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Abstract

Herein, we consider direct Markov chain approximations to the Duncan—Mortensen—Zakai
equations for nonlinear filtering problems on regular, bounded domains. For clarity of presenta-
tion, we restrict our attention to reflecting diffusion signals with symmetrizable generators. Our
Markov chains are constructed by employing a wide band observation noise approximation, di-
viding the signal state space into cells, and utilizing an empirical measure process estimation.
The upshot of our approximation is an efficient, effective algorithm for implementing such filter-
ing problems. We prove that our approximations converge to the desired conditional distribution
of the signal given the observation. Moreover, we use simulations to compare computational ef-
ficiency of this new method to the previously developed branching particle filter and interacting
particle filter methods. This Markov chain method is demonstrated to outperform the two-particle
filter methods on our simulated test problem, which is motivated by the fish farming industry.
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1. Introduction

The requirement of finding workable approximate solutions to the filtering distribu-
tions, which are not resolved by exact methods like the Kalman filter, is key to many
engineering disciplines. In this regard, many authors e.g. Kushner (1977, 1979) and
Di Masi and Runggaldier (1981, 1982), have utilized Markov chain approximations
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of the signal process which, when combined with Clark’s robust filter (1978), re-
duce these approximation difficulties to solving a system of ordinary differential equa-
tions (ODEs) parameterized by the observation process or, when combined with the
Kallianpur—Striebel formula, provide a method of calculating a discretized approxi-
mation to the conditional distribution of the original signal given the observations.
Recently, there have been many works devoted to applying various particle methods
to construct approximate solutions to the celebrated Duncan—Mortensen—Zakai equa-
tion. Among them, we would like to mention Del Moral and collaborators’ adaptive
interacting particle (AIP) filter (see Del Moral (1996) for one of the earlier works
and Del Moral and Miclo (2000) for an excellent and complete account) and the im-
proved refining interacting particle filter (see Del Moral et al., 2001). Similarly, Crisan,
Lyons and collaborators introduced the adaptive branching particle filter (see Crisan
and Lyons, 1997; Crisan et al., 1998, 1999), that was improved by Kouritzin and
collaborators’ refining branching particle (RBP) filter (see Ballantyne et al., 2000). In
this work, we take the new method of approximating the Duncan—Mortensen—Zakai
equation directly. Our method utilizes the so-called stochastic particle Markov chain
approximation introduced in the context of ODEs by Kurtz (1971), of partial differen-
tial equations (PDEs) by Arnold and Theodosopulu (1980), and of stochastic partial
differential equations (SPDEs) by Kouritzin and Long (2002). Blount (1991, 1994)
and Kotelenez (1986, 1988) have also made fundamental contributions to the analysis
of such stochastic particle approximations.

We consider the low observable filtering problem of detecting and tracking a tar-
get buried in high-amplitude synthetic observation noise. Motivated by fish farming
applications, we constrain our target to live within the closure D of a d-dimensional
rectangular region D = (0,L,) x (0,L;) x --- x (0,L;), undergoing reflections at the
boundary 0D of this region. Without loss of generality, we assume that L; is a posi-
tive integer for each 1 <i < d. We suppose that {a,-j}gjzl, p:D — R are functions
satisfying the following conditions:

(1) ay(-)=au(-)€C 3(D), the space of three times continuously differentiable functions
on D, for all 1 <1i,j < d. Moreover,

d
NP <Y ay(0)&E < EP, VEER! and xeD (1.1)
ij=1

for some 4 > 0 not depending on x.
(ii) p(-) € C3(D) such that inf 5 p(x) > 0.

We denote by H"?(D) the (i,2)-Sobolev space on D for i = 1,2 and consider on
H := L*(D; p? dx) the symmetric bilinear form

E(u,v) = % /D_(a(x)Vu(x), Vox))p*(x)dx, u,vE Z(E),

(&)= H"(D).
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One can check that & is a regular Dirichlet form satisfying the local property so
it is associated with a strong Markov diffusion process (Cz[0,00),(X;)i>0,(Px).cp)
where (x;);>0 is the coordinate process (cf. Fukushima et al., 1994, Theorems 7.2.1
and 7.2.2). In particular, if (p;);>¢ and (7;);>¢ denote the semigroups associated with
(x;:)r>0 and &, respectively, then p, f =T, f dx-a.e. for any f € L>(D; p*>dx) and ¢ > 0.
Let U(x) = (Ui(x),...,Ug(x)) be the unit inward normal at x € dD. We define the
conormal vector field y by y;(x) := Z?:, a;j(x)U;(x), x€dD. We denote 0; = 0/0x;
for 1 <i < d. Then, the generator associated with & is the self-adjoint operator

d d
j=1 i=1
NL)={f €H?*(D): (3,V f)|op = 0}.

