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Abstract

Strong nanoscale light-matter interaction is often accompanied by ultra-confined

photonic modes and large momentum polaritons existing far beyond the light cone.

A direct probe of such phenomena is difficult due to the momentum mismatch of

these modes with free space light however, fast electron probes can reveal the funda-

mental classical, quantum and spatially dispersive behavior of these excitations. In

chapter 2, we use momentum-resolved electron energy loss spectroscopy (k-EELS) in

a transmission electron microscope to explore the optical response of plasmonic thin

films including momentum transfer up to wavevectors (k) significantly exceeding

the light line wave vector. We show close agreement between experimental k-EELS

maps, theoretical simulations of fast electrons passing through thin films and the

momentum-resolved photonic density of states (k-PDOS) dispersion. Although a

direct link between k-EELS and the k-PDOS exists for an infinite medium, here we

show fundamental differences between k-EELS measurements and the k-PDOS that

must be taken into consideration for realistic finite structures with no translational

invariance along the direction of electron motion.

Chapter 3 builds on the foundations of chapter 2 to probe silicon thin films

and probe its properties in a completely new regime of the spectrum with k-EELS.

Silicon is widely used as the material of choice for semiconductor and insulator ap-

plications in nano-electronics, MEMS, solar cells and on-chip photonics. In stark

contrast, in this thesis, we explore silicon’s metallic properties and show that it can

support propagating surface plasmons, collective charge oscillations, in the extreme

ultra-violet (EUV) energy regime not possible with other plasmonic materials such

as aluminum, silver, or gold. This is fundamentally different from conventional ap-
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proaches where doping semiconductors is considered necessary to observe plasmonic

behavior. We experimentally map the photonic band structure of extreme ultra-

violet (EUV) surface and bulk plasmons in silicon using k-EELS. The experimental

observations are validated by macroscopic electrodynamic electron energy loss the-

ory simulations as well as quantum density functional theory calculations. As an

example of exploiting these EUV plasmons for applications, we propose a tunable

and broadband thresholdless Cherenkov radiation source in the EUV using silicon

plasmonic metamaterials.

In chapter 4 we expand the use of k-EELS to probe more exotic nanophotonic

structures in the form of Bi2Te3, a naturally occurring hyperbolic material. Hyper-

bolic materials, uniaxial structures with a metallic response along one direction and

dielectric response along the orthogonal direction, support unique electromagnetic

modes with a wide variety of deep subwavelength applications in waveguiding, imag-

ing, sensing, quantum and thermal engineering beyond conventional devices. They

derive their name from their unique hyperbolic isofrequency typology that can sup-

port photonic excitations at large wave-vectors (high-k modes) that would normally

decay in conventional media. With k-EELS we perform the first measurements of

the high-k modes in Bi2Te3 and confirm its natural hyperbolic character from the

visible to the UV. k-EELS proves to be the ideal tool for probing hyperbolic media as

the relativistic electrons have a high momentum that are able to couple to Bi2Te3’s

large momentum (high-k) states that are difficult to probe optically. Additionally,

we expand on the theoretical ideas proposed in chapter 3 to perform the first mea-

surement of hyperbolic Cherenkov radiation in a natural hyperbolic material and

discuss its unique thresholdless Cherenkov radiation properties.

The work in this thesis paves the way for using k-EELS as the preeminent tool

for mapping the k-PDOS of exotic phenomena with large momenta (high-k) such

as hyperbolic polaritons, Cherenkov radiation and spatially-dispersive plasmons. In

addition k-EELS can also probe excitations at high energy that are difficult to probe

optically. As a result, this work has laid the foundations for a focused application:

a coherent, compact, tunable, and broadband EUV source.
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Preface

Some of the research presented in this thesis consists of work published in peer

reviewed journals. Specifically chapter 2 is a direct reproduction of:

• P. Shekhar, M. Malac, V. Gaind, N. Dalili, A. Meldrum, and Z. Jacob, ”Momentum-

Resolved Electron Energy Loss Spectroscopy for Mapping the Photonic Den-

sity of States,” ACS Photonics 4, 10091014 (2017).

In chapter 2 the fabrication of the silver samples via electron beam deposition, the

measurement of the samples via k-EELS in the TEM, the coding/calculations of the

electron energy loss scattering probability in MATLAB and the writing of the full

manuscript were performed by myself. Several discussions and guidance regarding

the formulation of the energy loss scattering probability were had with Vaibhav

Gaind. In particular, the analytic expressions of the behaviour of the energy loss

scattering probability in the limit of large momentum can be attributed to him.

Zubin Jacob and Marek Malac were the supervising authors and were involved with

the concept formation and finalizing the manuscript for publication.

Chapter 3 is currently under review for publication in the journal Optica. Chap-

ter 3 is a reproduction of the submitted manuscript and consists of the following

author list:

• Prashant Shekhar, Sarang Pendharker, Harshad Sahasrabudhe, Douglas Vick,

Marek Malac, Rajib Rahman, and Zubin Jacob

Sarang Pendharker is responsible for the full field simulations of Cherenkov radiation

in the silicon plasmonic material seen in figure 3.4. The concepts of the origins of the

thresholdless Cherenkov radiation phenomena in hyperbolic metamaterials discussed

in the chapter are a result of many fruitful discussions between Sarang and myself.

Harshad Sahasrabudhe and Rajib Rahman are responsible for the density functional

theory calculations of the silicon dielectric permittivity seen in figure 3.1. Douglas

Vick was heavily involved in the sample fabrication of the silicon films which he

performed via focused ion beam. All other aspects, including writing of the full

manuscript were performed by myself. Once again, Zubin Jacob and Marek Malac
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were the supervising authors and were involved with the concept formation and

finalizing the manuscript for publication.

Chapter 4 also consists of a collaborative research effort between the following

authors:

• Prashant Shekhar, Sarang Pendharker, Douglas Vick, Marek Malac, and Zubin

Jacob

Once again, concepts regarding the origins of thresholdless Cherenkov radiation phe-

nomena in hyperbolic metamaterials discussed in the chapter are a result of many

fruitful discussions between Sarang Pendharker and myself. Douglas Vick was once

again an integral part of the sample fabrication process, helping to prepare the

bismuth telluride sample via focused ion beam for observation in the transmission

electron microscope. All other components of the chapter were completed by my-

self. Zubin Jacob and Marek Malac were involved with the concept formation and

finalization of the chapter.

All of the work presented in this thesis is result of a collaboration from 3 insti-

tutions:

• University of Alberta, Department of Electrical and Computer Engineering,

9107 - 116 Street, T6G 2V4, Edmonton, Canada

• Nanotechnology Research Centre, Nat. Res. Council, 11421 Saskatchewan Dr

NW, T6G 2M9, Edmonton, Alberta, Canada

• Birck Nanotechnology Center, School of Electrical and Computer Engineering,

Purdue University, West Lafayette, IN 47906, USA
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Chapter 1

Introduction

1.1 Probing Optical Excitations at the Nanoscale

There is a strong drive for the continued development of nanotechnology in a variety

of fields to discover new fundamental physical phenomena and develop new techno-

logical applications; the field of optics is no exception. Nano-optics, often referred to

as nanophotonics, involves the understanding of photonic phenomena on the nano-

scale beyond the diffraction limit of light. The roots of the now burgeoning field can

be traced to the development of near-field optics in the mid 1980s. This, alongside

ever improving nanofabrication techniques, allowed for increasingly complex nano-

scale structures to control light at the nano-scale for a variety of applications. For

example, nanophotonic structures such as optical microcavities, photonic crystals

and more recently metamaterials and metasurfaces have lead to applications such

as super-resolution lensing/microscopy [1, 2, 3], single molecule detection/analysis

[4, 5], single-photon sources [6, 7], and the potential for optical networks via surface

plasmon polariton excitations [8, 9, 10] .

The development of optical microscopy in particular has been a cornerstone in

the field of nanophotonics. Initially, the understanding of the concepts of disper-

sion, diffraction and polarization in the 1700s and 1800s lead to the engineering of

far-field optical microscopes. Improvements in instrumentation and technique even-

tually led to the ability to study physical processes on the nanometer scale, how-

ever resolutions were generally diffraction limited to the order of ≈ λ/2. However,

more recently, certain far-field optical microscopy techniques have been employed

to beat the diffraction limit with a confocal microscopy setup including confocal

fluorescence microscopy [11, 12], multiphoton spectroscopy [13], and stochastic op-

tical reconstruction microscopy [14, 15] among many others [12]. Another avenue

involves the direct excitation/detection of evanescently decaying near-fields in close
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proximity to the sample known as near-field scanning optical microscopy (NSOM)

[16, 17]. In NSOM a subwavelength tip is brought in close proximity to the sample

where it brings, scatters and collects light before it evanescently decays to probe

subwavelength excitations.

While optical microscopy techniques can probe and excite subwavelength optical

phenomena and achieve subwavelength resolutions, they are hindered by the fact

that they use sources with small incident wavevectors limiting their ability to probe

deeply subwavelength features. As a result, there has been a sustained interest to

use a different probe for optical excitations: the electron. The electron, with a de

Broglie wavelength on the order of 0.01 nm, can not only be used to produce images

with extremely high spatial resolutions but its inherent evanescent fields can couple

to large wavevector (deeply subwavelength) optical excitations. In fact, some of the

earliest work on the excitation of subwavelength optical surface waves on thin metal

films were conducted by Ritchie with an electron probe [18], nearly 10 years before

it was performed with visible light by Kretschmann and Raether in 1968 [19].

The most prominent technique for probing optical phenomena with electrons

has been electron energy loss spectroscopy (EELS) in a transmission electron micro-

scope (TEM). In EELS, a swift electron passes through a sample and experiences a

measured energy loss (∆E) that corresponds directly to the transfer of the energy

to characteristic excitations within the photonic nanostructure [20]. The technique

was originally developed by James Hillier and RF Baker in the 1940s [21] but did not

see widespread use until the 1990s due to large advances in the instrumentation that

continue to this day. For example, recently scanning TEM EELS (STEM-EELS),

which uses a highly convergent beam with a point-like electron probe, has been

used to spatially map plasmonic excitations on nanostructures with sub-nanometer

spatial precision [22, 23, 24, 25, 26], probe higher order modes of nanodisks [27]

and nanoparticles [28] as well as probe a series of phenomena interpreted to have

quantum plasmonic behaviour [29, 30, 31, 32]. Additionally, EELS has been shown

to provide insight into the nature of absorption versus scattering processes in nanos-

tructures [33] as well as a direct relation to the photonic density of states (PDOS)

[34, 35].

While STEM-EELS can spatially resolve nanoscale photonic excitations up to

wavevectors several times past the light line, it provides no information about the

band structure and dispersion of said excitations. Specifically, the large spatial

resolution achieved with the narrow beam fundamentally limits the momentum (an-

gular) resolution possible with such a technique due to the uncertainty principle.

This problem was circumvented in the mid 70s where a wider parallel electron beam

sacrificed some of the spatial resolution to measure both the transferred ∆E and mo-

mentum (∆k) from the electron to the sample to determine the characteristic energy-
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momentum dispersion relation of plasmonic excitations [36, 37, 38]. This technique,

known as momentum-resolved electron energy loss spectroscopy (k-EELS) has been

somewhat forgotten since the early 1980s and has not seen much light of day in

the field of nanophotonics, despite the success of STEM-EELS. This is especially

interesting, as in its current state, STEM-EELS does not provide a smoking gun for

quantum excitations as experimental measurements claiming so have also been de-

scribed classically using the spatially dispersive properties of plasmonic excitations

arising from the wavevector dependence of optical constants (non-local response)

[39, 40, 41]. A momentum-resolved technique, such as k-EELS, can shed light and

help resolve the debate on the nature of quantum versus nonlocal nanophotonic

excitations not possible with STEM-EELS.

One of the primary goals of this thesis is to convince the reader that k-EELS

is a fundamental tool for probing nanophotonic excitations that will lead to the

continued development of the field of nanophotonics. It is shown that k-EELS has

a fundamental link to nanophotonics and can be used to map momentum-resolved

photonic density of states up to large wavevectors, it is demonstrated that k-eels is a

versatile technique that can probe large regions of the spectrum from the visible to

the EUV and also anisotropic structures, and that it can give key insights into the

nature of classical, quantum and non-local optical phenomena from the measured

band structure.

1.2 Thesis Overview

In this section we provide an overview of the thesis and highlight the primary mate-

rial systems investigated with k-EELS in each chapter. Each system is an integral

component to the current field of nanophotonics and, with the help of k-EELS, we

gain new valuable insight into the nature of each of these systems and their potential

for future applications.

In chapter 2 k-EELS is used to measure the momentum-resolved photonic density

of states (k-PDOS) of plasmonic excitations in ultra-thin silver films. Although a

direct connection between k-EELS and the k-PDOS has been theoretical proposed

[34], experimental measurements confirming this fact have been lacking. Specifically,

the established connection between k-EELS and the k-PDOS does not include the

host of experimental systems with surface effects from finite structures integral to

nanophotonics. It is for this reason that thin silver films, one of the most widely

applied nanophotonic materials for its low loss plasmonic properties in the visible,

is used to experimentally demonstrate the connection between k-EELS and the k-

PDOS for the first time.

In chapter 3 we experimentally demonstrate via k-EELS that silicon can support
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Figure 1.1: Probing nanophotonic excitations with k-EELS. In this thesis map
the momentum-resolved photonic density of states (k-PDOS) of the surface plasmon
polaritons of silver films (chapter 2), measure the high-k modes of Bi2Te3 (chapter
4) and the EUV plasmonic properties of silicon and silicon based metamaterials
(chapter 3) with momentum-resolved electron energy loss spectroscopy (k-EELS).

plasmonic excitations at high energies in the EUV, beyond any other material pop-

ularly used in the field of nanophotonics. Interestingly, even though silicon is widely

used as the material of choice for semiconductor and insulator applications in nano-

electronics [42], MEMS [43], solar cells [44] and on-chip photonics [45, 46, 47] its

plasmonic properties in the EUV have remained largely ignored. Silicon’s versatility

as a material and its widespread use in industry made it a prime candidate for inves-

tigation, and in this chapter we highlight that silicon’s capabilities can be extended

further into the EUV regime for nanophotonic applications. k-EELS proved to be

the tool of choice to probe such high energy excitations that are difficult to probe

optically, and also allowed for the accurate mapping of the photonic bandstructure

of the plasmonic excitations. In addition, in this chapter we also propose a tunable,

broadband EUV radiation source in the form of thresholdless Cherenkov radiation

in silicon plasmonic metamaterials.

Chapter 4 expands on the metamaterial ideas presented in chapter 3 by using k-

EELS to probe the naturally occurring hyperbolic material (HM) Bi2Te3. Recently,

interest in the avenue of naturally occurring HMs has gained traction as they have

been seen to curtail the limitations of the finite size of the unit cell prevalent in

artificial hyperbolic structures. Bi2Te3 is one of only 2 naturally occurring HMs that

have recently been shown to possess hyperbolic behaviour in the visible, which is of

course a prime regime of the spectrum for applications in nanophotonics. Hyperbolic

materials are able to support photonic excitations up to large wavevectors (high-k

modes) that are difficult to probe optically, and so, in this chapter, we perform the

first measurement of the high-k modes and the hyperbolic cherenkov radiation mode
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in Bi2Te3 with k-EELS.

The final chapter provides a brief summary and conclusion of the results pre-

sented in the thesis. Additionally, broad impacts of the work are discussed.

A series of appendices provide more detailed and expanded explanations of core

concepts discussed throughout this thesis. This includes derivations of the elec-

tron energy loss function and scattering probability in uniaxial media (appendix

A), the concept of the photonic density of states including a derivation of the elec-

tromagnetic Green’s function (appendix B), surface plasmon excitations in drude

metals (appendix C) as well as the behaviour of surface plasmons in nonlocal me-

dia (appendix D), an in depth discussion about hyperbolic metamaterials and their

properties (appendix E), further details about the behaviour Cherenkov radiation in

hyperbolic media (appendix F), additional details about the nature of the electron

source and the electron energy loss spectrometer in a transmission electron micro-

scope (appendix H) and finally a detailed methodology for preparing silicon samples

for k-EELS analysis via focused ion beam milling (appendix I).

1.3 Scope

In order to achieve true nanoscale light confinement and control there are a series

of challenges in the field of nanophotonics that must be addressed. In this thesis,

we look at addressing 4 of these key challenges:

1. Probing nanophotonic excitations at large momentum (high-k)

2. Probing nanophotonic excitations at high energy (from the deep ultra-violet to

the extreme ultra-violet)

3. Characterization of new materials and metamaterial design to control nanopho-

tonic excitations in the high energy/large momentum regime

4. Focused Application: Realizing a compact, tunable, broadband, and efficient

EUV source

Challenge 1 and 2 are a result of the limitations of optical nanophotonic spec-

troscopy techniques as outlined in section 1.1. In this thesis, we show that k-EELS

is an essential tool in the field of nanophotonics to address both of these challenges

simultaneously due to its ability to map photonic excitations to large energy and

momentum. In chapter 3, we show how k-EELS can also be used to address the

third challenge above, where we probe EUV plasmonic excitations in silicon that

have not been explored previously. This can lead to the exploration of new mate-

rials and metamaterial designs for applications in EUV waveguides, lenses, sensors,

detectors and sources that are sorely lacking.
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Challenge 4 represents more a longterm challenge of this work to realize a truly

efficient, broadband, tunable and compact EUV source. EUV sources are a keen

area of interest in the field of nanophotonics for the next generation of nanolithog-

raphy and metrology techniques to sustain Moore’s law [48], applications in mate-

rial science including electron spectroscopy techniques such as angle-resolved photo-

emission spectroscopy [49], as well for biomedical imaging [50].

Current forms of efficient EUV sources are large scale facility sources such as syn-

chrotrons that are primarily used for high power applications. Additionally, laser

produced plasma (LPP) EUV sources, which use a 20 KW CO2 pulsed laser onto

a tin target to create highly ionized plasmas [51, 52, 53], is the current state of the

art for generating EUV radiation at 13.5 nm and is expected to be implemented for

high volume use by 2020. LPP sources are promising as a high power EUV source,

however they have some key challenges to overcome, including low efficiencies, in-

coherent EUV emission, and ablation debris compromising the cleanliness of the

system.

While synchrotrons and LPP EUV sources are incredibly useful, they are not the

most feasible forms of EUV sources for everyday lab use and tabletop applications

due to their limited access, bulkiness and cost. KMLabsTM currently manufactures

commercial state of the art EUV tabletop sources that use a nonlinear effect known

as high harmonic generation (HHG) to produce coherent EUV light [48]. A major

drawback of the system however is its inefficiency of EUV light generation due to

the higher power lasers required for its nonlinear process. In chapter 3 we propose

a design for a compact EUV source as a potential stepping stone to address some of

the major issues of tabletop EUV sources in the longterm. Such a source would be

powered by low energy electrons instead of the energy intensive lasers required in

nonlinear processes to potentially fill the void for a coherent, broadband, tunable,

compact and efficient EUV source that is currently absent.
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Chapter 2

Momentum-resolved Electron

Energy Loss Spectroscopy for

Mapping the Photonic Density

of States

Strong nanoscale light-matter interaction is often accompanied by ultra-confined

photonic modes and large momentum polaritons existing far beyond the light cone.

A direct probe of such phenomena is difficult due to the momentum mismatch

of these modes with free space light however, fast electron probes can reveal the

fundamental quantum and spatially dispersive behavior of these excitations. In this

chapter, we use momentum-resolved electron energy loss spectroscopy (k-EELS) in

a transmission electron microscope to explore the optical response of plasmonic thin

films including momentum transfer up to wavevectors (k) significantly exceeding

the light line wave vector. We show close agreement between experimental k-EELS

maps, theoretical simulations of fast electrons passing through thin films and the

momentum-resolved photonic density of states (k-PDOS) dispersion. Although a

direct link between k-EELS and the k-PDOS exists for an infinite medium, here we

show fundamental differences between k-EELS measurements and the k-PDOS that

must be taken into consideration for realistic finite structures with no translational

invariance along the direction of electron motion. The results of this chapter paves

the way for using k-EELS as the preeminent tool for mapping the k-PDOS of exotic

phenomena with large momenta (high-k) such as hyperbolic polaritons and spatially-

dispersive plasmons.
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2.1 Introduction

Electron energy loss spectroscopy (EELS) in a transmission electron microscope

(TEM) is an essential tool for nanophotonics due to its ability to probe charge den-

sity oscillations far past the light-line. In EELS, a swift electron passes through a

sample and experiences a measured energy loss (∆E) that corresponds directly to

the transfer of the energy to characteristic excitations within the photonic nanostruc-

ture [20]. Recently, scanning TEM EELS (STEM-EELS) has been used to spatially

map plasmonic excitations on nanostructures with sub-nanometer spatial precision

[22, 23, 24, 25, 26], probe higher order modes of nanodisks [27] and nanoparticles

[28] as well as probe a series of phenomena interpreted to have quantum plasmonic

behaviour [29, 30, 31, 32]. However, in its current state, EELS does not provide a

smoking gun for quantum excitations and similar experiments have also been de-

scribed using the spatially dispersive properties of plasmonic excitations arising from

the wavevector dependence of optical constants (non-local response). [39, 40, 41].

