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Abstract

Large-scale complex chemical processes increasingly appear in the modern process industry
due to their economic efficiency. Such a large-scale complex chemical process usually consists
of several unit operations (subsystems), which are connected together through material and
energy flows. Because of the increased process scale and the significant interactions between
different subsystems, it poses great challenges in the design of automatic control systems
for such large-scale complex chemical processes which are desired to fulfill the fundamental
safety, environmental sustainability and profitability requirements. In recent years, pre-
dictive process control has emerged as an attractive control approach to handle the scale
and interactions of large-scale complex chemical processes. It has been demonstrated that
predictive process control can achieve improved closed-loop performance compared with
decentralized control while preserving the flexibility of the decentralized framework. How-
ever, almost all of the existing distributed predictive process control designs are developed
under the assumption that the state measurements of subsystems or the entire system are
available. This assumption does not hold in many applications.

This thesis presents a robust distributed moving horizon state estimation (DMHE)
scheme that is appropriate for output feedback distributed predictive control of nonlin-
ear systems as well as approaches for reducing the communication demand of the proposed
DMHE scheme and a strategy for handling delays in the communication between subsystem
estimators. First, the proposed robust DMHE scheme is presented for a class of nonlinear
systems that are composed of several subsystems. It is assumed that the subsystems in-
teract with each other via their states only. Subsequently, two triggered communication
algorithms are introduced for the proposed DMHE scheme to reduce the number of in-
formation transmissions between subsystems. Following this, an approach is proposed to
handle the potential time-varying delays in the communication between the subsystem es-
timators. The applicability and effectiveness of the proposed approaches are illustrated via

their applications to different chemical process examples.
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Chapter 1

Introduction

1.1 Motivation

Due to the increasing global competition, large-scale complex chemical processes is common
appearances in the modern process industry due to their economic efficiency. In recent years,
distributed predictive control has emerged as an attractive control approach to handle the
scale and interactions of large-scale complex chemical processes. It has been demonstrated
that distributed predictive control can achieve improved (sometimes the centralized) closed-
loop performance while preserving the flexibility of the decentralized framework. However,
almost all of the existing distributed predictive control designs were developed under the
assumption that the state measurements of subsystems or the entire system are available. It
is in general difficult to measure all the state variables in a process system. In order to main-
tain the structural flexibility of distributed predictive control, distributed or decentralized
state estimation systems should be used instead of centralized observers.

There are many existing results on decentralized deterministic observer designs for dif-
ferent classes of systems (e.g., [1, 2, 3, 4]) and distributed Kalman filtering based on con-
sensus algorithms with applications to sensor networks (e.g, [5, 6, 7, 8]). These results are
primarily developed in the context of linear systems. Recently, in [9], a distributed state
estimation approach for linear systems was developed in the framework of moving horizon
estimation (MHE) which was extended to nonlinear systems in [10]. However, these designs
are not appropriate for output-feedback control. Motivated by the above considerations, in
this thesis, we present a robust distributed MHE (DMHE) design for a class of nonlinear
systems with bounded output measurement noise and process disturbances. The proposed

DMHE design has the potential to be used in output-feedback control.



1.2 Background

Large-scale complex chemical processes increasingly appear in the modern process industry
due to their economic efficiency. Such a large-scale complex chemical process usually consists
of several unit operations (subsystems), which are connected together through material and
energy flows. Because of the increased process scale and the significant interactions between
different subsystems, it poses great challenges in the design of automatic control systems
for such large-scale complex chemical processes which are desired to fulfill the fundamental
safety, environmental sustainability and profitability requirements. Traditionally, control
and state estimation of large-scale systems has been studied primarily within the centralized
and the decentralized frameworks. While the centralized framework is shown to provide the
best performance, it is not favorable from the computational and fault tolerance view points.
In a decentralized framework, the interactions between subsystems in general are either not
taken into account or accounted for in conservative fashions such as worst case scenarios
(e.g., [11, 12] and references therein). Decentralized framework in general has a reduce
complexity in the controller and observer design and implementation. However, it may lead
to deteriorated performance or even lost of closed-loop stability.

In recent years, distributed model predictive control (DMPC) has emerged as an attrac-
tive control approach to handle the scale and interactions of large-scale complex chemical
processes; please see [13, 14, 15] for reviews of results on DMPC. The existing DMPC al-
gorithms can be broadly classified into non-cooperative and cooperative DMPC algorithms
based on the cost function used in the local controller optimization problem [13]. In a non-
cooperative DMPC algorithm, each local controller optimizes a local cost function while in
a cooperative DMPC algorithm, a local controller optimizes a global cost function. Non-
cooperative DMPC algorithms include [16, 17, 18, 19, 20, 21]. Cooperative DMPC was first
proposed in [22] and was developed in [13, 23, 24]. Lyapunov-based cooperative DMPC
algorithms for nonlinear systems were also developed in [25, 26] in recent years. It has been
demonstrated that DMPC has the potential to achieve the performance of the centralized
control while preserving the flexibility of decentralized frameworks [23, 15]. In addition to
DMPC, other important work within process control includes the development of a quasi-
decentralized control framework for multi-unit plants that achieves the desired closed-loop
objectives with minimal cross communication between the plant units under state feedback
control [27]. However, almost all of the above results are derived under the assumptions

that the system states are available all the times or that a centralized state observer is



available. These assumptions, however, either fail in many applications or are inconsistent
with the distributed framework which is not favorable from a fault tolerance point of view.
Therefore, it is desirable to develop state estimation schemes in the distributed framework.

In the literature, a majority of the existing results on state observer designs are derived
in the centralized framework. For linear systems, Kalman filters and Luenberger observers
are standard solutions. In the context of nonlinear systems, observer designs including
high-gain observers for different specific classes of nonlinear systems are available (e.g.,
(28, 29, 30, 31, 32, 33, 34, 35, 36, 37]). In a recent work [38], observers for systems with
delayed measurements were also developed. It is worth noting that the capability of high-
gain observers to be used in output feedback control designs has made high-gain observers
very popular in output feedback control of nonlinear systems (e.g., [39, 40, 41, 42, 43, 44]).

In another line of work, MHE has become popular because of its ability to handle
explicitly nonlinear systems and constraints on decision variables (e.g., [45, 46, 47, 48]).
In MHE, the state estimate is determined by solving online an optimization problem that
minimizes the sum of squared errors. In order to have a finite dimensional optimization
problem, the horizon (estimation window size into the past) of MHE is in general chosen to
be finite. At a sampling time, when a new measurement is available, the oldest measurement
in the estimation window is discarded, and the finite horizon optimization problem is solved
again to get the new estimate of the state [49, 45]. In a recent work [50], a robust MHE
scheme was developed which effectively integrates deterministic (high-gain) observers into
the MHE framework. The resulting robust MHE scheme gives bounded estimation error
and has a tunable convergence rate.

In order to maintain the structural flexibility of DMPC, distributed or decentralized
state estimation systems should be used instead of centralized observers. There are many
existing results on decentralized deterministic observer designs for different classes of sys-
tems (e.g., [1, 2, 3, 4]) and distributed Kalman filtering based on consensus algorithms with
applications to sensor networks (e.g, [5, 6, 7, 8]). These results are primarily developed
in the context of linear systems. Recently, in [9], a distributed state estimation approach
for linear systems was developed in the framework of moving horizon estimation (MHE)
which was extended to nonlinear systems in [10]. The distributed MHE (DMHE) schemes
developed in [9, 10] were also based on consensus algorithms which require the use of the
entire system model in each individual MHEs. Along this line of work, in [51, 52], DMHE
schemes based on subsystem models were developed for both linear and nonlinear systems.

Since the above DMHE schemes were developed based on the classical centralized MHE



[45, 46, 47], they maintain the advantages of MHE including the ability to handle nonlin-
earities, constraints and optimality considerations explicitly. However, as in the centralized
MHE, the convergence of the above DMHE schemes to the actual system state requires
a reliable approximation of the arrival cost. Even though different approaches including
the extended Kalman filtering [53], the unscented Kalman filtering [54] and particle filters
[55, 56] have been developed to approximate the arrival cost, it is in general a difficult
task to determine the arrival cost for constrained nonlinear systems. Also, when there are
bounded measurement noise and process disturbances, it is in general difficult to ensure the
boundedness of the estimation error [47]. Moreover, the convergence rates of the estimates
given by the above DMHE schemes to the actual system states are not tunable and is not

favorable from an output feedback control point of view.

1.3 Thesis outline and contributions

This thesis is organized as follows:

In Chapter 2, a robust DMHE design for a class of nonlinear systems with bounded
output measurement noise and process disturbances is presented. In this DMHE, each
subsystem MHE communicates with subsystems that it interacts with every sampling time.
In the design of each subsystem MHE, an auxiliary deterministic nonlinear observer is taken
advantage of to calculate a confidence region that contains the actual system state every
sampling time. The subsystem MHE is only allowed to optimize its state estimate within
the confidence region. This strategy was demonstrated to guarantee the convergence and
ultimate boundedness properties of the estimation error.

In Chapter 3, two algorithms are proposed to reduce the number of communications
between subsystem based on the DMHE framework developed in Chapter 2. In particu-
lar, event-triggered approach is adopted to reduce the number of communication between
subsystems. Specifically, in the first proposed algorithm, a subsystem sends out its current
information when a triggering condition based on the difference between the current state
estimate and a previously transmitted state estimate is satisfied; in the second proposed
algorithm, the transmission of information from a subsystem to other subsystems is trig-
gered by the difference between the current measurement of the output and its derivatives
and a previously transmitted measurement of the output and its derivatives. Because of
the triggered communication, a subsystem may not have the latest information of the other
subsystems. The application to a chemical process illustrates the effectiveness of the pro-

posed approaches in reducing the number of communications between the subsystems while



maintaining the estimation performance.

In Chapter 4, the DMHE developed in Chapter 2 is extended to handle time-varying
communication delays. In particular, an open-loop state predictor is designed for each
subsystem to provide predictions of unavailable subsystem states. In the design of each
predictor, the centralized system model is used. Based on the state predictions, an auxil-
iary nonlinear observer is used to generate a reference subsystem state estimate for each
subsystem every sampling time. Based on the reference subsystem state estimate as well
as the local output measurement, a confidence region is constructed for the actual state of
a subsystem. A subsystem MHE is only allowed to optimize its state estimate within the
corresponding confidence region at a sampling time. The proposed DMHE is proved to give
decreasing and ultimately bounded estimation errors under the assumption that there is
an upper bound on the time-varying delay. The theoretical results are illustrated via the
application to a reactor-separator chemical process.

Chapter 5 summarizes the main results of this thesis and discusses future research

directions.



Chapter 2

Distributed Moving Horizon State
Estimation for Nonlinear Systems
with Bounded Uncertainties™

2.1 Introduction

In this chapter, we propose a DMHE scheme for a class of nonlinear systems with bounded
output measurement noise and process disturbances. Specifically, we consider a class of
nonlinear systems that are composed of several subsystems and the subsystems interact
with each other via their subsystem states. First, a distributed estimation algorithm is
designed which specifies the information exchange protocol between the subsystems and the
implementation strategy of the DMHE. Subsequently, a local MHE scheme is design for the
each subsystem. In the design of each subsystem MHE, an auxiliary nonlinear deterministic
observer that can asymptotically track the corresponding nominal subsystem state when the
subsystem interactions are absent is taken advantage of. For each subsystem, the nonlinear
deterministic observer together with an error correction term is used to calculate confidence
regions for the subsystem states every sampling time. Within the confidence regions, the
subsystem MHE is allowed to optimize its estimates. The proposed DMHE scheme is
proved to give bounded estimation errors. It is also possible to tune the convergence rate
of the state estimate given by the DMHE to the actual system state. The applicability and
effectiveness of the proposed DMHE are illustrated via the application to a reactor-separator

process example.

“This chapter is a revised version of “J. Zhang and J. Liu, Distributed moving horizon state estimation
for nonlinear systems with bounded uncertainties. Journal of Process Control, 23:1281-1295, 2013.”



2.2 Notation

Throughout this thesis, we operator | - | denotes Euclidean norm of a scalar or a vector
while | - |2Q indicates the square of the weighted Euclidean norm of a vector, defined as
]x% = 27'Qx where Q is a positive definite square matrix. A function f(z) is said to be
locally Lipschitz with respect to its argument x if there exists a positive constant Lj”c such
that |f(z') — f(2")| < L§|2" —2”| for all 2’ and 2" in a given region of z and L} is the
associated Lipschitz constant. A continuous function « : [0,a) — [0, 00) is said to belong
to class KC if it is strictly increasing and satisfies a(0) = 0. A function §(r,s) is said to
be a class KL function if for each fixed s, 5(r, s) belongs to class I with respect to r, and
for each fixed r, it is deceasing with respect to s, and 5(r,s) — 0 as s — co. The symbol
diag(v) denotes a diagonal matrix whose diagonal elements are the elements of vector v.
The symbol ‘\” denotes set subtraction such that A\ B := {x € A,z ¢ B}. The superscript
(5) denotes the s-th order time derivative of a function. The matrix (or vector) At denotes

the pseudoinverse of a matrix (or vector) A. The set I = {1,...,m}.

2.3 System description

Throughout this thesis, we consider a class of nonlinear systems composed of m intercon-
nected subsystems where the i-th subsystem can be described by the following state-space

model:
ai(t) = filzi(t),wi(t) + fi(Xi(t)) (2.1)
i) = D) + vilt) '

where ¢ € I, z;(t) € R™i denotes the vector of state variables of subsystem i, w;(t) € R"™vi
denotes disturbances associated with subsystem i, and the vector function f; characterizes
the dependence of the dynamics of x; on itself and the associated disturbances. The vector
function f; characterizes the interactions between subsystem i and other subsystems. The
state vector X;(t) € R™: denotes the vector of states that involved in characterizing the
interactions. The vector y; € R™ is the measured output of subsystem i and v; € R™i is
the measurement noise vector. This system will also be used in Chapter 3 and Chapter 4.

In the following discussion, we use I; C I, ¢ € I, to denote the set of subsystem indices
whose corresponding subsystem states are involved in X;. For example, if X; contains states
of subsystem 1, subsystem 3 and subsystem 4, then I; = {1, 3, 4}. It is assumed that the

sets II;, ¢ € I, are known.



It is assumed that the subsystem states z;, ¢ € I, satisfy the constraint:

where X;, ¢ € I, are convex compact sets and the system disturbances and measurement
noise are bounded such as w; € W; and v; € V;, © € I, where

W; = {w; € R™i : Jw;| < 0y, } (2.3)

V; = {Ui € R™i . |vz| < Gvi} '
with 6, and 0,,, ¢ € I, known positive real numbers. The entire nonlinear system state
vector and measured output vector are denoted as x and y which are compositions of the

states and outputs of the m subsystems, respectively. That is, z = [z - xZT gl ])T € R

)

and y = [le - yZT Y "¢ R™. The entire system can be described as follows:

B(t) = flat),w(t) + fxz()
y(t) = h(x(t))+v(t) (2.4)

where f, f, w, h, and v are appropriate compositions of f;, fi, wi, hi, and v;, i € I,
respectively.

The outputs of the m subsystems, y;, i € I, are assumed to be sampled synchronously
and periodically at time instants {t;>o} such that t; = to+kA with g = 0 the initial time, A
a fixed sampling time interval and k positive integers. For each subsystem, a state estimator
(observer) will be designed in the framework of MHE to estimate its state. It is assumed that
the estimator associated with subsystem ¢ has direct access to the measurements of y; and
can communicate with the other subsystems when necessary to exchange their subsystem

output measurements and state estimates.

Remark 1 In order to illustrate the system model representation, consider the following

system with three one-dimensional subsystems:

i1 = —x1+ 1173 = fi(z1) + fl(Xl)
T9 = —0.bx9 4+ 2271 + l’% fa(22) + Ji2(X2)
I3 = —x3+ 2179 + 0.1x§ = f3(x3) + f3(X3)

In this example, X1 = [x1, x3]T with Iy = {1, 3}, Xo = [x1, x2, x3]7 with Iy = {1, 2, 3}
and X3 = [x1, x2)T with I3 = {1, 2}. Note that in order to simplify the discussion but

without loss of generality, inputs of the system are not considered in (2.4).

2.4 Nonlinear observers

Throughout this thesis, an auxiliary local nonlinear deterministic observer for each subsys-

tem will be taken advantage of to calculate a confidence region for the actual system state



every sampling time. In the context of nonlinear systems, there are extensive studies on
nonlinear deterministic observers focusing on the design of centralized observers [57, 58,
31, 30, 29, 35, 59, 60, 37] with many successful applications to different areas including the
control and monitoring of nonlinear chemical processes [42, 43, 32, 33, 34, 61, 44]. One
important class of nonlinear observers is the so-called ‘high-gain’ observers [29, 30, 31, 39]
which allow for effective separation principles in output feedback control designs. However,
little attention has been paid to the design of nonlinear decentralized or distributed deter-
ministic observers. Taking this fact into account, we assume that there exists a nonlinear

deterministic observer for subsystem i, ¢ € I, of the following form:
zi(t) = Fi(zi(t), hi(zi(t))) (2.5)

such that if ﬁ(XZ(t)) = 0, w;(t) = 0 for all ¢, then z; asymptotically approaches x; for all
the states z; € X;. This assumption implies that if f;(X;(t)) = 0, w;(t) = 0 for all ¢, there
exists a KL function (; such that:

|2i(t) = 2i(t)] < Pi([z(0) — 2:(0)], 1) (2.6)

where z;(0) and z;(0) are the initial states of the observer and the subsystem. The above

observability assumption also implies that [62]:

rank(O;(z;)) = ng, (2.7)

with O; (:I?Z) =

2
observer (2.5) is obtained based on continuous noise-free output measurements. We also

— for all z; € X;. Note that the convergence property of the nonlinear
assume that Fj, ¢ € I, are locally Lipschitz functions. It is further assumed that the entire
system of Eq. (2.4) is locally observable which essentially implies that the interactions
between the subsystems do not damage the collective observability of the subsystems.
Note that in the above assumption of the nonlinear observers, the interactions between
the subsystems are assumed to be absent (i.e., fi(X;(¢)) = 0 for all ¢). Note also that the
convergence properties of the nonlinear observers are obtained based on continuous noise-
free output feedback. In the proposed DMHE discussed in the next section, we will discuss
in details on how to take advantage of observer (2.5) and to compensate for the interactions

between the subsystems using information exchanged between subsystems.

