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Abstract

A fault in the system operation is deemed to occur when the system practically
experiences an abnormal condition, such as a malfunction in the actuators/sensors.
This situation is happening very often in many control process such as: Chemical
processes, Jet engine control, flight control, Robotics, temperature control, and etc.
Faults can cause catastrophic damages to control systems. Therefore, reliability
is one of the key requirements for process industries. Since many process control
loops are utilized, the fault-free operation of these control loops is strictly required.
For this purpose, effective model based Fault Detection and Isolation (FDI) has
to be developed. On the other hand, effective control and monitoring of a system
requires accurate information of internal behavior of the system. This internal be-
havior can be analyzed by system’s states. Practically, in many real systems, state
space variables are not fully available for measurements, or it is not practical to
measure all of them, or it is too expensive to measure all these state space variables.
Thus, one is faced with the problem of estimating system’s state space variables.

This can be done by constructing another dynamical system called state observer.

The two critical problems stated above have motivated significant research work in
the area of robust state and fault estimation. Fault reconstruction and estimation is
regarded as a stronger extension to FDI since accurate fault estimation automati-
cally implies fault detection. Fault reconstruction is excellent for directly detecting
and isolating the malfunctions within a system by reviling which sensor or actuator
is faulty and is useful for diagnosing incipient and small faults. Moreover, Fault
reconstruction finds solid applications in Fault Tolerant Control Systems (FTC).

Therefore, in this PhD thesis, we restrict our attention to design observers (esti-



mators) that can simultaneously estimate the system states and faults. It is worth
mentioning that both faults and disturbances considerably affect the state observa-
tion (estimation) and designing a robust observer which is insensitive to faults and

disturbances is of great interest for achieving an accurate state estimation.

It is well known that two promising control strategies to cope with vastly uncertain
control processes are H, Control and Sliding Mode Control. The robustness and
simple implementation of these two control theories introduce them as strong prac-
tical control methods. Sliding mode observers are very successful to deal with un-
certain faulty systems. Furthermore, in Robust FDI, the main objective is to design
residuals that can distinguish faults from disturbances/uncertainties by reducing the
effect of disturbances. However, in this thesis, we go one step further and we pro-
pose Robust Fault Reconstruction (RFR) by integrating H., filtering and Sliding
Mode Control. It is also shown how adaptive control can improve the robustness of
the observer based RFR by assuming that there is no information on the bound of a

fault and nevertheless the observer can still reconstruct the fault effectively.

Another open problem in the context of FDI and RFR is due to systems with multi-
ple faults at different system’s components since it is often the case where actuators
and also sensors suffer from faults during the course of the system’s operation.
Both actuators and sensors can suffer from faults either alone, at separate times or
simultaneously. In this case, detection and reconstruction of all faults is highly im-
portant. The co-existence of unknown fault at both some sensor(s) and actuator(s)
has not been addressed in any earlier design of fault reconstruction schemes. Thus,
in this Thesis, inspired by the theory of singular systems, we aim at solving this
open problem. Unknown Input Observers (UIOs) for estimation of unknown input
and sensor fault are also studied by proposing a new UIO structure. The application
of the proposed UIO for chaotic communication is also addressed. The class of sys-
tem which will be considered throughout this thesis is Lipschitz nonlinear systems
with fault and uncertainty. The reason behind focusing on Lipschitz system is that

Lipschitz systems constitute a very important and wide class, since any nonlinear



system with continuously differentiable nonlinearities can be locally expressed in
this form. As a conclusion, we design novel observers (estimators) which benefits

from the following main features:

e are robust and insensitive to faults
e minimize the effect of disturbances on the state and fault estimation

e are able of detecting unknown behavior-type faults via adaptive gain adjust-

ment
e can simultaneously estimate sensor(s) and actuator(s) fault

e have sensor fault reconstruction ability via the use of a reduced-order UIO
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Chapter 1

Introduction

It is often the case when dealing with complex systems requiring safe operation, that
some form of supervisory function is needed to indicate undesired process states or
faults. Faulty signals can exist in actuators, sensors and process components that
can deteriorate normal operation or even lead to instability. Taking immediate and
appropriate actions in order to preserve safe operation while avoiding the possibly
of catastrophic damages is crucial. In addition to safety concerns, fault detection is
critical from an economical perspective by preventing any unexpected total failure
that can potentially causes lose of revenues. From an environmental perspective,
incorporation of fault detection in industrial process can prevent catastrophic dam-
age to the environment. Thus, fault detection and isolation (FDI) is of significant
technical, economical and environmental importance. The nonlinear behavior ex-
hibited by most industrial processes, the presence of constraints on the operating
conditions, the presence of modeling uncertainty and disturbances, the possibility
of faults in a system’s components, and the unavailability of all the process states
have motivated significant research work in the area of nonlinear state and fault es-
timation. Fault reconstruction and estimation (abbreviated as FRE hereafter) may
be regarded as an extension to fault detection since accurate fault reconstruction
immediately imply fault detection and isolation (FDI). Furthermore, Fault recon-
struction and FDI are also very important in Fault -Tolerant Control (FTC). A FTC
is designed to preserve the control and stability of a system in the event of a set of
possible faults. FDI techniques automatically reconfigure the controller once a mal-

function has been detected. However, as a great advantage of FRE, the corrupted



measured signals and actuator signals are corrected by FRE before being used by
the controller. Hence, there is no need of control reconfiguration and a relatively

simple and effective control method would still work by retaining its structure.

As mentioned above, effective controller design methods and monitoring of a sys-
tem requires accurate information of internal behavior of the system. This internal
behavior can be analyzed by system’s states. Practically, in many real systems,
state space variables are not fully available for measurements, or it is not practi-
cal to measure all of them, or it is too expensive to measure all these state space
variables. Thus, one is faced with the problem of estimating system’s state space
variables. Therefore, there is a need to design filters to estimate both states and
faults of a system coincidentally during the course of system’s operation. Now, we

briefly study the history of FDI and FRE.

1.1 Fault Detection and Isolation

Safety and reliability are two major concerns of modern control systems. Fault and
malfunction in a system’s components is the main reason behind the safety issues
of control systems. This problem can be dealt with if a supervisory action is taken
to monitor a system and detect faults, locate them and then isolate the faulty com-
ponent. Hence, Fault Detection and Isolation (FDI) is of great importance in a wide
variety of applications of control systems. There are two main approaches in FDI:
(1) signal-based FDI, (i1) model-based FDI. In signal-based FDI, some statistical op-
erations are employed on the measurements, or some artificial intelligent network is
trained using measurements to extract the information about the fault. For instance,
neural network has been the center of attention for signal-based FDI in research
[201,[48],[61],[73]. In model-based FDI, since its beginning in 1970s, the objective
is generally obtained by comparing the actual system’s behavior with the corre-
sponding behavior of it’s mathematical model. The difference of these behaviors,

referred to as residuals are sensitive to any fault. There are a large number of dif-



ferent approaches developed through the years for model-based FDI [9]. However,
due to the high sensitivity of model-based FDI to the corresponding mathematical
models, a major downside is the need for the perfectly and idealistically accurate
mathematical models which is not often easy to derive. That is due to model uncer-
tainties, process complexities, noise and disturbances. Any discrepancies between
the actual process and its model cause misleading alarms of fault and therefore,
fault detection may become ineffective and useless. This problem has encouraged
a lot of control engineering research towards Robust FDI. A number of methods
proposed for robust FDI can be found in [21], [22], [50], [51]. With regard to the
fact that many systems and processes are highly nonlinear, it is of great interest to
develop method of nonlinear FDI. Regarding the inherent nonlinearity of many con-
trol systems and also the incorporation of mathematical models for FDI, an excel-
lent tool has been traditionally the use of nonlinear observers [9]. In observer-based
FDI, which is a subcategory of model-based FDI, the residual is constructed as a
weighted difference between the measured output and the observer-based estimated
output [9]. Due to the importance of robustness of FDI and also the nonlinearity of
systems, in this thesis, nonlinear robust observer design is performed to deal with

FDIL

1.2 Fault Reconstruction

Instead of generating residuals, fault reconstruction and estimation (FRE) scheme
attempts to reconstruct the fault. FRE is different from the majority of FDI methods
described previously in the sense that it not only detects and isolates the fault, but
provides an estimate of the fault. This approach is very useful for incipient faults
and slow drifts, which are very difficult to detect. Also, this approach is very useful
for FTC systems in the sense that instead of reconfiguration of the control system,
the faulty sensors or actuators can be corrected and the simple control method can
still be effectively used. Motivated by these useful features of FRE, in this thesis,
we are interested in performing observer-based FRE schemes for nonlinear systems

which finds applications in FDI systems.



1.3 Overview and Statement of Contributions

In this thesis, we restrict attention to design novel filters to estimate both systems’s
states and also sensor and actuator faults simultaneously. It is very important to
mention that FRE schemes inherently require state estimation since the state esti-
mates play an important role in fault reconstruction. Due to the importance and
practicality of Lipschitz nonlinear systems, we consider this class of nonlinear sys-
tem throughout this thesis. Detailed discussions on the background of each prob-
lem and the literature surveys may be found in the introduction of each chapter.
The chapters are written in a self-sufficient format. We believe this improves the
readability of the thesis and greatly facilitates the partial readings which are most
probable for long documents such as PhD dissertations. The rest of the thesis is

organized as follows:

e Chapter 2: In this chapter, we survey the currently established results in
the context of Linear and Lipschitz Observer design problems. Next, we
introduce the principle of sliding mode control since this theory is one of the
main tools used extensively throughout this thesis. In the context of robust
observation, classical sliding mode observers are discussed in details. Finally,

singular system theory is studied since we will use this concept in Chapter 5.

e Chapter 3: This chapter presents a scheme to design robust sliding mode
observers (SMO) with H., performance for uncertain Lipschitz nonlinear
systems where both faults and disturbances are considered. We study the
necessary conditions to achieve insensitivity of the proposed sliding mode
observer to the unknown input (fault). The objective is to derive a sufficient
condition using LMI optimization for minimizing the ., gain between the
estimation error and disturbances, whilst at the same time the design method
guarantees that the solution satisfies the so-called structural matching con-
dition. The sliding motion affects only a part of the system through a novel
reduced-order switching gain. The structure of the observer gain is new in the
sense that it facilitates the design. Furthermore, the so-called equivalent con-

trol concept is discussed for fault estimation. Finally, a numerical example of

4



MCK chaos demonstrates the high performance of the results compared to a

pure SMO.

Chapter 4: In Chapter 3, we design the robust ., SMO using a change of
coordinates. Unlike Chapter 3, to further simplify the design, in this chap-
ter we develop a new parametrization based method to avoid any change of
coordinates. This chapter presents an adaptive sliding mode observer based
approach for nonlinear fault reconstruction using LMIs. A Nonlinear Lips-
chitz uncertain system is considered where the uncertainty (or disturbance)
is assumed to have a constant upper bound. The novelty of the proposed ap-
proach lies in the simplicity of the design since there is no need for any single
or multiple coordinate transformations. This interesting feature is made pos-
sible due to introducing a new solution for the so-called matching condition
on the original system. The upper bound of the fault signal is allowed to be
unknown since the variable structure gain adaptively adjusts itself to maintain
the ideal sliding motion on the defined sliding surface. The reconstruction
signal can approximate the fault to some degree of accuracy depending on
the size of the disturbances. Finally, a simulation study shows the effective-

ness of this approach.

Chapter 5: The new SMOs presented in Chapters 3 and 4 can accomplish
only actuator fault reconstruction and they do not have the ability to solve
the fault estimation problem for the case of the coincidence of faulty sensors
and actuators. In this Chapter, a new filter for state and fault estimation in a
class of nonlinear systems is presented. The estimator benefits from both slid-
ing mode control and singular systems theory. The novelty of this approach
is based upon dealing with systems prone to faults at sensors and actuators
during the course of the system’s operation coincidentally. Conditions and
proofs of conversion for the proposed estimator are presented. A noticeable
feature of the proposed approach is that the state trajectories do not leave the
sliding manifold even in presence of sensor/actuator faults. This allows for

actuator faults to be reconstructed based upon information retrieved from the



equivalent output error injection signal. Due to employing a generalized state
space form (singular system theory), the sensor faults are also estimated. A
simulation example based on a flexible joint robot arm demonstrates the ef-

fectiveness of the proposed estimator.

Chapter 6: Inspired by the concept of unknown input observers (UIOs),
this chapter considers the problem of chaos secure communication. A new
scheme for chaos communication is presented which does not require any
feedback of the message signal into the chaotic dynamics. By introducing a
low pass filter, the message signal can be regarded as the unknown input to be
recovered. The chaos attractor acts as the transmitter and the new proposed
reduced-order UIO synchronizes the slave chaotic system at the receiver end.
Necessary and sufficient conditions for the existence and asymptotical stabil-
ity of the proposed UIO were established. The theoretical analysis and a nu-
merical simulation on Chua’s circuit verify the effectiveness of the proposed
scheme. Next, we extend the robust design of the proposed reduced-order
UIO for systems with disturbances using H., method. The proposed H .-
UIO is employed to robustly estimate and detect sensor faults. The H..-UIO
exists if an LMI optimization problem is solvable. The configuration of the

proposed sensor fault estimation and diagnosis is novel.

Chapter 7: In this Chapter, concluding remarks are presented and future

research topics are proposed.



Chapter 2

Background and Mathematical
Framework

2.1 State Observation

Practically, in many real systems, state space variables are either not fully available
for measurements, or it is not practical to measure all of them. In order to be able to
apply full state feedback control to a system, all of its state space variables should
be available at all times. Also, in some control system applications, one is inter-
ested in having information about system state space variables at any time instant
for monitoring purposes. Thus, one is faced with the problem of estimating system
state space variables. This can be done by constructing another dynamical system
called observer or estimator. Thus the problem of estimating the state of a dynami-
cal system from outputs and inputs, (commonly known as observing the state) is a

very important problem in the theory of control systems.

For linear systems it has been extensively studied, and has proven very useful, es-
pecially for control methods such as observer-based control design. For nonlinear
systems, the theory of observers is not nearly as complete or successful as is the
case for linear systems. Applying linear observer theory to nonlinear problems has
had some success as exemplified by Luenburger Observer [42] and the extended
Kalman filter (EKF) [60], but has by no means closed the book on nonlinear ob-
server design. Instead, attempts continue to be made to construct nonlinear ob-

servers using tools from nonlinear control system. In the following subsection, we



briefly introduce the concept of observability.

2.1.1 Observability

Before studying the state observer design, we start with a brief introduction to ob-
servability which is a essential issue on state observer design. It is worthy to note
that the concept of observability is dual to that of controllability. Consider the fol-

lowing system

{a::Ax—l—Bu,xeR,uER @1

y=Cx+ Du, y € R?

First we introduce the definition of observability.

Definition:[8] The state equation (2.1) is said to be observable if for any unknown
initial state x(0), there exists a finite t; > 0 such that the knowledge of the input
u and the output y over [0, t1] suffices to determine uniquely the initial state x(0).

Otherwise, the equation is said to be unobservable.

It is well-known that the response of the above linear system excited by initial state

x and the input u(t) is derived as
t
y(t) = Cea(0) + C / A=) Bu(r)dr + Du(t). 2.2)
0

In the study of observability, the output y and the input u are assumed to be known;
the initial state is only unknown. Thus the above definition can be modified as fol-

lows:

Definition:[8] Equation (2.1) is observable if and only if the initial state x(0) can

be determined uniquely from its zero-input, i.e.
y(t) = Cetx(0)

where
t

g(t) :==y(t) — C/BA(t_T)Bu(T)dT — Du(t)



is a known function. Thus the observability problem reduces to solving x(0). If

u = 0, then §(t) reduces to zero-input response Ce?'x(0).

The following well-known theorem introduces the observability of the pair {A, C'}

mathematically.

Theorem 2.1. [8] The pair {A,C} of the system (2.1) is observable if and only if

one of the following statements holds:
t
o Then x nmatrix W,(t) = [ e TCTCeATdr is nonsingular for any t > 0.
0

o The np x n observability matrix

has full column rank (rank n).

e The (n—+p) X n matrix { 4 _C,)J } has full column rank at every eigenvalues,
A\ of A.

2.1.2 Linear Observer Design

Consider the following uncontrolled linear system:

{ z=Azr,x € R 2.3)

y=Czx,y € RP

The problem of generating an estimate of the state, « , in (2.3) is usually referred to
as the problem of designing an observer for (2.3). In the early 1960’s, Luenberger

[42] gave the following result for the construction of an observer for (2.3):

” Let & be our estimate of the true state, x , and assume T obeys the following

dynamics.

t=Ai+L(j—vy), & €R" (2.4)
§j=0C%,5€eRP

9



where L € R"P . Then if (A, C) is an observable pair, L may be chosen such that
Z will converge to x arbitrarily exponentially fast. To see that this is the case, we
consider the dynamics of the error between the state estimate & and the true state

x. Denoting this error by e = & — =, we obtain
ée=(A+LO)e (2.5)

The error dynamics is linear. Due to this, it is clear that if (A, C') is an observable
pair, then the eigenvalues of A+ LC can be arbitrarily assigned, and hence placed
as far into the left half plane as desired, causing the error to decay to zero at any

desired exponential rate.”

At this point it is important to note that the observer structure and (2.3) will reveal
that observer dynamics are exactly those of the true system (2.3) except with an ad-
ditional linear function, L, of the difference between the estimated and true output,
y — vy , injected into the dynamics. This is a standard structure used throughout

observer design problem, and is commonly referred to as output injection [42].

2.1.3 Lipschitz Observer Design

Consider the class of Lipschitz nonlinear systems of the form

(2.6)

t=Arx+ o (x,u,t),r € R"
y=Czx,yc R

where f : R” — R" is continuous, A € R™*" , and C' € RP*" . We also assume
that the pair (C, A) is observable. This allows us to find an L € RP*" such that
the eigenvalues of A + LC' are in the open left half plane. The known nonlinear

function ®(x, u, t) satisfies a Lipschitz condition locally on a set D C R" in which
[P (21, u,t) = B2y, u, )| < Lo [[(21 = 22) (2.7)

where 21,29 € D and Ly € R* is a known positive constant called Lipschitz
gain or Lipschitz constant [43]. If D = R", the function & is said to be globally
Lipschitz. Throughout this thesis, we assume that the system to be addressed is at

least locally Lipschitz on a set D. This class of systems represents a very important

10



category of nonlinear systems in general. The reason is that any nonlinear system
# = g(x,u) can be expressed in the form of (2.6) if the nonlinear function g(z, u) is
continuously differentiable with respect to z, at least in a locality. Observer design
for this class of systems first introduced by Thau [68]. First, to have a better picture
of a possible observer design method for Lipschitz systems, we briefly describe
Thau’s design. Next, we study the well-known results on Lipschitz observers which
came out later to address difficulties of Thau’s design framework. In most of the

literature, the Lipschitz observer is built as

{i:A@+q>(:ﬁ,u,t)+L(@—y) (2.8)

y=0Cxt
Once again let e denote that error between the true state and our estimated state,

e = & — x, thus e satisfies

é=(A+LC)e+ P (2 ,u,t) — D(x,u,t). (2.9)

The following theorem presents Thau’s results.

Theorem 2.2 [68] If the gain L is chosen such that

Amin (@)

Do (P) e

with the Lyapunov equation (A + LC)" P+ P (A + LC) = —Q, then the estima-

tion error is asymptotically stable.

Theorem 2.2 provides an important sufficient condition for the asymptotic stability
of the error dynamics. However, employing this condition in observer design is not
trivial and no design algorithm was proposed in [68]. Raghavan in [54] proposed an
iterative binary search procedure over finding a € > 0 for the following Algebraic

Riccati Equation (ARE)
AP+ PAT + P(L3] — 7 'CTCYP + (1 +6)I =0,

where the observer gain would be L = (2¢)! PC” and P is a s.p.d solution for the

ARE. Unfortunately, this methods fails even for systems with an observable { A, C'}

11



pair and does not provide necessary conditions on (A— LC') to ensure the observer’s
error stability [55]. Rajamani, in his well-known article [55], derived a condition

on (A — LC') to get around the problem stated above. His result is as follows:

Theorem 2.3. [55] The observer gain L stabilizes the error dynamics in (2.9) if L

is chosen so as to ensure that (A — LC') is stable and such that

min (A + LC — j) > La. 2.11)

weR

Interestingly, the observer design can be framed as an H., problem by rewriting

the above condition as [55]
llsI — (A+ LC) oo < L3

Since all the above results consider a static observer approach for Lipschitz sys-
tems, such an observer may not always exist numerically. To relax this restriction,
recently in [53] a dynamical approach was presented. The Observer has extra dy-
namics, namely a dynamical compensator, which brings additional degree of free-
dom in the design. All the regularity assumptions of H, filtering hold and thus the
observer gain is computed in this framework straightforwardly. Due to the lengthy
technical background and formulation of the dynamical observer approach, read-
ers are referred to [53] for details. Most recently, based on convex optimization
and LMIs, [1] presented a method to tackle Lipschitz observer design problem. In
this method, for a given Lipschitz gain, an LMI feasibility problem must be solved
to compute the observer gain. Moreover, using LMI optimization, the admissible
Lipschitz gain can be maximized and hence the observer can tolerate more Lips-
chitzian nonlinearities [1]. We employ this latter concept to cope with Lipschitz
systems since it fits in the LMI optimization context. Therefore, we skip the details

for now. Details are fully provided in Chapters 4.

