Numerical model of rapidly solidified droplets of Al-33wt%Cu eutectic growth
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Abstract: Rapid solidification of Al-Cu droplets of eutectic composition was carried out using
Impulse Atomization (a type of drop tube). Two distinct morphologies were observed: an
irregular undulated eutectic assumed to form during recalescence, followed by a regular
lamellar eutectic. The volume fraction of each morphology was measured and used to deduce
the nucleation undercooling based on the hypercooling limit. A model of the eutectic
solidification was developed assuming that the kinetics of the undulated and regular regions is
the same and follows scaling laws established experimentally. The simulated solid fraction
forming during recalescence matches the experimental undulated eutectic fraction.
Furthermore, the heat balance confirms the adiabatic nature of the solidification during
recalescence. Good agreement is found between the model and experimental measurements
of lamellar spacing for the regular eutectic. However, the predicted spacing of the undulated
eutectic is much lower than what is observed experimentally. This difference as well as the
nature of this morphology is attributed to coarsening during the remaining of solidification of
the very fine eutectic formed during recalescence.
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1. Introduction

High undercoolings and cooling rates associated with rapid solidification of metallic alloys result
in various beneficial microstructural features, such as minimal segregation, grain refinement,
solubility extension and the formation of metastable phases. Therefore, it is important to
understand the relationship between the microstructures and the solidification parameters in
order to control their solidification path and subsequent mechanical properties. However, it is
sometimes difficult to relate the observed microstructure with process parameters due to
experimental difficulties. These include measurements of variables such as cooling rate,
undercooling and solidification rate, which control the final solidification microstructure. Thus,
to understand the phenomena at play, rapid solidification experiments with controlled
solidification parameters are helpful. Impulse Atomization (lA) is a rapid solidification technique
that yields droplet forming with high levels of undercooling over a wide range of cooling rates



[1]-[4]. It also provides a reliable and reproducible thermal history for the cooling droplets
making quantitative analysis feasible.

Eutectic alloys are very attractive due to their good fluidity allowing ready shaping of parts in
casting processes as well as in thermal spray deposition. In addition, they yield microstructures
with high mechanical properties, by the virtue of their scale, which is defined by the
solidification parameters as well as the thermodynamic and thermophysical properties of the
given alloy. Al-Cu is one of the simplest binary eutectic systems, with a well-documented phase
diagram and physical constants. Its growth kinetics is also well-established, with a relationship
between the eutectic front velocity v* and the interlamellar spacing A given by the equation

A 2v* = constant [5].

Modeling of cooling and solidification of molten metal droplets during atomization requires an
understanding of the thermal exchange between a droplet and a surrounding gas medium [6].
Of particular importance is the determination of the heat transfer coefficient. The most
common approach to quantify this coefficient is through the use of semi-empirical equations in
which the Nusselt number is averaged over the entire droplet surface. Several correlations have
been proposed for that purpose [7]-[13]. The Ranz-Marshall [9] and Whitaker [10] correlations
are the most commonly used, even though the range of validity in which these correlations
were derived is often exceeded in atomization of molten metals. Uncertainties also remain
regarding the temperature at which the thermophysical properties of gas should be evaluated,
i.e. at the gas free stream temperature or at the film temperature.

This paper presents experimental results of Al-33wt%Cu droplets rapidly solidified using
Impulse Atomization. A model of the eutectic growth is developed and coupled to a transient
heat flow model of IA. The modelling results are then validated with experimental
measurements of the lamellar spacing to determine which correlation is most appropriate.

2. Experiments

Impulse atomization (IA) (a type of drop tube) is a containerless solidification technique (Figure
1) [1]. It consists in the transformation of a bulk liquid into a spray of liquid droplets of fairly
uniform size. In this study, a quantity of 300g of high purity Al (99.99%) and commercial purity
Cu (99.9%) is melted in a dense graphite crucible by induction heating up to 750°C (~ 200°C
above the equilibrium eutectic temperature) and held for 1 hour under argon atmosphere. A
plunger (or impulse applicator) applies a pressure (or impulse) to the melt in order to push it
through a nozzle plate with several orifices of known size and geometry. Liquid ligaments
emanate from each orifice, which in turn break up into droplets by Rayleigh instability. Rapid
solidification of the droplets then occurs during free fall by heat loss to the surrounding gas (Ar
in this case). The solidified samples can finally be collected at the bottom of the tower and
subsequently sieved into different size classes. A detailed description of the process is available



in [1]. Powders of select size ranges were then densely packed and cold-mounted in epoxy and
ground. The samples were then polished until the mounted droplets were nearly touching each
other to ensure that the cross-sections were as close to the mid-section of the particles as
possible. Imaging was performed using a Tescan Vega-3 SEM in back-scattered mode. Lamellar
spacing as a function of position within the droplet was determined using a line-intercept
method along arc of circles (see below).

