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ABSTRACT

Coagulation is the coalescence or aggregation of one or more small particles,
or clusters of particles, to form larger clusters. The reverse procedure, which
involves the break-up of large particles into smaller ones, is called fragmenta-

tion.

This thesis investigates the coagulation-fragmentation model. This model is
described by an infinite set of nonlinear ODEs which can be transformed into
a nonlinear PDE by means of a generating function. Our goal is to determine
formulas for the number of size k clusters at time, t, and the total number of
clusters at t. This requires deriving and solving the appropriate PDE. We will
also discuss the total mass of the system which is needed to solve this PDE.

As well, we investigate a phenomenon known as gelation. Gelation is the
break-down of conservation of mass. Specifically, our focus will be on whether

the addition of fragmentation to a coagulation model delays gelation.
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Chapter 1

Introduction

Coagulation is the formation of larger clusters from smaller clusters. The
rate at which this occurs is described by the coagulation kernel, K, where
J,k € N are the size of the clusters. A cluster of size k¥ means it is a polymer
made up of k particles (known as a monomer). Fragmentation is the reverse
process (i.e. large clusters breaking apart to form smaller clusters). The rate
at which this occurs is described by the fragmentation kernel, L, ;. As well, we
assume binary collisions between clusters. This means that at one time a clus-
ter coalesces with another cluster only or fragments into exactly two smaller
pieces. The simplest coagulation and fragmentation processes are illustrated

in Figures 1.1a and 1.1b, respectively.

Because of the simplicity of this model, it has applications ranging from medi-

cal sciences, botany and chemistry to astrophysics and meteorology [7, 2, 4, 14].

(a) O + O _{(_L. (9

(e J—— O + O

Figure 1.1: Elementary coagulation and fragmentation models.




In these fields, coagulation and fragmentation processes are conveniently used
to model colloidal systems. For example, the coagulation-fragmentation model
can describe the simultaneous polymerization-depolymerization of long chains
of monomers [4]. In hematology, the coagulation model has been used to
describe the formation of rouleaux, which are clusters of red blood cells resem-
bling stacks of coins [14].

This area of research began in 1916 when Smoluchowski [23, 24] introduced

his coagulation equation,

dNg(t 1 & =
(1.1) 7 )_ 3 Y Kik iNiNeoj — Y KjN;Ni.
g=1 =1

Equation (1.1) represents the rate of change in the number of size k clusters
per unit volume, Ni(t), that are coalescing at time, t > 0. A detailed expla-
nation will be provided in Chapter 2. Smoluchowski determined a solution for
(1.1) under a constant coagulation kernel with monodisperse initial condition.
Monodisperse initial condition means, at time zero, there is only one cluster

of size one present, no other clusters exist.

Of popular interest is the coagulation model with product kernel, K = jk,
because a paradoxical phenomenon known as gelation occurs. Gelation is the
break down of conservation of mass in the system and is physically interpreted
as the creation of an infinite size cluster (called a superparticle or gel). Its
definition suggests that gelation maybe physically invalid. However consider,
for example, the formation of a hail ball which represents the creation of a
superparticle. Part of the mass of the system (i.e. the water droplets in the
cloud) is transported to this superparticle (i.e. the hail ball); that is, gelation
occurs. After gelation, the gel coexists with the remaining system. Towards
this Ziff and Stell [26] proved the existence of post-gelation solutions. McLeod
[11] proved without the occurrence of gelation, no solution exists for all time.
Naturally, a couple of questions arise: what is the pre-gelation behaviour as

opposed to the post-gelation behaviour and when is the gelation time (the time



at which constant mass first fails)? A thorough explanation of these questions
can be found in (25, 19, 8, 15, 16, 22].

Other coagulation kernels have also been investigated because it may be de-
sirable to control the production of Ni(t) by adjusting the coagulation kernel.
The coagulation model with kernels K;x = j+k and K;x = A+ B(j + k)
have been studied in [19, 3, 15] where A and B are positive real numbers. The
bilinear coagulation kernel, K = A + B(j + k) + Cjk, where C' € Ry, has
been studied in [186].

The coagulation-fragmentation model,

dNi(t) 13 >
— =5 ; K iNiNej — > K;pN; N,

i=1

b

-1
Lj,k—ijy
1

N -

(1.2) + ZLj,kNj+k -
=1

~,
It

is investigated in this thesis. Equation (1.2) represents the rate of change
in the number density of k size clusters at time, ¢, due to both coalescence
and fragmentation. The first introduction of fragmentation to the coagulation
model appears in Blatz and Tobolosky’s 1944 paper [4]. They determined
a particular solution for the constant coagulation and fragmentation kernels.
Some time later, for the same kernels, Barrow determined an implicit solution
to Ni(t) in the continuous case of (1.2). Nonetheless, literature about (1.2)
is sparse especially in comparison to its coagulation counterpart because the
addition of fragmentation greatly complicates the model. Most of the literature
focuses on existence and uniqueness solutions [12, 21, 20, 18, 6] with very few
discussing explicit solutions for (1.2). This shortcoming motivates part of the

work in this thesis.

A recent highlight of the coagulation-fragmentation model is the investigation
of gelation. It is logical to assume with the addition of fragmentation that
gelation time will increase because fragmentation counteracts the effect of

coagulation therefore delaying the formation of a superparticle which charac-
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terizes gelation. Furthermore, da Costa [6] proved that, for sufﬁciehtly strong
fragmentation, gelation is suppressed. But what defines ‘strong’ fragmenta-
tion? This is partially answered in Escobedo et al. {10, 9] for the continuous
analogue of (1.2). They proved for 0 <a < 3<1,y €R and

Kip =K + %K%, Lip=(0+j+k)

that gelation occurs if A > 1 and v < 25 where A = a + 3. Gelation also
occurs if initial conditions are sufficiently large, A > 1 and 252 <y <A -2
There is no gelation if A > 1 and v > A — 2 which loosely defines strong

fragmentation.

The case when @ = # = 1 and v = 0 (which corresponds to Kz = 2jk and
L;x = 1), is a borderline case in Escobedo et al. [9] and whether gelation
occurs or not is unknown. Because of this, there is particular interest about
the gelation phenomenon for general kernels, K; x = p?jk and L;, = b where p
and b are real constants. Brunelle et al. {5] proved analytically for K, = p*jk
and b = ep? My, where M, is total pre-gelation mass, that mass is conserved for
€ > 6. For smaller ¢, a numerical approach suggests gelation time also tends
to infinity. One of the goals in this thesis is to attempt a more analytical

approach to determining gelation time.

1.1 Format of Thesis

In this thesis, the coagulation-fragmentation model will be solved for different
cases of K;x = A+ B(j + k) + Cjk with L;; = b € Rx>¢ and arbitrary initial
condition. The main focus will be on three physical quantities: the total mass
at time ¢, M;(t), the total number of clusters at ¢, My(t), and the number of
clusters at ¢, Ng(t).

The first chapter explains the derivation of (1.2) and how to transform it into
a PDE. Each of the next four chapters will investigate M; (t), Mo(t) and N(t)

4



of the coagulation-fragmentation PDE associated with one of the following
coagulation kernels: the constant kernel, A, the sum kernel, B(j + k), the
constant-sum kernel, A+ B(j + k), and the product kernel, C'jk with b as the

fragmentation kernel for each.

In the constant kernel chapter, an exact solution for M;(t) and My(t) is eas-
ily determined. An inductive procedure is established to determine an exact

formula for Ny(t).

The sum kernel chapter is divided into two sections. The first discusses
the solution to the coagulation model and the second is its corresponding
coagulation-fragmentation model. Although the first section involves already
published work [3], the results from the coagulation model are crucial for when
fragmentation is added. An exact solution for My(t) is readily found, deter-

mining M (¢) relies on [1] and an approximate formula for N, (t) is determined.

Similarly, the constant-sum kernel chapter is organized in the same way. The
first section reproduces the results of the coagulation model [3] and the second
section uses these results to solve its coagulation-fragmentation counterpart.
Again, an exact solution for My(t) is determined while a solution for M;(t)

relies on [1] and an approximate formula for N, (t) is found.

The product kernel chapter is the most challenging but eminent model. The
first section determines the solution for the coagulation model, which was
first solved in [25]. In the second section, we extend the pre-gelation work of
Brunelle et al. [5] by proving analytically that gelation time increases with
the addition of fragmentation. A by-product of investigating gelation time are

pre-gelation solutions to M;(t) and My(t).

In the final chapter, a summary of the results for each model is reviewed. As
well, a comparison of My(t), M;(t) and Ni(t) is discussed. Lastly, some future

research avenues are suggested for the work begun in this thesis.



Chapter 2

Derivation of the
Coagulation-Fragmentation
Model

We are interested in a model that describes the rate of change of k size clusters.
Clusters of size k can be created in two ways. The first is from small clusters
coalescing to form one size k cluster. The second method is from a large cluster
fragmenting into size k clusters. We must also take into account the formation
of clusters with size not k. This can result by forming clusters of size greater

than k or by breaking apart clusters of size less than k.

