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Abstract

In recent days, hyperelastic composites (i.e., elastomeric composites reinforced with
fibers) have shown promising outcomes in various engineering applications involv-
ing tissue engineering, shape-morphing structures, microfluidics, wearable devices,
biomechanics, and soft robotics. Typically, elastomeric materials can sustain a large
range of strains e.g., Ecoflex can sustain up to 10 times its initial length. When
the elastomeric materials are used in conjunction with systematically arranged con-
tinuous fibers such as fiber mesh and interpenetrating networks, they display a dis-
tinct strain-stiffening phenomenon, known as J-shaped stress-strain behavior. This
unique characteristic makes elastomeric composite highly useful in tissue engineering,
biomedical, and other engineering applications. Moreover, when elastomeric materi-
als are filled with nanofibers, their mechanical, conductive, and dielectric properties
can be improved greatly making them proper candidates for the design of flexible
and wearable electronic devices. Due to the great potential of these materials, the
modeling of hyperelastic composites has become a subject of intense study during
the last few decades. The primary motivation behind this research study is to de-
velop a generalized and complete hyperelastic model for the fiber-reinforced composite
material. The presented generalized model may accommodate some unique features
including, higher-order gradient continua, precise characterization of fiber reinforce-
ment, pseudoelasticity, damage mechanics, and multi-scale capability that makes the
model uniquely versatile in the modeling and design of hyperelastic composites. The
existing hyperelastic models fail to attain this level of versatility.

We started by presenting a continuum model for hyperelastic material reinforced

1



with unidirectional fibers resistant to flexure and extension. Which is then refined to
accommodate bi-directional fibers having different orientations (i.e., 45 and 90-degree
orientations), different types of nonlinear extension potential (i.e., polynomial and ex-
ponential), and torsional resistance. The response of elastomeric matrix material is
characterized by using the Moony-Rivlin strain energy potential. The kinematics of
the embedded fibers are formulated via the first and second gradient of continuum
deformations through which the stretch, bending, and torsional responses of fibers
are modeled. By means of variational principles and a virtual work statement, the
Euler equilibrium equation and the associated boundary conditions are derived. The
system is then numerically solved via custom-built numerical procedures. The results
from the generalized model demonstrate excellent correspondence to the experimen-
tal results in capturing the deformations and mechanical responses under different
loading conditions including pure bending, uniaxial tension, and out-of-plane defor-
mations. The model is then further refined by introducing damage parameters and
damage functions inspired by Ogden Roxburgh’s model and Weibull’s fiber damage
model. The obtained models can successfully predict the Mullins effects in biologi-
cal soft tissues and damage mechanics due to fiber breakage. Furthermore, we have
extended our model to accommodate the size, orientation effects, and volume frac-
tion of the reinforcing fibers by introducing the shear-lag, Krenchel orientation, and
energy fraction parameters, respectively. This extension allows the model to pre-
dict the responses of nanofiber-reinforced hyperelastic composites having different
micromechanical characterizations. We also propose a non-uniform interface stiffness
parameter to incorporate the damage mechanics of nanofiber-reinforced elastomeric
composites due to interfacial debonding. The resulting model closely assimilates both
the gradual and rapid debonding processes of a certain type of soft /stiff matrix-based
nanocomposite. The practical utility of the presented generalized model may be ex-
pected in the design and analysis of elastomeric composites for different engineering

applications.
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Chapter 1

Introduction

We begin this chapter with a brief introduction to fiber-reinforced hyperelastic com-
posite materials, presented in section 1.1. In section 1.2, some applications of the
hyperelastic composite are presented in various engineering fields. Some background
on the constitutive modeling of the hyperelastic material is discussed in section 1.3.
In section 1.4, the goals and motivations of the present study are outlined. Lastly, in

section 1.5, the structure of the thesis is discussed.

1.1 Hyperelastic composite material

Hyperelastic composites are a special class of materials that undergo large elastic
deformations and return to their initial shape when the load is removed. These ma-
terials show both a nonlinear material behavior as well as large shape changes [1].
A hyperelastic composite is a complex multi-component system where an elastomer
or other hyperelastic-type matrix material is reinforced with either continuous fibers
or nanofiber materials. One of the prominent examples of hyperelastic composite
material is elastomeric composite. The properties of these composites depend on the
type of elastomer (or mixtures of elastomers) as well as the type of fillers or fibers
used and their arrangements in the matrix [2]. Depending on the types of reinforce-
ment used for the composite material, it can be broadly classified into two major
categories: elastomeric matrix reinforced with long continuous fiber and elastomeric
matrix reinforced with nanofillers or short fibers.

Typically, elastomeric materials can sustain a large range of strains e.g., Ecoflex

can sustain up to 10 times its initial length. When the elastomeric materials are
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used in conjunction with systematically arranged fibers such as fiber mesh and in-
terpenetrating networks, they display a distinct strain-stiffening phenomenon, known
as J-shaped stress-strain behavior [3]-[4]. These unique characteristics of elastomeric
composites make them suitable for a large number of engineering applications. In
particular, J-shaped stress-strain behavior is commonly observed in many soft bio-
logical tissues, such as arteries, veins, cardiac muscles, skin, and tendons [5]-[6]. A
considerable number of studies have been devoted to the fabrication and analysis of
synthetic composites that can sustain J-shape stiffening in order to imitate closely the
response of such soft biological tissues [4], [7]. Another interesting application of these
materials lies in the development of shape-morphing structures [8]. Shape-morphing
structures can be very practical in considerable applications including aircraft wings,
deployable structures, and soft robotics. On the other hand, elastomeric composites
reinforced with nanofillers are also very practical in engineering applications including
flexible sensors and wearable devices due to their improved mechanical, thermal, con-
ductive, and dielectric properties. For example, nanocomposites of barium titanate-
filled Ecoflex or polydimethylsiloxane (PDMS) are excellent candidates in wearable
sensor applications due to their excellent flexibility and capacitive properties [9]. The
nanocomposite of carbon nanotube (CNT) in silicone-vinyl-methyl-silicone (VMQ)
elastomer is useful in silicone-based stretchable electronics [10].

Due to these promising applications of elastomeric composites in recent years,
the modeling of hyperelastic composites has become a subject of intense study. The
primary theme of this thesis is to present a generalized hyperelastic model for elas-
tomeric composites that may help to understand better the deformation kinematics,
mechanical response, and damage mechanics of these composites. Such a model
would be highly beneficial in the precise modeling and design of engineering devices

and structures made up of elastomeric composites.

1.2 Applications of hyperelastic composites

In recent days, hyperelastic composites, such as elastomeric composites reinforced
with fiber or nanofillers have found numerous promising applications in various engi-

neering fields involving biomedical applications, wearable devices, soft robotics, and
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shape-morphing structures. In this section, the applications of hyperelastic compos-

ites are discussed in more detail.

1.2.1 Biomedical application

Elastomeric materials reinforced with fibers have consistently been the subject of
intense study [11]-[16] for their practical importance in biomaterial science and engi-
neering including in the areas of tissue engineering and biomechanics. When the elas-
tomeric matrix materials are used in conjunction with systematically arranged fiber
families they form highly elastic materials that display direction-dependent properties
(orthotropic properties) and sustain rapid strain stiffening response at low strain lev-
els (20%-50%), known as * J-shaped’ stress-strain behavior [4]. In fact, J-shaped and
orthotropic stress-strain behaviors are the characteristics of the biological materials
such as blood vessels, tendons, muscles, skin, ligaments, cartilage, and other tissues
([5], [7], and [17]). This, in turn, suggests that biological tissues may be mimicked
via the systematic adjustment and/or optimization of the mechanical responses of
elastomeric composites. For example, one such interesting case can be found in [7]
(see, Fig. 1.1 (a)). In [7], authors tried to mimic the J-shaped stress-strain behavior
using an elastomeric composite for producing the Windkessal effect, which ensures
continuous flow of blood through the aorta. This new material made from elastomeric
composite may be used to replace the non-compliant plastic tube found in the ex vivo
heart perfusion device which is used to preserve the donor in a warm beating state
during transfer between extraction and implantation surgeries [7]. Another interesting
case can be found in [18], where a skin-inspired stretchable electronic circuit is de-
veloped made up of elastomeric composite with programmable mechanical properties
(see, Fig. 1.1 (b)). Sudhanshu et. al in [19], developed a 3D printed mechanically rep-
resentative aortic model made of gelatin fiber reinforced silicone (GFRS) composite,
that may contribute to the improvement in the transcatheter aortic valve replacement
(TAVR) treatment (see, Fig. 1.2). Some studies have also been carried out ([20], and
[21]-[28]) to model the pseudoelastic nature of highly elastic biological soft tissues
found in the flight muscles using anisotropic hyperelastic composites which might be

beneficial in designing soft-bodied robots with multimodal locomotion.
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Figure 1.1: (a) An illustration of fabricated aorta from elastomeric composite [7]. (b)
skin-inspired stretchable electronic circuit [18].

1.2.2 Wearable devices

Recently, hyperelastic nanocomposites reinforced with nanofillers have found numer-
ous promising applications related to wearable and highly flexible sensors, as reported
in multiple research studies ([29]-[32], and [33]-[34]). These ultra-stretchable sensors
possess great potential in human motion monitoring (see, Fig. 1.3), medical rehabil-
itation, health monitoring, human-computer interaction, and soft robots ([29]-[32],
and [34]). Authors in [29], developed an ultra-stretchable sensor made up of multi-
walled carbon nanotubes (MWCNTSs) and a highly stretchable elastomeric material
(Ecoflex) which turns out to be as soft as the human skin. The sensor demonstrates
high stretchability with outstanding linearity up to 200% strain which makes it suit-
able for various human motion detections (e.g., finger bending (Fig. 1.3 (d)), walking

(Fig. 1.3 (g)) and speaking (Fig. 1.3 (c¢)). Gu et. al. presented a stretchable
4



-0= 15% Vf GFRS

—o- 10% Vf GFRS

4 | & 5%Vf GFRS

-~ 2.5% Vf{GFRS

=#= Unreinforced Silicone
== Aortic tissue of 81yr old [8]
T | =x-_Sinus tissue [9,10]

Strain (mm/mm)

Figure 1.2: (a) 3D printed aortic model of silicone (scale bar = 10 mm), (b) GFRS
aortic model after postprocessing (scale bar = 10 mm), (c) Printed silicon model
reinforced with gelatin fibers (scale bar = 10 mm), (d) Tensile tests results of the
materials [19].

strain sensor based on the modulation of optical transmittance of carbon nanotube
(CNT)-embedded Ecoflex, which exhibits good stretchability (¢ ~ 400%), high lin-
earity (R2 > 0.98), excellent stability, high sensitivity (gauge factor ~ 30), and small
hysteresis (~ 1.8%) [30]. The sensor is further implemented to detect the bending
motions of the fingers, neck movements (Fig. 1.3 (b)), and subtle human motions.
In [35], a very high strain, up to 620% was able to measure using a flexible sensor
made up of CNT and elastomeric matrix which is ~ 120 times greater than those
of conventional metallic strain sensors. Zhang et. al. [33] reported a highly stretch-
able, flexible, and sensitive mono-filament tensile strain sensor, based on multi-walled
carbon nanotubes/Ecoflex nanocomposites which provided good linearity (10.77%),

low hysteresis (1.63%), good stability (6000 cycles under 100% strain), and ultra-high
)



strain range (¢ = 1300%). There are other applications of highly flexible capacitive
sensors made from PDMS or Ecoflex matrix, filled with various dielectric nanofillers

i.e., Barium titanate, CCTO, Ag-Nanowire, etc. [36]-[37].
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(e) Wrist bending

Ll

y) A5
7 7
’
<
s

(d) Finger bending

(f) Knee bending

Figure 1.3: Hlustration of different wearable sensors made from elastomeric nanocom-
posite for human motion detection in various locations.[29]-[32]

1.2.3 Soft robotics

The advantages of soft robots have rapidly been gaining the attention of the robotics
community. Soft robotics can help us understand living creatures better as we can
recreate them with more life-like movements and bodies. Furthermore, it provides
increased flexibility and gentle manipulation of delicate objects [38]. Its flexible body
allows it to fit through narrow openings in order to reach normally inaccessible loca-
tions [39]. Elastomeric composites reinforced with fibers are very promising materials

in soft robotics applications. In [39], a fiber-reinforced soft elastomer is used to
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build inflatable hemispherical and conical membranes inspired by the mantles found
in nature [39] (see, Fig. 1.4). It has been demonstrated that the variable material
properties afforded by the fiber reinforcement with intersecting fiber patterns help
the structure to deform into a prescribed hemispherical geometry when inflated. It is
also found that the geometry is constrained to a specified configuration even when the
internal pressure and external load changes [39]. A practical application for the mem-
brane was presented in [39], where the membrane is used to control the buoyancy of
a bioinspired autonomous underwater robot. Cacucciolo et. al. [40] developed a soft
bending fluidic actuator using fiber-reinforced hyperelastic material. Fiber-reinforced
elastomeric composites are likewise used in the development of soft grippers [41] (see,

Fig. 1.5).

Figure 1.4: fiber-reinforced elastomeric membrane at various stages of the inflation
test [39]

Top side

Tip side

The oblique angle of Lateral side face

chambers Bottom side face ~ Base side face

Figure 1.5: Pneumatic soft gripper [41].



1.2.4 Shape-morphing structures

The concept of shape-morphing structure is becoming exceedingly appealing nowa-
days, especially in the field of aerospace. The use of morphing technology can make
aerospace structures aerodynamically more optimized [8]. Reinforced hyperelastic
composites may be a very promising candidate for self-morphing technology due to
their tailor-made mechanical properties, increased flexibility, and tear resistance. In
engineering terms, the word morphing is referred to continuous shape change in a
structure or object i.e., no discrete parts are moved relative to each other but one en-
tity deforms upon actuation [8]. As an example, on an aircraft wing this could mean
that a hinged aileron and/or flap would be replaced by a shape-morphing structure
that can transform its surface area and camber (shape) without opening gaps in and
between itself and the main wing, as a result, the aerodynamics efficiency could be
improved a great deal [8], [42]. At the NASA Dryden Flight Research Center, a
shape-morphing structure was experimented with in an aircraft where six wing lead-
ing edges (three on each wing) and two trailing edge segments (one on each wing)
employed flexible, smooth upper surfaces made out of flexible composite material and
actuated by hydraulic actuators which were used to vary the wing camber [8]. Lock-
heed Martin Skunk Works [8], [43] has been focusing on a folding wing concept i.e.,
out-of-plane morphing and targeting to achieve a 2 — 8 times increase in wing surface
area which can be applied to small UAV for US Air Force missions (see, Fig. 1.6 (a)).
Hypercomp and NextGen Aeronautics [8], [44] derived a sliding wing concept, i.e.,
in-plane morphing, also called Batwing (see, Fig. 1.6 (b)). NextGen tested a 45kg
remote-controlled model in 2006 that can change sweep from 15° to 35° and wing
area by 40% in five to ten seconds. It has a silicone elastomeric composite skin with
reinforcing fibers as an underlying ribbon structure to improve out-of-plane stiffness
that can stretch up to 100% (see, Fig. 1.6 (b)). Kikuta [45] experimentally tested
flexible composite material made up of Tecoflex 80 (a hyperelastic matrix reinforced
with woven material like Spandura) to investigate the material’s viability as morph-
ing skins that could be useful in an aircraft wing. Based on the research findings of
Kota et. al. [46] and Weiss [47], the FlexSys company designed and manufactured an

aerofoil section made up from compliant structures, the Mission Adaptive Compliant



Wing (MACW) (see, Fig. 1.6 (c)) which can change the camber by morphing the
trailing and leading edges. The compliant structures consist of flexible membranes
acting as the primary aerodynamic structure and are reinforced by a network of fairly

rigid longitudinal or radiating tubular hollow veins containing a fluid.

Figure 1.6: (a) Lockheed Martin’s Z-wing morphing concept. (b) NextGen’s Batwing
morphing concept. (c) FlexSys MACW installed on White Knight for flight tests [48].

Another potential application of shape-morphing structures is in the development
of flexible actuators made up of elastomeric composites. McKibben first developed
such flexible actuators which are also called pneumatic artificial muscle (PAM) actua-
tors that are made up of a tube-like membrane reinforced with a fiber mesh arranged
in a double helical weave, called an inflatable inner bladder. The inner bladder can
be pneumatically pressurized causing a lengthwise contraction and radial expansion.
Typical materials used for the membrane are latex or silicone rubber while nylon is
normally used for the reinforcing fibers [8]. Devereux and Tyler [49], later on, showed
how PAMs could be used for morphing applications. The shape morphing can be

achieved by embedding several braided composite tubes (PAMs) into an elastomeric
9



matrix making a multi-cellular FMC adaptive structure [8] (see, Fig. 1.7).
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Figure 1.7: PAM actuators [50] and pressurisation scheme of actuators in an elastomer
matrix [51].

1.3 Background on the constitutive modeling of
hyperelastic materials

The study of the mechanical response of hyperelastic composite materials is getting
intensive attention due to their promising applications. Elastomer composites ex-
hibit large deformation, and the stress-strain response is typically non-linear. Due
to the complexity, high-precision prediction of the mechanical behavior for this type
of material cannot be achieved without dedicated and reliable hyperelastic constitu-
tive models [52]. In this section, a brief classification of the hyperelastic constitutive
models from the existing literature is presented.

Elastomeric composite can deform nonlinearly with large deformation, and it can
almost completely recover its original configuration when the external force is removed
[53]. Due to this nature, the constitutive models of such material are generally rep-
resented by an energy density function (W) rather than a direct stress-strain relation
[53]. The hyperelastic constitutive models can be broadly classified into 3 categories:

Phenomenological models, Micromechanical network models, and hybrid models [53].

1.3.1 Phenomenological models:

These models are based on fitting the experimental data of mechanical response via
mathematical equations and in most cases, the material parameters do not have any
physical meaning [53]-[54]. Phenomenological models [55]-[60] may be further divided

into series function model, power law, exponential or logarithmic function model, and
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limiting chain extensibility models [53]. These models can be expressed via stretch
ratio [61], strain invariant or using the both [62]-[63]. Some of the most popular

examples of Phenomenological models are presented below:

1.3.1.1 Fung:

Fung model can capture complex behaviors typically observed in living tissues and
it serves as a starting point for many bioengineering modeling [64]. For isotropic
material, the energy density function based on the Fung model can be expressed with

respect to the principal stretches ();) as follows:
1
W= [a (X4 A2+ A2—3) +b (eC(A?“%“%-?’) - 1)} . (1.1)

1.3.1.2 Mooney-Rivlin:

In Mooney-Rivlin hyperelastic material model, the strain energy density function is
expressed as a linear combination of the two invariants of the left Cauchy-Green de-
formation tensor. The model was proposed by Melvin Mooney in 1940 and expressed
in terms of invariants by Ronald Rivlin in 1948 [65]. For an incompressible material,
the strain energy density function based on the incompressible Mooney-Rivlin model

can be expressed as follows:
W =Cr (I = 3) + Cy (I = 3)], (1.2)
where the 1st and 2nd invariants I; and I can be expressed as:
L = AN+ A+, (1.3)
L = NS+ M\ + AN
1.3.1.3 Ogden:

The Ogden model can describe the non-linear stress-strain behavior of complex ma-
terials such as rubbers, polymers, and biological tissue. The model was developed by
Raymond Ogden in 1972 [66] and for incompressible material, the Ogden model can

be expressed as follows:

N
H ap op —ap \ —Qp
W:Za—p<)\1 AT AN =3 (1.4)

p=1 P
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1.3.1.4 Polynomial:

The polynomial hyperelastic material model is a phenomenological model of rubber
elasticity. In this model, the strain energy density function is in the form of a poly-
nomial involving the two invariants I; and I, of the left Cauchy-Green deformation
tensor [67]. Based on the incompressible Polynomial model, the strain energy density
function can be expressed as follows:

N

W=> " Cy(l—3) (I,-3). (1.5)

ij=1
Other popular Phenomenological models include: Saint Venant-Kirchhoff, Yeoh,
and Marlow [68].

1.3.2 Micromechanical network models:

Micromechanical network models are based on the physical and statistical methods of
polymer chain networks and material microstructure [53]. The material parameters of
micromechanical network models do have physical interpretations and can explain the
relationship between microstructures and properties of the material [53]. According
to the statistical characteristics of macromolecular chains, micromechanical network
models can be further divided into three types [53]: Gaussian chain network mod-
els [69], non-Gaussian chain network models [70]-[71], and mixed micromechanical
network models [72]-[75]. Some of the most popular examples of Micromechanical

network models are presented below:

1.3.2.1 Arruda-Boyce model

The Arruda—Boyce model is a hyperelastic constitutive model that describes the me-
chanical behaviors of rubber and other polymeric substances. This model is based
on the statistical mechanics of a material with a cubic representative volume element
containing eight chains along the diagonal directions [76]. This model was published
by Ellen Arruda and Mary Cunningham Boyce in 1993. The strain energy density

function for the incompressible Arruda—Boyce model is given by

W = NKBG\/E |:5>\cham - \/ﬁln (Slnﬁhﬂ>:| ) (16>
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where n is the number of chain segments, Kg is the Boltzmann constant, € is the
temperature in kelvins, N is the number of chains in the network of a cross-linked
polymer, Acain = (/2,8 = I} (’\hﬁ) Where, I, is the first invarient of the
Cauchy-Green deformation tensor and I'"!(z) is the inverse Langevin function.

1.3.2.2 Neo-Hookean model

Neo-Hookean is a hyperelastic model similar to Hooke’s law, that can be used for
predicting the nonlinear stress-strain behavior of materials undergoing large defor-
mations. The neo-Hookean model is based on the statistical thermodynamics of
cross-linked polymer chains, which is usable for plastics and rubber-like substances
[77]. The model was proposed by Ronald Rivlin in 1948. The strain energy density

function based on the incompressible neo-Hookean model can be presented as follows

W = Oy (I — 3). (1.7)

1.3.3 Hybrid models

There are also some hybrid models which are developed as a combination of the
phenomenological and micromechanical network models. Some of the popular hybrid

models are as follows:

1.3.3.1 Gent

The Gent hyperelastic material model is a hybrid type model of rubber elasticity that
is based on the concept of limiting chain extensibility. In this model, the strain energy
density function is designed such that it has a singularity when the first invariant (1)
of the left Cauchy-Green deformation tensor reaches a limiting value (/,,,) [78]. The
strain energy density function based on the Gent model can be presented as follows

_qu _[1—3
W= n(l Im—3)’ (1.8)

where p is the shear modulus.

1.3.3.2 Van der waals

The Van der Waals strain energy potential for a rubber material is analogous to the

equations of state of a real gas [79]. The strain energy potential for Van der Waals
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model for an incompressible material can be presented as follows

U = p{~ (¥, = 8) In(1 — ) +1] — 20 (%) ) (19

/\I%nf’y Am 18 the locking stretch, a is the global

where I = (1 — 8)I; + By, n =

interaction parameter, and 3 is a linear mixing parameter.

1.3.4 Hyperelastic composite models

In the hyperelastic models for the composite material, an isotropic part of the energy
density function (typically, Mooney-Rivlin or Neo-Hookean type) is combined with
a fiber energy potential. The isotropic part resembles the response of the matrix
material whereas the fiber energy potential part resembles the fiber’s response. Some

of the popular hyperelastic models for composites are briefly discussed as follows:

1.3.4.1 Holzapfel model

Holzapfel model consists of two parts in the energy density function, where the Neo-
Hookean type isotropic part (W;s,) presents the non-collagenous tissues (matrix), and
the anisotropic part (W,,;) describes the collagen fibers under an « angle typically
with respect to the hoop direction of a hollow organ [80]. The energy density function

based on the Holzapfel model can be presented as follows:

W = VV'L‘SO(II) +Wani(14716> +U(J), (11())
k k
= B —3) + B fexplhon (I — 1)%] — 1} + 2 fexplhon (Is — 1)?]
2 2k2H 2k2H

g | -,

where k;y are the material parameters, I; is the 1st invariant of the Cauchy-Green

tensor (C), Iy = ag - Cag, and Iy = gy - Cgo. Here, ay = [0cosasina|’ and gy =

[0 cos o — sinaT are the unit direction vectors of two fiber families.

1.3.4.2 Modified Fung model

In [81]-[82], a modified Fung model is presented by combining a matrix portion (Neo-

Hookean type) and a fiber portion of the energy density function. The energy density
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function based on the modified Fung model can be presented as follows:

W:

N =

(11 = 3) + Clexp{Qiso(E)} — 1], (1.11)

where Q;s0(E) = ¢1(E? + E3 + E2) + 2co(Ey Ey + FyF3 + E3Ey), C & ¢; are the fiber

parameters and F; are the principal Green—Lagrange strains.

1.4 Goals and Motivations: A generalized higher-
order gradient hyperelastic model for compos-
ites

The primary motivation behind this thesis work is to develop a generalized and com-
plete hyperelastic model for the fiber-reinforced composite material. In the most
generalized form, the energy density function based on the proposed higher-order

gradient hyperelastic composite model may be expressed as follows:

1
W = (1—-a)dnWharie(F) + a[nodfwewt<€17 £€2,6) + §Clg1 - 81

1 1
—|—§ng2 g+ éTgl - g2, (1.12)

where Wiz 18 the energy function for the hyperelastic matrix material. For Neo-
Hookean type material, Wiyatiz = 5(I1 — 3) and for Mooner-Rivlin type material,
Winatrie = 5(11—3)+ %(IQ —3). The term W,,4(e1, €2, <) is the fiber extension potential
function. Based on the type of fiber being used, we can choose from the following
different options (see, chapter 4 for more details),
Quadratic function: Wewt = %E1(§81)2 + %E2(§€2)2,
3rd order polynomial function: Weat = 1En(g51)2 + 1Elz(ggl)?’

2 3
1 , 1 5
+§E21(§82) + §E22(§62) ,
Exponential function: Weas = Eri(Eraser — 1)6E12c61

+E21 (E22§€2 — 1)6E22<62 .
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Here, the strain variables (i.e., €1 and €3) may be defined using the following two

definitions:
. 1 1
Green-Lagrange strain: e1=35 (FD-FD-1), & = 3 (FL-FL-1),
1 1 1 1
Euler-Al i strain: = (1 — = (1 —
uler-Almansi strain f1=3 ( D FD> ) 2= 5 ( L FL) :

where D and L are direction vectors of the fiber.

The higher order terms, %C’lgl g1+ %ngg -g9 and %Tgl -go represent the bending
and torsional potentials of the fibers, respectively, where g; = V[FD]D and gy =
VI[FLIL are the Geodesic curvatures. Further, « is the energy density parameter, 7,
is the Krenchel orientation factor and ¢ is the shear-lag parameter. The latter two

parameters can be expressed as follows (see, chapter 7 for more details):

8 8 3
= 15 +57 (P, cos ) + 3 (Pycosf), and (1.13)
1 [r cosh (Bz)
= | l——=)d 1.14
N [QL /_L ( cosh (BL) ok (1.14)
2\ 2
where § = I;egf,f and K.rp = Ko — fun(é)e*6'7(f) is the interface stiffness. Also,

fun(é) is the damage characterizing function, pertaining to the reduction of interface

stiffness induced by the debonding at the interface, which may be expressed as
fun(2) = al (& — &oic) (1 + Erae)” - (1.15)

In the above, I'(é — &) is referred to as the damage activation function which is
switched from inactive mode to active mode when the overall strain of the material
(2) exceeds a critical value (£...). The activation of the interface damage function is
governed by the condition:

R P ) SRR

Moreover, the parameters d,,, and d; are called the damage variables, which may be

decided from the following two options (see, chapter 6 for more details):

1 1 ~
den-Roxburgh model : d,, =df=1——erf | ———— - W(F
Ogden-Roxburgh mode = dy ser {m—i—BWm (Wm W( ))] :

Weibull fiber damage model: dy =1— e M d, =1.
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The obtained generalized model is able to accommodate multiple features includ-
ing, higher-order gradient continua, precise characterization of fiber reinforcement,
pseudoelasticity, damage mechanics, and multi-scale modeling capabilities. These
features make the proposed model very useful in assimilating the hyperelastic re-
sponse of fiber-reinforced composite material under different applications. All the
existing hyperelastic models that are discussed in the previous section fail to harbor
this level of versatility. These unique features of the proposed model are discussed

here in more detail.

1.4.1 Higher-order gradient continua

All of the existing hyperelastic models that are presented in the previous section are
based on first-order continuum theory. Thus they may not be able to accurately
predict the mechanical responses under different deformation modes [83]. That’s
because using first-order continuum theory it is not possible to incorporate complete
kinematics of the fibers. In order to overcome such deficiency we have proposed
a higher-order gradient-based continuum model. Refining the first-order theory by
considering a higher gradient of deformation it is possible to incorporate the bending
and torsional resistance of the fibers along with the extension into the modes of
deformations, thus complete kinematics of fiber is captured [84] (see, Fig. 1.12).
There are several advantages that can be obtained when higher gradient deformation

is considered, which are discussed below in more detail.

Microstructural characterization:

Higher gradient theory allows more detailed characterization of the continua with
distinct microstructures [84], thus it may produce a more accurate prediction of the
microstructural changes within the composite. Higher gradient theory can accommo-
date the relative rotation or rate of changes in angles/lengths at material points of
an elastic body [84]. On the other hand, the classical 1st gradient theory is only able
to describe the overall changes in the lengths/angles but they fail to capture relative
changes between each material point (see, Fig. 1.8). In Fig. 1.9, the effectiveness
of the higher gradient model in assimilating the microstructural changes in a fiber

mesh-reinforced elastomeric composite material is demonstrated (which is discussed
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further in chapter 4).
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Figure 1.8: (a) Changes in lengths/angles from first gradient [84]. (b) Rate of changes
in lengths/angles (relative changes) from second gradient [84].
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Figure 1.9: Local configurations of the fiber mesh at 50% elongation of PES3/Ecoflex-
0050 composite.

Smooth transitions of shear strain fields:

Recent studies reveal that higher gradient theory can accurately predict the smooth
transitions of shear strain fields (see, [85]-[88]). From Fig. 1.10 it can be noted, as
we move from the classical 1st gradient model to the 3rd gradient model, it leads
to smooth and dilatational shear angle distributions throughout the entire domain
of interest. Other examples of smooth shear angle distributions obtained from a

higher-order gradient model are discussed in chapter 4 in more detail.
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Figure 1.10: Shear angle contours: first gradient (left), second gradient (middle),
third gradient (right).

Accurate prediction of large deformation:

It is found that the classical first-gradient theory is not accurate enough when talking
about large deformation because it takes only up to the first (linear) order of defor-
mations thus it may not be able to capture highly nonlinear and large deformation
typically observed in hyperelastic composites [84], [89]. We have found that using a
higher-order gradient model, it is possible to capture large extensions (i.e., up to 10

times the initial length) which is discussed in more detail in chapter 7.

Complete kinematic descriptions of the reinforcing fibers:

The classical first gradient theory can only accommodate the extension potential of
fibers, which is described using the deformation gradient tensor (F'). Whereas bend-
ing and torsional potentials of fibers are described using geodesic curvatures (i.e., g
and g»), which are second gradient terms, thus it is necessary to have a higher order
model to accommodate these potentials (see, Fig. 1.11). Since higher-order the-
ory can capture the complete kinematics of the reinforcing fibers by accommodating
extension, bending, and torsional potentials, it can produce more accurate results in
different deformation modes like tension, bending, twisting, out of plane deformations

etc. [84], [90].

Curvatures are Not
accommodated: infinite
‘ bending energy

Y
Exhibits smooth
‘ transition: finite

Bending energy

Fibers’ deformation under First order theory Desired responses

Figure 1.11: Comparison of classical and higher order theory [84].
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Let’s take an example to clarify the concept further. When a tensile load is applied
to an elastic material reinforced with bidirectional fiber, different types of deformation
(i.e., extension, bending, torsion) may occur simultaneously within the fiber mesh at
different locations (see, Fig. 1.12). As it may be noted from the figure, the fiber
colored in green is stretched and bent at the same time, thus it requires both extension
and bending potential to fully describe the deformation. Further, the changes in the
intersection of two fibers as indicated at point D requires the torsional potential term.
This example illustrates the necessity to consider a generalized energy density function
including extension, bending, and torsional potentials of the fiber mesh to describe
the complete kinematics of the reinforcing fibers. Such a generalization can not be
achieved using the classical model since it only allows to incorporate the extension

potential of fibers.
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B B’ Extension potential:
D A-A: | |
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) \ g,=VF(M®M)
C Deformed Configuration

Figure 1.12: Differnet types of localized deformations in fiber mesh under uniaxial
tension loading.

1.4.2 Precise characterization of fiber reinforcement

In the proposed model, we have incorporated direction vectors of fibers allowing
precise characterization of fiber orientation within the composite material, i.e., uni-
directional, bidirectional, fiber mesh at an angle, etc. (see, Fig. 1.13). Moreover,
in the proposed model it is possible to easily modify the extension potential func-
tion of the fibers to address both linear and non-linear (i.e., polynomial, exponential,

logarithmic, etc.) elastic response of fibers.
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Figure 1.13: Fiber’s direction vectors for different orientations of fibers.

1.4.3 Pseudoelasticity & damage mechanics

To assimilate the pseudoelastic response and damage mechanics of the hyperelastic
composite, we have incorporated two types of damage variables into the proposed en-
ergy density function. One of the damage variables is inspired by the Ogden-Roxburgh
model [91], which describes the Mullins effect of the hyperelastic composite. The
Mullins effect is a kind of pseudoelastic phenomenon where the material undergoes
an instantaneous and irreversible softening process, which is caused due to the inter-
nal structural changes in the matrix and fiber (see, Fig. 1.14 (left)). Whereas the
other damage variable is inspired by the Weibull fiber damage model [92] which may
accommodate the damage mechanics due to the breakage of individual load-carrying
fibers (see, Fig. 1.14 (right)). More detailed discussions with corresponding results

are presented in chapter 6.

Changes in the matrix and fiber (Mullins Effect) Damage due to fiber breakage (Weibull model)

Polymer chain of the matrix

NN

“Fiber

c
Bond Rapture Disentanglement

L X QENTN

D

Individual fiber breakage

Filler Rapture

Figure 1.14: Psudoelastic behaviors of hyperelastic composite: Mullins effect caused
by the internal structural changes (left); Damage mechanics due to individual fiber
breakage (right).
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1.4.4 Multi-scale modeling

Finally, we have incorporated the shear-lag parameter and Krenchel orientation pa-
rameters into the proposed energy density function which allows accommodating the
size and orientation effects of the fibers, respectively. The shear-lag parameter relates
the reinforcing capabilities of the fibers with their nano/microstructural character-
ization, i.e., length, thickness, aspect ratio, and interface stiffness. We have also
augmented the interface stiffness parameter by integrating the interfacial debonding
process that leads to the softening of the strain-strain response. Moreover, we have
introduced the energy fraction parameter which is related to the volume fraction of
fiber. These extensions of the strain energy density function allow the model to as-
similate the response of nono/short fiber reinforced hyperelastic composite material,
either with aligned or random orientations. With the help of these parameters, the
proposed model attains multi-scale modeling capabilities. More details with corre-

sponding results are presented in chapter 7.

1.5 Structure of Thesis

This thesis consists of six main chapters plus an introduction and conclusion. In the
following section, the main topics for each chapter are briefly introduced.

In chapter 2, the effect of higher gradient terms in the deformation of a continuum
is presented and some comparisons are made between the results of classical 1st gradi-
ent and higher gradient models. In this chapter, a third-gradient continuum model is
developed for the deformation analysis of an elastic solid, reinforced with fibers resis-
tant to flexure. The continuum model is framed in the second strain gradient elasticity
theory within which the kinematics of fibers are formulated, and subsequently inte-
grated into the models of deformations. It is found that the higher gradient model
can produce smooth and dilatational shear angle distributions whereas the classical
model fails to produce such a smooth shear angle distribution. Two case studies are
also presented through the in-house experimental settings of crystalline nano-cellulose
(CNCQC) fiber composites and Nylon-6 fiber Neoprene rubber composites, which illus-
trate that the obtained solutions successfully can predict the deformation profiles of
both composites.
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Chapter 3, presents a model for the mechanics of a soft hyperelastic material re-
inforced with unidirectional fibers, resistant to flexure and extension. In this chapter,
the strain energy potential of the composite is refined by the Mooney Rivlin model to
accommodate the hyperelastic behaviors of the matrix material. The elastic modulus
of the four different types of fibers and material parameters of Ecoflex-0050 are ob-
tained from the uniaxial tensions test experimental data. The results are compared
against the experimental data demonstrating that the obtained model assimilates the
responses of the Ecoflex-0050 elastomer-fiber composite subjected to uni-axial ten-
sion and successfully predicts the J-shaped stress-strain behavior and the deformation
profiles.

Chapter 4, demonstrates the development of a series of continuum-based predic-
tion models to accommodate the nonlinear responses of both the matrix material
and the reinforcing fibers in a hyperelastic matrix material. The kinematics of the
embedded fibers, including the torsional kinematics between two adjoining fibers, are
formulated via the first and second gradient of continuum deformations. A set of
in-house experiments are presented for the purpose of cross-examination and model
implementation. The obtained models successfully predict the strain-stiffening re-
sponses of the elastomer—polyester fiber composites together with other key design
considerations such as deformation profiles, shear strain distributions, and the de-
formed configurations of a local unit fiber mesh. The Euler—Almansi strain integrated
model is also presented through which the strain-softening behaviors of a certain type
of polyurethane fiber composites are predicted.

A three-dimensional model for the mechanics of elastic/hyperelastic materials re-
inforced with bidirectional fibers is presented in chapter 5. A dimension reduction
process is applied to the resulting three-dimensional model through which a com-
patible two-dimensional model describing both the in-plane and out-of-plane defor-
mations of thin elastic films reinforced with fiber mesh are obtained. It is demon-
strated that the proposed model successfully predicts key design considerations of
fiber mesh-reinforced composite films including stress-strain responses, deformation
profiles, shear strain distributions, and local structure (a unit fiber mesh) deforma-
tions.

Chapter 6, presents a comprehensive analytical platform for modeling the pseudo-
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elastic response of hyperelastic material reinforced with nonlinear fibers. In this
chapter, two distinct pseudo-elastic behaviors generally observed in hyperelastic com-
posites are accommodated within the proposed models which are the Mullins effect
and damage mechanics due to fiber breakage. It is demonstrated that the obtained
models successfully predict the Mullins effect of the human aorta in both longitudinal
and circumferential directions. Also, the proposed model can assimilate the Mullins
effect observed in soft biological tissue like Manduca Muscle. Moreover, by comparing
against the in-house experiment results of elastomeric composite, is shown that the
proposed model can closely simulate the damage mechanics, deformation profiles, and
shear angles profiles of the elastomeric composite.

Chapter 7, discusses a multiscale continuum model for the mechanics of hypere-
lastic nanocomposites reinforced with randomly oriented fibers. The shear leg and
Krenchel orientation parameters are incorporated into the model, through which the
size and orientation effects of the short fibers are computed. Molecular dynamic
simulations are also performed to obtain the microscopic responses of the graphene-
reinforced composites with three distinct configurations of graphene sheets which are
then incorporated into the proposed continuum model. The results are compared
against the experimental data demonstrating that the obtained model can assimilate
the hyperextension of nanocomposite and the continuum damage mechanics of two
different nanocomposites induced by the interfacial debonding.

Throughout all chapters, we make use of a number of well-established symbols and
conventions such as A7, A7' A* and tr(A). These are the transpose, the inverse,
the cofactor and the trace of a tensor A, respectively. The tensor product of vectors

is indicated by interposing the symbol ® and the Euclidian inner product of tensors

A, B is defined by A - B = tr(ABT); the associated norm iv/A-A. The symbol
“|-|” is used to denote the usual Euclidian norm of vectors. Latin and Greek indices
take values in {1,2} and, when repeated, are summed over their ranges. Lastly, the

notation F'4 stands for the tensor-valued derivatives of a scalar-valued function F'(A).
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Chapter 2

Mechanics of third-gradient
continua reinforced with fibers
resistance to flexure in finite plane
elastostatics

In section 2.1, we develop kinematics and equilibrium equations. Moreover, we con-
sider a case of a Neo-Hookian material reinforced with a single family of fibers in
section 2.1.2. Through the method of virtual work and the computation of variational
derivatives, the corresponding FEuler equilibrium equation is derived, in the form of
coupled Partial Differential Equations. In section 2.2, we present the derivation of the
necessary boundary conditions. In section 2.3, a set of numerical solutions is obtained

via a finite element analysis which is compared against the experimental data.

2.1 Kinematics

We introduce the vector field D representing the unit tangent to the fiber’s trajectory

in the reference configuration. The orientation of particular fibers is then given by,

d
A=|d| = £ and T = \'d, (2.1)

where
d = FD. (2.2)
In the above, d is the unit tangent to the fiber trajectory in the current configu-
ration and F is the first gradient of the deformation function (x(X)); i.e.

F = Vy(X). (2.3)
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Eq. (2.2) can be derived by taking the derivative of r(S) = x(X(.5)), upon making the
identifications D = X'(S) and d = r/(S). We denote that, unless otherwise specified,
primes refer to derivatives with respect to arclength along a fiber (i.e. (x)" = d(x)/dS).
Accordingly, from Eq. (2.2), the geodesic curvature of an arc (r (5)) is expressed in
terms of F and d as

s _d((S)) _O(FD)dX _

S5 = “ox 45 = VIFDID. (2.4)

In a typical environment, most of the fibers are straight prior to deformations. Even
slightly curved fibers can be regarded as ‘fairly straight’ fibers considering their length
scales against the matrix materials. This further leads to the assumption of vanishing
gradient fields of the unit tangent in the reference configuration (i.e. VD = 0). Hence,
Eqgs (2.4) reduce to

g=VFD®D). (2.5)

We now introduce the commonly used conventions of the second gradient of defor-

mations:

VF =G, (2.6)

where the compatibility condition of G can be seen as
Giap = Fiap = Fipa = Gipa. (2.7)
Accordingly, Eq. (2.5) becomes
g=GD®D)=g(G,D). (2.8)

Based on the above kinematical setting, authors in [93] propose the following energy
density function in the continuum description of an elastic solid reinforced with fibers

resistant to flexure:

—~

W(F,G)=W(F)+W(G), W(G)=-C(F)|g|*, (2.9)

N | —

where C'(F) refers to the material properties of the fibers and is, in general, indepen-

dent of the deformation gradient; i.e.

C(F) =C. (2.10)
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In this model (Eq. (2.9)), the fibers’ bending energy is presumed to be dependent
entirely on the second gradient of deformations, G, which facilitates the develop-
ment of the associated mathematical framework. The concept has been widely and
successfully adopted in the relevant studies (see, for example, [90], [94]-[97]).

In the present study, we propose a more comprehensive model by introducing
the third gradient of deformations into the model of deformations. For this purpose,
we compute the rate of changes in curvature (the third gradient of deformations) at

points on the fibers as

., _d(V[FDID) O(V[FDD)dX _
a = 1= S = S o — [V{V[FD]D}|D

— [V{V[FD|}D+V[FD|(VD)D, (2.11)

through which the interactions between the fibers and the surrounding matrix may be
characterized. Further, we formulate the follow in the same sprit as Eqgs. (2.5)-(2.8)

that
a = V(VF) (DD ®D),
V(VF) = V(G)=H,and
a = HD®D®D)=«aH,D). (2.12)

Thus, the energy potential associated with the third gradient of deformations is in-

corporated and yields

—~ 1 1
W(F,G, H) = W(F)+W(G)+W(H), W(G) = C(F)lg", W(H) = SA(F)|af’.
(2.13)
Here, the third gradient of deformations H is defined by
VIVG] =VG =H, (2.14)

which accounts for the rate of change in the fibers’ curvature. The phenomenological
implications vis a vis the third gradient of deformations (e.g. interactions between
fibers and a matrix material), and the identification of the associated coefficient (here,
denoted as A), are addressed in the literature [98]-[104]. Our emphasis here is on
the development of a mathematical frame work, and the associated analyses, in order

to provide the more general and comprehensive description of fiber composites with
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fibers resistant to flexure. It is also noted that, in the forgoing analysis, the parameter
A is assumed to be independent of the deformation gradient, similar to Eq. (2.10).
That is

AF) = A. (2.15)

We adopt the variational principles in the derivations of the Euler equations and
the associated boundary conditions. To obtain the desired expressions, we evaluated

the induced energy variation of the response function with respect to F, G, and H as
W(F, G, H) = Wg-F+Wg-G+Wy - H, (2.16)

where the superposed dot refers to the derivatives with respect to a parameter e
at a fixed value (e.g. € = 0 at equilibrium) that labels a one-parameter family of

deformations. Similarly, Eq. (2.13), yields
W(G)=Cg-gand W(H) = Aa - 6. (2.17)

Now, taking derivatives of Eqs. (2.5) and (2.12) with respect to € (e.g. & = G(D @ D)),
and substituting them into Eq. (2.17), we obtain

W(G) = Cgg=CgjejGiapDaDge; = CqiGiapDaDp, and
W(H) = Aaa = Aajej-HiABCDADBDCeZ- = AOéiHiAchADBDc. (218)

But, the above are also equivalent to

W(G) = Wg -G= WGiAB (ei®EA®EB®)GjCD(ej®EC®ED) = WGiABGiAB and
WH) = Wey- H= WHiABC(ei®EA®EB®EC)HJ’DEF(ej®ED®EE®EF) (2.19)

- WHiABCHiABC'

Hence, we compare Eqgs. (2.18)-(2.19) and obtain

oW oW
= Cg;DoDp and = Aa;DaDpDg, (2.20)
0GiaB iABC
or
Weg=CgD®D and Wg = Aa® D ® D ® D. (2.21)

In general, volumetric changes in the materials’ deformations are energetically expen-

sive processes (see, for example, [105]-[106]). Thus, for the desired application, the
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energy density function, Eq. (2.13), is augmented by the condition of bulk incom-
pressibility such that

U(F, G, H, p) = W(F,G, H) — p(J — 1), (2.22)

where J is determinant of F and p is a Lagrange-multiplied filed. We continue by
using the identity J = Jg -F = F* - F, and obtain the variational derivative of the
above as

or, equivalently,

U= (WFiA - pF;Ll)FiA—i_WGiABGiAB+WH¢ABcHiABC~ (224)

Clearly, the obtained variational form (2.23) is dependent on both the second
and the third gradient of deformations as intended; i.e. The rate of change in cur-
vature is now incorporated into the model of deformations via the third gradient of

deformations.

2.1.1 Equilibrium

The derivation of the Euler equation and boundary conditions arising in second-
gradient elasticity are well documented in [101] and [107]-[108]. There authors for-
mulate the weak form of the equilibrium equations by employing the principles of the
virtual work statement:

E=P (2.25)

where P is the virtual work of the applied load and the superposed dot refers to
the variational and/or Gateaux derivative. In this section, we present a variational
formulation which accounts for the third gradient of the continuum deformation by
means of iterated integrations by parts (see, for example, [98]-[102]). To proceed, we

express the strain energy of the system as
E:/Ummaﬂmm, (2.26)
Q

where () is the domain occupied by a fiber-matrix material. Since the conservative

loads are characterized by the existence of a potential L, such that P = L, the problem
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of determining equilibrium deformations is reduced to the problem of minimizing the

potential energy F — L. Hence we find
E:/UEJLHWM4 (2.27)
Q

Also, from Eq. (2.19), the energy variations with respect to the second and third

gradient of deformations (i.e. G and H) can be expressed as

ow ow

G; = — d
0G;ap AP 0Giap “i,AB a1
ow - ow
OHape ¢ OH,apc 4,ABC (2.28)
where
— (2.29)

is the variation of the position field x(X). Applying integration by parts, Eq. (2.28)

0Gias "~ \0Gus ), \0Gus), ™

ow ow ow
Ui ABC = ( ui,AB) - ( ) Ui AB- (2.30)
C C

yields

OH,apc OH,apc OH,apc

We now substitute Egs. (2.24) and (2.30) into Eq. (2.27), and thereby obtain

E—/[ W o Y (VY (VN
~ Jo \0Fia Plia “ 0GiaB b B 0Gian ) oA

ow ow
+ | —u; — U; dA. 2.31
(8H1ABC ’AB) C (aHiABC) e ] (2:31)

Invoking Green-Stoke’s theorem, the above further reduces to

: oW oW /(6W>
/Q[(?FM Pria (aGiAB) 7B]u A o \OH;apc C tan

ow ow
+ O YN+ (=2, an ) Nolds, 2.32
/aQ[ (aGiAB ’A) b (aHiABC ’AB> cl (232)

where N is the rightward unit normal to the boundary 0€). To obtain the expression

of the Piola stresses, we again apply the integration by parts on (%) U; AB; 1.€.
i C

(aw>u' _(( 8W)u')_(8W) . o)
OH;apc ) o AP OH;apc ) ¢ wALB OH;apc ) op b '
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and thus obtain from the second integral of the Eq. (2.32) that

ow ow ow
/Q <(9Hz'ABc)7c AP Q( OHiapc ) ¢ ).z OH;apc ) op A (2:34)

But, Eq. (2.34) is equivalent to

ow ow ow
/Q <3H¢ABC) e AP ag< OH;apc ) ¢ )N o \OHiapc ) cp A

(2.35)
in which we again applied the Green-Stokes theorem. We then substitute Eq. (2.35)

into Eq. (2.32) and subsequently obtain

: ow ow ow
o _pFY, — uidA——/( ) i adA
/Q[an'A Plia (8G1‘AB ) ,B] A | o \OH;apc /) op A

ow ow
+ i.A)NpdS +/ ( i )N
/69((8HiAB0>,cu 4JN5d3] 89[ aGiABu A b

ow
+ Uu; N¢ldS. 2.36
((W‘lch ’AB) cl (2:56)
Now, Eq. (2.36) may be recast as
: : ow ow ow
E = BEdA—i—/ — iANp + ——u; apN¢|dS,
/Q At 69[{8GiAB (aHz‘ABC>7C}u ATE aHiABCu’AB cl
(2.37)
where
ow ow ow
Py = —pF — | =— + 2.38
AT oF, Pha <8GiAB),B <8HiABC>’CB (2:38)

is the expression of the Piola stress. It is evident from Eq. (2.38) that the resulting
stress fields are dependent on both the second and third gradient of deformations.
Also, it may be necessary to write the above equations in the tensorial form for the
sake of clarity and completeness, especially for the terms which are obtained from the

results of a multilinear transformations of higher-order tensors with mixed bases:
E= / P FdA+/ WEFTN + WE(VF)' N — (Div(Wy)) FI-NJdS;  (2.39)
Q o9
and
P = Wg — pF* — Div(Wg) + Div(Div(Wxy)). (2.40)

In the case of initially straight fibers (i.e. VD = 0), we evaluate from Egs. (2.20)
that

ow oW
— Cg; 5D4Dg and — AaipeDaDpDe, (241
(8G1AB>7B Jipials Al (aHiABC),C GipoaTBEC ( )

31



and thus reduce Eq. (2.38) to

ow
PiA = 8F — pF;Z — Cgi,BDADB + A(Jéi7BCDADBDc. (242)

iA

Finally, Eq. (2.42) satisfies
Paa=0or Div(P) =0, (2.43)

which can be served as the Euler equilibrium equation for the reinforced solids occu-

pying the domain of €.