1. \ 9
2. [
3. I 1. Pulsator
4- o 2. Impulse applicator
‘;jfz 3. Inductionfurnace
al 4. Crucible
S5 5. Nozzle plate
_.:3'. 6. Metal droplets
61 i 7. Load cell
Tu 8. Beaker
3 9. Gasandvacuum
PN inlets/outlets
.:i-. / 8
-

Figure 1: Schematic view of an impulse atomization apparatus [1].

Figure 2a shows the typical microstructure of undercooled Al33Cu droplets. Two different
eutectic morphologies can clearly be observed: an undulated eutectic (zone A) followed by a
transition to a regular lamellar eutectic (zone B). From the fan-shape of the morphology, it is
obvious that nucleation started from the center of symmetry in zone A at the surface of the
droplet (marked by point “N”). A detailed view of the eutectic structure at the transition
between zones A and B is shown in Figure 2b, with two inserts showing details of both
structures (Figures 2c and 2d). Please note that lamellae of the regular eutectic might appear
with different Moiré patterns in 2D sections (stereological aspects)

While this assumption will be further discussed later, it is assumed that the undulated eutectic
forms during the nearly adiabatic recalescence, while the regular eutectic grows during
solidification controlled by the heat exchange with the surrounding gas (Figure 3 left). After
nucleation occurs at an undercooling AT;,, the eutectic front indeed rapidly propagates through
the volume of the droplet. The release of the latent heat of solidification leads to a rapid
increase of the droplet temperature. The undercooled melt acts as a heat sink and due to rapid
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crystallization the heat transfer to the environment can be neglected, as demonstrated
hereafter. Under quasi-adiabatic solidification conditions, the nucleation undercooling AT,, can
therefore be estimated from the volume fraction g, of Zone A and the hypercooling limit of the
melt, ATpyp:

L
AT, = g4 AThyp = ga .é (1)

with Ly is the latent heat of fusion and ¢, the heat capacity.

Figure 2: a: Microstructure of a 425 um droplet atomized in Ar showing the undulated and
regular eutectic structures (Zones A and B, respectively). From the volume fraction of these
zones, the undercooling AT, is estimated to be 85 K in this case. b: Close-up of the transition
between zones A and B. c: Close-up of zone A. d: Close-up of zone B.

Figure 3 (right) shows the estimated nucleation undercoolings of 13 particles of different sizes.
The undercooling tends to decrease as the particle size increases and conversely when the



cooling rate decreases. This is consistent with previous studies on Impulse Atomized Al-
4.5wt%Cu and Al-10wt%Si droplets [3], [4]. However, nucleation being a stochastic event, some
scatter in the undercooling data can be observed. More measurements are needed to obtain
better statistics and confirm this trend.
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Figure 3: Left: Schematic temperature profile. Right: Nucleation undercooling as a function of
the particle diameter Dp estimated from the fraction of undulated eutectic (Eq. 1).

3. Model

Assuming heat diffusion in the metal to be very fast, the model considers that the temperature
T of the droplet is uniform (this will be verified below). Under such hypothesis, a simple heat
balance equation can be written:

dvs

4 daT
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(2)

where h,,; is the effective heat transfer coefficient between the droplet and the surrounding
gas, T,y is the atomization gas temperature, p, ¢, , Ly and Rp are the particle density, heat
capacity, latent heat of fusion and radius, respectively. V; is the volume of the solidified
eutectic. The thermal history of the liquid droplet is a function of both the droplet size and the
gas in the atomization tower and has been described mathematically by previous workers [2]
[3]. After reaching a nucleation undercooling (estimated from experiments), the eutectic front
grows with a spherical envelope from the nucleation point located at the surface of the droplet
(see Figure 4).



Ve(R) = Vu(R) + Vp(R")

Figure 4: Left: Surface of a 230 um AI33Cu droplet viewed in SEM. The arrow indicates the
location of the nucleation point N. Right: Schematic view of the spherical eutectic growth front.

