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Abstract

Model-based predictive control (MPC) emerged in the late 1970’s and has achieved
tremendous success in industry. Multirate systems such as distillation columns. reac-
tors. etc. are verv common in chemical industry. but it is difficult to apply MPC to
control such multirate systems since it is difficult to extract process information from
multirate data. Multirate model-based inferential control schemes have been studied
a great deal. All the multirate model-based inferential control schemes assumed that
the fast-sampled process model was available, but unfortunately, no method had been
proposed to estimate the fast-sampled process model from multirate data which is
often the only source to obtain the multirate process model. One of the purposes
of this thesis is to fill the gap by providing methods for estimating the fast sampled
single-rate process model from multirate input-output data.

In most of the industrial applications, MPC schemes have been applied to multi-
input and multi-output (MIMO) systems. It is well known that it is very efficient to
represent a MIMO system in the state space framework. Subspace based system iden-
tification involves estimating the state space model of a process from the input-output
data directly. The proposed multirate identification schemes were first developed in
subspace framework then discussed in the polynomial domain. The unique prob-
lems in multirate identification such as the accuracy of time-delay estimation, the
observability in the presence of time-delay and the causality problem were discussed
in detail. Three methods to extract a fast sampled model from the lifted model were
presented. The multirate identification schemes have been applied to both SISO and
MIMO multirate systems. The multirate identification algorithms were analyzed in
frequency domain: this results in a new and effective way to design excitation se-
quence for multirate identification. Experimental and simulation examples as well as

industrial applications were used to demonstrate the multirate identification schemes.
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In multirate systems. some of the output sampling interval may be so large that
some loops can not be closed. but other loops. for economic or safety reasons, are
closed at the same time. Traditional subspace-based schemes can not be applied to
such systems which have both open-loop and closed-loop sub-systems. A multirate
identification algorithm which can estimate the fast-sampled process model is devel-
oped for such systems where some loops are closed but the others are open. The
proposed algorithm can compute the fast-sampled model in either one step or two
steps. This identification scheme can handle the most general class of processes in
contrast to that other subspace-based schemes can only be applied to the ARMAX
(auto-regressive and moving-average, X denotes external input) type of processes.

A multirate inferential model-based predictive control scheme is proposed in both
polynomial and state space domains. Model-plant mismatch (MPM) is inevitable
in chemical industry due to various factors. Analyvsis of the robust stability and
performance of the multirate inferential control systems in the presence of MPM is
very important. The nominal performance and robust stability of a special class of
mulitrate inferential control systems were theoretically analyzed. Experimental and
simulation examples were explored to illustrate the performance and stability of the

multirate inferential control schemes.
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Chapter 1

Introduction

Multirate (MR) systems are sampled-data systems with non-uniform sampling/hold
intervals. Figure 1.1 shows a simplified block diagram of multirate systems. Mul-
tirate svstems are very common in the chemical process industry; tvpical examples
include distillation columns and reactors. In distillation columns or reactors. the
primary measurements such as the composition. density or molecular weight distri-
bution measurements take several minutes or even several hours of analysis time;
on the other hand. secondary measurements such as flow-rates, temperatures and
pressures are sampled at relatively fast rate; and usually the manipulative variables
can be adjusted at relatively fast sample rates. These naturally lead to multirate
sampled-data systems.

Single-rate (SR) systems. whose signals are all sampled at one identical rate, can
be considered as a special case of multirate svstems. Single-rate systems are linear
time-invariant (LTI) if the continuous systems are LTI; but multirate systems are
time-varving regardless of the time-invariance of the continuous systems. Compared
with single-rate systems, multirate systems are relatively more difficult in controller
design and identification because the mathematical complexity involved in dealing
with multirate systems is more intriguing than that involved in dealing with single-
rate systems. This is the main reason why control and system identification techniques

for multirate systems have evolved at a much slower pace.

1.1 Multirate Control

Study of multirate systems goes back to the early 1950’s. The first important work
was performed by Kranc in 1957 [43] on the switch decomposition technique; later,
Friedland further developed the concept of lifting which converts a periodic discrete-
time system into a time-invariant system {24]. Since then, the lifting technique has
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Figure 1.1: 4 simplified block diagram of a multirate sampled-data system

become an important and widely used tool for analysis of multirate systems. The
fundamental idea of lifting technique can be explain by a simple example: Consider
a single-input single-output multirate system where the control interval is T and the
output sampling interval is nT. The lifting technique takes the n control signals in
time interval nT as n independent components of a vector control signal with interval
nT. the resulting fictitious svstem which relates the vector input to the sampled
output is single-rate and LTI but with increased input dimensionality. Clearly, by
making use of the periodicity nature of the multirate systems, the lifting operator
converts multirate systems to fictitious single-rate systems; such fictitious single-rate
systems is the so-called the name lifted systems. Single-rate control theory can then
be modified and applied to the lifted systems. and this gives rise to the lifted control
theory. The lifting and inverse lifting operators provide a framework for controller
design and analysis of multirate systems. Numerous optimal Hs and H.. control
algorithms have been developed for several classes of multirate systems [9, 11, 66], in
the last decade.

Besides the lifted control schemes, inferential control scheme which estimates the
inter-sample outputs and then feedback the estimated inter-sample outputs to the
controller is another way to achieve fast control movements for multirate systems.
Traditionally, the inter-sample estimation is based on the fast sampled secondary
measurements. For example. in a distillation column. since the measurement of the
composition in the top tray takes longer period of time, temperature of certain tray
which is supposed to be strongly correlated with the composition is used as the
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sccondary measurement to infer the primary composition measurement. The tradi-
tional inferential schemes has been applied in industry with some success [48], but
the traditional inferential schemes which ignore the infrequently measured primary
measurements often give biased estimates of the primary outputs in the presence
of disturbances. Model-based inferential schemes which incorporate the infrequent
primary output measurements into estimation schemes were first presented by Dhul-
ster et al. [17]. Lu and Fisher studied the inter-sample outputs estimation and
inferential control for such multirate systems where the ratio between the uniform
output sampling interval and the uniform control interval is an integer [57, 58]; their
estimation method is not based on the process model at interval T but the relation-
ship between the future fast sampled outputs and past input-output measurements;
thev also showed the convergence properties of their method. Guilandoust et al.
(29, 30] considered more general multirate models with slow sampled main outputs
and showed that the inter-sample outputs can be estimated with the aid of a fast
sampled secondary output. Lee and Morari developed a generalized inferential con-
trol scheme and discussed various optimal control problems in the LQG, MPC, and
IMC framework {47]. Gudi and Shah have developed an enhanced observability es-
timation method for multirate processes [27]. Oisiovici and Cruz have developed a
model-based inferential controller and applied it to a batch distillation column; the
model they used is a linearized first-principle model {64]. The three methods de-
veloped by Guilandoust et al, Lee and Morari. Gudi and Shah assume that a fast
sampled model of the process is available. This in itself can be a nontrivial task, as
it requires estimation of the fast-sampled process dynamics from multirate data; one
of the purposes of our work is to fill the gap by providing methods of obtaining such
fast single-rate models based on multirate data.

In the past two decades process control practice has progressed from simple PID
controllers to advanced model-based predictive controllers (MPC) [16, 15, 67] capable
of handling interactions and constraints. The basic idea in the strategy of MPC is to
minimize the sum of squares of future control errors over a finite-time horizon and at
the same time pay attention to the incremental control energy required to minimize
the control errors. In a receding horizon fashion. model based predictive controllers
only implement the first of the calculated control moves. The ability to deal with
interactions and constraints makes MPC widely accepted by the process industry.

Multirate systems where the uniform output sampling interval is nT and the
uniform control interval is T are one of the simplest classes of multirate systems,
but it is non-trivial to implement model-based predictive controller with a control
interval of T even for such simple multirate systems. Clearly, if the single-rate fast-
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sampled process model is available. then we can casily design a single-rate MPC with
interval T which processes both the outputs measured every nT and the estimated
inter-sample outputs: this is the basic idea of multirate inferential MPC. Dynamic
Matrix Control (DMC) and Generalized Predictive Control (GPC) are two important
and widely used classes of MPC applied in chemical industry. DMC and GPC type
multirate inferential MPC will be developed in Chapter 8.

1.2 Multirate Identification

Theoretically process models can be derived from basic physical laws. But in practice.
it is very often that the input-output measurement is the only source to obtain process
model. Svstem identification [55] is concerned with identifving the model of a process
from input-output data. System identification in both the polynomial domain [55,
68] and the state-space domain [45. 75. 79] has achieved much success. But these
identification algorithms can be applied only to single-rate input-output data.

Traditionally. engineers interpolate the inter-sample outputs from the slowly sam-
pled outputs. then estimate fast single-rate models based on both the measured and
interpolated outputs {1j. The accuracy of the fast models estimated by the traditional
approach mainly relies on the accuracy of inter-sample interpolation which does not
take process dynamics into account. Clearly. the more reasonable approach is to esti-
mate the fast model directly from the multirate input-output data; we use the second
approach in this thesis.

The estimation of fast single-rate models directly from multirate input-output data
is a relatively new research area. Verhaegen and Yu presented a technique to estimate
lifted models of multirate systems in the state-space domain {82]. In their work, they
represented multirate systems with periodic svstems. and theyv estimated the lifted
model with the multi-variable output-error state-space method; their method can not
handle the causality constraint which is crucial for identifving the lifted models. In
our work, we handle the lifted systems which are linear time-invariant. so we can
apply most of the existing identification algorithms to estimate the lifted systems
with a little modification to overcome the causality constraint; and we go one step
further to extract fast sampled models from the lifted models. Identification of fast
sampled state-space models of the single-input and single-output (SISO) and multi-
input and multi-output (MIMO) multirate systems will be discussed in Chapters 4
and 5, respectively. Multirate identification in the transfer function domain will be
discussed in Chapter 6.

For safety reasons in industry, it is quite often that modeling and identification
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can only be practiced under closed-loop conditions. The difficulty for closed-loop
identification is that the control signals are correlated with the disturbances un-
der closed-loop conditions which violates the assumption of most identification algo-
rithms. Gustavsson and co-workers have surveyed some problems such as identifia-
bility and accuracy etc. in closed-loop identification in the polynomial domain [31].
Forssell and Ljung have studied the statistical properties of the closed-loop identifica-
tion in the prediction error framework [22]. Verhaegen has applied the multi-variable
output-error state-space algorithm to closed-loop identification (78], but he identified
the augmented system instead of the process model directly. All existing subspace
identification algorithms have been developed for processes which can be represented
by auto-regressive and moving-average (ARMA) models. A subspace-based closed-
loop identification scheme for the most general class of processes [55] will be discussed
in Chapter 7. and the proposed closed-loop identification algorithm is capable of pro-

cessing multirate data.

1.3 Robust Stability Analysis of Multirate Infer-
ential Control Systems

Clearly model-plant mismatch is inevitable; the designed controllers generally work
well for the nominal processes. However when the controllers are implemented on real
processes which deviate from the nominal operating conditions, the performance may
become much worse than the desired performance, or the closed-loop systems may
even become unstable. It is important to make sure that the closed-loop systems
are stable when the controllers are implemented on all possible process operating
conditions and that the performance is within a user specified range. This type of
analysis and design method is called robust stability and performance analysis [61].
Robust stability and performance analysis of single-rate systems has been studied
extensively, but the robust stability and performance analysis of multirate systems
with inferential controllers has not been studied in detail. Theoretical analysis and
some interesting results will be presented in Chapter 9.

1.4 Thesis Outline

In this thesis, we will focus on identification of multirate systems, multirate infer-
ential control algorithms and robust stability and performance analysis of multirate
inferential control systems. The thesis is organized as follows:
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First we will give a tutorial introduction of three popular subspace based identifica-
tion schemes in Chapter 2. All the three algorithmns are illustrated with experimentai
and simulation examples.

Chapter 3 gives an introduction to the control of multirate svstems. In this chap-
ter, at first the lifting/inverse lifting operators and the lifted systems will be in-
troduced, then the lifted control schemes will be discussed and compared with the
inferential control schemes.

Chapter 4 proposes the fundamental idea of the two-step multirate svstem iden-
tification strategy: estimate the lifted model and then extract a fast sampled model
from the lifted model. This chapter considers identification of the general class of
SISO multirate processes where the ratio between the output sampling interval and
control interval is a rational number. This chapter will focus on the observability
of the lifted model in the presence of a large time-delay, causality constraint on the
lifted model. and the methods for extracting the fast sampled model from the lifted
model. The final result of Chapter 4 is that a single-rate state space model where the
output is sampled as fast as the control interval can be estimated from the multirate
data.

Chapter 5 extends the results in Chapter 4 to a special but practical class of MIMO
multirate systems where all the control intervals are uniform. all the output sampling
intervals are distinct, but all the output sampling intervals are integer multiples of the
control interval. The most important result in Chapter 5 is that a single-rate state-
space model of the process sampled with the control period can be estimated from
the multirate data. Simulation and experimental examples are included to validate
the results in Chapters 4 and 5.

Identification of multirate systems in the transfer function domain is elaborated
in Chapter 6. This chapter consider onlyv a special class of multirate systems where
the output period is an integer multiple of the control period. First, two methods
to estimate a fast sampled model from the multirate data are developed. Providing
another dimension of insight into the processes, analysis of identification schemes in
frequency domain is important and practical. Analysis of the proposed multirate
identification is an interesting part of this Chapter. An industrial application of the
proposed multirate identification method is presented at the end of this chapter.

In multirate systems, some of the output sampling intervals may be so large that
some loops can not be closed, but other loops are closed at the same time. Tradi-
tional subspace-based schemes can not be applied to such open-/closed-loop systems.
Multirate systems include both open loops and closed loops are not uncommon in
chemical industry, so it is of great importance to develop subspace-based schemes
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for identifying such systems. Chapter 7 gives a subspace-based instrumental variable
method which can estimate the fast sampled model of the process under such open-
/closed-loop conditions. One advantage of the proposed subspace-based identification
method is that it can handle the most general class of processes. Another advantage
is that it can handle multirate data, specifically, it can estimate the fast-sampled
process model in either one step or two steps. Simulation and experimental examples
are used to illustrate the proposed algorithm.

Theoretical analysis along with experimental work in Chapter 8 shows that the
inferential control algorithm can be incorporated into the existing single-rate MPC
such as DMC and GPC in both the state-space framework and the polynomial frame-
work. Experimental examples are included to demonstrate the performance of the
multirate inferential MPC.

In Chapter 9. the performance and stability of the inferential control scheme in the
absence of model-plant mismatch is first discussed. The focus of this chapter, stability
robustness of inferential control systems in the presence of model-plant mismatch, is
then elaborated. An illustrative example is included to validate the results given.

Chapter 10 gives an overall picture of the work in this thesis, and proposes some

future work.
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Chapter 2

Subspace-based Identification
Methods

2.1 Introduction

Control engineers in process industries have strong desire to obtain better knowledge
of specific plants in order to obtain improved control and thus lower operating cost.
since it is well known that the performance of the advanced control schemes such as
Smith predictor, Hy-norm control. dynamic matrix control (DMC) and generalized
predictive control (GPC), etc., relies on the accuracy of the models they based. The-
oretically the dynamic process models can be derived from basic physical/chemical
laws, but in practice, it is very often that the input and output measurement is the
only source to obtain process models.

System identification (53] is concerned with identifying the model of a process from
input-output data. Estimation of the transfer function representation of a process has
achieve tremendous success for a long time, especially after being applied to estimate
dynamic process models for the advanced model-based predictive control schemes.
In most of the industrial applications. model-based predictive control schemes have
been applied to MIMO systems. It is well known that it is very efficient to represent
and analyze MIMO systems in the state-space framework. Subspace based system
identification invoives estimating the state-space models of processes from the input-
output data directly.

Subspace-based system identification is a relatively new and active research area,
and it has been very successful in industry after its advantage being understood. The
subspace-based identification methods originate from the classical realization theory
formulated by Ho and Kalman {34], and Kung [44]. A number of subspace identifica-
tion algorithms have been published. Larimore presented the CVA (canonical variate
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analysis) method in 1990 [45], which is based on maximum likelihood estimation.
Numerical algorithms for subspace state space system identification (N4SID) were
developed by Van Overschee and De Moor (75, 76}, the key idea of N4SID being or-
thogonal projection. MOESP (multi-variable output-error state-space) methods were
presented and discussed by Verhaegen in a series of his papers [79, 80]; MOESP is
basically an instrumental variable method.

All the subspace identification algorithms share the same basic idea: extract the
information of the state from the space spanned by the measured inputs and out-
puts. Specifically the subspace methods can be classified into two groups: one group
estimates the state from the space spanned by the inputs and outputs first. then esti-
mates the state-space model (A4, B, C, D) by solving a least square problem [45, 76];
the other group estimates the extended observability matrix from the space spanned
by the inputs and outputs, then compute the state-space model (A, B,C, D) {79]. Van
Overschee and De Moor have explored the similarities between the three algorithms
(CVA. N4SID and MOESP), and have shown that all three methods are special cases
of one unifving theorem [77].

Compared with identification algorithms in the polynomial framework, subspace-
based identification methods are simple and numerically more stable; and subspace
identification algorithms for SISO systems can be extended to MIMO systems natu-
rallv. Another major advantage is that subspace-based identification algorithms are
non-iterative. with no non-linear optimization part involved [77].

In this chapter we will first briefly introduce CVA, N4SID and MOESP methods,
then use both simulation and experimental examples to illustrate the three algorithms.

2.2 Canonical Variate Analysis

The Canonical variate analysis (CVA) method. presented in 1990 by Larimore [45],
is the first subspace-based identification algorithm. The key idea of the CVA iden-
tification method is to estimate the state from the space spanned by the inputs and
outputs through canonical correlation analysis (CCA). Canonical correlation analy-
sis was first developed and applied in linear algebra by Jordan in 1875, and later
was introduced into the statistical community by Hotelling in 1936 [35]. Before dis-
cussing of the CVA identification method, we will first briefly introduce the canonical
correlation analysis.
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2.2.1 Canonical Correlation Analysis

Assume that there are two sets of random variables. The first set. which has m
variables, is represented by the (m x 1) random vector X;. The second set. which
has { variables. is represented by the ({ x 1) random vector X,. We also assume that
m < I. For simplicity we assume that all the variables have zero mean. Define

- [x
[
[y
— sTy _ 11 12
£=BXXT)= | I zn]’

where E represents the statistical average. Define a linear combination in X, and a

linear combination in X, as
U=dX,. V=bVX,,

where a and b are vectors with appropriate dimensions. The objective is to seek a

and b such that
a'Elgb

Va'Ti1a\/HE5b

Corr(U, V) =

is as large as possible. Define

1
soA w3 -1 -3
s Pay -3 -1 -3
41 2 = 222‘ 2212 1 212222

Assume that 72 > 42 > --- > 42 are the eigenvalues of Wy, and e; is the eigenvector

associated with 2. It can ll)e shown thatl’}'f. v3, -+, 72 are also the m largest
eigenvalues of the matrix £,.* %5 £ 'T,,5,.7 with corresponding eigenvectors f;. f.
--+. fin. Define
1 ! -1 7 ! _'l
a, = L. b = fL,7.
U = dX,. V,=bX,.
Then

7 = Corr (U, V).

U; and V; are the so called canonical variate, and have the following properties:
Var(U,U;)) =1, Var(V,V)) =1

Cov(U,,U;) =0, 1i#j
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Figure 2.1: Geometric interpretation of CCA

Cou(V;,V) =0, i#j
Cov(U;,V)) =0, i#j

for ¢, j = 1,2,...,m. 7 is the largest Corr(U,V). The detail of the proof can be
found in (38]. Assume that m = [ = 3, then we can give some geometric interpretation
of the canonical correlation analysis (CCA): Consider the projection as covariance,
Figure 2.1 is the geometric interpretation of CCA. In Figure 2.1, z;, i=1,2,3, represent
the ith component of X,; y;, i=1,2,3, represent the ith component of X5; original
variables in X, and X, are dashed arrows: canonical variables are represented by solid
lines. The canonical variables are uncorrelated, so they are orthogonal to each other;
on the other hand, the original variables are correlated so they are not orthogonal.

2.2.2 CVA Identification Algorithm

The CVA method has the following assumptions:
e The observations are equal spaced in time.
e The system is finite-dimensional, linear and time-invariant.
e The noise disturbances are finite dimensional Gaussian processes.

Consider the single-rate combined deterministic-stochastic sampled-data system
in Figure 2.2. In the block diagram, P, is a continuous-time process with additive
noise; the noise is generated by a continuous-time model N with a white noise input
e; the output of P, is corrupted by that of N, and is sampled by a sampler St with
period T, yielding the sampled output y(k); the input to P, is generated by a zero-
order hold with period T processing the input sequence u(k). Both u(k) and y(k)

11
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Figure 2.2: Block diagram of a determunistic-stochastic sampled-data system

are discrete-time signals defined on the time set Z, := {0.1.2.---} with underlying
period T. Assume that the discrete system in Figure 2.2 can be represented by the

following state space model

r(k+1) = Azr(k)+ Bu(k)+w(k)
y(k; = Cz(k)+ Du(k) - Fu{k) + v(k),

where z(k) is a n'® order Markov state, w(k) and v(k) are white noise sequences that
are independent with covariance matrices Q and R, respectively; We have A € R"*",
QeR™™, Be R ™. CeR"™, ueR™! y,veR* and w € R™*'. The objective
is to estimate the coefficient matrices 4. B. C. D and F along with the covariance
matrices Q and R from the observed inputs u(£) and outputs y(k). Clearly if the
state z can be estimated. then it is relatively easy to compute both the coefficient
matrices and the covariance matrices.

We know that the basic idea of the CVA approach is to extract the information of
the state z from the space spanned by the outputs and inputs. The estimate of the
state involves a fundamental concept in the CVA approach and other subspace-based
methods: the past and future of a process. At each time instant kT, a past vector p;
consisting of past outputs and inputs occurring prior to time k7T and a future vector

fi consisting of outputs and inputs at time AT or later can be defined as follows

[ Yi-1 ]
. Yx
Yk+1
Pk = Yk-a s fk = Yk+2 y
Uk .
Yesa-1
[ Uk-a ]

where a(> n) is an integer. Assume that
_ fx T T } _ | Zu L }
E—E{[ka[fk = Ly Ep |’
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The canonical correlation matrix between the future and past is then

Singular value decomposition (SVD) of the canonical correlation matrix yields

_1 _ -1 . S, 0 VT
Ta S i ut = (0 0) ( 0 S, ) ( % ) ’

where S; contains the n largest singular values. U/} contains the first n columns of
the left singular vector matrix, and V|7 contains the first n rows of the right singular

vector matrix. Larimore proved that
1 T
z(k) = Uy px

is the maximum likelihood estimate of the true state r(k) {45]. The input and output
measurements together with the estimated state easily give the least square solution

of the state-space coefficient matrices

2 E]-s () GO CR)-Ca

where
S[(6™)- ()] = = [(%a”) (29)]
Y

After estimating the coefficient matrices (4, B, C, D), it is straightforward to esti-

| et |
/™~
e B
Elitod
N—
N
e W
N TN
\?';v
N—
—_
I

mate the covariance matrices. (Q. R), and the coefficient matrix F':

S S| Fk+1) k+1)\] [A B F(hk+1) (k)
& ] -2lN7) (e -le 22 (e )- ()]
and the coefficient matrix F', and the covariance matrices Q and R are expressed as

F = 5215;1

= Sll
R = Sp—SuS|Sn.

O

where ()! denotes the pseudoinverse.

13
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2.3 N4SID

Van Overschee and De Moor developed the numerical algorithms for subspace state
space identification (N4SID) in 1993 {76]. The N4SID approach is based on geometric
projections. specifically. the N4SID first projects the future outputs onto the past
outputs. past inputs and future inputs, then estimates the extended observability
matrix from the projection (which is also a space spanned by the inputs and outputs);
after that the N4SID estimates the state-space model. Compared with the CVA
approach, the N4SID approach is mathematically more involved.

The N4SID approach also studies the combined deterministic-stochastic sampled-
data system in Figure 2.2. The N4SID approach assumes that the discrete system in
Figure 2.2 can be expressed in terms of the following state-space model

r(k+1) = Az(k) + Bu(k) + w(k)
y(k) = Cr(k)+ Du(k) +v(k).

with

Let the input u. output y and state r have the same dimensions as in the CVA
approach. We can see that the model assumed by the N4SID approach looks a little
different from that assumed by the CVA approach. but in fact. the model used by
the N4SID approach can easily be transformed into that used by the CVA approach
through the Kalman filter approach {68]. The following assumptions are assumed to
be satisfied:

¢ The observations are equal spaced in time.

e The system is finite-dimensional, linear and time-invariant.

e The noise disturbances are finite dimensional Gaussian processes.
e The pair (A, C) is observable, and [4, (BQ'/?)] is controllable.