Let j, k € N. Denote
Nyi(t) as the number of size k clusters per unit volume at time ¢ € [0, 00),
My(t) (=Y pe; Nk (t)) as the total number of clusters per unit volume at ¢,
M) (=2 pe, ka(t)) as the total mass per unit volume at t,
K = coagulation kernel acting on clusters of size j and k,
L, = fragmentation kernel acting on clusters of size j and k.

For physical reasons, Ni(t), Mo(t) and M;(t) are assumed to be finite.



The total number of possible collisions between clusters of size j and k — j is
N;Nj_;. Since Kj;_; is the rate at which they coalesce, the total number of
coalescence from these collisions is K ;_;N;Ni_;. Therefore, the total number

of clusters of size k created in this manner is
=
(2.1) 3 > Kk sN;Nej.
i=1
The factor of 1/2 is to avoid double counting since N;Njy_; = Nx_;Nj.

Another way to form clusters of size k is through fragmentation. Since N,
is the total number of clusters of size j + k and L, is the rate at which a size
j + k cluster can fragment into a cluster of size k, then the total number of

clusters of size k formed in this manner is

(2.2) > LijxNjk.
j=1

Meanwhile, clusters of size k can become bigger by coalescing with clusters of

size j. The total number of clusters formed in this way is

(2.3) > K;iN;Ny.

i=t

And clusters of size k can fragment to form even smaller clusters. The total

number of clusters created in this manner is

bl

(2.4) "L

1

N

Jv _.7

o —

1

j

Combining (2.1), (2.2), (2.3), and (2.4), the rate of change of size k clusters
can be modelled by

x

-1

dN(t) 1
d"t( ) =52 KiniNiNi—j — ZK,kN Ni
j=1 j=1
o0 1 k-1
(2.5) + Z LjkNjvk = 5 Q_ Lih—iNi-

1

i

J 1

[
i



This is an infinite system of nonlinear ODEs which can be transformed into a

PDE by applying a generating function.

2.1 Deriving the PDE

From related literature, it is common to use a generating function to trans-
form (2.5) into a PDE. Choosing the simplest generating function, ¢(z,t) =
S re, ZF Ny (t) for z € [0,1] and time, ¢ € [0, 00), will work nicely.

Differentiating ¢(z,t) with respect to ¢,

26) 00(z.0) _ 4 dil)

1
(2.7) + Z LjxNjir— 3 Ljx ;N

Let the coagulation kernel be, K;, = A+ B(j + k) + Cjk, and the fragmen-
tation kernel be a constant, L, = b, where A, B,C and b are positive real

numbers. Substituting into (2.7),



9@, t) = k|1 , ,
m ;(L‘ [5 A+Bk+0](k—]))Nij_j

Jj=1

Z A+ B(k + j) + Cjk)N; Ny, + ZbNHk - —Zka]

j=1

I
b .,
N2 ﬂ.
NE
ﬁk’
MI
2
I
|
NE
HR"
=
M8 L
L=

k=1 =1 k=1 =1
[ [+ k—1 [+ 00
1
+B |5 Pk Z KNjNp_j =) z*Ne > (k +])N]j|
L™ k=1 j=1 k=1 j=1
-1 oo k—1
k k
+C Egz ,=1](k JIN;Ni_; — ;z Nk;k]N]

+
()
—
o
&\.2
pa
ol
NE
&?r'
T
L—-:Z——l

x
I
—
w
It
_
x
If
-
.
!
-

-~
Il
-
Y
It
-
>
[
-
>
I}
-

NE
aﬁ'
=
NE
&k\
&\.2
|
NE
i‘?ﬂ_ .
=
NE
=

Il
+
WY ,_b_,
——— N =

N = ?"
a-MS

ix"Nka:ﬂ N — kakaZNk - Zx NkaNk]
=1
ka: NkZJ:c’N kakaZka]

+
Q

k=1 =1
(o o} 2 (o o} (o o}
( kkak) — Y kz*Ne ) kN
k=1 k=1
| =N > &
(28) +b ZNil—w-l__é - kx Nk+z.'17 Nk .
k=1 k=1

=1 =

+B L(i "N — Z Nk> Z kz* Ny — Zkak Z ka]
—1
2
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with initial condition

w(v,0) = h(v) == ie"“’Nk(O).

k=1
In this case we have
(2.13) Mo(t) =w(0,¢), My(0) = h(0) =: ho,
(2.14) My(t) = — 3“’6(?)’ D My(0) = —K(0) = —H),
Remark 2.1.
h(v) =h"(v) = ie"“’Nk(O) = h(v) > 0 and monotone decreasing,
k=1

F(v)= - Z ke ®'N,(0) = H'(v) < 0 and monotone increasing.
k=1

The ¢(z,t) generating function will be used to solve K ; = A (constant kernel)
while the w(v, t) generating function will be used to solve K, = B(j+k) (sum
kernel), K;r = A+ B(j + k) (constant-sum kernel) and K;, = Cjk (product
kernel). Deciding on which generating function to use is based on related

literature, trial and error which leads to the last factor, previous experience.

Once ¢(z,t) is known, the number of k size clusters at time ¢ is described as

1 8¢

(215) N]c(t) - FEF‘; o

by applying Taylor series expansion to ¢(z,t). From the definition of ¢(z,t),
it is clear 8*¢/0z* exists for all k.

11



Chapter 3

Coagulation-Fragmentation

Model with Constant Kernel

The pure coagulation model (i.e. L;x = 0) with constant kernel, K;; = 1, and
a monodisperse initial condition, h{z) = z, was first solved by Smoluchowski
[23, 24] in the early 1900s. In this chapter, fragmentation is added to Smolu-
chowski’s coagulation model (that is, Ljx = b > 0). Our contribution to his

research is deriving the corresponding formula for N, (t) which is original work.

For A,b> 0,B =C =0, (2.9) becomes

(3.1) o¢(zt) L 0,00 _ 4 [%& - ¢Mo} +b [

1 ¢—.’L’M0
ot 2 0z

Pt T

with the initial condition ¢(z,0) = h(z). The method of characteristics will be
used to solve this quasilinear PDE. Let 2z = ¢ and introduce the parameters,

s and . Consider the corresponding characteristic equations

dt
(3.2) i 1, t(£,0)=0.
Clearly, t = s.
dr 1
(3.3) 7= 3% z(£,0)=¢.

12



By the method of separation of variables,
(3.4) z(€,t) = Eer™.

dz
dt

2 — M,
T —1

1
(3.5) =A Bzz - Moz} +b [52 + } , 2(£,0) = h(§).
Remark 3.1. Define £ = £(z,t) to be the inverse function of z = X (&,1)
provided 80X (&,t)/0¢ # 0. With the exception of the constant kernel case,

&(z,t) is not known explicitly. This definition will be used throughout this
thesis.

Before solving (3.5), Mi(t) and My(t) must be determined. Since M;(t) =
d¢(1,t)/0z by (2.11), then logically we would differentiate (3.1) with respect

to z and evaluate z at 1 to determine M, (¢).

éﬂllt(_t) = AMy(t) M (t) — AMo(t) My (t)

d
18%¢(1,8) . (52— My(t))(z ~ 1) — ¢(g,t) + TMo(2)
o5 g tim @ - 12 J

by substituting in (2.10) and (2.11). Using 'Hopital’s rule to evaluate the
limit, ,
dM,(t) 9%¢
=0& —(1
7 O@azz(,t)<oo

which means

M (t)=mfort<t,

where m (= h] by (2.11)) is a positive real number and
&%
(3.6) t,:= sup{t € (0, o0} | a_z?(l’t) < oo}

Lemma 3.1. M,(t) =m forallt (ie t, = ).

Proof
Since ¢(z,t) = 2(£(z,t),t) by Remark 3.1, then

09(z,1) _ B2(E(z,1),0) Bé(z,r) _ 2D

oz o€ oz ox géagz,tz D

13



The last equality comes from differentiating z = X (€ (z,t),t) with respect to
z. If & = 1 and 8X(£(1,1),1)/0¢ +# 0, then
8z(E(1,6).t)

o€

axEan.t)
o

Ml(t) =

Since X (£(1,1),t)/8¢ = e3* > 0 for all t, then M, (t) is well-defined for all
t € [0,00) (i.e. no shocks exist). Thus, M;(t) = m for all t which means there
is conservation of mass in the system for all time. [J

This supports the mass conservation results of Theorem 3.6 in Ball and Carr

1.

Remark 3.2. If t, # oo, then gelation occurs. Historically, the concept for the
proof in Lemma 3.1 originates from Ziff and Stell [26] who described gelation

as the formation of a shock wave solution.

