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Abstract

A group endowed with a topology compatible with the group operations and for which every point
has a neighborhood contained in a compact set is called a locally compact group. On such groups,
there is a canonical translation invariant Borel measure that one may use to define spaces of p-
integrable functions. With this structure at hand, abstract harmonic analysis further associates
to a locally compact group various algebras of functions and operators. We study the capacity
these algebras to distinguish closed subgroups of a locally compact group. We also characterize an
operator algebraic property of von Neumann algebras associated to a locally compact group. Our
investigations lead to a concise argument characterizing cyclicity of the left regular representation

of a locally compact group.
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Chapter 1

Introduction and overview

A locally compact group is a group with a Hausdorff topology for which the group multiplication
and inversion are continuous maps and such that every point has a neighborhood contained in
a compact set. It follows from this that the neighborhood base at any point is a translate of
the neighborhood base at the identity and that each point has a neighborhood base consisting of
precompact sets. From this topological data, one may obtain a nonzero left translation invariant
Borel measure with various regularity properties — the Haar measure — that is unique, and
hence canonical. This measure is used to construct the spaces of p-integrable functions on a
locally compact group G, of which we will be concerned with the space of integrable functions
L' (@), the Hilbert space L? (G), and the von Neumann algebra L (G). Considering the operators
implementing left translation of L? (G) functions, we are naturally led to consider the weak operator
topology closed algebra in B (L? (G)) that they generate: the group von Neumann algebra VN (G).
The predual of this von Neumann algebra can be identified with an algebra of complex valued
functions on G, the Fourier algebra A (G), which is also identified with certain functions arising
from the left regular representation of G. Considering functions arising in the analogous way from
arbitrary representations produces the larger Fourier-Stieltjes algebra B (G). Finally, we consider
the Fourier multiplier algebra M A (G) that consists of functions on G that multiply the Fourier
algebra into itself and for which the multiplication map satisfies a strong form of continuity.
Given a locally compact group G, we are interested in determining whether the operator algebra
VN (G) and the function algebras A (G), B (G), and M4A (G) can distinguish a closed subgroup
H. Thus we seek conditions on the group G, the group H, or the pair G and H that guarantee
that certain separation properties are satisfied. This is the first theme of the thesis. The group
von Neumann algebra VN (G) contains a copy of VN (H) for each closed subgroup H of G and it
is natural to consider the existence of a projection of VN (G) onto VN (H). Since these algebras
are canonically dual A (G)-modules, we may further require that there be a projection invariant
under this module action. Such invariant projections are known to exist in a variety of settings, for
example if H is an amenable group, then there exists an invariant projection VN (G) — VN (H) for
any locally compact group G containing H as a closed subgroup [11]. If G is a SIN group, meaning

the identity has a neighborhood base of conjugation invariant sets, then there is an invariant



projection VN (G) — VN (H) for every closed subgroup H of G [20, Proposition 3.10]. The proof
of this latter implication implicitly uses the notion of a bounded approximate indicator for H,
which is a bounded net in the algebra M A (G) that converges in an appropriate sense to xp, the
characteristic function of H in G, and the existence of which always guarantees the existence of
an invariant projection VN (G) — VN (H). We study bounded approximate indicators for closed
subgroups and establish new conditions for their existence.

We stated above that, if H is a closed subgroup of a locally compact group G, then an in-
variant projection for H exists whenever H is amenable. That amenability is inherited by closed
subgroups entails that there is an invariant projection onto VN (H) for every closed subgroup H
of an amenable group G. These results display a connection between separation properties and
amenability conditions, and along these lines we show that amenability of H is equivalent to the
assertion that yg can be approximated in a certain topology by functions in A (G). We investi-
gate further when the characteristic function of a closed subgroup can be approximated by various
algebras of functions and show that weaker forms of amenability suffice in several cases.

The second theme of this work, which is independent of the first, studies the notion of adapted
normal states on the group von Neumann algebra of a locally compact group G as introduced
by Neufang and Runde in [47]. We present the well known state of affairs for the von Neumann
algebra L*° (G), which asserts that the existence of adapted normal states is equivalent to the
existence of faithful normal states, i.e. to o-finiteness of the von Neumann algebra, and develop the
analogous characterization for VN (G). Our perspective is a novel one and produces a new (and
we believe more natural) argument characterizing the existence of cyclic vectors for the left regular
representation of G, originally shown by Greenleaf and Moskowitz in [25] and [26].

The document is organized as follows. In Chapter 2, we give an overview of the basic theory
of C*- and von Neumann algebras, providing references for the main foundational results of these
subjects. We also review the relevant portions of the theory of projections in von Neumann algebras
and of the supports of positive normal functionals, providing proofs of the key technical lemmas
that will be needed. Chapter 3 provides the necessary background on abstract harmonic analysis,
defining locally compact groups and the algebras associated to them. We also provide an introduc-
tion to the theory of operator spaces, a necessary technical tool in studying these algebras. The
chapter ends with a short introduction to amenability theory for locally compact groups, defining
and characterizing amenability and defining two weaker notions of amenability. Chapter 4 studies
separation properties of closed subgroups. We develop various conditions for the approximability
of characteristic functions of closed subgroups in Sections 4.1 and 4.2. A technical device for im-
proving convergence properties of bounded nets of Fourier multipliers is presented in Section 4.3
and is employed in Section 4.4 to provide weaker conditions for the existence of bounded approx-
imate indicators. The chapter ends with Section 4.5, where bounded approximate indicators are
shown to produce invariant projections and a novel connection to operator amenability of a certain
completely contractive Banach algebra is proven. Chapter 5 describes a gap in a proposition of [1]

and gives counterexamples to a related claim. Chapter 6 characterizes the existences of adapted



normal states on the von Neumann algebras L> (G) and VN (G) associated to a locally compact
group G, showing that in both cases this condition is equivalent to o-finiteness of the algebra and
to certain topological smallness properties of the group G. We characterize cyclicity of the left
regular representation in Section 6.2. The final chapter lists some unresolved questions that arose

during our investigations.



Chapter 2
Preliminaries on operator algebras

This chapter defines C*- and von Neumann algebras and related concepts, states their basic prop-
erties, and provides examples that will be relevant to our investigations. We make no claim to
providing a comprehensive treatment of these subjects and sometimes provide definitions in less
than maximal generality that are sufficient and convenient for our purposes. Where proofs of signif-
icant results are omitted, specific references are provided, and more general references are provided
at the end of each section.

All the topics discussed in this thesis can be broadly categorized as lying within the scope
of functional analysis, with which we assume the reader is familiar. In particular, we will freely
draw upon foundational results regarding Banach and Hilbert spaces as well as Banach algebras.
A working knowledge of abstract measure theory is also prerequisite, as many of the spaces and
algebras we consider arise from Borel measures on topological spaces. Note that our vector spaces
will unanimously be over the complex field C, that spaces of functions on a topological space will
always consist of complex valued functions, and that every topology we consider will be Hausdorff,
allowing us to couch our discussion of topological notions in the language of nets and convergence.
For basic definitions and results from topology, functional analysis, measure theory, and Banach
algebra theory that we take for granted, we refer the reader to [41], [52], [18], and [48], respectively.

We now fix some general notation that will be used throughout. A neighborhood of a point in a
topological space always means a set containing an open set containing that point. Given a Banach
space E, we denote its open and closed unit balls by F«; and E<1, respectively. If X C E is any
subset, then we write (X) the norm closed linear span of X and for a family of subsets X we let
(X: X eX)=(Uxex X). For ¢ € E* and x € E we write (p, z) or, when we want to be explicit
about the duality being applied, write (p, z) . p for the value ¢ (z). The annihilator of X C E
in E* is the set X+ = {¢ € E*: (p,x) = 0 for all x € X} and the preannihilator of Y C E* is
theset Y, ={x € E: (p,z) =0 forall p € Y}.



2.1 (*-algebras

Let us recall the definition of an involution on a Banach algebra. We convene that a Banach algebra
A always has a contractive multiplication, so that ||ab|| 4 < ||a|| 4 ||b]| 4 for all a,b € A, and that the

unit of a unital Banach algebra has norm one.

Definition 2.1.1. Let A be a Banach algebra. An involution on Aisamap A - A:a— a*
satisfying:

1. (Aa+b) = Xa* +b* for all a,b € A and X € C.
2. (ab)* = b*a* for all a,b € A.

3. a”* =aforallac A

4 la*ll 4 = llall 4-

A Banach algebra A equipped with an involution is called a *-algebra and is called a C*-algebra
if the norm on A satisfies ||a*al| , = ||a||% (the C*-identity) for all a € A. We call a subalgebra B

of A a C*-subalgebra if it is closed under the involution and norm closed.

Example 2.1.2. (The C*-algebra Cy(X)) Let X be a locally compact Hausdorff topological
space. A complex valued function f on X is said to vanish at infinity if sup,cx\x |f (z)| — 0 as
we let the compact subset K of X increase to X, i.e. where we have ordered the compact subsets
of X by inclusion and require that the limit along this directed set be zero. The space Cp (X)
denotes the continuous functions vanishing at infinity on X. This space is a commutative
C*-algebra when given the pointwise algebra operations, complex conjugation as involution, and
the uniform norm defined by | fll¢,x) = supeex |f (2)].

The support of a continuous function f on X, denoted supp (f), is defined to be the norm
closure of {z € X : f(x) # 0}. The continuous compactly supported functions C.(X) are
dense in Cy (X ), but in general do not form a C*-algebra, failing to be complete under the uniform
norm unless X is compact, in which case C. (X) = Cp (X). When X is discrete, the compact subsets
are the finite subsets, so that C. (X) consists of the functions on X that are nonzero on only finitely
many points of X, i.e. of finite support. To provide a concrete example, when X = N the space
Co (X) is the familiar space of complex valued sequences tending to zero, usually denoted ¢y (N) or
cp. When X is both discrete and compact, meaning that X is a finite set {x1,...,z,}, we have
Cc(X)=0Co(X)=C"

Example 2.1.3. (The C*-algebra B (H)) Let H be a Hilbert space. The space B () of bounded
linear operators on H given composition of operators for product, Hilbert space adjoint for invo-
lution, and the operator norm is a C*-algebra. When H is finite dimensional, fixing a basis for H
allows us to identify B (H) with the n by n complex valued matrices M, (C), where n = dim H.
The C*-algebra B (H) is only commutative when #H has dimension 1. Any norm closed self-adjoint
subalgebra of B (#) is also a C*-algebra.



The involution on a C*-algebra produces the following classes of distinguished elements.
Definition 2.1.4. Let A be a C*-algebra. We call a € A:

1. Normal if a*a = aa™.

2. Self-adjoint if a = a*.

3. Positive if a = b*b for some b € A.

4. A projection if a®> = a* = a.

5. Unitary if A is unital and a*a = aa™ = 1.

We write a > 0 to indicate that a is positive and define a partial order on the self-adjoint elements

of A by saying that a > b when a — b > 0. The set of positive elements of A is denoted A .

The positive elements of a C*-algebra do indeed form a proper positive cone, meaning that
Aa+be Ay when a,b€e A, and A > 0 and that a, —a > 0 implies a = 0 for any self-adjoint a € A.

The spectral radius of an element @ of a Banach algebra A with unitization A# is the quantity
sup {])\| X\ € C and a — Al is not invertible in A% } ,

which is determined entirely by the algebraic structure of A. The spectral radius formula from

Banach algebra theory and the C*-identity together yield the following result.

Proposition 2.1.5. Let A be a C*-algebra. If a € A is normal, then ||all 4 is equal to its spectral

radius.

This has significant consequences for the thleory of C*-algebras: the norm of an arbitrary element
a in a C*-algebra A is given by ||al| 4 = ||a*a||} and therefore the norm on A is determined entirely
by the algebraic structure of A. In particular, there is at most one norm on a *-algebra making it
a (*-algebra.

The terminology of Definition 2.1.4 is motivated by the following two examples.

Example 2.1.6. (Elements of Cy (X)) Let X be a locally compact Hausdorff topological space.
For the C*-algebra Cp (X) of Example 2.1.2, the notions of Definition 2.1.4 correspond to familiar
properties of functions as follows: every function is normal because Cp (X) is commutative; the
self-adjoint, positive, and unitary functions are those that are real valued, nonnegative valued, and
taking values in the complex unit circle T, respectively; and a projection in Cy (X) is a function
taking values in {0, 1} and thus is the characteristic function xg of some subset E of X. When
Co (X) contains a nontrivial projection xg, i.e. one distinct from 0 or 1, so that E is not empty
or X, the continuity of yg implies that the space X fails to be connected. Thus in general Cp (X)

may not contain nontrivial projections.



Example 2.1.7. (Elements of B (1)) Let H be a Hilbert space. We discuss how definition 2.1.4
applies to the bounded linear operators B (H) of Example 2.1.3 as follows:

1. We limit ourselves to observing that normality for operators in B (H) is a generalization of
its finite dimensional counterpart: normality of matrices over C, and that a generalization of
the fact that such matrices are diagonalizable carries over to (a certain class of operators on)

infinite dimensional Hilbert spaces. See [38, Section 5.2] for details.

2. Self-adjoint operators have spectrum contained in R, and normal operators with spectrum

contained in R are self-adjoint.
3. Positive operators T in B (H) are those satisfying (T¢|¢) > 0 for all £ € H.

4. Projections are the orthogonal projections onto closed subspaces of H. In fact, the association
of its range to a projection yields a one to one correspondence between projections in B (H)

and the closed subspaces of H.

5. Unitary operators in B (H) are the isomorphisms of the Hilbert space H, meaning the bijective

inner product (equivalently, norm) preserving maps.
The maps between C*-algebras that preserve the pertinent structures are the following.
Definition 2.1.8. Let A and B be C*-algebras. A bounded linear map ¥ : A — B is:
1. A x-homomorphism if T (ab) =T (a)T (b) and T (a*) = T (a)” for all a,b € A.
2. A x-isomorphism if T is a bijective *-homomorphism.
3. Positive if T (A}) C By.
A positive linear functional of norm one on A is called a state.

Example 2.1.9. (The duality between Cy (X) and M (X)) Let X be a locally compact topo-
logical space. By a Radon measure we mean a Borel measure on X that is outer regular on
measurable sets, inner regular on open sets, and that takes finite values on compact sets. Given a
complex Radon measure i, integration f +— [  fdu defines a bounded linear functional on Co (X)
of norm |u| (X). The Riesz representation theorem [18, Theorem 7.2] asserts that all elements of
Co (X)* arise this way and moreover that the map p — [f+— fX fdu] is isometric. Let M (X)
denote the complex Radon measures on X, so that M (X) = Cy (X)".

That a measure p € M (X) corresponds to a positive linear functional on Cy (X) is the assertion
that [y fdu = (u, f) > 0 for all positive f € Co (X), from which one may deduce that p (E) > 0
for all measurable subsets E of X. In particular, p is a state exactly when p is a positive measure
of mass one, i.e. a probability measure on X.

See [18, Chapter 7] for a concise exposition of Radon measures on locally compact spaces and

the duality between Cy (X) and M (X). An interesting alternative treatment is given in [4].



Example 2.1.10. (Vector functionals on B (7)) Let H be a Hilbert space and let £ and 7
be vectors in H. The map T +— (T¢|n) defines a bounded linear functional on B (H) of norm
€15 [Im1l4, denoted we , or we if & = 1. We call such functionals on B (H) vector functionals,

*

and if we may write a given functional ¢ € B(H)" in the form we, for some &, € H then we

say that ¢ is implemented by ¢ and n and refer to these as the implementing vectors for .
It is clear from the characterization of positivity in B () given in Example 2.1.7 that a vector

functional is positive when it is of the form w¢ for some § € H and is a state when £ is a unit vector.
The following analogue of the Cauchy-Schwarz inequality holds for positive linear functionals.

Proposition 2.1.11. (Cauchy-Schwarz inequality) Let A be a C*-algebra and let w be a positive
linear functional on A. Then |(w,a*b)|* < (w,a*a) (w,b*b) for all a,b € A.

We will need the following useful results.
Proposition 2.1.12. Let A be a unital C*-algebra. The following hold:
1. A linear functional w on A is positive if and only if (w,1) = ||w]| 4«-
2. A linear functional w on A is a state if and only if (w,1) = |Jwl| 4~ = 1.

3. The set of states on A is a weak® compact, convex set.

An important consequence of Proposition 2.1.12: if A is a unital C*-algebra and B is a C*-
subalgebra of A that contains the unit of A, then the restriction to B of a state on A is a state on
B.

The following result, a manifestation of the fact that the algebraic structure of a C*-algebra

determines its norm structure, implies that the range of a x-homomorphism is always a C*-algebra.
Proposition 2.1.13. Let A and B be C*-algebras and ¥ : A — B a linear map.

1. If ¥ is a x-homomorphism, then W is contractive.

2. If U is an injective x-homomorphism, then ¥ is isometric.

The following two results are fundamental to the theory of C*-algebras. The latter motivates

the interpretation of C*-algebras as noncommutative topological spaces.
Theorem 2.1.14. Let A be a C*-algebra. The following hold:

1. [58, 1.9.18] There exists a Hilbert space H and an isometric x-homomorphism A — B (H).

2. [58, 1.4.4] If A is commutative, then there exists a locally compact Hausdorff space X and an

isometric x-isomorphism A — Cy (X).

We refer to a x-homomorphism of a C*-algebra A into B (H) for some Hilbert space H as a
representation and say that A is represented in B (H). A representation is called faithful when
it is injective, in which case it is automatically isometric by virtue of Proposition 2.1.13.

An especially readable introduction to C*-algebras is given in [38], while [58] provides a more

comprehensive treatment.



2.2 Von Neumann algebras

Amongst the C*-algebras, those that are dual spaces form an especially rich class.

Definition 2.2.1. A C*-algebra M that is a dual space is called a von Neumann algebra,
in which case M has a unique predual, denoted M,. A C*-subalgebra N of M is called a von

Neumann subalgebra if it is closed in the weak™ topology of M.

Example 2.2.2. (The LP-spaces) Let X be a locally compact space and p a Radon mea-
sure on X. Recall that, for 1 < p < oo, the space LP (X) is the set of measurable complex
valued functions f on X such that [[fl,»x) = (fx |fIP d,u)% is finite, where we identify func-
tions that agree p-almost everywhere. The analogous space for p = oo is that of the essen-
tially bounded measurable functions: those f for which the essential supremum norm || f| o (x) =

inf{a >0:{z € X :|f(z)] > a} is p-null} is finite. We record some important facts:
1. The space L? (X) is a Hilbert space with inner product (¢|n) = [y &ndpu.
2. The continuous compactly supported functions C. (X) are dense in LP (X) for 1 < p < oo.
3. When p is counting measure, the spaces we have defined are the familiar spaces F (X).

4. When p is o-finite, meaning X is the union of countably many sets of finite measure, the
space L™ (X) is the dual of L' (X) via (¢, I s (x), 01 (x) = Jx ¢ fdp. This duality holds more
generally under a slightly modified definition of L (X) that coincides with ours for o-finite
measures, see [18, Chapter 6] for details. We use this duality in the greater generality, the

distinction in the definition of L* (X) will not arise.

