (negative) slope of the best linear I-V fitting, respectively.

The power output for a single nanochannel P ′c (= ϕcIc) can be estimated by combining

Eq. (5.7)–eq5.8,

P ′c = ϕ2
0

Re

(Re +Rc)2
. (5.10)

By optimizing Eq. (5.10), the maximum power output, P ′c,m, occurs when the channel resis-

tance is equal to the external resistance (i.e., Re = Rc) or, equivalently, when the operating

voltage is equal to the half of the open circuit voltage: ϕc = ϕ0/2. Hence, P ′c,m can be estimated

using

P ′c,m =
ϕ2
0

4Rc
. (5.11)

The maximum power output density (Pc,m) is the maximum power output (P ′c,m) per unit

cross-sectional area Ac (= h× 10 µm) of the nanochannel, where the width of the nanochannel

is considered to be 10 µm (similar to that used in previous numerical studies without external

flow [4]).
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Energy conversion efficiency (η) for the RED process can be defined as the ratio of output

energy (= ϕcIc) to the Gibbs free energy due to the salinity difference [5]. The power generation

is maximized at ϕc = ϕ0/2, and the corresponding energy conversion efficiency at the maximum

power output (ηm) is calculated via the following equation [83]:

ηm =
ϕ0Ic

2RT ln(cH/cL)Js
, (5.12)

where Js is the total number of ions transported through the nanochannel per unit time and

is equal to the integration of the sum of cationic and anionic flux over the nanochannel cross-

section (Js = ∫ (J+ + J−)dA). Here, we have assumed the activity coefficient of all species to

be constant and equal [65].

To investigate the percentage of ions transported from one reservoir to the other via the

nanochannel, we calculate the ratio of outflow to inflow concentration of the counter-ion (i.e.,

anion) in the high-concentration reservoir. We quantify this anion concentration ratio, δ,

using

δ = c−,out

cH
, (5.13)

where c−,out is the average anion concentration at the (left-hand-side) cH reservoir exit. δ = 1

indicates the concentration at entry and exit are equal, and hence there may be no effective ion

transfer through the nanochannel. δ = 0 may represent a complete transfer of anions towards

the nanochannel from the reservoir. This analysis is based on the anion concentration (c−)

because anions dominate the charge distribution in the positively-charged nanochannel.

5.3 Numerical simulations

The present 2D numerical simulation has been performed in COMSOL Multiphysics, and the

details of our numerical simulation including code validation, and grid independence analysis

has been provided in chapter 2.
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(a) (c) (b) 

Figure 5.2: Simulation results for a charged nanochannel of h = 10 nm: (a) electric potential,
ϕ, with electric field, E⃗ (in arrows), (b) cationic concentration, c+, and (c) anionic concentra-
tion, c−, with velocity vector, v⃗ (in arrows). The inset in (c) show the flow velocity vectors in
the charged nanochannel. Here, l = 100 nm, cL = 0.01 mM, cH = 0.15, σ = 0.01 C/m2, and
vf = 0.07 mm/s, with ϕc = 0.1 V.

(a) (c) (b) 

Figure 5.3: Simulation results for a wider nanochannel with h = 60nm: (a) electric potential,
ϕ, with electric field, E⃗ (in arrows), (b) cationic concentration, c+, (c) anionic concentration,
c−, with velocity vector, v⃗ (in arrows). Here, l = 100 nm, cL = 0.01 mM, cH = 0.15, σ = 0.01
C/m2, and vf = 0.07 mm/s, with ϕc = 0.1 V.

5.4 Results and discussions

The control parameters of a RED energy harvesting unit include the concentrations of con-

centrated (cH) and dilute (cL) solutions, nanochannel dimensions (l, h), flow velocity (vf ),

and surface charge density (σ). These factors can have a significant impact on the maximum

power output density, Pc,m, and energy conversion efficiency, ηm, of the power generation

process. Here, we investigate the influence of the first five listed parameters (cH , cL, l, h, vf ),

while keeping the surface charge density (σ) constant.
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5.4.1 Typical results

The distributions of ion concentrations (c+, c−), electric potential (ϕ), and velocity vector (u⃗)

for two different nanochannel configurations, h = 10 and 60 nm, are shown in Figs. 5.2 and

5.3, respectively. The range of nanochannel dimensions was chosen based on typical scales of

charged (membrane) nano-pores or nanochannels used by other experiments [100, 102] and by

previous simulations [4, 5]. The nanochannel size is chosen to span the range comparable to the

Debye length of the RED system, (λD =
√
ϵ0ϵrRT /2F 2c0 ≃ 10 nm for electrolyte concentration

c0 = 1 mM [65]) since the ratio represents the effectiveness of the charge selectivity of the nano-

confinement. The key idea here is to test this typical range of dimension to obtain optimal

power generation, spanning narrow channels of O (10 nm)—which are charge selective due to

overlapping Debye length—and wider channels of O (60 nm).

Fig. 5.2 shows the results for a relatively narrow nanochannel (h = 10 nm) with overlap

of electric double layer (EDL). Electric double layer (EDL) plays a crucial role in nanofluidic

flow under an electrical field, particularly in determining the charge selectivity of a nanopore.

For instance, electric Coulombic force between the charges repels the co-ions from entering the

EDL adjacent to the charged nanochannel. Thus, a strong charge-selectivity can be observed

inside the nano-confinement when there is EDL overlap.

Fig. 5.2a shows the distribution of electric potential, ϕ, and the electric field, E⃗ (= −∇⃗ϕ).

For the overlapping EDL case of h = 10 nm, due to strong and positive surface charge, σ,

the highest electric potential is observed inside the nanochannel, leading to the electric field

directing outward from the nanochannel towards the reservoirs. Combined with Eq. (5.1),

the boundary condition of σ determines the local distribution of ϕ through Eq. (5.6), where

∇�ϕ = −σ/ϵ0ϵr < 0 in the direction normal to the nanochannel surface. As positive σ repelling

(co-ion) cations away while attracting anions, Fig. 5.2b shows the accumulation of co-ions

(cations) towards the edge of the reservoirs due to the repulsion from the positively-charged

nanochannel. As counter-ions, anions are attracted to the nanochannel resulting in a high

anion concentration inside the nanochannel, as illustrated by Fig. 5.2c. Consequently, net

negative charge is present in the nanochannel. The flow velocity (depicted by arrows in the
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inset of Fig. 5.2c) is directed from low (cL) to high (cH) concentration reservoir, primarily,

due to the electric forcing (with ϕc = 0.1 V on cH -sided and 0 V on cL-sided electrode) acting

on overall negatively-charged solution present in the nanochannel.

Fig. 5.3 shows the profiles of output parameters for a wider nanochannel (h = 60 nm)

without EDL overlapping. By the same token, the distributions of electric potential (ϕ) and

cationic concentration (c+) (shown in Fig. 5.3(a) and (b), respectively) are similar to those

in a narrow nanochannel (Fig. 5.2). However, in contrast to h = 10 nm, the variation of

electric potential in the y-direction is clearly visible in this case since the double layer do not

overlap for h = 60 nm. Fig. 5.3c illustrates that the anionic concentration (c−) is greater

close to the walls of the nanochannel while relatively lower in the bulk of the nanochannel.

Thus, without an overlapping EDL, the charge selectivity of the nanochannels is diminished

in a wider channel. As illustrated by Fig. 5.3(c), for a wider channel, the nanoflow direction

is from low to high concentration reservoir for some configurations. Such diffusioosmotic flow

driven by chemiosmotic and electroosmotic processes has been studied in detail elsewhere

[136, 148, 140, 166]. Here, we focus on the RED electrical characteristics and power generation

of such nanofluidic configurations.

5.4.2 Influence of nanochannel dimensions

The nanochannel height, h, affecting the overlapping of EDL, is one of the significant param-

eters for RED [213]. Besides, the nanochannel length, l, can also contribute to the charge-

selective effect by strengthening the Coulomb repulsion of the co-ions as more surface charge

is present when l is increased. Using Eq. (5.7)-(5.13), we examine the variation of electrical

outputs with nano-channel length (l) for three different heights (h = 10 nm, 30 nm, and 50

nm), while keeping the other parameters (cH , cL, vf , σ) constant.

The variation of nanochannel resistance, Rc (Fig. 5.4a), open-circuit voltage, ϕ0 (Fig.