2.1.2 Example: Neo-Hookean materials

In the case of Neo-Hookean materials, the energy density function is given by

W(h,Is) =

SRS

A
(Il — 3) — ,ulog Ig + §<lOg 13)2, (244)

where 1 and A are the material constants, and I; and I3 are respectively the first
and third invariants of the deformation gradient tensor. By setting I3 = 1, the

incompressible model can be obtained as

W(h) =

=

([ =3) =

]S

(F-F—3). (2.45)

Now taking the derivative of the above with respect to F and subsequently substitut-
ing it into Eq. (2.42), we find

Pia = pFia —pF)y — CgigDaDp + Ao pe DaDpDe, (2.46)

which is the expression of the Piola stress for the reinforced solid of Neo-Hookean

type. Hence, the corresponding Euler equilibrium equation satisfies
Piaa=pFiaa—pakiy —CgiapDaDp + Aca; apcDaDpDe = 0, (2.47)

where we use the Piola’s identity (i.e. F 4 = 0).
For example, we consider the reinforced solid which consists of initially straight
fibers such that
D =E; (ie. Dy =1 and Dy =0), (2.48)
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and is subjected to finite plain deformaitons. Then, the equilibrium equation (2.47)
reduces to

Piaa = pFiaa—paFy —Cginn+ Ao = 0.

Further, we evaluate from Eqs. (2.5) and (2.12) that
gi = Faa, ai = Fiu, Fia = x4, Fiy = cijeapFis, (2.49)

where ¢;; is the 2-D permutation, €12 = —e91 = 1, €11 = €22 = 0. Consequently,
invoking Eqs. (2.48)-(2.49), together with the constraint of the bulk incompressibility
(i.e. det F = 1), we deliver the following system of PDEs,

Piaser = (HXZ‘,AA — D,ASij€ABXj,B — CXi,llll + AXZ‘,111111)‘31 =0 and (2.50)

X1,1X2,2 — X1,2X2,1 = L, (2.51)

which solves for x;, x5 and p.

2.2 Boundary conditions

In this section, we present rigorous derivations vis a vis the admissible boundary con-
ditions which arise in the third gradient of virtual displacement. Due to the presence
of the high order terms, the corresponding formulation turns out to be mathemati-
cally quite involved. However the resulting expressions of boundary conditions are in
relatively simple formats and thus, mathematically tractable. To proceed, we apply
the decomposition Pau; 4 = (Pyau;) a4 — Pia au; as in Eq. (2.30) and obtain from Eq.
(2.37) that

: ow ow
/an A o ag[{aGiAB OH;apc 70} ATE
ow
—u; agNc|dS. 2.52
aHiABCUZ’AB clds (2.52)

Here, the Green-Stoke’s theorem is applied in the first term of Eq. (2.52). Since the

Euler equation, P4 4 = 0, holds in €2, the above reduces to

ow _( ow ui’ABNc]dS.

E= Pz-ul-NdS—l—/ ) w; ANp +
/39 AT aﬂ[{aGiAB OH;Apc ,C} AT

OH;apc
(2.53)
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Now, we project Vu onto the normal and tangential direction and thereby obtain
Vu=Vu(T ® T)+Vu(N® N) = u'®T + u,y®N, (2.54)

such that u'and u y are respectively the tangential and normal derivatives of u on
0€); i.e.

uy = uiaTh, Uiy = u; AN, (2.55)

where T = X'(S) = k x N defines the unit tangent to 99, and N is the associ-
ated unit normal to the boundary. Thus, invoking Eqs. (2.54)-(2.55), u; 4 can be
decomposed into

_du; ds du; dN

_ — —uT i NINa, 2.56
ds dX, T dANdx, AT uinAa (2.56)

Ui A
and similarly for u; 45,

uiap = u,TaTp +u;(TyTs + TanNg) +uin(NyTs + NanNg)
+u; y(NaTs + TaNp) + uiyyNaNp. (2.57)

Substituting the above results into Eq. (2.53) then yields

E - EiNdS+/ < )—( ) 'T\Np + wiyNaNg ) dS
/aQ Atia 8w{ 9GiaB OH;apc ) ¢ (u AT A B>

aW 1 / ! /
+/ [u; TaTs + w;(TyTs +TanNp) +uiNn(NyT5 + NanNp)
a0 OH;apc

+u; n(NaTp + TaNp) + u; nyNaNp] NedS. (2.58)

In order to extract the admissible boundary conditions from Eq. (2.58), we make use

of iterated integrations by parts. For example,

/ ’

ow , ow ow
TaNpu, = | ——T4Npu; | — TsN i 2.59
0Giap 0P (aGiAB A B“) (aGiAB A B) ! (2:59)
oW ,
(NaTpNc + TaNpNc)u, v
OH,apc

ow p oW
= N4sTysN, TANpNc)u; —
[aHiABC( aTsNo + TaNpNe)uix] [aHz‘ABC

+T4NgNe)| win, (2.60)

(NATpNc
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ow
OH,apc
aW 1 8W 1
(aHiABC AP CU) - (3H2'ABC e C> ¢

/

oW '
— No ) ol | 2.61
2[(3HiABCTATB ‘) ] 261

TATpNeu;

and similarly for other terms in Eq. (2.58). Consequently, Eq. (2.58) becomes

E = PyN4 — T4Np — TAN idS
/asz[ ANy {an‘AB aNp <3Hm30>7c ANB} Ju

ow ow
o0 OHiapc OH;apc

oW oW oW o
—|—/ [{ TANg — < ) TyNp —2 ( TATBNc) }Ul] dS
o0 C

"

(T TsN¢ + TanNpNe)} + < TATBNC) Ju;dS

0GiaB OH,apc OH,apc

ow , , ow
-I—/ [ (TyTsNe + TanNpNe)u;] dS +/ [ (NATpNe
o9

OH,apc o0 OH;apc

, oW oW oW\
+T4aNpNc)u; v] dS + / ( ) - ( ) NaNp + Nal.
aNsNe)uin] 89[{ 0GiaB OHiapc ,C} e aHiABC( .

ow
+NanNp)NeluydS — | [{
o0 OHiapc

/

(NaTpNe + TaNpNe)}Y Jui ndS

oW ’ oW
+ TiTgNew; | dS+ | ———u; xyNaNgNodS. 2.62
/aQ (aHiABC AL BIVC ) 50 aHZ‘ABC JNNLIVALIVBINC ( )
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But, in view of Egs. (2.20) and (2.41) (e.g., 82% = C¢;,DaDp, (BgVZB> =
k2 K2 ’B
CygipDaDg etc...), the above may be recast as

E = / [PaNy — {(Cg; — Aa; D) DaTaDpNgY — {Aa;DeNe(D AT, DpTx
o0

+D Ty nDpNp)} JudS + / [(Aa; DATADpTsDeNe) JuidS
o0

+ > || Aai(DAT, DT Do Ne + DaTa nDpNpDeNe)u;

+3 N [(Cg; — Ay De) DaTaDpNp — 2 (Aa; DAT4 DT DeNe) Ju;

+ Z |Aa;(DaNADBTEDeNe + DATaDpNpDeNe)u, v ||

d
+> |5 (A;DATADpTsNe Deu;)

d + / [(ng — Aai’ch)DANADBNB
S o0
"‘AO{iDch(DAN:qDBTB + DANANDBNB)]ZLLNdS

a / [{AOéiDADBDc(NATBNC + TANBNC>}Iui,N]dS
o0

+/ (AOQ‘DANADBNBDcNCui,NN)dS, (263)
o0

where the double bar symbol refers to the jump across the discontinuities on the
boundary 9Q (i.e. ||*]| = ()" — (¥)7) and the sum refers to the collection of all
discontinuities. Since the virtual work statement (F = P) implies that the admissible

mechanical powers are of the form

P = / tzuldS + miui,NdS + / ’f‘iui7NNdS + Z fzul + Z hiui,N, (264)
owy ow ow

By comparing Eqgs. (2.63) and (2.64), we find that

t = PN+ (j—;[Aa(D -T)*(D - N)]
—d%[(C’g — A(Va)D)(D-T)(D-N) — Aa(D - N)(D - T)(D - T)
+Aa(D-N?*(D-Ty)],
m = (Cg— A(Va)D)(D-N)’+ Aa(D-N)[(D-N)(D-T)

HD N )(DN)] - 4 2Aa(D - T)(D - N)|
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r = Aa(D-N)?

f = (Cg— A(Va)D)(D-T)(D-N) - dii[zAa(D “T)(D - N)]

+Aa[(D-T)(D-T)(D-N) + (D-Ty)(D-N)?,

d d
2l = S[Aa(D-T)D-N),
h = 24a((D T)(D-N)? (2.65)

where t, m, and f are the expressions of edge tractions, edge moments and the corner
forces, respectively. More importantly, unlike those from the second gradient models,

additional boundary conditions (i.e. r f] and h) appeared as a result of the

;s
introduction of the third gradient of deformations. These boundary conditions are
the set of admissible contact interactions that can be sustained by third gradient
continua (see, also, [98], [100]-[101] and references therein). In fact, such interaction
forces are in conjugation with the Piola-type triple stress and are necessary to capture
the internal energy contributions to the contact interactions on edges and points of
Cauchy cuts [100],[109]. In the present case, this would mean the effects of local
interactions between the fiber and matrix on the adjoined deformation fields.

The proposed model has a close similarity to the theory of micropolar elasticity,
which admits additional degrees of freedom associated with the rotation of a local
point (microstructure) pertaining to couple stresses. Within the description of the
proposed model, this is achieved via the computation of the third gradient of the
continuum deformation; i.e. the rate of changes in curvature (local point rotations),
which is determined by the imposition of the triple forces (e.g., r,h) on the desired
boundaries. Therefore, the proposed model can be used as an alternative 2D Cosserat

theory of non-linear elasticity.

In a typical environment where fibers are aligned along the directions of either

normal and /or tangential to the boundary (e.g., rectangular boundaries), we compute

(D-T)(D-N)=0and VT = VN = 0, (2.66)
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and thereby reduce Eq. (2.65) to

f— 0
d
L = 0
ds” ’
h = 0, (2.67)

where

Py = pFa—pFy —CgigDaDp + Aoy peDaDpDe,
g, = EA,BDADB and o; = FiA,BCDADBDC' (268)

Hence, in this case (Eq. (2.66)), r is the only meaningful boundary force associated
with the third gradient of deformations (i.e. f, f' and h are identically vanishes),
which is required to obtain the unique solution. We note here that the clarification
of such triple forces and associated boundary conditions (Eq. (2.65)) may be of
particular mechanical interest to practitioners and theoreticians alike. In this regard,
a number of cases are examined throughout the following section. However, the
attempts are intrinsically limited due to the paucity of experimental resources which
certainly deserve further researches.

Lastly, by imposing the admissible set of boundary conditions (Eq. (2.67)), the
solution of the PDE system (Eqgs. (2.50)-(2.51)) can be obtained via commercial
packages (e.g. Matlab, COMSOL etc. .. ).

2.3 Results and discussion

For the purpose of demonstration, we simulate a set of numerical solutions describing
the deformations of a rectangular composite that is reinforced with fibers resistant to
flexure and subjected to the double force m (bending moment) and triple force r (see,

Fig. 2.1). More precisely, a half problem is considered in which the corresponding
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Figure 2.1: Schematic of problem

boundary conditions are prescribed as

mp = CX1,11 - AX1,1111 =M/p, 1= AX1,111 =r/u,
me = CX2,11 - AX2,1111 =0, = AX2,111 =0,
X1 = 07 X2 = 07 at x = ¢, (269)

and symmetric boundary conditions are imposed at x = 0. It is noted that, unless
otherwise specified, the corresponding data are obtained under the normalized setting
(e.g. % = 150, ﬁ = 50 etc...). Also, here and henceforth, we conveniently refer to
material constants associated with the Piola-type double stress and triple stress (i.e.
C and A) as the ‘double stress parameter’ and ‘triple stress parameter’, respectively.

The obtained solutions in Fig. 2.2 illustrate gradual decreases in deformed con-
figurations of the composite with increasing double stress parameter, C' (bending
stiffness of fibers), which also agrees with the results in [96] and [110]. Further, the
corresponding deformation fields in Figs 2.3-2.4 demonstrate sensitivity to both the
triple stress parameter, A, and the triple force, r, as intended, and accommodate
the solutions from the second gradient model [96] and [110] when the third gradient
effects are removed (see, Fig. 2.5).

More importantly, we examine shear strain fields and the associated shear angle

distributions over the domain of interest in order to have a more in-depth understand-

ing of the influences of the third gradient of deformations. In the analysis, the shear
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Deformation Configuration:M/p =8, riu =4, Alp =75
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Figure 2.2: Deformed configurations with respect to C'/p.
Deformation Configuration: M/ . = 8, rjp = 4, Clp = 150
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Figure 2.3: Deformed configurations with respect to A/pu.
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Deformation Configuration: M/p = 8, C/lp =150, Alp =75
T T T

T
1.2 rhs = 44
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Figure 2.4: Deformed configurations with respect to r/p.
Deformed Configuration
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1.2}| = = Second strain gradient model r 70 4
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Figure 2.5: Comparison of the deformed configurations between the third gradient
model and the second gradient model.
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strain gradients and shear angles are computed using the following relations [111]:

ug (1 + uy) — upuy

I — 2.70
¢ uf + (14+uj)? (2:70)
and
_ X2,1 — X1,1
¢ = tan" ! ’ = ). 2.71
(2+X1,1 + Xa2.1 (271)

It is shown in Fig. 2.6 that the magnitudes of shear strains either gradually increase
or decrease with respect to the signs of applied triple force; i.e. the shear strain
increases when r > 0 and decreases with r < 0. This further leads to the smooth and
dilatational shear angle distributions throughout the entire domain of interest where
the rate of dilatation is governed by the triple force r. In other words, when the
composite is subjected to the double force m, the proposed model predicts multiple
configurations of shear angle distributions, depending on the applied triple force r,
whereas only one configuration (smooth but non-dilatational distribution) is possible
within the description of the strain gradient theory (see, for example, [85]-[86], and
[112]). Indeed, the shear angle distribution from the result of the second gradient
continuum model is the special case of those predicted by the obtained solution in
the limit of the vanishing triple force (i.e. r = 0, see, Fig. 2.8). This also can be seen
directly from Egs. (2.47), (2.67) and (2.68). For example, by setting r = 0, we find
from Eq. (2.67) that,

r=Aa(D-N)’ =0. (2.72)

Accordingly, the boundary conditions in Eq.(2.67) and the expression of the Piola-
type stress (Eq.(2.68)) reduce to

t = PN, m = Cg(D-N)? and (2.73)

Pia = plia —pFjy — CgisDaDp. (2.74)

Similarly, by invoking Eq. (2.72), the system of coupled PDEs (Eq. (2.47)) becomes
Piaa=pFiaa—paFy—CgiapDaDp = 0. (2.75)

The triple force r is meaningful only if its conjugate pair exists: the Piola-type
triple stress. In the present case, the stress expression in Eq. (2.46) is a combina-

tion of the Piola-type stress (pF;4), double stress (Cg; pDaDp), and triple stress
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M/p =8, Clpu =150, rlu =8, Alu =75
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Figure 2.6: Shear strain gradients with respect tor : r > 0 (left) and r < 0 (right).

Mip =8, Cly =150, rlu=8,Alu=75
i T ; ; -

My =8, Cly =150, rlp=-8, Alp=175
o ; ; ; g

Figure 2.7: Shear angle contours with respect to r : r > 0 (left) and r < 0 (right).

(Ao e DaDpDc) such that the third gradient of the deformation term in Eq. (2.46)

(i.e., Aa; peDaDpDc) can be interpreted as the energy pair of the applied triple

force r. The same statement holds in cases of the second gradient continuum models.

For example, the Piola-type double stress (C'g; sDaDp) is the energy conjugate to
the double force m (see, also, [99] and [109]).

Lastly, we summarize the associated field distributions predicted, respectively, by

the first, second and third gradient continuum models for the purpose of comparison.

0 02 04 06 08 1

Figure 2.8: Shear angle contours: first gradient (left),

gradient (right).

12 14 16 18

2
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In the summary, the second strain gradient, strain gradient, shear angle, deformation
gradient and boundary conditions are denoted as SSG, SG, SA, DG and BCs, re-
spectively. It is evident from Table. 1 that the Nth order continuum model predicts
continuous (but not necessarily smooth) shear strain gradient fields up to (N-1)th
order. For example, the second order continuum model predicts the first gradient of
the shear strain fields (SG), see, case b) in Table. 2.1. Further, in order to uniquely
determine such fields, the corresponding Nth order forces are required, which can be
imposed on the desired boundaries only if there exists their energy couple, the Nth

order gradient of the deformation map (see, DG and BCs in Table. 2.1).

Table 2.1: Field distributions predicted by the Nth-order gradient continuum model.

(a) Classical model (first gradient) |(b) Second gradient model (¢) Third gradient model
No values (Zero) Novalues(Zsro} I:m
SSG
No values (Zero)
SG
|
s
Non-smooth $mooth and non-dilatational I: Smooth and dilatatoinal H
SA
DG | F F, VF F, VF, V|VF]
BCs | Force (P) Force (P) Force (P)
Double force (m) Double force (m)
Triple force (r)

2.3.1 Characterization of the triple stress parameter

In the previous section, we observed that the responses of the composite, and the

associated shear strain and shear angle distributions are sensitive to boundary forces
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(i.e. double and triple forces) and, in particular, their energy couples via the Nth
order stress parameters (i.e. C' and A). The double stress parameter C' represents
the bending rigidity of a fiber such that each fiber family has their own unique C'
values, obtained from bending experiments. However, little has been devoted to the
characterization of the parameter A mainly due to the complex nature of mechani-
cal interactions on edges and points (see, also, [99]-[100], and [109]). Hence, in this
section, we address this deficiency and investigate whether there exists a unique char-
acteristic constant A associated with the Piola-Type triple stress. The accuracy and
utility of the proposed model are also examined via comparison with the experimental
results.

Two sets of experiments were designed for this purpose (see, Figs. 2.9-2.10):
a three point bending test of a Crystalline Nanocellulose (CNC) fiber composite
(C = 150Gpa, p = 1Gpa); and a bending test of a Nylon-6 Fiber Neoprene Rubber
composite (C' = 2000Mpa, p = 1Mpa), which is clamped on both ends. In both
experiments, the out-of-plane direction (z3) is aligned with either the loading cylinder
or the guide clamps. This setting is a particular case of the proposed model when
¢ > d. The resulting displacements are simultaneously recorded via the MTS load

cell and high speed camera.

3 T T T T T T T T T

25

Experiment (1.97mm)
Experiment (2.55mm)
Experiment (3.00mm)

Proposed model (1.97mm)

Proposed model (2.55mm)

Proposed model (3.00mm)

Y: Normal Deflection
P

05 7 4

— ==

Figure 2.9: CNC fiber composites bending test: Experimental data and theoretical
predictions.

Figs. 2.9 and 2.11 illustrate that the proposed model successfully predicts the
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Figure 2.10: Nylon-6 fiber neoprene rubber composite experimental setup.

deformation profiles of both the CNC fiber composite and Nylon fiber composite
with a maximum error of less then 2%. But more importantly, the results in Fig.
2.12 indicate that there exists a certain range of values for A which minimize the
prediction errors. Further, we found that these characteristic numbers are unique for
each composite and not affected by either the types of boundary conditions or the
applied loadings (e.g., r,m, see, Fig. 2.12). Therefore, it is inferred that A is indeed
an intrinsic property of the examined composites pertaining to the Piola-type triple
stress, and can be uniquely determined for each case. For example, A = 127 for CNC
fiber composite and A = 0.825 for Nylon rubber composite. Here, we may refer to A
as the triple modulus of composites for use in analogous studies.

Lastly, we note that the obtained results can be further extended to encompass
more practically important problems: determining the triple modulus of the com-
posites subjected to different loading conditions (e.g., Bias extension); examining the
existence of the triple modulus for an arbitrary composite; analyzing the effects of the
residual Piola-type triple stresses on the mechanical responses of a composite. The
researches on these subjects are currently underway and our intention is to report

elsewhere when we collect enough case studies.
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Figure 2.11: Nylon-6 fiber neoprene rubber composite: Experimental data and theo-
retical predictions.

CNC fiber composites

5 - T - T T T - Nylon-6 fiber neoprene rubber composite
15 T T T T T T T
— CM
—T CM
125 8 cm
. = 10
13 o
u =
e =
2 :
3 E
= 3
=
o b . . Y . . . .
110 115 120 125 130 135 140 145 150 0.75 0.775 0.8 0.825 0.85 0.875 0.9 0.925 0.95
Magnitude of A Magnitude of A

Figure 2.12: Maximum error with respect to A: CNC fiber composite (left), Neoprene
rubber composite (right).
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2.4 Finite element analysis of the 4th order cou-
pled PDE

The resulting systems of PDEs (Egs. (2.46)-(2.51)) is 6" order differential equations
with coupled non-linear terms. The case of such less regular PDEs deserve delicate
mathematical treatment as done similarly in [96] and [110] and is of particular practi-
cal interest. Therefore, it is not trivial to demonstrate numerical analysis procedures
regarding FE analysis.

For preprocessing, Egs. (2.50)-(2.51) may be recast as

A= pQ+x10) —CS =
B — (R + X2,22) -CT =

Iz (Q + X1,22) — AXao + Bxy1 —CQuu+AS11 = 0,
H (R + X2,22) + Ax10— Bxy1 —CRu + ATy = 0,
Q — X111 = 0,

R — X211 — 0,

S=Qu = 0,

T-Run = 0,

0

0

(2.76)

where @ = Xy 11, R = X911, S = Qu and T' = Ry;. Thus, we reduced the order
of deferential equations from three coupled equations of 6th order to eight coupled
equations of 2nd order. In particular, the non-linear terms (e.g. Axy,, Bxo; etc...) in

the above equations can be systematically treated via the Picard iterative procedure;

initial initial 0 0
_AinitleQQ + BinitialXQ,l - _AOXQ,Q + BOX2,1a

initial initial 0 0
Az‘m‘tmlxl,z - Bz‘m’tz‘alXLl = AOXLQ - B0X1,17 (2.77)

where the values of A and B continue to be updated based on their previous estima-
tions (e.g. A; and Bj are refreshed by their previous pair of Ay and Bjy) as iteration

progresses. Hence, we generalize the above expression for N number of iterations as

—AJ\/—D(é\fg_1 + BN-lXé\ffl

= _ANXé\,/z + BNXé\,fh
AN—1X§51 - BN—leffl = ANX11\,72 - BNXi\,[la (2~78)

48



in which the number of iteration can be determined by a convergence criteria.

In addition, the weighted forms of Eq. (2.76) is obtained by

wy (p (Q + X1,22) — AXyo + Bxoy — CQ 11 + AS11)dS,

I
S~

o
Il

wa(p (R + X2,22) + Axy9 — Bxy, — OR 11 + AT)11)dS,

®

w3 (Q — Xl,ll)an

@

wy(R — X2,11)dQ,

I3

U}5(S — Q,H)dQ,

U)6(T — R’H)CZQ,

@

wr(A — p(Q + X1,90) — CS)dSQ,

®

| Il

e

Applying integration by parts and Green-stokes theorem (e.g. p / WX 20dS =
Qe

—u/ Wi 2X d€2 + ,u/ w1 X, oNdI'), we obtain from the above that
Qe Qe

0 = / (,ule — :uwl,2X1,2 - w1A0X2,2 + ’wlB()XZI + Cwl,lQ,l — AleS,l)dQ
+/ HW1X1 QNdF — / C’le’lNdP + / AU)lSJNdF,
ore ' ore ore

0 = / (Hwa R — pwg 9Xo 5 + waAoxy o — waBoxy g + Cwa 1 Ry — Awy i T)dS)
Qe

+/ HW2X o QNdF - CUJQRJNCZF + AwQTlNdF,
ore ’ ore ore
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0 = / (ng + ’UJ371X1,1)dQ — / w3X171NdF,
Qe ore
0 = / (U)4R -+ w4,1x2’1)dQ — / w4X271NdF,
Qe ole
0 = / (w5S + w571Q71)dQ — w5Q,1NdF,
Qe ore
0 = / (wGT + w671R71)dQ - / ’LUﬁR,lNdF,
Qe ore
0 = / wr(Ag — pQ — CS — pwr Xy )dQ — / pawrxq o NdI
Qe al“e
0 = / ws(Bo — pR — CT — pws px1 5)dS2 — / pwrxg o NdL,  (2.80)
e aFe

where €2, OI' and N are the domain of interest, the associated boundary, and the
rightward unit normal to the boundary O in the sense of the Green-stoke’s theorem,
respectively. The unknowns, x;, x5, @, R,S,T, A and B can be written in the form

of Lagrangian polynomial as

(¥) = > _[(x);95(z, y)l. (2.81)

Thus, the test function w is obtained by

n=4

Wy = Zw,"n\lli(x, y) and m =1,2,3,...,8. (2.82)

i=1
Here, w; is weight of the test function and W,(x,y) are the shape functions for the
4-node rectangular elements such that

(z —c)(y —d) W=D g e, =

U, — _—
! cd —cd cd —cd

LTy = (2.83)

By means of Eq. (2.81), Eq. (2.80) can be rewritten in terms of Lagrangian polyno-
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mial representation as

)

_ Z{/ (u0,0; + CV, 1 0;,)dQ}Q; — Z{/ (Wi 2V;2)d2}xq;

1,j=1 2,7=1
— Z{/ \If AO 5,2 v, Bo A dQ}XQ] Z{/ A‘I&J‘IUJ)dQ}S}
i,j=1 1,j=1

ore ore ore

= Z{/ (0¥, + C0, 1 ;,)dQ} R, —Z{/ (nW;2W;2)d2} X,

3,j=1 3,j=1
+Z{/ (034000 — U Bo W, )dQxy; — Z{/ (AW, 10, 1)dQ)T;
2,7=1 2,7=1

ore ’ ore ore

Z{/ (V:0) dQ}Qg+Z{/ Wi W50)dQ} Xy, — /(lel)NdI‘

g{/ W, 0;5)dQ} R, +g{/ W, W5 1)dQ) vy — /(zle)NdF
z{ / o, Wg{ / bat)00; /Me(wlwdp,
Zl{/ (0,0,)d0} A, _;1{/ (J10,0,)d0) Qs — Z{/ (CT,0,)d0}S,
Z{ | wviavsaaon, +« [ e,

Zl{/ (90,40} B, —”ZI{/ (10,,)9} R, _”ZI{/ (Cw0,)d0) T,
Z{ [ i + [ (i) N (2.84)

Now, for the lolcal stiffness matrices and forcing vectors for each elements, we

find
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Kl K}
ki K
ki K
ki K

K
K
e
K

Kiy
K3
e
K

or alternatively, in a compact form,

Local

Local

[ 1) = [FY] for . =1,2,3.4

where

and

[F] =~ / Wix, o Ndl' + O/
are

ore

Accordingly, the unknowns (i.e. @, R,S,T, A and B) can be expressed as

Qi = {Xil},llv R; = {Xé},n, S, = {Qi}711 etc...
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(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

Finally, we repeat the same procedures for the rest of components (e.g. [Kfjl] [x5] =

[F?] etc...) and, thereby obtain the following systems of equations (in the Global

form) for each individual elements.

[Kll] [K12]
[K21] [K22]
[K?’l] [K32]
[K41] [K42]
[KSI] [K52]
[K61] [KGQ]
[K71] [K72]
i [K81] [K82]

Global

[ {xi) ]
{xa}
Qi

(2

.

R

.

=

Global

{F'}
{F?}
{F°}
{F'}
{F°}
{F°}
{F7}
{F°}

Global
(2.90)

In the simulation, the following convergence criteria are used for both nonlinear terms;

|Apy1 — Ap| = e1 <€, |Bpyr — Ba| = e3 < € and £ = maximum error = 10%,

which demonstrate fast convergence within 20 iterations (see, Table. 2.2)

52

(2.91)



Table 2.2: Maximum numerical errors with respect to the number of iterations.

Number of iteration | Mximum error
1 1.2e-01
5 5.7e-02
10 3.5e-03
17 9.2e-05
20 5.0e-05

2.5 Denouement

In this chapter, we present a second gradient-based continuum model for the me-
chanics of an elastic solid reinforced with extensible fibers and subjected to plane
deformations. The fibers are presumed as continuously distributed spatial rods of
Kirchhoff type, under which the kinematics of fibers has been formulated via the
second and third gradient of continuum deformations. By means of the variational
principles and the virtual work statement, the Euler equations and the associated nec-
essary boundary conditions are obtained. The energy density function of Spencer and
Soldatos type is augmented by the third gradient of deformations to accommodate
the third gradient continua and the associated bulk incompressibility.

The presented model is solved using finite element analysis method. The proposed
model predicts smooth and dilatational shear angle distributions, as opposed to those
obtained from the first and second-gradient theory where the resulting shear zones
are either non-dilatational or non-smooth. Case studies are also performed through
the inhouse experimental settings of crystalline nanocellulose (CNC) fiber composites
and Nylon-6 fiberNeoprene rubber composites, which illustrate that the obtained

solutions successfully predict the deformation profiles of both composites.
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Chapter 3

A model for hyperelastic materials
reinforced with fibers resistance to
extension and flexure

In sections 3.1 and 3.2, we develop the kinematics of the reinforcing fibers and equi-
librium equations, respectively. The boundary conditions are presented in section 3.5.
In section 3.4, a case of Mooner-Ruvilin type hyperelastic material is considered as the
matriz material which is reinforced with unidirectional fibers. Through the method of
virtual work and the computation of variational derivatives, the corresponding Euler
equilibrium equation is derived, forming a set of coupled Partial Differential Equa-
tions, which is solved using the finite element method. In section 3.5, the prediction
performance of the presented model is compared against a set of in-house experimental

data.

3.1 Kinematics

Our intention throughout this section is to establish the kinematical framework which
will be used in the constitutive formulations of hyperelastic matrix-fiber composites.
We note that, in the forgoing development, a unidirectional fiber-reinforced compos-
ites are considered for the sake of simplicity. The cases of bidirectional fibers can be
readily implemented to the proposed model using the similar approaches as done in
[86] and [113].

Let r(s) is the parametric curve which represents fibers’ trajectory on the deformed

configuration and let 7 be the unit tangent in the direction of increasing s. We also
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define X(S) and S as the counter parts of r(s) and s in the reference configuration.

The orientation of a particular fiber is then defined by

B o,y _ ds _dr(s)
A=|d| and)\T—d,)\:dSandT_ 75 (3.1)
where
d=FD, F =)\t ® D, (3.2)

and F is the gradient of the deformation function (x(X)). Eq. (3.2) are obtained
by taking the derivative of r(s(S)) = x(X(S)) with respect to arclength parameters
S and ultimately s, upon making the identifications D =dX/dS. Here, d(x)/dS
and d(x)/ds refer to the arclength derivatives of (x) along fibers’ directions in the
reference and deformed configurations, respectively. Eq. (3.2) can be projected using

the orthonormal bases of {E, : reference} and {e; : current} to yield
MNi=d; = FijuD4 for D= D4E 4 and d = de;. (3.3)

which may also used in the later sections.
The expression for geodesic curvature of a parametric curve (r (s)) is then obtained

from Egs. (3.2)-(3.3) that

. d(%2y 9(FD)OX

In general, most of the fibers are straight prior to deformations. Even slightly curved

fibers can be idealized as ‘fairly straight’ fibers, considering their length scales with
respect to that of matrix materials. This indicates that the gradients of unit tangents
in the reference configuration are vanishes identically (i.e. VD = 0). Hence, Eq.
(3.4) reduces to

g=VF(D®D)=G(D®D), (3.5)

where we employ the convention of the second gradient of deformations as
VF = G, and (3.6)
Giap = Fiap = Fipa = Gipa (3.7)

is the compatibility condition of G. For the desired applications, we propose the

following strain energy function:

o~

W(F,G)=W(F)+W(G), W(G)=
55

SC(F) gl (39



where the response of the fiber materials are governed by both the first and second
gradient of deformations. Further, C' (F) refers to the material property associated
with the bending motions of fibers which, in general, independent of the deformation
gradient (i.e. C'(F) = (). Eq. (3.8) is consistent with the model proposed by [93]
that, in the case of a single family of fibers, the dependence of the strain energy on

G occurs through g such that
W(G) = W(g(G)). (3.9)

In particular, we introduce the strain energy function which addresses the fiber’s

resistance to extension as

1
W(e) = §E52,and (3.10)
1
€= 5(A2—1), (3.11)

where E is a modulus pertaining to the fiber’s extension and the expression of A* can

be obtained from Eq. (3.3):
N =FD -FD=F'FD-D = (F'F) - D®D. (3.12)

It is inferred from Eq. (3.12) that the fiber’s extension is F dependent via € (i.e.
e = ¢(F)). Thus, the strain energy function Eq. (3.8) is now augmented by Eq.
(3.10) to yields

W(F,=(F),g(G)) = W(F) + %Eg + %c 8(G)2. (3.13)

For uses in the derivation of Euler equations and the associated boundary conditions,
we continue by evaluating the induced energy variation of the response function (Eq.

(3.13)) with respect to F, €, and g as
W(F,e,g) = Wg-F+W.e4+Wy-g. (3.14)

Here, the superposed dot refers to derivatives with respect to a parameter € at the
particular configuration of the composite (¢ = 0) that labels a one-parameter family
of deformations.

The desired expressions for the variational derivatives can be obtained from Egs.
(3.10)-(3.13) that

1 o1 : . :
é:—()\2—1):§(FD-FD—1):FD-FD:FD®D-F, (3.15)

2
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W, = Ee, and Wy = Cg. (3.16)

Hence, the above lead to

Wt — Bez — E[%{(FTF) D ®D-1}][FD ® D|.F (3.17)

Weg=Cg-8=GDeD) - GDeD)=(CgeDaD)-G, (3.18)

where, from Eq. (3.5), g = G(D ® D).
Finally, combining Eqgs. (3.14)-(3.18), we find

W(F,e,g) = WFF—i—E[%{(FTF) -D®D-1}]FD®D]F+ (CgoD®D)-G.
(3.19)

or equivalently

W(F,e,g) = Wg,, Fia + g(FjCFjDDCDD — 1) (FigDpDa)Fia + CgiDaDpGiag.
(3.20)

3.2 Equilibrium

The derivation of the Euler equation and boundary conditions arsing in second-
gradient elasticity is well studied [98], [101], and [107]-[108]. We reformulate the
results in the present context for the sake of clarity and completeness, and, in par-
ticular, for the purpose of establishing the connections between the applied loads
and the deformations. The weak form of the equilibrium equations is given by the
virtual-work statement

E=P (3.21a)

where P is the virtual power of the applied loads and the superposed dot refers to

the variational and/or Gateaux derivative;
E = /W(F,e,g) dA (3.22a)
Q

is the strain energy. In general, volumetric changes in materials’ deformations are
energetically expensive processes and thus are typically constrained in the constitutive

modeling of engineering materials (see, [105]-[106]). To accommodate the condition
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of the bulk incompressibility, the strain energy potential is augmented by the weak

form, p(J —1); i.e.,

U=W —p(J—1)and E = /U (F,e,g)dA, (3.23)
Q

where J is determinant of F and p is a constitutively indeterminate scalar field. The

associated variation is then given by
U=W —pJ, and J = JyF -F =F -F. (3.24)

It is noted that conservative loads are characterized by the existence of a potential
L such that P = L. Thus the problem of determining equilibrium deformations is
reduced to the problem of minimizing the potential energy, £ — L. In the present

case, this means
E= /U(F,&t,g,p) dA. (3.25)
Q

We now substitute Egs. (3.21a) and (3.24) into Eq. (3.25) and thereby obtain

. E
E = /[WFiAui,A + E(FJ'CFJ‘DDCDD — 1)(F;pDpDa)uia+ C(9:DaDp)u; ap
0
—pFu;aldA, (3.26)

where u; = x; is the variation of the position field. Applying integration by part on
C(giDADBG)UZ‘7AB we find

C(9:DaDp)uiap = C(g:iDaDpuia),g — C(g:DaDpg) pusa. (3.27)
Thus from the above, Eq. (3.26) may be recast as

. E
E = /[{WFiA + E(FJ‘CFJ‘DDCDD — 1)(FipDpDa) — pFy — C(9:DaDp) p}uia
Q
—f-O(giDADBUZ"A)’B]dA. (328)

But Eq. (3.28) is equivalent to
E = Q[WFM + 5 (FieFjpDeDp = 1)(FipDpDa) = pEiy — C(9:DaDp) slui.adA
—+ C(giDADBuiyA)NBdS, (329)

oN

where N4 is the rightward unit normal to 92 in the sense of Green—Stokes theorem.
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Consequently, we find

E:/PlAUZVAdA—i—/ C(QZDADBuz’A)NBdS, (330)
Q 0N

where
F
Pia=Wg,, + E(FjCFjDDcDD — 1)(FiDpDa) — pFy — C(9:DaDp) 5z (3.31)

is the expression of the Piola type stress. Also, for initially straight fiber (see, Egs.
(3.4)-(3.5)), the above further reduces to

E
Pig=Wg, + E(FjCFjDDCDD — 1)(FipDpDa) — pF/y — Cg; pDaDp.  (3.32)
Thus the Euler equation is obtained by
Paa=0or Div(P) =0, (3.33)

which holds in €.

3.3 Boundary conditions

Applying integration by part on Eq. (3.30) (i.e. Pau;a = (Piau;) a — (Pia) .au;), we
find

E = / [(Piatts) 4 — Pia aui]dA / C(g:DaDpuia) NpdsS. (3.34)
The above may be chast as "
E= /a ) [Piaw;Na + C(g:DaDpui 1) NpldS — /Q PiaauidA. (3.35)
With the Euler equation (Pja .4 = 0) satisfied on Q, Eq. (3.30) becomes
E= /B PuauiNadS + | C(g;DaDpu; ) NgdS. (3.36)

Now, we project Vu onto the normal and tangent directions as;
Vu=Vu(T® T)+Vu(N @ N) = u'®T + un®N (3.37)

where T = X'(s) = k x N is the unit tangent to the boundary 9€2; and u’ and u y are
the tangential and normal derivatives of u on 9Q (i.e. u; = wiaTa, win = u; aAN4).

Accordingly, Eq. (3.36) is then decomposed to

E = / RAUZNAdS + / CgiDADB (u;TANB + Ui7NNANB> ds. (338)
o0 o0
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Since,
CgiDADBTANBU,; = (CgiDADBTANBUi)/ — (CgiDADBTANB)/ Uj, (339)
we obtain from Eq. (3.38) that

E = / [PiANA — (CQZDADBTANB)I]uZdS + CgiDADBULNNANBdS
0N [o)9)

+ / (Cg:DsDpTANgu;) dS. (3.40)
a0
The above can be rewritten as

E = / [PANA — (Cg:DaTaDpNp) JuidS + / Cg;DANADENpu; ndS
o0 o0

- Z |Cg;DATADpNpusl|, (3.41)

where the double bar symbol refers to the jump across the discontinuities on the
boundary 9 (i.e. ||*]] = ()" — (¥)7) and the sum refers to the collection of all
discontinuities.

It follows from Eq. (3.21a) that admissible powers are of the form

owy ow

Hence, by comparing Eqs. (3.41) and (3.42), we obtain

d
i = PiaNjg— 79 [Cg;DATADgNg]|,
m; = Cg;DaNsDpNp,

fi = CgiDsTaDpNpu;, (3.43)

which are the expressions of edge tractions, edge moments and the corner forces,
respectively.
For instance, if the fiber’s directions are either normal or tangential to the bound-

ary (i.e. (D-T)(D-N)=0), Eq. (3.43) furnishes

t; = PiaNg,
m; = CgDsNsDpNp,

fi =0, (3.44)
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where

FE
Py = Wg, + E(chFjDDcDD — 1)(FipDpDa) — pF}y — Cg; BDaDp,

gi,B = EC,BDDCDD (see, Eq. (35)) (345)
Thus, the solution of Eq. (3.33) can be uniquely determined by imposing the admis-
sible set of boundary conditions in Eq. (3.43).

3.4 Hyperelastic matrix material — fiber compos-
ites

Based on the constitutive framework discussed in the previous sections, we develop
a prediction model which describes the responses of hyperelastic matrix material —
composites such as carbon fiber reinforced polymers and elastomeric composites. For
this purpose, we employ the Mooney rivlin strain energy potential which is widely
adopted in the large deformation analyses (see, also, [105]-[106]);

W (F) = g(h —3)+ %(12 —3), (3.46)

where I; and I are the principal invariants of the deformation gradient tensor defined
respectively by
1
I = tr(FTF) and I, = 5[(tr(FT}_«“))? — tr((FTF)?)]. (3.47)
Since (I;)p = 2F and (I)p = 2F([,I — FT . F) (see, [114]), the variational derivative

of Eq. (3.46) can be evaluated as

Wt = (2(1)p 45 (B)e)F = [FAR((F-F)I - FTRY . (3.48)

Therefore, we find from Eq. (3.32) that
P = Pu(e,®E,)
1 1
= [uFa+AFp(FicFjcdap—F;aF;B) + §E(FiBchch)DADBDDDD — QEFZ-BDADB
—CgisDaDp — pFi)|(e,®E), (3.49)

which may be served as the expression of the Piola stress for soft composite materials.

Further, the corresponding Euler equilibrium equation can be derived as
0 = Div(P) = Pae; = [pFias+MEip(FicFicéap—FjaFjp)} aA—C¢iapDaDp

1 1
—p Ak, + §E(E'BP}'CE'C),ADADBDDDD — §EF2‘B,ADADB]ez’7 (3.50)
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which hold on €2.

In the above, © and A are the material constants of a hyperelastic matrix material
of Mooney rivlin type, and F and C are, respectively the extension and bending
modulus of fibers. For example, if the soft composite material reinforced with a
single family of fibers (i.e. D = E;, D; = 1, Dy = 0 with the modulus £ and C),
Eq. (3.50) furnishes

0 = [uXiaa = PagiieanX; st AXoaaXj0X0 T XiaXjcaXjo T XiaXjoXjca
—Xi,BAX;,AX;5,B — Xi,BX;j,AAXj,B — Xz‘,BXj,AXj,BA) + %E<Xi,11Xj,1Xj,1
X X1 X0 T XiaXjaXGa1) — %EFil,l — CXiiles, (3.51)
where Fiqa = x; 4 = %, i1 = €ijcaplip, and g;; is the 2-D permutation; €15 =
—€91 = 1,611 = —e99 = 0. Performing Einstein summation and some efforts, we

arrive

0 = p(Xp11 + Xi22) = PiXoo +P2Xo1 TANX111X22X22 T X1.22X2.1X2.1
‘|‘2X1,1X2,21X2,2 + 2X1,2X2,12X2,1 — X1,21X2,1X2,2 — X1,12X2,2X2,1
—X1,2X2,11X2,2 — X1,1X2,22X2,1 — X1,2X2,1X2,21 — X1,1X2,2X2,12)

1
+§E<3X1,11X1,1X1,1 T X1,11X2,1X2,1 T 2X2,11X1,1X2,1) - OX1,1111: (3.52)

0 = M(X2,11 + X2,22) —D2X1.1 +p,1X1,2+)\(X2,11X1,2X1,2 + X2,22X1,1X1,1
+2X2,1X1,21X1,2 + 2X2,2X1,12X1,1 — X2,21X1,1X1,2 — X2,12X1,2X1,1
—X2,2X1,11X1,2 — X2,1X1,22X1,1 — X2.2X1,1X1,21 — X2,1X1,2X1,12)

1
‘|‘§E<3X2,11X2,1X2,1 + X211 X1,1X1,1 T+ 2X1,11X2,1X1,1) - CX2,1111a (3-53)

which together with the constraint of the bulk incompressibility;

det F = X1,1X2,2 — X1,2X2,1 = L, (3.54)

solves the unknown potentials of x;, x, and p. The solutions can be uniquely deter-
mined by imposing the admissible boundary conditions presented in Eq. (3.44). For
the common rectangular samples where D - T = 0 and D-N = 1, Eq. (3.44) takes
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the following form

tl — Plla t2 :07
my = Cgi, my =0,

fi = f2=0, (3.55)

where from Egs. (3.5) and (3.49), the expressions of Pj; and g; can be obtained
respectively as
Py = MX1,1+)\(X1,1X2,2X2,2—X1,2X2,1X2,2) + %EX1,1(X1,1X1,1 + X2,1X2,1
+X1,2X1,2 T2,1 X2,22,1X2,2) - %EXLI_CXLIH — DPX2,2;
g = GuDiD1 = x4 (3.56)

The numerical solution of the obtained PDE system (Eqs. (3.52)-(3.54)) can be
accommodated via commercial packages (e.g. Matlab, COMSOL etc. .. ).

3.4.1 Consideration of linear theory

Although the proposed model is intended for large deformation analyses, the devel-
opment of the compatible linear model may be of practical interest especially when
the induced deformations are determined to be ‘small’. In such cases, the linear the-
ory may supply reasonable alternatives with reduced computational reassures. Our
intention here is to investigate the possibility of the compatible linear model for the
materials of the Mooney Rivlin type within the description of superposed incremental
deformations.

We consider superposed ‘small’ deformations defined by
X =X, tex ;e <1, (3.57)

where (%) = 0(x)/0e, x = u and (%), denote configuration of * evaluated at ¢ = 0,
(%) = O(x)/0e. Here caution needs to be taken that the present notation is not con-
fused with the one used for the variational computation. Accordingly, the deformation

gradient tensor can be expressed as

F =F, + eVu, where F = Vu. (3.58)
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In a typical environment, the body is initially undeformed and stress free (i.e. at
e =0,F, =1and P, = 0). This can be accommodated by imposing the initial
conditions of

F,=Tand P,=0, at e =0, (3.59)

from which Eq. (3.58) reduces to
F=1+¢&Vu, (3.60)
and successively yields
F ' =1-cVuto(e) and J = det F =1 + edivu+to(e). (3.61a)

Also, in view of Eq. (3.57), we expand Eq. (3.33) as

Div(P) = Div(P,) + eDiv(P) + o(e) = 0. (3.62)
Dividing the above by e and letting ¢ — 0, we find the following linearized Euler
equation.

Div(P) =0 or Pigs=0 (3.63)

The expression of P;4 in the above Euler equation can be obtained from Eq. (3.45)

that

Pia = (Wg,)+ E[F;c(F;p)oDcDpl[(Fip)oDEDa)] — ;. 5DaDp

+5[(Fie)o(Ejp)eDeDp — (FipDpDa) = p(Eia)o — pFia- (3.64)

Since (Fjp)o = 6;p and (F}y), = 0;4 at € = 0, Eq. (3.64) further reduces to

Pix = (Wp,) + EujgDaDpD;D; — pdia — pFs 4 — ui gepDeDpDaDp,  (3.65)

where 0;c0;pDcDp = DoDc = 1 and g, 5 = FicppDcDp. We note that, in the
above equation, the initial director field D is represented by the current basis (i.e.
D;e;) not by the reference frame (i.e. D4E4). This is due to the collapse of two
different bases which arises in small deformations superposed on large (i.e. €; = Eyu;
see, also, [105]-[106]). Hence, the associated tensor operations are possible without

violating the bases mismatches.
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Now, for the Mooney Rivlin strain energy, we find from Eqgs. (3.48)-(3.49) that

(WFiA) = /LFM + AFiB((SdejCéAB — 5jA§jB) + AéiB(Qch(SjcfsAB — FjA(SjB — 6jAFjB)
= pFiq +20\Fppoia — A\F 4. (3.66)
The substitution of Eq. (3.66) into Eq. (3.64) then furnishes

Pia = pt g — Mg+ Eu; pDaDpDiD; — poia — pols s — i popDeDpDaDp, (3.67)

,where p, = u to recover the initial stress free state at ¢ = 0 (i.e. (Pja)e=0 = 0), and

Fpg=u B, vanishes from the linearized condition of bulk incompressibility; i.e.,

(J = 1) = (F4)o Fia = 0iauin = usa =0. (3.68)

Thus, using the identities of F:A’A = 0 (Piola’s identity ) and (pdia).a = D a0ia = P,

the expression of P; 4.4 can be subsequently formulated as

Piaa = pusaa—Muaia+EujapDaDpDiDj—p ;—us apecpDeDpDaDp = 0. (3.69)

But, from the compatibility condition of w4 ;4 together with Eq. (3.69), it can be
shown that
Upia = Uaai = (uan); = 0. (3.70)

Consequently, Eq. (3.69) becomes

Piaa = pujaa + FujapDaDpDiDj — p; — uj apcpDcDpDaDp = 0, (3.71)

which can be served as the compatible linear Euler equation for the materials of
Mooney Rivlin type.