2.2 Sliding Mode Control

Variable structure systems (VSS) theory was first proposed in the early 1950s and

has been extensively developed since then [71] and [70]. VSS provides a system-
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atic solution to the problem of maintaining stability and consistent performance in
the face of bounded disturbances. The most popular operation regime associated
with VSS is known as sliding mode control, which is a nonlinear deterministic con-
trol with a high speed, nonlinear feedback that switches discontinuously in time on
a prescribed sliding surface. Many practical applications of sliding mode control
have been reported in the control literature including flight control, robotic manip-

ulators and servo systems ([70], [71] and [18]).

The reason for this popularity is the attractive properties of sliding mode control;
it is robust and in some cases insensitive to external disturbances and parameter
variations. It also provides fast error convergence characteristics by emulating a
prescribed reduced order system. In particular, it is of interest to explore the possi-
bilities of using mode control for robust state reconstruction. Considerable attention
has been paid to robust non-linear observer design problem (See [18] and references
there in). In general, the design of a sliding mode controller (SMC) involves the de-
termination of a sliding surface that represents the desired stable dynamics and the
description of a controller that guarantees the reaching condition of sliding mode.
The trajectories, starting from a given initial condition, tend towards the sliding
surface. Excellent robustness of sliding mode control systems motivate us to de-
sign robust nonlinear observers based upon this control strategy. Now, we illustrate
the principles of sliding mode control through an example. Consider the double

integrator given by [1]

§(t) = u(t). (2.12)

Consider the switching control law

Where the switching function is defined by

s(y,9) =my +y (2.14)
and m is a positive design scalar. The term switching control is commonly used
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since the function given in equation (2.12) switches between two control structure
at any point (y, y) in the phase plane. The expression in equation (2.13) is usually

written more concisely in the following form

u(t) = —sgn(s(t)) (2.15)

where sgn(.) is the sign function. Controller (2.15) represents a classic variable
structure controller. For values of y satisfying the inequality m |j| < 1, it follows

that

ss = s(my +4j) = s(mgy — sgn(s)) < |s|(m[g] —1) <0,

Consequently, we can write

Lims <0 and Lim s > 0. (2.16)

s—0+ s—0~

It should be pointed out that the conditions in (2.16) are usually written as

55 <0 (2.17)

which is referred to as the reachability condition. When m|jy| < 1 the system

trajectories on either side of the line

Le={(y,9) : s(y, ) = 0} (2.18)

move towards the line. The motion when confined to the line L satisfies the differ-

ential equation obtained from rearranging s(y, 7) = 0, namely

y(t) = —my(t). (2.19)

This represents a first order decay and the trajectories will slide along the line L
to the origin. Such dynamical behavior is described as an ideal sliding mode or an
ideal sliding motion and the line L, is termed the sliding surface [1]. Reachability
condition guarantees that the trajectories will slide onto the sliding surface and stay
there after a finite time. In this case, as argued earlier, the reachability condition is

only satisfied in a domain of the phase plane €2 = ({y, ¢} : m|y| < 1). In the next
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section, we restrict attention to the generalization of sliding mode control for robust

observer design.

2.3 Sliding Mode Observers

The objective of this section is to address well-known classical sliding mode robust
observer design methods proposed by Utkin [71] and Walcott and Zak [72]. The
latter design does not necessitate exact knowledge of the system nonlinearities. The
aim is accomplished by employing the sliding mode approach. The downside of

these classical designs are also briefly discussed.

2.3.1 Walcott-Zak SMO

Consider the class of systems modeled by:

y(t) =Cx(t)
where x € R", u € R™, y € RP, the matrices A and C' are of appropriate di-

{ @ (t) = Az (t) + f (t,z,u) (2.20)

mension, and the matrix C' is of full rank. The function f (¢,z, u) can be construed
as the uncertainties or disturbances in the plant. For existence purposes, we require
that f (¢, x, u) be continuous in = . The problem is to design an observer with inputs
y and u whose output & will converge to x (i.e., tlgglo (Z (t) — 2 (t)) = 0). Consider

the following three assumptions for the system denoted in (2.20).

Al: The pair {A, C} is detectable which implies that we can find a matrix K €
R"*? such that A [Ay] € C_ where Ay = A — KC.

A2: There exists a symmetric, positive definite matrix () € R™*" , and function h

where i (+,-,-) : Rl x R" x R™ — R? such that
f(t,z,u) =P *CTFTh(t,z,u)

where P is the unique, positive definite solution to the Lyapunov equation A7 P +

PAy = —Q.
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A3: There exists a positive scalar valued function, p such that||A (¢, z,u)|| < p (£, u)

forallt € Ry andz € R" and u € R™.

Remark: It should be pointed out the the above model is a perturbed linear system
which can be represented as & (t) = Az (t) + Bh (¢, z, u). Furthermore, the struc-

tural condition BT P = F'C is known as matching condition [72].

Let the error difference between the observer estimate and the true state be denoted
by
e(t)y=2z(t) —x(t)

Consider the following nonlinear observer dynamical equation:
T = Ak + S (&,y,p) + Ky (2.21)

where

_P-l10TFTFCe
S = | IR0 et N
7 0 cee N

and N = {e: FCe = 0} is the sliding surface. Note that this observer design in-
corporates only the bound of the nonlinearities and/or uncertainties, p (¢, u) , and
does not require exact knowledge of the plant’s uncertainties and disturbances ex-

cept that they satisfy Assumption A2. We now state the following theorem.

Theorem 2.4. [72] Given system (2.20) and the observer governed by (2.21), if
Assumptions A1-A3 are valid, then lim;_, (2 (t) — x (t)) = limy,o € (t) = 0.

Proof. The error difference between the output of the observer and the true state

obeys the following differential equation:

PICTFTFCe
[FCell

é= Age — p(t,u) — P*CTFTh (2.22)

Consider the following positive definite Lyapunov function candidate

V (e) = e Pe (2.23)
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where P is defined in Assumption A2. The time derivative of this Lyapunov func-

tion candidate is given by

e"'P (P'CTFTFCe)
|F'Ce

V(e)=e" (AfP+ PAy)e—2 p—2e" PP ICTFTh (t, )
(2.24)

which simplifies to
V(e) = —e'Qe —2||FCel| p — 2" CTFTh(t, x). (2.25)

Taking the Euclidean norm of the last term and noting the Assumption A3 yield

V(e) < —eT'Qe—2||FCell p+2]||FCe|p <0 (2.26)

Therefore, the lim;_,, e (t) = 0. Theorem 2.4 shows that error difference between
the estimate and the true state asymptotically tends to zero. However, it is desirable
to know the rate at which the estimate converges since, if the time response of
the observer is of the same order or greater than the system’s response time, the

observer is of little use in an observer-controller configuration. We have

—V(e) _ eTQe
V (e) < el Pe (2.27)
or
V(e () <V (eo, (to)) e "1 (2.28)

where 7 is the minimum eigenvalues of P~1() . Thus, if we consider e? Pe to be a
measure of the magnitude of the error, then the error will approach zero in magni-
tude exponentially, with a rate of decay that is at least as fast as e~ "*. However, The
major difficulty in designing the Walcott and Zak SMO is the computing of the ma-
trix pair { P, F'} such that both the Lyapunov equation and the matching condition
are satisfied. Despite simple and novel structure of The Walcott and Zak SMO and
the appealing property of insensitivity of the observer to the matched uncertainties,
symbolically finding proper { P, F'} is not practical for high order systems. From
a computational point of view, this is due to the manipulation and solution of the

associated constrained Lyapunov problem.
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2.3.2 Utkin SMO

Consider the linear system described by

{ @(t) = Azx(t) + Bu(t)
y(t) = Cux(t)

Where A € R™*", B € R, C' € RP*™ and p > m. Assume that the matrices B

(2.29)

and C' are of full rank and the pair { A, C'} is observable. Consider the transforma-

T = { gT } . (2.30)

tion x — T'x where

Where the columns of © € R™ (") span the null space of C. The output dis-
tribution matrix in the new coordinates is given by CT~! = [0 I,] and also we

obtain

An A B
TAT = | " " ] TB = { ! ] :
[ Ay Agy |’ By

Then the nominal system can be written as

Where T'x = [ zl } . The observer proposed in [70] has the following from

T (t) = Ay (t) + Apg(t) + Bru(t) + Ly (2.33)
J(t) = And(t) + And(t) + Bou(t) — v (2.34)

Where (i1, 7)) represent the state estimates for (x1,y), L € R{""P)*Pis a static gain

and the discontinues vector v is componentwise given by

vi = Msgn(j; — yi) (2.35)

Where M € R,. Lete; = ; = x1and ey = y — y. Therefore
él (t) = Allel(t) + A126y(t) — Lv (236)
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éy(t) = Aglel(t) + Aggey(t) — VvV (237)

From observability of the pair {A, C'} we can conclude the observability of the
pair {A1, As1}. As a consequence, L can be chosen to assign the eigenvalues
of Ay + LA in C_ . By Defining another change of coordinates and after some
manipulations (See [18] for details) it follows that inside a domain €2 [18] the reach-

ability condition

eréy < —1|ley| (2.38)

is satisfied. Consequently, an ideal sliding motion will take place on the surface
So ={(e1,ey) : €, =0} (2.39)

After some finite time ¢, , for all subsequent time, ¢, = 0 and ¢, = 0. It follows
that
é1(t) = (A1 + LAy )é(t) (2.40)

where €; = e; + Ly and consequently, £; — 1 as t — oo by a proposer choice
of stabilizing gain L. The Utkin SMO does not have a static observer gain in its
structure and instead, the switching gain Lv plays the role of stabilizing the error
dynamics. However, the disadvantage of this sliding observer structure reveals it-
self when there exist uncertainties and disturbances. In this case, the observer can
only estimate the states with a bounded error and not asymptotically. Therefore,
The walcott-Zak SMO offers much more appealing features. Thus, throughout this
thesis, despite of proposing a new SMO structure to get around the major difficul-
ties of walcott-Zak SMO, we also aim at achieving the same appealing features of

it.
2.4 Singular Systems

Consider the system

(2.41)



where x € R",u € R™ and y € RP. When matrix E is nonsingular, system (2.41)
becomes

i(t) = E~'Ax(t) + E~'Bu(t)

This system is referred to as normal system. However, if E is singular, i.e., rank(E) =
q < n, then this class of systems called singular (descriptor) systems [15]. In prac-
tical system analysis and control system design, many systems may be established
in the form of (2.41), while they could not be modelled as a normal system. In
many articles, singular systems are called descriptor variable systems, generalized
state space systems, semi-state systems, differential-algebraic systems, constrained
systems (See [15] and references there in). Singular systems theory includes many
systems, such as engineering systems (for example: power system, electrical net-
works), social economic systems, network analysis. To provide a touchable exam-

ple, we consider the following economical discrete-time system [15]:

Example. The fundamental dynamic Leontief model of economic is:
x(k) = Ax(k) + Blz(k + 1) — z(k)] + D(k) (2.42)

where z(k) represents the n dimensional production vector of n sectors; A input-
output (or production) matrix; Ax(k) the fraction of production required as input
for the current production, B the capital coefficient matrix, and B[z (k + 1) — z(k)]
is the amount for capacity expansion. D(k) is the vector that include demand or

consumption. Equation (2.42) may be rewritten as
Bx(k+1)= (I — A+ B)z(k) — D(k).

Most of the elements in 3 are zero expect for a few of them. The reason is twofold:
(1) In multi-sector economic, production in one sector often doesn’t require the
investment from all other sectors, and (ii) in practical cases only a few sectors can
invest in other sectors. Hence B is very often singular. In this sense the system
(2.42) is a typical discrete-time singular system in economy. Now, some useful and
basic concepts of singular (descriptor) systems, needed in Chapter 5, are presented

[15], [33].
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System (2.41) is called regular if
det(sE — A) #0,s € C (2.43)

which ensures that the plant (2.41) is solvable by possessing a unique solution for
any given initial value. The pair { £/, A} (or equivalently the system (2.41)) is inter-

nally stable provided that
rank(sE — A) =n,Vs € C, (2.44)
The pair { £, A} is impulse-free if

E 0
rank [ A B } = n + rank(E). (2.45)

This ensures that the system (2.41) does not exhibit any impulsive behavior. Now,

we present the observability concepts for singular systems.

Finite-Observability: The triple { £, A, C'} is called finite-observable if

sk — A

rank [ c

} =n, Vse C. (2.46)

Impulsive-Observability: The triple {E, A, C'} is called impulsive-observable if

E 0
rank [ A E | =n+rank(F), Vs e C. (2.47)
C 0

Finally, the singular system (2.41) is called observable if it is finite-observable and
impulsive-observable. These definitions are crucial when we design observers in a

singular system framework.

2.5 Notation

The notation used throughout the thesis is fairly standard. R., represents the set
of nonnegative real numbers, C_ (C,) the set of complex numbers with nega-
tive (positive) real parts, C the set of all complex numbers.When A is square,
A > 0(> 0) denotes a symmetric positive definite (semi-definite) matrix, and

A(A) denotes the eigenvalues of A. The symbol [, represents the nth order unit
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matrix. The subscripts ”7” and ”—1" stand for matrix transposition and matrix
inverse, respectively; R" denotes n-dimensional Euclidean space. The space of
square-integrable vector functions over [0, 00) is denoted by L£5]0,00), and for

w = {w(t)} € L3]0,00), its norm is given by [|wl|,, = \/fooo wT'(t)w(t)dt. Fi-

nally, ||.|| denotes the Euclidean norm.
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Chapter 3
H o Sliding Mode Observers!

3.1 Background Results

In recent years the sliding mode discontinuous approach to control design of per-
turbed systems has attracted significant attention ([70], [71], [18]). A dual problem
is state reconstruction or observer design. In a typical control problem involving
systems described by state space realizations, one rarely has access to the full state
since that would require one sensor for each state variable. Observers are then used

to reconstruct the state from available measurements.

One of the principal sources of error in state reconstruction is the unavoidable devi-
ation between the trajectories of a real system and the predictions by its mathemat-
ical model. Moreover, disturbance signals exist in virtually all control applications
and the combined effect of these two problems generates the need to study observer
design techniques that are robust to disturbances and model uncertainties. Sliding
mode theory has been recognized as a promising robust control approach to con-
front uncertain or perturbed systems ([70], [71], [18]). When used in observer de-
sign, the sliding mode observer (SMO) forces the trajectories of the error dynamics

to stay on a sliding surface (in the error space) despite the existence of perturba-

IThe results in this chapter have been accepted for publication in the article: R Raoufi, H. J.
Marquez and A. S. I. Zinober, "H, Sliding Mode Observers for Uncertain Nonlinear Lipschitz
Systems with Fault Estimation Synthesis”, International Journal of Robust and Nonlinear Control,
John Wiley and Sons, Inc., 2009.
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tions, thus enabling the observer to reject disturbances when certain conditions are

satisfied.

[72] introduced the use of the sliding mode approach in observer design and used
Lyapunov theory to prove stability. [71] proposed an alternative approach to the de-
sign of sliding mode observers using a discontinuous sliding term fed back through
a suitable gain. SMOs for linear unknown input systems were studied in [32]. [66]
proposed a canonical sliding observer form design for linear systems in which a
sufficient condition for stability based on linear matrix inequalities (LMIs) was de-
rived. An LMI based SMO design method was proposed in [11] for a class of
multivariable linear uncertain systems with matched uncertainties. Observation of
linear systems with unknown inputs via high-order sliding-mode was addressed in
[27] and [5]. More recently development of sliding mode observers for unknown
input systems was proposed in [25]. For linear systems, necessary existence con-
ditions in conjunction with design methods for SMOs have been addressed in [32],
[66] and [11]. A more complex design procedure for SMO with less restrictive con-

ditions using a supplementary SMO can be found in [65].

It is worth pointing out that the previous work referred to above consider only lin-
ear systems. For nonlinear systems, the synthesis and computation of the proper
static and switching gains involved in the sliding mode observers are more chal-
lenging and complex. Sliding mode observers for Lipschitz nonlinear systems with
bounded disturbance were addressed in [37]. An SMO for nonlinear models with
unbounded noise and measurement uncertainties was studied by [75]. An adaptive
sliding mode observer with a boundary layer sliding term was also proposed by
[75]. In [24] the so-called super twisting step-by-step algorithm was employed to

design a sliding mode observer for nonlinear systems with unknown inputs.

In this chapter we introduce a new SMO structure to tackle matched disturbances
([18] and [72]) modelled as a fault for Lipschitz nonlinear systems. This formu-

lation commonly finds application in fault detection and estimation. Disturbances,
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that may not be matched, are also considered and a prescribed H., disturbance at-

tenuation level is integrated into the SMO design using LMI optimization.

[37] considered this problem without any disturbance and proposed a robust ob-
server design technique for Lipschitz nonlinear systems. The approach in [37] is
simple and direct, and provides an important step towards robust observers for Lip-
schitz systems. One shortcoming of this approach, however, is some level of con-
servatism and complexity that originates in simultaneously solving the so-called
matching condition and the Lyapunov equation. One way to overcome this prob-
lem is to introduce the use of coordinate transformations, first introduced in [13]
to facilitate this process, and is a key feature of the proposed SMO. Indeed, the
observer proposed in this chapter has the characteristic that, in the new coordinates,
the so-called structural matching condition is already satisfied by the novel struc-
ture of the switching gain proposed. A new structure for the observer static gain is
proposed to facilitate the sliding mode observer design and guarantee the stability
of the observer error dynamics. By extending the previous results regarding linear

systems, we derive the same necessary existence conditions for the nonlinear case.

The main contribution of our work is the following: Since we consider disturbances
without any structural or geometric conditions, the disturbances drastically corrupt
the state estimation although the fault can be rejected by SMO theory. However,
in recent papers in [53], [1], [2], the authors proposed H ., observers for Lipschitz
nonlinear systems. In this article we extend the H ., observer principle to the slid-
ing mode observer design. We obtain an LMI sufficient condition using convex
optimization to compute the observer static gain. We satisfy the so-called matching
condition and simultaneously maximize the disturbance attenuation level. There-
fore, the LMI optimization problem structure is multiobjective. This feature con-

siderably improves the state estimation.

Another important contribution of the proposed SMO is that the structure of the

variable structure gain is of reduced order when compared to the number of mea-
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surements. In other words, only a subspace of the measurement output is required
in the structure of the gain. Under the same assumptions, this novel feature gives
us the possibility to tackle a class of disturbances at the output where, unlike [64],

it is no imperative to use any state augmentation or low pass filtering.

After solving the observer design problem, we focus our attention on the problem
of fault reconstruction. It is well known that sliding mode observers are capable of
reconstructing unknown input or matched disturbances (For example [32], [64] and
[74]). Therefore, by analyzing the error dynamics in the sliding mode and the notion
of the equivalent control in the sliding mode, the potential of SMOs to reconstruct
the unknown input is investigated. The proposed observer is more robust compared
to the previous results addressed in [18], [32], [64] and [74], since the proposed
H~-SMO is not only capable of estimating the states and the fault signal but also
successful in reaching a prescribed H,, gain minimization. As a consequence it
follows that the sliding mode observer can endure both faults (modelled as matched
disturbances) and disturbances. In general, the accuracy of fault reconstruction di-
rectly depends on the state estimation. Thus, in the presence of disturbances, the
shape of a reconstructed fault is drastically distorted. However, as a consequence of
proposed H filtering integrated into SMO, fault estimation is much more robust

against the disturbances and can preserve the fault signal shape effectively.

The remainder of this chapter is organized as follows; Section 3.2 provides some
preliminaries and assumptions on the class of nonlinear system addressed. Some
preliminary lemmas are introduced in Section 3.3. The design of the robust SMO
and the analysis of the stability of the error dynamics are given in Section 3.4. In
Section 3.5 the synthesis of the error system in the sliding mode is discussed. Fault
estimation is studied in Section 3.6. The effectiveness of the proposed SMO is stud-
ied with an example in Section 3.7. Finally some concluding remarks are presented

in Section 3.8.
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3.2 Preliminaries and Assumptions
Consider a dynamical systems of the form:

{ i(t) = Ax(t) + Bu(t) + (1) + Ef(t) + AL(t) 3.1)

y(t) = Cx(t) + Dw(t)
where x € R” represents the system state, u € R™ the control input, y € R? the
measured system output and ¢ € R*. (4, B,C, E, A, D) is the set of real constant
known matrices of appropriate dimensions where D € R?*®=9_ f(¢) : Rt — RY?

denotes the fault (unknown input) that is bounded in the Euclidean norm
[f(O) < p < oo. (3.2)

The signal £(¢) : RT — R" € £5]0, c0) models the uncertainties and disturbances
where A is the corresponding distribution matrix. w(t) : RT — RP77 € £,[0, 00)
represents the output disturbances where D is the corresponding distribution matrix
with full columns rank. Therefore, without lose of generality, we can assume the
following geometric condition associated with D:

0
D— [ - } (33)

where D, € R?P~9*(P=4) and is invertible. The known nonlinearity ®(z, ) satisfies
a locally Lipshitz condition as in (2.7). We make the following two well-known
assumptions:

Minimum Phase Condition: For every complex number s with nonnegative real

part
sl,—A F
C 0

Matching Condition: Assume that there exists an arbitrary matrix /' € R?*? and

P = PT > (0 € R"" satisfying

rank [ } = n + rank(E). (3.4)

ETP = FC. (3.5)

3.3 Some Preliminary Lemmas

Lemma 3.1. [13] Given the system (1), we have
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rank(CE) = rank (E) = q (3.6)

if and only if there exist nonsingular transformation matrices T and S such that

[ A A o

—1 1 2 - 1

TAT __A3 A4},TE—_O_
3.7

[ C 0 [ A ]

-1 _ 1 o 1

ST = CJ,TA__A2_

where A, € R?*%, Ay € Rn=9x(n=a) ) ¢ R1¥9, Oy € RP~D*(=a) yank (E)) = q

and C is invertible.

