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students understand a nunber of selected concepts related to proof 1n
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L , N _ CHAPTER T B T
' ] A:' : N \ R v - ' ’ "‘ T ',.0 . e - -"$ .
SR . L INTRODUCTION . " -~ =y o o9 >
-, © % % I. BACKGROUND TO THE PROBLEM-. - . "~ ' oy
- ) . ) ‘v . L . CL ot i . 14
u , R ;'itk
o ST . An 1ntroduct10n to ‘the deductlve natdre of modernnmthematlcsl
R h hab been widely accepted as a d 51rable and 1mportant goal of the high
L - ! m ’0/5’
};‘ C : school mathemat1cs currlculum equc1ally for students who plan to

LA

contlnue their study of mathematlcswat the post secondary level Thls

. -y . ; L
goal has: perhaps taken an added slgnlflcance in thlS century 1n‘V1ew of = <

] » . - . T \
- ...240 .
‘ . f.?'A,,the[YapLd growhn\of new know1edge and" new conceptuéllyatlons of old
. y
B : ¥
e : kn@Wledge in aaneXisting fields of mathematics ' Durlng the past half
’ K centutry, however, there has been ? great deal of debate 1n the mathe—
* . . ki : 0 v ‘ : i ' ’ ’ h - ,A
I matiés community concernlng the most approprlate meane of attaining/-
L] L h. . . N . y ) .
2 this goal. o .;,’ S I
';. . A . r’:_~ - ., . Loy v - . '6 ,.,
.The central notlon of deductlve mathematlcs is that of proof
- . _ N
’ . E. T. Bell (1936) stated S ) com CoE
e’ ' _ s . S a
" q,’i ';'f-f ' Unle:s the: studertt who gets no. farther than a first - iﬁ_
s 'J‘é ' , eourse “in algebra Oor geometry acqulres ‘as part of
L el o his meﬁ\x;lty For- 11fe a clear “cold perceptlon of
e N . what prtof means 1n any dedhctlve argument OF - co
- i o system of’ deductlve reasonlng, has time and effort T
» 2 - w111 have been wasted (p 138) o .
" . . , . .
T f.fil " The significance of proof asvone-of the pivotal ideas in mathematics is
= ' T S > . P ' BN - i Ted , K3 : . . o ) . .
Ve S " conveyed by Pglya (1957): 4 .4 - . _ , .
. r
! In mathematics, as in the Physical sciences, we may
: ‘use observation and induction to<discover general laws.
But there-is a difference. 1In the Physicals sc1ences,
‘ there is no higher authority than observation and '
e induction; but-in mathematics” ghere is such an. .
" authcrity: rigorpus proof (p 117) . .. i
| T . .
," . . ’,,ln,'\o - PR o ' .
. Ta, ¥ - ¢~-:,.'. . -(‘ l TR
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a appaJent that _many mathematlcs educators durlng the past flfty years

Y

L of teachlng Euclldean'geometrv at’ the h1gh school level is ”to teach

t

-

Kline: (1973) supports- these ‘comments by stating:
There is: no- questlon that deductlve proof is the . S tf‘
hallmark of mathematics. No result is accepted
into" ﬂhg body of . mathematics until it has been.

-”proved deductlvely on the basis of an explicit
set’ of ax1oms (p. 188)

\ SR

< \\ . N Y &

If these comments are at all representatlve then it is

-

d P N

“
3

have p01nted to the 1mportance of prov1d1ng high school students w1th
som"l%nderstandlng of the nature and role of mathematltal proof Thl

p01nt was perhaps best summarlzed by Fawcett (1938) when he stated

‘There is no dlsagreement concerning the educat10nal
Vvalue of any experlence which leads children to
recognize the necess1tv for clarlty of deflnltlon,
to weigh evidence, to look for the assumptions on '

which .conclusions depend, and to understand what proof T
A real}yﬂmeans_(g.6). , L

In the trad1t10na1 high i?h001 mathematics CUrrlcqum,

Euclrdean geometry, to which Fawcett was referrlng above was the sole
"vehicle by which hloh school students ‘were 1ntroduced to deductlve

,-1“‘ ) ~~
mathematlcs._ Allendoerfer(l9573 states that one, 'of the ma1n obJectlves;

o o

: the deductive method as it is applled to mathematlcal reasonlng and

~ thus give the students ‘a first taste of the nature of mathematlcal proof

H

.
- f . ' .7

(p.65)." Whlle thls obJectlve was w1deLy accepted as ‘a reason for- teachlng

Euclldean geometry during the flrst half of thls century, at the same

K P
time many mathematlcs educators began to. express doubts® and concern

about the extent to which thls obJectlve was actually belng achleved in -

the usual | manner in ‘which- Euclldean geometry was taught.

v



. R '
IR Bell (1936) questloned ”why Mathemat1cs of al} Sc1ences

t?e mo st progre551vc and the mo st prollfac in. 1ts res!arch act1v1t1es,

Ll “

is. the most backward pedagoglcally (p 139)" He weat on to state:

Who but a demented reactlonary would teach physies -~ - " %
to bBoys of fifteen out of Arlstotle“s ”Phy51cs”7 )

Yet -the equivalent of that: unthinkable stupldlty
is prec1sely what we:.do in gepmetry (- 139)

( Beyond the few tr1v1a1 appllcatlons, what is there
;_'. .~ in elementary geometry but a training in deductive .

reasoning? Nothing. And. unless the tralnlng is
modernized, the habits of "reasoning' which are
drilled 1nto the pupils are about as bad as they

v+ .could be. THe pity of it is that a decent job

) - -would be no harder to do than the awkward muddle o
consecrated by tradition and sanctioned by medtlal
inertia. Endless generations of committees on-the
teaching of' geometry have proposed timid patches’
here and there on a corpse that has lain in state ‘for
- generatlons . (p.140)..-

.

-

v ’ . . e

~

Fawcett (1938) reported that while ”there 1s almost unanlmous

,_agreement that demonstratlve geometry can be so taught that 1t w111
R . .

&

' develop the power to reason loglcally (p. 8)”A there is also almost .
unanlmous.agreement that mostfteachers of4geometry do_ﬁot»prdinarily

teach it inysuch a way as~to secure the desired.lgarﬁing‘OULcomes;
! : . ~—

In 'elaboration ‘of this point, Fawcett states: -

Lo Whlle verbal alleglance is paid to these large R “w
'bé.g ‘ general . objectives related to the nature of proof
" actual classroom practice indicates that the o
major emphasis is placed on a body of theorems to~
be learned rather than on the method by which these

”thedrems are established. he pupil feels that o
these theorems arg important in themselves add in R

his earnest effort to."know' them,he resorts to . "7
memorization - p.1). _ ' 0
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a

_ Many other mathematlcs educators offered srmllar cr1t1c1sm°

of the trad1t1onal Euclldean geometry currlculum., Rosskopf (1957)

e

"suogests that 1u the trad1t10nal manner of teachlng mathematlcal

"proof ’the gverage student never. really learns what a proof 1s, but

. r ¢

'trather learns how to wrlte corfect proofs through 1m1tat10n of hlS

»

ﬂ1nstructor and hlS textbooks and by adJustlng his efforts to thelr

.authorlty (p 21).". Kllne (1973) makes a 51m11ar p01nt when he L
states; . '.'f ,'»,I'. i vfl
i €« T AT

-

.The Concept pf proof is fuhdamental in mathematlcs,
and so in g§omet5y the students” have the .opportunity
‘to 'learn one of ‘the great features of "the .subject.
'But since the flnal deduct1ve proof of‘a theorem
is: u;ually the end result of a lot of guessing
and experimenting and often depends on an 1ngen10us
scheme which permits proving the theorem 1n
\ ‘ proper logical sequence, the proof is not ,

' . necessarily a natural one, that is, one which

" would suggest itself readlly to the adolescent” . .'f“

" mind.. Moreover,_the deductive argument glves no o
1n51ght into the dlfflcultles that were over-..
-come in the orlglnal creation of the proof. Hence
the student cannot see the’ rationale and he does
the same thing in geometry that he does 1n algebra.
He memorizes the proof p.7).

L DT IR

A related but perhaps more, 51gn1f1cant def1c1ency in- the

\ . -
N

trad1t10nal teachlng of Euclidean geometry centres ar0und the klnd v

VVOL tests that were used to asseLs learn1ng outcomes in geometry

Fawcett (1938) clalmed that "the tests most conmonly used emphaslze‘f

,\ -

the 1mportance of factual 1nformat10n (p l) More 1mportantly;

however, he ‘states:

N T

ame those .values which receive emphasis in the -
\classroom and’ a study of commonly used tests

lt is hrohably safegfgﬂzzsume that the values . .'”"h ;) L
bempha51zed in thg tésting program of “any school " 1;7};“

oAl v
- A °



’ as examlnmno chlldren on thelr understandlng of the nature of

:(h)_ comprehens1ve (c) appllcatlon and (d) analysls InVCOmmentlngjkld\

;proof" <p 9) S ;-_; S

;o ] : o ,,,: B ‘ .‘ .
R K N

“in- geometry 1s suff1c1ent to reveal that 11ttle

R & any,,attempt is. made to measurezthe degree
IR ,“to which the ‘Purposes clalmed for demonstrat;veilx
'._geometry are: reallzed (p 9) Lo

..,(

Fawcett further states that "there 1S¢11ttle 1f anythlng, in these'

e Ftests wh1ch by amy stretch of the 1mag1nat10n could be 1Pterpreted

L - AN

The lack of and need for items that do test many of the:lfbf’

: JER : ' “'jﬂtf
,'oéleotlvesxstated'f r.Euclxdean geometry was recognlzed by AR

Fehr K1966)-f:He-stated:~_:':f' ,-f'ln‘ﬂ:’ ‘-f* R #
S . e b . : U .
The ‘major areas whlch have been neglected dn L
- mathematics' test - development are: -the under—:“fg-':
standing of proof, consisteéncy. of a mathe- =~ .
matical system and a. whoIe spectrum of related
>, tapics, - The need s to address oneself to the
*f“’development of bettet, questlons at this level,. .
‘oni this. ‘vast: spectrum that I\yould call the‘
proof spectrum (p 61) .

AR

° . -‘...\“.

‘79:In a more general sense 1lson (1971) 1n the context of

Bloom E 1ahonomy (1956), class1f1es ObJeCtIVES in® the coghitlve

domaln of mathematlcs 1n a hlerarchy as follows '(a); computatzanalif S
. N : PR T NG

PR

on these categ0r§es Wllson states: , '*'5'h' RN
:,/” \ . . . ’ S :
| . 57(‘ T -
Mathematics teachers often skate ‘their goals
/ -~ of instructiph . tq, include all cognitive levels.

They want. their students to Be able to solve - -
problems crqatlvely« etc. But then their E
1nstructlon their testing, and- their’ gradlng
-tend to emphasﬁze the lower behaviour levels,

such as computdtion ard comprehen51on (p 650)

’ . ’\’_-~w_



VYnIt 1s ev1dent that the 1mportant obJectlves stated for teachlng "uj”j:;'ﬂjl {;
. R . 5 T g . :

»iEUCll ean geometry 1n the past partlcularly those deallng with

It 1sfalso ev1dent that 1t 1s much more dlfflcult to assess

»:mean1ngful way learnlng outcomes‘at&t

e

-analysis:1eve1wthanusayfi

"at the computatlonal level hers experlence dlfflfulty

j1n the1r attempts‘or do not,,nowﬁhow to evaluate meanlngfully the

{fglearnlng outcomes 1mp11ed by a.Speclflc goal cf the currlculum,:h'ﬁ

'}wa1ll or canvtake place. Hence, the degrﬁe of dlfficulty assoclated

._'/‘ .

o I . i . ) SR

Ig meanlngful teachlng can only take place when teachershc n assess

'fthe results of the1r teachlng and 1f meanlngful learnlng can only »i",:jvf;';

: take place when studentf'caﬂ’determlne*the extent to whlch they

‘*-_4agﬁed then 1t seems certaln tha ]manv!of the de51red 1earn1ng
'Outcomes;in'the areafof_mathematiCalfprooffhave*not:beenfattained(f'~j

'jin the oast'hecausefthe,method“of{ evalﬁation'mostﬂoftenrused did“

PO . . . T

- not assess learnlng outcomes*relatlve to the stated goals but rather ‘f ”;“:lf

- : s

ey

.1rrelevant.~ Hence the lack’ of or tendency not to use test items

.’

. . o Co T



. . . . ’né . H
Euclldean geohetry,

’

vreasons._ In partlcular while the content of Fuclides

"nchanged for centurles th' maturlty level

'of many\of the siudents
»l@e.;m,,_. SRV

;,*A century ago, Euclldean geometry was taught onl';at‘the'COllegeT

-

;};level; presumably to a select group of students.f;However in the.vv;iiﬂf-’"d

;;mlddle of the twentleth century, 1t was be“ng taugst to5rapidlyﬁi"?l.ﬁfq

\\’: 5

o of 1nterests, maturlty levels and 1ntellectuaL capaeit es; wene-?”?’

;ev1dence and the demand for cbange 1ncreased R -
S e J R EEDTE R L
: lendoerfer(1957), 1n\advocat1ng change, p01nted to.
;:another cr1t1c1sm of Euclldean geonetry,»when he stated
e As}mathematlcs has developed today, there seems
el :f,to béino compelllng redson for using. Euclldean o .
L R .“'ngeometry as the’ pr1nc1pal example of" thﬁ
R D deductlve method. of. loglcal reasonlng As h
e R R j_matter of fact theré ‘are: reasons to belleve RO »z,gf
e " that Euclldean geometry is’ even: an.unfortunate _
- J ﬁfexample to. use. w1th beg1nn1ng students. Euclldean
S '@vgeOmetry is qulte a compllcated mathematlcal ‘
: L system,: ‘and; as presented ‘in most ‘textbooks 1s._.
_ "jﬂ:not even completely loglcal (p 66)
N _"'7':¢ e "VIn the same context :many mathematlcs educators p01nted
' out that051nce students were belng 1ntroduced ---- to deductlve methods




)
. .

ljonly in Euctldean geometry, many students con51dered geometry to be.:

'ﬁthe only area“of mathemadlcs Where such methods Were belng used

R

'rHence 1t was angued that deduct1ve methods should and could be

o 1ntroduéed 1n other areas of the school mathematlcs currlculum. L
- . . e ) » -

A11endoerfer(l957), among.many;others .echoed the comments
i ° : e
'of Bell (1936) in suggestlng that deductlve methods be lntroduced .

l~,1n hlgh.school algebra.q Bell argued that Geometry is con31derablyoh

»

N more compllcated structurally than algebra (p 145) 'AlléhdoeRfér'\ o -

(1957) sucvests ‘:j f;%'

The ° reason that Euclldean geometry has. been usedI
' tradltlonally s the prime example of loglcal
reasoning-is‘that untll recent tlmes there was "
" no other: example to which. ‘teachers - could turn.
There are mow ava11ab1e however .a number of o .
"other mathematlcal examples of deductive systems '
Whlch lend’ themselves much more effectlvely
to thls purpose (p 66)

I

.“- 5 L""n'.- .

The Suggestlons of Allendoerfer and" many others were - v .

sanct1oned 1n the far reachlng 1959 Report of the Comm1331on on" Mathe— '

- . a
? ]

H’”mat1cs of the College Entrance Exam1hat10n Board One recommendatlon

'
- B . . . \

that was most 1nfluent1a1 1n ‘much” of the CUrrlculum reform to follow
]suggested that students be lhtroduced to the nature and role’ of
"'deductlve reasonlng 1n algebra as well as in geometry.‘ As. a result

many of the groups 1nvolved 1n the movement to reform‘the school

_Vmathematlcs currlculum in: the late n1neteen f1ft1es, notably the IR S

1

1 e

‘School Mathematlcs Stud) Group, began wr1t1ng and publﬁshlng textbooks

ge ot . e

whlch presented an. ax1omat1c approach to the study of the number systems R

L -,f--:.« N ‘\




Jn the algebra currlculum.,f

K11ne (19%3)-.whqle belng very: Crltlcal of many of the " S

. reforms of the school mathematlcs currlculum summarlzed the results,

of these efforts by statlng that \ghe maJor 1nnovat10n of the new :.

' "W ,.mathematlcs 1s the deductlve approach ‘to tradltlonal subJect matteri
{ = ,,f'_.(p 40) Allen (1966) went even further when he stated ,v

. .("-. .
: 3 Vi L
‘».' B L

v

JThe empha31s on structure’ and proof in~ R S

N ‘ " algebra. is the- fundamental component of a change S
" that has taken- place in s$chool mathematics in - '

" the United States at" the- secandary 1evel—dur1ng

the past jten years. This change is so profound i

+ and far ﬁeachlng that it only can be described = -
..as .a revolutlon (p 3) : ‘

2
!I

,iIt'mas argued bywmanv that the introduction of deductive

fmethods in algebra would mean that stud!gts would no longef Eé

forced to memorlze and rely upoa mechanical dIlll but would-be

B .0

»wxag-~forced to thlnk about and understand the ba31c algebralc concepts :
bclng studled -Inuthe process,»it was enyisioned that Students woula

N

gan“a greater]appreciation‘ofgthe;ﬁaﬁdre OE‘deductive'methodshin S

~

T mathematics;é?ner?ki? and in particular would undérstand better. the

i

« “‘nature and role of mathematical‘proof , : _ S

'

The result 1s that durlng the past two decades many' v E 'ff‘

5 udents have been 1ntroduced ‘to“deQuct1ve methods much.earlier-j
. \ v B | ‘n

and over a 1onger peribd'of time. At the ‘same time, however, many

o schools haVe-reduced or even eliminated altogether'the teaching of

PR

formal Euclldean geometry, perhaps in response to the famous state-

\

ment of Dleudonne (1961) when he argued that "Euclld must go (p 35)




¢

P
W

-

whether or not students who haye been ehposed to. the modern mathe—,f\

~and attempt to determlne the ex}ent to whlch grade eleven students,‘

who have

them for

'.i‘

In"any eVent the tlme would appe%r rlpe to attempt to aSSess
matlcs currlcula have any better 1dea of the concept of proof than

Euclldean geometry : o S fﬁb

* -

| : )

' was clalmed for students who studled proof only 1n trad1t10na1

£ ]
st

2

L ) o _ \ W

I3 ST'ATEMENT“QF THE PROBLEM

The general obJectlve of thls study was. to 1nvest1gate .

studled a modern ;1gh school currlculum deslgned to prepare'

the study of post secondary mathematlcs understand the

L nature and role of mathematlcal proof Speclflcally, the aim was |

to 1dent1ry and cateoorlze some of the subJectlve thlnklng processes

used by these students 1n attemptlng to Justlfy a varlety of mathe—_

) natlcal generallzatlons and conc1u31ons presented to them.»‘In this:

context

1.

answers were s0ught to the followxng questlons.

-,

D6

_To what extent or in what contexts do - hlgh school students

'.r AR

'subjectlvely see the need for proof in mathematrcs7' .

" TFo what extent do hlgh school students /subJectlvely recognlze Q

"o,

o that 1nduct10n is inadequate to support mathematlcal

T
i LA

generalrzatlons?

+

lTo what extent: do h1gh school students subJectrvely reallze

that the obJects studled 1n mathematlcs have only thosev

N N

v propertles»ascrrbed to them by def1n1t10n ot by postulate7

e e . s ) . Ll

10




R & £ ,DEFINIVTI»:ON_S"_v

_TDeductive‘Proot.,th' A chaln of reasonlng based upon accepted

gt

¥

‘fistand the 1nd1rect method of proof 1n mathemat1cs7

'S.fWTo what extent do hlgh school students SUbJectlvely reallze

_4hat a 51ngle counter example to a stated prop051t10n 1s

AtlfTo what extent do hlgh school students SubJectlvely under—: e

. sufflclent to, feJect that prop081t10n7 :"L%’
;felﬂ;To wdat extejt da hlgh schoo1 students subiectlveip reallaé
| ,that Aa mathematrcal statement‘and 1ts centrapos1t1ve'are". |
."1og1cally equlualent7l' : i'df.“vhdﬁ;;:g_, , | S .

7 ;To what extent do‘hlgh school students subJectlvely recognlze:d;f

v

. " e : . ‘
‘that a. mathematlcal prop031t10n and 1ts converse are not

2

loglcally equ1valent7 .

I

”

'assumptlons écalled ax1oms or postulates)
l deflnltlons and/or prev1ously proven

T’J, 'gh‘-.[_‘prop051tlons,.whlch prov1ded the accepted

e

rules of log;c are followed demonstrates that

" a conc1u31on 1s:necessar11y true 1f the

postulates on whlch the argument is based are’

accepted as true. ', L

Prbpositionp ' A mathematlcal statement about two or more terms

deflned or undeflned

“

o




;FﬂAxibmi(Pdétulaté)}: AnmathémaﬁiéaI pf§h¢Sitidht&s3ﬁhédftd'be'ﬁfde},f

v Theorem.

 ﬂdehjéEturé;f;*

 /’Cbuﬁ?éf;e£émplé¢f_ If P(x) 1s a mathematlcal prop031tlon where_'

' Contrapositive. .. The.contrap031t1ve b

. ““An uriptoven proposition.

' : -.X, 1s any. element 1n some domaln D 'thgn;fopf"'““
: ,anyjconscant

P(c) 1s a c0unter—‘ e

’“;-;»;" egampié:td °P(§ l;i" P(c) is;khqu;;bfbé-

o falss. v

...'-

the snatement p 1mp11es;

.q' where' ; and q are sLatements, 1s tq’;_,./«’~'




'"-indiféef3p}oofg

A mathematlcal prop051t10n yP 1s proven true

'7—1nd1rectly 1f one can~deduce a contradlctory

¥

statement from the negatlon of P

IV STGNIFICANCE OF THE STUDY " .

“;rKWSChOOl level do not appear to havevbeen very succeLsful Many

)

'fa“teachers encountered great dlfflcultles 1n thelr;a_tempts to teach

. ﬂufzout to aesess whether or not stu en:s have any better understandlng»ﬁh¢f~;"t’;

U..of the concepts belng StUdIEd particni"uy in the area of mathe—

P

.-

o matlcal proof* .a urrmcul&mipoint;o

VlEW, 1t would be 1nstruct1ve o 5 i

Lf;CO“know‘whetheL -OF. nOL students face the same'problems today as they

Ie‘(1973) The distlngulshed French mathemat1c1an"'
; R el ‘-
:}.1, René Thom has also taken\fj;ue w1th recent currlculardlnnovatlons An’ ’

)

‘J‘school mathematicél In partlcular Thom (1971) states. <Hf};

o years, notably bp Kli‘

,.4-

PR




'~the contemporary trend £o: replacé geometry _'"
with' ‘algebra ig- educatlonally baneful'v nd
should be- reversed Theré 1s a’ 51mple reason
ffor this: whlle there are geometry problems,
hhthere are mno- algebra problems. A-so-calléd .- !
_galgebra problem can’ only be a shnple exerc1se
»%requlrlng the :blind- appllcatlon of" ar1thmet1ca1
hrules and of a’ pre—establlshed procedure. W1th
;f’rare exceptldns one cannot askta studenf to..
... 'Prove an’ algebra “theorem;. either the requested
:ﬁanswer 1is almost obvious .and ¢an be" arrived.
©Crat by dlrect s stltutlon of deflnltlons,‘orhﬁ aosEl
" the probleém’ falls’ into - the category of .. ;z;f-*"
"gtheoretlcal aLgebra and -its solution exceeds
. the capacities of" evén the" most glfted student
{:Exaggeratlng only sllghtly, one-can: say’ that"'
“.any- questton in algebra is elther tr1v1al'or BRSEE
‘ flmpos31“le to solve. _ By: contrast ‘the: class1c -
.‘,'+'problems of geometry preSent a w1de range of :
j{*challenges (p 696) - S

"'ngnsrtuation,tatfleastfi*rthe area of

' proof has changed very'much :Hence a: secondary orjectlve of thlS:'

study was. Lo determlne whether or not 1tems of the type develéped

for and used in. thls study are - useful as a means of dlagn031ng and

evaluatlng the extent to whlch students do understand many of the B

ifpff lj ; ‘ Flnally,,the majorlty of:recént smudles 1n theVarea>o£,

concepts related to probf

mathematlcab.proof have been experlmental in na ure.. It 1s apparent ,_fgﬁ,.'W'”

¥

that many of these studles have notvbeen_partlcularly helpful 1n the




1nformatron that could benefit teachers would result

- in writing,' S g

area of curriculum development A mumbel of related studies, many

of which are summarized by Roberge (1972) and Jannsdh (1974) have

‘1nvest1gated the development of deductive reasoning 1n children.
Some of these studies have attempted to determine and clas51fy

fallac1es .&n logical reasoning Honever, the main focus of this

4 e 2 -
n’,- 13

study was not on logical reasonino abilities and 1nference patterns.'
‘The attempt is not to determine the extent to which stuTents\are

good at proof—making but rather to determirfe the exteht to ‘which they

understand wvhat proof in.mathematics really means. Hence, while this

study is not‘experimental in natuvse, 1t was hoped that some useful

<

L4
R ]

e L e \ ) N
¥ _ | .
\Y .PESCRIRTION OF THE STUDY

)

The first and perhaps most important stage of this study

. : . R

was the developmefit of‘items'to-prpvide the kind of information”

-

sought.  Initially, a;number of items were‘devised‘which collectively_

'ﬂWere designed to assess student understanding of |la wide varietywof

concepts-in the proof domain. - A panel of three~judges examined the

original set of items and.made suggestions._ As a result, some of -
tHe original items were deleted and others yere modified -0

S The revised set of 1tems were used to construct six versions

: . 4 i '
of. an instrument. Each‘Veréion, with one exception, éonsisted_of

'afour distihct items. Each item appeared on a separate pane w1th the

-1tem at the top and space at the bottom for the student to respond

<

g

o

15



>

.the academi¢ programs of the Edmonton!Public and Separate school

assigning each response to the appropriate categofy.

Each version of the instrument .was piloted iu'réndqmly

selected mathematics classes of grade eleven students enrolled in

N

systems. The instruments were administered during the .first
thirty minutes of a regularly scheduled:mathematics period.

o

The responses of each student to each item was examined

by three independent judges. ‘;hisf9xamination was carried out in
. : | N o o
two stages. First, for‘each‘itém, the responses of all students

responding to that item were summétized.'-As a result, a set of

mutually diéjoint response categories was devised for each item.

Secondly, the-three judges were asked to indepeﬁdently place each

2

response to & given . item in exacfly one of the résponse categories

.
. ' ’ : ;

for that item.  This proceduré was used inftially to determine the

adequacy of the categories and later to determine the reliability of
- t g )

3

The objectives of thisi;&pe of\anal&sis were firstly to

. . . » - N

i

determine the feasibility o0f using such a procedure on a much wider °
\ : y g } PTOC! :

scale. Secondly, while the six versions of the pilot instrument

" contained essentially different items, in several instances, the

same item was included in different formats on different versions of

N

the pilot instrument. The objective was to determine whether or not-

. ' . . A “ . .- .. < e oare -
the way in which the items were presented or worded made any'd;fferenqeﬁ..‘

] B L —~ -
in the type of responses given by students. ~ i

~ .
1

As a result of this analysis, each item used in the pilot

study was judged to be either suitable as is, suitable Wwith modifi-
cations or unsui¥fable..

@
o e % .
. E - . G-
R bl ” : . . N & o .

It was determined that the format in which’
Les, dgrermin E ’

<

.

4

1



" an item was presented did make a‘significaht'difference in the
- type of responses students gave:and that one format was ‘superior

-to the others.
~+°.  As a result of the pilot study, twelve items were -
eventually selecteg and used in. this. study. - All items were similar-.

8 a ¥ v ’

tb or modifications of items used:in the pilet Stﬁdy.'AAs inh the

pilot study, each item was pregented on a séparate page with

N

sufficient space on the page for thevgtudenﬁs ﬁo respond to the

hY
N i
o

-~
\

item. EETEIL N N
. , ' N : R
| . ; It was decided that the instrument be .administered during

i : . , =

LI,

a regular qlassuéession of approgimately eighty minptes;> In orde;'
to determine,whether‘Studenté;could reasogablyfreSpOnd t9 the iﬁems
in the time availabié,ifhé pfopdsed iﬁStfddent was“given a trial
administration to one class of studéﬁts. In addition;'fheifesponseé
of theée stddents were analyzed in the séﬁe mannér asvih the pilot.

-

study.
- ~ "As a result, $everal minor changes were made in the

wording of some of the items. Alseo, it was decided that students

o would be requested to }éspond to eight of tﬁéwtwelve items selected.

The -items were then adminiéfé?éﬁ"%8 Ewd hundreéed.-fifey~five »--

i = - TR

grade’éleven:studgnts‘inAten.rqndomly selected classes of nine |
Bt e e Tedn e e 0wy eha oy e e . aw - 4 o ot
2 e :

ERER
LRI S VI S B e - - .
. . % .

- o
K -~ e
. . -

”Sev

fiﬁefitems.hefe,dﬁmihistﬁred,aﬁ_random;so3th§p~in;aqng§ven_gla$s;ga;h
N . e . LR . L - e Coe . R . . : v;.,;""
of these items was administered to approximately- twenty percent of

.

senior highﬂééhéois“fnfthé“édﬁdhtdB’Publit'énd'sephrate'SGhool’systeﬁé:

en of the items were administered to all students and the remaining

17



‘the students.

. The responses of students to each of the ltems were then

\

°

Summarlzed and- Tesponse categorles for each item. developed u51ng

v;the.Same procedure as.in the piIotfstudy; The responses of each

RY
h .

'student to each item were categorlzed by three 1ndependent Judges

[

An analy51snwas csrrled out to 1nvest1gate whether or not .
'-there was any reietlonshlp between studentvresponse on each of the
1tens.and achrevement;» The;main analysisé however, consiSted{of:
an eXamination of student'responses to each item with'particuiar_
'empha31s on the type of th1nk1ng exhlblted for each category of‘

*_response.L' T e S

'

, . VI HYPOTHESES TESTED- , . % .- .. . ...

In’ order to- analyze the r#sponse patterns of students

1stat1st1cally, a scorlng scheme was devised based upon the hlerarchlal

LI
©

orderlng'of.the response,categor@es for each.item. Scores of O, l,

*2 or 3 were'a831gned to each student s response to each item. . The

AL R .. _,_._‘_‘“_ru..u,,‘rw,‘“«..., LR ‘V\ g “, N . S Ty e .
scorlng scheme was. used -to ‘test the‘folloW1ng hypotheses W e
e e e R LR
7 Xo” The mean.gotel.scoresqforbeach,groupmof.studentstuho_were'n

..administered the instrument -aré not significantly different.

«--2: - For Each group of students who were admlnlstered the

.

' 1nstrument there are no s1gn1f1cant correlatlons between
SRR

) _' , : ¥ S
achievement in-Mathematics 20 and the total score obtained

o . D T JER T S N -, “ - .
by each student. .. .. SR Vo ST e
P R orm G ot g Gy L™ . y & e ’
= PR , . N . k3 2 [a) ) o » @ Voo .
- - . M .
. ] "._'
o e s P A
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} o .
: 19
”‘}.: There’are no Slgnlflcant correletldns between ',;'~;_’ff_.rv
‘ov 'achlevement in: Mathematlcs 20 and R '
| (a) the score obtalned on -eath sltuat’lon L . o b
: .(b) the total seere obtained on the elght 51tuatt9n§_‘;t,f¥;%‘ ‘
) | .-4.. presented to students. S
4._'There are nobsignificant'diffeteneesfbetWeen a
.(a) tne?nean'eeofes of'males_end'femaies Qn.eaeh of;
. T ) Lo ettuétions ene_tnrdughteeven o o dﬁ' :
(b)-the:neenthtal See;ee of nelesfend-temalee;
Ve LIMirATIoNé' , . ‘
\ | fIhe‘ reSults of thts study aredperhaps only asn 1dd'és .
: ﬂthe 1temq ysed to obtaln thOSe results yéithongn e&teneiv wp}lqt
o .teetlng was carrled out‘ln'ed'attempt'to generate ttene td ﬁieh
7etudents WOULd-rébscnd 1n a subJectlve manner; it was-not poseltleru'
TﬁJ"" td obJECt’\ b A determlne the—degree of rellablllty of- these ;tems -
. d‘t.her‘than‘to ob'serve .tha‘t.t".' 4 hip
"‘b;‘"a‘m.mm“n} f,i.if ;;nehfact that student;,cohld only reépond 1n Writlng and :
'ﬂ”h~2.;g;;”fﬁ deredreqnlred to- read and understand the 51tuat10n presented in "
:-veach 1tem 1n'ordet to tespond meanlngfully, could have affected the
- = type'of response given.: Although the 51tuatlon presented in each
1tem was eon51dered to be such &hat mOQC students wo ld have no
_) ( . |
) Y e



'fa student zeroed 1n on, then'perhaps the responses of that\student

'WOuld have been categorlzed dlfferehtly

%Judges, the fact remalns that the categorles were deveﬁoped from .