The Markov family ((x/);>0,(Px)ccp) is thus governed by .# inside the domain D
with reflections at the boundary in the direction y(x). In fact, the actual “signal”
((xt)i=0,(Px),cpp) satisfies the Skorohod stochastic differential equation (see Freidlin,
1985, Section 1.6)

{ dx; = o(x;)dv; + b(x;)dt + yap(x; )y(x)dny,

Xo=x, 1o=0,

where ¢ € C3(D) satisfies o(x)a*(x) = (a;;(x)), b := aV lnp—i—(% ijl dja;j), x is the
indicator function, v, is a standard d-dimensional Brownian motion, and #; is the local
time of x;, which is an increasing continuous additive functional that increases only
when x; € 0D.

We let (Cr[0,00),(w;);>0,P) be a standard Brownian motion, where (w;),>¢ denotes

the coordinate process. For 1 € C'(D), we define
t
V= / h(xs)ds +w;,, t>=0. (1.2)
0

The real valued process (););>0 is a “noisy observation” of the signal (x;),>¢. Through-
out this paper, we let 7 > 0 be arbitrary and Q := C;[0,7] x Cr[0,T]. We use P to
denote the measure on (Q, #(Q)) that gives the joint distribution of the independent
processes (x;)o<:<r and (wy)o<,<r Wwith the initial condition xo = given random vari-
able. For 1 €[0,T], we let .4 be the collection of all P null sets, %, be the o-algebra
d{y;,0 <s <t} VA, and E be the expectation with respect to P. For a real measur-
able function f on D satisfying E| f(x;)|* < oo for all 0 < ¢ < T, the filtering problem
is to evaluate

m(f) = E[f(x) | %], 1€[0,T], (1.3)

which is the least-square estimate of f(x,) given all the observations up to time ¢. For
each 1 €[0,T], we call any version of 7,(f) in (1.3) an optimal filter.
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For t€[0,T], we define A, := exp(fot h(xg)dy, — %fot I (xg)ds). Tt is well known
that the formula dP°/dP := A; ' defines a probability measure P* under which

(i) the distribution of {x,} is the same as under P,

(ii) {y,t€[0,T]} is a standard Brownian motion,

(iii) {x;} and {y,} are independent.

Let E° denote the expectation with respect to P’. Then, one has the Kallianpur—
Striebel formula

n(f)= E°Lf )% o)
R EO[A,|€’/,] o (7,(1)'

For any f € C*(D) satisfying the boundary condition (7, V f)|sp =0, one has the weak
form of the Duncan—Mortensen—Zakai equation (cf. Zakai, 1969)

t
0

at(f):ao(f)—l—/ as(,i”f)ds—i—/o os(hf)dy, as. P’ (1.4)

Under our ellipticity and smoothness condition, following the elegant arguments of
Pardoux (1982), one finds that g, has a density p(¢,x) on H, which is the pathwise
unique weak solution to the SPDE on H

dp(t,x)= % p(t,x)dt + h(x)p(t,x)dy,, t>0, xeD,
p(oax):po('x)a XED-,
<'))(.x), Vp(ts-x)>|X€6D = O’ t> 05

where the densiAty function po of the distribution of xo is assumed to pe in H.
We define (4, || -||) := L*(D;dx). Using the unitary map / from H to H:lo f =
flp, Yf €H, we get the image Dirichlet form on H
gA(u, v)=&E6U ou,lov), u,ve 9(@&),
(&)= {u:1oucH"*(D)}.