Additionally, EELS has been shown to provide insight into the nature of absorption

versus scattering processes in nanostructures [33] as well as a direct relation to the

photonic density of states (PDOS) [34, 35].

Optical techniques, which use sources with small incident wavevectors, are severely

limited in their ability to measure the PDOS at large wavevectors in photonic nanos-

tructures [22]. However, using electrons with techniques such as STEM-EELS and

cathodoluminescence [54], this limitation can be surpassed as the inherently evanes-

cent field of the electron can couple to large-wavevector excitations in the medium.

Despite this, STEM-EELS provides no information about the band structure of

the medium as the large spatial resolution achieved with the narrow beam funda-

mentally limits the momentum (angular) resolution possible with such a technique.

This problem can be circumvented using momentum-resolved electron energy loss

spectroscopy (k-EELS) where a wider parallel electron beam can measure both the

transferred ∆E and momentum (∆k) from the electron to the sample to deter-

mine its characteristic energy-momentum dispersion relation [38, 36] (Figure 2.1(a)).

Thus, k-EELS is a valuable tool for the k-space mapping of the PDOS for plasmonic

systems up to large wavevectors (high-k) and can give key insights into classical,

quantum [55] and non-local optical phenomena from the measured band structure.

In this chapter, we use k-EELS to measure the momentum-resolved photonic

density of states (k-PDOS) of plasmonic excitations on ultra-thin silver films. We

explore the role of electron energy and momentum loss as a function of thickness of

the plasmonic film up to wavevectors 5 times past the light line. Although a direct

connection between k-EELS and the k-PDOS has been theoretically proposed [34],

experiments confirming this phenomenon have been lacking. Also note that the

relation between the two quantities have been determined for an optical source
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embedded in an infinite medium with translational invariance along the direction

of electron motion. Thus, the established connection between k-EELS and the k-

PDOS does not include the gamut of experimental systems with surface effects from

finite structures integral to nanophotonics. Here, we highlight the fundamental

differences between the k-PDOS and k-EELS in both energy and momentum space

for such a finite system and experimentally demonstrate that k-EELS provides an

accurate measure of the k-PDOS dispersion in energy-momentum space up to high-k

not possible with other techniques. We also conclude that coupling to longitudinal

modes is not observed in the local model of the k-PDOS for an optical source placed

outside the medium but is apparent in the k-EELS spectrum. The use of k-EELS to

map the k-PDOS to high-k can pave the way for exploring more exotic phenomena

such as hyperbolic polaritons [56, 57, 58], slow light modes [59, 60] and strong

coupling [61, 62]. It can also help shed light on questions related to non-local

plasmonic excitations [63] and the nature of nonclassical vs. classical effects [64]

effects in photonic nanostructures.

In the next section, we first outline a detailed methodology of the k-EELS system

and setup as well as the sample fabrication before discussing our results in section

2.3 and section 2.4.

2.2 Performing k-EELS in the Transmission Electron

Microscope: Experimental Setup and Sample Prepa-

ration

Performing k-EELS requires a notably different setup of the TEM compared to

momentum-integrated EELS or STEM-EELS techniques (Figure 2.1 (a)).1 For the

work presented in this chapter, k-EELS was conducted with a Hitachi HF-3300

TEM/STEM with a cold field emission gun (CFEG) and a Gatan Image Filter

(GIF) TridiemTM and the MAESTRO central computer control system [65]. The

TEM operation in k-EELS uses a parallel electron beam (300 keV incident energy),

unlike the point like probe of STEM-EELS with a highly convergent beam, in order

to map k-space dispersion of the excitations. The use of a parallel beam versus a

highly focused beam allows for the preservation of the angular scattering information

essential for mapping the momentum loss characteristics of materials. The electrons

with normal incidence pass through the sample and are scattered with a momentum

transfer (∆k) and undergo an energy loss (∆E = h̄ω) corresponding directly to the

momentum and energy of excitations in the sample. The electron energy loss is

determined by the EEL spectrometer which applies a magnetic field perpendicular

to the direction of electron motion, dispersing them in terms of their energy in

1An more detailed schematic of the general setup can be seen in figure 3.2 (a) of chapter 3
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real space. Additionally, a rectangular EELS slit is placed in front of the EELS

spectrometer in the diffraction plane so only electrons scattered along a certain

direction in reciprocal space are collected and enter the EELS spectrometer. Note

that this slit is placed perpendicular to the direction of the energy dispersion of the

electrons performed by the EELS spectrometer. As a result, with proper calibration,

the combination of the EELS slit and the EELS spectrometer disperses electrons on

a 2D plane of a CCD camera with one axis corresponding to energy loss and one

axis corresponding to the momentum loss experienced by the electron. This results

in a a characteristic energy-momentum map of the probed sample. Note that if a

certain crystal direction is desired to be probed, it is important to align the EELS

slit with the desired crystal direction.

The k-EELS experiment performed in this chapter was completed on isotropic

ultra-thin silver films. It was performed in diffraction mode with a 3 meter camera

length and the sample was illuminated with a 0.1 µm diameter probe. The GIF was

aligned using a series of energy selecting slits ranging from 10 eV to 2 eV and tuned

to have non-isochromaticity to 1st and 2nd order well below tolerance (0.05 eV and

0.43 eV, respectively). Although the total GIF alignment was performed (including

tuning for image distortions, achromaticity, and magnification), no energy selecting

slit was used during the k-EELS acquisition. The parallel illumination allows for the

entire k-EELS energy-momentum map image for each sample to be recorded using

a 1 second acquisition time integrated over 5 images in the GIF spectroscopy mode.

As the Ag thin films have isotropic plasmonic properties in k-space the direction

of critical points of the Brillouin zone were not considered however they should

be addressed for a non-isotropic plasmonic response. In addition, energy per pixel

and momentum per pixel calibrations of the CCD camera were corroborated with a

200 nm thick silicon sample with a known lattice spacing. The energy-momentum

maps measured for the thin films in this chapter resulted in energy and momentum

resolutions of ≈ 0.03 µrad/channel and ≈ 0.01 eV/channel, respectively down to ≈
1.2 eV until the ZLP onset.

In addition to the TEM setup itself, sample preparation for k-EELS experiments

are also of great importance. Smooth, thin film samples with continuous and large

grains are needed for k-EELS measurements. Such films limit the scattering of

valence electrons from grain boundaries and the surface of the film, reducing the

spurious background and improving momentum resolution. Additionally, the films

must be deposited on soluble substrates, such as NaCl, in order to make the films

free-standing to allow the fast electrons in the TEM to pass through the sample. For

the work done in this chapter, smooth 11 nm, 25 nm and 40 nm thick polycrystalline

silver films were prepared by electron beam evaporation onto NaCl substrates with

a 1 nm Ge wetting layer [66] (FESEM images in Figure 2.3 insets). The NaCl
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substrates, with (100) orientation, were freshly cleaved less than 1 minute before

they were placed in a vacuum chamber. High purity 99.999% Ag and Ge sources were

evaporated at ambient temperature (12oC−18oC) under high vacuum (8×10−7 torr)

at 1Å/s and 0.1Å/s respectively. The samples were then floated off the substrate

onto a TEM grid (inset Figure 2.1(a)) and inserted into the Hitachi HF-3300 TEM

that has pressures < 5 × 10−8 torr measured near the specimen. The sample was

exposed to atmosphere for approximately 20 minutes during the float off process.
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Figure 2.1: k-EELS and k-PDOS (a) The k-EELS experiment was performed
with a Hitachi HF-3300 TEM with a GIF TridiemTM in k-EELS mode at 300
keV incident energy with parallel illumination resulting in a quantitative energy-
momentum dispersion map of the excitations in the sample. The inset shows the
sample preparation for an e-beam evaporated Ag thin film with a Ge wetting layer
onto a copper mesh grid. (b) Schematic illustrating k-EELS with electron motion
along the direction of no translational invariance (top) and a radiating dipole above a
medium (bottom) for determining optical excitations in a material. For k-EELS, we
consider normally incident electrons with velocity vz and probe momentum transfer
parallel to the material interface (∆k⊥) and energy loss (∆E) through the sample.
The k-PDOS is measured by analyzing the power spectrum of a radiating dipole
(with an oscillating source current) placed close to the material surface at a dis-
tance d. We only consider a dipole oriented perpendicular to the material interface
(dipole moment µ only along z-direction).(c) The simulated relative k-EELS (de-
termined by the energy loss function (ELF)) and the k-PDOS, integrated over the
wavevector, for a 40 nm thick Al film (left) and a 11 nm thick Al film (right). The
ELF is modeled for an electron with 300 keV incident energy while the k-PDOS is
calculated for a radiating dipole 2 nm above the metal surface. For both thicknesses
the ELF shows a strong peak at 15 eV corresponding to the bulk plasmon resonance
of Al not seen in the k-PDOS. Both the k-PDOS and ELF show the surface plasmon
polariton resonance at 10.6 eV. The aluminum is modeled with a simple Drude-like
response with a plasma frequency (ωAlp ) of 15 eV and a damping factor (γAlp ) = 0.13
eV.
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2.3 Distinctions between the k-PDOS and k-EELS in

Energy and Momentum Space

We now turn our attention to the theoretical foundations of the k-PDOS and its

relation to k-EELS measurements. The k-PDOS (appendix B) provides a framework

that leads to a direct connection to Fermi’s golden rule, making it a valuable tool for

spontaneous and thermal emission engineering [56, 57, 67]. Here, we consider the

k-PDOS for an optical source in vacuum above the medium of interest akin to many

nanophotonic systems (Figure 2.1 (b) bottom). It captures the near-field interactions

with photonic nanostructures from the power dissipated by a stationary oscillating

electric dipole: P = ω
2 Im(µ∗ · ~E) where ~E is the electric field at the dipole position

(d) produced by an oscillating current source jpdos(z, t) = −iωµe−iωtδ(z−d)δ(x)δ(y)

[68] and µ is the dipole moment.

Although k-EELS measurements and the k-PDOS are comparable quantities,

for a system with no translational invariance along the direction of electron mo-

tion, several key distinctions between the two quantities exist due to the different

nature of their source excitations. In stark contrast to the stationary radiating

dipole source above the medium in the k-PDOS, measurements made by k-EELS

require a formalism for the scattering of a swift electron as it moves through matter

(appendix A). The energy loss and transferred momentum of an electron moving

through a medium is described by the energy loss function (ELF) [69] which is

the work done by the retarding force of the fields induced (Eind) by the electron:

U =
∫
d3r

∫
dtEind(r, t) · jeels(r, t) where r is the spatial position and jeels is the

source current [70]. Note, unlike the oscillating current source in the PDOS (jpdos),

the source current in k-EELS is that of a moving charge: jeels = evzδ(x)δ(y)δ(z−vzt)
where vz is the velocity of the electron perpendicular to the medium interface [70]

(Figure 2.1 (b) top). This contrasting nature of the source excitations for a finite

structure consequently leads to fundamental variations between the k-PDOS and

k-EELS (as determined by the ELF) in both energy and momentum space.

Figure 2.1(c) contrasts the k-PDOS and the ELF of an aluminum film as a

function of film thickness and highlights a key difference between the two quantities

in energy space: the local k-PDOS (integrated over the wavevector) for an emitter

above the medium does not show any signature of the bulk plasmon resonance

(appendix C) at 15 eV although it is a strong peak in the ELF for both the 11

nm and 40 nm thickness. Unlike a moving electron, the stationary radiating dipole

source above the film has no longitudinal electric fields and therefore is unable to

couple to any epsilon-near-zero resonances [71, 72] (bulk charge density excitations

in a medium where the permittivity approaches 0) due to their longitudinal nature.

Additionally, we observe that the ELF sees an increase in intensity at the surface
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plasmon polariton (SPP) energy (10.6 eV) relative to the bulk plasmon as the film

thickness is decreased due to the electron probing more effective surface compared

to the bulk of the medium. This trade-off between the bulk and surface contribution

to electron energy losses is known as the Begrenzungs effect [20]. Although the ELF

leads to a direct interpretation of the k-PDOS in energy space for an infinite medium,

such intensity fluctuations of the surface plasmon as a function of film thickness do

not occur in the local k-PDOS as it does not couple to the bulk plasmon for an

emitter placed outside a finite structure.
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Figure 2.2: k-PDOS and k-EELS Scaling with Wavevector The scaling of
the k-EELS (as determined by the ELF) (a) and k-PDOS (b) with respect to the
wavevector parallel to the surface (k⊥) is shown for an 11 nm thick Al film. At large
wavevectors the ELF scales as 1/k2 and 1/k3 for the bulk and surface plasmon po-
lariton, respectively. The k-PDOS scaling with wavevector for the surface plasmon
is seen to scale as exp(−2dk) where d is the distance of the dipole from the top
surface. The insets in (a) and (b) display the simulated k-EELS and k-PDOS dis-
persion, respectively. Note that both the k-EELS and k-PDOS show the symmetric
and anti-symmetric surface plasmon in the band structure but only k-EELS shows
the bulk plasmon dispersion at 15 eV.

We now turn our attention to the nature of the ELF and k-PDOS in momentum

space with particular emphasis on the fundamentally different high-k behaviour of
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plasmonic excitations. First, we consider the contribution to the k-PDOS (ρ(ω, d, k))

for an emitter above a thin metal film from only the SPP (as there is no coupling

to the bulk plasmon) and its dependence on the wavevector in the plane parallel to

the material interface (k⊥) [68]:

ρspp(ω, d, kspp) =
π2c2

ω
Re

(√
−εmk5sp
1− εm

e
−2

√
−1
εm

kspd

)
(2.1)

where ρspp is the surface plasmon contribution to the k-PDOS, c is the speed of light

in vacuum, k⊥ = kspp is the surface plasmon wavevector and εm is the permittivity of

the metal. A similar expression can be derived for the ELF in the limit of high-k for

a thin metal slab surrounded by vacuum showing its dependence on the wavevector

for both the bulk and surface plasmon contributions:

ELFbulk =
t

k2⊥

(
v2z
c2
− 1

εm

)
ELFsurf =

2

k3⊥εm

[
−f2.(1 + εm) + α− f(b+ + b−)

]
α

(1 + εm)2f2 − α2

(2.2)

where t is the slab thickness, α = (1 − εm), f = exp
(√

k2⊥ − εmω2/c2)t
)

, and

b± = exp
(
±ιωt
vz

)
. It is clear from equation 2.1 and equation 2.2 that the scaling of

the plasmonic excitations differ significantly for the ELF and k-PDOS intensity with

respect to k⊥. Figure 2.2(a) plots the ELF versus k⊥ at the surface plasmon and bulk

plasmon energy of Al in log scale. We note, that in the limit of large k, ELFbulk ∝
1/k2⊥ and ELFsurf ∝ 1/k3⊥. Conversely, at high-k, the PDOS scales such that PDOS

∝ exp(−2dk⊥) (Figure 2.2(b)). Thus, there is an increasing difference in momentum

space between the ELF and the k-PDOS for finite structures as k is increased that

must be taken into consideration when performing k-EELS measurements.2

Although there exist some fundamental differences between k-EELS and the k-

PDOS magnitudes for the system discussed above, once these theoretical differences

are taken into account, k-EELS measurements can help to map the local k-PDOS as

well as the energy-momentum band structure of plasmonic/polaritonic excitations.

The insets of Figure 2.2(a,b) clearly highlight the ability of k-EELS to map the

energy-momentum dispersion of the k-PDOS to great accuracy. The insets show

the energy-momentum dispersion of the SPP, the anti-symmetric SPP, and, in the

case of the ELF, the bulk plasmon for a 11 nm thick aluminum film. In the particular

case of the SPP, both the k-PDOS and k-EELS show the gradual convergence of

2Note, experimental verification of this scaling is seen in chapter 3 in figure 3.3 for the plasmonic
excitations in silicon films.
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the SPP resonance to its plateau energy at 10.6 eV with one to one correspondence

from the low-k to high-k regime.

2.4 Dispersion mapping the k-PDOS with k-EELS

In this section, we perform k-EELS as a function of film thickness to determine the

k-PDOS dispersion of the SPP. We fabricated 11 nm, 25 nm and 40 nm continuous

large grain sized free standing silver films. Note, while analysis with Al films was

considered in the previous sections to highlight the effects of the bulk plasmon,

we switch to Ag films in experiment for two key reasons: the wide use of Ag in

nanophotonics systems due to plasmonic excitations in the visible regime and the

fact that there are no bulk plasmon contributions for Ag close to the SPP energy.

Detailed experimental methods, including fabrication of free standing Ag films and

the k-EELS specifications, are outlined in section 2.2.

Figure 2.3 shows the experimentally measured relative k-EELS scattering prob-

ability at different scattering angles (corresponding to transferred momentum k) for

an 11 nm, 25 nm and 40 nm thick Ag film on a 1 nm Ge wetting layer. The insets

in the top row of Figure 2.4 (a, b, c) show the raw experimental E-k dispersion

map with energy loss in eV and momentum transfer in µrad. The intense band

evident at 0 eV across all scattering angles is the zero-loss-peak (ZLP) representing

unscattered and elastically scattered fast electrons present in all k-EELS spectra.

The bright band at ≈3-3.5 eV (marked by the dashed white line) is the SPP peak

of Ag and the series of bands in the 4-6 eV range evident at lower scattering angles

(≈5-10µrad) correspond to the interband transitions in Ag. Figure 2.3 is plotted by

taking 1D line profiles along the designated scattering angles of the E-k map. The

strongest peak in the experimental energy loss spectra is that of the surface plasmon

of silver as is expected for relatively thin films (< 100 nm thick) where surface loss

contributions dominate bulk losses. The relative scattering intensity of the surface

plasmon also decreases with increasing transferred momentum for all thicknesses

as expected due to the scaling of the ELF with k observed in Figure 2.2 (a) and

equation 2.2.

Direct proof of the ability of k-EELS to map the k-PDOS dispersion from low-k

to high-k is demonstrated in Figure 2.4 as seen by the strong match between the

k-EELS experiment, ELF and the k-PDOS while mapping the SPP dispersion of

Ag. (d), (e), and (f) show the near perfect agreement between the theoretical ELF

and the k-PDOS across all thicknesses and k implying the ability of the ELF (and

therefore k-EELS measurements) to map the k-PDOS dispersion to high-k. This

is further corroborated by the experimental k-EELS results shown in (a), (b) and

(c) which shows a strong correspondence with the theory. Not only do the k-EELS
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Figure 2.3: k-EELS on Silver Films. Relative experimental k-EELS scattering
intensity at select scattering angles for an 11 nm (a) , 25 nm (b) and a 40 nm
(c) Ag film. The film was deposited with 1 nm Ge wetting layer onto NaCl single
crystals. A distinct peak (2.5 eV-3.5 eV) and a fainter peak at lower angles (4
eV-6 eV) correspond to the surface plasmon and the interband transitions of silver
respectively. The inset is a scanning electron microscope image of the top surface of
the silver film.

measurements and ELF capture the broad k-PDOS dispersion, but also the nuanced

changes in the SPP dispersion as the film thicknesses is increased. This is evident as

the SPP dispersion profile for the 11 nm film (Figure 2.4 (a,d)) is shifted to higher

momentum at lower energies and shows a more gradual convergence to the surface

plasmon plateau energy (3.5 eV) than either the 25 nm (Figure 2.4 (b,e)) or 40 nm

(Figure 2.4 (c,f)) film in both theory and experiment. The slight shift of the SPP

dispersion to lower momentum by ≈2 µrad in experiment versus simulation is likely

due to oxidation of the Ag film not included in the simulation.