Since My(t) = ¢(1,t), to determine My(t), evaluate x = 1 for (3.1) and sub-
stitute in M (t) = m,

dM, A, b b
jummnd M = ——-— — —— — .
dt o(t) 2M0 2M0+ 2m

This is a Riccati Equation which is separable and integrable. If My(t) # a1, a2,

rewrite it as .
My(t) A

(Mo—(h)(Mo —-ag) 2
where

b 1 /b2  4bm
(3.7) al——z—A+—2' ;134—-;1—,

b 1 /62  4bm
(38) 0:2——"2—/1'—5 E'F"'A—

Applying partial fraction decomposition and then integrating with the initial
condition, Mp(0) = h,

a1(h1 — ag) — ag(hy — ay e~ % @1—02)t

3.9 My(t) =
(3.9) o) hy—az — (b — al)e—%(al_az)t

14



which is a special case of equation (13) in Brunelle et al. [5]. Since a; < 0 and
My(t) represents a physical quantity, then the only non-permissible value is
My(t) # a,. Furthermore, the only time M,(t) = a, is at t = oo and h; = a;.

From (3.9), for the pure coagulation model, that is, b =0,

Mo(t) = g
In the presence of only coagulation, lim,_,., My(t) = 0 while with the addition
of fragmentation, lim; ., Mo(t) = a; > 0. This is to be expected because
during coagulation clusters can only aggregate to form larger clusters thus
decreasing the number of clusters until eventually none are left. While frag-
mentation counteracts the growth of clusters and the emptying of the system
observed in pure coagulation does not occur. As well, the leading behaviour
of My(t) for the coagulation and coagulation-fragmentation model is 2/At and
My(t) ~ a1 + Q”;Z?;(Z—;:‘Ele”%(“l“”)‘ where (a; — az) > 0, respectively. It is
interesting to note that both leading behaviours have decay rates but faster

decay when fragmentation is present.

We are now ready to solve (3.5), but finding an exact solution is difficult.

Instead, consider the following alternate approach.

$(z,) = z(ze*,t) by (3.4)

1

9¢ _ 0z iyl
= ax(:v,t)~6€(ze 2%, t)e72

¢ %z 1

4 _ 9z —lbt gy bt
= 8$2($’t) 862(:[6 2 7t)e

?ié aj_z. L

= -1 ~ipt .
= axj(x,t)—— aé—j(xe 27, )e 2, J EN
Then
B N = 50,0 = Sp0e by @15)

15



where for all j _
Hz
fi(t) = 3—8(07 t)

and since 2(¢,0) = h(£), the initial conditions are

) 1
H0)=hr90) = fo = N;0)= 'j—,ij-
Ultimately, only N;(t) is of interest, thus it is sufficient to just find a formula
for f;(t) instead of attempting to solve (3.5).

To begin deriving an expression for f;(t), differentiate (3.5) with respect to ¢,

o [0z oz 0z
ZZEY - 4.2 _ htd
58 (at) “BE AM"ag

bi

Lplroz, G- et Mo(t)) (e — 1) — ¥ (2 — e Mo(t)
20¢ (€e¥ —1)?

after substituting in (3.4). Upon differentiating several times, a pattern emerges.

Writing in general form, the suggested pattern for j =1 is,

9% aMm, — 22 _ 4, %%
pEar M g T A T T e T T ek

(3.11)

d 0z b 0z _a 82+ [(%E"‘Moebz_‘) (z——Moﬁe%)e%]

and for j € Ny, is,

16



P oz b

96 ot 2’ 9gi
(2 . . j—1 j-nildz, = n)be
7\ 0"z & "2 &z Fz 1 (1L e
A ——+tAz——=+b|—=—% +
Z( ) g ag o [65’ ge¥ -1 Z (ge¥ — 1)t
(~)71GE = Moe¥)e™ ™ (1)iji(z — Moge)e J odd
(Ee% — 1) (e — 1)it1 ’
tg
] Ai U Y Elt W A
o \n) 7367 T 2 ) \GEP og
o1 S
PeE 1 2y (eek ~ 1y
(=1PHGUE — Mpe®)e™™  (C1)iji(z — Moge$)e™® |
(Ee% — 1) (Ee% — 1)+ » g even
(3.12)

We now prove the veracity of Equation 3.12.
Proof (by induction)

Step 1: Show the j = 2 case is true.
Differentiating (3.5) twice with respect to &,

2 2 2
_8__62 A(az) + a2z 8%z AMOBz

o982 Bt o€ 0€? 0&?
+ 185+ g—g _2(35 Mae% )e* +2(z—M0§eZ)ezt .
206 (get —1) (€% — 1) (€e¥ — 1)

On the other hand, from (3.12)

8 0z b 8%z 0z 9%z

50 T (Ao~ )5 = 4 (6&) tAoge

+b _# +0—2!(§?—M°€2)62 (2= Motef)et |
(ge% —1) (ge¥ —1) (ge¥ — 1)

Both expressions are identical, therefore, the 7 = 2 case is true.
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Step 2: Assume the j = k case is true.

(i.e. assume (3.12) is true).

Step 3: Show the k + 1 case is true.

Assume k is odd = k + 1 is even. Differentiate the assumption in Step 2 with

respect to &,
k-1
6k+1 oz b 6k+1z 2 k gty 6k—nz Oz 6k—n+lz
Ogk+1 ot + (AMo — 5)6§k+1 =4 ; ( ) [6§n+1 oLk + @5&—%1}
+A%§Z+Az6k+lz+b Gkl 1 _& ebz_t
OE OEx AER+1 AEk+T 56% T (Eeﬁ —1)2

k-1 6"+lz {(k~n)bt a" k—n+1 bt
+§:b-bmﬂ AN ki kR 1-n)
¢
@F i (g e

52, el (=1)k+1k! ( — Mye 2) eTk

k+lpy 2 =
HET R (¢e¥ — 1)k (€e¥ — 1)k
(—1)kk (% Moeé‘)e%"-‘ (k + 1)(=1)kk! (z—Moge%)e"‘%‘M
RN (€% — 12 |

Recall the well known combinations identity,

()= (265

This identity and its proof can be found in [13] on page 36. Substituting in
this identity and grouping like terms, the k + 1 equation is recovered. (For a
detailed explanation, please refer to Appendix A.) That is,

k-1

5+ 9z bz o (k4 1) onzortiony k\fo% Y
2 AMy— )22 =A "4 A
6€k+1 at ( 0 2)6€k+1 nz=1 ( n ) 6€n 6€k+1—n (&%.l)(aé—%l
i ok+1, b gk+1, 1 N k (—1)’“*‘1‘"1—)—’“7:,1 ‘;Z,f P
6€k+1 6€k+1 € -1 ~ (€€ 2 _ 1) —n+2
N (—1)5*2(k + 1N — Moe)es L DMk D)z - Mote¥)e ™
(&%—nﬂl (€e¥ — 1)k+2 '

18



The even case can be derived in a similar manner. Therefore, by the principle

of mathematical induction, (3.12) is true. O

Looking at (3.11) and (3.12), everything is known except for z. The following

Lemma will be essential in resolving this obstacle.
Lemma 3.2. 2(0,t) =0 for all t € [0, 00).
Proof
2(£,1) = p(ze ™, t) since z(€, 1) = Lei?
= 2(0,t) = $(0,t) = iO’“Nk(t) =0. O
k=1

We now have all the results necessary to derive expressions for f;(t).
For j = 1, evaluating £ = 0 into (3.11) and applying Lemma 3.2,
613 i)+ (AM) + )Fi6) = b0, Fi(0) = fon

where f,(t) = dfi(t)/dt. This notation will be occasionally used throughout
this thesis.

For j € Ny,, evaluating £ = 0 into (3.12) and applying Lemma 3.2,

150+ (AMo() + 2)15(0) =
Ay (j ) R o L
n=1 n n=2n'
~b!lf:(0) ~ Mo(t)e )™, j odd

=Ly . -1 .
Z J J—=1\ gl . Gemm
A n '—n+A : "bE —Jfn€ 2

—bjl[fi(t) — Mo(t)eF]e? =",  j even

(3.14)

with the initial conditions f;(0) = fjo.
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Using the integrating factor,

—A(a)] —ag)t A(a) —ag)t
2

)26 7, w(0)=(a; - az)?

u(t) = (hy —az — (hy —ay)e

to solve (3.13),

_flO(al —ay)? b 5
fl(t) - ,u(t) + A/L(t) [2(0/2 - hl)(al - hl)(e - 1)
(3.15) ~ 20y — y (et = 1) = 2 (ay - hy)P(e o ~ 1))
az a1

To solve (3.14) will be much more involved. First notice, all the ODEs have

u(t) as its integrating factor, which means proving the integrals,

(OO = Foler = a2)* =

( 1

A () [ ot - bZ’ [ e e

n=1
e / () — Mot )eZJe"“Lz udf, j odd
0
;‘_—_1

) ()/fnfj_nudt+A( )/ff/g,udt

“bZJ/fn T udt—bj'/[flf) Mo(Be e "7 ud,

J even

(3.16)
exist is sufficient in proving (3.14) can be solved. This will be done using a
proof by (strong) induction since the integrals from (3.16) are of f, where

n <j.

Prove the integrals of (3.16) exist.

Proof (sketch)

By strong induction, we assume the integrals of (3.16) exist for j = 1,2, ..,k
which means they are continuous for [0,¢], t € (0,00). These continuous in-

tegrals become the continuous integrands for the k + 1 case. Since these
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integrands are continuous on [0,t], then their integrals exist on the same in-

terval. O
A more detailed proof can be found in Appendix B.