Let (7)o and # denote the semigroup and generator associated with (&, @(éA"))
respectively, then one can check that

T.f=1"oT(Iof) dx-ae, VYf€H, t>0
and

Pr=I""oPUof)

1 i d f d d R
=3 Z <5jzaij5if> -5 Z (@- Z%‘j&'ﬂ) . feuD),
J=1 i=1

2p j=1 i=1

WLY={f:10 feD L)}
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We define p(t,x) := p(x)p(t,x). Then, p(t,x) is the pathwise unique weak solution to
the SPDE on H

dp(t,x) = Lp(t,x)dt + h(x) p(t,x)dy,, >0, xeD,
P(0,x) = po(x) := p(x)po(x), x€D,

<V(x),Vpp((tg)> lxeap =0, t>0.

Motivated by Kushner and Huang (1985), we let z(¢) be a stationary, zero mean,
bounded and right continuous ¢-mixing process with ¢(-) satisfying fooo o2 (1) dt < 0.
Also, we let ffooo Ez(s)z(0)ds = 1. For n€ N, we define an approximate observation
process )" by

‘ —/t(h(xs)+ﬁzzns)ds, t=0, (1.5)
0

Vi = (d/dt)y, and p" by the pathwise unique weak solution to the random PDE
on H

A H" R

%f’x) = Zp"(t,x) — L P (x) p'(t,x) + h(x)p" (X))}, >0, x€D,

P'(0,x) = po(x), x€D, (16)
p (t x) _

Then, similar to Kushner and Huang (1985, Theorem 2), one can show that

sup E||p"()[|* < oo. (1.7)

nt<T

Let H,, denote H endowed with the weak topology. For any M € N, we define Sy, :=
{feH: ||f| <M}, let dy; be the usual metric for the weak topology of Sy, and set
d=>1_, 27Mdy. Owing to (1.7), convergence for p" in the metric d is actually
convergence in the weak topology. Let Cy [0,7] denote the H,-valued continuous
functions on [0,7]. One can prove along the lines of Kushner and Huang (1985,
Theorem 6) that {p"} converges to p in distribution in Cy [0,7]. We will give a
computer workable approximation to p” and prove convergence for the approximation.

We denote v := (1/2p)Zj | (8{:7 | a,ﬁp) = sup,cp [v(x)|, and define a

semigroup (T, )i>0 on H by T,:=e ™7, for all # > 0. Then, the generator associated
with (T,);=0 is P = % —a. & is the evolution generator on the unwelghted space
H where we perform our analysis. Here we choose .Z, rather than % or %, to be the
evolution generator since it is easier to construct explicit Markov chain approximations
for # (cf. (2.2) below) and employ the useful symmetric closed-form technique to
prove the convergence for the approximations. Using variation of constants, the solution
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of (1.6) can be put in the form
() =T(t)pe +/ T(t —s) ((hy'"(s)+a — ;;ﬂ) ﬁ”(s)) ds. (1.8)
0

In the sequel, we discuss Markov chain approximations to the integral equation (1.8)
for each fixed n € N and thereby initiate analysis of a novel Markov chain filter. To
ease notation, we omit the superscript n, understanding that all results are for p”
and y".

In Section 2, we discuss the construction of Markov chain approximations to
Eq. (1.8). Then, in Section 3, we state and prove the quenched and annealed laws
of large numbers which establish the convergence of our Markov chains to the solu-
tion of (1.8) in mean squares sense. Note that although we consider the continuous
observation model (1.2) and employ the wide band observation noise approximation
(1.5) in Sections 2 and 3, similar results continue to hold if we employ some other
observation approximations, e.g. a polygonal approximation (cf. Hu et al., 2002), to
the Duncan—Mortensen—Zakai equation (1.4). Finally, in Section 4, we compare com-
putational efficiency of this Markov chain method with the previously mentioned AIP
filter and RBP filter methods for the fish tracking problem. We consider a discrete ob-
servation model (cf. (4.1) below) and use simulation results to show that this Markov
chain method outperforms the two-particle filter methods on our test problem.

2. Construction of Markov chain

The Markov chain approximation discussed in this paper is motivated by the stochas-
tic particle models of chemical reaction with diffusion studied by Arnold and
Theodosopulu (1980), Kotelenez (1986, 1988), Blount (1991, 1994), and Kouritzin
and Long (2002). In their models, the operator % is replaced by a less general oper-
ator like the Laplacian. Blount (1991, 1994), and Kouritzin and Long (2002), proved
that a sequence of Markov chain approximations converges to the solution of their mod-
els weakly (in the distribution convergence sense uniformly in time). In our model, we
employ the symmetric closed form technique to get the convergence in mean square
of Markov chain approximations for our more general class of operators.