¢ The deterministic inputs are independent of the disturbances.

14
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In order to explain the geometric projections clearly. let us first divide the deterministic-

stochastic model into two subsvstems: the deterministic subsystem.
T4k +1) = Axrygk)+ Bu(k)
ya(k) = Czq(k)+ Du(k).
and the stochastic subsystem,

rhk+ 1) = Ary k) + w(k)
ys (k) = Crk)+ v(k).

Define
u(0)  wu(l) - u(J - 1)
u(l)  u(?) u(J)
oni—l - . '
u(i — 1) u(q) u(i + J —2)
Xa()) & (za(i) za(i+1) rq(i+J-1) ),
C D 0 0 0
I CA e CB D 0 0
cAr! CA™2B CA-B CA—B D
and
A = (A7'B A?B .- B),

where 7(> n) is an integer, J is the observation number and I, is the so called extended
observability matrix. Define Yg,_, and Yg’h_i by replacing u in Up,—; with y and y,.

respectively. It is easy to obtain the relations:

Yop-1 = Xa(0) + HUgjor + YO’Ii—l’
K]Ql-l = rl‘x'd(i) + Hxljll'.’i—l + KT?i—l’
A'd(i) = Alle(O) -+ A,Uo(,_l.

The N4SID approach also involves the concepts, past and future. For example, Up;—,
denotes the ‘past’ inputs and Ujjp,—1 denotes the ‘future’ inputs. The main project
performed in the N4SID approach is defined as

Uoj2i-1

Zt = Y; i—

12 1/( YOli—-l )
Uozi—

Zinn = K+1|2:-1/( [;l/zrl >1
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where matrix division is defined as follows: for two matrices M/, and Af; of compatible
dimensions,

A’[]/Mg 2 A41A/12T(“12.‘[2T)_1A12
The main projection together with the assumption that the inputs u are independent

of the noise/disturbance gives

Z; = ri/\;(i) + HUyi—y (2.1)
Ziyg = ri—lx(i +1) + Hi-1Uis1p2im (2.2)
with
X _ SR—IUOIZi—l
X)) = ( A - QL I Ay — Q. H, | Qi ) Uoji-1 (2.3)
Yoii-1

) SR™'Uppi—
X@+1)=( A" = Qunlis1 [ Ais1 — QuarHivt | Qisr ) Uoy: (24)

Yoii

and

Qi = xw'. Pi=E(zqz])
P, = E(z,2]).G=APCT +5S
A = (ATIG A6 - G)

. = AY(P;—SR1'STHIT +A:
v = Ty(Pi—SR'SOHIT + L3

The proof of equations (2.3) and (2.4) can be found in [76]. Van Overschee and De
Moor proved that the j columns of X, are equal to the outputs of a bank of j non-
steady state Kalman filters in parallel [76]. The proof will only be briefly illustrated
here: Given £(0), Py. u(0), .... u(k — 1), y(0). ..., y(k — 1) and all the system matrices
(A, B.C, D, Q. S, R), then the non-steady state Kalman filter state z(k) is defined

by the following recursive equations,

#(k) = Ai(k~—1)+ Bu(k—1)+ Ki_i[y(k — 1) — C#(k — 1) — Du(k — 1)]
Kioy, = (APcs;CT +G)(Ag + CP_,CT)™!
P. = AP AT — (AP._,CT + G)(Ag + CP_,CT) Y (AP._,CT + G)7,

where

A0 é E (ysyZ) .
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The Kalman state can be also expressed as

(20) )

u(0)
(k)= (A% = Qele | A - QeHe | Q) | wik-1) |, (2.5)
y(0)
sk 1) )
where
Q= xx¥p!
Xk = A’PJ’Z%-A;,
and

v =[Pl + L.

Compare equations (2.3), (2.4) and (2.5), it is not difficult to conclude that the j
columns of X, are equal to the outputs of a bank of j non-steady state Kalman filters
in parallel. The detail of the discussion is in [76]. From equations (2.1), (2.3) and
(2.4) we can get

(J'Oi—l
Zo=( L L} L) | Up (2.6)

Yoji-1

o Uy
Zis1 = ( L | L, | LY ) | Ui (2.7)
Yo

with

Ll = I.(A _erx)S(R—1)1|ml+A1 - Q:H,
L2 = Hx + rz(-‘lt - Qiri)s(R_l)mzHIth
L} = IQ.

Now it is evident that the following matrices have the same column space as [;:

L'+ L3L? (2.8)
and U
(zie) (). (29)
17
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Singular value decomposition of either (2.8) or (2.9) can decide the model order n,
and the extended observability matrix T',. From (2.1) and (2.2) it follows that

4{’(1) = FI[ZI - Hl'(jlle—l] (210)
X(i+1) = T[Zi1 - HoUsapica]. (2.11)

and

(B422)- (&) o (B (F) - e

where (.)* indicates a matrix whose row space is perpendicular to the row space of
(.). Substituting (2.10) and (2.11) into ( 2.12) gives

L
t U0|21«—I
() - () (Bt () o
i 22 .X’(Z)
D 0
- A i L t
g (2 e (4)

R { D A
D cr,.(r‘__lB)-cr,.(Hi_l)

After estimating n, I, and I',_; which is part of I',. we can determine the least square
solution, (A.C.R 2. Rap). of equation (2.13), and also compute matrices (B. D) from
(R12. RNy). This method is called N4SID method (1). There is also an approximate
solution which is called N4SID method (2). The difference between N4SID methods
(1) and (2) is that in method (2) the state sequences are calculated by dropping the
linear combinations of Uje;—; out of Z;, and the linear combinations of U,41j2i—1 out
of Z,41. In this way. the Kalman filter states of a different Kalman filter can be
obtained. The resulting matrices are called I, X (i) and I;_, X (¢ + 1) where

where

F,X(Z) = Zz - L?[ji]m—le

and
I‘,—-IX’(z‘ + 1) =Ziv1 — L,2+1Ux'+1|2i—1~

Equations (2.6) and (2.7) yield

-)_(; = [ (At - Q!ri)S(R-l)llmi + Ai - Qle I Qi ] (%0::_:[1—)

b’ 1 — U i
Xivr = [ (A" = Qi1 Tes1)S(R™ ) yjmie) + Dis1 = Qisr Hir | Qinr | ( Y;:l' ) '

If one of the following conditions,
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® 1 — OC,
e u is a white noise,
e the system is purely deterministic,
is satisfied, then
(k) = z(k)
z(k+1) = #(k+1).
The procedure of method (2) can be summarized in the following steps:

e Calculate the projection

Usji-1
Z, = Y/ | Uigzia
Yoi-1

Uni
0]:-1
= (L.‘IL?IL?)(E&;—L)

Yojio1
and
UO(I
Z:+1 = Yi+1|2i—1/ Ux‘+l|2i-1

Yo

UO[x
= ( L}-H ! L?+1 ‘ L?+1 ) Ui+l]2i—l

Yoy

e Compute the singular value decomposition

Uoyi- S (V)T
ti) (qes) = o e (7 ) (i )
( 1 | 1 ) oli—1 ( 1 2 ) A (%)T
The model order n can be decided from the SVD (ideally n should be equal to
the number of non-zero singular values, but due to disturbances, S, is not zero
and we have to choose the model order using certain criteria). The extended

observability matrix is
I, =U,S)2

[';_, is simply part of I';.
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e Estimate the states X; and X.41 by calculating

Xo=ri(zn) ()

Yoji-1

and U
Y . =71t 1 3 Ol
Xt+1 Fx-l ( Lx+l I Lt+l ) ( }/0“ ) .

e Solve the least square problem,

(F52) - () xo= (F)u(2).

and then
Q = ppl
S = ppl
R = ppj.
2.4 MOESP

The multi-variable output-error state-space identification algorithm (MOESP) was
developed by Verhaegen in 1992 [80j. Similar to the N4SID approach, the MOESP also
first estimates the extended observability matrix from the input-output space, then
computes the state-space model. Compared with the N4SID, the MOESP is math-
ematically simpler and easier to understand. Consider the combined deterministic-
stochastic sampled-data system in Figure 2.2, the MOESP assumes that the discrete
combined system can be represented by such a state space model,

z(k+1) = Azr(k)+ Bu(k) + Fuw(k)
y(k) = Cz(k) + Du(k) + Guw(k) + v(k).

' ; ([Q S i
E{( 1:;)((:)) ) ( 1:,J((]J)) )T] ={ [OST RJ fofro:#j.ﬁ

Here, u, y and z have the same dimensions as in the CVA approach. The MOESP
makes the following assumptions:

with

e The observations are equal spaced in time.

e The system is finite-dimensional, linear and time-invariant.
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¢ The noise disturbances are finite dimensional Gaussian processes
e The pair (A.C) is observable. and [4. (BQ'/?)] is controllable

e The deterministic inputs are independent of the disturbances

o The process is asymptotically stable.

Define
G 0 0 0 \
£ s CF G 0 0
CA™F CA=3F CA-F G
and
X() & (z(1) z(i+1) i+ J-1)).

where (> n) is an integer and J is the observation number. [t is straightforward to
get the following equation

Yoi-1 = [LX(0) + HUpji—1 + E;Wojic1 + Vojizy, (2.14)

where Yo,—; and Up,_; have been defined in the discussion of the N4SID approach

Here MY, _; and 1§,_; can be obtained by replacing u in Up,—; with v and v. respec-
tivelv. Applving QR decomposition to the input-output observations. we have

Uit R; 0 0 0 Qr
Copr | _{ Ra R 0 O Q; 915
You-1 " Rsi Ry Ry O Q7 |- (2.15)
Yo Ry R Ry Ry Q7
Substituting (2.15) into (2.14) and its companion equation
Yoo = LX) = H U + EWany + Vi (2.16)
vields
1}_1'1;:7 12-1Q2 = Ry (2.17)
. 1 :
= }E{.lo Tjr‘X(l)QQ
and
ILH; \/— .1—1Q3 = Ry (2.18)

1
}l_rrolcﬁ X(1)Qs.
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From (2.17 and (2.18) it follows that the extended observability matrix, I',. and
the matrix ( Ry Ry ) have the same column space [79]. So we can compute the
extended observability matrix from the SVD of ( R4z Rz ) specifically

(e o= (5 5) ().

L= 0y(S5)""?

and then

After f, being calculated. we can take the first { rows of f, as matrix C and then

calculate matrix 4 by solving such a least square problem:
F(:nl)A=T1+1:(n+1L2), (2.19)

where n is the model order. The solution of (2.19) is clearly

A= [T nl )01 nl )] D0l O (L+ 1 (n+ 1)), (2.20)

So if the pair (C. A) is observable, then the matrix A computed from (2.20) is unique.
From (2.14). (2.16) and (2.15) it also follows that

. 1 .- _
Jh_l_l;;—/j)yoll—lQ( = R_’n (221)

. 1 .
}El;ﬁ}o;z—ng = Ry (2.22)
= hm —(F X(0) Z*H,Rgg)
ST
and
Jim \/-) q-1Q] = Ry (2.23)

= @;Tzr\ (1)QT + H.Ryy).

Combining (2.21). (2.22) and (2.23) gives

151;7[&1 Rw Ra] = lim T{F [ X(0QT X(0)QT X(:)QT(3-24)

+H, [ Ry Rn Rul}

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Multiplyving both sides of equation (2.24) by [} yields

lim %rf [ Rat R Ry | = lim %I‘;LH, [ Ry Rx Ru . (2.25)

—oC \/ —oC \/

If there is enough excitation then.

‘!’={[Rzl Ras Rl[][Rg; Raa R111T}

E

would be invertable. hence from (2.25) we can easily get

. 1, T 5 . 1
| —I'- | R Raa R Rs» R d 1= I =1
11_1_1;\/7 “[Rst Rn Ry ][ Ra Rn Ru) i Naj
Since[-.C.A.and [ Rsy Ry Ry |[ Ru R» Ru ]T*i)" have been computed.
so (2.26) is a linear equation of matrices B and D. It is straightforward to compute
B and D from (2.26).

TiH,. (2.26)

2.5 Unifying Framework

VanOverschee and DeMoor have explored the similarities between the N4SID, CVA
and MOESP. and shown that all the three algorithms are special cases of one uni-
fving theorem. Specifically. they proved that all of the three schemes used the same
subspace to determine the order and the extended observabilitv matrix, but used
different weighting matrices to calculate the basis for the column space of the observ-
ability matrix. Their results in {77] are summarized in this section.
For an (m x n) real matrix A4 = {[a,]|, define
m n
A2 ai,
k=1 =1

the quantity [|4] is the so called Frobenius norm of 4. The projection of the row

space of matrix B onto the row space of matrix A4 is defined as
B/A £ BAT(44T)7' A,

assuming the inverse exists. Let p represent the past inputs and outputs, u represent
the future inputs and f represent the future outputs. All the three subspace-based
identification algorithms solve the same optimization problems

min [|[W (@ — ¥)W,%, (2.27)
but with different weighting matrices W, and W,. ® in (2.27) is defined as follows:
& = [(f/u*)(p/ut)Np/u*) (p/u*)T] P,
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With the singular value decomposition

Wl = (1 Us ) ( 5 ; ) ( 8‘;: >
the minimum-norm solution of of the optimization problem in (2.27) is
U= 5T
The extended observability matrix is equal to
T,=W7807
and the Kalman state sequence 7 can then be recovered from
F=Td.

The weighting matrices of the three algorithins are summarized in the following table.

s‘ NiSID [ MOESP Civ'a
Wil ! I GRS
W, I I, .

Here 1T, is

In,. = (u*\T(u‘(u;)" e,
u ’

2.6 Illustrative Examples

A simulation and an experimental example will be presented in this section to illus-
trate the three subspace identification algorithms discussed in the former part of this

chapter.

2.6.1 Experimental Example

The block diagram of a stirred tank heater process is shown in Figure 2.3, This
process is a computer-controlled experimental setup at the University of Alberta.
The steam through the steam pipe is used to heat the water in the tank; the cold
water valve is used to adjust the water level in the tank; and the water outlet valve is
fixed. An air-bubble stirrer is used to make the water in the tank well mixed. In this
process. the two manipulated variables are the positions of the cold water (u;) and
the steam (u,) valves; the two measured variables are the water level (y;) and water
temperature (y;) in the tank. In this experiment. we use signal unit in milliampere
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Figure 2.3: Block diagram of a stirred tank heater system

{mA) to quantify y;. y». u; and us. The inputs and outputs of the stirred tank heater

are summarized below:

| Svmbol Quantity Range |
u, cold water valve |4 mA < u; < 20 mA
us steam valve 4 mA < u; <20 mA
Y water level 4mA <y; <20 mA
U2 water temperature | 4 mA < yo < 20 mA

A single-rate open-loop experiment was performed. In this experiment. all the valve
positions were updated every 4 seconds, all the outputs were sampled everv 4 seconds.
An random binary vector sequence with 6000 data points was generated as excitation
sequence. The normal output values were (14mA. 9mA). A total of 6000 experimental
data points were collect. The first 3000 data points were used to estimate the process
model. and the last 3000 data points were used for model validation. Three different
process models were computed by using the CVA. N4SID and MOESP methods,
respectively. One way to validate the estimated model is to insert an excitation
sequence. as inputs. to both the process and the estimated model. then compare the
process outputs and the medel outbuts. The block diagram of this medel validation
method is shown in Figure 2.4, where P represents the estimated model, u represents
the excitation inputs, y represents the sampled process outputs and g represents the
model outputs.

The excitation inputs in the last 3000 data points were inserted to the model
estimated using the CVA method. The measured process outputs and model outputs
are plotted in the same figure. For clarity, only 1000 out of the 3000 data points are
shown in Figures 2.5 and 2.6.

The validation results of the model estimated by using the N4SID method are
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Figure 2.5: The measured water level and the output of the model estimated using the
CVA method

oot {1 ‘.3?‘1‘?:‘i P
Jh ]‘if}‘;lxih;
A0
\J f;!‘\?\jvﬁjl‘

Figure 2.6: The measured water temperature and the output of the model estimated
using the CVA method
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Figure 2.7: The measured water level and the output of the model estimated using the

N.ISID method

Figure 2.8: The measured water temperature and the output of the model estimated
using the N4SID method

shown in Figures 2.7 and 2.8.
The outputs of the model estimated using the MOESP approach are compared

with the true measurement in Figures 2.9 and 2.10.

2.6.2 Simulation Example

The following model.

0.1416
i | _ | ==o9ses Y Uy
0.03:9 _0.0595 w |
¥2 :-0913 09045 2

is used to represent the stirred tank heater in the experiment. A simulation system
as shown in Figure 2.2 is generated in SIMULINK. A random binary vector sequence
(RBS) was generated as excitation sequences. The signal to noise ratio is 5. A total
of 3000 data points were collected. Three different models were estimated by using
the CVA, N4SID and MOESP methods, respectively. The step responses of the true
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Figure 2.9: The measured water level and the output ¢f the model estimated using the
MOESP method
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Figure 2.10: The measured water temperature and the output of the model estimated
using the MOESP method
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Figure 2.11: The step responses of the process from uy to y; and the model estimated
using the CVA method
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Figure 2.12: The step responses of the process from u, to y, and the model estimated
by using the CVA method

models and the estimated models were compared. see Figure2 2.11- 2.19.

The main purpose of this section ot to compare these three subspace-based iden-
tification methods, but to show whether thev work or not. From the experimental and
simulation results. we can see that when there is enough excitation, all the subspace-

based algorithms can give good results.
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Figure 2.13: The step responses of the process from ua to ya and the model estimated
by using the CVA method
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Figure 2.14: The step responses of the process from u, to y, and the model estimated
by using the N/SID method
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Figure 2.15: The step responses of the process from u; to y; and the model estimated
by using the N{SID method
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Figure 2.16: The step responses of the process from u, to y, and the model estimated
by using the N{SID method
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Figure 2.17: The step responses of the process from u; to y, and the model estimated
by using the MOESP method
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Figure 2.18: The step responses of the process from u; to y, and the model estimated
by using the MOESP method
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Figure 2.19: The step responses of the process from u, to yo and the model estimated
by using the MOESP method
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Chapter 3

Introduction to Multirate Systems

Different sampling/hold periods in one svstem give rise to a multirate system. A sim-
ple single-input single-output (SISO) multirate sampled-data system shown in Fig-
ure 3.1 is the objective of study in this chapter. In Figure 3.1. u represents the control
signal, P. represents the continuous LTI process, y represents the sampled output,
Hrt represents a zero-order-hold with period T, and S,r represents an output sam-
pler with period nT. High frequency dots represent fast-rate signals, low frequency
dots represent slow-rate signals, and n(> 1) is an integer. The multirate system in
Figure 3.1 is a multirate system with fast control movement and slow sampling which
is tvpical (e.g.. distillation columns. bio-reactors) in chemical industry.

In this chapter, at first the lifting and inverse lifting operators will be introduced
and applied to analyzing two classes of multirate systems: then a brief discussion of
the properties of the lifting and inverse lifting operators will be given; and finally three
different control schemes for the multirate system in Figure 3.1 will be discussed.

3.1 The Lifting Technique and Lifted Systems

Note that in Figure 3.1 both u(&) and y(k) are discrete-time signals defined on the
time set Z, := {0.1.2.--- }: but their underlying periods are T and nT, respectively.
Throughout the chapter we assume F. is LTI. However, the discrete-tiine system from
u(k) to y(k) is linear periodically time-varying (LPTV). The LPTV nature of mul-
tirate systems makes the control theory in the LTI framework inaccessible. In order
to get a tractable model for this multirate system, we use the lifting technique. The

..................... - = P —» S, Y .

S L

Figure 3.1: Block diagram of a SISO multirate sampled-data system with fast hold
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Figure 3.2: Block diagram of a SISO lifted multirate sampled-data system

lifting technique was first proposed by Kranc in 1957 [43] as the switch decomposition
technique; later. Friedland further developed the concept of lifting which converts a
periodic discrete-time system into a time-invariant system [24]; the lifting framework
widely accepted now was developed by Khargonekar et al. in 1985 [42].

Let u(k) be a discrete-time signal defined on Z,. The n-fold lifting operator L,

maps u to u (underline denotes lifting) as follows:

[ u(0) u(n)
{u(0). u(1). u{2), ...} — U(.l) . u(n'+ !

u(n—1) u(2n - 1)
We write u = L,u. Note that the dimension of the lifted signal u is n times that of u.

and the underlying period of u again is n times that of u. The inverse process. L.

mapping u back to u. is defined as.

u(0) /u(r‘1)
“(:U T Y — {u(0). u(1). u(2). ...},
u(n — 1) u(2n — 1)

[t is easy to see that the following identities hold:

L7'La=1 L7 =1

The lifting operator is also norm-preserving:
| Lufly = {lull,

Because of L;!L,, = I, the multirate system in Figure 3.2 is equivalent to that in
Figure 3.1.

u = L,u in Figure 3.2 is the lifted control signal. The fictitious system relating u
and y is the so called lifted system. Since both u and y have the same period. nT. the
lifted system is a single-rate system. The lifted system can also be shown to be linear
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time-invariant (42]. If the state-space model of the fast-sampled process, StP.Hr, is
known. then the state-space model of the lifted svstem can be derived easily: Assume
that the state-space model for the svstem StP.Hr is (4. B,C. D). then the following

equations can be derived:
rink +1) = Ar(nk) + Bu(nk)
r(nk +2) = A’r(nk)- ABu(nk) + Bu(nk + 1)
r(nk +n) = A"zr(nk)+ A" 'Bu(nk) + ... + Bu(nk +n —1)
yg(nk) = Cr(nk) - Du(nk).

where y; represents the fictitious fast-sampled output. Define

e

L(k) r(nk). r(k+1) £ r(nk + n)
w(k) £ u(nk). ustk) £ u(nk+1). ..., ua(k) 2 unk+n-1)
y(k) = ys(nk).
Let P represent the lifted system, z the state of the lifted system. u = [ u - U ]T

the input to this lifted system. and y the output of the lifted svstem. The state-space
model of the lifted system can then be written as

z(k+1)
y(k)

AMz(k) + A" ' Buy (k) + ... + Bug(k)
Cg(k)+[D 0 --- O]Q.

The state-space matrices (A. B.C, D) for the lifted system, P. are given by

[ iﬁ]_[vw" 'B 4"B ... B

oD T D R (3.1)

Though the continuous process is a SISO process, the lifted system is a multi-input
and single-output (MISO) system. Clearly. the lifting operation results in an in-
creased input-output dimensionality. Multirate systems with fast control rates and
slow output sampling rates are the common pattern in chemical industry, and this
class of multirate systems is the focus of the study in this chapter. However, for
the sake of completeness, the case where control is slow-rate and output sampling is
fast-rate will be discussed in the rest of this section although it is rare in chemical
industry.

For simplicity, we assume that the control period is an integer (n) multiple of the
output sampling period. For some reasons, the control interval can only be relatively
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Figure 3.3: Block diagramn of a SISO multirate sampled-data system with slow ivald

Ufted system

Figure 3.4: Block diagram of a lifted SISO multirate sampled-data system with slow

hold

large. but at the same time the output can be sampled at relatively fast rate. For such
multirate systems it will be helpful if the inter-sample outputs are considered in the
controller design. In order to obtain an LTI svstem which relates the slow-sampled
input to all the fast-sampled outputs, the lifting technique is applied to the multirate
signals shown in Figure 3.3. This results in the svstem shown in Figure 3.4.

The state-space model of the lifted system can be derived from the state-space

model of the fast-sampled system: The following equations can be derived from the

state-space model of the fast-sampled system:

z(nk + 1)

z(nk + 2)
z(nk + n)
y(nk)

y(nk + 1)

y(nk+n-—1)

Azr(nk) + Bug(nk)
A’z(nk) + ABug(nk) ~ Bus(nk + 1)

A"z(nk) + A" 'Buy(nk) + ... + Bug(nk +n — 1)
Czx(nk) + Dugs(nk)
CAr(nk) + CBug(nk) + Dug(nk +1)

CA™ 'x(nk) + CA" ?Bug(nk) + CA"3Buy(nk + 1) + -+

+ Dug(nk +n —

where u; represents the fictitious fast-sampled control movement. During interval

nT, the control signal is constant, so

Define

z(k)
yi(k)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

us(nk) = us(nk+1)=-- = ug(nk+n-1) = u(k).