2.5 The DMHE scheme

A schematic of the proposed DMHE design which includes m local MHESs for the nonlinear
system of Eq. (2.4) is shown in Fig. 2.1. In the proposed DMHE design, each subsystem is
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Figure 2.1: The proposed DMHE design.

associated with an MHE which is evaluated every sampling time. We also assume that a
local MHE has immediate access to the output measurements of its associated subsystem
and can communicate with the other subsystems to exchange their subsystem output mea-
surements and state estimates which are used to compensate for the interactions between
subsystems to improve their state estimates. The MHE associated with subsystem ¢ (i € I)
will be referred to as MHE 7. In the remainder of this chapter, we will first introduce
the proposed distributed estimation algorithm; subsequently, we present the design of the
local MHEs and finally derive sufficient conditions under which the proposed DMHE gives

bounded estimation error.

2.5.1 Distributed estimation algorithm

The proposed DMHE uses the following distributed state estimation algorithm to get an

estimate of the entire system.
Algorithm 2 Distributed state estimation algorithm

1. At ty =0, all the MHEs are initialized with the initial subsystem state guesses &;(0),
i €I, and the actual subsystem output measurements y;(0), i € L.
2. At ty > 0, carry out the following steps:
2.1. Each MHE receives the output measurement of the subsystem that it is associated
with; that is, MHE i receives y;(ty).

2.2. Fach MHE requests and receives the output measurements and subsystem state

estimates of the previous time instant from subsystems that directly affect its
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dynamics; that is, MHE i requests and receives y(tix—1) and Zi(tg—1) (which

denotes the state estimate of subsystem | at tp_1) for alll € 1;.

2.3. Based on both the local measurement and information from other subsystems,
each MHE calculates the estimate of its subsystem’s state; that is, MHE i calcu-

lates #;(ty,). The estimate of the entire system state is Z(ty,) = [Z1(tp)” ... Zm(tr)T]T.

2.4. Go to Step 2.1 at the next sampling time ty 1.

From Algorithm 2, it can be seen that it is a non-iterative algorithm. At a sampling
time, the MHEs are evaluated only once in parallel. This implementation compensates for
the interactions between subsystems based on the state estimates and output measurements
at the previous time instant. In addition, Algorithm 2 does not require an all-to-all commu-
nication between the MHEs. From Step 2.2, it can be seen that an MHE only communicates
with subsystems that it interacts directly. For example, if the subsystems are connected
in series, an MHE only has to receive information from its directly connected upstream

subsystem and to send information to its directly connected downstream subsystem.

Remark 3 Note that an iterative implementation algorithm may be used for the proposed
DMHE design based on the current output measurements and the state estimates obtained at
the previous iteration of the current sampling time. In this case, it is possible to achieve the
convergence property of the state estimates by redesigning the local MHEs accordingly. An
iterative implementation algorithm may lead to improved distributed estimation performance
if the iterations converge to the global optimum which, however, is not ensured for general
nonlinear systems due to the non-convexity of the optimization problems. Moreover, when an
iterative implementation algorithm is used, it may significantly increase the computational

complezity of the proposed DMHE design.

2.5.2 Local MHE design

In the design of a local MHE, the subsystem model of Eq. (2.1), the corresponding nonlin-
ear deterministic observer of Eq. (2.5) together with the information received from other
subsystems are used. A confidence region that contains the actual subsystem state will be
calculated every sampling time taking into account the boundedness of the measurement
noise and process disturbances. The local MHE is only allowed to optimize the subsystem

state estimate within the confidence region.
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Specifically, the proposed design of MHE 4 at time instant ¢; is formulated as follows:

k—1 k
s T il DT it Viltiw) (2.89)
PN Do TR =k N q=k—N
st @i(t) = fi(Zi(t), wilty)) + fi(Xi(ty)), t € [tgrtqr], q=k =N, ..., k—1
(2.8b)
vi(ty) = vi(ty) — hi(Zi(ty)), ¢ =k — N,...k (2.8¢)
wi(ty) € Wy, vi(ty) € Vi, Zi(ty) € Xy, q=k—N,....k (2.8d)
4i(t) = Fi(zi(t), vite—1)) + fiXi(te-1)) + D> Kia(@) (wite—1) — hu(@1(te-1)))
- (2.8¢)
Zi(teo1) = &itp_1) (2.8f)
|Zi(tk) — 2i(t)| < Kalyi(te) — hi(zi(te))] (2.8g)

where N is the estimation horizon, @); and R; are the covariance matrices of w; and v;
respectively, V;(tx_n) denotes the arrival cost which summarizes past information up to
ti_nN, T; is the predicted z; in the above optimization problem, Z; is the optimal estimate
of x; at previous time instants, K;; for [ € I; are gain matrices which are functions of ;,
and k; is a positive constant. The roles of K;; and x; will be made clear in the following
discussion.

Once problem (2.8) is solved, an optimal trajectory of the system states, Z} (ts—n), - - ., Z; (tx),
is obtained. The last element Z7(t;) is used as the optimal estimate of the state of subsys-
tem 4 at t; and is denoted as #;(t;). That is,

Ti(te) = 7 (tk)- (2.9)
Note that in the optimization problem (2.8), w; and v; are assumed to be piece-wise constant
variables with sampling time A to ensure that (2.8) is a finite dimensional optimization
problem.

In optimization problem (2.8), constraint (2.8a) is the cost function that needs to be
minimized. The arrival cost V;(t;_ ) summarizes the past information that is not covered
in the estimation horizon. Constraint (2.8b) is the model of subsystem i. Because only state
estimates at the sampling times are available, f;(X;(t,)) is used to approximate fi(X;(t))
from t4 to t441. This also implies that each MHE should be able to store the previously
received information from other MHEs. Constraint (2.8d) are bounds on the disturbances,
noise and subsystem state.

Constraints (2.8e)-(2.8g) are used to calculate a confidence region that contains the

actual subsystem state based on the deterministic nonlinear observer, a correction term
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and the information received from other subsystems. The estimate of the current sub-
system state is only allowed to be optimized within the confidence region. Specifically,
constraint (2.8e) is an augmented nonlinear observer taking into account explicitly the in-
teractions between subsystem ¢ and the other subsystems. The first term on the right-hand-
side of (2.8e) comes from observer (2.5); the second term on the right-hand-side of (2.8e) is
based on the interaction model and the previous state X’i(tk,l) which is the latest available
information available to subsystem i; and the last term is used to correct the errors in the

interaction model. The gain K;; depends on Z; and is calculated at each sampling time as

follows: ~
ofi (Oh\ ™"
K, = Z 2.10
o oxy (65(31 . ( )
2y (tk-1)
for l € I; and i € 1,...,m. The above calculation of K;; implies that the estimation error

caused by the interaction is compensated by its linearized approximation. This idea will be
made explicit in Section 2.5.3.

Constraint (2.8g) explicitly defines the confidence region based on the parameter x; and
the estimate given by the nonlinear observer (2.8¢) as well as the actual output measurement.
The parameter x; depends on the properties of the system. Conditions that the value of &;
(7 € T) needs to satisfy will be derived in Section 2.5.3. It will also be proven in Section 2.5.3

that the proposed approach leads to bounded estimation errors.

Remark 4 In the proposed DMHE design, the interactions between subsystems (i.e., fi(X;),
i € 1) are compensated for based on the interaction models as well as subsystem state es-
timates (i.e., XZ) The error caused by the difference between X; and X; is further com-
pensated for using the correction term Y oy Kii(yi(te—1 — hi(Zi(te—1))) with Ky, 1 € 1,
determined following (2.10). The correction term with K;; essentially compensates for the
linear part of the error dynamics caused by the difference between X, and X; and neglects
the higher order dynamics which will be made clear in the proof of Proposition 5 in Sec-
tion 2.5.3. In many applications, a first order correction term like the one used in the
present work is sufficient to achieve desired estimation performance. Please see Section 2.6
for the application of the proposed approach to a reactor-separator chemical process. If in
an application it is necessary to compensate for the higher order error dynamics in system

interactions, the proposed approach can be extended in a straightforward manner.
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2.5.3 Stability analysis

In this section, we study the robustness and stability properties of the proposed DMHE.
Specifically, we first investigate the boundedness of the estimation error given by the nonlin-
ear observer (2.8e) with K;; determined following (2.10) taking into account measurement
noise and process disturbances. Following this, we state the stability and ultimate bounded-

ness of the estimation error of the proposed DMHE. Sufficient conditions will be provided.

Proposition 5 Consider the nonlinear observer of Eq. (2.8¢e) for subsystem i, i € I, with
initial condition z;(ty) = T;(tr) and output measurement y;(ty). If K;; fori €l and 1 € 1;
are determined as in (2.10) and K;; are bounded, then the deviation of the observer state
z; in one sampling time A (i.e., at txy1) from the actual subsystem state x; is bounded for

all x; € X;, 1 €1, as follows:

lezi(tern)] < Billezi(te), A) +7%(A) + > LigAles(tx)[? (2.11)

L€l

where e, ; = zi—x;, 1 € I, and v;(1) = L%LhiM¢72/2—|—L%9Ui7+Lﬁi9wi7'+zl€ﬂi My, 0y, 7+
> el Lj;ij M7%/2 and L;; = Hfl +MKi¢lthl with L%, Ly, L;‘é", and L:":j being the Lipschitz
constants of F; with respect to y;, h; with respect to x;, f; with respect to w;, and f; with
respect to xy, respectively, and M;, Mk, ,, 1 € I and | € I;, being constants that bound &; in
X; and K;; in X, respectively, and Hifi, thl being positive constants that associated with

the Taylor expansions of f; and hy.

Proof: We consider the local MHE i of Eq. (2.8) (i € I) and define e, ; = z; — x; where
z; denotes the trajectory of observer (2.8e) and x; is the state trajectory of the actual
subsystem of Eq. (2.1). In this proof, we consider the time interval from ¢ = t; to t = 541
and the initial condition z;(tx) = #;(tx). The derivative of e, ; is evaluated as follows:
€i(t) = Fi(zi(t),yitr)) — filwi(t), wi(t))
+fi(Xi(tr) — fi(Xa(t) + D er, Kia (@) (ni(tr) — b (ty)))-

From the Lipschitz properties of F;, f; and h;, the fact that y;(tx) = hi(z;(tx)) + vi(tr), and

(2.12)

[vi(tr)] < Ou,;, |wi| < Ou,, the following inequality can be obtained from (2.12):

i) < |Filzi(t), ha(@i(t))) — filzi(t), 0)] + Ly L, [zi(t) — i ()| + L7 Ov, + LY O,

F{fi(Xi(t) = Fi(Xi(0) + X e, Ko (@) (wits) — hz(@z(tk)))‘
(2.13)

where L%, Ly, and L}‘f are the Lipschitz constants associated with F;, h; and f;, respec-

tively.
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Using Taylor series expansion, the following inequalities can be obtained:

o/i

filXit)) = fXiltn) + D = (alte) — duty) + HO.T),
ten (2.14)
malte)) = M) + G Gailt) — dilte)) + HOTP

where H .O.Tif “and H .O.Tlh’ are high order terms associated with the expansions of f; and

h;. These high order terms satisfy the following constraints:
HO.T/ < HIXi(t) — Xu(tp)[2, HOTM < HM|ay(ty) — &1(ty) 2 (2.15)

for all z; € X; (i € I) with HZfZ, 1 €1, and Hl}”, l=1,...,m, are positive constants.
Let us define A;(ty) = fi(Xi(tr)) — fiXi(te)) + Yser, Kia (@) (hu(a(te)) — hu(@(tn)))-

From (2.14), the following equation can be written:

of; . Ohy N h fi
Ai(te) = %: <— 9% (zi(tr) — 2u(t)) + Ki,l% (zi(ty) — 961(%))) + %:KuH-OTl '~ HO.T]".

(2.16)
If K;; is determined following (2.10), from (2.15) and (2.16), it can be obtained that:

|Ai(t)| < HI | Xi(te) — Xi(te) 2+ Ko H | (t) — (). (2.17)
lel;

From (2.13), using the triangle inequality and taking into account (2.17), | X;(t) — X (tx)|> =

> er, |Ti(te) —2(tg)|? as well as y;(tg) = hy(z;(tx)) +vi(ts), and from the Lipschitz property
of f; with respect to x; (I € I;), the following inequality can be obtained:

le=i()] < |Fi(zi(t), hi(i(t))) — fi(wi(), 0)] + Lig L, |i(t) — wi(te)| + L 0v, + LY O,
+> (Hlf + Kz’,lthl> leza(te) [+ > Kibo, + ZL? |21 () — 21 (tk)|

lel; lel; lel;
(2.18)

where e, ;(t;) = 2;(tx) — z1(t). Taking into account that z;(t;) = Z;(tx) and condition (2.6)

and integrating (2.18) from t = t; to t = tx41, the following inequality can be obtained:

lezi(ter)| < Billesi(tr)], A) + LE L, MiA? /2 + LY 0, A + LY 0, A

0 (HF o+ Mi, H Y lesa(t)PA + 3 Mg, 0, A+ 3 L MAY/2
lel; lel; lel;
(2.19)

where M;, i € I, are constants that bounds #; in X; (i.e., |#;| < M;) and Mg, ,, I €1;, are
constants that bounds K;; in X; (i.e., [K; | < Mg, ,). If vi(r) and L;; are defined as in
Proposition 5, (2.19) can be written in the form of Eq. (2.11). This proves Proposition 5.
O
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From the formulation of the local MHE of Eq. (2.8), it can be seen that observer (2.8¢)
is operated in open-loop since only information at ¢;_; is used. The result of Proposi-
tion 5 shows that within one sampling time, the estimation error given by the open-loop
observer (2.8¢) is bounded and the upper bound depends on the Lipschitz properties of
the system, the property of observer (2.5), the sampling time, the uncertainties involved in
the system, and the interactions between the subsystems. Theorem 6 below takes advan-
tage of the boundeness property of observer (2.8e) and provides sufficient conditions on the

convergence and ultimate boundedness of the estimation error of the proposed DMHE.

Theorem 6 Consider system (2.4) with the outputs of its subsystems y; sampled at time
instants {tx>0}. If the proposed DMHE implemented following Algorithm 2 with subsystem
MHE designed as in (2.8) based on deterministic nonlinear observers satisfying (2.6) and
K, determined following (2.10) that are bounded, and if there exist concave functions g;(-),

1 €1, such that:
gi(leil) > Bi(lei], A) (2.20)

for all |e;] < d; and if there exist vector constants ds;, d; such that 0 < dg; < d;, and

positive constants a; > 1 , b; > 0, and ¢; > 0, such that:

ds; — a; gi(ds,i) + ’}’z(A) + ZLi,lAd% — b,ﬂvi > € (2.21)

lel;

for alli €1, and if k; for all i € 1, are picked as follows:
0 < ki <min{(a; —1)/Ly,, bi}, (2.22)

then the estimation error |e;| = |&; — x;| (i € 1) is a decreasing sequence if |e;(0)| < d; for

all i € T and is ultimately bounded as follows:

i ()] < dimi .
tlgrolosup|el(t)| di min (2.23)

for i € T with d;min = max{|e;(t + A)| : |e;(t)| < ds;} for all e;(0) < d; and z; € X;. This

also implies that the entire system state estimation error is ultimately bounded.

Proof: We prove that the evolution of the estimation error of each subsystem state
lei| = |Z; — x|, ¢ € I, under the proposed DMPC with the local MHE of Eq. (2.8) is a
decreasing sequence and is ultimately bounded in a small region. The decrease and ultimate

boundedness of subsystem estimation errors imply the decrease and ultimate boundedness
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of the entire system state estimation error. Specifically, we first focus on MHE ¢, i € I, for
the time interval from ¢ to t;y1 and then extend to the general case.