We remark that the linearized equations derived from the proposed model (Eq
(3.71)) is the same as those obtained from the setting of the Neo Hookean model.
This is mainly due to the fact that the influence of the higher-order invariant term
I5 in the Mooney Rivlin energy potential is gradually diminished as entering into the
small deformation regime. Since the existence of the high-order invariant term I, is
the primary distinction between the Mooney Rivlin and Neo Hookean models, the
above would mean that the two models become essentially identical within the pre-
scription of superposed incremental deformations. Therefore, the linear consideration
of the Mooney Rivlin may not be necessary in the present cases. Thet corresponding
solutions of Eqgs. (3.68) and (3.71) and the necessary boundary conditions can be
found in [86] and [115].
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3.5 Model implementation and discussions

A comparison with experimental results is presented in this section to demonstrate
the accuracy and utility of the proposed model. We designed the uniaxial tension
test of four different types of elastomeric composites that are reinforced, respectively,
by polyester fibers (PES-2, PES-3) and nylon/spandex fibers (NSP-8515, NSP-8020).
Ecoflex 0050 is used for the matrix materials for both cases, which is known to be one
of the promising materials in biomechanical applications for its high tear resistance
and large extensibility. The reinforced elastomeric composites were fabricated in
three-layer configuration using layer by layer method. First, Fcoflex 0050 elastomer
was prepared by mixing two components (a base and curing agent) in 1 : 1 ratio
and subsequent degassing in a vacuum chamber to remove entrapped bubbles. The
second layer of long fibers was then placed flat on elastomer and allowed to wet at
the interface. A small amount of elastomer was poured and rolled over the fibers to
wet it again and to fill the gaps between pores and level the second layer. Lastly,
a sufficient amount of elastomer was poured over the second layer and placed into
the film applicator rod to yields uniform film. The dimensions of the fabricated
elastomeric materials and composites were measured using a caliper and an aspect
ratio of length-to-width was kept as 2 : 1 for all samples. Instron 5943 (Illinois Tool
Works Inc., USA) was used to measure stress-strain responses the prepared composites
(See, Fig. 3.1). The extension rate was set 10mm per minute to avoid/minimize
viscous responses. The stress-strain curves and deformations on each material points
were simultaneously recorded for the comparisons with the prediction results from
the proposed model.

The material parameters of the matrix material (i.e. A and p ) was determined
from the experimental data of Ecoflex-0050 (see, Fig. 3.2) using the Mooney-Rivlin
model. The elastic modulus of fibers (i.e. Fand C') were obtained from the stress-
strain curve of the two different fibers (Fig. 3.3(b)) in which we used the formula
[116]

P /

E= - @) (3.72)

Here, P and a are respectively, stress and extension ratio of fibers while A(a) is the

stretch ratio in the orthogonal direction from the stress-strain data of fibers (Fig.
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Figure 3.1: Experimental set up: Elastomeric composite sample (50mm x 25mm)
under uniaxial tension test.

3.3(b)). The obtained material properties are then used as the input parameters of
the obtained PDEs (see, Eqgs. (3.64) and (3.65)) which are numerically solved via the
custom-built algorithm. In the assimilations, the applied load P;; is computed from
Eq. (3.49) that
Py = NX1,1+)\<X1,1X2,2X2,2_X1,2X2,1X2,2) + %EX1,1(X1,1X1,1 + X2,1X2,1
1

—EX1,1_0X1,111 — PX22 (3-73)

+X12X1.2 F2,1 Xo221X2.2) — 5

and the associated boundary conditions are prescribed as follows (see, Fig. 3.4)

tl == P11, t2:P12:0, atXlza,—aand

tl = Pglzo, tQZPQQZO, atXQZb,—b (374)

In addition, the following Holzapfel model [117] is also employed in the prediction
of the experimental results and is subsequently compared with the proposed model:

W = (11—3 +%Z{expk21—1)]—1}, (3.75)

where c¢ is the property of matrix and k; and ko are empirical fitting parameters
pertaining to the composites. The Holzapfel model is widely adopted in biomate-
rials applications such as mimicking natural aorta, vein, and cartilage, aortic valve

where the J-shaped strain-stiffening response ([5], [7], [17], and [118]) and significant
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Figure 3.2: Stress-strain curves: Ecoflex-0050 and Mooney-Rivlin curve fitting.
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Figure 3.3: (a) Stress-strain: PES-2 and PES-3 fibers. (b) Stress-strain: NSP-8515
and NSP-8020 fibers.
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-b
Figure 3.4: Schematic of the problem: 2a = 50mm and 2b = 25mm.

anisotropy [6],[119] are the essential design considerations. Our intension here is to
seek the potential applications of the proposed model in the design and analysis of such
biocompatible materials that can be implanted to replace or repair damaged/missing
tissue.

A comparison among the stress-strain curves obtained from the experimental data,
the proposed model and the Holzapfel model are presented in Fig. 3.5 and 3.6. It is
shown in Figs. 3.5 and 3.6 that the proposed model successfully predict the J-shaped
stress-strain responses of the composites regardless of the different strain-stiffening
rates. The Holzapfel model also produces reasonably accurate estimations of the
stress-strain curves of the tested samples except the slight deviations in the transition
(i.e., strain-stiffening) regimes of PES-3 and NSP-8515 composites where rapid strain-
stiffening responses are observed at a low strain level. In other words, the Holzapfel
model is less sensitive to the steep variations of the stress-strain curve than the
proposed model. Such limited sensitivity may not compromise the overall prediction
accuracy of the model. However, it may be potential disadvantage, especially when
mimicking biological tissues, considering the fact that one of the primary requirements
of the theoretical model is the ability to predict rapid strain-stiffening behaviors at a
low level of strain, which is also known to be a characteristic of most biological tissues

([51,117)).

More importantly, unlike the Holzapfel model in which the empirical constants
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Figure 3.5: Stress-strain curves from different prediction models: PES-2 and PES-3.

k1 and ko are obtained from the fabricated composites, the proposed model predicts
the resultant properties of desired composites prior to the composition as long as the
material parameters of matrix materials and fibers are provided (i.e. no empirical
curve fitting of the composite is necessary). This may be of more practical interest,
especially in the design stage of composites. Since the responses of the intended com-
posites can be predetermined using the proposed model, through which the required
resources in the sample productions may be minimized.

In addition to the abovementioned technical merits, the proposed model provides
the quantitative predictions of other key design considerations such as deformation
profiles and contours. Fig. 3.7 (a)—(d) illustrate the x; and x, deformation profiles
of the polyester fiber-composites (PES-2, PES-3) at different strain levels. Despite
the inevitable uncertainties (e.g., image processing and curve fitting), the deforma-
tion profiles from the experiment and the theoretical predictions demonstrate close
agreement throughout the entire domain of interest. In the case of the nylon/spandex
fiber-composites (NSP-8515, NSP-8020), the proposed model accurately predicts the
x; deformations (axial elongation) of both samples (see, Fig. 3.8 (a)—(c)), yet has
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Figure 3.6: Stress-strain curves from different prediction models: NSP-8020 (left) and
NSP-8515 (right)

limitations in the prediction of x, deformations, especially those in the NSP-8515
composites at lower strain levels ( Fig. 3.8 (d)). This may be due to the NSP-8515
fibers’ resistance along the y, direction within the composites, which hinders the x,
deformation. We speculate that the bidirectional fiber model may be suitable for
the deformation analysis of NSP-8515 fiber-composites. Further research on these
cases is, however, beyond the scope of the present study, yet is certainly of practical
interest. The graphical comparisons between the theoretical prediction and experi-
mental result for the cases of the PES-3 sample at 50% and 100% elongations, and
the NSP-8020 sample at 167% and 235% elongations are presented in Figs. 3.9-3.10
for the purpose of cross-examination with the deformation data obtained in Figs. 3.7
and 3.8. The plotted deformation contours are the norms of displacement fields (i.e.
m) and demonstrate reasonably close agreement with the deformed configu-
rations of both composite samples. The same comparisons are made for the PES-2
and NSP-8515 cases, which again indicate close correspondence with experiments ex-
cept NSP-8515 at 50% elongation (see, also, Fig. 3.8 (d)). However, these have been
intentionally omitted for the sake of conciseness.

Further, the corresponding stress fields become “Piola type double stress” (see, for
example, [99],[109], and [111]) due to the introduction of bending stiffness of fibers into
the model of continuum deformation (second-gradient continuum). In other words,
the resulting stress fields now depend both on the axial stiffness (E) and bending
stiffness (C) of fibers (see, Eq. (3.73) ). More detailed discussions regarding the
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qualitive sensitivity of the deformation, stress and strain fields with respect to the

material parameters of fibers can be found in [86] and [115]. In the present case,

the J-shaped stress-strain response of a certain composite tends to be stiffer with

increasing bending modulus of fibers.

Overall, the proposed model successfully predicts the various important mechani-

cal responses of the tested elastomeric composites and therefore may also serve as an

alternative of the Holzapfel model in the design and analysis of biomimetic compos-

ites, especially those exhibiting significant strain-stiffening responses at a low level of

strain.
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Figure 3.8: Deformation profiles: (a) x; (NSP-8020); (b) x5 (NSP-8020); (c) x; (NSP-

8515); (d) x, (NSP-8515).

3.6 Finite element analysis of the 4th order cou-

pled PDE

The systems of PDEs in Eqs. (3.52)-(3.54) are 4th order differential equations with

coupled non-linear terms. The case of such less regular PDEs deserve delicate math-

ematical treatment and is of particular practical interest. Hence, it is not trivial to

demonstrate the associated numerical analysis procedures. For preprocessing, Eqs.

73



|

o
| "nRRaans |
lll m |
Fro

0 025 05 075 1 1.25
4l

Figure 3.9: Comparisons of the overall deformations: PES-3 at 50% (left) and 100%
(right) elongations.

El‘ o5 1 15 2 267 ]—0.1, 05 1 15 2 25 3 335
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(3.52)-(3.54) may be recast as

0 = Q@+ X12) — AXoo + Bxo1 — CQuANQFF + X1 99DD +2Cx9 0 F
+2EX2,12D - X1,21DF - X1,12FD — ERF — CX2,22D - EDX2,21 - CFX2,12)
—%EQ + %E(3QX1,1X1,1 + QXo.1X21 T 2RX11X21)

0 = p(XR+ Xo22) = BXx11+Ax12 = CRUAMNREE + X990CC + 2Dy, o F
+2FX1,120 - X2,21CE - X2,12EC - FQFE — DX1,22C - FCX1,21 - DEX1,12)

1 1
_éER + §E(3RX2,1X2,1 + Rx11X11 +2QX21X11)
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0 = @— X1,115

0 = R— X211

0 = C—x11,

0 = D—xa,

0 = E— X

0 = F— X9,

0 = A—p(Q+x12)—CQu,

0 = B—u(R+ Xg9)— CRu, (3.76)

where Q) = x111, B =Xa211, C=x11, D = X21, F = X12, ' = Xa2- Thus, the order
of differential equations is reduced from the three coupled equations of 4th order to
ten coupled equations of 2nd order. In particular, the non-linear terms in the above
equations (e.g. AXyo, BXy, etc...) can be systematically treated via the following

Picard iterative procedure;
_Ainitialxéizgitial + Binitialnglitial _— —A0X8,2 + BOX(2),1
Ainitialxililétial . BinitialXi1771172tial — AOX(l),Q _ BOX(l)Ja (377)
where the estimated values of A and B continue to be updated based on their previous
estimations (e.g. A; and Bj are refreshed by their previous pair of A, and B,) as

iteration progresses and similarly for other non-linear terms.

Further, we find the weight forms of Eq. (3.76) as
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0 = /wl(M(Q + X1,22) — AoXa2 + Boxa1 — CQ 11+ MQFoFy + X1.90D0 Do
Q
+2C0 X291 Fo + 2EoX212D0 — X121 Do Fo — X1,12F0Do — EoREy — CoXo,20Do

1 1
_E0D0X2721 - COFOXQ,lZ) — iEle + §Ew1 (3@03 + QD?) + QRC()Do))dQ

0 = /’LUQ(,U(R + X2,22) — BOXl,l + A0X1’2 — CR’]_]__‘_)\(REOEO + X2’220000
Q
+2Dox4 21 E0 + 2F0X1,1200 - X2,2100E0 - X2,12EOCO — FQEy — D0X1,2200
1 1
_FOCOXLQl - D0E0X1712) — EEMQR + §w2E(3RD(Q) + ROg + QQD()C()))dQ

ws(Q — X1,11)d8Y,
wy(R — X2,11)an
ws(C — xp1)dS2,
we(D — Xg,1)dS2,
wr (B — X1,2)an
wg(F — Xq4)dS2,
wy(Ag — 1(Q + X1.92) — CQ 11)d,

’le(BO — ,LL(R + X2722) - CR711)dQ, (378)

I
S — T — S — T —

Hence, applying integration by part and Green-stokes theorem, (e.g. p / WX 20dS) =
Qe

—u/ w1 2X 1 2d€2 + ,u/ w1 X, NdD') the final weak forms of Eq. (3.78) can be ob-
Qe ar
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tained as follows

0 = /(wl,uQ — pwy2Xy 9 — Wi1AgXe e + w1 BoXe + Cwi1Q 1+ w1 QFy Fo
Q
—>\w1’2X172D0D0 - 2/\w17100X272F0 - 2)\w1,2E0X271D0 + /\’I,U171X1,2D0F0
+)\UJ1’2X1’1F0D0 — /\U)lE()RFO —+ )‘wl,QCOXQ,QDO + /\wl’lEoD()XQ’Q

1 1
+Awy 2CoFoxa,1 + §Ew1Q + 5Ew1(3QCg +@QDj +2RC,Dy))dS

+/ [L’LU1X12NCZF—/ C@U1Q71Nd1—‘+/ >\w1X12DoDoNdT
or ’ or or ’

Aw oo, DoNdT — / Awi X, 1 Fo DoNdT

T or

+2/ )\UJ100X2 QFoNdF + 2/
ar ’ 9

—/ )\QUIXLQD()F()NdF—/ /\w100X272D0NdF—/ /\U)lE()DgXZQNdF
or or or

—/ )\wlcoF0X2 1NdF
or ’

0 = /(UJQ,MR — ,LLwQ’QXQ,z — w2B0X1,1 + U)QAOXLQ + Cw271R’1+>\w2REOEO
Q
_)\wQ,QXQ’QCOCO — 2)\11)271D0X1’2E0 — 2)\w2’2F0X17IC(] + )\'IUQJXQ’QC()EO
+Awa 2 X1 EoCo — AMwa FyQEy + Awz 2 DX 2Co + Awa,1 FoCox o

1 1
+Awz 2 Do Eoxy  — §Ew2R + 5ng(?)RDg + RC2 4+ 2QDyCy))dS

+/ ,ungnNdI‘—/ C’ngledF+/ Awa X5 ,CoCoNdT'
ar ’ ar ar '

)\UJQF()C()XLlNdF—/ )\w2D0X172CONdF

ar ’ a ar

T
—/ )\U)QXZQC()EONdF — / )\wzFoComedF — / AwQXQ,lEOCONdF
or or or

—/ /\U)QD()E()Xl 1NdF
or ’

7



0 = /(w3Q+w371X171)dQ—/ wsX; 1 Ndl'
Q ar

0 = /(w4R—|—w4,1x2,1)dQ—/ Wy1Xo NdI
Q ar

0 = [ (wiC = ws, i
0 = /Q(ZUGD — WeX2,1)dS2,
0 = /Q(w7E — wrX; 9)d<2,
0 = /Q(wsF — WsXy9)dSY,
0 = /Q(wsaA — pweQ) + pwg 2 X1 o + Cwy1Q 1)dQd — /arﬂws)XLszF

- C"LUgQJNdF
or

O = /(wloB — uwloR —|— uwlo,gxm + Cw1071R71)dQ — / Mw10X272NdF
Q or
—/ CwloR,lNdF (379)
or

where €2, OI' and N are, respectively the domain of interest, the associated boundary,
and the rightward unit normal to the boundary OI" in the sense of the Green-stoke’s
theorem. The unknowns, x;, X3, @, R,C,D,E,F, A and B can be written in the
form of Lagrangian polynomial such that

n=4

(%) = Y _[(+);7;(x, ). (3.80)

J=1

Thus, the test function w is found to be

n=4
w=Y wW(xr,y); i =1,234, and j =1,2,3,4, (3.81)
=1

where w; is weight of the test function and ¥;(x,y) are the shape functions; ¥; =

2y g, = 2D gy = 2 oand W, = Y22 By means of Eq. (3.80), Eq. (3.79)
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may be recast in terms of Lagrangian polynomial as

0 = Z{/e(/\‘l’i,l\lfj,zDoFo + A‘l’mq’ngoDo - M‘I’i,2‘1’j,2 - A\I]i,2\11j,2DODO)dQ}X1j
+ Z{/Qf‘l’iq’j,lBO — W, W 0A0 — 20, 1 W, 2 CoFy — 20V, 5V, 1 By Dy
AW 20;5Co D + AU 1 ;2B Dy + AT, 5053 CoFy)dQ vy, + > { /Q (w0

1 3 1
FOU Vg0 AN Ry Fy + S BV, + ZEV,GF + 5 VW, D3)d0)Q;

+Z{/ (—/\\Ili\IIjEOFO—f—E\Ifi\I!jOODO)dQ}Rj—|—/ (1¥;x, ) NdD
e or

—/ (O\DZQJ)NdF—l—/ ()\\I’ZXLQD()DQ)NdF‘I‘/ (2)\\11200)(272F0)Nd1—‘
or or or

+2/ ()\\IJZEOD()XQ’l)NdF — / (A@2X172D0F0>Ndr — / ()\\I/zCOXZQD())NdF
or or

ar
—/ (AW Eg Doy 5) NdD _/
ar

()\\IIZCOFOXZl)NdF_/ (/\IIJZXLlFODO)NdF
or

or

0= >{ / (=W, W1 By + U, W,040 — 220, 1V, 5 Do Fy + A, 1,5 Fy Co
Qe
—2)\\111',2\11]‘71FOCO)\\IILQ\D]'QD()CQ + )\\I’i,Q\IleDQEo)dQ}le

+ Z{/ﬂe(—ﬂ%z‘l’m — AV 90, 9CoCo + AV, 1V, 2Co By

A W51 EoCo)dQ Xy, + > { / (A Fo By + BVW,CoDo)d2} Q)
+ Z{/Qe (0,05 + CU, U+ AT, By By + %E\ij + ;E@i@jpg
+%E\Ili\I/jC§)dQ}Rj + /8F(;L\Ifix2’2)NdF — /aF(C\IfZ-RJ)NdF

()\‘IfiDoXl,on)Ndr + 2/ ()‘\IJiFOCOXLI)NdF

+/ ()\\I/ZXZQC()O())NdF + 2/
or 0 or

—/ (/\\I]ZXQQC()E())NdF—/
or

or

T

(/\\IjiXQJEOCO)NdF - / ()\\I/ZD()XLzC())NdP
or

S—

(A\DzDOEOXLl)NdF_/ ()\\IJIF()CQXLQ)NCZF

or or
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0 = Z{/ (W, ;) dQ}Q]—i—Z{/ Wi 050)dQ} vy, — / (W;xy.1) VT,

0 = Z{/ (U, W;)dQ}R; +Z{/ W 1050 )dQ} vy, — / (W;xo,1) N,

0 = 3¢ /Q (W)d0)0; - 3 /Q (W)

0 = Z{/m@ixpj)da}pj—Z{/ﬂe(wi%)dg}xw

0 = Z{/ﬂe(xpixpj)da}Ej—Z{/Qe(qfiqu,z)dﬂ}xu

0 = YU (wwparr -3 [ (winn,

0 = Z{/ﬂe(\pi\pj)dQ}Aj+Z{/Qe(—uqfiqzj+O\Ifi,1n11j,1)dsz}@j
+Z{/Qe(u\lfi72\11j,2)d9}xlj—/Me(u\IIiXLQ)NdF—/M(C\IIiQ,l)NdF

0 = Z{/ﬂe(xp,-xpj)dQ}Bj+Z{/Qe(—m1;ix1:j+0\1/i,1\11j71)d9}3j
+> { /Q (320 ) A X, /8 Fe(uxpiXQ’Q)Ndr— /8 F(C\IfiRyl)Nd[B.SQ)

Now, for the lolcal stiffness matrices and forcing vectors for each elements, we find

) T
PEA Nl - I )
Kl En g gh Y 7l

41 42 43 44 Local X1 Local 4 Local

where
[K};] = /Q (AU, 105 Doy + AW, 0V 1 Fy Dy — W, 955 — AU, 9 W5 5Dy Dy)dS, (3.84)
and

C’le,lNdF + / )\wiXLQDODONdF

{F'} = / prw; X, o Ndl —
or or

or
+2/ )\wiC'()XQ ZFoNdF + 2/ )\wiE()XQ 1D0NdF
or ’ or ’
—/ )\wlxl 2D0F0Ndr — / /\wiC())Q 2D0NdF
or ’ or ’
—/ /\U)iE()D()XQ QNdF - / )\wiCOFOXQ 1NdF
ar ’ or ’

—/ )‘wiXLlFODONdF~ (385)
or
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Thus, the unknowns (i.e. xy, x5, @, R,C,D,E F, A and B) can be expressed as

Qi={X} 11, Ri={x i, Si={Q"} 1 ete..., (3.86)

and similarly for the rest of unknowns.
Consequently, we obtain the following systems of equations (in the Global form)

for each individual elements as

(K] (K[ (K] (KM X1 {F1}
[K21] [K22] [K23] [K29] [K210] ng {FZ}
(KT (K] (K (K] [ Qi {F3}
(K] (K] [K (K] [KMY] R, {F1}
(T[] (K (K] [P Ai | _ | {85
(K] (K% [K] (K] (K] B {Fe}
(KT [KT] (KT (K] [KT] Ci {F7}
(K] [ (K (K] [K™] D; {Fs}
(K'Y [K®Y [K%) . . . . . [K%] [K"9] E; {Fy}
I [Klﬂl] [K102] [K103] o [K109] [Kl()lO] 1L Fz | I {FIO} |
(3.87)

In the simulation, we set the following convergence criteria,

|Apy1 — Al = €1 <€, |Bpyr — Bu| = e3 < € and € = maximum error = 104,
(3.88)

which demonstrate fast convergence within 20 iterations (see, Table. 3.1).

Table 3.1: Maximum numerical errors with respect to the number of iterations.

Number of iteration | Mximum error
1 1.2e-01
5 6.4e-02
10 3.4e-03
15 1.4e-04
20 4.1e-05

3.7 Denouement

In this chapter, a second-order continuum model is presented for the mechanics of

a hyperelastic matrix material reinforced with unidirectional fibers in finite plane
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elastostatics. The elastic resistance of fibers against stretch and flexure are integrated
into the models of the continuum deformation via the first and second gradient of
deformations, respectively. To accommodate the hyperelastic responses of the matrix
material, the strain energy function of the composite is refined by the Mooney-Rivlin
model. Within the framework of the second gradient theory, the Euler equation and
necessary boundary conditions are also derived using the variational principles and the
virtual work statement. These, in turn, furnish a highly nonlinear PDE from which
a set of numerical solutions describing the hyperelastic responses of the composites
are obtained via the custom-built numerical procedures.

It is also demonstrated that the presented model successfully predicts rapid strain-
stiffening behavior of the Ecoflex/polyester fiber composite at a low strain level.
Further, the deformation profiles of the composites are computed which demonstrate

good agreement with the in-house experiment data.
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Chapter 4

Mechanics of hyperelastic
composites reinforced with
nonlinear elastic fibrous materials

In section 4.1, the kinematics is presented for hyperelastic material reinforced with
unidirectional fibers. The equilibrium and boundary conditions are presented in section
4.2. In section 4.3, the fiber potential function is refined to incorporate three distinct
types of nonlinear response. The kinematics of bi-directional fiber mesh embedded in
a hyperelastic matriz material is discussed in section 4.4. In section 4.5, the in-house
experimental setup is discussed in detail. In section 4.6, the prediction performance

of the presented models is compared against the in-house experimental data.

4.1 Kinematics of fibers embedded in a hyperelas-
tic matrix material

In this section, we present the kinematics of fibers that will be used in the constitutive
formulation of a hyperelastic matrix-fiber composite reinforced with nonlinear elastic
and extensible fibers. Emphasis is placed on the derivations of compact kinematic
descriptions for a unidirectional fiber family in terms of the first and second gradient
of continuum deformations. The cases of bidirectional fiber meshes with a particular
mesh orientation will be discussed separately in later sections.

Let r(s) is the parametric curve of fibers’ trajectory on the deformed configuration
and 7 be the unit tangent in the direction of increasing arclength parameter s. We also

define X(S) and S as the counter parts of r(s) and s in the reference configuration.
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The configuration of a particular fiber is then obtained by

B o,y _ ds _dr(s)
A=|d| and)\T—d,)\:dSandT_ 75 (4.1)
where
d=FD, F =\t ®D, (4.2)

and F is the gradient of the deformation function (x(X)). Eq. (4.2) can be obtained
via the successive differentiation of r(s(S)) = x(X(S)) with respect to the referential
position vector X(S) and the arclength parameter S using chain rule, upon making
the identification of D =dX/dS. Here, d(x)/dS and d(x)/ds refer to the arclength
derivatives of () along fibers’ directions, respectively in the reference and deformed
configurations. Eq. (4.2) may be projected using the orthonormal bases of {E, :

reference} and {e; : current} to yield
Ay =d; = FiuDy for D = DsEy, d = de;. (4.3)
Further, using Eqgs. (4.1)-(4.2), we find
M =FD-FD=F'F-D®D, (4.4)

which will also be used in the later sections.

Now, the geodesic curvature of a parametric curve (r (s)) is then formulated from

Eqgs. (4.2)-(4.3) that

_ (23 _ J(FD)IX _
&= s oX 08

V|FDID. (4.5)

In general, most of the fibers are straight prior to deformations. Even slightly curved
fibers may be idealized as ‘fairly straight’ fibers, considering their length scales com-
paring with those of matrix materials. This further suggests that the gradient of the

unit tangent in the reference configuration identically vanishes; i.e.,
VD = 0. (4.6)
Thus, Eq. (4.5) deduces

g =VF(D @ D) = G(D @ D), (4.7)
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where we adopt the convention of the second gradient of deformations as
VF = G, and (4.8)
the associated compatibility condition of G is given by
Giap = Fiap = Fipa = Gipa. (4.9)

The forging developments purports that the responses of an elastic material rein-
forced with fibers may be characterized by the first and second gradient of continuum

deformations such that
1
W(F,e,g) = W(F) + §C(F)g(G)-g(G)7 (4.10)

where W (F') refers the energy function of a matrix material. In particular, the second
term in the above (1/2[C(F)g(G)-g(G)]) is the fiber’s bending energy potential of
Spencer and Soldatos type [93] which presumes that the bending responses of fibers
are dependent entirely on the second gradient of continuum deformations via the
geodesic curvature of fibers;
g =g(G). (4.11)
The associated modulus C'(F) is, in general, independent of the deformation gradient
(i.e. C(F) = C). The postulation of Spencer and Soldatos [93] has been widely and
successfully adopted in the relevant subjects of studies (see, for example, [86], [95],
[96], [110], [113], [115], and [120]). It is also noted that the invariance requirements
(i.e. frame indefference) arising in the second gradient deformation remain valid for
the finite elastic deformations of general continuum bodies [121]-[122] and for the
cases of hyperelastic soft tissues [123], and hence, have been adopted in the present
study without further proof.
To accommodate the cases of nonlinear extensible fibers exhibiting rapid strain-
stiffening at low strain level (see, for example, Fig. 2 in [7] and Fig. 7 in [124]), we
augment the potential of Eq. (4.10) as

W(F,e,g)=W(F)+W(e)+ %C’g - g, (4.12)

where W (e) is the potential energy function characterizing the states of fiber’s exten-

sibility and ¢ is the corresponding strain measure.
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Applications vis a vis particular types of energy functions of fibers (W (e)) and the
associated strain measures will be discussed, separately, in later sections. Further, in
this study, we adopt the Mooney-Rivlin strain energy potential for the descriptions of
hyperelastic matrix materials which has been widely adopted in the large deformation

analyses (see, also, [105]-[106] and references therein):

W (F) = g(ll —3)+

g(zz —3), (4.13)

where I; and I, are the principal invariants of the deformation gradient tensor defined,

respectively, by
1
I =tr(F'F) and I, = 5[(m«(FT}_«“))? — tr((FTF)?)). (4.14)

Based on the obtained kinematic formulations for the fibers and matrix materials, we

now evaluate the induced energy variation of the response function (Eq. (4.12)) as
W(F,e,g) = W(F)pF+W(e)erpF +Cg-g, (4.15)

which will be used in the derivation of the Euler equations and the associated
boundary conditions. Here, the superposed dot refers to the variational derivatives
with respect to a parameter € at the particular configuration of the composite (i.e.
e = 0) that labels a one-parameter family of deformations.

Lastly, the expressions for the associated energy variations with respect to the

first and second gradient of continuum deformations can be obtained, respectively, as
. K . .
WeF = [%(II)FJFE(Q)F].F = [WF+xF{(F - F)I - F'F}]-F, (4.16)

where (Il)F = 2F, ([2>F = 2F([1I — FT . F) (See, [114]), and

, (4.6)=(4.7)

Cg-g Cg-GMD®D)=(Cg®D®D)-G. (4.17)

4.2 Equilibrium & Boundary conditions

In the present study, the framework of the virtual work statement is adopted in
the formulations of the Euler equilibrium equations and the associated boundary
conditions. To initiate the derivation, we evaluate the potential energy of the system

as

E = /W(F,e,g) dA. (4.18)
Q
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Hence, the weak form of the equilibrium equation can be obtained by the virtual-work
statement,

E=P, (4.19)

where P is the virtual power of the applied loads and the superposed dot denotes the
variational and/or Gateaux derivative. Here, the conservative loads are characterized
by the existence of a potential L such that P = L. Accordingly, the problem of
determining equilibrium deformations is reduced to the problem of minimizing the

potential energy, £ — L. In the present context, this would mean that
E:/megmA (4.20)
Q

In general, volumetric changes in materials’ deformations are energetically expensive
processes and therefore are typically constrained in the constitutive modeling of en-
gineering materials (see, also, [105]-[106]). This can be achieved by augmenting the
condition of bulk incompressibility (i.e. p(J — 1)) on the strain energy potential (Eq.
(4.10)) such that

UF,e,gp)=W(F)+ W)+ %Cg g—p(J—-1), (4.21)

where J is determinant of F and p is a constitutively indeterminate Lagrange multi-

plier field. Therefore, Eq. (4.20) becomes
E= /Q U(F, e, gp)dA. (4.22)
In view of Eqs. (4.15) and (4.21), the associated energy variation then furnishes
U= W(F)FF + W(E)gch'F +Cg-g—pJ, and J = JpF - F = F F. (4.23)

We continue by substituting Eqs. (4.16), (4.17) and (4.23) into Eq.(4.22) and thereby

obtain
E= / {uF+KF{(F -F)I - F'F}+W.ep —pF"} F + (Cg®D®D) - G|dA, (4.24)
Q
or, equivalently,

EZ/[(MFz'AJrFéFz'B(ECEC5AB—FJ'AFJ‘B)+W55FM—pF{’}x)Xi,A+C(9iDADB)Xi,AB]dA,
Q
(4.25)
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where ;4 = Xi,a and Giap = Xi.ap are the variations of the first and second gradient
of deformations.

The framework of variational principles arising in the second-gradient finite elas-
ticity has been well established in the literature (see, for example, [98], [101], [107]
and [108], ). Here, we apply the results in the present context to formulate the Euler
equation and the associated boundary conditions, and further to identify relations
between the applied loads sustained by the second-gradient continua and their en-
ergy couple pertaining to the Piola-type double stresses. It is also noted that, in the
forthcoming derivations, we use the component forms of vectors and tensors (e.g. Eq.
(4.25)) for the sake of clarity and conciseness.

Now, applying integration by part on the last term of Eq. (4.25), we find

C(QiDADB)Xi,AB = C(giDADBXi,A>,B - C(giDADB),BXi,A~ (4.26)

Substituting the above into Eq. (4.25) then yields

E = /Q[(MEAJrHFiB(chFjO%B—P}AﬂB) + Weer,, — pF4)Xia — C(9:DaD5) 5X;
+C(giDADBXi7A),B]dA. (4.27)

Eq. (4.27) further reduces to

E = /Q[#EA+/*€EB(FJ'CFJ‘C5AB— jalip) + Weep,, — pFy — C(9:DaDg) BlX; adA
+]_ClgiDaDyi, 4)NpdS, (4.28)

where Np is the rightward unit normal to 02 in the sense of the Green—Stokes’

theorem. To extract the desired expression, Eq. (4.28) may be recast as
E= /Q Piax; adA + /a QC(giDADBXM)NBdS, (4.29)
where
Py = pFia+kFp(FicFjcoap—FaFp) + Weep,, — pFy — C(9:DaDp) s (4.30)

is the formulation of the Piola type stress. In the case of initially straight fibers (see,

Eq. (4.6)), the above can be simplified to

Py = pFa+kFp(FicFjcoap—FjaF;p) + Weep,, — pFy — CgipDaDp.  (4.31)
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Hence, the Euler equilibrium equation satisfies
Paa=0or Div(P) =0, (4.32)

which holds in €.
To derive the expressions of the associated boundary conditions, we again apply

integration by part on Eq. (4.29) (i.e. Piax; 4 = (PiaX;),.a — (Pia),aX;) and obtain

E = / RAXlNAdS +/ O(gZDADBXl A)NBdS - / BA,AXidA7 (433)
o9 o0 ’ Q
where the Green-Stokes’ theorem is applied in the first term of the above, i.e.,
Q o9

Since the Euler equation (P4 4 = 0) holds in €, Eq. (4.33) reduces to

o0 o9 ’
We now decompose x; 4 into

.0y 8S oy, ON ,
= 05 O OV ip s N L
Xid = 53 0x, T aNax, urat XA, (4.36)

where Ty = 05/0X4 and Ny = ON/OX4 are respectively, the unit tangent and
normal to the boundary 0Q2. Combining Eqs. (4.35)-(4.36) then furnishes

E= | Pai,NidS+ | Cg;DuDy (ngANB + 1 NNANB> ds. (4.37)
o0 Fol9) ’

In addition, since
CgiDADETANgY; = (CgiDADETaANgY,) — (Cg:DaDpTaNp) %o (4.38)
Eq. (4.37) becomes

E = /[BANA—(CgiDADBTANB),]XidSJF/ Cg9iDaDpX; NaNpdS
o9 29

+/ (Cg:DaDETaANpY;) dS. (4.39)
20

The above may be recast to yield the standard form:

E = / [PiANA—(CgiDATADBNB),]XZ-dS—F/ CgiDANADBNBX@NdS
o0 o0

+ 3 ICg:DATADENEX (4.40)
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where the double bar symbol refers to the jump across the discontinuities on the
boundary 9Q (i.e. ||*| = (*)7 — (¥)7) and the sum denotes the collection of all
discontinuities.

Lastly, it follows from Eq. (4.19) that the admissible mechanical powers take the

following form

Ows ’

ow
Thus, by comparing Eqgs. (4.39) and (4.40), we conclude that

d
ti = PaNj— @[CQiDATADBNB],
m; = Cg;DsNsDpNp,

fi = CgiDATaDpNp, (4.42)

where t;, m;, and f; are the expressions of edge tractions, edge moments and the corner
forces, respectively. It should be pointed out here that the stress expression in Eq.
(4.30) is a combination of the Piola-type stress (uFia+rFip(FjcFjcdap—F;aFjp) +
Weer,, — pF}) and double stress (C(g;DaDg) p) such that the second gradient of
the deformation term (i.e. C(g;DaDp) p) can be interpreted as the energy conjugate

to the admissible double force m; when it is prescribed on the desired boundaries.

4.3 Modeling of hyperelastic composites

Of central importance in this work is the incorporation of nonlinear responses (e.g.
strain-stiffening behaviors) of fibers into the models of continuum deformations. In
this section, we propose two different types of energy potentials in the descriptions of
fibers (based on the Green-Lagrange strain measure) which exhibit moderate strain-
stiffening and rapid strain-stiffening responses. Emphasis is placed on the derivation
of compact and viable mathematical models while maintaining the rigor and sufficient
generality in the associated constitutive formulations.

In cases of one-dimensional structures (e.g. fibers and wires), the Green-Lagrange

strain is defined by (see, also, [105]-[106])

e=-(N-1). (4.43)

DN | —
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Hence, in view of Eq. (4.4), we find

1 1
5:§(FD.FD—1):§(FiAFiBDADB—1). (4.44)

Accordingly, the variational derivatives of € can be evaluated as

9(1/2)(FD - FD — 1)
OF
g = EFiAFiA:EBDBDAFiAa (445)

F=FD®D)-F, or equivalently,

E = EF'F:

which will be used in the forthcoming variational formulations.

4.3.1 Fibers with moderate strain-stiffening behavior: Poly-
nomial potentials

The mechanical responses of the polyester (PES) fibers may be mimicked by using

the following polynomial form of energy potential:

1 1
W(e) = §E183 + §E252. (4.46)

In the above, E; and F, are the material parameters, characterizing the moderate
strain-stiffening behaviors of the PES fibers which can be determined by fitting the
stress-strain curves of the PES fibers in the similar manner as in the Mooney-Rivlin
model. We note here that the use of higher order polynomials (e.g. £°, & etc...) may
provide better fittings and thus lead to more accurate predictions. At the same time,
the efficiency of the resulting models may be substantially compromised. We found
that, after extensive trials, the proposed cubic polynomial yields reasonably accurate
prediction results without much loss of computational efficiency. In this respect,
performance analysis via the cross-examination with the inhouse experimental results
will also be discussed separately in later sections.

Now, from Eqs. (4.44)-(4.45), the variational derivative of Eq. (4.46) can be

formulated as

W(€) = WagF,-AFiA:(Elf':Q+E25)5FMF1'A

E E '
— [Il (FD-FD-1)% + 72 (FD-FD-1)[F(D®D)-F
E Ey—F
= [Zl(FjCFjDDC’DD)(FkEFk:FDEDF)+—< : 5 1)FjCFjDD0DD
FE, —2F
LB =28, DD (4.47)

4
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Therefore, the expression of the Piola stress (Eq. (4.31)) becomes

Py = pFa+sFp(FicFjcdap—FjaFp) — pFy — CgipDaDp
E Ey—F
+[Il(FjCFjDDCDD)(FkEFkFDEDF) + %Fj(;FjDDCDD
E, —-2F
+¥]EBDBDA' (4.48)

For the desired applications (uniaxial and single family of fibers, i.e. D = D;E;), the

above may be further reduced to

Pia = pFia+ kFip(FjeFjcdap — FijaFjp) — pFiy — CFii1Da
FE Ey — F E, —2F
+[II(FJ‘1FJ1)(FMFI~:1) + %Fjlﬂ‘l + %]FilDAa (4.49)

where, g; p = Fic. gpDcDp from Egs. (4.6)-(4.8). Further, since the Euler equation
(Pia.a = 0) holds in , the above satisfies

0 = Faa=pXiaa+E(XiaaX0X5.0 — Xi,aXs,aX;,8) + 5Xi8(2X;.08X;0
Ey
4
+2Xj,1Xj,1Xk,11Xk,1) + (B — El)Xj,llXj,l]Xi,l - CXi,llll

By (Ey — E) (Ey — 2E5)

+[I(Xj,1Xj,1)(Xk,le,l) + 5 Xj1Xj1 + 4

—XjAAX5.B — Xj.AX;,54) — P.A€i5€ABX; 5+ [~ (2X511X.1 X k1 Xie 1

]Xi,lp (4-50)

where Fiy = x; 4 = 0x;/0Xa, Iy = cijeaplp, and g;; is the 2-D permutation;
€10 = —€91 = 1,611 = —€99 = 0. Eq. (4.50) together with the constraint of the bulk
incompressibility,

det F = X1,1X2,2 — X1,2X2,1 = L, (4.51)

solve the unknown potentials of x, x5 and p which describe the mechanical responses
of hyperelastic composites with moderate strain-stiffening behaviors.

Lastly, the admissible boundary conditions (Eq. (4.42) ) in the case of rectan-
gular shaped samples (ie. D- T=0& D -N=1orD-T=1& D-N =0 on the

boundaries) furnish
t1 = P, t2=0,

my = Cgi, mg =0,

fi = f2=0, (4.52)
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from which the corresponding deformation mappings can be uniquely determined.
Further, in view of Eqgs. (4.7) and (4.49), we obtain the expressions of P;; and ¢,

respectively, as

Py = ,UzXl,l+/€X1,B(Xj7c'Xj7célB_Xj,1Xj7B)_OX1,111_pX2,2

E; (Ey — Ey) (B — 2E,)
+[Z(Xj,1Xj,1Xk,1Xk,l) + TXj,lXj,l + T]le
g = GmDiDi = xq 13- (4.53)

The numerical solution of the above system of PDEs (Egs. (4.50)-(4.51)) can be
accommodated via commercial packages (e.g. Matlab, COMSOL etc. . .).

4.3.2 Fibers with rapid strain-stiffening behavior: Exponen-
tial potentials

For fibers exhibiting rapid strain-stiffening responses at low strain level such as the
Nylon/Spandex (NSP) fibers (see, also, [7] and [125]), the polynomial types of energy
potentials may not be suitable to capture sharp changes in stress-strain responses of

NSP fibers. In this case, the following exponential potential may be considered:
W (e) = Ey(Eqe — 1)e™* = Ey(Eye — 1)e(exp(Ese)), (4.54)

where the material parameters F; and Es can be determined by fitting the stress-
strain curves of NSP fibers.

In view of Eqs. (4.44)-(4.45), we find the variational derivatives of Eq. (4.54) as

W(e) = Weep, Fia=F\F2ce(exp(Fqe))ep,, Fia (4.55)

= P2 (FD FD-1)clexp(52 (FD - FD-1)[F(D & D) -

E\E? E .
= 12 2 (FkEFwDEDF—1)t‘f[exp(j2 (FjeFjpDeDp—1))|FigDpDaX; a-

Hence, the expression of the Piola stress can be obtained by

Pa = pFia+sFip(FicFicdap—FjaFip) — pFy — CgipDaDp (4.56)
FL B2

3

E
(FypFypDpDp—1) e[exp(72 (FjeF;pDeDp—1))|FipDpDy.
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Similarly as in the polynomial case, the above becomes, in the case of uniaxial and

single family of fibers (i.e. D = D1E;), that

Pa = plFia+sFp(FjcFicoap—FjaFjp) — pFy — CFj11Da
ooz
_|_

E
(Fia Fra—1) elexp( =~ (Fj Fji—1))] Fa Da. (4.57)
from which, we derive the following Euler equilibrium equation:

0 = Paa=pXiaa+ X aaXjoXc = XipaX;aX;s) T 5Xi5(2Xc8Xic
—X;,AAX45,B — Xj,AXj,BA) — D,A%ij€ABX; B
Ey
—CXz',1111 + E1E22 (Xk,lle,l_l) @[GXP(7 (Xj,lXj,l_l))]Xi,l

E,\E2
2

Es

(Xk,1Xk,1_1) elexp(—- (Xj,1Xj,1_1))][E2Xj,11Xj,1Xi,1 - Xi,llL (4.58)

* 2

which holds in €2. Since the NSP fiber composite specimens are fabricated and tested
under the same inhouse experimental settings as those in the PES fiber-composite
cases, the same boundary conditions (Eq. (4.52)) can be used without further mod-

ification except the expression of the Piola stress, P;; ,which can be obtained from

Eq. (4.57) that

Py = /LXLl‘HiXLB(XjVCXj,CélB_XjJXj,B)_CXI,III_pXQ,Q

E1E22 E2

+T (Xk,1xk,1_1) e[exp(7 (Xj,1Xj,1_1))]X1,1- (4.59)

The numerical solutions of the resulting system of PDEs (i.e. Eq. (4.58) and Eq.
(4.51)) can be uniquely determined by imposing the admissible boundary conditions
(Eq. (4.52)) to yield the explicit deformation mappings of the NSP fiber-composites
exhibiting rapid stress-strain behaviors. The corresponding simulation results and

comparisons with the experimental data will be discussed separately in later sections.

4.3.3 Consideration of the Euler-Almansi finite strain mea-
sure

The proposed model may also be employed in the analysis of the strain-softening
responses of fiber-composites such as polydimethylsiloxane (PDMS) composite and

polyurethane (integrated with polydopamine (PU/D)) composite (see, for example,
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[126]-[127]). For the desired application, we may consider the Euler-Almansi finite

- % (1 - %) | (4.60)

Also, in the forthcoming model derivation, the polynomial energy potential of fibers is

strain measure defined by

considered for the sake of clear and concise demonstration. The cases of exponential
potentials can be easily implemented via the similar approaches as done in this section.

Now, the substitution of Eq. (4.4) into Eq. (4.60) furnishes

1 1 1 1

-~ (1= | =2 (1= . 4.61
c 2( FD-FD) 2( FZ-AFiBDADB> (461)
The variational derivatives of € can then be evaluated as
. _9(1/2)1— (FD-FD) '] .. 1 L,OFD -FD .
FD®D) F
(FD-FD)-2’
or, in the component form,
. : FigDpDaFia
£ ngA A (FJCFjDDCDD)2 ( )

Further, in view of (4.46)-(4.47), we compute the corresponding variational derivatives

of Wi(e) as

W(€) = WEEFiAFiA:(E:LSZ+E2€)€FiAFiA

B 1 > B, 1 FD®D) F
- I (1_FD~FD) +7<1_FD~FD>](FD.FD)—2 (4.64)

_ B 1 FatBy
4 (FypFyrDgDr)? 2 FyplyrDpDrp
+(E1 E, FigDpD 4

+ )] Xi,A-
4 27 (FjcFjpDcDp)’

Hence, it is customary to show

P = pFa+sFp(FicFjcdap—FjaFg) — pFy — CgipDaDp
El 1 E1 + EQ 1
+[— 5 — ( ) (4.65)
4 (FypFirDgDr) 2 FyplyrDgDrp
E, E5 FigDpD 4
+(—+ 5]

4 2 (FjCFjDDCDD)Z.
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For uniaxial and single family of fibers (i.e. D = D;E;), this reduces to

Pa = pFia+ kFp(FjcFjcdap — FjaFjp) — pFy — CFi11Da
+[E1 1 Ei+ B, 1
4 (Fy1Fp)? 2 FriFp
E, Ey, FaDy
+(I + 7)]—2 (4.66)
(FjnFj)

Consequently, we obtain the following Euler equilibrium equation

0 = Paa=pXiaa+ X aaXsoXio = XapaXj,aX;,s) + 65X 5(2X;,08X).0
) n [El 1 (El + Fy 1
—X;,AAX§.B — X5,.AX; - -
PAARLE PARIBA 4 (XpaXea)? 2 Xk,1Xk,1
E, Ej Xi1 4Xi1 Xk 11Xk X;j11X5,1
-4 T3 7~ 7))+ (B + Ep) 5
(Xj,1Xj,1) (Xj,lXj,l) (XkJXk,l)

Xj,11X;,1
mb@,l — D.ACij€ABX; B — CXi,llll' (4.67)

The corresponding deformation map, describing strain-softening behavior of the com-

posites, can then be completely determined from Egs. (4.51), (4.52) and (4.67). It

+(

_El

is noted here that, in the Euler- Almansi cases, we were unable to conduct inhouse
experiment due to the ongoing pandemic crisis. Instead, comparisons with the exist-
ing results in the literature have been made which will be discussed together with the

other proposed models in later sections.

4.4 Hyperelastic materials reinforced with bidirec-
tional fibers

In this section, we develop a continuum model which describes the mechanical re-
sponses of hyperelastic materials reinforced with fiber mesh. The fiber mesh is em-
bedded in the matrix material with 45 degrees orientation (see, Fig. 4.1) such that
it forms a distinct pantographic sheet like structure within the matrix material. For
the stated purpose, we define unit vectors L and M to identify the fibers’ trajectories

in reference configuration:

dX(S,U)

L= and M :dX(S, U)

ds au
where S and U are, respectively, the arclength parameters in the directions of L and

M.

(4.68)
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Here, we confine our attention to the case of initially uniform and orthogonal fiber
mesh (i.e. L-M = 0, see, also, Fig. 4.1) for the sake of simplicity and conciseness.
The cases of non-orthogonal meshes with different orientation angles can be readily
accommodated via the simple modification of fibers’ director fields (e.g. L- M = cos «
etc...), but the presumed orthogonality and the orientation of fiber mesh suffice

to extract the important aspects of the intended model and, further, the desired

applications.
Fiber mesh

Fiber mesh 91 /
1 Ao 74
5 90° ) § o102
A L 2 m
[= c
24 4
=, | Matrix e 9/ l

'\450 > Matrix
(Longitudinal) (Longitudinal)

Figure 4.1: Schematics of fiber mesh prior and after deformations.

The stretch and orientation of a particular fiber after deformations are then defined

by (see, also, Egs. (4.1)-(4.2))

ds du dr _ dr _
)\:’7’]‘:%77:|T‘:wand(%):l:>\17},(%):1'11:’)/17', (469)
where
Al = FL and ym = FM, (4.70)

and 1, m, s and u are the counter parts of L, M, S, and U in the current configuration.
Eq. (4.70) together with the presumed orthogonality (i.e. L - M = 0) furnish a useful

fiber decomposition of the deformation gradient tensor:
F =\l ® L+ym ® M. (4.71)

which will also be used in the forthcoming model derivation. Hence, the geodesic

curvatures of a parametric curve (r (s,u)) can be formulated from Eqs. (4.69)-(4.70)

that S
o dr(s)  d(22)  9(FL)oX
- _ _

sz~ dS  ~ oX aS
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In the case of initially straight fibers (see, Eq. (4.6)), the above reduces to

g =VFL®L) =GL®L)and g, = VFM®M) =GMo®M).  (4.74)

The forgoing developments suggest that the mechanical responses of the fiber mesh

can be described by the following energy function:

1 1
Wiiber = Wier,€2) + §C(g1-g1+g2-g2) + §Tg1-g2, (4.75)

where terms with g, g, and g;-g, account for the bending and torsional kinematics of
the fiber mesh, respectively (see, Fig. 4.1), and C and T are the associated moduli. In
particular, the energy potential of W (ey,e5) in Eq. (4.75) characterizes the responses
of the fiber mesh against extensions, which may take the following compact quadratic

form for the purpose of clear and concise demonstration.
1
Wi(ey,e9) = §E(5f +£2). (4.76)

Further, invoking Eqs. (4.43) and (4.70), the expressions for the associated strains

can be found as

1 1 1 1
a=3 (A -1) = 5 (FL-FL—1) and &, = o (v —1) = 5 (FM-FM—1). (4.77)

It should also be noted that the refinement of W(ey,es) to accommodate the more
general responses of the fiber mesh is straightforward using the results from the cases
of the polynomial and exponential potentials, discussed in the previous sections.

