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ABSTRACT

This research presents the results of two interrelated sets of experiments ex-

amining the dynamics of plumes and fountains in two-layer and continuously

stratified environments.

The first study examines the evolution of an axisymmetric turbulent foun-

tain in a two-layer stratified environment. Interacting with the interface, the

fountain is observed to exhibit three regimes of flow. It may penetrate the

interface but nonetheless return to the source where it spreads as a radially

propagating gravity current; the return flow may be trapped at the interface

where it spreads as a radially propagating intrusion or it may do both. These

regimes have been classified using empirically determined regime parameters

which govern the relative initial momentum of the fountain and the relative

density difference of the fountain and the ambient fluid. The maximum verti-

cal distance travelled by the fountain in a two-layer fluid has been theoretically

determined by extending the theory developed for fountains in a homogeneous

environment. The theory compares favourably with experimental measure-

ments. We have also developed a theory to analyse the initial speeds of the

resulting radial currents. We found that the currents exhibited two different

regimes of flow.

The second study presents experimental results of the generation of internal

gravity waves by a turbulent buoyant plume impinging upon the interface be-

tween a uniform density layer of fluid and a linearly stratified layer. The wave

field is observed and its properties measured non-intrusively using axisym-

metric Schlieren. In particular, we determine the fraction of the energy flux



associated with the plume at the neutral buoyancy level that is extracted by

the waves. On average, this was found to be approximately 4 per cent. Within

the limits of the experimental parameters, the maximum vertical displacement

amplitude of waves were found to depend linearly upon the maximum pen-

etration height of the plume beyond the neutral level. The frequency of the

waves was found to lie in a narrow range relative to the buoyancy frequency.

The results are used to interpret the generation of waves in the atmosphere by

convective storms impinging upon the tropopause via the mechanical oscillator

effect.



If we must be burdened for many more years with obnoxious effluents,

while we fight to rid our civilization of them let us be philosophical. To the

town sparrow Nature consists of houses, trees, houses, trees: let us think of

it as chimneys, streets, chimneys, streets; and from time to time forget the

bronchitis and rotting of curtains by pollution, and think while we can of the

delightful mechanisms of dispersion employed by Nature. In perhaps another

generation plumes will be invisible, but with their radioactivity possibly as

dangerous as our smoke.

R.S. SCORER

If only you had paid attention to my commands, your peace would have been

like a river, your righteousness like the waves of the sea.

Isaiah 48:18
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Chapter 1

Introduction and motivation

Jets and plumes fall under a class of flows termed as free boundary flows

and refer to continuous flows from a localized source which occupy a narrow

region of their environment. They are said to be “free” because the flow is

not confined by surfaces but is free to spread into and also mix with fluid

from the ambient. Such flows are prevalent in life and in nature; examples

include smoke rising from a chimney or a cigarette, plumes from a volcanic

eruption and effluent released into a water body such as a lake or ocean. They

are classified according to their source parameters, the geometry of the source

as well as their environmental condition. They are further classified based

upon the presence or absence of buoyancy at the source, the Reynolds number

of the flow, the strength of the fluxes at the source, the sign of the initial

buoyancy flux and the dynamics of the ambient fluid. Figure 1.1 shows a

simple illustration of some of these classifications with emphasis on the class

of flows related to this study. For instance both laminar and turbulent plumes

could have plane or axisymmetric sources but in figure 1.1 only turbulent

plumes are further classified since we focus on turbulent plumes in this study.

In the following we give a brief description of each class of flow together with

a brief review of the literature associated with that class.
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1.1 Classification of jets and plumes

Jets

Jets are a type of free boundary flows in which the flow is purely driven by

a continuous localized source of momentum from a fluid of one density to

another of the same density. Thus, there is no density difference between the

jet fluid and the environment fluid. An example includes the injection of fresh

water through a pipe into an extensive body of fresh water. Experiments show

that above a Reynolds number of about 2000, jets are turbulent (Fischer et al.

(1979); Lee & Chu (2003)). The Reynolds number is defined by Re = w0D/ν

with w0 and D the source velocity and diameter, respectively, and ν is the

kinematic viscosity of the fluid.

Detailed experiments on turbulent jets were carried out by Albertson et al.

(1950), initial studies on laminar jets was undertaken by Schlichting (1968)

while Mollendorf & Gebhart (1973) considered the effect of adding buoyancy

to axisymmetric laminar jets. One of the detailed theoretical studies of plane

and axisymmetric turbulent jets can be found in Rajaratnam (1976).

Thermals

Thermals are a class of buoyant flows which result when there is an instanta-

neous release of a buoyant element from a localized source. After release the

buoyant element becomes detached from the source and freely moves upward

or downward as a blob of fluid under the action of buoyancy forces. Theoretical

and experimental studies on thermals have been undertaken by Morton et al.

(1956), Scorer (1957, 1959), Caulfield & Woods (1998); Lee & Chu (2003).

Plumes

Plumes arise as a result of the continuous release of buoyancy from a localized

source generating a flow driven by the density differences between the plume

and the ambient fluids. They are further classified as laminar or turbulent. In
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Figure 1.1: Schematic classification of some free boundary flows. The dashed
arrow is used to show that jets and pure plumes are special cases of forced
plumes. The parameter determining the class of flow is described on the right.
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a laminar plume (occurring at low Reynolds numbers), rising heated air from

a concentrated source of energy imparts heat to the surrounding fluid through

diffusion thereby causing the ambient fluid to rise (Gebhart (1961); Linden

(2000)). In a turbulent plume, the fluid in the environment mixes with the

plume fluid through the process of entrainment. In either case, some of the

ambient fluid becomes part of the plume fluid resulting in an increase in the

volume of the plume fluid as it rises. For a plume coming from a point source,

the continuous increase in the volume of fluid causes the plume to assume a

conical shape.

Laminar plumes have been studied by several investigators. At some dis-

tance from a point or line source, all laminar plumes become unstable and

subsequently become turbulent. Some of the most comprehensive theoretical

and experimental studies on laminar plumes are by Gebhart et al. (1970) and

Mollendorf & Gebhart (1973). They first simplify the conservation equations of

mass, momentum and energy using the boundary layer and Boussinesq approx-

imations. The governing partial differential equations are further transformed

into ordinary differential equations using appropriately defined similarity vari-

ables and stream functions. They then obtain boundary conditions for the

system of equations based on physical considerations and solve the problem

numerically as a boundary value problem for different values of the Prantdl

number which appears as an unknown parameter in the equations. Gebhart &

Pera (1971) have extended this approach to cover the case of laminar plumes

arising from the effects of both thermal and mass diffusion. Detailed analyses

may be found in Gebhart (1961).

The transition from laminar to turbulent flow has been discussed by Jaluria

(1980) (Chapter 8). Most practical flows are turbulent in nature and so have

received greater attention in the literature. A review of some of the literature

on turbulent plumes is given in Section 1.2.

Plumes can further be categorized based upon the configuration of the

source. The source could be a line in which case the plume is referred to as a

plane or a line plume or it could be round and the plume is said to be an ax-
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isymmetric or a round plume. An example of a plane plume is air rising from a

heated long horizontal wire while a classic example of an axisymmetric plume

is smoke rising from a cigarette. Far away from the source line plumes be-

come round in nature and so axisymmetric plumes have consequently received

greater attention in the literature.

Forced plumes

Plumes coming from a source with an excess of momentum flux are referred to

as forced plumes (Morton (1959a); Hunt & Kaye (2001, 2005)) or buoyant jets

(Rodi (1982)). Plumes with non-zero values of the source volume flux (Q0),

momentum flux (M0) and buoyancy flux (F0) can be classified based upon the

source parameter (Morton (1959a); Hunt & Kaye (2001, 2005))

Γ0 =
5Q2

0F0

4απ1/2M
5/2
0

,

where α is the entrainment coefficient (also see equation 2.84). Plumes are

called pure plumes when the momentum and volume fluxes are in balance such

that Γ0 = 1. Lazy plumes arise from a source with a deficit of momentum flux

compared to a pure plume with the same source buoyancy and volume fluxes

such that Γ0 > 1. The plume is forced if Γ0 < 1. In the case where the ini-

tial momentum and buoyancy fluxes are in the same direction (with buoyancy

aiding the flow), the plume is referred to as a positively buoyant plume. The

plume in this case is initially dominated by the source momentum while buoy-

ancy forces dominate at a distance far from the source. An example includes

the continuous jet of smoke rising from a chimney. If the initial momentum

and buoyancy fluxes are in opposite direction (with buoyancy opposing the

flow), the plume is called a negatively buoyant plume or a fountain. Water

fountains are typical examples of this category.

In all cases discussed above, the fluid in the environment could be still

or moving at some horizontal speed. The ambient fluid could also have a

uniform density or it could be stably stratified. If the fluid in the environment
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is moving at a uniform horizontal speed, the plume in such an environment

will be curved toward the direction as the mean flow. These are referred to as

bent-over plumes (Turner (1973)) or plumes in a co-flow (Lee & Chu (2003)).

1.2 Turbulent plumes: Literature review

Studies on turbulent buoyant plumes in a uniform environment were first car-

ried out by Zeldovich (1937) and Schmidt (1941) (see Morton et al. (1956)).

Rouse et al. (1952) did an analytical and experimental study of both plane

and axisymmetric turbulent plumes and obtained explicit expressions for the

change in the vertical velocity and density with height. The experiments were

conducted using heat sources consisting of gas burners and measurements were

taken of the radial spread in vertical velocity and density at each height. Their

results indicated a Gaussian distribution of these flow quantities and consti-

tute one of the benchmark results for comparison with other theoretical and

experimental studies of turbulent plumes (Turner (1973)). They observed that

even though the plumes were produced with a heat source, essentially the same

flow pattern can be produced in liquid instead of a gas since it is the grav-

itational rather than the thermal aspects of the flow which are fundamental

to the phenomenon. Their theoretical analysis employed the idea of turbulent

diffusion instead of turbulent entrainment.

Priestley & Ball (1955) presented a theoretical model of round turbulent

plumes in both uniform and linearly stratified environments. Their model was

based on the integrated forms of the conservation equations of kinetic energy,

vertical momentum and heat. They employed a closure assumption in which

the covariance of the velocity fluctuations depended on the square of the mean

velocity.

Morton et al. (1956) conducted theoretical and experimental studies of

turbulent plane and axisymmetric pure plumes as well as thermals in uniform

and stably stratified environments. Their model was based on the integrated

forms of the conservation equations of mass, vertical momentum and heat.
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They introduced the assumption of turbulent entrainment of the ambient fluid

into the plume in order to close the system of equations. This assumption is

referred to as the entrainment hypothesis and will be discussed in Chapter 2.

In their laboratory experiments the plumes were generated using liquid instead

of gas. Salt solution was injected into an ambient of fresh water to study the

evolution of the plumes in uniform environments.

A detailed theoretical analyses of the similarities and differences between

the models of Priestley & Ball (1955) and Morton et al. (1956) have been

presented in Morton (1971). This showed that the use of the flux equations

for kinetic energy and vertical momentum is not equivalent to the use of flux

equations for vertical momentum and mass and that the latter is preferable.

Following the study by Morton et al. (1956) on pure plumes, Morton

(1959b) presented an elegant theoretical study of forced plumes in uniform and

stably stratified environments in which pure plumes and jets were obtained as

special cases (also see Morton (1959a); Morton & Middleton (1973)). Morton

(1959b) showed that this general case of a turbulent plume from a source of

finite size with both momentum and buoyancy can be related to the flow from

a virtual point source of buoyancy and momentum only. The entrainment

hypothesis was employed to solve different cases of positively buoyant plumes

and fountains.

An alternative approach for solving the problem of turbulent forced plumes

was presented by Abraham (1963). He employed the spreading assumption in

which the plume is assumed to widen at a prescribed rate. The use of a

constant entrainment coefficient by Morton (1959b) to model the whole region

of the upward flow of a fountain was criticized by Abraham (1963) since this

resulted in an infinite width of the fountain at the maximum height. The

comparison of the theory of Abraham (1963) to those of previous models is

discussed in Section 2.4.

All previous theoretical developments of turbulent plumes mentioned above

considered the case of Boussinesq plumes in which the density difference be-

tween the plume fluid and the ambient was considered small. Crapper &
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Baines (1977, 1978) and Rooney & Linden (1996) have examined the case of

non-Boussinesq forced plumes. In particular, Crapper & Baines (1977) sug-

gested that |∆ρ|/ρa ≈ 0.05 should be the upper bound of applicability of

the Boussinesq approximation, where ∆ρ is the density difference between the

plume and the ambient and ρa is the ambient density. Rooney & Linden (1996)

found that for a non-Boussinesq plume it is the flux of weight deficiency that is

conserved with height in an unstratified fluid and not the buoyancy flux (also

see Linden (2000), page 309).

Previous treatments have also examined only cases in which the source

fluxes were steady and the ambient density stratification was linear. Recent

developments have examined the case of turbulent plumes in non-uniformly

stratified ambients (Caulfield & Woods (1998)) and plumes and jets in which

the fluxes at the source are time-dependent (Scase et al. (2006a,b)). A good

review of recent theoretical and experimental work on turbulent plumes can

be found in Kaye (2008).

1.3 Motivation

Turbulent buoyant plumes in both homogeneous and stably stratified ambient

fluids have received considerable attention, in part owing to their environmen-

tal impact in such areas as the disposal of sewage in the ocean and in lakes,

volcanic eruptions into the atmosphere and emissions from chimneys and flares.

The dynamics of plumes and fountains in enclosed spaces have been studied

in order to improve the efficiency through which rooms are heated and cooled

(Lin & Linden (2005)).

Despite the fact that turbulent buoyant plumes have been studied over the

past fifty years, certain aspects of their dynamics are not well understood and

form part of the motivation for this study. For example the behaviour of a

fountain in a two-layer environment have never been examined. The dynamics

of fountains in such an ambient fluid can be used to get a better understanding

of the behaviour of pollutants released into the atmosphere in the presence of
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atmospheric inversions. Secondly, the internal gravity waves that are generated

as a result of the evolution of turbulent plumes in a continuously stratified

environment have never been studied. They may be used to study stratospheric

waves generated as a result of the vertical development of thunderstorms close

to the tropopause. This research examines these aspects of turbulent plumes

in stratified environments.

1.3.1 Dispersion of pollutants in the atmosphere

Positive and negatively buoyant plumes have been examined theoretically and

experimentally as they evolve in homogeneous and in linearly stratified envi-

ronments (Priestley & Ball (1955); Morton (1959b); Turner (1966); Abraham

(1963); Fischer et al. (1979); List (1982); Rodi (1982); Bloomfield & Kerr (1998,

2000)). Most of this effort was directed at quantifying the width of the foun-

tain, the initial and final heights (or penetration depths) and the entrainment

into the fountain.

Fountains in a two-layer stably stratified environment have received rel-

atively little attention despite their fundamental nature and their potential

practical significance. A ventilated room can naturally form a two layer-

stratification and it is of interest to know how cold air injected from below

mixes in this environment. Jets and fountains in two-layer ambient have also

been reported in the situation of refueling compensated fuel tanks on naval

vessels (Friedman & Katz (2000)). The thermocline in lakes and oceans and

atmospheric inversions can be modelled approximately as the interface of a

two-layer fluid (Mellor (1996)), and plumes and fountains can result from the

release of effluent into these environments (Rawn et al. (1960), Noutsopoulos

& Nanou (1986)).

In particular, this research is motivated in part as the first stage of a pro-

gram to understand the evolution of pollutants from flares that disperse in the

presence of an atmospheric inversion. Atmospheric inversions, known for their

strong vertical stability, can trap air pollutants below or within them near
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ground level and so have adverse effects on human health. Hazardous indus-

trial materials that are released into the atmosphere usually form clouds that

are heavier than the atmosphere (Britter (1989)). Both Morton (1959a) and

Scorer (1959) have applied available mathematical concepts of plume theory

to study the dispersion of pollutants in the atmosphere but ignored the effects

of an inversion.

1.3.2 Generation of internal gravity waves in the at-

mosphere

Internal gravity waves have been studied over the years in part because of their

effect upon the circulation patterns in the ocean and atmosphere. For example,

the momentum transported by convectively generated gravity waves in the

tropics have been suggested to drive the quasi-biennial oscillation (Dunkerton

(1997)). The waves are also known to affect the global momentum budget in

the middle and upper atmosphere as well as in the troposphere through wave

drag. Their inclusion in General Circulation Models (GCMs) is necessary

for a greater understanding of circulations in the atmosphere and for that

matter accurate predictions of global weather patterns (McLandress (1998)).

By necessity, GCMs use coarse grids with long time periods and so to include

the effects of relatively small and fast internal gravity waves in their models,

researchers attempt to parameterize their effects.

Various sources of gravity wave generation have long been identified. These

include flow over topography, geostrophic adjustment and deep convection

(Fovell et al. (1992)). It is now appreciated that the last of these is also

significant, particularly in the tropics, but the detailed mechanism for wave

generation by convection is not well understood.

Three main ways of generating internal gravity waves by deep convection

have been identified in the literature. They include the mechanical oscillator

effect (Pierce & Coroniti (1966), Clark et al. (1986), Fovell et al. (1992)), the

obstacle effect (Clark et al. (1986)) and the deep heating effect (Alexander &
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Barnet (2007); Pandya & Alexander (1999)). In the mechanical oscillator ef-

fect, the vertical oscillations of updrafts and downdrafts are believed to excite

internal gravity waves in the stable layer above the troposphere similar to the

way in which the waves may be generated by an oscillating rigid body (see

figure 1.2). In the obstacle effect, updrafts act as an obstacle to a mean hori-

zontal flow at the cloud tops and this excites gravity waves in the stable layer

above. To avoid any confusion with internal gravity wave generation by flow

over topography, this mechanism has also been called “quasi-stationary forc-

ing” (Fovell et al. (1992)). In the deep heating effect, thermal forcing by latent

heat release within a convective system acts as gravity wave source (Alexander

& Barnet (2007); Pandya & Alexander (1999)). The initial studies of Clark

et al. (1986) concluded that the obstacle effect was the most important wave

generation mechanism. However, the studies by Fovell et al. (1992) and later

Kumar (2007) show that parcel oscillations within convective updrafts and

downdrafts are also responsible for generating the gravity waves. An exten-

sive review by Fritts & Alexander (2003) concluded that all three mechanisms

may be important with one mechanism or another serving to explain a set of

observations depending upon the environmental conditions.

In a recent study by Kumar (2007), it was pointed out that among con-

vective generation processes, the least understood is the mechanical oscillator

effect. Using VHS radar measurements and wavelet analyses, Kumar (2007)

carried out a study that showed the observational evidence of the role of the

mechanical oscillator effect. The study also mentioned the lack of adequate

information to parameterize the full spectrum of convective gravity waves from

the various numerical modeling and observational studies and suggested a col-

laboration among theories, models and observations.

In this study, we report upon laboratory experiments designed to isolate the

dynamics of the mechanical oscillator effect acting within a convective storm.

Specifically we examine properties of axisymmetric waves emanating from a

plume impinging upon a stratified fluid. The waves are visualized and their

characteristics and amplitudes are measured using an axisymmetric Synthetic
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Schlieren method that measures the amplitudes of axisymmetric disturbances

(Onu et al. (2003)).

In the numerical simulations of stratospheric gravity waves using a mechan-

ical oscillator cloud model, Fovell et al. (1992) observed a fan-like distribution

of gravity waves in the stable layer. These investigators pointed out that this

aspect of the cloud models is what the single-frequency mechanical oscillator

models are not able to mimic.

The study by Pfister et al. (1993a) traced a transient mesoscale stratospheric

gravity wave to a tropical cyclone. The wave generated was studied by using

aircraft overflight measurements and satellite imagery, as well as supplemen-

tary data of a pilots commentary for the visual description of the overshooting

convective turrets. A mechanistic modelling of the gravity wave using a large

scale mechanical oscillator model succeeded, to a large degree, in reproducing

the observed wave. They stated that the mechanical oscillator model in their

case is the growth and decay of an ensemble of updrafts over a few hours

that raises and lowers isentropic surfaces on about a 100 km horizontal scale.

An alternative approach using the obstacle effect overpredicted the vertical

wavelength of the gravity waves.

Other studies investigating gravity wave generation by deep convection

via the mechanical oscillator effect include Lane et al. (2001) and Song et al.

(2003). They have employed both two and three-dimensional numerical sim-

ulations to study waves generated via deep convection and their propagation

into the stratosphere. Unlike previous numerical studies which involved two-

dimensional steady sources, Lane et al. (2001) have considered the case of

three-dimensional transient sources in their simulations.

1.3.3 Generation of internal gravity waves in the ocean

Although the experiments presented in this study are performed with applica-

tion to the atmosphere as the focus, the results may also be applied to oceanic

deep convection. A combination of thermodynamic effects such as rapid cool-
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ing, evaporation and freezing may cause surface waters to become denser than

deep waters thereby causing parcels of water to sink with entrainment of ambi-

ent fluid. These convective plumes have been observed to mix vigorously with

their surroundings as they sink with velocities of 2 − 10 cm/s, with vertical

scales of 1 − 2 km, and with horizontal scales of the order of 1 km and occur

on time-scales of several hours to days (Paluszkiewcz & Garwood (1994)). A

study in the Mediterranean region shows that convection seems to occur in the

same place roughly the same time every year (Send & Marshall (1995)). In

addition, most of the observations of these convective plumes appear to occur

in the Greenland Sea and the Mediterranean region (MEDOC Group (1970);

Schott et al. (1993)). Upon impacting the stable layer below the mixed layer,

deep convective plumes could cause the generation of internal gravity waves

which transport momentum from the mixed layer to the deep ocean thereby

locally affecting mixing in the deep ocean. Due to the infrequent nature of

occurrence of these oceanic plumes, their contribution to the global energy

budget associated with internal gravity waves in the ocean is unlikely to be

important but the phenomenon is nonetheless interesting to examine.