The relationship between the volume V; and the radius R* of the solid already formed is
deduced by decomposing V; into two spherical caps V;, and V of radii R* and R,,, respectively,
as indicated in Figure 4. This decomposition allows also to calculate the effective solid-liquid
interface Sg; and thus to relate the evolution of the fraction of solid, % = S, v*, appearing in

dR”
dt

Eq. (2) to the actual velocity of the interface v* = —. These relationships are given in Appendix

A.

The effective heat transfer coefficient consists of the additive contributions of convection,
conduction and radiation heat transfer mechanisms. h,,; is defined as:

hext = he + hygq (3)

with h,.4 the radiative, and h, the convective and conductive components of the heat transfer
coefficient. The radiative heat transfer coefficient is readily characterized as:

hyaa = SO-(TOZ + Tsz)(TO + Ts) (4)

with € the emissivity, o the Stefan-Boltzmann constant, T the surface temperature of the
droplet and T,, the temperature of the surrounding (assumed to be equal to that of the gas far
from the droplet). The convective/conductive heat transfer component can be calculated using
the Nusselt number averaged over the entire droplet surface [14]:

heD

Ny = —=<2£ (5)
kg

with Dp the diameter of the particle and k, the conductivity of the surrounding atomization
gas. Two common semi-empirical correlations are used to evaluate Nu. The first one was
proposed by Ranz and Marshall [9]:



Nugy = 2 + 0.6Re/?pr1/3 (6)

pgvDp

with Re = the Reynolds number and Pr = C”;’;’t‘gthe Prandtl number. pg, pg and ¢, 4 are

Hg g
the density, dynamic viscosity and heat capacity of the gas, respectively. The second correlation
is that of Whitaker [10]:

oo\ 174
Nuy = 2 + (0.4Re'/? + 0.006Re?/3) pro+ (“—“’) (7)

where £2 is the ratio between the dynamic gas viscosities at the free stream gas temperature,

Us

1o, and at the droplet surface temperature, . For each correlation, two cases were
considered for the calculation of the Reynolds and PrandIt numbers. In the first case, all gas
properties were taken at the ambient temperature, T,. In the second case, gas properties were
taken at the film temperature, Tr;;,, = (To + Ts)/2, i.e. the average between the ambient T
and the droplet surface temperature T. The thermophysical properties of Al-33wt%Cu
(considered constant and equal for solid and liquid) and argon used in this work are listed in

Table 1 and 2 respectively.

Table 1: Thermophysical properties of Al-33wt%Cu [16]

Property Symbol | Al-33wt%Cu
Density [kg/m3] p 3700
Specific heat [J/kg-K] Cp 773

Latent heat of fusion [J/kg] Le 3.32x10°
Conductivity [W/m-K] k 125

Table 2: Thermophysical properties of argon [17]-[19]

Property (T in K) Symbol | Argon

Density [kg/m3] Py 539.23-T-1.0205
Specific heat [J/kgK] Cp.g 520

Dynamic viscosity [Pa-s] Ug 0.0238-T07°13.10°
Conductivity [W/m-K] kg 1.86-T07915.104

Knowing the heat transfer coefficient allows the computation of the Biot number:

Bl — hextDp ~ Tc—Ts (8)
k Ts—Ty

where k is the thermal conductivity of the alloy. For the smallest and largest sizes analyzed (10
um droplet, experiencing the highest cooling rate, and 1000 um droplet, experiencing the
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lowest cooling rate), h,,; is in the order of 4000 and 100 W/m?-K respectively. This results in
Biot numbers of 3-10“*and 8-:10** << 0.1. At the eutectic temperature, this corresponds to a
temperature difference (T, — Ts) between the center and the surface of the droplet of less than
0.5 K. Thus, the temperature of the droplets can indeed be considered to be nearly uniform.

The only missing entity appearing in Eq. (2) is the growth kinetics of the eutectic v*(T), since
dvg
dat
kinetics is determined using established scaling laws for regular eutectics such as Al-Al,Cu [20],

[21]:

= Sgq v*(T) and Sg; is a known function of the radius R* (see Appendix). The growth

__ AG, [mgllmegl sinz(nrrga)
Ac = gago (mel+img)) (nm)3 ()
1% = j—};Dl = 88 [um3s~1] (10)
AAT = 24, (11)

The various terms appearing in these equations are: the diffusion growth constant A, for Cu in
the liquid, the capillary growth constant Ag, the spacing A of the (a-Al)-Al,Cu eutectic lamellae,
the undercooling of the eutectic front AT = (T, — T), and the solute extension at the
eutectic plateau AC,. The subscripts o and 0 refer to the a-Al solid solution and the Al,Cu
intermetallic, respectively.