In conclusion, despite being fundamentally different quantities for realistic fi-

nite structures with no translational invariance along the path of electron motion,

k-EELS is a valuable tool for mapping the k-PDOS dispersion in photonic nanos-

tructures from the low-k to high-k regime not possible with other techniques. The

versatility of the k-EELS approach allows for mapping the k-PDOS dispersion for a

wide variety of photonic nanostructures including photonic crystals, 2D materials,

metamaterials, and metasurfaces including periodic arrays of structures composed

of the wide array of nano plasmonic antennas. However, for periodic structures,

the interplay between the periodicity, angular extent of the zero loss peak and the

dynamic range of the k-EELS spectrum has to be optimized. Thus, k-EELS is a

valuable tool for the k-space engineering of many exotic phenomena in nanophoton-

ics including Cherenkov radiation [73], slow-light modes [59, 60], non-local plasmonic

excitations [63], hyperbolic modes [56, 57, 58], and strong coupling [61, 62].
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Figure 2.4: k-PDOS Dispersion from k-EELS. Experimental and theoretical
k-EELS dispersion maps for an 11 nm (a,d), 25 nm (b,e) and a 40 nm thick (c,f) Ag
film on a 1 nm Ge wetting layer. TOP: Energy-Momentum dispersion of the silver
film from the raw experimental EELS data. A clear SPP dispersion is observed.
Inset shows the generated experimental energy-momentum map with a dashed line
indicating the SPP scattering intensity. Note the bright band at 0 eV in the inset
corresponds to the zero-loss peak (ZLP). BOTTOM: Theoretical k-EELS scattering
probability and k-PDOS for the various Ag films generating an energy-momentum
map. A strong correspondence between the experimental and the simulated k-EELS
and k-PDOS is observed for mapping the SPP dispersions. Note, that the SPP
plateau appears at decreasing k⊥ as the sample thickness increases in both theory
and experiment.
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Chapter 3

EUV Plasmonics and

Cherenkov Radiation in Silicon

Silicon is the key material of choice in industry for applications in nano-electronics,

on-chip photonics, solar cells and MEMS technologies. Interestingly, in this chapter,

we show that silicon can also support surface and bulk plasmons in the EUV regime

not possible with conventional plasmonic materials. We expand on the techniques

and ideas presented in chapter 2 and use relativistic electrons to experimentally

probe the plasmonic properties of silicon via k-EELS. Additionally, we propose a

feasible EUV radiation source using the high energy plasmonic effect in silicon plas-

monic metamaterials.

The goal of this chapter is to provide a stepping stone for the design and fab-

rication EUV plasmonic nanostructures that are severely lacking. Such structures

include EUV waveguides, metamaterials and metasurfaces for potential applications

in biotechnology, EUV lensing for imaging and lithography and integrated EUV

sources. Additionally, this chapter highlights the ability of k-EELS to probe high

energy excitations difficult to perform optically and addresses the need for advancing

the current state of characterization tools in the field of nanophotonic to discover

unique photonic excitations inside matter.

3.1 Introduction

Arrows indicate indirect interband transitions that are very weak in the EUV. This

results in a sea of unbound electrons in the valence band that lead to silicon’s metallic

character [75].

Silicon is the most widely used material for applications in nano-electronics [42],

photovoltaics [44], MEMs technologies [43], and on-chip photonics [45, 46, 47]. Its

dominance in industry stems from multiple factors including the possibility to control
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Figure 3.1: Plasmonics across the EM Spectrum. (a) The measured surface
plasmon resonance for various materials across the EM spectrum from the terahertz
(10−2 eV / 124 µm) to the EUV (11.5 eV / 107 nm). Doped semiconductors are
limited to the mid-infrared region whereas transparent conducting oxides have plas-
mon resonances in the near-infrared. Alternative plasmonic media and conventional
materials (Ag, Au) work well in the visible range. Al is the material of choice for UV
applications. Plasmonic behaviour in the EUV has remained largely ignored. Here,
we explore silicon for its EUV plasmonic properties at more than double the energy
of aluminum. (b) Experimental (from Palik [74]) and theoretical (density functional
theory (DFT) calculations with the GW approximation1) of the permittivity of sil-
icon showing it’s metallic character in the EUV (ε < 0 in the 10-16 eV (124 - 77
nm) regime). (c) Electronic band structure of silicon calculated with DFT + GW
approximations1. Arrows indicate indirect interband transitions that are very weak
in the EUV. This results in a sea of unbound electrons in the valence band that lead
to silicon’s metallic character [75].

its crystallinity, tailoring of its conducting properties via doping, cost-effectiveness

and availability as well as its high purity. Although universally known for its insulat-

ing and semiconducting properties, the goal of this chapter is to explore and exploit

silicon’s metallic and plasmonic properties which have remained largely ignored.

The plasmonic properties of a variety of different materials have been explored

across the electromagnetic (EM) spectrum [76] (figure 3.1 (a)). This includes plas-

mons on graphene in the THz regime [77], highly doped III-V semiconductors that

support plasmons in the infrared [78, 62], and the universally used plasmonic mate-

rials Ag and Au in the visible [79]. Aluminum has been the most widely explored

plasmonic material at UV frequencies for applications such as tunable, integratable
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surface plasmon sources [80, 81], medical assays and biotechnology applications with

fluorophores [82], as well as lensing for imaging applications and optical lithography

[83]. While aluminum has shown some promise in the ≈ 5 eV (248 nm) regime,

achieving plasmonic effects at higher energies in the deep ultra-violet (DUV) and

extreme-ultra-violet (EUV) is an open problem.

In this chapter, we show that extreme ultra-violet plasmons supported by sili-

con can pave the way for EUV waveguides, metamaterials and devices not possible

with conventional plasmonic materials. We study the evolution of the plasmonic

behavior in silicon thin films down to 60 nm and probe the photonic band structure

of silicon in the EUV up to 5 times past the light line. This is made possible by

probing silicon with relativistic electrons using momentum-resolved electron energy

loss spectroscopy (k-EELS). Unlike the more traditional spatially resolved electron

energy loss techniques [55], in this work, not only the energy but also the momentum

dispersion of the EUV plasmonic excitations are mapped. We also show excellent

agreement of our experimental results with first principles quantum density func-

tional theory calculations as well as macroscopic electrodynamic electron energy loss

theory. The silicon SPP is shown to have a resonance condition at approximately

11.5 eV (107 nm), more than twice as high in energy as what has been measured

with aluminum for applications in the UV. Finally, we propose an EUV radiation

source by exploiting the EUV plasmonic properties of undoped silicon. Our proposed

EUV source is tunable and broadband, and uses thresholdless Cherenkov radiation

in silicon plasmonic hyperbolic metamaterials. Our work paves the way for the field

of EUV plasmonic devices with silicon.

The energy scales of the surface plasmon polariton (SPP) for silicon is between

4 eV ≤ E ≤ 11.5 eV (310 nm ≤ λ ≤ 107 nm) while the bulk plasmon (BP) exists at

E = 16 eV (λ = 77 nm). Even though previous work has shed light on the existence

of such metallic behavior in bulk silicon [37], it’s an open question whether plas-

monic behavior would persist for nanoscale structures. In this work, we specifically

focus on the thickness evolution of plasmonic behavior in silicon thin films which

is in agreement with Drude metallic behavior. This validates that deep subwave-

length excitations in the EUV regime are indeed possible for paving the way to EUV

plasmonics.

Experimental measurement of the silicon permittivity at high energies [74] agrees

strongly with our density functional theory (DFT) calculations under the GW ap-

proximation [84] (figure 3.1 (b)).1. Silicon’s metallic character in the EUV is a result

1 These calculations were performed by Harshad Sahasrahbudhe and Rajib Rahman at Purdue
University. The dielectric constant is calculated using the GW approximation in the Vienna Ab
initio simulation package (VASP [84]), where G is the single particle Green’s function, and W is
the screened Coulomb interaction between electrons. Quasiparticle energies and wavefunctions cor-
responding to unoccupied orbitals (bands) are obtained using this method. The dielectric constant
is then evaluated using the wavefunctions and their derivatives with respect to momentum. In this
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of the unbound nature of its valence electrons arising from the weak interband tran-

sitions strengths from the valence to the conduction band [75]. In fact, this leads to

a nearly freely moving sea of electrons in the valence band that can support surface

plasmon excitations from the free charge carrier oscillations. This is in contrast to

the visible region of the spectrum where prominent interband transitions lead to

strongly bound electron-hole pairs between the valence and conduction band which

eliminates its metallic character [75, 85].

3.2 EUV Surface and Bulk Plasmons in Silicon Mea-

sured with k-EELS

We measure the EUV plasmonic properties of silicon with relativistic electrons and

momentum-resolved electron energy loss spectroscopy (k-EELS) in a transmission

electron microscope. Unlike traditional electron energy loss spectroscopy (EELS)

techniques where only the amount of energy loss is measured, k-EELS probes both

the energy and momentum transfer of the electron. The information on momentum

loss is obtained by measuring the scattering angle (θ) of the electron after passing

through the sample2 (figure 3.2 (a)). Note the energy and momentum lost by the

incident electron corresponds directly to the energy and momentum carried away

by the excitations within the sample. Thus, the major advantage of k-EELS is the

ability to map the photonic/polaritonic band structure and clearly identify pho-

tonic excitations such as Cherenkov radiation, waveguide modes and surface/bulk

plasmons.

Figure 3.2 (b), (c), and (d) shows the measured photonic band structure as a

function of thickness (200 nm, 100 nm and 60 nm) for free standing silicon films3.

The samples are prepared via focused ion beam milling (FIB) and mounted to a

TEM grid4 to create free-standing structures (inset figure 3.2 (f), (g)). The band

structure for all three films is measured using k-EELS up to an electron scattering

approximation, the self-energy (Σ) of the many-body electron system is truncated to the first order
in G. A partially self-consistent method (GW0 algorithm in VASP) is used, which is shown to
closely match experiments, where G and Σ are updated until convergence and W is fixed.

Interestingly our calculations using the Bethe-Salpeter Equation (BSE), which describe electron-
hole bound states, calculates the experimental permittivity of silicon well at lower energies but
begins to deviate at energies into the UV regime and higher. Conversely, the DFT with the GW
approximation shows a much stronger match to the experimental data at high energies which
suggests that the electron-hole pairs are not strongly bound but move freely at higher energies.

2The details of the k-EELS methodology is very similar to what was outlined chapter 2. The
incident electrons were traveling parallel to the c-axis perpendicular to the (100) silicon plane.

3The experimental data shown is a result of 10 integrated measurements on the silicon sample,
where the filled circle is the average of the peaks taken in the 10 images. The error bars are 2
standard deviations above and below the average, indicating a 95% confidence interval for the data.

4FIB was performed with the aid of Douglas Vick at NRC-Nano. Details of the process can be
seen in appendix I
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Figure 3.2: EUV plasmons and Cherenkov radiation in silicon measured
with k-EELS. (a) Schematic showing the key components of the k-EELS technique
for measuring the momentum-resolved photonic band structure of silicon. The k-
EELS experiment was performed with a Hitachi HF-3300 TEM with a GIF Tridiem
in k-EELS mode at 300 keV incident energy with parallel illumination resulting in
a quantitative energy-momentum dispersion map of the excitations in the sample2.
The photonic band structure of 200 nm (b) 100 nm (c) and 60 nm (d) thick silicon
films measured with k-EELS (error bars show 95% confidence interval3). All three
films show evidence of the bulk plasmon at (≈ 16 eV) and the surface plasmon at (≈
4-11.5 eV) in the EUV as well as Cherenkov radiation in the visible in the (≈ 2-4 eV)
region mapped to large scattering angles (large momentum with k > 5∗k0). A good
agreement to the macroscopic electrodynamic energy loss function (red line) is seen
for all three thicknesses. (e),(f), and (g) show the electron scattering probability for
the 3 excitations as measured by k-EELS integrated over the indicated scattering
angles for the 200nm, 100 nm and 60 nm silicon films, respectively. Insets in (f) and
(g) show SEM images of the free standing silicon films prepared via FIB milling and
mounted to the TEM grid (details in appendix I).
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angle of θ = 30µrad (kx ≈ 0.1nm−1) at 300 keV incident energy and probes the

deep near field up to 5 times past the light line.

We now explain the physical origin of the three branches seen in the band struc-

ture data in figure 3.2 (b), (c), and (d). The dispersionless flat-band at 16 eV (77

nm) in all three films is the bulk plasmon (BP) excitation of silicon (ωSip ). The BP

is a longitudinal resonance that is difficult to probe optically and occurs at the point

εSi → 0 (figure 3.1 (b)) well into the EUV. We emphasize that bulk longitudinal

plasma oscillations, even for aluminum, occur in this high energy regime. How-

ever, for waveguiding and nano-antenna applications, surface plasmon polaritons

are necessary which do not exist in the EUV regime in the widely used plasmonic

metals.

The highly dispersive band between ≈ 4-9 eV for the 200 nm film and ≈ 4-11.5 eV

(107 nm - 310 nm) in the 100 nm and 60 nm film is the measured surface plasmon po-

lariton (SPP) excitation of silicon in the EUV. Interestingly, surface excitations are

stronger as compared to bulk excitations for thinner films in all EELS measurements

due to the Bergrenzungs effect [22, 20]. As a result, the surface plasmon scatter-

ing intensity is large enough in the thinner 100 nm and 60 nm film to be probed

into EUV energies. Interestingly, we note that ωSisp = ωSip /
√

2 ≈ 11.5 eV, which is

indicative that silicon is a Drude-like metal in the EUV in agreement with DFT

calculations. This is in fundamental contrast to the DC semiconducting properties

or transparent insulator-like optical properties of silicon at the telecommunication

wavelengths.

We immediately note that the measured EUV SPP resonance energy of silicon

(≈ 11.5 eV/107 nm) is more than double of what has been observed with aluminum,

the traditional material for high energy plasmonic applications. Furthermore, figure

3.2 (e),(f) and (g) highlights the highly dispersive nature of the SPP (blue-shifting

of the peak with increasing scattering angle) for the three silicon films across the

untapped 5 - 11.5 eV range. Note, that the dispersive properties of the SPP would

be hidden in traditional EELS techniques but is captured here by k-EELS. The k-

EELS measurements prove that the SPP of silicon can be probed to an entirely new

region of the spectrum as compared to other plasmonic materials opening the door

for a wide range of plasmonic applications in the EUV.

To prove conclusively that we are observing bulk and surface plasmons in the

measured data, we conduct simulations of the macroscopic electrodynamic electron

energy loss function [87] (appendix A in silicon for electrons normally incident to the

sample. The measured data show a strong match with the theoretical calculations

(red line in figure 3.2 (b), (c), (d)). The energy loss function has been shown to be

analogous to the photonic density of states [34, 86] and is thus an excellent quantifier

for probing photonic excitations. Slight deviations at small scattering angles of
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Figure 3.3: k-EELS scattering intensity scaling with momentum (k) The
experimental (blue circles) surface plasmon (SP) and the bulk plasmon (BP) scat-
tering peak intensity ratio is plotted as a function of kx (scattering angle) for the 200
nm (a) and 60 nm (b) silicon films. In macroscopic electrodynamic electron energy
loss theory, surface contributions (such as the SP) and bulk contributions (such as
the BP) scale with momentum as k−3 and k−2, respectively [86, 20]. As a result,
the k-space scaling of the ratio of the surface to bulk intensity goes as k−1. This
is evident from the red line in the figure. We can thus unambiguously separate the
surface plasmon polariton and bulk plasmon contributions using k-EELS.

the experimental surface plasmon peak from the predicted theoretical energy loss

function in the 60 nm film is likely due to Ga+ implantation (≈ 1-2 nm) during the

FIB sample fabrication process and surface oxidation. Thinner samples, which are

more sensitive to surface energy loss excitations, are more affected by such impurities

along the sample surface. Recorded uncertainties (error bars) in the measured EUV

plasmonic resonances increases at large scattering angles due to the decrease in

probability of scattering5.

Fig. 3 shows the ratio of the bulk and surface scattering probability scaling with

momentum for silicon. Theoretical predictions reveal a k−3 dependence for bulk

plasmons and k−2 scaling for surface plasmons [86, 20] (figure 3.3). The excellent

5It is evident from figure 3.2 (b) that there is an increased uncertainty in the k-EELS measure-
ment at larger scattering angles. This is a result of the decreased signal to noise ratio (SNR) of
the EELS measurement at large scattering angle (large k) due to the inherent k-space scaling of of
EELS signal intensity (figure 3.3).

Furthermore, an increased uncertainty is observed in the surface contributions (the SP) as com-
pared to the bulk contributions (the BP) in figure 3.2 (b) as the scattering angle increases. This is
due to the fact that the surface scattering intensity decreases with scattering angle exponentially
faster than bulk contributions (k−3 versus k−2, respectively) (figure 3.3). This leads to a rela-
tively lower SNR for the surface contributions compared to bulk contributions leading to increased
uncertainty for surface contributions at larger k.

Additionally, an overall increase in the measurement uncertainty is observed for thinner films as
compared to the thicker silicon films. This is a result of the inelastic mean free path of silicon (≈
180 nm for 300 keV electrons) being much larger than the film thickness leading to a decreased
inelastic scattering signal intensity for the thinner films.
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agreement between theory and experiment (ratio=k−1) allows us to unambiguously

separate the contributions of bulk and surface plasmons in silicon. We emphasize

that this scaling effect of the EELS intensity with momentum can only be captured

by k-EELS.

Finally, we explain the low energy branch in the visible range (1.5-4eV) that

is observed in the data. Through analytical simulations and electron energy loss

function theory, we confirm that this branch is the visible-region Cherenkov radiation

in silicon. Cherenkov radiation (CR) is electromagnetic radiation generated when

a charged moving particle passes through a medium with a velocity greater than

the phase velocity of light in the medium. It has been studied in multitudes of

dielectrics in energy loss experiments [37, 88, 20, 89, 90] as well as 2D materials [91],

and metamaterials [92, 93]. Conventional CR in dielectrics will only be generated

if the electron velocity is larger than the phase velocity in the medium ( vz ≥ c/
√
ε

). The threshold electron velocity to observe Cherenkov radiation is thus defined as

the phase velocity of light inside the medium (vth = c/
√
ε). The CR condition is

satisfied in the visible region in silicon (εSi > 1.64) (figure 3.1) for the relativistic

electrons used in our experiment. The CR peak and band structure in the 200

nm, 100 nm and 60 nm silicon films between ≈ 2-4 eV (310-620 nm) in figure 3.2,

respectively, is measured with k-EELS with an incident electron energy of 300 keV

(vz = 0.78c), well above the CR velocity threshold. Our results agree strongly with

electron energy loss theory (red line in 3.2 (b), (c), (d)) as well as previous studies

[37, 88, 94]. We emphasize the striking fact that our observation of visible Cherenkov

radiation occurs in a 60 nm silicon thin film which is in the deep subwavelength

nanophotonic regime. A detailed analysis of coherence properties of this visible

Cherenkov radiation will be undertaken in a future study.

3.3 Pushing Cherenkov Radiation in Silicon from the

Visible to the EUV

We now discuss how the plasmonic properties of silicon can be exploited to design

EUV radiation sources by pushing the Cherenkov emission into the EUV regime. We

propose to use the plasmonic properties of silicon to design a new class of high energy

(EUV) hyperbolic metamaterials. Specifically, the multitude of applications possible

with hyperbolic metamaterials can now be expanded into the EUV, specifically the

generation of a tunable, broadband, and thresholdless Cherenkov radiation light

source via electron excitation.

Interestingly, it has recently been shown that hyperbolic metamaterials (HMMs),

a uniaxial metamaterial with a metallic response along one direction and a dielectric

response along the orthogonal direction, can be used to eliminate the need for large
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velocity electrons for generating Cherenkov radiation [95, 96, 97]. While on its own

silicon can only support conventional Cherenkov radiation in the visible, its plas-

monic properties in the DUV→EUV (section 3.2) can be used to realize structures

with hyperbolic behaviour that generate thresholdless Cherenkov radiation in this

untapped region of the spectrum.

The novel thresholdless CR phenomena possible in HMMs can be determined by

first considering the CR cone angle (θc) in uniaxial media6:

tan(θc) =

√(vz
c

)2
εz −

εz
εx

(3.1)

where θc is the angle between the Cherenkov wavevector (kc) and the axis of the

electron trajectory (figure 3.4 (a)), εx is the permittivity of the uniaxial structure

in the planar direction and εz is the permittivity parallel to the c-axis.