N .

'gdlfflculty in’ rEIatlng to and understandlng what was wrltten and 71\’

ffwhat was expected of hlm or her, 1t 1s p0551b1e that the klnd of

I

'“:;responses glVen by students deended upon whlch aspect of the

;-a51tuat10n the students happened to focus on 1n bls or her 1n1t1al

/,

drEadlng of it.f Hence 1f 1t were pOSslble to determlne in any

T

'robJectlve or cons1stent way whlch aSpect of the Sltuatlon,_lf any,

KN

v

® The response categorlzatlon scheme for each 1tem was not

;.pre determlned but LOnStruCted on the basls of the varlous klnds Of

responses students actually gave for each of the 1tems._ Hence whlle

: the categorlzatlon SchENe was c0ns1dered adequate.by three 1ndependent’7

. ' ' 'S o
--the perspecttve of the three Judges whlch may be entlrely d1fferent

i
’ 9

from that of for- example, the students 1n maklng these reSponses.n-

\~_'

‘In thlS sense,,the categorlzatlon scheme developed for each item

-~

”‘tooether w1th the 35310nment of student responses to these categorles

\‘_

"{may be open to queStloﬂ- Three 1ndependent Judges were used however'

to mlnimlze such pOSSlbllltleS and 1ncrease the reallblllty of the

?p}ocedures employed ‘:",: th'Jf;j{fih

Every effort Was made to ensure that students d1d not

.cons1der the 1nstrument as a. test of the1r knowledge., For example

the students d1d not know in advance that they were part1c1pat1ng

P}
K

in thls study - It }s.still‘possible; howeyer,“thatﬂsome studentsh




'Vperceiyed it’aSquch"espec1ally 51nce the 1nstrument waSuadmln-.
t .' ‘ . Kl +
D

"“flstered durlng\regular school hours 1n a r98U1arlY schehuled

‘hdﬁfmathematlcs class-_fff/SO, then thls could have had an effect d:ltll:;d

S

::;upon the type of responses students gave., Also the pressure of

:~-:

"tlme may hape affected student responses although there was nohf'

. "’:_

5ev1dence of thls.‘fdiU" J’,ﬁ.pésrwf@

e Flnally, the results obtalned and. the conclu510ns Whlch;

:are sdggestedlby these results canhot be. enerallzed beyond the ;

”pooulatlon sampled namelv grade eleven students enrolled dn an‘

academlc mathenatmcs program who have studled @ modern mathemaﬁlcs."

et AR I
currlculum 1nclud1ng some work 1n formal Euclldean geometry.\

_VIII ' OUTLINE fo_F‘-“Ig); REPORT ~_- "

Chapter II contalns a rev1ew of selected relevant llterature N

‘A detalled account of the de31gn of the study 1nc1ud1ng the pllot_f;f'3:“
»f'study, tne 1tens used and thelr ratlonale the testlng procedures

:»;Qused the response catEgorlzatlon scheme employed and the hypotheses
'tested relatlvekto the response patterns of students is reported

tiln Chapter III.: Chapter IV reports the results of the study 1nclud1ng

3

a. breakdown of student responses for each of the 1tems together w1th

7

Y

examples and a’ d}scusslon of student responses in. each cateiory of

v.each 1tem; Also the results of the statlstlcal analys1s of thel"*‘fb'

]-response patterns of students are presented 1n thls chapter.:AChapter

v 1ncludes ‘a summary and dlscussron 'vﬁthe flndlngs wr;h reference
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: iIeach;hg,of Proof The Developmént oﬁ*nhe Concepq of Proof,,,

of the 1nvest1gat10ns Wthh appear to be dlrectly related to thls'

hwas that reportLd b> Fdwcett (1938) in’ the Thlrteenth YearbOOk of .- the

' CHAT’_TER II

REVTEW OF RELATED LITERATURE

. C . \“ e X . R S -
- . A . N - . v N

RV

Numerous studles that mlght be cla551f18ﬂ as havlng 1mp11~ﬁ ;

catlons for the tea@hlngq learnlng and assessment of varlous concepts

- - L. -

. S R .
related to: mathematlcal proof have been reported in the 11terature.
. NN

Somg'of the categorles under whlch these studles fall 1nclude The

._‘,;v

;:so}oﬁ, It 1S not the purpose of thls chapter to reV1ew studles 1n ‘ji

aLl ot the above categorles but rather to rev1ew and Summarlze some g7

study.

. N c
* -

One of the cla531c studles ln the area, of mathemat1ca1 proof
B . b

hatloual Couﬂtll of . Teachers of uathematlcs The ma1n purpose of hls

'

'stud)/kas "to descrlbe claserOm proc°dures by wh1Ch geometrlc proof

may be used as a means for cultlvatlng crltlcal and reflectlve

"t
'

“thoqght‘and to,evaluate_the éffect of_spch experiences on the thinking

‘of thejpupils,(p.l)"ll Fawcett~developed:ah ekperimentai'course in

planetgeometry which he taoght over a two year'period The ba51c

N P ~'-"'

.:purpose of thxs course uas to'teach students the prlnc1p1es of 10g1Cal

- - - B r:

deductaon’ nd dEtermlne the.extent to Wthh studénts could use: these

- ie2 meh .

prlnClples 1n non—mathematlcal 51tuat10ns. - ;ff"ff"f{i;f e e s




‘ 7 '..'24
T » " In hls Study Fawaett aSSumed that a student understands .
L the nature of deduct1Ve proof when he understands
}3 .5‘”:>>" - (a) the place and 51gn1f1cance of undeflned . l
ST "‘*’l“;uaconcepts in provlng any concluSLOn'
R RN ) the necesslty for deflnLd terms and L T
LT Tt e -.fthelr effect upon the concluslon;w Tff?r-rjjfgﬁ-- '
K [ B (e) the nec@ssuy for, aSSumPtlons and-" R S IR
-~.;_’_",*f.ey‘g;“ftunproved pr7p031t10ns, o
C N S T e e e g R [
S L o(d-),:,_;that nﬁ demonstratlon proves'’ anythmg :
ST AL L ;;_v' that 15 not 1mp11ed by the assﬁmptlons '”Al“ s
L ?Lf.gy;:.j o o ' el ' ST
B T AN Hence,~througheut hls Qourse, Fawcett attempted to. teach hlS students
R C 8 o . ; o g
the role of undeflned terms deflnltlons,and aSSunptlons 1n maklng
) : O _ -
'deductlve 1nferenCes, not only in geometry but in a varlety of non—"
mathemaLlcal Sltuatloﬂs-as well. He attempted to show that wlth
explicit lnstructlon, Students could be tau1ght to apply the pr1nc1p1es
3of deducthe reasonlng used in plape. geometry to many s;tuatlons:_ub,',u "
'.occurlng 1n everyday llfe. ~-:ﬁrfj=;n:l;t _;11: i'ﬁ?jj{fj_j;j‘ﬁlfd"'w IR
'F"awCEtt concluded ‘that: . - S
’: : -
. 1. WathEmatleal method 111ustrated by a small
& - number of theorems yields a control of the
' ' Subject Matter of geometry at least equal )
to that Obtalned from the usual formal
Course.
y 2. . By followiiig the procedures outlined, it is
' " Possible to improve the reflecthe thlnklng
. of Secoﬂdary,school pupils.
Tl e e 3 This, 1mprovement in the pupll s ab111ty for
L “'_;reflectlve thlnklnotls general in character.
" and traﬂsfers to a. w1de var;ety of 31tuat10ns.
R Tralt -
v;’ - e ;,,. PO - - - L. ..‘u . -m . . . o .
. N - < . 4é. -
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t;:categorles, one of which was;-fthose*(errorsﬁ”ade"fg*armsager“undet'

EERE e e
f . -, RN
o : L T IR I L Tt
‘»Qkf&b;_A~4;‘tThe usual formal coursevln.demonstrdtrve~ﬂr,#if. -
'“Lf‘l.,“_ . . geometry. does.not -improve the® reflectlve? DL e
RN R thlnklng of the puprls (p’}19$ s i

enc0untered by students 1n wrltlng proofs in plane geOmetry,-,

. Students studylng unlts on congfuence and parallel 11nes were tested

almost dally over a flfty day perlod lhe wrleten tests were uSed
N

N - . .. K ._‘, © e

to determlne the t}pe.and prevalence of errors made bv the students

-

Sm1th fOund that most of these errors could be cla531f1ed 1n three"

.

in7eaeh category persisted‘throughout'thewstudyfbutnthat.errors.in1"

the category mentioned gbove were more prevalent" Smith'S”results'

were similar to-those-obtained'earlier'dy Touton (1924)

K . ! [

There are.a number of inferesting studles of more recent

. s
. e

- vintage. Many of these’ were carrled out at the tlme when efforts to

'reform the tradltlonal mathem"tles GurquUlun Were at ampeak K ’

recommendatron £o’ pIace more emphasws on providln tollege capable

students wrth an underqtandine of the nature and role of deductrve,f"“

. s . . AR T : P
reasonlng in. algebra as, well as’ 1n geometry (p 111) was‘contained7”

S

standing of the_meaning'of‘proof,(p.2)";.His study showed that- errors

in the 1959 Report of the. Comm1551on on Mathematlcs of the College S

Entrance anmlnatlon Board, refeﬁ;ed to earlier in this report. As a

result, the attentionlof many mathematics edueators‘wasvdrawn to- the

problem ¢f how best to incorporate this objective in the school -
. mathematics curricultm; . -7 S
- \

.
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K

E. P Smlth (1959) suggested that except 1n plane geometry,

e R W : "

ifthere had up to that polnt been very little reSearch 1nto me£h0d§ by‘*f**ffof;

e ne

e

d0ma1n could be made an 1ntegnal‘part

N

Voo »,-—

work are contained in the TWenty fourth Yearbook of the Natlonal Councll

=y

e L AT
' B . N . e g

L of Teachers of Mathematlcs.h

a»"“" T e e T
.S .

The 1959 Report oF the Comm1331on on Wathematlcs together

K B
. ~

thth the w0rk of Smlth mentloned above led to a study by ROblnSOD

3(1964) Whlch perhaps 1nfluenced the present study moré than any other
’,J,//~//’

NS

.ROb1nson“ttewpted~tv‘§§§€€§—the ettent to Wh1Ch 'the nature and r01e

Ve el mwi,

2ol deductlve reasonlng 1nhmathemat1cs can be meantngfully taught at

-— - ..‘(
v i i

! - R . NEE R
. L A__,...,,‘«.erw < wep SR

= "an eartler level thaﬁ that whlch has been customary 1n the schools

':-n»

‘ (p 2)“_ as 1mp11ed by the recommendatlons of the Comm1531on on Mathe—l;

A.<..oi', - -

. (‘ R
A

‘ matlcs.

5~ ,(,n"
o A PO

f;students thensolﬁes reaard as prOOL in. mathematlcal sltuatlons (p 3Q”

‘Vanq (b) the extpnt to whlch Junlor hlgh school students understand ’*~"3r73§‘;ﬁ

- -

I . R -

' the need for proof in mathematlcs (p 98)"

< o : .:
Roblnson sought answers to four Speclflc questlons The

'-flrst was.'i"As students grow older do they, wlthout dlrect 1nstrUQt10n

:.COme ta’ reallze that generallzatlons about 1nf1n1te ;ets of mathe‘>“t S

'Tﬁmatical”Objécts CannOt be adequately supported by x mldlng a flnlte

*dnuﬁber”of'eaées*(p 30)?“ Roblnson c0ncluded that Chlldren do have lisz;‘id

rhls understandlng at; least by grade seVen.ff

She states that Whether'

...



| "Tidls adequate to support generailgatldns=1n mathenatlcs thelr“ :fh;wh;iﬂ\
- fitesnonses-te sltuatlons of free ch01ce areAcharacterlsed by other
f""ﬁﬂ°forms of reasonlng, proof belng one of these (p 100) 'RQbihsOn-g7ﬁ"'“1;'
| | 1at“”no c1a1m 1snmede that these'ffi”h |
. .chlldren understand the meanlng of thefphraSe'.‘mathematlcal proof' f{;:._
L Iheblnson 'S second questlon was ‘ As chlldten grow older,'

do thev natur 11y com° ‘to realtze that the obJects studled 1n mgthe—
’ matlcs have only those propertles ascrlbed to them by deflnltlon or

fby poSLulate (p;BO)?” Roblnson concluded that the answer to th1s

(q‘ e

at least for studeqts at the Junlor hlgh school .

R 1‘1_wt.c"

mOSt seventh and nlnth grade students w111

. B : -
Ll f

?Justlfy a mathematlcal generallzatlon by

e -.14 N ey

"Jf@éve;,, She states that "

@

"mlses agree wlth.thelr 1ntu1t10ns, that 1s 1f and only if- these

.‘“.;_:r'mﬁu~"oﬁiﬁf . The thlrd question posed by Roblnson was.ﬁ Does formaﬂ

L o 11nstruct101 in the use of strategles of proof‘gontrlbute to the

s

understandlnns descr1b°d in (the ilrst two questlons)(p 30)7" Agaln

P ROblnSOn c0n luded that the answer to thlS questlon Was no ‘She -

_ : v . f’ )
.Ltc'states that there is no evldence from thls study to sugge_] that
. fi . L4 - . - . E
5 . _ -
Instructlon 1n plane geometryacontrlbu es. to a student s understandlng,~-~

.“ )

,of the need for proof or to h1s understandlng of ‘the" nature of\an

s

:'s' ax10mat1c (mathenatlcal) SYsten (p 102)

3 R ‘ R B L



'if.,,;r, Qaselmsfnor“verlfledrln the study Iq fact

3

It should be noted, perhaps

[

conslsted of forty—EIght students hal

_that hoblnson s sample.

of whom were enrolled 1n

S:Zgrade seven and the other half ‘in grade nlne [ Only elght of the

“'r n1nth grade students had - completed a year of plane geometry The

F}

thlrd conclusron above w

Co

o § i as based upon a comparlSon of the perform—iv'

ance of these elghL students’ w1tn the others It is doubtful };ﬂ53=’ L

-
R “ o '

whether any mean1ngful conclu51ons can be drawn from such a. small

. N
ot

e Sample. Furthermore there 1s the 1mpllcat10n that the 1nStruct10n

in‘plane‘geometr' recelved by these students 1ncluded a study of

Varlous strategles ofjproof However whether or mot thlS was the ﬂ”ﬁ RO

. ST e e
- e s @ ¥
" e o e y,'“' .

no 1n£ormat10n at all

. . - Y
N .

~5f is glveﬂ on the nature of the geometry course studled by these

“"students._’

:The flnal_questlon asked by Roblnson was "If students do'

‘";‘athematlcs (p 30)7"‘ Roblnsonif*

u 1vo ev1dence on‘thls Very 1nportant questlon.

She suooests that to adequately answegﬁth1s questton "a further-stﬁdyQ'
. . B " N | ) .

. E M o ) N .

1s needed in whlch rellable measures are avalla%le for.some.of the,

'tralts whlch were not sampled (p-104)." A

:

The study of Roblnson has been reported 1n some deta11

: because 1t appears more Closelv-related to the present study than any
' N , . . . .
‘ other and also because the present study is; ln some respects an

exten81on of Roblnson s work | to the hlgh school situation. ". s

My




to the various test items.

A study by Reynolds (1967) as reported by Lovell (1971)
T,
also has slqn1f1cance for the present study " The aim of this study

v

qu ”to investigate the dayvelppment of thp understanding of mathe-~

matiéal-proof in pupilsvin BWitish selectlve (grammar and technlcal)
1 ; '

g

secondar) schools and to see how well th1s development is explatned

-

by the framtwork prov1ded by Piaget's geneLJc psychology (p. 66)
/ . . _--‘ -

R

Reynolds constructed tests 1nvolv1ng the follow1ng aspects
of proof: generalizations, symbols, assumptions and methods of

prtof. These tests were adninistered to four groups of students in
KN L

‘the age categorles lZ 13 (Flrst Form in Brltaln) '13-14 (Third Form),

15- 16 (Fllth‘Form) and 17- 18 (Slkth.Form) Lovell states that hby )

N

means of the common questions Lo every age group. it was possible to.

‘get Some idea of the'development with -age of the understanding and

use of the aspe_ts of proof.considered.(p.BS).” ‘Reynolds conclusions

were based upon an analysis of the written responses of the students

I N K
In summarizing some of 'the main conclusions, Lovell (1971)
it
states that while '"Piaget's formulations regarding stages thinking

account fcr’'a good deal in the nature of the replies (p.77)", et

"there were common approaches to the questions in all age groups (p.77)'",

-and "to some questions the answers of the fifth and sixth-form pupil=s

stiowed only gradual improvement over those in the: first and third

" forms (p.77)."

One of the more important nspects_of Reynolds' study is the

29

9

R



type of questions he used, aﬂuiof which, especially those dealing

with-generalizations, attempt to assess understanding not usually

tested with traditional kinds of items. However, most of the items

used by Reynolds appear to be knowledge oriented.i Héhce students

may have respdnded‘to these items by relying heavily upon what' they
"'.4,\ : . . ) 3 R g 1
had learnt in school which may not be indicative o6f their stage

ca

of development with respect to the.concepts being'ihVestigétéd. Hence

it is possible that what Reynolds dssessed is not tHé“déyelopmeﬁt'o?
! ‘ ’

an understanding of proof, but rather how well éoncepts.in the proof

domain were'taught‘at the various levels. Ifoso, then it is possible

A 3

that entirely different conclusions could have beén reached. i

The type of research-that Reyhdlds‘was enngaged in can be® |

classified as .developmental or Piagetian-oriented. - There have been:
a number of studies of a similar nature investigating the development

df deductive reasoning and critical thinkiqg;- In particular, the

o

,‘work of Ennis aﬁdfPaulﬁs (1962) ishpfgbably the most significant.  --
Since most of Ehegé studies are concerned with the verbal form of
arguments and are not considered to be directly related to this study;'
no attempt will -be made to.reQiew them here. However, ‘an excellent
summary of £h9 results of many of these studies has been given by
Roberge (1§%2)._

Several studies have investigated the role of proof-related

logic. Morgan (1970) found that mathematical experience was not a

sufficient condition for learning all of the patterns of conditional

’ v R
reasoning that he investigated, namely recognition of (a) equivailencg
B

\

fa

A
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of a condltlonal statement and 1ts contraposrtlve' (b) 1nva11d1ty

of the 1nverse and converse of a’ condltlonal statement .and (c) the

startlng assumptlon for a direct proof contrap051t1ve proof and

.
[

"Eadproof-Byfcontradictéon;'

_i L. . Vo

R Some educators”have arguéﬂ*thatmthe bas1c concepts of

v. B

‘matﬁématlcal logic. should ‘be taught as.a necessary pre—requisite to“
o v

. r ( . 4\.
the teachlng of concepts in the proof domaln. The work of Suppes o

-(1962), Dlenes (1964) and Scandura (1971) suggest that the teachlng

°

‘of basic 1nference patterns should begln in the elementary grades

'l L

On the other hand, studles by Phllllps '(1968), Roy (1970) and

Mueller (1975) suggest that formal 1nstruct10n in logic does not

31gn1flcantly aid students in the writing of proOfs.

Phillips, (1968) attempted to determine whether or not
there wereaany dlfferences in the abllltles of two groups of high school

students to analyze and construct 31mple mathematlcal proofs One

group had studied the formal rules wof deduction,’ whlle the other had

’

studied these rules 1nfornally in thelr reoular mathematics 1nstruct1on
Both groups were tested on’ thelr ablllty to (a) complete 1nformat10n

in partlal 1nformal proofs; (b) give original, informal proofs;'and-

(c) analyze a given proof for‘correctness or-incorrectness. Phillips
concluded’that there were no significant,differences in the ability of
.the two groups to deal with the three aspeets of informal mathematical

proofs referred to above. ' : o

“ \ .
-~
o

In.a similar study, Roy (1970) 1nvest1gated the extent that

1t’1s necessary to teach EXpllth]V » those 'basic logical principles

-,

SRR U SR
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that are essential to deductive reasOning. His prlmary aim was to

. : “
\ .

determine whether. or not the formal study of mathematlcal logic

t . -

1mproves the abillty of secondary school mathematlcs students to

(a)y Judge the valld1ty of arguments and (b) prove theorems by uslng

1

:;the prlnCLple oﬁ,mathematlcal 1nduct10n > Roy coucluded that the fa

study of mathematical 1ogic has'little‘or no effect*on'how students

oerform in carryiug out“any of the two tasks studied. vMueller (1975)

J| .
e M ot B - - P : L, o

obtained similar reSUltsf

'Bdstic (1 70) aSsumed that the formal study df’the baslc

,prlnc1ples of mathematlcal loglc should ‘precede the 1ntroduct10n of

. . \ .
proof. As a result, he attempted to‘develop materials suitable for

A £

an introduction toitheﬁconceDCVOfvproof at the tenth grade level and

AR
ya Al e

‘to establish,their suifability for presentation at this level. The

materials consisted -of twenty-two 1essons,5the'first eight of which

contained an informal introduction to" the basic concepts of logi

Perhaps the significance of this study lies in the fact that the-
B ) - . . * ) .

assumptions that underly this study andvthe‘type of_materials.
deveIOped seem to concur-with the.thinkiug omeany mathematiés'eduf
cators in: <he late"hdneteen sixties. - Essentially what the study
suggested mas.that an aporopriate-introduction to-deductiye mathe—"

matlcs could consist of a study of the basic prlnClples offormal

loglc followed by the study of. a relatlvely small numbcr of theorems

N

Lo

-V'tlonal Tuclldean geometry The study suffers however from the’ fact‘

that there ‘was no ObJeCthe assessment of the extent to which the

compared to the rather exten81ve body of theorems studied in tradl—‘”



L7

evident in this study.

:

Amaterlalq developed are uqcful as: a’ v1able alternatlve to 1ntroduce

.

—and teach studtnts an understandlng of the nature and role of

mathematlcal proof . “ T

\

Two other related studles are reported by Baker (1969)

{ rared Byhum (1959) “Baker attempted to produce a textbook w1€h proof

~

‘as 1ts central theme for use at tho hlgh school level HoweVer 'his'

c.

proposed textbook does not appear to contain anythlng 51gn1f1cantly

.- e

dlfferent from materials already avallable Byham 1nvest1gated how
’ : . .
the con"°P* of 1nd1rect proof 1s treated in current textbooks

Spec1f1cally, he compared- the presentatlon of indirect proofs 1n‘

modern currlcula w1th that of older textbooks and even w1th "how the

' . . . i
@

_ the teachlng and learnlng of thls seemlngly dlfflcult topic were

I

" In this chapter, a review of those studiesuwhich_were‘ T

‘c¢onsidered to be most closely related to this study has'been

-presented and,in general an attenpt has been made to 1nd1cate tw

. * R

nature ‘of some of the more 51nn1f1cant studles deallng w1th the .

teaching, learning and assessment of concepts‘related to mathematical'

root. . | . Ee -/ - -

topnc was" Dresented bv Euclld h1mself However',no new insights for -

ki ek e
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R e RESEARCH PROCEDURFS

'~:I;; THE*PLLOT STUDY
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) & m,:lcoov-‘_--““'-'.‘-'.""““}"
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P : . bﬂ‘-fi;-;»"!"vﬂl : : : LIPS DRSSO
o - LA o £ - .. w},-.' N .‘ 0 . _,’.Q ‘9_9 “'b- N ‘-*'7";'0.f',:.',"‘ ﬂ‘w.-‘.‘?,,&u,'y_""\

.,4v,'.liv_."‘° - _9,? ‘u"f'--opy “"".3"’- e ""ﬂ
i ‘The. aim oF thlS study was to 1dent1ﬂy and categorlze some

of the 5ublect1ve tthklng processes used by eleventh grade hlgh

school students in attemptlng to lUStlfy a varlety of mathematlcal. W
generallzatlons and conclus1ons presented to them.- The flrst task R
'therero1e. wa s ‘to dev1se a means of- presentlng to students a yarlety ;-ff,y f'tf

1.

: of conclu51ons to’ whlch they could meanlngfully'react and whlch would

B. - L

'e11c1t responses 1nd1dat1ve of thelr suhjectlve thlnklng processes.,‘
7‘_ In order to dntermlne an effectlge and- eﬁflclent method for obtalnlng
KN ™. . . . R N ' ) S B “,l ' :

the des1red 1nformatlon a,pilot‘study was'undertaken, Sincemthe»”' ‘ ’ y'"]"f[*

Pa—

"1nformatlon obtalned from the pllOt study was of con51derable i

.,».,, - ) ] .
L

‘1mportance thé procedures used in the pllOt study w1ll be reported N

‘1n some. detall

It was declded 1n1t1ally to. construct 1tems Whlch could be-'

prog

d

admlnlstered to studcnts on a .class ba51s durlng regular school hours

o

. and to whlch students couLd respond 1n wrltlng Hence a- number of 3""ak

'1tems were constructed 1n each of whlch the ba31c 1dea was to descrlbe

or present. a. mathematlcal SWtuatlon, genefallzatlon or conc1u81on whlch

1n"effect requlred‘each student to either accept.or’reject the stated, B o
conclusion\with suppqrting reasons.’ Also, 1n selectlng the content
| .

and wordlng of each 1tem, it was hoped that most students could ‘ ‘f
A L _ o

' respond_to ‘the items in a meaningful'way.without having to rely'uponf’_.” s
. specific’knowiedgepthat"may have;been aequired_in;_for'exannle, the study

oy

S




.ndlcatlwe of thelr subJectlve thought processés’

R

{f.,". B IO A panel of four Judges were asked to evaluate the or1g1nal MQNIA
Cotiset of 1tems w1th respect to- content wordlng and overall approprlate—

TR .~»‘f3'ness.~ Thls assessment produced a number»oﬁ construct1ve»suggest10ns ~,3ﬁ*3'}37
”{whlch were 1ncorporated in: a rev1sed set of 1tems. These items wefé"

- . [ w_, '

) used to construct six pllot 1nstruments whlch were admlnlstered‘to """ ‘”"3”"4 PR

‘-ea > ,' -
g ~P"r/"" . . ..,ﬁ‘,_'»,;-... . . i . v -

RO P . 3 A e ' v

fstudents in 51x'd1fferent grade eleven mathematlcs classes of the‘

P

'fiEdmontor Publlc and Separate school systems The 1nstruments were‘

,adm1nlstered durlng the flrst thlrty mlnutes of a regularly scheduled ‘

mathematlcs class contalnlng approx1mately thlrty students.

s W
ie> 1 . R e,

Each pllot 1nstrument 'w1th one«exceptlon con51sted o£

p_fourWdlstln t 32 ms. Each 1tem was presented,at the top of a: page w1th

N

'space at tne bottom for the student to,respond 1n wrltlno,,' ‘i
S ot PR - DA e
R L IR Some examples of the Eype of 1tems used in the pllot study ":(1“w

i:weref

1 “?‘ﬁl 1n ‘the blank : i

@) ol is a;fec'tqt ofa+b
(‘i‘J‘l‘.);Ivs“ o aluays a factor of ‘a and'of b?

.x. ' ’ . . PI‘O_Ve it. B C . RN s

-



o C2., Fill in the blanklcwh‘ e O
- f’ L &'K?};;p~ is a factor of a + b 5~_f§f ;«;5‘.'J"”' Ll R

(11) Is 'n alwaysfazfaétof'éf'y.;.and of b7'

Conv1nce a frlend who dlsagrees w1th your 1ast answer

e 3
N & © Je
T e eadhy

© e ""“‘h"',;.t - . L . a . -
2 o, : ST R I NE I N e P . il

o 2- T LT LR g ey T TPE

' ' s N a. LI - . o - - d

-8 i\?

(%]
I
i
i
Vo
Ne]
I
fos
Il
}._J
~

. iy What eonc1usiqﬁ.can'yod make.aﬂout'differencee 1ike:tﬁose

v ine egaqg1estif you like;v

think your»eoncldsipn in (i)is always true? Why?
' T g Tg: ' A," R : " v ‘ '
i g b, VABCDniSYa rectangle."E is the mld—p01nt of AB.

e (1) The area of trlangle ECD is what~aract10nal part of the

4'area of the whole rcetangle7" AR =
S i), If your ffiend‘diSagrees With'you,.how are you going to -

3éonVince_ﬁimL‘f A _ -1g£
5. Tom says, "Hey Joe, I've found a formula that will always produce -
prime‘ﬁumbere'foqiﬁe. 'It'is n2‘¥1ni+ 11.”'Wheﬁ n=1, then

kN

Jits value is--l3} For n = 2,’ the Value is 17; and for n = 3,

EREE e L. .o ‘,' . . . @

thevvalue'isf 23‘ It JuSt keepq g1v1ng me prlme numbers " qu
'feplies" "What about 'ﬁt= ll,/ then‘ n2 + n +fll equals- 143 -

SR ,'whlch 1s not a prlme number because%lﬁi equals 13 tlmes ‘11."

Tom replled ”kell I m still golng to say that »n2 +.n- + ll ,ts

‘-a'fOrmula that”alWays pfoducesfprime,numbers when “n is a“positive“

L )

. Note the follow1ng : uﬁij;fhx.“ﬁ”:-:“i ”ﬁH‘ o .“';”f R




whether or not the word1ng and format of the 1tem

in the tvpe of responses students

to the various items.

- schools in conducting the pilot 1nvest1gat10ns.

. : ]
o, \' " - -
Categers™ . oo,

(1) Whose side would you be on in this arghment? :

"t(ii)-‘Why?_,

6. Joe and. Tom are dlSCuSSJDg the 1nequa11ty 20 -n > 2n!— L
. doe It is easy to show that th1< 1ﬂequa11ty is true* when"
. ' i o
Tomte e eq 1s,a351gned thc values 1, 2 '3'and 4" i
P E N 1]
: . L
Tom

"It's my guess that . the . 1nequa11ty is, true when neodis

a551gned any natural number.-_,_~

§ fQoe¢=‘”Imdon,tfagree With-you.Tdm.”

If you were Tom, what would you reply?’

The - ObJCCtJVGH in admlnlsterlng the pilof 1nstruments

-

‘were to determlnc (a) whether or not the klnd of 1tems constructed

would LLiCLt responses from students whlch could be analyzed Lo
. 9.

1nterpret the subJectlve thlnklng processes used by students (b)

s made any_difference

oave, (c) the ektent to which'the

instruments could be administered
! i

. : i
N e S

and:(d) the amount of time needed by stLdents to comfortably respond

Excellent cooPeration was received from the selected

Teachers w1111ngly

agreed to permlt thclr classes to part1c1pate after a brlef ’ .

, explanatlon of the nature of the project:

[ T

A

successfully under group condltlonsy



—alr

The follow1ng procedures were used Jin admlanterlng the

pilot 1nstruments. gFlrstly,lstudentS'Were’not“forewarned'thatltheyf

1

would be part1c1pat1ng in-the pllot study. Thevteacher simply

_.1ntroduced the 1nvest1gator at the beglnnlng of a regularly

scheduled mathematlcs class, statlng that. durlng the next thlrty

mlnutes, thellnvestlgator wrshed them to respond to a few mathematlcal

) -

»

vquestlons and

" -
attempting to

réquested. the

- Ny .
N 4 .

'room,
fThe

Ca
to each

o
rt

. KRR
that their responses‘would'assist the 'investigator -in

devise a better mathematics curriculum. The teacher

full cooperatioa of fhe'stfdents and'then left-the‘

. N - 2.
e - . R

investigator then distributed a copy of the instrument

udent.. He asked them to read the instructions-on the

4

first page which were:

On the following pages you w1ll be asked some
‘questions related to Mathematics. These -
questions are in no way intended as a test or
examination. You are requestéd to answer -.
each question as best you/pan u51ng the first

thoughts that enter your mi

nd.

The investigator repeated vefballyathat-thehquestions were not to-

be consideved as a test of their mathematical knowledge since for

most of the questions there were no right or wrong‘answers. " The

students were requested to read each 1tem qarefully and to ralse

; . ey

their hands for a351stance 1f there was anything that they did not

underStand.: The importance.of responding to each.item as=quic51y

as'possible with the first thoughts that came to mind‘was<emphasized.-

The students were given as much time as they needed to complete their

)

.

e
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| A. AL I

fvar;ous,klnds of'responses obtained for eaCh item was

each response to a glven item in exactly one of the response cate-

' 'responses, whlch varled from twenty to forty mlnutes.'

Surpr131ngly, very few questlons were asked by students

- T . - . . _-‘-

-and To dlfflcultles were encountered 1n admlnlstcrlng the 1nstruments

At the end of ‘the sess1ons the students were thanked for thelr

cooperatlon and all coples of the 1nstrument were returned to the

-1nvest1gator.

i

An analy31s of the responses to each of the 1tems was. then

.vundertaken.- Flrstly " the responses"of all students respondingato

each 1tem ‘were summarlzcddj This summary was used to construct a set

of MULUall d15101nt response categorles for each item. ‘It‘is to
e . oty o ) )
be-noted,that'the.resultinglset‘of<response Categories for each item -

were bused entlrer/ upon the actual responses students gave - and

“were ot pre—determined; In fact, the process of analy21ng the

S : o ,
respunses and dev151ng approprlate categorles to correspond ‘to the

: Le’;\ging ,

&

and time.consuming activity.