From constraint (2.8g) for MHE ¢, it can be written that:

|1Zi(thr1) — zi(tra )| < Kalyi(tern) — Ri(zi(tey1))]- (2.24)

From the Lipschitz property of h;, the fact that y; = h;(x;) +v; and |v;| < 6,,, it is obtained
that:

|Zi(trt1) = Zi(trsr)| < KiLn|@i(trrr) — 2i(tga)| + Kibh, (2.25)
where Ly, is the Lipschitz constant of h; as defined in Proposition 5. Using the triangle
inequality |Z; — ;| < |%; — 2| + |2; — @], it is obtained from (2.25) that:

Zi(tha1) — zi(trg )| < (L4 Kilp,) |2i(tkg 1) — 2i(teg1)| + Kib,- (2.26)

From Proposition 5 and (2.26), and noticing that e;(¢;) = e.;(t), the following inequality

can be obtained:
lei(tren)] < (1 + ki) | Billei(tr)], A) +7i(A) + Y LigAler(ti)* | + ki, (2.27)
lell;

If condition (2.20) is satisfied, from (2.27), it can be obtained that:

lei(tran)] < (1+ miLn,) | gi(lei(to)]) +%(A) + > LigAle(ts)|* | + ki, (2.28)
lel;

If there exists ds; satisfy (2.21) and k; is picked following (2.22), then (2.21) holds for all

ds; < |e| < d; taking into account that g;(-) is a concave function; that is:

leil = (14 kiLn,) | gi(leil) +7(A) + ) LigAle* | = kb, > € (2.29)
lel;

for all ds; < |e;| < d; and |e;| < d; (I € I;). From (2.28) and (2.29), it can be obtained that:
l&i(te+1)] < lei(te)] — € (2.30)

for all ds; < |e;| < d;. If |e;| > ds; for all the time from 0 to ¢, using (2.30) recursively, it
can be obtained that:
lei(ti)] < lei(0)] — ke; (2.31)

for all ds; < |e;(tx)| < d;. This implies that |e;| decreases every sampling time and will

become smaller than ds; in finite steps. Once |es;| < ds;, it will remain to satisfy |e;(t)] <
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d; min Which is ensured by the definition of d; min; that is, tlim sup |e;(t)| < dimin. Note that
—00
the above proof holds for all i € II.
The ultimate boundedness of subsystem state estimation error implies the ultimate

boundedness of the entire system state estimation error. This can be seen from the inequal-

m
ity |e| < Z le;| which implies that:
i=1

] 3 < . s )
tlgélo sup le] < Zdumm (2.32)

i=1

This proves Theorem 6. [J

Remark 7 The purpose of the introduction of g; as in condition (2.20) is to ensure that
when condition (2.21) is satisfied for |e;| = ds;, it is also satisfied for dg; < |e;| < d
which implies that if |e;| > ds;, |e;| will be decreasing. For many of the existing nonlinear
observers (e.g., [31, 30, 33, 37]) that provide exponentially convergence rates such that
lei(t)] < Ailei(0)| exp(—a;t) with A; and «; positive numbers, condition (2.20) can be easily
satisfied.

Remark 8 Referring to condition (2.21) in Theorem 6 (or (2.29) in the proof), the term
gi(lei(tr)]) denotes an upper bound on the error value after one sampling time (i.e., |e;(tg+1)])
if the initial error value is |e;(tg)| for the nominal subsystem i without interactions under
continuous output y; feedback; the term ~;(A) represents the effects of sampled-and-hold
implementation of nonlinear observer (2.5), measurement noise and process disturbances;
the term Zleli L“Ad? bounds the effect of subsystem interactions; and the term k;0,, rep-
resents the uncertainty introduced into condition (2.8g) due to measurement noise. Condi-
tion (2.21) essentially requires that the assumed nonlinear observer (2.5) for the nominal
system without interactions converges to the actual nominal subsystem state fast enough
such that its contribution to the decease of the estimation error dominates the effects caused

by other factors that contribute to the increase of the estimation error.

Remark 9 Note that Theorem 6 provides a set of sufficient conditions that essentially
decouple the error dynamics of each subsystem. Condition (2.21) involves the initial esti-
mation error di, | € I;, of the interacting subsystems of subsystem i. This set of sufficient
conditions requires that the initial estimation errors of the subsystems should be sufficiently
small. In other words, the convergence rates of the nonlinear observers of Eq. (2.5) should

be high enough to reject the effects of the initial estimation errors.
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Remark 10 From Theorem 6 as well as Remark 8, it can be seen that the convergence rates
of the nonlinear observers of Eq. (2.5) for the nominal subsystems without interactions play
an tmportant role in the convergence rate of the estimates of the proposed DMHE to the
actual system states. This implies that it is possible to tune the convergence rate of the
proposed DMHE by tuning the convergence rates of the nonlinear observers of Eq. (2.5).
By examining condition (2.21), it can be found that when we tune the nonlinear observers
to increase their convergence rates (i.e., gi(e;) decreases), the negative effects caused by the
sampled-and-hold implementation (i.e., v;(A)) increase at the same time which implies the
increase of the value of d; min. This is because with the increase of the convergence rates of
the nonlinear observers, their Lipschitz constants (i.e., Li{;l) increase.

In order to overcome the above issue, two approaches may be used. First, a nonlinear
observer of Eq. (2.5) with switched convergence rates is used in the design of the MHE
of Eq. (2.8) for each subsystem. Specifically, a high convergence rate is adopted when the
estimation error is large and a low convergence rate is used when the estimation error
is small. By applying this approach, a high convergence rate of each local MHE can be
achieved while keeping the value of dimin small [63]. A second approach that may be used
to further improve the performance of the first approach is to use/require continuous output
measurements for the time period when the high convergence rate is used in the evaluation
of the nonlinear observer of Eq. (2.5). This approach can significantly reduce the negative
effects caused by the sampled-and-hold implementation of the nonlinear observer in the case

of high convergence rate.

Remark 11 The proposed DMHE scheme integrates deterministic nonlinear observer de-
sign techniques and MHE. It can increase the robustness and reliability of the observer over
either deterministic observers or classical MHE as will be demonstrated in Section 2.6 (see
also [50, 64]). This is due to constraint (2.8g) in each subsystem MHE design which ensures
that the MHE inherits the robustness of the deterministic nonlinear observer. The proposed
approach, however, requires more efforts in the initial design stage and in the tuning of the

parameters.

Remark 12 Note that in this work, we consider a type of bounded model mismatch (i.e.,
process disturbances). Other types of model mismatches, such as uncertainties in model
parameters or model structure, can be considered in a similar fashion as long as the model
mismatches are bounded and the auxiliary nonlinear observers are designed following the

assumptions in Section 2.4. Note also that even we do mot explicitly consider model mis-
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Figure 2.2: Reactor-separator process with a recycle stream.

matches in the interaction model, we would like to clarify that different uncertainties are
actually included since 1) estimates of subsystem states are used in the interaction model
in the design of the proposed DMHE, and 2) linear correction terms are used to compensate

for nonlinear error dynamics.

Remark 13 The results in Theorem 6 are conservative since the worst case scenario is
considered. It might be possible to derive less conservative conditions if real-time (instead of
the worst) interactions between the subsystems are considered. However, this will make the
sufficient conditions for subsystems coupled together and may complicate the design process

of the distributed estimation system.

2.6 Application to a reactor-separator process
2.6.1 Process description and modeling

In this section, the proposed distributed state estimation approach is applied to a reactor-
separator process which includes two connected continuous stirred tank reactors (CSTR)
and one flash tank separator as shown in Fig. 2.2. Similar processes have been studied in
[65] in the context of networked process control. The feed stream entering the first tank
contains pure reactant A at flow rate Fjo and temperature T79. A is expected to become
the product B and there is also a second reaction which converts B to the side product
C: A — B, B— C. The efluent of CSTR 1 is fed into CSTR 2 at flow rate F; and
temperature T7. There is also another flow of pure A that is fed into CSTR 2 at flow rate
F5y and temperature Thy. The same reactions take place in CSTR 2. A portion of the

effluent of CSTR 2 is passed through a separator and recycled back to CSTR 1 at recycle
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flow rate F; and temperature 75. Each reactor is equipped with a jacket to provide/remove
heat to/from the reactor. Based on standard modeling assumptions and mass and energy
balances, nine ordinary differential equations can be obtained to describe the dynamics of

the process:

drar  Fio F, B

A —(za10 —za1) + — w “(xar — wa1) — k1€ T 243 (2.33a)
d F F, By —Egy
CBL _ 10 (4 pig — 2p1) + 2 (2 — 251) + k1e BTz a1 — koe FT 2 (2.33b)
dt 1%} 1%
dTy Fyo F, AH, —B AHs it 20} Q1
R (VA Ty —T)) — 2 e gy — D2 ke T
i 7 — (T —T1) + V( 3—11) . 1€ 7T 2 4y . 2e Tt g1 + ooV
(2.33¢)
d F Fy —E1
2?2 - V;(ﬂfAl —Ta2) + VQO (zA20 — 242) — kleRTQI LA2 (2.33d)
d F Fy B —Ey
282 _ Lap — wp) + 2 (wpao — wm2) + ki€ BT 3 4y — hoe P15 2 (2.33e)
dt Vs VQ
AT, F AH,  -B AHy =B Qs
222 _Slep 2200 T BT, _ T,
praai s (T — 1) + ( o — 1) — . Lk T 2 49 o 2 ke FTe g9 + el
(2.33f)
dx A3 Fy (Fr + Fp)
_ R _ 2.
dxrp3 Fy (Fr + Fp)
_ ena) — ) (g — 2.33h
g Vi (xp2 — TB3) 7 (xBr — B3) (2.33h)
dT3 F2 Q3 (Fr + Fp)
_ B o AH,, AH,, A Hyap
dt VE’, ( 2 3) pCpVE’, pcp‘/?) (xAr pl + TByr p2 + To pd)

(2.331)

It is assumed that there is a negligible amount of reaction taking place in the separator
and that the relative volatility for each of the components remains constant within the
operating temperature range. The algebraic equations modeling the composition of the

overhead stream relative to composition of liquid in the flash tank is described as follows:

B QAT A3
TAr =
QATA3 + ABTB3 + QCTC3
QBTR3
Ly = (2.34)
QATA3 +QaBTR3 + acTCs
QoTCs3
TCOr =

 @aTA3 + QBTR3 + ACLC3
The definition of process variables and values of these parameters are given in Table 2.1 and
Table 2.2, respectively. Note that the reaction (1) and reaction (2) refer to the reactions
A — B and B — C, respectively.

The system is divided into three subsystems with respect to the three vessels in the

process, and the states are noted by x; = [x 4, xp;, T3]7, i = 1, 2, 3. For each subsystem,
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Table 2.1: Process variables for the reactors.

TA1, TA2, TA3 mass fractions of A in reactors 1, 2, 3

Tp1, TB2, TB3 mass fractions of B in reactors 1, 2, 3

ro1, To2, TO3 mass fractions of C' in reactors 1, 2, 3

TAr, LBr, TOr mass fractions of A, B, C in the recycle stream
Ty, Th, Ty temperatures in reactors 1, 2, 3

Tho, Too feed stream temperatures to reactors 1 and 2
F, B effluent flow rates from reactors 1 and 2

Fio, Foo steady-state feed stream flow rates to reactors 1 and 2
F., F, flow rates of the recycle and purge streams

Vi, Vo, Vs volumes of reactors 1, 2, 3

Eq, Es activation energy for reactions (1) and (2)

ki, ko pre-exponential values for reactions (1) and (2)
AHy, AH, heats of reaction for reactions (1) and (2)
AHyap1, AHyapo, AHyqp3  evaporating enthalpies for A, B, C

oA, ap, aC relative volatilities of A, B, C

Q1, Q2, Q3 heat inputs/removals into/from reactors 1, 2, 3
cp, R, p heat capacity, gas constant and solution density

Table 2.2: Process parameters for the reactors.

Fio = 5.04m3/h AH; = —6.0 x 10* K.J/kmol
Fyy = 5.04m3/h AHy = —17.0 x 10* K.J/kmol

F, =50.4m3/h AHygpr = —3.53 x 10* K.J/kmol
F,=5.04m3/h AHyapr = —1.57 x 10* K.J/kmol
Vi =1.0m3/h AHygps = —4.068 x 10* K.J/kmol
Vo =0.5m3/h kp =277 x 103 s71
Vz=1.0m3/h ky =2.6 x 103 571

ay =35 cp=42KJ/kg- K

ap = 1.0 R =28.314 KJ/kmol - K

ac =05 p = 1000.0 kg/m?>

T10 =300 K TA10 = 1

T20 =300 K TrB10 — 0

F1 =5.0x10* KJ/kmol xa90 =1
Ey = 6.0 x 10* KJ/kmol xp3 =0
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there’s an external input to the corresponding vessel: ()1, @2 and Q3. It is assumed
that the measured outputs of the process are the temperatures (i.e., 71, T3 and T3) and
the measurements are subject to bounded noise. The bounded noise in the measurements
is generated as normal distributed values with zero mean and standard deviation 1 but
the values are restricted to be in the interval [—2,2]. In addition to the measurement
noise, bounded random disturbances are added to the right-hand-side of Eq. (2.33). The
random disturbances added to the dynamics of the temperatures are generated as normal
distributed values with zero mean and standard deviation 100 in the range [—200,200]
while the disturbances added to the dynamics of the concentrations are generated as normal
distributed values with zero mean and standard deviation 1 in the range [—5, 5]. The process

has one unstable steady-state:
zs = [0.1763, 0.6731, 480.3165 K, 0.1965, 0.6536, 472.7863 K, 0.0651, 0.6703, 474.8877 K|

which is the desired operating point, corresponding to Qs = [2.9 X 106 KJ/h, 1.0 x
105 KJ/h, 2.9 x 10¢ K.J/h]T. The process is stabilized around this operating point by

manipulating the three external inputs.

2.6.2 Local MHE design

First, a deterministic nonlinear observer is designed following [31] for each subsystem with-
out considering the interactions between them. The nonlinear observers take the following

form for ¢ = 1,2, 3:

2i(t) = fi(#:(t), 0) + Gi(&:(t)) ™ Koayi(t) — 5i(t)) (2.35)
. di(z;) . .
where Z; denotes the state of the observer, G; = 7 with ®;(#;) defined as:
T
. . Ohy(Zi) . 0(0hi(%)/0%; - fi(#3)) . . 7
D;(2;) = [hi(T4), — [i(Zq), - (T
(@) = (@), L h(&) L i)
and K, ; is a gain matrix and its value is determined such that the eigenvalues of the matrix
01 0
Ayi — KiCoji with Ay = | 0 0 1 and C,; = [1 0 0] are placed at —0.1 £ ¢ and —10.
00 O

These nonlinear observers can asymptotically track the nominal subsystem states when the
interactions between them are absent.

The above designed nonlinear observers are used in the design of the subsystem MHEs.
As shown in (2.8), these nonlinear observers are augmented with the interaction models and

the correction terms. From the process model of Eq. (2.33), it can be seen that I; = {3},
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I, = {1}, I3 = {2}. Following (2.10), the gains of these correction terms are determined as
follows:

Ki3=10, 0, 50.4]", Ky1 =10, 0, 110.88]", K35 = [0, 0, 60.48]".

In the design of the local MHEs, the sampling time is A = 0.005 h, moving horizon is N = 3,
the parameters k; (i = 1,2,3) are K1 = ko = k3 = 0.5 determined based on extensive offline
simulations. The bounds on subsystem states z; are determined as 0 < x4; < 1, 0 < zp; <
1, 350K < T; < 650K. The weighting matrices in the cost function of each subsystem MHE
are Q; = diag([1 1 10%]), R; = 1 for i = 1,2,3. An extended Kalman filtering approach is
used to approximate the arrival cost in the subsystem MHEs [53]. These subsystem MHEs
are implemented following Algorithm 2 to estimate the entire system state in a distributed

fashion.

2.6.3 Simulation results

In this section, the proposed DMHE is compared with different estimation techniques to
illustrate its performance. Specifically, the proposed DMHE will be compared with 1) the
deterministic nonlinear observers in the form (2.8e) implemented the same as the proposed
DMHE, 2) a decentralized MHE in which the subsystem MHEs do not communicate and
the interactions between subsystems are compensated for using their steady-state values,
and 3) the proposed DMHE with the correction gains in (2.8e) being zero vectors (i.e.,
Ki3=Ky1=Kszo=10, 0, 0]7).

First, we compare the performance of the proposed DMHE with the deterministic non-
linear observers of Eq. (2.8¢) implemented following Algorithm 2 as well. The key difference
between the two approaches is that in the proposed DMHE, optimality considerations are

taken into account. The initial condition for the process is as follows:
zo = [0.1939, 0.7404, 528.3482 K, 0.2162, 0.7190, 520.0649 K, 0.0716, 0.7373, 522.3765 K|*

and initial guess for the proposed DMHE and the nonlinear observers of Eq. (2.8e) are the
same:

Zo = [0.1675, 0.7, 500.3 K, 0.18, 0.67, 500 K, 0.06, 0.68, 500 K]’.

Figure 2.3 shows the trajectories of the estimates given by the proposed DMHE and the
nonlinear observers of Eq. (2.8e). The corresponding trajectories of the norm of the esti-
mation error is shown in Fig. 2.4. From these figures, it can be seen that both the proposed
DMHE and the nonlinear observers of Eq. (2.8e) can track the actual system state. How-

ever, the proposed DMHE drives the estimates to a small region around the actual system
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Figure 2.3: Trajectories of the actual system state (solid lines), the estimates given by
the proposed DMHE (dashed lines) and the nonlinear observers of Eq. (2.8¢) implemented
following Algorithm 2 (dash-dotted lines).
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Figure 2.4: Trajectories of the estimation error norm of the proposed DMHE (dashed line)
and of the nonlinear observers of Eq. (2.8¢) implemented following Algorithm 2 (dash-dotted
line).
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Figure 2.5: Trajectories of the actual system state (solid lines), the estimates given by the
proposed DMHE (dashed lines) and a decentralized MHE in which the subsystem MHEs
do not communicate and the interactions between subsystems are compensated for using
their steady-state values (dash-dotted lines).

state much faster. This can be seen clearly from Fig. 2.4. This is because that even though
the stability property of the proposed DMHE is essentially inherited from the nonlinear
observers of Eq. (2.8¢), in the proposed DMHE optimality considerations are taken into
account.

Next, we compare the performance of the proposed DMHE with a decentralized MHE in
which the subsystem MHEs do not communicate and the interactions between subsystems
are compensated for using their steady-state values. Figures 2.5 and 2.6 show the trajec-
tories of the estimates and the corresponding estimation error norms. From these figures,
it can be seen that the proposed DMHE can track the actual system state very well while
the decentralized MHE gives very unreliable estimates. This is due to the fact that in the
proposed DMHE, the interactions between the subsystems are compensated for using latest
estimates of the subsystem states communicated between the MHEs as well as additional
correction terms to compensate for the errors in the estimates. This strategy can signifi-
cantly improve the interaction compensation performance compared with the case that a
constant steady-state value is used for the interactions.