In the case of a hyperbolic metamaterial, we impose the following conditions on

our permittivity for the orthogonal directions of the metallic and dielectric response:

εz < 0, εx > 0 (type I HMM) and εz > 0,εx < 0 (type II HMM). The CR velocity

threshold with the imposed HMM permittivity conditions can be determined by

requiring real values of θc in equation 3.1:

vz ≤ c/
√
εx Type I (3.2)

0 ≤ vz ≤ c Type II (3.3)

We see that in the case of a hyperbolic metamaterial for the type I case, the elec-

tron velocity now has an upper limit. This is the exact opposite of a conventional

isotropic dielectric where a minimum velocity i.e. lower limit exists ( vz ≥ c/
√
ε

). Furthermore, for the type II hyperbolic metamaterial any electron velocity will

generate CR (details in appendix F). These are the cases of thresholdless Cherenkov

radiation (TCR). Observe that if we consider a simple isotropic dielectric in equation

6 The anistropic Cherenkov radiation dispersion in uniaxial media can be determined analytically
from the uniaxial macroscopic electron energy loss function as defined in appendix A. Specifically,
anistropic Cherenkov radiation is manifest in the volume loss contribution of the anistropic energy

loss function, which has the form: ELFvolume ∝ (1−εx(vz/c)
2)

(εxφ2
z)

d where φ2
z = k2x + (εz/εx)(ω/vz)

2 −
εz(ω/c)

2. In the limit where φz = 0, we get a resonantly large enhancement to our anisotropic energy
loss function which is the anistropic Cherenkov radiation in uniaxial media. We can determine the
analytic uniaxial Cherenkov radiation dispersion by solving for the wavevector in the expression for
φ2
z when φz = 0:

kcx =

√
εzk20 −

εz
εx

(
ω

vz

)2

and kcz =
ω

vz

where kcx is the component of the CR wavevector (kc) parallel to the sample interface and kcz is
the CR component along the c-axis fixed by the electron velocity (vz). We define the anisotropic
Cherenkov cone angle as seen in equation 3.1 and figure 3.4 (a) by realizing that tan(θc) = kcx/k

c
z.
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Figure 3.4: Thresholdless Cherenkov Radiation (TCR) in the EUV (a)
Schematic of TCR (vz << c) in the EUV excited in a hyperbolic metamaterial
(HMM) composed of an 100 nm thick Si/SiO2 multilayer stack in the effective
medium limit. kc is the TCR wavevector and θc is the TCR cone angle. (b) Uniaxial
effective medium permittivity at 0.35 metallic fill fraction for the Si/SiO2 multilayer
stack highlighting the regions of type I and type II behaviour where TCR can be
observed (c). Type II (εx < 0, εz > 0) HMM isofrequency typology that supports
TCR. In the ideal limit, the strongest TCR resonance occurs as vz → 0 where θc lies
along the asymptotes of the hyperbola in k-space (defined by angle θr) (details in
appendix F). (d) Normalized Ez fields in the x-y plane plane of Cherenkov radiation
in the dielectric and hyperbolic regimes of the Si/SiO2 multilayer stack at different
electron velocities in a lossless structure. Opposite trends are observed where the
field strengths increase for the hyperbolic regime while they are suppressed in the
dielectric regime as the electron velocity decreases. The type I regime is seen to
support TCR in the EUV (≈ 11-15.5 eV).
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Figure 3.5: TCR dispersion from the DUV to the EUV. Simulation of the
momentum-resolved electron scattering probability (details in appendix A) for the
Si/SiO2 structure described in figure 3.4 for different incident electron velocities. The
simulations are performed in the effective medium (homogenized) low loss limit. The
dashed black line shows the analytical Cherenkov radiation dispersion in a uniaxial
metamaterial6. TCR is clearly observed in the type I and type II HMM regimes
where the scattering probability increases with decreasing electron velocity. Note
that the type I region has an upper threshold when vz ≥ c/

√
εx and is suppressed

at vz = 0.9c. The type II region has no velocity threshold. Additionally, the TCR
dispersion extends to larger wavevectors as the velocity decreases as it is approaching
the resonance condition described in figure 3.4 (b) where infinitely large wavevectors
are supported in the structure and vphase = ω/k → 0.

3.1 (εx = εz ≥ 0) we retrieve the conventional CR limit (vz ≥ c/
√
ε). Additionally

note that the conditions for the type I and type II CR velocity thresholds would be

flipped for an electron traveling along the x direction, as was seen in [95].

Via harnessing silicon’s unique EUV plasmonic properties (section 3.2), novel

EUV hyperbolic metamaterials can be designed using widely used materials in a

simple geometry such as a Si/SiO2 multilayer stack. Figure 3.4 (a) shows such a

Si/SiO2 multilayer structure whose permittivities in the effective medium limit (ho-

mogenized with Maxwell-Garnett theory) possess both type I and type II hyperbolic

behaviour from the DUV to the EUV (figure 3.4 (b)). We envision that a practical

realization of this structure would consist of approximately 16-20 alternating 8-10

nm layers of SiO2 and crystalline Si. We strongly emphasize that our silicon based

metamaterial design is unique and is unrelated to previous approaches exploiting

doped semiconductors [78, 62] or alternate plasmonic media [76]. Also note, that

doped semiconductors cannot have plasmonic responses at high frequencies beyond

the infra-red region.

The hyperbolic regimes of the Si/SiO2 multilayer stack give rise to the unique
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TCR excitation. This is clearly seen in figure 3.4 (d) which shows the simulated

Cherenkov radiation fields in the dielectric and hyperbolic regimes of the Si/SiO2

multilayer at different electron velocities.7 We observe in the type I regime that as

the electron velocity decreases the relative Cherenkov radiation fields increase. This

is the fundamental characteristic of TCR and is the exact opposite trend seen in

the dielectric regime which supports conventional CR. Cherenkov radiation in the

hyperbolic regime can be seen down to electron velocities as low as vz = 0.001c in

the effective medium limit, however there is a fundamental trade-off between the

velocity threshold reduction and the loss in the structure (details in appendix F).

Note that the type I regime supports TCR in the EUV (≈ 11-15.5 eV) for

the Si/SiO2 structure. This allows for a potential EUV source from low energy

electrons not possible with conventional CR. Additionally, the hyperbolic regions

can be shifted in energy space by adjusting the silicon (metallic) fill fraction allowing

for a TCR excitation that is highly tunable and considerably broadband. This is in

contrast to other high energy CR sources that are narrowband, non-tunable and are

subject to the conventional CR threshold [98, 99].

The origin of the TCR phenomena is due to the unique hyperbolic topology of the

HMM isofrequency surface (figure 3.4 (c)). Note, the phase velocity in the medium

approaches 0 at the asymptotes (vphase = ω/k → 0). As explained previously, the

threshold velocity of Cherenkov radiation can be connected to the phase velocity of

light in the medium vth = vphase. In the limit of a vanishing electron velocity vz → 0,

the Cherenkov wavevector can lie along the asymptotes of the hyperbola (θc = θr)

where infinitely large wavevectors can be supported by the structure in the ideal

limit (appendix F). Consequently the threshold velocity also vanishes (vth → 0) in

hyperbolic media.

This point is further clarified in figure 3.5 which plots the momentum-resolved

electron scattering probability for Cherenkov radiation in the Si/SiO2 multilayer

stack for different electron velocities (as calculated from the energy loss function

[87]) . Our numerical simulation uses effective medium theory. We observe that as

the velocity decreases, the scattering probability in the hyperbolic regions increases.

There is an excellent agreement between the results of our numerical simulation

and analytical theory of Cherenkov radiation denoted by the black dashed line.

Additionally, this analytic TCR dispersion6 highlights that the TCR extends to

larger wavevectors as the electron velocity decreases (dashed black line). This is due

to the fact that we are approaching closer to the resonance condition (figure 3.4 (c))

where infinitely large wavevectors are supported by the structure. We emphasize

7These calculations were performed by Sarang Pendharker. The electric fields are first computed
in the kx, ky, ω domain. The fields in the space-time domain are computed by taking the inverse
fourier transform. The FFT2 algorithm in the Numpy package in Python is used to compute the
space-domain fields
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that the fundamental limit to how low the velocity can reach in practice will be

determined by absorption and the finite unit cell size (appendix F).

3.4 Conclusion

In conclusion, we experimentally demonstrate the generation of extreme ultra-violet

plasmons supported by silicon with energies twice as large as those seen with alu-

minum via momentum-resolved electron energy loss spectroscopy. k-EELS is the

ideal tool to observe such high energy excitations while simultaneously mapping

the photonic band structure of plasmonic excitations to large wavevectors not pos-

sible with conventional EELS techniques. Our experimental observations are rig-

orously validated using macroscopic electrodynamic simulations of k-EELS and

also first-principles density functional theory. Additionally, we proposed a simple

Si/SiO2 multilayer stack with a hyperbolic isofrequency response that can gener-

ate tunable and broadband thresholdless Cherenkov radiation in the EUV by har-

nessing silicon’s unique EUV plasmonic properties. This can lead to applications

in EUV waveguides/metamaterials/nano-antennas/hybrid-MEMS based on silicon,

EUV light sources generated with low energy excitations, detectors for observation

of non-relativistic particles, and the development of TCR free-electron lasers [97].
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Chapter 4

Momentum-resolved Electron

Energy Loss Spectroscopy in

Natural Hyperbolic Media:

Bismuth Telluride

In this chapter we use k-EELS to perform the first measurements of high-k modes

and the hyperbolic Cherenkov radiation mode of Bi2Te3, a naturally occurring hy-

perbolic material. Recently, interest in the avenue of naturally occurring hyperbolic

materials has gained traction as they have been seen to curtail the limitations of the

finite size of the unit cell prevalent in artificial hyperbolic structures. Bi2Te3 is one

of only 2 naturally occurring hyperbolic materials that have recently been shown

to possess hyperbolic behaviour in the visible, and we confirm these properties here

with k-EELS.

This chapter is the first attempt to demonstrate the ideas presented about high-

k modes and hyperbolic Cherenkov radiation in the second half of chapter 3 with

k-EELS. Specifically, naturally hyperbolic materials are the ideal hyperbolic struc-

tures to probe hyperbolic phenomena as they are not nearly as limited due to the

constraints of fabrication and are the closest thing to a true hyperbolic effective

medium. The hope is that experimental demonstrations in this chapter are a step-

ping stone to observe the more exotic properties of high-k modes and hyperbolic

Cherenkov radiation in future studies in a wide array of material systems.

Note details about the nature of hyperbolic media can be seen in appendix E.
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4.1 Introduction

Hyperbolic materials, uniaxial structures with a metallic response along one direc-

tion and dielectric response along the orthogonal direction, support unique electro-

magnetic modes with a wide variety of applications. They derive their name from

their unique hyperbolic isofrequency typology that can support photonic excitations

at large wave-vectors (high-k modes) that would normally decay in conventional

media (details in appendix E). This has lead to a multitude of deep subwavelength

applications in waveguiding, imaging, sensing, quantum and thermal engineering be-

yond conventional devices [58, 100, 56]. Additionally, there has been recent interest

in the ability of hyperbolic materials to support thresholdless Cherenkov radiation

[95, 96] (also discussed in chapter 3).

Recent interest in naturally occurring hyperbolic materials, composed of “indi-

vidual layers” on the atomic scale, have been seen to curtail the limitations of the

finite size of the unit cell prevalent in artificial hyperbolic structures. As the con-

stituent components of naturally hyperbolic media are orders of magnitude smaller

than the wavelength in the infrared to the UV, it can be treated as a true effec-

tive hyperbolic medium [101, 102, 62, 56]. Some examples of naturally hyperbolic

materials include hBN in the infrared [103, 104] and graphite in the UV [105, 106].

Additionally, recent ellipsometry measurements have shown that the naturally oc-

curring tetradymite Bi2Te3 possesses hyperbolic behaviour in the visible. The strong

anisotropy is clearly evident in the uniaxial dielectric permittivity of Bi2Te3 paral-

lel (εz) and perpendicular (εx) to the crystal axis shown in figure 4.1 (a) (note a

parameter fit is used for εz, see figure caption). Bi2Te3 has a characteristic type II

hyperbolic isofrequency response (εx < 0, εz > 0) (figure 4.1 (b)). Bi2Te3 and Bi2Se3

are the only known naturally occurring materials to exhibit hyperbolic behaviour in

the visible [101, 107].

While the hyperbolic characteristics of Bi2Te3 have been determined [107], di-

rect measurement of its high-k modes has yet to be performed. This is difficult to

accomplish with optical techniques which use sources with small incident wavevec-

tors that are unable to couple effectively to the high-k states. However, electron

spectroscopy techniques are particularly useful for probing materials that support

excitations at large-wavevectors (high-k modes) due to the inherently large momen-

tum and evanescent field of the electron probe [22, 86].

In this chapter, we use momentum-resolved electron energy loss spectroscopy

(k-EELS) to perform the first measurements of the high-k modes in Bi2Te3 and

confirm its natural hyperbolic character from the visible to the UV. The k-EELS

technique uses relativistic electrons with high energy and momentum that are able

to couple to Bi2Te3’s large momentum (high-k) states that are difficult to probe

optically (figure 4.1 (c)). In addition, unlike more traditional spatially resolved
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Figure 4.1: (a) Uniaxial dielectric permittivity of Bi2Te3 parallel (εz) and perpen-
dicular (εx) to the c-axis showing type II hyperbolic behaviour (εx < 0, εz > 0) in
the visible to the UV. Note the estimated plasma frequency of the εz component
is blue shifted by 1.5 eV compared to [107] as a parameter fit to our experimental
data. (b) The type II hyperbolic isofrequency surface of Bi2Te3 that can support
photonic excitations with large momentum (high-k modes) that would normally de-
cay in conventional media. (c) Schematic showing the excitation of high-k modes
in Bi2Te3 via k-EELS. The subsequent energy loss (∆E) and scattering angle (θ) of
the electron as it passes through the sample is measured and corresponds directly
to the energy and momentum (k) of the excited modes in the structure.

electron energy loss techniques, both the energy and the momentum dispersion of

the high-k modes are measured. Alongside optical excitations, electron spectroscopy

techniques can also probe photonic excitations generated by fast moving charges,

such as Cherenkov radiation. Here, with k-EELS, we show the first measurement

of hyperbolic Cherenkov radiation in a natural hyperbolic material (Bi2Te3) and

discuss its unique thresholdless Cherenkov radiation properties (also discussed in

chapter 3 for silicon metamaterials). We corroborate our experimental results using

macroscopic electron energy loss theory. This work paves the way for realizing Bi2Te3

as a viable natural hyperbolic material from the visible to UV through its ability

to support high-k modes and thresholdless Cherenkov radiation. Furthermore, we

establish k-EELS as a fundamental tool to probe high-k excitations in any hyperbolic

media.

4.2 Electron Scattering Probability of Bi2Te3 in the Hy-

perbolic Regime

Probing optical excitations in nanophotonic structures with electrons has been con-

ducted with a variety of techniques such as cathodoluminescence, photoemission

electron microscopy, and EELS [22]. In k-EELS, relativistic electrons normally inci-

dent on a sample will lose a characteristic amount of energy (∆E) and be scattered
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Figure 4.2: (a) The calculated total momentum-resolved electron energy loss prob-
ability (appendix A) in a 60 nm thick Bi2Te3 film with electrons impinging normal
to the sample interface with a velocity vz = 0.78c. In the case of Bi2Te3 with no
material damping (left) a series of dispersive bands are calculated corresponding to
the high-k modes of the structure. In the case with full material damping (right)
dampening and broadening of the high-k modes is seen. The dashed blue line is the
analytic dispersion of the hyperbolic CR mode (equation 4.1) excited in the sample
alongside the high-k modes. (c) The theoretical electron energy loss probability in-
tegrated over the scattering angle (θ) showing the total loss as well as the individual
contributions to the loss spectrum from high-k modes and hyperbolic CR.

at a particular scattering angle (θ) which corresponds directly to the energy and the

momentum (k) of excitations supported by the sample (figure 4.1 (c)). The predicted

energy loss and scattering angle of the electron in experiment can be calculated via

the semi-classical electron energy loss probability [87, 20] (details in appendix A).

Additionally, the energy loss probability has been shown to be closely related to the

photonic density of states [22, 86].

Figure 4.2 (a) shows the simulated momentum-resolved electron energy loss prob-

ability for a 60 nm thick Bi2Te3 film with electrons normally incident on the structure

with a velocity of vz = 0.78c with (right) and without (left) material damping. Note

that figure 4.2 (a) is a representation of the photonic bandstructure of Bi2Te3 in the

hyperbolic regime as θ ∝ k. For the case of no material damping, the dispersion

profiles for a series of bands is apparent in the 3 − 9.5 eV (≈ 130 − 410 nm) range

which are the characteristic type II hyperbolic high-k modes of the structure. Un-

fortunately, Bi2Te3 is highly lossy in the hyperbolic regime [101] and, with regular

material damping, the individual high-k mode dispersions become broadened and

damped (figure 4.2 (a) (right)).

In addition to the high-k modes, the high velocity electron probe used in k-EELS

can also excite Cherenkov radiation (CR) in Bi2Te3. CR is electromagnetic radiation
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generated when a moving charged particle passes through a medium with a velocity

greater than the phase velocity of light in the medium vparticle ≥ c/
√
ε. It has been

studied in many electron energy loss experiments [37, 88, 20, 90]. CR in a uniaxial

structure such as Bi2Te3 is emitted in the shape of a cone (figure 4.2 (inset)) with

a Cherenkov cone angle (θc) described by the dispersion:

tan(θc) = kxc /k
z
c =

√(vz
c

)2
εz −

εz
εx

(4.1)

where vz is the electron velocity and kxc and kzc are components of the Cherenkov

wavevector kc [87] (additional details in chapter 3). The CR dispersion is plotted in

figure 4.2 (a) as the dashed blue line and exists in the hyperbolic regime of Bi2Te3.

Hyperbolic CR has recently gathered interest as it can be excited with no electron

velocity threshold [95, 96, 97] (thresholdless Cherenkov radiation discussed in section

4.4 and in chapter 3).

The total loss probability of Bi2Te3 in the hyperbolic regime is thus predomi-

nately composed of contributions from high-k modes as well has the hyperbolic CR

mode. This is seen in figure 4.2 (c) which plots the total relative electron scattering

probability integrated over the scattering angle. The total loss (black line) along-

side the isolated contributions from high-k modes and the hyperbolic CR mode are

shown. The hyperbolic CR mode, which is a coherent effect across the bulk of the

structure, has a relatively lower scattering probability in a thin 60 nm film.

4.3 Probing high-k Modes and Hyperbolic CR in Bi2Te3

with k-EELS

Figure 4.3 (a) shows the experimental k-EELS measurements over a range of different

scattering angles (momentum) for a 60 nm Bi2Te3 film prepared via focused ion

beam.1 Electrons with an energy of 300 keV (vz = 0.78c) are incident on the free-

standing sample with the electron trajectory parallel to the c-axis of the hexagonal

crystal structure.2 Electron scattering angles up to 20 µrad (≈ 2-3 times past the

light line) were collected to probe both the high-k modes and the hyperbolic CR

mode of Bi2Te3.

The experimental k-EELS measurements are plotted as a sum over a range of

scattering angles with increasing magnitude as indicated by the 3 curves in figure

4.3 (a). The broad peak for all 3 angle sets corresponds to the high-k modes and

hyperbolic CR excited in the sample. This is the first measurement of high-k modes

1Focused ion beam sample preparation was performed by Doug Vick. Details about the method-
ology are outlined in appendix I

2The details of k-EELS methodology are very similar to those outlined at the beginning of
chapter 2
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Figure 4.3: (a) Experimental k-EELS peaks of a 60 nm Bi2Te3 film summed
over three sets of angular ranges for electrons normally incident on the sample
with a velocity of vz = 0.78c. The broad peak in each of the 3 sets consist of
the high-k modes and the hyperbolic Cherenkov mode in Bi2Te3. A summation of
two gaussian distributions is used to fit the data (cross and diamond mark peak
positions) (b) Calculated relative electron scattering probability of the total loss in
the structure corroborating the experimental data. (c) The calculated contributions
to the total electron scattering probability from the high-k modes and the hyperbolic
Cherenkov radiation mode. A strong correlation between the predicted high-k mode
and hyperbolic Cherenkov radiation peaks is seen with the gaussian fit peak positions
used to fit the experimental data (overlayed cross and diamond).

probed by k-EELS in any hyperbolic media and the first probe of hyperbolic CR in a

natural hyperbolic media. To corroborate our experimental results, the theoretical

relative electron scattering probability (equivalent to the relative signal intensity

as measured in the experiment) for Bi2Te3 is plotted in figure 4.3 (b). A strong

correlation between the peak positions and the scattering intensity magnitudes is

seen between the theory and the experiment. The blue shifting of the energy loss

peak with increasing scattering angle in figure 4.3(a) and (b) is a result of the

dispersive nature of the high-k modes and hyperbolic CR mode (figure 4.2 (a)).