Three Judges were then requested to 1ndependent1y place

- -

°

gories for that item, This procedure was ﬁsed»initiaii§ to determine

the adequacy of‘thefcategories and later to determine the realibility

of assigning each response to an appropriate category.

As a result of this analysis, ‘it” was determined. that a

relativelyrsmall number of response categories for each item was

Vadequate to account for all of the responses glven for that 1tem

- >

Also the procedure of constructlng response categorres and a331gn1ng

. "l‘ R :" A\,

A2 '

N



N ,“'
PO N >

~student responses to approprlate categorles was conSLdered feas1b1e 'i;‘ﬁw,i R
w1th larger numbers of students than that used in. the prlotxstudy.

More 1mportantly, however, these procedures were eon51dered mo be

0

an- effettlve way - of summarlzln% student response patterns fo%

further ana1y51s and- also of class1fy1ng the klnds of tthk%ng

exhlblted by students in respondlng to many of ‘the 1tems.

Voo
\ . \_ S
, s It was . also determlned from the pllot study that th L
: I o -
nature. of student responses to some‘of>the'items varled great%x ¢ v
" depending upon the format or way in'which_the'items were worded and
e o . o
* - presented.” As an illustration, consider the following item i
Fill dd" the blanks: « | o |
‘ :(i) - Three'is_a factor of = 24. R -
L (iix.f Three is a 'factor of 33.. R . \
| " (ii1) ' Is three a factor of 24 + 337 1
(i)i ’ Sixtis.a factor bf, 72. : s '\ o
i (11) SlV 13 “a factor of 5132{ i ' ‘fll - ';E
(4ii). Is six a factor of 72 + 1327 T \\
(1) n 1is a factor of a. N U
. *, N . “ - \
(ii) © n- is_a factor of b. : B L \ -
(iii) Is .1 . a factor of a + b? T '_ \ \
: B —_— ) \ .
This item was included-on two’Versious of the'pllet instrument \
.Space way provided beneath the question "Is n ‘a factor.of 'a + b?% (
. . ' . Lo . ‘ . . . o 3 . . N : i
' for .the student, to Jjustify his conclusion On OQC of the Pilot )



-instruments 'the words ”prove 1t" appeared , On thc other, the words~

i 'How would you conv1nce a frlend that you are’ rlght 1f he dlsagrees tf'41'.‘

P

w1th your last answer”” Several other 1teﬂ§’;ere presented on' g

fdlfferent ver31ons of the pllot 1nstruments 1n eméctly the same way.
R ""“<1_ 8 ; Not 8urprlslngly, pcrhaps, the words ”How would 9ou conv1noe
‘ a friend etc 2! produced many more mean1ngfuL responses than d1d the

~

- words ' ‘prove. 1t'”' In fact almost all of the Students responded to ST

the words;'How would you convlnce a.frlend etc pu whereas only half
fthe students responded to the words ﬂprove 1t'”' Also 'the responses.ﬁ
‘-OPJthh “rOupS Qr students wcre in several respects qulte dlféerent v

S : : : 7 BV
in- nature It 1s/p0551ble that man&\students dpd not understand what ff.«_

was peent bv the words, prove 1t!";f Tt appeared however thatumost

: . . ‘ o ’
studentsvreacted-to the‘words: prove 1t” 1n a very formal manner and

. L R

4

-'perhaps responded by relylng to a large extent . upon speclflc knowledge
N

‘“galned from thelr tudy of mathemat1cs Thls may explaln why almost A

: nalf of the students dld not respond at all Hany of the responses

. that were glven appeared te be bascd upon what the students percelved

e ‘Jto be e\pected by’ someone in authorlty rather than upon thelr 1mmed1ate'

I
)

subJectlve thoughts S o "b”t_' o R e o - _”'”

On the. other hand students appeared to respond to ‘the

';questlon ""How would you convince a frlend that you are rlght if he-
oy - ~J A

» dlsagrees w1th vop’" 1n a much more- 1nforma1 and open manner. Not'

'only did a much hlgher proportlon of the students res&ond to each :fj

1tem but their reﬁgonses 1n thlS case were cons1dered to be nuch ‘ 5J

B , -vtmore 1nd1cat1ve of . thelr subJectlve thought processes than was .

¢ . : . . . : . . L ! K . !
L) . i . . . i . b . . R . . f ‘ N . )




'feVident ingthes“provefit”‘responSes..:‘*

[he 1mportance of 1tem format and wordlng was also
1nd1cated 1n another context. Several of the 1tems used in thev'
. . . . . .. :\,-’ : g '*r
pllot study presented a mathematlcal sltuatlon from whlch studentsﬁ,

LN

'.r . . . . |

were asked to dfaw thelr own conclus1ons and then pyov1de
Justlflcatlon fOr 1t. \HoweVet,«itﬁwas'found that in.such caSes'
more often than not students elther dld not respond\at all :Qr -

1f the§ dld thelr conclu310n was elther erelevant or m%anlngless

P

PN

w1th no attempt to JUStlfy lt. Hence, 1n terms of determlnlng the‘

0

klndﬂ of thlnklng students use im attemptlng to Justlfy varlous

. e

mathematlcal conclu51ons and also in maxlmlzlng the number of

“

‘mean1n0tul student responses 1t was, consldered necessary that

8

1
'

‘ students be asked to respond to 1tems whlch contained an expllcltely
. cL J TR - . . . V. 3
stated conc1u51on. S ~:f S :

:
8,

As a result of these flndlngs, 1t ‘was dec1ded that a more '

L exten31ve study could be undertaken to seek answers to the spec1f1c

“

| questlons posed in thé?statement of the problem.b It was felt that
X ) . ) . .
ithe klnd of 1nformatlon sought could be obtalned by admlnlsterlng

1

- carefully selected 1tens de51g1ed with- the flndlngs of the pllot-'

study in mlnd

i 11. INSTRUMENTATION = N

W ‘.‘
As a result of the pllot 1nvest1gat10n and 4in partlcular

the’ observatlons relatlve to 1tem fowmat some of the 1tems

v
B

constructed 1n1bfglly were con51dered 1nappr0pr1ate othersnwefe

-
- .




.~

modified and new items were constructed. 1t was decided to write -
all itcms using a similar fotmat."Aé‘a resul't, most offghefitems.»

were written in the form of a dialogue~betWeen.twd-hyoothetical

L

mathematics students.. The dialogue was used as a medns of presehting

td students a mathtmatlcal QLtUdLlOn in a manner that, it was hoped,

they could easily relate to and understand. The dlalogue was:

] : .
normallv wr1tten in such a way that one of the hypothctlca] students

.

presentﬁ‘or states a-conclusion or generalization based, in some

instances,'upon empirical eGidEnce. The second hypothet1ca1 student

\
~

however e1ther does not agret with the stated conclusioh or else

'
\ .
-2 .

does .niog readily acceptzthaq\the conclusion is'a»true statement and

hehce requests that the conclusion be justified. -
o S .

-The students to whom the items were administered were

normally requested to indicate which of_the two hypothetical students

, they agree with or bhi{h in their opinion is mathematically corrett
- . : i

, ~ ’ ’ \
and to justify the position they take. 1In other words, the students

E 1

who were administered the instrumént were normally given a choice of )’

either acoeptijg or rejecting the stated conclusion ‘and were
- I . . '
requested to ptovide their reasons for d01ng:so. "It was hoped that

the students would espond freely to the dlalogue in the same maﬂ!b:ﬁ

as those whoqyere asked to convince a friend in the pilot study.

1
4

, . . ~ : : .
Twelve items, referred to as situations, were selecte.

o

and administered to students. The items selected are presepfed

- , . .
below together with a brief rationale.

N
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"SITUATION ONE

ke

Joe's Diagram
- . L . ,
"In my diagram, the altitude of tyFiangle . BEC .is 'CD
“herefore the area of triangle ' BEC is _iEE.EB)/Z.
:ut the area of rectang{é"ABCD is UEE.CD. Therefore,.
che atea of triangle BEC is % the area of rectangle
ABCD. The same is true in your diagram Tom."

Joe:

1

“ ) . -
5 . -

Tom's Diagram
"I disagree with you Joe. 'My diagram is different

from yours and I cannot say that something is true
in my diagram just because it. is true in yours."

Tom:

-

"Of couse-yop can.. Because your diagram is not the
e !
same as miné doesn't matter:"

n

Joe:

Tom: "I don't agree. Our two diagrams are different and
what's true in your diagram Joe, has nothing to do with

vwhat 1s true in my diagram.'

QUESTION: Whose side -would you be on in the above discussion?
et ’ "1 o

Joe's . Tom's ~or Neither o
WHY?‘ © L
The main'purposevof sifuétion.one was to determine wiﬁtheﬁ :
T« or not students understand’the applicatién‘of tﬁe generalizat-

't
Q

~ . '



principle at least gﬁ geometric proofs. Symbolitcally, the
generalization pfinciple, as used in elementafy mathematics, can

be stated as followsf If P(x). 15_3 statement.fuﬁct1on which is
proven for any arbitrary but fixed value of the variable x

belonging to some “domain D, -then P(k) .is proven for all x in

D- . 'A‘? v )

,’ \ - o a . . L .
Rosskopf and Exner (1955) 1llustrate the use of th

N . *

generallzatlon prlnc1ple 1m prov1ng a trlgonometrlc 1dent1ty ¥uch as

;

Seczx =1 +=Tan23:J

We choose some unknown or representative, but
" fixed, value of - x and show that the equality
is satisfied.’ Our nexf step is to state,
either to ourselves or in words, sinci the
equality is satisfied for'a representative _
‘value of x, then it must be satlsf1ed for all
values of x (p.294). :

" L)

FHencé the sub%tance'offthe principle is that‘one can substituﬁe a.
variable for awfiXed unknown in a proved stqtemeht.

| As an illugtrétion”of its use in,pladé;ggometry, cénsider
" the theorem ”If'a tfiangle is isoséeles,then the angles 6pposife

the equal sides are equal," This is obviously a statement about

all triangles that are isoséeles. To pfove‘this”theorem, however,
the hﬁ}mal prdcedufé is to start with'gn arbifraﬂ& triangle "ABC"
.in which "AC = BC" and deduce that "énng.A = anéle B". In the
proof,.ﬁABC” is considered to be an arbitrary butAfixed iéogéeles
triangle. It would be difficuit if not impossible to permit VABC"

to VaryAfrom.steﬁ to step in the proof. However, while ”ABC” is

considered fixed during the proof, it is perfectly arbitrary and

45
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e T, .
S ‘
o

' SN e . : ' P TR '
hgnqe‘nq further pron‘1S'reqULred to show that the theorem is true a
for all isosceles triangles, In other wofds; th@‘samefproéf will
apblyiregardlessWOf whith isesceles ‘triangle "ABC" is considered

to be..

v
s

Sifice the proofs of most theorems in plane .geometry are
e P R : . o : o » .
presented with reference to a fixed geometric figure,.'in order for

.-
t

"$tudénts’tq3fully:understahd the'ﬁgtufe'of such broofs,-it'ié
- necdessary that they hnderstandfthe,generalizatioh’principle.‘ The
same argument applies in many npn¥g¢ométric proofs‘és‘wellr~AHoweQef;

it is not clear that students actually do/acquire-the necessary
.. . o : - ) ) . b 'e
understanding nor is it clear that teachers emphasize the importance
N RS o o . . ‘ ,
of the generalization principle either in their teaching or their.

. testing.

. SITUATION TWO .

Joe has observed the following interesting pattern:

4

4-"1=3 is divisible by 3; 47 - 1 = 255 is divisible by 3. .

‘4? - 1 =15 is divisible by \3. -1 = 1023 1is divisible by 3.

43 1{: 63, is divisible by. 3. 4% - 1 =4095 id divisible-by 3.
Joe;Eorwaed a calculator and found out that 4" - 1 |

. is divisible by 3 regardless of whif value -of n he tried.
Therefore he came to the fbllowing conclusion: ' '

1l

4" - 1 1is divisible by 3 for all positive ;hqlé numbers
» WhilelJoe %as working on this'problem, Tom walked - - \\\\.

into the room.  Tomllooked at the conclusion and immediately

stated that he was pbt convinced that Joe's conclusion was

always true. Tom felt that while the conclusion was true : &\“
for n =1, 2, 3, 4, 5 and 6, etc., this did not rule out

the possibility of there beirg some number for which the




v

conclusion Qasznot true. o el
e , .

v But Joe dlsagreed w1th Tom. Whatever value of n

he had tried on the calculator conflrmed the truth of hlS B A
COnCluSIOH ahd thercforL as far as Joe was. concerned Lo P
was aéwdys true N o . : S

QUESTIONS: (a) Whosqféide afg you.on?_.‘”
, v na bt
Joe's _ or Tom's _ .

CWhy? g

The conclusion presented in the above item is an inductive

generalization of the. numerical observations. " It is a valid - ;
. . iy. ‘. . B ' : ’
e

guneralizationof the specific numeric examples presented but
without proof-it is not necessarily a ttpé statement. Hence this
item was intended to assess the extent to which students either

"accept the empirical evidence supporting the generalization as

constituting proof of ‘the generalization or alternatively see the
" need for a deductive proof of the statedvcoﬁclusionJ In other words,
‘what type of reasoning is considered adequate by;ﬂtudents to justify
. . . - .

the stated conclusion?

SITUATION THREE

Toe and Tom are discubsing factors: ¥
Joe: "Since 3 is awfactor of both 24 and 33 thereforel 3
id a factor of 24 + 33."

. Tom: "That's obvious and you tan say even more than that
© Joe. 1If 3 is a factor of any two dlfferent numbers
then 3 ‘is a factor of the sum 6f those two numbers.'

Joe: '"Well, if you put it that way, we can go even further
- 4 and say that if any integer n is a factor of two
‘different numbers, then n 1is a faqtdr ofzthe sum.

~ 'of those two numbérs." o o . PR L

Tom: "Not too fast, Joe: If n is a factor of some number
p and n is 'a factor of another number ¢, can we . .’



oo

fTomE"”l m not convxnced . In fact I. don t thlnk that yOur

-QUESTIONS:” (a) who-do‘you'agree,With?‘hJoe_ "7‘6t-‘TOm'

always concludc that n -is a factor of'their‘sﬁm'
."p + q?" SR R o T
Joe:. ”or coursc.;' :,'» o ',; ERRE I ! e
> o S S

'-conclus1on is always true.”, » : ’841 R b

‘(b) If you agree w1th Joe how‘wouid'you"gBhVincez"
Tom7 . ,'..'ﬁ'~ IR [ -

(c) If you agree w1th Tom "how would you convmnce'
Joe7 :

i. Ny

Situation three can be considered similar both in content

and purpose to-situation two. ‘However, there was one major

- ~

-difference. InAsituation tMo;}it,was,not expected that students

~
f

would atttnpt to prov1de a formal proof of the concluslon presented

N

there since to do so would" requ1re a knowledge of elther the

_b1nom1al~theorem or the principle of»mathematical induétion.. In

3 @

fact 1t is doubtful whether many of the students were sufflclently

"

knowledgeable to prov1de such a proof and thls was one of the reasons7

for selecting the type of conclusion presented in sitdation two.

JThe conslusion'presented in sitﬁation three, however, was considered

'suff1c1ent]y elementary that most: hlgh school students should havé no

d1ff1culty in prondlng a. formal proof to Justlfy it. Hence the

objectlve was to determlne whethet Qr not the-responSes;of students<
. ‘ 5 " . . . . . ' N

to situation  three were any different 1nlﬁ§ture‘from;the responses

given in situation two:,
, «
. ,
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UBITUATION FOUR . o T

. PN : REERN ’ : i, A [

Joc has urltten a number of 1nterest1ng equatlons' some

‘ of whlch are as folloWS s . .
202 : 2 3 B
8" =7 =15 37 - 22,=-5
2 2 : 2 2. 0 \ T
' o0 - 46T =9 9 - 8.=17
ST e L
' . ? R . . o .92 | . §
117 - lO2 =21 - 14 'ivl32 = 27 . . -
y l ) . o e “. . - S \’;
From thtst equatlons Joe concludes that for all intggers .
: a and b, =~ . . _ A R _ | o ;
gk, o, |
L a -b =a+b
QUESTIONSﬂ (a) . Do you think that’Joefs conclusion is ttue
) T - or false 2 - : o
Yo o - (b) If you think that Ide's conclusion is true, then‘
: ' state’ why _ ‘ o > .
, (e) If you think that Joe's conclusion is false, then
: ‘.state wﬁy. ' .-v o B = SN
’ B (d) -If you think ‘that Joe's cOnclusibn"is false, then
3 R what do you thlnk mlght be a correct conclu31on7
v'j .
N Situation four, thOugh similat'ln some respects to 51tuat10ns'
. two and‘thiee, dlffers in that the stated conclu51on is 1ncorrect
oo Hence" the obJectlve of thls item was to 1nvest1gate the extent to
, | . ¥ |
whlch students w111 elther recognlze thls fact and attempt to
( prov1de é counter—example Or accept the stated concluslon based upon the

. . . [ . e .

six numeéric examples glven;] While it was 1ntended that the 1tems

not force students to rely upon specific knowledge, in thls case

it -
. \ M

2 2T (

was recognlzed that the algebraic identity a - b —_(a—b)(a+b)

would be familiar to>most}students.'_Hence, to some extent, the B T



\

o

'-»'accepcance Qr reJectlon of the conclu51on presented in sltuatlon fo%

9 ' :
may’ depend upon how well students can transfer thelr knowledge. -t

N

SiTUATION-FIVEf

Joe and Tom-are discussing paralleirlines{

.0 . - AL .
Joe: 'Suppose there are only four dlStlnCt points on thrs sheet of

‘paper instead of an 1nan1te number."

¢
AL .-.-D'r
. B:- 7 . : ..C "' . : . 1
Tom:- ’Se you -are 1ma01n1ng that the four p01nts A, B, C and D above

are the only points.on this sheet of paper,”

Joe: nght. Now, since two dlstlnct p01nts determlne a unlque line,
thesea rour ‘points determine 6 distinct lines. Eacn_of these six
_ lines’ contalns only two p01nts. Do you see’what the six 1ines

are Tom7”
- Tom::."Yes." ’
. Joe: "Now remember that 1( two lines have no p01nt in common, then
' S they are- parallel _ ‘ :
- —1;:;§ﬁ? "1 agree. - T , ,
T L ' - oo e e
Joe:r "I claim that there are 3 palrs of parallel ines detetmined by
' the four: glven p01nts.“ ' R G Tl '
Tom: “That's nbnsense Joe. None of the llnes determlned by the Four .
- given points can p0331bly be parallel.™.
“Joe: "So you would say that the . lrne determlned by the points A and B

(for example) is not parallel o the llne determlned by the "
p01nts C.and p." -

EFE -
{ .

Tom: "Of course these lines ‘are not parallel "
: J T
Joe.' "0.K. if these two llnes are not parallel hen they must
‘intersect inisome . p01n€ Since’ there .are or ly ‘four points on
the sheet of paper, 'the Tines must intersect .in either A, B, C ‘
or D. But clearly’ the line determined by A and B does not inter-

' sect the line determined by C and D in either C or D and vice cersa._

;o Therefore, these two lines must ‘be parallel.”

50 .-
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"~ Joe: ”But I'Ve shown, otherwise Ton ‘and in fact I can ;how thag

their intuition, in an, attempt to assess the extent to which students

51

v . S

e

- Tom: "I dop't care what you.say.. The four glven p01an do not 0

dotermlne any paral{el lines."

\ - - . i
there are three paqu of parallel lines determined. by the»mn; :
four glven points.

QUESTIONS:” (a) . Whose 'side would you be on in the above dLscu551on7

Joe s | Tom's . . . Neither .
v \ i ) - . !

(bY Why?

In their. study of mathematlcs students are oftjn required

to accrpt and ‘reason from axioms -and deflnltlons that dre not only
afa iliar but porhaps are contrary. to their‘intuition'or-previous
experience. ‘It is normally assumed that students' at the high school

level arz ms

1%
,n

ture enough in the Piagetian sense, to reason, for example,. .
. L

“from an assumption stated for the sake of argument ‘or to understand

the importance of definitions in. the context of matﬁématicel'

. < . . .. - ~ . .
The simple mon-~Euclidean geometry presented in situation five introduces

~students to hypotheses and definitioné which are perhaps' contrary to

A

v

are willing to accept these statements and understand their use imn

oo

the context of the argument presented to justify the stated conclusion.
< ] , oo : . ¢ . .

SITUATION SIX ™ - o

* ~
¥ 'v - “ .;‘. [ - . ’ .
Joe: "Tom, did you knoW that there is a way to show that "1 # 07?-
Tom: - "No, how?"

Joe: "Well, it goes like this:

L



'

N Su.;)pose ‘that 1 =0 | N . ' N

2, {Lng a and b b{g%pyhnumbers 'sugh that a # b. a

; o 3il'Since i Q, therefore a = a. l = a.O =0

4, ‘Similarly,'sincedi = 2.0,
v , 5. Therefore a =" & e L
, T e
“@j%tfﬁ#~‘ 6. But a = b is false and so 1~ " _ ‘
- a - ‘s) - . v .,

"Tom:" But you started out by supposing ‘that- 1 = o bHow can you say
- something that isn't ‘true. To me, it daesn t make sense to
suppose that 1= 0 in order to show just the opposlte "o

Joe: "1 don't agree'with you,'Tom.”

a

QUESTIONS: (a) those side would you be on in _the above discussion?
Jog's. . or Tom's

‘ (b) If.you are on Joe's side, how wo%}ﬂ you show Tom why-.

oy - you disagreed with him? .

' ' ! s N - o ) "~_‘
(c) 1If you are on Tom's side, how would you show Joe why
[ ‘ you disagree with him?

LN
i 0

The main objective of situation sixhﬁas tp determine whether

/

/

- b "
or not students understand the luglc of an indirect argument

Spec;flcally, to what extent do students underLtand and’ accept-a- chaln
of reasonlng Whlch starts b/ assumlng thﬁ-negatlon of the statement to

be proven. Alternatlvely, to what eXtent do students reject the given

argument "because it sfarts with an assumptlon known to be false.

.

" SITUATION SEVEN .-

=

- Joe Has shown that the followlng statement is true for all
real numbers X and y. Coe . —

Sl T tlep

rmge i
i




4

.+ STATEMENT: “Supﬁééﬁ k.y = 0. If y# 0, then x =-0.
‘Joe's argument is‘as5fdllows:
- (a) Given'x.y = 0'and y ¥'0' _ _ - .
' (b) - To. ?’&Ow,that x =0 . . ‘ oo .7 \
1. _Either x = 0 or x # 0 | | '
2. For the sake of argument, suppose that x = 3. o
3.  Since x.y =,O,7tHerefore 3.y = U and thefefore.l/Q:(B,y)'= O.»L //

4._ But, since 1/3 . (3) = 1, this ﬁeans'that y = 0.1
Sf But y = 0 i% falsé3énd’so the supposition that x # O‘must be false.

6. Therefore x = u. : 4 ) ' z .a
Although Joe;s argumént‘is correct, - Tom does not undérstand»it;'
;QUESTIéNS: (a) }How would you expilain Step 2Jof Joe's érgument to Tom?
(b) éow would you expléin Step 5 of Joeﬁé\arguﬁent télTom?

: ) ' CETY, ’ o
(c) How would you explain Step 6 of Jﬁ?'s,argument to Tom?
i E : o . R e 2

i

- Situatﬁon seven is also concerned with the indirect form of

'/ﬁrobf. “In éOnprast to situgtion six, however, the objeétive of thiL

item-was to asdess the extent to which students understand the important

Y . . . .
steps in an indirect argument. In particular, will students more
S P v

readily accept the statement‘"suppose_thap‘x = 3” iﬁfstepJﬁWO of

situation seven than the statement "suppose that 1 = 0" -in step one of

situation six. Also, to what extent are students convinced that the

. . ’. . 'I
statement in situation seven is proven as a result of the.contradiction

deduced in step’five of the argument.

©



~

; g S o o : ' S
) SITUATION EIGHT" = e 3 R .
L e R , -
Joe: .,

& "Tom 1n~s1tuat10n ~7-on thL prev1ous page

I showed that for all -
real“numhers X, and y,\lf X.y =

Sk R
0 and 1F‘y # 0, then x-=0. - tji"”%”*.77

oo Tem: "Yes, I see. However I feel that your argument is completely ' ‘

[ER unnecessary.: ‘Look, everybody knows ‘that if x.y = 0 and-y # Q ='M.L
o R then:x’muSt be equal’ to zero. There ‘is do need tb show 1t' . ,'.l'
W C R .
B Joe: "I agree that everybody knows that this prop051t10n it true, but I

dlsagree that my argument is unnecessary
t Tom:

-
, . : S
; L - |
. . R C@ ' |
”Look, if 3x = O ‘then x = 0; if 7x = 0, then x = 0,

-and so on
You don't have ‘to glve ‘me any argument to show me that the
prop051tion 1s true."

. .
" QUESTIONS: (a)

Whose 51de would you be on in the above dlscu5310n7
_J‘)x_

e
or Tom's | . : -
!
|
“(b) Why? \
N The purpose of -this item was to investigate the extent to

=¥ . o

which students see a need to prove a proposition which they may perceive

i Co®
as being intuitively obvious. :

%
‘SITUATION NINE :
i) FE
STATEMENT A: Let £ be- any Lattor of some number n. If n is an odd g
i numbér, -then f is an odd m%mber. el o ‘ :
Joe: "I think.thét-StaJement A is true Tom 5,:" ,ﬂ
. T . ' o - » L
fom: "Let me see. If n = 21, then the factors of mn are 1, 3, 7 and 21.
" n is odd and all of its factors are odd. If n = 45, then the 1
factors of n arc 1, 3, 5,9, 15 and 45. Again n is odd and all] |
of its factors are odd. . So Statement A seems to be true Joe."
Joe:

A

"I also think :hat Statement B is true Tom.'

.. ngATEMENT B: Let f‘be-any'factor of some'number‘n. If f is an even
YuEit it . pumber, then n is an even number o

Tom‘:' ”'why? Al



;.ﬁgijoe:,./Yesit;doea.” {'hgﬁ o _ o

R \\:l( [

R

YJoe}'A“l; hslnce £ 1s a factor of n, therefore n =gf;m;:where m,ié'éome .
Lodnteger.. e it oo e Ty
2. If f i's ‘even, then-f = .2.k, where k is some -integer.

".3;.;Ihérefdré nkfun=s (2. k) mes 2, (k m.

‘4.3 Therefore 2 1s a factor of n and n is even.

"Tom:-: BuL Ioe tth only shows that Statement B is érue 1It'd0esn‘tf;
S ehow _hat Statement A is- true

- Tom: "I don't agree(‘,Stateﬁent'B haé,nothihé to do wiéﬁ*Statement A"

L

QUESTIONS:  (a) Whose 31ae would .you be. on in the’ above dlsc:uSSJ‘:on'7

~. Joe's: - or Tom S, __m__? ‘ o C S
\f\?b), why?; S S : | e S

-

. : / . - : " v
The. purpose of :this item was ;t9 determine whether or not .

students recognize that a'mathematical statement and its contrapositive

U )

statement areilogicaliyfequivalent.

SITUATION TEN . = ¢ |

Joe 'and- Tom are dlqcu331ng prlme numbers. Recall that a prime
number is a p031t1ve whole number’ other than .one whlch is divisible
“only by one, and 1tSe1f S C . _ y
Joe: ""L've been trying to f&nd a formula whlch'WLIl always give me a

“prlme number and I ve flnally succeeded Tom.vg '

Toﬁ; "What:is’ your formula,'Joe?“ . _ foi}f B

. KT 2 ' ‘ ; o ' B
Joe: n. - n+ 17. . T
+ - Whenm =1,10n" -n+ 17 =17~ 1417

=2, 0% -+ 17 =2" 2417

‘47, o

it

o

9 - 3.+ 17 = 23.

‘ =3, n - n+ 17
Eit JUSt keeps g1v1ng me prime numbers."

Tom: "What about when n = 177 THen n° - n + 17°=.17% - 17 + 17 = 172."



"loejﬁl”Wellglthatfsfonly one exception anhd we can ignore that:'

—

e

QUESTION (a) Whose slde would you be on’ ‘in the above dlscu3510n7 g
“Joe's .- "or Tom's o s -

"'The purpose of 31tuat10n ten.was to determlne the eytent to

whlch students recognlze that -a élngle counter~ehample to a stated

: prop051tlon is suff1c1ent ‘to dlsprove the prop051t10n

F . : L ; . ," :

ll) Tolyo is larger than Los.Andeles.
2). Toronto is smaller than Los Angeles.
3) Toronto 1s larger than Edmonton

Lo

Joe and Tom w1sh to show that Edmonton is smaller than Tokyo,u51ng the

above facts : S - 'Eg;_n;_%yﬁ

: 9:'.

Joe‘argues as follows: Slnce“Toronto is larger than Edmonton, therefore
Edmonton is smaller than To . - Since Edmonton - is smaller than Toronto
and Toronto is smaller thani]
than’Los- Angeles. Siuce Tokgo ‘ig" larger than Los’ Angeles thereforevf’”
‘Lo$ Angelés is smaller thanﬁﬁbkyo - Since Edmonton is smaller than Los

Angeles and since kos Ag&kles s smaller than Tokyo therefore, Edmonton".
' is smaller than Tokyo SR ' o . '

Gt

’ Tom argues as follows Elther Edmonton is. smaller than Tokyo or it is

-larger than Tokyo. SupposeJEdmonton is larger than Tokyo. . Then since
Tokyo 1is larger than Los Angeles, therefore Edmofiton would be larger

than Los. Angeles. - Sinc& Los Angeles is larger than Toronto) therefore
Edmonton would be larger than Torontp But' this would contradict’ thev

':fact that Toronto is larger: than Edmonton. Therefore theiorlglnal
hypothe51s_that Edmonton is 1arger
'Edmontonxls smaller than Tokyo L

han Tokyo mus t be fals ‘ Therefore,

————
=

.w'Both Joe and. Tom have shown that Edmonton is smaller than\Tokyo.

So,

QUESTIO\G (a)_HWh;th,argumenc,would'you have use@? Joe's.  or Tom's

.(h) ‘wny,wonld_you‘have used this argumehtZ'

Los Angeles therefore Edmonton is smaller\:
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- X -

The objective of this.-item was to present both a direct

-

‘and an indirect argument :

1

based upon given hypotheses and to .
» . v - - . + -

‘determine the extent to. which students prefer one argument over the

Qtﬁef'and.why.

o

SITUATION TWELVE - \

: . - ’. I -

= . ‘ . : Lo L
Joe: "All odd .numbers greater than 627 are %prime numbers.'. |
Tom: "Show me." ’
Joe: "1, Suppose x is a prime number‘greater thahf@Z?. » e ‘
/ B ‘ 2. It follows from the<definition of 4 prime number that the -

only exact divisors of x are 1 and x itself.

Ce

1o

3. Therefore cannot be an exact divisor of x.
Py ’ . - ) ’
4. Therefore cannot be even.

C -

b

5. Therefore x is odd. So all odd numbers greater tham 627
. are prime numbers.' : ° ’

¢

QUESTION: How would you reply if you'were Tom?
b0 i ok ' o .
The purpose of this item was to determine whkther or not students
: : ' o 1.
. a ) . - ’ ..(' y - . - . . 4 ! ’
distinguishibetween a mathematical statement and dits converse and
. . ¢ ) PRI -

recognize that the two are not logically equivalent;,.Speaifically, will
‘students realize that the argumeht presented in situation .twelve shows

that the‘converse_of the. stated proposition is true. whereas the

. - /
o

‘proposition itself is not true.
. . Y . b

' ' N
. "

LI
' II1. THE SAMPLE

'The instrument was administered to two hundred fifty-fivé
grade eleven students ih’ﬁed randomly selected mathematicg classes from

v
v



.and eleventh grade

- and Separage School Boards to administer. the instrpmment in randomly

-~ “

nine senior high' schools..of the Edmonton Public and’ Separate School

systems. All students were enrolled in an academic program désighed

e

to prepare them for the study of post-secondary mathematics. .'Table 1

gives a distribution of the gample by"sex, age'and class.

Q

Students at the grade eleven level were selected because.

¥ )

the mathematics program taken by these students at both the teﬂth'

levels were ;similar to programs offered at that
. : . !

level in many schools across Canada, whereas many of the grade twelve

programs differ  significantly.

| Since the instrument was administered near the end of the

school year, each teacher was asked to rate each student on a low,
- . . ’ <

medium, high scale with respect tomathematics achievement. The '

results of this .rating are summarized in Table II. ~ =~ '~ '
s

s

IV TESTING PROCEDURES

3
B}
T e

Initially, a request was made.to both the Eﬁmonton.Public

i

» v
i <

selected 'grade eleven mathematics classes. As a result, six compesite’ ™

high schools in the public system and,t%ree in the separate system .