Before defining the stochastic particle models, we prepare some preliminaries con-
cerning the discretization of the operator Z. Now, for NeN, we let Dy := {k =
(k... ka) ENY: 1 < k; < LN for each 1 <i<d} and divide [0,L1) x --- x [0,L)
into LN x --- x LyN cells of size 1/N¢:

k=1 k ky—1 kg
JARES — il ke Dy.
k {N’N)X X{N’N)’ €O

We define AV := RAN*xLaN and endow HV with the inner product

1 N
(@9 =17 D w9 =(0udken,,  ¥=(hken, €A
keDN
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Then, (I:I ,(-,-)n) is a Hilbert space with norm denoted by Il - |lv. For k€ Dy, we
define aly(k) := N f,» aj(x)dx for 1 <ij<d, v := N4 f,» v(x)dx and h) =
N9 I h(x)dx For 1 <i<d we denote ¢; = (0,...,0,1,0,...,0) with 1 in the ith
k
coordinate, and set SzW = Qk+e; if k, k+e; € Dy, and S_,-q)k~ ‘= Qi Tk, k—e; €Dy.
We consider on HV the symmetric closed form (&7, 2(&V))

~ 1
ACOESDY Za (K)(Si = D - (S = Dog + (O + augvy |
keDy, ij=1

u,ve Z(EV),
26Ny = HY,
where DY :={k€Dy :2 <k <L;N — 1 for each 1 <i < d}. Define

E(u,v) = E(u,v) + a(u,v),  u,ve Z(E),
UE)=2(&).

Then, &V can be thought as a discretized version of &. For ¢ = (@1 )keny eHY, we
define

2 d

~ N
(P o= D [ay(6)S: = Dpilyery, — (S—(@ (NS = Do) kg ve
i j=1

—(% + )@k Lepy-

Then, #VN is a symmetric bounded linear operator on HY associated with &".

For t >0 we define 7V = exp(t#"), which is a symmetric strongly continuous
semigroup of linear operators on H". We introduce the projective mapping PV : H —
AN, (PN [ .= N4 f&“ f(x)dx, Vf €H. Denote 4(ZL) := {f € C(D): (y,V f)lop=
0}. One can check that ¢(Z) is a core of & by virtue of Ethier and Kurtz (1986,
Theorem 8.1.5). Denote 6(%) := {pf: f €%(Z)} so %(Z) is a core of Z. Note that
| LNPN f —PNZf|y — 0 for each f € %(ZL) as N — oc. It follows by Trotter—Kato
theorem that for each f € H, |[TNPNf — PVT,f||y — 0 for all ¢ > 0, uniformly on
[0,T]. Hence, supy <7 || TV|ly < oo by the principle of uniform boundedness.

Let {XF3(0), Xky VX PGV, Xy x P d)(t),Xf”(,fl,’d)(t),k €Dy} be in-
dependent Poisson processes on some probablllty space (Q,7,P) for each N e N (for
a practical means of construction of these processes we refer the reader to Kouritzin
and Long (2002)). We define from (Q,.7,P) and (Q,%,P) the product probability
space (Q0, 70, Py)=(2Q x Q,7 @ 7,P x P). Let | =I(N) be a function such that
I(N) — 00 as N — oo and

nY(0)= {md / ﬁg(x)de . (2.1)
Y
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Hereafter, |r| denotes the greatest integer not more than a real number ». Then, mo-
tivated by Ethier and Kurtz (1986, pp. 326-327) and Kouritzin and Long (2002), we

let
Negy— N k,y ' N~_1N2_N N "
me (8) =m (0) + X7y A hy s 2(hk) vi | ng(s)| ds
D ( / th ys—f(h D VN> nkN(s)] ds>
0
oy i ([atnrenas) - ([t enas)]

i,j=1

d

- [ X ( / SN (nN(s))ds>

ij=1

k—ej,(i,j k e
—XZ N ) (/ Oi N (”N(S))dsﬂ Lie(Dy+e))s (2.2)
0

where 51‘ i N(nN ), 5 i —v(n") denote, respectively, the positive, negative parts of

2

N
o vV = Tag(k)(”gm —ny), keDy,
L],

0, otherwise.