Note that more conventional EELS techniques would not be able to capture the

dispersive nature of such modes but can be captured here by k-EELS. Additionally,

the scattering probability in both theory and experiment decreases with increasing

scattering angle (as is well known from the inverse scaling of the two parameters as
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described in chapter 2 and in figure 3.3 in chapter 3).

In figure 4.3 (a) a summation of two gaussian distributions are seen to accurately

fit the experimental data (black line) for all 3 angle sets. The peak positions of the

two separate gaussian distributions are shown as a cross and diamond and correspond

to the high-k mode peak and the hyperbolic CR peak, respectively. This is validated

in figure 4.3 (c) which breaks down the total Bi2Te3 loss probability (figure 4.3

(b)) into the separate contributions from the high-k modes and the hyperbolic CR

mode. The gaussian fit peak positions extracted from experiment (overlayed on the

plots) match well with the theoretical predictions for the two predominant peaks.

To emphasize, this would be the first experimental measurement of the hyperbolic

CR mode in natural hyperbolic media and the first measurement by k-EELS of

hyperbolic high-k modes.

4.4 Thresholdless Cherenkov Radiation in Bi2Te3

Recently, it has been shown that hyperbolic materials eliminate the need for high

velocity electrons in order to generate CR (normally vz ≥ c/
√
ε in conventional di-

electrics). In fact, in the ideal limit, CR in a type II hyperbolic material can be

generated for an electron traveling with any velocity (0 ≤ vz ≤ c), known as thresh-

oldless Cherenkov radiation (TCR) (details in appendix F). Note that hyperbolic

CR (as measured in section 4.3) and TCR correspond to the same phenomena. Fig-

ure 4.4 (a) shows the generation of TCR in Bi2Te3 with a Cherenkov cone angle θc

wavevector kc. The foundation of the TCR phenomena is due to the unique typol-

ogy of the hyperbolic isofrequency surface. We note that for the case of a type II

hyperbolic material (εz > 0,εx < 0), if we take the limit vz → 0 in equation 4.1,

θc projects kc along the asymptotes of the type II hyperbola (figure 4.4 (c) inset)

where infinitely large wavevectors are supported in the ideal limit. As such, the

phase velocity in the medium also approaches 0 at this point (vphase = ω/k → 0).

The minimum electron velocity where the CR condition is satisfied is as at the point

where vz = vphase and consequently the minimum CR velocity threshold is also

vth → 0 in hyperbolic media (these ideas are also presented in chapter 3).

The electron scattering probability for TCR (integrated over the scattering angle)

at different incident electron velocities is plotted in figure 4.3 (b) for 60 nm Bi2Te3

(with regular damping) in the hyperbolic regime. The TCR scattering probability

increases with decreasing electron velocity since kc approaches closer to the resonance

condition of lying along the asymptotes of the hyperbola. This is the exact opposite

trend observed for conventional CR in dielectrics where the CR scattering probability

becomes suppressed as vz decreases. This resonance condition is also the basis for

the fact that the TCR dispersion (equation 4.1) extends to larger scattering angles

37



a) b) c)e-

v << c

Thresholdless Cherenkov Radiation(TCR)
0.01

0.02

0.03

0.04

0.05

0.06

3 4 5 6 7 0 20 40 60 80

3

4

5

6

7

Energy[eV] Scattering Angle (θ) [µrad]

En
er

gy
[e

V]

TC
R 

Sc
at

te
rin

g 
Pr

ob
ab

ili
ty

vz = 0.1c
vz = 0.5c
vz = 0.9c

vz 

CR cone @ any vz

vz = 0.1c
vz = 0.5c
vz = 0.9c

kx 

kz

kc
(vz = 0)

θc 

kc
(vz = c)

θc 
kc 

hyperbolic regime

Figure 4.4: (a) Schematic showing the generation of thresholdless Cherenkov ra-
diation (TCR) in Bi2Te3 in the hyperbolic regime with a Cherenkov cone angle θc
and Cherenkov wavevector kc. (b) Calculated electron scattering probability in-
tegrated over the scattering angle for TCR in a 60 nm Bi2Te3 film (with regular
material damping) for normally incident electrons with different velocities. (c) An-
alytic TCR dispersion profiles (equation 4.1) for a 60 nm Bi2Te3 film at different
electron velocities. The TCR dispersion extends to larger scattering angles (higher
k) for the slower electrons due to the unique hyperbolic dispersion (inset).

(or wavevector, kc) as the electron velocity is decreased (figure 4.4 (c)).

Natural hyperbolic media are far more effective at generating TCR than artificial

HMMs which are limited by the finite size of their unit cell (d) and can only support

wavevector magnitudes reaching the edge of the brillioun zone (k ≈ π/d). This

fundamentally limits their ability to reduce the phase velocity (and thus the TCR

threshold). However, as natural hyperbolic materials have a unit cell size on the

atomic scale, very large magnitudes of k can be supported in the structure to achieve

TCR with much smaller threshold velocities.

4.5 Conclusion

In conclusion, we have performed the first measurement of hyperbolic CR and high-k

modes in Bi2Te3 using k-EELS. Furthermore, we theoretically show that the hyper-

bolic CR mode has no electron velocity threshold. This work paves the way for

realizing Bi2Te3 as viable natural hyperbolic material in the visible/low-UV and

establishes k-EELS as fundamental tool to probe hyperbolic materials across large

regions of the spectrum.
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Chapter 5

Conclusions

In this chapter we briefly summarize the results of the previous chapters as well as

provide broad impacts of the results for the field of nanophotonics.

5.1 Summary

5.1.1 Chapter 2: Momentum-resolved Electron Energy Loss Spec-

troscopy for Mapping the Photonic Density of States

In this chapter, momentum-resolved electron energy loss spectroscopy (k-EELS) was

used as an approach to experimentally measure the momentum-resolved photonic

density of states (k-PDOS) dispersion of plasmonic systems up to large wavevectors

not possible with optical techniques. Some of the key points chapter include the

following:

• Scanning transmission electron microscopy EELS (STEM-EELS) has recently

received attention for its ability to spatially probe classical and quantum ex-

citations outside the light cone at sub-nanometer resolution. We show in

contrast to STEM-EELS, widely utilized in plasmonics, k-EELS provides in-

formation on not only the energy loss but also the momentum characteristics

of plasmonic excitations accurately up to high-k

• Although connections between k-EELS and the k-PDOS have been made in

the past for infinite structures with no translational invariance, here we provide

insight into the fundamental differences between k-EELS and the k-PDOS for

realistic finite structures of great interest to current research in both energy

and momentum space

• We measure the k-PDOS dispersion and explore the role of electron energy

and momentum loss for a plasmonic thin film as a function of thickness up

39



to wavevectors 5 times past the light line showing a strong correspondence

between theory and experiment.

Broad Impact

Optical techniques are severely limited in their ability to measure the photonic

density of states at large wavevectors in photonic nanostructures. STEM-EELS

circumvents this limitation using the inherently evanescent field of the electron to

couple to high-k excitations providing a direct measure of the PDOS. Despite this,

STEM-EELS provides no information about the momentum-resolved PDOS that

is possible with k-EELS. Our work emphasizes k-EELS as a valuable tool for the

k-space mapping of the PDOS for plasmonic systems up to large wavevectors which

can give key insights into classical, quantum and non-local optical phenomena (such

as hyperbolic polaritons, slow light modes and strong coupling) from the measured

band structure. Furthermore, it can help shed more light on questions and con-

troversies related to the nature of non-local vs. quantum plasmonic excitations in

photonic nanostructures. The popularity of the STEM-EELS approach highlights

the pressing need for advancing the current state of characterization tools in the

field of nanophotonics. k-EELS addresses this need and will only expand on this

interest while providing even greater insight.

5.1.2 Chapter 3: Extreme Ultra-violet Plasmonics and Cherenkov

Radiation in Silicon

In this chapter, we experimentally demonstrate that silicon can support plasmonic

excitations at high energies in the EUV which is beyond any other material used in

the field of nanophotonics. We use relativistic electrons to experimentally probe the

optical properties of silicon using k-EELS. We also propose a feasible EUV radiation

source using this high energy plasmonic effect in silicon plasmonic metamaterials.

We hope that this chapter acts as a stepping stone for the field EUV plasmonics

and devices. Some of the key points of the chapter include the following:

• Similar to chapter 2 we highlight that k-EELS provides information on not only

the energy loss but also the momentum characteristics of plasmonic excitations

not possible with STEM-EELS

• Specifically, we use k-EELS to probe the unique plasmonic properties of silicon

in the EUV with a surface plasmon resonance twice as large as seen in alu-

minum (the material of choice for high energy plasmonic systems). This can

lay the foundation for on-chip EUV silicon photonics as well as EUV photonic

MEMS.

40



• We corroborate our experimental findings with a strong match to macroscopic

electrodynamic electron energy loss theory as well as quantum density func-

tional theory calculations. There is a strong agreement between theory and

experiment.

• We also propose a tunable, broadband EUV radiation source based on thresh-

oldless Cherenkov radiation made possible by exploiting the EUV plasmonic

properties of silicon. A compact EUV source is an open problem for the field

of photonics and we hope our design will act as stepping stone for future work

in this field.

Broad Impact

Silicon is the key material of choice in nano-electronics, on-chip photonics, solar

cells and MEMS. Interestingly, in this chapter, we show that silicon can support sur-

face and bulk plasmons in the EUV regime not possible with conventional plasmonic

materials. This work can pave the way for applications such as EUV waveguides,

metamaterials, and devices with potential applications in biotechnology, EUV lens-

ing for imaging and lithography, and integrated EUV sources.

STEM- EELS
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5.1.3 Chapter 4: Momentum-resolved Electron Energy Loss Spec-

troscopy in Natural Hyperbolic Media: Bismuth Telluride

In this chapter we use k-EELS to perform the first measurements of high-k modes

and the hyperbolic Cherenkov radiation mode of Bi2Te3, a naturally occurring hy-

perbolic material. Bi2Te3 is one of only 2 naturally occurring hyperbolic materials

that have recently been shown to possess hyperbolic behaviour in the visible, and

we confirm these properties in this chapter with k-EELS. This chapter is the first

attempt to demonstrate the ideas presented about high-k modes and hyperbolic

Cherenkov radiation in the second half of chapter 3 with k-EELS. Some of the key

points of the chapter include the following:

• Hyperbolic materials are able to support photonic excitations up to large

wavevectors (high-k modes) that are difficult to probe optically but much more

feasible with a technique like k-EELS. As a result, in this chapter, we perform

the first measurement of the high-k modes and the hyperbolic Cherenkov ra-

diation mode in Bi2Te3 using the technique.

• We perform detailed simulations with electron energy loss theory on the na-

ture of the hyperbolic Cherenkov radiation mode in Bi2Te3 and discuss its

thresholdless Cherenkov radiation properties. We highlight that thresholdless

cherenkov radiation is most feasibly achieved in natural hyperbolic materials

as they can be treated as a true hyperbolic effective medium that has the

ability to truly reduce the Cherenkov threshold velocity to minute quantities.

• The experimental demonstrations in this chapter are a stepping stone to ob-

serve the more exotic properties of high-k modes and hyperbolic Cherenkov

radiation (amongst other unique metamaterial modes) in future studies in a

wide array of material systems.

Broad Impact

Hyperbolic metamaterials have the potential for a wide array of deep subwave-

length applications such as waveguiding, imaging, sensing, quantum and thermal

engineering beyond conventional devices. Recently, interest in the avenue of natu-

rally occurring hyperbolic materials has gained traction as they have been seen to

curtail the limitations of the finite size of the unit cell prevalent in artificial hyper-

bolic structures. Specifically, naturally hyperbolic materials are the ideal hyperbolic

structures to probe hyperbolic phenomena as they are not nearly as limited due to

the constraints of fabrication and are the closest thing to a true hyperbolic effective

medium. As all hyperbolic phenomena of interest are deeply subwavelength (high-

k), k-EELS is the ideal platform to probe such media due to the large momentum of
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the relativistic electrons that are able to couple to the high-k excitations. The ver-

satility of the approach also allows it to probe hyperbolic media across large regions

of the spectrum from the low visible to the EUV.
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Appendix A

The Energy Loss Function and

Electron Scattering Probability

in Uniaxial Media

A.1 Introduction

In this appendix, we provide a derivation of the dielectric theory of the scattering

and energy loss of fast electrons in uniaxial media. Fast moving electrons (or any

charged particle) ionize atoms and lose energy as they pass through matter. For solid

and liquid matter, the energy loss of the electron can be macroscopically determined

to be a result of the dielectric polarization of the medium by the charge. The work

done on the fast electron by the induced fields is directly related to the energy loss

of the electron.

Specifically, here we will discuss the energy loss of electrons in anistropic uniaxial

structures via the macroscropic uniaxial dielectric permittivity of the structure with

the aid of Maxwell’s equations. This treatment is outlined in detail in the work of

Chen et. al [87] but we provide an overview in this thesis for completeness. The

equations presented here are the primary equations used to calculate the theoretical

momentum-resolved electron scattering probability in chapters 2,3 and 4 of this

thesis used to corroborate the k-EELS measurements.

A.2 The Energy Loss Function and Electron Scattering

Probability in Uniaxial Media: Dielectric Approx-

imation

A schematic representing the geometry of our system is shown in figure A.1. We

consider an electron traveling in the z-direction parallel to c-axis of a uniaxial struc-

59



vz

x

z

y

z = 0

z = -d
Ɛz

Ɛx

Uniaxial Crystal

Figure A.1: Schematic of a uniaxial crystal of thickness d with an electron normally
incident with velocity vz

ture with thickness d. The uniaxial crystal is describe with a dielectric permittivity

perpendicular (εx) and parallel (εz) to the c-axis, respectively. Note, that we assume

the magnitude of the velocity of the electron to remain constant. This is valid as

we are looking at very small energy losses of the electron compared to the initial

electron energy (an order of magnitude difference of ≈ 105 eV).

The electron is treated as a moving point charge (−e) with a charge distribution

ρ(z, t) = −eδ(z − vzt)δ(x)δ(y), where vz is the velocity of the electron. The time

and space (in the x − y plane) fourier transform of the charge distribution is thus

defined as:

ρ(z, kx, ky, ω) =
−e
vz
e−iωz/vz (A.1)

with a current density

~j(z, kx, ky, ω) = vzρ(z, kx, ky, ω) (A.2)

From the full set of Maxwell’s equations for a nonmagentic material ( ~B = ~H),

we can eliminate the magnetic field to write it in the following form:

~∇(~∇ · ~E)−∇2 ~E +
1

c2
∂2 ~D

∂t2
+

4π

c2
∂~j

∂t
= 0 (A.3)

where we have an external charge density from the electron and thus ∇ · ~D = 4πρ

and ~D = ε̄E. We thus get a set of 3 differential equations for a uniaxial structure

with an external point charge source with a velocity vz:

(
k2x −

εz
εx

∂2

∂z2
− εz

ω2

c2

)
Ez(z, ky, kx, ω) =

4πe

iεxvz

(
kz −

ω

c2
εxvz

)
e−ikzz (A.4)
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(
k2x −

∂2

∂z2
− εz

ω2

c2

)
Ex(z, ky, kx, ω) =

4πe

iεxvz
(−kxe−ikzz)−ikx

(
1− εz

εx

)
∂Ez(z, ky, kx, ω)

∂z
(A.5)

(
k2x −

∂2

∂z2
− εz

ω2

c2

)
Ey(z, ky, kx, ω) =

4πe

iεxvz
(−kye−ikzz)−iky

(
1− εz

εx

)
∂Ez(z, ky, kx, ω)

∂z
(A.6)

As stated earlier, the work done (W ) on the electron by the fields induced by

the electron corresponds to the energy lost by the electron. As our electron is

traveling only along the z-direction (as multiple scattering events are ignored), the

force acting on the electron can only come from the fields also in the z-direction (i.e

Fz = −eEz(z, ky, kx, ω)). Therefore, we integrate this force component along the

path of the incident electron to find the energy loss from the fourier components of

the field:

W (ky, kx, ω) =
−e

(2π)3

∫ ∞
−∞

Ez(z, ky, kx, ω)eikzzdz (A.7)

The energy loss probability (P ), as described in [87] and in detail in [108], per unit

frequency and wavevector is thus:

∂3P (ky, kx, ω)

∂ω∂ky∂kx
=

2

h̄ω
Re(W (ky, kx, ω)) (A.8)

Now all that is left to determine the energy loss probability is to solve for the

fields. As we have an external source, the solutions to equations A.5, A.6, and A.4

will have both particular and homogeneous (source free solutions). The particular

solutions correspond to volume losses in the structure while the homogeneous solu-

tions correspond to what are known as surface losses in the structure. We will first

look at the volume loss contributions to the energy loss.

Volume Energy Loss Probability

As stated the volume loss contributions to the total energy loss can be determined

from the particular solutions of equations A.5, A.6, and A.4. Note, as we are only

considering electrons with normal incidence, we are only interested in the Ez field

component which acts directly on the electron. We can easily solve for Ez directly

from equation A.4:
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Evolz (z, kx, ky, ω) =
4πe

iεxvzφ2z

(
kz −

ω

c2
vzεx

)
e−ikzz

where φ2z = k2x +
εz
εx
k2z − εz

ω2

c2

(A.9)

Now that we determined the form Ez we can solve the integral in equation A.7

to determine the energy loss of the electron. We can subsequently substitute W

into equation A.8 to determine the volume energy loss scattering probability in a

uniaxial material for electrons with normal incidence:

Pvolume =
e2

π2h̄2v2z
Im

(
1− εx v

2
z
c2

εxφ2z

)
d (A.10)

Surface Energy Loss Probability

Now that we have solved the particular solutions for the series of differential equa-

tions A.5, A.6 and A.4 to determine the volume loss contributions, we must now

solve the homogeneous solutions for the same equations to determine what are called

the “surface losses”. These are essentially the homogeneous solutions to Maxwell’s

equations arising from the boundary conditions at the interfaces.

The total electric field induced in the uniaxial material by the electron is of

course the sum of the particular and homogeneous solutions. Thus the homogeneous

solutions will also result in a force acting along the path of the incident electron that

will contribute to the total energy loss experienced by the electron.

We start with the source free (~∇· ~D = 0) homogeneous solutions to equation A.3(
k2x −

εz
εx

∂2

∂z2
− εz

ω2

c2

)
Ez(z, ky, kx, ω) = 0 (A.11)

(
k2x −

∂2

∂z2
− εz

ω2

c2

)
Ex(z, ky, kx, ω) = −ikx

(
1− εz

εx

)
∂Ez(z, ky, kx, ω)

∂z
(A.12)

(
k2x −

∂2

∂z2
− εz

ω2

c2

)
Ey(z, ky, kx, ω) = −iky

(
1− εz

εx

)
∂Ez(z, ky, kx, ω)

∂z
(A.13)

We once again must solve for the field component Ez (the component acting on
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the electron), which has the general form:

Esurfz = Acosh(ηz) +Bsinh(ηz)

where η =
√

(εx(k2x − εzω2/c2)/εz

(A.14)

and A and B are unknown constants. We can achieve similar expressions for Esurfx

and Esurfy by subbing our general solution for Esurfz into equations A.12 and A.13,

respectively. The expressions for the fields outside of the sample thickness (d) (figure

A.1) can be expressed as:

~Esurf0 (x, ky, kx, ω) = ~Ce−λ0(z), 0 < z <∞
~Esurf0 (x, ky, kx, ω) = ~Feλ0(z−d), −∞ < z < −d

where λ0 =
√
k2x − ε0ω2/c2

(A.15)

and ~C and ~F are constants with 3 components that need to be determined.