Now, we use chain rule in the form

Wiiber = W(e1,60)e, (1) F + W(er, 2)e, (e2)r F+O(g1-81+8285)

(g + ), (4.78)
and thereby obtain the variational derivative of Wy, as
W fiber = g[(FL "FL-1)F(L® L)+ (FM-FM—-1)F(M ® M)] - F
+C(g1®L®L+g2®M®M)-G+%(g2®L®L+g1®M®M)-G
= %[(P}CFJ‘DLCLD_D FipLpLa+ (FjeFjpMcMp—1) FipMpMa)x;

, T
+CGiCD(LALBLCLD+MAMBMCMD)Xi,AB+EGiCD(LALBMCMD

+MaMpLcLp)X; ap- (4.79)
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Using the similar procedures as in Eqs. (4.24)-(4.28), it can be easily shown that

Pia = pFia+ kFip(FjoFjcdap — FjaFp) — pFjy
FE
+E[(FjCP}DLCLD — 1)FipLaLp + (FjcFjpMcMp — 1) FigMaMg|
T
+CGiCD,B(LALBLCLD+MAMBMCMD)+§GiCD,B(LALBMCMD
—i—MAMBLCLD). (4.80)

Hence, the Euler equilibrium equation is obtained:

0 = Piaa=puXiaa+5(XiaaXjcXjc — XiapX;aXi) + 65X 5(2X;.8cX .0

E
—X;.AAXj.B — Xj.AXj.AB) — D, AEE€ABX; . T E(Xi,ABXj,CXj,D

+Xi.BXj.4cX;.0 T Xi.sXj.oXjp.a)balpLoLp — gXi,ABLALB
+§(Xi,ABXj,CXj,D + Xi.BXj.acX4.0 T Xi.BXj.0Xj.ap) MaMpMcMp
—%XMBMAMB + CX;apep(LaLlpLoLp+MaMpMeMp)

+§xi, apop(LaLsMeMp+MaMpLeLp), (4.81)

which holds in 2. With this satisfied, the corresponding boundary condition can be

formulated as

T T
—(92)))LaATALpNp + (C(g92)i + =(g1)i) MaTAMpNg],

d
ti = PN ——[(0(91)i+2 5

as

T T
m; = (C(g1)i + 5(92)1‘)LANALBNB + (C(g2)i + 5(91>1)MANAMBNB>
T T
fi = (Clg1)i + 5(92)1’)LATALBNB + (Clg2)i + §(gl)i)MATAMBNBy (4.82)

by applying the same procedure as demonstrated in Eqs. (4.33)-(4.38). Lastly, since
the fiber mesh is oriented at a 45 degree angle with respect to the reference coordinate

frame (see, Fig. 4.1), we find

L = LiE; + LyEy = cos(n/4)E; — sin(n/4)Es,
M = ME{+ME; = cos(n/4)E,+sin (7/4)E,. (4.83)

The implementation of the obtained model and comparisons with the experimental

results will be discussed in the following sections.
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4.5 Materials and methods

4.5.1 Materials

a) Elastomer matrix: Ecoflex 0050 used in the inhouse experiment was manufac-
tured from Smooth-On, Inc. This is used as the matrix materials for all the fabricated
fiber composite samples for the proposed experiment. Ecoflex 0050 is known to be one
of the promising materials in biomechanical applications for its high tear resistance
and large extensibility up to 1000% [128]-[130].

b) Fibrous reinforcements: In the experiment, four different types of fibers are
considered. Two of them are fabrics composed of 85% nylon / 15% spandex (NSP-
8515), and 80% nylon / 20% spandex (NSP-8020) blend which were obtained from the
local store Marshall’s Fabrics (Telio, Montreal, CA). Other two samples are surgical
polyester knit which are referred to as PETKM2005 (PES-2) and PETKM2006 (PES-
3), fabricated from the Surgical Mesh (Brookfield, CT, USA).

4.5.2 Sample preparation

a) Elastomeric material preparation: Ecoflex 0050 is a room-temperature-
vulcanizing (RTV) silicone which was prepared by mixing two components (a base
and curing agent) in 1:1 ratio and subsequent degassing in a vacuum to remove the
entrapped bubbles.

b) Fiber/fiber mesh — elastomer composite preparation: For the experi-
ments, we prepared four different types of fiber/fiber mesh — Ecoflex 0050 composite
samples that are reinforced, respectively, with polyester fibers (PES-2, PES-3) and
nylon/spandex fibers (NSP-8515, NSP-8020), forming unidirectional and/or bidirec-
tional (pantographic) arrays within the matrix material (see, Fig. 4.2 (¢) and Fig.
4.3). The dimension of fabricated composite samples is 50mm x 25mm, keeping an
aspect ratio of 2:1 (length-to-with). The reinforced elastomer composites were fab-
ricated in a three-layer configuration using a layer by layer method. The schematic
diagram of the sample preparation and the local structures of the fabricated com-
posite samples are shown in Figs. 4.2-4.3. To prepare the bottom elastomer layer,
a sufficient amount of elastomer mixture was poured on a glass substrate and rolled
using the film applicator rod to make a uniform film (see, Fig. 4.2 (a)). The second
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layer of fiber/fiber mesh was then placed flat on elastomer and allowed to soak at the
interface (Fig. 4.2 (b)). A small amount of elastomer was then poured and rolled
over the fiber/fiber mesh to wet it again and to fill the gaps between pores and level
the second layer. To make a third layer, a sufficient amount of elastomer was poured
over the second layer and a uniform film was created using a film applicator rod. We
note here that the thickness of the fiber/fiber mesh remains constant and is specific to
each material used in the experiment. However, the thickness of the elastomer matrix
layers on the top and bottom of the second layer (fiber/fiber mesh) may be varied,
which nevertheless can be controlled by the amount of poured matrix substance and

the area of rolling surface.

(a) (b)  Ecoflex 0050
elastomer

@ Ecoflex 0050

Figure 4.2: Sample preparation: (a) schematic diagram of composite sample prepa-
ration; (b) composite structure; (c) Local structure images of fabricated composite
samples: PES-2 (left), PES-3 (right).
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4.5.3 Uniaxial tensile test of the Ecoflex 0050 - fiber/fiber
mesh composites

The width, length and thickness of the prepared Ecoflex 0050 matrix material and
composite samples were measured using a caliper. An aspect ratio of length-to-width
was maintained as 2:1 in all cases. Instron 5943 (Illinois Tool Works Inc., USA) was
used to measure the stress-strain responses of the Ecoflex 0050 and the composites
(see, Fig. 4.3). The test apparatus recorded the displacement and force as a function
of time for each uniaxial tensile test. The extension rate was set to be 2.5mm/min

for all cases to avoid/minimize the viscous responses.

4.5.4 Data Collection and Analysis

The uniaxial tensile test results were then used to determine the mechanical responses
of the matrix, fibers, fiber meshes and composites. To compute strains, the displace-
ment and gauge length were used. The corresponding stresses were calculated from
the applied load and the cross-sectional area of the samples. For example, the princi-
pal strains and the engineering stresses were calculated using the relations of ¢ = Al/I,
and 0 = F/A, = F/(w,t,), respectively, where [, is the original sample length, w, is
the initial width, and ¢, is the initial thickness which were measured using a caliper.
The amount of extension, Al, was then calculated as Al = [—1, where [ is the current
length. To analyze the local microstructure deformations of the reinforced compos-
ites, mesh grids of 1.5mm x 1.5mm were printed on the surfaces of each sample (see,
Fig. 4.2 (c)). A Sony A6000 camera was used to capture the deformed images of the
fiber meshes and the printed mesh grids which were then compared with the simula-
tion results, predicted from the proposed model. The orientations of the fiber meshes
prior to the deformation are shown in Fig. 4.2 (c¢) (PES-2 (left) and PES-3 (right))
where the fiber lines are orthogonal to each other and are tilted to form an angle of
45 degrees with respect to the longitudinal and transverse directions. The pore sizes
of PES-2 and PES-3 fiber meshes are, respectively, 1mm x Imm and 1.5mm x 1.5mm

(see, Fig. 4.2 (c)).
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Ecoflex 0050 F Fiber reinforced F Fiber mesh F
Ecoflex 0050 reinforced

(Unidirectional) Ecoflex 0050

—> - =

F l' F l' F ‘
Figure 4.3: Experimental set up (top): uniaxial tensile test of elastomeric composite

(25mm x 50mm). Schematic illustration of the uniaxial strain of the unreinforced
and reinforced elastomers (bottom).

4.6 Model implementation and discussions

A model implementation and comparison with experimental results are presented in
this section to demonstrate the accuracy and utility of the proposed models. The
response of Ecoflex 0050 (matrix material) is characterized by using the Mooney-
Rivlin model (Eq. (4.13)) and the corresponding material parameters are found to
be = 0.082 M Pa and xk = 0.01 Mpa, respectively, with the fitting error less than
2% (see, Fig. 4.4). The obtained p and k values will then be used in the forthcom-
ing analyses as the modulus of the matrix material. The schematic illustration of
the model implementations is illustrated in Fig. 4.5, where E; and E5 are the ma-
terial parameters of the fibers, which will be determined using the proposed energy

potentials (i.e. Eqs. (4.46) and (4.54)).
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Ecoflex-0050 (Experiment)

7 | |[—@—Mooney-RiMin ( 1=0.082 MPa, x#=0.01 MPa)

Strain

Figure 4.4: Stress-strain curves: Ecoflex-0050 and the Mooney Rivlin model.

4.6.1 Cases of the polynomial potential: PES-2 and PES-3
composites

The stress-strain curves of PES-2 and PES-3 fibers are shown in Fig. 4.6, where grad-
ual stiffening phenomena are observed in both cases. Such moderate strain-stiffening
responses of fibers may be accommodated by the proposed polynomial energy po-
tential (Eq. (4.46)), from which the characterization parameters of fibers can be
determined as F; = 3.45 M Pa and E5 = 0.65 M Pa for PES-2, and F; = 2.35 M Pa
and Ey = —0.2 M Pa for PES-3 (see, Fig. 4.6).

Hence, the energy potential of the PES-2 composite can be obtained from Eqs. (4.13),
(4.21), and (4.46) that

0.082 0.01 3.45 0.65 1
U(F, €,g,p) = T(Il—3)+T(12—3)+T€3+T€2+§g : g—p(J—l), (484)

which, together with the Eq. (4.50), furnishes the following Euler equilibrium equa-

tion:

0 = Paa= 0'01(X1;,AAXj,CXj,C - Xi,BAXj,AXj,B) + 0'01Xi,B(2Xj,CBXj,C

3.45
—X;.AAXj.B — XjAXj.BA) — D,AEGEABX ;. T [T(2Xj,11Xj,1Xk,1Xk,l
F2X 11 Xk 11 Xk1) — 2-8X 11X X1 + 0.082); 44
3.45 2.8 2.15
+[T(Xj,1Xj,1)(Xk:,1Xk,1) 5 XX + T]Xi,ll = Xiait1- (4.85)
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Figure 4.5: Schematic of the problem (unidirectional fiber composite): 2a = 50mm
and 2b = 25mm.

The solutions of the above system of PDEs can be uniquely determined by imposing

the boundary conditions of (see, Fig. 4.5)

tl = Pll; t2:P12:0atX1:a, —a and

tl = P21:0, t2:P22:0atX2:b, —b. (486)

In the present study, we employ the Finite Element Method (FEM) to obtain the
numerical solution of the PDEs system. Repeating the same process as illustrated
in the above, the case of the PES-3 composite can also be simulated using the input
parameters of £y = 2.35 M Pa and FEy = —0.2 M Pa.

It is shown in Fig. 4.7 that the proposed model successfully predicts the moderate
strain-stiffening behaviors of the PES composites. More importantly, the proposed
model directly estimates the resultant stress-strain curves of the intended composites,
prior to the fabrication, by utilizing the predetermined material parameters of the
matrix and fiber materials (i.e. no empirical back-fitting of the fabricated composites
is required in the proposed model). This may be of more practical interest in the
design of composite materials by reducing the fabrication cost of sample composites,
since the responses of the intended composite can be instantly pre-estimated via the
proposed model.

Lastly, considering the sharp variations in the fiber data readings (Fig. 4.6), re-

peated tests for fine tuning of the material parameters (F; and E,) may be necessary
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Figure 4.6: Stress-strain curves: PES-2 & PES-3 fibers and polynomial model of
W(e) = s Eie® + L1 Eye?

— 3

which, however, were limited due to the shortage in fiber sample supplies during the
current pandemic. At the same time, this may not necessarily restrict the practical
utility of the proposed model, since the model provides reasonably accurate predic-
tions in the general strain-stiffening responses of both the raw fiber materials and the

resulting composites.

4.6.2 Cases of the exponential potential: NSP-8515 and NSP-
8020 composites

Although, the polynomial energy potential demonstrated sufficient accuracy in the
predictions of fiber composites with moderate strain-stiffening responses, it may not
be ideal for the analyses of fibers and the resulting composites exhibiting rapid strain-
stiffening behaviors, especially those arising at low strain levels (see, Fig. 4.8). In
this case, an exponential form of energy potential (Eq. (4.54)) may be sought as a
promising alternative through which the responses of NSP fibers can be character-

ized via the material parameters; £y = 0.12M Pa and FEy = 1.25M Pa for NSP-8020,
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Figure 4.7: Stress-strain curves of PES composites predicted by the proposed poly-
nomial model.

and E; = 0.155M Pa and Ey = 1.525M Pa for NSP-8515, respectively. It is evident
from Fig. 4.8 that the exponential energy potential provides sufficiently accurate de-
scriptions of the stress-strain responses of NSP fibers unlike those estimated by the

polynomial potential.

——a—NSP-8020 Exponential Model (E 1=0.12, E2=1.25)
——e—NSP-8515 Exponential Model (E ,=0.155, E ,=1.525)
9 | | ——e—NSP-8020 Polynomal Model (E 1=1.525, E2=0) .

sl NSP-8515 Polynomal Model (E 1=2.3,E2=0) i
——=NSP-8020 Fiber (Experiment)
7 | ==—=NSP-8515 Fiber (Experiment) 7
©
g s J
Py
7

25

Strain

Figure 4.8: Stress-strain curves: NSP-8515 & NSP-8020 fibers and Exponential model
of W(E) = El(EQE — 1)6E2€.

Therefore, combining the results in Eqs. (4.13), (4.21), and (4.54) the following
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energy potential may be proposed for the constitutive description of the NSP-8020

composites
0.082 0.01
U(F,e,gp) = T(Il —3) + T(IQ —3) + 0.12(1.25¢ — 1)e(exp(1.25¢))
1
+58 8= p(J 1), (4.87)

and thereby furnishes (see, Eqgs. (4.57)-(4.58))

0 = Piaa=001(x; aaX;0Xjc — Xi.3aXj.aX;.8)0-01x; 5(2X;.08X;.c (4.88)
—Xj,AAX4,B — Xj,AXj,BA) — P,ACi€ABX,B — Xi1111

1.25
+0.1875 (Xk,11Xk,1_1) e[exp(T (Xj,lxj,l_l))]xtl +0.082;,44
0.1875 1.25
9 (Xk,le,l_l) e[exp(—2 (Xj,lXj,l_l))][1'25Xj,11Xj,1Xi,1 - Xi,lﬂa

which serves as the associated Euler equilibrium equation. The solution of Eq. (4.88)

is then obtained by imposing the admissible sets of boundary conditions as depicted in
Eq. (4.86). The case of the NSP 8515 composite can also be simulated with the config-
uration parameters of £y = 0.155M Pa and Ey = 1.525M Pa, via the same procedure
as demonstrated in the above and the corresponding results are summarized in Fig.
4.9. As illustrated in Fig. 4.9, the proposed exponential model accurately predicts
the J-shaped stress-strain response of both the NSP-8020 and NSP-8515 composites
for all strain levels. Similar to the polynomial case, only the pre-estimated material
parameters of the matrix material and the NSP fibers are required in the predictions
of the resultant properties of the intended composites and thus, no backfitting of the
fabricated composite is necessary.

We remark that, in practice, the polynomial energy potential may be used for
improved computational efficiency where strain-stiffening responses are insignificant.
For composites exhibiting rapid strain-stiffening behaviors (J-shaped stress-strain re-
sponses), the exponential energy potential may better be considered to achieve greater

prediction accuracy.

4.6.3 Cases of Euler-Almansi finite strain: PDMS and PU/D
composites

The proposed model is sufficiently general to accommodate the strain-softening re-

sponses of fiber composites. In this section, we adopt the experimental results from
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Figure 4.9: Stress-strain curves of the NSP composites predicted by the proposed
exponential model.
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Figure 4.10: Stress-strain curves: PDMS and PU/D matrix materials.

the works of [126]-[127] and demonstrate the performance of the proposed Euler-
Almansi strain integrated model. The tensile tests of two different types of compos-
ite materials are considered for this purpose. One is polydimethylsiloxane (PDMS)
composites reinforced with graphite nanoplatelets (GNP) [126] and the other one is
polyurethane (PU/D)- graphene nanocomposites [127].

Using Eq. (4.13) and the tensile test results in Fig. 4.10, the material parameters
of PDMS and PU/D matrix materials are identified, respectively, as u = 0.19M Pa
and kK = 0.04M Pa, and p = 0.26 M Pa and k = 0.5M Pa which are then integrated
into the energy potential of the polynomial type (Eq. (4.46)).

For example, in the case of the PDMS composite, we find

0.19 0.04 93 4 127 5, 1
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where the corresponding energy variation of the GNP fibers, within Euler-Almansi

strain measure, can be evaluated as (see, also, Egs. (4.60)-(4.62))

W(e) = Weep, Fia=(—53c2 4 12.7Fs¢)ep,  Fia

—53 40.3 FipDpDy

= + —-6.9
[4(Fk:EFkFDEDF)2 2Fwplep DDy | (FjcF;pDcDp)

Hence, we obtain the following Euler equilibrium equation (refer, Eqs. (4.66)-(4.67))

0 = Piaa=0.04(x; 44X;0Xjc — XipaXjaX;s) +0.04x; 5(2X; cBXjc

—53 40.3 Xi,11
—Xj.AAXG.B — X5.AXj.BA) T | + —6.9(———
’ 2B PARIE 40Xk 1Xk1)® 2Xk1 Xk (Xj71Xj71)2
AX1 X k11X Xj11X; X;j,11X;j
o JAAE1L iI:,l) + 0-]-9XZ'7AA + [_403 7,11 ],14 + 53 7,11 ]’15])(1"1
(Xj,lXj,l) (Xk,le:,l) (Xk,le,l)
—P,A€i€ABX; B — Xi1111> (4.91)

which solves the responses of the PDMS composites subjected to axial tension (im-
posed via Eq. (4.86)). The same procedure may be repeated with the configuration
parameters of y = 0.26 M Pa, k = 0.bM Pa, Fy = —4.5M Pa and Ey = 18.7M Pa for
the case of the PU/D graphene nanocomposites.

The results in Fig. 4.11 indicate that the obtained Euler-Almansi integrated
model produces reasonably accurate estimations of the stress-strain curves of both the
PDMS-GNP and the PU/D-graphene composites experiencing strain-softening. By
integrating the previously obtained results of the higher order polynomial and/or ex-
ponential types of energy potentials, the proposed model can be further generalized to
accommodate a wide range of composites exhibiting more aggressive strain-softening
responses. However, due to the paucity of experimental resources (especially with
the current pandemic), attempts for quantitative and qualitative analyses vis a vis
the strain-softening behaviors of various types of composites are substantially limited

which certainly deserve further attention.

4.6.4 Cases of bidirectional fiber composites: Ecoflex 0050 -
PES fiber mesh

In this section, we demonstrate the implementation of the obtained bidirectional
model in the deformation and local structure analyses of Ecoflex 0050 matrix mate-

rial reinforced with PES fiber mesh. The problem description of the bidirectional fiber
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Figure 4.11: Stress-strain curves of PDMS & PU/D composites predicted by Euler-
Almansi strain integrated model.

composite subjected to axial tension with 45 degrees orientation of PES fiber mesh
is illustrated in Fig. 4.12. The corresponding material parameters of Ecoflex 0050
matrix material (u = 0.1013M Pa, k = —0.14M Pa), PES-2 (E = 3.21M Pa,C =
1.962M Pa,T = 2.2M Pa) and PES-3 (E = 1.457TM Pa,C = 0.874M Pa,T = TM Pa)
fiber meshes are obtained from the inhouse experiments. We note that the torsional
parameter of PES fiber mesh (7") which is coupled with the deformation angles be-
tween the two fibers (i.e. g1-go; see, also, Fig. 4.1) were indirectly measured using

the deformed configuration of the composites (see, Fig. 4.17).

AX, . .
E CT: Fibe\r mesh b ,u,/n' : Matrix
i "S¥ e
P, 4? 5 > P,
- — Xi
= S A45° —
-b

Figure 4.12: Schematic of the problem (bidirectional fiber composite): 2a = 50mm
and 2b = 25mm.

Thus, from Eqgs. (4.13), (4.21), (4.51), and (4.75)-(4.76), we find in the case of
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the PES-2 fiber mesh composite that

0.082 0.01 321, , . 1962

U(F,e,gp) = T(ll —3)+ T(Iz —3)+ 7(51 +e3) + T(gl-g1+g2-g2)
2.2
+7g1-g2 —p(J = 1), (4.92)

and thereby obtain the following Euler equilibrium equation (see, Egs. (4.80)-(4.81))

0 = Piaa=0.082x; 44+ 0.01(X; aX;.aXs.8 — XiaaX;cX;c) T 0.01x; 5(2X; seXjc
3.21
—X;AAX;.B — Xj.AXj.AB) — P,ASij€ABX; B + T(Xi,ABXj,CXj,D + Xi.BXj.ACX;.D

3.21 3.21

+Xi.8X;,cXj.p.a)LalpLolp — TX@‘,ABLALB + 'T(Xi,ABXj,CXj,D + Xi,BXj,AcX;j,D

3.21 1.962
+Xi BX;.0Xj.ap) MaMpMcMp — TXi,ABMAMB + TXi,ABCD(LALBLCLD

2.2
+MAMBMCMD)+TXi,ABCD(LALBMCMD—FMAMBLCLD), (4.93)

which, together with Eqs. (4.82)-(4.83) and (4.86), solve unknown potentials of x,
and x,. The same procedure can be performed for the PES-3 fiber mesh composite
with the parameters of £ = 1.457TM Pa,C' = 0.874MPa and T = TM Pa. The

obtained solutions are then post-processed via the mapping:

X = X1 (X)e1+x5(X)ey (Deformed position), where X =X, E;+X,E, (Initial position),
(4.94)
to obtain the deformed configuration of the composites for further deformation anal-
yses. Fig. 4.13 illustrates the averaged mesh angle distributions of the PES fiber
mesh composites at 50% elongation. It is observed that the PES-2 fiber mesh com-
posite experiences more drastic mesh angle changes than those of the PES-3 case, as
approach the center zone where the maximum shear deformation arises. The rate of
change in mesh angle configurations is primarily associated with the torsional rigidity
of the two orthogonally aligned fibers. In the proposed model, this is accommodated
by the torsional kinematics between two adjoining fibers via the parameter T (see,
Eq. (4.75) and Fig. 4.1). For example, higher T' value will result moderate/small
angle changes and vice versa (see, also, the sensitivity analysis of T"in Fig. 4.17). As
a result, the proposed bidirectional model closely estimates the mesh angle distribu-

tions of both the PES-2 and the PES-3 fiber mesh composites throughout the entire
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Figure 4.13: Mesh angle distributions at 50% elongation: PES-2 (top), PES-3 (bot-
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domain of interest (see, Fig. 4.13).

In particular, using the deformation map (Eq. (4.94)), we compute the deforma-
tion and orientation of the local structure of the composites (i.e. a unit cell structure
of the PES fiber meshes). The results are then compared with those obtained from
the experimental results to examine prediction accuracy of the proposed model. The
magnified images in Fig. 4.14 clearly indicate that the deformation profiles simulated
from the obtained bidirectional model demonstrate good agreement with the local
configurations of the deformed fiber mesh in both PES-2 and PES-3 cases.

We also estimate the deformation profiles and the associated shear strain distri-
butions of the PES composites to evaluate the utility and accuracy of the proposed
model in macroscale deformation analyses. Using the individual cell structures of the
PES fiber meshes and the mesh grid of 1.5mm x 1.5mm, printed on the surfaces of
the PES composites, the material points of the deformed composites at the intersec-
tions of the mesh grids are post-processed via the Matlab image processing toolbox
and are subsequently used to plot the shear strain distributions. For the purposes
of cross-examination, the deformation maps of y; and x, are also computed directly
from the proposed bidirectional model (i.e. Egs. (4.92)-(4.93)) through which the
corresponding shear strains are computed via the relation:

_Xa1 ) =« and tarfl(—Xl’2

= p. 4.95
1+ X1,1 I+ X2,2) ( )

Yoy = @+ B, where tan~(

It is apparent from the results in Fig. 4.15 that the proposed bidirectional model suc-
cessfully assimilates the shear strain distributions of both the PES-2 and the PES-3
composites at 50% and 100% strain levels. More importantly, the proposed model
predicts the smooth and continuous shear strain fields throughout the entire domain
of interest as opposed to those obtained from the classical (first-order) continuum
theory where significant discontinuities are observed (see, also, [85]-[88]). The phe-
nomenologically compatible results, in the cases of pantographic structures (without
matrix materials), can also be found in the work of [85], [112] (see, for example, Figs.

13, 14 and 18 in [112]).

Lastly, Fig. 4.16 (a)-(d) illustrate the x; and x, deformation profiles of the PES
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deformation profiles are normalized by their initial length scales (i.e.

composites at 50%, 93%

L, and W,)

for compact demonstrations. Despite the uncertainties arising in the Matlab image
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processing and curve fittings, the proposed bidirectional model produces reasonably
accurate predictions of the overall deformation profiles of the composites in all strain
levels except the y, profiles at 93% (PES-2) and 100% (PES-3) strain levels. This
discrepancy may be attributable to the use of Mooney-Rivlin strain energy in the
modeling of Ecoflex 0050 matrix material, knowing the fact that Mooney-Rivlin model
is generally valid for strains less than 100% elongation (see, [105]-[106]). It is rational
to believe that a more comprehensive type of energy potential such as Ogden model
[106] may be suitable for these cases which is, however, beyond the scope of the

present study, yet is certainly of more practical interest.
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09 T T T T T T T T T T

T T

=———50% Elongation (Experiment)
08 [ |=#=50% Elongation (Proposed Model
e 93% Elongation (Experiment)
~—8—93% El ion (Proposed Model

———50% Elongation (Experiment)

045 |- |=9=50% Elongation (Proposed Model
———=93% Elongalion (Experiment)
o4 93% ion (Proposed Model Y

o7

06

05

Xq/Ly

y L L L L L L L L L L L L L L L L L L
0 ot 02 03 04 05 06 07 08 09 1 0 005 o1 015 02 025 03 035 04 045 05
/I LD xIL o

X4 Deformation Profile for PES=3 (c) X, Deformation Profile for PES=3 (d)
T T T T

1 T T T T T T 04 T T T T T T T T
====50% Elongation (Experiment) (====50% Elongation (Experiment)
—
09 [ |=—&=—50% Elongation (Proposed Model) s b =—=50% Elongation (Proposed Model) e ]
=—=100% Elongation (Experiment) [===100% Elongation (Experiment) i "
08 [ |=—®—100% Elongalion (Proposed Model S 100% Elongation (Proposed Model

07

06 [

= a5 .

04

03

02

o1

L L L L L

1 L L
0 a1 02 a3 Q4 05 06 a7 08 09 1 0 005 01 015 02 025 03 035 04 045 05
xIL XL 0

Figure 4.16: Deformation profiles: (a) x; (PES-2); (b) xy (PES-2); (¢) x; (PES-3);
(a) xs (PES-3).
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4.7 Finite element analysis of the 4th order cou-
pled PDE

To demonstrate the finite element analysis (FEA) procedures, we have chosen the
system of PDEs obtained from the Euler — Almansi strain integrate model, which is
the most general form of the PDEs system among all reported cases. The rest of the
cases will follow the similar process.

The system of PDEs in Eqgs. (4.51) and (4.91) are 4th order coupled differential
equations. The case of such less regular PDEs system deserves delicate mathematical
treatment and is of particular practical interest. Therefore, it may not be trivial to
report the associated FEA procedure. For preprocessing, Eqs. (4.51) and (4.91) may

be rearranged into the following form:

0 = w@Q+x12) +r(Q+E2)(CC+ EE+ DD+ FF)
—k(Q+Co+E;1+E,)(CC+CE+EC+ EE+ DD
+DF + FD+ FF) + k(C+ E)(2QC +2E,E +2C,C
+2E,E — QC — QE — E5C — EyE — CQ — CE,
—ECy— EE3+2RD +2FF +2D 3D + 2F5F — RD
—~RF — FyD — FoF — DR — DF, — FD4 — FF)

E; 1 Ei + Es 1 E,  Es
T weeroor T2 Jeerop T T2
Q _ 4C(QC + RD) E,+ E,

(

(CC +DD)>  (CC+ DD)? ) [(C’C + DD)?
B Ey ] (QC' + RD)C
(CC+DD)* (CC + DD)?

— AoXaa + Boxa1 — cQ a1,
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0 = R+ Xgp) +K(R+F)(CC+EE+DD+FF)
—k(R+Dy+ F1+ Fy)(CC+CE+ EC+ EE+ DD
+DF 4+ FD+ FF)+ k(D4 F)2QC +2E,E +2C,C
+2E,E — QC — QE — E,C — EyE — CQ — CE,
—FECy— EEy+2RD +2FF +2D 3D + 2FyF — RD
—RF — F3D — FoF — DR — DF; — FD, — FF»)

Ey 1 Ei + Es 1 FE,  Es
T weeroor T3 Jeerop 7 T2
R 4D(QC+ RD) B\ + B

QCO+DDF (OC+DDP) HOC+DDV

B E; ](QC + RD)D
(CC+ DD)* (CC + DD)?

A0X1,2 - BOX1,1 —cR 1,

0 = Q—X1,117 OZR—Xz,na OZC_XI,U OZD_X2,17
0 = E—X19 0=F —xXg9, 0=A— p(Q + X1,20) — cQ 11,
0 = B—pu(R+ Xg2) — cRu, (4.96)

where @ = X111, R = Xou1: € = X110 D = Xo1, £ = Xy, and F = x,,. Hence,
the order of differential equations is reduced from the three coupled equations of the
4th order to ten coupled equations of the 2nd order. Especially, the non-linear terms
in the above equations (e.g. Axy,, Bx,,; etc...) can be systematically treated via the

Picard iterative procedure and/or Newton method;

initial | initial initial | initial 0 0
—A X2,2 + B X2,1 = —A0X2,2+BOX2,1

Ainitial initial Binitial initial

X1,2 X1,1 = AOX?Q - BOX(I),I’ (4.97)

where the estimated values of A, B continue to be updated based on their previous
estimations (e.g. A; and B; are refreshed by their previous estimations of A, and

B,) as iteration progresses and similarly for the rest of non-linear terms.
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Also, the weight forms of Eq. (4.96) can be found as

0 = /wl(u(Q + X1.20) + K(Q + E2)(CC + EE+ DD + FF)
—QR(Q +Cy+ E,+ E)(CC+CE+ EC+ EE+ DD
+DF + FD+ FF) + k(C+ E)(2QC +2E,E +2C,C
+2E3F —QC — QE — E,C — EoE — CQ — CE,
—FECy— EEy+2RD +2FF +2D 3D + 2F9F — RD
—RF — FyD — FoF — DR — DF; — FDy — FF,)

Ey 1 By + By 1 E, B,
T weeroor T2 Jeerop T T2
Q AC(QC + RD) Ey + E,
((CC +DD)®>  (CC+ DD) ) [(OC + DD)?
Ey (QC + RD)C

- —A B — Q
(CcC+ DD)3] (CC + DD)2 0X2,2 T BoXa1 @ 11)ds2,

0 = /wg(u(R + Xo92) T K(R+ F2)(CC+ EE+ DD + FF)
—QH(R +Dy+ Fi1+ Fy)(CC+CE+ EC+ EE+ DD
+DF + FD+ FF)+ k(D + F)(2QC +2EE 4 2C,C
+2F,E — QC — QE — E,C — EyFE — CQ — CE,
—FECy— EEs+2RD +2F1F +2DsD + 2FyF — RD
—RF — F3D — FoF — DR — DF1 — FD, — FF»)

B 1 B\ + B, 1 B, B,
S eeroor "2 Jeerop T T2
R 4D(QC + RD) E\ + B,
((CC +DD)* (CC+ DD)? ) [(CC + DD)?
£, (QC' + RD)D

- Aox1 s — Boxy 1 — s
(CC+DD)3](CC+DD)2 FAoxaz = Boxay = eRu)dd,
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0 = [wn(@=x1ua0 0= [wi(R -y

0 = /Qw5(C—X1,1)an 0= /97116(D—X2,1)d9a

0 = [unlB =102 0= [ un(F =20,

0 = [ (A= n(Q+ i) Qu)d

0 = /leo(B — (R + Xg99) — cR 11)d2. (4.98)

Thus, we apply integration by part and the Green-Stokes’ theorem, (e.g. u / WX 20dS) =

e

—u/ w1 2X1 2052 + p/ w1 X ,Ndl') and thereby obtain the following weak forms of
Qe or

Eq. (4.98)
0 = /(ule — pwi Xy o + kw1 (Q + E2)(CC + EE+ DD + FF)
—Q/fwl(Q +Cy+E1+ E,)(CC+CE+EC+EE+ DD
+DF + FD + FF) + kuy (C + E)(2QC +2E ,E + 20,0
+2E,E - QC — QE — E5C — EyE — CQ — CE,
—ECy— EE4+2RD +2FF +2D 3D + 2FyF — RD
~RF — F3D — FoF — DR — DF, — FDy — FF)
H% (cC +1DD)2 - (= ; =) (cC i DD) © (% - %)]
( Q 2_4C(QC+RLZ)) [ E, + E,
(CC+DD)*>  (CC+ DD) (CC + DD)?

E, (QC' + RD)C
(CC+ DD)

(CC+ DD)?
—I—p/ wi1Xq o Ndl' — c/ w1 Q1 NdT,
ar ’ ar

— A0w1X272 —f- Bowlxm + CleQ’l)dQ
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0 = /('LUQ[I,R — WaoftXeo + KW2(R+ F2)(CC+ EE + DD + FF)
—QmwQ(R + Do+ Fy1+ Fy)(CC+CE+ EC+EE+ DD
+DF + FD + FF) + kwy(D + F)(2QC + 2E ,E + 2C ,C
12E,E — QC — QE — E,C — EyE — CQ — CE,
—FECy— EEy+2RD +2F1F +2D 3D + 2F9F — RD
—RF — F3D — FoF — DR — DF; — FDy— FF»)

B, 1 E, + E, 1 E, B,
T eeroor "3 Jeerop T T2
R 4D(QC + RD) E, + Es
((CC +DD)*  (CC+ DD)’ ) [(CC + DD)?
E; (QC' + RD)D

B (cC+ DD)3]w2 (CC + DD)2 Agwaxy 9 — BowaXyq + cwa,1 Rp)dQ

—|—,u/ Wa X9 o NdI' — c/ wo R NdI',
ar ' ar

0 = /(ng—l—wg,lel)dQ—/ w3X171NdP,
Q or

0 = /(W4R+W471X271)d9—/ UJ471X2,1NCZF,
Q or

0 = / (wsC — wsxy 1)d2 0 = / wo(D — Xp1)d9,
Q

Q

0 = /IU?(E_Xl,z)an 0= /w8(F_X2,2)dQ,
0 0

0 = /(ng — /J/ng + ,UU)972X172 + C’LU971Q71)dQ — / /MU9X1’2NCZF
Q or
—/ ngQJNdF,
or
0 = /(me — pwio R+ pwio 2 X 5 + cwio R 1)dQ — / pawoXe o NdL'
Q or

—/ CwloRJNdF, (499)
or

where €0, OI' and N are, respectively the domain of interest, the associated boundary,
and the rightward unit normal to the boundary OI" in the sense of the Green-Stokes’
theorem. The unknown potentials of x;, x,, @, R,C,D,E F, A and B can be

expressed in the form of Lagrangian polynomial that

n=4

(¥) = Y 1(%);95(2,9))- (4.100)

J=1
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Accordingly, the test function w is found to be

n=4
W = Y _wh, Wi(x,y); i=1,2,3,4, and m =1,2,3,4,..10 (4.101)

i=1
where w; is the weight of the test function and V;(z,y) are the associated shape

functions; ¥, = %, Uy = I(Z—;D, Uy = % and ¥y = y(x__;2) Invoking Eq.

(4.100), (4.99) can be recast in terms of Lagrangian polynomial representation as

n=4
0 = Z{/ﬂe ([L\I/Z\I/JQJ — M\Pi,quj,QXIj + H(\I/i\I/ij + \Iji72\1[j72Ej)(CO + EFE

i,5=1
+DD + FF) - I{(\I/iq/j@j + \Ifi\IijCj + \I/Z‘\I/JJEJ' + \IJZ\I/],QEJ)(CC + CE
+EC +EE+ DD+ DF+ FD+ FF)+ x(C + E)(2Y,¥;,QC;
+2\I’Z'\I’j’1EjE + Q\I]i\Ilj’QCjC + 2‘Ili‘;[/j’2EjE - ‘I/l‘IIJQC - \I]z\I]]QE
—U, W, EE; + 2U,W;RD + 2V, U, F;F + 2V, W, ,D;D + 2V, U, , F; F
—U,W,RD — U, U,RF — U,V , ;D — U,V F;F — U, ¥,DR
E; 1
4 (CC+ DD)?
Ei + E, 1 E,  E, Q
—( ) R Crai e (G
2 (CC+DD) ‘4  27(CC+DD)
4C(QC + RD)) [ E + Es £, ]
(cC + DD)? (CC+ DD)?  (CC + DD)3
(QC + RD)V,V,C;
(CC + DD)?

—W, U, DF; — WU, 0FD; — U, W, 0 FF;) + |

— AgWi¥2x0; + BoViVj1Xo;
n=4

+C\Iji’1\11j71Qj)dQ} + Z{M/ \DiXLQNdF — C/ \IJZQJNCZF},
=1 Jore

ore
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n=4
Z{/ (WU, R) — 1000 0xy; + k(U0 R + U0, F;)(CC + EE

ij=1

+DD + FF) — k(U U;R + UV, 5D, + W, 0, F + 0,0, F;)(CC + CF
+EC+ EE+ DD+ DF 4+ FD+ FF) + kwe(D + F)(2V,V,;QC;
+20, U BB + 20, 0,,C;C + 20,0, B F — W, 0,QC — U, ,QF
UV, B,C — WV, EE—U,0,0Q — ¥V, ,CE; — U,V,,EC,
—W, U, EE; + 2V, U, RD + 20U,V F;F + 2U, W, 5D, D + 2U, U, [, F

—U,U,RD — W, U, RF — WU, F;D — U, 0, ,F;F — U,U,;DR
B 1
4 (CC + DD)?
(Bt By 1 LBy By R _ 4D(QC + RD)
2 (Cc+DD) 4 27 (CC+DD)* (CC+DD)
B + B, B (QC + RD)W,¥,D;
+[(CC~|—DD)2 - (C’C+DD)3] (CC + DD)? + AoV W21,

n=4

—BoW ;1 xy; + Wi U5 Ry)AQY + > {p / Wixy,NdL — ¢ / W,RNdrl'},
=1 Jore

)

ore
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0 = Z{/ (T, ;) dQ}Q]JrZ{/ Wi1W51)dQ by, — Z{/

ore

3,j=1

0 = Z{/ (0, 0;)dQ}R; +Z{/ Wi W51)dQ o5 — Z{/

are

,j=1

0 = Z{/ (0,0;)dQ}C; — Z{/ (WW5.1)d

i,0=1

i,j=1

0 = Z{/ (W, 0;)dQ} D, —Z{/ (W3 W51)dQ2}xo;,

3,j=1

0 = Z{/ (U, 0,)dQ}E; — Z{/ (W3 W;2)d2} xy

2,0=1

0 = Z{/ (U, 0;)dQ}Fy — Z{/ (W3 W;2)dC2} xo;,

4,7=1

i,j=1

0 = Z{/ (W, U,)dQUYA; + Z{/ —p W5+ eV, 105 )dQ Q)

3,j=1

+Z{/ (1Wi2W2)d2 x5 = Z{/

ore

2,7=1

0 = Z{/ (W, 0,)dQ} B, +Z{/ — WU+ U U5 )dOYR,

i,j=1

n Z{/ (Wi 2W;)dQ}xp; — Z{/

ore

1,7=1

_/ (cW;R1)NdI'}.
ore

1,7=1

2,7=1

1,7=1

7,7=1

1,7=1

i,j=1

zXl 1 NdF},

zXz 1 NdF}

(Wi, ) NdT / (cW:Q,)NdT'},
ole

(WWixpo)NdD

(4.102)

Now, for the local stiffness matrices and forcing vectors for each elements, we find

11
e
K 21
1
K3
11
Ky
where
and

Kig
Ko
K3
Ki

K
K
e
K]

K
K
et
K}

Local

X1
Xi
X3

X1

[Kiljl} — /S;(—M\Ifiglpjg)dg,

Fy
Fy
Fy
Fy

Local

{F'} = —u/ wix, o NdI + c/ w;Q 1 Ndr.
OFC ar‘ﬁ
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Thus, the unknown potentials (i.e. x;, X5, @, R,C,D,E,F, A and B) can be

expressed as
Qi ={xi}11, Ri={x} n, Si={Q}u ete..., (4.106)

and similarly for the rest of unknowns.
Consequently, we obtain the following systems of equations (in the Global form)

for each individual elements as

(K] [ (K] [KM] X1 {F1}
(K] (K] (K] [K21) X5 {F2}
(K] [K2] (K] [ Qi {£3}
Kol Ik o e ||| | R
[K61] [K62] [K69] [Kﬁlo] Bz {FG} : (4107)
(K7 K7 (K] [KT] C {F7}
(K3 [K®) . . . . . . [K%] [K®Y D; {Fs}
(K'Y [K*?) . . . . . . [KY] [K"Y] E; {Fy}
i [KIOI] [K102] o [Kl[)g] [K1010] 1L E | i {Flo} |

In the simulation, we employed the following convergence criteria

| A1 — Ayl = e1 <&, |Bpy1 — Ba| = ez < ¢, where ¢ = maximum error = 10,
(4.108)
which demonstrates fast convergence within 10 iterations using FEniCS nonlinear

solver (see, Table. 4.1).

Table 4.1: Maximum numerical errors with respect to the number of iterations.

Number of iteration | Mximum error
1 5.392e-0
2 8.079¢-01
3 6.588¢e-02
5 3.765e-10
7 1.25e-17

It should be also noted here that, in the case of the exponential energy potential,
we expanded the corresponding exponential terms using the Taylor series up to the
first 5 terms (e.g. e” = 14 §; + ’g—? + ’5})—? + Z—T) to facilitate the numerical analysis of

FE process.
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4.8 Sensitivity test of parameters C and T

In order to figure out the parameters related to the higher gradient terms (i.e., C'
and T') we have performed the sensitivity test by analyzing how the deformation is
affected as the numerical values of the parameters are changed. The deformation
profiles with respect to torsional parameter T" are illustrated in Fig. 4.17. It can be
noted that the deformation angles of the PES fiber mesh composites decrease with
increasing torsional rigidity (7). In Fig. 4.18-4.19, deformation profiles with respect

to bending stiffness parameter C' are illustrated.

—7=0.5
xpeament

—— EXperimen

—T7=10 PES-2 fiber mesh composites Local strcuture of PES-2

—7=1

=7
—— Experiment
—T=15

PES-3 fiber mesh composites Local strcuture of PES-3

Figure 4.17: Deformation configurations with respect to 7": PES-2 (up); PES-3 (bot-
tom).

4.9 Denouement

In this chapter, a comprehensive analytical platform for the mechanics of a hyper-
elastic materials reinforced with fibrous materials is presented in finite plane elas-
tostatics. The hyperelastic response of the elastomeric matrix material is accom-
modated by the Mooney-Rivlin model, while the nonlinear stress-strain behaviors of
the reinforcing fibers are assimilated via the custom designed energy potentials of
the polynomial/exponential types. The kinematics of reinforcing fibers are formu-

lated by their position and direction fields and are subsequently integrated into the
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PES2 Composite at 30% elongation =
—c=10

PES3 Composite at 30% elongation

~— PES3 Composite at 75% elongation e

—c=1
—C=10
—— =100
Experiment

Figure 4.18: Deformation profiles of unidirectional PES composites with respect to

C.

models of continuum deformation via the first and second gradient of deformations.
In particular, we proposed three different types of strain energy functions based on
the polynomial, exponential and Euler-Almansi strain which describe, respectively,
the moderate strain-stiffening, rapid strain-stiffening and strain-softening responses
of elastomeric composites. Within the framework of variational principles and virtual
work statement, the Euler equilibrium equation and the necessary boundary condi-
tions are derived. These, together with the constraint of the bulk incompressibility,
furnish systems of coupled nonlinear PDEs from which a set of numerical solutions
describing the hyperelastic responses of the elastomeric composites are obtained via
the custom-built Finite Element Analysis (FEA) procedure. A series of inhouse ex-
periments were also designed and performed for the purpose of model implementation
and cross-validation.

We demonstrated that the presented models successfully predict the moderate

strain-stiffening and rapid strain-stiffening behaviors (J-shaped stress-stress responses)
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Experiment

Figure 4.19: Deformation profiles of unidirectional NSP composites with respect to

C.

of the elastomeric composites. The strain-softening responses of PDMS and PU/D
composites are also predicted with reasonable accuracy by the Euler-Almansi strain
integrated model. The case of an elastomeric matrix material reinforced with a
polyester fiber mesh is also simulated using the presented bidirectional model from
which complete deformation profiles and shear strain distributions are obtained, which
demonstrate good agreement with the inhouse experimental results. Further, the so-
lutions from the bidirectional model closely simulate the deformation angles between

the two adjoining fibers and the deformed configurations of the local mesh structures.
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Chapter 5

A three-dimensional continuum
model for the mechanics of an
elastic medium reinforced with
fibrous materials

In section 5.1, the kinematics is presented for a thin hyperelastic film reinforced with
bidirectional fibers in a three-dimensional setting. Within the framework of differential
geometry and strain-gradient elasticity, the general kinematics of bidirectional fibers
are formulated. The equilibrium and boundary conditions are presented in section
5.2. In section 5.3, the Mooney-Rivlin type energy model is integrated into the energy
density function to accommodate the hyperelastic response of the matriz film. In
section 5.5, different case studies related to the out-of-plane deformations of elastic

films are presented to demonstrate the practical utilities of the presented model.

5.1 Kinematics

The kinematic framework of fibers that will be used in the constitutive formulations
of matrix-fiber composite systems is presented in this section. Emphasis is placed
on obtaining compact kinematic descriptions for a bidirectional fiber meshes while
maintaining the rigor and sufficient generality in the corresponding derivations. It is
also noted that the applications of differential geometry in the problems pertaining
to elastic surfaces are well established in the literature (see, for example, and the

references therein). Here, we reformulated the results into the present context for the
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sake of clarity and completeness.

Let 6" be the convected coordinate to label material points of the composite re-
garded as a three-dimensional continuum in R3, yet much like a plate structure with
finite thickness (see, Fig. 5.1). We define the position fields X (#") and r(6") repre-
senting, respectively, a material point of a reference body B and a deformed body b.

These parameterization furnish natural basis,
_0X _ox _ov o
toet ok 000 00

where {E4}%_, and {e;}5_, are Cartesian basis vectors in reference and deformed

(5.1)

configurations, respectively. The g; are linearly independent; ie. g;-g; X g, =
Eijk = €ijky/g and g = det(g;;), where e;j; refers to the permutation tensor (e.g.
€123 = €231 = 1, €013 = €130 = —1, €119 = €993 = 0 etc...). The matrix of the metric
gij = 8 - 8; is positive-definite (i.e. g > 0) rendering the existence of dual metric
g = (gi;)~" from which the dual basis may be computed as g' = g“g;. Hence, it is
straightforward to show

; 6’ ort i i i
B 8 = 550k g€ = 05 and gYgs = 0y, (5.2)

where 6}, is the Kronecker delta. The same results can be obtained for the case of the

natural basis in B as
Gij=Gi- Gy, G =det(Gy), G'=G7G;, G'- G; =6} and GGy = b}, (5.3)

which will also be used in the forgoing model derivation.