N
)

agreed to cooperate. The principal of éacﬁ of these séhoqls was conﬁacted
and a meetdng'arrangéd with each 9f the cdobeéatinglteachers. At each
meetiné, the nature of the project was explained and it wés prdpqged

- - ) ‘ , a
that the instruéent be administered to all students‘of a randomly
selectetl class during a regula}ly'écheduled mathematiqs period of
apbroximately eighty minutes.duration.//As'a reéglﬁ,'timesiwere agreed‘

< v
M '
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- TABLE I
, _ |
, THE SAMPLE
—— — " t - - T - -

GROUP SCHOOL MALES |~ FEMALES -MEAN AGE
- a ~__ (MONTHS)

19— 10 189.8 99
13 11 ©190. ' 24

23 10 '188. 33 . 0+
25

NUMBER - ot

)

18 7 . 188.

e NV R U e
Mmoo 0 0w o>

) 12 11 189. 23 -
Trtar o 14 189. < 31 Ce F
7 F 7 L iz 191. 19 , o o

8 e 5 g 192.
9- .,  w 15 17 188.
0 3 ol 7 188.

11
032
28 .

O W e &~ Uo. u O

[

“1 + <TOTAL 150 105 O 189.4 255
." PERCENT = 58.8 412




~ TABLE IT

MATHEMATICS ACHIEVEMENT LEVELS BY GROUP, "

[N

'GROUP © LOW ..  MEDIUM - HIGH |

<

ST
15
21
15"
. 14
16
15
5
| | 19
w0 s 19 -

- ' I

r
\OOG\J‘O\:,LnJ.\u_N}—J
s W oo v

~I!

w N

wn
£ 00 W N UV oY

TOTAL A . 157 54 e

PERCENT * .17.2 -  61.6 o 212
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A

upon for the administration of the instrument and teachers were.
requested not to inform the students in advance’ that they would be
participating in this project. _

o

.

f’llnstrumtnts wire as follows At the beginning of each class, the

cooperathg teacher 1ntroduced ‘the 1nveFt1gatot and requested the

students to cooperatt fully Once ‘the Feacher had'left,the claés:oom,

W

,the_investigatot explained his reason for being 'there as follows:

.

Y

"My purpese in being here today is:to present . B
you with some mathematical situations which you

) can read and think aboy¢. In general, each-

- situation consists of a dLalogue between two

- hypothetical mathematics students called Joe , o o

-y and Tom.. After readding the discussion in ' .
each situation, 'you will find Several questions .
related to that particular situation. I wish
to emphasize that these questions are not. to be

.considered as some .sort of test or.examination.
In fact, your response$ té these items camnot.
be classified as right ot-wrong. The whole idea
is to find out how you relate to the situations
presented and to let you present your own:ideas
and thoughts, not those of someone else. As
a result, you will be assisting me in my
attempt te devise and propouse some alternative
ways that mathematic$ can be presented and
studied at the hxgh school lLvel "

"

A copy of the instrument;was:then'diStributed to each

_ student. The first'page of the instrument contained the following

. .
instructions:

. _ ' &
On the folldwing pages you will be asked some \\
. ?uestlons related to - mathematics. These quegtions

are 1in no way intended as a test or ehamlnatLon.
You are requested to read the discussion on each
page carefully'and answer each question in the
space provided using the first thoughts or ,
opinions that enter your mind. * . SR .

’ -

The procedutes followed dhrlng the admlnlstratlon‘of the . .

61
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Students were requested to’ prov1de qre follow1ng 1nformat16h

1

Name of School
Student's name - I - T
:Male . Female - ’
Date of birth L .
.-Teacher sjhame A o ' A S

fltqshouldvbe”nbted that on three of the pilot instruments,.students

Were requested to prTvide similar information; while on the other

three they-were not. It was determined  however; that the ' Co.

.respoase patterns of students who Were asked to write their name

' requested to;do so. . '

.,elghty minutes.

"on the 1nstrument were no dlfferent from those who were not

-

After the instruments were distributed students were

asked to read the 1nstruct10ns and prov1de the requested 1nformat10n.

[
|

They were also asked to ra1se thelr hands for. assistance 1f ‘there

PO

”was anythlng hey did not understand or when they had finished

1
responding. As was the case 1n the pllot studv very few questlons
‘ P M
were asked by Ttudents 1nd1cat1n° that most students felt comfortable

w1th the 1nstrument and understood what was expectedypf them. Also -

sttdents appeared to have ample time to compléte responses to each

“of the items admlnlstered srnce most d1d not requlre the full

Y
<

It.should.be noted here| that as a result of the ppilot study,

1t was determlned that ten ginutes for each item was sufficient time

for students to respond. Hence, students«were requested to. respond

to eight of the twelve situations Sltuatlons one-to seven were

admlnlstered to all students and 31tuat10ns eLght to twelve were

LY - " .
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'

".P“_'

" judges were aslked to independently place each response to a given’
' . ‘ : ! o C i ’ . o

S

"adding.new categories for some of the items or defining existing

admlnlstered at random so that approxlmately twenty percent cfS%he

sample responded to each of the last f1ve items."

\TEGORIZATION SGHEME
.J_' _— : ) e
As was the case in the. ‘pilot study,_the responses ‘of each
student to each of the 1tems were. analyzed by three 1ndependent

Judges. Inltlally, one of the Judges namely the 1nvest1gator

examlned the responses to each of the 1tems...As a’result of this

' examlnatlon and ‘the experiencé gained 1n the pilot study, a

o . ) i A\
proposed classlflcatlon of responses was dev1sed ' This

cla551f1catlon conslsted of a set of. mutually dlSJOlnt réesponse

catego-les for each 1tem. As w1th the pllot Study the response

categorles were not pre determlned but were based upon the klnds
p . ," ...1‘,
of responses'that students gave_to eachﬁqt'the items.

»

When»thevproposed classification scheme Was conpleted,'thejthree

,item'in.exactly one of the'responsevcategories for‘that,item. Thls

procedure . was . used 1n1tlally to determlne the adequacy of the proposed

categorizaticn scheme. As a result modifications to the proposed

A\

'soheme were,Suggested. The mod%fications_consisted mainly of

~

!

categories more sharply. - : _ S

The resulting categorizﬂfqon scheme:Which was’dsed,‘gléj

.

sunmarize student response patterns and also to"classify‘the kinds

ofqthinking;exhibited by students, is presented below for each sithation.
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.._S.ITI..JA'T,ION ‘OtiE, ST . o " By "_ ,: , / y
Ca;egogx: CL | E Description of-Caée%égzz
, Lo ‘-  :‘-(8)- Né'respdnsé; (b) No méaningful résponse‘ : \
| .2. V'.\'; lJée s conclu51§ﬁ that the area of tr1;n01e BEC {s oné

a0

half the areE of rectangle ABCD 1s reJected and reasons
C glven supportlng the rejection.
. ‘ ' o I ’ .
3. _ Joe;s conclusion is accepted but it ‘does not apply to
: - . . o
both diagrams for réaséns such as: .(a) the two
diagrams aré not ﬁhe‘same, or have different measure-
ments Or are ﬁot congruent on (b) the conclusion is
notgenerallzable noall other such’ dlagrams (All \
responses in thlS cateoory 1nd1cate a lack of under—
" suandlng of the. ggnerallzatlon pr1nc1p1e )
; . '-r ’
4. !‘ Toe s conclu810n is .accepted but proof 15 requlred in
order, to show that ‘it applies to both diagrams.

(Responses in this category include incomplete or

. incorrect attempts to provide éﬁth'a‘broofL) (\
¢ . . ) ) Tale -

B!
ta

5. jbe's cbnglusioq is true for bthFAiagﬁams but thé .
reasons giyen make it diffiéUlt to gcertain'whether or'
not thgnétﬁaeﬁt'undgrsténQS Ehe;generAiiZapion principle.
6. 'Joefoi;itial.qoncluéibn-ié true fpr.bdfb'diagramsl
b cause the‘éfea of 5 tgiapgle is alwgys;dne—half‘thé
basé t{més the altitude; Included in this gategdry are .
atl Teépqnsesiwhich‘Show'séme unéerstanding’of thé
genefalizatiéd priné@ple. ' ’ o . " p
0. MThe.respbnse AOes hot,aﬁpear to fall‘in any of the aboqu

categories. _ , _ , o >



SITUATION TWO o ’

&
. v PR v o .
- Category: . " Description of Category:
~ Category: RN p gory
1. (a) “No response: (b) * No meaningful response. ’
2. fJoe's generalization is considered invalid on.the basis .

‘ . : S mih
- of .a "false" counter-example such.as: 4'-=1 is not
divisible by 3 when n.= O.
: ) ‘ ‘ ' ‘ . . i )

3. Joe has made a correct generalization based on the
examples given and this. generalization is always true
because: (a) Joe has- given a sufficient number of

O examples to prove ity or (b) it is impossible for Joe

to verify it for all positive integers individually,

and since it is true in all the cases he tried, therefore
. T g

it must be true always.

b, ' " Joe has made a correef generélizatien,.but it may not

be true for all positive integers because Joe has not

tcsiid it enough or‘triédfdllfbf the possibilities. The-

rcspons&s in this (and :the pre\z‘io‘us) categorifare’

characterized by thinking"considered to be inductive in

‘ . nature. - CE » //ﬂ\zi
3.

‘ . S . - . . ‘ .
Joe has made a correct genéralization, based on the

s

evidence presented, which is always true because Tom

has nd; provided a»coﬁnter—example or any reason why it

i% not true. ,Included in this category are those
”Qféspénses which indicate that anyﬂpropoéition~in

matﬁemftics is true unless or pntil it is proven false./

N
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Category:

6.

«_ SITUATTON'THREE

e . L

»Categoryi

Description of Category:

. Joe has made a corrcct-generalization based on‘the

ev1dence presented but the generallzatlon may not be

‘true for all p051t1ve 1ntegers because it is possxble }'i

—

that a counter—example;ex1srs?;f»~,

Joe has made a correct generalization based upon the

evidence,presented bﬁt—%his'evidente-does'not constitute

proof of Joe's generalization.. Responses in this

category include complete; incomplete or incorrect v . -

attempts to prove Joe's generalization.

. , -
) X ~

The response doeﬂrnot apRear to fall im any‘of the above

categories. \ -

P

“'Description of Category:

(a) No responsei (b) No meaningful responsc.

~ : ' 3
Joe's proposition is untrue: (a) because 3 is 'mot" a

tfacto} of 57 as indicated in the first statement. of this

-

“item; (b) because a counter example to the~converse of

Joe s prop051t10n was prov1ded or (c) because some

other ”1n»alld” counterexample was glven

No dcflnlte p051t10n is ‘taken hlth Tespect to the truth

of Joe s prop051t10n Included in this category are those

responses which con51der and present arguments (sometlmes
contradlctory 1n nature) supporting the p01nts of view

of both Joe and Tom.
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Y

Description of Category:
| B D

Joe's proposition is always true and Tom can be

convinced by periding him with a "sufficient! number

of confirming instances Qf’fhe.brbposi;ibn.

L

Joe's proposition may or may nit be tfge because not
enough confirminﬁ’ipstancés of the proposition have :, 3

béen provided. , : Jff"'f'“, )

"Joe s proposltlon is always true because no couTter—*?

'exampﬂg to “the proposition has been or can be prbv1ded
by /jm. Tom can be conv11ced of thls fact 31mply by asking

him to produce at least one counter-— example'>'

I — .
Joe'! s‘proposition.may not be true_(a) as can 'be-demon-
straced 7y providing a counter-example; or (b) because
it is possible that a counter-example exists. C

Joels proposition is always true and Tom can be convinced

by providing him with a proof of the proposition.

67

Joe's proposition is always true and a complete, incompl fé'a.’

.

br -incorrect proof pro}ided. ; ‘

Respohseé which: do no;\appear'to fall into any'of the

. s

above categories.

SITUATION FOUR

Categorz:

1.

1
v

Description of Category: .

(a) :No response
. . .‘ w.

(b).AThel}éSponse is clearly based upon meaningless or

o

irrelevant considerations.



)

.

|
5
Ja
I
|

lw}

|

| given.'

4

Categdfx;
1.
2.
‘o
3.
k

"SITUATION FIVE

.

.1Joe's‘c6hglpsion 1@ reJected (a) by priv1d1ng an- er%lcl

Descrlptlon of Categqu

Joe hAs made a correct generallzatlon based upon the

evidencé{pres%nted. \il‘ e . o ;fEFA”
L Ll I |
The evidence gliven is insufficientﬁﬁQ support any
) . . . . . ;,‘
L L e RS ; i
conclusion. SR / !

Joe's conclusion is rejected but a valid reason is not

!

7
‘counter—exahﬁié' (b) by appeallng to the 1dent1tx ~.\ g

N

+Joe's conclusion is rejected anﬂ'é’cétrect_generalizatﬂgng

given based uponithe evidence ﬁreseﬁted} R f‘f

2 2.
a,-b" = (a-b)(a+b), or (c)-for.qther valid reaSoLs.

The reéesponse does‘not appear po,féli-in any of the,above

.. categories. ) A
J Y
Déstription of Categorv:
{(a) No response; (b) Nd.meaningful’requhgeu e,

No definite position is.Faken_with-feSﬁécpfté the tfuth
of Joc's conelusion. ‘Inglgdedkiﬁ this-catégdry are those
lfeSponses which.eénsider and bresent érguménCS'(ofteﬁ
contradictory in nature)-suprrtiﬁg the‘points of view
of»botﬁ {gélénd Tém. . g . a
Joe‘s.cOnclusiqn.is réjected~Because of adlapparént
refusél ﬁo aéceﬁt-and-use the given definicion of a line,

-



ws. : \'
\

\ provrded any Justlrlcatlon for the p051tlon he takes 'Q*fy

Desorlptlon of Category

N

in thlS geometry Normally responses 1n thlS category

v

tup

refuse to accept any deflnltlon other than the: Euclldean

v

thercby 1gnor1ng or refu51ng to accept the hypothe31s of

b

only four dlStlnCt p01nts B ' o m7jﬂ' I h

Joe S conclu51on 1s partlally accepted Responses in this
category, among others accegt the prop031tlon that two
pairs of parallel llnes exlst but not three.

Joe's concluslon 1sjaccepted because Tom has not

cal
[

Joe s conclu51on that there exists three palrs\of parallel

.'\'

llnee in' this geometry is accepted Responses tn thlsv

category Justlfy the truth of Joe s conclu51on by

’ stat115 that the argument glven follows from the deflnltlons

SITUATION SIX

Categoryf
1.

and assumptlons#glven.

- Joe's conclusién is accepted and- JUStlfled by show1ng
that one or both of the other two palrs of llnes are

parallel. _,ﬂ~.v'-"‘ o N
Responses. which do not appeareto jali into any of the

"f\f

above categories.

Description onCategory:
(a).hNo‘response_

(b) Notmeaningful response.

Joe's argument is valid and yvet it isn’t: Résponses in



' 70+
'5 - ‘.;:- Descrmptlon of Category ‘i'j<;fui;f“
: o N
thls category agree w1th both Joe and Tom/and present
larguments for both 31des ulthout reallzlng the hn:fﬁﬁf';ﬂ{k’ th; oﬂ

' contradlctory nature of such a response

3. Jq@ s argument 1s reJected because it is 'inyalid””to, _f‘.

suppose that 1= O” ' Responses An ‘this category do nob
appear to- accept the reaSOnlng fnom a hypothe51s whlch 1s ;ﬁfﬁjﬁ‘T'

N

con51dered’to be "false

p‘4. - ' JoeASiargumen; ] reJected because of an apparent laik S o

of unuerstandl‘g’of tf Hrole that the hypothe51s 1n step

one plays 1n the suceedlng argument

PP
p 0

“{_voe s argument is reJected because the reasonlng in o

t

steps 3 4 and/or 5 of the argument is con31dered

invalid.
' Joe s argument is’ reJected because of an. apparent lack of ST

J . i )
understandlng of what the contradlctlon ln,step 5 really

P

: mveans .

~Joe's argument‘is.accepted;but_theﬁreasons;giVen indicate
R : B A T I O L
‘ an acteptance of :authority. rather' than an understanding of

P

S the methods used.

[

8. .- Joe's argument is accepted-and tbeijustification-given

'15 con31dered to be based on.a perlpheral undarstandlng

of the methods used Responses in thls category 1nclude,l5

2

where approprlate, those thch suggest. that oneqcan show

that a statement is valld by demonstratlng that its

’\ . $ PR o
negation 1s.false or contradlctory.. :



| . 71
Categorz:' | . Description of>£atég9fi:
J - 9. Reéponses Nﬁich reélecgla'mature view}of thévmethoa of ,/‘
. . R ‘ ‘ : g
indirect proo%. o | . - ,
0. L RespoQSes‘which!do not éppéérJto fail in any ﬂf the?ﬂ
abové;ca;gg@Figs. . o ' o . //Y‘
. S o 7
, . " o ! /o
SITUATION SEVEN o
o . : g . o , ! _ Y o
. 'Categéiz:_ , _ : fDeseriptiqn qf,Categdrzz‘ B /// . -
~ 1. | .¥ - No fesbbﬁse._ L ,;'”.v o f% | -
2. » Reéponse displﬁys‘acébéplete:lack{bf ; dététanéing¢éf'
the methbdg usgd.' .‘ g C - V/<
- 3. '  The role of tﬁe,hypotheg@s in stef ngf pheﬂﬁ£gument'ié
' not’adequétél;.ekplained; : &ve
._4. ‘ ‘ The hypothésiSQin stepli\;s ‘dequéﬁely explainedbbhtjthé , ,;V
'contradigtion‘i;‘step,57i$ not. AResponééé‘;h thi;_categdry
N / inciude'ﬁhOSe wh}Lh a%;dé'in a qifcléisy assuming the véﬁidity..
i ‘ o . : R
i . - of t?g ﬁfOPQSitiOn ;é&ng pkoven in.ordg;:tq explain étep(S
of the'arguMent; / | . ot
.0 ’ .. . )
. 5 - The egplanatio s'giveﬁtafe‘judged to be based»on an .
w B _facééptaﬁce {f épfhorit&hrather Fhaﬁ an undepétgﬁding_V
be tﬁé‘m.uhbdsvused.  |
, 6. ,_qf: A ﬁa;yrg un@erstaﬁdiﬁgﬁof_the argywent-given is indicéted“ )
- ) "by/QAeqUatéf¢gbléﬁati6hs of steps 2, 5, and 6:f |
0. ' < . v//ﬁ;sponses‘whicL dQ not éppear to fali'inkany of the above -
- ;)2{ éaﬁegories;



_ SITUATION EIGHT N o

i ‘.7, , N . ) /,.... .
Category:> - : - Qggcription of Categdfy: v,/i- ‘
1. !,‘ . (a) No'response; (b) No meaningful respanse,
2. - It is intuitively obvious that Joe's proposition is valid.
for all real numbers x anﬁ}y and’ﬁqnce no more-convinéidg
. i . . v N a ) '
_evidence (proof) is required. N
3. Joe's proposition is‘intugtively valid fok all real’
' e " . : . . oa
numbers x and y, but a proof is required. Responses in -
\ ~this category are judged té be based upon an acceptance of
- 2 ) _ ) . N
authgrity rather than a mature  undetstanding of the
" ) .J", ’ ) Ll ’ ' - -
"necessity for proof. g
N 4. Even though Joe's proposition may be considered to be
intuitively valid for all real numbers x énd Y, a.probf
, ' is required ‘to show its validity beyond all doubt.
Responses it this.category are judged tOApOSSESS a mature
uﬁderspanding of the need for proof.
0. Responses which do not appear to fall in.any of the above ~
¢ P P '
categories. . !
. A r -
! .
. S ~ B
4 - SITUATION NINE < - ‘
- T~ . o R « 4’\
g Categbrz;m g Description.of Category: ’
R (2) No response. e
1y ’ . "‘ ) - ‘ “ )
» (b) No mganingful response.
% DA ' ,
' 2. Statement A or B7is shown to be "invalid" by providing’

-

‘a couﬁter—examgle.to its.converse. -

"
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. ) | - : . ] ., ) .'x
Category: v=/‘ o Descriptfbn-of'Categogz“ o, :

3. .R‘sﬁonse 1nd1cates that there 1s no relatlonshlp between‘
tatements A and B
i .
4. '.;Response 1nd1cates that there is a relatlonshlp bg%ween
:
rA -and B but' the nature of thls relatlonshlp is not: L ﬁ
Wcleatly explalned or the explanatlon glven is 1nva11d'
5. .,,Respensc 1nd1cates that statements A and B: are equ;valent
'because onevls the contra9931t1ve of the other.

0. 'Responses whlch do not fall in any of the above categorles
\SITUA'TION TEN . B -
Catedory:A o ‘_  .Descriﬁtion of_Categbry: ". | | ”// " o v
S ‘. | (a) No reebénse; (b)' No_meaningful ;eSponse. A // ; | -

‘ é.' ‘ - qu\elelalm is true because 1t 1s trnewln the ma%erlt?‘of
. , ‘ ‘ o _
l 1nstancee. ‘ - ‘ ‘  o : o ; 1ﬁj'{ s A_“ _7 -Le

3. - Joe's claim is true eecause n’= l7fmight begthe‘oniyi_

. ! e#ception.” . S :‘ | . ” i :

PS . o ) ) > ‘_‘_ N v

KX Joe's claim is untrue because n = 17 1is a counter- example s

and thts is- sufflcient teason fer the clalm £o be reJected
- 0, L .Responses which Fo nqt:fakl.ln any of the,aboye categgries;" 
SITUATION ELEVEN' = B S .
Cat' or':i .. ’\ \.:"Qégggiption ;f;cétégqu;'; T  n~ S ;
.W_i.-“ . : | (a) eNd reapqnse;ij) Nofﬁeaningtnljrespenée;




et

I3

'ﬁpl., .},: .{ -:d”:ﬂ ‘ f ,." B :.Ai..; vf ;.. f | Tm”

The above categorlzatlon scheme was con31dered by all three .

“a

S o ‘ . , :
eachgof,thealtems. Once thls had been agreed upon,-the procedure of‘
RIS ’ e

':_hav1ng each Judge 1ndependently place each response to a glven 1tem;-

1n exactly one of the response categorles was repeatedJ 8o that the -

A
P

‘ -
. , _ \
Categorzz ' A Descrlptlon of Categoty ) _ N
| 2.2"‘»_ | “The dtrect argument is’ selected because it is ea51er.b)
; V 7’to.f0110w whereas Tom is argu1ng backwards S S
| 3. ’vh" '”:Tbe;lndlrect-argument ;é selected‘because1it'?g'le§s:
confusidg;\' oo . N ’
4., R Responsesowhichiattempt to jUStdfy;both arguments.
. o : A c . ‘
0. o ~ Nome of the above. . .
o . @
SITUATIGN TWELVE - e e
' Categorzfi | _ - ' ﬁ&scription-of Category: y) g
| il}' : < (a)daNo tesponsejaxb) No'neaningful,responseit
2. Joe's ptoposition'is ttue because.he bas‘proVed it. .
3. E “Joe'slpfopos%tionlis tfué only df be‘canrprove:ié for any'
"specific nunberdgreatef tHan:627'that is selected.
4, - Joe's broposition-is tejected and a counter—ekamplefv
o . \ e : oS e .
glven. |0 °
5. _'. :lJoe’s\proposition istrejected'because his argument is that of
fthe converse of the.stated prop031tlon._' | :
: o;f .b‘;_fNone of the above;" L 7.

.\,,'

'fJudges to be adequate to account for the responses of all students to



RS

rellablllty of placing a glven respon3c 1n the approprlate category
' v

' c0uld be determlned L

. j,.ru Lohen s coefflclent of agreement for nomlnal scales_

‘(Cohen 1960) was used to detcrmlne 1nter Judge agreement The:
coeffic1ent of agreement K was determlned for the flrst seven

51tuat10ns w1th the following results

- SITUATION: 1. 2 3 4 .5 dg 7

. L B ) : 4 PIRR . W .
It‘Should be noted that the coefficient k: 1s 81mp1y the proportlon of
chance- expected dlsaoreements whlch do not occur. . In other words,v.k

. . K 5o

| . . , . .
is Ehe proportion of agreement after chancé agreement is removed-from‘_lw-

fconsi&eration When obtalned agr_'
* ‘ g

Greater than chance agreement leads to p031tlve values of k, and lessﬂp

o

° . , 3

than’ chance aoreement leads to negatlve ‘values. The upper llmrt of k

'S

.ﬁis A+l, ocgurlng when there is perfect agreement between the Judges

VI. THE SCORING AND ANALYSIS OF RESPONSESi'?

s

The response cateoorles for each item, g1ve in’ the prev1ous

sectloni were numbered so that responses placed 1n a low numbered ',k:)-

v ' . f L

3

category Wcre 1nd1cat1ve of a lower level of thlnklng than responses

placed 1n a hlgher numberej category . ThlS attempt tOgorder‘the3

v

response’ categorres in a‘hierarchy:was carried out'so that a:common

scoring scheme-could bejdewisedAfdr[eachgitem.
i 1\ : , L ’. N . . : B . R v~ .
. B v

ki’ 0.70 0.88  0.86:. 0.79 0.79. 0.67 .0.63

: :als cgance agreement kY= 0.

T



'.classes whlch were 4351gned scoreslof O l 2 and 3 respectlvely

, The categorles a381gned a score of zero were those for whlch To. meanlng—-

N

Consequently, the categorles for each 1tem were d1v1ded 1nto four dlstlnct'7

~

_ “~
¢ - .

ful response was glven. Scores of l 2 and 3 were a551gned to categorles
whlch were . con81dered to represent‘grespectlvely,vlow gedlum and hlgh

level'responsesQ The scorlng scheme dev1sed for each 31tuat10n 1s

presented in Table III. 'r : 'f:‘ ‘ .
‘This i scorlng SCheme was dev1sed 1n order to- carry out a

statistlceLﬁanalys1s of. the response petterns of students and in,
partlcular to test the hypotheses stated in Chapter I. In thlS respect[
hypothe51s one.was tested uslng a one—way analy51s of variance.
Hypotheses two and‘three‘were tested using, Pearson correlatlon coeff1c1&nts.

. . a4
Hypothe31s four was tested u51ng a two talled t test.'
. A\ ‘

-
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TABLE 111

'RESPONSE SCORING. SCHEME .

CATEGORY

01 234 5 6,

'SIfbAr;og° "‘

9' .

7

N ¥‘ N
e )




’ .‘,_ . ‘\j,a R E n . ; (\

)
-

)

» The dlsttlbutlo of student responses b) category for each

.

‘ .
51tuat10n 1s reported i thls sectlon In addltlon in order to

/
1ndlcate the nature of/student responses to each 1tem, e\amples ‘of

“rtyplcal responses 3551gned to eifh’of the response categorles are
- A

presented and d15cu$sed :

. “A totdl of two hundred flfty flve students o
T ' '

. esponteJto 51tuat10ns one through seven and approxlmately flft)

~students Eesponded to each‘of the remalnlng frve 1temz, ;

A, SITUATION'ONE = . a .

S

S ' The dlstrlbutlon of responses for Sltuatlon one:; lS_

' presented in Table IV ‘As.. 1nd1cated , nine percent of the students

‘d1d not respond at qll or ga\e ‘no meanlngful response Exaetly , ‘.

- nlneteen students dlsaoreed hlth Ioe's original conclusion.

va“
,,rtyplcal response 3551gned'to categor/ two" was,<.t‘\' l ‘o
“';(31.7 -Vhose 51de would you be on-ln the above’ dlscus51on°
;gj, Response '»”Velther ”f.' a ““- <~-”"'5 -

ﬁp Why?. Responsé: ”In order for a trianeleitoxhave half'the

;efea‘of.a”rectengle one side of the trlangle must be a

oo ’
. dlagonal of the rectanale”, or ”The area of the trlan01e 1s

' not 1/2 BC DC 1t is V? CL BE.. Therefore,,both statements

”.J;are false " '_ '“_,‘ Lo S e

78 L



} _“TABLE IV
! t ) T ¥ . “' oo ‘ - s e
© | DISTRIBUTION OF RESPONSES, BY CATEGORY FOR SITUATION ONE.

»

GROUP . ' CarpcoRy L
1 2. 3 4 5 & %

N

11

C -

o~ N O
N WO N

o w0y W
RGNV o o~

w oo R oW N

2
b
<

oo
N - TV N

~N =W

- 18

Q.bmouv'_

0
WO e
4ooo'oo‘oo‘-'o-.o o

N =N W

10 10

0 .

o

TOTALS 23 19 51 22 g 78
PERCENT 9.0 7.5 20.0 8.6 24.3 30.6 0

-~




: " - Since the students to whom the instrument was administercd’
were in the higfiest mathematics stream of each school, it was |
sorprising to find that over sixteen percent of these'students. v

»\x'either did not-respond.at all or else conSidered;the proofogiven

-

‘These students appeared to. ac¢cept the drgument which shows that in

in situation one to be invalid. - - » o °a

TchtylperCent of the students‘responded in category three.

| I

Joefsrdiagram{’the area of the triangle is oné-half the area of thef_
reCtangle.“ However, they disagreed that this argument is$ valid in

the context of Tom's. diagram. ‘A typical tesponse was:

(a) Whose side'would you'bg on in ‘the above discussion?

vResoo se "Tom's."

: . ) R : : [ -

() Why? Response: '"'Becausg you canndt assume that something
is true. by just one try. Just‘because‘one case ¥s true -

doesn't mean that all others are.”é.

3:Evieont1y,'stﬁdents responding in category three do not realize'that.f'

.

the tuo dlagrams pre{fnted in 51tuat10n one 111ustrate two spec1al C.

fases of the same general proposltlon or 1f they do then they.

appear to be sugi%stlng that the one 1nstance where proof is E )

does not constltutc proof of the general prop051tlon///As a result

P

these students were ton51deted not to q,dexs%and the essence of the

'”ﬁ{ generallzatlon prlnc1p1e..e

: ‘

| Z?t should be noted however, that the reasons glvcn by

these students for not acceptlng Joe s argument 1n the context of

TomRS dlagram are 51m11a1 to the;gfasons glven by students who S



.

'argucd thdt a dedUCtIVt proof was‘necessary to prove the proposition

‘\

’ presented 1n 51tuatlon two. In fact as w111 be d1scussed in the

next chapter,. many of the students who stated corlcctly thdt an’ ..

® ' «

1nduct1ve argument does not cTnstltute formal ploof of the
,conc1u51on presented 1nnsrtuatlon tuo5 appcered to use the same
kind of thlnklng incorrectly 1n respondlng to 51tuat10n one.
Ev1dent1y, many of these studentsrdld not- 1ccogn12e the subtlc

‘d1st1nctlon bet“een the conclusrons presented in 51tuat10ns one

and two. ‘ ‘ A B

LS

J R Student responses assrgned to cateoory four dlffered

1" Lo .l

sllghtly from those as51gned to catcoory three _ Students .

respanding in'cateoorv four appeared to realize that the two dlacrans
presented 1n 51tuat10n one do represent two spec1al cases of the

'same general proposrtlon.. In other words these students accepted

| without questlonﬁthe.conclusion”that‘the'érea of the triangle'Wésv
' » ! ] . S Y

one-half hc area of the‘rectanqle in both dlagrams However‘
A

~these students a1so did. not feel that the argument presented was

[y

sufrlclcnt to Justlgy this concluslon and therefore SUOgested S

_leﬁprlcltl) that it was neceSSgry to provc that the conclu51on holds
: v

in the case of Tom's' dlagram A typrcal_respOnse'ln category four-

4was;
“(a) Whose 51de would you be on in the above dlscu551on7‘ N

Response ”Tom s {Afvt
SRR .

”ihtbﬂwf,why? "Joe should have to’ provc that thc same is true in- Tom sAh"'

diogram. Just,saylna SO cannot bg accepted by ever)one

81
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?$Pecf§QIY‘rhose'ndt familiar with the princinieé‘ﬁnvoirct”x

| Approxlmately flttv five: percent of the >tudents responded
in catcgorle& flvc and six. The. Ieﬁponscs a551gned to thcsc categ&rles
1nd1catcd that the:c srudcnts d1d understand that thc argument
.prcsentcd was Kglldcfor»both diagrams and thatcnoifurther proof'isn

necessary. . However, responses assigned 'to:category five were less

copvincing than those assigned to category six. A typical Tesponse -

\ - oo /
- - E . -

 in.category five:.was: R Y

: . - oy o A

“(a) Whose side would ypu be o in she above discussion? |

' N
.