In this set of simulations, we compare the performance of the proposed DMHE with the

same proposed DMHE but with the correction gains in (2.8e) being zero vectors; that is,
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Figure 2.6: Trajectories of the estimation error norm of the proposed DMHE (dashed line)
and of a decentralized MHE in which the subsystem MHEs do not communicate and the
interactions between subsystems are compensated for using their steady-state values (dash-
dotted lines).
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Figure 2.7: Trajectories of the actual system state (solid lines), the estimates given by the
proposed DMHE (dashed lines) and the proposed DMHE with the correction gains in (2.8e)
being zero vectors (dash-dotted lines).
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Ki3=Ky1 =Kszo=10, 0, O]T. Figures 2.7 and 2.8 show the trajectories of the estimates
given by the two approaches and the corresponding estimation error norms, respectively.
From Figs. 2.7 and 2.8, it can be seen that both the two approaches can track the actual
system states. However, the estimates given by the proposed DMHE with the correction
terms converge to the actual system states much faster than the estimates given by the
approach without the correction terms. Moreover, the estimates given by the proposed
DMHE without the correction terms have relatively larger fluctuations around the actual
system states. This set of simulations illustrate that if we use the correction terms to
compensate for the estimation errors, faster convergence rate and improved estimates can
be obtained.

Finally, we demonstrate the robustness of the proposed DMHE to the uncertainties in
model parameters. In this set of simulation, we consider that there are uncertainties in the
inlet reactant concentrations in flow Fjg. Specifically, we consider that the actual values
of the reactant concentrations are x419 = 0.9 and zp19 = 0.1 but in the DMHE design
410 = 1 and xp1g = 0 are used; that is, in the DMHE design, pure A is thought to be
contained in Fyg. Figure 2.9 shows the simulation results. It can be seen from this figure that
the proposed DMHE can track the actual system states. This set of simulations illustrate

the robustness of the proposed DMHE with respect to model parameter uncertainties.

2.7 Conclusions

In this chapter, we developed a distributed state estimation approach in the framework of

moving horizon estimation for a class of nonlinear systems. In particular, we focused on a
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Figure 2.9: Trajectories of the actual system state (solid lines) and the estimates given by
the proposed DMHE (dashed lines) subject to model parameter uncertainties.

class of nonlinear systems that are composed of several subsystems and the subsystems in-
teract with each other via their subsystem states. First, a distributed estimation algorithm
was proposed which specifies how the different subsystem MHEs collaborate. Subsequently,
a local MHE scheme was designed for each subsystem. In the design of each subsystem
MHE, an auxiliary nonlinear deterministic observer that can asymptotically track the cor-
responding nominal subsystem state when the subsystem interactions are absent was taken
advantage of. For each subsystem, the nonlinear deterministic observer together with an
error correction term was used to calculate a confidence region for the subsystem state
every sampling time. Within the confidence region, the subsystem MHE was allowed to
optimize its estimate. Sufficient conditions under which the proposed DMHE scheme gives
bounded estimation errors in the case of bounded measurement noise and bounded process
disturbances were derived. The performance of the proposed DMHE was illustrated via
the application to a reactor-separator chemical process by comparing it with three other

distributed estimation approaches.
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Chapter 3

Two Triggered Communication
Algorithms for Distributed Moving
Horizon State Estimation®

3.1 Introduction

In Chapter 2, we developed a DMHE strategy for a class of nonlinear system, which re-
quires information exchange every sampling time. In that strategy, for each subsystem,
a nonlinear observer of the form (2.5) is augmented with a correction term based on the
information communicated at the previous sampling time to calculate a confidence region
at each sampling time. Within the confidence region, the corresponding local MHE is al-
lowed to optimize its state estimates. The DMHE developed in Chapter 2 was proved to
give decreasing and ultimately bounded estimation error. However, the results in Chapter 2
were obtained based on information communication every sampling time. The frequent in-
formation transmission requirement may impede the application of the DMHE to processes
that have a shared communication network with limited capacity. Moreover, extensive in-
formation exchanging may reduce the robustness of the system due to data dropouts in
the communication network. Motivated by the above observations, in this chapter, we pro-
pose two algorithms to reduce the number of information transmissions between subsystem
based on the DMHE framework developed in Chapter 2 via event-triggered approaches.
Event-triggered approaches have been widely used in the design of control systems that
have shared communication and computation resources (e.g., [66, 67, 68]). When a trig-
gered strategy is used to reduce the frequency of communication of the distributed state

estimation system, the implementation algorithm and local MHE design in Chapter 2 need

*This chapter is a version of “J. Zhang and J. Liu. Two triggered information transmission algorithms
for distributed moving horizon state estimation. Systems & Control Letters, 65:1-12, 2014.”
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to be redesigned to account for triggered communication between the subsystems in order

to achieve boundedness of the estimation error.

3.2 Modeling of measurements

In this chapter, we consider that the outputs of the m subsystems, y;, i = 1,...,m, are
sampled synchronously and periodically at time instants {¢;>0} such that t;, = to + kA
with tg = 0 the initial time, A a fixed sampling time interval and k positive integers. It’s
also assumed that the measurements of the time derivatives of the outputs, v;, ..., yl(n_l),
1 =1,...,m, are available at each sampling time.

Note that the availability of the output time derivatives is only required in the design of
one of the two proposed triggered communication algorithms of the proposed DMHE. For
the other proposed triggered communication algorithm, it only requires the availability of
the output measurements (i.e., y;(t)). The difference of the two triggering conditions will
be discussed in Section 3.5.

In the distributed state estimation scheme, subsystem i is assumed to have direct and
immediate access to the corresponding local output and its derivatives. The subsystems

are assumed to be able to communicate with each other bi-directionally to exchange their

subsystem state estimates and measurements when necessary.

3.3 The DMHE scheme with triggered communications

In this chapter, we will discuss the proposed DMHE design with triggered communication
for the nonlinear system of Eq. (2.4) to minimize the communication cost of the distributed
state estimation system. The structure of this design is shown in Figure 3.1. In this scheme,
each subsystem has an MHE estimator and an communication trigger which determines if
the information of the subsystem should be sent out to other subsystems at a sampling time.
This implies that a subsystem does not necessarily send out information at each sampling
time, which can reduce the communication load of the distributed state estimation system.In
the first algorithm, the triggering condition is designed based on the difference between the
current sate estimate and the last sent state estimate. In the second algorithm, the triggering
condition is based on the difference between the sampled current output as well as its
derivatives and the last sent output as well as its derivatives. The remainder of this chapter
is organized as follows: first, an implementation algorithm for the DMHE with triggered

communication is presented which is followed by the first triggering condition; then, the
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Figure 3.1: Scheme of the proposed DMHE design with triggered communication.

design of local MHE taking into account triggered communication explicitly is introduced;
subsequently, the stability properties of the proposed DMHE with triggered communication
are analyzed based on the first triggering condition; finally, the second triggering condition

is proposed and the corresponding DMHE stability properties are proved.

3.4 DMHE with the first communication trigger
3.4.1 Implementation algorithm

In this section, we will discuss the proposed DMHE with the first triggered communication
approach in which the trigger of a subsystem is designed based on the difference between
the current and the previous sent state estimates of the subsystem. First, we propose the

implementation algorithm for this strategy in the following Algorithm 14:
Algorithm 14 Distributed state estimation algorithm 1

1. At the initial sampling time to = 0, MHE i, i € 1, is initialized with y;(to), &;(to) as
well as y;(to), (to) forl €1;.

2. At the current sampling time t, > 0, MHE i, i € 1, and its associated trigger carry

out the following steps:

2.1. MHE i receives the corresponding output measurement y;(ty).

2.2. MHE i calculates the current state estimate %;(ty) based on the local measure-

ments yi(tgrs—n), s =0,1,..., N, and the latest received information i’l(tf]) and
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yl(té) for l €1, where té is the last time instant that MHE | sends information
to MHE i.

2.3. MHE i sends &;(tx) and y;(ty) to its trigger and the trigger checks the triggering
condition. If the condition is satisfied, the trigger updates té = t; and sends
ii(tf]) as well as yi(tf]) to subsystem j for all j € C;. If the triggering condition
is not satisfied, no information is transmitted to subsystem j from subsystem i

and subsystem j continues to use the last updated information i:i(tg) and y; (té),
3. Go to Step 2 at the next sampling time tj 1.

In the above algorithm, the communication occurs in Step 2.3 at the end of each sampling
time, implies that the current state estimate of a subsystem, if it is sent out to other
subsystems, will be used to compensate for the interactions between the subsystems at the
next sampling time. Moreover, the communication between subsystem is designed in a

parallel and non-iterative fashion.

3.4.2 The first triggering condition

From Step 2.3 of Algorithm 14, it can be seen that the triggering condition for each sub-
system is checked every sampling time after MHE 7 calculates its latest state estimate. The
first triggering condition is designed based on the difference between the current subsystem
state estimate and the last subsystem state estimate sent to other subsystems. Specifically,
the triggering condition of MHE 7 at time ¢, is designed as follows:

1, i [@i(ty) — ()] > &

Silt) = { 0, if |#:(ty) — &(th)] < e (3.1)

where t} is the last sampling time that MHE i sent information to other MHEs, &;(ty) is
the current state estimate of MHE ¢ and :)Ei(tfl) is the last sent state estimate of MHE i. ¢; is
a pre-determined threshold. When S;(t;,) = 0, the triggering condition is not satisfied and
MHE i does not send out information so the other MHEs will continue to use &;(t}) and
yz(tf]) When S;(tx) = 1, the triggering condition is satisfied and MHE ¢ sends out Z;(t),
yi(tx) and updates ¢, = ;.

It can be seen from (3.1) that the triggering condition of a subsystem is independent
from the states of other subsystems. This implies that the triggering conditions for different

subsystems may be satisfied at different time instants.
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3.4.3 Local MHE formulation

Due to the triggered communication of the DMHE, the subsystems may not transmit their
latest state estimates and output measurements every sampling time. Thus the local MHE
design developed in Chapter 2 which requires state estimates transmission every sampling
time needs to be modified in order to ensure the robustness and stability of the distributed
state estimation system under the proposed triggered implementation algorithms.

Before presenting the proposed local MHE design, we define the sampled state trajectory
Zn,i(tx) which is obtained by integrating the following ordinary differential equation from
tr—1 to tg:

Eni(t) = Fi(zni(t), vilte—1)) + fiXi(te1)) + D Kia(@)(i(th) — ha(du(th)))

ISR, (3.2a)
i K (%) (Yi (Be—1) — hi(@4(tk—1)))
Zn,i(tke—1) = Zi(te-1) (3.2b)

where the values of tfl for I € I; are the updated ones at time t;_1. In (3.2a), y; is a variable
used to indicate if x; is included in X;. If x; is included in X;, then u; = 1; if x; is not
included in X;, then j; = 0. X;(t;_;) is an approximation of X;(t) and is composed of
:i"l(té) (I € I;,1 # i) and/or Z;(tx—1). The evolution of z, ;(t) should be evaluated before the
evaluation of MHE i at the beginning of each sampling time based on the previous state
estimate and output measurement of subsystem ¢ and the latest information received from
other subsystems. The information from other subsystems is not available every sampling
time, so the last updated information is used to approximate the information of the pervious
time instant. Specifically, the term #;(ty_1) and (t;—1) are approximated by &(t,) and
yl(th) for [ € I;,1 # i, respectively.

In nonlinear observer (3.2a), the first term of the right hand side comes from nonlinear
observer (2.5), the second term explicitly describe the interactions between subsystem ¢ and
its associated subsystems [ based on the interaction model fz(XZ) and the last two terms
compensate for the error in the interaction model.

The gains K;, 1 € I; associated with the correction terms are determined as follows:

ofi (o \" : .
— fl
ox; <8xl " ) ifl #4
— L=

K= of [ oh: +‘ K (3.3)

. . ifl =1

Oz, (a ) ’1
* . ;=% (tk—1)

forl €I; and ¢ € 1,...,m. The gains of the corrections terms are picked to compensate for
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the error in the interaction model via its linear approximation which will be made explicit
in Section 3.4.4.
Based on z,;(t;), the proposed local MHE for subsystem i accounting for triggered

communication at tj is designed as follows:

k—1 k
Cmin S )t YD W) + Vi) (3.40)
Zi(tk—N )5 Ti(tr) SN i SN i

p= p=

st Zi(t) = fi(#:(t), wilty)) + Fi(Xi(tp), t € [tprtpia], p=k —N,... .k —1

(3.4b)
viltp) = yiltp) — hi(Zi(tp)), p=k—N,... .k (3.4c)
wi(tp) e W;, ”Ui(tp) eV, :Z’Z‘(tp) eXy, p=k—N,...)k (3.4d)
|Zi(tk) — 2ni(te)] < Kalyi(te) — hi(2n,i(te))] (3.4e)

where N is the estimation horizon, @); and R; are the covariance matrices of w; and v;
respectively, V;(tx_n) denotes the arrival cost which summarizes past information up to
tr_n, T; is the predicted z; in the above optimization problem, and k; is a design parameter.

Once the optimization problem (3.4) is solved, Z}(tx—n), ..., Z; (%), an optimal trajec-
tory of the system states is obtained. The optimal estimate of the state of subsystem i at
t;. is defined as:

Zi(tk) = @ (k). (3.5)

In optimization problem (3.4), constraint (3.4a) is the cost function that needs to be
minimized and V;(t;_ ) is the arrival cost summarizing all the past information out of the
estimation horizon. Constraint (3.4b) is the model of subsystem 4, f;(X;(t,)) is used to
approximate the function f;(X;(t)), t € [tp, tp+1]. Thus each MHE is expected to store the
previously received information of other subsystems within the estimation horizon. The
equation of constraint (3.4d) are constraints on process disturbances, measurement noise
and system state.

Constraint (3.4e) creates a confidence region (i.e., £;|y;(tx) — hi(2n(t)|) taking advan-
tage of the reference state estimate provided by nonlinear observer (3.2a) (i.e., 2, (tx)) and
the current output measurement (i.e., y;(¢x)). The estimate of the MHE of Eq. (3.4) is only
allowed to be optimized within the confidence region. This method guarantees that the
proposed DMHE with triggered communication gives bounded estimation error when cer-
tain conditions are satisfied. The parameter k; is a design parameter whose value depends
on the system and observer (2.5) properties. Guidelines for picking x; will be provided in

Theorems 16 and 20.
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3.4.4 Stability analysis

In this subsection, the stability property of the proposed DMHE with triggered communica-
tion based on the first triggering condition (i.e., MHEs of Eq. (3.4) implemented following
Algorithm 14) is studied. First we study the boundedness of the estimation error of nonlin-
ear observer (3.2a) with K;; determined following (3.3) taking into account measurement
noise and process disturbances. Subsequently we derive sufficient conditions under which
the stability and ultimate boundedness of the estimation error of the proposed DMHE with
triggered communication are guaranteed.The following Proposition 15 gives an upper bound

on the deviation of z,; from z; in one sampling time.

Proposition 15 Consider the nonlinear observer of Eq. (3.2a) for subsystem i, i € I, in
the time interval t € [tg, tg41] with initial condition zy ;(t) = Zi(tx), output measurement
yi(tx) and the values of té, l € I;, determined following the triggering condition (3.1). If
K;; foricl andl €l; are determined as in (3.3) and K;; are bounded, then the deviation
of the observer state z,; in one sampling time A (i.e., at tyy1) from the actual subsystem
state x; is bounded for all x; € X;, i € I, as follows:

lezi(ter)] < Billezi(ti)], A) +7i(A) + LilMezi(te) P+ Y cia(A, exa(t), ex(th), )

l€l;, i
(3.6)

where e, ; = zni—xi, 1 € 1, and (1) = szﬁiLhiMiTz/Q—f—L?l{iiGUZ.T—&—L}”:GWT—I—ZZGL Mk, 00,7+
> el L%MNJ/Q with L, Lp,, Ly, and Lg}l’ being the Lipschitz constants of F; with re-
spect to y;, h; with respect to x;, f; with respect to w;, and f; with respect to x;, respectively,
and M;, Mg, ,, i € I and | € I;, being constants that bound z; in X;, and K;; in X,
respectively, and Hfl Hh’, and Hh’ being positive constants that associated with the Tay-
lor expansions of f;, hy and h;, L; = pi( Mg, Hhi + Hf""), and o (T, ez,l(tk),e%l(té),el) =
KigLp,(lez(te)] + ez a(th)| +e) + 7(K. leh’ + HI) (Jeai(te)] + ).

Proof: We consider the nonlinear observer of Eq. (3.2a) and define e, ; = 2, ; — x; where
zn; denotes the trajectory of observer (3.2a) and z; is the state trajectory of the actual

subsystem of Eq. (2.1). The time derivative of e, ; is evaluated as follows:

éxi(t) = Fi(zna(t), yz(tk)) fz(xi( ), wilt)) + fi(Xi(tr)) — fi(Xi())
+ Z K (@) () — ha(@1(th)) + ik i(20) (wi(te) — ha(@a(t))  (37)
I€T; 1#i
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From the Lipschitz properties of F;, f; and h;, the fact that y;(tx) = hi(zi(tx)) +vi(tr), and
[vi(tx)] < Oy, and |w;(t)| < O,,, the following inequality can be obtained from (3.7):

le2i(D)] < |Fi(zni(t), hi(zi(t)) — fiwi(t), 0)| + L L, |2i(t) — @ite)| + L 0v, + L O,

DD K@) (th) — hu(@i(th) + miKa(@:) (wi(te) — hi(&i(t)))

le]I“l;éi

+i(Xi(tr)) — fi(Xi(2))
(3.8)

where L%, Ly, and L}“j are the Lipschitz constants associated with F;, h; and f;, respec-
tively.