Remark. Assume that p = ¢ so that Cy € {(}. Then, from Lemma 3.1, it follows
that the minimum phase condition (3.4) holds for all s such that Re(s) > 0 if and

only if the matrix A, is asymptotically stable.

3.3.1 Computation of 7" and S:

In [32] and [13], for the case D = 0, different methods for computation of 7" and S
for linear systems were reported based on the Q-R decomposition and the singular
value decomposition respectively. Those method can be used for system (3.1) when
D = 0. Here, for the more general case where D # 0, we present another method of
computing 7" and S that is straightforward. By assumption we have rank (F) = q.

Therefore, without loss of generality, we partition the matrix £ as

E = { g; } (3.8)
where E; € R7? with rank (E;) = ¢q. Now, introduce a nonsingular coordinate
transformation

T = Ly 0 3.9)
YU —BRETY I, '
then

— [q O El N El B El
T"E = { —EQEfl I, } . { F, } - [ —EzEflEl—l—E’Q } = [ 0 } (3.10)
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where E; € R%*? is nonsingular. Now we partition CT; * as CT; ' = (C; C}).

Therefore
Ey

CE - CTl_lTlE - (él 6_14) |: 0

} =C\E,. (3.11)

Consequently, using Assumption rank(C'E') = ¢ and the nonsingularity of the ma-

trix £, we conclude directly that

rank(C}) = q. (3.12)

Therefore, without loss of any generality, we partition C; as follows

_ C,
Ci = 3.13
1 [ 021 :| ) ( )
where (] € R7*? and
rank(C}) = q. (3.14)

Consequently det (Cy) # 0. Let

I 0
S = a4 3.15
|: _0216«1 1 [pfq :| ( )
which yields
SC, = { %1 } . (3.16)
Therefore
SCT = { 001 %42 1 (3.17)
Let
I, —C7iCy ]
T‘l—[ a 1 12 (3.18)
2 0 I,
Then one obtains )
—1rm—-1 Cl 0
SCTy T, = 0 o | 3.19)

Finally, we obtain 7" from T = T5717.

Lemma 3.2. [32] Consider the system (3.1) and assume that rank (C'E') = rank (E).
Then the pair (A4, Cy) is detectable if and only if

sl, —A E |
rank [ C 0 } =n-+gq (3.20)
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for all s such that Re(s) > 0.

Lemma 3.3. Consider the system (1). There exists a solution P = PT > 0 such

that ETP = FC if and only if

rank(C'E) = rank (E) (3.21)
Proof:
(proof of necessity)
Define the change of coordinate 7' € R™ " as
~._ | cip
T [ i } (3.22)

where C'| € R™ () is any full rank matrix whose columns span the null space of
C. This transformation is nonsingular. Then, with respect to the structural condition

(3.5), it follows that

_ [ CTP(P'CTFT)
TE = { F

Note that we use the property CC'; = 0. Since rank(F) = ¢ and the nonsingular

transformation T preserves the rank of TE, rank(C'E) = m.

(proof of sufficiency)
Since rank(C'E') = rank (£), using Lemma 3.1 it follows that there exist nonsingu-

lar similarity transformation matrices 7, S satisfying

E,

0

E::TE:{ 0 &7

] G:SCle[Cl 0 }

and F; is full row rank. Thus £ = T-'F and C = S~'CT. Letting P = TTPT
and I = FS where P is symmetric, substituting P, ' E/, C' into the matching
condition (3.5) yields ETP = FC. We select

= [P0 - _
P:[Ol PQ} F=[E"PC{" 0] (3.24)

Then, considering the structure of E and C, the matrix equality ETP=FC always

holds. This completes the proof.
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Lemma 3.4. Under change of coordinate S defined in (3.15) we have SD = D.

Proof.

SD = —qucl—l ]po_q } . { 32 } . { 82 } -D. (3.25)
3.4 Sliding Mode Observer Design

In this section, we propose a theorem to design the sliding mode observer. We
employ the nonsingular state transformations introduced in Lemma 3.1 as the key
to deal with the problem of H., SMO design. Based on Lemma 3.1, system (3.1)

in the new coordinates 7 := (21, 2])" = Tz and § := (y],yd)" = Sy is

j?l = A1x1 + AQ.T}Q + Blu -+ (I)l(T_lj, t) + Elf(t) —+ Alﬁ(t) (3 26)
Y1 = 01.%‘1 (131 € Rq) )
By = Agxy 4+ Asxo + Bou+ $o (T, 1) + Agf(t) (3.27)
Yo = C4$2 + Dgw(t) (1’2 € Rn—q) )
where T®(x,t) := (&1, ®1)T. Also partition S as
S = ‘?1 S, e R¥*? S, R(P—9)xp
512 9 ?
So that the variable x; can be obtained from the measured output y by
xy = O Sy(t) (3.28)

We will employ the above system structure in our observer design. Consider the

following sliding mode observer structure

@1 =A@y + Aoty + Biu+ & (T712,1)

+Li(y1 — ) + Evv (3.29)
i = C12y
.C;Ig = A43A72 + BQ'U, -+ ®2<T_1.%’ t)
+Layr + La(y2 — 92) (3.30)
Uo = Cyly

where the novel reduced-order sliding mode gain v(t) and the observer gain L are

respectively

ETP1(0715'1y—§21) . —1 ~
v(t) = (P + PO TErR e Sz © C1 Sy — 81 #0 (3.31)
0 : otherwise
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Ly Ly Agcl_ ! PZ_IK
where p, is some positive scalar. P;, P, and K will be determined through the

A -1
L:= { Lo Ly } = {Alcl 0 } (3.32)

stability proof and A; = A; — A$ where A? represents a stable design matrix.

Furthermore, suppose that

2t)=H { S } (3.33)

Ty — Iy
is the controlled output for the error system where H is a full rank design matrix

(See [1] and [2] and references therein) having the following structure

| H 0
H = { 0 o, ] (3.34)
Consider the standard induced £ gain between z and disturbances w = [ 5 }
(also known as ‘H, gain )
111z,

|H|2 =v= sup 5
Il g, #0 |||z,

We now present Theorem 3.1 which is the main result of this section. The impor-

(3.35)

tance of this theorem is that it establishes sufficient conditions for the existence of
a sliding mode observer with a prescribed H., performance for system (3.1) and

outlines a constructive design procedure.

Theorem 3.1. Given the nonlinear uncertain system (3.1) with assumptions (2.7),
(3.2), (3.4) and(3.5), consider the SMO structure (3.29)-(3.32). The observer error
dynamics is asymptotically stable for the case w = 0 with an H., disturbance
attenuation level \/5 > 0 subject to |H||oo < /7 if there exist matrices K, P =
Py > 0 and P§ = P, > 0 such that the following LMI optimization problem has a
solution:

minimize vy subject to P, > 0, P, > 0 and

I, PA,  PA 0 P 0
ATP Ty PAy, KDy, 0 B
ATP  ATP, —~1 0 0 0

0 DIKT 0 v 0 o | <Y (3.36)
P 0 0 0 —I 0
0 Py 0 0 0 —I
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where

I, = PAS + ASTP + L2, + HT H, (3.37)

My = APy + P Ay — (KCy + CTKTY + L1, + HY H,y (3.38)

Proof. Using the system structure in (3.26) and (3.27), and the observer equations
described by (3.29) and(3.30) along with the observer gain (3.32), it is observed

that the error dynamics in the new coordinate is

&= Age+T((T ' t)—@(T—la?},t))Jr{ %1 } (f(t)—v)—i—[ ﬁ; } 5+{ Lﬁ?g }w

(3.39)

G — €1 _ r1 — z 1 A _ A“lg A2
€9 Ty — i’g ’ 0 0 A4 — L4C4 '
Therefore in the new coordinates, it can be easily verified that A\(Ay) = \(A$) U
A(Ay — L4Cy). Consider the Lyapunov function V' (¢) = é7(t)Pé where

p= { " ]22 1 P, € RV, P, ¢ R(0X(1=0 (3.40)

with symmetric P, > 0, P, > 0 are yet to be determined. € = 7 — 7 is defined as

the state estimation error. The derivative of V' (¢é) is

V =& (Ay P+ PAy)e+ " PT(O(T 2, t) — d(T'i, 1))
(<I>(T L, t) — (T 'z, t)TTT Peé

B sl A 0 N VN B
+2¢ P[O](f(t) v)+é P[Ag L4D2]w+w [AQ L4D2} pe

(3.41)
where @’ = [¢7 wT]. From (3.40) we have
e'p { E01 } =P E,. (3.42)

From (3.28) it follows that ¢; = Cflgly — Z7. Then using the switching gain (3.31)
and (3.2) we obtain

ST [ N _ T . llef PLEA |
op | B0 -n = rEs@ - o+ R <
pllet PLEL|| = (p + po)llel PLE|| = —polle] PLE || <0
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Moreover, using the Lipschitz condition (2.7) we have

ETPT(O(T &, t) — O(T'2,1)) + (B(T &, t) — &(T'2,1))TTT Pe
< ETP% 4 (O(T %, t) — (T2, t))TTTT(®(T %, t) — ®(T'2,1))
. . 2
= &P+ || T(@(T 5, 1) — (T3, 1)
< PR ||TIPLE el < &7 PPe + L3 Jle]”

(3.44)
where Lo := ||T||.||[T"||£e. Thus, substituting (3.43) and (3.44) into (3.41), it
follows that

T
o i T B i et | D1 0 r| A0 B
V <é (Ay P+PAy+P+Lyl)ée+é P [ Ay LiDy } wtw [ Ay L.Dy peé
To attain robustness to the disturbances in £, sense, we impose the following con-

straint on our stability criteria

V4 2T(t)2(t) — yw” (H)w(t) < 0. (3.45)

Integration of both sides of the above condition with respect to ¢ over the time

period [0, o] gives

V(oo) —V(0) + /0°° (2" (t)2(t) — y=" ()= (t)] dt < 0. (3.46)

Since V' (00) > 0, with zero initial condition V' (0) = 0, one obtains

\/ /0 Tyt < ﬁ\/ /0 T STt V> 0 (3.47)

therefore we have

\/ I 2T (1) (t)dt
\/ 2 DT () (t)dt

Thus the definition of the induced £, norm and (3.45) yields

<Jy: V>0 (3.48)

[ Hlw < V7 (3.49)

In other words, (3.45) enforces the minimization of the worst case effect of the

disturbance on the estimation error. Let
A P4 PA+ P2+ L2 = —Q. (3.50)
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Then from (3.45), we have

V42T (1)z(t) — v (t)w(t)

- ~ e | A 0
T T T 1
<é'(—-Q+H'Hé+e P{ N L4D2}w

Ar0 ]
+wT [ A; LDy ] Pé — vyl (t)w(t)
Let
A Q1 Qun
= . 3.51
“ { Lo } (351

From the decomposed structure of Ay and P in (3.40), after some algebraic manip-

ulation and simplifications, it can be verified that

N AsT 0 P 0
—Q + HTH — 1 |: 1 :|
@ AT AT_crir |l o P
oo [ A Ay
+
0 P, 0 Ay — LyCy

+[P12 0 }+{Z§>Iq 0 ]

0 P2 0 L3214y
CHTH — PA; + A3TP + P2+ L31,+ HT H, P A,
Al P —Qy + HI Hy
(3.52)
where
(Ay — LyCy) TPy + Py(Ay — LyCy) + P2+ L2] = —Q,. (3.53)
Thus we obtain
T
. el
V42T (#)2(t) — vy (H)w(t) < | e
w
PLAS + AsTP + P24 L31,+ HI H, P A, P A, 0
% Agpl —Q2 + H2TH2 P,Ay, PyLyD,
ATP AT P, —~1 0
0 DILTP, 0 —I
€1
X €9
w
(3.54)
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If the inner matrix of the righthand side of the above inequality is negative definite,
then V + 27 (t)z(t) — ywT (t)w(t) < 0. The asymptotical stability of the obser-
vation error when @ = 0 is a direct result of the above optimization problem by
setting Ay = Ay = Dy = 0. Thus, the observer error dynamics is asymptotically
stable with the prescribed H. attenuation level /7. Notice that the above matrix
inequality is nonlinear. From the structure of the observer gain L in (3.32), it is
observed that Ly = P, 'K and consequently, by using the Schur complement [6],

we can express it in the Linear Matrix Inequality (LMI) form

[ H11 PlAQ PlAl 0 Pl 0 i
ATP, 1, PA, KDy, 0 P
ATP, ATP,  —I 0 0 0
0 DIKT 0 v 0 o | <Y (3.55)
P 0 0 0 —I 0
|0 P 0 0 0 -I
where
I, = PAS + ASTP + L21,+ HI H, (3.56)
My = APy + Py Ay — (KCy + CTKTY + L1, + HI H,y (3.57)

This completes the proof.

Notice that the necessary condition for the existence of any solution of the LMI
(3.36) is that the pair (A4, C,) must be detectable . According to Lemma 3.2, the
detectability of (A4, Cy) has been guaranteed by Assumption (3.4). Furthermore,
the LMI optimization problem derived here seeks two main objectives. Technically
speaking, the first objective is the computation of the proper matrices P and K;
while the second objective is boosting the robustness of the sliding mode observer
against disturbances w(t) by minimizing the H,, gain between the controlled out-
put observation error z(¢) and w(t). It is clear that the smaller the computed 7 is,

the more robust the sliding mode observer becomes.

Remark. Notice that in the error dynamics of ey, we have Aszy — L3y, = Asxy —

A3C71(Chay) = 0. Therefore, we are able to cancel the appearance of the terms
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including A3 by design.

Remark. In the case that there is no disturbance at the output of the original system
(3.1), i.e w(t) = 0, we have the following simplified LMI optimization which is a

direct result of Theorem 3.1 by setting Dy = 0.

minimize 7y subjectto P > 0, P, > 0 and

1144 PA, PAT PO
Agpl H22 PQAQ 0 PQ

ATP ATP,  —I 0 0 | <0 (3.58)
P 0 0 —I 0
0 P 0 0 —I
I, = P AT + AiTpl + Z?p[q + HlTHl (3.59)
My = ATPy + PA, — (KCy + C,"KT) + £21,_, + HI H, (3.60)

Remark. Recently, the sliding mode observer for Lipschitz nonlinear systems has
been studied in [74], where both faults and disturbances are assumed as matched
uncertainties. This assumption either can be very restrictive or, due to the structure
of disturbances, may fail. In comparison, in the proposed H..-SMO, disturbances

¢ can be unmatched and H ., filtering was introduced to cope with this problem.

Remark. According to the structure of the switching gain v in (3.31), it follows

that » € RY. We define

Y={yeR|y=Cuz} (3.61)
yl = {yl c Rq’ Yy = Sly} (362)
Vo = {y2 € R"7| yo = Soy}. (3.63)

Thus in the case ¢ < p, Vi C ) and the variable structure gain v needs only
the components of the output measurement y;. Therefore, any disturbances at the

output ¥y, are acceptable to exist since they are not involved in the structure of the
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sliding mode controller v. To further elaborate on this feature, in [18], [32], [66],
[37], [64] and [74], the sliding mode controller has the following general form

_ Bly-0Ci)
V=¥ PR ]

with order p. As mentioned earlier, the proposed sliding mode gain (3.31) is of

reduced order gq.

Remark. References [18], [32], [66], [37], [64] and [74] studied the design of pure
sliding mode observers. Without integrating the H ., filtering into the SMO design,
a pure SMO can also be designed based on the observer structure proposed in this
article. In such case, the observer error dynamics is ultimately bounded if the fol-

lowing standard LMI feasibility problem has a solution:

For given Af and £~¢ > 0, find matrices P; > 0, P, > 0 and K such that

II;, PA, P O
Agpl 1199 0 B

P o 1 o | <0 (3.64)
0 P 0 I
I, = PLAS + ASTP 4 L2, (3.65)
My = ATPy + PA, — (KCy + C,"KT) + L21,,_, (3.66)

Using the above LMIs, the pure SMO performance will be compared to the pro-

posed Ho.-SMO in the simulation example.

Remark. With regard to (3.40), the same Lyapunov quadratic form has been used
in previous results such as references [18], [32], [13], [64], and [74] for stability
analysis. Note that P in the new coordinates is diagonal and since

P=T"PT, P= {Pl 0 ]

0 P

the Lyapunov function in the original coordinates would be V' = e Pe where the

matrix P is not necessarily diagonal.
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3.5 Synthesis of the Sliding Motion

It is well-known that, in order to confine an stable motion of a dynamical system
onto a sliding surface S, it is necessary to use a switching gain which is discontin-
uous about the surface S [18]. Therefore, due to the structure of the switching gain

(3.31) and the fact that N'(E;) = {0}, it follows that
S={tecR":5(t)=0]|s(t)=C;'Siy —i1}. (3.67)

Suppose that disturbances £(t), w(t) are bounded subject to ||£(t)|| < & < oo and

lw(®)|| < wo < oo respectively . The main result of this section will now be proved.

Theorem 3.2. Given the system (3.1) with assumptions (3.2)-(3.5) and the observer
(3.29)-(3.32), an ideal sliding motion takes place after some finite time on the hy-

perplane S if the convex optimization problem stated in Theorem 3.1 is solvable.

Proof. The error system with respect to the new coordinates can be written as

{ ér = (A1 — 1211)61 + Aser +eq, + E1(f(E) —v) + Asg (3.68)

ey = (A4 - L4C4)€2 + e, + Aoé 4+ LyDow

where for simplicity we defined

{ €a, ] = T(D(T "%, 1) — (T, 1))

6(1)2

If the optimization problem in Theorem 3.1 is solvable, then it implies that the error
dynamics is asymptotically stable with prescribed ., filtering attenuation . Thus

for some small £, > 0, we have ||é|| < e... We obtain

ss = el (A1 — Av)er + Ases + e, + E1(f(t) —v) + Asf)
< lledll (1A = Aullflex]] + [[Azea|| + &ol|Aull + Logoe) — pol Ef eal]  (3.69)
< BT ME el (1 Ar = Adlllleall + | Aseall + Laco + EollAsll = po)

Therefore it follows that in the domain

Q= {(er,e2) | A5Nllexl + | Azeall + Locoe + &l A < po— 5} (3.70)
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where p < py 1s some small positive constant, the well-known reachability condi-
tion [18]

sTs < —pls|| (3.71)
is satisfied. As a consequence, an ideal sliding motion will take place on the surface

S and after some finite time ¢,

er =6 =0, Vt > t,. (3.72)

3.6 Robust Fault Estimation

In this section the objective is to reconstruct the system fault f(¢) by using the pro-

posed observer and the output information.

Corollary 3.1. Let all conditions of Theorem 3.1 hold and |H| # 0, then

||f(t) - Uequﬁz < 6||w||ﬁ27 (3.73)

where w = [T WT|T, and

B = VAlOmas (BT A2) + O (BT L)) s (H ) 374
+0mam(E;1A1) + Umaz<EflL4D2)- .

Consequently, the unknown input (or fault) f(t) can be approximately estimated by

Efpl(cfilgly — 1)
|ETP(Cy Sy — 21)]| + 6

f@t) = (p+ po) (3.75)

Proof. If all conditions of Theorem 3.1 are satisfied and the LMI optimization is
solved, then
1211z, < vl=lZ, (3.76)

T

for some v > 0 and 2 = Heé, é = [e;? ey?]T. Next, according to Theroem 2 the

ideal sliding motion takes place on S in finite time and é¢; = e; = 0. Consequently,

the error dynamics for e; in sliding mode is given by

0 = A2€2 + ecpl + El (f(t) — I/eq) + A1§ + L4D2w, (377)
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where, in the sliding mode, the discontinuous signal v in (3.31) must takes on the
average v, (referred to as the equivalent output error injection [71]) to preserve the

sliding motion. Then
f(t) — Veq = —El_l[AQGQ + €p, + Alg + L4D2W], (378)

and

1F(t) = vegll 2o < 1BV [Ases + ea, + At + LaDaw]||
< Umax(El_lAQ)HGQHKQ + Umax(El_l)‘C<1>||el||£z
+0mar (BT A1)1€]l 2o + Oimaw (BT ' LaDs) w2, (3.79)

< [Umaa:(El_llAQ) + Umaﬂc(El_ll‘C‘P)]Hé“Q
+[0max(E1_ Al) +0max(E1_ L4D2)]||w”£2’

where 0,,,,(A) for a matrix A denotes the maximum singular value of the matrix,

1.e.