>

>

z(nk), z(k+1)2 z(nk+n),
y(nk), ya(k) £ y(nk +1),- -, ya(k) 2 y(nk +n - 1).
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Let r represent the state of the lifted syvstem, u the input to this lifted syvstem. ana
r =T ..
y=11y - Yy, { theoutput of the lifted svstem. The state-space model of the

lifted svstem can then be written as:

)+ (A"'B + . = Bluik)

D
oy (k).
4n 1

r(k+1)

I

y(k)

CA"?B-CA"3B+---+D

The state-space model of the lifted system. P. is given by

A" A"'B+..-B
c D

cA CB+D

CcAn-! | CA"?B+CA"™3B+...4+D

3.2 Multirate Control

Since discrete-time multirate systems from u(k) to y(k) are linear periodically time-
varying, the controller design for multirate systems is more complicated than that of
the single-rate systems. In this section. we will use the multirate svstem in Figure 3.1

as an example to illustrate three control strategies for multirate systems.

3.2.1 Slow-Rate Control

A possible way to control the multirate system in Figure 3.1 is to design a single-
rate controller. A’;. with control interval nT, as shown in Figure 3.5. For a general
MIMO multirate svstem, we can design a single-rate controller with an interval which
is the least common multiple of all the output sampling intervals and hold periods.
The advantage of this strategy is that it is simple because now the system becomes
a single-rate system. But in this case, the capacity of the equipment is not fully
explored: and the inter-sample performance may be very poor.

3.2.2 Lifted Control

Lifting techniques are powerful tools in analyzing multirate systems because of their
capability of converting multirate systems into single-rate LTI systems. Another
strategy to overcome the LPTV drawback is to design a lifted control scheme. The
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Figure 3.5: Block diagram of a SISO multirate sampled-data system with a slow SR
controller
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Figure 3.6: Block diagram of a SISO multirate sampled-data system with a multirate
controller

lifted control scheme has three steps. The first step is to lift all the input-output sig-
nals with different sampling rates to fictitious signals at one uniform sampling rate.
This step results in fictitious lifted systems with increased input-output dimension-
ality. The second step involves designing a controller for the lifted system. Since
the output of the lifted controller is the lifted control moves. the lifted control moves
have to be inverse lifted to obtain the fast-rate input signals to the process. The
fundamental idea of the lifted control scheme can be illustrated by designing a lifted
control scheme for the simple multirate system in Figure 3.1; this results in a multi-
rate control system as shown in Figure 3.6. Numerous advanced control algorithms
using the lifted control strategy have been developed for several classes of multirate
svstems [9. 11. 66] in the last decade.

The idea of the lifted control strategy is simple, and the lifted control scheme
can achieve better performance compared with the slow-rate control strategv. but
there are a few constraints in the lifted control strategy. The first constraint is
the causality constraint. We will use a simple example to illustrate the causality
constraint problem: Consider a SISO multirate system where the control interval is
2T and the output sampling interval is 3T. In order to obtain the lifted system. the
input and output signals have to be lifted as follows:

()
- u _ | ¥
01| @D |, 0 AL

Assume that the reference signal is zero, then the controller designed for the lifted
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system should be
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Gy Gy |

It is evident that at time instant 0. output y(37T) is unknown: and at time instant
2T . output y(37T) is also unknown. So G»; and G2, should have at least one sample
time-delay otherwise the past control moves. u(0) and u(27T). would depend on the
future output, y(37T), and clearly such controller is not causal.

Another constraint is the gain constraint. In order to avoid the inter-sample
ripples in the fast-sampled outputs, the gains of the lifted controller should satisfv
certain constraint [71]. We can use the multirate system in Figure 3.1 to briefly
illustrate the gain constraint problem. Let G represent the multirate controller in
Figure 3.6. Clearly G should have such structure:

Gy
G=1 :

Gn
For simplicity, we assume here that G,, i = 1. .... n, are all constants (This means that
all the controllers in the lifted controller are proportional controllers); and the closed-
loop system with lifted controller is also stable. When the closed-loop system reaches
steady-state, at sampling interval T the inputs to the process are u(nkT + (i —1)T} =
G.e(00),1 = 1.2....,n. where e(oc) is the steady-state control error. In order to avoid

the inter-sample ripples, u(nkT) = u(nkT +T) = ... = u(nkT + (n — 1)T") should
be satisfied. This means that the gains of G,;, i = 1,...,n (since G,,i = 1....,n are
constants, G;,i = 1,...,n are also the gains of G,), should be uniform in order to

avoid inter-sample ripples. More detailed analysis can be found in [71].
[t is evident that these constraints make the lifted control schemes complicated
to design. Moreover it is also more difficult to analyvze the lifted control systems due

to the increased dimensionality.

3.2.3 Inferential Controi

As explained in Section 1.1, if the unmeasured inter-sample outputs are estimated,
then the estimated inter-sample outputs can be used for the control purpose. This
is the principle of inferential control schemes, and clearly inter-sample estimation is
the key to inferential control schemes. All the inter-sample estimation methods can
be classified into two cases: model-based inter-sample estimation and non-model-
based inter-sample estimation. The inference model can be, for example, the fast-
sampled model of the process, the empirical model relating the primary variables and
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Figure 3.7: Block diagram of a SISO multirate sampled-data system with an inferential
controller

the secondary variables. etc.. The empirical model-based inferential control schemes
have been practiced in chemical industry (e.g.. distillation columns. polymerization
reactors) for a long time. The fast-sampled model of a process can be obtained by
either fast discretization of a continuous-time model or estimating from multirate
data. In most cases, it is impossible to know the continuous-time models. However
it is feasible to estimate the fast-sampled model from multirate data only after a
two-step method developed by Li et. al in 1999 [50].

Figure 3.7 shows the block diagram of the multirate system in Figure 3.1 with the
inferential control scheme. In Figure 3.7, P represents the estimated fast-sampled
model, the switch connects with the slow output sampler every period, nT, and
connects with the fast-sampled model during the inter-sample instants (nT + T, nT +
AT.....nT + (n — 1)T). Fast-sampled model-based inferential control schemes, as
shown in Figure 3.7, are applied to chemical industry only recently [51]. Details of this
industrial application will be discussed in Chapter 8. The advantage of the inferential
control scheme is that it is simple since all the single-rate control techniques can be
applied to it. Compared with the slow-rate control scheme. the inferential control
scheme can achieve better performance since it provides fast-rate control moves. The
inferential control scheme does not have such constraints as the lifted control scheme
has, and the inferential control scheme also enjoys smaller dimensionality compared
with the lifted control scheme. The disadvantage of the inferential control scheme is
that it requires a fast-sampled process model. but fortunately, this disadvantage has
been overcome by the two-step estimation method proposed by Li et. al [49].
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Chapter 4

Subspace-based Identification of
SISO Multirate systems

4.1 Introduction

In Chapter 3. we introduced three methods for controlling the multirate systems. The
last two methods, lifted control strategy and the inferential control strategy, are more
popular, since they provide better performance compared with the slow-rate control
strategy. The lifted model-based predictive control strategy is based on the lifted
model; and the inferential control strategy always requires the fast-sampled process
model. It is quite often that the the input-output measurement is the only source to
obtain the model. The objective of this chapter is to develop a practical method to
estimate the lifted model and the fast-sampled model from the input-output data.

We know that even if a processes only have single input and single output, the
lifted system is a MISO or MIMO system. Evidently it is very efficient to represent
a MIMO system with a state-space model. So it is a natural choice to identify the
lifted svstem in the state-space framework. Subspace based system identification is
relatively new. but it has achieved tremendous success since it was first developed
at the beginning of the last decade. A number of subspace identification algorithms,
for example the CVA. N4SID and MOESP etc. have been published. Compared
with the identification algorithms in the polynomial framework, the subspace based
identification methods are non-iterative, with no non-linear optimization part involved
[77]. and numerically more stable.

Identifying the dynamic models of multirate systems is still an relatively new area,
not much research work has been done in this field. Continuous-time identification
methods (73, 25, 33] have drawn much attention recently; but the identified continuous
model is always biased in the presence of noise (25, 33] except when the output is
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corrupted ouly by white noise 14,. It is well known that based on sampled data, one
cannot uniquely identify the continuous-time model. Verhaegen and Yu presented a
technique to estimate lifted models of multirate systems in the state-space domain
(82!. In their work, they represented multirate systems with periodic systems which
are difficult to be understood by engineers, and thev could estimate the lifted model
with only the MOESP approach. Our objective is to develop a strategy which can
apply most of the existing subspace-based identification algorithms to estimating the
lifted models. In this chapter we will focus on a general class of single-input and single-
output multirate systems where the ratio between the output sampling interval and
control interval is a rational number; and present a two-step multirate identification
algorithm: estimate the lifted process model and then extract a fast sampled model
from the lifted model.

This chapter is organized as follows. In Section 2 we present the lifting technique
and lifted multirate systems in state-space forms. In Section 3 we show that in the
presence of time delays, observability of lifted systems may be lost, depending on
how large the time delays are. In Section 4 we give a method for estimating the time
delay of the process from the lifted model, and analyze the accuracy of this estimation
process. In Section 5 we discuss the causality issues involved in the lifted models and
propose a subspace-based algorithm for identifying the state-space models of the lifted
svstems, respecting the causality constraint. In Section 6 we present two methods
for extracting fast-rate models based on the lifted ones. Section 7 summarizes a
procedure we propose for identifving a fast-rate model from the multirate data, based
on the results studied in the preceding sections. We illustrate and validate the results
of this chapter in Section 8 on a simulation example. Finally, the concluding marks

are given in Section 9.

4.2 Lifted Systems

Consider the multirate sampled-data system in Figure 4.1. Here, P, is a continuous-
time process with additive noise: the noise is generated by a continuous-time model
N with a white noise input e; the output of P, is corrupted by that of N, and is
sampled by a sampler S,r with period nT, yielding the sampled output y(k); the
input to P, is generated by a zero-order hold with period mT processing the input
sequence u(k). Without loss of generality, we assume that the two integers m and n
are co-prime, for otherwise, we can absorb any common factor of m and n into T,
a positive real number called the base period. As mentioned before, such multirate
systems arise often in industry; the practically interesting case is when m < n, where
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Figure 4.1: Block diagram of a SISO multirate sampled-data system
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Figure 4.2: The lifted SISO multirate system

the control rate is faster than the sampling rate. From now on. we will focus on this
case.

Note that both u(k) and y(k) are discrete-time signals defined on the time set
2. = {0,1.2.---}: but their underlying periods are mT and nT, respectively.
Throughout the chapter we assume P, is LTI. However, the discrete-time system
from u(k) to y(k). with e = 0, is linear periodically time-varying. In order to get a
tractable model for this multirate system, we use the lifting technique.

Let u(k) be a discrete-time signal defined on Z,. The n-fold lifting operator L,
maps u to u (underline denotes lifting) as follows:

u(0) u(n)
{2(0), u(1), u(2). ..} > “(:1) | untD)
un—1) | u(2n — 1}
We write u = L,u. Note that the dimension of the lifted signal u is n times that of u,
and the underlying period of u again is n times that of u. For the multirate system
from u to y in Figure 4.1, we intend to lift the input and output to get a single-rate
system with underlying period mnT; and hence we need to lift u by L, and y by
L., to arrive at Figure 4.2, where the lifted multirate system P takes v = L,u into
Yy = Lny and is defined via

B = LmSnTPchTL;l- . (41)
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This 2 can be shown to be LTI In order to derive a state-space model for P, we
discretize P, via the zero-order hold method with the sampling period T to get Pr :=
SrP.Hr. St and Ht being the sampler and zero-crder hold with period T . and assume

that Pr has a state-space model

D+C(z:I-A"'B=: '%}—gv] (4.2)

It is not hard to derive that a state-space model for the discretization with period

mT. Ppr = S;ar P.H,.T. is given by

_ -4mT ! BmT
Par(z) = [TT—D_] (4.3)
with
Anr =A™, Bpr=t+A4A----+A™HB. (4.4)
Proposition 1 A state-space model for the lifted multirate system P s given by
Anr | AR Bar - Bnr
P(z) = cAn CA"™Bpnr e 0 . (4.3)
C‘_/l(m—l)n C.Amn-n-m AT - 0

Observe that certain blocks in the D-matrix are zero: this reflects the causality

constraint.
Proof of Proposition 1 From (4.1 ) and the identities S,7 = S,rHrSr and
H,r = HrSrH..r , we can write
P = LnSarHr(SrP-Hr)StHmrLy!

= LmSatHrLypLonPrL LnSTHr Ly

= SPrA.
the last equality following from the definitions:

S = LSarHrLiy. Pr=LonPrly,. H = LuaStHarl;'

Now based on the state-space model of Pr in (4.2), a state-space model for Py is
given by [42]:

Amn l Amn—lB .4""1-23 ... B
C D 0 --- 0
Pr(z) = CA CB D - 0] (4.6)
CAmn-l CAmn—ZB CAmn—BB ... D
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Also. it can be shown that 5 and H are constant matrices given by

70 ..000 ..0 00 .. 0
00 .0 [0 0 00 0
§= M. :
0 0 000 ..0 10 0
L mx(mn) blocks
[ 1000 0 ]
: m
I 000 0
0100 0
: m
H = 0700 0
0000 I
R S m
0000 --- I
L J (mn)xn blocks

(Here. the identity matrices I reduce to 1 if P is a SISO process.) Pre- and post-
multiplving the transfer matrix in (4.6) by S and H. respectively. gives a state-space

model for P:
[_am | Ol 4B (TS ANB - (UG AYB
C D 0 0
‘ car | (XL, 4B D+C(TIyTIA)B - 0
[C-“""”" C(Tmtam ANB C(T T ANB 0
This model simplifies to (4.53) by noting (4.4). [

As a special case. when m = 1. the state-space model for P in Proposition 1

simplifies to

n n—1 n-2
[.4 | A1B A™2B B}_ )

c| D 0 - 0

Lifting the noise model is simpler and so we only briefly discuss the result. Dis-
cretize the continuous-time noise model N in Figure 4.1 with sampling period nT to
get N,r which takes a white noise e(k) into v(k); assume a state-space model

An | By

7 —

AnT(Z) - [ CN D J .
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Since the deterministic system is lifted to interval mnT. we lift Ny by L,,: Detine
vt = Ln,v and e = L,e to get that the lifted noise model. N := L, N,7L;!. maps ¢

to v and admits a state-space model

AR | AR'By  ARTBy ... By

CN DN 0 “_ 0

N(z) = CnAx CyBxy Dy .. 0
Cn AK:_I C‘vA’:.—zBN CNAK;-I! By --- Dy

Thus we get the overall lifted model as follows:

y=Pu+ Ne. (4.8)

Both P and N are now LTI, but u and ¢ have higher dimensions. Note that most
statistical properties of e(k) are preserved after lifting: If e(k) is a white noise. so is

e(k): if e(k) is Gaussian. so is e(k): and so on.

4.3 Observability in the Presence of Time Delay

When is the state-space model for the lifted multirate system in (4.5) controllable
and observable? To answer this question. our standing assumption in this section is
that the state-space model for Pr in (4.2) is minimal, i.e.. (4. B) is controllable and
(C. A) is observable. Note that this assumption is guaranteed if the continuous-time
process with no time delay is controllable and observable and if the sampling period
T is non-pathological {10]. Controllability of P in (4.5) can be achieved under a mild
condition (10, 23]; so let us focus on observability. We need the following sufficient

condition.

Condition 1 For every egenvalue A of A. none of the mn — 1 points
Aerki/mn ol =12 - mn—1.

s an ewgenvalue of A.

Under Condition 1, observability of (C, A) implies that of (C, A™") [23], which in
turn implies observability of P in (4.5).

Now we restrict our attention to P, being SISO. In the time-delay case, let the
time delay in P, be d.T, d. being a real positive number. Suppose d. > 1. It follows
that the discretized system Pr has at least two poles at z = 0; and hence A has at
least two eigenvalues at z = 0. Thus Condition 1 fails in this case. We will prove

that surprisingly, we lose observability of the model in (4.5).
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Proposition 2 The state-space model i ({.5) for P s unobservable of dc > 1: 0 s
observable if 0 < d. < 1 and if Condition 1 s sutsfied.

Proof The second part follows readily from [23. 10]. We now prove the first part.
Let d be the smallest integer such that d. < d. It follows that d > 2 since d, > 1.

The discretized system Pr has d poles at = = 0. Without loss of generality, we can

assume that the state-space model of Pr in (4.2) is in the controllable canonical form:

in this case, the A-matrix is of the formn

{ d
- o 9 - R
a, as - Q; 0 - 0 0
1 0 0 0 - 00
1= |0 1 00 --00f|AA O
_ . 0 A
o 0 --- 0 0 --- 10

where the dimensions of 4,; and 4,5, are [ x [ and d x d. respectively. It follows easily
that for & > 2, the last two columns of A%, are zero; so are those of A*.
Now we express the observability matrix for the state-space model in (4.5) in

terms of A and C:

- -

C
cA?
T, = cA™

C 4mnid+l)—n
L ~° J

Because n > m > 1. every row in I, except the first one has at least two zero elements
at the end: so the rank of [, is at most [ + d — 1. Therefore we loose observability. &

Loss of observability would cause problems for some applications of the identified
lifted models. e.g.. making it impossible to extract fast single-rate models from the
identified lifted models. In order to understand the time-delay related observability
prablem clearly, let us see the following example: There is a single-input single-cutput
system with control interval 1 unit of time and output sampling interval 3 units of time
(that is the speciai case where m = 1). The single-rate process model with sampling
interval 1 unit of time is ?-‘();I'Té' The state-space model with sampling interval 1 unit

of time is
09 0 0 1
A = 1 00},B=1]0
0 10 0
C = 0001, D=0
47
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Figure 1.3: Comparison between the true fast model and the fast model extracted by
using the controllability approach

The lifted model in the form of equation (4.7) is

0.729 0 0 0.81 09 1
A = 081 00|.B=|09 1 0

09 00 1 0 0
C = 0001.D=[000]. (4.9)

We can see that the pair (C. A) is not observable. The minimum realization form of
the lifted model is

0.729 0 081 09 1
4 - [09 0}‘5‘[ 1 0 0}
¢ =[001].D=[00 0]. (4.10)

Since the lifted model in (4.9) is not observable. we could only estimate the lifted
model in (4.10). From the lifted model in {4.10). we can extract fast-sampled models
(model with sampling interval 1 unit of time) by using the methods in Section 4.6
(we could not use the eigenvalue approach since an eigenvalue of A is zero). The
extracted fast-sampled models are then compared with the true fast-sampled model
in Figures 4.3 and 4.4. Clearlyv thev do not agree.

From the comparison we can see that we could not obtain the true fast-sampled
model if observability of the lifted model in 4.7 is lost. One remedy is as follows: In
the next section we will show that based on the multirate input-output data. we can
estimate the time delay d.T with accuracy T say, the estimated time delay is d4T
with dy an integer and 0 < d. — dz < 1. Since m and n are co-prime, we can always

find integers k; and k; such that

dy = kym + kon.
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Figure 4.4: Comparison between the true fast model and the fast model extracted by
using the matriz roots approach

Next we shift the input data to the left by k; samples and the output data to the
right by ks samples. so that the shifted input-output data gives rise to a new svstem
with time delay no larger than 7. The lifted model identified from the shifted data
will be observable under a mild condition (Proposition 2).

4.4 Time-Delay Estimation

In this section we study how to estimate the time delay (d.T) of the continuous-time
process P, using multirate data. If (discrete) time delays for the subsyvstems of the
lifted multirate process P can be estimated - a standard problem, we will show a
method for estimating d.T with accuracy T.

The lifted process model with noise is given in (4.8). Suppose P. is SISO: the

lifted process P has a m x n transfer matrix:

Poo(-?) Pox(l) Pon-1(2)
Po(:z Py (z P (z

Pl) = 101( ) 11:( ) 1. :1( ) (411)
Pos10(2) Pmoa(zs) -+ Pacino(2)

Time delays in P,;(z) can be estimated by identifying the impulse response matrix
for P using the standard correlation analysis between u and y [55, 68]. which we

sumimarize below:

1. Design a vector input sequence u(k) whose components are independent to each
other and satisfy proper excitation requirement [55]; inverse lift u(k) by L;! and
input to the multirate process; measure the output y(k) and lift by L,, to get
y(k). (Measurement noise is assumed to be white and independent of u.)
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2. Compute

N-1
1
Ryu(i) = Jim &3 y(k+i)u’ (k).
N, = -
1 N-1?
Ru(i) = lm =3 u(k+02’ (k).
Ne=—2C [V =0

where superscript T means transpose. These are usually approximated by suf-

ficiently large N.

3. If u(k) is a vector white noise. R,,(0) is an invertible matrix and R,,(i) = 0
for 7 # 0. The impulse response matrix for P is then calculated to be

Now we assume that time delays for the subsystems of P in (4.11) are computed:
P,(z) contains a time delay of [,;, I;; being a nonnegative integer. (Thus the first

non-zero element in the impulse response of P; is p(l;;).) Knowing such a time-delay

matrix:
loo loy s lon-1
ol e (4.12)
lm—l.O Im-l.l lm-l.n—l

how do we estimate 4.7

The lifted system P maps u to y. both having period mnT: and the subsystem P,
maps u, to y . Note that during the first interval [0. mnT), u; occurs at time j(mT)
and y at time ¢(nT): so the actual time delay from y; to y,, incorporating that due
to lifting. is

T,; =d.T +jmT —inT. (4.13)

From [,,. we can only estimate T,, within one sample period which is mnT for the
lifted system:

(L = 1)mnT < T,, < [,;mnT.

Substituting (4.13) into the above. we get mn inequalities for estimating d.:

(Ly—1)ymn+in—-jm<d. <|,mn+in—jm, i=0,1,---,m-1,
j=0,1.--- ,n—1. (4.14)

These inequalities combined give much better accuracy for estimating d.. To this
end. we need the following claim based on the co-primeness of m and n.
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Claim As 1 goes from 0 tom —1 and j from 0 to n — 1. in — jm takes mn different

integer values.

Proof Suppose. for a contradiction, that there exist (i;.j;) and (i3, Jj2) with 0 <
11.19 <m—1and 0 < 5. j» < n — 1 such that

1N — Jim = 130 — jam.

Then

(ty —d2)n = (ji — Jo)m.
The co-primeness of m and n and the inequalities |1, — 2] < m and |j; — J2| < n
imply immediately that i; — i, = 0 and j; — j» = 0. Hence the claim is proven. ]

Over an interval of 2mn integers, based on the claim. the mn lower limits in
(4.14) are all different and fill the lower half of the interval, whereas the mn upper
limits in (4.14) fill the upper half. Thus the difference between the maximum of the
lower limits and the minimum of the upper limits is onlv 1 - we can estimate d. with
accuracy 1 and hence d.T with accuracy T!

Let us illustrate this with a concrete example. Take m = 2 and n = 3; assume
the time delay of the continuous-time process is 8.57 . i.e.. d. = 8.5. Based on these.
the time delay matrix as in (4.12) should be

lo o loe]_ 2
e Ly 2] |1

Inequalities in (4.14) reduce to the following:

9t
N W
—

6<d. <12, 4<d.<10. 8<d. <14,
3<d. <9, T<d. <13 53<d. <1l

These six inequalities are equivalent to 8 < d. < 9: hence we can estimate the time
delay within an interval of T: 87 < d.T < 9T.

4.5 Identification of Lifted Models

The lifted model with noise is given in (4.8), where both P and N are MIMO but
LTI, and the noise e satisfies the same standard assumptions as e does. One might
think that identifying a state-space model for P based on data u and y is straightfor-
ward by applying subspace identification techniques; but this is not the case due to
causality constraints on the D-matrix in state-space models of P(z). Because of this
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complication. the subspace algorithis need to be re-derived from the least-square
optimization. which is the focus of this section.

Suppose the continuous-time process involves a time delay of d.T. From our dis-
cussion in the preceding section. d.T can be estimated within accuracy 7. With
this information. by shifting the multirate input and output data properly (as dis-
cussed towards the end of Section 2.4). we can assume without loss of generality that
0 < d. <1 in this section.