Therefore, by (3.10) and (3.16) a formula for the number of j size clusters at

time t is
Ny(0) = S o — )+
= iy
6‘%“ > J ' _ o j_li! t (1—;)1»‘ ~
Jime) [AZ< )/fnfj—n,u'dt bgn'zfne udt
—bj!/ [fi(t) — eZ]e K udt] Jj odd
0

J—_l

4 ~Zbt
;u(t)[ ()/fnfg nut+A( )/f/zut

—bZJ/fn Pt 07 [ 170 ~ Moe e udt]

j even

(3.17)

To the best of our knowledge, (3.17), which describes the behaviour of any
size j cluster in a coagulation-fragmentation model with constant coagulation

and fragmentation kernels and arbitrary initial condition, is an original result.

A simple example of N;(t) for j = 1,2,3 with a monodisperse initial condition
will now be considered. This example recovers the particular solution deter-
mined in Blatz and Tobolsky [4] after rescaling their fragmentation kernel by
1/2.

Example 3.1. To determine the simplest NV,(t) for j = 1,2,3,let A=b=1
and h(z) = z (monodisperse initial condition) which implies h; = h(1) = 1
and m = Ay = h’(1) = 1. Thus, by (3.9)

a1(1 — @2) — a5(1 — @y )e~z(e1—02)t

Mo(t) =
O(t) 1—ay— (1 _al)e La1—a2)t
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lim
t— o0
1 5
My(2) 3+ —‘ZC = 0.6180
3 5
M) | 5 - g — 0.3820
7 5
Nt) | 5 - 3‘/7— — 0.1459
Ni(t) | 9—4+/5=0.0557

Table 3.1: lim, o Mo(t), N;(¢t) for j =1,2,3.

where by (3.7) and (3.8)

1 1 1 1
0/1:"—2'4-—2-\/5 and (12——5—5\/5.

And by (3.15) and (3.16)

Lo (14 V5)(3 + V5)2(ez(1HVBE _ 1)
fi(t) o) [26 T 75

(14 V5)(=3+ vV5)2(e2(1-VD) _ 1)
* 4(=1+v/5) i 3] ’

10(15 + 7v/5)et
folt) =—— | (5V/5 + 11)et + 26 50528 4 9h(VE+2E 4 015 + 7V5)e —
) —7—3VE+2e 7
1
(t

7(0) = [(60V5 + 1320k + (9 — 3VEACHD 4 (9.4 VBV

60 (95 + 43+/5)(26 + 10/5 — 11e—4t)e%t
11 (—7 — 3V/5 + 267 %°t)?

where

1 2
ue) = 5 (3 +v5—- (3~ \/E)e*%@t) eTt
Therefore by (3.10)

Ny(t) = fi(t)e™, Ng(t)zéfg(t)e’t and Ng(t)zéfg(t)e_ .

22



038

My ®

0.6

N. (@
044 1()

02 NZ ©
[ N3
0 s 10 15 20 25 30

t

Figure 3.1: Graphical representation of My(t) and N;(t) for j = 1,2,3.

From the positive limits in Table 3.1, it is clear that My(t), N;(t), N2(t) and
N;(t) support the earlier result that clusters are present for all time when
fragmentation is present. From Figure 3.1, it is clear My(t), N1(t), Na(t) and
N;(t), which are physical quantities, are greater than zero with My(t) greater
than N, (t), N2(t) and N5(t) since My(t) represents the total number of clusters.
As well, My(0) = N1(0) = 1 and Ny(0) = N3(0) = O corroborates with the

monodisperse initial condition.

With a monodisperse initial condition, N;(t) initially decreases while N»(t) is
increasing because size 1 clusters coalesce to form size 2 clusters, soon though
fragmentation begins and the opposing processes eventually reach a positive
equilibrium. The shape of N;(t) also supports this observation. Another
interesting observation is N;(t) > Na(t) > N3(t) V t > 0. In other words, the
bigger the clusters the less of them there are. Physically this makes sense since

it takes more small clusters to make just one bigger cluster.

Remark 3.3. By letting b = 0 in this chapter, the pure coagulation case can

be recovered.
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Chapter 4

Coagulation-Fragmentation

Model with Sum Kernel

4.1 Coagulation Model

In 1986, Lu [3] solved the pure coagulation model with sum kernel K, = j+k
and an arbitrary initial condition. He transformed (1.1) into one term and then
applied an exponential generating function, one which is different from w(v, t),
to solve the associated PDE. In order to solve the coagulation-fragmentation
case, solutions from the pure coagulation model are required; therefore, a
modified version of Lu’s work is reproduced below. Instead of initially applying
a transformation, (2.12) will be used with a general sum kernel, K = B(i+j).

For B> 0,A=C =b=0, (2.12) becomes

ow ow
(41) E - B(Mo — ’ll))-% = —B’U)Ml

with initial condition w(v,0) = h(v). The method of characteristics will be

used to solve this quasilinear PDE. Letting 2 = w and introducing the param-
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eters, s and &, the characteristic equations are
dt

Clearly, t = s.
(43) X = BMy—2),  w(0.§)=¢
(4.4) L BMz,  2(0,6) = h(e)

Before solving (4.3) and (4.4), M;(t) and M,(t) must be determined.

Using the same technique from Chapter 3 to determine M, (t),
Mi(t)=mfort<t,

where m (= —hg by (2.14)) is a positive real number and ¢, defined by (3.6).
Shirvani and van Roessel’s 1992 paper [16] proved M;(t) = m for all t. In
the constant model, conservation of mass for all time was directly proven by
relying on 9v/9¢ (refer to Lemma 3.1). That cannot be used here because
v(&,t) depends on M, (t). For the same reason, Lemma 3.1 cannot be applied

to any of the other models.
Using the same technique from Chapter 3 to determine M,(¢),
Mo(t) = hoC*Bmt

for all ¢ with the initial condition Mq(0) = hy. Since Bmt > 0, then clearly
My (t) has an exponential decay and lim; .o, Mp(t) = 0. In the constant co-
agulation model, My(t) also has a decay rate but it is of algebraic form and
lim; o0 Mo(t) = 0.

With My = hge 2™ and M, = m, it is clear the solutions to the characteristic

equations are

(4.5) 2(&,t) = h(E)e™ ™,

(4.6) v(&,t) = ——}Lg)n:—ho(e_B’”t —~1)+¢&.
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No further pure coagulation results are required for the coagulation-fragmentation

model.

4.2 Coagulation-Fragmentation Model

In this section, fragmentation will be added to Lu’s coagulation results with
the sum kernel (that is, K;x = B(j + k) and L;; = b). Our goal is to solve
the corresponding PDE which leads to formulas for Ng(t), Mo(t) and M (¢t).

Determining a formula for Ni(t) is original work.

For A=C =0,B>0and b=¢B > 0, (2.12) becomes

an X_p [(M0 —w) +

o = —BMyw + ¢B lw+_"ﬂ_

€1 Ow
—]% 2 e’ —1

2
with the initial condition w(v,0) = h(v). The method of characteristics will
be used to solve this quasilinear PDE. Letting z = w and introducing the

parameters, s and &, the characteristic equations are

dt
Clearly, t = s.
dv eB
(49) a = _B(MO - Z) - 7’ U(&a O) - €
dz 1 22— Me™ .

Before solving (4.9) and (4.10), M;(¢) and My(t) must be determined.
Using the same technique from Chapter 3 to determine M (¢) and My(t),

M,(t) =m,

€Em €em €
— Rho — —B(m+£)t
Mo(t) 2m+e+<° 2m+e)e
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for t < t, where m is a positive real number and t, defined by (3.6). In Ball
and Carr’s 1989 paper ([1], Theorem 3.6), they proved M,(t) = m for all t.
Therefore, the above equations for M;(t) and My(t) are valid for all t. A

continuous version of M(t) can be found in [2].

Remark 4.1. A neat way to check whether M;(t) is correct is by setting ¢ = 0
and recovering My(t) for the coagulation case. This check can be used for all

the remaining cases.

Recall in the coagulation case, My(t) = hoe P™ and with the addition of

fragmentation, Mo(t) = 55 + (ho — 322 )e 80™+2) where B(m + §)t > 0.

Both equations for My(t) decay exponentially but faster when fragmentation

is present. Also, as t — oo, the limits for My(t) are 0 in the coagulation case

and 52%- > 0 (i.e. some clusters remain in the system) in the coagulation-
fragmentation model. Similar observations for the constant model were also
noted.