Of central importance in the proposed work is the incorporation of the second
gradient effects of fibers (i.e. fiber bending and torsion between two adjoining fibers)
into the models of continuum deformations. In the present context, this requires the

second covariant derivative of the position field r(6");
=71, — ffjr’k; (evaluated with respect to the metric of B) (5.4)

where
=k
[ =G -G"=-G;- G, (5.5)
is the Levi-Civita connection coefficient induced by the natural coordinates in B. It
should also note that the same holds true in a deformed body b such that
If=gi; 8 =-g-g5 (5.6)
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Consider now an elastic continuum reinforced with two families of fibers that are
continuously distributed throughout the matrix material. The fibers are presumed
to be convected material curves with no relative slipping such that their kinematics
and constitutive structures can be determined by their position and director fields
[131]-[132] from which the main characteristics of the local macroscopic behaviors
of the corresponding composites may be captured. The unit tangents to the fibers’
trajectories in the referential body B are denoted by

dX(S.U) o no_dX(5,0)

L=—0 v

(5.7)

where S and U are, respectively, the arclength parameters in the increasing directions
of L and M (see, Fig. 5.1). In the present study, we limit our attention to the case
of initially uniform and orthogonal fibers (i.e. L-M = 0) for the sake of concise-
ness and clarity. Refinements of the model to accommodate initially non-orthogonal
fibers are straightforward via the simple modification of fibers’ director fields (e.g.
L-M =cosa). However, the presumed restriction suffices to extract the important

aspects of the intended model and, further, the desired applications. The stretch and

1

X(0'9293)

0,

Figure 5.1: Schematic of the matrix-fiber composite system.

orientation of particular fibers are then computed as

ds dr _ dr _
A== == M (T 1= (B —m=ae 68)
where
Al = FL and ym = FM, (5.9)
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and F is the gradient of the deformation function:

dx(X) ;
F = =g, @G 1
dxX 8 & (5.10)

Eq. (5.9) can be obtained via the successive differentiation of r(s(S5)) = x(X(5)) with
respect to the referential position vector X(S) and the arclength parameter S using
chain rule, upon making the identification of L =dX/dS and 1 =dx/ds and similarly
for M and m (i.e. M =dX/dU and m =dx/du). Here, d(x)/dS and d(x)/ds refer to
the arclength derivatives of (%) along fibers’ directions, respectively in the reference
and deformed configurations. Eq. (5.9) together with the presumed orthogonality

(ie. L-M =0) furnish a useful fiber decomposition of the deformation gradient

tensor:
F =A1® L+ym ® M, (5.11)
or equivalently,
g, VL1 pa O AL 4 ymM,. (5.12)
Hence, for example, we write

and thereby obtain from Egs. (5.9) and (5.12) that
N' = L' and ym' = M", (5.14)

which relate contravariant components of unit tangents of fibers. Similarly, invoking

the decomposition of
gi = (gl) -1+ (gm) - m = i1 + m;m, (5.15)
the covariant components are related by (see, Egs. (5.12) and (5.15))
M; = L; and ym; = M;. (5.16)

Now, the expressions for the geodesic curvatures of a parametric curve (r(s,u)) can

be obtained from Egs. (5.8)-(5.9) that

_Pr(S)  d(%2)  O(FL)oX

Ci =

sz~ dS ~ oX 0S
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_r(U) _dCE)  oFM) 0X

In a typical environment, most of the fibers are straight prior to deformations. Even

slightly curved fibers may be viewed as ‘locally straight’ fibers, considering their
relatively high aspect ratios. Applying the idealization of initially straight fibers, Eqs
(5.17)-(5.18) are then meaningfully simplified to

¢, =VF(L®L)and c; = VF(M®M); - VL =VM = 0, (5.19)

where VF is the second gradient of deformation. Invoking chain rule on Eq. (5.10),
this is found to be

VF = (I, — [)g:0G oG". (5.20)
The forgoing development suggests that the mechanical responses of a matrix-fiber

systems may be characterized by the following energy function:
1 1 1
W(F,e,ci,c) = W(F)matrix+w<5la€2)fiber+§Clcl'cl+50202'c2+QTCI'C% (5.21)

where c,-c, and c;-cy are account for, respectively, the bending and torsional kine-
matics of the fibers (see, for example, Fig. 5.4 (c)), and C, and T are the asso-
ciated moduli which are, in general, independent of the deformation gradient (i.e.
Cyo(F) =C, and T(F) = T). The quadratic strain energy potentials of c, are based
on the postulation of Spencer and Soldatos [93] which has been widely and success-
fully adopted in the relevant subjects of studies (see, for example, [90], [96], [115], and
[120]). The energy function of W (F),a1i describes the responses of matrix materials.

For example, in the case of an incompressible Neo-Hookean material, we find
W(F)matriz = p(F-F —3). (5.22)

Further, W(eq, 2) river characterizes the response of fibers against extension, which
may take the following simple quadratic form of Green-Lagrange type for the purpose

of a concise and compact demonstration

1 1
W(El, 52)fiber = §E18% + §E2€§, (523)
where the expressions for the associated strains can be found as
1 9 1 1 91
a=5 (V-1 (29 5 (FL-FL-1) and &, = 2 (1) 22 5 (FM - FM-1).
(5.24)
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It should be also noted here that one may choose different forms of energy potentials
to accommodate particular types of materials. For example, the combination of the
Mooney-Rivlin energy potential (for matrix materials) and cubic polynomial poten-
tials (for fibers; e.g. W(€)sper = 3F1% + $F2e?) may be considered to assimilate
hyperelastic responses of elastomeric composites which will be discussed further in
later sections. Lastly, volumetric changes in materials’ deformations are, in generally,
energetically expensive process and thus are constrained in the constitutive modeling
of most engineering materials (see, for example, [105]-[106]). In the present context,
this can be accommodated by augmenting the proposed energy potential (Eq. (5.21))
using the constraint of bulk incompressibility (i.e. p(J — 1)) from which we find

1 1 1 1 1
U(F,e,c1,cap) = p(F-F—3)+ §E15% + §Ez5g + 50101'01+50202'C2 + §TC1'02

—p(J —=1), (5.25)

where J is determinant of F and p is a constitutively indeterminate Lagrange multi-

plier field.

5.2 Equilibrium and boundary conditions

In this section, the derivations of the Euler equilibrium equations and the associ-
ated boundary conditions are presented in light of the virtual work statement and
variational principles. The relevant theoretical frameworks pertaining to the second-
gradient elasticity are well established in the dedicated literature ([98], [101], [107],
[108]). For the stated purpose, we evaluate the potential energy of the system as

B (Ve capav (5.26)
B

The weak form of the Euler equilibrium equation may then be formulated by employ-
ing the virtual-work statement

E=P, (5.27)

where P is the virtual power of the applied loads and the superposed dot denotes the
variational and/or Gateaux derivative. Since the conservative loads are characterized
by the existence of a potential L such that P = L, the problem of determining equi-

librium deformations is reduced to the problem of minimizing the potential energy,
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E — L. In the present case, this would mean that

B [0 capav (5.28)
B

5.2.1 Variational formulation

We continue by evaluating the induced energy variation of the response function

(5.21) as

. . : . N P
U(F,e,ci,c2,p) = W(F)maric + W(er,€2) fiver + C1¢1-¢1 + Caca-Ca + §TC1'C2

+%Tc1-c‘2 — [p(J = 1)]. (5.29)

In the above, the superposed dot refers to the variational derivatives with respect
to € at the particular configuration of the composite (i.e. ¢ = 0) that labels a one-
parameter family of deformations. To derive the desired expressions, we evaluate the
variational derivative of Eq. (5.10):

Ly

F=g0G=u,8G; G =0, (5.30)

where u = r is the derivative of the deformation map, r, with respect to e.

Thus, from Egs. (5.11), (5.14) and (5.22), we find

W(F)maria = pF-F=p(M@L+yme@M)- (u, ® G')
= (L' + MM )gruy, (5.31)

or equivalently
W (F)matric = 1F - F =p(g, ® G') - (0, ® G7) = pGg;u,, (5.32)
from which it can be also seen that
GY =L'L+M'M. (5.33)
Further, invoking the chain rule, we obtain from Eq. (5.23) that
W(gl, €2) fiber = Elsl(gl)FF + E2€2(€2)F‘F, (5.34)

where the expression of (¢1)p-F can be formulated (see, Eq. (5.24)) as

1/2)(FL - FL — 1)
OF

(e1)pF = ( F=FL®L) -F=LLgwu,; (5.35)
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and similarly for (e,)g-F; ie.,
(e2)p F=FM@M) -F=MMgu,;. (5.36)

Thus, for example, we evaluate

—_

. 1 o o
ei(e)eF =5 (FL-FL—1) L'L/g;u,; = (guL*L'-1) L'Lg;-u , (5.37)

2
and thereby obtain

W(er,e2) fiver = [71 (guL*L'-1) L'L7 + 72 (guM*M'—1) MM |guy. (5.38)
We now consider the induced energy variations associated with the curvatures of

fibers (i.e. c4-€g). In view of Egs. (5.19), we obtain

¢ = (VF) (L®L) and & = (VF) (M & M). (5.39)
The above requires the variational derivative of the second gradient of the deforma-

tion. Using Eq. (5.20), this is found to be

(VF) =T, g:0G @Gk + (I, — I'))w,0G oG, (5.40)
To obtain the expressions of F;k , the differentiation of Eq. (5.6) yields
T = (k- &) = w8 + g - 8, (5.41)

where uj;, = g, is the second covariant derivative of u = . We then use the identity

of g = gi'g; and Eq. (5.2) to equate

im nl

g =0"g+9"8=—9"9" 0 + "8 (9" gmn) = (0},) = 0. (5.42)

Since §,,, = (&m - 8n), the above may be recast as

X

§'=—(g"g, ghe— (g 8,)8" +4d"¢ =—(g" " &,)g", (5.43)

where (¢"™g, - gl)g is the projections of ¢"g, onto g basis. The substitution of
Egs. (5.41) and (5.43) into Eq. (5.40) then furnishes

(VF) = (g uy — Thg' - 1,)g@0G 0G + (I, — Tj w0 aGr.  (5.44)
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Hence, we find from Egs. (5.39) and (5.44) that
c1-¢, = cgy L/ LFg - W, — cill_“{kLlLkgi ‘uj, (5.45)
where it can be readily shown that
—(Ig" ) (86 @G (Lo L) + e (u,,0G/0G") (Lo L) =0. (5.46)
Similarly, we derive
CyCy = cégilengi W — céf{lengi -u,
ci-¢; = cgaMiMFg . w, — cilf‘{lengi -u;, and
coty = chgal/LFgl - uyy, — A9 L L g - u, (5.47)
where
cig; = (I — T )L Lrg; and chg; = (T, — T M7 MPg; (5.48)
(refer, Egs. (5.19)-(5.20)).

To obtain the expression for the last term of Eq. (5.29), we evaluate

J=JpF=F F=J(g'®G,)F, (5.49)
and thus find
p(J — 1) = pJ =pJg’uy, (5.50)
where
J=.]Z. (5.51)
G

Lastly, we note here that the invariance requirements arising in the second gradient
deformation remain valid for the cases of the finite elastic deformations of general
continuum bodies [89],[121] and hyperelastic soft membranes [123], and therefore,

have been adopted in the present study without further proof.

5.2.2  Euler equilibrium equation

The virtual-work statement (Eq. (5.27)) together with Egs. (5.28)-(5.29) suggest
that

. . . 1
E = /[W<F)matrix + Wi(e1, €2) fiver + C1€1:¢1 + Coca-€y + §TC'1'02
B

+%Tc1-(':2 —{p(J = 1)}]aV. (5.52)
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To proceed, we substitute the previously obtained expressions (see, Eqs. (5.32),
(5.38), (5.45), (5.47) and (5.50)) into Eq. (5.52) and rearrange them to a bilinear

form in v, and u; ;
: i B krl irj . Ee ksl Vel
E = | [nG7+ = (guLlFL'=1) L'L7 + < (gud"M —1) M*M]g;-u ;dV
B
s L T . _. T . _. .
- /B [C1ei T LI LF 4 Oy T, M M* + §ch{leM’“ + Ec;F{kLlLk + pJg¥gi-u ;dV
o ) . T . ) T . .
- /E (C1 LI LF + Cocds MI M* + EchﬂMk + §c;LJL’f)gi - dV, (5.53)

where we use the identities of g;g' = g; on Eq. (5.47) and g’ = g;¢’* on Eq. (5.50).
Further, the integration by part of the last term of Eq. (5.53) yields

o S T . . T . .
(C1ELILF + Cocdy MI M* + §C§M1Mk + Echij)gi W
o o T . . T . .
= [(Cie{L/L* + Cocy M/ M* + EchﬂM’“ + Echij)gi u]
S o T . . T . .
—[(C1 & LI LY 4 Coch MI M* + EcﬁMﬂM’“ + EcéLij)gi];k uy;. (5.54)
Substituting the above into Eq. (5.53), we then obtain
E_ ij Ey krl i Ey kgl ingi it rliTk
= | [{nGY + = (gu L L'=1) I'L7 4 == (guM*M'=1) M'M7 — Cy i Ty L'L
B
z"jlkTi_jlkTi‘jlk ji iTiTk
S T . . T . . o
+Cych MIM* + Ec’lMJM’“ - §C;Lij)gi};k]~quV - / [(Cici LI LF
B
ik o Lo inringk L L itk
+Coc, M M" + ECIM M* + ECQL L¥)g; - u;],dV. (5.55)
Eq. (5.55) may be further reduces to

E = /[g&”gz — (¢ijkgi);k]-u7jdv + ’g[)ijkl/kgi . lleA, (556)
B OB

where v = v;G? is the rightward unit normal to B in the sense of the Green-Stokes’

theorem and
ij ij Ey krl iTj Ey kgl (Vi
o7 = nGY+ — (gl L'=1) L'L +7(gklM M'—1) M'M
_ ) ) T . T .
—T9,(Ci . L' LY — Cocs M M* — Ec;M’M‘f — EchlL’“) —pJg’,

. S o T . T . .
W = AL LF + CodMIME 4 SAMIM" + LI L, (5.57)
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In the absence of distributed loads, it follows from Eq. (5.27) that the Euler equilib-

rium equation, holding in B, satisfies
(78 — (V7 gi)aly = 0, (5.58)
where, from Eqgs. (5.4) and (5.6), we find
g = (T — T)g;. (5.59)
5.2.3 Boundary conditions

To derive the expressions of the associated boundary conditions, we again apply

integration by part on the first integral of Eq. (5.56) and thereby obtain,

E = /[{90”8@'— ijgi);k}‘u];jdv_/[Spijgz’—(ijgi);k];j'u,jdVJr Vg dA.
B B OB (5.60)
Since the Euler equilibrium equation satisfies in B (i.e. [p7g; — (¥7*g;)4].; = 0), Eq.
(5.60) reduces to
E= / [p7gi — (Vg a]vjudA+ | 7 Fug - adA, (5.61)
OB OB
where the Green-Stokes’ theorem is applied on the first term of Eq. (5.61).

Now, we decompose u ; to

ou ds  Ou dv ,

u :gﬁ+$ﬁZUTj+u,ija (562)

where 7 = 7,G' = N x v is the unit tangent to the boundary OB and u’ and u, are,

respectively, the tangential and normal derivatives of u on 0B (i.e. u’ = du/ds and

u, = Ju/dv). The substitution of the above into the second integral of Eq. (5.61)

furnishes
E= / [gpijgi—(z/zijkgi);k]yj-udA+ wijijl/kgi-u'dA+ wijkyjukgi-u,yd/l. (5.63)
OB OB OB

We continue by applying integration by part on the second integral of the above and

thereby obtain
B = / [0v g — (V7 ) v — (W Tvig) ] ud A +/ [ kg - u]'dA
OB OB
-+ wijkyjl/kgi . u7VdA. (564)

B
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Eq. (5.64) may be recast into the following standard form:

E - /[Sﬁijngi—(ijgi);ij—(ijTijgz’)']'UdAJr Vg -, dA
OB OB

=g, - w, (5.65)
=1

where the double bar symbol refers to the forward jump as the discontinuities of the
boundary 9B is traversed (i.e. ||x|| = (¥*)™ — (¥)7) and the sum denotes the collection
of all discontinuities.

It follows from Eq. (5.65) that the admissible mechanical powers are of the form

(see, also, [20], [101], and [133])
P:/ t - udA + m-u,dA+ Y fu. (5.66)
OB, OB, =
Therefore, by comparing Eqgs. (5.65) and (5.66), we conclude that

t = g — @0 g)ars — (W me),
m = wijkyjykgi, and

fi = —ijTijgz‘, (5-67)

where t, m and f; are, respectively, the edge traction and edge moment and the [*
corner force.

Lastly, we remark that the edge moments (double force) in Eq. (5.67), ¢ kujykgi,
is the result of the second gradient of deformations sustained by the second-grade
continua and can be interpreted as the energy couple to the Piola-type double stress,

when it is prescribed on the boundaries (see, also, [86] and [112]).

5.3 Consideration of hyperelastic composites

Contemporary composite materials often exhibit nonlinear hyperelastic behaviors as
an intrinsic property. For example, when carbon-fibers and/or fibrous reinforce-
ments are used together with elastomeric matrix materials, they display unique
strain-stiffening responses, also referred to as ‘J-shaped’ stress-strain behaviors [3]-[4].
Such distinct nonlinear responses of hyperelastic composites can be readily accom-

modated by the proposed model via the refinement of the energy potentials of fibers,
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W (e1,€2) fiver, and matrix materials, W (F)qtri. For the desired application, we
replace the energy potential of W (F'), 41 using the Mooney Rivlin strain energy;

K

W(F)matm'x = H(Il - 3) + 9

> (I, — 3), (5.68)

from which the non-linear stress-strain responses of matrix materials may be char-

acterized via the two material parameters of ¢ and . In the above, I; and I, are the

principal invariants of the deformation gradient tensor which are defined, respectively,
by

I, = tr(F'F) and I, = %[(tr(FTF))2 —tr((FTF)?)). (5.69)

Since (I;)p = 2F and (I)g = 2F([;I — FT - F) (see, also, [114]), the variational

derivative of Eq. (5.68) can be evaluated as

W (F)matric = [5 (1)t 5 (L)e] F = [F+4F{(F - FI-FFYE. (5.70)

The substitution of Eqgs. (5.10) and (5.30) into the above then yields
W (F)matriz = [1GV + kg (GHGY — G*GY)]g;u (5.71)
where from Eqgs. (5.15) and (5.33), we find
GY = L' + M'M’ and g;; = L;l; +m;m; + cosy(l;m; +;m;); 1-m =cosvy, (5.72)

where 7y is an angle between the two families of fibers (non-orthogonal in general) in
the deformed configuration.

To accommodate the nonlinear stress-stain responses of fibers, we consider the
following energy potential of the polynomial type

1 1 1 1
W(e1,e2) = gEllei” + §E2lsf + gEfsg + §E225§, (5.73)

where €; and 5 denote the strain measures of the two different fiber families and E
and E? are the associated material parameters. Using the chain rule, the variational

derivative of Eq. (5.73) can be evaluated as

W(Sl, 52>fib€r = (Ellf‘:% + E21€1)(51)FF+(E12€% + E%SQ)({:‘Q)F'F. (574)
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Further, invoking the results in Eqs. (5.10) and (5.24), it can be readily seen that
1

E{ E
Ele? + Eley = Tl (FL-FL—1)* + 72 (FL - FL-1)
FE{ E} — E}
— IlgklgankLleLn_’_glekLl( 22 1)
(Ef —2E,)
5.75
e (5.75)
and similarly for
E2 E2 _ E2
Eie)+ Ejes = —LgugmnM M M™M" + gudr st P21 5 X
E? — 2F2
M' (5.76)
4
Now, we substitute Eqgs. (5.35)-(5.36), and (5.75)-(5.76) into Eq. (5.74) and thereby
obtain
: E{ FEy—FE{) FEl-2E) . .
W(er,€2) piver = [IlgkzgankLleLn + glekLl( 2 5 ) + = 1 2L g
E? E% — F?
+[IlgklgmanMleMn+gkleMl( 2 5 1)
E} —2E3 . .

Hence, in view of Egs. (5.71) and (5.77), the virtual-work statement of the fiber-
matrix system (Eq. (5.52)) then furnishes

: ij Kl vij ik A~ Ell krlrmyn k l(EQI_Ell)
E = [{ILLG] +/~€gkl(G G] — G GJ) + (nglgmn[/ LL L —nglL L T
B

El —2F} E? E? - E?

+ 1 . 2)LZLJ+(IlgklgmanMleMn+gkleMl( 2 5 1)

E? —2F2

+ 1 2
4

+%Tc1-62 —{p(J = 1)}]aV. (5.78)

Consequently, proceeding the same spirit as in Egs. (5.53)-(5.56), we find that

. . g — El Bl — B}
QD’L] — ,UG” +ngl(leG” o szGlj) + (ZlgklgankLleLn+glekLl( 2 5 1)

El —2F} . E? E? — E?
1 7 2)L1LJ+(IlgklgmanMleMn+gkleMl( 2 5 1)

E? —92F? S . . T .
%)M’Mﬂ — T (CL LHLF — Cocs M M* — Echle

T }
—§C§L1Lk) —pJg”",

g o L T . . T . .
W = CAD L 4 G MO MF + SEMIME + S LITE, (5.79)
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which satisfies the following equilibrium equation, holding in B,

(g — (V7 gi)aly = 0. (5.80)
The associated boundary conditions can also be derived via the same procedures as
done in Egs. (5.60)-(5.66) which turn out to be the same form as in Eq. (5.67) except
the expressions for ¢ and )" that are obtained in Eq. (5.79). Implementations of
the obtained nonlinear model toward the particular types of hyperelastic composites

will be discussed, separately, in later sections.

5.4 Model implementations

In this section, we present the implementation of the proposed model in the orthonor-
mal Cartesian basis (6 = 6’e;) to examine its performance and practical utility. The
associated results and comparisons with the experimental data sets will be discussed
separately in the next section.

Let us consider an initially flat rectangular-shaped fiber composite with finite
thickness (in X3 direction) and its boundaries are aligned with the referential coordi-
nate directions. Hence, it is assumed that the curvilinear coordinates, #°, are initially
coincide with the referential Cartesian frame X4 (i.e. #' = X*) and are orthogonal
prior to deformations. Further, the fibers’ trajectories are presumed to be initially
straight and remain fairly straight within a finite local regime after deformations and
thus their respective natural basis, g;, may be inferred to be locally a function of
referential coordinate (i.e. g; = g;(X*)). More general cases can be easily accommo-
dated by using the appropriate curvilinear coordinates such as spherical, elliptical and
polar coordinates. However, the presumed orthogonality framed in the orthonormal
Cartesian coordinates suffices to extract the important aspect of the proposed model.

Within this prescription, we deduce

oxX  0X 00X BEg

G, = 20~ axXA XA = opaEp = Ey,
o 900 9x4 x4
- 0X 09X OXPEp

Gij = G;G; =EsEp=Gup, GV =E4Ep =GP

EA7

and G = G;GY =E4(Es-Ep) = Ep. (5.81)
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Hence, the associated Levi-Civita connection coefficient identically vanishes; i.e.

OE 4

=k
Fij = Gi,j . Gk = EA,B'EC' = 0, ( EA,B = &X—B

—0). (5.82)

It is noted that the above results do not necessarily mean that the natural curvilinear
basis (g;) induced by the deformed body, b, merges into the Lagrangian frame of
reference (e;). In fact, it can be seen that

or  Orle;

gi

where Fj4 = Or'/0X4 are the components of the deformation gradient tensor and
e; = dr/dx’ is the Lagrangian frame of reference. Further, using Eq. (5.83), we

reduce g; ; and g’ to

J(Fiae;) . I(Fiae;)

8ii = T opi T axB Fiapei = 8aB;
: 00" ox4  oxA4
g or or rie; (Fja) e; =g", ( )
and thereby obtain
Ffj = 8ij- gh = 8A,B - gt = ia,B€i - (F} )_1ej = Fap(Fio) ' = I
(5.83)
9ij = 8i'8; =848 = FiaFip =gas, (5.85)

ij i o (5.84) -1 _
and gV = g'g' =gtg” "= (FuFp) " =¢"",
which are, respectively, the Levi-Civita connection coefficients, the metric and the
dual metric induced by the coordinates in b. Lastly, combining the results in Eqs.

(5.82)-(5.85), the covariant derivative of g; can be evaluated as

kL (5.82) (5.83),(5.85) _
8ij = (FZ —Tiee = I9sec = Fap(Fic) 'Ficej = Fiape; = gap,

(5.86)
where (Fic) ' Fjc = (0XC/0r")(0r1 /0Xc) = 6;;.
As a direct consequence of the results in Eqgs. (5.81)-(5.85), the terms in Egs.
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(5.79)-(5.80)) now become, for example,

(1Gg;).
(gl L'L' g,

(pJg"'g:)
and [C?LLijgi);k] id

where we use the identities of JF,,' = F}y and F,

(NG gA) :B = [,U(EA'EB)FiAei];B = (#5ABFiAez‘)~B = PJFiB,Beia

(9ep LA LBLCLPga).p = (FiaFjc Fjp L LPLC L e;).5
= (FuFjcF;p) gL LPLC L e;,

(pJg%*ga).p = (0 (FiaFip)™
(T,

FjAej)'B = (pFBe’L> B = pBFBew

—F DLTLML Lrg) ) = TR L LPLPLgA).0).8
(Ejp.p(Fja) 'FiaLPLPLP L ;).c].5

Fiapepl*LPLCLPe;, (5.87)

1.4 = 0 (the Piola identity). Thus,

the equilibrium equation (Egs. (5.79)-(5.80)) may be reformulated into the flowing

form for the desired applications;

E E
0 = [WFiaa—paFi+ - (FipFicFip) al LPLOLY — Z Fip 4L L”
E E
+72<EBQCFJ~D>,AMAMBMCMD - 72 B AMAMP + CyFip acp LALPLELP

T
+CyFyg acpMAMP MC MD+§F,~B7ACD(LALBMC MP+MAMPLELP))e;(5.88)

which hold in B.

(5.67) ) as
t
m
where
v'Pes =
% =

In addition, we recast the associated boundary conditions (Eq.

= ¢"gavs — (V" %a)ove — (WP TRrega),
= " %prega, and f = —*P 150084, (5.89)
E E
(uFip + 71[(F FpL°LP —1)F,ALALP + 72[(F FipMCMP
~1)EAMAMP — pFigle;,
T

[FiapL*LP(CLLELP + EMCMD) + Fya pMAMP (CoMCMP

T
+5 LOLY)le; (5.90)

Lastly, invoking the results in Eq. (5.87) together with the evaluations of higher order

146



terms arising in the mapping of nonlinear stress-stain responses, we obtain

(/igleleijgi);j = (KQCDGCDGABgA);B = (ﬁﬂcﬂcﬂBei);B
= /‘Q(FJ'CF}'CFiB),Beia
(G gmn MMM M g,).5 = (9c09urM MPMP M g4).5
= (FicFjpFpFirMCMP MPMFF, pe;) p
= (FjcEipFrpFirFia) sMCMPME M e;, (5.91)

and similarly for other higher order terms (e.g. (grigmnL"L'L™L"g;) ;, (kguG*GYg;).;

etc...). Thus, the case of hyperelastic composites can be readily implemented as (see,

Egs. (5.77), and (5.79)-(5.80))

0= [uFaa+ k(FijcFjcFia — FjaFjpFip) a —paFy
El
+Zl(FjCﬂDFkEFkFFZ-B),ALALBLCLDLELF
E2
+Il(FjCF;-DFkEFkFFiB), AMAME M MP MEME (5.92)
(E5 — EY) E} — 2E3

—|—T(FiBFjCFjD)7AMAMBMCMD+ 1

T T
+Fipacp(CLLALPLC LP+-CoMA MP M© MD+§LALBMC MD+§MAMBLC LP)]e;.

(FisFjcFyp) AL LPLOLP +
FipaMAMP

It is noted that the corresponding boundary conditions (Egs. (5.89)-(5.90)) remain

intact except the expression of p4Bg, which is found to be

El —2F!
©*Bgs = [uFip + kFia(FjoFjcdap — FjaFjg) + 1TQ(FMLALB>

E%_2Eg AarsrB EllABCDEF
g (FuaM*MP) + FiaFyeFypFupFor (- L LPLOLP L7 L

EQ El . El
+I1MAMBMCMDMEMF) + FiaFjoFjp(—2—=——21ALPLCLP

E%_E% ArrBagsCarDy _ *
22 T B A MB MO MP) — pFLes. (5.93)

5.5 Results and discussions

Comparisons with the inhouse experimental results and contemporary applications in
the literature are presented in this section to demonstrate the performance and po-

tential utility of the obtained model. For the stated purpose, we consider the uniaxial
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tensile test of elastomeric composites, spherical indentation of Polyactic acid (PLA)
composites and Deployable Composite Boom (DCB). Emphasis is placed on the char-
acterization of the stress-strain responses and deformation analyses of intended com-
posites while maintaining compactness and relative simplicity in the corresponding

model implementation.

5.5.1 Uniaxial Tension of Hyperelastic Composite

The inhouse uniaxial tension test of elastomeric composites reinforced with polyester
fibers (PES-2 and PES-3) are considered in this section. This is a special case of the
proposed model where the elastomeric composite is subjected to finite plane defor-
mation that the fiber’s directors remain in a plane, with no out-of-plane components
(i.e. M3 = L3 = x5 =0) and the corresponding deformations (i.e. x; and yx,) are in-
dependent of the out-of-plane coordinate (X3). Ecoflex 0050 (Smooth-on Inc., USA)
is used as the matrix material which is considered to be one of the promising mate-
rials in biomechanical applications for its high tear resistance and large extensibility
[128]-[130]. The reinforced elastomer composite films were fabricated in a three-layer
configuration using a layer by layer method (Fig. 5.2 (a)). The effective dimension
of the samples is 50mm x 25mm; keeping an aspect ratio of 2 : 1 and the actual size
of fabricated composites is 78mm x 25mm with the end allowance of 14mm to avoid
end effects caused by the grips of the testing machine (see, Fig. 5.2 (c)). Instron 5943
(Ilinois Tool Works Inc., USA) is used to measure the stress-strain responses of the
Ecoflex 0050, PES fibers, and the composites (see, Fig. 5.2 (b)). The test apparatus
records the displacement and force as a function of time for each uniaxial tensile test
and the corresponding extension rate was set to be 2.5mm/min to avoid/minimize
possible viscous responses (see, also, [134]-[136]). The response of Ecoflex 0050
(matrix material) is characterized by using the Mooney-Rivlin model and the cor-
responding material parameters are found to be y = 0.1013 M Pa and k = —0.14
Mpa, respectively (see, Fig. 5.3 (left)). Further, the strain-stiffening responses of
PES-2 and PES-3 fibers may be accommodated by the proposed polynomial energy
potential (Eq. (5.73)) with the characterization parameters of Ef = E? = 3.45M Pa,
Ei = E2 = 0.65M Pa for PES-2, and E} = E? = 2.35MPa , E} = E2 = —0.2M Pa
for PES-3 (Fig. 5.3 (right)). Hence, in view of Eqs. (5.21), (5.68) and (5.73), the
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Figure 5.2: Sample preparation (a) and experimental set up for the uniaxial tension

test (b)-(c).

following energy potential may be considered for the constitutive description of the
PES-2 composite

0.1013 0.14 3.45 0.65
U(F,e,gp) = 5 (I, = 3) — 7(12 —3)+ 7(5? +e5) + 7(5% + &5

)

(5.94)

—_

2.2
+-(81811+82°82) + 5 8182 — p(J —1),

N}

from which the corresponding Euler equilibrium equation can be obtained as (see,
also, Egs. (5.79)-(5.80) and (5.92))

0= [0'1013Xi,AA - 0'14(Xj,CXj,CXi,A - Xj,AXj,BXiB),A - p,AX:,A
3.45

+T(Xj,CXj,DXk,EXk,FXi,B),ALALBLCLDLELF T 3454—_13 '
L (0.6 . 3.45) (e p)ALALPICLD + 3.454— 13
+3T% (Xj,CXj,DXk,EXk,FXi,B),AMAMBMCMDMEMF
+w(Xi,BXj,CXj,D),AMAMBMCMD

(5.95)
2

2 2.2
X5 ACD(0.5LALBLCLD+0.5MAMBMCMD+TLALBMCM%?MAMBLCLD)]%
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Figure 5.3: Stress-strain curves: Ecoflex-0050 and the Mooney Rivlin model (left);
Stress-strain curves: PES-2 & PES-3 fibers and polynomial model (W (e) = 5 F1e® +
1 Ese?) (right).

In the above, ¢;; is the 2-D permutation; €12 = —e91 = 1, €17 = €22 = 0. Eq. (5.95)

together with the condition of the bulk incompressibility,

det F' = X1,1X2,2 — X12X2,1 = L, (5-96)

determines the unknown potentials of x;, x, and p which describes the nonlinear
responses of the Ecoflex0050-PES composite.

Lastly, the admissible boundary conditions (Eqs. (5.89)-(5.90), and (5.93)) in the
case of rectangular shaped samples (see, Fig. 5.4 (a)-(b)) furnish

th = SOAIXLA - WAICXLA);C - <¢A21X1,A)/a t=0at Xy =a, —a, and

tl = O, t2 =0 at X2 = b, - b, (597)
where
3.45 — 0.65
eMxiae =[x+ EXia (G008 = X5aX58) + 5 (XA L LP)
3.45 — 0.65 3.45
T (XsaMAMP) + Xi,AXj,CXj,DXk,EXk,F(TLALBLCLDLELF
3.45 0.65 — 3.45
+TMAMBMCMDMEMF) +x; ij,cxj,D<—2 LALPLOLP
0.65 — 3.45
+—2 MAMBMCMD) — pX; plei, and
2.2
¢ABCX¢,Aei = [Xi,ADLALB(0'5LCLD + TMCMD) + Xi,ADMAMB(O'5MCMD
2.2
+=5 LOLP)Jes. (5.98)
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Egs. (5.97)-(5.98) can be obtained by replacing g4 = Fj4e; on the left side of the Eq.
(5.90)9 and Eq. (5.93) while substituting the fibers’ directors (i.e. L = L'E;+ L*Ey =
cos(m/4)E; —sin(mr/4)Ey and M = M'E;+M?FEy = cos(m/4)E; +sin(7/4)E;) and the
normal and tangential vectors of the designated boundary (i.e. v = v1Ej+v3Ey = Ey
and 7 = T E; + 73Ey = Eo, see, also, Fig. 5.4 (a)-(c)). Repeating the same pro-
cedure as demonstrated in Eqgs. (5.94)-(5.98), the case of PES-3 composite can
also be simulated with the configuration parameters of Ef = E? = 2.35M Pa and

E3 = E2 = —0.2M Pa. Fig. 5.5 illustrates the stress-strain curves of the Ecoflex0050-

E CT: Fibe\r mesh : ,u,/K : Matrix
<= \ />
Pll l-a ‘T’ P
—— <M 12,
bEE —
L o
— A45 el
-b
(c)
A M Fiber mesh A
L‘E, Matrix é
N\ \45°
(Longi;udinal) (I.ongi?udinal)

Figure 5.4: Schematic of the problem : 2a = 50mm and 2b = 25mm (a); Sample
orientation(b); Kinematics of bidirectional fiber mesh under uniaxial tension (c).

PES composite reinforced, respectively, by the PES-2 and PES-3 fibers. It is evident
that the proposed model successfully predicts the strain-stiffening responses of the
composites by integrating the predetermined material parameters of the Ecoflex ma-
trix material and the PES fibers. This may be of practical interest, especially in
the design stage, since the mechanical responses of the intended composite can be
instantly estimated using the proposed model. In addition, the general deformation

profiles of the PES composite can be evaluated via the mapping:
x = x1(X)e2 + xp(X)ey, (5.99)

where X =X E;+ X5E, is the initial position. The corresponding deformation profiles
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Figure 5.5: Stress-strain curves of PES composites predicted by the proposed model.

are then superposed on the experimental images of PES-2 and PES-3 composite
samples at 50% elongation (see, Fig. 5.6). Despite the uncertainties arising in the
image processing and fittings, the deformation profiles from the proposed bidirectional
model and the uniaxial tension experiment demonstrate close agreement throughout
the entire domain of interest for both the PES-2 and the PES-3 cases. Lastly, the
shear strain distributions of the PES composites are computed to examine the utility
and accuracy of the proposed model in the local microstructure deformation analysis
of the reinforced composites. Using the mesh grids of 1.5mm x 1.5mm, printed on
the surfaces of the PES composites, the material points of the deformed composite
are recorded via the Matlab image processing toolbox from which the corresponding
shear angle configurations are estimated. Also, the deformation maps of y; and x,,
obtained directly from the proposed bidirectional model, are post-processed using the
relation:

Yoy = @+ 8 where o = tanl(#) and § = tanl(ljf#) (5.100)
X1,1 X2,2

to evaluate the shear strain distributions of the resulting composites. The shear

strain distribution results in Fig. 5.7 (bottom images of (a) and (b)) indicate that
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Proposed Model

Figure 5.6: Deformation profiles at 50% elongation: PES-2 (top), PES-3 (bottom).

the proposed model successfully predicts the smooth and continuous shear strain
fields throughout the entire domain of interest which also show good agreement with
the in-house experiments (upper images of (a) and (b)) unlike those estimated by
the traditional continuum theory (first-order) where substantial discontinuities are

observed (see, also, [85], [87], [110]).

5.5.2 Draping of PLA- fabric Composites

Thermoplastic composites reinforced with fibrous materials have drawn increased
amount of attention in recent years due to their enhanced properties in strength
and toughness together with high service temperatures which make them a promis-
ing candidate in aerospace, engineering and biological applications [137]-[138]. The
Polyether-Ketone-Ketone (PEKK), Polyether-Ether-Ketone (PEEK) and Polylactic
Acid (PLA) are three common types of thermoplastic matrix materials. The appli-
cations of which, however, are somewhat limited in their raw form due to the low

impact strength and brittleness [137], [139]-[142]. The properties of these thermo-
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plastic materials can be effectively enhanced by using natural fiber reinforcements
such as bamboo fibers [138] which has also drawn renewed attention for their easy
accessibility, renewability, CO2 neutrality and non-toxicity [143]-[144]. In this sec-
tion, we present the implementation of the proposed model in the characterization
and deformation analysis of the PLA matrix material reinforced with natural bam-
boo fibers. For the stated purpose, we consider the PLA-bamboo fabric composite
subjected to out-of-plane deformations in Ej3 direction such that the corresponding
response functions, unlike those in the uniaxial tension case, no longer remain in a
plane (i.e. x = x;(X)ez + xo(X)es + x3(X)es) and similarly for the rest of cases
in the next section. The referred drape test in Fig. 5.8 is designed to evaluate the
stretching deformation of a composite sheet under punching load (typically with a
hemispherical punch) which is one of the common experimental settings for study-
ing the formality of a thin composite sheet also known as Eichsen test [145]-[146].

The response of the PLA matrix material is characterize by using the Mooney-Rivlin

Blank

Figure 5.8: Experiment setup for the drape test of PLA-bamboo fabric composite
[138].

model with the configuration parameters of y = —10 Gpa and k = 11 GPa (see,
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Fig. 5.9). The material parameters of a bidirectional bamboo fabrics are identified
as By = Fy = 45.45 GPa and C; = Cy = 28 GGPa, respectively, based on the work
of [147]-[148]. Therefore, combining Eqs. (5.21), (5.23) and (5.68), we may propose

50
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w
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Stress, MPa
N
(3]
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5F ¢ Experiment (PLA) o
= \|o0ney-Rivlin fitting (4=-10 GPa, k=11 GPa)
00 0.005 0.01 0.015 0.02 0.025 0.03
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Figure 5.9: Stress-strain curves: PLA thermoplastic matrix material [149] and the
Mooney-Rivlin model.

the following energy potential for the constitutive description of the PLA-bamboo

composite
10 11 45.45 28
UF,e,gp) = —(h=3)+(h-3)+ T(sf +e5) + 5 (8181 782°82)
2.5
5818 — p(J —1), (5.101)

and thereby obtain the associated equilibrium equation as

0 = Piaa=—10x;44 +11(X; 4aXj0Xj.0 = XipaXsaX;8) + 11X 52X 08X 0

—X;,AAX;5,B — Xj,AXj,BA) —paFiy + 45'45Xj,11Xj,1Xi,1
45.45 45.45 45.45

+(TXj,lXj,l - T)Xi,ll + 45'45Xj,22Xj,2Xi,2 + (TXj,QXj,z
45.45 28 2.5
_T)Xi,m + ?(Xi,llll + Xi,2222>+7(Xi,1122 + Xi,2211)7 (5.102)
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where F7y = €mni€pgAXpmXqn- Lhe solution of the above system of PDEs can be

determined by imposing the boundary conditions of (see, Fig. 5.10)

X1 = Xe=Xx3=0at Xy =a, —aand

X1 = Xe=x3=0at Xo=0, —b.

xs = f(X1)=—0.66X7+0.66 at the cross section D — D’

X3 = f(X3)=—0.66X7 4+ 0.66 at the cross section C' — C’, (5.103)

where f(X;) and f(X5) are the shape profile functions describing the hemispher-
ical punch head. As illustrated in Fig. 5.11, the proposed model closely assimilates
the resultant stress-strain responses (Fig. 5.11 (left)) and the overall deformation

contours (Fig. 5.11 (right)) of the PLA-bamboo composite.

X2=b

Deformed composite

Deformation BCs from punch profile sheet

D Punch Head D'
A
A I
1 D! Section A-A
Li---k
Xi=-a \ Deformation BC Obtained
from Punch profiles : f(xi)
" and f(x:)
- o~ o a - - = ~
Punch Area pr Punch Head SO
e ~

X2=-b

Figure 5.10: Boundary condition for draping over a hemisphere.

For the more in-depth analysis vis a vis the local deformations of the composite,
we also perform the Grid Strain Analysis (GSA) which quantifies strain differences
of grids prior and after the deformations [138]. The surface of a sheet marked with a
series of square grids (see, #1(undeformed grids) and #2 (deformed grids) in Fig.5.12
(left)) is took from the work of [138] for the purpose of comparison. The grid map
contour image in the right side of Fig. 5.12 (#3 (undeformed grid) and #4 (deformed
grid)) is obtained by solving the resulting PDEs (Eq. (5.102)). It is evident that the
proposed bidirectional model produces reasonably accurate prediction in the local
deformation of PLA-fiber composite throughout the domain of interest (refer, the
comparison images in Fig. 5.12 (mid)).
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Figure 5.11: PLA-bamboo composite: stress-strain curve (left), deformation contour
(right).

Lastly, we mention that the proposed model may be used in the design and charac-
terization of thermoplastic composites reinforced with various types of natural fibers
by interchanging energy potentials and material parameters for both fibers and matrix
materials. Further studies in this regard are certainly of more practical interest which,

however, were limited in the present study due to the paucity of the experimental

resource.
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Figure 5.12: Deformed and undeformed configurations of unit grids obtained from
the drape experiment of Bamboo fabrics / PLA Composite (left) [138] and proposed
model (right).

5.5.3 Case studies in Self-Deployable Booms for Space Ap-
plications

Deployable structures such as solar sails and reflector antennas are widely studied for

space applications due to the limited storage capacity in launch vehicles [150]-[153].
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These deployable structures can be packaged into a small volume prior to launch-
ing and unfolded into large configurations during the operation state [150]. Among
various types of deployable structures, thin-walled deployable composite structures
made of high strain composites have drawn increasing attention in recent years for
their superior stiffness, strength and ultralight weight characteristics [153]-[156]. In
particular, a thin-walled deployable composite boom (DCB), which is folded elasti-
cally into smaller configurations can be self-recovered to its initial unfolded state by
releasing the stored strain energy. During the coiling process, the boom undergoes
compressive deformations to form a flattening state through which the strain energy
can be effectively stored into the system [150] (see, highlighted deformation line (red)
in Fig. 5.13). The stored strain energy is then used as a ‘recovering’ energy for self-
deploy. Hence, it is important to study the compressive deformation responses for

the design and operation of DCBs.

Figure 5.13: Compressive deformation of DCB during coiling process [150].

In this section, we employ the obtained model in the analysis of the coiling re-
sponses of a DCB which is made up of an epoxy resin laminate sheet reinforced
with carbon fibers. The response of the epoxy resin matrix material is characterized
by the Mooney-Rivlin model with the configuration parameters of ut = —10 GPa
and k = 11.09 GPa, respectively (see, Fig. 5.14). Further, the material parame-
ters of bidirectional carbon fiber mesh are found to be E; = Ey, = 228 GPa and
Cy = Cy = 69 GPa. Together, the following energy potential may be proposed for
the constitutive description of the DCB.

—10 11.09 228 69
UF,e,gp) = T(Il —3)+ T(IQ - 3)7(5% +e3) + E(gl'g1+g2'g2)
50
+?g1-g2 —p(J — 1). (5.104)
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Figure 5.14: Stress-strain curves: epoxy resin matrix material [157] and the Mooney
Rivlin-model.

Hence, the corresponding Euler equilibrium equation furnishes

0 = Piaa=—10x;44 + 11.090x; aaX;cXjc — XiBaXj.aX;p) T 11.09x; 5(2X;.08X;.c
228

“XjAAXGB T XjaXgBa) T PASiEABX s T 228X X + (5 XX
228 228 228 69
_T)Xi,ll + 228Xj,22Xj,2Xi,2 + (TXj,QXj,Q - T)Xi,ﬂ + ?(Xi,llll
50
+Xi,2222)+?(Xi,1122 + Xi,2211)' (5-105)

The solutions of the above system of PDEs can be determined by imposing the bound-
ary conditions as depicted in Fig. 5.15 and Eq. (5.106), where f;(X5) is the shape
function representing the initial shape profile of the boom and f(P) is a function of

P which becomes zero when P = 0.

X1 = 0at Xy =a, —aand x3 = f(X2){1— f(P)} at X; = a, where

1 1
fi(X2) = 0‘3386{1 T+ e22(X2-025) ] +€—22(X2—0.75)} and
F(P) = 0.0238P% — 0.2301P2 + 0.7729P. (5.106)
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Figure 5.15: Schematic of the problem.

In the analysis, we consider two configurations of the boom which are the cross-
sectional profiles (configuration “1”) and the longitudinal deformation profiles (con-
figuration “2”) (see, also, Fig. 5.16 (a)-(b)). As illustrated in Figs. 5.16 (c)-5.17, the
proposed bidirectional model successfully assimilate the general deformations of the
boom. More precisely, it is observed that the magnitude of the cross-sectional profile
of the boom (Config-1) is inversely proportional to the applied flattening force (refer,
Fig. 5.17). Also, the longitudinal deformation profiles (Config-2) become ‘straight’
with the increasing bond parameter, T, at the intersection of the two orthogonally
aligned fibers; i.e., the resulting longitudinal curvatures of the boom become less sen-
sitive to the applied flattening force (see, Fig. 5.16(c)). The result suggests that the
recovering energy may be further maximized (without considering higher strength
materials for both matrix and reinforcing materials) by enhancing the fiber-to-fiber
bond at the intersections.

Predictions from the proposed model are also cross-examined with the progressive
flattening test results (compressions) of the DCB [154]. The experimental setup for
the flattening test is illustrated in Fig. 5.18 (a), where the carbon-fiber reinforced
epoxy composite samples of the half boom sections are loaded in the screw driven
load frame. The incremental displacement is applied at the rate of 0.02mm/s via
horizontal roller and the corresponding load-deformation readings are recorded using
optical instruments (see, further details in [154]). It is seen from Fig. 5.18 (b) that

the proposed model closely simulates the force-displacement responses of the DCB
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Figure 5.16: Cross-sectional profile (Config-1) and longitudinal deformation profile
(Config-2) of the DCB. (b) Config-1 and Config-2 indicated on the actual DCB. (c)
Longitudinal deformation profiles with respect to the torsional rigidity of fibers.

subjected to progressive flattening which arises during the coiling and/or folding pro-
cesses. Lastly, we compute the shear strain distributions of the DCM with respect to
the strain components of v, ,7,, and v,,. Unlike those estimated from the first gradi-
ent theory, where significant discontinuities are observed (see, [85], [87]), the proposed
model predicts the smooth and continuous shear strain distributions throughout the
entire domain of interest. More precisely, the maximum in-plane shear strain (v,,)
is observed at the clamped end (Fig. 5.19 (top left)) whereas the out-of-plane shear
strain components (7,,, 7,.) gradually increase as they approach the line of contact

where the flattening force is applied (Fig.5.19 (top right)-(bottom)) The results may
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Boom section profiles with respect to flattening force

Figure 5.17: Cross-sectional profiles of the DCB with respect to the varying flattening
force.

. ¢ Experiment Data
Flattening Force = Proposed Model

Force (N)

0 2 4 6 8 10 12
Displacement (mm)

Figure 5.18: (a) Experimental setup for the flattening test. (b) Comparison of the
load-deflection curve between the theoretical prediction and experimental data in
[154].

be further employed to compute the amount of total strain energy stored into the
boom structure during the packaging which can be converted to ‘restoring’ energy
in the event of self-deployment. In addition to the aforementioned applications, the
proposed model reproduces the equilibrium shapes of Hypar shell structures under
arbitrary prescribed edge conditions [158]. In fact, the obtained model accommo-
dates a more wide class of Hyper shell deformation structures via the generalized

edge conditions of the form:
X3(X1, Xo) = aX1 Xo + bX7 +cX3 +dX, +eXo + f, (5.107)

where a, b, ¢, d, e and f are constant fields from which various types of edge conditions
may be assimilated (see, Fig. 5.20).

The focal length variations of tunable elastomeric lens with respect to the vary-
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Figure 5.19: Shear strain distributions of the DCM: v, (top left), v, (top right) and
Yy (bottom).

ing applied voltage [159] can also be predicted by employing the proposed model in
the limit of vanishing fiber parameters. In the simulation, the changes in electrode

voltages are applied using the following boundary conditions;

8X3 8X3 _ 2
ox, Tox, = @V HIV AR+ X0) + Bl (5.108)

where a, b, c, A and B are the empirical constants which can be determined by fitting
the applied voltage. It is evident from Fig. 5.21 that the proposed model produces
reasonably accurate predictions in both the general deformation profiles (Fig. 5.21
(a)-(b)) and the focal length variations of the tunable elastomeric lens (see, Fig. 5.21
(right)). Further research in this regard is beyond the scope of the present study due

to the paucity of available data, yet it is certainly of more practical interest.

5.6 Finite element analysis of the 4th order cou-
pled PDE

The systems of PDEs in Eqgs. (5.92)-(5.93) are 4th order differential equations

with coupled
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(@) x3=08X{ —08X; —0.8X; + 0.8X, (b) x; = 0.4X? — 0.4X2 — 0.4X, + 0.4X,

Figure 5.20: Deformed surfaces of Hypar shells: (a) Saddle-shape, (b)Saddle-shape
(same magnitude with opposite curvatures), (c) Rotation and translation of straight
lines, (d) Rotation and translation of curves.

non-linear terms. The case of such less regular PDEs deserve delicate mathe-
matical treatment and is of particular practical interest. Hence, it is not trivial to
demonstrate the associated numerical analysis procedures. For preprocessing, Eq.

(5.92) may be recast as
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Figure 5.21: (a) Elastomeric lens profile from the experiment [159]. (the red dashed
line corresponds to the prediction of the lens profile from proposed model), (b) De-
formed lens profile from the proposed model, Focal length variations with respect to
the applied voltage (right).

For i =1:
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For ¢ = 2:
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For ¢ = 3:
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+5(ADN — AFM — BoCN + ByF M)

= Q- X1,115 0=R- X2,115 0=0C— X1,15 0=D — X2,15
= E—X19 0=F — Xy, 0=A—p(Q+ x192) — cQ 11,

= B—p(R+ X2,22> —cRy1,0=M — X3,170 =N — X3,25

o o o o
|

= U- X1,22 0=V - X2,225 0=T-— X3,115 0=25- X3,22- (5-109)

where @) = X1,11> R = X2,115 T = X3,11> C = X1,15 D = X2,17M = X3,y E =
X1,25 F = X2,2 N = X3,2 U= X1,22, V= X2,22 and S = X3,22- Hence, the order of
differential equations is reduced from the three coupled equations of the 4th order to

seventeen coupled equations of the 2nd order. Especially, the non-linear terms in the
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above equations (e.g. AxXy,, BXy; etc...) can be systematically treated via the Picard

iterative procedure and/or Newton method;

initial | initial initial | initial 0 0
—A X2,2 + B X2,1 = _A0X2,2+BOX2,1

initial | initial initial | initial 0 0
A X1,2 - B X1,1 - A0X1,2 - BOX171, (5.110)

where the estimated values of A, B continue to be updated based on their previous
estimations (e.g. A; and B; are refreshed by their previous estimations of A, and
B,) as iteration progresses and similarly for the rest of non-linear terms.