Let P have the following state-space model

P(z) = [‘—g{%-] . (4.15)

The m x n matrix D relates u(0) to y(0) as follows:

y(0) Doo Doy -+ Don-r r u(0)
1 D D - Diyn- 1
y(: ) = :10 :“ L: ! u(v ) (1.16)
y(rme—1) Dmvo Dmory -+ Dmcin- u(n —-1)

Note that D,; takes the input u(j) at time t = jmT to the output y(z) which occurs
at time t = inT. Because of the time delay of d.T in the system. causality requires
that D,, = 0 if jmT + d.T > inT. Since 0 < d. < 1. we can write the causality
constraint as follows:

D,, =0. whenever jm >in. (4.17)

For example. if m = 2 and n = 3. the structure of I is given by

0 0 OJ
Dy Dy 0O

o

In general. the causality condition implies that D must be block lower triangular:
Given 0 < ¢ < m — 1. define J, as the largest j satisfving jm < in; it follows that
D,, # 0 for j < J,. otherwise D,, = 0. Defining

D,=[Dyo Dy -+ Dy ]. i=1l2-- . m-1. (4.18)

we get that a causal D takes the following form:

0 0
D, 0

D= R (4.19)
Dm_y O

Note that the first row is zero because of the time delay; the zero blocks in (4.19)
may have different sizes. This structure of zero blocks needs to be enforced in the
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identification process to guarantee causality. Next we discuss how to modify the
subspace idertification algorithms to incorporate this constraint on D.
Lot us start with the lifted state-space model

(k+1) =
y(k)

1\
IDRNR
[}
Ko
+.
IS
= |
x
.+_

I=
X

where v is the output from the lifted noise model N. Suppose we have N (lifted) data
points. We first estimate the state vector z(k) using the CVA or N4SID algorithm;
the causality constraint on D does not affect the state estimation. Next. we solve the
least-square optimization problem to find a state-space model:
< [ [ z(k+1) A4 B[z N f ztk+1) 4 B[ zk)
SN g{[ y(k) J_ [Q D_] [E(k)]} {[ y(k) ]_‘ [Q Q] [E(k) ]}

In this optimization process, we now incorporate the causality condition in D.
Corresponding to {1.19). we partition C, u and y:

Co Uy Yo
C u

c=| U lou=l T y=| ML (4.20)
Cm-1 Un-y Ym—1

Ug
Uy .

u; = . 1=1.2 m-—1
uy,

N-)
1

FE{ (-t [ (wern-ta

The least-square problem is equivalent to minimizing over { 4. B, C,. D,} the quantity
k=0 \
+ [yo(k) = Coz(k)]" [yo(k) ~ Coz(k)]

3)
(k)

B (w-te a1 [ 29]) (ww-1a 2120 ])]

The least-square solutions for A, B, Cp and C;,D, (1 = 1,2,---,m — 1) can be

[ a]
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computed by setting all the partial derivatives to zero:

N-1 ] T
i . Ik :)r.x_‘(kw _
Z[yo(k — Coz(k)] z(k)T = 0.
1\ 1 =, T
1 (k) | (k) ‘
(k)-{ C D, = ')[— =0. i=12--.m-1
v 2 (b= ][z;,(k)J (k) e
Solving the above equations. we find the optimal solution: Defining the square ma-
trices
& - L‘“[mHm)‘lT
N = [ ulk) | | utk) |
1 N-1
Bo = D zk)z(h)7.
: k=0
&, = i‘\_l[ (k) H z(k) JT. i=1.2.--.m—1.
CT Nk |k
(note that under proper excitation conditions, these matrices should be nonsingular).
we have
[4 B] = [x%e0 ztk+1zkiT 3 T35 otk + Du(k)” [~
N-1
1
Co = [? go(k);(k)f} 5.
T k=0
[C D] = [T wk)zht)T £ 05 vk, ()T ] &7 i=1.-m— 1.

We remark that this state-space model computed is the optimal causal one in the

least-square sense.

4.6 Computing Fast Single-Rate Models

In the preceding section. we proposed a moditied subspace identification algorithm for
estimating a state-space model of the lifted multirate process: the model obtained is
guaranteed to satisfy the causality constraint. In this section, we go one step further
and show how to compute a single-rate model with sampling period mT (the control
period) based on the lifted model. Such a single-rate model operates at the faster
rate (m < n); as a special case, if m = 1. working at a rate which is n times the
output sampling rate, this model can be used to estimate the missing output samples
for inferential control applications {47, 27].
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4.6.1 Controllability Approach

We start with a state-space model for P in (4.15). Knowing the matrices (4. B.C, D),
we would like to compute the state-space model for P,r = S,,rPH,7: specifically.
from (4.5). we would like to compute the matrices (A, 7. Bmr.C. D). According to
lifting. partition C and D as in {4.20) and (4.16). respectively. and B as follows:

B=[By By -+ B,.;]. (4.21)
From Proposition 1. B,r. C and D can be read off directly:
BrnT = Bn—l C= CO D= D00~

Thus the question reduces to how to compute A, 7 from the given data. We will
discuss two methods for doing this.

The first approach to compute 4,7 is based on the hypothesis that (A,.,r. Bmr)
is controllable. Given A and B in (4.21). Proposition 1 implies that

- :'IYIT = d—' BmT = Bn.—l- -4mTBmT = Bn—ﬁv RN ;}IB"IT = BO-

Multiplyving A4 to B, A% to B,. and so on. we can get A B, for any k > 0. Thus

we can form the following two matrices

¢, = [ BmT AmrBmr - A,’;:‘I} BmT ] :
Q = [ .4mTBmT ‘47271TB"1T M A:’YITB”‘T ] .

where p is the dimension of A,,r. The matrix . is the controllabilitv matrix for the
pair (An,7. BmT). Note that
¢ = A4,.rd..

The controllability assumption implies that ¢, has full row rank: therefore A,.7 can

be uniquely computed by
Amr = 0679, 07)71.

4.6.2 Eigenvalue Approach

The second approach to compute A,,7 is based on an eigen-problem for A, for which
we assume A has distinct eigenvalues. The steps invelved are summarized below:

1. Compute the eigenvalues and eigenvectors for A to get
VAV = diag {Ag, -+, Ay}
where columns in V are the eigenvectors.
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2. Pre-multiply B,_, and B,_,. the last two columns in B. by 177! to get two

column vectors

a9 bo
—1 a1 - by :
VB, = V" Bpa=| . |. (4.22!
0.,,_1 bp—l

Let the eigenvalues of An7 be A\, i =0,1.--- ,p — 1. The matrices A,,7 and A

share the same eigenvector matrix:
V3 A rV =diag (M. -+ . Ao}

Since B, = AmrBn-) (Proposition 1). we can compute the eigenvalues A,

from the two vectors in (4.22):

A=bija,. i=0.1---.p—1

3. Thus we get At
Amr = Vdiag {Ao. - . A1 V7L

4.6.3 Matrix Roots Approach

Note that if a unique A, can be obtained from A7 7, then the single-rate model with
sampling interval mT is available. But we know that a unique A,,r from A? ; can not
always be obtained directly by taking the n*® root of A% . Assume that a is a pole of
the continuous process P,(s). The corresponding pole of the system discretized with
interval mT is

o _(’an
=€

and the corresponding pole of a system discretized with interval nmT is

nmTa

pi=¢€

p: can be expressed as:
p. =re’. -n<8< 7

where r is the magnitude of p, and 6 is the main angle of p;. There are a total of n

roots of p,:
Ure'kmH0/n I = 0.1....,n—1
Assume that
a=7+1n
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then

pi = enlnTn — C:;mT‘,Gu:mrn
g, = emTa = emTﬂennTr;

nmlTn = 2Ja+0. -=<8<~w

where J is an integer > 0. a is unknown and J is unknown, so a unique o, can not
be computed from p,. o, and p, are eigenvalues of matrix A,,r and A} respectively,
this means that matrix A,r can not be computed uniquely from matrix A2 . If we
know that J is zero. then matrix A7 can be computed uniquely from matrix A7 .

Proposition 3 A fast-sample model unth interval mT can be computed from a lifted

model unth sampling interval nmT directly if the following requirement s satisfied
[nmTny| < =
where 1) 1s the largest imaginary part of the poles of the continuous process.

Proof First we assume that the matrix A,,r is diagonalizable. then
Anr = VSVTL A2 =VS!

The eigenvector matrix V of the matrix A,,7 can then be computed from the similarity
decomposition of matrix A} r. Because we also assume that [nmTn| < 7. then S can
be computed from S™ uniquely. This means that matrix A,r can be computed
uniquely from matrix A} ;.

Now we assume that the matrix A7 is not diagonalizable, this means that some
of the eigenvalues of matrix A4,,7 are the same and the algebraic multiplicity of the
multiple eigenvalue is larger than the geometric multiplicity of the multiple eigenvalue
[26]. For simplicity let A7 be a matrix with [ repeated eigenvalues at A\. We know

that matrix A,,7 can be expressed as

-AmT = Ci_lJIC]
A10 .- 00
O x1-- 00
Jo= Lo
0060 --- X1
0 00 --- 0 A
Ixl
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where Cy is an [ x [ invertible matrix and J; is the Jordan canonieal form. A7 can

be expressed as.

n
g :lnT = TrnTx Amr X -+ X Anl'I:
= Cr'JG
= Cl_l-lgcl
where
A" (n+1))‘"" nAn—2 4/\2 3\
0 A" (n+ 1At ... 523 422
J = : : : IR :
0 0 0 e AT (n+1)An!
0 0 0 .- 0 An
And A% can also be decomposed as:
A" 1.0 --- 0 O
0O A1 ..- 0 O
Anr=Cstl o G
0 0 0 --- A" 1
0 00 o A"

and matrix J, can be decomposed in the Jordan form as:

Jo = C7lhCy
A1 0 --- 0 O
O ™1 ... 0 O
I = ST o
0 0 0 DA |
0 0 0 0 A"
Therefore.
A" 0 0 0
0 A1 - 0 ¢
AL =CrCy! : C3C,
0 0 0 - At 1
0 0 0 - 0 A\
This means:
Cy = GGy

We know matrix A7, so we can compute matrices C; and J3. From the assumption,
[nmTn| < =, it is obvious that A can be computed from A" uniquely, J» can then be

58

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



formed and matrix Cj can be computed from matrix J». After matrices C»> and Cs

are known, matrix C; can be computed as follows.
Cl = C:,—IC;)

Once matrices Cy and J, are obtained matrix 4,,r is known.

If the condition |[nmTn| < = is satisfied. a unique At can then be obtained from
An o directly; and the input and the output matrices, B,,r. C and D, respectively,
can be easily obtained from the appropriate partitions of the estimated lifted model
P. hence the single-rate model with sampling interval mT can be computed from the
estimated lifted model P. [ ]

The condition for the controllability method is relatively easy to satisfy; but when
the condition number of the controllability matrix of the fast-sampled model is large,
the estimation error of the controllability approach will also be large. The condi-
tions for the eigenvalue approach and the matrix roots approach may not be always
satisfied. Usually the matrix roots approach can give the best estimation.

4.7 Procedure Summary

In this section we summarize what we have studied in the preceding sections for identi-
fving a fast-rate state-space model from the multirate data, when the continuous-time

process is time-delayed.

Step 1 Estimate the time delay d.T of the continuous-time process based on mul-
tirate input-output data (Section 4); the error of this estimation can be as

small as T', assuming m and n are co-prime.

Step 2 Suppose d. is estimated to be within the interval (d4,dy + 1], where d; is a

nonnegative integer. There always exist integers &, and &, such that
dg = kym + kon;

then we shift the input data to the left by k; samples and the output data to
the rigiht by k; samples, so that the shifted input-output data gives rise to a
new system with time delay no larger than 7.

Step 3 Identify a lifted state-space model based on the shifted multirate data using
the modified subspace identification algorithm that we proposed in Section 5;
this guarantees the model satisfies the causality constraint, and is both con-
trollable and observable under a mild condition on sampling (Section 3).
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Figure 1.5: Step responses of the actual (solid) and estimated (star) fast-rate models

Step 4 Extract a fast single-rate model with sampling period mT from the lifted
mode]. using either the controllability or eigenvalue approach (Section 6).

Step 5 Incorporate the time delay estimated in Step 1 to the fast-rate model.

4.8 Simulation Example

An illustrative example is given in this section; this example is a simple SISO system
and the study is based on computer simulation.
Example 1. In view of Figure 4.1, take the process and noise models to be

e~ 5s 1
. N = )
20s + 1 (8) = TG 71

Pe(s) =

The control period is 2 s: and the sampling period is3s (m =2.n =3, T = 1). Thus
the lifted multirate system has 3 inputs and 2 outputs.

First, we generate a vector white noise sequence of length 3000 as the lifted input.
measure the output with noise (the signal-to-noise ratio is 3:1); and then estimate
the time delay. Next, we generate a (vector) lifted low-frequency excitation sequence
of length 3000, again measure the output with signal-to-noise ratio 3:1. Shifting
the input-output data, we estimate a lifted model and then a fast-rate model. Fi-
nally, we incorporate the time delay into the fast-rate model. Figure 4.5 compares
step responses for the actual and estimated models with sampling period 2 s: Given
the signal-to-noise ratio and the input excitation conditions, the estimation is fairly

accurate.
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4.9 Conclusion

In this chapter we have shown by a theoretical analysis and a simulation example,
that a fast single-rate model in which the sampling interval is the same as the con-
trol interval of the multirate system can be estimated from inultirate data collected
from the general class of SISO multirate systems. The most general case of a SISO
multirate system is one in which the ratio between the output sampling interval and
the control interval is a rational number. The proposed methods for estimation have
been successfully applied and evaluated on a simulated system. The results in this
chapter differ from those by Verhaegen and Yu [82] in that we tackle the causality
constraint explicitly in the optimization, analyze the observability of the lifted model
and identify not only a lifted model for the multirate process but also a fast single-rate

model, based on multirate input-output data.
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Chapter 5

Subspace-based Identification of
MIMO Multirate Systems

5.1 Introduction

In the chemical process industry, most processes are multi-input and multi-output
(MIMO) systems. Strong interaction in the MIMO systems makes it difficult to
control them with traditional single loop controllers such as PID ones. Model-based
predictive controllers can handle the interaction. and that is one of the reasons why
MPC has been widely accepted in the chemical process industry.

It is well known that the state space framework for single-rate SISO systems
can be extended naturally to represent single-rate MIMO systems. hence subspace-
based identification algorithms for single-rate SISO systems can be extended to single-
rate MIMO systems directly. Researchers have shown that in the identification of
MIMO systems. there are numerically ill-conditioned mathematical problems in the
polynomial identification framework. However there are no such problems in the
subspace-based identification framework.

In Chapter 4 we discussed the identification of SISO multirate systems. In this
chapter we will discuss the identification of MIMO multirate syvstems. There are
many classes of MIMO multirate systems: and we will only focus on one special class
of MIMO multirate systems where all the control intervals are uniform, the output
sampling intervals may be different, but are integer multiples of the control interval.

5.2 Identification of MIMO Multirate Systems

Consider the multi-input and multi-output multirate sampled-data system shown
in Figure 5.1. Here, P, is a continuous-time process with additive disturbances;
the disturbances are generated by the continuous-time model N with white noise
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Figure 5.1: Block diagram of a MIMO multirate sampled-data system

inputs €. -+, em—1; the outputs are sampled by m samplers S, with periods J.T,
i =0.1.....m — 1. yielding the sampled outputs y,;(k), i = 0,1,....m — 1; the inputs
to P, are generated by zero-order holds with period T processing the input sequences
u,(k).i =0.1.....n—1. We assume that J, is an integer (>1),foralli =0.1.....m—1.

Both u,(k) and y;(k) are discrete-time signals defined on the time set Z, :=
{0.1.2.--- }: but their underlyving periods are T and J,T’, respectively. Define

Ug Yo

Un—1 Ym-1

Assume that P, is linear time-invariant (LTI). The discrete-time system from u to
y (with ex = 0,k = 0,...,m — 1). is linear and periodically time-varying. In order
to get a tractable model for this multirate system, we use the lifting technique. For
the multirate system from u to y in Figure 5.1, we lift the inputs and outputs to
get a single-rate system with underlying period JT, where J is the least common
multiple of Jo, J;. ..., Jm-1: and hence we need to lift u; by L, and y; by Ly, to arrive
at Figure 5.2, where k, = 71)- Let S, 1 represent a sampler with interval J.T, so
S, = S,,r. For simplicity we assume that n > m. Define
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Figure 5.2: The lifted MIMO multirate system

L (uo) [ Li, ()

Li(un-y) | Loy (Ym=1)

The lifted multirate svstem P takes u into y and is defined via

i Lku So ] HT Lji
] L., Smet | Hr L7
( _B-OO 1—)0,71—1
— -E-IO Bl.n—l (5 l)
L Em-l.o T Bm—l.n-—l

5.2.1 Lifted MIMO Multirate Systems

The P defined in equation (5.1) can be shown to be LTI In order to derive a state-
space model for P. we discretize P, via the zero-order hold with the sampling period
T to get Pr := SrP.Hr. St and Hr being the sampler and zero-order hold with
period T. Pr can be expressed as

Poo Poi o Fonor |

P, P e Pra-
Pr = T,o .1.1 1.. 1

Pm—l,O Pm—l.l Pm—l,n—l
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and can be represented by the state-space representation in the (A. B.C. D) form:

A | Bo B1 Bn—l
Co Do o Dy, Doy
& Dy o Dy, Dy ns {3.3)
Cm—] Drn—l,O Dm-l.! Dm-l,n—l
Proposition 4 A state-space model for the lifted multirate system P is given by
}_};00 BO,n—l
P, .
_E_ _ —-‘IO —-l..n 1 (54)
Poio Prina
where
47 |  A''B A772B,; B
C, ' D,, 0 0
P, = C,A C,A’"'B, C,Al2B, 0
C,A-00 1 ¢ 47-h-1g ¢ 4702, 0
Proof of Proposition 4 From (5.2 ) and the identities S; 7+ = S;7HrSr. i =
0.....m — 1. we can write
[ Ly, SirHr L3
P = StP.Hr
| Lkm-x SJ.,,-;THT L;l
[ Li,SirHr Poo Pon-1 Ly
| Lk,,,_!SJ..,_;THT Pm—l.O . Pm—l,n-l

The identity L7'L; = [ gives
LioSsrHrL7'LyPool7!
P :
i LkOSJOTHTleLJP _1‘0L;1
...

Lkm—lS-’m—lTHTL;lLJPO.n—lL;l

. Ly Sy, THTL;' Ly Proin-i L3}

the last equality following from the definitions,

t o

Gl

ijBT,ij
Ly S;rHrL7!
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and
Pr, = LiP,L7

It can be shown that S, is a static system with constant matrix representation:

Ji J, J,
e — N\~ — ~ r— —
10 0 00 ... 0 00 0
00 070 .0 00 0
S, = . . . .
00 0 00 .. 0 I 0 0
kyx.J

Now based on the state-space model of Pr in (5.3). a state-space model for Py, is
given by [42]:

A’ | 4B, AB. - B

o D, 0 . 0

CJA CJBI Dl.] 0 {3.3)
CjAJ—l CJ'AJ—zB, CJ’AJ—SB, D!.]

Pre-multiplying the transfer matrix in (5.5) by S, gives a state-space model for P, :

4 | AiB, A-2B, ... B,

C, D, 0 0

C, A% C,A*"1B, C,A%2B, 0
C,Ak-D4 | C,47-h-1B C,47-)-2B, 0

The state-space model for the lifted multirate svstem P can then be written as

[ 47 AJ1By . By ... Bn]
Co Das 0 0
I Yy R TR
Co S T
SIS P

e
After discussing lifting as applied to deterministic systems. we now study how to
lift noise models. Here we assume that in Figure 5.1 e; is the output of e;(k) processed
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by a zero-order-hold with period J, T, 7 = 0,1.....m — 1. so the noise process becomes
a system with m distinct input sampling periods and m distinct output sampling
periods; and we can lift the noise model by using the results in chapter 2. If we

assume that the disturbance model N is a general transfer function matrix:

-NO.O -’VO.I T -'VO.m-l

Nm—I,O -Nrn-l,l ‘Nm—l,m-—l

then we need to discretize the noise model with sampling period T. and the lift-
ing procedure becomes complicated since all the input periods are distinct and all
the output sampling periods are distinct. For simplicity. we assume that .\ can be
represented by a diagonal transfer function matrix:

No
(5.6)
-)Vm- 1

This is not a restrictive assumption and most of the identification functions in MATALB
such as ARX, ARMAX, BJ, ... make the same assumption.

In order to obtain the lifted noise model, based on the assumption that e, is the
output of ¢,(k) processed by a zero-order-hold with period J, T, we first discretize the
continuous-time noise model N, in (5.6) with sampling period J,T to get N, ;7 which
converts the white noise term e;(k) into v;(k); assume a state-space model,

Aig, | B
Niar(e) = et 2|
iJ, ( ) Cz,.], Dx’,J.
1 = 0,1....m — 1. Since the deterministic system is lifted to interval JT ., we lift
N1 by Li,. Defining v, = Li,v, and ¢, = L€, to obtain the lifted noise model.
N,oi= L N, JITL;ll, such that it maps e, to v, and admits a state-space model:

[ -4:'_;1 Af'_ll B; . Aﬁljszi,J. - By,

C.. D, 0 - 0

&(:) S Ct,J,At.J, Cx,J, BI,J. Di,J, Tt 0
Cor AS | Con AL By, Cis AR By, - Dig,

Define
Li,eo Liyvo
g = 2 = N
Lk,,._,em—l Lkm_lvm—l
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The lifted noise model is

[ Ly AW L}

Q

A" -1
L Lk""l '\m—l Lkm—l

[ Ly NoLg!

N\’ -1
L Lkm-l‘\m—lLkm_l

and can be obtained by combining the models of N,,i = 0.1,...,m — 1. Thus we get
the overall lifted model as follows:

y=Pu+Ne. (5.7

Both P and N are LTI: and all statistical properties of e,(k) are preserved after lifting.

5.2.2 Extracting Fast Single-rate Models

In Chapter 4 we discuss the obervability of the lifted system in the presence of time
delay. and show that the lifted state-space model derived from the fast-sampled state-
space model will lose observability when the time delay of the process is larger than
the control interval. The issues of observability in the presence of time delay are much
more complex for MIMO systems. So for simplicity, in this chapter we assume that
the time delay of the process is less than or equal to the control interval.

A method similar to the method discussed in Chapter 4 can be applied to overcome
the causality constraint when we estimate the lifted model. Let P have the following

state-space model
B

\ A
P(z) = [ E E J :
After estimating the lifted model. we need to go one step further to compute the
fast model with sampling interval T from the lifted model: specifically, from (5.4). we
would like to compute matrices (4. B.C. D) in the following form:

A | B, - Bn_1
CO DO,O o DO.n—l
Cm—l Dm—l.O Dm-—l.n-l

Define f = Z:’;’OI k,: the lifted system has nJ inputs and f outputs. According to
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the lifted inputs and outputs, partition B, C and D as:

[ C,
C=1| : |.B=[By -+ Bui]
i Qf—l
[ Dy -+ Dynn
D = : : :
| Dyo 0 Dyynia
From Proposition 4, matrices B. C and D can be read off directly as:
By = EJ—I‘ B, =E2.1—xv"' - Bnoy =§n.’—l
Co = Cp Ci1=Cppor Cna1=Cys,,
Dyo = Qo.0~ Dy, = on . Dm—l.o =Q[—km_l,0v"' ' Dm—l,n—l =Qf-k,.,_,,(n—1)1-

Now the question that arises is how to compute matrix A from the lifted model.
Clearly with the results in Chapter 4 we know that if the condition

UTnl < =

(where n is the largest imaginary part of the poles of the continuous process P.),
is satisfied. we can compute matrix A directly from matrix A: or if A has distinct
eigenvalues. then we can also compute matrix A4 directly from matrix 4. In this
section we will discuss only how to compute matrix A through the controllability
approach: First we assume that the pair (A, B) is controllable. Given A and B in

(5.4), Proposition 4 implies that

Al = A B=[B,, - B_]

AB = [B-J-Q o Bajoa ], . ATT'B = [_B.o B_m-x)J ]
Multiplying 4 to 4'"7'B. 4% to A'"!B, and so on. we can get A*B for any k > 0.
Thus we form the following two matrices,

¢.=[B AB --- A*"'B]
and
= A4B AB --- A’B],
where p is the dimension of A. The matrix ®. is the controllability matrix for the

pair (4. B). Note that
d=Ad..

The controllability assumption implies that ¢, has full row rank; therefore A can be

uniquely computed by
A=0eT (0. 0])7".
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Figure 5.3: Step responses of the true model (G11) and the estimated model

5.3 Simulation and Experimental Examples

5.3.1 A Simulation Example

A 2-input and 2-output simulation sampled-data system is generated SIMULINK; the
interval of holds is 1 unit of time; one of the output is sampled every unit of time. but
the other is sampled every 5 units of time. The process model with sampling interval

unit of time is

01416z} -0.03:-! 0.11z"1 —-003:-!
AN 1-0.9868z -1 1-097:-! . 1-0.97:-1 1-0.95:z-1 .
y(k) = | Zoarer-: 0.0595: -1 u(k) + | o oo e(k).
1-09131:-17 1-0.9048z-1 1-0.9:-1 1-088:-1

A total of 10000 input-output data were collected with a random binary input se-
quence. The signal to noise ratio is 5. From this multirate data set we identified a
fast-sampled single-rate model with a sampling interval of 1 unit of time. by applving
the techniques developed in this chapter. The state-space model identified is of order
4, and the step responses of the true fast models and the estimated fast models are
compared in Figures 5.3 to 5.6. The comparison shows that the estimated fast models

are close to the true process models.