Finding an exact solution for (4.10) is difficult. For the constant kernel case,
determining 2 relied on explicitly knowing z(£,t) (which corresponds to v(§,t)
in this chapter). But that method cannot be applied here because dv/d¢
depends on z. Instead, the solution can be approximated by considering a

regular perturbation expansion about ¢ > 0,

z= izn(&t)e".
n=0

Furthermore, the leading behaviour of the solution can be approximated from

just the first two terms of this series. In other words,
2R 2yt €.
Similarly,

v R Vg + €V,
My =~ My + €My,
M, = Mo+ eM;;.
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Exact solutions for M, and M, are known, which means My, My, M1 and
Mj; are all known. Therefore, the problem becomes determining vy, v1, 2 and
2. Since vy and 2z, are solutions for ¢ = 0 (i.e. b = 0), it has already been
solved in Section 4.1. That is, from (4.6),

(4.11) w(é,t) = ng—);—n_—_—@(l —e By ¢
and from (4.5),
(4.12) 2(€,t) = h(€)e Bm.

Thus the problem reduces to just finding 2; and v;.

To determine 2, consider approximating (4.10) so that

do  d
9% 4 22 o _B(Muo(t) + eMiy(t) — -;-)(z0 ten)

dt dt

(20 + €21) — e+ (Moo + eMyy)
(4.13) +eB [ (oren) — .
Expanding and considering only order € terms,
dz B 20 — Mooe™
_Jtl + BMiozy = BMu2o + Ezo +B [le—:vo—o_gl——]

B 20 — M,
(414) = BMii12 + E(Z() — 2M00) + B [—69:7'0—:910—:' , 21(5,0) =0
In a similar manner, the approximation for v, is

dv B

(4.15) _Zl-tl = —B(Mq(t) — z1) — 5 v1(£,0) = 0.

By series expanding My(t) and M;(t),

M()()(t) = hoe—Bmt,

_l__l_ —-Bmt _1 —Bmt
Mm(t) = 5 2Bh06 t 26 s
MIO(t) =m,

Mn(t) =0.

Series expanding My(t) was done on Maple.
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Remark 4.2. My (t) is identical to the coagulation case which it should be.

As well, lim_,o Moo (t) +€Mpy(t) = 5 while lim;_,oc Mo(t) = sars ~ 5 by series

expanding around €. These simple verifications can be used on the other cases

as well.
By applying the integrating factor, ¥(€,t) = e®™ on (4.14),
B
216, 1) = 5 (h(E) — Zho)te™™ + Be P P(¢1)

where

* h(E)—ho

FEH= | =1

for all t € [0, 00) and € € [0, o)

dF, vl ) = Lo o 4 g

We now prove F(§,t) exists for ¢t € [0,00) with £ € [0, 00) fixed.

Proof

Case1:£>0,t>0

If vo(&,t) # O for all ¢t = the integrand is continuous, then F(§,t) exists.

From Remark 2.1, h'(£) is continuous and monotone increasing implies A'(0) <

h(e) for all ¢ > 0. By the Mean Value Theorem, there exists a ¢ € (0,£) such

that h'(c) = 20

= K(0) < f‘—@—zﬂo—)

=1> —L@g_ﬁh—(o—), m = —h'(0) > 0 and h is decreasing by Remark 2.1
= -1< b(i)&:nh—(o)(l —eB™)  gince —1< (™ ~1) <0, Bm >0
=0< ﬁ(im"—'ﬂu —e Bmh) L ¢ = (€, 7).

Therefore, vy(&,t) # 0 = F(€,t) exists.

Case2:£=0,t1>0
If £ =0, then

t _ t _
F(0,t) = ——h{,/ ePmidE = m/ e®™dt since m = —hj
0 0
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by the Dominated Convergence Theorem. Solving the integral,

(eBmt __ 1)
B

F(O>t) =
Case3:£>0,t=0= F(£ 1) = 0. |
With 2;(&,t) known, (4.15) is determined to be
2m m

’Ul(é‘, t) =— Bt — Efin—(h(é‘) — ho)te-—Bmt _ i <h'_(§_)__ﬁ - 1) (e—Bmt _ 1)

+ B E) ~ ho) [ P (g,
0

We have now found the leading order solution to (4.7),

w(v, 1) ~20(é(v, 1), 1) + €21 (€(v,1), 1)
=h(€(v, 1))e~ ™
(4.16) +¢€ (g(h(é(v, t)) — 2ho)te B™ + Be B F(£(v,1), t))
for t € [0, c0) with é(v,t) (defined in Remark 3.1) determined from v(§,t) ~

w(&,t) + evi(&,t). By (2.15), we have an implicit approximation for Ni(t),

which to our knowledge is an original result.
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Chapter 5

Coagulation-Fragmentation
Model with Constant-Sum

Kernel

5.1 Coagulation Model

Lu [3] is also credited with solving the pure coagulation model with a constant-
sum kernel, K;, = A+ B(i+j), and arbitrary initial condition. Once again he
transformed equation (1.1) into one term and then applied the ¢ generating
function. To determine the coagulation-fragmentation model, solutions from
the coagulation model are again needed. Thus, Lu’s work will be recreated

but without applying a transformation.

For A, B > 0,C = b = 0, the PDE, (2.12), becomes

ow A
(5.1) % _ p(M, — W) = L’ ~ (AMy + BM,)w

with the initial condition w(v,0) = h(v). The method of characteristics will

be used to solve this quasilinear PDE. Letting 2z = w and introducing the
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parameters, s and £, the characteristic equations are
dt

(5.2) Z=1L  08=0.

Clearly, t = s.

6:3) = B(My-2),  w(08)=¢

(54) %i— = %Zz - (AM() + BMl)Z, Z(O, €) = h(f)

Before solving (5.3) and (5.4), M;(¢) and M,(t) must be determined.

Using the same technique from Chapter 3 to determine M;(t) and My(t),
Mi(t)=mfort <t,

where m is a positive real number and ¢, defined by (3.6). By Shirvani and
van Roessel’s theorem [16], M;(t) = m for all t. With this result

2hoBm
(2Bm + Aho)eB’"‘ - Aho

for all ¢ with the initial condition M;(0) = hy.

Mo(¢) =

My(t) has an exponential decay and lim;_.o Mo (t) = 0 which are identical re-
sults to the sum model. The observation, lim,_,., My(t) = 0, has now occurred
in all three different cases of the coagulation model. As well, in this model
My(t) ~ %6“3’"‘. A decay rate for the leading order behaviour of My (t)

has now occurred in all three models.

With Mo(t) and M;(t) known, (5.4), which is a Bernoulli equation, and (5.3)
are determined to be

(2Bm)*h(£)e” "™
(2Bm + Ahg(1 — e=B8mt))(2Bm + A(ho — h(£)(1 — e~Bmt))’

(6.6 vEH=- L (1 b (b~ )1 - e—B’"‘>) .

(5.5) z(§t) =

Absolute values are not required for In because A, B,m > 0 and h({) decreas-
ing by Remark 2.1 implies 1 + z4—(ho — h(£))(1 —e ™) > 0 all t > 0.

2Bm
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Remark 5.1. In this remark, the verification idea of Remark 4.1 is extended.
By setting A = 0 (or B = 0), My(t) for the sum (or constant) coagulation
model can be recovered. This is a good way to check whether M,(t) was
correctly determined. In fact, v(£,t) and z(£,t) can be verified in an identical

fashion.

No further pure coagulation results are required for the coagulation-fragmentation
model.

5.2 Coagulation-Fragmentation Model

In this section, fragmentation will be added to Lu’s pure coagulation results
with the constant-sum kernel (that is, K, = A+ B(j + k) and L;x = b). Our
goal is to solve the corresponding PDE which leads to formulas for N, (), My(?)

and M, (t). Determining a formula for Ni(t) is original work.

For A,B > 0,C =0and b=¢AB > 0, (2.12) becomes

ow eA| Ow
Bt -B [(MO'“W)+-2—] 5o
(5.7) - ng — AMyw — BMyw + eAB Bw + E’_;F%_

with the initial condition w(v,0) = h(v). The method of characteristics will
be used to solve this quasilinear PDE. Letting 2z = w and introducing the
parameters, s and &, the characteristic equations are

dt
(5.8) Pl 1, t(€,0) =0.
Clearly, t = s.
dv eAB

(59) Ez' = ""B(MO - Z) - —2_1 'l)(g,O) = €

dz A, 1 w— Mye™ _

-d—t -——2—2 - (AM() + BMI)Z + eAB ['2‘ + —é__T‘:'l—] ) z(€7 O) - h’(&)
(5.10)
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Before solving (5.10), M;(t) and My(t) must be determined.
Applying the method from Chapter 3 to determine M;(t) and My(t),

M1 (t) =1m,

a1(ho — a3) — ag(hg — a;)e~F @102
ho — @z — (ho — a;)e~ 3 (1—e2)t

Mo(t) =

for t < t, where m is a positive real number, ¢, defined by (3.6) and
a4 = = E_ + .eiq_ + __Bf m + _6__4 ’ + eB
a2 A2 2 ) T
S (S O S
Gy=——2|\m+ Z\mt3 eBm.

Ball and Carr’s paper ([1], Theorem 3.6) proved M, (t) = m for all t; therefore,

the above equations for M, (t) and My(t) are true for all t. A continuous version

of My(t) can be found in [2].