The volume fractions of a and 0, g, and gg, are taken from a lever rule at the equilibrium
eutectic temperature. The liquidus slopes m, and mg appearing also in the definition of A. (Eq.
9) are obtained using Thermo-Calc (TTAL7 database). They are computed at various
undercoolings during the calculation from the extensions of the liquidus lines below the
eutectic temperature. The diffusion coefficient of Cu in the liquid, D;, is temperature-
dependent and given by [18]:

23800
D, =1.05-1077¢ rt [m?s71] (12)
As A and D; are known, the capillary growth constant Ag, which is difficult to estimate as it is
related to the poorly known surface tensions of o and 0, is calculated from the experimentally
determined relationship (10).

In a time-stepping calculation where the actual temperature of the droplet T (t) is known, the
liquid diffusion coefficient D; and the eutectic coefficient A are first computed. Ay is then
inferred from Eq. (10). The lamellar spacing A and growth velocity v* are then calculated as a
function of the undercooling from Egs. (10) and (11). The change in the volume fraction of solid
% is then inferred from the new solid radius R*(t + dt) = R*(t) + v*dt. The heat balance

equation (1) is finally solved explicitly to obtain the new droplet temperature T(t + dt).



4. Results and discussion

Figure 5 shows an SEM cross-section of a 123 um diameter droplet. The white dot indicates the
center of zone A, i.e. the nucleation point. The radius of zone A (as highlighted by the white
circle) is 52.3 um. This represents a volume fraction g4 = 0.21, corresponding to an
undercooling AT, of about 90 K. The left graph shows the simulated temperature profiles using
the Whitaker (black) and Ranz-Marshall (blue) correlations with thermophysical properties of
the atomization gas taken at the ambient temperature (solid) and at the film temperature
(dashed). For a given set of gas properties, the Ranz-Marshall correlation leads to higher cooling
rates and shorter solidification times than the Whitaker one. The predicted cooling rates also
increase when the thermophysical properties are taken at the film temperature rather than at
the ambient gas temperature. This directly affects the solidification behaviour of the lamellar
eutectic.

The graph on the right shows the simulated and experimental lamellar spacing as a function of
position Z = R* along the droplet diameter Dy passing through the nucleation center. The
lamellar spacing A of the undulated and regular eutectics was measured by a mean intercept
method along arcs of circles centered on the nucleation center N (Figure 5). The spacing of the
undulated eutectic was found to be constant over zone A at 0.35 £ 0.03 um. In zone B, A clearly
varies along the growth direction.

The model predicts a small and almost constant lamellar spacing for zone A, followed by a sharp
increase in spacing towards the end of recalescence, which represents the transition from
zones A to B. The spacing then reaches a maximum in zone B before decreasing again near the
end of solidification. The predicted spacing in zone A is similar regardless of the heat transfer
approximation used (~0.02 um). This suggests that growth during recalescence is independent
of the mode of heat extraction, i.e. solidification occurs under quasi-adiabatic conditions.
However, the simulated eutectic spacing is an order of magnitude lower than what is observed
experimentally. Two possible explanations might explain this difference. It could be either due
to coarsening induced by the release of latent heat during recalescence and subsequent
remaining time of solidification of zone B, or to the growth kinetics of the undulated eutectic
which would not follow the well-established kinetic of regular lamellar eutectics. Preliminary
experimental results favor the former explanation, but further investigation on that point is
ongoing. On the other hand, the behavior of zone B is well represented and can be explained as
follows. As the temperature of the droplet increases, the undercooling of the front decreases.
The growth velocity decreases and in turn the spacing increases. Towards the end of
solidification, the solid-liquid interface S,; decreases (see Figure A.2 in Annex A) and so does the
latent heat release. The droplet temperature thus starts to decrease again, increasing the
undercooling of the front and thus the velocity of the front v*. The post-recalescence behaviour
(zone B) is affected by the different simulation conditions, with the faster solidification rates
leading to smaller eutectic lamellar spacing. In this case, the Whitaker correlation with all