5.3.2 An Experimental Example

The MIMO process shown in Figure 5.7 is a computer-controlled experimental setup
at the University of Alberta and is concerned with temperature and water level reg-
ulation in a continuously stirred tank heater.

In this process, the twe manipulated variables are the positions of the cold water
(u;) and the steam (u;) valves; the two measured variables are the water level (y;)
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Figure 5.6: Step responses of the true model (G22) and the estimated model
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Figure 5.7: Ezperimental setup of a stirred tank heater

and water temperature (y») in the tank. For this study. the two valve positions are
updated every 4 second. the water level and water temperature are sampled every 20
second and 4 second, respectively. Around the operating point with y; = 12 mA and
yo = 10 mA, the inputs and outputs of the stirred tank heater are summarized below:

| Symbol Quantity Range |
uy cold water valve | 4 mA <wu; <20mA
Up steam valve 41 mA <u; <20 mA
Y1 water level 4mA <y, <20 mA
Yo water temperature | 4 mA < y, < 20 mA

We use mA to quantify both y; and y, since there are simple linear relationships to
translate these units to actual physical units. We collected the input-output data
over 4 hours with a random binary input sequence. From this multirate data set we
identified a fast-sampled single-rate model with a sampling interval of 4 second, by
applving the techniques developed in this chapter. The state-space model identified
is of order 4. Then we changed the sampling interval of the water level to 4 second,
and collected the input-output data over 1 and half hours with a random binary
input sequence. We used this fast-sanipled data set to validate the estimated fast
model. The model outputs and the actual process outputs (measured) are compared
in Figures 5.8 and 5.9. It is clear from this validation test that the fast-rate model
obtained from the multirate data captures the process dynamics very well.
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Figure 5.8: Water level plots for the model (star) and the actual process (solid)
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Figure 5.9: Water temperature plots for the model (dot) and the actual process (solid)
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5.4 Conclusion

This chapter discusses a special case of MIMO multirate svstems. where all the control
intervals are uniform, all the output sampling intervals may be different. but integer
multiples of the control interval. The analysis in this chapter shows that the lifted
systems can be identified and single-rate models in which all the sampling intervals
are the same as the control interval can be extracted from the lifted models.
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Chapter 6

Multirate System Identification in
the Polynomial Domain

6.1 Introduction

Identification of dynamic process models in the polynomial domain from measured
input-output data is a well developed area; literature on this topic is extensive. Most
of the research work in this area can be divided into two classes: prediction error
methods (PEM) and instrumental variable (IV) methods. Prediction error methods
have been widely accepted and practiced in industry. A major advantage of prediction
error methods is that the method and its results can be interpreted in the frequency
domain; and hence adds another dimension to the process insight.

Clearly the selection of a parameterized set of models is vital for the prediction
error method. The simple ARX (AR refers to the auto-regressive part and X to the
extra input) models have been widely studied for a long time {2, 60, 36]. The ARMAX
models were introduced into system identification by Astréom and Bohlin [3] and have
been since then treated as simple models. Box and Jenkins developed the Box and
Jenkins (BJ) models {6} which are more general than the ARMAX models. ARX
models, ARMAX models and Output error (OE) models {39, 21} can be considered
as the simplified forms of the most general family of BJ models [54]. The convergence
and consistency for prediction-error estimates have been analyzed by Hannan (32],
Ljung (52, 53] and Caines (8].

The frequency-domain expressions for the prediction-error criteria were first pre-
sented by Whittle in 1951 [85]; Whitte’s work only dealt with the input-free case.
Solo [70], Ljung and Glover [56] considered the case where there are extra inputs.
More details on this topic can be found in [55].

The instrumental-variable (IV) methods were first introduced into statistics and
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econometrics [65] and chen applied to parameter estimation of dyvnamic systems 89
86. 59]. Soderstrom and Stoica {69] analyzed the convergence and consistency aspects
of the IV methods in a very comprehensive manner.

The methods mentioned are all single-rate based. For multirate systems, Lu and
Fisher {57] considered a SISO multirate system where the output-sampling interval
is an integer multiple of the control interval, and developed a method to estimate
the relation between the future fast-sampled output and the measured inputs and
outputs in the polynomial domain. Not much work has been done to estimate lifted
models or fast-sampled models for multirate systems in the polynomial domain.

In Chapters 4 and 5 we proposed a two-step strategy in the state-space framework
to estimate the lifted model from input-output data and then extract a fast-sampled
model from the lifted model. We have shown that the lifted state-space model derived
from the fast-sampled state-space model will lose observability when the time delay
of the process is larger than the control interval. So in order to extract the fast-
sampled model from the estimated lifted model when the time delay is large, we need
to estimate the time delay first. But in practice, due to poor signal-to-noise ratio
and other difficulties, it is not easy to estimate the time delay accurately. In order
to overcome this disadvantage, we develop a two-step multirate identification method
in the polynomial domain: identify lifted models from input-output measurements
and then extract fast-sampled models. We will prove that the two-step multirate
identification method in the polynomial domain does not have the time-delay-related
observability problem. For simplicity we will only consider a special class of multirate
systems where the ratio between the output sampling period and the control period
is an integer.

This chapter is organized as follows. In Section 2 we present a multirate system
identification scheme in the transfer function framework. In Section 3 we analyze the
multirate identification algorithm in the frequency domain. Then we illustrate and
validate the results of this chapter in Section 4 on an industrial case study. Finally

concluding remarks are given in Section 5.

6.2 Multirate System Identification in the Trans-
fer Function Domain

Consider the multirate sampled-data system in Figure 6.1. Here, P, is a continuous-
time process with additive noise; the noise is generated by a continuous-time model N
with a white noise input e; the output of P, is corrupted by that of N, and is sampled
by a sampler S, with period nT, yielding the sampled output y(k); the input to P,
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Figure 6.1: Block diagram of a special SISO multirate sampled-data system

is generated by a zero-order hold with period T processing the input sequence u(k).
Here we assume that n(> 1) is an integer which is a special but practical case of
multirate systems. From now on, we will focus on this special case.

In chapter 4 we showed that if the single-rate model of the process P. sampled

with interval T is
D+C(zI - A)'B2 [%’3] :

then the model of the lifted system P can be expressed as

A"| A~1B A"?B ... B
cC| D 0 - 0]

D+C(:-A4)'B= [ (6.1)
Discretize the continuous-time noise model N in Figure 6.1 with sampling period nT
to get N.r. Thus we get the overall lifted model as follows:

y(k) = P(z"") u(k) + Nur(=")e(k). (6.2)

Both P and N,r are LTI, so the identification algorithms in the polynomial domain
can be applied to estimate the lifted model.

There is also a causality constraint when estimating the lifted transfer function
model: Assume that the lifted model can be represented by a transfer function matrix:

[ Po(2) Pi(z) - Paaalz)].

Equation (6.1) means that transfer functions Py(z), ..., Pa_1(z) should have at least
first-order time delay. This causality constraint can easily be overcome by setting the
time-delays of Pi(z), ..., P,—1(2) to numbers larger than or equal to 1.

If the model of a lifted multirate system in Figure 6.1 can be estimated, then the
natural question to ask is: can one determine the model of the fast-rate system from
the estimated lifted model? The answer to this question is in the affirmative; this
problem has been solved in the state-space domain [49]; and in this section we will
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present a method for extracting a fast model in the transfer function domain: We
start with a model for P in equation (6.1). Knowing the transfer function P(z). we
would like to compute the model for Pr = St P.Hr: specifically, from equation (6.1).
we would like to compute the transfer function Pr(z). P has n inputs, so P has n
sub-systems:

P=[P0 P1 P,,_]].

Equation (6.1) means that

Po(z) = D+C(zI -A")'A"!B
Pi(z) C(zI - A" 4" 2B

Paoi(z) = C(zI-A4")7'B. (6.3)

After estimating the transfer function of the lifted svstem. we can formulate a new

transfer function, ¢(z). as follows

w(z) = Po(2") +zPi(2") + - + 2" Py (27)
= CE'T-A")A" P + 24"+ 4+ 2B+ D. (6.4)
Since
=AM = (AT AT e S 2T - A).

equation (6.4) can be reduced to
e(z)=C(zI — A)"'B+ D.

Clearly, (=) is exactly the single-rate model of the process sampled at the fast rate.

In Chapter 4 we concluded that when the time delay of the process is larger than
the control interval. then the lifted model in equation (6.1) is not observable. and
hence models of Py(z). .... P,_i(z) will not have the structure in equation (6.3). As
shown in Chapter 4. one of the solutions is to estimate the time-delay and then shift
the input-output sequences according to tie estimated time-delay, the lified model in
(6.1) of the new system is then observable. But in the polynomial domain this input-
output shifting is unnecessary, and we can still calculate the fast-sampled model of
the process from the models of the subsystems Py, P, ..., P.—;. This can be proved
through the following arguments: Assume that transfer function Pr(z) represents the
discrete model of process P with sampling interval T; we know that Pr(z) can be
expressed as:

Pr(z) =p(0) + z7'p(1) + 27 2p(2) + ...,
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where 2 is the forward shift operator. Using the polyphase decomposition [74], we

define
Py(z") 2 p(0) + z7"p(n) + =~ p(2n) + ...
Pi(z") & p(l)+ 2 "p(n+ 1) +z72"p(2n+ 1) + ...
Poy(z") & pn—1)4z""p2n-1)+2""p(Bn— 1) + ...

Clearly, 131(2), Pg(z), ..., and 13,._1(2) are the models of systems P, Py, ..., P,_;, and

Po(z") + z'lI:’l(:") + .+ zl'"Pn_l(z”)
Pr(z) (6.5)

w(z)

i

Since the derivation of equation (6.5) is independent of the time-delay, so ¢(z2) is the
fast sampled model even when the time-delay of the process is larger than T.

6.3 Analysis in the Frequency Domain

Frequency domain analysis is of great importance, since it provides additional insight
into the process dynamics. We will briefly analyze the proposed multirate identifica-
tion in the frequency domain in this section.

Assume that a process model,

y(k) = Pu(k) + Nure(k), (6.6)

is estimated from the multirate input-output data, where P represents the estimated
lifted deterministic model. and N represents the estimated disturbance model. Equa-
tion (6.6) can be used to predict the output. Let §(k|f) represent the predicted

output. we have

#(kIO) = Pu(k) + (Nur — Ve
= Puk) + (Nur — 1)——(y - Pu(k))
NnT
1 .
= VTR (y — Pu(k)), (6.7)
so the prediction error is
é(k) = y(k) — g(ki9) = Nl [w(k) — Pu(k)]. (6.8)
nT
79

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Substituting (6.2) and (6.7) into {6.8) gives

é(k) = ——[Pu(k) + Nure(k) — Pu(k)]
NaT
= (B - P)ulk) + Nure(k)]
-VnT
1 l\’n'r
= — (k k).
NHT(E Pyulk) + o e(k)

Prediction error methods try to minimize the sum of the square of the prediction

error,
M

('(k))z- (6.9)

-

6 = arg, min — \I

Define

N
3
|

L - \I—-oc iV Z (e =)

Gy = z Ry(7)e™ 7.
r=-—oc
For simplicity we assume that u(k) is independent of e(k). As the number of data
points M — oc, we can apply Parseval's theorem to equation (6.9) and have

6 = axgy min | —.#—)——2{[B(e“)—z(e’*’)wg[ﬂ(e’%—£T<eJ“)1+anr(ef~')|" b},
o .\,'nT(e]..'

where ¢, is defined similarly. Since u is an n x 1 vector, o, is an n x n matrix.

Singular value decomposition (SVD) of ¢, yields
6, = USVT,
where S is a diagonal matrix of the same dimension as ¢,, and with nonnegative di-

agonal elements in decreasing order; U and V" are unitary matrices. ¢, is a symmetric

matrix which implies that U and V are identical. hence

¢, = USUT.
1f
Pe*)-B@*)=[0 - 0 1]U",
then
0
[B(*) - B )[BT - BT (@) = [0 - 0 1]S| ]
1
— o’n
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Figure 6.2: A special SISO multirate sampled-data system with the “vectorized” ezci-

tation
/ {[P(e7) ~ B(e™)ou[PT(e") = BT ()] + [Nur(e™) ] e}y [ 1on+ [ Nax( =)’ Se}
|
I:‘\’,,T(eJ*)! r(ef*){
where o, is the smallest singular value of ¢,. We know that
u(nk)
u(k) = : ;
u(nk +n—1)
if
u(nk) =--- =u(nk+n-1)
for most of the time (k = 1, --- , M), then there is not enough excitation, and o, — 0.

When there is not enough excitation, those methods in the polynomial domain may
give wrong results. In order to avoid this, we have developed a “vectorized” excitation
method: The objective is to design a vector input sequence u(k) whose components
are independent to each other. and inverse lift u(k) by L;! before it is inserted into
the multirate process. The block diagram of this method is shown in Figure 6.2. The
quantity o, for the “vectorized™ excitation is a diagonal matrix, and with a good
signal to noise ratio, good identification results are guaranteed.

6.4 Industrial Case Study

In this section we will use an industrial case study to validate the results presented
in this chapter.

The octane content is an important quality criterion in the gasoline production
units. The continuous catalytic reforming (CCR) unit is responsible for upgrading
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the research octane number (RON) of a naphtha feed stream. The increase in RON
is accomplished by conversion of a naphthene and paraffin material to aromatic.
Therefore, it is an indication of the severity of the CCR reaction. The CCR reactor
consists of 4 beds with continuous catalyst circulation and regeneration. Because
the reforming reactions are largely endothermic, heat must be added to the reactor
feed prior to entering each bed. The heat is provided by a {4 cell balanced draft fired
heater with a common convection section. The reactor bed volumes are different and
increase with each successive bed. Currently, a weighted average inlet temperature
(WAIT) QDMC application is used to control the reactor severity.

There are also many other variables, affecting the RON. inside the unit such as
loop pressure. reactor temperatures and outside the unit such as the feed composition
changes. For instance, as the amount of feed precursors is decreased, the RON will
also decrease for a given severity. If this change is measured. increasing the reactor
weighted average inlet temperature (WAIT) can offset the decrease in RON. By im-
plementing RON control. the effect of process disturbances can be minimized. The
WAIT can also be manipulated to compensate for other critical operating variables
such as decreased catalyst activity.

Usually the octane is sampled and tested in the plant laboratory on a daily basis.
Good octane control needs online and frequent measurements of the octane content
which requires expensive analytical equipment. There are limited technologies in the
market but all require large capital investment and extensive maintenance efforts. As
a tradeoff of performance and investment, an octane GC analyzer was installed in
the process environment to measure the composition of the CCR product stream and
the octane is validated and calculated for online measurement. It provides the octane
reading every 2.5 hours. Though it seems slow for a typical control application, it is
certainly a big step forward towards plant optimization. Currently. the WAIT target
is set by operators based on the siow sampled octane measurement and the desired
octane requirement, i.e. the plant runs under ‘open loop'.

The main objective of this control application is to close the loop for octane
control. Due to the slow sampling rate of the analyzer, an inferential octane model
has to be developed to allow the control application to make moves at a faster rate.
Reactor WAIT is the manipulated variable and is desired to be adjusted every 30
minutes. All other disturbance variable measurements are also available to estimate
the octane at inter-sampling intervals. Therefore, the first step is to identify the
dynamic models from all input variables to the output octane variable; clearly this is
a multirate model identification problem.

For the purpose of convenience, we use y to represent the output, u to represent
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Figure 6.3: Output and manipulated variable measurements

the manipulated variable, and d, (z = 1.---7) to represent the disturbances. A to-
tal of 205 output data are collected at a rate of 150 minutes. The corresponding
input/disturbances are collected at a fast rate of 30 minutes. The detrended out-
put/manipulated variables are shown in Figure 6.3. Three disturbances are shown in
Figure 6.4 (the reason why only three disturbances are shown will be stated later).
There are 1 output and 8 inputs (manipulated variable and disturbances), and the
ratio between the output sampling interval and control interval is 5; so if we lift the
inputs in order to get a single-rate lifted system, there will be 40 inputs in the lifted
system. Our objective is to estimate the model of the lifted system and then extract a
fast sampled model from the lifted model; clearly it is difficult to estimate the model
of the system with 40 inputs from only 200 data points. So before we estimate the
model. we ask a question: Do all the inputs affect the output significantlv? If some
of the inputs do not affect the output much, then we can ignore these inputs and
estimate a model between the output and the important inputs. In order to answer
the question, we forinulate two data sets, the output set Y and the lifted icput set

U, in the following way:

Y = y(5k)
U = [u(5k) u(bk+1) --- u(5k+4) --- d7(5k) --- d7(5k+4) ];

knowing canonical correlation analysis (CCA) can quantify the relations between two
sets of variables [35], we compute the CCA relations between Y and U. The CCA
relations show that only the manipulated variable and 3 other disturbances affect the
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Figure 6.4: Three disturbances

output significantly (that is why only three disturbances were shown in Figure 6.4).
Hence we estimate the model between the output and 4 inputs (the manipulated
variable and 3 disturbances which affect the output significantly) giving us 20 inputs
to the lifted system.

We assume that the system can be represented by an ARX model [55], and then
formulate a quadratic optimization problem which satisfies the causality constraint.
We solve the optimization problem and get the lifted model, and then extract a fast
sampled model from this lifted model. Because the data set is too small, agéin we
use the same data set to validate the estimated fast model. Ideally another data
set should be used to validate the model if there are enough data. The comparison
between the output measurement and the prediction of the model is shown in Figure
6.5.

The modeling result is reasonable with variance of the prediction error being
0.04. The models can be further improved by collecting more data with more input
excitations. As mentioned above, a data set. of 205 data points is relatively small for
estimating a model with 20 inputs. Figures 6.3 and 6.4 also show that the changes in
both the manipulated variable and disturbance variables are not rich enough. There
are other unmeasured disturbance/noise in the data set as well. So, all these factors
would affect the quality of the model obtained.

The inferential models were implemented into a QDMC control application with
a control interval of 30 minutes. The controller is multi-rate which makes optimal
moves at a fast rate of 30 minutes while the output variable is measured every 2.5
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hours. When the slow sampled output measurement is available, it is used for bias or
feedback correction. If not. the model gives an output estimate for control. After one
week of online operation. the control variance is shown in Figure 6.6 and compared
with manual (open-loop) control in the past. It can be seen that the controller has
reduced the output variance by 40%. Therefore. significant economic benefits have

been achieved.

6.5 Conclusion

In this chapter we have shown by a theoretical analysis and industrial application.
that a fast single-rate transfer function model in which the sampling interval is the
same as the control interval of the multirate system can be estimated from multirate
data collected from a special but practical class of multirate svstems where the output
sampling period is an integer multiple of the control period. The multirate esitmator
was used under QDMC control of the research octane number in an industrial appli-
cation with significant control improvement. Compared with multirate identification
in the state-space domain, multirate identification in the polynomial domain has two
advantages: there is no time-delay-related observability problem, and it is easier tc
compute the fast-sampled model from the lifted model in the polynomial domain.
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Chapter 7

System Identification of
Closed-loop Multirate Systems

7.1 Introduction

In multirate systems. some of the output sampling intervals may be so large that some
loops can not be closed. The CCR reactor we studied in Chapter 6 is an example of
such a system. In the industrial case studyv in Chapter 6. the CCR unit is only an
open-loop system. But other situations do exist where some of the loops are closed
for economic or safety reasons. Most of the traditional subspace-based schemes can
not be applied to such systems which have both open-loop and closed-loop processes.
The MOESP in the EIV case developed by Chou and Verhaegen can be applied to
both open and closed-loop systems assuming that there is a first-order delay in the
feedback loop 13]. Multirate syvstems with both open loops and closed loops are not
uncommon in the chemical industry. Clearly the multirate inferential control scheme
can close the loops for such multirate systems. and hence improve the performance
of such systems 57. 63, 47]. It is well known that the key to the multirate inferential
control strategy is the fast-sampled process model. so it is of great importance to
develop subspace-based schemes for identifying fast-sampled models of such multirate
svstems.

Identification with output feedback has received much attention in the transfer
function domain. The closed-loop identification methods in the transfer function do-
main fall into two main groups: the direct approach and the indirect approach. The
direct approach applies the basic prediction error method in a straightforward man-
ner: use the output of the process and the input to the plant in the same way as
for open loop identification. Assuming that the regulator is known, the indirect ap-
proach identifies the closed-loop system from reference inputs or dither signals added
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to the control signal to the process outputs. and retrieves the process model from
the closed-loop model. The direct identification methods work well regardless of the
complexity of the regulator. and do not require special algorithms: but the approach
needs good noise models which are sometimes very difficult to parameterize. hence not
all the open-loop methods can be applied to the direct approach. All the open-ioop
identification methods can be applied to the indirect approach, because the indirect
approach basically handles an open-loop problem: the major disadvantage with the
indirect approach is that it requires the information of the regulator. Gustavsson
and co-workers {31] have surveyed some problems in closed-loop identification (iden-
tifiability and accuracy etc.) in the polynomial domain. Forssell and Ljung [22
have studied the statistical properties of the closed-loop identification in the predic-
tion error framework. Extensive work in the area of closed-loop identification in the
polynomial domain has been summarized in Ljung's book [55}.

In the tutorial introduction of the N4SID and MOESP in Chapter 2. it is evident
that one of the basic assumptions of the two algorithms is that the inputs are inde-
pendent of the disturbances. The subspace methods typically will not give consistent
estimates when applied to closed-loop data [55]. This is one of the major disadvan-
tages of the subspace methods. Researchers have tried to apply subspace methods to
closed-loop identification in different ways; for example. Verhaegen [78i has applied
the MOESP algorithm to closed-loop identification: in his work. he used the indirect
approach. Subspace-based closed-loop identification is still a relatively new and active
area.

Most of the subspace methods have been developed for the processes which can
be represented by ARMAX models (auto-regressive moving-average and exogenous).
But ARMAX models do not adequately represent general class of processes [53].
Subspace-based methods which can be applied to the representation of a general
class of processes. therefore they are more practical than the ARMAX model.

In this chapter we will present a subspace-based identification method which con-
sider the most general class of processes. and give consistent estimates of the deter-
ministic parts of processes under both open-loop and closed-loop conditions. When
applied to a multirate system where some loops are closed. this method can estimate
the lifted model for the multirate system: given some conditions. this method can
even compute the fast sampled model directly from multirate data.

This chapter is organized as follows. Section 2 gives state-space models for an
ARMAX process and a general process, and discusses the difference of the two models.
Methods to estimate the state-space model of the deterministic parts of the general
class of single-rate systems under open-loop and closed-loop conditions are outlined
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Figure 7.1: Block diagram of a general combined deterministic-stochastic sampled- data
system

in sections 3 and 4. respectively. In section 3. the single-rate method in sections 3 and
4 will be extended to identify multirate systems. where some loops are closed. The
effect of the noise/disturbance on the estimation results is discussed in section 6. The
consistency aspects of the proposed algorithm are discussed in section 7 followed by
both simulation and experimental examples to illustrate application of the proposed
algorithm in section 8. Concluding remarks are given in section 9.

7.2 Preliminaries

In this section we describe the linear time-invariant (LTI) svstem that is the subject
of this study. The block diagram of the open-loop svstem we will consider in this
chapter is shown in Figure 7.1.

The process in Figure 7.1 is a combined deterministic-stochastic LTI sampled-
data svstem. Here, P. is a continuous-time process with an additive noise; the noise
is generated by a continuous-time model .\, with a white noise input e; the output
of P, is corrupted by that of A, and is sampled by a sampler St with a period T.
vielding the sampled output y(k): the input to P,, u. is generated by a zero-order
hold with a period T processing the input sequence u(k). Define

Ya = PCU, Ys = 1\’}6.

SO
Y=yq+¥ys = Pu+ Nee.

Let P represent the discrete deterministic system, SrP.Hr, and N the discrete
stochastic system, St N.Hr. Then

y(k) = Pu(k) + Ne(k).