Using Taylor series expansion, the following inequalities can be obtained:

FXi) = A&+ S 8f’<xz<t D)) () — (E))

~ le]Ii,l;éz
+uia%<@<tk>><xi<tk> — @i(ty)) + H.O.T (3.9)
hi(zi(te)) = ha(2(t]) 8hl( () (@i(ty) = &(th) + HOTM, V1€ Lyl #

8h

hifwi(te)) = ha(@i(tn) + 5= (@:lt) @ilte) — @(t) + HOT

where H .O.Tf", H .O.Tih" and H .O.Tlhl are high order terms associated with the expansions
of fi, hi and hy,l € I;,1 # i. These high order terms satisfy the following constraints:

HOT/ < HIXity) — Xite)|2, H.O.TM < H'|ai(ty) — 24(t) 2

3.10
HOIM < HMa(ty) — &i(th)?, VI, 141 (3.10)

for all z; € X; and z; € X, [ # i with H.fi Hhi and thl, l € I;, | # i, are positive constants.

Define A; = f;(Xi(tr))—fi(Xs(te)+ Y Kia(@i(th) (ha(ao(te))—ha(@0(th))) i K (23) (i (i (tr)) —
lel, I#i
hi(z;(tx))). From (3.9), the following equation can be written:

A = m( D0t ) 1) — 3040 + o ) 1) Z-<tk>>>

o/ ah A
+ > ( f@:z(t () = (1)) + Kia gzt (a(ty) (m(tm—xl(ti,)))
lel; i
+ Y KyHOTM + K ;HO.T) ~HOTS
L€X; 141

(3.11)
If K;; is determined following (3.3), from (3.10) and (3.11), it can be obtained that:
Al < D0 KM an(te) = a(t)? o ks H () — Bt [P+ B Xa(t) — X))

1€l l#i
(3.12)
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Using the triangle inequality |zy(tx) — Zi(th)| < |wi(tr) — Z1(tp)| + |&1(tk) — &(¢})], and
Xi(te) — Xa(ti) = Y Jaa(tn) = &0(t) > + palwi(t) — &:(tx)[?, (3.12) becomes:
lel; l#1

Al < (Ko HP 4 B (Ja(te) — 21(t)] + |20(6) — 2(th)])?
1€l I (3.13)

i (K HJ + )| (b)) — a4t |2

From (3.8) and the Lipschitz property of fl with respect to x; (I € I;), the following

inequality can be obtained:

[exa(D] < Fi(zaa(t), hilwi(t)) = fi(wi(t), 0)| + L Ly Jai(t) — wi(ti)l + Y Kighu, + LY 00,

LT,
+LY 0w, + ZL%@U) )+ ) 4Ki,thl(|€z,l(tk)‘ + leza(th)] + |2:(tk) — 21(23)])
lel; B 1€l l#1 ~
> (K H o HE ) (e ()| + () — 30(th))? + pa( Ko HY + HI) ez i(t)
L€l I#i
(3.14)
with 627i(tk) = xz(tk) - ji(tk)a ez,l(tk) = l'l(tk) - i’l(tk) and ezl(té) = .’El(té) — ﬁ?l(té)
From the triggering condition of Eq. (3.1), it can be written for all I € I; that:
B (tk) — 21(th)] < & (3.15)

Using constraint (3.15), taking into account the boundedness of the system state and
condition (2.6), integrating (3.14) from ¢ = ¢ to t = tx41, the following inequality can be
obtained:

lezitien)] < Billezi(ti)l, A) + LY L, MiA? /2 + LE 00, A+ LY 0, A+ Y~ M, 05, A

lell;
—|—ZLIlA2/2—|— Z KzthL |€zl(tkz)‘+|ezl(t1)|+€l)
lel; lel;, I#i -
3 (K H! + HIAesa(ti)] + ) + (Ko HE + HEess(t) 2A
lell;, 1#i

(3.16)
where M;, i € I, are constants that bounds i; in X; (i.e., |#;] < M;), and Mk, ,, | € I, are
constants that bounds K;; in X; (i.e., [K;| < Mk, ,). If %(7), L;, and oy are defined as in
Proposition 15, (3.16) can be written in the form of Eq. (3.6). This proves Proposition 15.
O

Proposition 15 provides an upper bound on the estimation error of a subsystem state
between the nonlinear observer (3.2a) z, ; and the actual system state x;. This upper bound
is related to the accuracy of the initial estimate |e, ;(¢x)|, Lipschitz properties of the system,

sampling interval A, magnitudes of noise and process disturbances, subsystem interactions
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lex i (t)] |ez7l(tf1)| and the triggering thresholds ¢;. From the formulation of the local MHE
of Eq. (3.4), it can be seen that observer (3.2a) is used to generate a reference estimate
zn,i(tr). Based on the reference estimate, a confidence region is calculated for the optimal
state estimate #;(t;). Theorem 16 below provides sufficient conditions for the convergence
and ultimate boundedness of the estimation error of the proposed DMHE with the first

triggered communication strategy.

Theorem 16 Consider system (2.4) with the outputs of its subsystems y; sampled at time
instants {ty>o}. If the proposed DMHE implemented following Algorithm 14 based on the
triggering condition (3.1) with subsystem MHE designed as in (3.4) based on deterministic
nonlinear observers satisfying (2.6) and K, ; determined following (3.3), and if there exist

concave functions g;(-), i € I, such that:

gi(leil) = Bi(leil, A) (3.17)

for all |e;| < d; and if there exist constants ds;, d; such that 0 < ds; < d; and positive

constants a; > 1 , b; > 0, and n; > 0, such that:

dsi— ai | 9i(dsi) +7%(A) + LiAdy, + > (A didie) | —bify, =m0 (3.18)
I€l;, i

for alli €1, and if k; for alli € 1, are picked as follows:
0 < ki <min{(a; —1)/Lp,, bi}, (3.19)

then the estimation error |e;| = |&; — ;| (i € 1) is a decreasing sequences if |e;(0)| < d; for

all i € T and is ultimately bounded as follows:

lim sup |e;(t)| < dj min (3.20)
t—o00

for i € T with d; min = max{|e;(t + A)| : |e;(t)| < ds;s} for all e;(0) < d; and z; € X;. This

also implies that the entire system state estimation error is ultimately bounded.

Proof: We prove that the evolution of the estimation error of each subsystem state
leil = |#; — x;|, ¢ € I, under the proposed DMHE with the local MHE of Eq. (3.4) im-
plemented following Algorithm 14 is a decreasing sequence and is ultimately bounded in a
small region around zero. The decrease and ultimate boundedness of subsystem estimation

errors imply the decrease and ultimate boundedness of the entire system state estimation
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error. Specifically, we first focus on MHE 4, i € [, for the time interval from ¢ to 541 and

then extend to the general case. From constraint (3.4e) for MHE 4, it can be written that:

|2 (trr1) — 2ni(ter1)| < Rilyi(trg1) — hi(zn,i(tee))] (3.21)

From the Lipschitz property of h;, the fact that y; = h;(x;) +v; and |v;| < 6,,, it is obtained
that:

|Zi(trt1) = Zni(tren)| < Kiln@i(tie1) = 2n,i(tes1)] 4 Riby, (3:22)

where Ly, is the Lipschitz constant of h; as defined in Proposition 15. Using the triangle

inequality |Z; — x| < |Z; — 2ni| + |20 — @i, it is obtained from (3.22) that:
|Zi(the1) = i(trrn)] < (1 miln,) [2i(trg1) = 2ni(trn)| + Riby; (3.23)

From Proposition 15 and (3.23), and noticing that e;(t;) = e i(tx), the following inequality

can be obtained:

lei(tre)] < (L4 kiLn,) | Billes(te), A) +%(A) + LiMei(t) P+ D cna(A, exilte), exu(th), er)
1€, i
—|—/~%0Ui
(3.24)

If condition (3.17) is satisfied, from (3.24), it can be obtained that:

les(tern)| < (L4 miln,) [ gilleit)]) + 3 Q) Lidei(te) P+ Y cnn(A eg(ta), ezi(th), e)
l€l,, I#i
—|—/~%0Ui
(3.25)

If there exists d; satisfy (3.18) and k; is picked following (3.19), then (3.18) holds for all

ds; < |e;| < d;. taking into account that g;(-) is a concave function; that is:

leil—(1+ kiLn,) | gi(led) + %(A)LiAleil* + > air(A,diydi @) + LiMe|* | —kiby, > mi
lel;, I#4
(3.26)

for all ds; < |e;| < d; and |e| < d; (I € I;). From (3.25) and (3.26), it can be obtained that:

lei(tra1)| < lei(tr)] — mi (3.27)

for all ds; < |e;| < d;. If |e;| > ds,; for all the time from 0 to ¢, using (3.27) recursively, it
can be obtained that:
l€i ()| < lei(0)] — kn (3.28)
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for all ds; < |e;(tr)| < d;. This implies that |e;| decreases every sampling time and will
become smaller than d; in finite steps. Once |es;| < ds;, it will remain to satisfy |e;(t)] <
d; min Which is ensured by the definition of d; min; that is, lim;_ sup |;(t)| < di min. Note
that the above proof holds for all 7 € I

The ultimate boundedness of subsystem state estimation errors implies the ultimate

boundednfrzlss of the entire system state estimation error. This can be seen from the inequal-
ity le] < Z le;| which implies that:
i=1
m
tlgglo sup |e] < delin. (3.29)

i=1
This proves Theorem 16. [J
Remark 17 Referring to the condition (3.18) in Theorem 16, the term g;(|e;(ty)|) is the
upper bound of the estimation error for the nominal subsystem after one sampling time
if the initial error term is |e;(ty)| when the interactions between subsystems are absent;
the term ~v;(A) denotes the effect of the sample-and-hold implementation of the nonlinear
observer of Eq. (3.2a), and process disturbances and measurement noise; the term oy is

related to system interactions and triggering thresholds; and the term b;6,, characterizes the

uncertainty introduced into the condition (3.18) due to measurement noise.

3.5 DMHE with the second communication trigger

3.5.1 Implementation algorithm

In this section, we discuss the second design of the communication trigger as well as the

associated distributed state estimation algorithm.

Algorithm 18 Distributed state estimation algorithm 2
1. Atto =0, MHE i is initialized with Y;(to), Z;(to) and y;(to), Zi(to) forl € 1;.
2. At ty > 0, MHE i and its trigger carry out the following steps:

2.1. MHE i receives the corresponding output and output time derivatives Yi(ty).

2.2. MHE'i calculates &;(ty) based on y;(tg+s—n), s = 0,1,..., N, and the latest il(té)
and yl(té) forlel;.

2.3. MHE i sends Y;i(tx) to its trigger and the trigger checks the triggering condition.
If the condition is satisfied, the trigger updates tfl = tr and sends a%,-(tfz) and
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yi(tf]) to subsystem j for all 3 € C;. If the triggering condition is not satisfied,

no information is sent out from subsystem i.
3. Go to Step 2 at the next sampling time tj1.

Compared with Algorithm 14, Algorithm 18 has a similar algorithm structure but there
are slight differences in Step 1, Step 2.1, and Step 2.3. In these steps, MHE ¢ receives the

output and its derivative measurements Y; and sends Y; to the corresponding trigger.

3.5.2 The second triggering condition

The second triggering condition for each subsystem is designed based on the difference
between the measurement of the current output and its derivatives and the last sent mea-
surement of the output and its derivatives. Specifically, the second triggering condition of
MHE i is designed as follows:

L, if [Yi(te) = Ya(t))| > e

SQ,i(tk) = { 07 if sz(tk) - Y;(tzﬂ < e (330)

where Y (1) is the current measurement of the output and its derivatives of subsystem i and
}Q(té) is the last sent information of Y;. €3, is a pre-determined threshold. When Sy ;(tx) =
0, the triggering condition is not satisfied and MHE i does not send out information. When
Si2(ty) = 1, the triggering condition is satisfied and MHE ¢ sends out Z;(tx), vi(tx) and
updates tfl = t.

Note that the main difference between the two algorithms is the design of the triggering
conditions. Even though the two triggering conditions may generate different sequences of
tfl,i = 1,...,m, the definition of z,; and design of the local MHEs presented in Section
3.4.3 apply to both triggering conditions. However, the conditions derived in Theorem 16
are not sufficient to ensure the decrease and ultimately boundedness of the estimation error
of the DMHE with the second communication trigger. In the next subsection, we derive

another set of sufficient conditions for the DMHE with the second communication trigger.

3.5.3 Stability analysis

In this subsection, we study the stability property of the proposed DMHE implemented fol-
lowing Algorithm 18 and provide a set of sufficient conditions for the decrease and ultimate

boundedness of the estimation error.

Proposition 19 Consider the nonlinear observer of Eq. (3.2a) for subsystem i under the

DMHE with output communication of condition (3.30), 1 € 1, fort € [ty, ty+1] with z, i (tg) =
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Z;(tr), measurement y;(ty) and the values of té,l € I; determined following the triggering
condition (3.30). If K;; fori € I andl € 1; are determined as in (3.3) and K;; are bounded,
then the deviation of z,; in one sampling time A from x; is bounded for all x; € X;, 1 € I,
as follows:

lezi(tir)] < Billezi(t), A) +7%(A) + D> Niu(A lea(t)], 1) + LilAexi(tr)]?

l€T;, 1#i
(3.31)

where X 1 (7, e (t))], 1) = Ky Ly, 7047 (K (H"+ HI) 0+ ey (1)), 6 = Ly (€20 + 20a.),

and the other constants are defined as in Proposition 15.

Proof: Define é,; and A; as in Proposition 15, the inequality (3.12) can be rewritten
into
Al < Y (Bl + H ) (a(te) = 2u(ty)| + |aa(ty) — da(tg)])*
SN i (3.32)
(K HY 4 HI) | (t) — 24(t)|?
with the triangle inequality |z (ty) —2(th)] < @ (tr) — &1 (tk) |+ 20 (te) — 20(t))], and | X, (tr) —

Xit) = D wi(tn) — @(t)? + palwi(te) — &i(te) .
ISTRES; )
From (3.8) and the Lipschitz property of f; with respect to z; (I € I;), it is obtained

that:
i ()] < |Filzn(t), hi(wi(t))) — filwi(t), 0)| + L L |2i(t) — @i(te)| + L b, + LY O,
+ Y Kb + Y L2 |ar(t) —aulta)| + Y KL laati) — i(tg)]

lel; lel; _ lell l#i ~
+ > (K ]+ HE(ai(te) — a(th)] + lesa (D2 + pa(Ki i HY + HY)e. i(ty)|?
el 14

(3.33)

with ezﬂ-(tk) = xl(tk) — i’i(tk), ez’l(tk) = Il(tk) — i’l(tk) and ez,l(té) = l‘l(té) — i‘l(té).
Following the triggering condition of Eq. (3.30), it can be written for all [ € I; that:

Yi(te) — Yi(th)] < eay (3.34)
From the definition of Y in Section 3.2, it can be obtained that:
zy(te) = 7 (Yilts) — du(te)) (3.35)
Based on the Lipschitz property of ®, the following inequality can be derived:

() = mu(th)] < Loy (Yiltn) = YiCth)| + ou(te) — 1(2,)]) (3.36)
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where Lg is the Lipschitz constant of ®~!. Taking into account the boundedness of o(tr)
and constraint (3.34), it’s obtained that:

i (te) — @i(ty)] < & (3.37)

with §; = Lq>7l (6271 + 29@71).
Applying constraint (3.37), taking into account the boundedness of the system state and
condition (2.6), integrating (3.33) from t = t;, to ¢ = tj41, the following inequality can be

obtained:

lezi(tern)] < Billezi(ti)l, A) + LY Ly MyA? /2 + LY 00, A+ L0, A + > My, 00, A

lel;
+>° L A%/2+4) Lj;ijM,#/2 + > ‘KUL;”A(SZ
lel; lel; ~ L€l;, 1#4
+ 3 A(KH + I+ [ea(th))? + Liles i ()P A

lel;, I
(3.38)

if M;, M, ,, 7vi(7), L; are defined as in Proposition 15 and 19. (3.38) can be written in the
form of Eq. (3.31), which proves Proposition 19. [J

Theorem 20 Consider system (2.4) with Y; sampled at {ty>0}. If the proposed DMHE
implemented following Algorithm 2 based on the triggering condition (3.30) with subsystem
MHE designed as in (3.4) based on deterministic nonlinear observers satisfying (2.6) and
K, determined following (3.3), and if there exist concave functions g;(-), i € I, as defined
in (3.17) for all le;| < da,;, constants ds, ;, and da; such that 0 < d,; < da;, and positive

constants az; > 1, ba; >0, and n2; > 0, such that:

dsyyi — az,i | 9i(dsyi) +vi(A) + Z Xig(A,dy, &) + Lind2, ; | = baibu, > 125 (3.39)
lely, 1

for alli € 1, and if k; for all i € 1, are picked as follows:
0 S K3 S min{(ag,i — 1)/Lhi>b2,i}> (340)

then the estimation error |e;| = |&; — x;| (i € 1) is a decreasing sequences if |e;(0)] < da;

for all i € T and the whole system is ultimately bounded as follows:

m
: < o .
tIlPQO sup |€| =~ Zl dz,mlnz (3 41)

for i € T with di wmin, = max{|e;(t + A)| : |e;(t)] < dsyi} for all €;(0) < do; and x; € X;.
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Proof: Similar to the proof in Theorem 16, to ensure the ultimate boundedness of the
estimation error for the whole system, we only need to prove that there exists a constraint
that makes the estimation error of each subsystem is decreasing and ultimately bounded in
a small region (i.e., |e;(tx)| < |€i(0)| — kna,;). Considering MHE 4, i € I, for t € [tg, tg+1],
from Proposition 19 and (3.23), and if condition (3.17) is satisfied, it can be obtained that:

lei(tre)] < (L4 kiLn,) | gilleiti)]) +7%(A) + > Mia(A le=a(t)], 81) + LiMes(tr)[* | + riba,
lell;, I#4
(3.42)

If there exists ds,; satisfy (3.39) and «; is picked following (3.40), then (3.39) holds for all

ds,,i < |e;] < do;. taking into account that g;(-) is a concave function; that is:

leil —(1+ miLn,) | gilled) +7(A) + D Na(A, ler], 6) + Lildes|* | =i, > 2 (3.43)
lel;, I#4

for all d,; < |e;| < da; and |e;| < dgy (I €1;). From (3.42) and (3.43), we get:
lei(tk1)] < lei(tr)] — n2,i (3.44)

for all dg,; < |e;] < da;. Following the proving procedure in Theorem 16, it proves Theo-

rem 20. O

Remark 21 Considering the condition (3.39) in Theorem 20, the terms g;(|e;(tx)]), 7i(A),
bi0,, in the left hand side have already been explained in Remark 17; the term X;; is related

to system interactions and triggering thresholds €a .