Example 2.2.3. (The von Neumann algebra L (X)) Let X be a locally compact space
and p a Radon measure on X. The space L (X) under pointwise algebra operations, complex
conjugation, and with essential supremum norm is a commutative von Neumann algebra with
predual L' (X). This algebra acts on L? (X) via pointwise multiplication: given ¢ € L*™ (X), the
map My : § — ¢§ is bounded and linear. The mapping

L®(X) = B (L* (X)) : 6~ M, (2.2.1)

realizes L™ (X) as a von Neumann subalgebra of B (L? (X)), i.e. is a faithful *-representation.
If X is moreover a topological space and p a Borel measure, then Cp (X) is a C*-subalgebra of
L™ (X), since the supremum and essential supremum norms coincide for continuous functions.
The normal, self-adjoint, positive, and unitary functions in L* (X)) are characterized, similar to
Example 2.1.6, as those with range in C, R, [0, 00), and T, respectively. The projections in L*> (X)
are the characteristic functions of measurable subsets of X. Thus L° (X) has an abundance of
projections — their span is in fact norm dense, a property common to all von Neumann algebras.
When X is a topological space, this is in sharp contrast to the generic situation for the C*-algebra

Co (X), which may fail to have nontrivial projections.
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The predual L' (X) consists of those complex Radon measures on X that are absolutely contin-
uous with respect to p, i.e. those for which every p-null set is null. Positive normal functionals on
L (X) correspond to positive Radon measures on X that are absolutely continuous with respect
to p, and states to probability measures with this property. If we represent L> (X) in B (L2 (X))
as in (2.2.1), then for £, € H the vector functional we , is given by

(M, we ) = (6€]7) = /X OET = (0 €T) 1w (30,2111

so that W&m‘Loo(X) corresponds to the L' (X) function &7.

Example 2.2.4. (The von Neumann algebra B (7)) Let H be a Hilbert space with orthonormal
basis (eq),. The trace class operators T (#), defined to be those T' € B (H) such that Y, (|T'| eqleq)
is finite, where |T'| = (T*T)%, form a predual for B (H) under the duality (T',5) g r@zy) =
> o (T'Seqleq). Thus B (H) is a von Neumann algebra. Below we provide an alternative description

of the predual of B (#) that is more suitable for our purposes.

Definition 2.2.5. Let #H be a Hilbert space and let (T,), be a net in B (H) and T' € B (H). We
say that T, converges to T in the:

1. weak operator topology if (T,&|n) — (T¢|n) for all &,n € H.
2. strong operator topology if ([T, — || T¢||,, for all £ € H.

3. o-weak operator topology if > 72| (To&n|nn) — >oney (Tén|nm) for all sequences (&)
and (1,)72, in H such that 2, [|&,:]|5, and 3, |7, |3, are finite.

Some comments regarding these topologies are in order. First, specifying the convergent
nets as we have done in each of (1) to (3) does indeed determine a unique topology, see [41,
p.73]. Second, the o-weak topology is often called the ultraweak topology (a term we avoid),
and we will see shortly that this is exactly the weak* topology of B(#). Third, notice that
convergence in the weak operator topology is exactly pointwise convergence on the vector func-
tionals on B (H), since (T¢|n) = (T,we). In (3), the conditions on the sequences (&), and
(nn)ne assert exactly that >5°% | we, . is a convergent series in B (H)", so convergence in the o-

weak operator topology is pointwise convergence against such series of vector functionals, because
net (T&nlnn) = (T, 3050 W)

Proposition 2.2.6. Let ‘H be a Hilbert space.

1. The o-weak operator topology and the weak* topology on B (H) coincide.

2. Weak C strong C norm and weak C o-weak C norm, where C indicates that the left topology

is weaker than the right.

3. The multiplication on B (H) is separately continuous in the weak, strong, norm and o-weak

topologies.

10



Definition 2.2.7. Let H be a Hilbert space. The commutant of a subset E of B (#) is the set

of operators that commute with each element of FE.

The commutant of any nonempty subset of B (H) is a subalgebra closed in the weak operator
topology and, when F is self-adjoint, is self-adjoint and therefore a von Neumann algebra. In

particular, this occurs when F is itself a von Neumann algebra.

Example 2.2.8. (The commutant of B (#) in itself) For a Hilbert space H, the commutant
of B (H) in itself is the centre of the algebra, which is CI: if 7" € B (H)" and &, 7 € H are nonzero,
then, letting Pe v := (v|§) n for v € H, we have (v|§) T'n = T'Pe v = P, T'v = (T'v|§) 1. Setting
v = ¢ yields T'n = (€|&) "1 (T7¢|€) n, implying that (£|€) ™" (T7€|€) is independent of the choice of

nonzero &, so is a scalar depending only on T” and T" € CI.

Example 2.2.9. (The commutant of L>° (X)) Let X be a locally compact space and p a Radon
measure on X. We show that the commutant of L% (X) in B (L? (X)) is itself. Since L> (X) is
commutative, we have L> (X) C L® (X)'. Let T € L™ (X)' and for each compact subset K of G
let ¢ = T'xx. If € € L? (X) N L* (X) with supp (£) C K, so that £ = £y, then

TE =T¢xk =TMexx = McT'xx = M¢px = Edk

Set E={s € K :|¢k (s)] > ||T| +1}. Since xg € L? (X) N L*> (X) and supp (xg) C K, we have

2 2 2 2 2 2 2
ITxElz2(x) = IXEOKI72(x) :/E’(bK = (1T +1) /El > TIE = 1T Ixellz2 x) »

a contradiction unless |[Xgll2(x) = 0. Thus E must be a null set and consequently [|¢x || oo (x) <
|T||+ 1. Directing the compact subsets of G by inclusion, the bounded net (¢ ), in L* (X) must
have a weak* cluster point, and passing to a subnet we may assume a weak™ limit, say ¢ € L> (X).
If £ € C. (@), say with support K, then for any compact L D K we have £ € L? (X) N L™ (X)
and supp () C L, so that T¢ = £¢p. Therefore T¢ = lim¥ £p;, = £¢ by weak® continuity of
multiplication. Since C.(X) is norm dense in L? (G), it follows that T¢ = &¢ for all £ € L% (G),
hence T'= My € L™ (G) and L (X) = L* (X).

Theorem 2.1.14 implies that C*-algebras are exactly the norm closed subalgebras of B (H) for
some Hilbert space H. Amongst them, the von Neumann algebras are those that are closed in any

of the weaker topologies of Definition 2.2.5.

Theorem 2.2.10. Let A be a C*-algebra in B (H). The following are equivalent:
1. A is a von Neumann algebra.
2. A is closed in the weak, strong, or o-weak operator topology of B (H).

3. A" = A.

11



The equivalence of (1) and (3) in the preceding theorem is referred to as the double commutant
theorem.

In the context of von Neumann algebra theory, maps that are weak*-weak* continuous between
von Neumann algebras are referred to as mormal. The normal linear functionals are therefore
those in the predual.

The following is the von Neumann algebraic analogue of Theorem 2.1.14, and motivates the

view of von Neumann algebras as noncommutative measure spaces.
Theorem 2.2.11. Let M be a von Neumann algebra. The following hold [58, III, Section 1]:
1. There is a Hilbert space H and a weak® continuous isometric x-homomorphism M — B (H).

2. If M is commutative, then there exists a compact Hausdorff space X and a positive Radon

measure p such that there is a weak® continuous isometric *-isomorphism M — L (X, u).

Theorem 2.2.11 faithfully represents any von Neumann algebra M concretely as bounded opera-
tors on some Hilbert space H. Since M is then weak* closed in B (#), this allows us to describe the
predual of M in terms of that of B (H): the normal functionals on M are exactly the restrictions
of the normal functionals on B (H) to M, so are of the form Y7 we, ,. for sequences (&,),-; and
(Mn)peq in H such that >, Hﬁn”i{ and ), ||17n||§{ are finite. This description of the predual of a
von Neumann algebra makes it clear that if N is a von Neumann subalgebra of M, then normal
functionals on N extend to normal functionals on M, and by Proposition 2.1.12 that normal states
extend to normal states. Every von Neumann algebra admits a faithful representation on some
Hilbert space such that all of its positive normal functionals are vector functionals, which we call
the standard representation [33].

A gentle introduction to the portions of von Neumann algebra theory presented here is available

in [38]. An encyclopedic reference is [58].

2.3 Projections in von Neumann algebras

In this section we collect together the the facts about projections in von Neumann algebras that
will be required in Chapter 6. Proofs are included for many basic results as the techniques they
expose have much in common with those used in Chapter 6.

By Theorem 2.2.11, we may faithfully represent any von Neumann algebra M as bounded
operators on a Hilbert space H and thereby view projections in M as orthogonal projections onto
closed subspaces of H, as per Example 2.1.7. Let us record some elementary facts about these

projections.

Lemma 2.3.1. Let ‘H be a Hilbert space. For orthogonal projections P and Q in B (H):
1. [Pl g =1 unless P = 0.
2. The range and kernel of P are closed orthogonal subspaces of H with direct sum H.

12



3. rng(I — P) = ker(P) and ker(I — P) = rng(P).

4. If PQ =0, then P+ Q is orthogonal projection onto rng(P) & rng(Q).
5. PQ =0 <= g (P) L rng(Q).

6. PQ=Q < QP =Q < mg(Q) C rng(P).

These last two properties can be stated for projections in a von Neumann algebra without

reference to a particular representation.

Definition 2.3.2. Let M be a von Neumann algebra and P and @ projections in M. We call P
and @ orthogonal and write P L @ if PQ = 0 and call ) a subprojection of P if PQ = QP = Q.

Example 2.3.3. (Projections in L*° (X)) Let X be a locally compact space and p a Radon
measure on X. We saw in Example 2.2.3 that the projections in L (X)) are characteristic functions
of measurable subsets of X. Given measurable subsets E and F', we have xgXr = XgnF, so that
xe and xr are orthogonal exactly when F N F' is null. The projection xg is a subprojection of x
when xpnr = XE, equivalently when xp\p = 0, i.e. when E' C F up to a null set.

Projections in a von Neumann algebra are self-adjoint and the partial order of Definition 2.1.4
on self-adjoint elements of a C*-algebra restricted to projections agrees with the notion of subpro-

jection, i.e. @ < P if and only if @) is a subprojection of P.

Proposition 2.3.4. Let H be a Hilbert space and M a von Neumann algebra in B (H). For a family
of projections P in M, define the supremum and infimum of P to be the orthogonal projections onto
(rng (P) : P € P) and \pep g (P), respectively. With these operations, the projections in M form

a complete lattice.

In certain contexts, the following provides a means of reducing arguments involving positive

operators to projections.

Definition 2.3.5. Let H be a Hilbert space and T' € B (H). The projection onto rng (T") is called
the range projection of T and is denoted R (T).

Proposition 2.3.6. Let M a von Neumann algebra.
1. If T € M, then R(T) € M.

2. [88, 1.2.5] If T € M is positive and w € M, is positive, then (w,T) = 0 if and only if
(w, R(T)) = 0.

Definition 2.3.7. Let M be a von Neumann algebra. A projection P in M is called o-finite if any
family of nonzero mutually orthogonal subprojections of P must be countable. We call M o-finite
if the identity is a o-finite projection, equivalently if every family of nonzero mutually orthogonal

projections in M is countable.
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It is clear that subprojections of o-finite projections are themselves o-finite.
We provide proofs for the following routine lemmas to exhibit some of the common features of

arguments appearing in the projection theory of von Neumann algebras.

Lemma 2.3.8. Let H be a Hilbert space and M a von Neumann algebra in B (H). The projection
onto (M'E) is in M for any & € H.

Proof. Let P be orthogonal projection onto (M'¢), which isin B (H). If T, 5" € M’, then T'PS’¢ =
T'S'¢ = PT'S’¢, implying that T'P = PT’ on (M'¢), equivalently that 7"P = PT'P, for every
T" € M'. Taking adjoints and applying this result to the adjoint, we obtain P (T")* = P (T")" P =
(T")* P. Therefore P € M" = M. O

Proposition 2.3.9. Let H be a Hilbert space and M a von Neumann algebra in B (H). Any
projection P in M can be written as ), Py for mutually orthogonal projections P,, each of which

is orthogonal projection onto (M'E,) for some unit vector &, € H.

Proof. For & € H, let P: denote orthogonal projection onto (M’€). The result is trivial if P = 0,
so assume P is nonzero and let £ be a unit vector in the range of P. Then PT'¢ = T'P¢ = T'¢ for
every T" € M', hence (M'¢) is contained in the range of P and Lemma 2.3.1 yields P: < P. We
have shown that every nonzero projection in M contains a nonzero subprojection of the form P for
some & € H. The collection P of families of mutually orthogonal nonzero subprojections of P of the
form P for £ € H is partially ordered by inclusion of families and is nonempty. If C is a chain in P,
then it is clear that (Jpep ' € P and that |Jpcp F' dominates each family in C under the inclusion
ordering, whence is an upper bound in P for C. By Zorn’s lemma, P contains a maximal family, say
(Pe,), for & € H. If 32, Pe, < P, then P—3" P, is a nonzero subprojection of P, hence contains
a nonzero subprojection of the form P, for somen € H. Then P, < P—3 P, ,s0 Py+> , P, < P,
and we have P, = P, (P -3, P:,) = P, — P, >, P, implying that }_, P, P, = 0 and that P, is
orthogonal to each Pe,. But then the family {P,} U (P, ), strictly dominates (P, ), in the partial
order on P, a contradiction. Therefore }_, P, = P. O

Example 2.3.10. (o-finiteness of B (7)) Let H be a separable Hilbert space. Let (P,), be
a family of mutually orthogonal projections in B (#H). Choosing a unit vector e, in the range of
P,, we have e, L eg for all o # 3, so (eq), is an orthonormal set in H and therefore must be
countable, because separable Hilbert spaces are those with countable orthonormal bases. Thus
(P,),, is countable and B (H) is o-finite. (It follows that any von Neumann algebra that can be
faithfully represented on B (H) for some separable Hilbert space H is o-finite.)

Conversely, let H be a Hilbert space for which B (H) is o-finite. By Proposition 2.3.9 we may
write I = > %, P,, where each P, is orthogonal projection onto <B (H)/£n> for some unit vector
&n. We have <B (H)/§n> = C&, by Example 2.2.8, implying that P,n = (n|&,) &,. Then (&) is
an orthonormal set in B (H) and n = Y 02 Pon = Y02 (nén) &, for all n € H, so this set is an

orthonormal basis and H is separable.
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We will characterize o-finiteness for a certain class of von Neumann algebras in Chapter 6. For
now, we develop the connection between o-finiteness of von Neumann algebras and the existence

of certain positive normal functionals.

Definition 2.3.11. Let w be a positive normal functional on a von Neumann algebra M. The

support of w is the minimal projection S, in M satisfying (w, S,,) = (w, I).
If w is a positive normal functional, then it is clear that aw has the same support for any a > 0.

Example 2.3.12. (Support of positive normal functionals on L*> (X)) Let X be a locally
compact space, i a Radon measure on X, and f a nonzero positive normal functional on L% (X),
which is a positive L' (X) function by Example 2.2.3. We noted in Example 2.3.3 that projections
in L (X)) are characteristic functions of measurable subsets of X. Recall that the support of the
L' (X) function f is defined to be the closed set

supp(f):X\U{UCX:Uisopenandfu(U):O},

see [4, Chapter III, Section 2]. Since f is nonzero and positive, supp (f) is not null and
(£ xsupp() = Jsuppip £ = Jx F = (£.1), implying that Sy < Xsupp(p)- Letting Sy = xa,
we established that E'\ supp (f) is null. Since (f,I) = (f, xg) = <f, Xsupp(f)\E> + <f, Xsupp(f)> =

<f, Xsupp(f)\E> + (f,I), we have 0 = <f, Xsupp(f)\E> = fsupp(f)\E f and thus supp (f) \ E is null.
Therefore Sy = Xsupp(f)-

We will frequently use the following elementary facts about supports of positive normal func-

tionals.
Lemma 2.3.13. Let H be a Hilbert space and M a von Neumann algebra in B (H).

1. For a projection P in M and a unit vector & € H, we have that
fermgP < P{=¢ — (v, P)=1 <= Swe < P.
2. The projection S, has range (M'€), for any & € H.
3. For &,n € H, we have that
(We, Suy) =0 = 8, 6=0 <= £ L(M'n) < nL (M) < S,,5.,,=0.

It follows that (we, S, ) = 0 exactly when <an SW§> =0.

4. For any positive normal functional w on M and any T € M, we have that

(W, T) = (w, STy = (w, TS,) = (w, SwT'Sw) -
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Proof. (1) The first equivalence is clear and the third follows from the definition of S, . If 1 =
(we, P) = (PE|€), then

0 < ||PE — &5, = (P& — E|PE — &) = ||PE|ly, — (PEIE) — (E1PE) + [1€lly = 1PNl — 1

implying that 1 < || P, < [|P| ||€]l,; = 1, hence P{ = &. Conversely, if P{ = &, then (we, P) =
(Pg|E) = HﬁHg = 1, establishing the middle equivalence.

(2) The claim is trivial for zero vectors, we assume £ is nonzero and further assume it has unit
length. By definition of S, we have <w5, Sw§> = 1so that S, .{ = by (1) and S, T’ = T'S,.§ =
T'¢ for any T' € M’', so that (M'¢) C rng (Swg). Letting @ denote the projection onto (M’'E)
(which is in M by Lemma 2.3.8), we have shown that Q < S,,. But (we, Q) = (Q§[§) = (£[€) =1
implies S, < @ by minimality, so these projections coincide.

(3) Again, we may assume ¢ and 7 are unit length. The equalities (we, S.,) = (Sw,£l€) =
(Swy&lSw,&) = ||Sw,7£||§_[ establish the first equivalence. If S, & = 0, then £ is in the kernel of S, ,
which is (M'n) by (2), and conversely if £ L (M'n), then
for any v € % we have 0 = (S, v|¢) = (V|S,, &) and therefore S, & = 0, so the second equivalence
holds. The third equivalence is clear given that (M’)* = M’ and (£|T"n) = ((T")*¢|n) for T" € M.
Ifn L (M'€), then (T'n|S'€) = (n| (T")" S'¢) = 0 for all T', S" € M’, s0 S, and S,,,, have orthogonal
ranges, and conversely S, S, = 0 implies 0 = S, Sw.§ = S, §, using (1). Finally, that the third

which is orthogonal to the range of S,

n?

equivalence is symmetric in £ and 7 shows last sentence of the claim holds.

(4) By the Cauchy-Schwarz inequality (Proposition 2.1.11),
[(w, T (I = S))* < {w, TT*) (w, (I = Su)* (I = 8,)) = (w, TT*) {w,I — S,) =0,

showing that (w,T) = (w,T'S,). The remaining equalities are proven in a similar way. O

Definition 2.3.14. A positive normal functional w on a von Neumann algebra M is called faithful
if S, = I, the identity in M.