1.4 Thesis overview

Chapter 2 presents a detailed theoretical derivation of the equations governing

the motion of turbulent plumes in uniform and linearly stratified environments.

The Eulerian integral solution approach is presented for turbulent plumes in

general while the Lagrangian approach is provided for the case of fountains in

uniform environments. A method of extending the Lagrangian theory to the

case of fountains in two-layer ambient fluids is also provided. An alternative

method of calculating the maximum penetration height of a fountain in a

two-layer ambient is given in Appendix A.1. The return flow of a fountain

in uniform and two-layer environments often gives rise to a radial flow at the

source or at the density interface. Similar radial flows are observed in the

case of plumes in linearly stratified environments. The theory for predicting
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the initial speeds of such radial flows is presented in Chapter 2. This chapter

also provides an overview of the axisymmetric internal gravity waves which

arise as a result of the evolution of plumes in stratified environments. The

detailed derivation of their governing equations and polarization relations are

presented in Appendix C.

Chapter 3 presents an experimental study of an axisymmetric turbulent

fountain in a two-layer stratified environment. The qualitative observations

and quantitative analyses of the experiment are presented in this chapter.

The material presented in Chapter 3, in part, is a reprint of the material as

it appears in the Journal of Fluid Mechanics, Vol. 595, pp. 115-139 (cover

article).

Chapter 4 presents the experimental results of the generation of internal

gravity waves by a turbulent buoyant plume evolving in a stratified environ-

ment. The qualitative observations and quantitative analyses of the experi-

ment are presented in this chapter. The extension of the results to geophysical

circumstances is also presented. The materials presented in Chapter 4, in part,

have been accepted for publication in the Journal of Fluid Mechanics.

Chapter 5 presents a summary and conclusions of this research. We also

discuss possible future extensions of this research in this chapter.
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Chapter 2

Theory

2.1 Introduction

In this chapter, we derive the governing equations for the flow of a turbulent

plume in both uniform and linearly stratified environments. Detailed analysis

of the plume equations using the Eulerian Integral Method is presented in Sec-

tions 2.2 to 2.5. An alternative approach known as the Lagrangian approach

is given for fountains in a uniform ambient fluid in Section 2.6 together with

an extension of the theory to the case of fountains in two-layer environments.

The theory for predicting the initial speeds of radial currents from fountains

and plumes is presented in Section 2.7. The representation of axisymmetric

internal gravity waves which arise as a result of the evolution of plumes in

stratified environments is presented in Section 2.8. The detailed derivations of

the governing equations of axisymmetric internal gravity waves together with

the relevant polarization relations are given in Appendix C.

2.2 Governing equations

The equations governing the motion of axisymmetric flow of an inviscid in-

compressible fluid with no swirl in cylindrical coordinates (r, θ, z) are given by
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(Loitsyanskii (1966); Schlichting (1968))

ρT

(

∂vT
∂t

+ vT
∂vT
∂r

+ wT
∂vT
∂z

)

= −∂pT
∂r

, (2.1)

ρT

(

∂wT
∂t

+ vT
∂wT
∂r

+ wT
∂wT
∂z

)

= −gρT − ∂pT
∂z

, (2.2)

∂(rvT )

∂r
+
∂(rwT )

∂z
= 0, (2.3)

∂ρT
∂t

+ vT
∂ρT
∂r

+ wT
∂ρT
∂z

= 0, (2.4)

where vT and wT are the components of velocities in the radial, r, and ver-

tical, z, directions respectively, ρT is the density, pT is the pressure, g is the

gravitational acceleration and t is time. Equations (2.1)-(2.4) are respectively

the radial momentum, vertical momentum, continuity and density equations.

The last two equations are obtained from the equation of mass conserva-

tion, DρT/Dt = −ρT∇ · u. For an incompressible fluid, DρT/Dt = 0 and

so ∇ · u = 0; where u = (vT , 0, wT ) is the velocity field.

One of the convenient ways of mathematically treating turbulent flows is to

separate the flow into a mean motion and a fluctuating motion. Each variable,

fT , is then written as the sum of a time-averaged part, f , and a fluctuating

part, f ′:

fT = f + f ′.

Substituting each decomposed variable into (2.1)-(2.4) and taking the mean

of each term results in the Reynolds-averaged equations:

ρ

(

v
∂v

∂r
+ w

∂v

∂z

)

= −∂p
∂r

− ρ

(

∂v′2

∂r
+
∂(v′w′)

∂z
+
v′2

r

)

, (2.5)

ρ

(

v
∂w

∂r
+ w

∂w

∂z

)

= −gρ− ∂p

∂z
− ρ

(

∂(v′w′)

∂r
+
∂w′2

∂z
+
v′w′

r

)

, (2.6)
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∂(rv)

∂r
+
∂(rw)

∂z
= 0, (2.7)

w
∂ρ

∂z
+ v

∂ρ

∂r
= −1

r

∂

∂r
(rρ′v′) − ∂(ρ′w′)

∂z
. (2.8)

The mathematical rules of operating on mean time-averages used to arrive at

equations (2.5)-(2.8) may be found in Schlichting (1968).

If the flow is steady, or statistically steady, equations (2.5)-(2.8) reduce to

ρ

(

v
∂v

∂r
+ w

∂v

∂z

)

= −∂p
∂r
, (2.9)

ρ

(

v
∂w

∂r
+ w

∂w

∂z

)

= −gρ− ∂p

∂z
, (2.10)

∂(rv)

∂r
+
∂(rw)

∂z
= 0, (2.11)

w
∂ρ

∂z
+ v

∂ρ

∂r
= 0. (2.12)

Given that the density difference between the plume and the ambient is ∆ρ =

ρa(z) − ρ(r, z), where ρa(z) is the density in the ambient, then using the con-

tinuity equation (2.7) and letting ρ = ρa −∆ρ, equation (2.8) may be written

as

∂(rw∆ρ)

∂z
+
∂(rv∆ρ)

∂r
= rw

dρa
dz

+
∂

∂r
(rρ′v′) +

∂

∂z
(rρ′w′). (2.13)

Equation (2.13) is more convenient since it explicitly shows the ambient den-

sity profile (the first term on the right hand side of (2.13)). If the buoyancy in

the plume is driven by temperature differences, ∆T = T (r, z) − Ta(z), where

T (r, z) is the temperature in the plume and Ta(z) is the ambient temperature,

then ∆ρ may be replaced by ∆T (this is consistent with using a simplified

equation of state) to get an equation similar to (2.13) (see for example Batch-

elor (1954); Morton (1967, 1971); Shabbir & George (1994)). The buoyancy

in the experiments reported here are caused by density differences so equation

(2.13) will be used in the following derivations.

The governing equations are simplified by using the Boussinesq approxi-
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mation (that is, for small density differences, the density can be replaced by

a constant reference density except where it is multiplied by the acceleration

due to gravity term) and the boundary-layer approximations:

1. the velocities in the axial direction are far greater than those in the radial

direction; v ≪ w.

2. the gradients of velocity in the radial direction are larger than those in

the axial direction; ∂
∂z

≪ ∂
∂r

.

Using the above approximations, equation (2.5) reduces to (also see Tennekes

& Lumley (1972))

0 = −∂p
∂r

− ρ
∂v′2

∂r
. (2.14)

Integrating (2.14) radially from r to infinity (where infinity in this case refers

to the region well outside the plume), we get

∫ ∞

r

∂p

∂r′
dr′ = −

∫ ∞

r

ρ
∂v′2

∂r′
dr′,

=⇒ p∞ − p = ρv′2, (2.15)

where p∞ is the pressure in the environment and we have assumed that v′2

goes to zero as r goes to infinity. Differentiating (2.15) with respect to z and

substituting into (2.6), we get

ρ

(

v
∂w

∂r
+ w

∂w

∂z

)

= −gρ− dp∞
dz

− ρ

(

∂(v′w′)

∂r
+
v′w′

r
− ∂

∂z
[v′2 − w′2]

)

.

(2.16)

The last term is smaller than the rest since v′2 ∼ w′2 (Rajaratnam (1976); Lee

& Chu (2003)) so it can be neglected. Moreover,

∂(v′w′)

∂r
+
v′w′

r
=

1

r

∂

∂r
(rv′w′),
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and so (2.16) becomes

ρ

(

v
∂w

∂r
+ w

∂w

∂z

)

= −gρ− dp∞
dz

− ρ
1

r

∂

∂r
(rv′w′). (2.17)

In the ambient where there is no flow, we have the hydrostatic pressure dis-

tribution:

dp∞
dz

= −ρa(z)g. (2.18)

Employing the Boussinesq approximation, we replace the density by a reference

density, ρ00 = ρa(0), in all terms except gρ. Equation (2.17) becomes

v
∂w

∂r
+ w

∂w

∂z
= g′ − 1

r

∂

∂r
(rv′w′), (2.19)

where g′ = (ρa−ρ)
ρ00

g is the reduced gravity.

The governing equations for the plume flow then become

v
∂w

∂r
+ w

∂w

∂z
= g′ − 1

r

∂

∂r
(rv′w′), (2.20)

∂(rv)

∂r
+
∂(rw)

∂z
= 0, (2.21)

∂(rw∆ρ)

∂z
+
∂(rv∆ρ)

∂r
= rw

dρa
dz

+
∂

∂r
(rρ′v′). (2.22)

In principle, given appropriate boundary conditions, equations (2.20)-(2.22)

can be solved for the parameters v, w and ∆ρ if the covariances v′w′ and ρ′v′

can be written in terms of the mean flow variables.

Boundary conditions can be specified by taking advantage of the symmetry

in the flow. At the axis, r = 0, the covariances as well as the derivatives with

respect to r go to zero. Away from the axis, r → ∞, the covariances and all the

mean flow variables go to zero (this is because a finite disturbance concentrated

around the axis of the plume cannot result in a finite disturbance at an infinite

radial distance (Morton (1971))).
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Writing the covariances in terms of the mean variables (the closure prob-

lem) has not been successful, for the most part, in solving the problem (Mor-

ton (1971)). A complete solution to the problem is difficult since it requires

matching an inner solution inside the plume to an outer solution of the am-

bient. However, the governing equations specified here are valid within the

plume while much is unknown about the flow induced in the environment.

Because of this difficulty, a common approach is to solve for only the inner

solution and make an assumption regarding the inflow of the ambient fluid

into the plume. A recent theoretical development has presented solutions for

a two-fluid model (see Scase et al. (2007)).

One method often used to solve these system of equations is the Eulerian

integral method (Turner (1973)) which is discussed next. The Lagrangian

method is described in Section 2.6.

2.3 Eulerian integral solution approach

The Eulerian integral solution approach to solving (2.20)-(2.22) involves in-

tegrating the equations across the whole width of the buoyant plume. The

integration procedure results in the cancelation of the terms with the fluctu-

ating quantities and this greatly reduces the difficulty in solving the system of

plume equations. Once profile shapes are specified for the velocity and density,

the integration can readily be carried out to convert the system of partial dif-

ferential equations to a system of ordinary differential equations (ODEs). An

assumption regarding the entrainment of ambient fluid into the plume results

in a closure of the system of ODEs. The plume equations often cited in the

literature are the final ODEs without detailed explanation about their deriva-

tion. In the following, we carry out the above solution procedure to obtain the

final plume equations.
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Integrating the vertical momentum equation (2.20)

Using the continuity equation, we rewrite equation (2.20) as

∂(rvw)

∂r
+
∂(rw2)

∂z
= rg′ − ∂(rv′w′)

∂r
. (2.23)

Multiplying (2.23) by 2π and integrating from r = 0 to infinity, we get

d

dz

∫ ∞

0

2πrw2dr + [rvw]∞0 =

∫ ∞

0

2πrg′dr − [rv′w′]∞0 ,

so that

d

dz

∫ ∞

0

2πrw2dr =

∫ ∞

0

2πrg′dr, (2.24)

since vw and v′w′ → 0 as r → ∞. Equation (2.24) states that, in a linearly

stratified environment, the momentum flux (the integral on the left-hand-side)

increases with height while the buoyancy (the integral on the right-hand-side)

is positive. It then decreases to zero in the region of negative buoyancy (eg

near a plume top). In a fountain, the buoyancy is always negative so the

momentum flux decreases to zero at the fountain top.

Integrating the continuity equation (2.21)

Multiplying equation (2.21) by 2π and integrating from r = 0 to infinity, we

get

∫ ∞

0

2π
∂(rw)

∂z
dr = −

∫ ∞

0

2π
∂(rv)

∂r
dr,

=⇒ d

dz

∫ ∞

0

2πrwdr = −2π [rv]∞0 . (2.25)

Now as r goes to infinity, v goes to zero, but the product rv remains finite

(Morton (1971); Lee & Chu (2003)). The product is a measure of the entrain-

ment of ambient fluid into the plume (see figure 2.1). We define the flow rate

of entrainment by QE = 2πbve where b is the characteristic radius of the plume
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Figure 2.1: Schematic of plume flow

and ve is the entrainment velocity. Morton et al. (1956) defined the radius of

the plume to be the actual radius from the centerline to the plume edge for

top-hat profiles while the radius is defined, at each height, as the distance from

the plume centerline to a point at which the velocity and buoyancy amplitudes

are e−1 of those on the axis. The implications of these definitions have recently

been addressed in Scase et al. (2007). So equation (2.25) may be written as

d

dz

∫ ∞

0

2πrwdr = QE . (2.26)

Equation (2.26) states that the volume flux in the plume (the integral on the

left-hand-side) increases with height due to the entrainment of ambient fluid.

Integrating the density equation (2.22)

Integrating equation (2.22) from r = 0 to infinity, we have

d

dz

∫ ∞

0

rw∆ρdr + [rv∆ρ]∞0 =
dρa
dz

∫ ∞

0

rwdr +
[

rρ′v′
]∞
0
. (2.27)
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Now as r goes to infinity rv is bounded but ∆ρ goes to zero while ρ′v′ also

goes to zero at infinity. So equation (2.27) reduces to

d

dz

∫ ∞

0

2πrwg′dr = 2π
g

ρ00

dρa
dz

∫ ∞

0

rwdr. (2.28)

This equation is obtained by multiplying through by the constant ratio 2πg/ρ00.

Equation (2.28) states that in a stably stratified environment the buoyancy flux

decreases with height due to the entrainment of ambient fluid into the plume

and the rate of decrease is proportional to the ambient density gradient.

Thus the integrated equations governing the plume flow are respectively

given by (2.26), (2.24) and (2.28):

d

dz

∫ ∞

0

2πrwdr = 2πbve, (2.29)

d

dz

∫ ∞

0

2πrw2dr =

∫ ∞

0

2πrg′dr, (2.30)

d

dz

∫ ∞

0

2πrwg′dr = 2π
g

ρ00

dρa
dz

∫ ∞

0

rwdr. (2.31)

Performing the integrations above require specifying shape functions for the

velocity and reduced gravity. The two approximations often used to represent

these profiles are the Gaussian and Top-hat profiles.

2.3.1 Gaussian profile

Here, the profiles of velocity and density across any horizontal section of the

developed plume is assumed to be Gaussian in shape such that

w(z, r) = wm(z)e−( r
b )

2

, (2.32)

g′(z, r) = g′m(z)e−( r
λb)

2

, (2.33)

where b characterizes the radius scale in the velocity profile while λb charac-

terizes the radius scale in the density profile. The use of the different length

scales has been justified in the literature based upon the experimental results
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of Rouse et al. (1952). Substituting (2.32) and (2.33) into (2.29)-(2.31), we

get

d

dz

(

πb2wm
)

= 2πbve, (2.34)

d

dz

(

1

2
πb2w2

m

)

= πg′mλ
2b2, (2.35)

d

dz

(

πb2wmg
′
m

λ2

1 + λ2

)

= πb2wm
g

ρ00

dρa
dz

. (2.36)

The final information required to close the above system of equations is an

assumption about the velocity of entrainment of ambient fluid, ve, into the

plume. This is referred to as the entrainment hypothesis which is discussed

below.

2.3.2 Entrainment hypothesis

The entrainment hypothesis stipulates that the velocity of entrainment of am-

bient fluid into the plume is proportional to the axial velocity of the plume so

that

ve = αw(z), (2.37)

where α is called the entrainment coefficient. This hypothesis is attributed to

Morton et al. (1956) and has been used successfully to model plumes with dif-

ferent steady source conditions. The hypothesis has previously been employed

by Batchelor (1954) to study turbulent plumes in uniform and stratified envi-

ronments. Batchelor (1954) stated that the idea behind this hypothesis is that

the turbulent velocity fluctuations within the plume will be proportional to

the mean vertical velocity, and the inflow velocity will in turn be proportional

to the turbulent velocity.

The entrainment coefficient was initially thought to be a universal con-

stant for plume flows but subsequent theoretical and experimental studies

have shown that this is not the case. Its value depends on the choice of the
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velocity profile. Reviews of the literature show that α = 0.076 (for a jet),

α = 0.12 (for a Top-hat plume) and α = 0.085 (for a fountain) (Fischer et al.

(1979); List (1982); Bloomfield & Kerr (2000)).

Substituting (2.37) into (2.34), the continuity equation governing a Gaussian

plume is

d

dz

(

πb2wm
)

= 2πbαw. (2.38)

If λ = 1 in (2.35) and (2.36) (assuming equal spread in the profiles of velocity

and density) and after dividing through by the π’s in the above equations, the

results of Morton et al. (1956) (their equation 7) is obtained.

2.3.3 Top-hat profile

Here, the profiles of velocity and density are assumed to take one value within

the plume and zero outside:

w(r, z) =

{

w(z), r < b

0, r > b
, g′(r, z) =

{

g′(z), r < b

0, r > b
,

where we have assumed equal spread for velocity and density (λ ≈ 1) for

top-hat profiles (Morton (1959b)). An equivalent integral definition of the

top-hat profile is given in Turner (1973). Substituting these profiles into (2.29)-

(2.31) and using the entrainment hypothesis results in the following governing

equations for the top-hat plume

d

dz

(

πb2w
)

= 2πbαw, (2.39)

d

dz

(

πb2w2
)

= πb2g′(z), (2.40)

d

dz

(

πb2wg′
)

= πb2w
g

ρ00

dρa
dz

. (2.41)

Dividing through by π, these equations are equivalent to the equations ob-

tained by Morton et al. (1956) (their equation 3). It is convenient to analyze
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these equations by recasting them in terms of the fluxes of momentum M , vol-

ume Q, and buoyancy, F , defined as M = πb2w2, Q = πbw2 and F = πbw2g′

to get

dQ

dz
= 2απ1/2

√
M, (2.42)

dM

dz
= FQ/M, (2.43)

dF

dz
= −QN2, (2.44)

where N is the buoyancy frequency related to the ambient stratification and

defined by

N2 = − g

ρ00

dρa
dz

. (2.45)

2.3.4 Gaussian versus top-hat profiles

The similarity of the profiles of velocity and density away from the source is

one of the main assumptions used in the Eulerian integral approach. This

is a necessary step since the shape of the radial profiles cannot be obtained

from the integrated equations and have to be assumed. The particular choice

of a profile is a matter of convenience and little physical significance is often

attached to this choice (Morton (1971); Turner (1973)). The simple top-hat

profile will be used in this study.

Equivalent relations between these two profiles may be found by using

the conservation of mass and momentum equations. For instance, letting sub-

scripts g and t represent Gaussian and top-hat variables, we get by respectively

equating the left hand sides of (2.34) and (2.35) to those of (2.39) and (2.40)

(also see Henderson-Sellers (1981)):

b2gwg = b2twt,
1

2
b2gw

2
g = b2tw

2
t .
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From the two equations above we get

wt =
wg
2
, bt =

√
2bg. (2.46)

These relations mean that at each height the axial velocity of a top-hat plume

is half that of the Gaussian plume and its width is a factor of
√

2 wider.

Similarly equating the right hand sides of the conservation of mass equations

give

bgαgwg = btαtwt, =⇒ αt =
√

2αg. (2.47)

2.4 Solutions to the governing equations

The governing ODEs derived above can be solved numerically given any steady

source conditions and ambient linear stratification. However, under special cir-

cumstances, exact analytic solutions may be found. Examples include plumes

and jets from point sources in uniform ambient fluids.

2.4.1 Uniform environment

In a uniform ambient fluid (N = 0), the right hand side of equation (2.44)

goes to zero resulting in

F = F0 (constant) (2.48)

where F0 is the buoyancy flux at the source. Thus, the buoyancy flux remains

constant with height in a uniform ambient fluid.
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Pure plume

If the initial momentum flux is zero (with the plume rising from a point source

under the influence of only buoyancy forces), then the ODEs are easily solved

to get, for a top-hat plume (Morton et al. (1956)),

b =

(

6α

5

)

z, (2.49)

w =

(

5

6α

)(

9

10
αF0

)1/3

z−1/3, (2.50)

g′ =

(

5F0

6α

)(

9

10
αF0

)−1/3

z−5/3. (2.51)

Similar similarity solutions had previously been obtained by Zeldovich (1937).