&9
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Most of the subspace-based identification algorithms. such as CVA [45]. N4SID VanOver-
schee:7 and MOESP [79]. assume that the sampled combined svstem can be repre-

sented by such a model as follows,

r(k+1) Ax(k) + Bu(k) + Ke(k)
y(k) = Czx(k)+ Dulk) + e(k).

where K is the so called Kalman gain matrix. This model is equivalent to a transfer

function model:
y(k) = [C(z] — A)7'B + Dlu(k) + [C(z] — A)" 'K + I|e(k). (7.1)

Clearly equation (7.1) can be written as

E(z) G(z)

y(k) = F50) + 5y

which is exactly an ARMAX model [55]. The ARMAX model assumes that the deter-

ministic and stochastic systems have the same poles. But in practice, this assumption

may not always hold. If the deterministic and stochastic systems have different poles,
then the combined sampled-data system can only be represented by

E(z) G(z)

F(z) R(z)

Equation (7.2) is a Box-Jenkins model (BJ) [6] which is more general than an ARMAX

model. In this chapter we focus on processes represented by BJ models, so we assume

e(k),

e(k). (7.2)

y(k) = u(k) +

that the system in Figure 7.1 is a BJ process. We will develop the discrete state-space
model for the BJ process in Figure 7.1 via the following steps: Assuming that the
state-space model of P is
Id(lf -+ 1) = .44.‘1.‘4(15) + Bdu(k)
yd(k) = Cdl'd(k) + Ddu(k),

and the state-space model of the discretized stochastic process N is

o (k+1) = A.zy(k)+ Be(k)
ys(k) = C,z,(k)+ Dje(k).

where e(k) is the discretized white noise sequence. The combined sampled-data sys-
tem can then be expressed by the following discrete state-space model,

z(k+1) = Az(k)+ Biu(k) + Bae(k)
y(k) = Cz(k) + Dgu(k) + D,e(k), (7.3)
90 |
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with

_ Iq _ . 4 _44 0
Ir = [1.3J~y—yd"ys--4—[0 _43}‘

Eae[i)emre

B 0 B,

where r; € R™. y € R™. u € R, e € R*, R" denoting the space of n x 1 vectors. etc.

7.3 Identification of Open-loop Single-rate Systems

The objective of this section is to develop a method for estimating the state-space
model of the deterministic system, StP.Hr, in Figure 7.1, from the input-output
measurements under open-loop condition. Assume that the pair (Cy, A4) is observ-
able. the combined system is stable, the input u(k) and the output y(k) are measured.

Define

y(k)

y(k+1)
J=y
Ya(k) = :

yk+a-1)
where a is a positive integer larger than n which is the dimension of the deterministic
process. Similarly we can define u,(k) and e,(k). After some straightforward alge-
braic manipulations and recursive substitutions. we can get the following equation

from equation (7.3).

Ya(k) = Dezy(k) + Tix,(k) + Hdu, (k) + Hiea(k). (7.4)
where
Cq
Cad
I“; - d: d
Cd(.‘ld)n-l
and
Dd 0 v 0
e CyBy Dy e 0
Ci(Aa)*" 2By Cy(Aq)*™*By --- Dy

I'2, can be obtained by replacing A4 and C; in I'¢ by A, and C,, respectively. Similarly
H; can be obtained by replacing Aq4, By, Cq and Dy in HS by A,, B,, Cy and D;,
respectively. I'¢ is the so called extended observability matrix of the deterministic
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systeni. and HY is the impulse response matrix. Define the output and state Hankel

matrices as follows.

~1

~oc
(=2 (]

)
)

where J is the observation number. Similarly we can define U, ;(k). E, (k) and

I

Yo.u(k) [ Yalk) Yalk+1) -+ yalk+J-1)] (
X{jk) & [zg(k) zalk+1) - zg(k+J-1)], (7.

X7 (k). Hence we can write an equation similar to equation (7.4):
Yo (k+3) = ng\'ﬁj(k +3)+ o X] j(k+3)+ HiUg j(k+8)+ H E, y(k+3). (7.7)

where 3 is a positive integer larger than or equal to a. If we can find an instrumental
variable which is independent of the noise e(k). but correlated with the state x(k)
and input u(k). then we can remove the effect of the noise [68. 12]. Usually we can
assume that the excitation input u(k) is independent of the noise e(k), so u(k) can be
a natural choice as the instrumental variable. Post-multiplving both sides of equation
(7.7) by SUT (k) gives:

.. b 1 - r LI W]

FYou(k + Nask) = 7{Fg)“li,J(k +B)Ug j(k) + TE X7 5k + B)UT 5(k)

+HEU, sk + BT (k) + HLEq s(k+ B)UT ;(k)}(7.8)

[t follows from the definitions of E, j(k + 3) and U, ;(k) that

1 e (5) o Ye(B-a+1)
Jh_l}gc 7EO.J(k + U7 (k) = : :
Yeu(3—a +1) - “Yeu(3)
where
1 J
%J3F=@ij§:dk+3MWW

c=1

The state-space model of the stochastic part of the process is
ry(k+1) = A,z (k) + Bse(k)
.\

= C,z,(k) + De(k).

—_—

Ysih
The equivalent transfer function model is
(k) = (21 — A,) "' Be(k), (7.9)

where z is the forward shift operator. Equation (7.9) and the definitions of X7 ,(k+3)
and U, (k) give

Jim jll-Xf,J(kwLﬂ)UoT,J(k) =(zl = A)'B [ 1eu(B) -+ teulB-a+1)].
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Since ¢ is independent of u, we have
eulk) =0 k=0.1.2. ...
If the stochastic system is stable. then I'$ and H; are finite. Hence

Jlim }’F;X;_J(k + 3T (k) =0,

o< J

and 1
lim =H2E: j(k+8)UT (k) =0.

J—oc

Clearly when J — oc. equation (7.8) can be reduced to:

1
Jim 3):,.1(&- + B)Ua k) = SITEXT (k +.3) + HJUas(k + B)|Uq 5(K).  (7.10)
If J is not infinitely large. then:
1

. 1 - -
FYas(k + B)UZ (k) = SLa X1k + 8) + HgUa,s(k + BIUT 5 (k) + E(J),

where

2(J) = SH Eas(k = 8) + T3 X3 1k + B)UT (k).
In sections 3. 4 and 3. we assume that J is infinitely large. The case when J is finite
will be discussed in section 6. In the remaining part of this section. we will introduce a
method to estimate the state-space model. (A4. By. C4, Dy), based on equation (7.10).

7.3.1 Estimation of A; and C;

In practice. input and output can be measured. so Y, j(k + Q)UZ:J(k) and U, j(k +
3)UT (k) in equation (7.10) are available. But (7.10) is not a linear equation of the
svstem matrices. (Aq4. By, Cy4. Dg). One possible way to compute (Ag. By, Cy. Dy) is to
calculate 'Y first. This can be done by getting rid of the last part, H3U, ;(k +
BYUT ,(k), in equation (7.10). Clearly a matrix which is correlated to Y, j(k +
3)UT (k) but orthogonal to U, s(k + B)UT ;(k) can do the job. In order to gen-
erate such a matrix, we first formulate a matrix

1 [ Ua(k + B)UT ;(K) }
J | Yau(k+B)UT (k) |°

and then perform the following QR factorization [46]

l[UaJ(kw)UL(k)]_{Rﬂ 0 H(Q{)T]
T| Yas(k+UI, k) | T | Ry R QDT |-

93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Being correlated with Y, j(A = .J}L'I'J(k) and independent of U, s(k + 3)U7 (k). Q3
is the matrix we need. Post-multiplying both sides of equation (7.10) by Q7 gives

b
J

Because (Q7)7Q7 = 0 and (QJ)TQJ = I. equation (7.11) becomes

(R (Q))T + Ry(Q:)T1Q7 = =TaX{,(k + 3)UT,(k)QF + HR{(Q))TQY. (7.11)

lim Rl = %rg.x'ﬁj(k + UL ,(k)QF. (7.12)

Define 1
SXE5k+ BUT (k)4

The singular value decomposition (SVD) [46] of R, vields

J rI\T
m=or w5 o[ 6]

P, =

where S; contains the n largest singular values. U] contains the first n columns of the
left singular vector matrix. and (V{/)7 contains the first n rows of the right singular
vector matrix. From equation (7.12) we know that if J goes to infinity, then the rank
of matrix RJ, is no larger than the rank of matrix I'?, and this means that the rank
of the matrix R3, < n. From the assumption we know that a > n. so

Jlim S =0
lim RS, = U/S{ ()" (7.13)

From equations (7.12) and (7.13) it follows that
Jim rie, =U/sy )T, (7.14)

where I-g = Eomxn q’_] € Rnxom. L'l.lsil € Romxn' and (VIJ)T € Rnrxaem (Ramxn
denotes the space of am x n matrices). Then multiplying both sides of equation
(7.14) by VI" gives

Jim Uls] =rég, v/ . (7.15)
The state-space model of the deterministic process can also be expressed as (A 44A7".
ABy, C4A1, Dy), and the extended observability matrix as T¢A~!. with A being a
full rank square matrix. So if ®;V is a full rank matrix (we will prove this in section
5), then U Sj is the extended observability matrix. In practice J can not be infinitely
large, and the corresponding Sj is typically non-zero and contains noise information.
But the components in S; will be significantly larger than those in S; when the signal

94

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



to noise ratio is large (this will be discussed in section 6). Matrices A4 and C; can
be computed from U{S{: one of the simplest methods for estimating (A4.Cy) is to
take the first m rows of U} S{ as matrix C,. then compute the matrix Ay through the
following steps. First formulate two matrices.

Cd Cd Ad
CaAy CyA?

I = : 2= :
CiAn-! C,AD

from the estimated extended observability matrix U/ S/. Clearly
FQ = F1.44.

so A4 can be computed as
Aq = (ITT)7'I7T,.

If the pair (Cy. Ay4) are observable. then matrix A4 can be computed uniquely; and
this is a least square solution.
7.3.2 Estimation of B; and Dy

Define
(T)* & 1~ T3(re)T Ty (rd)”.

After pre-multiplying both sides of equation (7.10) by (I'¢)+, we have

Jim (T2 Yok + B)UT () = S(04)- HiUas(k + BUZ, (k).
and
Jim (MY st~ UKol + UL = (T HE. (7.16)
Define

Hy 2 lim 508 (k + U0 Gtk + UL, ()]

Here LU, s(k + 3)UT (k) is assumed to be invertable, and this should be guaranteed
when the excitation being designed. Matrices I'¢| Y, ;(k+0), U, (k) and U, j(k+ )
are known, so the left hand side of equation (7.16), H,, can be computed. Observing

the structure of H given earlier, we have

Dy I 0
CdBd _ 0 Cd Dd
: B : Bs |°
Ca(Aq)*"2By 0 Cy(Ag)*?
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Detine two matrices as f{ollows:

1 0
0 Cy
1.1“1,)‘ _ .
0 Caldg)?
Hr= 10 ]
(ri)‘ N N
| 0 Ca(Ag)°~3 ]

and

first block column of H;
the last (a — 1)m rows of the second block column of H,
L b—=

the last m rows of the last block column of H,

Consequently. it follows from equation (7.16) that

Dd]

HL:HR[BdJ.

which results in

Bd
A similar method to compute matrices ( A4. By. Cy. D) was first developed by Ver-
haegen in the MOESP approach (30. 81 .

[ De J = (HRHg)'HEH,.

7.4 Identification of Closed-loop Single-rate Sys-
tems

Consider the closed-loop sampled-data svstem in Figure 7.2. Here r(k) is the setpoint.
f(k) is the excitation sequence, G is the controller and u(k) is the output of the
controller; u(t), the input into the process P,. is generated by a zero-order hold with
period T processing the discrete sequence u(k): the output of P, is corrupted by that
of N.. and is sampled by Sr. vielding the sampled output y(k). Our method requires
the assumption that f(k) is independent of the disturbance. For simplicity we assume
that r(k) is 0. The state-space models of sampled-data systems. P and N, have been
given in section 3. The discrete system relating u(k) to y(k) can be expressed by a

state-space model,

z(k + 1)
y(k)

Az(k) + Biu(k) + Bae(k)
Cz(k) + Dyu(k) + D,e(k),
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Figure 7.2: The block diagram of a SR closed-loop sampled-data system

where e(k) is the discretized white noise sequence. Assume that (Cy, Ag4) is an observ-
able pair. and that both the open-loop and the closed-loop systems are stable. The
objective is to estimate the state-space model (Aq4. By. Cq. Dg) of the system from the
measured u(k). f(k) and y(k). It is routine to get an equation similar to equation
(7.7)

Yos(k+3) =TeX{ j(k+3)+ T3 X} ;(k+8)+ HiU, y(k+8) + H E, s (k+B). (7.17)

Clearly if we can find an instrumental variable which is independent of the noise
sequence e(k). but correlated with the state (&) and input u(k). then we can remove

the effect of the noise. Substituting
u(k)y = (I + GP)'GPf(k) - (I + GP)"'GNe(k) (7.18)
into (7.17) gives
Yaslk = 3)FT,(k) = TXE,(k+ 8) + HYI + GP)"'\GPF, ;(k + 3) + K7.19)
where
E=TX} (k+ 3) + HJE, (k= 3) ~ HY(I + GP)"'GNE, ;(k + B).

Being correlated with e(k). u(k) can not be nsed as an instrumental variable. Equa-
tion (7.19) indicates that f(k) can be the instrumental variable if it is independent of
e(k). At the beginning of this section we assumed that f(k) is independent of e(k).
Hence we can choose f(k) as the instrumental variable. F, ;(k) can be obtained by
replacing y(k) in Y, j(k) with f(k). Post-multiplying both sides of equation (7.19)
by J-FTJ(k) gives

Jim S[CXE(k+ 8) + HI(I + GP)'GPFas(k + )
+E|FT (k). O (7.20)

Jlim 7 Yok + B)FT (k)
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It follows from the definitions of E, ; ~ — 7) and F, s(&) that

{ .;'Lf(jl ‘!c_f(‘j_‘-l""l
ky = : : :

15117 E,a(k+ 3)F) ,(k

[‘-c_r(3—0-*1) TeflF)
where
Tef(3) = hm —Ze(l. =~ Nf
Substituting equation (7.9) into X7 ;(k + 3)FT (k) vields
J N
Jlim 7- Pk + 3YFT (k) = (=] - A.)7'B, [ “ef(B3) o Aep(3—a-11

Since ¢ is independent of f.
(k) =0. k=0.1.2.....
If the open—loop and closed-loop systems are stable. then '} and H are finite. Hence
hm J X2 (k+ 3)FT (k) = 0. h_.nc_"chH EL (k+3UT (k) =10

and

1LII°10 JH"(I GP)"'GNE, j(k+ 3)FI,(k) = 0.

We can conclude that when J goes to infinity, equation (7.20) reduces to
1.. .
Jim jyo,J(Hﬁ)Fg,( k) = Jim J[rd X (k+3)+ HYI+GP) Y Fy (k+ 2)FL (k).
(7.21)
In order to get rid of the second part on the right hand side of (7.21). we need a matrix

which is correlated with Y, ;(k+3)FT (k) but orthogonal to F, ;(k+3)F! ;:k). Once
again we perform the following QR factorization:

1 Fytk+F;) ) _[ R, O Qi)
J | Yaulk+ 3)FL,(k) J T Rhe Rhe [ (@7 ]

Because (Q{ )TQ3 . = 0 and (Q7,.)7QJ, = I. post-multiplying both sides of equation
(7.21) by QF, gives

lim R, = STEXE(k + AT, (K01 (7.22)

J—oc

Singular value decomposition of R3, . vields
Ry = U/SI(V)T

Si. o J[wLT
[ U7 Uz’.c][ 0 Sg,CH(Vz{) }
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Figure 7.3: The block diagram of a closed-loop sampled-data system

where S contains the n largest singular values. U’ lJ,c contains the first n columns of

the left singular vector matrix U/, and (1}))7 contains the first n rows of the right

singular vector matrix (1;.1)’1" From equation (7.22) we know that if data length J

goes to infinity. the rank of matrix R3,, < n. From the assumption that a > n, it

follows that

Jlim U7.S{ =T3AZ, (7.23)

where
Af = Jim SXE Gk~ HFL,(R)QLVY. (7.24
U/ ,.S]_ is the extended observability matrix if and only if A? is a full rank matrix. In

section 5 we will prove that A is a full rank matrix provided that certain conditions
are satisfied. We can first calcuiate matrices A4 and Cy from U] S{ . then it is
straightforward to calculate matrices By and D,.

In some cases it is more convenient to add excitation sequence on the setpoint

(see Figure 7.3). In such case the control signal u(k) can be expressed as
u(k) = (I + GP)"'Gf(k) — (I - GP)"'GNe(k).

Since f(k) can be assumed to be independent of e(k). and f(k) is obviously correlated
with the state r(k) and input u(k), we can also choose f(k) to be the instrumental
variable. The way to estimate the state-space model (A4, By, C4, Dy) is the same as

that discussed in the earlier part of this section.

7.5 Identification of Closed-loop Multirate Systems

In this section we will discuss identification of a special case of multirate systems
where all the control intervals are uniform, all the output sampling intervals are
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Figure 7.4: The block diagram of a closed-loop MR sampled-data system

distinct. but they are all integer multiples of the control interval. In such multirate
system some loops are closed. The objective of this section is to develop a method for
estimating the fast sampled model where the output is sampled as fast as the input
from the measured input-output data. For simplicity, we will use a simple 2-input
and 2-output multirate system to illustrate our method. Consider the sampled-data
syvstem in Figure 7.4: the continuous process. P.. is an LTI svstem with two inputs
and two outputs: all the holds in the syvstem have uniforin interval. T: one of the
output is sampled every period n7. but the other output is sampled every period 7.
The output with sampling interval nT is manually controlled by u;: at the same time.
the output with sampling interval T is controlled bv a controller G.

If we can estimate the discrete model of P, sampled every interval T, then we
can design an inferential controller to control the two outputs. In order to identify
the fast model. we have to make a few assumptions: (1) u; is independent of ¢; and
ea: (2) an excitation sequence. f. is added on the setpoint of the controller. G. and
f is independent of both e; and e,. The multirate system shown in Figure 7.4 is
a periodically time-varying system. so it can be transformed into a time-invariant
system through the lifting operator. In order to arrive at a single-rate system, we
have to lift u,, us and y; by L,. Define,

y1(k) uy(kn) e, (kn)
ya(kn) up(kn) ea(kn)
y(k) = ya(kn +1) . u(k) = : . e(k) = :
: ukn +n-1) elkn+n—1)
yo(kn+n—-1) us(kn +n—1) ex(kn+n-1) |
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Let P represent the lifted deterministic svstem. and .V represent the lifted stochastic

svstem. Hence

From the appropriate partitions. we have

C
Cd=[C;J.Dd=[DI D, ].

where C relates to y;, Ca to yo. D) relates u;. and D> to u;. The state-space model

{—A—d-&] of P can be derived by using proposition 1 in Chapter 3:

Ca1 Dy

An A'By A3 2By .. By
A, | B Cq Dy, 0 0
a1 d |- CoA CyB, D» 0
Eonroy R T R
CoAZ™' | CATBy  CAT*Bs .. Dy

A, | B, ] . _ i . .

The state-space model 1D of N can be similarly derived. It is not difficult

to formulate the following equation.
Y o (k+3)= Lﬁi{_](k":',3)'4;‘2:;_-_";'](1{—3)%‘&2&‘](1:'%‘3)':"E:EO_J(kf'Aj). (7.25)

where }', , can be obtained by replacing y in Y, ; defined in equation (7.5) by y: rd
can be obtained by replacing A4 and C, in I'¢ by Aq and Cy. respectively. Similarly
X{, 5. X3, H2 H: and E, ; can be obtained. Define

u;(0)
f(0) fik)
f= ' L k)& :
u(n—1) f(k+a-1)
fln-1)
and
Eo )& f. (k) fk+1) - f(k+J=1)]

Multiplying both sides of equation (7.25) by 1F7 (k) yields

1
Jim <Y, (k+ AET (k) = lim ST Gk + 8) + HEU, ,(k + A)EL (k). (7.26)

It is straightforward to calculate I'¢ from equation (7.26), and then compute ( Ad, Ba,
Ca. Dg); then with the techniques discussed in Chapter 5, we can extract matrices
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{Ad. Bq, C4, Dy) from matrices (dd. Ba. Ca. Dg4). But the question that naturelly

arises is: can we calculate matrices. Az By, C4. Dy. directly from equation (7.26).

The answer is in the affirmative under certain conditions: Notice that

- oo T
CrAq
Cy :
poo | Sede ) Goag™
- : Cadg
g_li(‘_ié)o-l C2A:+l
[ G AP
At first we take the first 2 rows of ['Y as matrix C,. and formulate the following two
matrices.
F G ( CA; ]
Cau CoA?
| A | A
Lr= CAT |- L= C, A"
C'_)AZ?l CQA:‘H
i Cg.430-2 ] i C2‘4;a—1 ]
Clearly
[ =TgrAa.
hence
Ay = (TETR)'TIr,. (7.27)

If the pair (Cs. A,) are observable. then I‘EI’R is a full rank matrix and the solution
in equation (7.27) is unique. For a 2-input and 2-output system, it is restrictive to
assume that (Cs. Ay) are observable. But in case where there are many outputs
and only one of the outputs is sampled at slow rate. then the assumption that the
state can be observed from the fast-sampled outputs is not so restrictive. Pre- and
post-multiplying both sides of equation (7.26) by (I'¢)* and [3U, ;(k+ B)ET (k)]
gives

lim STy, Sk + BFT R SUa(k+ AET, ()™ = CLHE.  (7.28)

1

J—oc J - J
After matrices Eg, C4, Ad. C4 and Ay been calculated, it is straightforward to compute
the left hand side of equation (7.28): the right hand side of equation (7.28) is a linear
combination of matrices By and Ay. So matrices By and Ay can be computed from

equation (7.28) by solving a set of linear equations.
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7.6 Noise Effect On Estimation

In earlier sections we assumed that J approaches infinity. but in practice J can only be
finite. In this section we will discuss how the noise/disturbance affects the estimation
of the process model when J is finite. We will discuss first the open-loop identification
case, and then the closed-loop identification case in the latter part of this section.

7.6.1 Open-loop Case

In section 3 we notice that when J is finite, after post-multiplying both sides of
equation (7.7) by LUT ,(k), it follows that
1
J

where

Youlk +3)UT (k) = 7[1“*A sk +8) + HU, s(k + BUL (k) +2(J)  (7.29)

=(J) = —j—[H;Eo,j(k +B8) + T2X} (k + )UT (k).

Applying the QR decomposition shown in section 7.4 to equation (7.29) and post-
multiplying both sides of equation (7.29) by QJ, give

1
Rp = STaXis(k+8)U7,(KQ; +=(N)Q; (7.30)
1 _
= -jf“i(zl ~ A" BaUy (k + B)UT ,(k)Q: + =(J)Qs,
because (Q7)7Q7 = 0 and (Q3)7QJ = I. The SVD decomposition of Rj, yields
R‘.:'.,’.’ = UIJS{(VIJ)T + U;S;(VZJ)T (7 31)

w here Sj contains the n largest singular values of RJ,. Define

Y ILCL tJl LU LGRLLLD LT L lmECQb O‘llsul(‘ll Yaluco vl ‘l.l)f). L/TLLIUT

b, 2 —( 2] — Ag)7'BaUy 4k + B)UL ;(k)Qs.

(.

From equations (7.30) and (7.31) it follows that
U{S] =14,V +¢(J), (7.32)

where
e(J) = [E(J)Qs - U5's5 (vi)TIvy. (7.33)

Since (V;7)TV}! = 0, equation (7.33) becomes
e(J) = E(NQV/
1 3 L] s
= FHIEas(k+8) +To X7 s(k + HIUT,(R)QVY. — (7.34)
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Substituting equation (7.34) into equation (7.32) gives
L-Jq.l_l diy_ A =1 . - sy (e T nJ1d
1= = J{F“(_I Ad)T Byl y(k+3)+ Ho Ea s (k+8)+ T X7 ,(k+3)}U, ,(K)Qa17.
(7.35)
From equation (7.34). it is clear that the estimation error £(J) is proportional to Z¢.J).
Hence we can say that the larger J is. the smaller the estimation error is. Equation
(7.35) indicates that the larger the signal to noise ratio is. the relatively small the

estimation error is.

7.6.2 Closed-loop Case

When J is finite. post-multiplying both sides of equation (7.17) by F! (k) vields

1,.
Yo (k+3)F] k) =

¥ N TXT J(k+3)El (k) +HEU, 5 (k+3)FL j(K]+Zc(J). (7.36)

)=

where

Zu(J) = S{H2Easth + 8) + T3X7 5k + S)]FL,(H).