Example 2.3.15. (Faithful positive normal functionals on L* (X)) Let X be a locally
compact space, p a Radon measure on X, and f a faithful positive normal functional on L™ (X).
We saw in Example 2.3.12 that Sy = xsupp(y)- Faithfulness of f is therefore the assertion that
supp (f) = X up to a null set.

Example 2.3.16. (Positive normal functionals are faithful on the corner defined by their
support) Let M be a von Neumann algebra and let w be a nonzero positive normal functional
on M. By a corner in M, we mean a von Neumann subalgebra of M of the form PMP for a
projection P in M. Note that P is the unit in the corner PM P. The restriction of w to S,MS,,

is nonzero since S,, € S, M S,,, clearly remains positive and normal, and by definition is faithful.

We establish a lemma that will be needed in characterizing faithfulness of positive normal

functionals.
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Proposition 2.3.17. Let w be a nonzero positive normal functional on a von Neumann algebra M

and let U be a unitary in M. Then (w,U) = (w,I) if and only if US, = S,U = S,,.

Proof. Recall from Proposition 2.1.12 that ||w||,, = (w,I), so we may normalize w and assume
that (w, ) = 1.
Suppose that (w,U) = 1. Let H be a Hilbert space such that M is standardly represented in
B (H), so that there exists a unit vector £ € H for which w = wg. Then (U{|€) = 1 together with
U5, = 1 entails U§ = & If n € H is of the form T'¢ for some T' € M, then Un = UT'¢ =
T'UE = T'¢ = n, so that U fixes every vector in (M'E), the range of S,,. If n € H and we write
Swen = limg T! &, then USyen = U (limy T.¢) = lim, T,¢ = Un and thus USye = Sw,. It follows
that S, = Su UV = (USu) U = Su U.
Conversely, if US,, = S, then by Lemma 2.3.13(4) we have 1 = (w, S,) = (w,US,) = (w,U).
O

Corollary 2.3.18. Let w be a nonzero positive normal functional on a von Neumann algebra M .
The setU,, of unitaries on which w takes the value (w, I) is a weak® closed subgroup of the unitaries
in M.

Proof. The claim is clear given the characterization of elements of U, as those unitaries U satisfying
US, =5,U=5,. O

Proposition 2.3.19. Let w be a nonzero positive normal functional on a von Neumann algebra

M. The following are equivalent:
1. w is faithful.
2. (w,T) > 0 for every nonzero positive T in M.
3. (w, P) > 0 for every nonzero projection P in M.
4. (w,U) = (w, I) implies U = I, for any unitary U in M.

Proof. We may normalize w to assure that (w, ) = 1.

If w is faithful and U € M is unitary with (w,U) = 1, then U = US,, = S,, = I by Proposition
2.3.17, so (1) implies (4).

Suppose (4) holds. Given a projection P € M, a routine calculation shows that [ —2P is unitary
and we have (w,] —2P) =1 — 2(w, P), so that (w, P) = 0 exactly when (w,l —2P) = 1, which
implies that [ — 2P = I, by (4), and therefore that P = 0. Thus (3) holds.

For T'> 0 in M Proposition 2.3.6 asserts that (w,T") = 0 if and only if (w, R(T)) = 0, where
R (T) is the range projection of T, and R (T") = 0 exactly when 7" = 0, so (2) and (3) are equivalent.

Finally, if (2) holds, then (w,I — S,) = (w, (I — S,,) Sw) = 0 implies I —S,, = 0, so (1) holds. O

We require one more lemma in order to characterize o-finiteness of von Neumann algebras.

Lemma 2.3.13 is used prodigiously and without comment in establishing the following.
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Lemma 2.3.20. Let H be a Hilbert space and M a von Neumann algebra in B (H). If w =
Y onli YnWe,, is a convex combination of the normal states we, on M, where &, € H are unit vectors,
then the range of S, is (M'&, :n > 1).

Proof. If n € H is orthogonal to (M'¢, : n > 1), then <wn, Sw§n> = 0 and hence (wg, , Sw,) = 0 for
each n > 1, implying that (w, S, ) = 0 and so S,,S,, = 0, whence 1 € rng (S,,) C ker (S,). Thus
the range of S, is contained in (M’E, : n > 1). Now if n € rng (S,,) is a unit vector, then S,n =7
and hence (wy, Sw) = 1 # 0 and thus (w, S, ) # 0, implying that (we,, S, ) # 0 for some n > 1.
Then &, is not orthogonal to (M'n), so n is not orthogonal to (M’¢,), showing that no unit vector
in the range of S, is orthogonal to (M'E, : n > 1). Therefore the range of S, and (M'E, : n > 1)

coincide. n

Proposition 2.3.21. Let M be a von Neumann algebra. Then M is o-finite if and only if there

exists a faithful positive normal functional on M.

Proof. Let H be a Hilbert space such that M C B (H). Suppose M is o-finite. By Proposition 2.3.9
we have [ = Y ° | P,, where P, is orthogonal projection onto (M’E,) for some unit vector &, € H
and P, P, = 0 for n # m. By Lemma 2.3.13(2), the projection P, is exactly S, . The positive
normal functional w = >"0° ; 27 "wg,, has support projection with range (M’&, : n > 1), by Lemma
2.3.20, and since n = Y07 Py € @, (M'E,,) for every n € H, we conclude that (M'¢, :n>1) =H
and that w is faithful.

Conversely, suppose that w is a faithful positive normal functional on M. If (P,), is any
family of nonzero mutually orthogonal projections in M, then (w, P,) > 0 for each o and that
Yoo (w, Po) = (w, >, Pa) < (w,I) =1 is finite entails only countably many of the terms (w, P,) are

nonzero, whence (F,),, is countable. Therefore M is o-finite. O

We may now provide the example that motivates the choice of term o-finite for general von

Neumann algebras.

Example 2.3.22. (o-finiteness of L*° (X)) Let X be a locally compact space and p a Radon
measure on X. We saw in Example 2.3.15 that a positive normal functional f on L (X) is faithful
exactly when supp (f) = X up to a null set. The support of any function ¢ in L' (X) is o-finite: for
n>1set X, = {ac eX:|g(x) e [n%_l,%)} and set Xog = {z € X : |g(x)| € [1,00)}, which have
finite measure since n%i_l,u (Xn) < an 19 (@) < llgll1(x) < oo for each n > 0. Then supp (f) =
XoUU,, Xy, is the union of countably many sets of finite measure. Therefore supp (f) = X implies
(X, p) is a o-finite measure space. Conversely, if (X, 1) is o-finite, say X = [J;2; X, for sets X, of
finite measure, then >°° , 271 (X,,) " xx, is a positive function in L' (X) with support X, hence

a faithful positive normal functional on L (X).

References for the topics of this section are the same as those for Section 2.2.
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Chapter 3

Preliminaries on abstract harmonic

analysis

This chapter introduces the basic theory of locally compact groups and defines the associated
algebras of functions and operators with which our later investigations will be concerned. We also

outline the relevant theory of operator spaces.

Definition 3.0.1. Let G be a group and f a complex valued function on G. Define
fFOy=r" (e
and for s € G define

sf (t) = f(st) and fs(t) = f(ts) (te@).

For an algebra A of functions on a set X and a subset S of X, we write 14 (S) for the functions

in A that are zero on S.

3.1 Locally compact groups

Abstract harmonic analysis is the study of groups endowed with a locally compact Hausdorff topol-

ogy compatible with the group operations.

Definition 3.1.1. A group G is locally compact if there is a locally compact Hausdorff topology

1

on G under which the maps G x G — G : (z,y) — zy and G — G : x — x~ " are continuous.

The topology of any locally compact group G is entirely determined by the neighborhood system
at the identity element e: the neighborhood system at any x in G is the image of the neighborhood
system at e under translation by x, a homeomorphism of G. Collecting together results of [29,

Chapter 2], we have the following.
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Proposition 3.1.2. Let G be a locally compact group. For any neighborhood U of the identity e
in G, there exists a compact neighborhood V of e such that V.= V=1 (the set V is symmetric)
and VV =Y C U. Consequently, there is a neighborhood base for e consisting of compact, symmetric

sets.

For these groups, there is a canonical translation invariant Radon measure that is unique up to

scalar multiples. A proof of this fact can be found in [18, Chapter 11].

Definition 3.1.3. Let G be a locally compact group. A left (right) Haar measure on G
is a nonzero positive Radon measure p that is left (right) translation invariant, meaning that
w(zE) = p(E) (u(Fz) = p(E)) for all z € G and Borel subsets E of G. If u/ is any positive

Radon measure p that is left translation invariant, then p/ = au for some « > 0.

Once a left Haar measure p on a locally compact group G is chosen, it is referred to as the Haar
measure on G and the LP-spaces with respect to this measure may be defined as in Example 2.2.2.
All integrals over a locally compact group are implicity taken with respect to the Haar measure on
G. If G is a discrete group, then p is taken to be the counting measure on G, which is trivially both
left and right invariant, and if G is compact, then we assume that the Haar measure is normalized
to have total mass one. It is straight forward to verify that a right Haar measure on G is defined
by E — u(E™!) for Borel subsets E of G. When the group and measure are clear from context,
we adopt the notation |E| for the Haar measure of the Borel subset E of G.

Example 3.1.4. (When Haar measure is finite) Let G be a locally compact group. We
show that Haar measure is finite if and only if G is compact. One implication is clear: if G is
compact, then, because a Radon measure takes finite values on compact sets, Haar measure is
finite. Conversely, suppose G is not compact and let X C G be compact with |K| > 0. There must
exist s € G\ K such that syK N K = ): otherwise, given ¢ € G, choose k € tK N K and write
k = tk' for some k' € K, in which case and ¢ = k(k')"' € KK~!, implying that G = KK !, a
compact set by [29, (4.4)]. Let sop = e, the identity of G. For n > 1, given sy, ..., s, € G such that
the sets s; K are pairwise disjoint, we may find s,41 € G\ U?:o s;K such that s, 1K is disjoint
from s1K,...,s,K, otherwise the preceding argument would entail that G is compact. Thus we
may find countably many pairwise disjoint translates of the set K in G, whence Haar measure is

not finite.

Example 3.1.5. (When Haar measure has atoms) Let G be a locally compact group. We
show that Haar measure assigns a singleton strictly positive measure if and only if G is discrete.
One implication is trivial, since Haar measure is counting measure on discrete groups. Thus suppose
Haar measure assigns some singleton strictly positive measure, in which case |{s}| > 0 for all s € G
by left translation invariance, and suppose towards a contradiction that G is not discrete, in which
case no singleton is open because translation is a homeomorphism. By outer regularity of Haar
measure, there exists an open neighborhood U of e such that |U| — |{e}| < 3 |{e}|. Since U cannot

be a singleton, choose s € U distinct from e, and choose disjoint neighborhoods U, and U, of e and
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s, respectively, that are contained in the open set U. Then 2|{e}| < |Ue| + |Us| < [U| < 3 [{e}], a

contradiction, so that G must be discrete.

It follows from Example 3.1.5 that any countable locally compact group, being the disjoint
union of countably many singletons, must be a discrete.

That Haar measure is translation invariant and inner regularity on open sets yields the following.

Lemma 3.1.6. Let G be a locally compact group. If U is an open nonempty subset of G, then the

Haar measure of U is strictly positive.

Example 3.1.7. (Haar measure for closed subgroups) Let G be a locally compact group and
H a closed subgroup. We show that Haar measure py on H is restriction of Haar measure pg on
G if and only if H is an open subgroup of G, otherwise H is a ug-null set. If H is open in G,
then Lemma 3.1.6 asserts that ug (H) > 0 and it is straight forward to see that ug defines a left
translation invariant positive Radon measure on H, so we may take ppg = pg|y. Conversely, if
H fails to be open in G, then H cannot contain a nonempty open set in G, otherwise H would
be the union of translates of this open set and would itself be open in G. If it were the case that
ug (H) > 0, then by regularity of ug we may choose U C G open and K C H compact with
K C H C U such that ug (U \ K) is arbitrarily small. Thus we may find a compact subset K of
H such that pg (H \ K) is arbitrarily small, so that we may assure 0 < ug (K N H) < co. Then
29, (20.17)] asserts that (K N H)? contains a nonempty open subset of G, a contradiction since
(KNH )2 C H. Therefore H is pg-null whenever H is not open in G, so certainly pp is not the

restriction of ug.

Definition 3.1.8. Let G be a locally compact group with left Haar measure u. The modular
function of G is the continuous group homomorphism A : G — (0,00) satisfying p(Fz) =

A(z)p(E).

The left translation invariance of Haar measure manifests in the following useful formulas for

integration.

Proposition 3.1.9. Let G be a locally compact group. If f € L' (G) and s € G, then

Lrwar= [ rena=aw [ roa= [ r)a ).

Definition 3.1.10. Let G be a locally compact group. The group algebra of G is the Banach

space L! (@) endowed with the convolution product and involution given by

(f x9) (s) = /G F@g(y's)dyand f*(s) =F(s DA (s7)  (frgeL'(@),5€G),

under which it is a Banach x-algebra.

Example 3.1.11. (Identities and approximate identities for the group algebra) Let G be

a locally compact group. The group algebra of G is unital when 14 is an integrable function, i.e.
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when Haar measure is finite, which by Example 3.1.4 occurs exactly when G is compact. We show
that L' (G) always has a bounded approximate identity. For each open neighborhood U of the
identity e in G, let fiy € L' (G) be positive, norm one, with support contained in U, and such that
fu= fVU. (For example, we may set fy = |V|_1 xv for a symmetric neighborhood V' of e contained
in U.) If g € L' (GQ), then

9550 =9 = [0 o (s ay= [ fowdy= [ @l =) fo iy (€6).

so that

o= o =1y = | [ o= fu )| < [ gy =gl fr )y < sup gy gl
G L@ Ja yelU

It is shown in [17, Proposition 2.41] that translation is norm continuous on L' (G), so that
supyey 9y — 9l — 0 as U — {e} and (fu)y is a right bounded approximate identity for

L' (G). That this net is also a left approximate identity follows by a similar computation.

It is a classical result of Wendel that the group algebra, as a Banach algebra, is a complete

invariant for G [61].

Definition 3.1.12. A unitary representation of a locally compact group G is a representation
m: G — B(H) of the group G as unitary operators on the Hilbert space H that is continuous in
the strong operator topology on B (H), meaning that G — H : s — m (s) £ is continuous for each
EeH.

A vector £ € H is cyclic for the unitary representation 7 if (7 (G) ) = H, where 7 (G) £ denotes
the set {7 (s){: s € G}.

It is equivalent to ask that a representation of a locally compact group as unitary operators be

continuous in the weak and the strong operator topologies [17, p.68].

Example 3.1.13. (Regular representations of G) The left and right regular representation

of a locally compact group G are given, respectively, by
1
NG B(LH(G) M) =¢(s7') and p:G = B(L*(G)) : p(s)€(t) =€ (ts) A(s)?

It is straight forward to verify that these are indeed unitary representations of G, see for example
[17, Chapter 3], where the basic properties of unitary representations of locally compact groups are

outlined. We show in Lemma 6.2.1 that A\ and p are unitarily equivalent.

We now describe how a unitary representation 7 : G — B (H) as in Definition 3.1.12 induces a
s-representation of the x-algebra L! (G) by integration. For a fixed vector ¢ € L? (G) the function
G — L*(G) : s — m(s)¢ is bounded and continuous, so that for f € L' (G) the weak integral
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Jo f y) &dy exists: it is the unique element of L? (G) satisfying

([rwrwentn) = [ 10 E@enda  (1e12@).

see [17, Appendix 3]. The map L?(G) — L?(G) : £ — Jo f( (y) &dy is clearly linear and is
bounded, and letting 7 (f) denote this operator in B (L? (G)), 1t is routine to verify that

m: LNG) = B(L2(G)) : f = 7 (f)

is a *-representation, the induced *-representation of L'(G).
The text [17] contains a more detailed introduction to the theory of locally compact groups
that we have expounded here. A comprehensive reference for classical noncommutative harmonic

analysis is [29, 30].

3.2 Operator spaces and completely contractive Banach algebras

This section outlines the very basics of operator space theory and defines the related algebraic
notions — algebras and modules — that will arise in the sequel. An operator space structure on a
Banach space is a refinement on the norm structure achieved by simultaneously considering norms
on all the matrix spaces over the Banach space. The significance of this refinement to harmonic
analysis will become apparent in the subsequent sections.

Operator spaces were originally defined to be closed linear subspaces of the bounded operators
on Hilbert spaces and were characterized axiomatically by Ruan in 1988, giving the following

definition:

Definition 3.2.1. An operator space is a vector space E equipped with a complete norm |||,

on the matrix space M, (E) for each n > 1, subject to the following compatibility criteria:

z 0

0 = max {|[z|,, , [#[l,,,} and [lazpll, <l ||, 5]

n+m

for every x € M, (E),y € My, (E), and «, € M, (C). Given a vector space E, we refer to a
choice of complete norms (||-[[,,),,~; on the matrix algebras over £ that satisfy the above conditions

as an operator space structure on E.
It is plain to see that a closed subspace of an operator space is an operator space.

Example 3.2.2. (Banach spaces are operator spaces) Every Banach space E may be endowed
with a canonical operator space structure — the maximal operator space structure on £ — under
which every bounded map from F into an operator space is completely bounded [14, Section 3.2].
Thus a theorem that holds for all operator spaces is a literal generalization of its analogue for

Banach spaces.

23



Example 3.2.3. (Closed subspaces of B () are operator spaces) Let H be a Hilbert space
and F a closed subspace of B (H). For each n > 1, the matrix space M,, (F) C M,, (B (H)) is given
a norm by identifying M,, (B (#)) with B (H") as vector spaces via

[Tij] = [Kj] T €] = ZTZJfJ

An elementary computation shows that the resulting norms satisfy the conditions of Definition

3.2.1 and are therefore an operator space structure on E.

Example 3.2.4. (C*-algebras are operator spaces) Every C*-algebra A can be faithfully
represented as bounded operator on a Hilbert space H, by Theorem 2.1.14. The amplifica-
tions of such a faithful representation are representations of M, (A) as a closed #-subalgebra of
M, (B(H)) = B(H"), from which we may pull back a C*-norm on M, (A). The matrix algebra
M, (A) is a *-algebra under the natural algebra operations on matrices and involution given by
lai;]* = [a}*l}, which are entirely determined by the x-algebraic structure of A and, as seen in
Section 2.1, uniquely determine the C*-norm on M, (A). Since the algebraic structure of M, (A)
is determined by that of A, it follows that the C*-norm on M, (A) is independent of the faithful
representation of A that we began with. Consequently, each matrix space over A carries a unique

C*-norm determined by A. It can be verified that these yield an operator space structure on A.
The maps of interest to operator space theory are as follows.