5.4b), and energy conversion efficiency, ηm (Fig. 5.4e) with l for different h reveal a similar

trend, demonstrating an insignificant impact of nanochannel height (h) for the h-range ex-

plored. For example, Rc increases monotonically with an increase in l for all h, which can be

explained with the increasing electrical resistance with length (since R = ρR
l
A , where ρR is
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Figure 5.4: Dependence of (a) nanochannel resistance, Rc (in MΩ), (b) open-circuit voltage,
ϕ0 (in mV), (c) short-circuit current, Isc (in nA), (d) power output density, Pc,m (in W/m2),
(e) energy conversion efficiency, ηm, and (f) anion concentration ratio, δ, on nanochannel
length, l (in nm), for different height h = 10 nm (▲), 30 nm ( ) and 50 nm (∎). Here, cH =
0.25 mM, cL = 0.01 mM, vf = 0.01 mm/s, and σ = 0.01 C/m2.

the electrical resistivity of the material, and A is the cross-sectional area).

ϕ0 rapidly increases with l for l < 300 nm and subsequently decreases with increasing l

between 400 and 3000 nm. Both ϕ0 and ηm are observed to reach a maximum value at a

specific l (≈ 300 nm) after which both decrease as l increases. Overall, these electric outputs

show an optimal channel length for higher and efficient power output. The following factors

likely explain such optimization with respect to l. As l increases, the total charges along the

nanochannel increase, and Coulombic forces are strengthened to enhance the electroosmotic

transport. On the other hand, an increase in l decreases the concentration gradient (∼ ∆c/l)

in the nanochannel and lessens the chemiosmotic transport. Because of the combination of

these competing factors, a critical l was observed for the maximization of power generation.

Fig. 5.4c illustrates the variation of the short-circuit current, Isc, which decreases with an

increase in l and shows small variation with different h. The observed reduction in Isc with

increasing l can be attributed to increasing Rc and the reduction of strength of the driving

force due to concentration gradient with increasing l.

Revealed in Fig. 5.4d is the variation of maximum power output density (Pc,m obtained
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using Eq. (5.11)) with l for different h, showing a much higher value of Pc,m for narrower

channel (h = 10 nm). To explain this, we observed that the power output (P ′c,m) for all three

heights are of the same order of magnitude, while the density (Pc,m) is the power divided by

the effective cross-sectional area Ac (= h× 10 µm) and hence increases with decreasing h. The

variation of Pc,m with l was less pronounced.

The variation of anion concentration ratio, δ, defined in Eq 5.13, with nanochannel di-

mensions, shown in Fig. 5.4f, reveals the dependence of δ primarily on h but not on l. In

particular, when h = 50 nm, δ is increased about twice compared to those for h = 10 and 30 nm.

The higher δ observed for larger h indicates that most anions pass through the reservoirs and

do not transport through the nanochannel, as expected for the case of a wider nanochannel

(h > λD) with less charge selectivity.

Previous 1D investigations have reported that the nanochannel aspect ratio (nR = l/h)

could be an important factor in determining the flow profile and characteristics of DOF,

especially when nR < 5 [138]. In this regard, we also studied the dependence of electrical

outputs on nR for our geometry with a constant external flow of ionic solutions. Nanochannel

resistance Rc increased linearly with increase in nR. However, it was observed that all the

electric outputs except Rc did not demonstrate any significant influence of nR for the param-

eter ranges explored. Fig. 5.5 shows the variation of output parameters with nanochannel

aspect ratio (nR = l/h) for different h. Nanochannel resistance, Rc, increases linearly with

nR but does not change much with h (Fig. 5.5a). The variation of open circuit voltage, ϕ0,

and energy conversion efficiency at maximum power, ηm, are shown in Fig. 5.5b and Fig.

5.5e, respectively, showing no noticeable influence of nR and h. Short-circuit current (Isc)

increases with decreasing h but does not change with nR (see Fig. 5.5c). Fig. 5.5d reveals

that maximum power output density, Pc,m, increases with increasing h but remains fairly

constant for different nR. Fig. 5.5f shows that anion concentration ratio, δ, is independent of

nR but dependent on h to some extent. This analysis shows that most electrical outputs do

not change significantly with varying nR for the parameter ranges used.
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Figure 5.5: Variation of (a) nanochannel resistance, Rc (in MΩ), (b) open-circuit voltage, ϕ0

(in mV), (c) short-circuit current, Isc (in nA), (d) power output density, Pc,m (in W/m2),
(e) energy conversion efficiency, ηm, and (f) anion concentration ratio, δ, with nanochannel
ratio nR = l/h for different heights h = 10 nm (▲), 30 nm ( ), and 50 nm (∎). Here, cH =
0.25 mM, cL = 0.01 mM, vf = 0.01 mm/s, and σ = 0.01 C/m2.

5.5 Electric outputs with varying channel aspect ratio

5.5.1 Effect of concentration gradient

We also study the effects of changes in concentration (and concentration gradient) on RED

power generation. The analysis is performed by varying cH and cL, while keeping other control

parameters (l, h, vf , σ) constant.

Fig. 5.6a shows the variation of the nanochannel resistance, Rc, for different concentration

ratio, cR (= cH/cL). An exponential dependence of Rc on cR is observed, where Rc decreases

with increasing cR. Rc also decreases as cL increases. These Rc dependence reveals an

enhanced ion transport (resulting in a lower Rc) with greater concentration ratio due to

diffusion and electromigration (i.e., the first two terms in Eq. (5.2)). By the same token, Fig.

5.6b shows that the open circuit voltage, ϕ0, increases with an increase of cR for cR ≤ 50,

albeit with a decreasing rate. For cR > 50, ϕ0 vary slightly with cR and can be considered

to remain nearly constant. On the other hand, it can be seen from Fig. 5.6c that there is a

linear increase in short-circuit current (Isc) with cR. In other words, this maximum available
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Figure 5.6: The influence of concentration ratio, cR(= cH/cL), on the electric outputs of
(a) nanochannel resistance, Rc (in MΩ), (b) open-circuit voltage, ϕ0 (in mV), (c) short-
circuit current, Isc (in nA), (d) power output density, Pc,m (in W/m2), (e) energy conversion
efficiency, ηm, and (f) anion concentration ratio, δ (< δ > ≃ 0.05), for different cL=0.005 mM
(∎), 0.01 mM (▲), and 0.05 mM ( ). Here, h = 10 nm, l = 100 nm, σ = 0.01 C/m2, and
vf = 0.01 mm/s.

current is increased with cR (for a fixed cL) since the concentration gradient is a primary

driving force for the ionic transport and, hence, the resultant current. In addition, Isc also

increases with an increase in cL. For a constant cR, if cL increases, the concentration gradient

is greater and causes an increase in ionic flow and circuit current.

Fig. 5.6d shows the variation of maximum power output density (Pc,m) with concentration

ratio (cR) for different cL, illustrating that Pc,m increases almost linearly with increase in cR.

This increase of Pc,m with cR is higher for larger cL. High values of both cR and cL can

enhance ion flux due to chemiosmosis in the nanochannel and, hence, generate larger Pc,m.

The variation of energy conversion efficiency (ηm) (at the maximum power output using

Eq. (5.12)) with cR is shown in Fig. 5.6e. Interestingly, ηm decreases nearly linearly with

an increase of cR, implying a reduction in the RED process efficiency if the concentration

ratio is very high. The approximate linear dependence of ηm observed can be expressed as

ηm = 0.0023(300 − cR) using a least-square linear fit. However, ηm is nearly independent of

the concentration of the dilute solution (cL). It was interesting to note from Fig. 5.6f that
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Figure 5.7: Variation of (a) Rc (in MΩ), (b) ϕ0 (im mV), and (c) Pc,m (in W/m2) with the
concentration difference, ∆c = cH − cL (in mM), for cL = 0.005 mM (▲), 0.01 mM ( ), and
0.05 mM (∎). Here, h = 10 nm, l = 100 nm, σ = 0.01 C/m2, and external flow velocity vf =
0.01 mm/s. The lines indicate the best fitting curves in accordance to the empirical relations
observed, with their corresponding Eq. numbers labeled.
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anion concentration ratio (δ) does not significantly change with solution concentrations and

remains fixed at around 5% for low external-flow velocity (∼ 0.01 mm/s).