There is now the issue of solving for the series of unknown constants. Using

Maxwell’s equations, we can write expressions for the magnetic field using the total

electric field (i.e ~E = ~Evol + ~Esurf ). We can then apply the boundary conditions

for both the electric and magnetic fields at each of the interfaces to determine the

series of unknowns and solve for Esurfz (z, ky, kz, ω) seen in equation A.14. Once the

solution to Esurfz (z, ky, kz, ω) has been determined, it can once again be subbed into

equations A.7 and A.8 to determine the surface energy loss probability. This is a

tedious process that will not be derived in detail here, however further details can be

seen in [87]. Instead, we provide the final form for the surface energy loss scattering
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probability in a uniaxial crystal from normally incident electrons:

Psurf =
e2

π2h̄2v2
z

Im

[
− 2k2

x

φ2
zφ

2
xφ

4
0ε0εx

[
(ε0φ

2
0 − εxφ2

z)(ε0(1 + ∆)φ2
0)− εxφ2

x)

×
(
sin2(ωd/(2vz))

L+
+
cos2(ωd/(2vz))

L−

)
+λ0ηε0

φ2
x

φ2
z

(εzµ
2 − εxµ2

0)(φ2
0 − φ2

x)

(
cos2(ωd/(2vz))tanh(ηd/2)

L+
+
sin2(ωd/(2vz))coth(ηd/2)

L−

)
+

(
vz
ω
λ0εx(φ2

z − φ2
0)(ε0(1 + ∆)φ2

0 − εxφ2
x) +

ωφ2
x

vzφ2
z

λ0(εzµ
2 − εxµ2

0)(ε0φ
2
0 − εxφ2

z)

)
×
(

1

L+
− 1

L−

)
sin(ωd/(2vz))cos(ωd/(2vz))

]]

where φ2
x =

ω

vz

2
+ k2

x − εx
ω2

c2
, φ2

0 =
ω

vz

2
+ k2

x − ε0
ω2

c2
,

∆ =

(
1− εz

εx

)
(ω/vz)

2

φz
(1− εx(vz/c)

2), µ2 = 1− εx(vz/c)
2, µ2

0 = 1− ε0(vz/c)
2,

L+ = λ0εx + ηε0tanh(ηd/2), and L− = λ0εx + ηε0coth(ηd/2)

(A.16)
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Appendix B

The Photonic Density of States

B.1 Introduction

In general the density of states (DOS) describes the number of available states to be occupied

per interval of energy in a given system. Depending on the type of system and parameter

of interest the density of states can be calculated for electrons, photons or phonons and

is generally a function of the energy, E, the wavevector, k, or both (sometimes called the

wavevector-resolved density of states). The DOS for photons, known as the photonic density

of states (PDOS), provides us a means by which to quantify light matter interactions. One

can think of it as a mode counting procedure of the photonic states available per interval of

energy in k-space.

For example, to determine the number and types of photonic modes supported by a

structure, we consider Maxwell’s wave equation in the following form:

∇×∇× ~E +
ε̄

c2
∂2 ~E

∂t2
= 0 (B.1)

where the dielectric permittivity tensor ε̄ gives the macroscopic material response through

which our wave is propagating, and we can find solutions for ~E of the form ~E = E0e
~k·r−iωt. If

we now consider an isotropic medium (ε̄ = ε), we see that our dispersion relation takes on the

form: k2
x+k2

y+k2
z = εk2

0, where k0 = ω/c. We see that at one particular frequency, ω, we can

map the dispersion visually in k-space, known as the isofrequency surface. For an isotropic

material, where ε > 0, we see that we get an isofrequency surface in the shape of a sphere

(figure B.1 (a)). We see that the magnitudes of the wavevectors that our supported by our

structure must be at the bounds of the surface of the sphere, and modes with wavevectors

larger than this bound will not be supported by the material and evanescently decay.

Through the dispersion relation and isofrequency surface, we see that we now have means

to quantify the types of modes that are supported by our structure at a single frequency. If

we now consider our system at two separate frequencies, ω1 and ω2 with a difference dω, we

see that we can overlay two separate isofrequency surfaces on top of one another (figure B.1

(b)). The volume in between these two isofrequency surface provides us means by which

to quantify the number of modes that exist within the range dω which is defined as the

photonic density of states.
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kz

kx

(a) (b)

dω

Figure B.1: (a) Spherical isofrequency surface in k-space for an isotropic dielectric
with ε > 0. Photonic modes with wavevector magnitudes greater than the bound
surface of the sphere will evanescently decay and are not supported by the structure.
(b) Two isofrequency surfaces at frequency ω1 and ω2 with a difference dω overlayed
on top of each other. The volume in between the two spheres is a measure of the
photonic density of states used to quantify light matter interaction.

As an aside, it is important to note that the general approach taken to define of the

density of states above for photons can also be applied analogously to electrons with the

Fermi surface. However, the differing dispersion relations of the two elementary particles

consequently leads to different shapes of their constant energy surfaces (i.e the isofrequency

surface or the Fermi surface). This, in turn, changes the proportionality of the DOS with re-

spect to the energy for the electron and photon. For example, the electrons have a parabolic

dispersion, E = E0 + (h̄k)2

2me
, and photons have a linear dispersion, E = E0 + h̄kc, where

me is the electron mass and c is the speed of light in vacuum. In general, the DOS in 3D

for a dispersion relation of the form E = E0 + Ckp, in units of energy−1volume−1 can be

expressed as:

DOS(E)3D =
4π

pC3/p
(E − E0)3/p−1 (B.2)

where p is the order of the dispersion relation and C is a constant. From the case of linear

dispersion of the photon p = 1 and for the parabolic disperison of the electron we have p = 2

we immediately see:

DOS(E)3D ∝ E1/2 electrons

DOS(E)3D ∝ E2 photons
(B.3)

While the mode counting approach explained above provides an intuitive picture about

the photonic density of states, there is still the question about how one actually measures

the quantity in experiment. The PDOS is in fact directly proportional to the average power
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dissipated (〈P 〉) from a source [109, 68]. One can express this average power dissipation of

a dipole in vacuum through the imaginary component of the electromagnetic Green’s tensor

(Ḡ):

〈P 〉 =
2πµω3

c2
Im
[
~µ∗ · Ḡ(~ro, ~ro) · ~µ

]
(B.4)

where ~µ is the dipole moment. The use of the Green’s function to define our PDOS will

prove useful when looking at more complicated systems with a variety of materials and

complex electromagnetic fields.

In the following sections, we will derive the form of Ḡ used for electrodynamics in this

thesis. At the end, we provide a mathematical definition for calculating the photonic density

of states for a planar structure normalized by the free space density of states.

B.2 Green’s Function Technique

Generally, the mathematical Green’s function technique can be understood as a spatial

extension of the impulse response formalism employed in introductory signals and systems.

In such descriptions, a complete temporal relation between cause and effects is built up by

considering a systems response to an unitary impulse input. Building on this notion, the

Green’s function technique is a prescription for fully describing the spatial and temporal

correlation of inputs and outputs based on point sources.

Mathematical Description. One dimensional time independent example: Φ a one dimen-

sional function, D̂ a one dimensional operator, G(x, x′) the greens function of the solution,

δ the delta Dirac function and f(x) a source term.

D̂ 〈Φ〉 = f(x) (B.5)

D̂ 〈G(x, x′)〉 = δ(x− x′) (B.6)

f(x′)D̂ 〈G(x, x′)〉 = f(x′)δ(x− x′) (B.7)∫
f(x′)D̂ 〈G(x, x′)〉 dx = f(x) (B.8)

D̂

〈∫
f(x′)G(x, x′)dx

〉
= f(x) (B.9)

Leading to the conclusion that Φ may be represented as

Φ =

∫
f(x′)G(x, x′)dx+ Φo (B.10)

The Green’s function G(x, x′) correlates the response Φ to the source f(x).
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B.3 Green’s Function for Electromagnetic Sources

B.3.1 The Helmholtz Equation

Having some notion of the Green’s function technique, we will now turn our attention to

solving a differential form which may be used for electrodynamics. First, it is useful to start

with the Helmholtz equation, which is a differential equation for the function Ψ(~r) of the

form (
∇2 + k2

)
Ψ(~r) = S(~r) (B.11)

where S(~r) is some source function.

Following the outline dictated in the preceding subsection, in order to use the Green’s

function approach we must first find a solution to the equation(
∇2 + k2

)
g(~r, ~r′) = δ(~r − ~r′) (B.12)

which, by taking ~r′ to be at the origin, and performing a Fourier transform

g(r) =

∫∫∫
d3q

(2π)3
g̃(~q)ei~q·~r (B.13a)

δ(~r) =

∫∫∫
d3q

(2π)3
ei~q·~r (B.13b)

may be rearranged to produce∫∫∫
d3q

(2π)3
(−q2 + k2)g̃(~q)ei~q·~r =

∫∫∫
d3

(2π)3
ei~q·~r (B.14)

As this equation must hold for all k and q, we may equate the terms under the integral and

solve for the fourier transform of the greens function, g̃(~q) as

g̃(q) =
1

k2 − q2
(B.15)

and therefore, g(r) can be expressed as∫∫∫
d3q

(2π)3

1

k2 − q2
ei~q·~r (B.16)

By orienting ~r along the polar axis, switching to polar coordinates, and making use of the

Cauchy integral formula, this result may be solved to yield the scalar green’s function for

the Helmholtz equation which can be used to solve any equation that may be placed in the

Helmholtz form.

g(r) = −e
ikr

4πr
(B.17)
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B.3.2 Relating Maxwell’s Equations to the Helmholtz Form

Recalling the standard differential forms of Maxwell’s equation:

~∇ · ~D = 4πρ (B.18)

~∇ · ~B = 0 (B.19)

~∇× ~E = −1

c

∂ ~B

∂t
(B.20)

~∇× ~H =
4π

c
~J +

1

c

∂ ~D

∂t
(B.21)

and the potential definitions:

~B = ~∇× ~A (B.22)

~E = −1

c

∂ ~A

∂t
− ~∇φ (B.23)

It is possible to cast Maxwell’s equations into the familiar form of the Helmholtz equation.

By taking the source free Maxwell’s equation B.21 and subbing in the appropriate potential

formulations, described by equations B.22 and B.23, we get

~∇×
(
~∇× ~A

)
=

4πµ

c
~J +

εµ

c2
∂

∂t

(
−∂

~A

∂t
− ~∇φc

)
(B.24)

which can then be manipulated by employing differential vector identities and making use

of the Lorenz gauge1 to return us to an equation of the Helmholtz form as follows.

∇2 ~A− εµ

c2
∂2 ~A

∂t2
=
−4πµ ~J

c
(B.25)

∂2 ~A

∂t2
= −ω2 ~A (B.26)

⇒
(
∇2 ·+εµk2

0

)
~A = −4πµ

c
~J (B.27)

In turn, this result also allows us to solve for the electric field by noting the relation between

the scalar and vector fields imposed by the Lorenz gauge and noting the potential relation

B.23.

~E = −1

c

∂ ~A

∂t

1

iεµk0

~∇
(
~∇ · ~A

)
(B.28)

As shown above, under the assumption of time harmonic fields, equation B.27 can be

rewritten as:

(k2
1 +∇2·) ~A =

−4πµ

c
~J (B.29)

where k2
1 := εµk2

0 = εµω2

c2 . This then leads to the formula for ~E

(
−k2

1 + ~∇× ~∇×
)
~E = i

4πµk0

c
~J (B.30)

1The Lorenz gauge under time harmonic assumptions is 0 = ∇ · ~A− εµ ∂φ
∂t

.
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Therefore, by drawing from the arguments presented earlier about Green’s functions we may

now write (
−k2

1 + ~∇× ~∇×
)
Ḡx = i

4πµk0

c
~δx (B.31)

By performing this computation in each direction (x, y, and z) we can determine the ex-

pression for the Dyadic Green’s function for electromagnetic sources and therefore arrive at

a general result for computing electric fields due to a general source ~J

~E(~r) = 0 + i
4πµk0

c

∫
Ḡ ~JdV ′ (B.32)

Recalling that an oscillating, and therefore radiating, point dipole positioned at ~r′ and

pointed in the direction ~µ may be written as

~µ(~r, t) = ~µδ(~r − ~r′)e−iωt (B.33)

and that this approximately corresponds to a current of ~J(~r, t) = ∂~u
∂t , by setting the phase

of the dipole equal to unity we may conclude that2

~E(~r) = i
4πµω

c2

∫
Ḡ (~r, ~r) (−iω)~µδ(~r − ~r ′)dV ′

= 4πµk2
0Ḡ (~r, ~r) ~µ (B.34)

As we are aware that,

~E = ik0

[
1 +

~∇~∇
k2

1

]
~A (B.35)

we may finally establish that a fixed form for our Dyadic Green’s function is given by: 3

Ḡ =

[
Ī +

~∇~∇
k2

1

]
g(~r) (B.36)

where g(~r) is the Green’s function of the Helmholtz equation. Which, following the

derivation of the Weyl’s identity, may be written as:

g(r) = −e
ikr

4πr
=

i

8π2

∞∫∫
−∞

dkxdky
1

kz
ei(kxx+kyy+kz|z|) (B.37)

We now have a useful form for finding extremely complicated electric fields due to general

sources.

2µ denotes magnetic permeability, ~µ the dipole moment.
3The ~∇ operator acts to increase the dimension of the operand.
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B.4 Semi Classical Theory of Spontaneous Emission

B.4.1 Introduction

Building off the results of the previous section we are now in a position to use the Green’s

function formalism to determine the lifetime of a spontaneous emitter, such as a simple

system with two quantized energy levels.

Recalling Fermi’s Golden rule:

Γs =
2π

h̄
|〈Ψf |Hint|Ψi〉|2 n(εf ) (B.38)

(where Ψ is used to represent quantum states, n(εf ) the final density of states, H the

Hamiltonian of the system and Γ the rate of decay of the system.)

It quickly becomes clear that the lifetime of an excited state relies heavily on the density

of final available states to the excitation; or, from an anthropomorphic perspective, the

likelihood of a transition to another state depends on how much space the excitation knows

is available at that particular energy. If we now make use of semi-classical techniques, we

can deduce from arguments about the proportionality of the density of states that

Γ =
P

h̄ω
(B.39)

(where P is the average power emitted from the system).

B.4.2 Lifetime of a Spontaneous Emitter Dipole

Using the Green’s function result from equation B.34 along with knowledge from classical

electrodynamics that

〈P 〉 =

∫
1

2
Re
(
~J∗ · ~E

)
dV ′ (B.40)

we can now determine the average power emitted by a dipole. Using a time harmonic

approach, identical to the one used in the preceding section, we will assume that the dipole

produces a current of
~J = −iω~µe−iωtδ(~r − ẑd) (B.41)

Which then leads to the result:

〈P 〉 =

∫
1

2
Re

[
iω~µ∗

(ω
c

)2

δ(~r − ~ro)4πµG(~r, ~ro)~µ

]
dV ′ (B.42)

〈P 〉 =
2πµω3

c2
Im
[
~µ∗ · Ḡ(~ro, ~ro) · ~µ

]
(B.43)

with Ḡ given by

Ḡ =

[
Ī +

~∇~∇
k2

1

] i

8π2

∞∫∫
−∞

dkxdky
1

kz
ei(kxx+kyy+kz|z|)

 (B.44)

If we orient our space such that the dipole is oriented along a single direction, say the ẑ

direction, and is positioned at the origin,B.44 may be solved by the aid of trigonometric

71



substitutions to yield:

〈P 〉 =
nµω4

3c3
|~µ|2 (B.45)

where n is the index of refraction, and |~µ| is the magnitude of the dipole vector. All other

symbols follow the standard convention. Note that this is an expression for the average

power emitted for a dipole in free space and is analogous to the photonic density of states

in vacuum.

B.4.3 Lifetime of a Spontaneous Emitter in the Presence of a Pla-

nar Material

Given the manner and formalism of the previous subsection, calculating the lifetime of a

spontaneous emitter in the presence of material is actually much simpler than one might

initially think. As we must only consider the Green’s function at the location of the current,

in this case the dipole, in order to calculate the emitted power, and associated decay rate,

our task is simplified to determining the electric field at the position of the dipole. Thus, the

only change that must be made to the conclusions of the previous subsection is to replace

free emission electric field by:

~E = 4π
(ω
c

)2

(Ḡfree + Ḡref ) · ~µ (B.46)

Where Ḡfree is identical to the Green’s function presented in the previous subsection, and

Ḡref is defined using the p-polarization (TM) reflection coefficient rp as Ḡref = rpḠinc.
4

Drawing from the previous subsection, and normalizing the power with result from

equation B.45, leads us to the conclusion that the normalized decay rate of a spontaneous

emitter a distance d from a planar interface is found to be:

Γ

Γo
∝ P

Po
= Re

 ∞∫
0

ρ(k, ω, d)dkx

 (B.47)

where ρ(k, ω, d) is the momentum-resolved photonic density of states normalized to free

space for a vertically oriented dipole:

ρ(k, ω, d) =
3

2(k0
√
ε1)3

k3
x

kz

(
1 + rpe

i2kzd
)

(B.48)

Note that rp can be calculated in the effective medium limit for a slab or for a multilayer

structure via the transfer matrix method as seen in appendix G.

4a dipole oriented perpendicular to an interface will emit only p-polarized light (TM) with respect
to that interface.
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Appendix C

Surface Plasmon Polaritons in a

Local Drude Metal

The local drude model is a widely adapted framework to describe free electron motion in

metallic structures. It is termed ”local” as the dielectric permittivity (ε) depends only on the

frequency (ω) and not the wavevector (k) of the incoming excitation radiation. Specifically,

in the local model, the response of a material to an electric field depends on the field at a

particular point (k) with no dependence of the response at another point (k′).

In this appendix we briefly discuss the dispersive characteristics of surface plasmon

polaritons (SPPs) of a local drude metal. Note, the SPP dispersion probed by k-EELS

in Ag (chapter 2) and silicon (chapter 3)) can be described by a local drude model with

additional lorentzian terms that incorporate the interband transitions in the material. Here

we only look at the free electron (drude) component of the permittivity that is the basis of

the SPP excitation.

Metals interact with electromagnetic radiation through the motion of their free electrons

as described by the permittivity for the local drude model:

ε(ω) = 1−
ω2
p

ω2 + iγω
(C.1)

ωp =

√
Ne2

meε0
(C.2)

γ is the electron dephasing or scattering rate. It is a representation of the inherent losses

in the metal due to non-idealities, phonon scattering and other material absorptions that

dampen any resonant behaviour of the electrons. Here, me is the effective electron mass and

ωp represents the plasma frequency of the metal, which is proportional to the square root

of the electron density, N . The plasma frequency is measure of the nature of the response

of the electrons in the metal and it indicates the ability of the electrons in the metal to

screen incoming fields. ωp also indicates the bulk plasmon frequency of the metal. The bulk

plasmon is a resonant charge density fluctuation occurring in the volume (or bulk) of the

metal as result of the resonant interaction of the electrons with the incoming radiation (as
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Figure C.1: (a) Simple drude metal displaying coordinate axis in relation to the
metal interface. (b) Surface plasmon dispersion for an arbitrary local metal with 0
loss found from the poles of the reflection coefficient rp. kx/k0 is the normalized in
plane wavevector.

was probed by k-EELS in silicon in chapter 3).

Alongside bulk oscillations of the electron gas, one can also witness resonant electron

oscillations that occur only at the surface of the metal which are the surface plasmon po-

laritons. Surface plasmons exist at the interface between a metal and a dielectric and are

strongly confined to the surface of the metal and have characteristically large optical fields.