Remark 22 Referring to the triggering conditions provided in Proposition 15 and Proposi-
tion 19, they are both used in bounding the initial estimation errors of subsystem i as well as
its associated subsystems. However, their influences are quite different: condition (3.1) pro-
vides an upper bound on the difference between the current and last updated state estimate,
while condition (3.30) bounds the deviation of the current augmented output measurement
from its last sent one, which can be reduced to the actual state difference during two con-

secutive communication instants and is not directly related to the estimation error.

3.6 Application to the reactor-separator process

3.6.1 Simulation settings

A detailed modeling of the reactor-separator process can be found in Section 2.6. Based

on the estimates of the local MHESs, we design the first triggering condition as discussed in
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Section 3.4.2. In order to design the second triggering condition, we need time derivatives
of the temperature measurements. In the simulations, we use a finite difference method to
approximate the change of temperatures. Specifically, in the design of the second triggering

condition, Y;(tx), is evaluated as follows:

Yi(tr) = [Ti(tr), Ti(tr) — Ti(tr—1), Ti(tr) — 2T5(tp—1) + Ti(tp—2)]”
where i = 1,2, 3.
3.6.2 Simulation results

In this section, the proposed DMHE with the two different communication triggers are
compared to illustrate their performances from a communication cost point of view. First
we carried out a set of simulations when the the thresholds of the two triggering conditions
are ¢; = 1.0 and ez; = 1.0, @ = 1,2, 3, respectively. In this set of simulations, the initial

state of the process is
xo = [0.1939;0.7404; 528.3482 K;0.2162;0.7190; 520.0649 K;0.0716;0.7373;522.3765 K]T
and the initial guess in MHESs is

Zo = [0.1675;0.7; 500.3 K;0.18;0.67; 500 K;0.06;0.68; 500 K]T

with input Q; = Qs + 10%e7%0sin(0.1¢) as shown in Figure 3.2. This type of inputs is
used to excite different change rates in the process state trajectories.

Figures 3.3 - 3.7show the simulation results. Figures 4 and 6 show the estimated state
trajectories obtained under the two different communication triggering conditions. Figures
5 and 7 show the time instants that the subsystems send out information under the two
triggering conditions. Figure 8 shows the evolution of the estimation errors under the two
triggering conditions. It can be seen from these figures that: 1) the proposed DMHE with
the two triggered communication approaches can track the actual system states very well
(Figs. 3.3 and 3.5); 2) the estimation errors decrease to values close to zero quickly and
maintain close to zero (Fig. 3.7); 3) the number of information exchange between the
subsystems is significantly reduced under both the two triggering conditions (Figs. 3.4 and
3.6); 4) the communication between the subsystem is more often when the states of the
process change fast than when the states of the process have small changes.

We also conducted another set of simulations to compare the two communication algo-
rithms in terms of the mean performance and number of communications between subsys-

tems with varying triggering thresholds. Specifically, simulations were carried out under
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Figure 3.2: Damped sinusoidal inputs to the three subsystems.
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Figure 3.3: State trajectories of the actual system state(solid lines) and the state estimates
given by the proposed DMHE implemented following Algorithm 14 based on triggering

condition (3.1) with ¢; = 1.0,7 = 1, 2,3 (dashed lines).
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Figure 3.5: State trajectories of the actual system state(solid lines) and the state estimates
given by the proposed DMHE implemented following Algorithm 18 based on triggering
condition (3.30) with ez; = 1.0,7 = 1, 2,3 (dashed lines).
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Figure 3.7: Trajectories of the estimation error norm of the proposed DMHE implemented
following Algorithm 14 (dashed lines) based on triggering condition (3.1) and Algorithm 18
based on triggering condition (3.30) (solid lines).

49



-
o
o
o

1000

500

Communication number

o

12000

10000

8000

Performance

6000

4000 | | | | |
0 . .

Figure 3.8: Average number of communications and performance index of the proposed
DMHE implemented following Algorithm 14 based on triggering condition (3.1) with
€,1 = 1,2,3, varying from 0 to 3 (solid lines) and the dashed lines denote the number
of communications and performance of the proposed DMHE with the subsystems exchang-
ing information every sampling time.

different settings (initial conditions, random noise sequences and triggering thresholds) and

the performance index for MHE i is designed as follows:

M
To =Y |@i(tk) — witi) (G (3.45)
k=0

where i = 1,2,3, typ = 0 is the initial simulation time and t;; = 2.0 h is the end of the
simulation time. The parameters @7, ¢« = 1,2, 3, are the factors to compensate for the dif-
ferent orders of magnitude of the states, and Q] = diag[10%,103,1],4 = 1,2, 3. The overall
performance is measured by J = Jj + Jo + J3. For each value of the triggering threshold,
10 simulation runs were used to calculate the average performance and number of commu-
nications between subsystems. Figures 3.8 and 3.9 show the simulation results. From these
figures, it can be seen that: 1) as the threshold increases, the number of communications
between the subsystems gets worse; 2) as the threshold increases, the performance of the
DMHE also decreases; 3) both of the two triggering strategies give similar trends. These
results imply that a balance between the number of communication and the estimation
performance should be reached for a specific application. From the above simulation re-
sults, it can be seen that the two algorithms both can lead to significant reduction in the

number of communications and maintain the estimation performance close to the case when
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Figure 3.9: Average number of communications and performance index of the proposed
DMHE implemented following Algorithm 18 based on triggering condition (3.30) with
€2,i,1 = 1,2, 3, varying from 0 to 3 (solid lines) and the dashed lines denote the number of
communications and performance of the proposed DMHE with the subsystems exchanging
information every sampling time.

information is exchanged between the subsystem every sampling time if the thresholds are
chosen properly. In this application, the second algorithm based on triggering condition
(3.30) shows slightly superior than the first algorithm based on triggering condition (3.1)
in terms of reducing the number of communications while maintaining the performance
(see Figs. 3.4, 3.6, 3.8, 3.9). However, this approach requires the availability of the time
derivatives of the output measurements which may be difficult or expensive to obtain in

certain applications.

3.7 Conclusions

In this chapter, we presented two triggered communication algorithms for a DMHE scheme
to reduce the communication cost via decreasing the number of communications between
subsystems. In the first algorithm, the communication between subsystems is triggered by
the difference between the current subsystem state estimates and last transmitted state esti-
mations; in the second algorithm, the communication is triggered by the difference between
the current measurement of subsystem outputs and output derivatives and corresponding

last transmitted values. Sufficient conditions under which the convergence and boundedness
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of the estimation error for the whole system were derived. The proposed two algorithms
were compared from a performance and number of communication times point of view via
the application to a chemical process. Both proposed communication algorithms are capa-
ble of maintaining the estimation performance as well as greatly reducing the number of

communications with proper triggering thresholds.
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Chapter 4

Distributed Moving Horizon State
Estimation Subject to
Communication Delays*

4.1 Introduction

In Chapter 2, an observer-enhanced DMHE design was developed for a class of nonlinear
systems with bounded process uncertainties. In this DMHE, each subsystem MHE commu-
nicates with subsystems that it interacts with every sampling time. In the design of each
subsystem MHE, an auxiliary deterministic nonlinear observer is taken advantage of to cal-
culate a confidence region that contains the actual system state every sampling time. The
subsystem MHE is only allowed to optimize its state estimate within the confidence region.
This strategy was demonstrated to guarantee the convergence and ultimate boundedness
properties of the estimation error. However, the results in Chapter 2 were derived under the
assumption that the communication between subsystems is flawless and there is no delay
in the information transmission. In practice, this assumption may not hold especially when
shared wireless communication network is used. Issues brought into the design by commu-
nication need to be carefully addressed [69]. Motivated by the above considerations, in this
chapter we proposed a DMHE scheme that is able to handle time-varying communication
delays in the DMHE network of Chapter 2. In the proposed design, a nonlinear observer-
enhanced MHE is designed for each subsystem and the distributed MHEs are assumed to be
able to communicate and exchange information with each other via a shared communication
network which may introduce communication delays. To handle time-varying delays in the

communication, the implementation algorithm and local MHE design in Chapter 2 need

*This chapter is a version of “J. Zhang and J. Liu. Observer-enhanced distributed moving horizon state
estimation subject to communication delays. Journal of Process Control, in press.”
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to be revised to account for the communication delays between the subsystems in order to

achieve boundedness of the estimation error.

4.2 Modeling of measurements and communications

In this chapter, it’s assumed that each subsystem observer has direct and immediate access
to its local output measurements. We also assume that the subsystems can communicate to
exchange information via a shared communication network and the information transmitted
in the communication network is subject to time-varying communication delays. It is as-
sumed that output measurements of the m subsystems, y;, ¢ € I are sampled synchronously
and periodically at time instants t, = to + kA, where ty is the initial sampling time, A
is a fixed sampling interval. To model delays in the communication, an auxiliary variable
d; j(tr), is introduced to indicate the delay associated with the information of subsystem j
available to subsystem i at time instants ¢;. The variable d; ;(t)) takes values that are pos-
itive integers. For example, if at time ¢, the latest information of subsystem j received by
subsystem ¢ was sent at ¢4, then d; ;(tx) = ¢. All the information are time-labeled, so the
delays are known in the communication network. In order to study the deterministic stabil-
ity property of the proposed distributed state estimation scheme, we assume that there is
an upper bound D on the delay d; ;(t). Since delays are time-varying, it is possible that no
new information is provided within two consecutive sampling periods. A subsystem stores
all the received information that was sent within a time period of DA from the current
time instant. At time ¢, if the latest information of subsystem j received by subsystem 14
was sent at ty_g, .(4,), @ data package containing newer information about subsystem j will

be received by {4 p_4, ;(1,) because the maximum possible delay is DA.

4.3 The DMHE scheme subject to communication delays

In this chapter, we present the proposed DMHE subject to communication delays. A
schematic of the proposed design is shown in Figure 4.1. In this design, each subsystem
has its own local state estimator and sends information to all the other subsystems when
the current state estimate and output measurement are available. However, due to commu-
nication delays in information transmission, a subsystem may not receive the information
from other subsystems synchronously. To address this issue, a predictor is embedded in
each subsystem to predict the states of other subsystems in open-loop based on previously

received information.
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Figure 4.1: Scheme of the proposed DMHE design considering communication delays.

In the rest of this chapter, we first present a distributed state estimation algorithm
accounting for communication delays; and then we discuss the design of the open-loop
predictor for each subsystem; subsequently, the calculation of confidence regions for the
state estimates is described which is followed by the design of local MHEs taking into
account communication delays explicitly; finally, the stability properties of the proposed

DMHE are analyzed.

4.3.1 Distributed state estimation algorithm

The proposed DMHE that is capable of handling communication delays is implemented

using the following algorithm:
Algorithm 23 Distributed state estimation algorithm
1. At tg =0, MHE i, i € 1, is initialized with system measurement at the initial time

y(to), and the initial system state guess &(to).

2. At ty > 0, carry out the following steps:

2.1. MHE i receives the local output measurement y;(ty).

2.2. If subsystem i receives any new data packages between the time interval tp_1 and
tr, it checks if they provide more recent information. If it does, update d; ;(tx)

values and store the data packages ; Else, store the data packages.

2.3. If any d; j(ty,) is greater than 1, the corresponding predictor of MHE i predicts the

system state xP*(t,_1) based on previously received information. Based on the
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local measurement y;(t1,), the state prediction xP(ty_1) and the received informa-
tion from other subsystems, a reference state estimate for subsystem i, zp i(t),

1s calculated.

2.4. MHE i calculates current state estimate &;(ty) based on zyi(ty) and sends the

current information Z;(ty) to all the other subsystems and y;(tx) to subsystem j

foralljel;, j#i.
3. Go to Step 2 at the next sampling time tj11.

From the above algorithm, it can be seen that information is sent out at Step 2.4
and the information will be used at a future sampling time. This implies that the delay
of one sampling time is unavoidable, i.e., d; ;j(t;) > 0; and data transmission may cause
additional delays. If the total delay is greater than one sampling time (i.e., d; ;(tx) > 1),
the predictor will be used to calculate a prediction of the state at t;_1 and based on the
prediction, a subsystem MHE calculates the current subsystem state estimate. Compared
with Algorithm 2 in Chapter 2, Algorithm 23 accounts for communication delays explicitly.
Another important difference between Algorithm 23 and Algorithm 2 in Chapter 2 is that in
Algorithm 23, an all-to-all communication is required whereas in Algorithm 2 an estimator
only has to send information to a subset of the subsystems. The all-to-all communication

is needed because a centralized model is used in the design of the open-loop predictors.

4.3.2 State prediction

Consider subsystem i, i € I, at time ¢;, when d;;(tx) > 1 for any [ € I; (i.e., Z;(ty—1) has
not been received by subsystem i due to communication delays), the nominal centralized
system model of Eq. (2.4) is used to generate a prediction of the entire system state at
tr_1, 2P (t;_1). In the notation P!, the superscript ‘p’ means prediction while ‘4’ means
that the prediction is calculated in subsystem i. The unreceived subsystem states will be
approximated by the subsystem states in 2P(t;_1). The value of 2P*(t;_1) is calculated as

follows:

jjp,i(t) _ f(xp’i(t),()) 4 f(;ﬁ”(t)), t € [ts,tst1] (4.1)

with the initial condition 27 (t,) = 2 (t,), where s = ¢,q+1, ..., k—2 and ¢, is the latest time
instant that all of the other subsystem state estimates have been received so that #(t,) is
available. In the worst case, t, = t;_p which is ensured because the maximum transmission
delay is D. Note that in evaluating zP recursively, its value should be updated with any

received state estimates between t, and ¢;_; in order to get better state prediction. For
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example, at time t,, ¢ < s < k — 1, once xP%(t,) is obtained from (4.1), we should check if
there are any received state estimates at t4 of all the subsystems. If there are any, 2P (t)
should be updated with those state estimates and the updated zP(ts) will be used to
evaluate the prediction at the next sampling time. Note that the predictions calculated
using (4.1) are obtained in open-loop in the sense that no output measurements have been

used in the calculation.

4.3.3 Reference state estimate calculation

For subsystem 4, ¢ € I, an augmented observer based on observer (2.5) is designed. In this
design, estimates received without delays or predictions of the subsystem states involved
in X; will be used to calculate an approximation of the interaction between subsystem ¢
and other subsystems. We assume that at t;, the information sent at t;_; by subsystem
g, g € Zi(ty) C L, is received without delay (i.e., d;4(tx) = 1, g € Z;(ty)) and the
information sent at tx_1 by subsystem [, | € I;\Z;(t) is delayed. Note that the set Z;(tx)
is a function of time. At {j, the main purpose of this augmented observer is to calculate a
reference state estimate 2, ;(f) for subsystem i. The observer is designed as follows:

i) = Filzni(t), vi(te1)) + fi(Xi(te1) + D Kig(@g(te1)) (Wg(te—1) — hy(Eg(tk-1)))

9E€Zi(ty)
(4.2a)

Zn,i(te—1) = Zi(te-1) (4.2b)

where z, (1) is the state of this augmented observer, X;(t;_1) is an approximation of X;(t)

for t € [tp_1,tx) and is composed of xf’i(tk_l) for I € I;\Z;(tx) and &4(ty—1) for g € Z;(ty).

i

Note that z;" is the portion of xP" that corresponds to subsystem [. Moreover, K; , for
g € Z;(ty) are gain matrices. Observer (4.2) should be evaluated before the evaluation of
MHE i at tj, to generate a reference state estimate as specified in Step 2.3 in Algorithm 23.

In nonlinear observer (4.2a), the first term of the right hand side comes from nonlinear
observer (2.5), the second term explicitly describe the interactions between subsystem i
and other subsystems based on the interaction model fZ(XZ) and the last term contains
corrections used to compensate for the error in the interaction model. Note that only
measurements received without delay are used in the corrections. The gains K; 4, g € Z;(ty,),
in nonlinear observer (4.2a) are determined as follows:

ofi (0hg\"
Kigagttin)) = 52 (522)

Oz,

, Vg € Zi(ty) (4.3)

Tg=2g(tk—1)
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The correction gains are picked to compensate for the interaction model mismatch (i.e.,
the difference between f;(X;(tx—1)) and f;(X;(t))) via its linear approximation obtained by

Taylor series expansion. This point will be made clear in the proof of Proposition 26.

Remark 24 In the evaluation of the reference state estimate, zy i(ti), in Eq. (4.2a), the
output measurements and subsystem state estimates/predictions at ty_1 are used to approx-
imate the output and the subsystem states over the time period t € [ty—1,t;) because system
output measurements and state estimates are only available at periodic sampling time in-

stants. For example, the local output y;(t) is approzimated by y;(tix—1) fort € [tg_1, t).