These results reveal that electrolyte concentration ratio (cR) plays a significant role in

maximizing sustainable power outputs. As shown by Fig. 5.6 for h = 10 nm and cL = 0.05

mM, due to strongly enhanced chemiosmosis transport a greater cR ≈ 100 can greatly decrease

nanochannel resistance (Rc by 5.1 times), increase short-circuit current (Isc by 6.4 times), and

increase maximizing power density (Pc,m by 4.5 times) compared to the cases for cR = 10.

Moreover, for a fixed cR, a large ion concentration (cL) benefits the RED process and electrical

outputs since more ions are available contributing to greater ionic fluxes.

When we plot the electrical outputs, Rc, ϕ0, and Pc,m vs. the concentration difference

∆c (= cH −cL), remarkably, all data points for different cH and cL could be fitted into a single

curve. As illustrated by Fig. 5.7a, a power-law dependence can be obtained for the channel

electric resistance, Rc:

Rc = A∆c−α, (5.14)

where A and α are positive constants which could depend on other factors, such as nanochan-

nel dimensions, surface charge density, and flow velocity. For the present configuration (h

=10 nm, l = 100 nm, σ = 0.01 C/m2, and vf = 0.01 mm/s), A = 102.86 and α = 0.58 (when

Rc is in MΩ). Since a lower value of channel resistance is desired for higher electrical output,

the empirical relation suggests an optimization using a higher value of ∆c, i.e., a greater con-

centration gradient. Eq. (5.14) also reveals that the electrical conductance, Kc ∼ 1/Rc ∼∆cα,

increases exponentially with the concentration gradient.

Shown in Fig. 5.7b is the dependence of ϕ0 on ∆c, which can be expressed through a

logarithmic relation:

ϕ0 = B ln∆c + β, (5.15)

where for the present configuration, B = 10.87 and β = 104.18 (when ϕ0 is in mV). These

constants may be functions of other factors which are considered constant in the present

analysis. When B ln∆c ≪ β, we can approximate ϕ0 ≈ β (see the inset in Fig. 5.7b) for

∆c ≳ 1.
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The maximum power output density (Pc,m) is related to Rc and ϕ0 according to Eq. (5.11).

Thus, the variation of Pc,m can be obtained using the relations (5.14) and (5.15):

Pc,m =
ϕ2
0

4Rc

1

Ac
= (B ln∆c + β)2

4A∆c−α
1

Ac
. (5.16)

Upon expansion of Eq. (5.16), the contribution of two of the three terms were found to

be negligible. Thus, a further approximation of the above equation can be performed by

expressing Pc,m as a power-law dependence on ∆c, with the absolute value of the exponent α

being the same as in Eq. (5.14). This simplified equation is described by

Pc,m ≈ C∆cα
1

Ac
, (5.17)

where the constant C = β2/4A (≃ 26.4). The behavior of the approximated functions given by

Eq. (5.16) and (5.17) are illustrated in Fig. 5.7c. Our numerical results show an increasing

Pc,m with ∆c, consistent with the experimental results reported by Kim et al. using anodic

alumina nanoporous membranes [152]. In brief, the new empirical relations of Rc, ϕ0 and

Pc,m (i.e., Eq. (5.15), 5.14 and 5.17) found numerically depend on ∆c and are useful for an

easy prediction of RED operations for optimal electrical outputs.

5.5.2 Effect of Peclet number

The influence of Peclet number due to external flow on the electric outputs for the nano/micro-

junction RED is unraveled for the first time, by Fig. 5.8. The Peclet number is defined as

the ratio of convective to diffusive transport. Here, we use Pe = vfh/D, where vf , h and

D (= 2 × 10−9 m2/s) are the inflow velocity, nanochannel height, and average diffusivity,

respectively. In our model using K+ and Cl– ions, the ionic diffusivities are of the same

order of magnitude as the nanochannel height. Thus, a very high flow velocity (∼ 1 m/s)

would be required to achieve high Pe flows. It is experimentally rather challenging to reach

such velocities in nano-confinements because extremely large forcing is required to overcome

nano/micro-flow viscous dissipation. Due to nanoscale devices, our analysis hence focuses on

Pe ≤ 10.

The internal resistance of the RED cell (Rc) remains fairly constant in low Peclet number

and decreases when Pe ≳ 1, as shown in Fig. 5.8a. No considerable changes of the electrical
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Figure 5.8: Impact of the Peclet number (Pe = vfh/D) due to external flow on the electrical
outputs of (a) nanochannel resistance, Rc (in MΩ), (b) open-circuit voltage, ϕ0 (in mV), (c)
short-circuit current, Isc (in nA), (d) power output density, Pc,m (in W/m2), (e) energy con-
version efficiency, ηm, and (f) anion concentration ratio, δ, for different nanochannel heights:
h = 10 nm (∎) and 20 nm ( ).

outputs with Pe are observed for low Peclet number, Pe ≲ 1. It is worthy noting that the

significant increase of ϕ0, Isc, and Pc,m when Pe ≳ 1 reveals the strong influence of convection

(Figs. 5.8b, 5.8c, and 5.8d). These observations can be explained by the fact that at high Pe,

in addition to diffusion, advection due to external flow can contribute to larger ion flux and,

hence, greater electric power output for the RED system.

Our numerical data show that the average flow inside the nanochannel when Pe ≳ 1 is at

least an order of magnitude greater than that for Pe < 1. Higher flow velocity facilitates a

higher transfer of counter-ions across the nanochannel and, therefore, increases the ion trans-

fer. Enhanced ionic flow results in a higher current through the RED circuit; consequently,

power output density increases as well. More quantitatively, the output power density was

found to increase 2.3× for both h = 10 nm and 20 nm when the flow changes from low

(Pe < 1) to high Peclet number regime (Pe ≥ 1). Similarly, energy conversion efficiency, ηm,

displays the same trend as Isc and ϕ0, staying nearly constant for Pe < 1 while increasing

when Pe ≳ 1 (see Fig. 5.8e). As the inflow velocity is increased, the conversion of Gibb’s free

energy of mixing to electrical energy is boosted by 10% due to the dominance of convection
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over diffusion when Pe ≥ 1 with ample supply of fresh ions from the external flow.

A high inflow velocity (i.e., Pe > 1) ensures a steady supply of ions across the nanochannel

and enables higher electrical output. However, because of this high velocity, most ions flow out

of the reservoir, and only a small fraction of total ions supplied crosses from one reservoir to

another to generate current. This causes a high salt concentration of the outflow solution, and

thus the ratio δ (= c−,out/cH) increases with Pe, as revealed by Fig. 5.8f. The concentration

of the outflowing anionic solution increases by more than 50% when the flow transitions

from Pe < 1 to Pe ≥ 1. This may generate an abundance of wasting saline and reduces the

utilization of available resources. For the nanochannel height explored here, these electrical

outputs did not vary significantly for different h used.

5.6 Conclusion

We numerically investigate the performance of a reverse electrodialysis cell under the in-

fluence of external flows in two reservoirs, which are connected by a charged nanochannel.

Electrolyte solutions of different concentrations flow through the reservoirs and generate a

chemical potential gradient across the nanochannel. The governing equations are based on

the conservation of mass, charges, and momentum, describing the nonlinear and coupled rela-

tions between electric potential, ion concentration, and flow fields. The nonlinear coupling of

surface charge, concentration gradient, and the resultant local electric fields govern the ionic

flow through the nanochannel. The effect of electrolyte concentration, nanochannel dimen-

sions, and external flow velocity on the maximum power output density (Pc,m), conversion

efficiency (ηm), and anion concentration ratio (δ) have been analyzed in detail.

These electrical outputs were found to depend on both nanochannel height (h) and length

(l). The simulation results show that a smaller h and an optimum value of l are desired

for maximizing power density, Pc,m. The open-circuit voltage, ϕ0, and energy conversion

efficiency, ηm, increase with l till l ≈ 300 nm, after that it remains relatively constant. Our

investigation also reveals an insignificant dependence of electrical outputs on nanochannel

aspect ratio, nR = l/h, for the parameters explored.
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Both Pc,m and ϕ0 increases with an increase in concentration ratio, cR, whereas the channel

electric resistance, Rc, decrease exponentially. Energy conversion efficiency, ηm, on the other

hand, shows a steady decrease with an increase of cR. This implies that the overall efficiency

of capturing the Gibbs free energy of mixing decreases as cR increases. More importantly,

the RED electrical output characteristics can be empirically modeled based on concentration

difference ∆c (= cH − cL), using Eq. (5.14)–(5.16). While, Rc and Pc,m also show a power-law

dependence on ∆c. To the best knowledge of ours, effect of inflow velocity of both reservoirs

was numerically analyzed for the first time for the RED using single nanochannel. Both Pc,m

and ηm increase with an increase in Pe when Pe ≥ 1, as the supply of fresh ions is abundant.