As expected, the solution indicates that the plume spreads linearly with height.

The axial velocity decreases as z−1/3 while the density difference also decreases

as z−5/3. However, under these ideal conditions, the plume will continue to

rise indefinitely. Under real environmental conditions, the presence of winds

and other currents will usually result in the enhanced dispersion of the plume.

Away from the source, the solution from the point source pure plume may be

used to predict, for example, the time-averaged properties of smoke rising from

a cigarette. They cannot predict source conditions because of the singularity

at the source.

Jet

In the absence of a density difference between the source and the ambient

fluids (zero buoyancy flux), the governing equations for a top-hat plume in a

uniform ambient reduce to

dQ

dz
= 2απ1/2

√
M,

dM

dz
= 0, (2.52)
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which can be solved to get

b = 2απ−1z, w =

√
π

2α
M

1/2
0 z−1. (2.53)

Thus, in the case of a jet from a point source, it is the momentum flux that

is conserved with height (see equation 2.52). The solution in this case also

predicts a linear spread of the jet fluid even though the angle of spread in this

case is larger and the axial velocity decreases faster as z−1. The controlling

parameter in this case is the initial momentum flux unlike the pure plume case

where the dynamics are controlled by the initial buoyancy flux.

Forced plumes

In most practical environmental circumstances, plumes are usually issued from

an area source with both momentum and buoyancy. The name “forced plumes”

was introduced by Morton (1959b) to describe these intermediate cases. They

are sometimes referred to as “buoyant jets” because they exhibit both jet

and pure plume dynamics in the flow field. In the following we discuss both

positively buoyant plumes and fountains. Further discussion on fountains is

presented in Section 2.6 under the Lagrangian approach.

Positively buoyant plumes

Positively buoyant jets initially behave like a jet (where the flow is mainly

controlled by the initial momentum flux) and then transition to a pure plume

far from the source (the flow being controlled by the initial buoyancy flux). The

length scale separating jet-like and plume-like behaviour is given by (Morton

(1959b); Fischer et al. (1979))

Lm = M
3/4
0 /F

1/2
0 . (2.54)
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The asymptotic behaviour of the forced plume in this case may be determined

in terms of the variable

ζ =
z

Lm
. (2.55)

(1) ζ → 0 means that z → 0 with Lm fixed or z is fixed and Lm → ∞.

The latter limit occurs as F0 → 0, which is the case for a jet. This means

that close to the source the forced plume acts like a jet and is dominated

by the source momentum flux.

(2) ζ → ∞ means that z → ∞ with Lm fixed or z is fixed with Lm → 0.

The latter limit occurs as M0 → 0, which is the case for a pure plume.

Thus, far away from the source the forced plume acts like a pure plume

and is dominated by the source buoyancy flux.

The experiments of Papanicolaou & List (1988) show that the flow is jet-like

for ζ < 1 and plume-like for ζ > 5.

Fountains

Fountains or negatively buoyant plumes are formed either when dense fluid

is continuously discharged upward into a less dense fluid or when less dense

fluid is injected downward into a more dense environment. In either case,

the buoyancy opposes the momentum of the flow until the fountain reaches

a height where the vertical velocity goes to zero. The fountain then reverses

direction and falls back upon the source.

Theoretical treatment of this flow was first undertaken by Priestley & Ball

(1955); Morton (1959a) and Abraham (1963). Initial experimental studies

were undertaken by Turner (1966) by injecting heavy salt solution upward

into fresh ambient water. On dimensional grounds, Turner (1966) obtained

31



the following expression for the maximum height

zmax = CfM
3/4
0 F

−1/2
0 , (2.56)

where the empirically-determined constant Cf = 2.46.

Priestley & Ball (1955) and Morton (1959b) solved the governing equations

to get relations for the maximum penetration height though they used different

closure assumptions.

Abraham (1963) divided the problem into four zones: a zone of flow estab-

lishment where the fountain initially acts like a jet; a zone of established flow

where the flow is considered to be fully established and permits the assumption

of self-similarity; a zone of positive entrainment where the fountain entrains

fluid from the environment; and a zone of negative entrainment (close to the

maximum height) where the fountain does not entrain fluid from the ambient

but begins to return toward the source. The latter two zones were merged via

the continuity of volume flux, and the spreading hypothesis was used in the

zone of positive entrainment to solve the resulting equations for the maximum

penetration height.

All three theoretical treatments above obtained an expression similar to

(2.56) for the maximum rise height though with different constants, Cf . Abra-

ham (1967) compared the three solutions to the experimental results of Turner

(1966) and found that the solution of Morton (1959b) predicted 84% of the ex-

perimental maximum heights, that of Priestley & Ball (1955) predicted 110%

while his formula predicted 111% (that is, Cf = 2.74). Abraham (1967) ar-

gued that the assumption of Morton (1959b) that the vertical flux of a tracer

carried by the fountain remained constant from the source to the maximum

height was not appropriate because of the detrainment of fountain fluid close

to the maximum height.

To compare to experimental findings of fountains, it is important to use

the appropriate theory especially in the case of fountains in two-layer strat-

ified environments. A theory which underestimates the penetration height
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Figure 2.2: Schematic of plume in a linearly stratified environment

could make it difficult to determine theoretically the behaviour of the fountain

beyond the density interface.

An alternative approach is the Lagrangian method in which a marked ma-

terial volume issuing from a plume source is followed in time. The solutions

are much simpler to obtain and interpret and they give very good agreement

with the Eulerian integral method. This theory will be discussed in Section

2.6.

2.4.2 Plumes in linearly stratified environments

In a linearly stratified ambient, a plume evolves upward with initial density

which is less than the density of the ambient at the source level (figure 2.2).

As the plume evolves, it is constantly entraining relatively dense fluid at low

levels which is then advected upwards. Due to the fact that the density of

the environment is decreasing with height, the plume reaches a level where its

density becomes equal to the density of the environment. The buoyancy flux of

the plume then vanishes at this height. This height is referred to as the neutral

buoyancy level. However, the plume still has some momentum at this level
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and so it overshoots this height to the maximum penetration height, zmax. The

fluid above the neutral buoyancy level is heavier than the surrounding fluid

and so it falls upon itself like a fountain and begins to spread radially as an

intrusive gravity current. As a result of the continuous release of fluid from

the source, the fluid above the neutral level forms a dome-like shape whose

boundary is constantly fluctuating about a quasi-steady-state height.

The governing ODEs (2.42-2.44) may be solved numerically for the mean

properties of the plume at each height. The level of neutral buoyancy is ob-

tained at the height where the buoyancy flux first vanishes and the maximum

penetration height is obtained at the height where the momentum flux goes

to zero. For point source pure plumes and point source forced plumes in

linearly stratified environments, analytic expressions for the maximum pene-

tration height has recently be presented by Scase et al. (2006b).

2.5 Plume energetics

A good prediction of the energy extracted from convective elements at a den-

sity interface require the knowledge of the kinetic energy of the convective

elements when they reach the interface. Turner (1972) discussed this problem

for axisymmetric and plane plumes as well as for buoyant thermals by con-

sidering both top-hat and Gaussian profiles of the flow quantities. For round

plumes in neutral surroundings, it was found that the fraction of the rate of

working by buoyancy forces that is actually realized as the mean flow kinetic

energy flux was 3
8

for top-hat profiles and 1
2

for Gaussian profiles. In the fol-

lowing, we derive the equation governing the energy balance in a plume and

use the approach of Turner (1972) to obtain an expression for calculating the

energy flux of a plume at any height, z, from the virtual origin.

Multiplying equation (2.20) through by rρw, we get

ρw2∂(rw)

∂z
+ ρrvw

∂w

∂r
= ρrg′w − ρw

∂(rw′v′)

∂r
. (2.57)

34



Adding the expression ρw2

2
∂(rw)
∂z

+ ρw2

2
∂(rv)
∂r

(which is zero from the continuity

equation) to the left hand side of (2.57), we get

3ρw2

2

∂(rw)

∂z
+ ρrvw

∂w

∂r
+
ρw2

2

∂(rv)

∂r
= ρrg′w − ρw

∂(rw′v′)

∂r
. (2.58)

This formula is rearranged using the relations

3

2
ρw2∂(rw)

∂z
=

∂

∂z

(

1

2
ρrw3

)

− w3

2

∂(rρ)

∂z
, (2.59)

and

∂

∂r

(

1

2
ρrvw2

)

= ρrvw
∂w

∂r
+
w2

2

∂(ρrv)

∂r
. (2.60)

Also from (2.12) and the continuity equation for incompressible fluid (2.7) we

get

∂(ρrv)

∂r
+
∂(ρrw)

∂z
= 0. (2.61)

Thus, (2.60) becomes

∂

∂r

(

1

2
ρrvw2

)

= ρrvw
∂w

∂r
− w3

2

∂(rρ)

∂z
− ρw2

2

∂(rw)

∂z
,

(2.62)

which, using (2.7), gives

ρrvw
∂w

∂r
=

∂

∂r

(

1

2
ρrvw2

)

+
w3

2

∂(rρ)

∂z
− ρw2

2

∂(rv)

∂r
. (2.63)

From (2.59) and (2.63), the left hand side of (2.58) simplifies to the expression

∂

∂z

(

1

2
ρrw3

)

+
∂

∂r

(

1

2
ρrvw2

)

,
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and so equation (2.58) finally becomes

∂

∂z

(

1

2
ρrw3

)

+
∂

∂r

(

1

2
ρrvw2

)

= ρrg′w − ρw
∂(rw′v′)

∂r
. (2.64)

Multiplying through by 2π and integrating from r = 0 to r → ∞, we get

d

dz

∫ ∞

0

(ρw)
w2

2
(2πr)dr =

∫ ∞

0

ρwg′(2πr)dr −
∫ ∞

0

2πρw
∂(rw′v′)

∂r
dr. (2.65)

The second term on the left-hand-side vanishes because vw → 0 as r → ∞.

Using the boundary condition that w′v′ → 0 as r → ∞, the last term of

equation (2.65) may be integrated to give

d

dz

∫ ∞

0

(ρw)
w2

2
(2πr)dr =

∫ ∞

0

ρg′w(2πr)dr−
∫ ∞

0

τs
∂w

∂r
(2πr)dr, (2.66)

where the quantity τs = −ρw′v′ is the turbulent shear stress or Reynolds

stress. Equation (2.66) states that the rate of change of the kinetic energy

flux in the plume is due to work owing to buoyancy forces and production by

turbulence in shear. In a jet, the first term on the right-hand-side of (2.66)

vanishes and the change of the kinetic energy flux is just equal to the rate of

energy production by turbulence (Rajaratnam (1976)).

2.5.1 Energy ratios

The horizontally-integrated flux of kinetic energy, Fk, across the horizontal

plane of a buoyant plume at height z and the rate of working due to buoyancy

forces, Wp, are given respectively by (Turner (1972))

Fk = πρ00

∫ ∞

0

w3rdr, (2.67)

Wp = 2πρ00

∫ ∞

0

wg′rdr, (2.68)

where ρ00 is a reference density. Note that the equations above are respectively

the left-hand-side and the first term on the right-hand-side of equation (2.66)
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when ρ is replaced by ρ00 (for a Boussinesq plume). Assuming top-hat profiles,

equation (2.67) may be evaluated to get

Fk =
1

2
ρ00πw

3b2, (2.69)

where w is the average vertical velocity at height z and b is the plume radius.

For top-hat profiles, the ratio of the divergence of the kinetic energy flux to

the rate of working owing to buoyancy forces is given by (Turner (1972))

∂Fk/∂z

Wp
=

3

8
. (2.70)

Thus the vertically integrated rate of working of the plume, Fplume, from the

virtual origin to a height z = H is

Fplume =
4

3
ρ00πw

3
i b

2
i , (2.71)

assuming Wp is zero at the virtual origin. Here wi and bi are the average

vertical velocity and radius of the plume at z = H . In the case of a plume

in a linearly stratified environment, equation (2.71) is also used to estimate

the rate of working of the plume at its neutral buoyancy level with wi and bi

replaced by the vertical velocity wn and radius bn of the plume at the level of

neutral buoyancy, zn.

2.6 Lagrangian approach

2.6.1 Introduction

The conventional and most widely used approach to solving problems of tur-

bulent buoyant jets is by using the conservation equations of turbulent flow

of an incompressible fluid and employing the Boussinesq and boundary layer

approximations (see Section 2.2). The resulting equations are typically solved

by using the Eulerian integral method (Turner (1973)). Here a form is first
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assumed for the velocity and concentration profiles of the plume. This could

either be the Gaussian profile or the top-hat profile. The equations are then

integrated over the plume cross-section and the assumed profiles are substi-

tuted. The result is three ordinary differential equations (ODEs) which may

be solved numerically or, in special circumstances, analytically. However, an

assumption has to be made to close the system of ODEs. This could either

be the entrainment assumption introduced by Morton et al. (1956), or the

spreading assumption introduced by Abraham (1963).

In the case of fountains, when the fountain reverses direction from the

maximum height, the rising upward flow then entrains fluid from the downflow

and vice versa and also continues to entrain fluid from the environment until

the fountain collapses at the level of the source. It is difficult to ascertain

the amount of the mixed fluid entrained into the fountain, and the theoretical

approach mentioned above treats the problem as if only the ambient fluid is

entrained.

An alternative approach is the Lagrangian method in which a marked mate-

rial volume issuing from a plume source is followed in time (Middleton (1975);

Baines & Chu (1996); Lee & Chu (2003)). The solutions are much simpler

to obtain and interpret and they give very good agreement with the Eulerian

integral method.

Here, we give a brief review of the Lagrangian method for a fountain from

a point source of flow in a uniform ambient. We will also extend this to

the case of fountains in two-layer stratified environments. Specifically, we

derive an equation for predicting the maximum penetration height of a fountain

from a point source in a two-layer environment. Detailed derivations of the

Lagrangian equations as well as those for a fountain from an area source are

given in Appendix A.1.
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2.6.2 Fountains from a point source

Newton’s law is applied to a material volume such that the rate of change of

the vertical momentum of the plume element is equal to the buoyancy force:

dM

dt
= −F0, (2.72)

where M and F0 > 0 are the momentum and buoyancy fluxes respectively.

Explicitly, assuming a top-hat-shaped plume of radius r and mean vertical

velocity w, M = πr2w2 and F0 = πr2
0w0g

′, in which g′ = (ρ − ρa)g/ρ0 is the

reduced gravity, r0 is the source radius, w0 is the average vertical velocity at

the source, ρa is the ambient density, ρ is the density of the fountain at a given

height and ρ0 is the initial density of the fountain. We apply the spreading

hypothesis which assumes that dr/dz = β, where β ≈ 0.17 is an empirically

determined constant spreading coefficient (Baines & Chu (1996); Lee & Chu

(2003)). The buoyancy flux F0 is constant in a uniform ambient. Thus we get

the following relations for the radius, b, height, z, volume flux, Q = πr2w, and

momentum flux, M , of the fountain as a function of time, t:

b =

(

4β

3
√
π

)1/2
M

3/4
0

F
1/2
0

[

1 −
(

1 − F0t

M0

)3/2
]1/2

, (2.73)

z =

(

4

3β
√
π

)1/2
M

3/4
0

F
1/2
0

[

1 −
(

1 − F0t

M0

)3/2
]1/2

, (2.74)

Q = M
1/2
0

(

4β
√
π

3

)

M
3/4
0

F
1/2
0

(

1 − F0t

M0

)1/2
[

1 −
(

1 − F0t

M0

)3/2
]1/2

,(2.75)

M = M0 − F0t, (2.76)

in which M0 = πr2
0w

2
0 is the momentum flux per unit mass at the source.

Equations (2.73)-(2.76) were derived assuming a point source of flow; never-

theless, they could also be derived for any given source radius as shown in

Appendix A.1. At the maximum height the momentum flux goes to zero, so
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that from (2.76) we get the time taken to reach the maximum height as

tmax =
M0

F0
. (2.77)

Substituting equation (2.77) into (2.74) we get the maximum penetration

height of the fountain:

zmax = Cf
M

3/4
0

F
1/2
0

, (2.78)

where Cf =
(

4
3β

√
π

)1/2

≈ 2.10. The formula (2.78) is the same as (2.56)

obtained by Turner (1966) through dimensional considerations.

Equation (2.78) may be rewritten in terms of the source Froude number,

Fro=w0/
√
g′r0, such that

zmax = Cr0Fro, (2.79)

in which C =
√

8/(3β) ≈ 3.96. As expected, equation (2.75) predicts that the

volume flux decreases toward zero at the maximum height indicating a negative

entrainment at the region where the fountain fluid begins to fall toward the

source. This also means that there is a critical time when the volume flux is

maximum. This critical time, tc, can be explicitly calculated by differentiating

equation (2.75) with respect to t and setting the resulting expression to zero

to get

tc =
M0

F0

[

1 −
(

2

5

)2/3
]

. (2.80)

Substituting tc into (2.75) gives the maximum volume flux:

Qmax = M
1/2
0

√
π

(

4β

3
√
π

)1/2
M

3/4
0

F
1/2
0

(

3

5

)1/2(
2

5

)1/3

. (2.81)
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Before reaching the maximum height, conservation of buoyancy flux implies

that the density of the fountain can be calculated at each height once the

volume flux is known. Q0g
′
0 = Qg′, hence

ρ = ρa −
Q0

Q
(ρa − ρ0). (2.82)

However, since the volume flux reduces to zero at the maximum height, Q

in equation (2.82) must be replaced by Qmax to calculate the density at the

maximum height. This is because the density will remain unchanged from tc

to tmax due to the negative entrainment in this region.

Upon reaching the maximum height, the fountain reverses direction inter-

acting with the incident flow. The interaction between these two opposing

fluids inhibits the rise of the incident flow to the initial height and so it set-

tles at a quasi steady-state height, zss. The theory above can not be used

to predict the final height. However, experimental measurements show that

zss ≈ 0.70zmax (Turner (1966)).

The return flow continues to fall while entraining fluid from the environ-

ment and the upward flow until it reaches the level of the source where it

redirects from a vertical flow to a radial current. Before this work there were

no experimental studies on these radial currents. However, it has been ob-

served that the height of the radial currents is proportional to the maximum

height (Baines et al. (1990)).

2.6.3 Fountains in two-layer fluid

In a two-layer fluid, the reverse flow of a fountain can either return to the

level of the source or it can become trapped at the density interface. In the

following, we discuss a theoretical procedure which may be used to predict the

maximum penetration height of a turbulent fountain in two-layer stratified

ambient.
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Figure 2.3: Schematic of a fountain in a two-layer ambient.

The maximum height in a two-layer ambient: Method 1

To obtain the maximum height in a two-layer ambient, we first calculate the

centerline fluxes of the upward moving fluid at the interface using (2.73)-(2.76)

(see figure 2.3). Then we calculate the buoyancy flux, Fi, of the fountain

above the interface, using the approach of Noutsopoulos & Nanou (1986).

Noutsopoulos & Nanou (1986) obtained the nominal value of the buoyancy

flux above the interface as

Fi =
1

ρ0

∫

A

g(ρ2 − ρ)w dA = g
(ρ1 − ρ0)

ρ0

Q0 − g
(ρ1 − ρ2)

ρ0

Qi.

This can be written as

Fi = F0

[

1 − ε̃
Qi

Q0

]

, (2.83)

where Qi = πb2iwi is the volume flux, bi is the radius and wi is the velocity of

the fountain at the interface, and ε̃ = (ρ1 − ρ2)/(ρ1 − ρ0). Finally, using Fi,
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we calculate the depth of the virtual origin below the interface, zvi, following

the method of Morton (1959b). Morton (1959b) predicted the virtual origin

from the source for a negatively buoyant forced plume to occur at

zv = 101/2γ3/2LMo

∫ 1

1/γ

(1 − τ 5)−1/2τ 3dt, (2.84)

where

LMo =
1

(23/2α1/2π1/4λ)

M
3/4
0

|F0|1/2
, Γ0 =

5λ2

4απ1/2

|F0|Q2
0

M
5/2
0

and γ = (1 − Γ0)
1/5.

The entrainment constant is α = 0.085 for fountains (Bloomfield & Kerr

(2000)) and λ = 1 for top-hat profiles. This approach results in the following

formula for the maximum height

zmax,2 = H + CbiFri − zvi, (2.85)

where Fri = wi/
√

g(ρ2 − ρi)bi/ρ0 is the Froude number at the interface, ρi

is the density of the fountain at the interface, H is the distance of the source

from the interface and C is the same as in (2.79).

The second and third terms in equation (2.85) estimate the maximum

height of the fountain from the interface. If the fountain penetrates little

beyond the interface, the second term may be less than zvi. The best estimate

for the maximum height in such a case should be zmax,2 ≈ H . The buoyancy

flux above the interface may also be obtained as Fi = g(ρ2 − ρi)Qi/ρ0.

The procedure above assumes that the density difference between the layers

is small and considers the fountain from the interface as one moving in a one-

layer environment. The constant spreading assumption may therefore be used

in this instance since the spreading rate of the fountain in the top layer as

depicted in figure 2.3 is exaggerated only to illustrate the theoretical procedure.