We see lim, o, Mo(t) = q; > 0 and Mo(t) ~ 0 + L___)j___)_ho—:;_:;—aQ e:zA(al—az)t

where (a; —aq) > 0. It is apparent with the addition of fragmentation clusters

remain in the system as ¢ — oo. The leading behaviour of My(t) is again an

exponential decay. Furthermore, My (t) with fragmentation decays faster than

its coagulation counterpart. These same observations were noted in both the

constant and sum model.

Finding an exact solution for (5.10) is difficult. Instead, the approximation

technique used in Section 4.2 will be applied here. Therefore,

dz
Eftl‘ - (AZO—AMOO — BMlo)Zl = —(AM01 + BM11)Z0
1 20 — M,
(5.11) +AB [-izo — Moo + H} ) 21(£,0) =0
dv A
(512) -Zi'il‘ :'—B(MOI — 20+ —2_), ’U1(€,0) =0

where
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(2Bm)?h(§)e~ 5

Zo(g,t) = (ZBm + Aho(l _ e—Bmt))(zBm + A(ho — h({)(l — e—Bmt))’
2B A _
i) =€~ 27 0 (14 57 (o = HONI - ™),
2ho Bme—Bmt
Molt) = 3 Brm + Aho(1 = By
—A[Ah3(A + 2B)e 2B™ 4 2B(A + B)hom(Aho + 2Bm)te 5™
” +2B(—AR} + 2Ahom + 2Bm?)]
o(t) = 2(2Bm + Ahy(1 — e~ Bmt))2 ’
Mlo(t) =1m,
Mll(t) = 0

Series expanding My(t) was again done on Maple.

Applying the integrating factor, ¥(£,t) = eB™ (14 54— (ho —h(£))(1—e~Bm™))?
with ¥(£,0) = 1, on (5.11)

e, (1) = — A / Moy zowd + AB / y (-;-z _ Moo) i
— Moo

e —1

(5.13) +AB / PR 0 g

The first integral has an explicit solution but is extremely complicated because
the coefficients have been left arbitrary. Once specific values are assigned
the solution will simplify greatly. The second integral is easily and neatly
solvable. The third integral cannot be explicitly solved and for convenience
will be denoted as

gt 2D M)
Gle,t) =B [ (g p 2l ol l) g
14 (ho hgfn(l _ e—Bmt—)

t
—AB(h(€) - h / 2B A
(h(§) = ho) o €1+ Aah€ (] _o-Bmi))F |

We now prove G(§,t) exists t € [0, 00) with £ € [0, 00) fixed.
Proof

35



Case1:£#0
If e 6 (14 AP (1 o~Bmi))3E 1 £ 0 for all ¢ then, G(&, t) exists. Suppose
not. Assume, there exists some ¢ such that e=¢ (1+ﬂ%’#n(l—e—3"“_)) 1=

_ -1 2Bm(efs — 1)
t= —B;n—ln (1—m) .

0. Isolating for £,

By the assumption and Bm > 0,

2Bm(e§% -1) 2Bm(efs — 1)
‘“(l' A(fm—h(f)))SO R T T3 M

Considering 0 < 1 — zg—(’;:o(%)—)ll, then

= Zim (eﬂA ~ 1) < hp — h(£) since h is monotone decreasing by Remark 2.1

= —2743%@(65% -1 < :ﬂ(—%———hoz = —h/(¢), by the Mean Value Theroem
where ¢ € (0,€)

= Zign (e% — 1) < —hy since b’ is monotone decreasing by Remark 2.1

= since m = —hj > 0, then (e¥ — 1) < k (*) where k = g—g > 0.

On the other hand, defining f(k) = e* —1 —k = f'(k) = e¢* — 1 > 0 since
k > 0 = f is increasing for all £ > 0. With f(0) = 0 and f increasing, then
f > 0= e* —1 > k which contradicts (*).

Case2:£=0
If £ = 0, then
t _ABham -— t B E -
- — = - m i = ——hl
G(0,t) /0 A _e—Bmt)dt /0 ABme dt since m o

by the Dominated Convergence Theorem. Solving the integral,
G(0,t) = A(eP™ —1).
Therefore, G(£,t) exists. (W
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Solving (5.13) on Maple,

2(EV(E L) ~ [ —A{h(€)(Aho + 2Bm)(2B2h(¢)m(Aho + 2Bm) In(2Bm)
+Aho[—-2A(A + B)ho(ho — h(€)) — B(3A + 2B)(2ho — h(€))m — 4(Bm)?))
+Bh(&)m(Ahg + 2Bm)%([2Bm(Bh(€) + Ahg) + A2ho(ho — h(E))]t
~2Bh(€) In((Ahg + 2Bm)eP™ — Ahy)) }e?Bmt

+2A2ho{2A%(A + B)h3h(€)(h(€) — ho) — 2AB(4A + 3B)h3h(€)m
—2B%(2B + 5A)hoh(€)m? + 2B%(2A + B)h?(§)m? + AB(6A + 5B)hoh*(§)m
—4B3h(€)m® + 2B%h?(£)m(Ahy + 2Bm) In(2Bm)

+B2h(&)m(h(€) — ho)(Ahy + 2Bm)?t

—~2B2h2(£)m(Aho + 2Bm) In((Ahg + 2Bm)eP™ — Ahg) }eBm

—A3B(A + 2B)h3h(&)(h(€) — ho)m(Aho + 2Bm)t

+2A3B2R3h2(€)m In((Ahg + 2Bm)eB™ — Ahy)

—A3hoh(€){2ho(R(E) — ho)(Aho(A + B) + 2B?*m) + 2B%hoh(£)m In(2Bm)

—Bm(2B(2ho — h(€))m + Aho(6ho — 5h(§)))}]

2Bhom(Aho + 2Bm)((Ahg + 2Bm)eBmt — Ahy)?

A(ho — h(§))*(e”P™ - 1) ABK*(€) Ahy . _po
B = he@Bm t Ay " gEpE ™ =)
_ AlAGho = h(©) + 2Bm) {Bm(oho ~ hE)) + Ahalh ~ O} | o
| 2m@Bm + Aho) )

Absolute values are not required for In since Bm > 0

= Ahy +2Bm > Ahy
= (Ahg+2Bm)eP™ > Ahy since e2™ > 1
Ahyg
hich also impli 1> ———(e Bmt —
(w ich also implies =1 > ZBm(e 1))

for all t > 0. As well, this proves In((Aho + 2Bm)e®™ — Ah,) is continuous

for all ¢t. Furthermore, 1/9(£,t) is also continuous for all ¢ since h is monotone

decreasing by Remark 2.1 and 1 — e 8™ > 0,
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> (14 gt~ AE)(1L— &P 2 1

A

= Y& t) =P+ B

(ho — R())(1 —e P™))? > 0
for all t. Therefore, 2;(€,t) is continuous for all .

With z,(£,t) known, (5.12) is calculated to be

t t
'Ul(g,t) = —BA Mmdf-FB/(; Zldi_— ézgt

__|4 + B+ AB £+ (A+ B)(Aho + 2B, )te®™

- L2 2 |7 @Bm+ Aho)eB™ — Ahq
2A(Ahg + Bhy + Bm) 1 1 /t ]
AhO + 2Bm \:(2Bm + Ahg)@Bmt _ Ah() - 2Bm} +B A ZIdt

While the first integral is easily solved, the second cannot be completely de-
termined but since 2,(&,t) is continuous for all ¢ € [0,00) then its integral

exists.

We have now found a leading order solution to the coagulation-fragmentation
model, (5.7),

w(v,t) ~ 20(€(v, t), 1) + €21 (£(v, 1), ¢)

for t € [0, 00) with £(v,t) (defined in Remark 3.1) determined from v(¢,t) ~
(&, t) + evy(&,t). By (2.15), we have found an implicit approximation for
N(t), which to our knowledge is an original result.
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Chapter 6

Coagulation-Fragmentation
Model with Product Kernel

6.1 Coagulation Model

The pure coagulation model for K;; = jk with an arbitrary initial condition
was solved for all time by Ziff et al. [25]. They solved the model using a
slightly different generating function than w(v,t). We reproduce the work of
Ziff et al. using w(v,t) because the results are needed in Section 6.2.

For C > 0 and A = B = b =0, the PDE, (2.12), becomes

dwiv,t) . dw 1 (3w\’
(6.1) ot M, v —02 (Bv)

with the initial condition w(v,0) = h(v). The method of characteristics will
be used to solve this nonlinear PDE. Letting z = w,p = dw/dv,q = dw/dt,

(6.1) becomes

1
F(v,t,2,p,9) :=q—-C ['2"’2 +pM1] .
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And introducing the parameters, s and £, the characteristic equations are

(6.2) % = %I;: =1, (¢ 0)=0.
Clearly, t = s.

F
©3) =S ——C M), e =€

OF OF

64) G —pgtage = —CoptM)ta,  a(6,0) = h©)

oF oF
(6:5) B B P =0,  p(E0) =)

d F  8F .

66) F=-0 a5 = 0, q(6,0)= LK) - KO

where hy = M;(0).