properties taken at the ambient gas temperature shows the best agreement with the
experimental values.
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Figure 5: Top: Cross-section of a 123 um Al-33wt%Cu droplet. The nucleation point N denotes
the center of zone A corresponding to Z = 0. Assuming spherical growth from the nucleation
point, the yellow circles outline various positions of the solid-liquid front along which the
lamellar spacing was measured. Left: Modeled temperature profiles with different correlations.
Right: Predicted (lines) and measured (dashed red line for zone A and red squares for zone B)
lamellar spacing as a function of the solid-liquid interface position Z = R*, normalized by the
droplet diameter Dp. The grey line represents the position of the transition between zones A
and B.

Figure 6 shows similar experimental and modelling results for a 425 um diameter droplet. The
volume fraction of the undulated eutecticis g4 = 0.20 in this case, corresponding to an
undercooling AT, of about 85 K. For the smaller 123 um droplet, taking the gas properties at
the film temperature led to the shortest solidification times. For the larger particle size, the two
fastest growths occur both with the Ranz-Marshall correlation. Conversely, larger eutectic
spacing are predicted with the Whitaker correlation. The best fit is found using Whitaker with
gas properties taken at the film temperature. This is the case for all particles that were
measured with diameters greater than 425 um. For smaller particles (<300 um), Whitaker with
properties taken at the ambient temperature gave the best agreement with measured lamellar
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spacings (note that no experimental results were available for particles between 300 and 425
um).
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Figure 6: Top: Cross-sections of a 425 um Al-33wt%Cu droplet. The nucleation point N denotes
the center of zone A ( Z = 0). Left: Modeled temperature profiles with different correlations.
Right: Predicted (lines) and measured (dashed red line for zone A and red squares for zone B)
lamellar spacing as a function of the solid-liquid interface position Z = R*, normalized by the
droplet diameter Dp. The red line represents the position of the transition between zones A
and B.

Figure 7 (left) displays the power extracted by the surrounding gas (left hand side of Eq. 2) and
the power generated by the release of latent heat during solidification (second term on the
right hand side of Eq. 2) for a 159 um diameter particle. As can be seen, the droplet itself
absorbs most of the large amount of latent heat released during recalescence and the external
cooling plays a minor role. Once the temperature of the growth front gets close to the eutectic
temperature, the power associated with latent heat release decreases drastically and becomes
of the same order of magnitude as the power extracted by the surrounding gas. The post-
recalescence growth then depends strongly on the heat extraction at the droplet surface. This is
reflected in the predicted lamellar spacings in Figure 5 and Figure 6. The heat extracted from
the surface and the latent heat release were then integrated over the recalescence period,
which for practical purpose was considered to extend from the nucleation temperature up to
the temperature at which the volume fraction corresponds to the measured fraction g4. Figure
7 (right) shows the ratio of the integrated heat extracted over the integrated heat generated as
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a function of particle size. For particles diameters between 50 and 650 um, the heat generated
by the growth of the solid during recalescence is one to two orders of magnitude larger than
the heat extracted by the surrounding gas. This confirms the quasi-adiabatic conditions during
the solidification of zone A. For smaller droplet sizes, the surface-to-volume ratio increases
significantly and the conditions are no longer quasi-adiabatic, i.e. the heat generated during
recalescence becomes comparable to the heat extraction at the surface of the droplet. For
larger particle sizes, the nucleation undercooling decreases, and so do the velocity of the
interface and the fraction of solid formed during recalescence. The droplets almost completely
solidify at a temperature close to the eutectic temperature without formation of an undulated

eutectic.
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Figure 7: Left: Power generated by the release of latent heat and power extracted by the
surrounding gas during the recalescence period of a 159 um diameter particle. Right:
Calculated ratios of the heat extracted from the droplet surface over the heat generated within
the droplet during the recalescence period (squares) and measured nucleation undercoolings
(circles) as a function of particle size.