Also, the weight forms of Eq. (5.109) can be found as
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Thus, we apply integration by part and the Green-Stokes’ theorem, (e.g. p / WX 20082 =
Qe

—p/ w1 2X1 2052 + ;z/ wyX; ,Ndl') and thereby obtain the following weak forms of
Qe or
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Eq. (5.111)
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—gzu?,n(T + Mo+ N1+ Ny)(CC+CD+DD+DF+ MM+ MN + EC
+EE+ FD+ FF+ NM + NN) +wsk(M + N)(2QC + 2E, E + 2C»,C
+2UE — QC — QFE — EyC — EoE —CQ — CE, — ECy — EE5 +2F,F
+2D D + 2FyF — RD — RF — FoD — FyF + DR — DF, — FD,
~FFy+2N N +2MyM +2NoN — MyM — M ;N — NoM — NoN
+MM; — MN; — NMy— MM,) + wg[%(zQOCO +2QCDD
+2QCMM +2RDCC + 2RDDD + 2RDMM +2M MCC +2M MDD
+2M MMM +2CCQC +2CCRD + 2CCM ;M + 2DDQC + 2DDRD
+2DDM M +2MMQC +2MMD D + 2MMM M) + (E5 — E11)(QC
+RD + M1 M)|M + wg[%(CC’ + DD+ MM)*+ M(CC

E21

Ey —2F
U%M]T +ws[ (2B, DDD + 2E,DFF

+2E,ENN + 2F,FEE + 2F,FFF + 2F,FNN +2SNEE + 2SNFF

+DD + MM) +

+2SNNN +2EEE,E + 2EEF,F + 2EESN + 2FFEoFE + 2FFF,F

+2FFSN + 2NNEE + 2NNFyF + 2NNSN)(Eyy — By )(EoE + FoF
E Eyp — E

+SN)IN +ws[H(EE + FF + NN)* + %(EE +FF+NN)

(Eo1 — 2E9)
4

1
+§(U}3AODN — ngoFM — U)3B()CN + U}gBoFM)}dQ

—|—IU/ W3 X3 2NdF — Cl/ wgledF - Cg/ w3S72NdF
or ’ ar or

+ |T+ws 1 C1T 14 w3 2CoS 04w 1 7S 14+ws 27T o

—T/ wgs’lNdF—T/ ’ng”gNdF,
or or
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0 = /(w4Q+w371X171)dQ—/ wyx,  NdT,
Q ar

0 = /(w5R+w5,1Xz,1>dQ_/ ws X9, NdT,
Q ar

0 = /(wﬁT—i_wﬁ’lX&l)dQ — | wexs NdT,
Q ar

0 = /(w7C—w7X171)dQ, 0= /’lUg(D - X2’1)dQ, 0= [ we(M — X&l)dQ,
Q Q Q

0 - / wio(E — X1 2)dS, 0 = / W (F = x22)d2 0= [ wis(N = yy)dC2
0 Q Q

0 = /(w13U+w1372X172)dQ—/ U)13X172Ndr,
Q or

0 = /(w14V+w14,2X2’2)dQ—/ ’LU14X272NdF,
Q or

0 = /(w155+ w15’2X372)dQ —/ UJ15X372NdF,
Q or
0 = /(wwA — pwie@ + pwisaX o + Crwie1 Q1 + Cowie pU 2 )d2
Q
—/ pwieXy o NdI' — / Clw16Q,1NdF - / CQWIGU,ZNCZF’
ar ’ ar ar
0 = /(w17B — pwi7r R+ HW172X29 + Clw17,1R,1 + C’2U117,2V,2)dQ
Q
—/ HW17X2 2NdF — / Cl’w17R,1NdF - / CQMl’?VQNdF (5112)
ar ’ ar ar

where €, OI' and N are, respectively the domain of interest, the associated boundary,
and the rightward unit normal to the boundary OI" in the sense of the Green-Stokes’
theorem. The unknown potentials of x;, X9, X3, @, R, C,D,E,F, T, S, U, V,M,N, A
and B can be expressed in the form of Lagrangian polynomial that

n=4

(¥) = X [(0); 95, y)]. (5.113)

J=1

Accordingly, the test function w is found to be

n=4
wo = Y _wh, Wi(x,y); i=1,2,3,4, and m =1,2,3,4,..10 (5.114)

i=1
where w; is the weight of the test function and W;(x,y) are the associated shape

functions; ¥, = %, Uy = I(z—gl), Uy = % and ¥y = y(i—j) Invoking Eq.
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(5.113), (5.112) can be recast in terms of Lagrangian polynomial representation as

n=4
0 = Z [/ {M\PZ\I}]Q] — M\I[iﬁ\ljj,?le + K(@Z\P]Q + \IJZ\IJLQEJ)(CC + EE + DD
ij=1 7

+FF + MM+ NN) — 6(U,¥;Q + ¥, U, ,C; + U, U, E; + W, U, ,E)(CC + CD
+DD + DF + MM+ MN + EC+ EE+FD+FF+NM + NN) + s(¥;¥,C;
+U, 0, E;)(2QC + 2B, E +2C5C + 2UE — QC — QE — E5C — EoFE — CQ
—CE, —FECy— EE5+2FF +2D3D +2F3F — RD — RF — F3D — FoF
+DR— DFy—FDy— FFy+2N N +2MoM + 2NN — MM — M N
%(QQC’CC +2QCDD
+2QCMM +2RDCC + 2RDDD + 2RDMM + 2M ;MCC + 2M MDD

—NoM — NyN + MMy — MN; — NMy — MMy) + |

+2M MMM +2CCQC + 2CCRD + 2CCM M +2DDQC + 2DDRD

+2DDM M + 2MMQC + 2MMD D + 2MMM M) + (E15 — E11)(QC

<E12 ; Ell) (CC

E
W, 0,Q; + [%(QEQDDD +2E,DFF

E
+RD + M, M)|¥,0,C; + [f(cc + DD+ MM)? +

(Ell - 2El2)
4
+2E,ENN + 2FsFEE + 2F2FFF 4+ 2F,FNN + 2SNEE + 2SNFF

+DD + MM) +

+2SNNN + 2EEE,E + 2EEFsF + 2EESN + 2FFE,E + 2FFF,F

+2FFSN +2NNELE +2NNFyF + 2NNSN)(Ey — Ey )(EoE + FyF
E Ey — E

+SN)W, W, E; + [%(EE +FF+ NN)*+ %(EE +FF

(Ea1 — 2E)

NN
+NN) + 1

]\I’Z’\I/j@j‘{'\l’i,l\Ifj7101Qj+\Iji,2\Pj,2C2Uj
n=4
+‘Iji’1\I/jJTUj—F\I]Z',Q\I’j’QTQj}dQ] + Z{,u/ \I/Z‘XLQNCZF
=1 Jore
—Cl/ \I’ZQ’lNdF — 02/ \I/ZUQNCZF - 7'/ \I/ZU’lNdP
ore ore ore

—T/ \IJzQQNdF},
ore
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n=4
> ) {0V U Ry — W, 005Xy + 6(0, 0 Ry + U0, F))(CC + EE + DD

ij=1 v

—iFF + MM + NN) = k(U U;R; + U0, ,D; + 0,0, F; + 0,0, ,F;)(CC + CD
+DD + DF + MM + MN + EC+ EE+FD +FF+ NM + NN) + (Y, V;D;
+U, 0, F)(2QC + 2B, E + 2C5C + 2UE — QC — QF — E5C — EoE — CQ
~CE, — ECy— EEy+2F,F +2DyD +2FyF — RD — RF — FyD — FyF
+DR— DF, — FDy— FFy+2N N +2MyM +2NyN — MM — M, N
~NyM — NoyN + MM, — MN, — NMy — MM,) + [%(2@0@0 +2QCDD
+2QCMM +2RDCC + 2RDDD + 2RDMM + 2M,MCC + 2M MDD

+2M MMM +20CQC + 2CCRD + 20CM M +2DDQC + 2DDRD
+2DDM M 4+ 2MMQC + 2M MDD + 2M MM, M) + (Eyy — Ey)(QC

+RD + M M)W, ¥;D; + [%(CC + DD + MM)? + M(CC +DD

(Ev — 2E1)
4
VOF3FEE + 2FyFFF + 2FysFNN + 2SNEE + 2SNFF + 2SNNN + 2EEEE

E

+MM) + W, 0, R, + [%(QEQDDD +2E2DFF 4+ 2E,ENN

+2EEF,F + 2EESN + 2FFELE + 2FFFyF + 2FFSN + 2NNELE + 2NNF,F
E

+2NNSN)(Egy — En)(EoE + FoF + SN)W, U, Fj + [%(EE + FF + NN)?

+<E22 - EQl) (E21 - 2E22)

5 (EE+ FF 4 NN) + ;

]\Ifi\Iijj+\I/i,1\Ijj7101Rj
n=4

+‘I/i’2\11j7202‘/j+\111,1\Ifj’lTij—i—\I/i’g\I/j’QTRj}dQ] —+ Z{,u/ \I’iXQ’QNdP
i=1 /e

ore ore ore

—T/ \I/ZRQNdF},
ore
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n=4

> ) {00 Ty — 0059055 + £(0, 0T + U, 0,,N;)(CC + EE + DD
ij=1 v

+]FF + MM + NN) — (0,0, T; + 0,0, ,M; + 0,0, N; + U, 0,,N,)(CC
+CD+ DD+ DF + MM + MN + EC + EE+ FD + FF + NM + NN)
+r(U,W;M; + W, U,N;)(2QC +2E,E 4 2C,C +2UE — QC

—QE —E3C —EyE—CQ—CE, —ECy—EEy+2F,F+2D,D
+2FyF — RD — RF — FyD — FoF + DR — DFy — FDy — FFy+ 2N, N
+2M oM 4+ 2NoN — MM — MyN — NoM — NoN + MM, — MN, — NM,
—MM,) + [%(2@000 +2QCDD +2QCMM +2RDCC + 2RDDD
+2RDMM +2M MCC +2M ;MDD + 2M, MMM + 2CCQC + 2CCRD
+20CM M +2DDQC +2DDRD +2DDM M + 2MMQC + 2MMD D
+2MMM M) + (Eyy — En)(QC + RD + My M)| 0,9, M; + [%(CC

Eyy—E Ey —2E
+DD + MM)? + (Ere — En) 5 1) (CC + DD+ MM) + (B — 2Fn)
E21

+[~(2E2DDD + 2E,DFF +2E,ENN + 2F,FEE + 2F,FFF

|, T;

+2FoFNN +2SNEE 4+ 2SNFF +2SNNN + 2EFEEFE 4+ 2EEF F
+2EESN + 2FFE,E + 2FFFyF + 2FFSN + 2NNELE + 2NNF,F
E
+2NNSN)(Ey — En)(EoE + FoF + SN)|W,W; N, + [%(EE +FF
(E22 - E21) (E21 - 2E22)
1
+\Di71qjjJ_C]_j—jj—‘l_\Iji’Q\Dj’QCQSj—i_qji’l\DjleSj—i_\Iji’Q\Dj’ZTj—jj + §(qjl‘I/jA0DN]

+NN)? + (EE+ FF+ NN) +

—\Ifi\IIjA()FMj - \IJZ\IJJBOCNJ + \IIZ\IJJBOFM])}dQ]

U, T Ndl — C, / U, S, Ndl
ore

ore

—7 / U,S NdTl — 7 / U, T,Ndr'},
ore

ore
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n=4 n=4
Z (U05Q + Wi 1 W 1x,)dS — Z{ Wix1 Ndl'}
ij=1 i=1 7or*
n=4 n=4
Z (U W R + W, Xo,)dS — Z{ Uixp  Ndl'},
i,j=1 i=1 /oI
n=4 n=4
Z (W 05T + W35 1x5,)dS2 — Z{ Wixs  Ndl'},
i,j=1 i=1 7O
n=4 n=4
Z [(q/z\IIJOJ — qjiqjj,lxlj)dQ, 0= Z <\I}Z\I/]D — \Ili\ljj,lxzj)dg,
i,j=1 t,j=1
n=4
D (WM — W05 x5,)dS,
ij=1
n=4 n=4
D (W By — W ox)dR, 0= (W0, F) — W, 5x,,)dR,
i,j=1 i,j=1
n=4
Z (W W;N; — \I/i\IleXSj)an
ij=1
n=4 n=4
Z (03U + W30, 9x7,;)d2 — Z{/ Wixy o Ndl'},
i,j=1 i=1 /oI
n=4 n=4
STIW, V) + W0 0x,,)d2 — S ] / Wixy, Ndl'},
i,j=1 i=1 7O
n=4 n=4
Z [(W;W;5; + ‘I/i‘I/jQng)dQ - Z{/ ‘I’z‘X3,2NdF}>
ij=1 i=1 /O
n=4
D WA — W 05Q; + W5 Wox; + Cr¥  W1Q; + CoW W5 ,U5)dR
ij=1
n=4
> / pVix, ,Ndl' — [ C1U,Q Ndl' — |  CyU,U,Ndl'},
— Jore ’ are ore
n=4
D (W0 By — U Ry + 00005 + Cr¥i1 W50 Ry + CoW5W5V;)dS)

ij=1

n=4
- Z{/ HW17X2 szP — / Olw17R71NdF - / OQ\I/Z‘/,QNdF}, (5115)
— Jore ’ ore ore
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Now, for the local stiffness matrices and forcing vectors for each elements, we find

K\ Ki; Ky K| X1 F}
Ky Ky Ky Ky X3 | B (5.116)
cwd k| T e
K41 K42 K43 K44 Local Xl Local F4 Local
where
K] :/(—M‘I’i,z‘I’j,z)dQ, (5.117)
9]
and

\IIZUVQNCZF - 7'/ \I/ZUledP
ore

{F'} = n / Uix,,Ndl — O, / U,Q NdT — Cy /
ore ore

are

—7 / U,Q »NdT (5.118)
ore

Thus, the unknown potentials (i.e. @, R,C,D,E, F,T,S,U,V,M, N, A and B) can
be expressed as

Qi = {xi}a, R ={xs} 1 cte..., (5.119)

and similarly for the rest of unknowns.

In the simulation, we employed the following convergence criteria

| A1 — Ayl = e1 <&, |Buy1 — Ba| = ez < ¢, where ¢ = maximum error = 107,
(5.120)
which demonstrates fast convergence within 12 iterations using FEniCS nonlinear

solver (see, 5.1).

Table 5.1: Maximum numerical errors with respect to the number of iterations.

Number of iteration | Mximum error
1 8.384e-01
2 7.022e-02
3 9.674e-02
5 4.088e-01
7 3.599e+00
10 6.195e-03
11 5.0795e-07
12 6.703e-14
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5.7 Denouement

In this chapter, a three-dimensional continuum model describing the elastic / hy-
perelastic responses of bidirectional fibrous composite materials is presented in fi-
nite elastostatics. The mechanics of matrix-fiber composite system is modeled via
the Neo-Hookean strain energy potential and the Green-Lagrange strain measure in
quadratic form which are then refined, respectively, by the Mooney Rivlin model and
the high-order polynomial energy potential of fibers to accommodate the nonlinear
hyperelastic responses of elastomeric composites. Emphasis is placed on the incorpo-
ration of both the in-plane and out-of-plane kinematics into the continuum model of
the matrix-fiber system while maintaining the rigor and sufficient generality in the
corresponding derivations. The three-dimensional bending and stretch of a fiber and
the twist between the two adjoining fibers are formulated via the first and second
gradient of continuum deformations. Within the framework of variational princi-
ples and virtual work statement, the Euler equilibrium equation and the associated
boundary conditions are formulated. The solutions of the former are obtained via the
custom-built FEA procedure which are subsequently cross-examined with the inhouse
experimental data sets and existing results in the dedicated literature.

It is demonstrated that the presented model produces the complete deformation
map of the PLA-bamboo composite together with the resultant stress-strain response
when it is subjected to draping over a hemisphere. Deformation analysis pertaining
to the local structures (a unit fiber mesh) is also performed via the GSA method
illustrating that there is a good agreement in the grid map contour images obtained,
respectively, from the proposed model and the experimental result in the dedicated
literature. An analysis of the coiling responses of a thin-walled DCB reinforced with
carbon fiber mesh is also presented. Solutions from the obtained two-dimensional
model successfully predict the force-displacement response of the DCB subjected to
progressive flattening which arises during the coiling process. In addition, the de-
formation profiles and the associated shear strain distributions predicted from the
proposed model suggest that the recovering energy of the DCB may be further max-
imized, without considering higher strength materials for the matrix and reinforcing

materials, by enhancing the fiber-to-fiber bond at the intersection. Lastly, imple-
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mentations toward series of engineering problems such as the hyperelastic responses
of elastomeric composites, the equilibrium shapes of Hypar shell structures and the
focal length variations of tunable elastomeric lens have been considered implying the

versatility of the proposed model in various engineering applications.
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Chapter 6

A pseudo-elastic model for
hyperelastic composites reinforced
with nonlinear elastic fibrous
materials

In section 6.1, the kinematics is presented for a hyperelastic material reinforced with
bidirectional fibers. The 3rd order polynomial extension potential is used to accommo-
date the nonlinear response of the fiber and the Mooney-Rivlin model is used to address
the hyperelastic response of the matrix material. The equilibrium and boundary condi-
tions are presented in section 6.2. In section 6.3, two distinct kinds of pseudo-elastic
behaviors are incorporated within the model. In section 6.4, the utilities of the mod-
els are demonstrated by comparing them against both in-house experiment data and

experimental data from existing literature.

6.1 Kinematics of fibers embedded in a hyperelas-
tic matrix material

In this section, we present a continuum model that describes the mechanical responses
of biological soft tissues. For the stated purpose, a model of hyperelastic materials
reinforced with nonlinear elastic and extensible fiber mesh is developed where the
fibers are organized in a bidirectional arrangement.

Let the unit vectors D and M be the fibers’ trajectories in reference configuration
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are defined as follows:

dX(S,U)

oo dX(S,U)

dS and M —T, (6].)

where S and U are, respectively, the arclength parameters in the directions of D
and M. For the sake of mathematical tractability and conciseness, we confine our
attention to the case of initially uniform and orthogonal fiber mesh (i.e. D - M = 0,
see, also, Fig. 6.1). The assumed orthogonality and uniformity of the fiber mesh is
deemed sufficient to extract the important aspects of the intended model and, further,
the desired applications. The cases of non-orthogonal fibers with different orientation
angles can be readily accommodated via the simple modification of fibers’ director

fields (e.g. D- M =cosa etc. .. ). Let’s now define r(u) and r(s) to be the parametric

>

Matrix

& 90’ Fiber
D

>
(Longitudinal)

(Transverse)

Figure 6.1: Schematics of bidirectional fibers (intial configuration).

curves of fibers’ tragectories on the deformed (current) configuration. Also, d, m, s,
and wu are the counter parts of D, M, S, and U in the current configuration. Further,
n and T are the unit tangents in the directions of increasing arclength parameters u
and s, respectively. The stretch and orientation of a particular fiber after deformations

are then defined by:

B _ds B _du dr 1 dr o
where
Ad = FD and ym = FM. (6.3)

Here, F is the gradient of the deformation function (x(X)). Eq. (6.3) together with

the presumed orthogonality (i.e. D - M = 0) furnish a useful fiber decomposition of
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the deformation gradient tensor:
F =)\d ® D+ym ® M, (6.4)

which will be used in the forthcoming model derivation. Hence, the geodesic cur-

vatures of a parametric curve (r(s,u)) can be formulated from Egs. (6.2)-(6.3) as

follows: , (S)>
_ r(8) _d(Zz) _ 9(FD)oX _
Uy  d(RE)  o(FM)aX
& =7 . ~ ox ou VMM (6.6)

In the case of initially straight fibers, the above reduces to
gt =VFDeD)=GD®D) and go = VFM® M) =GMx M). (6.7)

The forgoing developments suggest that the mechanical responses of the fiber mesh
can be described by the following energy function:

1 1
Weiber = Wi(er,€2) + §C(g1-g1+g2-g2) + §Tg1'g2~ (6.8)

Here, the second term in the above (31C(gi-g,+8,'8,)) is the fiber’s bending en-
ergy potential of Spencer and Soldatos type [93] which presumes that the bending
responses of fibers are dependent entirely on the second gradient of continuum de-
formations via the geodesic curvature of fibers. Also, the term %Tgl-g2 accounts for
the torsional kinematics of the fiber mesh. Here, C' and T are the associated moduli
of the reinforcing fiber mesh. In particular, the energy potential of W (e, e2) in Eq.

(6.8) characterizes the responses of the fiber mesh against extensions, which will be

discussed next in more details.

6.1.1 Modeling the nonlinear response of fibers

Soft biological tissues are complex fiber-reinforced composite structures. Mechani-
cal behaviors of these materials are strongly influenced by the concentrations and
structural arrangements of constituents such as collagen and elastin [160]. Flexible
collagen fibers are one of the most abundant structural proteins, constituting about

30 —40% of all body proteins in most mammals [161]. This collagen fiber is the main
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load-carrying element in a wide variety of soft tissues like tendons, ligaments, blood
vessels, skins, articular cartilages, etc. [160]. Biomaterials reinforced with collagen
fibers typically exhibit nonlinear stress-strain response which may be described as
follows. The mechanics of soft tissues follow two distinct deformation regimes [162]-
[163]. Initially, the collagen is oriented in a random pattern. Once a load is applied,
these randomly oriented collagen fibers readily start to reorient along the direction
of the applied load. During this deformation regime, the material demonstrates low
stiffness because the response is largely determined by the elastin matrix rather than
the collagen fibers [163]-[164]. As more stretch is applied to the material, the colla-
gen fibers straighten even more and realign parallel to one another. At this phase,
more load is required to induce further elongation because the collagen is now started
to take most of the load [162]-[164]. This process may continue until the fibers are
mostly aligned in the direction of the applied load [163]. Furthermore, due to the
complex orientation pattern of the collagen fibers, soft tissues behave anisotropically
showing different stiffnesses in the orthogonal directions [160]. To accommodate such
anisotropic non-linear response of collagen fiber reinforced biomaterials, we have intro-
duced polynomial type nonlinear energy potential, W (eq, e5) for the fibers’ extension
as follows,

1 1 1 1
W(€1, 82) = §E115:1)) + §E12€% -+ § 2183 + §E22€§. (69)

Here, Ey; and Ej; representing the fiber tensile parameters in longitudinal and trans-
verse directions, respectively. Now, the expressions for the associated strains can be

found as follows:

(A1) = % (FD-FD—1) and 3 =

£ = % (v—-1) = % (FM -FM—1). (6.10)

N |

In variational form we can write,

& = epF =M\ = FD . FD =t/(FD @ ¥D) =t7((FD @ D)F" )
— F(D®D)-F, (6.11)
gy = eopl =74 = FM - FM =t7(FM ® FM) =tr(FM @ M)F" )

— FMM®M)-F. (6.12)

186



In components notation we can write:

F(D@D)F = FjB(ej®EB)DcDD(Ec®ED>'FiA(ei(X)EA)

= FjBDcDDdBc(ej X ED) . FiA(ei (24 EA)
= FpDpDpFiadii6pa
= FpDgD4F;a. (6.13)

Let, F'ia = u; . Then we can write:

Similarly,

FD®D)-F = EpDgDju;a, (6.14)
FM@M)-F = FpMgMuu; 4. (6.15)
FDFD = F,cFjpDcDp, (6.16)
FM.FM = F,cF;pMcMp. (6.17)

Further, we can also obtain,

(FD - FD—1)°

(FM - FM—1)

(FD-FD-1)° =

(FM-FM-1)" =

— (FD-FD)(FD-FD)—2(FD - FD) + 1 (6.18)
= (FjcF;pDcDp)(FreFrrDpDy) — 2F;c FjpDeDp + 1,

— (FM-FM)(FM - FM)—2(FM - FM) + 1 (6.19)
= (FjeFjpMcMp)(FreFipMpMp) — 2FjcFjpMcMp + 1,

(FD - FD)(FD - FD)(FD - FD)—3(FD - FD)(FD - FD)
+3(FD - FD)-1

(FjcFjpDcDp —1)° (6.20)
(FicFjpDeDp)(FrpFrrDeDrp)(FivFinDy Dy )
—3(FicFjpMcMp)(FypFyrDgDrp) + 3(FjcFjpDeDp) — 1,

(FM - FM)(FM - FM)(FM - FM)—-3(FM - FM)(FM - FM)
+3(FM - FM)—1

(FjcFjpMcMp —1)° (6.21)
(FjeFjpMcMp)(FypFr MpMp)(Fiv Fin My My)

—3(F;cF;pMcMp)(Frp Fiop MgMp) + 3(Fe FjpMcMp) — 1.
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These expressions in component notation would be directly used in the later deriva-

tion. We then express Eq. (6.8) in variational form using the chain rule as

Wfiber = W(€1,€2)51(61)F'F+W(€1752)82(52)F'F+C(g1'g1+g2'g2)

T,. :
+§(g1'g2 + 8182), (6.22)

where, W (e1,e2)e, = Fi1167 + Eipey and W(ey,es)e, = Fo165 + Faseo. Thereby we
obtain the variational derivative of W, as
. 1 9 1
WfibeT(F,€1, 527g> = [{Z_JLEH (FD . FD—]_) + §E12 (FD . FD-l)}élF
1 1 .
+C(g1°81 + 8285) + T(g1€, + 81°85)- (6.23)
Here, the superposed dot refers to the variational derivatives with respect to a pa-

rameter € at the particular configuration of the composite (i.e., € = 0) that labels a

one-parameter family of deformations.

6.1.2 Modeling the hyperelastic matrix material

Bio-fibers like collagen are generally embedded in extracellular matrix protein (e.g.,
elastin). These matrix proteins are usually described as hyperelastic materials [165].
In this study, we adopt the Mooney-Rivlin energy potential for the descriptions of
hyperelastic matrix materials which has been widely adopted in the large deformation

analyses (see, also, [105]-[106] and references therein):

W(F) =

SRS

(I — 3) + g(f2 —3), (6.24)

where I; and I are the principal invariants of the deformation gradient tensor defined,

respectively, by
1
I = tr(FTF) and I, = 5[(zsr(FTF))2 — tr((FTF)?)], (6.25)

based on the obtained kinematic formulations for the fibers and matrix materials.

The expressions for the associated energy variations can be obtained as

Wl = [S(1)p+5(L)e] F = [F+-F{(F - F)I-F'F}J.&,  (6.26)
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where (I)g = 2F and (I)g = 2F(I;,I — FT . F). By combining the terms from Eq.
(6.24) with the energy potential of the fiber mesh in Eq. (6.8), we get the energy
function of the hyperelastic composite as follows:
1 1 1
W(Fe,g) = Iu(]l —3)+ g(b —3)+ gEngi’ + §E125% + §E21€§
1

2
1 1
+§E225§ + §C(g1-g1+g2-g2) + ETgl'g? (6-27)

Lastly, we evaluate the induced energy variation of the response function for the

hyperelastic composite in Eq. (6.27) as follows

W(F,eg) = WE)pF+ Wi

= W(EF)pF+ W, e)e (e)pF + W(er, )ey(e2)p F+C(g1°81+82°8)
T
2

+ (gl‘gz + g1-g2)- (6-28)

This will be used in the derivations of the Euler equations and the associated boundary

conditions, as presented in the next section.

6.2 Equilibrium & Boundary conditions

In the present study, the framework of the virtual work statement is adopted in
the formulations of the Euler equilibrium equations and the associated boundary
conditions. To begin the derivation, we evaluate the potential energy of the system

as
E= /W(F,€1,€2,g1,g2) dA. (629)
Q

Hence, the weak form of the equilibrium equation can be obtained by the virtual-work
statement,

E=P, (6.30)

where P is the virtual power of the applied loads and the superposed dot denotes the
variational and/or Gateaux derivative. Here, the conservative loads are characterized
by the existence of a potential L such that P = L. Accordingly, the problem of
determining equilibrium deformations is reduced to the problem of minimizing the

potential energy, £ — L. In the present context, this would mean that

E: /W(F,Sl,EQ,gl,gg) dA. (631)
Q
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In general, volumetric changes in materials’ deformations are energetically expensive
processes and therefore are typically constrained in the constitutive modeling of en-
gineering materials (see, also, [105]-[106]). This can be achieved by augmenting the
condition of bulk incompressibility (i.e., p(J — 1)) on the strain energy potential such

that

1 1
UF,e,gp) =W(F)+W(e,e2) + §C(g1-g1+g2-g2) + 57818, —p(J—1), (6.32)

where, J is determinant of F and p is a constitutively indeterminate Lagrange mul-

tiplier field. Therefore, Eq. (6.31) becomes

E = /U(F,Sl,gg,gl,gg,p)d/l. (633)
Q
In view of Egs. (6.23), (6.28), and (6.32), the associated energy variation then fur-
nishes
. 1 1
U = [{uF+xF{(F -FI-F'F}+ {{Eu (FD- FD-1)" + 52 (FD - FD—1)}er

1 1 :

+{ B (FM - FM-1)* + 5B (FM - FM—1) }eop]- F

+C(g1-8y + 82°8,) + T(g1-8, + 82°81) — pJ, (6.34)
and J = JgF - F =F -F.

Now, using Eq. (6.7) we thereby obtain:

U = /[{MFﬂLﬁF{(F : F)I - FTF} + W(El, 52)51(51)1? + W(Ela 52)52(82)1?
Q
—pF*}F 4+ {Cgi D @D+Cga @M@ M+ Tg; @ M@ M
+Tg, @ D@ D} - GdA, (6.35)

or, equivalently using index notation,
E = /[{MEA—F%EB(ECFJ'C(SAB—FMFJB) + Wier,e2)e,(e1)pa + Wier, €2)c2(€2) Fya
Q
—pE X at{C(91DaDp) + C(92MaMp) + T (g1 MaMp)
+T(92DaDp)} X aldA, (6.36)

where F iA = XiA and GZ AB = Xi Ap are the variations of the first and second gradient

of deformations. It is also noted that, in the forthcoming derivations, we use the
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component forms of vectors and tensors (e.g. Eq. (6.36)) for the sake of clarity and
conciseness.

Now, applying integration by part on the last 4 higher-gradient terms of Eq.
(6.36), we find

C(GicpDeDpDaDp)x;ap = C(GicpDeDpDaDpX; a) 5 (6.37)
~C(GicpDeDpDaDg) BX; a-

T(GicpDeDpMaMp)x; ap = T(GicoDeDpMaMpX; )5 (6.38)
—T(GicpDeDpMaMB) BX; a-

Similarly, we can do the same for the rest of the higher-gradient terms. Substituting

these into Eq. (6.36) then yields

B = [ HubatnBn(FoFicdm—FiaFia) + Wes e e,
+W (e, e2)e2(€2) s — PFAYXs 4 — {C(91DaDp) B
+C(g2MaMp) g+ T(G1:MaMp) s + T(92D1Dp) B} X; A
+C(g1DaDpX; a) .8 + C(gaMaMpx; 4).8 + C(G1MaMpX; 4) B
+C(92DADBXi7A),B]dA. (6.39)

Applying the Green—Stokes’ theorem, Eq. (6.39) further reduces to

E = /[ﬂEA+KEB(F}'CFj05AB_ iaFip) +Wier,e2)e (e1)py + Wier, e2)2(2)F,,
Q
—pEyXia — C(1DaDp) g — C(g2MaMp) p — T(g1MaMp) 5
~T(92DaDg) BIX; A +/ [C(g1DaDpx; 4) + C(g2MaMpX; 4)

20
+T (g1 MaMpx; 4) +T(92DaDpX; 4)|NpdS, (6.40)

where Np is the rightward unit normal to 02 in the sense of the Green—Stokes’

theorem. To extract the desired expression, Eq. (6.40) may be recast as

E = /PiAXi,AdA—"/ [C(91DaDpX; 4) + C(g2MaMpX; 4) + T(g1MaMpX; 4)
Q o9

+T(92DaDpX; 4)|NpBdS, (6.41)
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FE
Pa = pFia+cFp(FicFjcéap — FjaFp) + [Zl(F}'CFjDDCDD)(FkEFkFDEDF)

2B g by peny + B2 m 0,0, (P (B Moy
(FoFrrMuhip) + 22— B b opoviongy + E =22 g apy,
—pFy — CFic.pp(DaDpDeDp + MaMpgMeMp)
TFpp(DaDsMcMp + DaDgMeMp), (6.42)

is the formulation of the Piola type stress. Now considering the orthogonal orientation

of fibers (see, Fig. 6.1), we find
D = DiE; + DsE; = (1)cos(0)E; + (1) sin(0)Es = E;,
M = ME+ME; = (1)cos(7/2)E;+(1)sin (7/2)E, = E,. (6.43)
The Euler equilibrium equation satisfies
Paa=0or Div(P) =0, (6.44)

which holds in ©.Hence, using Fja = X; 4 the Euler equilibrium equation is obtained

as follows:

0 = Piaa=pXiaa+50XiaaXsoXio = XipaX;aX;e) T X 5(2X;.c8X;c

En

~X;AAXGB ~ Xj.AXBA) — PA€i€ABX; 5 [ (XG0 Xk Xk
+2Xj,1Xj,1Xk,11Xk,1> + (E12 — Ell)Xj,llXj,l]Xz’,l + [%(Xj,lXj,l)(Xka,l)
+MX;;1XJ',1 (El1_4—2E12)]X7;,11 + [%(2Xj,22Xj,2Xk,2Xk,2
+2X;.2X;2Xk 20Xk .2) T (B22 — Ea1)X22X 2] Xi 2 + [%(Xj,QXj,Z)(Xk,QXkQ)
+MXJ’,2X]‘,2 (E21_4—2EQ2)]X1;22 - C(Xi,nn + Xz‘,2222)

_T(Xi,1122 + Xi,2211>' (6.45)

To derive the expressions of the associated boundary conditions, we again apply

integration by part on Eq. (6.41) (i.e. Piax; 4 = (PiaX;),a — (Pia).aX;) and obtain
E = / Piax;NadS + | {C(g1DaDpX; ) + Clg2MaMpX; 4) + T (g1 MaMpX; 4)
1) o0

+T(92DADBXZ'7A)}NBCZS7_/PiA,AXZ'dA, (646)
Q
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where the Green-Stokes’ theorem is applied in the first term of the above, i.e.,

/ (PiaX;),adA = / Piax;NadS. (6.47)
Q o0

Since the Euler equation (P4 4 = 0) holds in €, Eq. (6.46) reduces to

B = / PiaxiNadS ++ [ {C(g1DaDpX; a) + Cl92:MaMpX; 4) + T(g1iMaMpX; 4)
00 0
+1'(92iDaDpX; 4)} NpdS. (6.48)

We now decompose x; 4 into

. 0% 0S Oy, ON
Xid = 590X, T ON X4

= XiTa + X;  Na, (6.49)

where Ty = 05/0X4 and Ny = ON/0X, are respectively, the unit tangent and
normal to the boundary 092. Combining Eqs. (6.48) and (6.49) then furnishes:

E = / PaXNadS + | CoiDaDy (VTaNp + % NaNs ) dS + | CorMuMy
o2

o0 o0

(x;TANB + )'(i,NNANB> ds + /8 T MMy ()’(;TANB + xi’NNANE;) ds
+ /a T:DaDs (x;TANB + j(z.,NNANB) ds. (6.50)
In addition, since
Cq1DsDTaNpX, = (Cq1DADTANEY,) — (Cq1DaDsTaNg) X;, (6.51)
Eq. (6.50) becomes

E = / [PiANA - (OngADBTANB), - (ngMAMBTANB)/
o0
—(T g MaMpTyNg) — (Tg:DoD5TANg) |x,dS

+ CngADBj(iYNNANBdS + / (CngADBTANBXZ'>/ ds
[2)9] [}9)

+ [ CoMaMag,, NaNadS + [ (CoMaMaTiNaY,) dS
o0 oN

+ / TgMaMpX; , NaNpdS + / (TgiMsMpTsNgy;) dS
onN onN

—|—/ TQQDADBXiNNANBdS—l-/ (TQQDADBTANBXi)/ ds. (652)
1) ’ a0
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The above may be recast to yield the standard form:

E = / [PiaN4 — (Cg1DaTaDpNg) — (CgyMaTaMpNg)
o0
~(TgiMATAMpNg) — (Tg2DAT4DpNp) |x:dS
+ / Cg1DaNADpNpX;  dS + > ||Cg1DATaDpNpx;| dS
o0

+/ CgsMaMpy;  NaNpdS + ) |CgMaTaMpNpx;|| dS

o0

+/ TgMaMpX, (NaNpdS + Y |TgiMaTaMpNpx;| dS
0N

+ / TgoDaDpX;  NaNpdS + Y |Tg:DaTaDpNpx;| dS.  (6.53)
o0

where the double bar symbol refers to the jump across the discontinuities on the

boundary 9Q (ie. ||*| = (¥)7 — (¥)7) and the sum denotes the collection of all

discontinuities.
Lastly, it follows that the admissible mechanical powers take the following form
p— / tdS + [ mi s+ fik (6.54)
Ows ow '

Thus, by comparing Eqgs. (6.53) and (6.54), we conclude that

d
i = PiaNjg— ﬁ[(CGiCDDcDD +TGicpMcMp)DaTsDpNp

+(CGicpMcMp + TGicpDeDp)MaTaMpNp,
m; = (CGicpDeDp +TGicpMcMp)DaNADpNp + (CGicpMcMp
+1GicpDcDp)MaNAMpNp,
fi = (CGicpDcDp +TGicpMcMp)DaTsDpNp + (CGicpMcoMp
+TGicpDeDp)MATAMpNp, (6.55)

where t;, m;, and f; are the expressions of edge tractions, edge moments, and the
corner forces, respectively. It should be pointed out here that the stress expression
is a combination of the Piola-type stress P4 and double stress (i.e., C(g1DaDpg) g +
C(g2MaMp) g+T(g1MaMp) p+T (92D 4Dp) p) such that the second gradient of the
deformation term (i.e., C(91DaDg) p+C(92MaMp) p+T (g1 MaMp) 5+T (92D aDg) 5)

can be interpreted as the energy conjugate to the admissible double force m; when it
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Figure 6.2: Schematic of the problem.

is prescribed on the desired boundaries. The solutions of the above system of PDEs
may be determined by imposing the following boundary conditions (see, Fig. 6.2) and
the corresponding results are discussed in the model implementation and discussion

section.

ty = Py, to=Pr=0at X; =a,—a and

tl = PQIZO, t2:P22:0atX2:b,—b. (656)

6.3 Model for Pseudoelastic Behaviour of hypere-
lastic composite

In this section, we present two distinct models for assimilating the pseudoelastic
behaviours of hyperelastic composite reinforced with bidirectional fibers. We first
present a model describing the Mullins effect of the hyperelastic composite where
the material undergoes an instantaneous and irreversible softening process. Next,
the Weibull fiber damage model is presented which can accommodate the damage

mechanics due to fiber breakage.

6.3.1 Model for Mullins effect

It has been observed that in many hyperelastic materials an instantaneous and ir-
reversible softening of the stress-strain response takes place, which is described as

the Mullins effect [91]. Mullins effect can be observed in biological soft tissues like,
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aortic tissue, skin, muscles, etc. [166]. The Mullins effect can be caused by multiple
phenomena related to changes in the internal structure which progress continuously
as the material is stretched. These include (see, fig. 6.3): physical disentanglement
of polymer chains in the elastin-rich matrix (fig. 6.3 (b)), decrease in the interactions
between polymer molecules and filler surfaces at the interface (fig. 6.3 (a)), filler net-
work breakdown (fig. 6.3 (c)), and chain scission of polymer molecules in the matrix

[167).

Polymer chain of the matrix
\ \\ S\
" Y D (/ \ D
—) N — S
B \ A B
A
C

(a) Bond Rapture (b) Disentanglement

% _’\\r

N

(c) Filler Rapture

Figure 6.3: Schematics of the internal structural changes leading to the Mullins effect

[167).

In an idealized form, the Mullins effect can be described in the following way.
When previously non-loaded (also called the virgin state) material is loaded to a cer-
tain amount of strain, the obtained stress-strain curve is called the primary loading
curve. From any point on this primary loading curve if we start to unload (sub-
maximal unloading), the unloading stress-strain curve does not coincide with the
primary loading curve and a stress softening is attained. Now if we start loading
again (submaximal loading), the obtained loading curve coincides with the submaxi-
mal unloading curve. Thus, in this subsequent loading-unloading curve (submaximal
loading/unloading) the material behaves like an elastic material. When the stress
value returns to the previous stress maximum (which was just prior to the start of

unloading), the primary loading curve continues [166]. While operating on the pri-
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mary loading curve, the damage can be regarded as taking place continuously [91].
That is the reason the stress softening phenomena is evident on unloading from any
point on the primary loading path, and damage increases with the magnitude of the
strain on that path [91].

To model the Mullins effect of hyperelastic composite reinforced by nonlinear
fiber, we incorporate the damage parameter n and damage function ¢(n) inspired
by Ogden-Roxburgh Model [91] into the proposed energy function in Eq. (6.27) as

follows:

W(F7 €1, €2, g) = U{W(F) + W<517 €2>} + ¢(77> + W(gla 92)

K 1 1 1 1
= n{g(jl — 3) + 5(1—2 — 3) + §E11€? + §E125% + §E21€§ + 5 228%}
1 T
+o(n) + 5C(g181 + 828) + 5 (8182 + 8281, (6.57)

The role of the parameter 1 can be interpreted from Ogden-Roxburgh Model as fol-
lows. During a deformation process, n may be either in active or inactive mode. When
it is inactive, the material does not have any internal damage and correspondingly,
n =1 [91]. In this case, the stress-strain response of the material follows the primary
loading curve. However, from any point on this primary loading curve if we start
to unload, 1 becomes activated. When 7 is in active mode, it is determined by the

following equation [91],[168]:

1 1 -

— 1-= f—(Wm—WF)

" Ter [m—l—ﬁWm ( >}

1 1 W K 1 1

= 1——erf[—— (W, — =(I; —3) — —=(Iy — 3) — —Ey1&> — —E9&>
,r,er [m+/8Wm( m 2(1 3) 2( 2 3) 3 11€ 2 126

1 1
—§E215§ - §E22€§)]7 (6.58)

where W,, is the maximum potential energy that the material has experienced just
prior to the start of unloading. We can treat W,, as a constant which does not change
during submaximal loading and unloading. The parameters r and 3 are dimensionless,
while the parameter m has the dimensions of energy. These parameters are subject
to the restrictions r > 1,5 > 0, and m > 0 (also, the parameters § and m cannot
both be zero). The parameter m controls the degree of damage occurs at low strain
levels. If m = 0, there is a significant amount of damage at low strain levels. On the
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other hand, a nonzero m leads to little or no damage at low strain levels. Whereas
the parameter r controls the amount of damage, as r increases, the damage decreases.
This behavior follows from the fact that the larger the value of r, lesser the damage
variable n can deviate from unity thus producing less damage. The term W(F )
is the potential energy function containing the potential of the hyperelastic matrix
and extension potential of the fiber mesh. In Fig. 6.4, a flowchart is presented for

the current model which demonstrates the operation of Mullins effect of hyperelastic

start
n=1, $(M)=0, (p11)o =0

(P11)i=(P11)i-1t A FEA Solver

7}

composite.

4

< End of Solver >

(=0

7
o(n) :/ f)dn+ (1 =)W,
1

1 1 . =
= 1- Telf [—m,-f— i (Uf m— W (F))]

Figure 6.4: Flowchart of the model for Mullins effect of hyperelastic composite (where,
emis the strain level at which unloading is started).

Now, we can wrtie the Eq. (6.57) in variational form as

W(F,e1,e0,8) = nFiAWFiA + nWEEFiAFiA

= np{W(E) +W(er,e2)}F +n{W(F)p + W(er, e2) . e15°F
+W (1, 2)c,e0m }F + Clgr-81 + 8282) + T(g18:
+81°85)- (6.59)
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Using Eq. (6.23) we can rewrite Eq. (6.59) as,

W(F,e1,60,8) = np{W(F)+ iEH (FD - FD—1)* + éEm (FD - FD-1)°
JriEg1 (FD -FD—-1)* + éEm (FD -FD-1)’}.F
+n[W(F)p + {EEH (FD-FD-1)* + %En (FD - FD—1)}eip
+{}1E21 (FM - FM—1)” + %EQQ (FM - FM—1)}e95]-F

+C(g18, + 82:82) + T(g81-89 + 81°85).- (6.60)

Again, ¢(n) referred to as the damage function, which is a smooth function of its
argument, 1 and, for consistency, when n = 1, ¢(n) becomes 0. The function ¢(n)
depends, through W,,, on the point at which unloading starts, which can be expressed

as follows (see, [91])
1

o) = [ S+ (1= )W (6:61)
0
The function f is defined such a way that, f(1) = 1 and f(n,,) = Wp. Here, n,, is

the minimum value of  which is atttained when the material is fully unloaded from a

submaximal loading state. From [91], we can write ¢(n) in variational form as follows:

_ 99(n) .

é(n) oy 1= [—merf ! (r(n — 1)) — WlnpF. (6.62)

Also to note that, at n,,, ¢(n,,) can be interpreted as the residual (non-recoverable)
energy, which is a measure of the energy required to cause the damage in the material
[91]. In a uniaxial test such as simple tension, ¢(n,,) is the area between the primary
loading curve and the relevant unloading curve. In the above, erf ' (*) is the inverse
of error function, which has properties particularly well suited to this purpose as

described by [91]. Now using the expressions derived through Eqgs. (6.10)-(6.21), we
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can write the Eq. (6.60) in component form as,

W(F,e1,e2,8) = [W(F)+ W(e, 62)]77FFiA +nlpFia + kEFip(FjeFicdap
E
—F;aF;p) + {f(ﬂcﬂpDoDDkaEFkFDEDF)

(Elz - En) (Ell — 2El2)

2 4
E
+%{(ECEDMCMD)(FkEFkFMEMF)

BB Ey — 2 -
+% FyeFypMeMp + <2ﬂfm)}E-BMEMA]F i4

—pF;*A — CEC,D(DADBDCDD + MAMBMCMD)FiA,B

—+ -FjCFjDDCDD + }F’iBDBDA

—TFicp(DaDgMcMp + DaDpMcMp)Fiap

Ip(n)
Fia, 6.63
+ a1 Ngltia ( )
where the variational form of 7 can be obtained as,
) 1 2 . 2 )
o= P % = (W, — W(E)Y) IW(F)pF
0 = et = ol (e (W = WD ) WD
) FE
n = olpFia+ cFp(FjcFjcéap — FjaF;p) + {%(FjCF}'DDCDDkaEFkFDEDF)
Fo—F Fy —2F
| B = Bu) 5 ”)chFjDDcDD 1 B = 2B0) . 12)}EBDBDA
E Ey — E
+{%(ﬂchDMcMD)(FkEFkFMEMF) + %ECFJDMCMD
Ey1 — 2F .
P2y b noa (6.64)
In the above,
L om ol (e O W(F)}f] (6.65)
=— ———exp|— | ————{Wn — . .
O i+ AW v P ik g,

Now, following the same process as described through Egs. (6.29)-(6.42), we can

obtain the following expression of the Piola type stress.

Pa = nplia+ kFp(FijcFicdap — FiaF;p)

E E,—F
LB B (Fa ) + B2 )

4
Eo (B — Ey) (Ea1 — 2E)
2 4

+H{—=(Fj2Fj2)(FraFi2) +
+HW(F) + W(er,e2)ng — pFy — CFic,pp(DaDpDcDp + MaMpMcMp)

(B —2E)

FpFj + 1

YaDa

FypFj + }Eio M 4]

4

0
~TFicpp(DaDpMcMp + DaDpMcMp) + ( gg])nF) : (6.66)
iA
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Taking divergent of P;4 we then obtain the following equilibrium equations:

Piaa = nalpFia+ kFip(FjoFjcdap — FiaFjp)

Ell (EIQ - Ell) (Ell - 2E12)
1 R

E Ey — E Foyr — 2K

51(3232)@&&2) N %Fﬂpﬂ N %

+n[pFiaa + /inB A(FjcFic0ap — FiaF;B) + kFip(2Fjc aFjcdap — FjaaFjp

H—(FnF)(FraFr) + }YEi1D1D g

+{ i My My

iaFip a) + {—(2F AFj1 Fi Fiq + 2Fj1 Fj1 Fia aFia) + (Eve

—En)FjaFj}FaaDa + {—(2F aFjoFroFyo + 2F 9 Fjo Fio A Fy2)
+(Eoy — En)Fjo,aFja} Fio aMal + [W(F) + W(eq,e2)] ang + [W(F)
+Wi(er,e2){np},a — p,AF;q,A — C(Faqan + Fia2o2) — T(Fii 02 + Fiaon)

o) ],

In the above,

1 2 1 . 2
{npta = (Wﬁ exp[— (m{Wm—W(F)}) ]) W(F)g

A
+o{W(F)r}a
= i stV ER OV E)e)a+ oW (Pl
1 2 )
— (W(F)r) s <m7Q[W(F)F] +o)
= [puFia+ cFip(FjcFicéap — FjaF;p) + { ( cFipDeDp)(FrpEyrDepDr)
B (B ~26:) 2B g p,n,
+{%(F FipMcMp)(FreFepMpMp) + MP’ FipMcMp
(Eo1 —2E%), 1 2 2
+—4 }FzBMBMA]’A (—r(m i 5Wm) ﬁg [W(F)F] + Q) s (668)
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Na = r)icFica=oW(F)rFica
E
= oluFic + k(FipFjpFipdcs — FipFjcFjp) + {T(F rFjpDrDp)

(FrrFer DrDy) + MF FipDgDp + M}FMDBDC
E Eoy — E
+{£( cFipMcMp)(FrplhrMgMp) + %F F;pMcMp
E 2F
+( 21 — 4 22) }EBMBMC]EC7A7 (669)
and also,
Ip(n). 9¢(n)
= = F 6.70
o(n) an 1T gy (6.70)

- [_(m + /BWm) eff_l(T(ﬁ - 1)) Wm]nFF

= [=(m+ Wy, erf " (r(n — 1)) — Wyalo[uFia + £Fip(FijcFjcdap — FiaFjp)
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6.3.2 Weibull fiber damage model

Let’s consider a hyperelastic composite is subjected to tensile stress in the fibers’
direction. In such a case, the matrix carries only a small portion of the applied
load, thus no damage is likely to occur in the matrix during such loading. Then, the
ultimate tensile strength of the composite can be accurately predicted by computing
the strength of a bundle of fibers [169]. Fibers’ strength can be expressed as a function
of the effective length, ¢ which determines how much of the fiber strength is actually
used in a composite. Starting at a fiber’s breaking point, the effective length is the

length over which a fiber recovers a large percentage of its load [169]. As tensile load
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is slowly applied to a bundle of fibers within a composite, the weaker fibers (i.e., with
large flaw sizes) begin to fail and the stress on the remaining unbroken fibers increases
accordingly [169]. Weibull expression is used to describe the cumulative probability
that a fiber of length § will fail at or below an effective stretch, 4 (also termed as
damage threshold). This cumulative probability represents the damage characterizing
term, d as follows [92]:

d=1—e%" (6.72)

where, ¢ is the effective fiber length, m is the dispersion of fiber strength, and « is

defined by the follwoing expression:

1 (1 + %)]
o= =
6—671[/0 &av

m 1
Ly

(6.73)

In the above, I' is the gamma function, 7, is the average strength of the fiber bundle
for a gauge length Ly. In practice it is often reported as a product da, where dav =
% and o, is the maximum (or critical) bundle strength. Lastly, the updated
damage threshold, 4 can be given by the highest value of stretch experienced by the
material.