Our experiments show that the fountain penetrates the interface without a

noticeable change in structure (see Section 3.2.2). An alternative method
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of calculating zmax,2 without making a virtual origin correction is given in

Appendix A.1.

In Chapter 3, we will also test the theoretical solution of Abraham (1963)

who obtained the following approximate analytic solution for the penetration

of a turbulent buoyant jet moving into an environment consisting of two layers

of different densities:

zmax,2 =

(

2

5

)1/6(
3

2
− δF̃

)1/2

H, (2.86)

in which F̃ = w2
i /((ρi − ρ2)gH/ρ0) and the empirical constant δ ≈ 0.8 (Abra-

ham (1963)). This derivation assumed Gaussian profiles of the flow quantities

unlike the top-hat approach considered in this study. Similar to the one-layer

case, the interaction of the incident and reverse flows inhibits the incident flow

from reaching the maximum height and thus settles at a quasi steady-state

height, zss,2. Unlike the one-layer case, the return flow may intrude on the

interface or continue to the level of the source. Our experiments show that the

ratio of the steady-state height to the maximum height depends on whether

the return flow went back to the source or collapsed at the interface (see Sec-

tion 3.3.2 where we have also compared our results with those of Bloomfield

& Kerr (1998)).

The most significant factors governing these flow regimes are the relative

density differences between the two layers and fountain and the maximum

height relative to the height, H , of the layer at the source. Explicitly, the

relative density differences are characterized by

θ =

∣

∣

∣

∣

ρ2 − ρ1

ρ2 − ρ0

∣

∣

∣

∣

, (2.87)

and the relative maximum height is characterized by zmax/H . In the case of a

uniform ambient, ρ1 = ρ2 and hence θ = 0. In this circumstance the fountain

is always more dense than the ambient and must return to the source. The

same circumstance is expected if zmax < H since the fountain does not reach
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the position of the interface.

If the source and ambient have the same density, ρ0 = ρ1 and hence θ = 1.

In this case the flow does not act like a fountain until impacting the second

layer. Given that the jet penetrates the interface (zmax > H), the resulting

fountain will be expected to return to spread along the interface since the foun-

tain entrains less dense fluid from beyond the interface and therefore becomes

lighter than the ambient fluid at the source. No experiments were conducted

for this case, but the interested reader may refer to the studies by Shy (1995),

Friedman & Katz (2000) and Lin & Linden (2005).

Irrespective of the regime that occurs, the flow goes on to spread as a radial

gravity current either at the level of the source or at the interface.

2.7 Spreading velocities

In Sections (2.7.1)-(2.7.3), we derive a theory to analyse the velocities of the

radially spreading gravity currents at the source and of the interfacial intru-

sions. We consider only the radial velocities at the width of the fountain where

the return flow redirects from a vertical to a horizontal flow.

There are three cases to be considered. We first consider the theory for

the spreading velocities of the currents at the source in the one-layer case and

then extend it to examine source-spreading of fountains in two-layer fluids. The

velocities of radial intrusions at the interface of a two-layer fluid is considered

as a third case.

In Section (2.7.4) we derive a theory to analyse the initial velocities of the

radial currents of plumes in linearly stratified environments.

2.7.1 Case 1: one-layer source-spreading

Figure 2.4a is a schematic showing the spreading of the currents at the source

from a fountain in a one-layer environment. Baines et al. (1990) modelled the

return flow of a turbulent fountain as an annular plane plume and obtained a
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Figure 2.4: Schematics of (a) one-layer surface spreading currents, and (b) a
model of the interfacial spreading currents.

formula for the total lateral entrainment into the reverse flow as

Qe = B
(zmax − zv)

ro
Qo, (2.88)

where B ≈ 0.25 was obtained empirically from experiments and zv is the dis-

tance of the virtual origin below the source (zv ≈ 0.8 cm for our experiments).

Thus, the total volume flux at the level of the source, just as the flow begins

to spread outward is given by

QT = Qe +Qo. (2.89)

If vf is the initial spreading velocity at a radial distance Rf , where Rf is the

radius of the return flow at the source, and h is the corresponding height of

the spreading layer just as the currents enter the ambient, then

QT = 2πRfhvf . (2.90)

Defining g′T = g(ρ1 − ρs)/ρs to be the reduced gravity and ρs to be the initial

density of the spreading layer at r = Rf , dimensional analysis gives, for a
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buoyancy-driven flow, a relationship of the form vf ∝
√

g′Th. Using (2.90) we

get

vf ∝
(

QTg
′
T

Rf

)1/3

. (2.91)

Mizushina et al. (1982) show that the radius of the whole fountain is ap-

proximately constant and is about 22% of the quasi-steady state height, zss.

Just before the return flow begins to spread into the ambient, conservation of

buoyancy flux in the fountain requires that at the level of the source

g′T (Qe +Qo) = g′eQe + g′oQo.

By definition the reduced gravity of the environment, g′e, is zero, hence

g′TQT = Fo. (2.92)

Thus, from (2.91) and (2.92) we get

vf ∝
(

Fo
Rf

)1/3

∝
(

Fo
zss

)1/3

. (2.93)

This formula may also be obtained via scaling analysis. By balancing the

driving buoyancy force which scales as g′TρsRh2, and the retarding inertia force

which scales as ρshR3/t2, Chen (1980) obtained the position of the front, R,

as a function of time, t, as R(t) = cF
1/4
o t3/4 where c = 0.84 was obtained as

an experimental constant. Thus the velocity, V , is given by

V =
dR
dt

= 0.59

(

Fo
R

)1/3

, (2.94)

where the global volume conservation relation, QT t = πR2h, has been em-

ployed. The same power law behaviour was also obtained by Britter (1979)

by solving the governing equations of motion and obtained the experimental

constant c = 0.75.
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The scaling relationships above assume that the flow is a pure gravity

current, its motion being dominated by buoyancy forces. In the presence of

substantial radial momentum at the point where the flow enters the envi-

ronment, dimensional analysis shows that at small times compared with the

characteristic time scale tMF = MR/FR (in which MR is the radial component

of momentum flux per unit mass and FR is the radial buoyancy flux per unit

mass), the flow is dominated by momentum such that R(t) ∼M
1/4
R t1/2 (Chen

(1980)), so that

V ∼ M
1/2
R /R. (2.95)

The recent study by Kotsovinos (2000) for contant-flux axisymmetric intru-

sions into a linearly stratified ambient revealed a contant-velocity regime where

R ∼ t. Kotsovinos (2000) argued that the additional force driving the flow in

such cases is the initial radial momentum flux (ρsMR). Thus, balancing the

kinematic momentum flux and the rate of change of the inertia force which

scales as ρshR3/t2, gives R(t) ∼ (MR/QT )t, so that

V ∼MR/QT . (2.96)

In theory, the relations in equations (2.93) and (2.94) correspond to larger

times within the inertia-buoyancy regime when the flow is purely driven by

buoyancy.

The radial component of momentum is unknown a priori. However, due

to the loss in momentum by moving from a vertical flow to a radial current,

we assume that the initial radial momentum flux, MR, is proportional to the

momentum flux of the return flow at the level of the source, Mret, defined as

Mret = π(R2
f − r2

o)w
2
ret, (2.97)

where wret is the velocity of the return flow at the level of the source. The

results of Bloomfield & Kerr (2000) show that the reverse flow of the fountain
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moving back toward the source first accelerates to some height before settling

to an almost constant velocity close to the source. Their results also suggest

that at the source, the velocity of the return flow is such that

wret ∝M−1/4
o F 1/2

o . (2.98)

In summary, if the radial momentum of the initial flow is substantial, then

three regimes are theoretically possible. These are the radial-jet regime where

R ∼ t1/2, the constant-velocity regime where R ∼ t and the inertia-buoyancy

regime where R ∼ t3/4. Thus, from (2.95), (2.96) and (2.93), and replacing

MR by Mret, we get the following relations which may be used to predict the

initial velocity of the spreading currents just as the flow begins to spread into

the ambient:

Vt≪tMF
∝ (M

1/2
ret /zss), (2.99)

Vt≈tMF
∝ (Mret/QT ), (2.100)

Vt≫tMF
∝ (Fo/zss)

1/3. (2.101)

However not all three regimes are necessarily present in a single experiment;

the presence of a particular regime largely depends on the competing effects of

the radial components of momentum and buoyancy in the flow (Chen (1980),

Kotsovinos (2000)).

2.7.2 Case 2: two-layer surface-spreading

We consider the case where the return flow in the two-layer case returns to

spread at the source as an axisymmetric current. In this case, there are two

buoyancy fluxes involved in the system: the initial buoyancy flux, Fo, and the

buoyancy flux after the fountain penetrates the density interface, Fi. The total

volume flux of the spreading layer is given by the sum of the volume fluxes at
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the source and the interface, and the flux entrained from the environment:

Qst = Qe +Qo +Qi,

where zmax in equation (2.88) is now replaced by zmax,2. The spreading layer

will consist of a mixture of the source fluid and the fluid from the bottom

and top layers. This mixture of fluid determines the reduced gravity of the

spreading layer such that g′ret(Qe +Qo +Qi) = g′eQe + g′oQo + g′biQi in which

gbi = g(ρ2 − ρi)/ρ0. This can be written as

g′retQst = Fo + Fi, (2.102)

where g′ret = g(ρst−ρ1)/ρst is the reduced gravity and ρst is the initial density

of the spreading layer. Following the analyses in the one-layer case, we get the

spreading velocity for a buoyancy-driven flow as

Vt≫tMF
∝
(

g′retQst

zss,2

)1/3

∝
(

Fo + Fi
zss,2

)1/3

, (2.103)

where zss,2 is the steady-state height in the two-layer case.

We assume that the velocity and momentum of the return flow at the level

of the source are proportional to the corresponding velocity and momentum in

the one-layer case where the ambient fluid is the first layer fluid. As such, if the

initial radial momentum flux is substantial, then equations (2.99) and (2.100)

may still be applied. By replacing MR with Mret, this argument results in the

velocity relations for the radial-jet and constant-velocity regimes respectively

as

Vt≪tMF
∝ (M

1/2
ret /zss,2), (2.104)

Vt≈tMF
∝ (Mret/Qst). (2.105)

50



2.7.3 Case 3: two-layer interfacial-spreading

Figure 2.4b is a schematic showing the radial spreading of gravity currents

at the interface from a fountain in a two-layer environment. Experiments

on axisymmetric intrusions into two-layer ambients from a source of constant

volume flux are limited in the literature. Lister & Kerr (1989) have considered

the case of the spreading of highly viscous fluid into a two-layer environment.

They employed both scaling analysis and lubrication theory to analyse their

results. Timothy (1977) considered the general case of a stratified flow into

a stratified ambient and treated the two-layer case as a special circumstance.

Most of his results were derived by extending the Bernoulli and hydrostatic

equations for two-dimensional rectilinear flows to axisymmetric flows.

We show in Appendix B that by balancing the horizontal driving buoyancy

force and the retarding inertia force for a buoyancy-driven flow, we obtain the

relation for the radial velocity of the intrusion as

V ∝
(

εg′inQin

R

)1/3

, (2.106)

where ε = (ρ2 − ρin)/(ρ2 − ρ1). The reduced gravity of the intrusion in this

case depends upon the parameter ε. If the density of the intrusion is equal to

the density of the first layer fluid (ρin = ρ1), then the one-layer relation (2.94)

is retrieved from (2.106).

To model the case of the intrusions, we consider the fountain beyond the

interface as though it is a one-layer system with the source conditions replaced

by the conditions at the interface (see figure 2.4b). The volume flux entrained

from the environment into the return flow is now given by:

Qei = B
(zmax,2 −H − zv)

bi
Qi,

and the total volume flux into the spreading layer is given by the sum of

the fluxes at the source and the interface, and the flux entrained from the
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environment:

Qin = Qei +Qo +Qi.

This mixture of fluid determines the reduced gravity of the interfacial intru-

sions. Assuming the conservation of buoyancy relation εg′inQin = Fo + Fi, we

get the same proportionality relationship as in (2.103) although the propor-

tionality constant is different:

Vt≫tMF
∝

(

Fo + Fi
Rf

)1/3

∝
(

Fo + Fi
zss,2

)1/3

. (2.107)

In the presence of a substantial radial component of momentum, equations

(2.99) and (2.100) may be applied with the initial source conditions replaced

by the conditions at the interface. This gives the velocity formulas for the

radial-jet and constant-velocity regimes respectively as

Vt≪tMF
∝ M

1/2
ret,i/zss,2, (2.108)

Vt≈tMF
∝ Mret,i/Qin, (2.109)

where Mret,i is the vertical momentum of the return flow at the interface and

defined as Mret,i = π(R2
f − b2i )w

2
ret,i with wret,i ∝ M

−1/4
i F

1/2
i , where wret,i is

the velocity of the return flow at the interface.

2.7.4 Intrusion speeds in linearly stratified ambient

Upon reaching its neutral buoyancy level, a plume in a stratified fluid first

overshoots this level and then falls back to spread radially as an intrusive

gravity current. Such radial currents undergo different spreading regimes as

they propagate outward (Chen (1980), Zatsepin & Shapiro (1982), Ivey &

Blake (1985), Didden & Maxworthy (1982), Lister & Kerr (1989), Lemkert &

Imberger (1993), Kotsovinos (2000)).

The relationship between the radius of the current, R(t), and time, t, is
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predicted to be a power law of the form R(t) ∼ tκ, where κ depends on the

particular regime of flow. Four main regimes have been identified in the litera-

ture: a regime dominated by the radial momentum flux such that R(t) ∼ t1/2,

a constant velocity regime (Kotsovinos (2000)), the inertia-buoyancy regime

where R(t) ∼ tκ (with κ = 1/2 by Ivey & Blake (1985), κ = 2/3 by Chen

(1980), κ = 3/4 by Didden & Maxworthy (1982) and Kotsovinos (2000)), and

finally the inertia-viscous regime where R(t) ∼ t1/2. The reasons for the dis-

crepancies in the inertia-buoyancy regime have been addressed in Kotsovinos

(2000).

In this study, we measure the initial speeds of the radial currents that

spread at the neutral buoyancy level and compare them with theory. We will

focus on the first three regimes since we are interested only in the initial speeds.

Explicitly, if V = dR/dt is the velocity of the intruding fluid, MR the radial

momentum flux and QR the radial volume flux, then compared to the time

scale tMF = MR/FR, we get

V ∝M
1/2
R /R, t≪ tMF (2.110)

V ∝MR/QR, t ≈ tMF (2.111)

V ∝
(

NQR

R

)1/2

, t≫ tMF (2.112)

where the proportionality constant in (2.112) has been found to be around

0.36 (Kotsovinos (2000)). Not all three regimes are necessarily present in a

single experiment; the presence of a particular regime largely depends on the

competing effects of the radial components of momentum and buoyancy in the

flow (Chen (1980), Kotsovinos (2000), Ansong et al. (2008)).

The radial component of momentum is unknown a priori. However, owing

to the loss in momentum by moving from a vertical flow to a radial current, we

assume that the radial momentum and volume fluxes are proportional to the

momentum and volume fluxes of the plume at the neutral buoyancy level (Mn

and Qn respectively). Thus, from (2.110)-(2.112) and replacing MR and QR

by Mn and Qn, we obtain the expressions which may be used to predict the
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initial velocity of the axisymmetric currents. The development of the theory

above is similar to the approach used in Kotsovinos (2000) and Ansong et al.

(2008).

2.8 Representation of axisymmetric internal

gravity waves

The equations governing the motion of small amplitude axisymmetric internal

gravity waves in an inviscid and incompressible fluid with no background flow

can be reduced to a single equation in terms of the stream function ψ(r, z, t)

(see Appendix C):

∂2

∂t2

[

∂2ψ

∂z2
+

∂

∂r

(

1

r

∂(rψ)

∂r

)]

+N2 ∂

∂r

(

1

r

∂(rψ)

∂r

)

= 0 (2.113)

where the radial and vertical velocities are respectively defined by

u = −∂ψ
∂z
, w =

1

r

∂(rψ)

∂r
, (2.114)

and r and z are the radial and vertical coordinates respectively. Seeking solu-

tions of (2.113) that are periodic in z and t, we find for given vertical wavenum-

ber, kz, and frequency, ω, that the streamfunction satisfies

ψ(r, z, t) =
1

2
AψJ1(kr)e

i(kzz−ωt) + cc (2.115)

in which cc denotes the complex conjugate, J1 is the Bessel function of the first

kind and order one, and the radial wavenumber k is defined via the dispersion

relation

ω2 = N2 k2

k2
z + k2

. (2.116)
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Field Structure Relation to vertical displacement

Vertical displacement ξ = 1
2
AξJ0(kr)e

i(kzz−ωt) + cc
Streamfunction ψ = 1

2
AψJ1(kr)e

i(kzz−ωt) + cc Aψ = −iω
k
Aξ

Vertical velocity w = 1
2
AwJ0(kr)e

i(kzz−ωt) + cc Aw = −iωAξ
Radial velocity u = 1

2
AuJ1(kr)e

i(kzz−ωt) + cc Au = −kzω
k
Aξ

Pressure p = 1
2
ApJ0(kr)e

i(kzz−ωt) + cc Ap = iρ0
ω2kz

k2 Aξ
N2
t N2

t = 1
2
AN2

t
J0(kr)e

i(kzz−ωt) + cc AN2
t

= −kzωN2Aξ

Table 2.1: Polarization relations and representation of basic state fields for
small-amplitude axisymmetric internal gravity waves in the (r, z) plane in sta-
tionary, linearly stratified Boussinesq fluid with no background flow. The
table also shows the streamfunction and the time derivative of the perturba-
tion squared buoyancy frequency (N2

t ). Each field b is characterized by the
phase and magnitude of its complex amplitude, Ab, and the corresponding
Bessel functions of the first kind are order zero (J0) or one (J1).

From equation (2.114) and the implicit definition of the vertical displacement,

w = ∂ξ
∂t

, the vertical displacement field is represented by

ξ =
1

2
AξJ0(kr)e

i(kzz−ωt) + cc,

where Aξ is the amplitude of the vertical displacement field and J0 is the Bessel

function of the first kind and order zero. Table 2.1 shows the representation

of other basic state fields in terms of Bessel functions for small-amplitude

axisymmetric internal gravity waves.

In practice we Fourier-Bessel decompose the signal from horizontal time

series for 0 ≤ r ≤ R and T1 ≤ t ≤ T2, and represent:

ξ(r, z, t) =
∑

n

∑

m

1

2
AξnmJ0(knr)e

i(kzz−ωmt) + cc, (2.117)

where Aξnm is the amplitude of the component of vertical displacement

field with frequency ωm = mω0 with ω0 = 2π/(T2 − T1), radial ‘wavenumber’

kn = αn/R and αn are the zeros of J0. kz is found in terms of kn and ωm

using (2.116). We only include terms in the sum over m for which ωm ≤ N .

Since the waves are assumed axisymmetric, we compute the time-averaged

55



total vertical energy flux, Fwave =
∫ ∫

〈wp〉dA, using Bessel series and get (see

Appendix D)

Fwave =
1

4
πR2ρ00N

3
∑

n

∑

m

cos Θm sin 2Θm
|Aξnm|2J2

1 (αn)

kn
, (2.118)

where p is pressure and Θm is the angle of propagation of each wave beam

with respect to the vertical satisfying

Θm = cos−1
(ωm
N

)

. (2.119)
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Chapter 3

Fountains impinging on a

density interface: Experimental

results

3.1 Introduction

This chapter presents an experimental study of an axisymmetric fountain im-

pinging on a density interface in a two-layer stably-stratified environment. As

in homogeneous environments, the fountain comes to rest at a maximum height

and then reverses direction interacting with the incident flow. In a two-layer

fluid, however, the reverse flow can either return to the level of the source or

it can become trapped at the density interface. In either case the return flow

then goes on to spread radially outward. We wish to develop a better under-

standing of the flow through measurements of maximum penetration height,

quasi steady-state height and radial spreading rate.

There are few experimental studies on fountains in a two-layer environ-

ment. Kapoor & Jaluria (1993) considered a two-dimensional fountain in a

two-layer thermally stratified ambient. They provided empirical formulas for

the penetration depths in terms of a defined Richardson number.

Some have considered a jet directed into a two-layer ambient with the initial
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density of the jet being the same as the density of the ambient at the source

(Shy (1995); Friedman & Katz (2000) and Lin & Linden (2005)). Those jets

only become negatively buoyant in the second layer.

Noutsopoulos & Nanou (1986), studied the upward discharge of a buoyant

plume into a two-layer stratified ambient and used a stratification parameter

that depended on the density differences in the flow to analyse their results.

One outstanding question concerns whether the reverse flow has a signif-

icant effect on the axial velocity and density. By measuring temperatures in

a heated turbulent air jet discharged downward into an air environment, Se-

ban et al. (1978) showed that the centerline temperatures and the penetration

depth can be well predicted by theories which consider the downward flow

alone. Mizushina et al. (1982) did a similar study of fountains by discharging

cold water upward into an environment of heated water and found that the

reverse flow had an effect on the axial velocity measurements. They attributed

the difference in their result with those of Seban et al. (1978) to the enclosure

used by Seban et al. (1978) in their experiments.