Rejyonsei .”Jdéﬁs}'&
(b) - Why? "It doesn't matter how you draw -the dizgram; just be

sure the letters torrespond with-each other; the lines don't

R / o
have -to be exact/"

This recspohse may be,Eompared with a-typical responsejéssigned-to

category¥six: - -/ . v B ) 0
(a) "Joe's.'" . oi , B o a .
_(Q)"”Because Joe /is déaling ulth thc dthematlcs of or the

sgnted 1n Tdhle V As 1n'51tua§ion one,-approximateLy fifteenf“

4

~pr1nc1p1es behlnd the areab o? the rectangles and trlangle ’
. N . \ i -
Dlaﬁrams are ]USt 111ustrat1015 of theBe\ifeas and cannot be
con51dered as graph1cally correct in their constructlon in-
’3,comparispn'to»§hat‘is;mathematically-correct.”
| SITUATIOQ‘,.TYQ' I T N S

EIR The dletrlbutlon of responsés\{gr 51tuat10nciwo is ﬁ"ﬂf;iy

=



TABLE V

DISFRIBUTION OF RESPONSES B?,CATEGSFY‘Fdﬁ'SITUATION TwQ 

Al o

GROUP  ° " CATEGORY. *<*§_/?‘ o, TOTAL
o120 30 45 6. 71 0 PRI o

‘."29 \\
R IALE -

w e W N e
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r
(€)Y

I

N T B S S LV B N I
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ra
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(9%
U R

B N T R Y I N L S IR, SR
0 0O O 08 O FH,HTO

N e ETOL R = W N
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TOTALS 17, 21 113 2% (37 .24 16 4 .. 255
PEHCENT }?.7 8.2 44.3 9.0 14.4 9.4 6.4 .1.6 . .-
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perccnt of thc studcnts elther dld npt respo d at all or attcmpted | |

'_ to shou that Joe Fconclu51on was untrue All of the remalnlne

students however dld not,appear to doubt the Valldlt) of Joe s

gcneralt-qtlon based upon the emplrlcal evrdcnce presented “OhLVCT

1ess than ten perccnt of these students saw any nccd for a formal
deduct1ve proof of the concluslon In fact 1t was ev1dent that

? most studcnts do not realee thatllnduction is 1nadequate to Justlfv
5a mathcmatical-proposition of the ftype presented in 51tu%tlon two. a

|
o . l .

More than fifty'percent of‘the studentsgreSponded“in,"Lﬁh

.categorlesﬁthree and.four; Thos; respondlno 1n categor) three

argued that 51nce Joe s conc1u51on was' true in’ the spec1a1 cases o o,

‘ enumerated. therefore it must be true for all posltlve 1nte0ers .f\'*>

S

,(a) Whose side are kou on? “Responsei,h‘,"
. : LT oo

.(b),:jWhy ResponSe;__”ThereVis littde cf? herc belng Y ff:j.

qﬁ}h S 'a number that docsn t work 1f you get past tfn "ﬁ’r}ﬂf s f7~

T ' tE ; K -
: ,;r';”After a certaln amount ot trles ‘a conclusxon has been =l

'reached;',It‘wouad'be'impoSSibieTtofprove.every~number~;'

~ i st
. s

‘~so you have to take it atface value that 1f a theorem ;fﬂ

’fis true for numbers one"to twenty,u,t}must,he:true'for”f'
L , ’;thenty one.V,7~'.*
ot e - . :

RON

i

.‘«.

sttatlng that 1t 15 1mp0551b1e to prove‘Joe s conc1u51on t?ﬁe for all

e




. p. . T -

, C o, e ot . ;
(a) . "Whose side are you on? Rdsponse: "Tom's."

' P -~

(b)  Why? 'Because in order to prove it true, Joc would have to go
. N - s . . . K .

" through cvc?n/numbcrsin‘thc sy$tem and since the positive

- .

number system is infinite, this is not possible.” or "Alwavs
+ ' X _ ‘ o - - v )

.~ 1s a lot of times. Td be abselutely sure that it was always

\

true, Joe would have to try every positive number, This is

.- impossible, however, so .Joc cannot 'say always. He may say,

however, that it is rcasomable to assume that it may always

be true." ' ! ’ '

-

.StudenfS respohding-ln category five algo believed tﬁar
Joe hnd.providbd adequate proof of his'concluéion. However, the
reasons ¢iven by these students were different from thosc given by
the other gtudenfs.  They ¥uggestod that any propositign in Mathmaf{cs;

1s trud unless or until it is proven , false. As a result, they

v

appear to be arguing that since.no counter-example can be found to

contrladict Joe's conciusiéh,)it thercfore is automatically a true

statements A typical responsc in cn}cgory five ﬁas:

(a) Whose side are you Oﬁfw Response:  "Joe's.,"

(R Wny?  Response:  "Joec had obvlously put some scrious thought
and_cffort into his observations. By uéjng both his hcadﬁ

and calculator, he could not prove his conclusion wrong. So

~

his conclusion is true untdl he or someone else proves it

“

t

wrong.'" or VBecause Tom didn't show an example that disproved

Joe's conclusion."

~

Responges assigned ta category six indicated that Joe's -

conclusion may not be true since, without formal proof it is possible

C oy

a5



% y

that a counter-example ‘exists. A typical response assigned &g this
category was: - ) Co ITE
(2) © Whose side are you on? ‘Response:  "Tom's . "

4

(b) - Why? Responsc a‘-”AlthBugh Joe's COﬂL]USlOﬂ was rlght “and alI
. : . %

- pumbers he ‘tried horkod out Lorreutly, one cannot rule out theJ
A

: > . o
fact-that there is always the possibility'that onc number may

not work."

Yoky.fey_studonts indiunted that the onl) adequdto'

.

justific 1tlon for Ioe s prop081t10h was somc farm of formal proof

.

In facrt, >'1\ sixtean %tudenL responded in catpgoryeseven, A

. \\_ .
typical response was:
{2 Whore side are Vou onf) Response: - "Tom's . "

*(b) Why?  Responsc: “qu may bcxright_but Lﬂd'égree'wi{h~Tom bccause

. . Q
! . L n .
“in the examplcs‘trled 47 -1 is divisible by three but one

cannot drau th(‘ COHC.qulOn that becau%e it works in some cascs

N

1t will work for all. Numbers go on to 1nf3n1t) -and I thjnk

more proof would be -necessary." \

C. STTUATION THREL.

The distribution of responses for situation three is
presented in Table VI. As was indicated in the rationale for

situation three, the objective of this situation was similar to that
of situation two. However, »since the conclusion presented in

three was not supported by the same amount of empirical evidence,

’ . ’ " :
and also since it was beliceved that most students would have no

N
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v

e o | TABLE VI -

DISTRIBUTION OF RESI’ON'S_F.S BY CATEGORY “E‘O_[{‘,S;T:'[‘L['f_‘_xTIO‘N ‘THREE. “ . . >

; .

~ Group o ' C o ACATEGORY e TomaL
\ . 1 27 3 4 5 6 7 8~ 9 0.

\‘ IS S 38 0 e U 2 D T
7 5 S 0 6 I 20 F o
3 R R gt 0 3 1 "3 1 133
N | 3 0. 10 o 5 L2 ¥ 2 0 25
s W 2?8 Lo 2 13 1 1 o ]
6 5 22t by 2 ”}3' 0 L3
7 L T T
8 0 33 0 0 3 0 o 0 2 13
9 0 1 g3 1 7., 3 4 2 0 32
S L 0o 11 9 3 3 5 Lo 2
TOTALS 25 18 _& 16 90 4 43 19 237 13- .4 255
PERCENT 9.8 7.1 6.4 35.3 1.6 17.0 7.5 9.0 5.1 1.6
P S : 4 —_—



A
. . e . o o N _
difficulty in pré§cnting a fbrmhl prdoF of this conclusion, an., .
atthpt was madc to dotcrmlnc whether or mnot. thc d]%trlbutlon Qf ‘
pr(\nxd‘: fm \]ttldtj(‘ﬂ t‘hrc was :m» dlffcrcnt from that of "
sxtgutlon'two. K o : o , » ’
v . A | i L. iy . ‘» . .
In order-to mpﬁrc the distributioﬁ of ‘Tesponsed of
151%Ua1ﬂon:thr00wwjtl thlt of sltnitlon 4ho a four by four
‘contingency t"ublé 'ummariz.ing the distribution of scorcs for hoth
: . ’
. B . ) . i " N . . »
situations was:cohistructed as reported in Table VII W *
£ ’ TADLE VIl ‘ v, .
- - ) ) ' § P O
DISTRIGUTION OF ‘SCOR}-‘.S ON STTUATIONS TK-ZO)AND' THREE
: ' ' Y : L v ) N . ‘
A 4 : - STTUATION THREE SCORES : .
e .. g ' - ' i». Q - ' l .3‘")_ . 2 ) ' 3 . TOTAL T s . ‘h\
SITUATION Two SCORL 0 12 15 .8 3 o 38'
1 31 51 .39 15 136
2. 12 16 19 13 - °60 . .
R : W
. 4 3 4 11 .,0 6 21 "
e TOTAL 59 93 .6 %37 . 255 |
s . . : . - B . s
Cni-square = 18.98 with nine degrecs of freedom. - - )
ProhabiTiry = 0,025,
:
L._,;_:..



e

¥ W% test thc null- h)pothCSIS of Jndcpondencc hcthccn the ﬂ; s
. . & L o " . ' LY N . e
: 'scorcq ot qltuatlons two and threc~wa th Kquarp tcst W' performed ceen
3)! L | 3 . "
, o . ‘

whlch 7oxu ted in TCJCLthﬂ of tho null hvpothodﬁq at the O‘Qﬁ-lg\cl"‘ -; .ﬁ+ij

. N F)
’ . K ; X R . ’-
Hence tqv dlstllbntlow=of scotcs f01 s1tuarlon thrce hdS not LA

élgnlflcantly d]fforcnt fron thdt of 91tuar10n two . ':i'  i_5" . : ’7 '
An e\amlnatxon of luble V shous Lhat pprox1matelv o o K
D elghtcon pelcent of the qtmdcnts 01ther d1d not respond or. else ERARE

. ’ N

.

concluded tbat Jon'ﬁ LOHLIUQIOH\ werc untrue. A numbcr of'studpﬁf#,' S
surprisingly,ldid not égree that thrce was a factor of fiftv-seven since -
i1t was ialm d that'fifty—seycn is a primé numbetr. ) Do .
' : \. T , : e e
Students :c&pOﬁc ng in category thrce could not decide. I

whether Jne's conciusion was true or false.. As an illustration,

‘consider the' following Tesponsc:

(a)  Who do you agree with? Rospons'e‘: "Joel :md‘Tom."iv
- . ' . ) " ‘ . " N .. . . . ~

(b)v If vou agfeé with Joe how uould you conv1nce Tom?: - 0

Response: "I would challcnc'e Tom to flndl"o numbers for Y 4

. , huth Ioe kOH'lHﬁlOﬂ do~: not hold," - ™ A L . oL
R o - . -, o EA

(c) If you agree hlth Tom , how would, you conviﬂCe'JQe?" e
o : . o : oo
S Rsspgﬂie: "1 would ‘ask Tom to'LIhd-a number -that does not

o

a. . d

. #v ugfee with JocfsbéOnclusion.U o ‘- : . ' ; NRVTRE

/ - :1Th15 reqpvnce.ls 1ntcre<t1ng in that 1L 1ncorporatcs two. ) ”u‘
d1§tinat llnes of tx{nklng Onlthc QneAhand,-the studcnt‘is“ - -

i C \ ] R N [P

R suggéstjngain‘(a) thuf since no counter- e\ample can bc found

¢ ~

thpreforc thc conclux10n must - he a. true stdtcmont Howcvc din b)),
the studunt suggests qu1te corru 1) thﬂt SJHLC a counter e\amp]c may

exist, Joo s concluxlon is not nec09§dr11\ ture. Approximatély, .

) . . . . . n



& o may unt he trge s

v

; o
LT

i twontyﬁfch pc vnt oF thc <tudcnt< u5cd thc \dNC k1nd

Howovcr moqt dld S0 to ustl ~that Ioc' Lonclus1on way.

Y ‘ Y

. . .
truc i fdlsc but not hoth ,Thcso rcspohses
4
. ) , ‘
atovortvs 51x’and xc\cn dnd will ho discu s l latc

o o

.

to thosc a\qlgnod to cituqolx,thrcg of sltudtlon tuo

Tﬁ‘se Stuant§

"

agaln dld not realize thdt lndhttlon was 1nadcquate to p
: ?

.

Y

Lo

‘reSPondrnW‘ln,‘atehorv

v o ‘

prop0\xt ron is- tluo hccauqc no- counter- cxamnlc has bﬂyn or can be '

rru\x\nn h\ TOm;

’

A t)picn] TCSPOHSG jn’thxs»tategorﬁ was
Vel B

() WhQ.dn'you agreelwith?

Ou agree|with?  Response: "Joe."
(1Y VHQW”wQu]d}yQ&fCoqyihcg Tom? Response:  "I/would try
) D . 4» '-', . :::‘.“ ) B . ) , .
~a few. 1t rou <t111 uasn t convince
gwnﬁnmw‘nna Th1t wouldn't work." /
4

dor: cnuldorltlon is

onc witich they

to'hb~intujtiycly*dhv10us.'

»

some students felt that Joe

LR

Asin-gituation two,

o

without formal proof, it is possibl
‘dountcf*cxampl STt was cvident that

realize that ifduction is inadequate;’as the following resj

cagegory seven ‘indicates:

(a) Wﬁahdo'yqu agree with? Responsc: 'Joc."

(b) How “would you.convince Tom? "By using different cxar
. i W o

-

L)

%tudcnt rc<ponses/4991gnod to c1teporv four wer

I 1dcnt1caw3ﬂ/'

or dtL hpLed to pTO\ldc anv k]nd of formal proof of the ¢

six concluded tlhat

oi reasoning.

cither

h s

were ass gf d_foﬁ

N

1

TOVe Joe's
. *+ :
r COHLIH\IOH nnd conrJar) to cxpé Jt10n< vcr$ few studcnt%

saw a nced.
)nclusion.

Joe's

ot quite”

I would 4sk him to

N N [

A “ﬁCQ:bio thdf »fudcnrs nse this Jind of an

gument

consider

|'s conclusion

¢

> that a

these student$ do

onse 1in

ples.




Lk

~
.

There would, ho&cvcr' be tho erote p0s<1b1]1t) of onc numhox or.

¢

nunbers not working. - Thereforo thc LOﬂLqulOn cannot bc totdl])'

»
T

proven using exumples.” P R . . . I S .

; . . . . .

ce Onlv Fou teen chcont ot thv studénts"suggCStod.thut some”:
. . - ; .

- 1

form of deductlve prooF hus nccc&xdr) to Ju%tlf\ Joc s %on;luslon

+ ' ' .
and- onlx thlrt en xtudonts attcmnrcd to wive a formul.prOOIQ A
'kﬁﬁﬁbcr Of theco studonts ohv10u51\ had - the right idea but could not - -

QYmbO]]”C the proof LOT]OCLl\ as illustrated in this cxamp]é:

(a) Who do-ybu agrce with? Response: '"Joe." : -
: IS C . . \ oo B *

(b) tiow would{ you convince Tom? Response: "I Would tell hin thatr t
\ M . S v : : e
if n was the same in both cases 'in .p  and q and if p  was .

-

o divisible by n and if n was “dgain’ the same number and q
- - - s X .

. ) , .
i Y o. . - « K i . ! ’
was also divisible by n, it follows that the sum:would also
) ' ’ ' . . St . - v
be divisible by n.v , : {
i s e ‘
_ _ T | 3 . ‘ ,
Contrary to expedtations, at most threc or four students - ¢
. : . v

gave what might be considered an.acceptable proof.of Joe's conclusion.
1 a . . - A .

°

g

e

DL SITUATTON JFOUR : T

L]

~The distnibution of responsgs for situation four is

preqentcd in Tablo \T{I ~ Almost all students responded in a

meaningful way to this item. HO\O\”F appro\lmate]v thirty percent

AN

of the- student< COn\ldLICd Ioe S LJnLqulOn to he truc Statement

.

,er which no addltlonal proof WHS neqessary:A Typical responscs - ' o

assigned to thegqiy‘rwo were: : ' S _ _ ' '
- (a) Do ‘you thirk t}at Joe's conclusion is truc or false? i{
¢ S , :

Response: "True." - 4 v % '
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PERCENT

Iy

LS AP —

—

»

- '.:. DISTRIBUTION OF RESP

1
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A
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. " i . ~ :
o i £ . B \ '
' “ .
- S o .
P ‘ﬁ‘, - 4

xamples: that one could-add <
C‘pfbof of his‘cquation:” o1, “From what 1 sce
EEEE B B e ' -

; » %o

_(b) “hhv "The cxnmplgs'ﬁhbwn-un.
R give conclust

N

Voot . - e (3 [
. ~of'.loo‘ eqndtlons «dll of Rlem aqreewhlth the concluslon And
e - . \\? . .) .
-1 would cont1nuc to bLllC\C in’ it untll 1t was: plO\On filsc
i - . . . g ‘v.~ e
.-kAlmoxt \oventv pellont of. the students xc1cgted Jop .ﬁf%}
' . i R -3
. . ) , g ‘. y 3
concruzgon, sone_ hJLhout any sfatod reason.  Most of these ﬁtUanf<"2_'
. k . ,.,( 5. . Y Atfv . , . - : ) _,
however,’ prOV1ded a Counter C\amplc ds llluqtrated in thl% rc<ponse
assigncd o cateﬁbrv flvc .
(a) ﬁo you . thlnk that Joo'i conclu<1on is 4ruc or false?
’ W . . .\.“ . .x“.\ ’,‘ 4
hh~p0ﬂ<f TFalse," ;
. S I B ' | , ‘
(b) an ™Y - 27 = 16 - 4 = 12 - whercas' 4 + 2 = 6" or "It

a,
—

shows that it™Ns_ true when you use conscoutive nusbers

vith the smaller being %ubtracted from thn/%g?getl“

() If you think-that Joe's-c ncluslon is false thcn hhaﬁ/do you

think mlqht he a correct/conclusion? Rcsponsc. o
20 T2 " ...a-b .. . - -
"a .- b7 = (a +B) . I{ the d1fference between the two
. / . - .‘ | .
numbers 1s one, then it is true. TIf the difference is two,

then you sauarc the added answer; if three, you cube it and so

[

on. . .

'

This last responsec to question (c) exhibits onc of the feow
cases where an incorrect generalization was given. -
Approximately thirty percent of' the students rcjected
. v ;

Joc's ‘conclusion and, bascd upon the empirical cvidence presented,

“indicated what the correct conclusion should be. Surprisingly,

however, very few students stated their conclusion in the form

=1

e

-



/ A -
3 : . // ‘
o C
a, - h" =-(a::= b)(d + h) ‘which, it vasaassuméd . mu%t }JVC bocn

~fdm1111r to all studcnt:x ’ ‘

. STIUATION FIyvE

P

’/////ghe dlstrlbutlon of rc<pon§eq for §1tuat10n Flvo 1s . S
. ) .
/pxgggntol in Table IX. This jtcm is dlffcrcnt both in ndture and »j*lf:f

purpo:o.t!an thL pIC\lous threc 1tcm> and th réspon%cq Qf Qtudcnt\

to this item are there fore not only dlfferont but also prov1de a

a

S great Jeal of addltxnnal inform ntlon about hON”h1Vh‘SChGOl-S ents

e ..
s

reactstao uthomlt l uonc03*5 and 1dca£ that mav be unfamiliar to

them.- < Co ‘ 3
Ascdandicated Jin-Table Tx Cless than ten pprCLnt of the

students cither did not rc<pond or responged in an unlntclllglb]c
manner.  In rn\”nn\qpto twc quﬂktlon ”Whose side would you be on A

the above discussion?n, 1p>r0\1mdtcly scvcn pcruent of the studentq

o

respomnded "neithir,™  $8veral of tnC»rcasons given 1n response to .

&=

the question Vihe T were as followas

(1) "When the definition of “€rnliéﬁglincs wis made up, it
referred to situations whero there were an infipite number
- [ R ’ & ™ N ) .
of points on a planc and for a line in any other kind of
: L S, 5
situation this dcfinition Is void."

.

. o L
(i) "Parallel lines were first 1ntroduccd on a -plane with an

infinite number of points. Thercfore, Joe must, ifihe is
sceing a plane with only four points, start over and make

Al T : . ) .‘
up a whole new set of ideas, definitions ‘and theorechs to

et . [
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fbisi+r:xai r1

e

/’.t. .

S

1dcnt1fy w1th his plane

B

(111) ”Thc def1n1t1on< hh]Ch thcv havc-of parallel 11nc% refer t0'“

3 a4 true. xltuatlon 1n Whlch thl 'hhole thet 05 papcr ‘1s Q i]
S iof p01nt$ Thus thc 11nos would not be para]lcf/ In{khﬂg/ib

"CAso they alc 1maq1n1n0 alat there qre OnlL/fOul po:ntsf 7
\ :

,-but thon tho) arc uslng thc dcflﬁi;;efffrom=anothcr <1tuatjoni

’}equ1r1ng an @nf1n1te num)c}/bf p01nts 'I doh t. agree hlth

. either of them for rhls,rcasoth ~r»_’ R 7~;p j_'

7 : - ‘ “’ o
In ordel/to undersfand the‘conclus1on p1e<entcd 1n WL

%tuJﬂnti muS‘ rlxs ardcrstand and accept the

h)pqxfésnx that the .melo ﬂoomct undor dlqcubslon contalns only

foqr Jl%tlALf n01nLq ..They must d150 undcrqtand aceqpt:and use-the S ”f;"fa
fact’ thdt a- 11ne in thl% gcometr), b\ ucfln1t10n conqlqts of oniy e g

‘ SREIERE : ' R O
tw0 dl\tlnct p01nt . Flndlly, thov mu<t be w1111n0 to dpplg; infthe oo Lo e

'contC\t ‘of thls gconctr\ thc def1n1t10n~that thO llnes are parallel,'

i\

lf bot h hqwc noe pO]ﬂL in common a def1n1t10n uh1c1 most of these

t-n

'$tudt“\s” shafild: pé“haﬂllixr uxth from: thc1r <tud' of Puclxdvan

©oogeometry. o e o ) ‘ o

B

| studcnts appca1 to have had dlftltult\ 1n acceptlng and underﬁtandlno

1o eath of the thrae responsts pres;ntcd ubOV

/“/

\

the h)nothcsos and dcf1n1t10n< pxe:cnted partlcularly the dcflnltlon' Lo

of parallellqm The\ appear to rn1ett ‘the notlon that the ddf1n1t1on

N
v

of paralle; llncq cam be applleo 1n tHls geomctr) quégestlng that

: “

parallol only hax mean1ng in thc LOntO\t of thc fdmI]IHI Euclldcan

l

geomotry.” In fact, in re §pon§c (111) vovc the student suggestéf'



‘ that the dCflnlt]OH of parallc] only has meahlng 1n ”a truc ]‘7h;3'5

“51tuat10n” 1mplang pcrhaps that the dCflnltlbn\ and hynotheses

2.

e 1n sone qense ”untrue If these' o

1ntroduccd' n Sltuat on flve ar

i &N

V,i studentq COﬂSldPT thqt the hvnothescs

deflnltlonsand COHLlU%lonS L

because thesc Jdeab QP not

v
Y

Dreseatcd in th1 f}tcm are untrue”
conCur’WJth the e
N : e . , \‘ .}

ir 1ntu1t10n or. prev1ou9 experlence then it wou]d

10pear that these Studcrts do not understand that all of the conccvts

: .1v,--- ce
-

.~1ntroduced and studled 1n mathemaths have only those properrles

k]

ﬂmtam: \

dscrlbed to thcm elther by deflnltlon or’ by postulate ‘Inf*’7f"

S
o

tle Q-Cn\C, it

ul tha% thcsc xtudentq reallv'understand the '1'

_ nd more generallv the nature of a., f‘i ff5“

Qeometrv nresentcd 3n 91tuat10n fl"e B

-
o ¢

tne rca%onlno used 1n the slmnlc

then pﬂrh Db theydeacn a ba51c undorstandlno of one of thc most

-~

v 1mportant a<peets OL modern mathemaths

I\hctly 1\t\ percent of the: qtfﬁcnts responded in cateﬂor)

st .dent€ xe1c\rcd Joc s co 1c1u5107 because of ‘an fﬂff;

& . : . . RN
F .

.apparent re u5a1 to aeeemt t} Jnltlon or a 11ne in’ thlS georetz)
TYPlcal reﬁpon%e% aqsnghed tO‘cat o Y three here' L * . T
... . . e ) ) " .
.fnf(a);' Whose S1de would )ou be on 1n the above dlscu551on7 . 1;,,’ e
. l o F:, \ o “ o . -~ : . .- R . K
ARespoﬁseH ”Tom S.

~

e

-(b):"wny? 'Response:- ”IF Joe can say that the two lines’ must

intersect at A, B, C or B bccause therc arekho other p01ntq"ﬁf ‘"‘ B

.

. but these on the paper then Joe cannot say that p01nts A and B

g'can,gpeate a.llne Joe 1s contradlctlng h1m<e1f " or "These
R ‘ R ‘ ) 7

' are not’ parallel - e

1ines, even if they have no p01nt 1n common,

S

n'becauﬁe thcv are not an “f L C




equal distance apart’ throughout. Also, Joe ‘is only supposing that
. . . ! BEEORL

S : e ‘ ] v
‘only four points exist, but in actual fact there arc an infinite
. P .,
. . - PR . . ) )
numher, so the'line would have no .endpointsand would eventually
] oo . . I , .
o ’ v s o
meet . :

+ -

The fact that man$*of thesc Stpaents‘nrgucd that the lines
. . , . - . .
in situation five could not -bewparallel bGCQUSC'they were not the

* . . . R .

iy
5

. . et N ‘ ‘ :
same distance apart in the dLugrnm;/aIso suggests that these students

u

did not understand-@r. accept the definition of,a I'ine AS presented

1y

-
N

Cov e . ..J". B L. ’ L . . . ' .

m this item. Evidentiy ) these students continued to think of a

N ' - ¥ P = e . '

Hne as consisting of an intinite number of points as in Eullidean
r . Lo ..

(RS

geomety .  Presumably, if the pﬂintskA,'R, C and D had-been plakpa <

in a voctanoular arrangement L 1hn'diﬂgrﬂm, then it is possibic. that
' . o R ST I ) o T .
many of the students woqld<ﬁqvgrqudlly agreod that there, yere two.
B ¥ - . BN : )

. . . - ) C N
pairs of parallel lines but obviously, they would not agree that
TN . i)

there were  thrée such pairs of ]ines,ﬁﬁin spite of this, exactly.

’

tuwenty students who responded in category four did agrec that thorp
. - : : A

- o -

4 4 ‘; N b - . )
f\pﬂrwxchl Tines but they eviden 1y did nop understand
N . y A . ' L.

"

Were st puairs o
’ > o . . Ty

why there were thrde such pairs. : 2

' % T

~ Appronimately fourteen percent of the students responded

e

~5
in category six. The conclusion that .three pairs of parallel lines
: - L .. s
o . Ae L .
are deteaminedl by the four distincet PoOINts was considered a true
. ; . N ° ' . Lo ! )
statement by these <tudents. However, it was evident that nonc of:

s . .
these students saw any need rm’igffify this conclusion since not a

single student in the sample attempted to do so, As jndicated in
. X , !

B TR ’ R 1

category seven of Table IX.° Tt should be noted thit evep though no
onc responded in category’ seven, this’ category was included because



. T ' . 9() ’

9\/'/ : A ¢

it was expected thu& sopic of the students would Fdrmdlly'provc that
: ; .
. .‘"\' . .

the paivs of lines AD, BC and AC, BD arc parallel by using
essentially the same argument given in this item to show that the

. - | o’

lines AB  and CP are parallel. . '

F. _STIUATION SIX ~

The distribution of responses for situation six is présehpod
in Table X. The responses to situation six were perhaps the most -
disappointing in that almost forty percent of the students either

did not respond or their responses could not be meaningfully

categorized. Two examples of responses assigned to catepgory one ' N
o : . . )
are ’
(a) Whose side would you he on in the,above discussion?:
-t Response: "Jaets,n n S

. ) E . " K
(b) = tow would you show Tom_why you disagreed with him? ~Response:

“"Repeat “Jog's technique but substitute.whole numbers instead of "

. ) - ; .
#oand b The a and b oway is abstract and difficult to
understand.”
Alternatively?
’ ‘ ) .
(a) Whose side would you be oh in the, above discussion? Response:
\ "Tom's." | . ' ' - ’ ‘
- , ‘ } | . ‘ ]
(h)  How would .yowr show Joc why you disagree with hin. Responsc:

"Tt's simply because 1 # 0 is universally true on this

carth."”

) Tt scems clear that the second student responding above,
. . . o ‘u ° . .

N . . , "

O 8



DISTRIBUTION OF RESPONSBS BY CATEGORY- FOR SITUATION SIX

TABLE

» v “.:‘v "
' Lx
. N N &
L I

X

GROUP

CATEGORY -

A

. _‘ | . TOTAL
1 2 3% 5 6 7 8 9 0
1 17 1 .4 o 2 0. 3 2 0o -0 29
2 ¥ 1 4! 1. 2,0 3 4 0 0 24
3 9 1 8 4 1 o bos 0 33
4 '8 0 4 2 ~ 0 0 T3 7. 0. 1 25
5 13 - 0 3 o 0 o %3 0 0o 23
& 12 .0 5 4 2 o0 6 10 1 31
7 4. 0 0 3. 01 0 2 s 0 419
8 , 3 2 0 0 0 0 4 2 0 0 11
9 s 1 2 o o 1 8 .9 0 2 32
10 16 o0 4 2 1 0 5 6 0 0 28
‘TOTALS . 9% 6 34 16 9 1 42 b4 1 8 255
PERCENT 37, 13.3 6.3 0.

3.5 0.4 16.6 17.4

(W



T . . o , R
N . . -
. . B - . .

2

A}

whether -he understands the argument or noat, does not sce any nced to

I
.

) ’ ! .?41; ‘ P o
“prove a proposition which He cagsiders to be intuitively obvious.

! i . . . . f -' M
Responses assigned to categorices three to six 1nclustve,
[ ) 1 N

which constitute approxifiitely onc quarter.of all responses, copsider
, - . B
Joe's argument to be invalid. The majority of these students argued
that since the initial Statement in Joe's proof, namely "suppose that’

~ R '3 . . . . Do g
1 = 0", 1s falsc and therefore meaningless, thig:invalidates the -

- \ N P

whole argument. Typical regponscs assigned.tQ category three were:

{a) Whosc side would you be“on in the above discussion?

’

Fesnonse: “Tom's."

(&) - How would you show Joe why vou disagree.with him? Response:

"To start with, one cun't be cquullto\zero. Hle should usc true
's;atbﬁcntg all the time. You can't prove one thing'andktﬁke
thc_qpposito‘tb say unother'ghin@, to prove it is true" of "It's
commoﬂ‘§ensé to know that 1 # 0. ‘You can't prove somcthing is

.

right b¥\using falsc information. You arec contradicting
3 .

First, vou say 1 = 0 and then you say 1 £ 0."

the students realized tivat.the initial assumption

™~

’ R \ . . i
was madd® for the sike of argument but vtill did not understand the |
o Lo B

role of this assumption in the remainder of the argumént presented

a
in situation six- For QXIUL‘-I)JU, a T)/'P] cal response 1n CElthOT}' four

was : e

(a) "Tom's." |

(b) "If you arc suppoding thatl l_é‘O, then you cnp't‘tufn arqqnd
: and say:rh?t 1 # AV 1 =0 is Somgthyng tﬁ3£"yoﬁ accept as

: \
8 being truc." ‘



» . ‘ - E o : . N . N
Appfbximntely'ono third.of\tﬁc s%hdcntsfrcgpondéd'in
Cntcgories seven, cight and ninp.‘ Whilc all ﬁhcééjgtud¢nts agfeé
with.Jdé 5ﬁd’prc§umubly conﬁidcr the érgument prcscnth to bc.valid,i S
it is not alwavs cibuf f}oﬁ the rgaéons thcy givé,'thﬁt'thcy réaliy
un@crsfgnd th& indircct ufgumcnt presented in situation seven. ‘;
Reépongés ;s;igned to'ca;céq?y:$cvcn in particuiar, weré C6nsidércd

to be based upon an‘aCccptapcéioF'QLtho};ty‘jn the Scnﬁéfthat proofs.

given in textbooks .are in many, cases accepted apd learnt by'students‘

' .

. o . i (3
without any real understanding of the proof itself. (A typical )
. L] ) \ ‘ '
TeSDONSe U ¢l LD category seven was:
() Whose side would yeit be on in the above discussion?
' Responsc: "Joe's.': . ' _ s
(b)  How would you show Tom why vou disagree with him? Response:
T - J . - S S .
"One way of climinating a theorem is to find onc 'single case
- | ' 1 el . .
where it is false. By disposing onc thcorem, one is sometimes
~able to prove the opposité or-at least that a statement is not
+ oy "
) g , .
N \
This response does not indicate that the students understand

the method of indirect proof, at least in the context of the argument -
’ . ‘ P : |
presented in-situation six. It woulyl appear that the student is ’

simply using general ideas which secems appropriate based upon his

previous mathematical experience. s ‘ p

Approximately seventeen percent of the students responded in

category eight.. Most of these responses simply asserted that one

can demonstrdate the truth of a ﬁrppbsition_by showing that its L v :

N ’

neégation implies a cpntradictOﬁ{\stntemcnt and is thercfore falsc.