The charge density fluctuations propagate along the metal-dielectric interface. Applying

Maxwells Equations and the standard electromagnetic boundary conditions for a surface

bound mode with fields decaying away from the interface, one can derive the analytic dis-

persion for a surface plasmon at an idealistic metal-vacuum halfspace:

ksppx =
ω

c

√
εvacεmetal
εvac + εmetal

(C.3)

Here ksppx represents the in plane wavevector along the interface of the metal-vacuum halfs-

pace for the surface plasmon. c is the speed of light and εvac and εmetal are the permittivities

in vacuum and the metal, respectively. The SPP resonant frequency (ωspp) can be found

from the pole of equation C.3 where εvac + εmetal = 0 and as a result:

ωspp =
ωp√

2
(C.4)

In addition to the analytic expression above, one can map the SPP dispersion from the

poles of the local p-polarized reflection coefficient (rp) given by the Fresnel equations for a

halfspace:

rp =
εmetalk

vac
z − εvackmetalz

εmetalkvacz + εvackmetalz

(C.5)

Here, kz is the wavevector defined perpendicular to the metallic interface. Using equation

C.5 we can plot the reflection for an arbitrary metal with 0 loss as a function of the in plane

wavevector, kx, normalized by the free-space wavevector k0 = ω/c (figure C.1). We see that

the poles of the local reflection coefficient give us the dispersion of our surface plasmon at

a metal halfspace.
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Figure C.2: (a) Reflection (log scale) from a 12 nm gold film. The gold is modeled
with a simple Drude model with γ = 1x1014s−1 and ωp = 8.9 eV and we see a
surface plasmon frequency at ωspp = 6.3. Near field coupling of the SPPs at each
metal-vacuum interface results in an even and odd SPP mode. The magnetic field
profile for such an even (b) and odd (c) mode is shown.

Now that we have a better understanding of the surface plasmon dispersion for an

arbitrary metal halfspace, we can turn our attention to a more realistic thin film. Per-

forming a similar electromagnetic boundary condition derivation, we can determine the

reflection coefficient from a metallic thin film by considering that we now have an additional

metal/dielectric interface in our problem.

rfilmp =
rvac−metal + rmetal−vace

2idkmetal
z

1 + rvac−metalrmetal−vace2idkmetal
z

(C.6)

Here rvac−metal and rmetal−vac represent the reflections from the vacuum to the metal film

at the first interface and the reflections from the metal film to the vacuum at the second

interface, respectively. d is the thickness of the metal. Plotting our new reflection coefficient

for a slab given by equation C.6 versus the normalized in plane wavevector kx/k0 we get

the SPP dispersion seen in figure C.2 for an arbitrary Drude metal. One immediately notes

that we now have two SPP modes present for this thin film. This is due to the fact that

thin film can support two SPP modes, one at each of the metal-vacuum interfaces. If the

metal film is thin enough, the two SP modes can hybridize as a result of near field coupling.

As the fields across the metal do not completely decay away, the two SPPs can couple in

two ways forming the even (figure C.2 (b)) and odd (figure C.2 (c) ) modes.

Additionally, we note that as we increase the in-plane wavevector (or momentum) kx, the

two modes converge to the characteristic SPP energy given by equation C.4. Note that the

SPP dispersions of Ag and silicon in chapters 2 and 3 , respectively do not show signatures

of the odd SPP mode, even for the thinnest films. This is due to the fact that a series of

interband transitions near the SPP energy severely damp the odd SPP mode.
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Appendix D

Probing Quantum versus

Nonlocal Effects in

Nanophotonics with k-EELS

D.1 Introduction

The quantum nature of excitations in plasmonics and the control of non-classical light with

metamaterials has opened the doors for new applications in nanophotonics [1, 2]. Recent

experiments with electron energy loss spectroscopy on plasmonic nanoparticles have shown

the effect of electron wavefunction quantization in disagreement with the characteristic pre-

dictions of plasmonic spectra using a local dielectric constant model [110, 55]. Effects such

as electron tunneling between dimers also requires a quantum picture of plasmons [111, 112].

However, there also exists the question whether a non-local model for the dielectric constant

can capture these effects without invoking electron quantization in nanoparticles, dimers

and thin films [111, 112].

Here, we show that along with the energy loss of electrons, the momentum transferred to

the plasmons plays a key role in extracting the entire energy-momentum dispersion relation

revealing deviations from a local dielectric response. We compare the local drude picture

of an arbitrary metal (appendix C) with a nonlocal hydrodynamic model that captures the

microscopic quantum effects with a macroscopic formalism. In the final section, we suggest

that momentum-resolved electron energy loss spectroscopy (k-EELS) is an experimental

technique that can map the non-local as well as quantum nature of collective electron-photon

excitations in metallic nanostructures.

D.2 The Hydrodynamic Model for Nonlocal Reflection

In a majority of cases a good conductor, such as a metal, can be described very well by a

completely local model as discussed in appendix C and as has been assumed throughout this

thesis in chapters 2, 3, and 4. This is due to the fact that changes in the electron density

in the bulk of a metal are essentially zero (i.e where ρ is the charge density), as any excess
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charge transfers straight to the surface at extremely small timescales (≈ 50 ps). However, as

the metal film becomes thinner, surface effects become comparable to those in the bulk and

changes in the electron density become important when we start resolving the microscopic

nature of the electrons at the surface of the metal.

Excess charge density results in a “smearing out” of charge on the scale of the Thomas-

Fermi screening length at the surface of a metal due to a quantum pressure. This quan-

tum pressure is a result of the Pauli Exclusion Principle creating a repulsive force between

fermions spreading out the charge. As a result, along with the classic Coulomb force, the

quantum repulsion manifests itself as a pressure in an electron gas that resists compression

from an applied electric field.

One method that can provide a link between the intricate microscopic details of a quan-

tum pressure and the macroscopic behaviour of a metal is to invoke material nonlocality,

or spatial dispersion, into our material descriptions. Locality assumes that the permittivity

response depends only on frequency (ε(ω)) such that, in real space, the permittivity at a

location r does not depend on the permittivity at a location r′. With nonlocality, we bring

in this spatial dependence by allowing our permittivity to not only depend on ω, but to also

depend on the wavevector (k) such that ε(k, ω). A macroscopic nonlocal description can

describe the quantum ”smearing of charge” as it takes into consideration the inhomogeneous

distribution of electron density inside a metal.

The nonlocal hydrodynamic model describes the free electron motion inside a metal

where the quantum pressure is modeled by a hydrodynamic flow from the kinetic theory of

gasses. This results in a term described as the hydrodynamic polarization current added to

the conventional equation of motion of an electron described by the local model (neglecting

any nonlinear and magnetic contributions) [113]:

dvd
dt

+ γvd = − eE
me
− β2

ne
∇ne (D.1)

vd is the electron drift velocity, me is the effective mass of the electron, E is the applied

electric field and ne is the electron charge density. β2 = 3/5v2
F is the phenomenological

nonlocal constant dependent on the fermi velocity (vF ). The second term on the right-hand

side of equation D.1 is the force from the quantum pressure modeled by the macroscopic

hydrodynamic theory. Note that the force from the applied field (the first term on the right

hand side) and the quantum pressure work in opposite directions (since ρ = −e∇ne) which

makes intuitive sense as the applied field will tend to “clump” the electrons together and the

repulsive quantum pressure will work to spread the charges back in the opposite direction.

Expanding from equation D.1 we can express the current density for such a hydrody-

namic equation of motion as follows where τ is the characteristic scattering time of the metal

[113]:

J(r, ω) = σ(ω)E(r, ω)−D(ω)∇ρ(r, ω)

where σ(ω) =
e2neτ

me(1− iωτ)
and D(ω) =

β2τ

1− iωτ

(D.2)
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We note that the current density not only depends on the drift current (first term on RHS

of equation D.2) proportional to the conductivity (σ) as seen in a local metal, but also to

the diffusion current (second term on RHS of equation D.2) proportional to the diffusion

constant (D(ω)). Therefore, the hydrodynamic model incorporates the quantum pressure

by an additional diffusive current proportional to the fermi velocity in the expression for the

total current density of the metal.

Using continuity and expanding our fields we can also express the current density in

terms of the total electric field where (I) is the identity dyadic:

J(r, ω) = σ(ω)

[
I − D(ω)

iω
∇∇

]−1

· E(r, ω) (D.3)

Equation D.3 allows us to make an important assessment regarding the longitudinal and

transverse fields in our system. Recall that we can split our total E-field into transverse (ET )

and longitudinal (EL) components. Transverse E-fields have wavevectors perpendicular to

the direction of propagation and are divergence free, namely ∇ · ET = 0. This implies

that the transverse fields are not affected by spatial dispersion (the second term on the

right-hand side of equation D.3). The longitudinal fields however, are not divergence free

(∇ ·EL 6= 0), and thus will be influenced by the D(ω) (the spatially dispersive) term in the

above expression.

Due to the different behavior of transverse and longitudinal fields with spatially disper-

sive media, we can also define different permittivity responses for the respective fields. From

our hydrodynamic model, we can derive the following longitudinal (εL) and transverse (εT )

permittivities:

εL = 1−
ω2
p

ω(ω + iγ)− β2k2
(D.4)

εT = 1−
ω2
p

ω(ω + iγ)
(D.5)

Additionally, we can derive the nonlocal reflection coefficient for a metal halfspace where

Ω = βk2
x:

rnonlocal =
εmetalkz,vac − εvackz,metal − Ω

εmetalkz,vac + εvackz,metal + Ω
(D.6)

Equation D.4 and equation D.6 highlight the fact that nonlocal behavior results in a wavevec-

tor dependence in the material response. We note that if the nonlocal parameter β → 0

we return to our local descriptions of the permittivity and reflection coefficient as seen in

appendix C. We also note that at relatively low wavevector magnitudes (i.e small k) nonlocal

effects can be neglected and the material can be described by a purely local response.

To analyze the effect of nonlocality on the plasmonic behavior of thin metal films we can

plot the nonlocal reflection coefficient to map the SPP dispersion similar to the approach

taken with the local reflection coefficient in appendix C. Figure D.1 shows the comparisons

of the SPP dispersions for a local and nonlocal metal. One can clearly see deviations as

the kx dependence of the nonlocal model results in a non-plateauing SPP dispersion at the

characteristic SPP energy. The deviations become prominent at high kx as suggested by

equation D.4 and equation D.6.

The nonlocal picture of metal thin film becomes extremely important to take into con-
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Figure D.1: (a) Local (a) and nonlocal reflection (b) for an ideal lossless metal in log
scale. The bright band in each plot is the surface plasmon polariton dispersion of the
metal that is manifest from the poles of the reflection coefficient. For the nonlocal
description a fermi velocity of vF = 1.4m/s is assumed. At large magnitudes of
the wavevector the nonlocal model begins to deviate from the local picture, and
the traditional SPP resonant energy (or plataeu) no longer holds due ot the kx
dependence.

sideration when an electron spill out or an electron smearing effect at the surface of a metal

introduce a charge density distribution in the metal which is not normally taken into con-

sideration for bulk conductors. These effects are noticeable as the film approaches the 10

nm thickness range especially when probing high momentum states (i.e kx/k0 > 10). Accu-

rately mapping the nonlocal plasmonic behaviour can be achieved with momentum resolved

electron energy loss spectroscopy (k-EELS) as will be discussed in next section.

D.3 Mapping Nonlocal/Quantum Plasmonic Excitations

with k-EELS

The k-EELS approach is a valuable technique to quantitatively compare non-local vs. quan-

tum effects in plasmonics. As seen in figure D.1, high momentum states show the largest

deviation in the SPP dispersion from the local model and thus are an important regime

to potentially probe quantum and nonlocal behaviour. This is possible with k-EELS as

a beam of electrons are able to induce excitations in material far past the light line (i.e

kx/k0 ≥≥ 1). In addition momentum-resolved EELS techniques are able to probe the non-

local band structure (kx dependence) alongside the energy (ω dispersion). Thirdly, optical

techniques probe the transverse properties of a material, as incident optical radiation dis-

places electrons perpendicular to the direction of propagation. Electrons, however, probe

the longitudinal response of a medium as they displace free electrons in the medium in the

longitudinal direction and cause fluctuations in the local electron density [114]. Equation

D.3 specifies that in order to probe the nonlocal behaviour of a material the longitudinal

response must be investigated which is made possible with k-EELS techniques. As a result,

k-EELS is the best experimental method to bridge the macroscopic non-local plasmonic
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behaviour of a medium with its associated quantum effects to determine the excitation

response.
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Appendix E

Hyperbolic Metamaterials

E.1 Introduction and Background

Metamaterials research has captured the imagination of optical engineers and materials

scientists because of their varied applications including imaging [115, 116, 2], cloaking [117,

118], sensing [119], waveguiding [120], and simulating space-time phenomena [121] (Figure

1). The field of metamaterials started with the search for negative dielectric permittivity

and magnetic permeability however the range of electromagnetic responses achievable using

nanostructured media far surpass the concept of negative index. The invisibility cloak is the

best example where an inhomogeneous anisotropic electromagnetic response causes light to

bend smoothly around an object rendering it invisible [122]. Another example is that of

chiral metamaterials, where the response of a medium to polarized light can be enhanced

by orders of magnitude through artificial structures [123, 124].

While all the above media have specific domains of application, hyperbolic metama-

terials are a multi-functional platform to realize waveguiding, imaging, sensing, quantum

and thermal engineering beyond conventional devices [125, 126, 127, 58, 100, 128]. This

metamaterial uses the concept of engineering the basic dispersion relation of waves to pro-

vide unique electromagnetic modes that can have a broad range of applications [57, 129].

One can consider the hyperbolic metamaterial as a polaritonic crystal where the cou-

pled states of light and matter give rise to a larger bulk density of electromagnetic states

[130, 131]. Some of the applications of hyperbolic metamaterials include negative refraction

[132, 78], sub-diffraction imaging [2, 3], sub-wavelength modes [120, 133] [26], and sponta-

neous [134, 135, 136, 137, 138] and thermal emission engineering [139, 140, 141].

The initial work in artificial structures with hyperbolic behavior started in the microwave

regime (indefinite media) with phenomena such as resonance cones [128], negative refraction

[142] and canalization of images [127]. In the optical domain, it was proposed that non-

magnetic media can show hyperbolic behavior leading to negative index waveguides [126],

sub-wavelength imaging [2] and sub-diffraction photonic funnels [120].
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E.2 Hyperbolic Isofrequency Surfaces

Hyperbolic metamaterials (HMMs) derive their name from the topology of the isofrequency

surface. In an isotropic medium, the linear dispersion and isotropic behavior of propagating

waves implies a spherical isofrequency surface given by the equation k2
x + k2

y + k2
z = εω2/c2

(in vacuum ε = 1). The ability of such an isotropic medium and its ability to support

photonics modes is discussed in detail in appendix B.1 and in figure B.1. However, if we

were to now consider an extraordinary wave (TM polarized) in a uniaxial medium, this

isofrequency relation changes to:

k2
xk

2
y

εz
+
k2
z

εx
=
ω2

c2
(E.1)

kz

kx

kz

kx

kz

kx

(a) (b) (c)

(d)

Momentum   
(k ~ 1/λ)

Energy
(ω)

Isotropic Dielectric Type I HMM Type II HMM

dω

dω dω

Figure E.1: (a) Spherical isofrequency surface for an isotropic dielectric. Inset shows
an energy versus momentum relationship with the red dot indicating the operating
frequency for the derived isofrequency surface. (b) Hyperboloid isofrequency surface
for a uniaxial medium with an extremely anistropic dielectric response (Type I
HMM: εz < 0; εx; εy > 0) (c) Hyperboloid isofrequency surface for an extremely
anistropic uniaxial medium with two negative components of the dielectric tensor
(Type II HMM: εx; εy < 0; εz > 0). The (b) Type I and (c) Type II hyperbolic
metamaterials can support waves with infinitely large wavevectors in the effective
medium limit. Such waves are evanescent and decay away exponentially in vacuum.
(d) Isofrequency surfaces of an isotropic dielectric and the Type I and Type II HMMs
at slightly different energies separated by dω. The enclosed volume between the two
isofrequency surfaces is a measure of the photonic density of states of the system.
It is clear that the hyperboloids have a diverging enclosed volume and thus, in the
ideal limit, HMMs can support an infinite photonic density of states.

82



Note the uniaxial medium has an anisotropic dielectric response where the in-plane

components are εx = εy = ε‖ and out of plane component is εz = ε⊥. The spherical

isofrequency surface of a purely isotropic material distorts to an ellipsoid for the anisotropic

case when all components of ε̄ are greater than 0. However, when we have extreme anisotropy

such that ε‖ · ε⊥ < 0, the isofrequency surface opens into an open hyperboloid (figure

E.1(b),(c)). Such a phenomenon requires the material to behave like a metal in one direction

and a dielectric (insulator) in the other. This does not readily occur in nature at optical

frequencies except for two known materials Bi2Te3 and Bi2Se3 as is discussed in chapter 4.

Hyperbolic behaviour has been more readily achieved in the optical regime using artificial

nanostructured electromagnetic media: metamaterials.

The most important property of such media is related to the behavior of waves with

large magnitude wavevectors. In vacuum, such large wavevector waves are evanescent and

decay exponentially. However, in hyperbolic media the open form of the isofrequency surface

allows for propagating waves with infinitely large wavevectors in the idealistic limit [2, 134].

Thus there are no evanescent waves in such a medium. This unique property of propagating

high-k waves gives rise to a multitude of device applications using hyperbolic media [57, 129].

It should be noted that there is a classification for hyperbolic media that helps to

identify their properties. Type I HMMs have one component of the dielectric tensor negative

(εz < 0; εx; εy > 0) while Type II HMMs have two components negative (εx; εy < 0; εz > 0)

and are shown in figure E.1(b),(c), respectively. Note of course, that if all components are

negative, we obtain a metal and if all components are positive we will have a dielectric

medium. One striking difference between the Type I and Type II hyperbolic metamaterial

is that the hyperboloidal surfaces are two sheeted and single sheeted respectively. The Type

II metamaterial is highly reflective since it is more metallic than the Type I counterpart

[143].

E.3 Design and Materials of HMM Structures

There are two practical approaches to achieve the hyperbolic dispersion which we discuss

below. The fact that hyperbolicity requires metallic behavior in one direction and insulating

behavior in the other leads to the requirement that both metals and dielectrics must be used

as building blocks. Microscopically, the origin of the high-k propagating waves relies on a

metallic building block to create the hyperbolic dispersion of the material. The polaritonic

properties of the metallic building blocks allow for the necessary light-matter coupling to

create the high-k waves. Specifically, it is necessary to have a phonon-polaritonic (optically

active phonons) or plasmon-polaritonic (free electron) metal to construct hyperbolic meta-

materials. The high-k modes are a result of the near-field coupling of the surface plasmon

polaritons (SPPs) at each of the metal-dielectric interfaces in the structure. The high-k

modes are the Bloch modes of the metal-dielectric superlattice.

E.3.1 1D HMMs

A thin film multilayer (super-lattice) consisting of alternating layers of metal and dielectric

gives rise to the desired extreme anisotropy [144] (figure E.2 (b)). The layer thicknesses

should be far below the size of the operating wavelength for the homogenization to be valid.
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Figure E.2: (a) Materials used to create hyperbolic metamaterials depending on
region of operation in the electromagnetic spectrum (UV to mid-IR and THZ fre-
quencies) (b) Multilayer structure consisting of alternating metallic and dielectric
layers forming a metal-dielectric superlattice. (c) Nanowire structure consisting of
metallic nanorods embedded in a dielectric host. In both (b) and (c) the constituent
components are subwavelength allowing characterization with effective medium the-
ory.

A wide choice of plasmonic metals and high index dielectrics can give rise to hyperbolic

behavior in different wavelength regimes (figure E.2 (a)). At ultraviolet (UV) frequencies,

aluminum could be a suitable choice for the metallic component of the HMM, however, as

seen in chapter 3 a Si/SiO2 multilayer structure could push hyperbolic behaviour into the

extreme UV. Au and Ag are by far the most popular materials for plasmonics in the visible

due to their low loss and this holds true for HMMs as well. Certain designs that use gold

a silver use high index dielectrics such as TiO2 or SiN to push the HMM further into the

visible regime [145] [40].

At near-infrared (IR) wavelengths, compensating for the reflective metallic behavior

of naturally plasmonic metals like silver and gold is unfeasible and alternate plasmonic

materials with tailored lower plasma frequencies are needed. These alternate plasmonic

materials are based on transition metal nitrides or transparent conducting oxides and are

ideally suited for hyperbolic media [146, 147]. Recently, their unique property of high melting

point was also used to pave the way for high temperature thermal hyperbolic metamaterials

[148, 139].

At mid-infrared wavelengths, one option for the metallic component in hyperbolic media

consists of III-V degenerately doped semiconductors [78, 149]. The upper limit of doping

concentration often limits their abilities to work as a metal at near-IR wavelengths, however
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they are ideally suited to the mid-IR. Another option which is fundamentally different from

above mentioned plasmonic metals is silicon carbide, a low loss phonon polaritonic metal

[143, 150, 151]. SiC has a narrow reststrahlen band at mid-IR wavelengths which allows it

to function as a metallic building block for hyperbolic media.