These experimental results have served only modestly to improve our un-

derstanding of the dynamics of the reverse flow. A theoretical study aimed at

incorporating the reverse flow was first undertaken by McDougall (1981) who

developed a set of entrainment equations quantifying the mixing that occurs

in the whole fountain. The ideas developed in the model of McDougall (1981)

have been built upon by Bloomfield & Kerr (2000) by considering an alter-

native formulation for the entrainment between the upflow and the downflow.

Their results for the width of the whole fountain, the centerline velocity and

temperature compared favourably with the experiments of Mizushina et al.

(1982).

An important requirement for studying the dispersion of dense gases in the

atmosphere is a knowledge of the distribution of the density as a function of

space and time (Britter (1989)) and how fast the spreading pollutants are mov-

ing from a particular location. The usual approach to obtaining information

on fluid densities in experiments is by extracting samples from the flow. This
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is quite difficult and has led to the introduction of a relatively new approach

of laser-induced fluorescence (LIF). This is however limited to unstratified en-

vironments due to problems with refractive index fluctuations (Daviero et al.

(2001)). In this study, we do not take measurements of the densities of the

spreading currents but we focus on taking measurements of the initial speeds

of the radial currents as they spread from the area of impingement.

In Section 3.2, we describe the set-up of the laboratory experiments and

the techniques used to visualize the experiments, and we present their quali-

tative analyses. In Section 3.3, quantitative results from the experiments are

presented. We analyse the classification of the regimes of flow and compare the

measured maximum penetration height and spreading velocities to theoretical

predictions. In Section 3.4, we summarize the results.

3.2 Experimental set-up and analyses

3.2.1 Experimental set-up

Experiments were performed in an acrylic tank measuring 39.5 cm long by

39.5 cm wide by 39.5 cm high (see figure 3.1). The experiments were con-

ducted by injecting less dense fluid downward into more dense ambient fluid,

however, the direction of motion is immaterial to the equations governing their

dynamics since the fluid is considered to be Boussinesq. A control experiment

was conducted in a one-layer homogeneous environment and 48 experiments

were conducted in two-layer fluid. In all experiments, the total depth of fluid

within the tank was HT = 38 cm. The tank was filled to a depth of HT −H

with fluid of density ρ2, where H = 0 in the case of the one-layer experiment

and H = 5 cm or 10 cm in two-layer experiments. In two-layer experiments, a

layer of fluid with density ρ1 was added through a sponge float until the total

depth was HT . The variations in density were created using sodium chloride

solutions. The typical interface thickness between the two layers was 1 cm,

sufficiently small to be considered negligible. After the one or two-layer fluid
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Figure 3.1: Experimental set-up and definition of parameters.

in the tank was established, a constant-head reservoir of fresh water of den-

sity ρo was dyed with a blue food colouring and then allowed to drain into

the tank through a round nozzle of radius 0.2 cm. To ensure the flow turbu-

lently leaves the nozzle, the nozzle was specially designed and fitted with a

mesh having openings of extent 0.05 cm. The flow was assumed to leave at

a uniform velocity across the diameter of the nozzle. The flow rates for the

experiments were recorded using a flow meter connected to a plastic tubing,

and by measuring the total volume released during an experiment. Flow rates

ranged from 2.82 to 3.35 cm3/s, and the Reynolds number of the experiments,

defined as Re = w0D/ν, ranged from 896 to 1066, where ν is the kinematic

viscosity of water.

Experiments were recorded using a digital camera situated 250 cm from

the front of the tank. The camera was situated at a level parallel to the mid-

depth of the tank and the entire tank was in its field of view. A fluorescent

lighting apparatus was also placed about 10 cm behind the tank to illuminate
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the system.

Using “DigImage” software, the maximum penetration depth of the foun-

tain (zmax), the quasi steady-state depth (zss) and the initial velocity (wo)

were determined by taking vertical time-series constructed from vertical slices

through the nozzle. The temporal resolution was as small as 1/30 s and the

spatial resolution was about 0.1 cm.

Horizontal time series were used to determine the velocity of the resulting

spreading currents. They were taken at a position immediately below the

nozzle. Most time series are symmetrical about the position of the nozzle and

only one side is used for the calculation of the velocities. Asymmetry in the

time series may arise due to instabilities in the flow causing the front of the

fountain at the maximum depth to tilt to one side. These experiments were

excluded from the analyses.

3.2.2 Qualitative results

We present in this section the qualitative results of the laboratory experiments

before giving detailed analyses of them. The snapshots from the experiments

are flipped upside down for conceptual convenience and for consistency with

the theory. We will first describe the results of the one-layer experiment before

proceeding to the two-layer case.

One-layer experiment

Figures 3.2a-d show snapshots of the one-layer experiment which were taken 1,

3, 5, and 8 seconds, respectively, after the experiment started. The density dif-

ference between the fountain and the ambient fluid was |ρo−ρ1| = 0.0242 g/cm3

and the initial velocity was wo = 24.3 cm/s. We observe the characteristic

widening of the fountain as it entrains fluid from the surrounding homoge-

neous fluid. It reaches its maximum height at t ∼ 1 s (figure 3.2a), at which

time the top of the fountain forms a pointed shape before collapsing back to-

ward the source. The front then broadens and spreads outward as it returns
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downward forming a curtain around the incident upward flow (figure 3.2b).

The interaction of the return flow with the main upflow inhibits the rise of

fluid from the source and causes the fountain to settle at a quasi-steady state

height which is moderately below the maximum height. When the return flow

reaches the level of the source it begins to spread radially outward (figure

3.2c). The spreading layer then propagates radially away from the source (fig-

ure 3.2d). The experiment is stopped before the spreading layer reaches the

side walls of the tank.

Figure 3.3a shows the horizontal time series taken from this experiment,

illustrating the spreading of the surface flow on both sides of the nozzle (sit-

uated at x = 0 cm). The parabolic nature of the time-series indicates the

change in speed of the current as it moves away from the source.

Figure 3.3b shows the vertical time series taken for this experiment, and

illustrates the positions of the maximum height, zmax, and the steady-state

height, zss. The value of the ratio zss/zmax was found to be 0.74 for this

experiment, comparable to the average value of 0.7 obtained by Turner (1966)

in his experiments. The height of the spreading layer was observed to be

almost constant as it spreads into the ambient (not shown), and was observed

to be proportional to zmax (Baines et al. (1990)).

Two-layer experiments

In the presence of a two-layer ambient, the return flow of a fountain may go

back to the level of the source or it may mix sufficiently with the second layer

so that it goes back to the interface. In some circumstances it may do both.

Here only snapshots for a situation leading to interfacial intrusions alone are

shown.

Figures 3.4a-e show snapshots taken of a two-layer experiment 2, 5, 10,

20 and 25 seconds after the experiment was started. In this experiment, the

density difference between the fountain and the ambient fluid at the source

was |ρo − ρ1| = 0.001 g/cm3. The density difference between the two layers

was |ρ1 − ρ2| = 0.0012 g/cm3. The initial velocity was wo = 23.9 cm/s and
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H = 5 cm. When the experiment begins, the fountain again increases in

width as it entrains fluid from the surrounding ambient. It impinges upon the

interface at z = 5 cm and penetrates through without noticeable change in

structure (figure 3.4a).

After reaching the maximum height, the front of the fountain starts to

broaden as more fluid is supplied from the source (figure 3.4b). It then returns

downward, due to its buoyancy excess, and collapses around the incident flow,

similar to its behaviour in the one-layer case.

In this circumstance, however, the return flow gets trapped at the inter-

face and does not return to the source (figure 3.4c). At first the return flow

overshoots the height of the interface around the axis of the fountain before

rising back to spread radially along the interface. The degree of overshoot is

more or less pronounced, depending upon the experimental conditions. The

process continues in a quasi-steady state (figure 3.4d). The spreading layer is

observed to be thicker around the axis of the fountain and gradually reduces

in thickness away from the axis (figure 3.4e).

Horizontal and vertical time series from this experiment are shown in fig-

ures 3.5a and 3.5b respectively. The former shows an intrusion moving with

almost uniform radial speed toward the side walls of the tank. The time series

is also observed to be symmetric about the source (situated at x = 0 cm). The

measured positions of the maximum and steady-state heights are indicated on

the vertical time series. Compared to the one-layer case, the average steady-

state height is almost equal to the maximum height. This occurs because the

return flow of the fountain intruded on the interface. So the distance over

which the incident and return flows interact is reduced, thereby increasing the

steady-state height.

3.3 Quantitative analyses

In this section, we quantitatively analyse the experimental results and compare

them with theoretical predictions. The main aim is to characterize the various
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Figure 3.2: Snapshots of the one-layer experiment taken at (a) t = 1 s; (b) 3 s;
(c) 5 s; (d) 8 s. The images have been flipped vertically for conceptual conve-
nience.
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Figure 3.3: (a) Horizontal and (b) vertical time series for a 1-layer experiment.
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regimes of flow, to quantify the maximum penetration height in the two-layer

ambient flow and to analyse the radial velocity of the resulting axisymmetric

currents and intrusions.

3.3.1 Regime characterization

The three regimes of flow observed in the experiments: in regime S, the return

flow penetrates the interface but returns downward to the source; in regime I,

the return flow intrudes at the interface; in regime B, a combination of both

occurs.

To classify the regimes of flow, we first considered an approach used by

Bloomfield & Kerr (1998) to determine whether a fountain in a linearly strat-

ified environment will spread at an intermediate level or spread at the source.

In their method, the density of the fountain at the maximum height was first

calculated and the height in the environment where fluid with this density

would intrude was used as an estimate of the spreading height. To compare

our results to those of Bloomfield & Kerr (1998), we calculated the density

of the fountain at the maximum height, ρmax, and compared it to the density

in the first layer. In figure 3.6a we have plotted ρmax against the density ρ1.

If ρmax is larger (smaller, for fountains directed downward) than ρ1, it is ex-

pected that the fountain will spread at the source. The experimental results

show that this approach only gives a moderate classification of the regimes in

the two-layer stratified case. About 28% of the intrusions fell below the solid

line in figure 3.6a, predominantly for H = 10 cm cases. This suggests that it is

possible to have sufficient mixing in the return flow by the time it gets to the

interface, leading to interfacial intrusions. So a straightforward application of

the diagnostic of Bloomfield & Kerr (1998) is inappropriate for two layer fluids

because it does not account for the height of the interface, H .

A second classification of the regimes is shown in figure 3.6b where we

have plotted the relative density differences θ = (ρ2−ρ1)/(ρ2−ρo) against the

relative maximum height zmax/H .
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If θ & 0.15, figure 3.6b shows that intrusions form if zmax & 2H . In which

case the return flow entrains substantially less dense fluid from beyond the

interface, making it lighter than the lower layer fluid.

If θ . 0.15, the return flow reaches the source independent of the relative

maximum height. In this case the return flow also entrains less dense fluid

from beyond the interface but it is still heavier than the lower layer fluid by

the time it gets to the interface. Likewise if zmax . 2H the return flow always

reaches the source because it is not sufficiently diluted by the ambient beyond

the interface.

There were two experiments which resulted in regime B. They occurred for

experiments with zmax ≈ 2H . In these cases, the outer part of the return flow

entrains more of the less dense fluid from beyond the interface than the inner

part. The lighter outer part then begins to spread radially at the interface

while the heavier inner part continues to fall to the source. The amount of

fluid that intrudes at the interface may sometimes be smaller than the fluid

that continues to the source.

The empirical function used to separate the intrusion and source outflow

regimes is given by

θ = 0.15 +
1

50(zmax/H − 1.5)3
. (3.1)

This is plotted as the dashed line in figure 3.6b.

The second method of classification is therefore better for two-layer strat-

ified fluids as clearly shown in figure 3.6b. We note that all parameters in

(3.1), including zmax are determined from the source conditions (see equation

2.78). Conversely, ρmax in the first method requires calculation of the axial

parameters at the interface.

3.3.2 Maximum height

Figure 3.7a plots the experimentally measured values of zmax,2 and compares

them with the theoretical prediction given by equation (2.85). There is good
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Figure 3.6: (a) Regime diagram following the method of Bloomfield & Kerr
(1998); showing circumstances under which the return flow of a fountain
spreads at the level of the source (open symbols), at the interface (closed
symbols) or both. The solid line is expected to separate the open symbols
from the closed symbols. (b) Regime diagram following our approach; the
symbols are as in figure 3.6a. The dotted line represents an empirical formula
that separates the two regimes and given by equation (3.1).

agreement in the data with a correlation of about 96%. The results also

compare well with the theoretical prediction of Abraham (1963) (see equation

(2.86)).

Figure 3.7b plots the ratio zss,2/zmax,2 against the source Froude number

Fro. If θ < 0.15, the average value of the ratio was found to be 0.74, which

is comparable to the one-layer case. For the experiments with θ > 0.15 and

zmax > 2H in which case the return flow intruded along the interface, the

average value was 0.88. This occurs because the return flow penetrates little

beyond the interface and so there is less interaction between the return and

incident flows. If θ > 0.15 and zmax < 2H , the average value was found to be

0.80, in this case the fountain penetrated little into the second layer.

Results of the ratio zss,2/zmax,2 are comparable to the findings of Bloomfield

& Kerr (1998) for a fountain in a linearly stratified fluid where the average

value of the ratio was found to be 0.93, also larger than the value 0.70 for

a fountain in a uniform ambient. This value is a moderately higher than
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Figure 3.7: (a) The maximum penetration height and (b) the ratio of the
steady-state height to the maximum height

our value of 0.88 for interfacial intrusions. This is probably because in the

case of linearly stratified fluids, the fountain could intrude at intermediate

heights which are higher than the equivalent heights of the two-layer interface.

This means that, effectively, the distance over which the upflow and downflow

interact is even shorter in a linearly stratified ambient, leading to a higher

value of the ratio.

3.3.3 Radial source and intrusion speeds

We measured the initial velocity of the radially spreading currents by taking

the slope near x ≈ Rf of horizontal time series as shown, for example, in figure

3.8.

Measurements of the time and distance from the horizontal time series

determined how the position of the front scales with time near x = Rf . Figure

3.9 shows some typical log-log plots of distance against time used to determine

the scaling relationship. The experiments showed steady state (R ∼ t) and

inertia-buoyancy (R ∼ t3/4) regimes in the flow.
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To gain a better understanding of the starting flow regimes, we defined

a critical Froude number to characterize the competing effects of momentum

and buoyancy in the return flow at the point of entry of the current into the

ambient. In the case of the flows that returned to the source, the Froude

number is defined by

Frs = wret/(g
′
retzmax,2)

1/2, (3.2)

where g′ret = (Fo+Fi)/Qst is the reduced gravity defined in 2.102. In the case

of the interfacial flows, the Froude number is similarly defined by

Fri = wret,i/(g
′
ret,izmax,2)

1/2, (3.3)

where g′ret,i is the reduced gravity of the return flow at the interface. Figure

(3.10) gives an approximate classification of these regimes. It shows that the

power law relation R ∼ tκ with κ ≈ 0.75 occurs for smaller values of the

Froude number (Frs < 0.25 and Fri < 0.4). In this case, the initial flow is

purely driven by buoyancy forces while for larger values of the Froude number

(Frs > 0.25 and Fri > 0.4), both momentum and buoyancy play a role in the

initial flow, giving rise to a power law exponent κ ≈ 1.0.

If instabilities develop in the flow to cause the fountain to tilt initially to

one side of its vertical axis, then these scaling relationships may be violated.

This was also observed to occur if, in the case of the intrusions, there was

a very strong overshoot of the return flow before rising back to spread along

the interface. The velocity data that were used to determine the experimental

constants in the theory do not include those experiments.

Source-spreading speeds

Figures 3.11a and 3.11b plots the measured speeds of the radially propagating

currents at the source compared with the theoretical estimates of equations

(2.103) and (2.105). We see that there is fairly good agreement between the
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theory and the measurement. The theoretical equations for these two regimes

then become

Vt≈tMF
= (4.10 ± 0.14)

(

Mret

Qst

)

, (3.4)

and

Vt≫tMF
= (0.84 ± 0.14)

(

Fo + Fi
zss,2

)1/3

. (3.5)

The regimes of flow in this case are the constant-velocity regime (R ∼ tκ with

κ = 1.0 ± 0.10) and the inertia-buoyancy regime (κ = 0.75 ± 0.04).

Intrusion speeds

Figure 3.12 plots the measured intrusion speeds against the theoretical esti-

mates of equations (2.107) and (2.109). The theoretical equations for these

two regimes then become

Vt≈tMF
= (0.77 ± 0.15)

(

Mret,i

QT

)

, (3.6)

and

Vt≫tMF
= (0.17 ± 0.09)

(

Fo + Fi
zss,2

)1/3

. (3.7)

The regimes of flow in this case are the constant-velocity regime (κ = 1.0±0.09)

and the inertia-buoyancy regime (κ = 0.75 ± 0.07).

3.4 Conclusions

This chapter classified the regimes of flow that result when an axisymmetric

turbulent fountain is discharged into a two-layer ambient. The classification

was done using the empirically determined parameter, θ = (ρ2 −ρ1)/(ρ2 −ρo),
and the relative maximum height, zmax/H . The results show that if zmax .
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Figure 3.9: Typical initial growth relationships between the radial distance
and time, indicating (a) R ∼ t (experiment with |ρ1−ρo| = 0.0022, |ρ2−ρ1| =
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Figure 3.11: Radial initial surface spreading velocities for (a) R ∼ t, and (b)
R ∼ t3/4
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Figure 3.12: Radial initial intrusion velocities for (a) R ∼ t, and (b) R ∼ t3/4

2H , the return flow will go back to the source irrespective of the value of θ.

However, if zmax & 2H , the return flow will collapse and spread radially at the

interface if θ & 0.15.

There was good agreement between theory and experiment for the max-

imum vertical penetration height. In the case of flows that returned to the

source, the ratio of the quasi-steady state height to the maximum height,

zss,2/zmax,2, was found to depend on whether the return flow went back to the

source or collapsed at the interface. The ratio is closer to unity (zss,2/zmax,2 ≈
1.0) for intrusions because the return flow does not so effectively retard the

incident flow near the source.

Radial currents that result from the return flow of a fountain spreading

at the source or interface either at constant-velocity (being driven by both

the radial components of momentum and buoyancy) or spreading as R ∼ t3/4

(being driven by buoyancy forces alone). These regimes are distinguished by

a critical Froude number Frs ≈ 0.25 or Fri ≈ 0.4.
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Chapter 4

Internal gravity waves

generated by convective plumes:

Experimental results

4.1 Introduction

This chapter examines the axisymmetric internal gravity waves generated by

turbulent buoyant plumes in linearly stratified environments. The principal

goal is to determine the fraction of the energy flux associated with the plume

at the neutral buoyancy level that is extracted by the waves.

One of the first experimental studies designed to investigate the nature of

internal gravity waves generated by a thermal (an instantaneous release of a

buoyant volume of fluid) was by McLaren et al. (1973). The wave field was

analysed by studying the trajectories of buoyant marker particles placed in

the linearly stratified ambient. It was observed that the waves generated by

buoyantly rising fluid at its neutral buoyancy level were transient in nature

and had a band of frequencies unlike the waves generated in their experiments

using an oscillating solid sphere which had a single frequency. The study did

not however investigate the energy extracted by the waves from the buoyant

element at its stabilizing level.
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An experimental study of the energy lost to waves from a thermal was

undertaken by Cerasoli (1978). The energy of the internal gravity waves prop-

agating away from the collapse region was estimated by comparing the dif-

ference between the initial and final potential energy of the mean state. The

energy estimated in this way was found to be 20 to 25% of the change in

potential energy of the whole system.

A recent numerical study has also investigated the generation of gravity

waves by thermals via the mechanical oscillator mechanism (Lane (2008)). The

study concluded that in a stable ambient fluid, the deceleration and subsequent

collapse of a thermal after reaching its neutral buoyancy level is due to a

vortical response of the ambient to the overshooting thermal which induces an

opposing circulation that inhibits further ascent of the thermal. The response

of the ambient vorticity was proposed as being responsible for the thermal

acting like a damped mechanical oscillator thereby resulting in the generation

of the gravity waves.

A theoretical investigation to understand the significance of the energy

extracted from a convective element by gravity waves was undertaken by

Stull (1976). He modeled penetrative convection as an idealized Gaussian

disturbance at the base of a temperature inversion and found that penetrative

convection overshooting into a stable temperature inversion from a turbulent

mixed layer can excite vertically propagating internal gravity waves in the sta-

ble air above the inversion base. He concluded that the amount of energy lost

in this way was small if the inversion was strong. However, if the inversion was

weak and the convective mixing vigorous, a significant fraction of the energy

of the overshooting elements was lost. The inclusion of the inversion layer in

the model permitted the propagation of interfacial waves. In the absence of a

temperature jump, the theory estimates the maximum amount of energy lost

to waves to be about 68 %.

Other studies have examined the internal waves generated due to the mo-

tions in a convective layer underlying a stable layer of fluid (Townsend (1964,

1965, 1966); Michaelian et al. (2002)). In particular, Townsend (1964) per-
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formed experiments in which fresh water in a tank was cooled to freezing

point from below and gently heated from above. The nonlinear relationship

between the density of water and temperature resulted in convective motions

in the lower layer and the excitation of transient internal gravity waves in

the stratified layer above. The rising convective motions were observed to be

plume-like rather than spherical thermals and the internal waves were gener-

ated due to the penetration of these columnar motions into the stable layer.