Omaz(A) = \/max {\(ATA)}.

The result (3.73) follows by substituting (3.76) into (3.79) and taking in mind that
1€l < Tmaz(H1)||2|| 2, From the corollary, the Lo norm of the error f(t) — ve,
is proportional to the corresponding norm of the disturbance to. Thus, the following

upper bound for the £, gain of the fault estimation error is obtained

[Veg = f(E)llz, <€ (3.80)

where
e .= fl@llc,. (3.81)

Therefore, approximately, for some small €

Veg ~ f(1). (3.82)

And based on the concept of equivalent output error injection [71], the signal v,

can be approximated to any degree of accuracy by

E{P1<Cl_15'1y — Zi’l)

Veg = (P + P —y A (3.83)
o= O TR Cr Sy — a0l + 0
where 0 is a small positive scalar to smooth out the signal v [18]. Therefore

. ETP(C{'Syy — &

78) = (o + po) i UG By = ) (3.84)

IET PL(Cy Sy — )| + 0
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This completes the proof.

Remark: The prescribed ., performance of the SMO provides robustness against
the disturbances by minimizing the H., gain between the signals z = He and
w and, as a direct consequence, (3 drops significantly and the SMO can recon-
struct/estimate the fault f(¢) with more accuracy and robustness against w(t). No-
tice that the size of the reconstruction error in (3.81) is directly related to distur-
bances by the term 7,0, (E; A1) 4 Opaz (B LyDs). This shows that, due to the
disturbances £(t) and w(t), precise fault reconstruction is not possible. However,
in the case that the size of the error bound ¢ is considerably smaller than the fault
signal f(t), the sliding mode observer reconstruction scheme can still preserve the

fault signal shape effectively.

Remark: It is well known that the nonlinear control injection of a variable structure
control law is not smooth because of the intrinsic discontinuity. To obtain a contin-
uous sliding gain capable of estimating an unknown input, we need to smooth out
the signal . To cope with the discontinuity we can employ an arbitrary accurate
approximation of the discontinuous switching function with the small smoothing
term 0 > 0. Using 0 < § < 1 a smooth sigmoid-like continuous approximation
of the signum function can be obtained [18]. This approximation is consistent with
the concept of equivalent output error injection and is essential for fault estimation

by the sliding mode observer.

Remark: Suppose the case that the geometric condition Im(E)N Im(A) = {0}
holds. Then by using the nonsingular transformation 7" in (3.7) we have Im(7T'E)N
Im(TA) = {0} & Im({ %1 })ﬂ Im([ i; }) = {0}. From the nonsingularity of
E it follows that A; = 0 and the new upper bound for the fault estimation error re-
duces since 3 = ﬁ[O'maz<Ef1A2>+O’mar(E;1£~@)]0’maz(H_1)+Umax(EflL4D2)

which is clearly smaller than 3 in (3.74).
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3.7 Design Example

Consider the MCK system [63] which behaves chaotically. In the form of system
(3.1) MCK is presented by with the following system matrices:

0 —1 0 0 0
N O S P R
0 0 1.5 0 0
1
I
0

and the Lipschitz nonlinear term ®(z) is

02431 —a3—1) 11 —x3>1

q)(l’) = 02(33’1 — 1'5) -1 S Ir1 — I3 § 1
—024+3(x1 —ax3+1) 1 —x3<—1

This system satisfies the rank condition (3.21) and Assumption (3.4). Therefore the
sliding mode observer exists. Nonsingular transformation matrices 7" and .S’ exist

and we compute them by using the Q-R decomposition method given by [32] as

follows:
0 —1.4142 0 —1.4142
T —0.7071 0.5 —-0.5 0 g 0 1
| —=0.7071 —-0.5 0.5 o1’ |1 0"
0 0 0 1

The new state space realization is

—0.7071z1 + 0.5(zy — x3)
Ty

T =

We now transform the system into the new coordinates. The matrices engaged in

the SMO structure are

Cy = —0.7071, Cy=[ —0.7071 —0.7071 0], S, =[0 1]
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2.2000 ‘ 3.1213 —-1.1213  3.1113
Ay | Ay || —0.7475 |-0.3536 —0.3536  3.9429
As | A —0.2525 | 0.3536  0.3536 —5.3571
—1.0607 |-1.5000  1.5000 —1.5000

0.0000
Ay | | —1.2071
o= | o
0.0000

TAT ! = [

with (' invertible. In particular, in the new coordinates the unknown input distri-

bution matrix £ is decomposed into

—1.4142
B 0
o= 5=
0

We note that the pair (A4, C}) is detectable (Lemma 3.2). Letting Lo=01 A =

50 and
1 0.2, 0
H = { 0 0.515 ] ’

the MATLAB LMI Toolbox solver, after 44 iterations, gives

0.6632  0.5619  0.0770 —21.6182
P, =1.1000, P, = | 0.5619 1.0547 —0.0925 |, K = | —21.9350
0.0770 —0.0925  1.0645 1.4796

and v = 0.0730. Therefore, the guaranteed disturbance attenuation level is || H ||, <

vy = 0.2701. Using (3.32), we obtain the observer gain L as

—70.7107 | 0.0000
Ly [L,] | 10571 |-28.3298
Ly |[L 0.3571 | —5.4453
1.5000 | 2.9658

L = —
In the corresponding simulation, the constants in the expression v (3.31) have been
selected to be 6 = .05 and py = 20. Thus the observer design is complete. The
simulation was carried out with the disturbance &, assumed to be noise with variance
of 10, applied to the system from ¢ = 0. The fault f(¢) is a ramp signal applied
fromt = 2 sec tot = 6 sec, with a positive slope from ¢ = 2 sec to t = 4sec

and a negative slope from ¢ = 4 sec until it settles to zero at ¢ = 6 sec. It can be
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verified that the eigenvalues of A are {—0.7819 + 3.8575i, —47.8000, —23.8188},
hence it is stable. For the pure SMO, the LMI feasibility problem (3.64) gives us

the following solution

0.2816  0.0641  0.1004 —0.1542
P =0.0211, P, = | 0.0641 0.2621 —-0.0091 |, K = | —0.5557
0.1004 —0.0091  0.5709 0.4234

—70.7107 | 0.0000

P [ L |L, ] | 1.0571 -0.3679
Ly [L 0.3571 | —2.0035
1.5000 | 0.7745

Figs. 3.1 to 3.4 show the actual states (blue line) and their estimates by H..,-SMO

(black line) and pure SMO (red line) respectively. Fig. 3.5 depicts the signal s(%)
versus time indicating that an ideal sliding motion is taking place after a finite time
and remains on the surface S afterwards. Fig. 3.6 is concerned with the fault re-
construction. It shows that despite the presence of disturbances £(t), the proposed
sliding mode observer with H ., performance can still reconstruct the fault signal
with relatively high accuracy (black line) compared to pure SMO (red line). It can
be seen that the reconstruction error bounds are small compared to the fault when
we use H.-SMO. Therefore fault detection is easily achievable by setting appro-
priate thresholds. It is important to mention that the sliding mode observer design
must satisfy the so-called matching condition (3.5). The LMI convex optimiza-
tion problems, stated in Theorem 3.1 and 3.2, guarantee a valid solution for (3.5).
However, to further examine it, from the LMI solution for the H..-SMO, it can be

verified that

1.4208 0.1384 —0.1384  0.0110
0.1384  2.1485 —0.1485  2.0848
—0.1384 —0.1485  0.1485 —0.0848
0.0110  2.0848 —0.0848  3.0645

P=TTPT =

and as a consequence, ETP = FC = [0.0000 2.0000 0.0000 2.0000] in the

original coordinates.

45



15

T
— x1
—— Estimation by Robust SMO
—— Estimation by pure SMO

10

-10

-15

-20

-25 1 1 1 1 1 1

Time [sec]

Figure 3.1: First state and its estimate

3.8 Summary

This chapter presents a new robust SMO with H ., performance methodology for
uncertain Lipschitz nonlinear systems with unknown inputs. Our work generalizes
the known results of linear systems to Lipschitz nonlinear systems by using Lya-
punov stability theory and LMIs. A novel switching gain has been proposed to
satisfy automatically the matching condition in the new coordinates. The derived
LMI optimization problem results in calculating the maximum disturbance atten-
uation level so that the observer can tackle hard disturbances. It is demonstrated
that with the same necessary existence conditions for linear systems, one can build
SMO for Lipschitz nonlinear systems if the LMI optimization problem (3.36) is

feasible. The reconstruction of the fault (unknown input) is also addressed.
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— X2

—— Estimation by Robust SMO
—— Estimation by pure SMO

Time [sec]

Figure 3.2: Second state and its estimate
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T
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Figure 3.3: Third state and its estimate
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12

T
— x4
—— Estimation by Robust SMO
10 —— Estimation by pure SMO H
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0 1 2 3 4 5 6 7
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Figure 3.4: Forth state and its estimate
12 T
10 N

Time[sec]

Figure 3.5: sliding motion s(t)
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15 T T T T I

—— Actual Fault
—— Estimation by Robust SMO
—— Estimation by pure SMO
10
5 i
0
=5 H 1
-10f =
_15H q
_20 | | | 1 1 |
0 1 2 3 4 5 6 7
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Figure 3.6: Unknown input f(¢) (blue line) and its reconstructions by v(t) (black
and red lines)
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Chapter 4

A Parametrization Design for
Adaptive Sliding Mode Observers!

4.1 Background Results

The main focus of this chapter is in the application of new adaptive SMOs to the
problem of fault reconstruction and FDI. In essence, the SMO approach consists of
first defining a sliding surface and then using a variable structure control law, forc-
ing the error system trajectories to the sliding surface in finite time. Recently, [17]
and [18] proposed that using the variable structure control law of the SMO and the
concept of equivalent output injection, a fault can be reconstructed to any required
accuracy for linear systems. These two references consider the case of perfect mod-
eling without uncertainty or unmatched disturbance, hence precise fault reconstruc-
tion is feasible. Sensor fault reconstruction using SMO was studied by [64], further
extending the results for linear systems with disturbance and uncertainty. For non-
linear Lipschitz systems, [74] addressed SMO based fault reconstruction by assum-
ing that disturbances are matched and can be lumped into the so-called matching
condition. A robust fault detection method for nonlinear systems with disturbances
was studied by [23] where strict geometric conditions where exploited. Applica-
tions of SMO for fault tolerant control of linear systems were addressed by [19]

and [3].

I'The results in this chapter have been submitted for publication in the article: R Raoufi and H.
J. Marquez ”A New Parametrization for Sliding Mode Observer Design with Fault Estimation and
Diagnosis”, submitted to IEEE Transaction on Automatic Control, November 2009.
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In this chapter, nonlinear Lipschitz systems with fault and disturbances are consid-
ered where the fault satisfies the so-called matching condition and the correspond-
ing rank condition. Firstly, it is shown that this rank condition is necessary and
sufficient for the existence of a solution for the so-called matching condition. The
main objective of this chapter is to design the sliding mode observer for fault re-
construction without using any change of coordinates. It should be pointed out that
in articles by [19], [74], [64] and [3] multiple coordinate transformations must be
utilized to design the SMO which adds to the complexity and conservativism in the
approach. To avoid coordinate changes we introduce a novel solution for the struc-
tural matching condition based on pseudo-inverse of the fault distribution matrix.
Next, a linear matrix inequality (LMI) convex optimization problem is exploited
for the original system. The solution of LMIs guarantees the stability of the error
dynamics and in addition, provides a valid solution for the matching condition. The
above solution guarantees an ideal sliding motion on the sliding surface in finite

time and there is no need of any multiple change of coordinates.

An important feature of our solution is the following: the solution presented in ref-
erences [19], [74], [64] and [3] assumes the upper bound of the fault to be known.
Technically speaking, this is undesirable since faults are inherently unknown and
the fault may exceed the assumed upper bound. In this case the sliding motion
breaks down and SMO is incapable of any fault reconstruction, resulting in instan-
taneous failure of fault reconstruction and diagnosis. We propose a new approach
and modify the formulation assuming that the fault is bounded, however the bound
is unknown. To cope with the unknown upper bound, an adaptive algorithm is em-
ployed to maintain the sliding motion on the sliding surface against any rapid and
unexpected increase in the fault. The SMO based fault reconstruction is imple-
mentable in real systems, since only state estimates and available output measure-

ment are used.

The remainder of this chapter is organized as follows; Section 4.2 provides some
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preliminaries and assumptions on the class of nonlinear system addressed. Some
preliminary lemmas are introduced in Section 4.3. The design of the robust adaptive
SMO and the analysis of the stability of the error dynamics are given in Section 4.4.
In Section 4.5 the stability of the sliding motion is discussed. Adaptive fault estima-
tion is studied in Section 4.6. A generalization of the proposed method for sensor
fault reconstruction is presented in Section 4.7. The effectiveness of the proposed
Adaptive SMO based fault reconstruction is studied with an example in Section 4.8.

Finally some concluding remarks are presented in Section 4.9.

4.2 Preliminaries and Assumptions
Consider a dynamical systems of the form:

4.1)

{ i(t) = Az(t) + B(u(t) + f(t)) + (z,t) + AL(t)
y(t) = Ca(?)

where z € R" represents the system state, v € R™ the control input, y € R”
the measured system output and ¢t € R*. f(¢) : Rt — R™ is the unknown input
(actuator faults). £(t) : R — R denotes disturbances subject to |[£]| < 3 < oc.
(A, B,C,A) is the set of real constant known matrices of appropriate dimensions.
B € R™™ is a full column rank matrix and C' € RP*" is a full row rank matrix.
The known nonlinearity ®(x,¢) satisfies a Lipcshitz condition (2.7). The unknown
input f(¢) is bounded in the Euclidean norm with an unknown upper bound subject
to (3.2). We also assume that the conditions (3.4) and (3.5)are satisfied. Further-

more, we have the following assumptions:
rank(C'B) = rank (B). 4.2)

4.3 A Parametrization Lemma

We now present the following lemmas which are essential for the SMO design ap-

proach proposed in Section 4.4.
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Lemma 4.1. Assume that rank (C B) = rank (B). A solution P = PT > 0 for the
matching condition BT P = FC exists if and only if

P=0X,0+CTX,C (4.3)
F=BTCcTX, 4.4)
©=1,— BB",0 ¢ RV 4.5)

where B = (B"B)~'B" and X; = X[, X; € R, X, = X, X, € R”"? are
arbitrary weight matrices.

Proof.
(proof of necessity)

Define a matrix © € R Tm)xn gq

_ Bt
6- ( . ) (4.6)
Considering that

_ Ii Opn Bt Bt
rank(©) :rank( B I )( o )—rank( I )—n

it follows that rank(©) = n. We can always find a matrix A € R"~P)*" guch that

rank( jC\’ ) =n “4.7)
and, therefore, is nonsingular. Thus
C ~rl _ c(BHT Ce B
rank{( A ) .0 } = rank ( ABY A0 )~ n. (4.8)

By definition of B, we know C(B™)T = CB(BTB)~!. Since we assumed that
rank(C B) = m, it readily follows that rank(C(B™)T) = m. As a consequence, the
matrix ( Ag Bi;; ) € R™™) is full column rank with m independent columns.
Hence, from (4.8), we have

co
n—mgrank( AG ) < n. 4.9)
Assumption rank(C'B) = m gives m < min {rank(B),rank(C)} = min{m, p}.
Therefore, we obtain m < p and n — p independent columns of ¢o ) can be

AO
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pulled out to construct the matrix A; € R™*("~P) In other words, one can always

obtain the following partitioned structure

T
o ( < ) — (A | As). (4.10)

Also, the matrix A; can be expressed by

C T
A :@( A ) A, A e Rx(P), (4.11)

Since A is of rank n — p, we can introduce the nonsingular transformation matrix

T € R"™™ as

T
T := ( ‘/}5 ) . (4.12)
- P 0 . : . . .
Let P := o p ) Since any symmetric positive definite matrix P can be
2

expressed by

P:TT(IS1 Jg)T:P:TTPT (4.13)
2

therefore, using (4.12), it follows that

P=MANPA +CTRC . (4.14)

From the matching condition (3.5) and the derived structure of P in (4.14), we
obtain

BTN PAT + BTCTP,C — FC =0
and consequently

( BTA\Py,  BTCTP,—F )T =0. (4.15)
Since T is nonsingular and B© = 0(= BTA; = 0), it indicates that F' =

BTCT P,. Substituting the structure of A; from (4.11) into (4.14) yields

C

P=0(CT"A") AP A" ( N

) e+ctpC. (4.16)
Letting
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X, = (CTAT)A P A ( i ) 4.17)

Xy =P, (4.18)

leads to the structure of P and F'in (4.3)-(4.5). This completes the proof of neces-
sity.

(proof of sufficiency)
From the definition of Moore-Penrose pseudo-inverse matrix ,B*, we know that the

following criteria are satisfied

BB*B=B (4.19)
(BBY)" = BB* (4.20)

therefore
BTe =0. 4.21)

By substituting (4.3), (4.4) and (4.5) into matching condition (3.5), it simply fol-
lows that (3.5) holds. This completes the proof of sufficiency.

Remark. In reference [11], a different parametrization of the Lyapunov matrix P
was also considered which satisfy the matching condition. This proposed parametriza-

tion is of the form:

P = B,Y,Bl +C"Y,C

where Y7 and Y5 are arbitrary symmetric matrices with appropriate dimensions and
B, is any permissable full rank matrix whose columns are from the basis of the null
space of the matrix BT, i.e. B, is the orthogonal complement of B. In our pro-
posed parametrization of P, we have P = ©X,0 4+ CTX,C where the definition
of © is given in (4.5). Thus, these solutions are different. Notice that the dimension
of X and Y] are also different. Two disadvantages of the proposed structure given

by [11] are as the following.
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First, while © is uniquely defined by formula (4.5), B, of B is not a unique matrix
and may cause confusion on how to choose it for high order systems. Secondly and
more importantly, Y; € R®™x(=m) while X; € R™". Therefore X; brings
more additional freedom from a parametrization perspective. Notice that the level
of parametrization plays a very important role when an LMI feasibility problem
must be solved on the matrix P with the associated constraint attached to it. To

make this point more clear, lets consider the following example.

1 0
Example. Assume that B = | 3 2 |. Then, we obtain
0 1
—3a 0.6429 —0.2143 0.4286
B, = o , Yae R, 6= —-0.2143 0.0714 —0.1429
—2a 0.4286 —0.1429 0.2857

Consequently, X; € R*** and Y} € R are respectively parameterized as

Ti1 Ti12 213
X1 = | T12 %oy T3 |, Y1 =yn
T13 T23 T33
Clearly, the parametrization of X; is more flexible to solve an LMI numerically.
Summing up the parameterizations given in this chapter and [11], one can directly

conclude that the following Lemma also provides an acceptable solution for matrix

equation (3.5).

Lemma 4.2. Assume that rank (C B) = rank (B). A solution P = PT > 0 for the
matching condition BT P = FC exists if and only if

P=0X,0+C"X,C + B, X3B (4.22)
F=BTCTX, (4.23)
©=1,— BB",© ¢ RV (4.24)

where BT = (BTB)~'B”, B, is the orthogonal complement of matrix B? and

X; = X{, X, e R, Xy = XT, X, € RPP, X3 = XTI, X3 € ROVmX0=m) are
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arbitrary weight matrices.

Lemma 4.1 established a specific and new solution for matrix equation (3.5). We
will employ this solution to build up the new robust sliding mode filter. Now, we
put forward the following lemma which links the existence of any solution for the
matching condition (3.5) with the rank condition (4.2). This Lemma 4.is a well-

known result in the literature of sliding mode observer design [18],[19],[74],[25].

Lemma 4.3. Consider the system (1). There exists a solution P = PT > 0 such

that BT P = FC if and only if
rank(C'B) = rank (B) (4.25)

Proof. See the proof of Lemma 3.3.

4.4 Adaptive Sliding Mode Observer Design

In this section, a new robust adaptive sliding mode observer is proposed. The term
£(t) encapsulates all the disturbances. Consider the following adaptive sliding mode

observer structure

af:A9f+Bu—|—<I>(:E,t)+L(y—Cx)—i—l/(t) (4.26)
y=Cz.
Let s : R™ — R™ be a linear function represented as
s(t) = C(x — ). 4.27)
Next, let S be the hyperplane defined by
S={teR":s(t)=0} (4.28)
then the switching gain v/(¢) is of the form
A 1T RT T s(t) .
0 : otherwise
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and the gain p(t) is updated by the following adaptive algorithm

dp(t
PO _ BT Xallls0) (430)

where 7, p9 > 0 and X, € RP*P is a design symmetric wight matrix as defined
in Lemma 4.1. The following theorem states a sufficient condition using LMIs to
guarantee the stability of the proposed observer error dynamics in conjunction with

the adaptive performance of the switching gain.