4.3.4 Subsystem MHE design

Based on the reference state estimate z,;(t;) provided by observer (4.2), the proposed
design of local MHE for subsystem 7 at time instant ¢; subject to communication delays is

formulated as follows:

k—1 k
om0 Bt Y ) + Vi@(ten)) (1.42)
Ti(tk—N)ssTilte) S~ i SN ¢
q= q=
S.t. .’Z‘z(t) = fz(y”cz(t),wl(tq)) + fZ(XZ(tq)), te [tq,tq+1], q=k—N,....k—1
(4.4D)
vi(te) = vilty) — hi(Zi(tg)), g=k — N,....k (4.4¢)
|Zi(th) — 2n,i(te)| < Rilyi(te) — hi(zn.i(tr))| (4.4e)

where T; is the predicted z; in the above optimization problem, ); and R; are positive
definite covariance matrices of w; and v; respectively, Vi(Z;(tx—n)) is the arrival cost that
summarizes past information up to t;_y, XZ is the best estimate of X; at previous time
instants, IV is the estimation horizon, and k; is a positive constant. The roles of these
parameters will be made clear in the following discussion. The optimal solution to prob-
lem (4.4) is denoted as Z} (tx—n), - - -, Zf (tx), and only the last element Z}(¢;) is used as the

current optimal estimate of the state of subsystem ¢ at ¢; and is denoted as Z;(¢x). That is,
Ti(tr) = 7 (tg)- (4.5)

To ensure the optimization problem (4.4) is a finite dimensional one, w; and v; are assumed
to be piece-wise constant variables between two consecutive time instants.
In the above design, (4.4a) is the cost function to be minimized. Constraints (4.4b)-

(4.4c) are from the subsystem model of Eq. (2.1), and f;(X;(t,)) is used to approximate
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the function f;(X;(t)), t € [ty,ter1]. To this end, each MHE should be capable of storing
the previously received information of other subsystems within the estimation horizon.
Constraint (4.4d) contains constraints on process disturbances, measurement noise and
system state. Constraint (4.4e) is used to calculate a confidence region (i.e., ;|yi(tx) —
hi(zn,i(tx))|) by taking advantage of the current output measurement y;(t;) and the reference
state estimate zj;(t;). The estimate of the current subsystem state is only allowed to be
optimized within the confidence region.

Note that constraint (4.4e) is imposed at ¢ only and constraint (4.4d) is imposed from
tr_ N to tr_1. Since in the calculation of the confidence region the boundedness properties of
the process disturbance, measurement noise and the system state are taken into account, it
is not necessary to impose constraint (4.4d) at ;. Essentially, constraints (4.4d) and (4.4e)
do not conflict with each other. The reference state estimate, 2y, ;(tx), provided by nonlinear

observer (4.2) is always a feasible solution to constraint (4.4e).

4.3.5 Stability analysis

In this section, we study the stability properties of the proposed DMHE subject to com-
munication delays implemented following Algorithm 23. Proposition 25 below provides an
upper bound on the deviation of the state trajectory obtained with the nominal system

model from the actual state trajectory.

Proposition 25 Consider the following state trajectories:

x.a(t) = f(m'a(t)’ w(t)) + f(xa(t))

_ (4.6)
p(t) = f(@p(t), 0) + f(xs(t))
then the following inequality holds for all x4 (t), xp(t) € X, w(t) € W:
|74 (t) — zo(t)] < S (t — Lo, |2a(0) — 25(0)]) (4.7)
h o)) = £y )| T with LY, Lt being Lipschit
where fw (T, ]e(0)]) = m(e —1)+1e(0)le wi » L% being Lipschitz
f

constants of f with respect to w and x respectively and Lfg being a Lipschitz constant of f

with respect to x.

Proof: Define the error term e(t) = z4(t) — x3(t). The time derivative of the error is given
by:
&(t) = f@a(t), w(t)) — f(ap(t),0) + f(za(t)) — flzs(t)) (4.8)
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Applying the Lipschitz property of f, f and the boundeness of w such that |w| < 60,,, it is
obtained that:

[e(®)] < L 0w + (L7 + L) [e(t)] (4.9)
for all z,(t), xp(t) € X, w(t) € W. Integrating Eq. (4.9) with the initial condition |e(0)| =
|24(0) — 24(0)|, the following inequality holds:

w
(o) < 12
Py

(TP 1) g (0) = an(0) T (a0)
This implies that (4.7) holds if fy is defined as in Proposition 25. [

In the following Proposition 26, we study the evolution of the estimation error given
by nonlinear observer (4.2) with K; ; determined following (4.3) in one sampling time (i.e.,
A). Proposition 26 provides an upper bound on the estimation error given by nonlinear
observer (4.2) taking into account model uncertainties and communication delays. In order
to proceed with the presentation, we define ~;(7) for ¢ € I as follows:

() = LY Ly My7? /2 + LY 00,7 + LY 0,7+ Y L;;;Mn? /24> Mg, Oy (4.11)

lel; lel;

where L% is the Lipschitz constant of F; defined in (2.5) with respect to its second argument,
Lflz is the Lipschitz constant of h; with respect to its argument, M; is a constant such that
|z;] < M; for all x; € X; with i € I, L;ﬁf is the Lipschitz constant of f; of its second
argument, L;lj is the Lipschitz constant of f; with respect to z; (noting that x; is one part
of X; for [ € T;), Mk, is a constant such that | K| < Mg, for all z; € X;. Note that in
the definition of ~;, it is assumed that |K; ;| (I € I;) is upper bounded which will be formally

assumed in Proposition 26.

Proposition 26 Consider the nonlinear observer of Eq. (4.2) for subsystem i, i € 1, during
the time interval t € [ty, tg1] with initial condition z,;(ty) = ;(tx) and output measure-
ment y;(tr). If Kiy are determined as in (4.3) and is bounded such that |K;;| < Mf,, for
allz; € X;, 1 €1;, and g;f;, [ € 1;, are bounded such that |g—;j’2| < Mjli for all x; € X, then the

deviation of the observer state zp; in one sampling time A (i.e., at ty1) from the actual
subsystem state x; is bounded for all x; € X;, i € I, as follows:
lezi(tisn)] < Billezi(ti)l, A) +75(A) + ) LigAlesa(t) > + Aai((D = 1)A, ex(ty—p+1)])

lel;
(4.12)

where e, ; = zp;—x;, L] = MKi’lthl+Hifi and a; (T, 8) = Z M]l;va(T, S)Jerfifw(T, 5)?
lel; i

with thl, Hlfl being positive constants that associated with the Taylor expansions of hy, f;,

respectively.
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Proof: We focus on the time interval t € [ty, tx+1] and define e, ; = z,; — x; where 2,
denotes the trajectory of observer (4.2) and x; is the actual state trajectory of subsystem i.
Based on the subsystem model (2.1) and the expression of observer (4.2),the time derivative
of e, ; is evaluated as follows:

é:i(t) = Zni(t) —zi(t) o i
= Fi(zni(t),wi(tr)) — fi(zi(t), wi(t)) + fi(Xi(te)) — fil Xa(t))
+ Z Kig(2g(tk)) (g(tr) — hg(Zg(tr)))-

9E€Li(tgy1)

(4.13)

Note that the state trajectory of observer (4.2), z,; for t € [tg,tx41] is evaluated at time
ti+1. Therefore, Z;(ty11) is known in the above evaluation. From the Lipschitz properties of
F;, fi and h;, the fact that y;(tx) = hi(@i(tk)) + vi(te), and [vi(te)| < 6o, and |wi(t)[ < Ow,,
the following inequality can be obtained from (4.13):
i) < [Fi(zna(t), hi(zi(t)) — fi(wi(t), 0) + LE Ly |24(t) — i(te)| + L 00, + LY 0w,
+|filXi(t) = fGW0) + Y Kig(ig(ti) (yg(te) — hy(@4(tr)))

9ELi(tk41)
(4.14)

where L%_, Lii and L;ﬁf are the Lipschitz constants associated with F;, h; and f;, respec-
tively.

In order to find an upper bound on the right-hand-side of (4.14), we first expand the
interaction term at ty, fi(X;(t)), around its estimate X;(t) and also expand hy(z;(t1,))
around its estimate #;(t). Recalling that X;(t) is composed of the estimate of the state
of subsystem ¢ for g € Z;(t;11) and the predictions of the state of subsystem [ with [ €
I;\Z;(tg+1), the following expansion can be obtained using Taylor series expansion:

X)) = R+ Y Z&Wmmmm—ﬁ%m

l%ﬂi\zi(tk+1)
81- N . .
+ Y 8;: (g (tr)) (2g(th) — 24(ts)) + H.O.T (4.15)
9€Ziltpy1) Y
Ohy

ho(wg(th) = hgl(@e(te) + -2 (E(te) (g (ty) — g(ty)) + HO.Ty"

Oz,

where H .O.Tif “and H .O.T; 9 are high order terms associated with the expansions of f; and

hg. These high order terms satisfy the following constraints:
HOT! < HIXi(ty) — Xi(t) 2, HOT < HI|2,y(t) — 24(t) (4.16)

for all z; € X;, i = I; with Hlfl and H;Lg being positive constants. Let us define 4; =

F) — FOGE) + ST Kaglglt)(hylrg (1)) — hy(#y(61))). Applying the ex-
9€Z;(tky1)
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pansions in (4.15), A; can be written in the following form:

A = Z ( &v;} (Zg(tr))(zg(tr) — Zg(tx)) + Ki,g(jg(tk))gzz(ig(tk))(xg(tk) - ig(ﬁc)))

9E€Li(tp41)

Ofi , pi X i
- Y @ - e+ Y Kl HOT — HOTS
lEHi\Zi(tk+1) geZi(tk+1)
(4.17)

If K; 4 for g € Zi(ty41) is determined following (4.3), the two terms in the first summation
of the right-hand-side of (4.17) cancel with each other. Applying (4.16) to the last two
terms in (4.17), it can be obtained that:

Al < | Y i) i) - o)

1€L\Z; (tkt1) i _ (418)
Y | Kig(g(t))] Hy? g (t) — ag(te)[* + H | Xi(th) — Xi(ti)?
9€Zi(tp+1)

Considering that |z;(t) — a)’ )| < aty) — 2Pi(t)|T, 1€ T\ Zi(tyyr), the following in-
equality can be obtained by applying Proposition 25:

|za(t) — 2 (t)] < fuv (b — tg, |2(tg) — 2(tg)]) (4.19)

where t, is the latest time instant that all of the other subsystem state estimates have been
received by subsystem ¢ so that #(t,) is available. The worst case is that ¢t; = tx_py; since

the maximum possible delay is DA. This implies that:

zi(te) — 20 (te)] < fw (D = DA, [2(ti—pi1) — #(te—ps1)]) - (4.20)

If 8fl( f”(tk)) is bounded such that 6fl (a: )| < Mjl; with Mjl; a positive constant for
all ;; € Xj, 1 € 1, and if |Kj 4(24)| is bounded such that |Kj4(zy)| < Mg, , with Mk, , a

positive constant for all z, € X,, g € I, (4.18) can be written as follows:

il < Yo Mbja(te) - 2 (1)

1EL\Zi (tk41) )
h N . 5
+ Y My, Hy?lag(tr) — dg(t)* + H [ Xi(te) — Xi(te) 2
9EZ;(tk+1)

(4.21)

Recalling that X; is composed of two types of subsystem state elements: subsystem states

predicted by the open-loop predictor and estimated subsystem states received from other

fNote that we use the difference between the entire system state and its prediction as an upper bound
on the different between a subsystem state and its prediction. This approach is conservative but simplifies
the proof.
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subsystems without delay. It can be written that | X;(ty) — Xi(t)|? < D geZi(tery) [Ta(th) —
Zg(te)|? + |2 (tg) — 2P*(t)|®. Therefore, (4.21) becomes:

Al < > Mfg|fﬂz(tk)—$f’i(tk)|
lEHi\Zi(tk+1) B B
h . . ; .
+ Y (Mg, Hy? + H]|ag(t) — ag(t)[* + HI o(te) — 2P (1)
9EZLi(tg41)

(4.22)

From (4.14) and the definition of A; and |K; 4(Z4(tk))vg(tk)| < Mk, ,0y,, it can be obtained
that:
()] < [Fi(zna(), ha(zi(t)) — fi(wi(t), 0)] + LE Ly |2i(t) — i(te)| + L O, + LY 0w,
HAL+A(XG0) = (X)) + D Mk, b,

9EZi(tk4+1)
(4.23)

From (4.22) and (4.23) and the Lipschitz property of f; as well as the fact that X; is
composed of z; for [ € I;, we have:
=i < [Filznit), hi(wi(t))) = fi(wi(t), 0)] + Lig, Ly |2i(8) — wi(ti)| + L, Ou; + Ly,
+ZLT{|xz(t) —mt)l+ Y, My, b+ Y M [z (ty) — o ()]

lel; 9ELi(t+1) 1ELN\Zi(tk41)
h . “ ; .
+ ) (Mg, Hy® + HI g (ty) — ag(t)[* + HI (te) — 2P (1)
9EL;i(tky1)

(4.24)
Within one sampling time (e.g., t € [tg,tg1]), |zi(t) — xi(tr)| < M;(t — tg), i € I, where
M; is a positive constant that bounds the time derivative of x; in X; such that |#;| < M;.
With the initial condition z,;(tx) = &;(tx) and the definition of e, ;, it is known that
ei(ty) = xi(ty) — &i(tr), i € I. Based on these results and (4.19) and Proposition 25, the

following upper bound on |é, ;(t)| can be written:

|éz,i(t)’ < |Fi(zn,i(t), hz(wz(t))) — fz(:cz(t), O)| + L%LzzMZ(t —t) + L%@vi + Lﬁiewi
x h rs
* Z ijMl(t B tk) + Z MKi»gevi + Z (MKi,gHgg + Hifz)|€z,g(tk)’2
lel; 9EZLi(tk+1) 9ELi(tk+1)

+ Z M}ifw (D -1)A,|e.(tk—p+1)|) + HififW (D =1)A, |es(tr—ps1)])?
1€\ Zq (t41)
(4.25)
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where e, ;(tx—p+1) = (tk—p+1) — T(tk—p+1). Integrating (4.25) from ¢t = ¢ to t = ty41,

the following inequality can be obtained:

lexitien)] < Billeai(to)l, A) + L Ly MiA® /2 + LY 00, A+ Ly 0w, A+ Y LY M A? /2

lel;
+ Z MKi,geviA + Z (MKi,gHé}]Lg + Hifi)|62,g(tk)|2A
9E€ZL;(tg41) 9ELi(tr41)
+ Y M]lzifw (D =1DA, [ex(tk—p+1)) A
lEHj\Zi(tk+1)

+H] fr (D = 1A, Jex(te-p41)])* A
(4.26)

Note that when integrating (4.25) from ¢ = ¢ to t = {41, the first term on the right-
hand-side of (4.25) leads to the first term on the right-hand-side of (4.26) which is from the
assumed property of observer (2.5); the second and fifth terms on the right-hand-side of
(4.25) are linear in time which lead to second order in time in (4.26); and the other terms
can be considered as constants when integrating with respect to time.

In (4.26), the set Z;(tx4+1) is a time-varying set. The two extreme cases are Z;(txt+1) =
{i} which corresponds to the case that no other interacting subsystems’ information is
received without delay and Z;(tx11) = I; which corresponds to the case that all interacting
subsystems’ information is received without delay. If v;, L;;, and oy (¢ € I, I € I;) are
defined as in (4.11) and Proposition 26, (4.26) can be written in the form of (4.12). This
proves Proposition 26. [J

In Proposition 26, the estimation error of a subsystem state between the nonlinear ob-
server (4.2a) z,; and the actual system state z; is shown to be bounded and the upper
bound is associated with the Lipschitz properties of the system, the accuracy of the ini-
tial estimate |e, ;(tx)|, sampling interval A, magnitudes of noise and process disturbances,
subsystem interactions and maximum delay D. Theorem 27 below provides sufficient condi-
tions for the convergence and ultimate boundedness of the estimation error of the proposed

DMHE with communication delays.

Theorem 27 Consider system (2.4) with the outputs of its subsystems y; sampled at time
instants {ty>0}. If the proposed DMHE implemented following Algorithm 23 with subsystem
MHE designed as in (4.4) based on deterministic nonlinear observers satisfying (2.6) and
the assumptions in Proposition 26 are satisfied, and if there exist concave functions g;(-),

1 €1, such that:
gi(leil) > Bi(lei], A) (4.27)

for all |e;| < d; and if there exist constants ds;, d; such that 0 < ds; < d;, D > 0 and
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positive constants a; > 1 , b; > 0, and n; > 0, such that:

doi — ai | gi(dsi) + 7 (D) + Y LiyAdf + Acy(D = 1)A, d) | = bifly, > 1 (4.28)

)

lel;
where d = [dy,...,dy]" for all i €1, and if k; for all i € 1, are picked as follows:
0 < r; < min{(a; — 1)/Ly", bi}, (4.29)
then the estimation error |e;| = |&; — x;| is a decreasing sequence if ds; < |e;(0)| < d; for

all i € T and is ultimately bounded as follows:

; . < di . ]
tlggosup|ez(t)| di min (4.30)

for i € T with d; min = max{|e;(t + A)| : |e;(t)| < ds;} for all €;(0) < d; and z; € X;. This

also implies that the entire system state estimation error is ultimately bounded.