Michaelian et al. (2002) studied the coupling between internal waves and the

convective motions in a mixed layer. The convective plumes were initially ob-

served to be vertical and resulted in the generation of high frequency waves,

but as the mixed layer grew low frequency waves were generated giving rise

to a weak mean flow which in turn modified the plumes from being vertical to

being horizontal.

Previous experimental studies on the generation of internal gravity waves

by oscillating bodies used rigid sources such as cylinders and spheres (Mow-

bray & Rarity (1967a); Sutherland et al. (1999); Sutherland & Linden (2002);

Flynn et al. (2003)). In these experiments, a linearly salt-stratified fluid was

mechanically forced at a fixed frequency. This resulted in the generation of

purely monochromatic waves with phases at a fixed angle to the vertical prop-

agating away from the source region. These idealized experiments helped in

the interpretation of the theoretical morphology of the waves.

In this study, we generate axisymmetric internal gravity waves using tur-

bulent buoyant plumes instead of solid objects. This is because the source

is fluidic and the vertical fluctuations at the top of the plume may be used

to roughly mimic the vertical excursions of updrafts and downdrafts within a

convective storm.

In Section 4.2, we discuss the experimental procedure and provide qualita-

tive results. Quantitative results are presented in Section 4.3. In Section 4.4

we discuss how the results may be extended to geophysical circumstances and

summarize our results in Section 4.5.
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4.2 Experimental set-up and analyses

4.2.1 Experimental set-up

Experiments were performed in an acrylic tank measuring 39.5 cm long by

39.5 cm wide by 39.5 cm high (see figure 4.1). These were conducted by in-

jecting dense fluid downward into an initially less dense ambient fluid. The

results are dynamically equivalent to injecting light fluid upward from the bot-

tom because the system is Boussinesq. The qualitative results are presented in

this section for experiments with and without a uniform-density surface layer.

For conceptual convenience and for consistency with the theory presented in

Section 2.2, the snapshots from the experiments are flipped upside down so

that the plume appears to rise upward.

In all experiments, the total depth of fluid within the tank was HT =

38 cm. In the absence of a uniform-density layer, a linear stratification is set up

using the double-bucket technique (Oster (1965)). In the presence of a mixed-

layer of depth z = H , the tank was first filled to a depth HT − H with fluid

whose density increases linearly with depth. Once this height was attained,

the flow of fresh water into the salt-water bucket was stopped while the flow

from the salt-water bucket into the tank was allowed to continue at the same

flow rate. This approach ensured that no density jump was created between

the linearly-stratified layer and the uniform-density layer. The variations in

density were created using sodium chloride solutions and density samples were

measured using the Anton Paar DMA 4500 density meter. The density profile

in the environment was determined by withdrawing samples from different

vertical levels in the tank and by using a vertically traversing conductivity

probe (Precision Measurement Engineering). The depth of the mixed layer

was varied such that H ≈ 5, 10 or 15 cm. Figure 4.1(a) shows a schematic

of the density variation in the ambient for the case with a mixed layer with

ρ1 < ρ2 where ρ1 is the density of the mixed layer and ρ2 is the density at the

bottom of the stratified layer.

After the ambient fluid in the tank was established, a reservoir of salt
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Figure 4.1: (a) Front view of the experimental set-up with background density
profile and (b) side view showing set-up used for Synthetic Schlieren.
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water of density ρ0 (ρ1 < ρ0 < ρ2) was dyed with blue food colouring and

then allowed to drain into the tank through a round nozzle of radius 0.2 cm.

To ensure the flow turbulently leaves the nozzle, it was specially designed and

fitted with a mesh having openings of extent 0.05 cm. The flow rates for the

experiments were recorded by measuring the total volume released during an

experiment. Flow rates ranged from 1.7 to 3.3 cm3/s.

Experiments were recorded using a single digital camera situated 310 cm

from the front of the tank. The camera was situated at a level parallel to the

mid-depth of the tank and the entire tank was in its field of view. Fluorescent

lighting was placed 10 cm behind the tank to illuminate the set-up (see figure

4.1b). A grid made of horizontal black and white lines was placed between

the lighting apparatus and the tank for post-experiment analyses using the

Synthetic Schlieren method.

Using “DigImage” software, the maximum penetration depth of the plume

and the initial velocity, w0, were determined by taking vertical time-series

constructed from vertical slices of movie images at the position of the nozzle.

The temporal resolution was as small as 1/30 s and the spatial resolution was

about 0.1 cm.

Horizontal time series were used to determine the radial velocity of intru-

sively spreading gravity currents. They were taken at the vertical position of

the neutral buoyancy level.

The generated internal waves were visualized using axisymmetric Synthetic

Schlieren (Onu et al. (2003); Decamp et al. (2008)). Apparent distortions of

the image of black and white lines were recorded by the camera and the time

derivative of their vertical displacement, ∆zt, was estimated by comparing

two images taken within a short time interval. Using the ∆zt field, the time

derivative of the squared buoyancy frequency, N2
t (r, z, t), is obtained. The N2

t

field is useful since it can be used to remove noise by filtering out long time-

scale disturbances. The field is also in phase with the vertical displacement

field. The amplitude of the vertical displacement field, Aξnm, for waves with

frequency ωm and radial wavenumber k is calculated from the amplitude of
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the N2
t field, AN2

t nm
, using (see Table 2.1):

Aξnm = −
AN2

t nm

kzωmN2
, (4.1)

in which kz is determined using (2.116).

4.2.2 Qualitative analyses

Experiments with a uniform-density layer

Figure 4.2 presents series of spatial snapshots showing the evolution of a plume

and the generation of vertically and radially propagating waves. The images

on the left of figure 4.2 are snapshots of the evolving plume and the black

and white lines in the images are those of the screen placed behind the tank.

The middle column of images are the ∆zt fields revealing the vertical and

horizontal structure of distortions resulting from the waves. These depend

upon the horizontal x and vertical z coordinates. The images on the right are

Schlieren-processed images also showing the structure of the internal waves

themselves as they depend upon the radial R and vertical z coordinates.

As is typical of turbulent forced plumes, when the experiment starts, the

plume rises due to its positive buoyancy and source momentum, linearly in-

creasing in width as it rises due to entrainment from the ambient. It reaches

the interface in a time of about t ∼ 1.5 s and penetrates beyond the interface

to a maximum height of z ∼ 17 cm in about t ∼ 4.0 s (not shown). During the

initial evolution of the plume as it rises to its maximum height internal gravity

waves are not observed. The waves begin to emanate away from the cap of

the plume when it started to fall back upon itself. After collapsing upon itself

the plume then spread radially outward as an intrusive gravity current at the

neutral buoyancy level.

Figure 4.3(a) shows a horizontal time series taken at the neutral buoyancy

level (z ≈ 13 cm) of the experiment shown in figure 4.2. The level of neutral

buoyancy is usually located by inspecting spatial snapshots of the experiments.
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Figure 4.2: Snapshots of plume (flipped upside down and shown on the left),
the ∆zt field (shown in the middle) and the N2

t field of the waves (shown
on the right) at (a) t ∼ 7.0 s, (b) t ∼ 9.0 s and (c) t ∼ 11.0 s. For the fig-
ures in the middle and on the right, the mixed layer region is covered with
a white background to highlight the waves and schematics of the plume are
superimposed to approximately show its position. The experiment is per-
formed with ρ0 = 1.0734 g/cm3, ρ1 = 1.0363 g/cm3, N = 1.75 s−1, H ≈ 10 cm,
Q0 = 3.3 cm3s−1.
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A well-established intrusion usually produces a pointed nose and the vertical

location of the nose is used to locate the neutral buoyancy level. The radial

propagation of the front of the intruding current can be seen. The parabolic

nature of the time series shows the change in speed of the front of the current

as it spreads towards the tank sidewalls.

Figure 4.3(b) shows a vertical time series taken through the center of the

plume (R = 0 cm) illustrating the initial ascension and later vertical oscilla-

tory motion of the plume top with time. This is the same experiment shown in

figure 4.2 in which the plume penetrated to a maximum height zmax ≈ 17 cm.

Upon reaching the maximum height, the plume reverses direction due to neg-

ative buoyancy and collapses upon itself. The collapsing of the fluid decreases

the consequent maximum height of the plume. However, due to the continuous

release of fluid from the source, new fluid penetrates the collapsing fluid so as

to maintain the plume fluctuating about a quasi-steady-state height zss. The

maximum and steady state heights are indicated in figure 4.3(b).

At time t ∼ 7.0 s, the rightmost image in figure 4.2(a) shows the waves

beginning to emanate from the plume cap. The black and white bands corre-

spond to the troughs and crests respectively of the wave beams. The waves

propagate upward and outward toward the tank walls at the same time. A

new wave trough appears at t ∼ 9.0 s (figure 4.2b) above the plume head with

approximately the same amplitude as the first trough. At t ∼ 11.0 s, figure

4.2c shows the region above the spreading current completely covered with the

wave beams. All this while, the radial current continues to spread toward the

walls of the tank. Nevertheless, the wave beams can still be traced back to

the region around the plume cap. This indicates, qualitatively, that the waves

are generated by the bulge of fluid at the plume top and not by the spreading

currents at the neutral buoyancy level. A quantitative argument supporting

this assertion is made by taking the initial spreading speeds of the currents

and comparing them with the horizontal phase and group speeds of the waves

(see Section 4.3.2).
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Figure 4.4: Snapshots of plume (flipped upside down and shown on the left)
and the N2

t field of the waves (shown on the right contours in s−3) at (a) t ∼
6.0 s, (b) t ∼ 7.0 s and (c) t ∼ 8.0 s. For the figures on the right, schematics of
the plume are superimposed to approximately show its position. (Experiment
with ρ0 = 1.0720 g/cm3, ρ1 = 1.0310 g/cm3, N = 1.43 s−1, Q0 = 3.2 cm3s−1,
H = 0 cm)
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Experiments without a uniform-density layer

Experiments were also conducted for the case when there was no mixed layer

but with a linearly stratified fluid over the whole tank depth. This is the special

case in which the uniform-density layer has depth H = 0. The evolution

of plumes and fountains in linearly stratified environments have previously

been studied (Morton et al. (1956), Bloomfield & Kerr (1998)) but the wave

field was not analyzed. The wave field is more complex in this case and the

linear stratification results in the generation of both upward and downward

propagating wave cones by the turbulent plumes.

Figure (4.4) shows snapshots of a plume as well as the generated internal

waves in an experiment with H = 0 cm. Similar to the experiment with H =

10 cm, waves are not observed until the plume reaches the maximum height

and starts to fall upon itself. The plume in this case reaches its maximum

height zmax ∼ 10 cm in about 3 s (not shown). At about 6 s (figure 4.4a)

we observe the appearance of wave beams around the plume head. Only

upward propagating waves are prominent in the wave field at this time even

though the appearance of a downward propagating crest and trough can be

seen to emanate from around the plume cap. More wave beams are observed in

figure 4.4(b) (t = 7 s) with upward propagating waves still prominent. In both

figures 4.4(b) and (c), we observe a cross-pattern of waves resembling the cross-

pattern observed in waves generated by an oscillating sphere. The downward

propagating waves appear to be generated by the resulting intrusions but

nevertheless the phase lines still appear to be radiating from a localized source

close to the region below the plume head. In this case the mean depth of

the intrusion is about 6 cm from the source. We also note that, despite the

different ambient stratifications, the radial scale of the waves is similar both

in this case and in the H > 0 cases (see figures 4.2(c) and 4.4(c)).

88



0 5 10 15 20 25
0

0.5

1

1.5

2

2.5

3

ω
 [
1

/s
]

Power (arbitrary units)

−20 −16 −8 0  8 16 20
0

5

10

15

20

25

30

R

t

 

 

−0.2 −0.1 0 0.1 0.2

[s−3]

0 0.5 1 1.5 2 2.5 3
0

1

2

3

4

5

6

7

k [1/cm]

P
o

w
e

r 
(a

rb
it
ra

ry
 u

n
it
s
)

(a) (b)

(c) (d)

Figure 4.5: (a) Frequency spectrum obtained by averaging over all radial wave
numbers in (b), where (b) shows the average power spectrum from different
horizontal time series taken over the rectangular window shown in (c). (c)
is a horizontal time series taken at z = 22 cm of the experiment in figure
4.2. The horizontal slices are taken in the range 19.0 cm ≤ z ≤ 25 cm and
7.0 s ≤ t ≤ 25 s (rectangle with dashed lines). (d) Radial spectrum obtained
by averaging over all frequencies in (b). Experimental parameters are the same
as in figure 4.2.
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4.2.3 Bessel-Fourier analyses

Figure 4.5 plots the time series and power spectra used to obtain the charac-

teristic frequency and radial wavenumber of the waves.

In figure 4.5(c), the horizontal time series is taken at a vertical position

z = 20 cm of the experiment shown in figure 4.2. The plume in this case

penetrated to a maximum height z ≈ 17 cm. Thus, the position z = 20 cm is

about 3 cm above the maximum penetration height which means that the bulge

of fluid from the plume is not captured in the time series; only the radially

propagating waves moving up and away from the plume cap are captured.

The horizontal time series shows the radial propagation of the waves with

time, and from this we measure the radial and temporal characteristics of the

waves. To obtain the characteristic radial wavenumber kc and frequency ωc of

the waves, we first compute Bessel-Fourier spectra over a specifically chosen

window in radial space and time (0 cm . R . 20 cm, 1.5 . t/Tb . 4.5) from

several horizontal time series taken above the maximum penetration height.

Here Tb = 2π/N is the buoyancy period. These spectra are then averaged to

obtain a characteristic power spectrum of the waves. For example, the average

power spectrum shown in figure 4.5(b) was obtained by Fourier-transforming

in time and Bessel-transforming in the radial direction over several rectangular

windows such as the one shown on figure 4.5(c) extracted from images of the

experiment shown in figure 4.2. In this case, the horizontal slices are taken in

the range 20 cm ≤ z ≤ 25 cm and the time interval is 7 s ≤ t ≤ 25 s. Choosing

a window avoids the inclusion of the reflected wave beams from the sidewalls

of the tank. From the power spectrum, we observe that the waves are quasi-

monochromatic. Averaging over all radial wavenumbers gives the frequency

spectrum in figure 4.5(a). This shows a peak frequency ω ≈ 1.1 s−1. However,

there is non-negligible power in neighbouring frequency components and so a

characteristic frequency of the waves is found by calculating a power-weighted
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Figure 4.6: (a) The maximum penetration height above the interface and (b)
the ratio of the steady-state height to the maximum height.

average:

ωc =

∑

m

ωm|Aξm|2

∑

m

|Aξm|2
.

Computed in this way, the characteristic frequency of the waves in this case is

found to be ωc = 1.0 s−1.

Averaging over all frequencies gives the radial spectrum shown in figure

4.5(d) with a peak radial wavenumber k ≈ 0.5 cm−1. The figure also shows that

most of the radial power lies in the second and third modes. A characteristic

radial wavenumber is obtained by calculating a power-weighted average to get

kc = 0.4 cm−1.

4.3 Quantitative analyses

In this section, we give a quantitative analyses of the results and compare them

with theory. In the experiments without a uniform layer of fluid (H = 0), only

the upward propagating waves have been included in the analyses.
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4.3.1 Maximum penetration height

Figure 4.6(a) plots the experimentally measured values of the maximum pene-

tration height above the interface compared with the theoretical prediction of

Morton (1959a). The maximum plume height zmax is computed by numerically

solving equations (2.42)-(2.44) using values ofM , F and Q evaluated at the in-

terface. There is good agreement in the data with a correlation of about 90 %.

Figure 4.6(b) plots the ratio zss/zmax against the interfacial Froude number,

Fri. The average value of this ratio was found to be 0.90 ± 0.1. Morton et al.

(1956) did not measure the quasi-steady-state height in their experiments of a

plume in a linearly-stratified ambient, however we find that this ratio compares

well with the case of a fountain in a linearly-stratified environment measured

by Bloomfield & Kerr (1998) to be 0.93. This value is slightly greater than

the ratio obtained for a fountain in a two-layer density-stratified ambient in

which the ratio is about 0.88 (see Section 3.3.2). Although within errors, the

ratio may also be due to the greater interaction of the descending annular

plume with the main upflow in the case of a fountain in a two-layer ambient

as compared to a plume in a stratified environment in which the distance of

interaction is between the maximum height and the neutral buoyancy level.

4.3.2 Radial intrusion speeds

The main goal of measuring the initial speeds of the axisymmetric currents is to

show that the measured waves are those generated by the vertical fluctuations

of the plume and not the radially spreading currents.

Figure 4.7 plots the experimentally measured values of the level of neutral

buoyancy, zn (see figure 4.11), compared with the theoretical prediction of

equations (2.42)-(2.44) using values of M , F and Q evaluated at the interface.

Theoretically, the level of neutral buoyancy is taken as the height where the

buoyancy flux first vanishes. In the experiments, the neutral level is visually

determined from spatial snapshots after the intrusion is established. There is

good agreement in the data with a correlation of about 95 %. Only experiments
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with the neutral buoyancy level greater than 0.5 cm from the interface are

plotted. This is because the neutral buoyancy level is usually indistinguishable

from the interface for zn < 0.5 cm and besides the error involved in measuring

the position of the interface is about 0.3 cm.

The relationship between theory and experiment is surprisingly good con-

sidering the fact that the theory, as applied here, assumes that there is no

mixing of ambient fluid between the neutral level and the maximum height.

This is probably due to the fact that the axial velocity of the plume continues

to decrease from the neutral buoyancy level until it finally comes to rest at

the maximum height. Therefore the assumption that entrainment is propor-

tional to the axial velocity implies that there is less entrainment in this part

of the plume motion (Morton et al. (1956)). A similar assumption was used

by Abraham (1963) to model the topmost part of turbulent fountains where

it was assumed that there is detrainment rather than entrainment of ambient

fluid.

The initial speeds of the axisymmetric currents were measured by taking

the slope near R ≈ Rn of horizontal time series as shown, for example, in figure
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Figure 4.8: (a) Horizontal time series for an experiment with N = 1.62 s−1,
H = 5 cm, ρ0 = 1.0544 g/cm3, ρ1 = 1.0511 g/cm3. The time series was con-
structed from a slice taken at the neutral buoyancy level (z ≈ 5.2 cm). (b)
Typical approach of calculating the initial spreading speeds with ∆R ≈ Rn.
©, experimental data; . . ., fitted line. (c) The log-log plot of the horizon-
tal time-series showing the different spreading regimes. (d) Plot of the initial
spreading speeds for all experiments.
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Figure 4.9: Radial intrusion speed, Ug, versus the (a) radial phase speed, cgr,
and (b) group speed, cg, of the waves. Characteristic error bars are shown at
the top right corner in (a).

4.8(b). Rn is the width of the plume at the neutral buoyancy level which is

determined from horizontal time series such as figure 4.8(a). Both the left and

right-moving current speeds are measured and the average used to estimate

the initial speeds.

Figure 4.8(c) shows a typical log-log plot of distance against time taken

from figure 4.8(b). This is used to determine the appropriate initial scaling

relationship between distance and time for the intrusions. All the experiments

were found to spread initially as R ∼ tκ with κ = 1.0±0.1. Figure 4.8(d) plots

the initial spreading speeds of the intrusion compared with equation (2.111)

with the initial radial momentum and volume fluxes replaced by those of the

plume at the neutral buoyancy level. The plot shows a relationship of the form

V = (0.12 ± 0.02)

(

Mn

Qn

)

. (4.2)

Figures 4.9(a) and 4.9(b) plot the initial speed of the intrusion against the

radial phase speeds and group velocities of the waves respectively. Both plots

show a poor relationship between the respective parameters. This provides

further support to the assertion that the waves are generated by a localized
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Figure 4.10: The inverse characteristic radial wavenumber as a function of the
(a) radius of plume at the interface for the uniform-density layer case (the
source radius is used on the x−axis in the case H = 0 cm), (b) mean radius of
the plume cap. Characteristic error bar for bc is shown at the top left corner.

source around the plume cap and not by the intrusion currents. Although

the intrusions may also generate waves, these are not the dominant waves

measured in the experiments above the maximum penetration height. More-

over, the waves were observed to be generated long before the intrusion is well

established.

4.3.3 Radial wavenumber

Since the most obvious horizontal scale of the generating source is the width

of the plume at the density interface, one might expect that the radial scale

of the waves is set by this parameter. To investigate this, experiments with

varying mixed layer depths were conducted.

Figure 4.10(a) plots the inverse of the characteristic radial wavenumber

against the radius of the plume at the interface, bi, for all the experiments. We

observe that k−1
c ≈ 2.0 cm is almost constant for experiments with different

mixed layer depths (H ≈ 0, 5, 10, 15 cm) and therefore for different plume
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Figure 4.11: Schematic showing the position where the radius of the plume
cap, bc, the maximum penetration height, zmax and neutral buoyancy level, zn
are measured. za is the distance above the neutral buoyancy level.

radii at the interface. The source radius is used in the case H = 0 and has

also been plotted on figure 4.10(a). The lack of correlation in the experiments

show that the radial scale of the waves is not set by the width of the plume

at the density interface. This is unlikely to be caused by the effects of the

tank size since the radial scale of the waves is set before the waves reach the

sidewalls of the tank (e.g. see figure 4.2).