Theorem 4.1. Given the nonlinear uncertain system (4.1) with the associated as-
sumptions, consider the observer (4.26)-(4.29). The observer error dynamics is sta-
ble with maximized Lipschitz gain 1/ /7 if there exist matrices X1 = X I Xy =XT

and L such that the following LMI optimization problem has a solution:

minimize vy subject to

Xy, >0 (4.31)
OX10+CTX,C >1 (4.32)

M+ MT OX,0+CTX,C I,
0X,0 + CTX,C —1 0 <0 (4.33)

where M = ATOX,0 + ATCTX,C — LC. Then, the observer gain is

L=(0X,0+ CTX,0)7 L. (4.34)

Proof. Regarding (4.1) and (4.26), the error dynamical system is
é=Ape+eqp+ Bf(t) —v(t) + A&(t)

where e = x — Z is the state estimation error, p = p — p and Ag = A — LC.
From (3.4), it follows that the pair (A, C') is observable. For simplicity, we define
ep = ®(x,t) — ®(,t). Consider the Lyapunov function V = e Pe + n~!p?. The
derivative of V' (e) is

V = (Age + eq + Bfa(t) — v(t) + AL())T Pe
+eTP(Age + eq + Bf(t) — v(t) + A&(t)) (4.35)
+2n71p(=p).
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From (4.29), (4.30),(3.2) and (3.5) it yields

TP(Bf( ) —v(t) +n p( p) = eTCTFTf( )
+77*1/3(—?7||BTCTX2||||8(75)I|) (4.36)
< plIF[llICell = (p + po)ICell| BT CT Xa||
= —pol|Ce[|| B CT Xa| < 0.

Therefore, using Assumption (2.7) it follows that
V< < (Ape + e + AE)TPe + el P(Ape + eg + AE) — eleg + L2eTe . (4.37)

Suppose that disturbance £(t) is bounded subject to ||£(t)|| < 8 < co. Hence,

T —
(o) (T L) () ees| ()]

-~

-Q

(4.38)
where £ = 7. Therefore, if —Q < 0

v<|(., )H( @] (5 )| 2miean). @

nitude of the error is ultimately bounded with respect to the set

0.— {( )H( )H 25”PA“+55>0} (4.40)

On the other hand, matrix P > 0 must also satisfy the structural condition (3.5) as

Thus, for

‘ > , we obtain V' < 0 which guarantees that the mag-

well. From the solution (4.3)-(4.4) for P and F'in Lemma 4.1 and using Schur com-
plement ([6]), the above inner matrix —() can be expressed by the LMI in (4.33)
(which any solution for P > 0, obtained from the LMIs, satisfies the matching
condition (3.5) ) and the observer gain is defined in (4.34). Consequently, the LMI
optimization problem of Theorem 4.1 guarantees the ultimate boundedness of the
error dynamics and the minimization of ~ implies that the observer would be tol-

erant against the Lipschitz nonlinearity up to max (Lg) = This completes the

1
7
proof.
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Technically speaking, the concept of maximizing the Lipschitz gain for observer
design was proposed by [1]. It is shown that if the optimal solution is larger than
the actual Lipschitz gain, the observer remains stable in the presence of Lipschitz
nonlinear uncertainties (see [1] for details). The first objective of our LMI optimiza-
tion problem is the computation of the proper matrices X, X5 and L. However, the
second objective is to boost up the tolerance of the sliding mode observer against
the system Lipschitz nonlinearities. Note that we assumed the Lipschitz condition
on ®(x, t) with a known Lipschitz constant Lg. The calculation of the maximum of
Lg is obtained by solving the LMI optimization problem subject to (4.31)-(4.33).
If L > L4, then the sliding mode observer is capable of tackling the nonlinear

ﬁ
uncertain system (1).

4.5 Synthesis of the Sliding Motion

It is well-known that in order to confine a stable motion of a dynamical system onto
a sliding surface S, it is necessary to use a switching gain which is discontinuous

about the surface S ([18]). Let
S={teR":s(t)=0]s(t)=Ce} (4.41)

then the employed structure of switching gain (4.29) meets the above requirement.
We now present Theorem 4.2, which is the main result of this section. To simplify

our notation, we define
_28]PA|

Amin (@)

Theorem 4.2. Choose the gain p, to satisfy

e 2| Aol +A1ICI) + BIIAl +7
Po = , 1> 0. (4.43)
’ BRIEE

Then given system (4.1), satisfying the assumptions outlined in Section 2, an ideal

*

+e. (4.42)

sliding motion takes place in finite time on the hyperplane S, defined in (4.41), if

the convex optimization problem (4.31)-(4.33) is solvable.

Proof. The error dynamics is
é=Ape+ep+ Bf(t) — v+ AL(1). (4.44)
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Define the change of coordinate 7' € R™ " as
r._ ( CLP
T ( i ) (4.45)

where C', € R™*("P) is any full rank matrix whose columns are from the basis of
the null space of the matrix C, Thus C' is an orthogonal complement of the matrix

CT. The state estimation error in the new coordinate system is

é=TAT 6+ T(eg + Bf — v+ AE) (4.46)

é:(€1>:’fe.
€y

From the definition of T" and the property CC | = 0, it follows that

where

7 -1 . A?l A(fz A . Ay
TAT ! = ( Ty ) . TA = ( A, ) (4.47)
Ty = L = |2 4.48
S RV OEATer e Vo e ol (1:48)
_ 0
TB = [CPlCTFT} (+49)
Teg := ( z; ) (4.50)

Hence, partitioning the error dynamics in the new coordinate yields

e1 = Ay er + Afgey + ¢1 + As€

¢y = A €1 + ASyey + o+ CPYOTET f(1) — (1) + Aot *.5D)

Now consider the Lyapunov function V; = 5( e/ Pe, +n~'5%), P € R”?, P > 0.

The derivative along the trajectory is

V, = eZ(PAgl e1 +P A e, + P py

: 4.52
+P CPICTFTf —Pu(t) + PA) + 1 p(—p). (4.52)

By assumption, the matrix C'is full row rank . Therefore let
P=(CptchH) (4.53)
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which is nonsingular. Thus (4.52) becomes

V, = el PAg 1 + el PASe, + el PAsE

. ey - 4.54
e FLf(t) = e (0(0) + po) IFIl 12y + TP — I ENIIs@)] . Y
Then
Vv, ; eZPA‘Q’l e1 + 657) Ag%ey + 6;";7) AVYS i (4.55)
ey, Poa + (|l plleyll = (o(8) + po) [ F'll ley]l = plIEl[Is )]
Using the adaptation law (4.30)
Ve < 1Pl eyl (14511 + 1A% lley @56

A2l B = po IFIIPITT + IS T Nl

From Theorem 4.1, in finite time e(¢) € 2 which implies that ||e|| < £*. And, from
the definition of pg in (4.43)

Ve < =[P lleyll = Vi < 0

Therefore, an ideal sliding motion will take place on the surface S after some finite
time ¢, and consequently, for all subsequent time e, = ¢, = 0. This completes the

proof.

Now, we present the following important proposition which shows the necessity of
the minimum phase condition (3.4) for the stability of the reduced order system in

sliding mode (the stability of the poles of the sliding motion).

Proposition 4.1. If the system triple { A, B, C'} is minimum phase and rank(C B) =

rank(B), then the reduced-order system in sliding mode is stable.

Proof. When ideal sliding mode takes place, we have e, = ¢, = 0 and the reduced

order system in sliding mode is given by
él = A?l €1 + ¢1 + Alf (457)

Since the matrix A{, appears in the reduced order system above, its eigenvalues are

the poles of the sliding motion. Moreover, from nonsingular change of coordinate
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T, we obtain
TA()T_l =
o All A12 . OIPL (0 I ) . All A12 - CIPL
O\ Aar Ag CL PP\ Ay Ap—COL '
It follows that A}, = Ay; and the poles of the sliding motion are independent of the

linear observer gain L, Thus A;; must be stable. From the nonsingularity of P and

X5, we have

rank(CP~'CTFT) =rank(P~' X,CB)=rank(CB) =m , (CP'CTFT ¢ RP*™)
(4.59)

then from (3.4) it follows that for every complex number s with nonnegative real

part
4 m — rank sl —A B _ rank T 0 s —A B T=' 0
nome= c o0|" 0 I, cC 0 0 In
_ Apg—1 A sl p — Anl —Aip
= rank sl TéT B _ rank — Ay sl, — Ay CPICTFT
cr 0
0 I, 0
- SIn,p - A11 0 L
—rank{ e Cp-1CTFT } +p:=09(s)+p
(4.60)
and Q(s) = n + m — p. For m = p, we have
n=Q(s) =rank [ sl,_, — A1 | +m (4.61)

Thus, it is guaranteed that for every complex number s with nonnegative real part

we have

rank [ sly—p — Anx } =n-—p (4.62)

Hence Ay, is always stable. For the case m < p, define a further change of coordi-

nates, dependent on design matrix L, by

[, L

T = [ 0 I } (4.63)
where

L= [1_11 O(H,p)xm] (4.64)
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Let &, = e; + Le,. The error system with respect to the new coordinates can be

written as

él = (Alj + [_/A21>€1 +7(A12 + Z_—JLAQQ — (All + Z_}Agl)l_})ey

+(¢1 + L) + (A1 + LA)E+ L(CPT'CTFT f — ) 4.65)
e, = AS €1+ ASy ey + o + CPYCTFT f(t) — 0(t) + A€

In sliding mode, we have e, = ¢, = 0 and the reduced order system in sliding mode

is given by

é1=(Ay + LAy)er + (¢ + L) + (AL 4+ LA)E+ L(CP'CTFTf — ).
(4.66)
Therefore, in this case, for a stable sliding motion, we need A;; + LA to be a
stable matrix. From assumption (3.4), it follows that for every complex number s

with nonnegative real part

n + m = rank sl—A B
a C 0
_ rank TT 0 sl —A B T-'T-1 0
N 0 I, C 0 0 I,
SIn_p — (AH + .Z/AQl) —A12 ECP_lcTFT 4.67)
= rank —A21 S]p — AQQ CPICTFT
0 I, 0
. S[nfp - (All + EAQl) ECP_ICTFT A
= rank [ . cp-loTpT | TPE Q(s) + p.
We partition As; as
Ao1s ] ip —m
Ao = 4.68
21 |: A212 i m ( )
Since rank(C' P~1CT FT) = m, therefore, without loss of generality, we partition
~1 T T By
CPC'F" = { ~ 1 (4.69)
By

where B, € R™™ and invertible. Thus

SIn_p — (AH + E1A211) LOP_NlOTFT

Q(S) = rank —A211 Bl
—_14212 By
— rank sly—p — (A11 + L1As11) m
jA211
I —L sly_p — Apq sl,—p — Ap
= rank p P + m = rank P +
{ 0 —In } { Ao1y m Ao1y m

(4.70)
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Therefore

k B =n— 471
ran [ Ag1s ] n—p ( )

and consequently, the pair (A;;, Ay;) is detectable and since Ay + LAy, =
Ay + LAy, the matrix (Ay; + LAy ) is stable by a proper choice of L. This com-

pletes the proof.

Remark. It is important to note that the conditions stated in proposition for the
stability of the sliding motion are consistent with the conditions for the existence of

SMOs presented by [18],[19],[74],[64] and [25].

4.6 Robust Adaptive Fault Reconstruction

In this section we consider the problem of reconstructing the system fault (unknown
input), by using the adaptive sliding mode observer and the output information. It is
shown that the reconstruction is carried out online and is dependent only on avail-

able information.

Corollary 4.1. Given system (4.1) and observer (4.26)-(4.29), the fault f(t) can be

approximately reconstructed adaptively by
fume (600 + ) (CBYP B CTx 2 )
Is(®)]] + 0
where p(t) = n||BTCT X,|| fot ||s(T)||dT, if the following optimization problem is
solvable:

minimize vy subject to (4.31)-(4.33).
Proof. The error dynamics for e, is given by

&y = A% e1+ Ay ey + oo+ CPICTFT f(1)

—D(t) + Aot (4.73)

If the LMI optimization problem is solvable, then from Theorem 4.2, an ideal slid-
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ing motion takes place on S in finite time. Thus
ey =€y, =10 (4.74)
which yields
Cyeq - CBf = Aglel + ¢2 + A2§ (475)

where in the sliding mode the discontinuous signal v in (4.29) takes on the aver-
age, V.4, ( referred to as the equivalent output error injection [71]) to preserve the
sliding motion. In addition, notice that Theorem 4.1 guarantees the error dynamics
evolution enters the domain €2 and therefore ||e|| < £*. As a consequence, one

obtains

|Creg — OBl < ([[A5 ][ + [IC[[Le)e™ + B[ Az]]. (4.76)
Therefore, we have the following upper bound for the fault reconstruction error
|Cve — CBf|| < € (4.77)
where € := (||A3,|| + ||C||Ls)e* + B||As||. For some small e
Cveg = CBf(1). (4.78)

Notice the size of the error bound is directly related to the disturbances &(¢), in-
dicating that precise fault reconstruction is not possible. However, in the case
that the size of the error bound e is smaller compared to the fault signal f(t),
the sliding mode observer reconstruction scheme can still preserve the fault shape
effectively. As we assumed that rank(C'B) = m, its pseudo-inverse is (CB)! =
(CB)*CB)~Y(CB)". Thus

f =~ (CB) Cug. (4.79)

Based on the concept of equivalent output error injection [71], the signal v, can be

approximated to any degree of accuracy by

R _ t
by = (50) + o) P CT B CT | ) (50

@Il +9
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where ¢ is a small positive scalar to smooth out the signal v. Therefore

(00 + p0) (CBY BT Xl SO @481)

Remark. It should be pointed out that the signal v, can be computed online by

available information, namely system output y and state estimates z.

Remark. In the case of no disturbances ({ = 0), we obtain 5 = ¢ = 0 which
provides the asymptotical stability of the error dynamics. It follows that e = 0 and

the precise fault reconstruction is possible by

f=(CB)'Crg (4.82)

4.7 A Generalization to Sensor Fault Reconstruction

In this section we generalize the concept proposed in this chapter for sensor fault re-
construction and detection. We introduce an Integral Adaptive SMO scheme when
the fault occurs at the measurement output. Consider a dynamical system of the
form:

{ 21(t) = Ava (1) + Buu(t) + @1 (w, 1) + Ai&(t) (4.83)

ui(t) = Cra(t) + Dy (1)
where x € R represents the system state, u € R™! is the control input, y € R™
the measured system output and ¢ € R™. f,(¢) : R™ — R™ represents the sen-
sor faults. £(¢) : RT — R denotes disturbances subject to |[¢]] < 8 < oo.
(A1, By, C1, D1, Ay) is the set of real constant known matrices of appropriate di-

mensions. D; € RP**™ is a full column rank matrix
rank(D;) = m (4.84)

and C; € RP*™ is a full row rank matrix. The known nonlinearity ®;(xy,1)

satisfies a Lipcshitz condition
[@1(z1,8) = P1(z2,8)|| < Lo [[(21 — 22)| (4.85)
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where z1, 25 € R™ and L € RT is a known positive constant. The sensor fault

fs(t) is bounded in the Euclidean norm with an unknown upper bound subject to
1@ < p < oo (4.86)
The main idea here is to consider the integral variable
t
Ty = / y1(T)dT (4.87)
0

as the new output and thus &5 = 7, (¢). The augmented system is given by

dlnl-Le ][] L8 ][]

(4.88)
Aq 0
0 e | o ]
Letn =n; + p; and
i T . A10 . (I)l(ZL‘l,t)
R R R e R

(B )as[3 T (8 ]eobn

then system (4.83) can be rewritten in the form of system (4.1) with Bu replaced
by B,u. Since in observer design, the input signal u is not involved, it can be
ignored by setting © = 0. Therefore, augmented system above and system (4.1) are
identical. Consequently, if the LMI optimization problem stated in Theorem 4.1 is
solvable, then the adaptive sliding mode observer (4.26)-(4.29) exists for the system
(4.83) . And according to Therorem 2, the ideal sliding motion will take place on S
in finite time. Notice that the matching condition (3.5) must be satisfied for system
(4.83). As proved in Lemma 4.3, the rank condition (4.2) is necessary to satisfy

(3.5). Assuming rank(D;) = m, we have
rank(C'B) =rank ([0 1, ]. { lg ]) =rank(D;) =m (4.90)
1

Thus the rank condition (4.2) always holds and the adaptive SMO for sensor fault
case exists. From Corollary in Section 6 and the structure of the augmented system

above, it follows that the sensor fault f, can be reconstructed by

~ (A tp— s(t)
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In the case that £ = 0, we have precise sensor fault reconstruction via
fs = (D1) Crp. (4.92)

In such case, due to the integrator in series with the system output, the sliding

surface is given by
S={teR":s(t)=0]s(t) = /0 y1(T)dT — 2o(t) }. (4.93)
4.8 Design Example

Consider the MCK system which behave chaotically ([63]). In the form of system
(4.1) MCK is presented by with the following system matrices:

0 -1 0 0 0
1 07 0 0 1
A= 0 0 0 =10 |~ B = 1’
0 0 15 0 0
1
1 1 000
A= 10 ’0_{0 10 1]
0
and nonlinear function ®(x) is
_01 —024+3(zy —23—1) 2y —23>1
O(z) = 10 0.2(xy — x3) 1< —23<1
0 —024+3(zy —x3+1) 1 —x3<—1

This system satisfies the rank condition (4.2). Therefore, Lemma 4.1 can be applied

to determine a solution for the structural condition (3.5) where

1 0 00
0 05 —05 0

N +
©=1L-BB 0 —05 05 0

0 0 0 1
Solving the LMI optimization problem (4.31)-(4.33), provides the maximum Lips-

chitz gain max L = 0.5429 and

3.0419 —0.0001  0.0001 —0.9993
—0.0001  0.1061 —0.2123  0.1201
0.0001 -0.2123  0.1061 —0.1201
—-0.9993 0.1201 -0.1201  1.1838

X =
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52.1194 —2.0590
3.0419 0.2261} j_ | —05183  32.2650
0.2261 2.9541 |’ —1.2592  3.6157

—1.5406  35.5010

|

Hence, the observer gain (4.34) is

10.0141 —0.51641
—9.8694  10.5098
—11.3728  34.4861
8.5014 1.6758

In the corresponding simulation, the constants associated with  have been cho-

sen to be n = 0.1, 9 = .02 and py = 10 which satisfies (4.43). Thus, the ob-

L=(0X,0+C"X,0)"'L =

server design is complete. The simulation was carried out with the disturbance
¢ = 0.04sin(8t) 4+ 0.05cos(40t) applied to the system from ¢ = 0. The fault f(¢)
is a ramp signal applied from ¢ = 2 sec to ¢ = 6 sec, with a positive slope from
t = 2 sectot = 4 sec and declining with a negative slope from ¢ = 4 sec until
it settles to zero at ¢ = 6 sec. It can be verified that the eigenvalues of A, are
{—8.4847 — 4.4766, —4.2692 + 4.8315i}, hence, Ay is stable. Fig. 4.1 to Fig. 4.4
show the actual states (dash line) and their estimates (solid line). Fig. 4.5 depicts
the signal ||s(¢)|| versus time, indicating an ideal sliding motion is taking place in
finite time and remains on the surface S afterwards. Fig. 4.6 is concerned with
the fault reconstruction, showing that, despite the presence of disturbances £(t),
the proposed sliding mode observer can still reconstruct the fault signal with a very
good accuracy and the reconstruction error bounds are small comparing to the fault.
Therefore, fault detection is easily achievable by setting appropriate thresholds. The
adaptive gain p(t) is shown in Fig. 4.7. It is important to mention that the sliding
mode observer design must satisfy the so-called matching condition (3.5). To fur-
ther examine (3.5), from the LMI solution above and Lemma 4.1, it can be verified

that
6.0839  0.2260  0.0001 —-0.7733
0.2260  3.1133 —0.1592  3.0742
0.0001 —0.1592  0.1592 —0.1201
—0.7733  3.0742 —0.1201  4.1379

and F = BTCTX, = [ 0.2261 2.9541 | . Thus

P - @X]_@ + CTXQC —=

BTP=FC=[02261 29541 0 2.9541 ]
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which shows the the structural condition (3.5) holds and the designed sliding mode

observer is valid.

4.9 Summary

A new scheme for nonlinear robust fault reconstruction has been studied based on a
sliding mode observer with an adaptive variable structure gain. The approach does
not need any change of coordinates and is quite straightforward. An LMI optimiza-
tion problem sufficiently guarantees the stability of the error dynamics. Unlike the
predecessor methods reported in the literature, the adaptive mechanism allows the
fault to have an unknown upper bound. Since there is no constraint on the dis-
turbances, an approximation of fault can be reconstructed. The accuracy of the
reconstruction directly depends upon the size of the disturbance. It is important to
note that in the absence of uncertainty or disturbance, precise fault reconstruction
is guaranteed by the approach. Simulations based on a nonlinear chaotic system
called MCK have shown effective performance of the proposed method. Based on
the approach presented here, design of fault tolerant control schemes are worth for

future study.
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Figure 4.1: First state and its estimate
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Figure 4.2: Second state and its estimate
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Figure 4.3: Third state and its estimate
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Figure 4.4: Forth state and its estimate
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Figure 4.5: The sliding mode quantity ||s(¢)||
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Figure 4.6: Unknown input f(¢) (dot line) and its reconstruction by v(¢) (solid line)
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Figure 4.7: The adaptive gain p(t)
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Chapter 5

Generalized Sliding Mode
Observers!