However, a linear decreasing relationship was observed between anion concentration ratio, δ,

and Pe.

In summary, the key numerical results by systematically varying several control parameters

reveal that maximum power output (Pc,m) of the RED cell requires smaller h (such that

h ≈ λD), optimal l (≈ 300 nm), larger ∆c, and higher vf (Pe ≥ 1). These quantitative parameter

values for the optimal RED output shed light on the importance of strong charge selectivity

of the nanopores (facilitating ion transport in the nanochannel), appropriate l (for optimizing

total electroosmotic and chemiosmosis ionic transport), greater ∆C (enhancing chemiosmosis

transport due to strong drive of chemical potential gradient), and external flow (constantly

supplying with fresh ions) for maximizing sustainable RED power. The study provides not

only quantitative results of nonlinearly coupled flow, electric potential, and ion concentration

fields for different flow conditions in a RED cell but significant parameters of experimental

designs of nanopores for optimizing the renewable RED power under external flow. This

work can be further developed to analyze the effect of multiple nanochannels on reverse

electrodialysis energy. In future, it would also be very interesting to numerically investigate

the effect of the combination of an alternating cation, and anion exchange membrane in a

steady-state RED cell, with alternating flow of dilute and concentrated solutions. Moreover,

motivated by biological ion-channels, it is exciting and crucial to numerically investigate the

local flow, ion concentrations, and electrical outputs for a conical-shaped, charged nanochannel

subjected to a (salt-) concentration gradient and external flow.



Chapter 6

Power generation through reverse

electrodialysis using Nafion membrane

6.1 Introduction

Salinity gradient energy (SGE) is a promising source of renewable energy that can be harnessed

by utilizing the chemical potential difference between freshwater and seawater. SGE can

be captured using several technologies [214], such as reverse electrodialysis (RED) [80, 67],

pressure-retarded osmosis [215], and electric double layer (EDL) capacitor [216]. Among these

methods, RED, which exploits the charge selectivity of nanopores, has been an attractive,

pollution-free alternative to harness the Gibbs free energy of mixing of electrolyte solutions

[205]. The RED technology could potentially extract a power amounting to 2.24 MW when

1 m3 of freshwater is mixed with seawater, [217] thereby potentially producing a sustainable

power output of ≈ 2.6 TW, [198] estimated with a global freshwater flow-rate of ≈ 1.2 × 106

m3/s. [206]

Since the first experimental record of RED by Pattle using alternating chambers of fresh

and saline water separated by acidic and basic membranes, [81] there have been active the-

90
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Figure 6.1: (a) Schematic and (b) the equivalent electrical circuit of the reverse electrodialysis
(RED) cell, comprised of two reservoirs separated by a cation-selective Nafion membrane.
Solutions of different salt concentrations (cH and cL) flow through the reservoirs. When
connecting an external circuit to the two side-electrodes, we obtain the open-circuit voltage
(ϕ0) and internal resistance (Rc) of the RED cell under a constant flow rate, by measuring
the operating voltage (ϕc) and current (Ic) with a voltmeter and ammeter, respectively, while
varying the external resistance (Re) connected.

Figure 6.2: SEM image of the Nafion membrane used, with approximate nanopore diameter
of 20 – 25 nm.
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oretical, numerical, and experimental investigations to elucidate the underlying mechanisms

and improve cell designs for better power output [83, 4, 94, 210, 5, 128, 212]. Theoretical stud-

ies of simplified RED models for a single charged nanochannel, using 1D Poisson-Boltzmann

linearization of ionic concentrations, report the increase in energy conversion efficiency with

an optimum ratio of the nanochannel radius to the Debye length [82, 83]. To elucidate

pore-scale observations and understanding, researchers have recently investigated micro/nano-

fluidic RED processes to measure I-V characteristics of single [178, 218, 219] or an array of

charged nanochannels [220, 221] between two microfluidic reservoirs under ∆c. For example,

to obtain clear pore-scale visualization, experimentalists used nanofabrication techniques to

chemically etch single-pore nano/micro-junction RED cells on a polyimide membrane using

NaClO and reported power output of the order of 26 pW [222, 223]. Besides, membrane-less

RED cell design with closely-packed nanoparticles reported a much higher power output of

the order of magnitude of nW [224, 150]. On the numerical front, the electrical responses of a

single charged nanopore in two-dimensional micro/nano-junctions have been reported without

external flow [4, 5], with an external flow of electrolytes [128], and for inhomogeneous surface

charge [212].

For optimizing the large-scale implementation of RED technology with membranes, laboratory-

scale experiments are performed with ion-exchange membranes to analyze the electrical re-

sponse for various configurations of the RED cells, e.g., using different designs of spacers

[225, 91, 226, 227], cyclic voltage variation [228], and wastewater as the electrolyte solutions

[229]. Vermaas et al. reported a simplified model to obtain the net power density using the

Nernst equation, which accounted for Ohmic losses [84], and compared their findings with

experimental results of RED stack design for feedwater recirculation [85], co-, counter- and

cross-flow [89], and multivalent ions [230].

Researchers have further investigated the energy harvesting capability of RED cell designs

using various ion-exchange membranes, such as microfiltration membranes [95], commercial

polymeric membranes [96], silica nanochannel of various heights and porosity [98, 99, 100],

porous diaphragm [101], Al2O3 membrane [102], and charged polymeric membranes with

tunable pore size and porosity.[97] One such membrane which demonstrates excellent charge-
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selective characteristics is the Nafion membrane. Previous investigations using Nafion mem-

branes, which focused on the electrokinetic energy conversion characteristics, reported a con-

version efficiency ≃ 18% [103], and a monotonous increase of efficiency with temperature [104].

In spite of these comprehensive reports, to the best knowledge of ours, a detailed analysis of

steady-state electrical measurements of a RED cell using the widely-used ion-selective Nafion

membrane under various ∆c has not been reported. Besides, the effect of the flow rate of

incoming electrolyte solutions on the RED electrical output has been rarely explored. To fill

these knowledge gaps, we experimentally investigate the electrical characteristics (e.g., internal

resistance, open-circuit, and power output density) of a Nafion membrane, by systematically

varying (salt-)concentration difference and flow rates of the electrolytes.

6.2 Materials and methods

We designed and fabricated a RED renewable power generation unit consisting of two reser-

voirs separated by a charge-selective Nafion membrane, illustrated in Fig. 6.1a. The fluidic

cell was 3D-printed using stereo-lithography. A syringe pump was used to inject salt solutions

of different concentrations through the two reservoirs at a particular flow rate. The salt solu-

tion was made by dissolving different amounts of sodium chloride (NaCl) in deionized water.

The dilute solution used is deionized water, without any salt added. The cation-exchange

membrane (CEM) used is a commercially available Nafion membrane (The Fuel Cell Store).

The Nafion nanopores varied in shapes and sizes and were observed under a scanning electron

microscope (SEM) to find an approximate pore-diameter to be 20–25 nm, as shown in Fig.

6.2. The cross-sectional diameter of the membrane held by the fluidic assembly is 17 mm,

with the corresponding cross-sectional area, Ac = 227 mm2.

When electrolyte solutions with a salt-concentration difference flow across the CEM, the

RED cell-assembly (Fig. 6.1a) acts like a miniature battery with an electric potential (ϕ0)

and internal resistance (Rc), as depicted through the electrical circuit unit in Fig. 6.1b. ϕ0 is

known as the open-circuit voltage, or the voltage output when no current flows through the

electrical circuit. When connected to an external resistance (Re), the voltage supplied by the
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RED cell is ϕc with an electric current, Ic. A voltmeter (Keithley 2450 Sourcemeter) and an

ammeter (DigiKey 2831E) were used for electrical measurements of ϕc and Ic, respectively,

while a variable resistance was used to control the external resistance, Re. We used ten

different values of Re between 20 kΩ – 700kΩ, and the current (Ic) and voltage (ϕc) readings

were recorded at 15 Hz for one minute. The I-V characteristics of the RED cell were obtained

from the time-averaged values of Ic and ϕc, reaching a steady-state.