After applying the QR decomposition shown in Section 7.4 to %YO'J(k + B)FT (k)
and post-maltiplying both sides of equation (7.36) by Q3 .. equation (7.36) becomes

1
Rize = STaX{y(k + B)F5(k)Q3, + Z())Q5.. (7.37)
because (Q{.)7Q7. = 0 and (Q7.)7Q7. = . Substituting the SVD decomposition
of Roge.
Ripe = ULeST(Vio)T + U3 S5 (Vi) (7.38)

where S;_ contains the largest n singular values of R, .. into equation (7.37). gives
7S] =TdAd « e (J).
with
N = DXk AEL(QLYY
= S~ A7 B + GP)'GFus - (1 + GP) ' GME, JFI (103,

e(J) = [EdNQF, — U3 S5 (Vi) IV,
= Z(NQ. V..

Again. we can draw a similar conclusion that the larger J is, the smaller the estima-
tion error €.(J) is; and the larger the signal to noise ratio is, the relatively smaller
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the estimation error is. U{S{ and U{_Sj, are the estimated extended observability
matrices in the open-loop and closed-loop cases. respectively. When the observation
number and the signal to noise ratio are large. the singular values in S; (or Si )
are much larger than those in Sj (or S3.): UYS{(Vi)T (or U{.Si (V)T) mainly
contains noise information and ¢ « T¢®’V)/ (or ¢, <« TEAY). So U/S{ (or U{_ S{,)
can catch most of the information in the extended observability matrix. When the
observation number. J. is finite, the analyvsis of the noise effect on estimating matrices
By and Dy is quite involved. and hence is beyond the scope of this thesis.

7.7 Consistency Analysis

If the data length J goes to infinity then the estimated model will converge to the
true process model. and such estimation is defined to be consistent. In this section we
will discuss the consistency aspects of the proposed algorithm under both open-loop

and closed-loop couditions.

7.7.1 Open-loop Analysis

Consistent estimation aspects of some open-loop subspace identification algorithms
have been analyzed by Viberg [83]. Jansson and Wahlberg [37]. In this sub-section we
will analyze the consistency of the open-loop instrumental variable method presented
in this chapter. From the derivation of the algorithm, we know that the key to
consistent estimation is to estimate the extended observability matrix 'Y consistently.
From equation (7.15) we know that U/S{ is the estimated extended observability
matrix. and
Jim U/sy =1,/
Define
Af = lim o,V
J—ox
Clearly U] S{ is the true extended observability matrix if and enly if A4 is a full rank

matrix. From linear algebra theories we know that
det[(A%)TAY) = [det(AY))?, (7.39)

where det(A?) is the determinant of matrix A¢. Equation (7.39) implies that if matrix
(A9)TA? is a full rank matrix so is matrix A¢, and vice versa. In the following
equations we will prove that given certain conditions (A4)7A? is a full rank matrix.
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The definition of A gives

(AHTAT = lim (VY@ Ta,ny

—2C

= Jim = 1T QN Ua s (KVXY ik = 3)TXE (k= 3UT ,(1QIVY.

J—ac

It is straightforward to get that

reik) = (zI = Ag) "' Bau(k) (7.40)
and "
:1 - 44)_18,1 = Q(- )
a(z71)
where
Q(:_l) — .-1d_](21.: :14)34
= Qll—I*Qo:_"&‘"'-ﬁ-Qn:—n (7-11)
and
a(="1] = det(:{n—- Ad)
= l4+ag:z" = tg,2"
Define 1
v (31 = lim = X7 (k= 3)UT, (k) (7.42)
J=oc J

Substituting equations (7.40) and (7.41) into equation (7.42) gives

u(k+ 3 —n)
[Q. -+ Qi ]E{ : [uT(k) - wTh+a-1) ]}
ulk+3-1)

1

a(z"1)

'7.\1'('3) =

For general processes. we assume that the excitation sequence is an ARMA(ng,n,)
sequence.
Q(=""Yulk) = K= u(k),

where n, is the order of Q(z=7!). ni is the order of K(z7!), and v(k) is a white
noise. Then by using Lemma 13 in Jansson and Wahlberg (1998) [37] and condition
IT of Lemma A3.8 in Soderstrom and Stoica (1983) [69], we can derive the following
sufficient conditions for consistent estimation:

1. (A4, Ba) is reachable.

2. Q(z7') and K(z7!) are stable.

3 max(8—a+n+ng,n+ng)<a.
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7.7.2 Closed-loop Analysis
It is straightforward to show that the estimation is consistent if and only if A¢ is a
full rank matrix. From equations (7.24) and (7.23) we have

. 1 1
(AOTAL = Jim [SXT(k + DL (RIQ3 VT[S XE(k + B)FT,(k)Q3.VY)

2¢ ¢

= lim S (QEVITT Eu s IXE (k + B)TXE (K + ) ET, (k)Q1 )7 43)

2
Jeoe J2TACTC

Define |
e (9) = Jim S X{(k + 8)F] (k).
For general processes. we assume that the excitation sequence is an ARMA(ng,n,)
sequence,
Q(=""u(k) = K (=" )u(k).

and the order of closed-loop system is n.. From Lemma 13 in Jansson and Wahlberg
(1998) [37] and condition II of Lemma A3.8 in Soderstrom and Stoica (1983) [69], it
follows that the suflicient conditions for the closed-loop consistent estimation are

1. (Aq4. By) is reachable.

2. Q(z7!) and K(z7!) are stable.

3 max(3—a+n+n.n+n.+n)<a

7.8 Illustrative Examples

A simulation and an experimental example will be presented in this section to demon-

strate the proposed closed-loop identification algorithm.

7.8.1 Experimental Examples

The block diagram of a stirred tank heater process is shown in Figure 7.5. This
process is a computer-controlled experimental setup at the University of Alberta.
The steam through the steam pipe is used to heat the water in the tank; the cold
water valve is used to adjust the water level in the tank; and the water outlet valve is
fixed. An air-bubble stirrer is used to mix the water in the tank. In this process, the
two manipulated variables are the positions of the cold water (u;) and the steam (u,)
valves; the two measured variables are the water level (y;) and water temperature (y»)
in the tank. In this experiment, we use signal units of milliampere (mA) to quantify
Y1. ¥2, u; and uy. The inputs and outputs of the stirred tank heater are summarized

below:
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Figure 7.5: Block diagram of a stirred tank heater system

[ Symbol Quantity Range ]
u; cold water valve | 4 mA <uy; <20 mA
Usy steam valve 4mA <uy; <20 mA
o water level 4mA <y <20 mA
Yo water temperature | 4 mA < y» <20 mA

A single-rate closed-loop experiment and a multirate closed-loop experiment will

be performed.

Single-rate Closed-loop Experiment

For this study. the two valve positions were updated every 4 seconds. the water level
and water temperature were also sampled every 4 seconds. The controller is a simple

PI controller given by:

[ 1+ ;25 0 J
We designed Random Binary Sequence (RBS) as the excitation input signal, and
added the excitation sequence to the setpoint. The nominal outputs. water level
and temperature. were (14 mA. 9 mA). A total of 1566 experimental input-output
data points were collected; the first 1000 data points were used to estimate a state-
space model with sampling interval of 4 seconds; and the last 566 data points were
used for model validation purpose. We then used the controller and the estimated
process model to simulate the closed-loop stirred-tank process; the last 566 points of
the excitation sequence we used in the experiment were added to the setpoint in the
simulation; 566 simulation data points were collected and compared with the last 566
measured experimental data points.
Figures 7.6 and 7.7 show the simulated outputs and the actual measurements for

model validation purpose. The values shown in Figures 7.6 and 7.7 are deviation
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Figure 7.7: Measured and stmulated water temperatures

values. From the comparison between the simulation and experimental results we
can see that the estimated model can catch most of the dynamics of the true process.

Multirate Closed-loop Experiment

In this study. all the control periods are 4 seconds: the temperature is measured every

4 seconds, but the water level is measured everv 20 seconds. A multirate inferential

PI controller.

[ 1+ (288, 0

0 15+ 2
is designed to control the two outputs. The biock diagrain of the stirred tank heater
system with a MR inferential control scheme is shown in Figure 7.8.

In Figure 7.8, P represents the estimated fast-sampled mode! which relates the
sampled water level and cold water valve position; y, represents the estimated water
level; r; and r, are the setpoints; f; and f; are the excitation sequences. In this
experiment, the water level controller G; uses both the level measured every 20 sec-
onds and the inter-sample water level predicted by the fast model estimated from the
single-rate closed-loop experiment. The excitation, a random binary vector sequence,
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Figure 7.9: Measured and simulated water level

is added to the setpoint. The nominal setpoints for water level and temperature were
14 mA and 9 mA respectively. Experimental multirate data over 6.6 hour was col-
lected. The data set over the last 1.4 hours was used to estimate the process model
with sampling interval 4 seconds (fast model); the data set over the first 2.2 hours was
used for model validation purpose. The estimated process model together with the
inferential PI controller simulated the closed-loop stirred-tank system: the excitation
sequence over the first 2.2 hours in the experiment was added to the setpoint in the
simulation. The model output and the experimental measurement were compared
at the fast rates (every 4 seconds). For the sake of clarity. only 500 points (over 33
minutes) are shown in Figures 7.9 and 7.10.

The values shown in Figures 7.9 and 7.10 are deviation values. An unconstrained
muitirate inferential generalized predictive controller (GPC) [15] in state space frame-
work was designed based on the estimated state-space model of the process. The
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Figure 7.11: Performance of the stirred tank heater with an MR inferential GPC

parameters of this GPC are summarized below:

] Parameters Values |
Prediction horizon 20
Control horizon 3

Output weighting matrix | Identity matrix
Control weighting matrix | Identity matrix

Several step changes in the setpoint were made, and the output measurements over
3200 seconds are shown in Figure 7.11.

From the performance of the inferential GPC, and the comparison between the
simulation and experimental results we can see that the estimated fast-sampled model
works well for inferential estimation and control of the true process.

7.8.2 Simulation Examples

A closed-loop system shown in Figure 7.2 is generated as a SIMULINK block diagram.

The controller is G(2) = 2Z5; the process model is 52>; with a unit time delay;
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Figure 7.13: Bode plot of the true system and the estimated system

and the disturbance is generated by a continuous-time model, ﬁ, with a white
noise input e. The sample period is 1 second. and the setpoint is 0. A random
binary sequence with 3000 points was generated and added to the control signal as
the excitation. The magnitude of the excitation signal was +1. and the signal to
noise ratio was 2.5 : 1. The control, excitation and output signals were collected.
and a process model was estimated by using the proposed closed-loop identification
algorithm. The results of the closed-loop identification are shown in Figures 7.12
and 7.13. Figure 7.12 is the step response curves of the true process model and the
estimated process model, and Figure 7.13 shows the Bode plots of the true process
model and the estimated process model. Figures 7.12 and 7.13 indicate that the
estimated model is very close to the true model.
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Figure 7.14: The step responses of the process (relating the water level to the cold
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Simulated Stirred Tank Heater System

0.1416
Vi | _ | o988 0 U
= | 00379 _0.0595 w |
[ T-0913 x-09048 2

is used to represent the experimental stirred-tank heater process just discussed. A
simulation system shown in Figure 7.4 is generated in SIMULINK. The temperature
y2 is sampled every unit of time (4 seconds): the water level y; is sampled every 5 units
of time (20 seconds); all the holds have uniform period, 1 unit of time. A single-rate
PI controller. G = 1.5 + {&L;. with sampling interval of 1 unit of time (4 seconds),
manipulates the steam valve and controls the temperature; a RBS sequence is added
to the setpoint of the controller. The water level loop is not closed, and another RBS

A model.

sequence is used to manipulate the cold water valve. A stochastic process,

0.11
Uy | _ | T=097:-7 0 €1
o | = —0.02 0.04 e |
2 1-09:-T 1-086z-1 2

is added to the output of the stirred tank heater process as disturbance. The signal
to noise ratio is 5. Simulation data over 5000 units of time was collected and used
to estimate the fast model (with period of 4 seconds). The step responses of the true
fast model and the estimated fast model are shown in Figures 7.14, 7.15 and 7.16.
The figures show that the estimated model can represent the true process very well.

7.9 Conclusion

From the results and discussions in this chapter, it is clear that the proposed instru-
mental variable method can estimate state-space models of the deterministic systems
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Figure 7.16: The step responses of the process (relating the water temperature to the
steam valve) and the estimated model
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under both open-loop and closed-loop cases even if processes are general BJ type. The
proposed instrumental variable methods can also identify the fast-sampled mode] of a
multirate system under closed-loop conditions. From the derivation of the algorithms
we can see that this method can be applied to a wide variety of plants. since no
specific noise distribution is assumed. Theoretical analysis in this chapter also shows
that the proposed identification algorithm can give consistent estimation under both
open-loop and closed-loop conditions provided that mild conditions on the system

and the input sequence are satisfied.
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Chapter 8
Multirate Inferential MPC

8.1 Introduction

Developed towards the end of 1970's. model-based predictive controllers (MPC) 16.
15, 671 capable of handling interactions and constraints have been widely accepted by
the process industry. The basic idea in the MPC strategy is to minimize the sum of
squares of future control errors over a finite-time horizon and at the same time take
into account the incremental control energy required to minimize the control errors.
In a receding horizon fashion. model based predictive controllers only implement the
first of the calculated control moves.

In Chapter 3 we presented three strategies for controlling multirate systems: slow
single-rate control. multirate control with the lifting technique. and fast-rate control
with inferential estimation. All the three strategies can be adopted by MPC. Let
us use a simple example to illustrate three classes of model-based predictive control
schemes for multirate systems. Consider a SISO multirate system where the output
sampling interval is nT and the control interval is T. In such a case we can estimate
a single-rate mode] of the process with sampling interval nT and implement a single-
rate MPC with period nT. The lifted control strategy can be applied to developing a
MPC for this multirate system. The lifted MPC is based on the estimated model of
the lifted svstem: the lifted control moves and outputs of the lifted MPC are inverse
lifted to obtain the fast-rate input signals to the process. The block diagram of such
a control strategy is shown in Figure 8.1. The basic idea of the inferential MPC is
to build a single-rate MPC with interval T which uses both the measured output and
the inter-sample outputs predicted by the fast-sampled model.

The major drawback of the slow-rate approach is that it does not fully exploit
the capacities of the equipment and the inter-sample performance may be very poor
when the least common multiple of the sampling and hold intervals is large. The
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Figure 8.1: Block diagram of a SISO multirate sampled-data system with a lifted MPC
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Figure 8.2: Block diagram of a SISO multirate sampled-data system with an inferential
MPC

difficulties for lifted MPC as shown in Figure 8.2 are the causality constraint and
the gain constraint [72]. The gain constraint exists for all kinds of multirate sys-
tems: there is no causality constraint for a special class of multirate systems where
all the control intervals are uniform. all the output sampling intervals are also uni-
form. and the output sampling period is an integer multiple of the control interval.
So far no methods have been presented to overcome either of the constraints in the
lifted MPC framework. If the fast-sampled model is available, then it is straight-
forward to generate an inferential MPC as shown in Figure 8.2. The only difference
between the fast single-rate MPC and the inferential MPC is that the inferential MPC
uses the estimated inter-sample outputs but the fast single-rate MPC only uses the
measured inter-sample outputs. Kalman-filter-based inferential N[PC algorithms are
quite popular ({471, [64]. [28]), but other statistical-techniques-based inferential MPC
algorithms have also been applied successfully ([84]. [40]). In this chapter. instead
of developing a new multirate inferential MPC, we extend one of the most popular
industrial MPC to the multirate inferential control framework.

In this chapter we will only consider a special but practical class of multirate
systems where all the hold periods are uniform and all the output sampling intervals
are integer multiples of the control interval. This chapter is organized as follows.
First an inferential MPC is developed in section 2 for processes where the outputs
are corrupted by integrated white noises. Section 3 presents an inferential MPC for
another class of disturbances. Experimental evaluation of the proposed inferential
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MPC is presented in the last section.

8.2 Inferential MPC

In this section we will focus on one specific class of processes. namely. processes
where the process output is corrupted by an additive integrated white noise. \When
we implement the MPC to dual-rate systems, the output sampling period nT limits
the performance of MPC. Knowing the model for the syvstem sampled with period
T. we can then use this fast sampled model to estimate the inter-sample outputs
y(nkT + T).y(nkT +2T).....y(nkT + (n — 1)T)!. and design an MPC based on this
fast sampled model using both the measured outputs at sampling instant nT and the
estimated outputs at the inter-sample instants. This is the basic idea of the model
based-inferential control algorithm.

For simplicity. y(k) represents yi kT ) in the rest of this chapter. The model of the
process sampled with period T is
e(k)

T (8.1)

y(k) = Pr(g”u(k) + 7

where ¢! is a backward shift operator; Pr(g~') is a strictly proper transfer function:
u(k) is the control signal: y(k) is the sampled output: e(k) is a white noise input: u(k).
y(k) and e(k) are discrete-time signals defined on the time set Z, := {0,1,2.---}
with underlying period 7. In the rest of this section. we will develop a dual-rate
inferential control algorithm for the system in equation (8.1) in both the transfer

function domain and the state space domain.

8.2.1 Inferential Control Algorithm in the Transfer Function
Domain

Consider the syvstem in equation (8.1) at time instant nkT. The future output can

be expressed as:

y(nk +3) = Prig”Yu(nk + )+ (1 + ¢~ ' +¢72 + . )e(nk + j) (8.2)
= Pr(g " u(nk + j) + e(nk+ j) + ...+ e(nk + 1) + T q_le(nk).
Since
e(nk) = (1-q7")[y(nk) — Pr(g”"Ju(nk)]. (8:3)

substituting equation (8.3) into (8.2) gives
y(nk + j) = Pr(g " u(nk + j) +e(nk+j) + ... + e(nk + 1) + y(nk) — Pr(g~")u(nk).
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Because e(nA) is a white noise signal. the minimum variance prediction of y(nk = Jj)

at time nkT is
Gunk = Jlnky = Prig Yu(nk = j) - y(nk) = Pr{¢” u(nk). (3.4)

Rewrite (8.4) as

! ’
G(nk + jink) = T(_Z ) Au (nk + j) = y(nk) — T(g Au(nk).  (8.3)
where A = 1—¢~!. Let
Pr(q!) _ - -
Tg - = a;q P euag™ + {8.6)

Substituting (8.6) into (8.5) vields

yink +gnk) = aydu(nk +j = 1) = .+ q,Au(nk) + ... + y(nk)
— a1 Au(nk — 1) — aaAu(nk - 2) —

Za,Au nk + j — 1) + y(nk) 'T'Z (@i+; — a,)Au(nk — 1)(8.7)

=1

The first term {Y°7_, a,Au(nk + j — 1)} is the effect of future inputs. and the last
term ty(nk) + 3 {a,., — a;)Au(nk — 1)} represents the expression that defines the
free response. We know that when i is large enough. a,., = a, ® K, (A, is the
steady-state gain of the system), so assume that a, = K, when i > N (where \" is

a sufficiently large integer). Equation (8.7) can then be approximated as

J
yink + jink) = Z a,Au(nk + j —1) + y(nk) =
=1

J
Y adu(nk +j— i) + f(nk + jink).

=1

(a,+, —a,)Au(nk — 1)3.8)

~
"M.)‘
—

X

where

N
f(nk + jink) £ y(nk) + Y (ais, — @) Au(nk — i)
1=1

denotes the output at time (nk + j)T due to the free response starts from time nkT.
Assume that the control action u is constant after time instant (nk +m — 1)T, i.e..

unk+m—1)=unk+m)=..=ulnk+h—-1),
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where A and m are the so called prediction horizon and control horizon. respectively.

Now consider the prediction of the output trajectories over the intervals (nk + 17T to

(nk = MT.
J(nk + 1nk) = f(nk + 1jnk) + a;Au(nk)
g(nk + hink) = f(nk + hink) + ayAu(nk) + ... + a1 du(nk = m - 1).

The above equations can be written nto a compact vector form as

Y = F + AAU.
where
§(nk + 1|nk) f(nk + 1|nk) Au(nk)
).- = ‘ . f- = . AL’ =
J(nk + h|nk) f(nk + hjnk) | Au(nk +m - 1)
and -
[ ay 0 0 0
as [o3] 0 0
A=
Qm Qm-1 Am-2 --- a;
L @k @h-1 Qp-2 ... Qh-m+1 |

A set of control actions can be calculated by minimizing the following quadratic

objective function
J(AUy = 7= Y)TQ(F = V) = AUTRAU. (8.9)
with the constraint
Y =F +AAL

where @ and R are symmetric output weighting and control weighting matrices,
respectively: and ¥ is a vector containing the h desired future cutputs. The soiution

of this optimization problem is

AU = (ATQA+R)TATQT(F - F) 2 K7 - F),
K. = (ATQA+ R)'ATQT.

Since the MPC is a receding horizon based algorithm, only the first control action
Au(nk) is implemented. This MPC algorithm which was first developed by Cutier
and Ramaker [16] is also know as dynamic matrix control.
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From the MPC algorithm we can see that the output is needed every time the
control action is calculated. But in the dual-rate systemn the output is measured
only every sample period of nT'; if we want to implement MPC everv period T. one
option is to estimate the (n — 1) inter-sample outputs between two successive output
measurements. The minimum variance estimation of the (n — 1) inter-sample outputs
from time nkT to (n + 1)kT can be derived from equation (8.8) as follows:

gnk+1) = y(nk) +Za,,1 DAu(nk - i) + a, Au(nk)

N

gnk +n=1) = y(nk)+ > (Qrnoy — a;)Au(nk = i)
=1
n—2

+Za,._l_,Au(nk +1).

=0
The unconstrained inferential MPC algorithm then consists of the following steps:

Step 1 Calculate K, = (ATQA + R)~'ATQT.

Step 2 Calculate the prediction of the output trajectories over the prediction horizon
of interest. At time instant knT the output is measured, and the free response

can be calculated as follows.
f(nk + jink) = y(nk) + Z(a,ﬂ DAu(nk —i) j=1..h.

At time instant ¢t = knT +{T, 1 <! < n, the output is not measured: but we
can estimate the inter-sample output

Jlnk +1) = Z Qrar — @) Du(nk — 1) +
aAu(nk +1) + ... + ayAu(nk + [ - 1):

and then compute the free response based on j(nk + i),

N
fnk +1+jlnk +1) = §(nk + 1) + > (@, — @) Au(nk + 1 = 1),
i=1

where j = 1.2,... h.
Step 3 Calculate only the next control action
Au(t) = ky(F - F),

where k&, is the first row of the controller matrix ..
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8.2.2 Inferential Control Algorithm in the State-Space Do-
main

The system in equation (8.1) can be represented as

9 = Prig Y —[dulk)] + —e(k
y(k) = Priq )AAu(k)HAe(k)
= ya(k) + y. (k). (8.10)
where

wlh) = [Prig™)5llAu(k)

1
(&
ys(k) =

e(k).

ya(k) and y, (k) are the outputs of the deterministic and stochastic parts of the process,

respectively. The state-space model of Pr(q'l):{‘- can be easilv computed from the

state-space model of Pr(q~'). Assume Pr(q’l)f can be realized by the following

state-space model.

ry(k+1) = Ajzy(k)+ BrAu(k)
ya(k) = Cizqlk).

Consider the prediction of the A future outputs at time nk7 . and define

g(nk + 1jnk)

Y (nk) = :
j(nk + hnk)

The predictions can then be expressed as
Y (nk) = Yy(nk) + Yi(nk).

where

[ Ja(nk + 1|nk) [ Js(nk + 1|nk)
: . Yink) = :

Ja(nk + hink) jo(nk + hink)

Yulnk =

It is straightforward to derive the following expression for }"d(nk).

Crd; C1B, 0 0 Au(nk)
) C; A2 CiAB C/B; -+ 0 Au(nk +1
Yank) = | U | zami)+ | ! : ( : )
Cr At CiA'B; CAY?B, .- CiB Au(nk +h—1)
(8.11)
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When the control horizon is m.