Clearly, first solving (6.5) is necessary in determining the other characteristic

equations and luckily it is easily evaluated to be

(6.7) p(&,t) = H(£).
From this the remaining characteristic equations are determined to be
68) o6, = ~CH(EO-C [ M@di+e,
0
c ! 2
(6.9) 2(§,1) = 5 (K (€))*t + h(E),
(6.10) 0(6.0) = CK(E) | Mi(0) + 3|

Thus far, we have made no restrictions on ¢ and therefore (6.7) to (6.10) are
valid for all time. However, in order to determine explicit solutions for v(&, t)

and q(&,t) requires knowing M, (¢).
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Using the same technique from Chapter 3 to determine M, (t) and My(t),

Ml (t) =m,

C
Mo(t) = — ?):mzt + ho, Mo(O) = ho

for t < t, where m is a positive real number and ¢, defined by (3.6). In Shirvani
and van Roessel’s paper [16], they proved M;(t) = m up to t < t, only. This
means gelation occurs. At this point, we would usually compare M;(t) with the
others from the previous cases. However, because of the gelation phenomenon,

to make a comparison would not seem prudent.
Equations (6.8) and (6.10) are evaluated to be,

(6.11) v(,t)=—-C(h (&) +m)t+&fort <ty

1
(6.12) q(&,t) = CH (&) [m + —2-h’(§)} for t <t,,
while (6.7) and (6.9) are valid for all time.

Post-gelation results will not be determined as they are unnecessary for the

next section.

Recall from Remark 3.2 that gelation corresponds to a shock in the solution
of (6.1). A shock is characterized by dw/dv becoming infinite or dv/9¢ = 0.
Therefore, differentiating (6.8) and setting it equal to zero,

du(E,t) _

5% —Ch'(€)t+1=0.

The shock occurs at

1

(6.13) t:cm@f:%@)

and the first time it occurs is known as the gelation time,

. _ 1
too = oI To(0) = o)
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since h” is monotone decreasing by Remark 2.1.

To clarify the notation for gelation time, t, is a generic gelation time while
tye = gelation time for the pure coagulation model,

t,. '= gelation time for the coagulation-fragmentation model.

6.2 Coagulation-Fragmentation Model

In this section, the gelation time for the coagulation-fragmentation model (that
is, K;x = Cjk and L;, = b) is investigated.

For C > 0,A=B=0and b=¢C > 0, (2.12) becomes

ow 10w C [dw)? 1 w — Mye™
(6.14) E‘C[MIJ“E]‘@?_?(EF) +€B[§w+—;:,j—

with the initial condition w(v,0) = h(v). The method of characteristics will
be applied to this nonlinear PDE. Letting z = w,p = dw/dv,q = dw/5t and
introducing the parameters, s and &, the characteristic equations as illustrated
in Section 6.1 are

dt

(6.15) ==1 10 =0.

Clearly, t = s.

(6.16) %z —Cp+ Ml)—e—zc—, v(§,0) =&
617 Z— oot M) -Tpta (60 =h).

(6.18) % = 60%(5;_———?)—22 +eC [% + e_ul_ 1] P, p(€,0) = h'(£).
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dq . q——e‘”Mo q
d—t——'Cle“‘GCl:'—‘e':‘;—_*‘i_“‘i ,

- —£
9(6,0)=C [%(h’(s))z - h'(&)hg} +eC E(h(&) +HE) + __h@;)_s._.h o

(6.19)

where hy = Mp(0) and h{ = M;(0).
Using the same technique from Chapter 3 to determine M, (t) and My(t),

Ml(t) =m,
2 2 L
Mo(t) =m — ’-’6‘— + (ho—m + Te-)e—af“, Mo(0) = ho

for t < t, where m is a positive real number and t, defined by (3.6). The
equation for My(t) is a special case of equation 13 from Brunelle et al. [5].
And as discussed in Section 6.1, no comparison of My(t) will be made.

At this point we would usually find a solution to (6.14). But due to the
difficulties of finding a solution, we limit our investigation to gelation time.
Brunelle et al. [5] proved numerically for the case of a monodisperse initial
condition that gelation time tends to infinity for a critical value, €.. In the
paper, M;(t) is computed to be constant for ¢t € [0,10). Then extrapolating
at t = 10, M;(10) is no longer constant at ¢ $ 1.43 = ¢,. However, there still
lacks a rigorous proof whether gelation occurs. Our contribution is to show
analytically that gelation time for pure coagulation occurs earlier than when
fragmentation is added (that is, t,, < t, ). Physically, this is because fragmen-
tation counteracts the effect of coagulation therefore delaying the formation

of a superparticle, which characterizes gelation.

Theorem 6.1. t,, < t,, for the case of a monodisperse initial condition

Proof
The approximation technique from Section 4.2 will once again be called upon.

However, since we are only interested in gelation time, we concentrate our
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approximation on

(6.20) T :—Cm-—i, v(§,0)=0
dpl . (Zo Moo) 1 1 _
6.21) —== [m + (5 + e—_—;gj‘l‘) Po] , n§0)=0

where for t <t,

(622) 20(€,1) = = 5CH©) e+ he),

(6:29) w(E,t) = — C(H(E) + m)t+€,

(6:29) po(6,0) =€),
)

1
Series expanding M (t) was determined on Maple.

Since the right-hand side of (6.21) is known, integrating the ODE,

I Y S S
5 (Eat) - C (E) ea(e)t—-f -1 C U:(&) ‘:ea(f)t—f —1 e—f . 1]

€  re _ =o® _n 11 — 6|2 Cp
+C(a2(§)+ (6))[ln|1 e | = In|1 el]+2h(£)t

for t < t, where
a(E) =C(H (€) — k),
b(E) == CUK )Y — m?) = IO (E) ~ )W) + ).

Therefore, (6.20) is

_ut) L b(E) ool m L -
o =~ C=h 2(6)1 n|l —e¢ +§|t+Ca(§)F(§,t) 21n|1 |t
h(€) — —a(6)E
~C (5) [lnll — 7O _n |1 — eEI]

for t < t, where

t -
F(&,t) = / In |1 — O gf.
0
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At 1y = £/a(€), In|1 — e @€ is discontinuous. To remedy this, we rewrite
F(¢,t) as an improper integral,

t —
= lim [/ In(e~2©%+ df+/ In(1 — e *®H gg)|
d

d—iy

In Section 6.1, to determine gelation time, we solved ¢ for dv(¢,t)/dt = 0. In

this case, v(§,t) = (£, t) + evr(€,t) does not allow ¢ to be isolated. Since

our actual goal is to show t, < ¢, it suffices to prove Tj(§) > 0 where
T(&,€) = To(€) + €T1(€) (from Section 6.1, Ty(¢) = E"ﬁ’l’(—e) ) such that

(¢, T, ¢))

B8 =0.

Furthermore, since

av(€3T(€’€)) ~6v0(€’T(€7€))+ avl(&vT(g:e))

o€ ot M
_90§, To(§) + D)) | 9§, Tol€) + €Ta(€))
0¢ 0¢ k
then applying Taylor series expansion
duo(&, To(€))

o€ + ¢ |T1(€)

Since Ovg /0§ = 0 (this is from determining gelation time for the pure coagu-

0*vo(€, To(§)) |, Oni(§, To(é))]
oot | o }No'

lation model), this implies

v (€,T0(8))

B
BE0t

Therefore, to prove t,, < t,, we must show T1(€) given in (6.27) is greater

than zero.
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T1(§) 10+

Figure 6.1: Graphical representation of T (£).

By applying (6.26) and (6.23),

Ov1(€,t

1 1 _ e§—
~Ftin T —ef)e l(_§(1+e E)t+1> N A R A ()
o¢ot

—21-6‘5 In|1 — e De ¢

In|1—ef| +¢|+—5
~hnji-et+ +e—f—l

—i(1-e¥)t+1 e

aF(&,t) et
1 — ele~é-1)t+¢ +

5t 1-e

D (_e—€p 4 1)
et 1

2 g

(6.28) +2(1 —e—f)t 7t

where the arbitrary initial condition has been replaced with the monodisperse

initial condition, h(¢) = e¢, and C = 1. Since Tp(¢) = €¢ from (6.13) and by

substituting (6.28) into (6.27), then

2 —In(ef -1) €% (1 + e”f) F(£,€) €  dF(&,ef)

O~ —(=—r tT\iTex) T e T e o1 &

where

d B ef B
F(¢,ef) = lim [/ In(ele™*-DFE _ 1)df + / In(1 — ele™*-Di+éygg| |
— | Jo d

-
1-e
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Since it appears T;(0) is undefined, we consider £ > 0 for 7}(£). This means
gelation time cannot occur at £ = 0 and this will be validated once t,, is

known.

From Figure 6.1, T;(£) appears positive for all £&. Since T7(£) has a critical
value at £ = 0.3098, lim¢_,o+ T3 () = limg 00 T1(€) = 00 and T3 () continuous
for all £ > 0, then T;(€) has an absolute minimum at £ = 0.3098. Therefore,
T1(€) > T1(0.3098) =~ 4.94 for all £.