Because we start observing the waves when the plume begins to fall upon

itself, we hypothesize the scale of the waves is set by the radius of the plume

cap just after the plume reached the maximum height. For each experiment,

three measurements of the plume cap radius were taken within one second of

each other after the plume reached the maximum height. The measurements

were taken at a vertical level midway between the maximum height and the

neutral buoyancy level (see figure 4.11). The average of these radii was used as

the radius of the cap, bc. Figure 4.10(b) plots the inverse of the characteristic

radial wavenumber against the mean radius of the cap. We find that the radius

of the cap generally lies between values of 1.0 cm and 1.7 cm comparable to
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Figure 4.12: Vertical displacement amplitude of waves, Aξ, versus the (a) max-
imum penetration height; (b) penetration above the neutral buoyancy level.

k−1
c for different values of H . It therefore appears that the characteristic radial

wavenumber is set by the mean radius of the plume cap after it collapses upon

itself and not upon the radius of the incident plume at the interface height.

What determines the horizontal extent of the plume cap, as it depends upon

Q, M and F , is not yet well-established in theory. Indeed, numerical and

theoretical attempts to model the dynamics of the plume cap rely on heuristic

methods (McDougall (1981); Bloomfield & Kerr (2000)).

4.3.4 Vertical displacement amplitude

One might expect that the amplitude of the waves would depend upon the

maximum penetration height of the plume into the stratified layer. This is

because the greater the penetration of the plume into the linearly stratified

layer the greater the displacement of the isopycnals above the plume cap.

Figure 4.12(a) plots the theoretical maximum penetration of the plume

against the maximum vertical displacement amplitude, Aξ, that is measured

in the wave field. The amplitudes are obtained from horizontal time series

taken about 3 cm above the maximum penetration height. This enables us to

measure the near-maximum amplitudes of the waves without corruption of the

signal by the plume itself that would occur by taking measurements too close
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to the plume. For the H > 0 cases, the trend in the plot suggests a strong lin-

ear dependence of the amplitude upon the maximum penetration depth within

the limits of the experimental parameters. Even though the H = 0 cases pen-

etrated further into the stratified ambient, their amplitudes are not as large.

They have an almost constant amplitude around 0.1 cm. This means that the

maximum penetration height does not properly characterize the amplitude of

the waves. In figure 4.12(b), we have plotted the vertical displacement ampli-

tude against the penetration of the plume beyond its neutral buoyancy level,

za (see figure 4.11). The trend indeed shows a linear relationship for all cases

even though there is less variation in za for the H = 0 cases. The linear trend

in figure 4.12(a) for the H > 0 cases may also be due to the fact that most

of those experiments had their neutral buoyancy levels close to the interface

height so that zmax is approximately equal to za as explained in Section 4.3.2.

Caution needs to be taken in interpreting this result since the amplitudes

of the waves are not expected to increase to infinity with increasing maxi-

mum penetration. Experiments with larger penetration depths could not be

examined because we needed to ensure that there was sufficient vertical and

horizontal space for analysing the waves in the limited domain of the tank.

It is also important to recognize the different dynamics involved in the

H > 0 and H = 0 cases. In the H > 0 case, the plume is largely controlled

by buoyancy forces as it enters the stratified layer since its initial momentum

is mostly used up by the time the plume impinges the interface. Calculation

of the jet length at the interface (see equation 2.55) shows that ζ > 1 for the

H = 10 cm cases and about 1.0 for the H = 5 cm cases. So its dynamics within

the stratified layer is not jet-like but lies in the transition region. On the other

hand, in the H = 0 case, the plume enters the stratified layer as a forced

plume, being controlled initially by the momentum at the source and later by

buoyancy forces. Thus, even though the plume in the H = 0 case travelled

farther in the stratified layer, it does not necessarily have a higher overshooting

distance. In general, the overshooting distance largely depends on the excess

momentum at the neutral buoyancy level which in turn depends upon the
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Figure 4.13: (a) Vertical time series through the center of a plume with
parameters: ρ0 = 1.0400 g/cm3, ρ1 = 1.0230 g/cm3, N = 1.17 s−1, Q0 =
2.15 cm3s−1, H ≈ 5 cm. The vertical fluctuations are subtracted from their
mean value to get the vertical axis. (b) The frequency spectrum of the signal
in (a) with the power normalized by the maximum power.

strength of the stratification and the fluxes of buoyancy and momentum at

the source.

4.3.5 Wave frequency versus forcing frequency

When the plume reaches the initial maximum height, it falls upon itself because

of its negative buoyancy and subsequently it oscillates about a quasi-steady-

state depth. Though these oscillations appear random, to our knowledge,

they have not before been analyzed to determine their spectral characteris-

tics. Turner (1966) observed that the quasi-steady fluctuations of salt water

fountains in one-layer fresh water environments were small and random. On

the contrary, the fluctuations from ‘evaporating’ plumes (composed of various

mixtures of alcohol and ethylene glycol) were observed to be more dramatic

in that they were more regular and with larger amplitudes. The amplitudes

decreased with time but eventually achieved the same mean height as the salt

water fountains (see figure 3 of Turner (1966)).

In figure 4.13(a) we plot the fluctuations from an experiment with buoy-

ancy frequency N = 1.17 s−1. These were determined by taking a vertical
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Figure 4.15: Relative frequency of the waves versus the normalized amplitude.
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time series through the center of the plume and the extent of the vertical fluc-

tuations were subtracted from their mean values. The figure shows a quasi-

regular pattern of oscillations. A Fourier decomposition of the signal gives the

frequency spectrum shown in figure 4.13(b). The spectrum exhibits a wide

range of frequencies with a peak frequency around 1.6 s−1, greater than the

buoyancy frequency of the stratified layer and greater than the characteristic

frequency of the generated waves (ωc ≈ 1.0 s−1 in this case). Figure 4.14 shows

a plot of the peak frequency of the plume, ωplume, versus the frequency of the

waves illustrating that there is no direct linear relationship between the two

parameters. Thus, unlike internal gravity waves generated by solid objects

(such as spheres and cylinders) undergoing small amplitude oscillations (see

Mowbray & Rarity (1967a); Sutherland et al. (1999); Sutherland & Linden

(2002); Flynn et al. (2003)), waves generated by turbulent forced plumes have

peak frequencies which do not directly relate to the observed fluctuations of

the plume cap itself.

Both figures 4.14 and 4.15 further show that the characteristic frequency

of the waves generated by the turbulent plumes lie in a narrow frequency

range (0.45 ≤ ωc/N ≤ 0.85). This is consistent with the findings of Dohan &

Sutherland (2003) in which the waves generated by turbulence were found to

lie in a narrow frequency range (0.5 ≤ ω/N ≤ 0.75). They hypothesized that

turbulent eddies generating internal gravity waves interact resonantly with

the waves in a manner that most strongly excites those waves that vertically

transport the most horizontal momentum (Sutherland & Dohan (2004)). Such

waves exert the most drag on the source and so are most efficient at modifying

the structure of eddies that excite them.

4.3.6 Energy extraction by waves

The rate of working owing to buoyancy forces of the plume at the neutral

buoyancy level was calculated from equation (2.71) by replacing the radius

and velocity at the interface with those at the neutral level. The average
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Figure 4.16: The energy flux of the plume at its neutral buoyancy level versus
the energy flux of the waves.

wave energy flux was calculated using equation (2.118). This was derived

by assuming that the waves generated were symmetric about the center of the

tank. To verify this, energy fluxes from the left and right sides of the tank were

independently determined and the average energy flux calculated. Separately,

the N2
t fields from the left and right sides of the tank were first averaged and

the mean energy flux calculated. The difference in the energy fluxes between

the two approaches approximately give the error involved in the assumption of

axisymmetry. The asymmetry in the wave field is usually caused by the tilting

to one side of the plume cap from the centerline as the plume falls upon itself.

This behaviour is difficult to control even if the initial injection of plume fluid

is kept vertical.

Using the criteria mentioned above, if the difference between the two cal-

culations is greater than 20%, the experiment is considered asymmetric and is

not included in the analyses of the energy fluxes. We find that about 30% of

the experiments had differences to within 20%.

Figure 4.16 plots the estimated energy flux of the plume at its neutral

buoyancy level against the mean energy flux of the waves (calculated by taking

the average of the energy fluxes from the left and right sides of the tank).
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The average energy flux of the waves for each side of the tank is estimated by

vertically averaging energy fluxes over a four-centimeter interval (zmax+3 cm .

z . zmax+7 cm) in order to capture any vertical fluctuations in the energy flux

due to the transient and turbulent nature of the source. This vertical range

was also chosen to avoid reflected waves from the sidewalls and bottom of the

tank. There appears to be a linear relationship between the two parameters.

We find that 0.1 − 8% of the energy flux of the plume at its neutral level

is extracted by the waves. The average energy extracted is about 4% for the

experiments considered. Although so small this should not influence the large-

scale plume dynamics. This is plausibly large enough to influence the eddy

dynamics at the boundary between the plume cap and ambient.

4.4 Application to convective storms

The percentage of energy extracted by waves from plumes may be substantial

when compared with the enormous amount of energy released by thunder-

storms.

The study by Pierce & Coroniti (1966) first proposed that gravity waves

may be generated by severe thunderstorms via oscillations of the updrafts

within the storm. They stated that the updraught extends throughout most

of the cell and are generally of the order of 3 m/s but may locally exceed 30

m/s. Using observational data they were able to estimate the energy per unit

volume to be on the order of 1.0 erg/cm3. Assuming the oscillations extended

over an area roughly 10 km by 10 km and over a height interval of 3 km, they

estimated the total energy of the oscillation to be 3 × 1010 J.

Curry & Murty (1974) showed through field observations that internal

gravity waves are generated by thunderstorms through the transfer of kinetic

energy from a rising column of air within the storm cell to a stable region

aloft. In a case study, the amplitude spectra showed that the wave consisted

essentially of a single component having a period of ∼ 16 min and a buoyancy

period of 25.0 min (N ≈ 0.004 s−1) which is larger than the observed period
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of the waves.

They proposed a simple model for the generation of gravity waves by thun-

derstorms based on energy considerations. The top of the developing thunder-

storm cell was assumed to be a hemispherical cap of radius R̃ and rising with

velocity U . It was assumed to interact with waves at its position of stabil-

ity where it oscillates at a characteristic frequency. The kinetic energy (KE)

carried into the source was then calculated as

KE =
π

3
R̃3U2ρa, (4.3)

where ρa is the density of the air. An order of magnitude calculation was

carried out to find the value KE ≈ 5×109 J where ρa was taken as 0.5 kgm−3,

the value of R̃ was 500 m and U = 10 ms−1 were used. The rough estimate of

the kinetic energy from their model was found to agree well with an estimate

from their case study where the kinetic energy was found to be 6 × 109 J.

We recast equation (4.3) in terms of the energy flux at the source to get

Fstorm =
1

2
πR̃2U3ρa. (4.4)

Using the values of Curry & Murty (1974) results in Fstorm ≈ 1.3×1015 ergs/s.

Other observational studies of gravity waves generated by thunderstorms

include Balachandran (1980); Larsen et al. (1982); Lu et al. (1984); Gedzel-

man (1983); Pfister et al. (1993b,a); Alexander & Pfister (1995); Grachev et al.

(1995); Karoly et al. (1996); Dewan & Coauthors (1998). In particular, Larsen

et al. (1982) observed that waves are generated only when the vertical extent

of the developing clouds approach the level of the tropopause. However, like

other observational studies of thunderstorm-generated waves, the details of

the horizontal scale of the storm as well as the speeds of the updrafts could

not be obtained. One of the difficulties is the fact that the storms themselves

are not stationary but vary in both space and time. Another problem is that

the observational techniques are unable to provide this information on the

storms (Lu et al. (1984); Fritts & Alexander (2003)). Aircraft measurements
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and satellite imagery usually provide information on the horizontal scale of the

storms and limited information on updraft speeds (Pfister et al. (1993b,a); De-

wan & Coauthors (1998)). Nevertheless the information provided by aircraft

measurements about the characteristics of the generated waves is not enough

to help make a concrete quantitative link between the energy flux of the waves

and the storms. Some observational studies show that the horizontal scale of

the waves are comparable to the horizontal scale of the storms (Pfister et al.

(1993a); Tsuda et al. (1994)). The periods of the waves have been reported

by some observations to be close to the local buoyancy period (Pierce & Coro-

niti (1966); Curry & Murty (1974); Larsen et al. (1982)) whiles others observe

thunderstorm-generated waves to have periods longer than the buoyancy pe-

riod (Lu et al. (1984)). The results of the laboratory experiments presented

here show that depending upon the strength of convection, the mechanical

oscillator mechanism could contribute on average 4% of the energy flux of the

thunderstorm to the waves.

The waves generated by thunderstorms have been reported to have horizon-

tal wavelengths in the range 5− 110 km, vertical scales in the range 2− 7 km,

periods ranging between 5min and 3 h and with phase speeds in the range

12 − 30m/s (Larsen et al. (1982); Lu et al. (1984); Pfister et al. (1993b,a);

Karoly et al. (1996); Vincent & Alexander (2000)). Thus, in general, con-

vective sources generate waves with a broader spectrum than topographically

generated waves (Fritts & Alexander (2003)). The study by Fritts & Nastrom

(1992) compared the contribution of different gravity wave sources (specifically

topography, convection, frontal systems and jet stream) on the momentum

budget of the middle atmosphere and concluded that convectively generated

waves played a significant role though their influence is not as much as topo-

graphically generated waves.

The experimental results from this study suggest that, in the absence of a

background mean flow, the horizontal scale of thunderstorm-generated waves

is set by the horizontal scale of the top of the clouds in a well-developed

storm. Thus, the horizontal scale could be between 5 and 100 km. However,
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even though the oscillations of updrafts and downdrafts within a storm are

responsible for generating the waves and have broad frequency spectra, their

dominant frequency do not necessarily correspond to the dominant frequency

of the waves generated. We find that the frequency of waves generated via

the mechanical oscillator mechanism lie in a narrow range relative to the local

buoyancy frequency, N . The wave frequency may range between 0.45N and

0.85N where N lies between 10−2 and 10−3 s−1. The experiments show that

the vertical displacement amplitudes of waves generated via the mechanical

oscillator effect depends upon the distance updrafts overshoot their neutral

buoyancy level and not upon the vertical scale of the whole storm as in the

deep heating effect. From the experimental results, the vertical displacement

amplitudes may range between 1 − 5% of the overshooting distance. Based

upon observational studies this is about 30 − 150m. The experiments also

reveal that the average energy flux of thunderstorm-generated waves could be

as large as 1013 ergs/s based upon the rough estimates of energy flux in a single

storm cell.

4.5 Conclusions

This chapter presented the results obtained when axisymmetric internal grav-

ity waves are generated by turbulent buoyant plumes.

The results show that the radial wavelength of the waves is not set by

the width of the plume at the density interface. Rather the characteristic

radial wavenumber is set by the mean radius of the plume cap. Even though

the large scale fluctuations at the top of the plume were quasi-regular with

some identifiable characteristic peaks in their spectra, these frequency peaks

did not match the observed frequency of the waves. Instead, the frequency

of the waves relative to the buoyancy frequency was found to lie in a narrow

frequency range ∼ 0.7N . The vertical displacement amplitude of the waves

show a strong dependence on the maximum penetration of the plume beyond

its neutral buoyancy level for the experiments considered.
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The principal goal was to determine the percentage of the energy of the

plume at the neutral buoyancy level that is extracted by the upward propa-

gating waves. We found that, on average, four percent of the plume energy

is realized as the energy of the waves. Compared with the energy of a single

storm cell we estimate the energy flux to be 1013 ergs/s.
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Chapter 5

Summary and conclusions

This study presented the characteristics of turbulent buoyant plumes in strat-

ified environments. Specifically, I have examined the behaviour of turbulent

fountains in two-layer stratified environments. The motivation for this study

was to acquire a preliminary understanding of the behaviour of pollutants re-

leased into the atmosphere in the form of flares in the presence of atmospheric

inversions. I have also analyzed the nature of the internal gravity waves gener-

ated when a turbulent plume evolves in both a uniformly and a non-uniformly

stratified ambient fluid. This study helped to quantify the contribution of

the mechanical oscillator effect to the energy budget of waves generated by

convective sources in the atmosphere.

As part of this research I have extended the Lagrangian theory for a foun-

tain in a one-layer fluid to the case of a fountain in a two-layer environment.

In particular, two methods were presented which may be used to predict the

maximum penetration height of a turbulent fountain in a two-layer fluid.

For fountains in a two-layer fluid, I have, in particular, classified the regimes

of flow that result when an axisymmetric turbulent fountain is discharged

into a two-layer ambient. The classification was done using the empirically

determined parameter, θ = (ρ2 − ρ1)/(ρ2 − ρo), and the relative maximum

height, zmax/H . The results show that if the maximum penetration height is

less than twice the interface height, the return flow will go back to the source
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irrespective of the value of θ. However, if the relative density difference is

large (θ & 0.15) and the maximum penetration height is greater than twice

the interface height, the return flow will collapse and spread radially at the

interface. I found that such radial currents spread at the source or interface

either at constant-velocity (being driven by both the radial components of

momentum and buoyancy) or spreading as R ∼ t3/4 (being driven by buoyancy

forces alone). These regimes were distinguished by a critical Froude number

Frs ≈ 0.25 or Fri ≈ 0.4.

For axisymmetric internal gravity waves generated by turbulent buoyant

plumes, I have found that the radial wavelength of the waves is not set by

the width of the plume at the density interface. Rather the characteristic

radial wavenumber is set by the mean radius of the plume cap. Even though

the large scale fluctuations at the top of the plume were quasi-regular with

some identifiable characteristic peaks in their spectra, these frequency peaks

did not match the observed frequency of the waves. Instead, the frequency

of the waves relative to the buoyancy frequency was found to lie in a narrow

frequency range ∼ 0.7N . The vertical displacement amplitude of the waves

show a strong dependence on the maximum penetration of the plume beyond

its neutral buoyancy level for the experiments considered. The principal goal

was to determine the percentage of the energy of the plume at the neutral

buoyancy level that is extracted by the upward propagating waves. I found

that, on average, four percent of the plume energy is realized as the energy

of the waves. Compared with the energy of a single storm cell I estimate the

energy flux to be 1013 ergs/s.

5.1 Future Work

In the following, we consider possible future extensions of this research. These

topics are summarized below and discussed later:

1. Double diffusive plumes
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2. Relation between plume cap and fluxes

3. Numerical simulation of plumes generating axisymmetric waves

4. The obstacle effect

5.1.1 Double diffusive plumes

The first problem considered in this research has application to the dispersion

of pollutants from flares in the presence of atmospheric inversions. The report

by CASA (2002) defined flaring as the act of burning off natural gas as a waste

product when it is uneconomic to conserve or in emergency situations when

accumulations of gas become a safety concern. On the other hand venting

is defined as the direct release of natural gas into the atmosphere and has

typically been used as a low-cost option to manage small quantities of waste

natural gas that are not sufficient to be conserved or to support combustion in

a flare (CASA (2002)). The processing of sour gas separates the highly toxic

hydrogen sulphide (H2S) from natural gas and a small fraction of the H2S

extracted is then burned in flares to convert it to water and sulfur dioxide.

Hydrogen sulphide is about 18 % denser than air at room temperature so

burning it also decreases the density of the unconverted H2S. The subsequent

turbulent plume released mixes with the environment thereby decreasing it

concentration. If the burning process is not efficient enough the heavy gas

can fall back as a fountain to concentrate at ground levels thereby posing a

real health hazard to livestock and humans. In the presence of atmospheric

inversions, the pollutants could be trapped within or spread along the inversion

as a gravity current.

Application of the results of this research to flaring requires extension of

this study to the case of double diffusive plumes in uniform and two-layer

environments. Double diffusive plumes arise as a result of the diffusion of

two diffusive components in the plume. For instance the diffusion of heat

and salinity could be used to study plumes which rises due to heat and then

collapses as a fountain as the fluid cools due to entrainment of ambient fluid.

111



The dynamics of such flows are more complicated and have not received greater

attention in the literature. The experimental study of Zhang (1996) shows that

the reversal of buoyancy which causes an initially positively buoyant thermal-

saline plume to collapse at some height occurs within certain regimes of flow

governed by the initial salinity, temperature and density differences (see figure

3.5 of Zhang (1996)). The study also shows that the dynamics of such double

diffusive plumes are unsteady as compared to fountains and plumes with single

diffusive components. For instance the maximum penetration heights of the

reversible thermal-saline plumes in their experiments were found to oscillate

up and down but the maximum heights increased with time.

Theoretical modeling of double diffusive plumes may require the use of

the unsteady equations of motion of the type recently derived by Scase et al.

(2006b) together with the theory of Bloomfield & Kerr (2000). Alternatively,

modeling the complicated interaction between the upward and downward flows

in a double diffusive plume could be avoided by considering inclined double dif-

fusive plumes in which the source is oriented at a nonzero angle to the vertical

(see for example Lane-Serff et al. (1993) and Bloomfield & Kerr (2002)). The

latter approach not only simplifies the theory but may help make a close com-

parison with atmospheric plumes from flares which are practically observed to

be curved due to the presence of winds.