6.3 Results and discussions

Based on the electrical circuit diagram (see Fig. 6.1b), the I-V relation can be mathematically

described as: ϕc = ϕ0 − IcRc. Using this equation, both ϕ0 and Rc of the RED cell can be

calculated with a best linear-fit of our I-V measurements (i.e., ϕc and Ic data) from the y-

intercept and the slope, respectively. We can also express ϕc using the external resistance (Re):

ϕc = IcRe. Using the above two relations, we can obtain the RED power output P ′c (= ϕcIc)

in terms of the internal and external resistances:

P ′c = ϕ2
0

Re

(Re +Rc)2
. (6.1)

By optimization, the RED power output, P ′c , has a maximum when the operating voltage is

equal to the half of the open circuit voltage: ϕc = ϕ0/2, and can be estimated via:

P ′c,m = ϕ2
0/(4Rc). (6.2)

The maximum power output density, Pc,m, is the maximum power output (P ′c,m) per unit

cross-sectional area of the membrane (Ac). We analyzed the effects of ∆c and flow rate on the

electrical outputs and power density of the RED cell. We further compared our experimental

results with numerical results of the RED electrical characteristics using a single charged

nanochannel [128].

Revealed in Fig. 6.3a are the typical I-V measurements obtained for the RED cell under

different flow rates, qf . In the range of flow rates investigated (10 – 1000 µl/min), voltage ϕc

has a linear dependence on Ic, showing a constant internal resistance (Rc = −dV /dI) of the

RED cell. Further, as revealed by Fig. 6.3a, the I-V response does not vary significantly with



95

the change in the flow rate of the solutions. The power output density (Pc) from our setup can

be found out from the I-V data using the relation: Pc = Icϕc/Ac, where Ac is the membrane

cross-sectional area confined by the fluidic assembly. Fig. 6.3b shows the results of the power

output density, Pc for various qf . In a good agreement with Eq. (6.2), the maximum power

output density is always observed when ϕc = ϕ0/2 for all the cases.

6.3.1 Influence of flow rate

We first investigated the influence of flow rates on the RED electrical and power outputs. For

each flow rate, at least three experiments were conducted to obtain the error bars reported

based on the standard deviation, while keeping the concentration difference constant (∆c =

0.86 M). As illustrated by Fig. 6.5, the internal resistance of RED cell, open-circuit voltage,

and maximum power density demonstrated a slight variation with changes in the inflow rate.

The average maximum power output density, Pc,m was found to be around 0.5 mW/m2. The

average internal resistance (Rc) and open-circuit voltage (ϕ0) were calculated to be 0.14 MΩ

and 0.23 V, respectively.

In our experiments, we explored different flow rates over three orders of magnitude, ranging

from 10 to 1000 µl/min. We found that a higher flow rate above 1 ml/min is too fast to achieve

a complete set of steady-state electrical I-V measurements for our setup. Therefore, the flow

range explored corresponds to a low Peclet number regime (via Pe = vfh/D, which can be

estimated with the flow velocity, vf , a characteristic length scale for the RED processes, h,

which could be approximated with the membrane thickness or dimension of the nanopores, and

ion diffusion coefficient, D), where diffusion is expected to dominate over advection. When

approximating h with the nanopore dimension or membrane thickness, the corresponding

Peclet number ranges between 10−9 and 10−5 for our setup.

6.3.2 Effect of concentration difference

We further carried out a systematic study of a wide range of concentration difference ∆c (=

cH − cL), ranging from 0.51 mM to 1.71 mM. For the electrical measurements, we kept the

salt concentration of the dilute solute fixed (cL ≈ 0), while the molarity of the concentrated
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Figure 6.3: (a) Typical current-voltage (I-V ) data measured and (b) the corresponding power
density at different voltages of the RED cell using a Nafion membrane. Measurements of the
open-circuit voltage (ϕ0) and membrane internal resistance (Rc = −dV /dI) are obtained from
the y-intercept and slope of the best linear fit of the I-V curve, respectively. The greatest
value of the power density curve in (b) denotes the maximum power density, Pc,m. Here, each
set of the experiments are ran at different flow rates, qf = 10 (◻), 100 (#), 500 (△), 750 (◊)
and 1000 (+) µl/min, but with a constant salt-concentration difference, ∆c = 0.86 M.
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Figure 6.4: Insignificant variations of (a) internal resistance, Rc, (b) open-circuit voltage, ϕ0,
and (c) maximum power output density with a wide range of flow rate, qf . The dashed lines
in (a), (b) and (c) represent the average value of Rc, ϕ0 and Pc,m respectively.
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solution was varied. The flow rate was kept constant at 1000 µl/min for studying the effect

of ∆c. We carry out investigations with five different values of ∆c. For each ∆c, at least

three independent experiments were performed. Fig. 6.5 demonstrates the effect of ∆c on

the electrical characteristics, namely internal resistance, open-circuit voltage, and maximum

power density, of the RED cell using a Nafion membrane.

Shown in Fig 6.5a is the measurement of nanochannel internal resistance, Rc, under dif-

ferent ∆c. When ∆c ≳ 0.2, Rc is nearly constant, with little variation with ∆c. Besides, we

observed a power-law dependence of the internal resistance on the concentration difference.

In comparison, an empirical power-law relation between Rc and ∆c was previously reported

with a 2D numerical simulation for a single charged nanochannel RED cell [128]:

Rc = A∆c−α, (6.3)

where A and α are constants independent of ∆c but could be dependent on other factors.

In the numerical model compared [128], coupled, nonlinear equations, based on the Poisson

equation and the conservation of mass, momentum, and charged species (i.e., the continuity,

Navier-Stokes, and Nerst-Planck equations, respectively), are simulated to obtain electri-

cal potential, flow velocity, ionic concentrations, and hence the resultant electrical outputs.

Although different configurations of charged interfaces used here, our case of the RED exper-

iment using the Nafion nano-porous membrane shows such a power-law relation of Rc, given

in Eq. (6.3), with the pre-factor 0.15 and the power-law scaling α = 0.23.

To explain such power-law relation observed for our experimental membrane cell, one could

approximate the nano-porous, CEM membrane as bundle of charged nanochannels parallel to

each other. To a first order approximation, for N number of parallel nano-channels (each with

internal electrical resistance Ri) the effective electric resistance Reff could be estimated as N

numbers of electrical resistors in parallel and, hence, 1/Reff = ∑N
i 1/Ri, i.e., Reff ≈ A∆c−α/N ,

also exhibiting a power-law relation.

Shown in Fig. 6.5b is our further experimental investigation of the dependence of the

open-circuit voltage, ϕ0, on ∆c, revealing a logarithmic dependence. The general trend shows

that ϕ0 is increased with ∆c, as a larger Gibbs free energy of mixing is available to harness
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Figure 6.5: Variation of (a) internal resistance, Rc, (b) open-circuit voltage, ϕ0, and (c)
maximum power output density, Pc,m, with concentration difference, ∆c (= cH − cL). The
dotted lines in (a), (b) and (c) represent Eqs. (6.4), (6.3) and (6.5), respectively. The dashed
line in (c) demonstrates the curve-fit using the simplified relation (6.6).
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electricity. Intriguingly, such a logarithmic relation was also reported by the numerical sim-

ulation of a single charged nanochannel RED between the two reservoirs, with the following

expression [128]:

ϕ0 = B ln∆c + β, (6.4)

where B and β are constants independent of ∆c but may depend on other parameters, such

as membrane type and geometry, which were not explored in the simulation [128]. Fitting our

data with the logarithmic relation of Eq. (6.4), we found the best fitting results of B = 0.065

and β = 0.28, based on a least-square residual fitting method. Our experimental data shows

that ϕ0 can be approximated to a constant for a sufficiently large ∆c, which is consistent with

the logarithmic relation, Eq. (6.4) since ϕ0 ≈ β for large ∆c.