RO

g atm‘c underst:mdlnﬂ of thc mcthod of 1ndlrcct prooﬁbascd upon thc' %

G. SITUATION ‘SEVEN e o

¢ : e o : N : B T R.
‘I ~ < . g . N

Only onc student > hoﬁchf dlsp]dycd whdt was consldcrcd to be a

/ .

re%ponscs obtalned for this itcm. hhllc this was unexpccted

_more 91gn1flcant flndlng that omerged from these re<pon>es 15 tho

fact that most studcnt& do not appcar to bc w1111ng ro reason fo;

*

'g“the sake of argument from a. hvathc<1s hthh they‘con51der to bc

s

untrue. ThlS, in fact, would appcar to be one of thc maJor dlffl—

.cultles students have with the method of 1nd1rect proof "

- T - . . B
? ! IS . A . . F

)

Q

The dlstrlbutlon of reronqes for 51tuatlon ﬁevcn 15

/ .

'presentud in Table XI. Although Sltuatlon seven 1s %1m11ar 1p nature

to situation s1x 1t dlffcred in that students were requesteﬁ to

~ .
»

explaln spec1f1c Steps in the drgument prcsented However the

/
r

dlstrlbutlon of rc<pon5es ‘for both items was very s1mllar Almost

1 /

/ . v

fortv percent of the Tesponses to §1tUQt10n seven 1nd1catqﬂ that

thesc students eith did not understand the ar&ument or mlslnterpretcu

. | :
the questions. Fo examplc, a typlcalbreSponse a§signed/to Catcgory

o

two was the foldowing:
(ay How would you e\plaln stcp two;of Joe's argument to Tom7

esponse.‘”A real number is eabler to work w1th and to under-
A . - e

Y

-Standi Anv nunber Couﬂd have been usedi™ j. o - .

o > oo

-

(H) How would- you o\pldln step five of Joe'$ ~argument to Tom?
Response: !If !y = 0 is falsc, then ;y # 0 1is true. Looking

at the statement 'if y # 0, then «x = 0;' and if x =0,

~

103



TABLE' XI

DISTRIBUTLON OF'RESPONSES ‘BY CATEGORY FOR §ITUATION SEVEM

< EE

o - — ; - - - v

9

GROUP - CATEGORY B \  TOTAL
- S ' 3 4 5 6 0

bt
A

{

—
~

5
()

I Y e =
w
—
o0

~
Lopes
w

N

P o)}

e

}-—l
N
~ON O = W e

AR RN N I VIR
¢

o o

—

>

©C 0o 0o OO o o o o o
N
(@]

- - N T S R

'T{_Tooo',r\JM'Ow‘—**—'

H
9.
[9%]
.

98]

L

CTOTALS 13977 .21 .70 10 44 o 255
PERCENT  5:1 38.0 &.2 27.5 3.9 17.3 ' 0
L2

R\

a

e
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then "x # 0 must be falsc.' _ . .

o
.

(c) ° How would yau expldin step six of Joe's argument to Tom?’
; o C e ’ I .
Rcsponse;; T}f y # 0, then . 'x = 0 angd if x # 0 is false,

then x = 0 is true."
' '\‘ <

It 1s.apparent that thc students respondlng above ‘does I

not rcaily understdnd the azgumont but attempts to justify the crucial

steps bv Ieasonlnn in a c1¥cle A number of students responded only

to questlon {a), tvplcall) as fodlows ’/ ' . '

“(a)  How would you explaln step two of Joe's;argument to Tom?

Respdnse:~\:i wouldn't be able to because if the statement says- L
x = 0 (at the very top),‘hpw_can it equal threeQ”
As in s:tuatlon 91}, 1t is ev1d~nt that these students do .

not undtrstand the loglc of dssumlng, ‘for the sakc of argument that

the negation of ‘a statement is true in order to ShO“ that thL negation

B
° . N

~is, in fact, false. These students apparently conslder the negatxon to .

be fdlb“ de facto and thcrefore perhaps, believe that the argumeht Sl

proves nothing since, in their view, the statement to be proven is

assumed and used in a tllcular fashlion.

©

Almost hdlf of the student demonstrated some understanding

e

of the role of the h)potheSIs in step two of-the argument. However,

’”

less than twenty percent gave a satisfactory explanation of why thisv

.

"statempnt must be false. " A typical response 1n catcgor) four was

(a) Hou would you e\praln step flvc of Joe s argument to Fom'> .' S

'Response # O oy must be some number . v LE5 y jSp&jn - R
e s !l B . N
oo s

number thcn thdt nUmbcr times x must be equal to Lcro

i

o tno numbers (excludlng zero) can be equal to” 7e'ro so‘the by Lo

-

statement 'x % 0 - must bc false since ‘y . is 'a number."™ -



'/ ' | - )

ETINE

AN

This student has attempted to comstruct his own argument but shows no s

appreciation of the arpument given in situation scven. Almost thirty

b percent of the students responded in a similar manner.

Approximitely eightetn, percent of the students responded in,
EaY - . - .

‘category six. .‘Whethet or not these students rocogn{isi that the proot
. . ot

wresentod was in the form of an indirect argument was. in MANY Cases,
. < )-\ . B } b
, . \ g

-

difficult t

crmine.  However, .these students did appear to havg,

M ’

/dea cven though it was-not alwayvs clearly expressed, as

\,

the right

v’ . \: . \
illustrpted in the following response:

3

fa) How wonrld veou oxplain Ste
Feu e

p two of Joe's argument to Tow?

- SO o
Response: - oo took-an obviously false supposition in order to
. ‘ . : : :

" show Tom that it worked out wrong. Therefore, the opposite

A
PO Cornastebe right. o . . ’
M How would you explain step five of Joe's argument to Tom?
» Responsc: "It the answer is wrong, ~then’ at ‘'some point. the
- work must be wrong. | The only place it cun be is in the
N . . . N o . . . *
' suppos~ition.  Therefore ox # 0 is false.!
N . T L ]
(c) How woutld vou oaplain step six of Joe's argunent to Tom?
. ' h " .
Hosponsc:  "If an answOR SO-quige be one of two things, and
it 1s not one of them, th it is the other."
. . "/’
kﬁ a general ohscrvntionwbit can be arguecd that items. six
and seven do not assess in 2 valid way student understanding of the .
indirect method of proof. [t is possible that entirely different
A N )

atvpes of¢ responses might have been obtained . if different items or.:

different 59901;jc‘nr§umcnts had been used: " Howéver, hased upon the

N M

. responsces. of students, which were fairly consistent to both of thesc

1
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N

items, there would appecar to be a great deal of evidence supporting

- the conclusion that in cxcess of eighty percent of the students do

Z‘ltj \ ' . s N

- not understand the logic of-an~indirect proof. N
% L7

«  H.o STTUATION EIGHT
- | ) |
Thd'distribution of responses for situation eight arc

“

presentedl tn Table- XIT. 1t should be noted, as poiﬁfcd out earlicr,

y

 that each of situa%gdnSweighE/through twelve were jadministered at

. L / , ‘ .
random to approx1matelyvtweﬂfy percent of the sample . Hence ecause : {

of the relatively small n#mbers of students re ing from each

jf;fﬁs;ﬁgspoﬁE?s are not entirely represent- o
‘o L{ X o 4 o .

ative of student thinking. ' - '

/ ) W - '

lSifhation cight was administered to fifty-three. students.

class, it is possible t

Based upon the responses obtained, approxima}cly foq}y percent of o T A

" !’ - - - ' . . -
. thesc students agrece that the proposition presented in situation

Ay +

seven is intuitively obvious and do not scc any need to formally it.

A typical response assigned to category two was: -
> b b &SV LY

—
e

(a) Whoée éide would you be on ﬁn fhe ahové‘aiggﬁg§TEH?“ﬂ_“‘T_*‘-*——~—;“/
- Réspoﬁse: "Tom's . "
(b) Why? Response: "Becausc he makes a lot of sense-and he is® very

straight forward in his apprgaéhi He also doesn't use a lot

of funﬁy Jargon to pofish up hig argument . ‘ ' A . ,

uMResponscé'pSSigncd td‘catééofy'thrée'indicatéd that”thé
. : , :

stated propositiqﬂ cannot gc accepted as true without formgl proof.

S : A N :
However, the reasons given by these students to justify their position,

'Y Loos N



DISTRIBUTLON OF RESPON

i

"

SES BY CATEGORY FOR STTUATION ELGHT

“TABLE XILs

) / CROUD e g\"gfggR_yﬁ_‘% TOTAL
- 1 2 2, 27 d0 g 6
2 0 4 1 #7 0 7
3 1 1 2 2 %0 6
; 4 0. 2 03 0 5
| 5 2 1 o 0 - o 3
Y 6. L2 2 0 2,0 7
S 7 03 oL 2 NG 5
8 0 0 1 1 0 2.
9 1 o 2 3 1 .7
10 05 0 e— 5
TOTALS 8. 21 8 15 1 53
PERCENT. 15.1 39.6 15.] 28.3 1.8 '




LS

>

0
S g : :
‘werc'less convﬁ 1hg than those" ngcn in s respon~c

! 1 . Y
: '

o R :
four. In thxs %cn:e 1t was quc<t1onab1e hhether studcntq werc~'

‘*-

' . .

' gator .Forfcx@mp1¢:  ' ' 1'575-‘ . ', L

LN

'for prOoE~in this Situation or hhcther they 51mp1y responded in'a

éxpresSing their“true-féelings, i.e; whother thev'r ally saw a nubd

(a)“J,WhQseﬂsidé would you be on in the above discussion?
‘Response: "Joe's.'" )

(b) Why? ‘"Because it is so obvious that the statement” is true

Lo

- : o - b Lo
but a proor helps a person understard how that answer is ‘really

obtainbd.' Sometimes a proof helps a person understand the
i : . ; , L

situation better."  or 'Because Tom cannot say-.that evervbody

knows [that the propesition is true] because Tom hasn't asked

. evérybody if they %«now.-:Tom is generalizing too much."

- . N

. The reason given in this’ last response is significant in

,

‘that the student appears'to"suggést qditg'g§rrectly that what is 

T2

PR

intuitively obvious to one student may not be in;uitiVeiy obviCUSVtQﬂ

‘another.* Hence, the.need'Fpr.proog is bx%ed upon- the prcmt%e tn t the

“.-.

stated propdsition-may not belintultivcly ob\10u< to all qtudents

o ‘ » SR : » } . _
'is.possible that this student ‘would not see any need to pro‘e ar
. ’ " .
prop051tlon conSJdered 1ntu1t1vclv obv1ou9 by all Students S

Vs . oA

Le%s than th]TtV percent of the - student responses were

]

' a551vned\to cateuor) fou1 and the%c were concldcreé to 1nd1cate ‘a

 typita1 rcSponse aSSJgned to category four was:

»
o

mature under t}ndlng of thc need to proventhe statcd propoqlthon o

~
W S
r3 I uon

A

as<1gncd to Ldtcnorv
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Lo
. o - . L -~

(a).© Whosc side would vou be on in the above discussion? =

'-qRéspohse: S "Joets. " DR - v R
(b)- .Why? ”Fom s O\lenqtlon is 51nmﬂerdnd CdSll) understood . '
o . . - . , o .
lmHOhLVCl JOf provps;thc proposition. for all valucs of -y
;WHcrens:Tom-isvon1Y'doa]ing with-a few 'examples." .
P i !
1. SIIU\TIO\ NINE - R :
: \ .\ . ‘ " - . |
. S ' U |
The distribution o;\responses for 51tuak10n nine -is prc:ented
. i ‘v ’ B
in Table XTT1. Fh1: item was dev1<cd to asqesq whether or not student<
. . - . ‘ . !
reagl .C that a Wathcmat1cal statencnt and 1ts contrapo<1t1ve arc . ‘
. N
\ ’ .
logi,ljly cqu1valent. It 1svpossib1b, however, that this~itcm_may.
have, LC]L.{QCd too much 1nfor 1t10n for §tud”nt> to asstmilate in a
short.timejagﬂence thc valldlty oi/xhelr responses 1s, perhaps, open ‘
| . ' - » - : v B .
to(question. In any event, not a single studeht indigated that v
statemcnte A and B were 10g1ca11y equ1vnlent - Tn fhet, the majorify'”j'
 of studont‘ sug ; q that the two stntcments wore dnrelated. '
“Twenty: pe_-_nf @f the stud»ntQ ¢laimed that either statement
. C : . f
A or statement B was falsc and tried to.jusp?fy their claim with a
"counter-caample': - For example: T /
(a)  Whose side would you be on in. the above discussion?
.‘. >‘ (; I.‘ . ’ 4. ’ I . .3\ o ’ : ‘ r .A .’ ) ’ .
Response: - "Tom's." ' L 5 . :

: T\ L . * .-'l o
(b) Why? '"Becausc statement. B is not necessarily_trﬁép' Thrééﬁiél”'
a factofvof-twentyéfour and 3 is an odd number. When Joc
. A . N | .

proved statcméﬂt B, it wasnft very compldée. Two is a factor

a

. but many’ odd numbers arc factors ‘of even numbers.
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T TOTALST 4 9 gy 13 0 o

© TABLE XIIT

~ - ..DISTRIBUTION OF.RESPONSﬁﬁNBY CATEGORY FOR SITUATION NINE.

i

‘ 4 ‘- R . . . v

GROUP " . cAtEGoRY. - . TOTAL

e ool 2 3 4 5T

el

|

P

N
© 0.0 O 0o 0 o o o o

P
oo

o ~ o

s

=T N
P I\.)"(_DvN N o N

ro

O N.O DL N W oW w

© 00l o
0 o W

I~

o o o © 0 o o o o o |
N O w oo s uw w W o T

o o ~ o

-
N

o

[ BN

PERCENT 8.3 . 18.8 45.8 27.1

-




-

- Almost fifty pCILCﬂf @f the students responded in kategory

. T
three, tVPlLdll) as follows:
(a) "Tom's . " o
(bj "1 think that Joe's proof onl) shows statement B 1s true. You
would need A new ploof to pIO\c qtat ment A is truc.”
oo [} L3
Some students agreed with Joe but their reasons were not
v ’ ? ' . v
very explicit. For example: -
(a) "Joec's
(b) ”Ioc 1s saying the same thlng, but he is tht uslng'a difterent
o . .;“ ) :
c‘\v}‘x;-" :

o

-As stated carlier, it is possible that the example presented
b . i

@ N . .
in this item is too difficult for most high school students . to
-comprehend.  However, hascd upon thee limited number of responses th
' Ai . \
this item, there was no evidence to suggest that these students are
familiar with the concept of logically equivilent statements .- -
N . . [} .

(L SITUATION T

The distribation of rosponses fer situation ten is
w ‘ i

presented in fable XIV. As was evident in the responses to scveral of

the earlier itgms, the majority of students do appenryto rcalize that
I oL T . : . L. . ..
a single counter-example td a mathomatical proposition 1s sufficient

“ -

¥

to disprove that proposition. Almost eighty percentrof those
responding to item ten agrced that n - 177 is a valid counter-example

to the stated p1000\1t10n with reasons such ns:

S



TABLE XTIV 7 ’ .

DISTRTIBUTION OF RESPONSES BY CATEGOR.Y FOR STTUATION TEN

;e g
GROUP CATEGORY TOTAT: "‘-; i ’ : :
F) 3 0 . I
g - -
I 1 1 0 4 0 6
2 0 0 0 4 0 4
3 0 0 1 6. 1 8 :
4 0. 1 0 " 4 0 5
5 0 2 0 4 0 6
6 0 0 2 3 0 5
7 0 1. 1 2 0 4
8 ©0 0 0c 2 0 2
9 0 0 0 6 0 6
10 1 0 0 5 0 6 ,
TOTALS 2 5 440 1 . ‘52 .
PERCENT . 3.8 9.6 7.7 76.9 1.9 *
’



. “Wheh one exception has been found, you cannot ignore it.
There will more than likely be many more exceptions, so the

statement s wrong.  As ‘soon as one cexception is found, a

hypothesis is invalid."

LI

Do

R SETUATION ELEVEN .

The distribution of responses for situation elcven is

presented in Table XV, Almost clghty percent of the -students
. . ]
-selected Joot's direct argument over Tom's indirect argument.
Surprisingly, the reasons given for sclecting the direct argument
were very consistent. For example: a "

() Which arzument would yvou have used?  Responsce: "Joe's.'

“(b) Why would you have used this argument? Response:  "It's more

straight forward; also, T never would have thought of the second .

' onc!' or "More fact, casicrito think through; put tbgethcr

.
L.

better; not as dich supposing. "

[f the responses to ahis irém incdicate the student's

v

subjective preferences, then it would -appear that a.direct-argument « »-

“

q 1s perceived as being more "nmatural' than an indirect argument. It
B - - o - ad T .. o LI . L cta .

v w e w k@ ey

-7 may ndt be weanngfuly, however

» EY Lo - —- g .

yTrofdraw any ‘conclusions from the

L

student responses to this item. . It.is possible that the selection o

<

f

the fact that Joc's direct ‘argument was presented bofore Tom's on the

. ]
on all imstraments.

ong arguhient over the dthet was influcnced by unknown 'factors such as.

sheet of paper. “Unfortunately, the order of presentation was the same

11%



\ :
TABLE XV : o

'DISTRIBUTION OF RESPONSES BY CATEGORY FOR SiTUATION ELEVEN

GROUP 4 v - CATEGORY ] TOTAL
1T 2 3 4 0
1 1 2 2 0 0 5
2 - 0 3 ] 1 0 ) 5
3 .0 3 3 0 0 6
4 -0 4 1 0 0. 5
s 0 6 ’o'/ 0o 0 6
6. 0 6 a_‘ o 0 6
7 o 3 0 0 4
8 0 =i 2 =20 0 .0 2
. - gt ’ W
9 0 4 1 1 0 6
10’ ot 7 o 0 } 0 7
. TOTALS 140 9 2 0 52
- PERCENT 1.9 76.9. 17.3 3.8 " |

115



114

L. - mu,\lm\ CINELVE S . .

f——— . . o
- . Y

. . The distrihutibn of ro%ponsbs for situation twbIVo, prcscngcdh
in Table X\'J, is Similur.ro that. for Situation,ninc,; The fact that the

argument presented in thls ttem did not prove the stated propo%itlon
/ i N

. . /
+ which is clearly false, but rather proved thc converse of the
propositiOn, was not recognizcd by anyone. Over forty percent of

the studc ts recalized that the proposition was falsc and providod

— e

counter-example.” Howeer, 'jugt as many students d1d not even do this.
Some 6f these ctchnL\ e COLnl cd that fhc number 627 was of no

‘particular significance but gurprzsxngly‘phis did not Tead them to

' N s
f

conclude that the given proof must be incorrect. For example, one .

. '
- . .

student responded:

a

.
1
[N

7 "What éhoﬁf;the odd numbers less than 6277 Why start at 627?

For example, 13 is a.primewnumber;,so.is 17; SO is'19.”

. - - i e L.
e e e . - -

.:_:f~.Tt*wé§ évidbht'thét many :tudents were confuﬁcd bf thls 1tem .

- .

and that ‘none. LOUld rcall\ understand hh\ rhe glven proof ua% 1nLorrect

v

s e e 4

even though ‘hC Tt"ko‘ PloWﬂ~1t1 0 ohas clca1l\'fa1<e Hence , while it

o i - s N

oo ey ﬁaio hoyLEqﬁgblll\uiu to. GXPCLL mo<r students to dctermlne hhlt was - -

- “wrong in this itOm,nlt‘hJS'ﬂntl 1pated thnt some would“recognlzc that
. @ N " 2 . S (
a mathematical propositidn and its converse are not loolcally

’
v

. - i
" requivalent .



" " TABLE XvI , . %
, Vo 3 R L
DISTRIBUTION OF -RESPONSES BY CATEGORY FOR SITUATION TWELVE
GROUP " CATEGORY o TOTAL
1 2 3 4 5 0 .
7
1 1 2 1 2 0+ 0 6
) 2 0 1 1 o -1 ‘s
3 5 0 0o 1 0o 0 6
4 0 3 0 1 0 1 5
5 7 1 0 ov. 3" «0f .0 &
6 = 3 1 0. 2 .0 1 7
7 0 0 1 .2 -0 0 3
8 1 00 1 0 o0 2 .
9 1 1 o g 0 0 6
10" 0 1 0 4 0 1 6
TOTALS 14 8 3 21 0 4 50
. ) ’ '\ \ . .
' PERCENT = 28 16 6 42 0 8
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"*“aro pTeicntbd lﬂ'Téhle Y\II”””§¥§bi fheidlsirlbut;on,inSEoipﬁL?oF“'hcﬁ

A

II. RESULTS OF TESTING T INPOTINSES ©

. : ' Co o s : . > .
' M ASEN . t . - .

In order to carry out a statistical analysis of the résponse o .o

pattcrﬁs,o?“studcnps) cath rConnxo to each item was dsslsned a score of
zero, one, ‘two or three, as outllnod’1n4thc previous chapter. Since

'

Cl”ht items: were adm1n1<tcrcd to Cdkh ctudent the maximum total score. .

. . ] . . ¢ .
obtxlnlb]c was twentv four ‘Also,;sincc this study was carried out near

-

thc end of thc SChoo]-year ‘each tcacher was rcqucated to provide achieve-

Nt " . 5.

ment data for thosp :tudcnts who plrt1CLp@ted in.the study. As a p

result, a mnthematzcs ﬂcthVCm”nt mark was Ohtdln“d for each student
in nlne of the ten c11<s0s that pdrt1c1pated , - : &
“This datd was used to investigate (a) whether or not the mecan

total scores of cach class who werc.administercd the instrument are:

significantly different; (b) whéthcr OT not there'afc any significant

. .

correlaticns between total score and achlcvcmgnt in each, class

~

(c) whether ot not over the ent1rc sample thore arc any ngnlflcant

‘

COTTC]ULlOH§ between the s¢ore obtained on.each situation and
achievement, and also between total score and achievement, (d) whether

or not there uare anyv Sl”n]flLdPt inter- Lorreldtlon< between the scores
§,.

obtained on ecach of situations one through seven; and (e). whether or not

h
2
‘tho mean scores of_m@]cq dnd females dlffercd SLinflcantly on each °

- . -.‘

situation "and dlxo on total scorp C R ; ST RTIIIT one -

The mean-achlcvcmcnt score the mean- s;orcq.obra1ned ONa.n o e

T oL . s . R R 2 e T T S P

X

gltuatlons Sne throuOh thelvc “and thc mean total sc01e for aiI stu_cﬁtéif'”
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% ho 119
l <. :

R o TABLE XVLLquiﬁ;;_: ; T

- _ o

5 - MEAN. ACHIEVEMENT AND SITUAEION scouns
- VARIABLE L N ~ 'MEAN SCORE * STANDARD DEVIATION
o ACHTEVENENT .. . .. =233 7T 62377 g g 53ﬁ1f° SIITIT

SITUATION'ONE "””‘ 255 _i;_ ‘;2 O1 T g

- SITUATION TWO 255 ooy 08y
SITUA?EQN THREE - 255 1.32 . 0.99

‘SITUATION FOUR 255 O 236 0.9 S
SITUATION FIVE 255" 1.25 —"  “o.gg *

SITUATION STx 255 . 143 | 1.31

SITUATION SEVEN ‘ 255 1.27 1.22

SITUATION EIGHT ° 53 " - 1.58 1.06

SITUATION NINE 48 0.98 0.73

SITUATION TEN 52 2.63 0.77 ®
 SITUATION ELEVEN 52 1.21 0.54

STTUATION TWELVE 50 C1.76 1.27 :
STTUATION TOTAL 255 12.39 3.93




/o

T TABLE XVIIT

DISIRTBUIION OoF SCO}\FS Fd)R EACH STITUATION _
’ (Percentage in brackots)

(28

STTUATTION e SCORES . \ o o N
oo 0 1 ) 3
e e fm’mmsxéé‘ Qom*ﬁw (8& MO‘wq%ggxf”
RS 38 (14.9) 1363 (53;3jj*-6o (23:%) 21 (g.2y 255
REONr . 59:>(z3 1) 93 .(36.5) 66 (25.9) 37 (14.5) 255
4 & (le) U9A)f“2g(oﬁy;ﬁﬁql@8¢)325»3?
5 38 (14.9) 153 A60.0) 27 .(10.6). 37 (14.5) 255
6 100 (39.2) 340 (13.3) 33 (12.9). 88 (34.5) 255
7 MO (43.1) 21 (8.2) 70 (27.5) - sS4 (21.2) 255+
8 8 (15.1) 21 (39.6) 9 (17.0) 15 (28.3) 53
Y Rk (é7,;> 22 (45.8) 13 (27.1) . 0 (0.0) 48
10 2 (3.8 - 52906 5 (956) . 40 (76.9) 52
11 179 40 (76.9) 9 (17.3) 27 (3.&)° 52
| éff\;__ 14 (23.0)' _?ﬁ—fl6.0)—ﬁ_ 7(16.0) 21 (42.0) S0 %




A Hypothesis One

‘administered the instrument are not significantly different.

“ﬁésulés“; SERERE ,h'f. o o :,‘ )} ' L
2L

~of 2.42 is non-significant at the 0.05 level. Hence, hypothesis one |

The mean total scores for- each group of students who were
Q‘ . » : . - L
. ! . . “ R o

- -
~ N - .« P dL; @ T g -
- CeLnoo T R L ) x_“‘

The means and standard dcr]vatlons of thp scorog For each o
. .

f»‘oroup Who hCTO adm1n1>toredrthc 1ns*rumont arc rcportcd in {ablc \IX

womd e B . _‘_”. . ) B
Sy s

Hypothesis one was teste d u51ng “a’ one way analysis oF variance, the

-
' N

'iésp)fs.oﬁ.which,are“also_presented’in Table XIX. The resulting F-ratio

- Lo - . !

was not rejected. T T - : o C ‘

B.- Hypothexis Tyo

“in mathemdtics and the total score obtained by each Studcnt.

For each_group of students who were administered” the

v o - . A D T TR
‘ . ey -

ins truments, there "are no slonifluant corpclatlons between aohlcvement-=-g°* et

¢ ’

The mean situution scores for each group are reported in

Table XX together with-the mecan achievement scores for each group

~except group five for which achievement scores were not obtained.

]

The last column of Tabie XX presents the probability of a_nom-
significant correlation between mathematics achievement and total

[ Dl |

'scdre for each'grdup;.-is a result of these findings hYpothesis tho

>

Was rojected for dl Unaqu;uxth thc.exccptlon of groups five, scven

- ' N \ . -

B N T T T VTR S -

- -and- mdrglnall) f0r oroup tcn : 1t.hnslcdncludcd therefore, thqf'while

N .

thc qtdndards under uhlch athlevemcnt mdlks were auarded in cach

- - w. ¥ N
s pon T e
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25, " 13.00
.23 11.35
31 ‘11.39

19
I
32
28

13.
11.
14.
12.

21
91 -
72
68

18.43

13.67
12.60

15,780
11.06
12.69
13.43
15.11

3 - " :,, a o . . Aw‘ E .L . l"
, B S
" TABLE XIX . R .
" ANALYSTS OF VARTANGE ON MEAN TOTAL SCORE FOR EACH CLASS - ;
CLASS . N MEAN *  vARfANCE 5
e LTI - od
© 29 10.973 15.64 e

CLABR0 e e

" SOBRCE- df.

. Sss. - oms

- F?.-...‘--"‘»

P

CLASSES .9
. ERROR 245

320.27

3609.47  14.73.

35.59. 2,47

0,012

e
v
.
3
:
: "
. . - :
. -

.,
1 -
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'i‘TABLE_xx'

CORRELATTIONS: BETWEEN TOTAL SCORE AND ACHIEVEMENT FOR EACH, GROUP

. . - _- - . \.‘/
- - . oo E I S e e e . !

GROUP © SCHOOL N MEAN = © 77 UMEAN - CORRELATION p.
- . SITUATTON ACHIEVEMENT s ’
© SCORE SCORE -

.56 0.003
44 0.030
47 0.006
5L 0.009

29 10.93 61.21

24 12.58 59.12

33 12.730 - - 6167
25 13.0 57,20 o
23 Llis - RIS . s
U3 esiae o gy 0.3

e 190 0U13.021. "1_‘6§.6§:" e U [ _5{é§§, N
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% : . . - . G

. . . . ‘

class ma) dlffel thc oxcrall level of rcsponses obt31ned frOm students

- ..-‘

1n each cléss conrcldtcs slgnjtlcantly w1th thelr ievel of achicvement
. _— T
. - - . N :

in mathematics.

' o - . ) i N - PN - - ’ . ’ ’ \
"~ C. Hypothesis Thrcq\' . — : o - I

)
L

Therc are no significant‘corrolatlons between achlevement

, ” » -y
- , :
in mathcndtlcs and (d) ‘the scowe obtained on each SLtuatlon' (b) thc

total 'score . obtalned S - : :

e e -
o ; . PN
- T P A R
.oa e e e .

'Pb mt

- 7?.:.» Table XXI presents alls oF the computcd 1ntcrcorrelat10n:

bethoen deh1exenent ehe*seores obtained -on’ sltuatlonsnone~throubﬁ'

t‘el\c ani tF“j JI s“ﬁ“c Qb;alnod on ‘thé eigﬂt‘S1 uatlons prcsented

' to students Fhe 1ntercorre1at10ns between ‘the scores of 51tuat10ns

- B ?"».«i-.. - s . ;a;., R L A

elght.through tuelve could not bc computed 51nce these 1tems were

admlnlqtered to d15301nt §ubsets of the sample Consequently, onlv

. |

the 1ntercorrelatlons betwecn the scores of situatigps one through

e

seven were eonsidered moaningfui
s ’ o 5. Q
administirdd to the en'lre samule.
! . : . ‘I . N . BT

With T'e.smwt to bynothe54s J(d)

1

nce these were the only items

ignificantfcorrelationsv

at the 0.05 Tevel ; were found 1o eﬁlst bet'een ach1evement and the
I

N

corcs obtdined ‘on sltuatlons one, four Csix, seven cight,_eleven

v

o and“twelve; Henec h)potnesl o(a) uas not: reJQCtGd for situations two, -
} .

ﬂhree, five, nine and ten, but was re)ected for the other items.

\ correlatlon SlgnlflLdnt at tho O OOl lovel was:fopndﬂto‘

a.

A~exist;“h0hever bctuocn achlcvemcnt and totdl score. —Hence,vhypOthesis

s

A

&

e
PR
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* 3(b) was'rcjected.

In addition to the ab ¢ findings, the intercorrelations

v

between thetscores on situations onc through seven were examined. This
é‘l 'l’

cxamination together with the results of hypothesis 3(a) resulted in
P ce ‘

the following observations: . .

(a) . The scores On situations one and six, onc and seven, and- six and

-seven corrclate significantly with each other and the scores of cach

of these situations coérrelates sktgnificantly with achicvement;

(b).  The scores én situations two and three do not correlate

r

significantly with cach other;

{ - - . ! .
(<) The scores on situation four does not correlate stgnificantly

o

. C. en i 3 . .
with .the scores on anv of situations ene, two, three, five, six or

.seven but does correlate significantly with achievement

- '

£a

fﬂ} The score on situation five correlates significantiy only with
@he SCoTes on situation six.  These were the only observations that
SN, 4

abpeaycd to have any significance th wor e mnde in tho.contexf of

examining what might be termed ani - dimenciongl relationships between
the Porformnnge of Sfudehts;on Sitnatiaons one to seven. However; it
ig possihle thhg only g multi dimens onn] interpretation can account

ot all of the relationshir: evidrrn: ip these obhservotions.

D. Hypothesis Four

There are no significant differences hetween (a) the mean
TR '

\ .
scores of males and females on « ook of situations onq throngh seven;

/

(b) the mean total scores of males and females /



Results ~.
Hypothesis four was tested using a two-tailed t-test. The
. ’ ~ A

appropriate means and standard deviations together with t-values and

probabilities are reported in Table XXIT. As a result of the findings.,

fivpothesis 4(a) was not rejected for all situations investigated except

i3

. / ; . A .
situation six wherc thd mean score of females was stgnificantly )

\

higher than that of males...
The mean total scores ‘of males and feinales was not

significantly different, so that hypothesis 4(b) was also nor rejected.

-

IT1I. SUMMARY

B]
ot
O~

f responses were obtained.for each item

poe

administered in this study. As a result, TCSPONsc categories were

i d °

~devised for cach item and cach response assigned to onec of the

°

categories. In this chapter, the distfibution of responses by category
" for each itém.hq; been presented together with a discussion of the
catcgories and typical responses assigned to them.