Definition 3.2.5. Let T : E — F be a linear map between vector spaces. The nth amplification
of T is the linear map T : M,, (E) — M,, (F) : [xy] = [Tz .
If E and F are operator space, then T is called:

1. Completely bounded if ||T|,, := sup,>; HT(”)H < 00.

2. Completely contractive if ||T||, < 1.

3. A complete isometry if T is an isometry for every n > 1.

4. A complete quotient map if T is an quotient map for every n > 1.

The norm |||, is referred to as the cb-norm. The space of completely bounded maps from E to

F, denoted CB (E, F), is a Banach algebra under composition and the cb-norm.

Example 3.2.6. (x*~-homomorphisms of C*-algebras are completely bounded) The am-
plifications of a *-homomorphism between C*-algebras are x-homomorphisms when the relevant
matrix spaces are given x-algebra operations as in Example 3.2.4, so are automatically contrac-
tions by Proposition 2.1.13. Consequently, *-homomorphisms between C*-algebras are complete

contractions.
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It can be shown that bounded maps from any operator space into a commutative C*-algebra
are completely bounded and that the operator norm and the cb-norm coincide for such maps, see
for example [14, Proposition 2.2.6]. In particular, bounded linear functionals on an operator space
E are completely bounded and E* = CB (E, C) isometrically.

Example 3.2.7. (Duals of operator spaces are operator spaces) Let E be an operator
space. The Banach space dual of F is given an operator space structure by identifying M, (E*) =
M, (CB(E,C)) with CB (E, M,, (C)) as vector spaces and using the cb-norm on the latter space.
See [14, Chapter 2] for details. It follows that the bidual E** carries an operator space structure
and it can be verified that, with this structure, the canonical inclusion £ — E** is a complete
isometry. If E is a dual Banach space, say F = F*, the predual F' thereby inherits an operator
space, being a closed subspace of F** = E*. In combination with Example 3.2.4, it follows that

the predual of a von Neumann algebra always carries a canonical operator space structure.

The classical concrete definition of operator spaces is now a representation theorem, which, for

comparison, we state alongside its Banach space analogue.

Theorem 3.2.8. [14, Theorem 2.5.5] Every operator space E is completely isometrically isomor-
phic to a closed subspace of B (H) for some Hilbert space.

Theorem 3.2.9. Every Banach space E is isometrically isomorphic to a closed subspace of C (X)

for some compact Hausdorff space X .

The expected notions of complete boundedness and contractivity for bilinear maps between
operator spaces allow operator space overtones to be added to the notions of Banach algebras and

modules over Banach algebras, as follows.

Definition 3.2.10. A Banach algebra A that is also an operator space is called a completely
contractive Banach algebra if the multiplication map A x A — A is completely contractive, in
which case a left Banach A-module X is called a completely contractive left Banach A-module
if X is also an operator space and the module action of A on X define a completely contractive

map A x X — X. Right modules and bimoduals are defined analogously.

Example 3.2.11. (Duals of completely contractive modules) Let A be a completely con-
tractive Banach algebra and X a completely contractive left A-module. The dual X* of X is an
operator space by Example 3.2.7 and is a completely contractive right A-module under the natural

dual action
(pra,2)=(p,a-z) (peX ' a€AzeX).

Duals of right modules and bimodules are defined analogously.

Example 3.2.12. (L' (G) is a completely contractive Banach algebra) Let G be a locally
compact group. The group algebra L! (@), being the predual of the von Neumann algebra L (G),
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is an operator space by in Example 3.2.7. It can be shown that the operator space structure arising
this way is the maximal operator space structure [14, Section 3.3], from which it follows that L' (G)

is trivially a completely contractive Banach algebra.

There is a natural construction of linearizers for completely bounded bilinear maps, giving rise
to the operator space projective tensor product, which we denote by ®. See [14, Chapter 7]
for details.

A much more detailed account of what is presented here may be found in [14].

3.3 The group von Neumann algebra and the Fourier algebra

Let G be a locally compact group and 7 : G — B (H) a unitary representation of G' as operators
on a Hilbert space H. The image 7 (G) of G in B (H) generates a von Neumann algebra, which,
by Proposition 2.2.10, equals 7 (G)” = span®®'r (G). For the left regular representation of G, we

name the resulting algebra.

Definition 3.3.1. The group von Neumann algebra VN (G) of a locally compact group G is
the von Neumann algebra generated in B (L? (G)) by the left translation operators.

It is clear that the right translations on L?(G) — the operators p(s) for s € G — commute
with left translations, so that p(G) C VN (G) and thus p (G)” € VN (G)'. It can be shown that
equality holds, which we record for later reference. A proof can be found in Chapter 5 of [13] or
Chapter 7, Section 3 of [59].

Proposition 3.3.2. Let G be a locally compact group. The commutant of the group von Neumann

algebra in B (L? (G)) is the von Neumann algebra generated by p (G).

At the end of Section 2.2 we mentioned that every von Neumann algebra can be represented on
some Hilbert space for which all its normal functionals are vector functionals. For the group von
Neumann algebra, the inclusion of VN (G) into B (L? (G)) is this representation and consequently
every element of VN (G)

functional we, implies that it is determined by its values on the weak* dense spanning set A (G)

may be written in the form we, for £,n € L?(G). Normality of the

*

for VN (G), and we may view (A (s),we,p) as a function on G, using the notation we ,, (s) for this
value. Since we, (s) = (A (s)&[n), the continuity of A in the weak operator topology implies we ,, is

continuous on GG and moreover we have

waﬂ?”Co(G) = Sgg [(A(8) ,we )| < ||W£,77HVN(G)* :
S
The space of functions on G obtained this way is in fact an algebra:

Theorem 3.3.3. [16] Let G be a locally compact group. The predual of VN (G) may be identified
with a dense subalgebra of Co (G). For w € VN (G)

«» we have

lwllv e, = inf {1l 2 Il 2 : €1 € L (G) such that w = we,, }
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and under this norm VN (G),
the Fourier algebra of G, denoted A (G).

is a commutative semisimple completely contractive Banach algebra,

The Fourier algebra has the following useful properties, all of which may be found in [16].
Proposition 3.3.4. Let G be a locally compact group. The following hold:

1. The nonzero multiplicative linear functionals on A (G) are exactly the elements of X\ (G) and

the spectrum of A (G) is homeomorphic to G.
2. The compactly supported functions in A (G) are dense.

3. For any K C G compact and U D K open, there exists u € A (G) with compact support taking
values in [0,1] and satisfying ul =1 and u|g = 0.

The Fourier algebra respects closed subgroups in the following natural sense.

Theorem 3.3.5. [27] (Herz’s restriction theorem) Let G be a locally compact group and H a
closed subgroup. The restriction map ri : A(G) — A(H) is a complete quotient map.

Example 3.3.6. (VN (H) for a closed subgroup H of G) Let G be a locally compact group
and H a closed subgroup. By Herz’s restriction theorem the adjoint of the restriction map is a
normal isometry VN (H) — VN (G). For s € H,

(rg (A (s)),w) =7m (W) (s) =w (s) = (Aa (s),w)  (weA(G)),

implying that r}; (Ag (s)) = Ag(s). It follows that 73 : VN (H) — VN (G) is a unital x-
homomorphism on spanAg (H), so also on VN (H) by normality. The group von Neumann algebra
of H may thus be identified with the unital von Neumann subalgebra r3; (VN (H)) of VN (G), for
which we write V Ny (G).

Example 3.3.7. (Ideals vanishing on closed subgroups) Let G be a locally compact group
and H a closed subgroup. The A (G) norm dominates the L*° (G) norm, so that norm conver-
gence in A (G) implies pointwise convergence, from which it follows that the ideal I4q) (H) =
{u € A(G) : ul[y =0} is closed. For s € H the functional A (s) annihilates I4g) (H) and con-
versely any element of A (G) that is annihilated by A (H) is in Ty (H). Thus I4q) (H) = A (H) |
and it follows from the bipolar theorem that I (H)" = (A (H), )" =span® A (H) = VNy (G).

A subset E of a locally compact group G is said to be a set of spectral synthesis for A(G) if
the compactly supported functions in I () (£) with support disjoint from E are dense in 14 (E).

Example 3.3.8. (Closed subgroups are sets of spectral synthesis for A (G)) Let G be a
locally compact group and H a closed subgroup. Let Ig(G) (H) denote the closure of the compactly
supported functions in I (H) with support disjoint from H. If s € H, then clearly A(s) €
Ig(G) (H)*, and if s € G\ H, then Proposition 3.3.4(3) implies that there exists u € A (G) with
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u (s) = 1 and compact support disjoint from H, so that u € IE‘(G) (H) and (u, A (s)) = 1, implying
A(s) ¢ IS!(G’) (H)*. Therefore {s €eG:)\(s) € IS&(G) (H)L} = H and it follows from Theorem 6 of
[60] that V Ny (G) = I?X(G) (H)*, whence

Laiey (H) = (Ia) (H)") | = VN (G) = (Ic) (H)") | = T (H).

For a locally compact group G and closed ideal I of A (G), the multiplication of A (G) naturally
makes I a completely contractive A (G)-module. It follows that I is a completely contractive

A (G)-module when given the natural dual module action of Example 3.2.11.

Definition 3.3.9. Let G be a locally compact group and let I be a closed ideal of A (G). A
bounded map ¥ : VN (G) — VN (G) is called a projection onto I if it has range I+ and

satisfies U2 = ¥ and is called an énvariant projection if it is moreover an A (G)-module map.

Given a locally compact group G, there is a natural map A(G) ® A(G) — A(G x G) given
by u®uv +— [uxwv:(s,t)—u(s)v(t)]. Both of these spaces are completely contractive A (G)-

bimodules by the natural actions
u-(vRw) - r=wewrandu-(vxXw) - z=uwxwr (u,v,w,ze€A(Q)).

It follows from a result of Effros and Ruan [15] that this map induces a completely isometric
isomorphism of A (G)-bimodules on the operator space projective tensor product, which we record

for later reference.

Proposition 3.3.10. If G is a locally compact group, then A(G)®A(G) = A(G x G) as com-
pletely contractive A (G)-bimodules.

For a unitary representation 7 : G — B (H), functions on G of the form s — (7w (s)¢|n) for
&,n € H, which are always continuous and bounded, are called coefficient functions of the rep-
resentation 7. Thus A (G) is the space of all coefficient functions of the left regular representation.
The space of coefficient functions of all unitary representations of G forms a unital commutative
completely contractive Banach algebra of functions on G, the Fourier-Stieltjes algebra B (G),

under the norm

lull ) = inf {[[€ll; 1nll5, = €& m € H such that w = (m (-) {[n)} . (3.3.1)

Taking the direct sum of all unitary representations of G (that is, one for each equivalence
class under unitary equivalence) yields a faithful representation m, : G — B (H,,), the universal
representation of G, and it is not hard to see that B (G) is the space of coefficient functions of
7y. The induced representation 7, : L' (G) — B (H,) is a faithful x-representation of the *-algebra
L' (G) and taking the completion of L! (G) under the C*-norm obtained by identifying it with its
image yields the group C*-algebra C* (G). An element u of B (G) may be written as (m, (-) £|n)
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for some &, 7 € Hy, so u (s) = (my (5) ,we ) for s € G, where we ,, is the vector functional on B (H,,).
For f € L' (G) we have

Lut = [ e wen tay={ [ 7 1) dy’”g’">3<m,3m>* = (7 () s e ot 5030

*

and, since m, (L' (G)) is norm dense in C* (G), it follows that (u, 7, (f)) := [, uf extends to a
bounded linear function on C* (G). It is shown in [16] that every element of C* (G)* arises this way
c+(¢)*» identifying B (G) with the dual of C* (G). The Fourier-Stieltjes

algebra therefore carries a natural weak® topology and it is straight forward to verify that the

and that [|ull 5y = lu

multiplication of B (G) is separately weak* continuous.
The following relations between A (G) and B (G) hold.

Proposition 3.3.11. Let G be a locally compact group. The Fourier algebra A (G) is a closed ideal
in B (G) and coincides with the closure of the compactly supported functions in B (G).

In Chapter 4 we will be concerned with determining which subsets of a locally compact group
G have characteristic functions lying in various function algebras. For the Fourier-Stieltjes algebra,

these subsets are known.

Theorem 3.3.12. (Cohen-Host idempotent theorem) Let G be a locally compact group and
E C G. The function xg is in B (G) if and only if E is in boolean ring of subsets generated by the
left cosets of open subgroups of G.

Eymard defined the Fourier and Fourier-Stieltjes algebra of a locally compact group G in [16].

This article remains the most complete reference on these algebras.

3.4 The Fourier multipliers

A Fourier multiplier is a complex valued function m on G such that mA (G) C A(G) and the
multiplication u — mu is a completely bounded map on A (G). The set of all such functions is
a completely contractive Banach algebra of continuous, bounded functions under pointwise mul-
tiplication and the norm ||u +— mu|,, denoted MA (G). This algebra is often referred to as
the completely bounded multiplier algebra of the Fourier algebra, a verbose name that we avoid.
Since A (G) is an ideal in B (G), which itself has completely contractive multiplication, we have
B(G) C MpA(G). The following representation theorem, originally due to Gilbert [24], will be

our main tool when working with Fourier multipliers. A short proof may be found in [35].

Theorem 3.4.1. (Gilbert’s theorem) Let G be a locally compact group. A complex valued func-
tion m on G is in M4 A (G) if and only if there exists a Hilbert space H and bounded continuous
maps P,Q : G — H such that m (s~'t) = (P (t)|Q (s)) for all s,t € G, in which case 17l ar,y 4
is the infimum of the quantities | P|| ||Q||., taken over all such maps P and () and Hilbert spaces
H.
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Ifuisin B (G) and u = (7 () &|n) is any representation of u as a coefficient function of a unitary
representation of G, then u (s7't) = (r () £|7 (s) n). It follows from (3.3.1) and Theorem 3.4.1 that
lar,, 4y < Il By on B (G). We write Ag, (G) for the norm closure of A (G) in M A (G), which
is a commutative completely contractive Banach algebra with spectrum G [23, Proposition 2.2].

As Fourier multipliers lie in L* (G), we may consider L' (G) as a subspace of the dual of
My, A (G). Taking the completion of L! (G) with respect to the norm

gy =suw {| [ fm|:m € Mad (@) with lpmlly,aq) <1} (2 (@)

yields a predual @ (G) for M A (G) [12, Proposition 1.10]. Thus M A (G) is a dual space and has
a weak™ topology, and it can be checked that the multiplication of My4A (G) is separately weak*
continuous [23, p.969]. For f € L' (G) we have

/]

oricy = s { | [ sm|sm € BG) with ey <1},

from which it follows that [|f|cx(q) < [Ifllg() and therefore that the identity map on L'(G)
induces a contraction @ (G) — C* (G). The adjoint is the inclusion map B (G) — M4 A (G), which
is therefore weak® continuous, meaning that any weak* convergent net in B (G) is weak™ convergent
as a net in Mg A (G). Since ||| o) < [l 1) on LY (@), it follows that Iy < Illar, aq)- In

sumimary,
A(G)C Ay (G) and A(G) C B(G) C MaA(G) C L™ (G), (3.4.1)
and each containment may be (often is) strict. For u € A(G) and v € B (G),
ull oo @y < Mull o, @y = Nullar, ac) < Ml aey = lullpe »
[0l ooy < I0llar a6y < IvllBee) »

so the first, third, and fourth inclusions in (3.4.1) are in general contractive while the second is
isometric.

The following are shown in [12]:

Proposition 3.4.2. Let G and G’ be locally compact groups and let H a closed subgroup of G.
The following hold:

1. The restriction map rg : MapA(G) — MpA (H) is a well-defined contraction.

2. The natural map Ma4A (G) @MapA (G') — MypA(G x G') : m@n — m x n is a well-defined

contraction.

Using these results, Herz’s restriction theorem and Proposition 3.3.10, it is straight forward to

verify that both maps of Proposition 3.4.2 preserve the algebra Ay (G). Sets of spectral synthesis
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for A (G) are defined as for A (G): those subsets £ of G for which the functions in Iy, ) (E)
with compact support disjoint from E are norm dense. Projections and invariant projections
are defined analogously as well.

In Chapter 4 we will have need to consider a locally compact group G equipped with the discrete
topology, which we indicate by G4. The inclusions B (G) C B (Gg) and M A (G) C MapA(Gg)
hold and are in fact isometric, see [16] and [55, Corollary 6.3], respectively. For each x € G the
evaluation functional §, lies in ¢! (G4), which is contained in both C* (G4) and in Q (G4), whence
convergence in the weak™ topology of B (Gy) or MA (Gy) implies pointwise convergence. For
bounded nets, the converse holds, see [16] for the assertion regarding B (G4) and [23, Lemma 2.6]
regarding M, A (G4). We record this formally for later reference.

Proposition 3.4.3. Let G be a discrete locally compact group. Convergence in the weak® topology
of either B (G) or M4 A (G) implies pointwise convergence, and on bounded subsets of either space

these two topologies coincide.

The Fourier multiplier algebra of a locally compact group has a long and rich history. Some of
the basic properties of this algebra were established by Haagerup and others in [7, 12]. A modern
treatment focusing on the connection to Herz-Schur multipliers may be found in [55]. The useful
Appendix A of [42] records many folklore facts about the Fourier multipliers.

Aside from Theorem 3.4.4(1), the following result will not be needed in the sequel, but we believe
its mention is warranted as it provides some indication of how one may interpret general Fourier
multipliers. For the moment, let us call a (not necessarily unitary) representation 7 : G — B (H) of
G as invertible operators that is continuous in the strong operator topology an invertible repre-
sentation, and call an invertible representation 7 : G — B (H) satisfying sup,eq [|7 (s) 3¢y < 00
a uniformly bounded representation. Define coefficient functions of these more general rep-
resentations as we did before. Recall that a topological space is second countable if it has a

countable base. Amenable locally compact groups are defined in Section 3.5.
Theorem 3.4.4. Let G be a locally compact group. The following hold:
1. MypA(G) = B(G) if and only if G is amenable.

2. [12, Theorem 2.2] The coefficient functions of uniformly bounded representations of G are

Fourier multipliers.

3. [57] If G is second countable and m is a Fourier multiplier of G, then there exists an invertible
representation 7 : G — B (H) and &,m € H such that m (s~'t) = <7T (t)&|m (5_1)*17> for all
s,t € G.

One direction of the first result is due to Losert [46], the other due to unpublished work of Ruan.
Steenstrup [56] gives a proof that for many familiar nonamenable groups, e.g. the free groups on at
least two generators, there exist Fourier multipliers that are not coefficients of uniformly bounded

representations.
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3.5 Amenability and related notions for groups and algebras

This section records the basic definitions regarding amenability for locally compact groups and for
(completely contractive) Banach algebras and gives several characterizations of amenable locally

compact groups.

Definition 3.5.1. A locally compact group G is called amenable if there exists a left invariant
mean on L™ (G), i.e. a state w on L™ (G) satisfying (w,s ¢) = (w, ¢) for all ¢ € L (G) and s € G.