5.1 Background Results

This chapter deals with observer design for fault detection and estimation using
sliding mode observers (SMOs) in a generalized state space form inspired by sin-
gular system theory. Due to their ability to cope with model uncertainties, SMOs

offer great potential in fault detection applications [18].

The main focus of this chapter is to explain the design of sliding mode observers for
the problem of fault reconstruction and FDI. In essence, the SMO approach con-
sists of first defining a sliding surface and then using a variable structure control
law to force the error system trajectories to the sliding surface in finite time. Re-
cently, [17] and [18] proposed that using the variable structure control law of the
SMO and the concept of equivalent output injection, a fault can be reconstructed to
any required accuracy for linear systems. These two references consider the case
of perfect modeling without uncertainty or unmatched disturbance, hence precise
fault reconstruction is feasible. Sensor fault reconstruction using SMO was stud-

ied by [64], further extending the results for linear systems with disturbance and

I'The results in this chapter have been submitted for publication in the article: R. Raoufi and
H. J. Marquez, ”Generalized Sliding Mode Estimator Design for State and Sensor/Actuator Fault
Estimation”, submitted to Automatica, August 2009, and also in the article: R. Raoufi and H. J.
Marquez , ”Generalized Sliding Mode Observers for State and Sensor/Actuator Fault Estimation”,
submitted to American Control Conference, IEEE, 2010.
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uncertainty. For nonlinear Lipschitz systems, [74] addressed SMO based fault re-
construction by assuming that disturbances are matched and can be lumped into the

so-called matching condition.

On the other hand, inspired by the theory of singular systems, [7] proposed a new
generalized state-space observer design to estimate unknown signals for a class of
nonlinear systems. In [28] an interesting method to design descriptor observers for
systems with measurement noise and application to sensor fault diagnosis was pro-
posed. State/noise estimator for descriptor systems with application to sensor fault
diagnosis was also studied by [29]. The approaches of these references play an im-

portant role in inspiring our observer design.

Fault reconstruction is excellent for directly isolating the flaws within a system by
revealing which sensor or actuator is faulty and is useful for diagnosing incipient
and small faults. The detailed knowledge of the fault’s shape, obtained from fault
reconstruction, can highly facilitate the fault tolerant control design. However, in
practical systems, it is often the case where actuators and also sensors suffer from
faults during the course of the system’s operation. Both Actuators and Sensors can
suffer from faults either alone, at separate times or simultaneously. In this case,
detection and reconstruction of all faults is highly important. The co-existence of
unknown fault at both some sensor(s) and actuator(s) has not been addressed in any
earlier design of the sliding mode observers or other fault reconstruction schemes.
Clearly the sensor fault corrupts measurement, therefore making it harder to recon-
struct the actuator faults. On the other hand, reconstruction of the sensor faults also
remain challenging and unsolved due to faulty actuators. Thus, fault reconstruc-
tion/identification brings important benefits to the system and thus in this chapter,
we aim at reconstructing the faults when they coexist at sensors and actuators dur-

ing the system operation.

What is unique about our approach is that it involves a new design of a robust

sliding mode observer in a generalized state space form when faults occur at both

7



sensors and actuators coincidentally. To cope with the sensor faults, inspired by
[7], a generalized state space form is employed such that the augmentation results
in a descriptor system form. This singular (descriptor) formulation, provides the
possibility for sensor fault estimation. In this singular form, we define a sliding
surface and the proposed filter forces the trajectories of the estimation error to ap-
proach the sliding surface and remain there afterwards. The actuator fault satisfies
the so-called matching condition and is targeted by the sliding mode controller for
reconstruction. These features allow for actuator faults to be reconstructed based
on information retrieved from the equivalent output error injection signal. Thus,
not only the actuator faults but also sensor faults are reconstructed. In addition, the
states of the system are also estimated by the proposed robust observer which is
very important due to the corruption of the measurements by sensor faults. As a
result, the proposed observer will be called the generalized sliding mode observer
(GSMO) here on after.

Another important feature of our solution is the following: the solution presented
in references [19], [74], [64] and [3] assumes all the actuator fault/unknown inputs
are classified as matched disturbances. In these references, any unmatched distur-
bance can not be estimated. However, the proposed robust GSMO is novel due to
the ability of estimating a class of disturbances which are not matched. The class
of disturbance that can be dealt with is described in detail and has a common be-
havior with output disturbances (or sensor faults). The estimation of this class of
unmatched disturbances also benefits from the singular system model that arises in
our formulation. Research is underway to adopt this novel observer, GSMO, for
simultaneous senosr/actuator fault tolerant control. For a different approach on ro-

bust state observers compared to SMOs see [44], [45].

The remainder of this chapter is organized as follows; Section 5.2 provides some
preliminaries and assumptions on the class of nonlinear system addressed. Some
preliminary lemmas are introduced in Section 5.3. The design of the robust GSMO
and the analysis of the stability of the error dynamics are given in Section 5.4.

In Section 5.5 the stability of the sliding motion is discussed. Fault estimation is
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studied in Section 5.6. The effectiveness of the proposed GSMO based fault re-
construction is studied with an example in Section 5.7. Finally some concluding

remarks are presented in Section 5.8.

5.2 Preliminaries and Assumptions
Consider a dynamical system affected by sensor and actuator faults of the form:

{ i(t) = Az(t) + B(u(t) + f(t)) + Be®(x,t) + Aw(?) 5.1)

y(t) = Cz(t) + Dw(t)
where x € R" represents the system state, v € R™ the control input, y € R?
the measured system output and ¢ € R™. Throughout this chapter we assume that
p > m. The set (A, B, C, D) is of real constant known matrices of appropriate di-
mensions where D € RP*(P~™) and (A, C) is an observable pair. f(t) : Rt — R™
denotes the fault (unknown input) that is bounded in the Euclidean norm as in (3.2).
The function w(t) : RT — RP~™ is the output disturbances (or sensor fault) where
D is the corresponding distribution matrix with full columns rank. Therefore, with-
out lose of generality, we can assume there exist a nonsingular change of coordinate
Sp (yet to be designed) which provides the following geometric condition associ-

ated with D:

0
SoD = [ Dy } (5.2)

where Dy # 0, D, € R®=™*(P=") and is invertible. This assumption implies
that certain sensors are prone to fault and not all of them. The known nonlinearity
®(x,t) satisfies a Lipshitz-like condition (2.7). We also assume that the minimum
phase condition (3.4) for the triple { A, B, C'} and matching condition (3.5) for ma-
trices { B, P} hold. Suppose that

Im(B) NIm(A) = {0} (5.3)

with
rank (CA) < rank (A). (5.4)

79



5.3 Some Preliminary Lemmas

Lemma 5.1. [13] Consider the system (5.1). There exists a solution P = PT > 0
such that BT P = FC if and only if

rank(C'B) = rank (B) (5.5)

Remark: Due to Lemma 5.1, the inequality
rank (CA) < rank (A)

implies that A does not satisfy a matching condition of the form ATP = FAC,

hence the term Aw(t) is categorized as class of unmatched uncertainties.

Lemma 5.2. Given the system (5.1) with rank(C' B) = rank (B) and associated

assumption (3.4), there exist nonsingular transformation matrices T' and S such

that
TAT ! = A Ay ., TB = By , TA = 0 ,
Ay Ay 0 A,
Bay C, 0 0 (5.6)
_ -1 __ _
TB@_[BM},SCT _[ i 04},51;_[%]

Al e Rmxm, A4 c R(nfm)x(nfm)’ Cl e Rmxm, 04 c R(pfm)x(nfm), A2 c
R=m)x(=m) B Oy and D4 are invertible.

Proof. We have rank (B) = m, therefore without loss of generality, by using a

nonsingular transformation 7y, we partition the matrix B as

_ | B
ToB = { B, ] (5.7)
where B; € R™ ™ with rank (B;) = m. Now, introduce a nonsingular coordinate
transformation 7 as
1 0
T = no 5.8
1 |: _3231 1 In—m :| ( )
then
- 1, 0 By | | B:
T\TyB = { —BgBl_l I } ) { B, } = { 0 ] 5.9
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where B; € R™™ is nonsingular. Now we partition CT, 'T; ! as CT, 'T; ! =

(C, C,). Therefore

B,

CB=CT,'T]'"I'T,B = (Cy Cy) { 0

} =B, (5.10)
and consequently, using rank(C' B) = rank (B) we have

rank(C, B;) = rank(C'B) = rank(B;),
then from the nonsingularity of the matrix B, we directly conclude that

rank(Cy) = m. (5.11)

Without loss of any generality, using the proper nonsingular change of coordinate

Sy, we partition C as follows

_ C,
SoCh = 5.12
ov“v1 |: 021 :| ( )
where (' € R™*" and
rank(Cy) = m. (5.13)
Consequently det (C) # 0. Let
1 0
S = m.__ 5.14
1 |: _02101 1 [p—m :| ( )
which yields
S15,C, = { 001 ] . (5.15)
Letting S = 5.5, we obtain
¢, C
A1 1 Cio
SCTy 17 = [ 0 C ] . (5.16)
Let
-1 _ [m —Cflclg
T, = [ 0 I (5.17)
and T' = T, 11Ty, then it is easy to obtain
| B i1 | C1 0
TB = { 0 1 , SCTy 17Ty = 0 C, (5.18)
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I 0 0 0
SD = " . = . 5.19
[ _0210111 Ip*m :| |: Dy :| { Dy :| ( )

ﬁl } . With regard to Assumption (5.3) and the fact that T’
2

is nonsingular, it follows that

Suppose that TA =

Im(T'B) A Im(TA) = Im({ b ] ) M Im( { ﬁ; } ) = {0}

which implies that A; = 0. In the new coordinate, the matrices A and By are trans-

formed as in (5.6). This completes the proof.

Lemma 5.3. [32] Consider the system (5.1) and assume that rank (C'B) = rank (B).
Then the pair (A4, Cy) is detectable if and only if

I,—A B

S
rank [ C 0

} =n+m (5.20)
for all s such that Re(s) > 0.
Lemma 5.4. Consider the system (5.1) and assume that rank (C'B) = rank (B),

then the matching condition (3.5) always holds in the new coordinates of Lemma

5.1.

Proof. See the proof of Lemma 3.3.

5.4 SMO Design: A Descriptor Approach

In this section, we propose a theorem to design the new GSMO. We employ the
nonsingular state transformations introduced in Lemma 5.2 as the key to deal of our
design. Due to Lemma 5.2, system (5.1) in the new coordinates 7 := (27, 21)T =

Trandj:= (y],y5)" = Syis

i‘l = A1$1 + AQ.I’Q -+ Bl(u + f(t)) + B<I>1®1(T_lj‘7 t) (5 21)
1 =Cizy (r1 € R™) .
{ Ty = Ay + Ay + Baa®o(T 1T, 1) (5.22)
Yo = Cyry + Dow(t) (22 € R™™) '
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where T®(x,t) := (&1, ®1)T. Also partition S as

S = { ‘Sl :| ,gl S Rmxp’5v2 S RP—m)xp
S2

So that the variable x; can be obtain from the measured output y by

First, we employ following state augmentation z3 = [ 22 } , w3 € R"™P~2™ which
leads to the following descriptor plant with singular £ € R(p=2m)x(ntp=2m)

(rank(E) = n —m)

{ EZL'3 = A4I3 + ./431'1 + Bq;g@(l’l, Ig) + Mw (524)
y2 = Cyx3
where
. In—m 0 . A4 AQ o A3
S R T e U
B 0
B@QZ = 7M: 7C4:(C4 DQ)
0 Iy

Subsystem (5.21) is rewritten as

.1"1 = All’l -+ Agl’g -+ Bl(U(t> -+ f(t)) -+ B@lq)(l'l, T3, t) (525)

where Ay = (Ag Omx(n,m)).

To design an observer for the above subsystems, we first need to check the finite-
observability and impulsive-observability of the singular system . Regarding the
observability definitions in (2.46) and (2.47) for singular systems, we present the

following Lemma.

Lemma 5.5. The system (5.4) is observable, i.e,

E 0
rank | Ay E | =(n+p—2m)+rank(E), Vse C. (5.26)
Cy O
and
rank { SEC_ As } =n+p—2m, VseC. (5.27)
4
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Proof. We have rank(E) = n — m and therefore

Iy O 0 0

E 0 0 0 0 0

rank | A, E | =rank | Ay Ay L, O
Cs O 0 —ILy o O 0

Cy D, 0 0

=2(n—m)+ (p—m) = (n+p—2m) + rank(E).

Thus according to (2.47), system (5.4) is impulsive-observable. In addition, we

have
slym —Ag =Dy
rank sk~ A = rank 0 I,_, | = p—m-+rank $ln-m — A1 )
Cy C,
Cy D

From Lemma 5.3, we can conclude that if (A4, Cy) is an observable pair, then

SIn—m - A4 :|

1) =n—m, VseC, (5.28)

rank [

and according to the definition (2.46), the system (5.4) is finite-observable. Hence,

we conclude observability. This completes the proof.
We now put forward the following important Lemma.

Lemma 5.6. The inverse (E + KC,) ™" exists for some gain K € R{"p=2m)xp=m)
Proof. We have

r Iy O
rank [ } = rank 0 0 | =n—m+rank(D,)

Cy C, Dy (5.29)
=n+p—2m

then there exists gain K of appropriate dimension such that rank(E + KCy) =
n+ p — 2m, hence (E + KC,) is invertible.

By design, we adopt the following structure for gain K

K= { 0(”‘ml>cz<p‘m) } (5.30)

where Ky € RP=™)*(=m) and full rank by design. Due to the structure of /C ,it

follows that
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(E+KCy) ' = [I"m 0 } (5.31)

—Cy DyK;!
(B +KCy)™M = { v } (5.32)
2GS
Ci(E+ KCy) 'K =
(D2 { el D;lOIC;l } [132 } = lnm. (39

We will employ the system structures (5.21) and (5.4) in the new observer design.

Consider the following generalized sliding mode observer structure

(E + ICC4)Z = Agii‘l + (./44 — L4C4)Z + Lg(yl — Clil)
—|—.A4(E + /CC4)_1/Cy2 + B«;)Q(I)(fl, .@3)

(5.34)
B3 =2+ (E + KCy) 'Ky, (5.35)
l&l = Alﬁjl + ./42333 + L1<y1 — Clii'l) + Bly(t) + Bcplq)(.@l, .@3) (536)

where the novel reduced-order sliding gain structure ¥ € R'™ and the observer gain

L are respectively

BTP1(Cilgly—i1) . —1 ~
y(t) = (p+ po) ||B%P1(Ci_1§1yfﬁ1)|| PO Sy — 2 £ 0 (5.37)
0 : otherwise

7. Ly LQ L /_1101_1 0
L T |: L3 L4 :| T |: ./4301_1 (E + ’CC4>P3_1K ) >\ > 0 (538)
where p, is some positive scalar. P;, P; and K will be determined through the

stability proof and A; = A; — A where A? represents a stable design matrix.

Remark. The novelty if the proposed sliding mode controller v is that under the
same assumptions used in [64] and references there in, the controller requires just
some components of the output y(¢). Consequently its order is equal to m < p. In
[74] and [64], the gain v has the following general form:

_ Py - Ci)
V=¥ PR G
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with order p. In our proposed GSMO, the controller v is of order m < p. Inter-
estingly, due to this reduced-order structure of v it is possible to tackle a class of

disturbances/faults at the output.

We now present Theorem 5.1 which is the main result of this section.

Theorem 5.1. Given the nonlinear uncertain system (5.1) with assumptions (3.2)-
(5.4), consider the GSMO structure (5.34)-(5.38). The observer error dynamics is
ultimately bounded with an arbitrary small upper bound if there exist matrices K,
Pl'= P, > 0and Pl = P3 > 0 such that the following LMI feasibility problem
has a solution:

P >0 P;>0and

AS" P4 PLAS + LI, PiA, P, By
AT P Moy + LIyp-om PsABgy | <0 (5.39)
BI P BI,AT P, —I
where
L=La?||T7Y (5.40)
A= (E+KCy)™ (5.41)
Mayy = PsAAy — KCy — ATATPy — CT KT (5.42)

Proof. We define e; = 21 — 21,63 = x3 — &3 and e = P(xq,23) — (21, Z3).
From (5.35), substituting z = @3 — (E + KC,;) "' Kys into (5.34) yields

Afl(i‘g — A,Cyg) = Agfi‘l + (.A4 — L4C4)((i’3 — AKyQ)

+L3Chey + Ay(E + KCy) 7 Kyy + Ba, (21, 3). (5.43)

Adding Ky to both sides of (5.4) and then subtracting it from the above equation,

one obtains
Ateés = Ase; — LsCrey + (Ay — LyCy)es + Mw + Byoeg (5.44)
By choosing L3 = A3C; !, it follows that
és = ANAjes + AMw + ABgses (5.45)
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where A := (A4 — L4Cy). From (5.32) the disturbance term is expressed as

AMut) = [ Dz‘loicgl ]

consequently, by design, we can choose a high-gain K5 to reduce the amplifica-

tion of the bounded noise and disturbances w(t) to any arbitrary low magnitude.

Furthermore, notice that Vs € C',

rank [ SIn—l-p—Qm — AAy

1 G
= rank AO Ip(jm [ S]n+p—2é7;— AA,
= rank sA 1C4_ As | rank [ I”ﬂ(”)zm Ii[in } [ SECT4 Ay }
= rank SEC_ Ay } — rank S]"_”B_ Ay ;})_Aj
) Cy D,
= p — m + rank [ S["’a: A ] :

From Lemma 5.3, we know the pair (A4, Cy) is a detectable pair. Thus
rank [ S["“’_Qg‘ - MMy } =n+p—2m, VseC,, (5.46)
4

which means that the pair (AA4,C,) is detectable and we can choose a matrix L,
such that (A Ay — L,4C,) is a stable matrix. Let Ly = A~'L,, we obtain the stable
matrix AAJ. From (5.21) and (5.36), we obtain

é1 = (A1 — L1Ch)ey + Ases + B1f — Biv(t) + Bo1P(eq, €3) (5.47)
Let L; = (A; — A$)C; !, then
é1 = Aje; + Ages + Bi(f — v(t)) + Bg1®(eq, e3) (5.48)
Consider V; = el Pie; and Vy = eX Pyey. We define
V=V+.
Then the derivative of V; and V5 are given by:
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“/1 = 6?_(14‘15@131 + Plzil‘;)el + 6{P1A263 + 63TA2TP161
—I—G?PlB(pleq)l + €¢?B£1P1€1 (549)
+ei PiBi(f —v)+ (f —v)'B{ Ples

‘72 = e?;(AZTATP?) —+ PgA.{lg)@g -+ €gP3A7MUJ(t) (5 50)
+CL)TMTATP3€3 + 63TP3AB¢2 €po + €¢gB£2ATP363 '
From (5.23) it follows thate; = C| 1S,y —&1. Then using the switching gain (5.37)
and (3.2) we obtain
el PLBi(f(t) —v(t) =
T 2
I PiBL(t) = (p+ po) pip < (5.51)

leT PiB1|| —

pllel PLBy|| = (p + po)lle] PiBi|| = —polle] PiBy| < 0

Consequently, by choosing Ly = A~'P; 'K and with regard to (5.49), (5.50) and
(5.51), the stability criteria V <0is equivalent to the following inequality

er 17 [ AP+ PLAS + L1, PLA, P, By
€3 AT Py Moy + LIy p—om P3ABgo
€1
X | es | +eE PBsAMw + w! MTAT Pyes < 0
€
Thus if
AS" P+ PLAS + L1, PrA, P, Bg:
—Q = AL Py Moy + LI pom P3sABsy | <0 (5.52)
BE, P BL,AT Py —1I
then
) €1 €1
%4 S — €3 Amzn(@) €3 — 2||P3AMHCL)O
€p €p

which guarantees that the magnitude of the error is ultimately bounded with respect

to the set:
Q.=
€1 €1
5.53
es : €3 < % +e,e>0 ( )
(%) ()
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Using (5.32), we have

, 0
3 D2—IIC2—1

rm (o) Tee>0y. (554

€1 €1
Qe = €3 : €3 < 2wy
€ €p

Thus, similar to the approach given by [28], the upper bound of the error can be
significantly dropped by arbitrarily choosing a high-gain Xo. This completes the

proof.