Fig. 6.5c reveals how the maximum output power density, Pc,m, varies with ∆c. Despite

scattering of the data, the general tends can be consistently described by the above empirical

relations found for Rc and ϕ0 varying with ∆c. Using Eqs. (6.3) and (6.4), one can obtain an

empirical relation for Pc,m from Eq. (6.1) [128]:

Pc,m =
ϕ2
0

4Rc

1

Ac
= (B ln∆c + β)2

4A∆c−α
1

Ac
, (6.5)

where α is the same theoretical exponent as in Eq. (6.3). Consistently, our experimental

data of Pc,m shown in Fig. 6.5c yields the best fitting result of α ≈ 0.26. Considering the

approximation ϕ0 ≈ β, this equation can be further simplified to:

Pc,m ≈ C∆cα/Ac, (6.6)

where C (= β2/4A) = 0.131. The maximum power output density, Pc,m, was observed to

remain in the range of 0.4 to 0.6 mW/m2 with change in ∆c between 0.51 and 1.71 mM.

In comparison, other experiments have reported a power density Pc,m ≈ 0.5 W/m2 using 10

units of commercial ion-exchange membranes, such as Ralex, Neosepta, and Fujifilm (e.g.,

Fig. 4 by Vermaas et al. [230]), and a maximum power output P ′c,m ≈ 1 µW (e.g., Fig. 10 by

Chein et al. [102]) from a single cell RED design using a charged alumina membrane under

cH/cL = 1000 with cL = 10−4 M.
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6.4 Conclusion

A RED power generation unit was designed, consisting of two reservoirs separated by a

cation-selective Nafion membrane. Solutions of different salt concentration flow through the

reservoirs, establishing a concentration gradient across the nanoporous membrane. Exploiting

the membrane charge-selectivity and electro-migration of ions, this setup generates electricity

by harnessing renewable salinity gradient energy. In the present study, we analyzed the effect

of concentration difference and flow rate on the RED electrical I-V characteristic. On one

hand, the inflow rate—varied over three order of magnitudes—shows an insignificant impact

of the RED electrical outputs. This may be explained by the dominance of diffusive transport

over advection in the low Peclet number nature for the RED cell exploiting nanoporous CEM

membrane. On the other hand, the experimental data show that both internal resistance (Rc)

and maximum power density (Pc,m) demonstrates a power-law dependence on concentration

difference, whereas open-circuit voltage (ϕ0) shows a logarithmic dependence. Both the power-

law and logarithmic dependence on ∆c found with the experimental RED using a charged

membrane are consistent with previous simulation results of the RED outputs using a charged

nanochannel. These empirical relations of the electrical outputs depending on ∆c can be useful

for future designs of similar RED membrane cells. In terms of applications, experimentally

when ∆c ≳ 0.2 M, the change in open-circuit voltage with ∆c was found to be negligible,

implying an optimal operation for the RED membrane cell. Finally, consistent and robust

renewable electricity generation with the open-circuit voltage of ϕ0 = 0.23V was produced

using a Nafion membrane RED cell using common salt solutions with ∆c ≳ 0.2 M.



Chapter 7

Summary

This doctoral thesis reports the transport of ions through charged nano-confinements and its

engineering applications in the area of renewable energy. More specifically, we perform detailed

numerical investigations of diffusioosmotic flow and reverse electrodialysis using COMSOL

Multiphysics. In addition, we carry out experimental study of reverse electrodialysis through

appropriate electrical measurements in a fluidic cell designed using commercially available

cation-selective Nafion membrane.

In Chapter 2, the numerical model was described in detail, focusing on the elaborate

description of the simulation algorithm, error analysis, and model validation, including a

detailed mesh independence study.

Investigation of diffusioosmotic flow in straight nanochannels nano-confinements is re-

ported in Chapter 3. In this chapter, we discuss the variation in flow velocity magnitude

and direction through a positively-charged nanochannel due to an external concentration

gradient. We observe that the concentration difference across the nanochannel dictates the

magnitude of diffusioosmotic velocity. In contrast, the flow direction inside the channels is

not significantly affected by the concentration gradient, but by nanochannel parameters, such

as nanochannel dimensions, and surface charge. Based on a comparative analysis of elec-

troosmotic, and chemiosmotic components of diffusioosmositic flow, we, henceforth, reported

a non-dimensional number based on the nanochannel properties and dimensions that can

102
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predict the flow direction inside the charged nanochannel.

In Chapter 4, we extend the investigation of diffusioosmotic flow to a charged, tapered

nanochannel. In this analysis, we find that the taper angle in a nanochannel of linearly

varying height plays a very crucial role in the diffusioosmotic flow, whereas the location of the

nanochannel tip predominantly dictated the nanoflow direction. Fluid motion, in this case, is

always directed from the nanochannel tip (i.e., the location of minimum channel height) to the

base. This observation is due to a stronger overlap of EDL near the smaller orifice, increasing

the overall anion concentration, hence causing higher chemiosmotic flow. We further report

that the flow rate of inflowing solutions in the reservoirs did not play a significant role in the

flow characteristics of diffusioosmosis in the low Peclet number regime.

Fluid transport through charged nanofluidic setups has been exploited in various engi-

neering applications, such as water desalination, power generation, DNA segmentation, and

chromatography. In this doctoral research, we investigated the generation of renewable en-

ergy by providing an external concentration gradient of flowing electrolytes across a charged

ion-selective membrane. This process of power generation is known as reverse electrodialysis.

Chapter 5 discusses the electrical characteristics and the effect of a flow rate of a reverse elec-

trodialysis cell with a single positively-charged nanochannel. The nanochannel is connected

to two reservoirs on either side, where solutions of different concentrations flow. The power

output due to the combined effect of surface charge, concentration gradient, and local electric

fields is analyzed through the conservation of mass, momentum, energy, and chemical species.

Our numerical simulations results report a power-law dependence of internal resistance of the

RED cell, and a logarithmic dependence of open-circuit voltage on on external concentra-

tion difference, ∆c. By varying several control parameters systematically, we revealed that

the maximum power output of the reverse electrodialysis cell requires smaller nanochannel

height, optimal nanochannel length, more significant diffusion coefficient, and higher flow rate.

Finally, in Chapter 6, we illustrate the possibility of renewable energy generation through

reverse electrodialysis using a cation-selective Nafion membrane. In our experimental setup,

solutions of different concentration flow through two reservoirs at a constant rate. Any form

of interaction in the reservoirs can occur only via the charged ion-selective Nafion membrane,
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and the power output is recorded through the electrodes. Here, the average power output

density and open-circuit voltage were found to be 0.5 mW/m2 and 0.23 V, respectively, for low

Peclet number flow. In a qualitative agreement with our numerical simulation results, RED

cell internal resistance, and open-circuit voltage demonstrated an exponential, and logarithmic

dependence on ∆c, respectively. The present experiments using Nafion membrane performed

for input flow rates, varied over 3 orders of magnitude in the low Peclet number regime, did

not show any notable effect on the electrical characteristics of the RED cell.

In conclusion, the present doctoral dissertation provides an in-depth insight into diffu-

sioosmotic flow and reports a procedure to empirically predict the flow direction through

nanochannels, based on the nanochannel characteristics. Applications of such flows for re-

newable energy generation through reverse electrodialysis were also explored in this thesis

both experimentally and numerically.

7.1 Future work

The present research about nanofluidic transport was conducted for simple geometries and

experimental setups with a single reverse electrodialysis cell. Further improvement can be

made in both numerical and experimental fronts, some of which are listed below:

1. Diffusioosmosis in hour-glass nanochannel A good number of reports have studied

diffusioosmosis in straight channels. However, not a significant amount of research has

not been observed for tapered, or hourglass-shaped nanochannels. Due to ion current

rectification and ion current polarization in tapered or hourglass-shaped nanochannels,

these nano-confinements of varying height could be used in lab-on-a-chip devices for

nanofluidic valves, and also provide a deeper understanding of ionic transport in biotic

systems. While the study of diffusioosmotic flow in tapered nanochannel has been ad-

dressed in this doctoral research work, diffusioosmosis in hourglass-shaped nanochannels

has not been explore here, and can be addressed to extend the present work.
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2. Numerical simulation with more than one nano-confinement: Due to the

huge complexity of modeling and computing multi-channel geometries, with three cou-

pled governing equations, we performed the numerical simulations for a single nano-

confinement in this project and also, in most of the numerical simulations in the liter-

ature. However, for more accurate simulations to mimic actual reverse electrodialysis

cell designs, it is important to observe the contribution of multiple channels, and their

interactions towards electrical characteristics. The investigation of electrical power out-

put through multiple nano-confinements can be a significant step ahead in the area of

numerical computation of the reverse electrodialysis process.