Example 3.5.2. (Compact and abelian groups are amenable) Let G be a locally compact
group. If G is compact, then 1¢ € L' (G) is a normal left invariant mean on L> (G). If G is
abelian, then the left translation action of G on the weak® compact, convex set S (L* (G)) of
states on L™ (G) yields a family of commuting, weak® continuous, affine maps of S (L* (G)) into
itself and therefore has a fixed point, by the Markov-Kakutani fixed point theorem [10, p.109]. This

fixed point is a left invariant mean.

Example 3.5.3. (I3 is not amenable) Let Fy denote the free group on two generators a and b.
For z € {a, ba"!, b_l} let W, denote the words in Fy that begin with the symbol x. It is not too
difficult to see that Fo = W, UaW,-1 = Wy UbWy-1. If w were a left invariant mean on (> (),

then <waX(lWa71> = <w,a_1 (XWa71)> = <WaXWa71> implies
1= <w7 1F2> < <W’XWa> + <W>XWG71>

and similarly for b. Since Fg equals the disjoint union {e} U W, U W, UW, -1 U W1, it follows that

1= <w7 1F2> = <wa X{e}> + <w7XWa> + <W7XW1,> + <W7XWCL71> + <wa XWb,1> > 2.
Therefore Fy cannot be amenable.

It was shown by Johnson that a locally compact group G is amenable if and only if the Banach
algebra L' (G) has a certain cohomological property [37], which became a definition for general
Banach algebras. We give an equivalent formulation, also due to Johnson [36], that is more suitable

for our purposes, and we give its operator space adaptation, due to Ruan [51].

Definition 3.5.4. A completely contractive Banach algebra A with product A : ARA — A is

called operator amenable if there exists a bounded net (d,),, in ARA satisfying:
1. |[aA(do) —all 4 — 0 for all @ € A, and
2. |la-do —do-all 45, —0forallace A,

where in (2) we have used the canonical completely contractive A-bimodule action on A®A given
on elementary tensors by a- (b®c¢) =ab®cand (b®c¢)-a =b® ca, for a,b,c € A. Such a net is

called a bounded approximate diagonal for A.
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Of the many characterizations of amenability for locally compact groups, the following will be

relevant to our investigations.
Theorem 3.5.5. Let G be a locally compact group. The following are equivalent:
1. G is amenable.
2. [37] L' (G) is amenable.
3. [51] A(G) is operator amenable.
4. [44] (Leptin’s theorem) A (G) has a bounded approzimate identity.
5. There is a state w on VN (G) such that (w,A(s)) =1 for all s € G.

If we ask that A (G) have an approximate identity bounded in the potentially smaller Fourier

multiplier norm, we obtain a strictly weaker condition.

Definition 3.5.6. A locally compact group G is called weakly amenable if A (G) has an approx-

imate identity bounded in the Fourier multiplier norm.

This notion was first studied by Haagerup in [31], who showed that Fy is weakly amenable.
Since then, many nonamenable groups have been found to be weakly amenable, for example [32]

showed that the nonamenable group SL (2,R) is weakly amenable.

Proposition 3.5.7. Let G be a locally compact group. The following are equivalent:
1. G is weakly amenable.
2. Aw (G) has a bounded approximate identity.
3. 1g is in the weak™ closure of A(G) N MapA(G)<c in MapA(G) for some C > 0.
4. A(G) N MapA(G) < is weak™ dense in MpA(G)<q for some C > 0.

Proof. The lengthy but routine approximation argument establishing the equivalence of (1) and
(2) is Proposition 1 of [21].

If (2) holds, then by density of A (G) we may assume there is a bounded approximate identity
(ea), for A (G) consisting of functions in A (G). Gien f € C.(G) with compact support K,
Proposition 3.3.4(3) asserts the existence of v € A (G) with u|, = 1 and we have

= [{equ — u, f)| — 0.

ea =16 7)1 = | [ (ca=10)uf

Since C. (G) is dense in L! (G), which is dense in Q (G), and since the net (eq), is bounded in
Aw (G), a straight forward approximation argument shows that e, converges weak* to 1¢ and (3)
holds.
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If (uqa), is a net in A (G) that converges weak™ to 1g in Mgy A (G) with sup,, [[uallp, 4y < C,
and if m € My A (G) 4, then ugm “om by the weak® continuity of multiplication in MA (G) and
ugm € A(G) with Hu_amHMch(G) < C, whence (3) implies (4).

If (4) holds, then let (un), be a net in A (G) that converges weak® to 1g in MyA (G) with
SUPy [[tally, ) < C- Let f € Cc(G) such that f > 0 and Jo f = 1. Note that, for u € A(G) we
have f*xu = fG f(v) (y—lu) dy, where the integral is the weak Banach space valued integral of [17,
Appendix A}, and consequently f *u € A(G). By Theorem 4.3.1, the net (f * (f * uq)), has the
same norm bound as (uq), and is an approximate identity of A (G). Thus (1) holds. O

In [34], Haagerup and Kraus developed a further weakening of condition (3) of Proposition
3.5.7.

Definition 3.5.8. A locally compact group G is said to have the approximation property if 14
is in the weak™ closure of A (G) in M A (G), equivalently if A (G) is weak™ dense in M4 A (G).

The group Z2?x SL (2, Z) fails to be weakly amenable, but does have the approximation property,
and it has been recently shown that SL (3,R) fails to have the approximation property. The
introduction to [32] provides a brief history of these weaker forms of amenability for locally compact
groups. References for the claims of this paragraph may be found in that article.

Comprehensive references for amenability of locally compact groups are [49] and [50]. The
text [53] provides a thorough overview of amenability theory of (completely contractive) Banach

algebras and its relation to amenability for groups.
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Chapter 4

Separation properties for closed

subgroups

In this chapter we investigate separation properties for closed subgroups of locally compact groups.
Our main objectives are to determine conditions on a closed subgroup H of a locally compact group
G that imply:

1. VNg (G) is complemented in VN (G) as a completely contractive A (G)-bimodule, that is,
there is a completely bounded A (G)-bimodule projection VN (G) — V Ny (G).

2. The characteristic function x g, which is always in M4 A (Gy), may be approximated in the
weak* topology by elements of MA (G).

The norm of the Fourier-Stieltjes algebra dominates the Fourier multiplier norm, meaning it is easier
for a net to be bounded in the Fourier multiplier norm. The following definition is therefore, strictly
speaking, a generalization of the definition given in [1], where bounded nets in the Fourier-Stieltjes

algebra were considered.

Definition 4.0.1. Let G be a locally compact group and H a closed subgroup. A bounded

approximate indicator for H is a bounded net (my), in MyA (G) satisfying
L |lurg (ma) — ull 4y — 0 for all u € A(H), and
2. lumal| o) — 0 for all u € Ly (H).

As we will see in Section 4.5, bounded approximate indicators consisting of Fourier multipliers
provide a means of obtaining projections as in (1) above. In Section 4.1 we show, amongst other
things, that (1) is a stronger condition than (2), at least when H satisfies certain weak forms of

amenability. It is noted in Chapter 5 that a closed subgroup can satisfy (1) without satisfying (2).

Example 4.0.2. (Bounded approximate indicators for the diagonal subgroup of G x G)
Let G be a locally compact group and consider the closed subgroup Ga = {(z,z) : © € G}, which is
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isomorphic to G as a topological group. We show that a a bounded approximate diagonal for A (G)
is exactly a bounded approximate indicator for G that lies in A (G) and is bounded there. Under
the identification A (G) ®A (G) = A(G x G), the completely contractive Banach algebra product
A: A(G)®A(G) — A(G) corresponds to restriction to the diagonal rg, : A(G x G) — A(Ga).
Moreover, the kernel of A is identified with the ideal Ixq)(Ga). The algebra A (G) has the
property that ker A = (wv @ w — u @ vw : u,v,w € A(G)) [9, Theorem 6.5], which together with
the fact that A(G x G) = (u x v : u,v € A(Q)) yields

Lyaxa) (Ga) = (wvxw—uxvw:u,v,we A(G))
(w-(uxw)—(uxw) v:uv,weAG))
(u-w—w-u:u€A(G) andw e A(G x G))
(uxlg—lgxuww:uecA(G) and w e A(G x G)).
It follows that a net (da), in A (G x G) satisfies [|u-do — da - ull gy — 0 for all w € A(G) if
and only if it satisfies [[udallg(Gxq) — 0 for all u € Iygxa) (Ga). Collecting these facts together,
we deduce that for A (G), a bounded approximate diagonal is a net (d), in A (G x G) such that

«

lurg s (da) = ull 40y = 0 and  [Jwdall ggxa) = 0

for all u € A(Ga) and w € Izgxq) (Ga), i.e. a bounded approximate indicator for Ga in
A(G x Q).

Example 4.0.3. (A weaker homological property of A(G)) Let G be a locally compact
group. The preceding example showed that the existence of a bounded approximate indicator for
the diagonal in A (G x G) characterizes operator amenability of A (G). The notion of bounded
approximate indicators for subgroups was introduced in [1] to provide a characterization of the
operator biflatness of A (G), a weaker condition than operator amenability which may be defined
as asserting the existence of an invariant projection VN (G x G) — VNg, (G x G). We will see
in Section 4.5 that the existence of a bounded approximate indicator for a closed subgroup H of
G yields an invariant projection VN (G) — V Ny (G), from which it follows that if a bounded
approximate indicator exists for Ga, then A (G) is operator biflat. It was recently shown in [8]
that operator biflatness of A (G) is in fact characterized by the existence of a bounded approximate
indicator for Ga in B (G x G).

Example 4.0.4. (Bounded approximate indicators for subgroups of amenable groups)
Let G be an amenable locally compact group. By Leptin’s theorem, the algebra A (G) has a bounded
approximate identity and [19, Proposition 6.4] then asserts that an invariant projection VN (G) —
VNp (G) = Ly (H )" exists exactly when the ideal T A(G) (H) has a bounded approximate identity.
By [22], this occurs for every closed subgroup of G' and it follows that an approximate indicator
exists for every closed subgroup, since (1g — eq),, is an approximate indicator for H when (ey),, is

a bounded approximate identity for 14y (H).
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The following result suggests a strong connection between amenability properties of locally

compact groups and approximability of characteristic functions.

Theorem 4.0.5. A locally compact group H is amenable if and only if x g is in the weak* closure
of A(G) in B(Gy) for some (equivalently, any) locally compact group G containing H as a closed

subgroup.

Proof. Fix a locally compact group G that contains H as a closed subgroup.

Suppose H is amenable. By Leptin’s theorem there exists a bounded approximate identity (eq),,
for A(H) and by [11] there exists an invariant projection ¥ : VN (G) — V Ny (G). We showed
in Example 3.3.6 that the adjoint of the restriction map rg : A(G) — A(H) is a #-isomorphism
T:=15:VN(H)— VNg(G). It is shown in Example 4.1.6 that ¥ (A¢g (s)) = x# (s) Ag (s) for
all s € G and the argument of Example 4.1.2 shows that e, Py - It follows that the composition

*\—1 *
vNE) T vNg @) B VN (G)

satisfies, for s € G,

(T () (ea) Ac () = (77" (ea) at () A (5))
= (earm (xu (5) Ac (5))

B (easAm (s)), s€H
0, s¢ H

- xu(s),

Let E be a weak® cluster point of the bounded net (\Il* () (ea))a in VN (G)*, so that (E, \g (s)) =
xH (s) for all s € G, by the above computation. Letting (uq), be a bounded net in A (G) converging
weak™ to E, we have that wu, m‘/—qiu x g and therefore u, f) Xz in B (G4) by Proposition 3.4.3.
Conversely, if (uq), is a bounded net in A (G) such that uq KN xg in B(Gy), then u,, 2y XH
and thus rg (uq) P . A routine argument shows that we may assume the rp (uq) are states on
VN (H), in which case any weak® cluster point w € VN (H)" of the net (ry (uqa)), is a state on

VN (H) satisfying (w, Ag (s)) = limq (7 (uq) , A (s)) =1 for all s € H. Therefore H is amenable
by Theorem 3.5.5. 0

4.1 The discretized Fourier multiplier algebra

Let G be a locally compact group. In [1], the discretized Fourier-Stieltjes algebra B (G) is
defined to be the weak™ closure of B (G) in B (Gy4) and it is noted that there is a weak™ continuous
quotient map B (G)™ — B?(G) extending the inclusion B (G) C B?(G). We make the analogous

definition for the Fourier multipliers of G.
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Definition 4.1.1. The discretized Fourier multiplier algebra Mc‘ﬁ)A (G) of a locally com-
pact group G is the weak* closure of MyA (G) in MyA(Gg). Let Q4(G) denote the predual
Q(Gq) /M4 (G) | of MLA(G). Let A4(G) denote the weak* closure of A (G) in MyA (Gy).

Given a subset A of M A (G), a subset E of G is called A-approximable if xg is in the weak*
closure of A in M4A (G4). We call E approximable if xp € M4 A(G).

In this section, we investigate when subsets of a locally compact group G are approximable. For
a closed subgroup H of GG, the assertion that H is approximable may be viewed as a very weak form
of subgroup separation. It should note that, for a subset E of G to be approximable, it must already
be that xp € MpA (Gg4), and the subsets of G for which this occurs are not well understood when
G4 is not amenable. In the amenable case, the spaces M4A (Gy) and B (Gy4) coincide by Theorem
3.4.4 and the Cohen-Host idempotent theorem (Theorem 3.3.12) provides a complete description
of the subsets of G whose characteristic functions lie in B (G4). For discrete groups, determining
the approximable sets is exactly the question of determining the sets with characteristic function

in the Fourier multipliers.

Example 4.1.2. (Approximate indicators and approximable subgroups) Let G be a locally
compact group and H a closed subgroup for which a bounded approximate indicator (m,),, exists.
If s € H, then by Proposition 3.3.4(3) we may find v € A (H) such that u (s) = 1, in which case

Ima () = 1| < lurg (ma) = ull oo gy < llurs (Ma) = ull 4y = 0-
If s € G\ H, then, using Proposition 3.3.4(3), we may find w € I4(g) (H) such that w (s) = 1, and
Ima ()| < [lwmall ooy < llwmall o) — 0.

Thus the bounded net (mq),, in M A (G) converges pointwise to x . Since Mg A (G) C MpA (Gq)
isometrically and since weak* and pointwise convergence coincide on bounded subsets of M A (Gy),

it follows that m, has weak® limit y g in M4A (G4), hence H is approximable.

The algebra M CC%)A (@) is a weak® closed subalgebra of Mg A (Gy) and has separately weak®
continuous multiplication, since MyA (G4) does. If we impose a rather weak condition on the

discrete group Gy, then every function in M4 A (G4) may be approximated in the weak* topology
by elements of A (G).

Proposition 4.1.3. Let G be a locally compact group. The inclusion Ay (Gq) C A (G) always
holds. Consequently, if Gq has the approzimation property, then A (G) = MupA (Gy).

Proof. By Proposition 1 of [3] we have A (Gy) C mB(Gd)’w* and, because weak* convergence in
B (Gy) implies weak® convergence in M A (Gq), it follows that A (G4) C WB(Gd)’w* C AY(@).
Taking norm closures in My,A (Gy) yields Ay (Gg) C A% (G). If (eq),, is a net in A (G4) converging
weak* to 1g in M4A (Gy) and if m € MyA (Gy), then me, € A(Gy) € A4(G) for each o and
meq % m in My A (Gq), implying that m € A% (G). O
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The following lemma is well known.

Lemma 4.1.4. Let E and F be Banach spaces and let V : E — F be a bounded map. If F is a

dual space, then U extends uniquely to a bounded, weak* continuous map ¥ : E** — F.

Proof. Let k : F, — F* be the canonical isometric inclusion and let U = x*¥**, which, being the

adjoint of kKWU*, is weak® continuous. For x € F,
(F(@),0), = (V@) 2)pep= (¥ @) Ppr (pEF),

showing that U extends W. If U’ is any weak* continuous extension of ¥ to E**, then U’ and ¥

agree on the weak® dense subset E of E**, hence are equal. O

We provide a more concrete construction of the canonical map MuA (G)™ — M3 A (G) that
exploits the relation between M A (G) and M&A (G). Let vq : MpA(G) = MpA(Gg) and kg -
Q (Gq) — Q(Gq)™ denote the inclusion maps. By the bipolar theorem M A (G), = M4A(G) |
and we have

5o (MaA(G),) € Mo A(GY* = im (1g)* = ker (:5),

which together imply that the composition
Q(Ga) #QG)™ 2 Q(G)™

induces a map Q% (G) — Q (G)™. Denote the adjoint of this induced map by 7 : Mg4A (G)*™ —
MLA(G).

Let ¢ : Q(Gq) — Q%(G) denote the quotient map, which has adjoint the inclusion map ¢*
MAA(G) = MypA(Gy). If m € MLA(G), then

m(s) = (q" (m),ds) = (m, q(s)),

where s € G and &5 € (1 (G4) C Q (Gy) is the point mass at s.
For m € M4A(G) and s € G we have

P (8) = (rm), a0} ags acrics
= {m,145Q (95)) a1, 400 Mpa(G)”

= (ta(m),0s) a1, 4(G4),Q(C)

= m(s),

showing that 7 is the canonical extension of the inclusion M4A (G) C ML A (G). Tt follows that if
Mmea € My A (G) converges weak* to w € My A (G)™, then

T (W) () = (T (W), ¢ (b)) = im (7 (1ma) , ¢ () = im T (1m4) (s) = limma (s) (s € G), (4.1.1)

39



so the map 7 can be thought of as extracting pointwise limits from nets in M A (G) that are
convergent in the bidual.

The range of T consists of exactly those elements of M% A (G) that are limits of bounded nets in
My A (G): if m € M4 A (G) is the limit of a bounded net (m,),, in M4A (G), then by passing to a
subnet we may assume that (mg), converges weak* to an element w of M A (G)™, in which case
7 (w) = m by (4.1.1), and conversely if w € MyA (G)™, then we may find a bounded net (m,),, in
MaA (G) converging weak™ to w, in which case m, o (w) by (4.1.1) and hence m, YT (w) in
M A (Gg) by boundedness.

Proposition 4.1.5. Let G be a locally compact group and E C G. If there is a bounded map
U : VN (G) — VN (G) satisfying ¥ (A (s)) = xz (s) A(s) for all s € G, then xgA(G) C M4 A(G).
If, moreover, xgp € MypA(Gy) and G is A (G)-approximable, then E is approrimable.

Proof. Let kg : A(G) — A(G)™ and 14 : A(G) — M4A (G) be the inclusions and let o denote

the composition

AG) 14 4™ Xy A(Q)* A5 MyA(G)™ - MLA(G).

For u € A(G) and s € G,

o(u)(s) = (o(u),q(ds)ne ac)Qic)

(A0 kA (W), 1arQ (05)) ar,, ()™ Mo AG)*
= (ka4 (u), X)) sy v
(WA () wynG).a@)

= xe(s)u(s),

where we have used that (%/kq (0s) = A (s). Thus xypu = o (u) € MLA(G) for all u € A(G).