5.5 Ideal Sliding Motion and Fault Reconstruction

It is well-known that, in order to confine an stable motion of a dynamical system
onto a sliding surface S, it is necessary to use a switching gain which is discontin-
uous about the surface S [18]. Therefore, due to the structure of the switching gain

(5.37) and the fact that N'(B;) = {0}, it follows that
S={teR":s5(t)=0]|s(t)=C; 'Sy —i1}. (5.55)

The error system with respect to the new coordinates can be written as in (5.48) and
(5.45). If the optimization problem in Theorem 5.1 is solvable, then it implies that
the error dynamics is ultimately bounded with arbitrary small upper bound subject

to (5.54). For simplicity, define

+e. (5.56)

€ := 2wy

Consider the Lyapunov function V; = %sTpls. We obtain

V., =sTP3
= el Pi(Aje; + Ases + Bareo + Bi(f(t) — v)) (5.57)
< lleall([[A5[llexll + [l Azes|| + Baiea) — poll B eil] '
< 1B NIBL el ((1AS ]| + [l A2l + Ba)e — po)-
Choose the gain py to satisfy
po = ([[A3]] + | A2]| + | Be1ll)e + no, m0 >0 (5.58)
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Therefore it follows that VS < 0 and the well-known reachability condition [18] is
satisfied. As a consequence, an ideal sliding motion will take place on the surface

S and after some finite time ¢,
er =6 =0, Vt > t,. (5.59)
The subsystem (5.48)in sliding mode is given by
0 = Ases + Bi(f — Veq) + Ba1®P(e1, €3) (5.60)

where in the sliding mode the discontinuous signal v in (5.37) must takes on the
average 1., (referred to as the equivalent output error injection [71]) to preserve the
sliding motion. Thus

[veq = FO] < & (5.61)
where

k= ||By ' Ay + By ' Boil|€ (5.62)

Therefore, approximately, for some small

Veq = f(1). (5.63)

And based on the concept of equivalent output error injection [71], the signal v,

can be approximated to any degree of accuracy by
BY P (C{ 'Sy — i)

Veq = (p+ p —= - (5.64)
1= O BT Sy — a0l + 0
where 0 is a small positive scalar to smooth out the signal v [18]. Therefore
a BTpl(Cilgly - Cf?l)
f)=(+p 1=~ 1 _ : (5.65)
e (T B
Next, From (5.54) and (5.56), it follows that ||z5 — Z3|| < €. Thus
lw -l <e (5.66)
and for some small ¢, we can directly conclude that
w(t) =~ w(t). (5.67)

It should be pointed out that upper bound of the estimation error € is arbitrarily

reduced by the choice of a high-gain /C,.
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5.6 Sensor and Actuator Fault Estimation and Diag-
nosis

Now, we present the important feature of the proposed observer to deal with faulty
systems when the faults are prone in both sensor(s) and actuator(s) during the course
of the system’s operation. Consider system (5.1) with w(t) = W fs(t) and A = 0
where 11 is a known constant matrix of appropriate dimension and full column
rank. Thus, we have

Ax(t) + B(u(t) + f(t)) + Ba®(z,1)

Cx(t) + DW f,(t) (5.68)

/_/H
< K-
—~~
~+ "~
S— ~—
I

where f(t) and fs(t) represent actuator and sensor faults respectively. Using the
proposed GSMO and with regard to Section 5.4, one can estimate the faults as fol-

lows:

Actuator Fault Estimation:

N B?Pl(Cflgly—jfl)

) = (p+ 1 217 (5.69)
1O =t o) BT p (018 — i) + 6
Sensor Fault Estimation:
fs@) = (WIW)TWT0 ) 25(t). (5.70)

Remark. In the case A # 0, the disturbance w(t) which represents a class of
unmatched disturbances is estimated by w(t) = [0 1,_,,,]%3(¢). This feature is also
unique about the proposed GSMO since the SMOs recently addressed in articles
are not able to estimate any unmatched disturbance (See [74], [64] and references

there in).
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5.7 Design Example

The nonlinear model of a single link flexible joint robot arm (Shown in Figure 5.1)

is described by following set of equations [56].

0,, = wn,
‘*{jm = %(91 — On) — ]j_::wm + %(u + f(1))
91 = Wy
w = —%(91 —0p) — mTfhsm(Ql)
Torsional
spring m
\\\k
DC

[l  motor
Jm ‘II

Figure 5.1: Single link flexible joint robot schematic

where, 6,,, and w,, are, respectively, the position and angular velocity of the DC
motor and 6; and w; represent those of the link. The DC motor is excited with w(t)
being the excitation signal. The variable f(¢) denotes an actuator fault signal. It is
assumed that the motor position, motor velocity and the link position are measured.
Although, the sensors for motor position and link position are prone to faults, fs;

and f,,, in some time intervals. Thus, we can model the output, y, by

Om + fs1
Y= Wm

0 + fso
The moment of inertia of the DC motor is denoted by .J,,, while that of the con-
trolled link is denoted by .J; . Parameter k£ symbolizes the torsional spring con-
stant. The length of the link is given by h while Bg stands for the viscous friction
in the motor bearing. The values of these parameters are given in table I. The
aim of this study is to simulate faults in the excitation signal of the DC motor,
u(t) , and measurement output, y(¢), and then reconstruct the faults . Further-

more states are also estimated for control/monitoring. For convenience, the flexible
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joint robot arm system can be described in the form of (5.1) with system states

2l = |11 29 23 24] = [0, Wi, 0, wi], System matrices
0 1 00 0
—48.6 —1.25 486 0 21.6
A= 0 0 01 B = 0
19.5 0 —195 0 0
8 1 000 1 0
Be = 0 ,C=101001|,D=]001],A=0
ga3 0010 0 1

and the Lipschitz nonlinear term is ®(z) = sin(x3). We apply input u(t) = sin(¢)

from ¢t = 0. The actuator fault f(¢) and sensor faults f,(t) = for respectively

fs2
are
0.1t—1, 10<¢<20

)= { —0.1¢+3, 20 <t <30
fs1 = sin(0.5t) + .2sin(5¢), 10 <t <30

£ = 0.2t —4, 20 <t <25
27 ) —0.2t4+6, 25<t<30

Consequently, with regard to the distribution matrix D, the first and the third sensors
are prone to fault while the second sensor is assumed to be fault-free. Furthermore,
it is assumed that W = I,. Introduce transformations = = T'x and §y = Sy with T’

and S computed by the method given in Lemma 5.2 as follows

SENTEY
T = S=1]100
0010 00 1
0 001
It follows that S; = [0 1 0] and
—1.2500 | —48.6 48.6 0
Ao [A AT 0 0 1
Az A | 0 0.3536  0.3536  —5.3571
0 19.5000 —19.5000 O
21.6 0
Bl |70 Bei | 0 B
{0}_ 0 ’{B@}_ 0 B2 =0
0.0000 —3.3300
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¢ 1o 1000 0 0 0
oo | =000 5= 10
4 010 10 2 0 1

and therefore

1 00 00O
01000
E=]100 10 0|, rank(E)=3<n(=5)
000O0O
000O0O
0 00 0 O
0 01 0 O
Ay=1195 —-195 0 0 O ,C4—{(1) (1) 8(1)(1)}
0 00 -1 0
0 00 0 -1
To design the proposed GSMO, choose
0 0
0 0
K= {,g 1 =10 O
2 40 0
0 28

such that (E + KC,) is nonsingular. Let A; = 150 and £ = 0.5. From the LMI

synthesis, after 10 iterations, we obtain

P, = 0.7984,

292.8041 —-19.5106 —0.7537 —36.6898 —19.2042
—19.5106 369.2266  0.1833  20.8496 405.1866
P = —0.7537 0.1833  0.1879 0.4543 0.5946
—36.6898  20.8496  0.4543 331.2106  20.0682
—19.2042 405.1866  0.5946  20.0682 445.7535

145.5688  11.9180

1.5400 170.8633

K = 1.7497 —39.3617
146.6352  —5.5142

4.8638  14.7479

Consequently, using (5.38), it follows that
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[ 150 |0.0000 0.0000

1 0.6371 4.8105
F_[Li L] _ | 0 K702 487.4907
" Ls [Ls | T | 0 [19.8012 748.8055
0

43.4589 19.8193
| 0 |L.1822  122.6429 |

Notice that this system satisfies necessary conditions (3.4) and (5.5). In the corre-

sponding simulation, the constants in the expression v (5.37) have been selected to
be p = 1,0 = .05 and pg = 5. Thus the observer design is complete. For the sim-
ulation study, we assume that system is initially (time ¢ = 0 sec) at rest and fault
free. At this time the GSMO is switched on with different initial condition than that
of the system. The simulation was carried out for 50 seconds. It can be verified that
the eigenvalues of A A4, are {—40.0304, —0.0417, —1.0928, —2.0524 + 4.8834i},
hence it is stable. Also, it can be verified that the above LMI solution satisfy the
structural matching condition (3.5), resulting that the numerical solution is valid to
maintain a stable sliding motion on the sliding surface S. Figs. 5.2 shows estima-
tion error of the actual states by GSMO. Fig. 5.3 is concerned with the actuator
fault reconstruction. It shows that despite the presence of disturbances at the output
(sensor faults), the proposed generalized sliding mode observer can still reconstruct
the fault effectively via the average of the sliding mode controller v(¢). Fig. 5.4
and Fig. 5.5 depict the estimation of the senors faults using the GSMO. As it was
discussed before, by choosing a high gain Ko, the upper bound of the sensor fault
reconstruction error becomes relatively very small compared to the magnitude of
the faults. Hence, sensor fault estimation is effectively accomplished. Notice that
the actuator fault f(¢) and sensor fault f;; have been elaborately chosen to take
place in the same time interval, ¢ € [10,30] sec, to show that the proposed GSMO

can still effectively estimate both faults as it was expected from Theorem 5.1.

5.8 Summary

This chapter presents a generalized sliding mode observer (observer) based fault
estimation approach for nonlinear Lipschitz systems when both sensor and actuator

faults exist coincidentally during the course of the system’s operation. The ap-
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SYSTEM PARAMETERS (Units) VALUE

Motor inertia, ./, (Kg m?) 3.7 x1073
Link inertia, .J; (Kg m?) 9.3 x1073
Pointer mass, m (Kg) 2.1 x1071
Link length, h (m) 3.0 x10°¢

Torsional spring constant, kK (Nmrad~') | 1.8 x10~}
Viscous friction coefficient, By (Nm V1) | 4.6 x1072
Amplifier gain, K, (Nm V1) 8 x1072

Table 5.1: Model parameters for the single link flexible joint robot arm

proach utilizes a sliding mode observer in a new generalized state space form. The
conditions for the stability of convergence are derived. Interestingly, distinguish-
able from its sliding mode observer predecessors, it was studied that the proposed
GSMO can estimate a class of disturbances which are not matched. The technique is
successfully implemented on a faulty single link flexible joint robot system subject
to simultaneous actuator and sensor faults. It is shown that the presented approach
can be easily used to design the GSMO for the detection and reconstruction of the

actuator and sensor faults and estimation of system states simultaneously.
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Figure 5.2: State estimation errors
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Figure 5.3: Actuator fault f(¢) (dash line) and its reconstruction by equivalent slid-
ing mode controller v, (solid line)

15

-15 1 1 1 1 1 1 I I I
0 5 10 15 20 25 30 35 40 45 50

Time[sec]

Figure 5.4: Sensor fault f,; (dash line) and its estimation by GSMO (solid line)
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-8 1 1 1 1 1 1 1 1 1
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Figure 5.5: Sensor fault f, (dash line) and its estimation by GSMO (solid line)
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Chapter 6

Reduced-Order Unknown Input
Observers!

6.1 Background Results

For the past two decades there has been significant interest in the use of chaotic
dynamics to realize secure communications (See [35],[36], [40],[34], [57] and ref-
erences therein). There are several features of chaotic signals, the trajectories of
chaotic dynamical systems, which make them attractive for use in secure communi-
cation systems. Chaotic trajectories are deterministic, noise-like signals with broad
bandwidth and aperiodic behavior. Another attractive feature of chaotic signals is
their high dependence on initial conditions; small changes can lead to dramatically
different behaviour over a short time interval. Therefore, long-term prediction be-

comes virtually impossible.

Early work on the synchronization of chaotic systems by Pecora and Carroll [52],
enforced trajectories of the so-called “slave” chaotic system, to track those of the
“master” system. Most of the work in this area is focused on synchronization of
chaotic systems to recover information signals [67]-[31]. In a typical chaotic syn-

chronization communication scheme the information to be transmitted is carried

IThe results in this chapter have been submitted for publication in the article: R Raoufi and
H. J. Marquez, ”A New Chaotic Communication Scheme Using Reduced-order Unknown Input
Observers”, submitted to International Journal of Bifurcation and Chaos, World Scientific Pub-
lisher, August 2009, and also in the article: R. Raoufi and H. J. Marquez , ”A New Reduced-order
Unknown Input Observer-based Chaotic Communication”, Proceeding of American Control Con-
ference, IEEE, 2010.
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from the transmitter to the receiver by a chaotic signal through an analog channel
and decoding of the information can be carried out by means of synchronizing the
chaotic trajectories of both systems [31]-[34]. Recently, different observer-based
methods have been proposed to synchronize chaotic systems in the presence of a
message signal. Reference [7] proposed a generalized state-space observer design
method for chaotic communication which guarantees the synchronization of chaotic
dynamic. In [62] an adaptive chaotic communication scheme was used to cope with
the effect of channel noise. In reference [41] an adaptive observer was designed for
chaotic masking secure communication schemes. A sliding mode observer based
robust chaotic communication scheme was proposed in [57]. A new chaotic syn-

chronization method based on gain scheduling was studied in [38]-[39].

The chaotic masking methods recently given in [40] and [41] for the Lorenz attrac-

tor take the following form:

—P1 D1 0 0
t=| po —1 0 |z+ | —yzs | +Ks(t)
0O 0 —ps (2
y=Cux+ s(t)

where the first equation consists of the Lorenz attractor with the addition of the
information signal s(¢) through the gain K. This approach consists of two steps.
First, the observer stabilizing gain is computed for a message-free chaotic synchro-
nization. Next, the information signal is added to the output and also injected into
the chaotic dynamics through the observer gain (Fig. 6.1). Despite of the attractive-
ness of this approach and its well established stability criteria, an inherent source of
limitation and deficiency in this approach is the following: chaos is a steady state
phenomena and, in general, there are no guarantees that the chaotic attractor used in
the implementation will remain chaotic after injecting the term Ks(t) which may

corrupt the chaotic attractor.

On the other hand, a powerful tool to tackle the problem of chaotic synchronization
in the presence of a message signal is the use of Unknown input observers (UIOs)

[10], [69]. The UIO synchronizes itself whit the master chaos while it treats the

101



message signal as the unknown input (See [10] and [69] and reference there in).
Necessary and sufficient conditions for the stability can be found in [10] and [16].
The UIO based approach in [10] can cope with either differential message signal or
it needs the derivative of the estimation for message recovery. However, this prob-
lem has been completely solved in our proposed method by virtue of a novel UIO

design and a different recovery algorithm.

Observer gain

[ ememreeeoie e ,
s(t) |
+ +l I
Chaos > Observer [—> Synchronization
Figure 6.1: The existing chaotic masking scheme
(t
o
Chaos > LPF UI10 ——> Synchronization

Figure 6.2: The proposed chaotic masking scheme

Motivated by the problem described earlier in the approach given in [40] and [41]
and also inspired by UIOs for chaotic synchronization [10], [69], the primary goal
of this work is to develop a new chaotic communication scheme which preserves
the structure of the chaotic attractor without any additional inputs. We proceed to-
wards this goal inspired by the concept of unknown input observers (UIOs). In a
master-slave configuration, we introduce a low pass filter to create an augmented
system in which the information signal can be regarded as an “unknown” input. At

the receiver end our task is to design a new UIO (slave) to recover the “unknown”
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message. Fig. 6.2 shows the proposed scheme. It is observed that the chaotic trans-
mitter is free of any injection of the term K s(t) into the chaos and the novel receiver
is composed of two main blocks: a low pass filter and a UIO. The new proposed
UIO is of reduced-order compared to the augmented system and exists under the
same existence conditions as the other UIOs (see, for example, [10]). The message
signal is recovered using only the chaotic masking output and the state estimate by
the UIO. It should be pointed out that the reduced-order UIO is designed in a new
coordinates and hence its structure is novel. Furthermore, we investigate the ability
of the proposed UIO for sensor fault estimation and diagnosis. Using static H,
filtering, we develop a robust H.,-UIO and we study the ability of this kind of filter
for sensor fault estimation in the presence of process disturbance. Interestingly, the
configuration of the proposed sensor fault estimation scheme and chaotic commu-
nication scheme are similar, hence, the same UIO structure successes to deal with

both of these problems.

The remainder of this chapter is organized as follows; Section 6.2 provides some
preliminaries, assumptions on the class of nonlinear chaotic system to be consid-
ered. Section 6.3 introduces an important Lemma. In Section 6.4 we consider the
design of the new reduced-order UIO. In Section 6.5 details the process of recov-
ering the information signal. Section 6.6 considers an illustrative example. Section
6.7 studies the use of robust UIO for sensor fault estimation. Section 6.8 summa-

rizes this chapter.

6.2 Problem Formulation

Consider the following Chaotic system acting as the transmitter:

T = AZ + Bp®(Z,1) (6.1)

where 7 € R" represents the system state and t+ € R*. The set of (A, By, C)

is known matrices of appropriate dimension. C'is a full row rank matrix. ®(¢) :
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Chactic System

Figure 6.3: Chaotic Transmitter

R™ x R™ — R represents the system nonlinearities which satisfies a Lipshitz con-
dition (2.7) locally. We perform the following chaotic masking on the information
signal s(t) : R™ — R4

ym = y(t) + Ms(t) (6.2)

where § = CZ € RP? is the measured output, 3, € R? and M € RP* is a full

column rank design matrix where ¢ < p, therefore,
rank(M) = q. (6.3)

Assume now that for every complex number s with nonnegative real part

sl,—A 0

rank [ c M } = n + rank(M). (6.4)

Fig. (6.3) depicts the chaotic masking transmitter and W n(t) represents the channel
noise. Next, We employ a low pass filter to theoretically modify the formulation of
the chaotic transmitter in a certain way which is explored now. We introduce the

filter F with z; € R” as
F i’f:—Afl'f—l-Bfo (65)

where Ay € RP*? is a stable filter matrix and By € RP*? invertible. We define

. } € R™*? and let uy = ynq. Therefore, the

the new augmented state as x := [ N
f

augmented system is described by

( A 0 B 0
x(t):[BfC, _Af]x—l—{ Od)}@(x,t)#—{BfM}s(t)
7 > — (6.6)
y(t) = [ 0 I, } r
c
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which it can be written as

& = Az + Be®(x,t) + Ds(t) 6.7)
y=Cx

Thus, the new augmented system is an unknown input system. We now present
the following Lemma which plays a key role in the structure of the observer-based

receiver (synchronizer).

Remark. The primary reason for using the filter F is to restructure the original
system as an unknown input augmented system for which the message s(t) is the

unknown input. This will be elaborated in details later on in Section V.

6.3 An Important Lemma

Lemma 6.1. Given the system (6.6) with rank(M) = q and associated assumption
(6.4), there exist nonsingular transformation matrices T and S such that

TAT*:Hl QQ],TD:[Z(?},TB@:{Bq’l},SCT‘lz{q
3 4
(6.8)

where n =1 +p, Ay € R™*9, A, € R-9x(=9) ¢, ¢ R4, 0y € RP-9)x(n=a),

Dy and C are invertible and the pair (A4, Cy) is detectable.

Proof. we have rank (D) = ¢, therefore without loss of generality, by using a

nonsingular transformation 7, we partition the matrix D as

_ | D
ToD = { D, } (6.9)

where D; € R?7? with rank (D;) = ¢. Introducing a nonsingular coordinate trans-

formation 7} as

— ]q 0
T, = { Dot I, ] (6.10)
we have that
B I, 0 D] D, [ D
BhD=1_p,pt 1., } ' { D, } B { —D, Dy Dy + Dy } B { 0 }
(6.11)
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where D; € R is nonsingular. Now we partition CT, Ty ! as CT, T, =
(C, C,). Therefore

Dy

CD = CT, ' T/ 'V TLD = (C, Cy) { 0

] =C\D, (6.12)
and consequently, using C'D = By M we have
rank(C} D;) = rank(C' D) = rank(B;M) = rank(M)

From this point, similar to the proof of Lemma 5.2, we can find nonsingular trans-
formations 7' = 1571, and S = S1.5; to transform matrices A D, C and Bg as in

(6.8). On the other hand, using Assumption (6.4), for any s € C* we have

_ B sl,_z 0 | I, 0 sT—A 0
n—i—q—rank[ c M}-rank([o Bf:||i c M])

sl — A 0 0

_ sl._z 0 _ = B
_rank[ B,C BM }—rank B;C  sl,+ Ay ByM D
0 I, 0
= rank shy—A D
- c ol ?
Thus
_ s, — A D__ [T 0 sl, —A B -1 0
n—l—q+p—rank{ C 0_—rank_0 S]{ C O]{ 0 Iq}
[ S]q — A1 _A2 D1
_ [ s, —TAT™! TD | —As  sl,_,—As 0O
= rank SOT-1 0 | = rank c, 0 0
i 0 Cy 0
i [ Sln_q — A4
= rank , } + 2¢q
consequently, it follows that
rank { $In—q = A4 } =n-—q (6.13)
Cy

which implies that the pair (A4, C}) is detectable. This completes the proof.
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6.4 Reduced-Order UIO design for Chaos Synchro-
nization

Define the new coordinates as © = Tz and § = Sy, then system (6.6) can be
described as follows:

T =TAT'% + TBs(t) + TBe®(T '7,1t)

j=SCT % (6.14)

and in the new coordinate, the sets of partitioned states are

[ el

where ;1 € R%, 2o € R" %, y; € R? and y» € RP7 9, and the corresponding

transformed subsystems are

T, = All'l + AQI’Q + Dls(t) + B@lq)(Tilii', t)
(6.15)
y1 = Ciay
{ To = Agl’l + Aszo + B@Q@(T_li’, t) (6.16)
Y2 = Cyxo

Also let us consider the partition of S as

S = { gl } ,S; € R??, S, € RP-OxP,
2

From y; = S,y, the variable x; can be directly measured from the filtered output

y(t) = x4(t) by
z1(t) = Cy ' S1y(t) (6.17)

Hence x; is fully measurable and there is no need to estimate z;. Notice that the
information signal s(t¢) only appears at the first subsystem. By Considering the
information signal s(t) as an unknown input of the augmented system (6.6), this
interesting feature facilitates the design of a reduced-order unknown input observer.
Thus, the problem reduces to design a state observer for only the subsystem (6.16).