5.1.2 Relation between plume cap and plume fluxes

The experimental results in chapter 4 show that it is important to study the

relation between the cap of a plume in a linearly stratified environment and

the fluxes of volume, momentum and buoyancy at the source or at the neutral

buoyancy level. This will make comparison of the radial scale of the waves and

plume cap much easier. This problem is one of two open questions also posed

by Kaye (2008) in a recent review of the literature. It might be possible to

split the flow field into two regimes and to treat the upper part as a fountain

with its initial momentum and volume fluxes as those at the neutral buoyancy
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level.

5.1.3 Numerical simulation of plumes generating ax-

isymmetric waves

As mentioned in section 4.3.4, experiments with larger penetration depths

could not be examined because we needed to ensure that there was sufficient

vertical and horizontal space for analysing the waves in the limited domain of

the tank. This problem may be addressed by conducting numerical simulations

of plumes generating axisymmetric waves since larger domain sizes (compared

to the maximum height of the plume) could be constructed. In addition,

the reflection of waves from the sides and bottom of the tank could also be

avoided by setting up appropriate numerical domains. One approach is to use

direct numerical simulation (DNS) in which the Navier-Stokes equations are

solved without averaging or approximation other than errors due to numerical

discretizations (Ferziger & Peric (1997)). Some have used DNS to study the

evolution of weak fountains (Lin (2000)). A second approach is to use Large

Eddy Simulation (LES) since it is less costly than DNS of the same flow.

Some studies have used LES to study the impingement of plane plumes at

a thermocline (see figure 5.13 of Lee & Chu (2003)) and so LES could be

employed for a further study of the problem.

5.1.4 The obstacle effect

The obstacle effect is another important wave generation mechanism for which

laboratory experiments could be conducted to study. The presence of a mean

horizontal flow in this mechanism means that a more complicated laboratory

setup is needed. One approach is to horizontally tow a plume source across a

stationary ambient fluid to mimic a mean horizontal flow.
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Appendix A

Turbulent fountain from an area

source: Lagrangian approach

In the following, we derive the Lagrangian equations governing the upward

motion of a fountain from an area source of radius r0 and use them to present

an alternative method of calculating the maximum penetration height of a

fountain in a two-layer environment.

As stated in Section 2.6, Newton’s law is applied to a material volume such

that the rate of change of the vertical momentum of the plume element is equal

to the buoyancy force:

dM

dt
= −F0. (A.1)

Because F0 is constant, we have

M = M0 − F0t. (A.2)

The Lagrangian method employs the spreading hypothesis that the plume

spreads linearly with height, db
dz

= β, hence

b = βz + r0. (A.3)
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By the chain rule

db

dt
= w

db

dz
= βw. (A.4)

Multiplying through by b and using (A.2) give

d

dt

(

1

2
b2
)

= π−1/2β(M0 − F0t)
1/2.

Integrating both sides give

1

2
b2 = −2

3
π−1/2βF−1

0 (M0 − F0t)
3/2 + C,

where C is a constant of integration. At t = 0, b = r0 so we have

C =
1

2
r2
0 +

2

3
π−1/2βF−1

0 M
3/2
0 .

Thus,

1

2
b2 =

1

2
r2
0 +

2β

3
√
π

M
3/2
0

F0

[

1 −
(

1 − F0t

M0

)3/2
]

,

(A.5)

from which it follows that

b =

{

r2
0 +

4β

3
√
π

M
3/2
0

F0

[

1 −
(

1 − F0t

M0

)3/2
]}1/2

. (A.6)

The relation between z and t can be obtained from (A.6) and the equation

z =
1

β
(b− r0). (A.7)

At the maximum penetration height, zmax, the momentum flux goes to zero

115



(M = 0) and so from (A.2) and (A.7), we get

tmax =
M0

F0
, (A.8)

zmax =







[

(

r0
β

)2

+
4

3β
√
π

M
3/2
0

F0

]1/2

−
(

r0
β

)







, (A.9)

where tmax is the time taken to reach the maximum height. From (A.4) we

have

w =
1

β

db

dt
,

and differentiating (A.6) with respective to t we get after some algebra

w = π−1/2M
1/2
0

(

1 − F0t

M0

)1/2
{

r2
0 +

4β

3
√
π

M
3/2
0

F0

[

1 −
(

1 − F0t

M0

)3/2
]}−1/2

.(A.10)

From equations (A.6) and (A.10), the volume flux, Q = πb2w, is given by

Q = π1/2M
1/2
0

(

1 − F0t

M0

)1/2
{

r2
0 +

4β

3
√
π

M
3/2
0

F0

[

1 −
(

1 − F0t

M0

)3/2
]}1/2

.

(A.11)

As expected, (A.11) predicts that the volume flux decreases toward zero at

the maximum height, indicating a negative entrainment at the region where

the fountain fluid begins to fall toward the source. This also means that there

is a critical time when the volume flux is maximum. This critical time, tc, can

be explicitly calculated by differentiating (A.11) with respect to t and setting

the resulting expression to zero.

Let τ = 1 − F0t
M0

and ls = 4β
3
√
π

M
3/2
0

F0
. Then

Q = π1/2M
1/2
0 τ 1/2

{

r2
0 + ls

[

1 − τ 3/2
]}1/2

. (A.12)
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Differentiating give

dQ

dτ
=

1

2

√
πM

1/2
0 τ−1/2

[

r2
0 + ls

(

1 − τ 3/2
)]1/2 −

3

4

√
πM

1/2
0 lsτ

[

r2
0 + ls

(

1 − τ 3/2
)]−1/2

.

At the critical time, tc, dQ/dτ = 0, and we get the nondimensional critical

time, τc, as

τc =

(

2

5

)2/3(

1 +
r2
0

ls

)2/3

.

But tc = M0

F0
(1 − τc), so

tc =
M0

F0







1 −
(

2

5

)2/3
[

1 +
3
√
π

4β

F0r
2
0

M
3/2
0

]2/3






. (A.13)

Substituting tc into (A.11) gives the maximum volume flux:

Qmax = π1/2M
1/2
0

(

1 − F0tc
M0

)1/2
{

r2
0 +

4β

3
√
π

M
3/2
0

F0

[

1 −
(

1 − F0tc
M0

)3/2
]}1/2

.(A.14)

The relations derived for a fountain from a point source of flow in Section 2.6.2

are retrieved by setting r0 → 0 in the equations above.

The relations above may also be written in terms of z using equations (A.6)

and (A.7) to get

b = βz + r0 =
[

r2
0 + ls

(

1 − τ 3/2
)]1/2

,

and hence

τ =

{

1 −
(

3
√
π

4

)

(

F0

M
3/2
0

)

[

βz2 + 2r0z
]

}2/3

. (A.15)
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So from (A.12) we get the volume flux in terms of z:

Q(z) = π1/2M
1/2
0 (βz + r0)

{

1 −
(

3
√
π

4

)

(

F0

M
3/2
0

)

[

βz2 + 2r0z
]

}1/3

.(A.16)

Using M = M0(1−F0t/M0) = M0τ and equation (A.15) we get the momentum

flux in terms of z:

M(z) = M0

{

1 −
(

3
√
π

4

)

(

F0

M
3/2
0

)

[

βz2 + 2r0z
]

}2/3

. (A.17)

The maximum penetration height and maximum volume flux remain the same

since they are in terms of the source variables.

A.1 The maximum height in a two-layer am-

bient: Method 2

In the following, we outline a second method of calculating the maximum

penetration height of a fountain in a two-layer ambient without making a

virtual origin correction at the interface.

The mean properties of the fountain beyond the interface may be deter-

mined by using the equations for a fountain from an area source derived above

and replacing the source quantities by those at the interface. In particular

the maximum penetration height of the fountain beyond the interface can be

found from equation (A.9) by replacing the source radius and fluxes by those

at the interface to get (for an interface at a height z = H)

zmax,i =

[

(

bi
β

)2

+
4

3β
√
π

M
3/2
i

Fi

]1/2

−
(

bi
β

)

(A.18)

118



where Fi is given by equation (2.83) and

bi = βH + r0, (A.19)

Qi = π1/2M
1/2
0 (βH + r0)

{

1 −
(

3
√
π

4

)

(

F0

M
3/2
0

)

[

βH2 + 2r0H
]

}1/3

,(A.20)

Mi = M0

{

1 −
(

3
√
π

4

)

(

F0

M
3/2
0

)

[

βH2 + 2r0H
]

}2/3

. (A.21)

Substituting these expressions into (A.18) gives the height in terms of the

source parameters:

zmax,i =

[

(

H +
r0
β

)2

+ z0

]1/2

−
(

H +
r0
β

)

, (A.22)

where

z0 =
4

3β
√
π

M
3/2
0 Q0

F0

L0
[

Q0 − ε̃π1/2M
1/2
0 (βH + r0)L

1/3
0

] ,

and

L0 =

[

1 − 3
√
πF0

4M
3/2
0

(βH2 + 2r0H)

]

.

We observe that for a fountain in a one layer fluid from an area source of radius

r0, equation (A.22) reduces to (A.9) since ε̃ = (ρ1 − ρ2)/(ρ1 − ρ0) → 0, H → 0

and L0 → 1. Similarly, the expression for the maximum height for a fountain

from a point source in a one layer fluid (equation (2.78)) is recovered since in

addition r0 → 0.

Thus, the maximum penetration height of a fountain from an area source

in a two-layer fluid with density interface at z = H is given by

zmax,2 = zmax,i +H =

[

(

H +
r0
β

)2

+ z0

]1/2

−
(

r0
β

)

. (A.23)
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Appendix B

Scaling analyses: Radial

intrusion in a two-layer

environment

Consider an axisymmetric intrusion of density ρin from a source of constant

volume flux Qin into a two-layer environment with a top layer of density ρ1

and a lower layer of density ρ2. Let h be the height of the intrusion at time t

and H be the distance of the interface from the surface as shown in figure B.1.

We assume small density differences between the intrusion and the ambient

and neglect surface tension effects.

The conservation of volume relation is given by

Qint ∼ R2h, (B.1)

where R is the position of the front at time t. The pressure distribution within

the intrusion can be obtained from the hydrostatic equation (dp/dz = −ρing)
such that

p = ρ1gH − ρingz + g(ρin − ρ1)h1. (B.2)
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A relation between h1 and h is obtained via a hydrostatic balance (Timothy

(1977)):

h1 =

(

ρ2 − ρin
ρ2 − ρ1

)

h. (B.3)

Thus, from equation (B.2) we get the pressure distribution

p = ρ1gH − ρingz + ρinεg
′
inh (B.4)

where ε = (ρ2 − ρin)/(ρ2 − ρ1) and g′in = g(ρin − ρ1)/ρin. The radial pressure

gradient is therefore given by

∂p

∂r
= ρinεg

′
in

∂h

∂r
. (B.5)

At the interface, z = 0, the pressure scales as p ∼ ρinεg
′
inh and so the horizontal

driving pressure force should scale as the product of the pressure and the cross-

sectional area:

Fp ∼ ρinεg
′
inRh

2. (B.6)

In the inertia-buoyancy regime, the opposing force is the inertia force, Fin,

which scales as the product of the mass and acceleration:

Fin ∼ ρinhR
3/t2. (B.7)

Balancing equations (B.6) and (B.7) and using equation (B.1), we get

R(t) ∼ (εg′inQin)
1/4t3/4. (B.8)
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Figure B.1: Schematic of intrusion into a two-layer environment

122



Appendix C

Axisymmetric internal gravity

waves

The equations governing the motion of axisymmetric flow of an inviscid incom-

pressible fluid without rotation in cylindrical coordinates (r, θ̄, z) and with ve-

locity field U = (u, 0, w) are given by equations (2.1)-(2.4) (they are repeated

here for convenience):

ρ

(

∂u

∂t
+ u

∂u

∂r
+ w

∂u

∂z

)

= −∂p
∂r
, (C.1)

ρ

(

∂w

∂t
+ u

∂w

∂r
+ w

∂w

∂z

)

= −gρ− ∂p

∂z
, (C.2)

∂(ru)

∂r
+
∂(rw)

∂z
= 0, (C.3)

∂ρ

∂t
+ u

∂ρ

∂r
+ w

∂ρ

∂z
= 0. (C.4)

For small amplitude internal gravity waves, the nonlinear advection terms can

be neglected (Kundu (1990), page 234). Also using the Boussinesq approxi-
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mation, the equations reduce to

ρ00
∂u

∂t
= −∂p

∂r
, (C.5)

ρ00
∂w

∂t
= −gρ− ∂p

∂z
, (C.6)

∂(ru)

∂r
+
∂(rw)

∂z
= 0, (C.7)

∂ρ

∂t
+ u

∂ρ

∂r
+ w

∂ρ

∂z
= 0. (C.8)

The pressure and density are decomposed into a background state (variables

with overbars) and a fluctuating state such that

ρ = ρ(z) + ρ′ and p(z) + p′. (C.9)

Substituting these into the equations and neglecting the nonlinear terms in

the density equation results in the equations governing the motion of inviscid

and incompressible small amplitude axisymmetric internal gravity waves with

no background flow:

∂u

∂t
+

1

ρ00

∂p

∂r
= 0, (C.10)

ρ00
∂w

∂t
+
∂p

∂z
+ ρg = 0, (C.11)

∂ρ

∂t
+ w

dρ̄

dz
= 0, (C.12)

1

r

∂(ru)

∂r
+
∂w

∂z
= 0, (C.13)

where we have dropped the primes on the fluctuating variables for convenience.

In the following, we will combine the above equations into a single equation

in terms of the stream function, ψ(r, z, t). Taking the derivative of (C.10) with
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respect to z and the derivative of (C.11) with respect to r we get respectively

ρ00
∂2u

∂z∂t
+

∂2p

∂z∂r
= 0, (C.14)

ρ00
∂2w

∂r∂t
+

∂2p

∂z∂r
+ g

∂ρ

∂r
= 0. (C.15)

Equation (C.14) minus (C.15) gives

ρ00

(

∂2u

∂z∂t
− ∂2w

∂r∂t

)

− g
∂ρ

∂r
= 0. (C.16)

Taking the derivative of (C.12) with respect to r and multiplying through by

g we get

g
∂2ρ

∂r∂t
+ g

dρ

dz

∂w

∂r
= 0. (C.17)

Taking the derivative of (C.16) with respect to t and adding it to (C.17) we

get

ρ00

(

∂3u

∂t2∂z
− ∂3w

∂t2∂r

)

+ g
dρ

dz

∂w

∂r
= 0. (C.18)

This is rewritten as

∂2

∂t2

(

∂u

∂z
− ∂w

∂r

)

−N2∂w

∂r
= 0, (C.19)

where

N2 = − g

ρ00

dρ

dz
. (C.20)

For an incompressible fluid, we have the continuity equation ∇ · U = 0. Im-

plicitly defining the stream function as U = ∇× (ψ ˆ̄θ) satisfies the continuity

equation, where ˆ̄θ is a unit vector in the direction of θ̄. The radial and vertical
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velocity components are respectively given by

u = −∂ψ
∂z
, w =

1

r

∂(rψ)

∂r
. (C.21)

Substituting (C.21) into (C.19) we get (2.113):

∂2

∂t2

[

∂2ψ

∂z2
+

∂

∂r

(

1

r

∂(rψ)

∂r

)]

+N2 ∂

∂r

(

1

r

∂(rψ)

∂r

)

= 0. (C.22)

C.1 Dispersion relation

We seek solutions of the form

ψ(r, z, t) = ψ̂(r)ei(kzz−ωt), (C.23)

and so (C.22) becomes

d2ψ̂

dr2
+

1

r

dψ̂

∂r
+

(

k2
zω

2

N2 − ω2
− 1

r2

)

ψ̂ = 0,

=⇒ r2d2ψ̂

dr2
+ r

dψ̂

dr
+

(

k2
zω

2

N2 − ω2
r2 − 1

)

ψ̂ = 0,

=⇒ r2d2ψ̂

dr2
+ r

dψ̂

dr
+
(

k2r2 − 1
)

ψ̂ = 0, (C.24)

where

k2 =
k2
zω

2

N2 − ω2

=⇒ ω2 = N2 k2

k2
z + k2

, (C.25)

is the dispersion relation.
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C.2 Polarization relations

We observe that equation (C.24) is the Bessel equation of the first kind and

order one with argument kr; therefore

ψ̂(r) = J1(kr). (C.26)

Thus, the stream function takes the form

ψ = AψJ1(kr)e
i(kzz−ωt), (C.27)

so that from (C.21), we get

u = −ikzAψJ1(kr)e
i(kzz−ωt).

Thus,

u = AuJ1(kr)e
i(kzz−ωt).

The amplitude of the horizontal velocity is related to the stream function

amplitude by

Au = −ikzAψ. (C.28)

Now

∂(rψ)

∂r
= AψJ1(kr)e

i(kzz−ωt) + Aψe
i(kzz−ωt)

[

kJ0(kr) −
J1(kr)

r

]

,

since by the properties of Bessel functions

dJ1(kr)

dr
= J0(kr) −

J1(kr)

r
. (C.29)
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Thus

w = AwJ0(kr)e
i(kzz−ωt).

The amplitude of the vertical velocity is related to the stream function ampli-

tude by

Aw = kAψ. (C.30)

From (C.28) and (C.30) we get

Au = −ikz
k
Aw. (C.31)

We now rewrite the amplitudes in terms of the vertical displacement amplitude.

The vertical displacement, ξ, is implicitly defined by w = ∂ξ
∂t

, so that

Aw = −iωAξ. (C.32)

From the dispersion relation cos Θ = ω
N

, we get

Aw = −iN cos(Θ)Aξ. (C.33)

From (C.30) we get

Aψ = −iω
k
Aξ, (C.34)

or in terms of Θ

Aψ = −iN
k

cos(Θ)Aξ. (C.35)

From (C.31) we get

Au = −ikz
k

(−iωAξ) = −kzω
k
Aξ. (C.36)
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From the dispersion relation we have

ωkz
k

=
√
N2 − ω2 = N sin Θ,

so

Au = −N sin(Θ)Aξ. (C.37)

Let

p = ApJ0(kr)e
i(kzz−ωt),

then from (C.10) we have

∂

∂r

[

ApJ0(kr)e
i(kzz−ωt)

]

= −ρ00

[

(−iω)AuJ1(kr)e
i(kzz−ωt)

]

.

From properties of Bessel functions

−dJ0(kr)

dr
= kJ1(kr), (C.38)

therefore

Ap = −iωρ00

k
Au.

Using (C.36) we get

Ap = iρ00
N2

k
sin(Θ) cos(Θ)Aξ.

By definition, the perturbation density ρ is given by ρ = −dρ
dz
ξ, so that

Aρ = −dρ

dz
Aξ =

ρ00

g
N2Aξ. (C.39)
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By definition

∆N2 = −ρ00

g

∂ρ

∂z
, (C.40)

and so from (C.11), we have

−ρ00

g

∂ρ

∂z
=

∂2w

∂t∂z
+

1

ρ00

∂2p

∂z2
,

hence

∆N2 =
∂2w

∂t∂z
+

1

ρ00

∂2p

∂z2
.

(C.41)

The amplitude is

A∆N2 =

[

ωkzAw − k2
z

ρ00

Ap

]

= −iN2k tan(Θ)Aξ,

where we have used the fact that tan Θ = kz/k. Now

N2
t =

∂∆N2

∂t
,

and so we get

AN2
t

= −kzωN2Aξ = −kN3 sin(Θ)Aξ.
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Appendix D

Average energy flux of waves

For a bounded domain of radius R, the energy flux over any circular area is

given by

FE =

∫ 2π

0

∫ R

0

(wp)rdrdθ̄ = 2π

∫ R

0

(wp)rdr (D.1)

since both the vertical velocity w and perturbation pressure p are independent

of the radial coordinate θ̄ for axisymmetric waves. Because the waves are

assumed axisymmetric, we compute the average energy flux using Bessel series

and define

w =
∑

n

∑

m

1

2
WnmJ0(knr)e

i(kzz−ωmt) + cc, (D.2)

p =
∑

n

∑

m

1

2
PnmJ0(knr)e

i(kzz−ωmt) + cc, (D.3)

where J0 is the Bessel function of the first kind and order zero, Wnm and

Pnm are the amplitudes of the w and p fields; kz and ωm are the vertical

wavenumber and frequencies respectively. Substituting (D.2) and (D.3) into

(D.1) and applying the orthogonality property of Bessel functions we get

FE = 2π
∑

n

∑

m

PnmWnm cos2(kzz − ωmt)

∫ R

0

[J0(αnr/R)]2rdr. (D.4)
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Using the properties of Bessel functions, this simplifies to

FE = πR2
∑

n

∑

m

PnmWnm cos2(kzz − ωmt)J
2
1 (αn), (D.5)

where J1 is the Bessel function of the first kind and order one.

The polarization relations of linear wave theory for each n and m gives

PnmWnm =
ρ0N

3 cos Θm sin 2Θm

2kn
|Aξnm|2,

where kn = αn/R, Θm are the angles of propagation of each wave beam about

the vertical and Aξnm are the vertical displacement amplitudes. Equation

(D.5) becomes

FE =
1

2
πR2ρ0N

3
∑

n

∑

m

cos Θm sin 2Θm cos2(kzz − ωmt)
|Aξnm|2J2

1 (αn)

kn
.(D.6)

Averaging over one wave period we get (2.118):

Fwave =
1

4
πR2ρ0N

3
∑

n

∑

m

cos Θm sin 2Θm
|Aξnm|2J2

1 (αn)

kn
. (D.7)
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