Au(nk +m) =Aunk+m+1)=---=Aunk+n-1) =0
in which case equation (8.11) becomes
) Yy(nk) = Cz4(nk) - HAU, (8.12)
where
CrA; CiB; 0 e 0 Au(nk)
C- C,.Aﬁ _ C;A',B, C.B e 0 AU = Au(n{c +1)
Cr A" C,ANIB, CARB, ... C ATB, Aulnk +m -1

and H is the so called step response coefficient matrix. It is true that
y(nk) = Crzq(nk) + y,(nk),
o)
Ys(nk) = y(nk) — Crza(nk).
Since the disturbance is an integrated white noise.
ys(nk + j) = ysnk)—e(nk+1)+--- +e(nk +j)
y(nk) — Crzg(nk) + e(nk + 1) + --- + e(nk + j} (8.13)

Combining equations (8.12) and (8.13) gives the minimum variance prediction of

)"(nk) at time instant nkT ,
Y(nk) = Tzy(nk) + HAU (nk) + Y, (nk),

where

_ y(nk) ~ Crzg(nk)

Yi(nk) = : (8.14)

y(nk) — Crzrq(nk)

The solution of the minimization problem (8.9) is

AU(nk) = (HTQH = R)'HTQT[7 — Tr4(nk) - Y,(nk)].
where 7. Q and R are as before. In the dual-rate systein case, the output is ineasured
only every nT. but we can estimate the (n — 1) inter-sample outputs as follows:
Ya(nk + 1|nk) = CrAjzqe(nk) + CiBiAu(nk) + y(nk) — Cizq(nk)

n-1

Jalnk +n —1ink) = CrA} 'za(nk) + ZC,A}'IB1Au(nk +1— 1)+ y(nk) — Crz4(nk).
=1

After estimating the inter-sample outputs, we can implement the dual-rate inferential

MPC in a straightforward way.
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Figure 8.3: Ezperimental setup of a stirred tank heater

8.3 Experimental Evaluation

The MIMO process shown in Figure 8.3 is a computer-controlled experimental setup
at the University of Alberta and is concerned with temperature and water level reg-
ulation in a continuously stirred tank heater.

In this process, the two manipulated variables are the positions of the cold water
(u;) and the steam (ua) valves; the two measured variables are the water level (y;)
and water temperature (y,) in the tank. For this study, the two valve positions are
updated everv 4 second. the water level and water temperature are sampled every 20
second and 4 second. respectively. Around the operating point with y;, = 12 mA and
y2 = 10 mA. the inputs and outputs of the stirred tank heater are summarized below:

[ Symbol | Quantity Range
uy cold water valve |4 mA < u; <20 mA
Uy steam valve 4 mA < uy; <20 mA
Y1 water level 4mA <y, €20 mA
U2 water temperature | 4 mA < yo < 20 mA

We use mA to quantify both y; and y, since there are simple linear relationships
to translate these units to actual physical units. From the multirate input-output
data a single-rate model with sampling interval of 4 seconds was identified(details in
chapter 3). We changed the water level sampling period to 40 seconds and kept the
other sampling rates to 4 seconds. Based on this fast sampled model, we designed
an inferential MPC and applied it to the multirate system. The parameters of this

124

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L e
— Bewoww 1
o= Messured weler leve | |

—_— b

|

Bl —

1"
] 100 200 300 00 207 800 700 =00

g.“_.___ﬂ -

s
o 100 200 300 400 300 800 700 ®00

Figure 8.5: The measured water temperature

inferential MPC are summarized below:

] Parameters Values
Prediction horizon 12
Control horizon 3

Output weighting matrix | Identity matrix
Control weighting matrix | Identity matrix

We made several step changes in the setpoint, Figures 8.4 and 8.5 show trajectories
of the outputs measured cvery 4 seconds (the inferential controllers uses the water
level sampled every 40 seconds).

There is some noise in the temperature measurement, that is because the stirrer,
which makes the water in the tank well mixed, was broken when we did this exper-
iment. Some ripples in the measured water level and water temperature are due to

interaction in the system.
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8.4 Conclusion

In this chapter we used both theoretical analysis and experimental results to show
that the multirate inferential control algorithms work well in a model-based predictive

control framework.
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Chapter 9

Analysis of Multirate Inferential
Systems

9.1 Introduction

Instability of the feedback system has been one of the most serious problems af-
ter the first automatic feedback controller was used in the industry. This in turn
prompted mathematical analysis of feedback systems; Maxwell (1868) and Vyshne-
gradskii (1877) were pioneers in analyzing the stability of feedback control systems.
The observed stability problems of the negative feedback control systems were ex-
plained through the frequency domain analysis techniques developed by Nyquist [62]
and Bode [5] and Black [4]. Youla and co-workers [87. 88} showed that all stabilizing
controllers for a particular system can be parametrized in an effective manner. The
Youla parametrization simplifies the task of searching for a good stabilizing controller
dramatically. Brosilow (7] used the Internal Model Control structure to explain the
special case of Youla parametrization. In practice, no model is a perfect representa-
tion of the process, so model-plant mismatch is inevitable. The robust stability (i.e.,
stability of the feedback systems in the presence of model uncertainty) and robust
performance (i.e.. performance of the feedback systems in the presence of model un-
certainty) have attracted much attention because of their practica! importance. Doyle
developed a powerful tool (the structured singular value) for testing robust stability
and robust performance {18, 19)].

Multirate inferential control algorithms have been applied to chemical industrial
processes. Intuitively, the nominal performance and stability of the multirate system
with an inferential controller should be close to those of the single-rate system at
the fast rate when the model is a perfect representation of the fast-sampled process.
However model-plant mismatch (MPM) is inevitable in the chemical process industry
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due to factors such as scaling. fouling. varving catalyst activity (in chemical reactors).
equipment degradation with time. ete. So it is important to know the stability of the
dual-rate inferential system in the presence of model-plant mismatch. No work has
been reported on robust performance and stabiiity of the multirate inferential systems.
For simplicity we focus here on a special but practical class of dual-rate systems where
the output sampling interval is an integer multiple of the control interval. The main
objective of this chapter is to develop a framework for the performance and stabilitv
analysis of the dual-rate syvstem with an inferential estimation algorithm for feedback.

This chapter is organized as follows. In Section 2 we briefly introduce lifting
techniques and lifted svstems in the transfer function framework. The dual-rate in-
ferential control scheme is introduced in Section 3. The performance of the inferential
control scheme in the absence of model-plant mismatch is visited in Section 4. Sec-
tion 5 discusses stability robustness of inferential control systems in the presence of
model-plant mismatch. In Section 6 we give an illustrative example to demonstrate
the results given in Section 5. Finally we discuss some extension to the result given

in Section 5 followed by the concluding marks.

9.2 Preliminaries

Assume that the transfer function Pr(:) represents the discrete model of process P

with sampling interval T: we know that Pr(:) can be expressed as:
Pr(z) = p(0) + ="'p(1) + 272p(2) + ...

where : is the forward shift operator. Using polyphase decomposition [74]. we define

Po(=") & p(0) +="p(n) +:"¥p(2n) +
P(z") & p(l)+:""pn+1)+:""p2n + 1) +
Poy(z™ £ pan=1)+:""p(2n-1)+z""p(Bn—1) + ...

Then Pr(z) can be written as
Pr(z) = Po(z") + 27 'Pi(2") + ... + 2t TPy (27).

Define
P=L,PrL;".
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Figure 9.1: The sampled-data single-rate control system.
d
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Figure 9.2: The discrete-time single-rate control system.

The lifted system P can be expressed as [42]

Po(z) :27'P_i(z) ... :“IP,(;)
Bey=| MO RE e R
Pn—l(:) Pn—'l(:) Pl)(:)

9.3 Dual-Rate Inferential Control Scheme

First. let us consider a single-input. single-output single-rate control system shown in
Figure 9.1. where P, is a continuous-time LTI plant and K a digital controller. The
two systems P, and A" are interfaced by the A/D and D/A converters, modeled by Sy,
the ideal sampler, and H;. the zero-order hold (ZOH). respectively, both operating
with the fast period T. This is a single-rate sampled-data control system which
involves two exogenous signals, the discrete-time reference (k) and the continuous-
time disturbance d.(t). The measured continuous-time output is y.(t). Define P as
the ZOH equivalent model of P, (P = S;P.H) and discretize d.(t) at the fast rate:
d(k) = d.(kT). Thus Figure 9.1 is equivalent to a pure discrete-time control system
in Figure 9.2, which involves only discrete-time signals [10].

Suppose that due to physical constraints, we cannot sample the output as fast
as we wish and thus we have to replace Sy in Figure 9.1 by a slow sampler S, with
a sampling period nT, where n is a positive integer: n > 1. In order to maintain
single-rate control, one option is to adopt a slow zero-order hold H, with period
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Figure 9.3: The sampled-data inferential control system.

nT and obtain a single-rate control system operating at the slow rate: however. the
disadvantage is that performance degradation could be significant. The option that
we propose is the inferential control scheme shown in Figure 9.3. where the output
sampling is now slow (S.). but the fast zero-order hold H; and the fast single-rate
controller A" are still in place. For such a scheme to work, we assume that 2 model P
for the fast single-rate system P is available. In order to feed back to the controller A’
a fast rate signal v(k), representing the output y(k), we use the slow sampled output
(ys(k) = yc[k(nT)j) every nT period, giving y(0). y(n), and y(2n). etc.. and use the
model P to get the estimated output (k) to fill in the missing samples in y(k). Such
a process is depicted in Figure 9.3 by a periodic switch which connects to y, at times
t = j(nT). and connects to y(k) at t = j(nT) +1¢T.1 =1.2.--- .n—=1. Thus the

output of the switch is a fast rate signal given by

vik) = { v(i).  k=jn

yiyn+1i), k=jn+i0<i<n.

Since S, is the same as Sy followed by the periodic switch shown in Figure 9.3,
it is easy to see that the equivalent discrete-time model for Figure 9.3 is Figure 9.4.
Here. P. d and y are as before. Due to the periodic switch. the fictitious fast rate
signal y(k) is fed back only once every n samples. Therefore

(k) = { ygn). - k=jn.
’ yun=+1). k=)n+i0<i1<n.

To summarize. the dual-rate inferential control scheme uses a fast-rate plant
model, a fast single-rate controller, and a periodic switch. It is conceptually sim-
ple. easy to implement in digital computers, and practical for industry. Later we will
show that in comparison with the fast single-rate control system in Figure 9.1, we
may lose some performance; but we will gain robustness.

Note that the inferential control scheme assumes availability of a fast single-rate
model P. There are two ways of obtaining P: (1) if a model for the continuous-time
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Figure 9.4: The discrete-time inferential control system.

plant P is available. P can be computed easily by discretization: (2) if not. we need
to invoke the results in chapter 4 to identify such a fast model based on multirate
input-output data.

Next we will compare the inferential control system in Figure 9.4 with the single-
rate system in Figure 9.2 in tracking and disturbance rejection performance (Sec-
tion 4) and in stability robustness (Section 5). Conclusions are given in the last

section.

9.4 Nominal Performance

Consider the dual-rate inferential control svstem in Figure 9.4. Assume in this section
that there is no MPM: thus P = P. If furthermore there is no disturbance in the
system, i.e., d(k) = 0. then (k) = y(k) and hence v(k) = y(k). Thus the dual-rate
system is equivalent to the single-rate system in Figure 9.2. We thus conclude that:

e Without MPM!. closed-loop stability of the dual-rate system in Figure 9.4 is

equivalent to that of the single-rate system in Figure 9.2.

e Without MPM and disturbances, the tracking performance (y following r) of
Figure 9.4 is the same as that of Figure 9.2.

This is the main reason why the proposed dual-rate inferential control scheme is
attractive: In the ideal situation. we can expect to recover the performance of the
fast single-rate system.

We now examine the disturbance rejection capability of the two system involved
when a disturbance is present (d # 0). First, let us look at the single-rate system in
Figure 9.2. Defining the system from d to y as G,,., we get

G, = (I + PK)™". RNCEY
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We can use the H, norm to quantify the etfect of d on y as follows: Suppose the
significant frequency components in d are captured by the pass-band of a pre-filter
W5: the quantity |G W[ is then appropriate as a worst-case measure of the effect
of disturbance. The best achievable disturbance rejection performance. denoted -.,.
is obtained by minimizing [|G,.W3|le over the class of controllers providing closed-
loop stability - a standard H.. optimization problem. In the special case when P is

already stable. we can parametrize the set of stabilizing controllers via
K=(I-QP)'Q (9.2)
with @Q stable and LTI. Substituting 9.2 into 9.1 gives
(I+PR)"' = (I+P(I-QP)'Q)™!
= [ -PQ.

since

(I+P(I-QP)'Q)I - PQ)
= I-PQ+P(I-QP)"Y(I-QP)Q
= I

Thus we arrive at the following model-matching problem:

Ysr inn IGole

min [[(/ - PQ)Wa|lx. (9.3)

The minimization is done over the class of stable and LTI @'s. The quantity ~,,
can be thought of as a measure of disturbance rejection capability of the single-rate
svstem in Figure 9.2.

Next. we look at the dual-rate svstem in Figure 9.4. Define G, as the closed-loop

svstem from d to y in Figure 9.4. Thus
migr = min ||Gg,W2l|oe

represents the disturbance rejection capability of the dual-rate system in Figure 9.4.
Because of the presence of the switch, the system in Figure 9.4 is linear and
periodically time-varying. In order to derive a model for G4, we use the standard

lifting technique [41, 10].
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Figure 9.5: The lifted inferential control system.

Let z(k) (0 £ k < oc) be a discrete-time signal. The lifted signal z is defined as

z(0} I(n)
(1) r(n+1)

r(n—1) r(2n - 1)
Note that after lifting, the signal dimension is increased by a factor of n, as is the
underlying period.
Lifting all the signals involved in Figure 9.4 to get y for y. y for . etc.. we can
derive a simple model for the periodic switch which relates v to y and 7 in the lifted
domain:

v=Riy+ Rag. (9.4)

Here R) and R, are static systems given by the following matrices:

10 -0 00 -0
00 - 0 01 - 0
Ri=1| . . | i . R= ) (9.5)
00 --- 0 00
nxn nxn

The lifted systems
K =LKL P=LPL' P=LPL",

together with (9.4) give rise to the lifted closed-loop system in Figure 9.5, which
is the equivalent model under lifting for the dual-rate structure in Figure 9.4. The
advantage is that we are now dealing with an LTI system.

Specializing to our discussion in this section, we set r = 0 and B = P. The lifted
system G, := LG4, L™, or equivalently, the system from d to y in Figure 9.5, can be
derived as follows. First, compute the system from d to u (noting that R, + R, = I):

u=-(I+KP)'KRd.
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Then since y = £ = Pu. we have

Gy =1-PI+KP)y'RR;. (9.6}

=Ldr
If P is stable. we can use (9.2) for controller parametrization: the lifted version is
K=(I-QP)'Q.

Substituting this into (9.6) vields:

Gy, = I-P(I+KP)'KR,
= I- .13[1* (I-QP)"'QP|""(I - QP)"'QR,
= I-P(I-QP)I-QP)'QR,
= I- BQRI
Since lifting preserves norms, we have
e = min |Gy Wy lloe = min (1 — P QR )Wyl (9.7)

where the latter minimization is over the class of stable and LTI Q’s.
In order to compare 7, and 74, we lift the systems involved in (9.3) to get

Yor = min (] ~ PQ)Wolle.
Now suppose Q* is the optimal solution for the minimization in (9.7). i.e..
Yar = I(/ = Q"R ) W]l

(If 74- is not attainable. we can use a sequence of Q®s so that the performance
converges to v4-. and the argument to follow is similar.) Define Q, = Q" Ri. The
corresponding @, is stable but not LTT; it is in fact linear and periodic with period
n (because R; does not correspond to an LTI system before lifting). However. since
for LTT plants. linear periodic control does not offer any advantage over LTI control

41]. we conclude
ar = (7 = -Egl)‘—‘—".’”x 2 min ”(1 - _P_Q)H_'ZHOC = Tar-
This result can be summarized as follows:

Proposition 5 When P is stable and there is no MPM, the disturbance rejection
capability of the dual-rate system in Figure 9.4 is no better than that of the single-rate

system in Figure 9.2.

Proposition 5 perhaps makes sense intuitively; but it is not clear if it is still valid
when P is unstable. In the next section. we give a somewhat surprising result on

stability robustness.
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Figure 9.6: The wnferential control system unth additive uncertainty.

9.5 Stability Robustness

In this section we assume that there is MPM in the dual-rate system in Figure 9.4.
and hence P # P. We will study issues related to stability robustness. We treat
P as uncertain and P as the nominal plant model: we assume a standard additive
uncertainty model (20}, i.e., P belongs to the uncertainty class given by

{(P+AW,: ||All< < 1).

The MPM is represented by AW}, where A is the perturbation, assumed to be stable
and LTI. with norm less than 1 (normalized). and 1’} is a fixed frequency weighting
filter which is stable and LTI. The inferential control system with this uncertain
structure is depicted in Figure 9.6. Our goal is to find a condition under which the
closed-loop system is stable for all admissible A.

Proposition 6 Assume that K stabilizes P (nonunal stabilaty). Let W, K, and P
be the hfted systems of W,. K. and P.respectively. The dual-rate system in Figure 9.6
15 closed-loop stable for all admissible A of

1M (F + K P) KRl < 1. (9.8)
where the matriz R, was defined in (9.5).

Proof Similar to what we did in Section 3, we lift the system in Figure 9.6 to get
Figure 9.7.
Isolating A, we can reconfigure Figure 9.7 into Figure 9.8, where M is given by

M=-W (I+KP)'KR,.
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Figure 9.8: The equivalent system of Figure 9.7.

It follows easily from the nominal stability assumption that A is a stable system.
Applving the small-gain condition to the feedback system in Figure 9.8. we conclude

that the closed-loop system is stable for all admissible A if
lAflx - 1Ml < 1.
which is true for all admissible A (JJAll< < 1) if [M]i« < 1. (]

Now we compare the robustness condition in Proposition 6 with that for the
single-rate system of Figure 9.2. Such a condition was well-known [20]: The closed-

loop svstem in Figure 9.2 is stable for all admissible A if
(I + AP) 'Rl < 1.
which is equivalent to the following after lifting:
|1, (1 + KP)'Kllee < 1.

The quantity on the left. denoted f3,,, can be used as a measure of stability robustness
for the single-rate system [20]: The smaller the 3,, is. the more robust the system is.
Similarly. the quantity on the left of (9.8), denoted 34, is a robustness measure for
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the dual-rate inferential control syvstem. Examining the two quantities, we get

de = |+ ER)RR|

IN

“1_1_‘,(1 + 1\1’)“5“°c | R1lloo

IN

| + K2 K|
Ser- =

IA

and hence we conclude:

Corollary 1 The fast single-rate control system is no more robust than the dual-rate

inferential control system.

This result still leaves room for doubt: Can the dual-rate control structure be
better in stability robustness than the fast single-rate one? The answer is positive;

and we illustrate this wirh an example in the next section.

9.6 Illustrative Example

Example Consider a nominal plant P with a PI controller A"

0.15 0.5

P(z) = pamyt I\(:)=3+1_’-1.

Suppose the actual plant P. different from P, is given by

0.13

PG = s—oay

Clearly.

L}

< 0.15z* = 0.138:% — 0.132 + 0.117
r=elw 23(3 e 09)(3 - 092)

“P(:) — P(:)'

I=elW

S0 we caq deflue
0.152% = 0.1382% — 0.13: +0.117

23(z2 - 0.9)(z — 0.92)

We can see that the conditions for Proposition 6 are satisified. With this P in
place, it can be shown that the fast single-rate system (Figure 9.2) is closed-loop
unstable, while the dual-rate inferential control system (Figure 9.4) with n = 4 is

H/ 1 =

closed-loop stable. This is shown in the closed-loop step responses in Figures 9.9 and
9.10. This shows that the dual-rate inferential system is indeed more robust than the
corresponding fast single-rate system!
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9.7 Conclusion

In the preceding sections. we showed that ::. the absence of model-plant mismatch. the
multirate inferential control system is as stable as the fast single-rate system. and the
multirate inferential control system can recover the performance of the fast single-rate
system. We also studied the stability robustness of the dual-rate inferential control
system assuming an additive uncertainty r:odel. We point out here that similar result
holds if a multiplicative uncertainty model is used; in this case P belongs to the class

{(I +AW)P: JAlle <1}

Similar to the condition in (9.8) in Propusition 6. the robust stability condition for
this case is

W, P(I+KP KR |ls < 1.

Based on this. we can make the same conclusion that the dual-rate inferential control

scheme is advantageous in stability robustiess over the fast single-rate control scheme.
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Chapter 10

Conclusions and Future Work

10.1 Conclusions

The main contributions of this thesis are:

e A tutorial introduction to three popular subspace based identification schemes.
All the three algorithms are illustrated with experimental and simulation ex-

amples.
o An overview of the multirate control schemes.

e Development of a two-step multirate identification scheme based on the follow-
ing steps (1) estimation of the lifted model and (2) computation of the fast
sampled model from the lifted model. The unique problems in multirate iden-
tificaticn, for example, the accuracy of time-delay estimation, the observability
in the presence of time-delay and the causality problem, are discussed in detail.
This multirate identification scheme has been applied to SISO multirate systems
where the ratio between the output sampling interval and control interval is a
rational number; and to MIMO multirate systems where all the control inter-
vals are uniform, all the output sampling intervals are distinct but are integer
multiples of the control interval. The subspace-based multirate identification
schemes are demonstrated with both experimental and simulation examples.

e Estimation of the fast sampled transfer function model! from multirate data:
Frequency analysis of the multirate identification in the polynomial domain
demonstrates the importance of the design of the excitation sequence. Industrial
application shows that the proposed scheme works well even with a relatively

small data set.
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o Presentation of a multirate closed-loop identification scheme: A multirate closed-
loop identification algorithm which can estimate the fast-sampled process model
in either one step or two steps is developed. This identification scheme can han-

dle the most general class of processes.

o A multirate inferential model-based predictive control scheme is proposed. This
control scheme is discussed in both the polynomial and state-space domains.
An experimental example is explored to evaluate the model-based multirate

inferential control scheme.

e Analysis of the nominal performance and robust stability of the multirate in-
ferential control svstems. It can be proved theoretically that the multirate
inferential control system may lose a little in performance but at the same time
gain in stability robustness. This result is validated by a simulation example.

This thesis proposed a practical way to estimate fast-sampled process models from
multirate data, and hence made it possible to control the industrial multirate pro-
cesses effectively with the model-based inferential control schemes.

10.2 Future Work

The following problems are interesting, important. and worthy of furthur investiga-

tion:

¢ Validation of estimated fast-sampled models: In the experimental and
simulation examples, we used the slowly sampled output to estimate the fast-
sampled model. and the fast-sampled outputs to validate the fast-sampled
model. But in industry, the fast-sampled output measurement is not avail-
able in multirate systems. It is challenging and of great importance to develop
a method to validate the fast-sampied model only based on the slowly sampled
output measirements.

e Analysis of subspace-based identification algorithms in the frequency
domain: Subspace based identification schemes are natural choices for mod-
eling multi-input and multi-output systems which are common in chemical in-
dustries. Providing another dimension of insight into the processes, analysis of
identification schemes in the frequency domain is important and practical. So
far, little work has been done in analyzing subspace-based identification schemes

in the frequency domain.
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e Constrained system modeling and identification: Currently. all the iden-
tification algorithms. in both the polynomial domain and state-space domain.
treat the processes as black boxes. In practice, these schemes require inserting
excitation signals into the processes. Excitation is not desired in chemical in-
dustries because they degrade the performance of control loops. On the other
hand, operational data are abundant in industries. It would be economical to
estimate process models from operational data. But unfortunately, it is diffi-
cult to do so, since usually operational data does not contain enough excitaion
which is necessary for the black-box schemes. Incorporating the knowledge of
the operators and engineers about the processes into the modeling schemes. con-
strained identification schemes provide a new and promising way for estimating
dyvnamic models from operational data. Theoretical analysis of the constrained
schemes such as identifiablity, convergence and consistency would provide solid

ground for applyving constrained identification schemes in industries.

¢ Robust stability and performance analysis of multirate inferential
control systems: Model-plant mismatch (MPM) is inevitable in the chem-
ical process industry due to factors such as scaling, fouling, varying catalyst
activity (in chemical reactors for example), equipment degradation with time.
The stability of a special class of MR inferential control systems in the presence
of MPM has been investigated, but the stability of more general MR inferential
control systems in the presence of MPM should also be analyzed. This will

constitute an extension to the work reported in Chapter 9.

e Numerical robust stability analysis of identification algorithms: Many
of the identification problems can be solved as optimization problems. Ide-
ally all the identification schemes can give good results. but in practice many
schemes can not even give reasonable results because of the existence of process
disturbances and measurement noises. Numerical analysis shows that numeri-
cal structures of many identification algorithms are sensitive to poor excitation,
process disturbances and measurement noises. Research shows that sensitiv-
itv of many identification algorithms can be improved by formulating modified
optimization problems. Robust stability analysis of the identification schemes
is of great importance since process disturbances and measurement noises are

unavoidable in practice.
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