E.3.2 2d HMMs

Another approach to achieving hyperbolic behavior consists of metallic nanowires in a di-

electric host [132, 152, 153, 154, 155](figure E.2 (c)). The choice of metals are usually silver

and gold grown in a nanoporous alumina template. The major advantage of this design is

the low losses, broad bandwidth and high transmission. Also, the problem of large reflectiv-

ity like the multilayer design does not exist and we can achieve Type I hyperbolic behavior.

Note the fill fraction of metal needed in the 2D design to achieve Type I hyperbolic behavior

is far below that in the multilayer design leading to a large figure of merit.

E.4 Density of States Engineering with HMMs

An orthogonal direction of application for hyperbolic media is in the area of engineering the

photonic density of states (PDOS) [130, 131, 134, 156, 157]. A critical effect was unraveled

with regards to the density of electromagnetic states inside hyperbolic media. As was

outlined in detail in appendix B.1, the photonic density of states for a particular system

can be calculated by determining the volume between two isofrequency surfaces of interest

at ω1 and ω2. For a close isofrequency surface, such as a sphere or an ellipsoid in purely

dielectric structures, this calculation leads to a finite value. In the case of the PDOS of the

hyperbolic medium, it is clearly seen that this volume diverges leading to an infinite density

of electromagnetic states within the medium (figure E.1 (d)).

Fermi’s golden rule states that the spontaneous emission lifetime of emitters is strongly

influenced by the density of available electromagnetic modes [158]. When fluorescent dye

molecules or quantum dots are brought near the hyperbolic metamaterial the interaction

is dominated by the modes with the highest density of states. As compared to the modes

in vacuum, the hyperbolic high-k states dominate and the emitters preferentially couple

to these modes [159]. This leads to a decrease in lifetime. Multiple experiments have ex-

plored this effect by studying dye molecules and quantum dots on top of the multilayer

and nanowire hyperbolic metamaterial. Essentially, the large enhancement to the photonic

density of states in hyperbolic media can directly lead to enhancements in absorption, pho-

toluminescence, and radiative efficiency in photonic systems.
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Appendix F

Threshold Reduction of

Cherenkov Radiation in

Hyperbolic Media and Trade-off

with Loss

The foundation of the thresholdless Cherenkov radiation (TCR) phenomena is due to the

unique hyperbolic topology of the HMM isofrequency surface that can support infinitely large

wavevectors in the ideal limit. We can map the different values of the CR wavevector (kc) on

the hyperbolic surfaces for different velocities of the electron source (note: tan(θc) = kx/kz).

We see that in the limit that vz → 0 in equation 3.1 in chapter 3, θc (and thus kc) approaches

the asymptotes of the hyperbola for both the type I and type II case (figure F.1 (a)). In the

ideal limit, infinitely large wavevectors can be supported at the asymptotes of the hyperbola

and as such the phase velocity in the medium approaches 0 (vphase = ω/k → 0). The

minimum electron velocity where the CR condition is satisfied is at the point vz = vphase

and consequently the minimum CR velocity threshold is also vth → 0 in hyperbolic media.

One caveat to the unbounded velocity limit for CR in hyperbolic media is that we have

an upper limit to the CR radiation condition in a type I HMM. This is due to the two sheeted

nature of the type I hyperbola creating a bandgap in which photonic modes with wavevectors

smaller than k = k0 ∗
√
εx are not supported. As a result, any modes with vphase ≥ c/

√
εx

cannot exist in type I HMMs leading to the upper CR cutoff in such structures. This upper

TCR cutoff in type I HMMs (vz ≤ c/
√
εx) is observed in figure 3.5 in chapter 3 where the

TCR is suppressed at large vz. Note that similar suppression does not occur in the type

II region as it is truly thresholdless and no bandgap exists for the type II single-sheeted

hyperboloidal isofrequency surface.

Figure F.1 (b) shows the full field simulations of TCR in the type I and type II regimes

of the Si/SiO2 effective medium described in figure 3.4 (a) in chapter 3 for electron velocities

as low as vz = 0.001c. In the ideal limit, the velocity has no lower limit, as indicated by

figure F.1 (a). However, two key factors limit the threshold reduction of TCR in hyperbolic

media: (1) the material loss and (2) the size of the unit cell of the multilayer structure.
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Figure F.1: (a) The type I (εx > 0, εz < 0) and type II (εx < 0, εz > 0) isofrequency
surfaces for HMMs that can support thresholdless cherenkov radiation (TCR) with
a wavevector kc. The dashed lines show the asymptotes of the hyperbola and cor-
respond to the kc for which the Cherenkov velocity threshold is vz = 0. This is
where infinitely large wavevectors are supported in a hyperbolic medium and thus
vphase = ω/k → 0 and the Chernekov velocity threshold is eliminated. (b) Full
field simulations of the type I and type II thresholdless Cherenkov radiation of the
Si/SiO2 effective medium described in figure 3.4 (a) in chapter 3 at velocities as low
as vz = 0.001c. In the ideal limit the TCR has no lower velocity threshold as seen in
(a). However, material loss in the structure as well as the finite size of the unit cell
of a real multilayer structure fundamentally limit the reduction of the phase velocity
in the medium and thus limit the Cherenkov velocity threshold reduction.

The material loss and nonlocal effects greatly damp the high-k modes of hyperbolic

media at large k and thus the phase velocity in the medium can never truly reach 0. As

a result, we know that the threshold reduction is fundamentally limited by the ability to

reduce the phase velocity, and the minimum threshold velocity is vth = vphase.

Additionally, the fundamental lower velocity limit will be governed by the wavelength

limit at which the medium ceases to act as an effective medium. Figure F.1 (b) display

the electric fields for a true effective medium and not a realistic multilayer structure which

would have a finite unit cell size. The finite unit cell size limits the extent of the high-k

modes supported by the structure to the edges of the brilliouin zone and as a result, limits

the reduction of the phase velocity in the medium. For this reason, naturally occurring

HMs, as described in chapter 4, may be more ideal candidates to observe TCR has they can

be treated as a true effective hyperbolic medium.
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Appendix G

The Transfer Matrix Method

G.1 Introduction

We begin by motivating that a simple way to produce a hyperbolic metamaterial involves

creating a multilayer stack of alternating metal and dielectric layers. Zeroth order Maxwell-

Garnett effective medium theory accurately predicts that if the layer thickness is sub-

wavelength then the bulk response of the multilayer system may exhibit extreme anisotropy

(i.e. metallic in one direction and dielectric in another direction) corresponding to a hy-

perbolic isofrequency curve. Furthermore, alternating layers of high-index / low-index di-

electrics with layer thicknesses ≈ λ/4n can give rise to a one-dimensional photonic bandgap.

Here n = refractive index of each layer.

In order to test this prediction, we can extend the ideas found from the Fresnel coeffi-

cients at a single interface to that of a multilayer system. Unfortunately, the conventional

method for solving even simple case of a single layer requires the summation of an infinite

amount reflections inside of the slab itself. This method is called Airy Summation. There-

fore, one can imagine that extending this concept to a multilayer system would result in

quite an arduous and cumbersome process that would be nearly impossible to solve using

the Airy summation technique. Instead, we exploit the simple electromagnetic boundary

conditions at each interface of the multilayer. Here we show that by exploiting the fact that

the tangential components of the magnetic and electric field must be continuous across any

planar boundary, we can relate the fields at any interface to any other interface contained

in the multilayer. The operation is performed through a transfer matrix technique and it

can be used to calculate the reflection and transmission of an arbitrarily complex multilayer

system. The technique shown here is general enough to handle so called high-k evanes-

cent waves so that this method can predict the location of dielectric waveguide modes and

metallic plasmonic modes.

G.2 Transfer Matrix Formulation

From Figure 1, we may visualize the general multilayer system consisting of layers with

dielectric constant εi and thickness di. It is assumed that the films have infinite extent in

both the x- and y-directions.
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The goal of the Transfer Matrix Method is to relate the the incident and reflected fields

to the transmitted fields using a single Transfer Matrix. This Transfer Matrix will contain

all the information contained within the constituent layers.

We will develop the formulation for p-polarized light, however, the result can be easily

translated to the s-polarized case as well, which we will explicitly give at the end.

Due to the cylindrical symmetry, without a loss of generality we assume the wave has

no transverse momentum in the y-direction. That is the propagation wavevector is k =

kxx̂ + kz ẑ where kix and kiz are the projections of the propagation wavevector along the x-

and z-directions respectively. They are related using the iso-frequency relation

k2
x + k2

z = ε(ω/c)2. (G.1)

If k2
x > ε(ω/c)2, we must ensure that the imaginary part of kz is positive: Im[kz] > 0 so

that amplitudes of the electric and magnetic fields decay as they propagate.

P-polarized light only has a magnetic field in the y-direction such that in the ith layer

the magnetic field can be written as Hi = Hi
y ŷ with

Hi
y = ai+ej(k

i
xx+kizz) + ai−ej(k

i
xx−k

i
zz). (G.2)

That is, the ith layer supports both a forward and backward propagating wave. ai± are the

amplitudes of the forward and reverse propagating waves; note that these amplitudes are

complex quantities.

Using Maxwell’s equations we can relate the x-component of the electric field to the

magnetic field as

Eix =
kiz
εiko

ai+ej(k
i
xx+kizz) +

−kiz
εiko

ai−ej(k
i
xx−k

i
zz), (G.3)

where ko = ω/c = 2π/λ.

The electromagnetic boundary conditions at an interface require the components of the

magnetic and electric field parallel to the interface, H‖ and E‖, be continuous across the

boundary. For these conditions to be satisfied for all x, y we require that kx = kix ∀i. That

is the transverse wavevector kx is conserved for the whole system.

Therefore, for the ith interface z = zi and the boundary conditions require

Eix z=zi = Ei+1
x z=zi (G.4)

Hi
y z=zi = Hi+1

y z=zi . (G.5)

Cancelling out the common terms, the boundary conditions for the ith interface can be

simplified to:

ai+e
jkizzi + ai−e

−jkizzi = ai+1
+ ejk

i+1
z zi + ai+1

− e−jk
i+1
z zi (G.6)

kiz
εi
ai+e

jkizzi − kiz
εi
ai−e

−jkizzi =
ki+1
z

εi+1
ai+1

+ ejk
i+1
z zi − ki+1

z

εi+1
ai+1
− e−jk

i+1
z zi . (G.7)
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It is convenient to rewrite this result above in simple matrix form.(
1 1
kiz
εi
−k

i
z

εi

)(
ejk

i
zzi 0

0 e−jk
i
zzi

)(
ai+
ai−

)
=

(
1 1

ki+1
z

εi+1
−k

i+1
z

εi+1

)(
ejk

i+1
z zi 0

0 e−jk
i+1
z zi

)(
ai+1

+

ai+1
−

)
(G.8)

Eqn. (3) can be rewritten in a more compact notation as

Dipi

(
ai+
ai−

)
= Di+1pi+1

(
ai+1

+

ai+1
−

)
(G.9)

Additionally, this formulation can be extended to the z = zi+1 interface such that

Di+1pi+1

(
ai+1

+

ai+1
−

)
= Di+2pi+2

(
ai+2

+

ai+2
−

)
. (G.10)

Using the previous two equations we can relate the complex amplitudes of the ith layer

to those of the i+ 2th layer.

(
ai+
ai−

)
=

(
ejk

i
zzi 0

0 e−jk
i
zzi

)−1(
1 1
kiz
εi
−k

i
z

εi

)−1(
1 1

ki+1
z

εi+1
−k

i+1
z

εi+1

)(
ejk

i+1
z zi 0

0 e−jk
i+1
z zi

)
(
ejk

i+1
z zi+1 0

0 e−jk
i+1
z zi+1

)−1(
1 1

ki+1
z

εi+1
−k

i+1
z

εi+1

)−1(
1 1

ki+2
z

εi+2
−k

i+2
z

εi+2

)(
ai+2

+

ai+2
−

)

or equivalently, (
ai+
ai−

)
= p−1

i D−1
i Di+1Pi+1D

−1
i+1Di+2pi+2

(
ai+2

+

ai+2
−

)
(G.11)

Here, Pi+1 is the combination of the fourth and fifth matrices on the right hand side of the

equation – it will be written explicitly at the end of this section. Now, we may continue the

same procedure as above by extending the formulation from the i = 0 layer all the way to

the i = N layer as in Figure 1. In this way we transfer the boundary conditions from the

i = 0 to the i = N interface.1(
a0

+

a0
−

)
= p−1

0 D−1
0

(
N∏
i=1

DiPiD
−1
i

)
DN+1pN+1

(
aN+1

+

aN+1
−

)
(G.12)

Finally, if we define the first interface as the origin (z0 = 0) and use the physical fields for

the outer regions (incident and reflected wave for incident medium, and only a transmitted

outgoing wave in the final medium) then the general result for p-polarized (and s-polarized)

light is given by2 (
1

rs,p

)
= (Ds,p

0 )−1T s,pDs,p
N+1

(
ts,p

0

)
(G.13)

1One may simply perform the substitutions i→ 0,i+ 1→ i, i+ 2→ N + 1 to obtain the result
in Eqn. (8) as a shortcut.

2Eqn. (9) lacks the pN+1 term because it has been multiplied into the definition of ts,p as a
simplification step.
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where

T s,p =

(
N∏
i=1

Ds,p
i Pi(D

s,p
i )−1

)
(G.14)

and

Dp
i =

(
1 1
kiz
εi
−k

i
z

εi

)
, Ds

i =

(
1 1

kiz −kiz

)
, Pi =

(
e−jk

i
zdi 0

0 ejk
i
zdi

)
. (G.15)

The reflection and transmission coefficients are given by the following simple result:

rs,p =
Ms,p

21

Ms,p
11

(G.16)

ts,p =
1

Ms,p
11

(G.17)

where M is total transfer matrix equal to (Ds,p
0 )−1T s,pDs,p

N+1.

91



Appendix H

The Electron Source and Energy

Spectrometer in the TEM

In this appendix, we provide further details about the nature of the electron source used in

the TEM experiments as well as details of the electron energy loss spectrometer.

H.1 The Electron Gun

In general, the source of electrons in a TEM is an electron gun that produces a beam of

electrons with a high kinetic energy (with electron velocities at relativistic magnitudes).

A negative potential acts as the electron source (or cathode) that is placed in an electron

accelerating chamber. There are a few varieties of electron sources, we highlight the two

major forms below:

• Thermionic Emission : A v-shaped wire, most commonly made of tungsten, is heated

with a direct dc current to 2700 K, at which temperature electrons are emitted from

the tip of the wire (as the thermal energy exceeds the work function of tungsten).

Such sources, have a spread in the electron energy (∆ E) of approximately 1.5 eV and

can be operated at chamber pressures as high as 10−2 Pa [160].

• Field Emission : A v-shaped tungsten tip is placed in an electrostatic field that reduces

the width of the surface potential barrier for electrons at the fermi level. Once the

width of the barrier is suitably reduced (the barrier width is comparable to the de

Broglie wavelength), electrons can tunnel through the barrier and escape the tip.

Field emission sources are much more stable, last for longer periods of time and can

operate at much cooler temperatures (300 K) than thermionic sources. They have an

average energy spread of approximately ∆E=0.3 eV, however chamber pressures can

not be higher than 10−8 Pa [160].

Once electrons are emitted by either a thermionic or field emission processes, they are

accelerated in the chamber via an applied electric field parallel to the optic axis by applying

a potentail difference between an anode placed vertically below the electron source (the

cathode).
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The k-EELS experiments performed in chapters 2, 3, and 4 were conducted with a Hi-

tachi HF-3300 TEM/STEM with a cold field emission (CFEG) gun source operated at a 300

keV accelerating potential, a temperature of 300 K, at a chamber pressure of approximately

10−8 Pa.

H.2 The Electron Energy Loss Spectrometer

Figure H.1: A magnetic prism applies a force F perpendicular to the trajectory of
the incoming electrons, bending through the prism at a radius R. Electrons with
different degrees of energy loss will be bent at different bending radii, according to
equation H.1. Electrons with the same energy loss are thus focused to the same
location as they exit the spectrometer. The electron dispersion is then magnified
by a series of quadrupole lenses. In order to record the dispersion and the intensity
distribution of the electrons, they are projected onto a scintillator to produce a
subsquent photo-intensity distribution that is imaged via a photodiode array or
charge coupled device. *Image taken from Egerton [160]

The electron spectrometer detects small changes of the electron energy of the incident

electrons on the order of single to 100s of electron volts. Note that the incident electrons

have energies on the order of 100 keV, and as a result these truly minute changes can only

be captured by what is known as a magnetic prism.

In a magnetic a prism, a highly uniform magnetic field (B ≈ 0.01 Wb), generated via

parallel plates of an electromagnetic, exerts a force F = evB on each electron, where v is

the velocity of the electron. This force acts perpendicular to the electron trajectory bending

it through a radius R (figure H.1) such that:

R = mv/eB (H.1)
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where m is the electron mass. As a result, electrons that lose energy (and subsequently have

a smaller v), have a smaller bend radius R, and are bent through the magnetic prism at a

larger angle than electrons that experienced no energy loss (elastically scattered electrons).

As a result, electrons with the same energy (and thus energy loss), exit the spectrometer at

the same location and a dispersive map of the energy loss of the electrons can be generated.

The actual dispersion of the electrons can be magnified by a series of quadrupole lenses

after the electron exists the spectrometer. These quadrupoles (Q1, Q2, Q3, and Q4 in figure

H.1) can be fine tuned to adjust the dispersive energy range of the electrons to be captured

and recorded. The actual recording of the electrons is completed through a photo-intensity

distribution obtained via a scintillator (generally YAG) coupled to a photodiode array or

charge coupled device (CCD) (figure H.1).

The k-EELS experiments performed in chapters 2, 3, and 4 were conducted with a Gatan

Image Filter (GIF) TridiemTM and the MAESTRO central computer control system [65].
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Appendix I

Focused Ion Beam Milling

Methodology for k-EELS

Sample Preparation

In this appendix we detail the process of preparing free-standing structures for TEM analysis

via focused ion beam milling (FIB). Here we specifically look at the preparation for the silicon

samples used in 3. Aside from a few minor adjustments, this methodology also holds for

sample preparation of the Bi2Te3 sample in chapter 4. The FIB sample preparation was

performed with the aid of Douglas Vick of NRC-NANO. The sample was prepared using a

Hitachi Nanoduet NB5000 Dual Beam FIB/SEM. The following steps outline the sample

preparation process:

1. A protection layer of W was deposited using the Gas Injection System (GIS) and a

40-1-80 probe1. The dimension of the deposition area was 15 µm x 6 µm. Note: this

protection layer did not need to be too thick its purpose was to protect the Si surface

from ion damage during subsequent imaging/trenching.

2. 8-step staircase recipes were used to trench around the volume of interest. A large

current probe (40-1-300, current 12.1 nA) was used for this step.

1Hitachi notation: 40-1-80 == 40 kV Ga ions, condenser lens on, 80 µm diameter aperture
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3. The eucentric stage was tilted to 45◦ and a medium current probe (40-1-150, 2.5

nA) was used to free the bottom and sides of the lamella, leaving only a thin bridge

connecting the sample to the bulk.

4. The microsampler (MS) probe was brought in, lowered to the sample, and affixed

with W using the GIS. The bridge was than cut and the lamella plucked.

5. The work site was now switched from eucentric stage (holding the bulk Si chip), to

the side entry revolver mesh holder, into which a TEM grid was mounted. The MS

probe was brought over to the grid and the sample affixed with the GIS system to

one finger of the grid.

6. The MS probe was cut from the sample and retracted.

7. The revolver holder was rotated 90◦ so that the FIB beam was oriented parallel to

the finger of the grid. Another protection layer of W was added prior to the thinning

steps.
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8. The sample was thinned to about 1 µm thickness using the 40-1-150 probe (2.5 nA).

In order to compensate for the radial profile of the ion beam and create a lamella with

parallel faces, the stage tilt was adjusted ±0.8◦ during front/rear side milling.

9. Probes of progressively smaller current (800 pA, 80 pA) were used to thin the lamella

further down to electron transparency conditions for the TEM.

10. Reduction of amorphous damage layers were performed in 2 steps:

• Rastering with a 5 kV probe (5-1-150, 120 pA) for 30 seconds each side, tilt

adjustment ±3◦

• Rastering with a 2 kV probe (2-1-150, 170 pA) for 30 seconds each side, tilt

adjustment ±5◦
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