Eq. (2.2) provides a very explicit and powerful construction of our Markov chain
approximations to Eq. (1.8), and can be implemented directly on a computer.

By Ethier and Kurtz (1986, Appendixes, Theorem 8.1), there exists P:QOx7 —
[0,1] such that for each w € €, P?(-) == P(w,-) is a probability measure on Z, for
each B€ 7, v — P“(B) is Z-measurable, and Po(dwo)=P?(dd)P(dw), wo=(w,d).
Note that P is the probability measure for the quenched results. However, to use the
quenched results within the annealed ones we need to know that @ — P®(B) is
measurable for each B€ 7.

For k € Dy, we have

ny (t) =nd (0) + /Ot <hk Vst o— (h,?)z) ny (s)ds + /Ot PVl (s)ds

d
(t) + Z Z, (U)(t) Z Z,iv o (11)([)1k6(Dy+e,); (2.3)

i,j=1 i,j=1
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where

t +
20 =x5, ( [ [(= 007 =) o) ds>
0
-5 ( [ [(= 5002 - )] ds>

t ) 1
—/ ( kNys—z(hz’)z—ka> i (s)ds
0

and

t t
ZY oy =X5%" < /O 5j§fN(nN(s))ds> — x5 < /0 5ﬁ}’N(nN(s))ds)

t
—/ SN (s)ds, 1<ij<d.
0

To get the density in each cell, we divide #"(¢) by / and, consequently, the descrip-
tion of the stochastic particle model can be given by

N
e =3 )

k€Dy

where 1¥(-) is the indicator function on 7. Now, we set
LN (Y . —1 LN (N
ZPN(@ey =Y 1z o1y,
k€Dy

and

d
A GRS S S AN AN ) I

i,j=1 k€D U(DY +e;)

Let %V denote the g-algebra generated by the observations up to time ¢, nV(0), the
time changed Poisson processes used to construct #", and the collection of all Py null
sets. Then, similar to Kouritzin and Long (2002, Lemma 2.5), one can show that both
Z;’N (¢) and Zf;N(t) are L*-martingales with respect to %" under probability measure P,

To ease notation, for f €H and ¢ > 0, we denote

Dnf =Y (ZVPYIIY, T f =D (TN OPY £l

k€Dy k€Dy

We define hy(x) :== > .cp. Ay 1} (x). Then, it follows from (2.3) that

: : . 1 :
#o=po)+ | (hNys +o- 2<hN)2) PN (s)ds
0

t
+ / Ly ptN(s)ds + ZEN(6) + 25 (1),
0
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Using variation of constants, p"V(t)= p"V(t,w¢) can be written as

0= Tv0p 0+ [ T -s) ((hNy'(S) o ;(hN)Z) ﬁ”N(s)> ds
0

+ /t Tin(t —s)dZhV (s) + /t Ty(t —s)dZ N (s). (2.4)
0 0

3. Law of large numbers

Following Section 2, all results in this section are stated for y” with fixed n € N.
Throughout this section, we assume that (N, /(NV)) is any sequence satisfying I(N) —
oo as N — oo. Then, our dependence on (/,N) is reduced to dependence only on N
and we will write pV for p'™-N_ For f: D — R we define || f]|oo := sup,c|f(x)].
Now we have the following quenched law of large numbers:

Theorem 3.1. Suppose that || polle < 00. Then, for each fixed o € Q,

sup E° | 5 (1) — p(0)|> — 0 as N — oc.
t<T

Before proving Theorem 3.1, we prepare some preliminary lemmas. For convenience,
we denote fx := " cp (PV )1} for f€H and N € N.