4 = max(A\y,, Ap). (6.74)

Here, )\, is the current stretch and Ap is the highest stretch in the history of the
material. The damage threshold is always updated by the largest of these two values.
At the very begining, it is necessary to provide an initial damage threshold as an input,
which is the amount of stretch where damage starts to develop in the material. For any
stretch below this initial damage threshold, the damage variable remains inactive and
correspondingly, d = 1. This indicates no damage present in the material. Whenever
the stretch reaches the initial damage threshold, the damage variable, d becomes
activated and it is calculated using Eq. (6.72). From this point, d becomes non-
zero which indicates the presence of damage within the material. When the stretch
exceeds the initial damage threshold, the corresponding stretch value is recorded as
Ap and 4 gets updated from Eqn. (6.74). From this updated vlaue of 4, the damage
variable d is calculated again from Eqn. (6.72). A flowchart of the Weibull damage
model is presented in Fig. 6.5.

Now, introducing the damage variable, d (see, Eq. 6.72) in Eq. (6.42) we can
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Figure 6.5: Flowchart of Weibull fiber damage model for hyperelastic composite.

rewrite the Piola stress expression as follows:
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Replacing Fis = x; 4 on Eqn. (6.75) and taking divergence, we then write the equi-
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libirum equations as follows:

0 = Paa=pXiaa+ X aaXj0X0 = Xi,paX;,aX;,8) T 5X.5(2X;c8X50

om
S 11
—X;,AAX4,B — Xj,AXj,BA) — D,ACij€ABX; B T (1—e )[T(2Xj,11Xj,1Xk,1Xk,1

_sasmy (B11 — 2E4,)
+2Xj,1Xj,1Xk,11Xk,1) + (B2 — Ell)Xj,llXj,l]Xi,l +(I—e oo )[T

(Erg — Epp) En s
+TXJ71XJ}1 + T(Xj,lXj,l)(Xk,le,l)]Xi,ll +(1—e oo )
Es,
(2X;.20X.2Xk2Xk 2 T 2X;j.2Xj2Xk.22Xk2) T (B2 — E21)X;02X;2)Xi 2

T
ey B (B2 — o)
+(1—e bory )[_(Xj,2Xj,2)<Xk,2Xk,2> + 9

4
(Ea1 — 2E5)
+#]Xi,2z - C(Xi,llll + Xi,2222)_T(Xi,1122 + Xi,2211>' (6.76)

X;,2X5,2

6.4 Model implementation and discussions

6.4.1 Mullins effect in biological soft tissues

In this present section, we implement the proposed model in assimilating the Mullins
effect in biological soft tissues. First, we present the Mullins effect in human aortic

tissue. Then we discuss the Mullins effect in Manduca muscle.

Human aorta

The main conduit for blood delivery called the aorta, is an elastic artery that consists
of three distinct layers: the tunica intima, the tunica media, and the tunica adven-
titia [170]. The media is separated from the intima by an internal elastic lamina.
The intima which is primarily involved in metabolic processes provides a negligible
mechanical contribution to the wall resistance in young and healthy individuals [170]-
[171]. Whereas media has the primary mechanical contribution, which supports the
aortic wall against the physiological blood pressure [170]. The media is composed
of as many as 70 fenestrated medial lamellar units, consisting of two adjacent elas-
tic lamellae (involving elastin), which are interspersed with a layer of collagen fibers
[170]. This structural arrangement of the medial lamellar unit can be thought of as
analogous to the 3-layer configuration of an elastomeric composite reinforced with

bi-directional fibers (as shown in Fig. 6.6). Where the matrix layer of elastin lamella
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is a rubber-like protein with a modulus ranging from 0.6 to 1 MPa [7]. This layer is
someway similar to the elastomeric matrix material, like Ecoflex. The collagen fiber
layer at the middle of two adjacent elastin lamellae, which is stiff and relatively in-
extensible with a modulus of around 1 GPa [7], can be represented by a bidirectional
fiber mesh layer with nonlinear properties. Further, the anisotropic nature of the
aorta may be accommodated by considering different tensile properties for the fibers

in each direction of the bidirectional fiber mesh layer.
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Figure 6.6: Structural analogy of medial lamellar unit (left) with 3-layer configuration
of Ecoflex-0050 composite reinforced with bidirectional fiber mesh [170].

Elastomeric material, like Ecoflex-0050, is a very suitable biomedical material
because of its biocompatibility, nearly instantaneous response to stresses, and fully
reversible deformation. The stiffness of rubber-like elastin lamella in the medial lamel-
lar unit varies between 0.6 to 1 MPa [7]. This range is closely related to the stiffness of
Ecoflex-0050, where we have calculated the slope of the stress-strain curve of Ecoflex-
0050 varies between 0.15 MPa to 0.9 MPa. Due to this close correspondence of
properties between Ecoflex and elastin lamella, Ecoflex-0050 has been used to imitate
the elastin lamella of the human aorta (for example, see, [7]). For this same reason,
we also used Ecoflex-0050 for modeling the matrix material of the biocomposite in
the present study. Ecoflex-0050 is characterized using the Mooney-Rivlin model and
we obtain the fitting parameters, y = 0.082 MPa and x = 0.01 MPa (see, Fig. 6.7).

The proposed model is compared against the experimental data from [166], where
cyclic uniaxial tension tests were performed on the samples of human thoracic aorta
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Figure 6.7: Mooney-Rivlin characterization of experimental stress strain data for
Ecoflex-0050 matrix.

using the M'TS Mini Bionix testing machine. In order to illustrate the Mullins effect
in human aorta, two samples of human thoracic aorta were selected from cadaveric
donors. The samples were resected in the circumferential and longitudinal directions
with respect to the natural configuration of an artery (as shown in Fig. 6.8). The
arteries were stored in a physiological solution at a temperature of about 5°C till
the beginning of the experiment. All experiments were performed within 48 hours
after the death. The temperature during the test was 23°C. The extensions and
loading forces were measured by the MTS testing machine. Using the proposed
model, we characterize the primary stress-strain response of both the longitudinal
and circumferential samples and the tension parameters of the fiber in each direction
i.e., E11, Fo, Fo1, and Eyy are obtained. The obtained results with fiber orientations
in the model are illustrated in Figs. 6.8 - 6.9 . The bending modulus (C') and torsion
modulus (7") are chosen to be 0.55M Pa.

Once the fiber and matrix parameters are obtained, we compare the results from
our model with the cyclic loading-unloading experimental data, representing Mullins
effect from [166]. For comparing the Mullins effect, two sets of submaximal unload-
ing data from the experiment were taken into consideration with unloadings starting
from 10% and 20% strain, respectively from the primary loading curve. It has been

observed that the proposed model can simulate the Mullins effect for both the lon-
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Figure 6.8: Fiber orientation with tensile modulus for longitudinal and circumferential
samples of aorta.

gitudinal and circumferential samples of the human aorta with good accuracy. For
both of these cases, unloading is initiated using the proposed model from 3 different
positions along the primary loading curve which are at 10%, 15%, and 20% strain.
Thus we obtain three submaximal unloading curves along with the primary loading
curve from the porposed model, through which we were able to precisely identify the
three parameters associated with the Mullins effect i.e., m,r, and §. For the longitu-
dinal case, the obtained parameters are m = 0.0034,r = 1.65, and 8 = 0.397, whereas
for the circumferential case m = 0.0012, 7 = 1.015, and S = 0.096. The comparisons
for the longitudinal and circumferential cases are presented in Figs. 6.10 and 6.11,

respectively.

Manduca muscle

Studying the cyclic responses of larval muscles, e.g., the muscles from the larva of
Manduca sexta, may be beneficial in the constructions and numerical simulations of
soft-bodied robots with multimodal locomotion [20]. Furthermore, the flight muscle
of Manduca sexta is reported to be an emerging model system for biophysical studies

of muscle contraction [172]. These larval muscles are synchronous muscles [21]-[22],
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Figure 6.9: Comparison of stress-strain results from the model and experiment for
longitudinal and circumferential samples [166].

where each contraction is coupled with neural stimulation. It has been also proposed
that the flight muscle of Manduca sexta can be used as a comparative model system
to possibly elucidate some aspects of mammalian cardiac muscle due to their similar
physiological properties, for example, both cardiac and flight muscle of Manduca have
large amplitudes of cyclical strain during contraction [23],[172]. The cyclic responses
of these larval muscles exhibit pseudoelastic behavior described by the Mullins effect.
During the last decades, some studies have been carried out to characterize the pseu-
doelastic nature of larval muscles, specifically from the larva of Manduca sexta [20]—
[28]. These larval muscles are complex composites with profound anisotropy, which is
very distinct from either amorphous or crystalline materials [20]. Each muscle fiber
contains aligned actin and myosin filaments within an amorphous matrix material
composed of proteins, lipids, and polysaccharides [20]. In addition, these muscles
also contain molecularly massive elastic proteins such as titin which are being in-
vestigated extensively in several studies [173]-[177]. This giant elastic protein titin
with folded domains results in interesting characteristics like asymmetric properties,
time-dependent stretching, and shortening during load cycling [20].

The stress-strain response of the Manduca muscle is found to be nonlinear and
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Figure 6.11: Comparison of Mullins effect between the results form the proposed
model and experiment data for circumferential sample of aorta [166].

capable of large deformations [20]. Moreover, Manduca muscles were found to be
elastomeric and dissipate work with each strain cycle (pseudoelasticity), undergoing
stress softening on repeated cycling (the Mullins effect) [20]. Manduca larval muscles
are attached directly to apodemes, infoldings of the cuticle wall due to the absence
of a stiff skeleton. The muscles are organized in repeated segments corresponding
to the body segments, in layers [20]. For demonstrating the utility of the proposed
model in assimilating the pseudoelastic properties of the Manduca larval muscles, we
adopted the experiment from [20]. Test data were gathered for the ventral interior
lateral (VIL) muscle of the third abdominal segment (A3) (see, Fig. 6.12). A3
VIL is one of the largest larval muscles, comprising 14 fibers [28]. A3 VIL was
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Figure 6.12: The location of the ventral interior lateral (VIL) muscle within the
Manduca sexta caterpillar is illustrated . [178]-[179].

chosen because during crawling, VIL reaches its highest stress during the lengthening
portion of its strain cycle, suggesting that its passive properties play an important role
in its biological function [20]. The muscle was dissected out in physiological saline
along with a small portion of the attached cuticle at each end. The preparation
was transferred to a horizontal saline bath, with one end pinned to an elastomer
platform in the bath and the other secured by a hook to an Aurora 300B-LR lever arm
ergometer that administered strain cycling while measuring force [20]. The periodic
loading, unloading, and reloading tests were performed using constant strain rates
representative of those encountered in nature [20]. The initial distance of the pinned
connections at each end of the muscle was used to determine the longitudinal strain.
The reference length of the muscle was found to be 5.5 mm [20]. The nominal stress
was determined as the ratio of the axial force to the cross-sectional area, measured
in the reference configuration [20]. The magnitude of the cross-sectional area of
the muscle tested and used to determine the nominal stress was 0.4 mm? [20]. The
sample was stretched up to 1.18 and then unloaded to its undeformed state. Using our
proposed model, we have assimilated the stress-strain cycle response of the Manduca
muscle sample. The best result is obtained with the following parameters in our
model, Fy; = Eyy = 1.85M Pa, F19 = Fy = 0.06MPa,C =T = 0.21MPa, r =
1.025, m = 0.0035, and 8 = 1.075. For the matrix material, we have used similar
properties (u = 0.082 MPa and x = 0.01 MPa) of Ecoflex-0050 elastomer. The
result is compared against the experimental data in Fig 6.13. The figure shows that

the proposed model can effectively assimilate the Mullins effect type pseudoelastic
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Figure 6.13: Comparison of Mullins effect between the results form the proposed
model and experiment data for Manduca muscle [20].

6.4.2 Weibull fiber damage of Ecoflex/PES composite

In this section, we implement the proposed Weibull damage model (as presented in
Eqn. (6.76)) to demonstrate the utility of the model in assimilating the damage
mechanics of an elastomeric composite induced by fiber breakage. The results are
compared against our in-house experimental data. For the experiments, we have
selected Ecoflex-0050 as the elastomeric matrix material, which was manufactured
by Smooth-On, Inc. Ecoflex-0050 is known to be one of the promising materials in
biomechanical applications for its high tear resistance and large extensibility up to
1000% [128]-[130]. Ecoflex-0050 is a room-temperature-vulcanizing (RTV) silicone
that was prepared by mixing two components (a base and curing agent) in 1:1 ratio
and subsequently degassing in a vacuum to remove the entrapped bubbles. For the
reinforcing fiber, we have selected a surgical polyester knitted mesh which is referred
to as PETKM2006 (PES-3), fabricated by the Surgical Mesh (Brookfield, CT, USA).

The effective dimension of fabricated composite samples is 50mm x 25mm, keeping
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an aspect ratio of 2:1 (length-to-with). The actual size of fabricated composites was
78mm x 25mm with an end allowance of 14mm at each side of the sample. The
reinforced elastomer composites were fabricated in a three-layer configuration using a
layer-by-layer method. The schematic diagram of the sample preparation and 3-layer
configuration of the composite are shown in Figs. 6.14 (b) - 6.14 (c¢). To prepare the
bottom elastomer layer, a sufficient amount of elastomer mixture was poured on a
glass substrate and rolled using the film applicator rod to make a uniform film (see,
Fig. 6.14 (b)). The second layer of fiber mesh was then placed flat on the elastomer
and allowed to soak at the interface. A small amount of elastomer was then poured
and rolled over the fiber mesh to wet it again and to fill the gaps between pores and
level the second layer. To make the third layer, a sufficient amount of elastomer was
poured over the second layer and a uniform film was created using a film applicator
rod. The width, length, and thickness of the prepared Ecoflex-0050 matrix material,
raw fiber, and composite samples were measured using a caliper. An aspect ratio
of length-to-width was maintained as 2:1. Instron 5943 (Illinois Tool Works Inc.,
USA) was used to measure the stress-strain responses of the Ecoflex-0050, the raw
fiber PES3, and the composite (see, Fig. 6.14 (a)). The test apparatus recorded
the displacement and force as a function of time for each uniaxial tensile test. The
extension rate was set to be 2.5mm/min for all cases to avoid/minimize the viscous
responses [134]-[136].

The uniaxial tensile test results were then used to determine the mechanical re-
sponses of the matrix, fibers, and composites. To compute strains, the displacement
and gauge length were used. The corresponding stresses were calculated from the
applied load and the cross-sectional area of the samples. For example, the principal
strains and the engineering stresses were calculated using the relations of ¢ = Al/I,
and 0 = F/A, = F/(w,t,), respectively, where [, is the original sample length, w, is
the initial width, and ¢, is the initial thickness which were measured using a caliper.
The amount of extension, Al, was then calculated as Al = [—1[, where [ is the current
length. To analyze the local microstructure deformations of the reinforced compos-
ites, mesh grids of 1.5mm x 1.5mm were printed on the surfaces of each sample. A
Sony A6000 camera was used to capture the deformed images of the fiber meshes

and the printed mesh grids which were then compared with the simulation results,
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Figure 6.14: (a) Experimental setup for the uniaxial test. (b) Fabrication of the
composite laminate. (c¢) 3-layer configuration of the Ecoflex-0050 / PES3 composite.

predicted from the proposed model.

In Fig. 6.15 (a) the stress-strain response of the PES-3 fiber is characterized using
the polynomial model and we obtain the tension parameters of the PES3 fiber as,
Eyy = Ey = 2.35MPa and Ejy = Ey = —0.2M Pa. The bending modulus (C')
and torsion modulus (7") are chosen to be 1M Pa and 7M Pa, respectively. For the
Ecoflex 0050 matrix material, we have used Mooney-Rivlin model to characterize the
experimental stress-strain response with the following matrix parameters p = 0.082
MPa and k = 0.01 M Pa, this result is shown in Fig. 6.15 (b).

These obtained parameters are used in the proposed model which is then solved
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Figure 6.15: (a) Polynomial characterization of experimental stress-strain data for
raw PES-3 fiber sample. (b) Mooney-Rivlin characterization of experimental stress-
strain data for Ecoflex-0050 matrix.

using the FEA method and we obtained the response of the composite material. In
Fig. 6.16 (a) and (b) the x; and y, deformation profiles are compared against the
experimental data at 50% and 100% elongations, respectively. From the figure, good
agreement between the experimental data and simulated results from the proposed

model may be observed.
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Figure 6.16: Comparison of deformation profiles between experiement data and pro-
posed model for Ecoflex 0050/PES3 composite of (a) x; deformation; (b) x, defor-
mation.

We have also compared the shear angle distribution within the composite against
the experiment for 50% and 100% elongations of the composite, which also shows

good agreement with the experimental finding. This comparison results for 50% and
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100% elongation are presented in Fig. 6.17 (a) and (b), respectively. Also, it can be
noted that the proposed model is able to generate smooth and continuous shear angle

distribution, which is not possible using the classical first gradient theory (see, [87]).

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
(b)

Figure 6.17: Comparison of shear angle distribution between experiement (top) and
proposed model (bottom) for (a) 50% elongation; (b) 100% elongation.

Lastly, we compare the stress-strain results of the Ecoflex-0050/PES3 composite
from the proposed model against the experiment data, which is presented in Fig. 6.18.

It may be observed from the figure that the proposed model is able to predict the non-
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linear stress-strain response and also the damage mechanics of the composite with
good accuracy. In Fig. 6.18, the no-damage and damage regions are illustrated. The
no-damage region is defined within the strain range where, either there is no-damage
(applicable only for initial loading case) or damage does not grow. While in the
damage region, damage continues to grow. During the no-damage region (see, curve
OA in Fig. 6.18 ), our model behaves like a fully elastic material with damage variable
(see, Eq. (6.72)), d = 1. For this specific case, strain at 1.17 is set as the initial damage
threshold, which is obtained from the experiment data. When the strain from our
simulation crosses the initial damage threshold, the material enters into the damage
region (see, curve AB in Fig. 6.18 ). At the same time, the pseudoelastic model
becomes activated and the value of d changes with the increase of strain following the
relation described in Eq. (6.72). Simultaneously, the damage threshold is updated
with this new strain value. Now, at any point in the damage region, if we start to
unload, the material again follows an elastic nonlinear response but with a reduced
stiffness (see, curve BO in Fig. 6.18 ), where the E; and Fj are multiplied with d.
During this unloading phase, the value of d remains unchanged and no additional
damage grows. The process repeats this way. In the proposed model, we use the

parameters da = 0.0005 and m = 20.

3.5 T T T T
= Proposed Model (§a=0.0005, m=20)
3 = ==Experiment (Ecoflex-0050/PES3) A
25
g
s 2
n
N
g 1.5
(7]
1 -
Damage
0.5 Region
o No-Damage Region
0 ) ) X 2 ) L
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Strain

Figure 6.18: Comparison of stress-strain results between experiment and proposed
model for Ecoflex-0050/PES3 composite.
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From the cyclic stress-strain graph obtained from repeated loading and unloading,
it is also possible to estimate the dissipated energy density and recovered energy
density of the composite material. The dissipated and recovered energy is illustrated
in Fig. 6.19. The area between any successive loading and unloading curves represents
the dissipated energy for that cycle and the area under the unloading curve represents

the recovered energy.  From the assimilated cyclic stress-strain graph of Ecoflex-
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Figure 6.19: Illustration of dissipated energy and recovered energy in cyclic stress-
strain graph.

0050/PES3 composite, we are able to estimate the dissipated and recovered energy
density, which is illustrated in Fig. 6.20. The energy density is calculated via the
area integration using the Trapezoidal rule method. For the first loading-unloading

cycle, we have obtained the dissipated energy density 246%, for the 2nd and 3rd

MJ
m3

density is found to be 904%.

cycles we have obtained 1274 and 180%, respectively. The final recovered energy

6.5 Finite element analysis of the 4th order cou-
pled PDE

To demonstrate the finite element analysis (FEA) procedures, we have chosen the
system of PDEs obtained from the Weibull fiber damage model. The rest of the cases

will follow the similar process.
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Figure 6.20: Estimation of dissipated and recovered energy from the cyclic stress-
strain results of Ecoflex / PES3 composite.

The system of PDEs in Eqgs. (6.76) represent systems of 4th order coupled dif-
ferential equations. The case of such less regular PDEs system deserves delicate
mathematical treatment and is of particular practical interest. Therefore, it may not
be trivial to report the associated FEA procedure. For preprocessing, Eqs. (6.76)

may be rearranged into the following form:
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Q4 X1.92) + K(Q+ E2)(CC+ EE+ DD + FF)
—k(Q+Co+E1+ EL)(CC+CE+EC+ EE+ DD
+DF + FD+ FF)+ k(C+ E)2QC +2E,E +2C,C
+2E,F — QC — QF — E»,C — EoF — CQ — CE,
—~ECy— EE4+2RD +2FF +2D 3D + 2FyF — RD
~RF — F3D — FoF — DR — DF, — FD4y — FF)
~Aoxaa + Boxay + (1— ) [EH2(QC + RD)(CC + DD)
+2(CC + DD)(QC + RD)} + (Ey2 — E1)(QC + RD)|C
(1= ey oo 4 pp)(Ce + DD)

4
(E12 - Ell) (Ell - 2El2)

+T(CC+DD) + 1 1@

+(1 - e—f’a‘f’”)[%{z(w + NF)(EE + FF)
+2(EE + FF)(SE + NF)} + (Ey — Ex)(SE + NF)|E
+(1 - e&ﬁ’")[%(EE + FF)(EE + FF)

n (B — E9) (Ea1 — 2E9)
2 4
—C(Q11+ S22)—T(Q 22+ S11),

(EE+FF)+ ]S
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0 = pu(R+ Xg9) +K(R+ F2)(CC+ EE+ DD + FF)
—k(R+Dy+ F1+ F9)(CC+CE+ EC+ EE+ DD
+DF + FD+ FF)+ k(D + F)2QC +2E,E +2C,C
+2E,E - QC — QE — E,C — E,E — CQ — CE,
—~ECy— EE4+2RD +2FF +2D 3D + 2FoF — RD
—RF — F3D — FoF — DR — DF, — FD4y — FF)

%{2(@0 + RD)(CC + DD)

+2(CC + DD)(QC + RD)} + (Ey2 — En)(QC + RD)|D

H1— e [EH(CO + DD)(CC + DD)

(B2 = Bu) (CC + DD) + (B — 25)

2 4
—SaA™ E21
+(1 — e )[T{z(SDJrNF)(EEJrFF)

—AoXz2 + Boxaq + (1 — G_Mﬁm)[

IR

+2(EE+ FF)(SE+ NF)} + (Ex — Ex)(SE+ NF)|F
+(1 - e‘s‘”m)[%(EE + FF)(EE + FF)

n (B — E9) (Ey1 — 2E9)
2 4
—C(R11+ Nao)—T(R22 + N11),

(EE + FF) + |N

0 = Q_Xl,lh OIR_XQ,IM OIC—X1,17 02D—X2,17
0 = E—X19 0=F —x99, 0=A— pu(Q + X1,20) — cQ 11,
0 = B- H(R + X2,22) —cRy1,0 = S — X1,225 0=N — X2,22 (6-77)

where () = X1,115 R = X2,115 C= X1,15 D = X2,17E = X1,25 F = X2,2 S = X1,22 and
N = X345 Hence, the order of differential equations is reduced from the three coupled
equations of the 4th order to 12 coupled equations of the 2nd order. Especially, the
non-linear terms in the above equations (e.g. Axy 5, Bxy; etc...) can be systematically

treated via the Picard iterative procedure and/or Newton method;
_Ainitialxggitial + Binitialxé7711itial s _AOXgQ + BOX%l
AinitialXif?Qitial o Binitialxilizlitial s AOX?Q o BOX(1)717 (678)

where the estimated values of A, B continue to be updated based on their previous

estimations (e.g. A; and Bj are refreshed by their previous estimations of A, and
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B,) as iteration progresses and similarly for the rest of non-linear terms. Also, the

weight forms of Eq. (6.77) can be found as

0 = /wl{u(Q + X1.22) + 8(Q + E2)(CC + EE+ DD + FF)
—QFL(Q +Cao+E,+E,)(CC+CE+EC+EE+ DD
+DF + FD+ FF) + k(C+ E)2QC +2E,E +2C,C
+2E,E - QC — QE — E,C — E,E — CQ — CE,
—~ECy— EE+2RD +2FF +2D 3D + 2FyF — RD
—RF — FyD — FoF — DR — DF, — FD4y— FFy)
%{2(@0 + RD)(CC + DD)
+2(CC + DD)(QC + RD)} + (Ere — Enp)(QC + RD)|C
+(1 - e-éa‘y’")[E“ (CC + DD)(CC + DD)

4
+ (E12 - Ell) (Ell - 2E12)

5 (CC+ DD) + 1 |Q
E21

+(1 - e*M’”)[T{z(SD + NF)(EE + FF)
+2(EE + FF)(SE + NF)} + (Ey — Fy)(SE + NF)|E

—AoXao + Boxaq + (1 — e—ﬁaﬁ’”){

. B
(1 — e 0 )[%(EE + FF)(EE + FF)

(B — E9) (Eo — 2E9)
2 4
—C(Q,n + 5,22)—T(Q,22 + 5,11)}619,

+ (EE+FF)+ ]S
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0 = /U)Q{M(R + Xa20) + K(R+ F2)(CC + EE+ DD + FF)
—QFL(R +Ds+ Fy1+ Fy)(CC+CE+ EC+ EE+ DD
+DF 4+ FD+ FF)+ k(D + F)2QC +2E,E +2C,C
+2E2E — QC — QE — EoC — E4E — CQ — CE,
—ECy— EE5+2RD +2F F + 2D 4D + 2FyF — RD
—RF — F3D — FoF — DR — DFy — FD 5 — FF»)
—AoXas + Boxas + (1 — e 03" )[E“ {2(QC + RD)(CC + DD)
+2(CC+ DD)(QC + RD)} + (Ey2 — En)(QC + RD)|D
H1— e [EH(C0 + DD)(CC + DD)
B By ; 2, (CC + DD) + (Bu — 2B5) _42E12)
(1 — et )[Ef{ (SD + NF)(EE + FF)
+2(EE + FF)(SE + NF)} + (Ey, — E3)(SE + NF)|F

IR

. E
(1 — e % )[%(EE + FF)(EE + FF)

Eyp — FE Ey —2F

—c(R11 + Nao)—T (R 2o+ Nq1)}dQ2,

IN

0 = /w3(Q X1 11)dQ> 0= /w4(R—X2’11)dQ,
Q

O - / O Xl 1 dQ O - /U}G(D - X271)dQ7
Q Q
0 = /w7 (B —X12)dS2, 0= /wg(F — Xa.2)dS2,
Q Q
Q Q
0 = /Q (A = (@ + X1,22) — cQ11)dl2,
0 = /w12<B — IU(R + X2’22) — CR}H)dQ. (679)
Q

Thus, we apply integration by part and the Green-Stokes’ theorem, (e.g. i / WX 20dS) =
Qe

—u/ wl,gxmdQ + u/ leLQNdF) and thereby obtain the following weak forms of
Qe ar
Eq. (6.79)
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0 = /{ule — pwipX; o + Fwi(Q + E2)(CC + EE+ DD + FF)
—Q;{wl(Q +Co+ E1+ EL)(CC+CE+EC+EE+ DD
+DF + FD+ FF)+ rw(C+ E)(2QC +2E,E + 2C,C
+2E,E - QC — QE — E,C — EL,E — CQ — CE,
~ECy— EE4+2RD +2FF +2D 4D + 2FyF — RD
—~RF — F3D — FoF — DR — DF, — FD4y — FF)

(- e—w‘f’”)wl[%@@o + RD)(CC + DD)
+2(CC + DD)(QC + RD)) + (E12 — En1)(QC + RD)|C
+(1— e&ﬁ’”)wl[%(cc} 4+ DD)(CC + DD)

(E12 - Ell) (Ell - 2El2)

+T(CC+DD) + 1 1Q

+(1 — e—éa‘/’”)wl[%@(SD + NF)(EE + FF)

+2(EE+ FF)(SE + NF)) + (Ex — Ey)(SE + NF)|E
+(1— eéa?m)wl[%(EE + FF)(EE + FF)

" (E22 — E9) (B — 2E9)
2 4
+c(w11Q 1 + w125 2)+T (w1 2Q 2 + w1 151)

—Aolez,Q + BOlez,l}dQ + M/ lel,ZNdF
or

(EE+FF)+ ]S

—C/ le’lNdF — C/ wlsygNdF — T/ leQNdF
or or or

—T/ wlSJNdI‘,
or
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0 = /{wg,uR — WapliXa o + KW2(R+ F2)(CC + EE+ DD + FF)
—Qmwg(R +Ds+ Fy1+ Fy)(CC+CE+ EC+ EE+ DD
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+2(EE + FF)(SE + NF)) + (Ey — En)(SE + NF)|F

. E
+(1 — %7 )wQ[%@E + FF)(EE + FF)

(E22 ; EQl)(EE—f— FF) + (E21 _42E22>

+c(we 1 Ry + wooNo)+T (wy2R o + we1Ny)

+Aowaxy 2 — Bowax 1 1 + M/ W2 X, NdT
or

+ |N

—C/ ’lUgRJNdF — C/ wQN,QNdF — T/ "LUQRQNdF
or or or

—T/ ’IUQN,lNdF,
or
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0 = /(ng—i‘wg?le’l)dQ—\/ nglledF,
Q or

0 = /(W4R+@U471X271)d9—/ ’LU471X2’1NCZF,
Q

or
0 = / (wsC — wsxy 1)d2 0 = / wo(D — Xp1)d9,
Q Q
0 = /w7(E—X172)dQ, 0= /wg(F—Xm)dQ,
Q Q

0 = /(w9725+w972X172)dQ—/ ngLQNdF,
Q or

0 = /(w10,2N+w10,2X2,2)dQ_/ wW1oX2,2NdL,
Q ar

0 = /(wnA — pw1Q + paws o)X o + cwin1Q1)d — / pwin Xy o Ndl
Q ar
—/ CwllQ,lNdF7
ar
0 = /(w12B — pwia R+ pwiz 90X 5 + cwig R1)dQ — / paw2Xe o Ndl'
Q ar
—/ C’LU12R71NdF, (680)
ar

where €2, OI' and N are, respectively the domain of interest, the associated boundary,
and the rightward unit normal to the boundary OI" in the sense of the Green-Stokes’
theorem. The unknown potentials of xy, x5, @, R,C,D,E,F,S,N, A and B can be
expressed in the form of Lagrangian polynomial that

n=4

(#) = Y _[(%);7;(x, ). (6.81)

j=1
Accordingly, the test function w is found to be

n=4
W =Y _wh, Wi(x,y); i =1,2,3,4, and m =1,2,3,4,...10 (6.82)

i=1
where w; is the weight of the test function and W;(x,y) are the associated shape

functions; ¥, = %, Uy = m(ﬁ—;l), Uy = % and Uy = y(f—;z) Invoking Eq.

(6.81), (6.80) can be recast in terms of Lagrangian polynomial representation as
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ij=1 8¢ =1 Jore are
n=4 n=4
0 = Z{/ \I/i\Iijde}+Z{/ (—pl, U, + U, U5 R)dQ}
igj=1 78° igj=1 7%°
n=4 n=4
+Z{/ N‘I’i,z‘l’j,2X2de}_Z{/ pWixg o Ndl
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ore

Now, for the local stiffness matrices and forcing vectors for each elements, we find

Kyl Ki, K3 Ky Xi Fy

Ka Bn Ky Ky e I It (")
eI R 4 i

41 42 43 44 Local X1 Local 4 Local
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where
(K5 ] :/Q(—M‘I’i,z‘lfj,z)dQ, (6.85)
and

(1} == wipNdr e[ wQuNar. (6.56)
ore o)

I“e

Thus, the unknown potentials (i.e. x;, X2, @, R,C,D,E,F, A and B) can be

expressed as
Qi = {xi}11, Ri={x} n, Si={Q}u ete..., (6.87)

and similarly for the rest of unknowns.
Consequently, we obtain the following systems of equations (in the Global form)

for each individual elements as

[ (KO KO KM ] T AR
KO [KO02) o [KO] (K02 i F
o] o] b el | | 5] | HE
G RGTT GKG ; {F3}
K?401 Klo_402 ) K?411 K?.412 R {Fy}
J¢ 0501 J0502] FOs11] | Kg{sm C. {Fy}
J¢0601 K({Gof ) Jo611) T Klg)]ﬁm D, {Fs}
Klo701 Kzojmf ' K10711 I Kg712 E; = {F}
KZOS»OI Kz({802= KZ(}811 0 Kz(i?m F, {F)
Klo901 K3902= ) I K%Qll [ Kgglz S; { Fg}
Jiool ¢ 10027 [ fciont 1012 N; {Flo}
K@;jlm K11j102: :Kzljlll Kiljlu A, {Fll}

I KZ;]201 Kz1jzo2_ _Ki1j211 Kzljzu 1| Bi] i {F2} |

(6.88)

In the simulation, we employed the following convergence criteria

| A1 — Ap| = e1 <&, |Bpy1 — Ba| = ez < ¢, where ¢ = maximum error = 10,

which demonstrates fast (quadratic) convergence within just 5 iterations using FEn-

iCS nonlinear solver (see, 6.1).

6.6 Denouement

In this chapter, continuum model for the mechanics of a hyperelastic materials rein-
forced with fibrous materials is presented in finite plane elastostatics. The hyperelastic

response of the elastomeric matrix material is accommodated by the Mooney-Rivlin
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Table 6.1: Maximum numerical errors with respect to the number of iterations.

Number of iteration | Mximum error
1 1.000e-00
2 2.934e-00
3 1.132e-02
4 2.976e-07
5 7.416e-14

model, while the nonlinear stress-strain behaviors of the reinforcing fibers are as-
similated via the custom designed energy potentials of the polynomial types. The
kinematics of reinforcing fibers are formulated by their position and direction fields
and are subsequently integrated into the models of continuum deformation via the
first and second gradient of deformations. We have implemented two different types
of pseudo-elastic behaviors of the soft composite. To accommodate the Mullin’s effect
observed in the soft biological tissues, we have incorporated the damage parameter
and damage function with the proposed model inspired from the Ogden and Rox-
burgh’s model. Moreover, to capture the softening phenomena as a result of the bond
rupture and fiber damage we have included the Weibull damage variable in our model.
Within the framework of variational principles and virtual work statement, the Fu-
ler equilibrium equation and the necessary boundary conditions are derived. These,
together with the constraint of the bulk incompressibility, furnish systems of coupled
nonlinear PDEs from which a set of numerical solutions describing the pseudo-elastic
responses of the soft composites are obtained via the custom-built Finite Element
Analysis (FEA) procedure. Finally, the utilities of the presented models are justified
by comparing them with the data from multiple experiments.

We demonstrated that the model successfully predict the Mullins effect of human
aorta in both longitudinal and circumferential direction. Also the proposed model can
simulate the Mullins effect observed in soft biological tissue like Manduca Muscle. To
test the utility of the proposed model in capturing the softening due to fiber damage,
the model was compared against the in house experiment results of polyester fiber
reinforced ecoflex elastomeric composite. Where it can be observed that the model
can closely simulate the fiber damage phenomena, deformation profiles and shear

angles profiles of the elastomeric composite.
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Chapter 7

A multiscale continuum model for
the mechanics of hyperelastic
composite reinforced with
nanofibers

In section 7.1, we present two distinct stages pertaining to the modeling of randomly
oriented nanofiber-reinforced hyperelastic composite. In section 7.1.1, the kinematics
1s presented for unidirectional fibers embedded in a hyperelastic matriz material. In
section 7.1.2, the obtained unidirectional fiber system is transformed into a randomly
oriented short fiber-matrix system by employing the concepts of shear lag and Krenchel
orientation parameters. The equilibrium and boundary conditions are derived in sec-
tion 7.2. In section 7.3, the interfacial debonding-induced damage mechanics is pre-
sented for the hyperelastic nanocomposite material. In section 7.4, the utility of the
presented model is demonstrated by comparing it against MD simulation results and

experimental results from the existing literature.

7.1 Kinematics of fibers embedded in a hyperelas-
tic matrix material

In this section, we present three distinct stages pertaining to the modeling of fiber-
reinforced composites, where randomly oriented nanofibers are embedded in a hy-
perelastic matrix material (see, Fig. 7.1). We begin with the derivation of compact

kinematic descriptions for a unidirectional fiber family in terms of the first and sec-
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ond gradient of continuum deformations (Fig. 7.1 (a)). This offers a more general
mapping of fiber kinematics including stretch and bending responses resulting in phe-
nomenologically relevant predictions such as smooth and continuous shear strain dis-
tributions (see, for example, [87],[125], and [180]). We then reformulate the obtained
unidirectional model into an aligned short fiber-matrix system by employing the con-
cept of shear lag parameter (Fig. 7.1 (b)). The continuum shear lag theory accounts
for the effects of fiber’s characteristic dimension toward the mechanical responses of
composites [181]-[182]. For example, the reinforcing performance of fibers becomes
intensified with increasing fiber aspect ratios as the tensile stress in the fibers may
build up to the maximum load-carrying capacity and vice versa [181]. The shear lag
parameter integrated model is expected to capture the responses of composites with
respect to the size of fibers. Lastly, we adopt the Krenchel orientation factor through
which the configurations of aligned fibers may be transformed into randomly oriented
nanofibers (Fig. 7.1 (c)). As also reported in [183], one could achieve a more com-
prehensive and accurate prediction of the mechanical responses of fiber composites

by implementing the Krenchel orientation and shear lag parameter.

~.

(a) Continuoys UD fiber (b) Aligned short fiber

Shear lag
Parameters

Krenchel
orientation factor

(c) Randomly oriented fiber

Figure 7.1: Hlustration of the development of nanofiber composite model.
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7.1.1 Development of the unidirectional fiber-matrix system

Let r(s) be the parametric curve of fibers’ trajectory on the deformed configuration
and T be the unit tangent in the direction of increasing arclength parameter s. We
also define X () and S as the counterparts of r(s) and s in the reference configuration.

The configuration of a particular fiber is then obtained by

B ., _ ds _dr(s)
)\— |d| and )\T—d, A:ﬁ and’r: ds , (71)
where
d=FD, F=\r®D, (7.2)

and F is the gradient of the deformation function (x(X)). Eq. (7.2) can be obtained
via the successive differentiation of r(s(S)) = x(X(.S)) with respect to the referential
position vector X(S) and the arclength parameter S using chain rule, upon making
the identification of D =dX/dS. Here, d(x)/dS and d(x)/ds refer to the arclength
derivatives of () along fibers’ directions, respectively, in the reference and deformed
configurations. Eq. (7.2) may be projected using the orthonormal bases of {E, :

reference} and {e; : current} to yield
Ai=d; = F;uDy for D = DyE4, d = de;. (7.3)
Further, using Eqgs. (7.1)-(7.2), we find
M =FD -FD=F'F-D®D, (7.4)

which will also be used in the later sections.

Now, the Green-Lagrange strain is defined by (see, also, [105] and [106])

1
c= (-1 (75)
Hence, in view of Eq. (7.4), we find
1 1
£=3 (FD-FD-1) = 5 (FiaFipDaDp—1). (7.6)

Accordingly, the variational derivatives of € can be evaluated as

_j _0(/2)(FD FD - 1)
OF

¢ = ep, Fia=FpDpDaF;y, (7.7)
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where the superposed dot (%) refers to the variational derivatives with respect to a
parameter € at the particular configuration of the composite (i.e., e = 0) that labels
a one-parameter family of deformations. The tensile responses of the unidirectional
continuous fibers may be represented by a simple quadratic form of the energy po-

tential as follows:

W(e) = %Ee? (7.8)

In the above, F is the material parameter, characterizing the tensile or elastic modulus
of the fibers. From Egs. (7.6)-(7.7), the variational derivative of Eq. (7.8) can be

formulated as

W(€> = WagFiAFz’A:(Eg)gFiAFz’A
E .
= [5 (FD-FD-1)|JF(D®D)-F (7.9)
E .
[EFJCFJ'DDCDD — 1|F;gDgD4F ;4.
The geodesic curvature of a parametric curve (r(s)) is then formulated from Egs.

(7.2)-(7.3) that

- A% 9(FD)oX

g="t s~ 0X 0S

V[FDID. (7.10)

In general, most of the fibers are straight prior to deformations. Even slightly curved
fibers may be idealized as ‘fairly straight’ fibers, considering their length scales with
respect to the characteristic dimension of matrix materials. This further suggests

that the gradient of the unit tangent in the reference configuration vanishes; i.e.,
VD = 0. (7.11)
Thus, Eq. (7.10) deduces
g =VF(D®D)=G(D®D), (7.12)
where we adopt the convention of the second gradient of deformations as
VF = G, and (7.13)
the associated compatibility condition of G is given by

Giap = Fiap = Fipa = Gipa. (7.14)
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The bending response of the fiber can be represented as follows:

1
W(g) =5Cg g
Here, %C’g - g is the fiber’s bending energy potential of Spencer and Soldatos type

[93] which presumes that the bending responses of fibers are dependent entirely on

the second gradient of continuum deformations via the geodesic curvature of fibers;

g =8(G). (7.15)

The associated modulus C' is the bending modulus of the fiber. The postulation
of Spencer and Soldatos has been widely and successfully adopted in the relevant
subjects of studies (see, for example, [85], [111]-[113], [115], and [120]). The associated

variational derivative can be computed as

L (1.11)—(7.12)

W) =Cg-g Cg-GMD®D)=(Cg®DxD)-G. (7.16)

The forging developments suggest that the responses of an elastic material re-
inforced with fibers may be expressed by the first and second gradient of continuum

deformations that

1 1
W(F.e,g) =W(F)+ 5B + 5Cg - g, (7.17)

where W (F') refers to the energy function of matrix material. In the present study,
we adopt the Mooney-Rivlin strain energy potential for the characterization of hy-

perelastic matrix materials (see, also, [105]-[106]):

W(E) = 50— 3) +

K

5 (12— 3), (7.18)

where I and I are the principal invariants of the deformation gradient tensor defined

by

1
I = tr(FTF) and I, = 5[(tr(FTl.«“))Z’ — tr((FTF)?)]. (7.19)
Now, we may write the energy function of matrix material, W (F), in variational form
as follows:
. K . .
Wek = (5(1)e+ 5 (L)) F = (P +sF{(F-F)I- FTF)[F, (7.20)

where (Il)F = 2F and (IQ)F = 2F(IlI — FT . F)
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Lastly, we evaluate the induced energy variation of the response function (Eq.
(7.17)) as

W(F,e,g) = W(F)p-F +W(e).cpF +Cg - g, (7.21)

which will be used in the derivation of Euler equilibrium equation and the associated

boundary conditions.

7.1.2 Transformation to the randomly oriented fiber-matrix
system

In the previous section, we derived the kinematic expressions of continuous unidirec-
tional fibers embedded in a hyperelastic matrix material. In this section, we refor-
mulate the obtained expressions into a randomly oriented fiber-matrix system. To

proceed, we introduce the following energy potential based on Eq. (7.17)

W(F,eg) = (1—a) g(lr1 —3)+ g(fg . 3)] +a BE&Z + %Cg : g] L (122)

where « is the energy fraction parameter pertaining to the fiber volume fraction of
composites. In the case of composite materials reinforced with discontinuous fibers,
the load is transmitted from the matrix to the fibers through the mechanisms of
interfacial shear stress transfer [184]-[185]. It has been reported that the stress transfer
has a strong dependence on the size of the fibers, which may be described by the shear
lag theory [181]-[182]. When the aspect ratio of fiber is small, the strain along the
axial direction of the fiber is minimized due to the weak stress transfer at the interface.
The corresponding strain distribution along the fiber appears to be in dome shape
(see, gray line in Fig. 7.2). As the aspect ratio of the fiber increases, the strain in
the fiber builds up and becomes more uniform over the axial domain (see, red line in
Fig. 7.2) resulting an enhanced reinforcing performance of fibers.

Based on the shear lag theory [186], we define the following expression of ny,
which is the ratio of fiber strain, € ;e (), to the matrix strain, ,,. This strain ratio
parameter, n; allows us to accommodate the relation between the fiber strain and the

aspect ratio.

n = ‘gf’;ﬁ_ (1—%), (7.23)
K
B = 7 (7.24)

g
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Figure 7.2: Schematics of short fiber-reinforced composites unit cell (left, middle) and
axial strain distribution of a fiber (right).

In the above, K is the parameter pertaining to the stiffness of the interface which
may be obtained through Molecular dynamics (MD) simulation (see, later section),
L is the half-length of the fiber, h is the thickness of the fiber, and E, is the Young’s
modulus of the fiber. By plotting n; = af%ﬁi(x) with respect to the nondimensional
fiber length coordinate, x/L, we obtain the axial strain distribution of a fiber (see,
for example, Fig. 7.2). Now, evaluating the integration of the parameter n; over the
length of the fiber, we obtain the shear lag parameter, also reported as fiber length

distribution factor (see, also, [183]) as follows:

¢ - %; / E;L)g;:;lggg)dx] (7.25)
_ (g tanh(BL)
BL

Hence, from Eq. (7.8), we find

W(e) = =E,(se)’ (7.26)
1 tanh(SL)\? ,
= §Eg (1 — 5—L> e”.

The substitution of Eq. (7.26) into Eq. (7.22) then yields

1

W(F,e,g) = (1-— a)[g(ll —3)+ 5(1’2 —3)] + a[-E, (1 B tanh(ﬁL)) P

BL
+%Cg - gl. (7.27)

2

Lastly, we introduce the following Krenchel orientation factor (see, [187]-[188]) to
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transform the aligned short fibers into randomly oriented fibers

8 8 3
- — 4+ (P — (P 2
Mo 15+21( 2C089)+35( 1 cos B) (7.28)

where P5cosf and P, cosf may be obtained from experimental measurements of the
angular dependence of the polarized Raman scattering intensities (see, for example,
[187]-[189]). For perfectly oriented (aligned) fibers, P»cosf = Pycosf = 1 while for
randomly oriented fibers, P, cosf = P, cosf = 0. Hence, substituting Eq. (7.28) into
(7.27), we find

tanh(8L)\”
— > .
+5Cg g (7.29)

WEg) = (- —3)+ 53]+ aljnE, (1

The Eq. (7.29) may be used to characterize the responses of a hyperelastic matrix
material reinforced with randomly oriented nanofibers. The implementations of the
proposed energy potential (Eq. (7.29)) and the associated derivations will be dis-

cussed in the following sections.

7.2 Equilibrium & Boundary conditions

The Euler equilibrium equations and the associated boundary conditions will be de-
rived in this section within the framework of the virtual work statement and varia-

tional principles. To proceed, we evaluate the potential energy of the system as
E = /W(F,e,g) dA. (7.30)
Q

Hence, the weak form of the equilibrium equation is obtained via the virtual work
statement,

E=P (7.31)
where P is the virtual power of the applied loads and the superposed dot denotes the
variational derivative. In the above, the conservative loads are characterized by the
existence of a potential L such that P = L. Thus, the problem of determining equi-
librium deformations is reduced to the problem of minimizing the potential energy,

E — L. In the present problem, this furnishes

E= /W(F,e,g) dA. (7.32)
Q
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We note that volumetric changes in materials’ deformations are, in general, energet-
ically expensive processes and therefore are typically constrained in the constitutive
modeling of engineering materials (see, also, [105]-[106]). This may be achieved by
augmenting the condition of bulk incompressibility (i.e., p(J — 1)) on the proposed
energy potential (Eq. (7.29)) that

UF,e,g.p) = (1— o)W (F) + ancIV (s) + %a(]g g—p(J—1).  (7.33)

where J is determinant of F and p is a constitutively indeterminate Lagrange multi-
plier field. In the above, W(F) and W(e) can be found from Eqs. (7.18) and (7.8),
respectively. Thus, Eq. (7.32) becomes

E= /U(F,a,g,p)dA. (7.34)
)

In view of Eqs. (7.21) and (7.33), the associated energy variation yields

U=1-a)WE)pF+an*We).epF +aCg-g—pJ, and J = JgF-F=F .F.
(7.35)
The substitution of Eqgs. (7.16), (7.20) and (7.35) into Eq.(7.34) then furnishes

B = /[{(1 — a)uF+(1 — a)KF((F - F)I — FTF) + angc2Woep — pF* oo

+a(Cg@D @ D) - GldA, (7.36)
or in components form,

E = /[{(1 — a)uFia+(1 — a)kFp(FicFicd ap—FjaFyp) + angs*Weer, ,
Q
—pE X, aTaC(9:DaDp)X; apldA, (7.37)

where ;4 = Xi,a and Giap = Xi.ap are the variations of the first and second gradient
of deformations. In the above, W, can be evaluated as Ee and €5, , can be found in Eq.
(7.7). We note here that, in the forthcoming derivations, we use the component forms
of vectors and tensors (e.g., Eq. (7.37)) for the sake of clarity and and mathematical
tractability.