If G is A (G)-approximable, say (eq),, is a net in A (G) converging weak™ to 1g in MyA (Gg),
then that xgp € MpA (Gg) implies ypeq wy XE, by w*-continuity of multiplication in M4A (Gg).
Since xgeq € M gbA (G), we conclude that E is approximable. O

By the Cohen-Host idempotent theorem, xyg € B (Gy) C My A (Gq) for any subgroup H of a
locally compact group G, so that the second part of Proposition 4.1.5 is applicable to characteristic
functions of subgroups. It is shown in Corollary 4.1.12 below that, when xg A (G) C M3 A (G), we
need only require 1z € A% (H) to deduce that H is approximable.

Example 4.1.6. (Invariant projections on VN (G)) Let G be a locally compact group and H
a closed subgroup. We show that an invariant projection ¥ of VN (G) onto V N (G) satisfies the
hypothesis of Proposition 4.1.5. It is clear that ¥ (A (s)) = A(s) for s € H. Let s € G\ H and
suppose Ty, € span) (H) such that Ty, N (A(s)). Ifue A(G) with u(s) =1 and u|y = 0, then

(u-A(s),v) = (A(s),vu) =v(s)u(s) =v(s) = (A(s),v) (veAG)),
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sou-A(s)=A(s). If S=3>;a;A(s;) € spanA (H), then

(w-S,0) = Y ajo(si)uls;) =0 (veAG)),

so that u- S = 0. Thus 0 = u- T, % u-Y(A(s) =¥ (u-A(s)) =V (A(s)) and ¥ (A(s)) = 0.
Therefore W (A (s)) = xm (s) A(s) for all s € G.

Example 4.1.7. (Natural projections on VN (G)) In [45], Lau and Ulger define a projection
U on VN (G) to be natural if U (A (s)) = xg (s) A(s) for some subset E of G. We may interpret

Proposition 4.1.5 as stating restrictions on which subsets of G can arise from a natural projection.

Definition 4.1.8. Let G be a locally compact group. A bounded net (e,), in A(G) or Ay (G) is

called a A-weak bounded approximate identity if e, converges pointwise to 1.

A bounded approximate identity for Ay (G) is a A-weak one, by the reasoning of Example
4.1.2, so that Ay (G) has A-weak bounded approximate identity whenever G is weakly amenable.
Observe also that the set G is A (G)-approximable when A, (G) has a A-weak bounded approximate
identity because, by density, we may assume such a net lies in A (G) and on bounded subsets of
M A (Gg) pointwise and weak™ convergence coincide (Proposition 3.4.3).

The construction of the map 7 above and the proof of Proposition 4.1.5 can be carried out with
M A (G) replaced by B (G). To be able to conclude that x g is in the weak™ closure of B (G) in
B (G4) using this result, we would require 1g to be in the weak™ closure of A (G) in B (Gq). It
appears difficult to satisfy this condition without utilizing a A-weak bounded approximate identity:
any bounded net in A (G) with the desired weak™ limit is already such an approximate identity, and
any attempt to produce an unbounded net cannot use the only tool at hand, that on bounded sets
pointwise convergence implies weak™ convergence in B (G4). But when A (G) has a A-weak bounded
approximate identity the group G is already amenable [40, Theorem 5.1]. It is the availability of
A-weak bounded approximate identities in A (G) for a larger class of groups — containing at
least the weakly amenable group — that is responsible for the utility of Proposition 4.1.5. Whether
the existence of a A-weak bounded approximate identity in A, (G) implies weak amenability of G

appears to be an open question.

Definition 4.1.9. Let G be a locally compact group and H a closed subgroup. Let
TH MCbA (Gd) — MCbA (Hd) and €H Mch (Hd) — MCbA (Gd)

denote the restriction map and the map that extends by zero, respectively. For a function f on H

o
let f denote its extension by zero to G.

The restriction rg is a complete quotient and extension ey a complete isometry (see [55, Corol-

lary 6.3] or [54, Proposition 4.1]), and it is clear that ryey = idyg, a(m,) and egry = My, the

XH>

multiplication by xg.
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Lemma 4.1.10. Let G be a locally compact group and H a closed subgroup. The maps ri and epy

are weak”-continuous.

Proof. Tf f = Y- aj6,, € €1 (Hy) N Ce (Hy), then f € €' (Gy) and
i () m) = S cgm (ay) = (Fom) (€ MaA(Ga)).
j=1

showing that 73, (¢* (Hg) N Ce (Ha)) C Q (Gq). Since £ (Hy) NC. (Hy) is dense in @ (Hy), it follows
that rg is weak*-continuous.
Now if f = 7_) @by, € 11 (Gq) NCe (Gq), then

(e () m) = (m, ) = > e (@) m (2) = <Z ajx (%) 6m> (m € MayA (Hy)).,
j=1 j=1
and so Y7y ajxu (¥;) 0z, € €' (Hg). Therefore e} (€' (Gq) NCe(Gq)) C Q(Hy) and the claim
follows by density, as above. O

Proposition 4.1.11. Let G be a locally compact group and H a closed subgroup. Then rg maps
M3 A(G) into M3 A (H) and the following are equivalent:

1. xuA(G) C AL(G).
2. ey (AL (H)) € A%(G),
3. AY(G) = Loy (G\ H) ® Lo (H) (algebraic direct sum).

Proof. Since the restriction of a Fourier multiplier of G to the closed subgroup H yields a Fourier
multiplier of H by Proposition 3.4.2, the first claim follows from weak*-continuity of rg.
If xgA(G) C A?(G), then, because A (H) = i (A(G)) by Herz’s restriction theorem,

en (A(H)) = en (ri (A(G))) = xuA(G) € AY(G)

and (2) follows by weak*-continuity of er. Thus (1) implies (2).

If ey (Ad (H)) C AY(@), then given m € A?(G), the weak*-continuity of 7y implies g (m) €
A4 (H) and it follows that ygm = eyry (m) € A?(G), whence XG\HM = m — xXgm € AL (@)
and therefore m = xpm + xg\um € o) (G \ H) + Lya(c) (H). These ideals clearly have trivial
intersection. Thus (2) implies (3).

If (3) holds, then we may write m € A(G) as m = my + my for my € Ia(q) (G \ H) and
ma € Lpacy (H), in which case xgym =mj € A?(@). Thus (3) implies (1). O

When the equivalent conditions of Proposition 4.1.11 hold, condition (2) implies that
ern (Ad (H )) = Ijae) (G'\ H) and, because ep is a complete isometry, it follows from condition
(3) that A% (G) = A4 (H) & Loy (H).

42



Corollary 4.1.12. Let G be a locally compact group and H a closed subgroup. If xgA(G) C
AY(G) and 1z € A?(H), then H is A(G)-approxzimable. The latter condition holds, in particular,

whenever H is weakly amenable or Hy has the approximation property.

Proof. Tt follows from Proposition 4.1.11(2) that xg = eg (1) € A4(G). We noted following
Definition 4.1.8 that weak amenability of H implies 17 € A? (H), while Proposition 4.1.3 implies
1y € A?(H) when Hy has the approximation property. O

Combining the results of this section, we are able to partially address the second point of the

introduction to this chapter.

Corollary 4.1.13. A closed subgroup H of a locally compact group G is approrimable when either

of the following conditions is satisfied:
1. G4 has the approximation property.

2. There is a bounded map VU : VN (G) — VNg (G) such that U (A(s)) = xu (s)A(s) for
s € G, which occurs in particular if U is a natural or invariant projection onto VNg (G),
and 1y € A% (H), which occurs in particular when H is weakly amenable or Hy has the

approximation property.

4.2 The discretized H-separation property

In this section, we provide a characterization of the condition that a closed subgroup H of a locally
compact group G be approximable in the spirit of the H-separation property of Kaniuth and Lau
[39]. We first review the H-separation property, which is a condition involving the positive definite

functions on G.

Definition 4.2.1. Let G be a locally compact group. A bounded continuous function ¢ on G is
called positive definiteif [, (f** f)¢ > 0forall f € L' (G). The set of positive definite functions
on G is denoted by P (G). For a closed subgroup H of G, let Py (G) = {u € P(G): uly = 1}.

The following basic properties of positive definite functions are established in Section 3.3 of [17].
Theorem 4.2.2. Let G be a locally compact group. The following hold:

1. The positive definite functions on G coincide with the:

(a) Coefficient functions of the form (m (-) £|€) for & € H, where m: G — B (H) is a unitary
representation of G. Consequently, P (G) C B (G), the Fourier-Stieltjes algebra of G.

(b) Positive linear functionals on the group C*-algebra C* (G). In particular, \u+v € P (G)
for all u,v € P(G) and X\ > 0.
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(c) Continuous functions u : G — C satisfying

ZajoTku (slzlsj) >0 at,...,an € Cand s1,...,8, € G. (4.2.1)
7.k

2. P(QG) is closed under multiplication.

3. Foru € P (G), we have :

(@) Nlullpo gy = llull ) = u(e).
(b) u(s7h) =wu(s) for all s € G.

Kaniuth and Lau introduced the following separation property.

Definition 4.2.3. Let G be a locally compact group and H a closed subgroup. The group G is
said to have the H-separation property or to separate H if for each s € G \ H there exists
u € Py (G) such that u (s) # 1.

It was shown by Forrest [20] that if a locally compact group G has a neighborhood base for the
identity consisting of compact sets that are invariant under conjugation, i.e. if G is a SIN group,

then G separates every closed subgroup.

Example 4.2.4. (Open, compact, and normal subgroups are separated) Let G be a locally

compact group and H a closed subgroup.

1. Suppose H is open in G. We have 1y € P (H) since 1y = (7 (-) 1|1), where 7 : G — C is the
trivial representation, and by [30, (32.43)] the extension by zero of a function on H satisfying
(4.2.1) to a function on G also satisfies (4.2.1). Thus x g satisfies (4.2.1) and is continuous,

since H is open, so is in Py (G).

2. Suppose H is compact. Fix sop € G\ H and a neighborhood Uy of H with sg ¢ Uy. Choose a
neighborhood U of H with UU~! C Uy. Choose an open precompact neighborhood V of the
identity such that HV C U. Since the set HV = {Jpcy hV is open and HV C HV, the latter
being a compact set, we have 0 < |[HV| < oo and thus x gy is in L? (G) and is nonzero. Let

u(s) :== (AN (s) xavixmav) = /GXHV <871y> xuv (y)dy =|sHV N HV| (s €G).

If h € H, then hHV C HV implies u (h) = |hHV| = |HV|. If sHV N HV # (), then sphv =
W' for some h,h' € H and v,v' € V, whence sy = W'v' (hv)"t € HV (HV)™' c UU! c Uy,
a contradiction. Therefore u (so) = 0 and |[HV| ' u € Py (G).

3. Suppose H is normal. Fix sp € G\ H. The argument above applied to the trivial subgroup
of G/H yields u € P(G/H) such that u(eH) = 1 and u (soH) # 1. Letting ¢ : G - G/H
denote the quotient map, the composition ug : G — C is continuous and is in P (G) by [16,
Théoreme 2.20], because ¢ is a group homomorphism. It is clear that ug(h) =1 for h € H
and uq (sg) = u (soH) # 1.
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In [39], a fixed point argument is used to show that an invariant projection VN (G) — V Ny (G)
exists when the locally compact group G separates a closed subgroup H. In fact, it follows from

their argument that a bounded approximate indicator for H exists.

Proposition 4.2.5. Let G be a locally compact group and H a closed subgroup. Then G has the

H -separation property if and only if there exists a bounded approximate indicator for H in Py (G).

Proof. Suppose G has the H-separation property. By the proof of [39, Proposition 3.1], there
exists an invariant projection P : VN (G) — V Ny (G) such that P = w*ot — lim, M,,,, where
Uo € Py (G) and M, : VN (G) — VN (G) is the adjoint of the multiplication map u — usu on
A(G). Givenu € A(H), we may find @ € A(G) with ry (@) = u by Herz’s restriction theorem and
by Example 3.3.6 we have r}; (VN (H)) C VNg (G), so that for T € VN (H),

(T, urg (ua)) = (T, i (Gua)) = (My, (rg (1)), @) = (P (ryg (1)) @) = (rg (1), @) = (T, u) .
Ifwe IA(G) (H), then
(T, wug) = (My,, (T),w) = (P (T),w) =0 (T e VN (GQ))

since P(T) € VNgu (G) = Iz (H)* by Example 3.3.7. Therefore urgy (uq) — u weakly in
A(H) for all u € A(H) and wu, — 0 weakly in A (G) for all w € I (H). Passing to convex
combinations yields a bounded approximate indicator for H which is in Py (G), since this set is
convex.

Conversely, if (uq), is a bounded approximate indicator for H in Py (G), then, given s € G\ H
use Proposition 3.3.4 to find w € I4(g) (H) such that w (s) = 1, in which case

[ta (8)] = [ua () w (5)] < luaw]| oo @y < lJuawl] 4@ =0

implies u, (s) # 1 eventually. O

For a closed subgroup H of a locally compact group G, we consider a weaker form of the H-
separation property that replaces the algebra B (G) with B?(G). We show that this weakened
condition characterizes when xx may be approximated by elements of B (G) and provide a related

characterization of amenability of H.

Definition 4.2.6. Let G be a locally compact group and H a closed subgroup. For a subalgebra
A of B(G), we say that G has the A-discretized H-separation property if for any s € G\ H

there exists u € A~ ™" Py (G4) such that u(s) # 1.

Proposition 4.2.7. Let G be a locally compact group and H a closed subgroup. Then G has the
B (G)-discretized H-separation property if and only if xg € B (G).

Proof. Suppose G has the B (G)-discretized H-separation property and for each s € G\ H let
us € B4(G) N Py (Gg4) with u, (s) # 1. Replacing u, by & (1¢ + us), which is in B? (G) N Py (Gy)
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by Theorem 4.2.2(1b), we may assume |us(s)] < 1. By (2) and (3) of Theorem 4.2.2, the net
(u)2e , is in B4(G) N Py (Gy) with [u$llp(,) = u¢(e) = 1 and therefore has a weak™ cluster
point u) € BY(G) ;. Then uf|,; =1 and |ul (s)| < limsup,, |us (s)|[" =0, so ul (s) = 0. Let F be
the collection of finite subsets of G' and for each F € F let up = [[seru?, which is in B4(G)_,.
Ordering F by inclusion, we have that up|y; = 1 and ur (s) = 0 eventually for each s € G\ H ,730
that up iy xg and by boundedness up wy xm in B (Gy), whence xz € B¢ (G).

The converse is clear once we note that the characteristic function of a subgroup H is always

in Py (Gy), as was shown in Example 4.2.4. O

Proposition 4.2.8. Let G be a locally compact group and H a closed subgroup. Then G has the
A (G)-discretized H-separation property if and only if H is amenable.

Proof. In the argument establishing Proposition 4.2.7, substituting %(u? + ug) for the element
% (1g + us) yields a proof that G has the A (G)-discretized H-separation property if and only if x g
is in the weak* closure of A (G) in B (G4). This latter condition is equivalent to amenability of H
by Theorem 4.0.5. O

4.3 Convergence of Fourier multipliers and averaging over closed

subgroups

It is folklore that the convergence properties of nets of Fourier multipliers can be improved by
convolving them with probability measures in C. (G). For example, Knudby recently recorded the

following, the second part of which originated in an argument of Cowling and Haagerup [7].

Theorem 4.3.1. [42, Lemma B.2] Let (mq),, be a bounded net in MpA (G), m € MypA(G), and
let f € C.(G) such that f > 0 and fo = 1. Conwvolution on the left with f is a contraction on
Mo A (G) and the following hold:

1. If mq Y m in M4 A(G), then f*ma “S f*m.

2. If me S m, then ||(f * ma)u — (fxm)ull ) = 0 for allu € A(G).

In Section 4.4, we will be interested in upgrading the convergence properties of the restrictions
of such nets to closed subgroups. Towards that end, this section develops an analogue of the
convolution technique relative to a closed subgroup.

Throughout this section, let G be a locally compact group, H a closed subgroup, and fix a
function f € C.(H) such that f > 0 and [, f = 1. The continuous, bounded functions on G are
denoted by Cp (G).

Definition 4.3.2. For u € C; (G), define a function Q¢ (u) on G by the formula
Qf (u) (s) = / f(hyu(h™ls)dh  (s€G).
H
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We will show that Q; defines a bounded map on MyA (G). For a Hilbert space H, let C. (G, H)
and Cp (G, H) denote the continuous functions G — H that are compactly supported and bounded,
respectively. The continuous, compactly supported functions from G into a Hilbert space are

uniformly continuous.

Lemma 4.3.3. Let H be a Hilbert space. If u € C.(G,H) then for any € > 0 there is an open
neighborhood U of the identity e such that sup;eq ||u (st) —u (t)|| < € for all s € U.

Proof. The standard proof in the case that H = C, for example [17, Proposition 2.6], works for any
Hilbert space. O

Lemma 4.3.4. Let H be a Hilbert space. If u € Cy (G, H), so € G, and € > 0, then there is an
open neighborhood U of so in G such that supycp || f (h) w (sh) — f (k) u (soh)|| < € for all s € U.

Proof. Since H is closed in G, the function f extends to a continuous compactly supported function
f' on G. Assume first that sy = e. Since f’u is compactly supported, Lemma 4.3.3 yields an open
neighborhood U of e such that

€

/ o € ! —f S
sup [f'u(st) = Fu(®)] < 5 and suplf (st) = £ ()] < g

for all s € U. Then

sup [|f (k) u (sh) — f (h)u (h)]|

heH

IN

sup £ () u(st) = f () u®)]]
sup (|| £ (8) u (st) = fu(st)]| + [[f'u (st) = f () w (D)]])

teG

€
< Nulloosup |f' (st) = f(®)] + 5 <e.
teG

IN

for all s € U. For sy # e, the above argument with u replaced by s,u yields a neighborhood U of e
and soU is then the desired neighborhood of sg. O

In proving the following, we use standard facts regarding Banach space valued integration that

may be found in [17, Appendix 3].

Proposition 4.3.5. If u € MyA(G), then Qf(u) € MypA(G). The map Qf : MpA(G) —

Mo A (G) is a linear contraction.

Proof. Let u € M4A (G) and apply Gilbert’s theorem (Theorem 3.4.1) to obtain a Hilbert space
#H and functions P, Q € Cp, (G, H) such that u (s71t) = (P (¢) |Q (s)) for all s, € G. Then

Qr (w) (s7'¢) :/Hf(h)u(h—ls—lt) dh = <P(t)‘/Hf(h)Q(sh)dh> (s,t €G).