Lemma 3.2. For any [ € H, we have

U201 < 58 [ (| (o= 3007 - w) )

) s
and for some constant C > 0

- C
E°[(Z (0, /)1 < 7

t
< 576 PV S PYf) / I 5 (5)]|oc ds.
0

Proof. Inasmuch as the proofs of two parts follow the same steps, we just show the
second part. By independence, the fact [X.A.],=[X],,, for stopping time 7, the bilinear
property of quadratic variation, and the fact that (Z}(¢), /) is an L*>-martingale, we get

E((ZY (1), 1))

d
=E°S | > ! PR OErAN O RIS

i,j=1 k€D U(DY, +e¢;) .

d
=D ) = (B SIVEIZY )],

Lj=1keDy
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=D > P = (g 1)) / E°|a)) (k)(n,., () — i (5))| ds

iLj=1keD},

< PP [ Ot O

Next, we need to estimate the moments of pV(¢). Similar to Kouritzin and Long
(2002, Lemma 3.4), we have the following lemma.

Lemma 3.3. Suppose that || polleo < 00. Then, for each fixed w € Q,

sup [[E”[ 5 (5)[loc < D(t,1,) < o0,

s<t
where D(-) can be chosen to be increasing in t, decreasing in | and measurable in .
Proof. Setting p(1)=>",cp, P (1K)} and &Y =N¥?1}. We obtain from (2.4) that

|5V (k) < (Tw(0) pN(0), & )N

+</0ti‘,v(ts)

- '</l Ty (t — 5)dZ) (s), §§X> ’ N2
0

(i) 42 32 ) 56)

ds, & > N2

+ '</t Tn(t — 5)dZY (s), §§X> ’ N92,
0

By the symmetry and the uniform bound on (7y(s))s<;, one finds that

E?(Ty(t)p"(0), & )N < Di(1)||E” 5" (0)] (3.1)

E” </0t Tn(t —s)

< Do(t,0) / 1E2] 5Y(5)] 1o ds. (3.2)

and

(hN Y(s) + o — %(hN )2> PN (s)

ds, ékN>Nd/2

Now, following the arguments in the proof of Kotelenez (1988, Lemma 3.2), for fixed
t>0and J € {y,A4}, we define L>-martingales by

</ Fy(t — 0)dZ) (v), 5kN>Nd/2, s<1,
LY (s,k) = 0

LY (t,k), s>t
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Similar to Lemma 3.2, we get by independence, the bilinear property of quadratic
variation and the martingale property that

~ Lo [° 1
Bl < 8 [ <’ (hNy'<v>—2(hN>2—vN) A0

,<fN<r—v>¢kN>2> v
(3.3)

and

N C - S . ~
EVLLY (o), < 5 sup [ 5V (0) / SN -0V TN~ )PV o,
v<s 0

(3.4)

Then, by (3.3), Jensen’s inequality and the fact sup, ., ITN|ly < oo, we get
N N 12
B0 < Do) (supl 1 0l ) (35)
s<t
By (3.4), (1.1) and Jensen’s inequality, we get
E°|LY (1,k)|

c o o i 12
< (TswlB @l [ 8T8 P pe o)
s 0

<t

C . t o ) 1/2
= (lsggHE‘%pN(s)noo [ TP = )ds>N>

s<t 2

C . PVEN|2, — 1TV (6)PN EV |2 1/2
_ (l sup HEO|PN(S)H|OO X H k ”N ” k ||N>

1
C . 2
< (sup ||Ew|faN(s)|||oo) . (3.6)

2 s<t

Combining (3.1), (3.2), (3.5) and (3.6), one finds that

t
sup [E°1 (9l < Date.0) (1875 )+ [ sup 717" @) o
s<t 0 v<s

12
ek (suplE”IﬁN(s)Hloo) ) .

s<t
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By the assumption || po||oc < 0o and (2.1), it is easy to see that sup, [|E” 5"V (0)||oe < c0.
Therefore, by Gronwall’s inequality and the inequality a'/?5"? < 1(a+b), we conclude

that

sup |[E[ 5V (5)|[| o < D(t,1,0) < 00,
st

S<

where D(-) can be chosen as desired. [
Finally we are in a position to prove Theorem 3.1.

Proof of Theorem 3.1. For convenience, we put
t
Vi = /0 To(t —$)dZ)(s), T =y, A
and find by variation of constants that
t
V}’(z):/o PV ds +ZV (1),  Je{y.4}.
For each N N, we let {(iﬁf,q’)fz )} be the eigenvalues and eigenfunctions of Py.
Denote (VY,¢%) := ij’p and (Z),$Y) := Zj\”p for J = y,A. Then, by Itd’s rule, we
get
t
Vi) = /0 VY (s)ds +Z) (1)
and
‘ ‘
[V, (OF =275 /O [V}, ()] ds + 2 /0 VY (s=)dz) () + 2] ).- (3.7)

Using (3.7), the fact /1]),’ <0 and Lemma 3.2 with f = ¢", we get

. 1 ~ [ 1
EVVL 01 < 57 B /0 <‘ (hw‘(s) =50y = vN) ()

,(<i>'pv)2> ds

< Kl(t’ (,U)
N4]

t
/0 1B21 5% (5)] | o d.