Now, applying integration by part on the last term of Eq. (7.37), we find

aC(giDaDp)X; ap = aC(9:DaDpX; )8 — aC(g:DaDB) BX; 4- (7.38)
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Substituting the above into Eq. (7.37) then yields

B = / {1 — uFat(l - a)wFip(FycFieban—FiaFys) + angeWeer,
Q
—pFiZ}Xi’A — aC(giDADB)jBXi,A + aC(giDADBXi,A)jB]dA. (739)

Applying Green—Stokes’ theorem in the last term, we reduce Eq. (7.39) to
E = /[(1 — a)uFia+(1 = a)sFip(FicFicdap—FjaFjp) + angs*Weer,, — pFjy
Q

—OZC<giDADB),B]Xi,AdA+/ aC(giDADBXi’A)NBdS, (740)
oN

where Np is the rightward unit normal to 02 in the sense of Green—Stokes’ theorem.

Eq. (7.40) may be rewrite as

E:/PzAXLAdA"i_/ OCC(ngADBX%A)NBdS, (741)
Q o)
where

Pa = (1—a)uFia+(1 —a)kFip(FicFjcdap—FjaF;p) — pF)y —aC(9;:DaDpg) g

E
+O”70<279(Fj(}FjDDCDD — 1)FipDpDa, (7.42)

is the formulation of the Piola type stress. Further, in the case of initially straight

fibers (see, Eq. (7.11)), the above can be simplified to

Pa = (1 —-a)uFa+(1 — a)kFip(FjcFijcoap—FjaFjp) — pFjy — aCg;sDaDp
E
t+amos® = (FicFipDeDp = 1)Fip DpDa. (7.43)

Hence, the Euler equilibrium equation satisfies
Piaa =0 or Div(P) =0, which holds in €. (7.44)

In view of Eqgs. (7.11)-(7.13) and (7.43), we obtain the following Euler Equilibrium

equation as

0 = Paa=1—a)ux;aa+ (1 —a)k(X;aaX50X50 — Xi,BAXj,4X),8)
+(1 - O‘)“Xi,B(QXj,CBXj,C — X;,AAX4,B — Xj,AXj,BA) — D,ASij€ABX; B
Eq

_aCXi,ABC’DDADBDCDD + a770§27(Xj,C’Xj,DXz’,B)ADADBDCDD

E
—CY770§279X1',BADBDA’ (7.45)
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where Fiq = X; 4 = Ox:/0Xa, Giap = XiapocpDaDpDcDp, Fy = €ijeapFjp, and

€i; 1s the 2-D permutation; €15 = —e9; = 1, €11 = —e92 = 0. Eq. (7.45) together with

the constraint of the bulk incompressibility,

det F = X1,1X22 — X12X21 = 1, (7.46)

solve the unknown potentials of x;, x5, and p which describe the mechanical responses
of the nanofiber reinforced hyperelastic composites material. The numerical solution
of the above system of Partial Differential Equations (PDEs) (Eqgs. (7.45)-(7.46))
may be accommodated via commercial packages (e.g., MATLAB, COMSOL etc.).

We now derive the expressions of the associated boundary conditions. For the
stated purpose, we apply integration by part on Eq. (7.41) (i.e., Piax; a = (PiaX;) .a—
(P;a) aX;) and obtain

o0 o9 ’ Q
where the Green-Stokes’ theorem is applied in the first term of the above, i.e.,
/(BAxi),AdA = / Piax;NadS. (7.48)
Q 0

Since the Euler equation (P4 4 = 0) holds in €, Eq. (7.47) reduces to

o0 o0

The decomposition of y; , now furnishes
: dx; 0S5  Ox; ON
Xi,A = vt SR
0S5 0X4 ONOX4
where Ty = 05/0X4 and Ny = ON/OX4 are respectively, the unit tangent and
normal to the boundary 02. Combining Eqgs. (7.49)-(7.50), we obtain

= XiTa + X; yNa, (7.50)

E= /a Pk NadS + /8 _aCgiDADs <x;TANB + xi,NNANE;) ds.  (7.51)
In addition, since
aCg;DaDpTANEY, = (aCg;DaDTANgY;) — (aCiDADETANgE) %;,  (7.52)
Eq. (7.51) becomes

E = / [PiANA — (OécgiDADBTANB),]XZ-dS—F/ OéCgiDADB)'(Z-NNANBdS
a0 519} ’

+ / (aCg; DaD5TaNgx;) dS. (7.53)
o0
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The above may be recast to yield the standard form:

E = / [PiANA — (OzcgiDATADBNB)/]XidS —|—/ @CgiDANADBNBXZ‘NdS
a0 a0 ’

+ Y [|aCg;DATsDpNsx,| (7.54)

where the double bar symbol refers to the jump across the discontinuities on the
boundary 9Q (ie., ||*]| = (¥)* — (¥)7) and the sum denotes the collection of all
discontinuities.

Lastly, it follows from Eq. (7.31) that the admissible mechanical powers take the

following form

P= / ti,dS + | mix, dS+> fiks. (7.55)
owt ow '

Thus, by comparing Eqgs. (7.54) and (7.55), we conclude that

d
ti = PZ'AN — ﬁ[aC’giDATADBNB],
m; = aCg;DyNoDpNp,

fi = aCgiDaTaDpNg, (7.56)

where t;, m;, and f; are the expressions of edge tractions, edge moments, and the cor-
ner forces, respectively. It is also noted here that the stress expression in Eq. (7.42) is
a combination of the Piola-type stress ((1—a)uFia+(1—a)kFip(Fijc Ficd ap—FjaFjp)+
anes*Weer,, — pF;y) and double stress (aC/(g;DaDp) g) such that the second gradi-
ent of the deformation term (i.e., aC(g;DaDp) ) may be interpreted as the energy
conjugate to the admissible double force m; when it is prescribed on the desired
boundaries of the composite.

The solutions of the above system of PDEs may be determined by imposing the
following boundary conditions (see, Fig. 7.3) and the corresponding results are dis-

cussed in the model implementation and discussion section.

tl = PH, tgsz:OatXl:a,—aand
tl = P21:0, t2:P22:0atX2:b,—b. (757)
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Figure 7.3: Schematic of the problem.

7.3 Model for damage mechanics of short/nano
fiber-reinforced composite due to interfacial
debondings

When nanofiber-reinforced composite experiences sufficiently high strain exceeding
a certain threshold, the interfaces between the nanofibers and matrix material are
damaged. It has been experimentally observed that when the strain is increased to
a sufficiently high magnitude, the strain distribution along the interface of nanofiber
and matrix material changes from a dome-shaped to an M-shaped distribution ([184]
and [190]) (see, also, Fig. 7.10 (b) and 7.12 (b)). Other studies indicate that, espe-
cially for those with long fibers, multiple drops in the strain distributions are observed
along the middle portion of the fiber interface [191]-[192]. In the present study, we
confine our analysis to the cases of M-shaped axial strain distributions for the sake
of increased visibility and mathematical tractability. The cases of multiple dropped
strain distributions may readily be accommodated by modifying the proposed inter-
face stiffness function. The strain drop along the interface is due to the debonding
between the matrix and fiber, resulting in accumulated damages on the interface [184].
This further causes a reduction in the interface stiffness moduli, K. To accommodate
such a reduction in K and, further, to assimilate the M-shaped axial strain distri-

bution along the interface, we proposed the following non-uniform interface stiffness
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potential

K.pp = Ko — fun(e)e®7(2)", (7.58)

where fun(é) is the damage characterizing function, pertaining to the reduction of

interface stiffness which may be expressed as
fun(é) =al’ (é - éCM'C) (1 + écric)b . (759)

In the above, I'(é—é&...) is referred to as the damage activation function which
is switched from inactive mode to active mode when the critical value (in this case
critical strain, &...) is exceeded. In the above, & refers to the overall strain of the
material, computed as the ratio of change in length of the composite to the initial
length. The proposed interface damage function (Eqs. (7.58)-(7.59)) is inspired by
the Weibull damage model [92], which has been successfully adopted to simulate the
fiber damages in the composites [193]-[194]. The activation of the interface damage
function is governed by the condition:

Iz) = {x < 0;'(z) = 0 (inactive mode)}

7.60
x> 0;I'(x) = z (active mode) (7.60)

Hence, when the overall strain of the composite (¢£) is below a critical threshold (£...),
I (¢ — &eric) remains inactivated (the corresponding value of I' is zero). Accordingly,
there is no interfacial debonding present and we expect to obtain a dome-shaped
distribution of strain at the interface. When é exceeds &, interfacial debonding
process initiates (the corresponding value of I' is non-zero) and, hence, M-shaped
axial strain distribution is expected. The corresponding critical value of the threshold
(€eric) may be obtained via the proposed MD simulation presented in the later section.
The parameter a and b in Eq. (7.59) dictates the rate of the debonding process and
they depend on the types of nanofiber and matrix material. It has been found that,
when the nanofibers are embedded in a stiffer matrix material (e.g., Polyethylene
terephthalate (PET)), the damage progresses rapidly which corresponds to high a
and b values. On the other hand, when the nanofibers are embedded in a soft matrix
material (e.g., ecoflex, Polydimethylsiloxane (PDMS), etc.), the interfacial damage

gradually takes place which may be assimilated by low a and b values.
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Now, using K.rr we define the shear lag parameter as follows:

Kess

Besr = B (7.61)
B cosh (Beffx)
n; = (1 B (ﬁeffL)) , (7.62)

1 [ cosh (8,2
¢ = —/ 1—M dz| . (7.63)
2L L cosh (/BeffL)
A similar process as presented in Egs. (7.26) - (7.29) may be followed in order to
obtain the expression of the energy function
K

W(F, e g) =(1-a) [‘1(11 -3) 43

1 1
5 (I — 3)] +a [—nOEg§252 + ECg : g} . (7.64)

2

7.4 Model implementation and discussions

In this section, the implementation of the proposed model along with the MD simu-
lation results are presented. We begin with the atomistic simulations for the micro-
mechanical responses of the three distinct types of graphene-reinforced Polyethylene
terephthalate (PET) nanocomposites with altered/defective interfaces. We then dis-
cuss the damage mechanics of the composite systems due to interfacial debonding
of two distinct types of nanocomposites addressing both gradual and rapid debond-
ing processes at the interfaces. Lastly, using the obtained model, we assimilate the

deformation configurations of a highly stretchable elastomeric nanocomposite.

7.4.1 Atomistic molecular dynamics simulations

In order to apply the proposed model to predict the effective elastic properties of
single-layer graphene/polymer nanocomposites with varying interfacial imperfection,
the damage parameter K (interface stiffness), E,, and h defined in Eqs. (7.23)-(7.24)
and elastic properties of the matrix material were determined using the atomistic
molecular dynamics simulation procedures presented in [195]. For the sake of com-
pleteness and coherence, the MD simulation procedures to obtain all the required
parameters are summarized in this section. In general, the interface between defect-

free graphene and typical engineering polymer is weak in nature, thus, a cohesive shear
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lag model needs to be used to predict the damage-dependent properties of nanocom-
posites. As has been discussed in detail, structural defects formed in graphene alter
not only the elasticity of graphene but also the interfacial damage parameters. There-
fore, we considered pristine, hydroxylated, and Thrower-Stone-Wales (TSW) defected
graphene embedded in Polyethylene terephthalate (PET) matrix to validate the per-

formance of the proposed model.

R
Ethylene terephthalate Polyethylene terephthalate Graphene/PET Nanocomposites
(monomer) (10mer)

Figure 7.4: Molecular models of PET matrix, PET chain, and Graphene/PET
nanocomposites [195].

To construct the molecular unit cell representing fully aligned nanocomposites, an
amorphous PET matrix consisting of 16 PET chains polymerized with 10 ethylene
terephthalate monomers and each defected graphene were constructed respectively.
The dimension of pure PET matrix is approximately 32.73A x 32.73A x 32.73A.
Three single layer graphenes were modeled as reinforcement: pristine, 10 TSW de-
fected and 10 hydroxilated graphene respectively. By laminating two PET matrices
and one graphene as shown in Fig. 7.4, the transversely isotropic nanocomposites
could be modeled. The thickness of graphene (h) is 3.4A which has been widely used
for the equivalent continuum description of graphene [196]-[197]. The volume frac-
tion of graphene in each nanocomposite is nearly 4.6%. To eliminate the finite size
effect, all periodic boundary conditions was applied to the unit cell. All the molecular
structures were equilibrated at 300K and latm before each production run to derive
the elastic constants of graphene, PET matrix and nanocomposites. The dimension
nanocomposites are approximately 33.97A % 34.094 x 68A. The number of atoms con-

sidered in each molecular model is enough to derive thermodynamic properties of the
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systems in equilibrating and predicting the mechanical properties of each structures
with Virial theorem.

To draw the stress-strain curves of nanocomposites and to obtain elastic moduli,
longitudinal tension and longitudinal shearing were applied to the unit cell with finite
true strain rate of 0.0002/psec. Within 2% of elastic strain, the longitudinal Young’s
modulus of nanocomposites was determined. In the same manner, the Young’s modu-
lus of pure PET was determined. The elastic modulus of graphene £, was determined
from the dynamic tensile simulation of each graphene at 300K. To predict the tan-
gential damage initiation at the interface, the shear stress in PET matrix according to
the applied shear strain to the nanocomposites was determined. Fig. 7.11 shows the
variation of shear stress in 10 hydroxylated graphene under the longitudinal shearing
of nanocomposites unit cell. The overall variation of shear stress including a sudden
drop down will be discussed in the later section.

The damage parameter K was determined from the mode II interfacial sliding
simulation of the graphene-PET laminate model. For the sliding simulation, the
nanocomposites unit cell shown in Fig. 7.11 was modified into a finite two-layer
structure with a vacuum area below the graphene by eliminating the periodic bound-
ary condition along the through-the-thickness direction of graphene. To draw the
sliding distance-traction relationship, graphene was tangentially displaced with a ve-
locity of 0.025;1/ 4dpsec while the upper part of PET was frozen. Lastly, the slope of
traction-displacement relationship within 24 of sliding displacement was determined
as the damage parameter K.

All the interfacial parameters and properties of nanocomposites determined from
MD simulations are arranged in Table-1 according to the type of structural defect
in graphene, where E;, G, and G, are the longitudinal Young’s modulus of the
composite, shear modulus of the composite, and shear modulus of the graphene,
respectively. To validate the performance of proposed model in predicting responses
of nanocomposites with damaged interface, the data arranged in Table 7.1 were used in
the proposed model and conventional Mori-Tanaka model to predict the longitudinal

Young’s modulus of nanocomposites at varying aspect ratios of graphene.
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Table 7.1: Interfacial parameters and properties of nanocomposites determined from

MD simulations.

Graphene/PET | K[GPa/nm| | E,[GPa] | G4[GPal | h[nm] | E;|GPal | G1|GPal
Pristine 0.173 1023 397 0.34 49.03 0.07
Hydroxylated 3.03 956 386 0.34 45.47 0.77
TSW Decfected 0.931 335 156 0.34 23.36 0.76
PET — — — — 3.09 1.06

7.4.2 Micromechanics of PET-Graphene nanocomposite us-
ing MD integrated continuum model

In this section, we estimate the Young’s modulus of PET-Graphene nanocomposite
with respect to the varying aspect ratios of fibers by employing the proposed model.
The required values of parameters (i.e., h, E,, K, and C = G,) in Eq. (7.29) are
obtained from the MD simulation as summarized in the Table-1. The energy fraction,
« is assumed to be equivalent to the fiber volume fraction, 4.6%. The Mooney-Rivlin
parameters are chosen as = 1.026 G Pa and x = 0, which produce the same response
of the PET matrix with the modulus of E, = 3.09 GPa (refer, Table-1). For the
Krenchel orientation factor (7,), we consider the case of perfectly aligned fibers with

P, cosf = Pycosf = 1, and, hence obtain 7, = 1 from Eq. (7.28).

Young's Modulus, E L (GPa)

10
=== =Mori-Tanaka (Pristine)

e G Model (Pristine)

4000 6000
Aspect Ratio, S

(a) (b)

Figure 7.5: (a) Young’s modulus VS aspect ratio plot for pristine graphene-reinforced
PET case. (b) MD model of the pristine graphene sheet [195].

0 N
0 2000 8000 10000

In our model, we consider different cases of nanofiber reinforcements by varying
the aspect ratios of graphene sheets (S = 2L/h) between 10 to 10000. For each case,

we solve our model using the finite element method with uniaxial tensile loading
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Figure 7.6: (a) Young’s modulus VS aspect ratio plot for hydroxylated graphene-
reinforced PET case. (b) MD model of the hydroxylated graphene sheet [195].

(as shown in Fig. 7.3), and stress-strain responses are obtained. From the stress-
strain responses, we calculate the longitudinal Young’s modulus (E}) using the initial
tangent modulus expression, Fy = (fl—g)azo. Hence, we obtain the Young’s modulus of
the composite with different aspect ratios of the graphene sheet. We repeat the same
procedure for three different configurations of altered/defective graphene interfaces
embedded in PET matrix. The obtained results from the proposed continuum model
for the cases of pristine, hydroxylated, and TSW defected graphene embedded in PET
matrix are presented through Figs. 7.5-7.7. The estimations using the modified Mori-
Tanaka model (see, [195]) are also presented for the purpose of cross-examination. It
is found that the longitudinal Young’s modulus of nanocomposites determined from
the proposed continuum model and Mori-Tanaka (M-T) model converge to nearly
49G Pa, 45G Pa, and 19G Pa for the pristine, hydroxylated, and TSW defected cases,
respectively. The converged values of the longitudinal Young’s modulus agree fairly
well with the MD simulation results shown in Table 7.1 (E.[G Pal) for the cases of
infinitely long graphene. Therefore, it is suggested that the proposed model may
be used as an effective alternative in predicting the stiffness of PET composite, and
perhaps similar kinds of materials, with altered/defective graphene interfaces.
Lastly, using Eqs. (7.23)-(7.24), we estimate the strain distributions along the
graphene-PET interface with respect to the varying aspect ratios (Fig. 7.8). The
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Figure 7.7: (a) Young’s modulus VS aspect ratio plot for TSW defected graphene-
reinforced PET case. (b) MD model of the TSW defected graphene sheet [195].

dome-shaped axial strain distribution is predicted when the aspect ratio is small
enough. In this case, the ratio of fiber strain (¢ fpe- (7)) to matrix strain (e,,) is well
below 1, which further suggests that strain transfer from fibers to matrix material is

substantially limited. As the aspect ratio increases, the strain distributions become

Efiber(m)
Em

more uniform, especially in the midsection, and the corresponding ratio con-
verges to 1. The result indicates that a strong load transfer between the fiber and

matrix is achieved and, hence the reinforcing effect of fibers is maximized.

1 1
0.8 (' ‘\ 0.8

——S =100

0.4 —S =100 0.4 ——S =100 0.4
—s =250 —s =250 —s =250
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Figure 7.8: Strain distributions along the fiber with respect to varying aspect ratios;
(a) pristine, (b) hydroxylated, (¢) TSW defected graphene cases.

251



7.4.3 Prediction of damage mechanics of nanofiber compos-
ites due to interfacial debonding

In this section, the obtained model developed through Eqs. (7.58) - (7.64) is used
to assimilate the damage mechanics of nanocomposites induced by the debonding
process of fibers at the interface. Debonding at the interface is a type of damage
typically observed in nanocomposites due to the weak nature of the interface between
the relatively soft matrix material and stiff fibers (see, for example, [184] and [190]-
[192]). To demonstrate the utility of the proposed model in assimilating the damage
mechanics, we analyze two distinct cases. In the first case, we consider a soft matrix-
based nanocomposite, where it is generally observed that the damage progression is
gradual and may sustain relatively large strain during the damage phase. In the latter
case, a relatively stiff matrix-based nanocomposite is considered, which generally
undergoes rapid damage and breaks off within a very small strain range during the

damage phase.

Gradual debonding of soft matrix-based nanocomposites

In this case, we consider nanocomposite made from cellulose nanofiber (CNF) / car-
bon nanotube (CNT) nano-network reinforced Polydimethylsiloxane (PDMS). Poly-
dimethylsiloxane (PDMS) is a widely used polymer in various applications, including
wearable /implantable devices and microfluidics, owing to its biocompatibility, optical
transparency, and flexibility [198]-[199]. When CNF/CNT nano-networks are embed-
ded in the PDMS; it produces a conductive-based material which is very useful in the
manufacture of flexible electronic devices [200]. In [200], CNF/CNT film is prepared
via mixing and vacuum filtration. The CNF/CNT film is then served as a template
to develop nanocomposite via the immersion process. In the resulting composite, the
CNF/CNT nano-networks provided both improved mechanical strength and electrical
conductivity due to the nano-network structures and the continuous electronic trans-
mittance pathways in the nanocomposite. From the experiment, it is found that the
CNF/CNT film forms a rigid structure with tensile strength, Young’s modulus, and a
fracture strain of 61.7M Pa, 5132M Pa, and 1.1%, respectively. The volume fraction
of CNF/CNT is found to be 76.3%. We use the Mooney-Rivlin model to characterize
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the PDMS matrix material, the results are shown in Fig. 7.9. The values of all the
parameters that are used in the proposed model (developed through Eqs. (7.58) -
(7.64)) are summarized in Table 7.2.

1.4

=== Mooney-Rivlin Model (1 = 1.64 MPa « = -1.45 MPa )
1.2 ¢ Experimental Data

Stress (MPa)
e ©°
» o -t

o
i

0.2

0 0.1 0.2 0.3 0.4 0.5 0.6
Strain

Figure 7.9: Mooney-Rivlin characterization of PDMS matrix [200].

Table 7.2: Interfacial parameters and properties of CNF/CNT nano-networks rein-
forced PDMS nanocomposite.

oLy [MPa] | h [nm] ! w[MPa] | k [MPa] | C [MPa] | Ko [MPa/um] | S a |b

Eeric

5132 20 76.3% 1.64 -1.45 3888 8.00 500 | 1.56 | 2 | 1.2%

We solve the obtained model using the finite element method with uniaxial ten-
sile load applied (as shown in Fig. 7.3) and the stress-strain responses are estimated
from the solution. The results are then compared with the experimental data pre-
sented in [200], where a uniaxial tensile test was performed for the CNF/CNT nano-
network reinforced PDMS nanocomposite sample using a universal material-testing
machine at room temperature (see, Fig. 7.10 (a)). It is observed that the proposed
model successfully predicts the nonlinear stress-strain (strain-softening) response of
the nanocomposite with good accuracy (maximum error of 4.4%). As the strain of
the material is increased beyond 1.2% (which is the critical strain value chosen for

this case), the stiffness of the material is predicted to be progressively decreased with
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the activation of the proposed damage function (see, Egs. (7.59)-(7.60)). From the
Eqgs. (7.61)-(7.62), we also estimate the W distributions along the fiber (see,
Fig. 7.10 (b)). Up until 1.2% strain of the composite, the distribution appears to
be dome-shaped. Once the overall composite strain increases beyond 1.2%, the pro-
file gradually changes from dome-shaped to M-shaped distributions indicating the

initiation of debonding at the interface.

35 T T T 1
.
0f Sy A *
i -
_.25F 5“;" -
& ¢ E
£ 20| o 0.6
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¢ Experimental Data m— 3.30% Strain
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Strain (%) x/L
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Figure 7.10: (a) Stress-strain plot of CNF/CNT nano-network reinforced PDMS com-
posite [200]. (b) Strain distribution along the fiber with respect to varying strain levels
of the composite.

Rapid debonding of stiff matrix-based nanocomposites

To demonstrate the performance of the proposed model in predicting the rapid
debonding damages, we consider the case of the PET matrix material reinforced with
hydroxylated graphene. The values of the interfacial parameters and properties of the
nanocomposite are obtained from the proposed MD simulation which is summarized
in Table-1. The critical strain value (£...) at which the debonding is initiated at the
interface is predicted through the assimilation of tangential damage initiation pro-
cess. For this purpose, the shear stress in graphene-reinforced PET nanocomposite is
determined from the MD simulation. In Fig. 7.11 (a), the shear stress with respect
to longitudinal shear strain (v,,) is presented for the case of hydorxylated graphene-
reinforced PET composite. It is observed from Fig. 7.11 (a) that the stress drops
sharply in the strain range between 0.07 — 0.08, which indicates possible tangential
damage initiation at the interface. From the obtained value of v,,, we then estimate
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the critical normal strain (£...) using the following relation;

. MxBL

Graphene shear stress (MPa)

20 1 1 1 i ]
0 0.02 0.04 0.06 0.08 01 0.2

Composites strain

Figure 7.11: Graphene shear stress VS composites applied strain under longitudinal.
Shear of nanocomposite (left). Nanocomposites under longitudinal shearing (MD
simulation) (right) [195].

To compare the results from the continuum model with the experimental data,
we consider the experiment performed in [201], where graphene-reinforced PET com-
posite is tested under uniaxial tensile loading. The volume fraction of graphene in
the composite sample is found to be 5%, thus a = 5 is used in the continuum model.
For the Krenchel orientation factor (n,), we chose randomly oriented fibers with
Py cosf = P,cos =0, and we get n, = %. The aspect ratio is found to be, S = 500.
After conversion, we obtained é..;. = 2.3% by using Eq. (7.65). In the Eq. (7.59), we
used a = 5.77, b = 7, and &, = 2.3%. The obtained model is then solved using the
custom-built finite element procedure and the corresponding results are summarized
in Fig. 7.12. The stress-strain results in Fig. 7.12 (a) indicate that the proposed
model successfully predicts the rapid damage progression of the composite with good
accuracy (the maximum error is 2.5%). More precisely, as the strain of the material
is increased beyond 2.3% (which is the critical strain value), the stiffness of the mate-
rial is predicted to be rapidly decreased with the activation of the proposed damage

function (see, Eqs. (7.59)-(7.60)). Fig. 7.12 (b) illustrates the changes in the strain
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distributions along the fiber as the overall strain of the composite is increased. Up un-
til 2.3% strain, the distribution appears to be dome-shaped. As the overall composite
strain exceeds 2.3%, the profile changes from dome-shaped to M-shaped distribution

which further indicates the initiation of debonding process at the interface.
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Figure 7.12: (a) Stress-strain plot of graphene-reinforced PET composite [201]. (b)
Strain distributions along the fiber with respect to varying strain levels of the com-
posite.

7.4.4 Deformation analysis of Hyperelastic nanocomposite

In this section, we examine the performance of the proposed model in assimilating
large deformation of an elastomeric nanocomposite. For the demonstration purpose,
the experimental results of multi-walled carbon nanotubes (MWCNTS) reinforced
Ecoflex-0030 elastomeric nanocomposite is chosen from the work of [29] because of its
ability to withstand an exceptionally large strain (up to 10 times to its initial dimen-
sion). Due to its highly flexible characteristics, Ecoflex matrix-based nanocomposite
may be used in many applications involving flexible electronic devices, wearable sen-
sors, and soft robotics ([29]-[30],[34], and [202]). The nanocomposite sample is made
from multi-walled carbon nanotubes (MWCNTSs) embedded in the highly stretchable
elastomeric matrix, Ecoflex-0030. The sample is tested under uniaxial tensile loading
(see, further details in [29]). We characterize the responses of Ecoflex-0030 matrix us-
ing the Mooney-Rivlin model with the configuration parameters of ;4 = 0.01M Pa and
k = 0.002M Pa, respectively (see, Fig. 7.13 ). The values of all the parameters that

are used in the proposed model are summarized in the Table 7.3. The stress-strain
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responses obtained from the proposed model and the experimental work of [29] are
presented in Fig. 7.14. The result indicates that the proposed model closely assimi-
lates the non-linear (strain-stiffening) responses of the nanocomposite with maximum

prediction error of 3.5%.

15H ¢ Exoflex-0030 (Experiment)
Mooney-Rivlin Model (1 = 0.01 MPa, < = 0.002 MPa)

Stress (MPa)

o
()
T

04 . . . . .
0 2 4 6 8 10 12

Strain
Figure 7.13: Stress-strain characterization of Ecoflex-0030 matrix using Mooney-

Rivlin Model.

Table 7.3: Properties of MWCNTs/Ecoflex-0030 nanocomposite.

E |GPa) | hlnm] | Ko[MPa/nm] | S | u[MPa] | k[MPa] | a | C|GPa] | n,
900 65 0.65 460 0.01 0.002 | 1% 361 %

In Fig. 7.15, the deformation contours of the nanocomposite are presented at
different stretch levels (up to 10 times) and the corresponding deformation contours
are calculated as the norms of displacement fields, i.e., \/m . It is observed that
the deformation profiles closely resemble the deformation of a hyperelastic material
under tension. Especially, the change in the lateral dimension along the length of the
material follows a smooth parabolic curve that is typically observed in the hypere-
lastic material under uniaxial tensile loading ([125],[180], and [35]). The existence of
second gradient term allows the proposed model to capture the smooth and nonlinear
deformation profile by regularizing any discontinuities that arise from the classical
first gradient model, the similar phenomena is also discussed in [203].

Lastly, the corresponding shear strain distributions are computed through the de-
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Figure 7.14: Stress-strain curves (left) and deformed configurations at different
stretches (right) for MWCNTSs reinforced Ecoflex-0030 composite [29].

formation maps of x; and x, by using the relations: v,, = a+f3, where tan~! (%) =

a, tan~! <1fﬁ) = [ and the results are presented in Fig. 7.16. It is apparent from
Fig. 7.16 that i:he proposed model produces smooth and continuous shear strain fields
throughout the entire domain of interest, unlike those obtained from the classical
(first-order) continuum theory, where the corresponding shear strain fields experience

significant discontinuities (see, for example, [85], [87], and [112]). In Fig. 7.16, three

800%

1000%

Figure 7.15: Deformation contours of MWCNTs/Ecoflex-0030 nanocomposite at dif-
ferent stretches.

distinct shear angle zones may be clearly visible. The dark blue regions close to the
left and right edges of the domain represent low shear angle regions. The dark red
area near the center of the domain represents high shear angle region. Whereas, the
areas in between low and high shear regions represent transition regions, where the
shear angle changes smoothly transitioning from low to high shear. In Fig. 7.16,

three internal parameters (i.e., l,,,7,,,0 ) are defined to quantify the changes within
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the shear angle fields at different stretch levels. It may be observed that as the stretch
increases, the length of the high shear zone, [, (where [ is the undeformed length of
the material) and maximum shear angle value, 7,, both increase. Whereas, the tip

angle, 6 of the high shear zone decreases with increasing stretch.

l = 1.04l,

0= 34" 60

200% 50

400%
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800%

. Ly = 3.69y ]
L e §

Figure 7.16: Shear strain contours of MWCNTs/Ecoflex-0030 nanocomposite at dif-
ferent stretches.

7.5 Finite element analysis of the 4th order cou-
pled PDE:

The system of PDEs in Eq. (7.45) are 4th order coupled differential equations. The
case of such less regular PDE system deserves delicate mathematical treatment and
is of particular practical interest. Therefore, it may not be trivial to report the
associated FEA procedure. After performing the Einstein summation and applying

D =E,; (ie, D; =1, Dy =0), Eq. (7.45) may be rearranged into the following form:

o
I

(1 =)@+ x19) + (1 —a)s(Q + E2)(CC + EE+ DD + FF)
—1-a)k(Q+Ce2+E1+ EL)(CC+CE+EC+ EE+ DD
+DF + FD + FF) + (1 — a)k(C + E)(2QC + 2E,E + 2C,C
+2E,E — QC — QE — E,C — EsE — CQ — CE,

—ECy— EEy+2RD +2F,F +2D,D + 2F3F — RD

—RF — FyD — FyF — DR — DF — FD2 — FF,)
+a770§2%(CCX1,1 + DDx, 1)1 — angs —Q

—A0X2,2 + BOX2,1 — acQ 11,
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0 = (I—a)u(R+ Xg2)+ (1 —a)k(R+ Fy)(CC+EE+ DD+ FF)
—(1—a)k(R+Ds+F1+ Fy)(CC+CE+EC+ EE+ DD
+DF +FD+ FF)+ (1 —a)k(D + F)(2QC + 2E,E +2C»,C
+2E,E — QC — QE — E,C — ELE — CQ — CE,4
—ECy— EE5+2RD +2F,F + 2D 4D + 2F,F — RD
—RF — FyD — FyF — DR — DFy — FD 4 — FF,)
+0”]0§2%(COX2,1 +DDxy1)1 — 04770§2%R

+Aox12 — Boxi1 — acRqy,

0 = Q— X1,115

0 = R- X2,11>

0 = C-— X1,1

0 = D-— X2,15

0 = E-— X1,25

0 = F-— X2,2

0 = A—(1—a)u(Q+ x192) — @cQ 11,

0 = B—(1—-a)u(R+ Xq9) — acR 11, (7.66)

where @ = Xy 11, R = Xou1: € = X110 D = X201, £ = Xy, and F = x,,. Hence,
the differential equations are transformed from the three coupled equations of the 4th
order to ten coupled equations of the 2nd order. Especially, the non-linear terms in
the above equations (e.g., AXy,, BXo; etc...) may be systematically treated via the

Picard iterative procedure and/or Newton method;

_Ainitialxz;gtial + Binitialxg?litial s _140ng2 + BOX(Q),l
Amitialxzirgtial _ Binitialx'illitial s AOX(1]72 _ BOX(l),lu (767)
where the estimated values of A, B continue to be updated based on their previous

estimations (e.g., A; and Bj are refreshed by their previous estimations of A, and

B,) as iteration progresses and similarly for the rest of non-linear terms.
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Also, the weight forms of Eq. (7.66) can be found as

0 = /wl{(l —a)u(Q + X190) + (1 = )r(Q + E2)(CC+ EE+ DD + FF)
—Q(l —)k(Q+Co+ E1+Es)(CC+CE+ EC+EE+ DD+ DF + FD
+FF)+ (1 —a)rk(C+ E)2QC +2E 1 FE +2C:C +2E,F — QC — QF
—E.C—-—EsE—-CQ—-CE,—ECy—FEEy+2RD +2FF +2DyD
+2F3sF — RD — RF — F3D — FoF — DR — DFy — FDy— FF)
+CW70§2%(CCX1,1 + DDX1,1),1 - 0”7()8%@ - A0X2,2 + BoXaa
—ae@ 11 1S,

0 = /w2{(1 — )R+ Xg29) + (1 —a)k(R+ F»)(CC + EE + DD + FF)
—Q(l —a)k(R+ Do+ F1+ Fo)(CC+CE+ EC+EE+ DD+ DF+ FD
+FF) 4 (1 —a)k(D+ F)(2QC + 2E,E 4+ 2C,C + 2E,E — QC — QE
—E,C —EyE—~CQ—CE,— ECy— EEy+2RD 4 2F,F +2D,D
+2F3F — RD — RF — F9D — FoF — DR — DF, — FDy — FF»)

E E
+04770§279(COX2,1 + DDXz,l),l - 0”70§27QR + A0X1,2 — Boxi1

—acR 11 }dSQ,
0 = [ ws(Q— xy,11)de,
0 = [ wa(R— X11)d,
0 = ws(C' — X1,1)dQ7
0 = we(D — Xo,1)dS2,
— X1,2)d<2,

ws(F - X2,2)dQ,

wy(A — (1 — a)p(Q + X1,20) — acQ 11)d<2,

I
::\s\:o\z?:\s\@\:o\
S

wio(B — (1 — a) (R + Xq.99) — acR 11)dS2. (7.68)
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Thus, we apply integration by part and the Green-Stokes’ theorem, (e.g., u/ WX 20082 =
Qe

—u/ w12X1,2d2 + u/ wy X ,Ndl') and thereby obtain the following weak forms of
Qe or
Eq. (7.68):

0 = /{(1 —a)pw1Q — (1 — a)pw 2X; 5 + (1 — a)rwi (Q + E2)(CC + EE
+QDD +FF)—(1—-—a)kun(Q+Cas+ E;+ Es)(CC+CE+ ECH+ EE
+DD + DF + FD+ FF)+ (1 — a)kuw (C + E)(2QC + 2E,1E +2C2,C
+2F,E - QC — QE — E5C — EyE —CQ — CE, — ECy — EEy +2RD
+2FF +2DyD +2FyF — RD — RF — FyD — FoF — DR — DF,

E E
—FDy—FFpy) + 0”70§279w1(CCX1,1 + DDX1,1),1 - 0”70§2w179Q

—AowiXg s + Bowi Xy + acwi1Q 1 }dQ) — ca/ w1 Q 1 Ndl'
ar

+(1=a)p [ wi N,
or

0 = /{(1 —a)waptR — (1 — a)waopixes + (1 — a)rkwa(R + F)(CC + EE
+QDD+FF) —(1—a)kwy(R+ Do+ F1+ Fy)(CC+CE+ EC+ EE
+DD + DF + FD+ FF)+ (1 — a)kws(D + F)(2QC + 2E,E + 2C»,C
+2E,E — QC — QE — E5C — EsE — CQ — CEy — ECy — EE5 + 2RD
+2F\F +2D 4D + 2FyF — RD — RF — FyD — FyF — DR — DF,

E E
—FDy—FFy) + om(]gz?gwg(C’CXZ1 +DDxq1)1 — an0g2w27gR

+Aowax 2 — Bowaxy 1 + acwy 1 R }dQ — ac/ weR 1 NdI'
ar

(1= ) [ N,
or

262



0 = /(w3Q+w371X171)dQ—/ w3X1,1NdF7
Q or

0 = /(w4R—|—w4,1X2’1)dQ—/ ’LU471X2’1NCZF,
Q or

0 = /Q(ws»c - w5X1,1)dQ,

0 = [ D= x;a0

0 - /Q wrl(B — 1),

0 = /Qws(F = X2,2)d2,

0 = /Q(ng — (I = a)pwe@ + (1 — a)prwg X1 o + ccwg 1Q 1)dS2

—/ (1 — a)pwgx, o NdI' — / acwy@) 1 NdI',
or ' or
O = /(wloB — (]_ — Q)MwloR —I— (1 — Oé)ll,wlogng + acwlo’lR,l)dQ
Q
—/ (1 — a)pwioxy, NdI' — / acwypR 1 NdT, (7.69)
or ’ or
where ), OI', and N are respectively, the domain of interest, the associated boundary,
and the rightward unit normal to the boundary OI" in the sense of the Green-Stokes’
theorem. The unknown potentials of xq, x,, @, R,C,D,E F, A, and B may be

expressed in the form of Lagrangian polynomial that

n=4

(#) = Y _[(%);7;(x, ). (7.70)

j=1
Accordingly, the test function w is found to be

n=4
Wy = Y wh Ui(x,y); i=1,2,3,4, and m =1,2,3,4,....10, (7.71)

i=1
where w; is the weight of the test function and W;(x,y) are the associated shape
functions; ¥; = %, Uy = ”:(71—;1), Uy = 2 and Uy = y(:i_;2) Invoking Eq.
(7.70), the Eq. (7.69) can be recast in terms of Lagrangian polynomial representation

as
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Z { (1= a)p¥¥;Q5 — (1 — ) puWi oV oxy; + (1 — a)k(V;V;Q5 + WiV, 0F))

7,0=1

(CC+EE+ DD+ FF)—(1—-a)rk(V,¥;Q +V,V,,C; + W,V E; + ¥,V , )
(CC+CE+EC+FEE+DD+DF+FD+FF)+(1—-a)s(C+ E)2¥,Y,QC;
20,0, B E + 20, 0,,C,C + 22U, W, 0B E — W, 0,Q0 — U, W,QFE — U,V ,F;C
VU, B E — W, 0,CQ — VW, ,CE; — U,V ,EC; — W, U, EE; + 2V, V;RD
20, U FF + 22U, W, 0D, D + 22U, W, o F F — WU, RD — W, U, RF — W,V , F; D

~ U,V F;F — W, U, DR — W, W, ,DF; — W, ¥, ,FD; — U, ¥, , FF})
+anogz%(2miwj,lcgcxl7l + 00, CCQ4 + 20,0, RDX, 4 + U0, DDQ,)
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Now, for the local stiffness matrices and forcing vectors for each element, we find
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and

{le} = _M/a wix, o NdI' + C/a w;Q 1 NdT'. (7.75)
Te

Te
Thus, the unknown potentials (i.e., xi, X9, @, R,C,D,E F, A, and B) can be

expressed as
Qi ={xi}1, Ri={xs}n, etc..., (7.76)

and similarly for the rest of unknowns.
Consequently, we obtain the following systems of equations (in the Global form)

for each individual element as

(V] [K (K] (KM Xi {F1}

(K] [K*) (K] [K*] X {F2}

(K] (K72 (K] [K°1) Qi {£3}

(K] [K) (K] (K] R; {Fi}

K] [K S B T I/ O R s
(%] (K% (K] (K D; {Fe} | =
(K] (K7 (K] [K™) E; {F7}

[K™) [K2) [K%°) (K] F {Fs}

(K] (K] (K] [K) A {Fo}

i [KIOI] [KIOQ] [KIOQ] [KIOIO] 1L Bi | i {Fw} |

In the simulation, we employed the following convergence criteria
|Api1 — Ayl = e1 <&, |Bpy1 — Ba| = ez < ¢, where ¢ = maximum error = 10,

which demonstrates fast (quadratic) convergence within just 5 iterations using FEn-

iCS nonlinear solver (see, 7.4).

Table 7.4: Maximum numerical errors with respect to the number of iterations.

Number of iteration | Mximum error
1 2.623e+01
2 8.035e-02
3 1.226-04
4 1.295e-08
5 3.888e-15

7.6 Denouement

In this chapter, a multiscale continuum model for the mechanics of hyperelastic

nanocomposites reinforced with randomly oriented fibers is presented in finite plane
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elastostatics. This includes the refinement of a set of strain energy potential of fibers
in light of the shear lag theory and the orientation model of Krenchel. The kinematics
of embedded fibers, including bending and extension responses, are formulated via
the first and second gradient of continuum deformations and subsequently incorpo-
rated into the model describing the mechanical responses of the fiber-matrix system.
The non-linear (strain-stiffening) responses of matrix material are characterized by
using the Mooney-Rivlin strain energy potential. Within the framework of variational
principles and a virtual work statement, the Euler equilibrium equation and the as-
sociated boundary conditions are derived. The resulting equations are in the form
of the systems of coupled nonlinear PDEs from which a set of numerical solutions
describing the hyperelastic responses of the elastomeric nanocomposites are obtained
via the custom-built FEA procedure. Atomistic molecular dynamics (MD) simulation
is also performed to obtain micromechanical properties of fiber composites which are
then integrated into the proposed multiscale continuum model.

Throughout the cross-examination with the existing experimental results and MD
simulations, we show that the presented model successfully estimates the stiffness of
the graphene fiber reinforced composite with respect to varying fiber’s aspect ratio.
The obtained model demonstrates equivalent (and/or better) predictions performance
over the conventional mean-field micromechanical predictive model (Mori-Tanaka)
and hence, may serve as an alternative to the Mori-Tanaka model. Further, we
extend the obtained model by proposing a non-uniform interface stiffness parame-
ter (inspired by the Weibull damage model) to assimilate the damage mechanics of
nanofiber-reinforced elastomeric composites induced by interfacial debonding. It is
found that the results from the generalized model closely assimilate both the gradual
and rapid debonding processes of a certain type of soft/stiff matrix-based nanocom-
posite. Lastly, we consider the hyperextension of MWCNTs/Ecoflex elastomeric
nanocomposite material. The results demonstrate that the proposed model predicts
non-linear stress-strain response (strain-stiffening) of the composite with reasonable
accuracy and produces smooth and continuous shear strain distributions throughout

the domain of interest.
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Chapter 8

Conclusion and Future works

8.1 Conclusion

In this thesis, we have presented a generalized higher-order gradient-based contin-
uum model for the fiber-reinforced hyperelastic composite material. In each chapter
of this thesis, we have step-by-step refined the model ultimately leading to a general-
ized continuum model that can incorporate multiple features including, higher-order
gradient continua, precise characterization of fiber reinforcement, pseudoelasticity,
damage mechanics, and multi-scale capability. All these combinedly make the pre-
sented model uniquely versatile in the modeling and design of hyperelastic composites.
The roadmap of this research work is presented below briefly.

We start with a third-order gradient composite model where Neo-Hookean type
hyperelastic matrix material is reinforced by unidirectional fibers having resistance
in flexure (see, chapter 2). The results from the presented model convey some under-
standing of the effects of higher-gradient terms on the solution fields. It is observed
that the higher gradient model is able to produce smooth and dilatational shear an-
gle distribution. Also, the third gradient term affects the changes in the curvature
of fibers. Next, we refine the energy density function by incorporating the fiber
extension potential term along with bending resistance and considering the Mooney-
Rivlin potential for the hyperelastic matrix material (see, chapter 3). The obtained
results demonstrate that the model is able to capture large deformation under uniax-
ial loading and provide reasonably accurate predictions of the deformation profiles.
After that, we further generalize the energy density function by incorporating bi-
directional fibers having different orientations (i.e., 45 and 90-degree orientations),
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different types of nonlinear extension potential (i.e., polynomial and exponential),
and torsional resistance (see, chapter 4 and 5). The results from the generalized
model demonstrate excellent correspondence to the experimental results in capturing
the deformations and mechanical responses under different loading conditions includ-
ing uniaxial tension, and out-of-plane deformations. To incorporate pseudoelasticity,
the model is then further extended by introducing damage parameters and damage
functions inspired by Ogden Roxburgh’s model and Weibull’s fiber damage model
(see, chapter 6). It is demonstrated that the obtained model can successfully predict
the Mullins effects in biological soft tissues and strain softening due to fiber breakage.
Furthermore, we have augmented our model to accommodate the size, orientation
effects, and volume fraction of the reinforcing fibers by introducing the shear-lag,
Krenchel orientation, and energy fraction parameters, respectively (see, chapter 7).
This adaptation allows the model to predict the responses of nanofiber-reinforced
hyperelastic composites having different micromechanical characterizations. Also, It
allows the multi-scale capability of the model by incorporating the effects of some mi-
cro/nanoscale properties (e.g., interface stiffness, volume fraction, fiber aspect ratio,
etc...). Again, we propose a non-uniform interface stiffness parameter to incorporate
the damage mechanics of nanofiber-reinforced elastomeric composites due to interfa-
cial debonding. The resulting model closely assimilates both the gradual and rapid
debonding processes of a certain type of soft/stiff matrix-based nanocomposite.

This generalization of the presented model leads to the following conclusion:

e The higher gradient term has strong effects on the shear angle fields. By in-
creasing the order of the continuum model, it is possible to produce a more

smooth and dilatational shear angle distribution.

e The higher-order gradient model allows us to accurately capture the local mi-

crostructural changes in the continua.

e The presented model is able to predict very large deformation, i.e., extension

up to 10 times the initial length of the domain.

e The presented model is able to accommodate different types of fiber reinforce-

ment including, unidirectional continuous fibers and bidirectional continuous
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fibers having different orientations. Moreover, the model can also accommo-
date different types of fiber responses by utilizing multiple types of extension

potential functions.

e By incorporating damage parameters, the presented model is able to capture

Mullins effect and strain softening due to fiber breakage.

e The presented model is able to accommodate micro/nano structural character-
izations of the short / nanofibers and capture the effects of these parameters on

the mechanical responses of the composite.

e The presented model is able to capture the strain-softening effect of the com-

posites induced by both gradual and rapid debonding processes.

8.2 Contributions of the proposed model to the
scientific community

The generalized hyperelastic model for composite material presented in this thesis
work can make valuable contributions to the scientific community. In this study, we
have developed a higher-order gradient-based hyperelastic model that can accommo-
date the complete kinematic description of fiber reinforcement by incorporating the
extension, bending, and torsional potentials of fiber reinforcement, which the exist-
ing classical models fail to accommodate. With the help of higher gradient theory,
the presented model can also produce precise characterizations of microstructures,
and prediction of large & nonlinear deformation. Furthermore, the presented model
provides the means to predict the response of the composite material prior to its
fabrication by only utilizing the properties of its constituents, which the existing clas-
sical models can not. Moreover, the proposed model can likewise accommodate the
size effect of fiber reinforcement, pseudoelastic response, and damage mechanics of
the composite. This level of versatility is unprecedented in the existing literature in
terms of the modeling of hyperelastic composites. All these capabilities make our
model very useful in the design and analysis of hyperelastic composites, which may

help to extend our knowledge regarding the mechanics of these materials.
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8.3 Future Works

We already mentioned in the introduction section that hyperelastic composite ma-
terials have great potential in various engineering applications involving biomedical
applications, shape-morphing structures, soft robotics, and wearable devices. The
proposed model may be deemed useful in the design of such engineering devices and
structures made up of hyperelastic composite materials. Moreover, the proposed
model may be useful in analyzing complex biocomposites like chitin with helical fiber
arrangement or other types of similar composites with complex fiber arrangements.

The present work opens the gate to new possibilities for further research into the
hyperelastic composite based on multiscale modeling approach. The proposed model
may be further investigated along with molecular dynamics simulation to have a bet-
ter understanding of the damage mechanics induced by the deboning process at the
interface of matrix and fiber, which may allow us to further refine our model by uti-
lizing micro or nanomechanics-based damage characterizing function. Furthermore,
using the presented model alongside molecular dynamics simulation it might be also
possible to have a better understating of pseudoelastic behavior like the Mullins effect,
where we may relate the associated parameters with micromechanical characteristics
of the fibers.

The model at hand can pave the way for further research related to damage
mechanics and the pseudoelastic studies of hyperelastic composite. Till now, the
proposed model can accommodate up to only a few cycles of pseudoelastic loading-
unloading. It may be possible to further extend the model so that it can capture
the pseudoelastic behavior under a large number of cycles. The present work may
be further extended to analyze the problems related to fracture mechanics and crack
propagation, especially from soft composite materials. For this purpose, it is necessary
to further investigate the non-recoverable portion of the energy density function and
come up with a suitable governing equation for the damage variable that is able
to capture the damage progression in fiber-reinforced soft materials. Finally, the
viscoelastic materials may also be analyzed in a similar mathematical framework

with custom-built fiber potential functions.
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