We show that ¢ (s) = [, f (h) Q (sh)dh defines a bounded continuous function on G, from which
it will follow that Qy (u) is in MyA (@), again by Gilbert’s theorem. Define Q' : G — L' (H,H) by
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Q' (s) = f (sQ) (product, not evaluation), which maps into L' (H,?H) since f has compact support.
Set K = suppf. Given sg € G and € > 0, Lemma 4.3.4 yields an open neighborhood U of s¢ in G
such that

€
197 (5= @ 0l 1 = 500 17 (D Q (k) = £ () @ sul)] < i
for all s € U. Since Q' (s) is supported in K for every s € G, it follows that

Q" (s (s0 ||L1 (HH) — Ixk (@ (s) — Q' (50))||L1(H,’H)

XN 11 (hr,20) 1Q7 (8) = Q" (30)| Lo (1720

IN

A

€

for all s € U. Thus @Q’ is continuous and so too is ¢, the latter being the composition of @’ with
the bounded map L' (H,H) = H : g+~ [, 9.

Using that f is nonnegative with mass one, if s € G, then [|q(s)|| < [ f(R)]|Q (sh)|| dh <
Q] so ¢ is bounded with ||¢||,, < [|Q||.- By the norm characterization of Gilbert’s theorem,
125 (u)||Mch(G) <Pl ll2lloe < 1P|l |Ql & and since P, @Q, and H are an arbitrary representa-
tion of u, we conclude that ||, (“)HMCbA(G) < lwllar,acc)- O

The construction just undertaken does indeed average over the subgroup H and achieve our

purpose.
Proposition 4.3.6. rgQf (u) = f*ry (u) for allu € Mgy A(G).

Proof. If u € MyA (G), then

rQ (u / f(h)u(h~ts) dh :/ F()r () (h7's) dh = fera(u)(s)  (s€G).
H
]
Theorem 4.3.7. Let (my),, be a bounded net in MyA(G), let m € My A (H). The following hold:
1. If rg (ma) Ys m in MyA(H), then rgQy (ma) X fem.

ucs

2. If rg (ma) = m, then ||Qy (mqo) u — (f*m)uHA — 0 for allue A(H).

Proof. These follow immediately from Theorem 4.3.1 and Proposition 4.3.6. O

In our applications, the preceding theorem will be applied with m = 1z, which is fixed under
convolution with f on the left. We conclude the section with some additional observations about

the map Q.

1. An argument very similar to that establishing Proposition 4.3.5 shows that Q (u) is bounded
and continuous for any bounded continuous function v on G. It is clear that Proposition 4.3.6

holds for functions in Cp (G) as well.
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2. If u= (n(-)¢|n) € B(G), where 7 is a continuous unitary representation of G' on a Hilbert
space ‘H and &,n € H, then

% () () = [ Fu) @ enmymdn=(r¢|([ smmman)q).

so Q (u) € B(G), and from || [, f(h) 7 (h)dh|| < [ f(h) |7 (h)|[[dh = 1 it follows that
12 (u)HB(G) < |lullp()- Thus € restricts to a contraction on B (G) and moreover restricts

to a contraction on A (G), since Q5 (u) is a coefficient of the same representation as w.

3. An argument similar to that establishing the weak™ continuity of the map ®; in the proof of
[34, Lemma 1.16] shows that ¢ is weak® continuous on My A (G) with preadjoint mapping
g € L' (G) to the L' (G) function s — [y, f (k) g (hs) dh.

4.4 Existence of approximate indicators for closed subgroups

This section provides weaker sufficient conditions for the existence of a bounded approximate indi-
cator for a closed subgroup of a locally compact group.

Say that a net (m,), of functions on a topological space X converges locally eventually to
zero on A C X and write m, 80 if for any compact subset K of A there is an index ag such

that mq|, =0 for all & > ayp.

Proposition 4.4.1. Let G be a locally compact group and H a closed subgroup. Let f € C.(H)
such that f >0 and [ f = 1. If (ma), is a bounded net in MyA(G) and ml, = Qy (my), then
the net (ml,), has the same norm bound as (my), and

1. ifrg (me) S 1y, then ||u-rg (ml) — ullaggry = 0 for allu € A(H);

2. ifma 250 on G\ H, thenm;go on G\ H.

If the bounded net (my), satisfies the hypotheses of both (1) and (2), then (ml,), is a bounded

(67

approzimate indicator for H.

Proof. The claim regarding norm bounds holds since the map €2; of Section 4.3 is a contraction on
MapA (G).

(1) If ri7 (ma) =% 1p, then, since restriction is a contraction from MgA (G) into My A (H), the
net (rg (mq)),, is bounded and (1) follows from Theorem 4.3.7.

(2) Suppose that mq 5 0on G \ H. Let K C G\ H be compact and choose «g such that
a > «ap implies m, = 0 on the compact set (supp (f))f1 K. For a > «g, if s € K and h € H,
then f(h)mq (h~'s) = 0 since either h ¢ supp (f) or h~'s € (supp(f)) ' K, implying that
my, (s) = [ f (h)mqa (h™ts) dh = 0. Therefore m{, = 0 on K, for all & > ap. This shows that (2)
holds.

If (mg), satisfies the hypotheses of both (1) and (2), then (ml,), satisfies condition (1) of

Definition 4.0.1. The second condition of Definition 4.0.1 follows by a standard argument. If
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u € Ia(g) (H) has compact support, then mgyu = 0 eventually by (2), so certainly [lumg|| 4y — 0.
Using that H is of spectral synthesis in A (G) (Example 3.3.8), we now approximate: if u €
Ix(c) (H), then given € > 0 choose ug € I() (H) of compact support with [[u — ugl| 4 < €. For

sufficiently large «,

luma || 4y < llwomall gy + [luome, — umg | sy < €llmall, aq) -

and thus [lumg|| 5 — 0, because (my,),, is a bounded net in MgA (G).
O

Proposition 4.4.1 allows us to obtain approximate indicators consisting of Fourier multipliers
by verifying the same conditions that yielded approximate indicators in [1]. In particular, given
a net of Fourier multipliers, we are able to pass to an averaged net in place of directly satisfying

condition (1) of Definition 4.0.1, which is difficult in practice.

4.5 Invariant projections from bounded approximate indicators

The following result motivates our interest in bounded approximate indicators.

Proposition 4.5.1. Let G be a locally compact group and H a closed subgroup. If there is a bounded
approzimate indicator for H, then there is a completely bounded invariant projection VN (G) —
V Ny (G).

Proof. Let (mq), an approximate indicator for H of norm bound C. For m € MyA (G), let My,
denote the adjoint of the map u — mu on A (G), so that M,, is a completely bounded A (G)-module
map on VN (G). The net (M, ), in CByq) (VN (G)) is then bounded by € and thus has a weak”
operator topology cluster point ¥ € C'By(q) (VN (G))gc- Passing to a subnet if necessary, we may

w*ot

assume that M, — V. If T € VNg (G), then T = r}; (S5) for some S € VN (H) and
(U (T),u) = lim (S,rH (uug)) = lim (Syrm () rH (ua)) = (S,rH (w) = (T, u) (ue A(G)),

showing that ¥ is the identity on V Ny (G). For any T' € VN (G) and u € I4q) (H) we have
(U (T),u) = limg, (S, uue) = 0, s0 ¥ maps into I 4¢) (H) = V Ny (G) and is therefore a projection
onto VNp (G). O

An analogous result holds for Ay (G) when the locally compact group G is weakly amenable.

Proposition 4.5.2. Let G be a weakly amenable locally compact group and H a closed subgroup.
If there is a bounded approximate indicator for H, then there is a completely bounded invariant
projection A, (G)* = T4, (H)*.

Proof. Let (mg), an approximate indicator for H of norm bound C. Since A(G) is an ideal in

M A (G), so too is its closure Ay (G), so that multiplication by m, is a completely bounded
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Ag (G)-module map on Ay (G), say with adjoint denoted by M,,,. As in the proof of Propo-
sition 4.5.1, we may suppose that M, W for some U € CBa,c) (Aw (G)F). Let Uy €
CBy ) (VN (G)) be the projection constructed in Proposition 4.5.1 and let ¢« : A(G) — Ay (G)
be the inclusion. If T' € Ay (G)* and u € A (G), then

(WA (T),u) = lim (" (T) , uma) = Hm (T, ¢ (u) ma) = (¥ (T) ¢ (u)) = (U (T) ,u)
and V40 = *WU by density of A(G) in Ay (G). Injectivity of ¢* and
U= U = U4 = Uyt =T
imply that W2 = W. If T € I, (@) (H)", then t* (T) € Iy (H)" and
(WA(T), e (w) = (Tar™ (T),u) = (¢ (T) ,u) = (T,e(u))  (ue A(G)),
whence ¥ (T') = T, again by density of A(G). Therefore I Ay (C) (H )L is contained in the range

of W. Finally, for any T € Ay (G)" if u € Ty (H), then (¥ (T),t(u)) = (Yo" (T),u) = 0, so

<A (G)
U(T) € In) (H)" = (IA(G) (H) ol

every set of synthesis for A (G) is one for Ay (G) [23, Proposition 3.1] and, because compactly

I
) . That A (G) has bounded approximate identity implies

supported elements of Ay (G) are in A (G), that H is of spectral synthesis for Ay (G) is exactly
A4 _ 14, (H). Tt follows that U has range in T4,y (H)" and is thus
a projection onto I, , ) (H)J‘ O

the assertion 1) (H)

Let Ag denotes the smallest norm bound of an approximate identity for Ay (G).

Corollary 4.5.3. Let G be a weakly amenable locally compact group and H a closed subgroup.
If an approzimate indicator for H of norm bound C exists, then I, (q) (H) has an approximate
identity of norm bound (1+ C) Ag.

Proof. The argument of Proposition 4.5.2 yields an invariant projection Ay (G)* — I Au(a) (H )J‘
of norm bound C' and, because the Banach algebra A (G) has a bounded approximate identity,
it follows from [19, Proposition 6.4] and its proof that the ideal I, () (H) has an approximate
identity of norm bound (1 + C) Ag. O

For weakly amenable groups, Corollary 4.5.3 allows us to strengthen a convergence property of

bounded approximate indicators at the cost of increasing their norm bounds.

Corollary 4.5.4. Let G be a weakly amenable locally compact group and H a closed subgroup. If
an approximate indicator for H of norm bound C exists, then an approzimate indicator for H of
norm bound 1+ (1 + C) Aq exists that is identically one on H.

Proof. Corollary 4.5.3 yields an approximate identity (es), for I, ) (H) of norm bound
(14+C)Ag and it is routine to verify that (1g —es), is an approximate indicator for H with

the desired norm bound. O
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We showed in Example 4.0.2 that bounded approximate diagonals for A (G) and bounded
approximate indicators for the diagonal subgroup of G x G are closely related. We close this
section by recording a connection between operator amenability of A (G) and the existence of

bounded approximate diagonals.

Proposition 4.5.5. Let G be a locally compact group. If Ay, (G) is operator amenable, then there
is a bounded approximate indicator for Ga in Ag (G X G).

Proof. Write A : Ag (G) ®Ag, (G) — Ay (G) for the product map, 7 : Ay (G x G) = Ay (G) for
restriction to the diagonal G in G x G, and A : Ay (G) ®Aq (G) = Ag (G x G) for the complete
contraction defined on elementary tensors by A (u® v) = u x v, so that A = rA. Let (d,), be a
bounded approximate diagonal for Ay, (G) and set mq = A (X,). We show that the net (mq), is a
bounded approximate indicator for Ga. Let u € A (G) have compact support and choose v € A (G)
with v = 1 on supp (u) (use Proposition 3.3.4(3)), so that u = uv and

[ur (ma) — UHA(G) = [[uA (da) — u”A(G) < ”UHA(G) [vA (da) — UHACb(G) — 0.

As the compactly supported functions in A (G) are dense by Proposition 3.3.4 and the net (r (my))

«

is bounded in [|-|| 4 , (¢, & routine estimate shows that the above holds for all u € A (G). We saw
in Example 4.0.2 that

Lyaxa) (Ga) = ((ux1g —1lg xu)w:u € A(G) and w € A(G x G)),
and for elements of this dense spanning set,

[(ux1g —1a X u)wmallgyaoxay < lwlla@xe v ma —ma - ullg, @y

IN

Hw”A(GxG) [u- do — do - “”Acb(G)@Acb(G) =0,

where the second inequality uses that A is a contractive A (G)-bimodule map.  That
”wmaHA(GXG) — 0 for all w € Iyaxa) (Ga) follows from the density claim above and the bound-

edness of (mq),,- O

For a locally compact group G, it seems plausible that, as in the A (G) case, the converse
of Proposition 4.5.5 may hold, i.e. that the existence of a bounded approximate indicator for
Ga in Ay (G x Q) characterizes operator amenability of Ay (G x G). Indeed, an argument
similar to Example 4.0.2 shows that the converse holds under the hypothesis that the identity
Ay (G)®Ay (G) = Ay (G x G) is valid. However, beyond the amenable case — when Ay, (G) and

A (G) coincide — it remains unclear when this identity holds.
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Chapter 5

A proposition of Aristov, Runde, and

Spronk

This short chapter presents a gap that was discovered in the proof of Proposition 3.6 of [1]. Recall
from Section 4.1 that for a locally compact group G the discretized Fourier-Stieltjes algebra B (G)
is the weak® closure of B (G) in B (Gy).

Proposition 5.0.1. [1, Proposition 3.6] Let G be a locally compact group and H a closed subgroup.
If xg € BY(Q), then for K C H and L C G\ H compact and ¢ > 0 there exists f € B (G)<q such
that f|, =0 and |f (s) — 1| <€ foralls € K.

The main application of this result was the following.

Theorem 5.0.2. [1, Theorem 3.7] Let G be a locally compact group and H a closed subgroup. If
xu € B(G), then there is a bounded approximate indicator for H in B (G).

The proof given in [1] involves manipulations with polars of subsets of B%(G).

Definition 5.0.3. Let E be a Banach space and let F' C E and S C E* be any subsets. The
polar of F is the set F° = {p € E*: |(p,z)| <1 for all z € F'} and the prepolar of S is the set
So={z € E:|(p,x)] <1 forall p € S}

It is clear that (Egl)o = E;l and (E%l) = F<; for a Banach space E. The contentious
portion of the proof Proposition 3.6 of [1] is stated in the language of polars, but the sets involved

are linear subspaces, for which polars take the following form.

Example 5.0.4. (Polars and prepolars of subspaces are annihilators) Let F be a Banach
space and F' a linear subspace of E. If ¢ € F° then for x € F nonzero we have a|(p,z)| =
|(p,ax)| < 1 for all @ > 0, implying that (¢, z) = 0. Therefore F° C F*. The reverse inclusion
being trivial, we have F° = F-. A similar argument shows that S, = S| for a linear subspace S

of E*. In particular, polars of subspaces are subspaces.

The proof of Proposition 3.6 in [1] makes use of the following standard results on annihilators.
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Lemma 5.0.5. Let E be a Banach space. The following hold:
1. If F a linear subspace of E, then (FL)L — spanl'leF.
2. If F is a linear subspace of E*, then (FJ_)L = span*” F.
3. If Fy and Fy are linear subspaces of E, then Fi- N Fs- = (I} U FQ)J_.
4. If F1 and F5 are weak”™ closed linear subspaces of E*, then (F1 N Fy), = m\\‘”;

Proof. The first two claims are the content of the bipolar theorem as applied to the locally convex
topological spaces F' with its weak topology and F* with its weak® topology, see [6, p.127] for a
proof.

The third is straight forward to verify: if ¢ € Fi* N F3-, then (p,2) = 0 for z € Fy or x € Fy,
whence Fi' N Fy- € (F1 U Fy)™", and if instead o € (Fy U Fy)™, then (¢, z) = 0 for all 2 € F} or
x € Fy, 50 ¢ € Fj- N F5- and the claim holds.

For the fourth claim, since both F; and Fy coincide with their respective weak* closed linear
spans, I = (FM)J‘ and Iy = (FQL)J_, so that

(N, = ()" nE)t),
= ((Fu U Fuﬁ)L

= spanlle (P U R ) = (Fio + Fol) 1.

O

In [1], Lemma 5.0.5(4) is invoked when the subspaces F; and F, are not closed in the weak*
topology. We, as well as the authors of [1], have been unable to fill the resulting gap and it remains
unknown whether Proposition 3.6 or the results of [1] that rely on it are correct. Note, however,
that no counterexample is known. A jointly authored corrigendum has now been published [2].

We close this chapter by showing that the Fourier multiplier analogue of Theorem 3.7 in [1] is

false.

Example 5.0.6. The locally compact group SL (2,R) contains Fs as a closed subgroup. It
has recently been shown that SL (2,R) is weakly amenable as a discrete group [43], so that
Fy is A(G)-approximable by Proposition 4.1.3, in particular xp, € Mg) (G). If there were a
bounded approximate indicator for o, then there would exist a completely bounded projection
VN (SL(2,R)) - VNg, (SL(2,R)) by Proposition 4.5.1. Since SL (2,R) is connected, its group
von Neumann algebra is injective [49, (2.35)], meaning that there exists a completely bounded pro-
jection B (L?(SL(2,R))) — VN (SL(2,R)). Composing these projections yields a completely
bounded projection B (L? (SL(2,R))) — V Np, (SL(2,R)), implying that V Np, (SL(2,R)) =
VN (F3) (see Example 3.3.6) is an injective von Neumann algebra [5]. But, for discrete groups,

injectivity of the group von Neumann algebra is equivalent to amenability of the group [49, (2.35)]
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and Fy is not amenable by Example 3.5.3. Therefore no bounded approximate indicator exists for
Fs.

Example 5.0.7. Let G = SL(2,R) and consider the diagonal subgroup Ga of G x G. It was
recently shown by Crann and the author that A (G) is not operator biflat [8], meaning that no
invariant projection VN (G x G) — VNg, (G x G) exists (see Example 4.0.3) and consequently
that no bounded approximate indicator for Gz exists (Proposition 4.5.1). But the weak amenability
of Gg, noted in Example 5.0.6, implies the weak amenability of G4 x Gq = (G x G),, so that
XGA € Mé‘é (G x G) by Proposition 4.1.3.

Both of the preceding examples show that a closed subgroup H of a locally compact group G
may be approximable when no invariant projection VN (G) — V Ng (G) exists.
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Chapter 6

Adapted states on von Neumann
algebras associated to a locally

compact group

This chapter studies the relationship between adapted and faithful normal states on two classes
of von Neumann algebras associated to a locally compact group. For such a group G, we define
adapted normal states on L* (G) and on the group von Neumann algebra VN (G) and for each
show that the existence of an adapted normal state is equivalent to o-finiteness of the algebra and
to certain topological properties of the group G. For the group von Neumann algebra, our methods
yield a new argument characterizing the existence of cyclic vectors for the left regular representation
of G.

6.1 The von Neumann algebra L* (G)

A probability measure p on a locally compact group G is called adapted if the closed subgroup
generated by supp (u) is as large as possible, that is, equal to G. Restricting attention the the

probability measures in L' (G) produces a condition on the normal states of L™ (G).

Definition 6.1.1. Let G be a locally compact group. A normal state w on L (G) is called
adapted if, viewed as a function in L' (G), the support of w generates G as a topological group,

meaning that (5>, (supp (w) U supp (w)_1>n is dense in G.

Recall that a topological space is o-compact if it is the union of countably many compact
subsets and a measure space is o-finite if it is the union of countably many subsets of finite

measure. Most of the work needed to establish our main result was completed in Section 2.3.