Then, E°||VY(0)|]> < (Ki(t, @)Ly -+ La/l) [y |E?| pV(5)]||sc ds. Thus, by Lemma 3.3
and the assumption || po|looc < 00, We conclude that

sup E°|[VY()]P -0 as N — oo. (3.8)
t<T
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By (3.7), Lemmas 3.2 and 3.3, we get
E7 V(0

t
= / exp{22) (1 — )}dE”[Z]] ],
0
t
cC .
< [ a7 B Ol P 9P g pexp 2230 — )} ds

C - fs L
< 7515;”1«: \pN(s)|||oo/0 EN(TN (1 — )PV ¢, TV (1 — )P §l) ) ds

N9
o Y E s .
=SB Ol [ (TP LT =P, ds
L IPYRIR — 1T 0PV YR
—mfg’HE |27 ()|]| o 3
C
< 5777 300 [E717 (5 o

Then, E®||VY(#)||> < (CLy -+ Lq/21) sup, , ||E®| 5V (5)||| and thus
sup E°| VY (0)> = 0 as N — oo.
(<T

By (1.8) and (2.4), we get
15V (t) — p(o)|I* < 4| Tw (@) p™(0) — T(t) p(0)|]*

[ vt (i) 42 S0 ?) 7o)

2
—T(t —s) ((hy(s) +o— ;hz) ﬁ(s))

ds
VYOI + 1V O

< 8(||Tv () PV (0) — POO|I* + [I[Tw(t) — T(1)] p(0)|?
+
— (hy'(s) +o— ;hz) f)(s)]

t
/
0

HIVY O + 1V ).

At =) | (i) o= 507 ) 49

2
ds

[Ty (t—s)—T(t—s)] ((hy(s)Jrfx;hz) f?(s))

2

(3.9)
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By (1.8) and Gronwall’s inequality, sup, | p(0)|]> < Ka(w) < oo for each fixed w.
Note that for each fGI:I, Ty(t)f — T(t)f for all ¢t >0, uniformly on [0, 7], and
supN’t<T||TN(t)|| < oo. By (3.8) and (3.9), dominated convergence theorem and
Gronwall’s inequality, we conclude that

supE”|| pV (1) — p(t)|> = 0 as N — oc. O
t<T

Using the boundedness assumption of the process z(#) and following the same
procedure as used in Theorem 3.1, we have the following annealed law of large
numbers.

Theorem 3.4. Suppose that || polleoc < co. Then

supEo|| pV(t) — p()|]*> = 0 as N — o,
t<T

where Eg is the expectation with respect to P,.

Remark 3.5. Before ending this section, we would like to point out that our approxi-
mate Dirichlet form &V in Section 2 yields a Markov Chain. So we are really almost
filtering an approximate signal with an approximate observation. In this connection,
we refer the interested reader to the recent paper by Bhatt et al. (1999). In the paper,
Bhatt et al. showed that the filter depends continuously on the law of the signal. Note
that our approximations are not filters so their analysis would not apply. Compared
with their result, our Markov chain approximation is far more explicit and has different
type of convergence.

4. Practical application: fish tracking problem

In this section, we use simulation results to compare computational efficiency of
our Markov chain method to the particle filter methods. Motivated by the fish farming
industry, the test problem is the tracking of a single fish in a tank with boundary
reflections. For simplicity, we choose a two-dimensional fish motion described by the
following Skorohod SDE

L
dx; = fdv, — o (-xt - 2> dt + yxop(x:)y(x,) dn,

where L = (L1,L,)" is the size of the tank, o and f are parameters, and v,, y and 7,
are defined as in Section 1. In the simulations, we take o = 0.00005, f = 0.02 and
simplify our example by selecting L; =L, = 1.