Therefore, ty, < t,, for h(¢§) =e ¢ and C = 1. )

To the best of our knowledge, Theorem 6.1 is an original result.
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Chapter 7

Summary and Conclusions

In this thesis, the coagulation-fragmentation equation was investigated with

various coagulation kernels and constant fragmentation kernel.

Chapters 1 and 2 discussed the history, applications and derivation of the

coagulation-fragmentation model.

In Chapter 3, we investigated the coagulation-fragmentation model with a
constant coagulation kernel and arbitrary initial condition. The associated
PDE required knowing My(t) and M;(t) which was published in [5] and (1],
respectively. An exact and explicit equation for Ni(¢), which until now was
unknown, was determined using an inductive argument. This is the only model
where an exact formula was found; but the formula has one shortcoming:
before determining Ni(t), the previous ones, that is, N;(t), Na(t), ..., Nk—1(2),
must first be determined. Lastly, an example for Ni(t) with monodisperse

initial condition was considered.

The next two chapters involved the sum (Kj;x = B(j + k)) and constant-
sum (K;x = A+ B(j + k)) coagulation-fragmentation models with arbitrary
initial conditions. Each chapter began with a review of its pure coagulation
counterpart, which Lu [3] established in 1987. The second section determined
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Lijx=0 Lj,kzb
fir 71 y EH R
; em
K;r=B(j+k) 0 T
K=+ BG+R)| 0 |-Z(m+ABY 4 /B (m+ Y +eBm
" g A 2 A2 2 €

Table 7.1: A comparison of lim,_,., My(t) between the pure coagulation model

and the coagulation-fragmentation model.

an implicit leading order formula of Ni(t), which is an original result, for the
coagulation-fragmentation model. Due to the challenges of solving the PDE, a
regular perturbation expansion was applied. Another obstacle was not being
able to invert v(£,t) which resulted in only an implicit solution for Ni(t). A
by-product of investigating Ni(t) were the previously known solutions of M(t)
[2] and M, (¢) [1].

In Chapter 6, we extended the work of Brunelle et al. [5] and obtained the
original result that gelation time for the pure coagulation model occurs sooner
than when fragmentation is added (refer to Theorem 6.1) under a monodisperse
initial condition. The pure coagulation results needed to prove Theorem 6.1

were borrowed from [25].

Since exact formulas of My(t) are known for the constant, sum and constant-
sum coagulation-fragmentation models, a comparison amongst the models and
their pure coagulation versions is considered. In all three models, it is clear
from Table 7.1 that under pure coagulation, lim; ., Mp(t) = 0 while the
coagulation-fragmentation model has lim,; ,., My(t) > 0. In the continuous
case, a similar observation that My(t) approaches a positive limit was dis-
cussed in [2]. Physically, this makes sense because the presence of fragmenta-
tion counteracts the aggregation of clusters and the emptying of the system
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Lj,k - 0 Lj,k = b

Kir=A % a + ﬁ_hl"_::)é:;‘“?)e—%(al—ag)t
where
o=t 1B
e e
Kix =By +F) hoe ™5 o+ (o — e B
Kijr=A+B(j+k)| shslr_e Bm 0y + Lomaalonzen) o f(a-an)e
where
o =—-8(m+2)+/5 (m+%)" +eBm
a=-4 (m+-‘24) - %(m+%)2+63m

Table 7.2: A comparison of the leading behaviour of My(t) between the pure

coagulation model and the coagulation-fragmentation model.

observed under pure coagulation does not occur. Also, from Table 7.2, it is
clear My(t) decays whether fragmentation is present or not but the decay is

faster once fragmentation appears.

The comparison of M, (t) is simple. From [1, 16}, we know any combination of
Kjr = A+ B(j + k) leads to conservation of total mass. This is true whether
the fragmentation kernel is L; 4 = b or 0. For K = Cjk, it is only known that
mass is lost for the pure coagulation model [16]. However, we have established

that gelation occurs sooner when fragmentation is not present.

A comparison of Ni(t) is lacking. Since only the constant model resulted in
an exact solution of Ni(t), it does not seem prudent to establish a comparison

between the models.
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7.1 Future Work

In this thesis, we investigated the coagulation-fragmentation model with a
bilinear kernel and a constant fragmentation kernel. But what if the fragmen-
tation kernel was changed to a bilinear kernel? As was done in this thesis,
special cases of the bilinear fragmentation kernel can be investigated. Of par-
ticular interest would be the case of both coagulation and fragmentation kernel

being products. Gelation may not even occur in this situation.

It would also be desirable to find exact equations for Ni(t) for the sum and
constant-sum coagulation-fragmentation models. This could be achieved by
modifying the generating function to form a more workable PDE or trans-
forming (1.2) into two terms as Lu did in {3] for the pure coagulation model.
Once exact solutions are known, a comparison between the constant, sum and
constant-sum models for Ni(t) can be investigated. Are the equations for
Ni(t) similar to My(t)? Do they have similar properties? Does the equation
for Nj(t) behave differently for k small as opposed to k large?

For the product model, Theorem 6.1 can be expanded by showing for suf-
ficiently large ¢, gelation is suppressed which would support the numerical
results in [5]. We can also determine Ni(t) and post-gelation behaviour using

some of the suggestions discussed in the previous paragraph.
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Appendix A

Proof of (3.12) : Step 2 Details

dk+1 dz € d’”’lz !Lf k dn+lzdk-—n‘z drz d"‘"“z
W%”(M"'i)W:AZ() e
n=1

dHlz 1 déz %
d§k+1 &-eﬂ _ 1 d{’c (E _2. _ 1)2
k-1 (— £: k+1—n)
r 3l |
n (Ee 5 — 1)ktl-n (§e % _ 1)k+2-n

n=2

k k+1
raRLE g0 +b[

d§ d{k d§k+1

+1, k—n)bt k—-n+1)bt
l)k“"d" eﬁ_z)_ dnz ei_)_(

kbt

Pz S (DM (% - Moe¥ ) etk

k+1
+(-1) k'dgz( “ 1 GE
St Moez) e (k+ (=14 [z = Moge] 3
+ bt
(Ee 7 — 1)k+ (Ec% _ s }

Applying the combinatorics’ identity

()= (2)-65)

and combining the 3rd and 2nd last terms,
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After merging the third sum with Agzg?f-, then relabelling it with m =n — 1

and subtracting from the second sum,

M
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Coupling the 2nd and 3rd sum with (——1)"“k"’2‘ P < and —%z —5———5%
(ce¥ 1)k 4 (ge 12

respectively,
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Finally, by relabelling the 3rd sum with n =
sum,

(Ee¥ — e+

m — 1 and uniting with the 2nd

k+1 k+1 "7 ny dktl-n, k41
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as desired.
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Appendix B

Detailed Proof of (3.16)

We now prove the integrals of (3.16) exist.
Proof: (by strong induction)
Step 1: Show the j = 2 case is true.

In other words, show

¢ t ¢ )
FOut) — Fi(ar — a2) = A / Fudt — 2b / freEudf + 2b / Moetudt
0 0 0

exists. The middle and last terms can be explicitly solved. The first term
cannot be explicitly determined but can be shown to exist by proving the

integrand, f2u, is continuous. To prove continuity of

[fm(al — a2)? + 2¢(h1 — a1)(h1 — a2)(e? — 1)
"E?L'l‘(hl —az)? (€74 — 1) + E%(fh —a1) (e~ At — 1)

2 2 1
fin= A —ag)t Al —ag)t ,
z )23 3

(h1 - Q9 — (hl — (Ll)e

2

we must show its denominators 0 for all ¢ € [0, 00).

—A(ay —ag)t Aay—ag)t

Prove (hy —a; — (hy —a1)e™ 7 )2e= 2 #0.forallt € [0,00)

Proof: (by contradiction)

Suppose there exists for some ¢ € [0, o0) such that
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h1 - az) . . . -
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( 1 —a1/) y P A(ay — ag)
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But (3.7) and (3.8) = a1 > a2 = hi — a1 > hy — 6y = $3=2 > 1 which con-

t
tradicts the assumption. Therefore, f2u is continuous, which means / fudt
0

exists. It has now been shown case j = 2 is true.

Step 2: Assume the j = 1,2,..,k cases are true.

(i.e. assume the integrals of (3.16) all exist).

Step 3: Show the k + 1 case is true.
Without lose of generality, assume k is even = k + 1 is odd. We have to show

the following integrals:

‘ ' (et1—m)bE t £ kbE
/ fnfk+1—nll'df) / fne £ 2 * /Ldt, and / [fl (t) — Mo(t)e%’]e%udt
0 0 0

all exist. The last integral can be solved explicitly by substituting in (3.15)
and (3.9). To show the first integral exists will require a bit more work. First,
assume n and k + 1 —n are both odd. (All the different even and odd combi-
nations can be shown in an identical manner.) Sincen < kandk+1-n <k
foralln=1,..., —k;—l, replace f,fr+1-» with (3.16) which, by the assumption in

step 2, exists. Since (3.16) exists, then it must also be continuous. Therefore,
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exists. The existence of the second integral is achieved in the same fashion.

Therefore, by the principle of mathematical induction, (3.16) is true. O
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