Lemma 6.1.2. Let X be a locally compact space and let p be an outer reqular Borel measure on

X which is strictly positive on nonempty open sets. If X is o-finite under p, then X is o-compact.
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Proof. We show first that X is Lindel6f, i.e. that open covers have countable subcovers. Let (E,), ~;
be a cover of X by sets of finite measure and for each n choose an open set V,, of finite measure
such that E, C V,. If (Uy)

measure and, because each of the open sets U, NV}, has positive measure whenever it is nonempty,

., is an open cover of X, then the union V,, = J, U, NV, has finite
only countably many of these are nonempty for each n, hence only countably many of the U, are
needed to cover each V,,. It follows that countably many of the U, suffice to cover the union of the
sets V,, which is X. Thus X is Linelo6f. Now, choosing for each z € X a compact neighborhood
K, the open cover (intK;), .y of X has a countable subcover and therefore countably many of

the K, cover X, so X is o-compact. ]
The following result is Theorem 1.2.1 of [28], to which we refer for a proof.

Lemma 6.1.3. Let G be a locally compact group. If f,g € L' (G) are positive, then supp (f * g) =
supp (f) supp (g)-

Recall from Definition 3.1.10 that the involution on L' (G) is given by f* (s) = f (s~ 1A (s71)
for f € L'(G) and s € G. If f is a probability measure on a locally compact group G, i.e. a
positive function of L' (G) norm one, then so too is f* since this function is also positive and
Jof =Jof A ) dy = [, f =1, using Proposition 3.1.9. The convolution of probability

measures f,g € L' (G) is one as well, since

/Gf*gz/G/Gf(z)g(z_ly)dzdyZ/Gf(Z)/Gg(z‘ly)dydzz/Gf(Z)dZ/Gg(y)dyz1-

We now establish the main result of this section.
Theorem 6.1.4. Let G be a locally compact group. The following are equivalent:
1. G is o-compact.
2. There is an adapted normal state on L™ (G).
3. There is a faithful normal state on L*™ (G).
4. L (G) is a o-finite von Neumann algebra.

5. G equipped with Haar measure is a o-finite measure space.

o0

Proof. 1If G is o-compact, say with countable compact cover (K,),”,

then, because Haar measure
is finite on compact sets, Y°° ;27" (X,) " xx, is a well defined positive function with L' (X)
norm one and support X, so is an adapted state (in fact a faithful state) on L>° (X). Thus (1)
implies (2).

Let f be an adapted normal state on L (G) and set E = supp (f). Since both f and f*
are positive and supp (f*) = supp (f)_l, we have supp (f * f*) = FE-!, and since both f and

f* are probability measure in L' (G), so too is f * f*. Thus %(f + f* f*) is a normal state on
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L*® (G) and has support containing both E and EE~L. The latter set contains the identity e
of G, so, by replacing f with %( f+ [ f*) if necessary, we may assume e € FE, in which case
FEUE™' ¢ FE-! = supp(f = f*). Letting (f % f*)*" denote the convolution of f * f* with
itself n > 1 times, an induction argument yields (EU E~1)" C supp ((f * f*)*™). The normal
state 320° 27" (f * £*)*" therefore contains |5, (E'U E~1)" in its support and so has support G,
because supports are closed sets. Thus (2) implies (3).

Proposition 2.3.21 asserts that (3) and (4) are equivalent for any von Neumann algebra and
Example 2.3.22 shows that (4) and (5) are equivalent. That (5) implies (1) follows from Lemma
3.1.6 and Lemma 6.1.2. ]

6.2 The group von Neumann algebra

This section shows that the analogue of Theorem 6.1.4 holds for the group von Neumann algebra.
In addition, we provide a concise argument characterizing the existence of cyclic vectors for the left
regular representation of a locally compact group G. Part of the characterization we establish was
first given by Greenleaf and Moskowitz in [25] and [26] using reduction techniques in combination
with a complicated operator algebraic argument for a particular class of locally compact groups.
We, too, establish the result in the framework of operator algebras, but our use of the notion
of adapted states on the group von Neumann algebra furnishes a much shorter and, we believe,
more natural argument. Some additional results of interest are established along the way and as a
consequence of our techniques.

In the interest of completeness, we prove the following routine lemma.

Lemma 6.2.1. The left and right regular representation of a locally compact group G are unitarily
equivalent, i.e. are intertwined by a unitary operator in B (L2 (G)). Consequently, \ has a cyclic

vector if and only if p does.

Proof. Define an operator U € B (L? (G)) by U¢(s) =& (s7H) A (8)_%, which is clearly linear and
is bounded since for ¢ € L? (G),

V€l ) = /G () A 3] dy= /G () A tdy = /G € WP dy = €ll72c) -

It is easy to see that U? = I and we have

el = [ () A Enway
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so that U* = U = U~! and U is unitary. The operator U indeed intertwines A and p: if ¢ € L? (G)
and s,y € G,

=

UNS)UE(Y) = As)UE(y")Aw)
- ve(s) A ()
= CW) AW A (s )

= &(ys)A(s)
= p(s)§(y).

D=
N|=

N

Finally, if ¢ € L? (G) is cyclic for A and if n € L? (G) and T, € span) (G) with ||T,¢ — Unllp2y = 0,
then UT,U € spanp (G) and

I(UTU) U = ll 2y = I1Ta& = Unll 2 — O,

showing that n € (p (G) U&) and hence that U¢ is cyclic for p. A similar argument establishes the

converse of the last sentence of the proposition. O

Making use of the fact that VN (G) is the strong operator topology closure of spanp (G)
(Proposition 3.3.2), we see that (p (G) &) = <VN (G §> for any ¢ € L? (G). This simple observation
yields a characterization of the existence of cyclic vectors for the right regular representation in

terms of the existence of certain faithful states on VN (G).

Proposition 6.2.2. Let G be a locally compact group. The vector &€ € L% (G) is cyclic for p if and
only if the vector functional we implemented by & is faithful on VN (G).

Proof. We have, using Lemma 2.3.13(2), that

(p(G)&) = L*(G)
(VN(G)€) =L*(@)
Sue =1

we is faithful on VN (G).

¢ is cyclic for p

free

O]

For a normal state w on VN (G), it was argued in [47] that the appropriate analogue of adapt-
edness is the condition that {s € G : w(s) =1} be as small as possible, that is, for w(s) = 1 to

imply s = e.

Definition 6.2.3. Let G be a locally compact group. A normal state w on VN (G) is called
adapted if w(s) = 1 implies s = e, for all s € G.
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For a normal functional w on VN (G) and s € G we have w (s) = (w, A (s)), so the assertion
that a normal state is adapted says that, if it takes the value 1 on any unitary in A (G), then that
unitary must be the identity. Consequently, Proposition 2.3.19 implies that any faithful normal
state on VN (G) is adapted.

Note that if u € A (G), then the function @ (s) = u (s71) is in A (G), since we may write u = we ,,
for some &,m € L? (G) and

¢

(s) = (A(s7") &ln) = €r () m) = N(TmIE) = (A (9)7[€) =wye(s) (s €G). (6.2.1)

Using the characterization of the A (G) norm given in Theorem 3.3.3, it follows that ": A(G) —
A(QG) is a contraction. We will need the following action of VN (G) on A (G) defined in [16]: for
T € VN (G) and u € A(G), let T be the image of T under the adjoint of the map “: A (G) — A (G)
and define T"u € A (G) by

(T7,§) = (u,TS) (S E€VN(G)).

It is shown in [16, Proposition 3.17] that when u € A (G) N L? (G) we have T"u = T'u, where the
right hand side is evaluation of the operator T € B (L? (G)) at the vector u € L? (G). In particular,
if ¢ € L? (G) has compact support and is positive, then

we(s) = 089 = [ () emd =+ (s€6). (6.2.2)

so wg has support the compact set supp (£) supp (5)71 by Lemma 6.1.3 and is therefore in A (G) N
L% (G). Note also that ¢ (s) = we (s) = we (s) by (6.2.1).

The following lemma is key to our main result.

Lemma 6.2.4. Let G be a locally compact group. Every nonzero positive operator in VN (G) has

a monzero continuous function in its range.

Proof. Let P € VN (G) be a nonzero projection and choose a unit vector & in its range, so that
Swe < P by Lemma 2.3.13(1). Since positive functions span C.(G), which is in turn dense in
L?(G), we may find a positive f € C. (G) of norm one in L? (G) and not orthogonal to (p (G)¢),
so that <a)f,Sw5> # 0 by Lemma 2.3.13(3). The comments above show that «; = wy and wy €
A(G)N L?(G), so

~

Swe (wy) (e) = (Swgfwf) (e) = <Sw£7wf,/\(e)> = <wf,5'w£> = <(Jf,Sw£> = <wf,Sw§> #0.

Thus S, (wy) = S, *wy is nonzero and in A (G), hence continuous. For 7' > 0 in VN (G) apply
the preceding argument to the range projection of T' (Definition 2.3.5). O

Recall that a topological space is first countable if every point has a countable neighborhood

base. For a locally compact group, in which the neighborhood base at any point is determined by
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that of the identity (see Section 3.1), it is equivalent to require that the identity element have a

countable neighborhood base.
Theorem 6.2.5. Let G be a locally compact group. The following are equivalent:
1. G is first countable.
2. There is an adapted normal state on VN (G).
3. There is a faithful normal state on VN (G).
4. VN(G) is a o-finite von Neumann algebra.
5. The left (equivalently, right) reqular representation has a cyclic vector.

Proof. Suppose G is first countable and let (U,),-; be a neighborhood base at the identity in
G. We claim the normal state w = "2, 27w, is faithful, where w, = \Un]_leUn. Let T be
a positive operator in VN (G) with (w,T) = 0 and let P be the range projection of 7', so that
{(w, P) = 0 by Proposition 2.3.6. Given any vector f in the range of 7" we have S,, < P and thus
0< <wn,5’wf> < (wp, P) < (w, P) =0, implying that f is orthogonal to (p (G) xv,,) for each n > 1.

If f is continuous it follows that
f(s) =lim |Un8\1/ f=1lim |Uy,s| ™ <f|p (571> XUn> A (3)% =0
n UnS n

for every s € G. Thus T'= 0 by Lemma 6.2.4 and w is faithful, establishing that (1) implies (3).

Conditions (3) and (4) are equivalent by Proposition 2.3.21. Any faithful normal state on
VN (G) is a vector state by the comments of Section 3.3, so that (3) is equivalent to (5) by
Proposition 6.2.2. That faithful normal states on VN (G) are adapted follows from Proposition
2.3.19, so (3) implies (2).

It remains to show that (2) implies (1), for which we provide the argument of [47]. Suppose w is
an adapted normal state on VN (G). Fix a compact neighborhood K of the identity in G and for
each n > 1 define U,, = {ZL‘ EK:|lw(z)—1|< %}, which is open by continuity of the A (G) function
w. Let V be any open neighborhood of the identity contained in K. We show that (U,),. ; forms a
neighborhood base at the identity, for which it suffices to establish that some U, is contained in V.
Since w is continuous, adapted, and K \ V is compact, the value € = inf {jw (z) — 1| : z € K \ V'}
is strictly positive and we may find n > 1 such that % < e Ifx € U, then z € K and that
|w(x) — 1| < e implies © ¢ K\ V, so x € V, as required. O

If we call an arbitrary (not necessarily normal) state on a von Neumann algebra faithful when it
satisfies condition (2) of Proposition 2.3.19, i.e. it takes strictly positive values on strictly positive
operators, then it can be shown that, for any von Neumann algebra, the existence of a faithful state
implies the existence of a faithful normal state. The analogous result for adaptedness of states on
VN (G) is false.

61



Example 6.2.6. Let G be a locally compact group. Let U be a neighborhood base at the identity
e consisting of compact sets and for each U € U let V be a neighborhood of e such that VV ! C

1

U (Proposition 3.1.2) and set {y = |[V| 2 xv. Then wg, is a normal state on A (G) and the

computation (6.2.2) shows that we, = &y * &y, so that supp (we,) C supp (&) supp (§U)_1 =
VV~! C U by Lemma 6.1.3. Directing U by reverse inclusion and passing to a subnet of (wy) y if
necessary, we may assume this net has a weak* limit w € VN (G)*, which is then a state on VN (G)
by Proposition 2.1.12. Let s € G be distinct from the identity, let K be a compact neighborhood
of e and W an open neighborhood of e with K C W and s ¢ W, and use Proposition 3.3.4(3) to
obtain u € A(G) such that u (K) = 1 and u|gy = 0, so that u(s) = 0. If U € Y with U C K,

then u is identically one on supp (wg,,) and hence we, u = wg,, implying that
(w, A(s)) = hén (W, A(5)) = hén (wepu, A(s)) = hén wey (s)u(s) = 0.

Therefore w takes that value one at no unitary in A (G) except the identity, but no adapted normal

state exists for any G that fails to be first countable.

Proposition 6.2.7. Let G be a locally compact group. The following are equivalent:
1. G is first countable.
2. There exists a sequence (£,)oe in L? (G) such that (p(G)&, :n > 1) = L*(G).

When these hold, given any neighborhood base (Up)0>, at the identity in G, we have

n=1
(p(G)xv, :n>1) =L*(G).

Proof. If G is first countable, then Lemma 2.3.20 applied to the faithful state constructed in the
proof of Theorem 6.2.5 establishes (2). Given a sequence (§,),-, as in (2), by omitting zero vectors
and normalizing we may assume the &, are unit vectors, in which case the normal state Y 72 | ynwe,
on VN (G) has support projection I by Lemma 2.3.20, hence is faithful and G is first countable by
Theorem 6.2.5.

The final claim follows from the proof of Theorem 6.2.5 and Lemma 2.3.20. O
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Chapter 7
Open problems

In this chapter we collect unresolved problems that arose in the preceding chapters. To our knowl-

edge, each is an open problem.

7.1 Preliminaries
Question 1: Are the positive linear functionals on a C*-algebra taking the value one at no unitary
except the identity exactly the faithful ones?

Here, a positive linear functional a C*-algebra is called faithful if it satisfies condition (2) of

Proposition 2.3.19, i.e. takes strictly positive values on strictly positive elements.

7.2 Chapter 4

Let G be a locally compact group.

Question 2: Does the existence of a A-weak bounded approximate identity for A, (G) imply the

existence of a bounded approximate identity, i.e. the weak amenability of G?

Kaniuth and Ulger have shown [40, Theorem 5.1] that the analogous result holds for A (G),
but their argument exploits operator algebraic techniques available because A (G) is the predual
of a von Neumann algebra. For Ay (G), one has only general Banach algebraic techniques to work

with.

Question 3: Is there an example of a locally compact group G and closed subgroup H for which
an invariant projection VN (G) — V Ny (G) exists, but not approximate indicator for H exists?
Question 4: When is the natural map M4A (G)™ — M2 (G) a surjection?

The discussion of Section 4.1 shows that it is the same to ask: when is every element of
M4 (G) the limit of a bounded net in MuA (G)? When Gy is amenable (which implies G is

amenable), the Fourier multiplier algebras reduce to the Fourier-Stieltjes algebras, and the natural
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map B (G)** — B? (@) is always a quotient map, in particular surjective, without any amenability
hypotheses. Let us briefly sketch this argument, which (unfortunately) exposes the assertion as
a consequence of operator algebraic phenomena that are absent in the Fourier multiplier setting.
Let 7 : B(G)* — B%(G) be the natural map, which is weak* continuous by definition, so has a
preadjoint 7, : C* (G4) /B(G), — B(G)" = C*(G)*. The bidual of the group C*-algebra — its
enveloping von Neumann algebra — can be shown (see Section 3 of [1]) to be the von Neumann
algebra generated by the universal representation m, : G — B (H,) mentioned in Section 3.3.
Since C* (Gy) is a completion of ¢! (Gy), it is generated by the set {ds: s € G4} and the map
s > Ty () extends to a x-homomorphism C* (G4) — C* (G)™* with kernel contained in B (G) .
The induced map on the quotient C* (G4) /B (G), is exactly 7., which is then an injective and

therefore isometric *-homomorphism. That 7, is an isometry entails its adjoint 7 is a quotient map.

Question 5: Is there a generalization of the Cohen-Host idempotent theorem that characterizes

the subsets E of G for which xp is a Fourier multiplier?

Question 6: When does the identity Ay (G) ®Ag (G) = Ay (G x G) hold?

The analogous result for A (G) is, in keeping with the theme, a consequence of operator algebraic
results: if M and N are von Neumann algebras, and if their preduals are given operator space
structures as in Example 3.2.7, then, denoting the spatial tensor product of von Neumann algebras
by M&N, we have (M®@N), = M,®N, [15]. It is also noted in [15] that VN (G) @V N (G) =
VN (G x G), whence

A(G)RA(G)=VN(G),®VN (G), = (VN (G)RVN (G)),=VN(GxG)=A(GxGq).

7.3 Chapter 5
Question 7: If yg € B4 (G) for a closed subgroup H of a locally compact group G, does it follow
that there is an approximate indicator for H in B (G)?

We showed that the corresponding question for the Fourier multipliers has a negative answer,
however the Fourier-Stieltjes algebra is the dual of a C*-algebra and therefore carries operator

algebraic structure that may produce a positive answer.

7.4 Chapter 6

Question 8: Does the analogue of the last claim in Proposition 6.2.7 hold for an arbitrary locally

compact group G?

Explicitly, if (Us),c; is a neighborhood base at the identity for an arbitrary locally compact
group G, is it true that (p (G) xy, : a € I) = L*(G)?
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Question 9: If GG is a locally compact group and U is a neighborhood base at the identity, and
if £ C G has finite measure and € > 0, can we always find Uy,...,U, € U and z1,...,z, € G
such that the sets Ujx; are pairwise disjoint and |U; Ujz;AE| < €, where A denotes symmetric

difference of sets?

A positive answer to this problem would yield a positive answer to the preceding problem.

Question 10: How can the notions of adaptedness for normal states on L*° (G) and VN (G) be
unified?

These von Neumann algebras are naturally dual objects when viewed in the context of locally
compact quantum groups. Less extravagantly, they are also both left von Neumann algebras arising
from a certain left Hilbert algebra. Can adaptedness of normal states be characterized in either of
these more general contexts? A reasonable first step towards an answer would be to abstract the
definition of adaptedness for L (G) out of the language of subsets of the group G. The following

is a small but more concrete manifestation of this problem.

Question 11: If w is an adapted normal state on VN (G), is the normal state 3%, 27" |w|*"
faithful?

Given an adapted normal state f on L (G), the proof of Theorem 6.1.4 shows that the normal
state 0, 27" (f * f*)™ is faithful. For elements of A (G), the analogue of the involution on
L' (GQ) is the map w + &, which is simply the complex conjugation for a state in A (G) by the
comments preceding Lemma 6.2.4. Thus for a normal state w € A (G) we have (wa)n = |wl*", so

that our question does indeed ask for a VN (G) analogue of the construction of Theorem 6.1.4.
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