3. Three-dimensional numerical investigation of reverse electrodialysis: Our

present numerical investigation of reverse electrodialysis is in a 2D geometry, assum-

ing the effect of the z-direction is insignificant. Due to the absence of experiments on

such small scale setups till date, this assumption has not been verified experimentally.

Thus, the question of validity of the above assumption always remains, unless experi-

mentally verified, or compared with a three-dimensional model. This necessitates the

complete three-dimensional modeling of a reverse electrodialysis cell for verification of

simplified numerical models. In addition, a detailed three-dimensional numerical model

of such could provide a complete understanding of the process of reverse electrodialysis.

4. Experimental study of reverse electrodialysis cell stack design: Investigations

of reverse electrodialysis stack design has been done for various AEM and CEM com-

binations. Meanwhile, the prospect of using a Nafion membrane as the CEM seems

promising based on our experimental observations. Thus, in our quest for better power

output, it is reasonable to attempt new AEM/CEM combinations (with Nafion mem-

brane as the CEM), and investigate the electrical output from such configurations.

5. Real-time experimental visualization of reverse electrodialysis In so far, the

research in the area of reverse electrodialysis has focused on the electrical output. Lit-

tle exploration was done to visualize the pore-scale interaction and observe the flow

inside nano-confinements. An interesting study in this area would be to experimen-
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tally visualize the flow in micro/nano-scale to potentially quantify the analytical and

numerical predictions, which could be achieved through experiments with transparent

reservoirs performed under high magnification microscopes. Such small-scale visual-

ization, if achieved, would immensely benefit our understanding of the fluid and ionic

interactions.
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Appendix A

Formulation of non-dimensional

number, C

Diffusioosmotic flow through a nanochannel is affected by two phenomena, namely electroos-

mosis and chemiosmosis. The physical interpretation of the non-dimensional number, C, is

obtained through the simplified expressions of the classical chemiosmotic and electroosmotic

velocities, described below.

A.1 Electro-osmotic velocity

On one hand, electro-osmotic velocity, uEO, is caused by electro-migration of ions due to an

external electric field or an induced one due to interaction between surface charge and bulk

ions. Under a tangential electric field, Ex, without a chemiosmotic effect, it can be shown

that uEO for a charged nano-confinement of constant zeta potential, ζ, along its surface, can

be represented as [24, 34]:

uEO = −
ϵζEx

µ
, (A.1)

where ϵ (= ϵ0ϵr) is the permittivity of the medium, and µ is the fluid viscosity coefficient.

Electric field (E⃗) is a function of the electric potential, ϕ (E⃗ = −∇⃗ϕ); Ex = −∂ϕ/∂x x̂.

Due to the complex nonlinearity of the diffusioosmotic problem for our nano/micro-junction
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geometry, a straight-forward analytical formulation of Ex, to the best knowledge of ours, is

unavailable. From our numerical results, we observed that ∣Ex∣ ≈ ∣Ey ∣ for the parameter ranges

analyzed. We thus used this approximation to estimate ∣Ex∣.

Along the charged nanochannel wall, ∇⃗ϕ ⋅ n⃗ = ∂ϕ/∂y, Ey close to the wall can be approxi-

mated from the boundary condition of constant surface charge density, σ: ∇⃗ϕ ⋅ n⃗ = −σ/ϵ [154],

via

Ey = −∂ϕ/∂y ≈ σ/ϵ. (A.2)

Using the relation (A.2), we can estimate Ex ≈ Ey ≈ σ/ϵ; hence, Eq. (A.1) can be

approximated as:

uEO ≈ −
ζσ

µ
. (A.3)

A.2 Chemio-osmotic velocity

On the other hand, when a nanochannel is subjected to a concentration difference of elec-

trolytes, ∆c, along its length, a chemical potential difference develops and initiates fluid flow

to balance the chemical potential gradient. This flow is represented by the chemio-osmotic

velocity, uCO, and can be expressed as [48, 49]:

uCO = −
kBT

µ

ln(1 − γ2)
2πλB

∆c

lc0
, (A.4)

where γ = tanh(ezϕs/4kBT ), ϕs is the surface potential, z is the valence of ions (while z = 1 in

our case), e is the electronic charge, kB is the Boltzmann constant, T is the temperature, and

c0 is the reference solution concentration. Here, λB is the Bjerrum length, mathematically

described by λB = z2e2/4πϵkBT [55], and related to the Gouy-Chapman length, λGC [55, 48]:

λGC (=
2ϵRT

σFz
= 2ϵkBT

σez
) = ez

2πσλB
. (A.5)

Under the assumption that γ2 ≪ 1, we can approximate ln(1−γ2) ≈ −γ2 [47]. Further con-

sidering ϕs to be small such that ezϕs/4kBT ≪ 1, we get γ = tanh(ezϕs/4kBT ) ≈ ezϕs/4kBT .

Using Eq. (A.5) and the above approximations, Eq. (A.4) is simplified to:

uCO ≃
kBTγ

2

µ

λGCσ

ez

∆c

lc0
≃ ezϕ2

sλGCσ

16kBTµ

∆c

lc0
. (A.6)
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With the consideration of Boltzmann distribution of ions [153] and subsequent linearization

of the ion distribution, the concentration of cation (c+) and anion (c−) can be represented as

[48]:

c± ≃ c0 (1 ∓
ezϕs

kBT
exp(− y

λD
)) , (A.7)

where y is the direction perpendicular to the nanochannel surface.

Using the above linearized distribution of ion concentration, we can approximate the

concentration difference, ∆c (≈ c− − c+), as follows:

∆c ≈ 2c0 (
ezϕs

kBT
exp(− y

λD
)) . (A.8)

Eq. (A.6) can be simplified using the above relation:

uCO ≃
1

8
(ezϕs

kBT
)
2 λGCσ

lµ
exp(− y

λD
)ϕs. (A.9)

To gauge the dominant effect, we calculate the ratio of the typical chemio-osmotic (Eq. (A.9))

to electro-osmotic velocity (Eq. (A.3)):

uCO

uEO
≈ 1

8
(ezϕs

kBT
)
2 λGCσ

lµ
exp(− y

λD
)ϕs × (−

µ

ζσ
) . (A.10)

Here, the negative sign in the above ratio denotes that the chemiosmotic (uCO) and

diffusioosmotic (uEO) flow are directed in opposite directions, and the final flow direction

inside the nanochannel could be decided by the dominant effect.

Assuming surface potential ϕs to be approximately equal to the nanochannel zeta potential

ζ [114], we obtain a simplified expression of Eq. (A.10):

∣uCO

uEO
∣ ≈ 1

8
(ezϕs

kBT
)
2 λGC

l
exp(− y

λD
) . (A.11)

Potential gradient along the charged surface can be estimated as ∇⃗ϕ ⋅ n⃗ = dϕ/dy ≃ ϕs/h.

From this relation and Eq. (A.2), surface potential can be approximated as ϕs ≃ −σh
ϵ . We

substitute this expression for ϕs into Eq. (A.11) and obtain:

∣uCO

uEO
∣ ≈ 1

2

h2

(2ϵkBT /ezσ)2
λGC

l
exp(− y

λD
) (A.12)

≈ 1

2

h2

λGC l
exp(− y

λD
)

≈ 1

2
C2 exp(− y

λD
) ,
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where C (= h/
√
lλGC) is found to be a characteristic non-dimensional number that delineates

nanofluidic DOF flow direction inside the nanochannel. For y < λD, exp(−y/λD) ≈ 1−(y/λD)+

O((y/λD)2). For a simplified estimation, we consider exp(−y/λD) ≃ 1, ignoring the remaining

terms, and consequently uCO/uEO ∼ C2/2. This allows us to express the critical C, C∗ to

be equal to
√
2 when uCO ≈ uEO. In other words, the non-dimensional parameter, C, can

characterize the dominance of either chemio-osmotic (when C > C∗) or electro-osmotic (for

C < C∗) flow. Based on our numerical analysis and data, we found and proposed a critical C

between 1.7 and 2.5, which is consistent with the analytical prediction of C∗ =
√
2 (≈ 1.41).



Appendix B

Some properties of Nafion membrane

In total, around 35 experiments were conducted to investigate the RED electrical charac-

teristics of an RED cell, designed using Nafion membrane. In this section, we report the

procedure for obtaining current-voltage (I-V) relationship, and the observed degradation of a

Nafion membrane when used for multiple experiments.