The observation process consists of a discrete sequence of images arriving at obser-

vation times {# }7°,, each observation being a 2-dimensional raster { yﬁj’j )}f}i L yg” )

is the (7, j)th component of a raster depiction of the observation. We let 2(-/)(-) be the
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Comparison of Mean Square Error averaged over 200 runs
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Fig. 1. REST filter initialized with 2500 particles, AIP filter initialized with 35000 particles, RBP filter
initialized with 35000 particles.

indicator function

RD(z1,2) = 1128 3 2R 3 R 32k 31(0))
P Srasi bt S s
representing a 3 x 3 pixel square image of the fish and w,(ci’j ) be pixel-by-pixel standard
Gaussian noise. Then, an observation at time # is constructed by superimposing the
square of the signal onto the raster and adding noise according to the
formula

yg»j) — h(l'a.l')(xtk) 4 W]((i’j). (4.1)

For our simulations, the length and width of the observation rasters, R, is 256. Obser-
vations are not preprocessed, the information from the raster pixel is used directly in
the filter algorithm.

The observations given by (4.1) are taken at discrete times which makes the prac-
tical algorithm slightly different from that given in Section 2. However, we can fol-
low the similar ideas presented in Section 2 to construct Markov chain approxima-
tions to the corresponding Duncan—Mortensen—Zakai equation with discrete time ob-
servations. In the following, we apply the so called refining stochastic grid (REST)
filter, developed from the Markov chain method in Section 2, to do the
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Comparison of Computation Time averaged over 200 runs
0.45 T T T T T
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Fig. 2. REST filter initialized with 2500 particles, AIP filter initialized with 35000 particles, RBP filter
initialized with 35000 particles.

simulations. This practical algorithm to implement our filter is reduced to an al-
gorithm to implement a specific time-inhomogeneous Markov chain, which can be
done using a single Poisson process and independent sequences of Bernoulli trials.
The inhomogeneity is due to the observations themselves. The discretization of state
space results in particles representing a small mass of the conditional distribution at
particular grid points in the signal domain. These particles diffuse, drift, give birth,
and die within the region. The particles contain information from the observations
through observation-dependent births and deaths. We refer the interested
readers to Ballantyne et al. (2002) for more details about this refining
method.

Comparison data of the REST filter, AIP filter and RBP filter are presented in
Figs. 1-4. 2500 particles are initially used for the REST filter in Figs. 1-4. 35000
and 20000 particles are initially used for each particle filter in Figs. 1-2 and Figs.
3-4, respectively, where particle means an independent copy of the signal. Graphs of
the average mean square error (MSE) in the position estimates over the simulated
time for 200 runs are provided in Figs. 1 and 3. For each run, we simulate over a
period of 50 time units with observation arriving at every 0.25 time unit. Here, MSE
at time #; denotes the Euclidean distance between the true signal position and the
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Comparison of Mean Square Error averaged over 200 runs
0.08 T T T T T
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Fig. 3. REST filter initialized with 2500 particles, AIP filter initialized with 20000 particles, RBP filter
initialized with 20000 particles.

approximated filter at the time of cach observation. From Figs. 1 and 3, we see that
it may take a longer time for the REST filter to localize the target due to the fact
that an initial computational burst is disallowed in this filter, but after localization, the
MSE for the REST filter becomes smaller and smaller with tiny fluctuation as time
elapses. For the AIP and RBP filters, they can localize the target faster but may lose
the target later on. Although all the three filtering algorithms, being at least adaptive,
are readily able to localize the target, the REST filter is the best one. From Figs. 1
and 3, we also see that the RBP filter is more efficient than the AIP filter when the
number of particles is not too large, although there is little difference between their
efficiency when the number of particles is large. From Figs. 2 and 4, we find that
the computation time for the REST filter is much less than that of the AIP and RBP
filters.

From the simulation results, we can conclude that the new method of solving non-
linear filtering problems numerically introduced in this paper, which uses a Markov
chain to push particles about fixed grid points, provides a mathematically sound solu-
tion to a general class of such problems and a practical solution to the given specific
problem.
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Comparison of Computation Time averaged over 200 runs
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Fig. 4. REST filter initialized with 2500 particles, AIP filter initialized with 20000 particles, RBP filter
initialized with 20000 particles.
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