The response cutogoriés For cach ircm were further classified
as rcﬁresenting/oithor low, medium or hlgh levels of thinking and a

\ . :

score of one, two or threc, respectively, was assigned to each level.
Students who did not respond were n<signeﬁ a score of zero. The

scoring scheme was used to analvze the response patterns of students

statistically, and the results of the hypotheses tested arc also

presented in this chapter.
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CHAPTER V

SUNMARY, CONCLUSIONS, -DISCUSSION,
IMPLICATIONS AND RECOMMENDATIONS

.y

1. SUMMARY OF THE STUDY

The present study was designet primarily to investigate,
identify and catégorize some of the’ subjective thinking processes used

by students when they are ‘faced with the pfob%em of either accepting

or rejecting various mathematical propositions and are asked to

o

justify the position they také.,vThe main objective of this undertaking

was to try to assess the extent to which students understand the nature
. : v o .

B
S0l

‘and role os mathematical pioof with particular emphasis bn (a) the
circumstances where students do or do not see a need for proof; (b) ,the
kinds of misunderstandings students appear to have 'and (c) the kindg\gf -

.errdrs in thinking that they appear to exhibit when ‘attempting to

justify the propositions presented to -them.

. »

A secondary objectiﬁe of this study was to evalﬁate.whethere
. or noﬁ_items of tﬁe type used in this study have any potential for
classroom use as a means. of diagnosing student undefstanging'of,.or
even teaching, some of.thé'fundamental concepts nécessary for a basic

. : -~

’understandihg of what proof in mathematics really meéans.

’ _A.' The Instrument

SN

°

- In order to.carry “out the study, a number of items were:
. ' s ‘ ‘ ' 3
constructed which were intendeéed to be administered to students on a

class basig during regular school hours and to which students would

fespbnd'in writing. These items were subjected to extensive pilot testing
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and subsequent revision resulting in a common format.for their

presentation to students and also the development of procedures for

'

the analysis of student responses
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Twelve items were selected and administered to studcnts. '
Most of. these items were presented in the form of a dlalogue between

two hypothetical muthematlcs students in whrch one of the students

makes a statement or states a conclusion which may or may not be true.

+ . : )

The Second student normally disagrees-with the first. He sometimes
rejects the stated conclusion completely or else claims that he does
not understand it. In each item, one of the hypothetlcal students

requests the other to essentlally prove the statement he makes.

The first seven items were administered to all students in o

the sample.  The remaining five items were.administered at random to
disjoint subsets of the sample so that'approximately one fifth of the

sample responded to each of these items. ' *

In the first item, a~simple.geometr£e propositiqn‘was .

presented, the proof of which was given with ‘reference to an appropriate

4 [ ol
geometrical figure. The objective of this item was to. determine whether

or not students see a need to prove the same prop031tron when it is

illustrated by a different diagram. It was assumed that students who

understand how the generalization principle is applied to propositions of

3

this type, would agree ‘thdt no additional proof is necessary.
Items two, three and four are algebraic or number-theoretic

in nature and the objective of each was to determine what kind of

evidence students consider adequate to prove a proposition which generalizes
. PE . .

”.
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a number of numerical examples. Spec1f1cally, do students see a need to;?

W % e et
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formally prove such a prop051t10n or 15 the numerlcal ev1dence Ltsedf
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In 1tem.five, a simple non—Huclldean geometry was presented
v o ,

The obJectlve of thlS 1tem was to assess the extent to whlch students el T

. , : . o -

understand that the" obJects studled in mathematlcs have onl) those

propertles that are ascrlbed by definition or by postulate.

Items six and seven deal speclflcally with the 1nd1rect form

‘.

of proof. The objective was to determine some of  the factors that

“. .wb

cause’ students to ‘have dlfflCulty w1th this form of argument.

A

Item elght was. 1ntended to assess whether or not- students see
. \

a need to prove a ma thematlcs pPfoposition, the truth of whlch is

o -
considered to be 1ntu1t1vely obv1ous .

o

" Itemé nine. through twelve were 1ntended to assess student

understandlng of (a) the loglcal equ1valence of a mathematlcal statement

e

. ‘and its. contrapos1t1ve (b) the role of a counter example to a stated

proposition and (c) the non-equivalence of a mathematical statement and -,
its converse. . ..

. . : B . ~
B. Procedures N

.

" The high school students who were admidistered the items wére - L
asked to respond to each item by dec1d1ng which of the two hypothetlcal

students was, in thelr view, correct and to give reasons for their.
. . s

choice. The responses of students to each of the items were carefully
» o . ,
o . T N ) . .
examined by three independent judges. As a result, response categories

-.for each 1tem were developed and each response to each 1tem was assigned

w TR 2 ' S K
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.fcd.éﬁ‘apprsbriA£éféatégo£y. Each category was consmdered to represcnt a
.dlstlnct llne of thlnklng 5o that the categor1catlon scheme was’ used to.
a ,
Tv?,:g”summarlag not only thelkidiz of tblnprng exhlblted by” students but also - ~-»,Ql

- e,

°. the dlstrlbutlon of responses for each of the items.

- In order to analyze thc response patterns of students statis—,

tlcally,'each category “was assigndgl a score.J-The-seoridg;sChemé was .. - -

used mainly to determidefwhether?Ar.not.there was any relationship between’

"student achlevement in mathcmatlcs and how they responded to the varigis

- ] T L I T TR . .

items. =~ -« =~ - & - B SR

e

C. The Sample

ey e s iThe 1nstrument ‘was admlnlstered to two hundred, f1fty flve_»

grade eleven mathematics stcdents in ten randonly selected classes of

the Edmonton Public and Separate School Systems All students«were

oy - -
"o eg b = B .-

enrolled in the course Mathematlcs 20 whlch was,de51gned as a preparatlon

- g .
»” . : . R R
.

for the study of poSt secondary mathematlcs

" II. DISCUSSION OF SO CF THE FLNDINGS
3.

The wmain- conclu31ons resultlng from thlS study are presented

’

in thlS section and will be dlscussed in terms of the seven specn{lc

questions which this study was.designed to answer;

.

A.  Question One

- To what extent or in what contexts do high school students
subjectively see the need for proof in mathematics?
) L i : 'A . . ) ] ,

The responses of students to each of the items incorporated’

*a number of distinct limes of thinking, each of which was represented by
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-VanhapprOpriate response:eategbry"‘ Based upon the dlstrlbutlon of k

- responses in -the - varlous categorles for each 1tem and also upon the

concludeq that in- generalxthe student populaglon sampIed can bé o

low,

level of response each tategory was con51dered to represent it was -

FEu
s,

o

sub-divid d into three distinct groups, designated as°high, medium and

P

Students in'therhighigfodp;~which eéntained'approximately

thlrty percent of the. students sampled, do appear to have a ba51c

I

*.understandlng of the nature and role of mathematical proof. 1In

partlcular, these students appear to'understand that it is always
- i . » .l/r . . .- . . . . .
necessary to prove any mathematical proposition before ¢alling it a

L.

theorem, in the sense of establishing a cHain of reasoning, based upon

accepted_assumptions.or postulates, undefined. terms, definitions

and prev1ously proven prop051tlons “which, prov1ued the accepted gules

of logic are followed; demonstrates that a conclu51on .1s necessarily.

'true if the postulates(on which the argument is based are accepted as

true. o ' . i

2
Approximately twenty percent of the students belong to the
medium ‘group.. These students show some understanding of the importance -
Lum 8 © SRUGents =St

of proof in mathematics although]iﬁgwas evident .that in some cases this:

understanding was minimal.' While most of these students appear to see

.

a need for proof, it was not clear thatgthejaieally‘understand the meaning

of proof.' In particular, these students more often than not failed to

 distinguish between a valid and an invalid argument. In other words,. they

did not always appear to understand what did and what did not constitute

p&eof of some ofnéae conclusions presented to them.



i The most interesting group is the low group, which contains
oo . i

approximately fifty percent of the students sampled. It was concluded
that this .gréup of students do not, in”gene%al, understand the

importanee_or mEaninguofiproof in mathematics. Most of these students , »

- . _,

do hot,;for example, distinguish between an. 1nduct1ve and a deductlve

argument. In fact, most of these students appear to understand very

1

Flittlé-other'than the fact that every mathematical proposition is either

- . v

true or false. In general, students 1n thls group appear to adopt the
. [

“attitude that some form of justification, not necessarily formal proof,
may be necessary tofverify certain propositions. However, whether or
" not these students see a need to Justlfy a particular prop051tlon appears

to depend upon the extent to which students subjectlvely belleve that the

-

'prop051tlon is 'true, based upon thei® intuition Or numeric evidence or
maybe even because the proposition was stated by some one in authority.
In .fact, the extent to which not only students, but also teachers and

professional mathematicians believe that a part1Cular prop031t10n is true

is perhaps of prlmary 1mportance in telms of whether individuals elther see
I

a need to prove arpfoposition or will in fact attempt to prove it. o

-~

To illustrate, it is perhaps safe to assume that a,mathematician
will not attempt -to prove a proposition unless he or she .believes

it to be true. Many of- the great unsolyed problems or conjectures in

mathematlcs have attracted the efforts of many able. mathemat1c1ans

.

mainly because there was an inherent belief that these problems could be
solved and proofs established. It is clear that if mathematicians had‘no
faith that, for example, the four color eonjecture would eventually be

proven, then it is doubtful that the vast literature which resulted from



attempts to prove this conjecture would have been w1tneseed In general,
if a mathemat1c1an does not bElleVL that a pr0p031tlon is.true, then it
is doubtful that any attempt will be made to prove it although,
obvmodety, attempts might be made to disprovc.it.

1

It was evidént,-however from this study, that most hlgh

\

school students, espec1ally those in the low group,\ think quite dlffereﬂtly

~In fact, it would‘appear that the thlnklng of these: students is almost

the exact opposite to that of the.mathematicién; ~Specifioally; stodente

in the lowegroup do not.appear to see any need to ptove any mathematical

proposition wﬁich\they telieve to be true. or oonsider’intuitively obvious.

On the other hand, there was some evidence to suggest that many

'otvtheséJstudents do see a need for eome form of justification of
propositions whlch are not intuitively obvious o1 Wthh are dlfflLult to
understand. However, 1m instances where students in the low group do see

/a need fo; pioof, the actual justification given by these studemts was
very subjective in nature,'aﬁ&unting in(mostAcéses to nothing more than an
opinion.

It is perhaps significant to note that most students do appear
to understand that a single counter-example to a stated proposition
dieproves the proposition. 1In fact, a surprising number of students

“iﬁ the iow{gfoup argued that any proposition which is intuitively obvious
or which is sdoported by nomerical evidence 1is troe_unless it‘ceo be

proven false.

In sommary, it would appear that less than thirty percent of

)

o

the students sampled really understand the meaning of proof and'see the

need to deductively prove any proposition that is not an axiom or definition.
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L
Approx1mately half the students show very little understandlng of the
meanLng of proof in mathematics or of what constitutes proof and. do not

~See any need to' prove any statement whichk is con51dered to be

“intuitively obvious. : ‘ :

B. Question Two.’

To what extent to high school students subjeetiuely realize
i .

that induction is inadequate to support mathematical’generalization?

s

The ‘responses of students to situations two and three in

partiCULar suggest that at 1ewst seventy pereent oF the students sa g@pled

do not realize that induction is 1nadequate to support the tyne of

0
mathematlcal generalizations presented in these items. In ‘fact, less‘
“than fen percent of.the students sampled e\pllc1tely stated that a deductive
proof was necessary to JUStlfy the valldlty of the conclu31on pmesented in -

i 5

51tuatlon two _ Approx1mately elghty pereemt of ‘the students appeared

”

to be4convineed that the conclusion was true on the basis of the numerical
. : » ., ; .

evidence presented. _ e

The inductive nature o% some students thinkingiis’elearly
evident from the resnonses of those students who argued that 'the conclusion
presented in situation two.cannot be proven for all positive~integets
since there are an infinite of eases4to be considered. Most students,
however,,argued inductively in the other direction stat}ng that the
conclusion could. be proven true by s1mp1y enumerating a number of
special cases in addltlon td those presented The classie rgépohse was
one which, suggested that there»was Yeny litt;e chance that the

3 4

generalization‘was.félse since it could easily be shown true\ﬁé? all

136
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positive integers up to ten.
" The apparent failure to dlStlngulSh between or understand the_
difference between an 1nduct1ve and a deductive argument and hence

,

between a conJecture and a theorem, is one of the most widespread errors
eVidéh£~i3 the subjective thinkding eXhibited'by those students sampled.
. &

In fact, it is this characteristic perhaps, more than any other; that

distingulshes student thought from more mathematically mature forms of

’

thought

-

It should be noted, perhaps, that when the distribution of
responses ror situations two and three were compared with the distribution
"of responses for situation one, it wasvapparent that manylstudents who
were classified as inductive thinkers as ' a result.of their responses to
~ situations two and three, were also classified as understanding the
application of the generalization'prinoiple in situation oner Inbkact -
slightly over thirty percent of the students who scored 1ow on 51tuations
two and three also scored high on situation one. Since students were
generally consistent in the level’of responses they gave to the various
}1tems, thlS observation suggests that many of the students, whose
respornses were considered mathematically correct in situationvone, argued
inductively and hence did not reallywunderstand why the proof"given in
situation onea applieg to both\diagrams as implied by the generalization
principle. If this explanation is, in fact valid, then perhaps it is
not surprising that many students do not realize that induction is
inadequate to support mathematical generalizations’espeCially if

students do not make any;distinction between the type-of propositions .

presented in situation one and those presented in sifuations two and three.

N

N3

1377
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. C.  Question Three
To what extent do hlgh school students subJectively reallze

that the obJects studied in mathematics have only those properties

N |
N o

ascribed to them by ddfinition or by postulate’7 ‘ -

The distribution of responses to situation five, ‘in particular,

\

_suggests that most high school students do not always realize the

31gn1f1cance of assumptlons and definitlons espec1ally those that do

. B VAR
/
ot agree with their 1ntu1t10n or are used:in an unfamlllar context

-

This concluslon/was base, pgn the facf’that approximately eiohty five :

percent of the students

mpied believed that the propositlon presented
in situation five was:untrue even though'a partial proof was provided.

| The proposition in question, namely, ‘that three dlStlnCt pairs of
parallel llnes are determlned by the fouF dlStlnCt p01nts ~uas rejected
by these students for several related reasons First, it was ev1dent Dhat
‘many students cons1dered the entlre dlscu551on presented in 51tuat10n
five to be meaningless because it was based, invmﬁEir'vieu, upon a ¥alse
hypothesis. Theseﬂstudents argued that sinceAthe plane consists of an
infinite number‘of points, it“is meaningless, or‘in the words of many,
”impossible"r‘to assume that only four.distinct pPRINELS exist. It would
appear, therefore, that .these. students are unwilling. to: reason from or to
accept any argument based upon’an assumption-whieh.they believe is false.

‘ Approximateiy sirty percent of the students rejectedlthe
conciusionistated in situation five.because they apparently refused to
accebt that a line,fby‘definition; was:ﬁetermined by and consisted of
exactly'tuo distinct ‘points. These,students did not appear to understand

the significance of this definition and, judging from their responses,

: SN . \ .
continued to think of a line in the usual Euclidean sense. This was



’ ' .
partlcularly ev1dent in the responses of those students who suggested. ; ot

'.1, - ~

that the llHES in the dlagram of 31tuat10n f1ve obv1ously 1ntersect‘:"'
and therefore cannot p0551bly be’ parallel : These students ev1dently

1gnored completely the hypothe51s that only four dlStlnCt p01nts exist and

’-consequengly d1d not reallze that the deflnltlon of parallel llnes
. A7 N
preSented in 31tuatlon five was perfectly valid.

.o In summary, the reasons glven for not acceptlng ‘the conclu31on
jpresented‘in s1tuat10n f1ve 1ndgcate tnat the vast maJorlty of students
. & s - . .
' do not realize that thls conclus10n and the arﬁument supportlng it can only
“he 1nterpreted in terms of the hypothe51s and detlnltlons on-whrchpltvls 1ii'f

based..

D.vauestion-Four"'

To what extent do high school students subJectlvely understand

;,.

the indirect method of proof in mathemat1cs7

Y

' On the basis of this study, it. .was concluded that less than

twenty percent of the students sampled really understand the method of
1nd1rect proof It was evident from the responses given to 31tuat10ns
six and~seyen that most Students. are confused by an 1ndlnect argumcnt.

In fact, many belleve that an indirect proof is not a valid form of .

1

- - r
reasoning. . .

There are a number of posgible explanatlons for the apparent

dlfflculty that studéﬁ%s have w1th an 1nd1rect argument. Many students

o -

1nd1cated that they would never be able to prove a proposition on their /
04 R . \

own using thlS form of argument. Others suggested that the 1nd1rect ) N

method of proof is an unnatural" form of reasonlng. It would appear,
v ».' / o -



e/] TN y | :
therefore that most studentb do not con81der the indirect method of

proof to be a convincing form of argumcnt

N . 12
9 ‘The objective of.an.indirect argument is to show that fthe

-

negation of a stated proposition is false. If the negation can be, shown

false, then the stated proposition’must be true. Hence, the central

]
idea of the Hethod of indirect proof is to assume, for the sake’of

argument, that the negation of a stated proposition is a Lrue statement,

——,

It if can be demonstrated that this assumption implies another statemen

which is inconsistent with thévstated proposition or other known theorems,
Voo . .
then the negation must also becontladlctnryand therefore false. As a

result of thlS contraelctlon, the St#ted pfoposition_must therefore be

/

\ . - o

true. ' AN ' ‘

\
~ .

- ¢ . \
¢ . .

It would appear, however, that most students are not
con&inced B& an indirect'érgumenc becausg'rhey do not.understand the
logic oﬁ §;ch arguments, as.outlined‘above. Spécifically, many sﬁpdents
appeaf to view an indirect argument as if ir were a.direcﬁ argumépt.
Hence many are éo@fpéed because, in théir viéw, the argument does no;\

prove the stated«ﬁroposition but rather proves the "opposite'". 1In orher

words, these students do nLt realize that the objective of the atgument

"is tQ”showvthat the negation is false but believe that ir, in fact, BN

\

shows the negation to be true and is thus an invalid and contrad}ctory

!

.. . " i ' N N
form of reasoning. This was particularly evident fran statements such -

as: '"You can't prove something is true hy showing that the opposite in
' ™, ' .

true" or “Y0u~can't‘prove something:is'trug by showing that somethinrg

else is false"

140
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Another reason why students have difficulﬁy with an

[
1

indirect argument resultb from the fact that many do not dlstlngulsﬁ

M 3
k. ' 3

between the ncgatlon of a stated prop051tlon and the proposition itself.

.

These students therefore claim that’in suqh“arguments, the statement to '

be proven is assumed in order to prove it.. .Hemce the argument is .
' P - v T
cons 1dered invalid because it employs circular reasoning .and effectively

.
~ .o

proves nothing.

' Perhaps the most significant reason why students do not
understand an indirect argument is because many believe that the negatiion
- . i ) . i ) . - .

of any stated proposition is dlways a false statement. ’éﬁfuaS/eVTHent frpm

the responses of students to- 51Luat{32/£;ue’;ﬁ55t student% consider any

conclusion or any argument to be 1qya%id if it is based upon an

assumption or hypothesis”ﬁhich they beiieve is false. This kind of

reasoningfwég‘clearly evident from the responses of students to situations

" .s1x and seven also. Henc many students considered the indirect

‘arguments presented tp’be invalid because, in their words "you |
cen't assume that/a faise statement is true"

In symmary, it is possible 'that to fuliy understand the
indirect methoa of eroof requires-a greater degree of maﬁhemapical
maturity than that demonstréted by most of the students sampled. Based

wuﬁon the kinds of feasons students gave; it is evident that it may be:
unrealistic to expect most students at the high school level te understand

and use what is essentially a very sophisticated form of argument

greatly misunderstood not only by students but by. many others as w 11.

-/ .

I



-

E. Question Five ]
. Q
To what extent- do high school students subiédtively realize

that a single counter-example to a stated proposition is sufficient to

reject that proposition? )

t 3

On ghe ba;is of this study, it would épbear‘that high school
students do understand that a-single counter-example to a stated
praposition is sufficient to disprove that proposition, Evidence for
this conclusion was obtained from the résponse of students to situation;
two,'three; four, ten and twelve. In fact, it Qas evident that the
counter—example "idea was understood by more ;tudents than any of the
other concepts £hat were investigétéd.

Situation:ten was designed specifiéally fo assesg whether or
not students4understood fheprole of a counter—eﬁample. A false

.generalization, together with a specific counter-example was ﬁresented

’

in this item. Almost eighty percent of the students reédily agreed that
“this counter-example was sufficient to disprove the'sta;ed conclusion.
The cbnclusiqns presented invsituations foﬁr and twelve were
also uﬁtrue. In both of these items, however, no counter-example was
suggested nﬁr was there any hint that th® stated conclusions were
incpf%ect; In spite.of this approximately sixty percent of the students

provided a counter-example to reject the conclusion presented in

situvation four and over forty percent did the same in situatiion twelve.

As discussed earlier, a significant number of students agreed
that the conclusions presented in situations two and three were true

statements because they could not find any counter-example to disprove

142
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these statements or because they were convinced that no such counter-

examples exist. ' These students apparently reasoned that sidce any

v -

ST ' . ' e NN »
proposition can only be disproven by exhipiting at least one counter-

ekamp;e,vtherefore a statement is proven if no éounter—e§ample'can be
found. . It is possible, however; that many of these students used

" this line of reasoning only!because they considered thg conclusions
presented in situatiojf two and three to be iﬁtuiti%ely obvious.aﬁd

hence either did not See the need for a formal proof or could not

provide such a proof. 1n any event, it was evident that while most
students do appear ;é realize that a single counter-example to a

stated ?%oposition is sufficient to reject that proposition, a

Signifiﬁént number of students inéorrégtly believe that the notion of

counter—example can be used in some situations to prove certain
propositions, a finding which was totally unexpected.

v -

F. Question Six N

To. what extent do high school students subjecti?ely realize
that a mathematical statement ‘and its contrapositive are logicélly
equivalent? .

On the basis of student. responses to situation nine, ghere
was no evidence to suggest tgat high school students understood the .
légical equivalence .of contrapositive mathematical statements. As
was indicated in the previous chapLer, not a single étudqnt recognized

that Statements A and B presented insituation nine were contraposi:iVe

statements and hence logically equivalent. In fact, it was stated.

t

explicitely in situation nine that the proof given for Statement B also-

proves Statement A. 1In spite of this, most students felt that the two

v

~ ©
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statemqﬁ?@ were unrelated.” Almoat half of the students,vin.fact,

a8
suggested that in order to show SLatement A true a different proofB

was necessary than that given for Statement 3.

C. Question Seven
| lf -

' To what eﬁg?nt do high school students subjectlvely recognlze

s

‘that a mdthomatlcal pr0p051t10n and its converse are not 1001ca11y o
o ’ oo . ’

equivalent? - |

“S~__~ The evidence obtained relatiﬁe-to'the abové question; as
o ( -

with t Previous question, is perhaps insufficient to justify‘any
pos%ti e conclusions. iny.one item, namely situation twelve, was
designed with question seven in Wind. While. the majority of students
réalized that the proposition stated in situation twelve was f;lse none
of the studen;s sampled appeared to undersﬁand why Fhe argumént presented
was’inyalid; .In particular none @f the students indicated thas)the
argument provéd*the'coﬁvefse of the‘geaﬁéd'propositioﬁ. Almost half

the students‘sampled, however, did cofrectly disprove the stated

" Proposition with a suitable counter- example. It is possible that most \

[

students who realized that the proposition was untrue, simply ignored '\

the argument and attempted to find a counter-example. Some of the
students however, could not evidently reconcile what they considered

to be §1false proposition with a valid proof. 1In any event, there was
no eYidenCe'to suggest that}high school stddents'recognize.the fact that
a mathematical statement and its gonve%séiarg fot logi;ally equiyvalent.
In fact, aBout the oniy Concluéion that can pgssibly be drawn is that

many students do not distinguish at all between a Statement and its

converse.

!

"1

’
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T III. DISCUSSION OF THE RESULTS OF THE HYPOTHESIS TESTING v

\

In order to carry out a statlstqcal analy51s of the response

patterns of students, the response of each student to-each item was

Y

assigned a score of zero,‘one, two or three, as outlined in Chapter
Three. ﬁlnce each student resﬁonded to elght of the 1tem; the maximum

p0531b1e score was tventy four
x/’ ‘ The statistical anaLysis was carried out primarily to
H : ' * ‘

. . | 3
j investigate whether or not the level of response students gave to

N

all eight items, as mensureﬂ by their total score, was related to their

i

achievement in mathematics. It was decided as well to use the scorlng

scheme to dete;mlne whether or not there were any 51gn1ficant dlfferences
betweenlthe mean total scores of each class who were admlnlstered the.
instrumeﬁt;, to look fer 1nconsastenc1es in the response patterns of.
studente te halrs of 1tems and to determihe whether or not there was
any 51gn1f1cant dlfferenﬁé in the mean total scores of males- and females
. -

The major findings from this analysis can be summarized

relative to the hypothesesAwhieh was tested, as fqllows: (a). So

significant differences were found to exist between the mean total scores

of each group of students whg were administered the instrument; (b) In

[N - ‘
|

seven of the ten classes which were administered the instrument, Significaqt'
positive cofrelati@hs were found to exist between mathematics achieQeMent

and the tonal,scope obtained on the ﬁnStrhment; (¢) For all students for
whom ach{evement data was obtained, a signjficant correlatig% was found

to exist between mathematics achievement and total score. However,

_eéfrelations between mathematics achievement and the scores obtained on
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situations twb,,threc, five, nine and ten were.not significant, and )
(d) For the entire sample, no significant difference-was'ﬁou&d to . - .

. o L _ ‘ _ )
exist between the mean total scores of males and females. Furthermore,

.

no significant differences were found to exist between the mean scores
" _ » _ o . . A
‘of males and females on cach of situations one through- seven, with the

exceptdfh of situation six; where the mean score of females was found

to be significantly»higher than that of males. ,.: oot

With respect to the first of the above findings, it will be

)
- . i
skt |

recalled that the instrument was administejed to ten intact classes in

nine different high schools. It was recognized that these schools:

v

differed not only in sizé,'bp; also in purpose and philosophy. Some
. ' SR < § ) .
of the schools were large ‘composite high schools with a great deal of
emphasis on ‘eXtra curricular activities; others were smaller and more

intimateiwith a greater emphasis on academics. In addition, perhaps . '

the most important variable of all, in each class, was the teacher "
' - - SN - . : )

-whose demands and expectations of studLnts may have resuplted in ehtirely -

different attitudes in different classes. -These factors could have had

an effect -upon how students responded to the various/items thus' - -

producing variations in the response patterns erm/different classes, . *

in spite of the fact that every effort was made both in the construction

of the items and in their administration to, prevent students from

perceiving the instrument as a test of their mathematical knowledge. In '

fagt, the items which were administered to students were selected on the basis

that each would be unfamiliar to most students soa that hopefully the

effect of any previous instruction would be'm'nimized. However, there

was no way of insuring this in advance.



The fact that the mean scores of the ten classes were not
N ) B

N

significantly diffeﬂent suggests that the factors mentioned above did

not 51gn1ficant1y influence how students responded to fhe varlous

items. vAlso the fact that the ;esgonse patterns of students in

different classes were consistent would appeatr to enhance the
reliability of the <tems used not only from the point of view of this

'

particular study but also in terms of their potential usefulness as a
ns by which teachers can dﬁegndsestudent understanding of ﬁahy

concepts related to the notion of mathematical proof.

The findings which show_a'signifiqant correlation between

istic tq assume otherwise,

4 - ) . . : .
>t least for soke of the items. How the 31gn1ficance.of this
finding lies, per aps, in the fac

v

both mathematlcally and perhap

that only the very best students,

- -~

1ntellectually, have dlsplayed a mature

[

understanding of what proof An mathematics really means. On the other

side of the coin, judgrn

N
)

from the type of resﬁonées obtained at: the

L.

lower end of the scale, it would appear-thaf‘the vast maj%rity of high
schopl students, all excep? the very high‘aehieyers, do ‘not possess
anything approaching a clear Snderstanding‘of many'of the conceépts related

" to mathematical proof that were investigated in this study.

Ce

o : ¢
The final major finding shows that contrary to popular belief,

as far as uhderstanding the nature and role of mathematical proof is

econcerned, the level of understanding displayed by‘girls is no different
_from that displayed by boys. It wauld appear, therefore, that the main

(% . . .

o .
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variable is not sex but brainpower.

In addition to the findings discussed above, and in spite of

the fact that a correlation significant at the 0.001 level was found to.

exist between mathematics achievement and total score, correlations

o

were obtained between achievement and the score on each situation. It

"
"

was found that non-significant correlations exist between achievement

.3 . ‘ . . . !
and the scores on situations two, three, five, nine and ten.

Y

Situations two aﬁq three were designed to assess whether or

not students use inductiv® or deductive reascening to justify the "

generalizations presented in these items. Henee, on the basis of the
| : 3

previous discussion, a non-significant correlation between achieve

and the scores obtained on these situations was interpreted to suggest

that even some of the better students are proné to-use induction to
Lt !

-support mathematical generalizations of the type presented in these items.

Situatioen five was designed to assess whether or not students are

willing to accept and use definitions and hypotheses, which may be new

* N ' - . ] . » - 1 .
and unfamiliar, in the context of a finite non-Euclidean ‘geometry. Again,

the fact that achievement did not correlate sigg&ficantly with the &core

'

obtained on this item suggests that even the better students encountered

difficulty with this item.
j

o

On situation nine, none of the students indicated that the

two contrapositive statements were legically equivalent, thus

explaining the non—signifiCant‘correlation between the score obtained

RrEs

. .
on this situation and achievement. Situation ten was designed to

assess specifically student‘understanding of the concept of counter-example.

The fact that there was no significant correlation between achievement and

y
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'.maJorlty of students appear temuﬁgﬁgstah’“the xole of a cd&nter example

) !
. -including many of the low- achlevers

-~

'between the scores of each situation.were obtained. An examinatlon of

~ i) £

- F .
o ! »
Significant correlations at the 0.05, leve@'were found t&" ex1st

between mathematlcs achlevement and the scores obtalned on situations

.

one, four, 51x, seven, eight, eleven and twelve. These flndlngs have -

been interpreted to suggest that only the high achievers dlsgfzyed a

_mature Lnderstandlngtof the concepts being 1nvest1°ated in each item.

For exampie, the fact that achievement correlated signlflcantly with the

scores obtained on sfituations six and seven suggests that'only.the very

~

. N
indirect proof. - -

N -

best students academically show any understanding of the,nethod of

Finally, as reporteaﬂin Table XX1, the incorrelations

P g
these 1ntercorre1at10ns revealed what may ‘be considered ‘as an 1ncon51stency

in the response patterns of students _on shtuatlons one, two and three.
o o

Spec1f1cally, a significant correlation was found to exist between

the scores obtained on situations one and two and also between the

scores obtained on situations two and three. However, the correlation

149

between the scores obtained on situations one and three was non-significant.

Furthermore, the score on situation one correlated,significantly with \

achievement, whereas the scores on situations two and three did not.

These results, while indicating apparent anomalies in the response

patterns of students, are consistent with ithe observations, reported
P

earlier in this Chapter, resulting from,alhompafison of the response

patterns of students on situations one, two and three. To be specific,



l?,‘ ' r l “ .
approximately one third of the students who were classified as understénding
the use of the generalization principle in situation one, were also
classified ds ‘inductive thinkers on situations two and three, while a ”\V/

g S B .
significant number -of students responded in "just the opposite mané;r
on those items.

- If it is assumed that students responded consistently to items
one,. two and threé, then there would appear to be.several possible

explanations for the apparent anomalies. Firstly, it is possible that

i

these students considered the conclusions presented in all three

{C

some O

o

‘4 . R . ' . . _
item$ to be intuitively obvious and therefore did hq%;see the need for
any‘fbrmal proof in each of the three situations. This would explain

why some of these students were catigorizedqss understanding the general-

ization principlé_in situation one. It would also explain, perhaps, why

. _ ORI ’ \
some of these students considered an inductive argument to be adequate
justificatiens for the conclusions presented”iﬁwsitpations:two and three.

It is also possible, however, that some of these students -

responded to situation one not on the basis oé an understanding of the

.
A

generalization principle butﬁrather by‘reasoning inductively consistent with
ﬁheir responses ﬁo situations g&o and three. To illustrate ﬁﬁy this is .
possible, it should be noted that the propositions_presented in situations
'  oné and two, for example, have the same.general form, namely both are
statements of the form P(x) where x belongs ta an appropriate domain D.