Consider the following reduced-order dynamical observer of order n — ¢

Ty = AsCT Sy + Aydy 4+ Boo® (T2, t) + Ly, — Cyiis) (6.18)
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Let ey = 9 — Z5. Then the observer error dynamics of the system is
éQ = AZ@Q + Bq>2¢ (619)

where A = Ay — LC, and ¢ = ®(T'#,t) — &(T~'z,t). Consider the Lyapunov

function V = ey’ Pyey where P, = P4 > 0, P, € R"9. The derivative of V is

T o o
Vé{eg} {P2A4+A4TP2+£%{>I P2B‘1’2}{62}_ (6.20)

¢ Bay' Py —1 ¢

We now sum up the above analysis and design in the form of the following theorem.

Theorem 6.1:  Given the class of system (6.6) with associated assumptions, the
asymptotic reduced-order UIO (6.18) exists if there is a solution for the following
standard LMI feasibility problem:

For given Lg, find symmetric P, > 0 and K such that

PyA + APy — KCy — CTKT + L21 P;Bes
Bos' Py I

Once the problem is solved the UIO gainis L = Py ' K.

<0 (6.21)

Remarks:

e From Lemma 6.1 we know that the pair (A4, C,) is detectable and therefore,
there exists stabilizing gain L to assign the eigenvalues of Aj to the open left

half complex plane.

e Assume that p = ¢ so that Cy € {@} Then, from Lemma 6.1, it follows that
the minimum phase condition (6.4) holds for all s such that Re(s) > 0 if and

only if the matrix A4 is asymptotically stable.

e One can estimate the original state using

1&a
i=7"1 { Cr Sy } (6.22)

o)
where only 5 is estimated by the reduced-order UIO. Furthermore, with re-

gard to the structure of 7} in (6.10), it can be verified that

o[ 0
Tl = { Dbt I (6.23)

108



thus
C’flgly

& =Ty 1 Tyt
o)

- Til Iq 0 ]q —01_11012 C’l_lgly
O | DoDit Ly || 0 L, Ty 6.24)
_r| L —C1'Chy Cr 'Sy '
O | DyDY —DyDYCT O+ 1L, T
Cr'S1y — Cr 10wt
| 1 21y — Oy ety
= =1 { Do DT CT Sy + Wity }

where W = —D, D7 'O Chg + 1,y

e From a practical standpoint, noise always exists in communication channels,

therefore, we consider additive channel noise n(t) of the following form:
gm = y(t) + Ms(t) + Wn(t) (6.25)

where W is the distribution of noise of appropriate dimension. It is important
to note that a secondary benefit of introducing the low pass filter F is the
attenuation of high frequency noise n(t) of the communication channel, so
that the UIO can access a filtered version of the output for state estimation at
the receiver side. The bandwidth of the low pass filter (LPF) F should be de-
signed according to the bandwidth of the chaotic masking modulation y ().
In other words, LPF filter allows the necessary frequencies that contain the
information signal and chaotic output to pass through and cuts off the high

frequency noise.

6.5 The Recovery of information signal s(t)

The asymptotic reduced-order UIO acts as the synchronizer at the receiver side. Let
C =[C 0] and M+ = (MT M)~ M. From (6.2) we have 5(t) = M (yp(t) —

C'z) As a consequence, we can recover the information signal using

5(t) = MT(yu(t) — C). (6.26)

Therefore, by using output information y(¢) and state estimate (), we can directly

reconstruct the message via
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o

Receiver (Decoder)

Figure 6.4: Receiver (Decoder)

Cr 'Sy — O Chatiy ]) 6.27)

a(4) — AgF A1 C
() =M (yM(t) Ty [ DyD; IO Sy + Wi
where W = —DyD; 1(]1_ O + I,,_4. And equivalently, when chancel noise is

considered, we have:

z1 — Cy ' Chads ]) (6.28)

) =M (gM(t) - { Dy Dy 'y + Wity
Figure 6.4 depicts the structure of the receiver (Decoder). As shown in the configu-
ration of the receiver, the low pass filter / and the UIO in (6.18) play the main roles.
Due to the augmentation of filter F in (6.5) with the chaotic transmitter shown in
figure (6.3), the cascaded chaos-LPF system is seen as an unknown input system for
UIO in (6.18). Notice that the signal s(¢) is the unknown. Then, the reduced order
UIO estimates z, and using demodulation method given in (6.27), the message s(t)

is recovered.

Remarks: Recently in [10], a UIO filter was designed for a chaotic masking mod-
ulation scheme. In the sense that, in [10] there is no requirement to inject the mes-
sage signal into the chaos, it is similar to our approach. However, in that method,

the message signal either have to be differentiable (which is very restrictive) or if it
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Figure 6.5: Schematics of Chua’s circuit

is non-differentiable, the estimation of a signal and its derivative both are needed to
recover the original message. Interestingly, the approach presented here works for
non-differentiable message signals and there is no need to use any derivative. This
important feature is due to the novel structure of the reduced-order UIO in the new

coordinate.

6.6 Design Example

In this section, the numerical example is based on Chua’s circuit, which exhibits
a family of chaotic attractors and can be easily implemented in hardware [12]. As
shown in Fig 6.5, Chua’s circuit consists of a linear inductor L, a linear resistor
R, two linear capacitors C; and (5 and a nonlinear resistor (the Chua’s diode) Ng.

The state equations for Chua’s circuit are given by [12]

di 71
a L (%)

dvz — C;l(Z - G(Ug - Ul)) (629)

dt

% = Ol_l(G(UQ — Ul) — iNR)

where vq, vy and ¢ are the voltage across (', the voltage across 'y and the current
through L, respectively and G = R~'. The term iy , the piece-wise linear v — i

characteristic of the Chuas diode, is given by
ing = Gy +0.5(Go — Gy)(v1 + E| — [v1 — E]) (6.30)

where 7y g is characterized by a slope equal to (&, in the inner region and G} in the

Outer region and F is the breakpoint voltage of the Chuas diode. For the simulation
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results we have used the following change of variables ([12])

== 2o LG O
1 — E’ 2 — E? 3 — GE’ - 017 - LG2
G, Gy t
‘=G’ 6" Ra
which gives the following model in the form of system (6.1):
—a «o 0 -«
A= 1 =1 1|,Bs=1| 0 ,C:H(l)g}
0 -8 0 0

where we assumed that the voltage across C'; and the voltage across C are mea-

sured and the nonlinear term ®(x) corresponding to the Chua’s diode is given by
®(z) = bz + 0.5(a — b) (|71 + E| — |71 — E).

We choose M = [ (1) } which it can be shown that the triple (4, M, C) satisfies
rank condition (6.4). The filter matrices from (6.5) are chosen as Ay = By = 201,
and the Chua’s parameters are o« = 8.3, 8 = 15.5811,a = —1.9,b = —0.68, K =
1. With regard to Lemma 6.1 and the computation method given in its proof, the

nonsingular change of coordinates 7" and S are

10
=0 Y]

and consequently the augmented system in the new coordinates is described by

_— o O O
O O = O
O = O O
o O O
_ o O O O

(@)
(@)
(@)
(@)

—20 |0 0 20 0
4 1A 0 —1.0000  1.0000 1.0000 0
TAT ! = {Al A2 } =10 —15.5811 0 0 0
3 0 8.3000 0 —8.3000 0
0 20 0 0 —20
0 20
0 0
TBQZ[?I”}: 0 ,TD:[%I]: 0
®2 —8.3 0
0 0

112



SCle{Cl |0 }:{ 10000

0 |G 00001

where ('] and D, are invertible (as proved in Lemma 6.1). Furthermore, from S, we
have S; = [1 0] and we can directly measure z; from y(¢) by z; = C; 'S1y(t) =
[1 0Jy(t). Thus, only xo needs to be estimated. It can be verified that the pair
(A4, Cy) is observable as rank condition (6.4) holds (See Lemma 6.1). Letting
Lo = 0.7, the MATLAB LMI Toolbox solver, after 6 iterations, gives the following
solution for LMI feasibility problem (6.21):

7.1141 -0.7217 —-0.2513 —1.0112 45.7942
P, = —0.7217  2.5053  0.0563 1.6732 K —34.6047
—0.2513  0.0563  0.1814 —0.2547 |’ 3.7808
—1.0112 1.6732 —0.2547  3.2849 —36.8922
Therefore
6.2758
I_ —12.4815
32.8685
—0.3929

The simulation was carried out for 20 second with the channel noise n(t), assumed
to be noise with variance of 0.05, applied to the system from ¢ = 0 and W =
[10.5]7. The information signal is chosen to bes(t) = 5sin(0.5¢). It can be
verified that the eigenvalues of A are {—15.9047, —6.3726 + 8.5297i, —0.2572},
hence it is stable and the observer (6.18) is well-defined. State estimates of the
original system are obtained from Eq. (6.22). Fig. 6.6 shows the chaotic orbits of
Chua’s circuit. Actual states (dash line) and their estimates (solid line) are depicted
in Fig. 6.7. Fig. 6.8 shows the encrypted message signal y,(; passes through
the communication channel. Finally, Fig 6.9. is concerned with the recovery of
information signal s(¢) using (6.26). The simulation validates the effectiveness of

the proposed UIO based chaotic communication scheme.

6.7 H..-UIOs for Sensor Fault Reconstruction

In this section, we discuss the sensor fault estimation, detection and diagnosis prob-
lem by using the same designed UIO in this chapter. Compared to system (6.6), we

replace the message signal s(¢) by sensor fault f,(¢). However, in this case, due to
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Figure 6.6: Chaotic orbits

disturbances £(¢) in the system we integrate static ., filtering into the UIO design.

Consider the plant with the sensor fault and disturbance as follows

T = A% + Byu(t) + Bs®(z,t) + A&(t)
y=C7+ Mf()

where Z € R" represents the system state, v € R™» the system input, § € R?

(6.31)

the measured output. f,(¢) : Rt — R™ denotes the sensor fault. The set of
(A, By, Bs, A, C, M) is known matrices of appropriate dimension. C'is a full row
rank matrix and M € RP x R is a full column rank matrix where ¢ < p. The signal
£(t) : RT — RY € L£5]0,00) models the uncertainties and disturbances where A
is the corresponding distribution matrix. ®(¢) : R™ x R* — R" represents the
system nonlinearities which satisfies a Lipschitz-like condition (2.7) locally and

also the condition (6.4) holds. We again introduce the filter 7 with z; € R” as

F if:—Af$f+Bfo (632)
where Ay € RP*? is a stable filter matrix and By € RP*? invertible. We define
the new augmented state as x := ; } € R"? and let uy = y. Therefore, the

f

augmented system of order n = n + p is described by
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Figure 6.7: Actual state (dash line) and their estimate (solid line)

o= Lo [ e [t s
e 3
4 +Eﬂu(t)+@f(t) (6.33)
y(t)iu[() I,z ®

Thus we can rewrite

&= Ax + Be®(x,t) + Byu(t) + Bfs(t) + A&(t)
y=_Cx

(6.34)

Notice that (6.33)represents a system with an unknown input f,(¢) so a H,-UIO

driven by the signal z; can be designed. Using Lemma 6.1, we obtain the sub-

systems (6.15) and (6.16) we an additional disturbance terms A;£ and A€ in the

state space dynamics. Once again Consider the proposed reduced-order UIO (6.18).
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Figure 6.8: Encryption of information signal s(t)

Similar to the approach described for the recovery of the information signal, we can

directly state the following Theorem.

Theorem 6.2: Given the class of system (6.33) with associated assumptions, the
robust reduced-order robust UIO (6.18) with the prescribed disturbance attenua-
tion level /7y subject to | He.||oo < /7 exists if there is a solution for the following
LMI optimization problem:
min -y
subject to P, > 0, K and
Py Ay + APy — KOy — CTKT + L2114+ HTH PyBgy Py,
Bgo' Py —1I 0 | <0

APy 0 —I
(6.35)

Once the optimization problem is solved the observer gain is L = P, 'K and the
original state and sensor fault estimates are respectively

C;lgly — Cflclg.@g

A o —1 A
) =Ty ByBr 'O Sy + Miy |

M = —ByB'C Cro 41— (6.36)
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Figure 6.9: Actual s(¢) (dash line) and Recovered s(t) (solid line)

fo(t) = MF(5(t) — Ci) (6.37)

where C = [C' 0] and M+ = (MT M) MT.

It should be noted that the extension of using # ., prescribed disturbance attenuation
level for the UIO is similar to the static H, filtering approach employed in Chapter
3. The method to reconstruct the sensor fault fg(t) is also similar to the recovery
of the message signal s(t). Hence, we skip the proof. For the purpose of further
elaboration, Figure 6.10 is included to depict the sensor fault reconstruction scheme

using the proposed H..-UIO.

6.8 Summary

In this chapter, we addressed the problem of chaos secure communication by a new
master-slave scheme which does not require the injection of the message signal
through the observer gain into the chaotic system. A new reduced-order UIO was

proposed in new coordinates and necessary conditions for the exitance of the pro-
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Ag(t)

= Az + Byu(t) + Be®(z,1)
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2 = ty— O YChada 3
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( Dy DTy 4+ Wi f;(t)

Figure 6.10: Sensor fault reconstruction scheme

posed chaos communication scheme was exploited. These necessary conditions are
satisfied by a proper choice of the chaotic masking matrix. The UIO stabilizing
gain was computed using an LMI feasibility problem in the new coordinate. It was
theoretically shown how the augmentation of a filter with the chaos can eliminate
the existing downside of chaotic masking schemes by removing the injection of
K s(t) into the chaos. Hence, one can be sure that the chaos attractor will remain
chaotic regardless of the frequency and amplitude of the message signal and also
the amplification of the observer gain. As it was shown the combination of the LPF
and the new proposed UIO brings this important advantage to our design. A numer-
ical simulation based on Chua’s circuit was carried out to verify the effectiveness of
the proposed method. Using static H, filtering, we extend the use of the proposed

reduced-order UIO for sensor fault estimation.
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Chapter 7

Conclusions

This thesis explored the nonlinear observer-based approach for robust state estima-
tion and also fault estimation and diagnosis problem in a class of nonlinear control
systems, known as Lipschitz systems. The observer-based approach adopted in this
thesis falls in the category of sliding mode controllers. Mathematical modelling,
state estimation, H ., filtering and singular system theory are employed for devel-
opment of new Robust Fault Reconstruction (RFR) schemes. The major advantages
of this approach is that it can be implemented online in software on any process

control only using the available information.

7.1 Summary of Contributions

The major contributions of this thesis are as follows:

1. A new robust SMO with H, performance methodology for uncertain Lipschitz
nonlinear systems with unknown inputs was introduced. Our work generalized the
known results of linear systems to Lipschitz nonlinear systems by using Lyapunov
stability theory and LMIs. We studied the necessary conditions to achieve insen-
sitivity of the proposed sliding mode observer to the unknown input (fault). The
objective was to derive a sufficient condition using LMI optimization for minimiz-
ing the H., gain between the estimation error and disturbances, whilst at the same
time the design method fulfilled that the solution satisfies the so-called structural

matching condition. The sliding motion affected only a part of the system through
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a novel reduced-order switching gain. A numerical example of MCK chaos demon-

strated the high performance of the results compared to a pure SMO.

2. An adaptive sliding mode observer based approach for nonlinear fault recon-
struction using LMIs was introduced. Importantly, the approach did not require
any change of coordinates and was quite straightforward due to introducing a new
parametrization of the Lyapunov matrix. The advantage of this parametrization
compared to a previously published result was also discussed. The upper bound
of the fault signal was allowed to be unknown since the variable structure gain
adaptively adjusts itself to maintain the ideal sliding motion on the defined sliding
surface. Hence, the adaptiveness of the proposed filtered enhanced the robustness of
the fault reconstruction scheme. The reconstruction signal approximated the fault
to some degree of accuracy depending on the size of the disturbances. Finally, a

simulation study showed the effectiveness of this approach.

3. It is often the case that both actuator fault and sensor fault may happen during the
course of the system’s operation. Hence, an estimator to estimate both of the faults
simultaneously wold be of great interest in many control applications. A new com-
bined sliding mode and descriptor filter for state and fault estimation in a class of
nonlinear systems was presented. The proposed observer performance for simulta-
neous estimation of sensor and actuator faults was studied. The approach utilizes a
sliding mode observer in a new generalized state space form. The conditions for the
stability of convergence are derived. Interestingly, distinguishable from its sliding
mode observer predecessors, it was studied that the proposed GSMO can estimate
a class of disturbances which are not matched. The technique is successfully im-
plemented on a faulty single link flexible joint robot system subject to simultaneous

actuator and sensor faults.

4. A new reduced order unknown input observer (UIO) was introduced. Applica-
tions of the UIO for a new chaotic communication and a novel sensor fault recon-

struction were discussed. First, we addressed the problem of chaos secure commu-
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nication by a new master-slave scheme which does not require the injection of the
message signal through the observer gain into the chaotic system. The UIO stabi-
lizing gain was computed using an LMI feasibility problem in the new coordinate.
It was theoretically shown how the augmentation of a filter with the chaos can elim-
inate the existing downside of chaotic masking schemes by removing the injection
of K's(t) into the chaos. Hence, one can be sure that the chaos attractor will remain
chaotic regardless of the frequency and amplitude of the message signal and also
the amplification of the observer gain. Next, Using static H . filtering, we extended
the use of the proposed reduced-order UIO for sensor fault estimation of Lipschitz

systems.

7.2 Future Work

The following are suggested areas that could be pursued in future research.

o H..-SMO design for networked control systems with channel time delay

and quantization error:

Networked systems have many advantageous over traditional systems, such
as efficiency in maintenance, practicality , energy consumption, installation,
cost and etc. From the estimation standpoint, since the channels between the
output of the system and the input of the filters (estimators) are not perfect,
the network system physically imposes some limitations such as channel time
delay and quantization error. The development of H.,-SMO for network
control systems with limited communication capacity is of great interest when
the networked system is prone to faults. The H.,-SMO brings insensitivity to
faults of the network and also robustness against disturbances. The network
faults can be reconstructed despite of the channel time delay and quantization
errors. However, little attention has been paid to the estimation problem of
faulty networked control systems and we believe the estimators designed in

the thesis have the potential to be extended for networked systems in future.

e SMOs for fault-tolerant output tracking controllers:
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Fault-Tolerant Control (FTC) is designed to preserve the control and stability
of a system in the event of a set of possible faults. Clearly, Fault Reconstruc-
tion and Estimation (FRE) scheme proposed in this thesis are very useful to
deal with faulty systems. The corrupted measured signals and actuator sig-
nals can be corrected by FRE before being used by the controller. Hence,
there is no need of control reconfiguration and a relatively simple and effec-
tive control method would still work by retaining its structure. Therefore, a
potential future work would be FRE based FTC systems. The proposed H .-
SMO in Chapter 3 provides an excellent filter to be used in FTC schemes due
to its robustness to disturbances and insensitivity to faults. Furthermore, the
adaptive scheme studied in Chapter 4 is useful to handle FTC systems when
the fault is bounded with an unknown upper bound. The generalized SMO
proposed in Chapter 5 can deal with FTC systems where both actuators and
sensors are faulty and control reconfiguration is required for both of these

components.

Sliding mode observer design for descriptor systems with application to

fault estimation and diagnosis:

Singular systems are very important since many real systems can be mathe-
matically modeled in singular state space form. It is not possible to model
some systems as a normal system. Therefore, estimation for singular systems
has long been an interesting problem. Consider a system which suffers from

faults and is singular as the following:

y(t) = Calt) 7.1)

where © € R" represents the system state, u € R™ the control input, y €

{ Ei(t) = Ax(t) + B(u(t) + f(t)) + A&(t)

R? the measured system output and ¢t € R*. (A, B,C, E,A) is the set of
real constant known matrices of appropriate dimensions. Function f(t) :
Rt — R denotes the fault (unknown input) that is bounded in the Euclidean
norm and £ is singular

rank(E) =s<n
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If we employ sliding mode control to design an observer for this singular sys-

tem we face the following constraint Generalized Lyapunov Equation (GLE):
(A-LO)Y'P+ P(A-LC)=-Q
ETP=PTE >0
BTP=FC

where Q = Q7,Q > 0. The matrix L is the static observer gain. The sec-
ond matrix equation appears due to using the generalized Lyapunov stability

theory with the following Lyapunov function
V =e"PTEe

where e is the estimation error. The third matrix equation is the matching
condition for SMO design. An interesting and challenging future research

topic could be solving this problem using LMIs.
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