Proof: We prove that the evolution of the estimation error of each subsystem state |e;| =
|#; — x;|, ¢ € I, under the proposed DMHE with the local MHE of Eq. (4.4) implemented
following Algorithm 1 is a decreasing sequence and is ultimately bounded in a small region
around zero. The decrease and ultimate boundedness of subsystem estimation errors imply
the decrease and ultimate boundedness of the entire system state estimation error. We first
focus on MHE i, ¢ € I, for the time interval from ¢ to tx41 and then extend it to the general

case. From constraint (4.4e) for MHE 4, it can be written that:

|2 (trg1) — 2ni(ter1)| < Rilyi(trg1) — hi(zn,i(tre1))] (4.31)

Note that &; denotes the final optimal estimate obtained by MHE 4. From the Lipschitz
property of h;, the fact that y; = h;(x;) + v; and |v;| < 6,,, (4.31) becomes:

|Zi(thr1) = 2ni(tre1) | < By @i(tig1) — 2ni(tren)| + Kibo, (4.32)

where Lﬁz is the Lipschitz constant of h; with respect to x; as defined before Proposition 26.
Using the triangle inequality |Z; — ;| < |25 — 24| + |20, — i, it is obtained from (4.32)
that:

lei(tryn)| < (1 + mng) lesi(ter1)| + Kib, (4.33)

with e;(tk41) = zi(tk+1) — Ti(tey1) and e, i(thr1) = Ti(tet1) — 2n,i(tk+1). From the design
of observer (4.2), it can be seen that in order to calculate a reference state estimate for

tk+1, it is initialized with 2y, ;(tx) = &;(tx). This implies that e;(tx) = e, i(tx). Based on the
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upper bound on |e; ;(tx11)| obtained in Proposition 26 and (4.33), the following inequality
can be written:

lei(te+1)] < (1 + ﬁzLi) (Bi(lei(tr)], A) +7i(A) + ZLi,lA|€l(tk)|2
lel; (4.34)

+Aai((D = 1A, le(tr-p1)])) + Kib;
If condition (4.27) is satisfied, B;(]ei(tx)|,A) in (4.34) can be replaced by g;(|e;(tx)|) and
the following inequality can be obtained:
eittoen)] < (14 LR (gillea(ti)]) +9(A) + D LigAlen(t)?
= (4.35)
FAa;((D = DA, le(tr—p+1)]) + Kiby;
When examining condition (4.28) in Theorem 27, the left-hand-side can be considered
as a function of d, ;. The first term on the left-hand-side has a slope of 1 and the slope of g;
decreases with the increase of dj ; since g; is a concave function. Given that g;(0) > 0 (which
is ensured by (4.27)), if there exists d,; satisfying (4.28) which means the left-hand-side has
a positive value, then (4.28) holds for all ds; < |e;| < d;. That is,

leil = ai | gilles) +%(A) + Y LigAle* + Aai((D = 1A, le]) | = bifly, =1 (4.36)
lel;
for all dg; < |e;| < d;, |eg] < dj, 1 € I; and |e|] < d. If k; is picked following (4.29), it is
ensured that 1 + /@iLflz < a; and k; < b;. This further implies that:

el = (14 mLfy) | gilled) + () + 3 LigAle* + Aai(D = DA, Jel) | = wibl, > i
lel;
(4.37)

for all ds; < |e;| < ds, |eg] < dj, 1 € I; and |e] < d. Rearrange (4.37) and put it back into
(4.35), it can be obtained that:

lei(ter1)] < lei(tr)| — mi (4.38)

for all ds; < |e;(tr)| < di, |ei(t)] < dj, L € I; and |e] < d. If |e;| > ds; for all the time from

0 to tg, using (4.38) recursively, it can be obtained that:
lei(te)| < [ei(0)] — kmy (4.39)

for all ds; < |e;(tr)| < d;. This implies that |e;| decreases every sampling time and will
become smaller than dg; in finite steps. Once |e;(t)| < ds;, there is no longer a guarantee

that the estimation error will decrease. However, it will remain to prove that |e;(t)| < d; min
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given the definition of d; yin; that is, lim; o sup |e;(t)| < d; min. Note that the above proof
holds for all 7 € L.
The ultimate boundedness of subsystem state estimation errors implies the ultimate

boundedness of the entire system state estimation error. This can be seen from the inequal-

m
ity |e| < Z le;| which implies that:
i=1

i < i min - .
tlgglo sup |e] < .Zldl’mm (4.40)
1=

This proves Theorem 27. [J

Remark 28 Referring to the inequality (4.28) in Theorem 27, it characterizes the interplay
between different parameters. The first term in the bracket g;i(ds,;) is the upper bound of the
estimation error for the nominal subsystem i without interactions after one sampling time
if the initial error term is |e;(ty)|; the term ~v;(A) indicates the effect of the sample-and-hold
implementation of the nonlinear observer of Eq. (4.2), process disturbances and measure-

ment noise; the term Li,lAdlz bounds the model mismatches in the interaction model due
lel;
to periodic measurements and information transmission; the term Ao;((D — 1)A,d) char-

acterizes the contribution of other subsystems in the interactions considering the mazximum
delay D; and the term b;0,, represents the effect of measurement noise. The inequality (4.28)
essentially requires that the nonlinear observer (2.5) converges fast enough and the inter-
actions between the subsystems are well compensated for such that the contribution of the
nonlinear observer (2.5) to the decrease of the estimation error dominates the effects caused

by other factors that contribute to the increase of the estimation error.

Remark 29 Note that the stability of the proposed DMHE with communication delays is es-
sentially from the deterministic nonlinear observers. The subsystem MHE design (4.4) inte-
grates the deterministic nonlinear observer into the framework of MHE via constraint (4.4e).
This integration brings some very interesting features into the design [50]: 1) characteriz-
able boundedness of the estimation error for bounded uncertainties which is a difficult task
for the traditional MHE; and 2) a potentially tunable convergence rate of the estimate to
the actual system state (via the tuning of the nonlinear observer) which in general is not
straightforward (or not possible) in the traditional MHE for nonlinear systems. These fea-
tures are very important from an output feedback control view point. Besides these features,
the MHE design adopted in this work essentially maintains the properties of the traditional
MHE such as optimality of the estimate since the analysis used to establish the optimality
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of the traditional MHE based on the cost function and the approzimation of the arrival cost
may be applied to the MHE design in this work as well. The focus of our work is more on
the stability of the distributed MHE scheme subject to communication delays which relies

on the deterministic observers.

4.4 Application to the reactor-separator process
4.4.1 Simulation settings

In this section, the proposed DMHE design is demonstrated by the reactor-separator process
used in Chapter 2 and 3. A detailed description of the modeling of the process can be found
in Section 2.6. The temperature measurements (i.e., T;, i = 1,2, 3) are subject to bounded
noise. The measurement noise is generated as normal distributed values with zero mean
and standard deviation 1 but the values are bounded in [—1, 1]. Besides measurement noise,
random disturbances are also introduced to the right-hand-side of dynamic equations of the
process, which are generated as normal distributed values with zero mean and standard
deviation 100 in the range [—10,10] for temperatures and normal distributed values with
zero mean and standard deviation 1 in the range [—1, 1] for species fractions.

The deterministic nonlinear observer (2.5) without considering interactions between sub-

systems are as in Section 2.6.2:
zi(t) = fi(2:(t),0) + Gi(2i(1) ™ Ko (yi(t) — hi(2i(1))) (4.41)

the gain matrices K, ; is determined such that the eigenvalues of the matrix A,; — K,;C,
are placed at —0.1 £¢ and —5 with A,; =[010; 001; 00 0] and C,; = [1 0 0]. These
nonlinear observers are used in the design of observer (4.2) and in the design of the DMHE
schemes. In all the local MHE designs, the estimation horizon is N = 10. All the other

parameters can be referred in Section 2.6.

4.4.2 Simulation results

First, the proposed DMHE is compared with the DMHE scheme in Chapter 2 in which
communication delays are not taken into account explicitly as well as the deterministic
nonlinear observer (4.2) implemented following Algorithm 23. In this set of simulations, we
consider an extreme scenario in which the communication delays between subsystems always
equal to the maximum possible delay D with D = 5. In the proposed DMHE scheme as well
as in the nonlinear observer (4.2), when there are communication delays, the predictors are

used to generate predictions to minimize the effects of delays. While in the DMHE scheme
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Figure 4.2: Trajectories of the actual process states (solid lines) and the estimates given by
the proposed DMHE (dashed lines) when the communication delays between subsystems
always equal to the maximum possible delay D with D = 5.

in Chapter 2, when there is communication delays, the latest received information is used
to approximate the current information.

In this set of simulations, the same initial conditions, disturbances, noise sequences and
heat inputs are used in the two DMHE schemes and in nonlinear observer (4.2). The initial

condition of the process is:

xo = [0.178;0.680; 485.120 K;0.199;0.660; 477.514 K;0.066;0.677;479.637 K|
and the initial guess in the two DMHE schemes and observer (4.2) is

&0 = [0.168;0.700; 487.000 K;0.180;0.700; 480.000 K;0.060; 0.680; 476.000 K|

with input Q; = Qs+ 106670'011582'17,(0.175) K J. This type of inputs is used to excite different
changing rates in the process state trajectories. Note that when process inputs are present,
the inputs need to be taken into account in the design of the auxiliary nonlinear observer
as well as the DMHE schemes and should be assumed to be known.

The simulation results are shown in Figs. 4.2, 4.3, 4.4 and 4.5. Figures 4.2, 4.3, and 4.4
show the trajectories of the estimates given by the proposed DMHE, the DMHE in Chapter
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Figure 4.3: Trajectories of the actual process states (solid lines) and the estimates given by
the DMHE (dashed lines) in Chapter 2 when the communication delays between subsystems
always equal to the maximum possible delay D with D = 5.
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Figure 4.4: Trajectories of the actual process states (solid lines) and the estimates given by
nonlinear observer (4.2) (dashed lines) when the communication delays between subsystems
always equal to the maximum possible delay D with D = 5.

Estimation error norm

Figure 4.5: Trajectories of the norm of the estimation errors of the proposed DMHE (solid
line) and the DMHE in Chapter 2 (dashed line) and nonlinear observer (4.2) (dash-dotted
line) when the communication delays between subsystems always equal to the maximum
possible delay D with D = 5.
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Figure 4.6: Communication delay sequences.

2 and nonlinear observer (4.2), respectively. From these figures, it can be seen that the
both the proposed DMHE and nonlinear observer (4.2) are able to track the actual system
states well while the DMHE in in Chapter 2 gives much poorer performance in tracking
the actual system states. Figure 4.5 shows the trajectories of the norm of the estimation
errors given by the three different schemes. From Fig. 4.5, it can be seen that the proposed
DMHE and nonlinear observer (4.2) is able to drive the estimation error to a small value
quickly and maintains the error in a small region close to zero while the estimation error of
the DMHE in Chapter 2 varies significantly. Even though both the proposed DMHE and
nonlinear observer (4.2) are able to tracking the actual states well, the proposed DMHE
gives a much smaller average error norm (0.2778) compared with the one (0.4561) given by
nonlinear observer (4.2). The average error norm reduction obtained by using the proposed
DMHE is about 40% in this set of simulations.

Next, a set of simulations is carried out to consider a normal scenario in which the
communication delays between subsystems are generated as random integers between 1 and
D with D = 5. Figure 4.6 shows the communication delays among the subsystems in the

simulations.
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Figure 4.7: Trajectories of the norm of the estimation errors of the proposed DMHE (solid
line) and the DMHE in Chapter 2 (dashed line) and nonlinear observer (4.2) (dash-dotted
line).

Figure 4.7 shows the trajectories of the norm of the estimation errors given by the two
DMHE schemes and nonlinear observer (4.2). Similar conclusions to the first set of simula-
tions can be concluded. That is, the proposed DMHE as well as nonlinear observer (4.2) are
able to drive the estimation error to a small region around zero quickly while the estimation
error of the DMHE in Chapter 2 varies significantly. Note that in this set of simulations, the
average error norm given by the proposed DMHE is 0.3972 while the one given by nonlinear
observer (4.2) is 0.5018. About 20% average error norm reduction is achieved by using the
proposed DMHE.

In another set of simulations, the effect of the maximum delay D on the size of the
set that ultimately bounds the estimation error is investigated. In this set of simulations,
the proposed DMHE scheme is simulated with different maximum communication delays.
In particular, the maximum delay D = 1,2,3,5,7 are considered. Figures 4.8(a)-(e) show
the corresponding trajectories of the norm of the estimation error for D = 1,2,3,5,7, re-
spectively. In each of these figures, the flat line is the approximated bound that ultimately
bounds the estimation error. Figure 4.8(e) shows these bounds in one figure for easy com-
parison. From these figures, it can be seen that (i) when D = 1 which corresponds to the
case that there is no communication delay, the estimation error is maintained in a relatively
smaller set compared with the other cases that there are communication delays; (i) when
there is communication delay (i.e., D > 1), the value of the communication delay has a
relatively small effect on the size of the set that ultimately bounds the estimation error.
The superior performance when D = 1 is primarily due to the use of the correction terms in

observer (4.2a) for all the interacting subsystems. Note that when there is communication
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Figure 4.8: Trajectories of the norm of the estimation error of the proposed DMHE (solid
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one figure.

Table 4.1: Mean evaluation times of the predictor, observer (4.2) and local MHE for each
subsystem.

Subsystem  Predictor (sec) Observer (4.2) (sec) Local MHE (sec)

#1 6.23 x 1072 1.79 x 1073 1.26
# 2 5.31 x 1074 1.42 x 1073 1.54
# 3 6.55 x 1074 1.42 x 1073 1.23

delay, some of the correction terms will become inactive.

Finally, the mean evaluation times of the predictor, observer (4.2) and the local MHE
for each subsystem are evaluated. The simulations are carried out in MATLAB using an
Intel Core i7 Computer at 3.4GHz with 8Gb RAM. The mean values shown in Table 4.1
are obtained from 100 simulations with estimation window horizon N = 10. From these
results, it can be seen that the evaluation times of the predictor for state prediction and
nonlinear observer (4.2) for reference state estimate calculation are negligible compared

with the evaluation times of local MHE schemes.
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4.5 Conclusions

In this chapter, we developed a DMHE scheme for a class of nonlinear systems in the pres-
ence of delays in the communication network. In the proposed design, an all-to-all commu-
nication is required and at each sampling time for each subsystem, an open-loop predictor is
used to generate predictions of delayed subsystem states which are used to calculate a refer-
ence state estimate as well as a confidence region for the local MHE. Under the assumption
that there is an upper bound on the communication delay, the proposed approach ensures
the convergence of the estimate to the actual system state and the ultimate boundedness of
the estimation. An chemical process example was used to illustrate the performance of the
proposed DMHE scheme compared with an existing DMHE without considering communi-
cation delays explicitly as well as a deterministic nonlinear observer. From the simulations,
it was demonstrated that the proposed DMHE had a superior performance than the DMHE
without considering the delays explicitly and had improved performance compared with the

deterministic observer.
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Chapter 5

Conclusions

In this thesis, distributed moving horizon estimation taking into account uncertainty, com-
munication delays and triggered implementation are presented for nonlinear systems. More-
over, its effectiveness and applicability are illustrated by a chemical process example.

Specifically, Chapter 2 proposed an observer-enhanced DMHE design for a class of non-
linear systems with bounded process uncertainties. In this DMHE, each subsystem MHE
communicates with subsystems that it interacts with every sampling time. In the design
of each subsystem MHE, an auxiliary deterministic nonlinear observer is taken advantage
of to calculate a confidence region that contains the actual system state every sampling
time. The subsystem MHE is only allowed to optimize its state estimate within the confi-
dence region. This strategy was demonstrated to guarantee the convergence and ultimate
boundedness properties of the estimation error.

However, this approach requires the subsystems to communicate and exchange infor-
mation every sampling time. The frequent communication requirement may impede the
application of the DMHE to processes that have a shared communication network with
limited capacity. Moreover, extensive information exchanging may reduce the robustness
of the system due to data dropouts in the communication network. Currently, there is no
systematic approaches available to reduce the communication burden of DMHE schemes.
To address the above issues, in Chapter 3 event-triggered approach is adopted to reduce
the number of communication between subsystems. Specifically, in the first proposed algo-
rithm, a subsystem sends out its current information when a triggering condition based on
the difference between the current state estimate and a previously transmitted state esti-
mate is satisfied; in the second proposed algorithm, the transmission of information from a
subsystem to other subsystems is triggered by the difference between the current measure-

ment of the output and its derivatives and a previously transmitted measurement of the
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output and its derivatives. Because of the triggered communication, a subsystem may not
have the latest information of the other subsystems. In order to ensure the convergence and
ultimately boundedness of the estimation error, the local MHE of a subsystem also needs
to be redesigned to account for the possible lack of state updates from other subsystems.
Sufficient conditions for the proposed DMHE implemented following the two algorithms to
ensure the convergence and ultimately boundedness of the estimation error are derived.
The results in Chapter 2 were derived under the assumption that the communication
between subsystems is flawless and there is no delay in the information transmission. In
practice, this assumption may not hold especially when shared wireless communication
network is used. Motivated by the above considerations, in Chapter 4 we proposed a DMHE
scheme that is able to handle time-varying communication delays. In the proposed design, a
nonlinear observer-enhanced MHE is designed for each subsystem and the distributed MHEs
are assumed to be able to communicate and exchange information with each other via a
shared communication network which may introduce communication delays. To handle
time-varying delays in the communication, an open-loop state predictor is designed for
each subsystem to provide predictions of unavailable subsystem states. In the design of
each predictor, the centralized system model is used. Based on the state predictions, an
auxiliary nonlinear observer is used to generate a reference subsystem state estimate for
each subsystem every sampling time. Based on the reference subsystem state estimate as
well as the local output measurement, a confidence region is constructed for the actual state
of a subsystem. A subsystem MHE is only allowed to optimize its state estimate within
the corresponding confidence region at a sampling time. The proposed DMHE is proved to
give decreasing and ultimately bounded estimation errors under the assumption that there

is an upper bound on the time-varying delay.
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