In general, to prove that a proposition of the form P(xj is true for a%}:x

in'D, it is first assumed, vithout any loss of generality, that x is an

arbitrary but fixed element of D. If it is then possible to prove the

150



hfflxed or constant v .lues of X, that is, for one or more spec1f1c positive

o Y STy
U i R

g

statement P(x) true for thls arbltrary but flxed value of x, the general—

1zat10n prlnclple is applled either 1mp11c1te1y or exp11c1ﬂely, to conc]ude'

that P(x) is trye for all x in 'D. .

o

In situation one, the domaid’ D is the set of all geometric flgures
1somorph1c xo Joe s dlagram P(x) ates that the area of the trlangle

is one-half the area of the rectangle for all such geometrlc flgures L

Since P(x) was prowen for the albltrary but flxed figure labelled Joe s

\

diagram, no further proof is nece4sary to conclude, that P(x) is true for

all other isomorphic flgures and, in partlcular, for Tom's diagram. It is

-
. 3

possible, however, that some of the[students who.correctly stated that no

I 4 . :
further proof was necessary in situation orf®, did so on the basis of in-

s

ductive rather that deductive rEagoning. The reason for suggesting this

°

is that essentially the same klnd of argument must be used to prove the

proposition presgented in situation two. In this case, the .domain D is

the set of all positive integers. P(x) stateéfthat 4* - 1 is divisible
by three. Again, if it can be shown that P(x) is true for any arbitrary but
fixed p031t1ve intey~r x, which is not very dlfflcult then the generali-

zation principle can be usea to conclude that P(x) is true for all positive
integers x. It was evident, however, that most students did not use this

form;of_reasoning to s stify the conclusion presented in situation two. Most

Can \

"stuaggté, in fact, be? ieve that if P(x) can be shown true for one Oor more

B

!

integers, -then liis is sufficient to conclude that P(x) is true for all

)

positive integers. It is possible of course that these students resorted -

, . .
to this inductive form of reasoning because they did not have ranyfgéce_
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. ’ T ' '
how to prove the stated _proposition otherwise. However, based upon the

o

fact that approx1mately one thlrd of. all students sampled who justified

. \ . ’
the conclt31ons presented in s1tuat10ns two and three 1nduct1ve1y, were
%ias31f1ed as understandtng the generallzatlon pr1nc1ple on 31tuat10n one

it is also possible that these students responded to situdion one in the

3

same way and fof the same reasons as they did to 31tuatlons two and three.

In summary, whether 0Y not the responses of students to situations

(]

one, two and three are 1ncon51stent ‘it would appear that students need a

9

o

great deal of mathematical maturitv to dlstlnoulsh between show1ng a pro—_m“

position of. the form P(x) ‘true for a flxed or constant value of x and

prov1ng P(x) true for an arbltrary but fixed value of x. ‘Yet, this is
essentlaliy what students must be able to do 1f they are to understand noaﬁ
only the full generallty of manv propos1t10ns but also the dlfference between

empirlcal evidence supportlng a proposition and a. vall proof of that pro-

position. It would appear that the majorlty of hlgh school students are

not mathematlcally mature enough to make this dxstlnctlon without, perhaps

specific 1nscruct;on and exposure to a varletv of exanples 1llustrat1n0
these ideas 1n an ekp11c1t manner. S . . -

TV GENERAL OBSERVATIONS.

Smit@¥and Henderson (1959) state; .. -

Pthe unsophisticated, proof' is- practlcally

nonymous w1th 'what conv1nces me' A
&tatement is 'proved' when a person is -
convinced that it is true. Such a concept
makes proof a subJectmve ‘and personal matter.
The purpose of conslderlng proof as a major
idea in mathematics is .to lead students from
such a subjective concept to a 'more objective
one, a concept based upon criteria 1mpersonal

> in nature. (p. 178). - -~

7 | | -
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“to the concept of.proof These squdents do not see any . need to prove

" obvious. In th1s respect, the thinklng of these h1gh school students‘

»1“_5'3‘

It was ev1dent from thls study that approx1mately half

-

 the students sampled were totally unsophlstlcated" with respect

9 _ .
any prop051t10n that they éon51?er to'ﬁe self evident or 1ntu1t1ve1y o ’

’

is ho dlfferent from that exhlblted by most students at the Junlgr high

level. However, this kind of thlnklng at the Junlor hlgh school level

.

hls’not surprlslng since many of the students are Stlll at Piaget's

i

concrete operatlonal stage of development Students at the Senior high

school level are assumed to be at Ehe formal operatlonal stage, although

4

- the klnd of thlnklng exh151ted by many of the students sampled?certalnly

c N
does not confirm thls. SR 3,

PR S PN
v

On the basis. of tHifwstudy, at least seuenty percent of the,"-‘~

students in .grade eleven do not. appear to fealize ‘that generallzatlons r
) . . .
about infinite sets of mat%&@a%?cal objects cannot be adequately

supported by examining a ﬁzm1tefnumber'of cases. This finding contradicts '
- AN . . B
. & -

a finding of Robinson (1964),fyShe,concluded that students do have this

understanding,"at keast, b§ grade seven It is possxble that some grade ’ "

e EET
seven students do have this understandlng, but it is ev1dent from thls

study that a s1gn1f1cant number of students at the grade eleven level do

not. : L . s

s

Roblnson (1964) also concluded ‘that:

; .
Most seventh and- n1nth—gﬁ de students will,
when* given free- choice, justify a mathematlcal
generalization by deductive reasoning from
‘a set of premises if. and only if those :
premises agree with ' the1r intuitions; ihat is,
if and only if those premlses are "believable .
to the ch1ldren (p 101)



. It was ev1dent from thlS study that this same conc1u51on is also valid

fOr otsp elghty percent of the grade eleven students sampled, most of N
whom(/ln facbf—GZ;’ not willing to réason for the- sake of argument, from \
o~ U |
j aux mlsc wh;gh they consider to be false. It was also determlned
gt ! :
that thls\;s/bne of the main reasons why high, school students experlence

~difficulty with &he 1nd1rect method of proof.
-w,ub Again, in view of Piaget's findings, it is not surprlslng that

many’ Junldr—hlgh schoal stuJLntq would react to assumptlons in thls way.

However, the fact that most senior high school students in the &op,mathe—

matics stream of their respective'SChools did so was unexpected, although
b

this finding is consistent w1th some of the flndtngs of Reynold's (1967)

-

Whlch were dlstusaed in Chapter II. He found that in responding to questions
'related to notion of mathem@tical,proof.'students in the age group

seVenteen to eighteén responded no differently to manv of his items than

students. in the agé gtodps twelve to thirteen.

'

' O
Th;s finding would appear to be s1°n1f1cant because if most

sttdﬂntb at the senipr high snhool level are only willing'to reason from
| SN

pPremises that they consider *to be true, thon it wyould appear ‘that these

students have very little idea about the nature of mathematical reasoning

in general. ‘In;particular,fsuch a finding suggest= rhat these students
: Ty - . . ‘ . ‘ - O
do not understand that.the very eéssence of a mathemat i q] system is a set .

' o X . R
of assumptions calléd axioms or pdetulatee which are assumed tq be.trué

a9 .

whether they are self-evident or n~t. Furthermore these assumptions

constitute the genesis of all mathematical structures and hence the -

.

. . ' [y . . .
core of all mathembtical reasoning. Tf these stundents are unwilling to

-

reason from a postulate becau%e they consider it ro be a false statement,

< :i
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Oor because it is not intuitively obvious, then the whole questlon of
whether or not most hlgh school students have benefitted from, orhcan

benefit from, a study of formallaxiomatics would appeatr to demand much

o

greater study. - ~

u On the basis of this study, it was also evident that most
‘ .
high school students do not understand the logical principles underlying

some of the arguments presented. This was particularl& ‘evident in the

! A

case of the method of indirect proof which does not appear to be under-

stood by approximately eighty pereent df the students sambled, mainly
because they do not understand the logic behind such arguments ‘There
. was also no ev1dence to suggest that students understand the.loglcal
equlvalence_of a mathematical statement and its contrapositive or that
a.statement andvits converse are not logicaily equivalent. As a result

many of these students were clearly handlcapped since in general it is

imp0531ble to separate proof from loglc S

-

The only finding of a7positive nature was that most high ‘school

. >

students do appear to understand that a single counterexample to a stated
propositiohlﬁs‘suﬁficient to disprove’ that propositioh. Itiwas evident
that all students realize that a mathematical propositionfis either true
.or false, but pot beth, and perhaps the idea of proving a statement

false is much simpler to understand than the idea of pfeving a statement

true.

V. EDUCATIONAL IMPLICATIONS

Based upon the findings of this study, it is apparent that
a :
the search for improved ways of introducing students to the deductive -

nature of modern mathematics must continue. Whether or not students go o



[y . '»

on to study higher mathematies, it is Stlll de51r9ble ‘to glve hlgh

\

school students some idea.of what modern mathematics is all about and.v
what mathematicians actually do. It should be possible, for example
to give studeénts some understanding of the 1mportance of famous con-

jectures in mathematics such as Goldback's conjecture, Fermat's con-

)

jecture or perhaps the famous Four Color Thearem. It sﬁould<be possible

.
)

for students to understand why these simply stated, and to many,
'1ntu1t1vely obvious or self- eVldEnt conjectures‘have‘attracted'tne
efforts of many mathematicians over the yearsﬂ Sureif,ftne imagination
of students can be challenged and they can be taught to apprec1ate why
the mathematies communlty will not- be satlsfled untll some of these‘lw o
conjectures are elther proven or shown to be falge.

Tovaccompllsh the kind of understandlng referredito above does
“not, perhaps require that studengs be exposed to a long and complicated
axiomatic treatment,of any part of mathematics. In fact, as stated
earlier, it would appear that a deductlve approach to the teaching of

mathem.t1cs is aDpropriate "perhaps, only for a very select few students.

On the basis of this study, it would appear that if the

- .
—.

teachipg of deductive method$ is to be very meanlnoful for most students; “
e ”

‘even at the senior high sthool level then students must net. be requ1ﬁed

to prove or even memorlze the proofs ot long strings ;ﬁ'propos1t10ns'

that to them are intuitively obvious. On the other hand, students shouid

be given the opportunity to beoome.totally familiar witn any axioms,

.hypotheses or definitions before being required to reason wifn them;

In fact, the use of nypotheses and definitions that are intuitively

acceptable -to students is indicated.




It was also ev1dent that it is necessary to teach explicitly
the loglcal pr1nc1p1es underlylng many of’ the arguments .used in mathe- -

matlcs. It would appear thatfthe best gime to do this is conéuqrent

."ith the use of these srinciples in.actual mathematical situations.
Besedtupon'ﬁteyious research,.it would appear to he insufficient to
teach a course on.logie prior to or separate from a course”ﬁnlmathea
maties,end hope that students will automatically transféﬂ and apply
this knowledge to mathematical situations. Hence students should be
exposed to many examples where the logic of an argument:is explic}tﬁy
discussed and revealed to them. This would appear to be particula ly

useful in the case of the indirect method of proof and also for some

.\\l

of the other ideas assessed 1m this study, such as the use of the

[ 4
generalization principle or the logical equivalehce of a stateﬁen4
! PP

and its contrapositive. S /

. ey
» i

On the basis of this study;-however, it may be unrealisLic to
. - . ' /
expect most students at the high school level to understand‘and ,use some
. N . \

of the forms of reasoning inVestigatedfin'this study, particularly the

~

method of indirect proof. It is possible that some studemts will never
understand how the method of indirect proof proves statements in mathe-

matics or will ever be convinced by such an argument. N

Students must also. be taught explicitly the dlfference between

inductlve and ‘deductive reasonlag .In\general terms, it is pefhaps A&

essential that high school students understand the inductive nature of -

most scientific discovery. The fact that most conclusions th result

. . . . *
from research in the fields of medicine or psychology or even thematics
\‘. . . - »

>'¢ r (3 3 . . - T .
are based upon inductive evidencé whereas only conclusions in thematics
Y
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» N
Eican be verifiedvby deductive reésohing, dpes not appear to be a

concept impossible to teach to most ‘students. However, on the basis
of this study, it would appear that most high school students dQ'not

have this understanding or at least do not make. any distinction between

.4

both.kinds of réasoning. Perhaps more attentibn should be paid fo the
suggestion of Alléndoerfer (1957) when he stated:

At some stage in the high school mathematics:
curriculum, there should“be a serious discussion
. of deductiveﬁsystems per-se, and later
~applications of this to mathematics and to non-
\ mathematidal situatrions should be used. to
reinforce the understanding of the students
about deductive methods (p. 66).

]

' Finally, and perhaps most éignificantly, on the baéis of
this study, it would appear that items of the type used in this study
can be used by teachers (a) to initiate the instructional process

relative to many of the concepts to be taught and studied in the area
o s " A . .
of mathematical proof? (b) to diagnose and identify erroneous student
. s
thinking relative to many of these concepts; and (e¢) to discuss with
. A ‘ .
students, either on an individual or class basis, the kinds of errors in

thinking exhibited in order to convince them of the nature of such errors
and in the hope that students can learn from their errors the correct

form of thinking exﬁected of them. \\

a ] : 3

VI. SUGGESTIONS FOR FURTHER RESEARCH . .

- The motivation for this study resulted bartially from the

‘realization that many of the items used in the past to assess learning

’

outcomes in the area of mathematical proof did not assess the extent

158 ¢




FE

to which some of the more important objectigfs of the high schoél'
mathematics curriculum were being attained by students. FLwcett (l§38),

[

Féhr‘(1966) and' Wilson (197lj,vamong othets ha&e'suggested that many

o«

teachers tend to emphasize only the lower behaviour levels in their testing.

This was particularly evident in the area of mathematical proof, where

it would appear that the main eﬁphasié was placed. on factual knowledge.

n

If, in fact, the objectives which-are émphasized in the usual tests and

examinations giﬁéh'to students reflect what students are actually taught

.
? .

. . d
in the classroom, then it is, perhaps, not surprising that most students

lack a basic understanding of what proof in mathematies is all about.
A secondary objective of this study was to determine whether
[4 ' .

or not items of the type usef in this ‘'study have any potential. for use

*
in the classroom as means of diagnosing or assessing student understand-
o . .

ing of some of the more important objectives of the high‘séhool mathe-
matics curriculum that relate to the notien offpatﬁématical proof. This

effort, perhaps, only scrat¢he§;thé surfadé;”bpt‘it”dbes suggest that a

o

much greater effort is needed to develop and validate alternative methods
by which lea¥ning outcomes relativk to these objectives can be diagnosed

and assessed in a manner meaningful not only to teachers but also to =

students. . . , ' \ ]
’ 9 : i
There is, therefore, a need to devise and evaluate alternative

teaching strategies for the presentation*bf concepts in the proof domain

at a level consistent with mafhematical maturity of most high school -

.students. Many suggestions havia been made along these lines, most

‘recently by Sher (1978). He shggeste_ that Boolean Algebra would be an




;

e

. > ' .
appropriate means to int:zguce students to a mathematlcal system in

which students can unde1stand

However, this suggestion, and

I

o

appreciate and even prove theorems.

others like it, peéds to be evaluated

objectively in an actual classroom 51tuat10n sqg, ‘that the effectlveness

.of these teachlng strategies can. be deLermlned

0)
this study results [rom the ob

Ll

pr}nciples that underly séme: o

in elementary mathematics must’

understand the .nature of dedective mathematics, then the logical

Another recommendation for further research resulting from

servation that if students are to really

f the more basic forms of reasoning used

be made ‘explicit] to students. It would

appear that many of those pr1n01ples are left to incidental learning with

‘the result that most students

knowledge of some of thevﬂgst

graduate from high school without any formal

basic rules of inference. Hence there is

a need to develop ways of incorporating a study of the basic logical

' principles used in elementary mathematics directly into the mathematics.

///—1 curriculum in such a way that
/ * -

principles are applied to part
. .

:) searchers,:such as Phillips (i

.

students can see immediately how these
lcular forms of reasoning. Previous re-

968), Roy (1970) and Bostic (1970) have coﬁL

‘cluded that formal instruction in the basic principles of Togic that are

essential to deductive reasoni

automatically be able to under

ng dges not guarantee that studeﬁEi/S}ll

stand the use of éhese'principles@in mathe-~

matical arguments, espegial1y when these principies are studied prior to

or separate from the mathemati
wouldAappear that most student
instructioq\on the use of thes

This would appear to be e§pet1

: \
¢s in which they are employed. Hence, it

s need explicit and perhaps repeated
e principles in a mathematical context,

ally important 1n the case of particular
r gg

1
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forms of'reasdning-sueh as the method of indirect proof and some of the

other forms of reasoning investigated in thislstudy.

VII. EPILOGUE : |

. For the benefie of.fhose.who may be interested in continuing
.the line of research reported hefe, it would, peehaps, be uaeful to
1nd1cate,31n a retrospectlve sense, some of the areas where potentlal
1mprovementa eo thlS study might have produced more rellable resultq

It 1s possxble that the wordlng and nature of some of the
M‘“ ‘,\ ’
‘items may have had a Confoundlng effect upon how students responded.to
’n

these items. For example, it is possible that the definitions of a

line and of parallel lines in situation five were not made explicit

s

enough. 4

'

It is a¥so possible that students considered the-proposition.
presented‘in situation six (i.e. proving 1%0) to be iﬁtuitfbely obvious
and hence did nbt-botﬂer tc regd the argumene presented or else co%sidered
it umnecessary. Hence a more appfopriate item might have been used.

Perhaps the main suggestion that results from these observations
EJ

is that it may have been possible to determine student perceptlons of

- .. \
these items more accurately by carrying out individual interviews with

[%

selected students after the items were administered. Such a procedp&e

could have been used to determine whether or not there are alternative

interpretations of the results of this study than those rfiven in this

report. In fact, it is entirely possible that reliable data could have

been obtained solely by interview rather than by the procedures adopted
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in this study. It'wduld appear useful, in fact, ‘to determine, via a '
compatative study, whether or not the conclusions of this stndy wnuld
have been any different 1f tﬁé data had been obtained solely by inter-
view or by a combination of wtitten response apd subsequent interview.
One final euggestion would be that whatever methdd is used to
gather data, it would appear that the kind of re;earch reported here
could be’ carrled out with students at all levels from the. Junior ngt
School through to beglnnlng University and beyond, the objective of
which could be to determine more preeisely the characteristicslof the
various stages through which students appear to pass in gaining an‘
understanding Qf the nature‘and role of proof in mathematics. The
refinement of a developmental model relatlve to how students progress
. in thelr understandlng of proof could add 1mmense1y to oneis under-
standing of row beat and wigen to 1ntroduce students to the varidus

concepts so as to maximize student understanding at each stage of

his or her development.

R
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. - APPENDIX T | o .

i ITEMS USED IN THE PILOT STUDY

1. Mark any of the following statements that accurately describe

rvour thoughts about mathematlcal proof:
&

1. A mathematical Froof is necessary oﬁly when you want -

to convince someone of the “ruth of a statement.

2. A maihe@atical proof can establish thg‘absolute trethf

: - 7 L
cf a statement. o J7
‘ K /

3. To tHe hypothesis and -he data of the problem,af%

_previously accepted definitions and assumptions, t.he,
rules of logic are applied to arriVe at a proof forﬁéﬁ '

problem.

4, A mathematlcal proof of a statement is not necessary 1f

" . . L]

y0u can give. any number of instances where the: statement .

appears to be true.

2. Note the following pattern:
1I'=1x1-= l2 L
" . - o /
o, 2 ‘
1 +3=4'=2x2=7
' 2
1+3+5=9=3x3=3 . )
‘ A1+'3+5+-7=16=4'_x4‘=44 o _
(a# What is the next statement.in this pattern? e SR e

(b)J Do you féel that this pattern could be contlnued 1ndef1n1tely"
(c) Can you conceive of anyone requlrlng a pfodf in’ order to

establlsh*the pattern above7 )Why or why not?



3. Note the following seQuence.of diagfaQ§: N
(1) 0=0 L ‘| ,
. 2 N
1=1" -
G 0+ g - ‘ L,
1+ 3 =2 ' . _ v
(ii1) O+ M+ = - - i
b ._ , |
1+ 3+ 5 =3° - T
(iv) * 0+ [+ 00 + (IIQ=
‘\\\\ ., D : : . ;
| 0
\‘ 2 “
‘; 1+ 34+ S5+ . 7= 477
(a) Tndicate what the next step_would be in the above scqucnceg‘

to n2. For ihstance, l'+ 3+45+7 +9+ ll‘f 13 = 49 =77,

Tt s~oms that: Fhe csunn of the first n odd numbers.is cqual
| 2

¥

v

Do you think that the above diagrams prove that this conclusion

is true?

(e)

4.+ Note

(@)

RO

valid?,

Do you think that'évetybody Would agree with yéu? -Why or why

not?

the foliowing:

726t -49-36=13 3"-2% -5
s2 429 R e |
82 - 7% < 15 v 1? - wt-21 ¢

What conclusioﬁ'can ydu‘alwayS'make from these statements?

Give examples if foﬁglike. E

Do you feel that the cdncLusiOn'that‘yod‘ﬁéde in (a) is alyays

171
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L 4
. , ‘ .
4. j(c) Can you conceive of anyone requiring a proof in order to ‘ v
establish the pattern above? Why or why not? = -
a ' \ ; N
. . *
¢ 0o Note the following:
k24
. " > N LY
X .
> . l'v . .
In all cases, ABCD 1s a four sided fisurce. The mid-points of
'the'sides are W, X, Y and Z.
o (a) What conclusion can you make about the four-sided polygon
WXYZ from the diagrams above? ’
(b).. Tf you made a conclusign in (a) do you think that it is™ k:)
< . '
. alwayvs valid? Ny
(c) Can you conceive of anyone ‘requiring a proof “in order to
. establish the pattern above? "Why or why not?
R . 1
6. Fill 'in the blanks: o
(a) Three is a factor of*24., °
(b) Three is a factor of 337
. - . - N h
() ;

Is thr'(ie} a factor of 24 + 337

-



®

.convince him?

oy

-2

(a) Six is a factor'of-72; "

(b) Six is a fécto; of 13?.

(¢) 1s six a factor of 7é + 13% L
(a)_ n is a féctor_of a.

(b) ‘n is a factor-of b. '

{c) 1Isn é'factor bf a +.b? N

Prove i;. -,

’ \

Fill in the blamks:

(a). n is‘é facfor,of au+ b. ' n"

“(b) Isn alwaysva factor of aand of b?

R
Prove it. B
Note the:fdllowing; ' o
82 - 7% - 15 ‘ 32 s g

i.'52-““‘2 =9 . .'\92—82 =17 :

| 11221022 ‘ 1‘42--132_=27.

(a) 'Whét conclusion cag yqﬁ;always make'aﬁou; differgpces liké

thbée‘aﬁove? Giveﬂexémples if you_fike;. ‘

»E(B)-:DOsyOU think your conciusion in (a) isvalwayg'trﬁe?‘ Why?
. RS . s e
~-A>BCD'is a rectangle. E 1is tﬁefmid—ﬁoint of ABﬁ" -
*fé)'.The-afea'éfbttiéqéle*ECD.ié‘whatiffaétion;lspérﬁ‘of thévérea
_P“E;} pf'theiwhole rectangle? | .;;;\:

(b) 1f yopr_friepd dis;grees3ﬁith you how ére dzuzgoiﬁg;ﬁé

- \ e ’ o -

R 20 -

4

B . S N .
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- 10.  Fill in the blanks:
’“(a)l Three is a fa&tor of 24. o ¢
- W i ¥ o >
(b) Three is a factor of 33
) (c)' Is three a factor of 24 . + 337
. (& Sixisa fhetor of 72. ,
. (b) Six is%§§%actor of 132. ° ' : /
()« Is six a factor of 72 + 1322 o
) " ‘ ' \ l : A i |
e (a) . n is a factor of a. - ’
) »
(ﬁ:g‘ n is a factor of b.
() Is n a factor of a + b? R ' e
5’» - . . . ) N
How would you convince a friend that you arp right if he
S . - : £

» . F
disagrees with your answer?

11. Fill  in the blanks: -
o ‘ - o A
(a) "§%x is ‘a factor of 36 .+ 84.

| (b) 1Is six a facgor of 367 ¢ 7 o S -K\\d/
c ' N T . LN

(¢). Is six a factor of é&?

& L - - S S oA
(a) n is a factor of a + b, . ! ; '
~(b) Is n alwaYs.a factor of a and of B? -t 4 N

2 e -7
. . ". . o ' i -‘ N I )
Convince a friend who disagrees with your. last answer.
) : . el i .

. -~

12. Trldﬂgle ABC is glVen such that sfﬁes ‘AB and AC are of dlfferent<f

im$§*
E "’:Ja.'

- ~ N

1engtn Let P Tepresent the measuré of che angle at: vertem B -

tvvertex.C;j -'  ' &“‘

]

\and q represent the measurc of’ the dng%e

+

SRS T
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12.

13.

Ny

‘14,
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continued. .- “

Iy

‘Suppoée you wish to show that p and q haﬁgldiffe ent vélues.ﬁ

-

Complete the argument that starts:

13

"Either p and q are equal or{fgz; are different; if p and q
" ‘

are equal ... o . .

Two high school students, SandraAand Tom are discussing straight .

liges "in a plane: L ' . -
- 4

Sandra: "You know Tom, two, distinct points in a plane determine
one ®nd only one straight line." N

Tom: . "Yes, of course-Sandrna. However, two distinct lines can

" intersect in two distinct points."

Sandra: ''That's not true Tom. If you take two distinct lines
which are not parallel, then anyone can see that they
intersect in only one point."

D' ¢ g i '
Tom: "What you say is correct, but it does not show me ‘that

my last statement is incorrect.' '
@ ) °

f ‘you were Sandra, what would you do at this point to show Tom

, ) a
hat his statement is not true.

- N *
SAndra and Tom are diséussing-ﬁumbers: : {

' ) .

Sandra: = "I've been trying to show that 5+ ¥2 is an irrational

‘ number . ' o '
Tom: "What's -an irrational’number?" A C
Sandra: '"Well, do you know what a rapional number is?" . B,
Tom: "Yes, its a number which can be written as a-fraction

a/b, wheré a and b are integers and b # 0."

Sandra: "Well, an irrational number #s a number which is ‘not
/ . : Jn e . - . te
: “rational. For example, v¥2 "is an irrational number."
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JLS.

. If you were Tom, what would you reply?

176

continued.

Tom: "Oh yes, T remember. But what about 5 + /2 ?"

'Séndfa: "All -1 know is that 5 + V2

is either rationall or it
is irrational.” !

B

Tom: "Well, if it's irratibnal yout problem is solvcd S0 . ﬁ
suppose we.'say its rational.' . L' i
i o _ - . i
; L . P sy 8 b . 4
Tom writes: Suppose 5+ V2 = b wherer a and b are integkrs 4
) o > . 3
9. 3
and b # Of.. g
. . a K]
Then V2 =, = o5
- a=->b
b
Sandra:  "But Tom, since a and b ate integers, a - S5b is ajf
and therefore E;iﬁ is a rational number. This ca
b )

. s , ,
true  since ¥2 is an irragional number."

Tom: - “"You're right Sandra, but this is exactly the co
we must ‘arrive at in order to show that 5 # V2"
irrational.

\

Sandra: "Whv?"

d
How would you reply if you were Tom?
Joe and Tom are discussing the inequality : o
Joe: "It is easy to show that this 1nequalltv is true when n ' :
’ is assigned the values 1, 2, 3 and 4, ; !
Tom: "It's my guess that the inequality is true when n is .

assigned any natural number."

Joe: "I don't agreé¢ with you." '

RN
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v

: ,#4 3 0] . - n . - N B e S -
-Joe and Tom are dlSCuSSlng‘Stralght lines in a plane. They

agree that two points in>a plane determine a line.

Joe: (In a prankish mood) ""Two distinct lines can intersect in
_two distinct points." .
Tom: "Joe, that's foolish." X
- ‘ 1
Joe: "Well, if it is so foolish, show me why?"
X ‘ .
If you were Tom, what would you do at this point?
Joe and tom are talking about divisors.
’
Joe: "If 3 divides some number 'n, then it divides any two
numbers whose sum is n." ot '
Tom: "That. is not true. 3 divides 30, ,but it doesn't divide
either 23 or 7 even though 23 + 7 = 30."
Jae: "Well, if 3 divides some number n, tbeh three times .
another numier, say a, equals n. That is what dividing
0 by 3.means\'" Joe then writes: 3 . a = q.
Joe: . "Now, - !

%&gB divides.another number m, then 3 times some <ot
number,

ay b, equals'm. Joe then writes: 3 . b = p.

Joe: "Now, 3 has to divide the sum of n and m."
n=3.a
m=3.b
m,=(3 . a)+(3 ..b)"
='3(a +b).

Joe writes:

+

Joe:"éhree divides the sum of n and m because n ¥ m is equal
to 3 times a + b. As 1 'said before, "if 3 divides some
number n, then it divides any two numbers whose sum is n."

3

If you were Tom, how would you Teply?

v . e

.
.,
R



18.

.19.

20.

E, F are constantss However, .in finding equations of ellipses

~value is ' 13. For. n = 2 its value is 17;. for n =3 its

‘Whose side would you be bh‘ih thig.érgﬁmenﬁ? -Why.

3

Tom: ”Herelis\é‘problem‘for you Joe." Tom writes: Let
a + b/2 = p/q, where a, b, p and q are natural numbers °
and q # 0. The b/2 = p/q - a=p - aq
/ ) g

Thercefore /2 = 2239
bq

Now, since -a, b, p and q are natural numbers, thercfore_ -
both p - aq and bq are natural numbers, Therefore /2;.
is the quotient of two natural numbers which means that™ /2
is not a rational number - in fact it is irrational.

« Therefore something must be wrong. "
Tom: - "What do you think is Wwrong Joe?"
K -

.~

If you were Joe,'what\wpuld you reply?

‘Mathematicians have shown thart all ellipses have equations of

.? g P : -
the form AxT + By2 *Cxy #Dx + Ey + F = 0 where A, B, C, D,
S . _ «

- -

a mathematician found oné that was not of the above form. Would

you consider the -first statment true or false now in view gf ‘

o .

this exception?: Why?

o
° B 4 . : i
‘ , . ,
Tom savk. "Hey Joe, I've found a formula that will always produce
. - - . . C I

d \

: ~ . . 2 : , : .
Prime numbers for me. Tt is Do+ 0+ 11. :When 'n = 1 then- its -

w0

. : LA

K Valueﬁié'ZBL It just kéepsvgiving;me prime numbers.' Joe

. T
~

"says; "What abbﬁt_n =11, than hz + h‘+'li*ﬁéqQals "143  whieh

is not brime because. 143 equals 13 vtimesffIIQ"i Tom fepliés,

,

. o ’ 2 . N
S'Well, I'm still going to say that n° + n,+ 11 is a formula that

—

. e - _ : &
~.always producesvprlme.qumbers when n s a.positive integer."

[
-

4

L)
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“
According to wildlife ckperfs’danada geese mate for life.(i.e,

have .the sage partner for lifg}. However, a wildlife'expeé}.'
. / - . f -

i
!

-~

finds a Canada goose that lef

I

te for another. Would yof?
consider the first statementitryl or false now in view of this

exception? Why?

4 frageton 2 is said to be

.

if 'a and b have no common

prime divisors. eg. 7 is "reduced" since +the only common divisor

. - 4 L . LN ‘ .
is 1. - eg. 5 s not "reduced" since it has 2 as a common prime
. _ e 5 : "
divisor and % and be reduced to §~. Also . 35 is '"'reduced" if
. ] ) b 2 :
2 2 . U 2 4 ,

a’ and b have no prime common divisors. eg. =5 = g is [
o a2 3 ‘\
"reduced" however —§,= 3 is not "reduced". 0.K. Now, are- R

. ' : 6 v | <
‘you ready to read the following statement? E ~//" , o
Y 2 A E N .
If the fradtion — is not reduced then the fraction B is not
reduced. . , o ‘ \\\\dﬁ : ‘ .
(a) * Do you understand this?stétemenf? B
Do you believe:this sga;emént?
. ' . » "' ' ' - . . dj ( .
Wny do you or.do you ndt believe this statement? 5 e

Do you think a proof’ is’necessary for the .statement?

N

. * . v
. N » h .
P Co oo \ . -
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24,

-believe are accurate. Chec% as: many as you wish.

R ‘
: ~/
§
Write down as many trie statements as you can about the 51tuat10n
'
above.
: - o ¥
r o
Labél your statements with one of the following: -
' t‘)~ — . N o . .
A: An assumprion that is accepted ag trué."
4 ' . e . . ’ : : . '
B: A definition. ' \ : . i
P: A statement than can be proved from other statements. |

N . \

o . . LT
N -
' B ]

<Chéckvaﬁy of_thé'fqllbwing statements about pfbof that vou - - v

. . ’
- 1. Proofs éré.something found only in books."

¢
~t

2. If I study hard enough I can write proofs of given
mathematical statements.

3., If you carefully study examples and try out values 1ﬂ -
: Q—&*&QETSnts, ygg don t nced proof.’ L - :

s Nothing is true'in’mathematics'Withdut proof.

f\ 5. Proofs. are wherf logic comes into a persons’ thlnklng
about mathematlcs

6. . Proof is Just a formal dlscusq1on of what you dlready .
know. - Lo ~ . IR L

7. Proof 1n mathematlcs is blmply, "that which convinces’ ..
someche. 4 : - -

~

NS
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