To further investigate the influence of the nucleation undercooling, the model was run for two
different particle sizes for various imposed values of AT,, between 25 and 150 K (Figure 8). The
validity of the quasi-adiabatic assumption during recalescence appears to be strongly
dependent on the nucleation undercooling. Indeed, as the undercooling decreases, the amount
of solid formed during recalescence decreases but the rate of heat extraction by the
surrounding gas is similar. While most of the heat generated by the growing eutectic front is
still transferred into the undercooled liquid, the amount of heat being dissipated in the
surrounding gas becomes non-negligible. This effect is exacerbated at smaller particle sizes as
the surface-to-volume ratio increases. Thus, one must be careful when estimating the
nucleation undercooling from the experimental fraction of undulated eutectic when that
fraction is small.
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Figure 8: Calculated ratios of the heat extracted from the droplet over the heat generated by
the release of latent heat during the recalescence period, as a function of the nucleation
undercooling.

5. Conclusions

Rapid solidification of Al-33wt%Cu droplets formed by impulse atomisation revealed two
different morphologies: an undulated eutectic that was assumed to develop during
recalescence from a nucleation point located at the surface of the droplet, followed by a
transition to a lamellar regular eutectic. The eutectic spacing measured in zone A is nearly
constant while it varies during growth in zone B. A model of eutectic solidification coupled with
an overall heat balance was developed to interpret these experimental results. Two key
assumptions were made. First, it was assumed that zone A formed during recalescence, thus
allowing to deduce the nucleation undercooling. Second, the growth kinetics of both the
undulated and regular eutectics were supposed to be the same and given by scaling laws
experimentally established for a-Al-Al,Cu eutectic [20], [21].

The predicted spacing in zone A is nearly constant, almost independent of the boundary
conditions imposed at the surface of the droplets, i.e. eutectic growth during recalescence is
independent of the heat transfer coefficient. This confirms the adiabatic nature of solidification
during recalescence. However, while the predicted volume fraction of the undulated eutectic is
close to the measured values, the lamellar spacing calculated with the model is much smaller
than the average spacing measured in zone A. It should be emphasized that this undulated
eutectic does not look like a 1-A or 2-A oscillating eutectic [20], [22], [23]. While it could be the
result of a special, yet unclear growth mode of the a and 6 phases with a specific growth
kinetics, this undulated eutectics exhibits some faceting which rather suggests that it could be
due to a coarsening mechanism occurring in the solid state in order to minimize the
(anisotropic) interfacial energy between o and 0. New experimental evidences seem to favor
this last explanation but need further investigations and calculations.
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The transition from zone A to zone B, i.e. from undulated to regular-lamellar eutectics, is very
sharp and the post-recalescence growth of the lamellar eutectic occurs at a temperature much
closer to the eutectic temperature. The growth speed is drastically reduced, thus increasing the
predicted lamellar spacing which becomes very close to the measured one. In this regime, it is
possible to adjust the heat transfer coefficient so as to have the best agreement between
measured and predicted spacings. In other words, the lamellar spacing of the regular eutectic is
a signature of the heat transfer between the droplet and the surrounding gas. The Whitaker
correlation with all gas properties taken at the ambient temperature shows the best agreement
with the experimental values for smaller droplets (< 300 um), while the Whitaker correlation
with all properties taken at the film temperature gives the best fit for larger particles (> 425
um). Smaller droplets do not significantly affect the temperature of the surrounding gas, while
larger ones do. Therefore, a universal approach for calculating the heat transfer between a
solidifying alloy droplet and the gas phase is to use the Whitaker correlation with the film
temperature for large droplets and the gas temperature for small droplets.
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Appendix A

This appendix details the relationship between the volume V; and the radius R* of the solid
formed in a droplet from a nucleation point located at the surface. A spherical particle of radius
R, and volume Vp is considered. The solid is assumed to be a sphere of radius R*, nucleated on
the surface of the particle (Figure A.1). The growth velocity v* is considered to be uniform over
the solid-liquid interface. At any instant, the solid is made of two spherical caps: V,, of radius R*
and Vg of radius Ry, with cap angles @ and 8 respectively, so that V; =V, + V3.

Figure A.1: Schematic view of the geometry considered.

Simple geometric arguments show that:

R .
cosa = = (i)
* 2

_ _ . zﬁ 1 l R ..
cosff =1—2sin S = 1 > (RP) (ii)

The volume of the spherical caps are expressed as follows:

_ 2
Vy = 2R3 (sl CHeos®) _ 2 peaf () (i)
4 (1-cosB)?(2+cosB) 4 .
Vs =-mR} ” = -R3f (B) (iv)
The growth of the solid is then given by:
1\avs _ (1\dvVs .

(ﬁ) at (Vp) ar "V (v)

with:
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