B.1 Current-voltage characteristics

In our experiment investigating RED power generation using Nafion membrane, the voltage

and current outputs for different external resistance was recorded using a Keithley sourceme-

ter and DigiKey multimeter. At each external resistance, we obtained the time-dependent

electrical response for approximately one minute at 15 Hz. The I-V characteristics of Nafion

membrane was then obtained from steady-state voltage-time and current-time data for each

external resistance, as illustrated by Fig. B.1. The internal resistance of the RED cell can

be found from the slope of the linear I-V curve, whereas the x-intercept and y-intercept gives

the magnitude of short-circuit current and open-circuit voltage, respectively.
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Figure B.1: Sample I-V characteristics when qf=500 µl/min and cH=0.86 M demonstrating
the individual I-V data for various external resistance, Re.

B.2 Membrane degradation

We observed that the effectiveness of Nafion membranes degrades throughout its usage, and

seems to get degraded after a few set of experiments. The degradation results in reduced

electrical response. This reduction in the performance of Nafion membrane over a short

period of time raises some questions about its usability for continuous long-term usage to

capture energy through reverse electrodialysis.

In Fig. B.2, we demonstrate the variability or results for 3 set of experiments performed

independently. In Fig. 3.4a, we see that the the open-circuit voltage fluctuates between 0.26

– 0.32 V and short-circuit current varies between 1.5 — 2 µA. In Fig. 3.4b, we observe that

the open-circuit voltage varies between 0.16 – 0.23 V, while the current between 1.2 – 1.5

µA. Inspite of these variation, the I-V curve is always linear, which represents the internal

resistance always remains constant.
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Figure B.2: Sample I-V characteristics when (a) qf=1000 µl/min and ∆c=1.37 M, and (b)
qf=500 µl/min and cH=0.86 M for 3 independent set of experiments, demonstrating the
variability of results.



Appendix C

Details of tapered nanochannel

In this supplementary section, firstly, we provide quantitative details about the possible over-

lap of electric double layer (EDL) near the narrower orifice. We provide a quantitative com-

parison of the velocity ratio from our numerical simulations with 1D analytical predictions.

Lastly, we also provide an investigation of electroosmotic effect through plots of electric po-

tential distribution and electric field in the model geometry.

C.1 Overlapping of EDL

To quantitatively explain our observations, we perform an approximate analysis based on the

average anion concentration at the nanochannel orifices. For the cases shown in Fig. 5 of

the main manuscript, dt=20 nm, α=±10○, l=100 nm, db = 37.63 nm, cH = 0.15 mM and

cL = 0.01 mM. Average anion concentration at the base of the nanochannel, c−,b ∼ 1 mM

and, thus, for z=1, λD (=
√
ϵ0ϵrRT /2F 2c0[153]) ≈ 9.2 nm. Given that db = 37.63 nm,

db ≁ 2λD. Similarly, average anion concentration at the nanochannel tip, c−,t ∼ 4/3 mM, and,

thus, λD ≈ 8 nm. For dt = 20 nm, dt ∼ 2λD, and there is a much greater possibility of EDL

overlap in this case.
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C.2 Diffusioosmotic velocity at tip and base of the nanochannel

Due to constant surface charge density, σ, we assume the effect of electroosmotic component

to be similar in both the tip and base of the nanochannel (which is quantitatively explained

in the following section), and the difference in flow is due to the chemioosmotic component,

uCO. Thus, ignoring any contribution due to electroosmosis, we assume uDO ∼ uCO, and

compare our results with 1D analytical predictions of uDO through scaling analysis [47]. In

the two simulation cases under investigation, we vary the angle of taper, and keep all other

control parameters fixed. Thus, the contribution of most variable towards diffusioosmosis can

be expected to be constant, and thus, we can assume uDO ∼ uCO ∝∆c/L. Now, since c−,t (or

c−,b) ≫ cH (or cL), for a simplified analysis, we assume ∆c ∼ c−,t for the nanochannel tip, and

∆c ∼ c−,b for the nanochannel base. Also the length scale, L, is assumed to be equal to dt or

db in the smaller and larger orifice respectively. With these assumptions, we have:

uDO,t

uDO,b
≈ c−,t/dt
c−,b/db

= 4db
3dt
≈ 2.5 (C.1)

To compare the 1D analytical results with out 2D simulations, we only consider the ve-

locity in x-direction (i.e. uDO ≈ ux). From our simulation for α=+10○, we, thus, have

uDO,t ≈ 0.6 mm/s, and uDO,b ≈ 0.3 mm/s. Thus, uDO,t/uDO,b ≈ 2, which agrees with the

analytical predictions with 25% deviation. This does prove that analytical 1D predictions are

a great starting point for qualitative comparison. However, the large deviation points out

that detailed numerical simulations is necessary for quantative accuracy.

C.3 Electric potential distribution and electric field in the nanochan-

nel

The distribution of electric potential, ϕ and electric field, E=(-∇⃗ϕ) for two simulation cases

of different cone angle, α = ±15○ are shown in Fig. C.1 . In both the diverging and converging

nanochannels, the average electric potential at the small and large orifices were similar. This

would likely result in comparable electroosmotic effect near the orifices. For both diverging
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Figure C.1: Electric potential distribution (color map) and electiric field (in arrows), for
a nanochannel of l=100nm, dt=20 nm, and α=(a) 15○, and (b)-15○, with Vf=7 µm/s and
∆c= 0.14 mM.

and converging nanochannels, the electric field is always directed away from the nanochannel

towards the reservoirs. Interestingly, electric field was found to be maximum near the centre

of the nanochannel, and not near the nanochannel tip. This observation can probably be

attributed to to the overlapping of EDL near the nanochannel tip. EDL overlap combines

the exponentially varying electric potential profiles from the charged nanochannel surfaces on

either boundaries, which results in a higher combined electric potential. At the same time, this

results in a reduction of the electric potential gradient, and hence the electric field. Smaller

electric field near the orifices results in smaller electroosmosis, and hence, the diffusioosmotic

flow in tapered nanochannels with fractional EDL overlap is dominated by chemioosmosis,

will a smaller contribution from its electroosmotic counterpart.


	Abstract
	Preface
	Acknowledgements
	Contents
	List of Figures
	List of Tables
	Nomenclature
	Introduction 
	Fundamentals of nanofluidics
	Electrokinetic flow in nano/micro-fluidics
	Pressure-driven transport
	Electroosmosis
	Electrophoresis
	Diffusioosmosis
	Diffusiophoresis
	Thermo-osmosis
	Thermophoresis

	Ion-exchange membranes
	Applications of Nanofluidics
	Water purification
	Renewable energy

	Overview of the thesis

	Numerical model 
	Simulation Flowchart
	Model geometry 
	Mesh independence studies 
	Validation 
	Benchmark with analytical results
	Benchmark with numerical results

	Uncertainty Analysis 

	Diffusioosmotic flow in nano-confinements 
	Introduction
	Mathematical modeling 
	Numerical modeling
	Results and discussions
	Effect of nanochannel dimensions
	Influence of electrolyte concentration difference
	Controlling nanoflow direction

	Conclusion

	Diffusioosmotic flow in conical nanopores 
	Introduction
	Numerical model
	The governing equations
	Boundary conditions
	Validation
	Mesh independence analysis

	Results
	Impact of cone angle
	Effect of tip diameter and nanochannel length
	Influence of concentration difference
	Effect of inflow rate

	Conclusion

	Numerical simulation of renewable power generation using reverse electrodialysis
	Introduction
	Mathematical model
	The governing equations
	Boundary conditions 
	Electrical outputs computed

	Numerical simulations
	Results and discussions
	Typical results
	Influence of nanochannel dimensions

	Electric outputs with varying channel aspect ratio
	Effect of concentration gradient
	Effect of Peclet number

	Conclusion

	Power generation through reverse electrodialysis using Nafion membrane 
	Introduction
	Materials and methods
	Results and discussions
	Influence of flow rate
	Effect of concentration difference

	Conclusion

	Summary
	Future work

	References
	Formulation of non-dimensional number, C 
	Electro-osmotic velocity
	Chemio-osmotic velocity

	Some properties of Nafion membrane
	Current-voltage characteristics
	Membrane degradation

	Details of tapered nanochannel
	Overlapping of EDL
	Diffusioosmotic velocity at tip and base of the nanochannel
	Electric potential distribution and electric field in the nanochannel


